Monographs on Statistics and Applied Probability 138

Design and Analysis
of Cross-Over Trials
Third Edition

Period Period

Byron Jones
Michael G. Kenward

CRC Press
Taylor & Francis Group

A CHAPMAN & HALL BOOK



Design and Analysis
of Cross-Over Trials
Third Edition



© XN R LD =

DA B B A DDA DB DB D LWL LWL WLWWWLWWERNINEERIRNINDEIRNIRNINIL = — — = = — o s e
CXIFUEDIOESP XIS RFEFOO 2SO ISTIFEIR S0 ®IaE LR =S

MONOGRAPHS ON STATISTICS AND APPLIED PROBABILITY
General Editors

F. Bunea, V. Isham, N. Keiding, T. Louis, R. L. Smith, and H. Tong

Stochastic Population Models in Ecology and Epidemiology M.S. Barlett (1960)
Queues D.R. Cox and W.L. Smith (1961)

Monte Carlo Methods J.M. Hammersley and D.C. Handscomb (1964)

The Statistical Analysis of Series of Events D.R. Cox and P.A.W. Lewis (1966)
Population Genetics W.J. Ewens (1969)

Probability, Statistics and Time M.S. Barlett (1975)

Statistical Inference S.D. Silvey (1975)

The Analysis of Contingency Tables B.S. Everitt (1977)

Multivariate Analysis in Behavioural Research A.E. Maxwell (1977)

Stochastic Abundance Models S. Engen (1978)

Some Basic Theory for Statistical Inference E.J.G. Pitman (1979)

Point Processes D.R. Cox and V. Isham (1980)

Identification of Outliers D.M. Hawkins (1980)

Optimal Design S.D. Silvey (1980)

Finite Mixture Distributions B.S. Everitt and D.J. Hand (1981)

Classification A.D. Gordon (1981)

Distribution-Free Statistical Methods, 2nd edition J.S. Maritz (1995)

Residuals and Influence in Regression R.D. Cook and S. Weisberg (1982)

Applications of Queueing Theory, 2nd edition G.F. Newell (1982)

Risk Theory, 3rd edition R.E. Beard, T. Pentikdiinen and E. Pesonen (1984)

Analysis of Survival Data D.R. Cox and D. Oakes (1984)

An Introduction to Latent Variable Models B.S. Everitt (1984)

Bandit Problems D.A. Berry and B. Fristedt (1985)

Stochastic Modelling and Control M.H.A. Davis and R. Vinter (1985)

The Statistical Analysis of Composition Data J. Aitchison (1986)

Density Estimation for Statistics and Data Analysis B.W. Silverman (1986)

Regression Analysis with Applications G.B. Wetherill (1986)

Sequential Methods in Statistics, 3rd edition G.B. Wetherill and K.D. Glazebrook (1986)
Tensor Methods in Statistics P. McCullagh (1987)

Transformation and Weighting in Regression R.J. Carroll and D. Ruppert (1988)
Asymptotic Techniques for Use in Statistics O.E. Bandorff-Nielsen and D R. Cox (1989)
Analysis of Binary Data, 2nd edition D.R. Cox and E.J. Snell (1989)

Analysis of Infectious Disease Data N.G. Becker (1989)

Design and Analysis of Cross-Over Trials B. Jones and M.G. Kenward (1989)
Empirical Bayes Methods, 2nd edition J.S. Maritz and T. Lwin (1989)

Symmetric Multivariate and Related Distributions K.7. Fang, S. Kotz and K.W. Ng (1990)
Generalized Linear Models, 2nd edition P. McCullagh and J.A. Nelder (1989)

Cyclic and Computer Generated Designs, 2nd edition J.A. John and E.R. Williams (1995)
Analog Estimation Methods in Econometrics C.F. Manski (1988)

Subset Selection in Regression A.J. Miller (1990)

Analysis of Repeated Measures M.J. Crowder and D.J. Hand (1990)

Statistical Reasoning with Imprecise Probabilities P. Walley (1991)

Generalized Additive Models T.J. Hastie and R.J. Tibshirani (1990)

Inspection Errors for Attributes in Quality Control N.L. Johnson, S. Kotz and X. Wu (1991)
The Analysis of Contingency Tables, 2nd edition B.S. Everitt (1992)

The Analysis of Quantal Response Data B.J.T. Morgan (1992)

Longitudinal Data with Serial Correlation— A State-Space Approach R.H. Jones (1993)
Differential Geometry and Statistics M.K. Murray and J.W. Rice (1993)

Markov Models and Optimization M.H.A. Davis (1993)



50.

51.
52.
53.
54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.

66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
71.
78.
79.
80.

81.

82.
83.
84.
85.
86.
87.
88.
89.

90.

91.
92.
93.
94.

95.
96.
97.

Networks and Chaos— Statistical and Probabilistic Aspects
O.E. Barndorff-Nielsen, J.L. Jensen and W.S. Kendall (1993)

Number-Theoretic Methods in Statistics K.-T. Fang and Y. Wang (1994)

Inference and Asymptotics O.E. Barndorff-Nielsen and D.R. Cox (1994)

Practical Risk Theory for Actuaries C.D. Daykin, T. Pentikdinen and M. Pesonen (1994)
Biplots J.C. Gower and D.J. Hand (1996)

Predictive Inference — An Introduction S. Geisser (1993)

Model-Free Curve Estimation M.E. Tarter and M.D. Lock (1993)

An Introduction to the Bootstrap B. Efron and R.J. Tibshirani (1993)

Nonparametric Regression and Generalized Linear Models P.J. Green and B.W. Silverman (1994)
Multidimensional Scaling T.F. Cox and M.A.A. Cox (1994)

Kernel Smoothing M.P. Wand and M.C. Jones (1995)

Statistics for Long Memory Processes J. Beran (1995)

Nonlinear Models for Repeated Measurement Data M. Davidian and D.M. Giltinan (1995)
Measurement Error in Nonlinear Models R.J. Carroll, D. Rupert and L.A. Stefanski (1995)
Analyzing and Modeling Rank Data J.J. Marden (1995)

Time Series Models—In Econometrics, Finance and Other Fields
D.R. Cox, D.V. Hinkley and O.E. Barndorff-Nielsen (1996)

Local Polynomial Modeling and its Applications J. Fan and I. Gijbels (1996)

Multivariate Dependencies—Models, Analysis and Interpretation D.R. Cox and N. Wermuth (1996)
Statistical Inference —Based on the Likelihood A. Azzalini (1996)

Bayes and Empirical Bayes Methods for Data Analysis B.P. Carlin and T.A Louis (1996)

Hidden Markov and Other Models for Discrete-Valued Time Series I.L. MacDonald and W. Zucchini (1997)
Statistical Evidence — A Likelihood Paradigm R. Royall (1997)

Analysis of Incomplete Multivariate Data J.L. Schafer (1997)

Multivariate Models and Dependence Concepts H. Joe (1997)

Theory of Sample Surveys M.E. Thompson (1997)

Retrial Queues G. Falin and J.G.C. Templeton (1997)

Theory of Dispersion Models B. Jgrgensen (1997)

Mixed Poisson Processes J. Grandell (1997)

Variance Components Estimation—Mixed Models, Methodologies and Applications P.S.R.S. Rao (1997)
Bayesian Methods for Finite Population Sampling G. Meeden and M. Ghosh (1997)

Stochastic Geometry — Likelihood and computation
O.E. Barndorff-Nielsen, W.S. Kendall and M.N.M. van Lieshout (1998)

Computer-Assisted Analysis of Mixtures and Applications—Meta-Analysis, Disease Mapping and Others
D. Bohning (1999)

Classification, 2nd edition A.D. Gordon (1999)

Semimartingales and their Statistical Inference B.L.S. Prakasa Rao (1999)

Statistical Aspects of BSE and vCJD—Models for Epidemics C.A. Donnelly and N.M. Ferguson (1999)
Set-Indexed Martingales G. Ivanoff and E. Merzbach (2000)

The Theory of the Design of Experiments D.R. Cox and N. Reid (2000)

Complex Stochastic Systems O.E. Barndorff-Nielsen, D.R. Cox and C. Kliippelberg (2001)
Multidimensional Scaling, 2nd edition 7.F. Cox and M.A.A. Cox (2001)

Algebraic Statistics—Computational Commutative Algebra in Statistics
G. Pistone, E. Riccomagno and H.P. Wynn (2001)

Analysis of Time Series Structure—SSA and Related Techniques
N. Golyandina, V. Nekrutkin and A.A. Zhigljavsky (2001)

Subjective Probability Models for Lifetimes Fabio Spizzichino (2001)
Empirical Likelihood Art B. Owen (2001)
Statistics in the 21st Century Adrian E. Raftery, Martin A. Tanner, and Martin T. Wells (2001)

Accelerated Life Models: Modeling and Statistical Analysis
Vilijandas Bagdonavicius and Mikhail Nikulin (2001)

Subset Selection in Regression, Second Edition Alan Miller (2002)
Topics in Modelling of Clustered Data Marc Aerts, Helena Geys, Geert Molenberghs, and Louise M. Ryan (2002)
Components of Variance D.R. Cox and P.J. Solomon (2002)



98.
99.

100.

101.

102.
103.
104.
105.

106.

107.

108.
109.

110.

111.
112.
113.
114.
115.
116.
117.
118.
119.

120.

121.
122.
123.
124.

125.

126.
127.
128.
129.
130.
131.
132.
133.

134.
135.

136.

137.
138.

Design and Analysis of Cross-Over Trials, 2nd Edition Byron Jones and Michael G. Kenward (2003)

Extreme Values in Finance, Telecommunications, and the Environment
Biirbel Finkenstidt and Holger Rootzén (2003)

Statistical Inference and Simulation for Spatial Point Processes
Jesper Mgller and Rasmus Plenge Waagepetersen (2004)

Hierarchical Modeling and Analysis for Spatial Data
Sudipto Banerjee, Bradley P. Carlin, and Alan E. Gelfand (2004)

Diagnostic Checks in Time Series Wai Keung Li (2004)
Stereology for Statisticians Adrian Baddeley and Eva B. Vedel Jensen (2004)
Gaussian Markov Random Fields: Theory and Applications Havard Rue and Leonhard Held (2005)

Measurement Error in Nonlinear Models: A Modern Perspective, Second Edition
Raymond J. Carroll, David Ruppert, Leonard A. Stefanski, and Ciprian M. Crainiceanu (2006)

Generalized Linear Models with Random Effects: Unified Analysis via H-likelihood
Youngjo Lee, John A. Nelder, and Yudi Pawitan (2006)

Statistical Methods for Spatio-Temporal Systems
Bdirbel Finkenstddt, Leonhard Held, and Valerie Isham (2007)

Nonlinear Time Series: Semiparametric and Nonparametric Methods Jiti Gao (2007)

Missing Data in Longitudinal Studies: Strategies for Bayesian Modeling and Sensitivity Analysis
Michael J. Daniels and Joseph W. Hogan (2008)

Hidden Markov Models for Time Series: An Introduction Using R
Walter Zucchini and lain L. MacDonald (2009)

ROC Curves for Continuous Data Wojtek J. Krzanowski and David J. Hand (2009)

Antedependence Models for Longitudinal Data Dale L. Zimmerman and Vicente A. Nifiez-Anton (2009)
Mixed Effects Models for Complex Data Lang Wu (2010)

Intoduction to Time Series Modeling Genshiro Kitagawa (2010)

Expansions and Asymptotics for Statistics Christopher G. Small (2010)

Statistical Inference: An Integrated Bayesian/Likelihood Approach Murray Aitkin (2010)

Circular and Linear Regression: Fitting Circles and Lines by Least Squares Nikolai Chernov (2010)
Simultaneous Inference in Regression Wei Liu (2010)

Robust Nonparametric Statistical Methods, Second Edition
Thomas P. Hettmansperger and Joseph W. McKean (2011)

Statistical Inference: The Minimum Distance Approach
Ayanendranath Basu, Hiroyuki Shioya, and Chanseok Park (2011)

Smoothing Splines: Methods and Applications Yuedong Wang (2011)
Extreme Value Methods with Applications to Finance Serguei Y. Novak (2012)
Dynamic Prediction in Clinical Survival Analysis Hans C. van Houwelingen and Hein Putter (2012)

Statistical Methods for Stochastic Differential Equations
Mathieu Kessler, Alexander Lindner, and Michael Sgrensen (2012)

Maximum Likelihood Estimation for Sample Surveys
R. L. Chambers, D. G. Steel, Suojin Wang, and A. H. Welsh (2012)

Mean Field Simulation for Monte Carlo Integration Pierre Del Moral (2013)

Analysis of Variance for Functional Data Jin-Ting Zhang (2013)

Statistical Analysis of Spatial and Spatio-Temporal Point Patterns, Third Edition Peter J. Diggle (2013)
Constrained Principal Component Analysis and Related Techniques Yoshio Takane (2014)

Randomised Response-Adaptive Designs in Clinical Trials Anthony C. Atkinson and Atanu Biswas (2014)
Theory of Factorial Design: Single- and Multi-Stratum Experiments Ching-Shui Cheng (2014)
Quasi-Least Squares Regression Justine Shults and Joseph M. Hilbe (2014)

Data Analysis and Approximate Models: Model Choice, Location-Scale, Analysis of Variance, Nonparametric
Regression and Image Analysis Laurie Davies (2014)

Dependence Modeling with Copulas Harry Joe (2014)

Hierarchical Modeling and Analysis for Spatial Data, Second Edition Sudipto Banerjee, Bradley P. Carlin,
and Alan E. Gelfand (2014)

Sequential Analysis: Hypothesis Testing and Changepoint Detection Alexander Tartakovsky, Igor Nikiforov,
and Michéle Basseville (2015)

Robust Cluster Analysis and Variable Selection Gunter Ritter (2015)
Design and Analysis of Cross-Over Trials, Third Edition Byron Jones and Michael G. Kenward (2015)



Monographs on Statistics and Applied Probability 138

Design and Analysis
of Cross-Over Trials
Third Edition

Byron Jones
Novartis Pharma AG
Basel, Switzerland

Michael G. Kenward

London School of Hygiene &
Tropical Medicine
London, UK

CRC Press
Taylor & Francis Group

Boca Raton London New York

CRC Press is an imprint of the
Taylor & Francis Group, an informa business

A CHAPMAN & HALL BOOK



CRC Press

Taylor & Francis Group

6000 Broken Sound Parkway N'W, Suite 300
Boca Raton, FL 33487-2742

© 2015 by Taylor & Francis Group, LLC
CRC Press is an imprint of Taylor & Francis Group, an Informa business

No claim to original U.S. Government works
Version Date: 20140728

International Standard Book Number-13: 978-1-4398-6143-1 (eBook - PDF)

This book contains information obtained from authentic and highly regarded sources. Reasonable efforts
have been made to publish reliable data and information, but the author and publisher cannot assume
responsibility for the validity of all materials or the consequences of their use. The authors and publishers
have attempted to trace the copyright holders of all material reproduced in this publication and apologize to
copyright holders if permission to publish in this form has not been obtained. If any copyright material has
not been acknowledged please write and let us know so we may rectify in any future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, transmit-
ted, or utilized in any form by any electronic, mechanical, or other means, now known or hereafter invented,
including photocopying, microfilming, and recording, or in any information storage or retrieval system,
without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.copyright.
com (http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222 Rosewood
Drive, Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organization that provides licenses and
registration for a variety of users. For organizations that have been granted a photocopy license by the CCC,
a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used
only for identification and explanation without intent to infringe.

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com



This book is dedicated to Hilary
and to Pirkko.






Contents

List of Figures

List of Tables

Preface to the Third Edition

1 Introduction

1.1
1.2
1.3
1.4
1.5
1.6
1.7

What is a cross-over trial?

With which sort of cross-over trial are we concerned?
Why do cross-over trials need special consideration?
A brief history

Notation, models and analysis

Aims of this book

Structure of the book

2 The 2 x 2 cross-over trial

2.1
22
23
24
25
2.6
2.7
2.8
29

2.10
2.11
2.12

Introduction

Plotting the data

Analysis using #-tests

Sample size calculations

Analysis of variance

Aliasing of effects

Consequences of preliminary testing
Analyzing the residuals

A Bayesian analysis of the 2 x 2 trial

2.9.1 Bayes using approximations

2.9.2 Bayes using Gibbs sampling

Use of baseline measurements

Use of covariates

Nonparametric analysis

2.12.1 Testing A; = A,

2.12.2 Testing 7] = T, given that 4 = A,
2.12.3 Testing ; = 7y, given that A} = A,

2.12.4 Obtaining the exact version of the Wilcoxon rank-

sum test using tables

XV

xvii

XXV

OO J N W N —



2.13

CONTENTS

2.12.5 Point estimate and confidence interval for 6 = 7, — &
2.12.6 A more general approach to nonparametric testing
2.12.7 Nonparametric analysis of ordinal data

2.12.8 Analysis of a multicenter trial

2.12.9 Tests based on nonparametric measures of association
Binary data

2.13.1 Introduction

2.13.2 McNemar’s test

2.13.3 The Mainland—Gart test

2.13.4 Fisher’s exact version of the Mainland—Gart test
2.13.5 Prescott’s test

Higher-order designs for two treatments

3.1
32
33
34
35
3.6
3.7
3.8
39
3.10
3.11
3.12
3.13

Introduction

“Optimal” designs

Balaam’s design for two treatments
Effect of preliminary testing in Balaam’s design
Three-period designs with two sequences
Three-period designs with four sequences
A three-period six-sequence design
Which three-period design to use?
Four-period designs with two sequences
Four-period designs with four sequences
Four-period designs with six sequences
Which four-period design to use?

Which two-treatment design to use?

Designing cross-over trials

4.1
4.2

4.3
4.4
4.5
4.6
4.7
4.8
4.9

Introduction

Variance-balanced designs

4.2.1 Designs with p =t

4.2.2 Designs with p <t

4.2.3 Designs with p > ¢

4.2.4 Designs with many periods
4.2.4.1 Quenouille, Berenblut and Patterson designs
4.2.42 Federer and Atkinson’s designs

Optimality results for cross-over designs

Which variance-balanced design to use?

Partially balanced designs

Comparing test treatments to a control

Factorial treatment combinations

Extending the simple model for carry-over effects

Computer search algorithms

76
78
83
85
&9
96
96
98
99
100
102

105
105
106
107
110
113
117
121
122
124
125
127
129
130

135
135
137
138
147
152
154
154
156
158
161
163
169
170
175
177



CONTENTS

5 Analysis of continuous data

5.1

52

53

54

55

5.6
5.7

5.8

59

Introduction
5.1.1 Example 5.1: INNOVO trial: dose—response study
Fixed subject effects model
5.2.1 Ignoring the baseline measurements
5.2.2  Adjusting for carry-over effects
Random subject effects model
5.3.1 Random subject effects
5.3.2 Recovery of between-subject information
5.3.2.1 Example 5.2
5.3.3 Small sample inference with random effects
5.3.4 Missing values
Use of baseline measurements
5.4.1 Introduction and examples
5.4.2 Notation and basic results
5.4.3 Pre-randomization covariates
5.4.4 Period-dependent baseline covariates
5.4.4.1 What we mean by a baseline
5.4.42 Change from baseline
5.4.4.3 Baselines as covariates
5.4.5 Baselines as response variables
5.4.6 Incomplete data
Analyses for higher-order two-treatment designs
5.5.1 Analysis for Balaam’s design
5.5.1.1 Example 5.5: Amantadine in Parkinsonism
General linear mixed model
Analysis of repeated measurements within periods
5.7.1 Example 5.7: Insulin mixtures
5.7.1.1  Example 5.6 continued
Cross-over data as repeated measurements
5.8.1 Allowing more general covariance structures
5.8.2 Robust analyses for two-treatment designs
5.8.2.1 Single dual pair designs
5.8.2.2  Multiple dual pair designs
5.8.3 Higher-order designs
5.8.3.1 Example 5.8
5.8.3.2  Using an unstructured covariance matrix
5.8.3.3 Estimating equations and the empiri-
cal/sandwich estimate of error
5.8.3.4 Box and modified Box procedures
5.8.3.5 Permutation test
Case study: an analysis of a trial with many periods
5.9.1 Example 5.9: McNulty’s experiment
5.9.2  McNulty’s analysis

X1

187
187
187
188
188
192
193
193
195
196
199
202
204
204
207
211
212
212
212
216
220
221
222
222
222
231
232
233
240
243
243
245
245
247
253
253
254

257
260
263
263
263
265



xii CONTENTS

5.9.3 Fixed effects analysis 266
5.9.4 Random subject effects and covariance structure 273
5.9.5 Modeling the period effects 274
6 Analysis of discrete data 281
6.1 Introduction 281
6.1.1 Modeling dependent categorical data 281
6.1.2 Types of model 282
6.1.2.1 Example 6.1 282
6.1.2.2  Marginal models 283
6.1.2.3  Subject-specific models 284
6.2 Binary data: subject effect models 285
6.2.1 Dealing with the subject effects 285
6.2.2 Conditional likelihood 286
6.2.2.1 Mainland—Gart test 286

6.2.2.2  Mainland—Gart test in a logistic regression
framework 287
6.2.2.3  Small sample issues 288
6.2.2.4  Conditional logistic regression 290
6.2.2.5 Random subject effects 293
6.2.2.6  Higher-order designs 300
6.3 Binary data: marginal models 302
6.3.1 Marginal model 302
6.4 Categorical data 307

6.4.1 Example 6.2: Trial on patients with primary

dysmenorrhea 307
6.4.2 Types of model for categorical outcomes 307
6.4.3  Subject effects models 309
6.4.3.1 Proportional odds model 309
6.4.3.2  Generalized logit model 310
6.4.4 Marginal models 311
6.4.4.1 Proportional odds model 311
6.4.4.2  Partial proportional odds model 312
6.5 Further topics 315
6.5.1 Count data 315
6.5.2 Time to event data 316
6.5.3 Issues associated with scale 317
7 Bioequivalence trials 319
7.1 What is bioequivalence? 319

7.2 Testing for average bioequivalence 321



CONTENTS

8

10

11

12

13

14

Case study: Phase I dose-response noninferiority trial
8.1 Introduction

8.2 Model for dose response

8.3 Testing for noninferiority

8.4 Choosing doses for the fifth period

8.5 Analysis of the design post-interim

Case study: Choosing a dose-response model
9.1 Introduction

9.2 Analysis of variance

9.3 Dose-response modeling

Case study: Conditional power
10.1 Introduction

10.2 Variance spending approach
10.3 Interim analysis of sleep trial

Case study: Proof of concept trial with sample size re-estimation
11.1 Introduction

11.2 Calculating the sample size

11.3 Interim analysis

11.4 Data analysis

Case study: Blinded sample size re-estimation in a
bioequivalence study

12.1 Introduction

12.2 Blinded sample size re-estimation (BSSR)

12.3 Example

Case study: Unblinded sample size re-estimation in a

bioequivalence study that has a group sequential design

13.1 Introduction

13.2 Sample size re-estimation in a group sequential design

13.3 Modification of sample size re-estimation in a group sequential
design

Case study: Various methods for an unblinded sample size
re-estimation in a bioequivalence study
14.1 Introduction
14.1.1 Methods
14.2 Example

Xiii
331
331
332
336
336
339

343
343
344
346

351
351
351
353

357
357
358
359
362

365
365
365
368

371
371
372

375

377
377
377
379



Xiv CONTENTS

Appendix A Least squares estimation 381
A.0.1 Casel 381
A.0.2 Case?2 383
A.0.3 Case3 383

Bibliography 385



List of Figures

2.1
22
23
24
2.5
2.6
2.7
2.8
2.9
2.10
2.11

2.12

2.13
2.14

2.15

2.16

2.17

2.18
3.1
32
33

34

4.1

Period 2 vs Period 1 plots.

Period 2 vs Period 1 plot with centroids.

Profiles plot for PEFR data.

Group-by-periods plot for PEFR data.

Mean differences vs totals.

Histograms.

Quantile-quantile plots.

Probabilities of Type I and Type II errors.

Mean squared errors of PAR, CROSS and TS.

Coverage probability.

Power curves for PAR, CROSS and TS (left panel A; = 0,
middle panel A = 56/+/(n)), right panel 1, = 6/+/(n)).
Contours of power for TS (p = 0.6).

Diagnostic plots (Period 1 only).

Posterior distributions for treatment and carry-over effects for
the PEFR data: P(R|y), dotted curve; P(T|R,y), solid curve;
P(T|y), dashed curve.

WinBUGS doodle for 2 x 2 cross-over trial.

Scatter plots of log EFT time against IQ for each group/period
category.

Scatter plots of the subject totals of log EFT time against IQ
for each group.

Scatter plots of within-subject log EFT differences against IQ
for each group.

Mean squared errors of PAR, CROSS and TS.
Coverage probability.
Power curves for PAR, CROSS and TS (left panel A; =0,

middle panel 4; = 56/+/(n), right panel A4 = 6 /+/(n)).
Contours of power for TS.

Screenshot from Crossover R package GUI: searching the
catalog for a design with t = 4.

XV

14
15
16
17
26
27
28
29
41
42

43

44
48

50

54

66

67

69

111
112

113
114

179



XVi

4.2

4.3

4.4

5.1
52
53
54
55
5.6
5.7
5.8

59
5.10

7.1

7.2
7.3
7.4

8.1
8.2
8.3
8.4

9.1

9.2
9.3
9.4

11.1
11.2

13.1

LIST OF FIGURES

Screenshot from Crossover R package GUI: possible designs
in the catalog for ¢t = 6 and p = 4.

Screenshot from Crossover R package GUI: design found by
search algorithm fort =6, p =4 and s = 24.

Screenshot from Crossover R package GUI: for a design
assuming autocorrelated errors for r = 2.

Example 5.3: Mean treatment profiles.

Example 5.5: Subject profiles for each group.

Example 5.5: Mean treatment profiles.

Example 5.7: Individual treatment contrast profiles.
Example 5.7: Mean treatment contrast profiles.

Example 5.7: Difference in mean treatment contrast profiles.
Example 5.6: Mean treatment profiles.

Example 5.8: Empirical distribution of the treatment F-
statistics.

Example 5.9: Plot of display means at each speed.

Example 5.9: Fitted period profiles from the 15 period cross-
over trial.

Observed concentration-time profile for a single subject in a
given period.

Subject profile plots for 2 x 2 trial.

Ratios (T/R) for AUC and Cmax for 2 x 2 trial.

Histograms and normal probability plots for 2 x 2 trial.

Emax model for sGaw change from baseline response.
Simulated trial data for sGaw change from baseline response.
Fitted means for Emax model and control treatment.

Fitted means for Emax model and control treatment for
five-period design.

Plot of raw data and sample means (left panel) and sample
means (right panel) excluding active control.

LS means (excluding active control).

Candidate dose—response shapes.

Fitted models (with fixed subject effects).

Probability of a Go Forward decision for A vs P.
Probabilities of Go Forward, Pause and Stop decisions.

Joint distribution of TOST statistics.

180

181

184

205
224
235
238
238
239
241

264
269

277

320
328
328
329

332
333
335

340

345
346
348
349

359
360

372



List of Tables

2.1
2.2
23
24
25
2.6
2.7
2.8
2.9
2.10
2.11
2.12
2.13
2.14
2.15
2.16

2.17
2.18
2.19
2.20
2.21
2.22
2.23

2.24

2.25
2.26
2.27
2.28

Treatment sequences used in Example 1.2.

Group 1 (AB) mean morning PEFR (L/min).

Group 2 (BA) mean morning PEFR (L/min).
Group-by-period means for the mean PEFR data.
Group 1 (AB) subject totals and differences.

Group 2 (BA) subject totals and differences.

The fixed effects in the full model.

Total number of subjects required for 2 x 2 cross-over.
Analysis of variance for full model: sums of squares.
Analysis of variance for full model: expected mean squares.
Analysis of variance for the PEFR data.

PEFR data: studentized residuals for Group 1, Period 1.
PEFR data: studentized residuals for Group 2, Period 1.
Patel’s (1983) data FEV| measurements.

Expectations of the responses in each group.

Contrasts for effects of interest.

Skeleton analysis of variance for a 2 x 2 cross-over trial with
an additional categorical covariate.

Log(EFT) and IQ values.

Log(EFT) and IQ values.

Log(EFT) and IQ values.

Data from mouthwash trial.

Subject totals and differences and their ranks.

Subject totals and differences and their ranks (first-half data).
Group 1 (AB) percentage of nights with no additional
medication.

Group 2 (BA) percentage of nights with no additional
medication.

Group 1 (AB) night-time symptom score.

Group 2 (BA) night-time symptom score.

Center 1 data from clinical trial for relief of heartburn.
Center 2 data from clinical trial for relief of heartburn.

XVii

12
13
14
19
20
20
31
33
34
34
46
47
55
56
59

63
65
67
68
71
72
76

82

83
85
86
87
88



XViil

229

2.30

231
2.32
2.33

2.34

2.35
2.36

2.37
2.38
2.39
2.40
241

3.1
32
33
34
35
3.6
3.7
3.8
39
3.10
3.11

3.12
3.13
3.14

3.15
3.16
3.17
3.18
3.19

3.20
3.21

LIST OF TABLES

proc freq results for each center and combined data for
heartburn trial.

Duration of exercise in seconds from patients suffering
ischemic heart disease.

Columns of combined data for exercise duration trial.
Values of U-statistics for exercise duration trial.

Parameter estimates for exercise duration trial

(with carry-over).

Parameter estimates for exercise duration trial

(no carry-over).

2 x 2 Binary cross-over trial.

Data from a two-center 2 x 2 trial on cerebrovascular defi-
ciency. Outcomes 0 and 1 correspond to abnormal and normal
electrocardiogram readings.

2 x 2 Binary cross-over trial.

2 x 2 Contingency table.

Mainland—Gart contingency table.

Mainland—Gart table for Example 2.5.

Contingency table for Prescott’s test.

Design 3.1.

Design 3.2.

Design 3.3.

Design 3.4.

Design 3.5.

Expectations of y;;. for direct-by-carry-over interaction model.
Design 3.2.1.

Design 3.2.2.

Design 3.2.3.

The expectations of y;;. for Design 3.2.1.

The variances and covariances for the three-period designs
(in multiples of ).

Design 3.4.1.

Design 3.4.2.

Design 3.4.3.

Variances of the estimators (in multiples of "72).

Design 3.6.1.

Variances of the estimators (in multiples of o2 /N).
Variances of the estimators (in multiples of o2 /N).
Variances of the estimators (in multiples of 6>/N) assuming
that a treatment cannot carry over into itself.

Design 4.2.1.

Design 4.2.2.

90

91
94
95

95

95
97

97
100
100
100
101
102

107
107
107
107
108
109
113
115
115
116

116
117
118
118
121
121
122
123

123
125
125



LIST OF TABLES

3.22
3.23
3.24
3.25
3.26
3.27

3.28
3.29
3.30
3.31
3.32
3.33
3.34

3.35
3.36

4.1
4.2

4.3

4.4

4.5
4.6

4.7

4.8

4.9

4.10

4.12

4.13

Design 4.2.3.

Design 4.2.4.

Design 4.2.5.

Design 4.2.6.

Design 4.2.7.

Variances (in multiples of c? /N) of effects obtained from
Designs 4.2.1-4.2.7.

Design 4.4.13.

Variances of the estimators (in multiples of o2 /n).
Variances of the estimators (in multiples of o2 /n).

Design 4.6.136.

Design 4.6.146.

Variances (in multiples of ¢ /n) of effects obtained from
Designs 4.6.136 and 4.6.146.

Variances (in multiples of o2 /n) of effects obtained from
Designs 4.6.136 and 4.6.146.

The variances of the estimators (in multiples of o? /N).
The variances of the estimators (in multiples of 62 /N).

Latin square design for four treatments (18.18, 12.50).
Orthogonal Latin square design for three treatments (80.00,
44.44).

Orthogonal Latin square design for four treatments (90.91,
62.50).

Balanced Latin square design for four treatments
(90.91,62.50).

Two balanced Latin squares for six treatments (96.55, 77.78).
Balanced Latin square design for nine treatments (98.59,
86.42).

Russell nearly balanced Latin square design for five treatments
(83.86 or 78.62, 63.73 or 59.75).

Russell nearly balanced Latin square design for seven treat-
ments (92.62, 92.55 or 90.18, 77.50, 77.44 or 75.46).
Prescott triple Latin square design for five treatments (94.94,
72.00).

Prescott triple Latin square design for seven treatments (97.56,
81.63).

Anderson and Preece locally balanced design for seven
treatments (97.56, 81.63).

One of Patterson’s incomplete designs for seven treatments
(79.84, 57.03).

Incomplete design for four treatments obtained using a BIB
(71.96,41.98).

XiX
125
125
126
126
126
127
127
127
127
128
128
128
129

129
130

138

140

140

142
144

144

145

145

146

147

148

149

151



XX

4.14

4.15

4.16
4.17
4.18

4.19

4.20

4.21
4.22
4.23
4.24
4.25
4.26
4.27
4.28
4.29
4.30
4.31
4.32
4.33
4.34
4.35
4.36

4.37

5.1

5.2

5.3

54

5.5

5.6

LIST OF TABLES

Balanced extra-period design for three treatments (93.75,
75.00).

Balanced extra-period design for four treatments (96.00,
80.00).

Quenouille design for t = 3 (100.00, 80.56).

Berenblut’s design for t = 3 (100.00, 85.94).

Anderson training-schedule design for seven treatments
(97.41, 89. 95).

Nearly strongly balanced design for ¢t = 8 (99.90 or 99.79,
93.26 or 93.16).

Nearly strongly balanced design for ¢t = 5 (99.87 or 99.75,
88.89 or 88.78).

Balanced designs for r = 3 and 4.

Balanced designs for r = 5 and 6.

Balanced designs forr =7, 8 and 9.

Biswas and Raghavarao design fort =4, p = 3.

PB design constructed from PBIB(2) design S1.

PB cyclic design generated by (0132) and (0314).

Numbers of treatments, periods and subjects.

Igbal and Jones cyclic design generated by (06725381).
Some PB cross-over designs fort <9 and p <t.

Some PB cross-over designs for t <9 and p <t, continued.
A control balanced design for ¢t = 3.

Variances of contrasts in Pigeon’s designs.

Generalized cyclic design for the 2 x 2 factorial.

Split-plot design for the 2 x 2 factorial.

Designs found using R package Crossover.

Variance (in multiples of 6% /n) of the estimated treatment
parameter.

Variance (in multiples of 62 /n) of treatment estimates.

Example 5.1: Treatment occurrence by period in the INNOVO
design.

Example 5.1: Post-ductal arterial oxygen tension (kPa) from
the INNOVO trial.

Example 5.2: Data from the three-treatment two-period design.
Example 5.2: Recovery of between-subject information using
simple weighted and REML estimates, with carry-over effects
in the model.

Example 5.2: Small sample adjusted standard errors and
degrees of freedom.

Morning PEFR from the COPD trial, with created missing
values.

153

153
154
155

157

158

159
161
162
163
165
166
167
168
169
170
171
172
172
175
175
182

183
183

188

189

196

199

201

203



LIST OF TABLES

5.7

5.8

5.9
5.10
5.11

5.12

5.13
5.14
5.15
5.16

5.17

5.18
5.19
5.20
5.21
5.22

5.23
5.24
5.25

5.26

5.27
5.28
5.29
5.30
5.31
5.32
5.33

5.34
5.35

Example 5.3: Systolic blood pressures (in mm Hg) from a
three-period cross-over trial.

Covariance parameters and correlations estimated from
Examples 5.3 and 5.4.

Example 5.5: Average scores for amantadine trial.

Example 5.5: Group-by-period means.

Example 5.6: Systolic blood pressures from a three-period
design with four groups — sequence groups ABB and BAA.
Example 5.6: Systolic blood pressures from a three-period
design with four groups — sequence groups ABA and BAB.
Example 5.6: Period means for each sequence group.
Example 5.7: Blood sugar levels (mg%).

Example 5.7: Calculated treatment contrasts.

Example 5.6 (continued): Systolic blood pressures (in mm
Hg) from a three-period cross-over trial.

Example 5.6: Wald tests from analyses with fixed and random
subject effects.

Example 5.6: Subject contrasts for A | T and 7 — group ABB.
Example 5.6: Subject contrasts for A | T and 7 — group BAA.
Example 5.6: Subject contrasts for group 3 (ABA).

Example 5.6: Subject contrasts for group 4 (BAB).

Example 5.8: Trial on intermittent claudication, design and
LVET measurements (ms).

Example 5.8: Conventional analysis with fixed subject effects.
Example 5.8: OLS estimates with empirical estimates of error.
Nine-period, nine-treatment 18-sequence cross-over design
used in the simulations.

OLS-based tests, simulated test sizes (nominal 5%) and power
for methods based on (1) a small sample adjusted empirical
estimator, (2) the original Box method and (3) a modified Box
method (p: no. periods, n: no. subjects).

Example 5.9: Williams Latin square used in McNulty’s
experiment.

Example 5.9: Treatment labels in McNulty’s experiment.
Example 5.9: Complete design for Experiment 1.

Example 5.9: Data from McNulty’s Experiment 1.

Example 5.9: McNulty’s analysis of variance (data averaged
over replicates).

Example 5.9: Treatment combination means (each of 16
observations).

Example 5.9: Fitting treatment and carry-over effects (type 2
sums of squares).

Example 5.9: F-tests after dropping carry-over effects.
Example 5.9: Factorial effects for treatments.

XX1

206

210
223
224

229

230
231
234
237

242

244
248
249
250
251

254
254
259

259

260

265
265
266
267

268
268
269

270
270



XXii

5.36

5.37

5.38

5.39
5.40

5.41

542

6.1

6.2

6.3

6.4

6.5
6.6

6.7

6.8
6.9

6.10

7.1
7.2

8.1
8.2
8.3
8.4

8.5
8.6

8.7
8.8

LIST OF TABLES

Example 5.9: Factorial effects for treatments and carry-overs
(type 2 SS).

Example 5.9: Factorial effects for treatments and carry-over of
display (type 2 SS).

Example 5.9: Least squares means, adjusted for carry-over
effect of display.

Example 5.9: Random subjects effects model.

Example 5.9: Random subjects and AD(1) covariance struc-
ture.

Example 5.9: Results using a quadratic period profile.
Example 5.9: Results with a cubic regression spline for the
period profile.

Example 6.1: Binary data from a four-period cross-over trial.
Example 2.5: Center 2: Significance probabilities from asymp-
totic and re-randomization versions of the Mainland—Gart test.
Example 6.2: Inferences for the B-A treatment difference,
both centers.

Example 6.1: Results from the subject specific analyses;
estimates are log odds-ratios.

Example 6.1: Raw marginal probabilities.

Example 2.5: Both centers: estimated log odds-ratios from the
subject-specific and marginal analyses.

Example 6.1: Estimated treatment effects, log odds-ratios,
from the subject specific and marginal analyses.

Example 6.2: Data from the trial on pain relief.

Example 6.2: Estimated log odds-ratios for the treatment
effects from the random subject effects and marginal analyses.
Example 6.2: Data set restructured for fitting a partial propor-
tional odds model.

Bioequivalence trial: RT sequence.
Bioequivalence trial: TR sequence.

Incomplete block design for six treatments.

Parameter estimates for sGaw trial.

Least squares means and contrast estimates for sGaw trial.
Possible treatment allocations for Period 5 (2 = Placebo, 6 =
155.5).

Period 5 choices ordered by variance.

Possible treatment allocations for Period 5 (2 = Placebo, 6 =
155.5,7 = 120).

Period 5 choices ordered by variance.

Parameter estimates from five-period design.

271

272

272
273

275
276

279

282

290

299

301
302

306

306
308

312

314

323
327

332
334
335

338
338

339
339
340



LIST OF TABLES

8.9

9.1
9.2
9.3
9.4
9.5

9.6

9.7
9.8
9.9

10.1
10.2
10.3
10.4

11.1
11.2

12.1
12.2
12.3

13.1
13.2
13.3

14.1

Mean and contrast estimates for five-period design.

Partially balanced design for t = 6.

Analysis of variance for model with fixed subject effects.
Least squares means from the model with fixed subject effects.
Test for fixed effects from model with random subject effects.
Least squares means from the model with random subject
effects.

Differences between the dose least squares means from the
model with fixed subject effects.

Selection of functions for dose—response relationship.

Steps in the MCP-Mod methodology.

Contrast tests.

WASO times (minutes).

Estimates obtained from the interim analysis.
Second stage WASO times (minutes).
Results from analysis of both stages.

PoC design for two treatments and two periods.
WOMAC score.

Interim data (AUC) for ABE trial.
Additional post-interim data for ABE trial.
TOST procedure results.

Type I error rates for the group sequential design.
Estimated power for the group sequential design.
Estimated Type I error rate and power for the group sequential
design and using the Combination Test with variable weights.

Additional post-interim data for ABE trial.

XX1il
341

344
345
345
346

347

347
347
349
350

353
353
354
355

358
362

368
369
369

374
375

376

380






Preface to the Third Edition

This book is concerned with a particular sort of comparative trial known as the
cross-over trial, in which subjects receive different sequences of treatments.
Such trials are widely used in clinical and medical research and in other di-
verse areas such as veterinary science, psychology, sports science and agricul-
ture. The first edition of this book, which appeared in 1989, was the first to be
wholly devoted to the subject. We remarked in the preface to the first edition
that there existed a “large and growing literature.” This growth has contin-
ued during the intervening years, and includes the appearance of several other
books devoted to the topic. Naturally, the newer developments have not been
spread uniformly across the subject, but have reflected both the areas where the
design has remained in widespread use and new areas where it has grown in
importance. Equally naturally, some of the literature also reflects the particular
interests and idiosyncracies of key researchers. The second edition of the book,
which appeared in 2003, reflected those areas of development. In the third edi-
tion we have kept to the structure of the second edition and have added some
new chapters. Errors that we were aware of have been corrected and some of
the software used has been revised to reflect the availability of new procedures
in SAS, particularly proc glimmix.

In the first and second editions we started with a chapter wholly devoted
to the two-period, two-treatment design. The aim was that this should be, to
a large extent, self-contained and mostly at a level that was accessible to the
less statistically experienced. It was intended that this chapter alone would be
sufficient for those who had no need to venture beyond this simple design. We
have not revised this chapter, other than to correct some known errors and to
include the SAS procedure proc mcmc as an alternative to WinBUGS for the
Bayesian analysis.

An important new development in this edition is the use of the R package
Crossover written by Kornelius Rohmeyer, in collaboration with Byron Jones.
This software has been written to accompany the book and provides a graph-
ical user interface to locate designs in a large catalog and to search for new
designs. This provides a convenient way of accessing all the designs tabulated
in Chapter 4. It is intended that the catalog of designs contained in Crossover
will be added to over time and become a unique and central depository for all
useful cross-over designs.
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Chapters 5 and 6, which were devoted to analysis, have been updated to
include some recent methodological developments, in particular the use of pe-
riod baselines and the analysis of data from very small trials. At the same time
the opportunity has been taken to incorporate recent developments in the rel-
evant SAS procedures, especially those in the procedures proc glimmix and
proc genmod. All of the analyses for categorical data that were carried out
in the second edition using proc nlmixed are now much more conveniently
done in proc glimmix.

The two-treatment cross-over trial has been a standard design to use when
testing for average bioequivalence. In the current edition we have removed the
material on individual and population bioequivalence and refer the reader to
Patterson and Jones (2006) for fuller coverage.

The final seven chapters of the book are completely new and are written
in the form of short case studies. Three of these cover the topic of sample-
size re-estimation when testing for average bioequivalence. The remaining new
chapters cover important topics that we have also experienced in our daily
consulting work: fitting a nonlinear dose response function, estimating a dose
to take forward from Phase 2 to Phase 3, establishing proof of concept and
recalculating the sample size using conditional power.

We are grateful to the following individuals who provided help in various
ways during the writing of the new sections of the book: Bjoern Bornkamp,
Frank Bretz, Yi Cheng, Tim Friede, Ekkehard Glimm, Ieuan Jones, Meinhard
Kieser, Jeff Macca, Willi Maurer, Scott Patterson, James Roger, Ed Whalen,
Kornelius Rohmeyer, Trevor Smart and Bernie Surujbally.

This book as been typeset using the LaTeX system, and we are grateful to
the staff at Chapman & Hall/CRC for their help with this.

Of course, we take full responsibility for any errors or omissions in the
text.



Chapter 1

Introduction

1.1 What is a cross-over trial?

In a completely randomized, or parallel groups, trial, each experimental unit
is randomized to receive one experimental treatment. Such experimental de-
signs are the foundation of much research, particularly in medicine and the
health sciences. A good general introduction to experimental design is given by
Cox and Reid (2000), while Pocock (1983), Friedman et al. (1998), Armitage
(1996) and DeMets (2002) consider trial design and related issues in a clinical
setting. A cross-over trial is distinguished from such a parallel groups study by
each unit, or subject, receiving a sequence of experimental treatments. Typi-
cally, however, the aim is still to compare the effects of individual treatments,
not the sequences themselves. There are many possible sets of sequences that
might be used in a design, depending on the number of treatments, the length
of the sequences and the aims of the trial. The simplest design is the two-period
two-treatment or 2 x 2 design. In this design each subject receives two different
treatments which we conventionally label as A and B. Half the subjects receive
A first and then, after a suitably chosen period of time, cross over to B. The
remaining subjects receive B first and then cross over to A. A typical example
of such a trial is given in Example 1.1.

Example 1.1

The aim of this trial was to compare an oral mouthwash (treatment A) with
a placebo mouthwash (treatment B). The 41 subjects who took part in the trial
were healthy volunteers.

The trial, which lasted 15 weeks, was divided into two treatment periods
of six weeks each, with a “wash-out” period of three weeks in between. One
variable of interest was a subject’s plaque score after using each of the two dif-
ferent mouthwashes. This was obtained for each subject by allocating a score
of 0, 1, 2 or 3 to each tooth and averaging over all the teeth present in the
mouth. The scores of 0, 1, 2 and 3 for each tooth corresponded, respectively, to
no plaque, a film of plaque visible only by disclosing, a moderate accumula-
tion of deposit visible to the naked eye and an abundance of soft matter. Prior
to the first treatment period, an average plaque score was obtained for each
subject..J0O

Some data obtained from the trial described in Example 1.1 will be an-
alyzed in Chapter 2, which is devoted to the 2 x 2 trial. The definition of a
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Table 1.1: Treatment sequences used in Example 1.2.

Subject Period

1 2 3 4
1 B D C A
2 A C B D
3 C A D B
4 D B A C
5 B A D C
6 A D C B
7 C B A D
8 D C B A
9 B C D A
10 C D A B
11 C A B D
12 A C D B
13 B D A C
14 A B D C

wash-out period and the reasons for including it will be given in Section 1.3
below.

An example of a cross-over trial which compared four treatments is given
in Example 1.2.

Example 1.2

The aims of this trial were to compare the effects of four treatments A, B,
C and D on muscle blood flow and cardiac output in patients with intermit-
tent claudication. Fourteen subjects took part in the trial and their treatment
sequences are shown in Table 1.1. The seven weeks that the trial lasted were
divided into four one-week treatment periods with a one-week wash-out period
separating each pair of treatment periods. ][]

A notable feature of this trial is that every subject received the treatments in
a different order. If 16 subjects could have been used, then an alternative design
for four treatments might have used only four different treatment sequences,
with four subjects on each sequence. With more than two treatments, there
are clearly many more cross-over designs to choose from. How to choose an
appropriate design is the topic of Chapter 4. In Chapter 5 we describe general
methods for the analysis of continuous data, including an illustration using
some data from the trial described in this example.

1.2 With which sort of cross-over trial are we concerned?

As might be guessed from the examples just given, the emphasis in this
book is on cross-over trials as used in medical and pharmaceutical research,
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particularly research as undertaken within the pharmaceutical industry. With a
few exceptions, most of the datasets we describe and analyse were obtained as
part of trials undertaken by clinicians and statisticians working in the pharma-
ceutical industry. However, the theory, methods and practice we describe are
applicable in almost any situation where cross-over trials are deemed appro-
priate. Such situations include, for example, sensory evaluation of food prod-
ucts, veterinary research, animal feeding trials and psychological experiments.
Jones and Deppe (2001), for example, briefly reviewed the construction of
cross-over designs for sensory testing. Cotton (1998), for example, describes
designs and analyses as used in psychology. Parkes (1982), for example, has
described the use of a cross-over trial to investigate occupational stress, and
Raghavarao (1989) has described a potential application of cross-over trials in
(the non-pharmaceutical) industry. Readers from these and other subject mat-
ter areas should have no difficulty in applying the contents of this book to their
own individual situations.

1.3 Why do cross-over trials need special consideration?

The feature that distinguishes the cross-over trial from other trials which com-
pare treatments is that measurements on different treatments are obtained from
each subject. This feature brings with it advantages and disadvantages.

The main advantage is that the treatments are compared “within subjects.”
That is, every subject provides a direct comparison of the treatments he or she
has received. In Example 1.1, for example, each subject provides two measure-
ments: one on A and one on B. The difference between these measurements re-
moves any “subject effect” from the comparison. Of course, this within-subject
difference could also be thought of as a comparison between the two treatment
periods. That is, even if the two treatments were identical, a large difference
between the two measurements on a subject might be obtained if, for some
reason, the measurements in one treatment period were significantly higher or
lower than those in the other treatment period. The possibility of such a period
difference has not been overlooked: it is the reason that one group of subjects
received the treatments in the order AB and the other group received the treat-
ments in the order BA.

The main aim of the cross-over trial is therefore to remove from the treat-
ment (and period) comparisons any component that is related to the differences
between the subjects. In clinical trials it is usually the case that the variability
of measurements taken on different subjects is far greater than the variabil-
ity of repeated measurements taken on the same subject. The cross-over trial
aims to exploit this feature by making sure that, whenever possible, impor-
tant comparisons of interest are estimated using differences obtained from the
within-subject measurements. This is to be contrasted with another popular
design: the “parallel groups trial.” In this latter trial each subject receives only
one of the possible treatments; the subjects are randomly divided into groups
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and each group is assigned one of the treatments being compared. Estimates
of treatment differences are obtained from comparisons between the subject
groups, i.e., are based on between-subject information.

Although the use of repeated measurements on the same subject brings
with it great advantages, it also brings a potential disadvantage. We stress po-
tential because, through appropriate choice of design and analysis, the impact
of this disadvantage can be reduced, especially in trials with more than two
periods. The disadvantage to which we refer is the possibility that the effect
of a treatment given in one period might still be present at the start of the fol-
lowing period. Or more generally, that the treatment allocation in one period
in some way, possibly indirectly, affects the outcomes differentially in later
periods. Formally, previous treatment allocation is a confounding factor for
later periods and means that we cannot justify our conclusions about the com-
parative effects of individual treatments (rather than sequences of treatments)
from the randomization alone. In this way the cross-over trial has aspects in
common with an observational study. The presence of carry-over is an empir-
ical matter. It depends on the design, the setting, the treatment and response.
This carry-over or residual effect can arise in a number of ways: for exam-
ple, pharmacological carry-over occurs when the active ingredients of a drug
given in one period are still present in the following period; psychological
carry-over might occur if a drug produces an unpleasant response (e.g., total
lack of pain relief) that might lead to a downgrading of the perceived response
in the following period. The wash-out periods used in the trials described in
Examples 1.1 and 1.2 were included to allow the active effects of a treatment
given in one period to be washed out of the body before each subject began
the next period of treatment. The type of measurements taken on the subjects
during the treatment periods are usually also taken during the wash-out peri-
ods. These measurements, along with any baseline measurements taken prior
to the start of the trial, can be of value at the data analysis stage. Quite often
the trial is preceded by a run-in period which is used to familiarize subjects
with the procedures they will follow during the trial and is also sometimes used
as a screening period to ensure only eligible subjects proceed to the treatment
periods.

The differences between the treatments as measured in one period might
also be different from those measured in a later period because of a treatment-
by-period interaction. Such an interaction might also be the result of treat-
ments possessing different amounts of carry-over, or might be the result of a
true interaction. That is, for some reason, the conditions present in the different
periods affect the size of the differences between the treatments. Although in
any well-planned trial the chance of treatments interacting with periods will
be small, it may sometimes be desirable to use a design which permits the
interaction to be detected and if possible to identify whether it is the result
of carry-over or not. Generally, designs for more than two treatments can be
constructed in such a way that they allow the interaction and carry-over to
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be estimated separately. Designs for two treatments however, require special
attention and we consider these in Chapter 3.

1.4 A brief history

Although we concentrate on cross-over designs as used in clinical trials, the
earliest uses of such designs were most likely in agriculture. Indeed, what may
well be the first cross-over trial was started in 1853 and, in a much modified
form, still exists today. It originated in one of the great nineteenth century con-
troversies. John Bennett Lawes of Rothamsted, Hertfordshire, England, and
Baron Justus von Liebig of Giessen, in Germany, disagreed about the nutri-
tion of crop plants. Both were somewhat vague in classifying plant nutrients
as either organic or mineral and Liebig sometimes contradicted himself. But in
1847 he wrote (Liebig, 1847) that cultivated plants received enough nitrogen
from the atmosphere for the purpose of agriculture, though it might be neces-
sary for the farmer to apply minerals. Lawes, a more practically minded man,
but with no scientific qualifications, and much junior to Liebig, knew from the
results of the first few seasons of his field experimental work that the yield of
wheat was greatly improved by the application of ammoniacal salts. He no-
ticed that yields varied greatly between seasons, but whenever one of his plots
of wheat received ammoniacal salts it gave a good yield, but when minerals
(i.e., phosphates, potash, etc.) were given the yield was much less. To sepa-
rate the real effects of manures from the large differences between seasons,
and to clinch his refutation of Liebig’s argument, he allocated two plots to an
alternation of treatments which continued long after his death. Each year one
plot received ammonia without minerals, the other minerals without ammonia;
the following season the applications were interchanged. The result was a to-
tal success: ammonia (after minerals in the preceding season) gave a full yield
(practically equal to that given by the plot that received both every year) but
minerals following ammonia gave about half as much (very little more than
the plot that received minerals without ammonia every year). But Liebig never
admitted his mistake.

Lawes and his co-worker J.H. Gilbert seem also to be the first to have been
explicitly concerned with carry-over effects. Lawes (page 10 of a pamphlet
published in 1846) gave advice on the use of artificial manures: Let the artifi-
cial manures be applied in greater abundance to the green crops, and the residue
of these will manure the corn. Their interest in carry-over effects is further ev-
ident from Section II of Lawes and Gilbert (1864), which is entitled Effects of
the unexhausted residue from previous manuring upon succeeding crops. The
data collected in these classic experiments were among the first to occupy R.
A. Fisher and his co-workers in the Statistics Department at Rothamsted. This
department was created in 1919.

The particular design problems associated with long-term rotation exper-
iments were considered by Cochran (1939). He seems to have been one of
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the first to formally separate out the two sorts of treatment effects (direct and
carry-over) when considering which experimental plan to use.

Early interest in administering different treatments to the same experimen-
tal unit was not confined to agricultural experiments, however. Simpson (1938)
described a number of cross-over trials which compared different diets given
to children. In one trial he compared four different diets using 24 children. The
plan of the trial was such that all possible permutations of the four diets were
used, each child receiving one of the 24 different treatment sequences. He was
aware of the possibility of carry-over effects and suggested that this might be
allowed for by introducing a wash-out period between each pair of treatment
periods. Yates (1938) considered in more detail one of the other designs sug-
gested by Simpson (1938) and considered the efficiency of estimation of the
direct, carry-over and cumulative (direct + carry-over) effects of three different
sets of sequences for three treatments administered over three periods.

Cross-over trials have been used extensively in animal husbandry experi-
ments since at least the 1930s. Indeed, some of the most important early con-
tributions to the design theory came from workers like W. G. Cochran, H. D.
Patterson and H. L. Lucas, who had an interest in this area.

Brandt (1938) described the analysis of designs which compared two treat-
ments using two groups of cattle. Depending on the number of periods, the
animals in one group received the treatments in the order ABAB..., and the
animals in the other group received the treatments in the order BABA. ... This
type of design is usually referred to as the switchback or reversal design.
In a now classic paper, Cochran et al. (1941) described a trial on Holstein
cows which compared three treatments over three periods using two orthog-
onal Latin squares. They seem to have been the first to formally describe the
least squares estimation of the direct and carry-over treatment effects. The de-
sign they used had the property of balance, which has been studied extensively
ever since. Williams (1949, 1950) showed how balanced designs which used
the minimum number of subjects could be constructed. He quoted an example
taken from the milling of paper in which different pulp suspensions were com-
pared using six different mills. We describe balanced and other sorts of design
in Chapter 4.

Another early use of cross-over designs took place in the area of biological
assay. Fieller (1940) described a 2 x 2 trial which used rabbits to compare the
effects of different doses of insulin. Fieller also cites a very early paper (Marks,
1925) which described an application of the 2 x 2 design. Finney (1956) de-
scribed the design and analysis of a number of different cross-over designs for
use in biological assay. One sort of cross-over design with which we are not
concerned here is when the whole trial is conducted on a single subject. These
designs have also been used in biological assay. For further details see Finney
and Outhwaite (1955, 1956) and Sampford (1957).

In this section we have given only a brief description of some of the early
uses of cross-over trials that we are aware of. For more comprehensive reviews
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of the uses of cross-over trials see Bishop and Jones (1984), Hedayat and Af-
sarinejad (1975), Kenward and Jones (1988), Jones and Deppe (2001), Tudor
et al. (2000) and Senn (1997a, 2000, 2002), for example.

1.5 Notation, models and analysis

For a cross-over trial we will denote by ¢, p and s, respectively, the number of
treatments, periods and sequences. So, for example, in a trial in which each
subject received three treatments A, B and C, in one of the six sequences
ABC, ACB, BAC, BCA, CAB and CBA, we have t =3, p =3 and s = 6.
In general, we denote by y;;; the response observed on the kth subject in
period j of sequence group i. It is assumed that n; subjects are in sequence
group i. To represent sums of observations we will use the dot notation, for

example:

n; )4 s

Vije =Y Vijks  Yie = Y, Yijor Ve =Y Vi
k=1 j=1 i=1

In a similar way, the corresponding mean values will be denoted, respectively,

as
1 N

B pznl i=1

_ 1 & _ 1 2
Yijo = n_l_l;l)’ijka Vi = ﬁj;yl'j., y...

Vi

To construct a statistical model we assume that y; ;. is the observed value of
a random variable Y; ;. For a continuous outcome we assume that ¥;;; can be
represented by a linear model that, in its most basic form, can be written

Yijk:ﬂ+ﬂj+fd[i,j]+sik+eijkﬂ (11)
where the terms in this model are

U, an intercept;
7j, an effect associated with period j,j =1,...,p;

Tqji,j]> @ direct treatment effect associated with the treatment applied in period
jof sequence i, d[i, j] =1,...,t;
sik, an effect associated with the kth subject on sequence i,i = 1,...,s, k =
1
e;jk» arandom error term, with zero mean and variance o2.
Sometimes we need to represent a potential carry-over effect in the model.
A simple first-order carry-over effect (that is affecting the outcome in the fol-
lowing period only) will be represented by the term ld[L j—1) Where it is as-
sumed that )Ld[i,O] = 0. Additional terms such as second-order carry-over and
direct treatment-by-period interaction effects can be added to this model, but
such terms are rarely of much interest in practice.

N U5
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An important distinction needs to be made between those models in which
the subject effects (the s;;) are assumed to be unknown fixed parameters and
those in which they are assumed to be realizations of random variables, usually
with zero mean and variance 62. The use of the former implies that the sub-
sequent analysis will use information from within-subject comparisons only.
This is appropriate for the majority of well-designed cross-over trials and has
the advantage of keeping the analysis within the familiar setting of linear re-
gression. There are circumstances, however, in which the subject totals contain
relevant information and this can only be recovered if the subject effects are
treated as random. Such a model is an example of a linear mixed model, and
the use of these introduces some additional issues: properties of estimators
and inference procedures are asymptotic (possibly requiring small-sample ad-
justments), and an additional assumption is needed for the distribution of the
random subject effects.

Model fitting and inference for fixed subject-effect models will follow con-
ventional ordinary least squares (OLS) procedures and for random subject-
effect models we will use the now well-established REML analyses for linear
mixed models (see, for example, Verbeke and Molenberghs (2000)). Through-
out the book the necessary steps for accomplishing such analyses will be given
for the mixed and proc glimmix procedures of SAS (Statistical Analysis
System, SAS (2014)). Although most of these instructions will be common
to earlier releases of the package, we do make, for linear mixed models, some
small use of features that are only available in release 9.3 and later. Of course,
many other statistical packages can be used for the ordinary linear model anal-
yses, while some also include facilities for linear mixed models. Occasionally,
we will also use the SAS proc glm procedure for fitting models with fixed
subject effects.

The core modeling component of SAS proc mixed can be illustrated very
simply for both fixed and random subject-effects models and these can be seen
to be direct translations of model formulae of the form of (1.1). Suppose that
the variates in the dataset representing sequence, subject, period, direct treat-
ment and response are labeled accordingly. Then for a fixed subject-effects
model we have the basic proc mixed commands

proc mixed;
class sequence subject period treatment;
model response = sequence(subject) period
treatment;
run;

If subjects each have individual identifiers, rather than being labeled within
sequences as in model (1.1), then sequence(subject) is replaced by
subject.
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For a random subject-effects model, we can simply move the subject term
from the model statement to a random statement:

proc mixed;
class sequence subject period treatment;
model response = period treatment;
random sequence(subject);

run;

First-order carry-over effects can be added to the model in an obvious way,
noting that the corresponding variate needs to be defined appropriately. The
class statement identifies a variate as a factor, with a number of levels, for
which indicator variables are generated. Factors should have a level defined
for all observations, but we know that there cannot be a carry-over effect in the
first period; hence there is no level. This problem can be avoided by ensuring
that the carry-over variate takes the same level for each first period observation
(any level can be used) and including period effect in the model.

The linear models described so far would not be appropriate for categorical
or very non-normal data. A range of modeling approaches is available for the
former, most of which maintain some aspect of model (1.1) through a linear
predictor. Such models are the subject of Chapter 6.

1.6 Aims of this book

It is the purpose of this book to provide a thorough coverage of the statisti-
cal aspects of the design and analysis of cross-over trials. We have tried to
maintain a practical perspective and to avoid those topics that are of largely
academic interest. Throughout the book we have included examples of SAS
code so that the analyses we describe can be immediately implemented using
the SAS statistical analysis system. In particular, we have made extensive use
of the proc mixed and proc glimmix proceduresin SAS. Although our ap-
proach is practically oriented, we mean this in a statistical sense. The topic is a
vast one and embraces planning, ethics, recruitment, administration, reporting,
regulatory issues, and so on. Some, and occasionally, all of these aspects will
have a statistical component but it must be borne in mind throughout this book
that the statistical features of the design and analysis are but one aspect of the
overall trial.

We have attempted to compromise in the level of statistical sophistication.
Most of the discussion of the 2 x 2 trial in Chapter 2 is dealt with at a fairly
elementary level and we hope this material will be accessible to those with
limited statistical experience, including those whose primary role is not that
of a statistician. The same is true of the introductory sections of Chapters 3, 4
and 7. To avoid over-lengthening the book, however, we have been somewhat
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briefer in other sections and expected more of the reader. This is particularly
true of Chapters 5 and 6, where the most advanced material is to be found.
Chapters 8 to 14 are brief case studies that give examples of interesting appli-
cations of cross-over trials. The practical aspects of these should be accessible
to all. We do not believe, however, that any of the material should prove taxing
to statisticians with some experience of the design and analysis of experiments.

1.7 Structure of the book

In the next chapter we cover in some detail the 2 x 2 cross-over trial with con-
tinuous observations and give some simple analyses for binary data. We also
briefly describe some Bayesian analyses for continuous data and give a fairly
lengthy discussion of nonparametric approaches. In Chapter 3 we continue to
consider trials for two treatments, but now the trials have more than two pe-
riods or sequences. How to choose a design for a cross-over trial with three
or more treatments is the topic of Chapter 4, where we give tables of useful
designs and show how designs can be found using the R package Crossover
that has been written to accompany this book. This software includes a fa-
cility to search a large catalog of designs as well as an option of finding an
optimal design by using a search algorithm. Chapter 5 is devoted to a general
coverage of the analysis of continuous data from a cross-over trial, including
the situation where repeated measurements are taken within periods. Chapter
6 provides the equivalent of Chapter 5 for binary and categorical data. Av-
erage bioequivalence testing is the topic of Chapter 7. The remaining seven
brief chapters are in the form of case studies and illustrate several novel ap-
plications of cross-over trials: fitting a dose—response function, searching for
a dose to take forward for further development, use of conditional power at
an interim analysis, evaluation of proof of concept and three variations on an
interim analysis to recalculate the sample size of the trial after an interim anal-
ysis. Throughout the book, as already noted, we give the necessary computer
software instructions for the reader to reproduce the analyses we describe.



Chapter 2

The 2 x 2 cross-over trial

2.1 Introduction

In this chapter we consider data obtained from the 2 X 2 trial. For most of this
chapter we assume that the response measured in each period of the trial has
been recorded on a continuous scale. However, simple analyses of binary data
will be described in Section 2.13. The analysis of binary and categorical data
is considered in more generality in Chapter 6.

After introducing an example we begin the chapter by describing two use-
ful methods of plotting cross-over data. A linear model for the data is then
introduced and used to derive two-sample z-tests for testing hypotheses about
the direct treatment and carry-over effects. In addition, point and interval esti-
mates of the difference between the direct treatments and between the carry-
over effects are defined. A third useful plot is then described. The calculation
of the sample size is considered next. Although all the hypothesis testing nec-
essary for the 2 x 2 trial can be done using ¢-tests, we take the opportunity
to describe the appropriate analysis of variance for the 2 x 2 trial. Following
this we then define the residuals from our model and use them to check the
assumptions made about the model. Some inherent difficulties associated with
modeling data from 2 x 2 trials are then discussed. The consequences of us-
ing a preliminary test for a difference in carry-over effects are then discussed.
Next, a Bayesian analysis of the 2 x 2 trial is described and then the use of
run-in and wash-out baselines is considered. The use of covariates is described
next. Then we give a fairly extensive discussion of nonparametric methods.
Finally, simple testing methods for binary data, based on contingency tables,
are described.

Example 2.1 To illustrate the various ways of analyzing 2 x 2 cross-over
data we will use the data listed in Tables 2.1 and 2.2. These are data from a
single-center, randomized, placebo-controlled, double-blind study to evaluate
the efficacy and safety of an inhaled drug (A) given twice daily via an in-
haler in patients with chronic obstructive pulmonary disease (COPD). Patients
who satisfied the initial entry criteria entered a two-week run-in period. Clinic
Visit 1 is used to denote the start of this period. After 13 days they returned
to the clinic for a histamine challenge test (Clinic Visit 2). On the following
day (Clinic Visit 3) they returned to the clinic and, following a methacholine
challenge test, eligible patients were randomized to receive either Drug (A) or
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Table 2.1: Group 1 (AB) mean morning PEFR (L/min).
Subject Number Subject Label Period 1 Period 2

1 7 121.905 116.667
2 8 218.500  200.500
3 9 235.000 217.143
4 13 250.000 196.429
5 14 186.190  185.500
6 15 231.563  221.842
7 17 443.250  420.500
8 21 198.421  207.692
9 22 270.500 213.158
10 28 360.476  384.000
11 35 229.750  188.250
12 36 159.091  221.905
13 37 255.882  253.571
14 38 279.048  267.619
15 41 160.556  163.000
16 44 172.105 182.381
17 58 267.000  313.000
18 66 230.750  211.111
19 71 271.190 257.619
20 76 276.250 222.105
21 79 398.750  404.000
22 80 67.778 70.278
23 81 195.000 223.158
24 82 325.000 306.667
25 86 368.077 362.500
26 89 228.947  227.895
27 90 236.667  220.000

matching Placebo (B) twice daily for four weeks. The patients then switched
over at Clinic Visit 5 to the alternative treatment for a further four weeks. The
patients also returned to the clinic a day before the end of each treatment period
(Clinic Visits 4 and 6) when repeat histamine challenge tests were performed.
There was a final clinic visit two weeks after cessation of all treatment (Clinic
Visit 8). Patients were instructed to attend the clinic at approximately the same
time of day for each visit.

The primary comparison of efficacy was based on the mean morning ex-
piratory flow rate (PEFR) obtained from data recorded on daily record cards.
Each day patients took three measurements of PEFR on waking in the morn-
ing, and at bed-time, prior to taking any study medication. On each occasion
the highest of the three readings was recorded.

Of a total of 77 patients recruited into the study, 66 were randomized to
treatment (33 per sequence group). Ultimately, data on the mean morning
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Table 2.2: Group 2 (BA) mean morning PEFR (L/min).
Subject Number Subject Label Period 1 Period 2
1 3 138.333  138.571
2 10 225.000 256.250
3 11 392.857 381.429
4 16 190.000 233.333
5 18 191.429  228.000
6 23 226.190 267.143
7 24 201.905 193.500
8 26 134.286  128.947
9 27 238.000 248.500
10 29 159.500 140.000
11 30 232750 276.563
12 32 172.308 170.000
13 33 266.000 305.000
14 39 171.333  186.333
15 43 194.737 191.429
16 47 200.000 222.619
17 51 146.667 183.810
18 52 208.000 241.667
19 55 208.750 218.810
20 59 271.429  225.000
21 68 143.810 188.500
22 70 104.444  135.238
23 74 145.238  152.857
24 77 215.385 240.476
25 78 306.000 288.333
26 83 160.526  150.476
27 84 353.810 369.048
28 85 293.889  308.095
29 99 371.190 404.762

13

PEFR (over the treatment days in each period) from 56 patients were obtained:
27 in the AB group and 29 in the BA group. The data from the patients in the
AB sequence group are given in Table 2.1, and the data from the BA sequence
group are given in Table 2.2.0101(]

The general notation to be used in this chapter is as follows. The subjects

are divided into two groups of sizes n; and ny. The n; subjects in Group 1

receive the treatments in the order AB and the n; subjects in Group 2 receive
the treatments in the order BA. As defined in Chapter 1, the response on subject

k in period j of group i is denoted by y;j, where i = 1,2, j =1,2 and k =

1,2,...,n;. The group-by-period means for the morning mean PEFR data are

given in Table 2.3.
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Table 2.3: Group-by-period means for the mean PEFR data.
Group Period 1 Period 2 Mean
1 (AB)n; =27 3J11.=245.84 3. =239.20 3, =242.52
2(BA)ny; =29 351, =21599 . =230.16 3, =223.08
Mean y1.=23038 3y, =23452 y. =23245

2.2 Plotting the data

As with the analysis of any set of data, it is always good practice to begin by
drawing and inspecting graphs. A “feel” for the data can then be obtained and
any outstanding features identified.

We begin by plotting for each patient, within each group, the mean PEFR
in Period 2 vs the mean PEFR in Period 1. These plots are given in Figure
2.1. We have also added the line with slope 1 and intercept 0. It is clear that
in each group there is a high positive correlation between the two responses

Group 1 (AB) Group 2 (BA)

300 400
L
400

300
L

200
L

Period 2 PEFR
200
[=]
[=]
a9
[=]
= =]
Period 2 PEFR
>

100
100
L

T T T T T T T T T T
0 100 200 300 400 0 100 200 300 400

Period 1 PEFR Period 1 PEFR

Figure 2.1: Period 2 vs Period 1 plots.
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Figure 2.2: Period 2 vs Period 1 plot with centroids.

on the same patient. In Group 1 it is 0.943 and in Group 2 it is 0.949. There
is a tendency for the plotted points to be below the line in Group 1 and above
it in Group 2. Another way of describing the same feature is to note that in
the direction parallel with the diagonal the points for each group are quite
spread out, indicating high between-patient variability. We can also see that
one patient in Group 1 has unusually low mean PEFR values.

The fact that the points from the two groups are almost symmetrically
placed in relation to the diagonal line is evidence for the absence of a period
effect. To determine evidence for a direct treatment effect we plot, in Figure
2.2, both sets of points on a single graph and indicate the centroid of each group
with a solid enlarged character. The fact that the centroids are placed either side
of the line with some vertical separation is evidence of a direct treatment ef-
fect. As a carry-over difference is hard to detect, even with a statistical test, we
do not try to infer anything about it from the graphs.

The objective of a cross-over trial is to focus attention on within-patient
treatment differences. A good plot for displaying these differences is the
subject-profiles plot. Here we plot for each group the change in each patient’s
response over the two treatment periods. That is, for each value of k, the pairs
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Figure 2.3: Profiles plot for PEFR data.

of points (y11x, y12k) and (y21x, yoox) are plotted and joined up. This plot is
given in Figure 2.3.

Again, high between-patient variability is evident, as are the low mean
PEFR values for one patient in Group 1. The within-patient (first period-second
period) changes are generally positive (i.e., higher in Period 1) in Group 1 and
negative in Group 2, although there are some notable exceptions. The absolute
sizes of the changes are mostly quite small, though there are big changes for
some patients. The general trend, however, implies a direct treatment effect in
favor (i.e., higher mean PEFR) of treatment A.



PLOTTING THE DATA 17

PEFR Group-by-Periods plot

250
|

1A

240
|

1B

2A

Mean PEFR
230
!

220
|

2B

200
|

Period

Figure 2.4: Group-by-periods plot for PEFR data.

Having looked at the PEFR values from individual patients, we now plot a
graph that compares the average values over each group for each period. We
refer to this as the groups-by-periods plot. We plot the four group-by-period
means y11., ¥12., ¥21. ¥22. against their corresponding Period labels and join
them up. On the graph it is convenient to label these means in terms of the
group and treatment they represent, i.e., as 1A, 1B, 2B and 2A, respectively. It
is also convenient to join 1A with 2A and 2B with 1B. For the data in Tables
2.1 and 2.2 the plot is given in Figure 2.4.

In Period 1, the treatment mean difference (A vs B) is 29.85, whereas in
Period 2, the difference is negative and equal to 9.04. This is suggestive of a
treatment-by-period interaction. The statistical significance of these features
will be considered in the next section.

The graphs in this section provide an informal overview of the data. It is
also very important to check that any assumptions made about the data are
satisfied. This is best done after formally fitting a model to the data, and we
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therefore postpone our checks on the assumptions until Section 2.5. In that
section we fit a model to the data and calculate residuals.

Before we fit the model, however, we will illustrate a general and useful
technique for analyzing cross-over designs for two treatments with two se-
quence groups. This technique involves reducing the two responses on each
subject to a single value and comparing the mean of this derived variate be-
tween the two groups. For normally distributed data, a two-sample z-test is
used to compare the group means, and we illustrate this in the next section.
For data that are not normally distributed, the Mann—Whitney—Wilcoxon rank-
sum test can be used. We describe this latter test in Section 2.12.

2.3 Analysis using ¢-tests

Although the general approach we will adopt in the remainder of the book
is to fit linear models to cross-over data, the 2 x 2 cross-over trial provides
a simple illustration of a general technique for two-group designs with two
treatments. For normally distributed data the estimation and testing can be done
entirely using two-sample 7-tests. This approach was first suggested by Hills
and Armitage (1979). (See also Chassan (1964).) To compare the direct effects
of the two treatments, the estimation and testing make use of the difference
of the measurements taken in Periods 1 and 2 for each subject. To compare
carry-over effects, the total of the two measurements on each subject is used.
These derived variates are given in Tables 2.4 and 2.5. We will make use of
this general technique again in Chapter 3, when we consider designs for two
treatments that have more than two periods.

The linear model on which the z-tests are based is as defined in Section 1.5
of Chapter 1 with s =2, p =2 and s, a random subject effect. In general, this
model contains terms for the direct treatment and carry-over effects. As noted
earlier, we do not recommend testing for a carry-over difference in the AB/BA
design. However, in order to explain why, we first have to consider a model
that does contain carry-over effects.

The fixed effects associated with each subject in each period in each of the
two groups are displayed in Table 2.6, where 7; and 7, are the direct effects of
treatments A and B, respectively, and A; and A, are the corresponding carry-
over effects.

The subject effects, s, are assumed to be independent and identically dis-
tributed (i.i.d.) with mean O and variance 652. Similarly, the random errors are
assumed to be i.i.d. with mean 0 and variance 6. In order to derive hypothesis
tests, it will be further assumed, unless stated otherwise, that the observed data
are random samples from normal (Gaussian) distributions.

The linear model contains parameters to account for possible differences
between the carry-over effects, if these exist, but no parameters to account
for any direct-by-period interaction. This interaction would occur if the differ-
ence between the direct treatment effects was not the same in each period. The
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Table 2.4: Group 1 (AB) subject totals and differences.
Subject Number  Subject Label Total Differences

1 7 238.572 5.238
2 8 419.000 18.000
3 9 452.143 17.857
4 13 446.429 53.571
5 14 371.690 0.690
6 15 453.405 9.721
7 17 863.750 22.750
8 21 406.113 -9.271
9 22 483.658 57.342
10 28 744476  —23.524
11 35 418.000 41.500
12 36 380.996  —62.814
13 37 509.453 2311
14 38 546.667 11.429
15 41 323.556 —2.444
16 44 354.486  —10.276
17 58 580.000  —46.000
18 66 441.861 19.639
19 71 528.809 13.571
20 76 498.355 54.145
21 79 802.750 —5.250
22 80 138.056 —2.500
23 81 418.158 —28.158
24 82 631.667 18.333
25 86 730.577 5.577
26 89 456.842 1.052
27 90 456.667 16.667

reason we have omitted the interaction parameters is that, as there are only four
sample means V1., y12., ¥21. and y»o , we can include only three parameters at
most to account for the differences between these means. Of the three degrees
of freedom between the means, two are associated with differences between
the periods and direct treatments, leaving only one to be associated with the
carry-over and interaction. In other words, the carry-over and the direct-by-
period interaction parameters are intrinsically aliased with each other. Indeed,
there is a third possibility, that of including a parameter to account for the
difference between the two groups of subjects. If this parameter is included,
however, it too will be found to be aliased with the carry-over and direct-by-
period interaction. This is one disadvantage of the 2 x 2 cross-over trial: several
important effects are aliased with each other. This point will be taken up again
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Table 2.5: Group 2 (BA) subject totals and differences.
Subject Number  Subject Label Total Difference

1 7 276.904 —0.238
2 8 481.250  —31.250
3 9 774.286 11.428
4 13 423333  —43.333
5 14 419.429  —-36.571
6 15 493.333  —40.953
7 17 395.405 8.405

8 21 263.233 5.339
9 22 486.500  —10.500
10 28 299.500 19.500
11 35 509.313  —43.813
12 36 342.308 2.308
13 37 571.000  —39.000
14 38 357.666  —15.000
15 41 386.166 3.308
16 44 422.619 —22.619
17 66 330.477  —37.143
18 71 449.667  —33.667
19 76 427.560  —10.060
20 79 496.429 46.429
21 68 332310  —44.690
22 80 239.682  —30.794
23 81 298.095 —7.619
24 82 455.861  —25.091
25 86 594.333 17.667
26 89 311.002 10.050
27 90 722.858  —15.238
28 85 601.984  —14.206
29 99 775952  —33.572

Table 2.6: The fixed effects in the full model.

Group Period 1 Period 2
1(AB) upu+m+17 U+m+m+4
2BA) u+m+n pU+m+T+A

in Section 2.6. For the moment, however, we will present our analyses in terms
of the model given previously, which includes the carry-over effect parameters
ﬂvl and ),2,

We should point out that the test for a carry-over difference is likely to have
low power to detect a significant difference. In addition, the testing of direct
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treatment effects in the presence of carry-over effects is problematic. We will
ignore this for now, leaving a more considered discussion until Section 2.7.
Testing Ay = Ay
The first test we consider is the test of equality of the carry-over effects.
We note that even though we may wish to test the more specific hypothesis
that A; = A, = 0, this cannot be done if the period effects are retained in the
model.

In order to derive a test of the null hypothesis that A; = A, we note that
the subject totals

tHr = Y11k +yi12x  for the kth subject in Group 1
and
taxk = Y21k +y2or  for the kth subject in Group 2

have expectations

Elty] =2u+m+m+n+n+4
and
Elty] =20+ + M+ 71 + T + As.

If A1 = A,, these two expectations are equal. Consequently, to test if A} =
A2, we can apply the familiar two-sample 7-test to the subject totals. With this
in mind, we define A; = A; — A, and A; = f; — f». and note that

Edd] = A
A 1 1
Var[Ay] = 2(202+0?) (— + —)
ny  na
= G%m, say, where
—2(20%+06%) andm= """,
niny

To estimate 67, we will use

2 n
A%:ZZ ik — 1)/ (m +ny—2),
i=1k=1

the pooled sample variance which has (n; + ny — 2) degrees of freedom (d.f.).
On the null hypothesis that A; = A, the statistic

N

Aa
1

(67m)>

T, =

has a Student’s ¢-distribution on (n; +ny —2) d.f.
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In order to illustrate this test, let us refer back to Example 2.1 and the
data displayed in Tables 2.4 and 2.5. Using these data, we obtain 7} =
485.042, 7. = 446.154 and Ay = 38.89. Also Y2/, (11 —F1.)* = 683497.9 and
Y2, (tax —.)? = 586233.2. The pooled estimate of 67 is 67 = (683497.9 +
586233.2)/54 = 23513.54 and the ¢ statistic is

T), = 38.89 =0.948 on 54 d.f.

(& ><23513.54)%

The observed P-value is 0.347.

As we mentioned earlier, this test has low power and so we cannot assert
that the lack of significance implies lack of effect. We have to rely on other
explanations why a carry-over difference is unlikely, e.g., adequate wash-out
periods or, in the absence of wash-out periods, that the primary endpoint mea-
surements are taken from times within the treatment periods when carry-over
is unlikely to be present.

Prior to Freeman (1989), it was common practice to follow the advice of
Grizzle (1965) when testing for a carry-over difference. Grizzle suggested that
the test should be done as a preliminary to testing for a direct treatment dif-
ference, and to base the carry-over test on a 10% two-sided significance level.
If the test was significant, Grizzle suggested that only the data from Period 1
should be used to compare the direct treatments, as in a parallel groups design.
If the test was not significant, he suggested using the data from both periods
to test for a direct treatment difference. Freeman (1989) showed that this two-
stage procedure of testing for a carry-over difference in the first stage and then
for a direct treatment difference in the second stage not only inflated the prob-
ability of making a Type I error, but also produced a biased estimate of the
direct treatment difference. We will give more details of Freeman’s results in
Section 2.7.

For the mean PEFR data, a carry-over difference was not expected and we
consider a nonsignificant test result as being supportive of this. When we have
good reason to suppose that A; = A,, then we can proceed to test for a direct
treatment difference in the following way.

Testing T) = T (assuming Ay = A, )

If we can assume that A; = A;, then the period differences

dix = Y11k —y12r  for the kth subject in Group 1

and
dor = Y211 — yaor for the kth subject in Group 2

have expectations
E[dlk] =M —Th+T—T

and
E[de] =M —T+T7—1.
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On the null hypothesis that 7; = 7, these two expectations are equal and so
we can test the null hypothesis by applying the two-sample ¢-test to the period
differences.

In particular, if we define 7; = 7| — T, then %; = %[d_ 1. —d> ] is such that

Elt] =1
and
202 (1 1
Var[t,] = — 4 —
ar[ d] 4 (I’l] * nz)
2
o
= 4Dm say,
where
612) =202
The pooled estimate of 63 is
2 n; B
5 = ZZ iw—di)? /(1 +np = 2).

i=lk=1

On the null hypothesis that 7; = 1, the statistic

A

T4
T‘; S
(65m/4)2
has a Student’s ¢-distribution on (n; +ny —2) d.f.

Continuing our analysis of the data in Tables 2.4 and 2.5, we obtain d| =
6.6354, dy. = —14.1698 and £; = 10.40. Also Y2 (dy —dy.)? = 19897.1
and Y32 | (doy — d».)* = 15337.2. Therefore 63 = (19897 1+15337.2)/54 =
652.486 on 54 d.f.

The z-statistic is

10.40
It=————7=3.046 on54 df.

56 ., 652.486
(755 x ©570)°
The observed P-value is 0.0036. There is strong evidence to reject the null
hypothesis at the (two-sided) 5% level.

A 100(1 — &) % confidence interval for the direct treatment difference 7, =

T — T is
1
. mGLZ) 2
Ta £10/2 (ny+ny-2) 4

where tq /3 (n,+n,—2) i the upper (1000/2)% point of the ¢-distribution on
(ny+n,—2)df.
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Putting in our observed values and a ¢-value of 2.005, we have that (3.56 <
1y < 17.25) is a 95% confidence interval for 7.

If it is of interest to test for a difference between the period effects, we
proceed as follows.

Testing T = T (assuming Ay = Ay )

In order to test the null hypothesis that 7; = m,, we use the “cross-over”
differences

c1x = d1r = Y11k — Y12« for the kth subject in Group 1

and
co = —dax = Y221 — Y21k for the kth subject in Group 2.

Note that because any carry-over effect that is common to both treatments is
part of the period effect, we can set

M =—A.
Then, if A; = A,, both must be zero,
Elcyl=m —m+17—10

and
E[Cgk] =M —mT+7 —T.

If 7 = m, these expectations are equal and consequently to test the null hy-
pothesis we apply the two-sample z-test to the cross-over differences. That is,
if ty=m —m and f; = %(EL — &2.), then, on the null hypothesis,

Ra
Li=—"—"-T

(6pm/4)?
has a Student’s ¢ —distribution on (n; —ny —2) d.f.

For our example data, f; = 1(6.635 — 14.170) = —3.77 and T = —1.103
on 54 d.f. The observed P-value is 0.275. At the 5% level there is insufficient
evidence to reject the null hypothesis of equal period effects.

What lfll #* Ap?

If A1 # A3, then we cannot proceed to test Ty = T and 7} = 7 in the same
way as done above. To see this we note that if A; = 4; — A, # 0, then

N ;7 A
E[Td] = E[(dl 7d2.)/2] =Tq— 7
That is, %, is no longer an unbiased estimator of 7, if A; # 0.
By noting that .
Ad =11+ 12— Y21, — Y.
and
1

Ta= 5[)711. —J12. = Y21. + 22
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we see that an unbiased estimator of 7;, given that A; # 0, is

TalAa = %[)711. =12 = Va1 + 322 ] Jr%[)_’n. +312. = Y21, — Y22l = F11. — a1
That is, 74| A is the difference between the groups in terms of their first-period
means. Also, Var[%y|A4] = m (62 + &), in our previous notation.

In other words, if A; # 0, then the estimator of 7, is based on between-
subject information and is the estimator we would have obtained if the trial
had been designed as a parallel-groups study. Whether or not this between-
subjects estimator of 7; will be sufficiently precise to detect a direct treatment
difference of the size envisaged when the trial was planned will now be in
doubt. At the planning stage, the size of the trial was probably determined on
the assumption that the within-subjects estimator 7; was going to be used.

To test the null hypothesis that 7; = 0 given that A; # 0, we would still use a
two-sample ¢-test, but would estimate 652 + o2 using only the first-period data.

