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Preface

This book is an introduction to the fascinating and important interplay between
non-linear dynamics and statistical theories for geophysical flows. The book is
designed for a multi-disciplinary audience ranging from beginning graduate stu-
dents to senior researchers in applied mathematics as well as theoretically inclined
graduate students and researchers in atmosphere/ocean science. The approach in
this book emphasizes the serendipity between physical phenomena and modern
applied mathematics, including rigorous mathematical analysis, qualitative mod-
els, and numerical simulations. The book includes more conventional topics for
non-linear dynamics applied to geophysical flows, such as long time selective
decay, the effect of large-scale forcing, non-linear stability and fluid flow on the
sphere, as well as emerging contemporary research topics involving applications
of chaotic dynamics, equilibrium statistical mechanics, and information theory.
The various competing approaches for equilibrium statistical theories for geo-
physical flows are compared and contrasted systematically from the viewpoint
of modern applied mathematics, including an application for predicting the Great
Red Spot of Jupiter in a fashion consistent with the observational record. Novel
applications of information theory are utilized to simplify, unify, and compare
the equilibrium statistical theories and also to quantify aspects of predictability
in non-linear dynamical systems with many degrees of freedom. No previous
background in geophysical flows, probability theory, information theory, or equi-
librium statistical mechanics is needed to read the text. These topics and related
background concepts are all introduced and developed through elementary exam-
ples and discussion throughout the text as they arise. The book is also of wider
interest to applied mathematicians and other scientists to illustrate how ideas from
statistical physics can be applied in novel ways to inhomogeneous large-scale
complex non-linear systems.

The material in the book is based on lectures of the first author given at the
Courant Institute in 1995, 1997, 2001, and 2004. The first author thanks Professor

Xi



xii Preface

Pedro Embid as well as his former Ph.D. students Professor Pete Kramer and
Seuyung Shim for their help with early versions of Chapters 1, 2, 3, 4, and 6 of
the present book. Joint research work with Professors Richard Kleeman and Bruce
Turkington as well as Majdas former Courant post docs, Professors Marcus Grote,
Ilya Timofeyev, Rafail Abramov, and Mark DeBattista have been incorporated
into the book; their explicit and implicit contributions are acknowledged warmly.
The authors acknowledge generous support of the National Science Foundation
and the Office of Naval Research during the development of this book, including
partial salary support for Xiaoming Wangs visit to Courant in the spring semester
of 2001.
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Barotropic geophysical flows and two-dimensional
fluid flows: elementary introduction

1.1 Introduction

The atmosphere and the ocean are the two most important fluid systems of our
planet. The bulk of the atmosphere is a thin layer of air 10 km thick that engulfs
the earth, and the oceans cover about 70% of the surface of our planet. Both
the atmosphere and the ocean are in states of constant motion where the main
source of energy is supplied by the radiation of the sun. The large-scale motions
of the atmosphere and the ocean constitute geophysical flows and the science
that studies them is geophysical fluid dynamics. The motions of the atmosphere
and the ocean become powerful mechanisms for the transport and redistribution
of energy and matter. For example, the motion of cold and warm atmospheric
fronts determine the local weather conditions; the warm waters of the Gulf Stream
are responsible for the temperate climate in northern Europe; the winds and the
currents transport the pollutants produced by industries. It is clear that the motions
of the atmosphere and the ocean play a fundamental role in the dynamics of our
planet and greatly affect the activities of mankind.

It is apparent that the dynamical processes involved in the description of
geophysical flows in the atmosphere and the ocean are extremely complex. This
is due to the large number of physical variables needed to describe the state of the
system and the wide range of space and time scales involved in these processes.
The physical variables may include the velocity, the pressure, the density, and, in
addition, the humidity in the case of atmospheric motions or the salinity in the
case of oceanic motions. The physical processes that determine the evolution of
the geophysical flows are also numerous. They may include the Coriolis force due
to the earth’s rotation; the sun’s radiation; the presence of topographical barriers,
as represented by mountain ranges in the case of atmospheric flows and the ocean
floor and the continental masses in the case of oceanic flows. There may be also
dissipative energy mechanisms, for example due to eddy diffusivity or Ekman
drag. The ranges of spatial and temporal scales involved in the description of
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geophysical flows is also very large. The space scales may vary from a few
hundred meters to thousands of kilometers. Similarly, the time scales maybe as
short as minutes and as long as days, months, or even years.

The above remarks make evident the need for simplifying assumptions regarding
the relevant physical mechanisms involved in a given geophysical flow process, as
well as the relevant range of space and time scales needed to describe the process.
The treatises of Pedlosky (1987) and Gill (1982) are two excellent references to
consult regarding the physical foundations of geophysical flows and different sim-
plifying approximations utilized in the study of the various aspects of geophysical
fluids. Here we concentrate on large-scale flows for the atmosphere or mesoscale
flows in the oceans. The simplest set of equations that meaningfully describes the
motion of geophysical flows under these circumstances is given by the:

Barotropic quasi-geostrophic equations
Dgq -
— =D(A F(x,t
Di Q)Y+ F(x,1)

q=w+By+h(x,y), where w = A

o (1.1)
V=Vt = %
I
ax
where % stands for the advective (or material) derivative
D 9 ad a
D o Max Ty
and A denotes the Laplacian operator
A=divV= 8—22 + 8—22
ax“  dy

In equation (1.1), g is the potential vorticity, v is the horizontal velocity field, w, is
the relative vorticity, and ¢ is the stream function. The horizontal space variables
are given by X = (x, y) and ¢ denotes time. The term By is called the beta-plane
effect from the Coriolis force and its significance will be explained later. The term
h = h(x, y) represents the bottom floor topography. The term 2D(A)is represents
various possible dissipation mechanisms. Finally, the term & (X, r) accounts for
additional external forcing. The fluid density is set to 1.

Before continuing, we would like to explain briefly, in physical terms and with-
out going into any technical details, the origin of the barotropic quasi-geostrophic
equations. The barotropic rotational equations, also called rotating shallow water
equations (Pedlosky, 1987), admit two different modes of propagation, slow and
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fast. The slow mode of propagation corresponds to the motion of the bulk of
the fluid by advection. This is the slow motion we see in the weather patterns
in the atmosphere, evolving on a time scale of days. The fast mode corresponds
to gravity waves, which evolve on a short time scale of the order of several
minutes, but do not contribute to the bulk motion of the fluid. The barotropic
quasi-geostrophic equations are the result of “filtering out” the fast gravity waves
from the rotating barotropic equations. There is also a formal analogy between
barotropic quasi-geostrophic equations and incompressible flows; in the theory of
compressible fluid flows the incompressible limit is obtained by “filtering out” the
“fast” acoustic waves and retaining only the “slow” vortical modes associated to
convection by the fluid (Majda, 1984). Indeed, it was this analogy that originally
inspired Charney (1949) when he first formulated the quasi-geostrophic equations
and thus opened the modern era of numerical weather prediction (Charney, 1949;
Charney, Fjortoft, and von Neumann, 1950).

The full derivation of the rotating barotropic equations and the corresponding
barotropic quasi-geostrophic equations is lengthy and will take us too far from
our main objective, which is the study of the quasi-geostrophic equations. For a
thorough treatment of the barotropic rotational equations the reader is referred to
Pedlosky (1987). Formal as well as rigorous derivations of the barotropic quasi-
geostrophic equations from the rotating shallow water equations can be found in
Majda (2003), Embid and Majda (1996).

Rather than deriving the quasi-geostrophic equations, we would like to explain
the physical meaning and significance of the different terms appearing in equa-
tion (1.1). For barotropic quasi-geostrophic flows, the potential vorticity ¢ is made
of three different contributions. The first term w = Ay = curl v is the fluid vor-
ticity and represents the local rate of rotation of the fluid. The second term By is
the beta-plane effect from the Coriolis force and its appearance will be explained
later. The third term i = h(x, y) represents the bottom topography, as given by
the ocean floor or a mountain range.

The horizontal velocity field, v, is determined by the orthogonal gradient of the
stream function ¢, v = V¢, where the orthogonal gradient of s is defined as

In particular, the velocity field v is incompressible because
divi=V.-2=V.-Viy=0.

The reason i is called the stream function is because at any fixed instant in time
the velocity field v is perpendicular to the gradient of i, i.e. v is tangent to the
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level curves of . Therefore the level curves of ¢ represent the streamlines of
the fluid. In addition, there is another important interpretation of . Physically
i represents the (hydrostatic) pressure of the fluid. In this context, the equation
¥ = V14 corresponds to the fact that the flow field is in geostrophic balance, and
therefore the streamlines also happen to be the isobars of the flow. In particular,
we conclude that for a steady solution of the quasi-geostrophic equations the
fluid flows along the isobars. This is in marked contrast with the situation in
non-rotating fluids, where typically the flow is from regions of high pressure to
those of low pressure.

The importance of the potential vorticity ¢ is in the fact that it completely deter-
mines the state of the flow. Indeed in the barotropic quasi-geostrophic equations,
once we know the potential vorticity ¢, the second equation in equation (1.1)
immediately yields the vorticity w. Since w = Ay, we can determine the stream
function ¢, and then introduce it into the third equation in equation (1.1), namely
v = V1, to determine the advective velocity field.

Next we return to a brief discussion of the beta-plane effect (cf. Pedlosky,
1987). This effect is essentially the result of linearizing the Coriolis force when
we consider the motion of the fluid in the tangent plane approximation. More
specifically, although the earth is spherical, we assume that the spatial scale
of motion is moderate enough so that the region occupied by the fluid can be
approximated by a tangent plane (this is certainly the case for mesoscale flows,
even for horizontal ranges of the order of 10°km). This is what is called the
tangent plane approximation. The equations of motion in equation (1.1) are written
in terms of horizontal Cartesian coordinates in the tangent plane. In this context,
the spatial variable x corresponds to longitude (with positive direction towards the
east) and the variable y to latitude (with positive direction towards the north).! In
fact, throughout this book we often refer to flows pointing in the positive (negative)
x-direction as eastward (westward). Since the tangent plane rotates with the earth
it becomes a non-inertial frame, and the Coriolis force due to the earth’s rotation
becomes an important effect in geophysical flows. Moreover, because of the
curvature of the earth, the contribution of the Coriolis force depends on the latitude
at which the tangent plane is being considered; the Coriolis force will increase
from zero at the equator to its maximum value at the poles. Since the tangent
plane approximation assumes a moderate range in latitude and longitude, a Taylor
expansion approximation of the Coriolis force is permissible; the linear term of
this Taylor expansion yields the beta-plane effect 8y considered in equation (1.1).
For the actual details of the tangent plane approximation and the beta-plane effect,
the reader is encouraged to consult Pedlosky (1987) or Gill (1982).

! For simplicity we will always assume that the tangent plane approximation is considered in the northern
hemisphere
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There are many choices of dissipation operator D(A), ranging from Ekman
drag to Newtonian viscosity or hyper-viscosity. We list some commonly used
dissipation operators below for later convenience:

(i)

(i)

Newtonian (eddy) viscosity

DA = vAXY

This form of the diffusion is identical to the ordinary molecular friction in a Newto-
nian fluid. For geophysical flows, the value of the coefficient is often assumed to be
many orders of magnitude larger than that for molecular viscosity, and represents,
crudely, smaller-scale turbulence effects. This led to the name, eddy viscosity.
Ekman drag dissipation

D(A)Y = —dAy,

which is common to the large-scale pieces of the geophysical flow. This arises from
boundary layer effects in rapidly rotating flows.

(iii) Hyper-viscosity dissipation

(iv)

v)

(vi)

DAY = (—1)d, Ay, j=3,4,5,-

This form of the dissipation term is frequently utilized in the study and numerical
simulation of geophysical flows, where its role is to introduce very little dissipation
in the large scales of the flow but to strongly damp out the small scales. The validity
of the use of such hyper-viscous mechanisms is still an open issue among geophysical
fluid dynamicists.
Ekman drag dissipation + Hyper-viscosity

DAYy =—dAy+ (—l)jdejl[I, d;>0, d>0, j>2.
This is a combination of the previous two dissipation mechanisms.
Radiative damping

DAY =di

This represents a crude model for radiative damping when models with stratification
are involved. Radiative damping is an unusual dissipation operator since it damps the
large scales more strongly than the small scales in contrast to the standard diffusion
operators in (i) and (iii) above.

General dissipation operator

1
DAY =3 (=1)d;A'y,

J=0

which encompasses all other forms of dissipation mechanisms previously discussed.
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For simplicity we will consider periodic boundary conditions for the flow in
both the x and y variables, say with period 27 in both variables

D’(x"l_zﬂ-a y; t) :Tj(x’ y’ t)’

(1.2)
v(x,y+2m, 1) =0(x, y,1),
or in terms of the stream function ¢
Y(x+2m,y, 1) = p(x, y+2m, 1) = P(x, y, 1). (1.3)
We may also impose the zero average condition
[ Wiy, dxay=o, (1.4)

since the stream function is always determined up to a constant, and we can
choose the constant here so that the average is zero. The assumption of periodicity
in both variables is not unreasonable (except near drastic topographical barriers,
such as continents). It allows us to use Fourier series and separation of variables
as a main mathematical tool (see page 10 for a Fourier series tool kit). Physically,
periodicity allows us to avoid other issues such as the appearance of boundary
layers or the generation of vorticity at the boundary. However, occasionally we
will consider other boundary conditions besides the periodic one. In particular,
we will study flows in channel domains or in a rectangular basin which can be
treated through minor modification of periodic flows with special geometry.

