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Preface

This book is an introduction to the fascinating and important interplay between
non-linear dynamics and statistical theories for geophysical flows. The book is
designed for a multi-disciplinary audience ranging from beginning graduate stu-
dents to senior researchers in applied mathematics as well as theoretically inclined
graduate students and researchers in atmosphere/ocean science. The approach in
this book emphasizes the serendipity between physical phenomena and modern
applied mathematics, including rigorous mathematical analysis, qualitative mod-
els, and numerical simulations. The book includes more conventional topics for
non-linear dynamics applied to geophysical flows, such as long time selective
decay, the effect of large-scale forcing, non-linear stability and fluid flow on the
sphere, as well as emerging contemporary research topics involving applications
of chaotic dynamics, equilibrium statistical mechanics, and information theory.
The various competing approaches for equilibrium statistical theories for geo-
physical flows are compared and contrasted systematically from the viewpoint
of modern applied mathematics, including an application for predicting the Great
Red Spot of Jupiter in a fashion consistent with the observational record. Novel
applications of information theory are utilized to simplify, unify, and compare
the equilibrium statistical theories and also to quantify aspects of predictability
in non-linear dynamical systems with many degrees of freedom. No previous
background in geophysical flows, probability theory, information theory, or equi-
librium statistical mechanics is needed to read the text. These topics and related
background concepts are all introduced and developed through elementary exam-
ples and discussion throughout the text as they arise. The book is also of wider
interest to applied mathematicians and other scientists to illustrate how ideas from
statistical physics can be applied in novel ways to inhomogeneous large-scale
complex non-linear systems.

The material in the book is based on lectures of the first author given at the
Courant Institute in 1995, 1997, 2001, and 2004. The first author thanks Professor

xi
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Pedro Embid as well as his former Ph.D. students Professor Pete Kramer and
Seuyung Shim for their help with early versions of Chapters 1, 2, 3, 4, and 6 of
the present book. Joint research work with Professors Richard Kleeman and Bruce
Turkington as well as Majdas former Courant post docs, Professors Marcus Grote,
Ilya Timofeyev, Rafail Abramov, and Mark DeBattista have been incorporated
into the book; their explicit and implicit contributions are acknowledged warmly.
The authors acknowledge generous support of the National Science Foundation
and the Office of Naval Research during the development of this book, including
partial salary support for Xiaoming Wangs visit to Courant in the spring semester
of 2001.



1

Barotropic geophysical flows and two-dimensional
fluid flows: elementary introduction

1.1 Introduction

The atmosphere and the ocean are the two most important fluid systems of our
planet. The bulk of the atmosphere is a thin layer of air 10 km thick that engulfs
the earth, and the oceans cover about 70% of the surface of our planet. Both
the atmosphere and the ocean are in states of constant motion where the main
source of energy is supplied by the radiation of the sun. The large-scale motions
of the atmosphere and the ocean constitute geophysical flows and the science
that studies them is geophysical fluid dynamics. The motions of the atmosphere
and the ocean become powerful mechanisms for the transport and redistribution
of energy and matter. For example, the motion of cold and warm atmospheric
fronts determine the local weather conditions; the warm waters of the Gulf Stream
are responsible for the temperate climate in northern Europe; the winds and the
currents transport the pollutants produced by industries. It is clear that the motions
of the atmosphere and the ocean play a fundamental role in the dynamics of our
planet and greatly affect the activities of mankind.

It is apparent that the dynamical processes involved in the description of
geophysical flows in the atmosphere and the ocean are extremely complex. This
is due to the large number of physical variables needed to describe the state of the
system and the wide range of space and time scales involved in these processes.
The physical variables may include the velocity, the pressure, the density, and, in
addition, the humidity in the case of atmospheric motions or the salinity in the
case of oceanic motions. The physical processes that determine the evolution of
the geophysical flows are also numerous. They may include the Coriolis force due
to the earth’s rotation; the sun’s radiation; the presence of topographical barriers,
as represented by mountain ranges in the case of atmospheric flows and the ocean
floor and the continental masses in the case of oceanic flows. There may be also
dissipative energy mechanisms, for example due to eddy diffusivity or Ekman
drag. The ranges of spatial and temporal scales involved in the description of

1



2 Barotropic geophysical flows and two-dimensional fluid flows

geophysical flows is also very large. The space scales may vary from a few
hundred meters to thousands of kilometers. Similarly, the time scales maybe as
short as minutes and as long as days, months, or even years.

The above remarks make evident the need for simplifying assumptions regarding
the relevant physical mechanisms involved in a given geophysical flow process, as
well as the relevant range of space and time scales needed to describe the process.
The treatises of Pedlosky (1987) and Gill (1982) are two excellent references to
consult regarding the physical foundations of geophysical flows and different sim-
plifying approximations utilized in the study of the various aspects of geophysical
fluids. Here we concentrate on large-scale flows for the atmosphere or mesoscale
flows in the oceans. The simplest set of equations that meaningfully describes the
motion of geophysical flows under these circumstances is given by the:

Barotropic quasi-geostrophic equations
Dq

Dt
= ����� +� ��x� t�

q = �+�y +h�x� y�� where � = ��

�v = 	⊥� =

⎛⎜⎜⎝−
�


y


�


x

⎞⎟⎟⎠ �

(1.1)

where D
Dt stands for the advective (or material) derivative

D

Dt
≡ 



t
+v1





x
+v2





y

and � denotes the Laplacian operator

� = div 	 = 
2


x2 + 
2


y2 �

In equation (1.1), q is the potential vorticity, �v is the horizontal velocity field, �, is
the relative vorticity, and � is the stream function. The horizontal space variables
are given by �x = �x� y� and t denotes time. The term �y is called the beta-plane
effect from the Coriolis force and its significance will be explained later. The term
h = h�x� y� represents the bottom floor topography. The term ����� represents
various possible dissipation mechanisms. Finally, the term � ��x� t� accounts for
additional external forcing. The fluid density is set to 1.

Before continuing, we would like to explain briefly, in physical terms and with-
out going into any technical details, the origin of the barotropic quasi-geostrophic
equations. The barotropic rotational equations, also called rotating shallow water
equations (Pedlosky, 1987), admit two different modes of propagation, slow and
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fast. The slow mode of propagation corresponds to the motion of the bulk of
the fluid by advection. This is the slow motion we see in the weather patterns
in the atmosphere, evolving on a time scale of days. The fast mode corresponds
to gravity waves, which evolve on a short time scale of the order of several
minutes, but do not contribute to the bulk motion of the fluid. The barotropic
quasi-geostrophic equations are the result of “filtering out” the fast gravity waves
from the rotating barotropic equations. There is also a formal analogy between
barotropic quasi-geostrophic equations and incompressible flows; in the theory of
compressible fluid flows the incompressible limit is obtained by “filtering out” the
“fast” acoustic waves and retaining only the “slow” vortical modes associated to
convection by the fluid (Majda, 1984). Indeed, it was this analogy that originally
inspired Charney (1949) when he first formulated the quasi-geostrophic equations
and thus opened the modern era of numerical weather prediction (Charney, 1949;
Charney, Fjörtoft, and von Neumann, 1950).

The full derivation of the rotating barotropic equations and the corresponding
barotropic quasi-geostrophic equations is lengthy and will take us too far from
our main objective, which is the study of the quasi-geostrophic equations. For a
thorough treatment of the barotropic rotational equations the reader is referred to
Pedlosky (1987). Formal as well as rigorous derivations of the barotropic quasi-
geostrophic equations from the rotating shallow water equations can be found in
Majda (2003), Embid and Majda (1996).

Rather than deriving the quasi-geostrophic equations, we would like to explain
the physical meaning and significance of the different terms appearing in equa-
tion (1.1). For barotropic quasi-geostrophic flows, the potential vorticity q is made
of three different contributions. The first term � = �� = curl �v is the fluid vor-
ticity and represents the local rate of rotation of the fluid. The second term �y is
the beta-plane effect from the Coriolis force and its appearance will be explained
later. The third term h = h�x� y� represents the bottom topography, as given by
the ocean floor or a mountain range.

The horizontal velocity field, �v, is determined by the orthogonal gradient of the
stream function �, �v = 	⊥�, where the orthogonal gradient of � is defined as

	⊥� =

⎛⎜⎜⎜⎝
−
�


y


�


x

⎞⎟⎟⎟⎠ �

In particular, the velocity field �v is incompressible because

div �v = 	 · �v = 	 ·	⊥� = 0�

The reason � is called the stream function is because at any fixed instant in time
the velocity field �v is perpendicular to the gradient of �, i.e. �v is tangent to the
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level curves of �. Therefore the level curves of � represent the streamlines of
the fluid. In addition, there is another important interpretation of �. Physically
� represents the (hydrostatic) pressure of the fluid. In this context, the equation
�v = 	⊥� corresponds to the fact that the flow field is in geostrophic balance, and
therefore the streamlines also happen to be the isobars of the flow. In particular,
we conclude that for a steady solution of the quasi-geostrophic equations the
fluid flows along the isobars. This is in marked contrast with the situation in
non-rotating fluids, where typically the flow is from regions of high pressure to
those of low pressure.

The importance of the potential vorticity q is in the fact that it completely deter-
mines the state of the flow. Indeed in the barotropic quasi-geostrophic equations,
once we know the potential vorticity q, the second equation in equation (1.1)
immediately yields the vorticity �. Since � = ��, we can determine the stream
function �, and then introduce it into the third equation in equation (1.1), namely
�v = 	⊥�, to determine the advective velocity field.

Next we return to a brief discussion of the beta-plane effect (cf. Pedlosky,
1987). This effect is essentially the result of linearizing the Coriolis force when
we consider the motion of the fluid in the tangent plane approximation. More
specifically, although the earth is spherical, we assume that the spatial scale
of motion is moderate enough so that the region occupied by the fluid can be
approximated by a tangent plane (this is certainly the case for mesoscale flows,
even for horizontal ranges of the order of 103 km). This is what is called the
tangent plane approximation. The equations of motion in equation (1.1) are written
in terms of horizontal Cartesian coordinates in the tangent plane. In this context,
the spatial variable x corresponds to longitude (with positive direction towards the
east) and the variable y to latitude (with positive direction towards the north).1 In
fact, throughout this book we often refer to flows pointing in the positive (negative)
x-direction as eastward (westward). Since the tangent plane rotates with the earth
it becomes a non-inertial frame, and the Coriolis force due to the earth’s rotation
becomes an important effect in geophysical flows. Moreover, because of the
curvature of the earth, the contribution of the Coriolis force depends on the latitude
at which the tangent plane is being considered; the Coriolis force will increase
from zero at the equator to its maximum value at the poles. Since the tangent
plane approximation assumes a moderate range in latitude and longitude, a Taylor
expansion approximation of the Coriolis force is permissible; the linear term of
this Taylor expansion yields the beta-plane effect �y considered in equation (1.1).
For the actual details of the tangent plane approximation and the beta-plane effect,
the reader is encouraged to consult Pedlosky (1987) or Gill (1982).

1 For simplicity we will always assume that the tangent plane approximation is considered in the northern
hemisphere
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There are many choices of dissipation operator ����, ranging from Ekman
drag to Newtonian viscosity or hyper-viscosity. We list some commonly used
dissipation operators below for later convenience:

(i) Newtonian (eddy) viscosity

����� = ��2�

This form of the diffusion is identical to the ordinary molecular friction in a Newto-
nian fluid. For geophysical flows, the value of the coefficient is often assumed to be
many orders of magnitude larger than that for molecular viscosity, and represents,
crudely, smaller-scale turbulence effects. This led to the name, eddy viscosity.

(ii) Ekman drag dissipation

����� = −d���

which is common to the large-scale pieces of the geophysical flow. This arises from
boundary layer effects in rapidly rotating flows.

(iii) Hyper-viscosity dissipation

����� = �−1�jdj�
j�� j = 3� 4� 5� · · ·

This form of the dissipation term is frequently utilized in the study and numerical
simulation of geophysical flows, where its role is to introduce very little dissipation
in the large scales of the flow but to strongly damp out the small scales. The validity
of the use of such hyper-viscous mechanisms is still an open issue among geophysical
fluid dynamicists.

(iv) Ekman drag dissipation + Hyper-viscosity

����� = −d�� + �−1�jdj�
j�� dj ≥ 0� d > 0� j > 2�

This is a combination of the previous two dissipation mechanisms.
(v) Radiative damping

����� = d�

This represents a crude model for radiative damping when models with stratification
are involved. Radiative damping is an unusual dissipation operator since it damps the
large scales more strongly than the small scales in contrast to the standard diffusion
operators in (i) and (iii) above.

(vi) General dissipation operator

����� =
l∑

j=0

�−1�jdj�
j��

which encompasses all other forms of dissipation mechanisms previously discussed.
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For simplicity we will consider periodic boundary conditions for the flow in
both the x and y variables, say with period 2
 in both variables

�v�x+2
�y� t� = �v�x� y� t��

�v�x� y +2
� t� = �v�x� y� t��
(1.2)

or in terms of the stream function �

��x+2
�y� t� = ��x� y +2
� t� = ��x� y� t�� (1.3)

We may also impose the zero average condition∫
��x� y� t�dxdy = 0� (1.4)

since the stream function is always determined up to a constant, and we can
choose the constant here so that the average is zero. The assumption of periodicity
in both variables is not unreasonable (except near drastic topographical barriers,
such as continents). It allows us to use Fourier series and separation of variables
as a main mathematical tool (see page 10 for a Fourier series tool kit). Physically,
periodicity allows us to avoid other issues such as the appearance of boundary
layers or the generation of vorticity at the boundary. However, occasionally we
will consider other boundary conditions besides the periodic one. In particular,
we will study flows in channel domains or in a rectangular basin which can be
treated through minor modification of periodic flows with special geometry.

It is worthwhile to point out that, in the special case where there are no beta-
plane effects or bottom floor topography, i.e. � = 0, h = 0, then the potential
vorticity q reduces to the vorticity ��q = �, and if we assume Newtonian dis-
sipation, then the barotropic quasi-geostrophic equations reduce to the classical
Navier–Stokes equations for a two-dimensional flow, written in the vorticity-
stream form (Majda and Bertozzi, 2001; Chorin and Marsden, 1993)

Two-dimensional classical fluid flow equations
D�

Dt
= ���+� ��x� t�� � = ��� �v = 	⊥� (1.5)

and in the case without dissipation we have the classical Euler equations with
forcing

D�

Dt
= � ��x� t�� � = ��� �v = 	⊥�� (1.6)

One of our objectives of this book is to compare and contrast the barotropic quasi-
geostrophic equations and the Navier–Stokes equations to better understand the
role of the beta-plane effect and the topography on the behavior of geophysical
flows.
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Even though we have restricted ourselves to the study of the barotropic quasi-
geostrophic equations, it is still not possible for us (and not our intention) to
cover all the possible problems associated with these equations. Instead we will
focus on various topics that we consider physically interesting, yet mathematically
tractable. We are especially interested in geophysical fluid flow phenomena,
influenced by the presence of the Coriolis force and topography, combined with
the presence of various dissipative and external forcing mechanisms, and on their
role in the emergence and persistence of large coherent structures, as observed
in mesoscale flows. However, many of the ideas and techniques apply to more
complex models for geophysical flows, such as the F -plane equations, two layer
models, continuously stratified quasi-geostrophic flow. The final section of this
chapter discusses all of these models briefly as well as the inter-relations among
them and the basic barotropic model. Generalizations of some of the material in
the course to these equations are straightforward, while other material involves
subtle current research.

Here we include a list of some of the topics that we will study in subsequent
chapters:

(i) Exact solutions showing interesting physics.
There are many interesting patterns in geophysical flows ranging from Rossby waves
to jets. One of our tasks here is to present some special exact solutions. They
will illustrate simple Rossby wave motion, Taylor vortices, shear flows, simple
topographic effects, etc.

(ii) Conserved quantities.
Conserved quantities play an essential role in both the physical understanding and
mathematical study of geophysical flows. In this book we will carefully study various
conserved quantities. A set of important conserved quantities are summarized, with
the geophysical effects and domain geometry effects distinguished. These conserved
quantities will play a central role in the subsequent study of non-linear stability of
geophysical flows and the statistical theories of large-scale coherent structures.

(iii) Response to large-scale forcing.
We will establish the stability of motion on the ground shell, provided that the forcing
is of the largest scale and dissipation is present. This will provide us with an explicit
example of stable large coherent structure in damped and driven environment.

(iv) Selective decay.
We will demonstrate various facets of selective decay, both numerically and mathe-
matically. This is an interesting example of how the inverse cascade is observed in
two-dimensional flows.

(v) Non-linear stability of certain steady geophysical flows.
Stability is directly related to the issue of whether a specific flow is observable.
Here the non-linear stability for certain geophysical flows is discussed, utilizing the
Arnold–Kruskal method.
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(vi) Large- and small-scale interaction via topographic stress.
Interesting phenomena arise when we introduce topography. An effective new
stress, called topographic stress, effectively mediates the energy exchange between
the large- and small-scale flows. We will see below that this is an interesting source
of explicit examples with chaotic dynamics.

(vii) Equilibrium statistics mechanics and statistical theories for large coherent structures.
Here we develop a self-contained treatment of equilibrium statistical mechanics for
geophysical flows in an elementary fashion. We develop elementary models with
statistical features of the atmosphere and ocean, and equilibrium statistical theories
for large coherent structures. The main perspective in achieving this is through
information theory, which is developed in the text in a self-contained fashion.
If we are interested in large coherent structures instead of the small-scale fine
structures, equilibrium statistical theory provides a way to predict the large coherent
structure without calculating the details of the solutions. Various approaches will
be presented. These will include the classical statistical theory with two conserved
quantities, theories that attempt to incorporate infinitely many conserved quantities,
and the current statistical theory with a few judicious constraints. In addition, a
special numerical laboratory is developed and utilized to compare these approaches
quantitatively.

(viii) Crude dynamic modeling for geophysical flows.
We will develop novel ways in which the equilibrium statistical theories can
represent complex flows with damping and driving. This will include crude closure
algorithms for both the classical fluid flows and flows with topography. This
study will rely heavily on numerical evidence, but will also be supported with
mathematical analysis.

(ix) We will apply the ideas developed in (vii) and (viii) to successfully predict the
Great Red Spot of Jupiter in a fashion which is completely self-consistent with the
observational record from the Voyager and Galileo space missions.

(x) Barotropic quasi-geostrophic equations on the sphere.
Actual fluid flow in the atmosphere occurs on the sphere and there are important
new effects. Here all the previous problems will be reconsidered on the sphere.
Some peculiar phenomena arise due to the special spherical symmetry.

(xi) We will show how information theory can be used to quantify predictability for
ensemble predictions in geophysical flows. The following issues will be addressed.
How important is the mean compared with the variance? When is a prediction
reliably bi-modal with two different scenarios?

1.2 Some special exact solutions

Next we introduce and describe several families of special exact solutions of the
barotropic quasi-geostrophic equations, equation (1.1). These solutions will be
given with increasing levels of complexity, as we add more physical effects into
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the quasi-geostrophic equations. We will start by considering special steady flows
free from beta-plane, topographical, diffusive, and external forcing effects. Even in
this simplified situation, we will find a rich family of simple flows with interesting
flow topology, which include shear flows, array of eddies, and Taylor vortices.
Then we continue by systematically adding beta-plane effects, dissipation, and
special external forcing, known as generalized Kolmogorov forcing. In particular,
in this situation we will find flows with a large-scale mean flow and Rossby
waves. We will also study the effects from the bottom floor topography and how it
modifies the vorticity of the flow. This will be followed by examples incorporating
the combined effects of the beta-plane and the topography. Finally, we conclude
this section with an example of interaction of a large-scale shear flow with beta-
plane dynamics. These special exact solutions are invaluable. They help us to
build intuition and insight by revealing explicitly the behavior of the flow under
the different physical mechanisms. They also provide us with ideal examples to
test numerical methods designed to solve the quasi-geostrophic equations, as well
as further theories about these geophysical flows.

In general it is far from easy to find exact solutions of the barotropic quasi-
geostrophic equations. The difficulty lies in the non-linear character of the equa-
tions, through the non-linear advection term

Dq

Dt
= 
q


t
+�v ·	q�

Since the velocity �v is given by the perpendicular gradient of the stream function
�, �v = 	⊥�, we can rewrite this non-linear term as

	⊥� ·	q = det

(
	�

	q

)
=
∣∣∣∣∣

�

x


�

y


q

x


q

y

∣∣∣∣∣= J���q��

where J���q� is the Jacobian determinant of q and �. Therefore the potential
vorticity equation in equation (1.1) takes the form


q


t
+ J���q� = ����� +� ��x� t�� (1.7)

or equivalently


q


t
+	⊥� ·	q = ����� +� ��x� t��

where q = �� +�y +h.
To eliminate the non-linearity we must require the vanishing of the Jacobian

determinant J���q�, and this certainly happens if the potential vorticity q and the
stream function � are functionally dependent, i.e. if q = F��� for some function F .
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Although such an assumption makes the potential vorticity equation linear, it also
makes the elliptic equation for the stream function � non-linear

F��� = q = �+�y +h = �� +�y +h�

Clearly, any q and �, functionally related by q = F��� automatically define
a steady (time-independent) exact solution of the barotropic quasi-geostrophic
equation without damping or external forcing. In later chapters, the reader will
find many examples of solutions of this type.

Here we concentrate on finding special exact solutions with both forcing and
dissipation with the stronger ansatz: we assume that q and � are linearly dependent

q = ��� (1.8)

then the elliptic equation for � now also becomes linear.
Summarizing, under the linear dependence assumption q = ��, the solution of

the barotropic quasi-geostrophic equations, equation (1.1), is given by the:

Reduced linear system for the stream function �

�

�


t
= ����� +� ��x� t�� �� = �� +�y +h��x�� (1.9)

where the velocity field �v, the vorticity �, and the potential vorticity q are then
given in terms of the stream function � by

�v = 	⊥�� � = �� � q = ��� (1.10)

Throughout this book, we study geophysical flows in idealized periodic geometry
or on special domains, such as channels or the square, which are related to the
periodic geometry though symmetry considerations. Unless noted otherwise, all
domains are 2
-periodic in each direction. Since the domain is periodic and the
equations for the stream function � in equation (1.7) are linear, it is a natural
desire to use the Fourier series as the main tool to study them. The only potential
impediment may come from the beta-plane term �y, which is not a periodic
function. However, we will solve this problem later with the introduction of a
suitable large-scale mean flow for the velocity field.

Next we summarize some important basic properties of the Fourier series,
which we will use throughout the book, and then discuss some particular solutions
of the linear equations in equation (1.7).

Fourier series tool kit

Here we recall a few basic properties of the Fourier series that are used in this
book.
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For any complex-valued functions f�x� y� and g�x� y�, 2
-periodic in each
variable:

Inner product: The inner product of f and g is defined as

�f� g�0 = �4
2�−1
∫ 2


0

∫ 2


0
f ḡ dx dy� (1.11)

Complete orthonormal basis: There exists a complete orthonormal basis for the
space of square integrable complex-valued functions on �0� 2
�× �0� 2
� given by

�e�k = ei�x·�k� �k = �k1� k2� ∈ �2� (1.12)

where i = √−1 and �2 = ��k1� k2��k1� k2 are arbitrary integers�. It is orthonormal
in the sense that

��e�k� �e�l�0 =
{

0� �k 	= �l
1� �k =�l (1.13)

Fourier coefficients: The �kth Fourier coefficient of an integrable complex-valued
function f is defined as

f̂ �k = �f� ei�x·�k�0 = �4
2�−1
∫ 2


0

∫ 2


0
f e−i�x·�k dx dy� (1.14)

Expansion property: For each square integrable complex-valued function f , the
following expansion formula holds

f = ∑
�k∈�2

f̂ �ke
i�x·�k� (1.15)

Moreover, f is real valued if and only if

¯̂
f �k = f̂−�k for all �k� (1.16)

Parseval’s identity: For any square integrable functions f and g, the following
Parseval’s identity holds

�f� g�0 = ∑
�k∈�2

f̂ �k ¯̂g�k� (1.17)

Differentiation property: Let D� = 
�1


x�1

�2


y�2 be a general derivative operator and
assume f is sufficiently differentiable, then

D̂�f �k = �ik1�
�1�ik2�

�2 f̂ �k� (1.18)

A simple application of the Fourier series toolkit is the Poincaré inequality used
throughout the text.



12 Barotropic geophysical flows and two-dimensional fluid flows

If f is a 2
-periodic function with zero mean, i.e. f̂ 0 = 0, then


f
2
0 ≤ 
	f
2

0� (1.19)

The proof is an immediate application of (1.17) and (1.18) since


f
2
0 = ∑

��k�≥1

�f̂ �k�2 ≤ ∑
��k�≥1

��k�2�f̂ �k�2 ≤ 
	
2
0�

1.2.1 Exact solutions for the Euler equations

First we consider special solutions of the quasi-geostrophic equations with q and �

linearly dependent and in the absence of physical effects from beta-plane, topog-
raphy, dissipation, and external forcing (we remarked earlier that in this case the
barotropic quasi-geostrophic equations (1.1) reduce to the Euler equations (1.6)).
In this case equation (1.7) for the stream function reduces to

�

�


t
= 0 �� = ��� (1.20)

so that the stream function � is steady and corresponds to an eigenfunction of
the Laplacian with eigenvalue �. The periodic eigenfunctions of the Laplacian
are readily given by the Fourier modes. Indeed, � = ei�k·�x, where �k ∈ �2 − �0�

is an eigenfunction of the Laplacian with eigenvalue � = −��k�2 where �2 =
��k1� k2�� k1� k2 integers� is the two-dimensional integer lattice. Moreover, if we
denote �j = −�j , where �j is a given eigenvalue of the Laplacian, then the most
general form of the associated eigenfunction �j is

�j = ∑
��k�2=�j

Â�ke
i�k·�x + c�c�� (1.21)

where, as usual, c�c� stands for complex conjugate. This solution involves the
linear combination of those Fourier modes, where wave numbers �k are in the
same shell ��k�2 = �j . The eigenvalues �j are ordered in increasing magnitude,
0 < �1 < �2 < · · · , with �1 = 1, �2 = 2, �3 = 5, etc.

Next we present several examples that illustrate the diverse variety of flows
that can be generated with the stream function �j in equation (1.19), and which
display interesting flow topologies and symmetries.

Example 1: Ground state eigenmode flows.

For the first example we choose the ground state eigenvalue �1 = 1. The associated
wave numbers �k in the shell ��k� = 1 are �k = �±1� 0�� �0�±1�, and the stream
function � in equation (1.19) reduces to

� = a sin�x�+b sin�y�+ c cos�x�+d cos�y��
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with the corresponding velocity field given by

�v = 	⊥� =
(

−b cos�y�+d sin�y�

a cos�x�− c sin�x�

)
�

Next we show how changing the parameters a, b, c, and d produce a variety of
interesting simple flow patterns.

Case 1a: Simple shear flow.

If we set a = A, b = c = d = 0, then the stream function � reduces to

� = A sin�x��

and the corresponding velocity field �v represents a simple shear flow

�v =
(

0
A cos�x�

)
�

The stream function � and the its velocity field are depicted in Figure 1.1. In this
case, the streamlines are given by the straight lines x = const�

Case 1b: 2-D array of swirling eddies.

On the other hand, if we set a = b = A, and c = d = 0, the stream function �

now yields

� = A�sin�x�+ sin�y�� �

and the velocity field �v becomes

�v =
(

−A cos�y�

A cos�x�

)
�

The streamlines for this flow are depicted in Figure 1.2. The resulting flow pattern
consists of a doubly periodic array of alternating eddies rotating in clockwise
and counter-clockwise fashion. These eddy cells are aligned at 45� from the x

and y axes, and the flow is confined within each one of the cells. In the period
square �0� 2
�× �0� 2
� there are four stagnation points, p1 = �1/2� 1/2�
�p2 =
�3/2� 1/2�
�p3 = �3/2� 3/2�
, and p4 = �1/2� 3/2�
. The stagnation points p1

and p3 correspond to the eddy centers, with the fluid locally rotating around these
stagnation points. Figure 1.2(b) shows that p3 is a local maximum of the vorticity
and the rotation is counter-clockwise around p3, whereas p1 is a local minimum
of the vorticity and the rotation is clockwise in this case. On the other hand, the
stagnation points p2 and p4 correspond to saddle points for the vorticity; around
these points the fluid behaves locally as a strain flow. The vorticity � is depicted
in Figure 1.2(b).
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Figure 1.1 Example of a simple shear flow with stream function � = A sin�x�
and velocity field �v = �0�A cos�x��. Notice that the fluid velocity is parallel to
the streamlines.
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Figure 1.2 2-D array of swirling eddies with stream function ��x� y� = sin�x�+
sin�y� (x and y both normalized by 2
). (a) Plot of the streamlines: counter-
clockwise rotation (—); clockwise rotation (- -). (b) Plot of the vorticity �.
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Case 1c: Swirling eddies embedded in a shear-flow stream.

In general, if we let c = d = 0 and vary a and b, the resulting flow will dis-
play free flowing streamlines as in the shear-flow example in Case 1a, together
with embedded pockets of swirling eddies as in the periodic array of eddies in
Case 1b. A typical streamline configuration is displayed in Figure 1.3(a), for the
selected values of a1 = 0�4 and a2 = 0�8. The associated vorticity is displayed in
Figure 1.3(b).

Example 2: Taylor vortices and flows with symmetries.

For this example we choose the second eigenvalue −� = �2 = 2. The wave
numbers �k associated with the shell ��k�2 = �2 are �k = �±1�±1�� �±1�∓1�, and
in this case the stream function � in equation (1.10) becomes

� = a sin�x� sin�y�+b sin�x� cos�y�

+c cos�x� sin�y�+d cos�x� cos�y��

In particular, if a = A, and b = c = d = 0, then the resulting flow pattern is
known as the Taylor vortices. This flow pattern consists of a doubly periodic array
of eddies, with alternating clockwise and counter-clockwise rotating vortices, all
aligned with the x and y axes. The streamlines of the flow pattern are displayed
in Figure 1.4(a) and the vorticity is displayed in Figure 1.4(b) for the case where
A = 1. It is clear from Figure 1.4(a) that there are four vortices in the period
box �0� 2
�× �0� 2
�, two of them rotate clockwise and the other two counter-
clockwise. Moreover, the stream function � is anti-symmetric under reflection
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Figure 1.3 2-D array of swirling eddies with stream function ��x� y� =
0�4 sin�x� + 0�8 sin�y� (a) Plot of the streamlines: counter-clockwise rotation
(—); clockwise rotation (- -). (b) Plot of the vorticity �.
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Figure 1.4 Taylor vortices with stream function ��x� y� = sin�x� sin�y� (x and y
both normalized by 2
). (a) Plot of the streamlines: counter-clockwise rotation
(—); clockwise rotation (- -). (b) Plot of the vorticity �.

across the lines given by C = ��x����x� = 0�, which include the lines x = 
 and
y = 
. In particular, for the lines x = 
 and y = 
 it follows that

��
 −x� y� = −��
 +x� y�� ��x�
 −y� = −��x�
 +y��

Clearly, the Taylor vortices satisfy the no-penetration boundary condition on the
level set C = ��x����x� = 0�

�v · �n∣∣
C

= 	⊥� · 	�

�	��
∣∣∣∣
C

= 0�

In addition, the vorticity � = −�2� also vanishes on the set C. This implies that
the Taylor vortices also satisfy the free-slip boundary condition





n
��v · ���

∣∣∣∣
C

= 0�

where �� is the tangent vector to C.
Finally, we also remark that additional flows satisfying the symmetry conditions

are also obtained when the stream function � is of the form

� =
�∑

k1�k2=−�
ak1k2

sin�k1x� sin�k2y��

These flows with symmetries include as a particular case the Taylor vortices and
for that reason they are called generalized Taylor vortices.
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1.2.2 Exact solutions with beta-effect and generalized Kolmogorov forcing

In this next example we include the beta-plane effect, dissipation, and external
forcing, but assume flat bottom topography so that h = 0. Under the assumption
of linear dependence of q and �, the reduced linear equations for the stream
function �, equation (1.7), are

�

�


t
= ����� +� ��x� t��

�� = �� +�y�

(1.22)

The inclusion of the non-periodic beta-plane term prevents the direct application
of the Fourier analysis as was done before. In fact, we can no longer expect
the stream function � to be periodic. To circumvent this problem we postulate
a non-periodic stream function � consisting of a non-periodic large-scale mean
flow and a small-scale periodic component

� = −V0y +�′�x� y� t�� (1.23)

where V0 is the large-scale mean velocity and the small-scale part �′ is assumed to
be 2
-periodic. Note that the velocity field itself will be 2
-periodic. Introducing
this form of the stream function � into equation (1.21), we see that the mean flow
contribution −V0y will exactly match the beta-plane term �y, provided that we
choose for V0 the specific value

V0 = −�

�
� (1.24)

in which case the reduced linear equations for � in equation (1.21) yield the
simpler system of equations for the small-scale stream function �′

�

�′


t
= �����′ +� ��x� t��

��′ = ��′�
(1.25)

This last equation can be treated through Fourier analysis as before, provided that
we restrict the external forcing � in such a way that it only excites the modes
associated to the eigenvalue �. This special form of the external forcing is known
as generalized Kolmogorov forcing and it is of the form

� ��x� t� = ∑
��k�2=�

F̂�ke
i�x·�k� (1.26)
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With this form of forcing and letting � = −�, we assume that the small-scale
stream function has the Fourier expansion

�′ = ∑
��k�2=�

Â�k�t�e
i�x·�k + c�c� (1.27)

Introducing these formulas for the solution �′ and the external forcing into the
equation for �′ in equation (1.24) and solving for each wave number �k finally
yields the following ordinary differential equation for the Fourier amplitude Â�k�t�

dÂ�k
dt

= ��−��

−�
Â�k + F̂�k

−�
� (1.28)

Summarizing, the stream function � is given by

� = −V0y + ∑
��k�2=�

Â�k�t�e
i�x·�k + c�c��

where the Fourier amplitudes Â�k�t� are the solutions of the ODE in equation (1.27)
and V0 is given by V0 = −�/�. The non-linear stability of these solutions is
studied in Chapter 2.

The large-scale component �0 = −V0y of the stream function � yields the
mean flow velocity given by

	⊥�0 =
(

V0

0

)
�

Since � is always negative, then the direction of the wind is determined by the
sign of �; for example, if � > 0 (as in the northern hemisphere), then in this
case the beta-plane effect is responsible for the presence of a permanent eastward
mean flow since V0 = −�/� > 0.

Finally, we remark that the ordinary differential equations that govern the
Fourier amplitudes Â�k�t� of the small-scale flow are of damped and driven type.
Clearly they are driven by the external forcing through the forcing amplitudes
F̂�k. They are also damped by the dissipative mechanisms, because the coefficient
−��−��/� satisfies

��−��

−�
= −

∑L
j=0 dj�−1�j�−��j

�
= −

∑L
j=0 dj���j

�
< 0�

This is the first mathematical confirmation of the fact that the general operator
���� actually represents dissipation. We may also observe that higher frequencies
(or wave numbers, thus higher �) are damped more efficiently with higher-order
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dissipation operators, with the order being hyper-viscosity > eddy viscosity >

Ekman damping.

1.2.3 Rossby waves

Let us reconsider the previous example. As we saw earlier, the presence of the
beta-plane effect forced us to consider a stream function � consisting of a large-
scale mean flow −V0y and a small-scale component �′. Here we want to take a
second look at the small-scale component �′. If we assume at the outset that the
stream function has the form

� = −V0y +�′�

and evaluate the Jacobian determinant J���q�

J���q� = V0

q


x
+ J��′� q��

then the potential vorticity equation for q in equation (1.1) becomes


q


t
+V0


q


x
+ J��′� q� = ��′ +� � (1.29)

The advective term contribution due to the constant mean flow velocity V0 is
easily removed with a Galilean coordinate transformation

x̃ = x−V0t� ỹ = y� t̃ = t�

that is, we are in a coordinate system that moves with the mean flow velocity V0.
Since differentiation in the new variables follows the rules given by





x
= 



x̃
�





y
= 



ỹ
�





t
= 



t̃
−V0





x̃
�

it follows that in the moving coordinate system the advective term contribution
from V0 is eliminated, and the potential vorticity q and the small-scale stream
function �′ solve the

Barotropic beta-plane equations


q


t
+ J��′� q� = ��′ +� �

q = ��′ +�y�

(1.30)

which are the quasi-geostrophic equations in the moving coordinate system.
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Since we know that the small-scale solution �′ in the previous example was
given by equation (1.26), we can write this solution in terms of the new coordi-
nates. Keeping in mind that the mean velocity V0 = −�/� = �/�, we obtain

�′��̃x� t̃� = ∑
��k�2=�

Â�ke
i��k·�̃x+k1V0 t̃� + c�c

= ∑
��k�2=�

Â�ke
i��k·�̃x+k1

�

��k�2 t̃� + c�c�� (1.31)

and we recognize that �′ is a traveling wave of the form ei�k·�x−i���k�t, where � and
�k satisfy the dispersion relation

���k� = −k1�

��k�2
� (1.32)

This solution represents a dispersive wave known as a Rossby wave (Pedlosky,
1987). Indeed these waves travel horizontally at the speed (the so-called horizontal

phase speed) of ���k�
k1

= − �

��k�2 . Thus waves with different wave numbers travel at

different speeds and hence are dispersive. See the lecture notes by Majda (2003)
for an extensive discussion of dispersive waves in geophysical flows.

In the absence of dissipation and forcing it is interesting to see how the ele-
mentary exact solutions of the Euler equations in Subsection 1.2.1 are modified
by the beta-effect. They become time-dependent solutions with different phase
velocities. Indeed it is easy to see that we have the following:

1. The simple shear in x, � = A sin�x�, as presented in Example 1 of Subsection 1.2.1,
becomes a Rossby wave � = A sin�x̃+�t� with horizontal phase velocity = −�.

2. General ground eigenmode flows, � = a sin�x� + b cos�x� + c sin�y� + d cos�y�, as
presented in Example 1, become the super-position of Rossby waves and zonal shear
flows � = a sin�x̃ + �t� + b cos�x̃ + �t� + c sin�y� + d cos�y� with horizontal phase
velocity = −�.

3. Taylor vortex, � = A sin�x� sin�y�, as presented in Example 2 of Subsection 1.2.1
becomes a Rossby wave � = A sin�x̃+ �

2 t� sin�y� with horizontal phase velocity = −�

2 .

We observe that waves with different wave numbers move at different speeds. In
fact, waves with higher wave numbers move slower than waves with lower wave
numbers in general. This is a feature for geophysical waves, which is different
from most of the classical dispersive waves where waves with higher wave number
move faster (Majda, 2003).

Let us verify that the Rossby waves are indeed dispersive waves from the
mathematical point of view. This is equivalent to checking that the determinant of
the Hessian of the dispersive relation does not vanish except for a set of measure
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zero. The interested reader is encouraged to consult the lecture notes by Majda
(2003) for this and much more on dispersive waves. The Hessian H����k�� can
be computed easily as

H����k�� = − �

�k2
1 +k2

2�
3

(
2k3

1 −6k1k
2
2 6k2

1k2 −2k3
2

6k2
1k2 −2k3

2 −2k3
1 +6k1k

2
2

)
�

hence we deduce that

det H����k�� = − 4�2

�k2
1 +k2

2�
6
��k3

1 −3k1k
2
2�

2 + �3k2
1k2 −k3

2�
2�

= − 4�2

�k2
1 +k2

2�
6
�k2

1�k
2
1 −3k2

2�
2 +k2

2�3k2
1 −k2

2�
2��

Since the determinant of the Hessian vanishes only if k2
1 = 3k2

2� 3k2
1 = k2

2, or at
the origin, this verifies our claim that Rossby waves are dispersive.

1.2.4 Topographic effect in steady states

In our next example we consider flows that are subject to topography and beta-
plane effects, but ignore the effects of dissipation and external forcing. We still
assume that the potential vorticity q and the stream function � are linearly depen-
dent, as expressed in equation (1.10). Under these circumstances, the reduced
linear equations for the stream function � in equation (1.7) yield

�

�


t
= 0� �� = �� +�y +h��x�� (1.33)

so that the flow is stationary. The beta-plane effect is again eliminated from
equation (1.32), with the assumption that the stream function � contains a large-
scale mean flow −V0y and a small-scale component �′

� = −V0y +�′� V0 = −�

�
� (1.34)

so that equation (1.32) gets reduced to the following equation for the small-scale
stream function �′

��′ = ��′ +h��x�� (1.35)

Immediately we observe how radically different are the solvability conditions
for �′, depending on whether the topography effects are present or absent. More
precisely, we recall that for the two examples previously considered there was
no topography effects and that � had to be an eigenvalue of the Laplacian with
associated eigenfunction given by the small-scale stream function �′. On the



22 Barotropic geophysical flows and two-dimensional fluid flows

contrary, if there is topography, then equation (1.34) is in general solvable only
if � is not an eigenvalue of the Laplacian. This is a simple consequence of the
Fredholm alternative, which we will verify explicitly in the present case through
Fourier analysis. For simplicity, we assume that the topography h and the stream
function �′ are periodic functions with zero average and with Fourier expansions
given by

h = ∑
��k�	=0

ĥ�ke
i�x·�k + c�c�� �′ = ∑

��k�	=0

�̂′
�ke

i�x·�k + c�c�� (1.36)

Introducing these expansions into equation (1.34) and solving for each mode by
separation of variables yields

−���k�2 +���̂′
�k = −ĥ�k� (1.37)

which can be solved in general only if � is not one of the eigenvalues of the
Laplacian ��+��k�2 	= 0�. In this case we can solve for the Fourier coefficients �̂′

�k
and obtain the stream function

� = −V0y +�′ = �

�
y + ∑

��k�	=0

1

��k�2 +�
ĥ�ke

i�x·�k (1.38)

and the corresponding velocity field �v and (relative) vorticity �

�v = 	⊥� = −
(

�/�

0

)
+ ∑

��k�	=0

1

��k�2 +�
ĥ�kie

i�x·�k
(−k2

k1

)
� (1.39)

� = �� = − ∑
��k�	=0

��k�2
��k�2 +�

ĥ�ke
i�x·�k� (1.40)

Next we explore some interesting properties of the solutions we just derived. Let
us start by considering the situation where there is no beta-plane effect, so that
� = 0, and therefore also the mean flow V0 = 0. From the formula for the velocity
field, �v, it readily follows that in this case the kinetic energy E is given by

E = 1
2

∫
��v�2 = 1

2

∑
��k�	=0

�2
�2��k�2�ĥ�k�2
���k�2 +��2

� (1.41)

since the fluid density is 1.
A plot of the energy E versus the parameter � is given in Figure 1.5. Since in

general we may assume that ĥ�k 	= 0, then the energy E will become singular when

� is an eigenvalue of the Laplacian, � = −��k�2, �k ∈ �2 − �0�. In particular, if we
make the natural assumption that ĥ�k 	= 0 for ��k� = 1, then the energy E varies
from some positive value to infinity as � varies in the range −1 < � < +�.
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E 

0–1–2 μ

Figure 1.5 Plot of the total energy E = 1
2

∑
��k�	=0

�2
�2��k�2�ĥ�k�2
���k�2 +��2

versus � in the

case of no beta-plane effect (and no mean flow V0). The singularities are given
by the eigenvalues of the Laplacian, � = −1�−2�−5� � � �

These are somehow robust states. In a later chapter we will see that these states
are non-linearly stable. In other words, they are typically observed states without
mean flow.

Next we consider the case � 	= 0. In this case there is a mean flow contribution
given by V0 = −�/�, so that the total kinetic energy has contributions from the
large-scale mean flow and the small-scale flow. From the Fourier representation
of the velocity field �v in equation (1.28), it follows that the total kinetic energy
E is given by

Etot = 1
2

V 2
0 �2
�2 +Esmall scale (1.42)

=
⎛⎝ �2

2�2
+ 1

2

∑
��k�	=0

��k�2�ĥ�k�2
���k�2 +��2

⎞⎠ �2
�2�

A plot of the kinetic energy E versus � for this case is given in Figure 1.6. In
this case the presence of the beta-plane effect introduces through the presence of
the mean flow an additional singularity at � = 0, so that in this case the energy E

goes to infinity as � approaches zero, while in the range 0 < � < �. Again we
expect that the steady state solutions with � > 0 will be stable. Interestingly, when
� > 0 these steady states have negative mean flow velocity, V0 = −�/� < 0,
and are associated with westward mean flow. This is in marked contrast with the
earlier example, where there was beta-plane effect but no topography present, and
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Figure 1.6 Plot of the total energy E =
⎛⎝ �2

2�2
+ 1

2

∑
��k�	=0

��k�2�ĥ�k�2
���k�2 +��2

⎞⎠ �2
�2 ver-

sus � in the case of beta-plane effect (and non-zero mean flow V0). The singu-
larities are � = 0�−1�−2�−5� � � �

the resulting flow had an eastward mean flow. Nevertheless, this conclusion is
consistent with the observations of flows in the ocean. The flow in the oceans is
much slower than in the atmosphere and the effects due to the topography are
more important. Indeed, in many cases the flow will be westward because of the
topographic effect.

Next we would like to discuss the effect that the topography has on the vorticity.
For example, we can wonder whether a rise in the terrain will increase or decrease
the rotation of the flow? It turns out that the vorticity of the flow decreases as it
climbs up the terrain and increases as it climbs down. If we ignore the dissipation
and external forcing effects, then the equations for the potential vorticity q in
(1.1) reduce to


q


t
+�v ·	q = 0� q = �+�y +h�

Thus q should be conserved along the particle trajectory �X��� t�, which satisfies

d �X��� t�

dt
= �v� �X��� t�� t��

That is

q� �X��� t�� t� = q0� �X��� 0���
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Now suppose the flow transports a fluid particle from a location with a lower
value of h+�y to a location with a higher value of h+�y, i.e. the particle climbs
a mountain. Then the conservation of the potential vorticity tells us that (negative
anti-cyclonic) vorticity � must be produced. The same reasoning applies for the
sea valley case. Thus, if we think of steady states as limits at long times of the
dynamics, we expect the relative vorticity � and the topography h to mostly have
opposite signs. We could certainly see that this is the case if the vorticity � and the
topography h are anti-linear, � = −�h with � > 0; under these circumstances an
increase in h certainly corresponds to a decrease in �, and vice versa. However, in
general, the vorticity � and the topography h are not related in such a manner; this
is certainly evident in the explicit formulas in equation (1.37) and equation (1.39)
for the topography and the vorticity. One way to provide a rigorous quantitative
argument supporting the above assertion that an increase in the topography entails
a corresponding decrease in the vorticity utilizes the correlation of two functions.

The correlation of two functions f and g, Corr�f� g�, is defined by

Corr�f� g� =
∫

fg

�
∫

f 2�
1
2 �
∫

g2�
1
2

�

Intuitively, the correlation function gives a measure of the “angle” between the
functions f and g. The correlation function satisfies the following properties:

(i) Corr�f� g� = 1 if and only if g = �f with � > 0.
(ii) Corr�f� g� = −1 if and only if g = �f with � < 0.
(iii) In general, −1 ≤ Corr�f� g� ≤ 1 by the Cauchy–Schwarz inequality.

The strong condition that � and h are anti-linear, � = −�h, is now seen to be
equivalent to showing that Corr�h��� = −1. Instead, we will show that h and
� are anti-correlated, Corr�h��� < 0 for an appropriate range of �. Indeed, a
straightforward calculation utilizing the Fourier representations of � and h shows
that ∫

h� = ∑
��k�	=0

ĥ�k��k = −�2
�2 ∑
��k�	=0

��k�2�ĥ�k�2
��k�2 +�

< 0�

and therefore we conclude that for −1 < � < 0

Corr�h��� =
∫

h�

�
∫

h2�
1
2 �
∫

�2�
1
2

< 0� (1.43)

and this implies that topography and vorticity are anti-correlated provided that
� > −1. Thus, the states with � > −1 satisfy the physical intuition described
above.
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Although it is clear that the topography h and the vorticity � are not anti-
linear over all scales, we will show next that they are approximately anti-linear
at sufficiently small scales. The argument that follows nicely quantifies the effect
of topography on various scales of the vorticity.

Since �� = �� −h, the unit of � is 1
L2 . Let us look at the piece of solution at

length scale smaller than the length scale ���− 1
2 i.e. ��k� � ��� 1

2 . Let us define the
vorticity on small scale as

�� = − ∑
��k�2>�

��k�2
��k�2 +�

ĥ�ke
i�x·�k� � � ��� 1

2

� − ∑
��k�2>�

1× ĥ�ke
i�x·�k = −hsmall scale�

thus showing that at small scales the vorticity and the topography are roughly
opposite to each other. Therefore, when the flow goes over a sea mountain �h > 0�,
the small-scale vorticity decreases, i.e. small-scale flow becomes anti-cyclonic.
On the other hand, when the flow goes over a sea valley, the small-scale vorticity
increases, i.e. small-scale flow becomes more cyclonic. We also remark that our
result is exact for � = 0.

1.2.5 A dynamical solution with beta-plane and layered topography

Here we present one more example which has the beta-plane effect (hence Rossby
waves) and topography. These solutions, a set of linear ODE, provide convenient
elementary test problems for the effect of various dissipations on the Rossby waves.

We first rewrite the equation for the potential vorticity equation (1.7), in terms
of the vorticity � = �� rather than the potential vorticity q. Since

J���q� = J������+ J����y�+ J���h�

= J�����+��x +	⊥� ·	h�


q


t
= 
�


t
�

the equation (1.7) for the potential vorticity becomes


�


t
+ J�����+��x +	⊥� ·	h = ����� +� � (1.44)

We assume a special topography called layered topography. Let �k0 = �k0�x� k0�y�

be fixed and assume

h��x� = ∑
j 	=0

ĥje
ij �k0·�x� (1.45)
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We look for solutions with the same layered structure, i.e. we try

� = ∑
j 	=0

�̂j�t�e
ij �k0·�x� (1.46)

� = ∑
j 	=0

�−j2� �k0�2��̂j�t�e
ij �k0·�x� (1.47)

The advantage of choosing layered topography and stream function is that the
non-linear term vanishes. Indeed

J����� = �x�y −�y�x

= ∑
j1 	=0�j2 	=0

�j1k0�xj
3
2k0�y� �k0�2�̂j1

�t��̂j2
�t�

−j1k0�yj
3
2k0�x� �k0�2�̂j1

�t��̂j2
�t��ei�j1+j2��k0·�x

= 0�

	⊥� ·	h = �xhy −�yhx

= ∑
j1 	=0�j2 	=0

�j1k0�xj2k0�y�̂j1
�t�ĥj2

�t�

−j1k0�yj2k0�x�̂j1
�t�ĥj2

�t��ei�j1+j2��k0·�x

= 0�

Hence we are left to solve the reduced linear equation


�


t
+��x = ����� +� � (1.48)

By assuming a layered forcing of the form

� = ∑
j 	=0

�̂j�t�e
ij �k0·�x�

and using the identities


�


t
= ∑

j 	=0

�−j2� �k0�2�
d�̂j�t�

dt
eij �k0·�x�

��x = ∑
j 	=0

ij�k0�x�̂j�t�e
ij �k0·�x�

����� = ∑
j 	=0

��−j2� �k0�2��̂j�t�e
ij �k0·�x�



28 Barotropic geophysical flows and two-dimensional fluid flows

we can change the linear PDE (1.48) to the system of ODE for the Fourier
coefficients �̂j�t�

d�̂j�t�

dt
− i�k0�x

j� �k0�2
�̂j = ��−j2� �k0�2�

−j2� �k0�2
�̂j�t�− �̂j�t�

j2� �k0�2
� (1.49)

This linear ODE system provides us with an excellent example to study the effect
of various dissipative mechanisms on Rossby wave propagation, both numerically
and analytically. In Chapter 5 we will discuss the chaotic dynamics of solutions
of this type interacting with a large-scale mean flow.

1.2.6 Beta-plane dynamics with large-scale shear flow

For realistic geophysical flows, if we average wind over a month at mid-latitude,
we will see the average wind velocity varies according to its latitude. So large-
scale mean flow is typically sheared in this situation. In this section we study
the barotropic quasi-geostrophic motion riding on a large-scale shear flow. Our
model for this flow is the following:

Beta-plane equations with mean shear flow

q = �� +�y� �� ≡ ��

�v =
(

�y

0

)
+	⊥�� ��t=0 is periodic� (1.50)


�


t
+ �y


�


x
+ J�����+��x = ������

We remark that the velocity field is not spatially periodic in this case except for
special flow configurations. The coefficient � measures the strength of the mean
shear flow. We do not assume � is periodic for all time in a fixed reference
frame, but periodic in the Lagrangian coordinates frame following the large-scale
shear flow.

In fact, the equation (1.50) has interesting exact solutions, which generalize
those just presented in previous subsections to the situation with an ambient
uniform shear flow provided that topography and external forcing are ignored. For
the purpose of deriving the exact solution, we introduce Lagrangian coordinates
following the mean flow

dx

dt′
= �y� x�0� = X�

dy

dt′
= 0� y�0� = Y�

dt

dt′
= 1� t�0� = 0�
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Hence we have⎛⎜⎝x

y

t

⎞⎟⎠=
⎛⎜⎝X +�Yt′

Y

t′

⎞⎟⎠ �

⎛⎜⎝



x



y



t

⎞⎟⎠=
⎛⎜⎝




X




Y −�t′ 



X




t′ −�Y 


X

⎞⎟⎠
and set

�x = �x� y�� �X = �X�Y�� ��X�Y� t� = ��x�X�Y��Y� t��

We then have

J�x����� = det

(
	�x�
	�x�

)
= det

(
1 0

−�t′ 1

)
×det

(
	 �X�

	 �X�

)

= det

(
	 �X�

	 �X�

)
= J �X������

and hence the transformed equations in the Lagrangian coordinates take the form

� �X�t�� = �� � �X�t� = 
2


X2
+
(





Y
−�t





X

)2

� ��x = � �X�t��


�


t
+ J �X�����+��X = ��� �X�t���� (1.51)

Now we assume that the stream function is periodic in the Lagrangian coordi-
nates following the background large shear flow. Applying the Fourier represen-
tation in Lagrangian coordinates, we can write

��X�Y� t� = ∑
��k�	=0

�̂�ke
i�k· �X� �̂�k = �̂−�k�

��X�Y� t� = ∑
��k�	=0

�−��k�t���̂�ke
i�k· �X�

��k�t� = k2
1 + �k2 −�tk1�

2� (1.52)

In order to find exact solutions to the system, we further assume that we have
layered structure, i.e. there exists �k0 = �k01� k02� 	= 0 such that

�� �X� t� = ∑
j 	=0

Aje
ij �k0· �X + c�c� (1.53)

We then have, for the stream function

�� �X� t� = ∑
j 	=0

−Aj

�j�t�
eij �k0· �X + c�c�� (1.54)
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where

�j�t� = �
j �k0

= j2� �k0
� (1.55)

Following the same reasoning already developed in the previous example of
layered structure, we conclude that the non-linear terms drop out and we have the
reduced linear dynamics of

d

dt
Aj�t�− ij�

k0�1

�j�t�
Aj�t� = −��−�j�t��

�j�t�
Aj�t� (1.56)

and the solutions are

Aj�t� = Aj�0� exp

(∫ t

0

(
ij�k01

�
j �k0

�s�
−

��−�
j �k0

�s��

�
j �k0

�s�

)
ds

)
(1.57)

and hence we have:

Plane wave solutions in a uniform shear flow

��t� = ∑
j 	=0

Aj�0� exp

(
−
∫ t

0

��−�
j �k0

�s��

�
j �k0

�s�
ds

)
× exp

(
ij �k0 · �X + i

∫ t

0

j�k01

�
j �k0

�s�
ds

)
(1.58)

= ∑
j 	=0

Aj�0� exp

(
−
∫ t

0

��−�
j �k0

�s��

�
j �k0

�s�
ds

)

× exp

(
ij �k0 · �x− ijk01�yt + i

∫ t

0

j�k01

�
j �k0

�s�
ds

)
� (1.59)

Notice that �j changes as time changes. We may interpret these waves as Rossby
waves riding on a shear flow. The above solutions provide a very interesting
quantitative test for the behavior of various dissipative mechanisms in more
realistic flows, which often consist of Rossby waves embedded in shear flows.

A test problem for dissipative mechanisms

Recall that without background shear flows, hyper-viscosity has more damping
power than the eddy viscosity, which in turn has more damping power than the
Ekman drag at least on layered exact solutions for the enstrophy. We will see that
this picture can be completely changed in the presence of the background large
shear flow. It is easy to see that the enstrophy takes the form

��t� = ∑
j 	=0

�Aj�0��2 exp

(
−2

l∑
m=1

dm

∫ t

0
�

j �k0
�s�m−1ds

)
� (1.60)
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Thus the enstrophy is conserved if there is no dissipation. For the purpose of
illustration, we will focus on a plane wave solution in a uniform shear flow with
one single mode solution, i.e.

� = A�ke
i�k· �X + c�c�

This is allowed in the exact solution with j = 1, �k = �k0. We will consider three
types of dissipations: Ekman damping only, eddy viscosity only, and hyper-
viscosity only. In this case of one mode solutions

��t� = ��0��� (1.61)

� = exp
(

−2dm

∫ t

0
��k�s�

m−1ds

)
� (1.62)

We will use the log of the decay factor �ln�� of the enstrophy to illustrate the
point. After a simple integration we have:

• Ekman damping, m = 1

ln�Ek = −2d1t� (1.63)

• Eddy diffusivity, m = 2

ln�Ed = −2d2

(
1
3

�2k2
1t

3 −�k1k2t
2 + (k2

1 +k2
2

)
t

)
� (1.64)

• Hyper-viscosity, m = 3

ln�Hp = −2d3

(
1
5

�4k4
1t

5 +a4�
3t4 +a3�

2t3

−2�k1k2

(
k1

1 +k2
2

)
t2 + (k2

1 +k2
2

)2
t
)

� (1.65)

where a3 = 2k2
1

(
k2

2 + 1
3 k2

1

)
� a4 = −k3

1k2.

We first discuss how each type of the dissipation operator is affected if � is
changed. For this purpose we take the partial derivatives of the log of the decay
factor with respect to � and we deduce





�
ln�Ek = 0� (1.66)





�
ln�Ed = −2d2

(
2
3

�k2
1t

3 −k1k2t
2
)

� (1.67)





�
ln�Hp = −2d3

(
4
5

�3k4
1t

5 +3a4�
2t4

+2a3�t3 −2k1k2

(
k1

1 +k2
2

)
t2) � (1.68)
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Hence we may conclude:

Large uniform shear effects on dissipation: sensitivity on �, one mode solution

(i) Long time
• Case Ekman damping: no effect.
• Case Eddy viscosity: the increase of � will enhance dissipation if �k2

1 > 0 and
decrease dissipation if �k2

1 < 0.
• Case hyper-viscosity: the increase of � will enhance dissipation if �k2

1 > 0 and
decrease dissipation if �k2

1 < 0.
(ii) Short time

• Case Ekman damping: no effect.
• Case Eddy viscosity: the increase of � will enhance dissipation if k1k2 < 0 and

decrease dissipation if k1k2 > 0.
• Case hyper-viscosity: the increase of � will enhance dissipation if k1k2 < 0 and

decrease dissipation if k1k2 > 0.

We now turn to compare the different effects of the background large shear
flows on different dissipations when � is fixed.

It is easy to see from the explicit formula for the decay factors that the order
of dissipations is preserved at the long time. In fact the higher-order dissipation
(eddy diffusivity and hyper-viscosity) are further enhanced if k1 	= 0. Of course
when k1 = 0 (i.e. the flow is a zonal flow), the background shear flow has no
effect on the dynamics and the order of dissipation is preserved as well.

Next we turn to the regime where time is short. In order to have a fair compar-
ison, we will assume that initially (at time zero) they have the same decay rate.
This implies that there exists a d > 0 such that

d3 = d� d2 = �k2
1 +k2

2�d� d1 = (
k2

1 +k2
2

)2
d�

Thus for short time we have

ln�Ed
�= ln�Ek +2d�k1k2

(
k2

1 +k2
2

)
t2 (1.69)

ln�Hp
�= ln�Ed +2d�k1k2

(
k2

1 +k2
2

)
t2� (1.70)

Hence we may conclude:

Large uniform shear effects on dissipation: sensitivity on operator and wave
number, one mode solution

(i) Long time. The order of dissipation is maintained. In fact:
• Case Ekman damping: no effect.
• Case eddy viscosity: � enhances the dissipation with a higher-order dissipation

proportional to �2k2
1t

3.
• Case hyper-viscosity: � enhances the dissipation with a higher-order dissipation

proportional to �4k4
1t

5.
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(ii) Short time. The order of dissipation could be completely reversed depending on the
wave number and �. More specifically:

• The order of dissipation is maintained, i.e. hyper-viscosity > eddy viscosity >

Ekman damping, if �k1k2 < 0.
• The order of dissipation is completely reversed, i.e. hyper-viscosity < eddy vis-

cosity < Ekman damping, if �k1k2 > 0.

We want to point out here that we assumed periodicity in the Lagrangian
coordinates following the large-scale background shear. This is not the same as
periodicity in the Eulerian coordinates in general. However, for the special case
of channel geometry, these two notions are the same, as will be clear later in
the chapter. Unfortunately, the exact solutions that we built above do not fit the
channel geometry in general unless we assume zonal flows only. Of course, there
is no influence by the background large-scale zonal shear on zonal flows; hence
it is not interesting for our purpose.

1.3 Conserved quantities

Conserved quantities play a decisive role both in physics and in mathematics.
They are especially important in studying general properties of solutions. They
are of great importance in the non-linear stability theory and statistical theory.
Thus we can hardly over-estimate the importance of conserved quantities. They
will be used throughout the remainder of this book.

1.3.1 Conservation of energy

The conservation of energy is especially important in physics. The traditional way
to show kinetic energy conservation is to use the momentum equation. But for
the geophysical fluid, it is often more convenient to use the potential vorticity
equation.

Conservation of energy for periodic flows

For the sake of simplicity, we consider first the simple case without mean flow.
Keeping

�v = 	⊥�� q = �� +�y +h (1.71)

in mind, we see the kinetic energy has a natural candidate

E = 1
2

∫
��v�2 = 1

2

∫
�	��2� (1.72)

since the fluid density is 1.
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The traditional way of measuring the kinetic energy change is to use the evolu-
tion equation for the velocity (the momentum equation). However, for geophysical
flows, the equation for potential vorticity actually defines the dynamics and is
often more convenient. Using the dynamic equation


q


t
+	⊥� ·	q = ����� +� ��x� t��

and differentiating the kinetic energy in time, we get the energy change rate

dE

dt
=
∫

	� ·	�t = −
∫

�




t
�� = −

∫
�


q


t
(1.73)

=
{∫

�	⊥� ·	q
}

+
{
−
∫

������
}

+
{
−
∫

�� ��x� t�
}

= �1�+ �2�+ �3��

We will see that �1� represents contribution from advection, �2� represents con-
tribution from dissipation, and �3� represents contribution from external forcing.

Indeed, we have:

Claim The net contribution from advection is zero, i.e. �1� = 0.
Because the potential vorticity q�q = ��+�y+h, is not a periodic function in the
presence of �y, the actual calculation becomes subtle under periodic geometry.

Since

�	⊥� ·	q = �	⊥� ·	��+h�+���x

= 1
2

	⊥��2� ·	��+h�+ �

2
��2�x�

we get

�1� ≡
∫
�0�2
�×�0�2
�

�	⊥� ·	q

= 1
2

∫
�0�2
�×�0�2
�

	⊥��2� ·	��+h�+ �

2

∫
�0�2
�×�0�2
�

��2�x

= 1
2

∫

�0�2
�×�0�2
�

��+h�	⊥��2� · �n+ �

2

(∫
x=2


��2�−
∫
x=0

��2�

)
= 0�

where �n denotes the unit outer-normal to the periodic domain �0� 2
�× �0� 2
�.
The boundary terms drop out since ���, and h are periodic.

Claim �2� represents dissipation, i.e. �2� ≤ 0.
We first recall that we have already seen that the dissipation operator really
represents dissipation in some exact solutions. Now we prove the same property
for general solutions.
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Indeed

�2� = −
∫

������ = −
∫

�
l∑

j=0

dj�−1�j�j��

Notice for j = 2k even, we have∫
��−1�j�j� =

∫
��2k� =

∫
�k��k� =

∫
�j/2��j/2��

Likewise, if j = 2k+1 is odd, we have∫
��−1�j�j� = −

∫
��2k+1� = −

∫
�k��k+1� =

∫
	�k� ·	�k�

=
∫

	��j−1�/2� ·	��j−1�/2��

where we utilized the classical integration by parts formula∫
��F�G = −

∫
	F ·	G =

∫
F�G

for periodic functions F and G.
Hence we have

�2� = −
l∑

j=0�j�even

dj

∫
��j/2��2 −

l∑
j=1�j�odd

dj

∫
�	��j−1�/2��2�

Claim �3� We will assume that
∫
� = 0. This means that we can rewrite � in

the alternative form of � = curl�F� �F = 	⊥� or � = ��. More specifically, if
� takes the Fourier expansion

� = ∑
�k 	=0

�̂�ke
i�k·�x�

then � is given by

� = ∑
�k 	=0

−�̂�k
��k�2

ei�k·�x

and we have the desired alternative forms. It then follows that

�3� = −
∫

�� = −
∫

� curl �F =
∫

	⊥� · �F =
∫

�v · �F
or

�3� = −
∫

�� = −
∫

��� = −
∫

��� = −
∫

���

Combining our estimates on the three terms and putting them back into the
equation (1.74), we obtain the results on conservation of energy in the absence
of the mean velocity field.
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Theorem 1.1 (Kinetic energy identity) The solutions of the barotropic quasi-
geostrophic equations (1.1) with periodic boundary conditions satisfy the kinetic
energy identity

d

dt

1
2

∫
��v�2 = −�E +

∫
�v · �F� (1.74)

where

�E =
l∑

j=0�j�even

dj

∫
��j/2��2 +

l∑
j=1�j�odd

dj

∫
�	��j−1�/2��2

curl �F = � �

Corollary 1.1 In the absence of dissipation and forcing, the kinetic energy of
periodic flow is conserved.

Remarks on the dissipation

Case 1: Newtonian (eddy) viscosity (j = 2 only, d2 = �).

In this case the dissipation takes the form

−�
∫

����2 dx = −�
∫ {(
2�


x2

)2

+
(


2�


y2

)2

+2

2�


x2


2�


y2

}

= −�
∫ {(
2�


x2

)2

+
(


2�


y2

)2

+2
(


2�


x
y

)2
}

= −�
∫

�	�v�2 dx� (1.75)

where we have performed integration by parts and utilized the fact that �v = 	⊥�.

Case 2: Ekman drag dissipation (j = 1 only, d1 = d).

In this case the dissipation takes the form

−d
∫

�	��2 = −d
∫

�	⊥��2 = −d
∫

��v�2� (1.76)

The dissipation depends on the velocity itself, not on its gradient. This property
justifies the name drag dissipation.

1.3.2 Large-scale and small-scale flow interaction via topography

In the previous subsection we have discussed the energy conservation of periodic
flow. We now turn to the case where there is a non-trivial time-dependent mean
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flow. The question we would like to address is whether the energy is conserved
and if there is any way of the energy going from small scale (or periodic) to large
scale (or mean) or vice versa. Here the stream function is given by

� = −V�t�y +�′�

where �′ is periodic and V�t� is an evolving mean flow. We will see that there is
natural large-scale and small-scale flow interaction via topography.

For simplicity, we will assume no dissipation or external forcing, i.e.

� = 0�� = 0�

With

q = �� +h+�y�
Dq

Dt
= 0

the small-scale part of the kinetic energy is given by

Esmall scale = 1
2

∫
�	�′�2�

Hence

d

dt
Esmall scale = −

∫ 
q


t
�′ =

∫
�′	⊥�′ ·	q +

∫
V�t�


q


x
�′

= V�t�
∫ 
��′


x
�′ +V�t�

∫ 
h


x
�′� (1.77)

Notice that ∫
�


�′


x
�′ = −

∫ 



x
�	�′� ·	�′ = −

∫ 



x
�

1
2
�	�′�2� = 0�

we deduce

d

dt
Esmall scale = V�t�

∫ 
h


x
�′� (1.78)

The latter integral is called topographic stress for reasons which will be explained
later.

An important thing we should observe here is that the large-scale mean flow
can change the energy of the small-scale flow through topographic stress. A nat-
ural thing is to ask where the small-scale energy is going. Since there is no
dissipation and forcing, it is natural to postulate the assumption that the total
energy is conserved. In this way they get the evolution equation for the mean flow
from the total energy conservation. The topography mediates the energy transfer
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between large scales and small scales. We may quantify this remarkable fact in
the following way

Etotal ≡ Emean�t�+Esmall scale�t�

≡ AR

1
2

V 2�t�+ 1
2

∫
�	�′�2

≡ constant� (1.79)

where AR is the area of the domain of interest, i.e. AR = 4
2 for the standard
periodic domain. The factor AR occurs to keep correct dimensional physical units.
Hence

d

dt
Etotal = ARV�t�

d

dt
V�t�+ d

dt
Esmall scale

= ARV�t�
d

dt
V�t�+V�t�

∫ 
h


x
�′

= 0� (1.80)

This implies, in the case V 	= 0

d

dt
V�t� = −

∫
−
h


x
�′� (1.81)

where here and throughout the rest of this book∫
�

− f = 1
AR

∫
�

f�

with AR given by the area of �. So we can derive the mean flow evolution
equation from the conservation principle. It is a good piece of wisdom that we
can often derive dynamic equations from conservation principles in physics. This
is a serendipity of mathematics and physics.

We summarize the results in this subsection as:

Equations for large-scale and small-scale flow interaction via topographic
stress

�A� q = ��′ +h+�y� (1.82)

�B� � = −V�t�y +�′� (1.83)

�C�

q


t
+ J���q� = 0� (1.84)

�D�
d

dt
V�t� = −

∫
−
h


x
�′� (1.85)
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Now we explain why the integral∫ 
h


x
�′ = −

∫
h


�′


x

is called topographic stress. This is because �′ is the pressure (due to geostrophic
balance) and hence 
�′


x is the pressure gradient, and thus h
�′

x represents topo-

graphic stress.
Next we check that the steady states with mean flow and topography described

in (1.33) and (1.34) remain steady states of the interacting system in (1.81)–(1.84)
above. Recall that these steady states are given by the formulas

� = −V0y +�′� V0 = −�

�
� ��′ = ��′ +h�

In order to establish our claim, we need to show that the topographic stress
vanishes for these solutions. Indeed, we have∫ 
h


x
�′ = −

∫
h


�′


x
=
∫

��′ 
�′


x
−�

∫
�′ 
�′


x

= 1
2

∫ 



x
��	�′�2 −���′�2� = 0�

since �′ is a periodic function and the integral of a derivative of a periodic function
vanishes. We study the non-linear stability of these steady states in Chapter 4.

In Chapter 5, we will consider a special type of solutions to (1.82)–(1.85).
This special type of solutions consists of a large-scale Mean Flow component and
a Rossby Wave component. The two components interact through topographic
stress. We will find very rich examples of integrable and chaotic dynamics.

The equations of large-scale and small-scale interaction via topographic stress
enjoy another conserved quantity, the large-scale enstrophy Q = �V�t�+ 1

2

∫−��+
h�2, for general periodic flows. Indeed

d

dt

1
2

∫
��+h�2 =

∫
��+h�


�


t

= −
∫

��+h�	⊥�′·	��+h+�y�−V�t�
∫

��+h�




x
��+h+�y�

= −1
2

∫
	⊥�′ ·	��+h�2 −�

∫
��+h�


�′


x
− V�t�

2

∫ 



x
��+h�2

= −�
∫

��′ 
�′


x
−�

∫
h�′

x = �

2

∫ 



x
�	�′�2 +�

∫ 
h


x
�′

= −�AR

dV�t�

dt
�

since �′���h are periodic. Thus Q is also conserved.
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When we study barotropic flows on the sphere in a later chapter, we will see
that similar equations as in (1.81)–(1.84) arise automatically as changes in angular
momentum through “mountain torque,” the spherical analogue of topographic
stress.

1.3.3 Infinite number of conserved quantities – generalized enstrophy

Here we explore the additional physically conserved quantities besides energy,
which might be conserved with various geophysical effects in different geometry.

Ignoring the dissipation, external forcing, and the large mean flow, we may
rewrite the evolution equations as

q = �� +�y +h� (1.86)

�v = 	⊥�� (1.87)


q


t
+�v ·	q = 0� (1.88)

Since q is conserved along the particle trajectory, a good guess is that the
integral of any function of q, i.e

∫
�0�2
�×�0�2
� G�q�, is conserved. In particular,∫

�0�2
�×�0�2
�
1
2q2 is called potential enstrophy, whereas

∫
�0�2
�×�0�2
�

1
2�2 is called

the enstrophy. The quantities
∫

�0�2
�×�0�2
� G�q� are called the generalized enstro-
phies. We will see the guess is true if � = 0. But not necessarily true if � 	= 0.
Indeed

d

dt

∫
�0�2
�×�0�2
�

G�q� =
∫
�0�2
�×�0�2
�

G′�q�

q


t

= −
∫
�0�2
�×�0�2
�

��v ·	q�G′�q�

= −
∫
�0�2
�×�0�2
�

��v ·	�G�q�

= −
∫
�0�2
�×�0�2
�

div��vG�q�� (1.89)

= −
∫

�0�2
�×�0�2
�

��v · �n�G�q�

= −
∫
y=2


�xG��� +h+�y�+
∫
y=0

�xG��� +h�

= −
∫ 2


0
�x�x� 0� t��G����x� 0� t�+h�x� 0�+2
��

−G����x� 0� t�+h�x� 0��dx��
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From this we can read off that the generalized enstrophy
∫

�0�2
�×�0�2
� G�q� is not
conserved in general, and it is conserved if one of the following is true:

• � = 0, i.e. there is no beta-effect.
• G is periodic with period 2
�.
• �x�x� 0� t� ≡ 0, i.e. there exists special symmetry in the flow.

It is easily checked that the situation remains unchanged even if we take into
consideration the large-scale mean flow V�t�.

Thus we conclude:

Case 1: � = 0, i.e. q = ��′ +h.
All generalized enstrophies

∫
�0�2
�×�0�2
� G�q� are conserved quantities.

Case 2: � 	= 0.
The generalized enstrophies

∫
�0�2
�×�0�2
� G�q� are not conserved in general.

They are conserved in the special case when G is periodic with period 2
�, or
when the flow has extra symmetry so that �x�= v2� = 0 at both y = 0� y = 2
.

A natural question to ask is then if there exists any subspace of the stream
function which has the symmetry and is invariant under the non-linear dynamics.
The answer is yes and there is a rich family of these kind of subspaces. The first
example is related to channel flow, as we shall see later in the chapter

�′ = ∑
k≥1

�ajk cos jx+bjk sin jx� sin ky� (1.90)

It is easy to verify that this is an invariant subspace of the stream function space,
provided that the topography also takes the above form. Indeed it is straightforward
to see that the linear terms of the evolution equation do not break the symmetry.
The only problem is on the non-linear term 	⊥� ·	q′, where q′ = �� +h. But a
routine calculation establishes that the non-linear term also preserves the symmetry
of the flow.

Of course, we can think of flow which has more symmetries. For instance the
swimming pool geometry

�′ = ∑
k≥1�j≥1

ajk sin jx sin ky� (1.91)

This is invariant under the non-linear dynamics, provided that � = 0 and the topog-
raphy h has the same kind of symmetry. Actually, the ground state of this flow
corresponds to the so-called Taylor vortex described earlier in Subsection 1.2.1.

Another interesting case arises if we consider the beta-plane channel flow, i.e.
we will assume periodicity in the zonal (longitude) direction, but we will replace
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the azimuthal (latitude) periodicity of the velocity by the solid wall boundary
condition. More precisely we impose

�v�x+2
�y� t� = �v�x� y� t�

v2�x� 2
� t� = v2�x� 0� t� = 0�

This also leads to infinite number of conserved quantities. We will discuss this
case later in this chapter.

1.3.4 Several conserved quantities

We proved above that all of the generalized enstrophies are not necessarily con-
served quantities if � 	= 0 in general periodic geometry. Still, there is the possibility
of there existing several significant conserved quantities. For this purpose we
take a more careful study of these conserved quantities under various conditions.

Case 1: � 	= 0� h ≡ 0�V�t� ≡ 0.

We recall the evolution equations

q = �+�y = �� +�y� (1.92)


�


t
+ J�����+��x = 0� (1.93)

In this case, we have the following conserved quantities:

• Energy: 1
2

∫ �	��2.
• Enstrophy (not potential enstrophy): 1

2

∫
�2.

The conservation of energy is derived in subsection 1.3.1. As for the conser-
vation of enstrophy, we have

d

dt

(
1
2

∫
�2
)

=
∫

�

�


t
= −

∫
�	⊥� ·	���−�

∫
��x

= −1
2

∫
	⊥� ·	��2�−�

∫
�� �x

= �
∫

	� ·	�x = �

2

∫ 



x
�	��2

= 0�

since ��� are periodic.

Case 2: � 	= 0� h 	= 0� V�t� = 0.

In this case, there is only one conserved quantity unless there is special symmetry
in the flow. The conserved quantity is:
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• Energy: 1
2

∫ �	��2.

We should notice that
∫ ���2� ∫ �q�2 are not conserved in general.

∫ ���2 is not
conserved in general, for there is an additional J���h� term in the evolution
equation. In fact

d

dt

(
1
2

∫
�2
)

=
∫

J���h�� = −
∫

J�����h 	= 0

in general. The potential enstrophy is not conserved in general due to (1.88):

Case 3: � 	= 0� h 	= 0� V�t� 	= 0.

We assume that the mean flow moves according to the large-scale and small-
scale flow interaction equations in (1.81)–(1.84). Then we have the following two
conserved quantities as discovered before:

• Total energy: E = 1
2 ARV 2�t�+ 1

2

∫ �	��2.
• Large-scale enstrophy: Q = �V�t�+ 1

2

∫−��+h�2.

Of course, for flows with the symmetries in (1.89) the same calculation as in
(1.88) above yields the conservation of all the generalized enstrophies

∫
G�q� for

� 	= 0 as well as � = 0.

1.3.5 Summary of conserved quantities: periodic geometry

Here we summarize the conserved quantities for the:

Equations for large-scale and small-scale flow interaction via topographic
stress

q = ��′ +h+�y� � = ��′� (1.94)

� = −V�t�y +�′� �v = 	⊥� =
(

− 
�

y


�

x

)
� (1.95)


q


t
+ J���q� = 0� (1.96)

d

dt
V�t� = −

∫
−
h


x
�′� (1.97)

Case I: Full periodic geometry �0� 2
�× �0� 2
� and � = 0.

Assume � = 0 and h arbitrary:

(i) Total mean energy: E ≡ 1
2 V 2�t�+ 1

2

∫−�	��2.

(ii) Generalized enstrophy: ��q� = ∫ 2


0

∫ 2


0 G�q�dx dy, for any function G�q�.
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Case II: Subtle issues in periodic geometry if � 	= 0.
In this case, far fewer conserved quantities exist.

Sub-case A: � 	= 0� h ≡ 0� V�t� = 0.

(i) Energy: E ≡ 1
2

∫ �	��2.
(ii) Enstrophy: 1

2

∫
�2.

(iii) Non-robust conserved quantities:
∫ 2


0

∫ 2


0 G�q�dx dy, if G�q� is periodic with period
�2
.

Sub-case B: � 	= 0� h 	= 0� V�t� ≡ 0.
We neglect the large mean equation in this case, since we have an independent
dynamics for the small scale.

(i) Single robust conserved quantity energy: E ≡ 1
2

∫ �	��2.
(ii) Neither enstrophy 1

2

∫
�2 nor potential enstrophy 1

2

∫
q2 are conserved.

(iii) Non-robust conserved quantities:
∫ 2


0

∫ 2


0 G�q�dx dy, provided G�q� is periodic with
period �2
.

Sub-case C: � 	= 0� h 	= 0� V�t� 	= 0.

(i) Total mean energy: E ≡ 1
2 V 2 + 1

2

∫−�	�′�2.
(ii) Large-scale enstrophy: �V�t�+ 1

2

∫−��+h�2.

(iii) Non-robust conserved quantities:
∫ 2


0

∫ 2


0 G�q�dx dy, provided G�q� is periodic with
period �2
.

It is tempting to conclude that the extrema (maximum and minimum) of the
potential vorticity are conserved, since the potential vorticity is advected along
the stream lines. However this is not true, since the potential vorticity is not
periodic if � 	= 0, and the stream lines may escape the periodic domain. It is
easy to cook up counter-examples where the extrema are not conserved. Another
way to understand this is to view the problem as flow on the whole plane with
periodic structure. Then the potential vorticity is an unbounded quantity on the
whole plane. We will see later in this chapter that it will be very different in the
case of channel geometry.

1.4 Barotropic geophysical flows in a channel domain – an important
physical model

Here we give a more complete discussion of the formulation for geophysical flows
on a channel domain mentioned earlier in the chapter. We assume for simplicity
here that the units for the problem have been chosen so that the channel domain
is given by the region

0 < x < 2
� 0 < y < 
� (1.98)
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It is an easy exercise for the reader to adapt the discussion presented here to
channel domain with a different aspect ratio of length to height.

In such a channel domain, it is natural to consider velocity fields which are
periodic in x and satisfy solid wall boundary conditions, �v · �n�y=0�
 = 0, i.e.

�v�x+2
�y� t� = �v�x� y� t��

v2�x�
� t� = v2�x� 0� t� = 0
(1.99)

on the fundamental domain in (1.98), where y = 0�y = 
� is the bottom (top) of
the channel.

In atmospheric modeling, channel domains are utilized to model a span of
mid-latitudes, for example, 25�N − 75�N , around the entire globe within the
beta-plane approximation, so that the periodicity in x is a very natural boundary
condition. In oceanography, the most powerful large-scale current in the world is
the Antarctic circumpolar current (ACC), which completes an entire circular route
around Antarctica with the narrowest point occurring at the Drake Passage at the
tip of South America. Once again, the simplest model with qualitative geometric
features of the ACC involves barotropic flow on a channel domain, with natural
periodicity in x and finite extent in y. In both these physical models, the role
of the beta-effect and topography are very important. Note also that, in these
physical models, standard viscous boundary layers do not play a significant role,
since we are considering inviscid models here and the boundaries are somewhat
artificial, especially for the atmosphere. For general flow in a channel domain
with solid wall boundary conditions, the second requirement in (1.99) implies that
the stream function ���v = 	⊥�� satisfies

��x�
� t� = A�t� ��x� 0� t� = B�t�� (1.100)

where A�t��B�t� are time-varying constants. Since a stream function is always
determined within an arbitrary constant, without loss of generality we set

B�t� ≡ 0� (1.101)

The most general stream function satisfying these boundary conditions has the
form

��x� y� = −Vy +�′�x� y�� �′�y=0�
 = 0� (1.102)

where V = −A/
.
In order to make a connection with the periodic geometry, we extend �′ oddly

in the y direction to the box �0� 2
�× �−
�
�, i.e.

�̃′�x� y� =
{

�′�x� y� for y ≥ 0�

−�′�x�−y� for y < 0�
(1.103)
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Thanks to the odd extension in y and the zero boundary condition of �′ at the wall
�y = 0� y = 
�, both �̃′ and the small-scale velocity 	⊥�̃′ are periodic functions
in x and y. (The small-scale velocity will not be periodic for an even extension
in y in general.) Since it is an odd function in y, the Fourier representation of
�̃′ cannot contain even terms (the cosines ) in y. Hence we have, after restricted
back to the original domain, the following Fourier expansion for �′

�′�x� y� = ∑
k≥1

∑
j

�ajk cos�jx�+bjk sin�jx�� sin�ky�� (1.104)

For simplicity, we ignore dissipation and forcing in the discussion below. With
the general stream function given in the above form under the above discussion,
the dynamic equations are basically identical to those derived earlier for the
periodic geometry, namely:

Barotropic quasi-geostrophic equations in a channel with topographic stress

q = ��′ +h+�y� � = −V�t�y +�′�


q


t
+ J���q� = 0�

d

dt
V�t� = −

∫
−
h


x
�′�

(1.105)

We note here that the area for the domain is 2
2 and hence 2
2 is now the one
utilized in the normalized integral in the dynamic equation for the large mean V .

From our previous discussions in Subsections 1.3.3–1.3.5 on conserved quan-
tities, it follows that the system (1.105) has the following:

Conserved quantities

(i) Total mean energy

E = 1
2

V 2�t�+ 1
2

∫
−�	�′�2� (1.106)

(ii) Large-scale enstrophy

Q = �V�t�+ 1
2

∫
−��+h�2� (1.107)

(iii) Generalized enstrophies ∫
G�q� (1.108)

for an arbitrary function G�q�, where q = ��′ +h+�y.

The proofs are pretty much the same as in the periodic case and the conservation
of generalized enstrophies follows from the special channel symmetry (1.104).

The conservation of the infinitely many generalized enstrophies has some inter-
esting implications. In particular, it implies the conservation of extrema of the
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potential vorticity. This is physically reasonable: since the potential vorticity is
advected along the stream lines, it is periodic in the zonal �x� direction and the
vertical boundaries are impermeable.

Mathematically we let m be the maximum of the initial potential vorticity in
the channel

m = max q�·� 0� (1.109)

and we define

G�q� =
{

�q −m�2� if q ≥ m

0� if q < m�
(1.110)

Then G is differentiable and hence � = ∫
G�q� is conserved. Notice that ��0� = 0

since m is the maximum of the initial potential vorticity. Thus ��t� = 0 for all t,
which further implies

q�·� t� ≤ m (1.111)

for all t. On the other hand, for any � > 0 we may define

G��q� =
{

�q −m+��2� if q ≥ m−�

0� if q < m−��
(1.112)

Then G� is differentiable and hence �� = ∫
G��q� is conserved. Notice that

���0� > 0 since m is the maximum of the initial potential vorticity and � > 0.
Thus ���t� > 0 for all t, which further implies

max q�·� t� ≥ m−� (1.113)

for all t and all � > 0. Hence

max q�·� t� ≥ m� (1.114)

which leads to

max q�·� t� = m = max q�·� 0�� (1.115)

The conservation of the minimum can be verified the same way.
Note that this argument also shows that we have conservation of the extrema

for general periodic flows with � = 0.

1.4.1 The impulse and conserved quantities

For a channel domain, a very natural quantity to consider is the impulse, I ,
defined by

I =
∫
−y�� where � = ��′� (1.116)
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Note that I has the units of velocity. Physically, the impulse represents the mean
(zonal) x-momentum induced by the relative vorticity in the fluid. The physical
interpretation will be clear after our discussion below.

For � 	= 0, the standard choice of the conserved potential enstrophy, G�q� =
1
2q2, yields the conserved quantity

1
2

∫
−��+h�2 +�I� (1.117)

since q = �+h+�y. The difference of this conserved quantity and the conserved
large-scale enstrophy Q yields the fact that for � 	= 0

V�t�− I�t� is conserved in time� (1.118)

Thus, the production of mean x-momentum (horizontal flux rate) in time is
exactly associated with the changes of impulse in time. In particular, for a zonal
topography, the impulse

I� is conserved in time, if h = h�y�� (1.119)

The elementary discussion we have just presented relied on requiring � 	= 0.
However, direct calculations utilizing integration by parts also yield the two
general conservation principles for impulses discussed above. This is left as an
exercise for the interested reader.

The conservation of impulse for channel flow is in marked contrast to periodic
flow for which the impulse is not conserved in general, even in the absence of
topography.

1.4.2 Conservation of circulation

Another interesting quantity for the channel is the so-called circulation, which is
defined as

� =
∫

�� where � = ��′� (1.120)

This measures the total vorticity (or the global rotation of the fluid) in the domain.
It is called circulation since

� =
∫ (

−
v1


y
+ 
v2


x

)
=
∫

�

�−n2v1 +v2n1�ds =
∫

�

�v · �� ds

= −�top +�bottom�

where �� is the unit counter-clockwise tangent vector at the boundary of the channel
and �top = ∫

y=
 v1 dx, �bottom = ∫
y=0 v1 dx.
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The conservation of circulation is a special case of the conservation of general-
ized enstrophy with G�q� = q. In general the circulation in a channel is not zero.
This is different from the periodic geometry where the circulation is identically
zero.

In the case of zonal topography (thus the impulse is conserved), we may derive
the separated conservation of the circulation on the top (�top) and on the bottom
��bottom�. Indeed

ARI =
∫

y� =
∫

y�� =
∫
y=





�


y
−
∫ 
�


y
= −
�top� (1.121)

Hence �top is conserved, which further implies the conservation of �bottom by the
conservation of total circulation.

1.4.3 Summary of conserved quantities: channel geometry

Here we summarize the conserved quantities discussed above for the barotropic
quasi-geostrophic equations in a channel (1.105).

Conserved quantities in the channel geometry

(i) Total mean energy

E = 1
2

V 2�t�+ 1
2

∫
−�	�′�2� (1.122)

(ii) Large-scale enstrophy

Q = �V�t�+ 1
2

∫
−��+h�2� (1.123)

(iii) Generalized enstrophies ∫
G�q� (1.124)

for an arbitrary function G�q�, where q = ��′ +h+�y.
(iv) Mean velocity–impulse difference

V − I� (1.125)

where the impulse I is defined as

I =
∫
−y�� where � = ��′� (1.126)

Moreover, in the case of zonal topography, i.e. h = h�y�, the impulse I is conserved
in time.
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(v) Circulation (special case of conservation of generalized enstrophy with G�q� = q)

� =
∫

�� where � = ��′� (1.127)

Moreover, in the case of zonal topography, i.e. h = h�y�, we have separated conser-
vation of circulation

�top =
∫

y=

v1 dx� �bottom =

∫
y=0

v1 dx� (1.128)

(vi) Potential vorticity extrema (special case of conservation of generalized enstrophies)

max q�·� t�� min q�·� t�� (1.129)

where q = �� +h+�y.

1.5 Variational derivatives and an optimization principle for elementary
geophysical solutions

For an ordinary differentiable function F from RN to R, the gradient, 	F , is the
unique vector field, so that the directional derivatives satisfy

lim
�→0

F��x+��y�−F��x�

�

def= 	F��x� · �y� (1.130)

where �a · �b is the usual Euclidean inner product.
Throughout this book, we will often calculate directional derivatives of func-

tionals, � , from an infinite-dimensional Hilbert space equipped with an inner
product into the real numbers. Let H denote this Hilbert space with the inner
product �f� g�. In most of our applications in this book, the inner product space
will be ordinary square integrable functions on a two-dimensional domain, i.e.

�f� g� = �f� g�0 =
∫
−fg� (1.131)

Given a functional, � �u�, from H to R, the variational derivative of � , denoted
��
�u , is the function satisfying

lim
�→0

� �u+��u�−� �u�

�

def=
〈
��

�u
��u

〉
� (1.132)

for any �u. Thus, the variational derivative, ��
�u , plays the analogous notion to

that of the gradient in finite dimensions from (1.130). We will use this notion
in (1.132) in a purely formal fashion throughout the book as is usually done by
physicists; however, in every context in this book, such manipulations can be
justified rigorously, although we will not do that here.



1.5 Variational derivatives and an optimization principle 51

1.5.1 Some important variational derivatives

There are some elementary variational derivatives which play an important role
throughout the book. We develop these general formulas briefly here and give
one simple application in the next subsection.

First, we calculate the variational derivative of the kinetic energy with respect to
the vorticity. Recall that for periodic functions, �, the (small-scale) mean kinetic
energy is the quadratic functional

E��� = 1
2

∫
−��v�2 = 1

2

∫
−�	��2 = −1

2

∫
−��� (1.133)

where � = ��.
Given a directional variation ��, define �� by

����� = ��� (1.134)

We calculate explicitly that

E��+����−E���

�
= −1

2

∫
−����+����−�

1
2

∫
−���� (1.135)

so that

lim
�→0

E��+����−E���

�
= −1

2

∫
−����+���� = −1

2

∫
−����+�����

= −
∫
−��� = �−�����0

with the inner product in (1.131). Thus, with the definition in (1.132), we have
the formula

�E

��
= −�� �� = �� (1.136)

Other important functionals, where it is easy to calculate the variational deriva-
tives, are given by

���� =
∫
−G��� (1.137)

for a differentiable function G. Here it is easy to see that

lim
�→0

���+����−����

�
=
∫
−G′����� (1.138)

so that
��

��
= G′���� (1.139)

The two elementary formulas of functional derivatives calculated above in (1.136)
and (1.139) will occur throughout the book.



52 Barotropic geophysical flows and two-dimensional fluid flows

1.5.2 An optimization principle for elementary geophysical solutions

As a simple application of the ideas to a calculus problem in infinite dimensions,
we consider the averaged enstrophy

���� = 1
2

∫
−��+h�2 (1.140)

and ask the following question:
Which functions, �, minimize the enstrophy for a fixed value of the energy,

E��� = E0?
Intuitively, according to the Lagrange multiplier principle, the function � should

satisfy the Euler–Lagrange equation

��

��
= −�

�E

��
� (1.141)

where � is a Lagrangian multiplier. The formula in equation (1.141) is the gener-
alization of the standard Lagrange multiplier principle with variational derivatives
replacing gradients. Since �E

�� = −�, and ��
�� = �+h, the Euler–Lagrange equation

becomes

�� +h = ��� (1.142)

Thus, we are led to the same exact solutions with and without topography that we
introduced in Sections 1.3 and 1.4 above. Of course, as in ordinary calculus, not
every solution of the equation (1.142) is necessarily a minimizer of the enstrophy,
and some of the solutions in (1.142) are saddle points. In fact, for non-zero
topography h, only the solutions with � satisfying −1 < � < +� are minimizers.
See Section 4.5 below.

1.6 More equations for geophysical flows

So far we have focused our attention on the simplest dynamic equations for geo-
physical flows, namely the barotropic quasi-geostrophic equations (1.1). There
are other interesting models that govern the dynamics of basic geophysical flows.
In this section we introduce a few more models for basic geophysical flows.
They include the F -plane equation, two layer models, and continuously stratified
quasi-geostrophic models. We will also discuss briefly the inter-relations among
these models and the basic barotropic model. As indicated in the introduction,
some of the material in the book can be generalized to these equations (mod-
els) in a straightforward fashion, while other material involves subtle current
research.
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1.6.1 The models

In this subsection we recall a few more models for basic geophysical flows. The
reader is referred to the book of Pedlosky (1987) for the physical background as
well as derivations for these models.

We first introduce the F -plane model, which is the simplest model next to the
barotropic model:

F-plane equations


q


t
+ J���q� = ����� +� � (1.143)

q = �� −F 2� +h+�y� (1.144)

where

F = L

LR

� (1.145)

with L the characteristic horizontal length of the flow and LR = √
gH0/f0 the

Rossby deformation radius, H0 the typical depth of the fluid layer and f0 the
rotation rate of the fluid. In another words, F measures the relative strength of
stratification over the rotation. The reader is referred to Pedlosky (1987) for a
formal derivation and Majda (2003) for a formal and rigorous derivation. Notice
that the F -plane model has no vertical structure and hence it is a one-layer model.
This is one of the simplest models that takes into consideration the effect of
stratification.

The next model we introduce is a quasi-geostrophic model that has full vertical
structure.

Continuously stratified quasi-geostrophic equations





t

(
�� +F 2 
2�


z2

)
+ J

(
���� +F 2 
2�


z2

)
+�


�


x
= �3� +� � (1.146)

Here ��x� y� z� t� is the stream function with fully periodic geometry in the domain

�0� 2
�× �0� 2
�× �0� 2
���

with period 2
 in x and y and period 2

� in z for the sake of simplicity, ��	⊥�	

are the horizontal Laplacian, perpendicular gradient and gradient operators, and �3

is some three-dimensional dissipation operator, F , is a non-dimensional constant
which measures the relative strength of stratification over rotation as defined
above. The motivated reader may consult the book by Majda (2003) for a formal
and rigorous derivation of these equations from the Boussinesq equations, or
Pedlosky (1987) for a formal derivation and more.
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Next we introduce a model with complexity between the simple F -plane model
and the more complex continuously stratified model. We consider two layers
of fluids with one on top of the other. This is one of the simplest models that
has a vertical structure. It has enjoyed surprising success in explaining various
phenomena in the atmosphere and ocean. The dynamic equations take the form:

Two-layer model





t
���1 −F1��1 −�2�+ J��1���1 −F1��1 −�2��+�





x
�1 = �1�





t
���2 +F2��1 −�2��+ J��2���2 +F2��1 −�2��+�





x
�2 = �2� (1.147)

where �1�x� y� t���2�x� y� t�� is the stream function of the top (bottom) layer of
fluid respectively, and

Fj = f 2
0 L2

g���/��Dj

� j = 1� 2 (1.148)

with f0 being the rotation rate, L being the horizontal length scale, g being the
gravity constant, �� being the difference of fluid densities in the two layers, �

being the reference density, and Dj being the depth of the jth fluid layer.

1.6.2 Relationships between various models

The models that we have introduced are all related, with the continuously stratified
model (1.146) being the most complex, two-layer model (1.147) the second,
F-plane model (1.143) the third, and the barotropic model (1.1) the simplest.

In this subsection we briefly discuss the inter-relationships among these models.
In fact we will demonstrate (formally) that the two-layer model (1.147) (with equal
depths) can be derived as a two vertical modes truncation of the continuously
stratified model (1.146); the F -plane model (1.143) can be derived from the
two-layer model (1.147) when the relative depth of the bottom layer approaches
infinity; the barotropic model (1.1) is the limit of the F -plane model as the Rossby
deformation radius approaches infinity (or equivalently, F → 0). We may also
derive the one-layer model (1.143) directly from the continuously stratified model
(1.146) via a one vertical model truncation.

Derivation of the barotropic one-layer model from the continuously stratified
model

In order to derive the one-layer model we propose the following one mode vertical
truncation of the continuously stratified model

��x� y� z� t� = �b�x� y� t�� (1.149)
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In another word we look for solutions with no vertical structure (hence barotropic).
Substitute this into the continuously stratified model (1.146), and, assuming the
forcing has no vertical structure, we deduce


��b


t
+�


�b


x
+ J��b���b� = ��b +� � (1.150)

which is exactly the barotropic quasi-geostrophic model (1.1) without topography.

Derivation of the two-layer model from the continuously stratified model

Next we derive the two-layer quasi-geostrophic equations with equal depth (thus
F1 = F2) by taking a two mode vertical Galerkin truncation of the continuously
stratified model (1.146). Such models are prominent in studies of the dynamics
of the atmosphere and ocean (see Pedlosky, 1987). The intuition behind them is
that the z independent vertical mode gives the barotropic mode and thus we need
a vertical shear to incorporate the baroclinic mode associated with the transport
of heat. For simplicity in exposition, we neglect dissipation and external forcing
in the derivation below.

Without loss of generality, we assume � = 1 and we approximate the stream
function � with the first two modes in the vertical Fourier expansion

��x� y� z� t� = �b�x� y� t�+�t�x� y� t�
√

2 sin z� (1.151)

Substitute this into the continuously stratified model (1.146) and notice for the
Jacobian we have

J

(
���� +F 2 
2�


z2

)
= J��b +�t

√
2 sin z���b + ���t −F 2�t�

√
2 sin z�

= J��b���b�+√
2 sin z�J��t���b�

+J��b���t −F 2�t��+2 sin2 zJ��t���t −F 2�t��

The projection of the right-hand side on to the first two vertical Fourier bases
�1�

√
2 sin z� yields, following components for each modes





t
��b + J��b���b�+ J��t���t −F 2�t�+�





x
�b = 0� (1.152)





t
���t −F 2�t� + J��t���b�+ J��b���t −F 2�t�+�





x
�t = 0� (1.153)
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These two equations can be re-arranged (addition and subtraction) into the fol-
lowing form





t
����b +�t�−F 2�t�+ J��b +�t����b +�t�−F 2�t�

+�




x
��b +�t� = 0� (1.154)





t
����b −�t�+F 2�t�+ J��b −�t����b −�t�+F 2�t�

+�




x
��b −�t� = 0� (1.155)

The well-known (inviscid) two-layer model then follows, once we define the
stream function �i for each layer as follows

�1 = �b +�t� �2 = �b −�t� (1.156)

and the two-layer model takes the form





t
���1 −F ′��1 −�2�+ J��1���1 −F ′��1 −�2��

+�




x
�1 = 0� (1.157)





t
���2 +F ′��1 −�2��+ J��2���2 +F ′��1 −�2��

+�




x
�2 = 0� (1.158)

where

F ′ = F 2

2
�

This is the two-layer model with equal depth, no dissipation and no external
forcing.

Derivation of the one- and one-half-layer model from the two-layer model

We consider the two-layer model (1.147) with the bottom layer much thicker than
the top layer. Physically this could happen in many situations; for instance, in
the ocean with a relatively thin (mixing) layer sitting on a much thicker (inertial)
layer. Since F1�F2� are inversely proportional to the depth of the layer with the
other parameters fixed (see (1.148)), we may quantify this assumption in the
following relationship for the two-layer model (1.147)

F2 = �F1� (1.159)
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where � is a small quantity. We may then rewrite the second equation in (1.147) as





t
���2 +�F1��1 −�2��+ J��2���2 +�F1��1 −�2��+�





x
�2 = 0�

Formally setting � = 0 in the above equation, we deduce that the bottom layer
satisfies the barotropic quasi-geostrophic equations





t
���2�+ J��2���2�+�





x
�2 = �2��x�� (1.160)

Thus the limiting dynamics of the bottom layer is independent of the top layer.
Now for any fixed (time-independent) flow configuration �2��x�, it is a solution
to the above limiting dynamic equation for the bottom layer with a forcing term
�2��x� dictated by this given stream function. Let

h��x� = F1�2��x�� (1.161)

then the limiting dynamics of the top layer is governed by





t
���1 −F1�1 +h�+ J��1���1 −F1�1 +h�+�





x
�1 = �1��x�� (1.162)

or





t
�q�+ J��1� q� = �1��x�� (1.163)

where q = ��1 −F1�1 +h+�y. In the case of � = 0, we recover the F -plane
equation without dissipation or external forcing. We observe that h��x� = F1�2��x�

serves as an effective topography. The interested reader may consult Majda and
Wang (2005) for a rigorous justification of this limit.

Derivation of the barotropic quasi-geostrophic model from the F -plane model

This is achieved by setting the Rossby deformation radii LR equal to �; or
equivalently setting F = 0 in the F -plane equation (1.143), we arrive at the
barotropic quasi-geostrophic model (1.1) with effective topography.

The interested reader is encouraged to consult the books of Pedlosky (1987),
Gill (1982), and Majda (2003) for more information on these models.

It is not difficult to make lists of conserved quantities for the models that we
introduced in Subsection 1.6.1, either in the full periodic geometry or the channel
geometry. The derivation of most of the conserved quantities here is straightfor-
ward generalization of our derivation for the barotropic quasi-geostrophic model
and it is left as an exercise for the interested reader.
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2

The response to large-scale forcing

2.1 Introduction

It is an apparent fact in many instances, for example in the mesoscale and large-
scale motions of the atmosphere and the ocean, that the fluid develops large-scale,
coherent, and essentially two-dimensional flow patterns. These flows are the result
of many competing effects, including dissipation and external forcing. Therefore,
a fundamental problem is to understand how these large-scale flow structures
develop through energy transfer to large scales for a fluid with dissipation and
external forcing. In this chapter we study the existence and stability of large-scale
flow structures for two-dimensional flows. In the simplest situation we assume
that the flow is homogeneous (there is no density stratification) and it is described
by the barotropic quasi-geostrophic equations with external forcing in the absence
of topography and mean flow

��

�t
+�

��

�x
+ J����� = ��	�� +� ��x� t�
 (2.1)

We will assume that the stream function is doubly periodic, i.e.

��x+2��y� = ��x� y +2�� = ��x� y� (2.2)

and hence the velocity �v is doubly periodic as well. The case of channel geometry
with periodicity in the longitude direction

��x+2��y� = ��x� y� (2.3)

and free-slip boundary condition (for the Newtonian viscosity case) at the latitude
direction

��

�x
�x�H� = ��

�x
�x� 0� = ��x�H� = ��x� 0� = 0 (2.4)

can be treated in exactly the same fashion, where H denotes the height of the
channel.

59
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We will assume a fairly general dissipation operator, which includes Ekman
drag, Newtonian viscosity, hyper-viscosity, or their combination

��	� =
l∑

j=1

dj�−	�j�dj ≥ 0
 (2.5)

In the special case of having generalized Kolmogorov forcing

� ��x� t� = ∑
��k�2=�

�̂�k�t�e
i�x·�k + c
c� (2.6)

where � is one of the eigenvalues of the Laplacian operator, the set 
��k�2� �k ∈�2�

in this case, and c
c represents the complex conjugate so that the forcing term
could take the real value, we have exact solutions of the form (see for instance
Section 1.3)

� = ∑
��k�2=�

A�k�t�e
i��k·�x−���k�t� + c
c� ���k� = −k1�

��k�2
� (2.7)

and the coefficients are solved via the following ODE

dA�k
dt

= ��−��

−�
A�k + �̂�k�t�e

i���k�t

−�
� (2.8)

and the solutions takes the form

A�k�t� = A�k�0�e−��−��
� t − 1

�

∫ t

0
e−��−��

� �t−s��̂�k�s�e
i���k�sds
 (2.9)

The purpose of this chapter is to show that these solutions are, in a very precise
sense, non-linearly stable under large-scale forcing (corresponding to ground state
Fourier modes) and genuine dissipation. Roughly speaking, if we wait for a long
time, any initial perturbation on the system will die out and the long time behavior
of the system will be our exact solutions as long as there is genuine dissipation,
i.e.

∑l
j=1 dj > 0. We also present a non-linear stability result of the solution (in a

restricted sense) in the inviscid (no dissipation, dj = 0) case.
The result here gives us an explicit example of a stable large coherent structure

in the presence of forcing and dissipation. In the case of a steady forcing, we
also have an example of absence of turbulence with an arbitrarily large Reynolds
number. This tells us that in order to generate turbulence or complex chaotic
behavior we not only need the amplitude of the external forcing to be large
but also need some structure on the external forcing, even in this toy model of
geophysical flows.



2.1 Introduction 61

The approach here is a unified approach for classical fluid dynamics and the
special geophysical flows considered here. The introduction of the Coriolis term
(the beta-plane effect) changes the long time behavior, i.e. the final states, in a
significant manner, as can be inferred from the exact solutions in (2.7)–(2.9) above.
For instance, for the case without damping �C��d� = 0� and no external forcing
�� = 0�, the long time behavior of the barotropic quasi-geostrophic equations is
those Rossby wave type solutions (see Section 1.3 for more details), while the
long time behavior is those steady states when there is no geophysical effects.

A remarkable identity

At the basis of the analysis presented here lies an important observation concerning
flows with generalized Kolmogorov forcing. We already know that the kinetic
energy E�t� and the enstrophy ��t� are quadratic functionals whose evolution has
already been described in the previous chapter. The remarkable fact about flows
with general Kolmogorov forcing is that:

There is a quadratic functional ��t� for the flow whose evolution does not involve
the external forcing which is:

(i) exactly conserved without dissipation,
(ii) decreasing in time for suitable dissipation in general whenever ��t� is non-negative.

Indeed, let us assume a generalized Kolmogorov forcing, i.e.

	� = −�p� (2.10)

or equivalently

	� = −�p�� where � = 	�
 (2.11)

We recall the energy identity

d

dt

1
2

∫
��v�2 = −

∫
�D�	�� −

∫
��� (2.12)

and the enstrophy identity

d

dt

1
2

∫
�2 =

∫
�

��

�t
=
∫

���	�� +
∫

�	�
 (2.13)

Thanks to the assumption on generalized Kolmogorov forcing, we notice that
the terms involving external forcing in the energy and enstrophy identity have the
following simple relationship∫

�	� = −�p

∫
��
 (2.14)
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This inspires us to consider the following quadratic functional

����t�� ≡ ����t��−�pE���t��� (2.15)

and consider the dynamics of this quantity using the energy and enstrophy identity.
Then we deduce the following remarkable identity

d

dt
����t�� = d

dt
����t��−�p

d

dt
E���t��

= �p

∫
���	�� +

∫
���	�� = D� (2.16)

where we have used the identity
∫

�	� = −�p

∫
��.

The significance of this identity lies in the fact that the external forcing term
is not involved explicitly in the dynamics of the quadratic functional � .

2.2 Non-linear stability with Kolmogorov forcing

Now we restrict ourselves to the special case of large-scale forcing, i.e. the forcing
is on the ground shell, or � = 1, the first eigenvalue of the Laplacian operator on
the 2� torus, and �k = 
�±1� 0�� �0�±1��.

Since the forcing is on one energy shell, a naive guess would be that any per-
turbation off that energy shell will eventually die out, since those modes are not
forced directly. This is not true in general, since the non-linear term tends to trans-
fer energy between different modes. However this is true when the external forcing
is on the ground energy shell, with genuine dissipation under the doubly periodic
boundary condition or the free-slip channel boundary condition. The quadratic
functional � introduced above will play a central role in the study below.

The analysis here borrows and generalizes ideas of Marchioro (1986), Con-
stantin, Foias, and Temam (1988).

2.2.1 Non-linear stability in restricted sense

Since we suspect that the dynamics on the ground energy shell have a distinguished
position, we would like to introduce the following convenient decomposition of
the potential vorticity into the grand energy shell and higher modes using Fourier
expansion.

Notation

P�1
� = ∑

��k�2=1

�̂�ke
i�x·�k� (2.17)
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�′ = ∑
��k�2≥2

�̂�ke
i�x·�k = �1−P�1

��� (2.18)

�⊥�′ = �v′ = ∑
��k�2≥2

i

��k�2

(
−k2

k1

)
�̂�ke

i�x·�k
 (2.19)

Here P�1
projects the solution onto the finite-dimensional ground state modes (or

large-scale modes). Notice that � = P�1
�+�′, P�1

� and �′ are orthogonal.
The main result of this subsection is the following non-linear stability result in

the restricted sense.

Theorem 2.1 Under the above hypothesis, i.e. forcing on the ground energy shell,
we have

1
2

∫
��′�2�t� ≤ Ce−C��d�t 1

2

∫
��′�2�0�� (2.20)

where

C��d� =
l∑

j=1

2j−1dj


It is noted that, although the growth of non-ground state modes are controlled
by the theorem, this theorem tells us nothing about the growth of ground modes.
In fact the ground modes could grow in the absence of dissipation �dj = 0� due
to resonance. Thus this theorem proves only restricted stability.

An immediate corollary of the theorem is the following fact:

Corollary 2.1 If there is no dissipation mechanism, i.e. dj ≡ 0, we have

1
4

∫
��′�2�0� ≤ 1

2

∫
��′�2�t� ≤

∫
��′�2�0�
 (2.21)

Proof of the theorem: We invoke the Fourier representation of the vorticity and
stream function. Recall

1
2

∫
−�2 = 1

2

∑
��k�2≥1

��̂�k�2� (2.22)

1
2

∫
−��⊥��2 = 1

2

∑
��k�2≥1

��k�−2��̂�k�2� (2.23)

1
4�2

���� = 1
2

∫
−�2 −�p

1
2

∫
−��⊥��2

= 1
2

∑
��k�2≥1

��̂�k�2�1−�p��k�−2�
 (2.24)
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For the purpose of stability argument, it would be convenient if we have a
non-negative ����. This is the case with Kolmogorov forcing on the ground
energy shell. Indeed setting �p = 1, we can see

1
4�2

���� = 1
2

∑
��k�2≥2

��̂�k�2�1−��k�−2� ≥ 0
 (2.25)

In fact we have, for all time

1
2

∫
−��′�2 ≥ 1

4�2
���� ≥ 1

4

∫
−��′�2� (2.26)

since ��k�−2 ≤ 1
2 . This immediately implies the corollary for the inviscid case.

Indeed � is a conserved quantity in this case of no dissipation, thanks to the
identity (2.16) for � . Thus

1
4

∫
�′2�0� ≤ ����0�� = ����t�� ≤ 1

2

∫
�′2�t� ≤ 2����t��

= 2����0�� ≤
∫

�′2�0�
 (2.27)

This is exact the corollary that we want to prove.
We now continue with the proof of the theorem in the general case with

dissipation. We are thus forced to deal with the dissipation, or the right-hand side
of the identity for ����t��.

Recall that

��	�� = ∑
��k�2≥1

l∑
j=1

dj�−1�j	j�ei�x·�k�̂�k� = ∑
��k�2≥1

l∑
j=1

dj��k�2jei�x·�k�̂�k

= − ∑
��k�2≥1

l∑
j=1

dj��k�2j−2ei�x·�k�̂�k� (2.28)

since �̂�k = −��k�−2�̂�k; thus we have, thanks to Parseval’s identity and the assump-
tion that �p = 1

1
4�2

D = �p

∫
−���	�� +

∫
−���	��

= − ∑
��k�2≥1

��̂�k�2
(

l∑
j=1

dj��k�2j−2 −�p

l∑
j=1

dj��k�2j−4

)

= − ∑
��k�2≥1

��̂�k�2
(

l∑
j=1

dj��k�2j−2 −
l∑

j=1

dj��k�2j−4

)



2.2 Non-linear stability with Kolmogorov forcing 65

= − ∑
��k�2≥2

��̂�k�2
(

l∑
j=1

dj��k�2j−2 −
l∑

j=1

dj��k�2j−4

)

= − ∑
��k�2≥2

l∑
j=1

dj��k�2j−2�1−��k�−2���̂�k�2
 (2.29)

Now we define

C��d� ≡
l∑

j=1

dj2
j−1� (2.30)

we have

C��d� ≤
l∑

j=1

dj��k�2j−2� provided ��k�2 ≥ 2
 (2.31)

Combining the above inequalities, we deduce

1
4�2

C��d����� =
l∑

j=1

dj2
j−1 1

2

∑
��k�2≥2

�1−��k�−2���̂�k�2

≤ 1
2

∑
��k�2≥2

l∑
j=1

dj��k�2j−2�1−��k�−2���̂�k�2

= − 1
4�2

1
2

D
 (2.32)

This implies, together with the dynamic equation (2.15) for ��t�

d

dt
��t� ≤ −2C��d���t�
 (2.33)

Here and elsewhere in the book we will use the Gronwall Inequality (see for
instance Hartman, 1964). This inequality states that, if functions f�t� and g�t�

satisfy the inequality
d

dt
g�t� ≤ cg�t�+f�t�� (2.34)

where c is a constant, then

g�t� ≤ ec�t−s�g�s�+
∫ t

s
ec�t−��f���d�
 (2.35)

Thus, thanks to Gronwall’s inequality, (2.26) and (2.33), we have

4�2 × 1
4

�′�t�
2

L2 ≤��t� ≤ e−2C��d�t��0� ≤ e−2C��d�t4�2 × 1
2

�′�0�
2

L2 
 (2.36)

With this we finish the proof of this theorem.
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2.2.2 Finite-dimensional dynamics on the ground modes and
non-linear stability

In the previous subsection, we proved that perturbation off the ground modes
will decay exponentially in the presence of genuine dissipation �C��d� > 0�. The
question of stability is then reduced to the study of the finite-dimensional dynamics
on the ground modes. It is then natural to compare the dynamics on the ground
modes with the exact solution of the equation with a new initial value which
equals the projection of the original initial value to the ground modes. More
precisely, we introduce the exact solution as

�exact = ∑
��k�2=1

A�k�t�e
i��k·�x−���k�t� + c
c� ���k� = −k1�

��k�2
� (2.37)

�exact = −�exact� (2.38)

where the coefficients are solved via the following ODE

dA�k
dt

= −��−1�A�k − �̂�k�t�e
i���k�t� (2.39)

and the solutions takes the form

A�k�t� = A�k�0�e−��−1�t −
∫ t

0
e−��−1��t−s��̂�k�s�e

i���k�sds� (2.40)

where A�k�0� are the Fourier coefficients of ��0�, the initial data of the problem

with ��k�2 = 1. Alternatively, we may characterize �exact as the solution to the
following linear equation

��

�t
+�

��

�x
= ��	�� +� ��x� t�
 (2.41)

The initial data here are not that important, since we have a linear dissipated
system and we are interested in long time behavior only. It is an easy exercise
to verify that the influence of the initial data dies out exponentially, as we can
observe from (2.40).

Our goal is to estimate the difference between �exact and �. According to the
result in the previous subsection, it suffices to consider the difference between
�exact and P�1

� if we neglect exponentially decaying terms. We are interested in
the stability property of the solution �. Now, if we could prove that �exact and
P�1

� stay close together, the stability would follow, since the dynamics on the
ground modes, or �exact are non-linearly stable, as we can see from (2.37)–(2.40).
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Here is our main result of this subsection:

Theorem 2.2 Assume that there is genuine dissipation, i.e. C��d� > 0, and assume
that ��k�t� grow sub-exponentially, i.e. for any � > 0, there exists c� such that∑

��k�2=1

���k�2 ≤ c�e�t� (2.42)

and therefore the exact solutions on the ground energy shell also grow sub-
exponentially, i.e. A�k also grow sub-exponentially∑

��k�2=1

�A�k�2 ≤ c̄�e�t
 (2.43)

Let ���x� t� be any solution of the barotropic quasi-geostrophic equations with �
given by (2.6) with � = 1 and initial condition ���x� t��t=0 = �0��x�. Then there
exist constants c1� c2 > 0, such that


�exact��x� t�−���x� t�
2
0 ≤ c1e

−c2t


This theorem implies that, for arbitrary initial conditions, the flow relaxes expo-
nentially on a dissipative time scale to the exact solution �exact.

Proof of the theorem: We first recall that


�′
2
0 = 
�Id−P�1

��
2
0 ≤ ce−c′t�

for some positive constants c� c′ by our earlier result. Thus the theorem is equiv-
alent to proving


�exact��x� t�−P�1
���x� t�
2

0 ≤ c1e
−c2t�

by the usual triangle inequality.
Since we already have the dynamic equation for the exact solution �exact (2.41),

it is natural to find the equation satisfied by P�1
� and then consider the difference

of �exact and P�1
� by studying the equation satisfied by �exact −�. In view of

the equation of �exact, we would like to write the non-linear interaction term as
the external forcing term for the equation for P�1

�.

Fourier representation for the dynamic equations

We recall the Fourier representation of the solutions for the damped and forced
barotropic quasi-geostrophic equations

��

�t
+�⊥� ·��+�

��

�x
= ��	�� +� ��x� t�
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with

� = ∑
��k�2≥1

ei�x·�k�̂�k�t�� � = ∑
��k�2≥1

−�̂�k�t�

��k�2
ei�x·�k


The terms in the equation can be represented using the Fourier representation

�⊥� = − ∑
� �m�2≥1

i

� �m�2
(

−m2

m1

)
�̂ �m�t�ei�x· �m� (2.44)

�� = ∑
��l�2≥1

i

(
l1

l2

)
�̂�l�t�e

i�x·�l� (2.45)

�⊥� ·�� = ∑
��k�2≥1

P̂�ke
i�x·�k� (2.46)

where

P̂�k = ∑
�m+�l=�k�� �m�2 �=��l�2

�m⊥ ·�l
� �m�2 �̂ �m�t��̂�l�t�� (2.47)

and we have used the fact that

∑
�m+�l=�k�� �m�2=��l�2

�m⊥ ·�l
� �m�2 �̂ �m�t��̂�l�t� = 0�

which can be verified by changing the role of �l and �m in the summation, and
using the identity �m⊥ ·�l = −m2l1 +m1l2 = −�−l2m1 + l1m2� = −�l⊥ · �m.

Thus the equivalent �-plane equation in the Fourier representation takes the
form

Fourier series representation of barotropic quasi-geostrophic equations

d�̂�k�t�
dt

+ ∑
�m+�l=�k�� �m�2 �=��l�2

�m⊥ ·�l
� �m�2 �̂ �m�t��̂�l�t�− i�k1

��k�2
�̂�k�t�

= −��−��k�2�
��k�2

�̂�k�t�+ �̂�k�t�
 (2.48)

We now restrict �k to the ground state modes ��k�2 = 1 (since these are the object
that we are interested in) and assume external forcing on the ground states only.
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We are interested in finding out the contributions from the quadratic term to
the ground energy shell (��k� = 1). It is apparent that the contribution comes from
either the interaction between the ground modes and higher modes, i.e.

�l+ �m = �k� ��l� = 1� ��k� = 1

or from interaction among higher modes, i.e.