One useful benefit of using derived variates to estimate and test effects is
that they can be plotted in an informative way. The totals contain information
on the carry-over effects and the differences contain information on the direct
treatment effects. The larger the difference between ;. and 7, the more evi-
dence there is to reject the hypothesis that A; = 0. Similarly, given A; = 0, the
larger the difference between dy and d, the more evidence there is to reject
the hypothesis that 7; = 0. A

We can visually portray what the data have to tell us about A; and 1, if we
plot for each subject the mean difference dj/2 against the total 7 and use a
different plotting symbol for each group. This plot is given in Figure 2.5. To aid
the comparison of the groups, we have also added the outermost and innermost
convex hulls of each group. The outermost convex hull of a set of points is that
subset that contains all the other points. If we were to remove these points
from consideration and repeat the process, we would obtain the next inner
convex hull. If this removal process is repeated, we will eventually get to the
innermost convex hull. The innermost convex hull of each group is shaded
in Figure 2.5, with a different shading for each group. A separation of the
groups along the horizontal (¢;) axis would suggest that A; # 0 and (assuming
A4 = 0) a separation of the groups along the vertical (dj;/2) axis would suggest
that t; # 0. For our data there is a clear separation of the two groups in the
vertical direction, indicating a direct treatment difference. The centroids of
each group have been plotted in Figure 2.5 using open and filled diamond
shapes. The vertical difference between them is the size of the estimated direct
treatment difference, which in this case is about 10 L/min. There is no apparent
separation in the horizontal direction, indicating there is no difference in the
carry-over effects. The size of the horizontal separation of the centroids is an
estimate of the carry-over difference.

In addition to giving visual information about the direct treatment and
carry-over effects, Figure 2.5 also gives information about the distribution of
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Subject mean difference
o
1

Subject total

Figure 2.5: Mean differences vs totals.

the subject mean differences and totals. Looking at the plot we can see that
there are more extreme values in Group 1, both for the mean differences and
the totals. Perhaps the distribution of the mean differences and totals is not the
same in the two groups.

A simple way to compare the distributions of the derived variates is to draw
a histogram for each variate in each group and to compare them. The results of
doing this are given in Figure 2.6.

The shapes of the histograms do seem to differ markedly between the
groups, with those for Group 2 having shapes that might suggest the derived
variates for that group are not normally distributed. A useful plot for assessing
the normality of a set of data is the quantile-quantile plot (or qq-plot). The qq-
plots for the subject mean totals and mean differences for each group are given
in Figure 2.7. If the data in a plot are sampled from a normal distribution, the
plotted points should lie close to a straight line. It would appear from Figure
2.7 that while none of the sets of points follow the line closely, the subject to-
tals and mean differences for Group 2 have large deviations near the end of the
lines. A formal test of normality can be done using the Shapiro—Wilk test. For
the subject totals and mean differences in Group 1, the P-values for this test
are 0.1438 and 0.2505, respectively. For Group 2, the corresponding P-values
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Figure 2.6: Histograms.

are 0.0428 and 0.1009, respectively. There is therefore some evidence that the
subject totals in Group 2 are not sampled from a normal distribution. For the
moment we merely note these features of the data and proceed to fit a linear
model to the mean PEFR values obtained on each subject in each period.

2.4 Sample size calculations

In any clinical trial it is important for ethical and economic reasons that only
the minimum number of subjects that are absolutely necessary are enrolled
into the trial. When deciding from the results of a clinical trial if a significantly
large direct treatment difference has been detected, it is possible to make two
errors: the Type I error and the Type II error. If Hy denotes the null hypothesis
of no direct treatment difference and H,, denotes the alternative hypothesis that
the difference between the direct treatments is A, then the Type I error is the
mistake of rejecting Hy when Hj is true and the Type II error is the mistake of
failing to reject Hy when H, is true. The probabilities of making these errors
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Figure 2.7: Quantile-quantile plots.

will be denoted by o and 3, respectively. That s,
P(reject Hy|Hy) =

P(accept Ho|H,) = B.

In this situation the significance level of the test is &. The power of the test is
Power = P(reject Hy|H,) =1— .

While it would be desirable to simultaneously minimize ¢ and S, this is not
possible, as we will illustrate shortly. In practice « is fixed at some small value,
usually 0.05, and then the sample size is chosen so that the power 1 — 3 is large
enough to be acceptable, e.g., 0.8 or 0.9.

Here we assume that the observations on each subject are normally
distributed. If there are n/2 subjects on each sequence and the (known)
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Figure 2.8: Probabilities of Type I and Type II errors.

within-subject variance is o2, the variance of the estimated treatment differ-

ence is ) )
R 20 (2 2 20 2
Var|[tyl=— | -+- | =— =0 .
ar(T,] ) <n+n) . 7 say

We reject Hy at the two-sided « level if |’fd|/\/;§ > Zq/2, Where zg /5 is such
that P(Z > Za/Z) = OC/2 and z ~ N(O, 1). If oo = 0.05, then zg 025 = 1.96.

In Figure 2.8 we illustrate the situation for the case where A= 3.5 and 67 =
1. Here the distribution on the left is the distribution of the estimated direct
treatment difference under the null hypothesis and the distribution on the right
is the corresponding distribution under the alternative hypothesis, i.e., A =3.5.
The shaded area to the right of 1.96 is a/2 = 0.025 and the shaded area to
the left of 1.96 is . We can see that if we change z/, to a value greater than
1.96, then a will decrease and 8 will increase. The only way we can reduce
B for a given « is to reduce the variance of the estimated treatment difference.
For a fixed value of 62 this can only be done by increasing 7, the number of
subjects. We will now explain how to choose n for given values of A, 62, o and
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B. Suppose for the moment that the alternative hypothesis is one-sided, A > 0,
and the significance level is a. Then, for example, zo = z0.05 = 1.64.
1-B = P(%y/04>z4|Ha)
= P(fd > ZaGd|Ha)

B—A  z40,—A B—A
= P(d A e >~N(0,1)
Oy (o] (o]

—A
= P Z>_+Z(x
&}

where Z ~ N(0,1). In other words,

A
Z[s = _(Za - G_d)
and hence
A= (Z(x +ZB)6d.

For a two-sided test the corresponding equation is
|Al = (zq/2 +25)04-
Putting in the full expression for oy gives

Al = (zg/2 +Zﬁ)%-

That is,
Za)2 +2p)%207
n= WTM’ 2.1)
i.e., n/2 subjects per group.
To improve the approximation, %zé /o May be added to n, i.e.,

(Za/2+zﬁ)2262 1,
AZ + Eza/z.

= (2.2)

As an example, let us consider the trial described in Example 2.1. Suppose
at the planning stage it was decided that a difference of at least A = 10 units
in the mean PEFR score was important to detect and that the within-patient
variance in mean PEFR scores was 6> = 326. To detect a difference of this
size with power 0.8 and two-sided significance level o = 0.05 would require
n=(1.96+0.84)%(2 x 326) /100 + (1.96%) /2 = 53 subjects. As we require an
even integer number of subjects, this would be rounded up to 54, i.e., 27 in
each sequence group. In Table 2.7 we give the total sample size (n) required to
detect a standardized difference A/c with power at least 0.8 or 0.9 and each
for two significance levels ¢« = 0.05 and 0.1. The usefulness of this table is that
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Table 2.7: Total number of subjects required for 2 x 2 cross-over.

Power = 0.8 Power = 0.9
AJo a=0.05 a=0.10 a=0.05 a=0.10
0.1 1572 1238 2104 1716
0.2 396 312 528 430
0.3 178 140 236 192
04 102 80 134 110
0.5 66 52 88 70
0.6 46 36 62 50
0.7 34 28 46 38
0.8 28 22 36 30
0.9 22 18 28 24
1.0 18 14 24 20
1.1 16 12 20 16
1.2 14 12 18 14
1.3 12 10 16 12
1.4 12 10 14 12
1.5 10 8 12 10
1.6 10 8 12 10
1.7 8 8 10 8
1.8 8 6 10 8
1.9 8 6 10 8
2.0 8 6 8 8
2.1 8 6 8 6
2.2 6 6 8 6
2.3 6 6 8 6
2.4 6 6 8 6
2.5 6 6 8 6
2.6 6 6 6 6
2.7 6 6 6 6
2.8 6 6 6 6
2.9 6 4 6 6
3.0 6 4 6 6

it does not depend on the actual sizes of A and o, but on their ratio, which is a
dimensionless quantity. Therefore Table 2.7 is applicable in general.

A check on the sample size can be made by calculating the power using
the noncentral 7-distribution, which is the distribution of our test statistic under
the alternative hypothesis. This distribution has noncentrality parameter y =
V(A/v/262) and n —2 degrees of freedom. For the trial in Example 2.1 and
assuming n = 54, v = /54(10/+/2 x 326) = 2.88.

As an example, let us return to the sample size calculation for Example 2.1.
Here A/o = 10/,/(326) = 0.554. If & = 0.05 and a power of 0.8 is required
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for a two-sided test, then from Table 2.7 we see that the total sample size should
be about 56: we linearly interpolate between 46 and 66 and round up to an even
integer, i.e., n ~ 66 — (20/0.1) x 0.054 = 56, which is slightly higher than that
obtained using formula (2.1).

The following SAS code (based on Senn (1993), Table 9.3) can be used
to calculate the power using the noncentral ¢-distribution. For 54 patients the
power is 0.8063, i.e., at least 0.8 as required.

SAS code for 2 x 2 cross-over power calculation

data sampsize;

* alpha (two-sided);

alpha=0.05;

* sample size (total number of patients);

n=54;

* within-patient variance;

sigma2=326;

* standard error of a difference;

stderrdiff=sqrt (2*sigma2/n);

* size of difference to detect;

delta=10;

* degrees of freedom for t-test;

df=n-2;

* critical value of t-distribution;

* (two-sided alpha level);

tl=tinv(l-alpha/2,df);

* noncentrality parameter;

gamma=delta/(stderrdiff);

* power;

power=1-probt (t1,df,gamma) ;

run;

proc print data=sampsize;

var alpha n delta sigma2 stderrdiff
gamma power;

run;

An alternative is to use the sample-size calculations provided in commer-
cial software, for example, nQuery Advisor 7.0 (Elashoff, J.D.). For the above
example, this software gives 27 subjects per group.

2.5 Analysis of variance

Although we can test all the hypotheses of interest by using two-sample ¢-
tests, it is important to note that we can also test these hypotheses using F-tests
obtained from an analysis of variance table. The analysis of variance approach
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is also the one that is most convenient to follow for the higher-order designs
that we will describe in later chapters. As a reminder, the linear model assumed
for the 2 x 2 trial is

e = U+ +T+su+Ew (2.3)
Yior, = U+M+T+A+su+ €

hik = H+7T+T+s2%+ i

Yor = U+T+T+A+su+&n

where the terms in the model were defined in Section 2.3. The analysis of
variance table for the 2 x 2 cross-over design has been a source of confusion in
the past. Although Grizzle (1965) was the first to present the table, his results
were only correct for the special case of n| = ny. Grieve (1982) pointed out
that Grizzle’s later correction (Grizzle, 1974) did not clarify the situation and
went on to present the correct table. A correct table had earlier been given by
Hills and Armitage (1979) in an appendix to their paper. The correct table is

presented in Table 2.8, where SSW-S =¥ Xi Xl i — X T yw -
yl
Zl IZ] 1 / +Zl 1

The columns in Table 2.8 are for the source of variation (Source), degrees
of freedom (d.f.) and sums of squares (SS). In Table 2.9 we give the expected
mean squares (EMS). It is clear for the EMS column that, as noted before, it is
only sensible to test the hypothesis that 7; = 1, if it can first be assumed that
A=A

It will be noted that the total corrected SS has been partitioned into an SS
between subjects and an SS within subjects. The between-subjects SS is further
partitioned into an SS for carry-over and an SS for residual. This residual we
refer to as the Between-Subjects Residual or B-S Residual for short. The SS

Table 2.8: Analysis of variance for full model: sums of squares.

Source d.f. SS
Between-subjects:
Carry-over 1 (,?:”Tr,'fz) ()71 — . )2
B-S Residual (n1+n,—2) Y Y, )’k ~-Yi 2,,,
Within-subjects:
Treatments 1 2(n1+nz) (11, = F12. = o1 +22.)°
Periods 1 oy (i1 = Fi2 4921 — 922.)?
W-S Residual (n1+ny—2) SSW-S

2

2 2 i
Total 2mAm) =1 X i Yl Vi~ o
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Table 2.9: Analysis of variance for full model: expected mean squares.

Source EMS
Between-subjects:
Carry-over (ZI"JF’Z ) (A —A)? +202 + 62
B-S Residual 202+ 02
Within-subjects:
2
Treatments (ZTZ) {(Tl — ) — (M;lz)} + 02
2
Periods (3mzz ] [(7[1 — ) — 8 erlz)} + o2
W-S Residual o2

within-subjects is partitioned into (i) an SS for direct treatments (adjusted for
periods), (ii) an SS for periods (adjusted for direct treatments) and (iii) an SS
for residual. This residual we refer to as the Within-Subjects Residual or the
W-S Residual for short. The 2 x 2 cross-over is a simple example of a split-
plot design: subjects form the main plots and the time points at which repeated
measurements are taken are the subplots. It will be convenient to use the split-
plot analysis of variance in the analyses of the more complicated designs to be
described in later chapters.

In the following, Fj ,, denotes the F-distribution on 1 and v degrees of free-
dom.

The analysis of variance table for the mean PEFR data is given in Table
2.10. Also given in the table is an F column and a P-value column. The F
column contains the calculated values of the F-ratios which we define below
and the P-value column contains the corresponding P-values obtained by test-
ing the null hypotheses of no carry-over difference, no period difference and

Table 2.10: Analysis of variance for the PEFR data.

Source d.f. SS MS F P-value
Between-subjects:
Carry-over 1 10572.680 10572.680 0.899  0.347

B-S Residual 54  634865.580 11756.770

Within-subjects:
Treatments 1 3026.120 3026.120  9.28 0.004
Periods 1 396.858 396.858 1.22 0.275
W-S Residual 54 17617.134 326.243
Total 111 666561.119
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no direct treatment difference, respectively. Again we include the test of no
carry-over difference for illustration only.
To test the null hypothesis that A; = A, , we calculate the F-ratio

Carry-over MS

FC = ——————
B-S Residual MS

10572.680
11756.770

= 0.899 on (1, 54) d.f.

On the null hypothesis, FC is an observed value from the Fy (,, ; ,,2) distribu-
tion. The P-value corresponding to this observed value is 0.347. As before (of
course), there is insufficient evidence to reject the null hypothesis.

To test the null hypothesis that 7; = 7, we calculate the F-ratio

Direct Treatment MS
W-S Residual MS

FT =

3026.120
326.243

= 90.280n(1,54)df.

On the null hypothesis, FT is an observed value from the Fy (,, 1,,_2) distribu-
tion. The corresponding P-value is 0.004. As before, there is strong evidence
to reject the null hypothesis.

To test the null hypothesis that ; = 7, we calculate the F-ratio

Period MS
W-S Residual MS

FP =

396.858
326.243

= 1.220n(1,54)df.

On the null hypothesis, FP is an observed value from the Fy (,, 1,,2) distribu-
tion. The corresponding P-value is 0.275, indicating that there is insufficient
evidence to reject the null hypothesis. The numerical values displayed in Table
2.10 can be obtained using SAS proc glm with the following statements:
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COPD Example — SAS proc glm code:

data di;

input patient group treat period response;
datalines;

03 2 2 1 138.333
03 2 1 2 138.571
07 1 1 1 121.905
07 1 2 2 116.667
90 1 1 1 236.667
90 1 2 2 220.000
99 2 2 1 371.190
99 2 1 2 404.762;

proc glm data=di;

class patient group period treat;

model response= group patient(group)
period treat;

random patient(group)/test;

lsmeans treat/pdiff;

estimate ’Trtl -Trt2’

treat 1 -1;

run;

It will be noted that in order to obtain the correct F-test for the carry-over
difference, the random patient (group)/test statement has been used. In
later chapters we will fit models using SAS proc mixed rather than proc
glm, as there will be advantages in fitting models where the subject effects
are formally assumed to be random effects in the fitting process. The random
statement in proc glm does not fit models that contain random effects. We
will give a more considered and detailed introduction to fitting mixed models
to cross-over data in Chapter 5. A general description of how to fit mixed
models using SAS is given by Littell et al. (1996). To use proc mixed for our
example, we should use the following statements:

COPD Example — proc mixed code:

proc mixed data=dil;

class patient group period treat;
model response = group period treat/s;
random patient(group) ;

lsmeans treat/pdiff;

estimate ’Trtl - Trt2’ treat 1 -1;
estimate ’Carl- Car2’ group 2 -2;
run;
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Edited output from using these commands is given below. We note that
the output from proc mixed is quite different to that of proc glm. proc
mixed uses residual (or restricted) maximum likelihood (REML) to fit
the model and estimate the variance parameters 62 and 2. For our data

COPD Example — proc mixed output:

Covariance Parameter Estimates

Cov Parm Estimate
patient (group) 5715.26
Residual 326.24

Type 3 Tests of Fixed Effects
Effect Num DF Den DF F Value Pr > F

group 1 54 0.90 0.3472
period 1 54 1.22 0.2749
treat 1 54 9.28 0.0036
Estimates

Label Estimate Std Err DF t Pr > |t]

Trtl - Trt2 10.4026 3.4156 54 3.05 0.0036
Carl- Car2 38.8885 41.0083 54 0.95 0.3472

these estimates are 62 = 5715.263 and 62 = 326.243. The proc mixed output
does not contain an analysis of variance table, but the results of applying the
F-tests to test the null hypotheses for carry-over, period and direct treatment
effects are given. Of course, for the 2 x 2 trial without missing data on one or
other of the treatments, all the information on the direct treatment and period
differences is wholly within subjects, and so the values of the test statistics and
estimates are exactly as would be obtained by fitting a model with fixed subject
effects using proc glm. This will not be the case for some of the designs to be
met in later chapters.

2.6 Aliasing of effects

Perhaps the most important advantage of formally fitting a linear model is that
diagnostic information on the validity of the assumed model can be obtained.
This information resides primarily in the residuals, which we consider in Sec-
tion 2.8. Here we show that the part of the linear model that concerns the carry-
over effects can be expressed in three alternative ways: as carry-over effects, as
group effects and as direct treatment-by-period interaction effects. In fact, we
made use of this when fitting the model to the mean PEFR data: we included
a factor for Group with levels 1 and 2, rather than a factor for Carry-over. We
have already emphasized the power of the test for equal carry-over effects is
likely to have low power and we do not recommend using it as a preliminary
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to testing for a direct treatment difference. This aliasing of effects (i.e., when a
single numerical estimate can be interpreted in a number of alternative ways)
is another reminder of the limitations of the basic 2 x 2 design.

To illustrate this aliasing, consider writing the fixed effects in the full model
as given below:

Group Period 1 Period 2
1(AB) p+m+tu+(n)n pU+m+n+(T0)n
2(BA) u+m+n+(tn)y pU+m+T+ (T2

Here (77);; is the interaction parameter associated with treatment i and period
Jj and allows the model to account for a treatment effect that is not the same in
each of the two periods. If the usual constraints 7y + 1, =0 and 71+ 7 =0
are applied to the parameters, and we set 11 = —7 and 7} = —7, the model can
be written as

Group Period 1 Period 2
1(AB) pu—n—7+(tm);; U+7T+7T+(T0)0
2(BA) p—m+t4+ (1) U+T—TH(TA)2

If the usual constraints (T7);; + (T7)12 = 0, (T7)21 + ()2 =0, (t7)1; +
(tm)2; =0 and (77)12 + (77)22 = 0 are applied to the interaction parameters,
and we set (77);; = (77), the model becomes

Group Period 1 Period 2
1(AB) pu—n—t+(tw) pu+n+7+(t7)
2(BA) u-n+t—(tn) pu+xr—1—(T7N)
Using these constraints therefore reveals the aliasing of the interaction and
the group effects. If, however, we use the less familiar constraints (t7);; =0,
(t7)21 =0, (t7) 12+ (T7)22 = 0 and set (7)o, = —(T7), the model becomes

Group  Period 1 Period 2
1(AB) u—n—7 p+n+71—(t7)
2BA) p—n+t pu+n—1t+ (W)

That is, the interaction effects are now associated with the carry-over ef-
fects. (See Cox (1984) for further, related discussion.)

The constraints applied do not affect the numerical values obtained for the
sums of squares in an analysis of variance or the estimates of any treatment
contrasts. Therefore, whichever constraints are applied, the same numerical
values will be obtained: it is their interpretation that will differ.

If the null hypothesis of equal carry-over effects is rejected, there are, as
suggested above, a number of possible causes and additional information must
be used to decide between them. The main point to note, however, is that if the
null hypothesis of equal carry-over effects is rejected, we have evidence of a
treatment difference. Because of the intrinsic aliasing, the problem left to sort
out is that of deciding on a meaningful estimate and a meaningful interpre-
tation of the difference between the treatments. The solution to this problem
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cannot be obtained from the results of the trial alone: additional background
information on the nature of the treatments and periods must be used.

2.7 Consequences of preliminary testing

Prior to the Freeman (1989) paper, it was common practice for the test for a
direct treatment difference to be preceded by a test for equal carry-over effects.
Depending on the result of the carry-over test, one of two different tests for a
direct treatment difference was then done, as suggested by Grizzle (1965). If
the test for a carry-over difference was not significant, then the z-test based
on the within-subject differences, as described in Section 2.3, was used. If the
carry-over test was significant, then the two treatments were compared using
only the Period 1 data, as in a parallel groups design. That is, a two-sample
t-test comparing the mean of A in Period 1 with the mean of B in Period 1
was done. This test uses between-subject information, and so negates the ad-
vantages of using a cross-over design. Freeman (1989) showed that using such
a preliminary test not only leads to a biased estimate of the direct treatment
difference but also increases the probability of making a Type I error. In other
words, the actual significance level of the direct treatment test is higher than the
nominal one chosen for the test. In this section we review and illustrate Free-
man’s results and evaluate their consequences for typical trials. In this section
we consider the special case where there are n subjects on each treatment in
each sequence group.

Let six = yitx + Yizks fik = Yire and dig = yiix — yiox be the total of the two

responses, the first period response and the difference of the two responses,
2
O,

respectively, on subject k in Group i. If p = — o then the following results
hold: ;
40°1+p
S=§s-H~NAy,———
§1 =5~ N(a, — 1ip)
FefimfeNG 2L
= J1 2 d > n 1*[)
d_l 7d_2 Ad 62
D= ~N(Ty——,—
( d 2 3 n )7

where s; is the mean of the s, f; is the mean of the f;; and d; is the mean of
the dj, respectively, for Group i. It is worth noting that the correlation between
Sand Fis \/(1+p)/2.

Freeman referred to using the test based on F as procedure PAR and using
the test based on D as CROSS. The Grizzle (1965) two-stage procedure cor-
responds to first using the test for carry-over based on § and then using PAR
if the test is significant and using CROSS otherwise. Freeman referred to this
two-stage procedure as TS.
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Depending on the procedure used, there are three alternative estimators of
Ta-
Tapar = F
Tacros =D
t;rs = D with probability p or F' with probability 1 — p,
where p equals the probability that the carry-over test based on S is not signif-

icant at level ;. Grizzle (1965) suggested setting oy = 0.1, rather than 0.05
to compensate for the lack of power of the test based on S. Estimator PAR

is unblased and has variance = 26 (1 - 5 ). Estimator CROSS has bias —% and

variance 7. If it is assumed that Gs and o2 are known, Freeman showed that
estimator TS has bias

Adp O] 1 > AL% . Za Ad
e T —_ e h2e
> + T exp =3 | 2 + 612 sin o

where 67 = 4;’ (ﬁg)

The variance Ty 7 is

2

. A o2
Var(%yrs) = le’(l—l’)"'j(‘l_

Loy Gl 1 ( 2 A )] Zoy Ad
+ g, + cosh ——
2V21 exp { “ o o

3p)
2
Zd
2
1
)LdG] 1 )Lz .. < )Ld
— (12p)exp[2<él+6—‘1§ sinh =<

2V2x: o1
2 2
i Lo A -2 2oy Ad
— E eXp |:—§ (ZOC] + 6—12 S]nh Tl

To compare the three estimators, we use the mean squared error (MSE),
which equals variance + bias?. The MSEs of the three estimators are

202 1
st = 5 (755)
/'LZ 62
MSEcross = Td—i-?
3,2
MSETS == 2p+—(4 3p)

o RYERY,
+ 2\/— exp ZalJro_—lz

A A A,
[ osh 20 fd _ 2 oyt d],
O O O

X

where 67 = #(—).
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Figure 2.9: Mean squared errors of PAR, CROSS and TS.

To provide an illustration, we consider the situation with o = \/(n) (to
simplify the forthcoming plots), ot = 0.05, ¢t} = 0.1 (as suggested by Grizzle

(1965)), p = 0.6 and MT\/EH) taking values from —11 to +11. For these values,
the MSE values corresponding to each of the three types of estimator (PAR,
CROSS, TS) are plotted in Figure 2.9. It can be seen that the MSE for TS is
always between that of the other two estimators. For relatively small values
of the carry-over difference, TS performs much better than PAR and not much
worse than CROSS. But even though TS is not as good as PAR for larger values
of the carry-over difference, TS has a smaller MSE than CROSS, whose MSE
keeps on increasing.

A second way of comparing the properties of the three estimators, as also
done by Freeman, is to calculate the coverage probability of the confidence
interval for the true treatment difference 7. If @ = 0.05, the nominal coverage
probability of the confidence interval should be 0.95. For PAR it is 0.95 for
all values of 44, but not for CROSS or TS. The actual values of the coverage
probability (again assuming the values for ¢, &1, n and ¢ as used for the MSE
calculations) are plotted in Figure 2.10. The coverage probability at A; = 0 is,
of course, 0.95 for PAR and CROSS, but for TS it is only 0.9152, i.e., the actual
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Figure 2.10: Coverage probability.

significance level is 0.0848. The minimum coverage probability is 0.4974 and
occurs at |A4+/(n)/0| = 5.7. (The actual significance level at these points is
therefore 0.5026.)

Figure 2.11 shows the power of each procedure for three values of 4, (left
panel A; = 0, middle panel A; = 56/+/(n), right panel 4; = 6/1/(n)). We
can see for A; = 0 that, as expected, both TS and CROSS do better than PAR,
although TS does this at the expense of an increased significance level (0.0848)
at T; = 0. For A; = 0, TS does not do very much worse than CROSS. When
Aa = 50/+/(n), there are some values of 7;/(n)/o for which TS has higher
power than CROSS and some where it is lower. The power (i.e., significance
level) at t; = 0 is high for both TS and CROSS (0.4865 and 0.7054, respec-
tively). The contours of the rejection probabilities for TS are given in Figure
2.12.

Another disturbing feature of the TS procedure has been pointed out by
Senn (1996). That is, in the absence of a carry-over difference, significant val-
ues of the SEQ test imply that the PAR test will be biased. This is because in
the absence of a carry-over difference (and a direct treatment-by-period inter-
action) a significant SEQ test implies a significant difference between the two
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Figure 2.11: Power curves for PAR, CROSS and TS (left panel A; = 0, middle
panel 4 = 56/+/(n)), right panel A; = 6 /+/(n)).

sequence groups. This difference will introduce a bias in the PAR test, because
it compares the treatments using a between-group test. See Senn (1996, 1997b)
for further discussion.

Our advice therefore is to avoid having to test for a carry-over difference
by doing all that is possible to remove the possibility that such a difference
will exist. This requires using wash-out periods of adequate length between
the treatment periods. This in turn requires a good working knowledge of
the treatment effects, which will most likely be based on prior knowledge
of the drugs under study, or ones known to have a similar action. In Section
2.12 we give an alternative approach that avoids the problems of preliminary
testing.

Freeman recommended using a Bayesian analysis to overcome the disad-
vantages of preliminary testing. We consider Bayesian approaches in Section
2.9.
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Figure 2.12: Contours of power for TS (p = 0.6).

2.8 Analyzing the residuals

Any analysis is incomplete if the assumptions which underlie it are not
checked. Among the assumptions made above are that the repeated measure-
ments on the each subject are independent, normally distributed random vari-
ables with equal variances. These assumptions can be most easily checked
by analyzing the residuals. If y;; denotes the estimated value of the response
based on the full model, then the residual ;j is defined as

Fijk = Yijk — Vijk = Yijk — ik — Vij. + Vi..-

The r;jx are estimators of the g, terms in the full model and, if the model
is correct, should share similar properties. However, although the r;j; are nor-
mally distributed with mean 0, they are not independent and do not have equal
variances. Their variances and covariances are given below, where k is not
equal to g:

(ni—1) 5

Var(mk) = Var(r,gk) = o o-,
i

(72

Cov(ritg,ring) = Covlrink, ring) = — Cov(ring, ring) = — 5
1
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and
(ni—=1) ,

Cov(rig,riok) = —=———0".
1

All other covariances are zero.

It can be seen that if n; and n, are large and approximately equal, the r;j;
are approximately independent with equal variances. Rather than use these raw
residuals, however, it is more convenient to work with the following “studen-
tized” residuals:

Tijk
lijg=——"""1

(Vir(r,- jk>) ’

where VAar(ri k) is the estimated value of Var(r;j) obtained by replacing 62 by
the W-S Residual MS. Each #;; has mean 0 and variance 1. Although their joint
distribution is complicated, little is lost in practice if the studentized residuals
are treated as standard normal variables. The distribution of such residuals
obtained from regression models is discussed by Cook and Weisberg (1982),
pp-18-20.

The values of #;;; for our mean PEFR data are given in Tables 2.11 and
2.12, for each group, respectively, where it will be noted that only the residual
from Period 1 is given for each subject, because r; ; = 0.

It can be seen that two largest residuals, ignoring the sign, occur for Sub-
ject 36 in Group 1 and Subject 59 in Group 2. If the model and assumptions are
correct, we should not expect to see “large” studentized residuals. Lund (1975)
has tabulated critical values for determining if the largest studentized residual
is significantly large (at the 10%, 5% and 1% levels). The response values cor-
responding to unusually large studentized residuals are called outliers or dis-
cordant values. The larger the residual the more discordant is the correspond-
ing response. If outliers are found in a set of data, then their response values
should be carefully examined. After such an examination, it might be decided
to remove these values and to reanalyze the depleted data set. For our data the
largest studentized residual (—2.77) should not be considered an outlier.

More often than not, plotting residuals in various ways can be most in-
formative. Figure 2.13 shows two useful diagnostic plots of the studentized
residuals for the first period mean PEFR values. (We could equally well have
plotted those for the second period. However, as these are the negative of those
in the first period, only the residuals from one of the periods should be plot-
ted.) In the left panel the residuals 7 are plotted against the fitted values J; ;i
and in the right panel is a g-q plot. If the model assumptions are satisfied,
there should be no relationship between the ¢; ;. and the J; ;. The plot in the left
panel of Figure 2.13 does not suggest any nonrandom pattern, except perhaps
for a suggestion that the variance of the residuals is larger for subjects with
average-sized fitted values. The plot in the right panel of Figure 2.13 shows
that the plotted points lie close to a straight line, giving no reason to doubt the
assumption that the residuals are normally distributed.
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Table 2.11: PEFR data: studentized residuals for Group 1, Period 1.

Subject  yijk Dijk tijk
7 121.90 122.60 —-0.06
8 218.50 212.82 045
9 235.00 229.39 0.45
13 250.00 226.53 1.87
14 186.19 189.16 —0.24
15 231.56 230.02 0.12
17 44325 435.19 0.64
21 198.42 206.37 —0.63
22 270.50 245.15 2.02
28 360.48 37556 —1.20
35 229.75 212.32 1.39
36 159.09 193.82 —2.77
37 255.88 258.04 —0.17
38 279.05 276.65 0.19
41 160.56 165.10 —0.36
44 172.10 180.56 —0.67
58 267.00 293.32 —-2.10
66 230.75 22425 0.52
71 271.19 267.72  0.28
76 276.25 252.50 1.90
79 398.75 404.69 —047
80 67.78 7235 —0.36
81 195.00 21240 —1.39
82 325.00 319.15 0.47
86 368.08 368.61 —0.04
89 22895 231.74 —-0.22
90 236.67 231.65 040

2.9 A Bayesian analysis of the 2 x 2 trial

2.9.1 Bayes using approximations

Here we describe the Bayesian analysis of the 2 x 2 trial as presented by Grieve
(1985, 1986). A Bayesian analysis of the 2 x 2 trial as used in bioequivalence
testing, and for equal group sizes, was earlier given by Selwyn et al. (1981).
Other related references are Dunsmore (1981) and Fluehler et al. (1983). Some
examples of the use of Bayesian methods in the pharmaceutical industry (with
discussion) have been given by Racine et al. (1986).

The model we shall assume is for the two-period design without baselines
and is as given in Section 2.5, with the addition of the constraints 7 = 7] =
—T, and R = A; = —A,. In other words, the difference between the carry-
over effects is A; — A = 2R and the difference between the treatment effects
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Table 2.12: PEFR data: studentized residuals for Group 2, Period 1.

Subject  yij Dijk tijk
3 138.33 131.37 0.56
10 225.00 23354 —0.68
11 392.86 380.06 1.02
16 190.00 204.58 —1.16
18 19143 202.63 —0.89
23 226.19 239.58 —1.07
24 201.90 190.62 0.90
26 134.29 124.53 0.78
27 238.00 236.17 0.15
29 159.50 142.67 1.34
30 232.75 24757 —1.18
32 172.31 164.07 0.66
33 266.00 278.42 —0.99
39 171.33 171.75 —-0.03
43 194.74 186.00 0.70
47 200.00 204.22 —-0.34
51 146.67 158.15 —0.92
52 208.00 217.75 —-0.78
55 208.75 206.70 0.16
59 271.43 241.13 241
68 143.81 159.07 —1.22
70 104.44 112.76 —0.66
74 14524 14196 0.26
77 215.38 220.85 —-0.44
78 306.00 290.08 1.27
83 160.53 148.42 0.96
84 353.81 354.34 —0.04
85 293.89 293.91 0.00
99 371.19 380.89 —0.77

is T| — 7, = 2T. Tt will be recalled that T = [F11. *ylz *)’2] Jryzz]/4 and
R= [F11.+ F12. — F21. — $22.] /2. Also we will define GA =202 + 62 and note

thatm = (n; +np)/(nin2).

The joint (uninformative) prior distribution for our model parameters is as-
sumed to be proportional to (Gf x 62)~!. The following posterior distributions
are then obtained, where y denotes the observed data:

—(n+np—1)/2
010>
P(T.R Z1X2 2.4
(T, IY)fx(SSESSP) (2.4)
—(n4+np—1)/2
9))
P(Rly) o< (ssp) (2.5)
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Figure 2.13: Diagnostic plots (Period 1 only).

Ql —(n+nmy—1)/2
P(T|R — . 2.6
TRy (gox ) @6)
Here
SSE = Within-subjects residual SS,
SSP = Between-subjects residual SS,
8(T —R/2—T)?
0 = # + SSE
m
and -
2(R—R
0, = 2R=R L ssp
m
In fact, from the above it can be seen that
R m SSP
PRly)=t|R,—/—m -2 2.7
( |y) ’2(n1+n2—2)’n]+n2 ) ( )

where t[a,b,c] denotes a shifted and scaled 7-distribution with ¢ d.f., location

1
parameter a and scale parameter b2 .
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The marginal distribution of T', P(T|y), does not have a convenient form
and must be obtained by numerically intergrating out R from the joint posterior
distribution for 7 and R given in equation (2.4). However, Grieve (1985) has
shown that, to a very good approximation,

A Ié m b()
P(Tly)=t|T+ =, —, b 2.8
(Tl =1 745, 5ot e8)

where
b (SSE + SSP)?(ny +ny —6) L4
! (SSE)2 + (SSP)?

and
(by —2)(SSE + SSP)

(I’l1 +ny —4)

by =

Also,

R SSE
P(TIRy) =t |+, "

_ —21. 2.9
ok 8(n1+n2—2)’n]+n2 (2.9

Grieve also considered the effect of including the extra constraint 63 > o2
in the prior information and concluded that it makes very little difference.

To provide an illustration of the Bayesian approach, we give in Figure 2.14
the posterior distributions obtained for the mean PEFR data.

The posterior distribution, P(R|y), has mean 19.44 and variance 436.6 on
54 d.f. The 90% credible (confidence) interval for R is (—21.66, 60.55) and
does therefore support the null hypothesis that R = 0.

If we assume that R = 0, then the appropriate posterior distribution for
T is P(T|R = 0,y). The difference between P(T|R = 0,y) and P(T'|y) is quite
dramatic, however, and it is important to make a sensible choice between them.
The distribution P(T'|R = 0,y) has mean 5.20 and variance 3.03 on 54 d.f. The
95% credible interval for T is (1.78, 8.63), i.e., the 95% credible interval for
T — Ty is (3.55, 17.25). If we assume that R # 0, the posterior is P(T|y), which
has mean 14.92 and variance 112.18 on 56.77 d.f. The 95% credible interval
for 7; — 7 is then (—9.09, 68.79).

Further examples of a Bayesian analysis are given by Grieve (1985, 1987,
1990, 1994a) and Racine et al. (1986).

In the analysis so far, we have assumed an uninformative prior for the pa-
rameters. Naturally, in the Bayesian approach it is appealing to make use of
informative prior information which may be subjective or may have been ob-
tained in earlier trials. Selwyn et al. (1981) show how an informative prior
distribution on R can be included in the analysis. While this is a step forward,
it does seem to us that if prior information on R is available, there must be
prior information on 7' also. As regards the period parameters, it is unlikely
that any prior information on these will be available, except perhaps the fact
that they are not needed. The period effects are going to be difficult to predict
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Figure 2.14: Posterior distributions for treatment and carry-over effects for the
PEFR data: P(R|y), dotted curve; P(T|R,y), solid curve; P(T |y), dashed curve.

a priori because they depend on two future time points and the effects of these
are likely to be quite capricious.

Grieve (1985) and Racine et al. (1986) have also considered the approach
of Selwyn et al. (1981) and conclude that it is likely to be difficult to put into
practice: they prefer an approach which uses a Bayes factor to assess the sig-
nificance of the carry-over effect.

In order to explain the Bayes factor approach, we let M; denote the model
(as defined in Section 2.3) which includes the carry-over parameters and let
M, denote the model with the carry-over parameters omitted.

The prior odds on no carry-over difference is then defined as
P = P(My)/P(M;), where P(M;) denotes the prior probability of model M;,
i =0, 1. The posterior probabilities for the two models are then
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and

1
P(M1|Y):m

where By is the Bayes factor obtained from

([ P(Myly) P(My)\ _ P(y|Mo)
Bor = (P(M, |y>) / (P(Mo) " PyMy)

Inference on T is then based on the mixture posterior form:

PBy;

—_— P(Tly, M
1+ P Bo; (Tly, My)

Pu(Tly) = P(Ty,Mo) +

1
1+ P By
where P(T|y, Mp) is given by (2.9) with R =0, and P(T| y, M) is obtained
by either integrating out R from (2.4) or by using the approximation (2.8). For

the 2 x 2 trial
B — 3 % - FC —(n1+n2)/2
= 2m ni+n—2

where FC is as defined in Section 2.5

The sensitivity of the conclusions to the prior belief of a carry-over differ-
ence can then be obtained by displaying summaries of Py (T'|y) as a function of
P(M;) =1/(1+ P). Examples of doing this are given in (Grieve, 1985, 1990)
and Racine et al. (1986).

2.9.2  Bayes using Gibbs sampling

Instead of using Grieve’s approximations, we can obtain the necessary poste-
rior distributions using Markov Chain Monte Carlo (MCMC) sampling. This is
conveniently done using Gibbs sampling via the WinBUGS software (Spiegel-
halter et al., 2000). Details of how MCMC works can be found, for example, in
Gilks et al. (1996). In effect, the required posterior distributions are obtained
by repeatedly sampling in turn from a series of appropriate and simple condi-
tional distributions. Under suitable conditions the series of samples converges
to a state where the samples are being taken from the required posterior dis-
tributions. For additional reading see, for example, Carlin and Louis (1996),
Gelman et al. (1995), Gamerman and Lopes (2006) and Lunn et al. (2013).

A WinBUGS doodle which defines the model for the 2 x 2 cross-over trial
with carry-over effects is given Figure 2.15.

The corresponding WinBUGS code to analyze the PEFR data is given in
the following box. Here seq[j] is a variable that is 1 for an observation in the AB
group and —1 otherwise. The precision parameters precs and prece are the in-
verses of between-subjects and within-subjects variances, respectively. Vague
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priors for the parameters are specified. The output from WinBUGS includes
plots of the posterior distributions and values of particular percentiles of the
sampled posterior distributions. We do not reproduce the plots of the posterior
distributions here, but they were not unlike those shown already in Figure 2.14.
There was no evidence to suggest that the carry-over difference was anything
other than zero. For the model without carry-over effects, the posterior mean
for the treatment parameter was 5.20 and the 2.5% and 97.5% percentiles of the
posterior distribution were 1.76 and 8.60, respectively. Looking back, we see
that these are almost identical to the estimate and confidence interval obtained
using Grieve’s approximation.

WinBUGS code for 2 X 2 cross-over trial:

model;

{for(kin 1 : P )

{for( jin1 : N)

{Y[j , k] ©~ dnorm(m[j , k],prece)}}
for(k in1 : P )

{for(jin1 : N) {

m[j , k] <- mu + equals(k,1) * pi +

seql[j] * tau) + equals(k,2) *

( -pi - seql[j] * ( tau - lambda)) + s[j1}}
for( jin 1 : N ) {

s[j] = dnorm( 0.0,precs)}

prece ~ dgamma(0.001,0.001)

precs ~

dgamma (0.001,0.001)

pi ~ dnorm( 0.0,0.001)

tau ~ dnorm( 0.0,0.001)

mu ~ dnorm( 0.0,0.001)

sigma2e <- 1 / prece

sigma2A <- 2 / precs + 1 / prece

lambda ~ dnorm( 0.0,0.001)}

list(N=56,P=2, seq =

c(1,1,1,1,1,1,1, 1,1,1,1,1,1,1,1,
1,1,1,1,1,1,1,1,1,1,1,1,-1,-1,-1,
-1,-1,-1,-1,-1,-1,-1,-1, -1,-1,-1,
-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1),
Y = structure(.Data = c(121.905,116.667, ...,
371.190,404.762), .Dim = c(56, 2)))

list (mu=232, tau=5, lambda=20, pi=-2,
prece=0.00252, precs=0.0001761)

B
B
B

A similar analysis can be done using proc mcmc in SAS, using the follow-
ing example code:
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proc mcmc code for 2 X 2 cross-over trial:

data crossover;
input index patient seq trt period carry y;

datalines;
1 3 2 2 1 1 138.333
2 3 2 1 2 1 138.571
3 7 1 1 1 1 121.905
4 7 1 2 2 2 116.667
109 90 1 1 1 1 236.667
110 90 1 2 2 2 220.000
111 99 2 2 1 1 371.190
112 99 2 1 2 1 404.762
run;

proc mcmc data=crossover seed=27513
nmc=100000 monitor=( _parms_ );
random trt_ ~ normal(0,sd=1000)
subject=trt zero=last monitor=(trt_);
random period_ ~ normal(0,sd=1000)
subject=period monitor=(period_);
parms residual 1;
parms sg 1;
prior residual ~ igamma(0.01, scale=0.01);
prior sg ~ igamma(0.001,scale=0.001);
random u ~ normal(0,var=sg) subject=patient ;
model y ~ normal( trt_ + period_ + u, var=residual);
run;

From the resulting output (not shown) we can see that the posterior estimate
and standard deviation of the treatment difference are 10.2914 and 3.6283, re-
spectively. The corresponding, equal-tailed, credible interval is (3.015 17.509).

One advantage of using Bayesian analysis is that data with missing values
can be analyzed easily. As an illustrative example, the second period responses
from the first two subjects in each group were removed and the analysis (with
no carry-over effects) was repeated. Posterior distributions of the variates cor-
responding to the missing values were obtained. The means of these can be
used as estimates of the missing values if required. In our case the estimates of
the missing values, obtained from WinBUGS, with actual values in parenthe-
ses, were 120.8 (116.7), 212.3(200.5), 156.0 (138.6) and 238.0 (256.25). The
estimate of the treatment parameter was 5.02 with percentiles of 1.39 (2.5%)
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Figure 2.15: WinBUGS doodle for 2 x 2 cross-over trial.

and 8.67 (97.5%), which gives a slightly wider 95% confidence interval com-
pared to the results from the complete data set.

2.10 Use of baseline measurements

It will be recalled that the test for the presence of a direct-by-period inter-
action (or different carry-over effects) uses the subject totals from which the
subject differences have not been eliminated. Hence this test will generally be
less powerful than that for a direct treatment difference. Although, in the pres-
ence of a direct-by-period interaction, we can still get an estimate of the direct
treatment difference from the first period data, this again uses between-subject
comparisons. One way to increase the power of these tests is to use baseline
measurements taken during the run-in and wash-out periods. Sometimes, for
ethical reasons, for example, a wash-out period is not possible and only the first
of the baseline measurements is taken. The analysis in this case is straightfor-
ward since the first baseline can be treated as a genuine covariate (see Section
2.11). We shall concentrate here on the case where both baseline measurements
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Table 2.13: Patel’s (1983) data F EV| measurements.

Group 1 (AB)
Subject Run-in Period 1 Wash-out Period 2

X1 Vi X2 »2
1 1.09 1.28 1.24 1.33
2 1.38 1.60 1.90 2.21
3 2.27 2.46 2.19 2.43
4 1.34 1.41 1.47 1.81
5 1.31 1.40 0.85 0.85
6 0.96 1.12 1.12 1.20
7 0.66 0.90 0.78 0.90
8 1.69 2.41 1.90 2.79
Group 2 (BA)
1 1.74 3.06 1.54 1.38
2 2.41 2.68 2.13 2.10
3 3.05 2.60 2.18 2.32
4 1.20 1.48 1.41 1.30
5 1.70 2.08 2.21 2.34
6 1.89 2.72 2.05 2.48
7 0.89 1.94 0.72 1.11
8 2.41 3.35 2.83 3.23
9 0.96 1.16 1.01 1.25

are available and the appropriate analysis is not so obvious. (See Chapter 5 for
further information on analyses that include baselines.)

To illustrate the analysis, we will use the data given in Table 2.13. These
data, which were originally given by Patel (1983), were reported as being
taken from the results of a trial involving subjects with mild to acute bronchial
asthma. The treatments were single doses of two active drugs and we will label
them as A and B, respectively. The response of interest was the forced expired
volume in one second (FEV)). Table 2.13 contains four FEV) values (in liters)
for each subject and these are labeled as x,y1,x> and y,, respectively. It will be
noted that we have deviated slightly from the notation defined in Chapter 1 in
order to distinguish between the responses observed in the run-in and wash-out
periods and the active treatment periods. The baseline FEV| measurement x|
was taken during the run-in period immediately prior to giving the first treat-
ment. Then two and three hours later FEV| measurements were taken again
and the average of these is the y; value given in Table 2.13. A suitable period
of time was then left before a second (wash-out) baseline measurement x, was
taken. The second treatment was then administered and measurements taken at
two and three hours to give the average value y;.

We have four periods and two sequence groups, hence a total of six within-
subject degrees of freedom from which to estimate effects. Three of these
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Table 2.14: Expectations of the responses in each group.

Group 1 (AB) Group 2 (BA)

E(xip) =pu—v+m E(x) = u+7y+m
E(yiip) =u—y+m—1 E(a) =u+y+m+7
E(xix)=1—7+m—0 E(oy)=p+y+m+0
EQi) =0 —y+m+7-A2 EQou)=H+y+m—T+A

correspond to the period effects. The remaining three correspond to the group-
by-period interaction and contain information on the direct treatment effects,
carry-over effects and direct-by-period interaction. There are two possible
carry-over effects, a difference in treatment carry-over at the time of the sec-
ond baseline measurement (first-order carry-over) and a difference in treatment
carry-over at the time of the second period (second-order carry-over). This
second carry-over is aliased with the direct-by-period interaction. The way in
which we partition the three degrees of freedom of the group-by-period inter-
action depends on the order in which we examine these various effects. In order
to illustrate this we first define a linear model for the expectations of the ob-
servations. Let [x;1x, Vi1x, Xiok, Viok) Tepresent the four observations, in order of
collection, from the kth subject in the ith group. That is, the baseline and treat-
ment measurements are represented by x; ;. and y; i, respectively. We can write
the expectations of these as in Table 2.14. The parameter u represents an over-
all mean, 7; the jth period effect (71 + 7, + 713 + 74 = 0) and y the group effect.
Given correct randomization, there is no real reason to expect a group effect,
and the inclusion of 7y from this point of view is rather artificial. However, its
role in the model is rather to ensure that the least squares estimators of the other
effects will all be within-subject contrasts. The remaining three parameters, 7

6 and A, represent, respectively, direct treatment and first- and second-order
carry-over effects. (It should be noted that —27 = 1, as defined in Section
2.3.) In more general terms, 6 represents any difference between groups of the
second baseline means and A any direct-by-period interaction, whether due to
carry-over differences or not. There are many ways in which effects can arise
which are aliased with these two parameters. Our aim is to produce appropri-
ate ways of isolating the two degrees of freedom which will include any such
effects, should they exist. Some authors, for example, Willan and Pater (1986),
set 1 = M and w3 = my. Unless the treatment periods are very short compared
with the wash-out period, there seems little justification for this.

We now need to consider the assumptions to be made about the covari-
ance structure of the four observations from each subject. This has really been
unnecessary previously when we had only two observations from each sub-
ject. Conventional split-plot analyses of variance are based on the so-called
compound symmetry covariance structure in which the variances of the ob-
servations on a subject are constant and the covariances between pairs of
observations on the same subject are constant. Observations from different
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subjects are independent. In other words, the pattern of the dispersion matrix
of the four repeated measurements on each subject is

L ppop
2P L eop
pp 1 op
pp p 1

This is the structure generated by a model which includes a random subject
effect with variance 62p and an error term with variance 62(1 — p). In spite
of the conventional adoption of this structure, we have found it to be too re-
strictive for general applications in the 2 x 2 trial with baselines (Kenward and
Jones (1987), Section 3). For this reason the analyses in this section have been
constructed in such a way that they are valid under any covariance structure.
However, although we make no requirements about the covariance structure,
we shall still use ordinary least squares (OLS) estimates of the parameters de-
fined in Table 2.14. Strictly, these are only optimal under the uniform structure
(and some other less practically important structures) but they have the great
advantage of simplicity, and it is unlikely in practice that they will be much
less efficient than alternatives.

We want to make inferences about the effects represented by 7, 6 and A,
and we shall always allow for possible period effects, i.e., the parameters 7;
will always be retained in any model. We shall get a different least squares
estimator of each of 7, 8 and A4, depending on the assumptions made about the
other two, but in all cases the estimators will take the form ¢; — ¢, where ¢; is
a contrast among the four means from group i, that is,

Ci = wiXi1. +wodit. +wakp, +wadp.

where
4 1 n;
Ywi=0,  Ej=—Y xiu
i=1 i3

and similarly for y;; . This means that any of the estimators can be defined
using the set (wy,wa, w3, wy).

In the following we test hypotheses using ¢-tests. If a nonparametric analy-
sis of the data is thought to be appropriate, then these z-tests should be replaced
by Wilcoxon rank-sum tests (see Section 2.12).

If the linear model is fitted with all parameters present, then the estimators
of the three effects of interest are defined by the following contrasts:

1
116,4 : =(1,—1,0,0)
2
1
0lr.2 : 5(1,0,-1,0)

and |
Alt, 0 5(2,71,0,71)
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where the notation y;|y», 3 indicates the contrast for parameter i, given
that y, and w3 are in the model. It is assumed that the other parameters (U, 7,
and 7;, i = 1,2,3) are always included.

We can interpret these estimators as follows. By including both 6 and A in
the model we are in effect saying that the second pair of measurements cannot
be used to compare the direct treatments. Hence the estimator of 7 is based
on the first treatment and baseline difference. This is standard practice (see,
for example, Hills and Armitage (1979)), although using first baseline as a
covariate is preferable.

The simple baseline differences, x;j; — Xy, are used to estimate 6. This
has also been suggested by Wallenstein (1979), Patel (1983) and Hills and
Armitage (1979).

Finally, the difference between the average of the two treatment measure-
ments and the first baseline measurement, y; — X;;_, is used in the estimator of
the direct-by-period interaction, A. The average alone, ¥; _, is used in a 2 x 2
trial without baseline measurements, and here we use the first baseline mea-
surement to remove the between-subject variation from the comparison based
on this average.

The estimator of A under the assumption that 8 = 0 is defined by A|7 :
%(1, —1,1,—1). In this case we use the standard estimator of the direct-by-
period interaction from a 2 X 2 trial without baselines, but replace the treatment
measurements, y; j, by the (treatment minus baseline) differences, y; jx — x;ji-

The only remaining model of interest is the one in which both 6 and A are
zero. We then get the estimator of 7 defined by 7 : ;{(O, —1,0,1). This does
not involve the baseline measurements at all, and is the same estimator as we
would use in a 2 x 2 trial without baseline measurements. In the absence of a
carry-over effect or direct-by-period interaction, this defines, under the split-
plot covariance structure, the optimal (i.e., least squares) estimator of 7. Hence
an appropriate estimator of 7 does not necessarily use baseline measurements,
as some authors have implied, for example, Willan and Pater (1986).

In order to produce a simple and robust analysis, we confine ourselves to
the comparison between groups of the contrasts for the effects defined above.
For each effect, a particular contrast is calculated from each subject and the
mean of this contrast is compared between groups using standard two-sample
procedures, typically #-tests or corresponding confidence intervals. In this way
it is not necessary to make any assumptions about the covariance structure,
apart from the fact that the contrast has the same variance in each group. The
values of the contrasts for 8|1, A, 1|7 and 7 are given in Table 2.15.

It will be noted that Subject 1 in Group 2 has been removed prior to anal-
ysis. This is because the usual analysis of the active periods data (not shown),
as in Sections 2.5 and 2.8, indicates this subject is an outlier.

We will illustrate the calculation of the contrasts using the data from the
asthma trial. Some SAS code to calculate the appropriate contrasts and per-
form the z-tests is given in the following two boxes. We estimate 6 using the
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Table 2.15: Contrasts for effects of interest.
Group 1 (AB)

Subject 0|t,A AlT T
1 —0.0750 —0.1400 0.0125
2 —0.2600 —0.2650  0.1525
3 0.0400 —0.2150 —0.0075
4 —0.0650 —0.2050  0.1000
5 0.2300 —0.0450 —0.1375
6 —0.0800 —0.1200  0.0200
7 —0.0600 —0.1800  0.0000

8 —0.1050 —0.8050  0.0950
Mean —0.0469 —0.2469  0.0294
Variance  0.0193 0.0055 0.0078
Group 2 (BA)
0.1400  —0.1200 —0.1450
0.4350 0.1550 —0.0700
—0.1050 —0.0850 —0.0450
—0.0255 —0.2550 0.0650
—0.0800 —0.6300 —0.0600
0.0850 —0.7200 —0.2075
—0.2100 —0.6700 —0.0300
—0.0250 —0.2200 0.0225
Mean —0.0019 —-0.3181 —0.0588
Variance  0.0490 0.1019 0.0075

O 01NN B~ W

contrast defined by %(1,0,—1,0), i.e., we use the differences %(x,-lk — Xik)

from each subject. From the SAS output (not shown), we have 6 = —0.045
with a standard error on 14 degrees of freedom of 0.092. The 90% interval for
0 is (—0.208,0.118), indicating that the effect is far from statistical signifi-
cance, even at the 10% level.

We next examine the direct treatment-by-period interaction using the con-
trast defined by %(1, —1,1,—1).Here A = 0.071 with a standard error of 0.140.
A 90% confidence interval is given by (—0.176,0.318). As with 6, the effect
is far from statistical significance. Note that the confidence interval for A is
somewhat longer than that for 6. However, in comparison to the estimate of A
we would have used if we had not first assumed that 6 = 0, we have gained in
precision: the standard error for the estimate corresponding to %(2, -1,0,—1)
is 0.201. If we had no baseline measurements at all, we would have had to es-
timate A using the subject totals y; x = yiix + Yizk- The corresponding standard
error is 0.672, more than four times that of A, indicating the importance of
using within-subject comparisons.

In the absence of the two effects corresponding to 6 and A, we use the
estimator for the direct treatment effect T defined by %(0, —1,0,1). For the
example we get T = 0.088, with a standard error of 0.044. The confidence
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intervals for 6 and A tests were at the 90% level. We change the level to
95% for 7, giving a confidence interval of (—0.006,0.182). Multiplying by
2 to get the estimate and confidence interval for the treatment difference B-
A gives 0.176 and (—0.012, 0.364), respectively. The three contrasts defined
by %(1,0,71,0), %(1,71, 1,—1) and %(0,71,0, 1) are orthogonal and hence
the contrasts comprise a complete decomposition of the three degrees of free-
dom of the group-by-period interaction, although the usual analysis of vari-
ance decomposition into independent sums of squares is not appropriate under
a general covariance structure. If the observations have a distribution which is
very non-normal, the two-sample ¢-tests can be replaced, as noted earlier, by
appropriate nonparametric tests: the analysis is still based on the same three
contrasts. If it is believed that either @ or A is not zero, the treatment effect
should be estimated using only the first two observations, i.e., using the con-
trast %(1 ,—1,0,0). In the example the resulting estimate of 7 is 0.101, with a
standard error of 0.094, about twice the standard error of 7 obtained using both
treatment observations from each subject.

One criticism of the analyses just described is that we have not taken ac-
count of their sequential nature. We have discussed in Section 2.7 the poten-
tially serious consequences of sequential testing in the 2 x 2 trial without base-
lines, and similar issues apply here. An alternative view of the set of tests is
that they show how the information in the sets of observations can be parti-
tioned and how information in one partition can be dependent on assumptions
made about one or more of the others.

SAS code for 2 x 2 cross-over trial with baselines — set up contrasts

data di;

input group pat basel respl base2 resp2;
datalines;

111.091.28 1.24 1.33
121.381.601.9 2.21

2 8 2.41 3.35 2.83 3.23

290.96 1.16 1.01 1.25

run;

data di;

set di;

if group = 2 and pat = 1 then delete;
* Calculate values of contrasts;

* for each subject;

cl = 0.5x(basel-base?2);

c2 = 0.5*%(basel-respl+base2-resp2);
c3 0.25%(resp2-respl); run;
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SAS code for 2 x 2 cross-over trial with baselines — estimate contrast

* t-test for carry-over to 2nd baseline;
* given treatment and carry-over to 2nd;
* period treatment;
proc ttest alpha=0.10;
titlel ’Test with contrast
0.5x(basel-base2):
1st carry / treat, 2nd carry’;
class group;
var cl;
run;
* t-test for direct x period interaction;
* given treatment and assuming 1st carry-over;
* is 0;
proc ttest alpha=0.10;
titlel ’Test with contrast
0.5*(basel-respl+base2-resp2):
2nd carry / treat’;
class group;
var c2;
run;
* t-test for treatment effect assuming;
* no direct x period interaction given;
* treatment and or carry-overs;

proc ttest;

titlel ’Test with contrast 0.25*(resp2-respl):
treat’;

class group;

var c3;
run;

The Bayesian analysis of the 2 x 2 design with baselines has been described
by Grieve (1994b), who used approximations to the required posterior distri-
butions. Rather than follow this approach here, we will extend the WinBUGS
analysis described earlier. The appropriate code is given in the following box.

WinBUGS code for 2 x 2 cross-over trial with baselines:

model {
for (j in 1:N) {
s[j] ~ dnorm(0,prec.s);
for (k in 1:P) {
Y[j,k] ~ dnorm(m[j,k],prec.e);
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WinBUGS code for 2 x 2 cross-over trial with baselines (Continued):

m[j,k] <- mu + seq[j]*gamma

+ equals(k,1)*(pil)

+ equals(k,2)*(pi2+seq[j]*tau)

+ equals(k,3)*x(pi3+seq[jl*theta)

+ equals(k,4)*x(-pil-pi2-pi3+seq[j]

*(-tau+lambda))

+ s(jl; }*

mu ~ dnorm(0,1.0E-3);

gamma ~ dnorm(0,1.0E-3);

tau ~ dnorm(0,1.0E-3);

pil ~ dnorm(0,1.0E-3);

pi2 ~ dnorm(0,1.0E-3);

pi3 ~ dnorm(0,1.0E-3);

theta ~ dnorm(0,1.0E-3);

#use for model with theta included

# theta <- 0; #use for model with theta=0

lambda ~ dnorm(0,1.0E-3);
#use for model with lambda included
# lambda <- 0; #use for model with lambda=0

prec.e ~ dgamma(l.0E-3,1.0E-3);

prec.s ~ dgamma(1.0E-3,1.0E-3);}
list(N=16,P=4, seq = c(1, 1,
1,1,1,1,1,1,-1,-1,-1,-1,-1,-1,-1,-1,-1),
Y = structure(.Data =c(1.09, 1.28, 1.24,
1.33, 1.38, 1.60, 1.90, 2.21, 2.27, 2.46,
2.19, 2.43, ..., 0.96, 1.16, 1.01, 1.25 ),
.Dim = c(16, 4) ) )
list(mu=0, gamma=0, tau=0, pil=0, pi2=0,
pi3=0,prec.s=0.1,prec.e=1)

Fitting the complete model, we obtain § = —0.046 with a 90% credible
interval for 8 of (—0.36,0.26). We have no reason to reject the null hypothesis
that @ = 0. If 6 is removed and the model refitted, we obtain 1 =—o0. 12, with
a 90% credible interval for A of (—0.37,0.13). Again we have no reason to
reject the null hypothesis that A = 0. We are therefore left with the estimator
of the treatment effect that does not make use of the baselines at all and the
Bayesian model we fitted earlier.

2.11 Use of covariates

It often happens in clinical trials that additional information is available about
each subject, for example, age, weight or disease state. These additional data
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are usually called covariates and they can be put to two important uses. It
may be that we wish to know if a treatment effect is related to the values
taken by a covariate. Or, if a covariate does not seem to be related to any
treatment effect, it may be that it is still related to a subject’s response and
then the possibility exists that some of the between-subject variation can be
accounted for by the covariate values. In this way the between-subject residual
variance might be reduced. We can only use a covariate for this purpose if
it is first established that the covariate is indeed unrelated to the treatment
effect. In the 2 x 2 trial this second use of the covariate is relevant only for the
investigation of the direct-by-period interaction because other comparisons are
based on within-subject differences from which between-subject variation is
eliminated. In this section we shall only outline the ways in which covariates
are used. The computation required by the analyses is standard, although more
involved than that described previously, and can be done by most statistical
computer packages. For further details of the computation involved we refer to
Armitage and Berry (1987), Chapters 8 and 9.

A covariate may be categorical, like sex, or continuous, like weight. We
shall begin by looking at the use of the former. The introduction of a categor-
ical covariate is equivalent to introducing a further factor into the trial and we
simply need to generalize the analysis of variance, as given in Table 2.5. Quite
often the trial is run at a number of different treatment centers. The variable
which identifies center is then a categorical covariate. Suppose, for example,
that we have a single additional factor A (e.g., center) with a levels. If the trial
has a total of n subjects, the corresponding analysis of variance has the skeleton
form given in Table 2.16.

Table 2.16: Skeleton analysis of variance for a 2 x 2 cross-over trial with an
additional categorical covariate.

Source df.
Between-subjects:

A main effect a—1
Direct treatment X Period interaction 1

AXx Direct treatment X Period interaction a—1
Between-subjects residual n—2a

Within-subjects:

Period main effect 1
Direct treatment main effect 1

A X Period interaction a—1
A Xx Direct treatment interaction a—1
Within-subjects residual n—2a

Total 2n—1
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An association between the covariate and the direct treatment effect is indi-
cated by a large A-by-direct interaction. In the presence of such an interaction
it is necessary to examine the direct treatment effect at each of the levels of A.
This does not preclude the possibility of there being a clear overall direct treat-
ment effect, but any such conclusion will depend on the differences in direction
of the direct treatment effect among the levels of A and on the relative sizes of
the direct treatment main effect and A-by-direct interaction. It is possible to
examine in a similar way the interaction between A and the direct-by-period
interaction. The A-by-period interaction is included in the analysis of variance
table for completeness but is unlikely to be of great interest. The generalization
of this procedure to more covariate factors should be clear at this point. Should
there be no interaction between A and the direct treatments, then the incorpo-
ration of A into the analysis with the aim of reducing the between-subject error
amounts to its use as a blocking factor. Its effectiveness will then depend on the
size of the A main effect mean square relative to the between-subjects residual
mean square. If it was known before the trial that A was to be used in this way,
then subjects should be randomized within each level of A and it would then
be essential that A be included in the analysis.

Suppose that we now have a continuous covariate. We take as an example
a2 x 2 trial from an investigation of the relationship between plasma estradiol
levels in women and visuo-spatial ability. The study was carried out by Dr.
Robert Woodfield at King’s College Hospital, London. Populations of women
were chosen to reflect the widest possible range of plasma estradiol concentra-
tion and our example is taken from one such population: women undergoing
in vitro fertilization (IVF). These were evaluated in the proliferative phase and
at the end of ovarian hyperstimulation. These two conditions, corresponding to
low (treatment A) and high (treatment B) estradiol concentrations, respectively,
define the two treatments in the trial. By selecting the times of the first test pe-
riod, it was possible to determine which condition a subject would have first.
Hence it was possible to randomize the allocation to the two sequence groups.
After allowing for exclusions, there were, respectively, 12 and 11 women in
the two groups (low-to-high and high-to-low). Visuo-spatial ability was as-
sessed using several tests. We use the results from one, the Embedded Figures
Test (EFT). This response is the time taken to complete a task and therefore
lower values correspond to a higher measured ability. The distribution of these
times is highly skewed, and, following the investigator’s approach, we use a
log transformation. The log-transformed EFT scores are given in Table 2.17
along with an IQ score for each subject. It is known that EFT score and IQ are
strongly associated and we therefore introduce as our covariate the 1Q score
obtained at the time of the first period test. The 1Q score is obtained as a series
of tests and is considered to be quite stable to changes in the conditions being
compared. As well as accounting for some of the between-subject variation in
log EFT scores, the inclusion of the IQ as a covariate allows us to investigate
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Table 2.17: Log(EFT) and IQ values.

Group 1 (AB)
Subject Covariate (IQ) Period 1  Period 2

1 98.8 4.399 3.779
2 75.0 4.748 4.524
3 92.5 4.202 3.185
4 82.5 4.487 4.154
5 100.0 4.614 3.724
6 117.5 2.376 1.297
7 90.0 4.123 3.656
8 103.8 3.463 2.452
9 106.3 3.123 1.258
10 108.8 3.455 3.089
11 106.3 4.132 2.734
12 103.8 3.539 2.742

Group 2 (BA)
Subject Covariate (IQ) Period 1  Period 2

1 117.5 3.166 3.625
2 118.8 3.714 3.273
3 88.8 3.209 2.667
4 112.5 2.692 3.175
5 91.3 4.406 4.638
6 87.5 4.890 4.971
7 101.3 3.470 2.141
8 101.3 3.732 4.008
9 101.3 4.644 4.307
10 107.5 3.792 3.646
11 103.8 3.605 2.452

a possible association between 1Q and the effect of condition on EFT score,
should such an effect be found to exist.

We start by plotting the data. A scatter plot of log EFT times against IQ is
given for each group in Figure 2.16. In these plots a different symbol is used
for each period. As expected, there is a strong negative association between
IQ and log EFT time, although this is much more apparent in Group 1 and
the relationship appears to be roughly linear. If the slope of this relationship
was not the same for the two conditions (the treatments), this would indicate
a relationship between 1Q and the condition effect. However, it is difficult to
detect this from the plots in the presence of possible period effects, and, given
the strong association, it is difficult to judge whether there is an overall effect
associated with the conditions. As before, we get a clearer picture by looking
separately at the totals and differences.
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Figure 2.16: Scatter plots of log EFT time against IQ for each group/period
category.

We first look at the subject totals. The plots of these are given in Figure
2.17 for each of the two groups. The strong negative trend is clear from this.
As before, we use the subject totals to investigate the direct-by-period inter-
action, in this case the condition-by-period interaction, and a difference in the
trend between the two groups would indicate that there is a condition-by-period
interaction that changes with IQ, that is, a condition-by-period-by-IQ interac-
tion. If the trend lines have the same slope in each group but are at different
heights, this indicates the presence of a condition-by-period interaction that is
independent of I1Q. In keeping with conventional analysis of covariance, we are
assuming that relationships with covariates are linear. This need not be true, of
course, although it appears to be a reasonable assumption in this case, and the
arguments used here can be extended to allow for nonlinear relationships. We
test formally for these effects using the analysis of covariance of the totals. We
have here the simplest example of such an analysis, with one factor (Groups)
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Figure 2.17: Scatter plots of the subject totals of log EFT time against IQ for

each group.

with two levels and one covariate (IQ). The analysis of covariance table is

presented in Table 2.18.

The large F-ratio for IQ confirms the strong association observed in the
plots. The remaining effects are negligible. Although there is no evidence of
an interaction with IQ, this does not mean that the inclusion of the covariate

Table 2.18: Log(EFT) and IQ values.

Source d.f. SS MS F
Covariate (IQ) 1 21.030 21.030 14.68
Groups 1 2982 2982 208
(Condition x Period)
Group x Covariate 1 2463 2463 1.72

(Condition x Period x 1Q)
Residual 19  27.214 1432
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Table 2.19: Log(EFT) and IQ values.

Source df. SS MS F
Correction factor 1 6.775 6.775 24.11
(Period main effect)
Covariate 1 0072 0.072 0.26
(Condition x Period)
Groups 1 2434 2434 8.65

(Condition main effect)
Group x Covariate 1 0.654 0.654 2.32
(Condition x 1Q)
Residual 19 5.344 0.281

has served no purpose. Its use has led to a reduction in the residual mean square
from 2.522 to the observed value of 1.43. It can be seen from this how the use
of a suitably chosen covariate is one method for increasing the sensitivity of
the test for direct-by-period interaction.

We now consider the analysis of the within-subject differences. First we
plot the differences in log EFT times against IQ for each of the two groups
(Figure 2.18). The first thing to note is the preponderance of negative values,
particularly in the first group. The Period 1-Period 2 differences are being
used in the analysis and this therefore suggests a large period effect, with the
second period scores being the higher. This is in fact expected from the nature
of the test, for which there is likely to be a marked learning effect. There is
a hint of a slope in the scatter plot for Group 1 but not for Group 2, which
suggests at most a small interaction between IQ and the difference between
the conditions. The analysis of covariance table for the differences is given in
Table 2.19. Note the inclusion of the correction factor as a line in the table: in
this analysis this corresponds to the period main effect and, as expected, the
effect is very large. There are no effects associated with IQ but there is a large
condition effect. Ignoring the covariate, the mean difference in log EFT times
between the conditions (high-low) is 0.619 with a standard error of 0.229.

2.12 Nonparametric analysis

If the data from a cross-over trial are such that it would be unreasonable to
assume that they are normally distributed, then the usual ¢-tests, as described
in Section 2.3, can be replaced by Wilcoxon rank-sum tests, or equivalently
by Mann—Whitney U-tests. As with normal data, these nonparametric tests are
based on subject totals and differences.

A nonparametric test would be required, for example, if the data could not
be transformed to satisfy the usual assumptions or the observed response was
categorical with more than four or five categories. The analysis of binary data
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Figure 2.18: Scatter plots of within-subject log EFT differences against IQ for
each group.

and categorical data with a small number of categories will be covered more
fully in Chapter 6.

The nonparametric analysis for the 2 x 2 cross-over was first described by
Koch (1972) and later illustrated by Cornell (1980) in the context of evaluat-
ing bioavailability data. An excellent review of nonparametric methods for the
analysis of cross-over trials is given by Tudor and Koch (1994). For a more
extensive coverage of the methods covered in this section, see Stokes et al.
(2012).

To illustrate the nonparametric tests, we will use the data described in Ex-
ample 2.2 and presented in Table 2.20. When analyzed under the usual assump-
tions of normality, equal variance, etc., the residuals from the fitted model in-
dicate that not all these assumptions hold. Transforming the data (using the log
and square-root transformation) was not totally successful and so a nonpara-
metric analysis is used. A further reason for a nonparametric analysis is that,
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even if a transformation could be found to make the analysis more compatible
with normality assumptions, the differences on the transformed scale might
not be interpretable. Of course, for large trials the central limit theorem can be
used to support the assumption of normality of means and then a parametric
analysis might be used.

Example 2.2 In this 2 x 2 trial an oral mouthwash (treatment A) was com-
pared with a placebo mouthwash (treatment B). The trial was double-blind and
lasted fifteen weeks. This period was divided into two six-week treatment peri-
ods and a three-week wash-out period. One variable of interest was the average
plaque score. This was obtained for each subject by allocating a score of 0, 1, 2
or 3 to each tooth and averaging over all teeth present in the mouth. The scores
of 0, 1, 2 and 3 for each tooth corresponded, respectively, to (i) no plaque, (ii)
a film of plaque visible only by disclosing and (iii) a moderate accumulation
of deposit visible to the naked eye or an abundance of soft matter. Of the 41
subjects who entered the trial, only 38 completed it. The reasons for the with-
drawals were unrelated to the treatments. Of these 38, complete records were
obtained for only 34. The reasons for the missing data were again unrelated to
the treatments. The complete records are given in Table 2.20. JOO

The analysis proceeds in exactly the same way as described in Section 2.3,
except that the significance test we use is the Wilcoxon rank-sum test rather
than the z-test. The Wilcoxon rank-sum test assumes that the subject totals,
period differences and cross-over differences are expressed on an interval (or
metric) scale, so that the same shift on the scale has the same interpretation
regardless of its location. Further assumptions made in using this test include
randomization of patients to the groups with random sampling from the same
family of distributions with differences between groups only being for loca-
tion.

The subject totals, period differences and cross-over differences are given
in Table 2.21, along with their corresponding ranks. The ranking is done in
terms of the total number of subjects, not separately for each group.

2.12.1 Testing M = Ay

Although it has not happened with our subject totals, it is possible that some
of them will be the same, i.e., there may be ties in the data. If this happens,
we assign to the tied observations the average of the ranks they would have
gotten if they had been slightly different from each other. This can be seen in
the columns of Table 2.21 which refer to the period and cross-over differences.
There are, for example, two period differences which take the value 0.000.
They have both been assigned the average of the ranks 18 and 19, i.e., a rank
of 18.5.

Let R; = [the sum of the ranks of group i], i = 1,2. Under the null hypoth-
esis that A; = Ay,

E[Ri]=ni(m +n+1)/2,
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Table 2.20: Data from mouthwash trial.

Group 1 (AB)
Subject Period 1  Period 2

1 0.796 0.709
2 0.411 0.339
3 0.385 0.596
4 0.333 0.333
5 0.550 0.550
6 0.217 0.800
7 0.086 0.569
8 0.250 0.589
9 0.062 0.458
10 0.429 1.339
11 0.036 0.143
12 0.036 0.661
13 0.200 0.275
14 0.065 0.226
15 0.117 0.435
16 0.121 0.224
17 0.250 1.271
18 0.180 0.460

Group 2 (BA)
Subject Period 1  Period 2

1 0.062 0.000
2 0.143 0.000
3 0.453 0.344
4 0.235 0.059
5 0.792 0.937
6 0.852 0.024
7 1.200 0.033
8 0.080 0.000
9 0.241 0.019
10 0.271 0.687
11 0.304 0.000
12 0.341 0.136
13 0.462 0.000
14 0.421 0.395
15 0.187 0.167
16 0.792 0.917
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Table 2.21: Subject totals and differences and their ranks.
Group 1 (AB)

Period Cross-over
Subject Total Rank Difference Rank Difference Rank
1 1.505 30 0.087 25.0 0.087 31.0
2 0.750 20 0.072 23.0 0.072 30.0
3 0.981 26 —0.211 11.0 —0.211 15.0
4 0.666 18 0.000 18.5 0.000 28.5
5 1.100 28 0.000 18.5 0.000 28.5
6 1.017 27 —0.583 4.0 —0.583 6.0
7 0.655 17 —0.483 5.0 —0.483 7.0
8 0.839 23 —0.339 8.0 —0.339 10.0
9 0.520 14 —0.396 7.0 —0.396 9.0
10 1.768 34 —-0.910 2.0 —-0.910 3.0
11 0.179 4 —0.107 15.0 —0.107 21.0
12 0.697 19 —0.625 3.0 —0.625 5.0
13 0.475 12 —0.075 17.0 —0.075 24.0
14 0.291 6 —0.161 12.0 —0.161 18.0
15 0.552 15 —0.318 9.0 —0.318 11.0
16 0.345 9 —0.103 16.0 —0.103 22.0
17 1.521 31 —1.021 1.0 —1.021 2.0
18 0.640 16 —0.280 10.0 —0.280 13.0
Mean 0.806 194 —0.303 114 —0.303 15.8
Group 2 (BA)
Period Cross-over
Subject Total Rank Difference Rank Difference Rank
1 0.062 1 0.062 22.0 —0.062 25.0
2 0.143 3 0.143 27.0 —0.143 19.0
3 0.797 21 0.109 26.0 —0.109 20.0
4 0.294 7 0.176 28.0 —0.176 17.0
5 1.729 33 —0.145 13.0 0.145 33.0
6 0.876 24 0.828 33.0 —0.828 4.0
7 1.233 29 1.167 34.0 —1.167 1.0
8 0.080 2 0.080 24.0 —0.080 23.0
9 0.260 5 0.222 30.0 —0.222 14.0
10 0.958 25 —0.416 6.0 0.416 34.0
11 0.304 8 0.304 31.0 —0.304 12.0
12 0.477 13 0.205 29.0 —0.205 16.0
13 0.462 11 0.462 32.0 —0.462 8.0
14 0.816 22 0.026 21.0 —0.026 26.0
15 0.354 10 0.020 20.0 —0.020 27.0
16 1.709 32 —0.125 14.0 0.125 32.0
Mean  0.660 15.4 0.195 24.4 —0.195 19.4

E[RQ] :ng(n] +n2+1)/2

and
Var[Rl] = Var[Rz] = n]nz(nl +ny+1— T)/12,

where T is a correction for ties.
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If there are no ties, then T = 0. If there are v tied sets, with #, ties in the sth
set, where s = 1,2,...,v, then

- Yo ts(t - 1)
B [(I’ll +n2)(n1 +ny— 1)]

For our subject totals, ny = 18, n, = 16 and

E[R] =315,
E[R,] = 280,
T=0

and
Var[R] = Var[Ry] = 840.

An asymptotic test of the null hypothesis can be based on either R; or R;. For
R we calculate
_ Ri—E[R|]
(Var[R,])2

and compare it with the standard normal distribution.
The two-sided hypothesis would be rejected at the 5% significance level if
|z| > 1.96. A similar test can be based on R;. For our data R; = 349 and

49 — 31

(840)2

Therefore, there is insufficient evidence to reject the null hypothesis.

Of course, this test can be done using software such as the proc npariway
procedure in SAS. The necessary commands to run this procedure on the sub-
ject totals, and the resulting output, are given in the following two boxes. It
will be seen that we have used the exact option, which ensures that the exact,
in addition to the asymptotic, version of the hypothesis test is done. The exact
version of the test uses the full permutation distribution of the observed ranks
to obtain the probability of obtaining a result equal to or more extreme than
that observed in the data. This approach also ensures that ties are dealt with
appropriately.

The npariway procedure calculates a continuity corrected asymptotic test
statistic and so the result is slightly different from that obtained in the above
hand calculations. The P-value for the asymptotic and exact tests are almost
the same for this example, but often that is not the case, especially for small
data sets. There is no evidence of a difference in carry-over effects.
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SAS commands to run proc nparlway fo test for a difference in carry-over

effects:
proc nparlway wilcoxon data=mouthwash;
var sum;
class seq;
exact wilcoxon;
run;

NPARIWAY output for the test for a difference in carry-over effects:

NPAR1WAY PROCEDTURE
Wilcoxon Scores (Rank Sums) for Variable SUM

Sum of Expected Std Dev  Mean
SEQ N Scores Under HO Under HO Score

1 18 349.0 315.0 28.9828 19.3889
2 16 246.0 280.0 28.9828 15.3750
Wilcoxon 2-Sample Test S = 246.000

Exact P-Values
(One-sided) Prob <= S = 0.1257
(Two-sided) Prob >= |S - Mean| = 0.2514

Normal Approximation
(with Continuity Correction of .5)
Z = -1.15586 Prob > |Z| = 0.2477

T-Test Approx. Significance = 0.2560

Kruskal-Wallis Test (Chi-Square Approximation)
CHISQ = 1.3762 DF = 1 Prob > CHISQ = 0.2408

2.12.2 Testing T = Ty, given that Ay = Ay

The period differences and their ranks are given in Table 2.21. Letting R; now
refer to the sum of the ranks of the period differences for Group 1, our test
statistic is z = % = —3.795. Clearly there is strong evidence of a direct
840)2
treatment difference (P = 0.000147). In the above test, Ry =205 and E[R)] and
Var[R,] are as before. In fact, as there are ties in the period differences, Var[R, ]
should have been adjusted by using the value of T as defined above. However,
as T = 0.00535 here, we did not bother to include it in the test statistic, as it
would have made little difference to the result. Using the npar1way procedure
with the exact option gives a similar and highly significant result.
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2.12.3 Testing Ty = My, given that A = A,

Using the ranks of the cross-over differences, we obtain Ry = 284 and the
test statistic is —1.07. There is no evidence therefore to suggest a period
difference.

Although using software to calculate exact significance tests is the pre-
ferred option, it is possible to calculate exact tests using published tables. We
illustrate the use of tables in the following example.

2.12.4 Obtaining the exact version of the Wilcoxon rank-sum test using
tables

If ny = ny is small (less than 12 according to Gibbons (1985), p. 166), then
the asymptotic test should be replaced by its exact version. To conduct this test
we need the null distribution of the rank-sum statistic. The upper tail of this
distribution has been tabulated by, for example, Hollander and Wolfe (1999)
in their Table A.6. This table is in terms of m and n, where #n is the size of the
smaller group and m is the size of the larger. The table covers the following
valuesof mand n: m=3, 4,...;,10andn=1, 2,...mand m =11, 12,...,20
and n =1, 2, 3 and 4. We note that the tables for the exact distribution are
based on no ties being present.

As we require n = 16 and m = 18, the tables are of no use. Indeed, for these
group sizes, the asymptotic test was quite suitable. To provide an illustration
of the exact test we will use the data from the subjects in the first half of each
group. The resulting table obtained from these data is given as Table 2.22. We
must emphasize that we are using this smaller set of data for the purposes of
illustration only, and do not recommend basing inferences on fewer than the
observed number of subjects!

To test each of our null hypotheses we compare the value of the rank-sum
statistic for the group with the smaller number of subjects with the appropriate
lower- and upper-tail values of the null distribution. As the distribution is dis-
crete, we may not be able to achieve exactly the significance level we would
like. For example, for n = 8 and m = 9, the closest we can get to a probability
of 0.025 in each tail is to use the values of 51 and 93 obtained from Table A.6
of Hollander and Wolfe (1999). These values correspond to a probability of
0.023 in each tail. If our observed statistic is 51 or smaller or is 93 or larger,
we would reject the null hypothesis at the 4.6% significance level.

The observed rank-sum for testing A; = A, is 62, and so we have no reason
to reject the null hypothesis. For testing 7; = 7, the rank-sum is 101, and so
there is evidence of a direct treatment difference. For testing 7; = 7 the rank-
sum is 70, and there is, therefore, no evidence of a period difference.
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Table 2.22: Subject totals and differences and their ranks (first-half data).
Group 1 (AB)

Period Cross-over
Subject Total Rank Difference Rank Difference Rank
1 1.505 16 0.087 12.0 0.087 16.0
2 0.750 8 0.072 10.0 0.072 15.0
3 0.981 12 —0.211 5.0 —0.211 7.0
4 0.666 7 0.000 7.5 0.000 13.5
5 1.100 14 0.000 7.5 0.000 13.5
6 1.017 13 —0.583 1.0 —0.583 3.0
7 0.655 6 —0.483 2.0 —0.483 4.0
8 0.839 10 —0.339 4.0 —0.339 6.0
9 0.520 5 —0.396 3.0 —0.396 5.0
Mean 0.893 10.1 —0.206 5.8 —0.206 9.2
Group 2 (BA)
Period Cross-over
Subject Total Rank Difference Rank Difference Rank
1 0.062 1 0.062 9.0 —0.062 12.0
2 0.143 3 0.143 14.0 —0.143 9.0
3 0.797 9 0.109 13.0 —0.109 10.0
4 0.294 4 0.176 15.0 —0.176 8.0
5 1.729 17 —0.145 6.0 0.145 17.0
6 0.876 11 0.828 16.0 —0.828 2.0
7 1.233 15 1.167 17.0 —1.167 1.0
8 0.080 2 0.080 11.0 —0.080 11.0
Mean 0.652 7.8 0.302 12.6 —0.303 8.8

2.12.5 Point estimate and confidence interval for 6 = 7| — Tp

Point estimates and confidence intervals (Hodges and Lehman, 1963) for the
direct treatment difference can be obtained using tables or from software for
exact testing such as StatXact (Cytel, 1995). Here we will illustrate both ap-
proaches, beginning with the use of tables.

Let us label the data in Group 1 as X;, i = 1,2,...,m and the data in Group
2asYj, j=1,2,...,n, where n is the size of the smaller group. Thatis, n; =m
and np = n.

Before we can calculate the point estimate we must first form the m x n
differences Y; — X;, fori=1,2,...,mand j = 1,2,...,n. The point estimate 5
is then the median of these differences.

To obtain the median we first order the differences from smallest to largest.
If m X nis odd and equals 2p + 1, say, then the median is the (p + 1)th ordered
difference. If m x n is even and equals 2p, say, then the median is the average
of the pth and (p + 1)th ordered differences.
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For the smaller of our example data sets, m = 9 and n = 8. Therefore, m x n
=72 and the median is the average of the 36th and 37th ordered differences.

The ordered differences for the smaller data set are
—1.750 —1.650 —1.563 —1.506 —1.411 —1.378 —1.311 —1.224 —1.167
—1.167 —1.167 —1.095 —1.080 —1.039 —0.828 —0.828 —0.759 —0.756
—0.741 —0.726 —0.692 —0.663 —0.659 —0.645 —0.626 —0.592 —0.572
—0.563 —0.545 —0.539 —0.515 —0.505 —0.482 —0.476 —0.458 —0.448
—0.438 —0.419 —0.401 —0.387 —0.354 —0.338 —0.320 —0.291 —0.273
—0.251 —0.194 —0.176 —0.176 —0.143 —0.143 —0.109 —0.109 —0.104
—0.089 —0.080 —0.080 —0.071 —0.066 —0.062 —0.062 —0.056 —0.037
—0.022 —0.008 0.007 0.010 0.025 0.145 0.145 0.217 0.232

The point estimate is 0 = (—0.448 + —0.438)/2 = —0.443, so the point
estimate for the direct treatment difference is —0.22.

Using the larger data set, the point estimate is 8 = —0.4135, so the point
estimate for the direct treatment difference is —0.20.

To obtain a symmetric two-sided confidence interval for 8, with confidence
coefficient 1 — o, we first obtain an integer Cy, using Table A.6 of Hollander
and Wolfe (1999). To obtain this integer for our particular values of m, n and o
we first obtain the value w(@/2,m,n) from Table A.6. This value is such that,
on the null hypothesis, P[W > w(¢t/2,m,n)] = o /2, where W is the rank-sum
statistic. The value of Cy is then obtained by noting that [n(2m+n+1)/2] —
Co+1=w(at/2,m,n).

On the null hypothesis, the integer Cy, is, in fact, the largest integer such

that
(20 ) cwe (2 )]

We then order the differences Y; — X; as done in the previous sub-section.

The (1 — &) confidence interval is the § (8., 8y), where &, is the C4th or-
dered difference and Jy is the (mn + 1 — Cy)th ordered difference.

For our smaller data set w(0.023,9,8) = 93 and hence Cy = 16. The confi-
dence interval is then obtained as the 16th and 57th ordered differences. That is,
a95.4% confidence interval for 6 is (—0.828/2, —0.080/2), i.e., (—0.41,—0.04)
for the direct treatment difference. We note that the required positions of the or-
dered differences can be obtained from the critical values, 51 and 93, of the test
statistic. Noting that ny(n; +1)/2 = 8(9)/2 = 36, the positions in the ranking
for the lower and upper limits of the confidence interval are 51 —36+1 =16
and 93 —36 = 57.

