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Preface

This book is intended to have three roles and to serve three associated audi-
ences: an introductory text on Bayesian inference starting from first principles,
agraduate text on effective current approaches to Bayesian modeling and com-
putation in statistics and related fields, and a handbook of Bayesian methods
in applied statistics for general users of and researchers in applied statistics.
Although introductory in its early sections, the book is definitely not elemen-
tary in the sense of a first text in statistics. The mathematics used in our book
is basic probability and statistics, elementary calculus, and linear algebra. A
review of probability notation is given in Chapter 1 along with a more detailed
list of topics assumed to have been studied. The practical orientation of the
book means that the reader’s previous experience in probability, statistics, and
linear algebra should ideally have included strong computational components.

To write an introductory text alone would leave many readers with only a
taste of the conceptual elements but no guidance for venturing into genuine
practical applications, beyond those where Bayesian methods agree essentially
with standard non-Bayesian analyses. On the other hand, given the continuing
scarcity of introductions to applied Bayesian statistics either in books or in
statistical education, we feel it would be a mistake to present the advanced
methods without first introducing the basic concepts from our data-analytic
perspective. Furthermore, due to the nature of applied statistics, a text on cur-
rent Bayesian methodology would be incomplete without a variety of worked
examples drawn from real applications. To avoid cluttering the main narra-
tive, there are bibliographic notes at the end of each chapter and references at
the end of the book. '

Examples of real statistical analvses are found throughout the book, and
we hope thereby to give a genuine applied flavor to the entire development.
Indeed, given the conceptual simplicity of the Bayesian approach, it is only
in the intricacy of specific applications that novelty arises. Non-Bayesian ap-
proaches to inference have dominated statistical theory and practice for most
of the past century, but the last two decades or so have seen a reemergence of
the Bayesian approach. This has been driven more by the availability of new
computational techniques than by what many would see as the philosophical
and logical advantages of Bayesian thinking.

We hope that the publication of this book will enhance the spread of ideas
that are currently trickling through the scientific literature. The models and
methods developed recently in this field have yet to reach their largest possi-
ble audience, partly because the results are scattered in various journals and
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proceedings volumes. We hope that this book will help a new generation of
statisticians and users of statistics to solve complicated problems with greater
understanding.

Progress in Bayesian data analysis

Bayesian methods have matured and improved in several ways in the eight
years since the first edition of this book appeared.

e Successful applications of Bayesian data analysis have appeared in many
different fields, including business, computer science, economics, educa-
tional research, environmental science, epidemiology, genetics, geography,
imaging, law, medicine, political science, psychometrics, public policy, so-
ciology, and sports. In the social sciences, Bayesian ideas often appear in
the context of multilevel modeling.

e New computational methods generalizing the Gibbs sampler and Metropo-
lis algorithm, including some methods from the physics literature, have
been adapted to statistical problems. Along with improvements in comput-
ing speed, these have made it possible to compute Bayesian inference for
more complicated models on larger datasets.

e In parallel with the theoretical improvements in computation, the software
package Bugs has allowed nonexperts in statistics to fit complex Bayesian
models with minimal programming. Hands-on experience has convinced
many applied researchers of the benefits of the Bayesian approach.

e There has been much work on model checking and comparison, from many
perspectives, including predictive checking, cross-validation, Bayes factors,
model averaging, and estimates of predictive errors and model complexity.

e In sample surveys and elsewhere, multiple imputation has become a stan-
dard method of capturing uncertainty about missing data. This has moti-
vated ongoing work into more flexible models for multivariate distributions.

e There has been continuing progress by various researchers in combining
Bayesian inference with existing statistical approaches from other fields,
such as instrumental variables analysis in economics, and with nonpara-
metric methods such as classification trees, splines, and wavelets.

e In general, work in Bayesian statistics now focuses on applications, com-
putations, and models. Philosophical debates, abstract optimality criteria,
and asymptotic analyses are fading to the background. It is now possible to
do serious applied work in Bayesian inference without the need to debate
foundational principles of inference.

