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Preface

With the rapid advances in sensing, communication, and networking technologies,
research on networked control has gained momentum in recent years due to the
wide application potential of networked control systems (NCSs) in intelligent
transportation, industrial automation, advanced manufacturing, health care, national
defense, etc. The defining feature of NCSs is that information is exchanged between
sensors, controllers, and actuators over a shared communication network.

Traditionally, control theory is mainly concerned with using “ideal” information
in a feedback loop to achieve some control performance objective, whereas com-
munication theory focuses on the reliable transmission of information over
“imperfect” channels, and is relatively indifferent to the specific purpose of the
transmitted information. Recent studies show that the insertion of a shared network
in the feedback loop will significantly affect the performance of NCSs. In fact, the
analysis and design of such control systems has motivated the development of a
new control paradigm by incorporating ideas from both control and communication
theories.

The primary objective of this book is to present a new perspective of unifying
communication, estimation, and control to investigate NCSs. Specifically, the book
is devoted to characterizing the effect of communication networks on the stability
and performance of NCSs. Toward this, we restrict ourselves to several funda-
mental problems of control and estimation over communication networks. By
integrating control/estimation and communication theory, we are able to present a
number of important and interesting results concerning the minimum data rate for
stabilization of linear systems over noisy digital channels, the minimum network
requirement for stabilization of linear systems over fading channels, conditions for
stability of Kalman filtering with intermittent observations, etc. The results reveal a
fundamental link between the topological entropy of linear dynamical systems and
quality of communication channels. In addition, the design of quantizer for sta-
bilization of linear systems under various network environments is extensively
discussed. Many problems of Kalman filtering under information constraints are
considered and solved. We anticipate that the techniques and results presented in
this book will be useful in the analysis and design of NCSs.
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Chapter 1
Overview of Networked Control Systems

The primary objective of this chapter is to give an overview of networked control
systems (NCSs) and the organization of this book. In contrast to the traditional control
systems, the feedback loop of an NCS is closed via a communication network. The
constraints in communication and computation and the interaction between them
render the classical approaches that deal separately with control and communication
not suitable for the analysis and design of an NCS and require a new paradigm. The
research on NCSs has thus attracted considerable attention in the past fifteen years.

The chapter is organized as follows. In Sect. 1.1, we begin with an introduction
to NCSs, their distinct features and historical development. In Sect. 1.2, highlights
on each chapter are provided.

1.1 Introduction and Motivation

NCSs are spatially distributed systems wherein the control loops are closed through a
communication network as shown in Fig. 1.1. The use of a shared network to connect
spatially distributed components, e.g., actuators, sensors and controllers, makes it
possible to design large-scale systems, and offers advantages such as low cost of
installation, flexibility in system implementation, and the ease of maintenance, over
conventional control systems. Examples of practical significance of NCSs include
sensor networks, industrial control networks, multiple vehicle coordination, and
Micro-Electro-Mechanical systems (MEMS), where their aims are to control one
or more dynamical systems by deploying a shared network for data exchange.

The incorporation of a communication network in the feedback loop makes
the analysis and design of an NCS complicated since in most problems, estima-
tion/control interacts with communication in various ways. For example, there exists
a critical positive data rate below which there does not exist any quantization and
control scheme able to stabilize an unstable plant [1, 2]. In addition, there exists
a critical packet loss rate above which the mean state estimation error covariance
matrices of the Kalman filter will diverge [3]. These phenomena strongly imply that
the network capacity has significant effects on the control/filtering performance.
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While the conventional control theory is usually established under the assumption
that data is exchanged without distortion and the information theory is relatively
indifferent to the specific purpose of the transmitted information, the study in NCSs
should pay attention to the interplay among communication, computation and control.
This raises new fundamental challenges in investigating NCSs from the perspective
of unifying communication, estimation, and control, and control over networks has
been identified as one of the key directions for control research [4].

1.1.1 Components of NCS

The advantages of NCSs over the traditional control systems with wired point-to-
point connections mainly result from the separation of the system components, which
are individually described below.

(a) Limited capacity network. Current candidate networks for NCSs include
DeviceNet [5], Ethernet [6], and FireWire [ 7], to name a few. Each network has its own
protocols that are designed for a specific range of applications and the operation of
an NCS largely depends on the performance parameters of the underlying network,
which include transmission rate, delays, packet losses, and so on. These physical
limitations of the network require us to reexamine the classical control theory.

We note that any communication channel is only able to carry information with
a finite number of bits per unit time, which poses significant constraints on the
operation of NCSs due to the possible low resolution of the transmitted information.
For instance, in the current and future generations of MEMS arrays, there can be as
many as 10°~10° actuators or sensors on a single chip, and it is of central interest in
closing feedback loops through wireless links such as Bluetooth™ or IEEE 802.11(b)
and using feedback network protocols such as CAN [8]. Although the total amount
of information in bits per unit time may be large, each component is effectively
allocated only a small portion. The low resolution feedback can only supply very
limited information, and might induce large information loss.
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To transmit a signal over a digital network, the signal must be sampled, encoded in
a digital format, transmitted over the network and finally the data must be decoded at
the receiver side, which will induce delays in the feedback loop. The variable network
conditions such as congestion and channel quality may also induce variable delays
between sampling and decoding at the receiver due to the network access delays
(the time the network takes to accept data) and the transmission delays (the time
during which data is in transmit inside the network) [9]. This happens in resource
limited wireless sensor networks (WSNs) where communications between devices
are power constrained and therefore limited in range and reliability. In feedback
control systems delays are of primary concern.

On the other hand, changes in the environment such as the random presence of
large metal objects will inevitably affect the propagation properties of the commu-
nication channels, or even block the communication links. Thus, data may be lost
while in transit through the network, which is far more common in wireless than in
wired networks. Long transmission delay sometimes may amount to a packet loss if
the receiver discards outdated arrival data. This essentially means that the reliable
transmission protocols such as TCP are not always be appropriate for NCSs since
data that are retransmitted are outdated and may not be useful.

Other issues associated with NCSs include security and transmission errors. Those
factors will inevitably lead to safety, performance degradation or even loss of stability
of NCSs. Thus, it is fundamentally important to investigate the effect of network that
closes the feedback on NCSs.

(b) Sensors. Sensors measure multiple physical quantities of a system and they
include electronic sensors, biosensors, and chemical sensors. Sensor nodes are the
simplest devices in the network. Since their number is usually much larger than
the number of actuators or sinks, they have to be cheap, and hence operate on an
extremely frugal energy budget. As such, they are usually operated with limited sens-
ing, computing and communication capabilities, and in a distributed manner. These
limitations should be taken into account in the analysis and design of NCSs.

(c) Controllers. In NCSs, sensors transmit the system output to the controller by
putting the sensor measurement into a frame or a packet. The control signal is encap-
sulated in a frame or a packet and sent to the plant via the network as well. Under
this setting, the traditional feedback control theory has to be revisited due to the
availability of limited information. Thus, control over networks requires new design
paradigms beyond classical control, and a deeper understanding on the nature of
interactions between the cyber and physical worlds. The central theme of this book
is to look for protocols, algorithms and design tools to bridge the gap between clas-
sical control and networked control.

1.1.2 Brief History of NCS

The research of NCSs is primarily fueled by the type of networks used in the feed-
back loop. The traditional communication architecture for control systems, which



4 1 Overview of Networked Control Systems

has been successfully implemented in industry for decades, is point-to-point. In such
systems the components are connected via hardwired connections and the systems
are designed to bring all the information from the sensors to a central location where
the conditions are monitored and decisions are taken on how to act [10]. However,
this centralized point-to-point control system is not suitable to meet new application
requirements in terms of modularity, decentralization of control, integrated diagnos-
tics, quick and easy maintenance and low cost [11].

After extensive research and development, several network protocols for indus-
trial control have been released. For example, Controller Area Network (CAN) was
originally developed in 1983 by the German company Robert Bosch for use in
car industries. Another example of industrial networks is Profibus developed by
six German companies and five German institutes in 1987. Many other industrial
network protocols including Foundation Fieldbus and DeviceNet were also devel-
oped about the same time period. These architectures can improve the efficiency,
flexibility and reliability of NCSs through reduced wiring and distributed intelli-
gence, and so reduce the installation, reconfiguration and maintenance time and
costs. Today virtually all cars manufactured in Europe include embedded systems
integrated through CAN.

With the rapid development of the wireless communication technology, it has
become a trend to integrate devices through wireless rather than wired communica-
tion channels. With wireless networks deployed in control systems, the reliability
and the time determinism of data transmissions are more difficult to guarantee. The
assumption that the data collected are accurate, timely, and lossless is no longer
valid for such systems. The shift from wired to wireless communication channels
has highlighted important potential application advantages as well as several chal-
lenging problems for current research. In this book, most research problems on NCSs
result from the use of wireless communications.

1.1.3 Challenges in NCS

The existing results in communication and information theory cannot provide imme-
diate answers to many problems arising from control over networks in which the
issues such as delay and causality are of fundamental importance. Shannon’s capac-
ity is a universal upper bound for the classical communication schemes, which usu-
ally does not consider the use of the transmitted message, and it is achievable under
several restrictive assumptions.

e The capacity-achieving code is sufficiently long which results in significant delay.
It is not very practical for real-time feedback control systems where the long
delayed messages might not be useful.

e The information to be transmitted satisfies the asymptotic equipartition property
[12], which usually requires that the information source satisfies some statistical
properties, such as ergodicity and stationarity. Apparently, the information gener-
ated by a typical dynamic system can easily violate this property.
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e The causality is not taken into consideration. Note that we are only concerned with
causal systems where the output depends on past and current inputs but not future
inputs. Thus, non-causal codes can not be used for designing feedback control for
causal systems.

e There is no constraint on coding complexity.

Therefore, it is expected that one may be unable to achieve Shannon’s capacity pro-
vided in standard information theory in practice, due to the constraint on coding
complexity and the requirement on real-timeness and causality in a control system.
The recent progress on causal coding [13, 14] may shed some light on this research
direction. On the other hand, there is a lack of physical interpretation of the results
on networked control in the context of information theory. Till now, a series of con-
ditions have been proved to be both necessary and sufficient for stabilizability of
networked systems under different channel models. However, the implementation
issue of communication networks is hardly mentioned by the control community.
Instead of Shannon’s capacity, new notions of capacity are needed in the area of
control over communication networks, which should serve the purposes of commu-
nications in control. The anytime capacity proposed by Sahai and Mitter [15] seems
to be promising along this research line.

In a word, one of the urgent tasks in NCSs is to fill in the gap between the classical
information theory and control theory.

1.2 Preview of the Book

The rest of this book is organized as follows.

In Chap.2, we introduce various entropies in information and feedback control
theories, respectively. Similar to the entropy of a random variable in information the-
ory, topological entropy is an important quantity linking feedback control to network
requirements for stabilization of a networked linear time-invariant (LTI ) system. The
most relevant results with focus on linking this quantity to various channel capacities
are reviewed. Some possible research problems are highlighted as well.

In Chap. 3, a data rate theorem for stabilization of an LTI system over noiseless
channel is established. As analogous to Shannon’s channel-source coding theorem,
this result shows that to stabilize a networked LTI system, the information rate of the
noiseless channel has to be greater than the topological entropy of the system.

In Chap. 4, data rate theorem for mean square stabilization of an LTI system over
lossy channels is developed under the assumption that the packet loss process follows
an i.i.d. Bernoulli process. For general single input systems, the minimum data rate
is explicitly given in terms of unstable eigenvalues of the open loop matrix and the
packet loss rate.

In Chap. 5, we continue to enrich data rate theorem for mean square stabilization
over lossy channels. Inspired by the Gilbert-Elliott channel model, the packet loss
process is now modeled by a binary Markov process, which is more realistic than
the i.i.d. case. It turns out that the minimum data rate for scalar systems can be
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explicitly given in terms of the magnitude of the unstable mode and the transition
probabilities of the Markov chain. Necessary and sufficient conditions on data rate
for mean square stabilization of vector systems are provided respectively and shown
to be optimal under some special cases.

In Chap. 6, the stabilization problem for NCSs over fading channels is studied.
Both state feedback and output feedback are considered, where necessary and suffi-
cient conditions on the network are derived for mean square stabilizability. We also
present an extension to the case with output fading channels and the application of the
results to vehicle platooning. Then the effect of pre- and post-channel processing and
channel feedback is discussed in terms of the network requirement for stabilizability.
In addition, the feedback stabilization and performance of a SISO plant controlled
over a single channel are considered, where the channel undergoes both fading and
additive noises and its input power is bounded by a predefined level.

In Chap.7, logarithmic quantization is shown to be the coarsest quantizer for
quadratic stabilization of an LTI system with single input. A fundamental result
establishes that the study of quantized feedback control systems under logarithic
quantization is equivalent to a robust control problem.

In Chap. 8, we first study the stabilization of uncertain linear systems via finite level
logarithmic quantizers. We show that a dynamic finite-level logarithmic quantizer
with sufficient number of quantization levels can stabilize the uncertain system. Next,
the attainability of the minimum average data rate for stabilization of linear systems
via logarithmic quantization is confirmed. We derive explicit finite-level logarithmic
quantizers and the corresponding controllers to approach the minimum average data
rate under two basic network configurations.

In Chap.9, the stabilization of Markov jump linear systems (MJLSs) via mode
dependent quantized feedback is addressed. A mode estimation algorithm is given
when the mode process is not directly observed by the controller. The above results are
applied to the quantized stabilization of NCSs over lossy channels, and an extension
to the output feedback case is also included.

In Chap. 10, we develop a general multi-level quantized filter for linear stochastic
systems, which has almost the same computational complexity as that of Kalman
filter. It is demonstrated via simulations that under a moderate number of bits quan-
tization, its performance comes comparable to Kalman filter.

In Chap. 11, we generalize the quantized innovations Kalman filter to a sym-
metric digital channel, and apply it to design the LQG controller for discrete-time
stochastic systems.

In Chap. 12, we consider the stability of the Kalman filter over a network, where
the unreliable network experiences both fading and additive noises described by
white noise processes. The channel fading contains transmission failure and signal
fluctuation simultaneously. We study the network requirement for the stability of the
mean error covariance matrix of a remote Kalman filter and provide bounds for the
mean error covariance matrix.

In Chap. 13, the behavior of the state estimation error covariance of Kalman fil-
tering with Markovian packet loss is analyzed. For second-order and certain classes
of higher-order systems, necessary and sufficient conditions for stability of the mean
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estimation error covariance matrices are provided. All stability criteria are expressed
by simple inequalities in terms of the largest open loop pole and transition probabil-
ities of the Markov process.

In Chap. 14, we propose an estimation framework with scheduled measurements
for linear discrete-time stochastic systems. Two types of scheduling algorithms are
devised. Specifically, the first one is an iterative version, which sequentially decides
the sending of each element of the vector measurement to a remote estimator by using
the innovation. The second one is simpler and the sending of the measurements
is driven by a random process. Under both schedulers, the (approximate) MMSE
estimators are derived.

In Chap. 15, we study the tradeoff between the communication load and esti-
mation performance under scheduled measurements in the framework of parameter
estimation of linear systems. In particular, it turns out that the innovation based
scheduler is an efficient approach to reduce the communication cost and maintain a
good estimation performance.
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Chapter 2
Entropies and Capacities in Networked
Control Systems

In this chapter, we introduce some basic concepts and results in communication and
information theories.

The chapter is organized as follows. In Sect.2.1, the Shannon’s entropy of a
random variable and its importance in information theory are briefly reviewed. For
control over networks, we are more concerned with the topological entropy of an LTI
system. In Sect. 2.2, we give the definition of Shannon’s channel capacity and exem-
plify it by several types of channels. In Sects.2.3 and 2.4, the state-of-art techniques
in NCSs are reviewed. Some open problems on NCSs are highlighted in Sect.2.5.

2.1 Entropies

2.1.1 Entropy in Information Theory

For any probability distribution, entropy is a quantity to capture the concept of
information, which has many properties that agree with the intuitive notion of what
a measure of information should be. It is a measure of uncertainty of a random
variable.

Definition 2.1 The entropy of a discrete random variable X with distribution
function p(x) and sample space 2~ is defined as

H(X) 2 = > p(x)log p(x). (2.1)
xeZ

The log is to the base 2 and entropy is expressed in bits as it quantifies the number of
bits needed to fully represent the associated random variable. If the base of the log
is e, entropy is measured in nats. The entropy can also be interpreted as the expecta-
tion of —log p(X), where X is drawn according to probability mass function p(x).
Then, H(X) = —&[log p(X)], where &[] is the mathematical expectation operator.
© Springer-Verlag London 2015 9
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For two discrete random variables X and Y with joint probability mass function
p(x,y), the joint entropy is defined by H(X, Y) = —&[log p(X, Y)]. Similarly, the
conditional entropy is defined by H(X|Y) = —&[log p(X|Y)], where p(x|y) is the
conditional distribution function of X given Y.

Mutual information is ameasure of the dependence between two random variables.
For two discrete random variables X and Y with joint distribution p(x, y), mutual
information is defined as

(X Y) =& |:10g pX.¥) ] :

p(X)p(Y)

In particular, 7 (X; Y) = 0if X and Y are independent, which essentially means that
there is no mutual information between random variables X and Y, and I (X; X) =
H(X).

Remark 2.1 If X is a continuous random variable, differential entropy is defined
accordingly, see [1, Chap. 9] for details.

Example 2.1 Let X = 1 with probability p and X = 0 with probability 1 — p. Then,
H(X) = —plogp—(1—p)log(l— p).One can easily verify that H(X) = 0 when
p = 0 or 1. This makes sense because if p = 0 or 1, the variable X is essentially
not random and there is no uncertainty. Similarly, H (x) is maximized at p = 1/2,
which corresponds to the maximum uncertainty.

If we have a sequence of n random variables, the entropy rate is defined as the
growth rate of the entropy of the sequence with n.

Definition 2.2 The entropy rate of a stochastic process {X;} is defined by
.1
H(Z) = lim —H(Xy,...,Xn), (2.2)
n—oon

when the limit exists.

If {X;} is an independent and identically distributed (i.i.d.) process, then H(%Z") =
H(Xy). If {X;} is a stationary stochastic process, it is easy to verify that the limit in
(2.2) always exists [1].

It is well recognized that entropy plays an important role in the information and
communication theories. More thorough discussions on entropy can be found in [1].
While in the modern control theory, the fopological entropy of a dynamical system
is central to feedback control. Topological entropy measures the rate of generating
information of a dynamical system by its initial state.

2.1.2 Topological Entropy in Feedback Theory

In information theory, entropy rate is used to measure the rate at which a stochastic
process generates information. Whereas in feedback control theory, the rate at which
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a dynamical system with inputs generates information is quantified by topological
entropy of Adler et al. [2]. It is expected that the topological entropy will be important
to the data rate problem for stabilization of dynamical systems.

Definition 2.3 The topological entropy of an LTI system with open loop matrix A
is defined as

HT(A) = ZmaX{lOgZ |)‘-i|7 0}7
i

where A1, ..., A, denote all the eigenvalues of A.

This is equivalent to the Mahler measure [3] or the degree of instability [4] of the
plant. The mathematician Kurt Mahler first introduced his measure to polynomials
[3]. The Mahler measure of a monic polynomial a(z) = [[/_, (z — a;) is defined as

M(a) £ Hmax{|ai|, 1}. (2.3)
i=1

The Mahler measure of a square matrix A € R"*" is given by that of its characteristic
polynomial:

M(A) & M(det(zI — A)) = Hmax{m |, 1} = 274, (2.4)

1

Then, Mahler measure of an LTI plant with any detectable and stabilizable realization
(A, B, C, D) can be defined as the Mahler measure of system matrix A. The degree
of instability of a square matrix A is defined in the same way as in (2.4) [4].

It is clear that the definition of topological entropy or Mahler measure makes
no reference to any controller or feedback communication. This underlines its
fundamental nature as an intrinsic property of dynamical system. In this book,
the importance of the topological entropy or Mahler measure to NCSs will be
revealed.

2.2 Channel Capacities

In 1948, communications and information theory was founded by Claude Shannon
in his seminal work, “A mathematical theory of communication” [5]. The central
problem in this theory is how to transmit information over channels. A general
communication system is depicted in Fig.2.1.

In a communication system, source symbols from some finite samples are encoded
into some sequence of channel input symbols, which then produces the sequence of
channel output symbols. We attempt to recover the transmitted message from the
output sequence. Since two different input sequences may result in the same output
sequence, the input may not be perfectly recovered. Channel capacity is the tightest
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Noise

Encoder Decoder
Source Source Channel Channel Source Sink
Encoder Encoder Decoder Decoder

Fig. 2.1 General configuration of a communication system

upper bound on the “average” amount of information that can be transmitted over a
communication channel. The following definitions are originally introduced in [5].

2.2.1 Noiseless Channels

Ateach unit time, a symbol s; from an elementary sample Sy of possibly time-varying
size pr > 1 is transmitted through a channel. For noiseless channels, s; will be
received without error. The capacity ¢ of a discrete noiseless channel is given by

n
1
% — lim M7

n— 00 n

2.5)

when the limit exists.

Example 2.2 (Noiseless Binary Channel) Suppose there is a channel whose binary
input is reproduced exactly by the output. That is, any transmitted symbol is received
without error. Then, the capacity of the channel is 4" = 1 bit.

2.2.2 Noisy Channels

A noisy communication channel is a system in which the output depends probabilisti-
cally on its input. It is characterized by a probability transition matrix that determines
the conditional distribution of the output given the input. For a communication chan-
nel input X and output Y, the capacity ¥ is defined by

% =max I (X;Y), (2.6)
p(x)

where the maximum in (2.6) is taken over all possible input distributions p(x).
The most fundamental results of communications and information theory are
Shannon’s source coding theorem and Shannon’s channel coding theorem. The for-
mer states that the average number of bits (denoted by R) required to represent
the result of a random event is given by its entropy (denoted by H), i.e., R > H,
while the latter establishes that the probability of error could be made nearly zero
for all communication rates (denoted by R) below channel capacity (denoted by %),
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i.e.,, R < ¥. Similar to the well-known separation principle in control theory, the
source-channel separation theorem further combines the source coding theorem and
channel coding theorem. It is shown that if a source with entropy H satisfies the
asymptotic equipartition property! and H < %, then this source can be sent reliably
over a discrete memoryless channel with capacity & [1].

The achievable channel capacity can be used to characterize diverse commu-
nication constraints depending on the underlying channel model and information
pattern. Next, we highlight several practical issues of communication systems from
information and communication point of view.

First of all, quantization and delay are unavoidable in every digital communication
system. In information theory, quantizers are considered as information encoders and
thus as an integral part of the whole system [1]. In order to achieve Shannon’s capacity,
the classic information theory allows for arbitrarily long sequences in coding, which
results in significant time delays. Both quantization and delay are deemed to be
necessary in standard information theory rather than undesirable.

Secondly, a transmitted signal is usually corrupted by a channel additive noise.
The additive noise channel model is one of the simplest yet typical models for a
communication link. The capacity constraint arises when a power bound on the
channel input is introduced in order to avoid the interference to other communication
users and/or due to the hardware limitations of the transmitter [1]. For an additive
white Gaussian noise channel, the capacity can be computed simply from the noise
characteristics of the channel as [1]

1
€ = EIng(l + ), 2.7)

where y represents the signal-to-noise ratio (SNR) of the channel.

Thirdly, data loss or erasure is another common issue in general communication
systems. It may result from transmission failure due to errors in wireless physical
links, or from buffer overflows caused by congestion, or from packet reordering
due to long transmission delays where the outdated signal is discarded in real-time
applications [6]. The capacity of a binary erasure channel is [1]

€ =1-a, 2.8)

where o denotes the fraction of the bits that are erased,? and the receiver is assumed
to know which bits have been lost.

Fourthly, the issue of fading phenomenon becomes increasingly important in
wireless communication systems and has attracted recurring research interests from
the communication community [8§—10]. Fading describes the fluctuation experienced

! Intuitively, the asymptotic equipartition property indicates that “almost all events are almost
equally surprising”; see, e.g., Chap. 3 of [1] for more details.

2 We note that, for the erasure channel model considered in the control community, e.g., [7], the
data is lost in the unit of packet (a collection of bits) rather than bit.
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by transmitted signals due to the effects of multi-path and shadowing in wireless
channels. A precise mathematical description of fading is either unavailable at present
or too complex to deal with. Therefore, depending on the particular propagation
environment and communication scenario, a range of simple statistical models have
been proposed for fading channels (e.g., Rayleigh, Nakagami, Rician) [9]. Moreover,
for non-coherent and ideal coherent modulations over fading channels, only the
fading envelope statistics is required for analysis and design [10]. Results on the
capacity of a fading channel can be found in [9, 11-13]. For example, if the channel

state information (CSI) is known at the receiver, then the capacity of a fading channel
is [9]

1
€ = / Elogz(l +y)p(y)dy, (2.9)
0

where y denotes the instantaneous signal-to-noise ratio (SNR), and p(y) is the
distribution function of y.

Finally, MIMO communication system is needed in large-scale applications. The
network information theory deals with the simultaneous rates of communication
from multiple transmitters to multiple receivers in the presence of interference and
noise [14], however a systematic theory is yet unavailable at the present time.

Shannon’s capacity provided in standard information theory is a universal upper
bound for all communication schemes, and it is achievable under the following
restricted assumptions.

e The capacity-achieving code is sufficiently long.
e Causality is not taken into consideration.
e There is no constraint on coding complexity.

Therefore, it is expected that one may be unable to achieve Shannon’s capacity in
practice, due to the constraint on coding complexity and the requirement on real-
timeness and causality. Although some progress has been made on causal coding
[15, 16], the existing results in communications and information theory still cannot
provide an immediate answer to control over networks in which the issues such as
delay and causality are of fundamental importance. The so-called data rate theorem
for stabilization to be presented later in this book is a reminiscent of the Shannon’s
source coding theorem.

2.3 Control Over Communication Networks

2.3.1 Quantized Control Over Noiseless Networks

Control using quantized feedback has been an important research area for a long
time, even as early as in 1956 [17]. Most of the early work adopts the attitude that
a quantized measurement of a real number is an approximation of that number and
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models quantization error as an extra additive white noise [ 18]. The standard solutions
of stochastic control are then applied. Although this approach would seem to be
reasonable if the quantizer resolution is high, it is challenged in the new environment
where only coarse information is allowed to propagate through the network due to
limited network bandwidth or for the purpose of energy saving, e.g., in wireless sensor
networks (WSNs). The change of view on quantization in the control community can
be traced back to the seminal paper [19] where the author treats quantization as partial
information of the quantized entity rather than its approximation, and demonstrates
the significance of the historical values of the quantizer output. An important line
of research that focuses on the interplay among coding, estimation and control was
initiated by Wong and Brockett [20, 21]. Till now, various quantization methods for
control have been developed.

Research on quantized feedback control can be categorized depending on whether
the quantizer is static or dynamic. A static quantizer is a memoryless nonlinear
function while a dynamic quantizer uses memory and is more complicated and
potentially more powerful. In the same spirit of [19], Brockett and Liberzon [22]
propose a dynamic finite-level uniform quantizer for stabilization, and point out that
there exist a dynamic adjustment policy for the quantizer sensitivity and a quantized
state feedback controller to asymptotically stabilize an LTI system. Those original
works have motivated to raise a fundamental question: how much information needs
to be communicated between the quantizer and the controller for stabilizing a discrete
LTI system? Various authors have addressed this problem under different scenarios,
e.g., [21, 23-27], leading to the appealing data rate theorem which is a reminiscent
of the Shannon’s source-channel coding theorem. To put precisely, the stabilization
of an LTI system over a discrete noiseless channel can be achieved if and only if it
satisfies the following inequality:

¢ > Hr(A), (2.10)

where ¢ denotes the capacity of the noiseless channel and Hr (A) is the topological
entropy of the LTI system. This implies that if the plant is intuitively more unstable,
alarger channel capacity is required for stabilization. To approach the minimum data
rate, a dynamic quantizer is needed.

Coarser quantization implies lower resolution data circulating between the con-
troller and the plant. It is of interest to seek the minimum quantization density for
quadratically stabilizing an unstable plant and the corresponding optimal quantizer.
In [28, 29], alogarithmic quantizer is proved to give the coarsest quantization density
for quadratic stabilization of an unstable single input LTI system and the minimum
density p is again determined by the product of unstable open poles, i.e.,

_ MA) -1

where M (A) is the Mahler measure of the LTI system in (2.4). Similarly, the more
unstable the plant, the higher the quantization density (more information flows) is
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required for quadratic stabilization. By using a sector bound approach, Fu and Xie
[29] show that the quadratic stabilization problem with a set of logarithmic quantizers
for MIMO systems is the same as quadratic stabilization of an associated system with
sector-bounded uncertainty. This reveals that the minimum quantization density for
MIMO systems is extremely difficult to establish.

However, a static logarithmic quantizer in [28, 29] uses an infinite data rate to rep-
resent the quantizer output, which is impractical. In [30], it is shown that an unstable
linear system can be stabilized by using a fixed-rate Finite-level logarithmic quantizer
with a dynamic scaling. Furthermore, we have shown that logarithmic quantization
is optimal in the sense of approaching the minimum average data rate given in (2.10)
to stabilize an LTI system in [31]. Apart from the theoretical merit on its own, the
practical importance of studying logarithmic quantization is obvious since floating-
point quantization may be treated as logarithmic quantization. Currently, scientific
calculations are almost exclusively implemented by using floating-point roundoff
and more and more digital signal processors contain floating-point arithmetic [32].

Performance control via quantized feedback has also been considered. Clearly, the
quantizer and controller/estimator should be jointly designed so as to achieve the opti-
mal performance for the overall system. This problem is generally very challenging,
not only because the quantizer and estimator/contoller are inter-related but also due to
that for a different performance criterion, the optimal quantizer-estimator/controller
will be substantially different. In [29], a sector bound approach with the logarithmic
quantizer is used to address the linear quadratic regulation (LQR) and H, perfor-
mance problems. However, its optimality is unclear. Optimal control of partially
observed linear Gaussian systems is considered under a quadratic cost in [33-39].
Unlike the classical LQG problem, the separation principle for the design of control
and estimation does not hold in general with quantized feedback, which makes it
ambitious to design an optimal quantizer and controller to minimize the quadratic
cost. The optimality of a quantized stabilization strategy is analyzed in [40, 41],
where the number of quantization levels used by the feedback and the convergence
time of the closed loop system play a central role.

2.3.2 Quantized Control Over Noisy Networks

Tatikonda and Mitter [42] study the observability and stabilizability of an LTI plant
observed/controlled over different types of communication channels: a lossy chan-
nel with a given loss rate, an error-free limited-data-rate channel, an additive noise
channel with a power constraint, and a delayed transmission channel. By applying
information theoretic tools of source coding and channel coding, a general necessary
condition for almost sure asymptotic observability and stabilizability is

€ > Hr(A), (2.12)

where % is the Shannon’s capacity of the noisy channel. The authors also study the
sufficiency of (2.12) for observability and stabilizability in the case of lossy channels.
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Unfortunately, the above sufficiency is shown to be incorrect [43] for a system with
non-vanishing disturbance. Here we are not planning to explore all possible situations
in NCSs where the notion of capacity is applicable but mainly focus on the additive
noise channel model with SNR constraints [44-51] and the fading channel model
[7, 52-54].

In a practical networked system, such as a resource limited WSN, the issues of
packet loss and limited bandwidth usually co-exist. Therefore, it is of theoretical
and practical significance to investigate the minimum data rate for stabilization over
lossy networks. Recently, much effort has been devoted to examining how the limited
data rate of the communication channel and the randomness of channel variation
affect the stabilizability of an LTI system [42, 55-61]. Intuitively, due to possible
packet loss, additional bits are required to stabilize the system. Thus, one of the
fundamental issues is to quantify these additional bits required for the stabilization
of the system. The problem is further complicated by the fact that different data rate
may be required under different notions of stabilization. For instance, a necessary
and sufficient condition on the almost sure stabilization over an erasure channel for a
certain class of linear systems turns out to be that the Shannon capacity of the channel
should be strictly greater than the intrinsic entropy rate of the system [42, 58, 59],
which unfortunately fails for the moment stabilization [60]. Data rate theorem for
mean square stabilization over lossy feedback channels is established in [55-57, 61].

The control community has also studied the additive noise model in the early
work on mitigating quantization effects [39], and a brief review for recent results
on networked control using additive noise model methodology can be found in [44].
In both continuous and discrete-time settings, Braslavsky et al. [46] show that there
are limitations on the ability to stabilize an unstable SISO LTI plant over an SNR
constrained channel using LTI feedback. For the discrete-time case, a necessary and
sufficient condition for stabilizability via static state feedback is given by

y > M(A)? — 1, (2.13)

where y is the SNR of the channel, and M (A) is the Mahler measure of the sys-
tem matrix A as defined in (2.4). The authors also provide a connection between
their results and the data rate results in [24, 25]. Moreover, additional SNR would
be required for stabilizing an non-minimum phase (NMP) plant when dynamic out-
put feedback is concerned [46]. A series of results, e.g., [47-51] follow the same
line of research in [45, 46]. The thesis [47] analyzes the effect of colored chan-
nel noise and bandwidth limitations, and it is shown that those constraints further
increase the SNR requirement for stabilizability. The performance issue in terms of
the sensitivity function is also studied in [47]. In [48], a minimum phase plant with
relative degree one and a single unstable pole is assumed to be controlled over a first
order moving average Gaussian channel. It is shown in [48] that the stabilization
is possible precisely when the feedback capacity defined in [62] is greater than the
topological entropy of the plant. The work [49] introduces a scaling factor to the net-
work and addresses the output variance minimization problem for a minimum phase
plant with relative degree one by using linear quadratic Gaussian (LQG) theory.
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The networked architecture considered in [50] includes an LTI encoder-decoder pair
and a channel feedback. It is proved in [50] that the availability of channel feedback
plays a key role in reducing the minimum SNR for stabilizability. The tracking per-
formance defined as the stationary variance of the tracking error is also investigated
in [50]. The aforementioned results [45-50] all focus on the SISO case except for
[50] where an extension to a simple two-by-two MIMO system is considered. The
authors of [51] study the best achievable tracking performance of an MIMO LTI
plant over parallel output SNR constrained channels, where the plant is assumed to
be minimum phase.

From control point of view, the fading envelope can be considered as a random
multiplicative gain that affects the transmitted signal. Elia [7] consider the mean
square stabilization of an LTI plant over fading channels in the framework of robust
control, where the randomness of the fading is interpreted as a stochastic model
uncertainty. The additive noise of the channel is ignored in [7], since the main concern
is the stabilization issue and the additive noise would not affect the results especially
when there is no power constraint on the channel input. In this case, the controller
design that allows the maximum variance of the channel uncertainty is posed as a
nonconvex optimization problem and the D-K iteration procedure [63] can be used
to solve the problem. In addition, it is proved in [7] that under stochastic channel
fading, a necessary and sufficient condition for stabilizing a single-input unstable
plant via state feedback in the mean square sense is

éms > Hr(A), (2.14)

where %us denotes the mean square capacity defined in terms of the fading envelope
statistics, and Hr (A) is the topological entropy of the system matrix A.

2.4 Estimation Over Communication Networks

A typical WSN usually consists of a large number of sensor nodes deployed in
the area of interest and has found broad applications in environmental monitoring,
intelligent buildings and transportation, logistics and national defense. In many cases,
sensor nodes are equipped with limited power and communication resources, and
have limited resolutions. These constraints have introduced challenges in the design
of signal processing techniques and communication protocols to address problems
associated with incomplete measurements. Recently, there is an increasing interest
to develop various energy efficient algorithms for estimation problems with limited
information, which is to be summarized below.

2.4.1 Quantized Estimation Over Noiseless Networks

The key problem in quantized estimation is the joint design of quantizer and the
corresponding estimator to minimize the estimation error in an appropriate sense.
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One of the main difficulties lies in that the unknown parameters are inaccessible
to the quantizer design. For example, to estimate an unknown parameter 6 under
binary quantization of y = 6 + v, where v is a Gaussian random variable with zero
mean, an optimal quantizer to minimize the mean square error is to simply place
the quantizer threshold at 8 [64, 65]. However, such a threshold selection is not
implementable since 6 is unavailable to the quantizer design. It is acknowledged that
the estimation performance is very sensitive to the choice of the quantizer threshold
[64, 65].

Motivated by this, an interesting quantizer threshold selection scheme is proposed
in [65]. It consists in periodically applying a set of thresholds with equal frequencies,
hoping that some thresholds are close to the unknown parameter. To asymptotically
approach the minimum mean square error (MMSE), the authors in [66] construct an
adaptive quantization involving delta modulation with a variable step size. The opti-
mal step size is obtained through an online maximum likelihood estimation process,
lacking a recursive form. This problem is resolved in [67], where a simple adap-
tive quantizer and a recursive estimation algorithm are designed to asymptotically
approach the MMSE by exploiting the fact that quantizing innovations may require
fewer bits than quantizing observations. The advantage of quantizing innovations is
also extensively explored in [30, 68-70].

In fact, abundant quantization schemes have been developed in the context of
WSN, e.g., [30, 39, 68, 69, 71-79]. Luo [78] studies the static parameter estimation
under severe bandwidth constraints where each sensor’s observation is quantized to
one or a few bits. The resulting estimator turns out to exhibit a comparable variance
that comes close to the variance of the optimal estimator which relies on un-quantized
observations. To reduce the computational load of nonlinear filtering algorithms,
[74] converts the integration problem into a finite summation using the quantization
method. A quantized particle filter is established in [77] by the method of recon-
structing the required probability density. Under a binary quantization, a dynamic
quantization scheme based on feedback from the resource-sufficient estimation cen-
ter is proposed for the state estimation of a hidden Markov model in [80]. The main
disadvantage is that the solution involves a rather complicated on-line optimization
and lacks a recursive form.

A very interesting single-bit quantized innovations filter called sign-of-innovations
Kalman filter (SOI-KF) has been proposed in [68, 81], where a simple recursion
involving time and measurement updates as in the standard Kalman filter is pro-
vided for state estimation. Inspired by [68] and also motivated by its limitation that
the very rough quantization of the SOI inevitably induces large estimation errors,
a finer quantization through an introduction of a dead zone is designed in [69]. In
essence, a better estimator can be obtained by ignoring an innovation of small value
than quantizing it into 1 or —1 and using the quantized message to update the state
estimate. When more than one bit information can be sent at each transmission, we
propose a multi-level quantized innovations Kalman filter (MLQ-KF) in [69]. The
distinct features of MLQ-KF lie in its simplicity and a comparable performance to
the Kalman filter with a moderate number of bits.
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2.4.2 Data-Driven Communication for Estimation

Sensor nodes in a WSN are usually battery driven and hence operate on an extremely
frugal energy budget. Experimental studies show that communication is a major
source of energy consumption in sensor nodes, and communication consumes more
energy than computation in a sensor node [82]. Motivated by this observation, an
effective approach for energy saving in WSNs is to minimize the number of com-
munications for sensor nodes under a prescribed performance requirement. Toward
this purpose, an estimation framework under data driven communications to reduce
the number of measurement transmissions has been proposed in [79, 83—85], where
a scheduler is embedded in the sensor node to decide measurement transmission, i.e.
only those scheduled measurements will be transmitted to the remote estimator. Thus,
the sending of the measurement from the sensor to the remote estimator is controlled
by a transmission scheduler. The main purpose of the scheduler lies in the hope
of selecting “important” measurements to be communicated to the estimator while
discarding less important ones. This implies that only a subset of measurements will
be sent to the estimator, and thus certainly reduces the number of communications
of the sensor node. Besides, there are many other energy efficient algorithms in the
context of WSNs in the literature, such as data quantization, sparsity of the sensed
phenomena, dimension reduction, decentralized information processing and dynam-
ical model of Markovian events [64, 68, 69, 71, 78, 80, 86-98]. For instance, the
effect of sparsity of a signal on the number of samples required to perfectly recover
the signal is explored in [90]. To reduce the length of the transmitted information
per transmission, data quantization is adopted in the state estimation problem of a
Markov process [68, 99]. Sensor selection is also shown to be a good strategy to
efficiently use the energy budget in WSNs [91, 92].

Since a scheduler is usually a nonlinear function of the sensor measurement, we
have to deal with a nonlinear estimation problem. In the estimation theory [100], the
measurement innovation represents new information of the current measurement that
is not contained in the previous measurement data, and a small innovation indicates
that the corresponding measurement prediction is close to the new measurement. In
this case, it is not very necessary to transmit this measurement to the estimator for
saving energy in the sensor node and communication bandwidth. This essentially
suggests that the measurement innovation can be a good candidate for quantifying
the “importance” of the measurement. Thus, it is reasonable to devise a scheduler
based on the measurement innovation for state estimation problems.

The use of measurement innovation for reducing the amount of information to be
transmitted from sensor to estimator has been pursued in [68, 69, 71, 79, 83, 84, 99]
under various settings. In [69], the quantized state estimation is considered for the
system of scalar measurements, and if the innovation lies outside a deadzone, then the
quantized innovation is sent to the estimator. Otherwise, there is no communication
between the sensor and the estimator at this time. Without accounting for quantiza-
tion effect, a similar transmission scheduling based on the measurement innovation
is adopted in [84]. A sequential scheduling algorithm by considering the different
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importance of each element of a measurement vector is proposed in [79], where
an approximate MMSE estimator by using the properties of conditional expectation
is given. The concept of scheduled transmission rate® is introduced to evaluate the
communication cost of the sensor node, which is defined as the ratio of the number of
transmitted measurements to the total number of sensor measurements in the average
sense. Intuitively, the larger the scheduled transmitted rate, the larger the number of
measurements tends to be transmitted in a fixed time interval, resulting in a higher
communication cost.

However, the above works lack a rigorous analysis on asymptotic properties of the
estimator. In [83], an innovation based scheduler has been devised for the parameter
estimation problem. They also investigate asymptotic properties of the proposed
estimator under scheduled measurements when the number of sensor measurements
tends to infinity, and establish that under some mild persistently exciting conditions,
the proposed estimate is asymptotically optimal in the sense of minimizing the mean
square estimation error.

2.4.3 Estimation Over Noisy Networks

Due to random fading and congestion, observation and control packets may be lost
while in transit through a network. A motivating example is given by sensor and
estimator/controller communicating over a wireless channel for which the quality
of the channel randomly varies over time. The unreliability of the underlying com-
munication network is modeled stochastically by assigning probabilities to the suc-
cessful transmission of packets. This requires a novel theory to generalize classical
control/estimation paradigms.

It is proved in [101] that with intermittent observations, Kalman filter is still
optimal in the sense of achieving MMSE. By modeling the packet loss process as
an i.i.d. Bernoulli process, Sinopoli et al. [101] prove the existence of a critical
packet loss rate above which the mean state estimation error covariance matrices
will diverge. However, they are unable to exactly quantify the critical loss rate for
general systems except providing its lower and upper bounds, which are attainable
under some special cases, e.g., the lower bound is tight if the observation matrix
is invertible. A less restrictive condition is provided in [102] where invertibility on
the observable subspace is required. Mo and Sinopoli [103] explicitly characterize
the loss rate for a wider class of systems, including second-order and the so-called
non-degenerate higher-order systems. A remarkable discovery in [103] is that there
are counterexamples of second-order systems for which the lower bound given by
[101] is not tight.

3 Note that transmission rate in information theory [1] is defined as the rate at which information
is processed by a transmission facility. Its unit is usually expressed as bits per second.
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To capture possible temporal correlations of network conditions, a time homoge-
neous binary Markov process is adopted to model the packet loss process in [104].
This is usually called the Gilbert-Elliott channel model. Under the i.i.d. packet loss
model, stability of the estimation error covariance matrices in the mean sense may
be effectively analyzed by a modified discrete-time Riccati recursion. In contrast,
this approach is no longer feasible for the Markovian packet loss model, render-
ing the stability analysis more challenging. Due to the temporal correlation of the
Markov process, the study of Markov packet loss model is far from trivial. In [104],
an interesting notion of peak covariance stability in the mean sense is introduced.
They give a sufficient condition for this stability notion for vector systems, which
is also necessary for systems with observation index of one. A less conservative
sufficient condition for the peak covariance stability under some cases is provided
by [105]. However, those works do not exploit the system structure and fail to offer
necessary and sufficient conditions for the peak covariance stability, except for the
special systems with observation index of one. In addition, they are unable to char-
acterize the relationship between the peak covariance stability and the usual stability
of the estimation error covariance matrices for vector systems. Actually, the problem
of deriving the usual stability condition for the mean estimation error covariance
matrices of vector systems with Markovian packet loss is known to be extremely
challenging. In our recent work [106], necessary and sufficient conditions for mean
square stability of the estimation error covariance matrices for second-order and cer-
tain classes of higher-order systems with Markovian packet loss are provided. Other
related works include [52, 54, 107-114].

There are some other probabilistic descriptions to examine the behavior of the
estimation error covariance matrices, which are stochastic due to random packet loss.
In [115], the performance of Kalman filtering is studied by considering a different
metric P(Py < M), i.e., the probability that the one-step prediction error covari-
ance matrix Py is bounded by a given positive definite matrix M, which is related
to finding the cumulative distribution of P;. This probability can be exactly com-
puted for scalar systems and only has lower and upper bounds for vector systems
[115]. Another performance metric called the stochastic boundedness is introduced
in [116] for the i.i.d. packet loss model. It is worth pointing out that under different
metrics, the effects of random packet loss on performance would be substantially
different.

On the other hand, the authors of [52-54] study the Kalman filtering with faded
observations. In [52, 53], the Kalman filtering over fading channels is studied under
the assumption that the receiver can decide whether to accept or to reject each noisy
packet. In the presence of information on instantaneous SNR at the receiver side, they
show that keeping all the packets will minimize the mean error covariance, whereas in
the absence of such information, packet drop should be designed to balance informa-
tion loss and communication noise in order to optimize the performance. The work
[54] considers the case where single or multiple sensors transmit their measurements
to a remote Kalman filter across noisy fading channels. The exact value of channel
fading or exact channel state information (CSI) is assumed to be known at the filter.
Following the results in [117, 118] on Kalman filtering with random coefficients
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and assuming the probability of transmission failure to be zero, they prove that the
mean error covariance matrix of the remote Kalman filter is bounded from above and
convergent. Upper bounds for the mean error covariance matrix are provided when
the fading distribution is Rayleigh or Nakagami.

2.5 Open Problems

Given the previous literature review, we have identified the following open research
problems in the area of control over networks.

e Datarate theorem for stabilization over lossy channels has been enriched, which is
of equal importance in NCSs as Shannon’s source coding theorem in information
theory. The additional bit rate to counter the effect of random packet loss on
stabilizability was exactly quantified only for single input systems under the i.i.d.
packet loss model, and for scalar systems under the Markovian packet loss model.
However, it is not well established for the general vector systems.

e It has been shown in [7] that the minimum network requirement for stabilizability
through controller design is nonconvex and has no explicit solution in general.
Only the minimum capacity for state feedback stabilization of a single-input plant
over a single fading channel is given in [7]. The network requirement for both
state feedback and output feedback stabilization of MIMO plants over multiple
fading channels remains open. In addition, is there any benefit when additional
components such as pre- and post-channel processing and channel feedback are
introduced to NCSs with fading channels? What is the network requirement in
relation to the channel input power for stabilizability?

e For quadratic stabilization of SISO linear systems using quantized state feedback,
the coarsest quantization density is related to an “expensive” control problem in
[28]. However, the results in [28] are hard to be extended to the MIMO case.

e As we can see from the results in the litertaure, e.g., [119-122] to name a few, a
large class of NCSs with random packet dropouts can be modeled as Markovian
jump linear systems (MJLSs), for which there have been many existing results on
stability, optimal control and robust control [123]. Further motivated by the results
on quantized stabilization of LTI systems in [28, 29], it would be interesting to
study whether logarithmic quantization is still optimal for MJLSs and whether the
sector bound approach is still non-conservative in dealing with quantized stabi-
lization of MJLSs. In addition, if the answers to the aforementioned two questions
are positive, then how to design the optimal quantizer and controller jointly?

o If the exact knowledge of packet loss or channel fading is available at the filter,
then the time-varying Kalman filter is proved to be optimal in the MMSE sense
[54, 101]. The authors of [54] limit their attention to the signal fluctuation issue
and assumed that there is no transmission failure in the channel. In wireless net-
works, the coexistence of transmission failure and signal fluctuation is natural
and reasonable, which raises the question as to what is the stability condition for
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Kalman filtering over a fading network subject to both transmission failure and
signal fluctuation. In this case, the results in [117, 118] cannot be directly applied
or easily extended to solve the problem.
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Chapter 3
Data Rate Theorem for Stabilization
Over Noiseless Channels

In classical control theory, a common assumption is that the signals sent from sensors
to controllers and from controllers to actuators take continuous values with infinite
precision, which is challenged in digital and networked control systems. In such
systems, outputs or control variables must be reduced into finite bit for storage,
manipulation and transmission, which inevitably introduces loss of data resolution,
and eventually degrades the performance or even results in instability of closed-loop
systems. This process is achieved by using quantizer. If the data resolution of the
plant output is very low or the quantization is very coarse, the controller receives
very rough information from the plant, and it may fail to generate suitable feedback
signals to stabilize the plant. To the contrary, if the data resolution is relatively high,
the effect of resolution loss may be neglected. Thus, it is natural to expect that there
may exist a critical data resolution (data rate) below which the controller is unable
to stabilize an unstable system in an appropriate sense. This chapter studies this
problem, and is concerned with the stabilization of linear systems over a noiseless
channel, where the data exchanged between the plant and the controller contain only
limited information.

The chapter is organized as follows. In Sect. 3.1, the problem of interest is formally
described. We demonstrate in Sect.3.2 that there is a significant limitation in the
classical quantization approach by modeling the quantization error as an additive
white Gaussian noise. In Sect. 3.3, a data rate theorem is established, which quantifies
the minimum data rate required for the channel connecting the controller and plant
to stabilize linear systems. In Sect. 3.4, we conclude the chapter.

3.1 Problem Statement

Consider a linear time invariant (LTT) system

Xi+1 = Axg + Buy,

3.1
e = Cx, G-
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where x; € R" and y; € R™ are the system state and output measurement at time
k, respectively. uy is the control input. The initial state x¢ is unknown. To make the
problem well-posed, (A, B, C) are assumed to be stabilizable and detectable, and A
is unstable.

Suppose that the output sensor that is equipped with an encoder communi-
cates with the controller over a digital channel which can only support information
exchange with a finite bit rate. At each time instant, the sensor sends one symbol sj
from a finite and possibly time-varying set .7 to the controller, see Fig.3.1 for an
illustration. In this chapter, the channel is assumed to be noiseless in the sense that
sk will be correctly received by the controller with negligible delay.

The communication data rate to quantify the information rate at which the channel
supports is defined in the asymptotically average sense

k
.1
R = hkn—1>1c>r<1;f % El log, (|-71), 3.2)
]:

where |.%}| denotes the cardinality of set ..
In full generality, s; is generated from a time-varying coder by making use of all
the past and the present system outputs, and past coder outputs, i.e.,

k=606 56 € A (3.3)
where &} is the coder mapping and y’é ={y0,..., Yk}
On the channel receiver side, the controller has obtained sy, . . ., s¢ by the time k

and applies a control law to generate a control feedback signal
Uy = i(sp), (3.4

where 7 is the controller mapping at time k.

Intuitively, if R is too small, s; carries very limited output information, and the
controller will not have accurate knowledge of the system. This may lead to that the
controller fails to stabilize the system (3.1). The problem of fundamental interest is
how to exactly quantify the critical data rate below which it is impossible to stabilize
the system by any coder and control law. To this purpose, we study the networked
linear system from an information-theoretic approach.
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3.2 Classical Approach for Quantized Control

Quantization has been a long research topic in communications and information
theory, see [ 1] and the references therein. Quantization refers to the process of approx-
imating the continuous set of values with a finite (preferably small) set of values. The
quantizer Q is a function whose set of output values are discrete, and usually finite, i.e.,

O:R— {ql,...,qM}.

The input to a quantizer is an analog value, and the output is one among the finite
output set. The quantization noise is given by

w:= Q0(x) —x.

In the early development, it prevailed to model the quantization error w as an
additive white Gaussian noise, i.e.,

0(x) =x+w,

where w is assumed to be an additive white Gaussian noise uncorrelated with the
random variable x. Then, the well-developed tools from linear stochastic control
theory can be used. While this approach may be reasonable when the quantizer is of
high resolution, it has at least one main shortcoming in control.

We use a simple example to elaborate it. Consider a scalar, fully observed, and
unstable linear system, i.e., (3.1) withm = 1,A = awith |a| > 1,B=C =1, and
Xo is unknown. By modeling the quantization error wy as an additive white Gaussian
noise, the data available to the controller is expressed as the noisy measurement:

Vi = Q0x) = Xp + Wi,

where the variance of the random noise wy, is constant, and wy, is uncorrelated with xy.

The shortcoming of this approach becomes obvious. That is, the controller is
impossible to asymptotically stabilize the system in the mean square sense as the
noise can not be eventually eliminated.

In order to achieve the mean square stability of the closed-loop system, it requires
the controller to estimate the initial state xo with a mean square error diminishing
strictly faster than a~2%. This motivates us to study the quantized control from a
different perspective and with a more rigorous approach.

3.3 Data Rate Theorem for Stabilization

In this section, we present the result on the minimum data rate for the asymptotic
stabilization of linear systems as follows.
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Theorem 3.1 Consider a networked control system (3.1), where the output sensor
is connected to the controller via a noiseless digital channel. Then, a necessary and
sufficient condition for the asymptotic stabilization of the system is that

R> Z 10g, |4i| = Rint (3.5)
[Ail=1

where M1, ..., Ay are the eigenvalues of A.

This result does not impose any assumption on the coder and control law except
causality, which is reminiscent of the errorless Shannon source coding theorem [2]. It
thus draws a fundamental line of demarcation between what is and is not achievable
with linear systems when communication rates are limited. In this sense, Rjuf, which
is called ropological entropy in Chap.2, plays a role similar to source entropy in
Shannon source coding, and can be taken as a measure of the rate at which information
is generated by an unstable linear plant. The communication between the sensor and
controller is to reduce the plant uncertainty for the controller. The data rate quantifies
how fast the reduction rate can be achieved. From this point of view, the channel must
transport data as fast as it is produced, i.e., R > Rins.

A more physical insight can be gained by rewriting the inequality above as

22> T 1l

[Ai|=1

The right-hand side is simply the factor by which a volume in the unstable subspace
increases at each time step due to the plant dynamics, while the left-hand side is the
asymptotic average number of disjoint regions into which the coder can partition
the volume. In other words, the system is stabilizable if and only if the dynamical
increase in “uncertainty volume” due to unstable dynamics is outweighed by the
partitioning induced by the coder.

3.3.1 Proof of Necessity

The necessity argument is based on volume-partitioning. We first apply a coordinate
transform to decouple the unstable and stable subspaces, and the state variables in
the stable subspace will automatically converge to zero for any initial state without
using control inputs. This essentially implies that there is no loss of generality to
assume that all the eigenvalues of A are unstable. We shall do this for the purpose of
simplifying the presentation.

Let my, be the Lebesgue measure of the set of values that x; can take at time k.
After k time steps, the plant dynamics expand the initial uncertainty volume m by
a factor
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k

[T i

[Ai]=1

Under data rate R, the channel can support kR bit information transmission from the
coder to the decoder. The coder can effectively divide this region into 2%¥ disjoint and
exhaustive pieces, each of which is shifted by the controller. As Lebesgue measure
is translation-invariant, it then follows that

k
Mgz 14
my = R m

To achieve the stability of the closed-loop system, it requires that limg_, o, my = 0.
Thus, it follows that
iz 124l

o7 1, (3.6)

which completes the proof of necessity.

3.3.2 Proof of Sufficiency

Similarly, there is no loss of generality to assume that all the eigenvalues of A are
unstable. The unknown quantity of the system to the controller is originated from
the initial state xo, whose uncertainty growth rate due to the system dynamics is
given by HI =1 14il. To achieve the asymptotic stability, it requires the controller
to estimate x with the estimation error decaying at a rate faster than [ 5 [2l.
Since R denotes the communication rate of the channel to reduce the uncertainty
volume, and satisfies (3.5), the controller can thus achieve this goal by appropriately
designing a causal coder.

Note that (C, A) is detectable, and all the eigenvalues of A are unstable, it follows
that (C, A) is observable. Then, there exists a dead-beat observer by using y; to
estimate the system state with zero estimation error after n time steps. This implies
that it does not lose generality to consider the fully observed system. In particular,
C = I in system (3.1), the purpose of which is again to simplify the presentation. In
addition, we assume that A is in a real Jordan form.

Let A1, ..., Ay € C be the distinct unstable eigenvalues of A (if A; is not a real
number, we exclude its conjugate A* from the list) and let m; be the corresponding
algebraic multiplicity of A;. Then, there exists a real transformation matrix 7 € R™*"
such that / = TAT~!. The real Jordan canonical form [3] has the block diagonal
structure

J =diag(Jy,...,Jy) € R
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with J; € R#i>#i and | det(J;)| = |A;|*i, where

) mi, if A; € R;
Hi= 2m;, otherwise.

In summary, consider the vector system as follows:
X1 = Jxi + Buy, (3.7

where the state vector

Xp = [x(l), e xlid)T]T e R"
is partitioned in conformity with the block diagonal structure of J and the pair (J, B)
is controllable. Moreover, the initial state xo has a known bounded support, i.e.,
Ix0]lcc < lp for some Iy > O.

Lemma 3.1 There is a positive { such that for any m € N,
oo < &/migh ™ 1ail®. for any g € N. (3.8)
Proof 1t is known that there exists a ¢ > 0, independent of J;, u;, and g, such that
il < ¢ Ixal,

where || - || is the spectral norm induced from the Euclidean norm [4]. Together with
the fact that ||J;]|co < /1ill/ill, (3.8) is immediately inferred. O

In control strategies to be developed in the sequel, we will utilize a uniform
quantizer. Precisely, if x is a real-valued number between —1 and 1,1i.e.,x € [—1, 1],
a mid-rise uniform quantization operator that uses N bits of precision to represent
each quantizer output is expressed as

2N=1x140.5 .
) = LzN—x—Jl—i_ if —1<x<1 (3.9)
gn(x) = 05 e .
= ifx=1,

where | -] is the standard floor function. The quantization interval are labeled from left
torightby I,n (0), ..., I (2N —1). Thus, if |x| < M with M known, the quantization
error induced by the above N-bit uniform quantizer is bounded as

lx — M (x)|<
X — — —.
Nt = N

Since R > z|)~i|21 log, |A;|, we can find R; such that R; > log, [A;]| for all
ief{l,...,d}and ZLI WiR; < R. Then, there exist integers «; and 8 such that

1

o
R; > 5 > log, |Ail,
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which implies that we can select an integer g satisfying that

c gt a8 < 28l (3.10)

By using the quantized signals, both the coder and the controller can keep an
identical state estimate Xj. The control law is given by u; = KX, where the control
galn is demgned to satisfy that J + BK is stable. Let the state estimation error be
Xk i= Xp — X

Divide the time into cycles with length T = gg, i.e., each cycle is given by
{kt,kt + 1,..., (k + 1)t — 1}. Within each cycle, we use d scalar quantizers to
quantize each variable of Xj.. In particular, an go;-bit uniform quantizer is used to
quantize each variable of I,EZT) Under the above communication protocol, the average
data rate is computed as

d d
%ZM;‘%‘ < ZMz‘Ri <R. (3.11)
i=1 i=1

Let the quantized signal be s € R"” and L = diag(l,((i)lw), the estimate x; and

l,Ei) are designed as follows
T =000 =y, Vie(l,...,d}, (3.12)
Xkr4j = JXke—1) + Butge -1y, Vjie{l,...,t =1}, (3.13)
(k+1)T—1

Xty = I Qe + Lisp) + Z JEEDT= =gy (3.14)

j=kt

( L B
b = e (4“«/ 8" kalg) : (3.15)

Assume that " o o
~(1 1 1
[_lk ) lk ] X

7 e 10,10,

- x [=1
Each variable of X, xk is scaled by /; 1 and the scaled version is quantized by an ma;-bit
uniform quantizer. Then, we obtaln that

(1)
(1)

T (1)
g 1ye = R yelloo < pe il <

o (3.16)

Let
n= é-\/mgm—lpdgz—ga[/ﬁ,

which is strictly less than one by (3.10). Hence, it follows that

l(l)

)
k+1 = "ﬁlk ‘
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This implies that ‘
lim [T lloo < lim max{/’} = 0.
k— 00 k—oo i

Since 7 is finite, we conclude that limg_, oo || Xk |0 = 0. Moreover, it is not difficult

to verify that
Xk+1 = (A + BK)x; — BKXy. (3.17)

Note that A + BK is stable, and limy_, o |[Xx|lco = 0, we finally obtain that
lim ||l = 0.
k— o0

which completes the proof. (]

Remark 3.1 To attain the lower bound of (3.5), several scalar quantizers have been
designed to separately quantize each variable of the error vector. The main motivation
lies in that the error vector is independent of any control input, which shares the
same philosophy of the celebrated separation principle. Note that the main focus is
on stability, the transient performance of the closed-loop system might be typically
poor as we have lifted the system for coding.

3.4 Summary

In this chapter, we briefly demonstrated the main limitation of the classical quan-
tization approach, which fails to address the stability of the closed-loop systems
under any arbitrarily large number of quantization levels. To overcome this limita-
tion, a more rigorous information-theoretic approach was adopted. It turns out that
the system dynamics poses a fundamental limitation on the communication data rate
required for stabilizing noise free linear systems.

It is worthy noting that the derivation of data rate theorem bears a long history
in the literature under various settings [4-9]. The pioneering work [5] interprets the
quantized data as the information coder, and established the data rate theorem for
a scalar system, which was further studied in [6] from an information flow point of
view. For general linear vector systems, the data rate theorem was independently
reported in [4, 8]. In [9], this problem was studied by using an information-theoretic
approach. It is fair to say that the data rate problem over a noiseless digital channel
is relatively mature.
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Chapter 4
Data Rate Theorem for Stabilization
Over Erasure Channels

The quantization process induces information loss in the feedback loop which may
significantly affect the operation of the closed-loop system. To achieve stabilization,
the data rate must be large enough. In this chapter, we focus on a lossy communication
channel where the quantized data might be randomly lost while in transit through the
network. Clearly, the loss of packet also induces information loss. This intuitively
implies that it will require a higher data rate for stabilization of the networked system.
The fundamental question is how the finite communication data rate and packet
loss jointly affect the stabilization of a linear system? This chapter is an attempt to
answer this question. We are able to exactly quantify the number of bits required
to compensate for the packet losses for single input linear systems by modeling the
packet loss process of the channel as an i.i.d. process.

For general single input systems, the minimum data rate is explicitly given in
terms of unstable eigenvalues of the open loop matrix and the packet loss rate, which
explicitly reveals the amount of the additional bit rate required to counter the effect
of packet losses on stabilization. In addition, sufficient data rate conditions for the
mean square stabilization of multiple input systems are derived as well.

The chapter is organized as follows. The problem of interest is formulated in
Sect.4.1. The main results are presented in Sect.4.2, where we start at the investiga-
tion of the minimum data rate for single input systems followed by multiple input
systems in Sect.4.3. Concluding remarks are made in Sect. 4.4.

4.1 Problem Formulation

Consider a discrete LTI system

Xk+1 = Axg + Buy, 4.1)
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Fig. 4.1 Network
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where x; € R”" is the measurable state for feedback and u; € R™ is the control input.
To make the problem interesting, A € R"*" is assumed to be unstable.

The network configuration under consideration is described in Fig. 4.1, where the
controller is collocated with the system and can access the state xj at time k. Under
a data rate R, the control signal f; generated by the controller needs to be quantized
with a packet size 2R for each transmission. Denote the quantized signal of f; by
s which will be transmitted via a lossy communication channel. The packet recep-
tion/loss is represented by a binary random variable y; with Y, = 1 indicating that
the packet has been successfully delivered to the decoder and y; = O the loss of
the packet. The packet loss process {yk}r>0 is assumed to be an i.i.d. process with
probability distribution

Plye =1} =1—-p=1=P{y =0},

where p € (0, 1) is named as the packet loss rate. In addition, suppose that there
exists a perfect (errorless and no packet loss) channel connecting the decoder to the
encoder to acknowledge the packet reception, which is used to acquire the packet
delivery status (packet received or dropped) for the encoder. In comparison with the
preceding chapter, the quantized data f; might be lost during the transmission.