It is worthwhile to point out that, in the special case where there are no beta-
plane effects or bottom floor topography, i.e. 8 =0, & =0, then the potential
vorticity ¢ reduces to the vorticity o, ¢ = w, and if we assume Newtonian dis-
sipation, then the barotropic quasi-geostrophic equations reduce to the classical
Navier—Stokes equations for a two-dimensional flow, written in the vorticity-
stream form (Majda and Bertozzi, 2001; Chorin and Marsden, 1993)

Two-dimensional classical fluid flow equations

Dw 5 -

E:vAer:r(x, 0, w=Ay, V=V (1.5)
and in the case without dissipation we have the classical Euler equations with
forcing

Dw

Sr=FE. 0=M =V (1.6)

One of our objectives of this book is to compare and contrast the barotropic quasi-
geostrophic equations and the Navier—Stokes equations to better understand the
role of the beta-plane effect and the topography on the behavior of geophysical
flows.
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Even though we have restricted ourselves to the study of the barotropic quasi-
geostrophic equations, it is still not possible for us (and not our intention) to
cover all the possible problems associated with these equations. Instead we will
focus on various topics that we consider physically interesting, yet mathematically
tractable. We are especially interested in geophysical fluid flow phenomena,
influenced by the presence of the Coriolis force and topography, combined with
the presence of various dissipative and external forcing mechanisms, and on their
role in the emergence and persistence of large coherent structures, as observed
in mesoscale flows. However, many of the ideas and techniques apply to more
complex models for geophysical flows, such as the F-plane equations, two layer
models, continuously stratified quasi-geostrophic flow. The final section of this
chapter discusses all of these models briefly as well as the inter-relations among
them and the basic barotropic model. Generalizations of some of the material in
the course to these equations are straightforward, while other material involves
subtle current research.

Here we include a list of some of the topics that we will study in subsequent
chapters:

(i) Exact solutions showing interesting physics.
There are many interesting patterns in geophysical flows ranging from Rossby waves
to jets. One of our tasks here is to present some special exact solutions. They
will illustrate simple Rossby wave motion, Taylor vortices, shear flows, simple
topographic effects, etc.

(ii) Conserved quantities.
Conserved quantities play an essential role in both the physical understanding and
mathematical study of geophysical flows. In this book we will carefully study various
conserved quantities. A set of important conserved quantities are summarized, with
the geophysical effects and domain geometry effects distinguished. These conserved
quantities will play a central role in the subsequent study of non-linear stability of
geophysical flows and the statistical theories of large-scale coherent structures.

(iii) Response to large-scale forcing.
We will establish the stability of motion on the ground shell, provided that the forcing
is of the largest scale and dissipation is present. This will provide us with an explicit
example of stable large coherent structure in damped and driven environment.

(iv) Selective decay.
We will demonstrate various facets of selective decay, both numerically and mathe-
matically. This is an interesting example of how the inverse cascade is observed in
two-dimensional flows.

(v) Non-linear stability of certain steady geophysical flows.
Stability is directly related to the issue of whether a specific flow is observable.
Here the non-linear stability for certain geophysical flows is discussed, utilizing the
Arnold—Kruskal method.
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(vi)

(vii)

(viii)

(ix)

®)

(xi)

Barotropic geophysical flows and two-dimensional fluid flows

Large- and small-scale interaction via topographic stress.

Interesting phenomena arise when we introduce topography. An effective new
stress, called topographic stress, effectively mediates the energy exchange between
the large- and small-scale flows. We will see below that this is an interesting source
of explicit examples with chaotic dynamics.

Equilibrium statistics mechanics and statistical theories for large coherent structures.
Here we develop a self-contained treatment of equilibrium statistical mechanics for
geophysical flows in an elementary fashion. We develop elementary models with
statistical features of the atmosphere and ocean, and equilibrium statistical theories
for large coherent structures. The main perspective in achieving this is through
information theory, which is developed in the text in a self-contained fashion.

If we are interested in large coherent structures instead of the small-scale fine
structures, equilibrium statistical theory provides a way to predict the large coherent
structure without calculating the details of the solutions. Various approaches will
be presented. These will include the classical statistical theory with two conserved
quantities, theories that attempt to incorporate infinitely many conserved quantities,
and the current statistical theory with a few judicious constraints. In addition, a
special numerical laboratory is developed and utilized to compare these approaches
quantitatively.

Crude dynamic modeling for geophysical flows.

We will develop novel ways in which the equilibrium statistical theories can
represent complex flows with damping and driving. This will include crude closure
algorithms for both the classical fluid flows and flows with topography. This
study will rely heavily on numerical evidence, but will also be supported with
mathematical analysis.

We will apply the ideas developed in (vii) and (viii) to successfully predict the
Great Red Spot of Jupiter in a fashion which is completely self-consistent with the
observational record from the Voyager and Galileo space missions.

Barotropic quasi-geostrophic equations on the sphere.

Actual fluid flow in the atmosphere occurs on the sphere and there are important
new effects. Here all the previous problems will be reconsidered on the sphere.
Some peculiar phenomena arise due to the special spherical symmetry.

We will show how information theory can be used to quantify predictability for
ensemble predictions in geophysical flows. The following issues will be addressed.
How important is the mean compared with the variance? When is a prediction
reliably bi-modal with two different scenarios?

1.2 Some special exact solutions

Next we introduce and describe several families of special exact solutions of the
barotropic quasi-geostrophic equations, equation (1.1). These solutions will be
given with increasing levels of complexity, as we add more physical effects into
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the quasi-geostrophic equations. We will start by considering special steady flows
free from beta-plane, topographical, diffusive, and external forcing effects. Even in
this simplified situation, we will find a rich family of simple flows with interesting
flow topology, which include shear flows, array of eddies, and Taylor vortices.
Then we continue by systematically adding beta-plane effects, dissipation, and
special external forcing, known as generalized Kolmogorov forcing. In particular,
in this situation we will find flows with a large-scale mean flow and Rossby
waves. We will also study the effects from the bottom floor topography and how it
modifies the vorticity of the flow. This will be followed by examples incorporating
the combined effects of the beta-plane and the topography. Finally, we conclude
this section with an example of interaction of a large-scale shear flow with beta-
plane dynamics. These special exact solutions are invaluable. They help us to
build intuition and insight by revealing explicitly the behavior of the flow under
the different physical mechanisms. They also provide us with ideal examples to
test numerical methods designed to solve the quasi-geostrophic equations, as well
as further theories about these geophysical flows.

In general it is far from easy to find exact solutions of the barotropic quasi-
geostrophic equations. The difficulty lies in the non-linear character of the equa-
tions, through the non-linear advection term

D 0 -

Since the velocity v is given by the perpendicular gradient of the stream function
W, V= V+i, we can rewrite this non-linear term as

W
TP A AR
Vi Vg=det o) =10 | =JW9),
4/ | dy

where J(i, q) is the Jacobian determinant of ¢ and . Therefore the potential
vorticity equation in equation (1.1) takes the form

dq

o H I ) = DA+ T (3, 1), (1.7

or equivalently
dq
at
where g = A+ By + h.
To eliminate the non-linearity we must require the vanishing of the Jacobian
determinant J(¢, g), and this certainly happens if the potential vorticity ¢ and the
stream function ¢ are functionally dependent, i.e. if ¢ = F(i) for some function F.

+ V- Vg =DA)VW+ F (X, 1),
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Although such an assumption makes the potential vorticity equation linear, it also
makes the elliptic equation for the stream function ¢/ non-linear

FYy)=qg=w+By+h=Ay+Ly+h.

Clearly, any ¢ and i, functionally related by g = F(i/) automatically define
a steady (time-independent) exact solution of the barotropic quasi-geostrophic
equation without damping or external forcing. In later chapters, the reader will
find many examples of solutions of this type.

Here we concentrate on finding special exact solutions with both forcing and
dissipation with the stronger ansatz: we assume that g and i are linearly dependent

q =, (1.8)

then the elliptic equation for ¢ now also becomes linear.
Summarizing, under the linear dependence assumption q = s, the solution of
the barotropic quasi-geostrophic equations, equation (1.1), is given by the:

Reduced linear system for the stream function s

b DA FED, = AP BEAE, (19

where the velocity field v, the vorticity w, and the potential vorticity g are then
given in terms of the stream function ¢/ by

V=V, wo=AY, g=ui. (1.10)

Throughout this book, we study geophysical flows in idealized periodic geometry
or on special domains, such as channels or the square, which are related to the
periodic geometry though symmetry considerations. Unless noted otherwise, all
domains are 27r-periodic in each direction. Since the domain is periodic and the
equations for the stream function ¢ in equation (1.7) are linear, it is a natural
desire to use the Fourier series as the main tool to study them. The only potential
impediment may come from the beta-plane term Sy, which is not a periodic
function. However, we will solve this problem later with the introduction of a
suitable large-scale mean flow for the velocity field.

Next we summarize some important basic properties of the Fourier series,
which we will use throughout the book, and then discuss some particular solutions
of the linear equations in equation (1.7).

Fourier series tool kit

Here we recall a few basic properties of the Fourier series that are used in this
book.
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For any complex-valued functions f(x,y) and g(x,y), 2m-periodic in each
variable:

Inner product: The inner product of f and g is defined as

27 27
(f, €)= (47! /O /0 fedxdy. (1.11)

Complete orthonormal basis: There exists a complete orthonormal basis for the
space of square integrable complex-valued functions on [0, 277] x [0, 277] given by

¢ =" k= (ky, ky) € 22, (1.12)

where i =+/—1 and 22 = {(k;, k,)|k,, k, are arbitrary integers}. It is orthonormal
in the sense that

0, k#
k

i
- 1.13
N z (1.13)

(€7, €)0 = {

Fourier coefficients: The kth Fourier coefficient of an integrable complex-valued
function f is defined as

n 7 5 2T 2w i
fi=(f &)y =(4m )*1/0 /O Fe %k gy dy. (1.14)

Expansion property: For each square integrable complex-valued function f, the
following expansion formula holds

f=3 frett (1.15)
kez?

Moreover, f is real valued if and only if

N

fi=F ¢ forallk. (1.16)

Parseval’s identity: For any square integrable functions f and g, the following
Parseval’s identity holds

(£.8)0= X fi& (1.17)
kez?
Differentiation property: Let D* = a‘laa‘, 3‘9‘% be a general derivative operator and
assume f is sufficiently differentiable, then
Df; = (iky)® (iky)® f. (1.18)

A simple application of the Fourier series toolkit is the Poincaré inequality used
throughout the text.
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If f is a 2ar-periodic function with zero mean, i.e. fo =0, then

1716 < IV 1G- (1.19)
The proof is an immediate application of (1.17) and (1.18) since

IF13= X 117 < 3 kPP < VIR,

Ik|=1 HES!

1.2.1 Exact solutions for the Euler equations

First we consider special solutions of the quasi-geostrophic equations with ¢ and
linearly dependent and in the absence of physical effects from beta-plane, topog-
raphy, dissipation, and external forcing (we remarked earlier that in this case the
barotropic quasi-geostrophic equations (1.1) reduce to the Euler equations (1.6)).
In this case equation (1.7) for the stream function reduces to
I

por =0 pi=Au, (1.20)
so that the stream function ¢ is steady and corresponds to an eigenfunction of
the Laplacian with eigenvalue u. The periodic eigenfunctions of the Laplacian

are readily given by the Fourier modes. Indeed, iy = ei’;';‘, where k € 22 — {0}

is an eigenfunction of the Laplacian with eigenvalue w = _|7{|2 where 2% =
{(ky,ky)| ky, k, integers} is the two-dimensional integer lattice. Moreover, if we
denote A; = —pu;, where u; is a given eigenvalue of the Laplacian, then the most
general form of the associated eigenfunction ¢; is
vi= Y AT +tcec, (1.21)
IK|2=A,

where, as usual, c.c. stands for complex conjugate. This solution involves the
linear combination of those Fourier modes, where wave numbers k are in the
same shell |7¢|2 = A;. The eigenvalues A; are ordered in increasing magnitude,
O<A; <A<, withA;=1,A, =2, A; =5, etc.

Next we present several examples that illustrate the diverse variety of flows
that can be generated with the stream function ¢; in equation (1.19), and which
display interesting flow topologies and symmetries.

Example 1: Ground state eigenmode flows.