��l�2 ≥ 2� � �m�2 ≥ 2��l+ �m = �k


In the case of ground modes/higher modes interaction, it is clear that � �m� ≤ 2.
By elementary number theory, or simply exhausting all possibility, we see that
� �m�2 �= 3. For the case � �m�2 = 4, we must have that �l and �m co-linear and hence
�m⊥ ·�l = 0. We see that the only non-trivial contribution in the case ��l� = 1 is when
� �m�2 = 2. Hence we deduce, for ��k� = 1

d�̂�k�t�
dt

− i�k1

��k�2
�̂�k�t� = −��−��k�2�

��k�2
�̂�k�t�+ �̂�k�t� (2.49)

− ∑
��l�2≥2�� �m�2≥2��l+�m=�k

�m⊥ ·�l
� �m�2 �̂ �m�t��̂�l�t�

− ∑
��l�2=1�� �m�2=2��l+�m=�k

�m⊥ ·�l
2

�̂ �m�t��̂�l�t�


The last line in the last equation represents interaction between ground modes
and higher modes through quadratic non-linear terms in the equation. And a ground
mode can interact with other ground modes in the presence of higher modes. For
instance for �k = �1� 0�� �m = �1�−1���l = �0� 1�, they satisfy �k = �l + �m� ��k� = 1�

��l� = 1� � �m�2 = 2. These terms can be viewed as scattering terms.
Denoting

C�k��l = ∑
�m+�l=�k�� �m�2=2

�m⊥ ·�l
2

�̂ �m�

and

H�k = ∑
��l�2≥2�� �m�2≥2��l+�m=�k

�m⊥ ·�l
� �m�2 �̂ �m�̂�l�

we get the full non-linear ODEs for the ground state modes ��k� = 1

d�̂�k�t�
dt

− i�k1�̂�k�t� = −��−1��̂�k�t�+ �̂�k�t�− ∑
��l�=1

C�k��l�̂�l�t�−H�k
 (2.50)
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The above equation is almost the same as the one for �exact, except that it has
the new forcing terms due to the interaction between the ground state modes and
higher modes or interaction between higher modes. Now the name of the game is
to prove the smallness, more precisely exponential decay, of these extra forces.

It is quite clear that

�C�k��l�t�� ≤ Ce− 1
2 C��d�t� (2.51)

since each term in the sum has the decay rate Ce− 1
2 C��d�t and it is a finite sum.

We will prove that the contribution from higher modes is exponentially small.
We state this as a claim and will prove this fact at the end of this subsection.

Claim

�H�k�t�� ≤ Ce− C��d�
2 t
 (2.52)

This implies the result of the theorem once we take the difference of �exact

and P�1
� and apply the usual energy method, i.e. take the inner product of the

difference equation with �exact −P�1
� and apply the usual Gronwall inequality.

Indeed, in terms of Fourier representation we have, for

�� = �exact −P�1
��

d��̂�k�t�
dt

− i�k1��̂�k�t�+ ∑
��l�=1

C�k��l��̂�l = −��−1���̂�k�t�− ∑
��l�=1

C�k��l�̂exact��l −H�k


Taking the inner product with �� and taking the real part, noticing that

Re�i�k1��̂�k� ��̂�k� = 0�

and ∣∣∣∣∣∣
⎛⎝∑

��l�=1

C�k��l��̂�l� ��̂�k

⎞⎠
∣∣∣∣∣∣≤ Ce− C��d�

2 t
���t�
2
0�

also by the assumption on the exact solution and the claim∣∣∣∣∣∣
⎛⎝∑

��l�=1

C�k��l�̂exact��l� ��̂�k

⎞⎠
∣∣∣∣∣∣ ≤ C�e− C��d�

2 t+�t
���t�
0�

��H�k� ��̂�k�� ≤ Ce− C��d�
2 t
���t�
0�
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we deduce, with � = C��d�/4

d
��
2
0

dt
≤
(

−2��−1�+Ce− C��d�
2 t

)

��
2

0 +C′
�e− C��d�

2 t+�t
���t�
0

=
(

−2��−1�+Ce− C��d�
2 t

)

��
2

0 +C′
�e− C��d�

4 t
���t�
0

≤
(

−2��−1�+Ce− C��d�
2 t + C′

�

4
e− C��d�

4 t

)

��
2

0 +C′
�e− C��d�

4 t


Now choosing T large so that

−2��−1�+Ce− C��d�
2 t + C′

�

4
e− C��d�

4 t ≤ −��−1�� for all t ≥ T

and denoting

�1 = ��−1�� �2 = C′
�� �3 = C��d�

4

we have

d
��
2
0

dt
≤ −�1
��
2

0 +�2e
−�3t� for all t ≥ T


Without loss of generality we may assume that �1 > �3 (otherwise just replace �3

with a smaller positive number), and we deduce, thanks to the Gronwall inequality


���t�
2
0 ≤ e−�1�t−s�
���s�
2

0 + �2

�1 −�3
�1− e−��1−�3��t−s��e−�3t�

for t ≥ s ≥ T . This proves the theorem.

Now it remains to prove the claim. Since

�l+ �m = �k and ��k� = 1�

we have

� �m�−1 ≤ ��l� ≤ � �m�+1


This implies ∣∣∣∣∣ �m⊥ ·�l
� �m�2

∣∣∣∣∣≤ C�
��l�
� �m� ≤ C�

provided that � �m�2 ≥ 2� ��l�2 ≥ 2.



72 The response to large-scale forcing

Utilizing the above fact, we can see that

�H�k�t�� =
∣∣∣∣∣∣ ∑
��l�2≥2�� �m�2≥2��l+�m=�k

�m⊥ ·�l
� �m�2 �̂ �m�t��̂�l�t�

∣∣∣∣∣∣
≤ C

∑
� �m�2≥2���k�=1��− �m+�k�2≥2

��̂ �m�t�� ��̂−�m+�k�t��

(by the Cauchy–Schwarz inequality)

≤ C

⎛⎝ ∑
� �m�2≥2���k�=1

��̂ �m�t��2
⎞⎠

1
2
⎛⎝ ∑

� �m�2≥2���k�=1��− �m+�k�2≥2

��̂−�m+�k�t��2
⎞⎠

1
2

≤ C
∑

� �m�2≥2

��̂ �m�t��2 ≤ Ce−C��d�t
��0�
2


This completes the proof of the claim and hence the theorem.

2.2.3 Counter-example of unstable ground state modes dynamics for truncated
inviscid flows

The non-linear stability result here depends on the existence of genuine dissipation
in an essential way. In the absence of dissipation, a situation similar to Euler’s
equations, we have non-linear stability in the restricted sense, as was stated in
Corollary 2.1. The natural question to ask is if non-linear instability could occur
for inviscid dynamics of ground state modes. This is possible indeed. In the last
chapter of this book we will present an exact solution to the barotropic quasi-
geostrophic equations on the sphere which is stable in the restricted sense but
non-linearly unstable due to resonance.

For the periodic geometry, we will consider Galerkin truncation of the inviscid
dynamics and demonstrate that the ground state modes’ dynamics are unstable in
general for the truncated dynamics.

Consider a truncation of the stream function of the form

���x� t� = ∑
��k�2≤�

�̂�k�t�e
i�k·�x (2.53)

and satisfying the Galerkin truncated barotropic quasi-geostrophic equations

�	�

�t
+�

��

�x
+P�J���	��� = ��	�� +P�� ��x� t��� (2.54)
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where P is the projection onto the subspace expanded by Fourier modes with the
square of the wave number less than or equal to �, i.e.

P��� = ∑
��k�2≤�

�̂�k�t�e
i�k·�x� (2.55)

� = ∑
��k�2 �=0

�̂�k�t�e
i�k·�x
 (2.56)

The Galerkin truncated equations in (2.54) are the physical space equations, which
can be derived equivalently by truncating the Fourier representation (2.48) to all
modes satisfying ��k�2 ≤ � in (2.48).

Suppose that we still have Kolmogorov forcing, i.e.

	� = −�1� �

it is then easy to see that the quadratic functional

���t� = ����t��−E���t��

is a conserved quantity in time for the truncated dynamics (2.54) where � = 	�.
Thus we still have stability for the ground state modes’ dynamics in the restricted
sense, as we proved in Corollary 2.1. We will show however that these ground
state modes’ dynamics are in general non-linearly unstable due to resonance. To
fix the idea, we consider the case with � = �2 = 2, i.e. we consider Galerkin
truncation on to the first two energy shells. For simplicity let us consider the
special case of � = 0 (thus Euler dynamics) and consider the invariant subspace
of the stream function of the form

���x� t� = x1�t� cos�x�+y1�t� cos�y�+x2�t� cos�x−y�+y2�t� cos�x+y�
 (2.57)

In terms of the complex-valued Fourier representation, this amounts to saying

�̂�1�0��t� = �̂�−1�0��t� = 1
2

x1�t�� �̂�0�1��t� = �̂�0�−1��t� = 1
2

y1�t��

�̂�1�−1��t� = �̂�−1�1��t� = 1
2

x2�t�� �̂�1�1��t� = �̂�−1�−1��t� = 1
2

y2�t�


A straightforward calculation yields

P�2
�J���	��� = 0 (2.58)

P�1
�J���	��� = �x2 −y2�y1 cos�x�− �x2 −y2�x1 cos�y�
 (2.59)
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This implies that this form of stream function is invariant under the truncated
Euler dynamics, provided that the Kolmogorov forcing takes the form

� ��x� t� = F1�t� cos�x�+F2�t� cos�y�

= 1
2


F1�t�e
ix +F1�t�e

−ix�+ 1
2


F2�t�e
iy +F2�t�e

−iy�
 (2.60)

The exact dynamics for these four modes is then given by the following ODE,
which is the real coefficient of the projection on the modes with ��k�2 = 1� ��k�2 = 2
in (2.48).

dx1

dt
= −�x2 −y2�y1 −F1� x1�0� = x10� (2.61)

dy1

dt
= �x2 −y2�x1 −F2� y1�0� = y10� (2.62)

dx2

dt
= 0� x2�0� = x20� (2.63)

dy2

dt
= 0� y2�0� = y20
 (2.64)

Denoting

z�t� = x1�t�+ iy1�t�� F�t� = F1�t�+ iF2�t�� (2.65)

then z satisfies the (complex-valued) ODE

dz

dt
= i�x2 −y2�z−F� (2.66)

thus we deduce that the solution is given by

x2�t� = x20� (2.67)

y2�t� = y20� (2.68)

z�t� = ei�x20−y20�tz�0�− ei�x20−y20�t
∫ t

0
e−i�x20−y20��F���d�
 (2.69)

The exact solution of the ground state modes �cos�x�� cos�y�� with Fourier coef-
ficients x1�t� and y1�t�, and initial data x0� y0 is given by

zexact�t� = x1�t�+ iy1�t� = zexact�0�−
∫ t

0
F���d� = x0 + iy0 −

∫ t

0
F���d�
 (2.70)

This implies non-linear instability of the exact solution for general perturbation
with non-zero second energy shell projection satisfying

x20 −y20 �= 0
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We consider three special types of forcing – zero, constant (non-zero), and periodic
in time – to illustrate the instability.

(i) Case F�t� ≡ 0, i.e. we have inviscid Euler without forcing, we then have

z�t� = ei�x20−y20�tz�0�


Thus

�z�t�− zexact�t��
≥ ��ei�x20−y20�t −1�zexact�0��− �z�0�− zexact�0��
≥ �zexact�0��− �z�0�− zexact�0�� �when �ei�x20−y20�t −1� ≥ 1�


Thus small perturbation (�z�0�− zexact�0��� x20� y20) of the initial data lead to order
one error provided zexact�0� �= 0 which is a generic situation. This is instability. A
remark is that this is the strongest instability that we can expect in such situation,
since the energy and enstrophy are conserved and thus no error could grow without
bound. In the case, with zexact�0� = 0, we are then studying the non-linear stability of
the zero (rest) state. It is of course non-linearly stable by the conservation of energy
and enstrophy.

(ii) Case F�t� ≡ C �= 0. In this case

zexact�t� = zexact�0�−Ct�

z�t� = ei�x20−y20�tz�0�+ C

i�x20 −y20�
�1− ei�x20−y20�t�


Hence the exact dynamics on the ground state modes is unbounded, while the
perturbed dynamics is bounded. This is clear instability.

(iii) Case F�t� = Cei�t, i.e. we have periodic in time Kolmogorov forcing. There are two
distinct sub-cases:
• Sub-case � = �x20 − y20�, i.e. we have resonance in time frequency of internal

rotation and external forcing. Then

z�t� = ei�x20−y20�tz�0�−Ctei�x20−y20�t�

zexact�t� = zexact�0�− C

i�
�ei�t −1�


Hence the exact dynamics on the ground modes is bounded, while the perturbed
dynamics is unbounded. This qualitative difference clearly demonstrates instabil-
ity.

• Sub-case � �= �x20 −y20�. Then

z�t� = ei�x20−y20�tz�0�− C

i��−x20 +y20�
�ei�t − ei�x20−y20�t��

zexact�t� = zexact�0�− C

i�
�ei�t −1�
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Thus

�z�t� − zexact�t��

≥
∣∣∣∣�ei�x20−y20�t −1�

(
zexact�0�+ C

i�

)∣∣∣∣− ∣∣∣∣ C

i��−x20 +y20�
− C

i�

∣∣∣∣
−
∣∣∣∣ei�x20−y20�t

(
z�0�+ C

i��−x20 +y20�
− zexact�0�− C

i�

)∣∣∣∣
≥
∣∣∣∣�ei�x20−y20�t −1�

(
zexact�0�+ C

i�

)∣∣∣∣
−�z�0�− zexact�0��−2

∣∣∣∣ C

i��t −x20 +y20�
− C

i�

∣∣∣∣
It is easy to see that the last two terms are small since we have small perturbation.
On the other hand, the first term could be of order one for those times t such that
�ei�x20−y20�t −1� ≥ 1 and provided that zexact�0�− C

i�
�= 0, which is a generic situation.

Again this implies that small perturbation leads to order one error, which is instability.

The case with the beta-effect is more involved, since � generates Rossby waves
on the second energy shell, which in turn drives the ground energy shell. We then
have a linear ODE system with time periodic coefficients for the ground state
modes in this time. In general, exact solutions are hard to find. Nevertheless, the
stability issues can be easily verified by combining Floquet theory with elementary
numerical computation. An elementary computation for a spectrally truncated
system of size say ��k�2 ≤ 5 indicates there is non-linear instability due to the
resonance effect. In Chapter 16, we will see a fully non-linear example of an
exact solution which is stable in the restricted sense but non-linearly unstable due
to the resonance effect with the beta-effect without any truncation.

2.3 Stability of flows with generalized Kolmogorov forcing

We have discussed the nonlinear stability of flows for a system with Kolmogorov
forcing. A natural question to ask is then, what happens for generalized Kol-
mogorov forcing. We notice that the key observation posted in the introduction
to the chapter is still valid. In fact, we have already gone through some of the
computations in the previous section.

We assume a generalized Kolmogorov forcing

� = 	� = −�p�
 (2.71)

Even though the result is true with hyper-viscosity as well, for simplicity we
assume there is no hyper-viscosity, i.e.

dj = 0� j ≥ 3
 (2.72)
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We consider the quadratic functional � = �−�pE as before. The dynamics
of this quantity is given by, thanks to the remarkable identity (2.16)

d�

dt
+2d1� +d2�
�	�
2

0 −�p
	�
2
0� = 0
 (2.73)

Since we would like to have decay on � , we try to combine the last two terms
into a positive definite quantity. Indeed we have the following key identity (this
trick will be used in the next chapter as well)


�	�
2
0 −�p
	�
2

0 = 
��	+�p��
2
0 −2��	���p���0

−�2
p
��
2 −�p
	�
2

0

= 
��	+�p��
2
0 +�p
	�
2

0 −�2
p
��
2

= 
��	+�p��
2
0 +2�p�� (2.74)

thus we deduce

d�

dt
= −2�d1 +d2�p�� −
��	+�p��
2

0
 (2.75)

This implies the decay of the quadratic functional �

��t� ≤ e−2�d1+d2�p�t��0�� (2.76)

by simply dropping the term 
��	+�p��
2
0 on the right-hand side of the equation

and applying Gronwall’s inequality.
An important difference between the kinetic energy E�t� (or the enstrophy

��t�) and the quadratic functional ��t� is that the former is positive definite,
whereas ��t� is in principle an indefinite quadratic functional. Because of this
fact, the previous estimate is not as powerful as its counterparts for kinetic energy
and enstrophy. However, in some instances we can ascertain that ��t� is always
non-negative and then the above estimate guarantees exponential decay for ��t�.
For example, one case where ��t� ≥ 0 occurs if �p = �1, where �1 is the
first eigenvalue of the Laplacian operator sustained by the specific geometry; for
instance, it is 1 for doubly periodic geometry on 2� torus. Indeed, in this case
the Poincaré inequality guarantees that

��t�

E�t�
= 
��v
2

0


�v
2
0

≥ �p� (2.77)

which is equivalent to ��t� ≥ 0.
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Otherwise, for general flows the quadratic functional ��t� can change sign
and all we can conclude is:

Corollary 2.2

1. If ��0� > 0, then lim sup
t→


��t� ≤ 0.

2. If ��0� ≤ 0, then ��t� ≤ 0 for all t.

Proof: This is a direct consequence of the decay estimate on � .
The quadratic functional ��t� can be viewed as a functional ���� of the

vorticity �. In fact, we can provide an explicit formula for ���� in terms of the
Fourier modes �̂�k of the vorticity and the relation that �̂�k = − 1

��k�2 �̂�k. In terms of

the Fourier expansion, we have

����t�� = ��t�−�pE�t� = 4�2 × 1
2

∑
�k �=0

(
1− �p

��k�2

)
��̂�k�2�t�
 (2.78)

An interesting situation arises when ��0� ≤ 0. In this case we know from the
previous corollary that ��t� ≤ 0 for all time. We notice that the quadratic func-
tional ���� has in general negative and positive terms; the low modes with
��k�2 < �p give negative contributions, and the remaining high modes with ��k�2 >

�p give positive contributions to ����. This observation together with the fact
that ��t� ≤ 0 for all times permit us to derive an upper bound for all the high
modes in terms of the few low modes(

1− �p

�p+1

) ∑
��k�2>�p

��̂�k�2�t� ≤ ∑
��k�2>�p

(
1− �p

��k�2

)
��̂�k�2�t� ≤

∑
��k�2<�p

(
�p

��k�2
−1

)
��̂�k�2�t� ≤

(
�p

�p−1
−1

) ∑
��k�2<�p

��̂�k�2�t�

(2.79)

In conclusion, we proved:

Proposition 2.1 (Slaving principle) If ��0� ≤ 0, then ��t� ≤ 0 for all t, and
the high modes are dominated by the low modes by the upper bound∑

��k�2>�p

��̂�k�2�t� ≤ C
∑

��k�2<�p

��̂�k�2�t�� (2.80)

where C is the constant C = �p+1��p −�p−1�/�p−1��p+1 −�p�.

The above proposition says that when ��t� ≤ 0 the infinitely many high modes
are “slaved” by a finite number of low modes. In effect, this slaving principle
implies control on the enstrophy ��t� and control on 
��v
2

0 = 
�
2
0, provided
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that only the finite-dimensional amplitudes on the right-hand side of (2.80) are
bounded. Therefore by Rellich’s theorem the velocity field �v is relatively compact,
i.e. �v is almost finite dimensional.

For general generalized Kolmogorov forcing we cannot expect a non-linear
stability result, such as the case for large-scale (ground state modes) forcing,
treated in the previous section. Indeed for p large enough, an exact solution of
the form sin��k · �x�� ��k�2 = �p becomes unstable for the Navier–Stokes equation
with corresponding generalized Kolmogorov forcing, see for instance Yudovich
(1965) or Babin and Vishik (1992). Their method can be carried over with minor
changes to this case with beta-plane effect. So the above results are in a sense the
best that we could expect. Numerical experiments with the case, � = 0, show that
in these circumstances there can be remarkable homoclinic chaos, with bursts and
quiescent periods for the vorticity (Nicolaenko and She, 1991).
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3

The selective decay principle for basic geophysical
flows

3.1 Introduction

In the last chapter we have considered the case when the system is damped and
driven at the large scales. We discovered that a large coherent structure emerges.
Now we consider the case without external forcing, i.e. the freely decaying quasi-
geostrophic equation

��

�t
+�

��

�x
+ J����� = ��	��� (3.1)

where

��	� =
k∑

j=1

dj�−	�j�

with
k∑

j=2

dj > 0 and dj ≥ 0 for all j�

i.e. we assume the presence of Newtonian viscosity, or hyper-viscosity, or both.
It is apparent that all solutions converge to zero as time approaches infinity.

To illustrate this point, we consider the special case of (3.1) with only Newtonian
viscosity, ��	� = d2	�. Then the energy E�t� = 1

2��v�2
0 and the enstrophy ��t� =

1
2���2

0 satisfy

dE�t�

dt
≤ −d2���2

0 = −d2�
�v�2
0 ≤ −2d2E�t��

d��t�

dt
≤ −d2�
��2

0 ≤ −2d2��t��

where we have applied Poincaré’s inequality, 2�f�2
0 ≤ �
f�2

0, for periodic func-
tions with zero mean in the above. Now, Gronwall’s inequality yields

E�t� ≤ e−2d2tE�0�� ��t� ≤ e−2d2t��0��

80
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which demonstrates the exponential decay of solutions. Here, we would like
to study in detail how solutions decay. We are particularly interested in the
emergence of large-scale coherent structures.

Early numerical investigation of the evolution of coherent structures for freely
decaying 2-D Navier–Stokes flows indicated that the enstrophy decays much more
rapidly than the energy. This suggests that we might find a suitable intermediate
time scale over which the energy changes slightly, so as to be regarded as
nearly conserved, while the enstrophy sweeps down much more sharply. This
led physicists to hypothesize the following selection principle to characterize the
large time asymptotic states of the flow:

Physicist’s selective decay principle: After a long time, solutions of the quasi-
geostrophic equations and/or the two-dimensional incompressible Navier–Stokes
equations approach those states which minimize the enstrophy for a given energy.

The appeal of such a principle is that it reduces the calculation of the asymptotic
states of the quasi-geostrophic equations and/or the Navier–Stokes system to
a simpler problem in the calculus of variations as discussed briefly earlier in
Section 1.5. However, from the mathematical point of view, the selective decay
principle stated above is somewhat imprecise; the solution of the quasi-geostrophic
equations and/or the Navier–Stokes equations may not approach only a minimizing
state, but rather some critical point of the enstrophy. On the other hand, the
minimizing state is the only stable state. In any event, we include in the discussion
all rather than just the enstrophy minimizers at constant energy.

For conciseness, we refer to such a critical point of the enstrophy at constant
energy as a selective decay state. We do not know a priori that selective decay
states, so defined, are bona fide solutions to (3.1) or are invariant for the underlying
equations. At the moment, a selective decay state is just a velocity or vorticity
profile satisfying the variational principle. The selective decay hypothesis is that
the arbitrary initial stream function somehow approaches the flow configuration
of a selective decay state in the long time limit. It is hard to imagine the selective
decay principle being valid unless the selective decay state turned out to be
invariant to the Navier–Stokes equations and/or the quasi- geostrophic equations.
More precisely, we are interested in asking if, under time evolution via the quasi-
geostrophic equations or the Navier–Stokes equations, a selective decay state
continues to minimize the enstrophy at its energy level at later times. Such a
property will at least render the selective decay principle meaningful. If such
selective states are invariant under the barotropic quasi-geostrophic dynamics, we
then need to check if an arbitrary solution converges to some selective decay
state. This is the key part of the selective decay principle. We also need to explain
the numerical fact that all flows converge to the largest structure allowed by the
geometry. This is most likely to be explained using a stability argument. We also
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need to identify the geophysical effects (in our case it is the beta-plane and the
artificial hyper-viscosity), since we are interested in geophysical applications. To
summarize, we need to address the following issues:

• Invariance. This is the one that make the selective decay state meaningful.
• Convergence. This is needed to justify the selective decay principle.
• Stability. This is useful in interpreting the numerical results which indicate all flows

converge to some ground states.
• Beta-plane effect, hyper-viscosity effect. This is useful since we would like to identify

the geophysical effects.

In the remaining sections, we will study the questions of existence and stability
of the selective decay states for the quasi-geostrophic equations and the Navier–
Stokes equations with periodic boundary conditions and follow similar ideas as
those developed by Foias and Saut (1984) for the classical fluid flow case and
Majda–Shim–Wang (2001) for the geophysical flow case. The chapter ends with
a series of numerical experiments illustrating important facets of selective decay
with and without geophysical effects.

Even though the selective decay principle holds for both geophysical and clas-
sical two-dimensional flows, the presence of the geophysical effect, i.e. the beta-
plane, alters the final dynamics in a fundamental way. We will see that the selective
decay states for the classical fluid flows are steady state generalized Taylor vor-
tices, while the selective decay states for geophysical flows with the beta-effect
are the superposition of generalized Taylor vortices and those Rossby waves. We
will also explain the role of hyper-viscosity. Roughly speaking, it enhances the
process of selective decay. Heuristically, this is because the hyper-viscosity damps
higher frequency modes much more efficiently than lower frequency modes.

3.2 Selective decay states and their invariance

Recall that the selective decay states �∗�E0� are critical points of the enstrophy
functional

���� = 1
2
���2 = 1

2
�	��2

0 (3.2)

under the following energy constraint

E��� = 1
2

∫
−�
⊥��2 = 1

2
�
⊥��2

0 = 1
2
�
��2

0 = E0� (3.3)

According to the Lagrange multiplier method we deduce the following simul-
taneous functional relations

E���� = E0�

�


�
���

= �

E


�
���

�
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Recall that the variational derivatives of the quadratic energy and enstrophy
functionals are calculated as in Section 1.5 as


E


�
= −	��


�


�
= 	2��

Hence, we end up with a simultaneous system

E���� = E0� 	2�� = −�	���

This implies, since we assumed zero mean for all stream functions and hence the
Laplacian is invertible, that the stream function �� for the selective decay state
must satisfy

E���� = E0� (3.4)

−	�� = ���� (3.5)

Hence, it must be one of the eigenfunctions of the Laplace operator.
It is interesting to note that as discussed later in the book such eigenvalue–

eigenfunction problems also emerge from classical energy–enstrophy statistical
mechanics in predicting the most probable states (see Chapters 6 and 8 among
others).

The eigenfunctions of the Laplacian in the periodic setting can be easily cal-
culated as the generalized Taylor vortices

�j = ∑
��k�2=�j

A�ke
i�k·�x� (3.6)

where �j = ��k�2, �k ∈ Z2 are the eigenvalues.
It is easy to see, using the Fourier representation (3.6)

���j� = �jE��j�� (3.7)

Hence we may conclude:

(i) The ground state is the actual minimizer of the enstrophy with given energy. Other
Taylor vortices are saddle points.

(ii) All flows will approach a Taylor vortex of the lowest eigenvalue � = �� permitted
by the symmetries if the physicists’ selective decay principle is true.

We now check the first issue for selective decay states, i.e. the invariance of
these states under the barotropic quasi-geostrophic dynamics.

The first thing we notice is that the non-linear term drops for selective decay
states, i.e.

J���	�� = 0�
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since

	� = −�j��

Hence as discussed earlier in Section 1.3, we end up with a linear equation

−�j

��

�t
+�

��

�x
= ��−�j���

The solutions can be computed explicitly as

��t� = ∑
��k�2=�j

A�k�0�e
i�k·�x−ik1t �

�j e
−��−�j�

�j
t

(3.8)

for the stream function �. The vorticity can be calculated correspondingly.
We notice that after renormalization, the selective states are nothing but super-

position of generalized Taylor vortices and Rossby waves in the presence of the
beta-effect. Without the beta-effect we have steady states (generalized Taylor
vortices) only. We may further speculate, based on this representation

• The beta-plane effect generates Rossby waves at large times.
• The Rossby waves degenerate into generalized Taylor vortices at vanishing beta-effect.
• Ekman drag ���−�j� = d1�j� has no selective decay effect since all wave numbers

decay at the same rate.

Of course, these statements still need to be verified.
We also see that our selective decay states preserve their form under the quasi-

geostrophic dynamics, and therefore remain selective decay states at all later
times. As we have said in the previous section, this shows that the selective decay
principle at least makes sense. Physically, it predicts that an arbitrary initial flow
will appear as one of the selective decay states, a decaying Taylor vortex in a
moving frame, in the long time limit.

3.3 Mathematical formulation of the selective decay principle

Since we are studying freely decaying flows, it is natural to study the normalized
(in H1) stream function

�̃�t� = ��t�

�
��t��0
� (3.9)

so that the energy is normalized to one.
As the numerical results suggest consistently more rapid decay of the enstrophy

over the energy, we introduce the quotient of the enstrophy over energy, i.e. the
Dirichlet quotient ��t�

��t� = ��t�

E�t�
� (3.10)
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We now can state the mathematical formulation of the selective decay principle:

Theorem 3.1 (Mathematical form of selective decay) For a fluid with positive
viscosity or hyper-viscosity, in the absence of external forces, the following selec-
tive decay principle holds for the freely decaying barotropic quasi- geostrophic
equations (3.1): for arbitrary initial data, the generalized Dirichlet quotient ��t�

monotonically decreases to �j for an eigenvalue �j of the Laplace operator, i.e.

lim
t→� ��t� = �j� (3.11)

There exists an exact solution �j�t� of the barotropic quasi-geostrophic equation
with motion restricted on the jth shell given explicitly by (3.8) with � = 0, i.e. a
superposition of a zonal flow and Rossby waves, such that∥∥∥
�̃�t�−
�j�t�

∥∥∥
0
→ 0 as t → �� (3.12)

The Rossby waves degenerate into generalized Taylor vortices in the absence of
the geophysical beta-plane effect.

This partially justifies the physicist’s selective decay principle; we do see that
all flows eventually tend toward a selective decay state, a critical point of the
enstrophy on the momentary energy manifold. But this theorem does not say that
the flows must tend to the minimum enstrophy point; in fact, this statement is
in a strict mathematical sense false. The exact solutions in (3.8) with �k > 2
provide the counter-examples with ��t� ≡ �k > 2. Later, however, when we
consider stability of the various selective decay states, we shall see that only
the minimizing enstrophy state (subject to imposed symmetries) is stable. So
for practical purposes, the physicist’s selective decay principle may be said to
be valid.

In the remainder of the main text of this chapter we prove a weaker form of
the preceding theorem. The proof of the strong form stated in Theorem 3.1, can
be found in the second appendix to the chapter.

Theorem 3.2 (Weak form of selective decay principle) For any initial data
with finite energy, there exists an eigenvalue �j of the Laplacian such that (3.11)
holds. Moreover, for any increasing sequence of times �tj�

�
j=1 such that tj → �,

there exists a subsequence �tjk
��
k=1 and a selective decay state �∗ corresponding

to the eigenvalue �j , so that∥∥∥
�̃�tjk
�−
�∗

∥∥∥
0
→ 0 as k → �� (3.13)

This weak version does not tell us how limits of different subsequences are
related. In particular, for the case of Navier–Stokes equations it does not rule out
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the possibility that a given state might fluctuate between different selective decay
states corresponding to the same Laplacian eigenvalue −�∗ even though this is
not allowed according to the strong form. The weak form does not tell us about
the geophysical effect neither.

3.4 Energy–enstrophy decay

We begin the proof of this theorem by first showing that the enstrophy decays
more rapidly than the energy. This was the numerically observed phenomenon
which spawned the selective decay principle. Note that we are not saying that
the actual value of the enstrophy as a function of time ��t� decays much more
rapidly than the energy E�t�. In fact, the upper bounds on the decay of these
two functionals are identical and sharp, as we shall see below. What we shall
demonstrate below is the decay of the Dirichlet quotient, which serves as an
effective Lyapunov functional.

Proposition 3.1 The Dirichlet quotient ��t� defined in equation (3.10) satisfies

d��t�

dt
= − 1

E�t�

k∑
j=2

j−2∑
l=0

dj�
l�t���−	�

j+1−l
2 � −��t��−	�

j−1−l
2 ��2

0� (3.14)

In particular, d��t�
dt ≤ 0 with equality obtained only for the selective decay states

�	�j = −�j�j�.

Remark: We notice that the proposition suggests that hyper-viscosity enhances
selective decay since it enhances the decay rate of ��t�. It also indicates that
Ekman damping �d1� has no selective decay effect.

Proof of Proposition 3.1: Now we establish the validity of equation (3.14) for the
decay of ��t�.

For convenience we recall the definition of fractional power of the Laplacian
operator in the current periodic setting (see for instance Folland, 1976, or Foias

and Temam, 1989). For � =∑
�k A�ke

i�k·�x

�−	�s� =∑
l

∑
��k�2=�l

�s
lA�ke

i�k·�x� (3.15)

This immediately implies

�
��0 = �
⊥��0 = ��−	�
1
2 ��0� (3.16)
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Our first step is to write down the dynamic equations satisfied by the enstrophy
and the energy. Indeed, multiplying equation (3.1) by ��	�� and integrating over
the domain, we deduce

dE�t�

dt
= −

k∑
j=1

dj��−	�
j
2 ��2

0�

d��t�

dt
= −

k∑
j=1

dj��−	�
j+1

2 ��2
0�

(3.17)

The next step is a straightforward differentiation, substituting (3.17) for the
enstrophy and energy time derivatives into the time derivative of the Dirichlet
quotient

d��t�

dt
= d

dt

(
��t�

E�t�

)

= �̇�t�

E�t�
− ��t�Ė�t�

E2�t�

= 1
E�t�

��̇�t�−��t�Ė�t��

= − 1
E�t�

(
k∑

j=1

dj��−	�
j+1

2 ��2
0 −��t�

k∑
j=1

dj��−	�
j
2 ��2

0

)

= − 1
E�t�

k∑
j=1

dj���−	�
j+1

2 ��2
0 −��t���−	�

j
2 ��2

0�� (3.18)

Next we turn our attention to the numerator of equation (3.18). The idea here
is to write the right hand as sum of negative definite terms. The key observations
are the following identities, which are similar to those used earlier in (2.74)

��−	�
j+1

2 ��2
0 −��t���−	�

j
2 ��2

0

= ��−	�
j+1

2 � −��t��−	�
j−1

2 ��2
0 +2��t���−	�

j+1
2 �� �−	�

j−1
2 ��

−�2�t���−	�
j−1

2 ��2
0 −��t���−	�

j
2 ��2

0

= ��−	�
j+1

2 � −��t��−	�
j−1

2 ��2
0 +2��t���−	�

j
2 �� �−	�

j
2 ��

−�2�t���−	�
j−1

2 ��2
0 −��t���−	�

j
2 ��2

0

= ��−	�
j+1

2 � −��t��−	�
j−1

2 ��2
0 +��t����−	�

j
2 ��2

0

−��t���−	�
j−1

2 ��2
0�� (3.19)
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and

�−	��2
0 −��t���−	�

1
2 ��2

0 = 0� (3.20)

Thus, we have, by simple iteration

��−	�
j+1

2 ��2
0 −��t���−	�

j
2 ��2

0

=
j−2∑
l=0

�l�t���−	�
j+1−l

2 � −��t��−	�
j−1−l

2 ��2
0� (3.21)

and the proposition follows immediately.

3.5 Bounds on the Dirichlet quotient, ��t�

With the preceding proposition, we collect three facts leading to the mathematical
justification for the selective decay principle:

(i) The proposition states that ��t� is monotone non-increasing. In fact, ��t� is strictly
decreasing unless the stream function is one of the selective decay states � = �j , in
which case ��t� = �j for all succeeding times.

(ii) By Poincare’s inequality, ��t� is bounded below by the first eigenvalue of the
Laplacian �1 = 1.

(iii) Since ��t� is a decreasing function bounded from below, the limit

lim
t→� ��t� = �∗ ≥ �1 (3.22)

must exist.

Next, we want to demonstrate that �∗ must be an eigenvalue of the Laplacian,
i.e.

�∗ = �j for some j� (3.23)

Without loss of generality we assume that d2 > 0, i.e. there is Newtonian
dissipation. We begin by noting that

2d2

∫ �

0

��−	�
3
2 � −��t��−	�

1
2 ��2

0

�
⊥��2
0

dt

≤ −
∫ �

0

d�

dt
= ��0�− lim

t→� ��t� = ��0�−�∗ < �
so the integral ∫ �

0

��−	�
3
2 � −��t��−	�

1
2 ��2

0

�
⊥��2
0

dt < � (3.24)

must converge.
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Now let

 = min

j
���∗ −�j��� (3.25)

Then we have, for large t

min
j

����t�−�j�� ≥ 


2
(3.26)

since ��t� → �∗.
On the other hand, we observe, after invoking Fourier representation for the

stream function, that

��−	�
3
2 � −��t��−	�

1
2 ��2

0

�
⊥��2
0

=
∑

�k 
=0���k�2 −��t��2��k�2��̂�k�2∑
�k 
=0 ��k�2��̂�k�2

≥ min
�k∈Z2

����k�2 −��t��� ≥ 


2
�

This, together with the convergence of the indefinite integral (3.24), implies that

 = 0. Thus, there exists a j such that

lim
t→� ��t� = �∗ = �j (3.27)

as desired.
Because ��t� is monotone and bounded between �∗ and ��0� for all t ∈ �0���,

we are tempted to deduce that

0 ≥ d��t�

dt
≥ −2d2

��−	�
3
2 � −��t��−	�

1
2 ��2

0

�
⊥��2
0

= −2d2
��−	−��t��
��2

0

�
��2
0

−→ 0 (3.28)

as t → �. But we can easily construct smooth �C�� monotone functions of
bounded variation with the property that their derivatives do not have a limit
as t → � (for example, consider an infinite sequence of smooth bumps of non-
decreasing height over the positive real axis, such that the total area under the
graph is finite. Then the indefinite integral of such a function gives a desired
counter-example). At this point of the mathematical argument, we only know that
d��t�

dt converges to zero in some measure-theoretic sense (so that its integral over
�0��� converges). But we really want (3.28) to hold in the usual sense; otherwise
we would not be able to handle those sequences of times �tj� for which

lim
j→�

∥∥�−	−��tj��
��tj�
∥∥2

0∥∥
��tj�
∥∥2

0

does not exist.
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In fact, equation (3.28) can be shown to be valid after a little more computation.
The details are given in the first appendix at the end of the chapter. Let us proceed
under the presumption that (3.28) has been verified.

3.6 Rigorous theory for selective decay

3.6.1 Convergence to an asymptotic state

Now choose an increasing sequence of times �tj�j=1�� such that limj→� tj = �.
We will show that, under a suitable rescaling of amplitudes, the stream function
for a certain subsequence of these times will look like a selective decay state in
the long time limit; that is, the stream function will take on the structure of a
generalized Taylor vortex.

Recall, the normalized stream function is defined as

�̃�t� = ��t�

�
��t��0
� (3.29)

Mathematically, we wish to establish the existence of a subsequence �tjk
�k=1��

such that 
�̃�tjk
�

L2

→
�∗, with �∗ a selective decay state. Such a convergence of
subsequence is usually accomplished via some kind of compactness argument.
The desired compactness is usually achieved by showing the boundedness of the
subsequence in a higher Sobolev space.

In order to obtain the desired compactness, we notice that the normalization
(3.29) implies the relations∥∥∥
�̃�t�

∥∥∥
0
= 1�

∥∥∥	�̃�t�
∥∥∥2

0
= ��t��

We can thus deduce that∥∥∥
�̃�t�
∥∥∥2

0
+
∥∥∥	�̃�t�

∥∥∥2

0
= 1+��t� ≤ 1+��0�� (3.30)

Therefore, the normalized stream function �̃ is bounded in the Sobolev space H2

independent of time, since we assumed all stream functions have zero mean. Since
the sequence �̃�tj� is bounded in H2, and bounded sets in a Hilbert space are
weakly precompact (Reed and Simon, 1980), there exists a subsequence of times
�tjk

�k=1�� ⊆ �tj�j=1�� such that �̃�tjk
� converges weakly in H2 to some �∗ ∈ H2.

In addition, by Rellich’s lemma (Folland, 1976) H2 is compactly embedded in
H1, so that the sequence �̃�tjk

� converges strongly to �∗ in H1. Thus we have

�̃�tjk
� → �∗ weakly in H2� �̃�tjk

� → �∗ strongly in H1� (3.31)
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This limiting state �∗ is not a zero flow, since

�
�∗�0 = lim
k→�

∥∥∥
�̃�tj�
∥∥∥

0
= 1 (3.32)

thanks to the strong convergence.

3.6.2 Convergence to the selective decay state

Our next goal is to show that �∗ is in fact an eigenfunction corresponding to the
eigenvalue �∗ = �j .

For this purpose, let � be an arbitrary test function. We notice that

��−	−�∗��∗���0 ≡ ��∗� �−	−�∗���0

= lim
k→�

��̃�tjk
�� �−	−��tjk

����0

= lim
k→�

��−	−��tjk
���̃�tjk

����0

= 0�

since, by assumption (3.28)

lim
k→�

∥∥∥�−	−��tjk
��
�̃�tjk

�
∥∥∥2

0
= 0�

Therefore, since the test function is arbitrary

�−	−�∗��∗ = 0� (3.33)

i.e. �∗ is a selective decay state corresponding to the eigenvalue �∗ = �j as
expected.

3.6.3 Stability of the selective decay states

One physically interesting question is whether all the generalized Taylor vortices,
corresponding to various eigenvalues �j , are equally likely asymptotic states.
Observationally, scientists have found the ground states (the actual minimizer of
the enstrophy rather than just a critical point) to be the actual “selected” decay
states, but our theorem does not yet indicate why. Let us now address this point
by first appending a direct corollary:

Corollary 3.1 Suppose that the initial value of the Dirichlet quotient ��0� is less
than the second lowest eigenvalue allowed by any imposed symmetries. Then

lim
t→� ��t� = �∗ (3.34)
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will be the lowest eigenvalue permitted by the symmetries. Consequently, the flow
will cluster near ground states in the long time limit.

This observation follows immediately from the monotonic decay of ��t� and
the fact that the limiting value must be an eigenvalue. For the case of flows
without symmetries, the ground state is four dimensional (Chapter 1). Our theorem
cannot say that a given initial flow ultimately settles down to any one state in the
lowest eigenspace. Furthermore, shear flows are associated with �1, and, if our
given flows approached shear flows, we would not observe a nice, large, coherent
vortex. Hence we consider now flows with swimming pool symmetry (see (1.90))

� =∑
�k

A�k sin�k1x� sin�k2y�� (3.35)

Corollary 3.2 Consider a flow with swimming pool symmetry. If our initial data
satisfy ��0� < 5 = �2, then

lim
t→� ��t� = �∗ = 2 = �1� (3.36)

Also, for every increasing sequence of times �tj�
�
j=1 such that tj → �, there exists

a subsequence tjk
such that ∥∥∥
�̃�tjk

�−
�∗
∥∥∥

0
→ 0� (3.37)

where �∗ is one of the two anti-parallel selective decay states

�∗ = ± 1
�

sin�x� sin�y�� (3.38)

Proof: The assertion that �∗ = 2 follows from the monotonic decay of ��t�

and the fact that the lowest eigenvalue permitted by the symmetry is 2, while
the next lowest is 5. The rest of the corollary follows from the observation that
the two possible �∗ listed are the only ground state Taylor vortices satisfying the
symmetry and the normalization �
�∗�0 = 1.

Remark: Notice however such symmetry cannot be preserved under the presence
of the beta-plane effect. Hence we are considering flows without geophysical
effects here in this corollary.

This corollary gives a justification for the heuristic selective decay principle;
if the enstrophy–energy ratio begins small enough, then the asymptotic form of
the flow resembles a unique Taylor vortex, in fact the one which minimizes the
enstrophy (for given energy). The structure of this selective decay state (3.38) is a
coherent vortex, of the form typically observed. But our corollary is not yet really
satisfactory, for it does not explain why typical initial data, with ��0� possibly
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above 5, ought to approach this ground state. We need to add a stability analysis for
all the selective decay states given in the theorem for a good mathematical under-
standing of why only the ground state (respecting imposed symmetries) is actually
observed. The next proposition does this, showing that the flows approaching
higher states are unstable under small perturbations from the lower eigenmodes.

Proposition 3.2 All selective decay states in Ek, the eigenspace associated with
eigenvalue �k, with k > 1 are unstable in the sense that there exist arbitrar-
ily small perturbations such that the resulting stream function asymptotically
approaches selective decay states in a strictly lower eigenspace.

Proof: Start with a selective decay state �k ∈ Ek. Consider any �j ∈ Ej with j < k,
such that

∥∥
�j

∥∥
0
= 1, and consider the flow �k +��j , where � > 0 is an arbitrary

perturbation strength parameter∥∥
��k +��j�−
�k

∥∥
0
= �

∥∥
�j

∥∥
0
= ��

Next we compute the Dirichlet quotient of the perturbed stream function. Utilizing
the assumption that

∥∥
�j

∥∥
0
= 1 and the orthogonality of the eigenspaces, we have

���k +��j� = �k �
�k�2
0 +�2�j

�
�k�2
0 +�2

= �k + �2

�
�k�2
0 +�2

��j −�k� < �k� (3.39)

Hence, since the Dirichlet quotient is monotonically decreasing in time

�∗��k +��j� < �k (3.40)

and thus �∗��k +��j� must be a lower eigenvalue. Thus, the asymptotic structure
of the perturbed flow, for any arbitrarily small �, will resemble selective decay
states from a lower eigenspace.

Another way to see the instability of the selective decay states against perturba-
tions from lower eigenstates is to recall the formula for the decay of generalized
Taylor vortices ∥∥
�j�t�

∥∥
0
= e

−2
��−�j�

�j
t ∥∥
�j�0�

∥∥
0
� (3.41)

We observe that generalized Taylor vortices from lower eigenspaces decay slower,
and we might imagine that perturbations from lower eigenspaces would thus
persist and in fact grow in relative magnitude to the original Taylor vortex. This
is not a proof, since it does not take into account nonlinear interactions, but it
gives a partial understanding.

Hence our mathematical theory gives plausibility to the selective decay hypoth-
esis, that all physical flows eventually evolve to the enstrophy-minimizing con-
figuration. An interesting question we have not answered is how the flow actually
approaches the selective decay state. Intriguing dynamics can arise; for example,
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a flow might approach a certain “higher” selective decay state, hover there for a
while, then cascade down to the lower decay states. Such a phenomenon is known
as a coarsening transition.

3.6.4 Underlying simplifying mechanisms

Now that we have established the mathematical theory, we can attempt to cut
through the technical details of the arguments and find the fundamental mech-
anism responsible for the striking simplicity of the long-term flows. First, we
criticize the original physical notion that selective decay is due to the enstrophy
decaying much more quickly than the energy. We have shown this assertion to be
false; the fact that the quotient � of enstrophy to energy approaches a constant
positive value means that the energy and the enstrophy are really decaying on
approximately the same time scale. But there is still a crucial element of truth to
the physical hypothesis; the monotonic decrease of ��t� means that the enstrophy
is consistently decaying more rapidly than the energy. Even though the rates of
decay of energy and enstrophy become ever closer, the enstrophy is at all times
decaying more quickly (except for the special case of an exact selective decay
state). This premise itself might be enough to go through the heuristic motivation
for the selective decay principle, arguing that the asymptotic states ought to be
the minimizers of enstrophy on constant energy surfaces. Our mathematical proof
has added rigor to this line of reasoning.

The monotonic decrease of ��t� = ��t�
E�t� leads to another, possibly clearer,

physical understanding of the selective decay process. Writing ��t� in terms of
the Fourier coefficients of the stream function

��t� = �	��2
0

�
��2
0

=
∑

�k∈Z2��k 
=0 ��̂�k�2��k�4∑
�k∈Z2��k 
=0 ��̂�k�2��k�2

(3.42)

we discover that ��t� is nothing more than the mean- squared wave num-
ber, averaged with respect to the spectral distribution of the energy E =∑

�k∈Z2��k 
=0 ��̂�k�2��k�2. So we have in fact proven that the energy spectrum is flow-
ing to lower wave numbers, and thus larger scales, contributing to the appearance
of coherent structures. This flow is opposite to the normal turbulent cascade
toward higher wave numbers, and is thus called an inverse cascade. On the other
hand, the enstrophy spectrum seems to shift higher wave numbers and smaller
scales, where it is dissipated. Since dissipation is quadratically more effective
as wave number magnitude increases, we can understand why the enstrophy is
decaying more rapidly than the energy.

An alternative way which partially explains the selective decay procedure
is the following. Since everything is decaying exponentially fast, the quadratic
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non-linear term plays a less and less significant role in the evolution. Thus, the
long time behavior of the solutions is like a linearized equation. For these almost
linear equation, the Newtonian viscosity or hyper-viscosity dissipates high wave
numbers much more efficiently than the ground modes. This leads to the inverse
cascade and selective decay. A word of caution is that for exponentially decaying
flows, the non-linear term is not necessarily negligible for the long time dynamics
of the normalized flow. For instance, the Euler flow with Ekman damping decays
exponentially, while the long time dynamics of the normalized flow is exactly the
Euler flow after appropriate scaling in time (see Majda and Holen, 1998).

Finally, we note the key role viscosity has played in our proofs. Intuitively,
it acts to kill off the enstrophy flowing to high wave numbers, thereby leaving
behind only the energy in low wave number, large-scale structures. Nonetheless,
we observe that the coherent structures appear more quickly than on a viscous
time scale, and so self-organization does not seem to be an entirely viscous
phenomenon. In later lectures we will present other statistical theories applicable
to inviscid flows.

3.7 Numerical experiments demonstrating facets of selective decay

Here we present various numerical simulations which verify our selective decay
principle and illustrate interesting facets of the selective decay process with geo-
physical effects. In particular, we will see that, even though the selective decay
states are the same with or without the beta-plane, � often strongly influences the
geometric nature of selective decay states.

For the numerical results reported here, a standard pseudo-spectral method
in space and an explicit fourth-order Runge–Kutta method with adaptive time
stepping is utilized. For the non-linear term (Jacobian), the code computes �v =

⊥� and 
	� in Fourier space with an exponential filter for de-aliasing high
frequencies, and then computes the non-linear product �v · 
	� = J���	�� in
physical space. The reader is referred to the work of Majda and Holen (1997) or
Grote and Majda (1997) for more details on the numerical method.

There are two classes of initial data that we shall consider here: perturbations
of exact solutions to the sinh-Poisson equations and some initial data used in
earlier simulation by Rhines (1975).

3.7.1 Measure of anisotropy

We are particularly interested in the beta-effect. It seems that � often changes
the geometric feature of the long time asymptotic dynamics. In order to give
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a quantitative measurement of the anisotropy in the flow, we recall the Rhines
(1975) measure of anisotropy which is defined as

� = �vx�2
0

�vx�2
0 +�vy�2

0

= � ��
�y �2

0

�
⊥��2
0

� (3.43)

For � = 1, we have a purely zonal flow along the x- axis, while for � = 0 we
have a shear flow in the latitude �y� direction.

3.7.2 Explicit solutions of the sinh–Poisson equation

We begin with a one-parameter family of analytic solutions of the sinh–Poisson
equations

�̄c�1 = 	�̄c�1 = −c sinh��̄c�1�� (3.44)

These equations arise naturally from empirical statistical theories for fluid flows
as we shall encounter in later chapters. The parameter c = c�k� depends on a
parameter k taking values in

0 ≤ k ≤
(

1
2

) 1
2

� c�k� = 2
�2

�1−2k2����k��2� (3.45)

where ��k� is the complete elliptic integral of the first kind (Abramowitz and
Stegun, 1970). The parameter c�k� ranges from 0 to 2.07, i.e. 0 ≤ c�k� ≤ 2�07 as
k varies over the interval in (3.45) and c�0� = c0 = 2.

A class of special exact solutions to the sinh–Poisson equation is derived in
Ting, Chen, and Lee (1987). The exact formula for �̄c�1 is

�̄c�1 = 4 arctanh��0�k�Pk�x�Pk�y��� (3.46)

where

�0�k� = k�1−k2�− 1
2 � Pk�x� = cn

(
4
(x−�

2�

)
��k�� k

)
� (3.47)

with cn being the Jacobi cnoidal function. We note that the cnoidal function
cn�z� k� is periodic in z with period 4��k�, so that Pk always has period 2�.
By construction, these flows define exact steady solutions for flow on the square,
� = ��x� y��0 < x < �� 0 < y < �� and satisfy the swimming pool symmetry

� =
�∑

k1�k2=−�
ak1k2

sin�k1x�� sin�k2y� (3.48)
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We get a two parameter family of exact solutions by rescaling those in (3.46),

(3.47), i.e. we define �̄ c
b �b = �̄c�1

b � �̄ c
b �b = �̄c�1

b and with (3.44), these functions
satisfy

�̄ c
b �b = 	�̄ c

b �b = −
(c

b

)
sinh

(
b�̄ c

b �b

)
� (3.49)

which explains our notation.
All of the above functions, �̄ c

b �b, have the same symmetries as the Taylor
vortices

� = A sin x sin y� (3.50)

Furthermore, as c�k� tends to zero, �̄c�1 tends to a point vortex with positive
circulation at the center of the square, �, while as k → 0� c�k� → 2, and �̄c�1

looks like the stream function for a Taylor vortex

�̄c�1 ≈ 2k sin x sin y� (3.51)

The quantity, ��̄c�1�� where ���� = max�x�y�∈T 2 ���x� y�� is a monotone decreasing
function of c for 0 < c < 2�07 and ranges from +� to zero (see Majda and Holen,
1998).

3.7.3 Numerical examples

In this subsection we describe five types of numerical simulations. For all numer-
ical simulations, there will be no hyper-viscosity or Ekman drag. We assume
Newtonian viscosity only. The Reynolds number of the problem is then defined
as

Re = L max ��v�
d2

= L max �
⊥��
d2

� (3.52)

where L is the typical length which is 2� in the periodic case and � in the
swimming pool symmetry case.

The initial data for the first simulation are a perturbation by two vortices of
the exact solution to the sinh–Poisson equations described in equation (3.46). The
two vortices are chosen to break the swimming pool symmetry. More specifically
the initial data take the form

	���x� 0� = �0 = �c�1 +
2∑

j=1

Ajbr���x− �xj��� (3.53)

where

br�s� =
⎧⎨
⎩
(

1− ( s
r

)2
)2

for s ≤ r

0 for s > r
(3.54)
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and

�x1 = ������ �x2 =
(�

2
��
)

� A1 = 5� A2 = −5 (3.55)

r = �/10� (3.56)

where �c�1 is the vorticity of the sinh–Poisson solution. The initial Reynolds
number is about 260. Figure 3.1 illustrates the numerical results on energy, enstro-
phy, and Dirichlet quotient decay, Rhines measure for anisotropy and selective
decay states with and without �. We emphasize the difference in the measure of
anisotropy and the difference in the geometric feature of the decay states. For the
case with � = 5, we observe complete anisotropy with zonal flow in the limit in
contrast to � = 0.

The initial data for the second simulation are a perturbation by nine random
vortices of the same solution to the sinh–Poisson equation. The random vortices are
of the same form and same magnitudes with random location and random radius.
The initial Reynolds number is about 179. Figure 3.2 illustrates the numerical
results on energy, enstrophy, and Dirichlet quotient decay, Rhines measures for
anisotropy and selective decay states with and without �. This time the selective
decay states with � look like the horizontal translation of the selective decay
states without �, and, for these initial data, the selective decay states show no
effect of � except translation in phase.

The initial data for the third simulation are the following stream function used
by Rhines (1975)

���x� 0� = cos�x+0�3�+0�9 sin�3�y +1�8�+2x�

+0�87 sin�4�x−0�7�+ �y +0�4�+0�815�

+0�8 sin�5�x−4�3�+0�333�+0�7 sin�7y +0�111�� (3.57)

Notice that the various modes superimposed here result in a broad spectrum of the
stream function. The initial Reynolds number is about 8046. Figure 3.3 illustrates
the numerical results on the decay of energy, Dirichlet quotient (the difference in
enstrophy decay is almost indistinguishable), Rhines measure of anisotropy for
different �, and the difference in the geometric nature of the selective decay states
for different values of �. For � = 3, the final state is roughly a 75 % zonal flow
and has a large zonal jet. The cases with � = 0 and � = 5 are more isotropic.
These results point to very subtle development of zonal jets in the final state.

In the fourth test example for selective decay, the initial data are a perturbation
of (3.46), which keeps the swimming pool symmetry (3.48). The perturbation
in each symmetry quadrant consisted of six random vortices with amplitudes
equal to 50% of the size of the maximum vorticity of the underlying sinh–
Poisson flow, �̄c�1. The viscosity is set to � = 0�001 and the initial Reynolds
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Figure 3.1 Decay of an exact solution of the sinh–Poisson equation perturbed by
two vortices. Solid lines: � = 0. Dashed lines: � = 5. Upper left: energy v. time
�t = 0 ∼ 500�. Upper right: enstrophy vs. time �t = 0 ∼ 500�. Center left: ��t�
v. time �t = 0 ∼ 500�. Center right: anisotropy measure v. time �t = 0 ∼ 500�.
Lower left: snapshot of the stream function at t = 500, with � = 0. Lower right:
snapshot of the stream function at t = 500, with � = 5.
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Figure 3.2 Decay of an exact solution of the sinh–Poisson equation perturbed by
nine vortices. Solid lines: � = 0. Dashed lines: � = 5. Upper left: energy v. time
(t = 0 ∼ 500). Upper right: enstrophy v. time (t = 0 ∼ 500). Center left: ��t�
v. time (t = 0 ∼ 500). Center right: anisotropy measure v. time (t = 0 ∼ 500).
Lower left: snapshot of the stream function at t = 500, with � = 0. Lower right:
snapshot of the stream function at t = 500, with � = 5.
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Figure 3.3 Decay of the QG flow specified in (3.57). Solid lines: � = 0. Dashed
lines: � = 3. Dashdot lines: � = 5. Upper left: energy v. time (t = 0 ∼ 50).
Upper right: ��t� v. time (t = 0 ∼ 50). Center left: anisotropy measure v. time
(t = 0 ∼ 50). Center right: snapshot of the stream function at t = 50, with � = 0
Lower left: snapshot of the stream function at t = 50, with � = 3. Lower right:
snapshot of the stream function at t = 50, with � = 5.
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Figure 3.4 Snapshots of the vorticity at t = 0� 1� 5� 10� 20� 100 during pure
decay, with Newtonian dissipation � = 0�001.

number is Re = 25 000. Figure 3.4 contains snapshots of the vorticity at times
t = 0� 1� 5� 10� 20� 100. The small-scale vortices, entrained by the large back-
ground vortex, interact and merge rapidly to form a large vortex, which spreads
to the boundary of the domain. Hence Figure 3.4 confirms qualitatively the theory
of selective decay, which predicts the emergence of a Taylor vortex as the long
time solution of the 2D Navier–Stokes equations in a periodic geometry with
symmetries.
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Appendix 1 Stronger controls on ��t�

In Section 3.5, we wanted to establish the fact in (3.28)

d��t�

dt
−→ 0� (3.58)

given that:

(i) ��t� is monotone non-increasing, and
(ii) ��0� ≥ ��t� ≥ �∗ for all times t.

It is sufficient to prove that

f�t� = ��	−��t��
��2
0

�
��2
0

−→ 0� (3.59)

Notice, after a straightforward calculation

f = f1 +f2� (3.60)

f1�t� = D�t�

E�t�
� (3.61)

f2�t� = 3�2�t�� (3.62)

where

D�t� = 1
2
��−	�

3
2 ��t��2

0 = 1
2
�
��2

0� (3.63)
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Thanks to our existing estimates on the Dirichlet quotient, we have

f ∈ L1�R+�� (3.64)

f ′
2 ∈ L1�R+�� (3.65)

It is obvious that the contribution from f2 is manageable, since it has a limit and
the derivative of it is integrable. However, we lack control on f1 for the moment.

The missing link is a uniform Lipschitz condition. In fact, we only need a
uniform “lower Lipschitz” condition

g�t�−g�s�

t − s
≥ M (3.66)

for some prespecified constant M and for all t� s ≥ 0. For smooth functions, this
is equivalent to a uniform lower bound on the derivative. An upper Lipschitz
condition is defined analogously.

Lemma 3.1 If f ∈ L1�R+�� f = f1 +f2� f ′
2 ∈ L1�R+�, and f1 satisfies a uniform

lower (or upper) Lipschitz condition, then

lim
t→� f�t� = 0 (3.67)

in the usual sense.

Proof: The idea is simple: the Lipschitz condition forces the width of any bump to
be at least proportional to the height, and this does away with our counter-example
of ever-thinner bumps tending to infinity. The modification with a function whose
derivative is integrable is minimal.

We proceed with a by-way-of-contradiction proof. Without loss of generality,
we assume that f1 satisfies a uniform lower Lipschitz condition with constant M ,
and that there exists some 
 > 0 and a sequence �tj�

�
j=1 such that tj → � and

f�tj� ≥ 
. Let us omit enough terms in the sequence so that

�tj − tj+1� >
2


�M� (3.68)

for all j. The lower Lipschitz condition forces

f1�t�−f1�tj� ≥ −�M��t − tj� for t ≥ tj� (3.69)

also

f2�t�−f2�tj� ≥ −
∫ t

tj

�f ′
2�s��ds for t ≥ tj� (3.70)

Adding the two inequalities and utilizing the assumption f�tj� ≥ 
 we deduce

f�t� ≥ 
−�M��t − tj�−
∫ t

tj

�f ′
2�s��ds� (3.71)
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and therefore ∫ tj+ 

�M�

tj

f�t� ≥ 
2

2�M� −
∫ tj+ 


�M�

tj

�f ′
2�s��ds (3.72)

for each j. And thus by the non-overlapping condition (3.68), we have∫ �

0
�f�t�� ≥

�∑
j=1

∫ tj+ 

�M�

tj

f�t�dt ≥
�∑

j=1


2

2�M� −
∫ �

0
�f ′

2�t��dt = �� (3.73)

and hence f is not integrable over the positive real axis. This is a contradiction.
Our lemma is proven for this case.

A simple modification gives this result for f with a uniform upper Lipschitz
condition. Considering now f = −g proves the lemma for the case where there
exists some 
 > 0 and a sequence �tj�

�
j=1 such that tj → � and f�tj� ≤ −
. This

completes the proof of the lemma.

Now we know what to aim for: either a lower or an upper uniform Lipschitz
condition on f1. It turns out that a uniform upper Lipschitz condition is more
readily available.

Lemma 3.2
D�t�

E�t�
and its first time derivative are bounded above uniformly

on R+.

Proof: Clearly D�t� is playing a central role in this analysis, so we proceed by
studying its time evolution. Taking the inner product of the quasi-geostrophic
equations with −	2� we have

dD�t�

dt
≤ c�
2��t��L�D�t�−

k∑
j=1

dj��−	�j/2+1��t��2
0� (3.74)

where we utilized the following estimate on the non-linear term

��J���	���	2��� ≤ ��
J���	���
	��� ≤ c�
2��L�D�t��

Now we consider the evolution of the time derivative of f1

df1

dt
= 1

E

dD

dt
− D

E2

dE

dt

≤ c�
2��L�D

E
−
∑k

j=1 dj��−	�j/2+1��2
0

E
+ D

∑k
j=1 dj��−	�j/2��2

0

E2

= c�
2��L�D

E
−

k∑
j=1

dj

��−	�j/2+1��2
0��−	�1/2��2

0 −��−	�j/2��2
0��−	�3/2��2

0

E2
� (3.75)
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To estimate the summation in the above inequality we investigate each term in
the sum. We first make the:

Claim

��−	�j/2+1��2
0��−	�1/2��2

0 ≥ ��−	�j/2��2
0��−	�3/2��2

0� for j ≥ 2�

Assuming the claim is true we then deduce

df1

dt
≤ c�
2��L�D

E
= c�
2��L�f1� (3.76)

Invoking the Gronwall inequality we have

f1�t� ≤ f1�0� exp
(

c
∫ �

0
�
2�����L�d�

)
= constant < �� (3.77)

This verifies the lemma, since �
2�����L� decay exponentially fast. Indeed, by
Agmon type inequality

�
2��L� ≤ c�
2�� 1
2
0 �
4�� 1

2
0 �

It is well-known that �
4��0 = �	��0 remains uniformly bounded in time,
even in the presence of smooth steady state forcing (see for instance Foias and
Temam, 1989). This combined with the known fact that �
2��0 = ���0 decays
exponentially, we deduce the exponential decay of the uniform norm of the
vorticity.

It remains to prove the claim. For this purpose we invoke the Fourier expansion
for the stream function again

���x� =∑
l

∑
��k�=�l

A�ke
i�k·�x�

and hence

��−	�j/2+1��2
0��−	�1/2��2

0 =
⎛
⎝∑

l

∑
��kl�=�l

�
j+2
l �A�kl

�2
⎞
⎠
⎛
⎝∑

m

∑
��km�=�m

�m�A�km
�2
⎞
⎠

= 1
2

∑
l

∑
��kl�=�l

∑
m

∑
��km�=�m

(
�

j+2
l �m +�j+2

m �l

)
�A�kl

�2�A�km
�2�

��−	�j/2��2
0��−	�3/2��2

0 =
⎛
⎝∑

l

∑
��kl�=�l

�
j
l �A�kl

�2
⎞
⎠
⎛
⎝∑

m

∑
��km�=�m

�3
m�A�km

�2
⎞
⎠

= 1
2

∑
l

∑
��kl�=�l

∑
m

∑
��km�=�m

(
�

j
l�

3
m +�j

m�3
l

)
�A�kl

�2�A�km
�2�
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Thus the claim hinges on the following elementary inequality

�
j+2
l �m +�j+2

m �l ≥ �
j
l�

3
m +�j

m�3
l �

which is equivalent to, after dividing both sides of the inequality by �l�
j+2
m and

denoting � = �l

�m

�j+1 −�j−1 −�2 +1 ≥ 0 for � ≥ 0�

The above inequality can be verified easily.
This completes the proof of the claim.

Appendix 2 The proof of the mathematical form of the selective decay
principle in the presence of the beta-plane effect

The purpose of this appendix is to give a rigorous proof of the strong form of the
selective decay principle (Theorem 3.1) in the presence of the beta-plane effect.

Some of the arguments here are a little bit technical and assume familiarity
with basic knowledge of functional analysis and Sobolev spaces. The reader may
safely skip this part.

Since

lim
t→� ��t� = �j

(the limit exists, see previous argument in Section 3.5), we suspect that the
dynamics is concentrated on the jth energy shell. To verify our intuition, we
introduce the following notations. Let

Ej = span�ei�k·�x���k�2 = �j� (3.78)

be the eigenspace of the Laplacian operator corresponding to the eigenvalue �j .
Let

P�j
= the orthogonal projection from L2 on to Ej� (3.79)

Q�−
j

= the orthogonal projection from L2onto span�El� l < j�� (3.80)

Q�+
j

= I −P�j
−Q�−

j
� (3.81)

where I denotes the identity operator.
In terms of the normalized stream function

�̃ = �

�v�0
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our main theorem is equivalent to the combination of the following three properties

Q�−
j
�̃�t� → 0 in H1 as t → �� (3.82)

Q�+
j
�̃�t� → 0 in H1 as t → �� (3.83)

and there exists a solution �̃j of the linearized quasi-geostrophic equation

�	�̃j

�t
+�

��̃j

�x
= 0

with

�I −P�j
��̃j = 0

and

P�j
�̃�t�− �̃j�t� → 0 in H1 as t → �� (3.84)

For the sake of simplicity we will assume Newtonian viscosity only, i.e.

��	� = �	2�

The case with more general damping mechanism can be treated similarly (see the
previous appendix) at the expense of losing brevity.

For the purpose of deriving the desired estimates, it is necessary to derive
better estimates on the decay rates of the velocity and vorticity fields for each
solution. For this purpose, we take the inner product of the freely decaying quasi-
geostrophic equation (3.1) with � and we deduce

1
2

d

dt
��v�t��2

0 +����t��2
0 = 0�

This implies

d

dt
��v�t��2

0 = −2����t��2
0 = −2���t���v�t��2

0 ≤ −2��j��v�t��2
0�

Hence we deduce

��v�t��0 ≤ ��v�t0��0e
−��j�t−t0�� (3.85)

This further implies that

���t��0 ≤ ���t0��0e
−��j�t−t0�� (3.86)

since

���t��2
0 = ��t���v�t��2

0 ≤ ��t0���v�t0��2
0e

−2��j�t−t0� = ���t0��2
0e

−2��j�t−t0��
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A lower bound on the energy decay rate can be derived as well. Indeed, since
the Dirichlet quotient is non-increasing, we have, thanks to the energy equation

1
2

d

dt
��v�t��2

0 +���t0���v�t��2
0 ≥ 0� for all t ≥ t0� (3.87)

Hence we have

��v�t��2
0 ≥ ��v�t0��2

0e
−2���t0��t−t0�� ∀ t ≥ t0� (3.88)

Next we derive a decay rate for 
	�, which is also needed in proving the
rigorous selective decay principle.

For this purpose, we take the inner product of the freely decaying quasi-
geostrophic equation (3.1) with 	2�. Notice

�
∫

J���	��	2�� ≤ �
��L��
	��0�	2��0

(thanks to Agmon’s inequality)

≤ c�
�� 1
2
0 �
	�� 3

2
0 �	2��0

(thanks to interpolation inequality)

≤ c�
�� 1
2
0 �	�� 3

4
0 �	2�� 7

4
0

(thanks to Hölder’s inequality)

≤ �

2
�	2��2

0 + c�
��4
0�	��6

0

(thanks to (3.85) and (3.86)

≤ �

2
�	2��2

0 + c�
��t0��4
0�	��t0��6

0e
−10��j�t−t0�

we deduce
d

dt
�
	��2

0 +��	2��2
0 ≤ c�
��t0��4

0�	��t0��6
0e

−10��j�t−t0��

which implies, thanks to Poincaré’s inequality

d

dt
�
	��2

0 +��1�
	��2
0 ≤ c�
��t0��4

0�	��t0��6
0e

−10��j�t−t0��

which further implies, after applying the Gronwall inequality

�
	��t��2
0 ≤ e−��1�t−t0��
	��t0��2

0 + c�
��t0��4
0�	��t0��6

0e
−��1�t−t0�� (3.89)

We now derive the equation satisfied by the normalized stream function. For
this purpose we notice

d

dt
	�̃�t� = 1

��v�t��0

d

dt
	��t�− 	��t�

��v�t��3
0

1
2

d

dt
��v�t��2

0
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(thanks to the dynamic equations for the stream function and energy)

= 1

��v�t��0

(
−�

��

�x
− J���	��+�	2� + 	��t�

��v�t��2
0

����2
0

)

= −�
��̃

�x
−��v�t��0J��̃�	�̃�+�	2�̃ +���t�	�̃�t��

Hence we arrive at the equation for the normalized stream functions

d

dt
	�̃�t�+�

��̃

�x
+��v�t��0J��̃�	�̃�−�	2�̃ −���t�	�̃�t� = 0� (3.90)

We now proceed to prove the decay, in H1, of Q�+
j
�̃. For this purpose we take

the inner product of the normalized equation (3.90) with Q�+
j
�̃. Notice for the

non-linear term we have

�
∫

J��̃�	�̃�Q�+
j
�̃� = �

∫
J��̃�Q�+

j
�̃�	�̃�

≤ �
�̃�2
L4�	�̃�0

(thanks to Sobolev imbedding and interpolation inequality)

≤ c�
�̃�0�	�̃�2
0 �since�
�̃�0 = 1�

= c�	��2
0��v�t��−2

0

= c��t��

Hence we deduce, since ��t� is uniformly bounded

1
2

d

dt
�
Q�+

j
�̃�2

0 +��	Q�+
j
�̃�2

0 −���t��
Q�+
j
�̃�2

0 ≤ c��t���v�t��0

≤ ce−��j�t−t0��

Since the smallest wave number in the range of Q�+
j

is �j+1, we have

�	Q�+
j
�̃�2

0 ≥ �j+1�
Q�+
j
�̃�2

0�

Therefore

1
2

d

dt
�
Q�+

j
�̃�2

0 +���j+1 −��t���
Q�+
j
�̃�2

0 ≤ ce−��j�t−t0��

Recall that limt→� ��t� = �j , thus we may take t0 large enough so that

��t� ≤ 1
2

��j+1 +�j�� for all t ≥ t0�
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This implies

d

dt
�
Q�+

j
�̃�2

0 +���j+1 −�j��
Q�+
j
�̃�2

0 ≤ ce−��j�t−t0�� for all t ≥ t0�

which further implies, after applying Gronwall-type inequality

�
Q�+
j
�̃�t��2

0 ≤ e−���j+1−�j��t−t0��
Q�+
j
�̃�t��2

0

+ c�e−��j�t−t0� + e−���j+1−�j��t−t0��� (3.91)

Letting t approach infinity we have the estimate (3.82).
Next we prove the decay, in H1, of Q�−

j
�̃. For this purpose, we take the inner

product of the normalized equation (3.90) with Q�−
j
�̃. Notice for the non-linear

term we have

�
∫

J��̃�	�̃�Q�−
j
�̃� = �

∫
J��̃�Q�−

j
�̃�	�̃� ≤ �
�̃�2

L4�	�̃�0

≤ c�
�̃�0�	�̃�2
0 = c�	��2

0��v�t��−2
0

= c��t��

Hence we deduce

1
2

d

dt
�
Q�−

j
�̃�2

0 +��	Q�−
j
�̃�2

0 −���t��
Q�−
j
�̃�2

0 ≥ −c��t���v�t��0

≥ −ce−��j�t−t0��

where we have used the uniform boundedness of ��t�.
It is obvious, thanks to the definition of Q�−

j
, that

�	Q�−
j
�̃�2

0 ≤ �j−1�
Q�−
j
�̃�2

0�

We then deduce

1
2

d

dt
�
Q�−

j
�̃�2

0 ≥ ����t�−�j−1��
Q�−
j
�̃�2

0 − ce−��j�t−t0�

≥ ���j −�j−1��
Q�−
j
�̃�2

0 − ce−��j�t−t0�

or
d

dt
�e−2���j−�j−1�t�
Q�−

j
�̃�t��2

0� ≥ −ce−��3�j−2�j−1�t�

Integrating this inequality from t to T (with T > t > t0) we have

e−2���j−�j−1�T�
Q�−
j
�̃�T��2

0

≥ e−2���j−�j−1�t�
Q�−
j
�̃�t��2

0 − ce−��3�j−2�j−1�t
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or equivalently

e−2���j−�j−1��T−t��
Q�−
j
�̃�T��2

0 ≥ �
Q�−
j
�̃�t��2

0 − ce−��jt� (3.92)

Letting T approach infinity in (3.92) we deduce

�
Q�−
j
�̃�t��2

0 ≤ ce−��jt� (3.93)

which further implies the estimate (3.83).
We are now left with the analysis of the dynamics on the jth shell. Our goal

here is to construct �̃j and prove the estimate (3.84). For this purpose we apply
P�j

to the freely decaying quasi-geostrophic equation (3.1), denoting P�j
� = �j ,

we have

−�j

d

dt
�j +�

��j

�x
+P�j

J���	�� = ��2
j �j

or equivalently

d

dt
�j − �

�j

��j

�x
− 1

�j

P�j
J���	��+��j�j = 0� (3.94)

which is equivalent to

d

dt
�j − �

�j

��j

�x
+��j�j = e−��jtf� (3.95)

where

f = f = e��jt

�j

P�j
J���	��� (3.96)

The equation can be written in the following form

d

dt
�e��jt�j�− �

�j

��e��jt�j�

�x
= f� (3.97)

It is easy to see that f satisfies the following estimate

�f�t��0 ≤ ce��jt�
��L��
	��0

(thanks to a Brezis–Gallouet (1980) inequality)

≤ ce��jt�	��0

(
1+ log

�
	��2
0

�1�	��2
0

) 1
2

�
	��0

(thanks to (3.89) and lower bound on the decay rate of �)

≤ ce��jt�	��0

(
1+ log

e−��1t

e−2���0�t

) 1
2

e−��1t/2
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(thanks to (3.86))

≤ c�2��0�−�1�
1
2 t

1
2 e−��1t/2�

This implies that f ∈ L1.
Now we invoke the Fourier series representation

�j = ∑
��k�2=�j

�̂�ke
i�k·�x� f = ∑

��k�2=�j

f̂ �ke
i�k·�x�

and we consider

�j = ∑
��k�2=�j

�̂�ke
���j− i�k1

�j
�t
ei�k·�x�

We have
d

dt
�j = g = ∑

��k�2=�j

e
− i�k1

�j
t
f̂ �ke

i�k·�x�

It is easy to see that g ∈ L1 since f ∈ L1 and hence we may define

�� = �j�t0�+
∫ �

t0

g�s�ds (3.98)

and we have

��j�t�−���0 ≤ ct
1
2 e−��1t/2� (3.99)

Suppose that �� takes the form

�� = ∑
��k�2=�j

�̂���ke
i�k·�x� (3.100)

We then define

�j�t� = ∑
��k�2=�j

e
i�k1
�j

t
�̂���ke

i�k·�x� (3.101)

It is easy to see that �j solves the equation

d

dt
	�j +�

��j

�x
= 0

and satisfies

�I −P�j
��j = 0�

and

�e��jt�j�t�−�j�t��0 → 0� (3.102)
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It remains to prove (3.84), or equivalently, since all norms are equivalent on
the finite-dimensional space Ej

� �j�t�

�
��t��0
−�j�t��0 → 0� (3.103)

Thanks to our estimates (3.91) and (3.93) we have

�
��0 = �
�j�0 + l.o.t.�

where l.o.t. denotes lower-order terms. On the other hand, thanks to (3.102) and
the equivalence of norms on Ej

e��jt�
�j�t��0 → lim
t→��
�j�t��0 = �
���0�

hence

e��jt�
��0 = �
���0 + l.o.t.�

which implies


�j�t�

�
��t��0
= e��jt
�j�t�

e��jt�
��0

→ 
�j�t�

�
���0
�

This completes the proof of (3.84) with

�̃j = �j�t�

�
���0
� (3.104)
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Non-linear stability of steady geophysical flows

4.1 Introduction

The observation of the geophysical flows in the atmosphere and the ocean reveal
the existence of large-scale coherent flow structures. Examples of these structures
are the atmospheric cyclonic and anti-cyclonic flow patterns, mesoscale ocean
eddies, currents, and jets. These structures develop under fairly broad conditions
and are characterized by their essentially steady nature, as well as their robustness
and persistence in time. Possibly the most dramatic example of such coherent
flow structures is exemplified by the Great Red Spot of Jupiter, discovered by
Robert Hooke in 1664, which has persisted for at least 300 years.

From a dynamical point of view, such robust and persistent steady states must
be non-linearly stable; small but finite initial perturbations of the steady states
must remain small in time for the coherent flow structures to be observable. It is
therefore clear that a fundamental problem is the study of the non-linear dynam-
ical stability of the steady geophysical flows under small initial perturbations of
the flow. This chapter and the next are devoted to the study of non-linear stability
or instability of several classes of steady flows introduced earlier in Chapter 1.
This study considers geophysical flows with topography and beta-plane effects,
but without external forcing and dissipation mechanisms. In particular, we are
interested in gaining a better understanding of what is the role played in the stabil-
ity of the steady states by the beta-plane effect, and by the non-linear interaction
of the large-scale mean flow and the small-scale flow through topographic stress.

In this chapter we will discuss mainly steady flows that are non-linearly stable.
Section 4.2 is devoted to the non-linear stability of simple steady state solutions
with linear potential vorticity–stream function relation. In Subsection 4.2.1 we first
introduce the rigorous definition of non-linear stability and the energy method to
prove non-linear stability. In Subsection 4.2.2 we establish the non-linear stability
of simple steady states with no mean flow and linear q–� relation, q =��,
provided that the parameter � is above the threshold value given by the first
eigenvalue of the Laplacian, �>−�1. The non-linear stability of steady flows
with mean flow and beta effects is considered in Subsection 4.2.3. Again it is
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assumed that the steady flows satisfy a linear q–� relation; here we show that these
flows are non-linearly stable for large-scale westward mean flows, i.e. �>0. The
non-linear stability analysis presented here is based on the extension of the energy
method for conservative systems with one degree of freedom to fluid systems
with infinitely many degrees of freedom; this approach was originally utilized by
Bernstein et al. (1958) in the context of plasma physics, followed by Arnold (1967)
for the Euler equations, and by Blumen (1968) for the quasi-geostrophic equations.

On the other hand, in Chapter 5 we discuss other unstable steady states with a
linear q–� relation which exhibit a rich dynamic behavior through the competing
effects of topographic stress and the beta-plane. Even with a simple layered
topography in a fixed direction, the resulting flows can be surprisingly complex,
including chaotic dynamic behavior and topographic blocking flow patterns; a
key mechanism being the non-linear coupling of the large-scale mean flow and
the small-scale flow through the topographic stress.

In Section 4.3, we establish the non-linear stability of more general steady state
flows given by a non-linear q–� relation, � = g�q�. These steady states play an
important role in some equilibrium statistical theories for the prediction of the
most probable state of the flow, which will be discussed in later chapters. The
purpose of Section 4.4 is to illustrate the stabilizing effect of � on zonal flows.
This offers a partial explanation of the zonal tendency of quasi-geostrophic flows
on a beta-plane.

In addition, studies of 2D turbulence above topography (Bretherton and Haid-
vogel, 1976) show the emergence of steady states; during this process the kinetic
energy remains at large scales and is essentially constant, whereas the enstrophy
cascades to the small scales, where it is dissipated. In this context, the resulting
steady states become enstrophy minimizers at constant kinetic energy. In Sec-
tion 4.5, we conclude by showing that the stable steady states discussed earlier in
Sections 4.2 and 4.3 are generalized enstrophy minimizers at fixed kinetic energy,
thus providing an alternative variational characterization of these states. This
alternative characterization as generalized enstrophy minimizer will be utilized
later in the study of statistical sharpness etc.

4.2 Stability of simple steady states

4.2.1 Non-linear stability and the energy method

We start by recalling the quasi-geostrophic barotropic equations with mean flow
and small-scale flow interaction through topographic stress

�q

�t
+ J��	q� = 0	

dV

dt
�t� = −

∫
−�h

�x
�′	

q = 
� +h+�y � = −V�t�y +�′	
(4.1)
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where q�x	 y	 t� is the potential vorticity, ��x	 y	 t� is the stream function, V�t� is
the large-scale mean flow, and h��x� represents the topography. Also notice that
here we assumed that there is no external forcing or damping. The mechanisms
involved in the energy transfer between large and small scales are the topographic
stress, the beta-plane effect, and the non-linear advection term.

In the above equations the flow is decomposed in terms of the large-scale mean
flow V�t� and the small-scale stream function �′

��x	 y	 t� = −V�t�y +�′�x	 y	 t�	 (4.2)

so that the velocity field �v is

�v = �⊥� =
(

V�t�

0

)
+�⊥�′�

Similarly, we split the potential vorticity q in terms of the large-scale �y and the
small-scale component q′

q = q′ +�y	 q′ = 
�′ +h	 (4.3)

and finally the relative vorticity 
 is given in terms of the small-scale stream
function �′ by


 = 
�′� (4.4)

Throughout this chapter we assume that �v and h are 2�-periodic functions unless
specified otherwise, and the bar across the integral sign in (4.1) indicates that
the integral has been normalized by the area of the domain of integration, in this
case �2��2.

Assume now that q = q�x	 y� and V�t� = V is a steady state solution of the
barotropic quasi-geostrophic equations (4.1). Usually a study of the stability of the
flow is based on a linearized stability analysis, which only applies in principle to
infinitesimal perturbations of the flow. Here we want to bound the perturbations
without resorting to the linearization of the equations, i.e. we want to consider
small but finite perturbations of the flow. Intuitively, the steady state solution
q = q, V = V is non-linearly stable if for sufficiently small but finite initial
perturbations �q0�x	 y� and �V0, the resulting perturbation �q�x	 y	 t� and �V�t�

remains small as time evolves.
A convenient measure of the size of the perturbations is given by the L2-norm

��q	V��2
0 = �q�2

0 +�V�2
0 =

∫
−�q�2 +�V �2�

Next we introduce the precise concept of non-linear stability in the L2 sense.

Definition 4.1 (Non-linear stability) The steady state �q	V� of the barotropic
quasi-geostrophic equations (4.1) is non-linearly stable in the L2 sense if there
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are constants C>0 and R>0 so that given any initial perturbation �q0 of q and
any initial perturbation �V0 of V

q�t=0 = q +�q0	 V �t=0 = V +�V0	

with ���q0	 �V0��0 ≤ R, then the resulting perturbed solution �q�x	 y	 t�	V�t�� of
(4.1)

q�x	 y	 t� = q +�q�x	 y	 t�	 V�t� = V +�V�t�	

where the perturbations �q and �V satisfy

���q�t�	 �V�t���0 ≤ C���q0	 �V0��0

for any time t ≥ 0.

The approach to establish that a steady solution of the barotropic quasi-
geostrophic equations (4.1) is non-linearly stable is an extension of the well-known
energy method (or Lyapunov method) for conservative systems with finite degrees
of freedom, to systems with infinitely many degrees of freedom. For example, we
recall that for a conservative Hamiltonian system in the plane

dx

dt
= −�H

�y
	

dy

dt
= �H

�x
	

the Hamiltonian H = H�x	 y� is a conserved quantity. If the equilibrium point
�x	 y� = �x	 y� corresponds to a local minimum of the Hamiltonian, then it is
well-known that such a equilibrium point is non-linearly stable. Next we want to
generalize this result to systems with infinite degrees of freedom. We start with
the following definition:

Definition 4.2 We say that a non-linear functional ���q	�V� is locally positive
definite (with respect to the L2 norm) provided that there is R0 > 0 and C ≥ 1 so
that if ���q	�V��0 ≤ R0 then

C−1 ���q	�V��2
0 ≤ ���q	�V� ≤ C ���q	�V��2

0 � (4.5)

Proposition 4.1 Assume that ���q	�V� be a conserved functional for the quasi-
geostrophic equations (4.1), with the property that it is locally positive definite.
Then the steady state �q�x	 y�	V � is non-linearly stable.

Proof: Assume that the initial perturbation satisfies ���q0	 �V0��0 ≤ R = R0
2C . We

may then deduce that future perturbations cannot leave the ball of radius R0/2
and hence the inequalities (4.5) are always satisfied. Indeed, suppose that future
perturbation ��q�t�	 �V�t�� satisfies ���q�t�	 �V�t���0 ≤ R0 for all t ≤ T , we then
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have, since ���q	�V� is a conserved quantity for the flow and it satisfies the
inequalities in (4.5)

C−1 ���q�t�	 �V�t���2
0 ≤ ���q�t�	 �V�t�� = ���q0	 �V0� ≤ C ���q0	 �V0��2

0 �

From these inequalities it follows that

���q�t�	 �V�t���0 ≤ C���q0	 �V0��0 ≤ R0/2�

Thus we may conclude that (4.5) applies for all time and hence the steady state
�q�x	 y�	V � is non-linearly stable.

Therefore to prove the non-linear stability of a steady state it is sufficient to
produce a conserved functional ���q	�V� satisfying the inequalities (4.5). From
Section 1.4 we have at our disposal two conserved functionals, namely the total
energy E�q	V�

E�q�t�	V�t�� = 1
2

V 2�t�+ 1
2

∫
−��⊥�′�2 = 1

2
V 2�t�− 1

2

∫
−�′
	 (4.6)

and the large-scale enstrophy �L�q	V�

�L�q�t�	V�t�� = �V�t�+ 1
2

∫
−�q′�2� (4.7)

The idea is to combine the total energy E�q	V� and the (large-scale) enstro-
phy �L�q	V� to construct a conserved functional ���q	�V� for the perturbation
��q	�V�, with the property that ���q	�V� satisfies the inequalities in (4.5). This
program will be carried out in the examples below. We point out that in gen-
eral the functional � depends on the underlying background steady state flow
�q�x	 y�	V �; therefore whether or not this functional satisfies the inequalities in
(4.5) will also depend on the specific steady state utilized.

4.2.2 Simple states with topography, but no mean flow or beta-effect

In this first example we consider steady state solutions of the barotropic quasi-
geostrophic equations (4.1) with no mean flow, V�t� ≡ 0, and no beta-plane effect,
� = 0. In this situation the quasi-geostrophic equations (4.1) reduce to

�q

�t
+ J��	q� = 0	 q = 
� +h	 (4.8)

and in this case there is only the small-scale flow

q = q′	 � = �′	 
 = 
�′	 (4.9)

and for convenience we will drop the primes in the sequel. In Chapter 1 we
constructed a family of steady state solutions of (4.8) with linear q–� relation. In
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terms of the Fourier expansion for the topography h�x	 y� the solution q = q�x	 y�

is given by

q = ��

h = ∑
�k 
=0

ĥ�k ei�x·�k (4.10)

� = ∑
�k 
=0

1

��k�2 +�
ĥ�k ei�x·�k	

provided that � 
= −��k�2, �k ∈ �2 \ �0�. Next we show that these steady states are
non-linearly stable as long as the parameter � is in the range −1<�<�.

Theorem 4.1 The steady state q = q�x	 y� in (4.10) is a non-linearly stable steady
state solution of quasi-geostrophic equations (4.8) provided that −1<�<�.

Proof: Following Proposition 4.1, we want to construct a conserved functional
���q� for the perturbation �q which is positive definite with respect to the
L2 norm. We already know that the energy E�q� and the enstrophy ��q� are
conserved functionals. In the case, where there is no large-scale mean flow, the
expression for the energy in (4.6) reduces to

E�q� = −1
2

∫
−�′
 = −1

2

∫
−�q −h�
−1�q −h�	 (4.11)

and, similarly, the expression for the enstrophy ��q� becomes

��q� = 1
2

∫
−�q�2� (4.12)

Next we expand these quadratic functionals around the steady state q = q. If we
let q = q +�q, then as explained in Section 1.5 the energy E�q� in (4.11) has the
expansion

E�q +�q� = E�q�−
∫
−��q − 1

2

∫
−�q
−1�q	 (4.13)

and the enstrophy ��q� has the expansion

��q +�q� = ��q�+
∫
−q�q + 1

2

∫
−��q�2� (4.14)

We observe that both the expansion for the energy E�q� and the expansion
for the enstrophy ��q� contain linear terms. In order to eliminate these linear
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contributions, we consider the following linear combination of E�q� and ��q�,
denoted by ����q�

����q� = ���q +�q�−��q��+��E�q +�q�−E�q��

=
∫
−�q −����q + 1

2

∫
−��q�2 − �

2

∫
−�q
−1�q	

(4.15)

and, since q = ��, then the linear terms in (4.15) cancel and ����q� reduces to

����q� = 1
2

∫
−��q�2 − �

2

∫
−�q
−1�q� (4.16)

Next we want to verify that the functional ����q� is positive definite. Here it
is convenient to utilize Fourier expansions in order to diagonalize the quadratic
functional ����q�. If the Fourier expansion of �q is given by

�q = ∑
�k 
=0

�̂q�ke
i�k·�x	 (4.17)

then Parseval’s identity yields the following representation of the functional
����q� in terms of the Fourier coefficients of �q

����q� = 1
2

∑
�k 
=0

(
1+ �

��k�2

)∣∣∣�̂q�k
∣∣∣2 � (4.18)

Now everything boils down to studying the signature of the quadratic form in
(4.18). Clearly each term in the quadratic form is positive definite for � > −1.
It is straightforward to check that for 1 ≤ s < � and −1 < � < � the following
inequality holds

C−1
� ≤ 1

2

(
1+ �

s

)
≤ C�	 (4.19)

where the constant C� ≥ 1 is given by

C� =
{

2/�1+�� if −1 < � ≤ 0

max��1+��/2	 2� if 0 ≤ � < � (4.20)

(notice that the constant C� blows up as � approaches the value � = −1).
Introducing the estimates in (4.19) back into the expansion of the quadratic
functional ����q� in (4.18) yields

C−1
� ��q�2

0 ≤ ����q� ≤ C� ��q�2
0 	 (4.21)

and this proves that the quadratic functional ����q� is positive definite. Finally
invoking Proposition 4.1 we conclude that the steady state q = q�x	 y� in (4.10)
is a non-linearly stable solution of the quasi-geostrophic equations (4.8).
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4.2.3 Simple states with topography, mean flow, and beta-effect

Next we consider steady state solutions of the barotropic quasi-geostrophic equa-
tions (4.1) with linear q–� relation, with mean flow, and beta-plane effects, i.e.
V�t� 
= 0, and � > 0. In Chapter 1 we derived a family of steady state solutions
of the barotropic quasi-geostrophic (4.1). These solutions �q	V� = �q�x	 y�	V �

involve a large-scale mean flow in addition to the small-scale flow, and are
given by

q = ��	 V = −�

�
	 h = ∑

�k 
=0

ĥ�k ei�x·�k

� = �

�
y +∑

�k 
=0

1

��k�2 +�
ĥ�k ei�x·�k

(4.22)

provided that � 
= −��k�2, �k ∈ �2. The large-scale mean flow velocity �V =
�−�/�	 0� corresponds to a uniform zonal flow, which points westward if � > 0
and eastward if � < 0. Next we show that these steady state flows are non-linearly
stable for westward mean flows, i.e. when � > 0.

Theorem 4.2 The steady state �q	V� = �q�x	 y�	V � given by (4.22) is a non-
linearly stable steady state solution of quasi-geostrophic equations (4.1) provided
that 0 < � < �.

Proof: The proof follows along the same lines as Proposition 4.2. Again, following
Proposition 4.1, we want to construct a conserved functional ���q	�V� for the
perturbation ��q	�V�, which is positive definite with respect to the L2 norm. We
already know that the energy E�q	V� in (4.6) and the enstrophy ��q	V� in (4.7)
are conserved functionals. Next we expand these quadratic functionals around the
steady state �q	V� = �q�x	 y�	V �. Let q = q +�q and V = V +�V . The energy
E�q	V� in (4.6) has the expansion

E�q +�q	V +�V� = E�q	V�+V�V −
∫
−��q + 1

2
��V�2 − 1

2

∫
−�q
−1�q	 (4.23)

and the enstrophy ��q	V� in (4.7) has the expansion

��q +�q	V +�V� = ��q	V�+��V +
∫
−q�q + 1

2

∫
−��q�2� (4.24)

Once more we observe that both the expansion for the energy E�q	V� and the
expansion for the enstrophy ��q	V� contain linear terms. In order to eliminate
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these linear contributions we consider the following linear combination of E�q	V�

and ��q	V�, denoted by ����q	�V�

����q	�V� =���q +�q	V +�V�−��q	V��

+��E�q +�q	V +�V�−E�q	V��

=��+�V��V +
∫
−�q −����q+

+ �

2
��V�2 + 1

2

∫
−��q�2 − �

2

∫
−�q
−1�q�

(4.25)

Since the steady state satisfies q = �� and V = −�/�, then the linear terms in
(4.25) cancel and ����q	�V� reduces to

����q	�V� = �

2
��V�2 + 1

2

∫
−��q�2 − �

2

∫
−�q
−1�q� (4.26)

Next we want to verify that the functional ����q	�V� is positive definite. Again
we utilize Fourier expansions in order to diagonalize the quadratic functional
����q	�V�. With the the Fourier expansion of �q given by (4.17), and utilizing
Parseval’s identity, it follows that the quadratic functional ����q	�V� has the
representation

����q	�V� = �

2
��V�2 + 1

2

∑
�k 
=0

(
1+ �

��k�2

)
�̂�q�k�2� (4.27)

Next, we want to study the signature of the quadratic form for ����q	�V� in
(4.27). Again, it is straightforward to verify that for 1 ≤ s < � and 0 < � < �
the following inequalities hold

C−1
� ≤ 1

2

(
1+ �

s

)
≤ C�	 and C−1

� ≤ �

2
≤ C�	 (4.28)

where the constant C� ≥ 1 is given by

C� =
{

2/� if 0 < � < 1

max��1+��/2	 2� if 1 ≤ � < � (4.29)

(notice that the constant C� blows up as � approaches the value � = 0; this is
consistent with the fact that the coefficient �/2 for the perturbation of the mean
flow goes to zero). Introducing the estimates in (4.28) back into the expansion of
the quadratic functional ����q� in (4.27) yields

C−1
� ���q	�V��2

0 ≤ ����q	�V� ≤ C����q	�V��2
0	 (4.30)
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and this proves that the quadratic functional ����q	�V� is positive definite.
Finally, from Proposition 4.1 we conclude that the steady state �q	V� = �q�x	 y�	V �

in (4.22) is a non-linearly stable solution of the quasi-geostrophic equations (4.1).
Are the steady states with −1 < � < 0, which are stable with topography

alone, dynamically unstable with the addition of the mean flow interaction? In
Subsection 5.3.3, we provide explicit examples establishing that this is typically
the case. Thus, the technique developed above is not merely a mathematical
one, but sharply delineates non-linear stability from instability in these specific
examples.

4.3 Stability for more general steady states

In the last section we studied the non-linear stability of steady states satisfying
a linear q–� relation. Next we want to consider the non-linear stability problem
for steady states of the barotropic quasi-geostrophic equations which satisfy such
a nonlinear q–� relation of the form

� = g�q�	 (4.31)

where g = g�q� is a non-linear function. Such steady states were introduced in
Chapter 1. To simplify the problem we assume that there is no large-scale/small-
scale interaction through topographic stress, i.e. either no mean flow V ≡ 0, or
zonal topography h = h�y�, so that the barotropic quasi-geostrophic equations (4.1)
reduce to

�q

�t
+ J��	q� = 0	 q = 
� +h+�y� (4.32)

In this case a steady state solution q = q�x	 y� with non-linear q–� relation is
given by the solution of the non-linear elliptic equation

g−1��� = 
� +h+�y	 (4.33)

where g−1 is the inverse function of g provided that g is invertible. Such non-linear
elliptic equations arise naturally as the mean field equations for the most probable
states predicted by various statistical theories in later chapters in this book. For
a given g�g−1�, the existence (or non-existence) of solutions to such non-linear
elliptic equations is non-trivial. Nevertheless, if such a solution exists, it then
solves the barotropic quasi-geostrophic equations with large-scale mean/small-
scale interaction via topography (4.1). Indeed, it is easy to see that the topographic
stress vanishes since∫

−��

�x
h =

∫
−��

�x
�g−1���−
� −�y� = 0

by the periodicity in the longitude (x) direction.
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According to Proposition 4.1, to establish the non-linear stability of the steady
state q = q�x	 y�, we need to construct a conserved functional ���q	�V� that
is positive definite. Notice that there is no mean flow/small-scale interacting
through topography; the perturbation to the large-scale mean remains a constant
in time. Thus we need only to find a conserved functional for the small-scale
perturbation �q that is positive definite. In the examples discussed in the previous
section the conserved functional � was always quadratic, and it was given by
a linear combination of the kinetic energy E and the enstrophy �. However, in
the present case the functional relationship between q and � is non-linear and we
cannot expect to find a quadratic functional � . Nevertheless, below we will show
that, under certain circumstances, it is possible to construct non-linear conserved
functional � that is locally positive definite, thus establishing the non-linear
stability of the steady state. To construct this functional � we must utilize the
generalized enstrophy ��q�, defined by

��q� =
∫
−G�q�	 (4.34)

where G = G�q� is an arbitrary function of q. From Chapter 1 we know that the
generalized enstrophy ��q� is conserved under the following assumptions:

(A) � = 0	V ≡ 0, i.e. there is no beta-plane effect and no large-scale mean flow, or
(B) � 
= 0	V ≡ 0, but the flow has channel symmetry without large-scale mean

� = ∑
n≥1	j≥1

�anj cos nx+bnj sin nx� sin jy	

or
(C) � 
= 0, zonal topography (h = h�y�) with channel geometry

� = −Vy + ∑
n≥1	j≥1

�anj cos nx+bnj sin nx� sin jy� (4.35)

In what follows we will tacitly assume that either one of the assumptions in
(4.35) is satisfied.

Notice that both energy and total energy are conserved since there is no
large mean flow/small-scale flow interaction through topographic stress. Next we
expand the energy E�q� and the generalized enstrophy ��q� around the steady
state q = q. let q = q +�q. The expansion for the energy E�q� is

E�q +�q� = E�q�−
∫
−��q − 1

2

∫
−�q
−1�q� (4.36)

On the other hand, the expansion for the generalized enstrophy is given by Taylor’s
formula with remainder

��q +�q� = ��q�+
∫
−G′�q��q + 1

2

∫
−��q�2a�q	�q�	 (4.37)
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where the function a�q	�q� is given by

a�q	�q� = 2
∫ 1

0
�1− s�G′′�q + s�q�ds� (4.38)

We observe that both the expansion of E�q +�q� in (4.36) and the expansion of
��q +�q� in (4.37) contain linear terms. In order to eliminate the linear terms we
consider the non-linear functional ����q� defined by

����q� = ���q +�q�−��q��+ �E�q +�q�−E�q��

=
∫
−�G′�q�−���q − 1

2

∫
−�q
−1�q + 1

2

∫
−��q�2a�q	�q��

(4.39)

Now it is clear that the linear contribution in (4.39) is eliminated if we choose
the non-linear function G�q� to be an anti-derivative of g�q� from (4.13)

G′�q� = g�q�� (4.40)

With this choice of G�q� the functional ����q� reduces to

����q� = −1
2

∫
−�q
−1�q + 1

2

∫
−��q�2a�q	�q�	 (4.41)

where a is determined in (4.38).
Next we want to investigate when the conserved functional ����q� is locally

positive definite. From (4.41) it is apparent that we need to control the non-linear
coefficient a�q	�q�. For this purpose we recall from Section 1.4 that the extrema
of the potential vorticity are conserved quantities in the special case of � = 0 or
channel geometry. Thus we have the following lemma, thanks to (4.35) and the
conservation of extrema of potential vorticity

Lemma 4.1 Let q = q�x	 y	 t� be a solution of the barotropic quasi-geostrophic
equation (4.1) with initial data q = q0�x	 y�. Assume that the initial data satisfy
the bounds

a ≤ q0�x	 y� ≤ b	 (4.42)

then the solution q = q�x	 y	 t� also satisfies

a ≤ q�x	 y	 t� ≤ b (4.43)

for all time t.

Now we are ready to establish sufficient conditions for the conserved functional
����q� to be locally positive definite and, consequently, for the steady state
q = q�x	 y� to be non-linearly stable.
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Theorem 4.3 Let q = q�x	 y� be a steady state solution of the barotropic quasi-
geostrophic equation (4.1) and satisfying

� = g�q�	 q = 
� +h+�y	 a ≤ q ≤ b	

let the initial perturbation �q0�x	 y� have the bounds �̃ ≤ �q0�x	 y� ≤ �̃, and
denote a = a+ �̃ and b = b + �̃. Now assume that there exist positive constants
c1	 c2	 c3	 c4 such that the non-linear function g�q� satisfies either

�1� 0 < c1 ≤ g′�q� ≤ c2	 a ≤ q ≤ b	or

�2�− c3 ≤ g′�q� ≤ −c4 < −�−1
1 	 a ≤ q ≤ b�

(4.44)

Then the steady state q = q�x	 y� is non-linearly stable with the norm ��q�2
0

provided one of the conditions in (4.35) holds.

Recall that we studied the stability of steady states with a linear q–� relation
in Theorem 4.1. Hence we suspect that for a linear function g, corresponding to
a linear q–� relation, Theorem 4.3 should be related to Theorem 4.1. Indeed, for
the special case of linear g, i.e. g�q� = cq, with no beta-effect and no large-scale
mean, we have

� = c�
� +h�

or equivalently


� +h = ��	 � = 1
c
�

It is then clear that this is a special case of Theorem 4.1 with case (1) in
(4.44) corresponding to the assumption � > 0 and case (2) corresponding to the
assumption −�1 < � < 0.

Proof: In view of Proposition 4.1, it is enough to exhibit a conserved functional
that is positive definite. Since there is no mean flow/small-scale interaction
through topography, the perturbation to the mean flow in the case of case (C) in
(4.35) will remain a constant in time. Thus it is sufficient to construct a conserved
functional that is positive definite for the small-scale perturbation �q only. For
this purpose we consider the functional ����q� in (4.41)

����q� = −1
2

∫
−�q
−1�q + 1

2

∫
−��q�2a�q	�q�� (4.45)

We will prove the result in two separate cases, depending on whether the non-
linear function g�q� satisfies assumptions (1) or (2) in (4.44). For (1) we will
show that ����q� is positive definite, and for (2) we will show that −����q� is
positive definite.
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Case 1: g�q� satisfies assumption (1).

Here we assume c1 ≤ g′�q� ≤ c2 for a ≤ q ≤ b. Consider the term a�q	�q� in
(4.45)

a�q	�q� = 2
∫ 1

0
�1− s�G′′�q + s�q�ds� (4.46)

The function G′′�q� = g′�q� satisfies assumption (1). In addition, q = q + �q

satisfies a ≤ q�x	 y	 t� ≤ b by Lemma 4.1. From here it follows that a�q	�q�

satisfies the bounds

c1 ≤ a�q	�q� ≤ c2	 (4.47)

and now we deduce that ����q� is bounded by

−1
2

∫
−�q
−1�q + c1

2

∫
−��q�2 ≤ ����q� ≤ −1

2

∫
−�q
−1�q + c2

2

∫
−��q�2� (4.48)

Now we can verify that the functional ����q� is positive definite. If we introduce
the Fourier expansion of �q in (4.17) into (4.48) and apply Parseval’s identity, it
follows that

1
2

∑
�k 
=0

(
c1 + 1

��k�2

)
�̂�q�k�2 ≤ ����q� ≤ 1

2

∑
�k 
=0

(
c2 + 1

��k�2

)
�̂�q�k�2� (4.49)

It is straightforward to verify the following inequality for 1 ≤ s < �
C−1 ≤ 1

2

(
c1 + 1

s

)
<

1
2

(
c2 + 1

s

)
≤ C	 (4.50)

where C = max��1+c2�/2	 2/c1�. Introducing this inequality in (4.49) we obtain

C−1��q�2
0 ≤ ����q� ≤ C��q�2

0� (4.51)

This proves that ����q� is positive definite in Case 1.

Case 2: g�q� satisfies assumption (2).

In this case we assume that −c3 ≤ g′�q� ≤ −c4 ≤ −�−1
1 for a ≤ q ≤ b, where

�−1
1 = 1 is the fundamental eigenvalue of the Laplacian with 2�-periodic bound-

ary conditions. In this case we want to show that −����q� is positive definite.
First consider the term a�q	�q� in (4.45)

a�q	�q� = 2
∫ 1

0
�1− s�G′′�q + s�q�ds� (4.52)

Now the function G′′�q� = g′�q� satisfies assumption (2) and q = q +�q satisfies
a ≤ q�x	 y	 t� ≤ b by Lemma 4.1. From here it follows that a�q	�q� satisfies the
bounds

−c3 ≤ a�q	�q� ≤ −c4� (4.53)
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Introducing this resulting (4.45) we deduce that −����q� satisfies the bounds

c4

2

∫
−��q�2 + 1

2

∫
−�q
−1�q ≤ −����q� ≤ c3

2

∫
−��q�2 + 1

2

∫
−�q
−1�q	 (4.54)

where 0 < 1 = �−1
1 < c4 < c3. Next we verify that the functional −����q� is

positive definite. Introducing the Fourier expansion of �q in (4.17) into (4.54)
and applying Parseval’s identity, it follows that

1
2

∑
�k 
=0

(
c4 − 1

��k�2

)
�̂�q�k�2 ≤ −����q� ≤ 1

2

∑
�k 
=0

(
c3 − 1

��k�2

)
�̂�q�k�2� (4.55)

Again, it is straightforward to verify the inequality

C−1 ≤ 1
2

(
c4 − 1

s

)
<

1
2

(
c3 − 1

s

)
≤ C (4.56)

for 1 ≤ s < �, where C = max�c3/2	 2/�c4 −�−1
1 ��. Introducing this inequality

in (4.55) we conclude

C−1��q�2
0 ≤ −����q� ≤ C��q�2

0� (4.57)

This proves that −����q� is positive definite in case (2).
In both Cases 1 and 2 we obtained a positive definite conserved functional.

Therefore from Proposition 4.1 it follows that in both cases the steady state is
non-linearly stable. This concludes the proof of the proposition.

4.4 Non-linear stability of zonal flows on the beta-plane

It is observed that the suitable (say around 30 days) average of weather systems
are mostly zonal flows, and it is the perturbations and oscillations about these
states that determine the weather. Thus a very important and natural question to
ask is which zonal steady state is non-linearly stable. In contrast to the previous
sections where the beta-plane did not play an active role in the stability of those
steady states, we will see that the beta-plane has a stabilizing effect on zonal jets.

We start by recalling the barotropic quasi-geostrophic equations on a beta-plane
with no damping, forcing, or topography

�q

�t
+�⊥� ·�q = 0	 (4.58)

where

q = 
� +�y�

For simplicity we will assume periodic geometry. The channel geometry can be
treated in a similar fashion with slight modification.
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It is easy to see that the equations possess many steady states that are zonal
shear flows. More precisely, for any stream function that is a function of the
latitude �y� only, i.e.

� = ��y� (4.59)

the velocity field is given by

�v =
(

−�y�y�

0

)
	 (4.60)

hence these states are called zonal shear flows (zonal jets) since the velocity is in
the zonal �x� direction and it varies (shears) according to the latitudes. For such
a zonal shear flow, the corresponding potential vorticity is given by

q = Q�y� = �2

�y
��y�+�y = �yy�y�+�y� (4.61)

These states are steady states of the quasi-geostrophic equation since the stream
function and the potential vorticity are functionally dependent and hence the
non-linear term vanishes.

Following an argument of Shepherd (1987), we will see that � has some
stabilizing effects on these kind of zonal jets. More precisely we have

Theorem 4.4 Given any zonal jet q = Q�y� in periodic geometry, if � is large
enough in the sense that

Qy = �yyy +� > 0	 (4.62)

then this zonal flow is non-linear stable. In fact∫
−��q�t��2 dxdy ≤ �Qy�max

�Qy�min

∫
−��q�0��2 dxdy� (4.63)

We may further quantify this largeness assumption of � in the following
immediate corollary:

Corollary 4.1 Let

��y� = ∑
k≥1

�ak sin�ky�+bk cos�ky�� (4.64)

be a given zonal flow in the periodic geometry. Define

A = ∑
k≥1

�k�3��ak�+ �bk��� (4.65)

Then the zonal flow is stable if

� > A� (4.66)
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How do we prove the stability of these zonal jets? The idea again is to utilize
conserved quantities.

It is observed that the zonal steady states are invariant under zonal translation
and hence the equation for the perturbation is also invariant under zonal translation.
This implies that there are new conserved quantities for the perturbation by
Hamiltonian formulation of the equations and the so-called Noether’s theorem.
Instead of following the Hamiltonian approach, we will construct the conserved
quantity in a straightforward manner. Our strategy is:

(A) Find a non-linear conserved quantity for perturbation.
(B) Show that the conserved quantity is positive definite.

For this purpose we let �q be the perturbation to the potential vorticity, i.e.

q = Q�y�+�q	

� = ��y�+��	 (4.67)


�� = �q�

We consider Q as a function defined on the real line. It is clear that the range of
Q is the whole real line. Since Qy is positive, Q is invertible. Let Y0�q� be the
inverse function on the real line and hence

Y0�Q�y�� = y	 Y ′
0 = �Qy�

−1� (4.68)

We now consider the following “morally quadratic” quantity for the perturbation

A�Q	�q� =
∫ �q

0
�Y0�Q+ q̃�−Y0�Q��dq̃� (4.69)

This is the density of the pseudo-momentum or non-linear wave activity. It arises
from the translation invariance in x of these zonal flows. See Shepherd (1990)
for the derivation via Hamiltonian dynamics.

Claim
D

Dt
A�Q	q� = −�x��xx +�yy� = −1

2
���x�

2 − ��y�
2�x − ��x�y�y	 (4.70)

where
D

Dt
= �

�t
+�⊥� ·��

The claim (4.70) indicates that the advection of the density of pseudo-momentum
along the streamline is a perfect divergence. This identity is established at the
end of this section. Hence, we naturally integrate (4.70) in space and conclude
the conservation of pseudo-momentum. This is clear for the channel geometry.
However, there is subtlety involved for the periodic geometry. Indeed, from
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Section 1.3 we know that the integration of a quantity that is advected by the
flow is not necessarily conserved in the periodic geometry unless the quantity
is periodic. Thus, we need to verify that the density of pseudo- momentum is
periodic in the periodic geometry before we can conclude the conservation of the
pseudo-momentum. Notice that A is periodic in x. It is not hard to verify the
periodicity of A in y. Indeed, for any q̃, since the range of Q is the whole real
line and Q is monotone, there exists a unique y′ such that q̃ = Q�y�. Thus

Y0�q̃ +2��� = Y0�Q�y′�+2��� = Y0�Q�y′ +2��� = y′ +2�

= Y0�q̃�+2��

This implies

Y0�Q�y +2��+ q̃�−Y0�Q�y +2��� = Y0�Q�y�+2��+ q̃�−Y0�Q�y�+2���

= Y0�Q�y�+ q̃�−Y0�Q�y��	

which further implies the periodicity of A in y when combined with the periodicity
of the perturbation �q. Thus, we deduce:

Corollary 4.2 The quantity

��Q	�q� =
∫
−A�Q�y�	�q�x	 y	 t��dx dy (4.71)

is conserved for the quasi-geostrophic equation in the periodic geometry.

The theorem then follows from this corollary. Indeed we have

A�Q	�q�t�� ≤
∫ �q

0
max��Y ′

0�Q���q̃dq̃ = 1
2

��q�2�Y ′
0�Q��max

= 1
2

��q�2��Qy�min�−1	

where the max (min) is taken over the real line, which is the same as over a period
in the latitude direction since Qy (and hence Y ′

0 by (4.68)) is periodic although Q

is not. Similarly we have

A�Q	�q�t�� ≥ 1
2

��q�2��Qy�max�
−1�

Thus, after integrating in space, we have

���q���Qy�max�
−1 ≤ ��Q	�q� ≤ ���q���Qy�min�−1	 (4.72)

where

���q� = 1
2

∫
−��q�2�
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Combining this with the conservation of � we deduce

��Qy�max�
−1���q�t�� ≤ ��Q	�q�t�� = ��Q	�q�0�� ≤ ��Qy�min�−1���q�0��	

(4.73)
or

���q�t�� ≤ �Qy�max

�Qy�min
���q�0���

This ends the proof of Theorem 4.4. except the proof of the claim in (4.70).

Now we move on to the proof of the claim.
Applying the chain rule and utilizing the equations for Q and �q we have

D

Dt
�A�Q	�q�� = �A

�Q

DQ

Dt
+ �A

��q

D�q

Dt
= ��xQy

�A

�Q
−��xQy

�A

��q

= ��xQy

(
�A

�Q
− �A

��q

)
�

Utilizing (4.69) we may deduce

�A

�Q
= Y0�Q+�q�−Y0�Q�−Y ′

0�Q��q�
�A

��q
= Y0�Q+�q�−Y0�Q��

Hence

D

Dt
�A�Q	�q�� = −��xQyY

′
0�Q��q = −��x�q = −��x���xx +��yy�	

where we have used the fact that Y0 is the inverse function of Q and hence
QyY

′
0�Q� = 1. This ends the proof of the claim. Notice that this is the only place

we use our choice of Y0 as the inverse of Q. Hence we may start with a general Y0,
impose the conservation of the “morally quadratic” quantity ��Q	�q�, to arrive
at the conclusion that Y0 must be a constant multiple of the inverse of Q. This
provides a means to generate the new conserved quantity for the perturbation
without invoking the Hamiltonian formulation.

The channel domain can be treated in a similar fashion. The main difference
in the channel case is that we need to extend Q as a linear function in y outside
the channel.

4.5 Variational characterization of the steady states

So far in this chapter we have discussed the non-linear stability of steady states
�q	V � = �q	V� of the barotropic quasi-geostrophic equations (4.1) satisfying a
q–� relation of the form

� = g�q�� (4.74)
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As was mentioned in the introduction, numerical studies of two-dimensional
turbulence over topography show the emergence of large-scale coherent steady
states (Bretherton and Haidvogel, 1976), where it is advocated that these steady
states correspond to enstrophy minimizers at fixed kinetic energy. In addition, in
Chapter 3 we saw that according to the selective decay principle, solutions of
the quasi-geostrophic equations with dissipation approach states which minimize
the enstrophy for a given energy. These selective decay states obey a linear q–
� relation. Here we will show that this variational characterization applies to the
non-linearly stable steady states discussed in Section 4.3.

First we introduce the definition of generalized selective decay states that
encompasses large-scale mean flows and generalized enstrophy minimizers. These
definitions naturally have to incorporate the appropriate energy or enstrophy
depending on the context

Definition 4.3 Generalized selective decay states

(1) In the case of flows with large-scale mean flow, a selective decay state �q∗	V ∗� is a
minimizer of the large-scale enstrophy �L�q	V �

�L�q	V � = �V + 1
2

∫
−q′2

subject to the total energy E�q	V � constraint

� = ��q	V ��E�q	V � = −1
2

∫
−�
+ 1

2
V 2 = E0��

(2) In the case of flows without large-scale mean flow, a selective decay state q∗ is a
minimizer of the generalized enstrophy functional

��q� =
∫
−G�q�

with the energy constraint

� = �q �E�q� = E0��

As in Section 1.5, we apply the Lagrange multiplier method to solve these
variational problems. Let us start with case (1) corresponding to flows with large-
scale mean flow. The variational derivatives of the total energy E and the large-
scale enstrophy �L are given by

�E

�q
= −�	 (4.75)

�E

�V
= V	 (4.76)

��L

�q
= 
� +h	 (4.77)

��L

�V
= �� (4.78)
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According to the Lagrange multiplier principle, a minimizer of the large-scale
enstrophy �L with the constraint of fixed total energy E must satisfy the equations


� +h = ��	 (4.79)

� = −�V	 (4.80)

where � is the Lagrange multiplier. But now we recognize that these steady
states �q∗	V ∗� are precisely the steady states studied in Section 4.2. Therefore the
Lagrange multiplier principle recovers the steady states with non-zero large-scale
mean flow as critical points for the large-scale enstrophy at fixed total energy.

Next we consider the steady states in case (2), which are given by a non-linear
q–� relation of the form � = g�q�. In this case the variational derivative of the
energy E and generalized enstrophy � is given by, according to Section 1.5

�E

�q
= −�	 (4.81)

��

�q
= G′�q�� (4.82)

Now, according to the Lagrange multiplier principle, a minimizer of the gener-
alized enstrophy �G, subject to the constraint of constant energy E, must satisfy
the equation

��

�q
= −�

�E

�q
	 (4.83)

where � is a Lagrange multiplier. From here we conclude that

� = g�q�	 (4.84)

where

g�q� ≡ �−1G′�q��

Again, the Lagrange multiplier method recovers the non-linear q–� steady states
as critical points for the generalized enstrophy at fixed energy.

A natural question to ask is whether these selective decay states are real
minimizers of the (total) enstrophy with given (total) energy. The affirmative
answer is given in the next proposition.

Proposition 4.2 (Variational characterization of selective decay states)

(A) Let q = �� be a selective decay state of barotropic quasi-geostrophic equations (4.1):

1. If h��x� 
= 0	� ≡ 0	V�t� ≡ 0, then the steady state q = �� given by (4.79) is the
minimizer of the enstrophy with fixed energy if and only if � ≥ −1, and it is the
unique minimizer if � > −1.
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2. If h��x� 
= 0	� 
= 0	V�t� general, then the steady state q = �� given by (4.79) and
(4.80) is the minimizer of the large-scale enstrophy with fixed energy if and only
if � ≥ 0, and it is the unique minimizer if � > 0.

3. If h��x� ≡ 0, then the steady state q = �� by (4.79) is the minimizer of the enstrophy
with fixed energy if and only if � = −� �k0�2 = −�1 = −1.

(B) Let q be a bounded generalized selective decay state of the barotropic quasi-
geostrophic equations (4.1) without mean flow satisfying

� = g�q�	 q = 
� +h+�y	 a ≤ q ≤ b�

Assume there is a bounded perturbation �
 added, i.e. �̃ ≤ �
 ≤ �̃, and denote
a = a+ �̃ and b = b+ �̃. We further assume either
Case (1)

0 < c1 ≤ g′�r� ≤ c2	 a ≤ r ≤ b

or
Case (2)

−c3 ≤ g′�q� ≤ −c4 < −�−1
1 	 a ≤ q ≤ b�

Then either (1) or (2) implies the generalized selective decay state is a local minimizer
of the enstrophy with fixed energy in the sense that

��q +�q� ≤ ��q�

with the perturbation �q�= �
� satisfying the above assumptions plus the energy
constraint

E�q +�q� = E�q��

Proof: The proof is a simple variation of the proofs of the techniques utilized in
Sections 4.2 and 4.3, and we will prove only the result for the case (A.2). Let us
show that in this case the large-scale enstrophy �L�q	V � is minimized at fixed
energy E�q	V �. Since the energy is constant then E�q +�q	V +�V�−E�q	V� = 0,
therefore we have

�L�q +�q	V +�V� − �L�q	V� = ��L�q +�q	V +�V�−�L�q	V��+
+��E�q +�q	V +�V�−E�q	V�� = ����q	�V��

Hence according to (4.27) for ����q	�V� we have

�L�q +�q	V +�V�−�L�q	V� = �

2
��V�2 + 1

2

∑
�k 
=0

(
1+ �

��k�2

)∣∣∣̂�q�k
∣∣∣2

and this last expression is non-negative for � ≥ 0, and strictly positive for � > 0.
This shows that the steady state �q	V� = �q�x	 y�	V � minimizes the large-scale
enstrophy �L�q	V� at fixed energy E�q	V�. The remaining cases can be verified
in similar fashions.
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5

Topographic mean flow interaction, non-linear
instability, and chaotic dynamics

5.1 Introduction

In this chapter we continue to study the dynamic behavior of the barotropic
quasi-geostrophic equations in the absence of dissipation and external forcing,
paying special attention to the non-linear interaction of the large-scale mean
flow and the small-scale flow through topographic stress. Situations of obvious
importance in atmosphere and ocean science occur when smaller-scale motions
have a significant feedback and interaction with a larger-scale mean flow. One
prototype situation of this sort occurs in the interaction of large-scale and small-
scale components of barotropic flow over topography via topographic stress. In
two influential papers, Charney and DeVore (1979) and Hart (1979) studied the
multiple equilibrium states of this system with dissipation and single mode topog-
raphy, and suggested their possible importance as model states for atmospheric
blocking (see also Carnevale and Frederiksen, 1987; Vallis, 1985 for further
developments).