Changes for the second edition

The major changes for the second edition of this book are:

e Reorganization and expansion of Chapters 6 and 7 on model checking and
data collection;

e Revision of Part III on computation;
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e New chapters on nonlinear models and decision analysis;

e An appendix illustrating computation using the statistical packages R and
Bugs,

o New applied examples throughout, including:

— Census record linkage, a data-based assignment of probability distribu-
“tions (Section 1.7),
— Cancer mapping, demonstrating the role of the prior distribution on data
with different sample sizes (Section 2.8),
— Psychological measurement data and the use of graphics in model check-
ing (Section 6.4),
— Survey of adolescent smoking, to illustrate numerical predictive checks
(Section 6.5),
— Two surveys using cluster sampling (Section 7.4),
— Experiment of vitamin A intake, with noncompliance to assigned treat-
ment (Section 7.7),
— Factorial data on internet connect times, summarized using the analysis
of variance (Section 15.6),
— Police stops, modeled with hierarchical Poisson regressions (Section 16.5),
— State-level opinions from national polls, using hierarchical modeling and
poststratification (Section 16.6),
— Serial dilution assays, as an example of a nonlinear model (Section 20.2),
— Data from a toxicology experiment, analyzed with a hierarchical nonlin-
ear model (Section 20.3),
— Pre-election polls, with multiple imputation of missing data (Section
21.2),
— Incentives for telephone surveys, a meta-analysis for a decision problem
(Section 22.2),
— Medical screening, an example of a decision analysis (Section 22.3),

— Home radon measurement and remediation decisions, analyzed using a
hierarchical model (Section 22.4).

We have added these examples because our readers have told us that one
thing they liked about the book was the presentation of realistic problem-
solving experiences. As in the first edition, we have included many applications
from our own research because we know enough about these examples to
convey the specific challenges that arose in moving from substantive goals
to probability modeling and, eventually, to substantive conclusions. Also as
before, some of the examples are presented schematically and others in more
detail.

We changed the computation sections out of recognition that our earlier rec-
ommendations were too rigid: Bayesian computation is currently at a stage
where there are many reasonable ways to compute any given posterior distri-
bution, and the best approach is not always clear in advance. Thus we have



xxil PREFACE

moved to a more pluralistic presentation—we give advice about performing
computations from many perspectives, including approximate computation,
mode-finding, and simulations, while making clear, especially in the discus-
sion of individual models in the later parts of the book, that it is important to
be aware of the different ways of implementing any given iterative simulation
computation. We briefly discuss some recent ideas in Bayesian computation
but devote most of Part III to the practical issues of implementing the Gibbs
sampler and the Metropolis algorithm. Compared to the first edition, we deem-
phasize approximations based on the normal distribution and the posterior
mode, treating these now almost entirely as techniques for obtaining starting
points for iterative simulations.

Contents

Part I introduces the fundamental Bayesian principle of treating all unknowns
as random variables and presents basic concepts, standard probability models,
and some applied examples. In Chapters 1 and 2, simple familiar models using
the normal, binomial, and Poisson distributions are used to establish this
introductory material, as well as to illustrate concepts such as conjugate and
noninformative prior distributions, including an example of a nonconjugate
model. Chapter 3 presents the Bayesian approach to multiparameter problems.
Chapter 4 introduces large-sample asymptotic results that lead to normal
approximations to posterior distributions.

Part II introduces more sophisticated concepts in Bayesian modeling and
model checking. Chapter 5 introduces hierarchical models, which reveal the
full power and conceptual simplicity of the Bayesian approach for practical
problems. We illustrate issues of model construction and computation with a
relatively complete Bayesian analysis of an educational experiment and of a
meta-analysis of a set of medical studies. Chapter 6 discusses the key prac-
tical concerns of model checking, sensitivity analysis, and model comparison,
illustrating with several examples. Chapter 7 discusses how Bayesian data
analysis is influenced by data collection, including the topics of ignorable
and nonignorable data collection rules in sample surveys and designed ex-
periments, and specifically the topic of randomization, which is presented as
a device for increasing the robustness of posterior inferences. This a difficult
chapter, because it presents important ideas that will be unfamiliar to many
readers. Chapter 8 discusses connections to non-Bayesian statistical methods,
emphasizing common points in practical applications and current challenges
in implementing Bayesian data analysis. Chapter 9 summarizes some of the
key ideas of Bayesian modeling, inference, and model checking, illustrating
issues with some relatively simple examples that highlight potential pitfalls in
trying to fit models automatically.