For large m and n, the integer Cy, may, according to Hollander and Wolfe,
be approximated by

nmn

Co = __Zoc/z{

I
mn(m-+n+ 1)} 2
2

12



78 THE 2 x 2 CROSS-OVER TRIAL

where z4 /5 is the upper (1 —a/2) point of the standard normal distribution. To

. 1 . ..
account for ties we can replace % by Var|[R]. Ignoring ties is a conser-

vative approach which will provide a wider interval as compared to allowing
for ties.

For our larger data set, and taking zo 025 = 1.96, we get Cy = 87. That is, the
95% confidence interval is obtained by taking &y, as the 87th ordered difference
and Oy as the 202nd ordered difference. The resulting 95% confidence inter-
val for 0 is (—0.687, —0.205)/2, i.e., (—0.34, —0.10) for the direct treatment
difference.

We also note that for the smaller data set the asymptotic approximation
gives 16, as we obtained from the exact formula.

Of course, the exact point estimate and confidence interval can also be ob-
tained using StatXact, without any approximation needed for the larger dataset.
The results of doing this are that the confidence interval for the direct treatment
difference is (—0.41, —0.04), using the smaller data set and (—0.34, —0.10) if
the full dataset is used.

For the above Wilcoxon rank-sum tests to be valid, the data in each group
must have the same variability. As our groups of subjects are (or should be)
a random division of those available for the trial, this assumption will usually
hold for cross-over data. However, if we are worried about this, there are non-
parametric tests we can use (see Hollander and Wolfe (1999), Chapter 5). See
also Cornell (1991) for a particular test for cross-over data.

2.12.6 A more general approach to nonparametric testing
It will be recalled that in Section 2.3 we defined the period differences
dix = Y11k —Y12¢  for the kth subject in Group 1

and
dojr = yo1xr — yoor for the k’th subject in Group 2

and corresponding mean period differences d|_and d> , respectively.

As already noted in Section 2.7, if we do not make the assumption that
A1 = Ay, a comparison of the mean differences d, and d> provides a test of
the null hypothesis

H() : Z(T] — Tz) — (M — A[) =0. (210)
In order to provide a test of Hy, Tudor and Koch (1994) considered the statistic
77N\
0- (di.—dy) @11
Va

where
2

vim —ME g ay

o n]nz(n] “+ny — 1) ==l
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and _ _
- (md +ndy)

T (utm)

We note that v; incorporates an adjustment for ties when the ranks are
midranks for the ties.

When sample sizes are large (e.g., n; > 15), Q has approximately the 2
distribution with 1 degree of freedom. For small (or large) sample sizes the ran-
domization of subjects to groups implies that an hypothesis test can be based
on the randomization distribution of Q over its % possible realizations.

Tudor and Koch (1994) note that Q has a unifying role in that it can be
used for a variety of forms of response y;jx. When the response is binary (0
or 1), then Q is same as the Mantel (1963) counterpart to the trend test of Ar-
mitage (1955) for a 2 x 3 contingency table with integer-valued outcomes in its
columns: this is equivalent to the Prescott (1981) test we will briefly describe
in Section 2.13.5. If the responses are replaced by ranks, then Q corresponds to
the Wilcoxon rank-sum test described in some detail earlier in this section. A
particular advantage in using Q from our point of view is that it can be extended
to allow for stratification among the subjects, e.g., by centers in a multicenter
trial or by a categorical covariate. We will illustrate this extension later in this
sub-section. Before doing this we review Tudor and Koch’s approach to the
analysis of the 2 x 2 trial, as this offers an alternative that does not suffer from
the disadvantages of preliminary testing, as discussed in Section 2.7.

The null hypothesis (2.10) can be thought of as being made up of the sum
of two sub-hypotheses: 7j — 7» = 0 and 7, — ©» — (A} — A2) = 0. The first of
these can be tested using only the data from Period 1 and the second can be
tested using only the Period 2 data. The combined null hypothesis (2.10) is
then a test for a prevailing treatment difference across the two periods. Clarifi-
cation of whether it is a direct treatment difference or a carry-over difference
that is the principal reason for any rejection of (2.10) would then come from
supportive evaluation of hypothesis tests on the carry-over effects and on the
direct treatment difference in Period 1 (as described in Section 2.3). These sup-
portive hypothesis tests would only be done as a second step following a sig-
nificant rejection of (2.10). In addition, supportive evidence such as the length
of any wash-out periods and the pharmacological properties of the treatments
will also be needed to make any decisions as to whether rejection of (2.10) is
due to direct treatment and/or carry-over differences. This approach to testing
potentially has three stages: (1) test hypothesis (2.10), (2) test Hyy, : A1 = A
and (3) test Hy; : 7| = T» (using Period 1 data). However, as significance at a
prior stage is required before proceeding to the next stage, the Type I error rate
is not inflated. See Tudor and Koch (1994), pages 352354, for further discus-
sion of the implications for the Type I error rate of this three-stage strategy and
their use of a weighted difference of the Period 1 and Period 2 responses to
address a possibly unclear result of the test for Hy; : 7; = 7> when (2.10) and
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H,, are contradicted. These authors also give an extended Mantel-Haenszel
statistic for testing if the variances of the responses under each treatment are
the same.

As an illustration, we give, in the following two boxes, the proc freq
input and output for testing for a carry-over difference and a direct treatment
difference. The period differences are stored in the variate difftrt. The P-
values for the 1 degree of freedom tests are the ones we need.

proc freq code to use Q statistic to test for a difference in carry-over and
direct treatment effects:

proc freq data=mouthwash;

tables seg¥sum/noprint cmh2

score=modridit;

tables seq*difftrt/noprint cmh score=modridit;

Use of the Q statistic to test for a difference in carry-over and treatment
effects:

SUMMARY STATISTICS FOR SEQ BY SUM
Cochran-Mantel-Haenszel Statistics
(Modified Ridit Scores)

Statistic Alternative Hypothesis DF Value Prob

Nonzero Correlation 1 1.376 0.241
Row Mean Scores Differ 1 1.376 0.241
General Association 33 33.000 0.467

SUMMARY STATISTICS FOR SEQ BY DIFFTRT
Cochran-Mantel-Haenszel Statistics

(Modified Ridit Scores)

Statistic Alternative Hypothesis DF Value Prob

Nonzero Correlation 1 14.407 0.001
Row Mean Scores Differ 1 14.407 0.001
General Association 32 33.000 0.418

If the subjects in the trial can be stratified in some way, e.g., by centers
in a multicenter trial or by some demographic variable such as age or sex or
by some baseline characteristic such as severity of condition, then Tudor and
Koch define an extended Mantel-Haenszel counterpart of the statistic Q:

{ZZ:1 (%) (1. _J"*Q')}z
{221 (%)zvd’h}

Oemu = (2.12)
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where h defines the stratum and the other quantities are the within stratum
counterparts of the quantities used to define Q. Tudor and Koch note that for
sufficiently large sample size (ZZZI ny, > 40) Qpmu should have approximately
a x? distribution with 1 degree of freedom. The computation of Qs is conve-
niently done using the proc freq procedure in SAS. For small samples, exact
P-values based on the permutation distribution of Qgyp can be calculated.

As an example of using the stratified test, we analyse the data given in Ta-
bles 2.23 and 2.24, which are taken from the results of the trial described in
Example 2.1. These data refer to a secondary endpoint, the percentage num-
ber of nights when no additional bronchodilator medication was taken. For
each patient, three values are obtained: a baseline derived from the diary data
recorded in the run-in period, a corresponding value for Period 1 and a cor-
responding value for Period 2. In addition, a new binary variable has been
derived from the baseline, and takes the value 1 if the baseline percentage is
100 and is O otherwise. This divides the patients into two groups: those that
needed no additional medication and those that needed some.

The results of using the unstratified Q statistic to test for a direct treat-
ment difference (based on the within-patient period differences) are given in
the following box. We see that the P-value is 0.059, which is marginally non-
significant.

Use of the Q statistic to test for a direct treatment difference: no additional
medication at night:

SUMMARY STATISTICS FOR SEQ BY DIFFTRT
Cochran-Mantel-Haenszel Statistics

(Modified Ridit Scores)

Statistic Alternative Hypothesis DF Value Prob

Nonzero Correlation 1 3.574 0.059
Row Mean Scores Differ 1 3.574 0.059
General Association 27 25.670 0.537

Total Sample Size = 54

To apply the stratified Q test, we used the SAS code given in the next box.
The output it produces is given in the following box. Stratifying on the binary
covariate (no medication vs the rest) has improved the power of the test (based
on Qrpmpy) and a significant P-value of 0.038, obtained from the chi-squared
approximation, has been obtained.

SAS code for stratified Q test for a direct treatment difference:

proc freq data=newbase;

tables nbasex*seq*difftrt/noprint cmh2
score=modridit;

run;
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Table 2.23: Group 1 (AB) percentage of nights with no additional medication.
Subject  Subject Baseline Period1 Period2  Coded

Number  Label Baseline
1 7 100 100 100 1
2 8 80 100 100 0
3 09 0 55 38.095 0
4 13 100 90.476 71.429 1
5 14 100 90.476 100 1
6 15 100 100 0 1
7 17 85.714 100 100 0
8 21 0 47.368 7.692 0
9 22 100 100 36.842 1
10 28 100 100 100 1
11 35 100 90 30 1
12 36 0 0 0 0
13 37 33.333 100 25 0
14 38 100 100 100 1
15 41 100 100 100 1
16 44 0 0 0 0
17 58 100 100 100 1
18 66 71.429 100 100 0
19 71 0 71.429 33.333 0

20 76 100 100 100 1
21 79 100 37.5 5 1
22 80 100 100 72.222 1
23 81 28.571 57.143 100 0
24 82 16.667 16.667 0 0
25 86 66.667 76.923 85 0
26 89 57.143 42.105 52.632 0
27 90 100 0 0 1

Use of the stratified Q statistic to test for a direct treatment difference: no
additional medication at night:

SUMMARY STATISTICS FOR SEQ BY DIFFTRT

CONTROLLING FOR NBASE

Cochran-Mantel-Haenszel Statistics

(Modified Ridit Scores)

Statistic Alternative Hypothesis DF Value Prob

Nonzero Correlation 1 4.2883 0.038
Row Mean Scores Differ 1 4.291 0.038
General Association 27 26.987 0.464

Total Sample Size = 54
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Table 2.24: Group 2 (BA) percentage of nights with no additional medication.
Subject Subject Baseline Period1 Period2  Coded

Number  Label Baseline
1 3 100 100 100 1
2 10 100 100 100 1
3 11 100 100 100 1
4 16 0 52.381 27.778 0
5 18 100 80.952 80 1
6 23 100 100 100 1
7 27 28.571 90 100 0
8 29 16.667 5 33.333 0
9 30 71.429 100 68.75 0
10 32 100 100 0 1
11 33 100 95 95 1
12 39 100 87.5 84.211 1
13 43 85.714 5.263 14.286 0
14 47 100 100 100 1
15 51 100 11.111 85.714 1
16 52 100 100 100 1
17 55 66.667 6.25 23.81 0
18 59 100 100 100 1
19 68 71.429 42.857 100 0

20 70 100 100 100 1
21 74 100 100 100 1
22 77 71.429 100 100 0
23 78 100 100 100 1
24 83 100 100 95.238 1
25 84 100 100 100 1
26 85 100 88.889 100 1
27 99 0 0 0 0

2.12.7 Nonparametric analysis of ordinal data

Tudor and Koch (1994) describe a bivariate Wilcoxon rank-sum statistic for
testing the combined null hypothesis that there is no carry-over difference and
no direct treatment difference.

Let R;j; denote the rank of the response from patient j in sequence i in
period k among the responses in the kth period from the n = n; + n, patients
in the pooled sequence groups (note that here the ordering of the subscripts is
different from that used earlier in this chapter). We define R;; = (R; i1, R jz)T
and R; = (R;1,R) ", where Ry = ):?":1 Riji/n;. Then the bivariate Wilcoxon
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rank-sum statistic is
Or = (R; —Ry)"Vx' (R —Ry) (2.13)

where

2 n
Ve=—"—2) Y R;-R)(R;—R)" (2.14)

and R = (n1R| +n,R3) /n. Tudor and Koch note that for sufficiently large sam-
ple sizes Qg approximately has the y? distribution with 2 degrees of freedom.

To illustrate the analysis of a categorical response, we consider the data
given in Tables 2.25 and 2.26, which are taken from the trial described in Ex-
ample 2.1. These are data on a secondary variable, the severity of symptoms
that occurred during the night. For each of the periods of the trial, each patient
kept a diary of the severity of the symptoms using a five-point scale, where 0 =
no symptoms, 1 = symptoms which caused the patient to wake once or wake
early, 2 = symptoms which caused the patient to wake twice or more (includ-
ing waking early), 3 = symptoms causing the patient to be awake for most of
the night and 4 = symptoms so severe that the patient did not sleep at all. The
symptom scores given in Tables 2.25 and 2.26 are the median values over a
three-week period. The median for patient 82 in Period 2 was 1.5, and this was
rounded up to 2. The decision to round up or down was taken on the result of
a coin toss. The last two columns in these tables are the ranks (midranks for
ties) over both sequences for the symptom scores within a period. There are 27
patients in the AB group and 31 patients in the BA group.

For these data

32259 o [ 27.097 o [295
1= [ 32.815 } R, = [ 26.613 } and R = [ 29.5 }

=

and

11.154 15.424

Then Qr = 2.56 on 2 d.f. Obviously, from this value and by looking at the
raw data, there is no evidence of any difference between the two groups. With
so many tied observations, the appropriateness of the asymptotic approxima-
tion must be in some doubt, and in this case an exact permutation test would
be more appropriate. However, we do not pursue this here.

If the test had been significant, then similar tests with one degree of
freedom can be calculated to test for a direct-by-period interaction, and for
carry-over and direct treatment differences, respectively (see Tudor and Koch
(1994)).

Ve— [ 15.181 11.154 }
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Table 2.25: Group 1 (AB) night-time symptom score.
Subject Period1 Period2 Period1 Period?2

Label Rank Rank
7 1 0 43.5 17.5
8 2 0 55.0 17.5
9 1 1 43.5 42.0
13 0 1 17.5 42.0
14 0 0 17.5 17.5
15 3 3 58.0 56.0
17 1 1 43.5 42.0
21 0 0 17.5 17.5
22 0 0 17.5 17.5
28 0 0 17.5 17.5
35 0 1 17.5 42.0
36 2 2 55.0 51.5
37 0 2 17.5 51.5
38 0 0 17.5 17.5
41 1 1 43.5 42.0
44 2 3 55.0 56.0
58 0 0 17.5 17.5
66 0 0 17.5 17.5
71 1 1 43.5 42.0
76 0 0 17.5 17.5
79 0 0 17.5 17.5
80 2 3 55.0 56.0
81 0 0 17.5 17.5
82 1 2 43.5 51.5
86 0 0 17.5 17.5
89 1 1 43.5 42.0
90 1 1 43.5 42.0

2.12.8 Analysis of a multicenter trial

Here we will illustrate the analysis of a multicenter trial using the methods
described in Section 2.12.6.

Example 2.3 This example is taken from a trial described by Koch et al.
(1983) to compare an active treatment (A) against a placebo treatment (P) for
the relief of heartburn. At each of two centers, 30 patients attended on two
separate occasions and ate a symptom-provoking meal. Half the patients at
each center received the treatments in the order AP (Sequence 1) and the other
half at each center received the treatments in the order PA (Sequence 2). The
response recorded was the time in minutes to relief of symptoms after taking
one dose of treatment. If no relief was obtained after 15 minutes, a second
dose could be taken. The variables MD1 and MD2 (for Period 1 and Period 2,
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Table 2.26: Group 2 (BA) night-time symptom score.
Subject Period1 Period2 Period1 Period?2

Label Rank Rank
3 0 0 17.5 17.5
4 1 1 43.5 42.0
10 0 0 17.5 17.5
11 0 0 17.5 17.5
16 0 0 17.5 17.5
18 1 0 43.5 17.5
23 0 0 17.5 17.5
24 1 3 43.5 56.0
26 0 0 17.5 17.5
27 1 3 43.5 56.0
29 1 1 43.5 42.0
30 0 0 17.5 17.5
32 1 1 43.5 42.0
33 0 0 17.5 17.5
39 0 0 17.5 17.5
43 1 1 43.5 42.0
47 0 0 17.5 17.5
51 1 0 43.5 17.5
52 0 0 17.5 17.5
55 0 1 17.5 42.0
59 0 0 17.5 17.5
68 1 1 43.5 42.0
70 2 2 55.0 51.5
73 0 0 17.5 17.5
74 0 0 17.5 17.5
77 0 0 17.5 17.5
78 0 0 17.5 17.5
83 0 0 17.5 17.5
84 0 0 17.5 17.5
85 0 0 17.5 17.5
99 1 1 43.5 42.0

respectively) are defined in Tables 2.27 and 2.28 as follows. For Period 1: MD1
= time to relief from first dose during Period 1 if time is less than 20; MD1 =
(20 + time to relief from second dose during Period 1) if time is between 20
and 40; MD1 = 60 if no relief from either first or second dose during Period
1. A similar definition applies to MD2 with Period 1 replaced by Period 2. In
addition, a categorical score was created: 1 if relief from first dose is within
15 minutes; 2 if relief from second dose is within 15 minutes after that dose
(given no relief from first dose within 15 minutes); 3 if no relief from first dose



NONPARAMETRIC ANALYSIS 87
Table 2.27: Center 1 data from clinical trial for relief of heartburn.
Site Sequence ID Age Sex Freq MD1 MD2 CAT1 CAT2

1 1 2 55 2 7 7 35 1 2
1 1 3 3 2 3 5 60 1 4
1 1 6 36 2 4 10 28 1 2
1 1 7 44 2 4 14 36 1 4
1 1 9 38 2 7 60 35 4 2
1 1 11 46 2 4 5 15 1 1

1 1 13 56 1 5 2 13 1 1

1 1 15 30 2 3 32 60 2 4
1 1 18 42 2 2 60 35 4 2
1 1 19 39 2 2 25 14 2 1

1 1 22 30 2 4 15 15 1 1

1 1 23 34 2 3 26 60 2 4
1 1 26 29 2 3 60 60 4 4
1 1 27 37 2 3 60 60 4 4
1 1 30 35 2 3 15 35 1 2
1 2 1 27 2 5 11 35 1 2
1 2 4 33 2 4 6 13 1 1

1 2 5 29 2 2 4 60 1 4
1 2 8 32 2 4 9 60 1 4
1 2 10 38 2 3 6 18 1 3

1 2 12 52 2 6 60 60 4 4
1 2 14 25 2 3 60 10 4 1

1 2 16 65 2 3 3 15 1 1

1 2 17 50 2 4 60 10 4 1

1 2 20 28 2 2 10 10 1 1

1 2 21 39 2 3 10 15 1 1

1 2 24 50 2 2 60 12 4 1

1 2 25 52 1 4 6 15 1 1

1 2 28 38 2 3 60 15 4 1

1 2 29 31 2 3 15 35 1 2
Note: From Koch et al. (1983). Reproduced by permission of John
Wiley and Sons Limited.

within 15 minutes, but some relief between 15 and 20 minutes and no second
dose given; 4 if no relief from both first and second doses within 15 minutes
of either. (I

The following panel gives the proc freq instructions to analyze each cen-
ter (labeled site here) separately and both centers combined using the extended
Cochran—Mantel-Haenszel statistic. For each dataset, four analyses are done:
Period 1 only, Period 2 only, carry-over (using period sums) and direct treat-
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Table 2.28: Center 2 data from clinical trial for relief of heartburn.
Site Sequence ID Age Sex Freq MD1 MD2 CAT1 CAT2

2 1 1 31 2 4 8 60 1 4
2 1 4 30 2 3 60 60 4 4
2 1 6 28 2 4 60 60 4 4
2 1 8 48 1 5 4 60 1 4
2 1 9 27 1 2 7 60 1 4
2 1 11 54 2 3 7 60 1 4
2 1 14 30 1 2 60 12 4 1
2 1 15 30 1 2 60 60 4 4
2 1 18 31 2 2 9 60 1 4
2 1 19 27 2 3 18 60 3 4
2 1 21 30 2 3 28 60 2 4
2 1 23 29 1 5 32 25 2 2
2 1 26 34 2 2 15 60 1 4
2 1 27 . 1 4 11 60 1 4
2 1 29 48 2 5 32 60 2 4
2 2 2 32 2 3 60 7 4 1
2 2 3 22 1 2 60 7 4 1
2 2 5 29 2 5 60 8 4 1
2 2 7 29 1 5 32 10 2 1
2 2 10 26 2 4 60 8 4 1
2 2 12 30 1 2 60 8 4 1
2 2 13 47 1 3 60 4 4 1
2 2 16 33 2 3 25 60 2 4
2 2 17 38 1 4 32 60 2 4
2 2 20 29 2 5 60 4 4 1
2 2 22 28 2 3 12 60 1 4
2 2 24 26 1 2 9 35 1 2
2 2 25 34 2 2 10 26 1 2
2 2 28 32 2 3 60 13 4 1
2 2 30 31 2 2 30 15 2 1

Note: From Koch et al. (1983). Reproduced by permission of John
Wiley and Sons Limited.

ment (using period differences). Table 2.29 gives the results. For each site,
separately, is quite different, as are the results for Periods 1 and 2 in Center
2. For Center 1, none of the four test results is significant at the 5% level for
either Pattern of relief or Time to relief. However, for Center 2 there is strong
evidence of a difference between the groups at Period 2, of a carry-over dif-
ference and of a direct treatment difference. This all points to the presence of
a direct-by-period interaction in Center 2. As the effects present in the two
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centers are quite different, the results from combining the centers are not so
useful. However, we note that the Center 2 results seem to be dominating the
combined results. Koch et al. (1983) discuss the interpretation of the results in
the presence of such a significant direct-by-period interaction and focus on the
nature of the Placebo treatment. See Koch et al. (1983) for further information.

2.12.9 Tests based on nonparametric measures of association

Here we will use a nonparametric measure of association between the groups
as the metric of comparison. Details of the methodology are given by Jung and
Koch (1999). We will illustrate this approach using the following example.

SAS commands to run proc freq for multicenter heartburn trial:

** site 1 only **; proc freq data=sitel;
tables sequence*mdl/noprint cmh score=modridit;
tables sequence*md2/noprint cmh score=modridit;
tables sequence*sum/noprint cmh score=modridit;
tables sequencexdifftrt/moprint cmh score=modridit;
tables sequence*catl/noprint cmh score=modridit;
tables sequence*cat2/noprint cmh score=modridit;
tables sequence*csum/noprint cmh score=modridit;
tables sequence*cdifftrt/noprint cmh score=modridit;
run;
** site 2 only
**x; proc freq data=site2;

. repeat of above code for site 1

run;
**x both sites combined **;

proc freq data=original;

repeat of above code for site 1

run;

Example 2.4. The data in Table 2.30 were given by Tudor and Koch (1994)
and were obtained in a trial to investigate the effect of exposure to low levels
of carbon monoxide on exercise capacity of patients suffering from ischemic
heart disease. The responses given in Table 2.30 are the exercise times in
seconds of the patients. The two treatments in this case are exposure to reg-
ular air (A) and exposure to carbon monoxide (B).CI0I]

Let us now consider analyses based on rank measures of association. To
get started, let us consider just the data from Period 1. Let

& =Pk > Yarw),
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Table 2.29: proc freqresults for each center and combined data for heartburn
trial.

Pattern of Relief

Center Period 1 Period 2 Carry-over Treatment
1 0.128(0.721) 2.605(0.107) 1.222(0.269) 0.768(0.381)
2 2.513(0.113) 13.440(0.001) 4.774(0.029) 8.883(0.003)
Combined 0.850(0.357) 13.671(0.001) 5.266(0.022) 7.455(0.006)

Time to Relief

Center Period 1 Period 2 Carry-over Treatment
1 0.234(0.628) 3.532(0.0.060) 0.912(0.339) 0.692(0.405)
2 3.567(0.059) 13.321(0.001) 4.865(0.027) 10.495(0.001)
Combined 0.954(0.329) 14.954(0.001) 4.991(0.025) 8.296(0.004)

where Y} is the observation from a randomly chosen subject k in Group 1
and Y,y is the observation from a randomly chosen subject k" in Group 2. A
possible linear model that explains &; can be written as

logit(gl) = logit{P(Y] k> Y21k1)} =1 — T,

where logit(p) = log(£).

Fitting the above logit model would determine if the chance of getting a
larger response in one treatment group depended on the direct treatment dif-
ference. This idea can be extended to give three more comparisons between
groups: Period 2 in Group 1 vs Period 2 in Group 2, Period 1 in Group 1 vs
Period 2 in Group 2 and finally Period 2 in Group 1 vs Period 1 in Group 2.
The corresponding logits can be written as

logit(&) = logit{P(Yix > Yoor') } = — (71 — 72) + (41 — L),
10git(§3) = IOgit{P(Yllk > YZZk’)} =T —T— AQ,
10git(é4) = 10git{P(Y12k > Y2]k/)} = 7(71'] — T — AQ) + (/11 — AQ)

If estimates of &,, m = 1,2,...,4 can be obtained and are denoted by é =
(£1,62,&3,64) T, then Jung and Koch propose the model

T — T
71']777.72712 :Xﬁ. (2]5)
M=

logit(§) =

—_ O = O

To estimate the &,,, Jung and Koch use Mann—-Whitney statistics for com-
paring two groups:
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Table 2.30: Duration of exercise in seconds from patients suffering ischemic
heart disease.

Patient Baseline Period 1 Period 2
Group 1 (AB)
1 540 720 759
2 1200 840 840
3 855 614 750
4 395 1020 780
5 540 510 550
6 510 780 780
7 780 740 720
8 840 720 490
9 1100 1280 1170
10 400 345 320
11 640 795 720
12 285 280 280
13 405 325 300
14 390 370 300
Group 2 (BA)
15 900 720 798
16 475 540 462
17 1002 1020 1020
18 360 322 510
19 190 360 540
20 300 330 505
21 750 840 868
22 780 780 780
23 810 780 780
24 240 180 180
25 560 540 540
26 1020 1020 1020
27 540 480 540
28 450 370 406
29 270 220 220
30 240 285 270

Note: Reproduced with permission from Tudor and Koch (1994).

where
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and -
Z Z mqq’/ nfl))
q=1q'#q

where n = n; + n».

To define U,,,4,r and M, , let ¥, denote the data for both groups combined
that are used in the mth comparison. So, for example, ¥; denotes the data from
Period 1 for both groups combined and ¥, denotes the combination of the data
from Period 2 of Group 1 and Period 1 of Group 2 (see Table 2.31). In addition,
we define X, = 1 if subject g is in Group 1 and X, = —1 if subject g is in Group

2,q=1,2,...,n. Then

1 (Xq*Xq/)(?]q*?]q/)~>0 B
05 (X;—Xy)*>0and (¥;,—¥,)=0
0 otherwise

Umqq’ =

and

M,

1 (X—Xy)*>0
mqq’ =

0 otherwise.

Note that U, can equal 0.5 if (X, —X,/)? > 0 and (¥}, —¥},/) is missing.
Let
Fq = (U1q7U2q;U3q;U4q7M1an2q7M3an4q)T7

where Upg = Y41 1 Ungqr /(n — 1) and Mg = Y0y . Myq /(n— 1). Then
4 AT AT
Z = (011,021,031,041,012,02,03,,04)" =(6,,6,)7.

The covariance matrix for F can be consistently estimated by

a )i<FqF><FqF>T.

q=1

Vi =

Asymptotically (see Jung and Koch), the vector of Mann—Whitney statistics
§=p;'a;,
2

where Dy is the diagonal matrix with the elements of vector g on the diagonal,
has the multivariate normal distribution with mean vector £ and a covariance
matrix which can be consistently estimated by

5 = Dé[ 6" Déi]VF[Déf,—Déi]TDE.

To link the Mann—Whitney statistics to the period, direct treatment and
carry-over effects, we assume the model

logit(&) = XB
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where logit(&) is the vector of parameters In(&,,/(1 —&y)), m=1,2,3,4, X
is a full rank 4 x 3 design matrix and f3 is the corresponding 3 x 1 vector of
parameters: (Tj — To, T — T — Ao, Ay — Ap) .
If £ = logit(§), then a consistent estimate of the covariance matrix of f is
V¢, where
Ve=D_'V:D!
=" "¢
and 1) is the vector with elements 1),, = :fm(l - :fm), m=1,2,3,4.
The modified weighted least squares estimate of 3 is

B=(X"AT(AVEAT)TTAX)TIXTAT(AVA ") I AS
where
11 11

A=]1 -1 1 -1
I -1 -1 1
Modified weighted least squares is used to address near singularities in Vi that
are notin (AVpA ).
From Table 2.32 and using the values of the M-statistics, which are either
140r 16, we obtain F' = (8,0, )T, where &, = (0.315,0.271,0.289,0.289)

A AT
and §, = (0.515,0.515,0.515,0.515), leading to & = (0.611,0.527,0.560,
0.550).

The asymptotic covariance matrix of & is

0.0108 0.0104 0.0107 0.0108
0.0104 0.0120 0.0112 0.0115
f | 0.0107 0.0112 0.0116 0.0111
0.0108 0.0115 0.0111 0.0117

The parameter estimates, their corresponding standard errors and asymptotic
P-values are given in Table 2.33.

When the carry-over parameter was dropped from the model, the re-
sults given in Table 2.34 were obtained. The P-value for the test of 71 —
7, = 0 is 0.055, giving some evidence of a (significant) direct treatment
difference.

The baseline values can also be included in the model. The Mann—Whitney
estimator for these is & = 0.592. By including baselines in the model, and
forcing their parameter estimate to zero, we can allow for any baseline im-
balance between the two groups. This imbalance, if present, is due only to
randomization: we assume that the two groups of patients are randomly sam-
pled from a common population and so the true mean baseline difference be-
tween the groups is zero. By setting the baseline parameter in the model to
zero, we force the model to take account of this. In our example the conclu-
sions were not altered when the baseline values were taken into account (there
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Table 2.31: Columns of combined data for exercise duration trial.

Group  Subject Y Y, Y3 2
1 1 720 759 720 759
1 2 840 840 840 840
1 3 614 750 614 750
1 4 1020 780 1020 780
1 5 510 550 510 550
1 6 780 780 780 780
1 7 740 720 740 720
1 8 720 490 720 490
1 9 1280 1170 1280 1170
1 10 345 320 345 320
1 11 795 720 795 720
1 12 280 280 280 280
1 13 325 300 325 300
1 14 370 300 370 300
2 15 720 798 798 720
2 16 540 462 462 540
2 17 1020 1020 1020 1020
2 18 322 510 510 322
2 19 360 540 540 360
2 20 330 505 505 330
2 21 840 868 868 840
2 22 780 780 780 780
2 23 780 780 780 780
2 24 180 180 180 180
2 25 540 540 540 540
2 26 1020 1020 1020 1020
2 27 480 540 540 480
2 28 370 406 406 370
2 29 220 220 220 220
2 30 285 270 270 285

was no evidence of a significant mean baseline difference between the groups,
P=04).

A simple analysis that can be used to obtain a P-value to compare with
the one obtained above (P = 0.055) is to (1) combine the sequence groups and
rank the responses in each period, (2) take the difference in these ranks between
the periods and (3) compare the groups in terms of this difference using SAS
proc freq. The SAS code and output for doing this are given below. We see
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Table 2.32: Values of U-statistics for exercise duration trial.

95

Group Index i ¥ T 2

1 1 105 10 10 11

1 2 13.5 13 13 135

1 3 10 10 10 11

1 4 15 11 15 12

1 5 8 10 6.5 10

1 6 12 11 11 12

1 7 11 10 10 105

1 8 10.5 5 10 8

1 9 16 16 16 16

1 10 5 3 3 3

1 11 13 10 12 105

1 12 2 3 3 2

1 13 4 3 3 3

1 14 6.5 3 3 3

2 15 7 2 3 7

2 16 9 10 10 9

2 17 1.5 I 15 1

2 18 13 9 95 10

2 19 11 9 9 10

2 20 12 9 10 10

2 21 2.5 1 2 1.5

2 22 4.5 3 45 3

2 23 4.5 3 45 3

2 24 14 14 14 14

2 25 9 9 9 9

2 26 1.5 I 1.5 1

2 27 10 9 9 10

2 28 10.5 10 10 10

2 29 14 14 14 14

2 30 13 14 14 13

Table 2.33: Parameter estimates for exercise duration trial (with carry-over).
Parameter ~ Estimate Std error  x° P-value

TI— T 0.435 0.438 0.984  0.321
T —T—A 0.261 0.434 0.364 0.546
M= 0.523 0.860 0.370 0.543

Table 2.34: Parameter estimates for exercise duration trial (no carry-over).

Parameter Estimate Std error  x° P-value
T1I—T 0.174 0.091 3.678 0.055
T — M) 0.001 0.070 0.000 0.986
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that the P-value is 0.054, which is very similar to that obtained from the more
sophisticated analysis.

proc freq code for simple analysis of exercise duration data:

data diff;

input group rankperl rankper2 diffranks;
datalines;

1 10.5 5.5 5.0

1 6.0 5.5 0.5

2 14.5 9.0 5.5

2 18.0 25.0 -7.0 ;

run; proc freq data=diff;

tables group*diffranks/ cmh2 noprint;
run;

proc freq output for simple analysis of exercise duration data:

The FREQ Procedure Summary Statistics

for GROUP by DIFFRANKS

Cochran-Mantel-Haenszel Statistics

(Based on Table Scores)

Statistic Alternative Hypothesis DF Value Prob
Nonzero Correlation 1 3.7240 0.0536
Row Mean Scores Differ 1 3.7240 0.0536

2.13 Binary data
2.13.1 Introduction

A binary observation can take only two values, traditionally labeled O and 1;
examples are no/yes, failure/success and no effect/effect. In keeping with stan-
dard practice, we shall refer to the responses 1 and O as a success and a failure,
respectively, and we shall refer to a 2 x 2 cross-over with binary data as a bi-
nary 2 x 2 cross-over. The design of the trial will take exactly the same form
as before: the subjects are divided into Groups 1 and 2 (treatment orders AB
and BA, respectively) and we assume that we have a single observation that
takes the value O or 1 from each subject in each period.

Example 2.5 This example consists of safety data from a trial on the dis-
ease cerebrovascular deficiency in which a placebo (A) and an active drug (B)
were compared. A 2 x 2 design was used at each of two centers, with 33 and 67
subjects, respectively, at each center. The response measured was binary and
was defined according to whether an electrocardiogram was considered by a
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Table 2.35: 2 x 2 Binary cross-over trial.
Group | (0,00 (0,1) (1,00 (1,1) | Total
1 (AB) | nn nyp M3 NG n,
2(BA) | nyy  np ny;3 nn n,
Total ] no n3 n4 n.

cardiologist to be normal (1) or abnormal (0). In such a trial each subject sup-
plies a pair of observations (0,0), (0,1), (1,0) or (1,1) where (a,b) indicates a
response a in Period 1 and b in Period 2. We can therefore summarize the data
from one 2 x 2 trial in the form of a 2 x 4 contingency table as given in Table
2.35.

In this table, the entry n;1, for example, is the number of subjects in Group
1 who gave a (0,0) response. The other entries in the body of the table are de-
fined in a similar way and the sizes of the two groups are given by the marginal
totals ny. and ny.. The tables of data from the two centers are given in Table
2.36.0000)

Table 2.36: Data from a two-center 2 x 2 trial on cerebrovascular deficiency.
Outcomes 0 and 1 correspond to abnormal and normal electrocardiogram read-
ings.

Center 1
Group (0,00 (0,1) (1,00 (1,1) Total
1 (AB) 6 2 1 7 16

2 (BA) 4 2 3 8 17
Total 10 4 4 15 33
Center 2

1(AB) 6 0 6 22 34
2(BA) 9 4 2 18 33
Total 15 4 8 40 67

Here we describe a series of tests that can be used to investigate effects in
the 2 x 4 contingency table described earlier. The tests we shall be using are
based on standard contingency table methods, and those not already familiar
with these are referred to Stokes et al. (2012). We will make the assumption
that there is no direct-by-period interaction or differential carry-over effect.
This is to avoid the issues of preliminary testing we discussed earlier for con-
tinuous data. We describe three tests for a direct treatment effect that are valid
under these conditions and it will be seen that corresponding to each of these is
a test for a period effect. The emphasis in this section is on hypothesis testing
and this is a consequence of using contingency table methods and of avoiding
explicit statistical models.
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2.13.2 McNemar’s test

In the absence of a period effect and under the null hypothesis of no direct
treatment effect, then, given that a subject has shown a preference (i.e., a 1),
the choice is equally likely to have been for either treatment. There is a total of
n, = n+n3 subjects who show a preference and out of these ny = n3 +n»
show a preference for A. Hence, under the null hypothesis, n4 has a binomial
distribution with parameters % and np. That is, ng ~ Binomial (%,np).

To obtain the probability of a result as extreme as this under the null hy-
pothesis, we sum the appropriate binomial probabilities. This gives, for a one-
sided test, for ny /np > %

X ()G G -6 E(r)

For na/n, < %, ny is replaced by ng = n, —ny in this expression. For a two-
sided test, P is doubled. This is known as McNemar’s test (McNemar, 1947)
and is just an example of the well-known sign test. We can also construct an
approximate two-sided version of the test which is easier to calculate. Under
the null hypothesis, Var(ns) = n,/4 and hence the ratio

(na — 3np)? _ (na—np)?

Var(ng) np

has an asymptotic 112 distribution.

In Example 2.5, for Center 2, ny = 10 and ng = 2, giving n, = 12. We then
have P = 0.019 and doubling this for a two-sided test we get a probability of
0.038. For the approximate version we compare

(10—2)?
12
with the x]2 distribution to get a two-sided probability of 0.021. This is rather
more extreme than the exact probability above.

The SAS proc freq commands to apply McNemar’s test are given in the

following box. Note that we have asked for the exact version of the test.

=5.33

proc freq code for McNemar’s test:

data center2;

input A_pref$ B_pref$ count;
datalines;

no no 15

no yes 2

yes no 10

yes yes 40 ;

proc freq order=data;

weight count;

tables A_pref*B_pref/norow ncol nopct agree;
exact mcnemar;

run;




BINARY DATA 99

The results of applying McNemar’s test are given in the following box.

proc freq output for McNemar’s test:

McNemar test for 2x2 trial - Center 2
The FREQ Procedure
Table of A_PREF by B_PREF

A_PREF B_PREF

Frequency|no |yes |  Total
————————— ettt

no | 15 | 2 | 17
————————— Bt TR

yes | 10 | 40 | 50
————————— B TR

Total 25 42 67

Statistics for Table of A_PREF by B_PREF
McNemar’s Test

Statistic (8) 5.3333
DF 1
Asymptotic Pr > S  0.0209
Exact Pr >= S 0.0386

2.13.3 The Mainland-Gart test

The main problem with McNemar’s test is the assumption that there is no pe-
riod effect. Strictly, when this assumption does not hold, the test is invalid.
In practice, the consequences are only serious when njy + n13 and nas + ny3
differ substantially, for only then will the period effect favor one of the two
treatments (Nam, 1971; Prescott, 1979, 1981). However, since the reason for
using the two treatment sequences in the 2 x 2 cross-over is to allow for a
possible period effect, an analysis that assumes this effect is negligible seems
particularly inappropriate. We suggest that the following test is to be preferred
to McNemar’s; in particular, we do not draw conclusions about the examples
from the tests above. To derive this alternative test, we can apply the following
argument.

We associate with each entry in the 2 x 4 table a probability p;; and obtain
Table 2.37.

The odds in favor of a (1,0) response in Group 1 as opposed to a (0,1)
response is the ratio of probabilities %. If there were no carry-over differ-
ence or direct treatment effect, we ought to get the same odds in Group 2, i.e.,
P23 1f these two odds were not equal, this would indicate that there was a di-
rect treatment effect. A natural way to express this effect is as the ratio of the



100 THE 2 x 2 CROSS-OVER TRIAL
Table 2.37: 2 x 2 Binary cross-over trial.
Group (0,00 (0,1) (1,00 (1,1) Total
1(AB) puu pi2 P13 Pu 1

2(BA) pai pn P13 P 1
Total p.1 P2 pP3 P4 2

Table 2.38: 2 x 2 Contingency table.
0,1) (1,0
GI‘Ollp 1 P12 P13
Group2 | pn  p23

Table 2.39: Mainland—Gart contingency table.
0,1) (1,0) Total

Group 1 njpp ni3 m
Group 2 ny» ny3 my
Total no ns m.
dd
e P23 P13 P12P23
gr = L2 /B8 _ Pubs

_Pzz P12 P13P2’

This is just the odds-ratio in the 2 X 2 contingency table with probabilities
proportional to those in Table 2.38.

In the absence of a direct treatment effect, there should be no evidence of
association in this table. This points to a test for the direct treatment effect in
terms of the 2 x 2 contingency table given as Table 2.39.
where m; = ny» + n13 and my = ny + no3. To test for this association, we can
apply the standard tests for a 2 X 2 contingency table to this table, where evi-
dence of association indicates a direct treatment effect. Mainland (1963), pp.
236-238, derived this test using a heuristic argument based on the random-
ization of subjects to groups, while Gart (1969) gave a rigorous derivation in
which he conditioned on subject effects in a linear logistic model for each in-
dividual observation in each period. We return to this view of the analysis in
Chapter 6.

2.13.4 Fisher’s exact version of the Mainland—Gart test

Cross-over trials are often small, and even with trials of moderate size we
have seen in the example that the number of subjects that contribute to the
Mainland-Gart table may be small. Hence we need to consider methods of test-
ing association in this table that do not depend on asymptotic results. In tables
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Table 2.40: Mainland—Gart table for Example 2.5.

0,1) (1,0) Total
Group 1 0 6 6
Group 2 4 2 6
Total 4 8 12

with small entries, Fisher’s exact test can be used. It is constructed as follows
(Stokes et al. (2012), Chapter 2). Conditional on the observed margins we can
write down the probability (P) of obtaining any particular arrangement of the
table entries. The one-sided significance probability is obtained by adding the
probabilities of those tables which show as much or more association than the
observed table, where the association in a table is measured by the odds-ratio.
The necessary arithmetic can be done relatively simply on a computer. In or-
der to obtain a two-sided test, the usual method is to double the value of P. It
can happen that P is greater than one-half and then doubling the value will not
produce a meaningful probability. In this situation we have an observed table
that lies in the center of the distribution of possible tables and arguably the
most sensible two-sided probability for this case is one; certainly there is no
evidence of association in the table.

For Example 2.5, the required data are given in Table 2.40.

The SAS proc freqcommands to apply the Mainland—Gart test are given
in the following box.

proc freq code for Mainland—Gart test:

data center2;

input group $ outcome $ count;
datalines;

AB 01 0

AB 10 6

BA 01 4

BA 10 2;

proc fregq;

weight count;

tables group*outcome / chisq nocol nopct;
exact chisq;

run;

The standard 2 test for this table gives the test statistic X> =6 on 1 d.f.,
which has an asymptotic P-value of 0.014. Fisher’s exact test gives a P-value
of 0.06. So there is some evidence of a direct treatment difference.
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proc freq output for Mainland—Gart test:

The FREQ Procedure
Table of GROUP by OUTCOME

GROUP OUTCOME

Frequency|01 |10 | Total
————————— ot

AB | 0| 6 | 6
————————— et 3

BA | 4 | 2 | 6
————————— et 3

Total 4 8 12

WARNING: 1007 of the cells have expected counts less than 5
(Asymptotic) Chi-Square may not be a valid test.

Pearson Chi-Square Test

Chi-Square 6.0000
DF 1
Asymptotic Pr > ChiSq 0.0143
Exact Pr >= ChiSq 0.0606

2.13.5 Prescott’s test

The Mainland—Gart test has the advantage that it does not depend on the ran-
domization of subjects to groups, at least under Gart’s logistic model. This
advantage is obtained at a price, however; the test does not make use of any
additional information that randomization provides and this is reflected in the
exclusion from the analysis of the data from subjects who show no preference.
Prescott (1981) introduced a test for a direct treatment difference which does
depend on the randomization for its validity but which can, at the same time,
exploit the extra information from the randomization. Under randomization
one would then expect Prescott’s test to be more sensitive than the Mainland—
Gart test and this is confirmed by the limited studies that have been done.

The test makes use of all the data from the trial, although the responses
from the subjects who show no preference are combined. The relevant contin-
gency table is then as given in Table 2.41.

Table 2.41: Contingency table for Prescott’s test.
Group (0,1) (0,0)and (1,1) (1,0) Total
1(AB) np2 ny +n4 n3 ny,
2(BA) n» N1 +n24 n3 n,
Total no ni+ng n3 n.
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Formally, Prescott’s test is the test for linear trend in this table (Armitage,
1955), which we met earlier in Section 2.12.6. The test for association in this
table, which is on two degrees of freedom, would provide a legitimate test for
direct treatments in the absence of direct-by-period interaction and in fact can
be used in this way, as, for example, Farewell (1985) suggests. However, this
test can be decomposed into two components, each on one degree of freedom:
one of which corresponds to Prescott’s test. Prescott’s test extracts the single
degree of freedom that might be expected to show a direct treatment difference
if one exists, and in this lies its advantage over the simple test for association
on two degrees of freedom.

The SAS proc freq commands to apply Prescott’s test and the results
produced are given in the following boxes. The asymptotic two-sided P-value
is 0.021 and the exact two-sided P-value is 0.038, giving evidence of a signifi-
cant difference in the direct treatments.

proc freq code for Prescott’s test:

data center2;
input group $ outcome $ count;

datalines;
AB -1 0
AB 0 28
AB 1 6
BA -1 4
BA 0 27
BA 1 2;
run;

proc fregq;

weight count;

tables group*outcome/ cmh
chisq norow nocol nopct trend;
exact chisq;

run;
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proc freq output for Prescott’s test:

The FREQ Procedure
Table of GROUP by OUTCOME

GROUP OUTCOME

Frequency|-1 |0 |1 |  Total
————————— T S S

AB | 0 | 28 | 6 | 34
————————— et St

BA | 4 | 27 | 2 | 33
————————— et S

Total 4 55 8 67

Statistic (Z) 2.3156
One-sided Pr > Z 0.0103
Two-sided Pr > |Z| 0.0206

Statistics for Table of GROUP by OUTCOME

Mantel-Haenszel Chi-Square Test

Chi-Square 5.2819
DF 1
Asymptotic Pr > ChiSq 0.0215

Exact Pr >= ChiSq 0.0380




Chapter 3

Higher-order designs for two treatments

3.1 Introduction

In this chapter we consider the properties of higher-order designs for two treat-
ments. By “higher-order” we mean that the design includes either more than
two sequence groups or more than two treatment periods or both. In the next
chapter we will consider higher-order designs for more than two treatments. In
Chapter 5 we illustrate analyses for some of the two-treatment designs intro-
duced below.

The main disadvantages of the standard AB/BA design without baselines
are that (a) the test for a carry-over effect or direct-by-period interaction lacks
power because it is based on between-subject comparisons and (b) the carry-
over effect, the direct-by-period interaction and the group difference are all
completely aliased with one another. If higher-order designs are used, how-
ever, we are able to obtain within-subject estimators of the carry-over effects
or the direct-by-period interaction, and in some designs these estimators are
not aliased with each other. We do emphasize, however, that these gains do
rest on making very specific assumptions about the nature of the carry-over
effects.

Another feature of the higher-order designs is that it is not necessary to
assume that the subject effects are random variables in order to test for a dif-
ference between the carry-over effects. Although in principle we could recover
direct treatment information from the between-subject variability, it is very un-
likely to prove worthwhile, due to the large differences between the subjects
that are typical in a cross-over trial. Also, the benefits of recovering between-
subject information are only realized in large cross-over trials. These issues are
explored in detail later in Chapter 5. Consequently, for the purposes of com-
paring designs, we usually assume that the subject effects are fixed and that
the within-subject errors are independent, with mean zero and variance 2. In
fact, as is shown in Appendix A, as long as we use within-subject contrasts, we
get the same estimators of the parameters of interest when we use fixed subject
effects and independent within-subject errors as when we use the compound
symmetry within-subject covariance structure.

An important feature of this chapter and those following is the way we
determine which effects can be estimated from the within-subject contrasts. In
order to do this, we first determine how many degrees of freedom are available

105
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within-subjects and then determine the contrasts which are associated with
these degrees of freedom.

If a design has s sequence groups and p periods, then there are sp group-
by-period means, ;;.. There are (sp — 1) degrees of freedom between these sp
means which can be partitioned into (s — 1) between groups, (p — 1) between
periods and (s — 1)(p — 1) for the group-by-period interaction effects. This
last set contains the degrees of freedom associated with the effects of most
interest, i.e., the direct treatments, direct-by-period interaction, the carry-over
effects, and so on. Although this set of degrees of freedom can be partitioned in
a number of ways, we will always attempt a partition into three basic sets: (a)
the direct treatment effects, (b) the direct-by-period interaction and carry-over
effects and (c) other effects not of direct interest associated with the group-by-
period interaction.

For some designs the effects associated with the degrees of freedom in set
(b) will be aliased with other effects, and so there will be a choice of which
terms to include in our model. For example, it will not always be possible
to obtain unaliased estimates of both the direct-by-period interaction and the
carry-over effects. Depending on the design, some, none or all the degrees of
freedom in set (b) will have aliases. Occasionally some of these degrees of
freedom will be confounded with subjects.

In summary then, our approach will be to identify degrees of freedom
which are associated with effects of interest and then to formulate a model
which isolates these degrees of freedom. We regard the terms in our model as
identifying contrasts of interest between the group-by-period means. Also, our
approach takes account of any marginality requirements induced by our model.
So, for example, we would not include an interaction effect in the absence of
the corresponding main effects. Further, we would not attempt to interpret a
main effect in the presence of its corresponding interaction effect. In connec-
tion with this last point, we note that it is not unusual in cross-over designs
for the carry-over effects to be aliased with the direct-by-period interaction. If
the carry-over effects are included in the model and are significant, we must
satisfy ourselves that it is unlikely that a direct-by-period interaction could
have occurred. Only then would it be sensible to estimate the direct treatment
difference in the presence of a carry-over difference.

3.2 “Optimal” designs

In order to choose an optimal design, we must first define the criterion of op-
timality. The various criteria used to compare cross-over designs with more
than two treatments are briefly described in Chapter 4. For two treatments the
criterion usually adopted in the literature is that a cross-over design is opti-
mal if it provides minimum variance unbiased estimators of 7 and A, where
T=—"T="7 andk:—kl :)Lz.
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Table 3.1: Design 3.1.

Sequence Period

B W =
w > W -
> W |

Table 3.2: Design 3.2.

Sequence Period
1 2 3
1 A B B
2 B A A

Cheng and Wu (1980), Laska et al. (1983), Laska and Meisner (1985) and
Matthews (1987) have proved that if a compound symmetry covariance struc-
ture, or a fixed subject effect structure, is adopted, then the designs given in
Tables 3.1 to 3.5 are optimal. The properties of a number of different two-
treatment designs have also been described by Kershner and Federer (1981).

3.3 Balaam’s design for two treatments

Design 3.1 as given in Table 3.1 is a special case of one given by Balaam (1968)
for comparing ¢ treatments using > experimental subjects. In our version we
use only two treatments and assign more than one subject to each sequence

group.

Table 3.3: Design 3.3.

Sequence Period
1 2 3 4
1 A A B B
2 B B A A
3 A B B A
4 B A A B

Table 3.4: Design 3.4.

Sequence Period
1 2 3 4
1 A B B A A
2 B A A B B
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Table 3.5: Design 3.5.

Sequence Period
1 2 3 4 5 6
1 A B B A A B
2 B A A B B A
3 A A B B B A
4 B B A A A B

Let us denote the mean response for the subjects in period j in group i by
¥ij.. There are two means in each group and so there are 4 degrees of free-
dom for within-group comparisons. One of these is associated with the period
difference and another with the direct effect. How we use the remaining 2
degrees of freedom depends on the other effects that we think are important
in the trial. Balaam was concerned with obtaining a within-subject estima-
tor of the direct-by-period interaction and so associated one of the remaining
degrees of freedom with this effect. He did not make use of the other de-
gree of freedom and the contrast associated with this was absorbed into the
residual SS. If we include a parameter A for the carry-over effect, then we
can interpret the remaining degree of freedom in a meaningful way. However,
we should not forget that A is completely aliased with the direct-by-period
interaction.

In our new parameterization we define (7A4) to be the direct-by-carry-over
interaction. This interaction would be significant if the carry-over effect of
a treatment depended on the treatment applied in the immediately following
period. Fleiss (1986) has drawn attention to this possibility, suggesting that
the carry-over of A when followed by B may not be the same as the carry-
over when A is followed by A. See also Senn (1993), Chapter 10, for further
discussion on this point.

As usual, we will put the following constraints on our parameters:

TT=—"Th=—7T
T =—Th=—T7
M=—A=—A

We define the interaction between direct treatment r and carry-over effect m
by (TA) and apply the constraint that

(‘L')L)][ = (‘L')L)ZQ = (Tl)
(T)y)lz = (71)21 = —(T)y).
The expectations of the eight group-by-period means are then as given in Table

3.6, where 1, 75, 13 and }4 are unconstrained parameters for Groups 1, 2, 3 and
4, respectively.
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Table 3.6: Expectations of y;; for direct-by-carry-over interaction model.

Group  Period 1 Period 2

1AA y—-7—7 pn+n—1-A+(7
2BB p-—7T+T p+A+T+HA+(T
3AB p—n—7T p+r+1—A—(T
4BA y—n+1t yt+a—t+A—(t

Note that here, and in the rest of this chapter, we will derive the formulae
for the least squares estimators of the treatment and interaction parameters by
fitting a model to the group-by-period means. It is shown in the appendix that
this gives the same estimators of the direct treatment and carry-over effects as
fitting the corresponding model to the individual observations, where the group
parameters (7;) have been replaced by subject parameters (s ).

When considering the properties of this design, and those described in the
following sections, we will assume that n subjects have been randomly as-
signed to each group. In a real trial the achieved design will usually have un-
equal group sizes and this will, of course, affect the design’s properties. How-
ever, assuming equal group sizes will emphasize the good and bad features of
the designs and will make comparisons between them much easier.

The OLS estimator of (TA) is

1 _ _ _ _ _ _ _
(th) = Z(—)’u. + 512, — Y21 + I, + 31 — V30, + Fa1. — Fa2.)

and has variance
N 62
Var[(td)] = —.
()=
If the direct-by-carry-over interaction is removed from the model, the estima-
tors of A|7 and 7|A are

A 1
AlT= 5()711. —¥12. —¥21.+F2.) and

. 1, _ _ _ _ _ _ _ _
tA = Z(Yu. — Y12, = 21+ 2. — P31 + 32, + Yar. — a2.).
The variances of these are

2 2

Var[A|1] = O and Var[t|A] = o

n 2n

Of course, the above estimator of T is only sensible if we are certain that there
is no direct-by-period interaction and we wish to estimate T adjusted for A.
This is the advantage that this design has over the 2 x 2 cross-over: we can
obtain a within-subjects estimate of 7 in the presence of a carry-over effect.
We also note that only Groups 1 and 2 are used to estimate A|z.
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If the carry-over effect is dropped from the model, then the estimator of 7

T= i(* V31, + Y32, 4+ Va1, — Ja2.)
and has variance
.o
Var[1] = o
If there is no carry-over effect, we note that, as in the AB/BA design, only two
groups are used to estimate 7.

As the analysis of a cross-over trial will almost certainly be done using a
computer, it is not necessary to know the formulae for the OLS estimators for
the general case of unequal group sizes. However, should these be required,
they can easily be obtained (see the appendix).

We will illustrate the analysis of data from a trial that used Balaam’s design
in Section 5.5.1.

3.4 Effect of preliminary testing in Balaam’s design

In Section 2.7 of Chapter 2, we considered the effects of preliminary testing in
the AB/BA design. In this section we repeat what was done there for Balaam’s
design. Using the results given in Section 3.3, the corresponding estimators for
Balaam’s design are as follows, where we assume that there are n subjects in
each of the four sequence groups.

A 4062
S:27L|‘L'~N(kd,%)

2 2
F =22 ~N(ty,-2)
n
and )
N )vd (o)
D=2%t~N(ty— 22 =
T~ N(ty > n),

where A,d = ﬂvl — 3,2 and Tqg =T —T.

We see that these are the same as in Section 2.7, except that the p that oc-
curs in the formulae in Section 2.7 is missing. The p disappears because all of
the estimators for Balaam’s design are calculated using only within-subjects
information. If we now use TS to refer to the procedure of using A4|7 in the
preliminary test and then using either %;|A if the test is significant and %, oth-
erwise, we can use the same notation as in Section 2.7.

Using the same values for the parameters as in Section 2.7 (¢ = \/(n),
n=20, )L%/ﬁ =—11to 11, o =0.10 and oy = 0.05), the corresponding plots
of the MSE and coverage probability are given in Figures 3.1 and 3.2, respec-
tively. Compared to Figure 2.9, we see a similar pattern in Figure 3.1; however,
the size of the bias of both PAR (constant = 2) and TS have been reduced.
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Figure 3.1: Mean squared errors of PAR, CROSS and TS.

Looking now at Figure 3.2, and comparing it to Figure 2.10, we see that as
for the MSE, the effects of preliminary testing are less severe in Balaam’s de-
sign. When A; = 0, the coverage probability is 0.93 (rather than 0.95), i.e., the
probability of the Type I error is 0.07 (rather than 0.05). The coverage prob-
ability reaches a minimum of 0.78 at A; = 3.6. Therefore, as for the AB/BA
design, the preliminary test for a carry-over difference has a detrimental effect
on the test for a direct treatment difference.

The power curves for Balaam’s design are plotted in Figure 3.3 for A; =
0, 1 and 5. Unlike the curve for TS in Figure 2.11, the corresponding curve
in Figure 3.3 is much more like that for PAR. When 7; = 0, the power (i.e.,
significance level) is 0.167, i.e., higher than 0.05. This, of course, is an extreme
situation where there is a very large carry-over difference in the absence of a
direct treatment difference. When calculated for A; = 1, the significance level
is 0.093. It is more likely that a carry-over difference will occur in the presence
of a direct treatment difference. If we look at the right panel of Figure 3.3 for
values of 74 \/@ /o >2 (i.e., the carry-over is equal to or smaller than half the
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Figure 3.2: Coverage probability.

direct treatment difference), we see that the power curves for TS and CROSS
are virtually indistinguishable. The contours of the power values in the (7;,A4)
space are given in Figure 3.4.

In summary, provided the simple carry-over assumption is appropriate, in
particular that there is no treatment-by-carry-over interaction, then Balaam’s
design has the advantage over the AB/BA design of allowing a within-subjects
test of a direct treatment difference in the presence of a significant carry-over
difference and is therefore useful when differential carry-over effects are an-
ticipated. Although preliminary testing has a detrimental effect on the MSE,
coverage probability and power, the consequences are not as severe as for the
AB/BA design. Unless a carry-over difference can occur in the absence of a
direct treatment difference, the power of the TS method is close to that of the
CROSS procedure when the carry-over difference is less than half that of the
direct treatment difference. If differential carry-over effects can be ruled out at
the planning stage or by the use of suitable wash-out periods, then the AB/BA
design is the appropriate two-period design to use.
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Figure 3.3: Power curves for PAR, CROSS and TS (left panel A; = 0, middle
panel 4; = 56/+/(n), right panel A; = 6 /+/(n)).

3.5 Three-period designs with two sequences

As noted in Section 3.2, the three-period design that is optimal for estimating
T|A and A|7 is the one reproduced in Table 3.7 and now labeled as Design
3.2.1. We introduce the new labeling to aid the comparison of different designs.
We label a design using the code p.s.i, where p is the number of periods, s is the
number of sequence groups and i is an index number to distinguish different
designs with the same p and s.

Table 3.7: Design 3.2.1.

Sequence Period
1 2 3
1 A B B
2 B A A




114 HIGHER-ORDER DESIGNS FOR TWO TREATMENTS

10

lambdavc
o
1

-10

0:80:60:40:2 0.20:40.:60:8

Figure 3.4: Contours of power for TS.

It will be noted that all the optimal designs listed earlier in Section 3.2
are made up of one or more pairs of dual sequences. A dual of a sequence is
obtained by interchanging the A and B treatment labels. So, for example, the
dual of ABB is BAA. From a practical point of view, the only designs worth
considering are those which are made up of one or more equally replicated
pairs of dual sequences. Designs which have equal replication on each member
of a dual pair are called dual balanced. Although optimal designs are not
necessarily dual balanced, there will always be a dual-balanced optimal design
(Matthews (1990)). Also, as will be seen Chapter 5, if a design is made up of
a dual pair, then a simple and robust analysis is possible. This simple analysis
can also be extended to designs which contain more than one dual pair, as
will also be seen in Chapter 5. Therefore, here and in the following, we will
only consider designs made up of dual sequences. It will be noted that all the
optimal designs listed in Section 3.2 are dual balanced.

Examples of the analysis of higher-order two-treatment designs are given
in Chapter 5.
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Table 3.8: Design 3.2.2.

Sequence Period

> o
o | w

1
1 A
B

Table 3.9: Design 3.2.3.

Sequence Period
1 2 3
1 A A B
2 B B A

The only other three-period designs with two sequences which contain a
dual pair are Designs 3.2.2 and 3.2.3, which are given in Tables 3.8 and 3.9,
respectively.

Let us now consider the properties of Design 3.2.1 and let y;;. denote the
mean for period j of group i, where j = 1,2 or 3 and i = 1 or 2. Within each
group there are 2 degrees of freedom associated with the differences between
the period means, giving a total of 4 for both groups. Of these, 2 are associated
with the period differences, 1 is associated with the direct treatment difference
and 1 is associated with the direct-by-period interaction. The carry-over differ-
ence is aliased with one component of the direct-by-period interaction and so
we can, in our model for the within-subject responses, either include a carry-
over parameter or an interaction parameter. For convenience, we will include
the carry-over parameter.

The expectations of the six group-by-period means are given in Table 3.10,
where the period effects are denoted by 7, 1, and 73 and the constraint 7y 4
T + 3 = 0 has been applied. The other parameters are as defined previously.
For Design 3.2.1 the OLS estimators of A|7 and 7|A are

1

Alt= Z(*)_’lz. +313.+92. —23.)

. 1 _ _ _ _ _ _
T4 = g(*Zyn. + 312, + 513+ 2921, — Y22, — $23.)

and

T=1%|A
where we assume that each group contains n subjects. The variances
of these estimators are Var[A|t] = o62/(4n), V[£|A] = (36%)/(16n) and
Cov[T|A,A|T] =0.
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Table 3.10: The expectations of y;; for Design 3.2.1.
Group Period
1 2 3
IABB y+4+m—7T +m+t—-A n-—-m—Mm+T+A
2BAA pH4+m+T p+m—TH+A p-Mm-—Mm—T—A

Table 3.11: The variances and covariances for the three-period designs (in mul-
tiples of "72).

Design  Var[A|z] Var[f|A] Cov[Z|A,A|7]

3.2.1 0.2500 0.1875 0.0000
322 1.0000 0.7500 0.7500
323 1.0000 0.2500 0.2500

For the case of unequal group sizes n; # n, the estimators of 1|7 and £|A
are the same as given above. The formulae for their variances, however, need
to be modified in the obvious way. That is,

2 2
Var[d|7] = & <i+i> and Var[2[A] = 22 ( L1 > .

8 n ny 32 ”l_l n_Z

The advantages of using Design 3.2.1 can be appreciated if we compare the
variances of the estimators obtained from this design with those obtained from
Designs 3.2.2 and 3.2.3. These variances and covariances are given in Table
3.11, in multiples of 6 /n. It can be seen that the variances are up to four
times larger in Design 3.2.2 and 3.2.3. Also, the estimators are not uncorre-
lated in these designs. It should be noted that Matthews (1990) proved that
Cov[t|A,A|t] = O for any optimal two-treatment design with more than two
periods.

In most cross-over trials there will be a run-in baseline measurement on
each subject prior to the start of the first treatment period. As with Balaam’s
design we could either include this baseline in our model or use it as a covari-
ate. If we include the baseline in our model, we find we get the same estimator
of A|7 but a different estimator of T|A. Although the new estimator of 7|4
makes use of baselines, its variance is only slightly reduced: without baselines
the variance is 0.187562 /n as compared to 0.181862 /n with baselines. In fact,
if there had also been a wash-out period between each of the three treatment
periods (and we include pre-period baselines in our model), the conclusions
would have been the same. The estimator of 4|t does not change and the
variance of £|4 is only reduced to 0.176562%/n. These variance calculations
illustrate a general result proved by Laska et al. (1983) which states that when
three or more periods are used, baselines taken before each period are of little
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or no use for increasing the precision of the estimators. However, the run-in
baseline can sometimes be usefully included as a covariate (see Chapter 5).
Unlike Balaam’s design, Design 3.2.1 does not provide sufficient degrees
of freedom for a direct-by-carry-over interaction to be included in the model.
If, however, additional information on the nature of the carry-over effect is
available, then our model can be altered to take account of it. For example, if
we know that a treatment cannot carry over into itself, and there is no other
form of direct-by-period interaction, then our model can be modified so that A
appears only in Period 2. The OLS estimators of the parameters are then

A 1 B _ B . A o2

Al = 5(—y12. + 313, + Y22, — F23.) with Var[A|7] = -
and

. 1 . . o’

TA = Z(*Y11.+y13.+y21. —¥23.) with Var[£|A] = n

3.6 Three-period designs with four sequences

Although Design 3.2.1 is optimal in the sense that it minimizes the variances
of the OLS estimators of A|7 and 7|4, it does have certain disadvantages. For
example, the estimators of the carry-over effect and the direct-by-period inter-
action are aliased with one another, and it is not possible to test for a direct-
by-carry-over interaction. The use of additional sequences can overcome these
disadvantages and so it is useful to consider the properties of designs with more
than two groups.

There are three different four-group designs which can be constructed by
using different pairings of the dual designs given in Section 3.5. These new
designs are labeled as 3.4.1, 3.4.2 and 3.4.3 and are given in Tables 3.12, 3.13
and 3.14, respectively.

There are 11 degrees of freedom between the 12 group-by-period means
and following our usual practice we associate 3 of these with the group effects,
2 with the period effects and 6 with the group-by-period interaction. These last
6 are the ones of most interest to us and we would like to associate them with
the direct treatment effect, the direct-by-period interaction and the carry-over

Table 3.12: Design 3.4.1.

Sequence Period
1 2 3
1 A B B
2 B A A
3 A B A
4 B A B
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Table 3.13: Design 3.4.2.

Sequence Period
1 2 3
1 A B B
2 B A A
3 A A B
4 B B A

Table 3.14: Design 3.4.3.

Sequence Period
1 2 3
1 A B A
2 B A B
3 A A B
4 B B A

effects. However, the 2 degrees of freedom for the direct-by-period interaction
are aliased with the degrees of freedom for the first-order carry-over effect and
the second-order carry-over effect. The second-order carry-over is the differ-
ential treatment effect that lasts for two periods after the treatments are ad-
ministered. If we choose to include two interaction parameters in our model,
then there are 3 degrees of freedom left which are associated with uninterest-
ing group-by-period interaction contrasts. If we include parameters for the two
different sorts of carry-over effect, however, then we can associate 1 of the re-
maining 3 degrees of freedom with the interaction between direct treatments
and the first-order carry-over effects. The remaining 2 degrees of freedom
are then associated with uninteresting group-by-period interaction contrasts.
Whichever parameterization is chosen, the uninteresting degrees of freedom
are added to those of the residual SS. Although we choose to include the carry-
over parameters, it should be remembered that these parameters are aliased
with the direct-by-period interaction parameters and so apparently significant
carry-over effects may be caused by the presence of more general interaction
effects.

As always we will compare the designs for the special case of njy =ny =
n3 = ng = n. General formulae for the case of unequal group sizes can easily
be obtained from the results in Appendix A.

In each of Designs 3.4.1, 3.4.2 and 3.4.3 we wish to allocate effects of
interest to the 11 degrees of freedom between the group-by-period means. As
said earlier, 3 of these are associated with the group effects, 2 are associated
with the period effects, 4 are associated with various treatment effects and
2 are associated with the interaction of groups and periods. Let us label the
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effects associated with these last 6 degrees of freedom as 7,4, 60, (TA), (y7);
and (yr),, where these refer, respectively, to the direct treatment effect, the
first-order carry-over effect, the second-order carry-over effect, the interaction
between the direct treatments and the first-order carry-over effects and two
particular group-by-period interaction contrasts. These last two contrasts are,
of course, not of great interest in themselves and we have included them only
in order that the full partition of the 11 degrees of freedom can be seen. It turns
out that these two contrasts are orthogonal to each other and to the other effects
in the full model.

Let us consider Design 3.4.1 in detail. The OLS estimators of (y7); and

(ym), are

~

1, _ _ _
(ym), = Z(_)’ll. + V12 +31. — ¥32.)
and

. 1 . . )
(ym), = Z(_yZI' + 320 +Ja1. — Ya2.).

It will be convenient to represent estimators using the notation ¢ "y where
c is a vector of contrast coefficients and § = (¥11.,¥12.,- - - ,)743,)T. So, for ex-
ample,

~ 1
(7/7[)1 = Z[_lv]707070707]7_1505050;0]Ty

and |
(v7), = 7[0,0,0,-1,1,0,0,0,0, 1,-1,0]"y.

We now consider the remaining effects 7,4,0 and (tA). Whether or not
all of these effects need to be included will depend on the particular trial and
on the amount of prior knowledge that exists about the nature of the treatment
effects. However, for the sake of completeness, we will consider models con-
taining all of the effects 7, A, 6 and (7A).

When testing for these effects, we begin with (tA). If this effect is sig-
nificant, it means that there is evidence of an interaction between the direct
treatment and first-order carry-over effects. In the presence of such an interac-
tion it would not be sensible to continue and test for a second-order carry-over
effect.

When testing for significant effects, we consider them in the order
(TA),0,A and . We assume that the model under consideration always con-
tains parameters for the groups and periods.

In the presence of 6,4 and 7 the OLS estimator of (TA) is

A 1
(T[4, 7= gl=1,-1,2,=1,-1,2,1,1,-2,1,1,=2] 'y

with )
A 3c
Var[(T),)|9,l, T] = 8—n



120 HIGHER-ORDER DESIGNS FOR TWO TREATMENTS

If (TA) cannot be dropped from the model, then we would not test any of the
remaining effects. To test T and A would break marginality rules and to test 6
would not be sensible in the presence of rather unusual first-order carry-over
effects.

If (7A) can be dropped from the model, then

A 1
Olr,7=c[1,-5,4,-1,5,-4,7,1,-8,-7,-1,8]'§

with
3902

8n
If 6 cannot be dropped from the model, then we would presumably be inter-
ested in estimating 7|0, A. The estimator is

Var[§|A, 1] =

1
f|9,l:§[71,71,2,1,1, 2,1,1,-2,—1,-1,2] 'y

with
302

Var[1|6,A] = =
n

If 8 can be dropped from the model, then

N

1
AT = 2—6[—2,—3,5,2,3,—5,—1,—2,3, 1,2,-3]"y

with

A 202
Var[A|7] = —
arfA|7] = T
and |
Hh =55 [-8,1,7,8,~1,=7,-4,5,~1,4,=5,1]y
with 5
30
Var[Z|A] = —
ar[t|2] 26n
Also
36
C A, y)
ov[E[2 A7) = oo

If A can be dropped from the model, then
1
t=—[-2,1,1,2,—1,—1,-1,2,—1,1,-2,1] 'y
16[ ) ? ) ) ) ) ) Y Y ) ] y

with
302
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Table 3.15: Variances of the estimators (in multiples of "72).

Effect Design 3.4.1 Design 3.4.2 Design 3.4.3
(TA)|0,4,T 0.3750 0.1250 0.3750
0|, T 4.8750 1.9375 1.0000
7|6, 0.3750 0.4375 0.4375
AlT 0.1538 0.1935 0.3750
T|A 0.1154 0.0968 0.1875
T 0.0938 0.0938 0.0938

A similar derivation can be given for Designs 3.4.2 and 3.4.3.

Of most interest to potential users of these three designs is how they differ
in terms of the precision with which they estimate the various effects. There-
fore, in Table 3.15 we give the variances of the estimators obtained from each
design.

Clearly, no single design is optimal for all effects. As all three designs are
equally good at estimating 7 in the absence of the other parameters, we might
choose to use Design 3.4.2, as it has the smallest variance of Z|A. However, as
Design 3.4.1 is better at estimating A |7, the choice is not clear cut. Our opinion
is that in most situations it is not possible from statistical considerations alone
to choose the optimal design. Depending on the circumstances, the choice of
the design to use will depend on the effects of most interest, the amount of prior
knowledge and the practicalities of conducting the trial. We will say more on
the choice of an optimal three-period design in Section 3.8.

Chapter 5 has an example of the analysis of a three-period design with four
sequences.

3.7 A three-period six-sequence design
If we join together Designs 3.2.1, 3.2.2 and 3.2.3, we obtain the design in Table
3.16, which we label as Design 3.6.1.

Table 3.16: Design 3.6.1.

Sequence Period

1 2 3
1 A B B
2 B A A
3 A B A
4 B A B
5 A A B
6 B B A
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The advantage of this design is that it provides unaliased estimators of the
carry-over and the direct-by-period interaction effects. However, the design is
less attractive from a practical point of view because it requires the manage-
ment of six different groups of subjects.

We will not give the details of the contrasts which can be estimated using
Design 3.6.1; the variances of the effects of interest will be given in the next
section.

3.8 Which three-period design to use?

Here we compare the three-period designs described in the previous sections
with a view to deciding which one to use. Let us suppose that N subjects are
available and that they can be equally divided among two, four or six sequence
groups. That is, the size of each group is N/2 if one of Designs 3.2.1, 3.2.2
or 3.2.3 is used, the size is N/4 if one of Designs 3.4.1, 3.4.2 or 3.4.3 is used
and the size is N /6 if Design 3.6.1 is used. The variances of the various effects
which can be estimated in each design are given in Tables 3.17 and 3.18.

If one is interested in estimating all the effects, then clearly Design 3.6.1 is
the one to choose. If (TA) is of particular interest, then Design 3.4.2 is the one
to choose. The best design for estimating 0 is 3.4.3. However, in most trials
0 and (TA) are unlikely to be significantly large and so we would choose our
design on its ability to estimate A|7 and 7|A. The design which estimates these
effects most efficiently is Design 3.2.1.

However, as Ebbutt (1984) pointed out, Design 3.4.1 might be preferred
because it is harder for the subjects and the clinician to break the random-
ization code. Subjects in Design 3.2.1 always receive the same treatments in
the last two periods and this feature might bias the clinician’s assessment of
the subject’s response. Also, Design 3.4.1 does permit additional effects to be
tested should they become of interest when the trial is completed. If the trial
has to be stopped at the end of the second period, then both designs revert to

Table 3.17: Variances of the estimators (in multiples of o2 /N).
Effect T T|A Al (tAd)|t,A,6
Design 3.2.1 0.375 0.375 0.500 -

Design 3.2.2 0.375 1.500 2.000 -
Design 3.2.3  0.375 0.500 2.000 -

Design 3.4.1 0375 0.462 0.616 1.500
Design3.4.2 0375 0.387 0.774 0.600
Design3.4.3 0.375 0.750 1.500 1.500

Design3.6.1 0.375 0.463 0.794 0.675
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Table 3.18: Variances of the estimators (in multiples of o2 /N).
Effect o|t,A  1|A,0  (tm); (t7),
Design 3.2.1 - - - -

Design 3.2.2 - - - -
Design 3.2.3 - - - -

Design 3.4.1 19.500 1.500 - -
Design3.4.2  7.750 1.750 - -
Design3.4.3  4.000 1.750 - -

Design3.6.1 5.017 1.088 1.750 1.813

being the standard 2 X 2 trial. Finally, a point in favor of Design 3.4.2 is that if
the trial is stopped after the second period, we are left with Balaam’s design,
which permits a within-subjects estimate of A to be obtained.

Of course, any remarks we make concerning the choice of design to use
must depend on the assumptions we make about the parameters in the model.
If we change the assumptions, then it is quite likely that the “optimal” design
will change too. Fleiss (1986), it will be recalled, questioned whether it was
sensible to always assume that the carry-over of treatment A into treatment B,
for example, is the same as the carry-over of treatment A into itself. As a spe-
cial case of this we consider the model in which we set to zero the carry-over
of a treatment into itself. The variances of the estimators Z|A and A |7 are then
as given in Table 3.19. (The full model used contains terms for the subjects,
periods, direct treatments and carry-overs.) We see that, although Design 3.2.1
is still optimal, the best four-sequence design is now Design 3.4.1 as opposed

Table 3.19: Variances of the estimators (in multiples of 62/N) assuming that a
treatment cannot carry over into itself.

Effect T|A AlT
Design3.2.1 0.500 2.000
Design 3.2.2 1.500 2.000
Design 3.2.3  0.375 -

Design 3.4.1 0.750 1.500
Design3.4.2 0.857 3.428
Design3.4.3 1.714 3.428

Design 3.6.1 0.938 2.250
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to the earlier choices of Design 3.4.2 (for direct effects) and Design 3.4.1 (for
carry-over effects). Also, in Design 3.2.3, A|7 is no longer estimable.

More generally, we note that under the extra assumption, the variances of
the effects are larger than they were previously (with the exception of Design
3.2.2). This would have implications when deciding on the ideal size of the
trial.

3.9 Four-period designs with two sequences

Trials which include four treatment periods are, by their very nature, likely
to be more expensive to conduct than their two- and three-period alternatives.
Also, the longer a trial lasts the greater will be the chance of subjects dropping
out for reasons unconnected with the treatments. Therefore, if a four-period
trial is to be used, it must offer substantial improvements over trials with fewer
periods.

It will be recalled that the main reason for using three periods is to obtain
a within-subjects estimator of the carry-over effect, A. However, in order to
obtain an estimator which is not aliased with the direct-by-period interaction,
a design with six sequences is needed. If it is thought that the monitoring and
organization of six different groups of subjects will be difficult, then a four-
period design might be attractive if it uses fewer than six sequences. If, on the
other hand, a direct-by-period interaction is thought unlikely to occur, then a
four-period design will be attractive if it provides estimators of T and A (and
perhaps (7A) and 0), which have substantially smaller variances than could be
achieved by using three periods.

As in the previous sections, we only consider designs made up of dual
sequences. We will consider, in turn, the properties of the designs with two,
four and six sequences and then return to consider the remarks made above.

Although the optimal design for estimating A |7 and 7|A is the four-group
Design 3.3 given in Section 3.2, we first consider the properties of the various
two-group dual designs. This is because these designs have the attractive and
important property of permitting a simple and robust analysis, as illustrated
in Section 5.8.2.1 for a three-period design. We will also consider using more
than four groups in order to see what practical advantages this might have over
the optimal four-group design.

If we discard the sequences AAAA and BBBB, then there are seven differ-
ent two-sequence designs and they are given in Tables 3.20 to 3.26.

In each of these designs there are 6 degrees of freedom within-subjects and
3 of these are associated with the period effects and 3 are associated with 7,
A and 6. In Designs 4.2.1 and 4.2.4, 6 is not estimable and in the remaining
designs A and O are aliased with the direct-by-period interaction. The vari-
ances associated with each of the seven designs are given in Table 3.27, where
we assume that there are n subjects in each group. Of these designs the one
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Table 3.20: Design 4.2.1.

Sequence Period
1 2 3 4
1 A A B B
B B A A

Table 3.21: Design 4.2.2.

Sequence Period
1 2 3 4
1 A B A B
2 B A B A

which provides minimum variance estimators of 7 and t|A is Design 4.2.3.
The design which is best for estimating 6|1, A is Design 4.2.6.

If for some reason 6 was of prime interest, Design 4.2.6 would be the one
to use. It should also be noted that although Design 4.2.1 provides estimators of
7 and A which have variances equal to those of Design 4.2.3, 0 is not estimable
in Design 4.2.1.

3.10 Four-period designs with four sequences

By taking the seven two-sequence designs in pairs we obtain 21 different four-
group designs. Each of these provides 12 degrees of freedom within-subjects
and we can associate 3 of these with the period effects, 4 with 7, A, 6 and
(TA), respectively, and 3 with the direct-by-period interaction effects, which
we label as (77)1, (77); and (T7)3, respectively. The remaining 2 degrees of
freedom are associated with uninteresting group-by-period contrasts.

Table 3.22: Design 4.2.3.

Sequence Period
1 2 3 4
1 A B B A
2 B A A B

Table 3.23: Design 4.2.4.

Sequence Period
1 2 3 4
1 A B A A
2 B A B B
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Table 3.24: Design 4.2.5.

Sequence Period
1 2 3 4
1 A A B A
B B A B

Table 3.25: Design 4.2.6.

Sequence Period
1 2 3 4
1 A B B B
2 B A A A

Table 3.26: Design 4.2.7.

Sequence Period
1 2 3 4
1 A A A B
2 B B B A

We label the four-group design obtained by joining together Designs 4.2.a
and 4.2.b as Design 4.4.ab for given a and b. Only 7 of the 21 designs provide
unaliased estimators of 7, A, 6, (TA), (7)1, (t7), and (T7)3, and these are
Designs 4.4.14, 4.4.16, 4.4.25, 4.4.27, 4.4.35, 4.4.37 and 4.4.67. Assuming
that n subjects are in each group, the design which provides minimum variance
estimators of 7, T|A and A|7 is Design 4.4.13, given in Table 3.28, and is seen
to be Design 3.3 as given in Section 3.2. That is, it is the optimal design for
four periods. (Consequently, Cov[t|A,A|7] =0.)

However, as is often the case, if other effects are of prime importance,
then Design 4.4.13 is not necessarily the one to choose. The design which
minimizes the sum of the variances of the estimators of (t7), (t7); and (77)3
is Design 4.4.67. However, if (TA)|7,4,60 is of prime interest, then Design
4.4.13 is again optimal. If 0|7, A is of prime interest, then we would choose
Design 4.4.36. The variances of the estimators obtained from Designs 4.4.13,
4.4.36 and 4.4.67 are given in Tables 3.29 and 3.30.

In practice, of course, trials are planned to minimize the chances of treat-
ment carry-over and direct-by-period interaction. Under these conditions De-
sign 4.4.13 is clearly the one to use. Not only does it provide the most precise
estimators of T and A but it also provides unaliased estimators of nearly all
the other effects. If for some reason the fourth period had to be abandoned,
then Design 4.4.13 reduces to the three-period Design 3.4.2, which provides
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Table 3.27: Variances (in multiples of 6% /N) of effects obtained from Designs

4.2.1-4.2.7.
Effect T T|A AlT 0|t,A  t|A,6
Design4.2.1 0.1250 0.1375 0.2000 - 0.1375
Design4.2.2 0.1250 0.6875 1.0000 1.0000 0.7500
Design4.2.3  0.1250 0.1375 0.2000 0.5556 0.3056
Design4.2.4 0.1667 0.2292 0.2500 - 0.2292
Design4.2.5 0.1667 0.2292 0.2500 3.0000 1.2500
Design4.2.6 0.1667 0.1719 0.1875 0.2500 0.1719
Design4.2.7 0.1667 0.1875 0.7500 1.0000 0.2500

Table 3.28: Design 4.4.13.

Sequence Period
1 2 3 4
1 A A B B
2 B B A A
3 A B B A
4 B A A B

the minimum variance estimator of 7|A. If the third and fourth periods are lost,
then Design 4.4.13 reduces to Balaam’s design.

3.11 Four-period designs with six sequences

By choosing all possible triples of the seven two-group designs listed in Sec-
tion 3.9, we can obtain 35 different six-group designs. We will not list them
all here but will refer to a particular design by using the label 4.6.abc, which

Table 3.29: Variances of the estimators (in multiples of o2 /n).
Effect T T|A AlT olt,A  7|A,0
Design 4.4.13  0.0625 0.0625 0.0909 0.5238 0.1935
Design 4.4.36 0.0714 0.0719 0.0915 0.1460 0.0840
Design 4.4.67 0.0833 0.0833 0.1429 0.1810 0.0884

Table 3.30: Variances of the estimators (in multiples of o2 /n).

Effect (tA)|t, 4,0  (tm);  (tm)y  (T7)3
Design 4.4.13 0.0909 0.2500 0.5250 -
Design 4.4.36 0.3333 0.1804 - -
Design 4.4.67 0.1250 0.4219 0.2969 0.2969
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Table 3.31: Design 4.6.136.

Sequence Period

1 2 3 4
1 A A B B
2 B B A A
3 A B B A
4 B A A B
5 A B B B
6 B A A A

Table 3.32: Design 4.6.146.

Sequence Period

1 2 3 4
1 A A B B
2 B B A A
3 A B A A
4 B A B B
5 A B B B
6 B A A A

indicates that the design has been formed by joining together Designs 4.2.a,
4.2.b and 4.2.c. As usual we assume that there are n subjects in each group.

If our model includes only terms for the groups, periods, treatments and
carry-over, then the design which provides the minimum variance estimator of
T|A is Design 4.6.136. The designs which provide minimum variance estima-
tors of A|7 are 4.6.146 and 4.6.156. Designs 4.6.136 and 4.6.146 are listed in
Tables 3.31 and 3.32.

A number of other designs provide values of Var[Z|A] which are not much
larger than that of Design 4.6.136. The index numbers of these designs are 123,
137,134, 135, 146 and 156.

The variances of the estimated effects obtained from Designs 4.6.136 and
4.6.146 are given in Tables 3.33 and 3.34. Overall, the two designs are very

Table 3.33: Variances (in multiples of 6% /n) of effects obtained from Designs
4.6.136 and 4.6.146.
Effect T T|A AlT t|A,60  O]t,A
Design 4.4.136  0.0455 0.0456 0.0608 0.0641 0.1415
Design 4.4.146  0.0500 0.0500 0.0606 0.0552 0.1301
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Table 3.34: Variances (in multiples of 6% /n) of effects obtained from Designs
4.6.136 and 4.6.146.

Effect (tA)|T,A,0  (tm);  (tm), (t@)3
Design 4.4.136 0.0682 0.4255 0.2420 0.4368
Design 4.4.146 0.1071 0.2269 0.3237 0.1786

Table 3.35: The variances of the estimators (in multiples of o2 /N).

Effect T T|A AlT 0|t,A  7|A,0
Design 4.2.3 0.2500 0.2750 0.4000 - 0.6112
Design 4.2.6 0.3334 0.3438 0.3750 - 0.3438

Design4.4.13 ~ 0.2500 0.2500 0.3636 0.3636 0.7740
Design 4.4.36  0.2856 0.2876 0.3600 1.3333 0.3360
Design4.4.67  0.3332 0.3332 0.5716 0.5000 0.3536

Design 4.6.136  0.2730 0.2736 0.3648 0.4092 0.3846
Design 4.6.146  0.3000 0.3000 0.3636 0.6426 0.3312

similar in terms of these variances, with no design having the minimum vari-
ance for all effects. Overall, Design 4.6.136 is the one we recommend, unless
the direct-by-period interactions are of prime interest. Design 4.6.146 provides
estimators of the interactions which have a smaller total variance, although
even in this design the precision of estimation is quite low.

We compare the two-, four- and six-group designs in the next section.