It should be noted that our objective is to address the issue of limited communica-
tion rather than that of limited computation and storage. Hence, the quantized signal
sk at time k is generated by allowing the encoder to access all the past and present
un-quantized control input fy, ..., f, the past quantized symbols s, . .., sy—1 and
packet reception status yy, ..., Yk—1, i.€., by defining fé‘ = {fo,..., fx} and sim-
ilarly sé‘ and y(;‘, Sp = éak(fk, sg_l, yok_l), where &i(-) is the coder mapping
at time k. Likewise, at time k, the decoder generates the control input u; by
Uy = Qk((sy)g, yé‘), where (sy)](‘) = {500, ..., Sk} and Z(-) is the decoder
mapping at time k. Actually, the encoder and decoder to be designed later require
only a finite memory.

Definition 4.1 The system (4.1) is said to be asymptotically stabilizable in the mean
square sense via quantized feedback if for any finite initial state xo, there is a control
policy relying on the quantized information such that limy_, oo E[||x¢]|*] = 0, where
the mathematical expectation operator E[-] is taken w.r.t. the random packet loss
process {yiJi=0-
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Our purpose is to derive the minimum data rate Rj,r that requires to be communicated
between the encoder and the decoder to asymptotically stabilize the system in the
mean square sense. For ease of exposition, we make the following assumption:

Assumption 4.1 All the eigenvalues of A lie outside or on the unit circle and (A, B)
is a controllable pair.

Remark 4.1 In general, one may like to consider systems with output feedback and
A containing stable eigenvalues. As in the previous chapter, we can easily extend the
results of this chapter to the general case. In addition, the following results continue
to hold for single input/vector state systems driven by bounded disturbance.

4.2 Single Input Case

In this case, ux € R in (4.1). We have the following main result.

Theorem 4.1 Consider the single input system (4.1) satisfying Assumption 4.1 and
the network configuration in Fig.4.1 under the i.i.d. packet loss model with packet
loss rate p € (0, 1). Then, the system is asymptotically stabilizable in the mean
square sense via quantized feedback if and only if

(a) The packet loss rate is less than the threshold given in [1], namely,

1
—, 4.2
P = A 4.2)
where M(A) is the Mahler measure of the LTI system.
(b) The data rate R satisfies that
R > Riat = Hr(A)+ ~1 L=p (4.3)
> Rinf = —logy ———, .
inf T ) gzl—pM(A)z

where Hr (A) is the topological entropy of the LTI system.

Remark 4.2 Dueto the existence of packet loss, additional bits are required to counter
the packet loss effect on the stabilizability of the system. They are explicitly quantified
by the second term of the right hand side of (4.3) which is a function of the packet
loss rate and the intrinsic entropy of the system. One can easily verify that this term
is a monotonically increasing function of packet loss rate p satisfying that

0<p<M(A

For the perfect channel, i.e., p = 0, (4.2) is obviously satisfied and (4.3) recovers
the well-known minimum data rate in (3.1). On the other hand, when the channel
bandwidth is infinite, i.e., R = oo, the data rate inequality of (4.3) is automatically
satisfied and a necessary and sufficient condition for asymptotic stabilization in the
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mean square sense is fully characterized in (4.2). It is interesting to note that the
same conclusion can be found in [2, 3] where their focus is exclusively on the packet
loss without the consideration of bandwidth limitation.

To sum up, Theorem 4.1 characterizes the minimum data rate for the mean square
stabilization over a lossy communication channel. It contains the existing well known
minimum data rate for stabilization over a communication channel without packet
loss and the critical packet loss rate for stabilization over a communication channel
of an infinite bandwidth as special cases.

In the rest of this section, we shall prove the above result.

4.2.1 Proof of Necessity

For brevity, we let the dimension of the state be n = 2. The extension to a higher
order system is trivial by repeating the same arguments.
Since (A, B) is controllable, we adopt the controllable canonical form for the

system (4.1), i.e.,
0 1 0
X1 = [—az _ali|xk+|:1i|uk, (4.4)

where det(Al — A) = A2 + ajh + a. Clearly, det(A) = a;. Denote the ith element

of xj by x,ﬁi) , it follows from (4.4) that if the system is asymptotically stabilized in
the mean square sense, then

lim E[|lx?] = lim E[lx{"? + x> 121 =2 lim E[lx”[?].
k—00 k—o00 k—00

Thus, the asymptotic stabilization of the system (4.4) in the mean square sense is
equivalent to that of the sub-system:

2 2 2
x,£+)1 = —alxli ) _ aleg_)l + uy, 4.5)

where x@ = x(V

-1 =% -
Observe that after the kth transmission of the quantized control signal sx_1, the
decoder is only able to determine that xl§2) belongs to some set y; C R. Following

(4.5), the decoder knows that x,gr) | is in the set

Xpp1 = —@1Xk — A2 Xk—1

before the reception of the quantized control signal s, where for any two Lebesgue
measurable sets 27, # C R”, we define the sum of sets by

aZ +b% & {ax +bylx e X',y e¥).
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In addition, denote the Lebesgue measure of a measurable set 2~ C R" by u(2).
Applying the Brunn-Minkowski inequality [4], we obtain that

w(Xpypq) = u(=aixi) + p(—azxe—1)
= a1l (xe) + laal i (xe—1)- (4.6)

Suppose now the coding is optimal in the sense that it would minimize the uncertainty

of the set xx+1 which xk + 1 will belong to. To maximize the uncertainty reduction
by the quantized control signal s; with a packet size of Ry bits, the decoder will
locate xlgr)l in one of the 2R7+1 subsets of Xiy1- Thus, in view of (4.5) and (4.6), it

holds that

w(Xk+1) = larlpw(xe) + laalmwGr—1)] 4.7

2RYVk+1
with the equality achievable through the optimal uncertainty reduction coding.
Denote the Lebesgue measure of xi by Ly = n(xx) > 0, which is stochastic due

to the randomness of yj. Noting that L; > 0,Vj € N and taking square on both
sides of (4.7), the following inequalities are in force.

jay 2 jaz ? jaz]lai]

E[L} 1] = El g5z, —IBILY) + Elsz,—IBIL] ] + 275 L IBILy Li-1]
= |a2|2E[22RV “IE[LE_4]
= lazl’[p + (1 — p)2 *KIBILT_,], (4.8)

where we have used the fact that the binary valued random variable yj is inde-
pendent of L, j < k since L is adapted to o ({y;, j < k}), which is the o -algebra
generated by the random variables y;, j < k [5]. Also it clearly holds that

2{sup |x|,x € 27} = w(Z')

for any Lebesgue measurable subset 2 C R, the asymptotic stabilization in the
mean square sense of x,ﬁz) implies that

liminf E[L?] = 0,VLo > 0.
k— 00
Together with the recursion of (4.8), it infers that
2 2R 1 l1—p
I>l]a*[p+ (1 —=p2"] < R > 10g2|a2|+§10g2 I

— plaz|?’

Hence, the necessity is established.
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4.2.2 Proof of Sufficiency

Define the subset .Z(A) € N by

[ e NS £ ALY if Ay # A
Z(4) = [ N, otherwise,
where A;,i € {1, 2} are the unstable eigenvalues of the open loop matrix A. It is
clear that -Z(A) has infinitely many elements. Since (A, B) is a controllable pair, it
can be readily verified that (A!, B) is a controllable pairifl € Z(A).

Divide the times j € N into blocks {kl, ..., (k + 1)l — 1}, k € N, of uniform
duration, where [ € Z(A) is an integer to be determined later. We shall design the
control law f; and the corresponding encoder/decoder to achieve the mean square
stabilization of xy;. To this end, at the start of the time block {kI, ..., (k + 1) — 1},
i.e., at time k/, the controller generates a control law fi; and set fi;+, = 0,¢ €
{1,...,1—1}. Theideais to use the time period from &/ to (k+ 1)/ — 1 to sequentially
transmit the quantized fy;. Accordingly, the decoder applies the decoded control input
ugivr =0, t € {0, 1,...,1 — 2} and u 1)1, which is the decoder’s estimate of
fr1- In this case, the down-sampled system of (4.1) with the down-sampling factor [
is expressed as

Xyt = Alxg + Bugegyi—1. 4.9)

Due to the controllability of (Al, B), (4.9) can be transformed into a control-
lable canonical form. In particular, there exists a nonsingular matrix Q such that the
controllable canonical form of (4.9) is expressed by

0 1 0
X(k+1)1 = |:—Ol2 —oy } Xkl + [] ] U(k+1)I—1 (4.10)
where we abuse notation by defining xz; £ Qxy and |az| = | det(A)[. Let

2
2o = max ()
ke{1,2) \k

Since all of the eigenvalues of A are assumed to be unstable, it follows that
lek| < aplon], Yk € {1, 2}. 4.11)

As in the proof of the necessity part, if we can stabilize the last element of the
state vector, denoted by xg), in the mean square sense, x; will be stabilized as well,
which further implies the stabilization of the original system (4.1) due to / < oo.
Given any data rate R that is strictly greater than the minimum data rate in (4.3),
i.e., R > Rjyr and a packet loss rate p satisfying (4.2), the control signal f;; and the

correspondingly decoded signal u . 1y,—1 are proposed as follows:
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Ui—1 = fugn, (fi/ fu);
0. ifk <2 (4.12)

Ja = otlxlg) + (xzx((]f) e ifk>2,

where the random variable
(k+1)1—1

Ne=R Dy (4.13)
Jj=kl

represents the cumulative successfully transmitted bit number during the time block
{kl,...,(k+ 1) — 1} and fkl is the scaling factor to capture fy, i.e., | fk1| < fkl

Slnce fkl and the scaling factor fk1 are produced at time kI, we denote f; £ fi; and
fk fu in the rest of the chapter for notational simplicity.

Before proceeding to the proof of stabilizability, a recursive implementation of
the quantizer is first described. At the start of each time block {4, ..., (k+ 1)/ — 1},
the scaled fi/ fk will first be quantized by the uniform quantizer in (3.9) with bit
number R [6]. The quantized message sx; will then be sent to the decoder. If the
packet is received by the decoder, i.e., yx = 1, the encoder and decoder determine
that f;/ fx belongs to one of the 2% subintervals I (-) by using the quantized signal
sx;. Otherwise, the packet is dropped (y4; = 0), the encoder and decoder agree that
fr/ fk € [—1, 1] £ I,. Thus, after the first transmission at time &/, the encoder and
decoder agree on the fact that f;/ fi € Lyryy ().

The remaining [ — 1 transmissions in the time block {k/, ..., (k + 1) — 1} are
devoted to reducing the size of the subinterval I,zy, (-). Specifically, at time k/ + 1,
the encoder and decoder equally divide /,ry, (-) into 2R subintervals, sequentially
generating the partitions of /&y, (-) of the quantizer g,ry; ,,# (). Similarly, after the

second transmission of s/ 1, the encoder and decoder agree on the fact that f; / fk €
Lyryy 4oRvus (1) Continuing the above process until the end of the time block
{kl, ..., (k+1)I)—1}, the encoder and decoder agree on the final uncertainty interval
I, () of the quantizer g, (-), where Ny is given in (4.13). Using the above protocol,
we may get an accurate estimate of fi; and thus a better control input # x4-1y/—1.

Similarly, we also respectively rewrite xg), U(k+1)I—1 aS x,?), uy in the sequel
of this chapter. Furthermore, for ease of presentation, assume that |x(()2)| < Ap and
|x1(2)| < Aj and the upper bounds A;,i € {0, 1} are known by the encoder and
decoder. This assumption can be removed by using the approach in [7]. In light of
(4.10), it immediately holds that

x0 = —aix? — x| Fup, k=2 (4.14)

Define the upper bound ofx,fz) by Ag,i.e., |x,£2)| < Agand A} = max{Ag, Ag_1}
with Ay = 0 if k& < 0. The synchronization of the time-varying factors Ay and A},
is ensured at the encoder and decoder by the quantized message s, packet reception
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acknowledgement y; and the fact that the initial uncertainty A;, i € {0, 1} is trans-
parent to the decoder and encoder by assumption.
By (4.11), it follows that

|Za,+1x |<Z|aj+1| 21 < 2a0len| A 2 fi.
j=0

Then, inserting the control law in (4.12) to the system (4.14) obtains that

fi fio _ e _ 20000
|x,§?31|—fk|f —qm?"n == 1°Vk2

A;( £ JAVER 4.15)

Note that fy is available for the encoder and decoder. To investigate the expansion
of A, four cases are separately discussed.
Casel: If Agry > A, then Aj, | = Agqy = 2"“";"2|A’
Case2: Otherwise, if Ay41 < Ay, it is obvious that Ak+1 =NAr < A;{. Under this
situation, repeating the derivation of (4.15) yields that

@ 20l0|0l2| / 2a0laz| ;A
X, 75| < A < ——A) = Apao.
k+2 k+1 Newt k +
Furthermore, if Ag412 > Ag41, then
2ap]az]
Ny =A = A
k+2 k+2 k-
* Ni+1
Otherwise, Ag4+2 < Ag41, we conclude that
20z
/
DNpig = Dgy1 = N; Ak

Thus, at any circumstance, there must exist i € {1, 2}, [ € {0, 1} such that

2000z

I /

Ak+ik = N—Ak.
k+1y

Next, select a subsequence from {A} } as follows:
ki =1,kji1 =k; +ik_,-~
Consequently, we have the recursion

;o 2aglon]
kjv1 —

AL, VjeN.
Nkj-i-lkj k]



4.2 Single Input Case 47

Taking square and then expectation on both sides of the equality yields that

EL(Af;,,)°] = Qao)(lea)EL IE[(A%,)°]

kj—&-lkj
= Qao)*[|det AP*(p + (1 = p)27*)I"E(4})*]
£ nEl(A;)°]- (4.16)

Here the first equality is due to that Ni; i is independent of A} = since the packet

loss process is assumed to be an i.i.d. process while the second equahty uses the fact

that
(k+1)1—1

E[2 2K 2 7] = (B[220

and || = | det(A)|".
The remaining problem is to select / from .Z'(A) to make

n = Qao)’[Idet AP(p + (1 = p)272)) < 1.
In particular, in light of (4.3), one can test that
|det AP*(p+ (1 — p)272F) < 1.
Thus, it is possible to choose a sufficiently large [ € £ (A), i.e.,

2log, (2a)
logy[ldet Al>(p + (1 — p)272R))’

(4.17)

such that n < 1, which immediately infers that lim_, oo E[(A;{j)Q] = 0by (4.16).
Observe that

Ay <min{A,_,, A, AV_H} Vv e N

v—1>

andkj 1 —k; = ik; < 2, there must exist a positive kj, € {v — 1, v, v+ 1} such that
A, < A;{j . Together with the fact that v — oo implies kj, — 0o, we obtain

lim E[A%] < Jim E[(Ak »’]= lim E[(A;]_v)z] =0.

V—>00 jv — 00
Then, it follows that

Jim E[(x”)?] < lim E[A7] =0,
k—o00

which further implies that lim_, oo E[||x¢[|>] = 0.
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Remark 4.3 Similar conditions as in Theorem 4.1 have been obtained for scalar
systems in [8, 9]. The above result establishes the minimum data rate for stabiliza-
tion in the mean square sense for general single input vector systems. It is worthy
mentioning that the result can be easily generalized to m-moment stabilization, i.e.,

lim E[f|lx '] =0
k—o00

The idea is essentially the same as the case of mean square stabilization (m = 2).

4.3 Multiple Input Case

Consider system (4.1) with multiple inputs, i.e., ux € R™ withm > 1, and satisfying
Assumption 4.1. Without loss of generality, assume that the control input matrix
B € R™™ has full column rank, namely, rank(B) = m.

Compared to the case of single input, the main difficulty in deriving the minimum
data rate for stabilizing a multiple input system over a lossy channel consists of
optimally allocating bits to each input. In this section, a sub-optimal bit-allocation
scheme is provided to quantize the vector control input. Specifically, at any time
instant k, each control input u<] ) is separately quantized by a R; bits scalar quantizer.
Thus, the vector control 1nput is to be quantized by a product quantizer. The data rate
R is defined as the summation of the rates of all scalar quantizers, i.e.,

m
R=>"R;.
j=1

The following lemma is needed.

Lemma 4.1 Suppose that the sequence {z;} C R is recursively computed by the
formula
Z41 =0 —a)zk + b, VkeN

and ay € [0, 1), thio ay = 09, |zg| < 00. Then lf]lmk_>oo b exlsts we have that

by,
hm zx = lim —
k— 00 k—00 ak

Proof Define
¢k +1,))=0—-apk, j). ¢, ) =1, Vk=,

it is easy to verify that

k k

Dpk+1,j+Daj=1-]](0-a;)— lask - oc.

j=0 j=0



4.3 Multiple Input Case 49

By simple manipulation, it immediately follows that

k

. b;
2ept = Bk +1,0020+ D plk+1,j+Daj x L.
j=0 J

Noticing that ¢ (k, j) — 0 ask — oo, Vj € N, the result is established by the
Toeplitz Lemma [5, pp.235-236].

We now apply the Wonham decomposition [10] to (A, B). Precisely, there exists
anonsingular matrix 7 € R"*" such that A = T~'AT and B = T~' B and take the
forms

AL A - A by b1a -+ b1y
_ 0 Ay -+ Agy _ 0 by -+ bom
A= . . . . |.B=]. . .| (4.18)
0 0 --- A, 0 0 --- by
where the matrices A; € R"*" and b; € R",i € {1,...,m} satisfy > /" | n; = n.

Using the proposed quantizer scheme, we have the following sufficient data rate
condition for stabilization in the mean square sense.

Theorem 4.2 Consider the multiple input system (4.1) satisfying Assumption 4.1
and the network configuration in Fig. 4.1. Assume that the packet loss process of the
lossy digital link is an i.i.d. process with packet loss rate p € (0, 1). Then, the system
is asymptotically stabilizable in the mean square sense via a quantized feedback if

(a) The packet loss rate is small enough, i.e.,

1
< . 4.19)
P = maxicqr....m (Hr (A7)

(b) The data rate R satisfies that

1 — 1—p
R > Hr(A)+ 5 l;logz — (4.20)

pHr (A

Proof (Sketch of Proof) For brevity, assume m = 2 in (4.18) and the system is
already given by B B
X1 = Axg + Bug.

As in the sufficiency proof of Theorem 4.1, by selecting a sufficiently large but finite
down-sampling factor /, which is determined by the given data rate and its ability to

preserve the controllability of (A!, B), to down-sample the system, we get that

Xk+1) = Alxy + B“(kﬂ)lfl-
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- Al A
[ _ 1 12
A—[OAIJ

By denoting

and partitioning the state vector

2
a2 [T, )T

in conformity with A/, the subsystems are described by

1 1 D, 5 @ 2
x1£+)1 = Allxli = 171“1(C )+ Alleil) + blzu,i ), 4.21)

x2) = A + b, (4.22)

where the control vector is written as

1 2
wgeryi—1 = [l w17

Given any data rate R and the packet loss rate p € (0, 1) respectively satisfying
(4.19) and (4.20), we separate R into R = Rj + Rj such that

1 -
R; > log, | det(4))] + 5 logs - P ief{l,2).

pldet A;|%’

Repeating the process in the sufficiency proof of Theorem 4.1 on the subsystem

(4.22), we can stabilize x,&z) in the mean square sense using the data rate R», i.e.,

lim E[|lx{” %] = 0.
Jlim E[lx )

As for the subsystem (4.21), in view of the sufficiency of the proof of Theorem 4.1,
with the remaining data rate R, one can derive the inequality similar to (4.16):

2

E[(Af,,,)°1 < nEI(AL)* 1+ Bl 1P,

where ¢ € R is a constant, 7 < 1 and A} has the same meaning as in the proof of
the sufficiency of Theorem 4.1. Together with Lemma 4.1, it gives that

lim E[(A})?] =0,
Jj—00 J

which further implies
lim E[||x{" ] = 0.
k—o00

Due to m < 00, it finally holds that

lim E[[lx)|*] = 0.
k—o00
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4.4 Summary

Motivated by the fact that practical communication channels are often lossy, this
chapter has studied the stabilization problem over lossy channels. We have derived
a necessary and sufficient condition for the asymptotic stabilization of single input
discrete LTI systems in the mean square sense over an erasure channel. The packet
loss process is characterized by an i.i.d. packet loss process. The condition is explic-
itly given by the unstable eigenvalues of the open loop matrix and the packet loss
rate and can recover the existing results on minimum data rate and critical packet
loss rate in the literature. Finally, a sufficient data rate condition for the stabilization
of multiple input systems in the mean square sense has also been derived.

Recently, much effort has been devoted to examining how the limited data rate of
the communication channel and the random channel variation affect the stabilization
of an LTT system in an appropriate sense. In [6], the authors try to use the Shannon
capacity of the channel to quantify how the erasure channel affects the almost sure
stabilization of the networked linear systems. However, their results are proved to
be incorrect for the system with non-vanishing disturbance [11]. It is demonstrated
clearly in [8, 9] that the Shannon capacity is not a good quantity to consider the
mean square stabilization problem of networked control systems. In [12], the random
variation of the channel follows a Markov process, which is to be studied in the next
chapter.
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Chapter 5
Data Rate Theorem for Stabilization

Over Gilbert-Elliott Channels

This chapter continues to investigate the minimum data rate for mean square
stabilization of linear systems over a lossy digital channel. However, the packet loss
process of the channel is modeled as a time-homogeneous Markov process, which is
more general and realistic than the i.i.d. packet loss model. To overcome the difficul-
ties induced by the temporal correlations of the packet loss process and stochastically
time-varying data rate due to packet loss, a randomly sampled system approach is
developed to study the minimum data rate for mean square stabilization. It is shown
that the minimum data rate for scalar systems can be explicitly given in terms of
the magnitude of the unstable mode and the transition probabilities of the Markov
chain. The number of additional bits required to counter the effect of Markovian
packet loss on stabilization is exactly quantified. Our result provides a means for
better bandwidth utilization by jointly considering bits per sample and an effective
sampling. Necessary condition and sufficient condition on the minimum data rate
problem for mean square stabilization of vector systems are provided respectively
and shown to be optimal under some special cases.

The chapter is organized as follows. The problem formulation is described in
Sect.5.1. Some important preliminary results are provided in Sect.5.2. The study of
the minimum data rate for scalar systems is carried out in Sect.5.3, where we start
from an unstable noise free system with bounded initial state and then proceed to the
more general case with unbounded initial state and unbounded process noise. Vector
systems are studied in Sect.5.5. Conclusion remarks are drawn in Sect. 5.6.

5.1 Problem Formulation

Consider the following stochastic linear time-invariant system

Xip+1 = Axg + Bup + wy, (5.1
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where x; € R” is the measurable state, u;y € R™ is the input, and w; € R”" is the
stochastic disturbance of zero mean. We make the following assumptions.

e The random variables xyp and wy have uniformly bounded (2 + §)th absolute
moment, i.e., 30 > 0 and @ > 0, such that E[||xo[|>™] < oo and

2448
sup E[[wi 7] < @.
keN

e xo and wy are mutually independent and have probability densities.

e The differential entropy [1] of xq, denoted by h(xp), exists and IA > 0 such that
infiey €210 > A,

e To make the problem interesting, we focus on unstable systems and that (A, B) is
a stabilizable pair.

It is worth mentioning that the above assumptions have been adopted in [2] which
contain the general additive white Gaussian noise assumption as a special case.
Suppose that the state measurement and the controller are connected by a lossy
forward digital channel. See Fig. 5.1 for the networked control configuration. At each
time slot, the encoder measures the state, quantizes it with a packet size of R bits and
transmits the quantizer output to the decoder via the forward channel. Due to random
fading of the channel, the packet may be lost while in transit through the network. It
is assumed that there is an additional perfect (without packet loss and transmission
errors) feedback channel to send a reception/loss acknowledgement to the encoder.
Neglecting transmission errors for both forward and feedback channels, we further
assume that the transmission of the quantized symbol and acknowledgement can be
completed within one sampling interval.

As in [3, 4], the packet loss process in the forward channel is modeled as a time-
homogenous Markov process {7y }x>0, which is more general and realistic than the
i.i.d. case studied in the last chapter due to the existence of temporal correlations of
channel conditions. Furthermore, {7;}(>0 does not contain any information of the
system state, suggesting that it is independent of the channel input. Similar to the
previous chapter, let v, = 1 indicate that the packet has been successfully delivered
to the decoder while v, = 0 corresponds to the loss of the packet. Moreover, the
Markov chain has a transition probability matrix defined by

. . 1 -
(Pt =jl = Dijes = [ ol p] (52)
Tk
v
Ok Uk
Encoder —>| Channel »| Decoder » System
A
Vk—1

Fig. 5.1 Network configuration
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where S £ {0, 1} is the state space of the Markov chain. Besides, the failure rate p
and recovery rate g of the channel are assumed to be strictly positive and less than
one, i.e., 0 < p,g < 1, so that the Markov chain {};>¢ is ergodic. Obviously, a
smaller value of p and a larger value of ¢ indicate a more reliable channel.

Definition 5.1 The system (5.1) with network configuration of Fig.5.1 is said to be
mean square stabilizable (MS-Stabilizable) if for any initial state xo and o, there is
a control policy relying on the quantized data such that the state of the closed-loop
system is uniformly bounded in the mean square sense, i.e.,

2
sup E[[lx [I7] < oo,
keN
where the mathematical expectation operator E[-] is taken w.r.t. the packet loss
process {7V}, the noise sequence {wy} and the initial state xg.

The objective of this chapter is to find necessary and sufficient conditions on
the data rate R in relation to the failure rate p and recovery rate g such that there
exists a control strategy and a coding-decoding scheme to achieve MS-Stabilization
of system (5.1).

5.2 Preliminaries

5.2.1 Random Down Sampling

Denote (£2, .%,P) the common probability space for all random variables in the
chapter and let .7, £ 0(7(])‘ ) C % be an increasing sequence of o-fields (filtration)
generated by random variables {o, . .., 7k}. In the sequel, the terminology of almost
everywhere (abbreviated as a.e.) is always with respect to the probability measure P.
Associated with the Markov chain {vi}x>0, the stochastic time sequence {t;}i>0
is introduced to denote the time at which the encoder receives a packet reception
acknowledgement from the decoder. Without loss of generality, let 79 = 1 [4]. Then,
to = 1 and #¢, k > 1 is precisely defined by

ti=inflk:k>1,%=1}+1,
=inf{k:k>t,w=1}+1,
ti=inflk: k>t 1, =1}+1 (5.3)

In what follows, we firstly study the MS-stability of the down sampled system {x;, },
which is then used to analyze the MS-Stabilization of the origin discrete-time system.

5.2.2 Statistical Properties of Sojourn Times

By the ergodic property of the Markov chain {7 }x>0, f is finite a.e. for any k € N[3].
Thus, the integer valued sojourn times {t;f}k>0 to denote the time duration between
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two successive packet received times are well-defined a.e., where
2y —t_1 > 0. (5.4)

With regard to the probability distribution of sojourn times {#;'}, we recall the fol-
lowing interesting result.

Lemma 5.1 ([4]) The sojourn times {t]’:}k>0 are independent and identically dis-
tributed. Furthermore, the distribution of t} is explicitly expressed as

1—p, i=1;

koo )
FE=D=1 00— g2, i> 1.

(5.5)

Proof The i.i.d. property directly follows from the fact that the excursion time for
a Markov process to visit a state is i.i.d. [5]. Note that we have set 79 = 1. By the
transition probability matrix in (5.2), the distribution can be easily computed. [

We shall exploit this fact to establish our results by developing a new framework
by down sampling the system of (5.1) with the sampling interval equal to #;’. Here
{t;'} can be also interpreted as a “communication logic” to trigger the transmission
of the packet over a channel without packet loss.

5.3 Scalar Systems

To better convey our idea, we first focus on a scalar system of the form
X1 = Axg + bug + wy, (5.6)
where |[A\| > 1 and b # 0.

5.3.1 Noise Free Systems with Bounded Initial Support

Consider a noise free system as follows:
X1 = Mg + bug, (5.7

where the initial state xp € R is a random variable with a known bounded support,
i.e., there exists an [y > 0 such that |xg| < /o, and a probability density Py, ().

Definition 5.2 The system (5.7) is said to be asymptotically MS-Stabilizable via
quantized feedback if for any initial state xo and 7, there is a control policy relying
on the quantized data such that the state of the closed-loop system is asymptotically
driven to zero in the mean square sense, namely,

lim E[|lxlI*] = 0,
k— 00
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where the mathematical expectation operator E[-] is taken w.r.t. the packet loss
process {7k }k>0 and the initial random variable xp.

We are now in the position to present the first main result of this chapter.

Theorem 5.1 Consider the system (5.7) and the network configuration in Fig.5.1
where the packet loss process of the forward channel is a time-homogeneous Markov
process with the transition probability matrix (5.2). The networked system is asymp-
totically MS-Stabilizable if and only if the following conditions hold:

(a) The probability of the channel recovering from packet loss is large enough,
g>1-1/IA% (5.8)

(b) The data rate R satisfies the following strict inequality

1 .
R > 51og2]14:[|A|2f1] (5.9)

PN =1)

1
=log, |\ + = logy[1 + ————1.
0g; Al + 7 logy +1—(1—q)l>\|2]

(5.10)

Remark 5.1

(a) The data rate condition (5.9) has an intuitive interpretation. At the time interval
[#k, tx+1), the square of state estimation error at the decoder grows by |)\|2’7g+1.
By the definition of #, only one packet is successfully sent to the decoder during
this time interval, which can reduce the square of the estimation error at most
by 22R. Thus, if the growth of the mean square estimation error

E[|A|¥+1] = E[|A[*1]

equals or exceeds 22K i.e.,

|)\|21T

El o) 2 1,

it is impossible to asymptotically stabilize the system in the mean square sense.

(b) Neglecting quantization effects, i.e., R = oo, the inequality of (5.10) is auto-
matically satisfied. It is interesting to note that this condition recovers the result
in [3, 6].

(c) Due to stochastic packet loss, additional bits are required to asymptotically
stabilize the system (5.7). When the packet loss process is specialized to an
i.i.d. process, corresponding to p = 1 — ¢ in the transition probability matrix,
the necessary and sufficient condition reduces to that of [7-9], see Theorem 4.1.

(d) In light of (5.10), the larger the magnitude of the unstable mode, the more bits
are needed to compensate the effect of packet losses. As mentioned in Sect. 5.1,
a smaller value of p and a larger value of g correspond to a more reliable chan-
nel. Thus, fewer bits are required to counter the loss effect on MS-stabilization,
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which is confirmed in (5.10). For the special case that there is no packet loss,
corresponding to the limiting case p — 0 and ¢ — 1, the minimum data rate
in (5.7) converges to the well-known data rate theorem for the stabilization of a
linear system [10-12].

The following technical lemma is used to establish the result of Theorem 5.1.

Lemma 5.2 ([11]) Let the distribution of a real valued random variable x € R

be absolutely continuous w.r.t. Lebesgue measure with density Py(-) and has the

second absolute moment, i.e., E[||x||*] < oo. Denote the Borel measurable quantizer

cw(-) : R — R with the number of quantization levels not greater than w € N.
Then, V0 € (3, 1), Yw € N, it follows that

_ 20/(1—6
Elllx — co @71 = Buw 21 Pell3" 7,

where 8 > 0is aparameter determined by 6 and || Py || 50/ =0 i the Rényi differential
entropy power of order 6 [1], i.e.,

20/(1—6 2
1P 200 — / 1P| d) T
R

5.3.2 Proof of Necessity

Since an acknowledgement from the decoder to indicate the packet reception/loss
status will be sent to the encoder through a perfect feedback channel, the encoder can
access the full knowledge of the decoder and recover the control produced by the
decoder. By [11], the asymptotic MS-Stabilization of the system (5.7) is equivalent
to finding a sequence of admissible quantizers {cu*Jk () }k>1 to satisfy that

lim E[|\x0 — cf, (x)[|*] = 0. (5.11)
k— o0

Here the admissible quantizer means that the number of quantization level wy € N of
the quantizer cj;, (-) is adapted to the information available at time k for the decoder.
Given any data rate R bits/transmission for the forward channel, denote the random
variable
=280

as the accumulative number of quantization levels that has been received by the
decoder at time k. For any 6 € (%, 1), it follows that

E[|\xo — ¢}, (x0) 1”1 = EIE[I\xo — ¢, (x0) > 7%]]

_ 20/(1—6
> EIAT 2Py, 1771
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— BEII)( / 1Py 0011
R

— BELIT2)( / 1P AN )
R

— BRI 2O / 1Py A%y T
R

_ 20/(1-0) A
= BlPxlly E[F]’ (5.12)

k

where the inequality is due to Lemma 5.2 and the change of integration variable
y = A~*x was performed in the second last equality.
Let & = A/ T}, Vk € N, it leads to that

Sk+1 = &k (5.13)

2RVk+1
By (5.11), it follows from (5.12) that
)\2k
lim E |:—2:| =0
k— 00 Fk

since 3| Py, llg > 0.
Consider the randomly sampled system of (5.13) at stopping times {fy — 1} and
the definition of " in (5.4), we obtain that

)\’ZH

gtk+1—l = 2_R£tk—l- (514)
By Theorem 4 of [4], the asymptotic MS-Stability of the system (5.13) in discrete
time is equivalent to the asymprotic MS-Stability of the system (5.14) in the random
times {fy — 1}, i.e.,

lim E[||& )71 =0 < lim E[||&,—1]*]1 = 0.
k—00 k— o0

Thus, it is sufficient to focus on the randomly sampled system of (5.14). Since in
view of Lemma 5.1, the sojourn times {#} are i.i.d., it is easy to derive that

23kl 2 INK
2 [A|7 =0+t 1 |2
E[”ftk—ln ] =E Tl&)l = Zﬁ E 22R .
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Consequently, a necessary condition to make limg_, o E[||&k ||2] = 0 is that

|)\|2!T

by the equivalence property. By Lemma 5.1, the proof of the necessity is completed
by the following arguments:

IAPL 4+ 2D e gy A2 < 1.

\ 00 it (1—g)A*>1;
E[IA*1] = [
1—(1-g)[A?

5.3.3 Proof of Sufficiency

In control strategies to be developed in this section, a uniform quantizer in (3.9) will
be utilized. Given any data rate R satisfying (5.10), a sequence of R-bit uniform quan-
tizers to recursively acquire initial state information are to be designed. Attimej € N,
the encoder and decoder share a state estimator X; based on the symbols sent via the
forward channel and packet acknowledgement and update the estimator as follows:

. . Xo
X =0, X = Aloqze(g); (5.15)
X1 = A+ bk, j € {t, te + 1, .. 1 — 2} (5.16)
* Xt —)?ft el :
Ry = Niewt Gy + Ly qr(= s Do pug (517
k J=tk

where the stabilizing control gain i € R is chosen to satisfy that |\ + bu| < 1. The
input signal is produced by u; = ;%;, ¥j € N. The scaling factor /; is simultaneously
updated on both sides of the channel via

[Al
I = Z—Rlo;
lixi =M jelte e +1,..0, kg1 — 2} (5.18)
| \[fk+1
lyr = TR e (5.19)

The above algorithm in the encoder and decoder is executed as follows. At the random
time #, both the encoder and decoder have a state estimator X;, and the corresponding

. . . . . Xt, —Xt
scaling I, . The encoder quantizes the “normalized innovation”, denoted as %,
k
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Fig. 5.2 Communication >
pl‘OtOCOl received
lost /| |ost
Oty Oty Otyi1
-
tr tp+1 trt1 Time

by a R-bit uniform quantizer. The quantizer output

o £ gr()
Iy,

is transmitted to the decoder via the forward channel. If o, is lost at time #’s
transmission, the decoder sends a packet loss acknowledgment (v, = 0) to the
encoder and updates its estimator and scaling respectively according to (5.16) and
(5.18) in the next time instant #; + 1. Since we assume there is a perfect feedback
channel to send the packet acknowledgement, the encoder can update its estimator
and scaling in the same manner as the decoder. The encoder retransmits the same
signal o, at time 7 + 1 until it receives the packet reception acknowledgement from
the decoder (7, ,—1 = 1) attime ;1. See Fig. 5.2 for illustrations. By the definition
of random time #;, the packet o, will be successfully delivered at time #; — 1’s
transmission. Then, both the encoder and decoder update their estimator and scaling
according to (5.17) and (5.19) at time fz41. Thus, the synchronization between the
encoder and decoder is guaranteed and this process can be continued.

Denote the estimation error by X; = x; — %;,Vj € N, the dynamical equation
governing the error evolution is given by

Xo = x0, X1 = A(xo — logr(7})):
Y1 = NG, je{te, e + 1,0 ey — 2} (5.20)

~ _ * }tk }’k
Xter1 = )\k+lll‘k(q - qR(E))

It can be shown that the quantizer does not overflow at all times, i.e., |3c'j| <Il,vjeN
In fact, it obviously holds for j = 0, 1 since |xg| < [y and

— [A]
[x1] < 2—Rlo =1.
Assume that 3k > 0, such that [x;, | </, then

tf
p |)\| k+1
|xtk+1| - |>\| k+]ltk (l )| = ltk = ltk+1~
tk 178

Further, for any j € {fx, fx + 1, ..., tx+1 — 2}, it holds that

%G1 = IV R | < (AW, = 1.
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Thus, by induction, we have that |5c'j| < I;,¥j € N. On the other hand, the mean
square of the scaling at random times {#;} will exponentially converge to zero.

Letn = ['AZ'ZR ] < 1 by (5.10), we have that

|A|” g A

Jim B[] = lim IE[H lim (E[~ —)E=2 lim 1 =0,

where the second equality is due to that sojourn times {#;'} are a sequence of i.i.d
random variables by Lemma 5.1. Next, one can further derive that

lp1—1
DRI DINEET
k=1 J=tx
o
< ZIE[tk+l|)\|2’k+llz = B[} \*1] > El] (5.21)
k=0 k=0
S 265172
. Elrf N> 1
=Bl APT1E D 0t = M < o0, (5.22)
-
k=0

since for |)\|2(1 —¢q) < 1in(5.8),itis easy to see that E[¢] |)\|2’T] < 0. Here we have
utilized the fact that the identically distributed random variable # 41 1s independent
of xo, 1}, ..., t,f and /;, is adapted to o (xo, £}, ..., t;ck) in (5.21).

Together with that [X;| < Ix, Yk € N, it immediately follows from (5.22) that

lim E[|%[*] < lim E[}]=0.
k— 00 k—o00
By iteration of (5.7) and substituting the control u; = pXxy into (5.7), it yields that

X1 = Mg + buiy
= (\+ bu)xy + buxy
k
= A+ xo + DO+ b by
j=0

Jointly with the inequality
Ellx + 1D < ElxPD'? + EllyPD'/2,
it implies that

k
lim E[lx%,,1 <[l X+ bulF bu|(E[% 2D Y22 = 0
Jim. ['x'kﬂ]—[ki‘;o;' + b b B 12D V)

by the Toeplitz lemma [13, Sect. 6.1.2] and the result that limy _, oo (E[[%|?])/? = 0.
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5.4 General Stochastic Scalar Systems

Theorem 5.2 Consider the system (5.6) and the network configuration in Fig.5.1
where the packet loss process of the forward channel is a time-homogeneous Markov
process with the transition probability matrix (5.2). The networked system is MS-
Stabilizable if and only if the following conditions hold:

(a) The probability of the channel recovering from losing packet is large enough,

g>1-1/I\% (5.23)

(b) The data rate satisfies the following strict inequality

2_
A" =D ) (5.24)

1
R>1 Al+ =1 1+ —
> logy [Al + 5 ng( +1_(1_q)|>\|2

Remark 5.2 Although the necessary and sufficient condition remains the same as
that for the case of noise free systems with a finite initial state support, the proof is
much more challenging. Due to the unbounded noise, uncertainties about the system
state at the decoder arise from both the initial state and the noise. Thus, a completely
different method is developed to establish the result.

Asin [8], we will find a lower bound for the second moment of the state to establish
the necessity. To this end, let

1
b, = E 2Ok Sk—1=8¢-1)
k=B [ ]

be the conditional entropy power of x; conditioned on the event {Sy_; = sr_1},
averaged over all possible s;_1. Here s;_1 is a particular realization of the random
vector Sx_1. Itis clear [1] that @y is a lower bound of the second moment of the state
X » i.e.,

Eflx|*] = &, Vk e N.

The following lemma is essential to the proof of the necessity.

Lemma 5.3 Given any data rate R bits/transmission, the following inequality
holds:

2h0ulSe=500] = L 2hClSi1=si-)

Esy 51,7 Le TN

Proof In view of Lemma 4.2 in [8], the proof is straightforward. ]
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5.4.1 Proof of Necessity

Let the data rate be R bits/transmission, it follows that
Es, [e2h(Xk+1|5k=Sk)] = Eg, [eZh(Axk-‘er\Sk:Sk)]
> Es, [2hlSk=se) 4 g2h(Wi)] > |)‘|2ESk [2hCxISKk=s)] 4 A

= |)‘|2E5k—1ﬁk (Eseisi_ 1% [eZh(kuSk:Sk)]] +A

> [MPEs,_, [ ZhrISe1=s-] 1 A

22R’Yk

= INPE [ s,y [ OHIS1=5-0 ] 4 A (5.25)

22R'y

In the above, the first equality is due to that the control input uy is measurable w.r.t.
0(Sk) and the translation invariance property of entropy [1]. The first inequality
follows from the entropy power inequality [1] and the fact that wy is independent
of (xx, Sk). The second inequality is due to the assumption that A < infjcp e
whereas the last inequality follows from Lemma 5.3.

Since

Sk—1 <> (Sk—2, Tk—1) < %
forms a Markov chain, we can similarly derive that
Es,_ 1w [eZh(Xk\Sk—FSk—l)] > |)\|2ES,(,1|7,( [ezh(Xk—IISk—FSk—l)] + A

2 M1 1Sk 1=5k_1)
= Al ESk—Z»’Yk—l|"/k[ESk—1‘Sk—2x’Yk—l[e e ]] +A

AP o1 15e 0=
> Esk*Zkall"/k[22R'yk,1 2N k—11Sk—2 kaz)] +A
—F I)‘lz E 2h(xg—1[Sk—2=5k—2) A 5.26
= -tk | 23Ry Sk [e ] + 4. (5.26)

Inserting (5.26) into (5.25) leads to that

]ESk [e2h(xk+1 ISk:Sk)]

AL
e TR [mESk thi-rle

IAI?
+ ]Eyk[m]-l-l A

2h(xg—11Sk—2=5k—2) ]:|
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. |A2F o 2h(x11S0=>50)
2 B | Z2Ren 0 ESi ol 1
k 2(k—j+1)
[AIZH
ra (S| g |

|A[2K+D hiso) k |A[2Kk=i+D

- 0 E -

zE 22R(yo+y1++%) ¢ +a ,1]E 22R(yj 4 +) +1], 62D
j:

where (5.27) is due to that the initial state is independent of the packet loss process
{7}. To study the lower bound of (5.27), let £y = £2h(x0) and consider an auxiliary
system as follows:

A2
Skl = mfk + A, VkeN. (5.28)
Then, & is written as
| A 2D 2h(x0) K ARE=A+D
S+l = SR 0 2 G
l:

Associated with the system (5.28), we introduce the following notation:

CYO i
o 2 [a’; L0, = El&15—] = 0. V) € {0, 1}, (5.29)
k

Thus, the recursive equation for oy is written as follows:

1
- IAI?
Oyy = E E[(ﬁfk T D= Nu=il
i=0

IAI?

1
= 2 EIEI(Zg & + D= 0=l Fil]
i=0

1 2
Z IAl
- ﬁEElek:i}E[]{wH:jﬂVk:i}L?k]] + ARy = N ye=it]

i=0
1 2 1
IApij :
=2 —22Rilj o + A pimi. (5.30)
i=0 i=0

where the distribution of 7y is defined by ﬂJk L P(y =), Vj € {0, 1}.
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Let 0 1
Tl)k = [wk, 1/)k]T

with L/;;C = Zil:() pijm, and

2. AR
|Al"Poo lleRplo

2 o\
IMpor Bepin

o 2

Rewriting (5.30) in a compact form leads to the following recursion:

Qpy1 = Aoy + Ay (5.3D)
Note that 1
El&] =Y of = llaxlh,
j=0
where || - ||1 is the standard ¢! norm in R2. Assume the networked system (5.6) is

MS-Stabilizable, it follows that

1 -
sup @x = sup —Eg, , [2MCkISk-1=5k-1)] < E[|x; ] < 00,
keN keN 2me

which, together with (5.27), implies that

sup flakll1 < oo.
keN

Moreover, due to that Markov process {7} is ergodic, 7, will converge to a unique
stationary distribution, that is,
e
7r;(—> , Vie{0,1}ask — oo.
P+aq

Then, there exists a @D’ > 0 such that

Y, — 1 >0, Vjelo, 1}

as k — oo. In view of (5.31), it follows that the spectral radius of .27 is strictly less
than one since otherwise,

lim ||ak||1 = 0.

k— 00

Thus, letting A = 0 in (5.31), we obtain that limy_,  ||ak|l1 = 0. Again by (5.27),

it yields that
|/\|2(k+l)

lim E[

Aam B | = O (5.32)
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As in the proof of the necessity of Theorem 5.1, a necessary condition for (5.32) to
hold is that gt
|71

E[ 22R

1 <1.

The rest of proof follows from that of Theorem 5.1.

5.4.2 Proof of Sufficiency

We adopt the adaptive quantizer developed in [2] to capture the unbounded noise so
that the upper bound of the second moment of the R-bit quantization error decays at a
rate of 272K if the random quantizer input variable x has a bounded (2 + §)th moment
for some § > 0. In particular, given a parameter p > 1, the R-bit quantizer generates
2R quantization intervals labeled from left to right by Iz(0), ..., I QR —1). Let
Ip(0) £ (—00, 00), 11 (0) £ (—o0, 0] and 1 (1) £ (0, o). If R > 2, the quantization
intervals are generated by

e partitioning the set [—1, 1] into 26_1 intervals of equal length, .
e partitioning the sets (—p'~!, —p'=2] and [p'2, p'~!) respectively into 2R~1—7
i €{2,...,R— 1} intervals of equal length.

The two infinite length intervals (—oo, —pR~2] and [pR~2, co) are respectively the
leftmost and rightmost intervals of the quantizer. Let

e rg(0) be the half-length of interval Ig(o) for o € {1, ...,2% — 2}, and be equal
to pR — pR~lifo =28 —1and —(pf — pR~ ) ifo = 0.

e QOg(x) be the midpoint of interval if x € Iz(c),0 € 1,...,28 — 2, and be equal
to pR if o = 2R — 1 and equal to —pR if ¢ = 0.

The above quantizer allows the quantization intervals /g(-) to be generated recur-
sively by starting from Q,(-). For example, quantizer intervals for Q;+1(-),i > 2
are produced by partitioning each bounded interval of ;(¢), 0 € {1,...,2" — 2}
into two uniform subintervals and the unbounded interval /;(0) = (—o0, — pi —2]into
Ii41(0) = (=00, —pttD=21 1,1 (1) = (—pi+D=2 —pi=2]. A similar partition is
applied to the other infinite subinterval I;(21 — 1). More details can be found in [2].
For any random variables x, r and constant real number § > 0, define the functional

Mslx, r] = B[ + |x7F0r ).

It can be verified that Ms[x, r] > ]E[|x|2] [2]. A fundamental property of the above
quantizer is given below.

Lemma 5.4 ([2,Lemma5.2]) Letx andr > 0 be random variables with E[|x|2_+5] <
oo for some § > 0. Given a R bit adaptive quantizer as above and p > 2%/°, then
the quantization error x — rQgr(x/r) satisfies

Mslx — rQr(x/r). rig(0)] < Z%Ma[x, 1.
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where o € {0, ..., 2R _ 1} is the index of the levels of the quantizer Qr(-) and < is
a constant greater than 2 determined only by § and p.

Lemma 5.5 (C,—inequality) Given a; > 0,i € N, then Vn € N,

(S a). ifr= 1

Say<{ =

i=0 > al, ifo<r<l.
i=0

Proof If r > 1, it is easy to verify that f(x) = x” is a convex function for x > 0.
This implies that

n

1 1
fog 2. ) = (@), (5.33)

i=0

Then, it follows that

O ay =+ 11O a).
i=0 i=0

For r > 0, the function (ap + x)" — a; — x” is increasing and has the value O when
x = 0. This implies that (ap + a1)” < ag, + af. Inductively, it is easy to obtain that

n n
Q@) = a.
i=0 i=0

Thus, the proof is completed. O

Now, we proceed to complete the proof of sufficiency.
By (5.23), there exists a § > 0 such that

AP —g) < L.

Let the adaptive quantizer parameters be p > 2%/9 and R satisfy (5.24). Now, we use
the above quantizer to approach the lower bound of (5.24). To this aim, divide the
integers j € Ninto “cycles” {txr, ..., tk+1)r—1}, Yk € N with length m € N, which
is determined by the available data rate and is to be specified later. The encoder and
decoder simultaneously construct an estimator of the state based on the quantized
symbol and packet acknowledgement as follows:

A~ A

Xo =x1 =0;

X1 = N+ bwij,j € {tir, tir + 1, tag e — 2);
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X )2_ t(k+l)7_1

N 1 —tkr 1% Ier — M 1 —j—1z, 2

Xignyy = AT x4 lerR(TT)] + E NI T0b g,
J=tir

where the stabilizing control gain y is chosen to make |\ + bu| < 1 and the input is
formed by u; = pk;, Vj € N.
The quantizer Qg (-) works as follows. At random times #;,, Vk € N, the encoder

. . . . X, —X; .
quantizes the normalized innovation, denoted as %, by the above described

R-bit adaptive quantizer and sends the quantizer output to the decoder via the forward
channel. Based on the definition of random times #;,, the decoder will receive the
packet during the time interval [#x-1 —1, fx+41) and send a packet reception acknowl-
edgement to the encoder. By the assumption that the transmission of the packet and
acknowledgement can be finished within one sampling interval, the encoder and

decoder agree on that % € Ig(-) at time #-1. Then, the encoder and decoder

further divide Iz (-) into 2% subintervals in the manner described above. The quantizer
output related to the subinterval Iz g (-) will be sent to the decoder to further reduce
the uncertainty of the normalized innovation for the decoder. By receiving the second
packet in the time interval (fxr42 — 1, fxr+2], the encoder and decoder agree on that

W € Ir+r(+). Continuing the same steps and after receiving the mth packet

reception acknowledgement in the time interval [ 41y — 1, f(k+1)7), the encoder

and decoder agree on the fact that ke ;‘”‘T

Since |A|*T0(1 — q) < 1, selectan € > 1 such that

belongs to one of the subintervals I-g(-).

IANFFE(1 - ) < 1.

Then, it follows from Lemma 5.1 that E[|)\|(2+‘S)EIT] < 00. Using C,-inequality in
Lemma 5.5, we obtain that Vr > 0,

El(t; — 1)1 =EIO_ )1 < A+ 7" HE[D ()]

j=1 j=1
=7(1+7"HE[)] < o0. (5.34)
Now, define
|/\|(2+5)x
f&) =—""775"

and choose ¢ > 1 such that 1/’ + é = 1. By using the Holder inequality it follows
that

EL(t, — t0)f (t; — 10)] = EL(t; — 19)>F0|\| )=o)

< (E[(t; — 1) VYV BN CHI )T < o0, (5.35)
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Let

tk+1)r—1

A tk —j—1
g 2 Z A+ —i wj

J=tkr

Then, the (2 4 6)th absolute moment of g, is uniformly bounded. Precisely,

gt 1yr—1

Ellgn, 71 < B Capyr —tir) D w1 (5.36)
J=tkr

< WE[(tg+1yr — ter)f Gkt yr — )] (5.37)

= wE[(t; — t0)f (- — 19)] 2 *T°. (5.38)

In the above, we applied the C, inequality of Lemma 5.5 in (5.36) and (5.37) was
obtained in view of the assumption that the channel variation is independent of the
noise process while (5.38) is due to that

Heyr = Ty = ey o Ly

has the same distribution as that of ¢, — 1) = #{ 4 - - - 4t} by Lemma 5.1. By using
the Holder inequality [13], it can be shown that

Ellgy, 21 < Ellg, )25 < o?.
The scaling coefficient {/;.} with [y = « is updated as follows
st = max{o, LA 6074 g (o). (5.39)
The proof of [2] is extended to our case for the proof of the stability of the error

dynamics in random times 7. Define the estimation error by X; = x; — X;, the error
dynamics is governed by

Xigyr), = ANET R, — leTR( )] + 8ur s
Xit1 = M +wj,j € {tir, tir + 1, ces b — 20 (5.40)

Define _
O = B[ + [%, 17701

and let ¢ £ 2119 > 1. In view of the error dynamics in (5.40), one can easily derive
the following result:

Rrgepn, 1770 < @(IN GO0 2RO, — 30 G, JIO1P + 185, 17T0). (5.41)
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Denote ¥ £ E[A¥1] which is bounded by (5.23) and Lemma 5.1. Then, we have the
following results:

_ ~ ")
B, P10 < gRp e By = QG [P Sir” )
o e [Uktirr (o7,)1 .,
~ 246
* |xtk _leTR(ftk /lk)|2+(S gtk
= G([E[NT]"E[— - 1+ B[]
Uitz (0, )10 L.
~ )
Ko, — LOrr Gy, /I)IFT gt
< ’L9m]E kT kT +E kT
= oW [Uetirr (04,010 TR D
%, — WQrr Gy /1) 1PH0
< IR kT kT + 2 , 5.42
= o ke T (442

where the first equality follows from that #(x1); — #r is independent of the sigma
field o{xo, #], ..., } by Lemma 5.1 and the fact that xo is independent of {~}.
Also, it follows from (5.39) that

Ellfy1] < @ + 0 Elllkrr (04,171,

By summing the above two inequalities we obtain that

% — W Qrr Gy /1) 170

Ors1 < 620° +0TE[ + kg () 1P1)

[Urrr (0, )]0
;S
<2¢a* + ¢v Mol U] (5.43)
9
< 2007 + 65 () k. (5.44)

where (5.43) follows from the property of the quantizer given in Lemma 5.4. By
(5.24), it is clear that
9 |)\|2t>lk
Zﬁ = ]E[_ZZR ] < 1.
This implies that there exists an 7 > 0 such that v £ gbg(z%)T < 1. In addition, it
24)(12
1-v

immediately follows from (5.44) that sup;, 6y <
that

. For any given j > 1, it reads

o0
E[5 171 = D BUGI e, <<t 1)
k=0

o0
i—tr~ 12 2
< ZE[MJ T 1T W o, <j <ty ) T
k=0
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< Y7 sup b + a?
k

297 2
LW 2 (5.45)

- 1l-v

Observing that we have designed a stabilizing controller for the estimator, it is
straightforward that sup;cy IE[|5cj|2] < 00, which further implies the stabilization
of the system since

sup E[|x;[*] < 2(sup E[I%j|*] + sup E[|%;|*]) < occ. O
jeN jeN jeN

Remark 5.3 Tt should be noted that in [8], an i.i.d. loss process is considered. In this
case, (5.25) will directly lead to that

IAI*

2h(X411Sk=5k) AL
Eg, [e 1> E[ZRW(

1Es, l[eZh(XHSk—l:Sk—l)]]_‘_A’

from which the necessary condition follows by letting

IAI?

< 1.

However, due to temporal correlations of the Markov process {7}, the above argu-
ments are no longer applicable. To overcome this difficulty, the properties of the
Markov process are further exploited in the proof of the necessity.

Remark 5.4 In comparison with the proceeding chapter, an adaptive quantizer is
adopted to establish the sufficiency. What makes the current problem more challeng-
ing is that the down sampling interval, denoted by #(t41)r — fxr, is stochastic and
unbounded. While in [2, 8], it is a finite constant. This implies that for their cases,
the stabilization of the periodically sampled system immediately results in the stabi-
lization of the original system, which does not trivially hold for the randomly down
sampled system. Furthermore, Lemma 5.1 plays an indispensable role in proving the
MS-stabilization of randomly down sampled systems.

Remark 5.5 We have developed a tool to down sample the system with a random
sampling interval # so that the data rate of the down sampled system appears as a
constant. It is not difficult to verify that this approach is applicable for any i.i.d. {z;}
satisfying E[|A|2’T] < oo. That is, it can be directly applied to networked control
systems with transmission times that are driven by an i.i.d. stochastic process. Hence,
our approach can jointly address the issues of minimizing the number of transmissions
between the sensor and the controller/actuator as well as reducing the size of packet at
each transmission, leading to a better utilization of the bandwidth of acommunication
network.
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5.5 Vector Systems

The main challenge in stabilizing a vector system with Markovian packet loss consists
of optimally allocating bits to each unstable state variable. It is worth mentioning
that even for the case of i.i.d. packet loss, there is no explicit characterization of the
minimum data rate for the mean square stabilization of a general vector system [8, 9].

For brevity, we consider noise free vector systems with bounded initial support
in this section. A necessary condition for mean square stabilization will be given in
terms of a group of inequalities that are related to unstable open-loop poles. A sub-
optimal bit-allocation scheme, which is optimal for some special cases, is provided
to achieve the mean square stabilization. When specialized to the case of i.i.d. packet
loss, our work naturally recovers the results in [8].

5.5.1 Real Jordan Form

As in Chap. 3, we adopt a real Jordan form for the system under investigation which
is briefly reviewed below, and there is no loss of generality to assume that all the
eigenvalues of A lie outside or on the unit circle [10].

By the same argument in Sect. 3.3.2, consider the vector system as follows:

Xk+1 = Jxx + Buy, (5.46)
where the state vector
1
w=10N" D e R

is partitioned in conformity with the block diagonal structure of J and the pair (J, B)
is controllable. Moreover, the initial state xo has a known bounded support, i.e.,
lxolloo < lp for some Iy > 0 and has a probability density Py, (-).

5.5.2 Necessity

Theorem 5.3 Consider the system (5.46) and the network configuration in Fig.5.1
where the packet loss process of the forward channel is a time-homogeneous Markov
process with the transition probability matrix (5.2). Let djj, j € {1, ..., n;} denote
the dimension of an invariant real subspace of J;, i € {1,...,d}. Then, a neces-
sary condition for the asymptotic MS-stabilization of the networked system is that
for any

ri € @,’ £ {d,’l, ey dini}
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and X, = Z;jzl 1, the following conditions hold:
(a) The probability of the channel recovering from packet loss is large enough,

1

g>1-— (Hle |)\i|2r,-)1/2r; (5.47)
(b) The data rate satisfies the following strict inequality
R>>EKMmEthxF%W”ﬂ. (5.48)
2

i=1
Remark 5.6

(a) For a lossless digital channel, i.e., p — 0 and ¢ — 1, it is obvious that the
sojourn time ¢} is always equal to one, (5.47) is automatically enforced, and the
inequality (5.48) reduces to

d
R>>" pilog, |\l

i=1

by selecting r; = p;, Vi € {1, ..., d}. This is the well-known minimum data rate
condition for stabilizing an unstable linear system [2, 10].
(b) If it is specialized to scalar systems, (5.48) becomes

1 .
R > z1og21E[|A1|2’1],

which is the same as the rate condition in (5.10).
(c) When the packet loss is i.i.d., our result recovers the one derived in [8].

Proof of Theorem 5.3

Together with the results in Sect. 5.3, the proof of [8] is extended here to establish
the stability of error dynamics in random time f,. By the definition of %, for any
ri € Z;, the block J; has an invariant real subspace, denoted by .77, of dimension ;.
Denote the indices of the nonempty subspaces by {ey, ..., 4}, e.g., 7, # & and
the corresponding state variables w.r.t. 72, by x,&e"). Consider the subspace .77’ formed
by taking the Cartesian product of all the nonempty invariant real subspaces, i.e.,

dr
A =[] .
i=1

the dimension of # is computed as X, = Z?: | 1i- Stack the unstable state variables

x](ce" ) to get a new vector state

H

xk — [Xliel)T x(ed,-)T

T &
[ e ] :PXk,
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where P is some transformation matrix. Thus, the new vector state x* evolves as
follows:

0 =07’ + PBu, (5.49)

where | det(J7)| = H?:l [A\i|"i. Similarly, a lower bound of the mean square of x,ff
is chosen as

; 1 _ ,
O = 5B, [0/ 5] < Bl )P,

Following the proof of the necessity of Theorem 5.2, we can obtain that

) [det(ij)]z(k+1)/2r
Am B [ ko075, | = V- (5-30)
As in Theorem 5.1, a necessary condition for (5.50) is that
[det(J7) 121/ >r

By substituting | det(J H )| = H?: 1 1Ail"" into the above equality and after some
simple manipulations, the necessity is established. (]

5.5.3 Sufficiency

To achieve the asymptotic MS-stabilization, we propose a sub-optimal bit alloca-
tion to each state variable. The number of bits assigned to each state variable is
proportional to the magnitude of its corresponding unstable mode.

Theorem 5.4 Consider the system (5.46) and the network configuration in Fig.5.1
where the packet loss process of the forward channel is a time-homogeneous Markov
process with the transition probability matrix (5.2). The networked system is asymp-
totically MS-Stabilizable if the following conditions hold:

(a) The probability of the channel recovering from packet loss is large enough,

>l - —m (5.52)
7 maxie(1,....ay | \il?
(b) The unstable eigenvalues (A1, . .., A\g) are inside the convex hull determined by
the following constraints
R> 1 log, (B[N, Vie(l,....d), (5.53)

2a;(R)
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where the rate allocation vector a(R) = [a1(R), ..., ag(R)] satisfies
0<a® <1
_:aj(R)s I, Vviefl,....d}; (5.54)
%aj(R) eN.
Remark 5.7

(a)

(b)

For a Markovian lossy channel with infinite bandwidth, the data rate condition
of (5.53) is automatically satisfied. The probability condition of the channel
recovering from packet loss in (5.52) reduces to that of [6]. That is, the sufficient
condition is also necessary in this case.

The sufficient condition is optimal when the magnitudes of strictly unstable
eigenvalues are the same. For example, assume that there exists d; < d such that
Al =---=|Ag| > 1and |\j| =1,Vj € {d1 + 1, ..., d} for the vector system
of (5.46), the transition probabilit]y and rate condition in (5.52) and (5.53) are

respectively writtenas g > 1 — e and

dy )
R> #mgz@nm”ﬁ)

which are the same as the necessary conditions in (5.47) and (5.48) by choosing
ri=pwpi,Vie{l,...,di}andr; = 0,Vi € {d| + 1, ..., d}. In particular, if all

the unstable eigenvalues have the same magnitude, e.g., |A\{| = --- = |\y], the
sufficient condition is necessary as well.

Proof of Theorem 5.4
For any data rate R satisfying (5.53) and (5.54), the uniform quantizer of (3.9) will
be adopted. Similar to the proof of Theorem 5.2, divide the integers j € N into cycles

{kT

s ..., (k+ 17 — 1}, Vk € N with length 7 € N, which is determined by R and

is to be specified later. The communication protocol is the same as in Theorem 5.2,
except that the uniform quantizer is used here. Thus, at each time j € N, the encoder
and decoder share a state estimator X; based on the quantized messages and packet
acknowledgement, and update the estimator as follows:

X0 =0, X =IlJoo;

Xip1 = ( +BK)Xj, j€{tkrstir + 1,0ty — 2k

t(k+|)7'_1
% Tk —1 2 1 —j—1 A
xt(k+1)7 = JiktDr~lkr [xtkr +Lk0'tk7-] + E JktDT ] BKXj,
J=tkr

where a stabilizing control gain K is chosen to satisfy that the spectra radius of J +BK
is strictly less than one. Denote the £th component of the state vector corresponding
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to the ith unstable mode by x(' 0

vector o is composed by

,wherei € {1,...,d}and ¢ € {1,..., u;}. The

1,1 1, 2,1 d,
og = [0(() ),...,cr(() ”'),J(() ),...,O'(() ”d)]T,
. (i (l £)
with o™ = 6]Ra,(R)/;1,( ) While
(1,1 (1#) 2,1 o -ty T
o-tkT = [o-tkT o tkT 1 tkr 0 tk‘r ! ] ’

with . .
L0 _ 561(;;@))

Ly

)
Ut(kl o = qrRa;(R)/11; (

where gra;(r)/y,; (+) 18 a uniform quantizer of (3.9) using Ra;(R)/u; bits of precision
to represent quantizer output and similarly for g-ga;(r)/.; (-). Note that by (5.54), we
have Ra;(R)/u; € N.