Part [II covers Bayesian computation, which can be viewed as a highly
specialized branch of numerical analysis: given a posterior distribution func-
tion (possibly implicitly defined), how does one extract summaries such as
quantiles, moments, and modes, and draw random samples of values? We em-
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phasize iterative methods—the Gibbs sampler and Metropolis algorithm—for
drawing random samples from the posterior distribution.

Part IV discusses regression models, beginning with a Bayesian treatment
of classical regression illustrated using an example from the study of elec-
tions that has both causal and predictive aspects. The subsequent chapters
give general principles and examples of hierarchical linear models, generalized
lineair models, and robust models.

Part V presents a range of other Bayesian probability models in more detail,
with examples of multivariate models, mixtures, and nonlinear models. We
conclude with methods for missing data and decision analysis, two practical
concerns that arise implicitly or explicitly in many statistical problems.

Throughout, we illustrate in examples the three steps of Bayesian statistics:
(1) setting up a full probability model using substantive knowledge, (2) con-
ditioning on observed data to form a posterior inference, and (3) evaluating
the fit of the model to substantive knowledge and observed data.

Appendixes provide a list of common distributions with their basic proper-
ties, a sketch of a proof of the consistency and limiting normality of Bayesian
posterior distributions, and an extended example of Bayesian computation in
the statistical packages Bugs and R.

Most chapters conclude with a set of exercises, including algebraic deriva-
tions, simple algebraic and numerical examples, explorations of theoretical
topics covered only briefly in the text, computational exercises, and data anal-
yses. The exercises in the later chapters tend to be more difficult; some are
suitable for term projects.

One-semester or one-quarter course

This book began as lecture notes for a graduate course. Since then, we have
attempted to create an advanced undergraduate text, a graduate text, and a
reference work all in one, and so the instructor of any course based on this
book must be selective in picking out material.

Chapters 1- 6 should be suitable for a one-semester course in Bayesian statis-
tics for advanced undergraduates, although these students might also be in-
terested in the introduction to Markov chain simulation in Chapter 11.

Part 1 has many examples and algebraic derivations that will be useful for
a lecture course for undergraduates but may be left to the graduate students
to read at home (or conversely, the lectures can cover the examples and leave
the theory for homework). The examples of Part II are crucial, however, since
these ideas will be new to most graduate students as well. We see the first two
chapters of Part III as essential for understanding modern Bayesian compu-
tation and the first three chapters of Part IV as basic to any graduate course
because they take the student into the world of standard applied models; the
remaining material in Parts III-V can be covered as time permits.

This book has been used as the text for one-semester and one-quarter
courses for graduate students in statistics at many universities. We suggest
the following syllabus for an intense fifteen-week course.
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1.

10.
11.

12.

13.

14.

Setting up a probability model, Bayes’ rule, posterior means and variances,
binomial model, proportion of female births (Chapter 1, Sections 2.1-2.5).

. Standard univariate models including the normal and Poisson models, can-

cer rate example, noninformative prior distributions (Sections 2.6-2.9).

. Multiparameter models, normal with unknown mean and variance, the mul-

tivariate normal distribution, multinomial models, election polling, bioas-
say. Computation and simulation from arbitrary posterior distributions in
two parameters (Chapter 3).

. Inference from large samples and comparison to standard non-Bayesian

methods (Chapter 4).

. Hierarchical models, estimating population parameters from data, rat tu-

mor rates, SAT coaching experiments, meta-analysis (Chapter 5).

Model checking, posterior predictive checking, sensitivity analysis, model
comparison and expansion, checking the analysis of the SAT coaching ex-
periments (Chapter 6).

. Data collection—ignorability, surveys, experiments, observational studies,

unintentional missing data (Chapter 7).

. General advice, connections to other statistical methods, examples of po-

tential pitfalls of Bayesian inference (Chapters 8 and 9).