In oceanography, in the special case of single mode topography as well
as damping and driving, these equations have been used as a model for
large-scale mean flow modification through topographic stress for flow along
a continental shelf with smaller-scale topographic ridges (Allen et al., 1991;
Samelson and Allen, 1987); also recently Holloway (Holloway, 1987; Edy
and Holloway, 1994) has emphasized the possible dynamical significance
of topographic stress in modifying coastal currents in many oceanographic
contexts.

An ideal model to study the complex non-linear interaction of the large-scale
and the small-scale flow and the role of the topography is given by the equations
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for large-scale mean flow and small-scale flow interaction through topographic
stress introduced in Chapter 1, Subsection 1.3.1

�q

�t
+�⊥� ·�q +V�t�

�q

�x
+�

��

�x
= 0� (5.1)

q = 	� +h� (5.2)

dV

dt
=
∫
−h

��

�x

 (5.3)

Here the small-scale flow is given in terms of the stream function �, and q is the
small-scale potential vorticity (for simplicity we have omitted the primes in the
the small-scale variables in equations (5.1)–(5.3)). The large-scale velocity field
only has the zonal component V�t�, and the topography is given by the function
h = h�x� y�. The parameter � > 0 is the contribution from the beta-plane effect.
Both the small-scale potential vorticity q and the small-scale stream function �,
as well as the topography h, are assumed to be 2�-periodic functions in both
variables x and y, with zero average. The large-scale velocity V�t� is strongly
coupled with the small-scale flow through equation (5.3), where the bar across
the integral sign indicates that the integral has been normalized by the area of the
domain of integration.

We recall from Chapter 1, Section 1.3, the existence of conserved quantities
for flows given by equations (5.1)–(5.3). One important conserved quantity is the
total energy E given by

E = 1
2

V 2�t�+ 1
2

∫
−��⊥��2 = 1

2
V 2�t�− 1

2

∫
−��� (5.4)

where � = 	� is the vorticity; the other important conserved quantity is the total
enstrophy � given by

� = �V�t�+ 1
2

∫
−�q�2
 (5.5)

In Chapter 1, Section 1.2.4, we identified special steady states of (5.1)–(5.3)
with constant mean flow V , and with the potential vorticity q and the stream
function � linearly related

q = 
�� V = −�



� q = � +h� (5.6)

and from the equation above it is clear that these steady states represent a westward
flow when 
 > 0 and an eastward flow when 
 < 0. These steady states are non-
linearly stable for 
 > 0 and typically unstable for 
 < 0. In fact, in Section 4.2,
the non-linear stability of the steady states in (5.6) was established rigorously
when 
 > 0, i.e. for westward mean flow, V < 0. In that case the proof relied on
the construction of a positive definite invariant functional � , utilizing the total
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energy E and the total enstrophy � in equations (5.4)–(5.5). In Subsection 5.3.3
below, we present rigorous examples demonstrating the linear and non-linear
instability of these special states for −1 < 
 < 0 through explicit interaction of
the mean flow and small-scale flow through topographic stress.

In spite of the rigorous non-linear stability results established in Chapter 4,
much remains to be understood about the dynamics of the equations (5.1)–(5.3)
and the non-linear interaction of the large and small flow scales, as well as
the role of topography. Here, through a combination of theory and numerical
experiments, we study the dynamic behavior of solutions of the equations for mean
flow and small-scale interaction via topographic stress without any dissipation or
forcing, given by equations (5.1)–(5.3). We do this to emphasize the remarkably
rich intrinsic chaos which occurs in these systems and substantially alters the
mean flow through the energy conserving interaction with the small scales via
topographic stress. Here we will show that this intrinsic chaos occurs for fixed
layered topography with at least two non-zero modes and with a non-zero variation
in the Coriolis parameter �, which is typical for flows in the atmosphere and ocean.
In fact, if � vanishes, that is � = 0, these equations are completely integrable
and do not possess intrinsic chaos, although they can have a complex heteroclinic
structure (see Subsection 5.3.2). Below, we use a combination of theory and
numerical experiments (see Subsection 5.5.2) to produce prototype topographic
blocking patterns, with topographic stress as the only transfer mechanism; these
patterns nevertheless have time series which resemble those in recent laboratory
experiments on topographic blocking (Weeks et al., 1997). Next, we outline the
contents of the remainder of this chapter.

In Section 5.2, we present the important special case involving layered
anisotropic topography, which is the main focus of this section. In particular, we
show that, in this situation, there is a Lagrangian form of the basic equations (see
(5.19)–(5.25) below), which has a Hamiltonian structure as well as action-angle
variables. This provides the starting point for the theoretical developments in
Sections 5.3 and 5.4. In Section 5.3, we discuss the dynamics of the layered
(anisotropic) equations with topographic stress in two interesting regimes with
completely integrable behavior: the first involves setting the Coriolis parameter �

to zero, while the second involves single mode topography with non-zero �. The
structure presented in Section 5.2 plays an important role in these developments.

In Section 5.4, we develop a parameter regime for the layered model where
we utilize theory to predict intrinsic Hamiltonian chaos including situations with
global stochastic behavior. In this regime, the mean flow, the topography, and
the beta-effect are all small in a suitable distinguished limit, but the topography
is much smaller than both the mean flow and the beta-effect. At the beginning
of Section 5.4, we show that the formal limiting dynamics in this regime reduces
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to equations identical to the motion of a single particle in a one-dimensional
spectrum of longitudinal waves, which have been studied extensively (Zaslavsky
and Filonenko, 1968; Zaslavsky et al., 1991; Chirikov, 1979; Escande, 1985);
furthermore, in a suitable formal sense, this limiting process involves a regular
perturbation. In Subsection 5.4.2, we utilize this structure to provide a theoretical
framework for strong resonance and global stochasticity in the layered equa-
tions via topographic stress with at least two topographic modes of comparable
size; these results provide the theoretical underpinning for the prototype blocking
patterns described through numerical experiments in Subsection 5.5.2. In Subsec-
tion 5.4.3, we establish by Melnikov’s method that weak stochasticity also occurs
in this regime for suitable topography through homoclinic chaos.

In Section 5.5, we present a series of numerical experiments involving the
basic equations with mean flow and small-scale interaction via topographic stress.
In Subsection 5.5.1, we describe the behavior of solutions involving random
perturbations of single mode topography for a wide range of initial mean flows
and values of �. In Subsection 5.5.2, we describe prototype chaotic blocking
regimes with two-mode topography motivated by the theoretical developments
in Subsection 5.4.2. Numerical experiments with random perturbations of multi-
mode topography are described in Subsection 5.5.3. Finally, in Subsection 5.5.4,
we present some preliminary results on symmetry breaking perturbations of the
prototype topographic blocking patterns.

We end this introduction by remarking that, as established in Sections 5.2
through 5.4, the equations for mean flow and small-scale interaction via topo-
graphic stress with layered topography provide a very rich infinite-dimensional
Hamiltonian with complex heteroclinic structure (see McLaughlin and Overman,
1995 for whiskered tori in related developments for soliton equations), where rig-
orous finite-dimensional truncation can be achieved. Even in the integrable case
in Section 5.2 with � = 0, the phase space structure is extremely complex since
the integrable two-dimensional Hamiltonian has coefficients which depend on the
initial data and, as the initial data vary complex bifurcations in phase space occur,
much like the “trouser, pant leg” constructions for whiskered tori (McLaughlin
and Overman, 1995).

5.2 Systems with layered topography

We shall now construct special solutions to the full non-linear system, which
inherit the non-linear coupling of the small-scale flow with the large-scale mean
flow via topographic stress. To do so, we restrict ourselves to topography layered
in the fixed direction, �l = ��x� �y�, and assume that both � and q only depend
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on � = �l · �x, with �x = �x� y�. As a consequence, the small-scale non-linear term
in (5.1), �� ·�⊥q, is identically zero. However, the non-linear coupling due to
topographic stress in (5.3) remains and is responsible for much of the complex
behavior presented below. For this special type of solution of the full system in
(5.1)–(5.3), the expansions of � and h in Fourier series are

��x� y� t� = ∑
k �=0

�k�t�e
ik�l·�x� (5.7)

h�x� y� = ∑
j �=0

hke
ik�l·�x� �x = �x� y�
 (5.8)

Next, we introduce equations (5.7) and (5.8) into (5.1)–(5.3), which leads to
a system of ordinary differential equations for �k�t�, only coupled through the
small-scale mean flow interaction by topographic stress.

Layered topographic equations in Fourier form

d�k

dt
= ik�x

(
�

��l�2k2
−V

)
�k + ik�x

hk

��l�2k2
V� (5.9)

dV

dt
= −�x

∑
k �=0

ikhk��k�
∗
 (5.10)

We note that h−k = �hk�
∗ and �−k = ��k�

∗ since both h and � are real, where ∗
denotes complex conjugation.

5.2.1 Hamiltonian structure

By rescaling the equations and changing the coordinate system to align the
x-component with �l, it is always possible to reduce the equations in (5.9), (5.10)
with �x �= 0, to the same convenient form as in the special situation of layered
topography aligned with the North–South (or y) direction. Indeed, with the change
of variables

q′ = q

��l�
� �′ = ��l��� h′ = h

��l�
� �′ = �

��l�2
� V ′ = V� t′ = lxt�

we recover (5.9), (5.10) with the special case �l = �1� 0�. Hence any choice of
lx �= 0 and ly can be reduced to the special situation lx = 1 and ly = 0 via the
change of variables delineated above. Therefore, without loss of generality, we
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restrict ourselves to the particular situation of layered topography orthogonal to
the zonal mean flow, so that q, �, and h are functions of �x� t� only. With all of
these special assumptions the equations in (5.1)–(5.3) become the

Layered topographic equations

�q

�t
+V

�q

�x
+�

��

�x
= 0� (5.11)

q = �2�

�x2
+h� (5.12)

dV

dt
=
∫
−h

��

�x

 (5.13)

To exhibit the Hamiltonian structure inherent in the equations from (5.11)–
(5.13), we rewrite them in terms of large-scale “advected coordinates”. Thus, we
define the new variables

x′ = x−��t�� t′ = t� ��t� =
∫ t

0
V�s�ds� (5.14)

and

q̃�x′� t′� = q�x� t�� �̃�x′� t′� = ��x� t�
 (5.15)

We note that q and q̃ coincide at t = 0 when ��0� = 0. Setting the initial value
of � to a value different from zero corresponds to shifting the topography in
x by that same amount relative to the inertial frame. In these new coordinates,
equations (5.11) and (5.12) become

�q̃

�t′
+�

��̃

�x′ = 0� (5.16)

q̃ = �2�

�x′2 +h�x′ +��t��
 (5.17)

We differentiate (5.16) with respect to x′ and use (5.17) to obtain

�2q̃

�t′�x′ +�q̃ −�h�x′ +��t�� = 0


To further simplify the notation we define

H�x� =
∫ x

0
h�s�ds
 (5.18)

The function H�x� is periodic because the average of h�x� is zero. After dropping
the primes in notation, the above manipulation leads to the following set of
equations, which is equivalent to the basic equations in (5.11)–(5.13).
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Lagrangian layered topographic equations

�2q̃

�t�x
�t� x�+�q̃�t� x�−�h�x+�� = 0� (5.19)

V̇ = −
∫
−

2�

0
H�x�q̃�t� x−��t��dx� (5.20)

�̇ = V
 (5.21)

In terms of the Fourier series representation of q̃ and h

q̃�t� x� = ∑
k �=0

q̃k�t� exp�ikx�� h�x� = ∑
k �=0

hk exp�ikx�� (5.22)

the equations in (5.19)–(5.21) become the following infinite set of ordinary dif-
ferential equations

˙̃qk = − �

ik
�q̃k −hk exp�ik��� � (5.23)

V̇ = −∑
k �=0

hk

ik
�q̃k�

∗ exp�ik��� (5.24)

�̇ = V
 (5.25)

Now with q̃k = ak + ibk and hk = �hk� exp�i�k�, k ≥ 1, the equations in
(5.23)–(5.25) determine an infinite-dimensional Hamiltonian system over the
space �V���a1� b1� 
 
 
�, whose Hamiltonian is given by the total energy E in
equation (5.4)

E = 1
2

V 2 − 1
2

∫
−�� =

E = 1
2

V 2 + ∑
k>0

1
k2

[
a2

k +b2
k −2ak�hk� cos�k�+�k� (5.26)

−2bk�hk� sin�k�+�k�+�hk�2
]



Indeed with Z = �V���a1� b1� 
 
 
�, we can rewrite (5.23)–(5.25) in the Hamiltonian
form

Ż = J�E


Here J is an infinite symplectic block-diagonal matrix in the space
�V���a1� b1� 
 
 
�, whose diagonal consists of 2×2 block matrices J0� J1� J2� 
 
 
,
with

J0 =
(

0 −1
1 0

)
Jk = k�

2

(
0 −1
1 0

)
� k ≥ 1
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This Hamiltonian system also conserves the total enstrophy � in equation (5.5)

� = �V +∑
k>0

�q̃k�2
 (5.27)

We can also write the equations (5.23)–(5.25) in terms of “action-angle”
coordinates, with

q̃k =√
2Ik exp i�k


This leads to the equivalent system

İk = �

k

√
2Ik�hk� sin�k�−�k +�k�� (5.28)

�̇k = �

k
− �

k

�hk�√
2Ik

cos�k�−�k +�k�� (5.29)

V̇ = −2
√

2Ik�hk�
k

sin�k�−�k +�k�� (5.30)

�̇ = V
 (5.31)

5.3 Integrable behavior

Here we discuss several interesting regimes where the Lagrangian layered topo-
graphic equations in (5.19)–(5.21) are completely integrable.

5.3.1 The case h = 0

In the absence of topography, h = 0, the equations (5.23)–(5.25) trivially reduce to

V = const� q̃�t� x� = ∑
k �=0

q̃k�0� exp
[
i
�

k
t + ikx

]
� (5.32)

and the solution is a system of independent Rossby waves, whose frequency is
proportional to �. Hence, as is well known, �/k determines the frequency of
oscillation for each of the Rossby waves.

5.3.2 The case � = 0

Next, we consider the special case � = 0. Then the equation (5.19) implies that

q̃�t� x� = q̃�0� x� = const�
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and both V and � decouple from q̃. With q̃k = �q̃k� exp�i�k�, it is straightforward
to show from (5.24) that

V̇ = −2
∑
k>0

�hk��q̃k�
k

sin�k�−�k +�k�


From (5.20), (5.21) we observe that the dynamics of V and � are determined
by the two-dimensional Hamiltonian system

V̇ = − �

��
����� (5.33)

�̇ = V
 (5.34)

Here �, given by

���� = −
∫
−

2�

0
H�x�W�x−��dx� W�x� =

∫ x

0
q̃�0� s�ds� (5.35)

plays the role of a “mechanical potential” and depends on the initial data in the
small-scale field.

For fixed topography and initial conditions in the small scales, all solutions
of (5.33)–(5.34) can be visualized by displaying the contours of the Hamiltonian
H�V��� = V 2/2 + ����. In Figure 5.1, the solutions are shown in the �V���-
plane for single mode topography. We observe the emergence of a large set of
solutions, whose mean velocity V oscillates about the average value V = 0. In
particular for these solutions, the mean flow does not show any preferred direction
and periodically reverses its direction from east to west, and vice-versa. The
maximal amplitude of these oscillations is determined by solutions heteroclinic
to unstable equilibria. These separatrices divide the phase space �V��� into two
distinct regions, which exhibit a different qualitative behavior; either the time
average of the mean flow V is zero or it lies strictly above a threshold different
from zero, with �V�t�� > 0 for all time.

What if we perturb the topography by adding more scales? In Figure 5.2 we
show solutions after a few smaller scales were added to the same basic topographic
mode. The effect on the phase portrait is small and the qualitative behavior barely
changes. However, as we increase the amplitudes of the second and third mode
in the topography and the initial conditions, new steady states clearly appear
as depicted in Figure 5.3. Instead of one we now see the emergence of three
separatrices per period, heteroclinic to the unstable equilibria. These heteroclinic
orbits vary with the initial data and can be quite complicated for several mode
topography.
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Figure 5.1 Contour lines of the Hamiltonian H���U � for single-mode topog-
raphy are shown for � = 0. The heteroclinic orbits, denoted by dashed lines,
separate the phase plane ���U � into two distinct regions: either the average
mean is zero or it is strictly eastward (or westward) for all time. The stable
equilibrium lies at �0� 0� and the unstable equilibrium at �±�� 0�.

In Figure 5.3, the phase portrait is not symmetric about � = 0 because we
have chosen random phase shifts �k and �k. Whenever a trajectory lingers about
a state with a small mean, i.e. V remains close to zero, the flow configuration
tends to appear blocked. As a solution trapped between the two outer separatrices
meanders along the heteroclinic orbit, it first reverses the mean flow direction
from eastward to westward; then, the mean remains westward, while the trajectory
approaches the two inner unstable equilibria, and the flow lingers in a blocked
state with a small westward mean component; finally, the mean reverses again and
the now eastward flow completes the loop to regain its initial zonal configuration
with a rather large mean.

Despite the existence of complicated heteroclinic orbits, all solutions behave
in a regular periodic fashion, unless dissipation or forcing are added. Indeed, as
we shall see in Sections 5.4 and 5.5, the crucial ingredient for chaotic behavior
without dissipation, non-zero �, is still missing in this system.
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Figure 5.2 Contour lines of the Hamiltonian H���U � for peturbed single-mode
topography with added small scales are shown for � = 0. The heteroclinic orbits
(or separatrices) are denoted by dashed lines.

5.3.3 Single mode topography

To study the complex interaction between �, the topography, and the mean flow,
we first consider the special case of single mode topography (Hart, 1979; Samelson
and Allen, 1987; Vallis, 1985). Let hk be the unique non-vanishing mode in the
Fourier expansion of the topography in (5.22). Then all other modes, j �= k, with
hj = 0, decouple into an infinite set of independent linear oscillators

wj�t� = wj�0� exp
[
i
�

j
t

]
� j �= k


Thus all q̃j� j �= k, are independent Rossby waves which, if initially zero, will
remain zero for all time, regardless of the mean flow. Only q̃k, which corresponds
to the non-vanishing topographic mode hk, interacts with the mean flow and will
be excited through topographic stress, even if zero initially.

Specifically, we consider the single mode solution

��x� y� t� = a�t� sin�kx�+b�t� cos�kx�� (5.36)

h�x� y� = H sin�kx�� k �= 0� (5.37)
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Figure 5.3 Contour lines of the Hamiltonian H���U � for strongly perturbed
multi-mode topography are shown for � = 0. The unstable equilibria lie at
the intersections of the heteroclinic orbits, denoted by dashed lines. The stable
equilibria are located at the centers of the circular orbits.

where H �= 0 denotes the height of the topography. For these special exact solu-
tions, the full set of non-linear equations in (5.11)–(5.13) simplifies to the three-
dimensional dynamical system

ȧ =
(

V − �

k2

)
kb� a�0� = ā� (5.38)

ḃ = −
(

V − �

k2

)
ka+ H

k
V� (5.39)

V̇ = −kHb

2

 (5.40)

The energy and the enstrophy, E and �, are now given by

E = V 2

2
+ k2�a2 +b2�

4
� (5.41)

� = �V + k4�a2 +b2�+H2 −2k2aH

4

 (5.42)



150 Topographic mean flow interaction

Since E and � are both conserved in time, the solutions of (5.38)–(5.40) lie on the
intersections of the two manifolds E = const and � = const. The surface defined
by E = const is a prolate spheroid (ellipsoid of circular cross-section), whereas
� = const is a concave surface and defines a one-to-one mapping from �a� b�

to V for a fixed value of �. Next we utlize the elementary examples of exact
solutions in (5.38)–(5.40) to rigorously demonstrate what we claimed at the end
of Section 4.2 on non-linear stability. Namely, that the interaction with the mean
flow destablizes these steady states in general for −1 ≤ 
 < 0.

What are the steady states of this system? Since H �= 0, we see from (5.40) that
b must be identically zero, which immediately implies that a�t� = ā is constant
in time. Hence any steady state takes the form

x∗ = �ā� 0�V �� V = − �

H/ā−k2
� (5.43)

where the value of V was obtained by setting ḃ = 0 in (5.39). For small topography,
H < k2ā, the steady state corresponds to eastward mean flow, but once H > āk2,
the steady mean reverses and points westward. These steady-states coincide with
those introduced in Chapter 1, Subsection 1.2.4 under the assumption of a linear
q–� relation, and given the physical parameters H and � they are fully determined
by 



 = H

ā
−k2� V = −�




 (5.44)

To determine the linear stability of any steady state, x∗ = �H/�
+k2�� 0�−�/
�,
we compute the eigenvalues of the Jacobian of the equations on the right-hand
side of (5.38)–(5.40)

DF �x=x∗ =
(

0 −��
+k2�/
 0
��
+k2�/
 0 H
/�k�
+k2��

)
(5.45)

The eigenvalues �i are

�1 = 0� �2�3 = ±
[
− 
H2

2�
+k2�
− �2�
+k2�2


2

]1/2


 (5.46)

The steady state x∗ is linearly stable if �2 and �3 are imaginary. Thus, instability
occurs when the term in brackets in (5.46) is positive, which can only happen
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for 
 < 0. Since the second term involving � is strictly negative, the beta-effect
always tends to stabilize the steady state. In fact for � �= 0 and without topography,
H = 0, the equilibrium is stable for all 
. On the other hand for � = 0, but
in the presence of topography, H �= 0, the equilibrium is stable if 
 satisfies
either 
 > 0 or 
 < −k2 with instability for −k2 < 
 < 0. The combined effect
of topography and � is determined by the superposition of these two extreme
cases. In the situation with both H �= 0 and � �= 0, the steady states are stable
for all 
 > 0 and for all 
 < −k2. However inside the interval −k2 < 
 < 0,
the stabilizing effect of � and the destabilizing effect of the topography com-
pete. Let 
c denote the unique 
 for which the expression in square brackets
in (5.46) vanishes. Then to the left of 
c the equilibrium is unstable, whereas
to the right it is stable. In summary for � �= 0 and H �= 0, the steady state is
stable for 
 < k2 and 
 > 
c, and it is unstable for −k2 < 
 < 
c. The loca-
tion of 
c depends on the relative magnitude of � versus H . As � increases,

c shifts towards −k2, thereby further reducing the instability region. Physically
the unstable equilibria correspond to eastward mean flows, where the topogra-
phy is large enough to overcome the stabilizing effect of � but not quite large
enough to create a situation of topographically “locked” flow. The stable branch

 < −k2 is likely to be unstable in a fully non-linear regime (Carnevale and
Frederiksen, 1987).

To determine the number of possible equilibria in any given situation, we
compute the total enstrophy at each steady state x∗ as a function of 


� = −�2



+ H2
2

4�
+k2�2

 (5.47)

In Figure 5.4, the total enstrophy is shown in the special case � = H = k = 1.
We note that for � < 0, there is a unique stable equilibrium, which corresponds
to westward flow. As � crosses zero, a unique steady state exists up to a
critical threshold, which we denote by �c. This bifurcation point corresponds
to the previous limit 
c between stable and unstable regions. For � > �c,
two new equilibria appear, one stable (elliptic) and one unstable (hyperbolic).
Figure 5.5 displays contour lines of constant energy in the �a� b�-plane for a
fixed value of the enstrophy � > �c. The two homoclinic orbits, which are
connected to the unstable equilibrium, isolate the two stable equilibria from
each other in the �a� b�-plane. All three equilibria correspond to eastward
mean flow.

Next, we focus on the dynamic behavior of the mean flow and switch to the
‘action-angle’ variable form (5.28)–(5.31) for single mode topography. We reduce
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Figure 5.4 The enstrophy ��
� in (5.47) is shown at each steady state for
� = H = k = 1. The unstable equilibria correspond to the interval −1 < 
 < 
c.

its dimensionality by rewriting this dynamical system in the new set of variables
����′

k�V��′�

Ik = �−�V

2
� � = �′ +�′

k� �k = k��′ +�′
k�−�′�

where neither � nor V were modified. Then the equations for V and �′ decou-
ple from that of �′

k; moreover, since the potential enstrophy, � = �V + 2Ik, is
conserved in time, we obtain the two-dimensional dynamical system

V̇ = −2

√
�−�V �hk�

k
sin��′ +�k�� (5.48)

�̇′ = kV − �

k
+ �

k

�hk�√
�−�V

cos��′ +�k�
 (5.49)

Its phase space is 2�-periodic in �′ and is restricted to the region

V ≤ �

�
−� ≤ �′ < �




5.3 Integrable behavior 153

–5 –4 –3 –2 –1 0 1 2 3 4 5
–5

–4

–3

–2

–1

0b

a

1

2

3

4

5

Figure 5.5 Contour lines of constant energy E are shown in the �a� b� plane
for fixed enstrophy, � = 3, with � = H = k = 1. The two stable equilibria are
denoted by plus signs and the unstable equilibrium lies at the intersection of the
two heteroclinic orbits, denoted by dashed lines.

To draw the phase portrait of (5.48)–(5.49), we use the following first integral
of the system, related to the conservation of energy

� = k

2

(
V − �

k2

)2

−2
�hk�

√
�−�V

k
cos��′ +�k�
 (5.50)

As we vary the enstrophy, we observe a change in the topology of the phase
portrait when � crosses the critical threshold �c

�c = 3
(

�2�hk�
2k2

)2/3

+
(

�

k

)2


 (5.51)

In Figure 5.6, the phase portrait in the �V��′�-plane is shown for � < 0 on the left
and for � > �c on the right. In the left frame, we find a single stable equilibrium,
which corresponds to a westward mean. In the right frame, two new equilibria
have appeared, one stable and the other unstable, located at the intersection of the
two homoclinic orbits. The two stable equilibria correspond to strong and weak
eastward mean flow, respectively.
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Figure 5.6 Contour lines of � ���U �, which is defined by (5.50), are shown
in the ���U � plane for fixed enstrophy �, with � = H = k = 1. Left: � = −1,
the stable equilibrium, denoted by a plus sign, corresponds to westward flow;
right: � = 3, the two stable equilibria are denoted by plus signs and correspond
to strong and weak eastward mean flow. The unstable equilibrium lies at the
intersection of the two heteroclinic orbits, denoted by dashed lines, and also
corresponds to eastward mean flow.

5.4 A limit regime with chaotic solutions

We wish to gain a mathematical understanding of the combined effect of � and multi-
mode topography. InSection5.5,wewilldiscussnumerical solutionsof theequations
with layered topography for a wide range of parameter regimes. Nevertheless such
a numerical case study is necessarily limited in its nature. On the other hand, with
the loss of integrability, much of the underlying mathematical structure required for
analysis has vanished. To gain a global mathematical insight, we will study a special
limit in this section, which greatly reduces the complexity of the dynamical system,
while preserving an infinite-dimensional signature of this system.

To begin we introduce the scaling parameter, �, into the Lagrangian layered
equations in (5.19)–(5.21). We set

h = �h′� � = �1/2�′� t = �−1/2t′� V = �1/2V ′� (5.52)

and rewrite the equations in (5.19)–(5.21) in these new variables

�2q̃

�t�x
�t� x��+�′q̃�t� x�−��′h′�x+�� = 0� (5.53)

V̇ ′ = −
∫
−

2�

0
H ′�x�q̃�t� x−��dx� (5.54)

�̇ = V ′
 (5.55)
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In the remainder of this section we will study the dynamics generated by the
above equation in the formal limit � → 0. A small value of � corresponds to the
physical situation where h��, and V are small, the small-scale velocity �⊥� is
of order one, and the time oscillations of V have a long period. In this case, most
of the energy of the system is stored in the small-scale part of the velocity field.
From (5.52) it follows that for � � 1 the topography is small relative to both �

and the mean flow V .
To simplify the notation, we drop the primes from the new variables. Next, we

set � = 0 in (5.53), which leads to

�2q̃

�t�x
�t� x�+�q̃�t� x� = 0
 (5.56)

By using the Fourier representation of q̃ and h in (5.22), we rewrite (5.56) as

i ˙̃qk = −�

k
q̃k� k ≥ 1


The solution of equation (5.53) is then given by a superposition of Rossby waves

q̃�t� x� = ∑
k �=0

�q̃k�0�� exp�ikx+ i�k�t��� �k�t� = �

k
t +�k�0�� k ≥ 1
 (5.57)

Next, we substitute (5.57) into (5.54) to obtain the reduced dynamics

V̇ = −2
∑
k>0

�hk��q̃k�
k

sin�k�+�k −�k�� (5.58)

�̇ = V
 (5.59)

Here �q̃k�t�� = �q̃k�0�� = const��k is given by (5.57), hk = �hk� exp�i�k�. Thus for
� = 0, the evolution of V is dictated by a single, time-dependent, second-order
ordinary differential equation, similar to that for the motion of a single particle
in a one-dimensional spectrum of longitudinal waves, which has been studied
extensively (Zaslavsky and Filonenko, 1968; Zaslavsky et al., 1991; Chirikov,
1979; Escande, 1985).

Although the equations in (5.53)–(5.55) remain valid for � = 0, the origi-
nal change of variables defined by (5.52) becomes meaningless in the limit.
Nevertheless, we shall see that much of the behavior of V for � = 0 extends
to the case � �= 0, and we will see this confirmed dramatically in the numer-
ical experiments presented in Subsection 5.5.2. To develop our understanding
of the limit � → 0, we first consider the special situation of single mode
topography.
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5.4.1 Single mode topography

From Subsection 5.3.3 we recall that the equations in (5.53)–(5.55) can be com-
pletely integrated for single mode topography, that is when hj = 0 for all j �= k

and hk �= 0. We shall now study the limit � → 0 in this special case to get a
better understanding of the limiting process. The analogues of (5.48) and (5.49)
in terms of the rescaled variables (5.52) are

V̇ = −2

√
�r −��V �hk�

k
sin��+�k� (5.60)

�̇ = kV − �

k
+ ��

k

�hk�√
�r −��V

cos��+�k�� (5.61)

where the reduced enstrophy, �r , is defined by

�r = ��V +2Ik


Next, we rewrite the first integral of (5.60)–(5.61) in the new variables, which
yields

� = k

2

(
V − �

k2

)2

−2
�hk�

√
�−��V

k
cos��′ +�k�
 (5.62)

The analogue of �c defined in (5.51) is

�c = 3
(

�2�2�hk�
2k2

)2/3

+�

(
�

k

)2




For � sufficiently small, �r > �c, which implies that (5.60) and (5.61) have three
equilibria �Vl��l�� l = 1� 2� 3, as described in Subsection 5.3.3 and illustrated in
Figure 5.6. That figure shows two non-linear resonance regions, one in which
U oscillates about V1 and another in which it oscillates about V2. When � is
small these non-linear resonances correspond to the cases where the reduced
potential enstrophy is dominated either by q̃k (region V1) or by V (region V2). As
� → 0�V1 → �/k2�V3 → �/k2, and V2 → +�. With � = 0, the system reduces
to a simple pendulum shifted in momentum space by �/k2. Then the equilibria
�V1��1� and �V3��3� are the usual elliptic and hyperbolic equilibria, respectively,
of this modified pendulum. Moreover, the time average of V for any solution in the
resonance region is exactly �/k2. The analyticity of � in the region V < �r/��

clearly implies that the orbits of (5.60), (5.61) for small � are close to those for
� = 0, as long as these orbits are contained in some region where V is not too
large. Thus, as to be expected, the limit � → 0 is regular and well-behaved in this
integrable case.
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5.4.2 Interaction of non-linear resonances

Our goal in this section is to study the behavior of the large-scale velocity
V when � is small and there are at least two large modes in the topography.
Here most of our statements will not be mathematically rigorous, but instead are
based on previous numerical investigations and heuristic arguments (most of them
can be found in Escande, 1985; Chirikov, 1979). However, these ideas lead to
quantitative prediction and explanation for the interesting topographic blocking
phenomenon presented in Subsection 5.5.2 for � � 1.

Our starting point is the system of ordinary differential equations (5.58), (5.59),
which we obtained from the equations (5.53)–(5.55) by setting � = 0. To under-
stand the basic features of the equations in (5.58), (5.59), we will concentrate on
the simplest non-trivial case of two modes in the topography (neither of them
needs to be small). Hence, we assume that the topography is given by

h�x� = �hk��exp�ikx+ i�k�+ exp�−ikx− i�k��+�hl��exp�ilx+ i�l�

+ exp�−ilx− i�l���

where hk �= 0.
In this case, the dynamics is determined by

V̇ = −2
�hk��q̃k�

k
sin�k�+�k −�k�−2

�hl��q̃l�
l

sin�l�+�l −�l�� (5.63)

�̇ = V
 (5.64)

Here, �k = ��/k�t +�k�0� and �l = ��/l�t +�l�0�. Our goal is to exhibit the
basic mechanism for the onset of large regions of stochastic dynamics. To do so
we will study the dynamics of the Poincaré map induced by the time-T flow of
the above system, where T is 2�/� times the lowest common multiple of k and l.
The following analysis can be found, for instance in Escande (1985) and Chirikov
(1979).

We begin by defining resonance zones. If �hl� = 0 and �hk� �= 0, we recover the
situation discussed in Subsection 5.4.1 and depicted in Figure 5.6. We define the
k-resonance zone as the region in the ���V � space inside the separatrix. We note
that the k-resonance zone is centered at the elliptic fixed point with V = �/k2.
The width of the k-resonance zone is

Dk =
√

32�hk��q̃k�
k

In a similar way, for �hk� = 0 and �hl� �= 0, we define the l-resonance zone. It is
centered at the elliptic fixed point with V = �/l2, and its width is

Dl =
√

32�hl��q̃l�
l
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When both hk and hl are different from zero, the geometric complexity greatly
increases. It is then possible to prove that the Poincaré map has hyperbolic fixed
points corresponding to the modes k and l. The hyperbolic fixed points associated
with k have stable and unstable manifolds that necessarily intersect each other.
In this case, the k-resonance zone is defined as the region inside the closed curve
formed by pieces of these manifolds (see Meiss, 1992; section VIII-A, for a
detailed discussion of this point). The proofs of the claims in this paragraph, at
least for generic cases, can be found in Denzler (1987), and Mather (1993).

If both �hk� and �hl� are different from zero but are sufficiently small, equa-
tions (5.63) and (5.64) can be considered as a perturbation of a free particle:
V̇ = 0 and �̇ = V . In this case, the k-resonance zone resides inside a strip of width
Dk centered at V = �/k2; its overall shape essentially unchanged from the case
�hl� = 0. Similarly, we find the l-resonance zone centered near V = �/l2. Between
the two resonance zones the dynamics of the Poincaré map is rather simple: most
orbits remain close to those of a free particle system and reside inside invariant
curves, which lie between the two resonance zones.

As the magnitude of �hk� and �hl� increases, the appearance of the resonance
zones changes continuously, and the stochastic layers which surround the separa-
trices increase in thickness – see Figure 5.7 in Subsection 5.4.3. With the increase
in width of these stochastic layers, they can occupy almost entirely the reso-
nance regions; it then becomes difficult to define the boundaries of the resonance
regions. Although, the size of the stochastic regions surrounding the resonances
k and l can be large, they might be sufficiently far from each other to remain
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Figure 5.7 Iterations of Poincaré maps of (5.78), (5.79) are shown in the ��′�U�
plane for � = hk = q̃k = 1. Left: hl = 0; right: hl = 0
1 and q̃l = 1. Note on the
right the stochastic layer appearing around the unperturbed separatrix, denoted
by dashed lines on the left.
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isolated, separated by the invariant curves between them. Therefore the solutions
of (5.63) and (5.64) can display highly erratic behavior, yet with a time average
value of V close to �/k2 or �/l2. Moreover, the V component of such a solution
will never increase beyond some threshold V∗, strictly between �/k2 and �/l2. In
other words, solutions to equations (5.63) and (5.64) can display erratic behavior,
while remaining trapped within a single resonance region.

Finally, if the two resonance zones overlap so that no invariant circle separates
them, the Poincaré map contains a stochastic region connecting the two resonance
regions, which leads to a situation of global stochasticity. Then solutions to (5.63),
(5.64) can display irregular behavior with large excursions in V , while visiting
different resonance regions.

The transition to global stochasticity is related to the disappearance of the
last invariant circle between two resonance zones. After the break-up of the last
invariant curve, invariant Cantor sets (or Mather sets’), which in some sense
replace the invariant curves appear in the �V��� space. Especially right after the
onset of global stochasticity, the gap of these Cantor sets remains small enough
to act as partial barriers and constrain the motion in phase space. A solution may
then remain for a long time within a certain region of phase space, say near �/k2,
suddenly escape to another region, say near �/l2, stay there for a long time, and so
forth. This behavior probably corresponds to the prototype topographic blocking
events, which we document in Section 5.2 for numerical solutions of the Layered
topographic equations in Fourier form from (5.9), (5.10).

Determining the set of parameters which correspond to the threshold of global
stochasticity in equations (5.63) and (5.64) is a complicated problem. An extensive
discussion on this issue in the context of (5.63), (5.64) can be found in Escande
(1985). A simple, heuristic, well-known approach is the “Chirikov resonance
overlap criterion.” It involves verifying whether the k-resonance zone obtained
by setting �hl� = 0 overlaps the l-resonance zone obtained by setting �hk� = 0.
In other words, the Chirikov criterion reduces to verifying whether the distance
between the centers of the resonance regions is larger than the sum of their
half widths, when either resonance is considered independently. To simplify
the notation when verifying the Chirikov criterion in our model, we define the
parameter

s = 2
√

2

(√�q̃k��hk�
k

+
√�q̃l��hl�

l

)∣∣∣∣�l2
− �

k2

∣∣∣∣
−1

= 2
√

2
l2Pk +k2Pl

�l2 −k2� 
 (5.65)
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Here Pk (and similarly for Pl with k replaced by l) is defined by

Pk = k

�

√
�h′

k��q̃k�� (5.66)

which remains unchanged in terms of the original unprimed variables (here
denoted by an asterisk, recall (5.52))

Pk = k

�∗
√

�h∗
k��q̃k�
 (5.67)

The physical interpretation of Pk is quite interesting. In the absence of topography,
the Rossby wave frequency of oscillation related to the wave number k is given by

�∗

k

 (5.68)

Thus, �∗/k determines a time scale for the oscillations of the k-mode Rossby
wave in the absence of topography (if �∗/k increases by a factor of two, so
does the Rossby wave frequency). However, with � = 0 and a single topographic
mode, hk �= 0, the time scale of the oscillations of U is determined by√�hk��q̃k�
 (5.69)

Indeed, if � = 0 and hk is the unique topographic mode, the dynamics of U is
governed by

V̇ = −2
�hk��q̃k�

k
sin�k�−�k +�k�� (5.70)

�̇ = V
 (5.71)

By introducing the new variables

t′ =√�hk��q̃k�t� V ′ = kV� �′ = k�−�k +�k�

we rewrite (5.70), (5.71) as

V̇ ′ = −2 sin��′�

�̇′ = V ′�

which does not depend on the kth mode anymore. Therefore, the frequencies
of two solutions of (5.70), (5.71), for two different sets of values �hk1��q̃k1� and
�hk2��q̃k2� which are similar (identical, except for possible space–time dilation), are
related through their ratio

√�hk1��q̃k1�/
√�hk2��q̃k2�. Hence the quantity in (5.69)

sets the time scale of V for � = 0 and a single topographic mode, whereas Pk
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is the ratio between the time scale set by topography (5.69) and that set by the
beta-effect on the kth mode (5.68).

In terms of s in (5.65), the Chirikov criterion predicts global stochasticity
for s > sc, where sc � 1. For equations (5.63) and (5.64), when �hk��q̃k�/k2 and
�hl��q̃l�/l2 have the same order of magnitude, it predicts the value of s within
a 30% error margin (Escande, 1985). The Chirikov criterion provides a rough
estimate for parameter values that result in irregular dynamics in certain parts
of the phase space. This estimate can be extrapolated for small � > 0, and thus
can still produce reasonable quantitative prediction, as shown in Subsection 5.5.2.
Even more important than the quantitative prediction of the Chirikov criterion is
its implication that the “amount” of irregular dynamical behavior increases with
Pk and Pl.

What happens when s → �, that is when � → 0 (or k� l → �) for fixed
values of hk�hl� q̃k, and q̃l? The previous argument suggests that equations (5.63)
and (5.64) contain a “large amount of stochasticity in phase space,” although
we know from Subsection 5.3.2 that the system is integrable for � = 0! This
puzzling situation is commonly called adiabatic chaos in the physics literature
(Menyuk, 1985; Kaper and Kovacic, 1994). The term adiabatic derives from the
slow temporal variation of the right-hand sides of (5.63), (5.64) for small �,
and describes the situation when the theory of adiabatic invariants of classical
mechanics applies (Arnold et al., 1997).

To develop our understanding of this seemingly paradoxical situation, we con-
sider the following special topography. In our model, the length scale for the
horizontal variation of the topography is determined by its dominant mode k.
Let us suppose that k is large and hence that the topographic variations occur
at a much smaller spatial scale than the characteristic length scale of the flow
(essentially 2� in our model). Then we consider the case when the topography
consists only of the two modes, k and l = k + 1; in addition for simplicity we
assume that

�k = �l = �k�0� = �l�0� = 0� �hkq̃k� = �hlq̃l� = a

4



We introduce the new variables

V ′ = kV� �′ = k�− �t

k

and rewrite (5.63), (5.64) as

V̇ ′ = −a

2
sin��′�− a

2
�1+���1/2�� sin��1+�1/2��′ + �2�+���3/2��t��

�̇′ = V ′ −���
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with � = k−2. For large k we may approximate the above system by (we drop the
prime sign)

V̇ = −a sin��� cos�b�� (5.72)

�̇ = V� (5.73)

b = ��t
 (5.74)

It is associated with the Hamiltonian function

Ha = V 2

2
− cos�b� cos �� b = ��t
 (5.75)

Equations (5.72) and (5.73) coincide with those in Menyuk (1985) and provide a
good model for the phenomenon of adiabatic chaos.

For small �, the dynamics of (5.72), (5.73) during a time interval, which
is long yet much smaller than 1/�, approximate those obtained by setting b

constant. Initially the dynamics of (5.72) and (5.73) resemble those of a simple
pendulum obtained by setting b = 0; then for t � �/�4��, the dynamics resemble
that of a pendulum obtained by setting b = �/4, and so forth. In particular both
situations contain trajectories whose � and V components oscillate about zero.
Subsequently, for t � �/�2�� and hence cos�b� � 0, equations (5.72) and (5.73)
behave like a free particle �̈ = 0 for which the sign of V never changes. Due to
this mixed oscillatory–nonoscillatory behavior around V = 0, solutions of (5.72),
(5.73) separate into two classes, depending on their long time behavior: first,
solutions where the sign of V changes at most a finite number of times and �

increases unboundedly, and, second, solutions where the sign of V changes an
infinite number of times. In the terminology of Menyuk (1985) the first type
is called “untrapped” and the second type “trapped.” A numerical investigation
of (5.72), (5.73) showed that the untrapped solutions are typically well-behaved
and quasi-periodic (Menyuk, 1985), which corroborates previous results on the
perpetual conservation of adiabatic invariants obtained using the KAM theorem
(Arnold, 1989). It also showed that the dynamic behavior of trapped solutions is
usually irregular and “chaotic” (Menyuk, 1985), although it appears periodic over
very long time intervals. The V component of these trapped solutions oscillates
about zero whenever b is close to �2n + 1��/2, n = 0� 1� 2� 
 
 
. The sequence
of intervals where the behavior of V alternates from oscillatory to positive or
negative can appear in any order.

Although we have concentrated on the situation with two modes in the topog-
raphy, some aspects of the above analysis, such as the interaction of nearby
resonances, certainly apply when h contains an arbitrary number of modes and �

is small.
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5.4.3 Two modes in the topography: a perturbative Melnikov analysis

We recall from the previous section that, if � = 0, �hl� �= 0, and �hk� �= 0, the only
non-trivial part of the dynamics is that of V given by

V̇ = −2
�hk��q̃k�

k
sin�k�+�k −�k�−2

�hl��q̃l�
l

sin�l�+�l −�l�� (5.76)

�̇ = V� (5.77)

where �k = ��/k�t+�k�0� and �l = ��/l�t+�l�0�. It is well-known (Zaslavsky
and Filonenko, 1968; Guckenheimer and Holmes, 1990; Moser, 1973) that this
system has invariant sets of solutions where the dynamics is highly erratic (or
“chaotic”) for hk �= 0 and hl �= 0. Indeed, for most parameters values in (5.76),
(5.77), regular (“quasi-periodic”) and irregular behavior coexist in different parts
of the phase space, as we discussed earlier in Subsection 5.5.2. In this section
we shall only consider the case, for which a more or less complete mathematical
theory exists, namely when �hl� is small while �hk� is ��1�.

To begin, we introduce the new variable

�′ = k�− �

k
t −�k�0�+�k


In terms of �′, the equations in (5.76) and (5.77) become

V̇ = −2
�hk��q̃k�

k
sin��′�−2

�hl��q̃l�
l

sin�c1�
′ + c2t + c3�� (5.78)

�̇′ = kV − �

k
� (5.79)

where

c1 = l

k
� c2 =

[
l

k2
− 1

l

]
�� c3 = �l −�l�0�+ ��k�0�−�k�l

k

 (5.80)

If we set �hl� = 0, all solutions of (5.78), (5.79) are contained in the level sets of
the function

k

2

(
V − �

k

)2

−2
�hk��q̃k�

k
cos��′�� (5.81)

defined in the extended phase space �V��′� t�. Since this function is a first inte-
gral, the system is integrable. For �hl� sufficiently small the KAM theorem
(Arnold, 1989) applies and implies that most but not necessarily all solutions
of (5.78), (5.79) are contained inside invariant surfaces as in the case �hl� = 0.
The dynamics remain regular (quasi-periodic with two frequencies) in most of
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the phase space. However, the KAM theory does not provide any information on
certain regions in phase space, such as described below.

For �hl� = 0, the equations (5.78), (5.79) possess a hyperbolic equilibrium at
�V��′� = ��/k2���. There exists a pair of homoclinic orbits or separatrices, which
connect this equilibrium to itself (here we identify points whose �′-coordinate
differs by a multiple of 2�). The presence of this hyperbolic equilibrium for
�hl� = 0 implies that for �hl� �= 0 there must be a hyperbolic periodic solution of
period 2�/c2, which is contained in a small ball centered at �V��′� = ��/k2���.
Usually the two-dimensional stable and unstable manifolds of this periodic orbit
are not contained inside the same surface in the extended phase space. In par-
ticular, it can be shown that, if these two manifolds intersect transversally, there
exists an invariant set (a topological “Smale Horseshoe”) where the dynamics is
highly irregular (Moser, 1973). Then the equations (5.78), (5.79) do not admit a
nonconstant global analytic first integral, that is a function of �V��′� t� whose
level surfaces are invariant under the flow of the equations (5.78), (5.79) (Moser,
1973). The region near the original separatrix, where the irregular behavior occurs,
is usually called the “stochastic layer.” In Figure 5.7, we show sets of iterations
of Poincaré maps of (5.78) and (5.79) for two different values of �hl�: �hl� = 0 and
�hl� = 10−1. From these pictures it is clear that the dynamics is regular in most
of the phase space except for the stochastic layer surrounding the unperturbed
separatrix.

To prove rigorously that the stable and unstable manifolds of the periodic orbit
intersect transversally, we need to show that the Melnikov function M�t0� of the
real variable t0 has a non-degenerate zero (Guckenheimer and Holmes, 1990).
In Appendix A, we show that the Melnikov function associated with (5.78),
(5.79) vanishes at a certain t∗. Moreover, for l = k/2 the equations (5.93), (5.94)
imply that

dM�t∗�
dt

= Ṁ�t∗� = 32��q̃l�
c2

�

exp�−c23�/�2���

1− exp�−2�c2/��
� (5.82)

with

c2

�
= �√�hk��q̃k�

1
k

(
− 3

2
√

2

)



Alternatively, for l = 2k, the equations (5.93), (5.5.4) imply that

Ṁ�t∗� = 8
3

��q̃l�
c2

2

�2

[
−2+ c2

2

�2

]
exp�−c23�/�2���

1− exp�−2�c2/��
� (5.83)



5.4 A limit regime with chaotic solutions 165

with

c2

�
= �√�hk��q̃k�

1
k

(
3

2
√

2

)



It appears difficult to derive an expression for Ṁ�t∗� valid for arbitrary k and l.
The values l = k/2 and l = 2k represent the cases when a single mode in the
topography is perturbed by a sub-harmonic or a harmonic mode, respectively.

The size of �Ṁ�t∗�� is related to the growth rate of the width of the stochas-
tic layer with respect to the variation of �hl� (Zaslavsky and Filonenko, 1968;
Zaslavsky, 1994; Escande, 1985), and it increases with the growth rate. We
observe that �Ṁ�t∗�� is exponentially small with respect to �, as � → �, provided
all other parameters remain constant. This fact is consistent with the excellent
averaging property of fast oscillatory Rossby waves discussed in Subsection 5.5.1
and Appendix 2.

In (5.82) and (5.83), �Ṁ�t∗�� is (but for the multiplicative constant �q̃l�) only a
function of

Pk = k
√�hk��q̃k�

�
�

which we introduced previously in Subsection 5.4.2. Whether l = k/2 or l = 2k,
�Ṁ�t∗�� tends to zero exponentially fast as 1/Pk → �, yet in the sub-harmonic
case, l = k/2, the decay is less rapid. In the sub-harmonically perturbed case,
�Ṁ�t∗�� → 16�q̃l� as Pk → �, while in the harmonically perturbed case �Ṁ�t∗�� →
0 as Pk → �. Thus, when Pk is large, sub-harmonic perturbations tend to produce
much larger stochastic layers than harmonic perturbations. Although the results in
this section were obtained for � = 0, they remain valid for � small but different
from zero. By using the scaling defined in (5.52), we can rewrite the equations
in (5.23)–(5.25) in the current situation as

q̃j�t� = q̃j�0� exp�i�t/j�� j �= k� l�

i ˙̃qk = −�

k
q̃k +�

�

k
hk exp�ik���

i ˙̃ql = −�

l
q̃l +�

�

l
hl exp�il��� (5.84)

V̇ = − ∑
m=±k�±l

hm

im
q̃−m exp�im���

�̇ = V
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This system of differential equations for q̃k, q̃l, V , and �, is Hamiltonian with
three degrees of freedom. It admits as first integrals the reduced energy and the
enstrophy

Hr = �

2
V 2 + 1

2

∑
k=±k�±l

1
k2

[�q̃k�2 −2�q̃−khk exp�i�k�
]
�

�r = ��V +∑
k

�q̃k�2


If � = 0, the gradients of Hr and �r are linearly independent for �q̃k� �= 0 and
�q̃l� �= 0. Next we assume that �q̃k� > a and �q̃l� > a, for some given a > 0. The
linear independence of Hr and �r then implies that these functions remain linearly
independent for � sufficiently small. Together with the Hamiltonian character of
the flow, this implies for � sufficiently small that the dimension can be reduced
from six down to three – the first integral �c reduces the system’s dimensionality
by one, and the Hamiltonian function of this new system reduces it even further.
For � = 0, �hl� sufficiently small, and every pair ��q̃k�� �hl��, the reduced system
given by (5.76), (5.77) has a hyperbolic periodic orbit, as shown above. Moreover
the unstable and stable manifold of this periodic orbit intersect transversally
inside the reduced phase space, as demonstrated by the Melnikov calculation in
Appendix A. The hyperbolicity and transversality, in addition to the system’s
and its first integrals’ smooth dependence on � in (5.84), imply the existence
of a hyperbolic periodic orbit with a transversal homoclinic orbit, for every pair
�Hr��r� and for � �= 0 sufficiently small. Therefore, the dynamical system in
(5.84) contains invariant sets (topological horseshoes) with chaotic dynamics;
moreover, it does not admit a third analytic first integral independent of Hr and
�r (Moser, 1973).

To conclude we summarize the two main results in this section. First, the
present results are perturbative and show that the dominant dynamic behavior of
the perturbed system is essentially identical to that of the unperturbed integrable
system. The key parameter that determines the ‘amount’ of irregular behavior
is Pk, which also played an important role in Subsection 5.4.2. Second, the
non-integrability result determined in this section suggests that there may be no
additional “simple” conserved quantities for the original system in (5.11)–(5.13)
besides the energy and the enstrophy. Any additional conserved quantity (for
arbitrary h and �) would have to be of a special form to be compatible with
the non-integrability result delineated above. Allen et al. (1991) have also utilized
Melnikov’s method to study chaos in the layered equations with topographic
stress. These authors study single mode topography with damping and driving
as perturbations. Here we utilize the Melnikov method in a completely different
context involving two-mode topography in the distinguished regime with � � 1.
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5.5 Numerical experiments

Here we present a numerical study for a wide range of parameter regimes of the
Layered topographic equations in Fourier form from (5.9)–(5.10). The numerical
integration is performed using a fifth-order Runge–Kutta method with adaptive
time stepping. Although these solutions are obtained numerically, numerical arti-
facts are kept to a minimum since the computations involve neither spatial dis-
cretization nor artificial smoothing. Both the energy and enstrophy were monitored
in all computations and remained constant within a 1% error margin.

5.5.1 Perturbation of single mode topography

By restricting the underlying topography to a single mode, we obtained a global
description of the dynamics for � �= 0 in Subsection 5.3.3. Here we will study the
effect of adding small-scale random perturbations to the system via the numer-
ical solution of the equations in (5.9)–(5.10). Thus, we consider the same basic
topographic mode, but superimpose small-scale random perturbations as

h�x� = sin�x�− i

2

∑
2≤k≤10

ei�kx+�k�

kp
+ c
c
 (5.85)

The �k are random phase shifts uniformly distributed in �0� 2��, whereas p, which
controls the smoothness of the small-scale features, is set to p = 2. In (5.85) and
below, c.c. denotes the complex conjugate.

How well do our previous conclusions for single mode topography with non-
zero � extend to a multi-modal situation? A partial answer to this question is
provided by the study of the effect of perturbations on the steady states of the
unperturbed system (5.43). As in Subsection 5.3.3, we set � = 1 but perturb
the steady state by adding random small-scale features to the initial flow. Thus,
the initial conditions are

��x� 0� = ā sin�x�− i

2

∑
2≤k≤10

ei�kx+�k�

kp
+ c
c
� p = 2
 (5.86)

Akin to the perturbed topography, the �k are uniformly chosen random phase
shifts; the rapid decay of the Fourier components, ��k−2�, guarantees a smooth
initial flow configuration.

We begin with the two stable steady states shown in Figure 5.5. The first,
eastward, corresponds to 
 � −0
34, whereas the second, westward, corresponds
to 
 � 0
94; both ā and V0 are determined by 
 through (5.44). By adding small
scales, we perturb the steady states and observe the evolution of the mean V�t�

shown in the top of Figure 5.8. The two mean flows hover about their previously
steady average and the effect of small scales remains negligible.
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Figure 5.8 The mean U�t� is shown for the randomly perturbed topography
in (5.85) and the random initial conditions in (5.86), with � = 1. Top: per-
turbed stable equilibria (eastward and westward); bottom: perturbed unstable
equilibrium.

Next, we consider the unstable eastward flow configuration from the right frame
of Figure 5.6, which corresponds to 
 � −0
72. As expected, the added small-
scale perturbations throw the mean off its unstable (hyperbolic) equilibrium. The
lower frame in Figure 5.8 displays the large deviations of V�t� as it completely
reverses the flow direction at random.
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To investigate the combined effect of � and multi-mode topography, we con-
sider the same topography (5.85), but with initially eastward flow, V0 = 1. In
Figure 5.9 the evolution of the mean is shown for � = 0
1� 1� 5� 25. Although
��x� y� t� was initially set to zero, the interaction of the mean with the topography
excites all the smaller scales in the flow, which then feed back into the mean
via topographic stress (5.10). For small � = 0
1, the mean does not display any
preferred flow direction and remains almost symmetric about the V = 0 axis. As
we increase � to � = 1, the symmetry is broken and V�t� shows a clear eastward
bias, while the amplitude of oscillation decreases. For � = 5, however, smaller
oscillations appear in the evolution of the mean, while the oscillation amplitude
of the slowest mode, k = 1, is greatly reduced so that the flow does not reverse
anymore. The depletion of the lowest topographic mode is a typical effect due to
larger �. Indeed, for small values of �, most of the energy exchange between the
mean and the smaller scales tends to occur via the largest topographic mode (here
k = 1). Larger values of � typically stimulate the energy exchange among the
smallest scales, while the bulk of the energy shifts into the mean (mode k = 0).
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Figure 5.9 The effect of � on the mean U�t� is shown for the randomly perturbed
topography in (5.85), with the initial conditions set to U0 = 1 and � = 0: � = 0
1
(dash), � = 1 (circles), � = 5 (solid), and � = 1 (dash–dot).
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Finally when � = 25, the solution becomes very stiff and V barely departs off
its initial value V0 = 1. This behavior corroborates the theoretical prediction in
the limit � → �, which is derived in Appendix 2. The small-scale mean flow
interaction via topographic stress is now suppressed and V remains essentially
constant.

5.5.2 Two-mode layered topography and topographic blocking events

Here we show how the reduced dynamics equations in (5.58), (5.59), developed
in Section 5.4, can be used to obtain quantitative prediction of chaotic behavior in
the full system in (5.9)–(5.10). We recall that the reduced dynamics were obtained
after the change of variables (5.52) in the limit � → 0.

We fix �′ = 5 and consider the following two-mode topography and initial
conditions

h′�x� = cos x+2 cos 2x� q̃�x� 0� = 2 cos x+2 cos 2x


Iterates of the Poincaré map of the reduced dynamics equations (5.58), (5.59) are
shown in Figure 5.10. Two resonance zones clearly appear, centered at V ′ = �′/k2

with k = 1 and k = 2, respectively. They are surrounded by thin stochastic layers,
which break up with increasing distance from the center and merge with the region
of global stochasticity. For initial westward flow, V ′ < 0, or strong eastward flow,
V ′ > 7, the dynamics is regular and barely affected by the topography; the mean
displays quasi-periodic behavior with small departures from its average.

Next, we recast the primed variables into the original variables for a small but
finite value of �

h�x� = �h′�x� = � cos x+2� cos 2x� (5.87)

��x� 0� = �� −2� cos x+ � −1
2

cos 2x
 (5.88)

We choose � = 0
1 and calculate the corresponding values of � = √
��′ and

V�0� = √
�V ′�0�, given any V ′�0�. In Figure 5.11, we show the evolution of V�t�,

obtained by numerical integration of the layered topographic equations (5.9)–
(5.10) for three different initial values of the mean V0 = V ′�0�

√
0
1.

In the upper frame, the mean flow starts in the middle of the upper resonance
zone at V0 = 5

√
0
1. As predicted by the reduced dynamics for small �, in the

full system the mean flow displays small oscillatory behavior about the mean and
remains trapped in the upper resonance zone for all time. Next, we choose the
initial value V ′

0 = 3
5, which lies on the fringe of the upper stochastic region. For
quite a long time the mean remains within a stochastic layer centered about the
upper resonance zone at V = √

�V ′/k2 � 1
6, k = 1, until it eventually escapes
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Figure 5.10 Iterates of the Poincaré map of the reduced dynamics equations in
(5.58), (5.59) are shown in the ��′�U ′� plane, for two-mode topography (5.87)
and �′ = 5. The two resonant zones are centered about U ′ = �′/k2, with k = 1
for the upper and k = 2 for the lower resonance.

into the surrounding stochastic region. It then rapidly reaches the lower resonance
zone, centered about V = √

0
1U ′
0/k2 � 0
4, with k = 2.

To reproduce erratic transitions between blocked and unblocked flow config-
urations with statistics resembling those observed in Weeks et al. (1997), we
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Figure 5.11 The mean U�t� is shown for three different initial values U0 =
U ′

0
√

�, for the two-mode topography in (5.87) and the initial conditions in (5.88),
with � = 5

√
� and � = 0
1. Top: U0 = 5

√
�, inside the upper resonance zone;

middle: U0 = 3
5
√

�, inside a stochastic layer; bottom: U0 = 3
√

�, inside the
region of global stochasticity.

choose the initial value V ′ = 3 well inside the stochastic region. Now the mean
flow clearly exhibits erratic transitions between blocked and unblocked states.
Whenever the mean lingers about the lower resonance zone, k = 2, the flow is in a
blocked state because the mean component is small. On the other hand, whenever
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Figure 5.12 The mean U�t� is shown with the initial value U0 = 5
√

�, � = 1,
for the two-mode topography in (5.87) and the initial conditions in (5.88), with
� = 5.

the mean hovers about the upper resonance zone, k = 1, the flow is in a zonal
(unblocked) configuration.

What if we choose a large value of �? In that case we do not expect the
reduced dynamics, obtained in the limit of small �, to predict the behavior of the
full system. Indeed, in Figure 5.12 we show the evolution of V�t� for the same
initial conditions as in the upper frame of Figure 5.11, but with � = 1, and hence
� = 5 and V0 = 5. Instead of the previously trapped behavior with � = 0
1, which
confirmed the prediction of the reduced dynamics, the mean now exhibits random
oscillatory behavior of very large amplitude. At this stage all stochastic layers that
shield the resonance zones have broken apart and merged with the surrounding
stochastic region.

5.5.3 Random perturbations with multi-mode topography

From the previous numerical study we might be led to believe that two equally
strong modes in the topography are necessary for the onset of erratic transitions
between blocked and zonal flow configurations. To show that this is not the case,
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Figure 5.13 Left, the mean U�t� is shown for the initial flow configuration
defined by (5.89) and U0 = 1, with � = 2; right, the underlying random multi-
mode topography in (5.85).

we consider a ubiquitous smooth topography with ten random initial modes, as
described in (5.85) with p = 2. It is shown in the left frame of Figure 5.13. The
initial conditions are chosen in a similar fashion with different random phase
shifts

��x� y� 0� = −i
1
2

∑
3≤k≤10

ei�keikx

kp
+ c.c.� (5.89)

yet with the first two components set to zero. Hence the initial conditions represent
a small O�0
1� perturbation of the background mean flow. We set � = 2�V�0� = 1,
and observe the evolution of V�t� in the right frame of Figure 5.13, as it displays
again erratic transitions between blocked and unblocked states. The initial and
final total velocity fields are depicted in Figure 5.14, and they confirm the initially
zonal and subsequent completely blocked flow configurations which occur for
erratic intervals of time.

5.5.4 Symmetry breaking perturbations and topographic blocking events

Throughout this chapter we have restricted ourselves to the special exact solutions
from the Layered topographic equations. Thereby we eliminated the non-linear
vortical interactions in the flow, and effectively isolated the non-linear topographic
interaction with the mean. Hence, none of the flows studied so far contained
any vortices. Therefore, the relevance of topographic stress as a mechanism for
topographic blocking events remains to be addressed within the full non-linear
framework. In this section we present some preliminary numerical experiments
in the full non-linear context of the equations in (5.1)–(5.3).
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Figure 5.14 The initial and final total velocity fields, �⊥��x� y� t�, are shown
for the random multi-mode topography in (5.85), the initial conditions in (5.89),
and U0 = 1, with � = 2: left, unblocked zonal flow at t = 0; right, blocked flow
at t = 1000.

To avoid adding artificial smoothing or viscosity and instead remain within the
realm of “exact” energy-conserving numerical schemes, we consider the truncated
dynamics equations, which are obtained by projecting the equations in (5.1)–(5.3)
on a subspace spanned by a finite number of Fourier modes

��x� y� t� = ∑
0<��k�2≤�k

��k�t�e
i�k·�x


We emphasize that here �k is not restricted only to layered modes. In general we
cannot expect that truncating conserved quantities will yield conserved quantities
of the truncated equations. However, it is remarkable that, for the quadratic
conserved quantities, the energy and the enstrophy, their truncations, E�k

and
��k

, yield conserved quantities for the truncated equations. Therefore, the full
non-linear system in (5.1)–(5.3), with the Fourier components �k restricted to
the modes 0 < ��k�2 ≤ �k, conserves both the truncated energy and the truncated
enstrophy

E�k
= V 2

2
+ 1

2

∑
0<��k�2≤�k

��k�2���k�2�

��k
= �V + 1

2

∑
0<��k�2<�k

�h�k −��k�2��k�2


The numerical solution of the truncated dynamics equations is computed using a
standard spectral method with fourth-order Runge–Kutta time integration.
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Following Subsection 5.5.2, we consider the two-mode topography (5.87) and
the initial conditions (5.88) with � = 0
1. Thus � = 5

√
0
1 and we set V0 = 3

√
0
1,

which corresponds to the situation depicted in the lower frame of Figure 5.11.
The mean, initially at V ′ = 3, tends to linger in that zonal state before proceeding
towards the lower resonant zone, which corresponds to �k = �2� 0�. Since the
layered solutions used in Subsection 5.5.2 are exact solutions of the full non-linear
system, we need to perturb the initial flow configuration to create non-linear
vortical interactions in the flow. To do so, we slightly perturb the initial conditions
by adding the two vortical modes, �q = �0� 1� and �p = �2� 1�, which will create a
non-linear resonant triad with the mode �k = �2� 0�. These two modes satisfy the
criteria for unstable triad resonance (Vallis, 1985)

�q + �k = �p� (5.90)

��q�2 < ��k�2 < ��p�2
 (5.91)

Thus we set the small-scale initial conditions to

��x� y� 0� = −1
9 cos x−4
5 cos 2x+0
005�sin�y +0
24�

+ sin�2x+y +0
97��� (5.92)

where the terms in square brackets correspond to the modes �q and �p, respectively,
with random phase shifts.

We begin with a low-dimensional system truncated at �k = 5, and observe the
evolution of the flow. In the top of Figure 5.15 the total stream functions, � , of the
initial and final flow configurations are shown. In the lower left frame we show
the amount of energy present in the mean and the layered modes as a fraction of
the total energy, whereas in the lower right frame we show the evolution of V�t�.
Up to t � 50, the dynamics follows closely the behavior predicted by the study in
Subsection 5.5.2: initially most of the energy resides in the mean and the layered
modes, while V�t� oscillates about its initial value. As V approaches the second
resonance zone, V � 0
4, the non-linear triad interaction strongly amplifies the
vortical modes, which extract up to 90 % of the total energy. From that point on,
the dynamics diverge from the unperturbed solution; the average mean flow is
clearly westward but for a few erratic bursts into the lower (eastward) resonance
zone. Still, the North–South direction of the total stream function at final time
clearly corresponds to a blocked flow situation.

Finally, we repeat the same numerical experiment but set �k = 16 to include
more modes in the truncated dynamics system. The initial and final total stream
functions, � , are depicted in the upper two frames in Figure 5.16, while the
evolution of V�t� is shown in the lower right frame. Again up to t � 50, most
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Figure 5.15 Non-linear truncated dynamics are shown for the two-mode topog-
raphy in (5.87) and the initial conditions in (5.92), with �k = 5. Top: the total
stream function at t = 0 (left) and t = 5000 (right); bottom left, the energy
contained in the mean and the layered modes as a fraction of the total energy
(in %); bottom right, the mean U�t�.

of the energy resides in the layered modes and the mean as V slowly proceeds
towards the resonant value V � 0
4. At this stage up to 60% of the energy is
suddenly transferred into the non-linear vortical modes due to the resonant triad,
and the dynamics diverge from the un perturbed case. At later times the mean
completely reverses and lingers about an average value slightly below −1, where
the flow configuration typically consists of a westward jet meandering between
arrays of vortices. The large-scale westward component is consistent with the
theoretical prediction for the statistically most probable flow configuration of
barotropic flow on a beta-plane (Carnevale and Frederiksen, 1987). From the
lower left frame in Figure 5.16, we note that the energy exchange between the
layered and the vortical (non-layered) modes, with about 50% of the energy
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Figure 5.16 Non-linear truncated dynamics are shown for the two-mode topog-
raphy in (5.87) and the initial conditions in (5.92), with �k = 16. Top: the total
stream function at t = 0 (left) and t = 5000 (right); bottom left, the energy
contained in the mean and the layered modes as a fraction of the total energy
(in %); bottom right, the mean U�t�.

contained in each of one them, is not quite as violent as in the previous case with
less resolution. For the larger number of Fourier modes in the second example,
the resonant instability mechanism in (5.90) and (5.91) is less prominent as more
energy is allowed to feed back into the layered configuration through other triad
interactions.
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Appendix 1

Here we outline a standard Melnikov integral calculation, which leads to (5.82).
First, we define the variable

z = kV − �

k



In terms of z equations (5.78) and (5.79) reduce to

ż = −2�hk��q̃k� sin��′�−2
�hl��q̃l�k

l
sin�c1�

′ + c2t + c3��

�̇′ = z


For �hl� = 0 these equations have the following homoclinic solution to the equi-
librium �z��′� = �0�±��

�′�t� = 4 arctan
[
exp

(√
2�hk��q̃k�

)
t
]
−�� z�t� = �̇′


In this case the Melnikov integral is given by (Guckenheimer and Holmes, 1990)

M�t0� = 2
�q̃l�k

l

∫ +�

−�
�̇′�t� sin�c1�

′�t�+ c2t + c3 + t0�dt


Since �′�t� is odd for this homoclinic solution, we conclude that M�−c3� = 0.
Therefore

Ṁ�−c3� = 2
�q̃l�k

l

∫ +�

−�
�̇′�t� cos�c1�

′�t�+ c2t�dt�

= 2
�q̃l�k

l

∫ +�

−�
�̇′�t� exp�ic1�

′�t�� exp�ic2t�dt


To simplify the algebra we restrict ourselves to the case

c1 = l

k
= n

2
� n = 1� 2� 
 
 


From the identity

arctan�u� = 1
2i

ln
1+ iu

1− iu
� �u� < 1�

and the definition of �̇′�t�, we write the above integral as

Ṁ�−c3� = 8�
�q̃l�
l

in
∫ +�

−�
exp��t�

�−i+ exp��t��n−1

�i+ exp��t��n+1
exp�ic2t�dt�
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where � =√
2�hk��q̃k�. By extending the functions in this integral to the complex

plane, integrating over an “infinite rectangle” of sides Im�t� = 0 and Im�t� =
2�/�, and using residues, we obtain

Ṁ�−c3� = 8�
�q̃l�k

l
in

2�i

1− exp�−2�c2/��
R
 (5.93)

Here R is the residue of

exp��t�
�−i+ exp��t��n−1

�i+ exp��t��n+1
exp�ic2t�

at the pole t = 3�i/�2��, whose order increases with n. We do not have an
expression for R for a generic n. For instance, for n = 1

R1 = − c2

�2
exp�−c23�/�2���� (5.94)

and for n = 4

R4 = −i

[
− 2c2

2

3�3
+ c4

2

3�5

]
exp�−c23�/�2���


Appendix 2

We briefly outline the fast wave averaging procedure to compute the asymptotic
behavior in the limit � → �. The rigorous validity of this method within a more
general framework can be found in Embid and Majda (1996). First, we consider
the general system with arbitrary topography (5.1)–(5.3) and expand the periodic
small variables � and h in Fourier series

��x� y� t� = ∑
�k �=0

��k�t� ei�k·�x� h�x� y� = ∑
�k �=0

h�k ei�k·�x� �x = �x� y�


Next, we set � = �−1, and rewrite (5.1), (5.3) componentwise as

�̇�k = − 1

��k�2
∑

�k1+�k2=�k
�k⊥

1 · �k2��k1
�−��k2�2��k2

+hk2
� (5.95)

−Vikx

(
��k + h�k

��k�2

)
+ i

�

kx

��k�2
��k� (5.96)

V̇ = ∑
�k �=0

ikx ��k h−�k� �k = �kx� ky�
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We now wish to study the formal asymptotic limit � → 0�� → ��. The leading
order term, O��−1�, suggests to separate the fast time scale, t/�, from the slow
time scale t, and thus we write

�̇�k�t� = ei���k�t/�A�k�t�� ���k� = kx

��k�2



The next order �O�1�� terms yield the:

Reduced dynamical equations to leading order

Ȧ�k = 1

��k�2
∑

�k1+�k2=�k����k1�+���k2�=���k�

�k⊥
1 · �k2��k2�2A�k1

A�k2
(5.97)

− 1

��k�2
∑

�k1+�k2=�k����k1�=���k�

�k⊥
1 · �k2A�k1

h�k2
−UikxA�k� (5.98)

V̇ = 0
 (5.99)

We note the presence of resonant triads for the Rossby waves

�k1 + �k2 = �k� ���k1�+���k2� = ���k��

and waves scattered by topography

�k1 + �k2 = �k� ���k1� = ���k�


However the mean flow topographic stress interaction is completely suppressed
for � large enough as U remains constant in time. In the special case of layered
solutions of the equations in (5.7), (5.8), the non-linear terms vanish and we
obtain the:

Reduced dynamics with layered topography

Ȧ�k = −VikxA�k� (5.100)

U̇ = 0
 (5.101)

Therefore, to leading order, the solutions in the asymptotic limit � → � are

��x� y� t� = ∑
k �=0

�0
kei��k�l�t/�−i�lxV0teik�l·�x� (5.102)

V�t� = V0
 (5.103)

For large � the solution behaves like an array of independent Rossby waves and
coincides with that obtained without topography in Subsection 5.3.1, while the
mean flow does not change in time as observed in the numerical experiments
from Subsection 5.5.1 with � � 1.
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Introduction to information theory and empirical
statistical theory

6.1 Introduction

In this chapter we will lay down the foundations for statistical theories of geo-

physical flows and predictability that will be developed in the following chapters.

The mathematical underpinning for these applications is a systematic use of

information theory following Shannon (1948) Shannon and Weaver (1949) and

Jaynes (1957). We develop such ideas beginning with elementary examples in this

chapter. The motivation for the statistical studies of barotropic quasi-geostrophic

flows lies in the generic occurrence of coherent large-scale flow patterns in phys-

ical observations and numerical simulations of flows that are approximately two

dimensional. Examples of these flows are large isolated eddies in the atmosphere

(a well-known example is the great red spot in Jupiter’s atmosphere, see Chap-

ter 13), and the discovery of mesoscale eddies in the ocean. Large-scale organized

flow patterns emerge under a wide variety of initial conditions of the flow and

topography. The robustness of these patterns seems to indicate that these large-

scale coherent flows do not depend on the fine details in the dynamics of the flow

or the topography. In addition, these flow patterns persist for a long time, and

are essentially steady in nature. Therefore, it is plausible that an explanation for

the observed two-dimensional coherent patterns can be found with considerations

from equilibrium statistical mechanics, where we are interested in the large-scale

features of the flow rather than all the fine details, and where only a few bulk

properties of the flow, such as averaged conserved quantities like the energy and

enstrophy enter the analysis.

The objective of the statistical theories is the predictions of the most probable

steady state that will develop in the flow under the constraints imposed by those

bulk properties that are retained in the theory. Within the context of geophysical
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fluids, all the statistical theories considered here will be based on the barotropic
quasi-geostrophic equations without dissipation and forcing

�q

�t
+�⊥� ·�q = 0�

dV

dt
�t� = −

∫
− �h

�x
�′�

q = �� +h+	y � = −V�t�y +�′

(6.1)

In the previous chapters, we studied these equations extensively. Among other
things, we know that the above equations possess conserved quantities, such as
the energy and the generalized enstrophy, which act as constraints on the flow.
Furthermore, we studied special stable steady state flows, where the potential
vorticity q and the stream function � were functionally related

� = g�q�


We also know that these stable steady states satisfy the generalized selective decay
principle, whereby the steady state is a minimizer of the generalized enstrophy,
subject to the constraint of fixed energy. In later chapters we will see that these
stable steady state flows also arise as the most probable states as predicted by
some statistical mechanics theories for geophysical flows.

There are many possible ways to formulate a statistical mechanics theory
for the most probable state of the large-scale flow; for example, as shown in
subsequent chapters, different theories may result depending on the number of
conserved quantities imposed as constraints in the theory. However, any statistical
formulation must include a way to select the most probable state of the large-
scale flow. Here we will adapt the information-theoretical approach developed by
Shannon (1948) Shannon and Weaver (1949) and Jaynes (1957). According to
the information theory point of view, this probability distribution can be selected
in a natural manner as the least biased probability measure that is consistent
with the given external constraints imposed in the theory. The notion of bias
is itself quantified in an essentially unique way in terms of a functional called
the information-theory entropy, and also known as the Shannon entropy as we
show below.

6.2 Information theory and Shannon’s entropy

The discussion of the statistical theories for large-scale coherent states and pre-
dictability presented here utilizes ideas from the information theory developed by
Shannon (1948) Shannon and Weaver (1949), and adapted to statistical mechanics
by Jaynes (1957). In this alternative conception of statistical mechanics, we do
not start with a given probability measure and then do statistical measurements.
Instead, we start with the information given by the measurements, and ask for the
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probability measure that has the least bias (most uncertainty) and is consistent
with the measurements. The key fact in the determination of such probability dis-
tribution rests on the existence of an essentially unique quantity that measures the
amount of uncertainty of a probability distribution; this quantity is the Shannon
entropy. Next we define the Shannon entropy for discrete and finite probability
measures.

Definition 6.1 Let p be a finite, discrete probability measure on the sample space
� = �a1� 
 
 
 � an�

p =
n∑

i=1

pi
ai
� pi ≥ 0�

n∑
i=1

pi = 1
 (6.2)

The Shannon entropy ��p� of the probability p is defined as

��p� = ��p1� 
 
 
 � pn� = −
n∑

i=1

pi ln pi
 (6.3)

Here and elsewhere, 
ai
denotes the delta function at a point ai.

The functional � is called the information-theoretic entropy because of the
formal resemblance of the formula for ��p� in equation (6.3) to the expression
for the entropy of the canonical ensemble in statistical mechanics and because
Shannon utilized ��p� to measure information. It is worthwhile here to briefly
recall Shannon’s intuition from the theory of communication for the reason that
(6.3) measures lack of information.

The simplest such problem involves representing a “word” in a message as
a sequence of binary digits with length n, i.e., we need n-digits with length n

to characterize it. The set �2n of all words of length n has 2n = N elements
and, clearly, the amount of information needed to characterize one element is
n = log2 N . Continuing this type of reasoning, it follows that the amount of
information needed to characterize an element of any set, �N , is log2 N for
general N . Now consider the situation of a set � = �N1

∪ · · · ∪�Nk
, where the

sets �Ni
are pairwise disjoint from each other with �Ni

having Ni total elements.
Set pi to be given by pi = Ni/N , where N =∑

Ni. If we know that an element of
� belongs to some �Ni

, then we need log2 Ni additional information to determine
it completely. Thus, the average amount of information we need to determine an
element, provided that we already know the �Ni

to which it belongs, is given by

∑
i

Ni

N
log2 Ni =∑

pi log2 pi + log2 N
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Recall from our discussion above that log2 N is the information that we need to
determine an element given the set � if we do not know to which �Ni

a given
element belongs. Thus, the corresponding average lack of information is

−∑pi log2 pi

and we arrive at (6.3) as a measure of lack of information.
Next we show that the Shannon entropy is essentially unique. For this purpose

we first introduce the space ��n��� of discrete probability measures on the
sample space �

��n��� =
{

p =
n∑

i=1

pi
ai
� pi ≥ 0�

n∑
i=1

pi = 1

}

 (6.4)

Proposition 6.1 (Jaynes, 1957) Let Hn be a function defined on the space of
discrete probability measures ��n, and satisfying the following properties:

1. Hn�p1� 
 
 
 � pn� is a continuous function.
2. A�n� = Hn�1/n� 
 
 
 � 1/n� is monotonic increasing in n, i.e. Hn increases with increas-

ing uncertainty.
3. Composition law: If the sample space � = �a1� 
 
 
 � an� is divided into two sub-

sets �1 = �a1� 
 
 
 � ak� and �2 = �ak+1� 
 
 
 � an� with probabilities w1 = p1 + · · · +
pk�w2 = pk+1 + · · · + pn, and conditional probabilities �p1/w1� 
 
 
 � pk/w1�, and
�pk+1/w2� 
 
 
 � pn/w2�, then the amount of uncertainty with the information split in
this way is the same as it was originally

Hn�p1� 
 
 
 � pn� = H2�w1�w2�+w1Hk�p1/w1� 
 
 
 � pk/w1�

+w2Hn−k�pk+1/w2� 
 
 
 � pn/w2�


Then Hn is a positive multiple of the Shannon entropy

Hn�p1� 
 
 
 � pn� = K��p1� 
 
 
 � pn� = −K
n∑

i=1

pi ln pi (6.5)

with K > 0.

Proof: Since Hn�q1� 
 
 
 � qn� is a continuous function, it is enough to prove
that equation (6.5) holds for rational values of q1� 
 
 
 � qn. Clearly, any set of

rational numbers q1� 
 
 
 � qn, with 0 < qi ≤ 1� i = 1� 
 
 
 � n, and
n∑

i=1
qi = 1 can be

written as qi = �i/N , where N = n∑
i=1

�i. Consider now the sample space � =
�a1� 
 
 
 � aN � with probabilities �p1� 
 
 
 � pN �. We partition � into n subsets �i =
�aki−1+1� 
 
 
 � aki

�� i = 1� 
 
 
 � n, where k0 = 0 and ki = ki−1 +�i� i = 1� 
 
 
 � n. We
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also denote by wi the probability associated with �i�wi = pki−1+1 + 
 
 
 + pki
.

From property 3 it follows that

HN �p1� 
 
 
 � pN � = Hn�w1� 
 
 
 �wn�+
n∑

i=1

wiH�i
�pki−1+1/wi� 
 
 
 � pki

/wi�
 (6.6)

In particular, if we let pi = 1/N� i = 1� 
 
 
 �N , then wi = ni/n = qi, and equa-
tion (6.6) yields

HN �1/N� 
 
 
 � 1/N� = Hn�q1� 
 
 
 � qn�+
n∑

i=1

qiH�i
�1/�i� 
 
 
 � 1/�i�
 (6.7)

Utilizing property 2, and recalling that A�n� = Hn�1/n� 
 
 
 � 1/n�, then equa-
tion (6.7) reduces to

A�N� = Hn�q1� 
 
 
 � qn�+
n∑

i=1

qiA��i�
 (6.8)

In particular, let us set all �i = �, then N = n� and qi = �i/N = 1/N for all i. In
this case equation (6.8) reduces to

A�n�� = A�n�+A���
 (6.9)

However, it is a well known fact that the only continuous function A�n� satisfying
this condition is

A�n� = K ln n� (6.10)

where the constant K is chosen to be positive so that A�n� is monotonically
increasing, as required by property 2. Finally, inserting this equation back into
equation (6.8) and solving for Hn�q1� 
 
 
 � qn� yields

Hn�q1� 
 
 
 � qn� = K ln n−K
n∑

i=1

qi ln ni = −K
n∑

i=1

qi ln qi
 (6.11)

This concludes the proof of the proposition.

With a given probability measure p ∈�����, various statistical measurements
can be made with respect to this probability measure p. We recall that the expected
value, or statistical measurement, of f with respect to p is given by

�f	p =
n∑

i=1

f�ai�pi
 (6.12)

The main principle of the subjective probability theory of Jaynes is to seek the
least biased probability distribution consistent with the constraints imposed by
the information as given; for example, by the statistical measurements of certain
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functions fj� j = 1� 
 
 
 � r, as in equation (6.12). In terms of the Shannon entropy
this principle is known as the maximum entropy principle.

Definition 6.2 (Empirical maximum entropy principle) Given a set of con-
straints � defined by

� = �p ∈ �����
�fj	p = Fj� 1 ≤ j ≤ r�� (6.13)

the least biased probability distribution p∗ ∈ � is given by maximizing the Shannon
entropy ��p� subject to the constraints imposed by the statistical measurements
of fj� j = 1� 
 
 
 � r given by �

max
p∈� ��p� = ��p∗�� p∗ ∈ � 
 (6.14)

Next we consider several examples to illustrate the maximum entropy principle.
Here in this chapter and elsewhere, we will proceed formally in seeking the
maximum for (6.14) rather than rigorously proving that such a maximum exists
(see Lasota and Mackey, 1994, for this type of rigorous argument.

Example 1: Find the least biased probability distribution p on � = �a1� 
 
 
 � an�

with no additional constraints.

Since in this example there is no additional information available besides the fact
that p is a probability measure, we expect that the least biased probability measure
is going to be the uniform measure which assigns the same probability to every
point in the sample space �. We will verify this expectation by maximizing the

Shannon entropy ��p1� 
 
 
 � pn� = − n∑
i=1

pi ln pi subject only to the constraints that

pi ≥ 0 and that
n∑

i=1
pi = 1. By the Lagrange multiplier rule there is a multiplier �

so that the minimum p = p∗ satisfies

−�p�+��p

(
n∑

i=1

pi

)∣∣∣∣∣
p=p∗

= 0� (6.15)

and subject to the constraint of being a probability measure. Componentwise,
equation (6.15) yields n equations that must be satisfied by p = p∗

ln p∗
i +1+� = 0� i = 1� 
 
 
 � n�

and this implies that all the probabilities p∗
i � i = 1� 
 
 
 � n, are equal. Since the sum

of the probabilities p∗
i is one, we conclude that

p∗
i = 1/n� (6.16)

and conclude that the least biased measure is the uniform measure.
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Example 2: Find the least biased probability measure that is consistent with a
finite number r ≤ n − 1 of statistical measurements Fj of given functions fj ,
j = 1� 
 
 
 � r

Fj = �fj	p =
n∑

i=1

fj�ai�pi� j = 1� 
 
 
 � r


In this example we want to maximize the Shannon entropy ��p1� 
 
 
 � pn� =
− n∑

i=1
pi ln pi subject to the r +1 constraints

Fj = �fj	p =
n∑

i=1

fj�ai�pi� j = 1� 
 
 
 � r�
n∑

i=1

pi = 1
 (6.17)

Notice that we restricted the number of additional constraints to be r ≤ n − 1,
so that the system of algebraic equations (6.17) is not over-determined. Once
more, the Lagrange multiplier rule asserts the existence of r + 1 multipliers �0

and �j� j = 1� 
 
 
 � r such that

−�p�+
r∑

j=1

�j�p�fj	p +�0�p

(
n∑

i=1

pi

)∣∣∣∣∣
p∗

= 0
 (6.18)

Componentwise equation (6.18) yields a system of n equations for the
unknowns p∗

i

ln p∗
i = −

r∑
j=1

�jfj�ai�− ��0 +1�� i = 1� 
 
 
 � n�

and solving for p∗
i we obtain

p∗
i = exp

(
−

r∑
j=1

�jfj�ai�− ��0 +1�

)

 (6.19)

To eliminate the multiplier �0, we utilize the constraint that the sum of all the
probabilities p∗

i is 1. This simplifies the formula for p∗
i in equation (6.19) to

p∗
i = exp

(−∑r
j=1 �jfj�ai�

)
∑n

i=1 exp
(−∑r

j=1 �jfj�ai�
) 
 (6.20)

The other constraints �i� i = 1� 
 
 
 � r are obtained by solving for the remaining
constraint equations for the measurements �fj	p in equation (6.17). Interestingly,

if we define the partition function ����� by

����� =
n∑

i=1

exp

(
−

r∑
j=1

�jfj�ai�

)
� (6.21)
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then ����� satisfies

− �

��j

ln����� = �fj	p∗ 
 (6.22)

In this fashion we have recovered the partition function ����� of statistical mechan-
ics, utilizing only the maximum entropy principle from information theory. See the
book by Thompson (1972) for an excellent elementary introduction to mathemat-
ical statistical mechanics.

6.3 Most probable states with prior distribution

In the previous section we discussed the maximum entropy principle for the case
where the only additional constraints are given in terms of a finite number of sta-
tistical measurements. However, there are many physically interesting cases where
additional information cannot be formulated in terms of statistical measurement
constraints. One such case occurs when there is an additional external bias.

To illustrate the presence of an external bias we consider the following example.
Let us assume that the sample space � is the union of two disjoint subsets,
�1 = �1� 2� 3�, with three sample points, and �2 = �4� 5�, with two sample points.
In addition, assume that we know that these two sample subspaces are unrelated in
the sense that any information we know about either set does not give additional
information about the other set; this constraint constitutes an additional external
bias. Now we ask for the least biased probability measure p consistent with
the given constraints. The obvious guess for p is the uniform distribution, with
pj = 1/5 for j = 1� 
 
 
 � 5. However this answer is unlikely to give the least biased
distribution; since �1 and �2 are unrelated, the maximum entropy principle
applied to the probability distributions on �1 yields the uniform distribution
pj = 1/3, for j = 1� 2� 3, but, when it is applied to the probability distributions on
�2, it yields the uniform distribution pj = 1/2, for j = 4� 5. The obvious guess
will not work because it ignores the additional constraint imposed on the sample
space. These considerations are extended in the following example.

Example 3: Let � = �1 ∪�2, where �1��2 represent disjoint sample spaces
which are completely unrelated

�1 = �a1� 
 
 
 � al�� �2 = �al+1� 
 
 
 � an�


By applying the maximum entropy principle to each set, we get the least biased
measure for each set, i.e.

p
�1�
0 =

l∑
j=1

1
l

aj
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is the natural measure on �1 and

p
�2�
0 =

n−l∑
j=1

1
n− l


al+j

is the natural measure on �2

If we know that statistical measurements on each set are equally important,
then the least biased probability measure for the whole set should be

p0 = 1
2

l∑
j=1

1
l

aj

+ 1
2

n−l∑
j=1

1
n− l


al+j
�

or, more generally, possibly two disjoint sets may each have a different impor-
tance. In this case, we have a weighted probability measure.

p0 = �p
�1�
0 + �1−��p

�2�
0 � 0 < � < 1


Situations where external bias considerations are applicable do occur naturally
in the context of geophysical fluids, as in the case of flows with additional sym-
metries. One example of flows with additional symmetries is given by the array
of Taylor vortices introduced in Chapter 1 with stream-function � = sin x sin y.
The streamlines of this flow are depicted in Figure 6.1 over one period cell. Now
consider a passive tracer, T , which satisfies

�T

�t
+�⊥� ·�T = 0


Because of the additional symmetries, the period cell is subdivided into four
smaller period cells; since the streamlines determine the flow, it is clear that
the tracer behavior in each sub-cell is independent from the other sub-cells, and
whatever information we have about a given sub-cell is unrelated to the other
neighboring cells. In particular, if a tracer initially is confined to one sub-cell,
measurements should be performed reflecting this external bias.

The above discussion makes it clear that the maximum entropy principle needs
to be extended to accommodate the existence of additional external bias. Sup-
pose we already have the external bias, i.e. we know the weighted importance
(or probability) of each sample point, which is given as

p0 =
n∑

i=1

p0
i 
ai


 (6.23)

Also we assume that we know r additional constraints involving other measure-
ments, i.e.

Fj = �fj	p� j = 1� 
 
 
 � r
 (6.24)
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0
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1

x

y

Figure 6.1 Streamlines of Taylor vortices with stream function � = sin x sin y.
Counter-clockwise rotation (—); clockwise rotation (- -). x and y are both
normalized by 2�.

The goal now is to select the least biased probability distribution p∗ consistent
with the given measurements while retaining the external bias expressed by p0.
In order to accomplish this goal, we modify the definition of Shannon entropy
so that it can take into account the external bias. For this purpose we define the
relative Shannon entropy ��p�p0� by

��p�p0� = −
n∑

i=1

pi ln
(

pi

p0
i

)
� (6.25)

and then we reformulate the maximum entropy principle in terms of the relative
entropy.

Definition 6.3 (Maximum relative entropy principle) The least biased prob-
ability measure p∗, given all the constraints and external bias, is the one that
satisfies

max
p∈� ��p�p0� = ��p∗� p0�
 (6.26)

The above definitions of relative entropy and the maximum relative entropy
principle represent reasonable extensions of the previous notions of entropy and
the maximum entropy principle, provided that they satisfy the following two
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conditions. First, if there is no real external bias, i.e. if p0 is given by the uniform
distribution

p0 =
n∑

i=1

1
n


ai
�

then the maximum relative entropy principle should yield the same probability
distribution p∗ as the maximum entropy principle from the previous section.
Indeed, if p0 = ∑n

i=1
1
n
ai

, then the relative entropy ��p�p0� differs from the
entropy ��p� by a constant, ��p�p0� = ��p�− ln n. Therefore p∗ maximizes both
the entropy and the relative entropy.

The second condition that must be satisfied is the following. If the only
constraint on the system is given by the external bias p0, then the probability
distribution predicted by the maximum relative entropy principle must be the
external bias itself, p∗ = p0. Indeed, in this case the constraint � is given by
� = �p
p ∈ ������. Thus, the least biased measure p∗, restricted only by the
external condition, should be the original bias p0 such that

max
p∈� ��p�p0� = ��p0� p0� ≡ 0� (6.27)

and subject to the condition that
∑n

i=1 pi = 1. According to the Lagrange multiplier
rule

−�p�
p=p∗ +��p

(
n∑

i=1

pi

)

p=p∗ = 0� (6.28)

and componentwise it yields

ln
(

p∗
i

p0
i

)
+ �1+�� = 0� i = 1� 
 
 
 � n
 (6.29)

This in turn implies that the ratio pi/p0
i is a constant independent of i, and, since

both p∗ and p0 are probability distributions, we conclude that p∗ = p0, as wanted.
Next we consider the problem of determining the least bias probability distri-

bution p consistent with a finite number of statistical measurement constraints,
together with an external bias constraint.

Example 4: Find the least biased probability measure p = p∗ on �= �a1� 
 
 
 � an�

that is consistent with a finite number r ≤ n−1 of statistical measurements Fj of
given functions fj� j = 1� 
 
 
 � r

Fj = �fj	p =
n∑

i=1

fj�ai�pi� j = 1� 
 
 
 � r�
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and the external bias given by p0. In this case we maximize the relative Shannon
entropy ��p�p0� subject to r +1 constraints

Fj = �fj	p =
n∑

i=1

fj�ai�pi� j = 1� 
 
 
 � r�
n∑

i=1

pi = 1
 (6.30)

In this case the Lagrange multiplier rule yields

−�p��p�p0�+
r∑

j=1

�j�p�fj	p +�0�p

(
n∑

i=1

pi

)∣∣∣∣∣
p=p∗

= 0� (6.31)

or componentwise

ln
(

p∗
i

p0
i

)
= −

r∑
j=1

�jfj�ai�− ��0 +1�� 1 ≤ i ≤ n
 (6.32)

Elimination of �0 with the help of the normalization constraint
∑n

i=1 pi = 1 yields
the least biased probability measure

p∗
i = exp

(−∑r
j=1 �jfj�ai�

)
p0

i∑n
i=1 exp

(−∑r
j=1 �jfj�ai�

)
p0

i

� i = 1� 
 
 
 � n
 (6.33)

In analogy to Example 6.2, we define the relative partition function �����p0� by

�����p0� = ln

(
n∑

i=1

exp

(
−

r∑
j=1

�jfj�ai�

)
p0

i

)
(6.34)

and then it is straightforward to verify that the relative partition function satisfies

−������p0�

��j

= �fj	p∗ 
 (6.35)

6.4 Entropy for continuous measures on the line

6.4.1 Continuous measure on the line

A continuous probability density, ����, on the line satisfies the two requirements

���� ≥ 0�
∫
�1

����d� = 1
 (6.36)

Such probability densities often arise as the probability distribution function of
some random variable, q, so that

Prob�� ≤ q < 	� =
∫ 	

�
����d�
 (6.37)
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The book of Lamperti (1966) is an elementary reference for the material presented
next.

Let �·	 denote the expected value of a random variable over the probability
space, where the random variable, q, is defined. Then, with the density ����

in (6.37)

�F�q�	 =
∫
�1

F�������d�
 (6.38)

The mean, q̄, and variance, �2, of a random variable are defined respectively by

q̄ ≡ �q	 =
∫
�1

�����d��

�2 ≡ ��q − q̄�2	 =
∫
�1

��− q̄�2����d�


(6.39)

Perhaps the most well-known and important examples are Gaussian densities,
which are uniquely determined by their mean and variance as follows:

Definition 6.4 (Gaussian distribution) A Gaussian distribution with given mean
�̄ and variance � has the probability density function

��̄����� ≡ 1√
2��

e
− ��−�̄�2

2�2 (6.40)

so that

�̄ =
∫

���̄�����d�� �2 =
∫

��− �̄�2��̄�����d�
 (6.41)

6.4.2 Entropy and maximum entropy principle

Next we want to generalize the concept of Shannon entropy and relative entropy
to a continuous probability density on the line. The Shannon entropy discussed in
Section 6.2 readily extends to countable discrete probability measures

���pi�� = −∑
i

pi ln pi� pi ≥ 0�
∑

i

pi = 1
 (6.42)

A natural generalization of this formula to the case with a continuous probability
density function ���� is to replace the summation by integration

���� = −
∫
�1

� ln���d�
 (6.43)

Similarly the relative entropy of a probability density � relative to the probability
�0 is defined by

�����0� = −
∫
�1

� ln��/�0�d�
 (6.44)
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Here and below we use the minus sign for the relative entropy in order to
formulate the maximum entropy principle with an external bias defined through
�0, which generalizes the maximum entropy principle without an external bias.
The usual convention for the relative entropy has the plus sign in (6.44) so that an
asymmetric distance function on probability measures is defined in this fashion.
We discuss this briefly at the end of this section. We will also switch to this point
of view when we discuss predictability in subsequent chapters.

Given some set of constraints, � , on the space of probability densities, we
define the probability density with the least bias (least information) for further
measurements, given the constraints in � through the maximum entropy principle:
Find the probability density �∗��� ∈ � , so that

���∗� = max
�∈� ����
 (6.45)

Of course there is a similar principle for relative entropy where �0 represents the
probability density measuring external bias:
Given the probability density �0 measuring the external bias, find the probability
density �∗��� ∈ � , so that

���∗� �0� = max
�∈� �����0�
 (6.46)

To illustrate the maximum entropy principle in (6.45), we show that the Gaus-
sian distributions in (6.40) are the probability densities with the least bias, given
constraints � defined by the first and second moments. This fact supports the idea
well known from the central limit theorem that Gaussian densities are the most
universal distributions with given first and second moments. In other words, let
the constraint set � be defined by

���� ≥ 0�
∫
�1

����d� = 1�

�̄ =
∫
�1

�����d�� �2 =
∫
�1

��− �̄�2����d�


(6.47)

We want to find the probability measure �∗��� satisfying (6.45). As in Section 1.5,
the variational derivative of the entropy is given by


�


�
= −�1+ ln ��
 (6.48)

The first and second moment constraints in (6.47) are linear functionals of the
density � so that it is easy to calculate


�̄


�
= ��


�2


�
= ��− �̄�2
 (6.49)
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From the Lagrange multiplier principle we have, at the entropy maximum

−
�


�

�=�∗ = −�0 −�1


�̄


�

�=�∗ −�2


�2


�

�=�∗� (6.50)

where �0��1��2 are the Lagrange multipliers for the constraints in (6.47). With
(6.48), (6.49), the equation in (6.50) becomes

ln �∗ = �−�0 +1�−�1�−�2��− �̄�2
 (6.51)

However, (6.51) defines �∗ as a Gaussian probability density with mean �̄ and
variance �2 so that �∗ = ��̄�����, the Gaussian density defined in (6.40). Below
in Subsection 6.4.4, we give a rigorous direct proof that the Gaussian density is
the maximum of (6.45) with the constraints in (6.47).

6.4.3 Coarse graining and loss of information

Coarse graining is the terminology utilized in statistical physics (see Thompson,
1972) for processes that involve averaging over small scales. Intuitively, coarse
graining means that information is lost so that the entropy, as a quantitative
measure of lack of information, should increase. Here we establish this fact
rigorously for probability measures on the line with a simple natural coarse-
graining procedure.

Let �i < �i+1 for integers i�−� < i < � define a countable partition of the
line with equi-distance spacing �� and given a probability measure, ����, define
the discrete coarse-grained probability measure p by

p =∑
i

�i
�i
� (6.52)

where the �i are determined by the “coarse-grained” average of ����

�i =
∫ �i+1

�i

����d�
 (6.53)

We expect that the coarse-grained p contains less information than the original
density ����. This intuition is confirmed quantitatively by the following general
inequality establishing the strict increase of entropy through coarse graining for
�� ≤ 1

��p� ≥ ����+ ln�����−1�� (6.54)

where

��p� = −∑�i ln �i

and ���� is given in (6.43).
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To prove (6.54) we use the elementary inequality

x�ln�x�− ln�y�� ≥ x−y
 (6.55)

Assuming this inequality for the moment, we rewrite it in the more useful form

x ln�x� ≥ x ln�y�+x−y
 (6.56)

Next, set y = �i/�� and x = ���� and integrate (6.56) over the interval ��i��i+1�

to get ∫ �i+1

�i

���� ln ����d� ≥ �i ln �i −�i ln����
 (6.57)

Summing the inequalities in (6.57) over i clearly implies (6.54) as claimed above.
To verify the elementary inequality in (6.55), recall that the mean value theorem
guarantees that

ln�x�− ln�y�

x−y
≥ 1

x
� x > y�

ln�x�− ln�y�

x−y
≤ 1

x
� x < y�

(6.58)

and both of the inequalities in (6.58) guarantee (6.55).

6.4.4 Relative entropy as a “distance” function

We now introduce the functional ��p��0� = −��p��0�. It is called the relative
entropy “distance” function from the probability measure p to the probability
measure �0 where

��p��0� =
∫
�1

p ln
(

p

�0

)
= −��p��0�
 (6.59)

The name “distance” is partially justified by the following claim

��p��0� ≥ 0 with equality only for p = �0
 (6.60)

For any measure p with ��p��0� < �, necessarily there is a function ����

such that

p = ��0 with
∫
�1

�����0���d� = 1� and � ≥ 0� (6.61)

and (6.59) becomes

��p��0� =
∫
�1

���� ln����0���d�
 (6.62)

The identity in (6.62) gives us a useful alternative characterization for relative
entropy in a form where the formula for relative entropy resembles that for entropy
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with the weight �0. Next, we use Jensen’s inequality (see Rudin (1974) for a
more general statement and proof) to prove (6.60). In the special set-up we have
here, this inequality states that for any probability density �0, convex function �,
and arbitrary function f���

��
∫
�1

f����0���d�� ≤
∫
�1

��f�����0���d�� (6.63)

i.e. with the notation from (6.38)

���f	�0
� ≤ ���f�	�0

(6.64)

for any convex function �, and probability density �0. Recall that a smooth
function � is convex if �′′ ≥ 0. To establish the claim in (6.60), we utilize the
alternative representation for relative entropy in (6.62) and Jensen’s inequality in
(6.64) for the strictly convex function ��x� = x ln�x� with the choice f = �. This
yields

��p��0� =
∫
�1

���� ln����0���d� ≥ x ln�x�
x=∫ ��0 d� = 0 (6.65)

since
∫

��0d� = 1 from (6.61). It is easy to show that equality happens in (6.65)
only for � ≡ 1 because x ln�x� is strictly convex so that (6.60) is now clear. It is
worth pointing out here that ��p��0� is not a distance function since it is not
symmetric. In other words, the distance from p to �0 is not the same as the
distance from �0 to p, using � as the distance function in general.

Now we return to the problem discussed at the end of Subsection 6.4.2 and use
the relative entropy to supply a simple direct proof that the Gaussian distribution,
��̄����� in (6.40) maximizes the entropy among all probability distributions, �,
with the same mean and second moment as in (6.47). For such a probability
distribution � satisfying (6.47) with � �= ��̄�� , (6.60) guarantees

0 ≤ ������̄������

=
∫

� ln �−
∫

� ln ��̄�����

=
∫

� ln �−
∫

� ln
(

�√
2�

)
−
∫

�
��− �̄�2

�2
(6.66)

=
∫

� ln �−
∫

��̄�� ln
(

�√
2�

)
−
∫

��̄��

��− �̄�2

�2

= ����̄���−����

so that ����̄��� > ���� as required. The crucial third inequality in (6.66) is true
because, according to (6.47), � and ��̄�� have the same first and second moments.
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6.4.5 Information theory and the finite-moment problem for probability
measures

Given a probability density, p���, generated by some empirical observational
procedure, it is often interesting to quantify the information contained in the
moments of p���

�̄ = M1 =
∫

�p���d�� Mj =
∫

��− �̄�jp���d�� 2 ≤ j ≤ 2L� (6.67)

in addition to
∫

p���d� = 1.
Thus given only the information in (6.67) we are interested in the probability

distribution, p∗
2L��� with the least bias given these moment constraints, i.e. the one

that maximizes the entropy

��p∗
2L� = max

p∈PM2L

��p�
 (6.68)

In (6.68), PM2L is the family of probability measures which satisfies the moment
constraints in (6.67). A straightforward generalization of the calculations in (6.47)–
(6.51) yields formally that

p∗
2L = exp

(
2L∑

m=0

�m��− �̄�m

)
� (6.69)

where �m are the appropriate Lagrange multipliers. Notice that we need even
powers and �2L < 0 to guarantee a finite probability measure, The case with L = 1
generates the Gaussian probability density, p∗

2 = p∗
G, already discussed in Subsec-

tions 6.4.2 and 6.4.4. Also, since adding more moments increases information, it
follows that

��p∗
2L2

� ≤ ��p∗
2L1

�� for L1 ≤ L2
 (6.70)

Next, we use the relative entropy introduced in (6.44) to quantify the informa-
tion loss in utilizing only the 2L moments of p. As in (6.66) above, we calculate

0 ≤ ��p�p∗
2L� =

∫
p ln p−

∫
p ln p∗

2L

=
∫

p ln p−
∫

p∗
2L ln p∗

2L (6.71)

= ��p∗
2L�−��p�


With the form for p∗
2L in (6.69) it follows that ln p∗

2L is a sum of the 2L moment
constraints in (6.67) so that automatically∫

p ln p∗
2L =

∫
p∗

2L ln p∗
2L (6.72)
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and this is the key step in the identity in (6.71). From (7.71) we immediately
have, for L1 < L2

��p�p∗
2L1

� = ��p�p∗
2L2

�+��p∗
2L2

� p∗
2L1

�
 (6.73)

We can view measuring fewer moments of p as a coarse-grained measurement
of p and (6.73) precisely measures the information loss in this coarse-graining
procedure through the term

��p∗
2L2

� p∗
2L1

� = ��p∗
2L1

�−��p∗
2L2

� (6.74)

and also provides a quantitative estimate for the information inequalities in (6.70).
An important practical question is when is a probability distribution signifi-

cantly non-Gaussian, i.e. how much additional information is contained in the third
and forth moments of a probability distribution beyond the Gaussian estimate,
p∗

G, using only the first and second moments. Thus it is interesting to compare
��p∗

4� p∗
G� for varying values of the third and forth moments in (6.67) with fixed

values for the mean and second moment. The third and fourth moments of p∗
4 are

characterized by the skewness and flatness

Skew =
∫

��− �̄�3p∗
4

�
∫

��− �̄�2p∗
4�3/2

� Flat =
∫

��− �̄�4p∗
4

�
∫

��− �̄�2p∗
4�2


 (6.75)

In Figure 6.2 we graph the probability distributions, p∗
4 and p∗

G for zero mean,
variance one, and varying skewness and flatness. The bimodal and skewed behav-
ior of the probability distribution p∗

4 compared with the Gaussian is clearly evident.
Thus, p∗

4 can capture important significant non-Gaussian features of a probability
distribution. Table 6.1 presents the quantitative values of the information loss
��p4� pG�, demonstrating the same trends from Figure 6.2.

Quantitative estimates for non-Gaussian features such as bimodality are
extremely important in practical ensemble predictions. See Chapter 15 and the
references listed there. Section 15.4 contains a practical demonstration. In partic-
ular, the simple ideas put forward here can be generalized in a computationally
feasible practical fashion to ensemble predictions in many variables. The inter-
ested reader can also consult Mead and Papanicolaou (1984) for one-dimensional
examples and Abramov and Majda (2004), Abramov et al. (2005) for the practical
estimation of highly non-Gaussian two-dimensional probability distributions
generated from observational data using the four moment estimator p∗

4.

6.5 Maximum entropy principle for continuous fields

Here we extend the concepts of the Shannon entropy and the maximum entropy
principle to continuous random fields. In other words, we regard the potential
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Table 6.1 The information loss ��p4� pG� for various skewness
and flatness of p4, both p4 and pG have zero mean and unit
variance. The utility monotonically increases with increasing

skewness and/or decreasing flatness

��p4� pG� Skewp4
= 0 Skewp4

= 0
3 Skewp4
= 0
5

Flatp4
= 1
5 0.2772 0.3921 0.6921

Flatp4
= 2 6
015 ·10−2 9
879 ·10−2 0.1885

Flatp4
= 2
8 1
016 ·10−3 1
226 ·10−2 3
842 ·10−2
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Figure 6.2 The probability density functions p∗
4 from (6.69) with L = 2, zero

mean, unit variance, various skewness and flatness (solid lines) versus Gaussians
(dashed lines). Upper left – zero skewness, flatness 1.5; upper right – zero
skewness, flatness 2; lower left – skewness 0.3, flatness 2; lower right – skewness
0.5, flatness 2.8.

vorticity distribution as involving small-scale random fluctuations, which can only
be determined statistically. Thus, for each �x = �x� y� in the domain of interest,
we assume that there is a probability density ���x��� defined on the real line and
satisfying (6.36) so that

Prob �� ≤ q��x� < 	� =
∫ 	

�
���x���d�
 (6.76)
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How do such small-scale random fluctuations of potential vorticity affect the large-
scale feature of the flow? We discuss this later in the chapter in a simple context
through the maximum entropy principle. First, we need to quantify the statistical
information in (6.76) more precisely. The conditions in (6.76) encode only one-
point statistical information for the potential vorticity but ignore the statistical
information from correlations of different points �x1� �x2 etc. We have the following:

Definition 6.5 (One-point statistics for potential vorticity) The one-point statis-
tics for the potential vorticity q consist of a probability density ���x��� on �×�1

associated to the potential vorticity, which satisfies the following properties:

1. � is a probability density on �×�1

���x��� ≥ 0�
∫
−

�

∫
�1

���x���d�d�x = 1
 (6.77)

2. For almost all �x ∈ �, ���x��� is a probability density on �1

∫
�1

���x���d� = 1
 (6.78)

3. For almost all �x ∈ �, ���x��� is the probability density associated with the potential
vorticity q��x� at the location �x∫ q+

q−
���x���d� = Prob �q− ≤ q��x� < q+�
 (6.79)

In terms of the one-point statistics, at any specified location �x, the measurement
of any function F��x�q� of the potential vorticity q is given by the expected value
of F��x� ·� relative to the measure �, in the same fashion as it was defined in
Section 6.4

F���x� ≡ �F��x�q�	� =
∫
�1

F��x������x���d�� (6.80)

and the overall expected value is

< F�q� >�=
∫
−

�
�F��x�q�	�d�x
 (6.81)

Here � is either a periodic domain or a channel domain. Next we generalize the
definition of prior distribution and relative Shannon entropy from Section 6.4 to
the present setting.

Definition 6.6 (Prior distribution) A prior distribution �0��x��� is a probability
density on �×R1 which satisfies:

1. �0 is a probability density on �×R1

�0��x��� ≥ 0�
∫
−

�

∫
�1

�0��x���d�d�x = 1� (6.82)
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2. For almost all �x ∈ �, �0��x��� yields a probability measure in �1

∫
�1

�0��x���d� = 1
 (6.83)

For this type of prior distribution, the relative entropy from (6.44) generalizes
straightforwardly to the following:

Definition 6.7 (Relative entropy) The relative entropy �����0��x���� of a prob-
ability measure ���x��� on �×R1 is defined by

�����0� ≡ −
∫
−

�

∫
�1

���x��� ln
(

���x���

�0��x����

)
d�d�x
 (6.84)

The calculation of the most probable state is then based on the maximum entropy
principle: the most probable state �∗ for a given prior distribution �0 and subject
to a set of constraints � is obtained by maximizing the relative entropy �����0�

among all the probability distributions � satisfying the constraints in � , i.e.

���∗��0� = max
�∈� �����0�
 (6.85)

In particular, if there are no constraints, it is easy to check that the most probable
state �∗ is exactly the prior distribution �0��x���.

6.6 An application of the maximum entropy principle to geophysical flows
with topography

Here we illustrate how the maximum entropy principle for continuous fields from
(6.85) can be utilized to make interesting statistical predictions for large-scale
geophysical flows with topography. This is a major topic in subsequent chapters
of the book. Thus, we have in mind the underlying dynamics

�q

�t
+�⊥� ·�q = 0� q = �� +h (6.86)

in periodic geometry.

6.6.1 The Prior distribution

What would be the simplest model for the small-scale random fluctuations of the
potential vorticity? Here we model the small-scale potential vorticity fluctuation
by the probability measure with the least bias with a given variance and zero mean.
In Section 6.4, we showed that the least biased measure of this type is given by
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the Gaussian density. Thus, we assume that the prior distribution, �0��x���, in the
maximum entropy principle is given by a Gaussian without explicit �x-dependence

�0��� =
√

�√
2�

exp
(
−�

2
�2
)

� (6.87)

where � = 1
�2 with �2 the variance. This is the simplest conceivable model for the

one-point statistics of the small-scale fluctuations of potential vorticity. Clearly in
this model, the statistical fluctuations of the enstrophy at each point are determined
by (6.80) as given by

1
2
�q2��x�	 = 1

2
�2 = 1

2
�−1
 (6.88)

6.6.2 Constraints on the potential vorticity distribution

Given the prior probability distribution, �0���, in (6.87), we would like to deter-
mine the most probable distribution which emerges from suitable constraints and
the maximum entropy principle. From (6.77) and (6.78), the constraint set, � ,
should include the requirement∫

�1
���x���d� = 1� for all �x
 (6.89)

While the Gaussian prior distribution encodes the small-scale fluctuations, the
kinetic energy incorporates large-scale features of the flow. How do we define
the kinetic energy for a probability density ���x��� satisfying definition 6.5? For
a stream function �, the energy is given by

E = −1
2

∫
−

�
��q −h�� q = �� +h
 (6.90)

For a candidate probability density, ���x���, we define the mean potential
vorticity q̄��x� by using equation (6.80)

q̄��x� =
∫
�1

����x���d�� (6.91)

and the associated stream function �̄��x� is then determined by

��̄��x�+h = q̄��x�
 (6.92)

With equations (6.90)–(6.92), we define the mean kinetic energy for a proba-
bility density ���x��� by

E��� = −1
2

∫
− �̄�q̄ −h�
 (6.93)
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Thus, the constraint set � is defined by the requirements in equations (6.89) and
equation (6.93). Intuitively, the mean energy measures the large-scale features of
the flow, while the enstrophy measures the small-scale fluctuation of the flow as
we saw earlier in the analysis in Chapters 2 and 3.

6.6.3 Statistical predictions of the maximum entropy principle

Next, we calculate explicitly the most probable state, �∗��x���, which satisfies

���∗��0� = max
�∈� �����0�� (6.94)

with �0, the Gaussian measure in (6.87), and the constraints, � , defined by∫
�1

���x���d� = 1� for all �x ∈ �� E��� = E0
 (6.95)

Recall from Section 1.5 that the variational derivative of the kinetic energy
with respect to the potential vorticity is given by


E


q̄
= −�̄


On the other hand, notice that the mean potential vorticity as defined in (6.91) is
the first (linear) moment of the probability density function �, thus we have


q̄


�
= �


Hence, we deduce from the chain rule for variational derivatives that


E


�
= −�̄��x��
 (6.96)

As in equation (6.48), it is also straightforward to show that the variational
derivative of the relative Shannon entropy �����0� from (6.84) is given by


�


�
= −1− ln �+ ln �0
 (6.97)

Now with the help of the Lagrange multiplier rule, we deduce that the most
probable probability density �∗ must satisfy, according to the maximum entropy
principle in (6.94)


�


�

∣∣∣∣
�=�∗

=
(

�

E


�
+ �̃��x�

)∣∣∣∣
�=�∗

� (6.98)
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where � is the Lagrange multiplier for the energy, and �̃��x� is the Lagrange
multiplier for (6.89). Equation (6.98) can be rewritten as, thanks to equation (6.87),
(6.96), and (6.97)

ln��∗� = ���̄∗ − ��̃��x�+1− ln �0��

i.e.

�∗��x��� =
√

�√
2�

exp
(

−�

2
��− �

�
�̄∗�2

)

 (6.99)

In other words, the most probable measure �∗ is a Gaussian measure for each �x.
In this case, at each point �x, the first and second moments of �∗ are given by∫

��∗��x���d� = �

�
�̄∗��x��

∫
�2�∗��x���d� =

(
�

�

)2

��̄∗��x��2 +�−1


(6.100)

Next we use (6.100) to determine an explicit equation for �̄∗��x�. Recall that the
mean field �̄∗��x� is determined by equation (6.92) and the mean potential vorticity
is determined by (6.91). Combining these equations and (6.100) we arrive at the
following mean field equation

��̄∗ +h = �

�
�̄∗ = ��̄∗� with � = �

�
�� > 0
 (6.101)

From the second equation in (6.100), the statistical fluctuations about the mean
of the potential vorticity field remain Gaussian with variance �−1. The mean
field equation in (6.101) is the same as encountered earlier in Chapter 1, which
corresponds to special steady states with linear q–� relation, and whose stability
was analyzed in Chapter 4. Thus, the maximum principle predicts interesting
large-scale steady states in this simplest situation.

6.6.4 Determination of the multipliers and geophysical effect

Our next task is to determine the parameter � with the given energy constraint
E��∗� = E0. We will see that topography plays a very important role in deter-
mining the behavior of the mean states. Interesting enough, the most probable
one-point statistics predicted will be those whose mean fields are selective decay
states (enstrophy minimizer with given energy) as was discussed in Section 4.5.

We observe, thanks to (6.99), that the most probable distribution is determined
by the mean field which is further determined by the mean field equation (6.101)
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together with the energy constraint. However, a closer look into the mean field
equation indicates that solutions are not necessarily unique with a given energy
level. Without loss of generality we assume that the smallest value in the spectrum
of the topography is �, i.e.

h = ∑

�k
2≥�

ei�x·�kĥ�k� (6.102)

ĥ�k �= 0� for some �k with 
�k
2 = �


The solutions to the mean field equation (6.101) can then be written explicitly as

�� =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑

�k
2≥�

ĥ�k

�k
2+�

ei�x·�k� if � �= −
�k
2�
∑


�k
2≥��
�k
�=
�k0


ĥ�k

�k
2+�

ei�x·�k + ∑

�k
=
�k0


c�ke
i�x·�k� if � = −
�k0
2 � ��h��

(6.103)
where c�k are arbitrary constants satisfying the reality condition and ��h� is the
spectrum of the topography defined as

��h� =
{

�k
2
ĥ�k �= 0

}

 (6.104)

The corresponding energy E = E� and enstrophy are given by:

• Case � �= −
�k
2� for all �k

E�q�� = 1
2

∑

�k
2≥�


�k
2
ĥ�k
2
�
�k
2 +��2

� 	�q�� = 1
2

∑

�k
2≥�


�k
4
ĥ�k
2
�
�k
2 +��2


 (6.105)

• Case � = −
�k0
2 � ��h�

E�q�� = 1
2

∑

�k
2≥��
�k
�=
�k0



�k
2
ĥ�k
2
�
�k
2 +��2

+ 1
2

∑

�k
=
�k0



c�k
2
�k0
2�

	�q�� = 1
2

∑

�k
2≥��
�k
�=
�k0



�k
4
ĥ�k
2
�
�k
2 +��2

+ 1
2

∑

�k
=
�k0



c�k
2
�k0
4

(6.106)

It is then clear, see for instance Figure 1.5 for a plot of energy versus � for the
case of (6.105), that for a given energy level E0, which is high enough, there
could be more than one solution to the mean field equation with given energy.
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The natural question then is which solution corresponds to the most probable
state. In order to answer this question, we compute the entropy of the candidates
of most probable one-point statistics �∗. We have, thanks to (6.84), (6.87), (6.91),
(6.99), and (6.100)

���∗��0� = −
∫
−
∫ √

�√
2�

exp

(
−�

2

(
�− �

�
�̄∗
)2
)(

−�

2

(
�− �

�
�̄∗
)2

+ �

2
�2

)

= −
∫
−
∫ √

�√
2�

exp

(
−�

2

(
�− �

�
�̄∗
)2
)

×
(

��̄∗
(

�− �

�
�̄∗
)

+ �2

2�
��̄∗�2

)

= − �2

2�

∫
− ��̄∗�2

= −�	�q∗�
 (6.107)

This leads to the following relationship between most probable states and selective
decay states.