For the first example we choose the ground state eigenvalue A; = 1. The associated
wave numbers k in the shell |k| =1 are k = (£1,0), (0, +1), and the stream
function ¢ in equation (1.19) reduces to

Y = asin(x) + bsin(y) + ccos(x) 4+ d cos(y),
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with the corresponding velocity field given by

b= Viy = (—bcos(y) —I—dsin(y)) .

acos(x) — csin(x)

Next we show how changing the parameters a, b, ¢, and d produce a variety of
interesting simple flow patterns.

Case 1a: Simple shear flow.
If we set a= A, b =c =d =0, then the stream function ¢ reduces to
Y = Asin(x),

and the corresponding velocity field v represents a simple shear flow

_ ([ o0
v Acos(x) )’

The stream function ¢/ and the its velocity field are depicted in Figure 1.1. In this
case, the streamlines are given by the straight lines x = const.

Case 1b: 2-D array of swirling eddies.

On the other hand, if we set a = b = A, and ¢ = d = 0, the stream function ¢
now Yyields

¥ = Alsin(x) +sin(y)],

and the velocity field v becomes

- [—A cos(y)

v Acos(x) |’
The streamlines for this flow are depicted in Figure 1.2. The resulting flow pattern
consists of a doubly periodic array of alternating eddies rotating in clockwise
and counter-clockwise fashion. These eddy cells are aligned at 45° from the x
and y axes, and the flow is confined within each one of the cells. In the period
square [0, 27r] x [0, 27r] there are four stagnation points, p; = (1/2, 1/2)m, p, =
(3/2,1/2)m, p3 = (3/2,3/2), and p, = (1/2,3/2)7. The stagnation points p,
and p; correspond to the eddy centers, with the fluid locally rotating around these
stagnation points. Figure 1.2(b) shows that p; is a local maximum of the vorticity
and the rotation is counter-clockwise around p;, whereas p; is a local minimum
of the vorticity and the rotation is clockwise in this case. On the other hand, the
stagnation points p, and p, correspond to saddle points for the vorticity; around
these points the fluid behaves locally as a strain flow. The vorticity w is depicted
in Figure 1.2(b).
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A
¥ V=1(%)

<Y

VAT Vv

streamline

Figure 1.1 Example of a simple shear flow with stream function ¢y = A sin(x)
and velocity field ¥ = (0, A cos(x)). Notice that the fluid velocity is parallel to
the streamlines.

,o“"“\‘)/,"";';“\
\w &'f
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i, VY
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’m ”"
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Figure 1.2 2-D array of swirling eddies with stream function {s(x, y) = sin(x) +
sin(y) (x and y both normalized by 27). (a) Plot of the streamlines: counter-
clockwise rotation (—); clockwise rotation (- -). (b) Plot of the vorticity w.
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Case 1c: Swirling eddies embedded in a shear-flow stream.

In general, if we let c = d =0 and vary a and b, the resulting flow will dis-
play free flowing streamlines as in the shear-flow example in Case 1a, together
with embedded pockets of swirling eddies as in the periodic array of eddies in
Case 1b. A typical streamline configuration is displayed in Figure 1.3(a), for the
selected values of a; = 0.4 and a, = 0.8. The associated vorticity is displayed in
Figure 1.3(b).

Example 2: Taylor vortices and flows with symmetries.

For this example we choose the second eigenvalue —u = A, = 2. The wave
numbers k associated with the shell |k|*> = A, are k = (%1, £1), (£1, F1), and
in this case the stream function ¢ in equation (1.10) becomes

¢ = asin(x) sin(y) + b sin(x) cos(y)
+ccos(x) sin(y) + d cos(x) cos(y).

In particular, if a = A, and b = ¢ = d = 0, then the resulting flow pattern is
known as the Taylor vortices. This flow pattern consists of a doubly periodic array
of eddies, with alternating clockwise and counter-clockwise rotating vortices, all
aligned with the x and y axes. The streamlines of the flow pattern are displayed
in Figure 1.4(a) and the vorticity is displayed in Figure 1.4(b) for the case where
A =1. It is clear from Figure 1.4(a) that there are four vortices in the period
box [0, 2] x [0, 277], two of them rotate clockwise and the other two counter-
clockwise. Moreover, the stream function i is anti-symmetric under reflection

Q /£
M
),; SN

‘\\\‘\\‘
\\‘;‘4““‘9""/ \)
“‘“\ \‘:‘:‘:‘\\ 5
P

9

\\\\» 0":’;‘;:\“ \
Y )
iy PN

Figure 1.3 2-D array of swirling eddies with stream function (x,y) =
0.4sin(x) + 0.8sin(y) (a) Plot of the streamlines: counter-clockwise rotation
(—); clockwise rotation (- -). (b) Plot of the vorticity w.
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(a) (b)

Figure 1.4 Taylor vortices with stream function /(x, y) = sin(x) sin(y) (x and y
both normalized by 27). (a) Plot of the streamlines: counter-clockwise rotation
(—); clockwise rotation (- -). (b) Plot of the vorticity w.

across the lines given by C = {X|{/(x) = 0}, which include the lines x = 7r and
y = . In particular, for the lines x = 7 and y = 7 it follows that

b(m—x,y)=—d(m+x,y), Px,7m—y)=—d(x, m+Y).

Clearly, the Taylor vortices satisfy the no-penetration boundary condition on the
level set C = {X|y(x) = 0}

¢V¢

-

Ui

e =

In addition, the vorticity w = — A, also vanishes on the set C. This implies that
the Taylor vortices also satisfy the free-slip boundary condition

2 5-7)

=0,
on

C

where 7 is the tangent vector to C.
Finally, we also remark that additional flows satisfying the symmetry conditions
are also obtained when the stream function ¢ is of the form

[e¢]

=Y agy,sin(kx)sin(kyy).

ki, ky=—00

These flows with symmetries include as a particular case the Taylor vortices and
for that reason they are called generalized Taylor vortices.
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1.2.2 Exact solutions with beta-effect and generalized Kolmogorov forcing

In this next example we include the beta-plane effect, dissipation, and external
forcing, but assume flat bottom topography so that 4 = 0. Under the assumption
of linear dependence of ¢ and i, the reduced linear equations for the stream
function i, equation (1.7), are

d -
,ua—lf =DA)VY+F(x,1), (1.22)
pib = Ay + By.

The inclusion of the non-periodic beta-plane term prevents the direct application
of the Fourier analysis as was done before. In fact, we can no longer expect
the stream function ¢ to be periodic. To circumvent this problem we postulate
a non-periodic stream function ¢ consisting of a non-periodic large-scale mean
flow and a small-scale periodic component

h=—=Voy+/'(x,y,1), (1.23)

where V) is the large-scale mean velocity and the small-scale part ¢ is assumed to
be 2r-periodic. Note that the velocity field itself will be 27r-periodic. Introducing
this form of the stream function ¢ into equation (1.21), we see that the mean flow
contribution —V,y will exactly match the beta-plane term Sy, provided that we
choose for V,, the specific value

Vo=-2, (1.24)

in which case the reduced linear equations for ¢ in equation (1.21) yield the
simpler system of equations for the small-scale stream function ¢’

W _ TG
Ho = DA +F(x,1), (125)
i = Ay

This last equation can be treated through Fourier analysis as before, provided that
we restrict the external forcing F in such a way that it only excites the modes
associated to the eigenvalue w. This special form of the external forcing is known
as generalized Kolmogorov forcing and it is of the form

FG =Y Fett (1.26)
|k[2=A
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With this form of forcing and letting A = —u, we assume that the small-scale
stream function has the Fourier expansion

V=Y A +ec (1.27)

k[2=A

Introducing these formulas for the solution ¢’ and the external forcing into the

equation for ¢’ in equation (1.24) and solving for each wave number k finally

yields the following ordinary differential equation for the Fourier amplitude A%( N
dA;  D(-A) . F

_kZMA%Jr—k. (1.28)
dt —A —A

Summarizing, the stream function ¢ is given by

=—Vyy+ A-(t e’.’ﬁ"'lz +c.c.,
1 0y Z k
[kPP=A

where the Fourier amplitudes A];(t) are the solutions of the ODE in equation (1.27)
and V, is given by V; = —fB/u. The non-linear stability of these solutions is
studied in Chapter 2.

The large-scale component iy = —V,;y of the stream function ¢ yields the

mean flow velocity given by
Vi
Vigo=1(?).
o < 0 )

Since p is always negative, then the direction of the wind is determined by the
sign of B; for example, if B > 0 (as in the northern hemisphere), then in this
case the beta-plane effect is responsible for the presence of a permanent eastward
mean flow since Vo = —8/u > 0.

Finally, we remark that the ordinary differential equations that govern the
Fourier amplitudes A;{ (1) of the small-scale flow are of damped and driven type.
Clearly they are driven by the external forcing through the forcing amplitudes
f’;{. They are also damped by the dissipative mechanisms, because the coefficient
—D(—A)/A satisfies

D(-A) _ Lodi(—=1)i (- A)f o ,(A)J
—A A A

This is the first mathematical confirmation of the fact that the general operator
D(A) actually represents dissipation. We may also observe that higher frequencies
(or wave numbers, thus higher A) are damped more efficiently with higher-order
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dissipation operators, with the order being hyper-viscosity > eddy viscosity >
Ekman damping.

1.2.3 Rossby waves

Let us reconsider the previous example. As we saw earlier, the presence of the
beta-plane effect forced us to consider a stream function ¢y consisting of a large-
scale mean flow —V,;y and a small-scale component ¢’. Here we want to take a
second look at the small-scale component ¢’. If we assume at the outset that the
stream function has the form

h=—Voy+9/,

and evaluate the Jacobian determinant J(i, )

a
I q) = VoL + I q).

then the potential vorticity equation for ¢ in equation (1.1) becomes

g 9
Y v, g) = DY+ 7 (1.29)
ot ox

The advective term contribution due to the constant mean flow velocity V; is
easily removed with a Galilean coordinate transformation

X=x—Vyt, y=y, i=t,

that is, we are in a coordinate system that moves with the mean flow velocity Vj,.
Since differentiation in the new variables follows the rules given by

Jd 4 ad ad ad ad d

— o~ TT= < _:_~_VO_~,
dx  0x dy dy a  Jt ax

it follows that in the moving coordinate system the advective term contribution
from Vj is eliminated, and the potential vorticity ¢ and the small-scale stream
function ¢ solve the

Barotropic beta-plane equations

dq / _ /
EﬂLJ(l//,Q)—@lP +7, (130)

g = Ay’ + By,

which are the quasi-geostrophic equations in the moving coordinate system.
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Since we know that the small-scale solution ¢ in the previous example was
given by equation (1.26), we can write this solution in terms of the new coordi-
nates. Keeping in mind that the mean velocity V, = —8/u = /A, we obtain

lﬂ/():C, ;) = Z A‘l;ei(l;-56+k|V0;) +c.c
k[2=A

L~
k> 4 c.c., (1.31)

and we recognize that ¢ is a traveling wave of the form eik-i—inky

k satisfy the dispersion relation

, where w and

kB

w(lz) =——.
k|2

(1.32)
This solution represents a dispersive wave known as a Rossby wave (Pedlosky,
1987). Indeed these waves travel horizontally at the speed (the so-called horizontal

%k) = —%. Thus waves with different wave numbers travel at

phase speed) of
different speeds and hence are dispersive. See the lecture notes by Majda (2003)
for an extensive discussion of dispersive waves in geophysical flows.

In the absence of dissipation and forcing it is interesting to see how the ele-
mentary exact solutions of the Euler equations in Subsection 1.2.1 are modified
by the beta-effect. They become time-dependent solutions with different phase

velocities. Indeed it is easy to see that we have the following:

1. The simple shear in x, ¥y = Asin(x), as presented in Example 1 of Subsection 1.2.1,
becomes a Rossby wave ¢ = Asin(x + ¢t) with horizontal phase velocity = —f.

2. General ground eigenmode flows, ¢ = asin(x) + bcos(x) + csin(y) + d cos(y), as
presented in Example 1, become the super-position of Rossby waves and zonal shear
flows ¢ = asin(x + Bt) + bcos(x + Bt) + c¢sin(y) + d cos(y) with horizontal phase
velocity = —f.

3. Taylor vortex, {y = Asin(x)sin(y), as presented in Example 2 of Subsection 1.2.1
becomes a Rossby wave iy = Asin(x+ gt) sin(y) with horizontal phase velocity = —

(Sl

We observe that waves with different wave numbers move at different speeds. In
fact, waves with higher wave numbers move slower than waves with lower wave
numbers in general. This is a feature for geophysical waves, which is different
from most of the classical dispersive waves where waves with higher wave number
move faster (Majda, 2003).

Let us verify that the Rossby waves are indeed dispersive waves from the
mathematical point of view. This is equivalent to checking that the determinant of
the Hessian of the dispersive relation does not vanish except for a set of measure
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zero. The interested reader is encouraged to consult the lecture notes by Majda
(2003) for this and much more on dispersive waves. The Hessian H(w(k)) can
be computed easily as

- B 2k3 — 6kk3 6kTk, —2k3
H(w(k)) = — b2 e

(k3 +k3)3 6/<2k2 2k3 —2k3 + 6k k3

hence we deduce that

detH(w(k)) = —————((k} — 3kk3) + (3k3k, —k3)?)