. Computation: overview, uses of simulations, Gibbs sampling (Chapter 10,

Sections 11.1-11.3).
Markov chain simulation (Sections 11.4- 11.10, Appendix C).

Normal linear regression from a Bayesian perspective, incumbency advan-
tage in Congressional elections (Chapter 14).

Hierarchical linear models, selection of explanatory variables, forecasting
Presidential elections (Chapter 15).

Generalized linear models, police stops example, opinion polls example
(Chapter 16).

Final weeks: topics from remaining chapters (including advanced compu-
tational methods, robust inference, mixture models, multivariate models,
nonlinear models, missing data, and decision analysis).

Computer sites and contact details

Additional materials, including the data used in the examples, solutions to
many of the end-of-chapter exercises, and any errors found after the book goes
to press, are posted at http://www.stat.columbia.edu/~gelman/. Please
send any comments to us at gelman@stat.columbia.edu, sternh@uci.edu,
jbcarlin@unimelb.edu.au, or rubin@stat.harvard.edu.
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Part I: Fundamentals of Bayesian
Inference

Bayesian inference is the process of fitting a probability model to a set of data
and summarizing the result by a probability distribution on the parameters
of the model and on unobserved quantities such as predictions for new obser-
vations. In Chapters 1-3, we introduce several useful families of models and
illustrate their application in the analysis of relatively simple data structures.
Some mathematics arises in the analytical manipulation of the probability
distributions, notably in transformation and integration in multiparameter
problems. We differ somewhat from other introductions to Bayesian inference
by emphasizing stochastic simulation, and the combination of mathematical
analysis and simulation, as general methods for summarizing distributions.
Chapter 4 outlines the fundamental connections between Bayesian inference,
other approaches to statistical inference, and the normal distribution. The
early chapters focus on simple examples to develop the basic ideas of Bayesian
inference; examples in which the Bayesian approach makes a practical differ-
ence relative to more traditional approaches begin to appear in Chapter 3. The
major practical advantages of the Bayesian approach appear in hierarchical
models, as discussed in Chapter 5 and thereafter.






CHAPTER 1

Background

1.1 Overview

By Bayesian data analysis, we mean practical methods for making inferences
from data using probability models for quantities we observe and for quantities
about which we wish to learn. The essential characteristic of Bayesian methods
is their explicit use of probability for quantifying uncertainty in inferences
based on statistical data analysis.

The process of Bayesian data analysis can be idealized by dividing it into
the following three steps:

1. Setting up a full probability model—a joint probability distribution for all
observable and unobservable quantities in a problem. The model should be
consistent with knowledge about the underlying scientific problem and the
data collection process.

2. Conditioning on observed data: calculating and interpreting the appropri-
ate posterior distribution— the conditional probability distribution of the
unobserved quantities of ultimate interest, given the observed data.

3. Evaluating the fit of the model and the implications of the resulting pos-
terior distribution: does the model fit the data, are the substantive conclu-
sions reasonable, and how sensitive are the results to the modeling assump-
tions in step 1?7 If necessary, one can alter or expand the model and repeat
the three steps.

Great advances in all these areas have been made in the last forty years, and
many of these are reviewed and used in examples throughout the book. Our
treatment covers all three steps, the second involving computational method-
ology and the third a delicate balance of technique and judgment, guided by
the applied context of the problem. The first step remains a major stumbling
block for much Bayesian analysis: just where do our models come from? How
do we go about constructing appropriate probability specifications? We pro-
vide some guidance on these issues and illustrate the importance of the third
step in retrospectively evaluating the fit of models. Along with the improved
techniques available for computing conditional probability distributions in the
second step, advances in carrying out the third step alleviate to some degree
the need for completely correct model specification at the first attempt. In
particular, the much-feared dependence of conclusions on ‘subjective’ prior
distributions can be examined and explored.