Proposition 6.2 A probability density function �∗ given by (6.99) is a most
probable measure if and only if its mean field q∗ is a selective decay state, i.e.
enstrophy minimizer with given energy.

Proof: Suppose that �∗ is a most probable measure. Then q∗ minimizes enstro-
phy among all solutions of the mean field equation (6.101) with given energy E0,
thanks to (6.107). We also observe that the mean field equation (6.101) is exactly
the Euler–Lagrange equation for the enstrophy minimization problem with given
energy according to Section 4.5. Thus q∗ minimizes enstrophy among all possible
candidates of minimizers of enstrophy with given energy. Hence we conclude that q∗
isaglobalminimizerof theenstrophywithgivenenergy, i.e.aselectivedecaystate.

On the other hand, if q∗ is a selective decay state, then q∗ minimizes the enstro-
phy 	�q∗� among all solutions to the mean field equation (6.101) with given energy
E0. This further implies, thanks to (6.107), the corresponding probability density
function �∗ maximizes the entropy and hence �∗ is a most probable measure.

This completes the proof of the proposition.

Thanks to Proposition 6.2, the problem of determining the most probable
state is equivalent to determining selective decay states. This, together with the
explicit form of solutions (6.103) to the mean field equation, together with the
characterization of the selective decay states in Section 4.5, enables us to determine
the Lagrange multiplier �.
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We first observe, thanks to (6.105), that the energy is a monotone decreasing
function of � in the parameter region � > −�. Moreover we have:

• E�q�� → � as � → −�,
• E�q�� → 0 as � → �.

According to Proposition 4.2, a solution to the mean field equation (6.101) is a
selective decay state if and only if � ≥ −1, and it is the unique selective decay
state which is nonlinear stable if � > −1. Thus, depending on the spectrum of
the topography, there are two cases:

• Generic topography with � = 1.
In this case, for each energy level E0, the mean field equation (6.101) has only one
solution �� given by the first case of (6.103) with � = ��E0� ∈ �−1���. This is the
unique mean field corresponding to the most probable state and is non-linearly stable.

• Topography with degenerate spectrum, i.e. � > 1.

Subcase of low energy: E0 < E1 = 1
2

∑

�k
2≥�


�k
2
ĥ�k
2
�
�k
2 −1�2

.

In this subcase case, for each energy level E0, the mean field equation (6.101) has
only one solution �� given by the first case of (6.103) with � = ��E0� ∈ �−1���
satisfying the energy constraint. This is the unique mean field corresponding to the
most probable state and is non-linear stable.

Subcase of high energy: E0 > E1.
In this subcase, for each energy level E0, there are infinitely many solutions to the
mean field equation (6.101) given by the second case of (6.103) with � = −1 and
the c�ks satisfying the energy constraint. These solutions are selective decay states,
thanks to Section 4.5, and hence correspond to most probable states according to
Proposition 6.2. These states are stable in the restricted sense. See Subsection 2.2.1.
However, they are not necessarily non-linearly stable.

Without geophysical effects so that h ≡ 0, the above theory still applies but
predicts the trivial mean field equation

��̄∗ = ��̄∗� (6.108)

i.e. � must be an eigenvalue of the Laplacian. Hence the mean field corresponding
to most probable states must be the eigenfunction corresponding to the first
eigenvalue, i.e. � = −1. Thus, the theory makes a very interesting and different
prediction when geophysical effects are included, as the reader can surmise from
our discussion of these simple exact solutions with and without topography from
Chapter 1.
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6.7 Application of the maximum entropy principle to geophysical flows
with topography and mean flow

In this section, we apply the maximum entropy principle to geophysical flows
with topography and large-scale mean velocity

�q

�t
+�⊥� ·�q = 0�

dV

dt
= −

∫
− �h

�x
�′�

q = �� +h+	y = q′ +	y� � = −V�t�y +�′�

(6.109)

with periodic geometry, where q is the potential vorticity, � is the stream function,
V is the large-scale mean velocity, h is the topography, and 	 is the beta-plane
constant, q′ is the small-scale potential vorticity, and �′ is the small-scale stream
function, with q′ = ��′ +h = �+h, where � = ��′ is the relative vorticity.

Instead of assuming a prior distribution describing the small-scale random
fluctuation of the potential vorticity, we proceed here with the maximum entropy
principle without external bias and treat the two conserved quantities, i.e. the
energy and enstrophy (see Section 1.3)

E�t� = 1
2

V 2�t�+ 1
2

∫
−
�⊥�′
2� 	�t� = 	V�t�+ 1

2

∫
−
q′
2 (6.110)

as constraints on the one-point statistics. Surprising enough, the statistical predic-
tion is very similar.

6.7.1 One-point statistics for potential vorticity and large-scale mean velocity
and Shannon entropy

Definition 6.8 (One-point statistics for potential vorticity and large-scale mean
velocity) The one-point statistics for the potential vorticity q and large-scale
mean velocity V consist of a probability density ����x�����0�v�� on � ×�1 ×
�1 associated with the potential vorticity and large-scale mean velocity, which
satisfies the following properties:

1. ���x��� is a probability density function on �×�1. Moreover, for almost all �x ∈ �,
���x��� is a probability density function on �1, and �0 is a probability density function
on �1

���x��� ≥ 0�
∫
�1

���x���d� = 1� (6.111)

�0�v� ≥ 0�
∫
�1

�0�v�dv = 1
 (6.112)
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2. For almost all �x ∈ �, ���x��� is a probability density on �1 and it is the probability
density associated to the small-scale potential vorticity q′��x� at the location �x∫ q+

q−
���x���d� = Prob�q− ≤ q′��x� < q+�
 (6.113)

3. �0 is the probability density function on �1 associated to the large-scale mean
velocity V ∫ V+

V−
�0�v�dv = Prob�V− ≤ V < V+�
 (6.114)

With these one-point statistics, the average of functions of the potential vorticity
and large-scale mean velocity, F��x�q�V�, can be defined analogous to (6.80) and
(6.81) with � replaced by ����0�. The Shannon entropy is then defined as

������0�� = −
∫
�1

∫
−

�
���x��� ln �d�x d�−

∫
�1

�0�v� ln �0�v�dv
 (6.115)

One word of caution on the notation. Here ������0�� represents entropy, while
�����0� from Section 6.5 represents relative entropy.

6.7.2 The constraints on the one-point statistics

Similar to the arguments leading to (6.89)–(6.93), we can formulate the constraints
on the one-point statistics in the following way

� = � �0� ∩� �1� ∩� �	� ∩� �E�� (6.116)

with

� �0� =
{

�0 

∫
�1

�0�v�dv = 1
}

(6.117)

� �1� =
{

� 

∫
�1

���x���d� = 1 for each �x
}

(6.118)

� �	� =
{

���0 
	0 = 	����0� = 1
2

∫
−

�

∫
�1

�2���x���d�d�x (6.119)

+	
∫
�1

v�0�v�dv

}
(6.120)

� �E� =
{

���0 
E0 = E����0� = −1
2

∫
−

�
�′�q′ −h�d�x+ 1

2
V 2

}
(6.121)

and

q′��x� =
∫
�1

����x���d�� ��′ +h = q′��x�� V 2 =
∫
�1

v2�0�v�dv
 (6.122)
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The constraint � �0� says that �0 is a probability measure, and the constraint
� �1� says that ���x� ·� is a probability density for all �x ∈ �. The constraint � �E�

corresponds to conservation of energy and the constraint � �	� corresponds to
conservation of enstrophy.

It is easy to check that when the associated probability measures are Dirac
delta measures, the averaged energy and enstrophy defined above in (6.119)–
(6.120) reduce to the original definition given in (6.110). This partially justifies
the definition of such averaged energy and enstrophy.

6.7.3 Maximum entropy principle and statistical prediction

We now invoke the maximum entropy principle which dictates that the most
probable probability density ��∗� �∗

0� corresponding to one-point statistics for
flows satisfying the constraints of conservation of energy E = E0 and conservation
of enstrophy 	 = 	0, is given by the one that maximizes the Shannon entropy

����∗� �∗
0�� = max

����0�∈�
������0��� (6.123)

where the constraint set � consists of the constraints described in (6.116)–(6.121).
To calculate the most probable state, we utilize the Lagrange multiplier method

as usual, and we deduce that ��∗� �∗
0� must satisfy


�


�

∣∣∣∣
�=�∗��0=�∗

0

=
(

�

E


�
+�


	


�
+ �̃��x�

)∣∣∣∣
�=�∗��0=�∗

0

� (6.124)
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�=�∗��0=�∗

0

=
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�
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�0
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�0
+�

)∣∣∣∣
�=�∗��0=�∗

0

� (6.125)

where � is the Lagrange multiplier for the energy constraint, � is the Lagrange
multiplier for the enstrophy constraint, �̃��x� is the Lagrange multiplier for � �1�,
and � is the Lagrange multiplier for � �0�.

Simple calculations similar to those in Section 1.5 and (6.96)–(6.97) yield the
following variational derivatives
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Hence ��∗� �∗
0� must satisfy

ln��∗� = ���′∗ −
(�

2
�2 + �̃��x�+1

)
�

ln��∗
0� = −�

2
v2 −�	v−� −1�

i.e.

�∗��x��� =
√

�√
2�

exp
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−�
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�− �

�
�′∗
)2
)

� (6.126)

�∗
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√
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2�
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−�

2

(
v+ �	

�

)2
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 (6.127)

In other words, the most probable measures �∗ and �∗
0 are Gaussian measures for

each �x. In this case, at each point �x the first and second moments of �∗ and the
mean of �∗

0 are given by∫
�1

��∗��x���d� = �

�
�′∗��x�� (6.128)

∫
�1

�2�∗��x���d� =
(

�

�

)2

��′∗��x��2 +�−1� (6.129)

∫
�1

v�∗
0�v�dv = −�	

�

 (6.130)

Recall that the mean fields �′∗ and V
∗

are given by

q′∗��x� =
∫
�1

��∗��x���d�� (6.131)

V
∗ =

∫
�1

v�∗
0�v�dv� (6.132)

and hence, after combining (6.127), (6.129), (6.130), and (6.131), we deduce the
following mean field equations

��′∗ +h = q′∗��x� = �

�
�′∗ = ��′∗� (6.133)

V
∗ =

∫
v�∗

0�v�dv = −�	

�
= −	

�
� (6.134)

with � = �
��� > 0


We observe that the mean field equations (6.133) and (6.134) are the same
ones encountered earlier in Chapter 1, corresponding to special steady states with
a linear q–� relation, and whose stability was analyzed in Section 4.2.
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6.7.4 Determination of the multipliers and geophysical effects

Our next task is to determine the parameter � with the given energy constraint
E��∗� �∗

0� = E0 and the enstrophy constraint 	��∗� �∗
0� = 	0. We will see that

geophysical effects like topography and beta-plane play very important roles in
determining the behavior of the mean states.

Case 1: Non-trivial large-scale mean flow and topography

We first observe, thanks to equations (6.125) and (6.126), that � > 0� � > 0. Hence

� = �

�
> 0
 (6.135)

In this case the mean field equations (6.132)–(6.133) possess a unique solution
for each � > 0, which is given by

V� = V
∗ = −	

�
� (6.136)

�′
� = �′∗ = ∑


�k
�=0

ĥ�k

�k
2 +�

exp�i�k · �x�
 (6.137)

In this case the total energy is given in terms of Fourier coefficients

E�q′
��V�� = 1

2

∑

�k
�=0
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+ 1
2
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�
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The total energy is a monotone decreasing function of � in the parameter region
� > 0. Moreover we have

E�q′
��V�� → � as � → 0�

E�q′
��V�� → 0 as � → �


Thus, 0 < � < � is uniquely determined by the energy E, i.e. � = ��E�. Once �

is determined by the energy constraint, the mean field is then uniquely determined
by (6.135)–(6.136). These states correspond to nonlinearly stable steady states
with westward mean flow as previously discussed in Section 4.2.

In general, the total enstrophy of the mean field is always less than 	0 =
	���∗� �∗

0��. This is a consequence of a more general fact, indicating that the total
enstrophy associated with any ���0 is equal to, or greater than, the total enstrophy
associated with the pointwise mean of ���0, i.e.

	�q′�V � ≤ 	����0�� (6.139)
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with

q′�x� =
∫

����x���d�� V =
∫

v�0�v�dv


Indeed, we notice that �� = ��
1
2 �

1
2 and use the Cauchy–Schwarz inequality

��
∫
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f 2
∫
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∫
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= 	����0�
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Moreover, thanks to (6.110), (6.119), and (6.128)–(6.133)

	0 = 	���∗� �∗
0��

= 1
2

�−1 + �2

2

∫
− ��′∗��x��2d�x+	V

∗

= 1
2

�−1 +	�q′∗�V
∗
�

= 1
2

�−1 +	∗
 (6.141)

Thus we can calculate explicitly that

� = �2�	0 −	∗��−1� (6.142)

and hence we may recover the Lagrange multiplier for the energy as

� = �� = �

2�	0 −	∗�

 (6.143)

To summarize, in this case with non-trivial large-scale mean velocity and
topography, the statistical theory predicts the unique most probable one point
statistics and mean field. The one-point statistics are Gaussians. The mean field
is uniquely determined by the energy level which satisfies a linear q −� relation.
These mean states correspond to westward mean flows �� > 0� and are non-
linearly stable due to the stability results in Chapter 4. We may also verify,
via a straightforward calculation, that the most probable one-point statistics are
those whose mean fields are the enstrophy minimizer with given energy level, i.e.
selective decay states.
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Case 2: No large-scale mean flow and non-trivial topography

Next we consider the important special case where there is no mean flow �V = 0�

but there is a non-trivial topography �h �= 0�. In this case there is no beta-plane
effect �	 = 0�, and therefore the only geophysical effect is due to the topography h.
This is the same situation as in Section 6.6. However we are taking a slightly
different approach here.

In this case the mean field equations reduce to a single equation

��
∗ +h = ��

∗
� (6.144)

where the solutions are characterized by formula (6.103).
Again we face the problem of non-uniqueness of solutions to the mean field

equation. Once again we compute the entropy associated with all candidates of
most probable states to determine which solution corresponds to the most probable
state(s). Thanks to (6.125), (6.141), and (6.143), we have

���∗� = −
∫
−
∫ √
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Thus the entropy is maximized when the enstrophy of the mean field is minimized.
In other words, the most probable one-point statistics are exactly those whose mean
fieldsare selectivedecaystates.Henceweare in thesamesituationas inSection6.6.4,
and the parameter � is determined in exactly the same fashion. Thus, for generic
topography with � = 1 in (6.102), � = ��E0� ∈ �−1��� is uniquely determined
by the energy, since the energy given by (6.105) is monotonic in � and covers all
positive values for � ∈ �−1���. The corresponding mean field given by the first
case of (6.103) is non-linearly stable. For the case of topography with degenerate
spectrum, i.e. � > 1 in (6.102), � = ��E0� ∈ �−1��� is uniquely determined by the
energy in the low energy case �E0 < E1� with a unique associated mean field which
is non-linearly stable; � = −1 in the high energy case �E0 > E1� with infinitely
many associated mean field solutions which are stable in the restricted sense.

Case 3: No large-scale mean flow or topography

We consider the special case of no geophysical effects, or 	 = h = V = 0. In
other words we consider the special case of the energy enstrophy statistical theory
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for the two-dimensional Euler equations. In this case the mean field equation
reduces to

��
∗ = ��

∗
�

and it has a non-trivial solution only if −� is one of the eigenvalues of the
Laplacian operator on the torus T 2 = �. Again the selective decay states are the
most probable mean fields. Thus the statistical theory predicts the ground energy
level states as the most probable mean fields.

This picture is very different from the ones with geophysical effects. We
also notice that the mean states predicted by this statistical theory for the Euler
equations are only marginally stable in this case. See the discussions in Chapters 2
and 4.
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7

Equilibrium statistical mechanics for systems of
ordinary differential equations

7.1 Introduction

In this chapter we introduce theories of equilibrium statistical mechanics for large
non-linear systems of ordinary differential equations (ODEs)

d �X
dt

= �F� �X�� �X ∈ �N � �F = �F1� � � � � FN �� N � 1 (7.1)

�X�t=0 = �X0�

and their applications. Such large non-linear systems of ODEs may arise as
the governing equations of particle systems such as the point vortex models
in Chapter 9 or (Fourier mode) truncations of quasi-geostrophic equations as
discussed in Chapter 8. A common feature of these systems is that the dynamics
are highly chaotic and thus a single trajectory is highly unpredictable beyond
a certain time due to sensitive dependence on data. Alternatively, observations
as well as physical and numerical experiments often indicate the existence of
coherent patterns out of large ensembles of trajectories. Hence it makes sense to
study the ensemble behavior of trajectories instead of a single trajectory. This is
reminiscent of atmosphere/ocean dynamics, where the prediction of one trajectory,
namely the weather, is basically impossible beyond a certain time due to chaotic
dynamics; while the prediction of ensembles of trajectories, corresponding to
certain features of the climate, is relatively easier. We will give examples of these
issues in Chapter 15.

An indispensable tool for the study of ensembles of solutions to the large sys-
tems of ODEs in (7.1) in a quantitative fashion is probability measures on the
phase space (�N in this case), or statistical solutions. The flow map naturally
carries an initial probability density function p0� �X� to a probability density func-
tion p� �X� t� on the phase space at any future time as long as the flow exists and

219
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remains sufficiently smooth. A condition on the ODEs that ensures that p� �X� t� is
the simple pull-back of initial pdf p0� �X� is the so-called Liouville property (7.2).
The Liouville property is the first key ingredient for doing statistical mechanics for
ODEs. The Liouville property is equivalent to saying that the flow map is volume
preserving in the phase space. Thus, if an ensemble of initial data in the phase
space is stretched in some direction under the flow map, it must be compensated
for by squeezing in some other direction under the flow map and vice versa. This
kind of stretching/squeezing together with the bending/twisting (mixing) implied
by the non-linearity is a key mechanism in the complex/chaotic behavior of the
dynamical system and in the tendency towards statistical equilibrium for large
ensembles of trajectories. In the framework of equilibrium statistical mechanics,
the evolution of the probability measures on phase space enables us to define the
associated information-theoretic entropy which sets the stage for the application of
the maximum entropy principle. In order to ensure non-trivial prediction, we need
the second important ingredient for doing statistical mechanics, i.e. the existence
of conserved quantities which translate into various constraints on the probability
distribution at all times, thanks to the Liouville property. With the Liouville prop-
erty and conserved quantities, we may invoke the maximum entropy principle to
obtain the most probable states (probability distributions), or the Gibbs measure,
on the phase space. The Gibbs measure turns out to be an invariant measure of
the flow maps, or a stationary statistical solution. The ensemble behavior such as
the mean field equations can then be deduced by taking appropriate averages with
respect to the most probable probability distribution. Although more complex, this
approach is more appealing than the empirical statistical approach that we intro-
duced in Chapter 6, in the sense that we have incorporated some dynamics of the
ODE system together with conserved quantities into the process of determining
the most probable states. This approach also allows for more complete predictions
beyond the mean state, such as statistical predictions for fluctuations about the
mean. Of course the Liouville property and the existence of conserved quantities
themselves are not sufficient to ensure the tendency towards the statistical equi-
librium state (most probable state). Here and elsewhere we implicitly assume that
the dynamics of the system is chaotic and instability is abundant so that there is
some sort of ergodicity of the system, see for instance (7.32). The rigorous math-
ematical underpinning of the exact conditions, ensuring the convergence towards
statistical equilibrium, is beyond the scope of this book and is a major unsolved
mathematical problem. However, we will use elementary numerical experiments
to test and confirm these predictions.

The chapter is organized as follows. In Section 7.2, we give an introduction
to the general theory of equilibrium statistical mechanics for systems of ODEs
satisfying the Liouville property; in Section 7.3, we apply the theory to ODEs
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that are the Galerkin truncation of the inviscid Burgers–Hopf equation. This is an
appealing toy model for low-frequency variability of the atmosphere. Application
to truncated quasi-geostrophic equations will be introduced in Chapter 8 as an
integral part of the complete statistical mechanics applied to quasi-geostrophic
equations, while another different application to point vortices is presented in
Chapter 9. In Section 7.4, we introduce and study the Lorenz 96 “toy” model for
atmospheric dynamics. In general, this model has dissipation and forcing, and, as
explained, has an analogue of the weather wave packets of the actual atmosphere.
When the damping and forcing vanish, this model is another system satisfying the
behavior of equilibrium statistical mechanics. Quantitative comparison between
the predictions of equilibrium statistical mechanics and the damped forced Lorenz
96 model are presented in detail.

7.2 Introduction to statistical mechanics for ODEs

In this section we introduce a general framework for conducting equilibrium statis-
tical mechanics for large systems of ODEs. As was discussed above, there are two
important ingredients for the application of equilibrium statistical mechanics to
systems of ODEs; namely, the Liouville property, which ensures the applicability
of the equilibrium statistical theory, and the existence of normalizable conserved
quantities so that non-trivial most probable probability measures for doing further
measurements (Gibbs measures) can emerge out of a suitable maximum entropy
principle.

7.2.1 The Liouville property

We first introduce the Liouville property.

Definition 7.1 (Liouville property) A vector field �F� �X� is said to satisfy the
Liouville property if it is divergence free, i.e.

div �X �F =
N∑

j=1

�Fj

�Xj

= 0� (7.2)

An important consequence of the Liouville property is that it implies the flow
map associated with (7.1) is volume preserving or measure preserving on the
phase space. For this purpose we define the flow map ��t� �X�	t≥0, �t 
�N �→�N

associated with the finite-dimensional ODE system (7.1) by

d

dt
�t� �X� = �F��t� �X��� �t� �X��t=0 = �X0� (7.3)
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The divergence free nature of the vector field �F gives an important property to
the flow map �t� �X�, i.e. the flow map �t� �X� is volume preserving or measure
preserving on the phase space. This property can be shown exactly in the same way
as we prove that the flow map of an incompressible fluid is volume preserving.

Proposition 7.1 �t� �X� is volume preserving or measure preserving on the phase
space, i.e.

J�t�
def= det

(
� �X�t� �X�

)
≡ 1� (7.4)

for all time t ≥ 0.

Proof: The proof follows from the calculus identity (cf. Majda and Bertozzi, 2001
or Chorin and Marsden, 1993)

dJ�t�

dt
= div �F��t� �X��J�t�� J�0� = 1� (7.5)

Since div �F = 0, we get J�t� = J�0� = 1. This completes the proof of the propo-
sition.

7.2.2 Evolution of probability measures and the Liouville equation

Since we are interested in the behavior of an ensemble of solutions, it is natural
to consider probability measures on the phase space �N . Given an initial �t = 0�

probability density function p0� �X� (so that the associated probability measure
is absolutely continuous with respect to the Lebesgue measure on �N ), for any
future time t > 0 we may define a probability density p� �X� t� by the pull-back of
the initial probability density p0� �X� with the flow map �t� �X�, i.e.

p� �X� t� = p0

(
��t�−1� �X�

)
� (7.6)

Utilizing the measure preserving property of the flow map �t� �X� we may verify
that this definition indeed yields a probability measure. In fact, we can prove
that the one parameter family of probability measures p�t� satisfies the Liouville
equation, or, equivalently, that the probability density functions are transported
by the vector field �F .

Proposition 7.2 p� �X� t� = p0

(
��t�−1� �X�

)
is transported by the vector field �F ,

i.e. it satisfies the Liouville’s equation

�p

�t
+ �F ·� �Xp = 0� (7.7)

and hence p� �X� t� is a probability density function for all time.
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Proof: From the transport theorem (cf. Majda and Bertozzi, 2001 or Chorin and
Marsden, 1993), we know that for any function f� �X� t� in phase space

�

�t

∫
�t���

f� �X� t�d �X =
∫
�t���

(
�f

�t
+div�f �F�

)
d �X� (7.8)

and since �F� �X� t� is divergence free, this equation reduces to

�

�t

∫
�t���

f� �X� t�d �X =
∫
�t���

(
�f

�t
+ �F ·� �Xf

)
d �X� (7.9)

Next we let f� �X� t� = p� �X� t� in the last equation. From Definition 7.6 on the
pull-back probability density function p, we have∫

�t���
p� �X� t�d �X =

∫
�t���

p0

(
��t�−1� �X�

)
d �X

=
∫
�

p0��Y � det
(
��Y �t��Y �

)
d�Y =

∫
�

p0��Y �d�Y � (7.10)

where we made the change of variables �X = �t��Y � in the equation, and utilized
the fact that the Jacobian determinant of the flow map is identically equal to one.
This implies that the left-hand side of (7.9) is identically zero, and thus

0 = �

�t

∫
�t���

p� �X� t�d �X =
∫
�t���

(
�p

�t
+ �F ·� �Xp

)
d �X� (7.11)

Since the region � in phase space is arbitrary, we conclude that pointwise

�p

�t
+ �F ·� �Xp = 0�

This proves Liouville’s theorem.

To see that p�t� is a probability density function, we notice that p� �X� t� is
non-negative by equation (7.6) and the assumption that p0 is a probability density
function. Next we set � = �N in (7.10) and we have∫

�N
p� �X� t�d �X =

∫
�N

p0� �X�d �X = 1 (7.12)

and therefore p� �X� t� defines a probability density for t > 0. This concludes the
proof of the proposition.

Notice that the Liouville equation (7.7) is a linear equation in p; it then follows
that any function of p also satisfies the Liouville equation. Thus we have:

Corollary 7.1 Let G�p� be any function of the probability density p. Then

�G�p�

�t
+ �F ·� �XG�p� = 0� (7.13)
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i.e. G�p� satisfies Liouville’s equation. This further implies that

d

dt

∫
�N

G�p� �X� t�� = 0� (7.14)

Proof: It follows directly from the chain rule and the last proposition

�G�p�

�t
+ �F ·� �XG�p� = G′�p�

(
�p

�t
+ �F ·� �Xp

)
= 0� (7.15)

Next, we integrate (7.15) over �N . Since �F is divergence free, we have

d

dt

∫
�N

G�p� �X� t�� =
∫
�N

�G�p�

�t
= −

∫
�N

�F ·� �XG�p�

= −
∫
�N

div
(
G�p��F

)
= 0� (7.16)

and this proves the corollary. Of course, in our formal proof above, we did not
worry about the precise behavior of p for large values in �N when we integrated
by parts.

7.2.3 Conserved quantities and their ensemble averages

We now introduce the second ingredient for doing equilibrium statistical mechan-
ics for ODEs. We assume that the system (7.1) possesses L conserved quantities
El� �X�t��, i.e.

El� �X�t�� = El� �X0�� 1 ≤ l ≤ L� (7.17)

These conserved quantities could be the truncated energy, enstrophy, or higher
moments for the truncated quasi-geostrophic equations, or the truncated energy
and linear momentum for the truncated Burgers–Hopf equation, or the Hamiltonian
and angular momentum for the point-vortex system etc. The ensemble average
of these conserved quantities with respect to a probability density function p is
defined as

El = �El
p ≡
∫
�N

El� �X�p� �X�d �X� 1 ≤ l ≤ L� (7.18)

We naturally expect that these ensemble averages are conserved in time. Indeed,
we have the following result:

Proposition 7.3

�El
p�t� = �El
p0
� for all t� (7.19)



7.2 Introduction to statistical mechanics for ODEs 225

Proof: The proof is a simple application of the Liouville property and a change of
variable.

�El
p�t� =
∫
�N

El� �X�p� �X� t�d �X =
∫
�N

El� �X�p0���
t�−1� �X��d �X

=
∫
�N

El��
t��Y ��p0��Y �d�Y =

∫
�N

El��Y �p0��Y �d�Y
= �El
p0

�

where we have performed the change of variable �Y = ��t�−1� �X�, utilized the
Liouville property (7.2) which implies that this change of variable is volume
preserving as proved in Proposition 7.1, and the assumption that El is conserved
in time.

7.2.4 Shannon entropy and the maximum entropy principle

Once we have a probability density function p on �N , we may naturally generalize
the definition of information theoretic entropy on the real line from Section 6.4
to this case of an arbitrary Euclidean space �N . We define the Shannon entropy
� for the probability density function p� �X� on �N that is absolutely continuous
with respect to the Lebesgue measure by

��p� = −
∫
�N

p� �X� ln p� �X�d �X� (7.20)

Note that the Shannon entropy is exactly identical with the Boltzmann entropy in
the statistical mechanics of gas particles. Furthermore, by setting G�p� = −p ln p

in Corollary 7.1, we can see that the Shannon entropy � is conserved in time

��p�t�� = ��p0�� (7.21)

The question now is how to pick our probability measure p with the least bias
for doing future measurements. We invoke the maximum entropy principle and
claim that the probability density function p with the least bias for conducting
further measurements should be the one that maximizes the Shannon entropy
(7.20), subject to the constraint set of measurements (conserved quantities) as
defined through (7.18). More precisely, let

� =
{

p� �X� ≥ 0�
∫
�N

p� �X�d �X = 1� �El
p = El� 1 ≤ l ≤ L

}
� (7.22)

The maximum entropy principle predicts that the most probable probability density
function p∗ ∈ � is the one that satisfies

��p∗� = max
p∈� ��p�� (7.23)
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7.2.5 The most probable state and Gibbs measure

In order to compute the most probable probability density function, we invoke the
Lagrange multiplier method. Recall from Chapter 6 that the variational derivative
of the entropy with respect to the probability density function is calculated as


��p�


p
= −�1+ ln p�� (7.24)

and the variational derivatives of the constraints in (7.22) are calculated easily as


El


p
= El� �X�� (7.25)

since the constraints are linear in p. Thus the Lagrange multiplier method predicts
that the most probable state must satisfy

−�1+ ln p∗� = �0 +
L∑

l=1

�lEl� �X�� (7.26)

where �0 is the Lagrange multiplier for the constraint that p must be a probability
density function, and �l is the Lagrange multiplier for El for each l respectively.
Equation (7.26) can be rewritten as

p∗� �X� = c exp

(
−

L∑
l=1

�lEl� �X�

)
�

or equivalently, we may write the most probable probability density function in
the form analogous to the Gibbs measure in statistical mechanics for gas particle
systems

p∗� �X� = ���� �X� = C−1 exp

(
−

L∑
l=1

�lEl� �X�

)
� (7.27)

provided that the constraints are normalizable, i.e.

C =
∫
�N

exp

(
−

L∑
l=1

�lEl� �X�

)
d �X < � (7.28)

and the �ls are the Lagrange multipliers so that ��� satisfies (7.18).
Recall that each probability density function is transported by the vector field

�F , thus satisfying the Liouville equation. Also, the entropy is conserved in time.
Thus we expect the Gibbs measure to solve the steady state Liouville equation,
since the Gibbs measure maximizes the entropy within the constraint set of (7.22).
Indeed, this is a special case of the following general fact:
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Proposition 7.4 Let Ej� 1 ≤ j ≤ J be conserved quantities of the ODE (7.1).
For any smooth function G�E1� � � � �EJ �, G�E1� � � � �EJ � is a steady state solution
to the Liouville equation. In particular, the most probable probability density
function given by (7.27) is a steady state solution to the Liouville equation, i.e.

�F ·� �X��� = 0� (7.29)

Proof: Since Ej� �X�t�� is conserved in time, we have

0 = d

dt
Ej� �X�t�� = �Ej

�t
+ �F ·� �XEj = �F ·� �XEj� for all j�

Thus

�F ·� �XG�E1� � � � �EJ � =
J∑

j=1

�F ·� �XEj

�G

�Ej

= 0� (7.30)

Finally setting G = ��� in (7.30) we deduce (7.29). This completes the proof of
the proposition.

An important consequence of a probability density function satisfying the steady
state Liouville equation is that the associated probability measure is an invariant
probability measure on the phase space.

Definition 7.2 (Invariant measure) A measure � on �N is said to be invariant
under the flow map �t if

����t�−1���� = ���� (7.31)

for all (measurable) set � ⊂ �N and all time t.

An easy consequence of this definition and proposition 7.4 is

Corollary 7.2 The Gibbs measure ��� is an invariant measure of the dynamical
system (7.1), i.e. it is a stationary statistical solution to (7.1).

Proof: The proof is a straightforward calculation. For any (measurable) set �, we
have

d

dt

∫
��t�−1���

���� �X�d �X = d

dt

∫
�
�����

t��Y ��d�Y

=
∫
�

�F ·� �X���� �X�� �X=�t��Y �
d�Y

= 0�

where in the first equality we have performed the change of variable �X = �t��Y �

and utilized the volume-preserving property of the flow �t as well as the fact
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that �t is the flow generated by the vector field �F . From this we conclude that∫
��t�−1��� ���� �X�d �X is independent of time, and therefore

∫
��t�−1���

���� �X�d �X =
∫
�
���� �X�d �X�

which implies that the Gibbs measure is an invariant probability measure of �t.
This ends the proof of the corollary.

7.2.6 Ergodicity and time averaging

The equilibrium statistical mechanics formulation gives us clear and simple pre-
dictions of behavior of ensemble averages of solutions to the ODE system (7.1).
The natural question then is if such a theory is valid. In other words, we want to
know if a typical ensemble of solutions does behave as predicted by the statistical
theory. Taking the ensemble average of exact solutions of (7.1) analytically is
an extremely challenging problem. A practical approach is to utilize numerical
simulations. The obvious direct numerical approach is to simulate a very large
ensemble of trajectories with initial distribution satisfying the Gibbs measure and
then take their average at a later (large) time. This is usually very costly in real-
istic systems for the atmosphere, and ocean and such ensemble predictions will
be studied in Chapter 15. Instead, we usually assume that the Gibbs measure is
ergodic so that the spatial average is equivalent to the time average, i.e.

�g� �X�
 =
∫
�N

g� �X����� �X�d �X = lim
T→�

1
T

∫ T0+T

T0

g� �X�t��dt (7.32)

for almost all trajectories �X�t�. Such an ergodicity assumption allows us to verify
the statistical prediction utilizing the long time average of one “typical” trajectory.

7.2.7 A simple example violating the Liouville property

Clearly, the Liouville property in (7.2) for the vector field �F is central for the
above theory. In order to appreciate the importance of this assumption, we present
a dynamical system, which has a family of conserved quantities, but violates the
Liouville property (7.2) and has no invariant measure that is absolutely continuous
with respect to the Lebesgue measure.

Let �X = �X1�X2�
T and �FT = X1

�X⊥ = �−X1X2�X2
1�, i.e. consider the following

dynamical system

dX1

dt
= −X1X2�

dX2

dt
= X2

1 �
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The system has the family of conserved quantities

E� �X · �X�

for an arbitrary smooth function, E�s�. Also, the vector field �F violates the
Liouville property since

div �X �F = −X2 �= 0�

Statistical solutions of this equation satisfy the Fokker–Planck equation

�pt

�t
+div �X��Fpt� = 0�

and invariant measures like the Gibbs measure, which are functions of the con-
served quantities, necessarily are steady solutions of this equations, i.e.

div �X��Fpt� = 0�

Now it is straightforward to verify that for any smooth conserved quantity E� �X · �X�

div �X��FE� �= 0

so that none of the non-trivial functions of the conserved quantities defines an
invariant measure.

In fact, it is easy to see that all solutions converge to the vertical axis (X1 = 0)
and thus all invariant measures must be supported on the vertical axis, and hence
not absolutely continuous with respect to the Lebesgue measure. Indeed, we can
show that all invariant measures for this dynamical system must be given in the
form of


�X1�×��X2�� for any � ∈ PM���

and thus it solves the Fokker–Planck equation in the sense of distribution and is
not absolutely continuous with respect to the Lebesgue measure.

7.3 Statistical mechanics for the truncated Burgers–Hopf equations

In this section we apply the general theory of equilibrium statistical mechanics for
ODEs that we introduced in Section 7.2 to the truncated Burgers–Hopf equations.

This is a simple model exhibiting many qualitative features of the atmosphere,
such as long time correlation for the large-scale structures versus the short time
correlation for the small-scale structures. Since atmosphere/ocean dynamics is
extremely complicated, it makes sense to study simplified models that capture
some specific features of the atmosphere/ocean dynamics. This is one feature of
the approach in this book.
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7.3.1 The truncated Burgers–Hopf systems and their conserved quantities

We first introduce the ODE systems that we want to investigate.
The inviscid Burgers–Hopf equation

�

�t
u+ 1

2

(
u2)

x
= 0� (7.33)

is one of the extensively studied models in applied mathematics. One of the
prominent features of this equation is the formation and propagation of shocks
(discontinuity) from smooth initial data. Here we consider spectral truncations
of the Burgers–Hopf equation (7.33) which conserve energy. Such a numerical
approximation would be disastrous if we are interested in the dynamics of (7.33),
since shock waves form and dissipate energy. However, our interest here is models
that capture certain salient features of the atmosphere/ocean dynamics, and not
that of (7.33). Suppose the Burgers–Hopf equation is equipped with periodic
boundary conditions so that Fourier series may be applied. Let P�f = f� denote
the finite Fourier series truncation of f , i.e.

P�f = f� = ∑
�k�≤�

f̂ke
ikx� (7.34)

Here and elsewhere in this section it is tacitly assumed that f is 2�-periodic
and real valued so that the complex Fourier coefficients f̂k satisfy f̂−k = f̂ ∗

k ,
where ∗ denotes the complex conjugation in this context. The positive integer,
�, from (7.34) defines the number of complex-valued degrees of freedom in the
approximation. With these preliminaries, the model introduced and studied here
is the approximation to (7.33)

�u��t +
1
2

P��u2
��x = 0� (7.35)

This is the Fourier–Galerkin truncated approximation to (7.33). With the expan-
sion

u��t� = ∑
�k�≤�

ûk�t�e
ikx� û−k = û∗

k (7.36)

the equations in (7.35) can be written equivalently as the following system of
non-linear ordinary differential equations for the complex amplitudes ûk�t� with
�k� ≤ �

d

dt
ûk = − ik

2

∑
k=p+q��p���q�≤�

ûpûq� (7.37)

It is elementary to show that solutions of the equations in either (7.35) or (7.37)
conserve both momentum and energy, i.e.

M =
∫
−u��t� = û0 (7.38)
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and

E = 1
2

∫
−u2

�dx = 1
2
�û0�2 +

�∑
k=1

�ûk�2 (7.39)

are constant in time for solutions of (7.35) or (7.37). The proof for conservation
of energy is as follows

�

�t

∫
u2

� = −1
2

∫
u�P�

(
u2

�

)
x
= −1

2

∫
u�

(
u2

�

)
x
= −1

3

∫ (
u3

�

)
x
= 0�

The momentum constraint in (7.38) is associated with trivial dynamical behavior
and thus after a Galilean transformation, we have M = 0, so that û0�t� ≡ 0 in the
formula for the energy, E, in (7.39). Also, all of the sums in (7.37) involve only
k with 1 ≤ k ≤ �. In addition to the conserved quantities in (7.38) and (7.39), it
is easy to check that the third moment

H =
∫

u3
�dx (7.40)

is also conserved. Indeed

d

dt

∫
u3

� dx = 3
∫

u2
��u��t dx = −3

2

∫
u2

�P�

(
u2

�

)
x

= −3
2

∫
P��u2

��P�

(
u2

�

)
x
= 0�

The quantity, H , is actually the Hamiltonian for the truncated Burgers–Hopf
system (see Abramov et al., 2003).

It is well known that non-trivial smooth solutions of (7.33) develop disconti-
nuities in finite time and thus exhibit a transfer of energy from large scales to
small scales. For functions with ûk�t� identically zero instantaneously for k > �

2 ,
the approximation in (7.35) or (7.37) represents this energy transfer exactly; how-
ever, once this transfer develops in a general solution of (7.35) or (7.37), the
conservation of energy constraint rapidly redistributes the energy in the smaller
scales to the larger-scale modes. This effect is responsible for the intuitive fact
that the small-scale modes of the system should decorrelate more rapidly than
the large-scale modes. We discuss this important effect quantitatively later in this
section.

7.3.2 The Liouville property

In order to apply the equilibrium statistical mechanics procedure that we intro-
duced in Section 7.2, we need to verify that the ODE system (7.35) or (7.37)
satisfies the Liouville property. For this purpose, we need to write it in canonical



232 Equilibrium statistical mechanics for systems of ODEs

form as in (7.1). Let ûk� 1 ≤ k ≤ � be the defining modes for the equations in
(7.37), and let

ûk = ak + ibk� 1 ≤ k ≤ � (7.41)

with ak and bk being the real and imaginary part of ûk respectively. Thus we
have N = 2� number of unknowns. Let

�X = �a1� b1� � � � � a��b��� X2k−1 = ak�X2k = bk� 1 ≤ k ≤ �� (7.42)

Equation (7.37) can then be written in a compact form

d �X
dt

= �F� �X�� �X�0� = �X0�

with the vector field F satisfying the property

F2k−1� �X� = k�X2kX4k−1 −X2k−1X4k�

+ F̃2k−1�X1� � � � �X2k−2�X2k+1� � � � �XN �

F2k� �X� = k�X2k−1X4k−1 +X2kX4k�

+ F̃2k�X1� � � � �X2k−2�X2k+1� � � � �XN �� (7.43)

where Xk = 0 if k > N . It is then straightforward to check that the vector field
�F = �F1� � � � � FN � is divergence free and hence (7.35) and (7.37) satisfy the
Liouville property.

7.3.3 The Gibbs measure and the prediction of equipartition of energy

First, assume that the momentum, M0 = 0, and that the energy E in (7.39) is the
relevant statistical quantity for further measurements. Combining the Liouville
property together with the conserved energy and the general framework from
Section 7.2 we deduce from (7.27) that the most probable distribution, or the
canonical Gibbs measure, is given by

�� = C−1
� exp

(
−�

2

�∑
k=1

�ûk�2
)

� � > 0� (7.44)

This is a product of identical Gaussian measures. For a given value of the mean
energy E, the Lagrange multiplier � is given by, thanks to (7.39)

� = �

E
� and Var�ak	 = Var�bk	 = 1

�
= E

�
(7.45)
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where Var denotes the variance. The canonical Gibbs ensemble predicts a zero
mean state and a spectrum with equi-partition of energy in all modes according
to (7.44).

Next we ask whether the same procedure would work for the conserved quantity
given by H = ∫

u3
� dx from (7.40). This is an odd function of u� and grows

cubically at infinity so that the associated Gibbs measure is infinite. Thus, this
conserved quantity provides an example which is not statistically normalizable
so that the intergal in (7.28) is infinite even though it is the Hamiltonian for this
system. We discuss the statistical relevance of this conserved quantity for the
dynamics briefly later in this book (see Abramov et al., 2003).

7.3.4 Numerical evidence of the validity of the statistical theory

We show below that the statistical prediction (7.44) of equi-partition of energy
in all modes is satisfied with surprising accuracy for � of moderate size. For
all the numerical results reported here (Majda and Timofeyev, 2000, 2002), a
pseudo-spectral method of spatial integration combined with fourth-order Runge–
Kutta time stepping is utilized for (7.37). We can anticipate from (7.44), which
predicts energy equi-partition, that in dynamic simulations both the high and low
spatial wave numbers are equally important, so increased spatial resolution in the
pseudo-spectral algorithm is needed. This is achieved by increasing the length of
the array containing the discrete Fourier coefficients by adding zeros for wave
numbers k with � < k ≤ �∗ and then performing the discrete Fourier transform
to the x-space on this bigger array for pseudo-spectral computations. The choice
�∗ ≥ 4� works well in practice and is utilized below. The typical time step for the
Runge–Kutta time integrator is �t = 2 × 10−4, with the necessity to use smaller
time steps for larger values of the total energy E (smaller � and/or larger �). In
all simulations presented below the energy computed from (7.39) is conserved
within 10−4%, a relative error of 10−6.

All statistical quantities are computed as time averages, i.e. we assume that
the Gibbs measure (7.44) is ergodic and hence (7.32) applies. In particular, the
energy in the kth mode is computed by

��ûk�2
 = 1
T

T+T0∫
T0

�ûk�t��2dt� (7.46)

In the simulation presented here, the initial averaging value, T0 = 100, and aver-
aging window, T = 5000, were utilized. This is a severe test because only the
micro-canonical statistics for an individual solution of (7.37) are utilized rather
than a Monte-Carlo average over many random initial data as given by the canon-
ical Gibbs ensemble in (7.44).
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The initial data are selected at random with Fourier coefficients uk, 1 ≤ k < �−
15 sampled from a Gaussian distribution with mean zero and variance 0�8×�−1.
The tail Fourier coefficients with � − 15 ≤ k ≤ � are initialized with random
phases and equal amplitudes

�uk�2 = 1
15

(
E −

�−16∑
j=1

�uj�2
)

� �−15 ≤ k ≤ �

to satisfy the energy constraint given by E.
A wide range of simulations of (7.37) have been performed in several parameter

regimes. Here we discuss the case � = 10 and � = 100. Truncations varying
both � and � (Majda and Timofeyev, 2000, 2002) exhibit qualitatively similar
behavior and we focus our attention on the numerical simulations with � = 10,
� = 100. Many more results of this type can be found in the two papers mentioned
above.

The energy spectrum for the real and imaginary parts of the Fourier modes
is presented in the top and the bottom parts of Figure 7.1, respectively. The
straight lines in Figure 7.1 correspond to the theoretically predicted value
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Figure 7.1 Galerkin truncation with � = 10�� = 100. Energy spectrum; cir-
cles – Numerics, solid line – analytical predictions. Note the small vertical scale
consistent with errors of at most a few percent.
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Figure 7.2 Galerkin truncation with � = 10, � = 100. Relative errors for numer-
ical and analytical estimates for 4th, 6th, and 8th moments; vertical axis = 10%
relative error. Note the small vertical scale consistent with the small errors.

Var�Reûk	 = Var�Imûk	 = 0�05 with � = 10. Clearly, there is statistical equi-
partition of energy for times t with t ≥ 100 in the solution of (7.37); the relative
errors mostly occur at large scales and do not exceed 3.5%.

The equi-partition of the energy predicted by the theory in (7.44) is very
robust. The statistical predictions of (7.44) go beyond the energy spectrum and
also predict Gaussian behavior for the higher moments. Here we observe in
Figure 7.2 strong numerical evidence supporting the Gaussian nature of the
dynamics in (7.44) with the large variance, � = 10. Recall that for the Gaussian
distribution in (7.44), the following relationships between second and higher
moments hold

��Reûk�4
 = 3��Reûk�2
2 = 3
4

�−2

��Reûk�6
 = 15��Reûk�2
3 = 15
8

�−3 (7.47)

��Reûk�8
 = 105��Reûk�2
4 = 105
16

�−4�
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To check the Gaussianity of the dynamics we compute the relative error between
the analytical predictions in (7.47) and numerical estimates given by

Rel. Err.�4th Moment	 = ���Reûk�4
− 3
4

�−2�× 4
3

�2

Rel. Err.�6th Moment	 = ���Reûk�6
− 15
8

�−3�× 8
15

�3 (7.48)

Rel. Err.�8th Moment	 = ���Reûk�8
− 105
16

�−4�× 16
105

�4�

In Figure 7.2, the relative error in (7.48) for the fourth, sixth, and eighth moments
is computed as a function of the wave number from the simulations of (7.37)
with � = 10 and � = 100. Relative errors in the fourth moment prediction (the
top part of Figure 7.2) are less than 2% for almost all wave numbers and never
exceed 3.5%, with the largest errors for the low wave numbers. For the sixth
moments (the middle part of Figure 7.2) the relative errors are less than 5% for
most of the wave numbers and do not exceed 9% overall. For the eighth moment
(the bottom part of Figure 7.2) the relative errors are about 7–8% for most of the
Fourier modes. Thus, the higher-order statistics agree with the predictions of the
invariant measure in (7.44), and the Gaussianity of the dynamics of the equations
in (7.37) is confirmed with surprising accuracy.

7.3.5 Truncated Burgers–Hopf equation as a model with statistical features in
common with atmosphere

In this section, we show that the truncated Burgers–Hopf equation is a simple
model with many degrees of freedom with many statistical properties similar
to those occurring in dynamical systems relevant to the atmosphere (Majda and
Timofeyev, 2000, 2002). These properties include long time correlated large-
scale modes of low frequency variability and short time correlated “weather
modes” at small scales (see Abramov et al., 2005 and references therein). A simple
correlation scaling theory for the model is developed below and is confirmed to
be valid over a wide range of scales by simple numerical experiments (Majda
and Timofeyev, 2000, 2002, Abramov et al., 2003). Subsequently in Chapter 15
of this book, this model is utilized to test recent theories of predictability utilizing
relative entropy.

A scaling theory for temporal correlations

It is a simple matter to present a scaling theory which predicts that the temporal
correlation times of the large-scale modes are longer than those for the small-scale
modes. Recall from (7.45) that the statistical predictions for the energy per mode
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is E/� = �−1; since E/� has units length2/time2, and the wave number k has
units length−1, the predicted eddy turnover time for the kth mode is given by(

�

E

)1/2 1
k

=
√

�

k
� 1 ≤ k ≤ ��

If the physical assumption is made that the kth mode decorrelates on a time scale
proportional to the eddy turnover time with a universal constant of proportionality,
C0, a simple plausible scaling theory for the dynamics of the equation in (7.35)
or (7.37) emerges and predicts that the correlation time for the kth mode, Tk, is
given by

Tk = C0

√
�

k
� 1 ≤ k ≤ �� (7.49)

Thus, the scaling theory implied by (7.49) shows that the larger-scale modes in
the system should have longer correlation times than the smaller-scale modes.
This basic qualitative fact is always confirmed in the numerical simulations for
the Fourier Galerkin truncation with � ≥ 5 (Majda and Timofeyev, 2000, 2002;
Abramov et al., 2003).

Next we present one example confirming this numerical behavior.

Numerical evidence for the correlation scaling theory

For the numerical results reported here, the correlation function of the kth mode,
Xk = Re ûk, is computed from time averaging as in (7.46), i.e. for any time �,
the correlation function Ck��� is computed by

Ck��� = 1
T

∫ T0+T

T0

Xk�t + ��Xk�t�dt� (7.50)

with T picked sufficiently large. We also define the correlation time for the kth
mode through

Tk =
∫ �

0
�Ck����d�� (7.51)

Here results are presented for the same case, � = 10�� = 100, studied ear-
lier to confirm equipartition of energy. The time correlations of Re ûk for
k = 1� 2� 3� 10� 15� 20 are presented in Figure 7.3 illustrating the wide range of
time scales present in the system. The elementary scaling theory for correlation
times developed in (7.49) is compared with the numerically computed correla-
tion times in Figure 7.4. There the scaling formula in (7.49) is multiplied by a
normalization constant, C0, to exactly match the correlation time for the mode
with k = 1. As shown in Figure 7.4, the simple theory proposed in (7.49) is an
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Figure 7.3 Galerkin truncation with � = 10, � = 100. Correlation functions for
modes k = 1� 2� 3� 10� 15� 20.

0 10 20 30 40 50 60 70 80 90 100
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure 7.4 Galerkin truncation with � = 10, � = 100. Correlation times v. wave
number k. Circles – DNS, solid line – predictions of the scaling theory.
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excellent fit for the large-scale wave numbers, k, with k ≤ 15, which exhibit the
largest range of scaling behavior for the temporal correlations. These results are
very robust with even better agreement in many diverse circumstances (Majda
and Timofeyev, 2000, 2002; Abramov et al., 2003).

7.4 The Lorenz 96 model

Here we discuss the Lorenz 96 model (L96) as a simple toy model with the
same statistical features of the weather wave packets of the atmosphere. We also
carefully compare the behavior of L96 with the undamped unforced IL96 model
regarding its climatology.

The L96 model is given by

duj

dt
= �uj+1 −uj−2�uj−1 −uj +F� j = 0 � � � J (7.52)

with periodic boundary conditions, u0 = uJ . It is easy to see that (7.52) is consistent
(a finite difference discretization) with the following damped forced Burgers–Hopf
equation

ut −uux = −u+F�

with grid size �x = 1/3.

7.4.1 Geophysical properties of the Lorenz 96 model

As mentioned before, the L96 model possesses some general properties of geo-
physical models, namely energy-preserving advection, damping, and forcing. The
term −uj in (7.52) represents damping (with a unit time scale of five days),
while F represents constant “solar forcing.” The model in (7.52) is designed to
mimic midlatitude weather and climate behavior, so periodic boundary conditions
are appropriate. The unit spatial scale between discrete nodes is regarded as a
non-dimensional midlatitude Rossby radius ≈800 km; the discrete system size is
set to be J = 40 nodes, so the discrete system with 40 modes corresponds to a
midlatitude belt of roughly 30 000 km.

In midlatitude weather systems, the main “weather waves,” the Rossby waves,
have westward (toward negative x) phase velocity, but from our own anecdotal
experience, weather systems collectively move eastward (toward positive x) with
unstable behavior. The models in (7.52) have analogous behavior. To see this,
note that uj = F defines a steady state solution of (7.52). We carry out this linear
analysis next and confirm the above intuition.
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Linear stability of simple steady states

With the steady state solution, uj = F , we write (7.52) in terms of perturbations
around the steady state: taking

vj = F +uj�

the L96 model is written in new variables as

dvj

dt
= F�vj+1 −vj−2�+ �vj+1 −vj−2�vj−1 −vj� (7.53)

To check linear stability we linearize (7.53) and obtain

dvj

dt
= F�vj+1 −vj−2�−vj� (7.54)

Proceeding with linear analysis of the Fourier modes, we introduce the discrete
Fourier transform

v̂k = 1
J

J−1∑
j=0

vje
−2�ikj/J �

In terms of Fourier coefficients the equation (7.54) becomes

dv̂k

dt
= akv̂k� (7.55)

where

ak = ��e2�ik/J − e−4�ik/J �F −1��

The real part of ak is

��ak� = �cos�2�k/J�− cos�4�k/J��F −1�

and the linear instability occurs when ��ak� > 0, or

cos�2�k/J�− cos�4�k/J� >
1
F

� (7.56)

The next section offers detailed information about geophysical properties of the
model based on these linearly unstable waves. See Table 7.1 for a list of bands
of linearly stable and unstable waves.

Rossby waves

As mentioned earlier, the L96 model has the analogues of Rossby waves for
geophysical flows. We again write the linearized model (7.54)

dvj

dt
= F�vj+1 −vj−2�−vj�
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Table 7.1 Bands of linearly stable and unstable
waves for different values of F and ū, J = 40

F ū kbegin kend

5 1�63668 5 11
6 2�0109 4 12
8 2�34299 4 12

16 3�08713 3 12
32 3�89012 3 12
� � 0 13

Assuming vj to be of the form

vj =∑
k

Ak exp
(

2�ikj

J
− i��k�t

)
� (7.57)

we substitute (7.57) into (7.54) and obtain the dispersion relation ��k�

��k� = i
[(

e
2�ik

J − e− 4�ik
J

)
F −1

]
� (7.58)

The imaginary part of ��k� determines linear stability/instability of the wave,
which has already been shown in the previous section. Denoting �̃�k� ≡ ����k��,
for �̃�k� we write

�̃�k� = −
[

sin
(

2�k

J

)
+ sin

(
4�k

J

)]
F� (7.59)

The equation in (7.59) determines the phase and group velocities of the wave
packet in (7.57). The phase velocity (velocity of a single wave) of (7.57) is defined
as

V�k� = �̃�k�

k
= −

[
sin
(

2�k

J

)
+ sin

(
4�k

J

)]
F

k
� (7.60)

while the group velocity (velocity of a packet of waves) is defined as

Vgr�k� = d�̃�k�

dk
= −2�F

J

[
cos

(
2�k

J

)
+ cos

(
4�k

J

)]
� (7.61)

We denote the direction of positive V s as “eastward,” and the direction of negative
V s as “westward.” The most interesting waves are those which have “westward”
phase velocities like Rossby waves, and “eastward” group velocities like actual
weather systems as discussed earlier in Chapter 1. From (7.60), we find that:

• Waves with
(

1
3 < k

J
< 1

2

)⋃( 2
3 < k

J
< 1

)
have “eastward” phase velocity.

• Waves with
(
0 < k

J
< 1

3

)⋃( 1
2 < k

J
< 2

3

)
have “westward” phase velocity.
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Looking at (7.61) we observe that:

• Waves with
(
0�1489 < k

J
< 0�4096

)⋃(
0�5904 < k

J
< 0�8511

)
have “eastward” group

velocity.
• The rest of the waves has “westward” group velocity.

Combining the two results we obtain(
0�1489 <

k

J
<

1
3

)⋃(
0�5904 <

k

J
<

2
3

)
� (7.62)

The wave numbers in (7.62) have “westward” phase and “eastward” group
velocities.

Linearly unstable waves play an important role in the dynamics of the L96
model. The linear instability criterion is already given in (7.62). Figures 7.5–7.9
display phase and group velocities and stable and unstable wave numbers for
J = 40, and F = 5, 6, 8, 16, and 32. Note that the wave numbers of interest
(which are linearly unstable and have phase and group velocities of opposite signs)
generally lie between wave numbers k = 5 and k = 12, and these correspond to
the reasonable wave lengths of baroclinic instability in the atmosphere (Pedlosky,
1987).

Below we call the solutions of (7.52) without damping and forcing the
undamped unforced IL96 model and denote it by F = 0. In Figure 7.10 we
demonstrate the propagation of typical solutions of the L96 model in time with
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Figure 7.5 The phase/group velocities (left) and linearly stable/unstable wave
numbers (right) for F = 5 dynamical regime. Left plot: solid line with circles –
phase velocity, dashed line with triangles – group velocity, vertical dash–dotted
line marks zero velocity, horizontal dotted lines mark boundaries between sta-
ble and unstable regions. Right plot: solid line with circles is �cos�2�k/J� −
cos�4�k/J�− �1/F��, vertical dash–dotted line marks zero (neither stability nor
instability), horizontal dotted lines mark boundaries between stable and unstable
regions.
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Figure 7.6 The phase/group velocities (left) and linearly stable/unstable wave
numbers (right) for F = 6 dynamical regime. Left plot: solid line with circles –
phase velocity, dashed line with triangles – group velocity, vertical dash–dotted
line marks zero velocity, horizontal dotted lines mark boundaries between sta-
ble and unstable regions. Right plot: solid line with circles is �cos�2�k/J� −
cos�4�k/J�− �1/F��, vertical dash–dotted line marks zero (neither stability nor
instability), horizontal dotted lines mark boundaries between stable and unstable
regions.
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Figure 7.7 The phase/group velocities (left) and linearly stable/unstable wave
numbers (right) for F = 8 dynamical regime. Left plot: solid line with circles –
phase velocity, dashed line with triangles – group velocity, vertical dash–dotted
line marks zero velocity, horizontal dotted lines mark boundaries between sta-
ble and unstable regions. Right plot: solid line with circles is �cos�2�k/J� −
cos�4�k/J�− �1/F��, vertical dash–dotted line marks zero (neither stability nor
instability), horizontal dotted lines mark boundaries between stable and unstable
regions.

constant forcing, set to F = 6, F = 8, and F = 0, which emerge from numerical
simulations at long times. These are typical solutions on the “attractor.” We can
observe that solutions for F = 6 and F = 8 definitely have patterns with opposite
phase and group velocities, whereas the regime F = 0 is completely chaotic.
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Figure 7.8 The phase/group velocities (left) and linearly stable/unstable wave
numbers (right) for F = 16 dynamical regime. Left plot: solid line with circles –
phase velocity, dashed line with triangles – group velocity, vertical dash–dotted
line marks zero velocity, horizontal dotted lines mark boundaries between sta-
ble and unstable regions. Right plot: solid line with circles is �cos�2�k/J� −
cos�4�k/J�− �1/F��, vertical dash–dotted line marks zero (neither stability nor
instability), horizontal dotted lines mark boundaries between stable and unstable
regions.
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Figure 7.9 The phase/group velocities (left) and linearly stable/unstable wave
numbers (right) for F = 32 dynamical regime. Left plot: solid line with circles –
phase velocity, dashed line with triangles – group velocity, vertical dash–dotted
line marks zero velocity, horizontal dotted lines mark boundaries between sta-
ble and unstable regions. Right plot: solid line with circles is �cos�2�k/J� −
cos�4�k/J�− �1/F��, vertical dash–dotted line marks zero (neither stability nor
instability), horizontal dotted lines mark boundaries between stable and unstable
regions.

7.4.2 Equilibrium statistical theory for the undamped unforced
L-96 model

We consider the L96 model without dissipation and forcing which is given by

duj

dt
= �uj+1 −uj−2�uj−1� j = 0� � � � � J −1 (7.63)
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Figure 7.10 The snapshots of a numerical solution for the dynamical regimes
F = 6 (upper left), F = 8 (upper right) and F = 0 (center).

with periodic boundary conditions. Below (7.64) we have already shown that this
system conserves the energy

E = 1
2

∑
j

u2
j (7.64)

and in general does not conserve linear momentum. This system of ODEs also
trivially has the strong Liouville property, since with �u = �uj� and �F = �Fj� with

Fj = �uj+1 −uj−2�uj−1, clearly
�Fj

�uj
= 0. Thus, the general theory of equilibrium

statistical mechanics from Section 7.2 yields the equilibrium statistical invariant
Gaussian–Gibbs measure

p∗ = �−1 exp

(
−�

2

∑
j

u2
j

)
= �−1 exp�−�E� (7.65)
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with � the Lagrange multiplier matching the mean energy. As in our discussion
in 7.3 for the TBH model, this measure predicts

equipartition of energy among the modes� uj�

in long time average of solutions of (7.63)�
(7.66)

Even though this system is another discrete approximation to the Burgers–Hopf
equation, ut +uux = 0, this model can exhibit a very different decay of correlation
times with wave number than we predicted and established for the TBH model
in Section 7.3 above. Through numerical experiments in the next section, we
verify the prediction in (7.66) with very high accuracy for IL96 (7.63) and also
show the interesting result that the correlation functions have essentially the same
correlation time at all wave numbers in Fourier space in contrast to the TBH
model. See Majda and Timofeyev (2002) for the statistical behavior of other
finite-difference approximations for the Burgers–Hopf equation, which conserve
energy and also linear momentum. In the next section, we also study the statistical
properties of the damped forced L96 model and compare and contrast these with
those for the undamped unforced IL96 model.

7.4.3 Statistical properties of the damped forced and undamped
unforced L96 models

Here we verify the equilibrium statistical predictions of the last section and
compare and contrast them with those for the L96 equation as we vary the
forcing, F . It is interesting in many physical systems to understand how the
statistical properties of a damped forced chaotic system like L96 are related to
the predictions through equilibrium statistical mechanics of the corresponding
undamped unforced equations, IL96. This comparison is what we will develop
below through some simple theory and numerical experiments. We will find that
many statistical features of L96 are predicted and captured by IL96 for moderately
large values of F like F = 8� 16� 32. While more details are presented below, first
we need to provide some intuition into these developments. First, as in Section 7.3,
statistics are gathered for solutions of L96 from (7.52) or IL96 from long time
averages. Thus, the statistics of a functional, � ��u�, of the variables, uj , is given
by an empirical long time average

� ��u� = 1
T

∫ T0+T

T0

� ��u�t��dt

with T0 some initial start-up time for the numerical solution to adjust to the
attractor and T sufficiently large.
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Table 7.2 The values of energy of the mean E�ū� and the energy of
perturbations Ep for different dynamical regimes

F ū E�ū� Ep ū/
√

Ep

0 0�004 0�0003 0�998634 0�00113 ·10−2

5 1�63668 53�5745 110�091 0�156 ·10−2

6 2�0109 80�8742 160�425 0�1588 ·10−2

8 2�34299 109�792 265�028 0�1439 ·10−2

16 3�08713 190�607 797�126 0�1093 ·10−2

32 3�89012 302�661 2186�68 0�08319 ·10−2

The first statistical difference between the damped unforced IL96 and the
L96 model is that the simplest statistic, the ensemble mean, has a completely
different character in these two models. In particular, ūj = 0 for IL96 according
to Subsection 7.4.2, while ūj = ū �= 0 for L96, where for a given value of forcing,
F , ū is determined by a subtle balance of dissipation, forcing, and non-linearity.

We note that the L96 model in (7.52) is translation invariant, so the statistical
ensemble mean, at any given coordinate value is necessarily the same for all j

and denoted by ū with ū a non-linear function of F . This statistical mean value ū

is called the climatology below by analogy with realistic geophysical systems. In
Table 7.2 below, we tabulate ū and we see that ū from the simulations is nearly
zero, i.e. 10−3 for IL96 as predicted from Subsection 7.4.2, while ū is clearly
a non-linear function of F for F = 5� 6� 8� 16� 32, which does not coincide with
the trivial steady state uj = F utilized in the discussion in Subsection 7.4.1. The
energy of this mean state, E�ū�, is given by

E�ū� = J

2
ū2� (7.67)

The second bulk statistical quantity of interest for L96 is the strength of fluc-
tuations about the given climatology; this is measured by the average variance in
energy fluctuations about the mean

Ep = 1
2

J∑
j=0

�uj − ū�2� (7.68)

Once again for the undamped unforced IL96, there is the precise equilibrium
statistical prediction from (7.64) and (7.66), Ep = E, the prescribed energy of
fluctuations; on the other hand, Ep�F� is a non-linear function of the forcing F ,
which involves subtle balances of forcing, dissipation, and non-linearity, with the
values of Ep�F� plotted in Table 7.2. It is clear from Table 7.2 that the energy
of the fluctuations dominates the energy of the mean as F increases. We contend
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that as F increases the statistics of the L96 model are in many respects converging
to those of IL96 established in Subsection 7.4.3. To facilitate such a comparison
it is natural to rewrite the L96 model in re-scaled variables using ū and Ep so
that equilibrium statistical mechanics predictions comparisons can be made for a
fixed energy.

Rescaling the damped forced L96 model

The simple idea of the rescaling uj → ũj , t → t̃ is to set the mean state to zero in
new coordinates, and the energy of perturbations to 1, while retaining the same
form of the non-linear term in the right-hand side of the L96 model in (7.52). The
corresponding coordinate-time rescaling is given by

uj = E1/2
p ũj + ū� t = E−1/2

p t̃� (7.69)

The L96 model in (7.52), written through the coordinates ũj and t̃, becomes

dũj

dt̃
= �ũj+1 − ũj−2�ũj−1 +E−1/2

p ��ũj+1 − ũj−2�ū− ũj�+E−1
p �F − ū�� (7.70)

Obviously, if the forcing F increases, both the mean state ū and the energy of
perturbations Ep will also increase as shown in Table 7.1. Thus, if the limits

E−1/2
p ū → 0 and E−1

p �F − ū� → 0 as F → � (7.71)

are valid, then the rescaled dynamics in (7.70) should approach the dynamics of
the L96 model with no damping and forcing with energy Ep = 1.

Linear stability of the mean state

The motion of the rescaled system in (7.70) is centered, by construction, around
its statistical mean state ū. Thus, it is important to check whether its solution is
linearly stable or unstable for small ũj . Following (7.54), the rescaled linearized
system is written in the Fourier space as

˙̂uk = ��k�ûk +E−1
p �F − ū�� ��k� = E−1/2

p

[
ū�e2�ik/J − e−4�ik/J �−1

]
�

(7.72)

where J denotes the number of gridpoints in the model. The linear stability
criterion is

���k� = E−1/2
p �ū �cos�2�k/J�− cos�4�k/J��−1� �

���k� < 0 stable� (7.73)

���k� > 0 unstable�
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Solving the equation ���k� = 0, we find out that the band of unstable waves
emerges when

ū >
8
9

begins at

kbegin = J

2�
arccos

⎛
⎜⎝1+3

√
1− 8

9 ū−1

4

⎞
⎟⎠ (7.74)

and ends at

kend = J

2�
arccos

⎛
⎜⎝1−3

√
1− 8

9 ū−1

4

⎞
⎟⎠ � (7.75)

In particular, in the limiting case with F → � and, therefore, ū → �
kbegin = 0� kend = J

3
� (7.76)

The boundaries of the band of stable and unstable waves are shown in the Table 7.1
for different F and ū for the number of gridpoints J = 40. Note that even as
F → �, the wave numbers beyond k = 13 remain linearly stable in the formal
limit.

The bulk behavior of the rescaled problem

Numerical solutions of both the damped forced L96 model in (7.52) and the IL96
model without forcing and damping in (7.63) are found by numerical time integra-
tion via the fourth-order Adams–Bashforth multistep method with the time step
�t = 1/64. All statistical experiments are carried out by a long-time integration
of the two models on a time averaging window of T = 100 000 units with the
initial spin-up time of T0 = 1000 time units. The computations are performed for
the forced damped regimes F = 5� 6� 8� 16� 32 and the regime without forcing and
damping for IL96 (sometimes denoted below as the F = 0 regime).

The decay of the quantity E
−1/2
p ū in (7.71) is equivalent to the decay of the ratio

between the energy of the mean state E�ū� and the mean energy of perturbations
Ep, and we choose to show the ratio of energies instead. Magnitudes of forcing F

and corresponding values of E�ū� and Ep are shown in Table 7.2. It can be seen
that Ep grows faster than E�ū� as F increases. We can also observe that despite
the fact that the band of linearly unstable waves grows as energy increases, the
magnitude of the linear amplification factor ���k� from (7.72) decays to zero
at the same time, which is shown in Figure 7.11. This means that, as F → �,
linearly unstable waves become almost neutrally stable.
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Figure 7.11 The linear amplification factor ���k� of the linearization about the
mean state ū for the regimes F = 5� 6� 8� 16� 32.
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Figure 7.12 Left: the dependence of E�ū�/Ep on 1/F . Right: the dependence
of �F − ū�/Ep on 1/F .

In Figure 7.12 we demonstrate the experimental dependence of energy and mean
state ratios from (7.71) on the forcing F . The left plot of Figure 7.12 demonstrates
how the ratio E�ū�/Ep depends on the forcing F (reciprocal scale 1/F is shown
along the horizontal axis). All three results for the dynamical regimes F = 8,
F = 16, and F = 32 lie approximately on a straight line which goes through the
origin. Though it cannot be established convincingly with only three data points,
the assumption that the ratio of energy of the mean state and the mean energy of
the perturbations goes to zero, as the forcing F increases to infinity, seems to be
valid. The right plot of Figure 7.12, which demonstrates the dependence of the
ratio �F − ū�/Ep on the forcing F , does not, however, show the convergence to
zero as F increases, but tends toward a finite value in this range of F .
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The climatology of different forcing regimes in rescaled coordinates

Earlier we made an assumption that with increasing forcing F in the damped
forced L96 model, the rescaled dynamics in (7.70) should approach the dynamics
of the undamped unforced IL96 model. If that assumption holds, we should be
able to observe the statistical similarities in the climatology of the L96 model in
the rescaled space–time coordinates. The rescaled variance spectrum of the L96
model is shown in Figure 7.13 for the regimes F = 0� 5� 6� 8� 16, and 32. The
variance spectrum is defined as a set of time averaged variances for the Fourier
coefficients

Var�ûk� =
∣∣∣ûk�t�− ¯̂uk

∣∣∣2� (7.77)

where the overbar denotes the time average, such that ¯̂uk is the time average
of ûk�t�. In practice the time-averaging window T is finite but large (105 time
units in our simulations). For F = 0 the spectrum is flat as expected, and strongly
confirms the equipartition of energy for IL96. The rescaled spectra for F �= 0
are non-uniform, with a hump where the band of linearly unstable wave modes
is located. However, we can see that in the part of the spectrum for the wave
numbers k = 0 � � � 10 there is a systematic trend: the spectrum for F �= 0 in that
part tends to approach the undamped unforced flat spectrum as F increases. The
same trend, however, does not hold for the range of wave numbers k = 13 � � � 20,
where the spectrum F �= 0 does not systematically approach the inviscid case.
The possible reason could be that these wave numbers remain linearly stable even
when F → �, according to Table 7.1 and our earlier discussion.
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Figure 7.13 The variance spectrum for the Lorenz 96 model in different
dynamical regimes. Left plot: solid line – F = 0, dotted line – F = 8, dot–dashed
line – F = 16, dashed line – F = 32. Right plot: solid line – F = 0, dotted line –
F = 5, dot–dashed line – F = 6, dashed line – F = 8.
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Figure 7.14 The time autocorrelation functions for the wave numbers k =
0� 3� 8� 12, Lorenz 96 model in different dynamical regimes. Solid line – F = 0,
dotted line – F = 8, dot–dashed line – F = 16, dashed line – F = 32.

The time autocorrelation functions are shown in Figures 7.14 and 7.15 for the
wave numbers k = 0� 8� 12 for the dynamical regimes F = 0� 5� 6� 8� 16, and 32.
Recall the general formula for the autocorrelation function of a variable a�t� is
written as

Corr��� = �a�t�− ā��a�t + ��− ā�

�a�t�− ā�2
� (7.78)

where the overbar denotes the time average, such that ā is the time average of
a�t�. In practice the time-averaging window T is finite but large (105 time units
in our simulations). The autocorrelation function in (7.78) measures mixing in a
dynamical system, and in some sense can be regarded as an indicator of how fast a
variable “forgets” about its behavior in the past. Each plot on Figures 7.14 and 7.15
reveals the following fact: first there is a stage until approximately time t = 5−10
(depending on the wave number shown) where there are no significant differences
in the time autocorrelations between different wave numbers with various stability
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Figure 7.15 The time autocorrelation functions for the wave numbers k =
0� 3� 8� 12, Lorenz 96 model in different dynamical regimes. Solid line – F = 0,
dotted line – F = 5, dot–dashed line – F = 6, dashed line – F = 8.

characteristics. After that time, however, the time autocorrelation functions for
different dynamical regimes diverge from each other. The remarkable observation
here is that, while the time correlations for the linearly unstable wave number
k = 8 and high values of F like F = 16 and F = 32 are close to non-oscillatory
F = 0, which decays fast (Figure 7.14), the correlation functions for F = 5� 6� 8 are
highly oscillatory and exhibit rather weak decay in time (Figure 7.15). There is a
systematic trend: the larger the forcing is, the closer the corresponding correlation
function is to the case with no forcing and no damping. The observed results
on Figures 7.14 and 7.15 generally confirm the assumption that for large values
of the forcing F the rescaled dynamics in (7.70) roughly approach that of the
undamped unforced IL96 model.

As discussed earlier for the TBH model, the correlation time is defined as
a typical time of the decay of the autocorrelation function. Usually it is given
through the time integral of the autocorrelation function. Here we look at two
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measures of the correlation time: one is the integral of the autocorrelation
function

T =
∫ �

0
Corr���d�� (7.79)

and the other is the integral of the absolute value of the autocorrelation func-
tion

Tabs =
∫ �

0
�Corr����d�� (7.80)

The first measure allows for oscillatory cancellation in the correlations, while
the second does not. The two types of correlation time spectra are presented in
Figure 7.16: the correlation times on the left plots of Figure 7.16 are obtained by
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Figure 7.16 The spectra of correlation times (integrals of correlation functions)
for the Lorenz 96 model in different dynamical regimes. Left plots: the integrals
are taken with the time correlation functions directly. Right plots: the integrals
are taken with the absolute values of the correlation functions. Upper plots: solid
line – F = 0, dotted line – F = 8, dot–dashed line – F = 16, dashed line –
F = 32. Lower plots: solid line – F = 0, dotted line – F = 5, dot–dashed line –
F = 6, dashed line – F = 8.
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integrating the time autocorrelation functions, whereas the correlation times on
the right plots of Figure 7.16 are obtained by integrating the absolute value of
the corresponding correlation function. The correlation time spectra for the F �= 0
regimes using the measure in (7.79) tend to approach the unforced undamped
case as F increases. The highly oscillatory correlation functions for linearly
unstable wave numbers in the regimes F = 5� 6� 8 produce completely different
correlations T and Tabs; while T are even smaller than those for the IL96 model
due to cancellation of positive and negative parts of correlation functions, Tabs

are huge, differing almost by an order of magnitude. Also note that Figure 7.16
for F = 0, i.e. IL96, shows that all Fourier modes decay at the same rate in this
conservative model, in contrast to what we established in Section 7.3 for the TBH
model.
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8

Statistical mechanics for the truncated
quasi-geostrophic equations

8.1 Introduction

In this chapter we set-up statistical mechanics and apply the theory from Chap-
ter 7 to suitable truncations of the barotropic quasi-geostrophic equations without
damping and forcing

�q

�t
+ J���q� = 0�

dV

dt
�t� = −

∫
− �h

�x
�′� (8.1)

where

q = ��′ +h+�y� 	 = ��′�

� = −V�t�y +�′� q′ = ��′ +h�

�v = 
⊥� =
(

V�t�

0

)
+
⊥�′

and � = �0� 2
�× �0� 2
� is the region occupied by the fluid.
Recall that, in the empirical theory introduced in Chapter 6, we postulated

empirical one-point statistics which have no direct relationship with the dynamic
equations (8.1). In this chapter we build an alternative theory, involving complete
statistical mechanics, based on the work of Kraichnan (1975) for ideal fluid flow,
and the work of Salmon, Holloway, and Hendershott (1976) for quasi-geostrophic
flows. In this alternative approach, we will build a time-dependent transport theory,
inherited from the dynamic equations (8.1), considering all the correlations of
fluctuations and, finally, we derive the most probable state as well as its mean state.

This alternative approach has more traditional features, i.e. it has a keen analogy
with the traditional statistical mechanics for the physical objects like ideal gas
particles. In the traditional statistical mechanics for gas particles, finite particle
systems are considered, and then the limiting procedure, called thermodynamic
limit, is taken to reveal the limit behavior of the systems. The concepts like

256
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ensemble or ensemble average, which we did not use in the empirical theory in
Chapter 6, are indispensable to developing the traditional theory. However, at
the end of this chapter, we will see that the statistical mechanics actually gives
basically the same prediction for the mean state as the empirical statistical theory
from Chapter 6. This builds up our confidence in the empirical theory as an
economic way of predicting statistical behavior.

Here we present the statistical theory for truncated quasi-geostrophic dynamics
originally developed by Salmon et al. (1976) and Carnevale and Frederiksen
(1987). This theory is carried out in several steps:

Step I: We make a finite-dimensional truncation of the barotropic quasi-geostrophic
equations (8.1). This amounts to making a Galerkin approximation, where the
equation is projected on to a finite-dimensional subspace. Since we are working
with two-dimensional periodic boundary conditions, the truncation is readily
accomplished with the standard Fourier basis.

Step II: We then observe that the finite-dimensional truncated equations have special
properties:

1. The truncated equations conserve the truncated energy and enstrophy. How-
ever, higher moments of the truncated vorticity are no longer conserved.

2. The truncated equations satisfy the Liouville property. This implies that the
truncated equations define an incompressible flow in phase space. Therefore
the resulting flow map is measure preserving, and we can ‘transport’ measures
with the flow.

Step III: We apply the equilibrium statistical mechanics theory for ODEs set up in Chap-
ter 7 to the truncated system, i.e. find the probability measure, the Gibbs measure,
that maximizes the Shannon entropy, subject to the constraints of fixed energy
and enstrophy.

Step IV: We compute the mean state of the Gibbs measure of the finite-dimensional
truncated equations and study the limit behavior of this mean state in the limit
when the dimension N → �. This is the continuum limit of the system.

The rest of the chapter is organized as follows. In Section 8.2 we introduce the
spectrally truncated quasi-geostrophic equations, verify the Liouville property and
the conservation of truncated energy and enstrophy. The non-linear stability of
exact steady state solutions to the truncated system with linear potential vorticity–
stream function relation will be discussed briefly as well, following the material
in Chapter 4. In Section 8.3 we apply the equilibrium statistical mechanics theory
for ODEs developed in Chapter 7 to the truncated quasi-geostrophic equations.
The most probable measures, Gibbs measures, are Gaussians. Their mean states
are exact steady state solutions to the truncated system with linear potential
vorticity–stream function relation. These mean states are non-linearly stable in
the presence of large-scale mean flow or generic topography. In Section 8.4



258 Statistical mechanics for the truncated quasi-geostrophic equations

we provide some numerical evidence confirming the convergence of the time
average of numerical solutions to the most probable mean state predicted by the
equilibrium statistical theory for the truncated systems. As an alternative approach
which emphasizes the fluctuation about the mean state, we apply equilibrium
statistical mechanics theory to the fluctuations about the mean for the truncated
systems in Section 8.5. Interesting enough, the statistical theory predicts equi-
partition of energy in the pseudo-energy coordinates. This resembles the case of
truncated Burgers equations discussed in Section 7.3. Finally, in Section 8.6 we
consider the limiting behavior, as the truncation eigenvalue � approaches infinity.
We will see that geophysical effects play a very important role in this limiting
procedure. Remarkably, the mean state predicted by the the complete statistical
mechanics theory is the same kind as predicted by empirical statistical mechanics
using two conserved quantities, namely energy and enstrophy as in Chapter 6 in
the case of generic geophysical effects. Moreover we will see that these steady
states predicted by the statistical theory will be non-linear stable in the presence
of generic geophysical effects. They are also selective decay states as described in
Section 4.5. In the case of no geophysical effects or the case with no large-scale
mean flow but with topography with degenerate spectrum, the prediction of the
complete statistical mechanics theory is slightly different from the prediction of
the empirical statistical theory, in that the under-determined ground state modes
in the empirical statistical theory become Gaussian random variables with mean
zero and variance satisfying the appropriate energy constraint. All of these results
provide strong supporting evidence for utilizing the empirical statistical theory
with two conserved quantities when only the mean state is of interest.

8.2 The finite-dimensional truncated quasi-geostrophic equations

In this section we introduce certain truncated systems of (8.1). We also verify that
these truncated systems satisfy the Liouville property and conserve the truncated
energy and enstrophy. The non-linear stability of certain steady state solutions to
the truncated equations will also be discussed.

8.2.1 The spectrally truncated quasi-geostrophic equations

We now introduce the spectrally truncated systems which approximate (8.1).
The truncated dynamic equations are a finite-dimensional approximation of the
barotropic quasi-geostrophic equations, which are obtained by projecting the equa-
tions in (8.1) onto a subspace involving only a finite number of Fourier modes. In
another words, the truncated system is a Galerkin approximation of the barotropic
quasi-geostrophic equations with the use of standard Fourier basis. To derive
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the truncated dynamics equations we proceed as follows. We first introduce the
Fourier series expansions of the truncated small-scale stream function �′

�, the
truncated vorticity 	�, and the truncated topography h� in terms of the basis

B� =
{

exp
(
i�k · �x

)
�1 ≤

∣∣∣�k∣∣∣2 ≤ �

}

�′
� ≡ ∑

1≤��k�2≤�

�̂�k�t�e
i�x·�k = − ∑

1≤��k�2≤�

1

��k�2
	̂�k�t�e

i�x·�k�

h� ≡ ∑
1≤��k�2≤�

ĥ�k�t�e
i�x·�k� (8.2)

	� ≡ ∑
1≤��k�2≤�

	̂�k�t�e
i�x·�k = ∑

1≤��k�2≤�

�−��k�2�̂�k�t��e
i�x·�k�

where the amplitudes �̂�k� 	̂�k and ĥ�k satisfy the reality conditions �̂−�k = �̂∗
�k� 	̂−�k =

	̂∗
�k, and ĥ−�k = ĥ∗

�k with ∗ denoting complex conjugation here. We also assume that
the mean value h0 of the topography is zero, so that the solvability condition for
the associated steady state equation is automatically satisfied. We also denote by
P� the orthogonal projection on to the finite-dimensional space V� = span�B��.
The truncated dynamical equations are obtained by projecting the barotropic
quasi-geostrophic equations in (8.1) onto V�

�q′
�

�t
+�

��′
�

�x
+V

�q′
�

�x
+P�

(

⊥�′

� ·
q′
�

)= 0� q′
� = 	� +h�� (8.3)

dV

dt
−
∫
−h�

��′
�

�x
= 0� (8.4)

Then, we get the finite-dimensional system of the ordinary differential equation
(ODE), the truncated dynamical equations, for the Fourier coefficients with 1 ≤
��k�2 ≤ �

d	̂�k
dt

− i�k1

��k�2
	̂�k + iVk1�	̂�k + ĥ�k�− ∑

�l+�m=�k�

��l�2≤��� �m�2≤�

�l⊥ · �m
��l�2

	̂�l�	̂ �m + ĥ �m� = 0�(8.5)

dV�t�

dt
− i

∑
1≤��k�2≤�

k1
ĥ−�k	̂�k
��k�2

= 0� (8.6)

8.2.2 Conserved quantities for the truncated system

According to Subsection 1.3.5, the quasi-geostrophic equations (8.1) possess two
or more robust conserved quantities. An advantage of utilizing Fourier truncation
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is that the linear and quadratic conserved quantities survive the truncation. More
precisely we have:

Proposition 8.1 The truncated energy E� and enstrophy �� are conserved in the
finite-dimensionally truncated dynamics, where

E� = 1
2

V 2 + 1
2

∫
−�
⊥�′

��2 d�x = 1
2

V 2 + 1
2

∑
1≤��k�2≤�

��k�2��̂�k�2� (8.7)

�� = �V + 1
2

∫
−q′2

� d�x = �V + 1
2

∑
1≤��k�2≤�

�− ��k�2�̂�k + ĥ�k�2� (8.8)

Proof: In order to show that the truncated total energy E� is conserved in time
it is equivalent to proving that the time derivative of it is identically zero for all
time. For this purpose we take the time derivative of the truncated total energy
E� and utilize the truncated dynamic equations (8.3) and (8.4) and we repeatedly
carry out integration by parts

d

dt
E� = V

dV

dt
−
∫
−�′

�

�	�

�t
d�x

= V
dV

dt
−
∫
−�′

�

�q′
�

�t
d�x

= V
∫
−h�

��′
�

�x
+�

∫
−�′

�

��′
�

�x
d�x+V

∫
−�′

�

�q′
�

�x
d�x

+
∫
−P�

(

⊥�′

� ·
q′
�

)
�′

�

= V
∫
−h�

��′
�

�x
+V

∫
−�′

�

�h�

�x
d�x+

∫
− (


⊥�′
� ·
q′

�

)
�′

�

= 0�

The conservation of the truncated total enstrophy can be shown in a similar
fashion. We end the proof of the proposition.

8.2.3 Non-linear stability of some exact solutions to the truncated system

It is easy to see that the truncated system possesses exact solutions having a
linear q� −�� relation similar to those introduced in Chapter 1 for the continuum
equations

q� = ���� (8.9)

This condition is the same as

��
′
� +h� = ��

′
�� V = −�

�
� (8.10)
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The non-linear stability of these type of steady states can be studied using the
same techniques as those in Section 4.2. More precisely, we consider a linear
combination of the truncated energy and enstrophy to form a positive quadratic
form for perturbations. Let ��q���V� be the perturbations, we then have, following
Section 4.2 and utilizing (8.10)

�E��q��V�+���q��V� = �E��q��V�+���q��V�+����q���V�� (8.11)

where

����q���V� = �

2
��V�2 + 1

2

∑
1≤��k�2≤�

(
1+ �

��k�2

)
��q��2

= �

2
�V −V�2 + 1

2

∑
1≤��k�2≤�

��k�2��+��k�2���̂�k − �̂�k�
2� (8.12)

The same argument as in Section 4.2 implies that the steady state solution �q��V�

is non-linearly stable for � > 0 in general, or for � > −1 when V ≡ 0.

8.2.4 The Liouville property

Next we verify the Liouville property for the truncated equations (8.3) and (8.4).
These equations can be written as a system of ODEs with real coefficients. Indeed,
let

S =
{�k1� � � � � �kM

}
(8.13)

be a defining set of modes for �1 ≤ ��k�2 ≤ �� satisfying

�k ∈ S ⇒ −�k 
 S� S ∪ �−S� = �1 ≤ ��k�2 ≤ ��� (8.14)

Let N = 2M +1 and define �X ∈ �N

�X ≡
(
V� Re �̂�k1

� Im �̂�k1
� � � � � Re �̂�kM

� Im �̂�kM

)
� �X ∈ R2M+1 = �N �N � 1�

(8.15)
We then notice that each point �X in a big space �N can represent the entire state
of the finite-dimensional system. With these notations, the truncated dynamic
equations (8.5) and (8.6) can be written in a more compact form

d �X
dt

= �F� �X�� �X�t=0 = �X0� (8.16)
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with the vector field �F satisfying the property

Fj� �X� = Fj�X1� � � � �Xj−1�Xj+1� � � � �XN �� (8.17)

i.e. Fj does not depend on Xj . This immediately implies the Liouville property.

In fact, �F satisfies the so-called detailed Liouville property, since it is satisfied
locally in terms of the Fourier coefficients.

It is easy to see why (8.17) is true. It is obvious that F1 is independent of
X1 = V . Observe that F2j and F2j+1 correspond to �̂�kj

in (8.5). It is obvious that

the contributions from the linear terms in (8.5) are either independent of �̂�kj
or

cause a rotation of X2j = Re �̂�kj
and X2j+1 = Im �̂�kj

. As for the non-linear term

in (8.5), the contribution from �̂�kj
and �̂−�kj

(the same as from X2j and X2j+1) is

zero, since the restriction on the summation indices requires either �l = 0� �m = �kj ,

or �l = �kj� �m = 0, or �l = −�kj� �m = 2�kj , or �l = 2�kj� �m = −�kj . In either case we

have �l⊥ · �m = 0.

8.3 The statistical predictions for the truncated systems

We now have all the ingredients for the application of the equilibrium statistical
theory introduced in Section 7.2. We base the theory on the truncated energy and
enstrophy from (8.7) and (8.8), which are the two conserved quantities in this
truncated system.

Let � and � be the Lagrange multipliers for the enstrophy �� and energy E�

respectively. Let

� = �

�
� if� �= 0� (8.18)

Thanks to the formula in (7.27), and (8.7)–(8.8), the Gibbs measure is then given
by

���� = c exp

⎛
⎝−�

⎛
⎝�V + 1

2

∑
1≤��k�2≤�

�− ��k�2�̂�k + ĥ�k�2
⎞
⎠

−�

⎛
⎝1

2
V 2 + 1

2

∑
1≤��k�2≤�

��k�2��̂�k�2
⎞
⎠
⎞
⎠ � (8.19)

where � and � are determined by the average enstrophy and energy constraints.
Due to the resemblance of the most probable distribution (8.19) to the thermal
equilibrium ensemble, � is sometimes referred to as the inverse temperature and
� as the thermodynamic potential.
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In order to guarantee that the Gibbs measure is a probability measure we need
to ensure that the coefficients of the quadratic terms are negative, i.e.

���k�4 +���k�2 > 0� for all �k satisfying ��k�2 ≤ �� and

� > 0� if V �= 0�

This implies either

� > 0� � > 0� (8.20)

or

V ≡ 0� � > 0� � > −1� (8.21)

or

� < 0� � < −�� � > 0� (8.22)

Obviously, case (8.22) is a spurious condition due to the truncation only and
hence is not physically relevant.

Under the realizability condition in (8.20), (8.21), we may introduce

V = −�

�
� �̂�k = ĥ�k

�+��k�2
� (8.23)

and

�
′
���x� t� = ∑

1≤��k�2≤�

�̂�ke
i�x·�k� (8.24)

We then observe that �V ��
′
�� satisfies equation (8.10) and hence it is non-linearly

stable under the realizability condition (8.20). If V ≡ 0, then �
′
� is a solution to

the first equation in (8.10) and it is non-linearly stable if the realizability condition
(8.21) is satisfied.

We may rewrite the Gibbs measure, thanks to (8.11) and (8.12), as

���� = c exp�−���� +��E���

= c exp�−���� +�E���

= c��� exp�−�����q��V��

= c��� exp
(
−�

(�

2
�V −V�2

+ 1
2

∑
1≤��k�2≤�

��k�2���k�2 +����̂�k − �̂�k�
2

⎞
⎠
⎞
⎠ � (8.25)
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or equivalently

����� �X� =
N∏

j=1

�j
����Xj�� (8.26)

Thus, the invariant Gibbs measure for the dynamics is a product of Gaussian
measures with a non-zero mean. Moreover, �V ��′

�� is exactly the ensemble
average, or mean state, of �V��′

�� with respect to the Gibbs measure

� �X� =
∫
�N

�X����� �X�d �X =
(
V� �̂�k1

� � � � � �̂�kM

)
� (8.27)

This implies, assuming ergodicity for the Gibbs measure as described in Chapter 7,
the following remarkable prediction

lim
T→�

1
T

∫ T0+T

T0

�′
���x� t�dt = �

′
��

lim
T→�

1
T

∫ T0+T

T0

V�t�dt = V = −�

�
�

(8.28)

Hence the statistical theory predicts that the time average of the solutions to the
truncated equations converge to the non-linearly stable exact steady state solutions
to the truncated equations. In other words, a specific coherent large-scale mean
flow will emerge from the dynamics of (8.3), (8.4) with generic initial data after
computing a long time average.

8.4 Numerical evidence supporting the statistical prediction

The equilibrium statistical mechanics theory provides us with a striking prediction
regarding the long time behavior of solutions to the spectrally truncated systems.
Namely, the long time average of the solution should converge to the most
probable mean state for generic initial data. We naturally ask if such a prediction is
valid. Instead of trying to prove the ergodicity of the Gibbs measure, an impossible
theoretical task at the present stage of our knowledge, we utilize careful numerical
experiments as we did earlier in Chapter 7. Here we report some numerical
evidence supporting the convergence of the time averages of numerical solutions
to the most probable mean state predicted by the equilibrium statistical mechanics
theory in Section 8.3 for the spectrally truncated barotropic quasi-geostrophic
equations on a periodic box with topography but no large-scale mean flow. In
other words, we provide numerical evidence for the validity of equation (8.28).
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As usual, the time average of a function f�t� over an averaging window T is
defined as

�f��T� = 1
T

∫ T0+T

T0

f�t�dt (8.29)

as a function of T , where T0 is a time when averaging begins. In our case we
choose T0 = 1000 and T goes up to 5000.

In order to make the the visualization easy, we choose the following layered
topography

h = 0�2 cos�x�+0�4 cos�2x� (8.30)

so that the most probable mean state predicted by the statistical theory is also
layered, i.e. function of x only. The initial conditions are generated using a
generic random initial data with energy E = 7 and potential enstrophy � = 20.
The parameter � is determined at the end of the calculation numerically, and is
approximately −0�9029. The numerical simulation was performed on the 11×11
grid of Fourier coefficients; however, the results presented here are the stream
functions and flows (velocity fields) on the 32 × 32 grid in physical space after
interpolation of these results.

The convergence is measured in terms of the relative L2 error, which is defined
as

L2�f� g� = �f −g�0

�f�0
(8.31)

for two functions f and g.
According to the above definition, L2��̄�� �����T�� denotes the relative

L2-error for the stream function, and L2�

⊥�̄�� �
⊥����T�� denotes the relative

L2-error for the velocity (flow).

T L2��̄�� �����T�� L2�

⊥�̄�� �
⊥����T��

10 1�404 1�415
20 1�318 1�342
50 1�109 1�116
70 0�8953 0�9008

100 0�4333 0�4473
200 0�2451 0�2604
500 0�2416 0�2496

1000 8�648 ·10−2 0�1017
5000 6�902 ·10−2 9�184 ·10−2

(8.32)

Table (8.32) lists the relative errors against the averaging window size T . As we
can see, the relative L2-errors for both stream function and velocity decrease as the
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Figure 8.1 (a) time average of stream function with T = 50, (b) time average
of velocity with T = 50, (c) time average of stream function with T = 100,
(d) time average of velocity with T = 100, (e) time average of stream function
with T = 500, (f) time average of velocity with T = 500.

averaging time increases. For a time average window of 5000, the relative error
is less than 10%. Figure 8.1 depicts the time average of the numerical solutions
over windows of size 50, 100, and 500. Figure 8.2 shows the time average of
the numerical solutions over a window of 5000 versus the most probable mean
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Figure 8.2 (a) time average of stream function with T = 5000, (b) stream func-
tion of the most probable mean state, (c) time average of velocity field with
T = 5000, (d) velocity field of the most probable mean state.

state predicted by the equilibrium statistical theory. It is visually clear that the
running time average is close to the predicted most probable mean state for a
window size of 5000, but far from close for a window of size 50 or 100, with
intermediate behavior for a window of size 500. This indicates that averaging
over a sufficiently large window of time is essential for observing the predicted
results in (8.28). The specific examples for layered topography in Chapter 5 show
that such results are indeed generic in a statistical sense, i.e. not every individual
solution satisfies (8.28).

8.5 The pseudo-energy and equilibrium statistical mechanics for
fluctuations about the mean

In many problems in geophysical fluids, we can assume that the time averaged
mean state, the climate, is known with reasonable accuracy and that the statis-
tical fluctuations about the mean state are the quantities of interest. This point
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of view is an important one for stochastic modeling. See for instance, Majda,
Timofeyev, and Vanden Eijnden (2001). Here we show how dynamical equations
for fluctuations and equilibrium statistical mechanics can be applied directly for
the truncated quasi-geostrophic equations treated earlier in this chapter. For sim-
plicity in exposition, we assume that there is no large-scale mean flow, and the
only geophysical effect is topography, so that the equations in (8.3)–(8.4) become

�q�

�t
+P��
⊥�� ·
q�� = 0� (8.33)

We consider the exact steady solutions from (8.9) or (8.10)

q� = ���� q� = ��� +h� (8.34)

and consider perturbations about this mean state, i.e.

�� = �� + �̃� q� = q� + 	̃� ��̃ = 	̃� (8.35)

Substituting (8.35) into (8.33) yields the equations

�	̃

�t
+ P��
⊥�� ·
q��+P��
⊥�̃ ·
q��+P��
⊥�� ·
	̃�

+ P��
⊥�̃ ·
	̃� = 0� (8.36)

Utilizing (8.34) we have

P��
⊥�� ·
q�� = 0�

P��
⊥�̃ ·
q� = �P��
⊥�̃ ·
�� = −�P��
⊥� ·
�̃��

Hence (8.36) becomes the equations for perturbations

�	̃

�t
+P��
⊥�� ·
�	̃−��̃��+P��
⊥�̃ ·
	̃� = 0�

��̃ = 	̃�

(8.37)

The equations for perturbations involve the familiar truncated non-linear terms of
ordinary fluid flow

P��
⊥�̃ ·
	̃� (8.38)

and the linear operator reflecting the mean flow ��

P��
⊥�� ·
�	̃−��̃��� (8.39)

Next, we would like to set-up a statistical theory for fluctuations directly from the
dynamics in (8.37). According to Chapter 7, we need to find the conserved quan-
tities for (8.37) and also verify the Liouville property for the finite-dimensional
system of ODEs. From Section 8.2, we know that the standard non-linear terms in
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(8.38) conserve the energy and enstrophy; however, the linear operator in (8.39)
conserves neither the energy nor the enstrophy. Nevertheless, the non-linear sta-
bility analysis from Section 4.2 and equation (8.12) suggests that there exists a
single conserved quantity, Ẽ, for the dynamics in (8.37), involving fluctuations
about the mean state given by the pseudo-energy

Ẽ = 1
2

∫
− �	̃2 −��̃	̃� = �� +�E�� (8.40)

which is an appropriate linear combination of energy and enstrophy. To check the
conservation of the pseudo-energy directly for the dynamic equations in (8.37),
we focus only on the contribution arising from the linear terms in (8.39), since
the non-linear terms in (8.38) automatically conserve both energy and enstrophy
separately. We calculate from (8.37) and (8.39) that

dẼ

dt
=
∫
− �	̃−��̃�

�	̃

�t

= −
∫
− �	̃−��̃�
⊥�� ·
�	̃−��̃�

= −
∫
−
⊥�� ·


(
1
2

�	̃−��̃�2
)

= 0� (8.41)

which verifies the conservation of the pseudo-energy.
From Section 4.2 and Subsection 8.2.3, the quadratic form defining the pseudo-

energy in (8.40) is given by

Ẽ = 1
2

∑
��k�2≤�

(
1+ �

��k�2

)
�	̃�k�2 (8.42)

and is positive definite only for � > −1 for arbitrary truncations �. In this case,
we introduce the pseudo-energy variables, p�k, defined by

p�k =
(

1+ �

��k�2

)1/2

	̃�k� (8.43)

Next we sketch how to set up equilibrium statistical mechanics directly for the
fluctuation described by the dynamic equations (8.37).

With (8.43) we use the natural coordinates

�X =
(

Re p�k1
� Im p�k1

� � � � � Re p�kM
� Im p�kM

)
(8.44)

over a suitably defining set S as in (8.13)–(8.14). It is a straightforward exercise
for the reader to check that the Liouville property is satisfied directly for the
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Figure 8.3 Pseudo-energy spectrum. Solid line with circles – numerical result,
dashed line – analytical prediction. (a) 11 × 11 case: � = 4�355�� = −0�9029,
(b) 23×23 case: � = 19�52�� = −0�9545.

dynamics (8.37) with the variables in (8.43) with the same structure as (8.16)
and (8.17). Thus the equilibrium statistical theory developed in Chapter 7 applies
directly to the fluctuations with the equilibrium statistical Gibbs measure given
by

�� = C�e−�Ẽ = C�e− �
2
∑ �p�k�2 � (8.45)

This Gibbs measure for fluctuations has the same structure in the pseudo-energy
variables as the Gibbs measure for the truncated Burgers equations in Section 7.3
and leads to predictions of equi-partition of pseudo-energy for fluctuations about
the mean state as in Chapter 7 for the truncated Burgers equation. Clearly, the same
result would have been obtained directly from the approach in Sections 8.2 and 8.3
by merely diagonalizing the quadratic form in (8.25); however, the dynamic statis-
tical theory for fluctuations developed here has independent interest and provides
an alternative point of view which we emphasize here. Figure 8.3 contains numer-
ical results confirming the equi-partition of pseudo-energy predicted by (8.45).
The numerical simulation is carried out in exactly the same way as described in
Section 8.4 with the same layered topography given by (8.30). The pseudo-energy
in each mode is calculated using time average just as in Subsection 7.3.4. It is
visually clear that the equi-partition of energy holds very well.

8.6 The continuum limit

Recall that we are interested in the dynamics of the quasi-geostrophic equations
(8.1). It is only in the limit of � → � that we recover the solution to (8.1) from
solutions to the truncated equations (8.3), (8.4). Thus we are naturally interested
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in the asymptotic behavior of the invariant Gibbs measures as well as their mean
states from Section 8.3 at large �. We are also interested in taking the continuum
limit as � approaches infinity.

It is apparent that all predictions of the truncated system must depend on the
truncation eigenvalue �, thus we occasionally append a suffix � in order to
distinguish the dependence on � and avoid confusion.

There is a subtle issue when we take the limit � → �, i.e. how do we pick
� = ��, � = �� satisfying the energy and the enstrophy constraints as � → �.

We start by recalling two observations. First, the ensemble average of the trun-
cated energy and enstrophy need not satisfy the exact energy/enstrophy constraint.
It is in the limit of the cut-off wave number approaching infinity, i.e. � → �,
that these two constraints have to be satisfied, i.e.

lim
�→�

�E�� = E0� lim
�→�

���� = �0� (8.46)

Second, there is a constraint on the energy E0 and enstrophy �0 imposed. Appar-
ently �0 must be at least the minimum enstrophy associated with the given energy
level, i.e.

�0 ≥ min
E���=E0

���� = �∗�E0�� (8.47)

In the case of equality, any state satisfying the energy/enstrophy constraint must
be an enstrophy-minimizing (selective decay) state. These enstrophy-minimizing
states are completely characterized in Section 4.5 and there is not much ran-
domness present. Thus, we assume that the given enstrophy level �0 is strictly
more than the minimum enstrophy associated with the given energy level
E0, i.e

�0 > �∗�E0� = min
E���=E0

����� (8.48)

Since the constraints are given in terms of the ensemble average of the enstro-
phy and energy with respect to the Gibbs measure (8.25), which is a Gaussian,
we explicitly calculate that

∫
V 2���� = ����−1 + �2

�2
�

∫
��̂�k�2���� = ����k�2��+��k�2��−1 +��̂�k�2�

(8.49)
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We then observe that the ensemble average of the energy and the enstrophy
naturally separate into two parts, a mean part that corresponds to the mean state
and a fluctuation part

�E�� = �E��� = E� +E′
��

E� = 1
2

⎛
⎝�2

�2
+ ∑

1≤��k�2≤�

��k�2�ĥ�k�2
��+��k�2�2

⎞
⎠ � (8.50)

E′
� = �−1

2

⎛
⎝�−1 + ∑

1≤��k�2≤�

1

�+��k�2

⎞
⎠ �

while for the enstrophy

���� = ����� =�� +�′
��

�� = −�2

�
+ 1

2

∑
1≤��k�2≤�

�2�ĥ�k�2
��+��k�2�2

� �′
� =�−1

2

∑
1≤��k�2≤�

��k�2
�+��k�2

�
(8.51)

For the case without large-scale mean flow, i.e V ≡ 0� � = 0, we have

E� = 1
2

∑
1≤��k�2≤�

��k�2�ĥ�k�2
��+��k�2�2

� E′
� = �−1

2

∑
1≤��k�2≤�

1

�+��k�2
� (8.52)

and

�� = 1
2

∑
1≤��k�2≤�

�2�ĥ�k�2
��+��k�2�2

� �′
� = �−1

2

∑
1≤��k�2≤�

��k�2
�+��k�2

� (8.53)

Observe that the fluctuation part of the energy is isotropic and independent
of the mean state. We may estimate this part of the energy by replacing the
summation by integration for large �

E′
� = �−1

2

∑
1≤��k�2≤�

1

�+��k�2
+ ����−1

2

� �−1

2
2

∫ √

�

1

��k�
�+��k�2

d��k�+ ����−1

2

= �−1

2

 ln��+��k�2�

∣∣∣∣
√

�

1
+ ����−1

2

= �−1

2

 ln

(
�+�

�+1

)
+ ����−1

2
� (8.54)
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Likewise, the fluctuation part of the total enstrophy can be estimated as

�′
� = 1

2�

∑
1≤��k�2≤�

��k�2
�+��k�2

� 1
2�

2

∫ √

�

1

��k�3
�+��k�2

d��k�

= 


�

∫ √
�

1

��k���+��k�2�−���k�
�+��k�2

d��k�

= 


2�

(
�−1−� ln

(
�+�

�+1

))
� (8.55)

Immediately, we can see that, if the parameters � and � are bounded independent
of �, the fluctuation part of the energy diverges to infinite as � approaches
infinity, which contradicts the energy constraint. Thus, one of the parameters �

and � must approach infinity. In the Appendix, we will show that the parameter
� must remain bounded in the continuum limit. This is of course expected since
large � corresponds to small geophysical influence, which contradicts physical
reality. In what follows, we consider the case that � is bounded and hence �

approaches infinity. This means that the variance of the Gaussian measures for
individual wave numbers ��k� in (8.25) tends to zero, i.e. the fluctuations are
suppressed at all wave numbers. For the case without large-scale mean flow, the
fluctuations are suppressed away from the ground energy shell, since � could
approach −1 in this case (see the realizability condition (8.21)). We will give
more details in Subsection 8.6.2.

As we shall demonstrate below, the asymptotic behavior of the Gibbs measure
and its mean state depend heavily on the geophysical effects. We will elaborate in
four cases below: an easy case with large-scale mean flow; a case without large-
scale mean, but with non-trivial generic topography; a case without geophysical
effects; and a case without large-scale mean, but with non-trivial topography
having a degenerate spectrum.

8.6.1 The case with a large-scale mean flow

This is the simplest case.
By the realizability condition (8.20) and the explicit formula for the ensemble

energy given in (8.50), we observe that E′
� > 0 which further implies that

�2

2�2
�

≤ E� ≤ E0 (8.56)
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asymptotically for large �. This leads to the following asymptotic lower bound
on ��

�� ≥ �√
2E0

� (8.57)

Substituting (8.57) into the second equation in (8.51), we see that

�� ≥ − �2

��

≥ −�
√

2E0� (8.58)

asymptotically for large �. Thus, we arrive at an asymptotic bound on the fluc-
tuation part of the ensemble enstrophy

�′
� ≤ �0 −�� ≤ �0 +�

√
2E0� (8.59)

Now that �� is bounded above and is positive by the realizability condition
(8.20), hence we deduce

lim
�→�

ln ��+�
��+1

�
= lim

�→�
ln �

�
= 0� (8.60)

Therefore, combining (8.60), (8.55), and (8.59), we have

�� ≥ 
�

2��0 +�
√

2E0�
� (8.61)

asymptotically for large �. Utilizing (8.61), (8.57) and the boundedness of � in
(8.54) we deduce

E′
� → 0� as � → �� (8.62)

Thus, we conclude that all energy must reside in the mean state asymptotically
for large �. This leads to the following choice of parameters and asymptotic
behavior of the parameters as well as the mean states.

Step 1: (The choice of � = ��) For the given energy E0 and �, we can find a
unique � = �� > 0 such that

E� = E��′
��

�V ��
� = E0� (8.63)

Then �′
��

�V ��
satisfy

��′
��

+h� = ���′
��

�V ��
= − �

��

� (8.64)
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It is easy to see that �� is a non-decreasing function of �, since for fixed �

the energy associated with the mean state E� given by (8.50) is a monotonic-
increasing function in � because more terms are added. Moreover, it is easy to
check that there exists ��= ��� > 0 such that

lim
�→�

�� = � (8.65)

in a monotonic-decreasing fashion. We observe that we have positive temperature
for all energy levels in this case.

Step 2: (The limit of the mean states) The mean states also converge. It is easy
to check, thanks to (8.23), (8.24), and (8.65), that

�′
��

→ �′
� =∑ ĥ�k

�+��k�2
ei�k·�x� V ��

→ V � = −�

�
� (8.66)

where � = �� > 0 is the unique � in �0��� such that the energy constraint is
met by the limit mean state ��′

��V ��, i.e.

E��′
��V �� = E0� (8.67)

We also observe that the limit mean state satisfies the limit mean field equation,
thanks to (8.66)–(8.67)

��′
� +h = ��′

�� V � = −�

�
� (8.68)

and therefore is non-linearly stable according to Section 4.5.

Step 3: (The choice of � = �� and the enstrophy constraint) We know that for
the given energy E0 there exists the minimal enstrophy, �∗�E0�, which is equal to
���′

��V �� since ��′
��V �� is the enstrophy-minimizing state (or selective decay

state) with the topography h and �, according to Section 4.5. On the other hand,
thanks to (8.66)–(8.68)

lim
�→�

�� = ���′
��V �� = �∗�E0�� (8.69)

Combining (8.48) and (8.69) we have, for large �

�0 > �� = ���′
��

�V ��
�� (8.70)

We now pick �� so that the enstrophy constraint is satisfied for all truncations,
i.e.

�0 = ���� = �� +�′
�� (8.71)



276 Statistical mechanics for the truncated quasi-geostrophic equations

From (8.55), this amounts to requiring

�� �


2 �

�0 −��

(8.72)

for � � 1. Note that � → � as �� → �. This limit is a non-extensive thermo-
dynamic limit because the energy of individual fluctuation is not constant.

Step 4: (The energy constraint) It is easy to see that the energy fluctuation goes
to zero as � → �. More precisely, thanks to (8.72) and (8.54)

E′
� � 
 ln �

2�
→ 0� (8.73)

Combining (8.73) with (8.63) and (8.50) we conclude that the energy constraint
is satisfied in the sense of (8.46).

8.6.2 The case without large-scale mean flow but with generic topography

Here we assume no large-scale mean flow but generic topography in the sense
that

V ≡ 0� � = 0� P�1
�h� �= 0� (8.74)

where P�1
is the projection on to the ground state modes (first energy shell). In

this case, the mean and fluctuation part of the ensemble average of the energy
and enstrophy are given in (8.52) and (8.53).

It is easy to see that

E0 ≥ E� ≥ 1
2

∑
��k�2=1

��k�2�ĥ�k�2
��� +��k�2�2

= 1
2

�P1�h��2
0

��� +1�2
� (8.75)

asymptotically for large �. Thus

�� ≥ �P1�h��0√
2E0

−1 > −1� (8.76)

asymptotically for large �. Therefore (8.60) holds in this case of no large-scale
mean flow as well. Hence, after combining (8.60), (8.53), and (8.55), we deduce

�� ≥ 
�

2�′
�

≥ 
�

2��

� (8.77)

asymptotically for large �. This further implies that (8.62) is true in this case of
no large-scale mean flow but with generic topography. We may then conclude that
all energy must reside in the mean state asymptotically for large �. Therefore,
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we have the following choice of parameters as well as the asymptotic behavior
of the mean states.

Step 1: For given energy level E0 and �, we can pick a unique � = �� ∈ �−1���

such that

E� = 1
2

∑
��k�2≤�

��k�2�ĥ�k�2
��+��k�2�2

= E������ = E0� (8.78)

This is possible since E� approaches infinity as � approaches −�1 = −1 and
approaches zero as � approaches �; also the energy of the mean state is a
monotonic function in � for fixed �.

Indeed, we can verify that � = �� is a non-decreasing function of � (since
more terms are added as the wave number increases) and there is a limit � = ��
such that

lim
�→�

�� = ��= ��� > −1� E���� = E0� (8.79)

We observe that for low energy (E0 < E��0�) we have positive temperature, while
for high energy (E0 > E��0�) we have negative temperature in this case.

Step 2: (The limit of the mean states) The mean states also converge. It is easy
to check that

���
→ �� =∑ ĥ�k

�+��k�2
ei�k·�x� (8.80)

and � = �� > −1 is the unique � in �−1��� such that the energy constraint is
met by the limit mean state ��, i.e.

E���� = E0� (8.81)

and the limit mean state satisfies the limit mean field equation

��� +h = ���� (8.82)

Hence the limit mean state is non-linearly stable according to Section 4.5.

Step 3: (The choice of � = �� and the enstrophy constraint) We know that for
the given energy E0 there exists the minimal enstrophy, �∗�E0� which is equal
to ����� since �� is the enstrophy-minimizing state (or selective decay state)
with the topography h according to Section 4.5. On the other hand, thanks to
(8.79)–(8.80)

lim
�→�

�� = ����� = �∗�E0�� (8.83)
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From (8.48) and (8.83) we deduce, for large �

�0 > �� = �����
�� (8.84)

We now pick �� so that the enstrophy constraint is satisfied for all truncation, i.e

�0 = ���� = �� +�′
�� (8.85)

Thanks to (8.55), that amounts to

�� � 
�

a�′
�

= 
�

2��0 −���
� 
�

2��0 −�∗�E0��
(8.86)

for � � 1. Note that � → � as �� → �.

Step 4: (The energy constraint) It is easy to check that the energy fluctuation goes
to zero as � → �. More precisely, thanks to (8.86), (8.76), and (8.54)

E′
� � 
 ln �

�
→ 0� (8.87)

Combining (8.87) with (8.78) and (8.50) we conclude that the energy constraint
is satisfied in the sense of (8.46).

8.6.3 The case with no geophysical effects

Here we assume no geophysical effects

� = 0� V ≡ 0� h = 0� (8.88)

i.e, we have two-dimensional Euler flow. This is the case treated by Kraichnan
(1975). Observe that the mean state is identically zero; therefore, all energy must
reside in the fluctuation part. Recall that the parameter � = �� is bounded below
by −1 according to the realizability condition (8.21), and −1 is a singular point
to E� = E′

�. Hence we naturally decompose the fluctuation energy, E′
�, into the

ground energy shell part and high energy shell part as

E′
� = �−1

2

∑
��k�=1

1

�+��k�2
+ �−1

2

∑
1<��k�2≤�

1

�+��k�2

= E′
��1 +E′

��2� (8.89)

A similarly decomposition holds for the enstrophy

�′
� = �−1

2

∑
��k�=1

��k�2
�+��k�2

+ �−1

2

∑
1<��k�2≤�

��k�2
�+��k�2

= �′
��1 +�′

��2� (8.90)
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Calculations similar to (8.54) and (8.55) yield

E′
��2 � �−1

2

 ln

(
�+�

�+2

)
�

�′
��2 � 


2�

(
�−2−� ln

(
�+�

�+2

)) (8.91)

for large �. Notice that

lim
�→�

ln ��+�
��+2

�
= 0� (8.92)

since � is bounded above and bounded below by −1. Therefore, according to the
second equation in (8.91) and (8.92)

�′
��2 � 
�

2��

� (8.93)

which further implies

�� � 
�

2�′
��2

≥ 
�

2�0
� (8.94)

It follows then, thanks to the first equation in (8.91)

lim
�→�

E′
��2 ≤ lim

�→�
�0

�
ln
(

�� +�

�� +2

)
= 0� (8.95)

Henceforth, we conclude that all energy must reside in the fluctuations on the
ground energy shell asymptotically for large �. Consequently, we have the fol-
lowing choice of parameters as well as their asymptotic behavior.

Step 1: (The choice of �� and ��) For a given high energy level E0, we choose
�� and �� such that

E0 = E′
��1 = 2

����� +1�
� (8.96)

This does not completely determine �� and ��.
Notice that E0 is the energy associated with

�̃� = ∑
��k�=1

1√
����� +1�

ei�k·�x� (8.97)

It is clear, according to Section 4.5, that �̃� is a selective decay state (enstrophy-
minimizing state). Thus we have, thanks to (8.48)

�0 > �∗�E0� = ���̃�� = ∑
��k�=1

2
����� +1�

= �′
��1� (8.98)



280 Statistical mechanics for the truncated quasi-geostrophic equations

Again we choose ����� so that the enstrophy constraint is satisfied at all trun-
cations, i.e.

�0 = �′
��1 +�′

��2 = �∗�E0�+�′
��2� (8.99)

Combining (8.99) and (8.93) and substituting the result into (8.96) we have

�� � 
�

2��0 −�′
��1�

= 
�

2��0 −�∗�E0��
= 
�

2��0 −���̃���

�� = 2
��E0

−1 � 4��0 −�∗�E0��


�E0
−1 → −1�

(8.100)

We observe that we have negative temperature regardless of energy level in this
case.

Step 2: (The energy and enstrophy constraints) We can now verify that the energy
and enstrophy constraints are satisfied in the sense of (8.46). Indeed, for the
truncated energy we have, thanks to (8.96), (8.91), (8.92), and (8.100)

lim
�→�

�E�� = lim
�→�

�E′
��1 +E′

��2�

= lim
�→�

⎛
⎝E0 +


 ln���+�
��+2 �

2��

⎞
⎠

= E0� (8.101)

The enstrophy constraint is satisfied at all truncation levels by (8.99).

Step 3: (The limit of the Gibbs measure) We also observe that

����k�2���k�2 +��� → � as � → � for ��k�2 ≥ 2� (8.102)

Thus the Gaussians degenerate into Dirac delta measure centered at 0 for high
modes (��k�2 ≥ 2). Fluctuation persists on the ground energy shell. Indeed, for
��k�2 = 1

����k�2���k�2 +��� = ���1+��� = 2
E0

(8.103)

Hence the measures for the ground modes converge to Gaussians with mean zero

and variance
√

E0
2 .

This also agrees with the empirical theory, except the under-determined ground
modes with energy E0 in the empirical theory are replaced by Gaussians with

zero mean and variance
√

E0
2 .
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8.6.4 The case with no large-scale mean flow but with topography having
degenerate spectrum

Here we assume no large-scale mean flow but with non-trivial topography h

having degenerate spectrum, i.e.

V = 0� � = 0� P�1
�h� = 0� (8.104)

where P�1
is the projection on to the ground state modes (first energy shell).

In this case, the limiting procedure depends on whether the prescribed energy
level E0 is low or high when compared with the maximum energy that could
reside in an enstrophy-minimizing mean state, i.e.

E−1 = 1
2

∑
��k�2>1

��k�2�ĥ�k�2
�−1+��k�2�2

= E��−1�� (8.105)

Low energy subcase

In this subcase, we assume the imposed energy level E0 is low in the sense that

E0 < E−1� (8.106)

We then have

E� = 1
2

∑
2≤��k�2≤�

��k�2�ĥ�k�2
��� +��k�2�2

≤ E0 < E−1� (8.107)

Observe that

E� = 1
2

∑
2≤��k�2

��k�2�ĥ�k�2
��� +��k�2�2

(8.108)

is a strictly monotoic decreasing function in �; it approaches E−1 as � approaches
−1, and it approaches 0 as � approaches infinity. Thus, when combined with
(8.106), there exists a unique � = ��E0� ∈ �−1��� such that

E��E0� = E0� (8.109)

Notice that

E� � E�� if �� � �� (8.110)

asymptotically for large �. This implies

�� ≥ ��E0� > −1 (8.111)

asymptotically for large �. Indeed, if (8.111) were violated, we would have

E0 ≥ E����
> E����E0� � E� = E0� (8.112)
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which is a contradiction. From (8.111) we deduce that (8.60) holds, which further
implies, when combined with (8.55)


�

2��

� �′
� ≤ �� ≤ �0� (8.113)

Thus (8.77) holds, which further implies that (8.62) holds in this subcase of low
energy within the case of no large-scale mean flow and topography with degener-
ate spectrum. Henceforth, all energy must reside in the mean part asymptotically
for large �. The detailed choice of the parameters as well as the asymptotic
behavior of the parameters and mean states are the same as in the case with
generic topography as long as the low energy assumption (8.106) is satisfied.