(K2 +k2)6 k§)6
4p° 2012 22 252
= ky(ki —3k +k 3ky—k
@ H 3 +EeR - ).
Since the determinant of the Hessian vanishes only if k7 = 3k3, 3k? = k3, or at
the origin, this verifies our claim that Rossby waves are dispersive.

1.2.4 Topographic effect in steady states

In our next example we consider flows that are subject to topography and beta-
plane effects, but ignore the effects of dissipation and external forcing. We still
assume that the potential vorticity ¢ and the stream function ¢ are linearly depen-
dent, as expressed in equation (1.10). Under these circumstances, the reduced
linear equations for the stream function ¢ in equation (1.7) yield

I

pos =0 pr=A0+By+h(), (1.33)

so that the flow is stationary. The beta-plane effect is again eliminated from
equation (1.32), with the assumption that the stream function ¢y contains a large-
scale mean flow —V,;y and a small-scale component ¢/’

=—Voy+tl, V=L (134
i’
so that equation (1.32) gets reduced to the following equation for the small-scale

stream function ¢’
wif = A + h(x). (1.35)

Immediately we observe how radically different are the solvability conditions
for ¢/, depending on whether the topography effects are present or absent. More
precisely, we recall that for the two examples previously considered there was
no topography effects and that u had to be an eigenvalue of the Laplacian with
associated eigenfunction given by the small-scale stream function ¢’. On the
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contrary, if there is topography, then equation (1.34) is in general solvable only
if u is not an eigenvalue of the Laplacian. This is a simple consequence of the
Fredholm alternative, which we will verify explicitly in the present case through
Fourier analysis. For simplicity, we assume that the topography / and the stream
function ¢’ are periodic functions with zero average and with Fourier expansions
given by

h= ) @%ei}'z—l—c.c., = lﬂ/ e tec., (1.36)
k0 k|0

Introducing these expansions into equation (1.34) and solving for each mode by
separation of variables yields

— (kP> + ) = =y, (1.37)

which can be solved in general only if u is not one of the eigenvalues of the
Laplacian (u + |k|? # 0). In this case we can solve for the Fourier coefficients (j/]i(
and obtain the stream function

B
h=—Voy+y¥' ==y+ > =
B o K+ 0

hy ™k (1.38)

and the corresponding velocity field v and (relative) vorticity w

v=Viy = —(Bé“>+ 3 = ! izzief}’?(k’?), (1.39)

=AY =— ek (1.40)

Next we explore some interesting properties of the solutions we just derived. Let
us start by considering the situation where there is no beta-plane effect, so that
B =0, and therefore also the mean flow V; = 0. From the formula for the velocity
field, v, it readily follows that in this case the kinetic energy E is given by

/| P (277)2|k| |

(K| + p)? (140

\kl;éO

since the fluid density is 1.
A plot of the energy E versus the parameter w is given in Figure 1.5. Since in
general we may assume that h; 7 0, then the energy E will become singular when
W is an eigenvalue of the Laplaman n= —|k|2 k € 2% —{0}. In particular, if we

make the natural assumption that h # 0 for |k| =1, then the energy E varies
from some positive value to 1nf1n1ty as u varies in the range —1 < u < +oo0.
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Figure 1.5 Plot of the total energy E = = ) M versus u in the

2 o (1K + 2
case of no beta-plane effect (and no mean flow V;). The singularities are given
by the eigenvalues of the Laplacian, u = —1, -2, -5, ...

These are somehow robust states. In a later chapter we will see that these states
are non-linearly stable. In other words, they are typically observed states without
mean flow.

Next we consider the case 8 #~ 0. In this case there is a mean flow contribution
given by V; = —fB/u, so that the total kinetic energy has contributions from the
large-scale mean flow and the small-scale flow. From the Fourier representation
of the velocity field v in equation (1.28), it follows that the total kinetic energy
E is given by

1
Etot = EV()2 (277)2 + Esmall scale (1 -42)

B 1 K[ g |2
2_[-L2+5 Z k (27T)2.
\

k|0 (|k|2 +/~L)2
A plot of the kinetic energy E versus u for this case is given in Figure 1.6. In
this case the presence of the beta-plane effect introduces through the presence of
the mean flow an additional singularity at u = 0, so that in this case the energy £
goes to infinity as w approaches zero, while in the range 0 < u < co. Again we
expect that the steady state solutions with p > 0 will be stable. Interestingly, when
B > 0 these steady states have negative mean flow velocity, V) = —B/u < 0,
and are associated with westward mean flow. This is in marked contrast with the
earlier example, where there was beta-plane effect but no topography present, and
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sus u in the case of beta-plane effect (and non-zero mean flow V;). The singu-
larities are w =0, —1, =2, -5, ...

(2m)?* ver-

the resulting flow had an eastward mean flow. Nevertheless, this conclusion is
consistent with the observations of flows in the ocean. The flow in the oceans is
much slower than in the atmosphere and the effects due to the topography are
more important. Indeed, in many cases the flow will be westward because of the
topographic effect.

Next we would like to discuss the effect that the topography has on the vorticity.
For example, we can wonder whether a rise in the terrain will increase or decrease
the rotation of the flow? It turns out that the vorticity of the flow decreases as it
climbs up the terrain and increases as it climbs down. If we ignore the dissipation
and external forcing effects, then the equations for the potential vorticity g in
(1.1) reduce to

dg .
a—f+v-vq=0, q=w+By+h.

Thus ¢ should be conserved along the particle trajectory X (a, t), which satisfies

dX(a N

7 (X (a, 1), 1).

That is

a(X(a, 1), 1) = qo(X(a, 0)).



1.2 Some special exact solutions 25

Now suppose the flow transports a fluid particle from a location with a lower
value of &+ By to a location with a higher value of &+ Sy, i.e. the particle climbs
a mountain. Then the conservation of the potential vorticity tells us that (negative
anti-cyclonic) vorticity w must be produced. The same reasoning applies for the
sea valley case. Thus, if we think of steady states as limits at long times of the
dynamics, we expect the relative vorticity w and the topography /4 to mostly have
opposite signs. We could certainly see that this is the case if the vorticity w and the
topography # are anti-linear, w = —ah with o > 0; under these circumstances an
increase in A certainly corresponds to a decrease in w, and vice versa. However, in
general, the vorticity w and the topography # are not related in such a manner; this
is certainly evident in the explicit formulas in equation (1.37) and equation (1.39)
for the topography and the vorticity. One way to provide a rigorous quantitative
argument supporting the above assertion that an increase in the topography entails
a corresponding decrease in the vorticity utilizes the correlation of two functions.
The correlation of two functions f and g, Corr(f, g), is defined by

13
1 I
(JfH2([ g%)>
Intuitively, the correlation function gives a measure of the “angle” between the
functions f and g. The correlation function satisfies the following properties:

Corr(f, g) =

(i) Corr(f, g) =1 if and only if g = af with a > 0.
(ii) Corr(f,g) = —1 if and only if g = af with & < 0.
(iii) In general, —1 < Corr(f, g) < 1 by the Cauchy—Schwarz inequality.

The strong condition that w and / are anti-linear, w = —ah, is now seen to be
equivalent to showing that Corr(h, w) = —1. Instead, we will show that & and
w are anti-correlated, Corr(%, w) < O for an appropriate range of w. Indeed, a
straightforward calculation utilizing the Fourier representations of @ and /& shows
that

= 2 KLl P
/hw: Y hjop=—Q2m)° ) s <0,
[£10 2o K1
and therefore we conclude that for —1 < u <0
h
(/ h*)2([ @?)2

and this implies that fopography and vorticity are anti-correlated provided that
p > —1. Thus, the states with u > —1 satisfy the physical intuition described
above.
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Although it is clear that the topography h and the vorticity @ are not anti-
linear over all scales, we will show next that they are approximately anti-linear
at sufficiently small scales. The argument that follows nicely quantifies the effect
of topography on various scales of the vorticity.

Since A = wiy — h, the unit of w is -5. Let us look at the piece of solution at

L2
length scale smaller than the length scale |u| 2 ie. |k| > | ,l.Ll%. Let us define the

vorticity on small scale as

kP 5 i :
we = — = hpe™™, 0> [u|2
=0 K2+
|k|2>®| m

=— Y Ixhge™t=—h
[k[2>©

small scale:

thus showing that at small scales the vorticity and the topography are roughly
opposite to each other. Therefore, when the flow goes over a sea mountain (7 > 0),
the small-scale vorticity decreases, i.e. small-scale flow becomes anti-cyclonic.
On the other hand, when the flow goes over a sea valley, the small-scale vorticity
increases, i.e. small-scale flow becomes more cyclonic. We also remark that our
result is exact for w = 0.

1.2.5 A dynamical solution with beta-plane and layered topography

Here we present one more example which has the beta-plane effect (hence Rossby
waves) and topography. These solutions, a set of linear ODE, provide convenient
elementary test problems for the effect of various dissipations on the Rossby waves.

We first rewrite the equation for the potential vorticity equation (1.7), in terms
of the vorticity w = A rather than the potential vorticity g. Since

= J(, ©) + B, + V- Vi,
dqg IJw
a - a’
the equation (1.7) for the potential vorticity becomes

dw
=+ ®)+ B+ V- Vh= DA+ F. (1.44)
We assume a special topography called layered topography. Let Igo = (ko,x» ko,y)
be fixed and assume
h(3) =Y hjelto, (1.45)
J#0
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We look for solutions with the same layered structure, i.e. we try

=2 @j(f)eiﬂ;“'},

J#0
® =Y (= lko|*) (1),
J#0

27

(1.46)

(1.47)

The advantage of choosing layered topography and stream function is that the

non-linear term vanishes. Indeed
‘](lp’ w) = (pxwy - lpywx
= Z (]lkO x.]2k0 y|k0| d]]l (t)lvbjz(t)

J170, 70
_J'lko,ngko,x|7€o|zlz‘jl(f)ﬁzjz(l))ei(jlﬂﬁz"';‘
=0,
Vg Vh= §hy — b,
= Y Gikohako, b, (DR, (1)

J170,j27#0

—jiko.yirko W, (DB, (1)) et Tkox
=0.

Hence we are left to solve the reduced linear equation
dw
ar +BY, =DAW+F.
By assuming a layered forcing of the form

F = Z §"j(t)e"j’€°'},
J#0

and using the identities

_Z( j | lpj() t]kOx
J#0
B‘!/x = Z ijBkO,xd’Aj(t)eiﬂ;O.}’
J#0

DA = 3 D(=PlloP)ib (1),
J#0

(1.48)
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we can change the linear PDE (1.48) to the system of ODE for the Fourier
coefficients i;(7)
() ko _ DPP) g o T
o J o FASUAEE
dt Jlkol? —j*lkol? J*lkol?

(1.49)

This linear ODE system provides us with an excellent example to study the effect
of various dissipative mechanisms on Rossby wave propagation, both numerically
and analytically. In Chapter 5 we will discuss the chaotic dynamics of solutions
of this type interacting with a large-scale mean flow.

1.2.6 Beta-plane dynamics with large-scale shear flow

For realistic geophysical flows, if we average wind over a month at mid-latitude,
we will see the average wind velocity varies according to its latitude. So large-
scale mean flow is typically sheared in this situation. In this section we study
the barotropic quasi-geostrophic motion riding on a large-scale shear flow. Our
model for this flow is the following:

Beta-plane equations with mean shear flow
q = Ay + By, AY = o,

b= (70y ) +V, ), s periodic, (1.50)

(Z_(;) + fyyaa—w +J(lp, w) +Blﬁx = ,-D(A)lp
X

We remark that the velocity field is not spatially periodic in this case except for
special flow configurations. The coefficient y measures the strength of the mean
shear flow. We do not assume i is periodic for all time in a fixed reference
frame, but periodic in the Lagrangian coordinates frame following the large-scale
shear flow.

In fact, the equation (1.50) has interesting exact solutions, which generalize
those just presented in previous subsections to the situation with an ambient
uniform shear flow provided that topography and external forcing are ignored. For
the purpose of deriving the exact solution, we introduce Lagrangian coordinates
following the mean flow

dx

dy dt
— =9y, x(0)=X; —==0, y0)=Y; — =1, 1(0)=0.
= x(0) o7 ¥(0) 17 0)
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Hence we have

/ J J
X+’le ? X .
_ 0 | — z? /
= Y ’ | = -V ax
/ J
t t % az’ yY—

and set
Y=y, X=X, oXVY)=0xX7Y),Y,1.