3.12 Which four-period design to use?

Here we compare the four-period designs described in the previous sections
with a view to deciding which one to use. As done in Section 3.8, we suppose
that N subjects are available and that they can be equally divided among two,
four or six sequence groups. That is, the size of each group is N/2 if one of
Designs 4.2.3, 4.2.6 is used, the size is N/4 if one of Designs 4.4.13, 4.4.36 or
4.4.67 is used and the size is N/6 if Design 4.6.136 or Design 4.6.146 is used.
The variances of the various effects which can be estimated in each design are
given in Tables 3.35 and 3.36.

If the only effects of interest are 7 and A, then clearly Design 4.4.13 is the
one to choose. This design is, of course, optimal in the sense considered in
Section 3.2. However, this design is not as good at estimating (7A) or 8, for
example, as Design 4.4.67. If all effects are of interest, including the direct-by-
period interactions, then Design 4.4.67 is a good overall design to use. Also, it
is clear from Tables 3.35 and 3.36 that there is no real advantage to be gained
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Table 3.36: The variances of the estimators (in multiples of o? /N).
Effect 01,7 (tA)|t,A,0  (tm);  (tm)y (t@)3
Design 4.2.3 1.1112 - - - -
Design 4.2.6 0.5000 - - - -

Design4.4.13  2.0952 0.3636 1.0000 2.1000 -
Design 4.4.36  0.5840 1.3333 0.7216 - -
Design 4.4.67  0.7240 0.5000 1.6876 1.1876 1.1876

Design 4.6.136  0.8490 0.4092 2.5530 1.4520 2.6208
Design 4.6.146  0.7806 0.6426 1.3614 19422 1.0716

from using six sequence groups. If only two groups can be used, then De-
sign 4.2.3 should be used, unless 0 is of particular interest, when Design 4.2.6
should be used. Design 4.2.3, it will be noted, provides similar variances to the
“optimal” Design 4.4.13. Also, it will be recalled that two-group designs con-
sisting of a dual pair permit a simple and robust analysis. This makes Designs
4.2.3 and 4.2.6 quite attractive if we suspect a nonparametric analysis might be
needed.

As already noted in Section 3.8, we must not forget that the final choice of
design will depend on the assumptions we make about the parameters in the
model. So, for example, if we only retain terms in the model for subjects, peri-
ods, direct and carry-over effects and set to zero the carry-over of a treatment
into itself, as done in Section 3.8, we find that:

1. Design 4.4.13 is no longer optimal; Design 4.4.16 is now optimal for direct
effects and Design 4.4.36 is optimal for carry-over effects.

2. Of the two-group designs, Designs 4.2.1 and 4.2.6 are optimal for direct
effects and Design 4.2.3 is optimal for carry-over effects.

3.13 Which two-treatment design to use?

When comparing the designs we will assume that N subjects can be made
available for the trial. How large N needs to be will depend on (1) how ef-
ficient our chosen design is at estimating the effects of interest and (2) the
anticipated size of the within-subject variance 6. One design, D1 say, is more
efficient at estimating an effect than another design, D2 say, if the variance of
the estimated effect is smaller in design D1. Often a reasonable estimate of 6>
can be made by using results from earlier trials on the treatments or from trials
involving similar treatments.

The choice between the designs described in this chapter is complicated
slightly because we are comparing designs of different sizes: Balaam’s de-
sign requires 2N measurements to be taken (two for each subject), whereas
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the designs which use three or four periods require 3N and 4N measurements,
respectively. Therefore, in practice we need to weigh the possible increase in
precision obtained from using an extra period against the expense of taking
additional measurements on each subject.

Let us assume that the maximum value of N has been decided upon from
practical considerations. The next things to be decided are the maximum num-
ber of periods and sequences that can be used. The maximum number of pe-
riods will depend on the nature of the trial. If the treatments to be compared
require a long time before their effect can assessed, then the total time for the
trial may be too long if more than two or three periods are used. In other tri-
als the treatment effects can be assessed quite quickly and so there is more
freedom to use up to four periods. Generally, we can increase the precision
with which we estimate the direct treatment and carry-over effects by using
more periods. However, this “replication in time” may not be as cost effective
as using additional subjects. The choice, if we have any, between using more
periods or subjects, will depend, among other things, on the relative costs of
recruiting subjects and the costs of taking repeated measurements on the sub-
jects. If repeat measurements are costly, then we would be inclined to use more
subjects and fewer periods. However, if the major cost is one of recruitment,
then we would want to keep each subject for as many periods as is practical
and ethical. However, we should always bear in mind that the longer a trial
lasts the greater the chance that subjects will drop out. We have not mentioned
wash-out periods, as they do not help increase the precision of estimation when
three or more periods are used. If they are thought to be necessary, to “rest”
the subjects between treatments, for example, then this needs to be taken into
account when calculating the total time of the trial.

The choice of the number of sequences will depend on the effects we wish
to estimate or test for. If we are sure that there is no possibility of direct-by-
period or second-order carry-over, then fewer sequences will be needed than
would otherwise be the case. More sequences may also be thought desirable
as a means of disguising as much as possible the randomization code used
to allocate subjects to sequences. Clearly, the choice of design involves many
different and sometimes conflicting decisions. In the following we will base
our comparison of the designs on the precision with which they estimate the
effects of interest.

We remind the reader at this point that most of the optimal design results
that have been calculated in this setting rest on the assumption that there is no
treatment-by-carry-over interaction. If this is not an appropriate assumption,
for example, if it were not expected that a carry-over would occur from a treat-
ment into itself, then the relative worth of a design needs to be re-considered.
We emphasize again that the efficiency of a design can depend critically on the
model assumed for the analysis. If alternative carry-over models were thought
to be more relevant in any particular setting, then the efficiencies of designs
can be re-calculated in a straightforward way using the tools introduced earlier
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in this chapter, and the conclusions summarized below can then be modified
accordingly.

If only two periods can be used, then we have no choice but to use Balaam’s
design, described in Section 3.3. Compared to the designs with three periods,
however, the precision of this design is quite low: using an extra period, for
example, reduces the variance of |7 from 46 /N to 0.562/N if Design 3.2.1
is used.

Let us now consider the choice between the three- and four-period designs.
If we wish to estimate all the effects, including the direct-by-period interac-
tions, then only Designs 3.6.1 and 4.4.67 need to be considered. The extra
precision obtained by using Design 4.4.67 makes it the natural choice if four
periods can be used. The increased precision is not great, however, except for
0. If subjects are cheap to recruit, it might be better to increase the number
of subjects and use Design 3.6.1. Of course, comparisons involving the six-
sequence designs are rather academic, as we would not seriously plan to con-
duct a cross-over trial if large carry-over or interaction effects were anticipated.

If treatment-by-period interactions are not anticipated but we still need to
retain a check on 0 and TA, then the choice of design is between 3.4.2 and
4.4.67. The logical choice here is Design 4.4.67 unless using four periods poses
a problem. However, as will be seen below, Design 4.4.67 is not a good overall
choice.

If T and A are the only anticipated effects (as is usually the case), then our
choice is between 3.2.1 and 4.4.13. Excluding cost considerations, the natural
choice here is 4.4.13, as using the extra period produces a large increase in
precision and permits additional effects to be estimated.

One other consideration that might be important is the consequences of the
trial having to be stopped before all the periods have been completed.

Let us consider the four-period designs. If only the first three periods of
Design 4.4.67 are used, then the third and fourth sequences become AAA and
BBB, respectively. As such sequences provide no within-subject comparisons
of the treatments, we have lost the advantages of using the cross-over principle.
If only the first two periods of Design 4.4.67 are used, then the design becomes
Balaam’s design.

If Design 4.4.13 is used, however, then its first three periods make up De-
sign 3.4.2, which provides good estimators of 7|4 and A|t. The first two pe-
riods of Design 4.4.13 also make up Balaam’s design. Therefore, we would
prefer Design 4.4.13 over Design 4.4.67 if the possibility of the trial ending
prematurely was a serious consideration.

Of the three-period designs, Design 3.2.1 is the natural choice.

If we had to pick a single design to recommend, then we would choose
Design 4.4.13. However, if it was important to use only two groups, in order
to use the robust analysis, for example, then Design 3.2.1 would be a good
choice. Its four-period competitor is Design 4.2.3, which provides a more pre-
cise estimate of 7|A. However, compared to an increase of 33% in the number
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of measurements entailed in adding the fourth period, the increase in precision
is probably not cost effective. If Design 4.2.3 is used, however, it is worth not-
ing that its first three periods make up Design 3.2.1. In other words, if we did
change our mind about using four periods, then stopping early would not be a
problem.

As stated at the beginning of this chapter, examples of analyses of some of
the designs described in this chapter are given in Chapter 5.






Chapter 4

Designing cross-over trials for three or
more treatments

4.1 Introduction

The aims of this chapter are

1. to review the large number of designs which have been proposed in the
literature,

2. to compare them with a view to recommending which ones should be used
and

3. to illustrate the use of a computer algorithm to construct designs.

The majority of the literature on cross-over designs assumes a very simple
model for the direct and carry-over effects and that is the model we used in
the previous chapters. In this model there is a unique carry-over effect for each
treatment and that carry-over effect does not depend on the following treat-
ment, if there is one, or on the magnitude or nature of the treatment which
produces it. Let us label the ¢ treatments as A, B, C,..., and the correspond-
ing direct effects as 71,7, 73,...,%. In this simple model the corresponding
carry-over effects are denoted by A1,A2,43,..., 4. So, for example, if a sub-
ject received the treatment sequence BAC, the simple model for the direct and
carry-over effects in these three periods would be 7, 7] + A, and 73 + Ay, re-
spectively.

In recent times this simple model for the carry-over effects has been ques-
tioned (see, for example, Senn (1993, 2002), Chapter 10) and methods of con-
structing designs for alternative models have been suggested (see, for exam-
ple, Jones and Donev (1996)). The more useful methods involve some form of
computer search for the best design. Some alternative models that have been
suggested by Jones and Donev (1996) include the situations where (1) there is
no carry-over effect from a placebo treatment, (2) there is no carry-over effect
if the treatment is followed by itself and (3) the carry-over effect produced by a
treatment depends on the treatment applied in the following period. These are
all specific forms of a direct treatment-by-carry-over interaction.

In Sections 4.2 to 4.7 we review and illustrate the main methods of con-
structing designs for the simple carry-over effects model. In Section 4.8 we
look at extensions of the simple model for carry-over effects and in Section

135
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4.9 we review some methods for the construction of designs using computer
search algorithms and illustrate the use of one algorithm that has been written
to accompany this book.

Compared with trials for two treatments, the most fundamental difference
that arises when trials for three or more treatments are planned is that we must
decide which contrasts are to be estimated with the highest precision.

Quite often we will want to plan the trial so that all simple differences be-
tween the treatments are estimated with the same precision. A design which
provides this feature is said to possess variance balance, that is Var[f; — 7] =
vo?, where v is constant for all i # j. As we shall see, variance-balanced de-
signs cannot be constructed for all values of n and p, where n is the number
of subjects and p is the number of periods. As a compromise we may consider
using a design which has partial balance.

In a partially balanced design the value of Var[f; — 7;] depends on which
treatments are being compared. If the design has two associate classes, then
there are only two different variances depending on the choice of i and j. If the
two variances are not much different, then the design has similar properties to
one that is variance balanced.

A further possibility when no variance-balanced design exists is to use a
cyclic design. Although these designs can have up to [¢/2] different contrast
variances, where [t/2] is the greatest integer less than or equal to /2, some
have the attractive property that these variances are not very different.

If one of the treatments, A say, is a control or standard treatment, the aim
of the trial might be to compare each of B, C, D, etc., with A, the comparisons
between B, C, D, etc., being of less interest. In this situation we would want
to ensure that the contrasts which involve A are estimated with the highest
achievable precision, possibly at the expense of estimating the other contrasts
with low precision.

If the treatments are increasing doses of the same drug and we wish to
discover the dose that gives the highest response, then we would want to es-
timate the linear, quadratic, cubic, etc., components of the response function.
These components can be expressed as contrasts and we would want the com-
ponents of most interest to be estimated most precisely. For example, the linear
and quadratic components would be of most interest if we were estimating the
maximum response, with the higher-order components being of interest only
to check on the adequacy of the fitted model.

In another situation we might have four treatments, for example, made up
of the four combinations of two different drugs (A and B), each present at a low
and a high level (labeled as 1 and 2). The four treatments could then be more
appropriately labeled as AB;1, AB12, ABy; and ABj,, where AB1; indicates
that the treatment is made up of the low level of A and the low level of B and
AB»; indicates that the treatment is made up of the high level of A and the low
level of B, etc. In this 2 x 2 factorial structure the contrasts of interest are the
interaction and main effects. That is, we would want to discover if the effect
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of changing A (or B) from its low to its high level depends on the level of B
(or A). If it does not, then we would want to estimate the average effect of
changing A (or B). If the effects of the two drugs are well known when used
separately, then the purpose of the trial might be to obtain a precise estimate of
the interaction, the main effects being of little interest. Cyclic designs, among
others, can also be useful for this situation.

The points made above, concerning the choice of contrasts, should have
made it clear that we cannot choose among the large number of available de-
signs until the purposes of the trial have been carefully decided. In order to
choose the most appropriate design, we need at least to know the following:

1. the contrasts of interest and their relative importance,
2. the maximum number of periods that can be used and
3. the maximum number of subjects that could be made available for the trial.

Having found a design which meets these requirements, we can then check
that, based on a prior estimate of the within-subject variance, the design is
likely to be large enough to detect differences between the treatments of the
size we think is important.

The chapter is organized as follows. In Section 4.2 we consider designs
that are variance balanced. This section includes consideration of designs with
p=t, p<tand p >t and the definitions of balanced and strongly balanced
designs. In addition, we look at designs with many periods and designs which
are nearly balanced and nearly strongly balanced. These latter designs fill in
gaps where balanced and strongly balanced designs do not exist. In Section
4.3 we review some of the literature on the optimality of cross-over designs
and in Section 4.4 we give tables of recommended designs. In Section 4.5 we
review designs which are partially balanced. Like the nearly balanced designs,
these designs fill in gaps where the values of (¢, p,n) are such that a balanced
design does not exist. In Section 4.6 we consider the case where one treatment
is a control to be compared with all the others and in Section 4.7 we consider
designs for factorial sets of treatments. In Section 4.8 we consider extensions
of the simple model for carry-over effects and in Section 4.9 we illustrate the
construction of designs using an R package especially written to accompany
this book. This package includes a facility to easily access most, if not all,
of the designs mentioned in this chapter and to search for new designs. As
time passes, the catalog of designs that can be accessed by the package will be
enlarged.

4.2 Variance-balanced designs

Variance balance, it will be recalled, means that Var[%; — %j] is the same for all
i # j. An alternative definition is that all normalized treatment contrasts are
estimated with the same variance. Such a design is appropriate when we wish
to compare each treatment equally precisely with every other treatment.
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Table 4.1: Latin square design for four treatments (18.18, 12.50).

Sequence Period
1 2 3 4
1 A B C D
2 B C D A
3 C D A B
4 D A B C

In order to simplify the following description of the different types of
variance-balanced designs that have been suggested in the literature, we have
divided the designs into groups according to whether (i) p =1, (ii) p < ¢ or (iii)
p>t.

Plans of all the most useful cross-over designs known up to 1962 were
given by Patterson and Lucas (1962).

When we give the plan of a design, we will give it in its most convenient
form. The design given in the plan must be randomized before being used. The
efficiencies of a design, which we will define shortly, will be given in the title
of the table containing the design.

4.2.1 Designswithp =t

Orthogonal Latin squares

If carry-over effects are not present, then variance balance can easily be
achieved by using ¢ subjects in an arbitrarily chosen Latin square design. An
example of such a design for four treatments is given in Table 4.1. A Latin
square is a t X t arrangement of ¢ letters such that each letter occurs once in
each row and once in each column. In our context this means that each subject
should receive each treatment and that over the whole design each treatment
should occur once in each period. As this design provides only (r — 1)(r —2)
d.f. for the residual SS, a number of randomly chosen Latin squares are needed
if # is small. To obtain 10 d.f. for the residual SS for r = 3, for example, we
would need 15 subjects arranged in 5 randomly chosen squares. Further infor-
mation on the construction, enumeration, randomization and other properties
of Latin squares is given in Kempthorne (1983) and Federer (1955), for exam-
ple.

In the absence of carry-over effects the Latin square is optimal in the sense
that it not only accounts for the effects of subjects and periods, but it also
provides the minimum value of Var[#; — £;]. This minimum value is 262 /r,
where r is the replication of each treatment. The replication of a treatment is
the number of times it occurs in the complete design. This minimum value can
be used as a yardstick by which other designs can be compared. The efficiency
(expressed as a percentage) with which a design estimates the contrast 7; — 7;



VARIANCE-BALANCED DESIGNS 139

is defined to be 5
B =251 0.

Var[r,- — ’L'j]

The subscriptz is used to indicate that the treatments have not been adjusted
for carry-over effects. By definition, E; = 100 for the Latin square design. If
all pairwise contrasts 7; — 7; have the same efficiency, then E; defines the effi-
ciency of the design. Designs of the same or of different size can be compared
in terms of their efficiencies. Naturally, we should use the most efficient design
if at all possible, as this makes the best use of the available subjects.

In the presence of carry-over effects we define efficiency exactly as above
but with Var[f; — 7;] now denoting the difference between two treatments ad-
justed for carry-over effects. We label this efficiency as E; to distinguish it
from E;, which is calculated using the unadjusted effects.

Similarly, we define

2
=200 00
Val'[)L,' — )Lj]
as the efficiency of Var[; — ij] It should be noted that in this definition r
is the treatment replication. As the carry-over effects appear only in the last
p — 1 periods, they have a smaller replication than r. We will keep to the above
definition, however, to maintain consistency with Patterson and Lucas (1962).

The R package Crossover (Rohmeyer (2014)) can be used to calculate the
efficiencies of a cross-over design.

For information we will always include the values of the efficiencies of a
design, in the order E,4, E., in the title of the table giving the plan of the design.
So, for example, we can see from Table 4.1 that the efficiencies of the design
are E; = 18.18 and E, = 12.50.

Let us now return to the design given in Table 4.1. Although this design has
maximum efficiency in the absence of carry-over effects, it is not as efficient
at estimating the direct treatment effects as it could be. To achieve the highest
possible efficiency, the design must be balanced. The term balance refers to
the combinatorial properties that the design must possess. In a balanced design,
not only does each treatment occur once with each subject, but, over the whole
design, each treatment occurs the same number of times in each period and
the number of subjects who receive treatment i in some period followed by
treatment j in the next period is the same for all i # j. The design in Table 4.1
is not balanced because treatment A is followed three times by treatment B and
treatment B is never followed by treatment A.

For the remainder of this section it can be taken (with some exceptions
which we will point out) that when we refer to a design as balanced it is also
variance balanced.

Balance can be achieved by using a complete set of orthogonal Latin
squares. Orthogonal Latin squares are defined in John (1971), Chapter 6, for
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Table 4.2: Orthogonal Latin square design for three treatments (80.00, 44.44).

Sequence Period

1 2 3
1 A B C
2 B C A
3 C A B
4 A C B
5 B A C
6 C B A

example. This use of orthogonal squares was first pointed out by Cochran et al.
(1941), and the designs given by them for three and four treatments are repro-
duced in Tables 4.2 and 4.3, respectively. Here, and in the following, different
squares are separated in the tables by lines. In Table 4.3, for example, we can
see that each treatment follows every other treatment twice. A complete set of
t x t orthogonal Latin squares contains # — 1 squares and complete sets exist
for values of ¢ that are prime or are powers of a prime. A notable exception is
therefore 7 = 6. To use a complete set, at least 7(r — 1) subjects are needed for
the trial, and this can be a disadvantage for large ¢ if subjects are difficult or
expensive to recruit.

When constructing sets of orthogonal squares for values of ¢ other than
those illustrated here, it will be noted that the squares need to be arranged
so that their first columns are in the same alphabetical order. That is, in our
notation, the sequence corresponding to the first period in each square is the
same.

Table 4.3: Orthogonal Latin square design for four treatments (90.91, 62.50).

Sequence Period

1 2 3 4
1 A B C D
2 B A D C
3 C D A B
4 D C B A
5 A D B C
6 B C A D
7 C B D A
8 D A C B
9 A C D B
10 B D C A
11 C A B D
12 D B A C
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Randomization

As with all the designs in this book, we must, having chosen the treatment
sequences, randomly assign them to the subjects. The simplest way to random-
ize a cross-over trial is to

1. randomly assign the treatments to the letters A, B, C, ...,
2. randomly assign the treatment sequences to the subjects.

If the trial is large, it may include subjects from a number of different treatment
centers. If this is the case, then after step 1 above, step 2 would be undertaken
for each center separately. If the sequences are to be taken from a Latin square
design and there is a choice of square, then the square is first chosen at random
from the available set and then steps 1 and 2 are applied.

Sometimes only a single replicate of the design is used, but it is made
up of a number of smaller, self-contained, sub-designs, e.g., the orthogonal
squares design is made up of # — 1 Latin squares. If the single replicate is to
be assigned to subjects from different centers, then after step 1 above each
sub-design (or sets of sub-designs, if more sub-designs than centers) should
be randomly assigned to a different center and then step 2 undertaken at each
center.

Obviously, the precise form of the randomization will depend on the design
and the circumstances in which it will be used. The basic rule is that, if at all
possible, we randomly allocate subjects to sequences in a way which takes
account of any known sources of systematic variation.

Williams designs

Although using orthogonal Latin squares has additional advantages, as we
will note below, they require more subjects than is necessary to achieve bal-
ance. Williams (1949) showed that balance could by achieved by using only
one particular Latin square if # is even and by using only two particular squares
if ¢ is odd. For more than three treatments, therefore, the designs suggested
by Williams require fewer subjects than the those based on complete sets of
orthogonal squares. Although Williams (1949) described the steps needed to
construct one of his designs, a more easily remembered algorithm has been
given by Sheehe and Bross (1961). Bradley (1958) also gave a simple algo-
rithm, but only for even values of ¢+ and Hedayat and Afsarinejad (1978) gave
a formula for deciding on d(i, j) where d(i, j) is the treatment to be applied to
subject i in period j.

The steps in Sheehe and Bross’s algorithm are as follows:

1. Number the treatments from 1 to ¢.

2. Start with a cyclic # x ¢ Latin square. In this square the treatments in the ith
rowarei,i+1,,...,1,1,2,...,i—1.

3. Interlace each row of the cyclic Latin square with its own mirror image (i.e.,
its reverse order). For example, if ¢ = 4, the first row of the cyclic square is
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Table 4.4: Balanced Latin square design for four treatments (90.91,62.50).

Subject Period
1 2 3 4
1 A D B C
2 B A C D
3 C B D A
4 D C A B

1,2,3,4. Its mirror image is 4, 3,2, 1. When the two sequences are interlaced
we get 1,4,2,3,3,2.4,1.

4. Slice the resulting ¢ x 2t array down the middle, to yield two ¢ X ¢ arrays.
The columns of each ¢ X t array correspond to the periods, the rows are the
treatment sequences, and the numbers within the square are the treatments.

5. If t is even, we choose any one of the two ¢ x t arrays. If ¢ is odd, we use
both arrays.

The design for ¢t = 4 obtained by using this algorithm and choosing the left-
hand square is given in Table 4.4. The efficiencies of this design are, of course,
the same as those given for the orthogonal squares design given in Table 4.3.
However, the Williams design requires fewer subjects, and this may be an ad-
vantage in certain circumstances. For example, if sufficient power can be ob-
tained using only 16 subjects, then the Williams square, replicated four times,
could be used: designs based solely on complete sets of orthogonal squares,
however, require multiples of 12 subjects.

To see the gain in efficiency obtained by using a Williams design, rather
than an arbitrarily chosen Latin square, compare the efficiencies of the designs
in Tables 4.1 and 4.4.

Sometimes we may need to decide between using a number of replicates
of a Williams square and using a complete set of orthogonal squares. One
advantage of using the complete set is that, as Williams (1950) proved, they
are balanced for all preceding treatments. That is, they are balanced for first-,
second-, ..., (p — 1)th-order carry-over effects. Using the complete set there-
fore enables other effects to be conveniently tested should they be of interest.
The disadvantage of using a complete set is that it consists of #(t — 1) differ-
ent sequences and so the chance of a sequence being incorrectly administered
through mishap is increased. Also, the loss of subjects from the complete set
is likely to be more damaging, as its combinatorial structure is more complex.

Minimal designs

Hedayat and Afsarinejad (1975) considered the construction of minimal
balanced (MB) designs. These are balanced designs which use the minimum
possible number of subjects. They referred to a cross-over design for ¢ treat-
ments, n subjects and p periods as an RM(¢,n, p) design. They noted that for
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even r, MB RM(t,1,7) designs exist and can be constructed using the method
of Sheehe and Bross (1961), for example. For odd values of ¢ they noted that
no MB RM(#,¢,t) is possible for # = 3, 5 and 7, but such a design does exist for
t =21. Hedayat and Afsarinejad (1978) later added that MB RM(#,¢,1) designs
fort =9, 15 and 27 had been found and gave plans of them.

For all odd values of ¢ and n = 2¢r, MB RM(t,2¢,t) designs exist and are
Williams designs, which can again be easily constructed using the Sheehe and
Bross algorithm. In addition, Hedayat and Afsarinejad (1975) showed how to
construct MB RM(¢,2¢, p) designs when ¢ is a prime power. Methods of con-
structing MB designs for p <t were described by Afsarinejad (1983). How-
ever, these designs are not variance balanced except in a few special cases.

Further results on Williams designs

Williams designs are special cases of what have been called sequentially
counter balanced Latin squares (Isaac et al. (1999)) or row complete Latin
squares (Bailey (1984)). Isaac et al. (1999) describe a range of methods of
constructing such designs for even ¢, including the algorithm of Sheehe and
Bross (1961), which we have already described. They note that for a given ¢
the designs constructed by the various methods may or may not be unique. If
a design for ¢ subjects is written so that the treatments in the first period are
in alphabetical order and the treatments for the first subject are in alphabetical
order, the design is said to be in standard order. If two apparently different
designs for the same ¢ when written in standard order (if necessary by relabel-
ing the treatments and reordering rows) are identical, then they are essentially
the same design. For r = 4 there is only one design which is in standard order.
For ¢ = 6 there are two standard squares and these are given in Table 4.5. These
designs have been constructed using methods described by Isaac et al. (1999),
who also note that there are at most eight standard designs for = 8.

When randomizing a design for the cases where there is more than one
standard square, a square is first chosen at random from those available. Then
the steps in the randomization described earlier are followed.

As already noted earlier, for odd ¢ no single sequentially counterbalanced
square exists for r = 3,5 and 7, although single squares have been found by
computer search for t = 9,15,21 and 27 (Hedayat and Afsarinejad, 1975,
1978). Archdeacon et al. (1980) gave methods of constructing such designs
for odd ¢ and their design for = 9 is given in Table 4.6.

To provide an alternative when single sequentially balanced squares for
odd ¢ do not exist, Russell (1991) gave a method of construction for what might
be termed nearly sequentially counterbalanced squares. In these squares each
treatment is preceded by all but two treatments once, by one of the remaining
two twice and not at all by the remaining treatment. Examples of such squares
for t =5 and 7 are given in Tables 4.7 and 4.8, respectively. The efficiencies
of the pairwise comparisons of the direct treatments adjusted for carry-over
effects are either 83.86 or 78.62 for the design in Table 4.7 and 92.62, 92.55 or
90.18 for the design in Table 4.8.
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Table 4.5: Two balanced Latin squares for six treatments (96.55, 77.78).

Standard square 1

Subject Period
1 2 3 4 5 6
1 A B C D E F
2 B D A F C E
3 C A E B F D
4 D F B E A C
5 E C F A D B
6 F E D C B A
Standard square 2
Subject Period
1 2 3 4 5 6
1 A B C D E F
2 B D F A C E
3 C F B E A D
4 D A E B F C
5 E C A F D B
6 F E D C B A

Table 4.6: Balanced Latin square design for nine treatments (98.59, 86.42).

Subject Period

1 2 3 4 5 6 7 8 9
1 A B C D E F G H 1
2 B D A F C I H G E
3 C F E G D B I A H
4 D G F I B H E C A
5 E A I C H D F B G
6 F H B E I G A D C
7 G I D HF A C E B
8 H C G B A E D I F
9 I E H A G C B F D

Using multiple Latin squares

When, as is usually the case, more than ¢ subjects are to be used in the trial,
a choice has to be made how this will be achieved. Let us assume that the total
number of subjects to be used is N, an integer multiple of 7.

If the design contains ¢ (or 2¢) sequences, it is common practice in pharma-
ceutical trials to randomly allocate n = N/t (or n = N/(2t) for N even) subjects
to each of the sequences. This simplifies the design and lessens the risk of sub-
jects receiving the treatments in an incorrect order. Also, the combinatorial and
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Table 4.7: Russell nearly balanced Latin square design for five treatments
(83.86 or 78.62, 63.73 or 59.75).

Subject Period
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Table 4.8: Russell nearly balanced Latin square design for seven treatments
(92.62, 92.55 or 90.18, 77.50, 77.44 or 75.46).

Subject Period
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variance properties of the design are more robust to subjects dropping out or
failing to complete all ¢ periods.

For odd t where no single sequentially counterbalanced square exists (e.g.,
for t = 3,5 and 7), this means that the number of subjects must be a multiple
of 2¢, which may be inconvenient.

To alleviate this problem, we can use the designs suggested by Newcombe
(1996). He gave sets, each containing three ¢ X ¢ Latin squares, such that the 3¢
sequences in the set formed a balanced design. In these designs each treatment
precedes every other treatment, except itself, equally often. Prescott (1999)
later give a systematic method of construction of these triples. Examples of
designs for = 5 and r = 7 obtained using Prescott’s method of construction
are given in Tables 4.9 and 4.10, respectively.

Locally balanced designs

Anderson and Preece (2002) gave methods for constructing locally bal-
anced designs for odd 7. These are designs for (¢ — 1) patients that are not
only balanced in the conventional sense, but also have additional local balance
properties. An example of such a design for # =7 is given in Table 4.11. These
additional properties of balance are:

1. The patients can be grouped into (t — 1)/2 groups of size 2n so that, for
each i # j, exactly two patients per group receive treatment i immedi-
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Table 4.9: Prescott triple Latin square design for five treatments (94.94, 72.00).

Subject Period

1 2 3 4 5
1 A B D E C
2 B C E A D
3 C D A B E
4 D E B C A
5 E A C D B
6 A C E D B
7 B D A E C
8 C E B A D
9 D A C B E
10 E B D C A
11 A E D B C
12 B A E C D
13 C B A D E
14 D C B E A
15 E D C A B

ately after treatment j. This means that each group forms a single copy
of a Williams design for 2n patients. The efficiencies of this sub-design are
(97.56, 81.63).

2. The design for Periods 1 to (¢ + 1)/2 has each carry-over from treatment
i to treatment j exactly once in each of the groups. This ensures that if
patients drop out of the trial after period (7 + 1)/2, the remaining design is
still reasonably efficient. For example, in the extreme situation where the
trial that used the design in Table 4.11 only completed the first four periods,
the remaining design would have efficiencies of (79.84, 57.03).

3. Each of the #(t — 1) sequences of two different treatments must, at each
stage of the trial, be allocated to exactly one of the 7(t — 1) patients. In
Table 4.11, for example, the sequence pair BC occurs in Periods (1,2) for
Patient 1, in Periods (2,3) for Patient 36, in Periods (3,4) for Patient 24, in
Periods (4,5) for Patient 23, in Periods (5,6) for Patient 39 and in Periods
(6,7) for Patient 4. Therefore, should the trial be stopped in any period after
Period 2, each carry-over effect will have occurred with the same number of
patients.

4. If the trial is stopped after (# 4+ 1)/2 periods, the remaining design forms
a balanced incomplete block design, with the patients as blocks. In such a
design each pair of treatments is administered the same number of times to
the patients, although not necessarily in successive periods. For example, in
Table 4.11, each pair of treatments is administered to 12 patients.
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Table 4.10: Prescott triple Latin square design for seven treatments (97.56,
81.63).

Subject Period

1 2 3 4 5 67
1 A B F D E G C
2 B C G E F A D
3 C D A F G B E
4 D E B G A C F
5 E F C A B D G
6 F G D B C E A
7 G A E C D F B
8 A C G E D F B
9 B D A F E G C
10 C E B G F A D
11 D F C A G B E
12 E G D B A C F
13 F A E C B D G
14 G B F D C E A
15 A G F C D B E
16 B A G D E C F
17 C B A E F D G
18 D C B F G E A
19 E D C G A F B
20 F E D A B G C

G F E B C A D

4.2.2 Designs with p <t

Designs obtained from orthogonal squares

All the designs described in the previous section are such that each subject
receives every treatment. In practice this may not be possible for ethical or
practical reasons. Even if all treatments could be administered, it is sometimes
desirable to use a smaller number to decrease the chances of subjects dropping
out of the trial. A number of balanced designs for p < ¢ have been suggested
in the literature and we will describe and compare them in the following sub-
sections. As in the previous section, we will include the efficiencies of the
design in the title of the table containing the design.

The simplest method of obtaining a balanced design with p < ¢ is to delete
one or more periods from the full design obtained from a complete set of or-
thogonal Latin squares. This method was first suggested by Patterson (1950)
and described in more detail by Patterson (1951, 1952). If we remove the last
period from the design given in Table 4.3, for example, we will get a design
for three periods with E; = 71.96 and E. = 41.98.
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Table 4.11: Anderson and Preece locally balanced design for seven treatments

(97.56, 81.63).

Period

Subject

C E A D F
D
D E G C

B

B E G A

F

A

F

A D G B C

G B E A C D

F

F

G A C F B D E
A D G C E
G F D A E C B

6

F

B

D

A G E B F

9
10

11

C G E D

F

A
C B G D A F

D C A E B G
E D B

F

E
F

12
13
14
15
16
17
18
19
20
21

C A G

F

E C G D B A

F

C E B A G D

C B A E G

F
E G D C B

F

A E D C G B
B
A C G F

F

E D A C

F

E B D

D A G F C E

B
F

D G A B E C

G E A B C

22
23

F

F B C D G E

24
25

G C D E A F
C A D E
D B E

B

F

26
27
28

F G C A
G A D B

A C

F
F

C

G
E A G B D C

B

29
30
31

F

A C E D G

B
G C B D

E
F

F

32
33

A D C E G

F A G C
E G B A D
C A
C D B G A E
G D E C A B

D

34
35

F
B

G

F

36
37
38
39
40
41

F

F

F D B C G

G E C D A
C G A F D E B
D A B G E

E
F

F

42
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Table 4.12: One of Patterson’s incomplete designs for seven treatments (79.84,
57.03).

Subject Period

1 2 3 4
1 A B D G
2 B C E A
3 C D F B
4 D E G C
5 E F A D
6 F G B E
7 G A C F
8 A G E B
9 B A F C
10 C B G D
11 D C A E
12 E D B F
13 F E C G
14 G F D A

Although more than one period can be removed, we should always en-
sure that the design we use has at least three periods. This is because designs
with two periods have low efficiencies and should be avoided if possible. Two-
period designs can, however, form a useful basic design to which extra periods
are added. Extra-period designs are described below. Designs obtained from
complete sets of orthogonal squares are also balanced for second-order carry-
over effects and this property is retained when periods are removed.

Designs obtained from Youden squares and other methods

Patterson (1951) noted that a design which uses 4¢ subjects can always
be constructed when a 4 x ¢ Youden square exists. (John (1971), for example,
gives a definition of a Youden square.) Patterson also gave a design for t =7
which uses 14 subjects. This design, which is given in Table 4.12, can be di-
vided into two blocks of seven subjects, as indicated. This design is also of
the cyclic type: the sequences for Subjects 2 to 7 are obtained by cycling the
treatments for Subject 1, and the sequences for Subjects 9 to 14 are obtained
by cycling the treatments for Subject 8. In this cycling the treatments are suc-
cessively changed in the order ABCDEFGA, etc. A number of the incomplete
designs given by Patterson and Lucas (1962) for other values of ¢ can be con-
structed using this cyclic method of construction.

Patterson (1952) extended his earlier results and gave designs which use
fewer than #(¢ — 1) units for the special case of prime r = 4n+ 3, where n is a
positive integer. In addition to the design given here in Table 4.12, he also gave
a design for t = 7 which uses 21 subjects.
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Designs obtained from balanced incomplete block designs

A number of different types of cross-over design can be constructed by
starting with a non-cross-over incomplete block design. An incomplete de-
sign is such that each subject receives only one treatment and the subjects are
grouped into b homogeneous blocks of size p < t. (We added the qualification
non-cross-over to emphasize that the incomplete block designs we are referring
to are the traditional ones which have been used in agriculture, for example,
for many years. In these designs each experimental unit in a block receives a
single treatment.) Patterson (1952) noted that balanced cross-over designs can
be constructed by starting with a balanced incomplete block design (BIB de-
sign). In a BIB design each treatment is replicated the same number of times
and each pair of treatments occurs together in the same block & times, where
o is a constant integer. An example of a BIB fort =4, b =4 and p =3 is
(123), (124), (134) and (234). Each block of the design is enclosed by brackets
and it can be seen that each pair of treatments occurs together in two blocks.
To build a balanced cross-over design we take each block of the BIB in turn
and construct a balanced cross-over design for the p treatments in that block.
These blocks are then joined together to give a balanced cross-over design for ¢
treatments, p periods and bp subjects. If we take the BIB used as our example
above, then the corresponding balanced cross-over design we need for each
block is the one given earlier in Table 4.2. We replace each block of the BIB
with this three-treatment design and relabel the treatments where necessary.
For example, the treatments in the third block are (134) and so in the cross-
over design for three treatments which corresponds to this block, we relabel 1
as A, 2 as C and 3 as D, to get the six sequences to be included in the final
cross-over design for four treatments and three periods. The complete design
for 24 subjects is given in Table 4.13.

It should be noted that a design which uses 12 subjects and which has the
same efficiencies as the design in Table 4.13 can be obtained by removing the
last period from the orthogonal squares design for four treatments.

Other designs with p <t

For completeness we mention some designs that have been suggested in the
literature. These designs are generally not as efficient as the ones mentioned
previously and so we do not devote much space to them here.

The two-period Balaam design described in Chapter 3 is a special case
of the design suggested by Balaam (1968) for two or more treatments. The
sequences in this more general design consist of all possible pairings of one
treatment with another, including the pairing of a treatment with itself. These
designs consist, as Balaam pointed out, of the first two periods of the designs
suggested by Berenblut (1964). Balaam introduced his designs for use in ani-
mal experiments where a wash-out period is used to eliminate any carry-over
effects. The designs are such that they permit a within-subject test of the direct-
by-period interaction. In our situation, where carry-over effects are included in
the model, the Balaam designs, like all designs which use only two periods,
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Table 4.13: Incomplete design for four treatments obtained using a BIB (71.96,
41.98).

Subject Period
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do not have high efficiencies. We have included them mainly for completeness
and to draw attention to them again when we consider designs for p > .

A different type of design, known as the switch-back, was introduced by
Lucas (1957) for use in cattle feeding trials. He assumed that there were no
carry-over effects or direct-by-period interactions. These designs are an exten-
sion of those described by Brandt (1938) for two treatments. These designs
use the two different sequences ABAB ...and BABA..... That is, in the third
period the animal switches back to the treatment it received in the first period,
then switches back to the treatment it received in the second period, and so on.
In Lucas’ extension the design lasts for three periods and the treatment applied
in the third period is the same as the treatment applied in the first period. In
general, these designs consist of all possible #(# — 1) pairings of the treatments,
which make up the sequences in the first two periods. He also gave, for odd
t, designs which use only 7(¢ — 1)/2 animals. However, these are not balanced
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for the adjusted treatment effects in our model. A feature of the Lucas designs
is that they can be divided into blocks of 7 subjects.

Extra-period designs with p <t

Extra-period designs are obtained by adding an additional period to an ex-
isting cross-over design. In this extra period each subject receives the treatment
he or she received in the last period of the original design. Adding the extra
period has the effect of increasing the efficiency of estimation A; — A; and of
causing the carry-over effects to become orthogonal to both subjects and direct
effects. The origins of the idea of adding extra periods are described below,
where extra-period designs for p > t are considered. If p <t — 1, then adding
an extra period still gives a design with p <.

If we add an extra period to one of Balaam’s two-period designs, we find
that E; = E.. If it were not for their low efficiencies, the extra-period Bal-
aam designs would therefore be ideal for the situation where exactly the same
precision is required for both carry-over and direct effects. Also, the orthogo-
nality of the carry-over and direct effects makes the design quite easy to an-
alyze. These extra-period designs are therefore a possible alternative to the
tied-double-change-over designs to be described below.

4.2.3 Designs with p >t

Extra-period designs

In general, the balanced designs described so far are such that the effi-
ciency, E. of the carry-over effects is much lower than the efficiency E; of
the direct effects. This, as Lucas (1957) pointed out, is mainly because the
carry-over effects are nonorthogonal to the direct effects and subjects. This
nonorthogonality can be removed, and the efficiency of the carry-over effects
increased, if we use a design in which each carry-over effect occurs the same
number of times with each subject and the same number of times with each
direct effect. The simplest way to achieve this is to (a) take a balanced design
for p periods and (b) repeat in period p + 1 the treatment a subject received in
period p. This way of increasing precision was first noted by F. Yates in a sem-
inar in 1947 and by Patterson (1951) at the end of a paper concerned mainly
with the analysis and design of trials with p < t. Lucas (1957), however, gave
the first formal description of adding an extra period.

Extra-period designs for t = 3 and 4 are given in Tables 4.14 and 4.15,
respectively. The design for + = 3 is obtained by adding an extra period to
the complete set of orthogonal squares and the design for t = 4 is obtained
by adding on an extra period to the Williams square, where now the square
is written in standard order (i.e., the first row and column are in alphabetical
order).

The change in the relative sizes of E; and E. which results from adding the
extra period can be illustrated by comparing the efficiencies of the extra-period
designs in Tables 4.14 and 4.15 with the efficiencies of their parent designs
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Table 4.14: Balanced extra-period design for three treatments (93.75, 75.00).

Subject Period

1 2 3 4
1 A B C C
2 B C A A
3 C A B B
4 A C B B
5 B A C C
6 C B A A

Table 4.15: Balanced extra-period design for four treatments (96.00, 80.00).

Subject Period
1 2 3 4 5
1 A B C D D
2 B D A C C
3 C A D B B
4 D C B A A

in Tables 4.2 and 4.4, respectively. The increase in efficiency arises because
the extra-period designs are completely balanced, i.e., each treatment follows
every treatment, including itself, the same number of times. Therefore, each
carry-over effect occurs the same number of times with each direct effect. In
the cross-over literature complete balance is synonymous with strong balance,
and we will use this latter term. As with the term balance, we will take it as
understood that complete balance implies variance balance.

Apart from the increase in efficiency, extra-period designs also have the
advantage of permitting a more convenient analysis because the direct effects
are orthogonal to the carry-over effects. In other words, the estimates of the
direct effects are the same whether or not the carry-over effects are present in
the fitted model.

Trials which use extra-period designs are, however, by their very definition,
going to take longer to complete than trials which use the minimum number of
periods. They are going to be more expensive and time consuming and so are
likely to prove useful only when carry-over effects are strongly suspected and
need to be estimated with relatively high efficiency. If carry-over effects are
not present, then the extra-period designs are not as efficient at estimating the
direct effects as their parent designs. This is because the direct effects are not
orthogonal to subjects in the extra-period designs. Also, some bias may creep
into the process of measuring the response if those undertaking the measure-
ments realize that the last two treatments administered to each subject are the
same.
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As we noted earlier, balanced designs for p < ¢ can also be constructed
by adding an extra period. Also, repeating twice the treatment used in the last
period of a balanced design will increase the precision with which the second-
order effects are estimated. This was noted by Linnerud et al. (1962), for ex-
ample.

4.2.4 Designs with many periods

If we can use a design with considerably more than ¢ periods, then strongly or
nearly strongly balanced designs can be constructed. This latter term was in-
troduced by Kunert (1983) and will be defined shortly. Here we give a selection
of methods of constructing such designs.

4.2.4.1 Quenouille, Berenblut and Patterson designs

Quenouille (1953) gave a method of constructing strongly balanced designs
and an example of one of these for + = 3 is given in Table 4.16. It can be
seen that the sequences for Subjects 2 to 6 are obtained by cyclically shifting
the sequence for Subject 1. The sequences for Subjects 8 to 12 are similarly
obtained from sequence 7 and the sequences for Subjects 14 to 18 are similarly
obtained from the sequence for Subject 13. The design is therefore completely

Table 4.16: Quenouille design for = 3 (100.00, 80.56).

Subject Period

1 2 3 4 5 6
1 A A B B C C
2 C A A B B C
3 C C A A B B
4 B C C A A B
5 B B C C A A
6 A B B C C A
7 A A C C B B
8 B A A C C B
9 B B A A C C
10 C B B A A C
11 C C B B A A
12 A C C B B A
13 A B C B A C
14 C A B C B A
15 A C A B C B
16 B A C A B C
17 C B A C A B
18 B C B A C A
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Table 4.17: Berenblut’s design for r = 3 (100.00, 85.94).

Subject Period

1 2 3 4 5 6 7 8
1 A D C B B C D A
2 B A D C C D A B
3 C B A DD AB C
4 D C B A A B C D
5 D D B B A C C A
6 A A C C B D D B
7 B B D D C A A C
8 C C A A DB B D
9 C D A B D C B A
10 D A B C A D C B
11 A B C D B A D C
12 B C D A C B A D
13 B D D B C C A A
14 C A A CD D B B
15 D B B D A A C C
16 A C C A B B D D

and concisely defined by the three sequences (AABBCC), (AACCBB) and
(ABCBAC). Quenouille also gave an alternative set of three sequences for t =
3 and three alternative pairs of sequences for ¢+ = 4. One pair of sequences
for t = 4, for example, is (AABBCCDD) and (ACBADBDC). By cyclically
shifting each of these sequences in turn, a design for four treatments using
sixteen subjects and eight periods is obtained.

Berenblut (1964) showed that designs like those of Quenouille, which have
direct effects orthogonal to carry-over effects and subjects, can be obtained
by using ¢ treatments, 2¢ periods and > different sequences. Therefore, for
t =4, for example, they require fewer subjects than the designs suggested by
Quenouille. A set of instructions for constructing a Berenblut design was given
by Namboordiri (1972) and is somewhat easier to understand than the original
set of instructions given by Berenblut (1964). The design for t = 4 obtained
using these instructions is given in Table 4.17.

Berenblut (1967b) described how to analyze his designs and Berenblut
(1967a) described a design appropriate for comparing equally spaced doses
of the same drug which uses only eight subjects and four periods. This design
is not balanced but does have the property that the linear, quadratic and cubic
contrasts of the direct effects are orthogonal to the linear and cubic contrasts
of the carry-over effects. This design would be useful for comparing equally
spaced doses of the same drug when carry-over effects are thought most un-
likely but if present can be detected by a comparison of the low and high dose
levels.
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Berenblut (1968) noted that his 1964 designs are such that in addition to the
properties already described, the direct-by-carry-over interaction is orthogonal
to the direct and carry-over effects. He then described a method of construct-
ing designs for t =4 and 5 which have the same properties as his 1964 designs
but only require 2¢ subjects. Each of these designs is constructed by combin-
ing two suitably chosen Latin squares. These designs are appropriate when
the treatments correspond to equally spaced doses, the direct effects have a
predominantly linear component and the carry-over effects are small in com-
parison to the direct effects and proportional to them. The designs are such
that (a) the linear component of the carry-over effect is orthogonal to the lin-
ear, quadratic, etc., components of the direct effect and (b) the linear direct-
by-linear carry-over interaction is orthogonal to each component of the direct
effect.

Patterson (1970) pointed out that although the Berenblut (1964) design,
when used for four equally spaced treatments, is suitable for the estimation of
the direct and carry-over effects, other designs may be preferred for the esti-
mation of the linear direct-by-linear carry-over interaction. He gave a method
of constructing a family of designs which contained within it the designs of
Berenblut (1964), and also showed how the subjects in his designs could be
divided into blocks of eight or four, with a minimum loss of information due
to confounding. He also noted that the Berenblut (1967a) design which uses
eight subjects has low efficiency for estimating the linear-by-linear interaction
and suggested that if economy of subjects and periods is important, then it is
better to reduce the number of treatment levels to three and to use one of his or
Berenblut’s designs for three treatments. Patterson (1973) described a way of
extending the Quenouille (1953) method so that a larger collection of designs
can be obtained.

4.2.4.2 Federer and Atkinson’s designs

Federer and Atkinson (1964) described a series of designs for r periods and
¢ subjects, where r =tq+ 1, c =ts, s¢ = k(t — 1) and g, s and k are positive
integers. These designs, which they called tied-double-change-over designs,
are such that the variances of the direct and carry-over effects approach equal-
ity as the number of periods increases. If the number of periods is kept to a
minimum, then these designs require (¢ — 1) subjects and (¢ + 1) periods.

Atkinson (1966) proposed a series of designs for the situation where the
effect of consecutive applications of a treatment is the quantity of interest. The
designs are obtained by taking a Williams design and repeating each column
(i.e., period) k times, where k > 2. The effect of repeating periods is to increase
the efficiency of the estimation of the carry-over effects at the expense of the
direct effects. It should be noted that, unlike Atkinson, we are assuming that
the design consists of all 2¢ periods. The analysis given by Atkinson assumed
that the data from the first k — 1 periods would not be used.
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Table 4.18: Anderson training-schedule design for seven treatments (97.41, 89.
95).

Subject Period
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Anderson design
An example of a balanced design for ¢ = 7, 14 periods and 42 subjects is given
in Table 4.18. This design was constructed by Ian Anderson of the University
of Glasgow to provide a training schedule for 42 rugby football players. Each
player has to accomplish each of seven tasks once, and then once again. No
player is to have a repeated carry-over. In addition, in each consecutive pair of
periods, each carry-over effect is to occur once.

Nearly strongly balanced designs

Although strongly balanced designs have attractive properties, they do not
exist for all combinations of values of ¢, n and p. If the numbers of subjects
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Table 4.19: Nearly strongly balanced design for t = 8 (99.90 or 99.79, 93.26
or 93.16).

Subject Period
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and periods are both multiples of 7, then nearly strongly balanced designs, con-
structed using the methods of Bate and Jones (2006), can be used. These de-
signs also include the balanced and strongly balanced designs as special cases.
We do not give details of the methods of construction here, but give some ex-
amples. The motivation for these designs was the question of whether a design
used by McNulty (1986) was optimal in terms of its efficiency of estimation.
The design used by McNulty is given in Chapter 5 and was for § treatments, 16
periods and 16 subjects. This design is made up of four repeats of a Williams
design for 8 treatments, 8 periods and 8 subjects. The sequences in Periods 9
to 16 for Subjects 1 to 8 are a copy of those used in Periods 1 to 8, respectively.
The sequences in Periods 1 to 16 for Subjects 9 to 16 are a copy of those for
Subjects 1 to 8. The background to the trial that used this design and an anal-
ysis of some of the data collected in it are given in Chapter 5. Bate and Jones
showed that this design is suboptimal and constructed the universally optimal
(as defined below) design given in Table 4.19. In this design the efficiencies of
the pairwise direct comparisons are either 99.90 or 99.79 and the efficiencies
of the pairwise carry-over comparisons are either 93.26 or 93.16. In McNulty’s
design these are 97.88 or 96.23 for the direct comparisons and 91.38 or 89.84
for the carry-over comparisons. An example of a nearly strongly balanced de-
sign for t = 5, 10 periods and 15 subjects is given in Table 4.20.

4.3 Optimality results for cross-over designs

Here we briefly review some results concerning the optimality of cross-over
designs with three or more treatments. In the general (i.e., not necessarily
cross-over) design case, optimality criteria are usually defined in terms of func-
tions of the information matrix of the design or the variance-covariance matrix
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Table 4.20: Nearly strongly balanced design for t =5 (99.87 or 99.75, 88.89
or 88.78).

Subject Period

1 2 3 4 5 6 7 8 9 10
1 A C B E D D E B C A
2 B D C A E E A C D B
3 C E D B A A B D E C
4 D A E C B B C E A D
5 E B A D C C D A B E
6 C B E D D E B C A A
7 D C A E E A C D B B
8 E D B A A B D E C C
9 A E C B B C E A D D
10 B A D C C D A B E E
11 B E DD E B C A A C
12 C A E E A C D B B D
13 D B A A B D E C C E
14 E C B B C E A D D A
15 A D C C D A B E E B

V of (¢t — 1) orthogonal and normalized contrasts between the 7 treatments. A
good design is one which makes V “small” in some sense. Different ways of
defining “small” have led to different optimality criteria:

1. the D-optimal design minimizes the determinant of V;

2. the A-optimal design minimizes the average variance of the (¢ — 1) or-
thonormal contrasts; and

3. the E-optimal design minimizes the maximum variance of the (r — 1) or-
thonormal contrasts.

Kiefer (1975) subsumed these criteria and others into his criterion of uni-
versal optimality: the universal (U)-optimal design is also D-, A- and E- opti-
mal. Later, Hedayat and Afsarinejad (1978) considered the optimality of uni-
form cross-over designs. In a uniform design each treatment occurs equally
often in each period and for each subject; each treatment appears in the same
number of periods. They proved that uniform balanced designs are U-optimal
for the estimation of the direct effects and for the first-order carry-over effects.
(These designs, it will be realized, are the ones we described earlier in the sec-
tion on minimal balanced designs.) Consequently, the Williams designs, and
the MB RM(z,t,¢) designs which exist, are U-optimal. The rest of this short
review is based mainly on Matthews (1988), Section 3.2.
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Cheng and Wu (1980) extended Hedayat and Afsarinejad’s results and in
particular were able to prove, for i a positive integer, that (a) balanced uni-
form designs are U-optimal for the estimation of first-order carry-over effects
over all RM(t,it,t) designs where no treatment precedes itself and (b) if a de-
sign is obtained from a balanced uniform design by repeating the last period,
then it is U-optimal for the estimation of direct and carry-over effects over all
RM((t,it,t + 1) designs.

Result (b) of Cheng and Wu is particularly useful because it provides a
more rigorous justification for the extra-period designs suggested by Lucas
(1957). Kunert (1984) proved that if a balanced uniform RM(z,¢,t) design ex-
ists, then it is U-optimal for the estimation of the direct treatment effects.

Cheng and Wu were also able to prove that a strongly balanced uniform
RM(t,n, p) design is U-optimal for the estimation of direct and carry-over ef-
fects. Finally, we note that Sen and Mukerjee (1987) extended some of the
results of Cheng and Wu to the case where the direct-by-carry-over interaction
parameters are also included in the model. They proved that strongly balanced
uniform designs were also U-optimal for the estimation of the direct effects in
the presence of these interaction parameters. This follows from the orthogonal-
ity of the direct effects, the carry-over effects and the interaction parameters.

For a more recent review of methods that can be used to construct uniform
designs, see Bate and Jones (2008).

Rather than continuing to give more theoretical results on the construction
of optimal cross-over designs, we refer the reader to the excellent book by Bose
and Dey (2009), which contains many of the most useful theoretical results.
Also, for an updated review of developments in the design of cross-over trials,
see Bose and Dey (2013).

For completeness, we note that some earlier reviews of the optimality re-
sults for cross-over designs have been given by Stufken (1996). See also Af-
sarinejad (1990), Hedayat and Zhao (1990), Stufken (1991), Kunert (1991),
Jones et al. (1992), Collombier and Merchermek (1993), Matthews (1990,
1994a,b), Kushner (1997a,b, 1998, 1999) and Martin and Eccleston (1998).

Before we leave this section we should emphasize that when planning a
trial there will be a number of different criteria that we will want the design to
satisfy. Optimal design theory concentrates our attention on a particular aspect
of the designs, e.g., average variance, and ignores the rest. Therefore the in-
vestigator who is planning a trial should try to achieve what we term practical
optimality. This requires taking into account such things as:

1. the likelihood of drop-outs if the number of periods is large;

2. whether or not the staff who will run the trial will be able to successfully
administer the treatments correctly if the design plan is at all complicated;

3. whether those who have to make use of the results of the trial will find it
difficult to interpret the results obtained from a rather complicated design.
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Although this list could be extended, it is long enough to make the point
that in the planning of a trial every aspect must be carefully reconciled. Also,
if we change the model we assume for the data to be collected in the trial, then
we should not be surprised if the optimal design changes, too.

4.4 Which variance-balanced design to use?

It should be clear from Section 4.2 that there are a great many balanced designs
to choose from. In Tables 4.21 to 4.23 we give the efficiencies of a selection
of designs for t < 9. The purpose of Tables 4.21 to 4.23 is to illustrate the

Table 4.21: Balanced designs for ¢ = 3 and 4.

t Design p n E,; E.

3 PLI 2 6 1875 6.25
3 BAL 2 9 2500 1250
3 WD 3 6 80.00 4444
3 LSB 3 6 2167 18.06
3 PL30(EP) 3 9 66.67 55.56
3 BAL(EP) 3 9 4444 4444
3 WDEP) 4 6 9375 75.00
3 FA(1,2) 4 6 75.00 60.00
3 ATK 6 6 8621 6944
3 BER 6 9 100.00 80.55
3 QUE 6 18 100.00 80.55
3 FAQRI1) 7 3 7653 6696
3 ATK 7 6 92,60 81.03
4 PL3 2 12 2222 833
4 BAL 2 16 25.00 12.50
4 PL4 3 12 7196 4198
4 PL32(EP) 3 12 59.26 51.85
4 LSB 3 12 21.16 18.52
4 BAL(EP) 3 16 4444 4444
4 BIB 3 24 7196 4198
4 WD 4 6 9091 6250
4 PL33(EP) 4 6 8333 6875
4 OLS 4 12 9091 62.50
4 WDEP) 5 4 96.00 80.00
4 OLS(EP) 5 12 96.00 80.00
4 FA(1,3) 5 12 87.11 72.59
4 ATK 8 4 8364 7188
4 BER 8 16 100.00 85.94
4 FA23) 9 12 88.89 80.00
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Table 4.22: Balanced designs for t =5 and 6.

t Design p n E,; E.

5 PL7 2 20 2344 938
5 BAL 2 25 2500 12.50
5 PL36(EP) 3 20 55.66 50.00
5 PL8 3 20 6790 40.74
5 LSB 3 20 2083 18.75
5 BALEP) 3 25 4444 4444
5 PL9 4 20 85.38 59.76
5 PL37(EP) 4 20 78.13 65.63
5 WD 5 10 94.74 72.00
5 PT 5 15 9474 72.00
5 PL38EP) 5 20 90.00 76.00
5 OLS 5 20 9474 72.00
5 FA(1,1) 6 5 13.89 11.90
5 WDEP) 6 10 97.22 83.33
5 OLS(EP) 6 20 97.22 83.33
5 FA(1,4) 6 20 97.06 7627
6 PL12 2 30 24.00 10.00
6 BAL 2 36 25.00 12.50
6 PL41(EP) 3 30 53.33 48.89
6 LSB 3 30 20.61 18.89
6 BALEP) 3 36 4444 4444
6 PL13 5 30 91.00 69.76
6 WD 6 6 96.55 77.78
6 PL24(EP) 6 30 9333 80.56
6 WDEP) 7 6 9796 85.71

features of the designs which were noted in Section 4.2 and to provide infor-
mation that can be used to choose a design for particular values of ¢, p and
n. In Tables 4.21 to 4.23 the designs have been identified using the following
abbreviations: PLNN — design NN from Patterson and Lucas (1962); BAL —
Balaam (1968); WD — Williams (1949); OLS — Orthogonal Latin squares;
FA(q,s) — Federer and Atkinson (1964) with parameters g and s; LSB —
Lucas (1957); ATK — Atkinson (1966); BER — Berenblut (1964); QUE —
Quenouille (1953); BIB — constructed using a balanced incomplete block de-
sign; ADST - Archdeacon et al. (1980); PT — triple Latin square design from
Prescott (1999); (EP) — design is of the extra-period type.

Tables 4.21 to 4.23 illustrate quite clearly some of the points already made
in Sections 4.2 and 4.3:

1. The two-period designs, the switch-back designs and Balaam’s designs have
low efficiencies and should be avoided if at all possible.
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Table 4.23: Balanced designs for ¢t =7, 8 and 9.

t Design p n E,; E.

7 PL16 2 42 2430 10.44
7 BAL 2 49 25.00 12.50
7 PL17 3 21 63.82 39.51
7 LSB 3 42 2044 18.98
7 PLA43(EP) 3 42 51.85 48.15
7 BAL(EP) 3 49 4444 4444
7 PL19 4 14 79.84 57.03
7 PL44(EP) 4 21 7292 62.50
7 PL46(EP) 5 14 84.00 72.00
7 PL21 5 21 88.49 68.27
7 PLAS(EP) 6 21 90.74 78.70
7 PL23 6 42 9389 76.00
7 WD 7 14 97.56 81.63
7 PT 7 21 97.56 81.63
7 PL23(EP) 7 42 9524 83.67
7 OLS 7 42 9756 81.63
7  WD(EP) 8 14 98.44 87.50
8 WD 8 8 98.18 84.38
8 WD(EP) 9 8 98.76 88.89
9 ADST 9 9 98.59 8642
9 ADSTEP) 10 9 99.00 90.00
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2. For p =t, the minimal balanced designs are optimal and (b) for p =¢+1, the
corresponding extra-period designs are optimal. (This, of course, illustrates
the optimality results of Cheng and Wu (1980).)

3. For p #t or p # t + 1, the choice of design depends on p and n. So, for
example, if 3 < p <t <7 and we ignore any restrictions on n, good choices
of design, in the notation (¢, p,n, design), are (4,3,12,PL4); (5,4,20,PL9);

(5.3,20,PL8); (6,5,30,PL13); (6,3,30,PL41(EP)); (7,6,42,PL23);

(7,5,21,PL21); (7,4,14,PL19); (7,3,21,PL17).

If no balanced design can be chosen to fit in with our particular choice of
t, p and n, and there is no possibility of changing this choice, then the partially
balanced designs which we describe in the next section may provide useful

alternatives.

4.5 Partially balanced designs

It sometimes happens that, although a balanced design is required, it is not
possible to construct one for the available number of subjects and the chosen
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values of ¢ and p. In these circumstances a useful compromise is to use a par-
tially balanced (PB) design. Even if a balanced design can be constructed, PB
designs may be preferred, as they are such that p < ¢ and they usually require
far fewer subjects. The characteristic feature of a PB design is that Var[%; — 7]

(and Var[jL,' —A i) depends on the pair of treatments, i and j, being compared.
In balanced designs these variances are constant. In this section we will de-
scribe a number of methods of constructing partially balanced designs and at
the end give a table of useful designs. This table can be used to help pick a
suitable design for a given trial.

Before we can sensibly explain how to construct PB cross-over designs, we
must first define what is meant by a PB incomplete block design (PBIB, for
short) as used in non-cross-over experiments. By a non-cross-over experiment
we mean one in which each subject receives only one of the ¢ treatments. In
an incomplete block design the experimental units are grouped into » homo-
geneous blocks of size p, where p < t. One way of characterizing a PBIB is in
terms of how many associate classes it has. If a PBIB has m associate classes,
then there will be m different values for Var[f; — %;] (where ; and 7; here refer
to treatment estimators in the non-cross-over design). For convenience we will
refer to these designs as PBIB (m) designs. The simplest and potentially most
useful designs are the PBIB(2) designs and these have been extensively cat-
aloged by Clatworthy (1973). In these designs the treatments are assigned to
the blocks in such a way that each treatment occurs O or 1 times in each block
and each pair of treatments occurs together in the same block either ; times
or ap times where o # o. If we assume that a; > o, then the pairs of treat-
ments that occur together in ; blocks are first associates and the other pairs
are second associates. The efficiency of comparisons between first associates
is higher than that of comparisons between second associates. Clatworthy’s
catalog not only gives the plans of a great many PBIB(2) designs but also the
corresponding efficiencies, E1 and E,, of treatment differences between first-
and second-associates, respectively, and E, the average efficiency of the design.

The average efficiency is defined as

t—1 1t

_ 2E;;

E= )y tit—1)’
1 j=i+1

where Ej; is the efficiency of the estimated difference between treatments i and
J-

The average efficiency is a useful measure for comparing designs which
have two or more associate classes. Unless a design with a particular pattern
of pair-wise efficiencies is required, the design of choice will be the one with
the highest average efficiency.

Also given by Clatworthy is the association scheme of each design, which
specifies which pairs of treatments are first associates and which pairs are sec-
ond associates.
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Table 4.24: Biswas and Raghavarao design fort =4, p = 3.
Subject Period
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To illustrate the above points let us look at the design labeled as S1 in Clat-
worthy’s catalog. This design is for t = 6, b = 3 and p = 4 and is of the group-
divisible type. The blocks of the design are (ADBE), (BECF) and (CFAD) and
its association scheme can be written as

A D
B E
C F

The treatments in the same row of this scheme are first associates and those in
the same column are second associates.

The above definition of a PBIB(2) is extended in an obvious way to
PBIB(m) designs. A more formal definition of a PBIB(m) and numerous re-
lated references can be found in Raghavarao (1971), Chapter 8.

In the following we describe some PB cross-over designs that have been
suggested by various authors. At the end of this section we give a table of
useful designs.

Biswas and Raghavarao (1998) also gave methods of constructing group
divisible designs and their design for t =4, k = 3 is given in Table 4.24.

The PB designs of Patterson and Lucas

In this method, which was first described by Patterson and Lucas (1962),
we take a PBIB(2) from Clatworthy’s catalog and replace each block of the de-
sign by a balanced cross-over design for p treatments. This is the same method
that was used in Section 4.2 to construct balanced cross-over designs using
BIB designs.

To illustrate the method let us take the PBIB(2) design S1 which was de-
scribed in the previous subsection. Each block of this design contains four
treatments and so we need to find a balanced cross-over design for four treat-
ments. Such a design was given earlier in Table 4.4. We replace each block of
the PBIB(2) design with the design given in Table 4.4, and relabel the treat-
ments so that they correspond to those in the block under consideration. The
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Table 4.25: PB design constructed from PBIB(2) design S1.

Subject Period

1 2 3 4

1 A D B E
2 D E A B
3 B A E D
4 E B D A
5 B E C F
6 E F B C
7 C B F E
8 F C E B
9 C F A D
10 F D C A
11 A C D F
12 D A F C

complete cross-over design is then as given in Table 4.25. If we always use a
Williams design as our balanced design, then the final cross-over designs for
p periods will require bp subjects if p is even and 2bp subjects if p is odd.
The efficiencies of the design in Table 4.25 are E;; = 90.91, E;p = 78.29,
E. =62.50 and E.» = 56.51, where E41(E, ) is the efficiency of the estimated
difference between two first-associate direct (carry-over) effects and E; (E.2)
is the efficiency of the estimated difference between second-associate direct
(carry-over) effects. Naturally, the association scheme of the parent PBIB(2)
design will also apply to the cross-over design constructed from it and the
efficiencies of the final design will reflect those of the parent design used to
construct it.

In a similar way to that done previously we define E,; as the average effi-
ciency of the direct treatment comparisons and E, as the average efficiency of
the carry-over comparisons.

As with the balanced designs, if necessary, the treatments in the last period
of a partially balanced design can be repeated in an extra period to increase the
relative efficiency of the estimated carry-over effects.

It will be recalled that if periods are removed from a balanced design which
is made up of a complete set of orthogonal Latin squares, the depleted design is
still balanced. We can therefore repeat the above construction procedure using
adepleted design obtained from a complete set of Latin squares. Unfortunately,
as the complete set of squares for p periods requires p(p — 1) subjects, the
final cross-over design will be very large if p is bigger than 3 or 4. When
p = 3 in the original set of squares, however, we can, as done by Patterson and
Lucas, apply the procedure to construct a number of PB cross-over designs
which require only two periods. Of course, as already noted in Section 4.2,
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two-period designs have low efficiencies and should, if possible, be avoided.
However, these two-period designs provide yet another set of designs to which
an extra period can be added.

The cyclic PB designs of Davis and Hall

Davis and Hall (1969) proposed a series of PB cross-over designs which
were obtained from cyclic incomplete block designs (CIBDs). A CIBD is con-
structed by cyclically developing one or more generating sequences of treat-
ments. For example, if fort = 6 a generating sequence is (0132), where 0
represents treatment A, 1 represents treatment B, and so on, then the blocks
generated are (0132), (1243), (2354), (3405), (4510) and (5021). We see in
this example that the entries in a block are obtained by adding 1 to the entries
of the previous block, subject to the restriction that numbers above 5 are re-
duced modulo 5. In our notation the blocks of the design are then (ABDC),
(BCED), (CDFE), (DEAF), (EFBA) and (FACB). Davis and Hall’s method is
to consider the blocks of the CIBD as the treatment sequences to be applied to
the subjects. From the large number of CIBDs available in the literature they
selected those which required fewer units than the PB designs of Patterson and
Lucas and which had comparable efficiencies. A feature of the selected designs
is that, although there may be up to [t/2] associate classes, the efficiencies of
the estimated differences between pairs of treatments do not differ very much
from each other.

As an example, we give in Table 4.26 the design obtained when the gener-
ating sequences are (0132) and (0314). The first sequence which was used as
our illustration in the previous paragraph does not generate a useful cross-over
design when used alone: when used in conjunction with the second sequence,
however, a useful design results. This design has three associate classes.

Table 4.26: PB cyclic design generated by (0132) and (0314).

Subject Period

1 2 3 4
1 A B D C
2 B C E D
3 C D F E
4 D E A F
5 E F B A
6 F A C B
7 A D B E
8 B E C F
9 C F D A
10 D A E B
11 E B F C
12 F C A D
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Table 4.27: Numbers of treatments, periods and subjects.

Number Number Number
Series of treatments of periods  of subjects
R1 v = 2¢ (¢ >= 4 and even) g+1 2q
R2 v = 3¢ (¢ >= 3 and odd) g+1 6q
T1 v =¢q(qg—1)/2 (¢ >= 5 and odd) qg—1 q(g—1)
T2 v = q(g—1)/2(q >=4 and even) qg—1 2q(g—1)

The PB designs of Blaisdell and Raghavarao

Blaisdell (1978) and Blaisdell and Raghavarao (1980) described the con-
struction of four different series of PB cross-over designs. Two of the series,
which they labeled as R1 and R2, have three associate classes and the other
two, which they labeled as T1 and T2, have two associate classes. The asso-
ciation scheme of the R1 and R2 designs is the rectangular scheme defined
by Vartak (1955) and the association scheme of the T1 and T2 designs is the
triangular scheme defined by Bose and Shimamoto (1952). The number of
treatments, periods and subjects required by each of the four series is given in
Table 4.27.

It can be seen that the R1 designs are for 8,12, 16,..., treatments, the R2
designs are for 9,15,21,... treatments, the T1 designs are for 10,21,36,...
treatments and the T2 designs are for 6,15,28, ... treatments. As it is unusual
for clinical trials to compare large numbers of treatments, it is clear that the
four series of designs are of limited usefulness in the clinical trials context. The
average efficiencies (E,; ,E,) of their designs fort = 6, 8 and 9 are, respectively,
(63.57,39.73), (80.38, 51.26) and (70.94, 41.28).

The cyclic designs of Igbal and Jones

Igbal and Jones (1994) gave tables of efficient cyclic designs for ¢ < 10.
These, like the designs of Davis and Hall described earlier, are such that they
require ¢ or a multiple of 7 subjects and the sequences are obtained by develop-
ing one or more sets of generating sequences. As an example, we give in Table
4.28 their design for t =9 and p = 8. As with the designs of Davis and Hall,
the designs of Igbal and Jones are such that the set of values for the variances
of the pairwise differences between the treatments may contain two or more
values.

Tables of design

In Tables 4.29 and 4.30 we give a useful list of partially balanced designs.
Alongside each set of values of 7, p and n (the number of subjects), we give
the source of the design, its average efficiencies and, for the cyclic designs, the
generating sequences. The source of the design is given as (1) PB2(N) — a
Patterson and Lucas, two-associate class, design constructed using design N,
(2) DH — a Davis and Hall design, (3) IJ — an Igbal and Jones design, (4) R
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Table 4.28: Igbal and Jones cyclic design generated by (06725381).
Subject Period
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— anearly balanced design due to Russell (1991) and (5) BR — a Biswas and
Raghavarao design.

4.6 Comparing test treatments to a control

Pigeon (1984) and Pigeon and Raghavarao (1987) proposed some designs for
the situation where one treatment is a control or standard and is to be compared
to ¢ test treatments (i.e., there are ¢ + 1 treatments in the trial). The character-
istic feature of these control balanced designs is that pairwise comparisons
between the control and the test treatments are made more precisely than pair-
wise comparisons between the test treatments. The precision of comparisons
between the test treatments has been sacrificed in order to achieve high preci-
sion on comparisons with the control.

An example of a control balanced design for t = 3 is given in Table 4.31,
where X denotes the control treatment and A, B and C denote the test treat-
ments. If 7, is the direct effect of the control treatment and A, is the corre-
sponding carry-over effect, then the variance properties of the control balanced
designs are (fori # j # x):

Var[fx — %,] = 6162 R Var[f'i — %j] = C20'2,

Var[ix — ﬁ,,] = 6362, Var[i,- — j,J] = C4(72
where ¢y, ¢», ¢3 and ¢4 are such that ¢; < ¢ < ¢3 < c4. The values of ¢y,
¢, ¢3 and ¢4 for the design in Table 4.31 are 0.372, 0.491, 0.648 and 0.818,
respectively.

A number of methods of constructing control balanced designs were de-
scribed by Pigeon and Raghavarao, and their paper should be consulted for
details.

We can change each of the control balanced designs into an extra-period
design with similar variance properties by repeating the treatment given in
the last period. This has the effect of making the direct and carry-over effects
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Table 4.29: Some PB cross-over designs forr <9 and p <t.

t p n Source Ey E. Generating
sequence
8 BR 70.30  35.05
10 i) 61.44 38.09 (013)(032)
30 PB2(C12) 66.85 40.59
5 ) 7731 54.12  (0143)
10 i) 84.00 58.55 (0143)(0412)
5 R 81.24 61.74
12 DH 58.42 3422 (034)(051)
18 i) 62.74 38.46 (014)(021)(031)

24 PB2(SR18) 63.57 39.73
36 PB2(R42) 64.55 39.88
48 PB2(SR19) 93.57 39.73

6 U 7625 5330 (0154)
12 DH 81.32 57.44 (0132)(0314)
18 U 81.05 56.91 (0132)(02253)(0142)

24 PB2(R94) 81.56 57.96
36  PB2(SR35) 81.87 58.06
48 PB2(R96) 8198 58.10

ARSI I BN BN | o) Ne ) Nie) e, Sie) lie) Wie) ie)Ne) W) Nle) e Nie ) LV, BV, BV, BRV, RV, | BF S
N MU, LU AE PR BRPRPREPREOLOLWLWLRVOPRSBRWLWWW

6 DH 85.86 65.64 (01325)
12 U 87.60 67.18 (01542)(022541)
14 DH 6242 3557 (031)(045)

21 U 7733 54.65 (0124)(0251)(0631)
7 DH 8029 61.11 (02315)

14 U 8579 66.16 (01632)(02564)

7 U 90.50 73.19 (014652)

21 U 9323 75.44 (014652)(016325)
7 R 91.78  76.80

orthogonal and reducing the variances of the carry-over effects. The values of
¢i,i =1,2,3 and 4, for some of the control balanced designs for up to five test
treatments are given in Table 4.32.

Optimality results for designs that compare test treatments with controls
have been given by Hedayat et al. (1988).

4.7 Factorial treatment combinations

It is not unusual in drug-trial work to administer treatments that are made up
of combinations of more than one drug. Among the reasons for doing this are
to determine if a combination of drugs is more efficacious than using a single
drug; to investigate the joint actions of drugs that are usually prescribed for
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Table 4.30: Some PB cross-over designs for ¢t <9 and p <, continued.

171

t p n Source Ey E.  Generating
sequence

8§ 3 16 DH 54.59 31.99 (041)(065)

8§ 3 48 PB2(R54) 61.68 39.02

8§ 4 8 I 63.19 40.21 (0467)

8§ 4 16 DH 7728 54.87 (0214)(0153)

8 4 24 I 77.49 5499 (0612)(0254)(0273)

8 4 32 PB2(SR36) 76.93 55.80

8§ 4 40 PB2(R97) 78.04 56.18

8§ 4 48 PB2(SR38) 77.99 56.16

8§ 5 8 DH 78.67 59.06 (01325)

8§ 5 16 I 77.49 5499 (01532)(03746)

8 6 24 PB2SI8) 9171 7459

8§ 7 8 I 93.15 78.13 (0342157)

8§ 7 24 I 95.12 79.81 (0546731)(0132647)
(0342715)

9 3 18 DH 54.74 31.18 (038)(067)

9 3 54 PB2(SR23) 60.28 38.67

9 4 9 I 63.43 45.36 (0352)

9 4 18 DH 7436 53.61 (0142)(0526)

9 4 27 I 76.22  54.69 (0137)(0317)(0851)

9 4 36 PB2(LS26) 76.23 55.40

9 5 9 DH 63.43 45.36 (0352)

9 5 18 N 85.14 65.96 (01724)(08475)

9 6 9 N 85.86 69.12 (013286)

9 6 18 PB2S21) 8936 73.15

9 6 36 PB2(LS72) 90.20 73.59

9 6 54 PB2(SR65) 90.44 73.72

9 7 9 N 90.57 76.02 (0152764)

9 7 18 I 92.82 78.05 (0236187)(0184632)

9 8 9 I 94.83 81.63 (06725381)

different conditions; and that one drug is being used to combat an unpleasant
side-effect of another. In this section we will consider treatments that are made
up of all possible combinations of the chosen drug dose levels. In the termi-
nology of factorial experiments, each drug is a factor and can be administered
at a number of different levels. A treatment made up by combining one dose
level from each of the drugs is called a factorial treatment combination.

To take our brief introduction to factorial experiments a little further, con-
sider, as an example, a trial in which the four treatments are (1) no treatment
(2) drug A at a fixed dose, (3) drug B at a fixed dose and (4) drugs A and
B together at the same fixed doses as in treatments (2) and (3). Here the two
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Table 4.31: A control balanced design for t = 3.
Subject Period
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Table 4.32: Variances of contrasts in Pigeon’s designs.

n C1 (6] Cc3 C4

9 0.3720 0.4909 0.6477 0.8182
21 0.1666 0.1896 0.2882 0.3214
30 0.1147 0.1367 0.1989 0.2308
28 0.1540 0.2037 0.2608 0.3333
38 0.1159 0.1440 0.1957 0.2368
36 0.1174 0.1741 0.1992 0.2812
16 0.1665 0.1995 0.2395 0.2832
36 0.0775 0.0844 0.1110 0.1203
20 0.2628 0.3482 0.4368 0.5625
30 0.1704 0.2698 0.2839 0.4286
40 0.0784 0.1044 0.1118 0.1461
25 0.0972 0.1110 0.1272 0.1445
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factors are the drugs A and B and each factor takes the levels no dose or the
fixed dose for that drug. A standard way of labeling the treatment combinations
is to use 0 to indicate that the factor (i.e., drug) is being used at its lower level
(i.e., no dose in our example) and to use a 1 to indicate that the factor is being
used at its higher level (i.e., at the fixed dose level). The four treatments, in the
order listed above, can then be denoted by 00, 10, 01 and 11, respectively. In
a different trial, the labels 0 and 1 might actually represent low dose and high
dose rather than absence and presence.

Clearly this system of labeling can be extended to more than two factors
and/or to more than two levels. For example, if there are three drugs, the first
of which can be administered at three equally spaced doses (no dose, low dose,
high dose) and the second and third can be administered at two doses (no dose,
fixed dose), then the first factor has three levels and the other two factors have
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two levels. If we label the levels of the first drug as 0, 1 and 2, and label the
levels of the other two drugs as 0 and 1, then the twelve factorial treatment
combinations are 000, 001, 010, 011, 100, 101, 110, 111, 200, 201, 210 and
211. By convention we would call this trial a 3 x 2 x 2 factorial. The trial used
as our example at the beginning of this section is a 2 x 2 factorial.

In a factorial experiment the contrasts between the treatments that are of
most interest are the main effects and interactions of the factors. In order to
explain these terms a little more fully let us again refer to our 2 x 2 example. It
will be recalled that the four treatment combinations are 00, 10, 01 and 11. Let
us denote the corresponding direct effects of these combinations as 7y, 7o, 73
and 14, respectively. The three direct contrasts of interest are then as follows:

1. the main effect of drug A = %(f‘n + -1+ T);
2. the main effect of drug B = %(f’n — T+ T+ 1);
3. the interaction of drugs A and B = %(Tl —T— T3+ T4).

By convention we label these contrasts as A4, By and A; X By, respectively,
where the d indicates that we are taking contrasts of the direct effects.

We can see that the main effect A; is a measure of the change brought
about by changing the levels of drug A, averaged over the levels of drug B,
ie., Ag = 1[(n — 1) + (14 — 13)]. Similarly, B, is a measure of the change
brought about by changing the levels of drug B averaged over the levels of
drug A. The interaction A; X By is a measure of how changing the levels of
A depends on the level chosen for B, i.e., %(Tz —-7)— %(m — T). (Of course,
Ay X By is also a measure of how changing the levels of B depends on A.)

The attraction of the factorial experiment is that it allows us the possibility
of detecting interactions and in the absence of interactions, to obtain informa-
tion on the separate effects of each drug (i.e., the main effects) using a single
trial.

So far in this section we have not mentioned the carry-over effects. In our
2 x 2 example there are four treatments and we would, as usual, include the
carry-over effects A1, A5, A3 and A4 in our fitted model. If there is evidence of
significant carry-over, then we can obtain a better understanding of the form
it takes by looking at the carry-over main effects and interactions. These con-
trasts, which are labeled using the subscript c, are as follows:

LoAc=3(=M+ L — A3+ M)
2. Be=3(—h— A+ A+ A);
3. AC XBC = %()L] 712*&34’)(,4).
That is, they correspond exactly to the contrasts used for the direct effects.
A crucially important feature of the factorial experiment is that there is
a well-defined structure among the treatment combinations. For example, the

treatments can be subdivided into sets which have the same level of a particular
factor, e.g., (00,01) and (10,11) in our 2 x 2 example. When there is structure
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we are usually no longer interested in all pairwise differences between the
treatments but in particular differences or particular contrasts. Naturally, we
will want a design which estimates the contrasts of interest with as high an
efficiency as possible. For example, if the separate effects of the two drugs in
our 2 x 2 experiment are well known and it is their joint effect that is of interest,
then the main effects are of much less interest than the interaction. A design
which estimates the interaction with as high an efficiency as possible would
then be the design of choice. In order to achieve high efficiency of estimation
of the contrasts of interest, we will usually be happy to accept a low efficiency
on the contrasts of little or no interest. If this is the case, then the balanced and
completely balanced designs will not be the most suitable designs. In these
designs the main effects and interactions are estimated with equal efficiency.

The type of design we seek for factorial experiments must take account
of the structure of the treatments, the need to estimate effects with different
efficiencies and the need to retain a sufficient degree of balance to keep the
data analysis relatively simple. The designs which come closest to satisfying
these requirements are the ones which possess factorial structure. A design
is said to possess factorial structure if and only if

1. estimates of the direct treatment contrasts belonging to different factorial
effects are orthogonal;

2. estimates of the carry-over treatment contrasts belonging to different facto-
rial effects are orthogonal;

3. estimates of direct treatment contrasts and estimates of carry-over contrasts
belonging to different factorial effects are orthogonal.

This definition is taken from Fletcher and John (1985) and is a generaliza-
tion of one given by Cotter et al. (1973) for non-cross-over block designs.

The attractiveness of factorial structure is enhanced by the availability of
a large number of cross-over designs that possess this structure. Fletcher and
John (1985) showed that the generalized cyclic designs (GC/n designs, for
short) of John (1973) provide a flexible class of cross-over designs that possess
factorial structure.

Fletcher (1987) considered the construction of cross-over designs using
GC/n designs and gave a list of suitable designs for up to six periods for the
2x2,2x3,2x4,3x3,4x4,2x2x2and3 x 3 x 3 factorial experiments.
Fletcher’s designs are such that the main effects are estimated with a higher
efficiency than the interactions. An example of one of the Fletcher (1987) de-
signs for the 2 x 2 factorial is given in Table 4.33.

Lewis et al. (1988) constructed cross-over designs for factorial experiments
by joining together one or more bricks. A brick is made up of one or more
GC/n cross-over designs. By combining different bricks, designs that have dif-
ferent patterns of efficiencies can be obtained. Jones (1985) used a similar
technique to construct block designs for non-cross-over experiments. Lewis
et al. (1988) gave a selection of designs for the 2 x 2,2 x 3,2 x4, and 3 x 3
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Table 4.33: Generalized cyclic design for the 2 x 2 factorial.

Subject Period
1 00 01 11

2 01 00 10
3 10 11 01
4 11 10 00

factorials that used three or four periods. In some of these designs the interac-
tions are estimated with higher efficiencies than the main effects.

From a historical point of view we should note that Seath (1944) described
a three-period 2 x 2 factorial for comparing two different diets for dairy cows.
Also, Patterson (1952) showed that designs for the 2 x 2 and 2 x 2 x 2 experi-
ments could be obtained by using some or all of the subjects from a balanced
design constructed from a set of mutually orthogonal Latin squares. Patterson
also showed how confounding can be introduced into the design by arranging
the subjects into blocks which correspond to the Latin squares or rectangles.

Russell and Dean (1998) constructed efficient designs for factorial exper-
iments that require a relatively small number of subjects. Lewis and Russell
(1998) considered designs with carry-over effects from two factors.

In the case of a two-factor experiment it may be the case that the levels of
one factor need to be administered for a longer period than the levels of the
other. An illustration of such a situation is given by Altan et al. (1996). An
example of such a design for a 2 x 2 factorial trial with four periods is given
in Table 4.34 and was given by Biswas (1997). See also Raghavarao and Xie
(2003) and Dean et al. (1999)

4.8 Extending the simple model for carry-over effects

The simple model for carry-over effects which we have used so far in this book
states that the first-order carry-over effect of a treatment is additive and a con-
stant for that treatment. It implies, for instance, that the carry-over effect of a
treatment is always present and that the carry-over of a treatment given in a
previous period does not depend on the treatment in the current period. So, for

Table 4.34: Split-plot design for the 2 x 2 factorial.

Subject Period
1 00 01 10 11
2 00 01 11 10
3 01 10 00 11
4 01 10 00 11
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example, in the two-period Balaam design (Section 3.3) for two treatments,
which has sequences AB, BA, AA and BB, the simple model assumes that the
carry-over of A from the first period in sequence AB is the same as the carry-
over from the first period in sequence AA. The validity of such an assumption
has long been questioned (see Fleiss (1986), for example). A situation where
the simple model may not be true is when A is an effective drug that reaches
its maximum effect in every period and has a strong additive carry-over effect,
but B is a relatively ineffective treatment. In the second period of the sequence
AA, the strong carry-over effect of A has no impact on the observed response
to A, because A cannot be increased any more as it has already reached its
maximum effect. However, in the sequence AB, the strong carry-over effect of
A will increase (or decrease) the observed response to B in the second period.
In another situation, when one of the treatments is a placebo, there is no reason
to expect a pharmacological carry-over effect into a following period as there
should be no active drug ingredients in the placebo. Hence a realistic model for
pharmacological carry-over effects in a trial that contains a placebo treatment
would not include a carry-over parameter for placebo, but there may be carry-
over parameters for the other active treatments. Senn (1993), Chapter 10 has ar-
gued forcefully that simple mathematical models of the type so far used in this
book are unrealistic and any optimality properties claimed for designs based
on these models should be treated with caution. Kunert and Stufken (2002)
and Afsarinejad and Hedayat (2002) give optimality results and construction
methods for a more general model for carry-over effects. In this model there
are two types of carry-over effect: self and mixed. A self carry-over effect is
the carry-over effect of a treatment into a following period that contains the
same treatment that produced the carry-over effect. A mixed/simple carry-over
effect is a carry-over effect of a treatment into a following period that contains
a different treatment.