High energy subcase

In this subcase, we assume the imposed energy level E0 is high in the sense that

E0 > E−1� (8.114)

Then the same procedure for the case with generic topography does not work
any more since the maximum amount of energy that an enstrophy-minimizing
mean state could absorb is E−1. This implies that part of the energy has to
reside permanently in the fluctuation part. This is a mixture of the case with
generic topography (Subsection 8.6.2) and the case with no geophysical effects
(Subsection 8.6.3). Utilizing the decomposition of the fluctuation part of the
ensemble energy and enstrophy in (8.89) and (8.90), as well as arguments similar
to the arguments leading to (8.95), we may deduce that (8.95) holds in this case
as well. We leave the detail to the interested reader. In conclusion, the energy
must reside in the mean state and the fluctuation on the ground energy shell
asymptotically for large �. This leads to the following choice of the parameters:

Step 1: (The choice of �� and ��) For a given high energy level E0, we choose
�� and �� such that

E0 = E−1 +E′
��1 = E−1 + 2

����� +1�
� (8.115)

This does not completely determine �� and ��. Intuitively E−1 +E′
��1 approxi-

mates E� +E′
��1.

Notice that E0 is the energy associated with

�̃� = �−1 + ∑
��k�=1

1√
����� +1�

ei�k·�x

= ∑
��k�2>1

ĥ�k
−1+��k�2

+ ∑
��k�=1

1√
����� +1�

ei�k·�x� (8.116)
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It is clear, thanks to Section 4.5, that �̃� is a selective decay state (enstrophy-
minimizing state), since it satisfies the equation

��̃� +h = −�̃�� (8.117)

Thus we have

�0 > �∗�E0� = ���̃��

= 1
2

∑
��k�2>1

�ĥ�k�2
�−1+��k�2�2

+ ∑
��k�=1

2
����� +1�

= �−1 +�′
��1� (8.118)

We will see that �−1 +�′
��1 approximates �� +�′

��1.
Again we choose ����� so that the enstrophy constraint is satisfied approxi-

mate, i.e.

�0 = �−1 +�′
��1 +�′

��2 = ���−1�+�′
��1 +�′

��2� (8.119)

The second equation in (8.91) and (8.92) suggests the following choice of ��

�� � 
�

2�′
��2

= 
�

2��0 −�∗�E0��
= 
�

2��0 −���̃���
� (8.120)

which further implies, after substituting (8.120) into (8.115)

�� = 2
���E0 −E−1�

−1 � 4��0 −�∗�E0��


��E0 −E−1�
−1 → −1� (8.121)

Step 2: (The energy and enstrophy constraints) We can now verify that the energy
and enstrophy constraints are satisfied in the sense of (8.46). Indeed, for the
truncated energy we have, thanks to (8.91), (8.115)–(8.121)

lim
�→�

�E�� = lim
�→�

�E� +E′
��1 +E′

��2�

= lim
�→�

⎛
⎝1

2

∑
1<��k�2≤�

��k�2�ĥ�k�2
��� +��k�2�2

+ �−1
�

2

∑
��k�=1

1

�� +��k�2

⎞
⎠

+ lim
�→�


 ln���+�
��+2 �

2��

= lim
�→�

⎛
⎝1

2

∑
1<��k�2≤�

��k�2�ĥ�k�2
�−1+��k�2�2

+ 2
����� +1�

⎞
⎠

= E��̃��

= E0� (8.122)



284 Statistical mechanics for the truncated quasi-geostrophic equations

As for the enstrophy, we have

lim
�→�

���� = lim
�→�

��� +�′
��1 +�′

��2�

= lim
�→�

⎛
⎝1

2

∑
1<��k�2≤�

��k�4�ĥ�k�2
��� +��k�2�2

+�′
��1 +�′

��2

⎞
⎠

= lim
�→�

⎛
⎝1

2

∑
1<��k�2≤�

��k�4�ĥ�k�2
�−1+��k�2�2

+�′
��1 +�′

��2

⎞
⎠

= lim
�→�

(
�−1 +�′

��1 +�′
��2

)
= �0� (8.123)

Step 3: (The limit of the mean states) The mean states converge as well. More
precisely

lim
�→�

�� = �−1 = ∑
��k�2>1

ĥ�k
−1+��k�2

ei�k·�x� (8.124)

The limit mean state is stable in the restricted sense according to Section 4.5.
We also observe that

����k�2���k�2 +��� → � as � → � for ��k�2 ≥ 2� (8.125)

Thus the Gaussians degenerate into Dirac delta measure centered at �̂�k = ĥ�k
−1+��k�2

for high modes ���k�2 ≥ 2�. Fluctuation persists on the ground energy shell. Indeed,
for ��k�2 = 1

����k�2���k�2 +��� = ���1+��� = 2
E0 −E−1

� (8.126)

Hence the measures for the ground modes converge to Gaussian with mean zero

and variance
√

E0−E−1
2 .

This also agrees with the empirical theory except the under-determined ground
modes with energy E0 − E−1 in the empirical theory are replaced by Gaussian

with zero mean and variance
√

E0−E−1
2 .

Combining the two subcases, we conclude that we have positive temperature for
low energy �E0 < E��0�� and negative temperature for high energy �E0 > E��0��.

We may then conclude that the complete statistical mechanics theory predicts
that the most probable mean state is the unique selective decay state with given
energy E0 in the case with large-scale mean flow or no large-scale mean flow
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but generic topography. The prediction is the same as those from the empirical
theories using the energy and enstrophy constraints described in Chapter 6.

Now we see why the geophysical flows are more suitable for applying statistical
theory than the ordinary 2-D Euler flows, which has no beta-plane effect, no
topography. In the absence of those geophysical effects, the energy is distributed
only over the fluctuating part, and this makes the limiting procedure a very
different one where fluctuations in the large-scale dominate.

8.7 The role of statistically relevant and irrelevant conserved quantities

The theory of statistical mechanics for spectrally truncated quasi-geostrophic flow
is simultaneously very rich yet unsatisfactory as regards the statistical description
of solutions of the continuum equations in (8.1) because the equations (8.1) can
preserve many more conserved quantities given by the generalized enstrophies
(see Chapter 1) than the two conserved quantities in (8.7) and (8.8) for the spec-
trally truncated dynamics. In fact, the continuum equations (8.1) have exactly
these two robust conserved quantities only for the special set-up with non-zero
large-scale mean flow V �= 0 with � �= 0 and periodic geometry. Otherwise, there
are infinitely many more robust conserved quantities for the continuum equations
(see Chapter 1) ignored by the spectrally truncation procedure, which potentially
have important statistical significance. A natural question arises regarding the
statistical significance of these additional conserved quantities. We study these
issues subsequently in Chapter 14 of this book by utilizing suitable more com-
plex discrete approximations of (8.1) that have many more additional conserved
quantities beyond (8.7) and (8.8). Also included in our discussion in that chapter
is the Galerkin truncated Burgers–Hopf model discussed in Section 7.3 as a sim-
ple model for these issues. Recall that these equations conserve the Hamiltonian
defined by the integral of the third power in addition to the momentum and energy,
so that the statistical significance of the Hamiltonian provides an important model
problem for these issues.

In the next chapter, we generalize the empirical statistical theory described in
Chapter 6 to include more non-linear information as well as the use of additional
conserved quantities. The relevance of these non-linear theories both for non-linear
dynamics and observations will be established in suitable regimes in subsequent
chapters.
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Appendix 1

The purpose of this Appendix is to give a sketch of the proof that the quotient of
the Lagrange multiplier � for the truncated energy and the Lagrange multiplier �

for the truncated enstrophy, i.e. �
� = � = ��, in the Gibbs measure (8.25) must

be bounded from above independent of � if the energy and enstrophy constraints
hold asymptotically for the Gibbs measure in the sense of (8.46).

In what follows we assume all limits exist. Otherwise we just go through a
subsequence argument.

Indeed, according to (8.50) and (8.51), if �� → �, then all energy will be
concentrated in fluctuations in high modes which shift to an infinite wave number.
This is intuitively not consistent with the emergence of large-scale coherent struc-
tures. We may justify our intuition through the following by way of contradiction
argument (BWOC).

Now suppose that

�� → � (8.127)

we then have, according to (8.50) and (8.51)

lim
�→�

E� =0�

lim
�→�

�� =1
2
�h�2

L2 ≥ 0�
(8.128)

Thus, according to (8.46), (8.50)–(8.51), and (8.128)

�0

E0
� ����

�E�� �
1
2�h�2

L2 +�′
�

E′
�

≥
∑

1≤��k�2≤�
��k�2

��+��k�2∑
1≤��k�2≤�

1
��+��k�2 + 1

��

� (8.129)

We thus observe that the generalized Dirichlet quotient (enstrophy over energy)
depends only on �� asymptotically under the assumption (8.127).

It is easy to see that the fluctuation part of the energy and enstrophy in each
mode approaches zero as �� approaches infinity. Therefore, only the contribution
from the high modes are relatively important in the last expression in (8.129).
This means we may neglect the lower modes below a wave number

√
�j for

any fixed �j . This leads to a lower bound of �j to (8.129) which further leads
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to a contradiction since j is arbitrary. On the other hand, the contribution from
the high modes in (8.129) could be small as well. What we need to show is that
the low modes are relatively smaller than the high modes. For this purpose, let
us fix a j and consider the following decomposition of the denominator of the
last expression in (8.129) into the low modes ���k�2 < �j� and the high modes

���k�2 ≥ �j� parts, namely

∑
1≤��k�2≤�

1

�� +��k�2
+ 1

��

=
⎧⎨
⎩ 1

��

+ ∑
1≤��k�2<�j

1

�� +��k�2

⎫⎬
⎭+

⎧⎨
⎩ ∑

�j≤��k�2≤�

1

�� +��k�2

⎫⎬
⎭

= I + II� (8.130)

Observe that for each fixed eigenvalue �k, there are at most 2

√

�k number
of modes corresponding to this eigenvalue. Consequently we have the following
crude upper bound on the contribution from the low modes

I ≤ 1
��

�2

√

�j × j� = 2j

√

�j

��

� (8.131)

On the other hand, a calculation similar to (5.54) leads to the following estimate
on the contribution from the high modes

II � 


2
ln

(
�� +�

�� +�j

)
� (8.132)

We shall demonstrate below that I is of lower order to II in all scenarios. Without
loss of generality (by going through a subsequence if necessary) we assume that
the limit ��

� exists.

Case 1: First we assume that the �� grows much faster than �, i.e.

��

�
→ �� (8.133)

In this case

ln

(
�� +�

�� +�j

)
= ln

(
1+ �−�j

�� +�j

)
� �−�j

�� +�j

� (8.134)

Therefore, combining (8.134), (8.132), and (8.131), we have asymptotically

I

II
≤ 4j

√
�j

�−�j

�� +�j

��

� 4j
√

�j

�−�j

→ 0� (8.135)
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Case 2: Suppose now that �� and � grow at the same rate, i.e.

��

�
→ c �= 0� (8.136)

In this case

ln

(
�� +�

�� +�j

)
� ln

(
c+1

c

)
� (8.137)

Therefore, combining (8.137), (8.132), and (8.131), we have

I

II
≤ 4j

√
�j

�� ln� c+1
c �

→ 0� (8.138)

Case 3: Lastly we consider the case when �� grows slower than �, i.e.

��

�
→ 0� (8.139)

In this case

ln

(
�� +�

�� +�j

)
→ �� (8.140)

Therefore, combining (8.140), (8.132), and (8.131), we have

I

II
→ 0� (8.141)

In any case, we proved that (8.141) is true. Utilizing (8.141) in (8.129) we deduce

�0

E0
≥
∑

1≤��k�2≤�
��k�2

��+��k�2∑
�j≤��k�2≤�

1
��+��k�2

≥
∑

�j≤��k�2≤�
��k�2

��+��k�2∑
�j≤��k�2≤�

1
��+��k�2

≥ �j� (8.142)

This is a contradiction since j is arbitrary. Of course this implies that (8.127)
cannot be true, i.e. �� must be bounded independent of �.

A last comment is that the approximation of the summation by integration is a
valid one in the sense that the error is of lower order.
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Empirical statistical theories for most probable states

9.1 Introduction

In this chapter we continue the study of statistical theories for the most probable
state of the barotropic quasi-geostrophic equations

�q

�t
+�⊥� ·�q = 0�

dV

dt
= −

∫
− �h

�x
�′� (9.1)

where q = �� +h+�y is the potential vorticity, � = −V�t	y +�′ is the stream
function, V is the large-scale mean flow, h is the topography, � is the beta-plane
constant, �′ is the small-scale stream function, 
 = ��′ is the relative vorticity,
and q′ = ��′ + h = 
 + h is the small-scale potential vorticity. The bar in the
integral sign indicates that the space integral has been normalized by the area of
the domain �. Here we assume either periodic geometry, where all the functions
are 2�-periodic, so that � = 
0� 2��× 
0� 2�� and the normalization constant is
��� = 4�2 or channel geometry �� = 
0� 2��×
0���	 as described in Section 1.4.
We will also consider the case of disk domain with radius R and centered at the
origin, or the entire plane for the point-vortex theory without mean flow.

In Chapters 6 and 8 we discussed the classical statistical theory with two
conserved quantities both from the non-traditional point of view of empirical
statistical theory in Chapter 6 and complete statistical mechanics in Chapter 8.
This theory is based on the existence of two conserved quantities of the quasi-
geostrophic equations (9.1), namely the total energy, E, and the total enstrophy,
�, which are the only two robust conserved quantities in periodic geometry with
� = 0. However as we demonstrated in Sections 1.3 and 1.4 the barotropic quasi-
geostrophic equations (9.1) possess many more conserved quantities depending
on the beta-effect, the geometry of the underlying domain, and the mean flow.
For instance, in the case of no large-scale mean flow �V ≡ 0	 and no beta-plane
effect �� = 0	, we know that all generalized enstrophy of the form

∫
G�q	 are

conserved together with the energy for the periodic case. For the special choice

289



290 Empirical statistical theories for most probable states

of G�q	 = q, we have the conservation of circulation, which is not necessarily
zero in the channel geometry, although it must be zero for the periodic geometry.
See Subsection 1.3.5 for a review of conserved quantities in the periodic case and
Subsection 1.4.3 for a review of conserved quantities in the channel geometry
case.

In principle, the existence of additional constraints in the form of conserved
quantities raises the interesting possibility of formulating alternative statistical
theories that take into account the additional constraints imposed on the quasi-
geostrophic flow.

In this chapter we introduce several alternative equilibrium statistical theories
for the barotropic quasi-geostrophic equations (9.1), which take into account
other constraints besides the conservation of energy constraint. In Section 9.2, we
present an empirical statistical theory in channel geometry that includes a general
prior distribution for small-scale single-point fluctuation of potential vorticity, and
a few constraints at large-scale imposed by conserved quantities. First, we consider
the empirical statistical theory with a general prior distribution and two conserved
quantities, the energy and the total circulation without the beta-effect and large-
scale mean flow. The mean field equation predicted by the statistical theory is
a non-linear elliptic equation in general. The solutions are exact steady state
solutions to (9.1), provided that the prior distribution is independent of the spatial
location. Next, we consider the empirical statistical theory with a general prior
distribution and three conserved quantities, the energy, the total circulation, and the
impulse I for flow in a channel domain with non-trivial beta-effect and latitudinal
topography. The mean field equation is again a non-linear elliptic equation in
general. However the solutions to the mean field equation are not necessarily
exact steady state solutions to (9.1), unless we assume that the prior distribution
is independent of the spatial location and we take a special linear combination
of the energy and impulse as a single conserved quantity replacing the separate
conservation of energy and impulse. In Section 9.3 both empirical and complete
statistical theories for point vortices are developed. First we show how the famous
mean field equations of point vortex theory (Joyce and Montgomery, 1974) can
be recovered from empirical statistical theory with a few constraints together
with a special prior distribution arising from ensembles of point vortices. In the
second part of Section 9.3, we introduce the complete statistical mechanics theory
for point vortices (Onsager, 1949). Interestingly enough, the complete statistical
mechanics theory predicts the same mean field equations for point vortices that
we derived in the previous subsection directly using empirical statistical theory
for the entire plane case. Thus, as established in Chapters 6 and 8 for the energy–
enstrophy statistical theory, the mean field theory for point vortices can be derived
either from an empirical statistical theory or from complete statistical mechanics
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at a suitable limit. In Section 9.4 we present the formal empirical statistical
theory with infinitely many constraints, which attempts to take into account the
energy and all the generalized enstrophies introduced earlier. This formal statistical
theory is based on the work of Miller (1990) and Robert (1991). Clearly the
constraints in this theory are more stringent than in any of the few constraints
empirical statistical theories studied earlier, because this statistical theory imposes
constraints on all the moments of the potential vorticity q, rather than merely
the first moment, the total circulation, or the second moment, the enstrophy. We
will show that conservation of all functions G�q	 of the potential vorticity q is
equivalent to conservation of areas of the level sets of the potential vorticity. This
fact will allow us to introduce at every point �x in physical space a probability
measure for the potential vorticity q at that point. Once a suitable space of
probability measures has been defined, a corresponding measure of the Shannon
entropy can be introduced, and the machinery from information theory will again
yield the most probable state formally by maximizing the Shannon entropy over
the given probability measures and under the appropriate constraints in energy and
otherwise. The mean �̄ of the predicted most probable state satisfies a non-linear
elliptic equation. The non-linear stability of the most probable states predicted by
various statistical theories is developed in Section 9.5 as a simple application of
Chapter 4. The strengths and weakness of the various statistical theories as well
as their potential applicability are discussed extensively in Chapters 10, 11, 12,
and 13 below.

9.2 Empirical statistical theories with a few constraints

In this section we present the statistical theory with a prior distribution and a
few conserved quantities. We will focus on the channel geometry (� = 
0� 2��×

0���) introduced in Section 1.4, which we shall recall later in this section.

Recall that there are infinitely many conserved quantities in this channel geom-

etry. In particular, we have the conservation of energy E = 1
2V 2 − 1

2

∫
−�′
,

the circulation � =
∫
−q, and the conservation of mean flow impulse difference

V − I = V −
∫
−yq. In what follows we will develop empirical statistical theory

based on either two conserved quantities, i.e. energy and circulation or three con-
served quantities, i.e. energy, circulation, and impulse, depending on the physical
context.

In general we should incorporate prior information or bias on the distribution
of the small-scale potential vorticity (see Chapter 6). Such bias is formulated in
terms of a prior distribution �0��x��	, which is a probability density function on
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�×�1. The reader is referred to Definition 6.6 from Chapter 6 for more detail
on such a prior distribution.

In the special cases that we consider here, the large-scale mean flow is either
identically zero or a constant of motion. Thus we only need to postulate the
one-point statistics ���x��	 for the potential vorticity q. The reader is referred to
Definition 6.5 from Chapter 6 for more detail on one-point statistics.

We then recall from Chapter 6 that the Shannon information-theoretical relative
entropy �����0	 is defined as

�����0	 ≡ −
∫
−
∫

���x��	 ln
(

���x��	

�0��x��	

)
d�d�x� (9.2)

The most probable one-point statistics �∗ is then derived via the maximum entropy
principle, i.e. �∗ is the one that maximizes the Shannon relative entropy (9.2)
with given constraints and prior distribution �0. In particular, if there are no
constraints, it is easy to check that the most probable state �∗ is exactly the prior
distribution �0��x��	.

Next we apply the maximum entropy principle to various situations, where the
flows satisfy specific symmetries and conserved quantities constraints.

9.2.1 The energy–circulation empirical theory with a general
prior distribution

Here we consider the special case of channel flow without large-scale mean flow
�V ≡ 0	 and no beta-plane effect �� = 0	. Thus, according to Section 1.4, the
stream function takes the form

� = �′ = ∑
k≥1

∑
j≥0

�ajk cos�jx	+bjk sin�jx		 sin�ky	� (9.3)

Recall that the energy and circulation are conserved in this case. They can be
represented in terms of the one-point statistics as

E��	 = −1
2

∫
−�
d�x� ���	 =

∫
−
∫

����x��	d�d�x� (9.4)

where the overline represents average with respect to the one-point statistics, i.e.

q��x	 =
∫

����x��	d�� 
 = q −h� �� +h = q� (9.5)

The conservation of energy and circulation translate into constraints on the
one-point statistics. The set of constraints � in this case is given by

� = � �0	 ∩� �E	 ∩� ��	� (9.6)
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where

� �0	 = ���M =
∫

���x��	d� = 1 for each �x ∈ ���

� �E	 = ���E��	 = −1
2

∫
−��q −h	d�x = E0�� (9.7)

� ��	 = ������	 =
∫
−
∫

����x��	d�d�x = �0��

According to the Lagrange multiplier method, there exist constants ���, and
�̃, so that, if �∗ is the most probable state which maximizes the relative entropy
�����0	 subject to the constraints in � determined by (9.6)–(9.7), then the
following variational equation holds(

−������0	

��
+�

�E

��
+�

��

��

)∣∣∣∣�=�∗ = �̃
�M

��

∣∣∣∣
�=�∗

� (9.8)

It is easy to calculate the variational derivatives, see for instance Sections 1.5 and
6.6, so that

������0	

��
= ln

(
�

�0

)
+1�

�E

��
= −���

��

��
= ��

�M

��
= ��x ⊗1�

Introducing these variational derivatives back into the variational equation (9.8)
yields

ln
(

�∗

�0

)
+1 = ��∗�−��− �̃��x	� (9.9)

Utilizing the condition
∫

�∗��x��	d� = 1, we deduce that the most probable one-
point statistics must take the form

�∗��x��	 = e���∗−�	��0��x��	∫
e���∗−�	��0��x��	d�

� (9.10)

Next, we introduce the partition function

���� �x	 =
∫

e��−�	��0��x��	d�� (9.11)

Notice that the partition function is simply the moment-generating function of
�0��x��	 evaluated at ���x	−�. With the help of the partition function we can
simplify the expression for the mean field q∗ of the potential vorticity

q∗ =
∫

��∗��x��	d� = 1
�

�

��
ln����� �x	

∣∣∣∣
�=�∗

� (9.12)
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Thus we arrive at the mean field equation for the most probable state

��∗ +h = 1
�

(
�

��
ln����� �x	

)∣∣∣∣
�=�∗

� (9.13)

This mean field equation for q∗ depends on the partition function � and therefore
also on the prior probability. If there is �x-dependence in �0, the mean state q∗
is, in general, not a steady state solution of fluid equations (9.1). For the special
class of prior distribution

�0��x��	 = �0��	� (9.14)

we observe from (9.11) that the �x dependence of � is through � only and hence
� is a function of the stream function � and the parameters ��� only. This further
implies that the mean field equation (9.13) can be rewritten as

��∗ +h = � ��∗	� (9.15)

This is a non-linear elliptic equation in general, and the solutions to this mean
field equation are exact steady state solutions to the barotropic quasi-geostrophic
equations (9.1), since (9.15) implies that the potential vorticity is a function of
the stream function. The stability of these solutions will be discussed later in this
chapter, while their predicted structure is the topic of Chapter 11.

Next we specialize the partition function �, and therefore the mean field
equation (9.13), or (9.15), for special cases of the prior distribution �0.

Example 1: Uniform prior distribution. If only the maximum value Q+ and the
minimum value Q− of the small-scale potential vorticity fluctuation are available,
then the natural prior distribution �0 is uniformly distributed over the range

Q−�Q+�, i.e.

�0��x��	 = 1
2Q

I
Q+Q

Q−Q
��	� (9.16)

where Ib
a represents the indicator function over the interval 
a� b�, i.e.

Ib
a = Ib

a��	

and Q and Q are the interval midpoint and half-width respectively

Q = 1
2

�Q+ +Q−	� Q = 1
2

�Q+ −Q−	� (9.17)

A straightforward calculation leads to the following explicit form for the mean
field equation

��∗ +h = Q+Q

(
coth�Q���∗ −�		− 1

Q���∗ −�	

)
� (9.18)
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which is the well-known Langevin equation. Some interesting solutions of this
equation will be discussed in Chapter 11 below.

Example 2: Gaussian prior distribution. Another useful case is when the prior
distribution �0 is Gaussian

�0��	 =
√

�√
2�

e− ��2
2 � (9.19)

This is the case when the only information that we have is the first and second
moments of the distribution of the potential vorticity as discussed in Section 6.4.
In this case, the mean field equation (9.15) recovers the prediction of the classical
statistical theory based on the conservation of the total energy and the total
enstrophy. Indeed, a straightforward algebraic manipulation permits us to compute
exactly the partition function ���� �x	 in this case

���� �x	 =
∫

exp��� −�	�	�0��	d�

=
∫

exp��� −�	�	

√
�√

2�
exp

(
−��2

2

)
d�

= e
��−�	2

2� � (9.20)

Therefore
� ln����	

��
= ���� −�	

�
�

and the mean field equation (9.15) for the most probable state �∗ takes the form

��∗ +h = ��∗ −�

�
(9.21)

In the special case of � = 0, the mean field equation (9.21) reduces to the equation
predicted by the classical statistical theory based on the energy and the enstrophy
constraint from Chapters 6 and 8.

Example 3: Gamma prior distribution. Recall from Chapter 6 that the Gaussian
distribution is the simplest and least-biased prior distribution using the first and
second moments alone. In practice, prior distributions for small-scale fluctuations
of potential vorticity should also be skewed and even with long tails on one
side to reflect a preponderance of either cyclones or anti-cyclones in small-scale
potential vorticity fluctuations in a given physical context. Thus, it is interesting
to build a family of prior distributions �0��	 measuring deviations from Gaussian
distributions through skewness, the third moment of �0��	, and also with a higher
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probability of large amplitude events going in the same direction as this skewness.
With the normalizations for the first and second moments∫

��0��	d� = 0�
∫

�2�0��	d� = 1�

the skewness is given by the third moment∫
�3�0��	d� = Skew�0�

An attractive choice of a family of prior distributions fitting these requirements
is the family of centered �-distributions

��
0��	 = ���−1R��−1
�+�−1�� �−2	�

where

R�z�a	 = ��a	−1za−1e−z� if z ≥ 0� R�z�a	 = 0� if z < 0�

denotes the standard �-density. This family has a one-sided exponential tail and
compact support on the other side, with the �-distribution shifted to have zero
mean. By construction, ��

0��	 satisfies the normalizations on the first and second
moments and the skewness if given by

Skew�0 = 2��

Since the �-distribution, R�z�a	, has the explicit generating or partition function,
����a	 = �1 −�	−a, it is not difficult to show that, in this case, the mean field
equation (9.15) is given by

��∗ +h = ��∗

1−���∗ �

so that we recover the Gaussian prediction for � = 0. For simplicity, we have
ignored the circulation in our discussion here.

We provide an a priori justification of this empirical theory in Chapter 14
through considering the statistical behavior of truncations of the quasi-geostrophic
equations with many conserved quantities. In Chapter 13, we use this theory to
successfully predict the location of Jupiter’s Red Spot.

It is easy to observe that the energy–circulation empirical statistical theory
works provided the conservation of energy and circulation hold, and is not nec-
essarily restricted to a channel domain. For instance, the theory applies to quasi-
geostrophic flow in a (simply connected) bounded domain where the conservation
of energy and circulation still hold, or to the case of flow occupying the entire
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plane �2 with the fluids decaying at infinity, or the swimming pool geometry
discussed in Section 1.3.3, equation (1.30).

9.2.2 The energy–circulation impulse theory with a general
prior distribution

Next we consider the special case where the topography is a function of the
latitude only, h = h�y	. This implies that the large-scale mean flow V is a constant
of motion. In this case the impulse

I =
∫
− yq d�x (9.22)

is a conserved quantity. See Section 1.4 for more details.
Again we need to postulate the one-point statistics for the potential vorticity

only, since the large-scale mean flow is a constant.
The new set of constraints � includes the impulse I in addition to the total

energy E and the total circulation �

� = � �0	 ∩� �E	 ∩� ��	 ∩� �I	� (9.23)

where

� �0	 = ���M =
∫

���x��	d� = 1 for each�x ∈ ���

� �E	 = ���E��	 = −1
2

∫
−�

′
�q −h−�y	d�x = E0�

� ��	 = ������	 =
∫
−
∫

����x��	d�d�x = �0��

� �I	 = ���I��	 =
∫
−y q̄��x	d�x =

∫
−
∫

y����x��	d�d�x = I0��

(9.24)

Again, the most probable state �∗ maximizes the relative entropy �����0	, subject
to the constraints in � . According to the Lagrange multiplier method, there exist
constants �����, and �̃, so that the most probable state �∗ satisfies the variational
equation(

−������0	

��
+�

�E

��
+�

��

��
+�

�I

��

)∣∣∣∣�=�∗ = �̃
�M

��

∣∣∣∣
�=�∗

� (9.25)

We have already calculated the variational derivatives of ��E�� . The variational
derivative of the impulse is easily calculated as

�I

��
= �y� (9.26)
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Substituting all the variational derivatives back into equation (9.24) and neglecting
the overline for the mean fields yields

ln
(

�∗

�0

)
+1 = ��′∗�−��−��y − �̃��x	� (9.27)

From the normalization condition
∫

�∗��x��	d� = 1, we conclude that the most
probable one-point statistics must have the form

�∗��x��	 = e���′∗−�−�y	��0��x��	∫
e���′∗−�−�y	��0��x��	d�

� (9.28)

Next we introduce the partition function

���′� �x	 =
∫

e��′−�−�y	��0��x��	d�� (9.29)

Again, we utilize the partition function to simplify the expression for the mean
value q∗ of the potential vorticity

q∗ =
∫

��∗��x��	d� = 1
�

�

��′ ln����′� �x	

∣∣∣∣
�′=�′∗

� (9.30)

Since the potential vorticity q in the quasi-geostrophic equations (9.1) satisfies
q = ��′ + h + �y, we finally conclude that the most probable mean field �∗
satisfies the non-linear mean field equation

��′∗ +h+�y = 1
�

(
�

��′ ln����′� �x	

)∣∣∣∣
�′=�′∗

� (9.31)

Recall that we are primarily interested in steady state solutions to the barotropic
quasi-geostrophic equations (9.1) emerging out of statistical theory. We also recall
that a steady state solution to (9.1) in our current situation of zonal topography
must satisfy either q = � ��	 or � = ��q	 locally for some function � or �.
We then observe that the solutions to the mean field equation (9.31) are not
necessarily steady state solutions of (9.1), since the necessary functional relation
between the potential vorticity q and the stream function � is not obvious and
may not exist. In order to ensure that solutions to (9.31) correspond to steady
state solutions to (9.1), we assume that the prior distribution is independent of the
spatial location, i.e. takes the form �0��	, and the Lagrange multipliers for the
impulse and energy are related through the large-scale mean flow in the following
manner

� = �V (9.32)



9.3 The mean field statistical theory for point vortices 299

with V being the constant large-scale mean flow. We then verify that the partition
function is a function of the stream function �, and, consequently, the right-hand
side of the mean field equation (9.31) is a function of �, i.e.

1
�

�

��′ ln����′� �x	 = 1
�

�

��′
(

ln
∫

e���′−Vy	�e−���0��	d�
)

=
∫

�e���′−Vy	�e−���0��	d�∫
e���′−Vy	�e−���0��	d�

=
∫

�e���e−���0��	d�∫
e���e−���0��	d�

= � ��	 (9.33)

for some function � . Thus, with (9.31) and (9.33), the most probable mean stream
function �′∗��x	 defines an exact steady state solution of the quasi-geostrophic
equations. Notice that ��y=0 
= ��y=� in general. This is consistent with the left-
hand side of the mean field equation (9.31), whose value at the top and bottom
of the channel are not equal in general.

We leave the case of general topography and large-scale mean flow as an
exercise to the interested reader.

There is an interpretation of the assumption (9.32) in terms of conserved
quantities. Instead of imposing the conservation of energy and impulse separately,
(9.32) is equivalent to imposing a single conserved quantity, which is the following
linear combination of the energy and impulse

Ẽ = E +V I = −1
2

∫
−�′
+V

∫
−y 
 =

∫
−
(

−1
2

�′ +Vy

)

� (9.34)

and this ensures that the prediction of the large-scale structures from the statistical
theory yield exact solutions to the barotropic quasi-geostrophic equations (9.1).
Such a view will be utilized in Chapter 11 for the predictions and comparisons
of various statistical theories.

9.3 The mean field statistical theory for point vortices

In this section, we neglect all geophysical effects, i.e. V ≡ 0, h ≡ 0, � = 0, so
that the quasi-geostrophic equations (9.1) reduce to the classical incompressible
Euler’s equations for two-dimensional homogeneous fluids

�


�t
+�⊥� ·�
 = 0� �� = 
� (9.35)
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in the stream function–vorticity formulation. We are interested in the large-scale
statistical behavior of solutions arising as limits of point vortices.

9.3.1 Derivation of the mean field point-vortex theory from an empirical
statistical theory

Here we show how to derive the mean field equation of classical point-vortex
theory for two-dimensional fluid flows from an empirical statistical theory with a
suitable prior distribution and the two constraints of conservation of energy and
circulation and its generalization to three constraints determined by the energy,
circulation, and angular momentum for a disk domain. The domain under consid-
eration is either a periodic box, or a channel, or a disk of radius R centered at the
origin �BR�0		 with zero boundary condition for the stream function �. Below,
we recover the limiting case of the whole space �2 by letting R approach infinity
in the disk case.

The constraints are the conservation of energy E, the circulation � in general,
with the addition of the angular momentum A in the case of the disk BR�0	

E = −1
2

∫
−�
� � =

∫
−
� A =

∫
−��x�2
� (9.36)

For the disk geometry, i.e. � = BR�0	 with �
∣∣��x�=R = 0, the proof of the conser-

vation of the energy and circulation is straightforward and similar to the channel
case discussed in Section 1.4. As for the conservation of angular momentum A, we
directly verify, utilizing the conservation of circulation and repeated integration
by parts that

dA

dt
= d

dt

∫
−��x�2
 = d

dt

∫
− ���x�2 −R2	
 =

∫
− ���x�2 −R2	

�


�t

= −
∫
− ���x�2 −R2	�⊥� ·�
 = 2

∫
− �x ·�⊥� ��

= 2
∫
−
(

−x
��

�y
+y

��

�x

)
��

= 2
�R2

∫
��x�=R

(
−x

��

�y
+y

��

�x

)
��

�r

−2
∫
−
(

−x
�

�y
�� ·�� +y

�

�x
�� ·��

)

= −
∫
−div�y����2�−x����2	

= 0�



9.3 The mean field statistical theory for point vortices 301

The energy, circulation, and angular momentum conservation translate into con-
straints on the one-point statistics � for the vorticity 


E��	 = −1
2

∫
−�
 = E0�

���	 =
∫
−
∫

����x��	d�d�x = �0� (9.37)

A��	 =
∫
−
∫

��x�2����x��	d�d�x = A0�

However, we will drop the condition∫
���x��	d� = 1 for each �x�

Instead we will just assume

M̃ =
∫
−
∫

���x��	d�d�x = 1� (9.38)

so that point vortices are allowed. By point vortex we mean a vorticity field of
the form


��x	 = 
0��x0
� (9.39)

where 
0 is a fixed constant and �x0 = �x0� y0	 is a fixed point in the domain
under consideration. It is called point vortex, since the associated velocity field
is given by, assuming for simplicity �x0 = �0� 0	 and � = �2

�v��x	 = 1
2�

(
−y

x

)
��x�−2� (9.40)

after solving for the stream function and taking the perpendicular derivative.
Hence the fluid is swirling around �x0 = �0� 0	. See Subsection 9.3.2 below and
Majda and Bertozzi (2001) for more details.

Next we want to address the question of what is the natural prior distribution
for point vortices. Suppose the prior information that we have is that there are a
large number of vortices with uniform strength (same 
0) and location �xi drawn
completely at random from the uniform measure on �. Thus we are considering
a collection of N such vortices normalized to give a probability measure by

N∑
i=1

1
N

(
�
0

��	⊗��xi

)
� (9.41)

where the locations �xi are chosen so that for �1 ⊆ �

Prob��xi ∈ �1� = ��1�
��� � (9.42)
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Then the law of large numbers guarantees that as N → �
N∑

i=1

1
N

(
�
0

��	⊗��xi

)
⇀ �
0

��	
d�x
��� � (9.43)

for almost all choices �xi, where the convergence is weak in the sense of measure
(Lamperti, 1966: Chapter 2). In other words, for all nice (continuous) functions,
f��x��	

N∑
i=1

1
N

f��xi�
0	 →
∫
−f��x�
0	d�x

for almost every choice of �xi. Thus, the most natural prior distribution associated
with the limit of sums of N -point vortices with uniformly distributed locations
and strength 
0/N is given by

�0��	 = �
0
��	

d�x
��� � (9.44)

We can now proceed with the Lagrange multiplier method for relative entropy
maximization with a given prior distribution. We already have the variational
derivatives for the relative entropy, energy, and circulation constraints. As for the
angular momentum constraint and constraint (9.38), their variational derivatives
are calculated easily as

�M̃

��
= 1�

�A

��
= ��x�2�� (9.45)

Therefore, the maximum entropy principle dictates that the most probable one-
point statistics �∗ must satisfy

ln
(

�∗

�0

)
+1 = ��∗�−��−���x�2�− �̃� (9.46)

where ������ �̃ are the Lagrange multipliers for the energy, circulation, angular
momentum, and the normalization condition M̃ respectively.

By applying the condition
∫
− ∫

���x��	d�d�x = 1, we get

�∗��x��	 = e���∗−�−���x�2	��0��x��	∫
− ∫

e���∗−�−���x�2	��0��x��	d�d�x
� (9.47)

Finally, since q∗ = 
∗ = ∫
��∗��x��	d�, the mean field equation for the mean

state �∗ is given by

��∗ = 
∗ =
∫

�e���∗−�−���x�2	��0��x��	d�∫
− ∫

e���∗−�−���x�2	��0��x��	d�d�x
� (9.48)
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Next we utilize the prior distribution �0��	 for statistical ensembles of point
vortices given by (9.44) and we deduce the following explicit form of the mean
field equation

• Case with no angular momentum. We then recover the mean field equation for
empirical statistical point-vortex theory

��∗ = 
0e
�
0�∗∫

− e�
0�∗ d�x
� (9.49)

Introducing the notation

�
0 = −�� �0 = 
0���� (9.50)

where �0 is the circulation and � is the negative temperature, we may rewrite (9.49) as

��∗ = �0e
−��∗∫

e−��∗d�x � (9.51)

• Case with angular momentum. In this case we must have a disk BR�0	 and the mean
field equation takes the form

��∗ = �0e
−��∗−���x�2∫

BR�0	
e−��∗−���x�2d�x � (9.52)

Letting R approaching infinity, we deduce the mean field equation on the whole plane

��∗ = �0e
−��∗−���x�2∫

�2 e−��∗−���x�2d�x � (9.53)

Next, we will sketch how the mean field equations for point vortices can be
derived from a more complete equilibrium statistical theory.

9.3.2 Complete statistical mechanics for point vortices

Here we consider flow over the entire plane, i.e. � =�2, and ignore geophysical
effects. Our objective is to give a heuristic derivation of the complete statistical
mechanics for point vortices in the plane which is the analogue of the complete
statistical mechanics for the energy–enstrophy theory developed in Chapter 8.
There are beautiful rigorous mathematical derivations of these equations inde-
pendently due to Kiessling (1993) and Caglioti et al. (1992, 1995) as well as
novel extension of these ideas to ensembles of nearly parallel vortex filaments
(Majda and Bertozzi, 2001: Chapter 7; Lions and Majda, 2000). The lectures by
Lions (1998) provide a mathematical survey of these rigorous theories. All of that
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material is beyond the focus of this book and the interested reader should consult
these references.

The dynamics of point vortices in the plane

The equations for point vortices arise from the heuristic approximation that the
vorticity is a superposition of �-functions for all times


��x� t	 =
N∑

j=1

�j���x− �Xj�t		�

�Xj�t	�t=0 = �X0
j �

(9.54)

From the vorticity-stream form, the formal induced velocity associated with the
vorticity in (9.54) is given by

�v��x� t	 = 1
2�

N∑
j=1

�j

��x− �Xj	
⊥

��x− �Xj�2
� (9.55)

with �x⊥ = �−y� x	. Ignoring the fact that the velocity of a point vortex is infinite
at its center, a point vortex induces no motion at its center. Thus, using the particle
trajectory equations

d �Xj

dt
= �v� �Xj� t	� �Xj�t=0 = �X0

j �

and the above formal fact we arrive at the

Point-vortex equations

d �Xj

dt
= 1

2�

N∑
k=1�k 
=j

�k

� �Xj − �Xk	
⊥

� �Xj − �Xk�2
�

�Xj�t=0 = �X0
j �

(9.56)

It is well known, see for instance Onsager (1949), that the equations for point
vortices form a Hamiltonian system, i.e. the dynamical equations in (9.56) can be
rewritten in the generalized Hamiltonian form

�j

d

dt
�Xj = J� �Xj

H� (9.57)

where J is the usual skew-symmetric matrix

J =
(

0 −1
1 0

)
(9.58)
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For the motion of point vortices in (9.56), the reader can readily verify that the
Hamiltonian is given by

H = 1
4�

∑
j 
=k

�j�k ln � �Xj − �Xk�� (9.59)

Liouville property

The Liouville property follows directly from the Hamiltonian formulation (9.57).
Indeed, for

X = � �X1� · · · � �XN 	 = �X1� Y1� · · · �XN �YN 	 ∈ �2N � (9.60)

the point-vortex equations (9.56) or (9.57) can be written as

dX
dt

= �F�X	� (9.61)

with

F2j = − 1
�j

�H

�Yj

� F2j+1 = 1
�j

�H

�Xj

� (9.62)

It is then obvious that (9.61) satisfies the local Liouville property which implies
the Liouville property for the point-vortex system (9.56) or (9.57).

Conserved quantities

In general, according to Noether’s theorem, symmetries in a Hamiltonian lead to
conserved quantities. For instance, for the entire plane geometry, the translational
symmetry

H� �X1 + �Y � �X2 + �Y � � � � � �XN + �Y 	 = H� �X1� �X2� � � � � �XN 	� (9.63)

for all �Y leads to the conserved quantity for the dynamics

M =
N∑

j=1

�j
�Xj�t	� (9.64)

involving the linear momentum. Likewise, for disk or entire plane geometry, the
rotational symmetry of the Hamiltonian

H�	��	 �X1�	��	 �X2� � � � �	��	 �XN 	 = H� �X1� �X2� � � � � �XN 	� (9.65)

for any rotation matrix 	��	 in the plane yields the conserved quantity for the
dynamics

A =
N∑

j=1

�j� �Xj�t	�2� (9.66)
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which is the angular momentum. We leave the verification of these conserved
quantities as an exercise for the interested reader. However, we remark here that
M and A are discrete versions of the continuous first two moments of vorticity∫ �x
d�x and

∫ ��x�2
d�x which are conserved quantities for the 2-D Euler equations
in (9.35). We note that the Hamiltonian for the point-vortex system is formally a
discrete approximation to minus the kinetic energy,

E = −1
2

∫
��� � − 1

4�

∑
j 
=k

�j�k ln � �Xj − �Xk� = −H� �X1� �X2� � � � � �XN 	� (9.67)

except for the non-trivial difference that the self-interaction energy of a point
vortex is actually infinite, so the approximation in (9.67) is only a heuristic
renormalization with these infinities due to self-interaction removed.

The statistical mechanics of N identical point vortices

With the Liouville property and conserved quantities in hand, we are ready
to apply the equilibrium statistical mechanics theory for ODE’s developed in
Chapter 7 to the point-vortex system (9.56) or (9.57). For simplicity in exposition
we will ignore the conserved linear momentum, M, related to the impulse since
we may consider disk domain for which the linear momentum is not conserved,
and even for the entire plane case its effect can be removed ultimately through the
translation of coordinates in this context. Thus the conserved quantities that we
use here are the “energy,” −HN , in (9.59), and the angular momentum, A = AN ,
in (9.66). We also assume, without loss of generality, that �j = 1 for 1 ≤ j ≤ N .

According to the equilibrium statistical mechanics theory introduced in Chap-
ter 7, the most probable (least-biased) probability measure for doing further
statistical measurements of the point-vortex system is given by the Gibbs measure

�N �x	 = e�HN ��x1������xN 	−��x�2

Z�N	
� (9.68)

with x = ��x1� � � � � �xN 	. Here, Z�N	 is the normalizing factor that guarantees that
�N is a probability density function so that

∫
�N dx = 1. Thus, Z�N	 is given by

Z�N	 =
∫
�2N

e�HN ��x1������xN 	−��x�2d�x1 · · ·d�xN � (9.69)

where � and � are the Lagrange multipliers associated with the given “energy”
and angular momentum constraints. In order to ensure Z�N	 < +�, for given
parameter values, � and �, in the Gibbs measure, we clearly need � to satisfy
� > 0.
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A somewhat more subtle constraint on � is needed to guarantee that Z�N	 is
finite (see Caglioti et al., 1992, for more detail). Substituting the explicit form of
HN from (9.59) into (9.68) yields

Z�N	 =
∫
�2N

e
�

4�

∑
j 
=k ln ��xj−�xk�e−��x�2d�x1 · · ·d�xN

=
∫
�2N

∏
j 
=k

��xj − �xk�
�

4� e−��x�2d�x1 · · ·d�xN � (9.70)

The above expression for Z�N	 is finite if and only if the following two-
dimensional integral is finite ∫

�2
��x� N�

4� e−���x�2d�x�

which is satisfied provided that N�
4� > −2, i.e.

� > −8�

N
� (9.71)

Otherwise, the stronger local singularity for ��x� � 0 in the integrand would make
the integral infinite.

Finally, we remark that averaged measurement of a function F��x1� � � � � �xN 	 is
determined by the ensemble average

�F��N
=
∫
�2N

F��x1� � � � � �xN 	�N ��x1� � � � � �xN 	d�x1� � � � � d�xN � (9.72)

where �N is the Gibbs measure defined in (9.68).

The mean field limit equations as N → �
The requirement in (9.71) suggests that we replace the inverse temperature, �,
by �/N if we attempt to take the limit as N → �. Since we have N identical
vortices, and the Gibbs measure (9.68) is symmetric in �x1� · · · � �xN , it is extremely
natural to focus on the marginal distribution of a single vortex, �N ��x	� �x ∈ �2.
From (9.68) this probability density is defined by

�N ��x	 =
∫
�N−1 e

�
N HN ��x��x1������xN−1	−����x�2+∑ ��xj �2	d�x1 � � � d�xN−1

Z�N	
� (9.73)

In order to take the continuum limit, we make the following technical assumption
regarding the asymptotic behavior of the marginal distribution (9.73)

1
N

N∑
i=1

��xi
⇀ ���x	�

�N ��x	 ⇀ ���x	 as N → ��

(9.74)
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where the locations of the N identical point vortices, �xi, are drawn at random from
the marginal Gibbs distribution in (9.73). Assumption (9.74) is a generalization
of the law of large numbers, which can be verified a priori (see for instance
Kiessling, 1993; Caglioti et al., 1992, 1995). The meaning of the first condition
in (9.74) is that for nice functions f��y	, as N → �

N∑
i=1

1
N

f��xi	 →
∫
�2

f��y	���y	d�y�

In particular, through an explicit computation we have

1
N

HN ��x� �x1� � � � � �xN−1	 = 1
N

HN−1��x1� � � � � �xN−1	+ 1
2�

N−1∑
i=1

1
N

ln���x− �xi�	�
(9.75)

where from (9.74) the second sum is approximately

1
2�

N−1∑
i=1

1
N

ln���x− �xi�	 → 1
2�

∫
�2

ln���x−�y�	���y	d�y� (9.76)

as N → �. Notice that

���x	 = 1
2�

∫
�2

ln���x−�y�	���y	d�y� (9.77)

is the stream function, �, satisfying

�� = �� (9.78)

With (9.75)–(9.78), it is a simple matter to formally derive the limiting mean
field equation satisfied by � or equivalently, �. From (9.73) and (9.75)–(9.77),
for N >> 1

���x	 � �N ��x	 � e−���x�2e−����x	Z̃�N −1	

Z�N	
(9.79)

with

Z̃�N −1	 =
∫
�N−1

e− �
N HN−1��x1������xN−1	e−�

∑N−1
j=1 ��xj �2d�x1 · · ·d�xN−1� (9.80)

Since �N ��x	 and ���x	 are both probability densities, we necessarily have the
relations that as N → �

Z�N	

Z̃�N −1	
�
∫
�2

e−���x�2−����x	 d�x� (9.81)
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Combining (9.78)–(9.81), we deduce that the probability density for point vortices
with unit strength as N → � must satisfy the:

Mean field equation

�� = e−���x�2−����x	∫
�2 e−���x�2−����x	 d�x � (9.82)

This equation is clearly the same equation as (9.53) that we derived in Sub-
section 9.3.1 directly from a maximum entropy principle with a suitable prior
distribution for ensembles of point vortices. For simplicity in exposition, we have
normalized the total circulation to be unity in our discussion in this section.

It is interesting for the reader to compare the complete statistical mechanics
derivation of the point-vortex mean field theory presented here with that for the
energy–enstrophy theory developed in Chapter 8. Both theories rely on (very
different) finite-dimensional dynamics in the approximation. The rigorous math-
ematical proofs of Kiessling (1993) and Caglioti et al. (1992, 1995) establish the
key facts in (9.74)–(9.82) a priori. The behavior of the solutions of (9.82) for
� > −8� is studied in detail by Caglioti et al. (1992, 1995). In particular, as �

decreases to −8�, solutions tend to a point vortex. Also see our discussion in
Chapters 10 and 11.

9.4 Empirical statistical theories with infinitely many constraints

9.4.1 Maximum entropy principle incorporating all generalized enstrophies

We present these theories in the simplest physical setup. We recall from Chapter 1
that for the barotropic quasi-geostrophic equations (9.1) without mean flow �V ≡
0	 and either without the beta-plane effect, i.e. � = 0, or with the channel symmetry
(9.3) the following quantities are conserved:

• the energy, and
• the generalized enstrophies,

∫
G�q��x		d�x for any function G�q	.

Here we show how to attempt formally to incorporate all of these constraints
through an empirical statistical theory. This approach was originally developed
by Robert (1991) and is related to attempts by Miller (1990) and Miller et al.,
(1992) to develop complete statistical theories with infinitely many invariants.
This theory is critiqued both theoretically and from a practical view point in
Chapters 10 and 11 below.

There are two issues that we need to address. First, how to incorporate the
infinitely many constraints induced by the infinitely many conserved enstrophies
and, second, how to pick the prior distribution.
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The first issue we need to address is how to deal with the infinite number of
constraints. A naive approach would be to impose infinitely many constraints on
the one-point statistics � induced by the conservation of generalized enstrophies.
This is practically impossible, since we are not able to invoke the Lagrange
multiplier method with infinitely many constraints. Fortunately it turns out that
there is a way to circumvent such a difficulty. We recall the following well-
known fact (see for instance Rudin, 1982). For each uniformly bounded vorticity
field q��x	, there exists an associated probability measure �q��	 on �1, called
the distribution function of q (here �q��	 is the associated density function),
such that ∫

−1��x��≤q��x	<�� d�x =
∫ �

�
�q��	d��

∫
�q��	d� = 1� (9.83)∫

−G�q	d�x =
∫

G��	�q��	d�� for arbitrary G�

Now let q0 be the initial data for the following PDE

�q

�t
+�v ·�q = 0� div �v = 0� (9.84)

Here the PDE is not necessarily the quasi-geostrophic equations, but any transport
equation involving transport by an incompressible velocity field. Then, for the
solution q��x� t	 at any time, the equality∫

G�q��x� t		d�x =
∫

G�q0��x		d�x (9.85)

holds. Notice the above equality implies∫
G��	�q��	d� =

∫
G��	�q0

��	d�� (9.86)

using the associated probability measure representation (9.83). Therefore, the

conservation of arbitrary
∫
−G�q��x		d�x implies

�q�t	��	 = �q0
��	 (9.87)

for all times t, i.e. the distribution function of the potential vorticity is invariant in
time. So conservation of all the conserved quantities in (9.85) in time is equivalent
to studying an ensemble of functions of the potential vorticity with the same
distribution function. Thus, if we are interested in predicting large-scale behavior
from statistical (time) averages over dynamics which conserves all the generalized
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enstrophies, the natural prior distribution is given by the distribution function,
�q0

��	, i.e.

�0��	 = �q0
��	� (9.88)

This is the choice for the prior distribution which we utilize below in the maximum
entropy principle.

Now suppose we have a probability density ���x��	 representing the one-point
statistics for the potential vorticity (see Definition 6.5 from Chapter 6 for more
details). We need to find a way to represent the conservation of all generalized

enstrophies,
∫
−G, discussed earlier in (9.84)–(9.87)

∫
−G�q��x		d�x =

∫
−G�q0��x		d�x =

∫
G��	�q0

��	d� (9.89)

for the one-point statistical measure ���x��	.
The obvious way to achieve this is to recall from Chapter 6 that the pointwise

and overall expected value of a non-linear function, G��	, with respect to the
probability density, ���x��	, is given by

�G����x	 =
∫

G��	���x��	d ��

�G�� =
∫
−
∫

G��	���x��	d�d�x�

(9.90)

Thus, combining (9.90) and (9.89), the conservation of generalized enstrophy for
such a probability measure becomes the requirements∫

G��	
∫
−���x��	d�x d� =

∫
G��	�q0

��	d� (9.91)

for all non-linear functions, G��	. From (9.91) we see that for the one-point
statistical density ���x��	 conservation of all the generalized enstrophies consistent
with the prior distribution, �q0

��	, requires that∫
−���x��	d�x = �q0

��	� for any � ∈ supp �q0
� (9.92)

A one-point statistic ���x��	 satisfying (9.92) is called a macrostate associated
with the microstate q0. This terminology will be used in Chapter 11 for discussion
of statistical sharpness of mean field predictions of various statistical theories.

Note that, in general, the requirements in (9.92) are an infinite number of
constraints. Also, the interested reader can easily check that, in the special case
that the probability measure, ���x��	, is associated with a single function, i.e.
���x��	 = �q��x	��	, the conditions in (9.92) reduce to the requirement that �q��	 =
�q0

��	, as we would expect.
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Finally, we are ready to formulate the maximum entropy principle which
encodes all of the generalized enstrophies. With the prior distribution, �q0

��	,
we define the relative entropy with respect to �q0

, i.e.

�����q0
��		 = −

∫
−
∫

ln

(
���x��	

�q0
��	

)
���x��	d�d�x� (9.93)

We now follow a familiar routine calculation to find the most probable states.
Using the above properties, we may write the constraint set as

E��	 = −1
2

∫
−�
 = E0�∫

���x��	d� = 1 for each �x� (9.94)∫
−���x��	d�x = �q0

��	 for any � ∈ supp �q0
�

and the most probable state is the one that maximizes the entropy (9.93) subject
to the constraints in (9.94).

9.4.2 The most probable state and the mean field equation

Next we invoke the Lagrange multiplier method. By the maximum entropy prin-
ciple, the most probable state �∗ is the one that maximizes the relative entropy
(9.93) under the given constraints (9.94). Since

�

��

(∫
−���x��	d�x

)
= ��� (9.95)

the most probable state �∗ satisfies

�

��
�����q0

	

∣∣∣∣�=�∗ =
(

�
�E

��
+ �̃��	+ �̃2��x	

)∣∣∣∣
�=�∗

� (9.96)

where �̃��	 is the Lagrange multiplier associated with the generalized enstrophy
constraints in the third equation in (9.94). Hence, by a routine calculation of the
variational derivatives, we obtain

ln

(
�∗

�q0

)
+1 = ��∗��x	�− �̃��	− �̃2��x	� (9.97)

By requiring
∫

�∗��x��	d� = 1, we get the most probable state

�∗��x��	 = e��∗�−�̃��	�q0
��	∫

e��∗�−�̃��	�q0
��	d�

� (9.98)
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For convenience, as in Chapter 6, we define the partition function as

���� �̃��		 =
∫

e��−�̃��	�q0
��	d�� (9.99)

Since

q∗ =
∫

��∗��x��	d� = 1
�

� ln����	

��

∣∣∣∣
�=�∗

� (9.100)

we obtain that the mean field of the most probable state must satisfy the:

Mean field equation

��∗ +h = 1
�

� ln����	

��

∣∣∣∣
�=�∗

� (9.101)

Note that the multipliers �, �̃��	 are determined by the constraints

E�q∗��� �̃��			 = E0�∫
−�∗ ��x��	d�x = �q0

��	 for all � ∈ supp�q0
�

and the last equations determine �̃��	 from the requirements

∫
− e��∗�−�̃��	∫

e��∗�−�̃��	�q0
��	d�

d�x = 1 for all � ∈ supp�q0
� (9.102)

The case with the beta-effect for the channel geometry can be treated similarly by
incorporating the conserved quantity given by the impulse as in Subsection 9.2.2.

A final remark is that no complete statistical mechanics theory which incor-
porates the infinitely many conserved generalized enstrophies has been devel-
oped yet. The limitations in the attempts to do this will be discussed briefly in
Chapter 11.

9.5 Non-linear stability for the most probable mean fields

We observe from Sections 9.2, 9.3, and 9.4 as well as Chapter 6, for the
case without large-scale mean flow �V = 0	 and conservation of impulse, that
the most probable mean field q∗ predicted by various statistical theories under
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the assumption that the prior distribution is independent of the spatial location
��0��x��	 = �0��		, satisfies the mean field equation

q∗ = F��∗	� F��	 = 1
�

� ln����	

��
� (9.103)

where � is the partition function defined by

���	 =
∫

e��−�̃��	�0��	d�� (9.104)

The mean field of infinitely many constraints theory given by (9.101) can be
recovered from (9.103)–(9.104), with �q0

��	 replacing �0��	 in (9.104), and the
mean field for the energy circulation theory given by (9.13) can be recovered with
�� replacing �̃��	 in (9.104). Equation (9.103) falls into the category of exact
steady state solutions of the barotropic quasi-geostrophic equations (9.1) whose
non-linear stability we studied in Section 4.3. Thus the answer to the question
regarding the stability of the predicted most probable mean field reduces to the
simple problem of verifying the appropriate assumption in Theorem 4.3. Hence
we have:

Theorem 9.1 The mean fields associated with the most probable state given by
(9.103)–(9.104) are non-linearly stable, provided one of the following conditions
holds:

(A) either we have positive temperature, i.e. � > 0, and bounded support for the prior
distribution �0; or

(B) we have negative temperature, i.e. � < 0, but the support of the prior distribution is
bounded, i.e. there exists a constant a, such that supp��0	 ⊂ 
−a�a�. Moreover we
assume −�a2 < 2.

Proof: As mentioned above, this is a simple application of the stability results for
steady state solutions in Section 4.3.

The assumption of bounded support of the prior distribution as imposed in the
negative temperature case (B) is sufficient, but not necessary. For instance, the
energy theory with Gaussian prior distribution from Section 6.6 predicts a linear
potential vorticity–stream function relation. The mean field is non-linearly stable
provided � > −1 or equivalently, � = �

� > − 1
� . Recall we assumed a Gaussian

prior distribution with zero mean and variance 1
� . This prior distribution does not

have compact(bounded) support.
We first need to verify that the solutions of (9.103) may be written in the form

� = G�q	 for some appropriate function G.
It is easy to check that ln� from (9.104) is convex in �. Indeed

� ln�
��

=
∫

� exp���− �̃��		�0��	d�∫
exp���− �̃��		�0��	d�

� (9.105)
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and hence

�2 ln�
��2

= 1
�2

(∫
exp���− �̃��		�0��	d�

∫
�2 exp���− �̃��		�0��	d�

−
(∫

� exp���− �̃��		�0��	d�
)2
)

≥ 0 (9.106)

by the Cauchy–Schwarz inequality �
∫

f 2
∫

g2 − �
∫

fg	2 ≥ 0	. In fact it is strictly
convex i.e.

�2 ln�
��2

> 0 (9.107)

except for the trivial uninteresting case in which �q0
is a Dirac measure.

In order to apply the stability results from Section 1.4, we would like to define

G = F−1 (9.108)

so that we have

� = G�q	� (9.109)

We need to check the invertability of F . Fortunately we have

F ′���	 = 1
�

�2 ln����	

��2

∣∣∣∣
�=��

> 0� (9.110)

Hence F is invertible and thus such a function G exists.
To get the stability in the case of (A), we notice that

G′ = �F ′	−1 > 0 (9.111)

and it is easy to observe that it is bounded away from 0 and �. Thus stability
follows immediately.

To derive stability in the case of condition (B), we need to show, according to
Section 4.3, that

G′ < −1
2

� (9.112)

which is equivalent to

−F ′ = − 1
�

�2 ln����	

�2�

∣∣∣∣
�=��

< 2� (9.113)

Since

�2 ln����	

��2
= 1

�2���	

(
����	

�2����	

��2
−
(

�����	

��

)2
)

≤ 1
����	

�2����	

��2
�

(9.114)
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it suffices to verify

− 1
�����	

�2����	

��2
< 2� (9.115)

Notice

1
����	

�2����	

��2
=
∫

�2�2 exp���� − �̃��		�0��	d�∫
exp���� − �̃��		�0��	d�

≤ �2a2� (9.116)

Hence the stability condition (assumption) is verified under the condition (B).
This completes the proof of the theorem.

The general case with large-scale mean flow and conservation of mean flow–
impulse difference can be treated similarly and is left as an exercise to the
interested reader.

Finally it is worthwhile to point out that the stability result here is not as sharp
as that presented in Chapter 4. Better stability results may be available if we have
more information on the prior distribution �q��	.
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10

Assessing the potential applicability of equilibrium
statistical theories for geophysical flows: an overview

10.1 Introduction

In Chapters 8 and 9, we have introduced and discussed four different ways
to utilize empirical statistical information to develop statistical theories for the
large-scale features of geophysical flows. These theories differ in the way small-
scale statistical information is encoded in a prior distribution and also in the
number of conserved integrals of the non-linear potential vorticity for ideal fluid
motion, which are regarded as statistically relevant; they also depend on suitable
externally imposed conserved quantities for ideal fluid motion, such as the energy,
circulation, and impulse.

Consider the simplest geophysical set-up

�q

�t
+�⊥� ·�q = �� +� �

q = �� +h� � = ��

(10.1)

in a periodic or channel geometry. The various equilibrium statistical theories
ignore the dissipation and forcing in (10.1) and differ in the statistical importance
which is assigned to various members in the infinite list of inviscid conserved
quantities

��q	 =
∫
−G�q	d�x� for any function G�q	
 (10.2)

The externally imposed conserved quantities for the unforced non-dissipative
dynamics imposed by these statistical theories are

Energy� E = −1
2

∫
−���

Circulation� � =
∫
−q� (10.3)

Impulse� I =
∫
−yq
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for the appropriate underlying geometry, i.e. periodic flows, channel flows,
basin etc.

These four statistical theories are the following: (10.4)

(1) The energy–enstrophy statistical theory (EEST) (Chapter 8 and Section 6.7).
(2) The point-vortex statistical theory (PVST) (Section 9.3).
(3) The empirical statistical theory with a prior distribution (ESTP) (Section 9.2 and

Section 6.6).
(4) The empirical statistical theory with many constraints (ESTMC) attempting to include

all the conserved quantities in (10.2) (Section 9.4).

Below, we often use the abbreviations in (10.4) as shorthand for the statistical
theories. In periodic geometry, all four of the statistical theories in (10.4) impose
energy as a large-scale constraint, but differ substantially in the fashion in which
various members of the list in (10.2) are deemed as statistically relevant.

As established in Chapter 9, all of these statistical theories can be formulated
to begin with an assumed prior probability distribution 
0��	 for the one-point
statistical fluctuations of potential vorticity at small scales, i.e.

Prob�a ≤ q��x� t	 < b� =
∫ b

a

0��	d� (10.5)

and predict that the stream function of the mean value of the coarse-grained
large-scale fluctuations, �, is an exact solution of the idealized dynamics in (10.1)
without dissipation and forcing, i.e. � satisfies the mean field equation

q = �� +h = F���E�� 	
 (10.6)

Here the non-linear function F depends on both the nature of the statistical theory
and the conserved quantities, E, � . Of course, some of the statistical theories
such as EEST include much more information, such as the behavior of statistical
fluctuation about this mean state, but all of them predict the coarse-grained
probability density for potential vorticity fluctuations.

10.2 Basic issues regarding equilibrium statistical theories for
geophysical flows

With the above brief summary of the developments in Chapters 8 and 9, various
theoretical and practical issues naturally arise in assessing the potential applica-
bility of the equilibrium statistical approaches in (10.4) to observed geophysical
phenomena as well as to geophysical models like those in (10.1). Here is a list of
such basic issues which we split roughly into theoretical and applied categories.
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Some basic applied issues

(A-1) Geophysical phenomena: What type of geophysical phenomena are predicted at
large scales by the solutions of the mean field equations in (10.6) for the various
statistical theories in (10.4)?

(A-2) Coherent structures: Do the coherent structures predicted by these statistical theo-
ries correspond to observed geophysical structures such as the Great Red Spot of
the Jupiter, Gulf Stream rings in the ocean, prototype atmospheric dipole blocking
patterns etc? (See Flierl, 1987; Marcus, 1993; Dowling, 1995 for review articles
on such coherent structures.)

(A-3) Rhines scale: Can transitions from large-scale zonal jets to vortices in a beta-
plane channel (Rhines, 1975) be predicted automatically and quantitatively by an
equilibrium statistical theory?

(A-4) Forcing and dissipation: Can the equilibrium statistical theories be utilized to
approximate in a statistical sense the geophysical flows in (10.1) with realistic
damping and driving? Which regimes of damping and driving are needed for this?
How do these results depend on the nature of the statistical theories in (10.4)?

(A-5) Practical choice of a prior distribution: Given a practical geophysical context, how
do we select the prior distribution, 
0��	, and the number of constraints to be
utilized for the given statistical theory based upon the available observational or
numerical record?

Some basic theoretical issues

(T-1) Comparison of predictions of statistical theories: How do the predictions of the
various equilibrium statistical theories in (10.4) compare and contrast with each
other?

(T-2) Additional information in predictions of ESTMC versus other statistical theo-
ries: How much additional information is actually contained in the predictions of
ESTMC at large scales as compared with the predictions of the simpler EEST,
PVST, and ESTP?

(T-3) Complete statistical mechanics for ESTMC and ESTP: As established in Chap-
ters 6, 8, and 9, the large-scale mean predictions of both the EEST and PVST can
be regarded as derived from an empirical statistical theory; however, they also can
be derived more rigorously from the complete equilibrium statistical mechanics
(Chapter 8 and Section 9.3) of a suitable approximate model for (10.1) in an appro-
priate limit. Is there a similar complete statistical mechanics theory for ESTMC or
ESTP?

(T-4) Theoretical derivation of prior distribution for ESTP: Can the prior distribution for
ESTP be derived in a fundamental fashion from theoretical information?

(T-5) Selective decay versus statistical behavior: For the special case of (10.1) with
h = 0, the rigorous predictions of selective decay from Chapter 3 coincide with the
predictions in Chapter 8 of the EEST in the continuum limit without geophysical
effects. For purely decaying flows for (10.1), do the PVST, ESTP, and ESTMC
make improved statistical predictions beyond selective decay?
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Of course, the applied issues (A-1) to (A-5) and the theoretical issues (T-1)
to (T-5) are not mutually disjoint and in the next several chapters, we demon-
strate how mathematical theory, numerical simulations, and actual observations
of physical phenomena interact symbiotically to give insight into all of the basic
issues mentioned above. The remainder of this chapter involves a brief review of
some of the developments in addressing those issues and also an overview of the
material in the next few chapters of this book.

10.3 The central role of equilibrium statistical theories with a judicious
prior distribution and a few external constraints

In Chapter 11, we discuss the predictions and comparisons of equilibrium statis-
tical theories, while in Chapter 12 we describe the role of equilibrium statistical
theories and the dynamical modeling of suitable flows with forcing and dissipa-
tion. The basic theme of these two chapters is to present both theoretical and
computational evidence that non-linear statistical theories such as ESTP, PVST,
and EEST, which utilize a suitable prior distribution combined with only a few
practical external constraints, such as the energy, circulation, and the impulse, are
the robust theories for potential applications. As we have shown in Chapter 9, the
large-scale mean field predictions of both the PVST and EEST theories can be
derived as special cases of the ESTP with two very special choices of the prior
distribution. Thus, the evidence accumulated in Chapters 11 and 12 has the theme:
the ESTP with a judicious choice for a prior distribution is the most appropriate
statistical formulation for applications. This claim is strongly supported by the
application of ESTP presented in Chapter 13 to the observational record on Jupiter
with a physically motivated prior distribution; the theory successfully predicts
self-consistently the observations of both the Voyager and Galileo space missions.
Thus, the issue in (A-5) is addressed in this specific applied context of Jupiter in
Chapter 13. The numerical experiments in Chapter 14 provide further compelling
evidence for the use of ESTP. Holloway and his coworkers have emphasized the
role of the EEST for explaining and parameterizing certain oceanographic flows
with topography (Holloway, 1986, 1992; Holloway and Eby, 1993; Merryfield
and Holloway, 1996), while Frederiksen and Sawford (1980) has emphasized the
role of EEST for the atmosphere (see Chapter 16). DiBattista and Majda (2000),
DiBattista, Majda, and Marshall (2002) have utilized fully the non-linear ESTP
with a suitable prior distribution measuring the intensity and duration of surface
buoyancy forcing to parameterize the seasonal spread of the cold water mass
during deep ocean convection.

In the latter part of Chapter 11, theoretical evidence is presented (Majda and
Holen, 1997) for the central role of ESTP theories. This is done by beginning
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with the more complex ESTMC theory described in Section 9.4 and using ele-
mentary rigorous mathematical arguments which prove that all of the convex
non-linear constraints ��q	 from (10.2) with G′′�q	 ≥ 0 and G′′�q	 not identically
zero, necessarily are decreased in passing from the microstate prior distribution

q0

��	 in the ESTMC (see Section 9.4) to the macrostate, unless the microstate
is extremely special, i.e. statistically sharp, while the robust conserved quantities
energy, circulation, and impulse are exactly conserved. Furthermore, it is shown
there that the mean field macrostates of the EEST and PVST are statistically
sharp, so that the ESTMC has no additional information beyond these statistical
predictions. These simple mathematical theorems provide compelling theoretical
evidence that ESTP with a judicious prior distribution and a few large-scale con-
straints are appropriate theories for applications. This fits nicely with potential
practical applications where the information needed for measuring the infinitely
many constraints in (10.2) at the microscales is usually not available. Further,
quantitative comparison of EEST and ESTMC for flow with topography is pre-
sented at the end of Chapter 11. Thus, the material in the second part of Chapter 11
provides substantial insight into the theoretical issues in (T-1), (T-2). With this
as background, an extremely important theoretical issue is the one in (T-4): Is
there a theoretical derivation of a suitable judicious prior distribution for ESTP
under appropriate circumstances? In an important paper, Turkington (1999) has
made substantial progress on (T-4). He presents rigorous mathematical arguments
supporting the intuitive fact that if only the extrema of the small-scale fluctuations
of potential vorticity are known, the suitable small-scale prior distribution for
ESTP is


0��x��	 = 1
2Q

I
Q+Q

Q−Q
��	� (10.7)

where Ib
a represents the indicator function over the interval �a� b�, i.e.

Ib
a��	 =

{
1 a ≤ � < b�

0 otherwise

and Q and Q are the interval midpoint and half-width respectively, i.e.

Q = 1
2

�Q+ +Q−	� Q = 1
2

�Q+ −Q−	� (10.8)

(see Section 9.2 above). Turkington also argues persuasively through mathematical
theory that for a suitable dilute mixture of positive and negative potential vorticity,
the natural prior probability distribution 
0��	 for ESTP is given by


0��	 = �

2
e−����
 (10.9)
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The prior distribution in (10.9) is associated with conservation of the total circu-
lation magnitude, i.e.

A =
∫
−�q�
 (10.10)

The context for Turkington’s theoretical arguments will be presented later in this
chapter in our brief discussion below of the issue in (T-3).

With the explicit theoretically motivated prior distributions in (10.7) and (10.9),
an important practical test is the nature and range of the geophysical phenomena
predicted by the ESTP with these explicit prior distributions. At the beginning
of Chapter 11, we show that these equilibrium statistical theories give genuine
insight into the practical issues in (A-1), (A-2), (A-3) by demonstrating that
the mean field predictions of ESTP with these prior distributions in a channel
geometry have many of the qualitative and quantitative features required in (A-1),
(A-2), (A-3).

10.4 The role of forcing and dissipation

As in (10.1), virtually all practical geophysical flows are subject to both forcing
and dissipation. Both the nature of the forcing and the dissipation can vary from
application to application. As in Chapter 2, there can be large-scale forcing of the
atmosphere through radiative heating, or the ocean through surface wind stress, but
also intense random small-scale forcing of the earth’s atmosphere from convective
storms, and the ocean from unresolved baroclinic instability processes on small
length scales. As we indicate in Chapter 13, recent observational data suggest
that the weather layer of Jupiter is subject to intense small-scale forcing from
convective plumes. The main premise of all the equilibrium statistical theories
listed in (10.4) is the use of exactly conserved quantities by the idealized dynamics
without dissipation and forcing. Thus, the issue in (A-4) is an extremely important
one for practical applications. The theoretical issue in (T-5) arises as the idealized
special case, where the external forcing, � , in (10.1) vanishes and all non-
ideal fluid features arise through viscous damping. Chapter 12 is centered about
these two issues. Recall from Chapter 3, that for decaying geophysical flows the
ultimate long time behavior is given by the theory of selective decay. We begin
by discussing the simpler situation of decaying flows.

The first numerical evidence for the significance of the mean states of equi-
librium statistical theories for describing unforced decaying turbulent flows is in
the important paper by Montgomery et al. (1992). These authors established that
for intermediate long time intervals that are much longer than the initial interval
of time with rapid decay of enstrophy but much shorter than the selective decay
time, the numerical solution was very strongly correlated with the solution of
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the sinh–Poisson equation (Montgomery and Joyce, 1974) arising as the mean
field prediction of the point-vortex statistical theory in periodic geometry. Fur-
thermore, this degree of correlation was always significantly larger than that with
the energy–enstrophy theory describing selective decay. In Chapter 12, we study
additional decaying numerical simulations in two different ways to gain insight
into the basic issues in (A-4) and (T-5). In one setting, explicit solutions of the
sinh–Poisson equation for the PVST are utilized to build initial data involving
suitable large amplitude random perturbations of these states in basin (swimming
pool) geometry; numerical simulations establish the much stronger correlation
with the PVST than the selective decay states of EEST, even throughout regimes
with large dynamic changes over time in both the energy and circulation (Majda
and Holen, 1997). Here we report on results which demonstrate that this decay-
ing behavior can even be predicted a prior by crude closure dynamics (Grote
and Majda, 1997). The above results apply to decaying 2-D fluid flows without
geophysical effects. A simple study of decaying flows with geophysical effects
involving a channel flow with beta-effect is also presented in Chapter 12. Here
the initial data are taken as a mean field state arising from ESTP with the prior
distribution from (10.7). The new feature is that the decaying solution undergoes a
topological transition from a coherent vortex to a zonal shear flow as the solution
decays. It is demonstrated in Chapter 12 that the mean field predictions of ESTP,
with time-varying energy and circulation, accurately track the flow through this
entire topological transition. In a classical study, Bretherton and Haidvogel (1976)
have studied selective decay with topography as an alternative explanation for the
success of EEST for flows with topography (Holloway, 1986).

The reader might validly question whether the success of the mean field predic-
tions of the equilibrium statistical theories in describing decaying flows over long
time intervals is just a direct consequence of the deterministic non-linear stability
of these steady states for inviscid dynamics (see Section 4.5) coupled with small
dissipation effects on large scales at large Reynolds numbers. Systematic numer-
ical studies of geophysical flows in (10.1) with both forcing and damping can
address this issue. For prototype oceanographic flows in a basin with steady large-
scale forcing, it has been shown that the predictions of EEST can either succeed or
fail dramatically in describing the ultimate steady state (Griffa and Salmon, 1989;
Wang and Vallis, 1994), depending on the structure of the forcing. In Chapter 12,
we study the solutions of (10.1) with random small-scale forcing and dissipation;
as mentioned above, this is another situation of considerable geophysical interest.
The numerical results presented there demonstrate significant regimes of strong
small-scale random forcing with dissipation, where the flux of energy to large
scales is sufficiently weak so that the equilibrium statistical theory quantitatively
describes the evolving large-scale coherent state without resolving any of the
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complex statistical details of the inverse cascade process (DiBattista, Majda, and
Grote, 2001). This fact is demonstrated a priori in a dramatic fashion in Chap-
ter 12 through crude closure algorithms for dynamic evolution (Grote and Majda,
1997, 2000), which involve non-linear predictive equations for only two evolving
parameters in the mean field state of an equilibrium statistical theory compared
with the result of a resolved numerical simulation with O�105	 to O�106	 degrees
of freedom. This success of the equilibrium theory in describing appropriate
regimes of random small-scale forcing provides background physical motivation
for applying such theories to Jupiter in Chapter 13, where the most important
forcing seems to occur at small scales through random convective plumes.

Finally we complete our overview in this chapter with the following topic.

10.5 Is there a complete statistical mechanics theory for ESTMC and
ESTP?

First we mention that there is a remarkable finite-dimensional discretization of
the ideal fluid equations in (10.1) without forcing and dissipation, the sine-bracket
truncation, which for a given N ×N spatial discretization, automatically conserves
both the energy and N -independent discrete analogues of the invariants in (10.2).
This discrete truncation is a suitably modified version of the Fourier spectral
method in Chapter 8 and is due independently to Zeitlin (1991) and Miller et al.
(1992). These approximations are a very natural context to study the interesting
issues of statistically relevant and irrelevant conserved quantities for geophysical
flows. Chapter 14 of this book contains a study of these issues both for the
sine-bracket truncated geophysical fluid equations and the truncated Burgers–
Hopf equations (see Chapter 7) through a series of careful systematic numerical
experiments. While it is an appealing open problem, no one has succeeded in
deriving the appropriate continuum statistical theory for these approximations in
the limit as N → 	. One obstacle to overcome in such a derivation is that the
standard finite-dimensional Gibbs ensemble with these finite invariants formally
diverges and is not renormalizable (see Chapter 7).

However, there are alternative interesting attempts (Miller, 1990; Miller et al.,
1992) to derive ESTMC from a formal equilibrium statistical mechanics lattice
model, which does not respect the actual dynamics of ideal two-dimensional fluid
flow, but nevertheless is a dynamic model with discrete analogues of the many
invariants in (10.2). An application of formal statistical mechanics coarse-graining
approximations to these lattice models in a mean field limit yields the empirical
statistical theory described earlier in Section 9.4 (Miller et al., 1992). Chorin
(1996) and Turkington (1999) have made insightful criticisms of the shortcomings
of such lattice models in describing the actual properties of ideal fluid flow.
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In fact, the criticism of this work by Turkington (1999) naturally leads to the ESTP
with the prior distribution singled out in (10.7) and (10.9). The basic criticism
of Chorin and Turkington is easy to understand intuitively. The lattice model
by definition has a smallest scale �x; ignore geophysical effects and consider a
prior probability distribution for vorticity in periodic geometry at each lattice site
taking on only the two values, −� and �. This is the probability density naturally
associated with initial data consisting of two patches of vorticity with values,
−� and � and equal area (Majda and Bertozzi, 2001 Chapter 8). The coarse-
graining procedure in Miller et al. (1992) involves building a probability measure
on a coarse-grained lattice with spacing Q�x, Q 
 1 by averaging over all Q2

terms from the original lattice with spacing �x centered about the coarse-grained
lattice site. For Q large enough, this original probability distribution with only
two values is replaced approximately by the uniform probability density in (10.7)
with Q = 0� Q = �. This procedure gives the heuristic reasoning for why the
coarse graining of the lattice model in Miller et al. (1992) yielding the equations
in Section 9.4 for a vortex patch prior distribution is not the correct mean field
continuum limit and suggests instead the use of ESTP with the prior in (10.7)
as the appropriate answer. The basic reason is that two-dimensional idealized
fluid flow does not have a smallest scale, while a lattice model always has a
smallest scale; if the prior probability distribution from the initial data, 
q0

��	,
from Section 9.4, is imposed on this smallest scale, detailed information on this
prior distribution is necessarily lost on any coarse-grained scale.

Turkington (1999) suggests that the remedy for overcoming this defect in
the lattice models is to regard the discrete lattice as providing an “observation
window” in a suitably precise sense for the ideal Euler dynamics; in this fashion,
the equalities in Section 9.4 associated with the convex conserved quantities
in (10.2) become inequalities. He goes on to show that these inequalities are
satisfied for the coarse-grained large-scale limit for vortex patch initial data,
provided that the ESTP equations with the prior distribution in (10.7) are utilized
(see Section 5.1 of Turkington, 1999). He also considers prior distributions for
the initial data associated with two equal strengths, equal area vortex patches
surrounded by irrotational flow, i.e. the probability density associated with the
initial data is given by the sum of these point masses

V�−� +V�� + �1−2V	�0
 (10.11)

In Section 5.3 of Turkington (1999), he uses the observation window approach
in the dilute vortex limit, V → 0� � → 	 with normalized circulation, �V = 1,
to show that the coarse-grained large-scale limit satisfies the mean field equation
associated with ESTP with the prior distribution in (10.9). In an interesting recent
work, Boucher, Ellis, and Turkington (2000) have applied large deviation theory
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to the lattice model in the coarse-grained continuum limit to rigorously justify the
mean field prediction by ESTP, with the prior distribution in (10.7) or (10.9) as
the most probable state. Of course, when the ideal 2-D Euler equations are subject
to damping and driving, there is no reason to believe a priori that the convex
conserved quantities from (10.2) are automatically decreased in such a process.
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11

Predictions and comparison of equilibrium
statistical theories

11.1 Introduction

In the previous Chapters 6, 8, and 9, various statistical theories have been intro-
duced to predict large-scale structures for geophysical flows. These statistical
theories range from the simple energy–enstrophy theory (EEST) developed in
Chapters 6 and 8, point vortex theory (PVST) from Section 9.3, empirical sta-
tistical theory with a prior distribution and a few external constraints (ESTP)
introduced in Chapter 9 and recalled in Chapter 10, to the elaborate equilibrium
statistical theory involving many constraints (ESTMC) developed in Section 9.4.
In the presence of such a wide variety of theories, a central question is the applica-
bility of these statistical theories to geophysical flows. As indicated in Chapter 10,
the purpose of this chapter is to address several practical as well as theoretical
issues pertinent to the potential applicability of various equilibrium statistical
theories. In particular we will address three applied issues, (A-1)–(A-3), and two
theoretical issues, (T-1)–(T-2) of Chapter 10. We will provide strong evidence,
both numerical and analytical, in supporting the central role of equilibrium sta-
tistical theories with judicious prior distribution and few external constraints. In
doing so, we also provide answers, either numerical or analytical or both, to the
questions in (A-1)–(A-3) and (T-1)–(T-2), i.e. the type of geostrophic phenomena
that are predicted at large scales by the solutions of the mean field equations (10.6)
for various statistical theories (10.4); whether coherent structures predicted by
various equilibrium statistical theories correspond to observed geophysical struc-
tures; if the transitions from large-scale zonal jets to vortices in a beta-plane
channel (Rhines, 1975) can be predicted automatically and quantitatively by an
equilibrium statistical theory; whether the predictions of the various equilibrium
statistical theories in (10.4) compare and contrast with each other; and how much
additional information is actually contained in the predictions of ESTMC at large
scales as compared with the simpler EEST, PVST, and ESTP predictions.

328
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The chapter is organized as follows. In the second section we first give a brief
review of ESTP with two prior distributions from (10.7) and (10.9) introduced by
Turkington (1999). The external constraints are the conservation of energy and cir-
culation in a beta-plane channel with mean flow. The predictions of the statistical
theory, which is a set of elliptic partial differential equations, are evaluated/solved
using a carefully designed accurate numerical procedure for a wide range of
parameter values. Numerical evidence suggests that the most probable states pre-
dicted by this theory range from zonal shear flows to monopole vortices and
dipole vortices as the geophysical parameter, �, varies as well as the mean flow,
V . We also establish that various coherent structures can maximize the entropy
and be the most probable large-scale structures when consistent symmetries in
the flow field are imposed, while other coherent structures actually maximize
the empirical entropy when such symmetries are broken. The predictions of the
statistical theory with and without geophysical effects are all considered. This
partially addresses the applied issues (A-1) and (A-2) from Chapter 10. An inter-
esting feature of the numerical results is its connection with the Rhines scale.
Given the energy density, E′ = E/HL, where H is the width and L is the length
of the channel, and the geophysical beta-effect, �, Rhines (1975, 1979) intro-

duced the scale, LR = E′ 1
4 /�

1
2 , as a fundamental length scale and predicted that

zonal jets dominate for scales L� LR, while vortices dominate for scales L� LR.
Statistical theory yields a prediction for large-scale coherent structure consistent
with predictions from the Rhines’ scale (see Subsection 11.2.3). This addresses
the applied issue (A-3) from Chapter 10. Most of the material in this section is
due to DiBattista, Majda, and Turkington (1998). In the third section we consider
the problem of statistical sharpness of statistical theories with a few constraints
(such as EEST and PVST) in the more elaborate theory involving infinitely many
constraints (ESTMC). We discover that the classical few-constraint statistical the-
ories, involving energy–enstrophy principles (EEST) or point vortices (PVST),
are statistically sharp with an infinite number of constraints (ESTMC). In other
words, at the macrostates of the few-constraint theories, the many constraint the-
ories provide no additional statistical information. This is established through a
general link between statistical theories, generalized selective decay principles
(see Section 4.5), and statistical sharpness. This provides an answer to the theoret-
ical issue (T-2) from Chapter 10. In the fourth section we consider an asymptotic
procedure with small potential vorticity. We show that the many constraint theo-
ries of flows (ESTMC) yield the simpler energy–enstrophy (EEST) macroscopic
states at leading order with systematic higher-order corrections, involving a renor-
malized topography that includes higher moments of the microscopic potential
vorticity distribution. This offers an answer to the theoretical issue (T-1) from
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Chapter 10. The rigorous results in Sections 3 and 4 are mainly due to Majda and
Holen (1997).

In Chapter 13, we will provide further information regarding the applied issue
(A-2), where the first quantitatively accurate prediction of the Great Red Spot and
White Ovals on Jupiter will be presented utilizing ESTP. Issues involving forcing
and dissipation will be addressed in Chapter 12.

11.2 Predictions of the statistical theory with a judicious prior and a few
external constraints for beta-plane channel flow

11.2.1 Statistical theory

Here we consider ideal barotropic flows on a beta-plane channel in the absence of
topographic effect (h ≡ 0). In order to talk about Rhines’ scale, here we consider
a channel which is periodic in x with period L and extent −H/2 < y < H/2,
although the numerical simulations are performed in the channel geometry with
lengths, L = 2�� H = 2�. The dynamics of the stream function or potential
vorticity are governed by the usual barotropic quasi-geostrophic equations without
damping and external forcing

�q

�t
+�⊥� ·�q = 0�

q = �� +�y� � = −Vy +	

(11.1)

together with the boundary conditions that all quantities are periodic in x with
period L and the small-scale stream function 	 vanishes at the walls (y = ±H/2)
of the channel. See Section 1.4 for more details. Notice here we use 	 and � to
denote the small-scale and total stream functions respectively, while we used 	′
and 	 to denote the small-scale and total stream functions respectively in previous
chapters. The incompressible velocity is defined as

�v = �⊥� =
(

V

0

)
+�⊥	
 (11.2)

All of the solutions presented here involve a channel with unit aspect ratio, except
for our discussion of the Rhines scale in Subsection 11.2.3.

As established in Section 1.4, the dynamic equations (11.1) conserve the total
kinetic energy, total circulation, and impulse

E = 1
2

∫
−��v�2d�x� � =

∫
−qd�x� I =

∫
−y q d�x (11.3)
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as well as the infinite number of integrals (the generalized enstrophies) involving
arbitrary functions of potential vorticity

��q
 =
∫

G�q
d�x (11.4)

for any function G. Included in this infinite list are two that take on special
importance in the statistical theory utilized below: the extrema of q

Q+ = max q� Q− = min q (11.5)

and the mean absolute potential vorticity

A =
∫
−�q�d�x
 (11.6)

See (10.7) and (10.9) and the discussion in Section 10.5 for the importance of
(11.5) and (11.6).

As was discussed in Subsection 9.2.2, we utilize the following modified
“energy” and circulation as conserved quantities in our statistical theory below

Ẽ =
∫
−
(

−1
2

	 +Vy

)
�q −�y
� � =

∫
−q d�x (11.7)

instead of the three conserved quantities given in (11.3). Such a choice of con-
served quantities ensures that the large-scale mean field predicted by the statistical
theory be exact steady state solutions to the barotropic quasi-geostrophic equa-
tions (11.1). For such a choice of modified “energy”, the impulse is no longer
a free parameter, and thus we may consider the correlation between the impulse
and the large-scale mean for the most probable mean states below.

Here we consider the ESTP derived in Section 9.2 in empirical fashion with a
given prior distribution, �0��
, and the constraints in (11.7). We utilize the two
choices of prior distribution in Turkington (1999) from (10.7) and (10.9) with a
derivation discussed briefly in Section 10.5. Thus, considering only the potential
vorticity extrema Q+ and Q−, we use a prior distribution of the form

�0��
 = 1
2Q

I
Q+Q

Q−Q
��
� (11.8)

in which Ia
b represents the indicator function over the interval �a� b�, and Q and

Q are the interval midpoint and half-width respectively, i.e.

Q = 1
2

�Q+ +Q−
� Q = 1
2

�Q+ −Q−

 (11.9)
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As mentioned already in Section 9.2, this prior distribution leads to a Langevin
equation for the mean field potential vorticity.

Increasing the complexity only slightly, we consider, in addition to the potential
vorticity extrema in (11.5), the constraint on the mean absolute potential vortic-
ity in (11.6) in the dilute PV limit. See the discussion above equation (10.11)
and Turkington (1999). This added constraint on the potential vorticity provides
additional information on the fine-scale mixing, which is encoded in the prior
distribution

�0��
 = �

2
e−����� (11.10)

in which � is a parameter with a value which ensures that the constraint on the
mean absolute potential vorticity, A, in (11.6) is satisfied.

For the explicit prior distributions in (11.8) and (11.10) the mean field equation
for the ESTP from Section 9.2 takes the explicit forms:

• Langevin theory

q = Q+Q

(
coth Q�− 1

Q�

)
≡ Q+QL�Q�� (11.11)

• Dilute PV theory

q = 2�

�2 −�2
� (11.12)

where � = ��	 − Vy
 − �, and L�x� ≡ coth�x� − 1/x is the Langevin function.
We will describe later in this subsection an accurate iterative algorithm that
simultaneously determines the Lagrange multipliers, � and �, and solves the mean
field equations for the coarse-grained (mean field) potential vorticity field, q.

As we remarked in Section 9.2, solutions of the mean field equations in (11.11)
and (11.12) are exact steady solutions of the barotropic flow equations on a beta-
plane in channel geometry. These solutions are traveling waves, moving with
velocity V . These exact solutions are the large-scale coherent structures predicted
by the statistical theory, given the imposed values of the conserved quantities.

Finally, we list the independent parameters that determine solutions in the
statistical theories. Naturally, this must include the large-scale constraints for the
“energy,” Ẽ, and circulation, � , the eastward mean flow, V > 0, and geophysical
beta-parameter. We have also introduced additional parameters Q and Q in (11.9),
and �, whose values characterize the shape of the various prior distributions
(11.8) and (11.10). Of these additional parameters, however, it is always possible
to eliminate one due to a scaling invariance in the potential vorticity field. Thus,
in the Langevin theory we set the vorticity range half-width Q = 1, and vary
five parameters Ẽ� ��V��, and Q. In the dilute PV theory we set � = 2 and vary
the four parameters Ẽ� ��V , and � (here, Q is zero and Q is infinite). We shall
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see that various coherent structures of geophysical interest maximize entropy in
distinct ranges of these parameters.

Numerical techniques

To compute the maximum entropy solutions described above, we adapt a rapid
and accurate algorithm developed by Turkington and Whitaker (1996). The main
idea is to iterate over a convergent set of simpler problems by replacing the
“energy” constraint, � �1
, with a series of linearized inequalities. In the limit, we
recover the original “energy” equality. Thus, in the kth step of the algorithm the
mean field potential vorticity, qk, is defined by the revised constraints, � �1′
 and
� �2′
 (we omit the probability constraint corresponding to � �3
 for simplicity)

� �1′
 =
{

�k � Ẽ��k
 =
∫
−
(

−1
2

	
k−1 +Vy

)
�qk −�y
d�x

= Ẽ + Ẽk−1 −VIk−1 > Ẽ

}

� �2′
 =
{
�k � ���k
 =

∫
−qk d�x = �

}
� (11.13)

in which the “energy” integral � �1′
 is linearized about the stream function 	
k−1

,
which is calculated in the previous step.

This problem is solved by a standard two-part process, which simultaneously con-
structs the mean field potential vorticity, q, and determines the unknown Lagrange
multipliers, � and �. First, upon completion of the �k − 1
th step, the stream func-

tion, 	
k−1

, “energy”, Ẽk−1, and impulse, Ik−1, are known. From these quantities
and the appropriate mean field equation (11.11) and (11.12), we form a matrix equa-
tion from the linear constraints, � �1′
 and � �2′
, whose solution, which is calculated
by Newton’s method, determines the updated values of the Lagrange multipliers
�k and �k. Then, using the new Lagrange multipliers, we calculate the updated
vorticity field qk. Finally, by inverting the Laplacian operator, we calculate the

stream function, 	
k
, the “energy,” Ẽk, and the impulse, Ik. We repeat this process

until the difference between the calculated and target “energies” is less than 10−8.
Turkington and Whitaker (1996) show that the potential vorticity field qk

approaches the true entropy maximizer as the “energy” difference, Ẽ − Ẽk, con-
verges to zero; more details of both the algorithm and its properties may be found
in their paper.

Role of symmetries

Solutions to the mean field equations (11.11), and (11.12) are frequently symmet-
ric with respect to the channel domain. Typically, solutions exhibiting different
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symmetries lie upon distinct branches that emerge from a common bifurcation
point. We can select solutions exhibiting particular symmetries by introducing
simple restrictions in our algorithm. This allows us to calculate classes of solu-
tions that may not maximize entropy overall, but do so within a certain symmetry
class. Furthermore, in a damped and driven flow we may observe these classes of
solutions when either the domain or the forcing respects an underlying symmetry
(see Chapter 10).

There are four types of symmetry groups that the potential vorticity, q�x� y
,
typically possess:

streamwise translational symmetry: q�x� y
 = q�y
 (11.14)

spanwise symmetry: q�x� y
 = q�x�−y
 (11.15)

spanwise antisymmetry: q�x� y
 = −q�x�−y
 (11.16)

diagonal antisymmetry: q�x� y
 = −q�−x�−y

 (11.17)

Here, the origin of the coordinate system is placed in the center of the periodic
channel. We take care in the subsequent discussion to present the different classes
of solutions that solve the mean field equations (11.11) and (11.12), and the
symmetry restrictions under which they maximize entropy.

11.2.2 Coherent geophysical vortices (monopoles and dipoles)

Basic solutions with no geophysical effects (V = � = 0)

We now present the prototype large-scale structures that emerge as the most
probable states in the Langevin and dilute PV statistical theories according to the
numerical results reported by DiBattista, Majda, and Turkington (1998).

The numerical procedure of constructing the most probable states involves
solving the mean field equations (11.11) or (11.12), by the iterative algorithm
described in the previous subsection, for a given set of parameter values. In this
section we concentrate on the basic structures that satisfy these equations with
vanishing mean flow and beta-parameter, i.e. with V = � = 0. In this case, the
“energy”, Ẽ, defined in (11.7) coincides with the total kinetic energy, E.

In fact, these basic solutions span the complete range of structures that arise
within these statistical theories. Langevin theory produces shear flows and, at
sufficiently high values of energy, E, circulation, � , and Q, monopole vortices as
the most probable states. The solutions that arise from dilute PV theory, however,
span a larger range that encompasses shear flows, monopole vortices, vortex
streets, and vortex dipoles, each of which appears spontaneously at sufficiently
high energies.
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Langevin theory

Recall that solutions to the Langevin mean field equation with Q = 0 are deter-
mined solely by their energy, and circulation, � .

For a fixed non-zero value of E, circulation, the entropy-maximizing mean field
state is either a spanwise symmetric shear flow at low energies or a monopolar
vortex at high energies.

The monopole vortex, bifurcates from the spanwise-symmetric shear flows
with positive circulation at high energies, provided that Q ≈ Q is not zero and
the potential vorticity is nearly all single signed. A plot of the energies and
entropies of solutions in which the circulation � = 1
0 and Q = Q = 1
0 is shown
in Figure 11.1. The bifurcation point in this energy–entropy diagram is near the
value, E = 0
071, and clearly shows the emergence of the coherent vortex from
the underlying shear flow. Monopole vortices are the most probable states at
higher energies, whereas shear flows, which exist throughout the entire range of
energies, are maximum entropy solutions only at lower energies. In Figure 11.2
we show an example of a monopole solution for the energy, E = 0
115, and the
circulation, � , and Q given above. This vortex therefore lies near the end of the
upper branch shown in Figure 11.1, with an energy near the maximum possible
value. The shape is near a top-hat, with a central patch of nearly uniform potential
vorticity surrounded by a near-neutral fluid. The region of parameter space in
which the monopole vortices exist is a complex function of E, � , and Q. Indeed,
for even higher values of circulation than shown in the entropy–energy diagram
in Figure 11.1, the very high energy monopole vortices elongate and may even
revert back to shear flows, being no longer able to support their compact shape
at large aspect ratios.

This completes the survey of structures that maximize entropy in the Langevin
theory for vanishing mean flow and beta-parameter, a set which comprises only
shear flows and monopole vortices. As a final note, however, we point out that
the low energy solutions in Figure 11.1 have positive slope and thus positive
temperature 1/�; the potential vorticity of solutions in this regime is largely
accumulated near the sides of the channel.

Dilute PV Limit

We turn now to the basic solutions in the dilute PV theory, which span a much
richer assortment of coherent structures. Here we consider the situation in which
the mean flow, V, the beta-parameter, and the circulation, � , all vanish. Thus the
“energy” defined in (11.7) is the total kinetic energy. At low energies the entropy-
maximizing solutions are shear flows, as they are in the Langevin theory. However,
at higher energies coherent structures such as monopole vortices, vortex streets,
and vortex pairs systematically emerge from the underlying shear flow solutions.
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Figure 11.1 Entropies and energies of maximum entropy solutions in Langevin
theory with circulation � = 1
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Figure 11.2 Monopolar vortex maximum entropy solution in Langevin theory
with energy E = 0
115, circulation � = 1
0, and Q = Q = 1
0, V = � = 0.

All solutions, both shear flows and vortex structures, are shown in the entropy–
energy diagram Figure 11.3. The long, dotted curve sweeping the length of
the graph indicates the position of the shear flow solution; notice that for low
energies these solutions are the entropy maximizers. There are two bifurcation
points along this curve: the first, near the point E = 0
032, indicates the energy
at which two higher-entropy branches simultaneously split from the shear flow
solutions. Monopole vortices lie on the upper branch, while vortex streets lie on
the lower branch. The second bifurcation point, near the point E = 0
077, marks
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Figure 11.3 Entropies and energies of maximum entropy solutions in dilute PV
theory, with � = 2, V = � = � = 0.

the energy above which vortex pairs exist. Whereas in the Langevin theory vortex
structures appear as most probable states only for cases in which the vorticity
is predominantly single signed, the vortex structures in the dilute PV limit can
appear in a fluid comprised of both positive and negative vorticity.

Each of these classes of solutions exhibit one of the symmetries discussed in the
previous subsection; the monopole vortices are spanwise symmetric, as in (11.15),
the vortex dipoles spanwise antisymmetric, as in (11.16), and the vortex streets
diagonal antisymmetric, as in (11.17). Each of the branches shown in Figure 11.3,
therefore, represent the maximum entropy solutions for periodic channel flow
with vanishing mean flow and beta-parameter under the appropriate symmetry
restrictions.

In Figures 11.4(a), (b) we show examples of the solutions with vortex structures
represented in the entropy–energy diagram of Figure 11.3.

The vortex structures, two of which are monopole vortices and two of which
are vortex streets, lie on branches originating from the first bifurcation point near
E = 0
032 and are shown in Figure 11.4(a). The vortex structures do not all share
the same entropy; the monopoles, which lie on the left half of the diagram, possess
higher entropy than the vortex streets, which lie on the right half. At higher
energies these vortex solutions grow without bound, sharpening into tall, narrow
spikes as the surrounding vorticity field flattens to a constant level. At some
point the resolution of our discrete mesh is insufficient to capture these peaked
solutions; these values are the points at which the solution curves terminate in the
entropy–energy diagram of Figure 11.3.
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Figure 11.4 Monopoles, vortex streets, and dipoles predicted by dilute PV.
(a) Plot of the potential vorticity with energy near the bifurcation point E =
0
032. Left column: monopole vortices on the upper branch with higher entropy;
right column: vortex streets on the lower branch with lower entropy; (b) plot of
the potential vorticity with energy near the second bifurcation point E = 0
077.
Vortex dipoles.

The high-energy vortex structures, which are vortex dipoles, that lie on the
branch originating from the second bifurcation point near E = 0
077 are shown in
Figure 11.4(b). These solutions spring from high-energy positive-impulse shear
flows (positive-impulse vortex pair) and negative-impulse shear flows (negative-
impulse vortex pair). No similar structure appears to bifurcate from the zero-
impulse symmetric shear flows at this point. Note that although these vortex
dipoles are paired configurations they do not travel, since the mean flow speed
is zero. The pair therefore is strongly affected by the boundaries and each of the
vortices appears midway between the edge and centerline of the channel. Like
the monopoles and vortex streets above, the vortices in the pair grow narrow and
more peaked at higher energies.

Geophysical solutions �V �= 0, � �= 0


We now consider the case with geophysical effects. We observe that, in both
the Langevin and dilute PV theories, no additional structures appear to maxi-
mize entropy in the geophysical regime beyond those presented in the previous
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subsection. However, in both statistical theories an eastward mean flow raises
the entropy of the positive-impulse solutions and lowers the entropy of the those
with negative impulse (these are equal without mean flow), while a positive beta-
parameter causes the reverse effect. Systematic changes in these parameters yields
systematic alterations of the shapes of the mean field potential vorticity surfaces
and movement of the bifurcation points in the enlarged parameter space. The
predicted coherent structures in the dilute PV theory are typically either dipolar-
vortex streets or shear flows, depending on the mean flow, beta-parameter, and
“energy”.

For more detailed discussions beyond that given below, we refer to the original
article of DiBattista, Majda, and Turkington (1998).

Langevin theory
Here we systematically increase the mean flow while keeping � and the “energy”
fixed. We consider a regime like the one which produced the monopole vortex
in Figure 11.2 and systematically increase the mean flow from zero to positive
values; as mentioned above, we will observe an increasing impulse in the mean
field state as V increases. Figure 11.5 represents a series of six plots of the
potential vorticity for the maximum entropy mean field state. The “energy” and
circulation are fixed at the values Ẽ = 0
03 and � = 1
0 respectively, with � = 0
3
and a variable mean flow ranging from V = 0
0 to V = 0
12. Also, here Q = 0
9
and Q = 1
0 so that nearly all the potential vorticity is positive. Of these six
solutions, two are shear flows with a radically different structure, while four are
monopole vortices; clearly, the point at which the vortex emerges from the shear
flows is a complex function of all these parameters. The shear flow solutions
shown in the upper left corner of Figure 11.5 has positive beta-parameter but no
mean flow and forms a single ridge with negative impulse located in the lower
half of the channel. As the mean flow increases, the ridge moves northward and
a coherent vortex forms. Near the critical ratio �/V ∼ 10, the vortex is roughly
centered in the channel and crosses into the upper half of the channel as V

is increased further. At larger values of V , the vortex approaches the channel
edge and instead becomes a strong shear flow with positive impulse, hugging the
northern boundary.

Dilute PV theory
We have shown earlier in this section that the dilute potential vortex theory (see
Figure 11.4(a)) can have dipole vortices as mean field statistical predictions when
there are no geophysical effects or mean flow. In this situation, due to symmetry,
both positive and negative impulse solutions are the most probable predicted state.
With the geophysical effect of � included and an eastward mean flow, V > 0,
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Figure 11.5 Plot of potential vorticity of maximum entropy solutions in
Langevin theory, with “energy” Ẽ = 0
03, circulation � = 1
0, � = 0
3, Q = 0
9
and Q = 1
0, a variable mean flow ranging from V = 0
0 to V = 0
12.

it is interesting to obtain most probable mean field states with dipole structure
with negative impulse so that the anti-cyclones (high pressure region) sit above
the cyclones (low pressure region) and produce simple prototype models for
atmospheric blocking (Flierl, 1987). In DiBattista et al. (1998), it is established that
there is a transition ratio �/V = 10 so that the most probable states of the dilute
potential vorticity theory have positive impulse (cyclones above anti-cyclones) for
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�/V ≤ 10 and negative impulse (anti-cyclones above cyclones and thus, prototype
blocking patterns) for �/V ≥ 10. Next, we illustrate this behavior below.

First, we demonstrate the positive impulse solutions with �/V ≤ 10. We fix
V = 0
06 and � = 0
3 so that �/V = 5 and compute the mean field statistical
states as the “energy” varies from Ẽ = 0
11 to Ẽ = 0
14 in equal increments. The
corresponding potential vorticity plots are shown in Figure 11.6 with the clear
emergence of a vortex dipole pair with positive impulse as the “energy” increases.
On the other hand, we decrease the mean flow V to V = 0
02 and keep � = 0
3
so that �/V = 15 and we vary the “energy” in equal increments from Ẽ = 0
05
to Ẽ = 0
08. Potential vorticity plots of the most probable states are presented
in Figure 11.7 and show the emergence of dipole pairs with negative impulse as
the “energy” increases. These are prototype omega blocking patterns produced by
the statistical theory. More conventional symmetric blocking patterns with lower
entropy and negative impulse like those in Figure 11.4(b) can also be produced
from the statistical theory by imposing additional symmetries in the solution as
we have discussed earlier (see DiBattista et al., 1998).
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Figure 11.6 Plot of potential vorticity of maximum entropy solutions in dilute
PV theory, with � = 2, V = 0
06�� = 0
3��/V = 5
. Observe the emergence of
a vortex dipole pair with positive impulse as the “energy” increases.
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Figure 11.7 Plot of potential vorticity of maximum entropy solutions in dilute
PV theory, with � = 2, V = 0
02�� = 0
3��/V = 15
. Observe the emergence
of a vortex dipole pairs with negative impulse as the “energy” increases.

11.2.3 Statistical predictions of generalized Rhines’ scale

Recall that the energy density, E′, has the units �E′� = L2

T 2 , while � has the
units, ��� = L−1T−1. Thus, it is apparent that the only length scale that we could
derive out of the energy density, E′, in the large-scale flow and the geophysical
beta-effect, �, is

LR = E′ 1
4

�
1
2

� (11.18)

which was first introduced by Rhines (1975, 1979) as one of the fundamental
scales for geophysical flows on a beta-plane. He also argued that zonal jets
dominate for scales L � LR while vortices dominate for scales L � LR. Rhines
applied this length scale to simulations of decaying two-dimensional turbulence,
showing that the transition between a vortex-dominated flow and a wavelike
propagation region is well-predicted by this measure. We show in this subsection
that a similar universal length scale predicts the point at which vortices, both
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Langevin monopoles and dilute PV vortex streets, emerge as maximum entropy
states of a statistical theory from the underlying shear flows. Thus, the equilibrium
statistical theory automatically predicts a generalized Rhines’ scale in the nature
of the coherent structure which emerges. This addresses applied issue (A-3)
discussed in Section 10.2.

We simplify matters by setting the eastward mean flow and circulation to zero
and solve the mean field equations for many values of energy and �. The transition
curve in the �E′��
-plane between shear flow and vortex solutions then fits with
remarkable accuracy by a parabola of the form

E′ = �L∗
R
4 �2 +b�+ c� (11.19)

in which L∗
R, the fourth root of the curvature, is the generalization of the familiar

Rhines’ scale according to (11.18). In each of the cases we consider, the transition
curve is essentially indistinguishable from the best-fit parabola.

It is an interesting question as to which of the two physical length scales in our
domain, either the streamwise periodic length, L, or the spanwise channel width,
H , determines the generalized Rhines’ scale. In fact, we find that the spanwise
length is the only relevant length scale here and that L∗

R is in direct proportion to
H , for H ≥ L.

We can best show this by using non-dimensional units where the length scale
is fixed by the channel width so that H = 1. A change in channel aspect ratio,
AR = H/L = 1/L, causes no change in the energy density, E′ = E/�HL
 = E/L,
of the most probable shear flow solution, since it is translationally invariant in
the streamwise direction. This provides a natural basis of comparison for the
emergence of vortices in channels with different aspect ratios, and, as we shall
see later in this subsection, yields a constant value for the generalize Rhines’
length, L∗

R, throughout the range of L that we consider. For a channel of arbitrary
width, it is a simple exercise with the above non-dimensionalization to show that
the generalized Rhines’ scale is directly proportional to the channel width, H , in
the problem.

Vortex streets in the dilute PV limit

In the previous subsection we determined the positions in the �E��
-plane, where
vortex streets emerged from the underlying shear flows. We found that, for
each value of �, there is a critical energy with coherent vortex streets as the
most probable states for larger energies and shear flows for lower energies. In
this subsection we consider the precise shape of these transition curves for a
wider range of energies and beta-parameters on periodic channels with varying
aspect ratio.
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Figure 11.8 Plot of transition curves from shear flow region to vortex region
predicted by the dilute PV theory in the ���E′
-plane for the aspect ratios equal
1.0, 1.5, 2.0, and 3.0, with � = 2� V = � = 0.

In Figure 11.8 we show four such transition curves in the ���E′
-plane for the
aspect ratios AR = 1
0, 1.5, 2.0, and 3.0. For simplicity the mean flow, V , and
circulation, � , vanish. For each of these cases the vortex street solutions exist,
and maximize the entropy, in the regions that lie above and to the right of the
solid curve. The shear flow solutions exist in all regions of the diagram; however,
they are the maximum entropy solutions only in the regions that lie below and
to the left of the transition curve. This implies that, for a fixed value of energy,
increasing the beta-parameter destroys the vortices, which are re-absorbed into a
background shear flow.

The best-fit parabolas, which take the form E′ = �L∗
R


1
4 �2 +b�+c, are plotted

in dotted lines. The fit is essentially exact and it is difficult to distinguish between
the dotted- and solid-line curves. According to our discussion at the beginning
of the section, the generalized Rhines’ scale is determined from the curvature
of these parabolas. Indeed, accounting for the variation in the curvature of the
parabolas across the range of aspect ratios considered, we derive a single value
for L∗

R to within a 2% error

L∗
R = a

1
4 = 0
180±0
002� (11.20)

which suggests that the empirical length scale is universal with respect to the
appearance of vortex streets in the channel. For a channel of arbitrary size with
H ≥ L, we therefore have L∗

R = �0
180 ± 0
002
H . Thus, we have established a
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quantitative link between the empirical Rhines’ scale and the transition between
shear flows and coherent vortices predicted by the statistical theory.

Langevin monopole

In previous subsections we showed that, for high-energy and predominantly single-
signed vorticity, the monopole vortex is predicted by the Langevin theory to be
the most probable structure in a channel with positive beta-parameter. In fact,
for any given value of �, there is a critical value of the energy at which these
monopole vortices emerge from shear flows. Here in this subsection we determine
the precise shape of the transition curve from shear flow solutions to coherent
vortices in the ���E′
-plane.

In Figure 11.9 we show the transition curve for a case in which the circulation,
� , and the vorticity extrema parameters, Q and Q, are each unity. For any given
value of � there is, due to the finite vorticity range �0� 2�, a maximum value
of energy above which no solutions exist. This region lies above the uppermost
curve in the diagram. The lowermost curve of the two curves is the transition
boundary. Vortex solutions exist and maximize the entropy in the shaded region
above this curve; shear flows, which exist in all parts of the accessible parameter
space, maximize the entropy in the region below.

We have plotted the best-fit parabola in dotted lines, which is a nearly indistin-
guishable solid-line curve representing the experimental data. Here, the general-
ized Rhines’ length is calculated to be LR = a

1
4 = 0
17, where a is the curvature

of the best-fit parabola. This is very close to the value established in the previous
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Figure 11.9 Plot of transition curves from shear flow region to vortex region
predicted by the Langevin theory in the ���E′
-plane with � = Q = Q = 1.
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subsection for the emergence of vortex streets in the dilute PV theory. Since we
non-dimensionalized with the channel width, H , we have for Langevin monopoles,
L∗

R = 0
17H . This establishes the quantitative link between a generalized Rhines’
scale and the appearance of the monopole vortex as the most probable states in
the Langevin statistical theory.

11.3 Statistical sharpness of statistical theories with few constraints

Many different theories based on equilibrium statistical mechanics have been
developed to predict large-scale coherent structures in two-dimensional geophys-
ical flows (see Chapters 6, 8, and 9 and the previous section). These statistical
theories range from the simple energy–enstrophy theory based on two conserved
quantities (EEST) to the maximum entropy principle based on the statistical
mechanics of point vortices (PVST, Section 9.3), and most recently to statistical
theories that incorporate an infinite number of constraints involving conserva-
tion of generalized potential enstrophies in addition to the energy conservation
(ESTMC, Section 9.4). Our goal in this section is to clarify the relationship
between the predictions of the simpler statistical theories, based on a few con-
straints, such as energy and circulation, and the more elaborate statistical theories,
based on an infinite number of constraints. In other words, we answer the ques-
tion of how much additional information is actually contained in the predictions
of the ESTMC at large scales compared with the predictions of the simpler
EEST and PVST, which is one of the theoretical issues from Chapter 10. We
will establish the important fact that the most probable mean states predicted
by the simple energy–enstrophy theory or point-vortex theory are automatically
statistically sharp microstates within the more recent infinite constraint statistical
theories. Nevertheless, the family of most probable mean states for the statistical
theories with infinitely many constraints (ESTMC) are richer than the family of
most probable mean states for the simpler few-constraint statistical theories in
general, as we shall demonstrate in the next section via systematic self-consistent
asymptotic expansion. This provides answers to the theoretical issues (T-2) and
(T-1) from Chapter 10.

For simplicity we consider here the barotropic equations with topography but
without beta-effect �� = 0
 and large-scale mean flow �V ≡ 0


�q

�t
+�⊥	 ·�q = 0� q = �	 +h = �+h� (11.21)

where 	 is the stream function, � is the relative vorticity, q is the potential vortic-
ity, and h�x� y
 represents the normalized topographic height. The incompressible
fluid velocity �v is given by �v = �⊥	 = �− �	

�y � �	
�x 
.
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Recall from Chapter 1 that (11.21) possesses infinitely many conserved quan-
tities including the energy E and all generalized enstrophies

E = −1
2

∫
−	�� ��q
 =

∫
−G�q
� for all functions G
 (11.22)

In particular, the extrema of the potential vorticity are conserved. Thus, if the
initial data q0 are bounded, say q−

0 ≤ q0 ≤ q+
0 , then future evolutions of the

potential vorticity q��x� t
 must also satisfy q−
0 ≤ q��x� t
 ≤ q+

0 . Such an assumption
is assumed in this section for simplicity.

11.3.1 Statistical sharpness and generalized selective decay principle

Recall from Section 9.4 that the most probable one-point statistics ���x��
 asso-
ciated with the microstate (initial data) q0 in the ESTMC theory must satisfy∫

−���x��
d�x = �q0
��
 for any � ∈ supp �q0

� (11.23)

where �q0
is the density function of the distribution associated with q0 defined

in (9.83) or (10.5). Equation (11.23) is equivalent to∫ ∫
−G��
���x��
d�x d� =

∫
G��
�q0

��
d� (11.24)

for all functions G��
.
Next we introduce the concept of statistically sharp microstates. Roughly speak-

ing, a microstate q is statistically sharp if the the most probable one-point statistics,
predicted by ESTMC with q as initial data, contain the same amount of statistical
information as q. More precisely, we have the following definition:

Definition 11.1 We say that a microstate, q��x
, is statistically sharp for the
ESTMC provided that the most probable one-point statistics predicted by ESTMC
are Dirac delta functions, i.e. there exists a q̃��x
 such that

���x��
 = �q̃��x

 (11.25)

The microstate q��x
 is called statistically sharp in the strong (pointwise) sense if
the most probable one-point statistics ���x��
 associated with q��x
 are Dirac delta
functions concentrated at q��x
, i.e.

���x��
 = �q��x

 (11.26)

Recall that the coarse-grained mean statistical macrostate (mean field) of
���x��
 is defined by

q̄��x
 =
∫

����x��
d�
 (11.27)
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Notice for strongly (pointwise) statistically sharp states, q��x
, the one-point
statistics � is completely characterized by the pointwise values of q��x
; in partic-
ular for statistically sharp states q��x
, it follows from (11.26) and (11.27) that

q̄��x
 =
∫

����x��
d� = q��x
� if q is statistically sharp in the strong sense


(11.28)

Thus, if the microstate q��x
 is statistically sharp in the strong sense, then all
information (statistical and pointwise) of q��x
 is encoded in the mean field of the
associated macrostate (one-point statistics).

Now if q��x
 is statistically sharp as defined in (11.25), the most probable
one-point statistics � may not encode pointwise information of q��x
. However, it
encodes all statistical information of q��x
 in the sense that q��x
 and q̄��x
 have
the same distribution function. Indeed, combining (11.25) and (11.27) we have

q̄��x
 = q̃��x
� if q is statistically sharp in the weak sense
 (11.29)

Thus, utilizing (11.24), (11.25), and (11.29), we deduce∫
G��
�q��
d� =

∫ ∫
−G��
���x��
d�xd� =

∫
−G�q̄��x

d�x
 (11.30)

Therefore, the distribution functions of q��x
 and q̄��x
 = q̃��x
 are the same. Con-
sequently, the coarse-grained macrostate q̄��x
 associated with q��x
 contains all
statistical information of q��x
, and q��x
 is statistically sharp in this precise sense.

Next, we consider an arbitrary given microstate, q0��x
. A natural question is
how many of the infinite number of conserved quantities in (11.22) are satisfied
by the associated coarse-grained mean statistical macrostate, q̄��x
.

We first observe that since for each �x, ���x��
 is a probability density function
on the line with support contained inside the closed interval of � with q−

0 ≤ � ≤ q+
0

with q−
0 = min q0��x
 and q+

0 = max q0��x
� it follows from (11.22) and (11.27)
that

E�q̄
 = E�q0
� q−
0 ≤ q̄��x
 ≤ q+

0 (11.31)

since the energy constraint is imposed on the mean field. Furthermore, if we use
the identity in (11.24) with the specific function, G��
 = �, it follows by the
definition (11.27) that q̄ satisfies the same circulation constraint as q0, i.e.∫

q̄��x
d�x =
∫

q0��x
d�x
 (11.32)

We claim that, in general, an infinite number of the constraints in (11.22) are
violated and, furthermore, if only one of these particular constraints is satisfied,
then, automatically, the mean macrostate q̄��x
 is a rearrangement of q0, i.e. q̄��x
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and q0 have the same distribution density function �q0
��
 defined in (9.83) from

Chapter 9.
We recall that a smooth function, G��
� is strictly convex on the interval

�q−
0 � q+

0 � provided that the second derivative, G′′��
� satisfies

min
q−

0 ≤�≤q+
0

G′′��
 > c0 > 0
 (11.33)

We have the following general principle which is the key ingredient in all further
developments in this section:

Proposition 11.1 Alternative for relaxed constraints: Either the coarse-grained
mean statistical macrostate, q̄��x
, satisfies the strict inequalities∫

�
G�q̄��x

d�x <

∫
�

G�q0��x

d�x (11.34)

for all strictly convex functions G��
 on the interval �q−
0 � q+

0 � or q̄��x
 is neces-
sarily a rearrangement of q0��x
. In other words, if there is equality in (11.34)
for only one strictly convex function G��
, then the statistical macrostate q̄��x
 is
automatically a rearrangement of the microstate q0��x
 and the associated most
probable one-point statistics satisfy ���x��
 = �q̄��x
, i.e. q0 is statistically sharp
in the sense of (11.25).