We then have

J;: (P, w) = det (V;‘(//) = det ( ! . 0) x det <VX¢>
Vo —yt' 1 Vi;w

= det (Vxlll) =J3 (¢, w),

X
and hence the transformed equations in the Lagrangian coordinates take the form

Lo (D= (1) = 82 i ta 2 Az = L5 (1)
X '7[)‘—(,(), X (9X2 (9Y an ’ X X H

Z2 4T ) + By = D(L5 (D). (1.51)

Now we assume that the stream function is periodic in the Lagrangian coordi-
nates following the background large shear flow. Applying the Fourier represen-
tation in Lagrangian coordinates, we can write

YY) = Y e =i

k[0
w(X.V.0) = 3 (~A(0)ige*,
[kl£0
Ag(t) = ki + (ky = ytky)*. (1.52)

In order to find exact solutions to the system, we further assume that we have
layered structure, i.e. there exists ky = (kg;, kg2) 7 O such that

w()?, nN=> Aje"jl;“';( +c.c. (1.53)
j#0

We then have, for the stream function

A-
(X, 1) = ZA—@ kX ¢ (1.54)
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where
A=Ay = jzAI;O. (1.55)

Following the same reasoning already developed in the previous example of
layered structure, we conclude that the non-linear terms drop out and we have the
reduced linear dynamics of
D(=A;(0)

d
EAj(t) —ijp

ko1
A1)

and the solutions are

of i D(—A £ (5))
A(r) = A,(0) exp ( /O ( Afi"(o;)— A-,;ﬂ((;) )ds) (1.57)
Jko JKo

and hence we have:

Plane wave solutions in a uniform shear flow

t D(—A .- P
w(t) =) A;(0)exp (_/0 Mds) X exp (ijk_'o-)ﬁ(+i/ JBkor_ ds)

J#0 Ajg,(9) 0 Ay ()
(1.58)
t D(—A ¢ ()
=Y A;(0)exp (— — 0 s
i /0 A, (9)
- t Bk
x exp | ijko- X — ijkoyyyt +i Pk, Y (1.59)
0 Ay (s)

Notice that A ; changes as time changes. We may interpret these waves as Rossby
waves riding on a shear flow. The above solutions provide a very interesting
quantitative test for the behavior of various dissipative mechanisms in more
realistic flows, which often consist of Rossby waves embedded in shear flows.

A test problem for dissipative mechanisms

Recall that without background shear flows, hyper-viscosity has more damping
power than the eddy viscosity, which in turn has more damping power than the
Ekman drag at least on layered exact solutions for the enstrophy. We will see that
this picture can be completely changed in the presence of the background large
shear flow. It is easy to see that the enstrophy takes the form

! !
EN =Y |A;(0)exp (-2 3 dmfo Aj,;o(s)m—lds) . (1.60)
m=1

J#0
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Thus the enstrophy is conserved if there is no dissipation. For the purpose of
illustration, we will focus on a plane wave solution in a uniform shear flow with
one single mode solution, i.e.

w= A%e’k'X +c.c.

This is allowed in the exact solution with j =1, k= k}. We will consider three
types of dissipations: Ekman damping only, eddy viscosity only, and hyper-
viscosity only. In this case of one mode solutions

&(t) = £(0)D, (1.61)
D = exp (—2dm /0 t A,;(s)mlds> . (1.62)

We will use the log of the decay factor (In D) of the enstrophy to illustrate the
point. After a simple integration we have:

e Ekman damping, m =1
In Dy, = —2d,t. (1.63)

e Eddy diffusivity, m =2
1
In Dyy = —2d, <§y2k§t3 — yk ko> + (kT +&3) z) : (1.64)
e Hyper-viscosity, m =3

1
In Dy, = —2d, <§y4k‘l‘t5 +a,y’t* +ayy e

2k k, (kL 4+ K2) 2+ (I3 + K2) ;) , (1.65)
where a; = 2k3 (k3 + 1k3) , a, = —kik,.

We first discuss how each type of the dissipation operator is affected if y is
changed. For this purpose we take the partial derivatives of the log of the decay
factor with respect to y and we deduce

d
L In Dy =0, (1.66)
Iy
B (s

In ﬂEd = 2d2 'ykl k1k2t . (167)
dy 3

d 4 345 2.4
ElnﬂHp = —2d; (57 ki +3a,y°t

+2a3ye® — 2k, (k] +K3) %) . (1.68)
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Hence we may conclude:

Large uniform shear effects on dissipation: sensitivity on 7y, one mode solution

(i) Long time
e Case Ekman damping: no effect.
e Case Eddy viscosity: the increase of vy will enhance dissipation if yk3 > 0 and
decrease dissipation if yk < 0.
e Case hyper-viscosity: the increase of y will enhance dissipation if yk7 > 0 and
decrease dissipation if yk < 0.
(ii) Short time
e Case Ekman damping: no effect.
e Case Eddy viscosity: the increase of y will enhance dissipation if k k, < 0 and
decrease dissipation if kk, > 0.
e Case hyper-viscosity: the increase of y will enhance dissipation if k k, < O and
decrease dissipation if k;k, > 0.

We now turn to compare the different effects of the background large shear
flows on different dissipations when v is fixed.

It is easy to see from the explicit formula for the decay factors that the order
of dissipations is preserved at the long time. In fact the higher-order dissipation
(eddy diffusivity and hyper-viscosity) are further enhanced if k; # 0. Of course
when k; =0 (i.e. the flow is a zonal flow), the background shear flow has no
effect on the dynamics and the order of dissipation is preserved as well.

Next we turn to the regime where time is short. In order to have a fair compar-
ison, we will assume that initially (at time zero) they have the same decay rate.
This implies that there exists a d > 0 such that

dy=d, dy=(C+Id)d, dy=(3+i3) d.
Thus for short time we have
In Dgy = In Dy +2d vk ky (ki +k3) 1 (1.69)
In Dy, = In Dy + 2d vk ky (kT +K3) 1. (1.70)
Hence we may conclude:

Large uniform shear effects on dissipation: sensitivity on operator and wave
number, one mode solution

(i) Long time. The order of dissipation is maintained. In fact:
e Case Ekman damping: no effect.
e Case eddy viscosity: vy enhances the dissipation with a higher-order dissipation
proportional to y2k3z.
e Case hyper-viscosity: y enhances the dissipation with a higher-order dissipation
proportional to y*k}z.
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(ii) Short time. The order of dissipation could be completely reversed depending on the
wave number and y. More specifically:

e The order of dissipation is maintained, i.e. hyper-viscosity > eddy viscosity >
Ekman damping, if yk,k, < 0.

e The order of dissipation is completely reversed, i.e. hyper-viscosity < eddy vis-
cosity < Ekman damping, if yk k, > 0.

We want to point out here that we assumed periodicity in the Lagrangian
coordinates following the large-scale background shear. This is not the same as
periodicity in the Eulerian coordinates in general. However, for the special case
of channel geometry, these two notions are the same, as will be clear later in
the chapter. Unfortunately, the exact solutions that we built above do not fit the
channel geometry in general unless we assume zonal flows only. Of course, there
is no influence by the background large-scale zonal shear on zonal flows; hence
it is not interesting for our purpose.

1.3 Conserved quantities

Conserved quantities play a decisive role both in physics and in mathematics.
They are especially important in studying general properties of solutions. They
are of great importance in the non-linear stability theory and statistical theory.
Thus we can hardly over-estimate the importance of conserved quantities. They
will be used throughout the remainder of this book.

1.3.1 Conservation of energy

The conservation of energy is especially important in physics. The traditional way
to show kinetic energy conservation is to use the momentum equation. But for
the geophysical fluid, it is often more convenient to use the potential vorticity
equation.

Conservation of energy for periodic flows

For the sake of simplicity, we consider first the simple case without mean flow.
Keeping

v=Vy, g=Ay+By+h (1.71)
in mind, we see the kinetic energy has a natural candidate
E= [Br=3 [ v (1.72)
= — v = — , .
2 2

since the fluid density is 1.
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The traditional way of measuring the kinetic energy change is to use the evolu-
tion equation for the velocity (the momentum equation). However, for geophysical
flows, the equation for potential vorticity actually defines the dynamics and is
often more convenient. Using the dynamic equation

0 -
STV Vg = D)+ F (3. 1).

and differentiating the kinetic energy in time, we get the energy change rate

‘;—Ifzfvlp.vlp,:—/w%w:—fw??—f (1.73)
={ [ vvtu-va}+{- [vD@pu}+{- [v7 o)
= (1) +(2)+ 3.

We will see that {1} represents contribution from advection, {2} represents con-
tribution from dissipation, and {3} represents contribution from external forcing.
Indeed, we have:

Claim The net contribution from advection is zero, i.e. {1} =0.
Because the potential vorticity g, ¢ = Ais+ By + h, is not a periodic function in the
presence of By, the actual calculation becomes subtle under periodic geometry.
Since
YV Y- Vg = YV V(o + h) + By,
1 B
= VW) Vw+ ) + S0,

we get
=/ V- Vg
[0,277]%[0,277]

1

_! VL) Vw4 i)+ P W),
2 J[0,27]x[0,27] 2

[0,27]x[0,277]

_l w LA -n E 2y 2
2 8[0,277]><[O,27T]( TRV -nt 2 <[e:2w(¢ ) /;czo(lp )>
=0,

where 7 denotes the unit outer-normal to the periodic domain [0, 27| x [0, 277].
The boundary terms drop out since ¢, w, and h are periodic.

Claim {2} represents dissipation, i.e. {2} <0.

We first recall that we have already seen that the dissipation operator really
represents dissipation in some exact solutions. Now we prove the same property
for general solutions.
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Indeed
!
== [¥2@ == [ 4T =14
j=
Notice for j = 2k even, we have
[uryaiy = [uaty = [ Ayaty = [ a72paiy.
Likewise, if j =2k +1 is odd, we have
/w(_l)jAjlp:_/lpAZk-H /AklpAk-H :/VAkw_VAkw
— / VAU=D/2y yAU=D/2y,
where we utilized the classical integration by parts formula

/(AF)G:-/VF-VG:/FAG

for periodic functions F and G.
Hence we have

l l
Rl=- ¥ 4 [ I8P X d; [ VAU,
Jj=0, j:even j=1,j:0dd

Claim {3} We will assume that [ F = 0. This means that we can rewrite F in
the alternative form of & = curlF, F = V-® or F = A®. More specifically, if
F takes the Fourier expansion

F=) fl;e”;'},
k0
then @ is given by
ik
720 Ikl2

and we have the desired alternative forms. It then follows that

{3}=—fgu?:—fgucurll?:fvﬂu-z?:/a-ﬁ
or

{3}I—/([/?:—/l[/ACDZ—/Alﬂ(b:—/a)CD.

Combining our estimates on the three terms and putting them back into the
equation (1.74), we obtain the results on conservation of energy in the absence
of the mean velocity field.
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Theorem 1.1 (Kinetic energy identity) The solutions of the barotropic quasi-
geostrophic equations (1.1) with periodic boundary conditions satisfy the kinetic
energy identity

dl . I

55/ |v|2=—DE+/ v-F, (1.74)
where

l . [ .
Dy = Z dj/ |AJ/2l//|2+ Z dj/ |VA(171)/2¢|2
j=0, j:even j=1,j:o0dd
curll F = 7.

Corollary 1.1 In the absence of dissipation and forcing, the kinetic energy of
periodic flow is conserved.
Remarks on the dissipation
Case 1: Newtonian (eddy) viscosity (j =2 only, d, = v).

In this case the dissipation takes the form

P\ (PPN PPy
2

ICECREY

- _,,/ V3|2 dx, (1.75)

where we have performed integration by parts and utilized the fact that v = V4.
Case 2: Ekman drag dissipation (j = 1 only, d; = d).

In this case the dissipation takes the form

—d[ |Vl/l|2=—d/ |VL¢/|2=—d/ 192, (1.76)

The dissipation depends on the velocity itself, not on its gradient. This property
justifies the name drag dissipation.

1.3.2 Large-scale and small-scale flow interaction via topography

In the previous subsection we have discussed the energy conservation of periodic
flow. We now turn to the case where there is a non-trivial time-dependent mean
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flow. The question we would like to address is whether the energy is conserved
and if there is any way of the energy going from small scale (or periodic) to large
scale (or mean) or vice versa. Here the stream function is given by

h=—=V(t)y+/,

where ¢’ is periodic and V(7) is an evolving mean flow. We will see that there is
natural large-scale and small-scale flow interaction via topography.
For simplicity, we will assume no dissipation or external forcing, i.e.

D=0,F=0.

With
Dq

=Ay+h , —=0
q=A¢y+h+By D

the small-scale part of the kinetic energy is given by

72
small scale = [ |V¢ |

Hence

O Bt e =~ [ 50 = [ Vg [ Vi iy

— V(1) / a—f¢/+V(t) / glpc (1.77)

Notice that

[ = [ Loy = [ e =

we deduce

%Esmall scale — V(t)/ %‘p/ (1.78)
The latter integral is called topographic stress for reasons which will be explained
later.