Jones and Donev (1996) described a series of alternative models for the
direct treatment and carry-over effects: Placebo where there is no carry-over
from a placebo treatment, No carry-over into self where a treatment does not
carry-over into itself and Treatment decay where there is no carry-over from
a treatment into the following period if the latter period contains a different
treatment, but if the following treatment contains the same treatment there is
a negative carry-over effect. This last model is meant to represent, in a simple
way, the phenomenon of treatments becoming less effective if they are used
repeatedly. We more formally define these models and some others shortly.

However, while all models are strictly wrong, some may be useful approx-
imations to reality. At the moment there is no body of strong empirical evi-
dence to suggest that the conclusions obtained from simple models have seri-
ously misled those who interpret the results from cross-over trials. Although
this gives some reassurance, we should not be complacent. We should strive to
use improved models for treatment and carry-over effects and to construct or
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search for designs which are optimal for these models. Indeed some progress
has been made already and in the next section we will briefly review some of
these developments.

4.9 Computer search algorithms

Although mathematical results which prove the optimality of classes of de-
signs under some more general assumptions about the carry-over effects will
be useful and of interest, it is likely that computer search algorithms will be of
more practical use.

Jones and Donev (1996) described an exchange-interchange algorithm that
searched for optimal cross-over designs for an arbitrary model for treatment
and carry-over effects. They illustrated the use of the algorithm using a va-
riety of examples and models. (See also Donev and Jones (1995) and Donev
(1997).) Previously Eccleston and Street (1994) described a computer algo-
rithm that searched for optimal designs based on the simple additive model
for treatment and carry-over effects. Eccleston and Whitaker (1999) described
a computer search algorithm based on simulated annealing that optimized a
multi-objective function, but again based on the simple model for carry-over
effects. Jones and Wang (1999) considered methods of constructing optimal
cross-over designs for the situation where each subject in each period has
a series of blood samples taken and the concentration of drug in the blood
is modeled as a nonlinear function of time using pharmacokinetic compart-
mental models. Fedorov et al. (2002) described an approach to constructing
optimal cross-over designs for nonlinear models for pharmacokinetic data
that takes into account various costs related to taking the repeated blood
samples.

John and Russell (2003) gave formulae for updating the direct and carry-
over efficiency factors of a cross-over design as the result of interchanging
two treatments. They assumed the simple additive model for treatments and
carry-over effects. They also described a computer search algorithm that used
these updating formulae. John and Russell (2002) described a unified theory
for the construction of cross-over designs under a variety of models for the
direct and carry-over effects. John and Whitaker (2002) developed this work
further and described a computer algorithm that searches for cross-over de-
signs that minimize or maximize a criterion based on the average variance of
estimated pairwise differences between direct effects.

The R package Crossover (Rohmeyer (2014)), developed by Kornelius
Rohmeyer to accompany this book, provides a graphical user interface (GUI)
to select a design from a catalog and then to give its average efficiency and
the efficiencies and variances of all pairwise comparisons of the treatments.
The user can choose from a range of models for the carry-over effects, which
are described below and are the models suggested by Jones and Donev (1996)
and also used by John and Whitaker (2002). The designs in the catalog include
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some of those listed in the previous tables, but more designs will be added to
the catalog over time.

The package also offers the option of searching for an optimal design, i.e.,
one that maximizes the average efficiency of the treatment comparisons, under
the different carry-over models. The optimal design is searched for using a hill
climbing interchange algorithm (see Rohmeyer and Jones (2015) for more de-
tails). The algorithm also allows the user a choice of models for the correlation
structure of the within-subject errors: independence, compound symmetry and
autoregressive. The latter two structures are defined by a single parameter p.

The different models for the carry-over effects included in the package
are those suggested by Jones and Donev (1996), where f;; is the model for
treatments and carry-over effects for periods j— 1 and j, j > 1, in sequence i
(John and Russell (2003)):

1. Additive:
Bij = Tai.j) + Xagi,j-1)
2. Self adjacency:

ﬁ..:{ %) + At i) #d( = 1)
Y Ta(i,)) +)Ld(i,j—]) ifd(i,j)=d(i,j—1)

3. Proportionality:
Bij = Taij) + Raij—1)
4. Placebo model (first 7y < ¢ treatments are placebos):

Bi= 4 i) ifd(i,j—1) <t
Yo %)+ Aagj—1)  otherwise

5. No carry-over into self:

ﬁ.,:{ Ta (i) ifd(i,j'):d(i,jf1)0rj:1
Y Ta(i,j) +/1d(,-7 j—1) otherwise

6. Treatment decay:

B = Ta(ij) — Aagij—ry ifd(i,j)=d(i,j—1)
Y Ta(i,j) otherwise

7. Interaction:
Bij = Ta(ij) + Aagij—1)  Yati,j).di,j—1)

8. Second-order carry-over:

Bij = Tagi,j) + Aai,j—1) + Ougij—2), J>2
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Figure 4.1: Screenshot from Crossover R package GUI: searching the catalog
for a design with r = 4.

Using the catalog in the GUI
As an example of using the GUI we show in Figure 4.1 a screenshot for the

case where a design for t = 4 treatments is required. Here the user enters the
number of periods p = 4 and a minimum and maximum number of sequences
(e.g., s =4 and s = 24, respectively). We should note that, due to limitations
of space on the page, this screenshot and the following three do not show the
full extent of the image seen in the GUL.

As well as specifying values for ¢, p and s, the user also has to choose a
model for the carry-over effects. Here the Standard Additive Model (model 1
in the list above) is chosen. We see that a choice of 10 designs is offered and the
Williams design with 4 sequences has been selected. On the right of the figure
we see the design, its average efficiency (0.9091) and the variances of each
of the pairwise treatment comparisons. The GUI also displays the pairwise
efficiencies (partly shown in Figure 4.1). Because this design is balanced, all
the pairwise efficiencies are equal and, of course, equal the average efficiency
of 0.9091.

It is also possible to directly input a design into the GUI and calculate its
efficiencies and variances, but we do not illustrate that here.

Using the search algorithm in the GUI
As well as making it easy to choose among a set of alternative designs, the GUI
also has an option to search for an efficient design. This option is particularly
useful when there is not a design in the catalog for the given values of ¢, p and
s, or if the designs in the catalog do not have a high enough efficiency and
the user wishes to see if a better one can be found. To illustrate this option we
will look for a design for t = 6, p =4 and s = 24. Using the GUI, we can see
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Figure 4.2: Screenshot from Crossover R package GUI: possible designs in the
catalog for t = 6 and p =4.

that there is a design in the catalog, PB2.94, which has an average efficiency
of 0.8156 (see Figure 4.2). Let us see if the algorithm can find a design with a
higher average efficiency.

The search algorithm has several parameters that can be set to modify the
search. These are fully explained in the manual for the Crossover R package
and in Rohmeyer and Jones (2015). For example, the optimality criterion for
the standard additive model is a weighted sum of the average efficiencies of the
pairwise treatment and pairwise carry-over comparisons and these weights can
be specified. In this example the weights have been set to 1 and 0, respectively.
Another parameter is the number of starting designs to use. For each randomly
chosen starting design, the algorithm looks for a modification that will increase
the efficiency of the design. The parameter that controls the maximum num-
ber of modifications (referred to as the number of steps) can also be specified.
Using the standard settings for the search parameters (20 starting designs and
5000 steps), a design with an efficiency of 0.8151 was found quite quickly. To
confirm that this is the best that could be found within a limited search time,
the algorithm was run again with 50 starting designs and 10,000 steps. The
design that was found had a higher average efficiency of 0.8171. However,
the six treatments were not equally replicated in the design, with treatment 2
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Figure 4.3: Screenshot from Crossover R package GUI: design found by search
algorithm fort = 6, p =4 and s = 24.

having a replication of 17, treatment 3 having a replication of 15 and the rest of
the treatments a replication of 16. Therefore the algorithm was run again, but
with the constraint that all treatments had to have equal replication. The de-
sign found, which is shown in Figure 4.3, had an average efficiency of 0.8169,
slightly lower than the previous design found by the algorithm but slightly
higher than that of PB2.94. Although not of major practical importance, this
does not have such a simple (group divisible) structure as PB2.94 and its 20th
sequence repeats treatment 2.

This example illustrates a feature of searching for a design, rather than us-
ing a mathematical theory to construct it. That is, the result of the search is
dependent on many things which can be varied, like, for example, the number
of starting designs and the desired treatment replication. By varying the values
of the parameters in the algorithm and/or increasing the search time, there is
always the possibility of improving on a given or found design. In practice, a
difference in efficiency of one or two decimal points is unlikely to be impor-
tant, as long as the chosen design is relatively efficient. Of course, there is not a
mathematical theory to construct every design that will be required in practice
and this is why search algorithms, such as the one we use, are so important for
filling in the gaps.

Using the GUI to find designs for different models for the carry-over effects
To illustrate the use of the search algorithm for different models for the carry-
over effects, we searched for designs for two treatments in four periods that
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Table 4.35: Designs found using R package Crossover.

Design 1 Design 2
Group Period Group Period
1 2 3 4 1 2 3 4
1 B A A B 1 A B B A
2 B A A B 2 B A A B
3 A B B A 3 B A B A
4 A B B A 4 A B A B
5 B B A A 5 B A B B
6 A A B B 6 A B A A
Design 3 Design 4
1 A A B B 1 A A B B
2 B B A A 2 A B B A
3 A A B B 3 B A A B
4 B B A A 4 B B A A
5 A A B B 5 A A B B
6 B B A A 6 B B A A
Design 5 Design 6
1 A A B B 1 A A B A
2 B A A A 2 B B A B
3 B B A A 3 B A B A
4 A A B B 4 A B A B
5 A B B B 5 A B A B
6 B B A A 6 B A B A
Design 7 Design 8
1 A B B A 1 B B A A
2 B A A B 2 A B A B
3 B A B A 3 B A A A
4 A B A B 4 A B B B
5 B B A B 5 A A B B
6 A A B A 6 B A B A

used six sequences, assuming an independent correlation structure for the
within-subject errors. The designs found are given in Table 4.35, where the de-
signs are numbered to correspond to the eight models for the carry-over effects
we listed above. We note that for two treatments, the self-adjacency model and
the interaction model are equivalent.

The variances of the estimated treatment parameter, adjusted for the other
parameters in the model, for these designs are given in Tables 4.36 and 4.37.
In addition, we have included the variances for Designs 4.6.136 and 4.6.146
from Chapter 3. These, it will be recalled, were constructed using six different
sequences and were noted in Chapter 3 as being designs with good properties.
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Table 4.36: Variance (in multiples of 62 /n) of the estimated treatment param-

eter.
Design  Additive Self-adjacency Proportional Placebo
T|A T|A A T T|A

1 0.042 0.231 0.038 0.042
2 0.068 0.223 0.066 0.068
3 0.046 0.250 0.029 0.046
4 0.042 0.231 0.033 0.042
5 0.049 0.262 0.032 0.049
6 0.120 0.234 0.090 0.120
7 0.068 0.223 0.066 0.068
8 0.047 0.250 0.043 0.047

4.6.136  0.046 0.251 0.037 0.046

4.6.146  0.050 0.233 0.041 0.050

Table 4.37: Variance (in multiples of c? /n) of treatment estimates.

183

Design  No carry-over Decay Interaction 2nd-order carry-over
into self
T|A T|A T|A,(TA) T|A,0
1 0.074 0.067 0.231 0.111
2 0.134 0.053 0.223 0.090
3 0.062 0.083 0.250 —
4 0.067 0.074 0.231 0.168
5 0.061 0.083 0.262 0.074
6 0.203 0.047 0.234 0.135
7 0.134 0.053 0.223 0.088
8 0.080 0.062 0.250 0.047
4.6.136 0.067 0.074 0.251 0.064
4.6.146 0.077 0.074 0.233 0.055

For Models 2 and 7 (which we have already noted are equivalent in this
example) the original designs found by the algorithm had unequal replications
for A and B (11,13). When the search algorithm was run again under the con-
straint that the replications had to be equal (i.e.,12 and 12), two equivalent
designs were found and so we have included both in Table 4.35. These are
given as Design 2 and Design 7 in Table 4.35.

For Model 6 (treatment decay), the design originally found by the algo-
rithm did not include any sequences where the same treatment occurred in two
successive periods, and so the treatment decay was not estimable. However,
when the treatment and carry-over effects were given weights of 1 and 0.01,



DESIGNING CROSS-OVER TRIALS

— - R T =@ % |

Hodel Standard additve model -

Created Design

Search Result n=(5000,20), model=0, 2014-03-19 06:58 (p = 3,n =20, t =2)

Model: Standard additve model
Var.urtpair:

a | e

t1{0.00000.1000

2]0.1000]0.0000

Eft.irtpair:
Vi e e

ExporttoR Soarch aigorithm plot

Figure 4.4: Screenshot from Crossover R package GUI: for a design assuming
autocorrelated errors for ¢ = 2.

respectively, a design that does estimate all the parameters in Model 6 was
found by the algorithm. This design (Design 6) includes the sequences AABA
and BBAB, in addition to two of each of sequences ABAB and BABA.

The fact that we did not always find good designs at the first attempt when
using the algorithm illustrates the point made earlier about having to run the
search algorithm under different options before making a final choice of the
designs to use.

Using the GUI to find optimal designs for autocorrelated errors
Here we will search for the designs described by Matthews (1987), which are
for t =2 and p = 3,4. The assumption made here is that the errors of the
repeated measurements on each subject follow a first-order autoregression.
That is, the covariance between the measurements in period i and j equals
pli=il/(1—p?), for—1 < p < 1.

For p = 3, for example, Matthews (1987) shows that the optimal design for
p = 0.6 has the sequences AAB and BBA in equal proportions. For p = 0.8
the optimal design contains sequences AAB and BBA in a proportion of 0.962
times and ABA and BAB in a proportion of 0.038 times. In practice, this latter
design cannot be achieved and so the alternative best design would only contain
the sequences AAB and BBA in equal proportion. In Figure 4.4, we show a
screenshot of the GUI, where we have specified that we want a design for
t =2, p=3and s =20, for p = 0.6. It can be seen that the search algorithm
has found the optimal design. As a further example, we repeated the search
for a design when p = —0.6, although in practice we do not expect p to be
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negative. In the optimal design, sequences AAB and BBA should occur 4.286
times each and sequences ABB and BAA should occur 5.714 times each. The
design found by the algorithm was the closest practical approximation to this
design, with each of the aforementioned sequences occurring five times each.

Matthews (1987) also gave optimal designs for p = 4 and the search algo-
rithm can also be used to search for these.






Chapter 5

Analysis of continuous data

5.1 Introduction

In this chapter we develop analyses for continuous outcomes from cross-over
trials. These will largely be parametric, using conventional linear regression
and analysis of variance, as introduced in Section 1.5. For particular settings
these models will be extended to incorporate other random terms and other co-
variance structures, i.e., we will be using linear mixed models. We have already
met simple versions of such models with fixed and random subject effects in
Chapters 2 and 3. Here we provide a systematic development. Analyses will be
illustrated using the SAS procedures mixed and glimmix. In addition, we will
describe some methods of analysis that are robust to the covariance structure of
the measurements from one individual that can be used in very small samples.

We first introduce an example which will be used to illustrate analyses
for the basic multi-period cross-over trial. We then develop these analyses for
more complicated settings, such as incomplete period designs, multicenter tri-
als, experiments with many periods, trials in which repeated measurements are
collected within treatment periods, and methods that can be used which are
robust to the true covariance structure of the data, with a special emphasis on
very small trials. We complete the chapter by looking at a case study with many
periods; this allows us to further illustrate and expand on a number of issues
raised in the preceding sections.

5.1.1 Example 5.1: INNOVO trial: dose—response study

The INNOVO trial was funded by the UK Medical Research Council to in-
vestigate the effect of ventilation with inhaled nitric oxide on babies with se-
vere respiratory failure (less than 34 weeks gestation). As part of this, a dose-
response study was introduced to compare four doses of nitric oxide (5 (A), 10
(B), 20 (C) and 40 (D) parts per million (ppm)) in preterm babies. Each baby
received all the doses, which were of 15 minutes’ duration with a minimum of
5 minutes’ wash-out between treatment periods in which no nitric oxide was
given. This wash-out was expected to allow the blood gases to return to base-
line levels. Measurements were taken of several quantities from the arterial
blood both at baseline and after treatment for each treatment period. The de-
sign is slightly unusual in that no attempt was made to balance subjects across

187
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Table 5.1: Example 5.1: Treatment occurrence by period in the INNOVO de-
sign.

Periods
Treatments | 1 2 3 4
A 2 3 4 3
B 1 4 4 3
C 7 3 1 1
D 2 2 3 5

sequences; rather, each of the 13 babies recruited received the treatments in a
random order. The consequent design has a considerable degree of nonorthog-
onality between treatments and periods. Some of the lack of balance in the
design can be seen from Table 5.1, which gives the numbers of times each
treatment occurs in a period. For example, treatment C (dose 20) occurs seven
times in Period 1, but only once in Periods 3 and 4.C101(]

The data from the primary outcome measure, post-ductal arterial oxygen
tension (Pa0;), are presented in Table 5.1 in units of kPa. One baby, subject
11, was withdrawn after the first period because of coagulopathy. We follow
the decision of the original investigators and retain this pair of observations
in the analysis. The distribution of the raw data is somewhat skewed to the
right. However, the following analysis will be based on the untransformed ob-
servations. In considering the distribution of outcomes and assumptions, such
as normality of response, it must be remembered in the fixed subject effects
analysis that it is the behavior of within-patient deviations or differences that
is relevant, not the raw measurements. In fact, the fixed subject effects anal-
ysis conditions on the overall subject levels and makes no assumptions about
their distributional behavior. This is no longer the case when more sophisti-
cated analyses are used that introduce random subject effects, as, for example
in Section 5.3.

5.2 Fixed subject effects model
5.2.1 Ignoring the baseline measurements

Recall from Section 1.5 (1.1) the linear model that can be used to represent the
data from a cross-over trial such as the INNOVO study,

Yije = W+ i + Ty j) + Sik + €ijies (5.1)
where the terms in this model are

U, an intercept;
7j, an effect associated with period j,j =1,...,p;



FIXED SUBJECT EFFECTS MODEL 189

Table 5.2: Example 5.1: Post-ductal arterial oxygen tension (kPa) from the
INNOVO trial.

Period

Subject Sequence Base Resp Base Resp Base Resp Base Resp

1 DCBA 6.4 6.1 4.5 6.1 3.0 5.6 5.1 7.8
2 BCAD 11.1 114 7.0 7.6 81 108 11.0 12.1
3 CDBA 7.0 10.7 59 7.6 6.7 10.1 6.8 8.0
4 ABCD 2.6 29 2.5 2.8 23 2.7 2.1 34
5 DCAB 8.7 9.9 8.3 8.1 8.0 6.0 55 122
6 CABD 5.8 59 6.8 7.2 7.1 9.0 7.3 9.0
7 CDAB 7.0 6.7 6.4 5.8 6.0 6.5 6.1 6.6
8 CBDA 7.4 9.6 6.5 7.6 63 12.6 6.0 7.9
9 ABDC 5.9 6.6 6.0 7.4 5.9 73 59 7.1

10 CADB 6.5 9.8 4.7 9.6 41 129 4.8 10.0
-11  ACBD 2.1 7.4 — — — — — —
12 CABD 7.8 178 7.7 143 83 126 85 103
13 CBAD 2.6 4.6 4.8 34 39 4.1 2.5 5.1

Base: baseline measurement, Resp: post-treatment measurement.

T4(i,j)» an effect associated with the treatment applied in period j of sequence i,
dli,jl=1,...,1

six, an effect associated with the kth subject on sequence i,i = 1,...,s, k =
1 NN

e;jk, a random error term, with zero mean and variance o2,

In this section we assume that the subject effects are fixed, unknown con-
stants. In the current context of the normal linear model, this is equivalent to
working conditionally on their sufficient statistics. Analogous techniques can
be used with categorical data, and we return to this in Chapter 6. Conditional
on the subject effects, it is assumed that the observations are independent.

We illustrate the use of this model using the INNOVO data, with the natural
logarithm of the post-ductal PaO, as the response. To begin with, the baseline
measurements are ignored. Suppose that the relevant variates are labeled as
follows:

subject (levels 1-13): subject
period (levels 1-4): period
doses (levels (1-4): dose
baseline PaO;: pco2base

response PaO,: pco2resp
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The following SAS proc mixed commands provide a basic regression
analysis for model (5.1):

proc mixed;

class subject period dose;

model pco2resp = subject period dose / solution;
run;

The resulting overall F-tests for the model terms are then:

Type 3 Tests of Fixed Effects

Num Den
Effect DF DF F Value Pr > F
subject 12 30 10.66 <.0001
period 3 30 1.23 0.3177
dose 3 30 0.53 0.6655

There is no evidence of a dose effect. The estimated means for each dose
are

Dose Estimate SE

5 7.6052  0.4801
10 8.2954  0.5223
20 7.8982  0.5840
40 8.4076  0.5257

with standard errors of differences ranging between 0.708 and 0.709. It would
be possible to provide a more powerful test through a test for trend associated
with dose. This could be done by regressing on the actual doses within the
analysis, but the lack of pattern in the observed means suggests strongly that
in this case there would be little evidence of consistent response to dose.

The simple analysis above might be appropriate in the absence of base-
line measurements, but in the present setting it might be argued that some use
should be made of these. In general, whether the baselines contribute to the
efficiency of the analysis depends on the comparative sizes of various depen-
dencies among the sequence of the 2p observations from a subject, including
both the dependence between a response measurement and its baseline, and
a response measurement and the preceding response measurement. This dif-
ference in these dependencies will vary from trial to trial, but is likely to be
influenced by the time between adjacent response measurements and the time
between a response measurement and its baseline. If the latter are much closer
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in time than the former, then it is likely that adjustment for the baseline values
will make a non-negligible contribution. There are as well situations in which
the primary outcome is defined as a change from baseline, or relative change
from baseline. It turns out, however, that the appropriate use of such baseline
values raises some rather subtle issues, with a real danger of constructing an
invalid analysis if these are ignored. We give a simple analysis here that is
valid under fairly basic assumptions, but return to the topic for a much more
thorough treatment in Section 5.4.

We incorporate the baselines in a manner that mirrors their use in parallel
group trials, that is, the preceding baseline is included as a covariate in the
model for the following response measurement. This is, at first sight, a natural
and obvious thing to do, but we note here that such an approach will be valid
in general (with some mild symmetry assumptions) only when fixed subject
effects are included in the model, as here. The reasons for this are explored
below in Section 5.4. For comparison purposes we also analyze the change
from baseline as dependent variable, again with baseline as covariate. For the
analysis of covariance, the baseline pco2base is simply added to the model:

proc mixed;

class subject period dose;

model pco2bresp = subject pco2base period dose / solution;
run;

This produces the overall F-tests:

Type 3 Tests of Fixed Effects

Num Den
Effect DF DF F Value Pr > F
subject 12 29 5.38 0.0001
pco2base 1 29 0.15 0.7004
period 3 29 1.24 0.3131
dose 3 29 0.55 0.6492

The introduction of the baseline as covariate has added nothing to the variation
previously explained by the subject effects, as shown by the small contribution
of the baseline term. This does not mean that baseline and response are not
correlated (the correlation in fact exceeds 0.6), just that correction for average
subject effect removes this dependency, which would anyway only help with
the between-subject treatment information, of which there is little here. As we
should predict from this, the adjustment for baseline has minimal effect on the
dose effects estimates and their significance.
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The same analysis can be repeated with pco2diff = pco2resp -
pco2base as dependent variable:

model pco2diff = subject pco2base period dose / solution;

As should be expected, we see that the adjusted analyses using the response
alone and change from baseline as dependent variable are essentially equiva-
lent; all estimates and inferences are identical except that the coefficient of the
baseline (B) is reduced by one:

Dependent Variable pco2resp pco2diff

Effect Estimate SE Estimate SE
Intercept 5.19 1.53 5.19 1.53
pco2base -0.12 0.32 -1.12  0.32

period 1-4 049 0.84 049 0.84

5.2.2 Adjusting for carry-over effects

In Section 1.5 the introduction of carry-over effects was briefly described. Re-
call that a carry-over term has the special property as a factor, or class variate,
of having no level in the first period. By definition, a factor classifies all obser-
vations into two or more classes. We can get around this problem in practice by
using the fact that carry-over effects will be adjusted for period effects (by de-
fault all effects are adjusted for all others in these analyses). As a consequence,
any level can be assigned to the carry-over variate in the first period, provided
the same level is always used. Adjustment for periods then “removes” this part
of the carry-over term. For example, consider the period, treatment and first-
order carry-over variate for the first three subjects of the INNOVO trial:

Subject  Period Treatment Carry-over

_
—_
N

L L L LR R R R
BN =B WN =AW
—_ 0 LR = LN = N W
DR W— =W~ N WA —
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Here the value 1 has been assigned to the carry-over variate in the first period.
Similar reasoning can be used to construct higher-order carry-over factors. Al-
though the wash-out period in the INNOVO trial can be used to justify the
absence of carry-over effect, we will introduce first-order additive carry-over
into the model as an illustration of the use of such a term. With a carry-over
variate carry1 defined as above, we have the model:

class subject period dose carryl;
model pco2resp = subject period dose carryl / solution;

Note the absence of the baseline covariate from the model. If we did believe
that previous treatment administration were affecting later results, then, in this
setting, we would also expect these baseline measurements to be affected. In-
deed, an alternative approach to adjustment through an explicit carry-over term
would be to use these baselines as covariates. The two approaches, however,
imply different models for the carry-over effect.

The model above produces the following F'-tests with the PaO, data:

Type 3 Tests of Fixed Effects

Num Den
Effect DF DF F Value Pr > F
subject 12 27 10.77 <.0001
period 2 27 0.63 0.5415
dose 3 27 0.22 0.8785
carryl 3 27 1.06 0.3804

The carry-over effects are far from statistical significance.

5.3 Random subject effects model
5.3.1 Random subject effects

One consequence of using fixed subjects effects, as done in the previous sec-
tion, is that all treatment information contained in the subject totals is dis-
carded. For the typical well-designed higher-order trial there will be little in-
formation lost and so this is usually a sensible route to take, especially as it
avoids the need to make explicit assumptions about the distribution of the sub-
ject effects.

To recover the information in the subject totals we need to introduce ran-
dom subject effects. Because such analyses introduce extra assumptions and,
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as will be seen below, the use of approximations in the inference procedures
as well, we need to be sure that this extra step is worthwhile, that is, it should
be considered only when a substantial amount of information is contained in
the subject totals, and this will be true for some incomplete designs, such as
those described in Chapter 4. The 2 x 2 design is an extreme example of this
in which all the information on carry-over effects is contained in the subject
totals.

The model for random subject effects is identical to that introduced earlier
(5.1).

Yije = W+ 7+ Tafi j) + Sik =+ €ijis

with the exception that the subject effects s;; are now assumed to be random
draws from some distribution. In practice this is almost always assumed to be
a normal distribution,

si ~ N[0, 62],

where 67 is called the between-subject variance. For this random subjects

model
V(Y;jix) = 6>+ 0}

and
Cov(Yjjk,Yji) = o2, forall j # j'.

In other words, assuming a random subjects model is equivalent to imposing a
specific covariance structure on the set of measurements from one subject:

Yit o’+c? o c?
Yok ol o’+o? - c?
v . =
2 2 2, 52
Yipk o; o; - 0°+0;

This is an exchangeable or compound symmetry structure.

The introduction of the random effects means that this is no longer an ex-
ample of a simple linear regression model, and ordinary least squares esti-
mation and standard least squares theory no longer apply. Instead, a modified
version of maximum likelihood is used for estimation, called restricted maxi-
mum likelihood (REML). This can be thought of as a two stage procedure in
which the variance components (62 and 62) are first estimated from a marginal
likelihood that does not depend on the fixed effects (period and treatment). The
fixed effects are then estimated using generalized least squares with a covari-
ance matrix constructed from the estimated variance components. In matrix
terms, if Y is the vector of observations, with covariance matrix X and expec-
tation

E(Y)=Xp
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for X the design matrix and 3 the vector of fixed effects, then the REML esti-
mator of f3 is

B=xX"$7'x)"IX"8 Y
where £ = £(62,672), for 6% and 62, the REML estimators of 6> and o?.
Asymptotically, as the number of subjects increases,

B~N [ﬁ, (XTE—'X)”} .

However, cross-over trials are often small in size, and it is not obvious that
in the current setting this will always provide an adequate approximation. We
return to this point in Section 5.3.3.

REML is the default method for linear mixed models in proc mixed. To
fit this simple random subject effects model, the subject indicator is simply
moved from the model statement to the random statement, i.e., change

model y = subject period treatment;

for fixed subject effects to

model y = period treatment;
random subject;

5.3.2  Recovery of between-subject information

When a design has low efficiency for the within-subject estimates, there will
be information on the treatment comparisons in the subject totals. The intro-
duction of random subject effects into the model allows this information to be
incorporated in the analysis. Such random subject analyses are examples of
the recovery of interblock information. In such an analysis a weighted av-
erage is implicitly used that combines between- and within-subject estimates.
The weights are equal to the inverse of the variances of the two estimates. If
there is little information in the subject totals, recovery of this information is
not worth the effort, and the amount of such information will depend on two
things: the size of the between-subject variance (672) relative to the within-
subject variance (6%), often measured by the intra-class correlation,

o}

o+ 0%’

and the efficiency of the design. We need an inefficient design, a moderately
small intra-class correlation and a sufficiently large number of subjects to make
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the procedure worthwhile. Otherwise it may even be counterproductive be-
cause the need to estimate the weights introduces extra variation into the com-
bined estimate. In a very small trial these weights will be poorly estimated.
Also, as mentioned earlier, the simpler fixed subjects analysis is more robust,
and, as will be seen in the next section, moving to the random effects analysis
means moving from small sample inference based on exact distribution theory
to methods of inference based on distributional approximations. In conclu-
sion, recovery of interblock information should be considered only when there
is likely to be a worthwhile benefit.

5.3.2.1 Example 5.2

We illustrate this procedure using data from a three-treatment two-period de-
sign, in which the response is a measure of efficacy. For the purposes of con-
fidentiality, the actual data have been disguised. The design consists of three
complete replicates of all possible two-treatment sequences. The design and
outcomes are given in Table 5.3. OO

To show the process of the recovery of between-subject information we
first analyze separately the subject sums and differences. The latter is identi-
cal to the conventional analysis with fixed subject effects. In this way we ob-
tain separate estimates from the within- and between-subject strata. Estimating

Table 5.3: Example 5.2: Data from the three-treatment two-period design.

Treatment Outcome
Subject Period1 Period2 Period1 Period?2
1 C B 5.15 5.97
2 B C 3.19 4.74
3 A B 6.59 6.28
4 C A 2.26 4.12
5 B A 5.87 2.99
6 A C 4.94 3.71
7 C A 3.81 1.54
8 A C 6.18 5.56
9 A B 2.37 5.76
10 C B 5.15 5.87
11 B A 3.09 1.44
12 B C 3.91 4.32
13 A B 4.32 6.07
14 B A 4.94 0.62
15 C A 2.68 5.76
16 B C 3.60 1.85
17 C B 4.43 5.15
18 A C 0.82 0.62
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treatment comparisons in terms of the A—C and B—C differences, and using a
model without carry-over effects, gives

Within-subject Between-subject

Comparison Estimate ~SE  Estimate = SE
A-C -0.122 0.614 -0.498 1.711
B-C 1.250 0.614 1.390 1.711

The standard errors of the between-subject estimates are much larger, in-
dicating that most of the information on the treatment effects is contained in
the within-subject stratum. We would not expect to gain much by adding the
between-subject information. The estimates are combined using an average
weighted by the inverse of the variance. For example, for the A—C compari-
son,

—0.122/0.614% —0.498/1.711?

1/0.6142+1/1.7112 = —0.165.

combined estimate =

An approximate standard error for this estimate is given by

1
=0.578.
\/1/0.6142+1/1.7112

As expected, neither the estimate nor its standard error are far from the corre-
sponding within-subject values (—0.122 and 0.614). The combined estimate of
the B—C comparison is similarly 1.266 with the same SE. It may appear that we
have nothing to lose by combining the information in this way: although the
change in standard error is small, it has been reduced, and in a purely arithmeti-
cal sense, this will always happen. However, as we show in the next section,
this can be misleading, as the standard error is only an approximation, and it
can be shown that it is always an underestimate of the true standard error.

If carry-over is now included in the model, then the design becomes much
less efficient for direct treatment effects and we expect to see a greater pro-
portion of information in the between-subject stratum. The estimates for both
treatment and carry-over effects are as follows.

Within-subject Between-subject
Comparison Estimate SE Estimate ~ SE

Treatment adjusted for carry-over

A-C -1.203 1.270  -0.812 1.739

B-C 0.477 1.270 3.112 1.739
Carry-over adjusted for treatment

A-C -2.163 2.200 0.628 1.739

B-C -1.547 2200 -3.444 1.739
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The within- and between-subject standard errors have indeed moved closer
together, indicating a more equal distribution of information. The recovery of
between-subject information is much more likely to be worthwhile in this set-
ting. Note that there appears to be great inconsistency in some estimates from
the two strata. The differences are in fact not large given the size of the cor-
responding standard errors. Applying the combination formula to these four
effects, we get

Combined
Comparison  Estimate SE

Treatment adjusted for carry-over

A-C -1.067 0.689
B-C 1.393 0.689
Carry-over adjusted for treatment
A-C —0.446 1.047
B-C -2.715 1.047

This explicit estimation of separate effects and their standard errors allows us
to see how the procedure of recovery of between-subject information operates,
but is not the approach that would now normally be used in practice. It is ineffi-
cient because the variance components are obtained under the assumption that
the fixed effects estimates are different in the two strata. It would be possible
to re-estimate these variance components given the combined effects estimate,
and then recalculate the weights. This process could then be repeated until
the estimates converge. This is effectively what the REML analysis does with
random subject effects. We now apply this to the same models, first without
carry-over effects. Assuming a conventionally arranged data set, we have the
following proc mixed statements:

proc mixed;
class subject period treatment;
model response = period treatment / solution;
random subject;

run;

This analysis provides explicit estimates of the two variance components:

Cov Parm Estimate
SUBJECT 1.1400
Residual 1.6709

The estimate of the intra-class correlation is then
1.140

— =041.
1.67141.14



RANDOM SUBJECT EFFECTS MODEL 199

This is small enough to make it likely that the recovery of between-subject in-
formation will be worthwhile for a sufficiently inefficient design. The effects
estimates can be compared with those obtained earlier:

Weighted combination REML
Comparison Estimate SE Estimate SE
A-C -0.165 0.578 -0.168  0.571
B-C 1.266 0.578 1.267 0.571

The estimates and standard errors are very similar. We can then repeat this with
carry-over included in the model:

proc mixed;
class subject period treatment carry-over;
model response = period treatment carry-over/ solution;
random subject;

run;

The results from this analysis are compared with the earlier results in Table 5.4.
The SEs obtained by the two approaches are very similar, and the differences
in the estimates are small in light of these SEs. Finally, we need to make infer-
ences about these effects. For this we need to consider how these estimates and
their precision behave in small samples. We consider this in the next section.

5.3.3  Small sample inference with random effects

We have already seen in Section 5.3.1 that the introduction of random subject
effects implies that estimates of precision and subsequent inferences are no
longer based on exact small sample results. Recall that the REML estimate
of the fixed effects parameters can be written as a generalized least squares
estimator:

B=x"$7'x)IX7s Y.

Table 5.4: Example 5.2: Recovery of between-subject information using sim-
ple weighted and REML estimates, with carry-over effects in the model.

Weighted combination REML
Comparison Estimate SE Estimate SE
Treatment adjusted for carry-over
A-C -1.067 0.689 -0.351  0.702
B-C 1.393 0.689 0.704  0.702
Carry-over adjusted for treatment
A-C —0.446 1.047 -0.486  1.083

B-C -2.715 1.047 -1.527 1.083
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In large samples the covariance matrix of B tends to
o= X"z 'x)""

A natural estimator of this quantity is
d=x"87"'x)L.

In small samples & will be biased for V(B) for two reasons. First, it takes no
account of the uncertainty in the estimate of ¥ used in the generalized least
squares formula for fi Second, it ignores the fact that we are anyway using a
biased estimator of . It turns out that both the sources of bias act in the same
direction, causing the estimated standard errors to be too small.

To illustrate this, we use the same three-treatment two-period six-sequence
design met in the previous section:

AwaQ»w»
QPO

This is balanced for treatments. For a single treatment comparison 11 = ¢’ 3
consider the ratio

Ul
E[c"dc]
This compares the expected value of the estimated variance of 11 with the true
variance. We can use simple simulations to get a good approximation to R(1)
and from the balance in the design this will take the same value for any treat-
ment contrast and the same value for any carry-over contrast. In the following
table we give the value of this ratio for sequence replications equal to 2 and 4,
i.e., for designs with 12 and 24 subjects, respectively. First-order carry-over is
included in the model and the intra-class (or within-subject) correlation is set
equal to 1/3.

R(1) =100 x

Replication R(N)

per sequence | Direct Carry-over
2 122 126

4 110 111

The bias in the variance estimators is approximately 20% in the smaller design
and 10% with the larger.

A second issue surrounding small sample approximation concerns the pro-
cedures for inference. Conventionally, inferences about a set of effects

Cﬁ)



RANDOM SUBJECT EFFECTS MODEL 201

where C has ¢ rows, are based on Wald statistics of the form
W=c"'(B-p)"CT(COCT)"'C(B-B).

Standard F (and ¢, when ¢ = 1) tests and confidence intervals can be con-
structed under the assumption that W follows an F., distribution. With con-
ventional regression this will hold exactly, and v will be equal to the resid-
ual degrees of freedom. With a linear mixed model, the F-distribution is
only an approximating one and an appropriate value for v must be calcu-
lated. Several suggestions have been made for this. A comprehensive so-
lution is given by Kenward and Roger (1997, 2009) which describes both
how & can be modified for small samples and how v should then be calcu-
lated when the modified form of & is used in W. This procedure is imple-
mented in SAS procs mixed and glimmix with the ddfm=kenwardroger and
ddfm=kenwardroger2 (glimmix only) options to the model statement. The
adjustment will only have a notable effect in very small, unbalanced settings,
but has the advantage of producing the exact result when this exists and other-
wise, when little small sample correction is needed, the procedure will make a
negligible adjustment. Hence there is no loss in using it routinely.

We can apply this to the random effects analysis used in Section 5.3.2. The
same proc mixed commands are used with

ddfm=kenwardroger

added as an option to the model statement. The parameter estimates are the
same as before; only the standard errors are affected. The modification also
provides degrees of freedom for the ¢- and F-tests. The corrected results are
compared with the unadjusted in Table 5.5 for the model with carry-over in-
cluded. It can be seen how the standard errors have been increased to account
for the estimation of the variation components.

Table 5.5: Example 5.2: Small sample adjusted standard errors and degrees of
freedom.

Standard Error
Comparison Unadjusted Adjusted DF

Treatment adjusted for carry-over

A-C 0.702 0.728 30

B-C 0.702 0.728 30
Carry-over adjusted for treatment

A-C 1.083 1.133 26.4

B-C 1.083 1.133 26.4
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5.3.4 Missing values

Missing values raise two main issues with cross-over trials. The first is that of
accommodating the subsequent lack of balance in the data. The modeling tools
that we now have available mean that this is today much less of a difficulty than
in the past. The second is concerned with the impact of the missing data on the
conclusions that can reasonably be drawn from the trial. When intended data
are missing, ambiguity is almost inevitably introduced into the inferences that
can be drawn that goes beyond familiar ideas of statistical uncertainty. This is a
difficult problem that reaches beyond the scope of this book. For further read-
ing on this, see Molenberghs and Kenward (2007) for a general treatment of
the problem in clinical trials, and Matthews and Henderson (2013), Matthews
et al. (2013), Ho et al. (2013) and Rosenkranz (2014) for considerations spe-
cific to cross-over trials.

In this section we briefly consider the first issue. We assume that the prob-
ability of an observation being missing does not depend on any of the actual
missing observations themselves, once we have allowed for information pro-
vided by the observed data and the design.

When subjects have missing values in a cross-over trial, a fixed subject
effects analysis can be applied as before with no modification. There are two
consequences, however: (1) subjects with a single remaining observation will
contribute nothing to the analysis, and (2) typically nonorthogonality will be
increased between subjects and treatments. These two points imply that it may
be worth considering the use of a random subjects model when there are more
than very few missing observations. An extreme case is the 2 x 2 design, where
the conventional analysis would discard any subject with a single missing ob-
servation. Here, a random effects model might be considered to recover the
information in the singleton observations. As with the recovery of between-
subject information, the analysis implicitly uses a weighted average to esti-
mate the treatment effect, one estimate coming from the complete pairs, the
other from the singletons. To illustrate this, a random set of values has been
deleted from Example 2.1, the trial on chronic obstructive pulmonary disease
(COPD). The modified data set is shown in Table 5.6.

We fit the same random subject effects model as used earlier in this chap-
ter, with pefr the response variable:

proc mixed;
class subject period treatment;
model pefr = period treatment / s ddfm=kenwardroger;
random subject;

run;
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Table 5.6: Morning PEFR from the COPD trial, with created missing values.

AB Group BA Group

Subject Label ~ Period 1  Period2  Subject Label Period 1  Period 2
7 121.905  116.667 3 138.333  138.571
8 218.500 — 10 225.000  256.250
9 235.000 217.143 11 392.857  381.429

13 250.000  196.429 16 190.000 —
14 — 185.500 18 191.429  228.000

15 231.563  221.842 23 226.190 —
17 443.250 — 24 201.905  193.500
21 198.421  207.692 26 134.286  128.947
22 270.500  213.158 27 — 248.500
28 360.476  384.000 29 — 140.000
35 — 188.250 30 232750  276.563
36 — 221.905 32 172.308  170.000
37 255.882  253.571 33 266.000  305.000
38 — 267.619 39 171.333  186.333
41 160.556  163.000 43 — 191.429
44 172.105  182.381 47 200.000  222.619
58 267.000  313.000 51 146.667  183.810

66 230.750  211.111 52 208.000 —
71 271.190 — 55 208.750  218.810
76 276.250  222.105 59 271.429  225.000

79 398.750  404.000 68 143.810 —
80 67.778 70.278 70 104.444  135.238
81 195.000 — 74 145238  152.857
82 325.000 306.667 77 215.385  240.476

86 368.077  362.500 78 306.000 —
89 — 227.895 83 160.526  150.476
90 236.667  220.000 84 — 369.048
85 293.880  308.095

99 371.190 —

First we note the estimates of the variance components:

Cov Parm Estimate
subject 5823.00
Residual 307.90

The corresponding within-subject correlation is

5823.0

—— =0.95.
307.90 4 5823.0

This is very high and implies that the information contained in the singleton
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observations will be negligible compared with that in the within-subject differ-
ences. In this case we should therefore expect very little gain over the analysis
of those subjects only with complete pairs. For comparison we give the esti-
mates from both analyses:

Completers only Random effects analysis
Comparison Estimate SE  DF Estimate SE DF
A-B 10.706  4.060 35 10.514  4.081 359

As expected, the two analyses give almost identical results. This reinforces the
message that the recovery of between-subject information will be worthwhile
only under certain conditions.

5.4 Use of baseline measurements
5.4.1 Introduction and examples

We have seen earlier that baseline covariates may be measured either at the
beginning of the study (prior to randomization), which we here call pre-
randomization, or at the beginning of each treatment period, which we call
period-dependent. It has recently been shown by Kenward and Roger (2010)
that one common way of incorporating period-dependent baselines into cross-
over analyses in the presence of random subject effects is in fact wrong. Fol-
lowing the development in Kenward and Roger (2010), we identify the source
of this error and set out some alternative analyses that do not suffer from the
same problem.

To illustrate fully the use of such baselines we need to use cross-over de-
signs for which their incorporation is advantageous. For many commonly used
designs, especially those based on Williams square and related complete de-
signs, this is not the case, so to make the contrast between the two situations
we introduce two new examples, the first a simple balanced complete design,
the second a highly unbalanced design with missing data.

Example 5.3: Systolic blood pressures

These data are from a three-treatment cross-over trial involving 12 subjects.
The effects of the three treatments on blood pressure are to be compared. Treat-
ments A and B consist of the trial drug at 20 mg and 40 mg doses, respectively,
while treatment C is a placebo. Two complete replicates of the Williams ar-
rangement were used in which all six possible sequences occur. The measure-
ments are of systolic blood pressure (in mm Hg), measured under each treat-
ment at 10 successive times: 30 and 15 minutes before treatment, and 13, 30,
45, 60, 75, 90, 120 and 240 minutes after treatment. These data are presented
in Table 5.7 and the mean profiles are plotted in Figure 5.1. Here we use the
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Figure 5.1: Example 5.3: Mean treatment profiles.

average of the two pre-treatment measurements as the period-dependent base-
lines and the measurement at 90 minutes as the response. For the analyses we
will focus on the high versus low dose treatment comparison.[ ]

Example 5.4 An increasing dose cohort design

The second example is taken from a first-in-human single dose study organized
as a five-period cross-over in two cohorts, with ten healthy volunteers in each
cohort. This data set appeared in a plenary data analysis session at the 2006
conference of Statisticians in the Pharmaceutical Industry (PSI) and has been
made available as Supplementary Material on the Biostatistics website. It was
one of the examples used in Kenward and Roger (2010). The trial has eight
treatments: a negative control (P), a positive control (G) and six increasing
doses (A, B, C, D, E and F), three in each cohort organized as ascending doses
within each subject, alternating between cohorts. The doses are 10, 30, 60, 150,
250 and 400 pg of an inhaled substance. The design has two replicates of five
sequences within each cohort of ten subjects. Three subjects, on the sequences
ACPEG, GBDFP and BDPFG, respectively, withdrew after one period and
three replacement subjects were added using the same three sequences. These
subjects completed all five periods. One subject, on GBDFP, withdrew after
three periods and was not replaced. Doses, A, C and E only appear in cohort 1,
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Table 5.7: Example 5.3: Systolic blood pressures (in mm Hg) from a three-
period cross-over trial.

S P T Time of measurement (minutes relative to treatment)

-30 -15 15 30 45 60 75 90 120 240
112 114 86 86 93 90 106 91 84 102
108 103 100 100 97 103 92 106 106 96
107 108 102 111 100 105 113 109 84 99
101 100 99 81 106 100 100 111 110 96

9% 101 101 100 99 101 98 99 102 101
111 99 90 93 81 91 89 95 99 97
105 113 109 104 102 102 111 106 104 101
104 96 84 84 100 91 109 94 108 108

96 92 88 89 91 121 122 135 121 107
112 109 108 92 102 101 101 98 102 106
105 116 105 108 141 103 110 109 113 112
110 112 111 102 99 104 108 102 112 101

96 93 94 96 83 95 88 93 88 93
103 98 97 108 93 101 108 105 104 101
114 97 9% 109 102 99 110 105 104 106
115 117 91 102 126 122 128 125 119 117
104 84 88 95 97 115 93 102 90 101
103 97 84 97 102 115 108 114 113 107

82 88 85 87 81 91 87 78 85 81
133 89 93 98 92 94 90 90 94 100

87 83 78 92 80 83 88 88 93 98
124 131 115 119 115 110 108 103 116 109
116 113 109 93 112 89 108 111 107 111
121 120 87 93 94 100 95 100 114 117
118 107 105 111 105 115 137 128 115 114
111 104 112 109 108 114 116 127 117 117

OO WKW TIJAAADNUN NN A D RWWWRNDNN — — —

R = LR = WA = W = WK = WK = WK — WK = WK =N = WK = WK -
AEPFPI>OOPATQAP>PETTQO>PPFTOA>PQATT>POQT>TO>OQO>E>TAO

9 113 107 115 117 105 117 104 110 105 117
10 111 112 102 111 107 113 105 111 113 101
10 115 91 111 114 104 105 112 112 102 105
10 112 110 109 112 110 103 116 106 110 110
11 120 117 110 110 110 116 115 118 125 125
11 104 123 119 115 120 120 127 122 125 128
11 117 113 117 120 125 130 123 128 126 123
12 134 134 123 118 111 124 125 120 119 115
12 125 117 129 125 124 126 132 129 125 121
12 118 110 119 108 105 110 113 117 123 113

S: subject, P: period, T: treatment.
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while doses B, D and F only appear in cohort 2. Both the negative and positive
controls appear in every sequence. The design is as follows:

Cohort 1 Cohort 2
Period 1 2 3 4 5 Period 1 2 3 4 5
N=2 P A G C E N=2 P B G D F
N=2 G A C E P N=1++ G B D F P
N=2+ A C P E G N=2+ B D P F G
N=2 A P C G E N=2 B P D G F
N=2 A G C P E N=2 B G D P F

There was a one week interval between each test day, meaning that sub-
jects in each cohort had a 14 day wash-out period. Within each period, lung
function was measured using Forced Expiratory Volume in 1 second (FEV;
liters) seven times, at baseline (0), 2, 6, 9, 12, 22 and 24 hours. All subjects
were dosed at time zero, just after their baseline measurement had been taken.
This start time was standardized across periods within subject. The actual start
time varied by up to an hour from subject to subject. Here, as the outcome vari-
able, we consider only the FEV| measurement taken at 12 hours. The design is
highly unbalanced, so we will focus on two treatment contrasts that reflect very
different sources of information: (1) the difference between the positive and
negative controls, both of which all subjects received (except those who with-
drew), with a design efficiency of 97%, and (2) the difference between the high
and low doses, for which no subject received both, with a design efficiency of
46%. We expect within-subject information to dominate in estimating the for-
mer, and between-subject information to be relatively more important for the
latter.JOIC]

We first set out a general modeling framework for the cross-over setting
with baselines and briefly review the use of baseline covariates in parallel
group studies and we see how these ideas carry over to the particular case of
pre-randomization baselines in cross-over studies. We then explore the role of
period-dependent baselines, in terms of change-from-baseline analyses, their
use as covariates (conditional) and as outcomes (unconditional). We also touch
on the relevance of missing data from a modeling (not inferential) perspective.

5.4.2 Notation and basic results

Denote by Y;; the vector of p response measurements from the periods under
active treatment from the kth subject in sequence i, i = 1,...,s. We assume that
both period and direct treatment effects are included in the model, but not other
effects, such as carry-over. Similarly, denote by Xj; the corresponding set of
baseline measurements. Denote the individual measurements by X;jx and Y;
for j =1,..., p. We assume in the following that these have a joint multivari-
ate normal distribution, although, strictly, when using analysis of covariance
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we require only that the Y's have the appropriate conditional joint normal dis-
tribution given the Xs.

We further assume that E(Y;;) = A, for design matrix A; associated with
the ith sequence and 3 the corresponding set of parameters, and E(Xj,) = ¢, a
(p x 1) vector of means corresponding to the p times of the baseline measure-

ments. Then
Xk o \. [ Zxx XZxy
(S0 ) (3 ) e

Three important expressions immediately follow from this. First, the marginal
distribution of the ¥'s alone:

Yi ~N(A;B; Zyy). (5.3)
Second, the marginal distribution of the p changes from baseline:
Yir —Xie ~ N (AiB — 95 Zyy +Zxx —Zxy — Ziy) - (54)

Third, the conditional distribution of Y;; given Xy;:
Yir | Xix ~N {Aiﬁ —0(¢ — Xi); Zyy — Z)T(YEXX_IZXY} ; (5.5

for ® = Z,T(nyx’l. The conditional distribution of the differences Y — X
given the baselines X is identical to (5.4), except that the mean is shifted by
0). €%

The comparative behavior of the three analyses that can be derived from
these representations, (1) analysis of the outcome Y only, (2) analysis of change
from baseline Y — X and (3) analysis of Y conditional on X, depends on the
model chosen and on the size and form of the covariance matrices Xxx and
Yyy, and the covariances in Xxy. We explore the relevance of particular forms
for these in the following. In particular, we begin by making the assumption
of variance and covariance homogeneity within the X's, and within the Y's, and
between the Xs and the Ys. In other words, we assume an exchangeable, or
compound symmetry, structure for each of three matrices:

z‘fXX = GxxIp + T]xxJp (56)
Lyy = oul,+nulp
Zxy = Oglp+M0d, =%y,

where I, and J, denote the p x p identity matrix and matrix of ones, respec-
tively. We regard these as the least constrained forms for these matrices that are
compatible with the stability assumption inherent in most analyses for cross-
over trials. Note that these expressions do not constrain the baseline and re-
sponse variables to have the same variances, although they are each assumed
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to be constant across periods. Nor is the correlation between an adjacent base-
line and a response measurement assumed to be the same as that between a
baseline and a response from a different period. To see this more precisely
consider the following variances and covariances implied by (5.6):

V(¥ijx) = 0y+ny, V(Xijk) = O + N,
Cov(Yijr, Xijk) = Oy + My, Cov(Yiju, Xijrk) = Nay-

From this it can be seen that oy, determines the additional covariance due to
a baseline and response being from the same period; we will call these the
associated baseline and response measurements, indicating they come from
the same period.

We can get additional insight into this structure through the reformulation
of the joint model for the Y's and Xs in (5.2), imposing the structure in (5.6) on
Yxx,Lxy and Xyy. This is conveniently done in terms of two 2 x 2 unstructured
covariance matrices, Xy and Xg, where

Gxx GX’ nxx n )
Yw = Y d Xp= x . 5.7
v < : > e < My Ty > 67

If the observations from a subject, Z;; say, are then ordered by time, i.e., Z;; =
(Xik1, Yier, Xix2s - - Xikp, Yikp)T, then, in terms of these two covariance matrices,

V(Zi) =1,0Xw +J, ® Zp. (5.8)

In this way Xy represents the covariance matrix for X and Y within a full
treatment period, and Xp the covariance matrix between baseline and response
at the subject level. To fit the model in (5.2) with this covariance structure,
a fixed effects model is then constructed with a categorical time effect with
2p levels, one for each element of Z, and a categorical treatment term which
applies to the Y's only.

The following SAS proc mixed code will fit the model in (5.2) using the
covariance structure given by (5.6) expressed in the form (5.7). We define the
following variates: subject, the subject identifier; per, the period label, with
baseline and outcome sharing the same period; treat, the treatment identifier
associated with the outcome variable with a separate level (zero, say) for base-
line; type, an indicator variable taking the value 1 for outcome (Y) and O for
baseline (X). The data, z, consist of the baselines and outcomes in time order.

proc mixed;
class subject per treat type;
model z = perxtype treat*type / solution ddfm=kenwardroger;
random type /subject=subject type=un;
repeated type / subject=subject*per type=un;
run;
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The same code can be used for proc glimmix, with the repeated state-
ment replaced by the following random statement:

proc glimmix;

random type / subject=subject*per type=un residual;

Many of the conclusions below will depend on the actual values taken by
the six covariance parameters in (5.6). It is therefore of interest to examine es-
timates of these. Kenward and Roger (2010) present estimates of these param-
eters from a range of examples representing very different types of design and
endpoint, and from these several broad conclusions can be drawn. The subject-
level correlations (pp) are consistently very high indeed, often approaching
one. Also, they do not vary across time for the endpoints measured repeatedly.
By contrast, the within-period correlations are very much smaller, in some
cases negligible. This represents dependency that exists locally in time, once
the overall subject-level dependency has been accounted for. These correla-
tions tend to decay with time as we move away from baseline measurement.
But also the correlation roughly a day later (18 or 24 hours) can sometimes in-
crease again. This commonly observed feature might be due to some personal-
ized diurnal rhythm. The variability of the X's and of the ¥'s within a trial can be
very similar, or quite different, depending on the setting. We return to a detailed
discussion of the values of these parameters estimated for our two examples, as
given in Table 5.8, when we consider the analysis of these trials in more detail
below.

To simplify the essential discussion we focus on designs that are variance
balanced with respect to treatment, so in considering the precision of differ-
ent approaches to the estimation of treatment effects, we need consider only a
single treatment contrast, T say, whose exact form is irrelevant to the compar-
isons of efficiency. We have seen above that, depending on the particular design
used, and in the absence of period-dependent covariates, information on T may
be present only in the within-subject stratum, or in both the within-subject and
between-subject strata. Recall that we refer to designs that lead to the former

Table 5.8: Covariance parameters and correlations estimated from Examples
5.3 and 5.4.

Estimated Covariance Parameter XY Correlation
Source [ Tx 6y Ay [ Ay W-P B-P
Example 5.3: 51.79  59.31 5577 101.45 —12.14 64.06 —0.2260 0.8259

Systolic BP (N = 12)
Example 5.4: FEV| (N =21) 0.0276 0.4534 0.0233 0.4992 0.0109 0.4756 0.4298 0.9997
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as orthogonal and to the latter as nonorthogonal. The first illustrative example
is both variance balanced and orthogonal, the second neither of these.

We assume that 7 is estimated using generalized least squares (GLS) with
the appropriate known covariance matrix. In practice, a consistent estimator
of this covariance matrix would be used, implying that the given measures of
precision only hold asymptotically. This is acceptable for our goal of making
comparisons of precision of different estimators. When these methods are ap-
plied in practice, however, some small sample adjustment will be needed in
some settings for the estimated variances and associated inferences; the appro-
priate corrections are discussed above in Section 5.3.3.

5.4.3 Pre-randomization covariates

In the context of parallel group studies two main roles for adjustment for base-
line covariates have been widely discussed, e.g., Pocock et al. (2002), namely,
reducing variability and adjusting for baseline imbalance. In the current cross-
over context of pre-randomization covariates, we are concerned only with the
former, i.e., we assume that the role is to explain variability in the outcome
measurements and so increase precision in the treatment estimators. In the
cross-over setting a pre-randomization covariate can influence only between-
subject information, and so has strictly limited value. This is in contrast to the
situation we meet below with period level baselines, which can influence both
between- and within-subject information. In an orthogonal design, such as a
complete Williams square, all information on the treatment effects is wholly
within-subject, and so a pre-randomization covariate will have no effect at all
on the treatment estimators and their precision.

Adjustment for pre-randomization covariates will therefore make a worth-
while improvement to precision when there exists a nontrivial amount of in-
formation on the treatment effect in the between-subjects stratum, which re-
quires a highly nonorthogonal design, such as the incomplete designs for which
p < t considered in Section 4.2.2, or when there is a very high proportion of
dropouts from an originally orthogonal one. Consider, as an illustration, the
three-treatment Williams design consisting of all six possible sequences. With
a single replicate of this design, and using the model introduced above, the
generalized least squares estimator of any treatment difference has variance

O (o +2my) _ (”_PY) (5.9)
20y +31yy P\2+py

for py = 1nyy/(0yy + Nyy). Even in the impossibly extreme case in which the

covariate removes the between-subject variability altogether, the ratio of vari-
ances of the unadjusted and adjusted estimators is still only

Py
1+—-.
2+ py
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which, with a correlation of 0.8, for example, is less than 1.3. For the trials
considered by Kenward and Roger (2010) this quantity is remarkably stable,
ranging from 1.19 to 1.33. In practice, adjustment will be less effective than
this, possibly much less so. Thus we do not usually expect a large gain in pre-
cision in such settings, but adjustment may still be considered worthwhile in
some cases. The problem is that the variability that is being explained, i.e., the
between-subject component, is usually the far less important part of the infor-
mation contributing to the treatment estimator, even in nonorthogonal designs.
On the other hand, such adjustment should have a negligible effect as well on
power, so it can be regarded as a relatively safe, if pointless, exercise.

5.4.4  Period-dependent baseline covariates
5.4.4.1 What we mean by a baseline

We now consider the use of period-dependent baselines. In contrast to the pre-
vious section, we are now considering the impact of these with respect to in-
formation at the between-subject and within-subject level; hence both variance
reduction and baseline imbalance between treatments are potentially impor-
tant.

We also need at this point to clarify the use of baseline as a term. It is
sometimes used to refer to a measurement made in a trial (parallel or cross-
over) as part of the measurement process, but following treatment. Examples
are measurements made at the start of exercise tests, and before challenges.
Such baselines should never be used as covariates, and we exclude them from
the current development. Although the period-dependent baselines we consider
here are made following randomization of the subject to sequence, we are as-
suming that they are made before treatment is given within each period and that
the wash-out periods are sufficient to ensure that these baselines are not influ-
enced by previous treatment, that is, they are not affected by carry-over. There
are situations in which the wash-out is insufficiently long to firmly rule out the
possibility of baseline contamination through carry-over effects. Such contam-
ination obviously makes such baselines unsuitable as covariates. Although one
might test for this formally before deciding whether even to consider incor-
porating the baseline measurements in the analysis, such a sequential proce-
dure raises many of the issues associated with prior testing in the two-period
two-treatment design as discussed in Section 2.7 and should generally be
avoided.

5.4.4.2 Change from baseline

We begin by considering a conventional analysis of the change from baseline,
D =Y — X. It follows immediately from (5.4) that any least squares estima-
tor of the direct treatment effect will be unbiased, as the impact of ¢ in the
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expectation will be only to modify the intercept and period effects. Hence
the design matrices for both approaches here coincide. The consequence on
the analysis, in comparison with that of the Y's only, will therefore only be
in terms of precision. Under the covariance assumptions in (5.6) we see that
the p changes D;; for one subject have the compound symmetry covariance
structure:

V(Dik> = V(Yik - Xik) = (Gxx + ny - 26)@))117 + (Tlxx + rlyy - any)Jpa
compared with that of the original Y's:
V(Yi) = oyl +1yyJp.

It follows that in any given setting, depending on the relative sizes of these
parameters, and on the particular design, either an analysis of the Y's or of
the changes from baseline ¥ — X may lead to more precise estimators of the
treatment effects. We need to consider what is likely to occur in common set-
tings. Suppose first that the design is orthogonal in the sense introduced in
Section 5.4.2. In such designs the treatment estimators do not depend on the
variance parameters. Let Ty and Tp denote, respectively, the GLS estimators
from the response data alone and the changes from baseline. It follows imme-
diately that

R— V(%\D) _ ny + O — Zcxy .
V(Ty) Oyy

The analysis of the changes D will be more precise only when Oy, < 20y,
Recall that oy, is the within-subject, or residual, variance of the baselines, and
O,y represents the amount by which the covariance of an associated baseline
and response exceeds that of a response and baseline from different periods.
This inequality holds for only three of the examples considered by Kenward
and Roger (2010), and in these this feature has decayed by later time points
within periods. Both parameters relate to the within-subject distribution and
the property is generally about the size of the local rather than long-term (or
between-subject) correlation. If the variance of baseline is the same as that
of the response, then this is equivalent to the within-subject correlation of re-
sponse with baseline being greater than a half.

Suppose that we have an exchangeable covariance structure across all eight
measurements, as would be implied by a simple random subject effects model.
This might be appropriate when the time interval between baseline and associ-
ated response is of the same order as between a response and a baseline from
the following period, or both long enough although of different lengths, and the
variance is stable across all measurements. This would imply that Gy, = Gy,
MNyy = My = Nxy and Oy, = 0. We call this the uniform assumption. Under this
we have the ratio

V(Tp) 0y +0u—20y Oy +0,,—2x0

R=—= =2;
V(ty) Oyy Oyy
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the estimator from the differences D would have twice the variance of that
based on the simple responses Y alone.

In conclusion, the analysis of the differences will only be worth consid-
ering in those settings in which oy, < 20,,. This is most likely to happen if
baselines are relatively close in time to that of the associated responses, com-
pared to the gap between treatment periods, implying that oy, may plausibly
be non-negligible. This highlights the importance of the local (or serial) nature
of the correlation, for an analysis of difference from baseline to be appropri-
ate. In addition to this, the inequality is also more likely to hold if the base-
line variables are considerably less variable than the response measurements.
This can happen when there is large heterogeneity of response to treatment
among a group of carefully selected subjects, or the baseline measurement has
been averaged over several baseline measurements. Empirical examples of the
former are given in Kenward and Jones (1987). Although the results given
here depend on exact balance and orthogonality, mild departures from this due
to dropout and incomplete replication of sequences would not be expected to
greatly change this overall picture.

As an illustration we consider Example 5.3, the three-treatment Williams
design which is balanced and orthogonal. The six covariance parameter esti-
mates are presented in Table 5.8. Note that &y, the additional within-subject
covariance for associated X and Y, is negative but comparatively small. Con-
sequently we would expect the analysis of change from baseline (D =Y — X)
to be far less precise than the analysis of Y alone, and this is indeed what is
found. Using REML to fit a random subject effects model with categorical
period and direct treatment fixed effects, the high-low dose comparison is es-
timated (with accompanying SE) for Y and D, as 6.67 (3.04) and 5.08 (4.61),
respectively, showing a 52% increase in SE in the latter. Using Y alone the
effect is statistically significant at 5% (P = 0.04), while using D it is far from
significance (P = 0.28). The use of change from baseline is, for this example,
clearly counterproductive.

When designs are used in which treatments and periods are highly non-
orthogonal, such as Example 5.4, then it is harder to provide broad guidelines.
In such settings we have seen that the GLS estimators consist of weighted com-
binations of within-subject and between-subject information, with the weights
depending directly on the parameters of the covariance structure. It is possi-
ble that the changes from baseline may remove considerable variability from
the subject sums component, and hence markedly increase the contribution of
the between-subject information to the overall precision. However, this may
well be counterbalanced by the potential loss in precision of the within-subject
differences, as seen above in orthogonal designs. How these two contributions
balance out in practice depends both on the covariance parameters and the par-
ticular design. Consider again, as an example, the three-treatment Williams
design. From (5.9) it can be seen that the ratio of the variances from the esti-
mators using the differences Y — D, and Y alone, respectively, is in terms of the
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original covariance parameters,

(20yy + 31yy) (Oyy + Oxx — 204y) (Gyy + Orr — 20y + 27x + 21y — 410y)

R—
Oyy(Oyy +21yy) (20yy + 205 — 40y + 3Max + 310y — 67y)
_ (o +0u—20y) (1+pp) (2+pr)
- (5.10)
Oyy (2+pp) (1+py)
where

pp = My + Nex — 2Ny
Oyy + Oy — 26)@) + Nyy + Mx — znxy

is the within-subject correlation of the differences ¥ — X. Suppose now that
the uniform assumption holds, i.e., as before, Oy, = Oxx, Nyy = Nxx = Nxy and
Oy, = 0. Under these assumptions, R in (5.10) is equal to (24 py)/(1+ py),
which, for 0 < py < 1, is in the range 1.5 < R < 2. Again, we see that the
use of the changes from baseline increases the variance compared with the
use of the Y's alone. The reduction in between-subject variability makes some
contribution, and so R is smaller than the value 2 seen above for the orthogonal
cross-over designs, but never enough to counterbalance the increase in within-
subject variability. This is an inefficient design, with considerable between-
subject information. Even in this setting we see that the use of change from
baseline, under the uniform assumption, increases the variability. Given this,
we conjecture that only with the most extreme inefficient designs would the use
of change from baseline improve the precision relative to the use of Y alone,
and our recommendation, if the uniform assumption approximately holds, is to
use the latter, not the former, even with nonorthogonal designs.

In the general covariance setting (5.6) it is harder to draw broad conclusions
because of the relative complexity of (5.10). However, if we again assume that
Oyx < 20yy, the condition under which the differences lead to more precise
estimates than Y alone for orthogonal designs, then a sufficient condition for
greater precision from the analysis of the differences is that pp < py, which in
turn implies

1—
( Py) (Mex —2Myy) < O — 205, < 0.
py

The first term on the left hand side, (1 — py)/py, will always be less than one
for py > 0.5, and this implies that, depending on the size of py, 1y, the covari-
ance between any nonassociated X and ¥ must not be much smaller than 1,
the covariance between any two Xs. Given that an X must be measured in the
interval between any other X and a nonassociated Y, and given the symmetry in
the assumed covariance structure, it is plausible that 7, will typically be less
than 7,, so this condition is not one which might automatically be assumed to
hold.

We now consider Example 5.4 in the light of these results. A random sub-
ject effects model with categorical period and direct treatment fixed effects has
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again been fitted using REML. We note first that the estimated residual and
between-subject variance estimates are 0.023 and 0.503 for the raw outcomes
Y, and 0.030 and 0.001 for the differences D, respectively. There is very high
correlation between the baselines X and outcomes Y, and virtually all random
between-subject variability has been removed from the differences. The co-
variance parameter estimates are given in Table 5.8. Note the size of &,,: this
strongly suggests that the uniform assumption does not hold here. The key
quantity Oy, — 20y, is here estimated as 0.0057, which would suggest, for an
orthogonal design, that subtracting the baseline would have very little effect
on precision. Here we would expect this to apply to the first (efficiently es-
timated) contrast. For the second contrast it is harder to predict the effect of
subtracting X. From the analyses of Y and D, respectively, we get, for contrast
(1), the estimates (and SEs) 0.126 (0.049) and 0.224 (0.055). Although these
estimates are rather different, the use of change from baseline has increased
the variance only very slightly. For the second contrast, the estimates from
Y and D are, respectively, 0.055 (0.100) and —0.014 (0.099). Again the esti-
mates are somewhat different but there is very little difference in precision.
The differences we see between the treatment estimates (with and without
change from baseline) represent the differences between the baseline scores
for these contrasts (—0.081 and 0.072). In conclusion, analyzing change from
baseline has had little effect on precision compared with the analysis of re-
sponse alone. The consequences for the estimates are not negligible, however,
and this is probably due to the exceptionally high correlation between baseline
and response at the subject level, estimated here as 0.997. This very high value
has other implications for the analysis of these data, which we will explore
below.

The appropriate route therefore is to introduce the baselines as covariates,
whether for the raw responses (Y) or the differences (Y — X). In this way any
baseline imbalance is accommodated, but the data are being allowed to select
between absolute and difference from baseline. This, however, introduces new
issues that need to be addressed, as we see below.

5.4.4.3 Baselines as covariates

Without particular constraints on the covariance structure, all p observed base-
lines appear in the expectations of each element of Yj; in the conditional dis-
tribution of Y;; given X;;. This implies an analysis of covariance in which all
p baselines appear as covariates for all p response variables. Such an analysis
is rarely, if ever, done in practice, however. Conventionally, only the associated
baseline is used to adjust the corresponding response. We therefore begin, for
the covariance structure introduced in Section 5.4.2, by considering what con-
straints on this structure would lead to this conventional analysis. From (5.5)
we see that the regression coefficients of Y;; on X are given by the elements
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of ® = Z)T(YZXX’l, or in terms of the expressions for the covariance compo-
nents in (5.6).

0 = (GX})I[’+TIX)7J[7)(GXXI]J+nxxJp)_] (5.11)
_ G_x)I nx) Oxxy — nxx ny
O\ Oue(Our+ ple) ™

For the conventional analysis of covariance model to hold, @ must be diagonal
because each element of Yy is regressed only on the element of X;; from the
same period, which in turn implies that 1)y, Gy — 1 Oxy = 0. First we note
that this cannot hold under the uniform assumption, for which o,, = 0, unless
all measurements are mutually independent. More generally, this requirement
implies that Xxy is proportional to Xxy, and it is difficult to find a practical
justification for this rather contrived assumption.

We consider next the behavior of the conventional analysis of covariance
under the covariance structure of Section 5.4.2, Equation (5.6). To explore
potential bias we again examine separately the within-subject and between-
subject information. Let the fixed matrix K be any p x (p — 1) matrix satis-
fying K'K = I,_ and Kij =0, for j, a p dimensional vector of ones. The
within-subject information for the ikth subject can be represented by K'Yy,
which has regression model

EKTY; | Xi) =KTA;B —K'0¢ + K" 0Xjy.

Using (5.11) we see that the regression coefficient for the covariates reduces to
a constant for the appropriate functions of the covariates:

O; NxyOxx — NxxOuxy T
K'ox, = 2K X, 42X WWPORTyX.
ik oo pAik Gxx(oxxJFanx) pxik
o,
= —K'Xy
XX
= OyXJY, say. (5.12)

This implies that a conventional (i.e., each response adjusted by its associated
covariate only) within-subject analysis of covariance will be unbiased for the
treatment effects. Such an analysis would be produced, for example, by using
fixed subject effects with the original data.

We now consider the between-subject information, which can be repre-
sented by ijYik. This has regression model

E() Y | Xu) =, Aif —j, 00 +j;, 0Xy,
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and the regression coefficient of the covariates reduces to

.T Oxy.T MxyOxx — NxxOxy . T
X, = —jLXpu+——mm=j,J,X;
Jp ik Gxx.lp pAik Gxx(Gxx-l-p??xx)Jp pNik
Oy + .
_ y T Py TXik
Oyxx + PNxx
= X%, say. (5.13)

This implies that, for designs in which treatments can be estimated using
between-subject information only, such as the main plot treatment in a split-
plot design, these treatment estimators will be unbiased.

However, when both between-subject and within-subject information is
combined in the conventional REML analysis of covariance, the assump-
tion is implicitly made that both the within-subject covariate functions X,v,‘(/
and between-subject function Xl.l,f have the same regression coefficient, i.e.,
Ow = 6, and it is clear from (5.12) and (5.13) that this can never be true un-
less the very artificial constraint 6y, = 7, = 0 holds. Thus, in general, the
conventional analysis of covariance will be biased for the treatment effects.
This is an example of so-called cross-level bias (Sheppard (2003)).

This bias can be avoided in two ways. In the first, the analysis is restricted
to within-subject information, that is, by using fixed subject effects. This is
anyway the appropriate approach when there is little or no relevant between-
subject information in the data, such as with a Williams design. Second, if
random subject effects are used, then different coefficients must be allowed for
the between- and within-subject covariate regressions. This can be done simply
by adding to the model the variate that consists of the value of the covariate
averaged over each subject. An alternative solution under the random subject
effects model is to introduce fixed sequence effects, but as this anyway removes
all between-subject information from the treatment estimators, and it is a rather
pointless exercise; it is then more logical to use fixed subject effects, or use the
baselines as outcomes.

We now return to the two Examples 5.3 and 5.4. First we consider the
Williams design from the study on blood pressure. In the absence of covari-
ates, treatment effects are, in this design, completely orthogonal to periods and
subjects. The introduction of covariates will introduce some nonorthogonality,
but in a design like this it would not be expected to be great. Consequently,
within-subject information will still dominate the treatment estimates and so it
is the size of the within-subject covariate coefficient that will be critical when
considering the impact of wrongly omitting the separation of within-subject
and between-subject covariate regressions. When a common covariate is fit-
ted (we label this coefficient 8¢), the estimated coefficient will be a weighted
combination of the within-subject and between-subject coefficients (labeled
6w and 6p, respectively, in (5.12) and (5.13)) and the greater the relative preci-
sion of the former, the smaller the difference will be between the éc and éw,
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which in turn will reduce the resulting bias of the common covariate analysis.
For this example, fitting a single overall covariate results in an estimate (SE)
of 6 = 0.08 (0.23), which is close to zero. However, the within-subject and
between-subject estimates are, respectively, Ow = —0.23 (0.24) and O3 = 0.78
(0.31). In terms of precision, the within-subject estimate remains negligible,
but the between-subject coefficient is comparatively large and statistically sig-
nificant. The consequences for the high-low treatment comparison are as fol-
lows. For the common and separate covariate analyses the estimated compar-
isons (SEs) are, respectively, 6.53 (3.18) and 7.04 (3.07). The impact of the
difference in covariate coefficient is, in the present example, not great, be-
ing equivalent to an increase in sample size of 7%. This is partly because the
analysis largely involves only within-subject information; it would typically be
considerably greater in a highly nonorthogonal design. The impact is, however,
sufficient in this example to change the associated P-value from P = 0.06 to
P = 0.03 using for the analyses common and separate covariates, respectively.
The impact also depends, however, on the imbalance of the covariates between
the treatments within periods: if they are perfectly balanced, the covariate has
no effect on the adjusted means. Here the imbalance is comparatively small.
For the second illustrative example it is much harder to predict the impact
of inappropriately using the common covariate. Within-subject and between-
subject information is combined in a complex way both in estimating the
effects of interest and in estimating the covariate coefficients, and the lack
of balance means that, in principle, the consequences can be quite differ-
ent for different treatment effects. In this particular example the very large
subject-level correlation between baseline and response noted earlier (0.997)
will have a large impact. Fitting a common covariate produces an estimated
coefficient of 6¢c = 1.01 (0.03), while fitting the covariate separately at the
within-subject and between-subject levels produces estimated coefficients of
éW =0.42 (0.10) and éB = 1.04 (0.03), respectively. The latter coefficient is
very close to one and is far more precise than the within-subject coefficient,
and the combined estimate éc is, as seen, also close to one, implying that ad-
justment by the single covariate and change from baseline will, in this very
particular setting, be numerically very similar, implying in turn that the bias
should not be great using the single covariate in spite of the large difference
between éw and g. This is indeed what is seen. For comparison between the
positive and negative controls, the use of the single covariate produces an es-
timate (SE) of 0.225 (0.055), which is almost identical to that seen earlier in
the analysis of change from baseline D: 0.224 (0.055). Adjustment using both
within-subject and between-subject covariates produces by comparison an es-
timate (SE) of 0.173 (0.046). There is an increase in precision associated with
the smaller estimated within-subject residual, and the change in estimated coef-
ficient is of the order of one SE. For the comparison between high dose and low
dose, the corresponding three estimates (SEs) are 0.011 (0.100), 0.014 (0.099),
and 0.040 (0.084). The relative decrease in the size of the standard error is the
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same for the two comparisons. But the change in estimated value is less ex-
treme in the second case than in the first because this comparison makes more
use of the between-subject information. The gain in precision through using
the two baseline covariates is equivalent to an increase in sample size of 40%.

5.4.5 Baselines as response variables

An alternative approach to inclusion of the baseline variables in the analysis
is to treat them as additional response variables without accompanying fixed
treatment effects. Such an approach is well established in the analysis of par-
allel group longitudinal studies; see, for example, Kenward et al. (2010). One
important result is that in particular balanced orthogonal settings under cer-
tain models, the treatment estimates obtained through the use of baselines as
covariates or as responses are identical, with very similar standard errors and
a difference of one in degrees of freedom. A proof of this is given in Ap-
pendix 4.4 of Carpenter and Kenward (2008). In other settings, such as with
unbalanced and/or nonorthogonal designs, we typically expect very similar es-
timates and inferences that converge asymptotically. There will be systematic
differences between the two approaches, typically still small, however, when
numbers of observations differ among subjects. We return to this issue below.
Here we assume that there are no missing values and that numbers of periods
are the same for all subjects.

The model we use is precisely the joint one for the time-ordered data Z;;
described in Section 5.4.2, and can be fitted using the generic SAS mixed
code given there. Note that we do not in general constrain the period effects
associated with baseline and response to be the same, hence the presence of
the type-by-period interaction in the MIXED model statement.

Applying this analysis to Example 5.3, we obtain an estimated high versus
low dose comparison (SE, DF) of —0.949 (1.793, 20), compared with that from
the analysis of covariance in the previous section with separate within-subject
and between-subject covariates of —0.949 (1.763, 19). In this very special bal-
anced/orthogonal setting we see, as predicted, that the estimates are identical,
the SEs are very similar, and the d.f. differ by one. With such a design, and
complete data, both analyses are, for practical purposes, identical.

Example 5.4 is neither balanced nor orthogonal. We begin with the first
contrast, positive versus negative control. Applying the above approach to the
joint analysis of the the baselines and outcomes, we get a contrast estimate (SE,
d.f.) of 0.170 (0.045, 67.6), compared with the analysis of covariance from
the previous section: 0.173 (0.046, 66.1). The estimates and associated SEs
are similar but the difference in d.f. suggests that more is different between
these two analyses than in the balanced/orthogonal case. This is indeed the
case, and the difference is partly due to the missing data. We return to this
point below. A similar picture is seen with the second treatment contrast, the
high versus low dose comparison. The estimates (SE, d.f.) from the joint and
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covariance based analyses are 0.0343 (0.0825, 82) and 0.0270 (0.0830, 83.4),
respectively. Here the estimates show a greater difference. The patterns in these
two sets of comparisons reflect the range of influences on differences between
these two types of analysis: lack of balance, nonorthogonality, incompleteness
and estimated variance parameters. In spite of these, however, the differences
remain small and are negligible from a practical perspective.

We note finally that, strictly, the sample space is different in the two types
of analysis, respectively marginal and conditional, for the joint-model and
covariate-based analysis. This implies that we should be careful in compar-
ing, for example, precision from the two approaches. We see, however, both
from theory and empirically, that in such settings the practical differences be-
tween the analyses in terms of estimates, precision and inferences are usually
negligible, and so we do not regard this distinction as an important issue in the
current setting.

5.4.6 Incomplete data

As pointed out in the introduction to Section 5.4.2, without specific constraints
on the covariance structure of the 2p repeated measurements, all p baselines
X, will appear as covariates in the analysis of covariance of Y;;, and the coef-
ficients of these may be different among the Y's within a subject. The reduction
of these to just two common coefficients for the within-subject baselines (Xf,[(/)
and for the average baseline (Xlg) depends on the particular form of covariance
structure specified in (5.6), with the relevant coefficients presented in (5.12)
and (5.13), respectively. For the derivation of these, and the consequences on
the analysis, it was assumed in Section 5.4.2 that p is a constant, that is, all
subjects have a complete set of measurements. When data are missing, which
is a common occurrence in practice, this will no longer be the case and we ex-
amine here the implications of this for the results presented so far. Because of
the symmetry of our covariance structure, the implication of missing data will
be the same (in terms of the covariate structure of the analysis of covariance)
whichever periods the data are missing from. So it is only the total number of
periods observed for a particular subject, p;; say, that is relevant, not the pattern
of missingness, and we can apply the arguments leading to (5.12) and (5.13)
subject by subject, replacing p by p; in each case. It follows immediately that
the reduction to the within-subject and between-baseline covariates, (X}, and
Xﬁz), still holds. Next we note that the coefficient for Xf,[(/ does not depend on
D, so this remains the same irrespective of missing data, and therefore holds
across all subjects. In contrast, we see that the coefficient of Xlg does depend on
p. The coefficient of this covariate therefore depends on the number of miss-
ing data and, strictly, in the analysis of covariance 8p should be allowed to take
different values for each of the possible values of p. Holding this to a constant
value, as we have done above in the analysis of the second example, introduces
bias into the estimates which does not disappear with increasing sample size
if the proportion and pattern of missing data are maintained. We conjecture,
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however, that in practice such bias will be very small indeed, and the simpler
analysis presented earlier will provide a perfectly acceptable approximation.
There are two main reasons for this. First, in the simpler analysis the bias only
comes from the contribution of the between-subject information, which is typ-
ically the much less important component. Second, unless an unusually high
proportion of subjects have missing data, the estimate of the common covariate
coefficient will anyway be dominated by subjects with complete data, and so
be close to the required coefficient for these subjects. Finally, in the approach
of the previous section in which the baselines are treated as responses, this
modification of the between-subject covariate coefficient is (implicitly) done
correctly and this source of bias does not arise.

Of the two examples used in this section, only the second, 5.4, has missing
data, but there are two main reasons why we expect the bias discussed here to
be negligible in this case. First, only four subjects have missing data. Second,
the between-subject covariance parameters (1)xy, My, 7)xy) dominate the within-
subject parameters (O, Oyy, Oyy) and, if the coefficient (5.13) is re-written as

_ Mo+ Cuy/ P
N + Oxe/P’

it is clear that in such circumstances the coefficient is almost independent of p.
We see this reflected in the analysis. Looking at the first treatment comparison,
positive versus negative control, the previous analysis of covariance gave an
estimate (SE, d.f.) of 0.173 (0.046, 66.1). Allowing 6p to differ for the subject
with incomplete data gives, by comparison, 0.170 (0.045, 67.6), which is very
similar.

In conclusion: strictly, when there are missing data, the between-subject
covariate coefficient should be allowed to differ according to the size of pj.
We suggest, however, that, in practice, the simpler analysis with common co-
efficient will provide a very good approximation to such an approach. If there
are concerns about such bias, the coefficient can be allowed to differ in the
analysis, or the marginal analysis of Section 5.4.5 can be used.

Finally, we note that when baselines are missing but their associated re-
sponse variables are observed, the joint analysis of Section 5.4.5 does have
an advantage over the analysis of covariance. The analysis of covariance will
discard the associated responses, while the joint approach will lead to their
inclusion.

Op

5.5 Analyses for higher-order two-treatment designs
5.5.1 Analysis for Balaam’s design
5.5.1.1 Example 5.5: Amantadine in Parkinsonism

We will illustrate the analysis of Balaam’s design by using some data from a
trial described by Hunter et al. (1970). The aim of the trial was to determine
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Table 5.9: Example 5.5: Average scores for amantadine trial.

Group Subject Baseline Period1 Period 2
1 AA 1 14 12.50 14.00

15 15.00 13.00
13 14.00 13.75
24 22.75 21.50
18 17.75 16.75

2 27 24.25 22.50
3 19 17.25 16.25
4 30 28.25 29.75
2BB 1 21 20.00 19.51
2 11 10.50 10.00
3 20 19.50 20.75
4 25 22.50 23.50
3 AB 1 9 8.75 8.75
2 12 10.50 9.75
3 17 15.00 18.50
4 21 21.00 21.50
4 BA 1 23 22.00 18.00
2
3
4
5

if amantadine hydrochloride produced a beneficial effect on subjects suffering
from Parkinsonism. Amantadine (treatment A) was compared to a matching
placebo (treatment B) on 17 subjects over a period of 9 weeks. Each subject’s
physical signs were evaluated in week 1, prior to receiving A or B, and then
at weekly intervals. There were no wash-out periods. Necessarily the sequence
groups are of different sizes. Each treatment was administered, in a double-
blind fashion, for a period of 4 consecutive weeks. Subjects were evaluated
by using a scoring system. Each of 11 physical signs (drooling saliva, finger
dexterity, walking, rising from chair, balance, speech, rigidity, posture, tremor,
sweating and facial masking) were scored on a 0 to 4 point scale.

For our analysis we will consider a period to be made up of the 4 weeks
on each treatment and we will use the average score over the 4 weeks as our
response measurement. The total of these 11 scores then gives the final score.
These summary scores observed are presented in Table 5.9, along with the
baseline scores taken in week 1. It should be noted that Groups 3 and 4, as
presented in this table, correspond to Groups 4 and 3, respectively, as given by
Hunter et al. (1970).0000

We begin our analysis of these data by looking at the subject profiles given
in Figure 5.2. For each subject in each group we have plotted the baseline
score, the scores for Periods 1 and 2, and joined them up. Apart from noticing
that most subjects respond with a lower score in Period 1 as compared to their
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Figure 5.2: Example 5.5: Subject profiles for each group.

baseline and that there does not appear to be a period effect, there is nothing
else striking about these plots.

Additional information can be obtained from the baseline and period means
in each group. These are given in Table 5.10. The means are more informative
than the plots and suggest that (a) within Groups 3 and 4, A gives a lower
score than B, (b) the difference between A and B is greater when the baseline
score is high and (c) in Groups 1 and 2 there is no period effect. One of the

Table 5.10: Example 5.5: Group-by-period means.

Group  Size  Baseline Period 1 Period 2

1AA n; =4 22.50 y11.=20.56  y12 =20.63
2BB m=4 19.25 V1. =18.13  $,p =18.44
3AB n3=4 14.75 y31.=13.81 93 =14.63
4BA n4=5 18.60  y41.=18.30 4. =16.60
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points made about Balaam’s design when it was described in Chapter 3 was
that it provided within-subject information on the carry-over effect, but that
the real benefit depended on the assumption that there was no treatment-by-
carry-over interaction. In the following we show how these two terms can be
examined in this design, but we again emphasize that in small trials, like the
current example, tests for such effects will have low power.