Denote I, € R¥*># an identity matrix. Then, the scaling matrix L is given by

Ly = diag(L}1,,, ..., L{1,,).

Moreover, L,i is simultaneously updated on both sides of the channel via

i = SR

0 = SRa;(R)/p; °

L /ity — fkr)“"_l|>\i|'("“)7_t'”Ll
k+1 = 27Ra;(R)/ i k-

(5.55)

By setting the control to be u; = K3;, ¥j € N, the estimation error, i.e., X; = xj — %;,
is recursively computed by

Xo = x0, X1 = J(x0 — looo);
Xjp1 =JXj, ) € {tirs tir + 1,00t yr — 215

By = Sy, — L), (5.56
By Lemma 3.8, the quantizer will not overflow, i.e., |x(' b fct(; 9) < Li Vk e N.

In fact it obviously holds for k = 0. Assume 3k > 1 such that
O <L Vie (... dLVee (L, .., u),

then ||x(’) loo < L,"(. By the error dynamics in (5.56), the update recursion for L,i( in
(5.55) and Lemma 3.8, it can be established that

~(i)

~(i,0) ~(7) Hk+1)r —Ikr (@) i
X [ <Ix oo < I, "lloollXy,. —kaf, lloo < Liy1-

t(k+1)7 t(k+1)T
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In addition, it follows from (5.52) that
NPP(L—¢q) < 1,Vie{l,....d).
That is, there exists a g > 1 such that
N1 —¢) < L. (5.57)

Then, it is straightforward that E[|\;| %’ < o0 by Lemma 5.1. Moreover, given any
sequence {gj}j>0 C (1, g] such that lim; , » g; = 1, it is easy to show that

|)\i |2tT . 2t 21
SaRai®) [ < (IAIPD% < (IMFH8.
By the dominated convergence theorem [13], it follows that
. NPT I\
fim [(22Raf<R>/ui) " =B TR | < 10y 6:33).
Thus, there exists a ¢ € (1, g] such that the following inequality holds:
NPT
E |:(22Ral-(R)/u,~) <1 (5.58)
Select a ¢’ > 1 such that 1/¢" + % = 1, we obtain that

E[(L},)*]

(tg 1yr — tr) 2D\ |2U D7 —tir) .
= CuiEl e ;2TRai(R)/Nil ]E[(L’l‘)z]

2, (B 2 (=) 1/¢ (| | AUt dr=her) VeRr(Liy2
< i (ElEgrnr — trr) ) A [(W) D ()]

.
|\

< C (E[(m

) DMEILY)’]
2 pENLD. (5.59)
Here the first equality is obtained from (5.55) and the fact that #(x11)r — fx; is

independent of L,i by Lemma 5.1. The Holder inequality was applied in the first
inequality. The constant

C1 2 CriEl(tarny, — i) WOl
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in the second inequality is finite by (5.34). In light of (5.58), there exists an 7 > 0

such that A |2z
l

N = C (E[(m) P < 1. (5.60)

Using the above inequality and Lemma 3.8, we can further derive that
00 fh+1)r—1

JE[Z IEI20 < Cui D BL D G — )P DI PO0 170 12 )

k=0 j=tir

o0
< CuEl(t — ) NPT B IR (5.61)
k=0

< G D RIILY] < Co(Lh)* D . (5.62)
k=0 k=0

In the above, the second inequality follows from Lemma 3.8. The inequality in (5.61)
is due to that for all j € {txr, txr + 1, ..., t(k4+1)r}, it holds

G — [kT)z(Mi71>|Ai|207lkT) < (ts1yr — tkT)z(lli*])|)\i|2(l(k+l)7*[kr)

and #(;41)r — t; is of the same distribution as t, — 1.
Choosing g’ > 1 such that 1/g’ + é = 1 and using Holder inequality, then

Cy = CuiEl(t; — 10)* 1\ 20r=10)]
< Cui(E[(t; — 1o)® CH= D V& @R[ N2 )78
< 0o by (5.34) and (5.37).

By (5.60) and (5.62), we obtain that

E[Z 1% 12,] < oo.

This immediately implies that
Jim E[F” 3] = 0.

which further concludes that

Jim BT 1P < i lim BT 12) = 0.

Consequently, we have shown that limy_, o E[|| X% ||2] = 0. Under the designed stabi-
lizing controller, it is trivial that limg_, o E[|lx¢]|?] = 0. The rest of the proof follows
from similarly as in [8] and details are omitted. U
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Fig. 5.3 Stabilizable and {
unstabilizable regions for the 0.25°F
example in Sect.5.5.4
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5.5.4 An Example

In this section, an example is included to examine the gap between the necessary
and sufficient conditions. Let the transition probabilities of the Markov process be
p = 1/2,q = 2/3 and the data rate be R = 1. Consider an unstable system with
distinct eigenvalues \; € R, Ay € C and p; = 1, up = 2. The stabilizable and
unstabilizable regions respectively determined by Theorems 5.3 and 5.4 are plotted in
Fig.5.3. Itis clear from the figure that they are optimal for the three cases respectively
corresponding to that |\{| = 1,|\{| = |Az2] and |A\z| = 1. It also shows that the
necessary condition is almost sufficient.

5.6 Summary

Packet loss and data rate constraints are two important issues of networked control
systems. In this chapter, we have investigated their joint effect on the mean square
stabilization of networked linear systems where the digital channel is subject to
Markovian packet losses. The temporal correlations of the packet loss process posed
significant challenges to the study of the minimum data rate which were overcome by
converting the networked system with random packet loss into a randomly sampled
system. The minimum data rate for the scalar case was then derived which is explicitly
given in terms of the magnitude of the unstable mode and the transition probabilities
of the Markov chain. The result exactly quantifies the joint effect of Markovian packet
loss and finite communication data rate on the mean square stabilization of linear
scalar systems and contains existing results on packet loss probability and data rate
for stabilization as special cases.
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We have also studied the mean square stabilization problem for vector systems.
Necessary condition and sufficient condition were respectively derived and shown
to be optimal for some special cases. This approach can also be directly applied to
NCSs where transmission times are driven by an i.i.d. stochastic process with the
consideration of reducing the size of the data to be transmitted at each transmission.
Till now, the case of general vector systems is largely open, and deserves further
consideration. We note that the theory of Markov jump linear systems is adopted to
study this problem in [8].
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Chapter 6
Stabilization of Linear Systems
Over Fading Channels

Fading channels are often encountered in wireless communications and have attracted
a lot of attentions in the study of networked control recently. It has been shown in [1]
that the minimum network requirement for stabilizability through controller design
is nonconvex and has no explicit solution in general networked MIMO control over
fading channels. Only the minimum capacity for state feedback stabilization of a
single-input plant over a single fading channel is given in [1]. In this chapter, we
focus on the mean square stabilization problem of MIMO plants over multiple fading
channels via both state and output feedback.

The chapter is organized as follows. The mean square stabilization problem for
an NCS over an input network with fading channel(s) is formulated in Sect.6.1,
followed by a preliminary lemma on stabilization over predefined fading channels.
Section 6.2 presents the network requirement for stabilizability via state feedback,
where necessary and sufficient conditions on the network are given as the main results
of this chapter. The minimum mean square capacity is provided for stabilizability
under the serial transmission strategy (STS) and the parallel transmission strategy
(PTS), respectively. Section 6.3 deals with the network requirement for stabilizability
via output feedback. Both SISO and triangularly decoupled MIMO cases are consid-
ered. The extension to stabilization over output fading channels is given in Sect. 6.4,
followed by an application in multi-vehicle platooning. In Sect. 6.5, we analyze the
possible benefits of introducing pre- and post-channel filters and channel feedback
to the NCS. Section 6.6 considers the feedback stabilization and performance design
of an SISO NCS with a stochastic channel contaminated by both multiplicative and
additive noises. We provide a necessary and sufficient condition on the network for
mean square stabilizability, a suboptimal algorithm for performance design along
with a numerical example. Section 6.7 summarizes the chapter.

6.1 Problem Formulation

Consider a discrete-time NCS as depicted in Fig. 6.1, where an unreliable network
with fading channel(s) is placed in the path from the controller to the plant.

© Springer-Verlag London 2015 83
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Fig. 6.1 Control over input Nk

fading channel(s)
Controller |2 Fading 1| Plant
K(z) Channel(s) G(z)

<

Assume that the plant G(z) is strictly proper and has a state-space representation:

Xi+1 = Axg + Bug,
ik = Cxg, 6.1)

where x; € R” is the plant state, uy € R™ is the plant input, and y, € R’ is
the measured output. Without loss of generality, assume that A is unstable, B =
[B1 Bs, ..., Byl has full-column rank, C = [C] C}, ..., C]]" has full-row rank,
and the triplet (A, B, C) is stabilizable and detectable.

The controller is assumed to be time invariant, and has a proper transfer function
K (z) and a state-space realization:

XK k+1 = AKXK k + Bk Yk,
vk = Ckxxg k + Diyr, (6.2)

where v; € R is the controller output. The dimension of the controller state xx x is
not specified a priori.
The model of the fading channel(s) is given in the following memoryless multi-

plicative form:
up = fkvk, (6.3)

where uy is directly applied to the plant,! and & € R™*™ represents the channel
fading and has the diagonal structure:

& = diag {&1 k. Sk - Gk} - (6.4)
Itis assumed that&; x, i = 1,2, ..., m, are scalar-valued white noise processes with
wi £ ECix), oy = EN ik — 1) Er — 1)} (6.5)

satisfying p; # 0, 0;; > 0,and 0j; = oy, foralli, j = 1,2, ..., m. We further denote

A
g; = \/Oji and

X £ [ojjlij=1,2,..m, 1T = diag{pr, pio, ..., ptm}, A = diag{o1, 02, ..., 0m}.
(6.6)
It is easy to see that X is positive semidefinite.

! The NCS with pre- and post-channel filters will be further discussed in Sect.6.5.
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Remark 6.1 In model (6.3)—(6.4), if the ith and jth components of v, are sent over
the same fading channel, whose channel fading is constant over each time step of the
underlying discrete-time system,” then we can set & ; = &j k- The additive noise is
not included in (6.3), since the main focus here is the stabilization issue.

Denote the overall system state by x; = [xk Xk, k]T then the closed-loop NCS in
Fig.6.1 can be written into

Xjy1 = [A+ B&Clxy, (6.7)

where
~ A O ~ B ~
A:[BKCAK]’ B=|:0], C =[DgC Ckl. (6.8)

‘We shall concentrate on the mean square stabilization defined next.

Definition 6.1 ([1]) Consider the NCS in Fig. 6.1, and denote 5} = [xkxk ]. The
plant (6.1) is stabilized in the mean square sense by the controller (6.2), if, for any
initial state x(’), &y is well defined for all £ > 0 and lim;_, o, Z; = 0.

The model (6.3) and (6.4) of the fading channel(s) is said to be predefined if y;, o
in (6.5) are fixed and known foralli,j=1,2,.

Let B = [Bi By, ...,Byland C = [CT c2 . cT]T The next lemma will be
used in the later developments, which extends the stablhty criterion for systems with
independent multiplicative noises presented in [1] and Chap.9 of [3] to that with
possibly correlated multiplicative noises.

Lemma 6.1 Considerthe NCSin Fig. 6.1 with predefined fading channel(s) modeled
by (6.3)—(6.4). The following statements are equivalent.

(i) The plant (6.1) or the triplet (A, B, C) can be stabilized in the mean square
sense via controller of the form (6.2).

(i1) There exists a set of Ak, Bk, Ck, Dk such that the sequence {Ex}r>0 com-
puted by

m m
i1 = A+ BICO)E(A+ BIIC)T + Z Zai,»B,-f:,-Ekéf Bl (6.9
i=1 j=1

with any Eo > 0 is convergent to 0 as k approaches oo.
(iii) There exists a set of Ak, Bx, Ck, Dk such that p(¥) < 1, where

=@A+BIC)® A+BIIC)+ > > 0;(BiCi) ® (B;C)). (6.10)
i=1 j=1

2 This is a valid assumption when the fading is coherent over the sampling interval of the system [2].

3 In Sect. 6.6, we shall revisit the effect of channel additive noise under the assumption that the
channel input power is bounded by a predefined level.
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(iv) There exist a set of Ak, Bk, Cx, Dx and P > 0 such that
P> A+BIC)PA+BIC)+CTJC, (6.11)
where J = X ® (BT PB) > 0.
(v) There exist a set of Ak, Bk, Cx, Dk and W > 0 such that
W > (A+BIIC)W(A + BITC)" + BHBT, (6.12)
where H =X © (CWCT).
Proof (1)< (ii): It follows directly from Definition 6.1.
(ii)<-(iii): Based on Lemma A.4, the recursion (6.9) can be written into

vec(Ery1) = Wvec(&Ey) = l1/k+lvec(Eo).

Itis easy to see that limy_, o, &} = 01is equivalent to the existence of Ax, Bk, Ck, Dk
such that p(¥) < 1.

(1)< (iv): First, suppose that (iv) is true. Introduce a Lyapunov function V(Z}) =
tr(EP), then

m m
V(&) =tr { [ A+ BIC)EA+BIO) + D> 0yBiC;EC Bl | P
i=1 j=1
=t {5 (A+BIOTPA+BC) +CTIC)]
< tr(&xP) = V(Ey).
It follows from Lyapunov theory that limy_, o, Z% = 0. On the other hand, assume

that the closed-loop system is mean square stable. Then, p(¥) < 1 based on (iii),
which is equivalent to p(¥T) < 1. Therefore, the sequence {uk}k>0 computed by

I8

= @A+ BIC) Ex(A+BrIC) + > > 0yCl Bl 1B, C; (6.13)
i=1 j=1

is convergent to zero as k approaches oo for any &y > 0. Let Zy > 0 and Py =
>k, &y, then we have

m m
Piy1 = &0+ (A+BIIC)TP(A + BIIC) + Z Z 0;CT BT PyB; C;
i=1 j=1

m m
> (A+BHO)"PA+BIIC)+ > > 0;C] B] PuB;C;. (6.14)
i=1 j=1
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It follows from the convergence of {ék}kzo and (6.14) that P = limy_, o Pj exists
and satisfies (6.11) in (iv). It is easy to see that P > 0 since Zy > 0. In addition,
according to Lemma A.5, we have J/ = ¥ © (BT PB) > O since ¥ > 0, BTPB > 0,
and X has no diagonal entry that is equal to zero.

(1v)©(v) Assume that (v) holds. By selecting a Lyapunov function V(uk)
tr(uk W), we can easily prove that (v) implies the convergence of {uk}k>0 com-
puted by (6.13), which further implies (iv). The converse follows by setting W =
limy s 00 > r_y 5 and Zo > 0. O

Remark 6.2 1t is easy to show that the mean square stabilizability is invariant under
similarity transformations on the triplet (A, B, C).

6.2 State Feedback Case

Consider the state feedback case with C = I. In view of Remark 6.2, we take (A, B)
to be of the form:
_|As O | Bs
a=[5 0] 5=]2] 015

where Ag is stable, all the eigenvalues of A, are either on or outside the unit circle,
and (A, By) is controllable. We can derive the next lemma.

Lemma 6.2 Consider the NCS in Fig. 6.1 with state feedback and predefined fading
channel(s) modeled by (6.3)—(6.4). The following statements are equivalent.

(1) The plant (6.1) or the pair (A, B) can be stabilized in the mean square sense
via static state feedback.
(i1) The pair (A, B) can be stabilized in the mean square sense via dynamic state
feedback.
(iii) There exists P > 0 such that

P>ATPA—ATPBIT(J + ITBTPBIT) "' ITBT PA, (6.16)

where J is as defined in (6.11) with B = B.
(iv) For any R > 0, there exists P > 0 such that

=AT"PA — ATPBIT(J + TB"PBIT) ' ITB" PA + R. (6.17)

(v) The pair (Ay, By) can be stabilized in the mean square sense via static or
dynamic state feedback.

Furthermore, if any of the conditions (1)—(v) is true, then a state feedback gain
ensuring the mean square stability of the closed-loop system is given by

K =—(+IOB'PBII) '1IB"PA, (6.18)

where P > 0 is any solution to (6.16) or (6.17).
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Proof (1)< (ii): For static state feedback, A, B, Cin (6.8) are reduced oA = A, B=
B,C =K, respectively. Obviously, the stabilizability via static state feedback always
implies the stabilizability via dynamic state feedback. In what follows, we will show
that the converse is also true. Suppose the closed-loop system is mean square stable
under a dynamic state feedback controller, i.e., there exist a set of Ag, Bk, Ck, D
and W > Osuchthat (6.12) in Lemma 6.1 is true for C = I. Partition W in accordance

with A in (6.8) as
Wi W
w| e
Wi, War

In this case, the (1 x 1) block of the inequality (6.12) yields

W11 >(A + BIIDg)W1(A + BIIDK)" + (A + BIIDx) W1, Cf ITB"
+B (2 © (DxkWi1 DL + CkWEDT + DxWioCT + CKWDC,@)) BT
+ BIICxk Wy CELITBT 4+ BIICxk WL (A + BITDk)” . (6.19)

By setting K = Dk 4 Cg Wsz Wl_ll, it follows from (6.19), the property of Hadamard
product in Lemma A.5, and W, — W]Tszl1 Wi2 > 0 that

Wi > (A + BITK)W; (A + BITK)T + B (2 o (KWHKT)) BT.  (6.20)
From Lemma 6.1 (v), the inequality (6.20) is equivalent to the existence of a state
feedback gain K such that the closed-loop system is mean square stable.

(1)<=(iii) By substituting A = A, B = B, C = K into (6.11), we can obtain that
P> (A+BIK) ' P(A+ BIIK) + KT JK. (6.21)
The inequality (6.16) implies (6.21) by setting K as in (6.18).
(i)=-(iii): By taking derivative with respect to u, we can conclude that u = Kx
with K defined in (6.18) minimizes the function

f(u) = —x"Px + (Ax + BITu)" P(Ax + BITu) + u" Ju.

(ili))<(iv): By choosing the same P, (iv) obviously implies (iii). Next, suppose
that (iii) holds. Define the operators

L2Z)=AT7A — ATzBI (X © (B"ZB) + BT ZBIT)~' IB” ZA,
P(Z,K)=(A+BIK) ZA +BIIK) + KT (X © (B"ZB))K.

It follows that % (Z, K) is affine in Z, and for any Z > 0 and K,

0<A2)=4Z K (2) <= 4(Z.K)
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with K*(Z) = —(X © (BTZB) + IIBTZBIT) ' [TBT ZA. For any Z, > Z; > 0, we
have

(L)) = L2, K*(Zy) < D20, K¥(Zp) < (2o, K (2n)) = L1(2y).

Let the sequence {Z; };>0 be computed by Z41 = .£1(Z;) + R with any initial con-
dition Zy > 0. The condition (iii) can be written into P > .} (P) with P > 0. In this
case, we can always choose c1 € [0, 1) and ¢3 € (0, 00) such that

L1(P) <c1P, Zyp < coP, R < oyP.
Since .2 (c2P) = 2.4 (P), we have

Z1 = L4 (Zo) + R < cicaP + 2P,
Zr = LA(Z1) + R < cieaP + cieaP + 2 P.

By mathematical induction, we have Z; < Z?:o cieP < lf—ZCIP, which implies that
the sequence {Z; }x>0 is bounded. Let Zy = 0, then it follows from the monotonicity
and boundedness of {Z; }x>0 that Z = limy_, o, Z exists and satisfies Z = £ (Z)+R.
Note that Z > 0 since R > 0 and % (Z) > 0, which completes the proof.

(1)<=(v): In view of the equivalence between (i) and (ii), we limit our attention
to the static state feedback case in the proof. Let (A, B) be of the form (6.15). Since
Ag in (6.15) is stable, there exists P; > 0 such that P; — ASTPlAs > 0. Also, since
the pair (Ay, By) is mean square stabilizable, based on Lemma 6.1 (iv), there exist
P> > 0 and K, such that

Py > (Ay + BuITKy) P2 (Ay + BuITKy) + K JuKu,
where J, = X' O (Bl{ P>By). It follows that, for some 3 > 0, the inequality
Py > (31 + (Ay + BuITKy)  Py(Ay + BuITKy) + KuTJuKu

istrue. Let Jy, = X © (BSTPlBs). By choosing P = diag{P1, vP>}, K = [0 K] with
a sufficiently large v > 0 such that

vBI > KI'TTB! P|BI1K,
+ KKy + KT TTBT PiAg(P) — AT P1A) T AT P\ B ITK,,,
and in view of J = Js + Jy,, we have (6.21) holds, i.e., the pair (A, B) is mean square
stabilizable.

(1)=(v): According to the condition (iii), the mean square stabilizability of (A, B)
in the form of (6.15) ensures that there exists

P11 P2
P = >0
|:P1T2 PZZ]
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such that (6.16) is true. After applying the linear coordinate transformation matrix

1 —P'P1
0 I ’

the (2 x 2) block of the inequality (6.16) implies that
Py > A'P)A, — Al P,B,IT(J, + [1BL P,B,IT) "' [IB! PA,,

where P, = Py — PszPl_llPlz >0andJy, = XY O (Bl{ P>B,). Therefore, the pair
(Ay, By) is mean square stabilizable. ([l

Remark 6.3 One solution P > 0 to (6.17) can be obtained by solving the following
optimization: A
P = argmax tr(P) (6.22)
P>0

subject to the linear matrix inequality (LMI) constraint

P—ATPA—R ATPBII -0
nB™PA —> o BTPB)—NOBTPBIT |~

However, the optimization in (6.22), despite of the ease of computation, offers no
explicit condition on y; and o;; even when a solution P > 0 exists. Therefore, we
turn to investigate the requirement on the network over which an unstable plant can
be stabilized.

In view of Lemma 6.2, we limit our attention to the static state feedback case in
the rest part of this section and assume that all the eigenvalues of A are either on
or outside the unit circle without loss of generality. Based on Remark 6.2, the pair
(A, B) is further assumed to have the following Wonham decomposition [4]:

Al * e K bl*"'*
0 Ay - * 0 by - %

A=| . T , and B=1| . . .|, (6.23)
00 --A, 00 by,

where x represents terms that will not be used in the derivation, A; € R"*" b; €
Rrx1, > ", nj = n, and each pair (A;, b;) is controllable. The next theorem which
is parallel to Theorem 12.1 in the previous chapter provides necessary and sufficient
conditions on the network for stabilizability via state feedback.

Theorem 6.1 The NCS in Fig. 6.1 is mean square stabilizable via state feedback if

1

14+
[21]i

> HM(A)?, Vi=1,2,...,m, (6.24)
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and only if

1 ! A)7, 6.25
H( ! [zz]ii)> S (623

i=1
where X\ and X5 are arbitrary positive-semidefinite diagonal matrices satisfying
0= =X¥<2.

Proof We will first prove the necessity of the condition (6.25). Suppose that the
closed-loop system is mean square stable under a static state feedback controller.
Based on the property of Hadamard product in Lemma A.5, we have J > J with
J = Y5 © (BTPB). The condition (6.25) obviously holds when any [X»]; = O,
otherwise it follows from (6.16) that

det(P) > det(AT) det (1 — PBO{ + HBTPBH)’1H3T> det(P) det(A)
— det(A)? det(P) det (1 — U+ HBTPBH)_IHBTPBH)
—1
— det(A)? det(P) (det(l n HBTPBHJ—I))
—1
— det(A)? det(P) (det(l + PI/ZBHJ—IHBTPI/Z))
~ —1
> det(A)2 det(P) (det(l n P1/2Bn1—1173p1/2))

~ N -1
= det(A)? det(P) (det(l + ]2 T8 PRITI™'12)

> /(A)? det(P) H (%) (6.26)

The inequality (6.26) follows from Hadamard’s inequality; see LemmaA.2. The
proof of necessity is completed since (6.26) implies (6.25).

Next, the sufficiency of the condition (6.24) will be shown. According to
Corollary 8.4 in [1] and Lemma 6.1, if (6.24) is true, then there exist P; > 0 and
K; € R™" such that

P; > (A + biiK) T Pi(A; + bipiK) + [ Z11:K] b PibiK;.
It is direct to show that the closed-loop system is mean square stable for m = 1.
Next, we consider the case m = 2. Adopting the similar technique in the proof of
the equivalence between (i) and (v) in Lemma 6.2, we can show that there exist

P = diag{P1, v1P>} and K = diag{K, K»} with sufficiently large v; such that

P> (A+BIK)'P(A+BIIK) + K' (X, ® (B"PB))K, (6.27)
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where the pair (A, B) has the form given in (6.23). By induction, for the case m > 2,
there exist
P = diag{P1,"1P2, ..., Ym—-1Pm)

and
K = diag{K, K>, ..., Ky}

with sufficiently large 1, 72, ..., Ym—1 sqch that~(6.27) I~101ds. It follows from
PINO! (BTPB) > J that (6.11) holds with A = A, B = B, C = K. Therefore, the
closed-loop NCS is mean square stable under a static state feedback controller. [

Remark 6.4 Note that for the single-input case, the bounds presented in (6.24) and
(6.25) are consistent by taking ¥y = ¥, = X, and Theorem 6.1 is reduced to
Corollary 8.4 of [1]. For multi-input case, the tightness of (6.24) and (6.25) is affected
by the selection of X'y, X, and thus depends on the structure of X'. Moreover, (6.24)
is also related to the particular Wonham decomposition in (6.23) which is generally
not unique.

Next, we will further refine Theorem 6.1 under the following two typical trans-
mission strategies for the network (6.3)—(6.4).

e Parallel transmission strategy (PTS): Each element of v is sent across an indi-
vidual fading channel, and &1 «, &2k, - - -, &k are uncorrelated with each other.

e Serial transmission strategy (STS): All elements of v are transmitted over the
same fading channel one after another, and &1y = &k = -+ = ke

Remark 6.5 In some industrial and military applications where a group of ground,
aerial, and/or underwater vehicles/robots are geographically separated from each
other and from the remote controller, the control signal to each vehicle/robot is
sent across an individual channel, which motivates the consideration of PTS. As
mentioned in Remark 6.1, £1 ¢, &2k, - - -, &m ok can be made to be uncorrelated with
each other in PTS by adopting an orthogonal access scheme. For STS, the condition
&1k =&k = -+ = &u i s valid in applications when the fading is coherent over
the sampling interval. Note that the network model with parallel channels or a single
channel has been widely used in the literature on networked estimation and networked
control; see, e.g., [5-9].

Under PTS or STS, define the overall mean square capacity of the network as
m 1 qu
L i
Gus 2 ; 3 ln(l + 2) (6.28)

which is reduced to the mean square capacity presented in [1] when m = 1. Further

denote
1 2 2
Cst,‘é—ln 1+,U_12 ,giél+u—12
2 g i
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and g = | [/~ gi, then it follows that
G ! 1 5 ! 1
; = —In g;, = —-Ing,
MSi ) 8i» OMS ) 8

and the larger the g;, the larger the %ys;. Note that under STS, ms = mBumsi-
Next, we will present a tight lower bound on the overall mean square capacity of the
network for mean square stabilizability under PTS and STS, respectively.

6.2.1 Parallel Transmission Strategy

Under PTS, the overall mean square capacity is considered as the network resource
and assumed to satisfy the following assumption.

Assumption 6.1 The overall mean square capacity of the network is fixed and can
be allocated among the parallel channels.

Remark 6.6 1t is worth mentioning that the resource (e.g., power, code, time and
frequency) allocation technique has been employed extensively for studying capacity
maximization in communications [10, 11], and recently it has attracted the interests
from the control community as well [5, 12].

A relationship between the overall mean square capacity and the Mahler measure
of the plant for ensuring the mean square stabilizability via state feedback under PTS
is characterized by the next theorem.

Theorem 6.2 Under PTS and Assumption 6.1, the NCS in Fig. 6.1 is mean square
stabilizable via state feedback if and only if

bms > In A (A). (6.29)

Proof Note that under PTS, o;; = 0 for all i # j, i.e., X' is diagonal. The necessity
of (6.29) for mean square stabilizability via state feedback follows from (6.25) in
Theorem 6.1 by taking ¥» = X. On the other hand, under Assumption 6.1 on
capacity allocation and 6ys > In.Z (A), i.e.,

g > MA =[].#A),

i=1

we can always choose g; > .4 (A;)? such that the condition (6.24) in Theorem 6.1 is
true by letting X'y = X. Therefore, there exist a stabilizing state feedback gain K =
diag{Ki, K>, ..., K} asin Theorem 6.1 and an allocation {éms1, GMms2, - - - » EMSm}
satisfying éms = D.rv; Gmsi such that the closed-loop system is mean square
stable. ([
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Remark 6.7 Similar to the well-known data rate theorem [13] which quantifies the
minimal data rate necessary for stabilizing an unstable system, Theorem 6.2 charac-
terizes the minimal overall mean square capacity of the network in order to stabilize
an unstable system in the mean square sense. The result also pinpoints a relationship
between the minimal overall mean square capacity and the unstable eigenvalues of
the system matrix A.

6.2.2 Serial Transmission Strategy

Based on Schur’s complement in LemmaA.1, the inequality (6.11) in Lemma 6.1
(iv) under STS with A = A, B = B, C = K is equivalent to

-5 AS+BNT (/5B
AS+BY  -S 0

1
LBy 0 -5

<0 (6.30)

with S = P=!/p, ¥ = KP~!. Then, we can deduce the following result.

Proposition 6.2.1 Under STS, the NCS in Fig.6.1 is mean square stabilizable via
state feedback if and only if

Guis > %lnglc, (6.31)
where
M(A)?, ifm=1;
gle = p(A)?, ifm=n; (6.32)

inf g1, subject to (6.30), otherwise.
§>0,Y

Furthermore, it holds that

% Ingie > In.Z(A). (6.33)

Proof First, we will show the expression for gq. in (6.32). When m = 1, the STS is

the same as the PTS, thus the critical value g1, for mean square stabilizability follows

directly from Theorem 6.2. Note that (6.16) in Lemma 6.2 (iii) under STS becomes
2

I

P>ATPA — ﬁATPB(BTPB)_lBTPA. (6.34)
Ul + 'ul

When m = n, the inequality (6.34) is further reduced to

1 T 1
P> (gl_zA) P (gl_zA) . (6.35)
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1

In this case, the mean square stabilizability is equivalent to p(gl_zA) < 1, and thus
the critical value gi. is given by p(A)z. For general cases, we can use (6.30) as the
necessary and sufficient condition for mean square stabilizability. Observe that if
(6.30) is true for some g1 = g1, > 1, then it holds for all g1 > g1,. Therefore, the
critical value g1, can be obtained via the minimization of g; over (6.30).

Next, we will prove (6.33) for an arbitrary m. Since all the eigenvalues of A are
assumed to be on or outside the unit circle, it follows from (6.34) that

2
M pB(B"PB)™'B" ) det(P) det(A)
or T Hy

det(P) > det(A) det (I —

2
— det(A)? det(P) det (Im - %Im)
g
= M (A) det(P)g; ",

which gives (6.33). In particular, the equality in (6.33) holds for m = 1, while for
m = n, we have that

glnglc — Inp(A)" > In.Z(A). O

Remark 6.8 Note that Proposition 6.2.1 is consistent with Lemma 5.4 of [14] where
the packet-loss issue is considered. Except for some special cases, the critical
value gi. is, in general, not connected with the system matrix A explicitly. From
Theorem 6.2 and Proposition 6.2.1, we can conclude that if the overall mean square
capacity is allocatable among fading channels, i.e., additional flexibility of designing
the communication component is added, then the optimization in (6.32) is avoided,
and the requirement on overall mean square capacity may be reduced when m > 1.

6.3 Output Feedback Case

In the case of output feedback, we will base our analysis on both the state-space and
stable coprime factorization approaches. The frequency variable z will be omitted
whenever no confusion is caused. In view of the framework of fading channels
in [1], the network (6.3)—(6.4) under PTS is equivalent to the structure shown in
Flg 6 2 where z; = vg, wy = Akzk, and the uncertainty block Ak is defined as
A & ATNG — ).

Fig. 6.2 Equivalent
description of the network
(6.3)—(6.4) under PTS v

Network

AT A >
+
z = w
> A)




96 6 Stabilization of Linear Systems Over Fading Channels

It is easy to verify that the mean square stability of the NCS in Fig.6.1 with
the network (6.3)—(6.4) always implies the internal stability of the corresponding
closed-loop system with wy = 0. Denote the set of all proper controllers achieving
the above internal stability by .# . The transfer function of the closed-loop from wy
to zx, without considering the uncertainty block Ay, is given by

T(z) = - K()GIMI) 'K()G@R)A. (6.36)

The mean square norm of G(z) with dimension £ x m, if exists, is defined as

N I [ . .
1G(@)lIms = \/ _max —— / [G(e)GH (&) ]iidw. (6.37)
i=1,2,..,0 21 J_,

Asprovedin[1],under PTS with given IT and A in (6.6), the mean square stabilization
of the NCS in Fig. 6.1 is equivalent to that

inf O ' T)O|3. <1, 6.38
K(Z)G%/,@>0,diag” (2)Ollus 6.38)

where T (z) is given in (6.36) and ® € R™*"™ is a positive-definite diagonal matrix.
Similarly to other robust control problems, the search for the optimal controller K (z)
on the left-hand side of (6.38) is generally nonconvex in ©, and the minimal overall
capacity for stabilizability has no explicit solution in general.
Let a pair of right and left coprime factorizations of G(z) be given in the familiar
way, namely
G=NM"'=M""N, (6.39)

where N, M, N, M € B ~, and satisfy the double Bezout identity

Y -X][MXx] _ /
-NM||NY |
for some X, Y, X , YeRA ~o- Then, the set of all proper controllers achieving the
internal stability of the closed-loop system in Fig.6.1 with the network in Fig.6.2
can be parameterized as [15, p. 228]
X ={K@) :K@) =T "X +MO)(Y +NQ)~!

— 1NV +oN)"\(X + 0, 0 € %%o@} . (6.40)

In this situation, the transfer function 7'(z) in (6.36) becomes

T(z) = " (XN + MON) A, (6.41)

where IT and X are given in (6.6).
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6.3.1 SISO Plants

For SISO plants, we have m = £ = 1, and & = £ is a scalar-valued white noise
signal. In this case, the STS and the PTS are the same.
Consider an SISO plant G(z) with n anti-stable poles ¢1, ¢2, ..., ¢y N distinct?

NMP zeros (1, (2, ..., C,,< and relative degree r > 1. It is easy to derive that
M (G) = H,’i] il ifng > 1; (6.42)
1, ifng =0,

which s equal to .Z (A) with clo

of G(z). The Blaschke product with respect to the anti-stable poles of G(z) is given
by [17]

B . . S
:| being any detectable and stabilizable realization

A - Z— ¢
Bz 2 i (6.43)
i

Since By(z) is inner [18, p. 66], we can derive that
o0
By = "

with 3 £ dt < B4(2)|;—0. Further denote [19]

il dz k
SRl
nG) £ 2 (6.44)
;k:l CkCl -1
r—1
?©) 23 (1812 + i), (6.45)

=1

where 1) £ k 1 'ch

r—1 ‘ n¢ | — _i
W«éﬂ—l<k|2>(Bo<<k1>—Zﬁi<k’) Il =2 Cidk
i=0 k= Gi

i=1,izk

4 The assumption on distinct NMP zeros simplifies the subsequent analysis and may be relaxed at
the expense of more complex expressions [16].



98 6 Stabilization of Linear Systems Over Fading Channels

Proposition 6.3.1 Assume that G(z) is SISO and has no or distinct (if any) NMP
zeros. The NCS in Fig. 6.1 is mean square stabilizable via dynamic output feedback
if and only if

tas > 3 [ 4G +1(G) + 9G] (6.46)
where A (G), n1(G), p(G) are defined in (6.42), (6.44) and (6.45), respectively.
Proof For m = 1, we have that

167 @O Iys = IT@I3

with ~ _ :
T(z) = (XN +MQON)(g—1)"2.

It follows that (6.38) is equivalent to

> inf |XN+MQON|3 + 1. 6.47
8 o, Il ON ||z (6.47)
The evaluation of the right-hand side of (6.47) follows from [17, 19]. U

6.3.2 Triangularly Decoupled Plants

Motivated by the observation that Wonham decomposition plays an important role
in establishing the sufficiency part of Theorem 6.1, we adopt the next definition of
triangular decoupling.

Definition 6.2 ([20]) G(z) is said to be triangularly decoupled by K(z) € 7, if
T(z) in (6.41) is either lower or upper triangular.

For G = NM~! with M,N € Z#~ and m < ¢, there always exist suitable
unimodular matrices Uy, Uy such that

.
Ly = MUy, [Lé"] — UyNUy. UNG = [LNéM ] , (6.48)

where Ly, Ly are respectively square and lower (or upper) triangular with compatible
dimensions. We refer to Lg £ LNLA}1 as the left triangular structure of G(z).

Remark 6.9 As shown in [20], (i) Lys and Ly are unique up to postmultiplication
and/or premultiplication by any lower (or upper) triangular unimodular matrix, and
are independent of the particular factorization of G(z) in (6.39); (ii) a necessary and
sufficient condition for the solvability of triangular decoupling is the corprimeness
between each diagonal entry of Ly, and the corresponding diagonal entry of Ly .
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We sum up the assumptions as follows.

Assumption 6.2 (i) The plant G(z) can be triangularly decoupled and satisfies
m<{.

(ii) The ith diagonal entry of the left triangular structure, [L];;, has no or distinct
(if any) NMP zeros foreveryi = 1,2, ..., m.

Note that [Lg];; has relative degree r; > 1, since Uy(z) in (6.48) is unimodular

and G(z) is strictly proper. Suppose that Uy (z) has a minimal realization

Ay |By
Cy|Dy |’

then p(Ay) < 1 since Uy (z) is unimodular. Under Assumption 6.2 (i),

is a stabilizable and detectable realization for Uy (z) G(z). It follows that

[1#Lli) = 4 WUNG) = 2t ([ ac AOUD — MA) = M(G). (649
i=1

Theorem 6.3 Under PTS and Assumptions 6.1 and 6.2, the NCS in Fig. 6.1 is mean
square stabilizable via dynamic output feedback if

1 m
s > 5 > In {/// (Lc1i)? + n([Lgli) + cp([Lc;]ii)} , (6.50)

i=1

and only if
Gms > In A (A). (6.51)

Proof We will first show the necessity. Assume that there exists K(z) such that the
closed-loop system is mean square stable. Since any dynamic output feedback con-
troller can always be constructed from a dynamic state feedback controller, the con-
dition (6.51) follows directly from the equivalence between (i) and (ii) in Lemma 6.2
and Theorem 6.2.

Next, the sufficiency of (6.50) will be shown. Suppose that L is in a lower tri-
angular form. Let a left stable coprime factorization of Lg be LTlLN. According to
Assumption 6.2 (i) and Remark 6.9, [Ly/];; and [Ly];; are corprime, and thus there
always exist lower triangular Ly, Ly, Ly, Ly € A A ~ such that

Ly —Lg][LwLx]|_,
Ly Ly || Ly Ly
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It is easy to see that [Lg];; = [Lj\/],-i[L/l,,];1 = [LM];1 [Lg i, and

|: [Ly i _[L)}]ii:| |:[LM]ii [LX]ii:|
—[Lgli [Lyli ] L[~ [Lyli

If we construct right and left coprime factorizations of Uy G as

_ Ly 1 LMO - Lﬂ/
B P L N T

then the set of all proper controllers achieving triangular decoupling can be parame-
terized as

LA ([Lx *Uy € X : Lg = T~ (Lx + LyLo)(Ly + LyLg) ™"
=IT""(Ly + LoLy) ' (Lg + LoLj,), triangular Ly € ZH s},  (6.53)

where x denotes the part that will not be used in the proof. Adopt one of those
triangular decoupling controllers K (z) € 77, then T'(z) in (6.36) becomes

T(z)=K(U - GIK)™'GA
= [Lx *|Uy(U — GIT[Lg *|Uy)"'GA
=[Lg *|(I — UyGH[Lg *])~'UyGA

= [T "(Ly + LuLo)(Ly + LyLg) ™" #]

01

L] T

= IT""(LxLy, + LuLoLg) A.

—1 !
I e

By choosing
O, 2 MO =diag{e" ", "2, ... 1)

with a small real number ¢ > 0, it follows that
07 'T(2)0 = 0 'Y (LxLy + LuLoL;) A®

= O, "(LxLy + LuLoLy) AIT™' 0,
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1 1 1
=diag171@), —— @), | ——, ..., Tu(@)
Vg —1 Ve—1 Vem—1

+ 01(6)7

where Ti(z) = [LnlilLgli + [LymilLolilLy i with [Lolii € # . According to
the proof of Proposition 6.3.1, it follows that

1
Gusi > 5 In { (L6l +n(1Lcl) + (Ll

is sufficient to ensure ||7;(z) II% /(gi — 1) < 1 under Assumption 6.2 (ii). Moreover,
given the condition (6.50) and Assumption 6.1, we have that

107 T@O|}s < 1

by choosing a sufficiently small ¢, i.e., the mean square stability of the closed-
loop system is guaranteed. The result follows in a similar way by setting &1 =
diag{l, ¢, ..., ™'} when Lg is in an upper triangular form. (]

Remark 6.10 Note that the proof of the necessity does not rely on Assumptions 6.1
and 6.2, thus (6.51) actually provides a uniform lower bound on the overall capacity
for stabilizability via output feedback under PTS over all proper stabilizing con-
trollers. In view of (6.49), the gap between (6.50) and (6.51) shrinks to zero if [Lg];i
is minimum phase with relative degree 1 foralli = 1,2, ..., m.

6.4 Extension and Application

6.4.1 Stabilization Over Output Fading Channels

Now, consider an NCS with an output network as depicted in Fig. 6.3, where
y=G@u, u=K@v, vk =&k (6.54)

Motivated by applications where a sensor network is used to monitor a phenom-
enon or object of interest (e.g., a moving vehicle to be tracked) and the sensors are
geographically distributed and are not collocated with the fusion center and/or the
remote controller, we let the fading gain & in (6.54) and the overall mean square
capacity of the network be given by

& = diag {& k. Sk, -+ Euk)

and Gyvs = Zle ‘bwmsi, respectively. In this section, we assume that the controller
only knows the first and second moments but not the exact value of &.
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Fig. 6.3 Control over output

fading channel(s) Plant

Controller

<
S

K(2) G(2)

Note that for G = M~ 'N with M, N € RH 5 and £ < m, there exist suitable
unimodular matrices Uy, Uy, such that

y N -1
Liy = Ught, [Ly 0] = Uy N Uy, GUy = [L5'Ly 0],

where Ly, Ly, are respectively square and lower (or upper) triangular with compatible

dimensions. We refer to Lg = LA;LN as the right triangular structure of G(z).
The proposition that follows extends the previous results on the NCS in Fig.6.1.

Proposition 6.4.1 Consider the NCS in Fig.6.3.
(a) Assume that B = I. Under PTS and Assumption 6.1, the networked system is
mean square stabilizable via static output feedback if and only if

(gMS > In .//(A)

(b) Assume that G(z) is SISO and has no or distinct (if any) NMP zeros. The net-
worked system is mean square stabilizable via dynamic output feedback if and

only if
1 2
s > 5 In {Q//(G) +0(G) + <p(G)}.

(c) Assume that G(z) can be triangularly decoupled, ¢ < m, and [Lg]; has no
or distinct (if any) NMP zeros. Under PTS and Assumption 6.1, the networked
system is mean square stabilizable via dynamic output feedback if

14
1
s = 3 2 [ rg1® + niiLglo + eLgln )
and only if
Gms > In A (A).

Proof The proof follows analogously to those of Theorem 6.2, Proposition 6.3.1 and
Theorem 6.3. ([
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6.4.2 Stabilization of a Finite Platoon

In automated highway systems, one basic issue is to move a platoon of closely spaced
vehicles from one place to another [21, 22]. Suppose that there are £ + 1 vehicles
in a platoon, and the leader, i.e., vehicle 0, generates a position trajectory {xo i }k>0
with xp, 0 = 0 according to its local reference signal. Each follower, i.e., vehicle i,
foralli = 1,2,...,¢, uses its ranging sensor and local controller to keep a fixed
distance behind the preceding vehicle.

Given any time-domain signal x, denote its z-transform by X (z). Let x; x, u; .
Gi(z) be the position, the input and the dynamics of the ith vehicle, and model the
ith vehicle starting from rest by

Xi@) = GOUIE + 5. i=1....L (655)
We assume that G;(z) is SISO and strictly proper. The vehicle separations e; x, i =
1,2,...,¢, are defined as e¢; y = x; x — xi—1.x + 7, where 7 > 0 is a constant target
separation for all followers. Suppose that the initial position of the ith vehicle, x; o,
is —i7 indicating that the platoon starts with zero spacing errors. It follows that

E(z) =G@UR) —[10 --- 01" Xo(2)

with
E@) =[E1(2) E2(2) - E¢()]", U(2) = [U1(2) Ua(2) - - - Up(2)]"
and
Gi(z) 0 0 0
~G1(2) Ga(z) 0 0
G() = 0 —Gr(2) G3(2) 0 (6.56)
0 0 —Ge-1(2) Ge(2)

If we take the separation e;; as the output of vehicle i and let its ranging sensor
obtain e; ; through the ith channel as v; y = &; xe; x, then without considering Xo(z),
the platoon system fits in the model of Fig. 6.3 with m = £, y; = e. Since the local
controller on vehicle i only uses v; «, the distributed controller in Fig. 6.3 has the form

U(z) = diag{Ki(2), K2(2), ..., K¢ (2)}V (2), (6.57)
where V(2) = [Vi(2) Va(2) - - Ve ()17 is the output vector of parallel channels. As
in the model (12.4), each channel experiences transmission failure and Nakagami

fading [23] simultaneously:

ik =QixYik, i=12,...,¢, (6.58)
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and &1 x, &2k, - - -, €.k are uncorrelated with each other. In (6.58), £2; 4 is 0/1-valued
(0 for “failure”, 1 for “success”) with probability distribution

PI‘{.Q,"k =0} = ay, PI‘{.Q,"]( =1l}=1—q;, 0<q; <1,

and 7; x is Nakagami distributed with wo; denoting the mean channel power gain and
pi € [%, 0o) describing the severity of fading (i.e., the severity of fading decreases
as p; increases) [24]. Further assume that £2; i, 7; x are uncorrelated, then it is easy
to derive that

pil” (pi)?

Tl ()? — (= a) T (o + Y

8i (6.59)

where I"(-) is the gamma function. Based on the expression of g; in (6.59) and
EMsi = %ln gi, it is intuitive to see that the smaller the «; or the larger the p;,
the larger the g; and %\vis;. The effect of transmission failure and Nakagami fading
disappears as o; — 0 and p; — 00, respectively. In particular, we have

1
lim 8= —
pPi— 0 (671
since »
pil (pi)

= Dpi+3)?
which is reduced to the scenario considered in Corollary 5.1 of [25].
We have the next corollary on stabilization of a finite platoon.

Corollary 6.1 Assume that Gi(z), for alli = 1,2, ...,¢, is SISO, strictly proper
and has no or distinct (if any) NMP zeros. Then, the finite platoon system described
above with £ + 1 vehicles is mean square stabilizable via dynamic output feedback
over the network (6.58) if and only if

1
usi > 3 In {///(G,~)2 + (G + so(G»} Li=1.2.....0

where s = % In g;, and g; is given in (6.59).

Proof Based on the diagonal structure of K(z) in (6.57) and the lower triangular
structure of G(z) in (6.56), without considering both Xy (z) and the uncertainty block,
we have

T(z) = G — K@IIG{Z) 'K()A

Ty 0 0 0
—T185> T> 0 0

= TiT:S3 —ThS3 T3 0 [T7'A, (6.60)
. . ) 0

M= TS -+ TeaTe1Se —=Ti—1S¢ Ty
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where S; = (1 — K;p;G)~! and T; = G;(1 — K;11;G;) "' K;jpu;. Denote the set of all
proper controllers achieving the internal stability by .. It follows from the proofs
of Propositions 6.4.1 (b) and 6.3.1 that

inf |IT;(2)|13 = 4 (G)* +n(G) + p(G)) — 1. (6.61)
K(z)e

For any diagonal scaling matrix @, the condition (6.38) implies that
gi > M (G)? +1(G) + (G,

which shows the necessity.

For the sufficiency, a constructive proof will be given. By choosing K;(z) based
on (6.61), we can ensure that G;(1 — K,-u,-G,')’l, (1— K,-uiG,-)’lK,-ui and S; are all
stable and proper. It is then easy to verify that

K(z) = diag{K1(z), K2(2), ..., Ke(2)} € A

by invoking the special structures of G(z) and K (z), i.e., the internal stability of the
overall closed loop in Fig. 6.3 is guaranteed. Thus, by setting

O = diag{e* ", 72, 1)

with sufficiently small €, we have that (6.38) is true. This completes the proof. [J

The numerical example as below demonstrates the usefulness of Corollary 6.1.

Example 6.1 Consider a homogeneous platoon with 5 vehicles and

Gi(z) = i=1,234

1
(z—1D?
Suppose that the leader has a constant speed: 1 meter/second. It is easy to check
that the infimum in (6.61) is O which is not achievable by any stabilizing controller
due to the double marginally stable poles of G;(z). If we approximate z = 1 by
z = 1 — ¢ with a small real number ¢ > 0, then the design procedure in [19] yields
the controller:

26— (2e+&Nz

i = 6.62
(z+28) i (0.62)

which can approach the infimum in (6.61) with any desired accuracy by choosing a
sufficiently small €.

Leta; = 0.2, w; =2, p; = 2 for the ith channel, then g; in (6.59) is 3.4113. By
setting € = 0.1 in (6.62), we have

T3 = 1G:(1 — KiptiGi) "' Kipsi |3 = 0.1489.
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Fig. 6.4 Vehicle trajectories in the platoon for one sample of simulation

Since ||T,~(z)||%/(g,~—1) = 0.0436 < lforalli = 1, 2, 3, 4, Corollary 6.1 implies that
the platoon can be stabilized in the mean square sense by the controller (6.62) with
€ = 0.1. The trajectories of the vehicles in the platoon for one sample of simulation
are shown in Fig. 6.4.

6.5 Channel Processing and Channel Feedback

As pointed out in Remark 6.8, additional degree of freedom may benefit the NCS
in reducing the capacity requirement for stabilizability. Here, we further analyze the
possible advantages of introducing pre- and post-channel filters and channel feedback
into the NCS in Fig. 6.1. To this end, we consider the NCS in Fig. 6.5.

" Channel Fesdback | Network
oy I

Y| Controller \/}r Pre-Filter i S Fading .h:rPost—Filter: u| Plant
- > ! .
K(z)  F(2) Channel(s) L F(z) G(z)

Fig. 6.5 Control over input fading channel(s) with channel processing and channel feedback
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The system interconnections are described as follows:
y=G@u, v=K@)y, s =Fn)v+ Fiy(2h, u=Fy(2h, h = s, (6.63)

where F1(z) = [F1,(z) F1n(2)], sk € R™ is the channel input, /i € R is the channel
output, and & has the form as in (6.4). We assume that the channel feeds 4 back to the
pre-filter with one-step delay, therefore F1;,(z) is assumed to be strictly proper. The
channel feedback in Fig.6.5 is equivalent to sending the channel state information
(CSI) back to the pre-filter. We can derive the following result.

Theorem 6.4 Consider the NCS in Fig.6.5, where K(2), F1(2), F2(z) are to be
designed. Under PTS and Assumption 6.1, the networked system is mean square
stabilizable via state feedback or dynamic output feedback if and only if

GMms > In A (A).

Proof First, we will show the necessity for the dynamic state feedback case, which
also implies the necessity for the static state feedback and dynamic output feedback
cases. Note that Lemma 6.1 is still true with the overall system state

VAR Y A T T 4T
'xk - [xk xK,k ‘xFl,k sz_k]

)

where xp, , and xp, , are the states of the pre-filter and the post-filter, respectively.
Suppose that F»(z) has a state-space realization

s
Cr, |DF, ’

then the interconnection between the plant and the post-filter yields

A BCr,|BDp,

G(2)F2(2) =

Considering G(z) F>2(z) as an augmented plant and following similar lines of the proof
of Theorem 6.3, we have

m 2 2
H(l + “—2) - ([’3 B, ]) = MW M AR = MNP,
i=1 i F
ie., Gms > In.Z(A).

To show the sufficiency, a constructive proof will be given. Let Fi,(z) = I,
F>(z) =1, then we have s = K(2)y + F1;(2)u. Construct an observer-based realiza-
tion for [K(z) F15(2)] as

X1 = AX + L(yk — Cxx) + Bug,
sk = KXy, (6.64)
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where L and K are respectively the observer gain and the state feedback gain to be
designed. Then, F;(z) is strictly proper, and the closed loop with x]/( = [ka )?Z]T is

given by
. (TA o0 B ,
M1 = ([LCA —LC} + [B} &[0 K]) Xk

“091([5 4 ue] # [ B m) [ 9]‘1x,g_

By using the similar technique in the proof of the equivalence between (i) and (v) in
Lemma 6.2, we can show that the mean square stability of the closed-loop system is
ensured by selecting L such that p(A — LC) < 1 and K as in the sufficiency part of
Theorem 6.2. (]

Remark 6.11 As we can see from Theorem 6.2 and Theorem 6.4, when the full state
is available to the controller, both the filtering and the channel feedback of the network
are redundant in stabilization. By comparing Proposition 6.3.1 and Theorem 6.3 with
Theorem 6.4 and in view of the proof of Theorem 6.4, we can conclude that, in the
case of dynamic output feedback, (1) F1,(z) and F>(z) are redundant parameters in
stabilizing the NCS in Fig. 6.5; (2) the channel feedback and F;(z) can completely
eliminate the limitation on stabilization of the NCS induced by the NMP zeros and
high relative degree of the plant; (3) the post-filter should be chosen to be stable
otherwise the network requirement would be more stringent; (4) the assumptions
on the triangular decoupling of the plant and the distinctness of NMP zeros are not
needed in Theorem 6.4.

6.6 Power Constraint

In this section, we further analyze the effect of channel additive noise and channel
input power bound on stability and performance of the NCS. In the following, a
random variable or process is said to be uncorrelated, without specifying with respect
to which variables or processes, if it is uncorrelated with any other random variable
or process. If a scalar-valued discrete-time stochastic process

x = {x }1310

is bounded and convergent in the mean square sense, then the power norm of x is

defined as
£ [lim & {x}.
el = [ lim & {x}

Both the time index k and the frequency variable z will be omitted whenever no
confusion is caused.
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A
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Fig. 6.6 Control over an input fading channel with channel additive noise and network scaling

We limit our attention to the SISO LTI case and consider the NCS as depicted in
Fig.6.6. The SISO plant has a transfer function G(z), and the measured outputy € R
is given by

y=G@u+d, (6.65)

where u € R is the plant input, and d € R is the output disturbance. The controller
and the pre-filter have the form

v =L (2)r + Ly(2)y, (6.66)
g = L,(@)v+ Lyp(2)h, (6.67)

where g € R, r € R, h € R are respectively the output of the pre-filter, the reference
signal, and the input of the post-filter. The post-filter has a transfer function F(z) as

u=F(2)h. (6.68)

Let the pre-scaling and post-scaling in Fig.6.6 be a~! and o respectively, then
we have

-1

g=alg, h=ah, (6.69)

and « is called the scaling factor of the network. The model of the single fading

channel is described as . .
hy = &8k + M, (6.70)

where & € R denotes the channel fading, and nx € R represents the channel additive
noise.

Denote the state of the overall system in Fig.6.6 by x;. The assumption that
follows will be adopted throughout this section.

Assumption 6.3 Consider the NCS described by Fig. 6.6 and Eqgs. (6.65)—(6.70).

(i) [Constraints on LTI components] The plant transfer function G(z) is unstable
and strictly proper. The transfer functions

Ly(2) € Hp, Lr(2), Ly(2), Ly(2), F(2) € s

are to be designed. The scaling factor of the network satisfies 0 < o < 0.
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(ii) [Constraints on the randomness] The initial state of the whole system, x;y, is an
uncorrelated second-order random variable with mean i, o and second-order
moment matrix . The exogenous signals r, d, n are uncorrelated white noise
processes with zero means and bounded variances of, d2, 0,2,. The channel
fading & is an uncorrelated white noise process withmean j¢ # 0 and bounded
variance ag.

(iii) [Constraint on the power of channel input] The channel input g satisfies
121% < 2. (6.71)

and & > 0 is the predefined power level.

Remark 6.12 Note that the strict properness of G(z) and the constraints on the ran-
domness lead to simpler formulae and can be relaxed at the expense of more involved
expressions. For communication systems, a power bound on the channel input as in
(6.71) is usually introduced in order to avoid the interference to other communication
users and/or due to the hardware limitations of the transmitter.

6.6.1 Feedback Stabilization

The concept of stability used in this section is presented as follows.

Definition 6.3 Consider the NCS described by Fig. 6.6 and Egs. (6.65)—(6.70). The
closed-loop system is said to be mean square stable, if, for every x;), r, d, n, & satis-
fying Assumption 6.3 (ii), there exists a bounded matrix Z, > 0 independent of x;,

such that & £ & {x]/(x;(T} is well defined for every k > 0, and limy_, o, & = Ey.

Since the controller is collocated with the pre-filter, thus we can lump (6.66) and
(6.67) together as

8 = Ly(Lr(2)r + Ly(2)Ly(2)y + Ly (2)h. (6.72)

Under Assumption 6.3, the NCS in Fig. 6.6 with Egs. (6.65)—(6.70) is equivalent to
the NCS in Fig. 6.7, where z; = gi, wy = Agzk, and

(1>

L(z) = [Ly(2)Ly(2) Ly(2)Ly(2) Ly(2)],
Ap 2ot (G — ne) -

A

4‘ L(z) % o

A

!

n
o }—:;}@ a . F(z) #‘ G(z)

Fig. 6.7 Representation of the NCS in Fig. 6.6 with channel model (6.70) under Assumption 6.3
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It is easy to verify that the mean square stability of the NCS in Fig.6.7 always
implies the internal stability of the corresponding closed-loop system in the absence
of r,d,n, w. Let

L)L () Ly(@)Ly(2) Lh(z)] 6.73)

k@ = [ 0 0 FQ

and denote the set of K(z) satisfying Assumption 6.3 (i) and achieving the above
internal stability by J¢".

The theorem that follows presents a necessary and sufficient condition for mean
square stabilizability.

Theorem 6.5 Considerthe NCS described by Fig. 6.6 and Egs. (6.65)—(6.70). Under
Assumption 6.3, the plant G(z) can be mean square stabilized by designing K (z) and
« if and only if ,
7
- re S+ 1> (G (6.74)
o; P +o;
Proof To show the necessity of (6.74), we first assume that the closed-loop system
is mean square stable. In this case, all signals that appear in the loop of Fig. 6.7 are
convergent in the mean square sense. Therefore, without loss of generality we can
assume that x;, = 0 and consider directly the limiting second-order moments of the
relevant signals. When an SISO plant is controlled over a single fading channel, we
have ||ng,(z)||% < 1 from Theorem 6.4 in [1], where 7,,;(z) denotes the transfer
function of the closed-loop from w to g without considering the uncertainty block
A. Tt is easy to see from Fig. 6.7 that

g= T,gr + ng,d + Tng,n + ng,w, (6.75)
where
T,p = a ' (1 — LyLyGF ¢ — Lype) 'Ly Ly, (6.76)
ng =a ! (1- LVL),GF/Lg — Lh,ug)ilLvL s (6.77)
Tz = (1 — LyLyGF ¢ — Lypg) ™' (LyLyGF + Ly,), (6.78)
Tz = T30 (6.79)

In view of Assumption 6.3 (iii), (6.75), w = Ag and 1 — ||TW£,(z)||% > 0, we have

2
~ g ~
P > 8% = 1T4l307 + 1Ta5l505 + ||ng||%(0—’; + ||g||?@)
13

[

2
2 2.2 2
ITw5l307 + 1 Tagll307 + ITwelly 5

§
- (6.80)
1— || T2 l3
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2
||ng,||§j—§
> —, (6.81)
1—|IT,3113
ie.,
2
g
g 2
———— > Tl (6.82)
029 + o2 wel2
Rewrite 7,5 in (6.79) as
Ty =(1—KG—K) "(KiG+ Kz)ug‘af
with
Ky = L,LyFpue, Ko = Lppie. (6.83)
Let
. G y
G= |:Z—1:|:K= [K1 K»z].
Under Assumption 6.3 (i), we have
2 1 9¢ ?
inf Till5 = inf 1-KIG—-Kp) (KiG+ Ky)—
KeA ,ae(0,00) Izl 1S,K) e %0, Ko e %sp ( ' 2 2)ug 5
2
9 . 5o —1 1 A2
=— inf |(1-KG)'KG|3 (6.84)
/145 IS,Ke%,
2
9¢ 2
=G - ), (6.85)
He

where the abbreviation “IS” stands for the constraint on the internal stability of the
closed-loop system, and (6.85) follows from the 7% optimization and the Residue
theorem; see, e.g., Theorem 4.1 in [26]. It follows from (6.85) that

o
IT,z13 = E(///(G>2 1. (6.86)
3

By combining the inequalities (6.82) and (6.86), we can conclude that (6.74) is true.
To show the converse, we will prove that if (6.74) is true, then there exists a set of

K (z) and av satisfying Assumption 6.3 such that the closed-loop system is mean square

stable. Note that it is always possible to select K in (6.84) appropriately such that

of
IT,zl13 < ;(%(G)Z —D+e (6.87)
3
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O'
2 }’
under the condition (6.74). It is direct to derive a set of

Wg||2 < 1is true

L, e%g,Ly € Xy, F € Xy, Ly E%SP

according to y
K = [LyLyFug Lppez] (6.88)

for the given K € %, and the internal stability of the closed-loop system in Fig. 6.7
is ensured after choosing a proper and stable L, (e.g., L, = 0). The mean square
stability of the closed loop follows from Theorem 6.4 in [1]. The only thing left to be
shown is that the power constraint || §||2@ < & can be satisfied along with the above
mean square stability. Since the closed—loop system has been stabilized in the mean
square sense, in the following we can merely focus on the limiting second-order
moments of relevant signals. According to the expressions of 7,4, T3 in (6.76) and
(6.77), we can ensure that, for any small positive real number ¢»,

IT21302 + ITgl302 < €2 (6.89)

by choosing a sufficiently large «. It follows from (6.87), (6.89) and (6.80) that

o? o2
1+ [_g(///(G)Z —1) +sl} 2
T¢

18115 < = (6.90)
1- [—3(//(@2 -1 +€1}
Thus, 2 > 18112, if
lﬂgz 61( 20' +M§<@)+€2M§
S > (G - > 6.91)
059—1—02 0532—1—0"

We note that (6.74) implies (6.91) if both €] and ¢, are made to be sufficiently small.
Therefore, || §||?@ < & can be satisfied by designing K and «, which completes the
proof of sufficiency. (]

Remark 6.13 Theorem 6.5 recovers the scenario with a pure additive noise channel
by setting p¢ = 1 and og = 0, and the inequality (6.74) comes to be

Z; +1> .#(G), ie., L (Z; + 1) > In.Z(G),
o 2 o}

n

as identified in Theorem 4.1 of [26], where %ln (% + 1) is the communication
capacity of an additive white Gaussian noise channel. Theorem 6.5 also recovers the
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scenario with a pure multiplicative noise channel by letting o,zl =0or Z — oo,
where a becomes redundant and can be chosen arbitrarily from (0, co) (e.g., a« = 1),
and the condition (6.74) is reduced to

1z AT
21> (G e, S| 5 + 1) > n.Z(G), (6.92)
o 2 F

L6 41
—In —_
2 o‘g

is the mean square capacity of a multiplicative noise channel as defined in (6.28).
As we can see from (6.74) and (6.92), when the power of channel input is limited, a
more stringent requirement on the quality of the channel is needed for mean square
stabilizability.

where

Remark 6.14 Note that L,, Ly, F play the same role in Theorem 6.5, and it is thus
sufficient to use any of them in stabilizing the NCS. For example, for any K € %,
(6.88) can be easily satisfied by designing L, and selecting L,, F € % (e.g., L, =
F = 1) without affecting the degree of freedom and the internal stability. In addition,
the scaling factor of the network « is an essential design parameter in satisfying the
power constraint on the channel input.

Different from the model (6.70), another channel model is given by

i = & @ + mo), (6.93)

where & and ny, are as defined in (6.70). The model (6.93) is suitable for describing
the digital erasure channel, where n; is used to model uncertainties arising from
quantization, and & is 0-1 binary valued and represents the packet-loss process. In
this case, the NCS in Fig. 6.6 with Egs. (6.65)—(6.69) and (6.93) can be rewritten into
the NCS in Fig. 6.8, and Theorem 6.5 can be readily extended as follows.