A primary motivation for believing Bayesian thinking important is that it fa-
cilitates a common-sense interpretation of statistical conclusions. For instance,
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a Bayesian (probability) interval for an unknown quantity of interest can be
directly regarded as having a high probability of containing the unknown
quantity, in contrast to a frequentist (confidence) interval, which may strictly
be interpreted only in relation to a sequence of similar inferences that might
be made in repeated practice. Recently in applied statistics, increased empha-
sis has been placed on interval estimation rather than hypothesis testing, and
this provides a strong impetus to the Bayesian viewpoint, since it seems likely
that most users of standard confidence intervals give them a common-sense
Bayesian interpretation. One of our aims in this book is to indicate the extent
to which Bayesian interpretations of common simple statistical procedures are
justified.

Rather than engage in philosophical debates about the foundations of statis-
tics, however, we prefer to concentrate on the pragmatic advantages of the
Bayesian framework, whose flexibility and generality allow it to cope with
very complex problems. The central feature of Bayesian inference, the direct
quantification of uncertainty, means that there is no impediment in principle
to fitting models with many parameters and complicated multilayered prob-
ability specifications. In practice, the problems are ones of setting up and
computing with large models, and a large part of this book focuses on re-
cently developed and still developing techniques for handling these modeling
and computational challenges. The freedom to set up complex models arises in
large part from the fact that the Bayesian paradigm provides a conceptually
simple method for coping with multiple parameters, as we discuss in detail
from Chapter 3 on.

1.2 General notation for statistical inference

Statistical inference is concerned with drawing conclusions, from numerical
data, about quantities that are not observed. For example, a clinical trial
of a new cancer drug might be designed to compare the five-year survival
probability in a population given the new drug with that in a population under
standard treatment. These survival probabilities refer to a large population
of patients, and it is neither feasible nor ethically acceptable to experiment
with an entire population. Therefore inferences about the true probabilities
and, in particular, their differences must be based on a sample of patients.
In this example, even if it were possible to expose the entire population to
one or the other treatment, it is obviously never possible to expose anyone to
both treatments, and therefore statistical inference would still be needed to
assess the causal inference—the comparison between the observed outcome in
each patient and that patient’s unobserved outcome if exposed to the other
treatment.

We distinguish between two kinds of estimands-—unobserved quantities for
which statistical inferences are made-—first, potentially observable quantities,
such as future observations of a process, or the outcome under the treatment
not received in the clinical trial example; and second, quantities that are not
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directly observable, that is, parameters that govern the hypothetical process
leading to the observed data (for example, regression coefficients). The dis-
tinction between these two kinds of estimands is not always precise, but is
generally useful as a way of understanding how a statistical model for a par-
ticular problem fits into the real world.

Parameters, data, and predictions

As general notation, we let 6 denote unobservable vector quantities or popu-
lation parameters of interest (such as the probabilities of survival under each
treatment for randomly chosen members of the population in the example of
the clinical trial), y denote the observed data (such as the numbers of survivors
and deaths in each treatment group), and § denote unknown, but potentially
observable, quantities (such as the outcomes of the patients under the other
treatment, or the outcome under each of the treatments for a new patient
similar to those already in the trial). In general these symbols represent mul-
tivariate quantities. We generally use Greek letters for parameters, lower-case
Roman letters for observed or observable scalars and vectors (and sometimes
matrices), and upper-case Roman letters for observed or observable matrices.
When using matrix notation, we consider vectors as column vectors through-
out; for example, if u is a vector with n components, then v is a scalar and
uul an n x n matrix.

Observational units and variables

In many statistical studies, data are gathered on each of a set of n objects or
units, and we can write the data as a vector, y = (y1,...,¥yn)- In the clinical
trial example, we might label y; as 1 if patient i is alive after five years or 0 if
the patient dies. If several variables are measured on each unit, then each y; is
actually a vector, and the entire dataset y is a matrix (usually taken to have n
rows). The y variables are called the ‘outcomes’ and are considered ‘random’
in the sense that, when making inferences, we wish to allow for the possibility
that the observed values of the variables could have turned out otherwise, due
to the sampling process and the natural variation of the population.

Ezxchangeability

The usual starting point of a statistical analysis is the (often tacit) assump-
tion that the n values y; may be regarded as exchangeable, meaning that the
joint probability density p(y1, - - -, yn) should be invariant to permutations of
the indexes. A nonexchangeable model would be appropriate if information
relevant to the outcome were conveyed in the unit indexes rather than by
explanatory variables (see below). The idea of exchangeability is fundamental
to statistics, and we return to it repeatedly throughout the book.