We now investigate these suggestions more formally by fitting the follow-
ing model:

Yijp =M+ 7+ T4 Jrld[i,j_]]Jr(T)L)d[i,j] +siteip, i=1,2,3,4, j=1,2,

for {Ay}; j—1)}, the additive carry-over effects, and {(7A); j }, the treatment-
by-carry-over interaction effects. In Balaam’s design there is no within-subject
information on direct treatment effect in the AA and BB sequences; hence it
is important in this setting to consider the recovery of between-subject infor-
mation. Following the steps in Section 5.3, we do this by introducing random
subject effects into the model:

proc mixed;
class patient period treatment carry;
model score = period treatment carry carry*treatment / s
ddfm=kenwardroger;
random patient;
run;

The estimates of the within- and between-subject variances are as follows:

Cov Parm Estimate
patient 29.7409
Residual 1.1374

The between-subject component of the variance is almost 30 times larger
than the within-subject component. This means that in this particular trial the
between-subject totals contain very little useful information and this has im-
plications for the value of this particular design in this setting. This produces
the following Wald tests:

Type 3 Tests of Fixed Effects
Num Den
Effect DF DF F Value Pr > F
period 1 14.1 0.00 0.9898
treatment 1 14 5.13 0.0398
carry 1 15 0.17 0.6891
treatment*carry 1 14 1.15 0.3010
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These are very close to those that would be obtained using fixed subject effects:

Type 3 Tests of Fixed Effects
Num Den
Effect DF DF F Value Pr > F
patient 16 13 50.78 <.0001
period 1 13 0.01 0.9133
treatment 1 13 5.49 0.0358
carry 1 13 0.05 0.8256
treatment*carry 1 13 0.83 0.3797

This similarity is a consequence of the very large between-subject variation.
We can think of the fixed subject effects analysis as a limiting case of the
random subjects analysis in which this variance tends to infinity.

From either analysis there is little evidence of an interaction between carry-
over and treatment. However, the power for this test is not high compared with
that for the direct treatment effect: the SEs are 1.31 and 0.49, respectively, for
the interaction and the unadjusted direct treatment effect. Hence we should not
read too much into this lack of significance. However, to make progress we
need to assume that this interaction is negligible. Dropping it from the model
(and for simplicity keeping fixed subject effects, because we know the choice
is relatively unimportant here), we get the following Wald tests from the re-
duced model:

Type 3 Tests of Fixed Effects
Num Den
Effect DF DF F Value Pr > F
patient 16 14 53.09 <.0001
period 1 14 0.13 0.7241
treatment 1 14 4.74 0.0472
carry 1 14 0.02 0.9008

We can see that when adjusted for carry-over effects the direct treatment differ-
ence is not significant (P = 0.05). If we wish to adjust for carry-over and avoid
the problems associated with sequential testing, at least with respect to the
carry-over term, then we have to stay with this estimator. Adjusting for carry-
over has roughly doubled the variance of the estimated direct treatment effect.
In the absence of carry-over, the test for the direct treatment effect would have
had a P-value of 0.02. In this reduced model the point estimate of 7, — 77 is
1.29 with a standard error of 0.486 on 15 d.f. A 95% confidence interval is
(0.25, 2.32). When adjusted for carry-over it is 1.33 with an SE of 0.61 and
95% confidence interval (0.02, 2.64). Once again, with respect to the analysis
strategy in simple two-period designs, to avoid loss of power and complica-
tions caused by prior testing, we conclude that it is probably best to rely on
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prior information and assume that carry-over is negligible. The additional se-
quences in Balaam’s design have not really helped the basic problem. This
comparison does depend to some extent, however, on the relative sizes of the
between-subject and within-subject variances.

We have not yet made use of the run-in baseline measurements, and in a set-
ting where there is very large between-subject variability (and poor efficiency
with respect to within-subject information) inclusion of a run-in baseline can
make a substantial contribution in terms of precision. To use the baseline as
a simple covariate we need to use random subject effects , otherwise the con-
tribution of the covariate will be absorbed into the subject term. Note that we
are here using a run-in baseline, not a period-dependent baseline, so the issues
identified in Section 5.4 that occur with random subject effects do not arise
here.

We use the following, with all other terms in the model:

proc mixed;
class patient period treatment carry;
model score = baseline period treatment carry
carry*treatment / s ddfm=kenwardroger;
random patient;

The estimates of the within- and between-subject variances are now:

Cov Parm Estimate
patient 0.6689
Residual 1.0803

The between-subject variance has been reduced from nearly 30 to less than 1.
The baseline covariate has explained 98% of the between-subject variability.
This will have a great impact on any estimates that have a nontrivial depen-
dence on between-subject information. The covariate adjusted Wald tests are:

Type 3 Tests of Fixed Effects
Num Den
Effect DF DF F Value Pr > F
base 1 14.5 372.64 <.0001
period 1 19 0.00 0.9449
treatment 1 25.3 5.69 0.0249
carry 1 27.8 0.20 0.6592
treatment*carry 1 25 0.40 0.5316

Although the coverall conclusions are very similar, the standard error of the
carry-over treatment-by-carry-over interaction has been reduced from 0.93 and
1.29 to 0.78 and 1.06, respectively. These are worthwhile reductions, but not
exceptional. This reflects the fact that the marked increase in precision of the
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between-subject component of the information that follows from the use of
this highly predictive run-in baseline is still of only limited value, given the
important role of the within-subject information which is unaffected by this.
We refer back to the discussion in Section 5.4.

Example 5.6: A two-treatment three-period design.

Ebbutt (1984) describes the analysis of data from a two-treatment three-
period design from a trial on hypertension. Subjects were randomly assigned
to the four sequence groups ABB, BAA, ABA and BAB. There was a pre-trial
run-in period followed by three 6-week treatment periods. For ethical reasons
there were no wash-out periods. Among other variates, the systolic blood pres-
sure of each subject was measured at the end of each period. Ebbutt used the
data from only ten subjects in each group. Tables 5.11 and 5.12 contain the
systolic blood pressure in each period for all the subjects who completed the
trial. 000

We note that in Table 5.11, Groups 1 and 2 make up Design 3.2.1 and in
Table 5.12, Groups 3 and 4 make up Design 3.2.2. Here we will consider the
data only from Groups 1 and 2 in order to illustrate the analysis for Design
3.2.1.

The period means for Groups 1 and 2 are given in Table 5.13. We note
that the groups are not of equal size. These means suggest that blood pressure
is lower on treatment B. Ignoring the baseline responses for the moment, the
proc mixed commands to fit a model that includes fixed effects for subjects,
periods, direct treatments and carry-over are as follows:

proc mixed;

class patient period treatment carry;

model sbp = patient period treatment carry / s;
run;

and the corresponding F- (Wald) tests are

Type 3 Tests of Fixed Effects
Num Den
Effect DF DF F Value Pr > F
patient 48 94 3.75 <.0001
period 2 94 0.67 0.5134
treatment 1 94 6.58 0.0119
carry 1 94 1.00 0.3188

There is no evidence of a carry-over difference but there is fairly strong ev-
idence of a direct treatment effect. After refitting the model with carry-over
omitted, the estimate of the (B—A) treatment difference is —5.92 with a standard
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Table 5.11: Example 5.6: Systolic blood pressures from a three-period design
with four groups — sequence groups ABB and BAA.

Group Subject Period
Run-in 1 2 3
1 ABB 1 173 159 140 137
2 168 153 172 155
3 200 160 156 140
4 180 160 200 132
5 190 170 170 160
6 170 174 132 130
7 185 175 155 155
8 180 154 138 150
9 160 160 170 168
10 170 160 160 170
11 165 145 140 140
12 168 148 154 138
13 190 170 170 150
14 160 125 130 130
15 190 140 112 95
16 170 125 140 125
17 170 150 150 145
18 158 136 130 140
19 210 150 140 160
20 175 150 140 150
21 186 202 181 170
22 190 190 150 170
2 BAA 1 168 165 154 173
2 200 160 165 140
3 130 140 150 180
4 170 140 125 130
5 190 158 160 180
6 180 180 165 160
7 200 170 160 160
8 166 140 158 148
9 188 126 170 200
10 175 130 125 150
11 186 144 140 120
12 160 140 160 140
13 135 120 145 120
14 175 145 150 150
15 150 155 130 140
16 178 168 168 168
17 170 150 160 180
18 160 120 120 140
19 190 150 150 160
20 160 150 140 130
21 200 175 180 160
22 160 140 170 150
23 180 150 160 130
24 170 150 130 125
25 165 140 150 160
26 200 140 140 130
27 142 126 140 138
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Table 5.12: Example 5.6: Systolic blood pressures from a three-period design
with four groups — sequence groups ABA and BAB.

Group Subject Period
Run-in 1 2 3

3 ABA 1 184 154 145 150
2 210 160 140 140
3 250 210 190 190
4 180 110 112 130
5 165 130 140 130
6 210 180 190 160
1 175 155 120 160
8 186 170 164 158
9 178 170 140 180

10 150 155 130 135
11 130 115 110 120
12 155 180 136 150
13 140 130 120 126
14 180 135 140 155
15 162 148 148 162
16 185 180 180 190
17 220 190 155 160
18 170 178 152 174
19 220 172 178 180
20 172 164 150 160
21 200 170 140 140
22 154 168 176 148
23 150 130 120 130

4 BAB 1 140 160 145 112
2 156 156 152 140
3 215 195 195 180
4 150 130 126 122
5 170 130 136 130
6 170 140 140 150
7 198 160 160 160
8 210 140 180 165
9 170 140 135 125
10 160 100 129 120

11 168 148 164 148

12 200 150 170 134
13 240 205 240 150
14 155 140 140 140
15 180 154 180 156
16 160 150 130 160
17 150 140 130 130
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Table 5.13: Example 5.6: Period means for each sequence group.

Group Size Period

1 2 3
1ABB n1=22 31.=157.09 3. =151.36 y3 =145.91
1 BAA n=27 3. =147.11 3 =150.56 y3. =150.44

error of 2.28 and a corresponding 95% confidence interval of (—10.50, —1.34).
This confirms the impression given by the simple means in Table 5.13.

We might consider using the run-in baseline measurement as a covariate in
the analysis. For a design like the current one, in which most of the information
is within-subject, a baseline covariate will make only a minimal contribution
to the precision of the effects estimates. Hence we would only consider its use
further if we wanted to investigate possible treatment-by-covariate interaction.
For the same reasons we would not consider using random subject effects in
this design.

5.6 General linear mixed model

Cross-over designs are used in more complex settings than those considered so
far in this chapter. For example, the same basic cross-over design may be used
in several centers or repeated measurements may be collected within treatment
periods. In Section 5.8 we consider cross-over data themselves as repeated
measurements, and in Chapter 7 we need to accommodate a variety of random
effects structures for examining bioequivalence.

To accommodate the full range of possible model settings, the simple ran-
dom subject effects model introduced above needs to be generalized. We now
introduce the general linear mixed model.

e There is a set of p fixed effects, represented by 3. This will contain treat-
ment, period and other relevant effects.

e There is also a set of » random effects, U, with
E(U)=0 and V(U)=G.

In the simple random effects model, U consists of just the random subject
effects, and G = 1.

e Conditionally, on the values of U,
E(Y|U) = XB+ZU
V(Y|U) = R

for the design/covariate matrices X and Z. R is the covariance matrix of the
errors around the conditional means.
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¢ Finally, assuming that the observations and random effects have a joint mul-
tivariate normal distribution, the marginal distribution of Y can be written:

Y ~N[XB, R+ZGZ"]. (5.14)

This can be seen to be a conventional multivariate linear model, with a very
particular structure for the covariance matrix. Very commonly (but not neces-
sarily) it is assumed that

R=0"1

The model in (5.14) can be fitted using REML with the same procedures for
inference used as in the simple random subjects model. For a more thorough
treatment of the linear mixed model in the repeated measurements context, see
Diggle et al. (2002) and Verbeke and Molenberghs (2000).

The use of SAS procs mixed and glimmix to fit (5.14) can be summarized
as follows :

e X (hence f3) is determined by the right hand side of the model statement.

e The structure of R is determined by type= option in the repeated state-
ment in proc mixed, and in a random statement in proc glimmix (to-
gether with the residual option).

e 7 is determined in the random statement.
e The structure of G is determined by type= option in the random statement.

In the repeated measurements setting (which includes cross-over trials) the
subject structure is an essential part of the model. This is indicated in both
the random and repeated (mixed only) statements by the subject= option.
Usually this is set equal to the class variate that identifies the subjects. Note
that more than one random statement is permitted. This allows quite complex
random structures to be fitted. We now illustrate the use of the general model-
ing approach with two different settings.

5.7 Analysis of repeated measurements within periods

It is common practice in trials and experiments to collect a sequence of obser-
vations from each subject. The cross-over trial is an example of this. We shall
use the term repeated measurements in the present setting to refer to the situa-
tion in which a sequence of observations is collected under the same treatment
in each treatment period. In most trials and experiments an attempt is made
to ensure that all measurements are made at equivalent times on each subject,
and we shall assume that this has been done in the following. There may be
missing values, but this does not affect the basic structure of common times
of measurement. Such balance, which is often absent in observational studies,
brings some simplification to the analysis.

There are many reasons for collecting repeated measurements and naturally
these will determine in any given situation how we approach the statistical
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analysis. Each subject produces a set of profiles of repeated measurements, one
from each treatment period, and the aim of the analysis is usually to examine
the effect of treatments on these profiles. One simple and useful approach is to
reduce each profile of repeated measurements to a small number of summary
statistics that each represent aspects of the individual profiles that are relevant
to the trial under analysis. Three commonly used summary statistics are (1) a
particular end point, (2) the area under the profile and (3) the average slope
of the profile. Many others might be considered. The advantages of such an
approach are that once the summary statistics have been extracted, the analysis
can proceed as for a single outcome variable; the conclusions will be expressed
in terms of quantities that have already been identified as relevant to the trial;
and the approach is robust in that it makes few modeling assumptions about
the joint behavior of the repeated measurements. When applicable, it is to be
recommended. However, the approach does require the assumption that each
subject provides roughly equivalent information on the summary statistics in
each period, and this will not be true if there are more than a few missing
values; it may not be possible in some settings to identify appropriate statistics.
In this section we consider how such data might be modeled when the summary
statistics approach is not thought appropriate. First we consider two sequence
designs, because these allow one particular and valuable simplification. Then
we turn to more general multisequence designs.

5.7.1 Example 5.7: Insulin mixtures

This trial was used as an example by Ciminera and Wolfe (1953). Its purpose
was to compare the effect on blood sugar level of two insulin mixtures (A and
B). The following two-sequence design was used:

A B A B
B A B A

This is the design labeled (4.2.2) in Chapter 3. Twenty-two female rabbits were
divided equally, at random, between the two sequence groups. The insulin mix-
tures were administered by injection at weekly intervals and, for each rabbit,
blood samples were obtained at 0, 1%, 3, 4% and 6 hours after injection. The
full data set is given in Table 5.14 (after Ciminera and Wolfe (1953), Table II).
The simple treatment means are plotted for each time point in Figure 5.3.0J000

One of the issues in modeling cross-over data with repeated measurements
is how best to handle both the between-period and within-period covariance
structure. We shall later use a nested arrangement for this. However, in two-
sequence designs, in particular the 2 x 2, we can avoid the need to introduce
a between-period structure by exploiting the fact that all estimators take the
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Table 5.14: Example 5.7: Blood sugar levels (mg%).

Group 1
Hours Rabbit

Period after

(treatment)  injection 1 2 3 4 5 6 7 8 9 10 11

1(A) 0.0 77 77 77 81 90 103 99 90 90 90 85
1.5 52 56 43 56 73 47 47 35 64 35 68
3.0 35 43 64 22 52 22 52 22 47 12 56
4.5 56 56 39 35 60 60 47 26 47 26 68
6.0 64 64 64 39 64 99 81 22 60 68 73

2 (B) 0.0 90 8 90 107 94 90 99 94 8l 81 94
1.5 47 52 30 47 60 47 26 8 39 26 56
3.0 52 60 30 47 60 30 64 30 47 35 68
4.5 68 81 47 47 77 43 52 26 77 30 73
6.0 90 94 60 73 90 68 90 43 94 8 90

3 (A) 0.0 8 103 99 77 90 8 9 103 77 81 105
1.5 52 26 39 26 60 56 43 39 56 56 73
3.0 35 68 39 56 18 56 18 22 26 60 47
4.5 39 30 73 64 35 77 30 39 64 81 77
6.0 60 30 90 64 64 94 39 94 94 103 90

4 (B) 0.0 94 107 103 116 94 111 111 90 94 90 97
1.5 60 60 60 52 56 73 56 18 52 22 73
3.0 60 68 60 26 47 8 43 26 47 52 52
4.5 77 90 90 68 81 103 90 18 81 85 81
6.0 94 94 99 120 99 111 111 22 90 90 94

Group 2
Hours Rabbit

Period after

(treatment)  injection 1 2 3 4 5 6 7 8 9 10 11

1(B) 0.0 103 8 8 8 8 103 90 81 85 85 94
1.5 26 68 35 35 35 56 52 22 30 47 39
3.0 22 56 8 47 39 47 35 12 22 33 35
4.5 39 64 64 77 8 64 35 22 52 77 52
6.0 68 8 99 68 77 56 39 77 94 107 85

2 (A) 0.0 90 94 90 85 8 103 90 81 90 8 94
1.5 35 52 35 39 47 35 43 12 30 39 26
3.0 30 43 30 52 56 39 30 2 26 39 30
4.5 39 47 43 52 77 68 47 30 52 43 39
6.0 94 56 99 64 81 99 77 77 90 60 81

3(B) 0.0 103 8 73 90 90 90 77 68 8 8 90
1.5 56 43 22 12 43 35 56 12 39 35 22
3.0 26 22 12 43 35 18 64 8 22 26 26
4.5 56 68 56 8 64 64 81 8 56 43 73
6.0 103 103 103 99 81 94 99 39 90 73 99

4 (A) 0.0 111 111 94 92 85 107 111 85 105 90 103
1.5 68 52 52 52 52 47 60 26 68 43 47
3.0 52 99 47 73 52 43 68 12 64 35 35
4.5 77 103 73 99 77 85 107 18 81 81 64

6.0 103 120 101 101 99 101 111 39 81 90 94
Reproduced with permission from Ciminera and Wolfe (1953).
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Figure 5.3: Example 5.5: Mean treatment profiles.
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Conventional repeated measurements methods can then be applied to the de-
rived subject contrasts:
P
Gij=Y ai¥ij
j=1

For the insulin example, the coefficients of the contrasts are

p(—1 1)

(—4,1,2, l)
—1,0,1,0).

treatment (unadjusted):

treatment adjusted for carry-over:

,—\ FNTE N,

carry-over:
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These linear combinations are calculated for each individual and each time
point. For example, suppose that the data set has the following structure:

sub seq hrs y1 y2 y3 y4
1 1 0.0 77 90 85 94
1 1 1.5 52 47 52 60
1 1 3.0 35 52 35 60
1 1 4.5 56 68 39 77
1 1 6.0 64 90 60 94
2 1 0.0 77 85 103 107
2 1 1.5 56 52 26 60
21 2 6.0 107 60 73 90
22 2 0.0 94 94 90 103
22 2 1.5 39 26 22 47
22 2 3.0 3 30 26 35
22 2 4.5 52 39 73 64
22 2 6.0 8 81 99 94

Then the contrasts can be calculated simply as follows:

data insulin;

tru = 0.25*%(-yl+y2_y3+y4);
tra = 0.25*%(-4*xyl+y2+2%y3+y4);
(-y1+y3);

crl

This produces the contrasts for each subject, as shown in Table 5.15. These can
be plotted against time of measurement, either individually, as in Figure 5.4, or
as sequence group means, as in Figure 5.5. The difference of the two profiles
in Figure 5.5 gives a plot of the estimated treatment difference over time, as
shown in Figure 5.6. There is a clear suggestion here of a downward trend in
the treatment effect.

As an illustration, we consider the analysis of the unadjusted treatment ef-
fect. The same approach can be used for the other contrasts. The treatment
effect is represented by the difference in the mean values of the two sequence
group contrasts, so the setup is formally the same as a conventional repeated
measurements analysis with two treatment groups. We have no reason to ex-
pect a particular form for the treatment effect over time, so we will build a
model around a saturated means model, that is, a full factorial structure is used
to represent treatment and time effects. Similarly, we have no reason to suppose
any particular structure for the covariance matrix, so an unstructured form is
used, implying no constraints on the variances and covariances other than the
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Table 5.15: Example 5.7: Calculated treatment contrasts.
0OBS §SUB SEQ HRS tru tra cri

1 1 I 00 550 11.50 8
2 1 I 1.5 075 0.75 0
3 1 1 3.0 1050 10.50 0
4 1 1 45 1250 025 -17
5 1 1 6.0 1500 1200 -4
6 2 1 00 300 2250 26
7 2 1 15 750 -15.00 -30
101 21 2 00 125 1.25 0
102 21 2 15 000 -900 -12
103 21 2 30 375 -150 -7
104 21 2 45 1.00 2450 -34
105 21 2 6.0 -750 -33.00 -34
106 22 2 00 325 025 4
107 22 2 15 300 975 -17
108 22 2 3.0 .00 -575 -9
109 22 2 45 550 10.25 21
110 22 2 60 -225 8.25 14

matrix should be positive definite. The following proc mixed commands can
be used for this model, where the variates have obvious labels:

proc mixed
class rabbit sequence hours;
model tru = sequence hours sequencexhour
/ solution ddfm=kenwardroger;
repeated hours / type = un subject = rabbit;
run;

This leads to the following Wald tests for the overall effects:

Num Den
Effect DF DF F Value Pr > F
sequence 1 20 0.35 0.5619
hours 4 17 3.43 0.0314
sequencex*hours 4 17 2.39 0.0920

There is at best borderline evidence of a treatment effect, and this is associ-
ated with an interaction with time. It can be argued that this is an inefficient
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analysis, however. Possibly a more parsimonious covariance structure could be
found, and the use of a saturated means model implies that specific treatment
effects, such as those associated with a trend, may be hidden in the overall test.
A more refined analysis could be developed. As a first step we separate out a
linear component for the time effect. For this a variate hx is introduced which
is equal numerically to hours but not defined as a class variate. Also, the type
3 tests must be replaced by sequential type I tests, to allow the separation of

the one degree of freedom associated with the linear trend in time:

proc mixed
class rabbit sequence hours;
model tru = sequence hx hours sequence*hx

repeated hours / type = un subject = rabbit;
run;

sequencexhours / solution htype=1 ddfm=kenwardroger;




240 ANALYSIS OF CONTINUOUS DATA
This produces the following type 1 Wald tests:

Num Den
Effect DF DF F Value Pr > F
sequence 1 20 0.35 0.5619
hx 1 20 3.06 0.0955
hours 3 18 3.71 0.0307
hx*sequence 1 20 7.09 0.0149
sequencex*hours 3 18 2.59 0.0847

The suggestive slope observed in Figure 5.6 is supported by the significant
hx*sequence effect. This points to a B—A treatment difference that decreases
over time. However, this should be interpreted with caution. This particular
comparison has been chosen following an inspection of the plot of the data,
and the significance probability therefore cannot carry its full weight. It does
illustrate, however, the importance of identifying in advance features that are
of interest. If it were known before the trial that overall trends in treatment
effect were likely to be important, this contrast could have been pre-defined,
and its interpretation would have been less equivocal. Alternatively, a sum-
mary statistic analysis could have been constructed from the within-subject
slopes.

Further refinement of the analysis is possible, but we do not pursue this
here. The key point is that by reducing the sets of repeated measurements to a
single set of between-period contrasts, we are able to apply conventional tools
for repeated measurements analysis without additional hierarchical modeling
of the repeated measurements within periods. The next example is a multi-
sequence trial for which this reduction is not possible.

5.7.1.1 Example 5.6 continued

Systolic Blood Pressures.

These data, which are from a trial on the effects of three treatments, were
introduced in Section 5.4, where our interest was in the use of the within-
period baselines. Although repeated measurements were collected within each
period, we earlier used only the last of these as our dependent variable. Now we
consider an analysis in which all of the repeated measurements are modeled.
To recap, the design consists of two complete replicates of a three treatment
Williams design; hence there are 12 subjects in total. The treatments are the
trial drug at 20 mg and 40 mg doses, respectively (treatments A and B), and
a placebo (treatment C). The measurements are of systolic blood pressure (in
mm Hg), measured under each treatment at 10 successive times: 30 and 15
minutes before treatment, and 13, 30, 45, 60, 75, 90, 120 and 240 minutes
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Figure 5.7: Example 5.6: Mean treatment profiles.

after treatment. These data are presented in Table 5.16 and the mean profiles
are plotted in Figure 5.7.0J000

In modeling these data we need to take into account two types of covari-
ance pattern among measurements from the same subject: there are depen-
dencies among measurements in the same treatment period and among mea-
surements from different treatment periods. There is no guarantee that these
should take a particularly simple form, but we might reasonably expect the
stability of a conventional cross-over trial to imply that the patterns of vari-
ances and correlations that we observed in one treatment period will be similar
to those in another. This implies that the between- and within-period covari-
ance structures are separable. This is the type of structure implied by a proper
hierarchical sampling scheme, i.e., one in which random sampling (or ran-
domization) is used at the higher level. Here we hope that a similar structure
applies, albeit without the usual justification. To accommodate between-period
dependencies we take the same route as with the ordinary cross-over trial with-
out repeated measurements and introduce subject effects. The same arguments
developed in Section 5.3.2 about the use of random or fixed effects applies
equally here. The present Williams design suggests strongly that fixed sub-
jects effects would be the more appropriate. We will, however, use both fixed
and random effects to illustrate the use of both approaches. The baseline mea-
surements will also be incorporated (the average of the two will be used), and
this should be expected to reduce the contribution of the subject effects. With
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Table 5.16: Example 5.6 (continued): Systolic blood pressures (in mm Hg)
from a three-period cross-over trial.

S P T Time of measurement (minutes relative to treatment)

-30 -15 15 30 45 60 75 90 120 240
112 114 86 86 93 90 106 91 84 102
108 103 100 100 97 103 92 106 106 96
107 108 102 111 100 105 113 109 84 99
101 100 99 81 106 100 100 111 110 96

9% 101 101 100 99 101 98 99 102 101
111 99 90 93 81 91 89 95 99 97
105 113 109 104 102 102 111 106 104 101
104 96 84 84 100 91 109 94 108 108

96 92 88 89 91 121 122 135 121 107
112 109 108 92 102 101 101 98 102 106
105 116 105 108 141 103 110 109 113 112
110 112 111 102 99 104 108 102 112 101

96 93 94 96 83 95 88 93 88 93
103 98 97 108 93 101 108 105 104 101
114 97 9% 109 102 99 110 105 104 106
115 117 91 102 126 122 128 125 119 117
104 84 88 95 97 115 93 102 90 101
103 97 84 97 102 115 108 114 113 107

82 88 85 87 81 91 87 78 85 81
133 89 93 98 92 94 90 90 94 100

87 83 78 92 80 83 88 88 93 98
124 131 115 119 115 110 108 103 116 109
116 113 109 93 112 89 108 111 107 111
121 120 87 93 94 100 95 100 114 117
118 107 105 111 105 115 137 128 115 114
111 104 112 109 108 114 116 127 117 117

OO WKW TIJAAADNUN NN A D RWWWRNDNN — — —

R = LR = WA = W = WK = WK = WK — WK = WK =N = WK = WK -
AEPFPI>OOPATQAP>PETTQO>PPFTOA>PQATT>POQT>TO>OQO>E>TAO

9 113 107 115 117 105 117 104 110 105 117
10 111 112 102 111 107 113 105 111 113 101
10 115 91 111 114 104 105 112 112 102 105
10 112 110 109 112 110 103 116 106 110 110
11 120 117 110 110 110 116 115 118 125 125
11 104 123 119 115 120 120 127 122 125 128
11 117 113 117 120 125 130 123 128 126 123
12 134 134 123 118 111 124 125 120 119 115
12 125 117 129 125 124 126 132 129 125 121
12 118 110 119 108 105 110 113 117 123 113

S: subject, P: period, T: treatment.
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overall subject effects in the model, the remaining within-period dependencies
will be accommodated using conventional models for repeated measurements
covariance structures. Note that there will be settings in which the overall sub-
ject effects remove much of the overall within-subject dependence, for exam-
ple, when differences in subject levels persist throughout the trial, and then
the repeated measurements covariance structure will account for fluctuations
in variability and shorter term correlations.

As with Example 5.7, we start with a factorial structure for time and treat-
ment and an unstructured covariance matrix within periods. The two sets of
proc mixed statements are as follows for the analyses with fixed subject ef-
fects:

proc mixed;

class subject period time treatment carryl;

model sbp = subject base period treatment time
period*time treatment*time / solution ddfm=kenwardroger;

repeated time / type = un subject = subject*period;

run;

and random subject effects:

proc mixed;

class subject period time treatment carryl;

model sbp = base period treatment time period*time
treatment*time / solution ddfm=kenwardroger;

random subject;

repeated time / type = un subject = subject*period;

run;

Note the use of the subject*period identifier for the within-period covari-
ance structure. The output resulting from these two analyses is presented in
Table 5.17. As expected, both analyses give very similar overall conclusions.
In fact, it can be seen that the tests are identical for within-period effects (those
involving time). This is a consequence of the subject-period orthogonality in
the design in the absence of carry-over effects. There is some evidence of aver-
age treatment effects, but not of an interaction with time. As with the previous
example, this analysis could be refined both through modeling of the response
over time and through imposition of structure on the covariance matrix.

5.8 Cross-over data as repeated measurements
5.8.1 Allowing more general covariance structures

In the previous section we considered the problem of modeling the covariance
structure of repeated measurements within treatment periods. Up to now we
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Table 5.17: Example 5.6: Wald tests from analyses with fixed and random sub-
ject effects.

Num Den
Effect DF DF F Value Pr > F
subject 11 19 11.18 <.0001
base 1 19 7.51 0.0130
period 2 21.8 1.32 0.2865
treatment 2 21.8 8.19 0.0022
time 7 25 1.83 0.1251
period*time 14 37.3 0.92 0.5509
timextreatment 14 37.3 1.32 0.2421
base 1 21.1 13.68 0.0013
period 2 19 1.55 0.2376
treatment 2 19 6.64 0.0065
time 7 25 1.83 0.1251
periodxtime 14 37.3 0.92 0.5509
timextreatment 14 37.3 1.32 0.2421

have largely ignored the fact that the observations from a subject in a conven-
tional cross-over trial themselves constitute a sequence of repeated measure-
ments, and in principle the question of appropriate covariance structure also
applies to these. Let ¥ now represent the covariance matrix for the set of p
measurements from one individual, i.e.,

Yiik
Y. =Cov
Yipk

We are assuming that there is only a single response measurement from each
treatment period. The analyses based on fixed or random subject effects that
have been used up to now are consistent with exchangeability of errors within
a subject, which is justified under other experimental designs through within-
subject randomization. This is clearly impossible when time is involved: time
points cannot be randomly allocated. Hence the justification for the simple sub-
ject effects models with repeated measurements is empirical. It can be shown
that the randomization of subjects to sequences in balanced cross-over designs
can place restrictions on the form of possible covariance structures that need
to be considered for the analysis (Kunert, 1987) but this is of very little prac-
tical help. However, in most cross-over trials the exchangeability assumption
is probably a reasonable working approximation; sequences are typically short
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and the response is comparatively stable over time. For designs with very many
periods, such as used in psychology, the approximation is less likely to work
well and we explore this in the next section in a case study. Here we briefly
consider some alternatives that might be applied if we are concerned that the
usual covariance assumptions are inappropriate in a conventional trial with few
periods.

To begin with we note that formal selection of the covariance structure
through test statistics will not be very informative in small trials. Such tests
have low power and are very sensitive to departures from normality. Similarly,
methods based on information criteria such as AIC and BIC are not reliable. An
illustration of both points is given in Table II of Skene and Kenward (2010b).

We therefore do not advocate a two-stage procedure of first testing the ad-
equacy of the covariance assumption and attempting to select an appropriate
structure before the fixed effects analysis. Instead we consider two alterna-
tive routes. To avoid making assumptions about the covariance structure we
can (1) use an unstructured covariance matrix with conventional REML or (2)
consider alternative methods that avoid the direct use of the covariance matrix
but that are, in one way or another, robust to the true structure. We will see that
there are several ways of approaching this. Two-treatment designs have special
properties that lend them to simple robust analyses and we consider this in the
next section. We then explore how approaches (1) and (2) might be used for
general higher-order designs.

5.8.2  Robust analyses for two-treatment designs
5.8.2.1 Single dual pair designs

If a two-treatment design is made up of a pair of dual sequences, as defined
in Section 3.5, then an analysis that is valid under any covariance structure is
simple to construct. The analysis uses two-sample 7-tests or, if the data are very
non-normal, Wilcoxon rank-sum tests. The analysis is robust in the sense that
the only assumptions made are (a) the responses from different subjects are in-
dependent, (b) the two groups of subjects are a random sample from the same
statistical population and (c) period, treatment and other effects act additively.
The method of analysis is similar to that described in Sections 2.10 and 5.7.
That is, we express the estimator of the parameter of interest as a difference
between the groups of a particular contrast between the period means. To il-
lustrate the method we will consider Design 3.2.1 and the data from Example
5.6. We first define the contrast for carry-over adjusted for treatment (A | T
for short) and show how a ¢-test can be constructed; then we do the same for
treatment adjusted for carry-over (7 | A).

For the kth subject in Group 1, k = 1,2,...,n, we define dy1x = —y12k +
v13r and for the kth subject in Group 2, k = 1,2,...,ny, we define doj; =
—Y2or +y23k- We then let dyy, = —Ji2. + 713, and da1. = —¥22. + ¥23.-
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We can then, using the formula for 2 | T given in Section 3.5, write

A

1, - _
Alt=-=(di1.—di2).
T 4( 11. 12.)
If 612 =V[d|]k] =V[d2]k], then

A o1 1
V[)L|T]%[n—l+n—2].

To estimate ;> we use the usual pooled estimator

2 (m— D)st) + (n2 — 1)s3,
(n] +n272)

S1

)

where s%l is the sample variance of d;; and $712 is the sample variance of d; ;.
To test the null hypothesis that A = 0 we calculate

d_ll. 7d_l2.
stol 1
(7o 3]

which, on the null hypothesis, has the ¢-distribution with (n; +ny — 2) d.f.

The d.f. for the above ¢-statistic are half those for the conventional F-test
used for Example 5.6. This loss in d.f. is the price to be paid for making less
stringent assumptions. The price, however, as here, is not usually a high one.

To test the null hypothesis that T = 0 we proceed in exactly the same way,
except now the contrasts are djox = —2y11x + Y12k + Y131 in Group 1 and dpyy =
—2y21% + Y22k + Y23k in Group 2.

The estimator of T | A, which equals the estimator of 7 in Design 3.2.1, can
be written as

=

Bl

1 - _
T=—[djp —d

8[ 12. —dp ]

and has variance
2
(o 1
V[t =2 :

[ ] 64 | ny+ %

where 622 is the variance of the subject contrast for 7.

The values of the two contrasts for each subject are given in Tables 5.18
and 5.19, along with the corresponding sample means and variances.

If the data are arranged by subject (as opposed to observation), then the
necessary contrasts are very straightforward to calculate in the SAS data step:
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data exb4;

input group pat base perl per2 per3;
datalines;

1 1 173 159 140 137

1 2 168 153 172 155

2 26 200 140 140 130
2 27 142 126 140 138

’

run;
data exb4;
set exb4;

dl = -per2+per3;
d2 = -2%perl+per2+per3;
run;

The required ¢-statistics are then easy to calculate. We have A |T=(-545+
0.11)/4 = —1.33, as in the analysis in Example 5.6. The pooled estimate of
612 is 332.045 on 47 d.f. giving a pooled variance of A | T of 1.712, giving a
t-statistic of —1.02 on 47 d.f. Clearly, there is no evidence of a difference in
carry-over effects (P = 0.313).

Repeating the above for 7 gives £ = (—16.91 —6.78)/8 = —2.96 and a
pooled estimate of 622 equal to 1070.95. The pooled variance of 7 is 1.380,
giving a ¢-statistic for testing T = 0 of —2.52 on 47 d.f. This is significant at
the 5% level, giving good evidence to reject the null hypothesis of equal direct
effects (P = 0.015).

5.8.2.2  Multiple dual pair designs

We can extend the simple analysis described above in an obvious way to more
than two groups. To illustrate this, consider again Example 5.6, this time con-
sidering all four sequence groups. The full set of data is given in Tables 5.11
and 5.12. Recall that the design is a mixture of Designs 3.2.1 and 3.2.2: Groups
1 and 2 were on sequences ABB and BAA, and Groups 3 and 4 on sequences
ABA and BAB, respectively. The group sizes are ny = 22, np =27, n3 =23
and n4 = 16 (with an outlier removed).

We first consider the estimation and testing of A | T. The OLS estimator of
A | 7, obtained from Design 3.2.1, is labeled as [A | 7];, and can be written

1

A= Z(_)_’IZ. + 313+ 522, — 23.)-
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Table 5.18: Example 5.6: Subject contrasts for A | T and 7 — group ABB.

Group Subject Contrastd;j,  Contrast dyo

1 ABB 1 -3 —41
2 -17 21

3 -16 24

4 -68 12

5 -10 -10

6 -2 -86

7 0 —40

8 12 =20

9 -2 18

10 10 10

11 0 -10

12 -16 —4

13 =20 =20

14 0 10

15 -17 =73

16 -15 15

17 -5 -5

18 10 -2

19 20 0

20 10 -10

21 -11 -53
22 20 -60
Mean -5.45 -16.91
Variance 342.45 913.33

The estimator in Design 3.2.2, which we label as [A | 7], is

A 1

Alth= 5(-?31. + 733+ Ja1. — Y43.).

Let
dy1k = —Yy12k + Y13k

drj = =Yk + Y23k
d31k = —y31k+ Y33k
da1k = —Y41k + Y43k

be contrasts, respectively, for the kth subject in Groups 1, 2, 3 and 4.

The values of contrasts d11; and d»j; were given earlier in Tables 5.18 and
5.19 and the values of dsj; and dj41; are given in Tables 5.20 and 5.21. Also
given in these tables are the contrast means and variances.
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Table 5.19: Example 5.6: Subject contrasts for A | 7 and 7 — group BAA.

Group Subject  Contrast da

Contrast dyyy,

2 BAA

O 001NN AW~

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27
Mean
Variance

19
=25
30
5
20
-5
0
-10
30

-20

-10

—-0.11
323.64

-3
-15
50
-25
24
=35
=20
26
118
15
-28
20
25
10
—40
0
40
20
10
=30
-10
40
-10
—45
30
-10
26
6.78
1198.26

We note that

~

and

At = %(d_u. —dy)

. 1 - _
Alth= §(d31. —d41).

The variances of these estimators are

249
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Table 5.20: Example 5.6: Subject contrasts for group 3 (ABA).
Group Subject Contrastdsj;,  Contrast d3o

3 ABA 1 —4 -14
2 =20 -20

3 -20 -20

4 20 -16

5 0 20

6 =20 40

7 5 -75

8 -12 0

9 10 -70

10 -20 -30

11 5 -15

12 -30 -58

13 -4 -16

14 20 -10

15 14 -14

16 10 -10

17 -30 -40

18 -4 —48

19 8 4

20 —4 24

21 -30 -30

22 -20 36

23 0 -20

Mean -5.48 -18.70
Variance 251.26 816.86

and

2
A oy |1 1
V(A1) =2 |—+—
(1t =F |2+
where 612 is the variance of each of the contrasts dy; and d»;, and 622 is the
variance of each of the contrasts ds1; and dyy.
Using the values given in Tables 5.18 to 5.21, we obtain

A1) =-1336

and .
[A | 7], = —0.833.

The pooled sample variance of [4 | 7], is 1.712 on 47 d.f. and the pooled
sample variance of [A | 7] is 7.128 on 37 d.f. The extra precision obtained by
using Design 3.2.1 is clearly evident here.
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Table 5.21: Example 5.6: Subject contrasts for group 4 (BAB).
Group Subject Contrast dqy;,  Contrast dgpg

4 BAB 1 —48 18
2 -16 8

3 -15 15

4 -8 0

5 0 12

6 10 -10

7 0 0

8 25 55

9 -15 5

10 20 38

11 0 32

12 -16 56

14 0 0

15 2 50

16 10 -50

17 -10 -10
Mean -3.81 13.69
Variance 295.10 774.23

A combined estimator, [A | 7],,, can be obtained by taking a weighted av-
erage of our two estimators, where the weights are taken to be inversely pro-
portional to the variances of the estimators. That is,

and

Then R R
A Wi[A Wh[A
0| 2 = 1A [ Th + WA [ 7)o
Wi+ W,
We do not know W; and W, and so we replace them with their estimates, W, =
1/1.712 and W = 1/7.128. This gives

[A | ] = 0.81(—1.336) +0.19(—0.833) = —1.240.

The estimate of the variance of the combined estimator, again obtained using
our estimated weights, is

(0.81)%(1.712) + (0.19)%(7.128) = 1.381.
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Recall, however, from the discussion in Section 5.3.3 that if the sample
sizes are small, the weights may be poorly estimated and introduce extra vari-
ability into the estimator. This may then make the combined estimator less
precise than a simple average.

A simple approximation to the d.f. of the estimated variance of our com-
bined estimator can be obtained using the result given by Satterthwaite (1946).
(See also Kenward and Roger (1997).) We let

W
a) =
W1+ W,
W,
a) = ————,
Wi+ W,
Vi=V(4|),
Va=V([A]th),
Vi = V(4] tly)

and let f, f> and f,, be the degrees of freedom, respectively, of V1, V5 and V.
Then
. [a1\71 +a2V2]2
aV? a2’

Putting our values into this formula gives f;, = 83.03. Rounding this up we
have 83 degrees of freedom for V,,. The 7-statistic for testing the null hypothesis
that A = 0 is then —1.240/1.175 = —1.06 on 83 degrees of freedom. Hence there
is insufficient evidence to reject the null hypothesis of equal carry-over effects.

To estimate the direct treatment effect T and to test the null hypothesis that
7 = 0 (given that A = 0) we repeat the steps described above but with the
following contrasts:

diok = —=2y11k + Y12k + Y13k
drog = =221k + Y22k + Y23k,
d3ok = —y31k + 2Y32k — Y33k

and
daok = —yark + 2Yak — Ya3k-
Then
[th = %(d_u. —dy)
and

[t]2 = %(6732. —ds).
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The variances of these estimators are

2
o; |1 1
V(i) == | —+—
([ ]]) 64 L’llJrl’lz]
and 5
oy |1 1
V([t]h) = = | —+ —
([ ]2) 64 |:n3 +n4]
where 632 is the variance of each of the contrasts dy; and dpy;, and Gf is the
variance of each of the contrasts d3; and d4o;.
The values of diy; and dpy; were given in Tables 5.18 and 5.19, respec-

tively, and the values of dsy; and d4p are given in Tables 5.20 and 5.21. Using
their means and variances, we obtain

[£]1 = —2.961, V([£];) =1.380 on 47 degrees of freedom,
[£] = —4.048 and V([£],) = 1.324 on 37 degrees of freedom.

Therefore,
[T]wy =0.49(—2.961) +0.51(—4.048) = —3.515.

The estimated variance of [1],, is 0.676 on 83 degrees of freedom, where again
we have used the approximation to the degrees of freedom.

The upper 2.5% point of the ¢-distribution on 83 degrees of freedom is
2.00 and our calculated ¢-statistic is —3.515/0.822 = —4.276. There is strong
evidence to reject the null hypothesis of equal treatment effects. A 95% confi-
dence interval for 7; — 15 is (3.74, 10.32).

5.8.3 Higher-order designs
5.8.3.1 Example 5.8

We shall use as an illustration a trial whose objectives were to compare the
effects of three active drugs A, B, C and a placebo P on blood flow, cardiac
output and an exercise test on subjects with intermittent claudication. The trial
was a single-center, double-blind trial in which each treatment period lasted
a week and there was a 1-week wash-out period between the active periods.
There was no run-in period. One of the observations taken at the end of each
treatment period was left ventricular ejection time (LVET) measured in mil-
liseconds (ms). The treatment sequences used in the trial and the LVET values
recorded on each subject are given in Table 5.22. Note that no sequence occurs
more than once..J]0]

For comparison with later analyses we present the F-tests and direct treat-
ment effects (in differences from placebo) obtained using a conventional fixed
subject effects model (5.1). These are presented in Table 5.23.
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Table 5.22: Example 5.8: Trial on intermittent claudication, design and LVET

measurements (ms).

Subject Sequence Period
1 2 3 4

1 PBCA 590 440 500 443
2 ACPB 490 290 250 260
3 CABP 507 385 320 380
4 BPAC 323 300 440 340
5 PABC 250 330 300 290
6 ABCP 400 260 310 380
7 CPAB 460 365 350 300
8 BCPA 317 315 307 370
9 PBCA 430 330 300 370
10 CBAP 410 320 380 290
11 CAPB 390 393 280 280
12 ACBP 430 323 375 310
13 PBAC 365 333 340 350
14 APBC 355 310 295 330

Table 5.23: Example 5.8: Conventional analysis with fixed subject effects.

Effect Estimate SE d.f. t P

A-P 4756 16.84 36 2.82 0.008

B-P -16.28 17.01 36 -0.96 0.345

C-P 22.00 16.79 36 1.31 0.199
Source of variation Num. d.f. Den.d.f. F-test P
Subjects 13 36 4.65 <0.001
Period 3 36 7.87 < 0.001
Treatment 3 36 6.02 0.002

5.8.3.2 Using an unstructured covariance matrix

The difference between the simple analysis above and the use of REML with
an unstructured covariance matrix is essentially that between ordinary least
squares and generalized least squares (GLS). We refer back to Section 5.3.3
for the expression for the GLS form of the REML estimator. Fitting an un-
structured covariance matrix to the errors is straightforward using REML, and
the following proc mixed commands can be used:
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proc mixed;
class subject period treatment;
model lvet = period treatment
/ solution ddfm=kenwardroger;
repeated time / type = un subject = subject r rcorr;
run;

where for proc glimmix the repeated statement is replaced by

random time / type = un subject = subject v vcorr residual;

There are some points to note.

e There are no subject effects in the model, random or fixed. Any within-
subject dependence associated with random subject effects is absorbed into
the unstructured covariance matrix. If fixed subject effects are included,
then the full unstructured matrix cannot be estimated. If an unstructured
matrix is required with fixed subject effects, then a modification is required
to the analysis to reflect the loss of rank of the covariance structure from p
to p — 1. This can be done in several ways.

e The options v and vcorr in the random statement print the fitted covariance
and correlation matrices, respectively. By default these are given for the first
subject. In this setting the matrices are the same for all subjects.

In this example it is interesting to look at the covariance structure. This is con-
veniently summarized through the variance-correlation representation: vari-
ances on the diagonal, and correlations below:

7549

0.76 2034

043 0.58 3705

039 036 051 1439

The large differences in variance among periods suggests that the simple
subject-effects model is not appropriate here, but it must be remembered that
these variances are calculated on relatively few degrees of freedom and are
poorly estimated.

Before considering the results further from this analysis, we need to con-
sider its likely validity. Although the Kenward—Roger small sample correction
has been made, we are dealing with a very small sample indeed for such a
full multivariate analysis, and it is clear that at some point, as the sample size
decreases, such an approximation will break down. This question has been con-
sidered in Skene and Kenward (2010a,b) for a range of repeated measurements
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setups, including two cross-over designs. The first uses a pair of five-period
Williams designs:

Period

Sequence 1 2 3 4 5
1 A B C D E
2 B D A E C
3 D E B C A
4 E C D A B
5 C A E B D
6 E D C B A
7 C E A D B
8 A C B E D
9 B A D C E
10 D B E A C

with a single replicate (n = 10) and two replicates (n = 20).

Consider first the behavior of the nominal 5% test for the overall treatment
effect (on 4 d.f.) from the single replicate of the ten-sequence five-period de-
sign, using conventional REML with an unstructured covariance matrix and
the Kenward-Roger adjustment. The fixed effects model includes period and
treatment effects but no carry-over. Skene and Kenward (2010b) presented re-
sults from a simulation study in which the actual size of this test was estimated
from 1000 simulations, generated under a multivariate Gaussian model with
the same fixed effects structure as fitted, and with several different alterna-
tive true covariance structures. Here we present the results from four of these
structures: (1) exchangeable (EXCH), (2) first-order autoregressive with cor-
relation 0.1 (AR(1)), (3) first-order antedependence with increasing variance
(ANTE(1)) and (4) a quadratic random effects structure (QRE). For full details
of these, see Appendix A of Skene and Kenward (2010b). Two test statistics
are considered, the unadjusted Wald test compared with an F; 3, distribution
(32 is the residual d.f.) and the Kenward—Roger adjusted Wald test compared
with an Fy , distribution, where v is calculated according to the formula given
in Kenward and Roger (1997). The following test sizes were obtained (as per-
centages):

True covariance Wald test
structure Unadjusted KR adjusted
EXCH 91.2 69.0
AR(1) 90.1 67.1
ANTE(1) 93.8 71.2

QRE 93.0 69.8
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Although the Kenward—Roger adjustment improves the behavior a little,
these test procedures are completely unacceptable. The behavior of the individ-
ual treatment comparisons on a single d.f. are less extreme than these overall
comparisons, but still too poor to be used in practice. Hence we do not pursue
the interpretation of the results from the REML analysis of Example 5.8 with
unstructured covariance matrix.

The problem with REML (or GLS) in such circumstances is that the very
poorly estimated covariance matrix is undermining the Taylor series approxi-
mation on which the Kenward—Roger adjustment is based. An additional, and
related, problem, which is not apparent from these results, is that in such very
small samples the reduction in variability obtained from weighting with re-
spect to a consistent estimator of the covariance matrix is swamped by the un-
certainty introduced through the imprecision in this estimator and, as a conse-
quence, the resulting fixed effects estimators are less precise than unweighted
ones. Such small trials are simply not well suited to estimating (or selecting)
covariance matrices. As a rough rule of thumb, our experience is that with
more than about 30 subjects, and no more than 5 periods, the loss of gain in
precision (and hence power) through use of GLS with an unstructured matrix
outweighs the loss through uncertainty in the matrix estimate. However, when
faced, as here, with smaller trials, then unless we take a Bayesian route and in-
troduce strong prior information on the covariance matrix, we need to consider
approaches that rely less on having a good estimator of this matrix. We con-
sider such approaches now, beginning with simple estimating equations and
the so-called sandwich estimator of error.

5.8.3.3 Estimating equations and the empirical/sandwich estimate of error

We have seen that in very small trials is probably better to avoid the use of the
estimated covariance matrix when estimating the fixed effects, and instead use
ordinary least squares. It is of course necessary to then ensure that the subse-
quent inferences are corrected for the use of the “wrong” covariance structure.
One possible route for this is to use a so-called empirical or sandwich esti-
mate of error, which has become familiar in the context of generalized esti-
mating equations (Zeger and Liang, 1986; Zeger et al., 1988). Essentially the
variance and covariance of the simple residuals are used to correct the standard
errors produced by a misspecified covariance matrix, although other variations
on this basic theme exist. Such an approach is commonly used when model-
ing repeated measurements of non-normal data, and we meet this use of the
empirical/sandwich estimator in the next chapter. Here we apply it using ordi-
nary least squares with a linear model. We use SAS proc glimmix for this;
other options also exist, such as SAS proc genmod. One advantage of proc
glimmix is that it includes small sample adjustments for the sandwich esti-
mator; the unadjusted estimator can behave poorly if the number of subjects
or clusters is small. Various alternative adjustments exist; here we use the one
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proposed by Mancl and DeRouen (2001), which we also use below when ex-
ploring the behavior of the GEE approach in the current setting.

The following glimmix statements calculate the ordinary least squares es-
timators of the fixed effects, with standard errors derived from the sandwich
covariance estimator:

proc glimmix data=lvet empirical=firores;
class subid period treat;
model lvet = period treat / s;
random period / subject=subid type=vc residual;
estimate ’A-P’ treat 1 0 0 -1;
estimate ’B-P’ treat 0 1 0 -1;
estimate C-P’ treat 0 0 1 -1;
run;

Two points to note:

e We need to indicate the clustering in the data without having this affect the
estimates of the fixed effects. This is done through the use of the random
statement, which, with the vc covariance structure, implies uncorrelated
equally variable errors, but includes a reference to the clustering variable,
subid.

e The empirical option of the glimmix statement requests the empirical co-
variance estimator, and the selection of firores corresponds to the Mancl—
DeRouen adjustment. A plain empirical implies use of the unadjusted
empirical estimator.

The results of this analysis for the differences from placebo are presented in
Table 5.24, together with two alternative sets of SEs, those from the OLS anal-
ysis without the empirical estimator, called the model-based estimator, and
with the simple unadjusted empirical estimator. First, note that the fixed ef-
fects estimates are identical to those from the fixed subject effects analysis
given earlier, Table 5.23. This will always be the case for such models when
both periods and treatments are orthogonal to subjects. Second, it can be seen
that the model-based SEs that ignore within-subject dependence are consis-
tently larger than the empirical estimators. We expect this when all, or most,
of the information on treatments is within subject. Third, the Mancl-DeRouen
adjustment increases the simple empirical SEs. Although consistent, the sim-
ple SEs tend to be biased downwards in small samples. Finally, we note the
variability of the empirical SEs across the three comparisons. This suggests
that the SEs themselves may not be well estimated.

We now examine the performance of test statistics based on the empir-
ical estimator. As with the REML approach, Skene and Kenward (2010a,b)
present a range of simulation results for different covariance structures and
different designs. We present a selection of these here for cross-over designs
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Table 5.24: Example 5.8: OLS estimates with empirical estimates of error.

Standard Errors

Effect Estimate Model based Simple empirical Adjusted empirical*

A-P 47.56 23.35 19.80 23.10
B-P -16.28 23.60 15.44 17.95
C-P 22.00 23.29 12.61 14.68

* Mancl-DeRouen adjustment.

Table 5.25: Nine-period, nine-treatment 18-sequence cross-over design used in
the simulations.

Period

Sequence 1 2 3 4 5 6 7 8 9
1 A B C D E F G H I
2 B D A F C I H G E
3 C F E G D B I A H
4 D G F I B H E C A
5 E A 1 C H D F B G
6 F H B E I G A D C
7 G 1 D HF A C E B
8 H C G B A E D I F
9 1 E H A G C B F D
10 T H G F E D C B A
11 E G H I C F A D B
12 H A I B D G E F C
3 A C E H B I F G D
4 G B F D H C I A E
15 ¢C D A G I E B H F
16 B E C A F H D I G
17 F I D E A B G C H
I8 D F B C G A H E 1

and a couple of covariance structures, the exchangeable and a nonstationary
antedependence structure. The results seen for these settings are representative
of the overall patterns observed. To the 10-sequence five-period design seen
earlier, we add a second cross-over, a nine-period, nine-treatment 18-sequence
design, presented in Table 5.25, with one replicate (n = 18) and two replicates
(n = 36), giving four designs in total, with n = 10,20, 18 and 36 subjects, re-
spectively. To obtain reasonably acceptable test sizes in these small trials, the
Mancl-DeRouen small sample adjustment has been combined with a modifi-
cation due to Pan and Wall (2002).
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Table 5.26: OLS-based tests, simulated test sizes (nominal 5%) and power for
methods based on (1) a small sample adjusted empirical estimator,* (2) the
original Box method and (3) a modified Box method (p: no. periods, n: no.
subjects).

True Covariance Actual Size Power
Structure p n 1 @2 3 @))] 2) 3)
Exchangeable 5 10 34 32 46 564 958 97.7
20 45 49 62 90.0 98.1 98.3
9 18 37 33 4.0 53.1 99.1 994
36 29 41 47 94.1 99.7 99.7
Antedependence 5 10 28 24 37 206 61.8 69.8
20 2.8 48 54 39.8 68.8 69.8
9 18 1.8 29 23 12.6 51.5 403
36 1.6 44 59 242 579 592

* Mancl-DeRouen adjustment combined with the Pan—Wall modification.

The observed sizes of the empirical estimator based tests for the four de-
signs and two covariance structures are presented in column 4 of Table 5.26.
These are moderately close to 5%, if a little conservative for the smaller sam-
ples. One might conclude from this that such an approach is potentially ac-
ceptable for practical use. However, although an approximately correct test
size is often regarded as the key property of a useable test procedure, it is only
a necessary property, not a sufficient one. The potential problem here is that
the empirical estimator is imprecise in small samples, for essentially the same
reasons as for the unstructured covariance estimator obtained via REML. All
we have done is remove this covariance matrix from the estimation of the fixed
effects; it is still present in the Wald statistic, and one would expect the im-
pact of this to be to reduce power. We need therefore to ensure that our test
procedure has good comparative power among the acceptable alternatives. At
the moment, however, we do not have an alternative procedure with acceptable
size. We do know from Skene and Kenward (2010a,b) that the power of the em-
pirical based test is greatly inferior to that obtained from the known covariance
matrix of the data — but this is an unfair comparison; we cannot calculate the
latter in practice. We return to the comparative power of the empirical based
test when we have a suitable alternative test procedure.

5.8.3.4 Box and modified Box procedures

The next step is to consider an alternative approach to constructing a test statis-
tic from the OLS fixed effects estimators, the key feature of which is the re-
moval of the estimated covariance structure from the test statistic as well as
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the estimator. The estimated covariance structure will be used only in approx-
imating the null distribution of this statistic. Such a method has a long history
and goes back to Box (1954a,b). Here it was shown how any statistic that is the
ratio of two quadratic forms in normal variables has a distribution that can be
approximated by an F-distribution. This is obtained as follows. Let Y, n x 1,
be the vector of response variables from the whole trial with covariance matrix
¥, which will be block diagonal. Let X, (n x a), be the design matrix (of full
rank) and Xg, n X (a — ¢), the design matrix with the term to be tested omitted
(on ¢ degrees of freedom). Define

A=1-XX'x)"Ix”

and
B = X(X"X)"'X" — Xp(XEXg) " !'XE.

Then the F-statistic for the omitted term can be written

—a)Y'BY
F= % (5.15)
cY'AY
The scaled statistic
yoIF
has an approximate F,, ,, distribution where
(n—a)tr(BXY) {tr(BX)}? {tr(AXY)}?
= , V1= and v) = —— =
ctr(AY) tr(BZBX) tr(AXAY)

In practice, an estimate needs to be substituted for X.

In simulations Bellavance et al. (1996) show that this approximation ap-
pears to work well in small cross-over trials, in the sense that it produces actual
test sizes that are close to the nominal values. However, further simulations in
Skene and Kenward (2010a) show that the method tends to be overly conserva-
tive in some settings, including those considered here. Some of these results are
given in column 5 of Table 5.26. In light of this, Skene and Kenward (2010a)
developed a modified Box procedure as follows.

Rather than approximating the distribution of the quadratic form in the ratio
in (5.15)

0, Y'BY

0 Y'AY
as a ratio of independent scaled chi-squared distributions, it is instead approxi-
mated directly using a scaled F-distribution, AF,, ,,, by matching the first two
moments. Approximately

B [%]  E@)

0] " E(Q)
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and

011  E(Q1)? [ Var(Q) | Var(Q2) 2Cov(Qy,05)
Var | =— | = 5 5+ 5 — .
) E(02)* | E(Q1) E(Q>) E(01)E(Q2)
Assuming, as in the Box correction, that the numerator and denominator terms

in the F'-statistic are independent, we then have, equating these moments with
those of the scaled F-distribution,

1tu(BL)  w

Atr(AY) -2
and

1 {ur(BE)}? 2tr{(BZ)2}+2tr{(AE)2} 203 (va+v1 —2)
22 {r(AL)}2 | {r(BZ)}2 ' {tr(AX)}2 | vi(v2—2)2(va—4)

Fixing v; = ¢, the dimension of the test (similarly to the Kenward—Roger and
small-sample empirical adjustments), these final two equations can be used
to obtain expressions for the scale factor A and the denominator degrees of
freedom v, for the approximating distribution. This gives

- (n—r)A Y'BY

¢ YIAY ™
where
1-1 = (n—r) (vp =2 tr(BY)
o vy /) tr(AY)
c(4V4+1)—2
V)= ——"—7 -
cV-—1
and

~ w{(BX)?}  w{(AX)?}
- {uw(BY)}?  {tr(AX)}2’

To use either Box’s original method, or its modification, we need to substi-
tute an estimate for X in the formulae above. We could use the REML estimate
given earlier. Although this goes against the spirit of the approach, which is to
base the analysis on OLS estimators, it has the advantage of convenience. An
unbiased estimator of the covariance matrix can be obtained from the residu-
als around the OLS estimators, but this requires calculations not implemented
in standard software. The steps required are described in the first edition of
this book (Jones and Kenward, 1989, pages 287-289), and an estimate of the
covariance matrix is given there for the current example.

To examine the performance of these two procedures we return to Ta-
ble 5.26, where the sizes and powers are presented for the same settings used
earlier for the small sample adjusted empirical based approach. Again these




CASE STUDY: AN ANALYSIS OF A TRIAL WITH MANY PERIODS 263

results are wholly typical of those obtained across a wider range of settings as
presented in Skene and Kenward (2010a). It can be seen that the original Box
method is a little conservative in the smaller sample settings, and the modified
version improves upon this. The actual test sizes are acceptably close to the
nominal, so we are in a position to compare the observed power with that of
the empirical based procedure. Here we see a great difference, accentuated,
as expected, in the smaller samples. The power of the empirical procedure is
markedly inferior, making it unacceptable as a competitor of the Box based
procedures. The large variability of the empirical estimator of error is here un-
dermining the performance of the associated test statistic. Our conclusion is
that the modified Box procedure should be used if an analysis is required that
is robust to the true covariance structure of the data.

We close by applying the various procedures to the overall treatment com-
parison in Example 5.8, on 3 d.f. We saw earlier, that a conventional fixed
subjects effects analysis produced an F'-test for this of 6.02 on 3 and 36 d.f.,
with a resulting P-value of 0.002. The corresponding empirical based test, with
the Mancl-DeRouen small sample adjustment, has a P-value of 0.005. Finally,
using the modified Box procedure and the REML estimate of the covariance
matrix, we get v, and A estimated as 36.9 and 0.93, respectively. This implies a
scaled F-statistic (F/A) of 5.61, on 3 and 36.9 d.f., giving a P-value of 0.003,
in this example close to the result from the fixed subject effects analysis. None
of the results from the different approaches differs greatly here.

5.8.3.5 Permutation test

A final alternative, and a very simple, robust method that can be used when
treatment is not adjusted for carry-over, is a randomization test. Under the null
hypothesis of no treatment effects, all subjects have sequences of responses
that should not differ systematically. Under the null hypothesis, the empirical
distribution of the ANOVA F'-test for treatment effects can therefore be ap-
proximated by re-calculating the F'-statistic following random reallocation of
subjects to sequences. The empirical distribution of the F-statistics obtained
from 10,000 such re-randomizations is shown in Figure 5.8, and the position
of the observed F-statistic (6.08) is marked. This is an extreme value and cor-
responds to a significance probability of 0.0036, very close to that obtained
above from the modified Box procedure and hence not far from the OLS anal-
ysis with fixed subject effects.

5.9 Case study: an analysis of a trial with many periods
5.9.1 Example 5.9: McNulty’s experiment

McNulty (1986) described a series of experiments to show that the perceived
velocity of a moving point on a computer screen is affected by relative cues,
such as the presence of either vertical or horizontal lines and the amount of
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Figure 5.8: Example 5.8: Empirical distribution of the treatment F-statistics.

spacing between them. In her Experiment 1, she asked 16 subjects with good
eyesight to determine the perceived velocity of a moving dot on a computer
screen under eight different conditions. The relative cues were introduced us-
ing one of four possible background displays on the computer screen. The dot
moved vertically in an upward direction at a constant velocity, which was set
to be either 2.88 cm/sec or 6.42 cm/sec. The perceived visual velocity was
measured by the subject equating this perceived velocity with the velocity of
a moving belt that the subject was unable to see but was able to touch with
one hand and vary its speed with the other. The eight treatments in this exper-
iment consisted of the 2 x 4 combinations of Speed (S1 = 2.88 cm/sec, S2 =
6.62 cm/sec) and Display (D1, D2, D3 and D4). Display D1 consisted of two
horizontal marks 3 cm long, 0.8 mm thick and placed 15 cm apart. The marks
were placed centrally on the screen and the dot moved vertically upward be-
tween them, traveling a distance of 15 cm. Display D2 consisted of a dark blank
field. Display D3 was made up of two vertical marks, each of length 15 cm,
thickness 0.8 mm and with a lateral separation between the marks of 1.5 cm.
Display D4 was like D3 except the lateral separation between the marks was 3
cm. For displays D1, D3 and D4 the vertical motion of the dot was as for D2.
The design of the experiment was based on the 8 x 8 Williams square
shown in Table 5.27, which gives the order in which the treatments were
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Table 5.27: Example 5.9: Williams Latin square used in McNulty’s experiment.

Subject Order of presentation
(given twice)

land 9 1 2 8 3 7 4 6 5
2 and 10 2 3 1 4 8 5 7 6
3and 11 34 2 5 1 6 8 7
4 and 12 4 5 3 6 2 7 1 8
Sand 13 5 6 4 7 3 8 2 1
6 and 14 6 7 5 8 4 1 3 2
7 and 15 7 8 6 1 5 2 4 3
8and 16 8 1.7 2 6 3 5 4

Table 5.28: Example 5.9: Treatment labels in McNulty’s experiment.

Treatment Display Speed
1 1 1

[~ IS [ N N IV )
A AWWNN—
D= R =N =N

presented to the subjects in each of two successive replicates. The coding of
the eight treatment labels is given in Table 5.28. Each subject was given the
presentation order twice in succession, making this a design with 16 periods.
The complete plan of the experiment is given in Table 5.29. Note that this de-
sign is not balanced for carry-over effects. Additional carry-over effects, over
and above those present in each of the four 8 x 8§ Williams squares, are present
in Period 9. Subjects 1 and 9 have additional carry-over effects of Treatment 5
in period 9, subjects 2 and 10 have additional carry-over effects of Treatment
6 in period 9, and so on..LJ0I]

The data obtained in the experiment are presented in Table 5.30. The data
from Periods 1 to 8 are given as replicate 1 and the data from Periods 9 to 16
as replicate 2.

5.9.2  McNulty’s analysis

McNulty (1986) ignored the cross-over structure of the design and averaged
the data for each treatment combination over the two replicates. She then used
these as raw data for an analysis of variance of a factorial design with factors
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Table 5.29: Example 5.9: Complete design for Experiment 1.

Subject Period |

1 2 3 4 5 6 7 8|9 10 11 12 13 14 15 16

1 1 2 8 3 7 4 6 5|1 2 8 3 7 4 6 5
2 2 3 1 4 8 5 7 62 3 1 4 8 5 7 6
3 3 4 2 5 1 6 8 7|3 4 2 5 1 6 8 7
4 4 5 3 6 2 7 1 8|4 5 3 6 2 7 1 8
5 5 6 4 7 3 8 2 1|5 6 4 17 3 8 2 1
6 6 7 5 8 4 1 3 2|6 7 5 8 4 1 3 2
7 7 8 6 1 5 2 4 3|7 8 6 1 5 2 4 3
8 8 1 7 2 6 3 5 48 1 7 2 6 3 5 4
9 1 2 8 3 7 4 6 5|1 2 8 3 7 4 6 5
o2 3 1 4 8 5 7 6|2 3 1 4 8 5 7 6
11 3 4 2 5 1 6 8 7|3 4 2 5 1 6 8 7
214 5 3 6 2 7 1 8|4 5 3 6 2 7 1 8
3(5 6 4 7 3 8 2 1|5 6 4 7 3 8 2 1
416 7 5 8 4 1 3 2|6 7 5 8 4 1 3 2
57 8 6 1 5 2 4 3|7 8 6 1 5 2 4 3
68 1 7 2 6 3 5 4|8 1 7 2 6 3 5 4

observers, display and speed. The resulting analysis of variance is given in
Table 5.31. To allow for the fact that measurements from the same subject
are correlated, she used the Greenhouse—Geisser correction to the degrees of
freedom in the F-tests (not reported here), which is not strictly valid in the
cross-over context. The means for each combination of display and speed are
given in Table 5.32. A plot of the mean perceived speed for each type of display
for each speed is given in Figure 5.9. These are the means averaging over
subjects, replicates and periods.

5.9.3 Fixed effects analysis

The design in Table 5.29 is a cross-over design with 16 measurements on each
subject and should be analyzed as such. We begin by using the basic fixed ef-
fects model (5.1) and following that we look at the recovery of between-subject
information using random subjects effects (as in Section 5.3). Such analyses
are appropriate when the number of periods is not large and some stability of
the response can be assumed for the duration of the trial. However, the cur-
rent design is typical of many in psychology and related disciplines in which
there are many periods. Here there are 16; there exist more extreme designs
with many times this number. With such long sequences of measurements we
need to start considering the repeated measurements structure of the data, as
was done earlier in Section 5.7 for repeated measurements within periods. We
need to consider two main issues. First, the covariance structure implied by the
simple model may be too simple for the longer sequences of measurements.



CASE STUDY: AN ANALYSIS OF A TRIAL WITH MANY PERIODS 267
Table 5.30: Example 5.9: Data from McNulty’s Experiment 1.

Period
1 2 3 4 5 6 7 8
9 10 11 12 13 14 15 16

S R Perceived speed (cm/sec)

1 1 2356 7.056 8.021 2258 2.869 6385 7.007 2954
1 2 4138 7.581 9.681 1.782 2710 5.628 5.518  2.429
2 1 1990 0463 0573 8741 15712 5323 3.687 9.840
2 2 6409 0537 2795 3845 9535 5359 4602 5774
3 1 0097 5200 6.275 4407 2405 7.508 2.099 4.187
3 2 1.001 3.003 6910 6995 5909 5127 4956 @ 2.490
4 1 1562 0.769 1.538 7.850 13.136 2.453 2.222  8.668
4 2 2881 3259 1990 7459 8.143 2453 5115 9.498
5 1 1428 3442 0.671 0.744 0219 3467 3.076 0952
5 2 0598 2112 1.111 0.512 0.695 1.990 4.224  0.976
6 1 379 1208 2.124 4.150 3.601 3919 2869  7.557
6 2 7227 3711 4859 6861 6360 5860 3919 13.417
7 1 235 5115 7215 2.661 5323  6.763 3.577 1.184
7 2 5738 6.604 8.106 5.188 6.763  8.497 7.447 1.941
8 1 3577 4315 6.006 12.269 10.670 2.661 5909  3.857
8 2 13283 3.674 2.624 8.607 9.168 1.513  4.663 3.821
9 1 2063 4456 3.845 1.831 1.306 1.477  3.687 1.501
9 2 2099 5384 5371 1.294 2246 2551 5347 2234
10 1 4749 1416 2954 2099 3.149 2429 1.526 3418
10 2 3247 2014 1916 2075 2576 1.867 1.880  2.966
11 1 0.634 5786 11.549 4761 4.431 9.706  7.288 3.540
11 2 0988 3284 6.714 4.651 3.845 12.001 6.580  3.967
12 1 3442 5493 3369 70911 9425 4248 4.822  6.983
12 2 3540 5.005 3.210 8863 5225 2466 4785 6.031
13 1 1220 2209 1416 1.013 1.269 2356 5.432 1.660
13 2 1538 2283 3564 1.867 1.892 3.809 4.798 1.953
14 1 1404 2637 2392 2661 1.367 3.540 2356  5.640
14 2 5384 2466 2917 5872 5213 3.723 2515  7.007
15 1 0817 4.053 4.004 2722 1452 5909 3.039 1.550
15 2 2673 4212 6543 2246 1.867 5.628 4.016  2.368
16 1 3577 2527 1526 6397 6397 2160 1.831 1.867
16 2 3857 2038 2759 7.667 3.284 1.758  2.551 2.844

S: subject, R: replicate. (Reproduced with the permission of Dr. Pauline McNulty.)

We have already touched on this topic in Section 5.8. Second, estimating many
separate period parameters can be inefficient if these show some clear pattern
or trend that can be modeled. We address these two issues after the simple
analyses.

As a first step we ignore the factorial structure of the treatments and fit
model (5.1) with first-order carry-over added. The resulting analysis of vari-
ance is given in Table 5.33. Note that we are using type 2 sums of squares (each
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Table 5.31: Example 5.9: McNulty’s analysis of variance (data averaged over
replicates).

Source of variation SS DF MS F-test P-value
Between Subjects 216.47 15 14.43
Within Subjects
Speed (A) 263.41 1 26341 77.62 <0.001
Speed x Observers 5090 15 3.39
(Error A)
Display (B) 104.50 3 3483 14.09 <0.001
Display x Observers 111.27 45 2.47
(Error B)
Speed x Display (C) 15.24 3 5.08 4.73 0.006
Speed xDisplay xObservers ~ 43.37 45 1.08
(Error C)
Total 810.45 127

Table 5.32: Example 5.9: Treatment combination means (each of 16 observa-
tions).

Display
Speed | DI D2 D3 D4 | Mean
S1 3.14 1.73 334 267 | 272
S2 691 3.60 6.04 579 | 5.59
Mean | 5.02 2.67 4.69 4.23

term adjusted for other terms to which it is not marginal) because the carry-
over effects are not orthogonal to subjects, periods or treatments. If carry-over
effects are left out of the model, then the type 1, 2 and 3 sums of squares
coincide because of the orthogonality of the design.

From Table 5.33 there is no evidence of significant difference between the
eight carry-over effects and so these are dropped from the model. The result-
ing analysis of variance is given in Table 5.34. The differences among the
treatments are highly significant, and we need to explore and describe these
differences in terms of the 2 x 4 factorial structure of the treatments.

From Table 5.35 it is clear that there is a real interaction between display
and speed. This means that the effect of changing the levels of speed is not
the same for each level of display. To determine the nature of these differences
we examine the two-way table of speed-by-display means given in Table 5.32.
These are the same ones as used in McNulty’s analysis; however, their standard
errors will be different as we have fitted a (different) model to the raw data.
To determine the nature of the interaction we examine the pairwise difference
between the eight means using ¢-tests and adjusting for multiple testing using
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Figure 5.9: Example 5.9: Plot of display means at each speed.

the simulate option to the 1smeans command in proc mixed. None of the
resulting P-values was borderline: the largest value below 0.05 was 0.0217 and
of those above 0.05 the smallest was 0.1392. The conclusions were different for
each speed. For Speed 2 the average perceived speeds obtained when displays

Table 5.33: Example 5.9: Fitting treatment and carry-over effects (type 2 sums
of squares).

Source of variation SS DF MS F-test P-value

Between Subjects  429.642 15 28.643
Within Subjects

Period 115.12 15 7.67 2.80 < 0.001
Treatment 756.09 7 108.01 3936 <0.001
Carry-over 29.94 7 4.28 1.56 0.149
Residual 578.97 211 2.74

Total 1920.56 255
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Table 5.34: Example 5.9: F-tests after dropping carry-over effects.

Source of variation SS DF MS F-test P-value
Between Subjects 432.94 15 28.862
Within Subjects

Period 11244 15 7.50 2.68 < 0.001
Treatment 766.28 7 10947 39.19 <0.001
Residual 608.901 218 2.79

Total 1920.56 250

Table 5.35: Example 5.9: Factorial effects for treatments.

Source of variation SS DF MS  F-test P-value

Between Subjects  432.94 15 28.86

Within Subjects
Period 112.44 15 7.50 2.68 < 0.001
Display 208.99 3 69.67 2494 < 0.001
Speed 526.81 1 52681 188.61 <0.001
Display x Speed 30.47 3 10.16 3.64 0.104
Residual 608.91 218 2.79

Total 255 1920.56

D1, D3 and D4 were used were not significantly different from each other.
However, display D2 had a significantly lower average perceived speed than
each of D1, D3 and D4. For speed 1 the conclusions were not so clear cut.
While D2 still gave the lowest perceived speed, the increases in speed produced
when displays D1, D3 and D4 were used formed more of a continuum in the
order D2, D4, D1 and D3. In this ordering D1 and D3 gave a significantly
higher average perceived speed than D2, with D4 intermediate between D2
and (D1, D3). D4 was not significantly different from either D2 or D1. There
was no significant difference between D1 and D3.

In summary, it appears that when using displays D1 and D3 at either speed,
the same perceived speed is obtained. At each speed display D2 produces a
significantly lower perceived speed than either D1 or D3. The effect of using
display D4 depends on which speed is being used. At the lower speed, D4
produces an average perceived speed that is between that of D2 and D1, but
not one that is significantly different from either. At the higher speed D4 gives
a significantly higher perceived speed than D2, but not one that is significantly
different from any of either D1 or D3.

Within the scope of our fixed effects model, we have probably obtained
most if not all of the relevant information present in the data from this ex-
periment, and would not continue with further analyses except to check that
none of the assumptions made in our model was badly violated. However, for
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Table 5.36: Example 5.9: Factorial effects for treatments and carry-overs (type
2 SS).

Source of variation SS DF MS  F-test P-value
Between Subjects 429.64 15 28.64
Within Subjects
Period 115.12 15 7.67 2.80 < 0.001
Treatment
Display 203.76 3 67.92 2475 < 0.001
Speed 525.53 1 52553 191.53 < 0.001
Display x Speed 26.79 3 8.93 3.25 0.023
Carry-over
Display 27.15 3 9.05 3.30 0.021
Speed 0.10 1 0.10 0.04 0.852
Display x Speed 2.70 3 0.90 0.33 0.805
Residual 578.97 211 2.74
Total 1920.561 255

the purposes of illustration and to learn more about the carry-over effects in
this trial, we will continue and add effects to our model that account for any
carry-over effects of the display and speed factors. To do this we add terms to
the model for the carry-over effects of Display and Speed and the interaction
of these carry-over effects. It might be, for example, that the effect of using a
particular display is still present when the next display is used. If this were the
case, there would be a significant carry-over effect of factor Display. Similarly,
for speed. A significant interaction of carry-over effects for Display and Speed
would mean that the size of the carry-over effects of one factor depended on
the size of the carry-over effects of the other. The analysis of variance for this
augmented model is given in Table 5.36. We can use type 1 tests here because,
in this step, we are principally interested in the carry-over effects.

There is no evidence of any interaction between the factorial carry-over
effects, or any significant carry-over of the Speed effect. However, there is
a significant carry-over effect of Display. Removing the insignificant carry-
over effects from the model gives the analysis of variance in Table 5.37. A
comparison of the pair-wise differences between the Display carry-over effects
reveals that there is a significant difference between the carry-over effects of
Displays D1 and D3 (Ap; = 0.452, Ap3 = —0.465, standard error of each =
0.304). The size of this difference is 0.92 and the corresponding P-value for the
test of whether this is zero is 0.0167, adjusted for multiplicity using the ad just
option. The interpretation of this is that the perceived speed of the moving
dot in the current period is increased after seeing Display D1 in the previous
period and decreased after seeing D3, irrespective of which display is in the
current period. The least squares means for the eight factorial combinations,
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Table 5.37: Example 5.9: Factorial effects for treatments and carry-over of
display (type 2 SS).

Source of variation SS DF MS  F-test P-value
Between Subjects 430.58 15  28.71
Within Subjects
Period 124.29 15 8.29 3.06 0.001
Treatment
Display 203.76 3 67.92 25.10 < 0.001
Speed 526.81 1 526.81 194.69 <0.001
Display x Speed 30.47 3 10.16 3.75 0.012
Carry-over
Display 27.15 3 9.05 3.34 0.020
Residual 581.76 215 2.71
Total 1920.56 255

adjusted for the carry-over effect of Display, are given in Table 5.38. The effect
on these means of the adjustment is to change the conclusions for Speed 2.
Whereas before D4 was intermediate between D2 and D1, after adjustment D4
was significantly higher than D2 and not different from D3. However, D4 and
D1 were significantly different. In other words, (D4, D3 and D1) form a group
with D4 = D3 and D3 = D1, but D4 and D1 are unequal.

Before leaving the analysis of these data using a fixed effects model, we
note that when the model used to produce Table 5.36 was augmented with
terms for the interaction of the direct factorial effects and the carry-over ef-
fects of the factorial effect, a significant interaction between the direct effect of
speed and its carry-over effects was detected (P-value = 0.014). It appears that
the carry-over effects of the two levels of speed are the same when they meet
the slower speed, but are significantly different (adjusted P-value < 0.001)
when they meet the higher speed. In the absence of any methodological ex-
planation why such an effect might occur, we are inclined at the moment to
attribute its significant P-value to chance, rather than as an indication of a real
effect, particularly as we did not detect a significant carry-over effect of the
Speed main effect in the earlier analysis.

Table 5.38: Example 5.9: Least squares means, adjusted for carry-over effect
of display.

Display

Speed | DI D2 D3 D4
S1 319 1.73 323 262
S2 697 3.61 592 575
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Table 5.39: Example 5.9: Random subjects effects model.
Source of variation NDF DDF Type 2 F-test P-value

Period 15 211 2.82 < 0.001
Treatment
Display 3 211 24776 < 0.001
Speed 1 211 191.49 < 0.001
Display x Speed 3 211 3.25 0.023
Carry-over
Display 3 2112 3.32 0.021
Speed 1 2112 0.03 0.869
Display x Speed 3 2112 0.34 0.799

5.9.4 Random subject effects and covariance structure

We now take the steps described in Section 5.3.1 and change the subject ef-
fects from fixed to random. We first repeat the analysis in terms of the fac-
tors distance and speed, including fixed effects for period, distance, speed and
the carry-over effects of distance and speed. The analysis of variance for the
model, in the style generated by proc mixed, is given in Table 5.39. Note that
the F'-tests and denominator degrees of freedom have been calculated accord-
ing to the ddfm=kenwardroger option. This analysis differs from the earlier
one as displayed in Table 5.36 only insofar as there is between-subject infor-
mation to recover. In the absence of carry-over effects, the period and treatment
effects are orthogonal to subjects, there would be no between-subject informa-
tion to recover, and the two analyses would be identical for inferences about the
fixed effects. The inclusion of carry-over effects has introduced a very small
degree of nonorthogonality into the analysis, and so the two analyses differ,
but only to a very slight extent. This is most apparent from the denominator
degrees of freedom of the carry-over effects, which have changed from 211 in
the fixed effects analysis to 211.2 for that with random effects.

However, given the long sequences of repeated measurements on each sub-
ject, we might question the adequacy of the simple random effects covariance
structure, although in the present setting, with only 16 subjects, we should
not expect to be able to make very definitive statements about the appropriate
covariance structure for these data. In particular, we cannot estimate an un-
structured matrix, as there are too few residual degrees of freedom. To give
some idea as to the adequacy of the simple random effects structure we can
fit a more complex model that extends it, and then assess through the likeli-
hood the contribution of this extension. If the contribution is minimal, we have
some support for the existing structure (although other extensions cannot be
ruled out). On the other hand, a non-negligible contribution implies both that
the original model was inadequate and that the extended model is better, but
not that the latter is itself necessarily adequate. The extension must represent a
compromise between generality, to explore departures from the simple model,
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and parsimony, for the sake of efficiency. For this we chose the first-order
antedependence (ante(1)) structure. This introduces both serial dependence
(that is, dependence that decreases with increasing time interval) and allows
changes in variance over time. For details see Kenward (1987). We can assess
through the likelihood the contribution of this additional structure. For this we
compare the values of —2logl, where logl is the maximized REML log likeli-
hood under the given covariance structure. For this comparison it is important
that the fixed effects structure is the same for both. The random effects model
used above was fitted using the following proc glimmix commands (we use
glimmix rather than mixed here because we will be making use of some of its
specific features below).

proc glimmix;
class subject period display speed discarry spcarry;
model perspeed = period display speed display*speed discarry
spcarry discarry*spcarry /
ddfm=kenwardroger htype=2;
random subject;
run;

This produces —2logl = 992.8. Adding the AD(1) structure, we use:

random subject;
random period / type=ante(l) subject=subject residual;

and this gives —2logl = 930.9, with a resulting difference of 61.9 on 31 de-
grees of freedom. Assuming a 95321 distribution for this likelihood ratio statistic
under the null hypothesis produces a P-value of 0.001. Although we should
not take the x? approximation too seriously in this small setting, there is clear
evidence here that the random effects structure is too simple. It is interesting
to compare inferences under the two covariance structures. The F-tests for the
fixed effects under the extended structure are given in Table 5.40. In this case,
the conclusions are broadly similar between the two analyses, but note how
the reduction of degrees of freedom associated with the AD(1) component has
caused a decrease in sensitivity of certain comparisons, most notably that for
periods. We cannot expect such similarity whenever an inappropriate simpler
covariance structure is used, and it is good practice to allow sufficient flexibil-
ity in the structure to accommodate the patterns seen in the data.

5.9.5 Modeling the period effects

In analyses of long sequences of repeated measurements where responses over
time do not change sharply it is common practice to impose some smooth form
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Table 5.40: Example 5.9: Random subjects and AD(1) covariance structure.
Source of variation NDF DDF Type 2 F-test P-value

Period 15 27.66 2.15 0.043
Treatment
Display 3 9512 20.78 < 0.001
Speed 1 3532 128.19 < 0.001
Display x Speed 3 105.8 1.50 0.218
Carry-over
Display 3 96.22 277 0.046
Speed 1 5257 0.27 0.609
Display x Speed 3 89.73 0.14 0.935

on the time profiles. In the current setting this translates into modeling the pe-
riod effects. While these effects are not of prime interest in a cross-over trial,
such modeling can improve efficiency if there is nontrivial nonorthogonality
between periods and treatments. The current design is not far from orthogo-
nality, for the models considered, so we would not expect to gain much here
by such modeling, but we pursue it for the purposes of illustration. Similarly,
with 16 periods, any gain is not expected to be significant, but when there are
many tens of periods, or even hundreds, as can happen, then such approaches
become much more important.

One obvious model to consider for the period profile is a low-order poly-
nomial, and we begin by replacing the 15 period effects by a quadratic. This
allows an underlying trend plus some curvature in the time profile. Having de-
fined the variate px to have the same values as period, but not declared as a
class variate, we use the following model statement, with the other parts of the
model structure unchanged:

model perspeed = px px*px display speed display*speed
discarry spcarry discarry*spcarry
/ ddfm=kenwardroger htype=2;

This produces the F-tests displayed in Table 5.41. The results are very simi-
lar to those obtained earlier with period as a categorical variate, except that
the evidence for a carry-over effect associated with display is diminished. The
estimated period profiles calculated using categorical effects and the quadratic
model are plotted in Figure 5.10. Because of the absence of an absolute origin,
these profiles have been mean centered. The quadratic is arguably too simple
for the observed profile (this could be checked formally with a Wald test for
lack of fit and is in this case highly significant) and we anyway need to con-
sider in general whether simple polynomials are likely to be appropriate for
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Table 5.41: Example 5.9: Results using a quadratic period profile.
Source of variation NDF DDF Type 2 F-test P-value

Linear (px) 1 29.5 4.80 0.036
Quadratic (px*px) 1 47.7 2.36 0.131
Treatment
Display 3 117.0 20.28 < 0.001
Speed 1 46.4 156.62 < 0.001
Display x Speed 3 128.0 3.48 0.018
Carry-over
Display 3 123.0 2.19 0.093
Speed 1 71.0 0.27 0.604
Display x Speed 3 119.0 0.82 0.483

long sequences of repeated measurements. Unless the period effect is limited
to a simple trend over time, a low-order polynomial is unlikely to be satisfac-
tory: these are global models that impose properties that must hold over the
full profile. For example, a quadratic polynomial imposes a constant degree
of curvature throughout the time period. This is unlikely to be realistic. Be-
cause modeling the period profile is of secondary interest, the main aim being
to capture the main features in a reasonably parsimonious fashion, this is an
ideal setting for nonparametric or semiparametric smoothing. This can be ap-
proached in a variety of ways; for a full development of the subject see Lin
and Carroll (2009). We choose to take a convenient route here that is a simple
extension of basic polynomial modeling: the use of regression splines.