Corollary 6.2 Consider the NCS described by Fig. 6.8 and Egs. (6.65)—(6.69) and
(6.93). Under Assumption 6.3, the plant G(z) can be mean square stabilized by

nolz
v N
g
ai it
A

Fig. 6.8 Representation of the NCS in Fig. 6.6 with channel model (6.93) under Assumption 6.3

d
+

o, #‘ o« 7o }3‘ G(2)
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designing K (z) and « if and only if

2
He +1> .43 (6.94)

Ué@ + (ué + Ug) o2

6.6.2 Performance Design

Denote the tracking error by e = r — y, and use its power norm J = ||e||2@ as the
performance index to be minimized. First of all, we have the following result.

Proposition 6.6.1 Consider the NCS described by Fig. 6.6 and Egs.(6.65)—(6.70).
Under Assumption 6.3, J is bounded if G(z) is stabilized in the mean square sense
by K(z) and a.

Proof If the closed-loop system is mean square stable, then we can easily deduce
that

e=r— (Tyyr + Tgyd + Tyyn + T,,yw), (6.95)
where
Ty = GF(1 — peLyLyGF — pily) ™ Ly Ly,
Tay = GF(1 — pgLyLyGF — jueLy) ™ peLyLy + 1,
Ty = GF(1 — peLyLyGF — picLy) ' aoe,
Toy = Tuyog -
Therefore,

2
o A
J= ||Twy||%(g—’; - ||g||232) + 111 = Tl302 + 1 Tayll307
13

o2

2 2 2 2 2
2 Tgllzor + 11Tazllz0 + ||ng||20—§

= ITwll3 | 5 +
R 1= IT,3113

+ 111 = TlB302 + [ Tayl303, (6.96)

where the expression for || QH?@ is given in (6.80). Since the mean square stability
of the closed-loop system always implies the internal stability and the inequality
IIT, w§||% < 1, the performance index J in (6.96) is bounded. (I
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After introducing the notation:

B & T 13,

B2 £ 11 = GFSpcLyLrl1307 + |GFSpeLyLy + 1307,
B3 £ |GFS|3.

Ba £ ISLuLy 1307 + ISLyLy 307

with S = (1 — peL,LyGF — pcLy) "' and T = 1 — S, we have

. Bro2 + a2 py

1815 = —2———. (6.97)
1—ﬁ10'§
2 2 -2
=t a2l 22 4 Dot o
¢ 1 —ﬁlag
BsBs 5 4 [Paos

=+ ———0f+a"————. 6.98
62 1—610’2 5 l—ﬂlgg ( )

For a given set of G(z), of, afi, a,%, og, He,s & satisfying (6.74), the globally optimal
solution to

K, o) = ar inf J
( ) gKe%’, ae(0,00)

is hard to obtain due to the coupling among the design parameters. Therefore, we
turn to a suboptimal design and adopt the perfect reconstruction constraint (see, e.g.,
[26, 27]) on the network.

Assumption 6.4 The network in Fig. 6.6 has a unit transfer function from v to u in
the absence of n and w, i.e.,

Fue(l — Lype) 'L, = 1. (6.99)
Under Assumption 6.4, we have

S=(-LG) "1 —Lyue)™",
B =11 -G = L,G) ' Ll307 + 11 = L,&) ™ [307.
From (6.98), J is an increasing function in (3, 02, B3 and f4. First of all, we can

choose Lypi¢ and L,LyF i according to (6.88) and let L, € # .7, such that the
mean square stability of the closed-loop system is ensured and (3 is minimized. In this
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situation, L, and L, are determined under Assumption 6.4. Secondly, L, € ZI
can be designed to minimize

11— G(1 — LG~ 'L, |13,

which amounts to minimize 3, since ||(1 — L,G) ! |3 is fixed with a given L. In the
last step, the design of both a and the pair F, L, is given in the theorem that follows.

Theorem 6.6 Consider the NCS described by Fig.6.6 and Egs.(6.65)—(6.70).
Further assume that (6.74) is true, and Ly, Ly, L, are chosen as above. Under
Assumptions 6.3 and 6.4,

Jopt 2 inf J
1S,L, € Uno ,F € Uso ,i€(0,00)

Ps 2 o
=M+ ——siol+
1 = fio} H (= pod)P - Bio
with

™

A 1 iw jw jw N
Bs & 2_/|G(a )S@)2(1 = Ly(@)eou |
i

2

VILHE)0,12 + |Ly () P

Moreover, Jop: can be approached by choosing L, € U such that, for any w €
[—m, 7],

I(1 — Ly(e) pe) G (&) |?
pg (ILr ()0, 2 + |Ly(@)0al?)’

Ly (&) [* ~ (6.100)

F=(- Lh,ug)Lv_lﬂgl, and

oo Ba te
(1= Bio) P —po}
where v > 0 is arbitrary, and €3 > 0 is sufficiently small.

Proof Based on the expression (6.97), the power constraint || §||2y < 2 indicates

that
Ba
. 6.101
a>\/(1—510§)52—5103 (©10D
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By combining (6.98) and (6.101), we have

ﬁ3ﬁ4 2 U,%
J> B+ T 5.2 —5102 [% + a —5102)«@ — ﬁw,%] .

It follows from the Cauchy-Schwartz inequality that

3364 = |IGFS|3IISLy[Lyo, Lyoall3
T 2
o / |G(e/“)F(ef“)S(eM)sz(e/“)|/ |Lr(el“) 0,2 + |Ly (%) oq|2dw
T

—T

= s, (6.102)

A%

where the last equality follows from the perfect reconstruction condition (6.99),
and (6.102) can approach the equality with any desired accuracy by choosing L,
according to (6.100); see, e.g., [26, 28]. The remaining proof is straightforward. [

To sum up, we propose the next algorithm for a suboptimal performance design
of the NCS.

Algorithm 6.6.1 Consider the NCS described by Fig.6.6 and Egs. (6.65)—(6.70).
Assume that (6.74) is true, and Assumptions 6.3 and 6.4 hold.
(a) Choose Lj, and Ly according to (6.88) in Theorem 6.5 with L, = Kz,ugl and

Ly=(1- Lhug)’lKl such that 3; is minimized.
(b) Choose L, according to

L, =arg inf |1 —G( —L,G) L3
r gLre%foo l ( vyG) ™ Lr|l5

(¢) Choose L, F and « based on Theorem 6.6.

6.6.3 Numerical Example

The following numerical example illustrates the results of this section.

Example 6.2 Consider the NCS in Fig. 6.6 with channel model (6.70), where G(z) =
1/(z—2), and O’% = 05 = J,% = 1. Suppose that Assumptions 6.3 and 6.4 hold.
Based on Theorem 6.5, we can obtain the stabilizability regions as shown in Fig. 6.9.
After applying Algorithm 6.6.1 with pe = 2 and O'g = 0.5, the relationship between
Jopr and & is given in Fig.6.10.
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Fig. 6.9 The stabilizability regions on the @—Ug plane with pie = 2 (left) and the &- ¢ plane with

ag = 0.5 (right)
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Fig. 6.10 The relationship between J,,; and & using Algorithm 6.6.1
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6.7 Summary

It has been shown in this chapter that for a discrete-time LTI plant with LTI feed-
back over input fading channels under PTS and under the assumption on capacity
allocation, the minimal overall mean square capacity of the network for mean square
stabilizability can be given in terms of the Mahler measure of the plant in the case of
state feedback. The minimal capacity for stabilizability via state feedback under STS
in general can only be computed by optimization. We have also investigated the mean
square stabilization of SISO plants or MIMO plants via dynamic output feedback.
For SISO plants, the corresponding minimal mean square capacity for stabilizabil-
ity is given in terms of the anti-stable poles, NMP zeros and relative degree of the
plant. For triangularly decoupled MIMO plants, necessary and sufficient conditions
have been provided. In addition, the results have been extended to the case with
output fading channels and applied to vehicle platooning. It also has been shown that
the channel feedback plays a key role in eliminating the limitation on stabilization
induced by the NMP zeros and high relative degree of the plant. For an SISO LTI
plant with LTI feedback over a fading channel with channel feedback, the minimal
requirement on the network for mean square stabilizability can be exactly character-
ized in terms of the statistics of channel fading and channel additive noise, the power
bound of channel input, and the Mahler measure of the plant. When a power bound
is applied on the channel input, the network requirement for stabilizability becomes
more stringent, and the scaling of the network is an essential parameter in satisfying
the power constraint. Under the assumption on perfect reconstruction of the network,
a suboptimal method has been given for performance design of the NCS.

The results in this chapter are based mainly on [25, 29, 30]. As a special case
of this chapter, the minimum capacity for state feedback stabilization of a single-
input plant over a single fading channel is given in [1]. In [31], a unitary matrix is
introduced to encode and decode the control signal at the two ends of fading channels
based on which a resource allocation method is developed to mitigate the channel
fading.
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Chapter 7

Stabilization of Linear Systems
via Infinite-Level Logarithmic
Quantization

This chapter studies a number of quantized feedback design problems for linear
systems. We consider the case where quantizers are static (memoryless). The com-
mon aim of these design problems is to stabilize the given system or to achieve
certain performance with the coarsest quantization density. The main result is that
the classical sector bound approach is non-conservative for studying these design
problems. Consequently, many quantized feedback design problems are converted
to well-known robust control problems with sector bound uncertainties.

The chapter is organized as follows. In Sect. 7.1, we first review the key result in
[1] which is on quadratic stabilization of SISO linear systems using quantized state
feedback. We show that coarsest quantization density can be simply obtained using
the sector bound method. This not only gives a simpler interpretation of their result,
but also provides the basis for its generalization. Further, the coarsest quantization
density is directly related to a Hy, optimization problem, which is better than relating
it to an “expensive” control problem as in [1]. In Sect.7.2, two cases of the output
feedback stabilization of SISO systems are considered: observer-based quantized
state feedback and dynamic feedback using quantized output. We show that the
coarsest quantization density in the former case is the same as in quantized state
feedback, whereas the latter case is related to a different Hy, optimization problem
and in general requires a finer quantization density.

In Sect. 7.3, the quadratic stabilization problem is generalized to MIMO systems.
Itis shown that quadratic stabilization with a set of logarithmic quantizers is the same
as quadratic stabilization for an associated system with sector-bounded uncertainty.
Because the latter problem has been well studied, the technical difficulty for the first
problem is clearly revealed. A sufficient condition is then given, in terms of an Hy,
optimization problem, for the quantizers to render a quadratic stabilizer. As in the
SISO case, both state feedback and output feedback are considered.

Finally, we discuss the results on performance control problems. Both linear
quadratic performance (Sect. 7.4) and H, performance (Sect.7.5) problems are stud-
ied and conditions are given for a set of quantizers to render a given performance
level. Section 7.6 summarizes the chapter.
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7.1 State Feedback Case

In this section, we revisit the work of Elia and Mitter [1] on stabilization using
quantized state feedback and reinterpret their result using the sector bound method.

The simplest and most fundamental case considered in [1] is the problem of
quadratic stabilization for the following system:

Xk+1 = Axy + Buy (7.1)

where A € R"™", B € R"*!, x is the state and u is a quantized state feedback in the
following form:

ug = Q% (vp), (1.2)
Vk = ka' (73)
In the above, K € R'*" is the feedback gain, and Q°°(-) is a quantizer which is

assumed to be symmetric, i.e., Q% (—v) = —Q%(v). Note that the quantizer is static
and time-invariant.

7.1.1 Logarithmic Quantization

The set of (distinct) quantized levels is described by
U = {£u;,i=0,£1,£2,...} U{0} (7.4)

Each of the quantization levels (say ;) corresponds to a segment (say V;) such that
the quantizer maps the whole segment to this quantization level. In addition, these
segments form a partition of R, i.e., they are disjoint and their union equals to R.

Denote by #g[¢] the number of quantization levels in the interval [¢, 1/¢]. The
density of the quantizer Q°°(-) is defined as follows:

. #gle]
no = lim sup
e—0 —Ine

(7.5)

With this definition, the number of quantization levels of a quantizer with a nonzero,

finite quantization density grows logarithmically as the interval [¢, 1/¢] increases. A

small ngp corresponds to a coarse quantizer. A finite quantizer (i.e., a quantizer with a

finite number of quantization levels) has nop = 0, and a linear quantizer has ng = oo.
A quantizer is called logarithmic if it has the form:

U = {£u® :uD = piu® i = 41,42, ..},

(7.6)
U{u@yufo}, 0<p<1, u®=>o0.
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The associated quantizer Q* is defined as follows:

uj, if ﬁui <v < ﬁui, y>0
0*(w) =10, ifv="0 (7.7)
—0%®(—v), ifv<O.
where
1 —
__—_F (7.8)
I1+p

It is easily verified that ng = 2/1In(1/p) for the logarithmic quantizer. This means
that the smaller the p, the smaller the no. For this reason, we will abuse the termi-
nology by calling p (instead of 1¢) the quantization density in the rest of the chapter.
The logarithmic quantizer is illustrated in Fig.7.1. In contrast, a non-logarithmic
quantizer is illustrated in Fig.7.2.

A u=(1+8)v u=v u=(1-38)v
u
u 0" (v)
1—
5:1+5
v

Fig. 7.1 Logarithmic quantizer

A u= (146" u=v u=(1+06")v
u

Fig. 7.2 Non-logarithmic quantizer
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For the quadratic stabilization problem, a quadratic Lyapunov function V(x) =
xI'Px, P = PT > 0, is used to assess the stability of the feedback system. That is,
the quantizer must satisfy

VV(x) = V(Ax + BO®(Kx)) — V(x) <0, Vx #0. (7.9)

The coarsest quantizer is the one which minimizes 7o subject to (7.9). But the
coarsest quantizer is in general not attainable because the constraint in (7.9) is a
strict inequality.

The required density of the quantizer depends on V (x) (or P) and K. This raises
the key question: What is the coarsest density, pinr, among all possible P and K? In
[1], under the assumption that

K =Kgp = B PA (7.10)
oD = T pTpp '
the answer for pjnr is given as
[T 12— 1
Pinf = ———— (7.11)

[T+ 1

where A} are the unstable eigenvalues of A.

We see from Figs. 7.1 and 7.2 that a quantizer can be bounded by a sector. For a
logarithmic quantizer, the sector bound is described by a single parameter § which
is related to the quantization density by (7.8). In contrast, for a non-logarithmic
quantizer, two parameters, 8~ and T, are needed to describe the sector in general.
For both finite quantizers and linear quantizers, a default output value, ug, is needed
when the input is smaller than some minimal threshold (in magnitude). If ug = O,
then 8~ = —1; otherwise, T = oco.

7.1.2 Sector Bound Approach

In the following, we use the sector bound method to establish three results: (1) Given
any quantizer, the quantized state feedback stabilization problem above is equivalent
to a state feedback quadratic stabilization problem with an appropriately defined
sector bound uncertainty; (2) The optimal quantizer structure is logarithmic; (3) For
a logarithmic quantizer, the quadratic stabilization problem with the sector bound
uncertainty has a simple explicit solution which leads to (7.11). It turns out that the
result for pjp¢ remains the same even when K is without the constraint (7.10). These
results are given below:

Theorem 7.1 Consider the linear system in (7.1) and the quantized state feedback
(7.2) and (7.3). Given a quantizer with a sector bound [§~, 87, the system (7.1) is
quadratically stabilizable via quantized state feedback if and only if the following
uncertain system.:
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Xip1 =Axg +B(1+ Ay, Aels, 8] (7.12)

is quadratically stabilizable via (7.3). If the quantizer is logarithmic with density p,
then the largest sector bound for (7.12) to be quadratically stabilizable is given by

1
Ssup = =+ (7.13)
[T; 121
Consequently, pinf is given by (7.11). Finally, the logarithmic quantizer with 8syp (or
Pint) IS the coarsest among all quantizers for quadratically stabiling the system (7.1)
via quantized state feedback.

Remark 7.1 For any quantizer, there exists a sector bound for its quantization errors;
see Figs. 7.1 and 7.2. The last part of Theorem 7.1 means that this sector bound must
be within the largest sector bound, dsyp, for the quantized feedback system to be
quadratically stable. Then, within the maximum sector bound, it is not difficult to
see from Figs.7.1 and 7.2 that the logarithmic quantizer with piyr has the coarsest
quantization density possible.

Three lemmas are needed for the proof of Theorem7.1.

Lemma 7.1 Given a constant vector K € RY*" q constant matrix 2o € R"™™" ¢
vector function £21(-) : R — R scalars 8~ < 8%, and a scalar function

AG) R = [87, 8T

with the following property. For any Ay € [8~, 87, there exists vo # O such that
A(vg) = Ag. Define the following matrix function:

R0) =20+ 210K +K"2] (), (7.14)
it holds that
x'2(AKx)x <0, Vx #0,x € R" (7.15)
if and only if
2(A) <0, YAe[5™, 8. (7.16)

Proof It is obvious that (7.16) implies (7.15). To see the converse, we assume (7.15)
holds but (7.16) fails. Then, there exist some xo # 0 and Ag € [6~, §¥] such that

xt £2(A0)x0 > 0. (7.17)
We claim that Kxg # 0. Indeed, if Kxp = 0, then

Xt 2(A(Kxp))xo = x} 20x0 = xL 2(A0)x0 = 0 (7.18)
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by (7.14) and (7.17), which contradicts (7.15). So, Kxo # 0. Because of the property
of A(-), there exists a scalar « # 0 such that A(«Kxg) = Agp. Define x; = axp # 0.
Then,

T 2(AKx))x) = & x 2(Ag)x0 = 0

which violates (7.15). Hence, (7.15) implies (7.16). U

Lemma 7.2 Consider the uncertain system in (7.12). Define
G.(z) =K@zl — A —BK)™'B. (7.19)

Then, the supreme of § for which quadratic stabilization is achievable is given by

1

—_. 7.20
infg [|Ge(2)lloo (720

8sup =

Proof 1t follows from [2—4] that the quadratic stabilization for (7.12) is achievable

if and only if
1

<—
infg [[Ge(2) lloo

Taking the limit in the above yields (7.20). ]

Lemma 7.3 The solution to (7.20) is given by (7.13).

Proof The key to solving (7.20) is that the optimal solution is such that G.(z) is
either an all-pass stable function or approaching to such a one.
Without loss of generality, we take (A, B) to be of the form:

A O B,
A:[OAM], B:[BJ (7.21)

where A; € R™>" hag all its eigenvalues inside the unit disk and A, € R™*"2 has
all its eigenvalues either on or outside the unit circle, and (A, B) is of a controllable
canonical form.

We first claim the following.

Claim 1 Suppose A is unstable and there exists a K such that A+ BK is stable and
vy > |IK@z — A — BK) "' Bl oc. (7.22)

Then, y > det(A,) = IT;|A}].

To prove the claim, we first note that A+BK is stable and (7.22) holds if and only
if [5]

I—y7*B"PB > 0;
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(A+BK)'P(A+BK)— P+ y %A+ BK)"PB
(I —y?B"PB)y"'BTP(A+BK)+ KTK <0
for some P = PT > 0. The two inequalities above are equivalent to
P~ —y72BBT > 0;
A+BK) (P~ =y ?BB")y"'A+BK) - P+ K"K <0.
Defining Q = (P~!—y~2BBT)~!, the last two inequalities above become Q > 0and
(A+BK)TQ(A+BK)—P+K'K < 0. (7.23)
Denoting
®=@B"0B+N"'BTOA+K; 1T=0"(B"0B+1® >0,
the inequality (7.23) can be rewritten as
ATQA —ATQBB"OB+1)"'BTQA— P+ 1 < 0.

It follows that
ATQA —ATQOBBT"OB+1)"'BT0A — P < 0,

which is equivalent to
AT '+BB)'A-P <.

Using Schur complement, the above is equivalent to
AP7'AT — (' +BBT) <.

Using Q = P~ — y~2BBT and defining X = P~!, we get X > y2>BB” and
AXAT <X+ (1 -y 2BB". (7.24)

Note that if A is stable, the above inequality exists a solution X = X7 > y~2BBT
for any y > 0.
Now, let X be partitioned in conformity with (7.21):

X1 X
X=|: ., 12]
X12 X2
Then, (7.24) with X > y~2BBT implies

AXAT — Xy — (1 =y H)BBY <0 (7.25)

and Xp > y‘szBg.
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Now, using the fact that for any two symmetric matrices U and V with0 < U < V,
det(U) < det(V), then (7.25) leads to

det(A,X,AT) < det(Xa + (1 — y2)B,BI).
Since B, = [00 ... 1]7, it follows that
| det(A,)|* det(X2) < det(X2) + (1 — y~2) det(Xa,(m,—1) (7.26)

where X> (4,—1) is the upper left (ny — 1) x (n2 — 1) block of X».
Also, since X, > y’szBT, we have

det(X2) — y 2 det(Xa, (n,—1y) > 0

or equivalently,
det(X2,(n,—1)) < y* det(X).

Substituting the above into (7.26) and noting that det(X>) > 0, we have
|det(A)]? < T+ (1 —y2)y? =2

Thus, we have verified Claim 1.

We now show that the solution to (7.20) is indeed given by (7.13). To this end,
we consider three cases.

Case 1: a(z) is strictly anti-stable. In this case, simply take (A, B) be of a control-
lable canonical form, it is clear that

B k(z)
G:(2) = —a(z) — %@ (7.27)

where
a@@) =ao+ajz+ -+ a1+ 7" = |2 — Al

and

k(z) =ko+kiz+ - + ko1 !

is the control polynomial.
We claim that choosing

2

a 1 a,— a

K= 0 |:a0——,al— n 1,...,an_1——1i| (7.28)
ay—1 ao ao ao

leads to
1Ge@lloo = laol = [ [ 1241 > 1.

i
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This together with Claim 1 implies that the solution in (7.28) is the optimal solution.
The second claim above holds because (7.28) comes from solving the all-pass require-

ment for G.(z):
a(@) —k(2) = az"k(z™") (7.29)

for some «. Replacing z by z~!, (7.29) becomes
a@h — k™) = az7"k(2). (7.30)
Combining (7.29) and (7.30) yields

a(z) —az"a(z™")
1 —a?

k(z) = (7.31)

Setting the nth order coefficient of k(z) to zero results in @ = 1/ag. It is straight-
forward to verify that (7.31) is the same as (7.28). It remains to show that G.(z) is
stable, which is the same as showing that k(z) is strictly anti-stable. To see this, we

rewrite (7.31) as
_a Zaz™h)
KO=1"0 (1 ‘“W)-

Because a(z) is antistable, || < 1 and |z"a(z~!)/a(z)| < 1forany |z| < 1,k(z) # 0
for any |z| < 1. Hence, k(z) is strictly anti-stable.

Case 2: a(z) is marginally anti-stable. In this case, we first replace a(z) by a(z)
which is a strictly anti-stable polynomial obtained from a(z) by slightly perturbing
the marginal zeros. From Case 1, we can choose k(z) such that ||G,3 @Dlloo = laol,
where &g and G.(z) are the perturbed versions of ag and G.(z). By the continuity of
ap (with respect to the perturbation), it is clear that infx ||G.(2)|| = |ao].

Case 3: a(z) has a stable factor. In this case, we can write a(z) = as(z)ay(2),
where a;(z) and a,(z) are the stable and unstable factors. Taking k(z) = a,(z)k,(2)

yields k(@)
ul\Z
Gl = D~k

Then, we have reverted to Case 2. Again, we obtain

inf [1Ge(@)lloo = le-
1

This completes the proof. (]
Proof of Theorem 7.1 Define the quantization error by
e=u—v=0%0wV)—v=Aw). (7.32)

Then,
Av) e [87, 8T (7.33)
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We can model the quantized feedback system as the following uncertain system:
Xk1 = Axy + B(1 + A(Kx))Kxy (7.34)
and the corresponding quadratic stabilization condition becomes
VV(x) =V({(A+ B(1+ AKx))K)x) — V(x) <0, Vx#D0. (7.35)
Define

VP(A) = (A+B(1 + A)K)'P(A+ B(1 + A)K) — P
<0, YAe[s™, §T] (7.36)

where A is independent of the state. Note that the inverse mapping of A(v) in (7.32) is
a multi-branch continuous function (except at v = 0). Hence, forany Ag € [§~, 5§71,
there exists some vy # 0 such that A(vg) = Ag. By Lemma 7.1, (7.35) is equivalent
to (7.36). But the latter is the condition for the system (7.12) to be quadratically
stabilizable.

For a logarithmic quantizer where —§~ = 8T = §, the above means that the
problem of coarsest quantization is equivalent to finding the maximum § for (7.12)
to be quadratically stabilizable. By Lemmas 7.2 and 7.3, the solution to the latter is
given by (7.13). Hence, the solution to pj,r is given by (7.11).

Now consider a non-logarithmic guantizer. Define a scaled input ¥ = av, o # 0,
and interpret the quantizer Q°° (v) asf (v). This results in A®), 8" and§T. 166~ > —1
and 87 < oo, we can always find o such that —5— =461 Sucha scaling does not
change the quadratic stabilizability. It is clear from the analysis above that the system
(7.1) cannot be quadratically stabilized via quantized state feedback if 5t > Ssup- If
8~ = —1orét = oo, then « can always be found to make

[—8sup> Ssup] C [87, 671

Again, the system (7.1) cannot be quadratically stabilized via quantized state feed-
back. Hence, we conclude that a logarithmic quantizer with pgp (or pinf) is the
coreset possible. (]

Remark 7.2 Tt is shown in [1] that the coarsest quantization density is related to the
solution to the so-called “expensive” linear quadratic control problem:

ming > o ukl?
subject to  closed-loop stability with (7.37)
ur = Kxy.

More specifically, the optimal p can be solved using the solution to the Riccati
equation for the “expensive” control problem. However, the optimal control gain
K for the quantization problem is different from the optimal control gain for the
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“expensive” control problem (This is also pointed out in [1]). From the proofs above,
we see that it is better to interpret the coarsest quantization problem as an H,
optimization problem (7.20).

Remark 7.3 We have seen that logarithmic quantizers are essential for quadratic
stabilization via quantized feedback if a coarse quantization density is required. Non-
logarithmic quantizers such as finite quantizers and linear quantizers are unsuitable.
For this reason, we will consider logarithmic quantizers only in the rest of this chapter.

7.2 Output Feedback Case

We now show how to generalize the technique for state feedback to quantized output
feedback. Consider the following system:

Xg+1 = Axg + Buy,
Yk = ka (7.38)

where A and B are the same as before and C € R!*",
We consider two possible basic configurations for quantized output feedback
which may lead to other more complicated settings.

Configuration I: The control signal is quantized but the measurement is not;
Configuration II: The measurement is quantized but the control signal is not.

It turns out that they result in different quantization density requirements.

7.2.1 Quantized Control

Configuration I. This is an easy case which has an interesting result below.

Theorem 7.2 Consider the system (7.38) with quantized control input. Suppose
(A, C) is an observable pair. The coarsest quantization density for quadratic sta-
bilization by state feedback can also be achieved by output feedback. In particular,
the corresponding output feedback controller can be chosen as an observer-based
controller below:

Xe k1 = Axc g + Bug + L(yx — Cxe i)
vi = Kxck
e = Q0> ) (7.39)

where Q°(-) is the quantizer as before, K is the state feedback gain designed for
any achievable quantization density via quantized state feedback, and L is any gain
which yields (7.39) a deadbeat observer.
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Proof Let K be any state feedback gain that achieves any given quantization density.
Choose L such that the observer is deadbeat, i.e., e = x; —x. x 7 0 only for a finite
number of steps N. This can be always done because (A, C) is observable. Then,
after N steps, the output feedback controller is the same as state feedback controller.
Hence, the system is quadratically stabilized after N steps. Finally, it is a simple fact
(although we do not give the details) that if a (nonlinear) system is quadratically
stable after NV steps and that the state is bounded in the first N steps (which clearly
holds for the system (7.39)), it is quadratically stable. ]

7.2.2 Quantized Measurements

Configuration II. In this case, the controller is in the form

Xek+1 = Acxc,k + BcQOO(Yk)

Ui = chc,k + DCQOO x) (7.40)

where Q°°(-) is the quantizer as before.
It is straightforward to verify that the closed-loop system is given by

X1 = A (AQr) Xk (7.41)

where x = [xT, xI17, A(-) is the same as in (7.33) and

i_[40] z_[oB] ~_[o1
“lool> " |ro|” " |cCo
~ [0l - _ Ac Be
1:[1] c=[co], K:[CCDC} (7.42)
and B o
a/(A) =A+ BK(C+1ACQ). (7.43)

The problem of concern is to find the coarsest quantizer for quadratic stabilization
of the closed-loop system. This can be solved by generalizing the idea for the state
feedback case. The result is given below.

Theorem 7.3 Consider the system (7.38). For a given quantization density p > 0,
the system is quadratically stabilizable via a quantized controller (7.40) if and only
if the following auxiliary system:

Xi+1 = Axg + Buy

vi =1+ A)Cx, |A] <6 (7.44)
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is quadratically stabilizable via:

Xe,k+1 = Acxc,k + Bovk
Uy = chc,k + Dovy (7.45)

where § and p are related by (7.8).
The largest sector bound s, (Which gives pint) is given by

1
Ssuyp = —————— 7.46
P inf G @ oo (740
where K is defined in (7.42) and
Ge(z) = (1 —H(2)G () 'H(z)G() (7.47)

where G(z) = C(zI —A)"'Band H(z) = D. + C.(zI — A;)"'B..

Further, if G(2) has relative degree equal to one and no unstable zeros, then
the coarsest quantization density for quantized state feedback can be reached via
quantized output feedback.

Proof The proof is similar to the proof of Theorem 7.1. The sector bound for the
quantization error is done as in (7.32) and (7.33). For the given p, the quadratic
stability of the closed-loop system (7.38)—(7.40) requires the existence of some P =
PT > 0 such that

A (A Pt (A(y)) — Plx < 0 (7.48)

forallx #0andy = Cx = Cx. Using Lemma 7.1, the above is equivalent to
A (MNP (A)—P <0, V|A|<S6.

The latter is the same as requiring the system (7.44) and (7.45) to be quadratically
stable. Since the transfer function of (7.44) is G(z) (1 + A) and that of (7.45) is H(2),
the closed loop system (7.44) and (7.45) is the same as a closed-loop system with
the open-loop block equal to

Ge(2) = (1 - H@)G2) 'H(2)G(2)

and feedback block equal to A. It follows that the solution to dsyp comes from the
equivalence between quadratic stability and Hy, optimization [2, 4].

Suppose G(z) has relative degree one and no unstable zeros. Write G(z) =
b(z)/a(z). From the proof of Theorem 7.1, we know that the state feedback case
corresponds to H, optimization of G.(z) in (7.27). If we choose H(z) = k(z)/b(z).
Then, G.(z) in (7.47) becomes G.(z). Hence, the quantization density for the quan-
tized state feedback can be achieved by quantized output feedback. (I

Now we give an example to show that using quantized output requires a higher
quantization density than using quantized state feedback.
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Example 7.1 The system is given by (7.38) with
G(2)=C@l —A)'B=(z—3)/2(z—2).

Using quantized state feedback, § = 2and p = (2 —1)/(2 + 1) = 0.3333. For
quantized output feedback, computing (7.46) yields 6 = 10 and

p = (10— 1)/(10 + 1) = 0.8182.

Remark 7.4 1In [1], output feedback control design is done in two steps. In Step 1,
coarsest quantization is solved for state estimation, which is a dual problem to the
state feedback stabilization problem. In Step 2, the separation principle is applied,
i.e., optimal state feedback is combined with optimal state estimation. The main
result is that logarithmic quantization is sufficient for output feedback stabilization.

The drawback of the approach in [1] is that the physical meaning of the state
estimation quantizer is not clear. Indeed, the problem of quantized state estimation

is formulated to be:
err1 = Aeg + LQ°(Cey) (7.49)

where e, = x; — x. is the state estimation error and Q°(-) is the state estimation
quantizer. What is unsatisfactory in this formulation is that the quantizer needs to
know both y; and its estimate Cx, . If the control signal is generated at the mea-
surement end, there is obviously no need to use quantized yi. If the control signal is
generated elsewhere using a quantized yy, it is difficult to imagine why its estimate
needs to be sent back to the measurement end to form Cey for quantization. Hence,
the validity of this formulation seems to be questionable.

7.3 Stabilization of MIMO Systems

In this section, we generalize the quantization results in Sects. 7.1 and 7.2 to MIMO
systems with multiple quantizers. For simplicity, the number of quantizers is assumed
to be equal to the number of inputs, although this can be easily relaxed. The quantizers
are assumed to be static and independent. As in the SISO case, two configurations are
treated. Configuration I deals with state feedback or observer-based state feedback
with quantized inputs, whereas in Configuration II quantized outputs are used.

7.3.1 Quantized Control

Configuration I. The system is still as in (7.38) (or (7.1) for state feedback) except
that we now allow u € R™,y € R”. Suppose quantized state feedback (7.2) and (7.3)
is used, where K € R™*" and

0 (v) = diag{Q' (v1), Q*(n2), ..., 0" (v)} (7.50)
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where v; is the jth component of v and Q/(-) is a quantizer of the form (7.6) but with
quantization level 0 < p; < 1.

Because we have more than one quantizer, the notion of coarsest quantization is not
well-defined. Instead, we ask the following question: Given a vector of quantization
levels p = [p1 p2 - -+ pml], does there exist an quantized feedback controller that
quadratically stabilizes the system (7.38)? The main result is given below:

Theorem 7.4 Given the system in (7.38) and a quantization level vector p, consider
the following auxiliary system:

Xi+1 = Axg + B + Ap)vg (7.51)

where |Aj x| < 8j forallj = 1,2,...,mand k, and §; are converted from p; using
(7.8), and vy is a control input. Suppose the auxiliary system is quadratically stabliz-
able via state feedback (7.3), then (7.38) is quadratically stabilizable via quantized
state feedback. Conversely, suppose the system (7.38) is quadratically stabilizable
via quantized state feedback and, in addition, suppose In p;/In p; are irrational
numbers for all i # j when m > 1. Then, for any (arbitrarily small) ¢ > 0, the
auxiliary system (7.51) with |A; ;| < 8; — ¢ is quadratically stabilizable via state
feedback (7.3).

Further, the auxiliary system is quadratically stabilizable via state feedback (7.3)
ifthe following state feedback H~ control has a solution K for some diagonal scaling
matrix I' > 0:

IATK(zI —A —BK) 'BI' Yo < 1 (7.52)

where
A = diag{éy, ..., S} (7.53)

In particular, any K that renders (7.52) is a solution to either quadratic stabilization
problem.

Finally, if (C, A) is an observable pair and (7.38) is quadratically stabilizable via
quantized state feedback for the given p, then it is also quadratically stabilizable via
observer-based quantized state feedback (7.39) for the same p.

Remark 7.5 1t is easy to see that if a given p does not satisfy the condition that
In p;/ In p; are irrational for i # j, we can make it so by perturbing the p; slightly.

Three technical lemmas are required for the proof of the result above.

Lemma 7.4 For the quantizer (7.6) and any |A| < §, the inverse function for A(v)
is not unique, and is given by

1n%=ilnp—ln(A+l), i=0,+1, 42, ... (7.54)
u

Proof The results follow directly from the definition of A(v) in (7.33). O
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Lemma 7.5 Let Qi(-),j = 1,2,...,m be a set of quantizers as in (7.6) but with
(possibly different) values ujo) and 0 < p; < 1. Suppose the ratios In p;/ In p; are
irrational numbers forall 1 <i,j < m,i # j(This condition is void ifm = 1). Then,
given any pairs of vectors (v, A®) with v; # 0 and |A]Q| <é,j=1,2,...,m, and
any scalar ¢ > 0 (arbitrarily small), there exists a scalar o > 0 such that

|Ajav) — Al <e, j=1,2,....m (7.55)

where Aj(-) is as defined in (7.32) and (7.33). That is, as a varies from 0 to oo, the
vector [A1(avy) ... Am(avy)]T covers the hyperrectangle

[_81, 81] DD [_81’}11 am]
densely.

Proof Note that each A;(v) is periodic in In(v/ u}o)) with the period In p; and that

within each period the mapping between In(v/ u](.o)) and A;(v) is one-to-one. There-
fore, it suffices to show that as « varies,

[mod(In otvl/u(lo), In p;) --- mod(In avm/uf,?), In pm)]T

covers
B=1[0,Inp]1®--- &[0, 1npy]

densely. This is equivalent to that
y = [mod(Ine, In p1) --- mod(Inc, In ,om)]T

covers B densely.

Let B = [B1,...,Bn]" € B be any given vector. We need to find « such that y
is arbitrarily close to 8. The assumption that In p;/ In p; are irrational implies that
quantizers Q'(+) and (Y (+), i # j, do not share a common period (in the logarithmic
scale), which is the key to the analysis below. If m = 1, we can simply take

Ina = g1 +iInp; (7.56)

as a solution with any integer i;. If m = 2, we keep In« as in (7.56) but let i1 vary.
Because Q' () and Q%(-) do not share a common period, as the integer i varies from
—o00 to 0o, mod(Ine, In py) will cover the set [0, In po] densely. Let /; and I be
the infinite sequences of i1 and the corresponding i, respectively, which make the
corresponding set of mod(In o, In p>) sufficiently close to B,. For m = 3, because
0L, QZ(-) and Q3(-) do not share a common period pair-wise, there is an infinite
sequence /| for /| (a subsequence of /) which generates the corresponding infinite
sequence iz for i (a subsequence of />) and infinite sequence /3 for i3 such that
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mod(Inc¢, In pg)]T is also sufficiently close to B3. This process can continue for
m > 3. Hence, we have proved the needed result. (|

Lemma 7.6 Let Q/(-),j =1, ..., m, be a set of quantizers satisfying the conditions
in Lemma 7.5. Given constant matrices K € R™*" and 29 = .QOT € R™" and a
matrix function 21(-) : R™ — R"™™ define

Q0) =20+ 210K +K'2T (). (7.57)

Suppose $2(-) is strictly convex. Then,

x'2(AKx)x <0, Vx #0, xeR" (7.58)

2(4) <0, V|4g)l<é, j=1,...,m. (7.59)
Conversely, (7.58) implies
2(4) <0, V|4j <8 —e, j=1,....m (7.60)
forany ¢ > Q.

Proof 1t is obvious that (7.59) implies (7.58). To see the converse, we assume (7.58)
holds but (7.59) fails. Then, there exists some xo # 0 and A? = (A? ... AY) with
|AJ(.)| <8,j=1,...,m, such that

xt 2(A%x0 > 0. (7.61)

If such A% is only a boundary point, i.e., |A?| = §; for some i, then, (7.60) holds for

any ¢ > 0. In the sequel, we assume that A is an interior point.
We claim that Kxp # 0. Indeed, if Kxo = 0, then

X 2(AKx0))xo = xE 20x0 = xL2(A%x0 = 0 (7.62)

by (7.57) and (7.61), which contradicts (7.58). So, Kxo # 0.
Because of the strict convexity of £2(-), there exists A! with

Afl < —erj=1,....m,
for some small &; > O such that
xt2(ANx > 0. (7.63)

Because the above is continuous in xp, we may perturb xq slightly such that (7.63)
still holds and every element of Kx is nonzero.
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Now using Lemma 7.5, we know that A(aKxg) covers
[=61,811® - @ [—bm, Sm]
densely as « varies from —oo to co. Hence, there exists o # 0 such that
x4 2(A(aKxp))xo > 0.

Define x; = axg, we get
X! Q2(AKx))x1 >0

which contradicts (7.58). That is, A cannot be an interior point. Hence, (7.58)
implies (7.60). O

Proof of Theorem 7.4 The “equivalence” between the quantized feedback problem
and the quadratic stabilization problem for the auxiliary system (7.51) follows from
Lemma 7.6. The Hy, condition for the latter comes from [3]. The result on observer-
based feedback is identical to Theorem 7.2. O

7.3.2 Quantized Measurements

Configuration II. When quantized measurements are available, we have the follow-
ing result:

Theorem 7.5 Given the system in (7.38) and a quantization level vector p, consider
the following auxiliary system:

X1 = Axy + Buy

Vi = Cxg
vi =+ Ap)yk (7.64)
where |Aj | < 6j forallj=1,2,...,mand k, and §; are converted from p; using

(7.8), and vy is the output available for feedback. Suppose the auxiliary system is
quadratically stablizable, then (7.38) is quadratically stabilizable via (7.40). Con-
versely, suppose the system (7.38) is quadratically stabilizable via (7.40) and, in
addition, suppose In p;/ In p; are irrational numbers for all i # j when m > 1. Then,
Sfor any (arbitrarily small) ¢ > 0, the auxiliary system (7.64) with |Aj ;| < 6; — € is
quadratically stabilizable.

Further, the auxiliary system is quadratically stabilizable if the following state
feedback H, control has a solution H(z) for some diagonal scaling matrix I’ > 0:

AT (I — G@H @) 'G@H@) T e < 1 (7.65)

where A is given in (7.53). In particular, any H(z) that renders (7.52) is a solution
to either quadratic stabilization problem.
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Proof The “equivalence” between the quantized feedback problem and the quadratic
stabilization problem for the auxiliary system (7.64) follows from Lemma 7.6. The
proof for the relation to Hy, optimization is similar to the proof of Theorem 7.3. [J

7.4 Quantized Quadratic Performance Control

The purpose of this section is to extend the results in the previous sections to include
a quadratic performance objective.

Consider the system in (7.38). Suppose the output y; needs to be quantized. We
now want to design a controller in (7.40) such that the following performance cost
function

o
J(x0) = > x{Ox + u[Rue. 0= 0" >0, R=R" >0 (7.66)
k=0

is minimized in the sense below:
min E[J (xp)] (7.67)

In the above, xq is assumed to be a white noise with covariance E[xoxOT 1 = o2I for
some o > 0.

Because the state of the closed-loop system is X, we may rewrite the performance
cost as

J(%0) = D X[ O% + uf Ruy (7.68)
k=0
where 0
Sco=[x0°]; Q=[§0} (7.69)

Suppose we want the closed-loop system to be quadratically stable. Let
V) =x'Px,P =P >0,
be the associated Lyapunov function. Define
VV (i) = Vxkg1) — V). (7.70)
Then, using (7.41), the performance cost is given by
00
J(%0) = %) PXo + D VV(&) + % Q% + uf Ruy
k=0

o
= X Pxo + ch,{fz(A(yk))xk (7.71)
k=0



142 7 Stabilization of Linear Systems via Infinite-Level Logarithmic Quantization

where

_____

For the case without quantization, i.e., A(-) = 0, it is well-known (and easy to
see from above) that the optimal solution for K is such that )_ckT.(_Z(O))_ck = 0 for all
k, which leads to J(xy) = )"cg Py and minimization of trP. In the presence of the
quantizer, we can formulate the performance control problem as follows: Given a
performance bound y > 0 and p > 0, find P, K, if exist, such that

tr(P) < y (7.73)

subject to . .
T Q2(ACx)x <0, Vx £0. (7.74)

This problem will be called Quantized Quadratic Performance Control (QQPC)
problem. The solution to this problem is related to the so-called guaranteed-cost
control (GCC) problem for the auxiliary system (7.38) and (7.64), i.e., we want to
find P, K such that (7.73) holds subject to

2(4) <0, Y|4 <s (7.75)

where §; and p; are related by (7.8).

Theorem 7.6 Consider the system in (7.38), the performance cost in (7.66), the
controller structure in (7.40), some performance bound y > 0 and quantization
level vector 0 < p < 1. Suppose the GCC problem has a solution. Then, there exists
a solution to the QQPC problem.

Conversely, if the QQPC problem has a solution and in addition (when m > 1),
In p;/ In p; are irrational numbers for all i # j, then, given any (arbitrarily small
e > 0), the GCC problem for (1.75) has a solution for |A; x| < §; — e.

Proof The proof is similar to that of Theorem 7.4. The key is to show the relationship
between (7.74) and (7.75). Obviously, (7.75) implies (7.74). The fact that (7.74)
implies (7.75) but with [A;| < §; — ¢ is proved using Lemma 7.6. The details are
omitted here. (Il

When quantized state feedback is used instead, we have the following result:

Theorem 7.7 Consider the system (7.1) with B € R™"™ and quantized state feed-
back as in (7.2) and (7.3), where

00 =10"(),...,0")"

with given quantization levels 0 < p1, ..., pm < 1. Given the performance cost
function in (7.66) and a performance bound y > 0, the QQPC problem becomes to
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finding P = PT > 0 and K, if exist, such that
tr(P) <y (7.76)

subject to
' 2AW)x <0, Vx#0 (7.77)

where v = Kx and

2(A) = (A+ B + 2)K)'P(A + B(I + A)K)
—P+Q+KT(I+ AR+ AK. (7.78)
The related GCC problem becomes to finding P = PT > 0 and K, if exist, such that
(7.76) holds subject to
2(4) <0, V|4 <. (7.79)

Further, the GCC problem has a solution if the following linear matrix inequalities

wP <y, [_P I ] <0and (7.80)
I -S
) * * ok %k
AS +BW —S +BAT' ABT % =«
w ACABT  —R % x | <0 (7.81)
w 0 0 —I' %
028 0 0 0 —I

have a~soluti0n for some P = IBT, S=ST Wanda diagonal scaling matrix I,
where R = R™' — ASA, A is given in (7.53), and * denotes the symmetric part in
the matrix. Also, P and K are related to S and W as follows:

P=S"!' K=wpr. (7.82)

For the single-input case, (7.80) and (7.81) are also necessary.

Proof The simplification of the QQPC and GCC problems is easy to check. We
proceed to verify (7.81) as a sufficient condition for the GCC problem. Indeed,
(7.79) holds if and only if

—P+0 * *
A+B(I+ MK —P71 « <0 (7.83)
I+ AK 0 —R!
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for all |A;| < §;. Using (7.82), the above becomes

-5+ S0S * *
AS+ B+ AW =S« <0 (7.84)
I+ W 0 —R!

which is equivalent to

—S+S0S x* * 0
AS+BW =S x |+ |B|A[WO00]
w 0 —R7! I
WT
+| 0 [a0BT11<0. (7.85)
0

Taking I" > 0 to be any diagonal scaling matrix, (7.85) holds if

-S4+ S0OS * * 0

AS+BW —S x + | BA | I'[0 ABT A]
w 0 —R! A
WT

+1 0 |[r ' (wooy1<o0 (7.86)
0

which is equivalent to (7.81) using Schur complement. Note that the conversion from
(7.85) to (7.86) is lossless in the single-input case. [l

7.5 Quantized H,, Control

Here we extend the quantization results to Hy, control. For simplicity, only quantized
state feedback is considered. This problem in the SISO setting has been studied in [6].
Our main purpose is to show that the sector bound approach can be easily generalized
to quantized feedback H, control.

The system of interest is as follows:

X1 = Axg + Buy + Bywy
zx = Cxp + Duy, + Dywy, (7.87)
where x € R, u € R", w € R™, 7 € R¢ and the control signal is in the form of (7.2)

and (7.3). Given a quantization level vector p and H, performance bound y > 0, the
design objective is to find K such that the induced £>-gain from w to z is less than y.
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It is easy to verify that the closed-loop system is given by

X1 = [A+BU + AW)K]xi + Biwy,
2% = [C+ DU + AW))K]xi + Dywg. (7.88)

As in the quadratic performance control problem, we consider the following
relaxed Hyo, control problem: Find P = PT > 0 and K such that

xTI(A(Kx)x <0, Vx#0 (7.89)
where

M(A) =ANPAy — P+ y 2(ALPB, + CD))
x [I —y~2(DTDy + BT PBy)]™!
x (BT PAA + DI Cp) + CLCa, (7.90)
Ar=A+ B+ A)K, Cx=C+ DI+ AXK. (7.91)

The motivation for formulating the problem above is as follows: When A = 0, (7.91)
is a necessary and sufficient condition for the H, norm of the transfer function from
wtoztobelessthan y. When y — o0, (7.91) recovers the condition for stabilization.
When y is finite and A represents a sector bound uncertainty, the condition I7(A) < 0
corresponds to the robust H, control problem studied in [3].

Theorem 7.8 Consider the given system (7.87), controller structure (7.2) and (7.3),
quantization level vector p and a Hso performance bound y > 0. Suppose there
exist P = PT > 0 and K such that (7.89) holds, then the induced £*-norm fromw to
z is less than y.

Further, for any P = PT > 0 and K, (7.89) holds if IT(A) < 0 for all [Aj] <6,
where §; are related to p; by (7.6). Conversely, if (7.89) holds, I1(A) < 0 for all
|Aj| <6 — &, where & > 0 is arbitrarily small.

In addition, there exist P = PT > 0 and K such that IT(A) < 0 for all |Aj| < §;
if the following linear matrix inequality (LMI)

—S+BAI' ABT s % %
(AS + BW)T ) * E

BT 0 —yl % % | <0 (7.92)
DATABT  CS+D\W Dy —yl *
0 w 0 0 —-rI

has a solution for S = ST, W and diagonal scaling matrix I, where A and the
relationship between (S, W) and (P, K) are the same as in Theorem 7.7. In the
single-input case, the LMI in (7.92) is also necessary.
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Proof The proof is similar to that of Theorem 7.7. The details are omitted. (]

Corollary 7.1 As y — oo, the LMI condition (7.92) is equivalent to the condition
(7.52) in Theorem 7 4.

Proof When y — o0, (7.92) implies

—S+BATABT %
AS+BW)YT -5 x | <o.
0 W —I

By Schur complement and letting K = WS~!, we have
A+BK)YS ' =K' '"K)y"'A+BK)" —S+BATrABT <0
ie.,
(A+BK)'(S—BArABY A+ BK)—Ss'+K'r~'k <o.
The above is equivalent to [5], i.e.,
I~ V2K — A — BK)'BAT? | < 1.

Letting 17" = I''/?A and noting that both A and I" are diagonal matrices, the
above can be rewritten as

IATVK (I — A — BK) "B oo < 1

which is (7.52) in Theorem 7.4. (Il

Remark 7.6 As we mentioned earlier, the quantized Hy, control problem has been
studied in [6]. We now comment on the connection between Theorem 7.8 and a
related result in [6] (Theorem 5.1: Discrete-time). The problem formulation in [6]
is more restrictive because it treats the single input case and assumes C'D = 0,
DTD = I and D; = 0. The coarsest quantization density p given in [6] can be
written as

a—1

pza—i—l

where « is the optimal solution to the following problem:

inf o subjectto X' (X) > Xo, a>1, X =x'>0 (7.93)
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where

a?X — AXAT —AXAT AXCT

SX)=| —AxaT %X — AXAT AxcT
cxaAT CxAT —cxcT
o’B BT 0 0
2
Xy = 0 S=BiB] —y*B:B]) O
0 0 —y2I

Although we do not provide the details (which are quite involved), it can be shown
that, by setting o« = §~!, this condition is equivalent to the condition in Theorem 7.8
(when specialized under the assumptions on C, D and Dy). That is, Theorem 7.8
generalizes the result in [6].

7.6 Summary

We have shown that the classical sector bound method can be used to study quantized
feedback control problems in a non-conservative manner. Various cases have been
considered: quantized state feedback control, quantized output feedback control,
MIMO systems, and control with performances. In all these problems, the key result
is that quantization errors can be converted into sector bound uncertainties without
conservatism. By doing so, quantized feedback control problems become well-known
robust control problems.

For quadratic stabilization of SISO systems (using either quantized state feedback
or quantized output feedback), complete solutions are available by solving related
H optimization problems. For MIMO systems or SISO systems with a performance
control objective, the resulting robust control problems usually do not have simple
solutions, thus sufficient conditions on quantization densities are derived. These con-
ditions are expressed either in terms of H, optimization or linear matrix inequalities.
Note that these conditions are for a given set of quantization densities. But because
these conditions are convex in the sector bounds associated with the quantization
densities, optimal quantization densities can be easily computed numerically.

Finally, we note that the use of the sector bound method also explains why it is
difficult to find the coarsest quantization densities in the cases of MIMO stabilization
and/or performance control problems. More precisely, the difficulties are the same
as finding non-conservative solutions to the related robust control problems, which
are known to be very difficult.

The results in this chapter are based mainly on [7, 8].
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Chapter 8

Stabilization of Linear Systems
via Finite-Level Logarithmic
Quantization

The logarithmic quantizer is shown in the last chapter to give the coarsest quantization
density for quadratic stabilization of an unstable single input linear system. How-
ever, it requires an infinite data rate. An interesting problem is whether an unsta-
ble linear system can be stabilized using a finite-level logarithmic quantizer with
a dynamic scaling. In addition, it is unclear whether a logarithmic quantizer can
approach the well-known minimum data rate required for stabilizing an unstable
linear system.

To be specific, we ask the following question in this chapter: (1) Can we achieve
the quadratic stabilization with a finite-level logarithmic quantizer? (2) Does a log-
arithmic quantizer require an average data rate higher than the minimum average
data rate in (2.10) for stabilization of linear systems? This chapter shows that the
answer to the first question is positive while it is negative for the second question. The
results are confirmed by showing that the use of a dynamical finite-level logarithmic
quantizer with a variable data rate. From this viewpoint, the logarithmic quantizer is
optimal.

The chapter is organized as follows. In Sect.8.1, we prove that the quadratic
stabilization of linear systems is achievable by using a finite-level quantization. In
Sect. 8.2, the attainability of the minimum average data rate via logarithmic quanti-
zation is proved. Concluding remarks are drawn in Sect. 8.3.

8.1 Quadratic Stabilization via Finite-level Quantization

8.1.1 Finite-level Quantizer

A logarithmic quantizer (7.8) has an infinite number of quantization levels and is not
implementable practically. One simple approach is to truncate the quantizer using a
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large saturator and a small dead zone. That is, we use a 2N -level logarithmic quantizer
with quantization density p > pinf:

P! o, if 500 <y < 50" 10,0 <i<N—1,
N—1 : 1 N—1
PN o, iF 0 <y < 75p" " pos
() = _ . 8.1)
MO! lf y > mu01

—Q(—y), ify<O.

This quantization scheme will allow the state of the system to converge to a small
neighborhood, provided that the initial state is within a known bound.

Our main objective here is to show that it is possible to dynamically scale the
input-output signals of the quantizer so that asymptotic stabilization can be achieved
using a finite-level logarithmic quantizer, even without knowing the bound for the
initial state.

The basic idea of dynamic scaling is very simple: When the signal yy, is outside of
the quantization range, we scale it back by a scaling factor (or gain) g > 0 before
quantization. The quantized signal is then scaled back by g,:I. That is, we use

ve = g, 0(gkvn)- (8.2)

The key problem with dynamic scaling is how to design gi. The main technical
difficulty is that there is no separate feedback channel to communicate the gain
value. One approach is that both sides of the feedback channel compute the same g
independently. This is possible only when the gain g; can be computed using only the
quantized signal because this signal is available to both sides of the feedback channel,
assuming no packet losses and transmission errors. In the sequel, we introduce a very
simple dynamic scaling method.

The closed-loop system of (7.1)—(7.2), (7.5)—(7.9) and (8.2) is given by

X1 = A% + Bg, ' 0(grCRp), (8.3)

where ¥ = [xT %717, and

- [AaBC.] 5 [BD.] =~
A=|:0 Ac] B_[BC] C =[C 0]. (8.4)

For the moment, we assume that an infinite-level logarithmic quantizer with den-
sity p > pinf 1s adopted. Then, g has no effect. Following the sector bound approach
[1], we can write (8.3) as

X1 = A(ARF, (8.5)

where A(A;) = A + B(1 + Ap)C and Ay represents the quantization error defined
by Akyk = Q) — yk wWith =8 < Ap < 6.
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Because (8.5) is quadratically stable, we have a quadratic Lyapunov function
V(x) = T Px with P = PT > 0 such that [1]

A(MNTPA(A) < P, V|A| <36. (8.6)
Using the continuity argument, the above is equivalent to that
A(A)TPA(A) < (1 =P, V|A| <38, (8.7)

for some 0 < n < 1.

We now assume that a 2N-level logarithmic quantizer with the same density p
and dynamic scaling (8.1)—(8.2) is applied instead. Let y; and y» be two positive
scaling factors such that 0 < y; < 1,/T—1 < y2 < 1, and

yEATPA < (1 — n)P. (8.8)

Note that (8.8) is always possible by taking y; sufficiently small.
We initialize g¢ to be any positive value and define g4 for any k > 0 as follows:

gkyl, i |Q(gryr)|l = po,

Q1 = 1 &/v2. 110Gyl = oo, (8.9)
8k otherwise.

Because of the flexibility in go, there is no loss of generality to normalize po = 1
in (8.1). We will also denote ¢ = pN ~1. The choice of go does not affect stabiliz-
ability, but choosing it according to an estimate of ||xg| helps improve the transient
performance; see Example 8.2 in Sect. 8.1.4.

Consider the scaled state defined by

% = gkXk (8.10)

and the associated Lyapunov function V(z) = z! Pz. We have the following result:

Lemma 8.1 Consider the closed-loop system (8.3) with a scaled 2N -level logarith-
mic quantizer (8.1) and (8.9), where p in (8.1) is such that p > pinf, and y1, y» and
n are chosen according to (8.7)—(8.8). Then, for any initial state xo and any k > 0,

1=V, if e <0(Cz)| <1,

Vi = {20 e, i 0 S0

where
m=1-y *(1+0)1—n), (8.12)
m =y, *(1+t HB'PB (8.13)

with T being any positive constant satisfying n1 > 0.
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Proof The result for the case of ¢ < |Q(Czk)| < 1 follows directly from (8.5), (8.7)
and gr4+1 = gk. For the case of |Q(Czx)| = 1, we obtain gx11 = gk y1. It follows that

V(zks1) = v (Azx + Boy) P(Az + Boy),
where o, = sign(é’zk). Denote
fw) = V]z(AZk + Bu)TP(Az; + Bu).

From (8.8), it follows that £ (0) < (1 — n)V (z).

Since |Q(Cz)| = 1, we have o = Ou; for some 0 < 6 < 1, where
u; = (1 + Ap)Cz with |Ag| < § is the unsaturated output of the quantizer. Also
from (8.7), we get

) =yl ACADTPA(ADzL < v — )V ().

Since f(u) is quadratic and convex (because f(#) — oo when |u| — 00), it is clear
that

V(@) = f(or) < max{f(0), f(u)} <A —=mn)V(z).

For the case of |Q(Czx)| = e, it follows that 8k+1 = &k/y2. From (7.52) and (8.5),
we can write

X1 = A(ADX + Egk_]sk,
where |g;| < e. It follows that

V(zis1) = v5 2(A(ADz + Ben) TP(A(AY) 2 + Bey)
= 5 22l A(LADTPA(ADz + 15 2 erBT PA(Ap)zi + €7 BT PB)
<y 21+ D7 A(A)PA(ADzK + 75 *(1 + 77 1)e? BT PB
< ¥ 2+ 1) =zl Pz + me?
= (1 —n)V(z) + me>.

The above holds forany r > 0.Since /1 — n < y» < 1, we can choose 7 sufficiently
small to ensure n; > 0. O

From Lemma 8.1, it is clear that V (z;) converges to a bounded region. This bound
can be computed by solving —11 Vs + 7262 = 0, which gives

Voo = 1y 'me?. (8.14)

Lemma 8.1 leads to the following result:

Corollary 8.1 Suppose the scaled 2N-level logarithmic quantizer (8.1), (8.2) and
(8.9) is applied. Then, for any initial state x¢, zx = giXk converges exponentially
to the ellipsoid
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Zoo ={z: 2€ R¥, V(2) < Vaol. (8.15)

From (8.14) and the corollary above, it is clear that we can choose N to be
sufficiently large so that, when k is sufficiently large, Q(Cz;) will no longer be
saturated. This is achieved by choosing N such that

|C’z| <1, vzl Pz < nl_lnz,oz(N_l).
Since Cz is a scalar, the above implies that

CoT €T <1, 2" < ny 'V =Dp1,

By substituting the second matrix inequality into the first one, we obtain N > Nj,
where

n log(nl_lyz_2(l + T_I)BTPBCP_ICT)

No =1
0 2log(p~ 1)

(8.16)

The analysis above yields the following main result:

Theorem 8.1 Suppose the scaled 2N-level logarithmic quantizer (8.1), (8.2) and
(8.9) is applied with N > Ny in (8.16). Then, the state X; converges to zero asymp-
totically.

Proof From Corollary 8.1, it follows that z; converges to Z,, exponentially. This
property and the choice of Ny imply that Q(Cz;) will no longer be saturated after
a finite number of steps, say ko steps. This means that g; will be non-decreasing
for k > ko. Note that whenever gr+1 = gk, V(zx) decreases exponentially. If this
continues for enough number of steps, |Czx| will be less than &, forcing g1 to
increase by factor of 1/y». Thus, g; cannot converge to a constant. Hence, g — 00
ask — o00. Since z; isbounded for k > kg, we conclude thatx; — Oask — oco. [

Remark 8.1 A typical behavior of the system is as follows. If the initial state is very
large, the feedback signal tends to be saturated, forcing g; to decrease fast. This
would result in a period of overshoot. Once gy is sufficiently small, saturation will
stop and the state decays exponentially. When the state is sufficiently small, g; will
increase gradually, causing the quantizer to bounce back and forth between the dead
zone and logarithmic region. During this phase, the state also decays exponentially,
but at a lower rate.

8.1.2 Number of Quantization Levels

In this section, we try to analyze the number of quantization levels needed for stabi-
lization. Recall that for a given controller (7.5)—(7.9) with an infinite-level logarithmic
quantizer with density p > pinr that quadratically stabilizes the system (7.1)—(7.2),
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a sufficient number of quantization levels is given by Ny of (8.16). However, this for-
mula is complicated because Ny depends on a number of design parameters (1, y2, o,
P, 7, and the controller). In the sequel, we consider how to choose these parameters.

We first minimize Ny of (8.16) with respect to by assuming that other parameters
are fixed. From (8.16), it is clear that minimizing Ny is equivalent to

minn; 'y, 21+ 7Y, (8.17)
>0
where 71 is given in (8.12). The solution to (8.17) is simply given by

r=—L 1 =1y W, (8.18)

V1=
r;gromrly;z(l +rh=m-JV1-n72 (8.19)

Applying the above to (8.16) and noting log(p_l) = —log(p),

- 2log(y2 — /T —1n) —log(BTPBCP~'CT)

Nog =
2log(p)

(8.20)

We next discuss the effect of y» on Ny. Since y» < 1 is required, it is clear from
(8.20) that Ny is minimized by taking y» very close to 1, which, however, makes
gk increase very slowly, as seen from (8.9), resulting in that x; converges to 0 very
slowly. A good choice for y» should balance the convergence rate of x; and the
number of quantization levels; see Example 8.1.

With y» < 1 chosen, we shall now minimize No with respect to p, 1, the controller
and its associated P. Observe from (8.20) that Ny can be reduced by increasing n and
8 (or decreasing p). However, we can see from (8.7) that a larger n requires § to be
small. Furthermore, the choice of § and 5 affect P and the controller. This implies
that n and § need to be optimized jointly. To this end, we return to (8.7) and provide
the following relationship between § and 7.

Theorem 8.2 Forany given0 < § < 8sup, 0 < < land /1 —n <y> <1, Npin
(8.20) is minimized by solving the following optimization problem:

)Lmin = argmin{X’Y,R’S,W’DC,M ,lz})“l)\z’ (82])

subject to the following linear matrix inequalties:

n—-10Y * * * ok

m=DI (nh—DX x% * %

AY + BWA+BD.C —-Y % =
R XA+SC —-I —-X =«
0 0 DIBT sT -1 «
cy C 0 0 0 —572

* ¥ X ¥

<0, (8.22)
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—-Y —I BD,
-1 =X S | <0, cycl <, (8.23)
DIBT ST —),

where X = X7, Y = YT € R™" R € R™" W € R, S € R™! and 1, and 1,
are scalars. The optimal Ny is given by

n 2log(y2 — +/1 — 1) —log(Amin)

No=1
2log(p)

(8.24)

and the optimal controller (7.5)—(7.9) is given by the solution of D. together with

C.=W-D.CywT, (8.25)
B. = M~'(S — XBD,), (8.26)
A, = M~ (R — XAY — XBD.CY — MB.CY)¥ T — M~ 'XBC., (8.27)

where M and ¥ are any nonsingular matrices solving
MyT =1 XY (8.28)

with M being the free parameter determining the state space realization of the
controller.