Generally, it is useful and appropriate to model data from an exchangeable
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distribution as independently and identically distributed (iid) given some un-
known parameter vector 6 with distribution p(€). In the clinical trial example,
we might model the outcomes y; as iid, given 0, the unknown probability of
survival.

_ Explanatory variables

It is common to have observations on each unit that we do not bother to
‘model as random. In the clinical trial example, such variables might include
the age and previous health status of each patient in the study. We call this
second class of variables explanatory variables, or covariates, and label them
z. We use X to denote the entire set of explanatory variables for all n units;
if there are k explanatory variables, then X is a matrix with n rows and
k columns. Treating X as random, the notion of exchangeability can be ex-
tended to require the distribution of the n values of (z,y); to be unchanged by
arbitrary permutations of the indexes. It is always appropriate to assume an
exchangeable model after incorporating sufficient relevant information in X
that the indexes can be thought of as randomly assigned. It follows from the
assumption of exchangeability that the distribution of y, given z, is the same
for all units in the study in the sense that if two units have the same value of
z, then their distributions of y are the same. Any of the explanatory variables
z can of course be moved into the y category if we wish to model them. We
discuss the role of explanatory variables (also called predictors) in detail in
Chapter 7 in the context of analyzing surveys, experiments, and observational
studies, and in Parts IV and V in the context of regression models.

Hierarchical modeling

In Chapter 5 and subsequent chapters, we focus on hierarchical models (also
called multilevel models), which are used when information is available on sev-
eral different levels of observational units. In a hierarchical model, it is possible
to speak of exchangeability at each level of units. For example, suppose two
medical treatments are applied, in separate randomized experiments, to pa-
tients in several different cities. Then, if no other information were available, it
would be reasonable to treat the patients within each city as exchangeable and
also treat the results from different cities as themselves exchangeable. In prac-
tice it would make sense to include, as explanatory variables at the city level,
whatever relevant information we have on each city, as well as the explanatory
variables mentioned before at the individual level, and then the conditional
distributions given these explanatory variables would be exchangeable.

1.3 Bayesian inference

Bayesian statistical conclusions about a parameter 8, or unobserved data ¥,
are made in terms of probability statements. These probability statements are
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conditional on the observed value of y, and in our notation are written simply
as p(Aly) or p(gly). We also implicitly condition on the known values of any
covariates, z. It is at the fundamental level of conditioning on observed data
that Bayesian inference departs from the approach to statistical inference de-
scribed in many textbooks, which is based on a retrospective evaluation of the
procedure used to estimate 6 (or §) over the distribution of possible y values
conditional on the true unknown value of 6. Despite this difference, it will
be seen that in many simple analyses, superficially similar conclusions result
from the two approaches to statistical inference. However, analyses obtained
using Bayesian methods can be easily extended to more complex problems.
In this section, we present the basic mathematics and notation of Bayesian
inference, followed in the next section by an example from genetics.

Probability notation

Some comments on notation are needed at this point. First, p(-|-) denotes a con-
ditional probability density with the arguments determined by the context, and
similarly for p(-), which denotes a marginal distribution. We use the terms ‘distri-
bution’ and ‘density’ interchangeably. The same notation is used for continuous
density functions and discrete probability mass functions. Different distributions
in the same equation (or expression) will each be denoted by p(-), as in (1.1)
below, for example. Although an abuse of standard mathematical notation. this
method is compact and similar to the standard practice of using p(-) for the
probability of any discrete event, where the sample space is also suppressed in
the notation. Depending on context, to avoid confusion, we may use the nota-
tion Pr(-) for the probability of an event; for example, Pr(6 > 2) = f -2 P(0)d6.
When using a standard distribution, we use a notation based on the name of
the distribution; for example, if § has a normal distribution with mean p and
variance o2, we write 8 ~ N(u,0?) or p(8) = N(6|u,c?) or, to be even more
explicit, p(8|g, 0?) = N(8|p, 02). Throughout, we use notation such as N(u,o?)
for random variables and N(8|u, 02) for density functions. Notation and formulas
for several standard distributions appear in Appendix A.