The essence of the approach is as follows. The overall interval of interest,
here the 16 periods, is divided into several sub-intervals. The boundaries be-
tween the sub-intervals are called knots. Within each interval the response is
represented by a polynomial. In practice a cubic is often used for this, hence
the term “cubic spline,” but this is not essential for the general method. To
ensure that the individual polynomials meet smoothly at the knots and so pro-
duce an overall smooth curve, the lower-order derivatives (e.g., up to 2nd for a
cubic spline) are set to to be equal at the knots. With this basic setup it would
be possible, but very tedious, to work out, through appropriate algebraic ma-
nipulation, an explicit form for the subsequent model. Most importantly, the
representation is still linear in the parameters, and so can be a term in a con-
ventional linear predictor. Given K knots and a polynomial of degree M within
the sub-intervals, such a regression spline has K + M + 1 free parameters. The
degree of smoothing is determined by M and the placement and number of the
knots. There is a huge literature on knot selection; see, for example, Ruppert
et al. (2003). Here we take an ad hoc approach to this, using M = 3 in keeping
with conventional practice and, given that we do not expect very rapid changes
in period effects, using just three equally spaced knots (K = 3). This implies
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Figure 5.10: Example 5.9: Fitted period profiles from the 15 period cross-over
trial.

that there are four sub-intervals and a total of seven parameters. In practice,
when we use such a regression spline as part of a linear predictor, one d.f.
will be absorbed by the intercept, so in this example we are replacing the 15
categorical period d.f. by 6 regression spline d.f.

To avoid tedious bespoke derivation of the variates associate with the spline
model, there are available several forms of basis functions which can be used
to build up the required model. These can be obtained through straightforward
calculations once the knots and limits of the whole interval are given, and var-
ious implementations of these calculations exist in statistical packages. For
example, in proc glimmix we can use the effect statement for this, which
takes the generic form

effect [effect-name] = <effect-type> ([var-list]
< / effect-options>);

where [effect-name] = spline for the calculation of spline terms. Op-
tions provide two sorts of spline basis: <basis> = bspline and <basis> =
tpf, the former referring to the so-called B-spline basis and the latter to the
Truncated Power Function (TPF). Appropriate use of these two can lead to
exactly the same fitted model the B-spline basis has close connections with
so-called penalized splines, which we touch on at the end of this section. For
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our purposes here, we use the TPF basis. This is surprisingly simple. Here are
the seven columns of this for the three equally spaced knots applied to the 16
periods:

1 1 1 1 0.00 0.000 0.0000
1 2 4 8 0.00 0.000 0.0000
1 3 9 27 0.00 0.000 0.0000
1 4 16 64 0.00 0.000 0.0000
1 5 25 125 0.02 0.000 0.0000
1 6 36 216 1.95 0.000 0.0000
1 7 49 343 11.39 0.000 0.0000
1 8 64 512 34.33 0.000 0.0000
1 9 81 729 76.77 0.125 0.0000
1 10 100 1000 144.70 3.375 0.0000
1 11 121 1331 244.14 15.625 0.0000
1 12 144 1728 381.08 42.875 0.0000
1 13 169 2197 561.52 91.125 0.4219
1 14 196 2744 791.45 166.375 5.3594
1 15 225 3375 1076.89 274.625 20.7969
1 16 256 4096 1423.83 421.875 52.7344

The first four columns correspond to an overall cubic; the final three are
additional shifted power functions that are truncated to zero on the left of the
three knots. To incorporate this spline regression term for the periods we can
use the following proc glimmix code, noting how the period term is re-
placed by the perspl term generated by the effect statement:

proc glimmix;

class sub period dis spe disc spec;

effect perspl = spline( px / basis = tpf degree=3 knotmethod =

equal(3)); model resp = perspl dis spe dis*spe discarry spcarry|
discarry*spcarry / ddfm=kenwardroger
htype=2;

random sub;

random period / type=ante(l) subject=sub residual;

run;

The fitted cubic spline is plotted in Figure 5.10 along with the categorical
period effects and the fitted quadratic polynomial, and the resulting Wald tests
are given in Table 5.42. The results are very similar to those from the previous
analyses; in particular, there is no suggestion at all of a carry-over effect asso-
ciated with display. The use of modeling the period profile has added little to
the present analysis, but is more relevant in the analysis of longer cross-over
designs and of small (in terms of numbers of subjects) unbalanced designs with
more than a few periods.

To finish this section, we note that there is a second rather different ap-
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Table 5.42: Example 5.9: Results with a cubic regression spline for the period
profile.

Source of variation NDF DDF Type?2 F-test P-value

Period Spline 6 25.56 4.14 0.005
Treatment
Display 3 98.83 20.90 < 0.001
Speed 1 37.12 131.46 < 0.001
Display x Speed 3 114.6 1.56 0.204
Carry-over
Display 3 101.1 2.72 0.048
Speed 1 5991 0.14 0.712
Display x Speed 3 96.98 0.24 0.865

proach to fitting splines in the linear mixed model framework. This uses an al-
gebraic equivalence between a so-called smoothing (or penalized) spline and
a best linear unbiased predictor (BLUP) from a very particular linear mixed
model. Such models can be fitted in glimmix using particular options on the
random statement; indeed, such an approach was used for this example in the
previous edition of this book. Such a formulation has the advantage of allow-
ing the data a more direct role in determining the degree of smoothing, but has
the interpretational disadvantage of splitting the model for the outcome be-
tween the fixed effects and the random effects components. A further issue lies
in the appropriate inference for such models — even though the linear mixed
model can be used in a numerical sense to fit the model, it does not follow
automatically that this model provides the appropriate inferential framework.
For a thorough exposition of smoothing splines and the linear mixed model,
see Welham (2009).






Chapter 6

Analysis of discrete data

6.1 Introduction
6.1.1 Modeling dependent categorical data

At the time of the first edition of this book, Jones and Kenward (1989), the
methodology available for binary and categorical cross-over data was rather
limited and amounted largely to a somewhat ad hoc collection of tests based
on simple contingency tables. An exception to this was the Mainland—Gart test
for direct treatment effect from a two-period two-treatment trial with binary
data described in Section 2.13. Although introduced there in the context of a
contingency table, Gart (1969) gave a derivation for this in terms of a logis-
tic regression model and Altham (1971) considered the same model from a
Bayesian viewpoint. Since the time of the first edition, interest in the analysis
of repeated and correlated categorical data has grown enormously and since
the early 1990s there has been available a much wider range of methodology;
see, for example, Chapters 7—11 of Diggle et al. (2002) and Molenberghs and
Verbeke (2000). These changes were reflected in the second edition of this
book, and only minor developments of an evolutionary nature have occurred
since, mainly computational. These have been incorporated in this chapter.

The starting point for analyzing dependent categorical data is the construc-
tion of an explicit model; although early techniques usually involved some
form of model, this was often defined only implicitly. The choice of model and
interpretation of the parameters is central to an informed comparison of the
different approaches and highlights a key feature of analysis in these settings:
there is no single “natural” choice of model such as, for example, the multivari-
ate normal linear model used extensively in the previous chapter. The parame-
ters of different models may have quite different interpretations and ideally the
first step in an analysis is to identify the appropriate model. In practice, the sit-
uation is a little less clear cut; there are relationships between different models
that allow some linking of functions of parameters, and different models can
often lead to similar substantive conclusions.

In this chapter we review and consider the application to cross-over data of
the current main approaches to the analysis of correlated discrete data. Partic-
ular attention will be paid to comparisons of types of model and the interpre-
tation of the parameters of these and also to the consequences of small sample
size, a common issue in typical cross-over trials. We consider first binary data.

281
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Table 6.1: Example 6.1: Binary data from a four-period cross-over trial.

Joint Sequence
Outcome ABCD BDAC CADB DCBA
(0,0,0,0) 1 0 1 1
(0,0,0,1) 0 1 1 0
(0,0,1,0) 1 1 0 1
(0,0,1,1) 1 0 0 0
(0,1,0,0) 1 1 1 0
(0,1,0,1) 1 1 1 2
(0,1,1,0) 1 1 1 2
(0,1,1,1) 0 1 1 0
(1,0,0,0) 1 0 1 0
(1,0,0,1) 1 1 0 0
(1,0,1,0) 1 0 1 0
(1,0,1,1) 2 0 0 1
(1,1,0,0) 1 1 1 0
(1,1,0,1) 0 2 2 4
(1,1,1,0) 2 3 3 0
(1,1,1,1) 4 9 5 10
Total 18 22 19 21

Techniques have been more thoroughly explored for this setting and the ex-
position is somewhat simpler. We examine how the techniques for binary data
can be generalized to the categorical setting, particularly for the important spe-
cial case of an ordinal response. We complete the chapter by looking briefly at
some other types of responses, namely, counts and survival times.

6.1.2 Types of model
6.1.2.1 Example 6.1

Consider as an example a four-period four-treatment trial (Kenward and Jones
(1992)) the results of which are summarized in Table 6.1. Eighty subjects were
allocated at random to four sequence groups, with treatments labeled A, B, C
and D. For each subject, at the end of each period, an efficacy measurement was
recorded as failure (0) or success (1), so at the end of the trial each subject had
one of 16 possible outcomes: (0,0,0,0), (0,0,0,1),..., (1,1,1,1). The numbers
of subjects who responded with each of these outcomes are presented in Table
6.1 in the form of a contingency table with columns corresponding to sequence
groups and rows to joint outcomes.[ 1]
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6.1.2.2 Marginal models

As with continuous data from a cross-over trial, the aim of the analysis is to ex-
plain the variation in the observed responses in terms of period, treatment and
possible other effects, such as carry-over. Following conventional approaches
to the analysis of binary data, we relate a linear model involving these effects
to a function of the success probability. As before, let Y;j; be the response ob-
served on subject k in group i in period j, in this case, binary. We can write for
a model with period and direct treatment effects

g{E(ije)} = g{P(Yije = 1)} = 1+ 7j + Typ; - (6.1)

The construction on the right hand side of (6.1) is just the same as used earlier
in Equation (5.1) and the effects carry over their associations, although not
their strict meanings.

The function relating the success probability to this linear component or
linear predictor is represented by g(-). We term g(-) the link function, noting
that some authors use this for its inverse. The use of the identity function would
imply that the probabilities are modeled directly on a linear scale. This is usu-
ally avoided in practice because it is typically not sensible to expect treatment
or other effects to act additively across the whole range of possible probabili-
ties. Common choices of the function such as the logit and probit have a form
for which the inverse is sigmoid in shape. These have the added advantage
of mapping values of the linear predictor to the appropriate (0,1) interval for
probabilities. In other words, any calculable linear predictor will correspond to
a genuine probability. This is not true when the probabilities are modeled on
the linear scale. We note in passing that these sigmoid functions are fairly lin-
ear for probabilities between about 0.2 and 0.8, and if, for a particular example,
the observed probabilities lie in this range, then there is often little to choose
between an analysis on the linear and transformed scales. Given the typical
small size of cross-over trials, there is also usually little practical difference
among the functions mentioned above, and we will use the logit function al-
most exclusively in the following, pointing out where necessary if there is any
restriction on the choice of link function for a particular analysis. Thus the logit
version of (6.1) can be written

P(Yijr=1)

logit{P(Y;jy = 1)} = IH{TWZI)

}M+@+%m

or equivalently,
Mt i, j]
ElYju] =P =1) = PR ey
Effects in this model are log odds-ratios. To see this, let 77, ; be the probability
that a randomly chosen subject responds with a 1 in period j under treatment
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d. The the treatment effect 7, — 7;, can expressed as the log odds-ratio

-1 zln{ina’j/(l ~ ) } 6.2)

i/ (1 — T ;)

This type of model has been termed marginal or population averaged (Zeger
et al. (1988)). The model determines the average success probability over all
individuals from the population under consideration for the given covariate val-
ues (treatment, period and so on). It is marginal with respect to the observations
in other periods. That is, the same model for the marginal probabilities would
be used if different subjects were used in different periods (albeit without the
need to allow for within-subject dependence as well). Such a model might be
regarded as appropriate if, for example, we wished to summarize results in the
form of success probabilities under different treatments averaging over period
effects. Such statements are population averaged in nature. One objection to
the use of such models in a trial setting is that the subjects rarely represent a
random sample from any well-defined population and so the idea of averaging
over this population, or making random draws from it, lacks credibility.

6.1.2.3 Subject-specific models

The marginal model presented above is not a complete one for the observa-
tions: it does not define the form of within-subject dependence. Hence the
marginal model cannot tell us the whole story about the comparative behav-
ior of one individual on different treatments, and this is particularly relevant
if subgroups of individuals have quite different patterns of behavior across the
treatments in the trial. The marginal model would simply average over this be-
havior and, when the link function is not the identity, the resulting marginal
model can misrepresent the average behavior in each subgroup. The likelihood
of this actually occurring in practice depends on the particular setting, but does
require rather large differences in behavior among the subgroups to have sub-
stantial impact. Models that directly address individual patterns of behavior
are termed subject-specific. A very simple subject-specific model that is often
used in practice parallels the subject effects model met in Chapter 5, (5.1):

IOgit{P(Yijk =1 | Sik)} = U A+T+ Tgj; ) + Siks (6.3)

for sy an effect associated with the (ik)th subject. It is assumed that the obser-
vations from a subject are conditionally independent given the subject effect.
In the various linear models used in Chapter 5 for which the expectation and
linear predictor are on the same scale, the parameters in both the marginal and
subject-specific models have the same interpretation. The extra terms have im-
plications for the error structure. With a nonidentity link function this is no
longer necessarily true and the corresponding parameters in (6.1) and (6.3)
do not in general represent equivalent quantities. This also underlies the prob-
lem of averaging over disparate sub-groups mentioned above in the context of
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marginal models. The parameters in the subject-specific model modify a par-
ticular subject’s underlying probability, determined by s;;. This does not mean,
however, that functions of these subject-specific parameters cannot have an in-
terpretation that applies globally. For example, within-subject odds-ratios will
be the same for all subjects with common covariates. Extending the earlier no-
tation, let 7, ; ¢ be the probability that a subject with effect s under treatment a
in period j responds with a 1. Then from (6.3)

T~ =In { Pajis/ (1 = M) } , (6.4)

T js/ (1= T j.5)

which is the same for all s. But we do emphasize that this is not the same
quantity as the marginal log odds-ratio in (6.2).

Marginal probabilities can be obtained from subject-specific ones by taking
expectations over the distribution of the subject effects. In general, however,
the model structure (linear additive model on a logit scale, for example) on
which the subject specific probabilities are based will not carry over to the
resulting marginal probabilities. There are exceptions to this, and if normally
distributed subject effects are used, then, to a close approximation for the logit
link, and exactly for the probit link, the marginal model will have the same
structure with the parameters scaled downwards in absolute size (Zeger et al.,
1988). Newhaus et al. (1991) show more generally that for any distribution
of the subject effects there is a sense in which parameters are attenuated in
the marginal model. Good discussions of the distinction between population
averaged and subject-specific models can be found in Zeger et al. (1988), Zeger
(1988), Newhaus et al. (1991), and Diggle et al. (2002).

In this chapter we concentrate on marginal and simple subject-specific
models for categorical cross-over data. The most important analyses can be
formulated in terms of one or other of these two classes of model. Two al-
ternative forms of model for dependent categorical data are the transition and
multivariate log-linear; see Diggle et al. (2002), Chapter 7, for example. The
former are of more relevance for modeling the probabilities of transition from
one category to another in longer sets of repeated measurements and the latter
are more suitable for analyses in which the association structure of the data is
of prime interest, rather than a nuisance to be accommodated, as in the present
context.

6.2 Binary data: subject effect models
6.2.1 Dealing with the subject effects

Recall from (6.3) the logistic representation of the simple subject-specific
model:
logit{P(Yijx = 1| si) } = 1+ ) + Tapi j + ik
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where s;; is an effect associated with the (ik)th subject, sometimes called in
this context a latent variable. Conditional on this effect, the repeated mea-
surements from this subject are assumed to be independent. It is tempting to
use conventional logistic regression to fit such a model and obtain inferences.
However, an important feature of such latent variable models in the non-normal
setting is the inconsistency of the maximum likelihood estimates, a result that
is well-known in the analysis of matched pair case-control studies (Breslow
and Day, 1980, Chapter 7), a setting that is closely related to the current setup.
The inconsistency arises because the number of parameters increases at the
same rate as the number of subjects and this means that the usual asymptotic
results do not apply. Two possible routes are used in practice to avoid this dif-
ficulty. First, a conditional likelihood analysis can used in which the subject
effects are eliminated. Second, the subject effects can be assumed to follow
some distribution; the resulting model is a special case of the generalized lin-
ear mixed model (Diggle et al., 2002, Chapter 9). We now look in turn at these
two routes, comparing and contrasting them as we proceed. We begin with the
conditional likelihood approach.

6.2.2 Conditional likelihood
6.2.2.1 Mainland-Gart test

We consider first the conditional likelihood approach because this leads, in the
2 x 2 setting, to the commonly used Mainland-Gart test (Section 2.13). In
general, a conditional likelihood analysis can be constructed whenever there
exist sufficient statistics for the nuisance parameters, in this case the subject
effects. Such statistics exist only for particular combinations of distribution
and link: the binomial/logit combination is one such example. The general
approach is to use in place of the full likelihood for the data the likelihood
derived from the distribution of the data conditional on the observed values
of these sufficient statistics. By definition, this conditional likelihood is free of
the nuisance parameters, and conventional methods are then applied to this to
make inferences about the remaining parameters of interest. The approach is
analogous to an analysis with fixed subject effects in the normal linear model,
and all information contained in the sufficient statistics is lost in the process.
In the present two-period binary setting the sufficient statistics for the subject
effects are simply the subject totals. Omitting details of the derivation, the
test for treatment effect in the absence of carry-over effect is the test for no
association in the 2 x 2 contingency table of preference data:

Group (0,1) (1,0)

L(AB) ni2  mi3

2(BA) nxp  mpy3
obtained by discarding the nonpreference columns from the full 4 x 2 table,
presented in Table 2.35. This is the Mainland—Gart test (Mainland, 1963; Gart,
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1969) for treatment effect described in Section 2.13. Note that the related test
introduced by Prescott, also described in Section 2.13, is not an example of a
conditional likelihood analysis because it uses the nonpreference outcomes.

Tests for the period effect (adjusted for treatment) can be constructed in
exactly the same way as for the Mainland—Gart and Prescott tests, by inter-
changing ny; and ny3. If a test is to be made for carry over, then this cannot be
done using conditional likelihood: all the direct information is contained in the
subject sums and this is discarded through the conditioning process. We return
to this test when we consider the random subject effects model below.

6.2.2.2 Mainland-Gart test in a logistic regression framework

The emphasis in Section 2.13 was on the calculation of simple tests for direct
treatment effect. To establish the framework for estimation and the analysis
for other, less simple designs, we now introduce more formally the underly-
ing subject-specific logistic regression model. First we see how the odds-ratio
measuring association in the Mainland—Gart test is related to the treatment ef-
fect in this underlying model.

For the 2 x 2 design we can express the linear predictor in a simple way if
we set 11 =0, = 7, T4 = 0 and 75 = 7. For one individual (with subject effect
s, say), the linear predictor corresponding to each period in each sequence can
be expressed:

Period
Sequence 1 2
AB u+s U+mw+t+s
BA U+t+s U+m+s

Conditionally on s, the two observations from this individual are assumed to be
independent. So the conditional probabilities of the joint outcomes, (0,0), (0,1)
and so on, are simply obtained from the products of the individual probabilities.
For example, the probability of an (0,1) outcome in sequence AB is

PMATTES
| el +TtTts .

POI(AB | S) = l+elﬂ+5 X
The conditional probabilities in the 2 x 2 table for the Mainland—Gart test are

then:

Group 0,1) | (1,0) |

1 HHTHTES Plits 1
1 (AB) T+ el TS TfeHTaTTEs T+elTs Txeltattts

1 HAT+s HHTES 1
2 (BA) [ Ll TTFs {1l t7Ts [l TTFs [ Ll TaTs

Now the odds-ratio in this table is
_ P()I(AB | S)P]()(BA | S)
P0| (BA | S)P]()(AB | S),
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which, after some simplification, reduces to
¢ — eZT

Thus the odds-ratio in this table is the square of the odds-ratio in the original
logistic regression model. Using standard asymptotic results for log odds-ratio
estimators (Cox and Snell, 1989) we have that

1 1 1

A 1
V(ng)~ —+—+—+— =v say. (6.5)
Rz m3 N2y N3

Hence an asymptotic 95% confidence interval for 7 is given by

exp{In($/2) +1.96,/v/2}.

6.2.2.3 Small sample issues

These results are asymptotic and will not work sufficiently well in small prob-
lems, such as the one described in Example 2.5 in Chapter 2. In this example,
it will be recalled, there were two centers. The problems of small data sets are
highlighted by the presence of the zero cell in Center 2 of Example 2.5, for
which the crude log-odds ratio is not even defined. This does not affect the
calculation of the score test used in Section 2.13 (the conventional chi-squared
test) provided there are no zero margins, but raises strong doubts about its be-
havior in this setting. Alternatively, modifications can be made to the odds-ratio
estimator and its associated measure of precision, to improve the small-sample
behavior and to ensure its existence when there are zero cells. Cox and Snell
(1989) (p.32) suggest adding one half to each cell and modifying the variance
estimator accordingly:
(ma+ni3+1)(n2+n3+2)  (no+np+1)(nn+n3+2)

(nia+n3)(na+1)(niz+1) (o +n3)(np+1)(ns+1)°

A simpler method is to replace the zero cell only by one half and use this figure
in the original variance formula (6.5).

At the end of Section 5.7 the point was made that, in the absence of carry-
over or treatment-by-period interaction in the model, small sample tests can the
obtained by a re-randomization (or permutation) procedure. It is interesting to
use this here, to compare how the various procedures for testing the Mainland—
Gart odds-ratios actually perform in the current setting. In fact, there are only a
finite number of configurations for the re-randomized data. Using a large num-
ber of re-randomizations (of subjects to groups) we estimate implicitly, with a
high degree of accuracy, the probabilities associated with these configurations.
Fisher’s exact test does this using the analytical probabilities for each config-
uration (under the null hypothesis), but is different in one other respect from
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the current re-randomization based method. Fisher’s exact test conditions on
the nonpreference totals and so the only re-allocation occurs within the pref-
erence cells. In the re-randomization approach, all subjects are re-randomized.
We should therefore expect small differences from Fisher’s test, and these dif-
ferences give an indication of the impact of the conditioning in this setting.

We apply the re-randomization procedures to the Mainland—Gart test cal-
culated for the results in Center 2 of Example 2.5. In Table 6.2 we give the
probabilities calculated using the asymptotic x]2 approximation for four tests:
(1) conventional chi-squared (as in Section 2.13), (2) conventional chi-squared
with Yates’ correction, (3) the Wald test using the estimate and variance ob-
tained after adding one half to all preference cells and (4) the Wald test using
the estimate and variance obtained after adding one half to zero cells only.
For comparison, Table 6.2 also contains the significance probabilities obtained
from 1 million re-randomizations for these same four test statistics. The sim-
plicity of the tests themselves means that the computation involved in this takes
only few minutes. It is not even necessary to use conventional test statistics for
this approach. We could use instead any measure of departure from the null hy-
pothesis, such the odds-ratios from (3) and (4), or even the count in one of the
cells of the Mainland—Gart table. These would all give the same significance
probabilities under re-randomization as the conventional chi-squared statistic.
For comparative purposes, we also show the probabilities that each test gen-
erates when we restrict the re-randomizations to those subjects who show a
preference. This generates numerically the same hypergeometric probabilities
that underly Fisher’s exact test.

The re-randomization based, or conditional exact, sampling distributions of
the test statistics are discrete, and in small samples, may have only few support
points. This means that nominal test sizes cannot be achieved exactly and some
have argued that this implies that such procedures are conservative. This view
is open to debate, but a good compromise is to use so-called mid-P procedures
in discrete problems. These attempt to accommodate the strongly discrete sam-
pling distribution of the exact test statistic by combining probabilities of more
extreme configurations with one half the probability of the observed configu-
ration. It has been argued that such tests have more useful long-run behavior;
see, for example, Lancaster (1961) and Agresti et al. (1993). The current re-
randomization tests give us a good opportunity to illustrate this modification,
so Table 6.2 contains P-values calculated both in the conventional way and
using mid-P procedures.

There are several points to note from these results. First, Yates’ ad-
justed test and the restricted re-randomization tests are close (as expected)
to Fisher’s exact test (P = 0.061). Second, all the tests give identical re-
randomization based results apart from (3), which is not greatly dissimilar.
Finally, apart from Yates’ corrected procedure, the asymptotic procedures are,
in this example, more conservative than the small-sample procedures based on
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Table 6.2: Example 2.5: Center 2: Significance probabilities from asymptotic
and re-randomization versions of the Mainland—Gart test.

Asymptotic R-randomization based
Statistic X} Conventional mid-P  Restricted
(1) 0.014 0.021 0.014 0.061
2) 0.066 0.021 0.014 0.061
3) 0.063 0.036 0.029 0.061
4 0.024 0.021 0.014 0.061

(1) and (2) conventional chi-squared tests, without and with Yates’ correction;
(3) and (4) Wald tests based on tables with one half added to (3) all cells and
(4) only zero cells.

re-randomization. The comparison of the results from the full and restricted
re-randomizations suggest that some information has been lost in the latter ap-
proach, but we must be careful not overgeneralize the results from this single
example.

6.2.2.4 Conditional logistic regression

The re-randomization procedure provides some insights into the various ap-
proaches to inference that we might make using the Mainland—Gart test in
small samples, but is unfortunately rather limited. It can only be used for mod-
els restricted to period and direct treatment effects. More importantly, it is lim-
ited to overall treatment tests. We therefore return now to the conditional likeli-
hood procedures based on the subject effects logistic regression model. In this
model there are two levels, or degrees, of conditioning that can be used.

First, we can just condition on the sufficient statistics for the subject effects
and apply asymptotic results to the resulting conditional likelihood. This is
usually what is implied by the term conditional logistic regression. It can be
done directly in a number of computer packages, for example, Stata (procedure
clogit). In SAS the logistic procedure can be used in which the strata
statement identifies the class variable on which conditioning is to be done; in
the cross-over setting this will be the subject identifier.

Second, and importantly in small problems, the conditioning process can
be continued further to eliminate from the likelihood all the parameters except
those about which inferences are being made. This produces conditional exact
inferences that generalize Fisher’s exact procedure for the 2 x 2 table. Fur-
ther, it is possible to produce conditional exact confidence intervals and tests
for specific comparisons. This is computationally infeasible except in small
samples, but this is not a real issue, as it is in just such settings that such an
approach is of value. This is conveniently done using the exact facility of the
SAS genmod procedure, from release 12.1.

As an illustration of the use of conditional exact procedures for estimation
we consider again Center 2 from Example 2.5. Suppose we wish to estimate
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a 95% confidence interval for the treatment log odds-ratio from Center 2 (B
versus A). The following genmod code sets up the exact analysis, with the
variables taking obvious names:

proc genmod data=ex25;

class sub cen per trt / param=ref;

where cen=2;

model y = sub per trt / dist=binomial;

exact ’exact treatment effect’ trt / estimate=both cltype=exact;
run;

This generates the results for the exact treatment effect:

The GENMOD Procedure
Exact Conditional Analysis

Conditional Exact Tests for ’exact treatment effect’

--- p-Value ---

Effect Test Statistic Exact Mid
trt Score 5.5000 0.0606 0.0455
Probability 0.0303 0.0606 0.0455

Exact Parameter Estimates for ’exact treatment effect’

Standard 95% Confidence Two-sided
Parameter Estimate Error Limits p-Value Type

trt 1 -1.1331«% . -Infinity -0.1315 0.0606 Exact
NOTE: * indicates a median unbiased estimate.

Exact 0dds Ratios for ’exact treatment effect’

957 Confidence Two-sided
Parameter Estimate Limits p-Value Type
trt 1 0.322x% 0 0.877 0.0606  Exact

NOTE: * indicates a median unbiased estimate.

There are some points to note here. First, as is not unusual in such prob-
lems, the zero in the table has meant that one end of the exact confidence
interval is at —oo or co. Second, the exact 2-sided P-value is precisely the
value obtained from the Fisher’s exact version of the Mainland-Gart test in
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Table 6.2; in this very simple setting these two do indeed coincide. Third, an
alternative P-value is displayed, the so-called mid-P value, which we have
met earlier. For comparison with the exact confidence interval, the two modi-
fied log odds-ratio estimates introduced above (one half added to all and zero
cells, respectively) produce the following asymptotic 95% confidence inter-
vals: (—6.53, 0.17) and (—5.89, —0.41). Again these reflect the (asymptotic)
significance of the associated Wald tests.

To illustrate the role of conventional conditional logistic modeling (not ex-
act) we now take the analysis of Example 2.5 further. Suppose that the results
from the two centers are to be combined in one analysis, and we make the as-
sumption that the period and treatment effects are the same in both centers. The
model based approach allows us to make the necessary extension in a natural
way. We could, for example, simply introduce center as an additional effect, to
give the linear predictor:

logit{ P(Yeijx = 1| Scit) } = U+ T + Ye =+ Typi j) + Sciks (6.6)

for 7y, an effect associated with center ¢, ¢ = 1,2. This model can then be treated
as any other logistic regression model in a conditional likelihood or conditional
exact analysis. Note, however, that because center is a between-subject term it
is eliminated along with the subject effects in the conditional analysis, and the
use of this model in this setting is equivalent to a simple pooling of the data
from the two centers. To confirm this, we can calculate the “Mainland-Gart”
odds-ratio from the pooled table:

Group (0,1) (1,0) Total
1 (AB) 2 7 9
2 (BA) 6 5 11
Total 8 12 20

For the B versus A comparison we need, the log odds-ratio from this table
is —1.44, with an estimated asymptotic SE equal to 1.01. The Wald statistic
is then —1.43. Suppose we now fit the logistic regression model (6.3) using
conditional likelihood to the combined data:

proc logistic data=ex25;
class sub cen per trt / param=ref;
strata sub;
model y = cen per trt;

run;

giving:
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Analysis of Maximum Likelihood Estimates
Standard Wald
Parameter DF Estimate Error Chi-Square Pr > ChiSq
cen 1 0 0 . . .
per 1 1 -0.5352 0.5024 1.1350 0.2867
trt 1 1 -0.7175 0.5024 2.0400 0.1532

Apart from the factor of 2 expected from the earlier results, and very small
rounding differences in the SEs, it can be seen that these are equivalent to those
obtained from the Mainland—Gart table above.

Additional within-subject effects such as period-by-center or treatment-by-
center interaction could be estimated simply using a suitably extended version
of this model, but we would need good substantive reasons for examining such
terms and sufficient power to make the process worthwhile.

To summarize, we can use a conditional likelihood analysis to draw in-
ferences from a subject effects logistic regression model for cross-over data.
The advantage of this approach is that we need make no assumptions about
the distribution of the subject effects, although it is assumed that other effects
(like treatment and period) are consistent across subjects. In very small sam-
ples or, more accurately, samples with few preference responses, for which
asymptotic results are not reliable, we can, with appropriate software, con-
struct conditional exact analyzes which provide both tests and confidence in-
tervals for direct treatment (and other) effects. One disadvantage of the condi-
tional approach is that all between-subject information is lost. This implies that
relevant information on direct treatment effects may be lost from inefficient
designs, inferences cannot be made about between-subject terms like center
effects, and population-averaged summaries cannot be constructed from the
analysis. In a typical trial setting we would not regard any of these as serious
drawbacks.

6.2.2.5 Random subject effects

To recover the between-subject information from a subject effects based anal-
ysis, a random-effects model may be used. A natural choice of distribution for
the subject effects is the normal, given that the transformed scale of the linear
predictor is the scale upon which we expect effects to be approximately addi-
tive. The resulting model is an example of a generalized linear mixed model.
The associated likelihood is obtained by integrating over the distribution of the
subject effects. As an illustration, consider again the 2 x 2 cross-over design.
We saw earlier that, conditional on the subject effect for one subject, s;; say,
the probability for the joint outcome for that subject (y;1x, i) can be written
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as the product of the two separate probabilities:

itk (T Ty 11 +5ik)
P(Yiik = yirks Yook = yiow | sie) = T R

oYk (WM -Typ; 5 F-8it)

1+e“+ﬂ2+fd[i,2]+sik .

For the likelihood we need the expectation of this joint probability with respect
to the distribution of sy, f(s), say:

P(Yiix = Yitk, Yook = Yiok) = /P(Yilk = Yitk, Yook = yiok | 8) f(s)ds.

This integral can be solved analytically only for special combinations of link
and subject effects distribution, such as the probit combined with the normal
distribution. More generally, numerical techniques can be employed provided
the random effects structure is relatively simple. Analyses based on such
integrated likelihoods can be done in a relatively straightforward way us-
ing Guassian quadrature (and other types of numerical integration) in SAS
proc glimmix and proc nlmixed. Other statistical packages, such as
Stata and MLwiN, have facilities for random subject effects analyses in
a logistic regression context, and full Bayesian versions can be imple-
mented using Markov chain Monte Carlo methods in WinBUGS and SAS
proc mcmc (Spiegelhalter et al., 2000).

We now show how model (6.3) together with the assumption of normally
distributed subject effects,

sik ~N(0,02),

can be fitted using SAS proc glimmix; for such standard problems this is
typically much more straightforward than proc nlmixed, which gains great
flexbility at the expense of such simplicity. As an illustration, we again turn
to the the data from Center 2 of Example 2.5, the trial on cerebrovascular
deficiency.

proc glimmix data=ex25 method=quad(qcheck);
where cen=2;
class sub per trt;
model y = per trt / dist=binary;
random intercept / subject=sub;
estimate "treatment B vs A" trt -1 1;
run;

The method=quad option of the proc glimmix statement requests adap-
tive Gasussian quadrature for the numerical integration to calculate the full
marginal likelihood. If this is omitted, the default method (i.e., omitting
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method=) is an approximate one, an example of so-called pseudo-likelihood.
This typically has poor behavior with binary data with random Gausssian ef-
fects and so should not be used in settings like this. However, the adaptive
Gaussian quadrature is not itself guaranteed to provide a sufficiently precise es-
timate of the maximum likelihood estimator and it is important to confirm with
a fair degree of certainty that the solution is indeed the one required. To help
with this, proc glimmix includes several tools, one of which is the qcheck
option included in the code above. This performs an adaptive recalculation of
the objective function (2 log likelihood) at the solution, using increasing num-
bers of quadrature points, starting from the number used in the optimization.
It is also possible to over-ride the adaptive selection of quadrature points and
impose a fixed number, using gpoints=. Up to a limit, an increased number
of points typically implies increased precision for the calculation of the likeli-
hood, the main disadvantage being increased computation time. With small to
moderately sized cross-over trials, this is less of an issue and below the results
from the adaptive quadrature will be compared with those of a fixed, but large,
number of points.
From the above code we obtained the key parameter estimates:

Covariance Parameter Estimates

Standard
Cov Parm Subject Estimate Error
Intercept sub 19.2756 11.51256

Type III Tests of Fixed Effects

Num Den
Effect DF DF F Value Pr > F
per 1 65 1.60 0.2103
trt 1 65 4.43 0.0391
Estimates
Standard
Label Estimate Error DF t Value Pr > |t
treatment B vs A -1.7065 0.8106 65 -2.11 0.0391

The results from the gcheck option are below, and these do suggest that
this analysis is not sufficiently close to the optimum.
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Quadrature

Adaptiveness of Quadrature at Solution

---Relative Difference to---
Converged

Objective
Points Function Previous
9 136.61945388
11 136.36540174
21 136.35181693

31 136.36096489

-0.001859561
-0.001958996
-0.001892037

-0.001859561
-0.000099621
0.0000670909

The analysis is therefore repeated with a large fixed number, 31, of quadra-

ture points, i.e., using proc glimmix ...

method=quad (qpoints=31).

Increasing this to 51 points had minimal effect on the results. For 31, these
were as follows:

Label

treatment B vs A

Covariance Parameter Estimates

Standard
Cov Parm Subject Estimate Error
Intercept sub 24.3118 18.6818

Type III Tests of Fixed Effects

Num Den
Effect DF DF F Value Pr > F
per 1 65 1.61 0.2094
trt 1 65 4.04 0.0486
Estimates
Standard
Estimate Error DF t Value Pr > [t]
-1.8602 0.9256 65 -2.01 0.0486

The differences from the earlier analysis under adaptive quadrature are
small in a substantive sense, but not wholly negligible. The greatest difference
is in the estimates of the between-subject variance. This is both very large
(62 = 24.4) but also very poorly estimated. This large between-subject vari-
ability is a consequence of the small proportion of preference outcomes. The
dominance of (0,0) and (1,1) outcomes implies very high within-subject de-
pendence. The large estimated value for 652 in turn has a major impact on the
absolute size of the treatment effect estimate. This subject-specific estimate
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increases in absolute size relative to its marginal counterpart as 6 increases.
By comparison with these results, the modified estimates obtained from the
conditional likelihood Mainland—Gart odds-ratios earlier are —1.59 (0.85) and
—1.57 (0.70) for halves added to zero cells and all cells, respectively. These
are fairly consistent with the random effects estimate, although a little smaller
both in size and SE. The Wald test calculated from the random effects esti-
mate of treatment effect is 4.04, with associated P = 0.04. We can also cal-
culate a likelihood ratio test for the treatment effect. Under the current model
—2logl = 136.3. Dropping treatment and refitting produces —2logl = 142.7,
giving a difference of 6.4 on 1 d.f. The associated tail probability from the 7(12
distribution is 0.01, a rather more extreme result, and one that is more consis-
tent with the small sample tests based on re-randomization. The discrepancy
between the Wald and LR procedures suggests that the asymptotic properties
of these tests are not holding particularly well in this setting.

The high degree of within-subject dependence has important implications
for the interpretation of the treatment effect in this model. This can be seen
very clearly in the original 2 x 4 table. Even though there is some evidence that
abnormal readings are more likely to be seen under treatment B, this effect is
confined to a small minority of the subjects observed. When averaged over the
subjects in the trial (a population averaged view) the odds-ratio, or difference
in probabilities, is comparatively small.

We now extend this analysis to include both centers, paralleling that done
earlier using conditional logistic regression. We return to the combined model
(6.6) with a simple center effect and no interactions (6.6):

logit{P(Yeijk = 1| scix) } = M+ T + Yo + Tafi j + Scik-

The proc glimmix code for the single center is extended in an obvious way,
again using 31 fixed quadrature points:

proc glimmix data=ex25 method=quad(qpoints=31);
class sub cen per trt;
model y = cen per trt / dist=binary;
random intercept / subject=sub;
estimate "treatment B vs A" trt -1 1;
run;

producing the following estimates:
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Covariance Parameter Estimates

Standard
Cov Parm Subject Estimate Error
Intercept sub 11.6863 6.0406

Type III Tests of Fixed Effects

Num Den
Effect DF DF F Value Pr > F
cen 1 98 1.49 0.2246
per 1 98 0.91 0.3431
trt 1 98 1.85 0.1769
Estimates
Standard
Label Estimate Error DF t Value Pr > |t
treatment B vs A -0.6509 0.4785 98 -1.36 0.1769

The treatment estimates and SEs from both the conditional and random ef-
fects analyses are very similar, with a slightly smaller absolute value using the
random subject effects model. Note that we also now have an estimate of the
center effect, albeit a rather imprecise one. The Wald test for a zero treatment
effect is produced automatically. We could, if we wish, use the likelihood ratio
test as an alternative. The value of —2logl from the above fit is 222.9 and from
the fit with treatment omitted, —2logl = 224.8, a difference of 1.9. The associ-
ated tail probability from the xlz distribution is P = 0.17, a very similar result to
the Wald test. We do see from the combined data that there is no real evidence
of a treatment effect, unlike the analysis of Center 2 alone. The difference in
treatment effect between the centers could be investigated formally using the
center-by-treatment interaction. Such terms can be added to the model in an
obvious way. We do not expect sufficient power in the present setting to justify
such a test so we do not pursue it here.

We can summarize the differences between the three approaches to the
subject specific model, (1) conditional, (2) conditional exact and (3) random
subject effects, through the inferences they produce for the treatment effect
from the analysis of both centers. By combining the centers we reduce the in-
fluence of small sample issues in the comparison, particularly those associated
with the zero cell in Center 2. We have discussed these issues in some detail
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Table 6.3: Example 6.2: Inferences for the B-A treatment difference, both cen-
ters.

Analysis Estimate  SE P 95% CI

1. Conditional —0.718 0.502 0.153 (—1.702,0.267)
2. Conditional Exact (mid-P) —0.680 0.488 0.131 (—2.010,0.412)
3. Random Effects —0.651 0478 0.177 (—1.598,0.298)

earlier. In very small samples, to ensure validity, we would recommend ei-
ther the use of the conditional exact procedures or, where applicable, re-
randomization tests.

The three sets of results are presented in Table 6.3. The results from the
tests are very consistent. Given this, it is surprising that the conditional exact
confidence intervals are so much more conservative than the other two. This
is due to the use of the mid-P conditional scores test. The exact confidence
interval presented is directly associated with the more conservative exact test
obtained by doubling the one sided-probability, for which P = 0.31.

Before moving on to higher-order designs, we note that similar procedures
can be used to test for carry-over in the 2 x 2 setting, not forgetting the issues
that this raises, as discussed in Section 2.7. For this we just need to include a
period-by-treatment interaction in the model:

proc glimmix data=ex25 method=quad(gpoints=31);
class sub cen per trt;
model y = cen per trt per*trt / dist=binary;
random intercept / subject=sub;

run;

There is no conditional or conditional exact analog of this analysis because
the carry-over effect is part of the between-subject stratum, all the information
in which is removed when conditioning on the subject effects. The resulting
estimate of carry-over is, in terms of the interaction, —0.88 with an SE of 1.77.
Predictably, the corresponding Wald statistic is far from significant.

An alternative and very simple test for carry-over, introduced by Altham
(1971), is the test for association in the 2 x 2 contingency table of non-
preference responses:

Group (0,0) (1,1)
1(AB) ni1 nus
2(BA) ny  ny

Combining the two centers, we get the following table:

12 29
13 26
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The conventional chi-squared statistic for testing association in this table is
equal to 0.15, and comparing this with the xlz distribution we get P = 0.69, a
result that is wholly consistent with the previous analysis.

6.2.2.6 Higher-order designs

The subject-specific logistic regression model (6.3) provides us with an imme-
diate extension of the previous analyses to higher-order designs. Consider the
four-period four-treatment design, Example 6.1. First these data are arranged
by observation:

subject period treatment response
1 1 1 0
1 2 2 0
1 3 3 0
1 4 4 0
2 1 3 0
79 4 1 1
80 1 4 1
80 2 3 1
80 3 2 1
80 4 1 1

Procedures based on the conditional likelihood can be obtained in exactly
the same way as described above for the extended 2 x 2 design. In principle,
conditional exact procedures could be used, but given the number of subjects
and number of observations per subject, the necessary calculations become
somewhat more burdensome and, arguably, are less important in this setting.

The random subject effects model can also be fitted using SAS proc
glimmix in just the same way as earlier for Example 2.1. Again we start with
adaptive Gaussian quadrature and examine the convergence through gcheck.
Here the results seem very stable, and using 31 fixed quadrature points gives
essentially the same results.

proc glimmix data=ex61 method=quad(qcheck);
class sub per trt;
model y = per trt / dist=binary;
random intercept / subject=sub;
estimate "B vs A" trt -1 1 0 O;
estimate "C vs A" trt -1 0 1 O;
estimate "D vs A" trt -1 0 0 1;
run;
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Table 6.4: Example 6.1: Results from the subject specific analyses; estimates
are log odds-ratios.

Conditional Random subjects
Effect Estimate SE Estimate SE
B-A —0.683 0.393 —0.679 0.392
C-A —0.015 0.404 —0.071 0.404
D-A —0.371 0.399 —0.405 0.398

Overall tests

Wald 408 (P=025 485 (P=0.18)
LR 416 (P=025 390 (P=0.27)

Estimate of 67 1.56 (SE 0.68)

The main results from the conditional and random effects analyses are sum-
marized in Table 6.4. The overall test for treatment effect is on 3 degrees of
freedom and, as before, can either be obtained using likelihood ratio or Wald
procedures. Both are presented. One point to note from these two analyses is
the high degree of consistency between them. In the absence of carry-over in
the model, this design is completely balanced: subjects, periods and treatments
are all orthogonal. Hence there is effectively no between-subject information
to recover, and both analyses are essentially using the same information. The
small differences between the two sets of results, which would not be seen
with a conventional linear regression model, are due to the nonlinearity of the
link function and nonconstant variance of the binary responses. It follows that
unless we want to calculate marginal effects from this analysis we have noth-
ing to lose by using the conditional likelihood approach, and this relies on
fewer assumptions than the random subject analysis. To obtain marginal ef-
fects with the latter model we could integrate using the observed estimate of
o2 (equal to 1.56 in this example). Recall, however, that in theory a logistic re-
gression model cannot simultaneously hold exactly in both the subject-specific
and marginal settings, so care must be taken in mapping corresponding param-
eters from one model to the other. However, as mentioned earlier, an approx-
imate mapping does hold when normal subject effects are used in the logistic
model and this improves as 6 decreases. It is therefore not without meaning
in this setting to consider obtaining such marginal effects through integration.
Alternatively, if the effects in a marginal model are of direct interest, we can
start with such a model. We consider this next.
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Table 6.5: Example 6.1: Raw marginal probabilities.

Group A B C D

ABCD | 0.67 | 0.56 | 0.67 | 0.50
BDAC | 0.68 | 0.73 | 0.68 | 0.86
CADB | 0.79 | 0.58 | 0.68 | 0.58
DCBA | 0.81 | 0.67 | 0.86 | 0.71

6.3 Binary data: marginal models
6.3.1 Marginal model

The logistic form of the simple marginal model introduced at the start of this
chapter (6.1) can be written

In such a model we are concerned with modeling the marginal probabilities of
success or failure in each period. Consider Example 6.1, the four-period four-
treatment trial. The raw estimates of these marginal probabilities from each
sequence group are the simple proportions given in Table 6.5. The aim of the
analysis is to fit model (6.7) to these probabilities. Although this introduces
the parameters of interest, it does not provide a complete description of the
distribution of the data because it does not refer in any way to the statistical
dependence among the repeated measurements. The underlying distribution is
product-multinomial: the counts in each row of Table 6.1 follow a multinomial
distribution and those in different rows are assumed to be independent. The
multinomial probabilities correspond to each joint outcome and the marginal
model does not define these. To complete the definition of the joint probabili-
ties, additional structure must be imposed and this determines, in some form,
the dependence among the repeated measurements. Typically the expression of
the joint probabilities in terms of the marginal parameters will be complicated;
indeed, with more than two times of measurement there will usually be no ex-
plicit expression for these; they will exist only as solutions of sets of equations.
This implies that an analysis that requires a fully parameterized representation
of the joint probabilities, that is, a likelihood based analysis, will be compara-
tively convoluted. For a good discussion of this point see Liang et al. (1992),
Section 2, or Diggle et al. (2002), Section 8.2. Although likelihood analyses
have been developed for these settings, they are not as yet available for routine
use. We concentrate here on more accessible nonlikelihood methods. Some
example of full likelihood marginal analyses in the two-period two-treatment
setting can be found in Kenward and Jones (1994).

Koch et al. (1977) extended the weighted least squares approach of Grizzle
(1965) for modeling categorical data to the multivariate and repeated measure-
ment setting. A model such as (6.7) is specified for the expected values of the
observations in each period, but the variances and covariances are not modeled,
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but estimated using the marginal one-way and two-way tables of counts from
each sequence group. Using these, empirical generalized least squares (EGLS)
is used to fit the model and as a basis for inference. This avoids the need to
model explicitly the dependence structure of the repeated measurements. The
method is implemented in the SAS catmod procedure and so has the advan-
tage of ready access. However, the method requires very large sample sizes for
acceptable behavior; indeed, with moderate to small sample sizes the required
statistics may not even exist due to singularities in the estimated variance-
covariance matrix. The SAS proc catmod manual recommends on average
25 subjects for each combination of period and group, which implies a total of
about 25 X p x s subjects for a cross-over trial with p periods and s sequences.
For example, this amounts to 400 subjects for the four-period four-treatment
sequence trial used here as an example. Some simulation results for a parallel
group trial are given by Kenward and Jones (1992) and these tend to confirm
these sample size recommendations. Useful discussions of this approach are
given by Zeger (1988) and Agresti (1989). Lipsitz and Fitzmaurice (1994) use
the method as a basis for power calculations for repeated measurements trials
with binary outcomes. While the approach has some advantages in terms of
flexibility, the restriction in sample size means that it is rarely applicable in the
Cross-over setting.

An alternative to the EGLS approach that suffers far less from problems
with sample size and is comparatively simple to use in practice is based on the
use of generalized estimating equations (GEE). The literature on this has grown
rapidly following the introduction of the method to a biometric audience. Prin-
cipal early references are White (1982), Liang and Zeger (1986), Zeger and
Liang (1986). A current overview is given in Chapter 8 of Diggle et al. (2002),
with a very thorough account in Molenberghs and Verbeke (2000). We con-
sider the estimating approach in its simplest form (sometimes called GEE1)
in which only the marginal probabilities are modeled. Additional sets of equa-
tions can be added for estimating measures of dependence (correlations, odds-
ratios, risk-ratios) to produce so-called GEE2, and other approaches can be
developed from this starting point, but the gain in possible efficiency from this
is matched by some loss of simplicity. See, for example, Diggle et al. (2002),
Section 8.2.

In the GEEI approach a generalized linear model is used to represent
the marginal observations at each time of measurement and in the process of
estimation the variances are calculated from the current marginal model pa-
rameters. No attempt is made to model the correlations between the repeated
measurements. Instead a fixed “working” correlation matrix is used and this
leads, with some minor provisos, to consistent estimates of the model parame-
ters whatever the true correlation structure (Liang and Zeger, 1986; Zeger and
Liang, 1986). Subsequently, inferences about the model parameters are based
on estimates of error that are robust to misspecification of the correlations, the
so-called sandwich or empirical estimator.
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The whole approach is particularly simple when the identity matrix is
used for the working correlation matrix and this would appear to be the most
widely used implementation. We term this the independence estimating equa-
tion (IEE) implementation of GEE1. There are some advantages to the use of
IEE. Pepe and Anderson (1994) show how a nonidentity working correlation
matrix may lead to inconsistency when there are time-dependent covariates,
although this does not apply to the cross-over setting where the sequences
of time-dependent covariates (treatments) are randomized at the start of the
trial. In general, provided the marginal model is correct, the IEE approach will
produce consistent estimators. One objection to the use of IEE is possible in-
efficiency. In the cross-over setting this will be an issue only for inefficient
designs, that is, when a nontrivial amount of information is contained in the
between-subject stratum. In such settings it is probably better anyway to con-
sider the random effects subject-specific models.

In some applications of GEEI the working correlation matrix is re-
estimated at each cycle of the estimation procedure, as described in Liang and
Zeger (1986). To avoid issues with structural inconsistency (McCullagh and
Nelder, 1989, Section 9.3) and possible inconsistency of estimators (Crowder,
1995) such an approach is probably best avoided with cross-over trials.

In summary, we consider only the IEE version of GEE1 for cross-over tri-
als. Two main questions arise about the performance of this approach with
categorical data from cross-over trials. First, is there likely to be much loss
of efficiency in using the independence assumption for estimation? Second,
is the empirical estimator sufficiently reliable in small samples? Arguably the
latter represents the weakest component of the simple independence imple-
mentation of the estimating equation method to be used here. We have already
indicated that the loss of efficiency is likely to be negligible in efficient designs.
Sharples and Breslow (1992) describe a simulation study of the GEE method
for logistic regression with a very simple covariate structure. They suggest that
little is lost in terms of bias and efficiency using the independence assump-
tion, and the empirical estimator of error performed acceptably well in terms
of bias down to sample sizes of 50 units. Kenward and Jones (1994) augment
these results with some simulations addressed specifically to the cross-over
setting. Binary data were simulated from the four-period four-treatment design
of Example 6.1. The loss in efficiency through the use of the IEE estimators
was negligible, and the estimated SEs performed well for sample sizes of 40
and above. Somewhat surprisingly, the actual 5% and 1% test sizes based on
Wald statistics were acceptable even with a trial size of only 20. More recently,
there have been several proposals for improving the small sample behavior of
the sandwich estimator, and subsequent inferences; see, for example, Fay and
Graubard (2001), Kauermann and Carroll (2001), Mancl and DeRouen (2001),
Pan and Wall (2002). The IEE procedure can be used in the current setting in
a straightforward way with SAS proc genmod and proc glimmix, with the
latter incorporating some of the small sample adjustment. Facilities for GEEs
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are also available in several other packages, for example, Stata, Splus and R.
We will use proc glimmix, as it allows us to see the impact of applying the
small sample adjustments. As we have seen before, it is precisely in the cross-
over setting that small sample issues are likely to arise. We apply it first to
Example 2.1, the pair of cross-over trials from the trial on cerebrovascular de-
ficiency. Following the subject-specific analysis we fit a model with a center
effect but no interactions:

logit{P(Yeij = 1)} = p + ) + ¥ + 7f, .

The superscript M has been added to the parameters in this model to emphasize
their distinction from the parameters in the subject effects model. The follow-
ing proc glimmix commands will fit this model using IEE and will produce
sandwich estimates of precision. Note that the effects estimates are identical
to those that would be obtained using ordinary logistic regression in which all
observations are assumed independent.

proc glimmix data=bk25 empirical;

class sub cen per trt;

model y = cen per trt / dist=binary s;

random _residual_ / subject=sub type=vc;

estimate ’Centre (2-1)’ <cen -1 1;

estimate ’Period (2-1)’ per -1 1;

estimate ’Direct Treatment Effect (B-A)’ trt -1 1;
run;

The parameter estimates and empirical SEs produced by this fit are pre-
sented in Table 6.6 alongside the corresponding estimates and SEs from the
random subject effects analysis, together with the Wald statistics. It can be
seen how the effects estimates have been attenuated in the marginal analy-
sis by a very consistent amount; the ratios of the corresponding estimates are
around 2.4. The SEs are attenuated to a similar degree, however, and the result-
ing inferences based on the Wald tests are almost identical in the two analyses.
This is typically the case with these types of model in a cross-over setting that
is largely confined to within-subject information. The degree of attenuation is
directly related to the size of the within-subject dependence.

We can also use small sample procedures to adjust the calculation of the
standard errors. These are selected as qualifiers to the empirical option. Two
are considered here: (1) empirical=root, which uses the residual approxi-
mation in Kauermann and Carroll (2001), and (2) empirical=firores, the
proposed adjustment in Mancl and DeRouen (2001). In this example these pro-
duce standard errors for the treatment effect of 0.199 and 0.201, respectively.
Both are very close indeed to the simple unadjusted estimator, 0.197.
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Table 6.6: Example 2.5: Both centers: estimated log odds-ratios from the
subject-specific and marginal analyses.

Subject-Specific Marginal
Effect Estimate (SE) Wald Estimate (SE) Wald
Center (2-1) 1.174 (0.960) 1.22 0.482 (0.387) 1.24
Period (2-1) —0.449 (0.471) —-0.95 —0.179(0.198) —0.91

Treatment (B-A)  —0.650 (0.478) —1.36 —0.268 (0.197) —1.36

Table 6.7: Example 6.1: Estimated treatment effects, log odds-ratios, from the
subject specific and marginal analyses.

Subject-Specific Marginal
Effect  Estimate (SE) Wald Estimate (SE) Wald
B-A —0.679 (0.392) 1.73 —0.537 (0.325) 1.24
C-A —0.071 (0.404) 0.18 —0.081 (0.323) 0.25
D-A —0.405 (0.398) 1.02 —0.341 (0.276) 1.24

Overall (type 3) tests
Wald 4.85 (P=0.18) 3.70 (P=031)

The between-subject variance is considerably smaller in Example 6.1, the
four-treatment trial (6.4). Here we should expect less attenuation. The basic
model (6.7) can be fitted using the following glimmix instructions. The overall
treatment test is on three degrees of freedom and requires calculation of a Wald
statistic; the type 3 tests are produced by default and here, in the absence of
interactions, these are equivalent to type 2 tests.

proc glimmix data=ex61 empirical;
class sub per trt;
model y = per trt / dist=binary;
random _residual_ / subject=sub type=vc;
estimate "B vs A" trt -1 1 0 O;
estimate "C vs A" trt -1 0 1 O;
estimate "D vs A" trt -1 0 0 1;
run;

The two sets of analyses, subject-specific and marginal, are summarized
in Table 6.7. The attenuation affect can again be seen, but is less marked here
because of the smaller within-subject dependence. Again the inferences from
the two analyses are very similar.

As in Section 6.2, we could also approach small sample tests using ran-
domization procedures, at least with simple model structures. Recall that these
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procedures need not be applied to conventionally justified test statistics, be-
cause the validity of the procedure is based on the empirical calculation of
the sampling distribution under re-randomization. For example, a logistic re-
gression based statistic could be calculated under the assumption that all ob-
servations are independent. One could even use an ANOVA treatment sum of
squares. The choice of statistic will affect the power of the resulting procedure,
but not its validity.

6.4 Categorical data
6.4.1 Example 6.2: Trial on patients with primary dysmenorrhea

As an example of a cross-over trial with an ordinal response, we consider the
data from a trial to investigate the effects of placebo (A) and low (B) and high
(C) dose analgesics on the relief of pain in subjects with primary dysmenor-
rhea (Kenward and Jones, 1992). A three-period design was used with all six
sequences. Eighty-six subjects were randomized to the sequences, achieving
approximate balance, with group sizes ranging from 12 to 16. At the end of
each treatment period each subject rated the amount of relief obtained as none,
moderate or complete, and we label these 1, 2 and 3, respectively. Over the pe-
riod of the trial each subject produced 1 of 27 possible joint outcomes: (1,1,1),
(1,1,2), ...(3,3,3). The resulting data are summarized in Table 6.8.CJ0]

6.4.2  Types of model for categorical outcomes

There is range of ways in which we can approach a categorical response, ir-
respective of the complications introduced by having repeated measurements.
With a binary outcome we have used linear models for functions, principally
the logit, of the success probability. With categorical data we can associate sev-
eral probabilities with each observation, or more precisely, C — 1 independent
probabilities for a C category response. We can then consider several alterna-
tive sets of functions that might be considered appropriate for equating to a
linear predictor. Denote by 7; ... ¢ the probabilities associated with a C cate-
gory response Y. Some possible functions, based on the logit link, are

e Generalized (or adjacent category) logits:

o(5) ()] e

e Cumulative logits:

Leem\ _ [P¥>0)
In (Zf_llni> —]n{m} C—Z,...,C.
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Table 6.8: Example 6.2: Data from the trial on pain relief.

Sequence Group

Outcome ABC ACB BAC BCA CAB CBA Total
1,1,1) 2 1
(1,1,2)
(1,1,3)
(1,2,1)
(1,2,2)
(1,2,3)
(1,3,1)
(1,3,2)
(1,3,3)
(2,1,1)
(2,1,2)
(2,1,3)
(2,2,1)
(2,2,2)
(2,2,3)
2,3,1)
2,3,2)
(2,3,3)
3,L1)
(3.,1.2)
(3,1,3)
3,2,1)
(3.2,2)
(3,2,3)
(3,3,1)
(3,3,2)
(3,3.3)
Total
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e Continuation-ratio logits:

T B P(Y =c¢) B
In (ﬂ) —]n{m} C—Z,...,C.

The generalized logits are most commonly used when the categories have
no ordering, as models based on these have an invariance to re-ordering of the
categories. The other two are clearly based on a particular ordering, and so are
arguably more appropriate in an ordinal setting, such as the pain relief trial. The
continuation-ratio model is not invariant to reversal of the scale and so tends to
be used more where the direction (e.g., low to high) has a specific substantive
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meaning which does not operate in reverse simply by relabeling. Finally, the
cumulative logits are very commonly used as the basis for analyses of ordinal
data, particularly when constrained to have a proportional structure. That is,
if a linear predictor (less intercept) 7, corresponds to a particular observations
then this is held constant for each cumulative logit, allowing only the intercept
(or so-called cut-point parameter) to differ among these:

= U;j =2,...,C.
P(Y<C>} N/“‘ﬂa c ) 7C

This is called a proportional odds model (McCullagh, 1980) and can be de-
rived in terms of an underlying latent distribution for the outcome, which is
assumed to be categorized to produce the ordinal observation. Another view
of the proportional odds model is that it represents a set of logistic regression
models. The cth cumulative logit can be regarded as a simple logit for a new
binary variable obtained by combining categories ¢ and above to define a suc-
cess. There are C — 1 such binary variables and it is assumed that, apart from
the intercepts, the same logistic regression model (with linear predictor 1) fits
each. This generates a parsimonious, powerful, and easily interpretable way of
modeling ordinal data because there is only a single odds-ratio for each effect,
but the proportionality assumption need not always hold. Global tests exist for
proportionality in such models, and typically these compare the fitted model
with one based on generalized logits (which saturate the probabilities). Alter-
natively, one can examine proportionality term by term in the linear predic-
tor using so-called partial proportional odds models (Peterson and Harrell,
1990; Lall et al., 2002). In the following we principally use the proportional
odds model and its extensions, but will make some references to the gener-
alized logit approach, which has one advantage in terms of conditional exact
testing.

6.4.3  Subject effects models
6.4.3.1 Proportional odds model

Example 6.2 has an ordinal response and so we begin by considering a propor-
tional odds model for this. We can extend the subject effects logistic regression
model to this setting in a very natural way by adding the subject effect to the
common linear predictor:

logit{P(Yijk >c|si)t = U+ i+ Tyji ) + Sik, €= 2,...,C. (6.8)

Of the two approaches to the subject effects model used earlier in a binary set-
ting, only the random one can now be applied. The necessary sufficient statis-
tics for the subject effects do not exist in the proportional odds model, and so
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a conditional likelihood cannot be constructed. However, the random subject
effects analysis proceeds very much as before. SAS proc glimmix can be
used to fit the model. The structure is very much as before, with the choice
of a multinomial response distribution (dist=multinomial) defaulting to a
proportional odds structure:

proc glimmix data=ex62 method=quad(qcheck) ;
class sub per trt;
model y (descending) = per trt / dist=mult;
random intercept / subject=sub;
estimate "treatment B vs placebo" trt -1 1 O;
estimate "treatment C vs placebo" trt -1 0 1;
estimate "treatment C vs B" trt 0 -1 1;

run;

The estimates are very stable with respect to the number of gpoints, and in
all fits the estimate of the subject variance tends to zero. There is no evidence at
all of any within-subject dependence. So the resulting estimates and standard
errors are the same as would be obtained from a conventional proportional-
odds regression in which all the data were assumed to be independent. The
estimated log odds-ratios for the treatment effects are as follows.

Standard
Label Estimate Error DF t Value Pr > |t
treatment B vs placebo 2.0413 0.3274 167 6.23 <.0001
treatment C vs placebo 2.4156 0.3327 167 7.26 <.0001
treatment C vs B 0.3743 0.2841 167 1.32 0.1895

The differences from placebo are highly significant, but the low and high
doses exhibit very similar behavior.

6.4.3.2 Generalized logit model

Before turning to marginal models for this problem we briefly consider a con-
ditional likelihood analysis. As mentioned above, the required sufficient statis-
tics do not exist for the subject effects proportional odds model (6.8), so a
conditional likelihood cannot be constructed using this approach. The required
sufficient statistics do exist, however, for the generalized logit model with sub-
ject effects. For a generic cross-over design this model can be written

T

In (7:_,) = He+ Tej+ Teafi ) + Seies ¢ =2,...,C.
This is an extension of the Rasch model, commonly used in the social sciences
(Ansersen, 1977). An important feature of this model is that all parameters, in-
cluding the subject effects, are allowed to take different values for the different
logits, i.e., it does not display the parsimony of the proportional odds model.
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To some extent this reflects the lack of natural ordering in the categories, and
such a model would be appropriate for an unordered categorical response. It is
less well suited to an ordinal outcome, although some aspect of the ordered na-
ture can be introduced by regressing on the category scores. The unstructured
treatment effects 7., ..., Tc, are replaced by

Teqg = CTy, c=2,...,C.

Tests for treatment effects based on this model are generalizations of the
Cochran—Armitage trend test (Armitage, 1955). Somewhat surprisingly per-
haps, analyses based on this regression based generalized logit model and the
proportional odds model can be similar in overall conclusions. This follows
from the approximate linearity in the central range of the logistic transfor-
mation. For probabilities between about 0.2 and 0.8, the logit relationship is
approximately linear and in this range it can be shown that the two types of
logit (cumulative and generalized) actually lead to similar models. In analy-
ses where fitted probabilities are more extreme, differences between the ap-
proaches are likely to be more marked.

For the conditional likelihood analysis we need to condition on the suf-
ficient statistics for the subject effects. These are the joint outcomes ignor-
ing order and conditioning on these produces a likelihood with a conventional
log-linear form (Conaway, 1989). Kenward and Jones (1991) show how such
log-linear analyses can be constructed in a compact way for general cross-over
designs. Agresti and Lang (1993) explore equivalences between such a condi-
tional analysis and that produced by a nonparametric approach with random
effects and the use of quasi-symmetric log-linear models. For details of the
analysis of Example 6.2 under this model we refer the reader to Kenward and
Jones (1991).

A further simplification takes place when there are only two periods, for
then the sufficient statistic for subject (i,k) who responds with x in Period 1
and y in Period 2 is the pair of outcomes R = {(x,y), (y,x)}. Conditioning on
the outcome being a member of this set, we get

logit [P{Yi1x = x,Yk =y | (x,) € R}]
= T+ Tagin] T T2+ Tyafi2) — Tyt — Tydfi;1] — T2 — Tadi 2]

This is a standard logistic regression model, but one without an intercept, and
conditional exact procedures for logistic regression can be applied to this for
very small sample sizes.

6.4.4 Marginal models
6.4.4.1 Proportional odds model

We now consider fitting a marginal proportional odds model to the data
from Example 6.2. Given the very small size of the between-subject variance
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Table 6.9: Example 6.2: Estimated log odds-ratios for the treatment effects
from the random subject effects and marginal analyses.

Random subjects =~ Marginal (IEE)

Effect Estimate SE Estimate SE
B-placebo 2.041 0.327 2.041 0.367
C-placebo 2.416 0.333 2.416 0.371

C-B 0.374 0.284 0.374 0.252
Overall tests
Wald 57.3 43.2

estimated from the random subject effects analysis, we should expect very sim-
ilar results from a marginal model. For this problem we need to use the genmod
procedure not glimmix used earlier for binary outcomes because, at present,
the latter does not incorporate the empirical estimate of error with the propor-
tional odds model.

proc genmod data=ex62 descending;
class sub per trt;
model y = per trt / dist=mult;
repeated subject = sub / type=ind;
estimate "treatment B vs A" trt -1 1 O;
estimate "treatment C vs A" trt -1 0 1;
estimate "C vs B" trt 0 -1 1;

run;

The results from this fit, and that of the earlier random subjects analysis for
comparison, are presented in Table 6.9. With 7 effectively estimated as zero,
the random effects analysis produces the likelihood estimates and SEs under
the assumption of independence. The IEE analysis therefore provides exactly
the same estimates, with SEs slightly changed by the sandwich modification.
Essentially the analyses give the same results.

6.4.4.2  Partial proportional odds model

The proportional odds analyses rest on the assumption that the effects in the
linear predictor (period, treatment) are consistent among the C — 1 cumulative
logits, that is, the proportional odds assumption holds. Departures from this as-
sumption imply that there are effects that are not consistent between the C — 1
logistic regressions of the binary variables defined by the C — 1 cut-points.
This assumption can be examined term by term by looking at the cut-point-
by-period and cut-point-by-treatment interactions. A partial proportional odds
model is one in which some of these interactions are present, but not all (Peter-
son and Harrell, 1990; Lall et al., 2002). Now, because of the way in which the
proportional odds model is formulated in standard software, these interactions
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cannot simply be added to the linear predictor. Instead we can reformulate the
analysis in terms of dependent binary outcomes and let the empirical variance
estimator accommodate the dependencies among these.

In a general setting, a C category ordinal random variable Y;; can be re-
expressed as C — 1 binary correlated responses Z; jy:

_J 1 Yp=>c _
Z,ch{ 0 ijk<C C—Z,...C.

The proportional odds model for ¥;
logit{P(Yi; > ¢)} = e + 7j + T4 3, ¢=2,...,C
implies a logistic regression model for each binary response:
logit{P(Zjxc = 1)} = e+ m; + Tfij]y €=2,...,C.

We can add to this model interactions between the existing terms and each
level of the cut-point, c:

logit{P(Z;jxc = 1)} = pe + 7 + Tyji j) + (UT)c,j + (UT)eafij)s €=2,---,C-

The terms {(47).;} and {(UT) 4557} represent departures from the assump-
tion of proportionality and can be examined to assess this assumption. If all
the binary observations were independent, this model could be fitted using
conventional logistic regression. However, the analysis needs to accommodate
both dependence among observations from the same subject and among ob-
servations derived from the same ordinal response. A simple, but rather crude,
method that can use existing GEE software is to restructure the data in terms
of these binary variables, fit a logistic model and let the empirical variance
estimator take care of the correlations among these binary responses.

We now illustrate this with the data from Example 6.2. First, every ordinal
response Y is replaced by two new binary responses Z; and Z;:

1 Y>c¢ _
ch—{o Y <c C—2,3.

The two sets of binary variables are then combined in one data set, thus dou-
bling the number of observations. A factor (or class variate) is introduced to
distinguish between the two new binary outcomes (called cut, say), and all
other variates (subject, period and treatment) are duplicated exactly. Thus the
new data set takes the form shown in Table 6.10.

The full marginal model, with both interactions, can then be fitted as fol-
lows:
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Table 6.10: Example 6.2: Data set restructured for fitting a partial proportional
odds model.

sub per trt cut y z
1 1 1 1 1 0
1 2 3 1 1 0
1 3 2 1 1 0
1 1 1 2 1 0
1 2 3 2 1 0
1 3 2 2 1 0

21 1 1 1 1 0
21 2 3 1 2 1
21 3 2 1 3 1
21 1 1 2 1 0
21 2 3 2 2 0
21 3 2 2 3 1
86 1 3 1 3 1
86 2 2 1 3 1
86 3 1 1 1 0
86 1 3 2 3 1
86 2 2 2 3 1
86 3 1 2 1 0

proc genmod data=ex62_restructured descending;
class cut period treatment sub;
model resp = cut period treatment cut*period
cut*treatment / dist = b wald type3;
repeated subject=sub / type=ind;
run;

We are interested in the overall contribution of the interactions, so we first ex-
amine the Wald tests:

Wald Statistics For Type 3 GEE Analysis
Chi-

Source DF Square Pr > ChiSq
period 2 5.28 0.0715
treatment 2 39.37 <.0001
cut 1 66.51 <.0001
cut*period 2 3.77 0.1515
cut*treatment 2 0.49 0.7814
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The interactions are both small and so the proportional odds assumption
would appear to be acceptable in this example. If this were not the case for
the treatment effects, then different treatment odds-ratios would need to be
presented for each cut-point, and the overall treatment test would be on (¢ —
1)(¢ — 1) degrees of freedom rather than (r —1).

6.5 Further topics
6.5.1 Count data

There are many different ways in which counts may arise in a cross-over trial.
The Poisson distribution is a natural starting point for modeling these. The
Poisson log-linear analog of the logistic subject effects model (6.3) can be
written:
Yijk | sik ~ Po(niji)
for
In(Niji) = 1+ 7+ Tgpij) + Sik-

To avoid distributional assumptions for s; we might consider a conditional
likelihood analysis, again using the analogy with the logistic model. The Pois-
son log-linear model has a very special property with respect to such an anal-
ysis: identical results are obtained whether we simply estimate the subject ef-
fects as fixed parameters or construct the conditional likelihood formally and
use this. The simplest approach therefore is to fit a Poisson log-linear model
with fixed subject effects. In proc genmod we could use the following generic
form:

proc genmod;

class sub per treat;

model resp = sub per treat / dist = poisson;
run;

This will of course remove all between-subject information from the anal-
ysis. If we wish to recover this, a (normal based) random subjects analysis is
simply constructed in proc glimmix; this would follow the same structure
seen previously, with the poisson option for the distribution.

However, when comparing subject-specific and marginal analyses, there is
an important difference between analyses that use a log link and those that use
a logistic link. We have seen in the latter case that effects in the model are at-
tenuated when we move from subject-specific to analogous marginal models,
with the degree of attenuation depending on the size of the subject effects vari-
ance. The same is not seen with a log link. In this situation only the intercept
differs between the two types of model. The reason is as follows. Let 1 be the
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linear predictor without the subject effect; then
Marginal mean = Eg[e"™]
= Esle"] xEg[e’]
= elxe*

— K

where, because s ~ N(0, 62),

2
K oolf2,

e ie., k=02/2.

Hence the intercept has a quantity 62 /2 added to it in the marginal model.

We have seen that the modeling of count data from cross-over trials is rela-
tively straightforward provided the Poisson distribution provides a reasonable
approximation. However, in many settings the Poisson distribution is in fact a
rather poor model for count data. For example, events, or episodes, from one
subject in one treatment period may well be mutually correlated, or the under-
lying rate may change with time during the period. Typically, the consequence
of such departures is that the observed variability of the observations is greater
than that predicted by the Poisson model. This is called over-dispersion (Mc-
Cullagh and Nelder, 1989, Section 6.3.2). When using a Poisson model for
count data, the possibility of overdispersion needs to be considered. There are
several ways in which this could be done. The underlying Poisson assumption
could be changed, with the negative binomial a popular choice, or additional
random effects can be added to the Poisson model. The interplay between ran-
dom effects and components for overdispersion is a subtle one, however. For
recent developments, see Molenberghs et al. (2010). Further discussion of the
analysis of count data in the context of the 2 x 2 design can be found in Long-
ford (1998).

6.5.2 Time to event data

Although not an example of categorical data, analyses for event, or failure,
time data have much in common with those met already. Time to event data is
often met in the survival context, one that is self-evidently incompatible with
cross-over designs. However, other forms of repeatable events may be used as
an outcome. France et al. (1991) give an example in the context of a trial on
treatment for angina in which time to stopping an exercise was the outcome of
interest. One could approach such data using parametric models for the event
times; the log normal distribution is one obvious candidate. A full model based
analysis would require incorporation of within-subject dependence. If the only
interest were in constructing a valid test for treatment effect in the absence of
carry-over, then the randomization based tests introduced in Section 5.5 could
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be used to provide robust analyses, following estimation methods that ignore
the dependence. The presence of censoring raises further complications, how-
ever. One possible approach uses the Cox proportional hazards model (Cox,
1972). Kalbfleish and Prentice (1980) develop the use of this model to paired
event time data, and France et al. (1991) extend this to the 2 x 2 cross-over
design, producing a procedure closely related to the Mainland—Gart test. Al-
ternatively, other multivariate generalizations of the Cox model might be con-
sidered, for example, Oakes (1986).

6.5.3 Issues associated with scale

One common feature of nearly all the models used in this chapter is the use
of a nonlinear scale linking the effects of interest, typically direct treatment, to
the mean outcome of the response. We have already touched on the relevance
of scale in Section 6.1 when contrasting marginal and subject-specific models.
We emphasized that, in general, the parameters in these classes of model have
different interpretations. More strictly, except in very special cases, a nonlinear
model cannot hold simultaneously both at the marginal and subject-specific
levels. The impact in terms of model specification of adding terms such as
covariates or subject effects to nonlinear models has been explored in detail
by a number of authors; see, for example, Gail et al. (1984), Struthers and
Kalbfleisch (1986) and Cramer (1991), pp. 36-39. It is important that this is
borne in mind when results from cross-over trials are compared with, or as
in done in meta-analysis, combined with, “equivalent” treatment comparisons
from parallel group and other designs. It may well be that different basic quan-
tities are being estimated. Curtin et al. (1995) discuss this in the context of
meta-analysis for binary data that may include cross-over trials, and Ford et al.
(1995) give a good example of the problems that this may cause for propor-
tional hazards models, with explicit reference to the 2 x 2 cross-over trial.






Chapter 7

Bioequivalence trials

7.1 What is bioequivalence?

The early phase of drug development is concerned with determining the safe
and effective dose to give patients in future clinical trials. In this carefully
planned phase very low doses of an active drug are given to a small number of
healthy human volunteers to determine the pharmacokinetics (PK) of the drug.
Assuming an orally administered drug is being studied, PK is concerned with
obtaining information on the absorbtion, distribution, metabolism and elimi-
nation of the drug. Quite often PK is referred to as what the body does to the
drug. An important outcome of a PK study is an assessment of how much of
the active constituents of the drug reaches its site of action. As this cannot be
easily measured directly, the concentration of drug that reaches the circulat-
ing bloodstream is taken as a surrogate. The concentration of drug that is in
the blood is referred to as its bioavailability. It is assumed that a drug with a
larger bioavailability than another will also be such that a greater amount of its
active ingredients reaches the intended site of action. Two drugs which have
the same bioavailability are termed bioequivalent. See FDA Guidance (FDA,
1992, 1997, 1999b, 2000, 2002). Statistical approaches to determining bioe-
quivalence are described in FDA Guidances (FDA, 1992, 1997, 1999a, 2001).
There are a number of reasons why trials are undertaken to show two drugs are
bioequivalent. Among them are (i) when different formulations of the same
drug are to be marketed, for instance, in solid tablet or liquid capsule form;
(i) when a generic version of an innovator drug is to be marketed; (iii) when
production of a drug is scaled up and the new production process needs to be
shown to produce drugs of equivalent strength and effectiveness to the original
process. In all of these situations there is a regulatory requirement to show that
the new or alternative version of the drug is bioequivalent to what is considered
to be its original version.

In the following we will refer to the original or innovator version of the
drug under consideration as the Reference or R. The new or alternative version
of the drug will be referred to as the Test or T. Test and Reference are compared
in cross-over trials that use healthy volunteers as the subjects. In a 2 x 2 trial,
for example, each subject is given a single dose of T and R and blood samples
are taken at a series of time points subsequent to dosing. Each blood sample is
then assayed to determine the concentration of drug in the blood plasma. Often
the blood sampling is taken more frequently during what is expected to be the

319
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Figure 7.1: Observed concentration-time profile for a single subject in a given
period.

absorption phase of the drug and then less frequently during the elimination
phase. For each subject and period the concentrations of drug in the blood are
plotted against the corresponding sampling times to give a concentration-time
profile for that subject and period. A typical profile is given in Figure 7.1.
Once the drug gets past the stomach and into the small intestine, it begins
to be absorbed into the blood, eventually reaching a peak concentration. From
then on, the concentration diminishes as the drug is eliminated from the body.
The area under the profile is referred to as the Area Under the Curve or AUC.
The AUC is taken as a measure of exposure of the drug to the subject. The
peak or maximum concentration is referred to as Cmax and is an important
safety measure. For regulatory approval of bioequivalence it is necessary to
show from the trial results that the mean values of AUC and Cmax for T and
R are not significantly different. The AUC is calculated by adding up the ar-
eas of the regions identified by the vertical lines under the plot in Figure 7.1
using an arithmetic technique such as the trapezoidal rule (see, for example,
Welling (1986), 145-149, Rowland and Tozer (1995), 469-471). Experience
(e.g., Guidance (FDA, 1992, 1997, 1999b, 2001)) has dictated that AUC and
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Cmax need to be transformed to the natural logarithmic scale prior to analysis
if the usual assumptions of normally distributed errors are to be made. Each
of AUC and Cmax is analyzed separately and there is no adjustment to signif-
icance levels to allow for multiple testing (Hauck et al. (1995)). We will refer
to the derived variates as log(AUC) and log(Cmax), respectively.

In bioequivalence trials there should be a wash-out period of at least five
half-lives of the drugs between the active treatment periods. If this is the case,
and there are no detectable pre-dose drug concentrations, there is no need to
assume that carry-over effects are present and so it is not necessary to test
for a differential carry-over effect (FDA Guidance, FDA (2001)). The model
that is fitted to the data will be the one used in Section 5.3 of Chapter 5,
which contains terms for subjects, periods and treatments. An example of fit-
ting this model will be given in the next section. To simplify the following
discussion we will refer only to log(AUC); the discussion for log(Cmax) is
identical.

For a thorough review of bioequivalence we refer the reader to Patterson
and Jones (2006).

All the analyses considered in the following are based on summary mea-
sures (AUC and Cmax) obtained from the concentration-time profiles. If test-
ing for bioequivalence is all that is of interest, then these measures are adequate
and have been extensively used in practice. However, there is often a need to
obtain an understanding of the absorption and elimination processes to which
the drug is exposed once it has entered the body, e.g., when bioequivalence
is not demonstrated. This can be done by fitting compartmental models to the
drug concentrations obtained from each volunteer. These models not only pro-
vide insight into the mechanisms of action of the drugs, but can also be used to
calculate the AUC and Cmax values. See, for example, Lindsey et al. (2000).

The history of bioequivalence testing dates back to the late 1960s and early
1970s (see, for example, Patterson and Jones (2006)). The regulatory implica-
tions of bioequivalence testing are also described in Patterson and Jones (2006)
and so we do not repeat these here.

At the present time, average bioequivalence (see Section 7.2) serves as the
current international standard for bioequivalence testing using a 2 X 2 cross-
over design. Alternative designs (e.g., replicate cross-over designs) may be also
utilized for drug products to improve power (see Patterson and Jones (2006)).

7.2 Testing for average bioequivalence

The now generally accepted method of testing for average bioequivalence
(ABE) is the two-one-sided-tests procedure (TOST) proposed by Schuirmann
(1987). It is conveniently done using a confidence interval calculation. Let r
and Ug be the (true) mean values of log(AUC) (or log(Cmax)) when subjects
are treated with T and R, respectively.
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ABE is demonstrated if the 90% two-sided confidence interval for uy — ug
falls within the acceptance limits of —In1.25 = —0.2231 and +Inl1.25 =
0.2231. These limits are set by the regulator (FDA Guidance (FDA, 1992,
2001, 2002)) and when exponentiated give limits of 0.80 and 1.25. That is,
on the natural scale, ABE is demonstrated if there is good evidence that

0.80 < exp(ur — ug) < 1.25.

We note that symmetry of the confidence interval is on the logarithmic scale,
not on the natural scale.

The method gets its name (TOST) because the process of deciding if the
90% confidence interval lies within the acceptance limits is equivalent to re-
jecting both of the following one-sided hypotheses at the 5% significance level:

Hop. ur — g < —1nl.25
Hpp: it — g > In1.25.

Example

The derived data given in Tables 7.1 and 7.2 are from a pharmacokinetic
study that compared a test drug (T) with a known reference drug (R). The de-
sign used was a 2 x 2 cross-over with 24 healthy volunteers in the RT sequence
group and 25 in the TR sequence group. Each volunteer should have provided
both an AUC and a Cmax value. However, as can be seen, not all volunteers
had sufficient data to make this possible and there are several missing values.

The subject-profile plots (see Chapter 2) for those subjects that had values
in both periods for log(AUC) and for log(Cmax) are given in Figure 7.2. It is
clear that for Subject 4 in the TR sequence both log(AUC) and log(Cmax) are
unusually low in the second period. These plots have been drawn using a mod-
ified version of the Splus-code given in Millard and Krause (2001), Chapter
7.

The SAS code to calculate the confidence intervals for log(AUC) and
log(Cmax) as needed for the TOST analysis is given below, where we fit a
mixed model using SAS proc mixed. This model fits a random term for sub-
jects within sequences. Using a mixed model we can produce an analysis that
includes the data from all subjects, including those with only one value for
AUC or Cmax. However, including the subjects with only one response does
not change the results in any significant way and so we will report the results
obtained using the subsets of data that have values in both periods for AUC
(45 subjects) and Cmax (47 subjects). These results are the same as would be
obtained by fitting a model with fixed subject effects.
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Table 7.1: Bioequivalence trial: RT sequence.
Subject AUC AUC | Cmax | Cmax

Test Ref Test Ref
1 79.34 58.16 | 2.827 | 2.589
3 85.59 69.68 | 4.407 | 2.480
5 . 121.84 .| 5.319
8 377.15 | 208.33 | 11.808 | 9.634
10 14.23 17.22 1.121 1.855
11 750.79 1407.9 | 6.877 | 13.615
13 21.27 20.81 1.055 1.210
15 8.67 . 1.084 | 0.995
18 269.40 | 203.22 | 9.618 | 7.496
20 41242 | 386.93 | 12.536 | 16.106
21 33.89 4796 | 2.129 | 2.679
24 32.59 22770 | 1.853 1.727
26 72.36 44.02 | 4.546 | 3.156
27 423.05 | 285.78 | 11.167 | 8.422
31 20.33 40.60 | 1.247 1.900
32 17.75 19.43 | 0910 | 1.185
36 1160.53 | 1048.60 | 17.374 | 18.976
37 82.70 | 107.66 | 6.024 | 5.031
39 928.05 | 469.73 | 14.829 | 6.962
43 20.09 1495 | 2.278 | 0.987
44 28.47 28.57 1.773 1.105
45 411.72 | 379.90 | 13.810 | 12.615
47 46.88 126.09 | 2.339 | 6.977
50 106.43 75.43 | 47771 | 4.925

Note: Reproduced with permission from Patterson (2001a).

RT
RT
RT
RT
RT
RT

OO0 wWw W~

= NP, NP

data bio2x2;
input subject sequence $ period form $ AUC CMAX ;
logauc=1log(AUC) ;

logcmax=1log(CMAX) ;
datalines;

T
R
T
R
T
R

79.34
58.16
85.59
69.68

121.84

2.827
2.589
4.407
2.480

5.319

(Continued)
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(Continued)

40 TR 1T 62.23 3.025
40 TR 2 R 64.92 3.041
41 TR 1T 48.99 2.706
41 TR 2 R 61.74 2.808
42 TR 1T 53.18 3.240
42 TR 2 R 17.51 1.702
46 TR 1T 1.680
46 TR 2 R . .