In particular, with G��
 = 1
2�2, we see that either the enstrophy of the mean

macrostate, q̄��x
, is strictly lower than the enstrophy of the microstate q0��x
, or
q̄��x
 is a rearrangement of q0��x
 and all the moments of the enstrophy coincide
for q̄ and q0, and q0 is statistically sharp.

The mathematical proof of Proposition 11.1 is straightforward given the fol-
lowing proposition which is a strong form of Jensen’s inequality (Rudin, 1987):

Proposition 11.2 Assume that ���
 is a probability density function on the line
with the support of ���
 contained in the interval, �q−

0 � q+
0 �, and consider a strictly

convex function, G��
, on this interval. Then either

G
(∫

����
d�
)

<
∫

G��
���
d� (11.35)

or there is some point q with q−
0 ≤ q ≤ q+

0 so that the probability density function,
�, is the Dirac delta function at q, i.e.

� = �q (11.36)

and equality occurs in (11.35) for any function G��
.

Next, we utilize Proposition 11.2 to verify Proposition 11.1 in a straightforward
fashion.
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Proof: We consider a strictly convex function, G��
, satisfying (11.33) and apply
Proposition 11.2 to the probability density function ���x��
 defined in (11.23)
pointwise for each �x in the domain �. Thus, either ���x��
 is a Dirac delta
function at �x or we have

G�q̄��x

 = G
(∫

����x��
d�
)

<
∫

G��
���x��
d�
 (11.37)

Therefore, if ���x��
 is not a Dirac delta function for a set of points �x with positive
area in �, by integrating (11.37) and utilizing (11.24) we obtain∫
−G�q̄��x

d�x <

∫
−
∫

G��
���x��
d�d�x =
∫

G��
�q0
��
d� =

∫
−G�q0��x

d�x


(11.38)
This is the first part of Proposition 11.1. On the other hand, assume that there is
equality in (11.34) for one strictly convex function, G��
, i.e.∫

�
G
(∫

����x��
d�
)

d�x =
∫
�

∫
G��
���x��
d�d�x


Then, according to Jensen’s inequality (Proposition 11.2), necessarily ���x��
 is
a Dirac delta function for all �x belonging to � except for a set with zero area,
i.e. (11.25) holds for some q̃��x
. This further implies that q��x
 is statistically
sharp according to Definition 11.1. Combining this with (11.29) we see that the
probability measure ���x��
d� must be centered at its mean state q̄, i.e.

���x��
 = �q̄��x

 (11.39)

This completes our verification of Proposition 11.1.
Next, we utilize Proposition 11.1 to discuss statistically sharp microstates.

Generalized selective decay principles and statistically sharp microstates

Here we assume that a microstate, q∗��x
, is determined by a generalized “selective
decay” principle, i.e. q∗ is the unique solution of the variational principle∫

G�q∗
d�x = min
q∈�

∫
G�q
d�x� (11.40)

where G��
 is some strictly convex function and the set � is given by

� =
{

q

∣∣∣∣ E�q
 = E�q∗
 and
∫

q d�x =
∫

q∗d�x
}


 (11.41)

The reader is referred to Section 4.5 for more on the generalized selective decay
principle and the non-linear stability of selective decay states.

Under the above hypothesis we make the following claim which is equivalent
to Proposition 11.1.
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Proposition 11.3 Statistical sharpness for selective decay states. q∗ is statisti-
cally sharp if it is determined by the selective decay principle in (11.40). If q∗ is
the unique minimizer determined by the selective decay principle in (11.40), the
microstate, q∗, is statistically sharp in the strong (pointwise) sense.

The proof of proposition 11.3 is straightforward. Indeed, let q̄��x
 be the mean
field of the macrostate associated with the microstate, q∗��x
, then from (11.31)
and (11.32) we have

E�q̄
 = E�q∗
�
∫

q̄ =
∫

q∗

so that q̄ belongs to the set � . Thus, from the variational characterization in
(11.40) we have, for the strictly convex function G∫

G�q∗
d�x ≤
∫

G�q̄
d�x
 (11.42)

The condition in (11.42) and Proposition 11.1 immediately guarantee that

���x��
 = �q̄��x
 (11.43)

and hence q∗ is statistically sharp. Consequently, we have∫
G�q̄
d�x =

∫
G�q∗
d�x


Furthermore if the minimizer to the variational principle in (11.40) is unique, we
have q̄ = q∗ and ���x��
 = �q∗��x
. According to (11.26) and (11.28), this guarantees
that q∗ is a statistically sharp microstate, as claimed in Proposition 11.3.

Below, we use the variational “selective decay” principle elucidated in (11.40)
and Proposition 11.3 to verify the statistical sharpness of suitable macroscopic
statistical states for both the statistical theories with infinitely many constraints
(ESTMC) and various few-constraint statistical theories involving energy/enstrophy
principles (EEST) or the statistics of point vortices (PVST).

11.3.2 The statistical sharpness of macrostates from ESTMC

Here we verify the statistical sharpness of suitable macrostates, q̄��x
, of the
statistical theory with infinitely many constraints (ESTMC) from Section 9.4.
Recall from there that q̄��x
 is determined as the solution of the mean field equation

�	̄ +h = q̄ = 1
�

�

�	
ln�Z��	

�	̄ � (11.44)

where the partition function is defined as

Z�	
 =
∫

e−�̃��
−�	�q0
��
d�
 (11.45)
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Our strategy in verifying the statistical sharpness of q̄ involves establishing under
suitable hypothesis, that q̄ is automatically the minimum state for a “selective
decay” variational procedure in (11.40) so that the general principle in Propo-
sition 11.3 applies to guarantee statistical sharpness. These hypotheses allow
for states q̄ with any positive temperature � as well as an interval of negative
temperature states � with � > �CR < 0 (see (11.50) below).

We fix the Lagrange multiplier function �̃��
 and view the solutions of (11.44),
(11.45) as the energy, i.e. � varies. Recall that the Legendre transform (see for
instance Evans, 1998) of a strictly convex function, ��	
, is the unique convex
function, g�q
, given by

g�q
 = q	 −W�	
� (11.46)

where 	 is the unique solution to the equation

q = W ′�	



Recall from Section 9.5, the function ln�Z�	

 is strictly convex. Let G�q
 denote
the Legendre transform of ln�Z�	

. Then it follows from (11.44) and (11.46)
that the mean macrostate q̄ satisfies

G′�q̄
 = �	̄
 (11.47)

Now, consider the “selective decay” variational principle defined in (11.40)
and (11.41) with this choice of G�q
. We claim under suitable hypothesis on the
inverse temperature, �, that q̄ satisfies∫

G�q̄
d�x = min
q∈�

∫
G�q
d�x
 (11.48)

Once we know that q̄ is the unique minimum satisfying (11.48), it follows auto-
matically that q̄ is statistically sharp as a consequence of the general principle in
Proposition 11.3.

To check that q̄ is actually the strict minimum of (11.48), we set q = q̄ +�q,
utilize the energy constraint, and calculate in standard fashion∫

G�q̄
d�x −
∫

G�q̄ +�q
d�x

�E�q̄
 − �E�q̄ +�q
+
∫

G�q̄
d�x−
∫

G�q̄ +�q
d�x

≤ − 1
2

∫
��q
2d�x

[
�

E��q
∫
���q
2

+min
�

G′′��


]

 (11.49)

We observe that the expression in brackets in (11.49) is positive and q̄ is guaran-
teed to be a strict minimum provided that � satisfies

� > � > �CR < 0 with �CR = −�min
�

G′′��

�1� (11.50)
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where �1 is the first (necessarily positive) eigenvalue of −� with either the
Dirichlet boundary condition or channel boundary condition or periodic boundary
condition with mean zero on the region �. This finishes the argument. We also
note that this argument yields the non-linear stability of the mean macrostate,
q̄, within the inviscid non-linear dynamics of (11.21) by the general non-linear
stability theory from Section 4.5.

It is an interesting open mathematical problem to decide whether strongly
negative temperature states of the statistical theory with infinitely many constraints
and � < �CR < 0 are statistically sharp. Such strongly negative temperature states
have been utilized by Turkington and Whitaker (1996) recently to develop an
interesting new statistical theory of vortex patch merger.

11.3.3 Statistical sharpness of macrostates of ESTP

Energy–enstrophy statistical theories (EEST)

We begin with the well-known energy–enstrophy statistical theories (EEST).
Recall from Sections 6.6, 6.7 and Chapter 8 that the statistical macrostates (mean
fields) coincide with solutions of the “selective decay” principle in (11.40), (11.41)
with the strictly convex function G�q
 = 1

2q2. For simplicity in exposition, we
specialize the region � to a periodic box T 2, which is 2�-periodic in each
direction. In this periodic setting we assume that the mean of the topography, h,
vanishes. According to (11.40), the most probable mean field of this two-constraint
statistical theory satisfies

�	∗ +h = q∗ = �	∗� (11.51)

where � is the Lagrange multiplier for energy.
First, consider the situation where h �= 0, then the same calculation in (11.49),

(11.50) establishes that q∗ is a strict minimum for � > �CR with �CR = −�1. Thus,
according to the general principle in Proposition 11.3, we have strong/pointwise
statistical sharpness within the infinite constraint statistical theory (ESTMC) of
the macrostates q∗ from the energy–enstrophy theory provided that � satisfies

−�1 < � < +�
 (11.52)

We note that, as � varies over the range in (11.52), the energy, E�q∗
 varies over
the complete range from zero to infinity if the topography, h, has a non-degenerate
spectrum in the sense that the projection of the topography on to the first energy
shell is non-trivial (see Sections 6.6 and 6.7). Of course, for the 2�-periodic
domain, �1 = 1. We note that the range of � in (11.52) with statistical sharpness
is exactly the range of admissible macrostates of the energy–enstrophy statistical
theory with topography having a non-degenerate spectrum (Chapters 6 and 8).
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In the case of topography with a degenerate spectrum, i.e. the projection of the
topography on to the ground energy shell vanishes, the energy, E�q∗
, varies over
a range from zero to E1 defined in Section 6.6 when � varies over the range in
(11.52).

For the case without topography, from (11.51), we observe that the variational
principle yields 2�-periodic eigenfunctions of the Laplacian and recall from
Chapter 3 only the ground state eigenfunctions of (11.51) are macrostates of the
energy–enstrophy statistical theory, i.e. 	∗ satisfies

�	∗ = −�1	∗ (11.53)

and �1 = �CR. See also Sections 6.6 and 6.7. For the 2�-periodic case, these
non-unique ground states have the form

	∗ = A sin x+B sin y +C cos x+D cos y� (11.54)

where A, B, C, D are arbitrary parameters and the energy constraint in (11.41)
imposes A2 +B2 +C2 +D2 = Constant. In this case, Proposition 11.3 guarantees
that all these states, q∗, are statistically sharp, but not in the strong/pointwise
sense.

Point-vortex statistical theories (PVST)

Recall from Section 9.3 that the mean field equation for the statistical theory for
point vortices with a single sign in a bounded region, �, leads to the well-known
equation (Montgomery and Joyce, 1974) for the statistical macrostates

�	∗ +h = q∗ = �

[∫
�

e−�	∗
]−1

e−�	∗� (11.55)

where � is the integral of q∗, i.e. essentially the total circulation.
Recall from Section 9.4, that the appropriate prior distribution for the PVST

has a special form given by (9.44). Thus, when combined with (9.47) (with � = 0
since no conservation of angular momentum is involved), the minus entropy can
be represented in terms of the mean field for the most probable states as

−���∗��0
 =
∫
−
∫

�∗��x��
 ln
�∗��x��


�0��

d�d�x

=
∫ e��0	∗∫

e��0	∗d�x
(
��0	∗ − ln

∫
e��0	∗ +2 ln ���

)
d�x

=
∫ e−�	∗∫

e−�	∗d�x
(
−�	∗ − ln

∫
e−�	∗ +2 ln ���

)
d�x

= 1
�

∫
q∗ ln q∗ − ln � +2 ln ���� (11.56)
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where we used the notation � = −��0 and utilized (11.55). Thus we have demon-
strated that a one-point statistics, ���x��
, maximizes the Shannon relative entropy
if and only if its mean field, q∗, minimizes the following functional

G�q
 =
{

q ln q� q > 0

0� q ≤ 0
(11.57)

within the constraint set � defined by

� =
{
q
∣∣∣ E�q
 = E�q∗
�

∫
qd�x = � > 0 and q ≥ 0

}

 (11.58)

Since the G given by (11.57) is strictly convex in the region �0��
, the entropy-
maximizing macrostate must be statistically sharp in the sense of (11.25) according
to Proposition 11.3. These arguments can be made rigorous. For instance, for the
case without topography, Caglioti et al. (1995) have proved that there is a range of
� with 0 > �CR < � < +� so that the macrostates of the statistical point-vortex
theory can be characterized as the unique solution of the variational principle in
(11.40) with the constraints in (11.58). Thus, by the general principle developed
in Proposition 11.3, we are guaranteed that the macrostates in (11.55) for the sta-
tistical point-vortex theory are automatically statistically sharp microstates of the
statistical theory with infinitely many constraints. We note that strictly speaking,
Proposition 11.3 needs to be modified to allow convex functions with G′′�q
 = 1

�q�
near q = 0, but this we leave as an exercise for the interested reader.

11.4 The limit of many-constraint theory (ESTMC) with small amplitude
potential vorticity

In the previous section we presented results on the statistical sharpness of
macrostates for a few constraint equilibrium statistical theories (EEST and PVST).
We saw that, under a wide range of circumstances, the most probable macrostates
predicted by ESTP are statistically sharp within the more elaborate ESTMC. Thus,
we might inquire into the issue of whether the macrostates of the statistical theory
with infinitely many constraints (ESTMC) are actually more plentiful than those of
the simpler few constraint statistical theories in regimes without extreme negative
values of the inverse temperature, � (we use � in the sequel). Here we consider
the macrostates of these statistical theories in a regime with topography and small
amplitude potential vorticity and show, through self-consistent asymptotic expan-
sions, the fashion in which these more elaborate statistical theories generate a
richer family of statistical macrostates. In fact, we establish below that, in this
regime, the most probable mean fields of the many constraint statistical theories
(ESTMC) solve similar equations as in (11.51) for the most probable mean fields
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of the simpler energy–enstrophy statistical theories (EEST) with the important
difference that the original topography, h, is replaced by a renormalized effective
topography, heff , which depends on the higher moments of the distribution func-
tion for potential vorticity (see (11.75), (11.76) below). This partially addresses
the theoretical issues (T-1) and (T-2) from Chapter 10.

To fix ideas, we consider a family of microstates for potential vorticity, q0��x
,
with a common distribution density function, �0��
, defined in (9.83). We con-
sider the microstates with small amplitude potential vorticity given by

aq0��x
� a � 1
 (11.59)

We easily calculate that the distribution associated with these microstates is given
by

�a
0��
 = a−1�0

(
�

a

)
a � 1
 (11.60)

According to the statistical theory with many constraints (ESTMC) from Sec-
tion 9.4, there is a Lagrange multiplier function �̃a��
 so that for a fixed inverse
temperature, �, the most probable mean field, q̄a, satisfies

�	̄a +h = q̄a = 1
�

d

d	
log �Za��	



∣∣∣	̄a 
 (11.61)

It is easy to check, after rescaling the variable, that the partition function is given
by

Za�	
 =
∫

e−�̃a�a�
−a�	�0��
d�
 (11.62)

The requirements in (11.23) become, in this case

∫
�

e−�̃a�a�
−�a	̄a��x


Za��	̄a��x


d�x = 1 (11.63)

for all � in the support of �0��
. We note that the non-linearities in (11.61)
and (11.63) are weak for a � 1, because the partition function, Za�	
, admits a
regular asymptotic expansion in this small parameter.

11.4.1 The asymptotic expansion

In the theory, we need to select the Lagrange multiplier functions, �̃a��
, so that
the constraints in (11.63) are satisfied exactly. Here we make the following ansatz
for suitable approximate Lagrange multiplier functions, �̃a

N ��
, for each positive
integer, N

�̃a
N ��
 = ∑

i+j≤N
0≤i�1≤j

�ija
i�j
 (11.64)
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We choose the coefficients, �ij , so that the requirements in (11.63) are satisfied
within order o�aN+1
, i.e.

∫
�

e−�̃a
N �a�
−�a	̄a��x


Za��	̄a��x


d�x = 1+o�aN+1

 (11.65)

The interested reader can readily verify that with �̃a
N ��
 chosen to satisfy (11.65),

Za
N defined as in (11.62) with �̃a

N , and

�a
N ��x��
 = e−�̃N

a ��
−��	̄a��x


Za
N ��	̄


�a
0��
� (11.66)

the constraint requirements from (11.24)∫ ∫
G��
�a

N ��x��
d�x d� =
∫

G��
�a
0��
d� (11.67)

are automatically satisfied within the small error, o�aN+1
, for any function G��
.
It is a tedious but straightforward procedure (Holen, 1995) to expand the left-

hand side of (11.65) using (11.62) for a � 1 and to determine the values of the
Lagrange multiplier coefficients, �ij , in (11.64) by the requirement in (11.65).
Here we only recall the results of this expansion for N = 3. First we recall the
spatial average of a function 〈

f��x

〉= ∫

−f��x
d�x (11.68)

and also recall the notation for the average of a function, G�q0
, with respect to
the probability measure �0��
 by

�G�q0
�0 =
∫

G��
�0��
d�
 (11.69)

Now, in order to satisfy (11.65) to order o�a4
, the non-zero coefficients for �ij

should satisfy (for the details see Holen, 1995)

�01 = �
〈
	̄a
〉
� �02 = 1

2
�2
〈(

	̄a − 〈	̄a
〉)2
〉
�

�11 = −�q0�0 �2
〈(

	̄a − 〈	̄a
〉)2
〉

�21 =
(

�q0�2
0 − 1

2

〈
q2

0

〉
0

)
�3
〈(

	̄a − 〈	̄a
〉)3
〉

�12 = −1
2

�q0�0 �3
〈(

	̄a − 〈	̄a
〉)3
〉
� �03

1
6

�3
〈(

	̄a − 〈	̄a
〉)3
〉

(11.70)

Next, we insert the explicit formulas for the Lagrange multiplier coefficients in
(11.70) into Za�	
 in (11.62) and then Taylor expand the right-hand side of
(11.61) for a � 1. We obtain within errors of order o�a5
 the following:
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Asymptotic equation for statistical mean macrostates: �	̄a +h = q̄a with q̄a

given by

q̄a
(�x) = a �q�0 +a2�

(
	̄a
(�x)− 〈	̄〉) [〈�q0 −�q0�0


2
〉
0

]
(11.71)

+a3 1
2

�2
[(

	̄a
(�x)− 〈	̄a

〉)2 −
〈(

	̄a − 〈	̄a
〉)2
〉] 〈

�q0 −�q0�0

3
〉
0

+a4�3
{[(

	̄a
(�x)− 〈	̄a

〉)3 −
〈(

	̄a − 〈	̄a
〉)3
〉]

×
(

1
6

〈
q4

0

〉
0 − 2

3
�q0�0

〈
q3

0

〉
0 +2 �q0�2

0

〈
q2

0

〉
0 − 1

2

〈
q2

0

〉2
0 −�q0�4

0

)

+
〈(

	̄a
(�x)− 〈	̄a

〉)2
〉 (

	̄a
(�x)− 〈	̄a

〉)
×
(

2 �q0�0

〈
q3

0

〉
0 − 1

2

〈
q4

0

〉
0 − 1

2

〈
q2

0

〉2
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0

〉
0 �q0�2

0

)}

In the periodic setting, we automatically have �q0�0 = 0 and
〈
	̄a
〉 = 0, so the

formula for q̄a simplifies to

q̄a��x
 = a2�	̄a��x

〈
q2

0

〉
0 +a3 1

2
�2 [	̄a��x
2 − 〈�	̄a
2〉] 〈q3

0

〉
0 (11.72)

+a4�3
{[

	̄a��x
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〈(

	̄a
)3
〉](1

6

〈
q4
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〉
0 − 1

2

〈
q2

0

〉2
0
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−
〈(

	̄a
)2
〉
	̄a��x


(
1
2

〈
q4

0

〉
0 + 1

2

〈
q2

0

〉2
0

)}

11.4.2 Interpretation of the asymptotic equation through
renormalized topography

For simplicity of exposition, we only study the equation for statistical macrostates
from (11.72) in the periodic setting, where automatically �q0�0 = 0 and

〈
	̄a
〉= 0.

First, we remark that within terms of order, o�a3
, the asymptotic equation for
statistical macrostates from (11.71) and (11.72) reduces to the equation for 	̄a

2

�	̄a
2 +h = �a2 〈q2

0

〉
	̄a

2 
 (11.73)

This leading-order statistical equation for a � 1 is exactly the equation for
macrostates (11.51) of the energy–enstrophy statistical theory with topography
(EEST, Chapters 6 and 8). Thus, we recover the simplest two constraint theory
for statistical macrostates at the first non-trivial order in the asymptotic expansion
at small amplitudes of the statistical theory with many constraints. We note that
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self-consistently the coefficient, a2
〈
q2
〉

in (11.73), is twice the enstrophy of the
microstate defined by the measure �a

0, i.e.

1
2

a2 〈q2
0

〉= ∫ 1
2

�2�a
0��
d�
 (11.74)

The function 	̄a
2 in (11.73) is determined explicitly through the solution of a lin-

ear equation; furthermore, this function 	̄a
2 agrees with the solution 	̄a of (11.71),

(11.72) within o�a3
. Thus, in a fashion completely consistent with the asymptotic
expansion, we can replace 	̄a by 	̄a

2 in the terms with order o�a3
� o�a4
 on
the right-hand side of (11.72). Thus we are led to a new renormalized effective
topography, heff , given explicitly by

heff = h−a3 1
2

�2 [�	̄a
2 ��x

2 − 〈�	̄a

2 ��x

2〉] 〈q3
0

〉
0

−a4�3 [�	̄a
2 ��x

3 − 〈�	̄a

2 
3〉](1
6

〈
q4

0

〉
0 − 1

2

〈
q2

0

〉2
0

)
(11.75)

+a4�3 〈�	̄a
2 
2〉 	̄a

2 ��x


(
1
2

〈
q4

0

〉
0 + 1

2

〈
q2

0

〉2
0

)

so that the approximate mean statistical macrostate 	̄a satisfies the equation

�	̄a +heff = �a2 〈q2
0

〉
	̄a (11.76)

within o�a5
.
The renormalized effective topography is a function of both the third and fourth

moments of the microstate distribution function, �a
0 since

a3 〈q3
0

〉
0 =

∫
�3�a

0��
d�� a4 〈q4
0

〉
0 =

∫
�4�a

0��
d�
 (11.77)

Thus, even within this asymptotic approximation at small amplitudes, the
macrostates in the statistical theory with many constraints encode the richer
microstate statistical information from (11.77) involving higher moments of �a

0
beyond the information in the energy–enstrophy statistical macrostates in (11.51).
However, for small amplitudes of the potential vorticity, the energy–enstrophy
macrostates emerge at leading order in the asymptotics as developed above in
(11.73), (11.74), while the contributions from the third and fourth moments are
higher-order effects. In applications where the microstate is not known exactly,
such higher moments are more difficult to obtain exactly, and we might hope that
crude reduced dynamics utilizing the two-constraint statistical theory is accurate
for non-equilibrium flows with topography. We explore these issues in the next
chapter.
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Finally, we remark that the formal asymptotic expansions presented in (11.64)–
(11.76) can be justified with full mathematical rigor in a straightforward fashion
(Holen, 1995).
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12

Equilibrium statistical theories and dynamical
modeling of flows with forcing and dissipation

12.1 Introduction

In the previous chapters we discussed various equilibrium statistical theories.
These statistical theories are developed for the idealized inviscid unforced geo-
physical flows. However, as we have discussed in Section 10.4, virtually all prac-
tical geophysical flows are subject to both forcing and dissipation. For instance,
the earth’s atmosphere is subject to intense random small-scale forcing from con-
vective storms, and the ocean is subject to forcing from unresolved baroclinic
instability processes on a small length scale. Thus, a natural question to ask is
whether the equilibrium statistical theories can be applied in a forced and damped
environment. The purpose of this chapter is to address this question. More pre-
cisely, we want to provide answers to the applied issue (A-4) and theoretical issue
(T-5) from Chapter 10.

As was discussed in Section 10.4, equilibrium statistical theories will not be
able to approximate geophysical flows in a statistical sense for all forcing. This
is not a surprise, since intuitively we could only expect equilibrium theories to
succeed when the flow is near equilibrium. What we are interested in here are
external forcing which is random and small scale in space and kicks in time. This
kind of forcing mimics the small-scale random forcing in the atmosphere and
ocean as discussed above and in Chapter 10. The “quasi-equilibrium” state of the
geophysical flow is achieved if the inverse cascade of energy from the small scales,
where the external forcing occurs, to the large scales (the scale characterized by
the equilibrium statistical theory) is sufficiently weak.

Another issue is the choice of statistical theories. Based on the discussion in
Chapter 10 and the predictions and comparisons in Chapter 11, it seems that
empirical statistical theory with a prior distribution (ESTP) is a good choice
between the simple (linear) theory, based on energy and enstrophy (EEST) and
the complex theory, based on infinite conserved quantities (ESTMC), which we
cannot keep track of in practice.

361
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There are two ways to utilize ESTP to approximate in a statistical sense the
geophysical flows governed by barotropic quasi-geostrophic equations (10.1).
First, we can verify the consistency (meta-stability) of ESTP in a non-equilibrium
regime. This is done by matching the instantaneous exact energy, E, and cir-
culation, � (and other bulk quantities needed in the statistical theories). Thus
given the exact values E and � etc., we can compare the most probable mean
state predicted by the statistical theory with the exact solution. This can be
interpreted as checking the meta-stability of the statistical large structures with
dissipation and small-scale random forcing. This is the topic of Section 12.2.
This section follows closely the work of DiBattista, Majda, and Grote (2001).
Second, we could put the statistical theory to a more stringent test; namely,
we will calculate the bulk quantities such as the energy, E, and circulation,
� , etc. via a crude closure algorithm which depends only on the statistical
theory, the form of dissipation and external small-scale random forcing, and does
not rely on the exact dynamics of the geophysical flows. Surprising enough,
the crude closure algorithm performs extremely well under a wide range of
circumstances interesting in geophysical situations. This is the topic of Sec-
tion 12.3 and the material relies heavily on Majda and Holen (1997) and Grote
and Majda (1997). In the last section, Section 12.4, we give partial mathemat-
ical justification of the success of the crude closure algorithm in the case of
spin-up from rest. Here we demonstrate that the Dirichlet quotient of the flow
is bounded above, independent of the small-scale random bombardment. Since
the Dirichlet quotient controls the small scales in the flow, this means that
the small scales cannot grow without bound, even under persistent small-scale
forcing.

12.2 Meta-stability of equilibrium statistical structures with dissipation and
small-scale forcing

In Section 11.2 we have shown that the mean field predictions of the ESTP with
either the Langevin (10.7) or dilute vortex (10.9) prior distributions include a
wide range of interesting geophysical phenomena which are not accessible by
the predictions of the simpler EEST or selective decay. On the other hand, in
Section 10.4 we have emphasized the importance of understanding the significance
of the equilibrium statistical predictions which are based solely on considerations
from inviscid dynamics in the content of flows with forcing and dissipation.

Here we apply the equilibrium statistical theory to evolving damped and driven
geophysical flows. Below, we describe an approximate dynamics that calculates
the most probable states of the equilibrium theory, where energy, circulation, and
other essential quantities match the instantaneous values of the evolving flow.
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Thus, by tracking the values of only a few key quantities, we approximate the state
of the evolving flow with the most probable solutions of equilibrium statistical
mechanics. There are two goals:

• to demonstrate the meta-stability of the most probable states of equilibrium statistical
theory, i.e. vortex monopoles and vortex dipole streets, under a wide range of numerical
experiments involving small-scale forcing and dissipation. This study includes both
direct and inverse cascade regimes – flow regimes in which energy transfers from large
to small scales where dissipation is more efficient, and flow regimes in which strong
small-scale forcing near the scales of resolution allows substantial energy transfer to
the largest scales. However, our resolution is too crude to compute detailed spectra
for these cascades and these are not the quantities of primary interest here. Here we
establish the suitability of the solutions of the statistical theory as basic models of
atmospheric and oceanographic structures when dominated by suitable random small-
scale forcing. This is a key idea motivating the use of ESTP in the application for
Jupiter discussed in Chapter 13.

• to evaluate quantitatively the accuracy of the equilibrium statistical theory – how well
do the predictions of the Langevin and dilute-vortex theory track the evolution of
large-scale coherent structures in a strongly damped and driven flow? In this respect
this section serves as a validation study of the approximate dynamics.

These goals are realized through a series of numerical runs initialized by
monopole vortices and dipole vortex streets that are the most probable states
produced by the equilibrium theory. According to Figures 11.8 and 11.9 from our
discussion in Section 11.2, these equilibrium statistical theories predict topological
transitions from shear flows to either monopole or vortex dipoles as the energy
changes through dissipation and forcing. Such experiments are a stringent test of
the viability of the statistical theories. The numerical experiments include cases of
pure decay in which only the dissipation is active, and cases with both dissipation
and forcing in which small-scale vortices – mimicking the bombardment of the
flow by localized convective storms – are randomly placed in the channel domain.
Additionally, in a more stringent test of the theory, we compare the end state that
arises from an inverse cascade – induced by single-signed, small-scale forcing
of an initially quiescent channel – to the most probable states of the equilibrium
theory. The numerical results in this section are due to DiBattista, Majda, and
Grote (2001).

12.2.1 The numerical model

Following the basic theme of this book, we consider one of the simplest models
for geophysical flow at midlatitudes, the barotropic quasi-geostrophic (QG) fluid
in a beta-plane channel. Specifically, we consider a QG fluid that is both damped
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and driven in a beta-plane channel � = �0� 2��× �−���� periodic in x. We recall
that the dynamic equations for this barotropic quasi-geostrophic model in terms
of the potential vorticity q are

�q

�t
+	⊥
 ·	q = ���
�+� �

q = �
 +�y = �+�y� 
 = −Vy +��

(12.1)

together with the boundary conditions that all quantities are periodic in x with
period 2� and the small-scale stream function, �, vanishes at the walls �y = ±�


of the channel. Here, the corresponding fluid velocity is given by

�v = 	⊥
 =
(

V

0

)
+
(

− ��
�y

��
�x

)
(12.2)

In equations (12.1), � represents the dissipation

���
 ≡
3∑

i=0

di�−1
i�i� di ≥ 0� (12.3)

and � represents forcing. For the dissipation operator, �, the coefficient, d0,
represents the Ekman drag, which models the effect of the boundary layer on
large-scale geophysical flows, d1 represents Newtonian viscosity, which models
molecular diffusion, and d3 represents hyper-viscosity, which ensures numeri-
cal stability in flows with vanishing Newtonian viscosity. The hyper-viscosity
coefficient, d2, vanishes for all numerical experiments treated here.

We solve the quasi-geostrophic equations in (12.1) numerically, using a pseudo-
spectral method, which calculates the gradients 	⊥� and 	� in Fourier space,
and the non-linear product 	⊥� ·	� at the mesh points in physical space. The
resolution of the numerical grid varies from 64×64 to 256×256 for the numerical
experiments. The interested reader can consult DiBattista et al. (2001) for further
details.

The forcing in the QG equation in (12.1) is designated by the variable � ,
which represents a bombardment of the flow by hypothetical small-scale storms
in the vorticity field. These small vortices, which have finite support and constant
amplitude, are placed at random mesh points in the flow at fixed time intervals
(kicks), and take the particular form

� ��x� t
 =
�∑

j=1

��t − j�t
�r��x− �xj
� (12.4)
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where the jth vortex is centered at �xj . Each of these localized vortices has support
in a small disk of radius, rj , given by

�r��x
 =
⎧⎨
⎩Amp

(
1−��x− �xj�2/r2

j

)2
� ��x− �xj�2 ≤ r2

j �

0� ��x− �xj�2 > r2
j �

(12.5)

Here, the parameter Amp represents the strength of the vortex and may be either
positive or negative, corresponding to cyclonic or anti-cyclonic forcing.

The forcing term, � , in (12.4) is determined by four parameters: the vortex
strength, Amp, the vortex radius, rj , the vortex position, �xj , and the time interval,
�t. In each of the experiments described below the random locations, �xj , are
uniformly distributed among the mesh points inside the channel domain, excluding
a narrow margin along the channel boundaries. The radius, rj , of the small-scale
vortices is fixed at 3/64. The time interval between forcings is fixed at �t = 0�1,
which in all cases is at least ten times larger than the time step used for the
numerical integration of the (non-linear) advection terms – if the simulation is run
up to T = 1000, precisely 10 000 small-scale vortices are added to the evolving
flow, while at least 100 000 time steps are performed by the numerical method.
The main parameter that varies from experiment to experiment is therefore the
vortex strength, Amp, which is usually expressed as a proportion of the maximum
initial potential vorticity in the flow.

Quantitative comparisons between the evolving flow and the most probable
states of the equilibrium theory are evaluated by means of the correlation between
two functions, i.e.

Corr�f� g
 = �f� g


��f ����g�� � (12.6)

in which �f� g
 denotes the L2-inner product on the channel domain and ��f �� its
corresponding L2-norm. For convenience of numerical comparison, we consider
the following quantity, Corr-d, that we call correlation deficit

Corr-d�f� g
 = 1− �f� g
2

��f ��2��g��2 = 1−Corr2�f� g
� (12.7)

The correlation deficit satisfies 0 ≤ Corr-d�f� g
 ≤ 1 and the correlation deficit is
zero if and only if the functions f and g are collinear, i.e.

f = �g�

where � is a constant.
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In addition we have two different error measures that quantify the accuracy of
the equilibrium theory in reproducing the evolving flow: the relative L2-error in
the velocity

Err��v� �v∗
 = ���v−�v∗��2
���v��2

� (12.8)

and the relative L2-error in the vorticity

Err����∗
 = ���−�∗��2
�����2

� (12.9)

in which the unstarred quantities represent the exact solution and starred quantities
refer to the maximum entropy state determined by an approximate dynamics to
be described below. In general we expect that the relative error in the vorticity is
a more severe test than the corresponding error in the velocity, since the velocity
field is usually “smoother” than the vorticity field. Mathematically, the L2 norm
of the velocity is controlled by the L2 norm of the vorticity.

12.2.2 Approximate dynamics for Langevin and dilute PV theory

We check the accuracy and consistency of predictions from the equilibrium statis-
tical theory for evolving damped and driven flow by an algorithm that we call the
approximate dynamics. We extract key quantities from snapshots of the evolving
flow, including the mean field energy and circulation, produce the most probable
states in the equilibrium statistical theory based on this limited information, and
calculate the accuracy of the fit based on the statistical measures of the velocity
and vorticity fields given in (12.8) and (12.9).

Before we provide the algorithm for the approximate dynamics, we must deal
with one subtlety of the equilibrium theory. The approximate dynamics must be
based entirely on mean field quantities, i.e., the mean field potential vorticity,
q, or stream function, �, since these are predicted by the equilibrium theory
and observed in the evolving flow. As described in Chapters 6, 8, and 9 above,
the mean field equations from (ESTP) are derived from “coarse graining” the
information that appears in the smallest scales.

Quantities such as the vorticity extrema, Q+ and Q−, in the Langevin theory
(see (11.5)) and the absolute vorticity, A, in the dilute-vortex theory (see (11.6)),
must be estimated from the mean field data. Indeed, one of the aims of this section
is to produce effective mean field surrogates in the approximate dynamics for
these small-scale quantities.

For the Langevin theory, this is quite simple. The potential vorticity maxi-
mum, Q+, in the flow is estimated from the maximum potential vorticity in the
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pre-existing flow and the additional potential vorticity provided by the forcing,
which yields

Q+ = max�q
+Amp+ small amount� (12.10)

where Amp is the amplitude of the forcing discussed in Subsection 12.2.1 and
the “small amount” is usually a few percent of maximum in the mean field
potential vorticity. The addition of a “small amount” tacitly acknowledges the
possible insufficiency of estimating small-scale information from the large-scale
field; however, as a practical matter we provide ample evidence that the best fit
between the evolving flow and the equilibrium statistical theory is given by q and
Amp alone. We may define a similar relation for the vorticity minima, Q−, but in
all the numerical experiments run with predominantly single-signed vorticity in
Subsection 12.2.3, we assume the quantity vanishes, i.e. Q− = 0, with no practical
loss in accuracy of the equilibrium theory.

We cannot measure the mean absolute vorticity, A, in the evolving flow, since
this quantity depends on the details of the small-scale potential vorticity field.
Therefore, we must find a related mean field quantity that we can measure from
mean field data and that is in one-to-one correspondence with A for all equilibrium
solutions produced by the dilute-vortex theory. The simplest such quantity is the
related “mean field mean absolute vorticity,” A:

A =
∫
�

�q� dx dy� (12.11)

The quantity, A, in (12.11) is unambiguously determined from the mean field
potential vorticity field.

Algorithm for the approximate dynamics

The equilibrium statistical theory for the damped and driven quasi-geostrophic
flow in (12.1) is evaluated quantitatively via an approximate dynamics based
on the mean field equations for the Langevin theory or the dilute-vortex theory
depending on the context. The form of the algorithm for the approximate dynamics
is identical for both theories and may be summarized as follows:

(i) For each numerical experiment, we specify the dissipation, �, the forcing, � , and
the initial vorticity field and evolve the flow by the quasi-geostrophic dynamics in
(12.1).

(ii) At fixed time intervals, we calculate the instantaneous values of energy, E, and
circulation, � .

For the algorithm based on the Langevin theory we calculate the potential vorticity
extrema, Q+, in (12.10).

For the algorithm based on the dilute-vortex theory we calculate the mean field
absolute vorticity, A, in (12.11).
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(iii) The values of the Lagrange multipliers �, �, and possibly � for these statistical
theories (see Section 11.2) are determined to ensure that the energy, circulation,
and possibly the mean field absolute vorticity of the most probable states match the
values calculated from the evolving snapshots.

(iv) We calculate the correlation, and relative errors in the vorticity and velocity fields
between the instantaneous snapshots and the predictions made by the equilibrium
theory.

Thus, we have defined an unambiguous algorithm for the approximate dynamics
for the Langevin and dilute-vortex equilibrium statistical theories described in
Section 11.2. This algorithm is based entirely on mean field quantities that are
easily calculated from snapshots of the evolving flow.

12.2.3 Statistical consistency of freely decaying vortex states

We turn now to the numerical experiments that establish the meta-stability of
monopole and dipole vortices through both direct and inverse cascades and the
quantitative accuracy of the approximate dynamics described in Subsection 12.2.2.
We concentrate on two kinds of experiments: (1) the free decay of vortical flows,
which is treated in this section, and (2) the damping and driving of large-scale
vortices by small-scale forcing, which is discussed below in Subsection 12.2.4.

The numerical experiments are initialized with monopole and dipole vor-
tices produced as the most probable states of the equilibrium statistical theories
described earlier in Section 11.2 of Chapter 11. Here, the initial vortices freely
decay and we show that a fluid initialized with an equilibrium state will evolve
“close” to other such equilibrium solutions, even as the energy substantially
decays and the streamlines exhibit topological transitions as vortical flows decay
into shear flows with decreasing energy. The results of this section show that
the equilibrium statistical theory is quite successful at tracking the topological
transition from vortex to shear flow. These simple laminar tests of the consistency
of the statistical theory also provide a point of comparison for the numerical
experiments run with small-scale forcings that are described afterwards.

Free decay of vortex monopoles

To illustrate the free decay of vortex monopoles, we initialize the flow with
one of two different cases, shown in Figures 12.1(a) and 12.1(b). The monopole
in Figure 12.1(a) is “peaked,” and the potential vorticity is gently distributed
throughout the channel. The monopole in 12.1(b) is “flat,” and the potential
vorticity is sharply divided into two patch-like regions. These vortices, which
are both most probable states in the Langevin statistical theory, have identical
energy, E = 0�4, but different circulations – the circulation in the peaked example
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Figure 12.1 Initial potential vorticity surfaces for the numerical experiments
run. Each surface is the most probable state produced by the statistical theory.
(a) the “peaked” monopole vortex with energy, E = 0�4, circulation, � = 2�225,
and � = 0�5. (b) the “flat” monopole vortex with energy, E = 0�4, circulation,
� = 1�85, and � = 0�5. (c) a dipole-vortex street with energy, E = 0�0034,
mean absolute vorticity, A = 0�42, and � = 0�1. (d) a shear flow with energy,
E = 0�0034, mean absolute vorticity, A = 0�42, and � = 0�1.

is � = 2�225, and the circulation in the flat example is � = 1�85. The turnaround
time for both vortices is near t = 3; this is estimated by dividing the mean
circumference of the vortex, d = 2�r = �/2, by the “average” velocity in the
initial flow, which is estimated at approximately half the peak velocity, v = 1�2/2,
so that we have

vortex turnaround time = �

2 ·0�6
∼ 3� (12.12)

For the experiments initialized with a peaked vortex and dissipated by Ekman
drag and hyper-viscosity, the total run time is usually T = 1000, so that the run
lasts for more that 300 vortex turnaround times. For the experiments initialized
with a flat vortex undergoing Newtonian viscosity, the Reynolds’s number is near
Re ∼ 2500, and the total run time is T = 50.
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In our first numerical experiment the peaked monopole, depicted in
Figure 12.1(a), freely decays, dissipated by a combination of Ekman drag,
d0 = 10−3, and hyper-viscosity, d3 = 10−7. The geophysical beta-parameter
is � = 0�5. The total run time is T = 1000, which is sufficiently long for the
initial vortex to decay into a shear flow, which occurs near time t = 630. The
energy and circulation decrease uniformly throughout the run and the maximum
of the potential vorticity increases for a short time after initialization due to
the hyper-viscosity, which is shown in Figures 12.2(a) and 12.2(c). Also, the
maximum velocity, in the flow, vmax

vmax = max��v� (12.13)

decreases in the evolution of the flow.
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Figure 12.2 Evolving quantities for free decay of peaked monopole shown in
Figure 12.1(a), damped by a combination of Ekman drag, d0 = 10−3, and hyper-
viscosity, d3 = 10−7. (a) The energy, circulation and maximum velocity in the
flow. (b) The enstrophy–energy ratio normalized by �2. (c) The maximum
potential vorticity in the flow and the optimal positions produced by the statistical
theory. (d) The relative errors with respect to vorticity field, marked by o’s, and
with respect to the velocity field, marked by x’s.
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Three snapshots of the decaying flow are shown in the left-hand column of
Figure 12.3 at times t = 100, 400, and 700, for the contour lines of the potential
vorticity. The equilibrium solutions of the approximate dynamics, which are pro-
duced by the algorithm described in Subsection 12.2.2, appear at the corresponding
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Figure 12.3 Contour lines of the potential vorticity fields at times t = 100,
400, and 700 for the numerical experiment described in Figure 12.2. Left-hand
column: snapshots of the evolving flow, right-hand column: most probable states
of the statistical theory.
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positions in the right-hand column of Figure 12.3. The equilibrium solutions are
calculated from the instantaneous values of the evolving energy, circulation, and
potential vorticity maximum that appear in Figure 12.2. During the numerical
experiment the initial vortex slowly weakens and decays to a zonal shear flow
at time near t = 630 – therefore, two of the snapshots depict vortex flows and
one depicts a zonal shear. The qualitative structure of the decaying flow in the
left-hand column of Figure 12.3 is clearly captured by the approximate dynamics,
which also pinpoints the time at which the evolving flow crosses from vortex to
shear flow.

Each of the most probable solutions in Figure 12.3 is very near the optimal,
in the sense of correlations defined in (12.7), that the approximate dynamics can
produce. At each time we extract the instantaneous values of the energy and
circulation, and solve the Langevin mean field equations for a range of potential
vorticity extrema, Q+. The values of the potential vorticity maximum that yield
the smallest correlations for each snapshot are plotted with x in Figure 12.2(c) –
notice that almost all lie just above the maximum PV in the mean field. This
supports the use of (12.10) in the approximate dynamics.

The quantitative comparisons, as measured by the relative errors in the velocity
and vorticity fields between the evolving and approximate dynamics are shown
in Figure 12.2(d). The errors are roughly constant in the early stages of the
experiment for times t < 500, where the topological structure is a strong monopole.
The relative errors in the velocity field are near 2% and relative errors in the
vorticity field near 9%. As the monopole vortex weakens and approaches the
crossover point to zonal shear flow, there is a bump in the quantitative data,
after which the errors slowly increase throughout the run, with relative errors in
the velocity field approximately 3–8% and relative errors in the vorticity field
approximately 9–20%.

Free decay of vortex streets

To illustrate the free decay of vortex streets, we initialize the flow by the most
probable state shown in Figure 12.1(c) and evolve under the quasi-geostrophic
dynamics in (12.1) with � = 0. The dissipation, �, is a combination of Ekman
drag, d0 = 10−3, and hyper-viscosity, d3 = 10−7. The turnaround time for the
vortices is near t = 12; this is estimated by dividing the mean circumference
of a vortex, d = 2�r = �/4, by the “average” velocity in the flow, which is
approximately v = 0�12/2, so that

vortex turnaround time = �

4 ·0�06
∼ 12� (12.14)
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Since the total run time for the numerical experiments in this section is T = 750,
each run lasts more than 60 vortex turnaround times.

As the flow evolves, the individual vortices that comprise the initial street
weaken and ultimately decay into a zonal shear flow. The energy, E, and absolute
vorticity, A, uniformly decrease, along with the maximum value of the velocity
in the flow, which is shown in Figures 12.4(a) and 12.4(c). The circulation, � , is
identically zero, since the vortex street is spanwise anti-symmetric with respect
to the channel, and the quasi-geostrophic dynamics preserves this symmetry (see
Subsection 11.2.1 for more details).

A few snapshots of the evolving velocity field are provided in the left-hand
column of Figure 12.5, at times t = 100, 400, and 700. The weakening vortex
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Figure 12.4 Evolving quantities for the free decay of the vortex street shown in
Figure 12.1(c), damped by a combination of Ekman drag, d0 = 10−3, and hyper-
viscosity, d3 = 10−7. (a) The energy and maximum velocity in the flow. (b) The
enstrophy–energy ratio, which is normalized by �2. (c) The mean absolute
vorticity in the flow and the optimal positions produced by the statistical theory.
(d) The relative errors with respect to vorticity field, marked by o’s, and with
respect to the velocity field, marked by x’s.
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Figure 12.5 Velocity field at times t = 100, 300, and 600 for the numerical
experiment described in Figure 12.4. Left-hand column: snapshots of the evolving
flow, right-hand column: most probable states of the statistical theory.

street is seen in the upper two diagrams, as the arrows indicating the direction
and strength of the velocity field straighten and the pattern around the vortices
becomes more elliptical. In the diagram shown in the bottom left-hand corner,
the flow is a zonal shear and each of the arrows lies parallel to the channel
boundaries. The predictions of the equilibrium theory, produced by the algorithm
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discussed above, are shown in the right-hand column of Figure 12.5. Each of
the most probable states has identical energy, and absolute mean field potential
vorticity (the circulation very nearly vanishes) as the corresponding snapshot of
the evolving flow. The matching velocity fields are indistinguishable by eye. The
transition point from vortex to shear flow, which occurs near time t = 520, is also
pinpointed by the approximate dynamics, although we do not provide a figure to
show this.

The relative errors in the velocity and vorticity fields are shown in
Figure 12.4(d). The magnitude of the errors between the evolving flow and the
equilibrium solutions is very low; approximately 5–8% in the velocity fields
and 10–12% in the vorticity fields. We have also calculated the values of the
mean field absolute vorticity, A, that produce most probable states that are
optimal, in the sense of correlation deficits defined in (12.7); these values are
plotted with x in Figure 12.4(c). For these optimal fits, we match the energy and
circulation of the evolving flow, but select the mean field absolute vorticity that
produces the lowest correlation deficit with respect to the evolving flow. Notice
that the positions of the optimal fit are quite close to the evolving mean field
absolute vorticity at all times, which gives strong support for the algorithm for
approximate dynamics. There is no practical difference between these “optimal”
solutions and those produced by matching the energy, circulation and mean field
absolute vorticity in the evolving flow.

12.2.4 Statistical consistency of damped and driven vortex states

In the previous subsection, we demonstrated the meta-stability of freely decaying
monopole and dipole vortices initialized by most probable states of an equilib-
rium statistical theory. Here, we provide more stringent tests on the approximate
dynamics – in addition to damping by dissipation that includes both Ekman
drag and hyper-viscosity, the evolving flow is driven by small-scale vortices
placed randomly in the channel, which mimics a forcing provided by small-scale
storms in geophysical flow. We run a number of numerical experiments, includ-
ing (1) the buildup of a large-scale shear flow via an inverse cascade driven
by single-signed vortices, (2) the maintenance of vortex streets with dissipation
and small-scale vortex forcing and (3) the emergence of vortex streets from an
initial shear flow via an inverse cascade driven by small-scale vortices of both
signs.

The key parameter in these experiments is the amplitude of the localized forcing,
Amp. In the numerical runs initialized by a dipole-vortex street and forced with
vortices of both signs, the quantitative measures generally degrade with increased
forcing strength. For a strong forcing with Amp = 3/10, the peak initial potential
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vorticity in the flow, relative errors in the velocity measure are usually 20% and
relative errors in the vorticity measure are usually 40%.

However, the small-scale forcing helps to maintain the vortex structure of the
flow and the qualitative structure is usually captured by the equilibrium statistical
theory; larger errors usually occur at higher forcing strengths. The degradation
of the relative errors for stronger forcing is undoubtedly related to the dimples
in the potential vorticity field due to small-scale vortices not yet strained by the
large-scale flow. These corrugations in the potential vorticity surface naturally
exert a greater effect on the relative error in the vorticity measure.

Inverse cascade from small-scale forcing of single-signed vortices

A stringent test of the statistical theory is to build a large-scale structure by small-
scale forcing of an initially quiescent flow. In order to encourage the formation
of coherent structures, we eliminate the Ekman drag, which damps both large
and small scales, from the dissipation, i.e., d0 = 0 in the operator, �, defined in
(12.3), and damp the evolving flow solely with hyper-viscosity, d3 = 10−10. The
flow, computed here at 256×256 resolution, is forced by localized single-signed
vortices with radius, r = 12/256, (= 3/64), and amplitude, Amp = 0�1, placed
at random locations in the channel at time intervals, �t = 0�1. Thus, by the end
of the numerical experiment at time T = 1000, we have bombarded the evolving
flow with 10 000 localized vortices. Also, for simplicity in discussion we set
� = 0 in these experiments. The emerging structures in these experiments are
shear flows – accurately tracked by the approximate dynamics with errors in the
velocity field approaching 3% after nearly 10 000 forcings.

The circulation, maximum velocity, and square root of the energy shown in
Figure 12.6(a) all grow linearly in this numerical run, which is a consequence
of the relatively weak dissipation. The potential vorticity maxima, shown in
Figure 12.6(c), also grow linearly and exhibit a transition from a faster to slower
rate of growth, which appears near time t = 200. The vorticity minima decrease
slightly in the run due to the effects of hyper-viscosity. In contrast to the smooth
lines in Figure 12.6(a), the potential vorticity extrema depicted in Figure 12.6(c)
are jagged, showing the effects of random forcing.

In the left-hand column of Figure 12.7 we show three snapshots of the potential
vorticity surface of the evolving flow, at times t = 100, 500, and 1000. The
jaggedness of the surfaces clearly show the effects of the small-scale forcing. At
time t = 100 individual vortices have begun to cluster, forming the zonal shear
flow; by time t = 1000 the shear flow is strong, although it exhibits a curious
rippling in the potential vorticity surface in the center of the channel. The most
probable states of the equilibrium theory are provided in the matching diagrams
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Figure 12.6 As in Figure 12.2, evolving quantities for initially quiescent flow
in a channel. Here, the flow is only damped by hyper-viscosity, d3 = 10−10, and
forced by localized vortices with amplitude, Amp = 0�1.

in the right-hand column of Figure 12.7. Each of these solutions is formed from
extracting the energy, E, circulation, � , and potential vorticity maximum, Q+,
from the evolving snapshots, and solving the Langevin mean field equation for
these values.

Naturally, each of the steady most probable solutions shown in the right-hand
column of Figure 12.7 are smooth, even for early times in the numerical run. We
might reasonably expect that the quantitative fit between the evolving snapshots
and the most probable states of the equilibrium theory improves at longer times.
This is shown in Figure 12.6(d), in which the relative errors in the vorticity field
uniformly decrease from nearly 40% at time t = 100 to 16% at time t = 1000
and the relative errors in the velocity field uniformly decrease from 9% to 3% in
the same time range. As in other experiments with small-scale forcing, the errors
in the velocity field are much lower than the errors in the vorticity field. Indeed,
the strongly forced evolving flow quickly approaches the ground state, which
is indicated in Figure 12.6(b) by the rapid approach of enstrophy–energy ratio
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Figure 12.7 Potential vorticity surfaces at times t = 100, 500, and 1000 for the
numerical experiment described in Figure 12.6. Left-hand column: snapshots
of the evolving flow, right-hand column: most probable states of the statistical
theory.

to its minimum value, � = �. A direct comparison of the most probable states
produced by the statistical theory to the linear ground state solutions, which are
the eigenfunctions of the Laplacian operator for the channel domain, shows that
the two are closely correlated throughout the run, decreasing from a difference of
3% at time t = 100 to 2% at time t = 1000.
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Maintenance of vortex streets by small-scale, double-signed forcing

In Subsection 12.2.3, we showed that freely decaying vortex streets are accurately
tracked by the approximate dynamics; here we repeat these numerical experiments
with the identical initial conditions and dissipation, adding small-scale forcing
by localized vortices of both signs. In general, the forcing delays the transition
from vortex to shear-flow vortex streets, even as the vortices that make up the
large-scale street are bombarded by localized vortices of the opposite sign.

We repeat the numerical experiment described earlier in Subsection 12.2.3,
retaining the level of dissipation and the geophysical beta-parameter but adding
small-scale vortices of amplitude, Amp = 0�1 and 0.3, in two separate runs. As
before the small-scale forcings are placed at random grid points on the channel at
regular intervals, �t = 0�1, and each such vortex has identical radius, r = 3 grid
points, where the full channel width is 64 grid points.

For the weaker case with Amp = 0�1, the topological transition from vortex
street to shear flow is delayed by the small-scale forcing, which helps to maintain
the vortical structure in the flow. Indeed, the evolving flow never quite reverts to
a zonal shear, but retains a slight signature of the dipolar pattern in the velocity
field. The approximate dynamics tends to slightly underpredict the strength of
the vortex street, predicting shear flows where the evolving flow contains weak
vortex street. Quantitatively, the approximate dynamics performs quite well in
this case, with relative errors in the velocity field between 8 and 20% and relative
errors in the vorticity field between 15 and 35% throughout the run.

For the stronger case with Amp = 0�3, a strong vortex street is maintained
throughout the run. The strength of the forcing can be seen in the jaggedness of
the key quantities in the flow shown in Figure 12.8, including energy, E, and
mean field absolute vorticity, A. The enstrophy–energy ratio, which is depicted
in Figure 12.8(b), holds roughly constant throughout the initial stages of the run,
and increases towards the end, which suggests that energy introduced by the
localized forcing is entering into the smaller scales. As the largest scales continue
to decay – the energy is decreasing throughout the run – the forcing, whose
amplitude is held fixed, becomes relatively stronger, and helps to maintain the
vortex street.

A few snapshots of the evolving velocity field are provided in the left-hand
column of Figure 12.9, at times t = 100, 400, and 700. The vortex street remains
quite strong throughout the run, with well-formed vortices and a clear meander to
the jet that traverses the center of the channel. The predictions of the equilibrium
theory are shown in right-hand column of Figure 12.9. Each of these most probable
states has identical energy, circulation, and absolute mean field potential vorticity
as the corresponding snapshot of the evolving flow.
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Figure 12.8 As in Figure 12.2, evolving quantities for the vortex street shown
in Figure 12.1(c) undergoing damping and driving. The flow is damped by a
combination of Ekman drag, d0 = 10−3, and hyper-viscosity, d3 = 10−7, and
strongly forced by small-scale vortices with amplitude, �Amp� = 0�3.

The quantitative diagnostics for the experiment, the correlation and relative
errors in the velocity and vorticity fields, are shown in Figure 12.8(d). The errors
in both the velocity and vorticity fields have increased at the higher forcing
amplitude: the errors in the velocity field are approximately 20%, excluding the
time period between t = 500 and t = 600, where the approximate dynamics fails,
and the errors in the vorticity field are approximately 40%. For the interval of
time between t = 500 and t = 600 the relative velocity errors in the approximate
dynamics reach 50%. In this narrow interval of time the equilibrium statistical
theory incorrectly produces a shear flow as the most probable state based on
the evolving energy, circulation, and absolute vorticity. The rapid increase in
the relative errors in the velocity and vorticity fields shows the importance of
predicting the correct topological structure in the evolving flow.

Although the relative errors in the velocity field have increased to nearly 20%
in this run, the approximate dynamics clearly captures the qualitative structure
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Figure 12.9 Velocity field at times t = 100, 400, and 700 for the numerical
experiment described in Figure 12.8. Left-hand column: snapshots of the evolving
flow, right-hand column: most probable states of the statistical theory.

of the velocity field in the evolving flow, as is demonstrated in Figure 12.9.
The relative errors in the potential vorticity field have increased to nearly 40%;
however, the basic structure of the vortex street is also seen in the potential
vorticity surfaces produced by the approximate dynamics. In the left-hand column
of Figure 12.10 we provide the evolving PV surfaces at times t = 100, 400, and
700. Here, the strong small-scale forcing, which includes localized vortices of
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Figure 12.10 Potential vorticity field at times t = 100, 400, and 700 for the
numerical experiment described in Figure 12.8. Left-hand column: snapshots
of the evolving flow, right-hand column: most probable states of the statistical
theory.

both signs, introduces large ripples into the potential vorticity surfaces of the
evolving flow. The most probable states of the equilibrium theory are shown in
the right-hand column of Figure 12.10. The equilibrium most probable states are
much smoother than the evolving flow field; nevertheless, the strong cores of the
damped and driven vortex streets are clearly reproduced. The degradation of the
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relative errors in the vorticity field is predominantly caused by the large dimples
in the PV field due to localized vortices that have not yet been strained by the
large-scale street. A comparison between the velocity fields in Figure 12.9, which
are largely smooth even in the evolving snapshots, and the potential vorticity
fields in Figure 12.10, demonstrate that the error in the relative vorticity is a much
tougher measure for the approximate dynamics.

Vortex coalescence in strongly forced shear flow

In previous subsections we showed that the approximate dynamics performs
reasonably well in tracking the evolution of vortex streets bombarded by localized
vortices, even at forcing amplitudes at nearly 3/10 the peak vorticity in the initial
flow. Here, we test the statistical theory under far more stringent conditions: we
repeat the damped and driven numerical experiments run in previous subsections –
damped by a combination of Ekman drag and hyper-viscosity and driven by
small-scale vortices of both signs with the large amplitude, �Amp� = 0�3 – and
replace the initial vortex street with the initial shear flow shown in Figure 12.1(d).
During the numerical run, the localized forcing eventually creates and maintains
a vortex street in the channel.

The evolution of key quantities in the flow, which includes the energy, absolute
vorticity, and maximum velocity, are shown in Figures 12.11(a) and 12.11(c).
The energy, absolute vorticity, and maximum velocity generally decrease during
the length of the numerical experiment. The jaggedness in these curves is caused
by the localized vortices added to the potential vorticity field.

The main effect of the small-scale forcing is to induce and maintain a vortex
street in the evolving flow. Although the initial flow field is a zonal shear, the
small-scale forcings quickly coalesce into the counter-rotating vortices character-
istic of the street. A few snapshots of the evolving velocity field are provided in
the left-hand column of Figure 12.12, at times t = 100, 300, and 640. A weak
vortex street is seen in the upper diagram; it gradually strengthens as time evolves,
as is evident in the lower diagrams in the column.

The predictions of the equilibrium theory, which are calculated by the approxi-
mate dynamics described in Subsection 12.2.2, are shown in the right-hand column
of Figure 12.12. Each of these most probable states has identical energy, circula-
tion, and absolute mean field potential vorticity as the corresponding snapshot of
the evolving flow. Here, the approximate dynamics tend to predict shear flows –
see times t = 100 and t = 300 – for the weaker vortex streets in the evolving
flow. At time t = 640, where the strength of the evolving street has strengthened
as indicated by the increasing meander in the central jet, the equilibrium theory
produces a vortex street, although weaker than the evolving flow. Throughout the
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Figure 12.11 As in Figure 12.2, evolving quantities for an initial shear flow
shown in Figure 12.1(d) undergoing damping and driving. The flow is damped
by a combination of Ekman drag, d0 = 10−3, and hyper-viscosity, d3 = 10−7,
and strongly forced by small-scale vortices with amplitude, �Amp� = 0�3.

run the approximate dynamics tends to qualitatively underpredict in this fashion,
producing zonal shears for weak streets and weak vortex streets for strong ones.

Quantitatively, the relative errors, which are shown in Figure 12.11(d), are
fairly high, usually between 20 and 40% in the velocity field and between 30 and
60% in the vorticity field. This is not unexpected given the stringency of the test –
tracking a vortex flow induced by small-scale forcing in an initial shear flow. For
the times when the most probable state achieves the correct topological structure,
the relative errors, especially in the velocity field, are in the lower portions of
these ranges. Indeed, for the strong vortex street that appears at time, t = 640,
which is shown in the bottom row of Figure 12.12, the errors in the velocity field
fall to 16%. Thus, the approximate dynamics is capable of tracking the transition
from zonal shear to vortex flow induced by small-scale forcing, although it tends
to underpredict the strength of the vortex street and frequently predicts zonal
shears if the vortex street is sufficiently weak.
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Figure 12.12 Velocity field at times t = 100, 300, and 640 for the numeri-
cal experiment described in Figure 12.11. Left-hand column: snapshots of the
evolving flow, right-hand column: most probable states of the statistical theory.

12.3 Crude closure for two-dimensional flows

We continue our investigation of the applicability of equilibrium statistical theo-
ries, especially ESTP, in the environment of forcing and damping. In the previous
section, we demonstrated the meta-stability of the equilibrium statistical struc-
tures in the environment of damping and small-scale random forcing. There, the
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quantities such as the energy and circulation needed in the equilibrium statistical
theory are computed from the numerical solutions of the exact dynamics of the
barotropic quasi-geostrophic equations. Here we perform a much more stringent
test. Namely, we will compute the quantities such as the energy and circulation
needed in the ESTP theory via a crude closure problem which does not depend on
the exact fluid flow. The crude closure problems can be solved very efficiently.
Again, we consider environment with dissipation and small-scale forcing. The
crude closure procedure performed amazingly well under a wide range of cir-
cumstances. This further addresses the basic issues (A-4) and (T-5) discussed in
Chapter 10. The numerical results in this section are due mostly to Majda and
Holen (1997) and Grote and Majda (1997).

12.3.1 The equation and the problem

For simplicity we consider here a special case of the barotropic quasi-geostrophic
equation without geophysical effects �h ≡ 0�� = 0
, but with damping and forcing
in a two-dimensional box Q = �0���× �0���, equipped with stress-free boundary
conditions. The basic dynamic equation is

��

�t
+�v ·	� =

2∑
j=1

dj�−�
j� +� �

� = ��� (12.15)

�v = 	⊥� =
(

−��

�y
�
��

�x

)
�

where the dissipation operate, �, and external random small-scale forcing, � ,
are discussed in Subsection 12.2.1 on meta-stability of equilibrium statistical
structures.

The stress-free boundary condition is equivalent to the swimming pool geometry
(see Chapter 1), i.e. the stream function takes the form, in terms of Fourier
expansion

��x� y� t
 = ∑
k1�k2≥1

ak1�k2
�t
 sin�k1x
 sin�k2y
� (12.16)

At any time, t, the energy, E, and the circulation, � , are given by

E�t
 = 1
2

∫
�

��v�2 = −1
2

∫
�

���

��t
 =
∫
�

��

(12.17)
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Recall from Chapter 9 that the most probable mean field predicted by various
equilibrium statistical theories, with few external constraints such as the energy
and the circulation, satisfies the following mean field equation

�∗ = f��∗�E�� 
� (12.18)

where f = f��∗�E
 in the case of the energy–enstrophy theory.
In particular, we recall from Chapters 6 and 8 that the energy–enstrophy theory

(EEST) produces the ground states as the most probable mean field which takes
the form, in our special swimming pool symmetry (12.16)

�∗ = A sin x sin y� (12.19)

where A is any parameter. Here there are two ground states for a given energy
with coefficient ±A and the uniqueness is enforced by the sign of the circulation.
The statistical theory of point vortices (PVST) in the periodic setting leads to the
familiar Sinh–Poisson equation

��∗
c�b = −c sinh�b�∗

c�b
� (12.20)

where the parameters b and c are Lagrange multipliers and are uniquely deter-
mined by E and � . The analytic expressions for the solution of the Sinh–
Poisson equation in this special periodic setting are described in Section 3.7 from
Chapter 3.

12.3.2 Description of the crude closure dynamics

In this subsection we investigate whether the empirical statistical theories with
a prior distribution (ESTP), especially the point-vortex theory (PVST) and the
energy–enstrophy theory (EEST) can be used to define crude closure dynamics
for time-dependent flows in a non-equilibrium forced regime. In other words we
will study the possibility of constructing an algorithm which predicts the temporal
evolution of bulk features of the flow, such as the energy and the circulation,
using only the statistical macrostates and without solving the flow equations. For
this purpose we postulate two main assumptions on designing these crude closure
algorithms

1. All dissipation of energy and circulation occurs in the large-scale statistical flow.
2. The effect of small-scale forcing is to instantaneously change the large-scale statis-

tical structure to a new large-scale statistical structure with an adjusted energy and
circulation.

Let us assume that the flow is initially at statistical equilibrium, which is
completely defined by its energy and possibly its circulation. As time progresses,
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the flow evolves under the constant action of small-scale forcing and dissipation.
This is where the two assumptions we made become crucial. With the addition
of every new localized vortex, the energy and circulation slightly change, thereby
forcing the large-scale flow into a new statistical state with adjusted energy and
circulation. Next, due to dissipation, the energy and circulation decrease; again
we estimate that decline by assuming that all dissipation occurs in the large scales
of the flow. This strategy will enable us to devise a crude closure algorithm,
which captures the large-scale behavior of the damped and driven flow only by
tracking the energy and possibly the circulation, without actually solving the fluid
equations.

As the flow evolves under the constant bombardment with localized vortices,
it alternates between two extreme flow regimes: a phase of applied forcing and a
phase of pure decay. We begin with the addition of a single vortex, �, at t = t̄ to
the current approximate state, �̄, of the flow. Let t̄− denote the instant just before
and t̄+ the instant right after the event. Then

�t̄+ = �̄t̄− +�� �t̄+ = �̄t̄− +�� (12.21)

The change of the energy, E, and circulation, � , can be calculated easily using
these equations and (12.17). We immediately obtain

E�t̄+
 = E�t̄−
−
∫
�

�̄t̄−�− 1
2

∫
�

���

��t̄+
 = ��t̄−
+
∫
�

��

(12.22)

Since �̄t̄−��, and � are explicitly known, we can evaluate the right-hand sides
of (12.22) to update the energy and the circulation. These new values of E and
� define the new state �̄ of the approximate solution via (12.18), which depends
on the statistical theory considered.

Next, we let �t denote the time interval between forcing by two successive
random vortices. Given the approximate solution �̄ at t = t̄+, we need to determine
the evolution of the approximate dynamics during the decay phase, t̄+ ≤ t < t̄+�t,
up to the instant just before adding the next localized vortex, t = t̄ +�t. To do
so, we must determine the change in energy and circulation in a situation without
forcing.

In the case of Ekman drag, i.e. � = 0�d > 0, it is straightforward to derive
exact expressions for the evolution of the energy and the circulation in a situation
of pure decay

E�t
 = e−2d�tE�t̄+
�

��t
 = e−d�t��t̄+
� t̄+ ≤ t < t̄ +�t�
(12.23)
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By applying these equations at t = �t̄ + �t
−, we obtain the new values of E

and � . This defines the new approximate dynamics solution �̄ through (12.18)
and completes the crude dynamics closure for Ekman drag.

In the case of Newtonian dissipation, i.e. � > 0�d = 0, we do not have simple
exact expressions that describe the evolution of E and � . Thus we need to
estimate the change in E and � over the decay phase, t̄+ ≤ t < t̄ +�t by using
an approximate solution of (12.15) with � = 0. To do so, we approximate the
vorticity by the first-order term in the Taylor series expansion

�̃ = �̄+ �t − t̄

��̄

�t

∣∣∣∣
t̄+

� (12.24)

We remark that higher order or Padé approximations also can be used, but our
results below in Subsection 12.3.3 indicate that these more sophisticated approx-
imations are not needed. Since �̄ solves (12.18), the non-linear terms in (12.15)
vanish at t = t̄+, and we obtain

��̄

�t
= ��f��̄� Ē� �̄
� t = t̄+� (12.25)

Here Ē and �̄ denote the (fixed) energy and circulation associated with �̄ at t = t̄+
via (12.17). We introduce the above equation into (12.24), which yields

�̃ = �̄+��t − t̄
�f��̄� Ē� �̄
� t̄+ ≤ t < t̄ +�t� (12.26)

The accuracy of this approximation depends mainly on the size of ��t − t̄
. By
using �̃ from (12.26), we calculate the approximate change in Ē and �̄ . The
approximate new value of the circulation, �̄�t
, is

�̄�t
 = ��t̄+
+��t − t̄

∫
�

�f��̄� Ē� �̄
� t̄+ ≤ t < t̄ +�t� (12.27)

To compute the change in E, we recall that

dE�t


dt
= −�

∫
�

�	v�2 = −�
∫
�

�2� (12.28)

Next we integrate (12.28) in time over �t̄+� t̄ +�t
, with � replaced by �̃, and
use (12.26) to evaluate the integral explicitly. This yields the approximate new
value of the energy, Ē�t
,

Ē�t
 = Ē −��t − t̄

∫
�

�̄2 −��t − t̄
2
∫
�

�̄�f��̄� Ē� �̄
 (12.29)

−�2�t − t̄
3

3

∫
�

��f��̄� Ē� �̄
�2�
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Finally, we set t = �t̄ + �t
− in (12.29) to update Ē and �̄ , which completes
the crude dynamics closure for the barotropic fluid equations with Newtonian
dissipation.

We emphasize that the formulas derived above, which define the crude closure
dynamics, track the energy and circulation only approximately. Indeed, whether
for Ekman drag or for Newtonian dissipation, the interaction between the current
state of the flow �̄ and the newly added localized vortex � is computed only
approximately; it cannot be calculated exactly without explicit knowledge of the
exact solution to the flow equations. The case utilizing explicit knowledge of exact
solutions for equilibrium statistical theories was discussed in the Section 12.2.
However, in the case of Ekman drag without external forcing, and only in this
special case, the crude dynamics follow the evolution of E and � exactly. For the
sake of clarity, we summarize the crude closure algorithm below.

Crude closure algorithm
Step 0. At t = 0 match Ē and �̄ with the energy and circulation of the initial conditions.

By (12.18) this defines the initial approximate statistical state �̄.
Step 1. Let Ē− and �̄− denote the current approximate values of the energy and the

circulation, which define the statistical state �̄ = f��̄� Ē−� �̄−
 at t = t̄−. Compute
the change in Ē and �̄ due to the addition of a localized vortex �

Ē+ = Ē− −
∫

�
�̄�− 1

2

∫
�
� �̄+ = �̄− +

∫
�

�� (12.30)

This defines the new statistical state �̄ at t = t̄+ via �̄ = f��̄� Ē+� �̄+
.
Step 2. Compute the change in Ē and �̄ during pure decay, t̄ < t < t +�t.

For Ekman drag

Ē = e−2d�tĒ+� �̄ = e−d�t�̄+� (12.31)

For Newtonian dissipation

Ē = Ē+ −��t
∫

�
�̄2 −���t
2

∫
�

�̄�f��̄
− �2��t
3

3

∫
�
��f��̄
�2�

�̄ = �̄+ +��t
∫

�
�f��̄
� (12.32)

This defines the new statistical state �̄ at t = t̄ +�t.
Step 3. Return to 1.

We emphasize that for given initial values of the energy and the circulation, the
crude closure algorithm marches in time independently and without any knowl-
edge of the solution of (12.15). It only requires knowledge of the applied external
forcing and of the dissipation coefficient.

Now we have proposed the crude closure algorithm, our main task is to inves-
tigate how close the statistical states are to the exact solution and how well the
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closure algorithm tracks the energy and the circulation of the time-dependent
evolving flow. For this purpose we shall compare the exact solution with two
types of approximate statistical states. On the one hand, we shall verify the con-
sistency of the equilibrium statistical theories in a non-equilibrium regime simply
by matching the instantaneous exact energy, E, and circulation, � , of the flow.
Thus, given the exact computed values of E and � , we can compare the statistical
state �∗ = f��∗�E�� 
 with the exact solution �. This was done in Section 12.2.
On the other hand, we shall measure the accuracy of the crude dynamics closure
by comparing the approximate statistical state �̄, defined above by the crude
dynamics algorithm, with the exact solution �. Although we might initially be led
to believe that the statistical macrostates obtained by matching E and � to those of
the exact solution would give much better results, we will provide ample numeri-
cal evidence that this is not necessarily so. On the contrary, because the evolution
of bulk features in the flow, such as the energy and circulation, will prove to be
remarkably well-predicted, even under harshest conditions, both the accuracy of
the crude closure and the consistency procedure tend to agree extremely well; in
fact, it is usually quite difficult to distinguish between them in any given situation.

12.3.3 Numerical results with Newtonian dissipation

The numerical method used to compute the solution to the dynamic equa-
tions (12.15) is the same as the one used in Section 12.2. The interested reader is
referred to Majda and Holen (1997), Grote and Majda (1997) for more details.

We shall now submit the crude dynamics closure derived in Subsection 12.3.2
for the Navier–Stokes equations, i.e. (12.15) with d2 = � > 0�d1 = d = 0, to a
series of successively more stringent tests. The large-scale Reynolds number, Re,
is defined as

Re = ���v�max

�
� (12.33)

Decaying flow

We begin with a purely decaying situation and set � = 0 in (12.15). We set
the initial data to be a perturbed state of a solution to the sinh-Poisson equation,
which respects the symmetries (12.16). The perturbation in each quadrant consists
of six random vortices of amplitude equal to 50% of the maximum vorticity of
the underlying sinh–Poisson flow. The initial maximal velocity and vorticity are
��v�max � 3�8 and ���max � 21�1, respectively. Six random vortex patches, three
clockwise and three counter-clockwise, with fixed amplitude �A� = ���max/2, are
superimposed over the initial state. With the viscosity set to � = 0�001, the initial
Reynolds number is about Re = 12 500. Figure 12.13 depicts selected snapshots
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Figure 12.13 Snapshots of the vorticity at t = 0� 1� 5� 10� 20� 100 during pure
decay, with Newtonian dissipation � = 0�001.

of the vorticity at times t = 0� 1� 5� 10� 20� 100. The small-scale vortices, entrained
by the large background vortex, interact and merge rapidly to form a large vortex,
which spreads to the boundary of the domain. Hence Figure 12.13 confirms
qualitatively the theory of selective decay (see Chapter 3), which predicts the
emergence of a Taylor vortex as the long-time solution of the 2D Navier–Stokes
equations in a periodic geometry with symmetries.

In Figure 12.14, we compare the numerical solution with the approximate
solutions defined by statistical theories. The upper two frames show the relative
errors in the macrostates, �∗, obtained by matching the values of the energy and
circulation with those of the exact solution. The sinh–Poisson statistical states
greatly outperform the Taylor vortices, with relative errors in the velocity of about
3% for the former and 15% for the latter. As expected, the errors in the vorticity
are substantially larger, about twice as large as the relative errors in �v. The
graph of the correlation deficit immediately supports this evidence, as the exact
solution correlates very rapidly with a sinh–Poisson macrostate; the correlation
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Figure 12.14 Comparison with crude closure dynamics during pure decay, with
Newtonian dissipation � = 0�001. Top left: error in velocity Err��v� �v∗
 with
the point-vortex theory (plain) and the energy–enstrophy theory (dashed); top
right: error in vorticity Err����∗
 with the point-vortex theory (plain) and the
energy–enstrophy theory (dashed); middle left: energy E (plain) and approximate
energy Ē predicted by the energy–enstrophy theory (dashed); middle right: cor-
relation deficit Corr-d��� sinh�b�

 (plain) and Corr-d����
 (dashed); bottom
left: energy E (plain) and approximate energy Ē predicted by the point-vortex
theory (dashed); bottom right: circulation � (plain) and approximate circulation
�̄ predicted by the point-vortex theory (dashed).

deficit with a Taylor vortex, however, is fairly poor and around 0.1, which is
at least one order of magnitude larger than the correlation deficit with the sinh–
Poisson solution. Next, we explore the accuracy of the approximate solution, �̄,
determined by the crude closure algorithm. In the lower two frames, the exact and
approximate values for the energy, E and Ē, and for the circulation, � and �̄ , are
shown. The two curves in each frame can barely be distinguished from each other,
which demonstrates that the crude closure dynamics follow the evolution of the
exact solution remarkably well. We recall that the crude closure dynamics evolve
independently and without knowledge of the numerical solution, once the energy
and circulation of the initial state have been matched at t = 0. Surprisingly the
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energy of the statistical states, determined by the crude closure algorithm using
the energy–enstrophy theory, also follows the energy of the exact solution with
an error of at most 5%, despite the rather poor correlation.

Since the statistical states are completely determined by the values of Ē and �̄ ,
which track the exact energy and circulation within just a few percent, the relative
L2-errors of the macrostates obtained via the crude closure dynamics essentially
coincide with the curves shown in the top two frames, and hence we omit the
figure here. Thus, solving the flow equations numerically provides little extra
information for bulk features of the flow.

Spin-up of large vortex

Here we consider a numerical experiment radically different from the previous
one. Initially at rest, the flow is bombarded with localized vortices of like negative
sign and constant amplitude �A� = 1. The interesting question is to determine the
statistical quasi-equilibrium state for long times with damping and driving.

In our first calculation we set � = 0�01, so that equilibrium was reached at
t � 200, with a final Reynolds number close to 4500. Initially we simply set both
Ē and �̄ to zero. Figure 12.15 depicts snapshots of the vorticity at initial and later
stages in the computation, t = 1, 5, 10, 25, 50, 250. The initial stages of the flow
are strongly perturbed and incoherent, yet with time a vortical super-structure
emerges from the turbulent flow with the vorticity concentrated in the center of
the square. In Figure 12.15 we see the huge increase in energy from 0 up to
approximately 130, as the flow accelerates, due to the incessant bombardment
with small vortices. The circulation, negative since the vortex rotates clockwise,
decreases from 0 down to −50. The two middle frames in Figure 12.16 display
the error in velocity and vorticity using the macrostates obtained by matching
the energy and enstrophy of the exact numerical solution. The relative errors,
quite large during the initial stages, rapidly decrease and reach remarkably small
values, 3% for the velocity and 6% for the vorticity. In contrast to the computation
performed in the previous calculation, the point-vortex and the energy–enstrophy
theories yield comparable results in this situation, with long-time correlation
deficits of about 0.001 and 0.002, respectively.

Next we address the remaining crucial question of whether the crude dynamics
algorithm is able to bridge over the initial chaotic stages of the flow and predict
the bulk features of the emerging super-vortex. Surprisingly, the answer to this
question is, yes. Indeed in the lower two frames in Figure 12.16, the errors
in velocity and vorticity, obtained with the crude closure algorithm using the
point-vortex statistical theory, are barely larger than those obtained from the
simple matching procedure. The behavior of the crude closure dynamics using
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Figure 12.15 Snapshots of the vorticity at t = 1, 5, 10, 25, 50, 250, during
vortex build-up from zero, with Newtonian dissipation � = 0�01.

the energy–enstrophy theory is almost identical to that of the point-vortex theory
with identical relative L2-errors.

To test the dependence of the results on the Reynolds number, we set � = 0�001
and run the simulation up to t = 1000 – until the time 10 000 random vortices
have been added. Again under the constant bombardment with random-like signed
vortices, the flow undergoes a transient incoherent stage until a large vortex
emerges and completely fills the square. In Figure 12.17 we see the huge increase
in the vorticity up to 125, while the large-scale Reynolds number at t = 1000 is
close to 365 000. Beyond the initial perturbed flow configurations, the emerging
vortex correlates extremely well – the correlation deficit is smaller than 0.003 –
with both statistical states. In the lower two frames of Figure 12.17, we see
the remarkable performance of the crude closure algorithm for the point-vortex
statistical theory. The relative errors are again about 3% for the velocity and 6%
for the vorticity. The errors obtained using the sinh–Poisson statistical states with
the energy and circulation matched with the exact solution are about half these
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Figure 12.16 Comparison with crude closure dynamics during vortex build-up
from zero, with Newtonian dissipation � = 0�01. Top left: energy E (plain) and
approximate energy Ē predicted by the point-vortex theory (dashed); top right:
maximal vorticity ���max; middle left: error in velocity using the point-vortex
theory, Err��v� �v∗
 (plain) and Err��v� �̄v
 (dashed, upper curve); middle right: error
in vorticity using the point-vortex theory, Err����∗
 (plain) and Err��� �̄

(dashed, upper curve); bottom left: error in velocity using the energy–enstrophy
theory, Err��v� �v∗
 (plain) and Err��v� �̄v
 (dashed, upper curve); bottom right: error
in vorticity using the energy–enstrophy theory, Err����∗
 (plain) and Err��� �̄

(dashed).

values. The energy–enstrophy theory again performs similarly to the point-vortex
theory. Although the flow has not reached statistical equilibrium yet, we observe
a constant decrease in the relative errors with increasing time.

In the next section we will provide partial explanation to the numerical results
for the spin-up problem.

Forcing by alternating or opposite signed vortices

We attempt to explore the limits of the statistical theory by increasing the intensity
of the external forcing. First, we will bombard the large-scale vortex with localized
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Figure 12.17 Comparison with crude closure dynamics during vortex build-up
from zero, with Newtonian dissipation � = 0�001. Top left: maximal vorticity
���max; top right: correlation deficit Corr-d��� sinh�b�

 (plain) and Corr-d����

(dashed, upper curve); bottom left: error in velocity using the point-vortex theory,
Err��v� �v∗
 (plain) and Err��v� �̄v
 (dashed, upper curve); bottom right: error in
vorticity using the point-vortex theory, Err����∗
 (plain) and Err��� �̄
 (dashed,
upper curve).

vortices of opposite sign to destroy the initially coherent structure and force the
flow into a transient incoherent regime. Again we will see that the crude closure
algorithm is able to bridge this chaotic state and predict the emergence of the
new vortical super-structure with opposite sign. Second, we will force the flow
out of its statistical state by strongly perturbing it with random localized vortices
of alternating sign, and test the performance of the crude closure algorithm as we
increase the intensity in the bombardment.

In Figure 12.18 we display snapshots at selected times t = 0, 10, 20, 30, 40, 50,
of the vorticity, as we bombard the initial sinh–Poisson state with small vortices
of opposite sign and constant amplitude �A� = 1. Here the initial maximal velocity
was about 3.8 and � = 0�01, leading to a Reynolds number Re � 2500. The
large vortex structure, initially rotating clockwise, begins to disintegrate and is
completely destroyed by t = 20. Under the constant action of the external forcing,
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Figure 12.18 Snapshots of the vorticity at t = 0, 10, 20, 30, 40, 50, during flow
reversal, with Newtonian dissipation � = 0�01.

the flow lingers in an incoherent intermediate state, reverses its direction, and
slowly starts to rebuild a large vortical structure with opposite sign. The graph
of the circulation, shown in Figure 12.19, clearly demonstrates the change of
direction in rotation as the circulation goes through zero. Since the macrostates of
the energy–enstrophy theory are only defined up to a sign, we had to impose the
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Figure 12.19 Comparison with crude closure dynamics during flow reversal,
with Newtonian dissipation � = 0�01. Top left: maximal vorticity ���max; top
right: circulation � (plain) and approximate circulation �̄ predicted by the
point-vortex theory (dashed); middle left: error in velocity Err��v� �v∗
 using the
point-vortex (plain) or the energy–enstrophy theory (dashed); middle right: error
in vorticity Err����∗
 using the point–vortex (plain) or the energy–enstrophy
theory (dashed); bottom left: error in velocity using the point–vortex theory,
Err��v� �v∗
 (plain) and Err��v� �̄v
 (dashed); bottom right: correlation deficit Corr-
d��� sinh�b�

 (plain) and Corr-d����
 (dashed).
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change in sign of the circulation in the exact solution in (12.20). In that same frame
we display the evolution of the circulation predicted by the crude closure algorithm
using the point-vortex statistical theory: it is difficult to distinguish between the
exact and the predicted values, which demonstrates again the remarkable accuracy
in the prediction of the crude closure dynamics. In the lower four frames in
Figure 12.19, all various error measures of either the velocity or the vorticity
display relative errors beyond 100% during the transient stages, where the flow
velocity is close to zero and totally incoherent. However, once past the transient
stages, the errors in velocity and vorticity are about 5% and 10%, respectively,
for either statistical theory, whether we use the matched values of E and � from
the exact solution or the values Ē and �̄ predicted by the crude closure dynamics.
We note the qualitative difference in the initial vortex structure, with a tightly
concentrated center, and the later vortex, with tame values in the vorticity spread
out up to the boundaries of the square. Thus due to its higher versatility in adapting
to various situations, the sinh–Poisson solution outperforms the Taylor vortices
in the initial tightly packed vortex configuration. The comparable performance of
both statistical theories in the reconstruction phase corroborates the results in the
previous section during the build-up from zero.

Next, we consider the same initial sinh–Poisson solution, but strongly perturb
the flow by vortices with alternating signs and constant amplitude equal to 5% of
the initial maximal vorticity. Here the viscous coefficient was set to � = 0�001,
which led to a Reynolds number close to 25 000. Figure 12.20 depicts the evolution
of the flow with snapshots of the vorticity at selected times t = 0, 20, 40, 60, 80,
100. In contrast to the behavior during pure decay or build-up from zero, here
the vorticity distribution remains tightly packed in the center of the square. In
Figure 12.21 the correlation deficit with the Taylor vortex is poor, around 0.1,
versus a correlation deficit around 0.02, obtained using the sinh–Poisson solution.
As a consequence, the errors in velocity obtained with the energy–enstrophy
statistical theory are quite large, slightly above 20%, when compared with the
excellent performance of the crude closure based on the point-vortex theory, which
yields relative errors of only 6%. We omit showing the comparison between the
exact energy and the evolution predicted by the crude dynamics in the context
of the point-vortex theory, as the curves are barely distinguishable. Instead, we
graph the evolution of the energy predicted by the crude closure based on the
energy–enstrophy theory which, despite its poorer performance, tracks the energy
within relative errors below 6%.

Finally, we attempt to push the statistical theory to its limits by repeating the
above numerical experiment, yet with the magnitude of the localized vortices
augmented to 20% of the maximal initial vorticity. In Figure 12.22 we display
contours of the vorticity at selected times t = 0, 20, 40, 60, 80, 100, which
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Figure 12.20 Snapshots of the vorticity at t = 0, 20, 40, 60, 80, 100, during
bombardment with localized vortices of alternating sign and amplitude equal
to 5% of initial maximal vorticity ���max � 21�1, with Newtonian dissipation
� = 0�001.

show the perturbed state of the evolving flow as the large-scale vortex leaves
the center of the square and navigates about the domain while shedding small
vortical structures. As to be expected in this violent regime, both statistical theories
correlate rather poorly with the evolving flow, and lead to errors over 50% in the
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Figure 12.21 Comparison with crude closure dynamics during bombardment
with localized vortices of alternating sign and amplitude equal to 5% of initial
maximal vorticity ���max � 21�1, with Newtonian dissipation � = 0�001. Top
left: maximal vorticity ���max; top right: correlation deficit Corr-d��� sinh�b�


(plain) and Corr-d����
 (dashed, upper curve); bottom left: error in velocity
Err��v� �v∗
 using the point-vortex (plain) or the energy–enstrophy theory (dashed,
upper curve); bottom right: energy E (plain) and approximate energy Ē predicted
by the energy–enstrophy theory (dashed, upper curve).
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Figure 12.22 Snapshots of the vorticity at t = 0, 20, 40, 60, 80, 100, during
bombardment with localized vortices of alternating sign and amplitude equal
to 20% of initial maximal vorticity ���max � 21�1, with Newtonian dissipation
� = 0�001.

velocity and the vorticity. However, the surprising result in Figure 12.23 is the
ability of the crude closure dynamics to track bulk features of the flow, such as
the energy and the circulation, quite accurately despite the poor correlation with
the statistical equilibrium states.
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Figure 12.23 Comparison with crude closure dynamics during bombardment
with localized vortices of alternating sign and amplitude equal to 20% of initial
maximal vorticity ���max � 21�1, with Newtonian dissipation � = 0�001. Top
left: maximal vorticity ���max; top right: correlation deficit Corr-d��� sinh�b�


(plain) and Corr-d����
 (dashed, upper curve); bottom left: error in velocity
Err��v� �v∗
 using the point-vortex (plain) or the energy–enstrophy theory (dashed,
upper curve); bottom right: energy E (plain) and approximate energy Ē predicted
by the point-vortex theory (dashed, upper curve).
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Finally we remark on the case with Ekman damping. The crucial difference
between Ekman damping and eddy viscosity (or hyper-viscosity) is that Ekman
drag dissipates energy at all scales equally, whereas Newtonian viscosity dissi-
pates much more strongly at the smaller scales. Thus we should not expect the
crude closure to work since the initial assumptions on designing the crude clo-
sure algorithms are violated. This is supported by numerical evidence, and the
interested reader is referred to Grote and Majda (2000) for more details.

12.4 Remarks on the mathematical justifications of crude closure

In this section we offer partial justification of the numerical evidence of the
emergence of large-scale vortex under random small-scale vortex bombardment
with the same sign as presented in Subsection 12.3.3, i.e. the spin-up of large
vortex. A completely satisfactory justification would be to establish that the long
time behavior is a quasi-equilibrium state in the form of ground state (or a large
coherent structure close to the ground state) plus small fluctuations. A somewhat
satisfactory explanation would be to establish that the long time average of the
flow is a ground state or a suitable large-scale vortex. Such an emergence of
large-scale structure fits very well with the law of large numbers, and technically
can be derived via proving the existence and uniqueness of certain invariant
measures with appropriate supports. This approach has been carried out recently
with full mathematical details by the authors Majda and Wang (2005). Indeed,
the small-scale random bombardments can be decomposed into a large-scale
deterministic part and a random fluctuation with zero mean. Under appropriate
scaling of the time step between kicks and the amplitude of the bombardment,
the forcing can be approximated by a deterministic large-scale steady forcing plus
a small white noise in time. This is basically the infinite-dimensional version
of Donsker’s invariance principle (see Reed and Simon, 1980). We can then
imagine that the main feature of the flow is determined by the large-scale steady
state forcing, which produces a large coherent structure. The small white noise
forcing produces small (in some appropriate sense) fluctuations from the large-
scale coherent structure. Moreover, we can show that the large-scale coherent
structure is highly correlated with the ground state, which is consistent with our
numerical evidence (Majda and Wang, 2005).

Here, we take an alternative approach. Recall from Chapters 1 and 3 that the
Dirichlet quotient controls the small scales in the flow. Indeed, the Dirichlet quo-
tient attains its minimum, the first eigenvalue of the Laplace operator allowed
by the geometry, if and only if the flow attains the maximum scale structure
allowed by the geometry, i.e. the ground states. Moreover, flows with predom-
inantly small structures are characterized by a large Dirichlet quotient, while
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flows with predominant large structures are characterized by a small Dirichlet
quotient. Therefore, an upper bound on the Dirichlet quotient for the flow is a
partial justification for the emergence of the large-scale structure. Such an upper
bound on the Dirichlet quotient is the goal of this section.

In general, a flow governed by the quasi-geostrophic dynamics may not be
able to maintain a large-scale structure under random small-scale bombardments.
Indeed, it is easy to construct a flow consists of minus a given vortex plus very
small perturbation of higher Dirichlet quotient (small structure). The bombardment
of this flow by the given vortex results in the cancellation of the relatively large
structure and leads to the extremely small structure having a much higher Dirichlet
quotient. This is supported by the numerical results from Subsection 12.3.3.
However, due to the special setting of the spin-up problem, we will see that the
vorticity field will be non-negative for all time due to a maximum principle (see
for instance Evans, 1998). Such a positive vorticity field cannot be annihilated
by the positive small-scale bombardment and this is the main ingredient in the
success in deriving an upper bound for the Dirichlet quotient.

There are two stages in the dynamics: a free decay stage and an instantaneous
forcing stage. Recall from Chapter 3 that the Dirichlet quotient is a monotonic
decreasing function of time in the free decay stage. Thus it is only necessary to
establish that the instantaneous forcing stage cannot increase the Dirichlet quotient
without bound.

We first recall the equations and consider a slightly more general case with an
arbitrary initial vorticity as long as it is positive

��

�t
+	⊥� ·	� =���+� �

��t=0 =�0 ≥ 0 on Q�

(12.34)

where the stream function, �, satisfies the free stress boundary condition at the
edges of the square Q = �0���× �0���, which is equivalent to having a special
type of Fourier expansion listed in (12.16). In particular this implies the following
boundary condition for the stream function, �, and the vorticity, �

���Q = ���Q = 0� (12.35)

The external forcing takes the form specified in (12.4) with the small-scale vortex
given in (12.5). One special feature of the external forcing is the positivity. When
this positivity is combined with the positivity of the initial vorticity, we obtain
the positivity of future vorticity via a simple maximum principle argument as we
may view (12.34) as a convection-diffusion equation for the vorticity, �. Hence
we have

���x� t
 ≥ 0� for all t > 0� (12.36)
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(see for instance Evans, 1998). As for the stream function, it can be solved via the
Poisson equation together with the zero boundary condition specified in (12.35).
The maximum principle for Poisson equation (see for instance Evans (1998))
implies that the stream function is strictly negative inside the box Q unless � ≡ 0

���x� t
 < 0� for all t > 0� (12.37)

Next we look into the evolution of the energy, enstrophy, and circulation. It
is easy to derive, after multiplying the quasi-geostrophic (Navier–Stokes) equa-
tions (12.34) by −� or � or 1 and integrating over the square Q

dE

dt
= −�

∫
Q

���2 −
∫
Q

�� �

d�

dt
= −�

∫
Q

�	��2 +
∫
Q

�� � (12.38)

d�

dt
= �

∫
�Q

��

�n
�+

∫
Q
� �

where ��
�n represents the normal derivative of the vorticity with respect to the unit

outer normal at the boundary of the box Q. Since the vorticity is positive inside
the box (12.36), the normal derivative of the vorticity is negative, i.e.

��

�n
≤ 0� at �Q� (12.39)

This implies that the Newtonian dissipation decreases the circulation. This is of
course consistent with the basic idea of dissipation. A simple consequence of
the equations (12.38) is the fact that the positive external forcing, � , increases
energy, enstrophy, and circulation. This partially justifies the notation of spin-up.

The dynamics of the Dirichlet quotient ��t
 = ��t

E�t
 can be calculated easily

using the dynamics of the energy and enstrophy. Indeed we have (see for instance
Chapter 3)

d��t


dt
= 1

E�t

��̇�t
−��t
Ė�t



= −��−��v−��t
�v�2
0

E�t

+
∫

Q��+��t
�
�

E�t

� (12.40)

Since the sign of �+��t
� is not definite, we are not sure if the positive external
forcing increases or decreases the Dirichlet quotient. In fact numerical evidence
from the previous section suggests that it could be both ways.

Our goal here is to derive a time uniform bound on the Dirichlet quotient. The
bound would imply that not many small-scale structures are created, even though
the system is under constant bombardment by small-scale vortices.
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We introduce the notation

�̄j = �r��x− �xj


and

Ēj = −1
2

∫
Q

�̄j�̄j� �̄j = 1
2

∫
Q

�̄2
j � (12.41)

We see immediately, thanks to (12.21), the positivity of � and �̄j and the
negativity of � and �̄j

2E�t−j 
+2Ēj ≥ E�t+j 
 ≥ E�t−j 
+ Ēj�

2��t−j 
+2�̄j ≥ ��t+j 
 ≥ ��t−j 
+ �̄j�
(12.42)

where tj = j �t. We also have, by the definition of Dirichlet quotient and the
instantaneous forcing effect (12.21)

��t+j 
 = ��t−j 
+ ∫Q ��t−j 
�̄j + �̄j

E�t−j 
− ∫Q ��t−j 
�̄j + Ēj

� (12.43)

It is clear from our choice of �̄j in (12.5) that there exists a constant �1 such that

�̄j

Ēj

≤ �1�∀j� (12.44)

In order to derive a uniform in time bound on the Dirichlet quotient, it is enough
to prove the following claim:

Claim: There exists a constant �2 such that

�̄j ≤ −�2�̄j� for all j� (12.45)

We observe that with the validity of the claim we have

��t−j 
+
∫
Q

��t−j 
�̄j + �̄j ≤ ��t−j 
−�2

∫
Q

��t−j 
�̄j +�1Ēj

≤ �t−j E�t−j 
−�2

∫
Q

��t−j 
�̄j +�1Ēj

≤ �̄j�E�t−j 
−
∫
Q

��t−j 
�̄j + Ēj
�

where

�̄j = max��t−j � �2��1�� (12.46)

and hence

�t+j ≤ �̄j� (12.47)
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Notice that during the pure decay stage tj−1 < t < tj−1 + �t = tj the Dirichlet
quotient is monotonically decreasing (see Chapter 3 and (12.40)) we have

�t−j ≤ �t+j−1
�

When this combined with (12.47), (12.46) and a simple iteration we deduce

�t+j ≤ �̄1 ≤ �̄0
def= max��0��2��1� (12.48)

where

�0 = ���0


E��0

� (12.49)

This proves a uniform in time bound on the Dirichlet quotient.
It remains to prove the claim (12.45). By the special choice of our random

forcing (12.4) and the small-scale vortex (12.5), we see that the support of �̄j

always overlap with an interior region Qin = ��x�� −�x
× ��x�� −�x
 of Q

since the center of �̄j lies in this subregion Qin. This implies that there exist
finitely many boxes Bi� i = 1� � � � �N , such that Bi ⊂ Qin for all i, there exists a
constant A and for each �̄j there exists a Bi satisfying

�̄j ≥ A�i� (12.50)

where

�i��x
 =
{

1 if �x ∈ Bi�

0 otherwise
(12.51)

is the indicator function of the set Bi.
Let �i be the solution of

��i = �i� �i��Q = 0� (12.52)

By a standard comparison principle we have

−�̄j ≥ −A�i� (12.53)

By the Hopf’s strong maximum principle (Evans, 1998) we have

��i

�n
> 0� (12.54)

at the boundary �Q away from the four corners. More precisely, there exists a
constant B such that

��i

�n
> B� (12.55)
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provided

��x− �0� 0
� ≥ 1
4

�x� ��x− �0��
� ≥ 1
4

�x�

��x− ��� 0
� ≥ 1
4

�x� ��x− ����
� ≥ 1
4

�x�

(12.56)

When this combined with the negativity of �i in the interior of the box Q and the
choice of �̄j (12.5), we have

−�i ≥ C�̄j� for all i� and j� (12.57)

This combined with (12.53) yields the claim with

�2 = A C� (12.58)
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13

Predicting the jets and spots on Jupiter by equilibrium
statistical mechanics

13.1 Introduction

Prominent examples of long-lived large-scale vortices in geophysical flows are
those such as the Great Red Spot (GRS) on Jupiter (Dowling, 1995; Marcus,
1993; Rogers, 1995). The emergence and persistence of such coherent structures
at specific latitudes such as 22�4� S for the GRS in a background zonal shear flow
that seems to violate all of the standard stability criteria (Dowling, 1995) are a
genuine puzzle. Here we show how to utilize the equilibrium statistical theory
with a suitable prior distribution, ESTP, introduced in Section 9.2 and discussed
in Chapters 10, 11, and 12 to predict the actual coherent structures on Jupiter in a
fashion which is consistent with the known observational record. As discussed in
Section 9.2, the statistical theory is based on a few judiciously chosen conserved
quantities for the inviscid dynamics such as energy and circulation and does not
involve any detailed resolution of the fluid dynamics. The key ingredient of the
ESTP is the prior distribution, ����, for the one-point statistics of the potential
vorticity which parameterizes the unresolved small-scale turbulent eddies that
produce the large-scale coherent structures. Below, we show how the observational
record of Jupiter from the recent Galileo mission suggests a special structure for
such a prior distribution resulting from intense small-scale forcing. Recall from the
studies discussed in Chapter 12 (DiBattista, Majda, and Grote, 2001) that ESTP
can potentially describe the meta-stable large-scale coherent structures occurring
from strong small-scale forcing, provided that the flux of energy to large scales
is sufficiently weak. With the confidence gained from this fact, the ESTP with a
special prior distribution is utilized to predict the large-scale coherent structures
on Jupiter; these predicted structures are in agreement with the observational
record from the weather layer of Jupiter as inferred from the Voyager mission.

411
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The approach in making the theoretical prediction in this chapter is inherently
multi-disciplinary and has several ingredients:

(A) The observational record for Jupiter.
(B) The quasi-geostrophic model for interpreting observations and predictions.
(C) Fitting the zonal shear profile from observations, the Limaye profile from the Voyager

mission (Rogers, 1995), to the quasi-geostrophic model (Dowling, 1995).
(D) The reinterpretation of (C) using the energy–enstrophy statistical theory.
(E) The observational and physical motivation for the prior distribution for ESTP and

a convenient mathematical framework for interpreting the ESTP with this family of
prior distributions.

(F) Equilibrium statistical predictions from ESTP for the coherent structures on Jupiter
and comparison with observations.

(13.1)

Our presentation of this material in this chapter closely follows the recent work
of Turkington, Majda, Haven, and DiBattista (Turkington et al., 2001; Haven
et al., 2002), and we systematically follow the steps in (13.1) in our presentation.
In the remainder of this introduction, we present an overview of the observational
record and the model in (B) and (C), and we briefly compare the equilibrium
statistical predictions of the ESTP for the large-scale coherent structures on Jupiter
with the observational record. The details in (B)–(F) are presented systematically
below in the remainder of the chapter.

13.1.1 The observational record for Jupiter and the quasi-geostrophic model

There were two space missions to observe Jupiter, the Voyager mission of the
1970s and the Galileo mission of 1995–1996 (Rogers, 1995). The Voyager mis-
sion observed the “weather layer” on Jupiter. This is the upper part of Jupiter’s
atmosphere, which is like either the stratosphere or the upper layer of the ocean
on earth with the important differences that, unlike the stratosphere, radiative
forcing from the sun is very weak, and, unlike the upper layer of the ocean, wind
forcing is negligible. Thus, the simplest models for interpreting observations on
Jupiter are the quasi-geostrophic and one-half layer models derived in (1.159)–
(1.163). The main observations of the Voyager mission for the weather layer can
be summarized as follows (Rogers, 1995):

(A) The Limaye profile: The zonal shear flow that results from averaging of the velocity
profile over the east–west at a fixed latitude is a remarkably complex sequence
of alternating jets. In Figures 13.1 and 13.2 the centered Limaye profile for the
two regions from 36�6� S to 13�7� S and 23�1� N to 42�5� N are displayed. Notice the
complex alternating jets in each figure.



13.1 Introduction 413

(B) Coherent vortices in the southern hemisphere: The Great Red Spot centered at 22�4� S
and the White Ovals (WO) centered at 32� S are large-scale coherent structures. These
structures are all anti-cyclonic vortex structures. An anti-cyclonic vortex structure
has vorticity which is opposite in sign to the planetary rotation. Thus, an anti-cyclone
has counter-clockwise rotation in the southern hemisphere.

(C) No coherent vortices in the northern hemisphere: There are very few coherent vortices
in the northern hemisphere of Jupiter. There are no large-scale coherent vortices
in the northern hemisphere between the latitudes 23�1� N and 42�5� N depicted in
Figure 13.2.

(13.2)
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Figure 13.1 The Limaye zonal mean velocity profile for the southern hemi-
sphere band from 36�6� S and 13�7� S (solid), and the zonal velocity profile for
the lower layer (dashed) inferred by the Dowling procedure.
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Figure 13.2 The Limaye zonal mean velocity profile for the northern hemisphere
band from 23�1� N to 42�5� N (solid), and the zonal velocity profile for the lower
layer (dashed) inferred by the Dowling procedure.
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The structures in (A) and (B) are observed to be quasi-steady within the human
observation time over 200 years.
There is more limited knowledge about the vertical structure of Jupiter’s atmo-
sphere (Rogers, 1995). The Galileo probe surveyed the vertical structure of
Jupiter’s atmosphere to a certain depth. Ingersoll et al. (2000) have recently inter-
preted the data from the Galileo mission as providing evidence that the weather
layer is forced by small-scale convective towers. Such convective towers have an
analogue on earth associated with the deep penetrative convection that occurs in
the tropics (Emanuel, 1994). These clouds from deep moist convection rise to the
bottom of the stratosphere where they reach their level of neutral buoyancy, they
then spread horizontally, i.e. the horizontal velocity �vH , has positive divergence,
div �vH > 0. Recall that the weather layer is the analogue for Jupiter of the strato-
sphere on earth. On a rotating planet, the curl of the horizontal velocity equations,
� = curl �vH , satisfies (Pedlosky, 1979)

D�

Dt
= −f div �vH� (13.3)

where f is the planetary rotation rate. Thus, the intense small-scale forcing by
convective towers on Jupiter generates anti-cyclonic vorticity, i.e. � with the sign
opposite to the planetary f . With this interpretation (Ingersoll et al., 2000), the
observational data from the Galileo probe suggest

The weather layer on Jupiter is subjected to small-scale forcing with the
intense small scale forcing having a preponderance of anti-cyclones� (13.4)

There is another significant observational event for the weather layer on Jupiter.
This is the collision of comet Shoemaker-Levy with Jupiter. In a fashion much like
a rock splashing in a pond yields surface waves, the gravity wave speed for the
weather layer on Jupiter has been measured from this collision as c = 454ms−1.
This value will be utilized in the models below.

13.1.2 Predictions of the ESTP with a suitable prior and the observational
record

We show below in steps (C)–(D) from (13.1) that Dowling’s fitting procedure
for the observed Limaye profile is equivalent to utilizing the energy–enstrophy
statistical theory, which has a Gaussian prior distribution for small-scale fluctu-
ations of potential vorticity. Statistically, such a prior distribution has an equal
number of cyclones and anti-cyclones in the small-scale probability distribution.
To incorporate the observational information from the Galileo probe summarized
in (13.4), we use a prior probability distribution with the same mean and vari-
ance as the Gaussian prior but with an anti-cyclonic skewness expressed by the
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normalized third moment. Below, we use a suitable family of centered Gamma
distributions to achieve this (Turkington et al., 2001) so that there is a preponder-
ance of intense anti-cyclones in the prior distribution consistent with (13.4). The
numerical valuations of the ESTP with these distributions has the following four
important features:

(A) The coherent vortices which emerge from ESTP with the above family of prior
distributions are anti-cyclones if and only if the prior distribution for small-scale
potential vorticity fluctuations has anti-cyclonic skewness.

(B) For such a prior distribution with anti-cyclonic skewness, coherent large-scale mono-
polar vortices, such as the GRS, emerge at the appropriate latitudes within the zonal
mean velocity profile, such as the Limaye profile derived from Voyager data (see
Figure 13.3 below). The emergence of GRS in the ESTP predictions hardly alters
the zonal mean Limaye profile (Figure 13.4).

(C) In agreement with the observational record in (13.2), no coherent vortices emerge in
the northern hemisphere between 23�1� N and 42�5� N when the predictions of ESTP
with an anti-cyclonic skewed prior are calculated.

(D) All steady flows arising as the large-scale predictions of ESTP are non-linearly stable
(see Chapter 4), including zonal shear flows that contain prograde and retrograde
jets and embedded vortices.

(13.5)
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Figure 13.3 Centered Gamma distribution with mean zero, unit variance and
anti-cyclonic skewness −0�5 (solid line), and Gaussian distribution with mean
zero and unit variance (dashed line)
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Figure 13.4 Mean streamline plots for the equilibrium states over the effective
zonal topography in Figure 13.1, with skewness parameter 	 = −0�02 (above)
and 	 = −0�035 (below), and the same energy and circulation as the Limaye
zonal flow. The length scale is L = 14� 000 km.

Looking back at (13.2), we see that the ESTP with suitable anti-cyclonic prior
distribution consistent with the Galileo probe data in (13.4) automatically predicts
coherent structures in the weather layer consistent with all the observations
in (13.2) from the Voyager mission. The important fact regarding non-linear
stability of the equilibrium steady states is not a simple application of the ideas
discussed in Chapter 4 and applied in Section 9.5 to the large-scale predictions of
equilibrium statistical theories. Significant additional mathematical ideas beyond
Section 9.5 are needed and have been developed recently by Ellis, Haven, and
Turkington (2002) in an important paper. The application to Jupiter is discussed
elsewhere (Haven et al., 2002). Other applications of ESTP with a judicious
physically and observationally motivated choice for a prior distribution have
been developed recently for parameterizing the cold water mass in deep ocean
convection (DiBattista and Majda, 2000; DiBattista et al., 2002).
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13.2 The quasi-geostrophic model for interpreting observations and
predictions for the weather layer of Jupiter

As mentioned in the introduction, the weather layer of Jupiter is a comparatively
shallow layer of fluid which is visible to observations over a deep internal layer
where much less is known about its vertical structure. Under these circumstances,
the simplest quasi-geostrophic model to interpret observations on Jupiter in the
weather layer is the one-and-one-half layer model derived in (1.159)–(1.163). In
this model, the shallow upper layer satisfies





t
��� −F1�� −�2��+ J����� −F1�� −�2��+






x
� = 0 (13.6)

while the lower layer satisfies the barotropic potential vorticity equation





t
��2 + J��2���2�+






x
�2 = 0� (13.7)

For simplicity in exposition, we have eliminated the effects of dissipation and
forcing in both (13.6) and (13.7). The simplest exact solutions for the lower layer
equations in (13.7), which are assumed here, is a zonal shear flow

�2 = �2�y� (13.8)

so that (13.6) becomes the F -plane potential vorticity equations with a zonal
topography. With these simplifications, the quasi-geostrophic model in (13.6)
becomes


q


t
+ J���q� = 0� q = �� −�−2�� −�2�+
y� (13.9)

where q = q�x� y� t� is the potential vorticity and � = ��x� y� t� is the stream
function or, equivalently, the normalized height perturbation for the upper layer.
The positive parameters ��= 1/

√
F1� and 
 are non-dimensionalized Rossby

deformation radius and the gradient of the Coriolis parameter, respectively. The
choice of ��
, and �2�y� is discussed below. The velocity fields of the upper
and lower layers are non-divergent, and are given by �u� v� = �−�y��x� and
�u2� 0� = �−�2y� 0�, respectively.

For all the theory and computations reported below the flow domain is the
zonal channel

� = ��x� y� � �x� < 2� �y� < 1��

The boundary conditions for flow in the channel are achieved by setting � = 0
on the walls y = ±1 and imposing periodicity in x.
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As in Chapter 1, solutions of (13.9) in a channel domain conserve both the
energy and circulation

E = 1
2

∫
�

��2
x +�2

y +�−2�2�dxdy�

� =
∫
�

��xx +�yy −�−2��dxdy�

(13.10)

We leave this verification as a simple exercise for the reader. The impulse is also
conserved by the dynamics in (13.9) but for simplicity in exposition, we remove
this constraint here by a choice of reference frame in the subsequent discussion.

13.2.1 Fitting the non-dimensional model with the dimensional parameters of
Jupiter

Here we show how to fit the dimensionless parameters and fields in the dynamical
equations in (13.9) to their dimensional counterparts for the Jovian atmosphere,
which are distinguished by asterisk superscripts. Let �∗ be the flow domain that
lies between the latitudes �− and �+, and let u∗ be the zonally averaged velocity
profile for this domain of Jupiter determined by the Limaye profile. A centered
Limaye profile, ũ∗, obtained by subtracting from u∗ its average over the domain,
is introduced so that the zonal mean flow satisfies the boundary conditions �̃∗ = 0
at the channel walls. With this adjustment of frame of reference, no constraint
associated with the conservation of linear impulse is required. The characteristic
length scale, L, is defined to be half the channel width, and the characteristic
velocity scale, U , is defined to be the r.m.s. velocity of the centered Limaye
profile; namely

L = ��+ −�−�r0

2
� U 2 = 1

2L

∫
�ũ∗�2 dy∗�

where r0 = 7×107 m is used for the radius of Jupiter. The dimensional constants

∗ and �∗ are computed from the Coriolis parameter f��� = 2� sin �, with
� = 1�76×10−4 s−1, at the center latitude �0 of the channel; specifically


∗ = f ′��0�

r0
� �∗ = c

f��0�
�

where c = 454 ms−1 is the estimated gravity wave speed for Jupiter from the
collision with comet Shoemaker-Levy. The dimensionless model parameters are
then 
 = L2U−1
∗ and � = L−1�∗. The fields q and � are similarly non-
dimensionalized by L and U ; in particular, the dimensionless centered Limaye
stream function is

�̃ = −
∫ y

−1
ũ�y′�dy′� with ũ = U−1ũ∗�
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13.2.2 Fitting the lower layer topography

There are no available data on the zonal velocity profile of the lower layer, and
consequently there is no direct way to deduce �2. Dowling (1995) has noted that
a good fit for the observational data is obtained by imposing the linear relation

q̃ = ��̃ −� with � ≈ −�−2� (13.11)

This relation combined with the second equation in (13.9) then determines the
effective zonal topography

�2 = ��2� +1��̃ +�2
(

dũ

dy
−
y −�

)
� (13.12)

In the computations presented here, the parameter � in (13.12) is selected to be
� = −�−2 − ��/2�2, the first eigenvalue of 
2/
x2 + 
2/
y2 −�−2 on �. When
�2 is fixed with this value, which is close to Dowling’s approximate value, �̃ is
a bifurcation point for the energy–enstrophy theory (see Chapters 6 and 8 above).
Other selection criteria for � are compatible with the analysis of observed data in
(Dowling, 1995) and result in small changes in the effective zonal topography;
those criteria are discussed elsewhere (Haven et al., 2002). For any given value
of �, the parameter � in (13.11) is chosen so that

∫ +1
−1 �2 dy = 0.

Figures 13.1 and 13.2 show the centered Limaye mean zero profile, the dark
curve, and the lower layer zonal topography, the dashed curve, inferred by
Dowling’s procedure for two different bands of latitudes. Figure 13.1 is the band
in the southern hemisphere from 13�7� S to 36�6� S, while Figure 13.2 is the band
in the northern hemisphere from 23�1� N to 42�5� N. In these two figures, the
velocity in the lower layer is often faster than the velocity on the upper layer.
This aspect of the fitting has been controversial in some circles; however, recent
observations (Atkinson et al., 1997) of the deep winds of Jupiter through the
Galileo probe show that the lower layer has faster velocities. This fact lends
observational support to Dowling’s fitting procedure. The results of the ESTP
theory reported below, which utilize this fitting procedure as a starting point and
lead automatically to the large-scale predictions consistent with the observations
in (13.5)(A)–(D) for the weather layer, provide further support for Dowling’s
fitting procedure.

13.3 The ESTP with physically motivated prior distribution

Dowling’s fitting procedure is based on the linear relation in (13.11) for the poten-
tial vorticity and stream function. Recall from Chapters 6 and 8 and Section 9.2
that the linear equation (13.11) arises as the most probable coarse-grained mean
state equilibrium statistical prediction of ESTP with Gaussian prior distribution
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for small-scale fluctuations of potential vorticity. Through Dowling’s fitting pro-
cedure, this equilibrium statistical theory provides an excellent fit with the zonal
averaged Limaye velocity profile, the jets on Jupiter. On the other hand, energy–
enstrophy statistical theory applied here can predict only zonal mean flows on
Jupiter in contrast to the observations of coherent vortices such as the Great
Red Spot and White Ovals in the weather layer (see (13.2)). Furthermore, the
use of a Gaussian prior distribution in deriving (13.11) implies equal statistically
symmetric forcing at small-scales by cyclones and anti-cyclones; this implied
symmetric small scale forcing from the EEST model contradicts the observational
data from the Galileo probe summarized in (13.4), where there is a prepond-
erance of strong anti-cyclones in the small-scale forcing of the weather layer. Our
strategy here in addressing these physical discrepancies is to set up the ESTP
with a prior distribution ���� that has the identical first and second moments
as the Gaussian distribution, but has a non-vanishing third moment which skews
this distribution toward measuring a preponderance of strong anti-cyclones in the
small-scale fluctuations of potential vorticity. Recall the intuition from Chapter 12
which demonstrates in several simplified contexts that ESTP can be utilized to
represent the large-scale consequences of small-scale forcing, provided that the
flux of energy to large scales is sufficiently weak. In this fashion the ESTP theory
is set up to predict the large-scale features emerging from this random statistical
forcing at small scales, consistent with the observational record from the Galileo
probe.

13.3.1 The ESTP with a family of prior distributions with anti-cyclonic
skewness

First we briefly review the ESTP described in Section 9.2 with a general prior
distribution ���� adapted to the present setting with constraints on energy and
circulation in (13.10). Following the calculations in Section 9.2, the entropy-
maximization procedure of ESTP with the constraints in (13.10) leads to the mean
field equation

q̄�x� y� = �̄xx + �̄yy −�−2��̄ −�2�+
y� (13.13)

where

q̄ =
∫

�e���̄−�������d�∫
e���̄−�������d�

� (13.14)

The parameters � and � are the Lagrange multipliers for the energy and circulation
constraints in (13.10), respectively, and play the role of the “inverse temperature”
and “chemical potential.” It is instructive to write (13.14) in its variational form

q̄ = G′���̄ −��� (13.15)
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where

G�s� = ln
∫

es� ����d�

is the cumulant generating function for the probability distribution �. Notice that
the cumulant generating function is simply the log of the moment generating
function and is related to the partition function in statistical mechanics (see
Chapters 6 and 9) through ln���� = G��� −��. The properties of the coherent
structure determined by the solution to (13.15) depend on the prior distribution
� through the properties of the real function G′ = dG/ds.

An important property of the cumulant generating function, easily verified by
the reader, is that the first three derivatives of G�s� at the origin measure the first
three mean-centered moments of ����, i.e.

dpG�s�

dsp

∣∣∣∣
s=0

= G�p��0� =
∫

��−	�
�p����d�� p = 2� 3 (13.16)

with
dG

ds
�0� = 	�
 =

∫
�����d�� (13.17)

For a given prior distribution ���� with zero mean, G�2��0� = Var���, the
variance of ����, while the skewness of � is given by

Skew � = G�3��0�

�Var ��3/2
= ��−	�
�3����d�

�Var ��3/2
� (13.18)

Obviously, a Gaussian distribution has zero skewness.
Now consider a family of prior probability distributions �	��� normalized with

zero mean and unit variance so that

G′
	�0� = 0� G′′

	�0� = 1� (13.19)

while the skewness is given by

G�3�
	 �0� = Skew �	 = 2	 (13.20)

with 	 sufficiently small. The Taylor approximation

G′
	�s� � G′

	�0�+ sG′′
	�0�+ s2

2
G�3�

	 �0� (13.21)

substituted into the mean field equation with the normalization in (13.19) and
(13.20) yields the approximate mean field equation

q̄ = ��̄ −� +	���̄ −��2� (13.22)

The formula in (13.22) strongly suggests that for the prior distribution �	���

normalized in (13.19), (13.20), the skewness of the prior distribution is the
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leading-order contribution to the non-linearity of the original coarse-grained mean
field equation. Furthermore, the approximate mean field equation in (13.22) sug-
gests that

An anti-cyclonically skewed prior distribution, i.e. 	 < 0� induces anti-
cyclonic, i.e. q̄ ≤ 0� corrections to the predictions of the ESST. (13.23)

This can be understood intuitively by building an approximate solution of (13.22)
for �	� 
 1 in the form

q̄ = Q̃+��1 −�−2�1�

where Q̃ satisfies the mean field equation of the energy–enstrophy theory in
(13.11), while the correction satisfies

��1 −�−2�1 = 	���̃ −��2�

so that anti-cyclones (resp. cyclones) are generated in the perturbation to the
leading order for 	 < 0 (resp. 	 > 0).

Recall that the observational data summarized in (13.2) at large scales in the
weather layer have coherent structures such as the Great Red Spot with anti-
cyclonic behavior, while the observations from Galileo probe in (13.4) suggest
a prior distribution �	��� with anti-cyclonic skewness. Thus, the large-scale
predictions in (13.22) of the approximate mean field equation in (13.22) indicate
that the equilibrium statistical theory predicts a direct link between anti-cyclonic
small-scale forcing and anti-cyclonic large-scale coherent structures.