We also occasionally use the following expressions for all-positive random vari-
ables 6: the coefficient of variation (CV) is defined as sd(6)/E(0), the geometric
mean (GM) is exp(E[log(6)]), and the geometric standard deviation (GSD) is
exp(sd[log(6)])-

Bayes’ rule

In order to make probability statements about 6 given y, we must begin with
a model providing a joint probability distribution for 8 and y. The joint prob-
ability mass or.density function can be written as a product of two densities
that are often referred to as the prior distribution p(f) and the sampling dis-
tribution (or data distribution) p(y|@) respectively:

p(6,y) = p(6)p(y|6).
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Simply conditioning on the known value of the data y, using the basic property
of conditional probability known as Bayes’ rule, yields the posterior density:
p(6,y) _ p(6)p(y|6)

PO =) T p) (1)
where p(y) = D op(6)p(y|f), and the sum is over all possible values of 6 (or
p(y) = [p(6)p(y|6)df in the case of continuous #). An equivalent form of (1.1)
omits the factor p(y), which does not depend on 8 and, with fixed y, can thus
.be considered a constant, yielding the unnormalized posterior density , which
is the right side of (1.2):

p(0ly) < p(6)p(y|6). (1.2)

These simple expressions encapsulate the technical core of Bayesian inference:
the primary task of any specific application is to develop the model p(8,v)
and perform the necessary computations to summarize p(f|y) in appropriate
ways.

Prediction

To make inferences about an unknown observable, often called predictive in-
ferences, we follow a similar logic. Before the data y are considered, the dis-
tribution of the unknown but observable y is

p(y) = / p(y,6)d6 = / p(6)p(y|6)db. (1.3)

This is often called the marginal distribution of y, but a more informative
name is the prior predictive distribution: prior because it is not conditional
on a previous observation of the process, and predictive because it is the
distribution for a quantity that is observable.

After the data y have been observed, we can predict an unknown observable,
4, from the same process. For example, y = (y1,...,y,) may be the vector of
recorded weights of an object weighed n times on a scale, § = (1, 02) may be
the unknown true weight of the object and the measurement variance of the
scale, and § may be the yet to be recorded weight of the object in a planned
new weighing. The distribution of § is called the posterior predictive distri-
bution, posterior because it is conditional on the observed y and predictive
because it is a prediction for an observable ¥:

p(gly) = / p(7,0\y)dé
/ p(316, 9)p(6ly)d6
- / p(@16)p(6ly)de. (1.4)

The second and third lines display the posterior predictive distribution as an
average of conditional predictions over the posterior distribution of 6. The last
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equation follows because y and § are conditionally independent given 6 in this
model.

Likelihood

Using Bayes’ rule with a chosen probability model means that the data y
affect the posterior inference (1.2) only through the function p(y|@), which,
when regarded as a function of 6, for fixed vy, is called the likelihood function.
In this way Bayesian inference obeys what is sometimes called the likelihood
principle, which states that for a given sample of data, any two probability
models p(y|#) that have the same likelihood function yield the same inference
for 6.

The likelihood principle is reasonable, but only within the framework of the
model or family of models adopted for a particular analysis. In practice, one
can rarely be confident that the chosen model is the correct model. We shall
see in Chapter 6 that sampling distributions (imagining repeated realizations
of our data) can play an important role in checking model assumptions. In
fact, our view of an applied Bayesian statistician is one who is willing to apply
Bayes’ rule under a variety of possible models.

Likelihood and odds ratios

The ratio of the posterior density p(f|y) evaluated at the points 6; and 6
under a given model is called the posterior odds for 6, compared to 6. The
most familiar application of this concept is with discrete parameters, with 65
taken to be the complement of ;. Odds provide an alternative representation
of probabilities and have the attractive property that Bayes’ rule takes a
particularly simple form when expressed in terms of them:

p(6ily) _ p(61)p(yl61)/p(y) _ p(61) p(yl6:) (15)
p(02ly)  p(62)p(y|62)/p(y)  p(62) P(ylb2) '

In words, the posterior odds are equal to the prior odds multiplied by the
likelihood ratio, p(y|61)/p(y|62).