Proof First, we apply the S-Procedure [11] and standard technique of change of vari-
ables [10] to (8.7) to obtain (8.22). Then, observe from (8.24) that for the given p, n
and y», minimizing Ny with respect to the controller and the matrix P is equivalent
to minimizing A1 42, where BTPB < A; and CP~'CT < X5, which is equivalent to
(8.23), following Schur complement and the above change of variables. The detail
is omitted. O

We now explain how to solve the optimization problem in Theorem 8.2. We
assume that y» < 1 is pre-specified (say, e.g., y» = 0.9). Now, given n and § (or
p), (8.21) is bilinear in A; and A,. Note that when A; = 1, the first inequality in
(8.23) is a part of (8.22). This means that the minimum of XA, is achieved at some
0 < A1 < 1. Then, the minimum of Ny can be found by numerically searching over
a three-dimensional set £2 defined by

2 ={,n,Ar1):0 <38 < Ssup, 1—y22<n<1,0<)»1<1},

and solving (8.21) for each chosen candidate in §2. A simple brute force method,
which also works well, is to discretize §2 uniformly in each dimension and solve
(8.21) at each grid point. Since we only need an integer solution for the number of
bits N = log, (2Np), the discretization can typically be done coarsely.
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8.1.3 Robustness Against Additive Noises

Next, we consider the scenario where the system (7.1)—(7.2) is subject to some
bounded additive noise, i.e., we consider the following system instead:

Xk4+1 = Axg + Buy + wy, (8.29)
Yk = Cxg, (8.30)

where ||wg|] < w for some constant w > 0. The corresponding closed-loop system

becomes _ - _— _ -
Xkr1 = Axg + Bg, Q(grCiXi) + Iwg, (8.31)

where I = [I 0]7. Using the scaled state z; = gxxx, (8.31) becomes
Zht1 = gk_ilgk (Azk + BO(Crzi) + gilwr) - (8.32)

In this case, we want to drive the state to a bounded region. To do so, we first
generalize Lemma 8.1 as follows:

Lemma 8.2 Consider the system (8.29)—(8.30) and the dynamically scaled loga-
rithmic controller as given before. Then, the scaled state zj = giXy is bounded as
follows:

I+ =)V  ife <|Q(Cz)l <1,
+(1+aDIP g, W

V@) < { L+ o)y, 'WT=nV() if |0(C)| =, (8.33)
+(1 4 o)’
+( 4+ a P lgt, w2

for any a > 0, where Py; = I PI.

Proof The proof is simply extended from the proof of Lemma 8.1. The detail is
omitted. O

From Lemma 8.2, we see that by choosing « sufficiently small, the scaled state
converges to a bounded set when g; has an upper bound g. There are two steady state
bounding sets for V (z) from (8.33), associated with the three cases of |0(Cz)|, and
they are given by

l+a! 29
Z = V(7)) < P , 8.34
00,1 [z (Z)_l—(l—}—a)(l—n)” IIgW] (8.34)
1+
ZOO,Z =32: V(Z) < ( a)_riz 82
I-+a)y, 1—n

l+a! -
+ — IPlIg*w | . (8.35)
1—(+a)y, 'VT—7
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It is straightforward to minimize Z,,| with respect to o and the result is given by

Zool = [z V() < 0= P11 ||g2v'v2] : (8.36)

/ )2

Noting that the overall minimization of Z, > is difficult, we choose to minimize the
term associated with w. It is easy to verify that the result is given by

n2 2
Zoo = :V S
2= [ o< e
1 —2-2]
+—FIP , 8.37

where 1 — =7/2_1 1—n

Theorem 8.3 Consider the system (8.29)—(8.30) and the dynamically scaled loga-
rithmic controller as given before. We require N > Ny with Ny given by (8.20) and
modify the scaling factor gy by saturating it at some g. Then, both the closed-loop
system state Xy and the scaled state 7 = gixy are bounded when k — ©0.

Proof The asymptotic boundedness of z; follows easily from (8.36)—(8.37). To show
the asymptotic boundedness of Xy, it suffices to show that g; has some lower bound
g asymptotically. To do so, we define

Zoo3 ={z: Pz < (C’P_léT)_l}.

It is easy to check that |Cz| < 1 forall z € Zy 3. Since N > Ny, we know that
Zoo = Mo 3 for some 0 < A < 1, where Zy, is defined in (8.15) and

M3 ={z: Az e Zoo.3}

Next, we note that if gz — 0, we can take ¢ = g1 so that (8.33) becomes
(8.11). Using Zoo = AZw 3, the above means that there exist ¢ and 73, both positive
and sufficiently small, such that, if gz < g, then

V(@) < (L =m)V(@), YV & Zoos or |Czl > & (8.38)

The exponential convergence rate above implies that there exists some integer k > 0
such that for any initial zx € Zx 2 in (8.37), it takes at most « steps for z to reach
Z0 3, provided that gi 41 can be kept below ¢ all the way. Once z; € Zoo 3, it will stay
there until g; > g again. Since the exponential decay in (8.38) continues to happen
as long as |Cz;| > €, z will decay sufficiently to allow gi to grow back until g; > g.
Now we define g = 8 +g g and proceed to prove that g > g asymptotically. We
assume, on the contrary, that there exists an increasing sequence of k;, i =1, 2, .

such that k; — oo as i — oo and g, < g for all i. Since zx — Zxo2 In (8.37) as
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k — oo, we may assume that k is so large that 7y, _ € Zy ». From the definition of
g, we know that g, < g for all k; —x < k < kj. Hence, from our earlier discussion,
we know that z;, € Zs 3 and that g; will stop decaying when k > k; and will
eventually grow back to g > ¢ while keeping zx € Zoo 2. Once this happens, gi
can not decay down to g again because as soon as g < ¢ (but with g > 1), it
takes at most « steps for z; to reach Zs, 3 again while keeping gx < g, and g; can
not go below g in « steps. This conclusion contradicts the assumption made on the
sequence {k;}. Hence, g; > g asymptotically. O

8.1.4 Illustrative Examples

In this section, we use two examples to illustrate the proposed dynamic scaling
method.

Example 8.1 We consider a first order system:
Xkl = aXp + Uk, Yk = Xk, (8.39)

where a > 1. It turns out that we can have a relatively simple expression for Ny.
Indeed, to stabilize the system using a logarithmic quantizer (8.1) with density p,
the controller H(z) = h, where A is a constant, because of full state feedback. The
closed-loop system is given by

Xer1 = (@ + h(1 + A))xe, [Ax] <9,

where § relates to p as in (8.1). Since it is a first order system, we take V (x;) = x,%,
which gives

V1) = (a+h(l + A))x3 < (la+ k| + 81h))x}

with the right-hand side being the worst-case value. Minimizing it gives & = —a and
V(g1) < 8%V ().

This gives the upper bound for § to be a~!.
Now, forany § < a~!, 5 in (8.7) is given by n = 1 — §%a®. Applying it to (8.20),

we obtain .

log(yaa™" —9) -

,d0<a
log(1 — 8) — log(1 + 8)

No =1 , (8.40)
which can be minimized numerically. The result is shown in Fig.8.1, where two
curves for the required bit rate, one for » = 1 and another for y» = 0.9, are compared
with the minimum bit rate [log,(a)] given in [2]. We see that the difference is only
a few bits even when a is taken up to 100.
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Fig. 8.1 Bit rate comparison 10
for a first order system

i —— Proposed bit rate fory, = 1
2.~ - - - Proposed bit rate fory2 =0.9 H{
! -~ Minimum bit rate
1 L . . : :
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a

Example 8.2 The second example we consider aims at demonstrating the conver-
gence rate and robustness of the dynamic scaling method. Consider the system
(7.1)—(7.2) with

2.7 =2.41 0.507 1
A= 1 0 0 , B=10],
0 1 0 0

C=[1 —-05 0.04].

The system is unstable with two unstable open-loop poles at 1.2 &£ 0.5 but without
unstable zero and the relative degree is 1. It follows from [1] that

Ssup = [1.2 0572 = 0.5917,  pint = 0.2565.
By applying the search mentioned in Sect. 8.1, we obtain the optimal values:
5§ =0.201, n =0.561, 11 =0.7223, 1y = 8.5046
The optimal controller is given by

[ —255.6834 46.7502  217.854
A, =| 6163274 —111.8387 —523.9270 |,
| —431.7862 79.0425  368.0348

5.8122
B, = | —14.0003 |,
9.8161

C. = [81.6699 —15.0325 —69.6715],
D, = —1.8594.
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Fig. 8.2 The responses of x; 200
of the closed-loop system

with N = 8 150 1

100
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time

Since y; is lower bounded by /T — 7 = 0.6626, we choose 3, = 0.8. This gives
No =~ 8. We try N = 8 (4 bits). Note that the minimal bit rate required for stabilizing
this system is one bit [2].

Next, it can be easily verified that (8.8) is satisfied if y; < 0.25. Thus, we take
y1 = 0.2. Let the initial state of the controller be xo = [0 0 017 and no = 1.
The response of the first state variable of the closed-loop system with the initial
state xo = [30 — 30 0]7, go = 0.1 and N = 8 is shown in Fig.8.2 (solid line).
Other state variables are not shown since they are similar. If x( is known, we may set
go = 1/|Cxp|. The response of the first state variable under this situation is also given
in Fig. 8.2 (dash line) which as expected, shows a much reduced overshoot. We also
examine the robustness of the closed-loop system. Let wy in (8.29) be a saturated
Gaussian white noise with zero mean, covariance matrix Q,, = 3/ and w = 100.
For N =8, go = 0.1, uo = 1, and g = 0.3, the response of the first state variable
of the closed-loop system with xop = [30 — 30 017 is also shown in Fig.8.2 (dot
line) for comparison. The corresponding scaling gains g for the above three cases
are compared in Fig. 8.3.

8.2 Attainability of the Minimum Data Rate for Stabilization

In the previous section, it was shown that a finite-level logarithmic quantizer with
dynamical scaling can be applied to quadratically stabilize an unstable system. We
also demonstrated in early chapter that a uniform quantizer can be applied to achieve
the minimum data rate for stabilization. Observe that the data rate for achieving
quadratic stabilization under logarithmic quantization is usually greater than the
lower bound of (2.10), it would be of interest to know if a logarithmic quantizer can
approach the minimum data rate if only stabilization is concerned. In this section,
we shall study this issue.
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Fig. 8.3 The scaling factors 2 -
gk with N =8 — log(gain)

time

To this purpose, consider a discrete-time system as follows:

Xi+1 = Axg + Buy + wy,
v = Cxi + v, Vk € N, (8.41)
where x; € R” is the state, uy € R” is the control input, y; € R’ is the output,
wr € R" and vy € R are bounded additive disturbances. (A, B) and (C, A) are
stabilizable and detectable pairs, respectively and rank(B) = m < n.

Our objective is to show that given an average datarate R > Hr(A) of the feedback
channel, we are able to design a finite-level quantizer to stabilize the networked linear
systems (Fig. 8.4).

8.2.1 Problem Simplification

We perform the following techniques to simplify the presentation. Since we are con-
cerned with the stabilization of linear systems, we can assume that all the eigenvalues
of A lie outside or on the unit circle. Otherwise, the matrix A can be transformed to a
block diagonal form diag{A,, A,} by a coordinate transformation, where Ay and A,
respectively correspond to the stable and unstable (including marginally unstable)
subspaces. State variables associated with the stable block Ag will converge to a
bounded region for any bounded control sequence. Thus, without loss of generality,
we assume that A has all eigenvalues lie outside or on the unit circle and (A, B, C)
are controllable and observable.

Then, adeadbeat observer [3] can be constructed to estimate the state of the system.
The estimation error will be uniformly bounded after n steps and independent of the
initial state. Hence, it is sensible to focus on the state feedback case.
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By applying the Wonham decomposition to (8.41) [3], one can convert the multiple
inputs system to / single input ones. More specifically, there is a nonsingular real
matrix 7 € R such that A = T~'AT and B = T~'B take the form:

Al A ... An By By ... B
_ 0 A ... Ay, _ 0 By ... By,
A= . . . . ’ B = ’
0 0 ... A, 0 0 ... B,
where (A;, B;) with A; € R">"% and B; € R™, i € {1, ..., m}, is a controllable pair

and Zle n; = n. For illustration and brevity, let / = 2 and assume that the state
feedback system is already given by

Xpt1 = Axg + Bug + wy.

By partitioning the state x; = [(x})’, (x?)']" in conformity with the upper triangular
form of A, two single input subsystems are written as

Xy = Axp + Brup + Apxq + Bioud + wy; (8.42)
X1 = Aoxi + Bou + wi. (8.43)

If x]% is stabilized with a communication data rate greater than Hr(A3), then ||x,% lco
will be uniformly bounded and can be treated as a bounded disturbance input to
the subsystem (4), which can be stabililized similarly with a data rate greater than
Hr(A1). Asin [2, Sect. 3], it is convenient to put A; into real Jordan canonical form
so as to decouple its unstable dynamical modes.

Consequently, it is sufficient to focus on the following discrete linear time-
invariant unstable system

Xk+1 = Axg + Bug + wg, Vk € N, (8.44)

where x; € R”" is the measurable state, u; € R is the control input, and w;, € R" isa
uniformly bounded disturbance input, i.e., |wi |l < d, Yk € N, where || - || is the
[°*° norm for vectors or the induced matrix norm for matrices.

Moreover, A € R"*" has two distinct real Jordan blocks, i.e.,

A = diag(J1, J2),
where J; € R"*" corresponds to one unstable real eigenvalue A; € R or a pair

of unstable complex conjugate eigenvalues A;, Y € C and |A;| # |A2|. Moreover,
(A, B) is a controllable pair.
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Differently from the finite-level quantizer in (8.1), we now use a (2N + 2)-level
logarithmic quantizer with density p € (0, 1) as follows:

pi(1—=8), ifpt!l<v<pl 0<i<N-1;

=1 if0.<v< " (8.45)
V) = .
N —Qu(—v), if —1<v<0,
1, otherwise.

In the above, we have chosen
2p
uy = ——
T 15,
in (8.1) and for any v ¢ [—1, 1], the alarm level 1 is introduced to indicate the
saturation of the quantizer. Thus, the number of bits to represent each quantizer
output is [log, (2N + 2)7, where [-] is the standard ceiling function, i.e.,

[x] = min{/ € Z|l > x}.

8.2.2 Network Configuration

Two basic network configurations shown in Fig. 8.4 are to be studied. Configuration I
refers to the scenario where the downlink channel has limited bandwidth while in
configuration II, the uplink channel has limited bandwidth. Thus, the output of
the controller in Configuration I, which is a scalar for the system (8.44), is to
be quantized. In configuration II, the vector state measurement is quantized. The
encoder/decoder pair for the limited data rate communication is described in Fig. 8.5.
The first stage of the encoding process consists of designing a scaling factor g~ ! such

@—» System Systel,—> Encoder
A A
Channel Z‘Z Uk Channel
A

-8 VL

f S \ T
k k
Controller Encoder Controller Encoder

Fig. 8.4 Configuration I (left) versus Configuration II (right)
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Encoder Decoder
oo i T |
z! .71 z/ g | logarithmic || ! 5
: quantizer j:_’ Channel T & T’

Fig. 8.5 Encoder/decoder pair for a digital channel: g > 0 is a scaling factor

that the quantizer input z/g lies in the quantization range. The output of the finite-level
logarithmic quantizer Qy(z/g), which takes values from the set

(£p'1=8):i=0,....,N—1}U{0, 1},

is encoded into binary sequence and transmitted via a communication channel with
limited data rate. The decoder receives the binary sequence and correctly decodes it
as Oy (z/g) since we neglect transmission errors of the channel. The quantizer output
is then scaled back by g, i.e., z = gOn(z/g) to recover z if Qy(z/g) # 1. In Con-
figuration I, z and Z respectively correspond to f;’ and u;. While in Configuration
IL, z is a vector and corresponds to x;, which is the state of the system after down
sampling. Thus, the quantizer in Fig.8.5 is a product quantizer and consists of n
finite-level logarithmic quantizers. The above notations will be defined in the sequel.
Note that there is no separate channel to communicate the gain value g. The main
task is to jointly design the scaling factor g, the finite-level logarithmic quantizer
and the corresponding control law to approach the minimum average data rate of
the channel for stabilizing the unstable system in (8.44). We mention that an earlier
attempt has been made on scalar systems under Configuration I in [4].

Remark 8.1 The two configurations differ in the way that Configuration II quan-
tizes the state first and use the quantized state to construct the control signal whereas
in Configuration I, the control signal is constructed using the un-quantized state
and then quantized by a finite-level logarithmic quantizer. From the information
preservation point of view, Configuration II appears to generate worse control
actions because quantization (or information loss) happens earlier. However, what
we show in the chapter is that for the purpose of stabilization, the two configurations
require the same minimum average data rate, if variable rate logarithmic quantization
is used.

Remark 8.2 The two configurations have been widely adopted in literature. For
example, [1, 5, 6] focus on Configuration I while [2, 7, 8] are restricted to Con-
figuration II. The differences in the present chapter are that the quantizer in the
encoder of Fig.8.5 is limited to a finite-level logarithmic quantizer and we aim
to approach the minimum average data rate of the channel for stabilizing the sys-
tem (8.44).

In this section, we shall design finite-level logarithmic quantizers and the corre-
sponding control laws to approach the minimum average data rate for stabilizing the
unstable system in (8.44) under configuration I and configuration II, respectively.
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8.2.3 Quantized Control Feedback

Theorem 8.4 Consider the system in (8.44) and network configuration I of Fig. 8.4,
stabilization can be achieved based on quantized control feedback with a finite-level
logarithmic quantizer if and only if the average data rate R of the channel exceeds
Ruin, Le.,

R > nilog, |A1| + nalog, |A2].

Before giving the proof, the controller and quantizer are first proposed. Note that
[A1] # |Az], define the subset .Z(A) C N by

N’ lf)"la )\2 € Ra
) = {i e N]AL # (WD, ifA; € C,h eR;
— | i e NIA, £ (A3)1), if A €R, A € C;

{i e NIf # (), j = 1,2}, otherwise.

Obviously, -Z(A) has infinitely many elements. Since (A, B) is a controllable pair, it
is readily verified that (AT, A"~ B) is a controllable pair if 7 € .Z(A). By applying
the control input uxy; = 0, if 1 <t < 7 — 1, the down-sampled system of (8.44)
with a down-sampling factor 7 is expressed as

Xegat) = A X + AT Bugy + d, (8.46)
where
T—1
di= D AT e,
=0

Due to the controllability of (A7, A"~ B), (8.46) can be transformed into a con-
trollable canonical form, i.e., there exists a nonsingular real matrix P € R"*" that
transforms (8.46) into the controllable canonical form:

0 1 o ... 0 0
0 0 1 ... 0 0
X=| : oo g g +wy (8.47)
0 0 o ... 1
—Qy —0p_] —Qp_2 ... —0] 1

Here we denote x} £ Pxyi, u} £ ury and wi £ Pdy.

Itis clear from (8.47) that if we can stabilize the last element of the vector state x,i,
denoted by x]i (n), then xi is stabilized, which further implies the stabilization of (8.44)
duetot < oo.Thus, adeadbeat controller is proposed whose output is then quantized
by a finite-level logarithmic quantizer and applied to the down-sampled system.
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Specifically, the quantized control input to the down-sampled system is given by

up = gON(f/9);
Y itk <n (8.48)
= > ajp1xp_;(n), ifk=n,

where the quantization level parameter N and scaling factor g > 0 are to be designed.
Denote |A| = |A1]"|A2|"2, it follows that there exists an «g > 0 such that

lx| < aglA|7, Vk € {1,...,n}
since [Aj| > 1,Vj € {1,2}. Givenany n > 1, B1, f» > 0 and Bi + B> > 0, define

K(T, 1) = (B + BIAIT,

we have the following result.

Lemma 8.3 Vo > 1, Ve > 0and |X| > 1, there exist positive integers T and N such
that

2log, k (T, 1)

K(T,0)+e+1

} < log, 2N +2)
logy e

log, |:l +
< tlog, o +log, |A|" — 1. (8.49)

Proof 1tis trivial if [A\] = 1 and 81 = 0. Assume |A| > 1 or 1 > O, then k (7, A) —
00 as T — oo. Jointly with the fact that

. Lo
lim (1+)_c) =e

X—> 00

yields
k(t,A)+e+1

>, )1 , 8.50
Og2K(t,A)+8—l (T Mlogy e ( )

where m is sufficiently large. Next, two cases are discussed.
Casel: 81 >0,8 >0and |A| > 1.
Selecting a large m > 1 such that Ink (7, A) > 1, we have

(1+x(x, ) Ini(r, )" = (1+ B + B Ink(r, 1)/

> BT Ty ke (z, a7

> |)\|,3]1/r — |Mast — oo
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due to that limrﬁooxl/ ' = 1,Vx > 0. On the other hand, choosing a large 7 such
that k (7, X)) Ink (7, ) > 1, 17" > Br and 281" > In(2B17") gives the following

inequalities:

1/t 1/t

(1+K(t, A)lnk(r,k)) < (2K(r, M) Ink(z, A))
< @)Y @ [T In Al + In2BiT]T
< @B @ I A + 28171
= |M[4B1(n A + 2817 (z1/7)*"

— |AMlas T — 00,

due to that lim; oo T!/7 = 1.
Case2: 81 =0,8, >0and |A] > 1.
Let > 1, it immediately follows that

YT B T (n By 4+ TIn AV

> |18y "(In By + In|A])!/*

— |Alas T — o0.

(1 + k(t, M) Ink (T, A))

Also, for a sufficiently large 7, e.g., (7, X)) Ink(t,A) > l andm > In 85/ In |A|, one
can establish that

YT < @BaIA In(Bal AN

< AM@BIn At/ l/r
— |Alas T — oo.

(1 + x(t, A) Ink (T, A))

Consequently, under any situation, we derive the limit
lim (1 +x(r, ) Ink(r, 2)"" =l
T—>00

In the light of (8.50), it is clear that

1
) 2log, i (T, 1) |°
L [”m = 1A ®:5D
08> K(T, ) Fe—1

which further implies that for a sufficiently large t,

2log, (T, L)

~ T
10g2 |:1 + m] = 10g2 |)\| .
08> k(T,A)Fe—1
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Since o > 1, Tlog, @ — o0 as T — 00, the difference between the left hand side
and the right hand side of (8.49) tends to infinity if T — oo. Thus, it is always
possible to select T and N to satisfy (8.49). ]

Proof of Theorem 8.4 The necessity part has been well established in [2, 7]. Only
the sufficiency needs to be elaborated.

First, note that given any R > log, |A|, there exists an o > 1 satisfying
R > log,(x|A]). Based on Lemma 8.3 and by choosing 81 = 0, B2 = nay, it
is possible to select a pair of T € £ (A) and N > 0 such that Ve > 0,

21 AT
log, [1 08, (narp|A|")

noglA|T+e+1

:| < log,(2N +2)
2 naglA|TFe—1

< tlog, o + log, |A|* — 1. (8.52)

The quantizer level parameter N is determined by (8.52) and the number of bits
required to represent each quantizer output is [log, (2N + 2)7. The quantizer works
as follows. At time k, the quantizer first detects the overflow of x; (n) and then pro-
ceeds to detect the overflow of ;' /g. Precisely, if |x} (n)| > A is detected, it generates
the alarm level 1 and in this case there is no need to further check f;'/g. Here the
parameters g and A are to be determined later. Otherwise, it continues to check £’/ g.
If |f; /gl > 1 is detected, the quantizer generates the alarm level 1. Thus, the alarm
level 1 will be generated if either [x;(n)| > A or |[f}/g| > 1.
It is verified from (8.52) that the average data rate of this protocol satisfies

[log, 2N + 2)]

< log, (alA]) < R.
T

Since R is any given number greater than log, |A|, the average datarate of the proposed
quantizer can be made arbitrarily close to log, |A|. Thus, what remains to be proved
is the stability.

Mathematical induction arguments are adopted to show that

lim sup |x;(n)| < oo
k— 00

for any given initial condition.

First, assume |xj(n)] < A,Vk € {0,...,n — 1}, which will be relaxed later.
Then, for any k > n, assume that |x; (n)] < A,Vj < k, it is obvious that Vj €
{n,n+1,...,k},

n—1
1= 1D erixy] < naolA[7A £ .
t=0

Since [f,.s /gl < 1 and |xf (n)| < A,VYj < k, no alarm level 1 occurs before time k.
From (8.47), there exist vectors ¢; € R", j € {0, ..., n — 1} such that

n—1
s T, s
Si= 2. Wi
j=0
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and the down-sampled system is expressed by

n—1

Xy (n) = — Zaj+1x,s(_j(n) +uy 453,k > n. (8.53)
=0

Moreover,
n—1

T A~
Isi1 < D llef lloollwy_jlloo £ 5, VK € N.
J=0

Choose the quantizer density parameters

o -3
T A+ T T+

and A > 0 to satisfy that

N N

A , . 8.54
7 N g AT 20 T naglAl75) (854
In light of (8.52), it is easy to verify that
(na0|A|r)2p2N+l <1
[ nogl|A|*8 < 1. 8.53)

Inserting the quantized control in (8.48) into the system in (8.53) results in that

S < : s N
s < lfk|+5’ lflfk/g|§;0
Mo (D1 = ’W,ﬁl 15, N < /el <1

_ [neolAlr oV A +5, it i /gl < pN
noolAITSA 45, ifpt < |ff/gl <1
< A due to the selection of A in (8.54) and (8.55).

Inductively, |x;(n)| < A forall k € N.
Next, suppose that

b < A,Y€{0,...,n—1)

is violated, which can be detected by the decoder via the alarm level. Denote the first
time of receiving the alarm level 1 by k. Choose a scaling factor

n
y = Zaj +1 (8.56)
j=1
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to dynamically update the scaling factor. Specifically, set Ay = A and update the
scaling factor as follows:

Apsiss = ¥ Ay, alarm level 1 occurs,

kil = Aj4j, otherwise,
which is simultaneously processed on the both sides of the channel. Set u; ;= 0,
the increasing speed of Ay, is thus faster than that of x; +l.(n) by (8.47) and (8.56).
A will eventually capture x; +j(n) or

X (n)
lim <7 — ¢
j=oo Apgj

Let the scaling factor be
8k+j = no|A|" Mg,

it follows that
1. S . R O
; lim Jitj/8k+j =0,

implying that there exists a finite k) > n — 1 such that the signals received within
the time period {k + ko —n+ 1, ...,k + ko} do not give rise to the alarm level 1,
which suggests that

X (W] < Diyio Vi € tko —n 41, ko).

Then, repeating the above proof as the bounded case at time k + kg + n — 1 yields
that
|-x]§+J(n)| < Ak-l—kos V] > kO +n— 1.

Finally, it follows that lim sup;_, o, |x,i (n)| < oo, which eventually leads to that
lim supy_, o 1%k |0 < 00. 0

The following corollary gives the corresponding result for asymptotic stabiliza-
tion, i.e., limy_ o || X% |lco = O.

Corollary 8.2 Consider the system in (8.44) with w = 0 and network configura-
tion I of Fig. 8.4, asymptotic stabilization can be achieved via a quantized control
feedback with a finite-level logarithmic quantizer if and only if the average data rate
R of the channel is strictly greater than Ry, i.e.,

R > njlog, |A1| + nalog, |A2].
Proof Similarly, only the sufficiency part needs to be established. Define a scaling

factor
n £ max{(nag|A|")*p*N ! naplA|" T8}, (8.57)
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which is strictly less than one by (8.55), i.e., n < 1. Let Agy1 = nAy with an
arbitrary Ag > 0, which is assumed to be agreed by both the quantizer and the
decoder.
Assume that
Ixp(m)| < Ao, Vk €1{0,...,n—1},

the control input and quantizer are given in Theorem 8.4 with A replaced by A;.
Then, it is straightforward that

I (W] < nhp = Dy

Thus, x; (n) can be driven exponentially to zero since
lim |x{(n)| < Ag lim 7/ = 0.
k— 00 j—o00

Due tom < o0, it follows that limy—, o [|Xk|lco = 0. The removal of the boundedness
assumption for the initial state is similar to what we have done in Theorem 8.4. [J

8.2.4 Quantized State Feedback

We proceed to validate the attainability of the minimum average data rate under
configuration II via logarithmic quantization where the control design solely relies
on the quantized state. Intuitively, this might require a larger average data rate since
the quantized state contains less information than its unquantized version. However,
the result of this section shows that the logarithmic quantizer can still approach the
minimum average data rate.

Theorem 8.5 Consider the system in (8.44) and network configuration II of
Fig. 8.4 stabilization can be achieved based on the quantized state feedback with
a finite-level logarithmic quantizer if and only if the average data rate R of the
channel exceeds Ryin, i.e.,

R > nylogy |A1| + nalog, |A2].

In this case, two scalar logarithmic quantizers with appropriately chosen parameters

are designed and applied to the down-sampled state x; of (8.44), where the down-

sampling factor m > 2n is to be determined later. More precisely, index the scalar

components of the state of (8.44) by an additional superscript 2 € {1, ..., n}.
Attime t = Tk + h — 1, the hth element of x; will be quantized by

On, (g (W) /1)

ifh < ny and Qp, (x; (h)/A) otherwise, where the quantization level parameter N; and
A are determined by the available data rate. Neglecting the transmission time implies
that the quantized x,ﬁ can reach the controller before time tk + n. Since T > 2n, the
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control law within one cycle {tk, ..., t(k + 1) — 1} can be proposed as follows:
Urk+t—1
— _ AT Ty—147 (%
=—AC(€C)TATO(R), (8.58)
Utk+t—n
g =0,V €{0,...,t —n—1},

where the controllability matrix ¢ is defined as
% 2 [B,AB, ..., A" 'B]
and the product quantizer Q(-) is composed by

Q() = [QN] ()7 SRR QNl ()a QNz(')v ve QNQ()]T

ny ny

Proof of Theorem 8.5 As in the case of configuration I, only the sufficiency part
requires to be proved.
Given any
R > nilog, |A1| + nalogy |A2],

there exists an « > 1 satisfying R = R| + R, and
R; > nilog, (x|Ai]), Vi € {1, 2}.
In view of Lemma 8.3 for any ¢ > 0, we can choose a pair of integers T > 2n and

N; satisfying:

2log, ¢ /mt" AT
o ¢t T e+l
82 ¢ Tl a1

log, | 1+ < log,(2N; 4+ 2)

< tlog, o +log, |A;|* — 1,Vi € {1, 2}. (8.59)

The quantization level parameter N; is selected based on (8.59). The average data
rate of this protocol is computed by

ni[log,(2N1 4+ 2)1 + naflogy 2Nz 4 2)]
T

< log(@|A]) <R,

which implies that the minimum average data rate can be approached by the above
protocol. Also, the quantizer density parameters for Qy; (-) are chosen by

1
C ot T + e

i
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and 1
1—34; _ ¢ /nithi AT +e—1

T8 cy/me " +e+ 1

pi =

which gives that IN;+1
(G2 < 1,
i 5i¢ ST < 1, e

Define the uniform upper bound of dy in (8.46) by

T—1
D2d> AL,
t=0

then ||di|lco < D, Yk € N.
Similarly, the initial state x¢ is assumed to be bounded by A > 0, where A is
selected to satisfy

D D
A > max { ). (3.61)

Tie{l2) 1 — (& JmiTni=12p; N ] — 8¢ STt

Inserting the control law in (8.58) into (8.44) yields that

—1
Xy = AT+ D AT T Buriys + Weiys)
=0
T—1
= Arx}z + Z Ar_l_tBufk_H + dp
I=T—n
=A"[x] — AQ( )] + di. (8.62)

Assuming that ||x}[|cc < A, there is no alarm level 1 for the scaled state x; (h) by the
scaling factor A. Denote (x)! the state vector consisting of the first n; elements of
x; while (x,i)(z) is the state vector by collecting the remaining elements of x;. Similar
notations will be made for Q) and d,gi), i € {1, 2}. Consider the system of (8.62), it

follows from Lemma 3.1 that:

G ") N +dP oo

(,g”

1) P loe = 7 1) — AQW (—E—

< W el xH? — AQD (K )) oo + D
o (i . N i—1

< el ) Plloo D, G/ Alloo < ol
I loo8ill ) Plloe + D, if ;" < ()P /Alloo < 1
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i—1 Ni—1 . i N;i—1
cymT o A+ D, A 0) P/ Al < p;
cymT s A+ D, g T < 6@/ Ao < 1.

A by (8.60) and (8.61).

IA

Inductively, ||x,i||oo < A,Vk € N. Since t < oo, it follows that limsup;_,
Xk [0 < o0

The removal of the boundedness assumption of ||x)[lc < A is similar to the case
of configuration I and is omitted. O

Remark 8.3 1t is worth mentioning that the parallel result in Corollary 8.2 can be
given under configuration II. Furthermore, the attainability of the logarithmic quan-
tization can also be established for the case where quantization appears in both the
state measurement and the control signal.

8.3 Summary

In this chapter, we have studied two problems concerning logarithmic quantization.
The first is the design of a dynamic finite level logarithmic quantizer for quadratically
stabilizing an unstable plant. The other is the attainability of the minimum average
data rate via logarithmic quantization for stabilizing an unstable discrete-time linear
system. For any average data rate greater than the minimum rate given by the data
rate theorem, a finite-level logarithmic quantizer and a controller were constructed
to stabilize the system under two different network configurations with different
schemes of quantizer bits assignment. It should be noted that since our main concern
is the attainability of the minimum average data rate by logarithmic quantization, the
proposed control law and quantizer may produce a poor transient response.
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Chapter 9
Stabilization of Markov Jump Linear
Systems via Logarithmic Quantization

This chapter aims at stabilizing an unstable plant across a lossy channel via quantized
feedback. Since a large class of NCSs with random packet dropouts can be modeled
as Markov jump linear systems (MJLSs), we first consider the quantized stabiliza-
tion problem for a single-input MJLS in Sect.9.1. Given a measure of quantization
coarseness, a mode-dependent logarithmic quantizer and a mode-dependent linear
state feedback law can achieve optimal coarseness for mean square quadratic (MSQ)
stabilization of an MJLS. The sector bound approach is shown to be non-conservative
in investigating the corresponding quantized state feedback problem, and then a
method of optimal quantizer and controller design is presented in terms of LMIs.
Moreover, when the mode process is not directly observed by the controller, we give
a mode estimation algorithm by maximizing a probability criterion. In Sect. 9.2, the
results presented in Sect. 9.1 are applied to the quantized stabilization of NCSs over
lossy channels with binary or bounded packet losses. Both TCP-like and UDP-like
protocols are discussed, and an extension to output feedback under the TCP-like
protocol is also included. Section 9.3 summarizes the chapter.

9.1 State Feedback Case

As we can see from Fig. 9.1, a quantized feedback control system generally comprises
three parts: a system to be controlled, a controller and a quantizer.
Assume that the system is described by a discrete-time single-input MJLS as

Xk41 = Ag Xk + Bouy + wi, 9.1

where x; € R” is the state with xp being a second-order random variable, u}( IS
R is the quantized control input, wy € R” is a second-order process noise with
zero mean and covariance matrix Xy, > 0, and 6, € © £ {0,1,...,N} is the
system mode governed by a time-homogeneous Markov chain with initial distribution
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X6

Controller » Quantizer “» System |—

Fig. 9.1 Typical quantized feedback control system

7 =[mo m...7y] and transition probability matrix [T = [7;]; jee, Where
mi £ Pr(6p = i), my = Pr(Oe1 =jlox = ). 9.2)

For all k > 0, xq is assumed to be independent of 9(’)‘ and wg, where 9(’)‘ and wg denote
respectively the set {6, 61, ..., 0} and the set {wo, wi, ..., wr}. Suppose that xi
is available at both the controller and the quantizer, and the static quantized state
feedback is denoted by

Vi = g(xkv é‘k)9 (93)
wp = f Ok, &), 94

where {; € @ is a direct observation or an estimate of system mode 6;_, at the
controller/quantizer side at time step k with d € Z. the constant mode observa-
tion/estimation delay. For every k € [0, d — 1], the initial ¢ is chosen arbitrarily
from the mode set ©.

The closed-loop system of (9.1), (9.3) and (9.4) is given by

X1 = Ag X + Bo f (§(Xk, $k)s Ck) + Wi 9.5)

It is worth mentioning that (9.5) is generally nonlinear, since the control signal i},
can be a nonlinear function of vy in (9.4) due to quantization. We adopt the following
definitions of mean square stability and MSQ stability.

Definition 9.1 For w; = 0 and any initial condition of xq, 6, {o, the equilibrium
point at the origin of (9.5) is mean square stable if

lim &|lxg [11x0, 0, Lol = 0; (9.6)
k— 00

it is mean square quadratically (MSQ) stable, if, for every {; € @, there exist a
function
V (e, G = xf Pox, Py, > 0, 9.7)

and a positive-definite matrix Q;, such that, for all k > d,
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VV (X, &) 2 ELV a1y Ser1) — V0, S0 1x8, 651
= ELV (a1, S ) X6, E81— Voo, 20)
< —x] Qe xk, Yxp € R", x #0. (9.8)

Remark 9.1 Following a similar line of arguments as in the proof of Theorem 1 in
[1], we can prove that the MSQ stability of the equilibrium point at the origin of
(9.5) always implies the mean square stability. When d > 1, after taking u; = 0 for
all k < d, it is easy to see that x, is still a second-order random variable, and thus
we can consider k = d as the starting point in (9.8) without loss of generality.

Remark 9.2 Imposing the condition (9.8) in every system mode introduces some
degree of conservativeness but has the following advantages: (1) under the notion
of MSQ stability, we can prove the optimality of the logarithmic quantizer defined
in the next section; (2) it makes existing well-established results in robust control of
MIJLSs applicable in quantized feedback control.

Assume that f(-, -) in (9.4) is an odd function of v, i.e.,

S =V, &) = =f vk, &) 9.9)

We define the mode quantization density with respect to mode i, i € @, similarly to
the quantization density in the LTI case (7.5), as

#ile, i
ny (@) £ lim sup Le. 11

-0 —INE&

(9.10)

where #[[ ¢, i] is the number of quantization levels in the interval [e, 1/¢] for the quan-
tizer f (-, i). Evidently, the mode quantization density is reduced to the quantization
density defined in [2] when N = 0. For N # 0, there is a set of mode quantization
densities n¢(i), i =0, 1, ..., N. Motivated by the Pareto optimality of vector-valued
criterion [3], we introduce the overall coarseness for a mode-dependent quantizer as
follows.

Definition 9.2 The overall coarseness of a mode-dependent quantizer (9.4) is
defined as

Cr = e(n(0), np(D), ..., mp(N)), O.11)

where e is a scalar-valued function of ¢ (i), i =0, 1, ..., N, satisfying the following
property: if n¢1 (i) < ny2(i) forall i € ©, then

e@r1(0), ner (D), ..., 1 (N)) < e(mp2(0), mpa(1), ..., mpa(N)). 9.12)

The property (9.12) reveals that the overall coarseness should always be nonde-
creasing when any one of the mode quantization densities is increasing and all the
others are fixed. Note that the smaller the value of C¢, the coarser the quantizer.
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The form of e in (9.11) can be chosen according to physical constraints or perfor-
mance requirements of the quantizer. It is easy to see that the set of (i), i =
0,1,...,N, corresponding to the globally optimal C; may not be unique. The main
purpose of this section is to find one possible combination of the controller (9.3)
and the quantizer (9.4) with the optimal Cy such that the closed-loop system is MSQ
stable.

9.1.1 Feedback Stabilization

A mode-dependent quantizer is said to be logarithmic, if, for any {; € @, the corre-
sponding set of quantization levels 2, has the following form:

P ={u)(0) - u) (@) = pl(Gul, ufy > 0, forl e +£1,+2, ...} U {+u)} U {0},
(9.13)

where
I —68(5)

, 9.14
14+ 68(%) O

o) =

and § (&) denotes the sector bound as shown in Fig. 9.2. Specifically, the associated
logarithmic quantizer is defined as follows.
For the given &:

e if §(¢x) = 0, then

FOk, &) = vis 9.15)
e if 0 < 6(¢&) < 1, then
uy(¢0), if T (6 < v < =54 (G0,
fOr &) =170, if vy =0, (9.16)

—f (=i, &), if v < 0;
° lfg(é‘k) = 1’ then
7 if v > %ué
fOk, &) =10, if 0< v < Jug, 9.17)
—f(—=v, &), if v <O.

There is no loss of generality by choosing the same u, for every & € ©; see
Lemma 2.1 in [2]. For a logarithmic quantizer, it is easy to verify that

(i) = =2/In p (i) (9.18)

for every i € ®. Thus, the coarser the quantizer for mode i, the smaller the 7y (i) €
R+ U {oo} and p(i) € [0, 1], or equivalently the larger the §(i) € [0, 1].
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/ W=[014+50@)vu=v v =(1-68640)
w=( +6(j)))/1/ f(v.1)

Fig. 9.2 Mode-dependent logarithmic quantizer

Since we mainly focus on global stabilization in this section, we let wy = 0
without loss of generality. The next assumption is essential to the existence of an
optimal memoryless quantization strategy in the MSQ stability sense.

Assumption 9.1 (a) The system (9.1) is not mean square stable with «, = 0 but
can be mean square stabilized via a linear state feedback law:

U, = K. (9.19)
(b) For any iy, i,i3 € ® and k > d,
Pr{6y = i1, (o1 = o, 8871 o= i3} = Pr{6y = i1, Gupt = ]G = i3} (9.20)

Moreover, the conditional probability on the right-hand side of (9.20), denoted
by gi,i»i5, is constant over time and known to the controller/quantizer.

Remark 9.3 Assumption 9.1(a) clearly avoids triviality and imposes a necessary
restriction for ensuring the solvability of the stabilization problem. A systematic way
to find a stabilizing state feedback law for an MJLS can be found in [4]. Assump-
tion 9.1(b) facilitates an explicit evaluation of (9.8) and covers several situations as
collected in Sect.9.1.2.

As the first result of this chapter, it will be shown that for a fixed set of
P;>0,0,>0,i=0,1,...,N,

the coarsest quantization in the sense of MSQ stability can be approached by a linear
state feedback law and a logarithmic quantizer. To this end, for every i € @, let us
define the row vector a;, the matrix F;, and two scalars b;, §,,(i) as
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a; = Z [CliliziBil TPizAil] , (9.21)
EO,he®
F = Z [QiliziAilTPizAil:I >0, (9.22)
EO,he®
b = Z [QiliziBil TPizBil] >0, (9.23)
EO,he®
00, ifb; =0,
. A
Sm(i) =1 —L——,  otherwise, (9.24)
VKM KY,
where
.
Kpi & ——, (9.25)
b;
T
a; a; F; — P; i
e Ut Fim Pt O 9.26)
bi b;

Theorem 9.1 Consider the MSQ stabilization with a given set of
P,‘>O,Q,’ >0, i=0,1,...,N

in (9.8) for the system (9.1) using quantized state feedback (9.3) and (9.4). Then,
under Assumption 9.1, the smallest Cy defined in (9.11) can be approached by a
linear state feedback law vy = Ky, xi and a logarithmic quantizer (9.15)—(9.17) with
controller and quantizer parameters chosen as below:

K,-:[O’ if Sm (i) > 1, 3(1’):[1’ i om() > 1,

K,.i, otherwise, Sm (i), otherwise.

Proof Suppose that ¢, = i for any i € ©, and drop the time index k when no
confusion is caused. Then, for k > d and the system (9.1) with wy = 0, we have

VV(x,i)
= > [annilix + By Py @x + Byi) ] — ¥ Px

iI1€0,hHe®
= bu'? + 2a;xu’ + xT (F; — Pj)x. (9.27)

For Case 1: b; = 0. Based on the definition of b;, it is direct to get CIiliziB,-Tl =0
for any i1,i; € ® since P;, > 0, which further implies that a; = 0. The MSQ
stabilization guarantees that F; — P; + Q; < 0, and thus K; = 0, i.e., #’ = 0 can be
adopted, which renders 77 (i) = 0. In this situation, we can set §,,(i) = oo without

loss of generality.
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For Case 2: b; # 0. From (9.27), it holds that
VV (i) +x" Qx = {—x" Mix + (' — Kpix)* )by,

and therefore the MSQ stabilization ensures that M; > 0.
Then, VV (x, i) < —xTQ;x, Vx # 0, if and only if ' = f(v, i) € (u} (@), u5 (1)),

where
“/1 (i) = Kpix — vV xTMx, u/z(i) = Kyix + VxTM;x.

By applying the orthogonal decomposition method, Mil/ % can be decomposed into

e

L

x =M, KL + B, (9.28)

where « (i) is a scalar, and the vector §(i) is orthogonal to M; 1/ ZKL.. Therefore,

”/1 (1), u/2 (i) can be rewritten with respect to the new coordinate system (9.28) as

o al) a(i)? T
uy (i) = o \/Sm(i)z + )7 BG),

1) a(i)? T
uy (i) = 5,2 + /5,”(1')2 + BT BG).

Moreover, if §,,({) > 1, then we can again choose ©' = 0 similarly to Case 1, since
u’ = 0 belongs to the interval (u] (i), u5(i)); if 8,,(i) < 1, then it can be proved that
the optimal quantization strategy with the smallest 1y (i) for mode i is logarithmic,
as shown in (9.16) and (9.17), with § (i) = §,,(i) [2].

By combining the above two cases and taking note of the property (9.12), we
can conclude that the logarithmic quantizer stated in this theorem can achieve the
smallest Cy for a given set of

P;>0,0i>0,i=0,1,...,N.

The technique in the proof of Lemma 2.1 in [5] can still be used to prove that a linear
state feedback law vy = K x; is sufficient to obtain the coarsest quantization for
Case 2 with §,,(i) < 1, while, for Case 2 with §,,(/) > 1 and Case 1, the argument
is trivial, since K; = 0 is adopted. This completes the proof. ]

The quantization error of a logarithmic quantizer is given by

ex =y —vi =f vk, &) — vk = A(k, G, (9.29)
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where A (v, &) € [—6(¢k), 8(&k)]. The closed-loop quantized feedback system with
vk = Ky, x; becomes the following uncertain MJLS:

X1 = Agxx + Be, (1 + AKXk, 81)) KX (9.30)

Before optimizing the overall coarseness with respect to all possible P; > 0, Q; >
0, i € ©® such that (9.30) is MSQ stable in part (b) of the theorem that follows,
we note that the uncertainty in (9.30) is a nonlinear function of K, xx, which cannot
be handled directly. The validity of the sector bound approach proved in part (a) of
the next theorem shows that quantized stabilization is equivalent to the robust MSQ
stabilization of an uncertain system with time-varying uncertainties.

Theorem 9.2 (a) Given a logarithmic quantizer (9.15)—(9.17) with a set of fixed
8({@) € [0,1], i = 0,1,...,N, the system (9.1) under Assumption 9.1 is MSQ
stabilizable via quantized linear state feedback if and only if the following uncertain
system

Xi+1 = Agxr + Bg, (1 + A(Lr)) vk 9.31)

is robustly MSQ stabilizable for uncertainty A(gx) € [—8(&k), 6(¢k)] via a linear
state feedback law vi = K¢ xi.

(b) Under Assumption 9.1, the optimal overall coarseness for the system (9.1)
to be MSQ stabilizable via quantized linear state feedback can be obtained by the
following optimization:

c e

min Cr
$;>0,W;>0,Y;,7(i)>0,Vic®

subject to the constraint

=S Si YT Do @y By
* —=W; 0 0 O 0
* x —t(@) 0 0 --- 0
* * * Eo[ 0 0 < 0, (9.32)
* % * * Hy--- 0
| *x  * * ok ok ok By

where

@5 = [ Jaoisia] +¥IB) Jamisia] +¥IBD) - Jgmisial +v]BD),
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=S80 + (3 qjoiB;B] T()8()? /0ig;TiBB] -

< =81 + ()3 *qjBB] -

1]

* *
t(3()* /qj0igjNiBjB]
T (i)a(i)24/QinQjNiBijT

)

=Sy + f(i)(?(i)ij'NiBijT

foralli,j = 0,1,...,N. Moreover, a logarithmic quantizer (9.15)—(9.17) and a
linear state feedback law vi = Ky xi are sufficient to achieve the C;, and a set of

suitable state feedback gains is given by K; = Yl-Sfl, i=0,1,...,N.

Proof (a) Again, suppose that { = i, i € ®. For the system (9.30), we have

VV(x, i)
= > [aumitix+ By (1 + A, iKe) T
I1€0O,He®
X Py (Aiyx + Biy (1 + A(Kix, i)Kix) |
—x"P;x. (9.33)

Following a similar proof of Lemma 2.2 in [5], it can be shown that, for all x # 0,
the inequality VV (x, i) < —xTQix is equivalent to

xTP,-x — xTQ,-x >

> g+ By (1 + A)KDT Py (A x + By (1 + AGDKx) |,
iI1€0,hHe®

(9.34)

where A(7) is defined as in (9.31) with { = i. This kind of equivalence is true for
any i € @, and thus, by Definition 9.1, (9.34) is the condition for the robust MSQ
stabilization of (9.31).

(b) The constraint (9.32) is obtained by using Schur’s complement documented
in Lemma A.1 on the inequality (9.34) and taking

Si=pP L, W=7, Vi = K:S;, (9.35)

where t(i) > 0 is the scaling variable. From the proof in part (a), we see that the
quantized stabilization for (9.30) and the robust stabilization for (9.31) can share
the same set of P;, Q;, i =0, 1,..., N, as well as the same set of feedback gains.
The result then follows directly from Theorem 9.1. (]
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As we can see from (9.14) and (9.18), the overall coarseness Cy of a logarithmic
quantizer can also be defined in terms of the set of 6(i) or p(i), i =0, 1, ..., N. For
example, one possible choice is

Cr1 min{3 ()}, (9.36)

which captures the worst-case mode with the smallest sector bound (equivalently
the largest mode quantization density) among all system modes. In this case, the
optimization in part (b) of Theorem 9.2 becomes maxg; w. y; (i) 8 over (9.32) with
8(i) = 6 for every i € ®. Moreover, suppose that 6 is driven by an ergodic Markov
chain which admits a limiting probability distribution {77;; 7; > 0,i € ©@}. Then,
another choice for the overall coarseness can be

N
Z 7;8(i)2, (9.37)
i=0

which characterizes the weighted average quantization performance. Since, for any
fixed set of 8(i), (9.32) is convex in S;, W;, ¥; and (i), Cs can be obtained by
searching the space of §(i), i =0, 1, ..., N. Note that such a method may be time-
consuming especially when the number of system modes is large.

9.1.2 Special Schemes

The results presented in Sect.9.1.1 can be applied to different scenarios as follows.

e Scheme I [Current mode observation (CMO)]: ¢ = 6. In this situation,

i = | T2 ity =is,
nii3 0, otherwise.

e Scheme II [One-step-delayed mode observation (OSDMO)]: ¢ = 6y—1. In this

situation,
) Tisins ifi] = iz,
Tiriris = 0, otherwise.

e Scheme III [Mode-independent manner]: {x = ¢ with ¢ representing a void signal.
Assumption 9.1(b) is reduced to that

Pr{6; = i1|xk) = Pr{6y = i1}, Vi € O,

is constant over time and known to the controller/quantizer, which is true if the
underlying Markov chain is an i.i.d. process, i.e., m;; = 7, forevery i,j € © [6],
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or the Markov chain is ergodic and the initial distribution 7 is equal to its limiting
distribution.

9.1.3 Mode Estimation

When the system mode is not directly observed at the controller/quantizer, one can
adopt the mode-independent strategy (Scheme III) in Sect. 9.1.2. However, Scheme I11
may be conservative since no mode information is taken into consideration.
Alternatively, we can try to estimate the mode process at the controller. First of
all, a special case of mode estimation is given.

e Scheme IV [Mode estimation without process noise]: wy = 0 and for any x #
0.i1,02,13 € O, 11 # i,

Ajx + B f(g(x, i3), 13) # Aipx + Bipf (g(x, i3), i3). (9.38)

In this situation, the algorithm:
Gk = O = afgll,léi(g Ik — Aixe—1 — Bif (8(vk—1. G—1). G- II*

with arbitrary o € & can ensure {y = 01 for all k > 1. Thus, the result on
OSDMO (Scheme II) can be applied directly.

With nonzero process noise wy, one can still estimate the previous mode 6;_1
at time k based on x’é, g“(')‘*l and the closed-loop system model (9.5). Assume that
xo is white Gaussian and wy is zero-mean white Gaussian. Denote £2(x, u, X') as
the vector-valued Gaussian probability density function with mean vector p and
covariance matrix X'. Suppose that the initial distribution v and the transition prob-
ability matrix I7 of the underlying Markov process as well as the set of covariance
matrices X, i =0, 1, ..., N, of the process noise wy, are exactly known to the con-
troller/quantizer. The next algorithm gives an estimate of 6;_; by maximizing the

probability N P
L(Or-1) = Pr{tc—1lxg. &y '} (9.39)

with respect to 61 € ©.

Algorithm 9.1.1 A recursive procedure to compute §; = 6(k—1) attime k > 1 for
the quantized system (9.5), such that L defined in (9.39) is maximized, is stated as
follows.

(a) Choose ¢ as an arbitrary element in & and set u6 =0.
(b) Fork =1, ¢; = argmax;epla(i, 1)] with

a(i, 1) = m;82(xy, Aixg, ).
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(¢) Fork > 2, § = argmax;epla(i, k)], where a(i, k) can be computed iteratively
as

a(i, k) = ZG(L k — 1) 82 (xg, Aixg—1 + Bif (§(Xk—1, $k—1), Sr—1)5 Z0).
jeo®

The above algorithm is modified from the well-known Viterbi algorithm [7, 8]. The
optimality criterion of the standard Viterbi algorithm [7], different from (9.39), is
to find the single best mode sequence. Moreover, the maximum likelihood estima-
tion can be used to iteratively update the parameters such as =, I1, X, if some or
all of them are unknown to the controller/quantizer. For more complicated cases,
e.g., partial state observation with corrupted noise, algorithms for mode estimation
may be constructed based on a more sophisticated hidden Markov model; see, e.g.,
[9, 10].

Remark 9.4 Note that, for direct mode observation {; = 6r_g with d > 2, and
general cases of Algorithm 9.1.1, the probability on the left-hand side of equation
(9.20) becomes a function of state x and thus is dynamic, which renders an optimal
memoryless quantization strategy impossible. In this situation, dynamic or state-
dependent quantization strategy would be required for an optimal design.

The next numerical example demonstrates the usefulness of Algorithm 9.1.1.

Example 9.1 Consider an MJLS (9.1) with A9 = 1.2, Ay = —1.2, B = B; =1,
and transition probability matrix
0.10.9
= [0.9 0.1] '

First, suppose that direct mode observation is available at the controller/quantizer.
Then, for CMO (Scheme I), the smallest allowable Cy defined in (9.36) is —0.8333
with Ky = —1.2, K; = 1.2; for OSDMO (Scheme II), the smallest achievable Cry
is —0.7229 with Ko = 0.9600, K; = —0.9600.

Second, if the system mode is not observed at the controller/quantizer, then we
can easily verify that the mode-independent strategy (Scheme III) cannot stabilize
the system. Furthermore, assume that the covariance of wy is givenby Wy = W = 1
and the initial state xq is Gaussian distributed with mean 20 and variance 10. Then,
the first 30 mode estimates for one sample of simulation using Algorithm 9.1.1 are
shown in Fig.9.3. The parameters of the controller and quantizer are chosen as in
OSDMO: Kp = 0.9600, K1 = —0.9600, §(0) = §(1) = 0.7229. Figure 9.4 further
gives the empirical norm of state by averaging 10,000 Monte Carlo simulations. As
we can see from Figs. 9.3 and 9.4, there exist some mode estimation errors, but the

error rate is low, and the empirical norm of state by applying Algorithm 9.1.1 is
convergent.
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O Original Mode Process
% Estimated Mode Process

Mode

Fig. 9.3 Original mode process {6;—;} and estimated mode process {;} for one sample of
simulation using Algorithm 9.1.1
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Fig. 9.4 The empirical norm of state |x;|> by averaging 10,000 Monte Carlo simulations using
Algorithm 9.1.1
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9.2 Stabilization Over Lossy Channels

We refer to TCP-like channel if there exist acknowledgments that testify successful
transmissions or not at the transmitter side, and to UDP-like channel otherwise. The
packet acknowledgment is assumed to be available with one step delay. See [11, 12]
for more details on TCP-like and UDP-like protocols.
Consider a quantized feedback NCS in Fig. 9.5, where the LTI plant is described
in a discrete-time form as
Xi+1 = Axy + Buy, (9.40)

which may be obtained through discretization of a continuous-time system. The pair
(A, B) is assumed to be stabilizable. We note that the TCP-like protocol falls into the
OSDMO scheme, whereas the UDP-like protocol falls into the mode-independent
pattern. Next, two stochastic models for the lossy channel will be discussed.

9.2.1 Binary Dropouts Model

Suppose that a zero-control strategy is adopted in dealing with the binary packet
losses over the network. The network is modeled by

Uup = yku;(, (9.41)

where y, € ® = {0, 1} represents the loss (with y, = 0) or arrival (with y; = 1) of
the packet at time k. The system as a combination of the network and the plant can
be modeled as an MJLS (9.1) with

Agp=A;1=A, Byp=0, By =B. (9.42)
For TCP-like channel with ¢ = yx—1, we assume that y; is driven by a Markov
chain with transition probability matrix
~ System
Network :

x,¢ v,¢ . ! Lossy U
Controller Quantizer —» Channel Plant

Fig. 9.5 Quantized control over an input lossy channel
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_|{1—g9 4«
17_[ , l_p] (9.43)

In this situation, the OSDMO result (Scheme II) is applicable. Note that the CMO
result (Scheme I) is of theoretical importance in the quantization of MJLSs but may
not be practical in the NCS depicted in Fig. 9.5, since it is unrealistic for the quantizer
to know whether the current packet will be lost or not before the packet is sent over
the network.

For the UDP-like protocol, we can easily verify that the inequality (9.38) is true,
and thus Scheme IV can be used directly when wy = 0. If y4 is assumed to be an
i.i.d. random variable with

Prp=0)=a, Prir=1)=1-a, (9.44)

i.e., the NCS adopts an unreliable network with packet-loss rate o, then Scheme III
is applicable, and the inequality (9.32) is reduced to the following modified Riccati
inequality:

ATPA—P+0— (1 —a)(1 —8)ATPBB"PB)'B"PA < 0. (9.45)

Based on Lemma 5.4 in [12], the condition

1

—_ —_ 2 _——_—,—,—,—,—
1-a)(1—=6)>1 A2

can ensure the existence of P > 0t0 (9.45), where .# (A) denotes the Mahler measure
of A. It is easy to check that the above result is consistent with Theorem 2.1 of [13],
which can be seen as a special case of Theorem 9.2 (b).

Example 9.2 Consider the NCS in Fig. 9.5, where the plant (9.40) is borrowed from

[13] with
0 1 0
AZ[I.S —0.3] Bz[l] (9.46)
Suppose that the transition probability matrix (9.43) is given by
0.10.9
M = [0.3 0.7] : ©.47)

For TCP-like channel, the smallest allowable Cry defined in (9.36) is —0.2474 with
Ko = K1 =[—1.8000 0.5991]

according to Scheme II. The limiting transition probability of (9.47) is given by

M3 = lim IT5 = (9.48)

k— 00

0.25 0.75
0.250.75 |°
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Therefore, for UDP-like channel with initial distribution 71 = [0.25 0.75], the

smallest achievable Cry is —0.2796 with Ky = [-1.8000 0.6750] based on
Scheme I1I.

9.2.2 Bounded Dropouts Model

Suppose that the lossy channel undergoes bounded Markovian dropouts, and a zero-
order hold is used in dealing with the bounded packet losses. The model of the
network is given by

u = iy + (1 —yu_y, v € {0, 1}
Then, from Theorem 9 of [14], the system as a combination of the network and the
plant in Fig. 9.5 can be modeled as an MJLS (9.1) with

i
Ai=A"" B;=> A'B, ie®={0.1.....N}, (9.49)
r=0

where N is the number of maximum successive packet losses.

Example 9.3 Let the plant in Fig. 9.5 be given by (9.40) with [14]

0.6065 0 —0.2258 —0.0582
A = 0.34450.7788 —0.0536 | ,B = | —0.0093 | . (9.50)
0 0 1.2840 0.5681

The number of maximum consecutive packet dropouts of the underlying network is
4 and the transition probability matrix is given by:

0.50.20.10.10.1
020503 0 0
ny=1] 0020503 0 |. (9.51)
0 0020503
0.10.10.10.20.5

For TCP-like channel, the smallest allowable Cryis —0.3470 with

Ko=[00 —0.7783], K =[00 —1.0614], K,=1[00 —0.8321],
K3=1[00 —0.7452], Ks=1[0 0 —0.7201].
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For UDP-like channel with initial distribution
7y =[0.1101 0.1878 0.2718 0.2552 0.1751],

the smallest achievable Cryis —0.3700 with Ky = [0 0 — 0.7936].

9.2.3 Extension to Output Feedback

If the plant state is not fully observed at the controller in Fig. 9.5, then output feedback
should be adopted. Assume that the plant is described as

Xi41 = Axg + Bu;(,

9.52

vk o = Cxg, ©>2)

and the measured output y; € R’ is available at the controller. The proposition that
follows can be proved similarly to Theorem 7.2.

Proposition 9.2.1 Consider the plant (9.52) to be controlled over a lossy channel
via quantized output feedback. Assume that the pair (A, C) is observable. Under
the TCP-like protocol, the optimal overall coarseness for MSQ stabilization by state
feedback can be achieved by output feedback. Moreover, one possible deadbeat-
observer-based controller can be constructed as

X1 = Al + Bul, + Ly — CRo),
Vi = ngxk, (9.53)
w, = Ok, ),

where K, and f (-, -) are chosen according to the OSDMO scheme, and Lis any
deadbeat observer gain.

9.3 Summary

Motivated by quantized feedback control over lossy channels, the quantized stabi-
lization problem for MJLSs has been investigated in this chapter. It has been shown
that, for a single-input linear system with Markovian jump parameters, a mode-
dependent logarithmic quantizer is still optimal in the MSQ stability sense, and the
sector bound approach again provides a non-conservative way for studying the cor-
responding quantized state feedback stabilization problem. In addition, a recursive
algorithm has been presented to estimate the unknown mode process at the controller
side. The above results have been applied in the quantized stabilization of NCSs over
lossy channels under either TCP-like or UDP-like protocol.
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The results in this chapter are based mainly on [6, 15]. As a special case of this
chapter, the stabilization of a single-input system over a channel subject to both
quantization and binary i.i.d. packet losses is addressed in [13, 16].
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Chapter 10
Kalman Filtering with Quantized
Innovations

This chapter presents a multi-level quantized innovations Kalman filter (MLQ-KF) of
linear stochastic systems. For a given multi-level quantization and under the Gaussian
assumption on the predicted density, a quantized innovations filter that achieves
the MMSE is derived. The filter is given in terms of quantization thresholds and a
simple modified Riccati difference equation (MRDE). By optimizing the filtering
error covariance w.r.t. quantization thresholds, the associated optimal thresholds and
the corresponding filter are obtained. Furthermore, the convergence of the filter to
the standard Kalman filter is established. We also discuss the design of a robust mini-
max quantized filter when the innovation covariance is not exactly known. Simulation
results illustrate the effectiveness and advantages of the proposed quantized filter.

The chapter is organized as follows. The problem is formulated in Sect. 10.1. The
multi-level quantized innovations Kalman filter is derived in Sect. 10.2, where we
first derive the filter based on the general quantization scheme and then proceed to
seek the optimal quantization. In Sect. 10.3, a max-min quantization optimization is
described to address the robust quantization problem. Simulation and experiments
are carried out in Sect. 10.4 to illustrate the performance of the quantized filter. Some
concluding remarks are drawn in Sect. 10.5.