13.3.2 The centered Gamma distribution as a family of skewed prior
distributions for ESTP

With all of the motivation just presented, we need to find a family of prior
probability distributions measuring skewness and also a higher probability of large
amplitude events going in the same direction with this skewness. An attractive
choice of the prior distribution fitting these requirements is the centered gamma
distribution

�	��� = �	�−1R�	−1��+	−1�� 	−2�� (13.24)

where R�z�a� = ��a�−1za−1e−z�z ≥ 0�, R�z�a� = 0�z < 0� denotes the standard
gamma density. This family of distributions has a one-sided exponential tail
with compact support at the other side. The scaling of �	 is chosen so that the
normalizations in (13.19) and (13.20) are satisfied. It is easy to calculate that
R�z�a� has the explicit cumulant generating function −a ln�1 − s�. Thus, the
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mean field equation (13.15) associated with the prior distribution (13.24) takes
the explicit form

q̄ = G′
	���̄ −�� = ��̄ −�

1−	���̄ −��
� (13.25)

As expected from the formal arguments presented above, in the limit as the skew-
ness parameter 	 → 0, �	 converges to the standard Gaussian distribution, and
the corresponding statistical equilibrium theory reduces to the standard energy–
enstrophy theory.

As an illustration, the skewed prior distribution determined by the centered
Gamma distribution in (13.24) is plotted for the anti-cyclonic negative skewness
value 	 = −0�5 in Figure 13.4. Not only is this distribution skewed to negative
values but has an exponential tail for large negative values compared with bounded
support for large positive values. Thus, there is a preponderance of large negative
value events in this prior probability distribution, even though it has zero mean
so that positive and negative events are equally likely on average.

13.4 Equilibrium statistical predictions for the jets and spots on Jupiter

All of the ingredients are now in place for an ESTP with a prior �	��� motivated
by the small-scale forcing in (13.4) observed for the weather layer. Namely, we
should utilize the ESTP with the prior distribution given by the centered Gamma
distribution in (13.24) with a small anti-cyclonic skewness, 	 < 0 and the lower
layer topography determined by the Dowling procedure described in (13.12).
What are our goals? We hope that the large-scale predictions of ESTP with these
anti-cyclonic skewed prior distributions automatically produce the large-scale
observational features of the weather layer on Jupiter summarized in (13.2). As
we shall see below, these expectations are confirmed in a spectacular fashion.

The large-scale mean field predictions for the ESTP presented below involve
a similar numerical algorithm as utilized in Section 11.2. The external values for
the energy, E, and circulation, � , are fixed as given by those from the centered
Limaye profile, �̃, in all the computations presented below. Consequently, the
solution corresponding to 	 = 0 is a zonal shear flow that coincides with the cen-
tered Limaye profile on the channel domain. Branches of solutions are therefore
computed by varying the skewness parameter, 	, in the prior distribution (13.24),
holding the bottom topography, �2, energy, E, and circulation, � , fixed. Since
virtually all of the large coherent vortices on Jupiter have anti-cyclonic relative
vorticity, it is natural to expect that they emerge as equilibrium states in a statisti-
cal theory with a prior distribution having anti-cyclonic skewness. This conjecture
is tested for particular channel domains in the southern and the northern hemi-
spheres. Each domain contains five alternating zonal jets of the Limaye profile.
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13.4.1 The southern hemisphere domain

The large-scale coherent structures predicted by the statistical equilibrium theory
are computed for a channel domain between 36�6� S and 13�7� S in latitude. (For
the sake of clarity, the usual northern hemisphere conventions are used in the
discussion of southern hemisphere flows.) Recall that Figure 13.1 displays the
centered Limaye profile, ũ∗, for the upper layer together with velocity profile, u∗

2,
for the lower layer determined by the Dowling procedure. By construction, the
computed solution, ū∗, for 	 = 0 coincides with the centered Limaye profile, ũ∗. In
Figure 13.3 and the subsequent figures, the zonal profiles of computed equilibrium
states are plotted with respect to the reference frame of the uncentered Limaye
profile. The streamline plots displayed in Figure 13.4 correspond to solutions
with the same values of energy, E, and circulation, � , as in Figure 13.1, but
with anti-cyclonic skewness 	 = −0�02�−0�035. These plots clearly show that a
large coherent vortex forms in the zonal shear flow and becomes stronger and
more concentrated as the skewness parameter increases. This large vortex is an
anti-cyclone centered in latitude at approximately 23� S, the latitude of the Great
Red Spot. Furthermore, the vortex for 	 = −0�035 has nearly the same size and
shape as the GRS. A weaker anti-cyclonic vortex also forms south of the large
vortex at 32� S, in the zone that corresponds to the location of the White Ovals. In
the belt between those zones and in the belt north of the GRS, there are regions
of recirculating cyclonic flow. All these predictions of the statistical equilibrium
theory are consistent with the observed large-scale features of the Jovian southern
hemisphere summarized in (13.2) (Rogers, 1995). In Figure 13.5, the zonal mean
velocity profiles for the upper layer flows corresponding to 	 = −0�02�−0�035
are plotted together with the Limaye profile. It is noteworthy that, even though the
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Figure 13.5 The Limaye profile (solid) in the southern hemisphere band, and
the zonally averaged velocity profiles for the equilibrium states with 	 = −0�02
(dashed) and 	 = −0�035 (dotted).
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computed solution with 	 = −0�035 contains a strong vortex, its zonally averaged
profile departs only slightly from the Limaye profile in a self-consistent fashion
with the features in (13.2)(A), (B) for the observational record.

13.4.2 The northern hemisphere domain

In analogy to the southern hemisphere computation, the theory is applied to a
channel domain from 23�1� N to 42�5� N in latitude. This implementation provides
an interesting test of the statistical theory because no large-scale coherent vortices
are observed in this domain of Jupiter. Recall that Figure 13.2 displays the
centered Limaye profile, ũ∗, and the zonal velocity profile, u∗

2, for the lower layer
determined by the Dowling procedure from Subsection 13.2.2. The solutions are
then computed corresponding to skewness parameter 	 = −0�02, −0�032 and
having the same energy and circulation as the Limaye solution with 	 = 0. In
striking contrast to the southern hemisphere computation, these equilibrium states
are purely zonal shear flows in agreement with the observations summarized
in (13.2). The zonal velocity profiles for these solutions are plotted together in
Figure 13.6. In fact, all the solutions corresponding to 0 > 	 > −0�032 are zonal,
and for 	 < −0�033 solutions fail to exist. Even though no coherent vortices
emerge, it is evident from Figure 13.6 that the zonal jet structure of these solutions
is modified significantly as the anti-cyclonic skewness increases.

As a final note, we remark that these calculations of ESTP were done on
a non-dimensional channel domain with length which is twice the height. The
horizontal scale of such a channel domain is not long enough to completely circle
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Figure 13.6 The Limaye profile (solid) in the northern hemisphere band, and
the zonal velocity profiles for the equilibrium states with 	 = −0�02 (dashed)
and 	 = −0�032 (dotted) and the same energy and circulation as the Limaye
zonal flow; each of these computed solutions is purely zonal.
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the globe on Jupiter; this was done only for computational convenience. However,
if we recall the results from Section 11.2 on the predicted ESTP Rhines’ scale,
it is clear that the height of the domain controls the vortex structures of the
ESTP utilized here for domains with length larger than height. Thus, we expect
very little difference in out results, qualitatively, for longer domains. This fact is
confirmed in Haven et al. (2002).
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14

The statistical relevance of additional conserved
quantities for truncated geophysical flows

14.1 Introduction

A major theme of Chapters 6–13 of this book is to illustrate that systematic appli-
cation of ideas from equilibrium statistical mechanics leads to novel promising
strategies for assessing the unresolved scales of motion in geophysical flows.
The various theories range from the simplest energy–enstrophy statistical theory
(EEST) discussed in Chapters 6 and 8 to the empirical statistical theories dis-
cussed in Section 9.4 attempting to encode all the conserved quantities (ESTMC),
to point vortex statistical theories discussed in Section 9.3, and, finally, to the
empirical statistical theories with a few large-scale constraints and a judicious
small-scale prior distribution (ESTP) formulated in Section 9.2. It was established
in Chapters 11, 12, and 13 that the ESTP theories have a wide range of applica-
bility in predicting large-scale behavior in damped and driven flows, as well as
for observations such as the Great Red Spot of Jupiter. The ESTP formulation
also includes the predictions of the energy–enstrophy statistical theory for the
mean flow from Chapters 6 and 8 by utilizing a simple Gaussian prior probability
distribution for potential vorticity fluctuations.

As discussed earlier, in Chapters 8, 9, and 10, the different equilibrium statistical
theories all attempt to predict the coarse-grained behavior at large scales through
the use of some of the formally infinite list of conserved quantities for idealized
geophysical flows derived in Chapter 1. As discussed earlier in Chapter 10, the
natural question arises as to which of the formally infinite list of conserved
quantities for geophysical flows is actually statistically relevant for the coarse-
grained large-scale statistical features of the flow field? A related question is
the suitability of an equilibrium statistical theory such as ESTP to approximate
this statistical behavior at large scales. In this chapter these important issues are
addressed by utilizing suitable discrete numerical approximations for geophysical
flows with many conserved quantities as a numerical laboratory. Related issues are
also discussed briefly below in the simpler context of the truncated Burgers–Hopf

427
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equations described in Chapter 7. The material in the present chapter is based on
Abramov and Majda (2003a, b) and Abramov et al. (2003).

In this chapter the results of numerical experiments are presented for truncated
geophysical flows with topography in a suitable regime, which establish that the
integrated third power of potential vorticity besides the familiar constraints of
energy, circulation, and enstrophy is statistically relevant for the coarse-grained
equilibrium statistical behavior at large scales. Furthermore, in this regime of
fluid motion the integrated higher powers of potential vorticity larger than three
are statistically irrelevant for the large-scale equilibrium statistical behavior. Also,
numerical evidence is presented here which strongly supports the use of the ESTP
theories as arising from the statistical dynamics of the truncated quasi-geostrophic
flow with many invariants; these results include the same strategy utilized in
Chapter 13 for Jupiter where it is shown below that a skewed prior distribution for
small-scale potential vorticity fluctuations predicts the coarse-grained large-scale
response. The simplest geophysical model utilized here is barotropic flow with
topography in periodic geometry, which is described by the equations

q = �� +h� �v = �⊥� =
(

−�y

�x

)
�

�q

�t
+�v ·�q = 0� (14.1)

In (14.1), q is the potential vorticity, � = �� is the relative vorticity, �v is the
incompressible fluid velocity, � is the stream function, and h is the prescribed
topography. When h is zero, (14.1) become the equations for 2D incompressible
flow. As discussed in Chapter 1, the equations in (14.1) conserve kinetic energy

E = 1
2

∫
��v�2 = −1

2

∫
�� == −1

2

∫
�	q −h
� (14.2)

as well as the infinite number of conserved quantities

Qp	q
 =
∫

qp� p = 1� 2� 3� � � � � (14.3)

In (14.2), (14.3),
∫ · denotes integration over the period domain in periodic geom-

etry, where the total circulation, Q1, satisfies Q1 ≡ 0. As discussed in Chapters 6,
and 8, the quadratic conserved quantity, the enstrophy

� = 1
2

Q2	q
� (14.4)

is singled out in some statistical theories for large-scale flow as having spe-
cial significance, while the higher generalized enstrophies, Qp	q
, for p ≥ 3 are
ignored in these theories. Since EEST postulates the least additional statistical
information, it is reasonable first to summarize results established in Chapter 8
for this statistical theory as a benchmark null hypothesis for the statistical role of
the higher invariants in (14.3).
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14.1.1 The traditional spectral truncation and equilibrium statistical theory

The potential vorticity, q, in (14.1) is truncated by projection on to 	2M + 1
×
	2M +1
 Fourier modes by the projection operator

P�q = ∑
�k1���k2�≤M

q̂kei�xk� � = 2


2M +1
� (14.5)

As discussed in Chapter 8, the traditional aliased truncation of the quasi-
geostrophic equations in (14.1) for these Fourier coefficients q̂k, �k1� ≤ M ,
�k2� ≤ M , is given by

dq̂k

dt
= ∑

�k′
1���k′

2�≤M

k ×k′

�k′�2 q̂k+k′	q̂−k′ − ĥ−k′
� (14.6)

In (14.6) the finite domain of the Fourier coefficients is extended to 	4M +
1
× 	4M + 1
 by using the periodicity rule q̂k = q̂k+	2M+1�0
 = q̂k+	0�2M+1
. As
established in Chapter 8, the traditional spectral truncation in (14.6) conserves
energy, circulation, and enstrophy from (14.2)–(14.4) but in general none of the
higher-order invariants in (14.3) for p ≥ 3; this last fact has been demonstrated
in recent numerical experiments by Abramov and Majda (2003b), also from
Chapter 8. The energy–enstrophy statistical theory which utilizes only these two
conserved quantities for the truncation in (14.6) predicts a Gaussian probability
measure for the equilibrium statistical behavior of the Fourier modes. Recall that
Gaussian measures are uniquely characterized by their mean and variance. Given
externally prescribed mean values for the energy and enstrophy, the mean of this
probability distribution for q̂k is determined by the linear equation

q̄� = ��̄� +h = ��̄�� (14.7)

while as shown in Section 8.5 there is equipartition of pseudo-energy of pertur-
bations around the mean state in (14.7) with a constant variance � > 0. Here the
pseudo-energy Fourier coefficients, p̂k, are given by

p̂k =
(

1+ �

�k�2
)1/2

�̂k� (14.8)

with �̂k being the Fourier coefficients of relative vorticity. The constants, �

and �, completely characterizing the Gaussian measure, are determined by the
values of E and � as illustrated in Sections 8.4 and 8.5 above. A wide variety of
numerical experiments with the truncation in (14.6) confirm the predictions of the
equilibrium statistical theory from (14.7) and (14.8). However, these results cannot
address the fundamental issue for the statistical relevance of the higher-order
invariants in (14.3) for p ≥ 3, since these fail to be conserved by the approximation
in (14.6) over long time intervals of integration. Here, the equilibrium statistical
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predictions through (14.7) and (14.8) are regarded as a null hypothesis in the tests
reported below for the role of the higher-order invariants.

14.2 A numerical laboratory for the role of higher-order invariants

14.2.1 The spectral truncation with many conserved quantities

Here, following the important observation by Zeitlin (1991), we consider the
sine-bracket truncation as an approximation to the quasi-geostrophic dynamics in
(14.1) through the spectral approximation in (14.6). This finite-dimensional set of
equations for the Fourier coefficients is given by

dq̂k

dt
=

M∑
k′

1�k′
2=−M

sin	�k ×k′

��k′�2 q̂k+k′	q̂−k′ − ĥ−k′
� � = 2


2M +1
� (14.9)

with the same convention of periodicity as in (14.6). The truncation in (14.9)
conserves the energy in (14.2) as the Hamiltonian. In addition, the sine-bracket
truncation in (14.9) conserves 2M invariants of the form

CN = ∑
ZN

q̂i1 � � � q̂iN cos��A	i1� � � � � iN 
��

ZN =
{

	i1� � � � � iN 
�
N∑

j=1

ij = 0

}
� 1 ≤ N ≤ 2M�

A	i1� � � � � iN 
 = i2 × i1 + i3 × 	i1 + i2
+· · ·+ iN × 	i1 +· · ·+ iN−1
�(14.10)

The Casimir invariant C2 is a multiple of the enstrophy since A	i�−i
 = 0. How-
ever, the higher Casimir invariants CN for 3 ≤ N ≤ 2M are suitable regularizations
of those in (14.3) for 3 ≤ p ≤ 2M . A pedagogical detailed discussion of (14.9),
(14.10) can be found in the Appendix to the present chapter, while this and related
important numerical issues are found in Abramov and Majda (2003b). In partic-
ular, to guarantee conservation of the invariants in (14.10) within roundoff error
under time discretization, McLachlan’s (1993) symplectic integrator is combined
with a suitable version of second-order accurate Strang splitting in time (Abramov
and Majda, 2003b). This last modification of the basic algorithm in McLachlan
(1993) is crucial for accurate energy conservation and results in a 10−4 decrease
in relative errors for the energy with the time steps used below for only twice the
computational expense. We note that as the number of modes, M , increases

sin	�k ×k′

�

= �k⊥ · �k′ +�	�2


so that by comparing and the spectral representation in (8.2), the sine-bracket
truncation is formally consistent with the quasi-geostrophic flow in (14.1) as
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M → 
. In fact, a rigorous proof of convergence is presented in Abramov and
Majda (2003b).

14.2.2 Numerical experiments demonstrating the statistical relevance of C3�q�

at large scales

In the numerical experiments reported here, the prescribed values of the initial
data were chosen so that the energy and enstrophy were fixed at E = 7 and � = 20,
while the value of the third invariant, C3	q
 from (14.10), normalized through
Ĉ3	q
 = C3	q
/�3/2, varied through the four values, Ĉ3 = 0, 2, 4, 6. A standard
constrained optimization problem was set up to find initial data with many Fourier
modes satisfying these constraints (Abramov, 2002). The higher-order invariants,
CN , for 4 ≤ N ≤ 2M were not specified by pre-determined values for the initial
data, although they are automatically conserved within roundoff error for the
algorithm in (14.9). The values of energy and enstrophy, E = 7, � = 20, guarantee
a suitable “negative temperature regime” for the energy–enstrophy equilibrium
statistical theory of Chapter 8 summarized in (14.7), (14.8) with � � −0�9, � � 20.
The numerical experiments utilizing (14.9) reported below use M = 11, so that
there are 528 active Fourier modes and 22 non-trivial conserved quantities in the
dynamics. In all numerical experiments reported below, the equations in (14.9)
were calculated for times of order 104 with a time step, �t = 0�01 with a maximum
relative error in energy of 1�2×10−6. Statistics were gathered through long-time
averaging of individual solutions with

�f
� = 1
�

∫ T0+�

T0

f	t
 dt (14.11)

denoting the averaging. After several initial experiments, it was determined that
initial time T0 with T0 ≥ 103 were sufficiently long to begin the time-averaging
procedure. Three different cases of barotropic geophysical flow from (14.1) with
the discretization from (14.9) were studied with the above parameters for the
initial data: no topography, large-scale random topography with non-zero Fourier
modes at �k�2 = 2� 4, and the deterministic layered topography, h = 0�2 cos	x
+
0�4 cos	2x
. This last case has the advantage in that the energy–enstrophy theory
in (14.7), (14.8) predicts a large-scale mean flow which is also layered, so �̄	x
 is
a function of the x-variable alone, for any value of �; thus, significant departures
from such a layered structure in x in stream function plots provide strong visual
evidence for departures in the large-scale statistical predictions beyond the energy–
enstrophy theory. Most of the results are reported below for this case to take
advantage of this fact.

Also, we note that the same layered topography and identical values of � and �

where utilized together with the standard pseudo-spectral code for the numerical
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results presented earlier in (8.4), (8.5) confirming the predictions of the standard
energy–enstrophy theory. Since the focus here is on the statistical relevance of
the higher-order invariants in (14.3) or (14.10) for equilibrium statistical theo-
ries, a higher-order invariant is called statistically relevant at large scales if it
affects single-point spatial statistics such as the large-scale mean, and probability
distribution function (PDF) centered about the mean. Below we also study the
effect of the higher-order invariants for (14.9) on two-point spatial correlations
by computing the energy spectrum and looking for systematic departures from
equipartition of pseudo-energy. However, a systematic study of other multi-point,
multi-time statistics is not presented here. With all of this background, the next
results are reported below for the mixing properties of the system, the energy
spectrum, the mean stream function, the mean potential vorticity, and the PDF
for potential vorticity.

14.2.3 Mixing and decay of temporal correlations

The normalized temporal correlation functions averaged over the two groups
of Fourier modes �k�2 = 1 and �k�2 = 2 are depicted in Figure 14.1 for the
four cases with varying Ĉ3 for layered topography. These are the correlation
functions with the slowest decay rate among all the groups of 528 Fourier modes
with significantly faster decay for time correlations of the higher modes not
depicted here. Obviously, the longest tails for the correlations occur for �k�2 = 1.
The two graphs in Figure 14.1 each have four curves with the cases Ĉ3 = 0
demonstrating the most rapid decay of correlations, Ĉ3 = 2� 4 exhibiting clear
decay of correlations, and the case Ĉ3 = 6 with �k�2 = 1 showing marginal decay
of correlations to below 15 % of the value with zero lag at time lags of 103. The
correlation function in this case eventually decays to zero with time lags of order
2 ·103 but the similar plot for �k�2 = 1 with Ĉ3 = 8, not depicted here, exhibits no
decay of correlations. Thus the value Ĉ3 = 6 is near the boundary of the parameter
regime with decay of temporal correlations. As discussed in Chapter 7, the decay
of correlations of Fourier modes is the most primitive test for mixing in phase
space of an individual solution and justifies the use of the time averages in (14.11)
in calculating statistics of the mean flow and energy spectrum. The other cases
with no topography and random topography have similar behavior in the decay
of temporal correlations (Abramov, 2002).

14.2.4 The large-scale mean flow

Here the large-scale mean flow is calculated from the numerical solution by
processing the time average of the stream function, �̄ = ��
� and q̄ = �q
� at
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Figure 14.1 Averaged temporal correlations for �k�2 = 1 and �k�2 = 2 for varying
values of skewness, Ĉ3 = 0, 2, 4, 6.

individual spatial points and comparing the results. If the energy and enstrophy
are the only important conserved quantities, then the energy–enstrophy statistical
theory in (14.7) predicts that ��
� and �q
� should become increasingly collinear
as � increases. This is quantified by measuring the graphical correlation between
��
� and �q
� , defined by

C	��
�� �q
�
 = 	��
�� �q
�
0

���
����q
��
(14.12)

with 	f� g
0 = ∫
T 2 fg, �f� = 	f� f


1/2
0 . Note that solutions of the energy–enstrophy

statistical theory in (14.7) with � < 0 are collinear and satisfy C	�̄�� q̄�
 = −1. In
Figure 14.2, the behavior of the graphical correlation C	��
�� �q
�
 is depicted as
a function of the averaging window, �, in (14.11) for 103 ≤ � ≤ 104 for the four
cases with Ĉ3 = 0� 2� 4� 6 for the layered topography. The graphical correlation
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Figure 14.2 The graphical correlation, C	��
�� �q
�
, as a function of the
averaging window, �, Ĉ3 = 0, 2, 4, 6.

for the case with Ĉ3 = 0 clearly converges to the value −1, while the graph-
ical correlation for the other cases with non-zero third invariant clearly level
off for the largest values of � and clearly do not asymptote to −1; increasing
values of Ĉ3 lead to increasing values of the graphical correlation. Figure 14.2
provides quantitative evidence that the coarse-grained large-scale mean flows do
not satisfy the predictions of the energy–enstrophy statistical theory, unless the
invariant Ĉ3 vanishes identically. To confirm this, in Figure 14.3 we present
scatter plots of the large-scale mean stream function ��
� and mean potential
vorticity, �q
� , for the largest averaging window, � = 104 from Figure 14.2 for
the four cases with varying Ĉ3. For the case with Ĉ3 = 0 in Figure 14.3, the
scatter plot shows collinear behavior, while the scatter plots for the cases with
increasing skewness display a coherent non-linear relationship between �̄ and q̄

with increasing curvature as Ĉ3 increases through the values 2, 4, 6. Figure 14.3
provides powerful evidence for the non-trivial effect of the third invariant, Ĉ3,
on the large-scale coarse-grained statistical mean flow. This non-trivial effect of
Ĉ3 is clearly evident in the contour plots for the coarse-grained stream functions
depicted in Figure 14.4, plotted in each case over one period interval in x and y.
For Ĉ3 = 0 the stream function is clearly layered in y as predicted by the energy–
enstrophy statistical theory. This information from Figure 14.4 combined with that
in Figure 14.2 and Figure 14.3 for the case with Ĉ3 = 0 indicates that as regards
the coarse-grained mean flow, the energy–enstrophy statistical theory predicts the
behavior; thus, with Ĉ3 = 0, the other 19 conserved quantities, ĈN , 4 ≤ N ≤ 22
in (14.10) are statistically irrelevant for predicting the large-scale mean flow. On
the other hand, the streamline contours in 14.4(b),(c),(d) indicate stronger more
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Figure 14.3 The scatterplots q̄ vs �̄ for the 23 × 23 sine-bracket truncation,
layered topography, Ĉ3 = 0� 2� 4� 6.

localized regions of closed stream lines associated with negative values of the
stream function for the cases with Ĉ3 = 2� 4� 6. Recall that closed stream lines
with negative stream function (pressure) correspond to positive (cyclonic) relative
vorticity. Thus, the stream line contours in Figure 14.4 indicate the presence of
coherent structures through positive cyclonic vortices for positive values of the
regularized third moment Ĉ3; for the case with Ĉ3 = 2, there are both cyclonic
and anti-cyclonic vortices, while for the cases with Ĉ3 = 4� 6, there are only
cyclonic vortices in the mean stream function with increasingly weaker anti-
cyclonic flow without coherent vortices. This is further strong evidence demon-
strating the statistical relevance of Ĉ3 in determining the coarse-grained large-scale
mean flow.

14.2.5 The energy spectrum

Recall from Section 8.5 that the energy–enstrophy theory predicts the equiparti-
tion of the pseudo-energy variables p̂k defined in (14.8) for perturbations of the
mean flow in (14.7). In Figure 14.5 the energy spectrum of the pseudo-energy
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Figure 14.4 The contour plots of the mean stream function, 23×23 sine-bracket
truncation, layered topography, Ĉ3 = 0� 2� 4� 6.

variables p̂k from (14.8) is plotted for perturbations of the mean flow calculated
from the numerical output as in Figure 14.2, Figure 14.3, and Figure 14.4 above
for the three cases with no topography, random topography, and layered topog-
raphy with Ĉ3 varying for 0, 4, 6. It is remarkable that this energy spectrum is
virtually identical for the three different large-scale topographies and fixed values
of Ĉ3 with E = 7 and � = 20; this indicates a potentially universal feature of
the spectrum for fluctuations, which depends on Ĉ3 but is independent of the
large-scale mean flow. In particular, for the case in Figure 14.5 with Ĉ3 = 0,
equipartition of pseudo-energy is confirmed as predicted by the energy–enstrophy
statistical theory; this is a further numerical confirmation of the statistical irrel-
evance of the 19 higher-order invariants ĈN , 4 ≤ N ≤ 22, for the energy spec-
trum. The cases with Ĉ3 = 4� 6 in Figure 14.5 clearly demonstrate the statistical
relevance of this invariant in determining the energy spectrum with more pseudo-
energy concentrated at small wave numbers and lower pseudo-energy at large
wave numbers in a statistically identical fashion for the three cases with varying
topography.
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Figure 14.5 The pseudo-energy spectrum, 23 × 23 sine-bracket truncation,
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14.3 Comparison with equilibrium statistical predictions with a judicious
prior

The results in Figures 14.3 and 14.4 show a definite non-linear relationship
between coarse-grained stream functions and potential vorticity at large scales
for Ĉ3 > 0, as well as the appearance of intense large-scale cyclones in the
stream function. With these results, it is natural to inquire whether the small-scale
potential vorticity fluctuations have a cyclonic skewness for Ĉ3 > 0 and whether
the non-linear features in Figures 14.3 are consistent with the ESTP with such a
prior. Below, we show that such results are true for the numerical simulations.
These results provide powerful evidence for the ESTP theories of Section 9.2 as
well as for similar models used in Chapter 13 for studying Jupiter.

14.3.1 The probability distribution function of potential vorticity

While the mean stream function emphasizes the role of Ĉ3 in determining the
coarse-grained large-scale flow, the probability distribution function (PDF) for
potential vorticity highlights the effect of Ĉ3 on the small-scale fluctuations. Here
this PDF is determined by a standard bin counting algorithm as time evolves with
evaluation at a grid of spatial points. The PDF of potential vorticity is depicted in
Figure 14.6 for the case with layered topography and Ĉ3 = 0� 2� 4� 6. The variance
and skewness of this PDF for varying Ĉ3 are recorded in Table 14.1. The main
trends apparent from Figure 14.6 and Table 14.1 is the non-trivial increase in the
positive skewness of the PDF for potential vorticity as Ĉ3 increases, coupled with
the nearly Gaussian PDF for potential vorticity for Ĉ3 = 0, which is predicted
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Figure 14.6 The PDFs of the potential vorticity for Ĉ3 = 0, 2, 4, 6. Note the
increasing skewness in PDFs as Ĉ3 increases.
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Table 14.1 Variance and skewness of PDF of
the potential vorticity, Ĉ3 = 0, 2, 4, 6

Ĉ3 Variance Skewness

0 65.67 −1�37·10−2

2 56.14 0�3114
4 50.82 0�7752
6 48.08 1�441

from the energy–enstrophy statistical theory. Once again this last result suggests
the statistical irrelevance of the invariants ĈN � 4 ≤ N ≤ 22 in the regime with
Ĉ3 = 0 for E = 7�� = 20.

14.3.2 Equilibrium statistical predictions of the non-linear mean state

The graphs in Figure 13.3 and Figure 13.6 indicate that increasing the third
invariant, Ĉ3, systematically results simultaneously in an increasing skewness in
the PDF for potential vorticity, which represents small-scale fluctuations, and
in increasing non-linearity in the scatter plot of mean stream function versus
mean potential vorticity reflecting large-scale behavior. Recall from Section 9.2
that the ESTP begins with the PDF for the potential vorticity reflecting small-
scale fluctuations as a prior distribution and predicts the equilibrium coarse-
grained large scale mean flow in the continuum limit through a specific large-scale
functional relation, q̄ = G	�̄
. Here the non-linear function G depends on the
large-scale energy and circulation constraints in a specific fashion. In particular, in
Section 13.3 it is shown that a skewed prior distribution for small-scale potential
vorticity fluctuations given by the centered Gamma distribution with mean zero,
variance, � , and skewness, �, yields the equilibrium statistical prediction for the
large-scale mean flow,

q̄ = �	��̄ −�


4
2 −��1/2	��̄ −�

� (14.13)

In (14.13), � and � are Lagrange multipliers to satisfy the energy and zero cir-
culation constraints. As shown in Chapter 13, this modeling strategy successfully
predicts the large-scale coherent spots on Jupiter from the small-scale Gamma
prior distribution motivated by recent observations from the Galileo mission. We
note the strong visual evidence, comparing positively skewed PDFs for potential
vorticity fluctuations in Figure 13.6 with the (negatively) skewed PDFs for the
centered Gamma distribution in Figure 13.3. Here we address the much more
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limited issue: if we approximate the skewed PDFs for potential vorticity in Fig-
ure 13.6 by the centered Gamma distributions with the same skewness and flatness
in Table 14.1 as Ĉ3 varies, are there values of the Lagrange multipliers, �, �,
so that the non-linear large-scale q̄ ↔ �̄ relation in (14.13) fits the data in Fig-
ure 13.3? The answer is yes, and the results are the curved lines overlayed on
Figure 13.3. While these results are encouraging, the reader is warned that they
are not a confirmation of the equilibrium statistical theory directly: if � and �

are utilized as Lagrange multipliers to match the energy, E = 7, and zero cir-
culation, the vorticity-stream relations show significantly less curvature and the
stream functions are significantly non-linear but without closed stream lines as
depicted in Figure 13.4. This is not surprising, since simulations with 23 × 23
Fourier modes are extremely far from the continuum limit, which requires strict
spatial scale separation between the large-scale flow and the small-scale potential
vorticity fluctuations. Nevertheless, such trends are already strongly evident in
Figures 13.3 and 13.6, Table 14.1, and equation (14.13), and, with the above
caveats of limited resolution, confirm the approach in the ESTP statistical theories
discussed above in Chapters 9, 10, 11, 12, and 13.

14.4 Statistically relevant conserved quantities for the truncated
Burgers–Hopf equation

In Section 7.3 we studied equilibrium statistical predictions for the TBH equation

	u�
t +
1
2

P�	u2
�
x = 0� (14.14)

where P� is the projection on the Fourier modes, �k� ≤ �, and u� is represented
by such a finite Fourier expansion. There we demonstrated that the equations
in (14.14) have three conserved quantities, the momentum, M , energy, E, and
Hamiltonian, H , given by

M =
∫
�

u�� E = 1
2

∫
�

u2
�� H =

∫
�

u3
�� (14.15)

The verification that H is the Hamiltonian for (14.14) is found in Abramov et al.
(2003). The momentum, M , is a trivial conserved quantity from the statistical
viewpoint and in Section 7.3 we always set M = 0. On the other hand, we
showed in Section 7.3 that (14.14) has the Liouville property with a non-trivial
Gibbs measure associated with the energy, E, alone; in particular, the integral of
the third power of u� defining H provided an example of a conserved quantity
which is not normalizable in the Gibbs measure. On the other hand, as shown in
Section 7.3, numerical simulations of (14.14) with suitable random initial data as
defined earlier (7.46) strongly confirm the equilibrium statistical predictions for
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(14.14), even though the effect of the Hamiltonian, H , is not taken into account in
the Gibbs measure. Thus, the question arises in this setting regarding the statistical
significance of the conserved quantity, H , beyond the statistical significance of E.
Clearly, this is a simplified context for some issues which we discussed in detail
earlier in this chapter for the more complex truncated quasi-geostrophic equations.
The advantage of such a simpler model is that detailed equilibrium statistical
predictions beyond those utilized in Section 7.3 and involving both E and H

can be made and compared directly with numerical simulations. This is done in
Abramov et al. (2003). Below is a brief summary of the main results and the reader
is referred to that paper as well as Section 5 of Abramov and Majda (2003b) for
further details.

First, an appropriate equilibrium statistical theory is developed which includes
both energy and Hamiltonian by restricting to fixed energy surfaces in a micro-
canonical ensemble. Then a convergent Monte-Carlo algorithm is developed for
computing equilibrium statistical distributions. The probability distribution of the
Hamiltonian on a microcanonical energy surface is studied through the Monte-
Carlo algorithm and leads to the concept of statistically relevant and irrelevant
values for the Hamiltonian. Empirical numerical estimates and simple analysis
are combined to demonstrate that the statistically relevant values of the Hamil-
tonian have vanishingly small measures as the number of degrees of freedom
increases with fixed mean energy. The predictions of the theory for relevant and
irrelevant values of the Hamiltonian are confirmed through systematic numerical
simulations. In particular, for the statistical initial data (7.46), the Hamiltonian,
H , is statistically irrelevant, for � = 100, as expected from the results in Sec-
tion 7.3. For statistically relevant values of the Hamiltonian, these simulations
show a surprising spectral tilt rather than equipartition of energy. This spectral
title is predicted and confirmed independently by Monte-Carlo simulations based
on equilibrium statistical mechanics together with a heuristic formula for the tilt.
On the other hand, the theoretically predicted correlation scaling law is satisfied
both for statistically relevant and irrelevant values of the Hamiltonian with excel-
lent accuracy. In particular, Monte-Carlo simulations of the equilibrium statistical
distribution and simple theory (Abramov et al., 2003) predict a formula for the
tilt in the spectrum for the statistical energy distribution for TBH, which reflects
the additional conserved quantity, H . This formula is

1

2
��ûk�2
 = E

�

(
1+ 8

5
H2

E3

	�+1
/2−k

�

)
� (14.16)

Notice that H2

E3 is a non-dimensional number reflecting the importance of the
conserved quantity, H , relative to E and gives the slope of the spectral tilt beyond
equipartition of energy; when this number is very small, essentially equipartition
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of energy is predicted. Many numerical experiments confirming the striking pre-
diction in (14.16) are developed in Abramov et al. (2003) and Abramov and Majda
(2003b). In particular, Abramov and Majda (2003b) show that the breakdown of
(14.16) roughly coincides with the failure of mixing, i.e. non-decay of correlations
at large scales, for very large values of H . A list of accessible open mathemat-
ical problems regarding statistically relevant conserved quantities for TBH are
presented at the end of the paper by Abramov et al. (2003).
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Appendix 1 Spectral truncations of quasi-geostrophic flow with
additional conserved quantities

A.1.1 Some basic facts about Hamiltonian systems

We consider the equations for a finite-dimensional Hamiltonian system

dy
dt

= J	y
�H	y
� (14.17)
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where y is the column vector of dynamical variables, H is a Hamiltonian function,
and J is a symplectic matrix which is skew-symmetric and satisfies the Jacobi
identity ∑

l

	Jpl�lJqr + Jrl�lJpq + Jql�lJrp
 = 0 ∀p�q� r ≤ N� (14.18)

where N is the dimension of the system. The Jacobi identity essentially tells us that
the system can be represented in its canonical action-angle variables (Morrison,
1998, and references therein). We will verify the Jacobi identity here for a few
cases below; however, as the reader will see, in this work we never really take
any advantage of the Jacobi identity in the numerical methods.

We denote the Poisson bracket for F	y
 and G	y
 by

�F�G� = 	�F� J�G
� (14.19)

where 	·� ·
 denotes the scalar product of two vectors. Due to the skew-symmetry
of J we have

�F�G� = −�G�F�� (14.20)

In this notation the time evolution for any F	y
 can be written in the form

dF

dt
= 	�F� ẏ
 = 	�F� J�H
 = �F�H�� (14.21)

thus from (14.20) and (14.21) we have

dH

dt
= �H�H� = −�H�H� = 0� (14.22)

i.e. H is a conserved quantity of the system.
Generally, the conserved quantities of the system (14.17) depend on both J

and H . Let us take the basis of the kernel ker	J
 to be spanned by Kj	y
� 0 <

j ≤ dim	ker	J

. If for some Kj	y
 (let us denote it as Kjk
	y
) we can find Ck	y


such that

Kjk	y
 = �Ck	y
� (14.23)

then

J�Ck	y
 ≡ 0�

This condition automatically guarantees

dCk

dt
= �Ck�H� = −�H�Ck� = 	�H� J�Ck
 = 0�

i.e. Ck is conserved in time regardless of the Hamiltonian and, therefore, is a
property of the symplectic structure J alone. These conserved quantities are called
the Casimir invariants. For simple Poisson brackets the Casimir invariants are
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easy to find, and, if we are looking for conserved quantities of a system, then the
Casimir invariants are the best candidates to be found quickly.

A.1.2 The equations for Barotropic flow in Fourier space

The two-dimensional vorticity equation in (14.1) on a double-periodic plane
transformed through two-dimensional Fourier series takes the form of an infinite
system of ODEs

dq̂k

dt
=


∑
k′

1�k′
2=−


k ×k′

�k′�2 q̂k+k′	q̂−k′ − ĥ−k′
� (14.24)

Here q̂k denotes the Fourier coefficient associated with the two-dimensional wave
vector k, whose components are integers. The skew-symmetric scalar product

k×k′ is k1k
′
2 −k2k

′
1, and the norm �k� is

√
k2

1 +k2
2. Since q is real, then q̂∗

k = q̂−k.
In order to derive (14.24), first we look at the equation in (14.1) and conclude
that in Fourier space it becomes

q̂k = −�k�2�̂k + ĥk� (14.25)

so that

�̂k = − 1
�k�2 	q̂k − ĥk
� (14.26)

Now, let us write �x��y� qx� qy in terms of Fourier coefficients:

�x = ∑
k

	ik1
�̂kei	k1x+k2y
� �y =∑
k

	ik2
�̂kei	k1x+k2y
�

qx = ∑
k

	ik1
q̂kei	k1x+k2y
� qy =∑
k

	ik2
q̂kei	k1x+k2y
�

Then we write the dynamic equation (14.1) in terms of Fourier coefficients,

d
dt

∑
k

q̂keikx =∑
k′

∑
k′′

	k′
1k

′′
2 −k′

2k
′′
1
�̂k′ q̂k′′ei	k′+k′′
x�

Now we substitute k = k′ +k′′ and collect terms with equal exponents:

d
dt

q̂k = −∑
k′

	k′
2k1 −k′

1k2
�̂k′ q̂k−k′ �

Changing k′ → −k′ yields

d
dt

q̂k = −∑
k′

	k ×k′
q̂k+k′ �̂−k′�

and, substituting the expression in (14.26) for �̂k, we obtain (14.24).
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It is well-known that the system governed by the quasi-geostrophic equations
in (14.1) is a Hamiltonian system in physical space with the Hamiltonian given
by the energy in (14.2), while the higher-order enstrophies in (14.3) are Casimir
invariants (Morrison, 1998; Salmon, 1998). Here we record the corresponding
formal Hamiltonian structure in Fourier space in order to motivate the finite-
dimensional spectral approximations developed below. The infinite-dimensional
equation (14.24) has the Hamiltonian structure

d

dt
q̂k = Jkk′

�H

�q̂k
(14.27)

with

Jkk′ = −	k ×k′
q̂k+k′ � (14.28)

The Hamiltonian H is given by the energy since

H = E = 1
2

∑
k

�k�2��̂k�2 = 1
2

∑
k

�q̂k − ĥk�2
�k�2 � (14.29)

�H

�q̂k
= 1

�k�2 	q̂−k − ĥ−k
� (14.30)

The fact that Jkk′ is skew-symmetric follows from Jkk′ = −Jk′k. The formal proof
of the Jacobi identity follows directly from the definition in (14.18).∑

l

	Jil�lJjk +Jkl�lJij +Jjl�lJki


= ∑
l=j+k

	i × l
	j×k
q̂i+j+k + ∑
l=i+j

	k × l
	i × j
q̂i+j+k

+ ∑
l=k+i

	j× l
	k × i
q̂i+j+k

= ∑
l=j+k

	i × 	j+k

	j×k
q̂i+j+k + ∑
l=i+j

	k × 	i + j

	i × j
q̂i+j+k

+ ∑
l=k+i

	j× 	k + i

	k × i
q̂i+j+k

= ∑
l=j+k

	i × j
	j×k
− 	k × i
	j×k
q̂i+j+k

+ ∑
l=i+j

	k × i
	i × j
− 	j×k
	i × j
q̂i+j+k

+ ∑
l=k+i

	j×k
	k × i
− 	i × j
	k × i
q̂i+j+k

= 0� (14.31)
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The system (14.24) also has Casimir invariants of the form

ĈN = ∑
∑N

j=1 kj=0

(
N∏

j=1

q̂kj

)
� for arbitrary N� (14.32)

which are the Fourier space analogues of (14.3). The formal proof of conservation
is also a direct calculation

∑
j

Jjk
�CN

�q̂j
= ∑

j

Jjk

⎛
⎝N

∑
∑N−1

l ml=−j

N−1∏
l

q̂ml

⎞
⎠

= N
∑

j

∑
∑N−1

l ml=−j

	j×k
q̂j+k

N−1∏
l

q̂ml

= N
∑

j

∑
∑N−1

l ml=−j

		j+k
×k
q̂j+k

N−1∏
l

q̂ml

= N
∑

i

∑
∑N−1

l ml=k−i

	i ×k
q̂i

N−1∏
l

q̂ml

= N ! ∑
∑N

l ml=0

	k ×k

N∏
l

q̂ml
= 0

since k×k ≡ 0. The conservation of potential vorticity (which is the first Casimir
invariant) now becomes trivial since

dQ1	q


dt
= dq̂0

dt
= 0�

The enstrophy is essentially the second Casimir invariant

� = 1
2

∑
k

�q̂k�2�

A.1.3 The sine-bracket truncation with many additional
conserved quantities

Here we consider the sine-bracket truncation as an approximation to the quasi-
geostrophic dynamics in (14.1) through the spectral representation in Section A.1.2.
This finite-dimensional set of equations for the Fourier coefficients is given by

d
dt

q̂k =
M∑

k′
1�k′

2=−M

1
�

sin	�k ×k′

�k′�2 q̂k+k′	q̂−k′ − ĥ−k′
� � = 2


2M +1
� (14.33)
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so that the summation occurs on the 	2M +1
× 	2M +1
 domain of the Fourier
coefficients, and, as in Section 14.1.1 above, the coefficients, q̂k, have period
2M +1 in k in each direction. The name of the truncation follows, first, from the
presence of a sine function, and, second, due to the fact that the truncation can
be written in its “bracket” form as a commutator defined on the group of unitary
	2M +1
× 	2M +1
 matrices, which we will show later. Note that for M → 

and given k and k′, �−1 sin	�k × k′
 = k × k′ +O	�2
, so that the equations in
(14.33) are formally consistent with the spectral form of the quasi-geostrophic
equations discussed in A.1.2. This truncation possesses a Hamiltonian structure
with the symplectic operator

Jkk′ = −1
�

sin	�k ×k′
q̂k+k′ (14.34)

and Hamiltonian

H = E = 1
2

∑
k

�k�2��̂k�2 = 1
2

∑
k

�q̂k − ĥk�2
�k�2 � (14.35)

�H

�q̂k
= 1

�k�2 	q̂−k − ĥ−k
� (14.36)

There is no need to demonstrate the direct proof of the energy conservation in the
sine-bracket truncation (14.33), since the energy is the Hamiltonian for (14.33),
and the conservation of the Hamiltonian is the general property of a Hamiltonian
system, which is shown in (14.22).

Due to the sine function in (14.34) the symplectic matrix is skew-symmetric
and the Jacobi identity also holds: ∀i� j� k we have

∑
	Jil�lJjk +Jkl�lJij +Jjl�lJki


=∑
�sin	�i × 	j+k

 sin	�j×k
+ sin	�k × 	i + j

 sin	�i × j


+ sin	�j× 	k + i

 sin	�k × i
�q̂i+j+k

= �sin	�i × j
 cos	�i ×k
 sin	�j×k
− cos	�i × j
 sin	�k × i
 sin	�j×k


+ sin	�k × i
 cos	�k × j
 sin	�i × j
− cos	�k × i
 sin	�j×k
 sin	�i × j


+ sin	�j×k
 cos	�j× i
 sin	�k × i


− cos	�j×k
 sin	�i × j
 sin	�k × i
�q̂i+j+k

= 0�
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As shown below, the sine-bracket truncation in (14.33) conserves 2M independent
Casimir invariants of the form

CN =∑
ZN

q̂i1 � � � q̂iN cos��A	i1� � � � � iN 
��

ZN =
{

	i1� � � � � iN 
�
N∑

j=1

ij = 0

}
� 1 ≤ N ≤ 2M�

(14.37)

where

A	i1� � � � � iN 
 = i2 × i1 + i3 × 	i1 + i2
+ � � �+ iN × 	i1 + � � �+ iN−1
�

The Casimir invariant C2 is a multiple of the enstrophy since A	i�−i
 = 0. How-
ever, the higher Casimir invariants CN for 3 ≤ N ≤ 2M are suitable regularizations
of those in (14.24), or, equivalently, (14.3).

In order to prove the existence of the Casimir invariants in (14.37), let us
consider the family of 	2M +1
× 	2M +1
 matrices Dn which have the form

Dn = �n1n2/2gn1hn2�

where the unitary 	2M +1
× 	2M +1
 matrices h and g satisfy

hg = �gh and g2M+1 = h2M+1 = I� (14.38)

We choose 	2M +1
 to be prime and

� = exp
(

4
i

2M +1

)
�

For our choice of � the matrices g and h are

g =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0
0 � 0 · · · 0
0 0 �2 · · · 0
���

���
���

� � �
���

0 0 0 · · · �2M

⎞
⎟⎟⎟⎟⎟⎟⎠

� h =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0
0 0 1 · · · 0
���

���
���

� � �
���

0 0 0 · · · 1
1 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

�

We can see that, if h is applied to the given matrix from the left, it shifts the given
matrix upwards, and if it is applied from the right, it shifts the given matrix to the
right. Taking this into account, (14.38) can be easily proven. First, g2M+1 = I is
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obvious for our choice of � . Second, h2M+1 = I because h shifts itself 2M times
into the identity position. Then

hg =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 � 0 · · · 0
0 0 �2 · · · 0
���

���
���

� � �
���

0 0 0 · · · �2M

1 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

��gh =

⎛
⎜⎜⎜⎜⎜⎜⎝

0 � 0 · · · 0
0 0 �2 · · · 0
���

���
���

� � �
���

0 0 0 · · · �2M

�2M+1 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

and since �2M+1 = 1 we obtain hg = �gh.
The set of Dns is the group of unitary matrices which satisfy the following

relations

D†
n = D−n = 	Dn
−1� (14.39)

DnDm = exp	i�	m ×n

Dn+m� (14.40)

1
2M +1

Tr	Dm
 = �0
m� (14.41)

where � = 2
/	2M +1
. We present the proof for the three statements in (14.39)
below.

• Proof of (14.39):

D−1
n = exp

(
−2
in1n2

2M +1

)
	gn1hn2
−1 = exp

(
−2
in1n2

2M +1

)
	hn2
−1	gn1
−1

= exp
(

−2
in1n2

2M +1

)
	hn2
†	gn1
† = exp

(
−2
in1n2

2M +1

)
	gn1hn2
† = D†

n�

D−1
n = exp

(
−2
in1n2

2M +1

)
	gn1hn2
−1 = exp

(
2
in1n2

2M +1

)
�−n1n2h−n2g−n1

= exp
(

2
in1n2

2M +1

)
g−n1h−n2 = D−n�

• Proof of (14.40):

DnDm

= exp
(

2
i	n1n2 +m1m2


2M +1

)
gn1hn2gm1hm2

= exp
(

2
i	n1n2 +m1m2


2M +1

)
�m1kgn1hn2−kgm1hm2+k

= exp
(

2
i	n1n2 +m1m2 +2m1n2


2M +1

)
gm1+n1hm2+n2
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= exp
(

2
i�	m1 +m2
	n1 +n2
+ 	m1n2 −m2n1
�

2M +1

)
gm1+n1hm2+n2

= exp	i�	m ×n

Dn+m�

• Proof of (14.41): first note that

Tr	Dk
 = �k1k2/2Tr	gk1hk2
�

Then, Tr	gj
 = 0 for j �= 	2M +1
s1, s1 ∈ �, because

2M∑
p=0

exp
(

4
ijp

2M +1

)
= 0� j �= 	2M +1
s1�

Now we can see that Tr	gjhk
 = 0 for k �= 	2M +1
s2, s2 ∈�, because hk shifts non-zero
entries of gj off the diagonal position. Otherwise, we obtain Tr	gjhk
 = Tr	I
 = 2M +1
for j = 	2M + 1
s1 and k = 	2M + 1
s2. Taking into account that our indices are
between −M and M we have

Tr	Dk
 =
{

2M +1� k = 0�

0� k �= 0�

which gives the third statement of (14.39).

From (14.39) immediately follows

�Dn� Dm� = 2i sin	�	m ×n

Dn+m�

�Dn� Dm�+ = 2 cos	�	m ×n

Dn+m�
(14.42)

where �·� ·� and �·� ·�+ are the commutation and anti-commutation operators,
respectively, defined as follows

�x� y� = xy −yx� �x� y�+ = xy +yx�

Now we will show how to write the sine-bracket equation in its “bracket” form
via the commutation rule (14.42). We denote

Q =∑
n

q̂nDn and F =∑
n

fnDn�

where

fk = �H

�q̂k
�

and H is an arbitrary Hamiltonian. We write the analogue of the sine-bracket
truncation (14.33) with the arbitrary Hamiltonian in the form

Q̇ = i

2�
�Q�F�� (14.43)
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In order to show that (14.43) is true, we first write down the commutator �Q�F�

i

2�
�Q�F� = i

2�

(∑
n

q̂nDn

)(∑
m

fmDm

)
−
(∑

m
fmDm

)(∑
n

q̂nDn

)

= i

2�

∑
n�m

q̂nfm	DnDm −DmDn


= 1
�

∑
n�m

sin	�	m ×n

q̂nfmDm+n

= −1
�

∑
k�m

sin	�	k ×m

q̂k+mf−mDk�

Here we denote k = m +n and then change m to −m. Now we write Q̇ as

Q̇ =∑
k

˙̂qkDk�

and (14.43) becomes∑
k

˙̂qkDk = −1
�

∑
k�m

sin	�	k ×m

q̂k+mf−mDk� (14.44)

The matrices Dk are linearly independent; therefore the equality (14.44) must
hold separately for each Dk, hence (14.43) is equivalent to (14.33).

We expect Casimirs to be traces of Qk. To show this, first note that, from the
commutation rule in (14.42), we can see that Tr�Dn� Dm� = 0. From (14.39), Qk

is a linear combination of Ds so that the time derivative of Qk is a set of D-
commutators, therefore the traces, Tr	Qk
, are conserved in time with an arbitrary
Hamiltonian. Explicitly

1
2M +1

Tr	Qk
 = 1
2M +1

Tr

(∑
i

q̂iDi

)k

= 1
2M +1

∑
i1�����ik

q̂i1� � � � � q̂ikTr	Di1� � � � � Dik


= ∑
∑k

j ij=0

q̂i1� � � � � q̂ik exp�i��i2 × i1 + i3 × 	i1 + i2


+· · ·+ ik−1 × 	i1 +· · ·+ ik−2
��

= ∑
∑k

j ij=0

q̂i1� � � � � q̂ik cos���i2 × i1 + i3 × 	i1 + i2


+· · ·+ ik−1 × 	i1 +· · ·+ ik−2
��� (14.45)

i.e. (14.45) coincides with (14.37).
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A mathematical framework for quantifying
predictability utilizing relative entropy

15.1 Ensemble prediction and relative entropy as a measure
of predictability

Complex systems with many spatial degrees of freedom arise in diverse context,
such as atmosphere/ocean general circulation models (GCMs) for climate or
weather prediction, pollution models, and the models for the spread of hazardous
biological, chemical, or nuclear plumes. These non-linear models are intrinsically
chaotic over many time scales with sensitive dependence on initial conditions. In
this chapter, as in Chapters 7 and 8 earlier, such models are represented discretely
as a large system of ODEs for a vector �X ∈ �N given by

d �X
dt

= �F� �X� t�� �X ∈ �N �N � 1� (15.1)

Given both the uncertainty in a deterministic initial condition, �X0, as well
as the intrinsic chaos in solutions of (15.1), it is natural instead to consider an
ensemble of initial data characterized by a probability density, p0� �X�, satisfying
p0 ≥ 0�

∫
p0 = 1 and with mean given by �X0, i.e.∫

�Xp0� �X�d �X = �X0� (15.2)

The idea is to utilize the ensemble of solutions of (15.1) drawn from the ini-
tial data p0� �X� to quantify the uncertainty and measure the confidence interval
and predictive power of the deterministic solution beginning at �X0. For example,
consider �X0, and an associated probability density consisting of small random
perturbations of these initial data. This probability density measures the uncer-
tainty in the measurement of the initial data. For instance, the random initial data
might be sampled from a Gaussian probability distribution centered about �X0 (see
Section 6.4)

p0� �X� = �2��−N/2�−N/2e− ��X−�X0 �2
2� � � � 1� (15.3)

452



15.1 Ensemble prediction and relative entropy 453

where � � 1 measures the variance in each component. In other words, the
ensemble of initial data satisfies ∫

�Xp0� �X�d �X = �X0�

∫
�Xi −X0�i��Xj −X0�j�p0� �X�d �X = ��ij�

(15.4)

where �ij are the Kronecker symbols and take the value 1 if i = j and 0 otherwise.

In general, here we assume an initial probability measure p0� �X�, reflecting an
ensemble of initial conditions. Theoretically, this is straight forward because it is
easy to establish, following the discussion in Chapter 7, that the initial probability
density, p0� �X�, evolves to a new probability density, pt� �X�, at later times, which
satisfies the Liouville equation

	

	t
pt� �X�+div �X��F� �X� t�pt� �X�� = 0�

pt� �X�
∣∣∣
t=0

= p0� �X��

(15.5)

The Liouville equation is a linear PDE in a very large spatial dimension, �N , with
N � 1, and is impractical to solve directly. In practice, instead a finite ensemble
of individual solutions of (15.1), 
 �Xr

t � 1 ≤ r ≤ R�, is constructed by sampling
the initial distribution, p0� �X�. Then pt� �X� is approximated by the empirical
probability distribution for ensemble prediction

pE
t = 1

R

R∑
r=1

� �Xr
t
� �X�� (15.6)

where � �X0
� �X� is the Dirac delta measure at �X0. The probability density in (15.6)

is an explicit solution of the Liouville equation in (15.5).
The empirical ensemble prediction in (15.6) is the central probability measure

of interest for practical ensemble prediction. How can we quantify and estimate
the uncertainty in such a prediction? In the remainder of this introduction, some
of the important scientific issues associated with empirical ensemble prediction
are discussed as well as the potential use of information theory as developed in
Chapter 6 in quantifying many aspects of uncertainty.

The first practical issue to confront is that the empirical ensemble size, R, in
(15.6) is often very small in environmental science, on the order of R ≤ 50 for
weather prediction and short-term climate prediction in GCMs (Toth and Kalnay,
1993; Palmer, 2000), while, for example, R = 500 for intermediate models for
predicting El Niño (Kleeman and Moore, 1997, 1999). This is due to the computa-
tional cost in these extremely complex systems in an operational setting requiring
real time prediction. Furthermore, the idealized ensemble distribution, p0� �X�, is
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also unknown in practice. For theoretical studies, in the perfect predictability
scenario, the initial distribution, p0� �X� from (15.5), is known exactly and the
approximation by an ensemble R � 1 is the main emphasis. These studies in ide-
alized systems are very useful in determining the features governing predictability
in a given system (Kleeman, 2002; Kleeman and Majda, 2004). Both viewpoints
are emphasized in Sections 15.3 and 15.4 below.

What is available to quantify the uncertainty from the empirical ensemble
prediction pE

t and readily evaluated are some of the moments

∫
�N

� �X − �̄X��pE
t � �X� d �X = 1

R

R∑
r=1

� �Xr
t − �̄Xr��� 0 ≤ ��� ≤ 2L� (15.7)

with �X� = X
�1
1 � � �X

�N
N (Kalnay, 2003), ��� = ∑

�i. Of course, in practice only
the low-order moments, where L = 2 or 4, are utilized for a judicious restricted
set of variables

�Xi� 1 ≤ i ≤ M� (15.8)

15.1.1 Practical and mathematical issues for predictability

Some of the main important issues in quantifying the uncertainty of an ensemble
prediction are listed in (15.9)

(A) How much lack of information is contained in a given prediction strategy, for example,
measuring only the second moments in (15.7), compared with pE

t ?
(B) When does the ensemble prediction distribution exhibit bimodality in some variable

so that there are at least two different scenarios of significant change predicted in a
given variable for times of interest? How can this be quantified in a computationally
tractable fashion?

(C) In a given dynamical system in (15.1), which subsets of variables, X1 � � �XM , are
more predictable than the others? How can this be quantified?

(D) For long-term climate prediction, when is an ensemble prediction useful at all beyond
the historical climate record? How can we estimate the lack of information in the
climate record beyond the ensemble prediction? What features control the variation
of this predictive utility in a given dynamical system?

(E) What features characterize the rare ensemble predictions with more than typical
information beyond the climate record?

(15.9)

All of the above issues involve the lack of information in one probability
distribution, 
� �X�, compared with another probability distribution, p� �X�, over
some subset of variables, �X1 � � �XM . As discussed extensively in Chapter 6, on
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information theory, this lack of information content is quantified by the relative
entropy

P�p�
� =
∫
�M

p ln
( p




)
� (15.10)

As used earlier in the book, we will call 
 the prior distribution. Recently, in
an important paper, Kleeman (2002) has suggested the use of relative entropy
to address the issue in (15.9(D)) for long-term climate prediction. In this case,

 is the historical record climate distribution on a given set of variables, while
p = pE

t is the empirical ensemble prediction, so P�pE
t �
� should be estimated.

The main issues in (15.9(D)) were raised earlier by Anderson and Stern (1996).
In the situation in (15.9(A)), monitoring only the first and second moments of
the prediction as is usually done in practice (Toth and Kalnay, 1993; Kalnay,
2003) leads to the Gaussian prediction, pG; so in this case P�pE

t �pG� should
be estimated. Recently, Roulston and Smith (2002) have suggested a similar
use of information theory as a “score” or predictability measure for ensemble
forecasts. Below we show how to develop rigorous computationally feasible
tests for bimodality to address (15.9(B)) through non-Gaussian estimators for the
empirical prediction ensemble and apply them in Section 15.3 to the Lorenz 96
model. As regards (15.9(C)), for the special case when both p and 
 are Gaussian
distributions, Schneider and Griffies (1999) have developed the idea of principal
predictability components utilizing the entropy difference; this interesting concept
has been generalized by Majda, Kleeman, and Cai (2004) to one typical practical
situation, where 
 is Gaussian, while p is non-Gaussian, with (15.10) as the more
precise measure of lack of information in 
 (see Section 15.2 below). Finally,
to address the important issue in (15.9(E)) for long-term prediction, as well as
the key factors that determine variability in predictive utility, Kleeman (2002)
has introduced and applied the concept of the signal/dispersion decomposition
for the special case when both 
 and p are Gaussian distributions. Recently,
Kleeman, Majda, and Timofeyev (2002) have determined the controlling factors
of this facet of predictability in a simple model with statistical features of the
atmosphere in a Gaussian setting, the truncated Burgers–Hopf model discussed
in Chapter 7. This work is discussed below in Section 15.4. This decomposition
for suitable non-Gaussian measures, p and 
, has been developed by Majda,
Kleeman, and Cai (2004), and Abramov and Majda (2004) developed a new, more
precise, decomposition into a signal, dispersion, and cross term. Both the signal
and cross term are directly and cheaply evaluated from the moments of p. Thus,
they are readily available in determining variations in utility in a given dynamical
system.
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With the background presented above, once we adopt the relative entropy in
(15.10) as the theoretical tool for addressing the important issues in (15.9), the
following practical issues arise:

(A) How can we numerically compute or approximate the relative entropy, P�p�
�, for
a complex system with many degrees of freedom and a subset of variables with
M � 1?

(B) Are there computationally feasible and mathematically rigorous strategies to estimate
P�p�
� from below, i.e. P�p�
� ≥ P�p∗�
�, where P�p∗�
� can be evaluated either
analytically or by a rapid numerical procedure?

(15.11)

15.1.2 Gaussian prior distribution for predictability

Often a Gaussian measure is utilized as an estimate of an ensemble prediction
as in the applications in 15.9(A). We show below, how a rigorous lower bound
estimator P�p∗

4� p∗
G� as discussed in Section 6.4.5 can be utilized to estimate

non-Gaussianity as in (15.9(B)). Furthermore, in many applications, the climate
distribution is Gaussian on a subset of variables and thus completely determined
by the mean and covariance. For such a Gaussian distribution


0�X1� � � � �XM� = �2��−M/2�det ��−1/2 exp�−1
2

�� �X − �X0���
−1� �X − �X0����

(15.12)
where �X0 ∈ �M is the mean

∫
Xj
0 = X0�j� 1 ≤ j ≤ M (15.13)

and � = �Cij� is the positive definite, � > 0, symmetric, M ×M covariance matrix
∫

�Xi −X0�i��Xj −X0�j�
0 = Cij� (15.14)

For example, the truncated Burgers–Hopf (TBH) model and the inviscid unforced
Lorenz 96 (IUL96) model from Chapter 7 both have Gaussian climates which
are realized through direct numerical simulation. The spectrally truncated quasi-
geostrophic (TQG) equations discussed extensively in Chapter 8 provide another
very rich family of examples with a predicted Gaussian climate, which can be
realized in various regimes through direct numerical simulation (see Chapter 7 and
Majda et al 2001). The practical and mathematical issues for predictability listed
in (15.1.1) are most readily developed for the special situation where the prior
distribution 
�X1� � � � �XM� is Gaussian. The theory for this important special case
is developed in Section 15.2 below and is applied to the examples from Chapter 7
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in Sections 15.3 and 15.4. The final section of this chapter, Section 15.5, discusses
other recent developments in ensemble prediction and information theory.

15.1.3 Invariance of the predictability measure under a general change
of coordinates

Clearly, a good predictability measure for features of a given dynamical sys-
tem should not depend on the coordinate system used to describe the underlying
dynamics. While this seems obvious intuitively, many ad-hoc predictability mea-
sures utilized in practice fail to have this property and often depend on the choice
of metric (energy, enstrophy, geopotential height etc.); Schneider and Griffies
(1999) have emphasized this point in their work. Here we show that the pre-
dictability measure, P�p�
�, defined in (15.10) by the relative entropy is invariant
under a general non-linear change of coordinates.

Consider a smooth invertible transformation from �M to �M defined by

�Y → ���Y � = �X�

Any smooth probability density, p� �X�, determines a smooth probability density
p���Y � via the formula

p���Y � = p����Y ��

∣∣∣∣det
(

d�

d�Y
)∣∣∣∣ � (15.15)

where d�

d�Y denotes shorthand for the M × M Jacobian matrix of the mapping,
d�

d�Y =
(

	�i

	Yj

)
and det is the determinant.

The standard change of variable formula shows that, if p� �X� is a probability

density, then p���Y � is also a probability density; the factor det
(

d�

d�Y
)

is needed

to guarantee this. The invariance of the relative entropy predictability measure
under change of coordinates is the statement that

∫
p ln

( p




)
= P�p�
� = P�p��
�� =

∫
p� ln

(
p�


�

)
(15.16)

for any smooth invertible transformation ���Y �.
However, it follows immediately from (15.15) and the change of variables

formula that (15.16) is true.

15.1.4 Canonical form for a Gaussian climate: EOF basis

As a simple application of the principle in (15.16), we show how measuring
predictability for a Gaussian climate can be simplified through the special use
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of a linear change of coordinates. For the Gaussian climate defined in (15.12),
consider the change of variables

�X = �X0 +�1/2 �Y � (15.17)

In (15.17), �1/2, is the square root of the positive definite matrix � (Lax, 1996); the
matrix �1/2 is also symmetric and positive definite, commutes with � , and satisfies
�1/2 �−1 �1/2 = I . Since � is positive definite symmetric, there is an orthonor-
mal basis, 
�eM

i=1�, called empirical orthogonal functions (EOFs) in the atmo-
sphere/ocean community and corresponding positive eigenvalues, �1 ≥ �2 ≥ · · · ≥
�M > 0 so that the covariance matrix � is diagonalized, i.e.

� �f = ∑
i

�i�ei��f� �ei�� (15.18)

The eigenvectors, �e1, is called the first EOF, etc. With (15.18), the matrix �1/2 is
defined by

�1/2�f = ∑
i

�
1/2
i �ei��f� �ei�� (15.19)

From (15.15) and (15.12), it follows that in the coordinate system defined by
(15.17), the Gaussian climate distribution has the simplified form


0��Y � = �2��−M/2e− 1
2 � �Y �2 � (15.20)

The TBH and IUL96 models from Chapter 7 already have a Gaussian climate
with the diagonal form in (15.20), while the pseudo-energy metric discussed in
Section 8.4 achieves the same result for the TQG models discussed in Chapter 8.
The only minor difference is that in (15.20) we have rescaled the modes, �Y , to
be uncorrelated with unit variance, while TBH, IUL96, and TQG models have
a natural Gaussian climate represented by uncorrelated variables with a constant
covariance not set to unity. With (15.15) and (15.17), given p� �X�, we get

p���Y � = p� �X0 +�1/2 �Y � det��1/2�� (15.21)

For a general probability density, p, the covariance matrix of p, covp, is defined
by the centered second moments in (15.14) where 
0 is replaced by p. Given the

probability density p� �X� with mean �̄X0 and covariance matrix, Covp, it follows
easily from (15.17), (15.19) that the mean and covariance of the transformed
probability density, p�, are given by

Mean p� = �̄Y = �−1/2� �̄X − �̄X0��

Cov p� = �−1/2Cov p �−1/2�
(15.22)
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Of course, the same considerations apply to a general Gaussian prior distribution
in general applications. Here this change of variables is called the “whitening”
transformation.

15.2 Quantifying predictability for a Gaussian prior distribution

Here we address the practical and mathematical issues elucidated in Subsec-
tion 15.1.1 regarding predictive information content for the special case of a
Gaussian prior distribution. Here as shown above in (15.17)–(15.21) without loss
of generality we assume �X = �X1� � � � �XM� and


0� �X� = �2��−M/2e− 1
2 � �X�2 � (15.23)

First we calculate the relative entropy of p� �X�, which measures the additional
information in p beyond 
0. For simplicity in notation, here we suppress the
preliminary transformation � that leads to the canonical form in (15.23). Recall
from Sections 6.3 and 6.4, the entropy of a probability density, p, is given by

��p� = −
∫
�M

p ln p� (15.24)

which measures the average lack of information in p.
With (15.23), we calculate that

P�p�
0� =
∫

p ln p−
∫

p ln 
0

= −��p�+ M

2
ln�2��+

∫
�M

� �X�2
2

p� (15.25)

while for the Gaussian distribution in (15.23) we have the explicit formula

��
0� = M

2
ln�2��+ M

2
� (15.26)

Thus, we obtain the relative entropy identity for a normalized Gaussian prior
in �M

P�p�
0� = ��
0�−��p�+
∫
�M

� �X�2
2

p− M

2
� (15.27)

The elementary identity in (15.27) states that except for an interesting correction
involving second moments, the measure of predictability through relative entropy
for a Gaussian prior is directly related to the entropy difference. In fact, an
immediate corollary of (15.27) is the following

Assume the ensemble prediction probability density p satisfies∫
� �X�2p = M =

∫
� �X�2
0� then P�p�
0� = ��
0�−��p��

(15.28)
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Thus, if the trace of the second moments of the probability density p coincides with
that of the climate, the relative entropy is exactly the entropy difference. This gener-
alizes the discussion in Subsections 6.4.2 and 6.4.4 to the multi-dimensional case.

15.2.1 The signal and dispersion decomposition for a Gaussian prior

For the Gaussian prior in (15.23), here we develop a simple decomposition of
the predictability measure P�p�
0� into signal and dispersion components. This
provides a theoretical framework for addressing the issues in (15.9A). Roughly
speaking, the signal measures the contribution of the mean to the information
content of the prediction beyond the climate while the dispersion measures the
information content of the variance and other high moments for the prediction.
Given the fact that the climate has zero mean, the knowledge that the prediction
ensemble has a non-zero mean has potentially significant information content
beyond the normalized variance of a prediction. Measures of predictability involv-
ing only the variance alone were the usual concept in atmosphere/ocean science
(Schneider and Griffies, 1999) until the important paper of Kleeman (2002) who
introduced the signal–dispersion decomposition for the special case when both
p� �X� and 
0� �X� are Gaussian distributions. In that paper, Kleeman (2002) also
demonstrated the practical utility of the signal component in predictions for a
series of stochastic and deterministic models for El Nino, while Kleeman, Majda,
and Timofeyev (2002) demonstrated the surprising importance of the signal com-
ponent in determining predictive utility for the TBH models from Chapter 7.
These last results will be discussed briefly in Section 15.3.

For a Gaussian climate, the signal–dispersion decomposition is an immediate
consequence of the formula in (15.27) and the elementary identity

∫
� �X�2p =

M∑
i=1

(∫
�X̄i�2p+

∫
�Xi − X̄i�

2p
)

= �Mean p�2 + tr�Cov p�� (15.29)

where given an M × M matrix A = �Aij�, the trace of A� Tr�A� = ∑
1≤i≤M Aii.

With the definition of the mean of covariance, the proof of (15.29) is left as a
simple exercise for the reader. With (15.27) and (15.29), we have the following:

Proposition 15.1 The signal dispersion decomposition for a Gaussian climate
Under these circumstances P�p�
0� admits the signal–dispersion decomposition

P�p�
0� = S +D� (15.30)

where the signal S is given by

S = 1
2
�Mean p�2 (15.31)
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and the dispersion, D, is given by

D�p�
0� = ��
0�−��p�+ 1
2

�tr�Cov p�− tr�Cov 
0��� (15.32)

The formulas in (15.30), (15.31), and (15.32) are an immediate consequence of
(15.27), (15.29) and the identity, tr�Cov 
0� = M . Clearly, only a non-zero mean
value of p contributes to the information content of the prediction as measured
by the signal. On the other hand, only higher moments of p contribute to the
information content in the dispersion, D, as defined in (15.32). Note that both ��p�

and tr�Cov p� have identical values for p and any translated distribution with an
arbitrary mean, p�� = p� �X − ��� for a constant vector ��; thus, for the dispersion, D

D�p���
0� = D�p�
0� for any �� (15.33)

and the dispersion in (15.32) measures the information content in p beyond 
0

which is independent of the value of the mean of p. These facts provide the
intuition behind the signal–dispersion decomposition in Proposition 15.1. This
decomposition is generalized to non-Gaussian prior distribution in Majda et al.
(2004) and Abramov and Majda (2004).

15.2.2 Rigorous lower bounds on predictive information content with a
Gaussian prior

As noted in (15.7), in practical ensemble prediction, the mean and a few moments
up to order typically at most four of the predictive probability density, p� �X�,
are known with significant accuracy. Here we provide a rigorous mathematical
framework for estimating the predictive information content by quantities which
can be readily computed. Thus, we address the issues (15.9(A),(B)) for the special
case of a Gaussian prior distribution as in (15.23). Significant generalizations for
a non-Gaussian prior are presented in Majda et al. (2004), while Subsection 6.4.5
already contains more explicit details of the procedure sketched below for the
special case of univariate probability densities.

Motivated by (15.7), we assume that we know the mean and a finite number
of the higher moments for p� �X�, i.e.

X̄i =
∫

Xi p� 1 ≤ i ≤ M�

M
���
i�j =

∫
�Xi − X̄i�

��Xj − X̄j�
� p�

0 ≤ �+� ≤ 2L� 1 ≤ i� j ≤ M� with L ≥ 1 fixed�

(15.34)

The issues we address here are how can we estimate and rigorously bound
P�p�
0� in a systematic and practically significant fashion?
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As background information, recall that we established in Subsection 6.4.2 that
the Gaussian distribution maximizes the entropy among all probability measures
with specified first and second moments. Recall from (15.30)–(15.32) that

P�p�
0� = −��p�+R�p�
0�� (15.35)

where R depends solely on the first and second moments of p, i.e.

R�p�
0� = ��
0�+ 1
2

�tr�Cov p�− tr�Cov 
0��+ 1
2

�Mean p�2� (15.36)

From (15.5) it follows that if we pick a probability density, p∗, which maximizes
the entropy, ��p�, subject to some of the constraints with L ≥ 1 so that R�p�
0�

remains constant, then automatically P�p∗�
0� provides a rigorous and potentially
practical lower bound on the information content in the ensemble prediction
beyond the prior distribution, 
0. Next, we formalize the statements above in a
precise fashion.

For any fixed L̃ with 1 ≤ L̃ ≤ L, define a set , �L̃, of linear constraints on
probability measures through all the moment constraints in (15.34) for �+� ≤ 2L̃.
By definition, the prediction ensemble, p, belongs to �L̃ so this set is non-empty
and convex, while the entropy is a concave function on this set. Thus, we can
always find p∗

2L̃
which satisfies the maximum entropy principle

p∗
2L̃

∈ �L̃� ��p∗
2L̃

� = max
p∈�L̃

��p�� (15.37)

Clearly, we have

��p∗
2L1

� ≥ ��p∗
2L2

� ≥ ��p� for any 1 ≤ L1 ≤ L2 ≤ L� (15.38)

Furthermore, because L̃ ≥ 1, and R�p�
0� only involves moments up to order
two

R�p∗
2L̃

�
0� = R�p�
0� for any L̃� with 1 ≤ L̃ ≤ L� (15.39)

Also, as developed in Subsection 6.4.2

p∗
2 = p∗

G is a Gaussian distribution with the same mean and
variance matrix as p� thus p∗

G is given by explicit formulas
as in (15.12)–(15.14).

(15.40)

With (15.35)–(15.40), we have the following:

Proposition 15.2 (Estimating the information content in an ensemble predic-
tion for a Gaussian prior) For any fixed number of prediction moments, 2L,
with L ≥ 1 with a Gaussian prior, we have the rigorous lower bounds

P�p�
0� ≥ P�p∗
2L�
0� ≥ P�p∗

2L̃
�
0� ≥ P�p∗

G�
0�� for L ≥ L̃ ≥ 1� (15.41)
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In fact, the same chain of estimates in (15.41) also applies to the dispersion
D�p�
0�, alone, i.e.

D�p�
0� ≥ D�p∗
2L�
0� ≥ D�p∗

2L̃
�
0� ≥ D�p∗

G�
0�� for L ≥ L̃ ≥ 1� (15.42)

The estimates in (15.41) are generalized to a non-Gaussian prior in Majda et al.
(2004) and specific estimates for the information loss are contained in our earlier
discussion in Subsection 6.4.5 for univariate distributions. Kleeman (2002) intro-
duced and applied the relative entropy, P�p�
0�, for measuring the information
content where he assumes that both p and 
0 were Gaussian distributions. Here
in Proposition 15.2, we have shown that the relative entropy of the Gaussian dis-
tribution, P�p∗

G�
0� is automatically a rigorous lower bound on the information
content of any prediction density, p, with the same first and second moments.
With the formula in (15.32) for the dispersion and (15.12), for the Gaussian
estimator P�p∗

G�
0�, we have

��
0�−��p∗
G� = ln�det�Cov p�−1/2� (15.43)

so that

D�p∗
G�
0� = ln�det�Cov p�−1/2�+ 1

2
�tr�Cov p�−M��

P�p∗
G�
0� = D�p∗

G�
0�+ 1
2
�Mean p�2�

(15.44)

Of course D�p∗
G�
0� is just the relative entropy of the Gaussian measure with

the same variance as P∗
G but with zero mean.

Finally we mention that the practical advantage for utilizing the maximum
entropy principle in (15.37) with the explicit moment information in (15.34) is that
standard constrained optimization numerical methods, as mentioned in Chapter 11,
can be utilized to find p∗

2L̃
accurately. Here an even number of moments are

utilized to guarantee that the optimization problem has a solution.

15.2.3 Choosing reduced variables to order the predictive
information content

Here we describe a nice construction for Gaussian prediction distribution, p∗
G,

essentially due to Schneider and Griffies (1999) which organizes the variables �X
into subspaces with a hierarchy of predictive information content. Recall from
Section 15.1.3 that through the change of variables in (15.17), a general Gaussian
climate assumes the canonical form in (15.20), while the relative entropy of a
general prediction remains invariant; the covariant matrix for a general predic-
tion distribution in the new coordinates is given by the formula in (15.22). For
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estimating predictive information content, it is very natural to introduce a second
change of coordinates, which diagonalizes the covariant matrix of p. Since Cov p

is a symmetric positive definite M ×M matrix, there exists a rotation matrix, �,
with �T = �−1, so that

�−1Cov p � = D =

⎛
⎜⎜⎜⎜⎝

�1 0 · · · 0
0 �2 · · · 0
���

���
���

���

0 0 0 �M

⎞
⎟⎟⎟⎟⎠ > 0� (15.45)

where D is the positive diagonal matrix with non-zero diagonal entries, �i > 0.
Consider the new variable

�X = � �Z� (15.46)

Since � is a rotation matrix, it follows that the Gaussian prior measure 
0��Z�

retains the same normalized form in (15.20).
In this coordinate system, as a consequence of (15.45), the Gaussian distribution

p∗
G��Z� with the same variance and mean as p, assumes the factored form

p∗
G��Z� =

M∏
i=1

�2��i�
−1/2e

− �Zi−Z̄i�
2

2�i def≡

M∏
i=1

p∗
i �Zi�� (15.47)

while the Gaussian prior distribution 
0��Z� retains the factored form


0��Z� =
M∏

i=1

�2��−1/2e− Z2
i

2 =
M∏

i=1


0�i�Zi�� (15.48)

In (15.47), Z̄i is the mean of p��Z� in the ith coordinate. In the Z variables, with
(15.47) and (15.48), the Gaussian estimator for the predictability factors into a
sum of one-dimensional principal predictability factors

P�p�
0� ≥ P�p∗
G�
0� =

M∑
i=1

P�p∗
i �
0�i� =

M∑
i=1

1
2

�ln �−1
i +�i −1�+

M∑
i=1

1
2

�Z̄2
i ��

(15.49)

Clearly, the first term in the summation in (15.49) is the relative entropy contri-
bution to the dispersion from the one-dimensional Gaussian distributions p∗

i in
(15.47), while the second term arises from the contribution of p∗

i to the signal.
Thus, these variables can obviously be organized into groups with higher predic-
tive information content in the dispersion, the signal, or the total combination,
depending on the nature of the application. These variables are called the principal
predictability components. The change of coordinates in (15.46) has been utilized
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in Majda et al. (2004) to get improved estimators beyond Proposition 15.2 for
multi-variable distributions in terms of mutual information of joint distributions.

15.2.4 The relative entropy and the entropy difference for quantifying
predictive information content

For a normalized Gaussian climate, 
0, and a Gaussian prediction, pG, Schneider
and Griffies (1999) advocate the entropy difference in (15.43)

���pG�
0� = ��
0�−��pG� = ln�det�CovpG�−1/2�� (15.50)

as a measure of predictive information under the tacit assumption that distribution,
pG, of interest for prediction satisfies ���pG�
0� ≥ 0. First, consider the special
case of (15.50) for one-dimensional probability distributions for quantities with
variance for pG given by �2. Clearly, from (15.50) we have

���pG�
0� < 0 if and only if �2 > 1� (15.51)

Thus, the entropy difference does not measure information content for distribu-
tions with variance �2 > 1. On the other hand, the fact that the variance of a
predicted quantity at a short fixed time, such as the temperature at a fixed location,
is predicted to be higher than that of the historical climate record has obvious
information content ignored in (15.50). Since P�p�
0� is non-negative, the rela-
tive entropy predictive measure always assigns non-trivial information content to
these events. Furthermore, as mentioned earlier in Subsection 15.2.1, the entropy
difference in (15.50) cannot measure the information content expressed in the fact
that the mean of the prediction density, pG, can be non-zero and different from that
of 
0, while the signal contribution to the relative entropy measure of predictive
information content developed in Subsection 6.4.1 does this precisely. Finally, as
developed in Subsection 15.2.1, the relative entropy is invariant under a general
change of coordinates, while the entropy difference in (15.50) is only unchanged
by linear transformation. Quite often quantities such as humidity can be complex
non-linear functions of other variables in the atmosphere/ocean system, so a mea-
sure of information content which is unchanged by non-linear transformations
is clearly superior to one which is not. For all of these three reasons, we claim
that, even for Gaussian predictions and climate, the relative entropy measure is
superior to the entropy difference in quantifying predictive information content.
For general Markov processes, such as a finite Markov chain with a non-uniform
invariant measure, there are additional compelling dynamic reasons to favor the
relative entropy over entropy difference related to the decrease of information
as equilibrium approaches (Cover and Thomas, 1991); however, an additional
discussion here is beyond the scope of the material as presented here.
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15.3 Non-Gaussian ensemble predictions in the Lorenz 96 model

Here the development of non-Gaussian bimodal and skewed distributions in
ensemble predictions is studied within the context of the damped forced L96
model discussed in detail in Section 7.4. Recall that this elementary model with
40 degrees of freedom has features mimicking the baroclinic wave packets in the
real atmosphere associated with actual weather systems. The robust dynamical
regime is used with constant forcing F = 8 and damping coefficient d = 1. Below
we examine the non-Gaussian information content in ensemble predictions with
fairly small sample sizes for the three Fourier modes, k = 0� k = 3, and k = 8.
Recall from the discussion in Section 7.4 that the mode k = 0 defines the clima-
tology, while k = 8 is the most unstable mode in the model and k = 3 is a linearly
stable but chaotic large-scale mode.

The numerical set-up for the experiments with the Lorenz ’96 model is the
following: first, a long (10 000 time units) “climatological” time series of a single
solution is generated. Then an instantaneous snapshot of this solution is recorded at
the end of the series. The statistical ensembles of various sizes are then generated
around this single recorded snapshot, by perturbing each gridpoint via a narrow
Gaussian probability with small variance (10−5 fraction of the climatological
variance). The ensembles then propagate further, as their time series are being
recorded.

Four different ensemble sizes with 25, 50, 100, and 200 members are employed
in the current work to evaluate and compare the efficiency of the methodologies
for measuring information content for different sample sizes. Since an ensemble
provides a single value of the relative entropy at any given time, a super-ensemble
(ensemble of ensembles) has to be generated for each of the four sample sizes
in order to study meaningful statistical properties of non-Gaussianity in different
regimes. For each sample size, a super-ensemble consisting of 20 ensembles is
employed.

For the real part of each of the three Fourier modes, k = 0, 3, 8, the non-Gaussian
information content is estimated from below for each ensemble prediction as time
evolves by P�p∗

4� p∗
G�, where the probability density, p, is the empirical ensemble

measure given in (15.6). Thus, we apply the theory developed in Proposition 15.2
in its simplest univariate form as developed in more detail in Subsection 6.4.5 to
the empirical ensemble prediction distribution, p. The reader might want to re-
examine Figure 6.2 and Table 6.1 to check the wide variety of behavior allowed
for P�p∗

4� p∗
G� for varying families of known probability distributions as well

as the actual magnitude of P�p∗
4� p∗

G� associated with distributions with strong
bimodal or skewed behavior. Of course, this theory as used here assumes that the
empirical distribution is the actual prediction distribution; this assumption is an
excellent one for large ensemble sizes like R = 200, but is unrealistic for small



15.3 Non-Gaussian ensemble predictions in the Lorenz 96 model 467

0 2 4 6 8 10
0

0.05

0.1

0.15

0.2

timeav
er

ag
e 

no
n–

G
au

ss
ia

ni
ty

0 2 4 6 8 10
–0.2

0

0.2

0.4

0.6

–0.2

0

0.2

0.4

0.6

time (sample size = 25)

no
n–

ga
us

si
an

ity

0 2 4 6 8 10
time (sample size = 50)

0 2 4 6 8 10
–0.2

0

0.2

0.4

–0.2

0

0.2

0.4

time (sample size = 100)

no
n–

ga
us

si
an

ity

0 2 4 6 8 10
time (sample size = 200)

Figure 15.1 Fourier mode: k = 0. Top panel: shows the average non-
Gaussianity, over 20 ensembles, with sample sizes 25 (solid), 50 (dashed), 100
(dot–dashed), and 200 (dotted). Panels 2–4: The solid curve shows the aver-
age non-Gaussianity for the indicated sample size. The dashed curve shows the
ensemble with the largest non-Gaussianity at time t = 4. The dot–dashed curve
shows the adjusted moment technique applied to this ensemble. The dotted curve
shows the central limit technique applied to this ensemble.

ensemble sizes like R = 25. Of course, the detection of non-Gaussianity with high
confidence in an ensemble prediction with small ensemble size is an important
practical topic. Thus, in the plots below we also include two statistical estimating
procedures for finite sample size, called the central limit and adjusted moments
methodologies, developed by Haven, Majda, and Abramov (2004), which provide
95% confidence intervals on lower bounds on non-Gaussian information content.
The reader is referred to that paper for details of those algorithms.

The average over the super-ensemble of the sample non-Gaussianities of the
Fourier mode k = 0 as measured by P�p∗

4� p∗
G� are plotted in the first panel of

Figure 15.1, with ensemble sizes 25 (solid), 50 (dashed), 100 (dot-dashed), and
200 (dotted). In general, the average of the sample non-Gaussianities is not equal
to the true non-Gaussianity, but here it is assumed. The graphs show the averages
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Figure 15.2 Fourier mode: k = 0. Each graph shows a histogram of the data
from panels 2–4 in Figure 15.1 at time t = 4. The Gaussian and four-moment
fits are overlayed.

decreasing with increasing ensemble size, except for a spike in the non-Gaussianity
at time t = 4, and unless the super-ensemble size is very large.

The second panel of Figure 15.1 shows the average non-Gaussianity for ensem-
ble size 25 as a solid curve. The dashed curve represents the ensemble with the
largest non-Gaussianity at time t = 4. The dot–dashed and dotted curves, which
overlap on this graph, show the adjusted moment and central limit methodologies,
respectively, applied to this ensemble. Similar graphs are shown for each ensem-
ble size in panels three, four, and five. In each panel, the solid curve represents
the average sample non-Gaussianities, while the dashed, dot–dashed, and dotted
curves represent the non-Gaussianity and, adjusted moment, and central limit sta-
tistical methodologies applied to the ensemble with the largest non-Gaussianity
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Figure 15.3 Fourier mode: k = 3. Top panel: shows the average non-
Gaussianity, over 20 ensembles, with sample sizes 25 (solid), 50 (dashed), 100
(dot–dashed), and 200 (dotted). Panels 2–4: The solid curve shows the aver-
age non-Gaussianity for the indicated sample size. The dashed curve shows the
ensemble with the largest non-Gaussianity in the k = 0 mode at time t = 3.
The dot–dashed curve shows the adjusted moment technique applied to this
ensemble. The dotted curve shows the central limit technique applied to this
ensemble.

at time t = 4. In addition, the plots in Figure 15.1 using the adjusted moment
methodology demonstrate that evidence of non-Gaussian behavior of the predic-
tion density can be detected, with 95% confidence, at ensemble sizes as small
as 50. Figure 15.2 shows the histograms of the data, at each ensemble size and
time t = 4, for the ensemble with the maximum non-Gaussianity at time t = 4.
The solid curve shows the Gaussian density, p∗

G, while the dashed curve shows
the four-moment density p∗

4. Clearly, the four-moment density fits the data bet-
ter than the Gaussian density, and tracks bimodality in the ensemble prediction
extremely well.

Figures 15.3–15.6 show the same plots as Figures 15.1 and 15.2 for Fourier
modes k = 3 and k = 8. In each case, the observed ensemble is the one with
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Figure 15.4 Fourier mode: k = 3. Each graph shows a histogram of the data
from panels 2–4 in Fig. 15.3 at time t = 3. The Gaussian and four-moment fits
are overlayed.

maximum non-Gaussianity in Fourier mode k = 0. For these figures, the his-
tograms are plotted for the time t = 3, where the largest peak of non-Gaussianity
seems to appear. Once again bimodality is detected and tracked very well by p∗

4 for
the mode k = 3 and, the central limit statistical methodology detects non-Gaussian
behavior of the prediction density, with 95% confidence.

However, an interesting example of a false indication of bimodality for the
most unstable mode, k = 8 can be seen in Figure 15.6 for small ensemble sizes.
In the first panel, at sample size 25, there seems to be a strong indication of
non-Gaussianity. Visually, the data seem bimodal, and the corresponding esti-
mate for P�p∗

4� p∗
G�, the dashed line in panel two of Figure 15.6 at t = 3, is
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Figure 15.5 Fourier mode: k = 8. Top panel: shows the average non-
Gaussianity, over 20 ensembles, with sample sizes 25 (solid), 50 (dashed), 100
(dot–dashed), and 200 (dotted). Panels 2–4: The solid curve shows the aver-
age non-Gaussianity for the indicated sample size. The dashed curve shows the
ensemble with the largest non-Gaussianity in the k = 0 mode at time t = 3.
The dot–dashed curve shows the adjusted moment technique applied to this
ensemble. The dotted curve shows the central limit technique applied to this
ensemble.

approximately 0.5. However, at a sample size of 200, in the fourth panel, the
bimodality is almost completely gone, both visually and in the estimate from
P�p∗

4� p∗
G�. Interestingly, the central limit statistical methodology detects little or

no non-Gaussian behavior for all sample sizes, and this is a highly desirable
feature of such a sample estimator.

The above results suggest, with 95% confidence, that non-Gaussian tenden-
cies exist for some modes of the prediction densities at various times. That the
higher moment information is detected, with confidence and for small sample
sizes, is evidence that a strictly Gaussian prediction strategy will sometimes miss
substantial levels of predictability.
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Figure 15.6 Fourier mode: k = 8. Each graph shows a histogram of the data
from panels 2–4 in Figure 15.5 at time t = 3. The Gaussian and four-moment
fits are overlayed.

15.4 Information content beyond the climatology in ensemble predictions
for the truncated Burgers–Hopf model

Here we study ensemble predictions in the truncated Burgers–Hopf (TBH) model
discussed extensively earlier in Section 7.3. As established there, this model
exhibits equipartition of energy for statistically irrelevant values of the Hamilto-
nian with a Gaussian climatological distribution; the model also has the interesting
property discussed in Subsection 7.3.5 that the de-correlation time scale of indi-
vidual Fourier components is inversely proportional to their wave number. In other
words, large-scale structures have low frequency variability and are much more
persistent than the “weather modes” at smaller scales. Such a statistical property
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is a well-known feature of the atmosphere and many other large-dimensional
dynamical systems of physical interest. Furthermore, as shown in Subsection 7.3.5,
this scaling behavior in TBH is predicted by elementary theory and confirmed
by numerical simulations. Without further comment, we use the same numeri-
cal methods for TBH as described in Section 7.3 with the same values as used
there with � = 50 and a variance of 0.1 for each individual Fourier mode in the
Gaussian climatological distribution from (7.44), (7.45). Thus, there are 100 total
modes in the results presented below.

15.4.1 Relaxation of ensemble predictions to the climate distribution

Statistical prediction at longer times may be viewed as the relaxation of a relatively
tight probability distribution at the initial time towards an equilibrium distribution
which can be considered the climatological distribution. The initial time p.d.f. can
be considered as the uncertainty in the initial specification of the systems state
vector. In general we would expect the mean of the initial condition distribution
to be drawn according to a p.d.f. identical to that of climatology, since this is
the historical distribution under the assumption of ergodicity. We adopt such an
approach here in generating a super-ensemble.

Additionally, we assume that the initial condition p.d.f. of each ensemble
prediction is Gaussian with a mean distributed as just discussed and a variance
four orders of magnitude smaller than that of the equilibrium p.d.f., which as
noted above is also Gaussian for the TBH model. This choice for the initial
condition variance is somewhat arbitrary and is intended to represent the realistic
scenario where uncertainty in the initial conditions state vector is much less than
the historical spread in the same vector. Prediction ensembles of 500 members
are used here with initial conditions drawn according to the initial condition
p.d.f. discussed above. With these large ensemble sizes, we are in the perfect
predictability regime in the present study in contrast to that in Section 15.3. The
relaxation behavior for a typical ensemble of initial conditions is displayed in
Figure 15.7, which shows the evolution of the mean and standard deviation of
the Fourier components for a particular set of initial conditions. As can be seen
from Figure 15.7 the smaller-scale modes converge much more rapidly towards
equilibrium for both first and second moments of the p.d.fs. Notice that the first
moment can sometimes exhibit some oscillatory-like behavior as it converges
to zero.

In general the distributions governing the prediction p.d.fs appear to be approx-
imately Gaussian at all lags. Figure 15.8 shows the distributions for five of the
modes at various prediction lags. The modes are chosen to be representative
of the various spatial scales of the model. This degree of Gaussian behavior
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Figure 15.7 Convergence of the first and second moments for a particular
ensemble of predictions. The initial conditions are drawn from a Gaussian distri-
bution with means drawn from the equilibrium distribution which has a variance
of 0.1 for each mode (see text).

is rather surprising given the significant non-linearity operating in the TBH
model. Statistical significance tests reported in Kleeman (2002) confirm this high
degree of Gaussianity in ensemble predictions for the TBH model. This con-
trasts very strongly with the ensemble prediction results in Section 15.3 for the
Lorenz 96 model, which displays a large degree on non-Gaussianity including
bimodality.

15.4.2 The signal, dispersion, and variations in predictive utility

Given the fact that the climatological distribution is essentially Gaussian and,
as just established in Subsection 15.4.1, the ensemble prediction is also Gaus-
sian with large statistical significance; below we utilize the Gaussian formulas
for the signal and dispersion decomposition described in Proposition 15.1 in
Section 15.2.1. Here we are interested in deciding quantitatively what controls
the variations in predictive utility as measured by the relative entropy, P�p�
�,
where 
 is the Gaussian climatological distribution and p is the Gaussian
ensemble prediction. Recall that P�p�
� in the present context measures the
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Figure 15.8 Histograms of mode distributions of particular ensembles at partic-
ular times. The left-hand panels are for t = 0�2 while the right-hand panels are
for t = 0�8. Each row refers to a different Fourier mode from the model. From
the top these are modes 5, 15, 25, 45, and 65.

lack of information in the climatological distribution relative to the ensemble
prediction and thus measures quantitatively if the prediction distribution has
information content beyond the climatological distribution and is useful at all.
According to Proposition 15.1, P�p�
�, the relative information content splits
into the sum of the signal, an ensemble mean contribution to the information
content, and the dispersion, a non-linear function of the ensemble variance
relative to the climatology. Following the important paper of Kleeman (2002),
we discuss here which of these quantities controls the variations in utility
at various prediction times for various sets of modes. To gather meaningful
results, we consider a 100 member super-ensemble of 500 member ensemble
predictions as discussed at the beginning of Subsection 15.4.1. Majda and
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Timofeyev (2000) showed that for � = 50 with variance 0.1 for individual
Fourier modes, large-scale initial data form a shock and transfer energy to
small scales at roughly the time 0.5. This is consistent with the statistical
relaxation process described earlier in Subsection 15.4.1. Below, we call ensem-
ble prediction times, shorter than this characteristic time scale, short-range
predictions and, conversely, longer time ensemble predictions, long-range
predictions.

In Figure 15.9 we see that for short-range predictions, the signal, and disper-
sion are of roughly equal importance in determining utility variation with initial
condition but for longer ranges the signal is somewhat more important in deter-
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Figure 15.9 A scatter plot for the 100 ensembles considered, of signal and
dispersion versus relative entropy. The latter was calculated under the assumption
that distributions are Gaussian and so is the sum of signal and dispersion (see
the text).
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mining utility variability. It is clear that the signal is an important determinant of
prediction utility variability for the TBH model. It is worth emphasizing that we
are interested here in which parameter determines variation of utility with initial
condition, not the absolute value of the particular parameter. This latter quantity
is somewhat arbitrary, since it depends on the assumption we make about the
tightness of the initial condition p.d.f. (a tighter value implies a higher absolute
value of the dispersion and conversely).

In general, in prediction scenarios for climate, we are interested in determining
the large-scale component of the flow with low frequency variability. This sep-
aration of scales is the motivation for the climate-oriented stochastic modeling
often utilized in studies of atmospheric dynamics (Majda, Timofeyev, and Vanden
Eijnden, 2001). It is clear in the TBH model that the large-scale modes are much
more predictable than the small-scale ones. This may be seen in Figure 15.10
for one particular ensemble initial condition set. Plotted is the evolution of utility
P�p�
� as a one-dimensional function of each Fourier mode and it is evident that
the utility of the large-scale modes remains for a considerably longer period than
the same quantity for the small-scale modes.

In order to examine the stochastic “climate” scenario we calculated the utility
of the first ten (large-scale) spectral modes. Figure 15.11 shows the role of signal
and dispersion in determining total large-scale utility. Rather strikingly, the signal
component completely dominates utility variation at all prediction times. Similar
results (not shown) were also found when even 20 and 40 modes were retained.
This result indicates that in general the signal is the main determinant of prediction
utility in the TBH model. Abramov and Majda (2004) have established a similar
behavior for predictive utility for statistically relevant values of the Hamiltonian
(see Chapter 14) for the TBH model.
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Figure 15.10 The evolution of (univariate Gaussian) relative entropy with time
for various Fourier modes and for a particular initial condition ensemble.
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Figure 15.11 The same as Figure 15.10 but for multivariate Gaussian relative
entropy of the first ten Fourier modes (see text). These modes represent the
large-scale slowly evolving part of the flow.

15.5 Further developments in ensemble predictions and
information theory

The applicability of information theory for weather or climate prediction has been
studied previously by Carnevale and Holloway (1982), Schneider and Griffies
(1999), Roulston and Smith (2002), and Leung and North (1990). Recently,
as discussed earlier in this chapter, Kleeman (2002) has suggested the relative
entropy as an estimate of predictive utility in an ensemble forecast relative to the
climatological record, as well as the Gaussian signal-dispersion decomposition.
Majda, Kleeman, and Cai (2004) developed a more sophisticated framework of
predictability through relative entropy for non-Gaussian probability density func-
tions, which includes a hierarchy of rigorous lower bounds on relative entropy
through the statistical moments beyond the mean and covariance through max-
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imum entropy optimization as illustrated in Subsection 6.4.5 and Section 15.2
in simple cases. Abramov and Majda (2004) converted the non-Gaussian pre-
dictability framework into a practical tool through the hierarchy of lower bounds
and a rapid numerical optimization algorithm. Recently, Cai, Haven, and Majda
(2004) exhaustively tested several facets of the non-Gaussian information theo-
retic predictability framework in a simple chaotic mapping model with an explicit
attractor ranging from Gaussian to fractal as parameters are varied. Kleeman and
Majda (2004) have quantified the loss of information in coarse-grained ensemble
estimators and applied these ideas to geophysical turbulence. Different appli-
cations of relative entropy as a predictability tool were developed in Abramov
and Majda (2004); besides a straightforward measure of lack of information in
the climate relative to the prediction ensemble, the relative entropy can be used
in estimating lack of information in a forecast ensemble relative to the actual
events (Roulston and Smith, 2002), in evaluating additional information content
in the skewness and higher-order forecast moments (non-Gaussianity) as illus-
trated in Section 15.3, and the information flow between different subsets of phase
space in an ensemble forecast (statistical correlation between different large-scale
phenomena). In Abramov and Majda (2004) all of these facets were demonstrated
for the Lorenz ’96 model (Lorenz and Emanuel, 1998), including highly non-
Gaussian behavior and also the use of principal predictability decomposition in
Subsection 15.2.3. Finally, Abramov, Majda, and Kleeman (2005) successfully
applied the relative entropy framework to the simplest midlatitude atmospheric
climate model, barotropic T21 spherical truncation with realistic orography in
two different dynamical regimes, with each regime mimicking the behavior of
the atmosphere at a certain height. In particular, information flow was found to
be responsible for correlated switches in large-scale structures like the Arctic
Oscillation, North Atlantic Oscillation, and Pacific/North American pattern. All
of the above work demonstrates many practical facets of quantifying uncertainty
in ensemble forecasts through the relative entropy; however, all of the work in
idealized settings described above utilized large ensemble sizes. The work of
Haven et al. (2004) addresses the central issue of quantifying the uncertainty of
an ensemble forecast with limited ensemble size in the non-Gaussian framework
of information theory and relative entropy.

Perhaps, the most sophisticated contemporary uses of ensemble predictions in
complex systems with small ensemble size occur in weather and climate pre-
dictions. Studies of predictions with forecast ensembles were performed, among
others, by Anderson and Stern (1996), Toth and Kalnay (1993), and Palmer (2000).
Practice shows that with current computational facilities, in order to perform real-
time forecasts with large atmospheric GCMs, the size of the prediction ensemble
has to be small, about ten to 50 members, depending on spatial resolution, with
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the possibility of 50 to 100 member ensembles in the near future. Due to limited
forecast ensemble size, certain complications arise concerning the credibility of
information provided by such ensemble. The common strategy of dealing with
small forecast ensembles is to maximize the information provided by the lim-
ited sample size, via generating a forecast ensemble in a very specific way. In
particular, Ehrendorfer and Tribbia (1997) show that, for correct error growth
reconstruction, the fastest-growing directions of the phase space have to be sam-
pled. Two efficient methods of ensemble generation are usually used in practical
ensemble forecasts: local Lyapunov vectors (Toth and Kalnay, 1993; Kalnay,
2003) and singular vectors (Palmer et al., 1993; Reynolds and Palmer, 1998). The
efficiency of prediction depending on ensemble size has been studied previously
by Buizza and Palmer (1998). The book of Kalnay is strongly recommended for
more reading on these topics.
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16

Barotropic quasi-geostrophic equations on the sphere

16.1 Introduction

It is apparent that the earth is not flat, at least not on large scale. However, we
have completely neglected the spherical geometry of the earth except the beta-
plane approximation in the study of geophysical flows in the last 15 chapters. In
this chapter, we will focus on geophysical flows on the sphere. In particular, we
are interested in clarifying those properties that are parallel to the flat geometry
case and those properties that are unique to the spherical geometry. The study of
geophysical flows on the sphere is of great importance due to the geometry of the
earth and other planets. We will see that most of the phenomena on the sphere
have their counterparts for the flat geometry. However, there are certain features
unique to the sphere due to the special geometry.

Unlike the periodic or channel (flat) geometry case, there are several useful and
natural coordinate systems on the unit sphere S2. We will utilize two coordinate
systems in this chapter. The first coordinate system is an intrinsic coordinate
system, the surface spherical coordinates

������ 0 ≤ � < 2�� −�

2
< � <

�

2
� (16.1)

with � being the longitude and � being the latitude (see Figure 16.1). The second
coordinate system is an extrinsic one with the latitudal variable � replaced by
z = sin �

��� z��0 ≤ � < 2�� −1 < z < 1� (16.2)

The two coordinate systems are related through the following relation

z = sin �� −1 < z < 1�
	

	z
= 1

cos�

	

	�
� (16.3)

and we will work back and forth between the two coordinate systems depending
on the convenience.
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Figure 16.1 Spherical coordinates.

We first recall the basic dynamics equations, the barotropic quasi-geostrophic
equations on the unit sphere S2

	q

	t
+ J�
�q� = ����
 +� �

q = �
 +2� sin �+h = �
 +2�z+h�

(16.4)

where q is the potential vorticity with 2� sin � = 2�z corresponding to the
Coriolis force and � being the angular velocity of the sphere, h is the bottom
topography, 
 is the stream function, � is the Laplace operator on scalars on the
unit sphere defined as

�
 = 1
cos�

{
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cos�
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	�2
+ 	
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(
cos�
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= 1
1− z2
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(16.5)

the Jacobian J is defined as

J�f� g� = 1
cos�

(
	f

	�

	g

	�
− 	f

	�

	g

	�

)
= 	f

	�

	g

	z
− 	f

	z

	g

	�
= 
⊥f ·
g� (16.6)

the dissipation operator � takes the form

���� =
k∑

j=1

dj�−��j� dj ≥ 0� (16.7)

and � represents external forcing. The interested reader may find a derivation
of this system from a primitive system in many classical treatises on geophysical
fluid dynamics, such as Pedlosky (1987).
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Notice that there is no boundary condition needed for the Laplacian, since the
sphere has no boundary. The reader is referred to the next subsection for a quick
summary of various differential operators and integration by parts formulas on
the sphere.

It is easy to see that the mean of the stream function
∫
S2 
 does not play any

role in the dynamics just as in the flat geometry with periodic boundary condition
(see Section 1.1). Hence without loss of generality we may assume that the stream
function has zero mean, i.e. ∫

S2

 = 0� (16.8)

Thus we may recover the stream function from the relative vorticity � or the
potential vorticity q by solving the Laplace equation

�
 = � = q −2� sin �−h�

together with the zero mean condition (16.8) on 
.
We observe that the barotropic quasi-geostrophic equation on the sphere (16.4)

in the ��� z� coordinates has the same structure as that in the flat geometry case
with � playing the role of x and z playing the role of y (see equation (1.1)); the
Fourier series which corresponds to eigenfunction expansion for the Laplacian
with flat geometry and periodic boundary condition should be replaced by the
eigenfunction expansion for the operator � on the sphere, which are associated
with the Legendre functions as we shall introduce below. Thus we expect resem-
blance of solutions for the two different cases. However due to the difference in
symmetry groups, we will also witness differences in solution behaviors.

The chapter is organized as follows.
In the remaining part of the first section we recall several useful differential

operators and integration by parts formula in this spherical geometry. We also
recall the Legendre functions and their relation to the surface spherical harmonics
as well as their relation to the eigenfunctions of the Laplace operator on the
sphere.

In Section 2 we study conserved quantities under various conditions, intro-
duce some special exact solutions, and study their stabilities. This is parallel to
Chapters 1 and 4. We discover that both energy and all generalized potential
enstrophies are conserved quantities and the subtle issue related to the beta-plane
disappear here, since the term corresponding to the Coriolis forcing is a smooth
function in this spherical geometry case, in comparison to the flat geometry case,
where the beta plane effect is not a smooth function (not periodic in the longitude
direction, see Subsection 1.3.4). In the special case of topography living on the
ground energy shell, we discover that the energy and enstrophy of the ground
state modes are conserved. This further implies that the energy and enstrophy
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of the high modes (modes on the second energy shell or higher) are conserved.
However high moments of the high modes are not conserved in general. The
special exact solutions that we introduced in Section 2 include those simple steady
state solutions with a linear potential vorticity–stream function relation, or exact
solution with generalized Kolmogorov forcing (see Section 1.2 for the counter
part in flat geometry). We also discover an interesting fact unique to spherical
geometry that the ground state modes have their independent (of the high modes)
linear dynamics, assuming the topography lives on the ground energy shell. This
independent dynamics of the ground modes has implications on the non-linear
stability, response to large-scale forcing, selective decay and statistical theories.
The ground state modes and any other energy shell form an invariant subspace of
the non-linear dynamics provided the external forcing lives on the ground energy
shell and that chosen higher energy shell as well, and the topography lives on the
ground energy shell. The motion on the ground energy shell is non-linearly stable
if we have ground state topography. This is in comparison to the marginal stability
of ground shell motion in the flat geometry case (see Section 4.2). The motion
on the first two shells are marginally stable and unstable in general. Stability of
steady states ranging from simple ones induced by the ansatz of the linear relation
between the potential vorticity and the streamfunction to more general steady
states induced by more general functional relationship between the potential vor-
ticity and the streamfunction are discussed following the same methodology as
Chapter 4.

Then in Section 3 we study response to large-scale forcing. Instead of allowing
the largest scale (ground state modes) external forcing only as in the flat geometry
case (see Chapter 2), we can allow the external forcing acting on both the ground
energy shell and the second energy shell. This is due to the independent dynamics
of the ground state modes. This provides an interesting case of having arbitrary
large amplitude external forcing with some variation in structure (two energy
shells), but having very regular motion in the long run.

In Section 4, we study selective decay on the sphere. The result and technique
here are parallel to those for the flat geometry case (see Chapter 3). However,
we are able to explicitly characterize those initial data whose Dirichlet quotient
tends to the first eigenvalue of the Laplacian in this spherical case, due to the
independent dynamics of the ground states. Selective decay of the high modes
and selective decay with symmetry are also discussed.

In Section 5 we apply the empirical energy–enstrophy statistical theory and the
complete statistical mechanics to the barotropic quasi-geostrophic equations on
the sphere (16.1). This is parallel to Chapters 6, 7, and 8 for the flat geometry
case. The predicted mean fields of these statistical theories are steady states
with linear potential vorticity-stream function relation whose stability are studied
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in Subsection 16.2.3. In the case with ground state topography, we have to
consider the statistics of the high modes (away from the ground state modes),
since the ground state modes do not possess enough mixing. The statistical theory
is applicable since the energy and enstrophy for the high modes are conserved as
we have established in Subsection 16.2.2. The predictions of the statistical theories
here resemble the predictions of the statistical theories in the flat geometry case
without geophysical effects.

In the last section, i.e. Section 6, we apply other statistical theories to the
barotropic quasi-geostrophic flows on the sphere. The statistical theories include
the energy–circulation theory, the point-vortex theory, and the empirical statis-
tical theories with infinitely many constraints. This is parallel to Chapter 9. In
the energy–circulation theory and point-vortex theory we need to impose odd
symmetry, since we need to utilize the circulation constraint which is trivial in the
whole sphere case. For the energy–circulation theory we also need to consider
the statistics of the high modes in the case of ground state topography, due to
the trivial dynamics of the ground state modes. The predictions are similar to the
flat geometry case without topography. For the point-vortex theory, we can only
consider the statistics of the high modes, since the dynamics of the ground states
are trivial under the assumption of no geophysical effects. The empirical statis-
tical theory with many constraints (ESTMC) can only be applied in the general
case, not to the high modes, since the high moments of the high modes are not
necessarily conserved even in the case with ground state topography.

In Appendix 1, we elaborate on the invariant dynamics of the first two energy
shells. Numerical evidence suggests that the motion on the first two energy shells
could be complicated and might include quasi-periodic motion. Appendix 2 deals
with a technical detail related to the proof of the response to large-scale forcing
in Section 16.3.

Most of the results here are parallel to the flat geometry case, and the techniques
are similar too. We often refer the reader to the corresponding material in the flat
geometry case for more details. In a sense, this chapter can be viewed as a review
of the basic theories, both dynamics and statistics, for barotropic quasi-geostrophic
flows, with an added twist of the spherical geometry.

16.1.1 Common differential operators and integration by parts formulas
on the sphere

For the sake of convenience, we list here some of the commonly used differential
operators and integration by parts formulas on the sphere. These are standard
materials and can be found in any standard textbook on differential geometry.
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The surface element on a sphere with radius a is

ds = a2 cos�d�d� = ad�dz� �z = a sin ��� (16.9)

The L2 inner product of two functions f� g on the unit sphere (radius equal to 1)
is defined as

�f� g�L2�S2� =
∫
−

S2
f�s� g�s�ds = 1

4�

∫ �/2

−�/2

∫ 2�

0
f g cos�d�d�

= 1
4�

∫ 1

−1

∫ 2�

0
f g d�dz� (16.10)

At each point of the space (outside � = ±�/2 or z = ±1), we define the usual
local orthonormal system, ��e�� �e��, corresponding to increasing values of � and
�. We define �n = �er as the unit vector corresponding to the increasing values of
the radius.

Let 
 be a scalar field on S2 and �v = v��e� + v��e� be a tangent vector field
on S2. We recall several common differential operators and integration by parts
formulas on the sphere.
The gradient operator on a scalar field is defined as



 = grad
 = 1
a cos�
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a
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(16.11)

The perpendicular gradient operator, or the curl operator on a scalar field is
defined as


⊥
 = curl
 = 

 × �n = 1
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(16.12)

The divergence operator on a vector field is defined as

div �v = 
 · �v = 1
a cos�

	v�

	�
+ 1

a cos�

	�v� cos��
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= 1√
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	v�
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(16.13)
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The curl of a vector field is defined as

curl �v = div ��v× �n� = 1
a cos�
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− 1

a cos�

	�v� cos��
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(16.14)

The Laplacian operator on a scalar field is defined as
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 = div grad 
 = −curl curl 
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We recall here one of the possible definitions of ��v, i.e. the Laplace–Beltrami
operator for tangential vector fields on a sphere with radius a

��v = grad div �v− curl curl�v
=
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�v� − 2 sin �

a2 cos2 �
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We also recall the Stokes formulas∫
S2

div �v 
ds = −
∫
S2

�v ·

ds�

∫
S2

curl �v 
ds =
∫
S2

�v · curl 
ds�

−
∫
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�

̃ds = −
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S2


�
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∫
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−
∫
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��v · �̃vds =
∫
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�
�v ·
 �̃v+ 1
a2

�v · �̃v�ds�

(16.17)

Lastly, we would like to emphasize that both the intrinsic coordinate system
����� and the extrinsic coordinate system ��� z� have singularity at the poles,
� = ±�/2 or z = ±1. Thus, differentiable functions on the sphere are not mere
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differentiable functions in terms of coordinates. For instance the function sin � is
a smooth function of the variables in either of the coordinate systems. However,
this is not a smooth function on the sphere, since it has irremovable singularities
at the poles.

16.1.2 Eigenfunctions of the Laplace operator and the Legendre functions

As in the flat geometry case, the Laplace operator will play an important role in
studying the behavior of solutions to the barotropic quasi-geostrophic equations
on the unit sphere (16.4). For the doubly periodic domain we have witnessed
that the eigenfunctions of the Laplacian operator, the trigonometric functions,
played an essential role in our analysis of the behavior of solutions. Applying
the technique of separation of variables to the Laplacian operator in the ��� z�

coordinates we may derive that the eigenvalues of the Laplacian are the set

� = {−n�n+1� = −�n � n ∈ �+} (16.18)

and for each eigenvalue −n�n + 1� = −�n the associated eigenfunctions are
surface spherical harmonics given by

wnm = Pnm�sin �� exp�im�� = Pnm�z� exp�im��� for 0 ≤ �m� ≤ n� (16.19)

with the convention that

Pn�−m = Pn�m� (16.20)

The Pnm are the so-called Legendre functions and are given by

Pnm�z� = �1− z2�
m
2

2nn!
dm+n�z2 −1�n

dzn+m
� for 0 ≤ m ≤ n� (16.21)

These functions enjoy the following orthogonal property:∫ 1

−1
Pnm�z�Pn′m�z�dz = 2

2n+1
�n+m�!
�n−m�!�nn′ � (16.22)

The interested reader is referred to Courant and Hilbert (1962) for a detailed
discussion.

These eigenfunctions are mutually orthogonal with respect to the inner product
defined in (16.10), and play the role of trigonometric functions in the flat geometry
case. The normalized form of these eigenfunctions are given by

Ynm = NnmPnm�sin �� exp�im�� = NnmPnm�z� exp�im��� (16.23)

where

Nnm =
(

�2n+1��n−�m��!
�n+�m��!

) 1
2

� (16.24)
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or their real-valued form (not normalized)

wn = Pn�sin �� = Pn�z��

wanm = Pnm�sin �� cos�m�� = Pnm�z� cos�m��� (16.25)

wbnm = Pnm�sin �� sin�m�� = Pnm�z� sin�m��

for 1 ≤ m ≤ n.
These surface spherical harmonics form a complete orthogonal basis for the

function space of square integrable functions on the sphere (L2�S2�). Their gra-
dients are mutually orthogonal as well just, as in the flat geometry case with
the Fourier series. Roughly speaking, these functions play the same role in the
spherical geometry as the trigonometric functions in the flat geometry.

16.2 Exact solutions, conserved quantities, and non-linear stability

Parallel to the flat geometry case, conserved quantities and special exact solutions
as well as their non-linear stabilities are central to our understanding of the basic
dynamics and statistics of the barotropic quasi-geostrophic flows. The purpose
of this section is to study conserved quantities, special exact solutions and their
non-linear stabilities to the barotropic quasi-geostrophic equations on the sphere
(16.4). The techniques and most of the results are similar to the flat geometry
case. However, we also have distinctive features associated with the spherical
geometry as we shall demonstrate below.

16.2.1 Some special exact solutions

We first derive several exact solutions for the barotropic quasi-geostrophic equa-
tions (16.4) on the sphere. Parallel to the flat geometry case (see Section 1.2 from
Chapter 1), we have simple steady state solutions, where the potential vorticity is a
function of the stream function, and exact solutions with generalized Kolmogorov
forcing. Due to the special spherical geometry, we also have special exact solu-
tions that have no obvious analogy in the flat geometry case. For instance, the
dynamics of the ground state modes will be independent of the dynamics of the
higher modes, if the topography lives on the ground energy shell. This also has
implications for the conserved quantities and non-linear stability to be discussed
later in the section and statistical theories to be discussed later in the chapter. We
will also discover that the space spanned by the ground energy shell and another
arbitrary energy shell will be invariant under the quasi-geostrophic dynamics pro-
vided that the topography lives on the ground energy shell. This is unique to the
spherical geometry.
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Independent linear dynamics on the ground energy shell

An interesting phenomenon in the spherical geometry case is that the dynamics of
the ground state modes are independent of motions of the higher modes at least
in the case when there is no topography (or more generally when the topography
lives on the ground energy shell). This means that the higher modes have no
influence on the motion of the ground modes even though the ground state modes
do have impact on the dynamics of the high modes. This fact has no analogy
in the flat geometry case and it has consequences for the conserved quantities,
on the non-linear stability problem in the marginal case (see Subsection 16.2.3
below) and the statistical theories.

To derive this property we first notice that there is a simple correspondence
between the Cartesian coordinates and the canonical base of ground energy shell

z = sin �� x = cos� cos�� y = cos� sin �� (16.26)

and hence ∫
S2

J�
��
�z = −
∫
S2

J�
� z��
 = −
∫
S2

	


	�
�
 = 0� (16.27)

This implies, by rotation invariance of the Jacobian and the Laplacian∫
S2

J�
��
�x =
∫
S2

J�
��
� cos� cos� = 0�

∫
S2

J�
��
�y =
∫
S2

J�
��
� cos� sin � = 0�

(16.28)

This further implies

P1J�
��
� = 0� (16.29)

where P1 is the orthogonal projection from L2�S2� on to the ground energy shell

W1 = span�x� y� z� = span�sin �� cos� cos�� cos� sin ��� (16.30)

and P1 is given explicitly as
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We also notice that

P1J�
� z� = P1
	


	�
= 	P1


	�
= J�P1
�z�� (16.32)

and by symmetry

P1J�
�x� = J�P1
�x�� P1J�
� y� = J�P1
�y�� (16.33)
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Thus, after applying P1 to the barotropic quasi-geostrophic equations (16.4) on
the sphere we deduce

−2
	P1


	t
+ J�P1
�2�z�+P1J�
�h� = ��−2�P1
 +P1� � (16.34)

In the special case of the topography, h, living on the ground energy shell
W1 = span�x� y� z� we have, utilizing (16.32)–(16.33)

P1J�
�h� = J�P1
�h�� if P1h = h� (16.35)

Thus we further deduce, after combining with (16.34), the following
Dynamics of the ground state modes when h ∈ W1

−2
	P1


	t
+ J�P1
�2�z+h� = ��−2�P1
 +P1� � if h ∈ W1� (16.36)

We then observe that the the dynamics on the ground energy shell is linear and
independent of motions of other modes provided that topography lives on the
ground energy shell. This is in contrast to the flat geometry case where we have
either the case that the large-scale mean flow is driven by topographic stress and
hence influenced by motion of high modes, or the case that the large-scale mean
flow is a constant in the case of a zonal topography (see Subsection 1.3.2).