An important thing we should observe here is that the large-scale mean flow
can change the energy of the small-scale flow through topographic stress. A nat-
ural thing is to ask where the small-scale energy is going. Since there is no
dissipation and forcing, it is natural to postulate the assumption that the total
energy is conserved. In this way they get the evolution equation for the mean flow
from the total energy conservation. The topography mediates the energy transfer
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between large scales and small scales. We may quantify this remarkable fact in
the following way

Etotal = Emean(t) +Esmall scale(t)
1 1
= Ap— V(¢ —f Vo' |2
V@45 [ 1]
= constant, (1-79)

where Ay is the area of the domain of interest, i.e. A = 4> for the standard
periodic domain. The factor Ay occurs to keep correct dimensional physical units.
Hence

d d

d
EEtotal = AR V(t)EV(I) + EEsmall scale

= ARV VO + V(o) [ S
—0. (1.80)

This implies, in the case V # 0

%V(t) — —][%q/, (1.81)

where here and throughout the rest of this book

fr= A—IR [s

with A, given by the area of (). So we can derive the mean flow evolution
equation from the conservation principle. It is a good piece of wisdom that we
can often derive dynamic equations from conservation principles in physics. This
is a serendipity of mathematics and physics.

We summarize the results in this subsection as:

Equations for large-scale and small-scale flow interaction via topographic

stress
(A) q=Al[//+h+,3y, (1.82)
B) d=—V(D)y+, (1.83)
© 4 ia)=0, (1.84)
®) Svi=—foy. (189
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Now we explain why the integral
a /
My = [

is called topographic stress. This is because ' is the pressure (due to geostrophic
balance) and hence % is the pressure gradient, and thus h% represents topo-
graphic stress.

Next we check that the steady states with mean flow and topography described
in (1.33) and (1.34) remain steady states of the interacting system in (1.81)—(1.84)

above. Recall that these steady states are given by the formulas

b= —Voy+ i, Vo= —g, W = AW+ h

In order to establish our claim, we need to show that the topographic stress
vanishes for these solutions. Indeed, we have
[

/ (W~ () =0

since ¢/ is a periodic function and the integral of a derivative of a periodic function
vanishes. We study the non-linear stability of these steady states in Chapter 4.

In Chapter 5, we will consider a special type of solutions to (1.82)—(1.85).
This special type of solutions consists of a large-scale Mean Flow component and
a Rossby Wave component. The two components interact through topographic
stress. We will find very rich examples of integrable and chaotic dynamics.

The equations of large-scale and small-scale interaction via topographic stress
enjoy another conserved quantity, the large-scale enstrophy Q = BV(r) + % Flo+
h)?, for general periodic flows. Indeed

—%/(w+h)2:/(w+h)(z—(j

= —/(w+h)Vl¢’~V(w+h+By) — V(t)/(w+h)i(w—l—h+ﬁy)

= [V St [ IO [y
S Y Py R

dV(r)
=—B R gr °

since ', w, h are periodic. Thus Q is also conserved.
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When we study barotropic flows on the sphere in a later chapter, we will see
that similar equations as in (1.81)—(1.84) arise automatically as changes in angular
momentum through “mountain torque,” the spherical analogue of topographic
stress.

1.3.3 Infinite number of conserved quantities — generalized enstrophy

Here we explore the additional physically conserved quantities besides energy,
which might be conserved with various geophysical effects in different geometry.

Ignoring the dissipation, external forcing, and the large mean flow, we may
rewrite the evolution equations as

q=Ay+By+h, (1.86)
v=Viy, (1.87)
oq .

—L 4+73-Vg=0. 1.88
o TV Ve (1.88)

Since ¢ is conserved along the particle trajectory, a good guess is that the
integral of any function of ¢, i.e f[o 2] x[0,27] G(q), is conserved. In particular,

f[o 27]x[0,27] %qz is called potential enstrophy, whereas f[ 0.27] %wz is called

0,27 x|
the enstrophy. The quantities f[o,z 71x[0,27] G(q) are called the generalized enstro-
phies. We will see the guess is true if 8 = 0. But not necessarily true if 8 # 0.

Indeed

d dq
— G(g) = G (a) 2
dt f[o,zw]x[o,zw] @ ~/[0,27T]x[0,277] (@) ot
=- (V- Vg)G'(9)
[0,27]x[0,27]
=- (vV-V)G(g)
[0,277]x[0,277]
=— div(vG(q)) (1.89)
[0,277]x[0,277]

-/ (5-)G(q)
9[0,27]%x[0,277]

:_/ ¢XG(A¢+h+By)+/ Y G(AY +h)
y=21 y=0

= _/0277 U (x,0,8)(G(AY(x,0,t)+ h(x,0)+27B)
—G(AY(x, 0, 1)+ h(x, 0))dx).
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From this we can read off that the generalized enstrophy f[o 2] [0,27] G(q) is not
conserved in general, and it is conserved if one of the following is true:

e 3=0, i.e. there is no beta-effect.
e G is periodic with period 27f3.
e . (x,0,7) =0, i.e. there exists special symmetry in the flow.

It is easily checked that the situation remains unchanged even if we take into
consideration the large-scale mean flow V(7).
Thus we conclude:

Case 1: B=0,ie. g=AJy +h.

All generalized enstrophies f[o,zqr] G(q) are conserved quantities.

x[0,27]

Case 2: B #0.

The generalized enstrophies f[o,z 71x[0,27] G(g) are not conserved in general.
They are conserved in the special case when G is periodic with period 2703, or
when the flow has extra symmetry so that ¢ (= v,) =0 at both y =0, y = 277.

A natural question to ask is then if there exists any subspace of the stream
function which has the symmetry and is invariant under the non-linear dynamics.
The answer is yes and there is a rich family of these kind of subspaces. The first
example is related to channel flow, as we shall see later in the chapter

' =) (aj cosjx+bjsin jx)sinky. (1.90)
k>1

It is easy to verify that this is an invariant subspace of the stream function space,
provided that the topography also takes the above form. Indeed it is straightforward
to see that the linear terms of the evolution equation do not break the symmetry.
The only problem is on the non-linear term V- Vg', where ¢’ = A+ h. But a
routine calculation establishes that the non-linear term also preserves the symmetry
of the flow.

Of course, we can think of flow which has more symmetries. For instance the
swimming pool geometry

' = )Y ajsinjxsinky. (1.91)
k>1,j>1

This is invariant under the non-linear dynamics, provided that 8 = 0 and the topog-
raphy 2 has the same kind of symmetry. Actually, the ground state of this flow
corresponds to the so-called Taylor vortex described earlier in Subsection 1.2.1.
Another interesting case arises if we consider the beta-plane channel flow, i.e.
we will assume periodicity in the zonal (longitude) direction, but we will replace



42 Barotropic geophysical flows and two-dimensional fluid flows

the azimuthal (latitude) periodicity of the velocity by the solid wall boundary
condition. More precisely we impose

v(x+2m, y,1) = 0(x, y,1)
Vy(x, 27, 1) = v,(x,0,1) =0.

This also leads to infinite number of conserved quantities. We will discuss this
case later in this chapter.

1.3.4 Several conserved quantities

We proved above that all of the generalized enstrophies are not necessarily con-
served quantities if 8 # 0 in general periodic geometry. Still, there is the possibility
of there existing several significant conserved quantities. For this purpose we
take a more careful study of these conserved quantities under various conditions.

Case 1: B#£0,h=0,V(r) =0.
We recall the evolution equations

qg=w+ By =A¢+ By, (1.92)

dw
= T )+ B =0. (1.93)
In this case, we have the following conserved quantities:

e Energy: 1 [ |Vy|*.
e Enstrophy (not potential enstrophy): 1 [ @”.

The conservation of energy is derived in subsection 1.3.1. As for the conser-
vation of enstrophy, we have

A e MR-
= 5 [ Vo v -8 [ su,

=g [, = 5[ Liwyp

=0,
since i, w are periodic.

Case 2: B#0, h#0, V() =0.

In this case, there is only one conserved quantity unless there is special symmetry
in the flow. The conserved quantity is:
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e Energy: 5 [ |V

We should notice that [ |w|?, [ |g|* are not conserved in general. [ |w|* is not
conserved in general, for there is an additional J(¢, k) term in the evolution
equation. In fact

%(%/wz)=/J(¢,h)w=—/](¢f,w)h7é0

in general. The potential enstrophy is not conserved in general due to (1.88):

Case 3: B#0, h#0, V(1) #0.

We assume that the mean flow moves according to the large-scale and small-
scale flow interaction equations in (1.81)—(1.84). Then we have the following two
conserved quantities as discovered before:

e Total energy: E = 3A,V3(1)+ 31 [ |V
e Large-scale enstrophy: Q = BV(t) + 3 f(w+ h)*.

Of course, for flows with the symmetries in (1.89) the same calculation as in
(1.88) above yields the conservation of all the generalized enstrophies | G(g) for
B #0 as well as B=0.

1.3.5 Summary of conserved quantities: periodic geometry
Here we summarize the conserved quantities for the:

Equations for large-scale and small-scale flow interaction via topographic
stress

q=AY +h+By, w=AY, (1.94)
_

y==V()y+y, B:VH/;:( agy), (1.95)
ax

9 a9 =0, (1.96)

d oh

VO =—F-d. (1.97)

Case I: Full periodic geometry [0, 277] x [0, 277] and 8 =0.
Assume B =0 and / arbitrary:

(i) Total mean energy: E = 1V2(r) + 1 £|V|2.
(i) Generalized enstrophy: §(q) = [ [+" G(q) dxdy, for any function G(g).
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Case II: Subtle issues in periodic geometry if 3 = 0.
In this case, far fewer conserved quantities exist.

Sub-case A: B#£0, h=0, V(¢t) =0.

(i) Energy: E=1 [|Vi]*.
(ii) Enstrophy: 1 [ @®.
iii) Non-robust conserved quantities: [" [>" G(g)dxdy,if G is periodic with period
q o Jo q y q)1sp p
B2m.

Sub-case B: B #0, h #0, V(1) =0.
We neglect the large mean equation in this case, since we have an independent
dynamics for the small scale.

(i) Single robust conserved quantity energy: E = 5 [ | V|
ii) Neither enstrophy ! [ w? nor potential enstrophy 1 [ ¢* are conserved.
phy 5 p phy 5 ) 4
iii) Non-robust conserved quantities: [-” [>" G(q) dx dy, provided G(g) is periodic with
q o Jo p p
period B2.

Sub-case C: B8£0, h #0, V(1) #0.

(i) Total mean energy: E = 1V2+ 1 £|Vy/|%.

(i) Large-scale enstrophy: BV(t) + % f(o+h)~

(iii) Non-robust conserved quantities: fozw fozw G(g) dx dy, provided G(q) is periodic with
period B2m.

It is tempting to conclude that the extrema (maximum and minimum) of the
potential vorticity are conserved, since the potential vorticity is advected along
the stream lines. However this is not true, since the potential vorticity is not
periodic if B # 0, and the stream lines may escape the periodic domain. It is
easy to cook up counter-examples where the extrema are not conserved. Another
way to understand this is to view the problem as flow on the whole plane with
periodic structure. Then the potential vorticity is an unbounded quantity on the
whole plane. We will see later in this chapter that it will be very different in the
case of channel geometry.

1.4 Barotropic geophysical flows in a channel domain — an important
physical model

Here we give a more complete discussion of the formulation for geophysical flows
on a channel domain mentioned earlier in the chapter. We assume for simplicity
here that the units for the problem have been chosen so that the channel domain
is given by the region

O<x<2m, O<y<m. (1.98)
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It is an easy exercise for the reader to adapt the discussion presented here to
channel domain with a different aspect ratio of length to height.

In such a channel domain, it is natural to consider velocity fields which are
periodic in x and satisfy solid wall boundary conditions, v - 7| y=0,= =0, L.e.

v(x+2m,y,1) =v(x, y, 1),
(1.99)
vy (x, 7, 1) = vy(x,0,7) =0
on the fundamental domain in (1.98), where y = 0(y = ) is the bottom (top) of
the channel.

In atmospheric modeling, channel domains are utilized to model a span of
mid-latitudes, for example, 25°N — 75°N, around the entire globe within the
beta-plane approximation, so that the periodicity in x is a very natural boundary
condition. In oceanography, the most powerful large-scale current in the world is
the Antarctic circumpolar current (ACC), which completes an entire circular route
around Antarctica with the narrowest point occurring at the Drake Passage at the
tip of South America. Once again, the simplest model with qualitative geometric
features of the ACC involves barotropic flow on a channel domain, with natural
periodicity in x and finite extent in y. In both these physical models, the role
of the beta-effect and topography are very important. Note also that, in these
physical models, standard viscous boundary layers do not play a significant role,
since we are considering inviscid models here and the boundaries are somewhat
artificial, especially for the atmosphere. For general flow in a channel domain
with solid wall boundary conditions, the second requirement in (1.99) implies that
the stream function (v = V-44) satisfies

P(x, m 1) =A(t) ¢Y(x,0,1) = B(1), (1.100)

where A(t), B(t) are time-varying constants. Since a stream function is always
determined within an arbitrary constant, without loss of generality we set

B(1) =0. (1.101)

The most general stream function satisfying these boundary conditions has the
form

Plx,y)==Vy+{'(x,y), ¥l=0.7 =0, (1.102)

where V = —A/.
In order to make a connection with the periodic geometry, we extend /' oddly
in the y direction to the box [0, 27| x [—, 7], i.e.