10.1 Problem Formulation

Consider the following discrete-time linear stochastic system:

Xkl = Axg + wy, (10.1)
Vi = Cxg + i, (10.2)

where x; € R” and y; € R are vector state and scalar measurement. wy € R”
and v, € R are white Gaussian noises with zero means and covariance matrices
O > 0 and R > 0, respectively. The initial state x is a random Gaussian vector of

© Springer-Verlag London 2015 193
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Uk|k—1, Ok

v

Yk €k . by, ) Ty
—_—p Quantizer Estimator ———»

Fig. 10.1 Network configuration

4

mean Xo and the covariance matrix Py > 0. Moreover, w, v and xo are mutually
independent.
Let yxk—1 be the one-step ahead prediction of the output at the time instant k and

(Tkz = CPk|k_1CT + R

be the prediction error (innovation) covariance, where Py x—1 is the prediction error
covariance matrix of the state at time instant k. We assume that the sensor can
access Ykk—1 and oy which are either broadcasted by the estimation center (EC)
(see Fig. 10.1) or computed by the sensor. Due to the communication constraint, the
sensor information has to be quantized before being transmitted to the EC. Once
the sensor receives an observation y, it computes the innovation n; 1= yx — Jjk—1
and normalizes it by & = ni/ox. Due to the symmetric property of the standard
Gaussian distribution, we consider the associated symmetric quantizer (denoted by
‘Q’ in Fig. 10.1) with quantization thresholds {+£z; }IN ; and

O0=z0<z1<---<zZNy <00 =2N}I,
namely, the output by of the quantizer Q(-) is given by

ZN > IN < &k

b £ Q(sp) = : : (10.3)
20, 70 < & < 71

—q(—¢&r), & <0.

Note that when b, = zg, it will not be transmitted to the EC. That is, for a 1-bit
budget, the quantizer has 3 quantization levels unlike thatin [ 1] where innovations are
quantized to 1 or —1, depending on whether they are positive or negative. Intuitively,
our approach should perform better since one more quantization level is added.
This will be confirmed in theory and simulation later. Assuming that there is no
transmission error, our goal is to find and analyze the MMSE state estimate based
on the quantized innovations.
Denote the quantized sequence by

bOk é {b07b]7 -"7bk}
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and Xy, represents the MMSE estimate of x; given by, i.e.,
Sk £ Elxgbox] = /XkP[XkaO:k]ka~ (10.4)
Rn

The following equalities can be easily obtained [1]:

fkk—1 = Elxglbok—11 = Afe—1j5—1, (10.5)
Jek—1 = Elyibos—11= CRpe—1. (10.6)

Their filtering error covariance matrices are respectively defined by

Pk & EBIGipk — 20 Gre — x0) 71, (10.7)
Pek—1 2 E[Rxpp—1 — x0) Grp—t — 2071 = AP_1p—1 AT + Q. (10.8)

10.2 Quantized Innovations Kalman Filter

In this section, given a multi-level quantization for normalized innovations, we will
first derive the MMSE estimate of state under the assumption that the predicted
density is Gaussian. The filtering error covariance matrix is given in terms of quan-
tization thresholds. Minimizing the filtering error covariance w.r.t. the quantization
thresholds leads to the corresponding optimal quantizer and filter. For the simplicity
of notation, denote z = (z1, 22, ..., Zn).

10.2.1 Multi-level Quantized Filtering

Theorem 10.1 Consider the systems (10.1) and (10.2), given a multi-level quanti-
zation of normalized innovations in (10.3), if

plxkbok—11 = Nlxi; Zxpe—1, Prjk—1],
the MMSE estimate of the state can be computed by

F@Y, be) Pg—1CT

ik = Xkjk—1 + , (10.9)
CPx—1CT + R
Pii—1CT CPyji—1
Py = Pek—1 — F(z)) : | (10.10)

CPk|k_1CT +R’
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with
S () = $(zjs1)
N by) = 1 (b)) —L 2T 10.11
JEAN) j_Z_N 121 k)T(Zj) S Ty (10.11)
2
Z [P(zj) — d(zjv1)] (10.12)
TG) — T
where z_j = —zj. The functions ¢ (-) and T (-) respectively denote the density and

tail probability function of a standard Gaussian random variable, i.e.,

2

1
¢x) = N exp(——)

and

T (x) =/¢>(s)ds.

Proof By iterated conditioning, we obtain that
Sk = Elxg [b1x] = E[E[xgbrx—1, yellbrx]. (10.13)
And the posterior density p[xx|bi:x—1, yx] is obtained as

POklxe) p(xi|bie—1)
Jrn POKIx) p (e brk—1)dxy

plxebrg—1, el = (10.14)

By the Gaussian assumption and following the technique of the Kalman filter, the
inner conditional expectation in (10.13) can be easily obtained as follows:

T = Bl br—1, vl = Sax—1 + Kk — Chae—1), (10.15)

where
Ki = (CT Pyp—1C + R~ P CT.

By (10.3) and Gaussian assumption, it follows that

d(zj) — P(zjr1)

. (10.16)
T(zj) —T(zj+1)

Elexlbr = zj, brk—1]1 =

Note that Xxx—1 is measurable with respect to the o-algebra generated by by..
Inserting (10.15) and (10.16) into (10.13) yields (10.9).
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Applying the same arguments, we have that
Pk = EIE[(xx — Zep) ok — Zxie) T bre—1, yiell,
where the inner expectation is computed as follows:
E[(xx — &) (k= )" bre—1. v
= B[O — &) (o — 2307 brx—1, 3]
+ B[k — &0 Gk — 207 brx—1, yi]
= Pl + Bl — 0 Gre — 2507 bra—1, yil,

where
Pl = Prk—1 — Pep—1CT (CPr1 €T + R CPj 1.

Under the Gaussian assumption, we have that
A A A A T
E[Repr — X5p) Grge — X5 1

= EIE[Grx — 230 Grk — £5) " brg—11]

= (CPi—1CT + R)K(E[E[(ex — £z, b)) bra—111K]

_ Pij—1CT CPrix—1
CPij—1CT + R

(1 - BEL2EY, bolbr 1))

Pk 1CTCPr

1— F@EYy).
CPyiCT + & O FED)

Together with (10.17) and (10.18), one can easily derive (10.10).
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(10.17)

(10.18)

(10.19)

Remark 10.1 Strictly speaking, the system state conditioned on the quantized inno-
vations can not remain Gaussian due to the nonlinear operator of quantization. To
enable the development of a simple and practically useful recursive filter, we have
made the Gaussian assumption as in [1]. A similar hypothesis can also be found in
[2]. Tt will be demonstrated later that the performance of the quantized filter for a
moderate number of bits (say 2 or more bits) is close to the standard Kalman filter,

suggesting that the approximation is reasonable.

We observe that the approximate filtering error covariance matrix Py computed from
(10.12) depends on F (z{v ) which is a function of quantization thresholds. Without
quantization, F (z{V ) = 1, which gives rise to the standard Kalman filter. We call

F (z{v ) performance recovery factor.
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10.2.2 Optimal Quantization Thresholds

The performance of the MLQ-KF can be approximately measured by the quantity
of tr[ Pyk] or tr[ Pijk—1]. According to Theorem 10.1, the optimal thresholds (z*)llv
of the quantizer in (10.3) can be obtained by maximizing F (ziV ), i.e.,

)Y = arg max F@z).
21

The numerical solutions to the above optimization is obtained by evoking the Matlab
command,
[x, ¥] = fmincon( fun, xo, A, b, Aeq, beq, Ib, ub). (10.20)

Thus, the optimal quantizer can be numerically obtained, see Table 10.1. As men-
tioned above, by = 0 will not be transmitted to the EC as it will not improve the
predicted estimate. The comparison of performance recovery factor for the cases of
with and without dead zone is showed in Fig. 10.2. Apparently, for single bit quan-
tization, the quantized filter with dead zone gives a much improved performance
recovery factor (0.8098) than the SOI-KF [1] (2/7 ~ 0.6366). Figure 10.2 also indi-
cates that the higher the bit rate, the higher the performance recovery factor. The

Table 10.1 Solutions to (10.20) for optimal quantization thresholds

N=1 N=2 N=3 N=4
* =0.221
*— 0382 7 = 0.280 4 0.681
2 =0612 “a=r 25 = 0.874 L=
% =1.244 el 25 =1.198
BT h i = 1.866
F(z5) =0.810 F((z)?) = 0.920 F((z")}) = 0.956 F((z)) =0.972
1 ‘____‘__—_j_____‘__._____‘__
0.95 ___——_7,'»:‘5_ 1
5 ool PR agitte 0 N=2R ]
8 e - # - N=2R4q
5 o8 .o s ,
g o,s‘!/ i
E 075 k,"l 1
§ 07} ‘,~"I g
0.65 ; i
: 2 3 s 5
R ( bits )

Fig. 10.2 F((z*)Y) versus R bits
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relationship given in Fig. 10.2 will be useful in estimating the required bits number
for desirable filtering performance and the stability of filter. We now investigate the
stability of the MLQ-KF. Let Py = Piy1x, the MRDE can be written as follows:

Pei1 = AP AT + 0 — B*APCT(cPCT + R)'epe AT (10.21)
with g* = F ((z*)'lv ). The corresponding algebraic Riccati equation (ARE) is

P =APAT + 0 — p*APCT (cPCT + R)'cPAT. (10.22)

Corollary 10.1 Consider MRDE (10.21) and assume that (A, Q'/?) and (C, A) are
respectively controllable and detectable. Then for an unstable A, the ARE (10.22)
has a positive definite solution P and the MRDE (10.21) admits a unique positive
definite solution Py satisfying P, — P for any Py > 0 if and only if

B> 1]

where ) (A) are unstable eigenvalues of A.

Corollary 10.1 reveals that for systems with faster growth rate, a higher bits number
is required for the quantizer to ensure the convergence of MRDE.

10.2.3 Convergence Analysis

The following result establishes the convergence of the MLQ-KF to the standard
Kalman filter when N — ooc.

Theorem 10.2 Let A = supcy Aj, where Aj = |zj — zj41| and assume that the
quantization thresholds in (10.3) satisfy

() Aj<A—=0
N—-1
(2) S(N)= > Aj—ooas N — oo.
k=1
Then, it follows that
@) —dGjv1) — Zjt1s (10.23)
T(zj) — T(zj+1)
and
F(z)) — las N — oo. (10.24)
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Proof Using some basic results in mathematical analysis, we obtain that
lim ¢(zj) —P(zj+1) lim O(zjr1—Aj) —d(zjr1)

zj=zjit T(z;) — T(zj+1) C8—0 L p(nydt
Aj

Zj+1—

_ ¢,(Zj+1_Aj) .
- £j=0 @(zj1 — Aj) T
3 Z2'+1
[¢(z)) — P (24D [eF) — =D
S £
Z T(zj)—T(zj+1) \/Ekz; fz,+1 %)dt

where 0 < 0; < 1. Using the Taylor expansion, we have that § £ Sy + Si, where
o0
1

i o 1 > 1

J
S = — zz-e_TA'—>—/tze_’ P2dr = =
2T Z J J / 2

= 2

as A — 0, and there exists |¢; j 4| < 00 such that

= 2 S et e 8310800

lJMVk 1

<42 szv"fZZ] «Hactcaso

i,j,u,v
as A — 0, where C is a finite constant since for A — 0,

ee]

1 < 1 >
J,—% j,—t*/2
sze 2Azp = —— | te dt < oo
«/271/
0

and the nonnegative integers i, j, u, v can only take a finite number of elements.
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Remark 10.2 As z; — zjy1, then gy — z;1 and f(zjlv, br) — & by (10.23). In
light of (10.9), (10.10) and (10.24), the MLQ-KF converges to the standard Kalman
filter since by Theorem 10.2, we obtain that

Pek—1C g Pik—1CT C Pyji—i
5 AT . o and  Pgx — Prk—1 — T .
CPyr—1C* +R CPyr—1C* +R

Kk = Kijre—1 +

10.3 Robust Quantization

This section will examine the design of a robust quantizer when the prediction error
covariance is not known exactly. In practice, the error covariance may not be accurate
due to quantization error or we may not be able to transmit the covariance at every
time instant due to the limited communication capacity.
Let
Sk = 0k /0k,e € [8, 8],

where oy is the actual prediction error covariance and oy . is an estimated one. g,
and § are known lower and upper bounds of §.
Denote & = nx/0k.e, the quantization scheme (10.3) is modified as:

ZN, Szn < &k

b = Q&) = : o (10.25)
20, O <& <éz

—qEr), & <0.

Note that the performance recovery factor becomes F (Sz{V ). Since § is not exactly
known, we design a robust min-max quantizer by

z¥ = arg max min_ F(8z)).
N sels, 5]

Examining F (z{v ) results in that given zllv , the minimum is attained at the extreme
point § or §. Hence, it follows that

@Y = arg max min{F (8z1), F(5z1)}.
21

It is easy to check that

1 : 1 1
— =—mmmaxy ———, ———— ¢ .
max min{F (8z7'), F(6z1)} <) [ F(8zY) F(6z) }

1
21
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We recall the command x = fminimax(fun, xo) in Matlab to get the numerical
solutions. For instance, let§ = 1 and § = 2. For N = 2, ZT = 0.2498, 75 = 0.8638,

and F(8*72) = 0.8994 with 6* = 1 or 2. For N = 1 and § — oo, the robust
quantized filter will reduce to the SOI-KF.

10.4 A Numerical Example

Consider the following discrete time equations of motion for target tracking [3]:

17122
xk+1=101 7 Xi + W, (10.26)
00 1
Yk = [100]xx + v, (10.27)

where xy is the state vector with its elements respectively denoting the target position,
speed and acceleration at time k. wy is a white noise sequence and is independent
of the additive white noise v; with variance R. When the sampling interval t is
sufficiently small, the covariance matrix of wy is given by

72/20 4/8 3/6
0 =2a0? | t4/8 33122 |,
36 12/2 1

where a,f, is the variance of the target acceleration and « is the reciprocal of the
maneuver time constant. Let

t=01s,a=0.1,02=1,08 =102

It can be easily verified that (A, Ql/ 2y and (C, A) are controllable and observable
pairs. Corollary 10.1 implies the stability of the 1-bit and 2-bit quantized innovations
Kalman filter, which are denoted by 1-LQ-KF and 2-LQ-KEF, respectively. The initial
state xq is a random vector with zero mean and covariance matrix [3]:

0,% 01%/1: 0
Pojo = 0’1%/1’ 2(7,%/r2 0
0 0 1

The filtering error variances of the position for 1-LQ-KF and SOI-KF are compared
in Fig. 10.3, which shows that 1-LQ-KF outperforms SOI-KF. Figure 10.4 illustrates
that for the 2-bit quantization, the computed variance by (10.21) is close to the one
obtained by Monte Carlo simulations, indicating that the computed variance gives
a good approximation to the true variance. The results for speed and acceleration
estimates are similar and omitted. Next, we evaluate the robust mini-max quantizer
where the prediction error variance is randomly perturbed by 8, which is uniformly
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Fig.10.3 Comparison of the error variance of the position estimate given by 1-LQ-KF and SOI-KF

based on 500 samples
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Fig.10.4 Comparison of the position error variance computed by (10.21) and Monte Carlo method
based on Monte Carlo methods with 500 samples
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Fig. 10.5 Comparison of the position error variances by the robust and non-robust 2-bit quantized

filters

distributed over [0.8, 1.2]. We design a 2-bit robust mini-max quantizer (2-LQ-RKF)
according to (10.25) with (z*)? = [0.3035 1.0094]. For comparison, a non-robust
quantizer (nominal) quantizer given in (10.3) is implemented as well. Figure 10.5
shows that 2-LQ-RKF has a better performance than the non-robust one.
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10.5 Summary

Extending the existing work on SOI-KF, we have developed a general multi-level
quantized innovations filter with a dead zone. It is established under the assumption
that the system state conditioned on the quantized innovations is Gaussian, which is
reasonable for quantizer with a moderate number of bits. The distinct feature of the
quantized filter lies in its simplicity and efficiency. The convergence of the filter to
the Kalman filter when the number of quantization levels goes to oo has also been
established. The result is useful in applications such as WSNs whose communication
capacity is limited.
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Chapter 11
LQG Control with Quantized
Innovation Kalman Filter

In this chapter, we generalize the quantized innovation Kalman filter to a symmetric
digital channel, and apply it to design the LQG control for discrete-time stochastic
systems. The study of the quantized LQG control problem bears a long history and
contains some misunderstandings in early works [1-3]. As pointed out in [4], it is
claimed in [1] that the optimal quantized LQG control problem can be solved by
optimizing the controller, the estimator and the quantizer separately which is found
incorrectin [2, 3]. Instead of encoding the state directly, [S] introduces an “innovation
process” coding scheme and shows that the separation principle remains valid for
stable systems, which is extended to unstable systems in [6].

However, the aforementioned works exclusively focus on an error free channel,
except the Gaussian channel in [6]. Noting that data packets transmitted over a
real-time network may suffer not only from quantization distortion but also from
transmission errors and packet dropouts. In this chapter, we look at a symmetric
channel [7]. Motivated by the idea of quantizing innovations, whose control effects
are removed before quantization, we consider the quantized LQG control problem
subject to a symmetric channel and show that the separation principle remains valid.

The chapter is organized as follows. Problem formulation is delineated in
Sect.11.1. The investigation of the separation principle is made in Sect.11.2.
The quantized innovation Kalman filter over a symmetric channel is proposed in
Sect. 11.3. An explicit suboptimal controller is given in Sect. 11.4. In Sect. 11.5, an
illustrative example is included to demonstrate the performance of the controller.
Conclusion remarks are drawn in Sect. 11.6.

11.1 Problem Formulation

Consider the following discrete linear time-invariant stochastic system:

Xi+1 = Axg + Buy + wy, (11.1)
Yk = Cxp + v, (11.2)
© Springer-Verlag London 2015 205
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Fig. 11.1 Network
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where x; € R” is the state, y; € R is the measured output, u; € R is the input,
and wy € R" and v, € R are two uncorrelated white additive Gaussian noises with
variances X\, and avz, respectively. The random initial state xy is characterized by a
Gaussian probability density function p,,(-) and is independent of the noises.

The network configuration under consideration is depicted in Fig. 11.1.

(a) Quantizer
The quantizer is geographically collocated with the system and can directly mea-
sure the output of the plant. Since our focus is on the communication limitation,
it is assumed that the quantizer has sufficient computing power and memory
required for state estimation and computation of a control signal.

(b) Communication Channel
The forward channel from the quantizer to the controller is a symmetric channel
mapping an input symbol i € § to an output symbol j € § with a probability r;;.
Here the channel input and output take values from a finite set§ = {0, ..., c—1}.
Such a symmetric channel is specified by a finite transmission matrix via

rij = Py = jlsk = i}

where i € § is the transmitted symbol and j €§ is the actual symbol received by
the controller. Moreover, the channel uncertainty is assumed to be independent
of the channel input. The symmetric channel can also be modeled by

Sk = s¢ + zx (mod ¢),

where zi is an i.i.d. process taking values on the integers {0, ...,c — 1} and
independent of the channel input s;. The modulo operator “mod ¢ means that
Sk € § is congruent to s + zx modulo “c”. In particular, for an error free digital
channel, the transmission matrix is expressed by

(1, dti=g
= 0, otherwise.

It is further assumed that there is a perfect reverse channel from the controller
to quantizer. Thus, the quantizer has a full knowledge of the controller, except
with one-time step delay.

(c) Controller
The first task of the controller is to estimate the state after receiving the quantized
information. Then, the controller generates the control signal using the estimate
of the state to achieve some performance objective.
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Specifically, given a positive time horizon 7, the aim is to find the optimal control

policy (u*)T~! = {ug, ..., w}_,} to minimize the linear quadratic cost functional
T—1
J@"™") =B | xpKrxr + > (5 Mixi + u Reu)
k=0
_ ok k=1
X1 = Axg + Bup (57, u" ) + wy,
Yk = Cxp + vg. (11.3)

Here the mathematical expectation is taken with respect to x, wl=1 yT=1 and
zI=1. The specified weighting matrices M € RP*P are positive semi-definite
and Ry € R are positive scalar numbers. The causal controller mapping u () is
measurable with respect to o (5%, k1.

Remark 11.1 In the above, the encoder and decoder are lumped into the quantizer
and controller respectively. The noisy forward channel with a noiseless feedback
applies to wireless sensor networks, where the quantizer is built in a resource limited
sensor while the controller is implemented in a resource abundant base station. Due
to limited resources, the sensor may not correctly transmit the quantized signal while
the base station has sufficient resources to perfectly feedback its received signal to
the sensor via a reverse channel. The same communication scheme has been studied
in [8]. It is worth mentioning that the method to be established can be extended to
consider a lossy forward digital channel, in which the reverse channel plays the role
of transmitting the packet reception acknowledgement.

11.2 Separation Principle

It is well-known that without the communication constraint, the above defined opti-
mal LQG control problem is solved by the celebrated separation principle. In other
words, the solution is obtained by first filtering the output to obtain a minimum mean
square error variance estimate of the state and then the optimal control law is con-
structed by using the estimate and the optimal LQR control gain. This section will
verify the validity of this classical separation principle under the network configura-
tion in Fig. 11.1.

Before proceeding, we introduce the following notation to facilitate the pre-
sentation

Repk—1 2 Elols1 u* 1, (11.4)

S A ak—1 k—1 A
Vkk—1 = Elyi|s"™ ", un 7] = Cxgp—1 (11.5)
and the corresponding estimation error covariance matrix

Pri—1 2 ElGrp—1 — x0) Grpe—r — x) 15571, w71, (11.6)
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The updated state estimate is
Jek 2 EbolsE, k=1 2 3y (11.7)
with the estimation error covariance matrix given by
Py £ Bl G — 20 Grgre — )18, 11, (11.8)
It can be readily verified that
X1k = AXpk + Bug. (11.9)

Similarly, the one-step state prediction error covariance is defined as
Prsipe 2 E[Grr1ik — Y1) Gt — xe1) 185, a1

= AR[ G — x) Gugx — 208, w*~11A" + Elwgowy ]

= APA' + 2, (11.10)

due to that E[ (G — xi)w} |35, uF=1] = Efwy G — x0)' I35, w* 1] = 0 since wy is
independent of X x and x.

Denote the innovation by g = yx — Jrjk—1. We restrict ourselves to a class of
time-varying quantizers, each of which is applied on the most recent innovation.
Mathematically, the channel input at time k is computed by sy = &;(ex), where
&% () is a time-varying quantizer. In the rest of the chapter, this class of quantizers
will be denoted by 2.

Given any control sequence {u};>0, we know that

k—1
X = AkX() + Z(Ak_l_iBu,' + wi).
i=0

Define x; = x; — Zk ! AK=1=iBy; as the state of the uncontrolled system and
Yk = Cxi +vi. The correspondmg channel input and output are respectively defined
as sy andsk,l e.,5k = & (Vk — Yijk—1) ands Sk = sk—i—zk Hereyk‘k 1 isthe prediction of

yx and is precisely given by y yk‘ —1 = E[vk |s*=11. Let the state estimation error of the
controlled and uncontrolled system be A, = x; — X and Ap = Xy — )cck, respectively.

Definition 11.1 ([9]) The control has no dual effect if for all {uy};>0 and V¢ > 0
E[A A} 5%, u* =1 = E[ArA}I55], P-almost sure.
If the control has no dual effect, it states that the control only affects the evolution

of the system and can not be used to reduce the state uncertainty.

Lemma 11.1 Fora quantizer acting on the most recent innovation, i.e. {& };>0 C 2,
the control law for the system in (11.1) and (11.2) is a certainty equivalent control
law if and only if the control has no dual effect.
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Proof Asin [6], the proof is completed by mimicking arguments in [9] and the detail
is thus omitted.

The above lemma suggests that by using a quantizer acting on the most recent inno-
vation, the estimation error covariance of the state is independent of control input.
The intuitive explanation of this phenomenon lies in the fact that control effects have
been already subtracted out from the innovation.

The following lemma [6] provides a necessary condition to guarantee a control
without dual effects.

Lemma 11.2 If o (s") is a sub o-field of o 5, u*~"), i.e., o(5*) C o G*, uf~1) and
Efx K] = Elx¢|s%, uk=1, 5K1, there is no dual effect.

Next, it is shown that under the network configuration in Fig. 11.1 with the quantizer
acting on the innovation, conditions in Lemma 11.2 are satisfied. To elaborate it,
random variables X, Y, Z are said to form a Markov chain in the order (denoted
by X — Y — Z) if the conditional distribution of Z depends only on Y and is
conditionally independent of X. It is clear that X — ¥ — Z implies X < Y <« Z
[7]. Thus, we rewrite the Markov chain as X <> Y < Z.

Proposition 11.1 5 = % and 5y < $ < uF~! forms a Markov chain. Hence

E[x |55, uk=1] = Ex)$%] = Exels¥] and o (55 © oG5, uk~1) = o G*, uk1).
That is, conditions in Lemma 11.2 are satisfied.

Proof We extend the proof of [6] to our case. Due to that the controlled and
uncontrolled systems have the same initial condltlon it infers that so = 5g. Then
S0 = so since §p = so +20 = 50 +20 = so Due to that ug is a function of
30, it implies )_61 — 3() — Uup or )_61 <> 30 <> Up [7] Thus s = éo](yl — y1|0) =
E1(C(x 5€1|o)+V1) = 61(Cx —Elx S0, uo])+v1) = &1 (CGx1=E[xi[50D+v1) =
&1 (C(x —x1|o) +vi) =351 and §; = s1 Furthermore, §; = s1 is independent of u,
which together with the result x; — 59 — ug leads to x; — = u.

Assume that s = 5% and X — ¢ — w1 V1 < k < t. Since uy is a func-
tion of ¥ and u*~!, w; is independent of (X, wy) conditioned on $% and w1,
ie., (Xx, wy) — 6k, oo By induction hypothesis and the fact that wy
is independent of skoukL it yields that (xg, wg) — sk ykl Together with
Xk, wr) — (§k k_l) — u, one can further derive (xi,wr) — sk Uk,
This implies that X,y — § — as Xgq1 = AXg + wi. Keeping in mind that
sk = gk , we 51m11arly obtain 5,41 = s,+1 Flnally, Xkl — skl 5 gk due to that
Skl = sk+1 and si is independent of vy 1, u*. Inductively, we obtain that s sk =5k
and % — % > uf~! Vk e N.

Lemma 11.3 Given a matrix S € RP*P, the following statement is true:
E[xSxi] = E[x,Sxk] + tr(SE[ArALD), (11.11)

where tr(A) is defined as the summation of all diagonal elements of matrix A.
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Proof The verification of the lemma is straightforward. First, we compute that
x]/(Sxk = (xx — X))/ S — Xp) + (o — X)) Sxx +)AC]/(S(xk — Xk) +)AC]/(S)Ack.
By the definition of &; = x; — Ay and Xy is adapted to o (55, u*~1), it follows that
Elx, Sxel5*, b ™11 = 2, Stk + E[ALS A5, a1
= %Sk + E[rr[S(ArAD]IEE, k1)

= %83y + tr(E[S(ArAp)I55, Wb 1))
= X Sxy + tr(SE[ Ak ALISE, uf 1), (11.12)

Jointly with the property of the conditional expectation [10] and linearity of the
operators E[-] and #r(-), (11.11) is obvious.

Proposition 11.2 Given an arbitrary sequence of quantizers {&;}=0 T 2, the
optimization of the cost functional in (11.3) with respect to ul-1 2 {ug, ..., ur—1}
is expressed by

T
inf J@" ") = inf ST+ tr(MEIAAD). (11.13)
ul=1 uT—1 =0

where the cost functional J'(u” =) is given by

T—1
J @'Y = ERpMidr] + D BIS Mk + wiReuy]. (11.14)
k=0

Proof Substituting (11.11) into the cost functional (11.3), it is obvious that minimiz-
ing (11.3) is equivalent to the following optimization

T
inf Ju' ™' = inf |:J’(uT_1) + Ztr(MkE[AkA;])] (11.15)
uT—l uT—I
k=0
Since the control has no dual effect by Proposition 11.1, then
E[ArAL] = E[E[AALIS, uf]] = BIE[AL A}]54]] = BIA AL

In view of (11.15), the remaining part of the proof is trivial.

In the above, the optimization of the quadratic cost functional is decomposed into
two independent parts: an optimal filtering problem to minimize the filtering error
covariance E[A; A} ] and an optimal control problem assuming full state observed.
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Moreover, the dynamical equation of the fully observed state is described by
i1 = Bl 877, 0]
= E[AGk + 2015, u*] + Buy + E[wye 55, ]

= AXy + Buy + Py, (11.16)

where Br = E[AA; + wi|$¥T!, u*] and the last equality is due to that X is adapted
to o (51, u¥). Note that a crucial gap between the above optimal control problem
and the standard LQR problem in [11] is that the disturbance {f};>0 in (11.16) does
not satisfy the standard independence assumption.

Proposition 11.3 The optimal control policy to minimize the cost functional in
(11.14) subject to the dynamical equation of (11.16) is given by

u;::Lk)Ack, Vke{0,...,T — 1}

and the corresponding minimum cost is

T-1

T =R} Qo] + D tr( Q1 EIBBL)

k=0
where the optimal control gain is given by
Ly = —(Ri + B'Qy1B) 'B'Qis1A, Vke{0,...,T—1} (11.17)

and {Qk}]{:0 are obtained recursively by the backward RDE:

Qr = A'Qr1(I — B(B'Qr 1B+ Ri)”'B'Qry DA + My, Or =My, (11.18)

Proof Since Q7 = My, the cost functional J/(u” ~1) in (11.14) is rewritten as follows:

T—1
J @1 = E[%)Qo%0] + Z E[&, Mi3k + u) Riug]
k=0
T—1
+ Z E[x) 1 Qk+15%41 — X, Okl
k=0

By using the dynamical equation of (11.16), the above is further expressed by

T-1
J' @) = EI5Qo%0] + D BI& Mk — Q)% + uj Reiu
k=0
+ (AXy + Buy)' Qry1(AXy + Buy)
+ BiQir1 B + 2B Q1 (AZyc + Buy)]
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T-1
= El5Qo%0] + > BI&, (Mx — Qu)3x + uj Retu
k=0
T—1
+ (A% + Bu)' Qu1 ARk + Bug)1 + D EIB Qi1 fil.  (11.19)
k=0

where the following fact is utilized in the second equality

E[B; Qrr1(Axk + Bup) |55, ul] = EIBeI3", u*) Quy1 (Akk + Bug)
= E[E[AAL + we 8 b 1155, uk
X Qr41(AXy + Buy)
= E[ArI3*, uF 1A’ Qi1 (A + Buy)
=0

since Xy, u are adapted to o (5%, u¥) and E[Ax |55, u¥] = 0.
Together with the backward RDE in (11.18), completing the square leads to that
T-1
T/ & RIR (K — Q0fk + wRett + (Ay + Bug) Qry1 (AZx + Bug)]

k=0
T-1

= > EL(Rk + B'Qx11B)ux + B' Q1A% (Ri + B'Qx11B) ™
k=0

X ((Ri + B'Qk+1B)ug + B' Qi 41A%%))
-1

= Z El(ux — L)' (R + B' Qi+1B) (e — Lick)]. (11.20)
k=0

Hence, the optimal control policy is given by u;; = LiXx, Yk € N.
Observing that Agy] = xgy1 — Xg+1 = AAk + wg — Bi, one can further derive that
E[BiBr] = E[(AAL 4wk — DApr 1) ALk 4w — Apr1)']
= AE[AALIA + By + El D1 Ay ] — 2E[(Diy1 + B Ay ]
= AE[2v 0 A + 2y — E[AkHA;{H]
= AE[A A A + By — E[Dpy1 8741,

where the second last equality is due to that
E(BiA)s1] = ElB(Alk +wi — B)'1 = 0.

Based on Propositions 11.2 and 11.3, we yield that given an arbitrary sequence
of quantizers {&;};>0 T 2, the associated minimum cost functional is explicitly
expressed as
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T-1

J(@)™™") = El&oQofo] + D tr(Qes1 Zy) + D. (11.21)
k=0

Here D £ Z,{ZO tr(MyE[AR AL +Z,{;01 tr(Qk+1(AE[A A A = E[Ap 140, D)
is independent of the control input. Finally, the quantized LQG control problem
with the optimal quantizer in 2 is converted into the following quantized estimation
problem.

Proposition 11.4 The optimal quantizers in 2 to minimize the cost functional (11.3)
are solved via the optimization

(T =arg inf D.
ETc2

It should be noted that quantizers (£*)7 are only optimal in the class of quantizers
acting on the most recent innovation. In Sect. 11.4, the explicit form of (& )T will
be given under a Gaussian assumption on the predicted density.

11.3 State Estimator Design

As demonstrated in the previous section, the control problem for a certain class
of quantizers is separated into two subproblems, one of which is to construct an
estimator to produce the conditional expectation E[x |5, u*]. If the estimator can be
implemented as the classical Kalman filter, the linear form of the controller proposed
in Proposition 11.3 would be particularly attractive from the application perspective.

In Chap. 10, under the assumption on the predicted density and an error free for-
ward channel, we derived arecursive quantized innovations Kalman filter to minimize
the mean square error. The main task of this section is to generalize the quantized
filter to a symmetric digital channel.

Ilustrated in [12], for a given estimation accuracy, a much lower number of bits
is required to transmit the innovation than the measurement. Precisely, the quantizer
receives an observation yy at each time step, computes the normalized innovation

&k = ex/\/ CPuk—1C' + 0}

and quantizes it by a c-level(c¢ > 2) quantizer as follows

c—1, T._1<é&

sk = q(E) = - (11.22)
1, <& <n

0, & <11,
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where 71 < 7p < --- < T.—] are quantizer thresholds. Note that there is a one-time
step delay reverse channel from the controller to the quantizer, the quantizer can
compute the one-time step ahead prediction estimate of the output and the predic-
tion error variance for computing the normalized innovation. Similar to the case of
extended Kalman filter or Gaussian filter [13], the following assumption is needed
to derive a recursive and easily implementable quantized filter.

Assumption 11.1 The predicted density of the state is Gaussian, namely,
ak—1  k—1 .2
POIS" u" ™) = A (s Xkpe—15 Prjk—1),
where A (xg; Xkjk—1, Prjk—1) is the Gaussian probability density with mean Xx—1
and covariance matrix Pyx_1.

Using the conventions 19 = —oo and 1. = 400, the quantized filter is explicitly
given by the following proposition.

Proposition 11.5 Consider the linear time-invariant stochastic system described in
(11.1) and (11.2) and the network configuration in Fig. 11.1 with the quantizer taking
the form of (11.22). Under the Assumption 11.1, the quantized innovations Kalman
filter to minimize the mean square error is updated by:

fk, 5k, T)Prg—1C’

Xk = Xkjk—1 + , (11.23)
V CPrk—1C + 0
- Pij—1C' CPpj—1
P = Py — F(r©) =iz 2] (11.24)

CPrx—1C" + (Tv2 ’
where the coefficient induced by quantization and channel uncertainty takes the form
c—1 c—1
P . i—o Tikl8(7j) — g(Tj+1)]
TS SE WAL Zj_? o !
k=0 2 =0 TiklT (1) = T (g 1)]

and the performance recovery factor F (t€) is computed by

c—1 2
! [Z—o rielg(tj) — g(fj+1)]]

F(z°) —Z

& S kT = T(he)]

where g(-) and T(-) are respectively the density function and the tail probability
function of a standard Gaussian random variable.

Proof By using the tower property of the conditional expectation [10], it follows that

Tk = Bl b1 = E[EDo 557, ye, o 711155, o1 (11.25)
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Under the Gaussian Assumption 11.1, the posterior density p(x; |5, yx) is obtained
as

POx I3 DpGlxe)
S PORISF =D p (el ) dox
= N (s Fkpk—1, Prk—1)A Ok Cxie, 02). (11.26)

PO l$ ) =

By following the technique of the Kalman filter, the inner conditional expectation in
(11.25) is computed by

Pri—1C’

vk — Cxppp—1). (11.27
CPipC + 02 Ok — Cxije—1)- ( )

S A ak—1 k—1 2
Ko = Elal3™ 0y, 71 = Sie—1 +

On the other hand, if the controller receives a symbol §; = k, Vk € {0, ..., ¢ — 1},
then

E[5 5571, 8 =k, uf 1] = / Ep )51, 5 = k)dEy
R

1 g R o
= / Ep IS DpGr = kg dEy
R

—1
1 s e o | ok — S o= —
T o Z/Ekp(eklsk DpGr = k. sk = jlEx)déx
k s
c—1 ra
= Z c]— / EpErlS T Dp(sk = jIEn)dEx
j:0 k R
c—1 Tl
k = = ~k— -
L EpElsae
i—0 Ck
= Y
c—1
rjk
= Z g[g(fj) —8(7i+1)], (11.28)
j=0

where the normalization factor ¢y in the second equality is given by

a = /P(éklﬁk_l)p(ﬁk = k|&x)dzy
R
c—1
=D T (@) = T(g)]- (11.29)

j=0
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Together with (11.25) and (11.27), the estimate is recursively updated by

Ppji—1C’

+/ CPri—1C" + O'v2

+f(k, Sk, T)Prp—1C’

. cx pak k=17 _ & A
X = EIREI5%, w771 = Sye—1 + Elexs", u" "]

= Rk (11.30)
+ CPrik—1C" + (Tvz
Similar to (11.28), one can show that E[f2(k, §x, t€)] = F(t°).
Under the Gaussian assumption, we further obtain that
N R Prjg—1C’
E[(o — Xke—1)f (&, 5, T9)] = F(2°) | (11.31)

\/ CPr—1C" + O‘V2

Thus, the estimation error covariance matrix is derived via

P = E[ G — xi0) G — xx)']

Prjk—1C' CPpji—1

CPyji—1C" + O’v2
CPrik—1

\/ CPii—1C’ + sz

Ppji—1C'CPyji—1
CPijj—1C' + 0?2

= E[Grk—1 — x%) Rrje—1 — x)'1+ E[f%(k, §x, t°)]

—2E[(xx — Xgjp—1)f (k, Sk, T9)]

= Pyjk—1 — F(t°)

Itis clear that the matrix Py is a decreasing function with respect to the performance
recovery factor F(t¢). This implies that the corresponding optimal quantized inno-
vations Kalman filter can be derived by finding the optimal quantization thresholds
to maximize the above performance recovery factor (7€), namely,

(t, ..., 77 ;) = arg max F(r). (11.32)
rL'

A numerical solution can be obtained by evoking the Matlab command, e.g.,
[x, y] = fmincon(f un, xo, A, b, Aeq, beq, Ib, ub).

It is worthy mentioning that the quantizer is designed in an off-line manner. Thus, a
numerical solution is efficient for the implementation of the quantizer. In addition, if
rij = 0,1 # j, then rj; = 1 since Z;;(} rij = 1. This corresponds to a noiseless chan-
nel that the quantized signal is correctly received by the controller. For this special
case, Table 11.1 lists numerical solutions to the optimization (11.32) and the corre-
sponding performance recovery factor for various quantization levels. Moreover, it is



11.3 State Estimator Design 217

Table 11.1 Solutions to (11.32) for noiseless channels

c=2 c=3 c=4 c=5
. T =—1.244
. T = —0.982 !
. 7 =—0.612 . 7y = —0.382
7'=0 " =0 .
3 =0.612 0982 ¥ =0.382
P T =1.244
F((t%)%) = 0.637 F((t*)?) = 0.810 F((t*)*) = 0.883 F((t%)%) = 0.920

interesting that if packet dropout process of the channel is an i.i.d. binary Bernoulli
process {yk};>0 with packet dropout rate r and there is no transmission error, the
corresponding quantized filter is similarly derived by defining

c—1
. e . 8(tk) — &(Tk+1)
k, Sk, T%) = I 22 o T 11.33
Sk, 5k, T%) Vk}% {k}(Sk)T(Tk)—T(Tk+1) ( )
c—1 2
ey (1 _ [g(t) — 8(Tk+1)]
F)=( r)g T =T (11.34)

where y, = 1 indicates that the packet is successfully received by the controller while
yx = 0 associates a packet dropout. This implies that for the i.i.d. packet dropout,
the optimal quantization thresholds remain the same of [12], but the performance
recovery factor further relies on the successful transmission probability 1 — r.

11.4 Controller Design

In the previous section, we have designed a convenient quantized estimator for
the state with the form of Kalman filtering algorithm. The computations are orga-
nized recursively so that only the most recent quantized symbol 53 and control
ur—1 are required at time ¢, together with E[x;_ |§k_1, u'=2] in order to produce
E[xk|§k, u*=1]. This section will concentrate on finding a suboptimal control law
based on the proposed optimal quantized innovations Kalman filter.

Proposition 11.6 Given an arbitrary sequence of quantizers taking the form of
(11.22) and under the Assumption 11.1, the optimal control policy is given by

MZ = LiXx
and the corresponding cost is

T T—-1

J(@")'™Y) = El%Qof0] + D tr(MyPyy) + D tr[ Q1 (Prg1ik — Pigigr1)]
k=0 k=0
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T—1
= E[%)Qo%o] + tr(MoPojo) + 07 D tr(Qis1)
k=0
T—-1
+ D" tr (LB Qi 1APkk) (11.35)
k=0

where the control gain Ly, is given in (11.17), the estimate Xy and Py are recursively
computed by (11.9), (11.10), (11.23) and (11.24).

Proof The optimality of the control policy follows from the certainty equivalence
property. Noting that
E[BxBr] = Pis1jk — Prr1jk+1,

the minimum cost is calculated from Propositions 11.2 and 11.3 and (11.35) is derived
by some simple algebraic manipulations.

Proposition 11.7 Under the Assumption 11.1, the optimal quantizers in Proposition
11.4 are solved by (11.22) with quantizer thresholds computed in (11.32).

Proof In light of (11.35) in Proposition 11.6, the optimal quantized innovation
Kalman filter will result in the minimum cost functional. Thus, the assertion is true.

It should be noted that Propositions 11.6 and 11.7 provide a suboptimal solution to
the quantized LQG problem due to the restriction of the type of quantizers and the
Assumption 11.1. However, the simulation in the sequel will illustrate the perfor-
mance of the designed controller.

11.5 An Illustrative Example

Consider the discrete system describing a cart with an inverted pendulum hinged on
the top of the cart [14]

Xg+1 = Axg + Bug + Bwy,
Yk = [100 O0lxg + vy, (11.36)

where the matrices A and B are respectively given by

1.0000 0.1000 —0.0412 —0.0014 0.0084

A 0 1.0000 —0.8323 —0.0412 B— 0.1678
0 0 1.0577 0.1019 |’ —0.0042

0 0 1.1652 1.0577 —0.0849

Different from [14], we assume that the horizontal external force exerted on the
cart is corrupted by an additive white Gaussian noise wy. Let weighting matrices be
constant
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1000
0000
0010
0000

My =

and Ry, = 1. For comparison, assume the forward channel is error free. The purpose is
to solve the quantized LQG control problem with the quantized innovations Kalman
filter and compare the performance of the designed controller with that of the standard
optimal LQG controller.

To this aim, the initial value xq is taken from a 4-dimensional standard Gaussian
random vector with zero mean and covariance matrix Py = 9- I;. We use the opti-
mal 1-bit quantized innovations Kalman filter with optimal quantization thresholds
-1y = 7 = 0.612 and F((r*)%) = 0.8098. Using the controller in Proposition
11.6, Fig. 11.2 shows that states of the closed-loop system respectively based on
the Kalman filter and the optimal 1-bit quantized innovations Kalman filter come
close to each other. Similar conclusion applies to the control input, see the Fig. 11.3.
To compare the control performance, the minimum average cost functional, i.e.,
J ((u*)k_l) /k, based on the optimal 1-bit quantized innovations Kalman filter and
that of Kalman filter are illustrated in Fig. 11.4. The computed minimum average
cost based on the optimal 1-bit quantized innovations Kalman filter is derived from
(11.35). The estimated minimum average cost for the optimal 1-bit quantized innova-
tions Kalman filter is calculated from the Monte Carlo simulation using 500 samples,
which shows the consistency of the derived minimum cost in (11.35). This example

Controlled state

—— 1-bit quantized filter|
= = = Kalman filter

Time (sec)

Fig. 11.2 The state of the closed-loop system based on the Kalman filter and the optimal 1-bit
quantized innovations Kalman filter
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— 1-bit quantized filte
- - - Kalman filter

800 T

600

400

200

Controller

-200

-400

~-600 I I I I I I I I I

Time (sec)

Fig. 11.3 Control input based on the Kalman filter and the optimal 1-bit quantized innovations
Kalman filter

---  Kalman filter
—— 1-bit quantized filter(computed)
- - - 1-bit quantized filter(estimated) [|

Average cost

Time(sec)

Fig. 11.4 The average cost based on the Kalman filter and the optimal 1-bit quantized innovations
Kalman filter

demonstrates that adopting the optimal 1-bit quantized innovations Kalman filer, our
proposed controller performance comes close to that of the standard optimal LQG
controller.

11.6 Summary

We studied the quantized LQG control problem over a symmetric channel and estab-
lished the separation principle for a certain class of quantizers. A suboptimal quan-
tized innovations Kalman filter has been derived which is optimal under the Gaussian
assumption for the predicted density to minimize the mean square error. Based on the
quantized innovations Kalman filter, a suboptimal control law which has the same
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complexity as the standard LQG controller and can be easily implemented in the real
world was proposed. An example was provided to compare the performance of the
designed LQG controller with that of the standard optimal LQG controller.
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Chapter 12
Kalman Filtering with Faded
Measurements

This chapter focuses on the network requirement for ensuring the stability of a remote
Kalman filter with faded measurements, where the fading channels undergo trans-
mission failure and signal fluctuation simultaneously.

The chapter is organized as follows. The networked estimation problem is for-
mulated in Sect. 12.1. In Sect. 12.2, some preliminary results on modified algebraic
Riccati operators (MAROs) and modified Lyapunov operator (MLOs) are derived
for later developments. After that, necessary and sufficient conditions on the network
for the stability of the mean error covariance matrix of the remote Kalman filter are
presented in terms of the unstable poles of the plant. Lower and upper bounds for the
mean error covariance matrix are provided in the form of a modified Lyapunov itera-
tion and a modified Riccati iteration, respectively. A simulation is given in Sect. 12.3
to demonstrate the results, and Sect. 12.4 concludes the chapter.

12.1 Problem Formulation

Consider a discrete-time networked system as shown in Fig. 12.1, where an unreliable
network with fading channel(s) is placed between the plant and the filter.
The plant is assumed to be linear with a state-space realization:

Xi+1 = Axg + wi, (12.1)
Yk = Cx + i,

where x; € R” is the state, and y; € R’ is the measured output. The process noise
wi € R” and the measurement noise v, € RY are white processes with zero means
and covariance matrices Q > 0 and R, > 0, respectively. Without loss of generality,
assume that A is unstable, (C, A) is detectable,and C = [C] C] - - - CT']" has full-row
rank.

© Springer-Verlag London 2015 223
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Fig. 12.1 Filtering over

Network
output fading channel(s) W

y Fading z .
Plant —» Channel(s) Filter

The model of fading channel(s) is given by

7k = Eyk + ng, (12.2)

where n; € R¢ denotes the channel additive noise, which is white with zero mean
and covariance matrix R, > 0, and & € R**¢ represents the channel fading, which
is assumed to have the diagonal structure:

& =diaglé1 . S20, - -5 S0 k) (12.3)

Remark 12.1 Different from a general MIMO communication system with multiple
receiving and transmitting antennas [1], the input and the output of the network
(12.2)—(12.3) are assumed to have the same dimension since our main focus is to
investigate the effect of fading on the stability of a remote filter rather than recovery
of the transmitted information.

It is assumed that the network experiences both transmission failure and signal fluc-
tuation as

Eik = Yik$2ik, (12.4)

where y; ; is 0/1 valued (0 for “failure”, 1 for “success”), white and identically
distributed with probability distribution

Priyix =0} =a;, Pr{yip =1} =1-a;, 0 = < 1, (12.5)

and £2; x is nonzero, white and identically distributed with a given continuous distri-
bution function such as Nakagami. Furthermore, let

e 2 [Ef&k&ix) — SEEE =120,
M £ E{diag{& 1, &2k, - - - » Eex}}s

Vi = diag{y1 k. V2.ks - - > Vek)s
2 = diag{21 k, 22k, .. ., ¢k},

and ¥, X, IT,, I1g are defined similarly to X¢, I1:. Note that the fading experi-
enced by different channels may or may not be correlated depending on whether a
non-orthogonal or an orthogonal access scheme [2] is adopted. Further assume that
the distribution of &; is known and {Wk}kzo, {Vk}kzoa {nk}kzo, {Vk}kan {-Qk}kzo are
uncorrelated with each other.
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Remark 12.2 For Kalman filtering with faded measurements studied in [3], in order
to apply the results on Kalman filtering with random parameters presented in [4, 5],
one of the technical assumptions is that the channel fading &; ; is positive almost
surely for all time k > 0 and every channel i = 1,2, ..., ¢, which excludes the
existence of possible transmission failure. The model (12.2)—(12.4) in this chapter
considers transmission failure and signal fluctuation at the same time, for which the
results in [4, 5] cannot be applied.

We assume that the exact value of & is known at the filter at time k. In this situa-
tion, it is easy to prove that the time-varying Kalman filter is optimal in the MMSE
sense. The plant together with the network can be rewritten as

X1 = Axg + wy, (12.6)
zk = ECxy + Evie + ni.

Denote C’k = &,C and vy = & vy + ny. The state prediction error covariance matrix
Py can be computed by the following random Riccati iteration:

- - - - 1-1 .
Pyt = APAT +Q — APCT [CkPkaT + Rk] arAT (127

with R, = &rR\Er + R, representing the covariance matrix of V. Since Py is
a function of &, it is random in nature and thus can only be computed for a given
realization of ";“é‘. Therefore, we turn to consider the stability of its expectation defined
as follows.

Definition 12.1 The Kalman filter over the fading channel(s) (12.2) or the random
Riccati iteration (12.7) is said to be mean covariance stable if sup;..o E{Px} < oo,
where the expectation is taken over the channel fading sequence 5(])‘.

12.2 Stability Analysis of Kalman Filter with Fading

In this section, we shall study the mean covariance stability of the Kalman filtering
over fading channels.

12.2.1 Preliminaries
Define an MARO and an MLO as below:

—1
g(X) 2 AXAT + 0 —AxC'IT [ncchn +xoxch + R] TTCXAT,
(12.8)
h(X) 2 aAXAT + 0, (12.9)
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where ¥ > 0, R > 0, IT > 0 is a diagonal matrix, and & > 0 is a scalar. The next
two lemmas present several properties of the MARO (12.8) and the MLO (12.9).
Lemma 12.1 Let

—1
e1(X) 2 axaT — axc’r [HCXCTI'[ ko) (CXCT)] ncxar,
o1(L,X) 2 A+ LIOXA+LIC)T +L[¥ o (cXCHILT,
#(L,X) 2 ¢1(L,X)+LRL" + Q.

Then, the following properties hold.

(i) Foranyb € R, ¢1(L, bX) = b1 (L, X).
(i) Forany X > 0 and L, we have h(X) > Q, and

0<g1(X)=¢1(L{(X).X) =< $1(L. X), (12.10)
0=<gX)=¢L"X),X) <¢(L.X), (12.11)

with
5(X) = —AXCTIT [2 © (CXCT)]A ,
L*X) = —AXC" 11 [2 o (cxc) + R]fl .
(iii)) For any X» > X1 > 0, we have
h(X2) > h(X1), g1(X2) > g1(X1), g(X2) > g(X1).

Proof (i) Straightforward.

(ii) The inequality 2(X) > Q is obvious. It follows directly from the expressions of
L} (X) and L*(X) that g1 (X) = ¢ (L](X), X) and g(X) = ¢(L*(X), X). Based on the
property of Hadamard product in Lemma A.5, we have X © (CXCT) > 0 since both
X and CXCT are positive semidefinite. Thus, ¢1 (L, X) > 0 and ¢ (L, X) > Q for any
X > 0 and L. Considering the partial derivatives d¢;(L, X)/dL and d¢ (L, X)/0L,
we can conclude that ¢ (L] (X), X) < ¢1(L, X) and ¢ (L*(X), X) < ¢(L, X).

(iii) Observe that h(X), ¢1(L, X) and ¢ (L, X) are affine in X. It is direct to see
that h(X2) > h(X1). We also have

g1(X1) = o1 (L7 (X1), X1) < o1 (LT (X2), X1) < ¢1(L](X2), X2) = g1(X2),
gX1) = (L*(X1), X1) < ¢(L*(X2), X1) < ¢(L*(X2), X2) = g(X2),

which completes the proof. (]
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Lemma 12.2 The following statements are equivalent.

(i) There exists X > 0 such that X > g1(X).

(ii) There exist X > 0 and L such that X > ¢1(L, X).
(i) There exists X > 0 such that X > g(X).
(iv) There exist X > 0 and L such that X > ¢ (L, X).

Moreover, if any of the conditions (1)—(iv) holds, then the claim as below is true.

(v) The sequence {Xy }i>0 computed by X1 = g(Xi) with any initial condition Xo >
0 is bounded from above and convergent as k approaches oo, i.e., limy_, oo X =
X, where X is the unique positive-semidefinite fixed point of the MARO (12.8),
ie., X = g(f(), X > 0.

Proof (1)<(ii) If (i) holds, then we can derive that X > ¢(L, X) by setting L =
LT(X ). On the other hand, when (ii) is true, we have that

X > ¢1(L,X) = ¢1(L{(X), X) = g1(X).

(1)«=(iii) It follows directly by choosing the same X.
(i)=-(iii) Suppose that (i) is true. By continuity, it holds that

~1
X > AXAT — AxCT [HCXCTH + 2o xch + 91] cxA” + BI

for sufficiently small scalars § > 0 and 6 > 0. Therefore, for any scalar § > 0,
we have

—1
§X > sAXAT —sAaxc'n [HCXCTH +XoEexch + 91] TTCXAT + 581
-1
=AGBX)AT —AGX)CTT [HC((SX)CTH +X o cex)ch + 591]
x ITC(8X)AT + 8pI.
By selecting § > Osuchthatdl > Randdéfl > Qand letting)A( = 6X > 0, weobtain
~ ~ ~ ~ ~ -1 ~
X > AXAT —Axc™nn [HCXCTH +XoECxch+ 591] TCXAT + 581
oAT & AT & T & AT -1 AT
> AXAT —ARCT I [HCXC T+ 30 (CXC )+R] acXa” +0
=g(X),
which completes the proof.

(iii))<(iv) It can be proved similarly to the proof of the equivalence between
(1) and (ii).
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(i)=(v) Assume that (i) holds. In this situation, we can always choose b; €
[0, 1), by € (0, 00) such that g1(X) < b1X, Xo < boX, and L} (X)RL} (X)T + Q <
b X. It follows from Lemma 12.1 that

X1 = g(Xo) = ¢(L*(Xo), Xo)

< ¢ (L7 (X), Xo)
< ¢(Li(X), b2X)

= ¢1 (LT (X), b2X) + L XORLT(X)" + Q
= byg1(X) + LiXORL ()" + 0
< (b1by + b2)X,
Xo = g(X1)
=< g((b1by + b2)X)
< (b3by + b1by + by)X.

By induction, it can be shown that

t

4 b

=D biboX =
i=0

X, Vk >0,
by

which implies that the sequence {X }x>0 is bounded from above for any initial Xy > 0.

Next, the existence of the limit of {Xy }x>0 will be shown by using its boundedness
proved above and the monotonicity property shown in Lemma 12.1 (iii), which
extends the proof of [6, Theorem 1] for the packet-loss case to the general fading case.

Case 1: Xg = 0. It is easy to see by induction that X; | > Xj for all k > 0. In this
situation, since {X }x>0 is monotonically nondecreasing and bounded from above, it
is convergent to X, which is positive semidefinite by continuity and is also the fixed
point of the MARO (12.8).

Case 2: Xo > X. We can derive that X > X for all k > 0 following an inductive
argument. Note that

Xiy1 — X = g(Xp) — g(X)
= ¢(L*(Xp), Xp) — p(L*(X). X)
<P X), Xp) — p(L*(X), X)
= o1 (L*X). Xk — X)
= ¢\ T L*(X), X0 — X).
It follows from Q > 0 that X = ¢ (L* (X) X) > ¢ (L*(X) X) > 0, which further

implies thatlimg_, oo ¢k+1 (L*(X), Xo—X) = 0forXo > X, i.e., the sequence {Xx }x>0
is also convergent to X for Case 2. For any possible Xy, we always have 0 < Xy <
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Xo +X. Then, the convergence of {Xj} k=0 follows from Cases 1 and 2 and the squeeze
theorem [7, p. 64]. The uniqueness of X can be easily shown by contradiction. [

Note that the solution X > 0 to X = g(X) can be obtained by solving the
optimization [6, Theorem 6]

X = argmax tr(X) (12.12)
X>0
subject to the LMI constraint
X —AXAT —Q AXCTIT
ICcxXAT  —ncxc'm—-x o Cxchy—R |~

The next theorem provides explicit conditions in terms of the Mahler measure of
the plant for ensuring the existence of X to X > g1 (X). To this end, suppose that the
pair (A, C) has the following Wonham decomposition [8]:

Al()...() Cl()...()
*A2-~-0 *02...0

A=| . . A O . (12.13)
*-”*Ag * -k Cyp

where * represents terms that will not be used in the derivation, A; € R"*" ¢; €
RIxni Zle n; = n, and each pair (A;, ¢;) is detectable.

Theorem 12.1 There exists X > 0 such that X > g1(X) if

LIT13 2 v
1+m > HM(A)?, Vi=1,2,...,¢L, (12.14)
and only if
L 2
I1 1+@ > M (A), (12.15)
Pl [22]ii

where X1 and X» are any positive-semidefinite diagonal matrices satisfying 0 <
Yy <X <X

The next result (see [9, Lemma 5.4]) is needed in the proof of Theorem 12.1.

Lemma 12.3 Suppose that A is unstable, (c, A) is detectable for a row vector ¢ # Q.
Then, there exists X > 0 such that

X > AXAT —vAXxeT (excT)y~'exAT (12.16)
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if and only if
1

U>1—m

(12.17)

Proof of Theorem 12.1 First of all, it is easy to see that the existence of X > 0 to
X > g1(X) is invariant under similarity transformations on the pair (C, A). Without
loss of generality, let (C, A) have the form

— ASO —
A_[OAU]’ C=[GC Gl

after a similarity transformation, where Ag is stable, all the eigenvalues of A, are
either on or outside the unit circle, and (Cy, Ay) is observable. In this case, we can

prove that the existence of X > 0to X > g1 (X) is further equivalent to the existence
of Xy > 0to

—1
Xo > AuXoAT — AX,CTTT [chxuq{ M+ X0 (CXyCT )] MTCXAT.

Therefore, in the sequel we assume that all the eigenvalues of A are either on or
outside the unit circle.

First, we will prove the necessity of the condition (12.15). Suppose that there
exists X > 0 such that X > g;(X). Based on the property of Hadamard product
documented in Lemma A.5, we have ¥ © (CXCT) > ¥, ® (CXCT). The condition
(12.15) holds when any [ X>];; = 0, otherwise it follows from X > g1 (X) that

—1
det(X) > det(AXAT — AXCTIT [HCXCTI'[ +Xo (CXCT)] cxa’)
2 T 717! T

= det(A)? det(X) det (1 _ [ncxc 1+ %0 (CXC )] cxc 17)
-

= det(A)? det(X) (det(l +racxc'n [2 o) (CXCT)] ))
» -

= det(A)? det(X) (det(] +x'2cT [2 o) (CXCT)] ncxl/z))

B 1
> det(A)2 det(X) (det([ + X2 [}:2 o) (cch)] : ncxl/Z))
= det(A)? det(X)

_ _ —1
x (det(l + [22 o) (CXCT)] " nexc’n [22 o (CXCT)] 1/2))

l
[22]ii
> #(A)? det(X 1, 12.18
= e )Iizll([zz]ﬁﬂm%,.) (1219
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where the last inequality follows from Hadamard’s inequality; see Lemma A.2. Thus,
the proof of necessity is completed since (12.18) implies (12.15).
Next, the sufficiency of the condition (12.14) will be shown. According to

2
LIT; , if (12.14) is true, then there exists X; > 0

Lemma 12.3 and letting v = TAE+1500

such that
T T T 17"
X; > AXAT = AXicT LT [T Xiel Ui + 12113 © (eiXicT) |
x UTiciXiA]

for every i = 1,2, ..., ¢, which, based on Lemma 12.2, is also equivalent to the
existence of X; > 0 and L; such that

X; > (A + LilMae)Xi(Ai + LlMae)” + Li (1211 © @Xic)) L. (12.19)
The sufficiency for the case ¢ = 1 is straightforward. We turn to consider the case

£ = 2. Since the existence of X > 0 to X > g(X) is invariant under similarity
transformations on the pair (C, A), we let the pair (C, A) have the form given in

(12.13), namely
A O c1 O
A = N C = .
|:A21 Az] [621 Cz:|

Based on (12.19), we can always choose a sufficiently large 01 such that
01Xz > (A2 + Lo[IT12202)01 X2 (A2 + Lo[ M 122¢2)"
+ 1 ([21]22 © (6291X2€2T)) LI + Fxy),
where

FOX) = Lo (12112 © (caXih)) L
+ (A1 + La[ M) X1 (A + Li[T]1ie1)”
x [Xl — (A1 + Ll liic)X1 (A + LT le)”
~1
—L; ([21]11 o} (61X101T)) LlT]

X (A1 4+ Li[Tl1c)X1 (A2 + Lol T lazcan)?.

It then follows from Schur’s complement in Lemma A.1 that there exist X =
diag{X1, 61X>} and L = diag{L;, L»} such that

X > ¢1(L, X). (12.20)
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By induction, for the case £ > 2, there exist X = diag{Xi, 61X>,...,0;—1X¢} and
L = diag{Ly, Lo, ..., L¢} with sufficiently large 61, 65, ..., 6¢—1 such that (12.20)
holds. It follows from Lemma 12.2 and

Z 0 (x> ¥ o (cxch

that X > g1 (X), which completes the proof. U

Remark 12.3 The condition (12.14) depends on the specific Wonham decomposition
in (12.13), and both (12.14) and (12.15) are related to the structure of X'. Obviously,
we can put ¥y = X» = X when X is diagonal, and the bounds in (12.14) and
(12.15) are the same for the single-output case (£ = 1).

12.2.2 Mean Covariance Stability

Now, we are in the position to present the main result of this chapter that provides
necessary and sufficient conditions on the network for mean covariance stability of
a remote Kalman filter with faded observations along with lower and upper bounds
for the mean error covariance matrix.

Theorem 12.2 The Kalman filter over the fading channel(s) (12.2) is mean covari-
ance stable if

[T}

1+
[Xerlii

> #MA)>, Vi=1,2,...,¢, (12.21)

and only if
1
= > p(A)?, (12.22)
o

where X¢| is any positive-semidefinite matrix satisfying Xg1 > X¢, and
a=Pri§ =& =" =& =0} (12.23)
Moreover, it holds that
i (Po) < E{Pi) < ¢"(Po)
forall Po > 0 and k > 0, where g(-) and h(-) are defined in (12.8) and (12.9) with
I=1I, ¥ =X, R=TR, It + Xt OR, + Ry, (12.24)

and « as defined in (12.23). If (12.21) is true, then limy_, . g5(Py) = i’gl > 0 with
g(Pg1) = Py If (12.22) is true, then limy_, o0 h*(Po) = Py > 0 with h(Py) = Py
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Proof We will first prove the sufficiency of the condition (12.21). It follows from
(12.7) that, for any scalar ¢ > 0,
Piy1 —APAT —Q —el  APCT
b1 —APAT — 0O I ) (12.25)
CkPkAT _CkPkCZ — Ry

which is affine in both Py and Py1. By noting the independence between Py and &,
taking the expectation on both sides of (12.25) and denoting Py = E{P;}, we have

Pipr —APAT — Q — el APCT I 0
MeChA” ~N:CPCTM — 5 0 (CPCT) =R |

which further implies that

~ ~ ~ ~ —1 ~
Pyt < — APCTIT; [175 CPCTIT: + 3¢ © (CPCT) + R] achAT
+ AP AT + Q + . (12.26)

Using the continuity arguments with respect to ¢, (12.26) yields ﬁk+1 < g(ISk) by
letting ¢ approach 0. By taking Xo = Po, Xr+1 = g(Xx) and noting that 13k < X
for all k, we can easily see from Theorem 12.1 and Lemma 12.2 that the sequence
{Pk}kzo is bounded from above, i.e., the remote Kalman filter is mean covariance
stable. In addition, limy_, o gk (Py) = 13g1 = g(13g1) > 0 follows from Lemma 12.2.

Next, we will consider the necessity of the condition (12.22). Based on the defi-
nition of mathematical expectation, we can derive that 130 = Py,

Py = E(Py}
T =T | ~ =7, 517! T
= E{APoAT + Q — AP,C]] [COPOCO —i—Ro] CoPoAT)

>Pri&i =k ==&k =0E{APAT} + 0
= h(Py),

and . . .
Pri1 = h(Py) = W (Pg) = WL (Py).