48 TR 1T 98.03 3.434
483 TR 2 R 236.17 7.378
49 TR 1 T 1070.98 21.517
49 TR 2 R 1016.52 20.116;
run;

proc mixed data=bio2x2;

class sequence subject period form;

model logauc=sequence period form/ ddfm=kenwardroger;
random subject(sequence);

lsmeans form/pdiff cl alpha=0.1;

estimate ’ABE for logAUC’ form -1 1; run;

proc mixed data=bio2x2;

class sequence subject period form;

model logcmax=sequence period form/ ddfm=kenwardroger;
random subject(sequence);

lsmeans form/pdiff cl alpha=0.1;

estimate ’ABE for logCmax’ form -1 1;

run;

AUC - Analysis
Covariance Parameter Estimates

Cov Parm Estimate
SUBJECT (SEQUENCE) 1.5465
Residual 0.1987
Type 3 Tests of Fixed Effects
Num Den
Effect DF DF F Value Pr > F
SEQUENCE 1 43 0.33 0.5672
PERIOD 1 43 0.29 0.5947
FORM 1 43 1.06 0.3080
Estimates

Standard
(Continued)
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(Continued)

Label Estimate Error
ABE for logAUC 0.09699 0.09401
DF t Value Pr > |t]
43 1.03 0.3080
Least Squares Means

Standard
Effect FORM Estimate Error
FORM R 4.4143 0.1970
FORM T 4.5113 0.1970

Differences of Least Squares Means

Effect FORM _FORM Estimate
FORM R T -0.09699
DF t Value Pr > [t] Alpha
43 -1.03 0.3080 0.1
Standard
Error
0.09401

Differences of Least Squares Means
Effect FORM _FORM  Lower Upper
FORM R T -0.2550 0.06104

The 90% confidence interval for pur — ur is (—0.0610, 0.2550) for
log(AUC) and (—0.0871, 0.1887) for log(Cmax), where it will be noted that
the signs have been reversed compared to those in the SAS output. Exponen-
tiating the limits to obtain confidence limits for exp(ur — tg) gives (0.9408,
1.2905) for AUC and (0.9166, 1.2077) for Cmax. A graphical summary of
these results is given in Figure 7.3. Here, to show the overall pattern and the
essential details, we have plotted all the T/R ratios in the left plot and only
those ratios which are less than 2.5 in the right plot. Also given in the plots
are the confidence intervals as vertical bars and the null hypothesis value of
1 and the acceptance limits as dotted horizontal lines. These plots have been
drawn using a modified version of the Splus-code given in Millard and Krause

(2001), Chapter 7.
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Cmax - Analysis
Covariance Parameter Estimates
Cov Parm Estimate
SUBJECT (SEQUENCE) 0.7294
Residual 0.1584
Type 3 Tests of Fixed Effects
Num Den
Effect DF DF F Value Pr > F
SEQUENCE 1 45 0.18 0.6730
PERIOD 1 45 0.11 0.7456
FORM 1 45 0.38 0.5390
Estimates
Standard
Label Estimate Error DF
ABE for logCmax 0.05083 0.08211 45
t Value Pr > |t]|
0.62 0.5390
Least Squares Means Standard
Effect FORM Estimate Error
FORM R 1.2619 0.1375
FORM T 1.3128 0.1375
Differences of Least Squares Means
Effect FORM _FORM Estimate
FORM R T -0.05083
DF t Value Pr > |t] Alpha
45 -0.62 0.5390 0.1
Standard
Error
0.08211
Differences of Least Squares Means
Effect FORM _FORM Lower Upper
FORM R T -0.1887 0.08707

The interval for AUC is not contained within the limits of 0.8 to 1.25, but
the one for Cmax is. Therefore, T cannot be considered bioequivalent to R, as

it fails to satisfy the criterion for AUC.

If we had fitted the mixed model to the full set of data, the confidence
intervals for ur — ug would have been (—0.0678,0.2482) for log(AUC) and

(—0.0907, 0.1843) for log(Cmax).

No analysis is complete until the assumptions that have been made in the
modeling have been checked. As in Chapter 2, we can check the normality of
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Table 7.2: Bioequivalence trial: TR sequence.

Subject AUC AUC | Cmax | Cmax

Test Ref Test Ref
2 150.12 14229 | 5.145 | 3.216
4 36.95 5.00 | 2.442 | 0.498
6 24.53 26.05 1.442 | 2.728
7 22.11 34.64 | 2.007 | 3.309
9 703.83 | 476.56 | 15.133 | 11.155
12 217.06 176.02 | 9.433 | 8.446
14 40.75 15240 | 1.787 | 6.231
16 52.76 51.57 | 3.570 | 2.445
17 101.52 2349 | 4476 | 1.255
19 37.14 30.54 | 2.169 | 2.613
22 143.45 42.69 | 5.182 | 3.031
23 29.80 29.55 1.714 | 1.804
25 63.03 9294 | 3.201 | 5.645
28 . .| 0.891 | 0.531
29 56.70 21.03 | 2.203 1.514
30 61.18 66.41 3.617 | 2.130
33 1376.02 | 1200.28 | 27.312 | 22.068
34 115.33 135.55 | 4.688 | 7.358
38 17.34 40.35 1.072 | 2.150
40 62.23 64.92 | 3.025 | 3.041
41 48.99 61.74 | 2.706 | 2.808
42 53.18 17.51 3.240 | 1.702
46 . . 1.680 .
48 98.03 | 236.17 | 3.434 | 7.378
49 1070.98 | 1016.52 | 21.517 | 20.116

Note: Reproduced with permission from Patterson (2001a).

the studentized residuals by plotting histograms and normal probability plots.
The histograms of the studentized residuals and normal probability plots for
log(AUC) and log(Cmax) are given in Figure 7.4. We note that in a two-period
cross-over trial the two residuals for each subject are equal in magnitude and
of opposite signs. Hence the plots in Figure 7.4 are only for the residuals from
the first period (we could, of course, have chosen the second period). There is
clear evidence that the residuals for log(AUC) are not normally distributed and
some evidence that the residuals from log(Cmax) are not normally distributed.
We will not look further here for reasons to explain the lack of normality.

An alternative analysis might be to use nonparametric methods to over-
come the lack of normality (see Section 2.12 in Chapter 2). However, such an
approach may not receive regulatory approval.
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Figure 7.2: Subject profile plots for 2 x 2 trial.
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Figure 7.4: Histograms and normal probability plots for 2 x 2 trial.

The power and sample size for a bioequivalence trial can conveniently be
calculated using the R package PowerTOST (Labes (2013).

We do not say more on bioequivalence studies and refer the reader to Pat-
terson and Jones (2006).

In Chapters 11, 12 and 13, we consider sample size re-estimation in a bioe-
quivalence trial.






Chapter 8

Case study: Phase I dose-response
noninferiority trial

8.1 Introduction

This case study is based on a Phase I double-blind trial to estimate the dose
response of an active drug (D) using a surrogate endpoint, sGaw (specific con-
ductance), in healthy volunteers using whole body plethysmography. sGaw
represents airway conductance in the larger conducting airways and is con-
sidered to be a a useful surrogate for forced expiratory volume in one second
(FEV)). It is hoped that if taken into further development the active drug will
provide an effective treatment for patients suffering from chronic obstructive
pulmonary disease (COPD) .

A secondary objective of this trial was to show that at least one dose of D
was noninferior to a control treatment (A).

An interesting feature of this trial was that, although it was to use five pe-
riods, an interim analysis was planned after four periods had been completed.
The aim of the interim was to determine the optimal allocation of doses in the
fifth period.

The sequences used in the four-period design are given in Table 8.1. Here
A is the control, B is Placebo and C, D and E are doses of the active drug
measured in units of fine particle dose (fpd): C =5, D =17 and E = 51. The
fpd for the doses chosen in the fifth period could be as high as 155.

In the absence of carry-over effects in the linear model for the responses,
this design has high efficiency for each pair-wise comparison with A (94.89)
and relatively high efficiency of the remaining pair-wise comparisons (B vs
C, 87.50; B vs D, 89.53; B vs E, 89.53; C vs D, 89.53; C vs E, 89.53; D vs
E, 87.50). If carry-over effects are included in the linear model, the average
efficiency drops to 66.23. As carry-over effects are not expected, this design is
suitable for its intended purpose.
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Table 8.1: Incomplete block design for six treatments.

Sequence Periods
1 A C D E
2 A C D B
3 B D E A
4 C E A D
5 C E A B
6 D A B E
7 D A B C
8 E B C A

8.2 Model for dose response

The relationship between sGaw and the fine particle dose was expected to
be well approximated by a three-parameter Emax model. The equation of the
Emax curve is

emax X fpd
fpd+ed50°

An example of such a model is plotted in Figure 8.1. Here €0 is the re-
sponse of Placebo, e0 + emax defines the maximum response and ed50 is the

E[Y|fpd] = €0+ (8.1)

0.4

e0+emax

mean sGaw change from baseline response
0

0 e0+emax/2
g _
T e0
S _| ed50
o
T T T T
0 50 100 150
dose

Figure 8.1: Emax model for sGaw change from baseline response.
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Figure 8.2: Simulated trial data for sGaw change from baseline response.

fpd that gives a response of €0+ emax/2, i.e., an fpd that gives 50% of the ef-
fect compared to Placebo. The horizontal lines in Figure 8.1 indicate the levels
of these three responses and the vertical line identifies the ed50.

Due to reasons of confidentiality, the actual data from this trial cannot be
reproduced here. Instead we use data simulated from the illustrative model
plotted in Figure 8.1, augmented with simulated data for the control treatment
A. Also, period effects were added to the simulated data.

The simulated trial data are plotted in Figure 8.2, where the closed symbols
are for the doses of D and the open symbols are for A, the control. The plotted
points for A have been placed at the extreme right of the plot for convenience
and do not represent a sample of responses at fpd = 60.

Some typical SAS code to fit this model using proc nlmixedis given be-
low, where the ed50 parameter has been fitted as the exponential of log(ed50):
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proc nlmixed data=emaxdata cov ecov corr alpha=0.1
parms 1ed50=2.5
e0=0.17
emax=0.25
control=0.36
wssigma2=0.02
bs2=0.02
p2=-0.004 p3=0.052 p4=-0.052;
if fpd ne 18 then
Funct= u + e0 + (per2x*p2)+(per3*p3)+(perd*pd) +
( (emax*(fpd)) / ( exp(led50) + (fpd) ) );

else

Funct= u + e0 + (per2x*p2)+(per3*p3)+(perd*p4)+ control;

bounds wssigma2>0, bs2>0, vmax>0.1;
model cfb24 normal (Funct,wssigma?2) ;
random u“normal(0,bs2) subject=patnum;
predict funct out=nlmixedb;
estimate ’Effect at fpd 5 -PBO’ (vmax*5 /(exp(led50) + 5));
estimate ’Effect at fpd 17 -PBO’ (vmax*17/(exp(led50) + 17));
estimate ’Effect at fpd 51 -PBO’ (vmax*51/(exp(led50) + 51));

estimate ’Effect at Control-PBO’ control;
run;

The estimated values of the parameters and their standard errors are given
in Table 8.2. A notable feature is the presence of significant period effects. The
number of degrees of freedom for the ¢-tests is 23.

The least squares means of each dose group and the pairwise comparisons
of these means with Placebo are given in Table 8.3.

The fitted Emax curve is plotted in Figure 8.3.The large open circle sym-
bols on the plot indicate the values of the fitted dose and control group means.

Table 8.2: Parameter estimates for sGaw trial.

Parameter Estimate Std Err  ¢-value  Pr > |¢]
ed50 1.276 1.064 1.20 0.2425

e0 0.307 0.057 540  <.0001

emax 0.212 0.050 4.25 0.0003
control vs Placebo | 0.261 0.042 6.24 < .0001
o3 0.017 0.003 6.00 < .0001

Gl% 0.035 0.011 3.09 0.0052

period 2 vs 1 —0.155 0.038 —4.12  0.0004
period 3 vs 1 —-0.076  0.038 —2.00 0.0571
period 4 vs 1 —0.215 0.038 —-5.61 <.0001
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Table 8.3: Least squares means and contrast estimates for sGaw trial.

Contrast LS mean StdErr ¢-value Pr> ¢
fpd 5 0.430 0.054 7.99 < .0001
fpd 17 0.482 0.048 9.99 <.0001
fpd 51 0.504 0.054 9.25 <.0001
control 0.568 0.052 10.89 < .0001
fpd 5 vs Placebo 0.124 0.049 2.53 0.0189
fpd 17 vs Placebo 0.175 0.039 4.48 0.0002
fpd 51 vs Placebo 0.198 0.042 4770 < .0001
control vs Placebo 0.261 0.042 6.24 < .0001
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Figure 8.3: Fitted means for Emax model and control treatment.
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From Tables 8.2 and 8.3 we can see that all the doses and control give sig-
nificantly higher mean responses than Placebo. In addition, the mean response
increases monotonically with increasing dose. Therefore, the first of the trial’s

objectives, that of showing a significant dose response, has been achieved.
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8.3 Testing for noninferiority

The second objective of the trial was to show that there was a dose that was not
inferior to control. The criterion for noninferiority was that the lower bound
of a one-sided 90% confidence interval, for the ratio of the contrast for a dose
compared to the contrast for control, was greater than 0.6.

Let 1 denote the true mean for dose d, d > 0, up, the true mean for Placebo
and uy the true mean for the control. The ratio of interest is

R— Ha—Hp )
Ua — Up

The estimated value of R for dose fpd = 51, given the values in Tables 8.2
and 8.3,is R = 5428 = 0.76.

To obtain the lower limit of a one-sided 90% confidence interval for R, we
use Fieller’s theorem (Fieller (1940)).

Let a denote the estimate of the difference in means of fpd 51 and Placebo
and let b denote the estimate of the difference in means of the control and
Placebo. Further, let vi1, v2; and vy, denote the variances of a and b, respec-
tively, and their covariance.

Let g = t25%vy /b?, where ¢ is the upper 0.95 percentile of the central ¢-

distribution on 23 degrees of freedom and s = G‘%,.

(8.2)

The lower limit of the 90% confidence interval is then given by

2

1 v ts V
— |R—g 2 V11—2Rv12+RQV22—g(V11—£) . (8.3)
1—g vao b V2o

For our dataset, R = 0.7583301, s = 0.1297690, t = 1.319460, v;; =
0.001774, v2 = 0.001752 and vi, = 0.000987. The lower limit is then 0.582,
which, being lower than 0.6, means that fpd 51 cannot be claimed to be non-
inferior to the control treatment.

As a result of the interim analysis, the decision is to use the fifth period of
the design with one or more doses at fpd > 51.

8.4 Choosing doses for the fifth period

As the results of the interim indicated that none of the doses used in the first
four periods of the design were noninferior to the control treatment, it was
decided that the trial would be extended to include a fifth period. The doses
available for this period were fpd = 102 and fpd = 155.5. It was also decided
that Placebo would also be used in the fifth period, to assess safety and to avoid
aliasing the two new doses with the effect of the fifth period. However, due to
the requirement of obtaining as much information as possible about the two
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new doses, it was decided that the control treatment would not be used in the
fifth period.

To increase the chance of concluding one of the new doses is noninferior
to the control, it is desirable to minimize the width of the lower confidence
interval on the estimated ratio Ié, as defined in the previous section. Therefore,
the criterion chosen to determine the doses and their replication in the fifth
period was the minimization of the variance of R.

If R = a/b and the standard error of the estimate of b is relatively small
compared to b, then an approximation to the variance of R = d/ bis

(5)-[
V ~ - ~
b b

Therefore, as a surrogate for the minimization of V(a/b), we chose
the allocation of doses in the fifth period to minimize V(d) 4+ V (b), where
a = V(Control — Placebo), b = V(Dose — Placebo) and Dose = 102 or
155.5.

Two types of design were searched for. The first only allowed 155.5 and
Placebo in the fifth period, to optimize the information gained on the highest
dose. The second type allowed both 120 and 155.5 in the fifth period, in the
hope that both 120 and 155.5 would be shown to be noninferior.

Some restrictions were also placed on the doses and their replications in
the fifth period. Placebo could be allocated to one or two sequences only (i.e.,
to no more than six subjects) and could not be allocated to a sequence that
already contained Placebo.

For the second type of design, dose 155.5 could be allocated to between
two and five sequences (i.e., to 6 < 15 subjects) and dose 102 could be allo-
cated to between one and two sequences (i.e., to 3 < 6 subjects). Clearly, the
emphasis in this type of design is still on dose 155.5, with some information
gained on dose 102.

We look first at the choices for a design of the first type. Table 8.4 gives the
21 possible designs that satisfy our restrictions.

To compare the choices we assume a simple additive model that contains
fixed effects for subjects, periods and treatments. We use this model to obtain
estimates and their variances of the pair-wise comparisons of the fitted means
of each treatment group versus Placebo. For these calculations we have set the
within-subject variance equal to 1, as the size of this variance will not affect the
choice of design. For simplicity, we have not made use of the fact that some of
the treatments are ordered doses. That is, we have not fitted the Emax model to
get the contrast variances. We assume that fitting the Emax model may lower
the variances of the estimated contrasts, but will not change their rank order in

terms of size. The estimated variances of the contrasts are given in Table 8.5,
where Vep = Var(Control — Placebo), and Vysssp = Var(155.5 — Placebo).

v V(b

a’ b2

(8.4)
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Table 8.4: Possible treatment allocations for Period 5 (2 = Placebo, 6 = 155.5).

Period 5 Sequence

choice |1 2 3 4 5 6 7 8
1 6 6 6 6 6 6 2 2
2 6 6 6 6 6 2 6 2
3 6 6 6 2 6 6 6 2
4 6 2 6 6 6 6 6 2
5 2 6 6 6 6 6 6 2
6 6 6 6 6 6 6 6 2
7 6 6 6 6 6 2 2 6
8 6 6 6 2 6 6 2 6
9 6 2 6 6 6 6 2 6
10 2 6 6 6 6 6 2 6
11 6 6 6 6 6 6 2 6
12 6 6 6 2 6 2 6 6
13 6 2 6 6 6 2 6 6
14 2 6 6 6 6 2 6 6
15 6 6 6 6 6 2 6 6
16 6 2 6 2 6 6 6 6
17 2 6 6 2 6 6 6 6
18 6 6 6 2 6 6 6 6
19 2 2 6 6 6 6 6 6
20 6 2 6 6 6 6 6 6
21 2 6 6 6 6 6 6 6

Table 8.5: Period 5 choices ordered by variance.

Period 5 Variance
choice Ver  Visssp Vep+Visssp
1,2,3,4,5,7,8,10,12,13,14,16,19 | 0.102  0.279 0.381
9,17 0.102 0.283 0.385
6,11,15,18,20,21 0.102 0.480 0.582

The last column gives the sum of the variances of Vcp and Viss 5p, the crite-
rion we will use to compare the choices. The rows of this table are ordered in
terms of Vep + Vis55.5p (all figures are rounded to three decimal places). Clearly
the best design is any one of those in the first row of Table 8.4 in which two
sequence groups get Placebo.

In the second type of design, we include doses 120 and 155.5. There are
441 designs that satisfy the restrictions and of these the three given in Table 8.6
were chosen as optimal choices under different criteria. The variances obtained
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Table 8.6: Possible treatment allocations for Period 5 (2 = Placebo, 6 = 155.5,
7 =120).

Period 5 Sequence
choice 1 2 3 4 5 6 7 8
l(optfor1555) |12 6 6 6 7 2 6 6
2(optfor120) |6 7 6 6 7 6 2 2
3(optforsum) |7 6 6 6 7 6 2 2

Table 8.7: Period 5 choices ordered by variance.

Period 5 Variance
choice | Vep+Visssp Vep+Vioor Ver +Viss.sp+Ver + Vioor
1 0.395 0.732 1.127
2 0.418 0.519 0.937
3 0.417 0.520 0.937

from these designs are given in Table 8.7, where Vi0p = Var(120 — Placebo).
The first design (choice 1) in Table 8.6 is one of the designs that minimizes
the variance of Var(155.5 — Placebo), the second design (choice 2) is one of
the designs that minimizes the variance of Var(120 — Placebo) and the third
row is one of the designs that minimizes the sum of these two variances. If the
comparison of dose 155.5 and Placebo is of primary importance, then the first
design in Table 8.6 is optimal. We note that the inclusion of dose 120 in the
design has increased the variance of this comparison from 0.279 to 0.293. If
both comparisons of doses 155.5 and 120 are of interest, which they probably
are, we could choose either of the designs in the second and third rows of
Table 8.6. For the purposes of illustration we will choose the design in the third
row.

8.5 Analysis of the design post-interim

In the previous section, two possible candidate designs were identified as the
ones to take forward into the fifth period. One had Placebo and fpd 155.5 in
the fifth period and the other had these two treatments and fpd 120 in the fifth
period. Here we will take the design that has both fpd 120 and fpd 155.5 in
the fifth period. In particular, we will take the design that has its first four
periods as those given in Table 8.1 and whose fifth period has, respectively, the
following treatments: F,G,G,G,F,G,B,B, where B = Placebo, F = fpd 120 and
G = fpd 155.5.
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Figure 8.4: Fitted means for Emax model and control treatment for five-period
design.

The estimated values of the parameters and their standard errors are
given in Table 8.8.The number of degrees of freedom for the 7-tests is again
23.

The fitted Emax curve is plotted in Figure 8.4. The large open circle sym-
bols on the plot indicate the values of the fitted dose and control group means.
The data and mean for the control treatment have been plotted at fpd = 170,
for convenience only.

The estimated means of each dose group and the pairwise comparisons of
these means with Placebo are given in Table 8.9.

Table 8.8: Parameter estimates from five-period design.

Parameter Estimate Std Err  t-value  Pr > |¢]
led50 1.069 1.063 1.01 0.3247

e0 0.316 0.054 5.88  <.0001
emax 0.189 0.038 491 <.0001
control vs Placebo | 0.252 0.037 6.75  <.0001
o3 0.015 0.002 6.93  <.0001

Gl% 0.036 0.011 3.20 0.0040
Period 2 vs 1 —0.154 0.035 —4.41 0.0002
Period 3 vs 1 —0.077 0.035 —2.17 0.0410
Period 4 vs 1 -0.215 0.036 —6.03 <.0001
Period 5 vs 1 0.062 0.042 1.45 0.1606
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Table 8.9: Mean and contrast estimates for five-period design.

Contrast Estimate Std Err  t-value  Pr > |¢]
fpd 5 0.435 0.052 8.40  <.0001
fpd 17 0.477 0.047  10.08 < .0001
fpd 51 0.494 0.051 9.61 <.0001
fpd 120 0.500 0.054 9.23 <.0001
fpd 155.5 0.501 0.055 9.15 <.0001
control 0.567 0.051 11.14 < .0001

fpd 5 vs Placebo 0.119 0.043 2.78 0.0107
fpd 17 vs Placebo 0.161 0.032 5.01 < .0001
fpd 51 vs Placebo 0.179 0.033 5.32 < .0001
fpd 120 vs Placebo 0.184 0.036 5.13 < .0001

fpd 155.5 vs Placebo 0.185 0.036 5.09 <.0001
control vs Placebo 0.252 0.037 6.75 < .0001

We will now repeat the test for noninferiority by calculating the lower
bound of the 90% one-sided confidence interval for the ratio of the effects
of the fpd 155.5 dose and the control (compared to Placebo).

The estimated ratio is R = 0.185/0.252 = 0.734. Using Fieller’s theo-
rem again, the lower limit is 0.563, which is less than the 0.6 noninferior-
ity boundary. Therefore, the active drug was not taken forward for further
development.






Chapter 9

Case study: Choosing a dose-response
model

9.1 Introduction

This case study illustrates how a model may be chosen for a dose response
relationship when there is uncertainty in the shape of the dose-response curve.
The example is based on a real trial where dose-finding was used, but for con-
fidentiality reasons we have changed some aspects and will use simulated data.
However, the main features of the design and the analysis have been retained.
The drug under study was for the treatment of COPD (chronic obstructive pul-
monary disease) and the primary endpoint in the trial was trough forced ex-
piratory volume over 1 second (TFEV) following seven days of treatment.
The endpoint was recorded in liters just prior to 24 hours post-dose. We will
refer to the investigational drug as A. Also included in the trial was an active
comparator, which we will refer to as B. The main purpose of the study was
to evaluate the efficacy of five doses of A (0, 12.5, 25, 50 and 100 ug once a
day) and open-label B (18 ng), so that an optimal dose of A could be chosen
for future Phase III studies.

The basic design of the trial was of the incomplete block type consisting of
12 sequences in four periods, with three subjects allocated at random to each
sequence. The design is given in Table 9.1, where the doses of A (0, 12.5, 25,
50 and 100) are labeled as 1, 2, 3, 4 and 5, respectively, and B is labeled as
6. For a model with carry-over effects, the average efficiency of the pair-wise
comparisons is 80.81%. In the absence of carry-over effects, the average ef-
ficiency is 88.57%. It was assumed that carry-over effects were unlikely and
so the primary analysis assumed a model without carry-over effects. A sample
size of three subjects per sequence group, i.e., 36 subjects in total, was suf-
ficient to ensure a power of about 90% for the pairwise comparisons of the
four nonzero doses of A versus the zero dose. This assumed a two-sided sig-
nificance level of 0.05/4 = 0.0125, to allow for multiple testing. The assumed
within-subject standard deviation was 0.105 liters and the size of difference to
detect between the highest dose and placebo was 0.12 liters.

343
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Table 9.1: Partially balanced design for t = 6.

Subject Period

1 2 3 4
1 1 4 2 5
2 4 5 1 2
3 2 1 5 4
4 5 2 4 1
5 2 5 3 6
6 5 6 2 3
7 3 2 6 5
8 6 3 5 2
9 36 1 4
10 6 4 3 1
11 1 3 4 6
12 4 1 6 3

9.2 Analysis of variance

The data set for our illustrative analyses contains 36 subjects and is plotted in
the left panel of Figure 9.1, with the addition of the sample means for each
dose group. Here we have plotted all the data and have not identified the four
repeated measurements on each subject. In the right panel of Figure 9.1 is a plot
of the sample means, where a dose—response relationship is clearly evident.

In Table 9.2 we show the analysis of variance for the fitted model that in-
cludes fixed effects for subjects, periods and treatments. We can see there is
strong evidence of a difference between the treatment groups but little evi-
dence of a difference between the periods. The least squares means from this
model are given in Table 9.3 and plotted in Figure 9.2, where we have also
plotted a horizontal line at 0.12 liters above the placebo (A, dose 0 ug) least
squares mean. The dose taken forward into Phase III must achieve this level of
improvement over placebo.

If we fit a model with random subject effects, the estimates of the between-
and within-subject variances are 0.1269 and 0.0090, respectively. This in-
dicates that the correlation within subjects is very high: (0.1269/(0.1269 +
0.0090) = 0.93). The tests of the fixed effects (including the Kenward—Roger
adjustment) are given in Table 9.4. The least squares means from this model
are given in Table 9.5.

These are similar to the results obtained from the fixed-effects model. This
is to be expected given the large between-subject variability. Therefore, in the
following we will report only the results from the fixed-effects model.

The differences between the least squares means of all the pairwise com-
parisons are given in Table 9.6. We can see that all doses of A of 25 or higher
are significantly better than the placebo dose (using a multiplicity adjusted
two-sided significance level of 0.0125).
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Figure 9.1: Plot of raw data and sample means (left panel) and sample means
(right panel) excluding active control.

Table 9.2: Analysis of variance for model with fixed subject effects.

Source df. SS MS F P-value
Subjects 35 18.093 0.5169 57.21 < 0.0001
Periods 3 0.072 0.0239 2.65 0.0531

Treatments 5 0.295 0.0590 6.53 < 0.0001
W-S Residual 100  0.904  0.0090

Table 9.3: Least squares means from the model with fixed subject effects.

Dose of A Estimate Standard Error

0 1.200 0.0204
12.5 1.230 0.0204
25 1.287 0.0204
50 1.325 0.0204
100 1.317 0.0204

B 1.297 0.0204
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Figure 9.2: LS means (excluding active control).

Table 9.4: Test for fixed effects from model with random subject effects.

Effect Numd.f. Dend.f. F Value Pr>F
per 3 100 2.65 0.0531
trt 5 100 6.54 < .0001

9.3 Dose-response modeling

We will now consider fitting a dose-response relationship to the data from this
trial with the objective of deciding on a model to use for predicting the dose
or doses to take forward into Phase III confirmatory trials. Recall that the dose
to take forward must achieve an improvement over the placebo dose of 0.12
liters. However, prior to the running of this trial, there was some uncertainty
in the shape of the dose—relationship. The functions for some possible shapes
are given in Table 9.7. After discussions with the clinical team, four candidate
models were selected to represent a range of plausible dose-response shapes
for TFEV 1. The selection of possible shapes took account of the results of pre-
vious studies on the same compound and other drugs for the same indication.



DOSE-RESPONSE MODELING 347
Table 9.5: Least squares means from the model with random subject effects.

Dose of A Estimate Standard Error

0 1.200 0.0628
12.5 1.230 0.0628
25 1.287 0.0628
50 1.324 0.0628
100 1.318 0.0628
B 1.297 0.0628

Table 9.6: Differences between the dose least squares means from the model
with fixed subject effects.

Parameter Estimate Standard Error  P-value

12.5vs 0 0.0307 0.0296 0.3129
25vs 0 0.0873 0.0296 0.0040
50vs O 0.1247 0.0296 <0.0001
100 vs O 0.1174 0.0296 0.0001
25vs 12.5 0.0572 0.0296 0.0564
50 vs 12.5 0.0946 0.0296 0.0019
100 vs 12.5  0.0873 0.0296 0.0020
50 vs 25 0.0374 0.0296 0.2101
100 vs 25 0.0301 0.0296 0.3126
100 vs 50 —0.0073 0.0296 0.8057
Bvs0 0.0968 0.0296 0.0015
12.5vs B —0.0667 0.0296 0.0266
25vsB —0.0095 0.0296 0.7302
50vs B 0.0279 0.0296 0.3488
100 vs B 0.0206 0.0296 0.4889

Table 9.7: Selection of functions for dose-response relationship.

Name Function
. . _ dose”
Sigmoid Emax | E(y)=Ey+ EmaxED50l+ —
_ dose
Emax E y 7E0+EmaxW

— E
y) = Eo+ l+exp[(EDngidose) o]

)

Logistic E(y)

Exponential E(y)=Ey+E (exp(%) —1)
»)
»)

Quadratic E(y) = Eg+ Bidose + Brdose?

Linear E(y) = Eo+ Bidose
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Figure 9.3: Candidate dose—response shapes.

The five shapes were (1) a four-parameter (sigmoid) Emax model, (2) a three-
parameter Emax model, (3) a quadratic model and (4) a linear model. These
are plotted in Figure 9.3, where the response is scaled to lie in the range O to 1.

To fit the models, test hypotheses and make predictions, we will follow
the statistical methodology that has been qualified by the European Medicines
Agency (see EMA (2014), Bretz et al. (2005), Bornkamp et al. (2009) and
Pinheiro et al. (2014)). The steps in this methodology are given in Table 9.8.

Assuming that there are m candidate models, we test the following hy-
potheses: H' : clu =0, where 4 = (U1, 12, .., ) is the vector containing
the mean responses at doses i = 1,2,...,k, and ¢!, = (¢,u1,Cm2;- -+, Coui) is the
optimal contrast vector representing model m, subject to Zi-‘: 1 ¢mi = 0. The co-
efficients of ¢, are chosen to maximize the power of the test to detect model
m, using the test statistics 7,,, defined below.

Each of the models in the set of candidates is tested using the single con-

trast test '
Zi:] Cmi i

\V ‘761\}”(2{(:1 Cmiﬂi)

T =
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Table 9.8: Steps in the MCP-Mod methodology.

Design
Step 1 Choose set of candidate models
Step 2 Calculate corresponding optimal contrast coefficients
Analysis

Step 3 Establish if there is a dose-response signal (trend)

while controlling the Type I error rate
Step 4 Selection of a single model using appropriate test statistics or other

metrics, possibly combined with external data (or model averaging
Step 5  Dose estimation and selection (e.g., of minimum effective

dose or dose that gives x% improvement over placebo)
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l l l l l [ l | l l l
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Figure 9.4: Fitted models (with fixed subject effects).

The construction of the optimal contrasts and the remaining steps of the
methodology can be conveniently completed using the DoseFinding R package
(Bornkamp et al. (2014)).

This package calculates the optimal contrast coefficients (c,,, Step 2) and
uses these to test for a dose—response trend for each model in the candidate
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Table 9.9: Contrast tests.

Multiple Contrast Test — Contrasts

sigEmax  emax quadratic linear
0 —0.570  —0.866 —-0.710 —-0.437
12.5 —0.443 0.042 —0.246 —0.409
25 0.037 0.192 0.117 -0.139
50 0.462 0.394 0.607 0.229
100 0.514 0.238 0.231 0.755

Contrast Correlation

sigFmax  emax quadratic linear
sigEmax 1.000 0.773 0.916 0.908
emax 0.773 1.000 0.898 0.612
quadratic 0.916 0.898 1.000 0.693
linear 0.908 0.612 0.693 1.000

Multiple Contrast Test
t-stat adj-p AlIC

sigEmax 5404 <0.001 —183.9239
quadratic 5281 <0.001 —185.4390
emax 4.688 < 0.001 —184.1905
linear 4626 <0.001 —175.2283

set (T, Step 3). The final choice of model is made using the AIC value for
each model (Step 4). All four fitted models are shown in Figure 9.4, where
the observed means and pointwise 95% confidence bands are also plotted. The
results of applying the MCP-Mod methodology to our data are given in Table
9.9. It is clear that all models give strong evidence of a significant trend in the
mean response as the dose increases. The selected model, using the minimum
AIC value (Step 4), is the quadratic model. Finally, the R package estimates
the dose that gives an improvement over placebo of 0.12 liters (Step 5) and for
each model these are 47.27 (sigEmax), 52.47 (emax), 43.49 (quadratic) and
99.47 (linear).

Based on these results, the recommended dose to take forward into Phase
III would be 43.5 ug.
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Case study: Conditional power

10.1 Introduction

To illustrate the use of conditional power we will use the data from a 2 x2 Phase
III cross-over trial in patients that had difficulty sleeping due to a painful con-
dition. The trial compared an active drug (B) to a placebo (A) on sleep mainte-
nance as measured by the WASO time. WASO (Wake After Sleep Onset) time
is a measure of the total time awake during a sleep session after first falling
asleep. Decreasing WASO time is beneficial. There was a two-week wash-out
period between the two treatment periods. The WASO times were obtained in
a sleep laboratory using polysomnography and were assumed to be normally
distributed. As with the other case studies, we have changed some of the details
of the trial and used simulated data to illustrate its analysis.

At the planning stage of this trial there was some uncertainty regarding the
amount by which B would reduce the mean WASO time compared to A. While
it was expected that the reduction would be 20 minutes, it could be as low as
15 minutes, which was still considered as clinically meaningful. To allow for
this uncertainty, an un-blinded interim analysis was planned when 50% of the
subjects in each sequence group had completed both periods. To simplify the
description of the analysis, we will assume that there is an equal number of
subjects in each sequence group at the interim analysis. The within-subject
variance of the WASO times was assumed to be 1200. The trial was planned to
have a power of 0.9 to detect a reduction of 20 minutes, assuming a one-sided
test with a significance level of 0.025. The planned sample size for the trial
was therefore 64 subjects, 32 in each sequence group.

There was no intention to stop the trial at the interim. The aim of the interim
was to ensure that the final sample size was sufficient to satisfy a conditional
power of 0.9, based on the interim results. We note there was no plan to change
the sample size based on an estimate of the within-subject variance (which was
assumed to be well estimated at the planning stage) but only to allow for an
overestimation of the true reduction in mean WASO time.

10.2 Variance spending approach

At the interim analysis, the number of additional subjects (if any) needed to
achieve a conditional power at 0.9 was calculated using the “variance spending
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approach” described by Fisher (1998). This is a special case of the method
described by Cui et al. (1999). See also Jennison and Turnbull (2003).

To describe the variance spending approach, we will follow the exposition
given by Jennison and Turnbull (2003), but modified for the 2 X 2 cross-over
trial.

We assume that the cross-over trial is planned to recruit n subjects to each
sequence group and an interim analysis is planned when rn subjects in each
group have completed the trial, with O < r < 1. After the interim, we assume
that the sample size per group for the second stage is changed from (1 — r)n to
¥(1 — r)n, so that the new total sample size per group is n* = rn+ y(1 — r)n.

Let y;jx be the WASO time for subject k in period j in sequence group i
and define X1 = (yi1x — y121)/2, Xox = (varx —y2k)/2. I S1 = X% (Xix —
Xo) and S, = Y41 (Xix — Xoi), then S; ~ N(rn,rnc?) and S, ~ N(y(1 —
r)n8,y(1 —r)nc?), where 6 is the mean reduction in WASO time and & is the
within-subject standard deviation.

Further,
S ?]
Wi=———~N —
! V/no (r\/ﬁo’r)

and, conditional on the data at the interim,

1
Y 28
Wr =
2 \/EG

Under the null hypothesis that 8 =0, W, ~ N(0, (1 — r)) whatever the data-
dependent choice of y. W, is independent of W;.
The variance-spending test statistic is

~ N =)V, (1-1).

1
Si+7 28,
Vvno

At the end of the first stage, i.e., at the interim analysis, the conditional
power, given that 8 = 0, is

Z=W,+W, = (10.1)

{r+ VT = A =21
(i—n

)

where z), is the 100pth percentile of the standard normal distribution.
If we wish to choose ¥ to give a power of 1 — f3, then

[\/TZpﬁ +2ap— r\/ﬁ%‘}

N2
(1 —r)Qn%

2

7/:
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Table 10.1: WASO times (minutes).

Group AB Group BA
Period Period
Subject 1 2 Subject 1 2
1 26.8 964 17 714  124.6
2 93.6 442 18 63.0 48.1
3 80.1  67.1 19 694 1133
4 86.6 669 20 235 188
5 929 527 21 69.3 712
6 19.1 78.8 22 73.3 8.8
7 82.1 108.4 23 1456 9.2
8 120.2  99.8 24 124.6 130.7
9 18.1  130.6 25 874 695
10 80.5 919 26 67.6 158
11 89.4 119.1 27 71.8  46.2
12 7777 1144 28 64.0 584
13 75.5 5.8 29 1189 822
14 57.6  58.1 30 419 522
15 59.0 231 31 853 328
16 19.8  102.3 32 492 643

A confidence interval for 0, as derived by Jennison and Turnbull (2003), is

Sl—l—f%sz a2 O
(r+y¥(1=r)n " (r+¥(1—r))Vn

(10.2)

10.3 Interim analysis of sleep trial

The simulated data from the 32 subjects (16 per group) at the interim stage
are given in Table 10.1. Fitting a model with fixed effects for subjects, peri-
ods and treatments gives the results displayed in Table 10.2. We can see that
the interim estimates of 6 and & are 14.397 and 34.422, respectively, indicat-
ing that the assumed value (20) for 6, used at the planning stage, was indeed
optimistic. Allowing for a mid-course sample size modification was therefore

Table 10.2: Estimates obtained from the interim analysis.

Parameter | Estimate | Std Err | 1-sided P-value
7] 14.397 8.605 0.052
(o] 34.422 - -
Y 2.024 - -
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Table 10.3: Second stage WASO times (minutes).

Group AB Group BA
Period Period
Subject 1 2 Subject 1 2

33 126.1 108.2 66 834  43.1

34 120.1 75.2 67 1157 985
35 1514 85.6 68 1912 429
36 78.3 14.8 69 52.0 1222
37 106.6 1153 70 108.1 345
38 74.4 479 71 91.1 474
39 75.9 815 72 40.6  54.6
40 753 718 73 50.7  50.6
41 104.2  68.5 74 963  90.5

42 9.3 132.6 75 64.5 103.7
43 854  85.0 76 72.0 385
44 70.7  93.6 77 859 63.0
45 415 702 78 1244  63.6
46 359 315 79 127.2  64.1

47 56.5 1209 80 875 726
48 109.8  64.6 81 59.0 592
49 563 454 82 1149 94.6
50 60.0 51.0 83 113.4  88.5
51 95.8  63.7 84 589 653

52 99.8 161.7 85 117.1 445

53 320 918 86 59.9 227
54 97.0 856 87 90.8  35.0
55 354 1352 88 447  56.2
56 16.0 72.0 89 474 138.1
57 499 1332 90 70.9 9.7

58 69.7 113.7 91 105.0 93.0
59 76.4 1454 92 106.8 41.4
60 804 113.7 93 76.4  76.1

61 78.1  34.6 94 705 244
62 36.5 107.6 95 333 125.1
63 62.1 89.0 96 540 96.2
64 929 109.5 97 115.0 134.1
65 87.6 277 98 101.3 422

prudent planning. The estimated value of y is 2.0244, leading to a revised to-
tal sample size of 32 + 2.0244*32 = 96.78. Rounding this up to the next even
number gives the revised total as 98 and a revised value for y of 2.0625.

To complete the illustrative analysis, we simulated data for a further 33
subjects per group. These data are given in Table 10.3. The value of S, from
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these data, the value of S from the interim data and the estimate of ¢ from the
analysis of data from all 98 subjects are given in Table 10.4. The value of the
test statistic given by Equation (10.1) is 2.943, the 95% confidence interval,
given by Equation (10.2), but using the ¢-distribution, is (4.82, 24.77), and
the point estimate of 0, taken as the mid-point of this interval, is 14.80. The
one-sided P-value, obtained from the standard normal distribution, is 0.002.
The conclusion is that the active drug significantly lowers WASO time by about
15 minutes. We note that the usual confidence interval, obtained from fitting
the linear model with fixed effects for subjects, periods and treatments, is (5.03,
24.67) and slightly narrower.

Table 10.4: Results from analysis of both stages.

Statistic | Value
S1 230.35
S2 497.25
c 34.63







Chapter 11

Case study: Proof of concept trial with
sample size re-estimation

11.1 Introduction

This example is based on a Phase II Proof of Concept (PoC), placebo-
controlled, study that examined the pain relief of a novel drug in subjects with
flare enriched osteoarthritis of the knee. The two treatments in the trial were
a novel drug (A) and a placebo (P). The design was a 2 x 2 cross-over trial,
as shown in Table 11.1. The primary endpoint was the Western Ontario and
McMaster (WOMAC) Osteoarthritis Index pain subscale score measured at
the end of each treatment period. The subscale is the sum of the answers to
five questions, where the answer to each question was coded as 0 to 4, giving
a maximum total of 20. Each active period lasted two weeks and there was a
two-week wash-out period between them. The recorded pain score was sub-
sequently rescaled to lie in the range 0-10, to give the primary endpoint for
analysis. Higher scores indicate greater pain.

The aim of the trial was to determine if PoC could be declared and the drug
taken forward for further development. Let u4 and up denote the true means
for A and P, respectively, and let 6> denote the within-subject variance for the
WOMAC score. Given that we expect the active drug to lower the pain score,
we define the difference, 6 = pp — Uy, to give a positive value if A is truly
better than P. Three decisions were to be made at the final analysis:

e Clear PoC Go Forward for A.
Clear evidence of efficacy of A. That is, to be 80% sure that A has a
greater than 0.9 reduction in the WOMAC pain score compared to P. A
meta-analysis of previous studies had determined that the standard treat-
ment, compared to P, had a reduction of this size. The objective, therefore,
was not to show just that A is significantly better than P, but to show that
it was significantly better by at least 0.9. The PoC Go Forward decision
was deemed to have been achieved if the lower limit of a one-sided 80%
confidence interval for  exceeded 0.9.

e Clear PoC Stop for A.
Clear lack of evidence of efficacy for A. The PoC Stop decision was deemed
to have been achieved if the upper limit of a one-sided 80% confidence
interval for § was below 0.9.

357
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Table 11.1: PoC design for two treatments and two periods.

Sequence | Periods
1 A P
2 P A

e Pause for A.
If neither of the above was achieved, i.e., that there was evidence that 0.9 <
0 < 1.35, this would be considered a “pause” decision for the novel drug
program. The value of 1.35 was chosen because an improvement of at least
0.45 over the standard treatment was required.

11.2 Calculating the sample size

The sample size for the trial was calculated to ensure that the probability of a
Go Forward decision was 0.80, when 6 = 1.35and ¢ = 1.5.

Let § denote the estimator of & and O its standard error. For the 2 x 2
design, 65 = \/262/N, if N is the total number of subjects (N /2 per group).
The lower limit of the confidence interval is & — Z0.8 * O5, where 78 is the
upper 0.8 percentile of the standard normal distribution. If K denotes the cut-
off value (0.9, here), we require that:

Pr(szo_g*Gg SK | 8= 1.35) >0.8.

That is,

N
Pr<ﬂ>_5+m | 5:1_35> > 03,
Os Os

Calculating this probability for a series of sample sizes determined that a
sample size of 33 subjects per group (N = 66) would be more than adequate.
(Strictly, in fact, N = 64 would have been sufficient.) The power curve for
N =66 (i.e., the above probability as a function of 8) is plotted in the left hand
side of Figure 11.1. The vertical lines indicate the power when § = 0.9 and
when 0 = 1.35. As constructed, these are 0.2 and 0.811, respectively.

In addition, we can calculate the probabilities of the other two decisions for
a range of values of §. These are plotted in Figure 11.2, where the light gray
area indicates the probability of a Go Forward decision, the gray area indicates
the probability of a Pause decision and the dark gray area indicates the proba-
bility of a Stop decision. For a given value of §, on the axis below the dark gray
area, the probability of a Stop decision is the vertical distance from the top of
the plot to the edge of the dark gray area. The probability of a Pause decision,
for a given value of § on the axis below the gray area, is the vertical length
of the line within the boundaries of the gray area. The probability of a Go
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Figure 11.1: Probability of a Go Forward decision for A vs P.

Forward decision, for a given value of d on the axis below the light gray area,
is the height of the line.

We can see that when § = 0.9, a value we might term the value under the
null hypothesis, the probability of a Go Forward decision is 0.2, the Type I
error rate. When 6 = 1.35, an improvement of 0.45 of A over the standard
treatment, this probability is 0.811. Conversely, if 6 = 0.45, the probability of
a Stop decision is over 0.8.

11.3 Interim analysis

Because there was uncertainty in the estimate of 62, an interim analysis was
done after about 25% of the subjects had completed the trial (nine in each
sequence group). The aim of the interim analysis was to re-estimate ¢ and
increase the sample size if necessary. No reduction in sample size was allowed.
The sample size would be increased to ensure that the probability was at least



360 CASE STUDY: PROOF OF CONCEPT TRIAL

o _
[o0)
I - - - - - - - - - -

c

9

2
© O
sJ|

G

2)
<=
oq]

8

=l delta=1.35
[aV}
N e

delta=0.9
o |
o
f f true Uelta I !
0.0 0.5 1.0 15 2.0

Figure 11.2: Probabilities of Go Forward, Pause and Stop decisions.

0.8 and that the estimated lower limit of an 80% confidence interval was greater
than 0.9.

The re-estimation of ¢ can be done in a blinded or unblinded way. Here
we will assume that it will be done in a blinded way. Possible approaches for
allowing an unblinded analysis will be described Chapters 13 and 14.

Kieser and Friede (2003) showed that in a parallel groups design for two
treatments, there is practically no inflation in the Type I error of a significance
test for a treatment difference at the end of the trial if an interim blinded re-
estimation of o is done and the sample size increased if necessary. Before
going any further we re-express the results of Kieser and Friede (2003) in
terms of the 2 X 2 cross-over trial.

For simplicity, we assume that at the interim there are n subjects in each
group.

Let y;jx denote the response observed in period j on subject k in sequence
groupi,i=1,2;j=1,2;k=1,2,...,n. We assume the same linear model for
¥ijk as used in Chapter 2, but without any carry-over effects.

Let dix = yiix — yiox denote the within-subject difference for subject k in
group i and let d; denote its mean, k = 1,2,...,nand i = 1,2.
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Using this model, we see that

E(d1)=7'61—7[2+1'1—72

and

E(dz):ﬂ]7ﬂ2+7277:].

dy—d»
E =T —
( 5 ) (2 Bamii(%]

d, —d- 2
Var( ! 2)26—,

Further,

and

2 n

where o7 is the within-subject variance.

Recognizing that the structure of the dj is the same as that of a data set
from a parallel groups design with two groups (where the responses are now
the dj;), we can express the formulae of Kieser and Friede (2003) as follows.

LetAy=m —m+ 17— and Ay = T — M + Tp — Tp; then

dyg ~ N(AI,ZGVZV) and dyy NN(Az,ZG‘%/).

Defining s7, as

2
E Y Y (dij—d)
p 2n—1 ’
where d = (d| +d>) /2, we can easily show that

E((2n—1)s3) = (2n—1)26% + g (A — A,

The blinded estimator of ¢ is then

s5/[2(2n—1)],
which has bias
LAZ
(211 1 ) 'AB>

where Ayp = T — T». The bias can removed by assuming a correct value for

Axp. The estimator
2 n 2
s,/ [2(2n—1)] = mAAB

is referred to as the adjusted estimator by Kieser and Friede (2003).
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Table 11.2: WOMAC score.

Group PA Group AP
Period Period
Subject 1 2 Subject 1 2
1 2.04 248 10 4.80 6.51
2 349  9.60 11 1.00 1.95
3 3.00 3.51 12 489 3.18
4 3.56 471 13 6.82 2.36
5 220 452 14 0.00 0.67
6 3.77 1.70 15 4.88 2.38
7 5.34 8.58 16 1.07 241
8 370 5.19 17 4.63 227
9 1.08 7.43 18 1.47 3.69

11.4 Data analysis

Due to confidentiality reasons we cannot use the actual data from this trial, so
simulated data will be used for illustration. The simulated interim data set is
given in Table 11.2, where we have rounded the data to two decimal places.
To obtain the blinded estimate of 2, we fit a linear model with fixed ef-
fects for subjects and periods only, leaving out the treatment factor. This gives
a blinded, unadjusted estimate of 62 = 3.95, which was higher than the value
of 62 = 1.5%2 = 2.25, assumed when the trial was planned. If it is assumed that
Asp = 1.35, as at the planning stage, the bias = 0.965, which is a considerable
proportion of the assumed 6> = 2.25. Adjusting for this amount of possible
bias will therefore cause a large reduction in the blinded estimate of 3.95. Of
course, if we know that Asp is truly 1.35, then on average (over many trials)
this is the correct adjustment to make. The dilemma we face is that we do not
know the true value of Asp with certainty: if we did, we would not need to run
the trial. If there truly is a nonzero treatment difference, we will certainly in-
crease (on average) the sample size after the interim by more than is necessary
if we use the unadjusted estimator. However, if the true bias is incorrectly un-
derestimated, then we risk not increasing the sample size when it is necessary.
In our artificial example, using simulated data, we know the truth and can
also unblind the data. Therefore, we can compare the three estimators of o2
unblinded, blinded and blinded with adjustment. In truth, the data were sim-
ulated with 62 = 2.25. Based on the data in Table 11.2, the three estimators
are, respectively, 3.223, 3.949 and 2.984. As it turns out, the unblinded esti-
mator and the adjusted estimator are both larger than 2.25 and will lead to an
increase in sample size if a sample size re-estimation is done. However, ignor-
ing our knowledge of the truth, the blinded estimator is at least uncontroversial
in that it does not need a value of Aap to be specified. Therefore we will con-
tinue this example using the blinded unadjusted estimator, fully realizing that
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we may be increasing the sample size unnecessarily, due to the presence of
potential bias.

Assuming 62 =3.949 and § = 1.35, the power to achieve a Go Forward
decision with N = 66 patients is 0.677. If N is increased to 112, the power to
achieve a Go Forward decision is 0.803. The power to achieve a Go Forward
is 0.92 if we make the calculation again but using the originally assumed value
of 62 =2.25 and with N = 112. Given this is a simulated example, we will not
continue to simulate the data from the second stage of the study and make a
final choice out of the three possible decisions for PoC.

In conclusion, this example has highlighted some of the consequences of
using a blinded sample size re-estimation. In Chapters 13 and 14 we consider
variations on methods for an unblinded sample size re-estimation.






Chapter 12

Case study: Blinded sample size
re-estimation in a bioequivalence study

12.1 Introduction

In Chapter 7 we defined average bioequivalence (ABE) and showed how to test
for it using the data from a 2 x 2 cross-over trial. Here we will look at a method
of re-estimating (i.e., recalculating) the sample size after an interim analysis.
Before we do this we first define the within-subject coefficient of variation
(CV).

On the logarithmic scale we assume that each of log(AUC) and log(Cmax)
is normally distributed. If we consider log(AUC), for example, we assume that
for a given period i and treatment j, this variate has a mean y;; and variance

2
o2. On the back-transformed, natural scale, the mean of AUC is Wi+ 7) and
. . . 2 1ol . . .
its variance is (¢® — 1)e(?47°°) The CV is the ratio of the standard deviation

to the mean and is therefore equal to \/e®> — 1. In terms of the CV, o2 =
log(1+CV?).

We know that the sample size for such a trial depends on the CV and the
assumed value of the Test to Reference ratio of means on the back-transformed,
i.e., natural, scale. Getting either or both of these wrong at the planning stage
could result in an underpowered study and failure to declare ABE when Test
and Reference are in fact bioequivalent.

One way to guard against this is to include an interim analysis part way
through the trial, where either the CV and/or the true ratio of means is es-
timated and the sample size recalculated. Here we describe one possible ap-
proach where the re-estimation of the sample size is based on a blinded esti-
mate of the CV. In the next two chapters we describe two alternatives that use
an unblinded interim analysis.

12.2 Blinded sample size re-estimation (BSSR)

In a blinded sample size re-estimation (BSSR), the sample size is recalculated
at the interim analysis using a blinded estimate of the CV and the same value
for the true ratio of means as used when originally planning the study. The
method or formula for the sample size calculation is the same at the interim as
that used when planning the study.

365



366 CASE STUDY: BLINDED SAMPLE SIZE RE-ESTIMATION

It is well known (Kieser and Friede (2003)) that when testing for superi-
ority of one treatment over another, using a parallel groups design, the Type I
error rate is not inflated if a BSSR is done at a single interim analysis. How-
ever, the Type I error rate is inflated if the hypothesis test is for equivalence,
rather than for superiority (Friede and Kieser (2003)). Similar results apply to
cross-over trials. In particular, the Type I error rate is inflated if a BSSR is
done at an interim analysis in a 2 x 2 cross-over trial to show ABE (Golkowski
(2011), Golkowski et al. (2014)).

Here we will demonstrate how to undertake a BSSR for a 2 x 2 trial using a
simulated set of data on log(AUC). At the planning stage for this trial there was
some uncertainty in the value of the CV. The best estimate of the CV was that
it was about 0.33 (i.e., as CV > 0.30, the drug was borderline highly variable),
but the actual CV could be higher. To guard against an underestimation of the
CV, a BSSR was planned at a single interim analysis. The planned sample size
of 38 subjects in total (19 in each sequence group) was chosen to ensure that
there was at least a power of 0.80 to declare ABE if the ratio of the true T:R
means on the natural scale was 1 (see calculations below).

For consistency with the other results that we will quote from Golkowski
(2011); we state his sample size formula for the total number of subjects (n)
required to give power 1 — 3, assuming that the significance level of the two
one-sided tests procedure is ¢ and the ratio of the true T:R means on the natural
scale is 1:

n is the smallest even integer that satisfies

200711 —a)+®~1(1-B/2))%c?
A2 ’

where ®(x) is the cumulative probability distribution of the standard normal
distribution, evaluated at x, ¢ = y/log(1 +CV?) and A = log(1.25).

If we assume that 6 = 0.321, &« = 0.05 and 8 = 0.2, then n = 36.

As the above formula uses a normal approximation to the z-distribution,
the power of the TOST procedure was also estimated using simulation. The
estimated powers for each of three different total sample sizes, 36, 38 and
40, were calculated using 100,000 simulated trials, with a true CV of 0.33
and a ratio of T:R true means of 1. The values of the estimated powers were,
respectively, 0.7863, 0.8153 and 0.8431, suggesting that the above formula
gives a slight underestimation of the sample size. Given these results, a sample
size of 38 was chosen for this illustrative example.

The timing of the interim analysis was also a matter of debate. The choice
was between an early look at the data (i.e., when 5 subjects in each group
had completed both periods) or a later look when 10 subjects had completed
both periods. Using code written in R by D. Golkowski to evaluate the Type
I error rate using numerical integration, the maximum increase in the Type
I error rate for the early timing of the interim analysis was calculated to be
0.065, compared to 0.05 (see Golkowski (2011) for details of the integrals).

n>
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If a BSSR is done when there are 10 completed subjects per group, the Type
I error rate is maximally increased from 0.05 to about 0.061. Clearly, there is
an advantage in having the interim at the later time. A simulation of 100,000
trials, with a BSSR at this later time, gave an estimated maximum Type I error
rate of 0.060.

In the presence of Type I error rate inflation, the value of ¢ used in the
TOST must be reduced, so that the achieved Type I error rate is no larger than
0.05. We note that for fixed equivalence margins, the adjusted level depends
only on the (known) sample size of the interim analysis. Golkowski (2011)
gives a simple algorithm for determining this reduced value of . At each step
of his algorithm the value of the & used in the TOST is reduced by the amount
of inflation in the achieved Type I error rate. The maximum excess (if any) of
the achieved Type I error rate is then recalculated using this revised value of
a. These steps are repeated until the excess over 0.05 is zero. Applying this
algorithm to our planned trial gives o¢ = 0.0405 when the interim analysis is
done when 20 subjects (10 in each group) have completed both periods. We
assume that the data from subjects who have completed only one period at the
time of interim will not be used in the BSSR. Using this reduced value of o
in a simulation of 100,000 trials gave an estimated Type I error rate of 0.0499,
confirming that using the reduced significance level has been effective.

When the sample size has been re-estimated, there are still more choices to
be made. These are the minimum and maximum sizes of the trial, post interim.
Golkowski (2011), following Birkett and Day (1994), constrains the minimum
sample size to be the number of subjects used in the interim analysis. This
means that the trial may have a final sample size that is smaller than that
originally planned. An alternative would be to constrain the minimum sample
size to be equal to the originally planned sample size. This means the sample
size, post interim, can never be smaller than that originally planned. This latter
choice means that the average total sample size (over many simulated realiza-
tions of the trial) is bound to be larger than that originally planned. Here we
will adopt the rule suggested by Birkett and Day (1994).

A further consideration, when using a BSSR, is whether the Type II error
rate (i.e., 1 — power) is also controlled at the planned level. Golkowski (2011)
shows that the Type II error rate is typically increased when using a BSSR,
especially when the interim total sample size is 10 or less. In our illustrative
example, where the true CV is 0.33, and using the adjusted significance level
of ov = 0.0405, the power of the BSSR, calculated by simulation, falls to about
0.77 with an average total sample size of 36.6. To remedy this, Golkowski
(2011) recommends inflating the sample size obtained from the BSSR at an
interim by the following factor (first suggested by Zucker et al. (1999)):

Heayv t1 B 2
. . —o,Vy —P,v
inflation factor = (@-'(l—a)+<1>"(1]—ﬁ)) ’

where the BSSR includes a total of n; subjects, vi = n; — 1 are the degrees of
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freedom for the blinded estimate of ¢ at the interim and ti—yy, isthe 1 —y
quantile of the 7-distribution.

12.3 Example

For our illustrative example, the interim sample size is n; = 20, giving an in-
flation factor of 1.0851. Applying this increase to the BSSR in 100,0000 sim-
ulated trials raised the power to 0.8118, with an average total sample size of
39.5 (i.e., 40 for the 2 x 2 trial). Given that the CV used in the planning is the
same as that used in the simulations, our results suggest that when a sample
size increase is not needed, the penalty, on average at least, is not high (39.5 vs
38 planned).

Of course, the advantage of a BSSR comes when the CV is underestimated
at the planning stage. Suppose, in our illustrative example, the true CV was
0.40 and not 0.33. Without a BSSR, the sample size for the trial would need to
be about 26 subjects per group. This is larger than the 19 per group currently
planned for.

To see the effectiveness of the BSSR, 100,000 trials that included a BSSR
at n; = 20 were simulated for data with CV = 0.4. The TOST procedure was
again applied with an adjusted value of o = 0.0405, as stated above. Based on
simulation results, and using the inflation factor to increase the re-estimated
sample size, the estimated power of the completed trial was 0.789 and the
average total sample size was 56.4. Again a modest increase in the average
total sample size is observed.

Let us now illustrate the calculations to be performed in an interim analysis
that includes a BSSR at n; = 20. Here we will only consider the AUC.

The simulated interim AUC data are given in Table 12.1. For the purposes
of this illustration, we will assume that the interim analysis is blinded, even
though the data in the table are clearly not.

Table 12.1: Interim data (AUC) for ABE trial.

Group RT Group TR
Period Period
Subject 1 2 Subject 1 2
1 378.651 195.087 11 117.959  58.757
2 94.213  75.521 12 98.642  38.214
3 109.403  70.000 13 116.086 172.217
4 54.627  86.047 14 141.519 189.386
5 46.091 115.534 15 94.859 122.682
6 39.142  58.813 16 861.083 484.664
7 116.717  96.812 17 103.272  128.985
8 97.478 102.687 18 21.710  20.950
9 20.419  41.228 19 75.497  81.664
10 124.546  129.570 20 52.003 160.478




EXAMPLE
Table 12.2: Additional post-interim data for ABE trial.

Group RT Group TR
Period Period
Subject 1 2 Subject 1 2
21 95.458 140.784 40 51.519  37.138
22 44.884  50.444 41 16.730  13.780
23 69.974 101.397 42 83.234 194.130
24 121.891  99.202 43 323905 309.659
25 23.411 19.728 44 20.939  23.364
26 43.648  58.350 45 107.516  91.755
27 390.265 311.951 46 54.074  82.135
28 178.143  92.506 47 153.877  84.087
29 222.559 132.397 48 45.282  39.559
30 88.751 150.988 49 26.723  36.630
31 38.197  74.594 50 51.605  36.590
32 56.073 117.833 51 283.012 160.818
33 121.242  98.176 52 37.279  85.925
34 258.457 228.396 53 175.526  224.687
35 44.084  61.106 54 68.410 72473
36 30.629  50.592 55 99.632 119.244
37 95.699  55.377 56 41.525  90.671
38 81.309  42.483 57 65.352  177.254
39 182.205 134.586 58 58.868  86.633
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The blinded estimate of o is 0.3879, giving a CV of 0.403, which is
higher than that assumed at the planning stage. Using this blinded estimate to
recalculate the sample size gives a value of 51.76. The inflated total sample
size (on rounding up) is then 58, i.e., 29 subjects per group.

The simulated data from the second stage are given in Table 12.2. Based
on an analysis of the unblinded data from both stages, the estimate of the treat-
ment difference, 8, on the log scale, and its associated 91.9%(i.e., 100(1 —
2 x 0.0405)) confidence interval are given in Table 12.3. Also given are the
back-transformed values of these quantities. We can see that the limits of the
confidence interval on the natural scale are within the limits of (0.8, 1.25), con-
firming that there is no evidence to reject the null hypothesis that T and R are
ABE on AUC.

Table 12.3: TOST procedure results.

Endpoint o

91.9% Confidence Interval

log(AUC) | —0.0264

(—0.1418, 0.0890)

Endpoint | exp(0)

91.9% Confidence Interval

AUC 0.974

(0.868, 1.093)







Chapter 13

Case study: Unblinded sample size
re-estimation in a bioequivalence study
that has a group sequential design

13.1 Introduction

An alternative to the approach taken in the last chapter is to plan from the be-
ginning to use a group sequential design. Although group sequential designs
for testing ABE are not new, and can be traced back at least as far as Gould
(1995) and Hauck et al. (1997), recent interest in two-stage designs with the
possibility of stopping was prompted by methods described in Potvin et al.
(2008) and, as a follow-up, in Montague et al. (2012). Indeed, regulatory agen-
cies now seem receptive to the use of two-stage designs (e.g., see EMA (2010),
FDA (2013), Health Canada (2012)), and as consequence their use is likely to
increase. However, firm recommendations on which type of analysis to employ
are still not agreed, and it is likely that a number of variations will find their
way into everyday use. See Fuglsang (2013, 2014) and Karalis and Macheras
(2013), for example, for further discussion on this topic. Here we will consider
one particular design of this type: the one that uses a single interim analysis and
the Pocock (Pocock (1977)) boundaries to stop or continue. In practical terms
this means using a one-sided significance level of o« = 0.0304 in the TOST at
the interim and & = 0.0304 in the TOST at the final analysis, if the study com-
pletes both of the planned stages. We assume that the interim analysis takes
place when half of the subjects in the trial have completed both periods. In the
next chapter we will describe the methods suggested by Potvin et al. (2008).
For the example used in the previous chapter, where the CV = (.33 and the
true ratio on the natural scale is 1, the sample size needed to achieve at least
0.80 power is N = 44. When 100,000 ABE trials are simulated under these
assumptions, the power of the study is about 0.83. When the simulation study
was repeated under the null hypothesis, the Type I error rate was 0.046.
Before we continue, it is useful to note that the TOST procedure can be
quite conservative, i.e., the achieved Type I error rate may be lower than the
nominal 0.05 significance level. To demonstrate this, we show in Figure 13.1
a plot of the joint distribution of the two one-sided #-test statistics, obtained
from simulating 100,000 trials for a design with 12 subjects per group and a
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Figure 13.1: Joint distribution of TOST statistics.

CV = 0.40, and where there is no interim analysis. The coordinates of each
particular point in the figure correspond to the two observed f-statistics (T1,
T2) in that particular simulated trial. Here the achieved Type I error rate is
0.0394. To understand why this is lower than 0.05, we note that the points
above the horizontal line correspond to the significant z-values under the null
hypothesis that the true ratio of means on the original scale = 1.25. The pro-
portion of these points (corresponding to T2) out of the 100,000 is 0.05007.
However, not all the points are to the right of the vertical line, which means that
those to the left correspond to nonsignificant ¢-statistics (for T1). The achieved
significance level is the proportion of points that are both above the horizontal
line and to the right of the vertical line. This is 0.05007 — 0.01071 = 0.03936,
where 0.01071 is the proportion of points above the horizontal line and to the
left of the vertical line.

13.2 Sample size re-estimation in a group sequential design

Here we will make an unblinded sample size re-estimation after the interim
analysis if BE is not declared at the interim. If the estimated power, based
on the estimated CV and the treatment difference used in the planning of the
trial (i.e., not the treatment difference observed at the interim analysis), is not
at least 0.80, the total sample size of the study will be increased, so that a
power of 0.80 will be achieved, based on the current estimate of the CV. The
minimum sample size after the interim will be the size of the trial at the interim
(as recommended by Birkett and Day (1994)). We add a slight variation in
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that the minimum sample size increase will be two subjects in each group, to
allow estimation of the variance in the second stage of the trial. The power is
calculated using the R package PowerTOST (Labes (2013)) with the “exact”
option.

However, if we increase the sample size without modification of the test
statistics of the TOST procedure, the Type I error rate will be inflated. The
modification we use is to replace each of the one-sided ¢-statistics with a z-
statistic defined, respectively, as

21 =vw® (1= p1) + V1 —wd (1 - pay)

and
2= vw® (1= pp) +V1—wd (1 - py),

where 0 < w < 1, pq; is the P-value for testing Hy;, as defined in Chapter 7,
obtained from the data in the first stage, p»; is the P-value for testing Hy; in
the second stage, pi; is the P-value for testing Hy, in the first stage and po;
is the P-value for testing Hp, in the second stage. ®~!(1 — p) is the inverse
of the cumulative standard normal distribution for quantile 1 — p and w is a
prespecified weight (Lehmacher and Wassmer (1999)). We refer to this test as
the Combination Test.

The weight w is chosen to reflect the assumed proportion of patients in the
the first stage. In this section we have assumed that w = 0.5. This is also in
accordance with the choice of the Pocock boundaries (equally spaced intervals
between the interim and final analysis).

The results, obtained from a million simulated trials for each combination
of arange of values of N, the total sample size and CV, are given in Table 13.1.
Here the true ratio of means on the natural scale is 1.25. The column headed
“Combination” gives the results when the Combination Test is used and the
column headed “t-tests” gives the results for the usual TOST procedure at the
end of the trial.

It should be recalled that the weights used in the Combination Test do not
vary and are fixed at 0.5 each. The results under the heading of “No SSR” are
for the case where there is no sample size re-estimation at the interim and the
results under the heading of “With SSR” are for the case with a sample size
re-estimation at the interim. We should also not forget that even for the regular
TOST procedure there might be some actual slight inflation (even in the “No
SSR” case) since the Pocock boundaries are computed under the assumption
of a bivariate normal distribution and not of a bivariate ¢-distribution.

Looking at the achieved Type I error rates for “No SSR,” the majority of
rates for both the regular TOST and the Combination Test are all below or just
above 0.05 (the excess being caused by simulation variability). However, there
are some cases where this rate is as low as about 0.04 and one case (N = 24,
CV =0.40) where the rate is as low as about 0.02. This case corresponds to that
illustrated in Figure 13.1 (which has no interim analysis) where we noted that
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Table 13.1: Type I error rates for the group sequential design.

No SSR With SSR
N 100xCV | Combination  t-tests Combination  t-tests
24 10 0.04994 0.05078 0.05010 0.05088
48 10 0.05016 0.05065 0.05013 0.05050
72 10 0.05003 0.05025 0.05025 0.05050
96 10 0.05020 0.05042 0.05047 0.05064
120 10 0.04990 0.05010 0.04992 0.05002
24 20 0.04983 0.05074 0.04940 0.05026
48 20 0.05009 0.05048 0.04953 0.04723
72 20 0.05014 0.05032 0.04993 0.05009
96 20 0.04980 0.05001 0.04965 0.04977
120 20 0.05023 0.05041 0.04985 0.05001
24 30 0.03972 0.04105 0.04058 0.04504
48 30 0.04975 0.05018 0.04957 0.04944
72 30 0.05018 0.05036 0.05011 0.04525
96 30 0.05005 0.05023 0.04986 0.04643
120 30 0.05005 0.05016 0.05009 0.04972
24 40 0.01949 0.02027 0.03242 0.03555
48 40 0.04127 0.04196 0.04208 0.04500
72 40 0.04957 0.04983 0.04968 0.05057
96 40 0.04953 0.04982 0.05007 0.04736
120 40 0.04973 0.04985 0.05017 0.04418

Note: Fixed weight w = 0.5. Significance level for both stages = 0.0304.
First stage has N/2 subjects.

the achieved Type I error rate was much lower than 0.05. Apart from the issue
of the potential conservatism of the TOST procedure, the group sequential
design performs as expected.

Turning now to the results for “With SSR,” we see that these are quite
similar to those obtained for “No SSR,” suggesting that the introduction of the
sample size re-estimation, at least for the combination of values of N and CV
considered here, does not inflate the Type I error rate sufficiently to exceed
0.05. Of course, using the Combination Test guarantees that the Type I error
rate is not inflated, and so is our preferred method.

In Table 13.2 we give the achieved powers of the “No SSR” and “With
SSR” options for the same set of combinations of N and CV as considered
above where the true ratio of means on the natural scale is 0.95. Again the
results are obtained from a million simulated trials for each combination. The
ratio of 0.95 was chosen to enable a comparison with some published results to
be discussed in the next chapter. For some combinations of a low N and a high
CV, the powers without a sample size re-estimation are quite low, especially
for N = 24 and CV = 0.4. The effect of the sample size re-estimation is to
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Table 13.2: Estimated power for the group sequential design.
No SSR With SSR

N | 100xCV | Combination  7-tests Combination  f-tests
24 10 0.99994 0.99994 0.99911 0.99935
48 10 1 1 1 1

72 10 1 1 1 1

96 10 1 1 1 1

120 10 1 1 1 1

24 20 0.84458 0.85638 0.84639 0.86124
48 20 0.98999 0.99068 0.95984 0.95983
72 20 0.99950 0.99953 0.99909 0.99909
96 20 0.99999 0.99999 0.99997 0.99998
120 20 1 1 0.99999 0.99999
24 30 0.41466 0.43849 0.75466 0.78533
48 30 0.83495 0.84011 0.82871 0.83473
72 30 0.94984 0.95126 0.87239 0.86834
96 30 0.98584 0.98622 0.94461 0.94140
120 30 0.99621 0.99630 0.99131 0.99087
24 40 0.10141 0.10802 0.69742 0.75000
48 40 0.55334 0.56410 0.78082 0.80319
72 40 0.78794 0.79196 0.81682 0.82386
96 40 0.89323 0.89490 0.83519 0.83209
120 40 0.94656 0.94739 0.85590 0.84786

Note: Fixed weight w = 0.5. Significance level for both stages = 0.0304.
First stage has N/2 subjects.

ensure that the power is close to or above 0.80 for almost all cases. For CV
= 0.2 a total sample size of N = 24 is already large enough to give very high
power.

In summary, we have demonstrated, for the cases considered here, that the
Combination Test, while guaranteeing to preserve the Type I error rate, does
not lead to a significant loss of power.

13.3 Modification of sample size re-estimation in a group sequential
design

A feature of the Combination Test, as used in the previous section, is that the
weight w remains fixed (at 0.5) even though the size of the second stage in the
trial may be increased or decreased as a result of the sample size re-estimation.
In other words, where the sample size has been increased, the second stage
results are given lower weight in proportion to their sample size. Looking back
to Table 13.2, this does not seem to have had a major impact on the achieved
power.
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Table 13.3: Estimated Type I error rate and power for the group sequential
design and using the Combination Test with variable weights.

No SSR With SSR

N | 100xCV | Typel Power Type I Power
24 10 0.04991  0.99994 0.04992 0.99938
48 10 0.05014 1 0.05010 1

72 10 0.05000 1 0.05022 1

96 10 0.05017 1 0.05044 1
120 10 0.04987 1 0.04990 1

24 20 0.04980 0.84446 0.05040 0.85193
48 20 0.05007  0.98997 0.04890 0.96543
72 20 0.05011  0.99950 0.04986 0.99921
96 20 0.04979  0.99999 0.04963 0.99997
120 20 0.05020 1 0.04983 0.99999
24 30 0.03969 0.41435 0.03974 0.75825
48 30 0.04972  0.83484 0.05026 0.83249
72 30 0.05015  0.94980 0.05018 0.88204
96 30 0.05003  0.98583 0.04934 0.95185
120 30 0.05003  0.99620 0.04988 0.99241
24 40 0.01946 0.10125 0.02868 0.71539
48 40 0.04124  0.55311 0.04085 0.78199
72 40 0.04954 0.78781 0.04998 0.81839
96 40 0.04949 0.89313 0.05053 0.84016
120 40 0.04970  0.94651 0.05017 0.86670

Note: Significance level for first stage = 0.0304. Second-stage significance
level may vary. First stage has N /2 subjects.

A modification that might address this is to recalculate the weights after the
interim to reflect the new sample size proportions in stages 1 and 2, and to alter
the significance level used for the TOST procedure at the end of the trial. The
new significance level must be such that, conditional on the Type I error rate
already spent (0.0304), the total Type I error rate spent at the end of the trial is
maintained at 0.05. To do this recalculation of the significance level, we use the
R code give in the appendix of Chapter 5 of Proschan et al. (2006). Of course,
we can no longer guarantee that the Type I error rate will not be inflated. Our
motivation is that it may not be increased too much above 0.05, and the result-
ing power will be greater than when fixed weights are used. The corresponding
results to those given in Tables 13.1 and 13.2 are given in Table 13.3.

Comparing Table 13.3 with Tables 13.1 and 13.2, we see that the Type I er-
ror rates are quite similar, suggesting that using variable weights does not cause
a significant inflation. The powers are slightly higher when variable weights
are used, but not significantly so. In conclusion, it seems that using variable
weights does not bring any significant benefits in terms of either Type I error
rate control or the power.



Chapter 14

Case study: Various methods for an
unblinded sample size re-estimation in a
bioequivalence study

14.1 Introduction

Here we will describe the four methods proposed by Potvin et al. (2008). For
each method it is assumed that an interim analysis will be done after a pre-
specified number of subjects (n1) have completed both periods. At the interim,
the unblinded log-transformed data are analyzed and an estimate of the treat-
ment difference and within-subject variance is obtained. Depending on the
method, one or more of the following are done: the TOST procedure is ap-
plied; the power of the study is recalculated; the sample size is recalculated,
and the study stops or continues. If the study continues, with or without a sam-
ple size re-estimation, the TOST procedure is applied to the complete set of
data from the study. Potvin et al. (2008) compared the methods using simula-
tion under the assumption that the true ratio of the Test and Reference means
on the natural scale was either 0.95 (a value consistent with approximate ABE)
or 1.25 (i.e., a value consistent with the null hypothesis).

14.1.1 Methods
Method A:

1. At the interim, calculate the power to declare ABE (using the same calcu-
lation formula as when planning the study and o = 0.05).

2. If the poweris > 0.80, apply the TOST procedure with ¢ = 0.05 and declare
whether ABE is achieved or not. Do not continue to stage 2.

3. If the power is < 0.80, recalculate the sample size so that the power is at
least 0.80 for the given estimates of the treatment difference on the log
scale and within-subject variance. Continue to stage 2 assuming the revised
sample size.

4. At the end of stage 2, apply the TOST procedure with o« = 0.05 to the
combined data from stages 1 and 2 and declare whether ABE is achieved or
not.
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Potvin et al. (2008) show that the Type I error rate of Method A is inflated
for some combinations of n; and within-subject coefficient of variation (CV).
Taking the illustration in the previous chapter as an example, i.e., n; = 10 or 20
and a CV of 0.4, the Type I error rate obtained from 100,000 simulated trials
was 0.0550 and 0.0546, respectively.

Their Method A is basically an extension of the method described in Chap-
ter 12, but with an unblinded interim analysis and the possibility to stop after
the interim and declare whether ABE is achieved or not. Not surprisingly, this
method inflates the Type I error rate.

Their Method B is a variation on a group-sequential design with two groups
and a significance level for the TOST procedure taken from the Pocock spend-
ing function (Pocock (1977)) at each stage. The simulation results of Potvin
et al. (2008) indicate that this method is conservative. For our example with
ny = 10 or 20 and a CV of 0.4, the Type I error rate obtained from 100,000
simulated trials was about 0.0339 and 0.0381, respectively.

Method B:

1. Apply the TOST procedure to the first stage data using &c = 0.0294. If ABE
is achieved, then stop and declare ABE.

2. If ABE is not achieved at first stage, evaluate the power to declare ABE
using a = 0.0294. If power > 0.80, then stop and declare that ABE is not
achieved.

3. If power < 0.80, recalculate the samples size to achieve a power of 0.80
with o0 = 0.0294.

4. Apply the TOST procedure to the data from the first and second stages using
o = 0.0294 and declare if ABE is achieved or not.

Their Method C is a variation on Method B, where ¢ = 0.05 is used in the
first stage and o = 0.0294 is used in the second stage.

Method C:
1. Evaluate the power at the end of the first stage using & = 0.05.

2. If power > 0.80, apply the TOST procedure to the first stage data using
o = 0.05. Declare if ABE is achieved or not and stop.

3. If power < 0.80, apply the TOST procedure to the first stage data using
o = 0.0294. If ABE is achieved, then stop.

4. If ABE is not achieved using o¢ = 0.0294, recalculate the sample size to
achieve a power of 0.80 with a = 0.0294.

5. Apply the TOST procedure to the data from the first and second stages using
a = 0.0294 and declare if ABE is achieved or not.
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Of course, this variation has the potential to inflate the Type I error rate
compared to Method B. Potvin et al. (2008) noted that inflation occurred for
CV = 0.1 and 0.20, but not for higher values of the CV. These results are
reflected in our example with n; = 10 or 20 and a CV of 0.4, where the Type I
error rate obtained from 100,000 simulated trials was about 0.0315 and 0.0325,
respectively.

The power (obtained by simulation) of the Methods B and C, as applied to
our example, were, respectively, 0.709 and 0.708 for n; = 10 and 0.790 and
0.777, respectively, for n; = 20. The corresponding average sample sizes were
62.77 and 62.98, respectively, for n; = 10 and 61.90 and 62.88, respectively,
for n; = 20.

Potvin et al. (2008) also introduced a Method D, which is the same as
Method C but uses a slightly more conservative @ = 0.028 instead of o =
0.0294. Overall, Potvin et al. (2008) recommended Method C, given its mini-
mal amount of Type I error rate inflation (i.e., a rate no greater than 0.052).

In a follow-up paper, Montague et al. (2012) repeated the simulation study
of Potvin et al. (2008) but with an assumed true ratio of means equal to 0.90,
instead of 0.95, as used in Potvin et al. (2008). One conclusion from this later
study was that for CV < 0.5, Methods B and C had Type I error rates that
exceeded 0.052. In addition, the Type I error rates for Method D were no larger
than 0.052 for any of the values of CV (0.10 to 1.0) used in the simulation
study.

In conclusion, we recommend that before using any of the methods sug-
gested by Potvin et al. (2008), their operating characteristics should be evalu-
ated for a range of values of n;, CV and true ratio of means that are of interest,
in order to decide if the Type I error rate is controlled, the power is adequate
and the potential maximum total sample size is not too great. Of course, we
should not forget that the adaptive group sequential design that uses the Com-
bination Test (see previous chapter) is a simple alternative that guarantees con-
trol of the Type I error rate.

14.2 Example

As an illustration, we will apply Methods B and C to the interim data set given
in Table 12.1 in Chapter 12. The unblinded estimate of ¢ at the interim is
0.397,i.e.,a CV of 0.413.

If we use Method B, then we first apply the TOST procedure with a =
0.0294. The corresponding 94.12% confidence interval for the true ratio of
means is (0.814, 1.350), so ABE is not achieved at the interim. Using the Pow-
erTost (Labes (2013)) R library function, the power, for a true ratio of 1, for this
estimated CV and a total sample size of 20 is just over 0.04. Hence we must
continue to recalculate the sample size and generate data for stage 2. Again,
using the PowerTost R library with oo = 0.0294, the recalculated sample size,
for a true ratio of 1, is a total of 66 subjects. So the second stage will require
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Table 14.1: Additional post-interim data for ABE trial.

Group RT Group TR
Period Period
Subject 1 2 Subject 1 2
59 127.028  78.841 63 51.796  87.500
60 44.549  58.087 64 62.571 79.687
61 226.697 157.255 65 187.575 155.026
62 29372 67.988 66 110.383  77.101

46 subjects. This is larger than the total of 58 subjects required after the BSSR
described in Chapter 12.

We add the simulated data in Table 14.1 to that in Table 12.2 to give the
complete second-stage data for the Potvin Method B analysis. The 94.12%
confidence interval obtained using the combined data from both stages is
(0.871, 1.098) and ABE is achieved for AUC.

If we apply Method C, then we first calculate the power using o = 0.05.
This is much lower than 0.80 and so we must test for ABE using & = 0.0294.
We already know that ABE is not achieved with o = 0.0294, so we would
proceed as for Method B, i.e., recalculate the sample size, complete stage 2
and test for ABE.



Appendix A

Least squares estimation

In this book we have generally been concerned with inference about effects
associated with treatments, such as direct treatment and carry-over effects. On
those occasions when we need explicit expressions for estimators of these ef-
fects, to be able to compare designs for example, we want to obtain them by the
simplest route. In this appendix we show how the correct expressions can be
derived in several ways using different models for the expectations of (continu-
ous) cross-over data. In this context the use of different models is an artifice to
obtain simple derivations of estimators of effects; it does not imply that anal-
yses based on different models would be equivalent. In particular, it is easier
to manipulate models with sequence (group) effects rather than subject effects,
and we show below how each leads to equivalent estimators, but analyses based
on the two types of models would not lead to the same estimates of error. We
demonstrate equivalences for the following three cases:

1. a model that contains a different parameter for each subject (fixed subject
effects);
2. amodel with sequence effects but no subject effects;

3. a model for the contrasts between the means for each period in each se-
quence group.

We will be deriving expressions for Generalized Least Squares (GLS)
estimators under a general covariance matrix X for the repeated measurements
from a subject. This general framework contains as a special case, Ordinary
Least Squares (OLS) estimation and includes the analyses described in Chap-
ter 5. It is assumed that we have a cross-over design with s sequence groups, p
periods and n; subjects in each group and let n =} n;.

A.0.1 Casel

Let ¢;;x denote the subject parameter for subject k on sequence i. In terms of
the intercept it and subject effects s;; used in Chapter 5,

Oik = L+ Sik-
Set ¢; = [§i1, P2, - -, Oin,])” and ¢ = [¢T 97 ..., ¢ ]7. We can then write

BOY) = 03, XI| § | =Xw,
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say, where ® is the right Kronecker product, j,, is a (p x 1) vector of 1’s, and

the (v x 1) vector
24

consists of period effects 7 and treatment and other treatment-related effects &,
with associated full rank design matrix X. If X; is the (p x v) design matrix
that applies to each subject in group 7, then we can write,

X =[jp ®X],....jr ®X]].

Also we have
VY)=V=L®ZL

Now, in this case, the GLS estimator of Y/, is

v, = [fb }:(X*TV_'X*)lX*TV_'Y

B
-1
A, B Q
B C P |’
where

Ay = jiElj L,

B = [ ®X{Z o, ®X[E7 ),
N

c = n X 271X,
i=1

Q = X 'Y, jpx7'Y,,], and
S

P = Y X'tV
i=1

for Yix = [Yiuk, Yook -, Yipk] -
We are directly interested in the estimator f3,. Using standard matrix results
we have

A

B = (C—B{A7'B))"'(P-B[A;'Q))

—1
S
= <Z nin-TH);X,)
i=1

S
n X HyY; ., (A.1)
i—=1

14
where
-1 —1s (sTy—1s \—1:Ty—1
Hy =27 —X7j,0pZ7J,)  JpZ™ .
Using a standard matrix equality we can also write

Hy = K(K"zK)~'K” (A.2)
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where K is any p x (p — 1) matrix of full rank satisfying
Te _
K'j,=0.
In other words, the columns of K constitute a complete set of contrasts among

the p periods.

A.0.2 Case?2

To obtain the required model for Case 2 we replace ¢;; by the corresponding
sequence parameter ;. We then have

E(Y) =X¢9,,

where X¢ = [diag(jpn,, - jpn; ), X] and ¢, = [y7, 717, for y = [n,..., %"
The GLS estimator of ¢, is

~

v, = [I;PZ ] =XV "X6)TIXGVTY

_Aszile
- | Bl C P |

where
Ay = diag[nij 27, onsp 27,
B, = [mX{X7'j,,...mX/27'j,), and
Q = [mipI 'Y, 0y, 27 Y]

From this we obtain,

—1
s
ﬁz = <Z nin-TH):X,)

s
T —
n,'Xl- HzY,'. y
i=1 i=1

=

the same expression as in (A.1) above, that is, ﬁl = ﬁz.

A.0.3 Case3

Instead of modeling the raw data, Y, we now obtain GLS_ estimators directly
from sets of within-subject contrast means defined by K’ Y;., for K the matrix
defined above in Case 1. Because Kij =0, we have

EK'Y,.) =KX
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under the models defined in both Cases 1 and 2 above. Also we have,

- 1
VK'Y;) = —K"ZK.
n;
Defining
KX, K'Y,

and
Vi = diag[n; '"K"2K,...,n; 'K"2K],

we can write the GLS estimator of  as

A

Bs = (XkVi'Xk)'XkVi'Yk

-1
N N
— < nl-X,»TK(KTZK)lKTXl) Y nX/K(K"ZK)'K'Y;,
i=1 i=1

which is equivalent to the expression for [31 is (A.1) with Hy as defined in
(A.2). We would also obtain the same GLS estimator by modeling the contrasts
from each subject, [I, ® K’ ]Y with covariance matrix [I, ® K’ ZK].
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Design and Analysis of Cross-Over Trials is concerned with a specific
kind of comparative trial known as the cross-over trial, in which subjects
receive different sequences of treatments. Such trials are widely used
in clinical and medical research, and in other diverse areas such as
veterinary science, psychology, sports science, and agriculture.

The first edition of this book was the first to be wholly devoted to
the subject. The second edition was revised to mirror growth and
development in areas where the design remained in widespread use
and new areas where it had grown in importance. This new Third Edition:

e (Contains seven new chapters written in the form of short case
studies that address re-estimating sample size when testing for
average bioequivalence, fitting a nonlinear dose response function,
estimating a dose to take forward from phase two to phase three,
establishing proof of concept, and recalculating the sample size
using conditional power

e Employs the R package Crossover, specially created to accompany
the book and provide a graphical user interface for locating designs
in a large catalog and for searching for new designs

¢ Includes updates regarding the use of period baselines and the
analysis of data from very small trials

¢ Reflects the availability of new procedures in SAS, particularly
proc glimmix

* Presents the SAS procedure proc mcmc as an alternative to
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