P'(x,y)  fory=>0,

Vi) = - (x,—y) fory<O.

(1.103)
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Thanks to the odd extension in y and the zero boundary condition of ¢ at the wall
(y =0,y =), both (Zf’ and the small-scale velocity Vl(z;’ are periodic functions
in x and y. (The small-scale velocity will not be periodic for an even extension
in y in general.) Since it is an odd function in y, the Fourier representation of
;ﬁ/ cannot contain even terms (the cosines ) in y. Hence we have, after restricted
back to the original domain, the following Fourier expansion for ¢/’

P (x,y) =D Y (aycos(jx) + by sin(jix)) sin(ky). (1.104)
k>1 j
For simplicity, we ignore dissipation and forcing in the discussion below. With
the general stream function given in the above form under the above discussion,
the dynamic equations are basically identical to those derived earlier for the
periodic geometry, namely:

Barotropic quasi-geostrophic equations in a channel with topographic stress

g=Ay'+h+By, g=-V()y+y/,
oh (1.105)

0 d
LI =0, V) =—fZv.

ot

We note here that the area for the domain is 2772 and hence 27 is now the one
utilized in the normalized integral in the dynamic equation for the large mean V.

From our previous discussions in Subsections 1.3.3—1.3.5 on conserved quan-
tities, it follows that the system (1.105) has the following:

Conserved quantities

(i) Total mean energy

E= %Vz(t)+%7[|V¢/|2. (1.106)
(i) Large-scale enstrophy
Q:,BV(t)—i—%?[(w—i—h)z. (1.107)
(iii) Generalized enstrophies
f G(q) (1.108)

for an arbitrary function G(g), where ¢ = Ay’ + h+ By.

The proofs are pretty much the same as in the periodic case and the conservation

of generalized enstrophies follows from the special channel symmetry (1.104).
The conservation of the infinitely many generalized enstrophies has some inter-

esting implications. In particular, it implies the conservation of extrema of the
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potential vorticity. This is physically reasonable: since the potential vorticity is
advected along the stream lines, it is periodic in the zonal (x) direction and the
vertical boundaries are impermeable.

Mathematically we let m be the maximum of the initial potential vorticity in
the channel

m =maxq(-,0) (1.109)
and we define
— 2, if >
Glg= |7 Hazm (1.110)
0, if g <m.

Then G is differentiable and hence G = [ G(g) is conserved. Notice that G(0) =0
since m is the maximum of the initial potential vorticity. Thus G(¢) = 0 for all ¢,
which further implies

g(-.t) <m (1.111)
for all t. On the other hand, for any & > 0 we may define

(g—m+¢e)?, ifg>m—e

G.(q) = [ (1.112)

0, if g<m—e.

Then G, is differentiable and hence G, = [ G,(q) is conserved. Notice that
G.(0) > 0 since m is the maximum of the initial potential vorticity and & > 0.
Thus G.(¢) > O for all #, which further implies

maxqg(-, ) >m—¢g (1.113)
for all t and all € > 0. Hence
max q(-, t) > m, (1.114)
which leads to
max ¢(-, 1) = m = max ¢q(-, 0). (1.115)

The conservation of the minimum can be verified the same way.
Note that this argument also shows that we have conservation of the extrema
for general periodic flows with 8 = 0.

1.4.1 The impulse and conserved quantities

For a channel domain, a very natural quantity to consider is the impulse, I,
defined by

I= ][yw, where o = A/, (1.116)
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Note that / has the units of velocity. Physically, the impulse represents the mean
(zonal) x-momentum induced by the relative vorticity in the fluid. The physical
interpretation will be clear after our discussion below.

For B # 0, the standard choice of the conserved potential enstrophy, G(g) =
%qz, yields the conserved quantity

%][(w+h)2+[31, (1.117)

since ¢ = w+ h+ By. The difference of this conserved quantity and the conserved
large-scale enstrophy Q yields the fact that for 8 # 0

V(t) —I(r) is conserved in time. (1.118)

Thus, the production of mean x-momentum (horizontal flux rate) in time is
exactly associated with the changes of impulse in time. In particular, for a zonal
topography, the impulse

I, is conserved in time, if h = h(y). (1.119)

The elementary discussion we have just presented relied on requiring 3 # 0.
However, direct calculations utilizing integration by parts also yield the two
general conservation principles for impulses discussed above. This is left as an
exercise for the interested reader.

The conservation of impulse for channel flow is in marked contrast to periodic
flow for which the impulse is not conserved in general, even in the absence of
topography.

1.4.2 Conservation of circulation

Another interesting quantity for the channel is the so-called circulation, which is
defined as

F=/w, where w = AY/'. (1.120)

This measures the total vorticity (or the global rotation of the fluid) in the domain.
It is called circulation since

d ad .
F:/ (—ﬂ—i-ﬂ):/ (—nyvy +vyny)ds = / v-Tds
dy  dx a0 Q
= _Ftop+rb0tt0m’

where 7 is the unit counter-clockwise tangent vector at the boundary of the channel
and Ly = [[_v; dx, Tyoom = [y V1 4.
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The conservation of circulation is a special case of the conservation of general-
ized enstrophy with G(g) = ¢. In general the circulation in a channel is not zero.
This is different from the periodic geometry where the circulation is identically
ZEeT0.

In the case of zonal topography (thus the impulse is conserved), we may derive
the separated conservation of the circulation on the top (I,,) and on the bottom
(rbottom)~ Indeed

o I
ARI_/}mL_/)A¢._A:Ww5;- 3y = o (1.121)

Hence I, is conserved, which further implies the conservation of Iyom by the
conservation of total circulation.

1.4.3 Summary of conserved quantities: channel geometry

Here we summarize the conserved quantities discussed above for the barotropic
quasi-geostrophic equations in a channel (1.105).

Conserved quantities in the channel geometry

(i) Total mean energy

E:%Vz(t)+%7[|V¢/|2. (1.122)
(ii) Large-scale enstrophy
Q:ng+%ﬁw+m? (1.123)
(iii) Generalized enstrophies
f G(q) (1.124)

for an arbitrary function G(q), where g = Ay’ + h+ By.
(iv) Mean velocity—impulse difference

V-1, (1.125)
where the impulse 7 is defined as

I =7[yw, where w = A/, (1.126)

Moreover, in the case of zonal topography, i.e. & = h(y), the impulse [ is conserved
in time.
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(v) Circulation (special case of conservation of generalized enstrophy with G(q) = q)
r— f ®, where @ = A/ (1.127)

Moreover, in the case of zonal topography, i.e. & = h(y), we have separated conser-
vation of circulation

T = / vidx, Ty = / v, dx. (1.128)
y=m y=0

(vi) Potential vorticity extrema (special case of conservation of generalized enstrophies)
maxq(-, 1), ming(., 1), (1.129)

where g = Ay + h+ By.

1.5 Variational derivatives and an optimization principle for elementary
geophysical solutions

For an ordinary differentiable function F' from RN to R, the gradient, VF, is the
unique vector field, so that the directional derivatives satisfy

F(x+¢&y)— F(x -
lim TEFEN = FO) def ooy 5 (1.130)

e—0 &

where @- b is the usual Euclidean inner product.

Throughout this book, we will often calculate directional derivatives of func-
tionals, &, from an infinite-dimensional Hilbert space equipped with an inner
product into the real numbers. Let H denote this Hilbert space with the inner
product {f, g). In most of our applications in this book, the inner product space
will be ordinary square integrable functions on a two-dimensional domain, i.e.

(f,8) = (.00 = {2 (1.131)

Given a functional, & (u), from H to R, the variational derivative of &, denoted

8F . . AP
%> 18 the function satisfying

) ?(u+88u)—3’(u)def<89' >
m = )

1 —,0
81—>0 & ou "

(1.132)

for any éu. Thus, the variational derivative, %—f:, plays the analogous notion to
that of the gradient in finite dimensions from (1.130). We will use this notion
in (1.132) in a purely formal fashion throughout the book as is usually done by
physicists; however, in every context in this book, such manipulations can be
justified rigorously, although we will not do that here.



1.5 Variational derivatives and an optimization principle 51

1.5.1 Some important variational derivatives

There are some elementary variational derivatives which play an important role
throughout the book. We develop these general formulas briefly here and give
one simple application in the next subsection.

First, we calculate the variational derivative of the kinetic energy with respect to
the vorticity. Recall that for periodic functions, w, the (small-scale) mean kinetic
energy is the quadratic functional

E() = 5 flil =3 fIl =~ foo (1.133)

where w = Ai.
Given a directional variation dw, define 6y by

A(6Y) = bw. (1.134)
We calculate explicitly that
E(w+edw) — E(w)

_%][(¢8w+8¢w)—s%][5¢8a) (1.135)

E
so that
80) — i i
lim Elo+e :’) Elo) _ —> Wb+ 80w) = - fdw+ syan)

= — fudo = (—y, 60),

with the inner product in (1.131). Thus, with the definition in (1.132), we have

the formula
OE
—=—y, AYy=ow. (1.136)
ow
Other important functionals, where it is easy to calculate the variational deriva-
tives, are given by

G(w) = ][G(w) (1.137)

for a differentiable function G. Here it is easy to see that

lim 2@+ 850) ~ 5(«) :][G/(w)ﬁw (1.138)
e—0 £
so that
6—‘9=G/(a)). (1.139)
ow

The two elementary formulas of functional derivatives calculated above in (1.136)
and (1.139) will occur throughout the book.



52 Barotropic geophysical flows and two-dimensional fluid flows

1.5.2 An optimization principle for elementary geophysical solutions

As a simple application of the ideas to a calculus problem in infinite dimensions,
we consider the averaged enstrophy

e@»:%f@+m2 (1.140)

and ask the following question:

Which functions, w, minimize the enstrophy for a fixed value of the energy,
E(w) =Ey?

Intuitively, according to the Lagrange multiplier principle, the function w should
satisfy the Euler—Lagrange equation

g—i :—Mg—i, (1.141)

where p is a Lagrangian multiplier. The formula in equation (1.141) is the gener-
alization of the standard Lagrange multiplier principle with variational derivatives
replacing gradients. Since g—ﬁ =—¢,and g—f} = w+ h, the Euler—Lagrange equation
becomes

AY+h = pip. (1.142)

Thus, we are led to the same exact solutions with and without topography that we
introduced in Sections 1.3 and 1.4 above. Of course, as in ordinary calculus, not
every solution of the equation (1.142) is necessarily a minimizer of the enstrophy,
and some of the solutions in (1.142) are saddle points. In fact, for non-zero
topography £, only the solutions with w satisfying —1 < p < +oc0 are minimizers.
See Section 4.5 below.

1.6 More equations for geophysical flows

So far we have focused our attention on the simplest dynamic equations for geo-
physical flows, namely the barotropic quasi-geostrophic equations (1.1). There
are other interesting models that govern the dynamics of basic geophysical flows.
In this section we introduce a few more models for basic geophysical flows.
They include the F-plane equation, two layer models, and continuously stratified
quasi-geostrophic models. We will also discuss briefly the inter-relations among
these models and the basic barotropic model. As indicated in the introduction,
some of the material in the book can be generalized to these equations (mod-
els) in a straightforward fashion, while other material involves subtle current
research.
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1.6.1 The models

In this subsection we recall a few more models for basic geophysical flows. The
reader is referred to the book of Pedlosky (1987) for the physical background as
well as derivations for these models.

We first introduce the F-plane model, which is the simplest model next to the
barotropic model:

F-plane equations

‘2—t+J(¢ q) = DA+ F, (1.143)
g =AYy —F*y+ h+ By, (1.144)
where
L
F= Iy (1.145)

with L the characteristic horizontal length of the flow and Ly = /gH,/f, the
Rossby deformation radius, H, the typical depth of the fluid layer and f;, the
rotation rate of the fluid. In another words, F' measures the relative strength of
stratification over the rotation. The reader is referred to Pedlosky (1987) for a
formal derivation and Majda (2003) for a formal and rigorous derivation. Notice
that the F-plane model has no vertical structure and hence it is a one-layer model.
This is one of the simplest models that takes into consideration the effect of
stratification.

The next model we introduce is a quasi-geostrophic model that has full vertical
structure.