Since (A, 0'/?) is controllable, there exists P, > 0 such that P, = h(P) if and
only if p(y/aA) < 1, i.e., the condition (12.22) holds. We will show the necessity
by contradiction. Assume that Pp = 0 and (12.22) does not hold. In this case,
i’h does not exist. Based on Lemma 12.1 (iii), we can easily show that {hk O}i=0
is monotonically nondecreasing and thus unbounded, which contradicts the mean
covariance stability of the remote Kalman filter. Thus, the proof of the necessity of
(12.22) is completed. Furthermore, if (12.22) is true, then, following a similar line
of proof as in Lemma 12.2, we obtain limy_, o #X(Pg) = Py, for any Py. [
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Note that a tighter sufficient condition than (12.21) can be obtained under the
following technical assumption.

Assumption 12.1 There exists a matrix Rn > 0 such that E{§2,~ an.Qk_ 1} < i?n.

Remark 12.4 The term 2 lR,, 2, !'is nonlinear in £2y, and thus its expectation can
only be evaluated case by case for the given distribution of £2.

Proposition 12.2.1 Under Assumption 12.1, the Kalman filter over the fading chan-
nel(s) (12.2) is mean covariance stable if

1
— > MA), Vi=1,2,....L, (12.27)

ai
where «; is as defined in (12.5). Moreover, we have
E{Py} < ¢"(Po). YPo 2 0, k =0,
where g(-) is defined in (12.8) with
n=1,, ¥=2X%, R=I,R, + X, OR, +R,. (12.28)

If (12.27) is true, then limy_, o0 g(Po) = Pgo > 0 with g(Pg2) = Pyo.

Proof 1t follows from (12.25) that

Pis1 — APAT — Q — el AP CTy, ]
_ 1| <0. (12.29
[ WCPAT  —p(CPLCT + Ry — 27 a2y (1229
Under Assumption 12.1, we can derive that 13k+1 < g(f’k) with 1, ¥, R given in
(12.28). The rest of the proof follows analogously to the proof of Theorem 12.2. [J

Remark 12.5 As we can see from Proposition 12.2.1, the signal fluctuation does
not affect the mean covariance stability of the remote Kalman filter under Assump-
tion 12.1, however, it would influence the upper bound for E{Py } through the term R,,.
Under Assumption 12.1, the condition (12.22) is still necessary for mean covariance
stability and /¥ (Pg) provides a lower bound for E{P;}. It is also direct to see that
(12.21) always implies (12.27), and they are consistent if there is no signal fluctua-
tion, i.e., £2; x = 1 in (12.4). The optimization (12.12) can be used to compute 13g1
and 1382, while Pj, can be obtained by solving a Lyapunov equation.

12.3 A Numerical Example

The numerical example that follows shows the validity of the results in this chapter.
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Example 12.1 Consider the plant with £ = 1 and

0 0.112
A= 0050 |, c=[100],
130.1 0

and let Q = I3, R, = R, = 1. We have p(A) = 1.2490, .# (A) = 1.5600. Suppose
that £21 x is Nakagami distributed with the mean channel power gain @ = 2 and
the severity of fading o1 = 2. In this case, IE{.Q,:IR,L.QIJI} = 1, and we can choose

R, = 1 in Assumption 12.1. Based on Theorem 12.2, the sufficient condition for
the mean covariance stability of the remote Kalman filter is oy < 0.2050, while
the corresponding necessary condition is « = o1 < 0.6410. According to Proposi-
tion 12.2.1, the sufficient condition for the mean covariance stability of the remote
Kalman filter becomes «; < 0.4109, which is less conservative than «; < 0.2050
obtained from Theorem 12.2.

Next, assume that o1 = 0.2. Figure 12.2 shows the path of &; ; for one sample of
simulation and the empirical norm of P; by averaging 10,000 Monte Carlo simula-
tions. As we can see, the Kalman filter with faded observations in this situation is
mean covariance stable. In addition, we can compute that

; [29.9731 0.1248 0.0753 : 12.0830 0.1218 0.0600
Py =| 0.1248 1.3332 0.0972 |, Py = | 0.1218 1.33310.0924 |,
| 0.0753 0.0972 20.0949 0.0600 0.0924 7.6722

5 [1.4307 0.0120 0.0039
P, = 0.0120 1.0526 0.0121
| 0.0039 0.0121 1.4863

Fig. 12.2 The path of &  for 3
one sample of simulation H e .
(above) and the empirical : : st :
norm of Pj by averaging

10,000 Monte Carlo
simulations (below) when
0 50 100 150 200
Time
100

80

60

40

20 1
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Fig. 12.3 The paths of & 4 3
(above) and || Py || (below) for
one sample of simulation
when o; = 0.7

0 50 100 150 200

Time
X ]09
8
6 - 4
4 - 4
2 - 4
0 1 1 1
0 50 100 150 200
Time

When o1 = 0.7, the norm of P can reach a relatively high value for one sample
of simulation as shown in Fig. 12.3.

12.4 Summary

In this chapter, necessary and sufficient conditions on the network for guaranteeing
the mean covariance stability of Kalman filtering over fading channels subject to both
transmission failure and signal fluctuation have been given in terms of the unstable
poles of the plant. It has been shown that the mean error covariance matrix of the
remote Kalman filter is bounded from above by a modified Riccati iteration and from
below by a modified Lyapunov iteration.

The results in this chapter are based mainly on [10].
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Chapter 13
Kalman Filtering with Packet Losses

In this chapter, we study the Kalman filtering problem with Markovian packet losses
with the focus on the stability of estimation error covariance matrices. We introduce
the notions of stability in stopping times and stability in sampling times. The first
one deals with stability of a randomly down-sampled system. It is shown that both
the aforementioned stability notions are equivalent. This result makes the stability
analysis of the estimation error covariance matrices relatively easier because stability
in stopping times is generally easier to study. All stability criteria in this chapter are
described by simple strict inequalities in terms of the largest eigenvalue of the open
loop matrix and transition probabilities of the Markov process.

The chapter is organized as follows. The problem is formulated in Sect. 13.1, where
two stability notions are introduced. In Sect. 13.2, a necessary condition for both
stability notions of vector systems is derived, from which the equivalence between
the two stability notions is established. Necessary and sufficient conditions for the
stability of the mean estimation error covariance matrices of second-order systems
are provided in Sect. 13.3. The necessary condition presented in Sect. 13.2 is proved
to be sufficient for certain classes of higher-order systems in Sect. 13.4. Illustrative
examples are presented in Sect. 13.5. Most of proofs in this chapter can be found in
Sect. 13.6. Concluding remarks are drawn in Sect. 13.7.

13.1 Networked Estimation

Consider a discrete-time stochastic linear system

X1 = Axg + wy,

13.1
Yk = Cxg + vi, (13.1)
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\%
w k [————- 1 R
k| System —>é)7>: Channel :—» Estimator —X
]

Fig. 13.1 Network configuration

where x; € R" and y;, € R¢ are vector state and measurement. w;, € R” and v € R¢
are white Gaussian noises with zero means and covariance matrices Q > 0 and
R > 0, respectively. C is of full row rank, i.e., rank(C) = £ < n. The initial state xq
is assumed to be a random Gaussian vector with mean X and the covariance matrix
Py > 0. Moreover, wg, v and xo are mutually independent.

We focus on an estimation framework where the raw measurements of the sys-
tem are transmitted to an estimator via an unreliable communication channel, see
Fig.13.1. Due to random fading and/or congestion of the communication channel,
packets may be lost while in transit through the channel. Here we do not address
other effects such as quantization, transmission errors and delays. The packet loss
process is modeled by a time-homogenous binary Markov process {y }x>0, which is
more general and realistic than the i.i.d. case due to possible temporal correlation of
network conditions. Furthermore, assume that {4 }x>0 does not contain any informa-
tion of the system, and is independent of the system evolution. Let y; = 1 indicate
that the packet containing the information of y; has been successfully delivered to
the estimator while y; = 0 corresponds to the loss of the packet. In addition, the
Markov process has a transition probability matrix given by

. . 11—
T = (Plyisr = v = iDijes = [ o ﬁp] : (132)

where S £ {0, 1} is the state space of the Markov process. To avoid any trivial case,
the failure rate p and recovery rate q are assumed to be strictly positive and less
than 1, i.e., 0 < p, ¢ < 1. This implies that the Markov process {yx}k>0 is ergodic.
Obviously, a smaller value of p and a larger value of ¢ indicate a more reliable
communication link.

Denote (£2, %, P) the common probability space for all random variables in the
chapter, where 2 is the space of elementary events, .7 is the underlying o -field on
£2, and P is a probability measure on 7.

Let

FEoQivi,vi i<k CF

be an increasing sequence of o-fields generated by the information received by the
estimator up to time k, i.e., all events that are generated by the random variables
{vivi, vi, i < k}.Inthe sequel, the terminology of almost everywhere (abbreviated as
a.e.) is always with respect to (w.r.t.) the probability measure P. Similarly to Chap. 5,
we define a sequence of stopping times {#; },>0 adapted to the Markov process {y«}x>0
as follows:


http://dx.doi.org/10.1007/978-1-4471-6615-3_5

13.1 Networked Estimation 241

to =0,
t; = inflklk > 1,y = 1},
tp = inf{klk > 11,y = 1},

f; = inflklk > t;_1, i = 1}. (13.3)

By the ergodic property of the Markov process {yk}x>0, # is finite a.e. for any fixed
k [1]. Thus, the integer valued sojourn time 7x, k > 0 that denotes the time duration
between two successive packet received times is well-defined a.e., where

2 —tr > 0. (13.4)

With regard to the probability distribution of sojourn times {7y }r~o, we recall the
following interesting result.

By Lemma 5.1, it follows that conditioned on {yy = 1}, the sojourn times {7 }x~0
are i.i.d., and the conditional distribution of t; is explicitly expressed as

. 1—p, i=1
Plri=ilp =1} = pa(l— )2, i = 1. (13.5)

13.1.1 Intermittent Kalman Filter

To this purpose, denote the state estimate and one-step prediction corresponding to the
minimum mean square error estimator by X x = Elx|-Zi]and xxi1x = Elxg1]-Z],
respectively. The associated estimation error covariance matrices are defined by

Pre = ELOo — ) (o — 30| F]

and
Prsik = ELO%41 — R 10) G — X110 ™ 1 Z],

where A¥ is the conjugate transpose of A. By [2], it is known that the Kalman filter
is still optimal. That is, the following recursions are in force:

Xk = Xik—1 + VK Ok — CXgje—1)s (13.6)
Pk = Prjk—1 — ViKi CPrik—1, (13.7)

where K, = Pk‘k,ICH (CPyi— 1CH" + R)~!. In addition, the time update equations
continue to hold: )Ack+]|k = A)Ack|k, Py = APk‘kAH + O and )AC()|_1 = Xo, Po-1 =
Py. For simplicity of exposition, let Py = Pri1x and My = Py 4.
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13.1.2 Stability Notions

To analyze the behavior of the estimation error covariance matrices, we introduce
two types of stability notions.

Definition 13.1 We say that the mean state estimation error covariance matrices are
stable in sampling times if

sup E[Px] < o0

keN

while they! are stable in stopping times if

sup E[M}] < o0
keN

forany Py > 0, where the expectation is taken w.r.t. packet loss process {yx }x>0 with
o being any Bernoulli random variable.

Here E[Py] represents the mean of one-step prediction error covariance at the sam-
pling time whereas [E[M}] denotes the mean of one-step prediction error covariance
at the stopping time. To some extent, the former is time-driven while the latter is
event-driven. Although the two stability notions have different meanings, they will
be shown to be equivalent in Sect. 13.2. Our objective of this chapter is to establish
the equivalence between the two stability notions and derive necessary and sufficient
conditions for stability. For scalar systems, the stability in sampling times has been
discussed in [3] by analyzing a random Riccati recursion. Their approach is quite
conservative for vector systems as they leave the system structure unexplored. In this
chapter, a completely different method is developed to establish the main results.

Assumption 13.1 For simplicity of presentation, we make the following assump-
tions.

(a) Po, Q, R are all identity matrices with compatible dimensions.
(b) All the eigenvalues of A lie outside the unit circle.
(c) (C,A) is observable.

13.2 Equivalence of the Two Stability Notions

Due to the temporal correlations of the packet loss process, it is generically difficult to
directly study the notion of stability in sampling times [3]. However, the two stability
notions will be shown to be equivalent in this section. Then, it is sufficient to study
the stability in stopping times, which is relatively easier as will be demonstrated.

! This notation means that there is a positive definite P such that E[P;] < P for all k € N. Similar
meaning applies to the notation sup, .y E[M] < oo.
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Foranyi € S, denote [E‘[-] the mathematical expectation operator conditioned on

the event that {yy = i}.

Lemma 13.1 The following statements hold:

(@) supen ELPx] < ooifand only if supyey E'[Pi] < 0o and supycy EO[Py] < oo.
(b) suppen E[Mi] < oo if and only if sup;cn E'[Mi] < oo and SUPkeN EO[M;]
< 00.

Proof (a) “<=:” It is obvious since
E[Pi] < E'[Pi] + EO[P].
“=:" Let P{yy = 1} = P{yp = 0} = 1/2. Note that P, > 0, then E[P;] >
E'[Pi]/2 and E[P;] > EO[P;]/2.
(b) Similar to (a).

Theorem 13.1 Consider the system (13.1) satisfying Assumption 13.1 and the
packet loss process of the measurements governed by a time-homogeneous Markov
process with transition probability matrix (13.2). Then, a necessary condition for
supyey E[Mi] < oo is that

pA*(1—q) < 1.
Proof Define a linear operator g(-) by
g(P)=APA" + 0
and the composite function g o g(-) by
g0 g(P) = g(g(P) = g*(P).
Similar definition applies to the notation g¥(-) for all k > 1. Since # is a stopping
time, .%;, £ o (Vivi, Vi, | < ty) is a well defined o -field. Noting that Py > Q = I for

all k € N and My = Py 4, it immediately follows from the property of conditional
expectation that

E[Mi41] = E [E[Mi411.7, 1]
= E [g™+ (Mp)] = E[g™+ (Q)]

Tk+1

= E[ZA/(Aj)H], (13.8)
Jj=0

where the first inequality is due to that g(-) is a monotonically increasing function.
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Let
J = diag(Jy,...,Jy) € C"
be the Jordan canonical form of A, where J; € C">" is the Jordan block correspond-

ing to the eigenvalue ;. That is, there exists a nonsingular matrix U € R"*" such
that A = UJU L. Then, it follows that

Tk+1 Tk+1
AW =uv> sutvHtunrtot
j=0 J=0
Tk+1
> dmin(U™'UTHU D HAH U, (13.9)
j=0

where Amin (U'U™H) > 01is the smallest eigenvalue of U~ U~ . In view of (13.8),
(13.9) and Lemma 13.1, it is clear that

sup E[Mj41] < o0
keN

implies that
Tk+1 o
supE'[ D ()] < oo, (13.10)

keN =0

Note that the (n;, n;)th element of E! [Z;Sol J{ (J{ )] is computed by

Tk+1 2 1ml 2T
O R2E P -1
E'D» a7 =
; ’ L2 —1

By (13.10) and the equivalence property of norms on a finite-dimensional vector
space, it follows that
AFIE![12:27] — 1
il =1

Together with Lemma 5.1, we have that IAi](1 — g) < 1. Since A; is an arbitrary
eigenvalue of A, this completes the proof.

Theorem 13.2 Consider the system (13.1) satisfying Assumption 13.1 and the
packet loss process of the measurements governed by a time-homogeneous Markov
process with transition probability matrix (13.2). Then, a necessary condition for
supgen E[Pr] < o0 is that p(A)*(1 —q) < 1.
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Proof Since Py, — P,CH(CP,.CH + R)~1CP, > 0, see [4], we obtain that for any
k>3,

k k

Peyr = (1= y)APAR + 0 > D ([ — yipaA 7 @M, 3.1
j=1i=j

where the second inequality is due to that Q = I by Al.

Denote 7;;' =Py =i},i € {0,1}and 7; = [n;),njl]. By (13.2), we have that
Tjt] = njH+ for any j € N. Together with 0 < p, ¢ < 1, one can test that for any
finite j > 1, rrj’ > 0 for all i € {0, 1}. In addition, the Markov process {y }ren has a

unique stationary distribution 70 7], ie.,

lim nj’ =x'ieS.
j—o0

By (13.2), we further obtain that 70 = I%q > 0. It follows that

P

inf 70 > 0,
j=17

which further implies that for all j > 2,

k k
E[] 1 =yl = B[ J( = vlyj1 = 0IP(;—1 = 0)
- -
> 70(1 — g)* . (13.12)

In view of (13.11), we obtain that
k=2
ElPr1] = 2% > (1 — gy A ),
j=0
By following a similar line of the proof in Theorem 13.1, it immediately yields that

pAP(1—g) < 1.

Remark 13.1 Let g = max{q, 1 — p}, [4] provides a necessary condition, i.e.,
PPA1 - <1

for supycn E[Pr] < oo, which is obviously weaker than Theorem 13.2if p4-¢g < 1.

By the above results, the equivalence between the two stability notions is established
in the following result, whose proof is given in Sect. 13.6.
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Theorem 13.3 Considerthe system (13.1) satisfying Assumption 13.1 and the packet
loss process of the measurements governed by a time-homogeneous Markov process
with transition probability matrix (13.2). Then, the notions of stability in stopping
times and stability in sampling times are equivalent.

Thus, there is no loss of generality for the rest of the chapter to focus on the stability
in stopping times.

13.3 Second-Order Systems

Consider second-order systems with the following structure:

Assumption 13.2 A = diag(A{, A2) and rank(C) = 1, where Ay = A4 exp(zg—’ﬁ),
i2=—1,d > r > 1andr,d € N are irreducible.

Under A4, it is easy to verify that (C, A9) is not an observable pair. This essentially
indicates that the measurements received at times kd for all ¥ € N do not help to
reduce the estimation error, which will become clear shortly. Thus, it is intuitive that
with a smaller d, it may require a stronger condition to ensure stability of the mean
estimation error covariance matrices as observability may be lost relatively easily,
which is confirmed in Theorem 13.4.

Theorem 13.4 Consider the second-order system (13.1) satisfying Assumption 13.1
and the packet loss process of the measurements governed by a time-homogeneous
Markov process with transition probability matrix (13.2). Then,

(a) if(C,A) satisfies A4, anecessary and sufficient condition for sup, .y E[M;] < 00

is that
pq

u_qyxmm%l—@ﬂ<1;

1+

(b) otherwise, a necessary and sufficient condition for sup, .y E[My] < o0 is that
p(A*(1—gq) < 1.

The proof is delivered in Sect. 13.6. By Theorem 13.3, the results in Theorem 13.4
apply to the notion of stability in sampling times as well. Some remarks are included
below.

Remark 13.2 Since d > 2, the function

Pq d
14+ —)(1 -
I+ o0 -a)

is decreasing w.r.t. ¢ € (0, 1) but increasing w.r.t. p € (0, 1). For a communication
link with a smaller p and a larger g, which corresponds to a more reliable network, a
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more unstable system can be tolerated without losing stability of the estimation error
covariance matrices. This is consistent with our intuition.

Remark 13.3 1f the conjugate complex eigenvalues satisfy that ., = A1 exp(2m 1),
where ¢ is an irrational number, Assumption 13.2 does not hold. A necessary and
sufficient condition for both the types of stability is that

P —g) < 1.

Under this situation, the pair (C, Ak) remains observable for all k > 1. Then, the fail-
ure rate p becomes immaterial. In Sect. 13.4, we show that even for certain classes of
higher-order systems with scalar measurements, the failure rate is of little importance
for stability as well.

Remark 13.4 In [3], they establish the equivalence of the usual stability (stability
in sampling times) and the so-called peak covariance stability of the estimation
error covariance matrices only for scalar systems. But for vector systems, they give a
conservative sufficient condition for the peak covariance stability and do not consider
the usual stability.

Remark 13.5 TIf the packetloss process is ani.i.d. process, correspondingtog = 1—p
in the transition probability matrix of the Markov process, the stability criterion under
A4 in Theorem 13.4 is reduced to that

g>1—pA) T,

which recovers the result in [5]. Note that under i.i.d. packet losses, a lower bound
for the critical packet loss rate given in [2] is interpreted as

qg>1-p@A)72,

which is obviously not tight for systems satisfying Assumption 13.2.

13.4 Higher-Order Systems

Under an i.i.d. packet loss assumption, an explicit characterization of necessary
and sufficient conditions for stability of filtering error covariance for general vector
linear systems is known to be extremely challenging [2, 5, 6]. Fortunately, for certain
classes of higher-order systems, where each unstable eigenvalue of A~! associates
with only one Jordan block and has a distinct magnitude or (C, A) is a non-degenerate
pair, it is possible to give a simple necessary and sufficient condition for stability
of the estimation error covariance matrices. This section shows that the condition in
Theorem 13.1 is also sufficient under certain classes of higher-order systems, whose
proofs are given in Sect. 13.6.
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13.4.1 Non-degenerate Systems

Some definitions introduced in [5] are adopted.

Definition 13.2 The pair (C, A) is one step observable if C is of full column rank.

Definition 13.3 Assume that (C, A) is in diagonal standard form, i.e.,

A =diag(Ay, ..., ) and C = [Cy, ..., Cyl.
An equi-block of the system is defined as the subsystem corresponding to the block
(Cy,Ay), where S = {iy,...,i;} C {l,...,n}is an index set such that |;| =
...=ryland Ay = diag(Aiy, ..., Ay), Cr =[Ciy, ..., Cijl.

Definition 13.4 The system (C, A) is non-degenerate if every equi-block of the
system is one step observable. Conversely, the system (C, A) is degenerate if there
exists an equi-block of the system that is not one step observable.

The concept of non-degenerate is weaker than that of one step observable system but
stronger than observable one.

Assumption 13.3 (C, A) is a non-degenerate pair.

Theorem 13.5 Consider the system (13.1) satisfying Assumptions 13.1 and 13.3,
and the packet loss process of the measurements governed by a time-homogeneous
Markov process with transition probability matrix (13.2). Then, a necessary and
sufficient condition for supyy E[Mi] < oo is that

p(A?(1—q) < 1.

It should be noted that Theorem 7 of [5] provides a necessary and sufficient condition
for stability in sampling times for non-degenerate systems under i.i.d. packet losses.
Their results indicate that the lower bound for the critical packet loss rate in [2] is
tight for non-degenerate systems. While in Theorem 13.5, we give a necessary and
sufficient condition for stability of non-degenerate systems under Markovian packet
losses. Next, the necessary condition in Theorem 13.1 is proved to be sufficient for
another class of higher-order systems with the following structure.

Assumption 13.4 A~! = diag(Jy, ..., J,) and rank(C) = 1, where
Ji= X;lli +N; € R

and |A;| > |Xit+1].1; is anidentity matrix with a compatible dimension and the (j, k)th
element of N; is 1 if k = j + 1 and 0, otherwise.

Theorem 13.6 Consider the system (13.1) satisfying Assumptions 13.1 and 13.4,
and the packet loss process of the measurements governed by a time-homogeneous
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Markov process with transition probability matrix (13.2). Then, a necessary and
sufficient condition for sup; N E[M] < oo is that

p(A?*(1—¢q) < 1.

Remark 13.6 Note that except for the case that A has n eigenvalues and each of them
is with a distinct magnitude, Assumptions 13.3 and 13.4 define two disjoint classes
of higher-order systems.

13.5 Illustrative Examples

Example 13.1 Let a second-order system be specified by

1.5 0
A= [ 5 _1'5} and C = [1 1]. (13.13)

In order to achieve stability, the failure rate p and recovery rate g should satisty that

Pq 2 —4
1+—)(1— )2 < 1.5%=0.198
( (1—¢)7? 1

by Theorem 13.4. Two sample paths with different recovery rates are shown in
Figs. 13.2 and 13.3, which illustrate that with a smaller recovery rate, the estimation
error covariance matrices have more chances to reach a high level, even diverge. Actu-
ally, it can be verified that with ¢ = 0.6 and p = 0.1, the inequality in Theorem 13.4
is violated.

Example 13.2 The results on higher-order systems in Sect. 13.4 are applied to target
tracking over a packet loss network. The dynamic of target is expressed by [7]

1 hh?
Xee1 = |01 b | X + wy, (13.14)
001
Fig. 13.2 A sample path 600
withg = 0.8 and p = 0.1 . 400f
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Fig. 13.3 A sample path x10°
with g = 0.6 and p = 0.1

0 10 20 30 40 50 60 70 80 90 100

where £ is the sampling period and x; denotes the target state at time kA, including
the target position, speed and acceleration. The input random signal wy is an addi-
tive white Gaussian noise. When the sampling period % is sufficiently small, the
covariance of wy is given by

1 /20 h*/8 h3/6
0 =2ao’ | h*/8 K3 /322, (13.15)
n/6 h*/2 h
where o,%l is the variance of the target acceleration and « is the reciprocal of the

maneuver time constant. The sensor periodically measures the target position with
the following output equation:

e =[1, 0, Olxg + v, (13.16)
where the measurement noise v, is an additive white noise with variance R and

independent of wy. The initial state xq is a Gaussian random vector with zero mean
and covariance as follows [7]:

R R/h 0
Po= | R/h2R/h* 0
0 0 0

In this example, set » = 0.1s, « = 0.1, 0,,21 = 1 and R = 0.01. Although here A
is marginally unstable, a scaling on A can be made as in Theorem 8 of [5]. Jointly
with Theorem 13.6, it follows that g > 0 is sufficient to guarantee the stability of the
estimation error covariance matrices. Let ¢ = 0.2 and p = 0.5, one sample path for
the tracking error variance of position is shown in Fig. 13.4, which illustrates that an
bounded tracking error is achieved.
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Fig. 13.4 A sample path
withg =0.2andp =0.5
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13.6 Proofs

Since the Markov process is temporally correlated, the proof would be more chal-
lenging than the case with i.i.d. packet losses. Before proceeding further, we need
some technical lemmas.

Lemma 13.2 [8] For any A € R™" and ¢ > 0, it holds that
1A < Ny*, vk >0, (13.17)

where N = /n(1+ 2)"~" and n = p(A) + e[| A].
If A is invertible, define ¢ (k, i) = A"~ if k > iand ¢ (k,i) = [ if k < i. Let

k
O = Dy HICH caATF + aTHak, (13.18)
i=0
k
Ac =D ¢! k. HCHCP (k. j) + ¢ (k. 0)p (k. 0), (13.19)
j=0
k
Er =Y ¢"(.0C"Ce(j.0) + ¢ (k. 0)¢ (k. 0), (13.20)
j=0
g = Zqﬁ”(j, 0)CCey(,0). (13.21)
j=0

Lemma 13.3 Under AI-A3, there exist strictly positive constant numbers « and
such that for any k € N,

aAA' AT < My < pAATAR. (13.22)
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Proof By revising Lemma 2 in [5] and the fact that y; = 0if j ¢ {#., k € N}, the
proof can be readily established and the details are omitted.

By (13.2), it is easy to check that = is invertible a.e. Thus, except on a set with
zero probability, the inverse of Z is well defined. On this exceptional set, we can set
Z~! to be any value, e.g., zero matrix, as its value on a zero probability set does not
affect the expectation of E[ = -1

Lemma 13.4 Under Assumption 13.1, there exist strictly positive constant numbers
a and B such that

GAE'[E71AR < sup, B [M;] < BAE![2711A". (13.23)

Proof By Lemma 5.1, itis clear that conditioned on the event {yy = 1}, the following
random vectors are with an identical distribution, e.g.,

(rk,rk+tk_1,...,rk+~-~+t1)i(tl,rl+rg,...,rl+-~-+rk),
where £ means equal in distribution on its both sides. Thus, it yields that
E'lA;1=E'[5 "]
by (13.19) and (13.20). Jointly with Lemma 13.3, it follows that
E'[M] < BAE'[E, 1A, (13.24)

1—p@A~hH
[A=T]

Under Assumption 13.1, it is possible to select a positive ¢ < and

n=pA ) +elA™ <1,

then it follows from Lemma 13.2 that for any k € N,

> "G CCo k) < IICIE D] AT

j=k+1 Jj=k+1

o0 2
N|C
<N|C|? z n? =iy < ”_ [P Bol, (13.25)

j=k+1

where the last inequality is due to that ty > 1 for all k € N.

Let 1 = min(l, B;") and B = BB, then & > 3\_ 9" (j, 0)CH Ce (). 0) +
By Lot (k, 0241 ¢" G, K)CTCP(j, k))p(k,0) > P&, where the second
inequality is due to (13.25). Thus, the right hand side of the inequality of (13.23)
trivially follows from (13.24). Similar to (13.24), the left hand side of (13.23) can
be shown by using Fatou’s Lemma [9].
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13.6.1 Proof of Theorem 13.3

Proof On one hand, assume that sup, . E[Px] < 0o. By (13.2), the Markov process
has a unique stationary distribution given as follows,
1—i i

Ply =i} = lim Pl = i} = I;+z’ VieS. (13.26)

Consider a special case that the Markov process starts atits stationary distribution, i.e.,

=i i
. P q

Piyo =i} =
p+q

for all i € S. Then, the distribution of y4 is the same as that of . Under this case,
it can be verified that

— ; . 1—q ¢
n =<P{yk=1|yk+1=z}>,-,,-egz[ ] 1_p]~ (1327)

Given a measurable function f : R 5 R"™" e obtain that:

Elf (ks - - -5 v0)]
= > Sl 0P =ik 00 = o)
i;€S,0<j<k
k—1
= Z S, - i0)P{yo = io} HP{V;H =ii+1lyy =i} (13.28)
i;€S,0<j<k j=0
k—1
= Z Sk, - i) Py = io} H]P{yj =ijp1lyi+1 =i} (13.29)
i;€S,0<j<k j=0
=El[f(vo, ... v = Elf (1, - vt D] (13.30)

In the above, (13.28) follows from the Markov property of {yx}i>0 while (13.29) is
due to (13.2), (13.27) and that the distribution of y4 is the same as that of yp. The
last equality is due to the strict stationarity of the Markov process starting from its
stationary distribution. By Lemma 3 of [5], there exists a positive constant ¢« such
that

k+1
Peyt = a1 i 1-iA™HICH CA™ 4 (a7 hH Ak 7L
i=1
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Together with (13.30), we have that

k+1
E[Pr41] = OllE(z i A™HHCHCA™ 4 Ak g—k=1)—1

i=1

o0
> a]E(Z v A THECHCA™ 4 (AR =1 =1 (13.31)

i=1

Under Assumption 13.1, the term in (13.31) is decreasing w.r.t. k. It follows from
the monotone convergence theorem [9] that

sup E[P;] > i B[O (A CcA™) ™) = ey B[5 7],

where the last equality follows from the definition of = in (13.21). Define a stopping
time w as the time at which the first packet is received, i.e.,

w =inf{k |yx = 1,Vk € N}.
Since p is a stopping time adapted to the Markov process {yx }x>0, we know that

R éa()/o,...,m)

is a well defined o-field. Furthermore, it follows from the property of conditional
expectation that

L&' = EIA* (Y v A CA™) A ™)
Jj=0

= EIAME[Q_ yjruA DT ca™) ™ 4,14,
j=0

By (13.2), it is clear that yj is a strong Markov process [1]. This implies that

ELQ vien A HICH AN G0 = BIQ yjruAHH CHCa™) |y,
j=0 Jj=0

By the definition of p, it yields that y, = 1. Again, by the strong Markov prop-
erty, it follows that the transition probability matrix of {yxy,}ik>0 is the same as
that of the original Markov process {yx}x>0. Combining the above, we obtain that
supyey E[Px] < oo implies

o0
E'NE" =B yrn@ I AT y, = 1] < 0.
Jj=0



13.6 Proofs 255

By Lemma 13.4, it follows that sup; .y E![M] < oco. In view of Theorem 13.2, it
implies that p(A)*(1 — g) < 1 and

EYAR @A ] = ¢ 3 AA) (1 - ¢! < oo,
i=1

Together with sup, .y E'[M;] < oo, it can be easily established that

sup IEO[Mk] < 0.
keN

By Lemma 13.1, we finally obtain that sup, .y E[M}] < oo.

On the other hand, assume that sup, .y E[My] < oco. By Lemmas 13.1 and 13.4,
we obtain that E'[£~!] < co. By Theorem 13.1, it follows that p(A)*(1 — g) < 1.
Then, one can easily show that E°[Z~!] < oo. As in the first part, consider the
special case that the Markov process {yx x>0 starts at its stationary distribution. By
Lemma 3 of [5], there exists a positive constant > such that

k+1
Peyt < O yisi—iA™HI CH AT 4 a7 hH A7 7L

i=1
Together with (13.30), we have that

k+1
E[Pr+1] = ﬁzE(Z vi(A™HYHCH A= 4 (A—F—1)H pA—k=1)=1
i=1

= BAE[O, ] A (13.32)

where the last equality is due to the strict stationarity of the Markov process as it
starts from its stationary distribution and @y is defined (13.18).
Similar to (13.25), there is a positive B3 such that

o
D> nr@ Nt ea < g1,
j=1
Let B4 = min(1, ﬂ;l), we obtain that ®; > 4 &. By (13.32), it follows that
E[P+1] < BBy 'ARIE AT < Bo 'ARET T+ E'[E7' DAY < 00
forall k € N. Note that here E[Py] is taken w.r.t. the Markov process {yx }x>0 with the
distribution of yy being the stationary distribution. Jointly with (13.26), we obtain

that E°[P;] < oo and E![P;] < oo for all k € N. By Lemma 13.1, the proof is
completed.
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13.6.2 Proof of Theorem 13.4
Proof Define the integer valued set . = {kd| Vk € N} and

0= Plr=jlyn=1}
j€u

Let Ex, k > 1 be a sequence of events defined as follows:
Ei={n¢ S Ex2{n €S ....0u1 €41 ¢ Ta}
for all k > 2. By Lemma 5.1, it is obvious that
P(Eclyo =1 =6"(1-0)
and E; Ej =0ifi #j.

Let F, = U]]‘(=1 Ejand F = U;’il Ej, it follows that F} asymptotically increases
to F and

o o
PFlp=1)=P(JEIn=1=D PElpn=1=1
j=1 j=1
Define the indicator function 15, (w) which is one if w € Fy, otherwise 0. It is clear
that 1y, = Z]I»‘zl 1 E asymptotically increases to 1r. Since P(F|yy = 1) = 1, then
Ir = 1 a.e. on {yy = 1}. Together with the monotone convergence theorem [9], it
follows that

k
lip—17 _mlre—l1 1 _mlrm—l, 1 _ 1 Iro—1
E[E7]=E[E 1r]l=E'[& (kl_l)ngole)] —kll)ngo El E'[Z7 1g]
]:

Proof of part (a).
“«<:" By (13.21), it is clear that

J
E'E g < B ¢"G.0)CTCoi. 0) g1,
i=j—1

Define C = [c1, c2], we can compute that

J
> "0 Cei, 0) (13.33)

i=j—1

27 i —1;
) c T+x, "7 14227 |]c :
=¢H(1—1,0>[1 } o T2 [1 }m—l,m.
L T+A 727 T4a,7 2
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Define . o
T+a, 7 142747
%= ~T, = -5 |
L+, 707 T4a,

then if 7; ¢ .7, it yields that

4 2|n |79
I <

2'_15 =27 —21; -7, —T 2y
M T =2 T T T —eos()

J

Let ¢ = max(c; %, ¢; %), it follows from (13.33) that if 7; ¢ .7, then

L ot o 2elmP
(,»:jzl "G 0)CCp, 07! < s
Thus, we get that
2cl L
B = T M 2 P I

By Lemma 5.1, the following statements are in force:

k j—1
Jim ZE [IA%15] = lim ZE [ TP e DR P9 g ey
i=1
k
; 1 2 1 2 j—1
< lim B[] ”]E(E AP e sy D /71 (13.34)
j=

which is finite if and only if E'[|1{|?>"'] < oo and
E'A P Ly eop] < 1.

After some algebraic manipulations, it is easy to verify that

Pq 201 W
(1+—(1_q)2)(|?»1| I-9)" <1

is equivalent to that |A{|*(1 — ¢) < 1 and

Pq (r1 121 = g))¢ _
(1 =21 — (21 — )4
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Together with Lemma 5.1, it implies that E! [Ix1 |2"] < 00 and

__pg_(MPA-g)
(1= 1= (mP1 - )

ENIM P e ]

Then, we conclude that E'[£ 1] < oo. By Lemma 13.4, it follows that

sup E! [M] < o0.
keN

Observe that [A|>(1 — ¢) < 1, it is easy to show that SUP;eN E°[M;] < oo. By
Lemma 13.1, we obtain that sup, .y E[M}] < oo.

“=:” Denote &, = Zj-‘zo M (7, 00CHCe(j, 0). In view of (13.25), it is easy to
derive that

=
e/

g +¢"G.0CcC+ D o6 )HCTCi. ). 0)

i=j+1
B/ + 6™ (. 0)/(CTC + BoD)g . 0),

IA

where B is given in (13.25).
Let

ﬂ;l = max({

Wa 19 ﬂo}’

it follows that if 1 E = 1, then

E7' = (& + "G, 00 C+ oD, 0!

i—1

a2t e+ ¢ (j,0)(CH C + Do (j,0)) !
=0

&

= (

T2 €+ 0" G.0CHC + fD)g . 0N
> Bs(CHC +¢"(j,00(CPC + D¢, 0) . (13.35)
By the definition of the indicator function, it is clear that
E7g = Bs(CC+ 6", 00(CC+ D, 0) 1.
In view of Lemma 13.4, then sup; .y ENM] < oois equivalenttothatEl[E_l] < 00.

This implies that

k
Jim D E'(CTC+ 6" (.00 C+ D (. 0) 5] < 0.
—>c>oj:1
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By some manipulations, there is a positive B¢ > 0 such that
tr(CC+ ¢ (. 0)(CC+ D (. 0) E) = Bolni [P 1.

Thus, we obtain that

k k
; 1 2t 1 2 ; 1 2 j—1
klggozla 21127151 = E' | I{TIM}]JL“;]_ZI(E (211 ey V™ < oo
J= =

Finally, as in the proof of sufficiency, one can easily derive that

Pq 2 d
I+ —=)(Ml"d=g)" < L.
(1-¢)?
Proof of part (b).
“«=:” Without loss of generality, only the following cases need to be discussed.

(1) If rank(C) = 2 or A has two eigenvalues but with distinct magnitudes, this

indicates that (C, A) is a non-degenerate pair. It is proved in Theorem 13.5.

(ii) Ifrank(C) = 1 and A contains two identical eigenvalues, it is proved in Theorem
13.6. Note that for this case, A can not be of the form A = A/ for it leads to the
pair (C, A) unobservable. Thus, A must contain exactly an elementary Jordan
block.

(i) If rank(C) = 1 and A = diag(A1, A2), where A» = Ajexp(2mei) and ¢ is
an irrational number. Since ¢ is an irrational number and the set of rational
numbers is dense, we can find a sequence of rational numbers

Tk
{or = A Y0

such that limy_ ~ @x = ¢, the integers r; and dj are irreducible and dj goes
into infinity as k — oo. Note that |A{|?(1 — ¢) < 1, there must exist a positive
integer, denoted by dj,, such that

Pq 201 _ 4
(1+ (1_q)2)(|k1| (I=g)™ < 1.

Then, the rest of the proof follows similarly as the proof of sufficiency of part (a).

“=:" It directly follows from Theorem 13.1.

13.6.3 Proofs of Results in Sect. 13.4

Lemma 13.5 [S]Let Xy, ..., A, be the ecigenvalues of A and |L1| > - - - > |Ay|. Ifthe
pair (C, A) satisfies Assumptions 13.1 and 13.3, then the following inequality holds
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(Z;l:l (Afkj)HcHCAfkj)fl
lim sup

24;
A] ,,,,, An%OO H;:] |)\'J| !

< il (13.36)

where B7 is a positive constant, ky < ky < --- <k, €N, Ay =ky, Aj =k — kj—
forallj e {2,...,n}

Proof of Theorem 13.5
“«<:” By Lemma 13.5, there exists a sufficiently large A > 0 such that for all
Aj > A, itholds

n n
Q@ ichca = < g [T Iy,
j=1 j=1

Now, select k; = t,,wherell > A, ij—ij1 > Aforallj € {2,...,n} andtij is a
stopping time deﬁned in (13.4). Then, it is obvious that

iy =t =i —lj—1 > A,

which jointly with (13.21), implies that

n n
e < BE ] 1P = BE' [ 1P 1

j=1 j=1

n
=7 [ JE I D 5T < o, (13.37)
J=1

where the last equality is due to Lemma 5.1 and we use the fact that [A{]*(1 —¢q) < 1
in the last inequality. By Lemma 13.4, it follows that sup, .y E'[M;] < oo. Together
with that [A1]>(1 — g) < 1, itis easy to establish that sup; .y E°[M;] < o0o. The rest
of proof follows from Lemma 13.1.

“=:" It is proved in Theorem 13.1. (I

The proof of Theorem 13.6 is much more involved and depends on the following
lemmas, which are devoted to establishing a similar result as (13.36) under Assump-
tions 13.1 and 13.4.

Lemma 13.6 For any integer k; such that ki1 > kj, let 8 € R"*" be a matrix with
its (i, j)th element given by %;; = ( jf"l). Then, the determinant of % is computed as

det(RB) = H (ki —

0 1§/<z<n

where i\ is the factorial of a positive integer i.
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Proof 1t is clear that det(Z) is an alternative, i.e., swapping the ith and jth rows is
the same as changing values of k; and k;. Moreover, det(%) is an (n — 1)th order
multivariate polynomialinky, . . ., k,. Forexample, det(Z) is an (n— 1)th order poly-
nomial in k; when all k;, j # i are fixed. Combining those two properties, we obtain
that det(#) contains [ [, ;_;,(ki — k;) as a factor. Furthermore, [ ;_;, (ki — k)
is the only factor of det(#), modulo a constant o, due to that [], <j<i<n (ki — kj)
and det(Z) are both (n — 1)th order, from which we get the following equality:

det(B) = [] ki—kp. (13.38)

1<j<i<n

It remains to show that o, = 1/[[}, L'i1. We do so by mathematical 1nduct10n For

n =1, det #(ki) = 1. The factor [],;_;, (ki — k) is void and 1/ ;2 Vil = 1.
Thus, o1 = 1, which is correct.

Given n = ¢, suppose it holds that o; = I/Hﬁ;(l) il.Forn=t+1,letky,... k;
be fixed and k;11 go to infinity.
Note that

(‘) 1

kiy1—00 k;+l i!

)

we have that

k! k!

: =
k100 ki1 ki1 —>00 i+1 i i1

det(Bkr. ... ki) _ (("f“)det(%’) +’ Lo +1))

=det(<%7’(k1,.. ki) /1!
H (ki — k). (13.39)

H Y 1<j<i<t
where O(kti 1) in the first equality means that

Okiy) _

ki1—>00 kt+1

In light of (13.38), it yields that

det(AB(ki, ..., k
lim et(%( 1[ +1)) —— H (ki — k).
kiy1—>00 kt+1 1<j<i<t
Combining the above, we immediately obtain that o;y; = 1/ Hﬁ:o il. Hence, «,, =
1/T17=, i! holds for all n > 1. O
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Lemma 13.7 For any integer k; such that kv > ki, let ' € R"™" be a matrix
such that the (i, j)th element is given by Z; = (];‘) Then, the determinant of %' is
computed as

det(%:(]_[%) [T ®—k.
i=1

1<j<i<n

Proof Similar to the proof of Lemma 13.6, det(4’) is an alternative and nth order
multivariate polynomial. It is straightforward that det(#’) contains [[_, k; as a
factor. Thus, we further obtain that det(%’) contains

n
[T5 JI ®i—&)
i=1 l<j<izn

as a factor, which is also the only factor containing k;. Hence, the following is in
force:

det@) =a,([ [ [] *i—k).

i=1 1<j<i<n

Using similar induction arguments as in Lemma 13.6, one can easily show that
; nooxy O
a, = 1/]T, il

Lemma 13.8 Given any integer k; such that ki1 > ki > n, let Ay = k1, A; =
ki — ki—1 if i > 2. Denote

Ok = [CH, (Al Akl cHH

and
oty T 5 k) Ry
Dk =] ,
v=1
where
k(1) =ki + -+ ky—1
and

k() = knjttn,y + -0 F knppen, -1

if v.> 2. Under A2 and A6, we can asymptotically compute the determinant of
ﬁ({ki}’f—l). In particular, there exists a multivariate polynomial w({ki}’f‘l) W.LL.
{ki}rl'_1 and independent of \; such that

. det O({k)'™")
lim P iy
At Anm1—00 D, (ki D (ki)
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Proof Under A6, partition the observation matrix C in conformity with the block
diagonal matrix A. Let C; = [ci1, . .., Cin, ], it is easy to verify that

1

ClNk = [09 MR} 07 Cily ooy Ci(n,-—k)]
k

for any k < n; — 1. We further obtain that for any k& > n;,

_ ci1 Ci2 k Cz(n,—/)
Ci(A; 1Ii+Ni)k=[—k,—k+( ) 1 (J)
’ VRS 1

i

) ()

where a is defined as

Cil €2 -+ Cin;
~ . - Cil - - Ci(ni—1)
C; = diag(l, A, ..., A} b

cil

and det(C;) = A" ("’ b2 "’ . By using the above property, it follows that

B C C,

det O/({ki}; ") = det COTR+NIR ... GO+ N
ifq =

LG+ NDRL LG A N

B 1 0 0
o a1 Ve I L e
= c .
T S T ' i\ e
_(k"ol)’\l P (,];1—11))‘1 :
1 0 0
(li)l))\r_kl (kll))”r_kl e (n,,],q—l))‘r_kl

. (k’l()*l))\r_k”*1 (kn—l))w—kn—l (kn:ll))\r_ n—1

1 ny

x det(diag(Cy, ..., Cy))
L (Dy + -+ + D,) det(diag(Cy, . .., C,)), (13.40)
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where D; is the determinant of the minor of the first matrix in the previous equation,
obtained by eliminating the first row and the first column in the ith block. For example,
the first block consists of the first n; columns and the followed ny columns forms
the second block.

Leto = [0y, ..., 0] be a permutation of {1, ..., n — 1} such that #o1 = n; — 1,
#0y = no, ..., #0, = n,, where #0; denotes the order of the permutation o;.

Then, it follows from the Leibnitz formula [10] for the determinant of a matrix
that

D = ngn(o)h(kgj)(n ,\;k‘{"), (13.41)

o j=1

where the signature of permutation o is denoted as sgn(o), which is +1 for even

—ko; T Liieo; ki .
permutation and —1 for odd permutations, A, ’ = A “7" and h(ks,) is a poly-
nomial function of k; for all i € o;. The summation is taken w.r.t. all permutations

with order n — 1.

—ky. )
Due to that [A{| > --- > |Ayl, it is clear that A7 £ |]_[;=1 A | achieves
. —ko _Z' ] — ki —kg. _Z‘ MYyl —1yki
the maximum when A, ' = A, e m = N =, et
—kg, _Zi nypAetne_q .., n—1 ki . .
A "= Ay Skt " Thus, denote the set of permutations having the

above property by Z7%. Given any permutation o which does not belong to &7, we
always have

Ay, Ap—1—>00 Dloo

where Do = H;=1 Dyj and

(' ()™
Dy = det ..
— _kn - Ny — _kn -
(knll 1))L1 -1 (1:111_11))“ 1—1
() )
=g Gt g :

Ky — . kny —
) G
ni—1

=(H'§ [T ®&—&yai™®.
i=1

T l<j<i<n—1
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where the last equality follows from Lemma 13.7. Using Lemma 13.6, we can
similarly derive that

_kn 7 _kn
(™ (s
Dy = det

kn1+n2—l 71(”1'*'”2_l kn1+n2—1 7](”1"""2_1
(52 e )2

kn kn
( Ol) te (nz—ll)
— )\';(kn1+"'+kn1+nz—l)det .

(k)11+(;1271) (kn;l;»izlfl)

n—1
1 k@
=([T5 I Gk
i=0 '0§j<i§n2—l

Applying the same arguments to the rest of D;, we obtain that

n—1 r ny—l1

ki 1 o
Dloo = 1_[ l—: H H J 1_[ (k’11+"'+"v—l+i — nl+"'+nvfl+j) H)\'V )
i=1 v=2 i=0 0<j<i<n,—1 v=1
A an—1\pl an—1
= Y1k}, D, kil (13.42)

where ¥ ({k,-}’ffl) is a multivariate polynomial in k; and Di({ki}’ffl) contains k; as
its exponential component. Continuing with the same fashion, one can show that

with Daoo = Y21k~ D2 ({kiYi™"), where ¥ ({k;}}~") is a multivariate polyno-
mial in k; and
[Ty 2

k|+~-+kn1Akn1+1+-'-+knl+n2_1 ’
1 2

D (k)" =

Then, it follows that

i Do (Az)""l va((k)]™h
1m —_— = — ﬁ =
M)k

Aty Ap—1—>00 Dloo

due to that I/fi({k,-}’f_l) is a multivariate polynomial in k; and |A1]| > |Az].
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Similar conclusion is reached for D3, ..., D,, e.g.,

. Dy
lim X —0, Vv>3.
Aty Ap—1—00 Do

To sum up, we finally get that

Let (ki) = ([Tizy ¥ (1)t~ ") and

i=1
it follows from (13.40) and (13.42) that

. det O({k;}i™ 1
lim

_ (13.43)
Atedinm1=00 Y (Yt~ DDy (k)1

Proof of Theorem 13.6
“«=:" In order to simplify notation, we remove the dependence of {ki}Y_l for quan-

tities in Lemma 13.8, i.e., rewrite & ({ki}'l’_l) as 0. Then, it yields that

[adj(ﬁ)]ij)z . (1344

H —1 H —17 _
0" o) <w( o o) 1_;< 31 (0)

Here adj(©) is the adjoint matrix of ¢ and [adj(&)];; is the (i, j)th element of adj(0).
Following a similar line of Lemma 13.8, we can show that there exist constant
numbers B;; = B j(A1, ..., A,) such that for sufficiently large A;, we have that

adj(0)y < Bijly| [T 1ml 7,

v=1
where k' (v) = ki + - - - + kn,—2 and
k/(V) = Knj+-4ny_—1 + -+ kn|+~~+nv72’ v>2.

In light of (13.44), it follows that there exist constant numbers

Bii = Biy(hts ooy Ap)
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such that

(ﬁﬂﬁ)—‘

lim sup
_ M |2A(v

Al Ap—1— 00

;< (Z Bipl, (13.45)

where A(1) = Ay +--- 4+ Ay, —1 and
A(V) = An1+---+nv,1 “+ -+ An1+...+n‘,_1, V= 2.

The rest of the proof directly follows from that of Theorem 13.5.
“=:" It is proved in Theorem 13.1.

13.7 Summary

The emergence of NCSs has attracted considerable interest on the intermittent
Kalman filter, which is an optimal MMSE estimator. It is of paramount importance
to derive the network condition for its stability. In particular, it was proved in [2] that
there exists a critical packet loss rate to separate the possibility and impossibility of
the channel to obtain a stable estimator. This is certainly consistent with our intuition,
and gives rise to a fundamental problem on the quantification of the critical rate. Since
this seminal work, a fair number of research works have been devoted to this problem.
The result of this chapter is one of them, and is different from most of the existing
results by exploring the system structure and introducing a new stability notion.

We have examined the stability of Kalman filtering with Markovian packet losses.
To analyze the random estimation error covariance matrices, two stability notions
have been introduced and shown to be equivalent, which makes relatively easier to
analyze the stability of the estimation error covariance matrices. For second-order
systems, necessary and sufficient conditions were obtained for ensuring stability with
respect to different system structures. For certain classes of higher-order systems,
a necessary and sufficient condition has been derived to guarantee stability of esti-
mation error covariance matrices. All results can recover the related results in the
existing literature.
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Chapter 14
Kalman Filtering with Scheduled
Measurements

Sensor nodes in a WSN are usually battery driven and hence operate on an extremely
frugal energy budget. Experimental studies show that communication is a major
source of energy consumption in sensor nodes. Thus, it is of paramount importance to
reduce the communication load in the network. One natural way is to reduce the length
of transmitted message using quantization. Another effective approach for energy
saving in WSNs is to minimize the number of communications for sensor nodes
under a prescribed performance requirement. This chapter presents an estimation
framework under scheduled measurements for linear discrete-time stochastic systems
to reduce the number of measurement transmissions.

The chapter is organized as follows. The networked estimation framework under
scheduled measurement is formulated in Sect.14.1. A sequentially controllable
scheduler is devised in Sect. 14.2 where the stability analysis of the associated esti-
mator under the scheduled measurements is investigated as well. In Sect. 14.3, an
uncontrollable scheduler is introduced and the mean stability condition of the error
covariance matrix is derived. Concluding remarks are drawn in Sect. 14.4.

14.1 Networked Estimation

Consider a linear discrete-time stochastic system:
X = Axy + wg;
k+1 k k (14.1)
Yk = Cxg + i,

where x; € R" and y;, € R¢ are vector state and measurement. w;, € R” and v € R¢
are white Gaussian noises with zero means and covariance matrices X,, > 0 and
XY, = I, respectively. C is of full rank, i.e., rank(C) = ¢ < n. The initial state xy is
a random Gaussian vector with mean Xy and covariance matrix Py > 0. Moreover,
wg, vk and xg are mutually independent.

© Springer-Verlag London 2015 269
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Vg yr=0orl

! System > Scheduler —» Channel I Estimator —» £,
|

Fig. 14.1 Network configuration

Remark 14.1 1If X, is not an identity matrix but a general positive definite matrix,
we use a transformed measurement y;, = X, 1/ 2yk and C = X, 172 instead of Vi
and C, where X J ?isa square root matrix of X, and can be obtained by the Cholesky
decomposition [1]. Then,

yk = 6)(]( + 2‘71/2\/](

/

. . —1/2 . . . .
and the covariance matrix of X, /“v is an identity matrix.

We focus on an estimation framework consisting of a scheduler, a remote estimator
and a wireless communication channel as shown in Fig. 14.1. Due to limited energy
and communication resources, the scheduler is deployed for reducing the number
of communications in the sensor node. For example, let y, = 1 indicate that the
sensor node is triggered to communicate with the estimator at time k and the packet
containing the information of yy, is delivered to the estimator while y, = 0 means that
there is no communication between the sensor and the estimator. That is, the scheduler
will decide whether y; is to be transmitted or not. To evaluate the transmission
frequency, we introduce the scheduled transmission rate R as follows:

1 k
R £ limsup — . 14.2

k—>oop k JZ_I: i ( )
Obviously, a larger scheduled transmission rate corresponds to a higher ratio of the
number of transmitted measurements to the total number of sensor measurements
and a higher communication cost. In information theory [2], the transmission rate
is used to measure how fast information is processed by a transmission facility. Its
unit is usually expressed as bits per second. Here the scheduled transmission rate
measures how frequently the sensor measurements will be transmitted.

14.1.1 Scheduling Problems

We ignore quantization, data corruption and communication delays. Under such an
estimation framework, the following questions are naturally raised.

e Given a scheduling protocol, what is the corresponding scheduled transmission
rate? Can we find necessary and sufficient conditions on the scheduled transmission
rate for the existence of a stable estimator? Here, by stable estimator, we mean
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that mean square estimation error is uniformly bounded. Furthermore, how the
scheduling protocol affects the performance of the optimal estimator?

e What is the minimum scheduled transmission rate (denoted by R,,) required for
the existence of a stable estimator? Namely, find R, such that for any scheduled
transmission rate R < R,,, there does not exist any scheduling protocol to obtain
a stable estimator.

e Given a scheduled transmission rate, what is the optimal scheduling protocol such
that the estimation error covariance is minimized?

This chapter focuses on the first two questions while the last one is left to our future
work. In particular, two stochastic scheduling protocols will be provided and the
stability of the estimators are analyzed.

14.2 Controllable Scheduler

Since measurement innovation represents new information of the measurement that
is not contained in historical measurements, a small innovation indicates that the
predicted measurement is already close to the new measurement. Motivated by this
observation, we devise a scheduler as a function of the innovation process, which
compares the innovation with a threshold to decide whether the associated mea-
surement is to be transmitted to the estimator. In [3], the same philosophy has been
employed where the normalized innovation outside a deadzone will be quantized
and transmitted to the estimator. Ignoring the quantization effect, this idea has also
been adopted in [4] for the sensor data scheduling.
In this section, we propose a sequential scheduling algorithm. Let

=1y, .00,

the scheduler sequentially decides whether y;; is to be transmitted to the estimator.
Likewise, the binary variable yki is used to indicate the transmission of y;;. While
the scheduler in [4] checks whether the vector measurement yy is to be sent to the
estimator or not, our sequential scheduling algorithm takes the different importance
of each element of y; into consideration.

14.2.1 An Approximate MMSE Estimator

Suppose that at each transmission, only a scalar measurement is to be communicated
to the estimator and multiple transmissions are permitted within one sampling inter-
val. To be specific, the sampling interval is equally divided into m (the dimension
of yx) time slots. In each slot, the sensor node decides the transmission of y}; to the
estimator.
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Algorithm 14.1: Controllable Scheduler

1: Prior estimate and error covariance matrix:
Xojo = Xo and Pojo = Po.

2: Time update:
Given X _1jx—1 and Py_jx—1, do

See—1 = ARk—1jk—1,
Piji—1 = APi_ 151 AT + 5.

3: Scheduling, transmission and measurement update:
Define ¢T = [T, ..., C(T],fc,?lk = Xkjk—1 and P]?‘k = Pyjk—1. Fori > 1, let

of = /CPLCHT +1,
5 = 04 — C'3g /0.
Sensor scheduling: Let the scheduling variable be given by

i o iflz] < s
Vi = 1, otherwise.

Data transmission: If y,i =1, send y}'( to the estimator.
Measurement update: Fori = 1 to ¢, let
K| =P chHc'Plch + 7,
do
’A‘iuc = ;le + 7K O — Cif‘liﬁcl);
Py = Py = h(vi. WK CP,l

. . . 2
where h(y;, n) =y + (1 — yk’),/% X %.
End, do kxjx = )Aclg\k and Py = Pllc\k‘

Given a scheduling threshold > 0, a sequential scheduler and the corresponding
filter are proposed in Algorithm 14.1. If there is no scheduler applied, i.e., n = 0, it
always holds that y,i = 1. One can easily verify that Algorithm 14.1 is the same as the
standard Kalman filter,! which is an MMSE estimator. However, if n > 0, itbecomes
a nonlinear filtering problem as the scheduler is typically a nonlinear function of
the measurement. It is known that the exact MMSE estimator under a nonlinear
measurement function is computationally intractable [5]. To derive a recursive filter,
a common technique in the literature is to assume a Gaussian distribution of the
predicted density to obtain an approximate MMSE estimator [3—8]. We will adopt

1 Note that the noise covariance matrix X, = I.
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this method to derive Algorithm 14.1 as well. For compactness of notation, we
introduce that y]? = y,? = 0. Let

= iyl v vivE v Vi Vi Vi€ {0, 8.

Proposition 14.2.1 If the predicted density in Algorithm 14.1 is approximately
Gaussian, i.e., - i

Xl ZT ~ NG Ilc|k’Pk|k)
then )Acfd i is an MMSE estimator.

Proof To elaborate it, suppose that fc,’cﬁ(l is already an MMSE estimator, i.e.,

%{ = Ep |7

and 1 i—1 1 i—1
P;clk = E[(x — x]ldk ) (xk — xlldk ) |jkl 1.

Let
1.1 1 2.2 2 1 1 i—1 i
=iyl vt v v o

Using the (assumed) Gaussian approximation and the technique in Kalman filtering
[9], it follows that

Xy 2 ELal %] = 2 + KO — O
Pl 2 Bl — X0 0n — 307 19]
= Pqul K/iciP/iJkl- (14.3)
By iterative conditioning, it follows that
i = Elal 7] = E[El |9 11.7]] = ELi, 7]
= &y + KiED, — 317,
ini—1

ai_ aiel ini _C P ni_oai—lae i L
Thus, )fk|k = Xk + Kk(yk. xk|k ) 1f Vi = 1 and Xk = Xk if Yy = 0. Similarly,
the estimation error covariance matrix is computed as follows.

Pl = BB — &) (e — 8,0 71941171 (14.4)
= E[E[(t — ¥y + % — 2o @ — Xy + X — 20" 190171
= Pl + K{EI( — y)* G — CRpO KD T,
where the last equality uses the fact that

B[Ot — Xpp0) Gl — S0 191 = 0.
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If y/ = 1, we have that
E[(1 —¥)*04 — CR 7171 =0
and if y/ = 0, it follows that
E[(1 -y’ 0k — CRD%1A0 = ELO — C330%150(0)?

= E[)*5 " 124 < ]

. n

(O']é)z t2 5

= —1/2)d 14.5
o | Azt (149)
-n

: [2 —n?/2
— (U/é)z 1—./2 % M (14.6)

T 1 =20
where (14.5) is due to that the conditional random variable z;;|f,§_l is a standard

Gaussian random variable. Inserting (14.6) into (14.4), it finally yields that
Pl = P! = v, mKLC'P.
If n = 0, it indeed holds that
i S~ N Gl P

since Algorithm 14.1 is reduced to the Kalman filter. Intuitively, a smaller n will
result in a more accurate Gaussian approximation. Moreover, under the Gaussian

approximation, { ykl, ceey y,f} k>0 form an i.i.d. process [4]. Together with the strong
law of large numbers [10], the scheduled transmission rate is evaluated by

k 1 4
Rzlimsupzj1 ! /

_mroll
K> 00 Ik = E[y; ] =20). (14.7)

14.2.2 An Illustrative Example

We use a target tracking system [11] to test the above results via simulations. The
dynamics of the target is expressed by

1 hh?
X1 = |01 h | xx + wg, (14.8)
001
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where £ is the sampling period and x; denotes the target state at time k#, including
the target position, speed and acceleration. The input random signal wy, is an addi-
tive white Gaussian noise. When the sampling period 4 is sufficiently small, the
covariance of wy is given by

120 h*/8 b3 /6
X, =2ac2 | h*/8 B3/3R2)2 ], (14.9)
/6 h*/2 h

where an% is the variance of the target acceleration and « is the reciprocal of the
maneuver time constant. The sensor periodically measures the target position with
the following output equation:

i = [1,0, 0lxx + vi, (14.10)

where the measurement noise vy is an additive white noise with unit variance and
independent of wy. The initial state x¢ is a Gaussian random vector with zero mean
and covariance as follows [11]:

1 1/h 0
Po= | 1/h2/h?> 0
0 00

In this example, set & = 0.1s, « = 0.1 and a,%, = 1. The objective is to track the
target under a scheduled transmission rate R = 0.6. To achieve it, we compute that
n = 0.5by (14.7). The estimation error of position using Algorithm 14.1 is illustrated
in Fig. 14.2.

Define Ry = 1/k - Zj]le ¥j, which is drawn as the solid pink line in Fig. 14.2.
Observe that Ry asymptotically converges to R = 0.6, which is consistent with (14.7).
Figure 14.3 shows the model consistency of the Guassian approximation using the
Kolmogorov-Smirnov (KS) goodness-of-fit tests [12] on the normalized estimation
error (NEE), which is defined as

—1/2 A
NEE; = 1"P” - Gt — xi)//n. (14.11)

T T T T
N --- Estimation error (position)
1k " — scheduled rate

0 20 40 60 80 100 120 140 160 180 200
Time step

Fig. 14.2 Estimation error of position and the scheduled transmission rate
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o I I |

-1 I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200

Time step

KS Test

Fig. 14.3 Consistency test for the Gaussian approximation: R = 0.6

Here 1 is a column vector with all elements equal to one. If the estimator is consis-
tent with the Gaussian approximation, NEE}, is postulated to be a standard Gaussian
random variable (since Xgx—1 — X is assumed to be Gaussian with zero mean and
covariance Pyx—1). This is tested by running Monte Carlo simulations with L = 300
samples at each time, and a data set with size L at each time, i.e., Ny := {NNE;'(}I.L:1 is
obtained. Then, we perform a KS test on N. The result is 1 if the test rejects the null
hypothesis that N admits a standard Gaussian distribution at the 5 % significance
level, 0 otherwise. We observe from Fig. 14.3 that the Gaussian hypothesis at only
4 % = 8/200 of 200 times is rejected. Similarly, we use the KS test under the schedul-
ing threshold 7 ranging from 0.5 to 1.3 with step size 0.1. By (14.7), we obtain the
corresponding scheduled transmission rate, which is plotted as the horizontal axis
in Fig. 14.4. The percentage of the times at which the Gaussian approximation is
rejected by the KS test is shown in the vertical axis. It is observed that the percentage
of the rejected times is less than 6 %, even when the scheduled transmission rate is
as low as R = 0.2. O

Corollary 14.1 Under a communication constraint, i.e., R < r, the optimal schedul-
ing threshold to minimize tr(Pyx) in Algorithm 14.1 is given by n* = 0~ '(r)2),
where Q7 () is the inverse function of Q(-).