The dynamics of the ground state modes can be represented in terms of
the coefficients of the surface spherical harmonics. Indeed, if we denote
a1� a11� b11 the coefficients of 
 for w1 = sin � = z� wa11 = cos� cos� = x and
wb11 = cos� sin � = y respectively, i.e.


����� t� = a1�t� sin �+a11�t� cos� cos�+b11�t� cos� sin �+
′����� t�

= a1�t�z+a11�t�x+b11�t�y+
′� (16.37)

and the topography h is represented as

h = h1z+ha11x+hb11y (16.38)

= h1 sin �+ha11 cos� cos�+hb11 cos� sin ��

we have

d�a
dt

= A�a− 1
2
�F1�Fa11�Fb11�

tr � �a = �a1� a11� b11�
tr � (16.39)

where the matrix A is given by

A =
⎛
⎜⎝−��−2�/2 hb11/2 −ha11/2

−hb11/2 −��−2�/2 �+h1/2
ha11/2 −�−h1/2 −��−2�/2

⎞
⎟⎠ � (16.40)



16.2 Exact solutions, conserved quantities, and non-linear stability 493

where we have utilized the dynamics of the ground state modes given in (16.36)
and the fact

P1J�
� z� = P1
	


	�
= −a11y+b11x�

P1J�
�x� = J�P1
�x� = a1y−b11z� (16.41)

P1J�
� y� = J�P1
�y� = −a1x+a11z�

In the very special case of no topography (h = 0), no damping (� = 0) and no
forcing (� = 0), we have

A =
⎛
⎜⎝0 0 0

0 0 �

0 −� 0

⎞
⎟⎠ (16.42)

and the solution takes the form

a1�t� = a1�0��

a11�t� = cos��t�a11�0�+ sin��t�b11�0�� (16.43)

b11�t� = − sin��t�a11�0�+ cos��t�b11�0��

i.e. a solid body rotation plus two spherical Rossby waves with phase velocity −�.
(The two spherical Rossby waves can be combined into one.) Exact solutions on
the nth energy shell will be a combination of a zonal flow plus 2n Rossby waves,
as we shall see later in this section for exact solutions with Kolmogorov forcing.
These exact solutions resemble those Rossby waves of the flat geometry case (see
Section 1.2).

The general case (the case of h ∈ W1) looks exactly like the case without
topography (h = 0). In fact we notice that A is anti-symmetric and hence a normal
matrix. This implies that A is diagonalizable with a (complex) unitary matrix.
Notice the three eigenvalues of A are 0 and �i, and −�i, where � is a real number.
Thus we may reorganize the complex unitary matrix into a real unitary matrix U

such that (see for instance Lax, 1997)

UTAU =
⎛
⎜⎝0 0 0

0 0 �

0 −� 0

⎞
⎟⎠ �

We further notice this unitary matrix is a change of coordinates of R3 (and hence
on S2 when restricted) via rotation and reflection. Thus, after we perform some
rotation and reflections, the problem reduces to that with a new Coriolis parameter
(�) and no topography.
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If we need to figure out the exact influence of the topography (separate from the
Coriolis force), it may still be worthwhile for us to work out the details for general
A and carry out the dynamics on the first eight eigenfunctions (see subsections
below).

Exact interesting dynamics of the ground state modes and another
energy shell

In this subsection we assume that the topography lives on the ground energy shell,
i.e. h ∈ W1. It is known (see for instance Section 1.3) that each energy shell, i.e.
all eigenfunctions associated with one fixed eigenvalue of the Laplace operator,
is invariant under the barotropic quasi-geostrophic equation without forcing in
the flat geometry. This is also true for the spherical geometry (see the next
subsection). Moreover we are able to deduce more invariance due to the special
sphere geometry of the sphere.

We observe from the computation above (see also below) that the interaction
(through the non-linear advection term) of z = sin � with other eigenfunctions is
a rotation of 90
 about the z axis combined with a scalar multiplication. Similar
results hold for x = cos� cos� and y = cos� sin �. This is easily generalized
to eigenfunctions corresponding to higher eigenvalues (−�n�n ≥ 2). And, if we
consider the dynamics on the space spanned by all eigenfunctions corresponding
to the eigenvalues −�1 and −�n (for fixed n), we will see that the dynamics
is an exact nonlinear dynamics of the quasi-geostrophic equations, if we have
ground state topography. These exact dynamics exhibit periodic and possibly
quasi-periodic motions. This phenomena is not present for the flat geometry, even
if we make the analogy between the ground state modes in the spherical geometry
case to the large mean motion in the flat geometry case. We also observe that we
always have non-linear dynamics of the ground state modes plus another energy
shell for the spherical geometry case, while we have non-linear dynamics for the
flat geometry case only if there is non-trivial topography.

To derive the exact dynamics of the ground state modes and another energy
shell, say the nth, we start with the following simple observation based on the
explicit form of the Jacobian given in (16.6) and the explicit form of the surface
spherical harmonics given by (16.19)

J�wnm� z� = im wnm� (16.44)

Denoting Wn the nth energy shell, i.e.

Wn = span�wn�wanm�wbnm� 1 ≤ m ≤ n� = span�wnm� 1 ≤ �m� ≤ n�� (16.45)

we have

J�
n� z� ∈ Wn� if 
n ∈ Wn� (16.46)
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Thanks to the rotation symmetry of the Jacobian and the nth energy shell Wn, the
same result holds with z replaced by x or y, i.e.

J�
n� x� ∈ Wn� J�
n� y� ∈ Wn� if 
n ∈ Wn� (16.47)

This implies

J�
n�
1� ∈ Wn� if 
n ∈ Wn� 
1 ∈ W1� (16.48)

Now let


 = 
1 +
n ∈ W1 +Wn� with 
1 ∈ W1�
n ∈ Wn� (16.49)

we have
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1�
n�−2J�
n�
1�

= �n�n+1�−2�J�
n�
1�

∈ Wn� (16.50)

This proves that the dynamics on W1 +Wn is an exact dynamics for the original
equation (in the absence of topography). In particular, the dynamics of the two
energy shells are given by:
Exact dynamics of the ground state modes and the nth energy shell with
h ∈ W1

	�


	t
+ �n�n+1�−2�J�Pn
�P1
�+ J�
�2�z+h�

= ��−2�P1
 +��−n�n+1��Pn
 +� � (16.51)

if 
�0� = P1
�0�+Pn
�0�� � = P1� +Pn� � and h ∈ W1�

In Appendix 1 we will elaborate on the special case of n = 2, i.e. the motion on
the first eight eigenfunctions of the Laplace operator. We will see that the motion
on the first two energy shells can be periodic and possibly quasi-periodic.

Exact solutions with generalized Kolmogorov forcing

Here we consider a special case of the previous subsection, namely we consider
solutions of the barotropic quasi-geostrophic equations (16.4) living on one single
energy shell. This is possible, i.e. one energy shell is invariant, provided we have
zero topography (h = 0)(the case with ground state topography can be treated
similarly with a rotation and reflection) and the external forcing term, � , takes
the form of a generalized Kolmogorov forcing, i.e.

� = ∑
�m�≤n

F̂nm�t�Pnm�sin �� exp�im�� = ∑
�m�≤n

F̂nm�t�Pnm�z� exp�im��� (16.52)
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The material here is analogous to Subsections 1.2.2 and 1.2.3 from Chapter 1.
Since the external forcing lives on the nth energy shell Wn, it makes sense to

look for solution that lives on Wn as well. Now suppose that 
 has the following
expansion in terms of the surface spherical harmonics (see Figure 16.2)


 = ∑
�m�≤n


̂nm�t�Pnm�sin �� exp�im�� = ∑
�m�≤n


̂nm�t�Pnm�z� exp�im��� (16.53)

We then have

�
 = −n�n+1�


and hence

J�
��
� = 0�

It follows then that the coefficients satisfy the following equations

−n�n+1�
	
̂nm

	t
+2�mi
̂nm = ��−n�n+1��
̂nm + F̂nm� (16.54)

0 2pi
–pi / 2

pi / 2

0 2pi
–pi / 2

pi / 2

0 2pi
–pi / 2

pi / 2

Figure 16.2 Surface spherical harmonics corresponding to spherical
Rossby waves in moving frames. Top: cos� cos��n = m = 1; middle:
cos� sin � cos��n = 2�m = 1; bottom:cos2 � cos�2���n = m = 2.
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The solutions take the form


̂nm�t� = 
̂nm�0�e
−��−n�n+1��−2m�i

n�n+1� t −
∫ t

0
e
−��−n�n+1��−2m�i

n�n+1� �t−s� F̂nm�s�

n�n+1�
ds� (16.55)

In the special case of no external forcing (� = 0) and no damping (� = 0),
the stream function takes the form


 = 
̂n0�0�Pn�sin ��+ ∑
1≤�m�≤n


̂nm�0�Pnm�sin �� exp
(

im

(
�+ 2�

n�n+1�
t

))
�

(16.56)

It is then easy to recognize that the flow is the superposition of a zonal shear flow

(Pn�sin ��) and 2n spherical Rossby waves
(
Pnm�sin �� exp

(
im

(
�+ 2�

n�n+1� t
)))

with phase velocity � = − 2�
n�n+1� . These spherical Rossby waves are dispersive,

since waves with different wave numbers travel at different speeds. See Subsec-
tion 1.2.3 for discussion on dispersive waves.

Steady state solutions

Lastly, we consider steady state solutions of the barotropic quasi-geostrophic
equations on the sphere (16.4) in the case of no damping (� = 0), and no external
forcing (� = 0). Similar to the flat geometry case (Section 1.2 from Chapter 1),
there are exact solutions to (16.62), where the potential vorticity q is a function
of the stream function 
, i.e.

q = g�
� (16.57)

since the non-linear term (the Jacobian) vanishes when such a relation holds.
If the function g is a linear function, i.e.

q�= �
 +2� sin �+h� = �
� (16.58)

then the steady state solutions can be explicitly written as


 =2�+ ĥ10

2+�
sin �+ ∑

m=1�−1

ĥ1m

2+�
P1m�sin �� exp�im��

+ ∑
n≥2

∑
�m�≤n

ĥnm

n�n+1�+�
Pnm�sin �� exp�im��

=2�+ ĥ10

2+�
z+ ∑

m=1�−1

ĥ1m

2+�
P1m�z� exp�im��

+ ∑
n≥2

∑
�m�≤n

ĥnm

n�n+1�+�
Pnm�z� exp�im���

(16.59)

provided that � �= −n�n+1�.
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In the case of

� = −n�n+1�� (16.60)

such steady state exists only if

Pn�2� sin �+h� = Pn�2�z+h� = 0� (16.61)

where Pn is the projection on to

Wn = span�Pnm�sin �� exp�im��� = span�wnm�

by Fredholm’s alternative.

16.2.2 Conserved quantities

Just as for the flat geometry case, conserved quantities are essential to the under-
standing and analysis of the barotropic quasi-geostrophic dynamics on the sphere.
In general, the conserved quantities here are similar to the flat geometry case
as those discussed in Section 1.3 with the difference that the subtlety related to
the beta-plane effect disappears, since the Coriolis force here is a smooth func-
tion on the sphere. This, of course, implies that we always have infinitely many
conserved quantities. However, for the case of zero topography �h = 0�, or more
generally topography living on the ground energy shell �P1h = h�, we see from
Subsection 16.2.1 that the dynamics of the ground state modes are independent
of the higher modes. This implies that we have extra conserved quantities that are
special to the spherical geometry.

The basic dynamics equation is the inviscid unforced barotropic quasi-
geostrophic equations on the unit sphere

	q

	t
+ J�
�q� = 0� q = �
 +2�z+h� (16.62)

In the next two subsubsections we will discuss the conserved quantities of
(16.62) in the general case and the extra conserved quantities in the special case
of ground state topography as well as extra symmetry.

Conserved quantities with general topography

As we mentioned earlier, the situation here is similar to the flat geometry case.
However the subtle issue related to the beta-plane is no longer present since
the Coriolis force term � sin � = �z is a smooth function and the sphere has
no boundary. It is easy to check that we have both the energy, E, and all the
generalized enstrophy, � (see below), conserved in time.
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Indeed let

E = 1
2

∫
−

S2
�
⊥
�2 = −1

2

∫
−

S2

�
 (16.63)

be the kinetic energy. It is easy to see that

dE

dt
= −

∫
−

S2



d�


dt
=

∫
−

S2
J�
�q�
 =

∫
−

S2

⊥
 ·
q 


= 1
2

∫
−

S2

⊥�
2� ·
q = 0� (16.64)

Thus the energy is conserved.
Observe that the barotropic quasi-geostrophic equation can be written in the

form

	q

	t
+
⊥
 ·
q = 0�

Thus all generalized potential enstrophy ��q� =
∫
−

S2
G�q� are conserved for all

sufficiently smooth G. When G = 1
2q2 we have that the potential enstrophy

�p = 1
2

∫
−

S2
q2 is conserved. Just like the flat geometry case, we may check that

the enstrophy � = 1
2

∫
−

S2
��
�2 is not necessarily conserved in general.

For the spherical geometry, a quantity of apparent importance is the relative
angular momentum parallel to the earth’s axis of rotation. Since the radius is set
to one, and v� = 	


	� , the mean angular momentum is given by

M =
∫
−

S2
cos�

	


	�
(16.65)

Simple integration by parts yields

M = 2
∫
−

S2

 sin � = 2

∫
−

S2

z = 2

3
a1� (16.66)

where a1 is the coefficient of z = sin � in the surface spherical harmonics expan-
sion of 
, i.e.


����� t� = a1�t� sin �+
′����� t�� such that 
′ ⊥ sin ��

Observe that z = sin � corresponds to solid body rotation of the flow. Thus
(16.66) implies that the relative angular momentum is linearly proportional to the
rate of solid body rotation of the flow.
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The natural question now is how the angular momentum or the solid body
rotation evolves in time, i.e. the dynamics of a1 or M . For this purpose we take
the inner product of the inviscid unforced equation (16.62) with −z = − sin � and
obtain, thanks to the orthogonality property of various surface spherical harmonics

2
3

da1

dt
=

∫
−

S2
J�
�q�z = −

∫
−

S2
J�
� z� q = −

∫
−

S2

	


	�
��
 +2�z+h�

=
∫
−

S2



	


	�
·

 −

∫
−

S2

	


	�
h = −

∫
−

S2

	


	�
h

=
∫
−

S2



	h

	�
�

and hence

da1�t�

dt
= 3

2

∫
−

S2



	h

	�
� (16.67)

In terms of the angular momentum parallel to the earth’s rotation axis, we have

dM

dt
=

∫
−

S2



	h

	�
� (16.68)

This may be interpreted as the topographic stress driving the solid body rotation
parallel to the earth’s rotation axis, or the angular momentum. This resembles
the case in the flat geometry, where the large-scale mean flow is driven by
topographic stress. The difference here is that such a relationship comes naturally
in the spherical geometry while it is a consequence of the imposed conservation
of energy in the flat geometry (see Subsection 1.3.2).

When there is no topography, i.e. h = 0 (or more generally, topography inde-
pendent of the longitude variable �), we see that the solid body rotation, or the
angular momentum parallel to the axis of rotation of the earth is conserved. The
existence of extra conserved quantities in the spherical case is no surprise, since
we have more symmetry here than the flat geometry case.

Conserved quantities with topography living on the ground energy shell

In this case of topography living on the ground energy shell �h ∈ W1�, the ground
state modes have their independent dynamics given by (16.36). We may then
easily check, after multiplying (16.36) by P1
 and integrating over S2, utilizing
the fact that there is no damping �� = 0� and no external forcing �� = 0�, that
the energy of the ground state modes

E1 = −1
2

∫
−

S2
P1
 �P1
 =

∫
−

S2
�P1
�2 (16.69)
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is conserved. This further implies that the enstrophy of the ground state modes

�1 = 1
2

∫
−

S2
��P1
�2 = 2

∫
−

S2
�P1
�2 (16.70)

is also conserved.
As we mentioned earlier, the enstrophy � = 1

2

∫
−

S2
��
�2 is not necessarily

conserved for general topography. However, as we shall demonstrate below, the
enstrophy is conserved provided that the topography lives on the ground energy
shell �h ∈ W1�. Indeed, thanks to (16.27) and (16.28), we have∫

−
S2

J�
�2�z+h��
 = −
∫
−

S2
J�
��
��2�z+h� = 0 if h ∈ W1� (16.71)

Thus multiplying the inviscid unforced barotropic quasi-geostrophic equa-
tions (16.62) by �
 and integrating over the unit sphere S2 we have that the
enstrophy

� = 1
2

∫
−

S2
��
�2 (16.72)

is conserved in time if h ∈ W1.
A consequence of the conservation of the total energy, E, and the energy of

the ground state modes E1 and the Pythagorean identity is that the energy of the
higher modes

E′ = −1
2

∫
−

S2
�Id−P1�
 ��Id−P1�
 (16.73)

is conserved in time for the inviscid unforced barotropic quasi-geostrophic equa-
tions (16.62) provided that the topography lives on the ground energy shell, i.e.
h ∈ W1.

Likewise, the enstrophy of the higher modes

�′ = 1
2

∫
−

S2
���Id−P1�
�2 (16.74)

is also conserved in time if h ∈ W1 since the total enstrophy � and the enstrophy
of the ground state modes �1 are conserved in this case.

In general, we cannot expect high moments of the higher modes to be conserved.
Indeed, it is a straightforward exercise to verify, utilizing relationships developed
in Subsection 16.2.1, that the high modes, 
′ = �Id−P1�
 = 
 −P1
 = 
 −
1

satisfy the following equations (with general dissipation and forcing)

	�
′

	t
+ J�
1��
′ +2
′�+ J�
′��
′ +2�z+h� = ����
′ + �Id−P1�� �

(16.75)
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It is then easy to see that high moments of �
′ are not conserved in general
in the inviscid unforced environment. This is similar to the case when the beta-
effect is the only geophysical effect in the periodic geometry we discussed in
Subsection 1.3.5.

Conserved quantities in the presence of odd symmetry in z

Occasionally it is interesting to consider flows with symmetry on the sphere just
as in the flat geometry case. A symmetry of obvious interest is the odd symmetry
in z (or equivalently �). Utilizing the explicit form of the Jacobian given in (16.6),
it is easy to see that the odd symmetry in z is preserved under the barotropic
quasi-geostrophic dynamics on the sphere (16.4) provided that the topography, h,
and the external forcing, � , also respect this odd symmetry in z.

For systems with such symmetry, it is natural to consider quantities on each
hemisphere, instead of the whole sphere. We consider the northern hemisphere

S2
N = ������ �0 ≤ � < 2�� 0 < � < �/2�

= ���� z� �0 ≤ � < 2�� 0 < z < 1��
(16.76)

Since both the stream function 
, the relative vorticity � = �
 and the potential
vorticity q are odd functions in z, we see that the energy in the northern hemisphere

EN = −1
2

∫
−

S2
N


�
 (16.77)

and all the generalized potential enstrophy in the northern hemisphere

�N =
∫
−

S2
N

G�q� (16.78)

are conserved, which can be verified directly utilizing equation (16.62) and the
fact that h = 
 = � = q = 0 at � = 0�z = 0�.

The special choice of G�q� = q in (16.78) implies the conservation of circulation
in the northern hemisphere

�N =
∫
−

S2
N

q� (16.79)

This circulation is not necessarily zero, which is in contrast to the circulation
on the whole sphere, which is identically zero, since we imposed the zero mean
condition.

Conserved quantities in the presence of odd symmetry in z and topography
living on the ground energy shell

Here we consider conserved quantities with the assumptions on odd symmetry in
z and topography living on the ground energy shell �h ∈ W1�. The odd symmetry
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in z and h ∈ W1 implies that the topography is a constant multiply of z, i.e. there
exists a constant ch such that

h��� z� = chz� (16.80)

since x = cos� cos� and y = cos� sin � are not odd in z ���. In particular, this
means that the topography is a zonal one and hence the angular momentum (rate
of solid body rotation) is conserved.

Another immediate consequence of the assumptions on the odd symmetry in z

and the topography is that the enstrophy in the northern hemisphere

�N = 1
2

∫
−

S2
N

��
�2 (16.81)

is conserved, since the total enstrophy is conserved by the assumption on topog-
raphy (see (16.72)), and the relative vorticity � = �
 is odd in z by the odd
symmetry assumption on 
.

It is a straightforward exercise to verify that the energy of the high modes in
the northern hemisphere

E′
N = −1

2

∫
−

S2
N


′ �
′�
′ = �Id−P1�
 (16.82)

and the enstrophy in the high modes in the northern hemisphere

�′
N = 1

2

∫
−

S2
N

��
′�2�
′ = �Id−P1�
 (16.83)

are conserved in time by utilizing the conservation of the total energy in the
northern hemisphere, the conservation of the energy of the ground state modes in
the northern hemisphere, the conservation of the total enstrophy in the northern
hemisphere, and the conservation of the enstrophy of the ground state modes in
the northern hemisphere.

Also, for the circulation of the high modes on the northern hemisphere, we
notice that ∫

−
S2

N

x =
∫
−

S2
N

y = 0�

and hence ∫
−

S2
N

P1
 =
∫
−

S2
N

3z ·
∫
−

S2
P1
 z = 3M

∫
−

S2
N

z (16.84)

is conserved in time since the angular moment M is conserved in time. Thus, the
circulation of the high modes in the northern hemisphere

� ′
N =

∫
−

S2
N

�Id−P1��
 =
∫
−

S2
N

�
−
∫
−

S2
N

P1�
 =
∫
−

S2
N

�
+2
∫
−

S2
N

P1
 (16.85)
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is also conserved in time since both
∫
−

S2
N

�
 and
∫
−

S2
N

P1
 are conserved according

to (16.79) and (16.84).

Summary of conserved quantities

Here we summarise the conserved quantities under various assumptions.
General conserved quantities

(i) Total energy E = − 1
2

∫
−

S2

 �


(ii) All generalized potential enstrophy � =
∫
−

S2
G�q�, for all G

(iii) Extrema of the potential vorticity max q and min q (a consequence of (ii))

(iv) Angular momentum M =
∫
−

S2

z if the topography is zonal, i.e. h = h�z�.

(16.86)

Conserved quantities with odd symmetry in z

(i) All conserved quantities from (16.86)

(ii) Energy in the northern hemisphere EN = − 1
2

∫
−

S2
N


 �


(iii) All generalized potential enstrophy in the northern hemisphere �N =
∫
−

S2
N

G�q�, for

all G

(iv) Circulation of the potential vorticity in the northern hemisphere �N =
∫
−

S2
N

q

(a consequence of (iii))

(16.87)

Conserved quantities with h ∈ W1

(i) All conserved quantities from (16.86)

(ii) Total enstrophy � = 1
2

∫
−

S2
��
�2

(iii) Energy in ground state modes E1 = − 1
2

∫
−

S2
P1
 �P1


(iv) Energy in high modes E′ = − 1
2

∫
−

S2

′ �
′�
′ = 
 − P1
 (a consequence of the

conservation of energy and (iii))

(v) Enstrophy in ground state modes �1 = 1
2

∫
−

S2
��P1
�2 (same as (iii))

(vi) Enstrophy in high modes �′ = 1
2

∫
−

S2
��
′�2, 
′ = 
 − P1
 (a consequence of (ii)

and (v))

(16.88)
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Conserved quantities with h ∈ W1 and odd symmetry in z

(i) All conserved quantities from (16.86), (16.87) and (16.88)

(ii) Energy in ground state modes in the northern hemisphere E1N = − 1
2

∫
−

S2
N

P1
 �P1


(iii) Energy in high modes in the northern hemisphere E′
N = − 1

2

∫
−

S2
N


′ �
′, 
′ = 
−P1


(a consequence of the conservation of energy and (ii))

(iv) Enstrophy in ground state modes in the northern hemisphere �1N = 1
2

∫
−

S2
N

��P1
�2

(same as (ii))

(v) Enstrophy in high modes in the northern hemisphere �′
N = 1

2

∫
−

S2
N

��
′�2, 
′ = 
−P1


(a consequence of the conservation of enstrophy and (iv))

(vi) Circulation of the high modes in the northern hemisphere � ′
N =

∫
−

S2
N

�
′, 
′ =

 −P1


(16.89)

16.2.3 Non-linear stability of exact solutions

The purpose of this subsection is to study the non-linear stability of some of
the special exact solutions that we introduced in Subsection 16.2.1. The ideas
are similar to the flat geometry case from Chapter 4, namely, utilize conserved
quantities to study non-linear stability.

Non-linear stability of steady states

Here we discuss the stability of the exact steady state solutions introduced in
Subsection 16.2.1. The non-linear stability of the steady state solutions are studied
in exactly the same way as in Sections 4.2 and 4.3. Since almost everything
is parallel to the case of flat geometry we only single out the interesting case
of ground state topography. In this case, the ground state modes have their
independent linear dynamics and thus we can allow the parameter � to extend to
the second eigenvalue of the Laplacian. More precisely we have:

Proposition 16.1 (Stability of simple steady states). Let q = �
 be the
steady state solutions of the inviscid unforced barotropic quasi-geostrophic
equations (16.62) on the unit sphere:
1. If �Id−P1�h �= 0, then the steady state q = �
 is non-linearly stable if � > −2. It is

marginally stable if � = −2.
2. If �Id−P1�h ≡ 0, then the steady state q = �
 is non-linearly stable if � > −6, and

marginally stable if � = −6.
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Proof: We only prove the second part.
Since we have ground state topography, the ground state modes have their

independent linear dynamics given by (16.36) with � = 0 and � = 0. Thus let �


be a perturbation of 
, we have, by the linearity of (16.36), �
 satisfies (16.36)
with � = 0 and � = 0. In particular, we have


P1�

2
0 = 
P1�
0
2

0� (16.90)

which implies the nonlinear stability of the ground state modes.
We need to prove the stability of the high modes (motion off the ground state

modes) for the given range of �. For this purpose, we follow the strategy of
Section 4.2, utilize the conserved quantities for the high modes from (16.88) to
form a positive definite quadratic form for the high modes of the perturbation

� ′
���
� = ��′�
 +�
�−�′�
��+��E′�
 +�
�−E′�
��

= 1
2

∫
−

S2
��q′�2 − �

2

∫
−

S2
�q′�−1�q′

= 1
2

∑
n≥2

(
1+ �

�n

)
��q̂nm�2�

For the case of � > −6 we notice that

� ′
���
� ≥ 1

2

(
1− ���

6

)∑
n≥2

��q̂nm�2 =
(

1− ���
6

)

�q′
2

0�

� ′
���
� ≤ 1

2

(
1+ ���

6

)∑
n≥2

��q̂nm�2 =
(

1+ ���
6

)

�q′
2

0�

and hence the high modes (�q′ = ��
′ = �
 −P1�
) are non-linearly stable.
This implies the non-linear stability when combined with the non-linear stability
of the ground state modes ensured by (16.90).

For the case of � = −6 we have

� ′
���
� ≥ 1

2

(
1+ �

12

)∑
n≥3

��q̂nm�2 =
(

1+ �

12

)

�Id−P1 −P2��q
2

0�

� ′
���
� ≤ 1

2

(
1+ ���

12

)∑
n≥3

��q̂nm�2 =
(

1+ ���
12

)

�Id−P1 −P2��q
2

0�

which implies the desired marginal stability.
This completes the proof.
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Likewise we have a result on the non-linear stability of more general steady
states:

Proposition 16.2 (Sufficient condition for nonlinear stability) Let q be a given
bounded steady state


 = G�q�� q = �
 +h+2� sin �� a ≤ q ≤ b�

Assume there is a bounded initial perturbation ��0 added so that

q�t=0 = q +��0� � ≤ ��0 ≤ ��

We further assume there are constants c1� c2� c3� c4 such that either
Case (1)

0 < c1 ≤ G′�r� ≤ c2� a ≤ r ≤ b

or Case (2)

−c3 ≤ G′�r� ≤ −c4 ≤ −�−1
1 � a ≤ r ≤ b�

Then either Case (1) or (2) implies the non-linear stability of the steady state, i.e.∫
����t��2 ≤ C

∫
���0�2�

for some C = C�c1� c2� c3� c4�, where

a = a+��b = b+��

The proofs are the same as those in Sections 4.2 and 4.3. We omit the details here.

Restricted stability of motion on the first two energy shells

In this subsection we will study the stability of those exact solutions on the
first eight eigenfunctions, i.e. the first two energy shells. We will see that these
solutions are stable in the restricted sense. But most of them are unstable due
to the interaction between the first three eigenfunctions (ground energy shell)
and the next five eigenfunctions (second energy shell). More precisely, we will
show that the solutions are unstable even for perturbations within the first three
eigenfunctions, unless the motion occurs on the ground energy shell only, a
situation discussed in the previous subsection. This is similar to the case of
flat geometry where the dynamics on the ground energy shell are stable in the
restricted sense, but unstable due to resonance. The difference is in the spherical
geometry case we have a rigorous proof of the non-linear instability while in the
flat geometry case we need to resort to truncated systems.

The restricted stability analysis is a slight variation of the discussion in the
previous subsection, which goes back to Sections 4.2 and 4.3. We recall the main
steps here for the sake of completeness.
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Proposition 16.3 (Restricted stability of motion on the first two energy shells)
Let q̄�t� be an exact solution of the inviscid unforced quasi-geostrophic equation
on the sphere (16.62). Moreover, we assume that q̄�t� lives on the first two energy
shells in the sense that

�P1 +P2�q̄ = q̄�

and that the topography lives on the ground energy shell (h ∈ W1). Then q̄�t� is
stable in the restricted sense. More precisely, there exists a constant C such that
for any initial perturbation �q0, we have


�Id−P1 −P2��q
2
0�t� ≤ C
�Id−P1 −P2��q0
2

0� (16.91)

and q̄�t� is unstable in general.

Proof: If q̄ is a steady state, then the marginal stability of it is discussed in
Proposition 16.1. Here we focus on the general case that q̄ is time dependent.

We consider a small perturbation of q̄ of the form

q�t=0 = q̄0 +�q0�


�t� = 
̄�t�+�
�t��

q����� t� = q̄����� t�+�q����� t��

Since q̄ lives on the first two energy shells, we have

�̄ = �
̄ = �P1
̄ +�P2
̄ = −6P2
̄ −2P1
̄� (16.92)

Following the ideas from Chapter 4, we consider a linear combination of the
conserved quantities, the energy, E, and the enstrophy, �, in order to produce a
positive definite quadratic form of �q

���q�
def= ��q̄ +�q�−6E�q̄ +�q�− ���q̄�−6E�q̄�� (16.93)

= ��̄� �q�+���q�+6�
̄� �q�−6E��q�

= 4�P1
̄� �q�+���q�−6E��q�

= 4�P1
̄�P1�q�+ 1
2

∑
n�m

(
1− 6

n�n+1�

)
��q̂nm�2

= 4�P1
̄�P1�q�−
P1�q
2
0 + 1

2

∑
n≥3

(
1− 6

n�n+1�

)
��q̂nm�2

= −2�P1�̄�P1�q�−
P1�q
2
0 + 1

2

∑
n≥3

(
1− 6

n�n+1�

)
��q̂nm�2

= −
P1��̄+�q�
2
0 +
P1�̄
2

0 + 1
2

∑
n≥3

(
1− 6

n�n+1�

)
��q̂nm�2�
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We also recall from (16.2.2) that the energy in the ground state modes is a
conserved quantities, and hence


P1��̄+�q�
2
0� 
P1�̄
2

0

are conserved quantities. Therefore we deduce that

1
2

∑
n≥3

(
1− 6

n�n+1�

)
��q̂nm�2 = ���q�−
P1�̄
2

0 +
P1��̄+�q�
2
0 (16.94)

is a conserved quantity. This implies restricted stability since

∑
n≥3

��q̂n�m�2�t� ≤ 2
∑
n≥3

(
1− 6

n�n+1�

)
��q̂nm�2�t� (16.95)

= 2
∑
n≥3

(
1− 6

n�n+1�

)
��q̂nm�2�0�

≤ 2
∑
n≥3

��q̂nm�2�0�

= 2
�Id−P1 −P2��q0
2
0�

In general however, these motions are unstable, even to perturbations within
the first two energy shells W1 +W2. Here are two examples:

Example 1: (A periodic solution with h = 0) Let


̄�t� ≡ a cos��t/3�wa21 −a sin��t/3�wb21 = 1
2
a sin�2�� cos��t/3+���

Consider a small perturbation at time zero of the form

�
0 = �w1 = � sin ��

then we have, thanks to the exact solution formula from Appendix 1

a1�t� ≡ �� a11�t� ≡ 0� b11�t� ≡ 0� a22�t� ≡ 0� b22�t� ≡ 0�

a21�t� = a cos��t/3+2�t/3�� b21�t� = −a sin��t/3+2�t/3��

and


�t� = �w1 +a cos��t/3+2�t/3�wa21 −a sin��t/3+2�t/3�wb21

= � sin �+ 1
2
a sin�2�� cos���+2��t/3+���

Compare this to


̄�t� = 1
2
a sin�2�� cos��t/3+��
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we immediately see that 
̄ is unstable since small perturbation changes its fre-
quency while keeping the amplitude.

Example 2: (A steady state solution with h = 0� � = 0) For simplicity we let
� = 0. The calculation above is still valid except that 
̄ is a steady state now.
A small perturbation changes it to a periodic orbit with amplitude a. Thus 
̄ is
unstable.

This completes the proof of Proposition 16.3.

16.3 The response to large-scale forcing

Recall that in the flat geometry case without topographic effects (h ≡ 0),
the long time behavior of the solutions of the barotropic quasi-geostrophic
equations with damping and large-scale (ground state modes) forcing is the
unique exact solution on the ground state modes determined by the external
large-scale forcing (see Chapter 2). This remains true in the spherical geom-
etry case. Once again due to the special geometry we are able to relax the
assumption on the external forcing a little bit: instead of requiring the exter-
nal forcing acting on the largest scale (ground state modes) only, we can
allow external forcing acting on both the ground energy shell and the second
energy shell. A key step in our proof is to utilize the fact that the dynamics
on the ground energy shell is independent of motions on other modes (see
Subsection 16.2.1).

We consider a force on the first two energy shells, i.e.

� = P1� +P2� ∈ W1 +W2� (16.96)

where

Pn� ∈ Wn�Wn = span�Ynm� �m� ≤ n�

(See Subsections 16.1.2 and 16.2.1 for notation).
It follows from our discussion on exact dynamics on the first two energy shells

for the quasi-geostrophic equation in the absence of topography that the space
W1 + W2 is an invariant subspace of the dynamical system generated by this
damped driven equation. See equation (16.51) for more details.

Our goal here is to prove that the long time dynamics is that of the one on
the first two energy shells (first eight eigenfunctions) with the initial value the
projection of the original initial value onto this subspace. In the case of a steady
state forcing (or quasi-periodic), then the exact dynamics on the subspace is also
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steady state (or quasi-periodic), which further implies that there is no turbulence
regardless of the size of the generalized Grashoff number (and hence the Reynolds
number). This generalizes earlier results on 2D Navier–Stokes equations on a
torus where Yudovitch, Marchioro, Constantin-Foias-Temam proved the absence
of turbulence under the assumption that the forcing is on the ground energy shell,
i.e. � ∈ W1 (see Chapter 2 for more details).

The main result of this section is:

Theorem 16.1 (Response to large-scale forcing) Consider the barotropic quasi-
geostrophic equations on the unit sphere (16.4) and consider the special case of

having genuine dissipation, i.e. d
def= k∑

j=1
12j−1dj > 0, external forcing acting on

the lowest two energy shells, i.e. � = P1� +P2� ∈ W1 +W2 or (16.96) holds,
and topography living on the ground energy shell, i.e. h ∈ W1. Then any solution

 of the equation converges to the exact solution on the first two energy shells
with the projected initial data, i.e.


 −
exact → 0� as t → �� (16.97)

where 
exact is the solution to

	

	t
�
exact + J�
exact��
exact +2�z+h� = ����
exact +�


exact�t=0 = �P1 +P2�
�0��

(16.98)

Proof: We follow the same strategy as in Chapter 2: we first prove that the dynam-
ics outside the subspace is trivial, in fact decay exponentially fast in time. This
is done via an appropriate combination of the energy and potential enstrophy and
the fact that the ground energy shell has its independent dynamics. In the second
step we argue that the dynamics on the first two energy shells converge to the
solution of the exact dynamics with the projected initial value as prescribed by
(16.98). This is done by proving that the dynamics on the ground energy shell are
the same and the difference on the second energy shell satisfies a linear equation
(with the motion on the ground energy shell as given) with a forcing term which
converges to zero exponentially fast in time.

Since the proof is similar to those in Section 2.2 where we explained everything
in detail, we will only give a sketch here.

Now we move on to the first step, namely to prove that the projection outside
the first two shells of the solution decay exponentially fast in time. Recall that
Pn denotes the projection on to Wn and Id denotes the identity operator. By an
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analogy of conservation of energy, i.e. multiplying (16.62) by −
 and integrating
over S2, we have

1
2

d

dt




2

0 +
k∑

j=1

dj
�−��
j−1

2 


2
0 = −�� �
�

= −�P1� �
�− �P2� �
�� (16.99)

Similarly by an analogy of the conservation of enstrophy, i.e. multiplying (16.62)
by �
 and integrating over S2, we have

1
2

d

dt

�

2

0 +
k∑

j=1

dj
�−��
j−1

2 �

2
0 = �� ��
� = ��� �
�

= −2�P1� �
�−6�P2� �
�� (16.100)

The idea is again to form appropriate difference of these two equations so that
the terms involving the external forcing drop out. However, since the external
forcing is involved in two terms of the equations we are only able to eliminate
one term by forming the difference of the second equation (16.100) and six times
the first equation (16.99)

1
2

d

dt
�
�

2

0 −6



2
0� +

k∑
j=1

dj�
�−��
j−1

2 �

2
0 −6
�−��

j−1
2 


2

0�

= 4�P1� �
�� (16.101)

In this way we have eliminated the term involving the projection of the external
forcing onto the second energy shell.

As for the remaining term involving the projection of the external forcing onto
the ground energy shell, we turn to the exact dynamics on the ground energy shell
(16.36) for help. For this purpose we take the inner product of (16.36) with P1


and deduce

1
2

d

dt


P1

2

0 +
k∑

j=1

dj
�−��
j−1

2 
P1

2
0 = −�� �P1
� = −�P1� �
�� (16.102)

To completely eliminate terms involving the external forcing we take the sum
of (16.101) and four times the equation (16.102) and we obtain

1
2

d

dt
�
�Id−P1 −P2��

2

0 −6
�Id−P1 −P2�


2
0� =

−
k∑

j=1

dj�
�Id−P1 −P2��−��
j−1

2 �

2
0

−6
�Id−P1 −P2��−��
j−1

2 


2
0�� (16.103)
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where we used the identity


�P1 +P2��−��
j
2 �

2

0 −6
�P1 +P2��−��
j
2 


2

0

+4
P1�−��
j
2 


2

0 = 0� (16.104)

for each j ≥ 0 and the Pythagorean theorem. This identity can be verified easily
using the surface spherical harmonics representation


�t� = ∑
n�m


̂nm�t�Ynm = ∑
n�m

−1
n�n+1�

�̂nm�t�Ynm� (16.105)

and the fact that the Ynm are normalized eigenfunctions of the Laplace operator
associated with the eigenvalue −n�n+1�. Moreover, we have∑

j

dj�
�Id−P1 −P2��−��
j−1

2 �

2
0 −6
�Id−P1 −P2��−��

j−1
2 


2

0�

= ∑
j

dj

∑
n≥3

∑
�m�≤n

(
�j+1

n �
̂nm�2 −6�j
n�
̂nm�2

)

= ∑
j

dj

∑
n≥3

∑
�m�≤n

�j
n��n −6��
̂nm�2

≥ ∑
j

dj�
j−1
3

∑
n≥3

∑
�m�≤n

��2
n −6�n��
̂nm�2

= d�
�Id−P1 −P2��

2
0 −

�Id−P1 −P2�

2

0� (16.106)

≥ d

2

∑
n≥3

∑
�m�≤n

�2
n�
̂nm�2

= d

2

�Id−P1 −P2��

2

0� (16.107)

where

d =
k∑

j=1

12j−1dj =
k∑

j=1

�
j−1
3 dj� (16.108)

Substituting this one into the previous equation (16.103) and integrating in time
we have


�Id−P1 −P2��

2
0 ≤ 2

(
�Id−P1 −P2��

2
0 −

�Id−P1 −P2�

2

0

)
≤ � exp�−dt�� (16.109)

where � is a generic constant independent of time (in this case it is 2�
�Id−P1 −
P2��
�0�
2

0 −6
�Id−P1 −P2�

�0�
2
0�). This implies the restricted stability and
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the claim that the long time dynamics is that on the first eight eigenfunctions (or
the first two energy shells).

We now turn to the second task, namely to prove that the dynamics on the first
two energy shells converges to the exact solution given by (16.98).

We first recall that the ground state modes have their independent dynamics,
depending only on the projection of the initial data P1
�0� and the projection of
the forcing P1� (see equation (16.36)). Since the 
 and 
exact have the same
initial data and are subject to the same external forcing after projection onto the
ground energy shell, we conclude that

P1
 = P1
exact� (16.110)

Thus it only remains to prove

P2�
�t�−
exact�t�� → 0� as t → �� (16.111)

The information on the dynamics of the ground energy shell and the decay of
high modes can be summarized as

P1
 = P1
exact�
∑

n≥3�m

n2�n+1�2�
̂nm�2�t� ≤ � exp�−dt�� (16.112)

The key to derive dynamics on the second energy shell is to write the non-linear
term in an appropriate form which is amenable to analysis. For this purpose we
notice

J�
��
� = J�P1
 +P2
 + �Id−P1 −P2�
�

−2P1
 −6P2
 +��Id−P1 −P2�
�

= −6J�P1
�P2
�−2J�P2
�P1
�

+J�P1
���Id−P1 −P2�
�−2J��Id−P1 −P2�
�P1
�

+J�P2
���Id−P1 −P2�
�−6J��Id−P1 −P2�
�P2
�

+J��I −P1 −P2�
���I −P1 −P2�
�

= −4J�P1
�P2
�

+J�P1
���Id−P1 −P2�
�+2J�P1
� �Id−P1 −P2�
�

+J�P2
���I −P1 −P2�
�+6J�P2
� �Id−P1 −P2�
�

+J��Id−P1 −P2�
���Id−P1 −P2�
��

Recall that

J�P1
�Pn
̃� ∈ Wn�
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Thus we have

P2J�
��
� = −4J�P1
�P2
�+P2J�P2
���Id−P1 −P2�
�

+6P2J�P2
� �Id−P1 −P2�
�

+P2J��Id−P1 −P2�
���Id−P1 −P2�
�

= −4J�P1
�P2
�

+ ∑
n≥3

�6−n�n+1��
̂nmP2J�P2
�Ynm�

− ∑
n≥3�n′≥3

n�n+1�
̂nm
̂n′m′P2J�Yn′m′� Ynm�� (16.113)

Denoting

F̃ = ∑
n≥3

�n�n+1�−6�
̂nmP2J�P2
�Ynm�

+ ∑
n≥3�n′≥3

n�n+1�
̂nm
̂n′m′P2J�Yn′m′� Ynm�� (16.114)

we have

−6
d

dt
P2
�t�− J�P2
�4P1
 +2�z+h�−��−6�P2
 = P2� + F̃ � (16.115)

since P2J�
� sin �� = P2J�
� z� = J�P2
�z�.
On the other hand, after projecting the (16.98) on to the second energy shell,

we have

−6
d

dt
P2
exact�t�− J�P2
exact�4P1
 +2�z+h�−��−6�P2
exact = P2� �

(16.116)
Thus denoting

� = P2
 −P2
exact� (16.117)

we have, since P1
 = P1
exact (see (16.110)),

−6
d

dt
��t�− J���4P1
 +2�z+h�−��−6�� = F̃ � (16.118)

and hence, by a usual energy method,

3
d

dt

��t�
2

0 +��−6�
��t�
2
0 ≤ �
��t�
0
F̃
0� (16.119)

Now it is clear that our result relies on proving the smallness of F̃ . We first make
the claim:
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Claim: F̃ decay exponentially with rate d, i.e. there exists positive constants �,
such that


F̃
2
0�t� ≤ � exp�−d t�� (16.120)

We leave the proof of the claim to the second Appendix.

Now combining (16.119) and (16.120) and applying Gronwall’s inequality, we
deduce


��t�
0 → 0� as t → �� (16.121)

This completes the proof of (16.111).

16.4 Selective decay on the sphere

In this section we study the selective decay phenomena associated with the
decaying barotropic quasi-geostrophic equations on the unit sphere (16.4) in the
presence of Newtonian viscosity or hyper-viscosity or their combination, i.e.∑k

j=2 dj > 0, the absence of external forcing �� ≡ 0� and ground state topography
�h ∈ W1�. The reason that we can allow ground state topography is that a ground
state topography merely changes the Coriolis force, so that it aligns with possibly
another axis and with another magnitude (see Subsection 16.2.1). Thus all the
identities that we need for the analysis and proof of selective decay remain
unchanged, since the Coriolis forcing term is skew symmetric (see Chapter 3 and
the argument below). We refrain from studying the case with general topography
even though the general situation can be analyzed as well.

The result and approach here is very much similar to those in Chapter 3 for the
flat geometry case. Thus we will omit most of the details and just state the result
and sketch the main steps in the proof. A noticeable difference in the spherical
geometry when compared with the flat geometry is that we are able to identify
those initial data whose Dirichlet quotient approaches the first eigenvalue of the
Laplace operator. This is again due to the independent dynamics of the ground
state modes.

We follow the structure of Chapter 3 in this section. We first recall the basic
dynamics equation. After that we calculate the physicist’s selective decay states.
We then formulate the main results regarding selective decay on the sphere. Next
we sketch the proof of the weak form of selective decay. We demonstrate that the
Dirichlet quotient approaches 2, the first eigenvalue of the Laplace operator, if and
only if the projection of the initial data to the ground energy shell is non-trivial.
This immediately implies the instability of selective decay states corresponding to
higher eigenvalues of the Laplace operator. Selective decay with odd symmetry
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in z as well as selective decay for high modes (modes away from the ground
energy shell) will also be discussed.

16.4.1 The equation

We recall first the governing equation which can be written in the form

	�


	t
+ J�
��
 +2�z+h� = ����
�

q = �
 +2�+h� h ∈ W1�

(16.122)

where we assume that the total effect of Newtonian viscosity and hyper-viscosity
is non-trivial, i.e.

k∑
j=2

dj > 0� (16.123)

16.4.2 Physicist’s selective decay states

As for the flat geometry case (Section 3.2), the associated mean energy and mean
enstrophy are given by

E�t� = 1
2

∫
−

S2
�curl 
�2ds�

and

��t� = 1
2

∫
−

S2
��
�2ds

respectively.
Here we use enstrophy instead of potential enstrophy, since we assumed ground

state topography which is equivalent to no topography but with a new Coriolis
forcing aligned with a possibly different axis and with different magnitude (see
Subsection 16.2.1).

The physicist’s selective decay states are those which minimize the enstrophy
for fixed energy. A simple calculation as in Section 3.2 yields that any selective
decay state, 
�, must be an eigenfunction of the Laplacian on the sphere, or
surface spherical harmonics, i.e.


������ = ∑
�m�≤n


̂nmPnm�sin �� exp�im�� = ∑
�m�≤n


̂nmPnm�z� exp�im���

where the Pnm�z�s are the associated Legendre functions of order n (see
Subsection 16.1.2).
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Notice that these surface spherical harmonics (after normalization) form an
orthonormal basis in L2�S2� and their gradients are orthogonal to each other.

It is also easy to check that they are invariant under the dynamics (16.122)
in the sense that starting with a selective decay state, the future states must be
selective states as well.

16.4.3 Formulation of the selective decay principle

Now we formulate the main result for the selective decay principle on the sphere.
We first formulate the weak version.

Theorem 16.2 (Weak form of selective decay principle) Consider the decaying
barotropic quasi-geostrophic equations on the sphere (16.122) with ground state
topography �h ∈ W1�. Assume the existence of Newtonian viscosity or hyper-
viscosity or both and no external forcing.

(i) (The general case) For any initial data 
�0� ∈ H1�S2�, there exist an eigenvalue
�n of the Laplacian on the sphere so that the Dirichlet quotient of the solution
converges to �n, i.e.

lim
t→�

��
�t��

E�
�t��
= �n� (16.124)

and n = 1 if and only if P1
�0� �= 0. Moreover, for any increasing sequence of times
�tj�

�
j=1 such that tj → �, there exists a subsequence �tjl �

�
l=1 and a selective decay

state 
∗ ∈ H1�S2� so that∥∥∥∥
 
�tjl �




�tjl �
0

−

∗
∥∥∥∥

0

→ 0 as l → � (16.125)

and 
∗ satisfies

�
∗ = −�n

∗�

(ii) (Selective decay with odd symmetry) Assume that the topography h is odd in z. Then
for any initial data 
�0� ∈ H1�S2� which is odd in z, there exists an eigenvalue �n

of the Laplacian on the sphere so that (16.124) and (6.125) holds. Moreover, n = 1
if and only if P1
�0� �= 0, and, in this case, there exists a constant c� such that

∗ = c�z.

(iii) (Selective decay of high modes) For any initial data 
�0� ∈ H1�S2� satisfying

�Id−P1�
�0� = 
�0�−P1
�0� �= 0

there exists an eigenvalue �n� n ≥ 2 of the Laplacian on the sphere so that the
Dirichlet quotient of the high modes of the solution converges to �n, i.e.

lim
t→�

���
 −P1
��t��

E��
 −P1
��t��
= �n� (16.126)
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More over (16.125) holds with 
 replaced by the high modes 
′ = 
 − P1
,
and the energy shell with n ≥ 3 are unstable under perturbation from lower
energy shells.

Parallel to the flat geometry case, we also have a strong version of the selective
decay principle.

Theorem 16.3 (Mathematical form of selective decay) Consider the decaying
barotropic quasi-geostrophic equations on the sphere (16.122) with ground state
topography �h ∈ W1�. Assume the existence of Newtonian viscosity or hyper-
viscosity or both and no external forcing.

(i) (The general case) For any initial data 
�0� ∈ H1�S2�, the results for the general
case (part 1) of the weak form (Theorem 16.2) hold. Moreover, we have a strong
form of (16.125). Namely, there exists a solution 
n ∈ Wn (where the n corresponds
to the n in (16.124)) to the linear inviscid unforced barotropic quasi-geostrophic
equation

	�
n

	t
+ J�
n�2�z+h� = 0 (16.127)

such that the solution 
�t� converges time asymptotically in H1�S2� to 
n after
renormalization. More precisely, we have∥∥∥∥ 

�t�




�t�
0

−

n

∥∥∥∥
0

→ 0 as t → �� (16.128)

In particular, P1
�0� �= 0 if and only if and n = 1.
(ii) (Selective decay with odd symmetry) Assume that the topography h is odd in z. Then

for any initial data 
�0� ∈ H1�S2� which is odd in z, the results from the general
case hold. Moreover, n = 1 if and only if P1
�0� �= 0, and, in this case, there exists
a constant c� such that 
1 = c�z, i.e. there exists a unique stable selective decay
state: the solid body rotation.

(iii) (Selective decay of high modes) For any initial data 
�0� ∈ H1�S2� satisfying

�Id−P1�
�0� = 
�0�−P1
�0� �= 0

there exists a solution 
n to the linear inviscid unforced barotropic quasi-geostrophic
equation (16.127) such that the normalized high modes converges to 
n, i.e.∥∥∥∥ 
�
 −P1
��t�



�
 −P1
��t�
0

−

n

∥∥∥∥
0

→ 0 as t → �� (16.129)

Remark: It is easy to see that every energy shell Wn is invariant under the
linear inviscid unforced barotropic quasi-geostrophic dynamics (16.127), since we
assumed ground state topography (see Subsection 16.2.1 for the non-linear case).
Thus (16.127) possesses solutions living on a single energy shell Wn, and the
solutions must be linear combination of selective decay states on this energy shell



520 Barotropic quasi-geostrophic equations on the sphere

at any fixed time. Thus this theorem is consistent with the physicist’s selective
decay principle. However, the long time asymptotics, i.e. 
n, is not necessarily
the combination of a zonal flow and n spherical Rossby waves since the ground
state topography effectively changes the Coriolis force and hence the rotation
axis.

Remark: The condition
∑k

j=1 dj > 0 is necessary for selective decay to be true.
The Dirichlet quotient would be a constant of motion if only Ekman drag is
present.

16.4.4 Sketch of the proof

Recall from Chapter 3 that the proof of the weak form of selective decay relies on
energy type estimates mostly. Hence the proof for the flat geometry case readily
translates to this spherical geometry case except the new phenomena, where
we can characterize those initial data whose solution has a Dirichlet quotient
converging to the first eigenvalue �1 = 2.

We skip the part of the proof which is the same as the flat geometry case
and focus on the part that is unique to the spherical geometry, i.e. focus on the
characterization of the set of initial data whose Dirichlet quotient converges to 2.
We will also briefly discuss why selective decay with odd symmetry and selective
decay for high modes (part 2 and 3 of the theorem) are true.

The heuristic idea of the characterization of those initial data whose Dirichlet
quotient converges to 2 is the following. Since the ground state modes have their
independent dynamics, their decay rate is determined by the first eigenvalue, i.e.
��−2�. On the other hand, the high modes should have a decay rate of at least
��−�2� =��−6�. This separation of decay rate yields that the Dirichlet quotient
is the first eigenvalue, �1 = 2, if and only if the projection of the initial data on
to the ground energy shell is non-trivial.

To verify our heuristic idea, we apply a simple energy estimate to the exact
dynamics of the ground state modes (16.36) and we deduce

d

dt

P1

2

0 = −��−2�
P1

2
0� (16.130)

Thus


P1
�t�
2
0 = 
P1
�0�
2

0e
−��−2�t� (16.131)

where

��−2� =
k∑

j=1

2jdj�
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On the other hand, multiplying the freely decaying barotropic quasi-geostrophic
equations (16.122) by 
 and integrating over S2 we have

d

dt




2

0 −2 =
k∑

j=1

dj
�−��j/2

2
0

= −2
k∑

j=1

dj

(∑
n=1

�
j
1�
̂nm�2 + ∑

n≥2

�j
n�
̂nm�2

)

≤ −2��−2�
P1
�t�
2
0 −2

(
k∑

j=1

dj�
j−1
2

∑
n≥2

�n�
̂nm�2
)

−2 = ��−2�
P1
�t�
2
0 − 2

�2
��−�2�

�Id−P1�

2

0� (16.132)

The left-hand side of (16.132) can be written as, thanks to Pythagorean identity
and (11.131)

d

dt




2

0 = d

dt


P1

2

0 + d

dt


�Id−P1�

2

0

= 2
d

dt

P1

2

0 + d

dt


�Id−P1�

2

0

= −2��−2�
P1

2
0 + d

dt


�Id−P1�

2

0� (16.133)

Combining (16.132) and (16.133) we deduce

d

dt


�Id−P1�

2

0 ≤ − 2
�2

��−�2�

�Id−P1�

2
0

= −��−6�

3


�Id−P1�

2

0� (16.134)

and hence



�Id−P1�
�t�
2
0 ≤ 

�Id−P1�
�0�
2

0 exp
(

−��−6�

3
t

)
� (16.135)

Similarly, utilizing the enstrophy estimates for the exact dynamics of the ground
state modes (16.36) and the freely decaying barotropic quasi-geostrophic equa-
tions (16.122) we deduce


��Id−P1�
�t�
2
0 ≤ 
��Id−P1�
�0�
2

0 exp
(

−��−6�

3
t

)
� (16.136)

Notice that
��−6�

3
= 1

3

∑
j

6jdj >
∑
j

2jdj = ��−2� (16.137)
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provided that there are genuine dissipation, i.e.
∑

j≥2 dj > 0. Thus if


P1
�0�
0 �= 0� (16.138)

we have, thanks to (16.131)


P1
�t�
0 �= 0� for all t� (16.139)

Therefore

E�t� = 1
2


P1
�t�
2

0 + 1
2


�Id−P1�
�t�
2

0

= 
P1
�t�
2
0 +o�e−��−2�t�

= 
P1
�0�
2
0e

−��−2�t +o�e−��−2�t�� (16.140)

Likewise

��t� = 1
2

�P1
�t�
2

0 + 1
2

��Id−P1�
�t�
2

0

= 2
P1
�t�
2
0 +o�e−��−2�t�

= 2
P1
�0�
2
0e

−��−2�t +o�e−��−2�t�� (16.141)

Consequently

��t� = ��t�

E�t�
∼ 2
P1
�0�
2

0e
−��−2�t


P1
�0�
2
0e

−��−2�t
= 2� for large t� (16.142)

On the other hand if


P1
�0�
0 = 0� (16.143)

we then have, thanks to (16.131)


P1
�t�
0 = 0� for all t� (16.144)

Thus

��t� = ��t�

E�t�
= 
�
�t�
2

0




�t�
2
0
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��Id−P1�
�t�
2
0



�Id−P1�
�t�
2
0

=
∑

n≥2 �2
n
Pn
�t�
2

0∑
n≥2 �n
Pn
�t�
2

0

≥ �2 = 6� (16.145)

This completes the characterization of those initial data whose Dirichlet quotient
converges to the first eigenvalue (2).

It is easy to see, utilizing the explicit form of the Jacobian given in (16.6), that
odd symmetry in z is preserved under the decaying barotropic quasi-geostrophic
dynamics (16.122), provided that the topography also respects this symmetry.
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Thus it makes sense to discuss selective decay with odd symmetry in z. Since the
only ground states that are odd in z are multiples of z, we see that the normalized
flow must converge to a constant multiple of the solid body rotation if n = 1 as
claimed in part (ii) of the theorem.

Finally we consider selective decay of the high modes 
′ defined as


′ = 
 −P1
�

It is easy to check, after applying I − P1 to the decaying barotropic quasi-
geostrophic equations (16.122) and utilizing (16.29), (16.32), and (16.33), that
the high modes satisfy the following equation

	�
′

	t
+ J�
′��
′ +2�z+h�+ J�P1
��
′ +2
′� = ����
′�

This is the same as the original decaying barotropic quasi-geostrophic equations
(16.122) except the extra term J�P1
��
′ + 2
′�. This term is skew symmetric
in the sense that∫

−
S2

J�P1
��
′ +2
′�
′ = 0�
∫
−

S2
J�P1
��
′ +2
′��
′ = 0

after a straightforward calculation similar to (16.27) together with the rotation
invariance. This implies all the machinery from the flat geometry case is read-
ily translated to this case, since the arguments rely on energy estimates only.
The condition 
′�0� �= 0 is necessary to ensure we do not start with the zero
solution.

We may also speculate that the long time dynamics is independent of this extra
term, since it decays at a rate faster than the lowest eigenvalue of the high modes
which is �2 = 6. This is why the long time asymptotics of the high modes is
independent of the dynamics on the ground energy shell as stated in the strong
version.

This ends the proof of the theorem.

Overview of equilibrium statistical theories for the sphere

In the next two sections we apply equilibrium statistical theories that we developed
in Chapters 6, 7, 8, 9 to inviscid unforced barotropic quasi-geostrophic flows on
the unit sphere. The dynamics of such flows are governed by (16.62).

Recall that the equilibrium statistical theories rely mostly on the conserved
quantities utilized in the theory. Thus, we expect that the predictions of equilibrium
statistical theories are very much the same for the spherical and for the flat
geometry, with the trigonometric functions replaced by the surface spherical
harmonics. However, there is one important distinction for the spherical geometry.
When the topography lives on the ground energy shell, i.e. h ∈ W1, the ground state
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modes have their independent linear dynamics according to Subsection 16.2.1.
This implies that there will not be enough mixing for the ground state modes
and hence the predictions of the equilibrium statistical theory is unlikely to be
realizable. Thus it makes sense to consider the statistics of the high modes (motion
away from the ground energy shell) in the case of ground state topography.
Recall from Subsection 16.2.2 that we only have the conservation of energy
and enstrophy (plus circulation in the case with odd symmetry) for the high
modes. Therefore we should only consider energy–enstrophy theory (EEST),
energy–circulation theory with prior distribution (a special case of ESTP) and
point vortex theory (PVST), but not the statistical theory with infinitely many
constraints (ESTMC). We will observe that the predictions of the statistics of
the high modes in the case of ground state topography resembles the prediction
of the corresponding statistics theory in the flat geometry without geophysical
effects.

16.5 Energy enstrophy statistical theory on the unit sphere

In this section, we apply statistical theories with two conserved quantities, energy
and potential enstrophy, both the empirical theory introduced in Chapter 6 and
the complete statistical mechanics theory in Chapter 8, to the inviscid unforced
barotropic quasi-geostrophic equation on the sphere (16.62). The mean field of
the most probable state turns out to be those exact steady state solutions of
the equation that we introduced in Subsection 16.2.1 and hence their stabil-
ity is discussed in Subsection 16.2.3. The results here are parallel to the flat
geometry case and the argument here is very much the same as in Chapters 6
and 8, since they rely mostly on conserved quantities. Nevertheless, there is
an important special case of ground state topography. In this special case, the
ground state modes have their independent linear dynamics and thus no suffi-
cient mixing on the ground energy shell. Thus, we need to consider the statis-
tics of the high modes (motion off the ground energy shell) in the case of
h ∈ W1.

For empirical statistics theory we will postulate the one-point statistics, define
the Shannon entropy and then apply the maximum entropy principle to derive
the most probable state. For complete statistical mechanics theory, we intro-
duce various truncations, verify the Liouville property as well as the conser-
vation of the truncated energy and potential enstrophy, apply the equilibrium
statistical mechanics theory for ODEs from Chapter 7 to the truncated sys-
tem, compute the mean state, and then take the continuum limit. We will only
give a sketch and refer to the counterpart for the flat geometry case when
appropriate.
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16.5.1 Energy–enstrophy theory with topography – empirical statistical theory

In this subsection we derive the most probable state under the classical empirical
statistical theory with energy and enstrophy as the two conserved quantities. This
is parallel to Section 6.7 and the reader is referred to that section for more details.

As mentioned earlier, we need to consider two cases: the case with general
topography and the case with ground state topography.

Empirical energy–enstrophy theory with general topography

Here we consider the case with general topography.
We first introduce the one-point statistics ��s��� for s ∈ S2 and � ∈ R1. We

assume the following property on �

��s��� ∈ �	�S2 ×R1��� ≥ 0�∫
−

S2

∫
��s���d�ds = 1�

s → ��s��� ∈ �	�R1�� for all s ∈ S2�

∫
��s���d� = 1� a�e� s ∈ S2�

∫ q+
q− ��s��� = Prob�q− ≤ q�s� < q+��

(16.146)

As before, the pointwise and overall average with respect to the one-point
statistics are given by

F̄��s� =
∫

F�s�����s���d� = �F�s� ·����

F̄ = �F�� =
∫
−

S2
F̄��s�ds =

∫
−

S2

∫
F�s�����s���d�ds�

In particular the mean potential vorticity is given by

q̄�s� =
∫

���s���d��

and the pointwise variance is given by

�2
��s� = ��q − q̄�2�s��� =

∫
��− q̄�2��s���d� = �q2���s�− q̄2�s��

The corresponding Shannon entropy is defined as


��� = −
∫
−

S2

∫
��s��� ln ��s���d�ds� (16.147)

The constraints on the one point statistics are

� = � �0� ∩� ��� ∩� �E�� (16.148)
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where

� �0� =
{
�

∣∣∣∣
∫

��s���d� = 1� for all s ∈ S2
}

�

� ��� =
{
�

∣∣∣∣�0 = ���� = 1
2

∫
−

S2

∫
�2��s���d�ds

}
� (16.149)

� �E� =
{
�

∣∣∣∣E0 = E��� = −1
2

∫
−

S2

̄�̄ds

}
�

where the mean stream function is solved via

q̄�s� =
∫

��d� = �
̄ +2� sin �+h = �̄+2�z+h� (16.150)

Here � ��� is the potential enstrophy constraint, � �E� is the energy constraint and
� �0� is the constraint which ensures that � is a probability density function for
each s.

The maximum entropy principle states that the least biased (most probable)
probability measure

�� ∈ �	�S2 ×R1�

is the one that maximizes the Shannon entropy (16.147).
A straightforward Lagrangian multiplier calculation as in Subsection 6.7.3

leads to

���s��� =
√

�√
2�

exp

(
−�

2

(
�− �

�

̄�

)2
)

(16.151)

with � and � being the Lagrange multipliers for the enstrophy and energy respec-
tively, and 
̄∗ is the stream function of the most probable mean field.

Note that �� is a Gaussian for each s with the property

∫
��d� = 1�

∫
���d� = �

�

̄��

∫
�2��d� =

(
�

�

)2 (

̄�
)2 +�−1�

Therefore the most probable mean field 
̄� = 
� must satisfy the following mean
field equation

�
� +2� sin �+h = �
�� (16.152)

where � = �
� . Here we used 
� to denote the most probable mean field, since the

mean field equation depends only on the parameter � according to (16.152).
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This mean field equation takes the form of potential vorticity linearly pro-
portional to the stream function and hence it can be solved explicitly as (see
Subsection 16.2.1)


� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

2�/
√

3+ ĥ10

�+2
Y10 + ∑

�n�m��=�1�0�

ĥnm

n�n+1�+�
Ynm�

if � �= −n�n+1��

2�/
√

3+ ĥ10

�+2
Y10 + ∑

�n�m��=�1�0��n�=n0

ĥnm

n�n+1�+�
Ynm + ∑
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cn0m
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�

if � = −�n0 +1�n0 and Pn0
�2�z+h� = 0�

(16.153)
where cnm are arbitrary constants satisfying the reality condition and the topog-
raphy has the surface spherical harmonics expansion

h = ∑
n�m

ĥnmYnm�

The energy of the most probable mean field takes the form, in the case � �= −�n,
for all n

E�q�� =
(

2�/
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3+ ĥ10

�+2
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+ ∑
�n�m��=�1�0�

�n

2

(
ĥnm

�+�n

)2

� (16.154)

The Lagrange multiplier ��� can be determined via enforcing the energy and
enstrophy constraints similar to the flat geometry case treated in Section 6.7. In
particular, we have:

(i) Generic case:

ĥ10 �= −2�/
√

3� or ĥ11 �= 0� (16.155)

Then there exists a unique � ∈ �−2��� such that the energy constraint is satisfied,
i.e. E�q�� = E0. This completely determines the unique most probable mean field q�,
which is non-linearly stable according to Proposition 16.1. The Lagrange multiplier
� can then be determined as

� = �2��0 −��q����−1� � = ��� (16.156)

(ii) Degenerate case:

ĥ10 = −2�/
√

3� and ĥ11 = 0� (16.157)

There are two subcases depending on the energy level:

• Subcase of low energy: E0 < E2 = 1
2

∑
n≥2

n�n+1��ĥnm�2
�n�n+1�−2�2 .

In this case, for each energy level E0, the mean field equation (16.152) has only
one solution 
� given by the first case of (16.153) with � = ��E0� ∈ �−2���. This
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is the unique mean field corresponding to the most probable state and is non-linear
stable according to Proposition 16.1.

• Subcase of high energy: E0 > E2.
In this case, for each energy level E0, there are infinitely many solutions to the mean
field equation (16.152) given by the second case of (16.153) with � = −2�n0 = 1�

and the c1ms satisfying the energy constraint. These are the (non-unique) most
probable mean fields. They are marginally stable according to Proposition 16.1.

The interested reader may recover the details via following the argument for
the flat geometry case in Subsections 6.6.4 and 6.7.4.

Empirical energy–enstrophy theory with ground state topography

Here we consider the case when the topography lives on the ground energy
shell, i.e. P1h = h. In this case, the ground state modes have their independent
linear dynamics. Thus there is no sufficient mixing on the ground energy shell
which makes the prediction from the previous subsection unrealizable. Hence we
consider the statistics of the high modes, 
′ = 
 −P1
 instead. Recall that the
energy and enstrophy of the high modes are conserved for this case of ground
state topography (see (16.88). Thus the empirical statistical theory with energy
and enstrophy as constraints can be applied. The procedure is exactly the same as
for the general topography case but with �′ representing the one-point statistics
of the vorticity of the high modes ��
′ = q′�, i.e.

∫ b

a
�′�s��� = Prob�a ≤ q′�s� < b�� (16.158)

Thus the mean field is given by

q̄′�s� =
∫

��′�s���d� = �
̄′�s��

Following the same argument as for the general topography case (or the flat
geometry case from Chapter 6), we deduce that the most probable mean field,

̄′

�, must satisfy the following mean field equation

�
̄′
� = �
̄′

�� (16.159)

where � = �
� with � and � being the Lagrange multipliers for the enstrophy and

energy respectively.
This is similar to the degenerate subcase in the case with general topography.

In particular, there is no unique most probable mean field. Indeed, for a given
energy level E′

0, the set of most probable mean fields consist of all states in
the second energy shell with this given energy level. These most probable mean
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fields are marginally stable according to Proposition 16.1 and unstable in general
according to Proposition 16.3. The Lagrange multipliers are determined as

� = −6� � = (
2
(
�′

0 −�′ (q′
�

)))−1
� � = ���

16.5.2 Complete statistical mechanics.

We now consider the complete statistical mechanics for the inviscid unforced
barotropic quasi-geostrophic equation on the unit sphere (16.62). The approach
here is parallel to the flat geometry case and the reader is referred to Chapter 8 for
more details. As usual we first consider a finite-dimensional truncated system of
the quasi-geostrophic equations. Derive the most probable state for the truncated
system and then take the continuum limit.

Again we have to separate the case with general topography and the case
with ground state topography, where the statistics of the high modes must be
considered. We will treat here the case with general topography and comment on
the case of ground state topography.

The situation on the sphere with general topography is roughly treated in the
work of Frederiksen and Sawford (1980). But we will supply more details includ-
ing the Liouville property and the non-extensive thermodynamic limit (a topic
which was neglected by Frederiksen and Sawford).

Unlike the flat geometry case, there are several common truncations to the
whole system in the spherical case. We will recall three here. It seems convenient
to use the complex (in �) notation in this section (see Section 16.1).

We recall that z = sin �, and introduce the expansion in terms of the complex
surface spherical harmonics


 = ∑
n�m


̂nm�t�Ynm� h = ∑
n�m

ĥnm�t�Ynm� (16.160)

where 
̂nm and ĥnm satisfies the following realty property


̂n�−m = 
̂�
nm� ĥn�−m = ĥ�

nm�

where � denote the complex conjugation operation.

Rhomboidal truncation: For fixed �


����z� t� =
�∑

m=−�

�m�+�∑
n=�m�


̂nm�t�Ynm� (16.161)

Triangular truncation:


���� z� t� =
�∑

m=−�

�∑
n=�m�


̂nm�t�Ynm� (16.162)
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Parallelogrammic truncation: For fixed ���′


���′��� z� t� =
�∑

m=−�

�m�+�′∑
n=�m�


̂nm�t�Ynm� (16.163)

In any case the truncated dynamics takes the following form of:

Truncated Dynamics of the Barotropic Quasi-Geostrophic Equations on the
unit sphere

	�
�

	t
+P� J�
���
� +2�z+h�� = 0� (16.164)

where 
� and h� are the truncated stream function and topography, and P� is the
projection onto the finite-dimensional space, specified by the truncation procedure.
The truncated dynamics can be also formulated in terms of the coefficients of the
surface spherical harmonics

−n�n+1�
d
̂nm�t�

dt
= i

2

∑
k�l�r�s

Kmkr
nls �l�l+1�− s�s +1��
̂lk�t�
̂sr�t�

+i
∑

k�l�r�s

Kmkr
nls 
̂sr�t�ĥlk�t�−2�mi
̂nm�t�� (16.165)

where

Kmkr
nls = NnmNlkNsr

∫ 1

−1
Pnm�z��kPlk�z�

dPsr�z�

dz
− rPsr�z�

dPlk�z�

dz
�dz� (16.166)

with the following restriction on the summation indices

m = k+ r� �l− s� < n < l+ s� n+ l+ s = odd integer� (16.167)

see for instance Jones (1985, pages 1–19), plus additional restriction on the indices
m, n, l, k, s, r dictated by the chosen truncation.

We need to check the conservation of energy and potential enstrophy and the
Liouville property of the truncated system before we can proceed to derive the
most probable states for the truncated system and take the continuum limit.

Conservation of energy and potential enstrophy

We first check that the truncated system conserves truncated energy and potential
enstrophy. This follows easily from the following identities∫

S2
P��J�
��q���
�ds =

∫
S2

J�
��q��
�ds = 0�

∫
S2

P��J�
��q���q�ds =
∫
S2

J�
��q��q�ds = 0�

(16.168)
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Therefore

E� = 1
2

∑
n�m

�n�
̂nm�2 = 1
2

∫
−

S2
�

��2�

�� = 1
2
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�−�n
̂nm + ĥnm�2 +�−2
̂10 +2�+ ĥ10�2 = 1
2

∫
−

S2
q2

��

(16.169)

are conserved in time. The proof is exactly the same as in the flat geometry case
(see Section 8.3).

The Liouville property

Next we check the Liouville property. Notice that the finite-dimensional truncated
system may be viewed as a system of ODEs with the variables

d �X
dt

= �F� �X�� �X�t=0 = �X0� (16.170)

where

�X = �an0� anm�bnm��m > 0

is the real determining variables and


̂nm = anm + ibnm�

The vector �F has the following properties: F 0
n is independent of an0; Fa

nm is
independent of anm; Fb

nm is independent of bnm.
To see why this is true, we consider the equation for 
̂nm and we just list the

terms on the right-hand side that might involve either 
̂nm or 
̂n�−m. We have
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̂s0

+ −i
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s

Km�−m�2m
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̂n�−mhs�2m

2�mi

n�n+1�

̂nm� (16.171)

according to the restrictions on the summation indices.
Notice that 
̂s0 and ĥs0 are real and Km�−m�2m

nns = 0 by a simple integration
by parts. This implies that the dynamic equation of anm is independent of anm,
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the dynamic equation of bnm is independent of bnm. Thus we have the detailed
Liouville property

	Fa
nm

	anm

= 	Fb
nm

	bnm

= 0� (16.172)

which further implies the Liouville property

div �F = ∑(
	Fa

nm

	anm

+ 	Fb
nm

	bnm

)
+∑ 	F 0

n

	an0
= 0� (16.173)

Most probable state for the truncated system

We can now apply the general theory of equilibrium statistical mechanics for
ODEs from Chapter 7 to the truncated barotropic quasi-geostrophic equations on
the sphere. This is parallel to the flat geometry case treated in Section 8.3 from
Chapter 8.

According to Section 7.2, the most probable measure, i.e. the Gibbs measure,
for the truncated system is given by

� = C−1 exp�−�E� −����� (16.174)

which can be rewritten as

� = C−1 exp

(
−�

∑
n�m

�n��+�n��
̂nm − ¯̂

nm�2

)
� (16.175)

where � is the Lagrange multiplier for the potential enstrophy and � is the
Lagrange multiplier for the energy, � = �

� , and the mean states are defined as

¯̂

nm = ĥnm

�+�n

� for �n�m� �= �1�0��

¯̂

10 = 2�/

√
3+ ĥ10

�+2
�

(16.176)

or, in terms of the real valued surface spherical harmonics

ānm = hanm

�+�n

� b̄nm = hbnm

�+�n

� for �n�m� �= �1�0��

ā10 = 2�/
√

3+ha10

�+2
� b̄10 = 0�

(16.177)

It is clear that � is a product of Gaussian functions of one variable. In order to
ensure that it is a probability density function, i.e. to ensure it is realizable, we
must require that the Gaussian functions decay at infinity, i.e. �+��n > 0 for
all n such that �n ≤ �.
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Case 1: � > 0. The ratio � = �/� must be larger than the maximum of −�n, i.e.

� = �

�
> −�1 = −2� (16.178)

Case 2: � < 0.

� < −�� (16.179)

The second case is physically uninteresting, since we are not able to take the limit
of � → � in this scenario as we shall see below.

We may determine the Lagrange multipliers ��� by using the probability
density constraint, and the energy, potential enstrophy constraints.

It is also possible to verify that � corresponds to a maximum of the Shannon
entropy 
�P� simply by the fact that the entropy is concave and the first-order
variation vanishes at the critical point �.

Now we compute the mean of the most probable mean state of the truncated
dynamic system. It is easy to see, since the Gibbs measure is a product of
Gaussians, that

�
̂nm� =
∫
RN


nm�� �X�d �X = ¯̂

nm = ĥnm

�+�n

� for �n�m� �= �1�0��

�
̂10� = ¯̂

10 = 2�/

√
3+ ĥ10

�+2
� (16.180)

Therefore the mean of the most probable stream function 
̄� is given by


̄� = ∑
n�m

¯̂

nmYnm (16.181)

with the restriction on the summation index governed by the truncation. We
observe that the most probable mean state solves the equation

�
̄� +h� +2� sin � = �
̄�� (16.182)

This is the truncated version of the exact solution studied in Subsection 16.2.1.
These solutions are non-linearly stable in the case � > −2 via an argument similar
to the untruncated case (see Proposition 16.2.3.).

The continuum limit

The problem of taking continuum limit here is very much the same as in the
flat geometry case in Section 8.6 from Chapter 8. The reader is referred to that
chapter for more details.

We first observe that there is no limit if ��= ��� < −� (or the limit is zero).
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As in the flat geometry case, the finite-dimensional energy and potential enstro-
phy have two parts: a mean part and a fluctuation part. More precisely

E� = �E�� = Ē� +E′
�� (16.183)

where

Ē� = 1
2

( ∑
�n�m��=�1�0�

�n�ĥnm�2
��+�n�

2
+ 2�2�/

√
3+ ĥ10�2

��+2�2

)
�

E′
� = 1

4�

∑
n�m

1
�+�n

�

(16.184)

The potential enstrophy has an analogous decomposition

�� = ���� = �̄� +�′
�� (16.185)

where

�̄� = 1
2

( ∑
�n�m��=�1�0�

�2�ĥnm�2
��+�n�

2
+ �2�2�/

√
3+ ĥ10�2

��+2�2

)
�

�′
� = 1

4�

∑
n�m

�n

�+�n

�

(16.186)

Similar to the flat geometry case which is treated in Chapter 8, we may take
the so-called non-extensive thermodynamic limit as follows.
Case with 2�/

√
3+ ĥ10 �= 0 or ĥ11 �= 0, the procedure is the following:

1. (Choice of � = ��) We choose �� to be the largest � such that the energy constraint
is met by the mean state only, i.e. for given E0, pick a unique �� ∈ �−2��� such that
E�q̄��

� = E0.
2. (Choice of � = ��) We choose �� so that the enstrophy constraint is met exactly, i.e.

for given �0, pick �� so that �0 = �̄� +�′
�.

3. (The limit of the mean states) Notice that the ��s picked in 1 are monotonically
decreasing as � increases

lim
�→�

�� = ���

where �� is the unique number in �−2��� such that E�
��� = E0. It is then straight-
forward to verify that

lim
�→�


��
= 
���

and

�
�� +h+2� sin � = �
�� �


� is non-linearly stable according to Proposition 16.1.
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For the degenerate case (P1�2� sin � +h� = 0), taking the continuum limit is
more involved and the fluctuation part could persist if the energy is high enough.
The reader is referred to Chapter 8 for more details for the flat geometry case.
The spherical geometry case can be treated similarly.

Comment on the case with ground state topography

In the case with ground state topography, we need to consider the statistics of the
high modes, 
′ = 
−P1
, since the statistics of the ground state modes are trivial
and the EEST theory is applicable to the high modes due to the conservation of
energy and enstrophy for the high modes (see Subsection 16.2.1 and (16.2.2)).

The truncated high modes, 
′
�, satisfies the following equations, thanks to

(16.75) which governs the dynamics of the high modes

	�
′
�

	t
+ J�P1
��
′

� +2
′
��+P′

�J�
′
���
′

� +2�z+h� = 0� (16.187)

where P′
� is the projection from the high modes to the appropriate finite-

dimensional subspace dictated by the specific truncation.
It is easy to verify that the statistical mechanics theory from Chapter 7 applies

to this system of ODEs with the Gibbs measure taking the form

� = C−1 exp

(
−�

∑
n≥2��m�≤n

���+���
̂nm�2
)

� (16.188)

This is the same situation as the flat geometry case without geophysical effect
that we treated in Subsection 8.6.3. In particular, we realize that the mean state is
identically zero and hence all energy and enstrophy must reside in the fluctuation
part. The continuum limit can be carried out as follows:

(i) (Choice of �� and ��) We choose �� and �� so that all energy resides in the lowest
energy shell (in this case it is the second energy shell) and the enstrophy constraint
is satisfied as well, i.e.

E′
0 = 1

4��

∑
�m�≤2

1
�� +�2

= 5
4����� +6�

�

�′
0 = �∗�E

′
0�+�′

��2 = 6E′
0 + 1

4��

∑
�m�≤n�n≥3

�n

�� +�n

�

It is easy to see that �� approaches infinity as � approaches infinity and �� → −6
as � approaches infinity.
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(ii) (Limit of the Gibbs measure) It is easy to see that the Gibbs measure converges in
this case to the product of Gaussian measures on the lowest modes (second energy
shell) and Dirac measures centered at zero for higher modes (third energy shell and
higher). Indeed, we have

���n��� +�n� → �� as � → �� if n ≥ 3�

which implies the convergence of to the Dirac measures for modes on the 3rd energy
shell or higher; and

���2��� +�2� → 5
2E′

0

� as � → ��

which implies the convergence to Gaussians for the modes on the 2nd energy shell.

The interested reader may fill in the details via consulting Subsection 8.6.3.

16.6 Statistical theories with a few constraints and statistical theories with
many constraints on the unit sphere

The energy–enstrophy theory is basically a linear theory which is evident from the
mean field equations. Parallel to the flat geometry case, we may consider equi-
librium statistical theories for barotropic quasi-geostrophic flows on the sphere,
which produce non-linear mean field equations. These include the empirical sta-
tistical theories with prior distribution (ESTP), point vortex statistical theory
(PVST), and the empirical statistical theories with many constraints (ESTMC)
(see Chapter 9). Once again we need to distinguish the case with general topog-
raphy and the case with ground state topography. However the ESTMC is only
applicable in the general topography case since the high moments for the high
modes in the ground state topography case are not necessarily conserved as we
discussed in Subsection 16.2.2.

A few constraint theory with prior distribution

Here we consider equilibrium statistical theories, which takes into consideration
a few judiciously chosen conserved quantities and appropriate prior distribution
depending on the applications. The material here is similar to Sections 9.2 and
9.3 from Chapter 9. The reader is referred to that chapter for more details while
we only provide a sketch here.

Since we need to take into consideration the robust conserved quantity circu-
lation into our statistical theory, and, since the circulation is identically zero on
the whole sphere, we will impose odd symmetry in z for the stream function and
the topography. As we have checked in Subsection 16.2.2, the odd symmetry is
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preserved under the barotropic quasi-geostrophic dynamics and the energy and
circulation in the northern hemisphere are conserved in time. Hence our statistical
theory will apply to flows on the northern hemisphere. This is similar to the flat
geometry case where we considered the channel geometry or swimming pool
geometry (see Chapters 1 and 9 for details).

Energy–circulation theory

This is the parallel of Subsection 9.2.1 for the spherical geometry.
Here we consider two conserved quantities, the energy EN and the circulation

�N in the northern hemisphere (see (16.2.2))

EN = −1
2

∫
−

S2
N


�� �N =
∫
−

S2
N

q� (16.189)

with a prior distribution �0�s���∫
−

S2
N

∫
�0�s���d�ds = 1� (16.190)

As usual we postulate the one-point statistics ��s���

��s��� ∈ �	�S2
N ×R1��� ≥ 0�

∫
−

S2
N

∫
��s���d�ds = 1�

s → ��s��� ∈ �	�R1�� for all s ∈ S2
N �

∫
��s���d� = 1� a�e� s ∈ S2

N �

∫ q+
q− ��s��� = Prob�q− ≤ q�s� ≤ q+��

(16.191)

We define the relative Shannon entropy 
 as


����0� = −
∫
−

S2
N

∫
� ln

(
�

�0

)
d�ds� (16.192)

We may represent the energy and circulation as well as the mean field in terms
of the one-point statistics as

q̄�s� =
∫

���s���d�� �N =
∫
−

S2
N

∫
���s���d�ds�

E��� = E�q̄� = −1
2

∫
−

S2
N


̄�̄�

(16.193)

We then proceed to search for the most probable states with given constraints
on the energy and circulation.
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Going through a standard Lagrangian multiplier argument procedure (see Sec-
tion 9.2.1 for more details), we deduce that the most probable one-point statistics
�∗ must satisfy

���s��� = exp��
��s��−����0�s���∫
exp��
��s��−����0�s���d�

� (16.194)

where � and � are the Lagrange multipliers for the energy and circulation,
respectively, and 
∗ is the most probable mean stream function.

As usual we introduce the partition function

����
� s� = log
(∫

exp���
�s�−�����0�s���d�
)

� (16.195)

We then have

q� =
∫

����s���d� = 1
�

(
	�

	


)∣∣∣∣

�

�

Hence the most probable mean state satisfies the following equation

�
� +2� sin �+h = 1
�

(
	�

	


)∣∣

� � (16.196)

For the special choice of prior distribution as a uniform distribution on an given
interval, i.e.

�0�s��� = 1

q+
0 −q−

0

I
q+

0
q−

0
�

we recover the Langevin theory. For another special choice of prior distribution
as a Gaussian

�0��� = c exp
(

−��2

2

)
�

we then recover the previous theory with energy and enstrophy conservation. See
Subsection 9.2.1 for more details.

In the case with ground state topography, we need to consider the statistics of
the high modes with odd symmetry. The energy–circulation theory still applies,
since they are conserved for the high modes in the northern hemisphere (see
(16.89)). The predictions are very much the same except there is no geophysical
effects for the predictions of the high modes. We leave the detail to the interested
reader.

The point vortex theory

Here we consider equilibrium statistical theories for point vortices. This is parallel
to Section 9.3.1 for the flat geometry case.
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We exclude geophysical effects here and hence

h ≡ 0� � ≡ 0� (16.197)

Since this implies that we have ground state topography and odd symmetry may
be imposed, we will consider statistics for the high modes (modes in the second
energy shell or higher) in the northern hemisphere with odd symmetry.

Recall that the energy and circulation for the high modes in the northern
hemisphere are conserved in this case (see Section 16.2.2) and they can be
represented in terms of the one-point statistics �′ for the high modes 
′ as

E′
N = −1

2

∫
−

S2
N


̄′�̄′ = E0�

� ′
N =

∫
−

S2
N

�̄′ =
∫
−

S2
N

∫
��′�s���d�ds = �0� (16.198)

�̄′ =
∫

��′�s���d��

We also consider a prior distribution �0 on the northern hemisphere∫
−

S2
N

∫
�0�s���d�ds = 1� (16.199)

In order to accommodate point vortices, we do not enforce the one-point statistics
to be probability density at each point on the northern hemisphere. We instead
postulate ∫

−
S2

N

∫
�′�s���d�ds = 1� (16.200)

As usual we define the relative Shannon entropy 
 as


��′��0� = −
∫
−

S2
N

∫
�′ ln

(
�′

�0

)
d�ds� (16.201)

Going through a standard Lagrangian multiplier argument procedure we have
that the most probable one-point statistics �∗ must satisfy

�′��s��� = exp���
′��s�−�����0�s���∫
−

S2
N

∫
exp���
′��s�−�����0�s���d�ds

� (16.202)

where � and � are Lagrange multipliers for the energy and circulation respectively,
and 
′∗ is the most probable mean stream function.

This implies, since

q′� = �′� =
∫

��′��s���d��
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that we have the mean field equation

�
′� = �′� =
∫

� exp���
′��s�−�����0�s���ds∫
−

S2
N

∫
exp���
′��s�−�����0�s���d�ds

� (16.203)

For the special choice of prior distribution

�0�s��� = 1
2�

��0
� (16.204)

we have

�
′� = �0 exp���0

′��∫

−
S2

N

exp���0

′��ds

� (16.205)

Note that � can be determined by the energy constraint and �0 can be determined
by the circulation constraint

�0 = �0

2�
�

The reader is referred to Chapter 9 for more details.

16.6.1 Infinitely many constraint statistical theory

In this last subsection of this chapter we discuss the empirical statistical theory
with infinitely many constraints consists of all generalize potential enstrophy for
the inviscid unforced barotropic quasi-geostrophic equations on the unit sphere
(16.62). The result and argument here are very similar to those for the flat
geometry, which we treated in detail in Section 9.4. The reader is referred to that
section for more ingredients and motivations. One catch here is that we cannot
apply the empirical statistics with many conserved quantities (ESTMC) to the
high modes even if the topography lives on the ground energy shell, since high
moments of the high modes are not necessarily conserved (see Subsection 16.2.2
for more details). This raises the question of realizability of the predictions of the
ESTMC in the case of ground state topography, since the ground state modes do
not possess enough mixing, a required ingredient of the physical realizability of
the most probable states.

As in the flat geometry case (see Section 9.4), we avoid postulating infinitely
many constraints in the Lagrange multiplier method by using the distribution
function for the initial condition.
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Let Pq denote the distribution function of q. Thus if q0 is the initial poten-
tial enstrophy and q its evolution, the conservation of generalized enstrophy is
equivalent to, utilizing the distribution functions

dPq��� = dPq0
���� for all � ∈ supp�dPq0

�� (16.206)

This can be reformulated, in terms of the one-point statistics ��s��� of the potential
vorticity q as∫

−
S2

��s���ds d� = dPq��� = dPq0
���� for all � ∈ supp�dPq0

�� (16.207)

Assumption: For convenience in exposition, we consider the special case that
dPq0

��� is absolutely continuous with respect to the Lebesgue measure, i.e.

dPq0
��� = �q0

���d�� (16.208)

for some integrable function �q0
���.

As usual we define the relative entropy with prior distribution �q0
as


���Pq0
� = −

∫
−

S2

∫
ln

(
�

�q0

)
�d�ds� (16.209)

We recall the constraints on the one-point statistics � are

E��� = −1
2

∫
−

S2

̄�̄ = E0�

∫
��s���d� = 1� for all s ∈ S2�

∫
−

S2
��s���ds = �q0

���� for all � ∈ supp��q0
��

(16.210)

The usual Lagrange multiplier method implies that the most probable state ��

must satisfy

���s��� = exp��
��s��−������q0
���∫

exp��
��s��−������q0
���d�

� (16.211)

where � and � are Lagrange multipliers for the energy and generalized enstrophy
constraint respectively, and 
∗ is the stream function for the most probable mean
field q∗ = ∫

��∗ d�.
Again we introduce the partition function

��
�������� = log
(∫

exp��
�−����
)

�q0
���d��� (16.212)

We have

q� =
∫

����s���d� = 1
�

	�
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=
�

�
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and hence the mean field equation takes the form

�
� +2� sin �+h = 1
�

	�

	


∣∣∣∣

=
�

� (16.213)

The Lagrange multipliers ��� are determined by the constraints

E�q���������� = E0�
∫
−

S2
��ds = �q0

� for all � ∈ supp��q0
�� (16.214)

The stability of the most probable state we just derived can be discussed using
the stability results we derived in Subsection 16.2.3. This is very similar to the
flat geometry case (see for instance Section 9.5). We formulate the result here for
the sake of completeness.

Theorem 16.4 The most probable mean field given by (16.213) are exact steady
state solutions to the inviscid unforced barotropic quasi-geostrophic equation on
the sphere (16.62). These steady state solutions are non-linearly stable provided
one of the following conditions holds:

(A) � > 0 and supp��q0
� is bounded;

(B) � < 0� supp��q0
� ⊂  −a�a!�−�a2 < 2.

This is an application of Proposition 16.2 and the interested reader is referred
to Section 9.5 for details.
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Appendix 1

The purpose of this Appendix is to elaborate on the invariant dynamics on the
first two energy shells. This is a special case of the exact dynamics of the ground
state modes and the nth energy shell discussed in Subsection 16.2.1 with n = 2.
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For this purpose let us recall the following tables:

Eigenfunctions corresponding to−�1 = −2�n = 1�

sin � cos� cos� cos� sin �

z x y

w1 wa11 wb11

(16.215)

Eigenfunctions corresponding to−�2 = −6�n = 2�

1−3 sin2 � cos� sin � cos� sin � cos2 � cos2 �×
× cos� × sin � × cos�2�� sin�2��

1−3z2 zx yz x2 −y2 2xy

w2 wa21 wb21 wa22 wb22

(16.216)

It is easy to see, utilizing (16.6)

J�w2� z� = 0� J�1−3z2� z� = 0�

J�wa21� z� = −wb21� J�zx� z� = −yz�

J�wb21� z� = wa21� J�yz� z� = zx�

J�wa22� z� = −2wb22� J�x2 −y2� z� = −2�2xy��

J�wb22� z� = 2wa22� J�2xy� z� = 2�x2 −y2��

This implies, since x2 = 0�5�x2 −y2�+0�5�1− z2�, that

J�x2� z� = −2xy" J�y2� z� = 2xy�

This further implies, thanks to the rotation symmetry of the sphere and the
eigenfunctions (which are homogeneous polynomials of degree 1 and 2),

J�w2� x� = J�−3z2� x� = −3�2yz� = −6wb21�

J�wa21� x� = J�zx� x� = xy = 0�5wb22�

J�wb21� x� = J�yz� x� = y2 − z2 = 0�5w2 −0�5wa22�

J�wa22� x� = J�−y2� x� = 2yz = 2wb21�

J�wb22� x� = J�2xy�x� = −2zx = −2wa21�

J�w2� y� = J�−3z2� y� = 6xz = 6wa21�

J�wa21� y� = J�zx� y� = z2 −x2 = −0�5wa22 −0�5w2�

J�wb21� y� = J�yz� y� = −xy = −0�5wb22�

J�wa22� y� = J�x2� y� = 2xz = 2wa21�

J�wb22� y� = J�2xy� y� = 2yz = 2wb21�
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Thus for


�t� =
2∑

n=1

an�t�wn +
2∑

n=1

n∑
m=1

�anm�t�wanm +bnm�t�wbnm��

we have

J�
��
 +2�z� = 2�J�
� z�+ J�
��
�

= 2�J�
� z�+4J�
2�
1�

= 2�
∑2

n=1

∑n

m=1
�−manm�t�wbnm +mbnm�t�wanm�

+4a1J�
2� z�+4a11J�
2� x�+4b11J�
2� y��

We observe

J�
2� z� = −a21wb21 +b21wa21 −2a22wb22 +2b22wa22

= b21wa21 −a21wb21 +2b22wa22 −2a22wb22�

J�
2� x� = −6a2wb21 +0�5a21wb22 +0�5b21w2 −0�5b21wa22 +2a22wb21

−2b22wa21

= 0�5b21w2 −2b22wa21 + �2a22 −6a2�wb21 −0�5b21wa22

+0�5a21wb22�

J�
2� y� = 6a2wa21 −0�5a21wa22 −0�5a21w2 −0�5b21wb22

+2a22wa21 +2b22wb21

= −0�5a21w2 + �6a2 +2a22�wa21 +2b22wb21

−0�5a21wa22 −0�5b21wb22�

Hence the dynamics of the coefficients are given by, for the simple case of no
topography �h = 0�, no damping �� = 0� and no external forcing �� = 0�

da2

dt
= −1

3
b11a21 + 1

3
a11b21�

da21

dt
= 1

3
�b21 + 2

3
a1b21 − 4

3
a11b22 +4b11a2 + 4

3
b11a22�

db21

dt
= −1

3
�a21 − 2

3
a1a21 + 4

3
a11a22 −4a11a2 + 4

3
b11b22�

da22

dt
= 2

3
�b22 + 4

3
a1b22 − 1

3
a11b21 − 1

3
b11a21�

db22

dt
= −2

3
�a22 − 4

3
a1a22 + 1

3
a11a21 − 1

3
b11b21�
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This system of linear equations can be written in a compact form

d�a
dt

= A�a� �a = �a2� a21� b21� a22� b22�
tr � (16.217)

where the matrix A is given by

A =

⎛
⎜⎜⎜⎜⎜⎝

0 − 1
3b11

1
3a11 0 0

4b11 0 1
3�+ 2

3a1
4
3b11 −4

3a11

−4a11 −1
3�− 2

3a1 0 4
3a11

4
3b11

0 −1
3b11 −1

3a11 0 2
3�+ 4

3a1

0 1
3a11 −1

3b11 −2
3�− 4

3a1 0

⎞
⎟⎟⎟⎟⎟⎠ (16.218)

In general the above matrix A is periodic in t with period �/� (since a11� b11

are periodic in t with period �/�) and Floquet theory is needed to solve such
system.

Special Case 1: a11 = a"b11�0� = 0��+2a1 = ac.
This implies

a11 = a cos��t�� b11 = a sin��t��

and the system reduce to

A = a

3

⎛
⎜⎜⎜⎜⎜⎝

0 − sin��t� cos��t� 0 0
12 sin��t� 0 c 4 sin��t� −4 cos��t�

−12 cos��t� −c 0 4 cos��t� 4 sin��t�

0 − sin��t� − cos��t� 0 2c

0 cos��t� − sin��t� −2c 0

⎞
⎟⎟⎟⎟⎟⎠

The eigenvalues of this matrix are independent of time and are given by

0�
a

3

√
4+ c2i� −a

3

√
4+ c2i�

2a

3

√
4+ c2i� −2a

3

√
4+ c2i�

Numerical evidence indicates aperiodic motion for certain choices of parameters,
for instance a = 1, c = √

2.

Special Case 2: � = 0 (no Coriolis force), the matrix is a constant matrix.

A =

⎛
⎜⎜⎜⎜⎜⎝

0 − 1
3b11

1
3a11 0 0

4b11 0 2
3a1

4
3b11 −4

3a11

−4a11 −2
3a1 0 4

3a11
4
3b11

0 −1
3b11 −1

3a11 0 4
3a1

0 1
3a11 −1

3b11 −4
3a1 0

⎞
⎟⎟⎟⎟⎟⎠
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The eigenvalues of this matrix can be calculated explicitly as

0�
2
3

√
a2

1 +a2
11 +b2

11i� −2
3

√
a2

1 +a2
11 +b2

11i�

4
3

√
a2

1 +a2
11 +b2

11i� −4
3

√
a2

1 +a2
11 +b2

11i�

The eigenvalues must be zero or purely imaginary which is consistent with the fact
that the system conserves energy. Thus the motion is periodic in time. However
the period can be any real number. This gives us an indication of the complexity
of the dynamics.

Appendix 2

The purpose of this Appendix is to prove claim (16.120) from section 16.3.
We need to postulate the following assumption:

Assumptions: d > 0 and 
P2

0 is uniformly bounded in time.

Remark: The first condition is equivalent to saying that there is real dissipation
in the system. The second condition is satisfied provided that 
� 
0 is uniformly
bounded in time.

In order to prove the smallness of F̃ we have to deal with the interaction
term between different surface spherical harmonics. This is not a trivial task. We
recall from Jones (1985, page 180), formula (46), that the Euler’s equation on the
unit sphere can be written in the form in terms of the coefficients of the surface
spherical harmonics

d�̂n′′m′′

dt
+ ∑

n�m�n′�m′

[
n�n+1�

n′′�n′′ +1�n′�n′ +1�

] 1
2

Km′′m′m
n′′n′n �̂n′m′�̂nm = 0� (16.219)

where (see Jones, 1985, page 175, equation (30))

Km′′m′m
n′′n′n = i

2
�−1�m′′

(
�2n′′ +1��2n′ +1��2n+1�

4�n′′�n′′ +1�n′�n′ +1�n�n+1�

) 1
2

×��n′ +n−n′′��n′ +n′′ −n��−n′ +n′′ +n+1��n+n′ +n′′ +1��
1
2

×
(

n′′ n n′ −1
0 0 0

)(
n′′ n′ n

−m′′ m′ m

)
(16.220)
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� = �
 is the vorticity†, and there are restrictions on the summation indices
which must satisfy (see Jones, 1985 page 193)

m′′ =m′ +m� �m′′� ≤ n′′� �m′� ≤ n′� �m� ≤ n�

�n′ −n� < n′′ < n′ +n�
(16.221)

Since the non-linear term in Euler’s equation is J�
��
�, we must have

P2J�
��
� = ∑
m′′�n′�m′�n�m

[
n�n+1�

6n′�n′ +1�

] 1
2

Km′′m′m
2n′n �̂n′m′�̂nmY2m′′

= ∑
m′′�n′�m′�n�m

n�n+1�

[
n�n+1�n′�n′ +1�

6

] 1
2

Km′′m′m
2n′n 
̂n′m′ 
̂nmY2m′′ �

(16.222)

We may then identify the contribution from different sources

(I) Contribution from the interaction between the first shell and the second shell. This
must correspond to

−4J�P1
�P2
��

(II) Contribution from the interaction between the second shell and higher modes∑
m′′�m′�m

∑
n≥3

�n�n+1��
2
3 Km′′m′m

22n 
̂2m′ 
̂nmY2m′′ �

(III) Contribution from the interaction between higher modes �≥ 3�

∑
m′′�m′�m�n≥3�n′≥3

n�n+1�

[
n�n+1�n′�n′ +1�

6

] 1
2

Km′′m′m
2n′n 
̂n′m′ 
̂nmY2m′′ �

(IV) Contribution from the interaction of the ground energy shell and higher modes
�n ≥ 3� is zero since

J�P1
�Pn
� ∈ Wn�

We observe that the combination of contributions of type II and III is the total
effect of F̃ .

To estimate the contribution from type II terms, we notice the summation
restriction (16.221) in this special case is

�2−n� < 2� n ≥ 3

which leads to

n = 3�

† Notice Jones used # instead of � to denote the vorticity and he didn’t write down all the indices.
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Therefore

� ∑
m′′�m′�m

∑
n≥3

�n�n+1��
3
2 Km′′m′m

22n 
̂2m′ 
̂nmY2m′′ �20

= ∑
m′′

∑
m′�m

123�Km′′m′m
223 �2�
̂2m′ 
̂3m�2

≤ �
P2

2
0
P3

2

0

�Thanks to the restricted stability �16�109��

≤ � exp�−dt�
P2

2
0

(By our assumption)

≤ � exp�−dt�� (16.223)

To estimate the contribution from type III terms we have, thanks to the summation
restriction on the indices in this case

�n−n′� < 2� n ≥ 3� n′ ≥ 3�

and hence n and n′ are equivalent and we may exchange them freely at the
expenses of introducing a uniformly bounded coefficient. We also notice, thanks
to the explicit three-symbol formula (see Jones, 1985 pages 193–195)(

2 n n′ −1
0 0 0

)
∼ n− 1

2 �

(
2 n′ n

−m′′ m′ m

)
∼ n− 1

2 �

We also notice that(
5�2n′ +1��2n+1�

24�n′�n′ +1�n�n+1�

) 1
2

��n′ +n−2��n′ +2−n�

�−n′ +n+3��n+n′ +3��
1
2 ∼ 1�

Combining the above three relations together with the formula for K (16.220) we
deduce

�Km′′m′m
2n′n � ≤ �

1
n
� (16.224)

where � is a generic constant independent of the indices. This further implies, for
the contribution from type III∣∣∣∣∣

∑
m�m′�n≥3�n′≥3

n�n+1�

[
n�n+1�n′�n′ +1�

6

] 1
2

Km′′m′m
2n′n 
̂n′m′ 
̂nm

∣∣∣∣∣
2
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(Since n and n′ are equivalent and the estimate on K.)

≤ �

∣∣∣∣∣
∑

m�m′�n≥3�n′≥3

n2�n+1�2
̂n′m′ 
̂nm

∣∣∣∣∣
2

≤ �

( ∑
m�m′�n≥3�n′≥3

n2�n+1�2�
̂nm�2
)( ∑

m�m′�n≥3�n′≥3

n′2�n′ +1�2�
̂n′m′ �2
)

(By the summation restriction)

≤ �

( ∑
m�n≥3

n2�n+1�2�
̂nm�2
)( ∑

m′�n′≥3

n′2�n′ +1�2�
̂n′m′ �2
)

(Thanks to the restricted stability (16.109))

≤ � exp�−2dt�� (16.225)

Combining the estimates on contributions from type II and type III terms and
their relationship with F̃ we deduce the claim (16.120).
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symplectic matrix, 443

tangent plane approximation, 4
Taylor vortices, 15
topographic stress, 37
topography, 2, 25
total energy, 43, 46, 49
truncated Burgers–Hopf equation (TBH), 230
two layer model, 54

undamped unforced L-96 model (IL96), 244
utility, 474

variational characterization, 133
variational derivative, 50
velocity, 2
viscosity (Newtonian, eddy, hyper), 5

whitening, 459
White Ovals, 413

zonal flow, 129


	Cover
	Half-title
	Title
	Copyright
	Contents
	Preface
	1 Barotropic geophysical flows and two-dimensional fluid flows: elementary introduction
	1.1 Introduction
	1.2 Some special exact solutions
	Fourier series tool kit
	1.2.1 Exact solutions for the Euler equations
	1.2.2 Exact solutions with beta-effect and generalized Kolmogorov forcing
	1.2.3 Rossby waves
	1.2.4 Topographic effect in steady states
	1.2.5 A dynamical solution with beta-plane and layered topography
	1.2.6 Beta-plane dynamics with large-scale shear flow
	A test problem for dissipative mechanisms


	1.3 Conserved quantities
	1.3.1 Conservation of energy
	Conservation of energy for periodic flows

	1.3.2 Large-scale and small-scale flow interaction via topography
	1.3.3 Infinite number of conserved quantities – generalized enstrophy
	1.3.4 Several conserved quantities
	1.3.5 Summary of conserved quantities: periodic geometry

	1.4 Barotropic geophysical flows in a channel domain – an important physical model
	1.4.1 The impulse and conserved quantities
	1.4.2 Conservation of circulation
	1.4.3 Summary of conserved quantities: channel geometry

	1.5 Variational derivatives and an optimization principle for elementary geophysical solutions
	1.5.1 Some important variational derivatives
	1.5.2 An optimization principle for elementary geophysical solutions

	1.6 More equations for geophysical flows
	1.6.1 The models
	1.6.2 Relationships between various models
	Derivation of the barotropic one-layer model from the continuously stratified model
	Derivation of the two-layer model from the continuously stratified model
	Derivation of the one- and one-half-layer model from the two-layer model
	Derivation of the barotropic quasi-geostrophic model from the F-plane model


	References

	2 The response to large-scale forcing
	2.1 Introduction
	A remarkable identity

	2.2 Non-linear stability with Kolmogorov forcing
	2.2.1 Non-linear stability in restricted sense
	2.2.2 Finite-dimensional dynamics on the ground modes and non-linear stability
	Fourier representation for the dynamic equations

	2.2.3 Counter-example of unstable ground state modes dynamics for truncated inviscid flows

	2.3 Stability of flows with generalized Kolmogorov forcing
	References

	3 The selective decay principle for basic geophysical flows
	3.1 Introduction
	3.2 Selective decay states and their invariance
	3.3 Mathematical formulation of the selective decay principle
	The Rossby waves degenerate into generalized Taylor vortices in the absence of the geophysical beta-plane effect.

	3.4 Energy–enstrophy decay
	3.5 Bounds on the Dirichlet quotient, A (t) 
	3.6 Rigorous theory for selective decay
	3.6.1 Convergence to an asymptotic state
	3.6.2 Convergence to the selective decay state
	3.6.3 Stability of the selective decay states
	3.6.4 Underlying simplifying mechanisms

	3.7 Numerical experiments demonstrating facets of selective decay
	3.7.1 Measure of anisotropy
	3.7.2 Explicit solutions of the sinh–Poisson equation
	3.7.3 Numerical examples

	References
	Appendix 1 Stronger controls on A (t) 
	Appendix 2 The proof of the mathematical form of the selective decay principle in the presence of the beta-plane effect

	4 Non-linear stability of steady geophysical flows
	4.1 Introduction
	4.2 Stability of simple steady states
	4.2.1 Non-linear stability and the energy method
	4.2.2 Simple states with topography, but no mean flow or beta-effect
	4.2.3 Simple states with topography, mean flow, and beta-effect

	4.3 Stability for more general steady states
	4.4 Non-linear stability of zonal flows on the beta-plane
	4.5 Variational characterization of the steady states
	References

	5 Topographic mean flow interaction, non-linear instability, and chaotic dynamics
	5.1 Introduction
	5.2 Systems with layered topography
	5.2.1 Hamiltonian structure

	5.3 Integrable behavior
	5.3.1 The case h = 0
	5.3.2 The case Beta = 0
	5.3.3 Single mode topography

	5.4 A limit regime with chaotic solutions
	5.4.1 Single mode topography
	5.4.2 Interaction of non-linear resonances
	5.4.3 Two modes in the topography: a perturbative Melnikov analysis

	5.5 Numerical experiments
	5.5.1 Perturbation of single mode topography
	5.5.2 Two-mode layered topography and topographic blocking events
	5.5.3 Random perturbations with multi-mode topography
	5.5.4 Symmetry breaking perturbations and topographic blocking events

	References
	Appendix 1
	Appendix 2

	6 Introduction to information theory and empirical statistical theory
	6.1 Introduction
	6.2 Information theory and Shannon’s entropy
	6.3 Most probable states with prior distribution
	6.4 Entropy for continuous measures on the line
	6.4.1 Continuous measure on the line
	6.4.2 Entropy and maximum entropy principle
	6.4.3 Coarse graining and loss of information
	6.4.4 Relative entropy as a “distance” function
	6.4.5 Information theory and the finite-moment problem for probability measures

	6.5 Maximum entropy principle for continuous fields
	6.6.1 The Prior distribution
	6.6.2 Constraints on the potential vorticity distribution
	6.6.3 Statistical predictions of the maximum entropy principle
	6.6.4 Determination of the multipliers and geophysical effect

	6.7 Application of the maximum entropy principle to geophysical flows with topography and mean flow
	6.7.1 One-point statistics for potential vorticity and large-scale mean velocity and Shannon entropy
	6.7.2 The constraints on the one-point statistics
	6.7.3 Maximum entropy principle and statistical prediction
	6.7.4 Determination of the multipliers and geophysical effects

	References

	7 Equilibrium statistical mechanics for systems of ordinary differential equations
	7.1 Introduction
	7.2 Introduction to statistical mechanics for ODEs
	7.2.1 The Liouville property
	7.2.2 Evolution of probability measures and the Liouville equation
	7.2.3 Conserved quantities and their ensemble averages
	7.2.4 Shannon entropy and the maximum entropy principle
	7.2.5 The most probable state and Gibbs measure
	7.2.6 Ergodicity and time averaging
	7.2.7 A simple example violating the Liouville property

	7.3 Statistical mechanics for the truncated Burgers–Hopf equations
	7.3.1 The truncated Burgers–Hopf systems and their conserved quantities
	7.3.2 The Liouville property
	7.3.3 The Gibbs measure and the prediction of equipartition of energy
	7.3.4 Numerical evidence of the validity of the statistical theory
	7.3.5 Truncated Burgers–Hopf equation as a model with statistical features in common with atmosphere
	A scaling theory for temporal correlations
	Numerical evidence for the correlation scaling theory


	7.4 The Lorenz 96 model
	7.4.1 Geophysical properties of the Lorenz 96 model
	Rossby waves

	7.4.2 Equilibrium statistical theory for the undamped unforced L-96 model
	7.4.3 Statistical properties of the damped forced and undamped unforced L96 models
	Rescaling the damped forced L96 model
	Linear stability of the mean state
	The bulk behavior of the rescaled problem
	The climatology of different forcing regimes in rescaled coordinates


	References

	8 Statistical mechanics for the truncated quasi-geostrophic equations
	8.1 Introduction
	8.2 The finite-dimensional truncated quasi-geostrophic equations
	8.2.1 The spectrally truncated quasi-geostrophic equations
	8.2.2 Conserved quantities for the truncated system
	8.2.3 Non-linear stability of some exact solutions the truncated system
	8.2.4 The Liouville property

	8.3 The statistical predictions for the truncated systems
	8.4 Numerical evidence supporting the statistical prediction
	8.5 The pseudo-energy and equilibrium statistical mechanics for fluctuations about the mean
	8.6 The continuum limit
	8.6.1 The case with a large-scale mean flow
	8.6.2 The case without large-scale mean flow but with generic topography
	8.6.3 The case with no geophysical effects
	8.6.4 The case with no large-scale mean flow but with topography having degenerate spectrum
	High energy subcase


	8.7 The role of statistically relevant and irrelevant conserved quantities
	References
	Appendix 1

	9 Empirical statistical theories for most probable states
	9.1 Introduction
	9.2 Empirical statistical theories with a few constraints
	9.2.1 The energy–circulation empirical theory with a general prior distribution
	9.2.2 The energy–circulation impulse theory with a general prior distribution

	9.3 The mean field statistical theory for point vortices
	9.3.1 Derivation of the mean field point-vortex theory from an empirical statistical theory
	9.3.2 Complete statistical mechanics for point vortices
	The dynamics of point vortices in the plane
	Liouville property
	The mean field limit equations as N …


	9.4 Empirical statistical theories with infinitely many constraints
	9.4.1 Maximum entropy principle incorporating all generalized enstrophies
	9.4.2 The most probable state and the mean field equation

	9.5 Non-linear stability for the most probable mean fields
	References

	10 Assessing the potential applicability of equilibrium statistical theories for geophysical flows: an overview
	10.1 Introduction
	10.2 Basic issues regarding equilibrium statistical theories for geophysical flows
	Some basic applied issues
	Some basic theoretical issues

	10.3 The central role of equilibrium statistical theories with a judicious prior distribution and a few external constraints
	10.4 The role of forcing and dissipation
	10.5 Is there a complete statistical mechanics theory for ESTMC and ESTP?
	References

	11 Predictions and comparison of equilibrium statistical theories
	11.1 Introduction
	11.2 Predictions of the statistical theory with a judicious prior and a few external constraints for beta-plane channel flow
	11.2.1 Statistical theory
	Numerical techniques
	Role of symmetries

	11.2.2 Coherent geophysical vortices (monopoles and dipoles)
	Basic solutions with no geophysical effects (V = Beta = 0)
	Langevin theory
	Dilute PV Limit
	Geophysical solutions…
	Langevin theory
	Dilute PV theory


	11.2.3 Statistical predictions of generalized Rhines’ scale
	Vortex streets in the dilute PV limit
	Langevin monopole


	11.3 Statistical sharpness of statistical theories with few constraints
	11.3.1 Statistical sharpness and generalized selective decay principle
	11.3.2 The statistical sharpness of macrostates from ESTMC
	11.3.3 Statistical sharpness of macrostates of ESTP
	Energy–enstrophy statistical theories (EEST)
	Point-vortex statistical theories (PVST)


	11.4 The limit of many-constraint theory (ESTMC) with small amplitude potential vorticity
	11.4.1 The asymptotic expansion
	11.4.2 Interpretation of the asymptotic equation through renormalized topography

	References

	12 Equilibrium statistical theories and dynamical modeling of flows with forcing and dissipation
	12.1 Introduction
	12.2 Meta-stability of equilibrium statistical structures with dissipation and small-scale forcing
	12.2.1 The numerical model
	12.2.2 Approximate dynamics for Langevin and dilute PV theory
	Algorithm for the approximate dynamics

	12.2.3 Statistical consistency of freely decaying vortex states
	Free decay of vortex monopoles
	Free decay of vortex streets

	12.2.4 Statistical consistency of damped and driven vortex states
	Inverse cascade from small-scale forcing of single-signed vortices
	Maintenance of vortex streets by small-scale, double-signed forcing
	Vortex coalescence in strongly forced shear flow


	12.3 Crude closure for two-dimensional flows
	12.3.1 The equation and the problem
	12.3.2 Description of the crude closure dynamics
	12.3.3 Numerical results with Newtonian dissipation
	Spin-up of large vortex
	Forcing by alternating or opposite signed vortices


	12.4 Remarks on the mathematical justifications of crude closure
	References

	13 Predicting the jets and spots on Jupiter by equilibrium statistical mechanics
	13.1 Introduction
	13.1.1 The observational record for Jupiter and the quasi-geostrophic model
	13.1.2 Predictions of the ESTP with a suitable prior and the observational record

	13.2 The quasi-geostrophic model for interpreting observations and predictions for the weather layer of Jupiter
	13.2.1 Fitting the non-dimensional model with the dimensional parameters of Jupiter
	13.2.2 Fitting the lower layer topography

	13.3 The ESTP with physically motivated prior distribution
	13.3.1 The ESTP with a family of prior distributions with anti-cyclonic skewness
	13.3.2 The centered Gamma distribution as a family of skewed prior distributions for ESTP

	13.4 Equilibrium statistical predictions for the jets and spots on Jupiter
	13.4.1 The southern hemisphere domain
	13.4.2 The northern hemisphere domain

	References

	14 The statistical relevance of additional conserved quantities for truncated geophysical flows
	14.1 Introduction
	14.1.1 The traditional spectral truncation and equilibrium statistical theory

	14.2 A numerical laboratory for the role of higher-order invariants
	14.2.1 The spectral truncation with many conserved quantities
	14.2.2 Numerical experiments demonstrating the statistical relevance of C3(q) at large scales
	14.2.3 Mixing and decay of temporal correlations
	14.2.4 The large-scale mean flow
	14.2.5 The energy spectrum

	14.3 Comparison with equilibrium statistical predictions with a judicious prior
	14.3.1 The probability distribution function of potential vorticity
	14.3.2 Equilibrium statistical predictions of the non-linear mean state

	14.4 Statistically relevant conserved quantities for the truncated Burgers–Hopf equation
	References
	Appendix 1 Spectral truncations of quasi-geostrophic flow with additional conserved quantities
	A.1.1 Some basic facts about Hamiltonian systems
	A.1.2 The equations for Barotropic flow in Fourier space
	A.1.3 The sine-bracket truncation with many additional conserved quantities


	15 A mathematical framework for quantifying predictability utilizing relative entropy
	15.1 Ensemble prediction and relative entropy as a measure of predictability
	15.1.1 Practical and mathematical issues for predictability
	15.1.2 Gaussian prior distribution for predictability
	15.1.3 Invariance of the predictability measure under a general change of coordinates
	15.1.4 Canonical form for a Gaussian climate: EOF basis

	15.2 Quantifying predictability for a Gaussian prior distribution
	15.2.1 The signal and dispersion decomposition for a Gaussian prior
	15.2.2 Rigorous lower bounds on predictive information content with a Gaussian prior
	15.2.3 Choosing reduced variables to order the predictive information content
	15.2.4 The relative entropy and the entropy difference for quantifying predictive information content

	15.3 Non-Gaussian ensemble predictions in the Lorenz 96 model
	15.4 Information content beyond the climatology in ensemble predictions for the truncated Burgers–Hopf model
	15.4.1 Relaxation of ensemble predictions to the climate distribution
	15.4.2 The signal, dispersion, and variations in predictive utility

	15.5 Further developments in ensemble predictions and information theory
	References

	16 Barotropic quasi-geostrophic equations on the sphere
	16.1 Introduction
	16.1.1 Common differential operators and integration by parts formulas on the sphere
	16.1.2 Eigenfunctions of the Laplace operator and the Legendre functions

	16.2 Exact solutions, conserved quantities, and non-linear stability
	16.2.1 Some special exact solutions
	Independent linear dynamics on the ground energy shell
	Exact interesting dynamics of the ground state modes and another energy shell
	Exact solutions with generalized Kolmogorov forcing
	Steady state solutions

	16.2.2 Conserved quantities
	Conserved quantities with general topography
	Conserved quantities with topography living on the ground energy shell
	Conserved quantities in the presence of odd symmetry in z
	Conserved quantities in the presence of odd symmetry in z and topography living on the ground energy shell
	Summary of conserved quantities

	16.2.3 Non-linear stability of exact solutions
	Non-linear stability of steady states
	Restricted stability of motion on the first two energy shells


	16.3 The response to large-scale forcing
	16.4 Selective decay on the sphere
	16.4.1 The equation
	16.4.2 Physicist’s selective decay states
	16.4.3 Formulation of the selective decay principle
	16.4.4 Sketch of the proof
	Overview of equilibrium statistical theories for the sphere


	16.5 Energy enstrophy statistical theory on the unit sphere
	16.5.1 Energy–enstrophy theory with topography – empirical statistical theory
	Empirical energy–enstrophy theory with general topography
	Empirical energy–enstrophy theory with ground state topography

	16.5.2 Complete statistical mechanics.
	Conservation of energy and potential enstrophy
	The Liouville property
	Most probable state for the truncated system
	The continuum limit
	Comment on the case with ground state topography


	16.6 Statistical theories with a few constraints and statistical theories with many constraints on the unit sphere
	A few constraint theory with prior distribution
	Energy–circulation theory
	The point vortex theory
	16.6.1 Infinitely many constraint statistical theory

	References
	Appendix 1
	Appendix 2

	Index