Continuously stratified quasi-geostrophic equations

2 2
j( ¢+F26f)+J(¢ A¢+F28‘f)+ﬁ—¢'_@3¢+? (1.146)

Here {/(x, y, z, t) is the stream function with fully periodic geometry in the domain
[0,27] x [0, 27] x [0, 27@],

with period 27 in x and y and period %T in z for the sake of simplicity, A, V+, V
are the horizontal Laplacian, perpendicular gradient and gradient operators, and D5
is some three-dimensional dissipation operator, F, is a non-dimensional constant
which measures the relative strength of stratification over rotation as defined
above. The motivated reader may consult the book by Majda (2003) for a formal
and rigorous derivation of these equations from the Boussinesq equations, or
Pedlosky (1987) for a formal derivation and more.
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Next we introduce a model with complexity between the simple F-plane model
and the more complex continuously stratified model. We consider two layers
of fluids with one on top of the other. This is one of the simplest models that
has a vertical structure. It has enjoyed surprising success in explaining various
phenomena in the atmosphere and ocean. The dynamic equations take the form:

Two-layer model
d d
E(A‘!’I —Fy(§1 =) + Iy, Ay — Fi (Y, — ¢2))+,3$‘/f1 =7,

J d
a—t(A¢2+Fz(¢1 — 1))+ J(hy, Aty + Fr () — 1)) +ﬁ$¢2 =%, (1.147)

where ¢, (x, y, t)(,(x, v, 1)) is the stream function of the top (bottom) layer of
fluid respectively, and

272

L

Fj:fo—,j:1,2 (1.148)
8(8p/p)D;

with f,, being the rotation rate, L being the horizontal length scale, g being the
gravity constant, 0p being the difference of fluid densities in the two layers, p
being the reference density, and D; being the depth of the jth fluid layer.

1.6.2 Relationships between various models

The models that we have introduced are all related, with the continuously stratified
model (1.146) being the most complex, two-layer model (1.147) the second,
F-plane model (1.143) the third, and the barotropic model (1.1) the simplest.

In this subsection we briefly discuss the inter-relationships among these models.
In fact we will demonstrate (formally) that the two-layer model (1.147) (with equal
depths) can be derived as a two vertical modes truncation of the continuously
stratified model (1.146); the F-plane model (1.143) can be derived from the
two-layer model (1.147) when the relative depth of the bottom layer approaches
infinity; the barotropic model (1.1) is the limit of the F-plane model as the Rossby
deformation radius approaches infinity (or equivalently, F — 0). We may also
derive the one-layer model (1.143) directly from the continuously stratified model
(1.146) via a one vertical model truncation.

Derivation of the barotropic one-layer model from the continuously stratified
model

In order to derive the one-layer model we propose the following one mode vertical
truncation of the continuously stratified model

P(x,y,2,t) = (x, y, 1). (1.149)
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In another word we look for solutions with no vertical structure (hence barotropic).
Substitute this into the continuously stratified model (1.146), and, assuming the
forcing has no vertical structure, we deduce

aA&‘/’b +Bﬂ + Iy, Ahy) = Dy, + F, (1.150)

which is exactly the barotropic quasi-geostrophic model (1.1) without topography.

Derivation of the two-layer model from the continuously stratified model

Next we derive the two-layer quasi-geostrophic equations with equal depth (thus
F, = F,) by taking a two mode vertical Galerkin truncation of the continuously
stratified model (1.146). Such models are prominent in studies of the dynamics
of the atmosphere and ocean (see Pedlosky, 1987). The intuition behind them is
that the z independent vertical mode gives the barotropic mode and thus we need
a vertical shear to incorporate the baroclinic mode associated with the transport
of heat. For simplicity in exposition, we neglect dissipation and external forcing
in the derivation below.

Without loss of generality, we assume ® = 1 and we approximate the stream
function ¢ with the first two modes in the vertical Fourier expansion

P(x, y, 2, 1) = Py (x, y, 1)+, (x, y, )v/2sin z. (1.151)

Substitute this into the continuously stratified model (1.146) and notice for the
Jacobian we have

P

((p A+ F? 3 2) = J(, + P, 2sinz, A, + (AW, — F2,)v/2sinz)

= J(Wy, AY,) +~/2sinz(J(,, Adsy)
+I( Py, AW, — F24p)) +2sin” 2J (W, Adp, — F2p,).

The projection of the right-hand side on to the first two vertical Fourier bases
{1, /2sinz} yields, following components for each modes

ad ad
Ay Ty M)+ I Ay = FR) + B =0, (1152)

d d
E(Alpt - lepl) + J(lﬁt, A’pb) +J(¢b9 Alpt _F2¢t) +Ba¢t =0. (1-153)
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These two equations can be re-arranged (addition and subtraction) into the fol-
lowing form

d
8_I(A(¢b + lpt) - Fz‘pt) +J(¢b + lpt? A(‘pb + ‘pt) _lept)
+:Bai(¢/b+l/ft) =0, (1.154)
X
d
E(A(wb - "/It) +F2¢1) +J(¢/b - 'w[lt’ A(‘/’b - (rbt) +F2'v[’t)

ad
B, = 1) =0. (1.155)

The well-known (inviscid) two-layer model then follows, once we define the
stream function ¢; for each layer as follows

=+, ==, (1.156)

and the two-layer model takes the form
(A = F = ) 0, Mg~ F (0~ )
+,3%(/,1 o, (1.157)
(A4 F (= ) I, Ay + F (0 — )

d
+B£% =0, (1.158)

where
F2
F=—.
2
This is the two-layer model with equal depth, no dissipation and no external
forcing.

Derivation of the one- and one-half-layer model from the two-layer model

We consider the two-layer model (1.147) with the bottom layer much thicker than
the top layer. Physically this could happen in many situations; for instance, in
the ocean with a relatively thin (mixing) layer sitting on a much thicker (inertial)
layer. Since F|(F,) are inversely proportional to the depth of the layer with the
other parameters fixed (see (1.148)), we may quantify this assumption in the
following relationship for the two-layer model (1.147)

F, = &F), (1.159)



1.6 More equations for geophysical flows 57

where ¢ is a small quantity. We may then rewrite the second equation in (1.147) as

d d
E(A% +eF (Y — ) + Iy, Aty + eF () — ) +Bal//2 =0.

Formally setting € = 0 in the above equation, we deduce that the bottom layer
satisfies the barotropic quasi-geostrophic equations

d ad -
a_t(AIIIZ)-i_J(d’Z’Ad’Z)-i_Bad’Z=5t2(x)‘ (1.160)

Thus the limiting dynamics of the bottom layer is independent of the top layer.
Now for any fixed (time-independent) flow configuration ¥, (X), it is a solution
to the above limiting dynamic equation for the bottom layer with a forcing term
F,(x) dictated by this given stream function. Let

h(X) = Fii (%), (1.161)

then the limiting dynamics of the top layer is governed by

d d -
E(Awl —Fy+h) + I, Ay — Fiip + h) +,3£'J/1 =%1(x),  (1.162)
or
d -
5@+ 9) =51 (). (1.163)

where ¢ = Ay — F iy + h+ By. In the case of F = 0, we recover the F-plane
equation without dissipation or external forcing. We observe that i(X) = F; i, (%)
serves as an effective topography. The interested reader may consult Majda and
Wang (2005) for a rigorous justification of this limit.

Derivation of the barotropic quasi-geostrophic model from the F-plane model

This is achieved by setting the Rossby deformation radii Ly equal to oo; or
equivalently setting F' = 0 in the F-plane equation (1.143), we arrive at the
barotropic quasi-geostrophic model (1.1) with effective topography.

The interested reader is encouraged to consult the books of Pedlosky (1987),
Gill (1982), and Majda (2003) for more information on these models.

It is not difficult to make lists of conserved quantities for the models that we
introduced in Subsection 1.6.1, either in the full periodic geometry or the channel
geometry. The derivation of most of the conserved quantities here is straightfor-
ward generalization of our derivation for the barotropic quasi-geostrophic model
and it is left as an exercise for the interested reader.
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2

The response to large-scale forcing

2.1 Introduction

It is an apparent fact in many instances, for example in the mesoscale and large-
scale motions of the atmosphere and the ocean, that the fluid develops large-scale,
coherent, and essentially two-dimensional flow patterns. These flows are the result
of many competing effects, including dissipation and external forcing. Therefore,
a fundamental problem is to understand how these large-scale flow structures
develop through energy transfer to large scales for a fluid with dissipation and
external forcing. In this chapter we study the existence and stability of large-scale
flow structures for two-dimensional flows. In the simplest situation we assume
that the flow is homogeneous (there is no density stratification) and it is described
by the barotropic quasi-geostrophic equations with external forcing in the absence
of topography and mean flow

dw ad -
—+B—¢+J(¢, w)=DA)+ F(x,1). (2.1)
ot x
We will assume that the stream function is doubly periodic, i.e.
P(x+2m,y) = P(x, y+2m) = §(x, y) (22)

and hence the velocity v is doubly periodic as well. The case of channel geometry
with periodicity in the longitude direction

h(x+2m,y) = h(x,y) (2.3)

and free-slip boundary condition (for the Newtonian viscosity case) at the latitude
direction

%(x, H) = %(x, 0)=w(x, H =w(x,0)=0 (2.4)

can be treated in exactly the same fashion, where H denotes the height of the
channel.
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We will assume a fairly general dissipation operator, which includes Ekman
drag, Newtonian viscosity, hyper-viscosity, or their combination

D(A) = le d;(—=A),d;>0. (2.5)
j=1

In the special case of having generalized Kolmogorov forcing

FG =Y. Fe +ec, (2.6)
k2=A

where A is one of the eigenvalues of the Laplacian operator, the set {|7c 2 ke 22}
in this case, and c.c represents the complex conjugate so that the forcing term
could take the real value, we have exact solutions of the form (see for instance
Section 1.3)

e 7 - k
p= Y AW pee w(k)= —j—ﬁ, (2.7)
|l_é|2:A |k|2
and the coefficients are solved via the following ODE
dA;  D(=A) . Fi(t)eo®r
2N, ST (238)
dt —A —A
and the solutions takes the form
! | i ) A o)

A(t) = A (0)e % - N T F (5) 0B gs, (2.9)

The purpose of this chapter is to show that these solutions are, in a very precise
sense, non-linearly stable under large-scale forcing (corresponding to ground state
Fourier modes) and genuine dissipation. Roughly speaking, if we wait for a long
time, any initial perturbation on the system will die out and the long time behavior
of the system will be our exact solutions as long as there is genuine dissipation,
i.e. Z§'= 1 d; > 0. We also present a non-linear stability result of the solution (in a
restricted sense) in the inviscid (no dissipation, d; = 0) case.

The result here gives us an explicit example of a stable large coherent structure
in the presence of forcing and dissipation. In the case of a steady forcing, we
also have an example of absence of turbulence with an arbitrarily large Reynolds
number. This tells us that in order to generate turbulence or complex chaotic
behavior we not only need the amplitude of the external forcing to be large
but also need some structure on the external forcing, even in this toy model of
geophysical flows.
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The approach here is a unified approach for classical fluid dynamics and the
special geophysical flows considered here. The introduction of the Coriolis term
(the beta-plane effect) changes the long time behavior, i.e. the final states, in a
significant manner, as can be inferred from the exact solutions in (2.7)—(2.9) above.
For instance, for the case without damping (C(Zl) =0) and no external forcing
(& =0), the long time behavior of the barotropic quasi-geostrophic equations is
those Rossby wave type solutions (see Section 1.3 for more details), while the
long time behavior is those steady states when there is no geophysical effects.

A remarkable identity

At the basis of the analysis presented here lies an important observation concerning
flows with generalized Kolmogorov forcing. We already know that the kinetic
energy E(7) and the enstrophy £(7) are quadratic functionals whose evolution has
already been described in the previous chapter. The remarkable fact about flows
with general Kolmogorov forcing is that:

There is a quadratic functional W (t) for the flow whose evolution does not involve
the external forcing which is:

(1) exactly conserved without dissipation,
(ii) decreasing in time for suitable dissipation in general whenever W (t) is non-negative.

Indeed, let us assume a generalized Kolmogorov forcing, i.e.

AF =—A,F (2.10)
or equivalently
AD=—-A,®P, where ¥ =Ad. (2.11)
We recall the energy identity
dl .,
2 [ 18P =~ [ D@y - [ wo, (2.12)
and the enstrophy identity
d1 ’ dw
o] _/wa_/wD(A)mL/wAcp. (2.13)

Thanks to the assumption on generalized Kolmogorov forcing, we notice that
the terms involving external forcing in the energy and enstrophy identity have the
following simple relationship

[ orv=-4, [ wo. (2.14)
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This inspires us to consider the following quadratic functional
W(w(1) =&(o(t) — A,E(o(1)), (2.15)

and consider the dynamics of this quantity using the energy and enstrophy identity.
Then we deduce the following remarkable identity

= A, [ 4D+ [ @D@)p =D, (2.16)

where we have used the identity [ @WA® =—A, [ 0.
The significance of this identity lies in the fact that the external forcing term
is not involved explicitly in the dynamics of the quadratic functional W .

2.2 Non-linear stability with Kolmogorov forcing

Now we restrict ourselves to the special case of large-scale forcing, i.e. the forcing
is on the ground shell, or A = 1, the first eigenvalue of the Laplacian operat