Proof By Algorithm 1, n* should maximize h(0, ) as well as satisfy the given
communication constraint. This is exactly obtained by solving the following opti-
mization:

n* = arg max g, 10, n). (14.12)

Percentage rejected (%)

I I I I I I I I
0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65
scheduled transmission rate

Fig. 14.4 Percentage of the rejected times and scheduled transmission rate
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Since both Q(n) and

n
2
hO,n) =1 — / \/I‘Eexp(—tz/Z)dt
-n

are decreasing in 7, the optimization is attained at n* satisfying R = 2Q(n*) = r. O

14.2.3 Stability Analysis

For notational simplicity, let Py = Pgj—1. We study the mean stability of the approx-
imate prediction error covariance, i.e., supiey E[Px] < oc0.

Proposition 14.2.2 Consider system (14.1) where A is unstable, (A, Evlv/ 2) is con-
trollable and (C, A) is observable. Under the Gaussian approximation, there exists
a critical threshold n° such that if n > n°, then there exits a Py > 0 such that

lim E[P;] = oo,
k— 00
and if n < nS, then for all Py > 0 it holds that

sup E[Py] < oo.
keN

Proof By the Gaussian approximation, it follows that y]g in Algorithm 14.1 forms an
i.i.d. process. This implies that h(yk", n) is also an i.i.d. process. Note that h(yki, n)

is a decreasing function in 7. The rest of the proof follows from that of Theorem 2
in [13]. O

Another interesting problem is how to quantify the critical threshold 7.. To this
purpose, define

nexp(—n?/2)

=E[yl1=2 d = :
y(n) = Ely,1=200) and ¢() /2 (1 =20())

(14.13)

Then, h(y{, n) = y{ + (1 — )¢ (n). Some interesting remarks are drawn below.

Remark 14.2 (a) Compared with the packet loss model in [13—15], y,f = 0 in their
works corresponds to the occurrence of a packet loss. Since the packet loss is
independent of system evolution, the estimator can not obtain any measurement
information at this time. Then, there is no measurement update and P,il 0= P/i|_k1 .
In the controllable scheduling algorithm, y,f = 0 does provide partial information
of y}; to the estimator, i.e., the normalized innovation lies in a certain bounded
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region, which is uniquely determined by the threshold 5, although y}( is not
communicated to the estimator. This additional information helps us to improve
our estimate and reduce the estimation error. The effect of this information on
the estimation performance can be quantified by ¢ (). In fact, it follows from
(14.6) that

n
i) =1-— 1/«/%/:2 exp(—12/2)dt € [0, 1]
-n

is strictly decreasing in 1 and
n—>00 n—0+t

(b) In comparison with the Kalman filter [9], the performance degradation can be
characterized by

1—h(yl,m) = (1 —yH(d —¢cm).

If y,ﬁ = 1, the estimator receives y;;. There is no information loss at this time
and thus the measurement update is just the same as the Kalman filter, i.e.,
1— h(y,é ,n) = 0. However, if y,é = 0, the complete measurement information is
unavailable. Thus, our estimator can not reduce the prediction error covariance
matrix as much as the standard Kalman filter and the performance degradation
is expressed by

L= h(ygm =1-¢@.
Proposition 14.2.3 The critical threshold n° in Lemma 14.2.2 satisfies that
n‘ <n,

where n* is the unique solution to the following equation:

o

a—ymnu—cm»z(fbmnumu) . (14.14)

i=1
Here A1, ..., A, are the eigenvalues of A, and y (1), £ (n) are defined in (14.13).

Remark 14.3 (a) By the Gaussian approximation, it follows that h(y,f, n) is ani.i.d.
process and

1= Elh(y{, ml = (1 = ym)(1 = £(n)).

For a smaller n, it is more likely for the scheduler to trigger a measurement
transmission. This is confirmed by y (1) as Q(n) is a strictly deceasing function.
Even if yk" = 0, a smaller 5 is associated with less information loss since 1 —
¢(n) is an increasing function. From this perspective, 1 — y(n) controls the
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measurement information loss rate while 1 — ¢(n) quantifies the amount of
information loss if the complete information of y; is unavailable to the estimator.
Loosely speaking, the quantity

A=y =tm)

characterizes the performance degradation as compared with the Kalman filter
and we call it performance degenerating factor in this chapter.
(b) The quantity

M(A) = [ [max{|nil. 1}

i=1

characterizes the degree of instability of the system and represents the intrinsic
uncertainty growth rate generated by the system. In fact, M (A) was introduced
in 1960 [16], and named as Mahler measure. Note that the stability of Algorithm
14.1 is guaranteed only if < n°. This reveals that to achieve stability of Algo-
rithm 14.1, the information loss rate needs to be strictly less than the uncertainty
growth rate, which is consistent with our intuition.

(c) Since the performance degenerating factor is increasing in n, a larger m may
resultin alarger n*. Observe that a larger m involves a larger number of iterations
to be performed in the measurement update of Algorithm 14.1.

Proof of Proposition 14.2.3
By a coordinate transformation, we can write A = diag(Ay, A,), where A is stable
and all eigenvalues of A, lie outside or on the unit circle. By Lemma 2 in [17], there
is no loss of generality to focus on the unstable part because the mean square stability
of the state variables corresponding to A will be achieved spontaneously. Thus, we
directly assume that all eigenvalues of A lie outside or on the unit circle.
Since the performance degenerating factor on the left hand side of (14.14) is

increasing in 7 and

lim ¢(n) =1— lim ¢(n) =0,

n—00 n—0+

there exists a positive and unique solution to (14.14), which is denoted by n*. By
Proposition 14.2.2, it is equivalent to showing that a necessary condition for

sup E[P;] < 00, VPy > 0
keN

isthat0 < n < n*.Notethatsup; .y E[Px] < ooifand only if sup; .y E[tr(Py)] < o0.
It follows from the inequality of arithmetic and geometric means that

(det(P))'/" < tr(Py)/n.
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This implies that if sup, .y E[tr(Px)] < oo, then sup, .y E[det(Py)] < oco. By mea-
surement update in Algorithm 14.1, it follows that

det (P} ) = det(Pklk — h(y}, )P,’(Ikl(ci)T(cfP,';l—,j(c")T H-'c Pklk )

> det(Py — h(yi, mPj (CHT(C'P cHD T CPh

= det(Pklk ) det(I — h(yk, m(CHT (! Pk|k chHhH~Ict Pk|k )

= det(P}) det(1 — h(y}, m(C'P (cH) T TPl ehT)

= (1= h(y{, m) det(Py, 1),
where the third equality was obtained by applying the fact that

det(I — EF) = det(I — FE)
for matrices £ and F with appropriate dimensions. Thus, we have that
¢
det(Pyi) = det(Py,) = (H(l — h(y, n)))det(Pglk).
i=1
By Minkowski inequality [1, Theorem 7.8.8], it follows that
det(Ps1ik) > det(APgAT) 4 det(Z),)
= det(A?) det(Py) + det(Z,,).
Combining the above and using the Gaussian approximation, we obtain that
Eldet(Pe1)] = (1 — y(m)(1 — ¢ ()" det(A*)E[det(Py)] + det(Z,,).
By sup,cy E[det(Py)] < oo, it yields that
(1 =y )1 = Z(m))* det(4?) < 1,
which is equivalent to that
(I —y (1 =) < M@A)

Since (1 — y(n))(1 — ¢(n)) is strictly increasing in 7, it follows that n < n™*. (I

Remark 14.4 By (14.7), the scheduled transmission rate should be greater than
20(n™*) to achieve stability of the filter in Algorithm 1.
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14.3 Uncontrollable Scheduler

In the previous section, the scheduler is driven by the innovation process. It requires
that the sensor node keep an identical copy of the state estimate as the remote esti-
mator. The sensor thus needs to be embedded with computing capability. While in
some scenarios, sensor nodes have no or very limited computing power. They only
passively transmit their measurements to the estimato, and randomly wake up to
take measurements. To investigate this phenomenon, we consider an uncontrollable
scheduler driven by an i.i.d. random process, which determines the time duration
between consecutive measurement transmissions of the sensor node without refer-
ring to the measurements.

14.3.1 Intermittent Kalman Filter

Mathematically, {yy }x>0 is independent of {xy }x>0 and {y}x>0. The estimation prob-
lem is then cast as Kalman filtering with intermittent observations. By [13], it is
known that the Kalman update still results in an MMSE estimator, which is com-
puted by the following recursions.

Xk = Fijk—1 + VeKx Ok — CRije—1); (14.15)
Py = Prje—1 — YKk CPyi—1, (14.16)

where the Kalman gain is given by
Kie = Peje—1CT (CPr—1 €T + 2,) 7.
Moreover, the time update continues to hold:
X1k = ARk, Pyt = APA” + 3,

and
Xoj0 = X0, Pojo = Po.

Assume that yp = 1 and #p = 0, define a sequence of measurement transmission
times {#;}x>0 at which y,, is communicated to the estimator as follows:

ty = inf{klk > 1, Yk = 1},
r = inf{klk > t1, y = 1},

f; = inflklk > t;_1, i = 1}. (14.17)
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If there exists a positive probability such that # = oo for some k < 00, one
can easily verify that the filter will eventually diverge in the average sense if A is
unstable. Thus, a necessary condition for any stabilizing scheduler is that #; should
be finite with probability one. The integer valued sojourn process {tx}x>1 with 7%
denoting the time duration between consecutive sensor transmissions is thus well
defined, where tx £ #; — ty_1.

For simplicity of exposition, let Py = Py and My = Py 1. We obtain the
following random Riccati recursion:

Piy1 = APAT + 5, — AP CT(CPCT 4 3,) "1 ePiAT. (14.18)

Due to the randomness of yy, the stability analysis of Py is generically challenging.
In the literature, it is assumed that y; follows an i.i.d. process [13] or Markov process
[15] to model the random variation of the underlying network for transmitting raw
measurements to the remote estimator. As in [15], we introduce two types of stability
notion.

Definition 14.1 We say that the state estimation error covariance matrices are stable
in sampling times if sup, .y E[Px] < oo while they are stable in stopping times if
supyey E[Mi] < oo for any Py > 0.

Here E[Py] represents the mean of one-step prediction error covariance at the sam-
pling time, whereas [E[M}] denotes the mean of one-step prediction error covariance
matrix at the stopping time. To some extent, the former is time-driven while the latter
is event-driven.

In a real application, if the estimator does not receive any measurement from
the sensor for a long time, this sensor will be usually treated as a dead sensor and
no longer be used. To incorporate this, it is sensible to assume that t; can only take
values from a finite set, denoted by .# £ {1, ..., L} with L < co.Moreover, we make
the following assumption to explicitly characterize the effect of the uncontrollable
scheduler on the stability of the error covariance matrix.

Assumption 14.1 7; is an i.i.d. process with P{r;y = i} = p; € [0,1] and
Z,L:ﬂ’i =L

Under the Markovian packet loss model, i.e., {yx}x>0 is a Markov process, the
sojourn time 7y is an i.i.d. process taking an infinite number of values [15]. This gives
us an impression that the stability analysis of the Kalman filter with an uncontrol-
lable scheduler under Assumption 14.1 appears to be easier since L < oo. This is not
the case as here the statistics of the underlying process y4 is unrecoverable from the
sojourn process {tx }x>1. For an illustration, we construct an example as follows. Con-
sider the process {yx }x>1 with an initial distribution P{y; = 1} = 1 -P{y; = 0} = p.
For k > 1, let yox = 1 — y; and yap41 = y1. It is straightforward to verify that
Pty =1} =P{rpy = 1} = 1 forallk > 1,p € (0, 1). Clearly, the statistics of
varies over p but the statistics of the sojourn process does not depend on the exact
value of p.
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Thus, it is impossible to recover the statistics of y; from the sojourn process.
This implies that the approach by using the statistics of y in the packet loss model
[13-15] is inapplicable in the current framework. Note that the Markovian properties
of y are vital to [15].

Remark 14.5 Define ji £ max{j|t; < k}, then for a sufficiently large k, it follows
that
k—L
k

<=--=<1L

~
»|;-

This implies that
. s
limsup — =1

k— o0

and the scheduled transmission rate is computed by

; ; ’
R = lim sup]—k = lim sup S S— lim sup £
k—o00 koo T+ + T koo
1

_ 14.19
E[r] ( )

where the last equality is due to the strong law of large numbers [10]. By fixing py,
to be a positive constant and letting L be sufficiently large, it follows from (14.19)
that the scheduled transmission rate can be made arbitrarily small.

14.3.2 Second-Order System

If C is of full column rank, then for any k, a suboptimal and stable estimate of xi is
constructed as
% = Al Clyy, . (14.20)

By the optimality of the MMSE estimator, it follows that

Pr < AE[(xg — %) (i — )T |- Z11AT

SAk*l‘jk‘l’lcflEvch(Ak*ljk*‘rl)T < OO,Vk.

Thus, it is trivial to achieve a stable filter for a full column rank C under
Assumption 14.1. To this purpose, only column rank deficient C is to be considered.
In particular, let rank(C) = 1 in the second-order system (14.1). The open-loop
matrix A is categorized into the following cases:

C1: Ais not diagonalizable;
C2: A = diag(h1, 22) and |A1] # [2al;
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C3: A = diag(A1, A2) and Ay = A1 exp(2r i) with i2=—1and @ is an irrational
number;

C4: A = diag(A1, Ap) and Xy = A exp(%ﬁ), whered > r > land r,d € N are
irreducible.

Note that if A = diag(A1, A2) with A = X, and rank(C) = 1, then (C, A) is unob-

servable. Under such a case, the Kalman filter will diverge if |A1| > 1 [9].

Under C1-C3, the pair (C, Ak), Vk > 1 continues to be observable if (C, A) is
observable while the pair (C, A*?) will lose observability in case C4. This intuitively
implies that the stability condition for C4 may be stronger than the other cases. In
fact, under C4, the measurements {yy, k € N} contain redundant information and
only provide information for observing one mode. Thus to obtain a stable filter, the
estimator has to resort to measurements not belonging to {yxs, k € N}. The above
statement is rigorously confirmed in Theorem 14.1.

Theorem 14.1 Consider a second-order system (14.1) satisfying that A is unstable,
(A, Ev}/ 2) is controllable and (C, A) is observable. Suppose that the uncontrollable
scheduler satisfies Assumption (14.1). Then,

(a) if A satisfies C4, rank(C) = 1 and d < L, a necessary and sufficient condition
Sor supyn E[My] < o0 is that

I 12pa + -+ 1P pua < 1,

where u = max{j € N|jd < L},
(b) otherwise, it always holds that supy .y E[M}] < 0o and sup E[Pi] < oo.

The proof depends on a lemma given in [15]. If A is invertible, define ¢ (k, i) =
Ali7k if k > jand ¢ (k, i) = [ ifk < i. Let

k
A= "k, HCTCP (K, j) + 9™ (k, 0)¢ (k. 0).
Jj=0

Proof of Theorem 14.1
(a) “«<:” Define an integer valued set . = {kd| Vk € N} and let C = [c/, c3], then
foranyj € {1, ..., k}, it follows that

J
> ¢k pC ok, i) (14.21)

i=j—1

—27; —Ti, —Tj
H.. o~ c1 L+a,77 142,747 | [a )
= o (k, L 2z k. j).
v ])[ 02] [1+/\1 KPP P b o) D

Define

—27

7 L4+2770 142727
P77 14, ’
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then if 7; ¢ .7y, it yields that

21
’%JI—] = —27; —2:-1 -7 —r-I = A ;n :
My T =24 Ty 1 —cos(57)
Letc = max{cl_z, c2_2} and o) = max{#sc(zn), 1}, it follows from (14.21) that if
—cos(
T, ¢ Syand Tjiqq, ..., Tk € Sy, then

2tk —tj—1)
Ak_l < 2C|)\1|—211 < aq|a [Pa-0],
1 —cos()
Similarly, if 7y ¢ .74, then Ak_1 < oA |2 IE T, € S, Vj e {l,..., k},itobtains
that
A< @k, 0)p(k, 0) 7" < MM < ey AP

Define Ey = {tx ¢ S}, Ej = {t; ¢ Y4, tj+1,..., = € Sy}, 1 < j < k and
Ey={11 € S, ..., € Sy} Let 6 = P{r| ¢ .%;}, then by Assumption 14.1, it
follows that P(Ej) = 0(1 — 0)*7, 1 < j < k and P(Ep) = (1 — 6)X. Jointly with
that ZJ,';() P(E;) = 1 and Assumption 14.1, we obtain that

k k
ElA; =D BlA 5] < en DR PSP 1500

j=0 j=0
k—1 k—1
= a1 D BIC[] Pl ges) P 1 ggo )l
j=1 =+l
k

+ B[ [ 10 P ezl + 1 BIM P Lz g )
i=1
k .
< arlM PP EUIMP Tgesy V' + DI (14.22)
j=1

which is finite if and only if
ElA1 P g em] = 1 *pa + -+ P ppa < 1.
The last inequality is due to that ty < L for any k > 1.

“=:” Under Assumption 14.1, it is easy to verify that the following random
vectors are with an identical distribution, e.g.,

d
(T Tk + Th—1s -+ T+ -+ 7)) = (T, T+ T2, .0, TL -+ TR,
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where £ means equal in distribution on its both sides. Let
k
G = ¢"(.0C"Ce(j, 0) + 9" (k. 0)¢ (K, 0),
Jj=0

this implies that
E[A;"1=E[g " (14.23)

LetFo = {11 ¢ Sub.Fj=1{t1 € 4, ....75 € 4, 141 ¢ Fy}forl <j < kand
Fr={t1 € S, ..., 7 € Sy} Similarly, it is easy to verify that Z};O P(F) = 1.
Forj < k, denote

k—=j
O =D ¢ +i.)CTCHG+i.))

i=1

A

o0
ICH I > (a2 =01

i=1

”CH—CHI £ Bol. (14.24)
=2

Combining the above, we obtain that

—~

J
E Mg = O a7 C 4+ ¢M(, 00056, 0) + ¢ (k, 0 (k, 0) 1
i=0

CC + pod™ (G, 09 (i, 0) + ¢ (G, 0 (i, 0) 15,

> (—
- (1—|A1|—2

> BICTC+ 6", 009G, 00 15, (14.25)

where

= 1, — 1.
pr = max{fio + 1, ;=)

Thus, it is not difficult to show that there exists a positive constant 8, such that
——1 21
tr(E, 15) = Bo|ri™ 1.
By (14.23), it follows that

w(B[A;']) = w(B[E,'])
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k—1

k
= > w@I5; 15 = B2 D _ElIni[*15]
Jj=0

j=1

k—1 .
J
$20 > (BLPP 1gez]) (14.26)
j=1

In the above, the last equality follows from Assumption 14.1. It follows from
Lemma 13.3 that sup,.y E[My] < oo is equivalent to sup;n tr(E[Ak_l]) < 0.
This implies

ElA P i eop] = M1%pa + -+ a1 ppa < 1.

(b) For any k > 2L, the estimator must receive at least two measurements during
the time interval from k — 2L to k.

Define k; = max{j < k|y; = 1} and k» = max{j < ki|y; = 1}, i.e., yi, and yy,
are two latest consecutively received packets at time k. By iterations, it follows that

X = Ak‘_kzxkz +Ak1—kz—1wk2 +o Wy

A pki—k
= A" zxkz + Wiy ik -

Then, a stable estimator for x; can be obtained by the least square method. To be
precise, we write yg, and yi, as follows:

Vi, = kaz + Viy s
vy = CAM Ry 4+ Cwiyty + iy (14.27)

Moreover, the above can be rewritten in a compact form by Yy = ®xy, + Vi, where

Yko C Vi
Y = D = _ and V;, = .
k |:yk1i| |:CAk1 kz] k I:kaz;k] + Vk|i|

Then, one can verify that under C1-C3, @ is always of full rank. Similarly, @ is also
of full rank under C4 with L < d. Note that k; — kp < L < d, this implies that the
covariance matrix of Vj is uniformly bounded, i.e., there exists a V > 0 such that
cov(Vy) < V. A least mean square estimator of x; is now given by

% = AR @) oy, .
By the optimality of the Kalman filter, it follows that

Pr < El(y — %) (o — %07 |- %]

< Ak—k2(¢H¢)—l¢H‘7® (®H¢)—l (Ak—kz)T’

which is uniformly bounded due to k — k» < 2L.
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Thus, it is obvious that
sup E[Py] < oo.

keN
Similarly, one can establish that sup, . E[M\] < oo. U
Remark 14.6 Tt is worthy mentioning that if L = oo, the condition in (a) of

Theorem 14.1 is simply modified by

o
D Ppag < 1.
j=1

14.3.3 Higher-Order System

In general, the stability analysis of random Riccati recursion (14.18) for higher-order
systems with vector measurements is quite involved and depends on the so-called
eigenvalue cycles of the open-loop matrix [18]. Heuristically, scalar measurement
is the worst since a vector measurement generally supplies more information than
a scalar observation. For this reason, we focus on the scalar measurement in the
stability analysis of the random Riccati recursion (14.18). In particular, the following
two cases are to be considered.

Cl': A~ = diag(Jy, ..., Jy) andrank(C) = 1, where J; = J(kfl) is an elementary
Jordan block associated with the eigenvalue of ){1 [1] and [A;] > |Aig1].

C2’: A = diag(Ay,...,Ay) and rank(C) = 1, where A; = diag(%; 1, ..., ;) and
there exists a minimum positive integer d; such that )Lf.lfl = ... = )‘?,il; In
addition, x{;yl # x{;l forall k > 1ifij # i.

Theorem 14.2 Consider system (14.1) satisfying that A is unstable, (A, Evlv/ 2) iscon-
trollable and (C,A) is observable. Suppose that the scheduler satisfies
Assumption 14.1.

(a) Ifthepair (C, A) satisfies C1’, then sup; .y E[M}] < o0 and supcn E[Pi] < oo.
(b) Ifthe pair (C, A) satisfies C2°, define u; = max{j € N|jd; < L} and

(14.28)

i = ]’-il it ¥ipig, if i = 1,d; > 1;
! 0, otherwise.

The necessary and sufficient condition for sup, .y E[My] < oo is that

max p; < 1.
ie(l,....q) pi

Proof (a) Theidea of the proof'is similar to that in Theorem 14.1 (b). For a sufficiently
large k, define a sequence of {k;}!"_; as follows.
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Let ki = max{j < kly; = 1} and forj € {2,...,n},

C
cah—h
kj = max{j < kj_1|y; = 1, rank : =Jj}-

A~

The remaining problem is whether there exists such a sequence. This is guaranteed
by the fact that L < oo and Lemma 21 in [15]. In addition, it can be easily proved that
k1 — ky, is uniformly bounded irrespect to k. Note that k — k; < L, we can construct a
uniformly stable estimator for x; by the least square method based on {yx,, ..., yk,}
as in the proof of Theorem 14.1 (b). Thus, it follows that sup, .y E[Px] < oo. The
proof of supy . E[M\] < oo can be established as well.

(b) “=:” Partitioning ¢ (k, i) and C in conformity with A, we obtain that there
exists a constant ap > 1 satisfying that

cc <y - diag(cf'C.....CJ'Cy).

Then, it is trivial that
Ap <o -diag(Ag 1, ..., Akg),

where fori € {1,...,q},
k
Aci = D o (k. HCH Cigi(k. j) + ¢f (k. 0)i k. 0).
j=0

Since supyy E[M] < o0, it follows from Lemma 13.3 that supy . E[Ak_l] < 00.
This implies that sup; . IE[A,;;] < ooforalli € {1,...,q}. The rest of the proof
directly follows from the necessity proof of Theorem 14.1 (a).

“«=:" According to the partition of A, the state vector is decomposed into g blocks,
denoted as x,(cl), .. ng) It is sufficient to prove that the mean of the state estimation
error covariance matrlx of each block is bounded if max;{p;} < 1. Two cases are to

be separately considered.

Case 1: d| = --- = dy = 1, the proof trivially follows from that of part (a).
Case 2:d = H‘.’_l d; > 1. Only this case needs to be elaborated.

Let z(l) Clxlgc; Since Ad = Ad 1, it follows from (14.1) that

(O] d_ @) | ~(@)
Gyt =My T W

where

7O d=1-j (i)
CZA Wi s
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Then, we obtain the following down-sampled system:
d ~ .
Zk+1 = dlag()»l Loeees )\q,l)Zk + Wk
A
Sk = Yka = [1, ..., Nzk + Via-

Note that sup; ¢y E[kaT/,{] < oo and )‘ﬁ,l + )Lgl for all k > 1if i} # iy, it follows
from Case 1 that z; can be estimated with a uniformly bounded error covariance

matrix. This implies that it is able to estimate Cix](j) with a bounded error as d < oo.

Next, we prove that x( D can be estimated with a uniformly bounded errorif p; < 1.

To this purpose, we can focus on the following decoupled sub-system

= Al o
(l)*y —ZC] _Cixlgi)—l—vk—i-zq}'g),
J# J#
£ Ci) + T, (14.29)

where C; x,E’) is an estimator of Cjx;”” with a uniformly bounded estimation error and

CN(’) = ij,?) - ij,?). Hence, sup,cy E[V7] < oo.

In summary, there is no loss of generality to focus on that ¢ = 1 under C2’. Since
q = 1, the system has a similar structure as the second-order case under C4. The
proof thus essentially follows from the sufficiency proof of Theorem 14.1 (a). The
details are omitted. O

)]

Remark 14.7 Under C2’, when each A; ; is replaced by an elementary Jordan block,
ie., Jij = J(%;;), the necessary and sufficient condition for sup; . E[M;] < oo is
the same as that in Theorem 14.2 (b). Nonetheless, the proof is tedious and is not
included in this chapter due to the risk of diverting the readers’ attention.

14.4 Summary

Motivated by the scarcity of computational capacity and energy in WSNs, the state
estimation problems of dynamical systems under scheduled measurements have been
investigated. Both controllable and uncontrollable schedulers were considered under
different scenarios. In particular, the controllable scheduling protocol sequentially
decides the transmission of each element of the vector measurement. The stability
analysis was performed as well. While for the uncontrollable scheduler, some nec-
essary and sufficient conditions for the stability of the Kalman filter with scheduled
measurements were investigated. We expect that the estimation framework would be
useful to reduce the communication cost in WSNSs.
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Chapter 15
Parameter Estimation with Scheduled
Measurements

In the previous chapter, we only discuss the stability of estimator of a dynamical
system under scheduled measurements, leaving performance evaluation untouched.
In comparison, this chapter considers the parameter estimation of a linear system
under scheduled measurements.

Given a scheduled transmission rate constraint, we jointly design a near optimal
scheduler and an estimator. The effect of the scheduler on the estimation performance
can be precisely evaluated. Secondly, we conduct an asymptotic stochastic analysis
on the estimation algorithm with respect to the number of sensor measurements
where conditions for strong consistency and asymptotic normality of the estimated
parameters are established. Thirdly, we propose an adaptive scheduler and a recursive
estimation algorithm to show that even though the scheduler significantly reduces
the communication cost, our estimation algorithm and its performance in terms of
mean square estimation error are comparable to the standard least square estimator
(LSE) which is based on the full set of measurements. Moreover, it is illustrated that
the computational complexity of both estimators is almost identical.

The chapter is organized as follows. The problem formulation is described in
Sect. 15.1. To obtain the CRLB, we investigate the maximum likelihood estimation
with scheduled measurements in Sect. 15.2. A naive estimation algorithm is proposed
in Sect. 15.3. Then, we proceed to the design of an iterative maximum likelihood esti-
mator in Sect. 15.4. Its statistical properties are studied as well. In Sect. 15.6, a recur-
sive estimator is proposed based on the expectation maximization (EM) algorithm.
Simulation results are included in Sect. 15.7. Finally, Some concluding remarks are
drawn in Sect. 15.8.

15.1 Innovation Based Scheduler

Consider a linear system as follows:

ve=hl0+v,k=12,... (15.1)
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Vg ye=0o0r1

System _’671: Scheduler —n‘ Channel }—» Estimator —» 4,
L————a

Fig. 15.1 Estimation framework

where 6 € R? is a vector of unknown parameters to be estimated, hy € R?” is a
vector of known regressors, and v, is an independent, identically distributed, zero-
mean Gaussian noise with variance o2,

We are concerned with an estimation framework, similar to that in Chap. 14,
consisting of a scheduler, a remote estimator and a wireless communication channel,
see Fig. 15.1 for an illustration. Due to limited communication resources between
the estimator and the sensor, the scheduler is deployed for reducing the number
of measurement transmission. For example, let y, = 1 indicate that the sensor is
triggered to communicate with the estimator at time k and the packet containing
the information of yy is perfectly delivered to the estimator while y; = 0 means
that there is no communication between the sensor and the estimator. That is, the
scheduler will decide whether yj is to be transmitted or not. A natural question is
how to design the scheduling variable y; to achieve a good estimation performance.
We envision that it might be possible to access some priori information of y; and
construct its “predictor” y; on both sides of the channel. Then, it is reasonable
to focus on an “innovation” based scheduling strategy taking a generic form as
follows:

0’ if Vk—Yk < 8;
v = it o = (15.2)
1, otherwise,

where y; and § are to be designed. To some extent, y; may be treated as a predictor
of y, and o is a normalization factor. Loosely speaking, the difference, i.e., y; :=
Yk — Yk, is thus called innovation. Intuitively, if y is small, it indicates that y is
a good approximation of y,. For this case, it is expected that the absence of yi
for the estimator may not affect the estimation performance significantly. Thus, we
perceive such a measurement as “non-useful” one, which will not be transmitted to
the estimator for saving communication and energy resources of the sensor.

Here we do not consider other communication effects such as packet losses,
transmission delay, data quantization, channel noise and etc. This implies that if
there is no measurement sent from the sensor at time k, the estimator does not
receive anything from the channel, and understands that yy is censored. Therefore,
the information accessed by the estimator at time k is given by

2k = {Vk Vs Vi) (15.3)

While for noisy channels, the binary valued y4 can also be available to the estimator
by sending merely one bit message from the sensor node.
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Remark 15.1 Tt is worthy mentioning that the effect of channel medium between
the sensor and the estimator has not been considered here. Nonetheless, consider the

following channel model
out

Y = gy + wi,

where y,i” and y?"" denote the channel input and output respectively. gx € R is the
channel gain and wy, is the additive white Gaussian noise, which is independent of
the measurement noise vy.

In light of (15.1), we further obtain that

out

Y = ek 6 + grvic + wi
Lethy = grhy and v = grvr + wy, it follows that
y;{)m = HkTQ + Vk.

The information received by the estimator at time & is then given by Z; = {yx y,‘{’“’ s Y}
Thus, we obtain a model similar to the case without incoperating the channel medium
effect. This essentially implies that the analysis in the sequel can be generalized to

the above channel model. O

Given an arbitrary scheduler in the form of (15.2), the scheduled transmission
rate at time K in the average sense is defined by

K
1
Rk = — ;E[m.

Intuitively, Rk characterizes the frequency of measurement transmission in the aver-
age sense. The goal of this chapter is to asymptotically quantify the effect of the
scheduler with the form (15.2) on the estimation performance as K tends to infinity.
The main challenge to derive a good estimator under scheduled measurements lies
in the non-linearity of the scheduler.

15.2 Maximum Likelihood Estimation

15.2.1 ML Estimator

Given a sequence of ?K = {¥1, ..., Yk}, the joint probability density function (pdf)
of Zx :={z1,..., 2k} 1s given by
K K
[ oo =04 G hi 6. o) Py = 031" 7, (15.4)
k=1 k=1
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where A (yi; hkTO, o2) is the pdf of a Gaussian random variable with mean h,{@ and
variance o2
For notational simplicity, let

Tp __ =

(@) = O~ (15.5)
o

2H0) = =8 — w(8), 77(0) = 8 — 7 (6). (15.6)

Remark 15.2 To simplify the notation, we shall drop the dependence on the unknown
parameter 6 when it is obvious from the context in the sequel. For instance, we may
simply write z,l instead of z,i @). ]

It is easy to obtain that the probability of the event {yx = 0} is evaluated by

P{ye = 0} = Q(z;(0)) — Q23 (), (15.7)

where Q(-) is the complementary cumulative distribution function of a standard
Gaussian random variable, i.e.,

(0.¢]
Qx) = / ¢()dt and ¢ (1) = 1/+/2m exp(—t2/2).
Then, the log-likelihood function is computed as

K
€k (0) = > log pa(zi) (15.8)

k=1

K
o Yk 2 Yk )
= E =5 log@mo”) — 55 (e — hi 0)

+ (1 — ) log(Q(z4(6) — Q (O}, (15.9)

from which the gradient and the Hessian of the log-likelihood function are obtained as

gk (0) == (15.10)

[e5]
~
>
~~
(s}
N’
HM>=
o
R
~~
>
p—
=
T

920k (0
Hk (0) := aege(T) Zﬂk(e)hkhkT, (15.11)
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where o (6) and B (0) are expressed by

0 (0) = vk —hlo) 11—y ¢z) — &2
a? o 0EhH -0

2
w  l—n (¢(ZD—¢(Z%)) _ uGE) — @) . (15.12)

0) = — & _
@ >\ och - o) 0Gh — 0D

O'2 o

For the ease of notation, we further define

Z2

@) — (D) ~
= m = /xqb(x)dx €[z, 73],

Lk

sk(0)

where ¢(-) is the pdf of a truncated Gaussian random variable with support [z ,1 z,%].
We have the following property of the log-likelihood function.

Lemma 15.1 The log-likelihood function Lk (0) is a concave function.
Proof If s <0, then

> sp(sk — z3) > 0. (15.13)

1 2\ 2 1.1 )
() =) Y 4P () — ()
0@z) — 0@ 0@z}) — 0(z})

Similarly, if s; > 0, then it follows that

> sp(sk —zp) = 0. (15.14)

o -0 | adech - D)
0(zp) — 0z} 0(zp) — 0z}

The above implies that Bx(0) < 0. Thus, Hx(#) < 0, which completes the
proof. (]

In light of Lemma 15.1, the maximum likelihood estimator (MLE) is uniquely
obtained as

oML _ 2k (6). 15.5
K arg max k(0) (15.5)

Remark 15.3 Different from the quantized parameter estimation in [1], the maxi-
mum likelihood estimator (MLE) can be solved explicitly if a constant quantizer
threshold is applied. Since i is a function of 0, it is evident that there is no closed
form for @;(W L by solving gg (8) = 0. Nonetheless, £ () is a concave function in 6.
This implies that the gradient based algorithm can be adopted to numerically find
the MLE, see the Newton method in Algorithm 15.1. |
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Algorithm 15.1: Maximum Likelihood Estimation
Initialization:

K K
bk = Q_ yhihD™ > ywhy, (15.16)
k=1 k=1
where the superscript * denotes the Moore-Penrose pseudoinverse [2].
Repeat
Calculate gg (Ox ) and Hg (Ox );
Find u by the backtracking line search algorithm [3];
Update: 6k < 0k + n[Hk (0x)1 gk (Ok)._ -
Until |lgx Ok )| < &, where & > 0 and let 0L « O

15.2.2 Estimation Performance

Obviously, it follows from the gradient of the log-likelihood function that the fisher
information matrix [4] is computed as

Ix (0) == Elgg (0)gk (0)]
K
= > Bl (@’ h + > Elo; (0)cr; (0)h;h].
k=1 i#]
Since yi is an independent process, it follows that
Ele (0)aj(0)] = Elo; (0)]E[a (0)]
for all i # j. We further obtain that

o - Efag(6)] = / x$()dx + GE) — D))
{ve=1}

= / x¢(x)dx + / x¢p(x)dx
{re=1} {re=0}

=0. 15.17)
Hence, the cross term of Ix (9) disappears. The square term of Ix (9) is evaluated by

M(0) = Elag(6)*]

_ B =01 1 0 —oGD)Y
ot o Q@) — Q&P
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Note that the above can also be rewritten as
2

Lk
1 1
(0 = (1 - /(x 502 () < . (15.18)
1

Zk

Since

2 Z2

2 K
@ () — (z))>
B 2 d =/ 2 d B SN o SEa
1/(x sk)“ ¢ (x)dx X g (x)dx 0(z) — 0(z})

k a
z% S
§/x2¢(X)dx < /x2¢>(X)dx,
z} =8
one readily derives that
| s
nk(0) > —2(1 — /x2¢>(x)dx) >0, V< oo. (15.19)
o

=5
Lemma 15.2 For any unbiased estimator é\K based on the scheduled measurements
Zk, then

E[(0 — 0x)(60 — )" 1— Tk @)1 =0, (15.20)

where A > B means that A — B is a positive semi-definite matrix.

Proof 1t follows from the property of Cramér-Rao lower bound (CRLB) [4]. (]

15.2.3 Optimal Scheduler

By (15.7), the scheduled transmission rate of the scheduler with the form (15.2) is
computed as

K
1
Rg =1- X Z[Q(—S - ) — Q0@ —wl (15.21)

k=1

Then, the optimal scheduler of the form (15.2) under a transmission rate constraint
is defined in the following way.
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Definition 15.1 Under a scheduled transmission rate constraint, i.e. Rx < y, the
optimal scheduling parameters {3y, 8} are solved by

{Ipigl} (g @1, st Rx <7y, (15.22)
Yk

where tr(A) returns the summation of all diagonal elements of A.

By (15.21), it is evident that it is very difficult to characterize the feasible set
for {Jx, 8} such that Rg < y. Thus, the optimization problem (15.22) is generally
intractable. In what follows, a suboptimal scheduler is proposed and its estimation
performance is evaluated.

Lety; = h,{@ and § = Q_1 (y/2), where Q_1 (+) is the inverse function of Q(-).
For this scheduler, one can easily check that Rx = y, which obviously satisfies the
rate constraint in (15.22), and 7; = 0. This implies that sz = 0 and z,l = —z,% = 4.
Then, it follows from (15.18) that

8

1
(@) = — (1 —/x2¢(x)dx). (15.23)

-8
To evaluate the performance of this scheduler, define

8

x(8) =1 —/x2¢(x)dx € [0, 1]. (15.24)

-3

By using the full set of measurements, which means that all measurements are
sent to the estimator, it is clear that the LSE, the MLE and the minimum mean square
error (MMSE) estimator are all given by

K + K
O = (Z hkh[) > by (15.25)
k=1 k=1

and its associated CRLB can be easily derived as

K
o*(O hh)t.

k=1

The loss of estimation performance due to the use of this scheduler is thus charac-
terized by

S Ty = LB S o
k@)1 = o> heh) = = 0) Q hih{ /oH)*
k=1 k=1
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To this end, the factor { ®)
—X
pd(6) 1= ———
x(8)

quantifies the performance degradation due to the reduction of the number of mea-
surement transmissions by deploying the scheduler with the form of (15.2).

Remark 15.4 From Figs. 15.2 and 15.3, we observe that if § > 2, the increase of the
scheduler threshold § does not significantly decrease the scheduled transmission rate
while the estimation performance degrades fast. It is surprising that when § = 1, the
estimation performance is only slightly worse than the optimal estimator with the
full set of measurements since the performance degradation factor pd(1) = 0.248.
In this case, the scheduled transmission rate can be as low as Rx = 0.3. This
suggests that the use of the scheduler with the form of (15.2) is an efficient method
to reduce the communication cost and maintain a good estimation performance.
While maintaining 7y = 0 corresponds to y; = h,{@, it is not implementable as it
requires the true value of the unknown parameter 6 for the design of the scheduler. To
overcome this limitation, an adaptive scheduler is to be designed to asymptotically
achieve such a performance level. O

Fig. 15.2 Scheduled 1
transmission rate with
respect to the parameter &

0.6 i

0.4t b
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Fig. 15.3 Performance 40
degradation
35
30
25|

20

pd

0 0.5
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15.3 Naive Estimation

In the previous section, we illustrate that a good scheduler under any scheduled
transmission rate is designed by 7 = 0 which corresponds to that y; = h,{@. In
fact, if y, = hkTQ is available to the estimator, a very straightforward estimator is
constructed as follows:

K K
Ok = O hh)™ > Iy + (1= v 3ilhy

K K
=0+ Q_ hh)T D yevihy, (15.26)
k=1 k=1
which is an unbiased estimator since E[yxv¢] = Oforallk € {1, ..., K}.Inaddition,

it is not difficult to compute that

K
E[@kx — )@k — )1 = x®)Q_heh)*. (15.27)
k=1

The above estimator is even better than the standard MLE with the full set of mea-
surements since x (§) < 1, V8 < oo. The main reason lies in the use of the noise-free
“measurement” in the estimator when y; = 0. However, the true parameter 6 is actu-
ally unknown to the estimator. Thus, the use of y; = h,{é is not implementable for
the estimator. Motivated by this observation, a naive estimation algorithm is given by

K K
Ok = Q_ b)) > Iy + (1 = yo)ilhy, (15.28)
k=1 k=1
where Y41 = hk+1@< fork=0,...,K —1and @) is an initial estimate of 6 based

on the prior information on 6 (if any). Albeit simple, the estimation performance
of the above estimator is yet to be known. However, the following result is readily
established.

Lemma 15.3 [f E[éb] = 0, then the naive estimator is unbiased, i.e., E[@K] = 6 for
all K € N.

Proof Denote §k = @k — 6, the naive estimator is rewritten as

K K K K
Ok =6+ Q_ b)) D" yvkhi + Q ehDT D (1= yhyh G
k=1 k=1 k=1 k=1

The rest of the proof is obvious by the arguments of mathematical induction. U
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Additionally, we have the following result by recalling Theorem 1 in [5].

Lemma 15.4 The mean square estimation error of the naive estimate is uniformly
bounded, i.e., R

sup E[[|0x — 0]*] < cc.

KeN

Unlike [5], it is meaningful to establish the stability of the state estimator of an

unstable dynamical system. Here we are focusing on the estimation of static vector
parameters, which is of little importance to show the stability of the estimation error.
We are more concerned with the asymptotic unbiasedness and achievability of the
CRLB of an estimator.

15.4 Iterative ML Estimation

In this section, we analyze the statistical properties of é\ly L when the number K of
samples tends to infinity. We provide the conditions for the strong consistency and
asymptotic normality of the MLE under some mild conditions. Before proceeding,
we introduce the concept of persistent excitation [6].

Definition 15.2 The sequence of regressors {hy} is said to be persistently exciting
if there exists a ¢ > 0 such that

K
o1 T
lknl)lgofgk_zlhkhk > cl. (15.29)

One of our main results is formally stated as follows.

Theorem 15.1 Let ® C R? be a compact set containing the true parameter vector
0 as an interior point. Suppose that the sequence of regressors {hy} is persistently
exciting and supy < | lloo < 00. Then, it follows that

(@ 'g\lfé’l L 2% g as K — oo, where =55 denotes convergence with probability one
under P.
(b) As K is sufficiently large, it holds that

\/E ) (é‘ljé/IL —0) iriis)t' (0, C,]_l), (15.30)

in dist. . Lo . . . .
where —> means convergence in distribution. Cy is nonsingular and given by

K

1 T
C”_IQEHOOE;”"(Q)h"hk' (15.31)

The requirement of persistent excitation of the regressors is essential. Note that
it is also necessary for the asymptotic convergence of the standard MLE which is
based on the full set of measurements.
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Remark 15.5 Theorem 15.1 illustrates that under any scheduled transmission rate,
the strong consistency is always guaranteed by using a scheduler with the form of
(15.2). But a scheduled transmission will inevitably degrade the estimation perfor-
mance, which is quantified by C,,. In general, a small scheduled transmission rate
will correspond to a large scheduling threshold §. Actually, one can easily verify that

lim & = oo.
RK—>0

Together with (15.19), it follows that

li 9) = 0.
R;rgonk()

Under this extreme case, C,- !'is arbitrarily large, which in turn implies a poor esti-
mation performance.

Corollary 15.1 If hy is a realization of a wide-sense stationary ergodic random
process with uniformly bounded co-th moment, i.e.,

sup E[[[hg || ] < 00
keN

and yy, is designed as a time-invariant function of hy, then it holds that

K
1 T
Cy= Jim — k§_1 i (60)hih] . (15.32)

Proof Since yy, is a time-invariant function of hy, so is 1z (9). This implies that the
process of 1y (G)hkh,f is a wide-sense stationary ergodic random process [7]. Note
that n; (0) < 1/02, it is easy to show that

sup E[ || (0)heh] [lso] < 0.
keN

By invoking the Birkhoff’s ergodic theorem [7], the result follows. ]

15.4.1 Adaptive Scheduler

Next, we design an adaptive scheduler to satisfy a given scheduled transmission rate
constraint and the effect of the scheduler on the estimation performance is asymp-
totically quantified.

Theorem 15.2 Given any scheduled transmission rate'y € (0, 1], consider an adap-
tive scheduler with § = Q' (y /2) and 3 = hl oM~
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Let ® C RP be acompact set containing the true parameter vector 6 as an interior
point. Ifthe sequence of regressors {hy} is persistently exciting with sup;cn llhelloo <
0o, it holds that

(@) OML 25 9 as K — .
(b) limg_—oo Rx = y;
(c) As K is sufficiently large, it follows that

VK - @1 —0) "8 v, c5h, (15.33)

where Cs is given by

Cs = X((S) thhk (15.34)

O’ K—)oo

Proof (a) It follows from Theorem 15.1. (b) By the first part, it is clear that 9"
converges to 6 in probability as well [7]. For a sufficiently small ¢ > 0, there exists
a sufficiently large ko such that

P(|3 —h] 6| <oe) >1—¢

for all k > kg. Note that Q(—8§ — 7) — Q(6 — ) achieves its maximum at T = 0,
we obtain that

K
1 _
Rk = — ;E@,[E[ykmn

—1— — Z/ 0(=8 — w) — Q8 — ) 1po Gk)d Yk

klR

v

1
1— EZ“ —200)] =y, (15.35)

k=1

where 5, [-] is the mathematical operator with respect to the random variable y; and
po(Yi) is the pdf of 3 with the abuse of notation.

On the other hand, it is easy to verify that
0(=8—1)—-00—-1)>0(-6—¢)— 0B —¢)
for any |t| < e. In addition, one readily establishes that
O(=3—e)— 0@ —¢)— [Q(—S) — 0]

&

Var

/ ¢ (x)dx — / G (x)dx > —ep (5 — ) > — (15.36)

—d—e¢
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For k > ko, it follows that

/[Q(—3 — ) — Q6 — w)1pe G d ik
R

> / [0(=6 — 1) — 05 — 7)1ps G5k
|tk |<e

= (1 =)[0(=8 -2 - Q0@ —¢)]

> (1 - )[0(=8) — o)) — 21 =2 (15.37)
—¢ —68) — - . .
- 2
For K > ko, we get an upper bound of Ry, i.e.,
(1 —¢e)(K — ko) e(1 —¢)
Rk <1————[0(=68) — 0]+
K X 0(=98) — Q) NeT
1= -o —200)]+ 20— ask
- 1—-00-9[l - as K — oo.
V2
Letting € go to zero, we obtain that
y < liKminf Rx <limsupRx <2Q(5) =y. (15.38)
—00

K—o0

This implies that limg . Rx = y.

(c) The asymptotic normality and unbiasedness follows from Theorem 15.1. Only
the estimation error covariance matrix is to be evaluated. Toward this end, the joint
pdf of Zg is written by

K
Po(Zx) = pox) [ | poarlzit, ... 21)

k=2
K

= pO(Zl)HPO(ZkB’\k)- (15.39)
k=2

Then, the fisher information matrix is computed as

1 K
Ik©) = — > i(@)hihy (15.40)
k=1
where
22
k
) =1~ By | [ 0= s0%p00dx | (15.41)
1

Zk
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Next, we show that limg_, oo 7k (0) = x (). To this purpose, we note that

2 Z2

2 x
(D (z)) — p(z2))?
1/ (r s @dx = [e(d =50 5002

1
g Zk

< /x2¢(x)dx =1. (15.42)
R

Since limy_s oo ’Q\kM L — ¢ with probability one, this implies that limy_oo 7x = 0
almost surely. Together with the dominated convergence theorem [7], we obtain that

z 5

Zk
Jim By, / (x — sp)’p(x)dx | = / x2¢(x)dx. (15.43)
Zl

-3
k

Thus, it is straightforward that limg_, o, 7% (6) = x (6), which in turn implies that

K
. Ik @) x@) . 1 T

1 ==—1 — hih;, . 15.44
Jim, T = or dim, e 2. b (1549

By the asymptotic efficiency of the MLE [4], it finally holds that

Ix(©
Cs = lim k©)
K—o0 K

(15.45)

The proof is completed. (]

15.5 Proof of Theorem 15.1
Lemma 15.5 The gradient of the log-likelihood function £k (0) is expressed by
| X
0) = — > (3(0) —hl 6)hy. 15.46
gk (0) ngm() {0)hy (15.46)

Proof 1t is straightforward. (]

Let & () = log po(zx), ¢k (0) = Lk (0)/K = + S E0), ¢ (0) = L ek (0)
and ¢ ;é ) = %CK (). Define the following functions by
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£O) = Jm B[z ©)],
") = IgilnmE[C}é @)1 (15.47)

We also define £/ (0) = :£(0) and &/ (9) = %gk ).

Lemma 15.6 Under the conditions of Theorem 15.1, the functions (g (9), ¢ (0) and

¢y (0) are continuous. Moreover, (g (0) — tx (9), $x(0) — 0,and £ (0) — ¢ (0)
with probability one and uniformly on 6 € & as K — oo.

Proof We shall use the Rajchman’s strong law of large numbers [8, Theorem5.1.2]
to prove the convergence with probability one. Due to the statistical independence of
& (0) and the fact that sup E[]|& (6) 2] < oo, it follows that Zx (8) — Zx (9) with
probability one.

Since E[(yk — % (0))?] < 2E[yZ] < 4(Ihf0|> + E[v7]) < 4(|10]|% supy 1he > +
02) < 00, it follows from Lemma 15.5 that

h 2
ELIE O)17) = T EL15:0) — b))

2)he 12

o2

A

(EI(x —hf 0)*1+ El(y — 5(0)°]) < 00.  (15.48)

To verify that sup; E[||£(9) %] < oo, it is sufficient to show that sup; E[n,%(@)] <
00, which obviously holds as 7 () < 1/02. One can easily test that E[£,(9)] = 0.
Thus, ¢} (6) — 0 and ¢y (6) — ¢ (0) with probability one as K — oco.

Next, we show that the convergence is also uniform with respect to 6 € ©®. By
Theorem 7.17 in [9], it is sufficient to establish the uniform convergence of ¢y (6).
Toward this, we first verify the strong stochastic equi-continuity of ¢¢ (6). One can
verify from (15.12) that 98 (0) /96 is continuous with respect to 6. Due to that @ is
a compact set, we obtain that

sup sup |Br(0) — Bi(@)| - llp — Ol " < oo, Vo #6,
keN ¢,0€0

which in turn implies that

sup sup g (@) — ¢k @)l - llp — 01" < oo, Ve #6. (15.49)
KeN¢,0e0

By Theorem 21.10 in [10], we know that ¢g (f) is strong stochastically equi-
continuity. Together with Theorem 21.8 in [10], it follows that Cl’é (0) converges
uniformly with respect to 6 in ® as K — oo. O

Lemma 15.7 Under the conditions of Theorem 15.1, the function ¢ (¢) attains its
maximum value if and only if =60 € ©.
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Proof By Lemma 15.1, it follows that {x (¢) is concave in ¢ € R”. This implies
that ¢ (¢) is concave as well [3]. In addition, we notice that

£(@) = ¢(O) = lim Eyl¢x(9) = tx (@)

12 (Zk):|
Do (zk)

K
. 1
Jim e 2B [l"g

K
1
=— lim — D
Jim ; KL(Po (@) | P (26)

<0, (15.50)
where Dkp (-|-) denotes the Kullback Leibler distance [11] between two pdfs. U
Lemma 15.8 Under the conditions of Theorem 15.1, it holds that

VK "B 0.c;h. (15.51)

Proof Forany y € R?, let v = yréli (0). We show that ;. satisfies the Lyaponov
condition [7] and then apply the Lindeberg-Feller central limit theorem [7] to estab-
lish the result.

Let ¢ > 0, it follows that

E[15c(©) —hl 01**] = Ellyvk + o (1 — yi)se(0)[*7]
< 3P E[ve 7] 4 o R[5k ()P T]) < M < o0,

where the first inequality follows from the C,-inequality, see e.g. Lemma 5 of [12]
and the existence of a upper bound M is clear. Due to that sup,y ||« || < oo, there
exists a My > 0 such that

E[9*7] = E[I5(0) — h] 01> - (h] )*™*] < M.
This implies that

K
1/K - D BI0*T] < M.
k=1

Let

K K
Pk =1/K - > EWH =y"y/K > n(@h] by,
k=1 k=1

which converges to y”y - C, > 0 due the persistent excitation condition of hy and
k(@) > 01in (15.19). Hence, we finally obtain that
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K
- —1-¢/2 2+e
1 P 1/K - E[|v =0. 15.52

Jim P TR/ S R0 (15.52)

k=1
By invoking the Lindeberg-Feller central limit theorem, the proof is completed. [

Proof of Theorem 15.1 (a) Based on the above lemmas, we have established that with
probability one, ¢x (/) converges uniformly to ¢ (9), which attains its maximum at the
true parameter 6 only. Together with the compactness of @, it follows from Property
%4-2 in [13] that é}” L 2% 9, (b) From Lemma 15.6, ¢ }é (6) converge uniformly to
¢ (6). From (15.19) and persistent excitind condition, C, is nonsingular. Together
with Lemma 15.8 and 6 is an interior point of the compact set ®, the result of (b)
follows from Property 24.16 in [13]. (]

15.6 EM-Based Estimation

Till now, we have conducted the asymptotic analysis of the MLE as the number of
measurements tends to infinity. Observe that the MLE is obtained by solving a con-
vex optimization, which is computationally demanding and lacks a recursive form.
The problem of interest is how to design a recursive estimation algorithm to asymp-
totically achieve the CRLB. Toward this end, an EM-based estimation algorithm is
to be designed, which has been exploited for the quantized identification problem
in [14]. Suppose that the output Yg := {y1, ..., yx} was known, it would be easier
to maximize log pg(Yg). Since Yk is unavailable, we replace log pp(Zk) by the
average of log pg(Zk, Yk ) and obtain the following EM method to solve the MLE
problem (15.5) via the following iterative procedure.

00 = arg max Qg 0,0y "), 1eN; (15.53)
0eRP
0k (6,0) = /10gP9(ZK, Yg)ps(Yk|ZKk)dYk. (15.54)

To obtain an on-line estimator, we compute one iteration at each sample time. Then,
it follows from (15.53) that

OEM — arg max Qk (6,0EM ). (15.55)
fecRp

It turns out that, under quite general conditions, the sequence of numbers £ g (@EM ),
K = 1,2, ... 1is monotonically increasing, and therefore the parameter estimation
sequence §I€M converges to a local maximum of the log-likelihood function £ (6)
[15]. By the concave property in Lemma 15.1, GEM asymptotically coincides with
ML, Note that the asymptotic analysis of §~ has been conducted in the previous
section. To solve (15.55), we establish the following result.
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Lemma 15.9 The function of Q(-, -) is given by
1 K
_ s
0x(0.0) = —5— ];m(e) ~hi6)> + fx ). (15.56)

where fg (§) only depends on 0 and

V() = Elyklzx] = / YiePo (Ve lzi)dyi
= 7k + (1= ) (g 6 + os(6)). (15.57)
Proof 1t is similar to the proof of Lemma 5 in [16]. Details are omitted. ]

Combining the above, the maximization in (15.55) is explicitly solved by
K
OEM = arg min Wi (OEM )y — h!'6)?
K =arg min I;(yk( K1) —h0)

K K
= O _Wmh)T > 5@ iy (15.58)
k=1 k=1

It is obvious that the above estimate closely resembles the standard MLE with the
full set of measurements. In comparison with the naive estimator (15.28), it follows
from (15.57) that the EM-based estimator has a correction term which results in an
unbiased estimator.

Lemma 15.10 é}'gM is an unbiased estimator, i.e., E[@I‘?M 1=0.

Proof Since y; = h! 0 + v, it follows that

K K
M =0+ O hh)T D (v + o (1 — y)se @1 ). (15.59)
k=1 k=1

Next, we further have that
E[yeve + o (1 — y)sk @F7 )]
= Egen [Elyeve + o (1 = y)se @10, = 61]
= o Egeu [Elax (0)[0Y, = 011
=0, (15.60)

where the last equality follows from (15.17). Hence, it is trivial that
E[OEM 1=0. 0
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By following the steps in [17], the estimator in (15.58) can be written in a recursive
form by
Or1 = Ok + Peh(0” + hf Pchy) ™" G @) — b 6);
Piy1 = Py — Pehy(a? +h! Pohy)~'h! Py (15.61)

Remark 15.6 Without scheduling, the gradient of the log-likelihood function is
given by

K
1 T
— 2 Ok —h{O)hy,
k=1
from which the MLE can be explicitly obtained. Here we only need to replace y; by

k(@) when yy is unavailable. Note that y; (6) is a nonlinear function of 8. By (15.5),
it is generically impossible to find a closed form of the MLE by letting

2wk _
00
Since
(0) = arg min E[(yx — x)?|z¢], (15.62)
xeR

then yx () minimizes the mean quadratic approximation error of y;. By (15.61), the
estimator é\k is obtained by simply replacing yix by yx (Br) in the standard LSE algo-
rithm using the full set of measurements. From this perspective, our estimator shares
a similar computational complexity as the standard LSE. Moreover, we will prove
shortly that its performance comes comparable to the standard LSE, even under a
moderate scheduled transmission rate.

Theorem 15.3 Let ® C R? be a compact set containing the true parameter vector
6 as an interior point. Suppose that the sequence of regressors {hy} is persistently
exciting with supyy llhillec < 00. Then, it follows that

(a) é\gMﬂ)GasKa 00.
(b) As K is sufficiently large, it holds that

VK- @M —0) "B 0, ¢, (15.63)
where C,; is given in (15.31).

Proof It follows from Lemma 15.1 and Theorem 15.1. ]
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15.6.1 Design of i

For any sequence of y, we have established the strong consistency and asymptotic
normality of the EM based estimator in the previous section.

In this section, the design of y; will be discussed. By doing this, we adaptively
design Vi to achieve the CRLB with g (0) given in (15.23). The striking feature of
the EM based estimation algorithm is due to its simplicity, which allow us to easily
implement on-line. By adaptively designing V as follows

3« =hl oM, (15.64)

we have the following result.

Theorem 15.4 Given any scheduled transmission rate y € (0, 1], consider an adap-
tive scheduler with 8 = Q~'(y/2) and y; = h,{é\ff’ll Let ® C R? be a compact
set containing the true parameter vector 6 as an interior point. If the sequence of
regressors {hy} is persistently exciting with sup, .y Ik lloo < 00 and

K
1
&y = i —2 hih!,
h Kl—I>nooK Kk

k=1
then
1. é\EMa—";'QasKeoo.
2. 1imK_>oo RK =Y,
3. As K is sufficiently large, it holds that
VK - @ — ) "By 0, ¢, (15.65)
where Cs is given in (15.34).
Proof 1t follows from Lemma 15.1 and Theorem 15.2. (I
15.7 Numerical Example
Consider a linear system as follows:
vk =h{ 0+, (15.66)

where the true parameter vector 6 = [0.4, 117 and vy, is a white Gaussian noise with
zero mean and unit variance. The regressor {hy} is generated from a white Gaussian
vector, i.e., hy ~ A47(0, p2 * Ip). The signal to noise ratio (SNR) is computed as

10 - log,o(E[y?1/E[v?]) = 10 - log,o (0?6070 + 1) dB.
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We are concerned with an adaptive scheduler to asymptotically achieve a scheduled
transmission rate y = 0.6 as the number of measurement tends to infinity, where
the scheduler threshold is solved by § = 0.525. Using this scheduler threshold
and p = 2, we also apply a scheduler by randomly selecting Vi from a Gaussian
distribution .4 (0, 32). From Fig. 15.4, it is shown that both the EM based algorithms
asymptotically converge to the true parameter values as the number of measurement
tends to infinity, which is consistent with Theorem 15.3.

To evaluate the scheduled transmission rate of the above two schedulers, we use
the Monte Carlo method with 5,000 samples. From Fig. 15.5, it is shown that the
scheduled transmission rate of the adaptive scheduler designed in Theorem 15.4
asymptotically converges to the prescribed rate y = 0.6. In Fig. 15.6, the MSE with
the adaptive scheduler is the estimated

K - w(E[@F" — )@ — 0T
by using the Monte Carlo method with 5,000 samples. Note that we have converted

its unit into dB. The MSE without scheduler corresponds to that of the standard LSE.
One can observe that under the scheduled transmission rate y = 0.6, the estimation

Fig. 15.4 Asymptotic 1.4
convergence

—— random scheduler—1
- - - random scheduler-2
L e Tt e e - - - adaptive scheduler-1
adaptive scheduler-2

Fig. 15.5 Scheduled
transmission rate
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Fig. 15.7 Mean square estimation error

performance of the EM based algorithm comes close to the standard LSE, which is
based on the full set of measurements.

Next, we check how the SNR affects the asymptotic estimation performance of
the adaptive scheduler under the scheduled transmission rate y = 0.6 by altering the
variance of the regressor {hy} from p = 1 to p = 2 with step size 0.2. Figure 15.7
confirms that the higher the SNR, the better the estimation performance. This is
consistent with Theorem 15.2.

15.8 Summary

Motivated by the limited energy and communication capabilities of sensor node, we
have proposed a scheduler for the parameter estimation problem of a linear system to
reduce the number of measurement communications. The challenge in this estima-
tion framework lies in the nonlinearity of the scheduler. To quantify the effect of the
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scheduler, we have conducted a rigorous stochastic analysis in this work and provided
conditions on the strong consistency and asymptotic normality of the estimator with
respect to the number of sensor measurements. The proposed estimation algorithm
bears a close structure of the standard MLE with the estimation performance compa-
rable to the standard MLE even under a moderate scheduled transmission rate. This
nice property is expected to be of great importance in the resource limited networks.
Simulation has been included to support our theoretic results.
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Appendix A
On Matrices

This appendix collects several results on matrix analysis that are repeatedly
used throughout the book. The proofs are omitted and can be found in,
e.g.,[1, 2]

Lemma A.1 (Schur’s complement [1]) Suppose that a Hermitian matrix is parti-

tioned as
A B
BH C |’

where A and C are square. This matrix is positive definite if and only if A is positive
definite and C > BYA~'B. Furthermore, this condition is equivalent to having
p(BHA=IBC™1) < 1.

Lemma A.2 (Hadamard’s inequality [1]) If A € C"*" is positive semidefinite, then

det(4) < [ JAli

i=1

Furthermore, when A is positive definite, then equality holds if and only if A is
diagonal.

Lemma A.3 (Matrix inversion lemma [1]) Suppose Y = X + MON, and X, Y, Q
are nonsingular. It holds that

Yy l=x"'"—x""Mo"+Nx"'M)"'Nx"".
Lemma A.4 (Properties of trace, determinant and Kronecker product [1, 2])
For X, Y, M, N with compatible dimensions, the following properties hold.
() oM+ N)=tuM)+tr(N), tr(MN) = tr(NM), det(MN) = det(M) det(N).
2) IfM >0,N > 0, then
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(mjn )»,'(N)) tr(M) < tr(MN) < (max ki(N)) tr(M),
1 1

where L;(N) is the ith eigenvalue of N.
(3) det(I + MN) = det(I + NM).
(4) The matrix equation Y = MXN can be written into vec(Y) = (NT @ M)vec(X).

Lemma A.S (Property of Hadamard product [2]) IfA > B> 0and C > D > 0,
thenA® C >B0OD.

Lemma A.6 (Shur product theorem [2]) If A, B are positive semidefinite, then so is
A O B. If, in addition, B is positive definite and A has no diagonal entry equals to 0,
then A O B is positive definite. In particular, if A, B are positive definite, then so is
AOB.
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