1.4 Example: inference about a genetic probability

The following example is not typical of statistical applications of the Bayesian
method, because it deals with a very small amount of data and concerns a
single individual’s state (gene carrier or not) rather than with the estimation
of a parameter that describes an entire population. Nevertheless it is a real
example of the very simplest type of Bayesian calculation, where the estimand
and the individual item of data each have only two possible values.

Human males have one X-chromosome and one Y-chromosome, whereas
females have two X-chromosomes, each chromosome being inherited from one
parent. Hemophilia is a disease that exhibits X-chromosome-linked recessive



10 BACKGROUND

inheritance, meaning that a male who inherits the gene that causes the disease
on the X-chromosome is affected, whereas a female carrying the gene on only
one of her two X-chromosomes is not affected. The disease is generally fatal for
women who inherit two such genes, and this is very rare, since the frequency
of occurrence of the gene is low in human populations.

~ The prior distribution

. Consider a woman who has an affected brother, which implies that her mother

must be a carrier of the hemophilia gene with one ‘good’ and one ‘bad’
hemophilia gene. We are also told that her father is not affected; thus the
woman herself has a fifty-fifty chance of having the gene. The unknown quan-
tity of interest, the state of the woman, has just two values: the woman is
either a carrier of the gene (6 = 1) or not (6 = 0). Based on the information
provided thus far, the prior distribution for the unknown 6 can be expressed
simply as Pr(§ = 1) = Pr(§ = 0) = .

The model and likelihood

The data used to update this prior information consist of the affection status of
the woman’s sons. Suppose she has two sons, neither of whom is affected. Let
y; = 1 or 0 denote an affected or unaffected son, respectively. The outcomes
of the two sons are exchangeable and, conditional on the unknown 6, are
independent; we assume the sons are not identical twins. The two items of
independent data generate the following likelihood function:

Pr(yy =0,52=0|0=1) = (0.5)(0.5)=0.25
Pr(y1 =0,92=0|0=0) = (1)(1)=1.

These expressions follow from the fact that if the woman is a carrier, then each
of her sons will have a 50% chance of inheriting the gene and so being affected,
whereas if she is not a carrier then there is a probability very close to 1 that
a son of hers will be unaffected. (In fact, there is a nonzero probability of
being affected even if the mother is not a carrier, but this risk—the mutation
rate— is very small and can be ignored for this example.)

The posterior distribution

Bayes’ rule can now be used to combine the information in the data with
the prior probability; in particular, interest is likely to focus on the posterior
probability that the woman is a carrier. Using y to denote the joint data
(¥1,2), this is simply

p(yl6 = 1)Pr(6 = 1)
p(yl6 = D)Pr(6 = 1) + p(yl0 = 0)Pr(6 = 0)
(0.25)(0.5) 0125

~ (0.25)(0.5) + (1.0)(0.5)  0.625 0-20.

Pr(f =1ly) =
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Intuitively it is clear that if a woman has unaffected children, it is less prob-
able that she is a carrier, and Bayes’ rule provides a formal mechanism for
determining the extent of the correction. The results can also be described in
terms of prior and posterior odds. The prior odds of the woman being a carrier
are 0.5/0.5 = 1. The likelihood ratio based on the information about her two
unaffected sons is 0.25/1 = 0.25, so the posterior odds are obtained very sim-
ply as 0.25. Converting back to a probability, we obtain 0.25/(1 +0.25) = 0.2,
just as before.

Adding more data

A key aspect of Bayesian analysis is the ease with which sequential analyses
can be performed. For example, suppose that the woman has a third son, who
is also unaffected. The entire calculation does not need to be redone; rather
we use the previous posterior distribution as the new prior distribution, to
obtain:

(0.5)(0.20)
(0.5)(0.20) + (1)(0.8)
Alternatively, if we suppose that the third son is affected, it is easy to check
that the posterior probability of the woman being a carrier becomes 1 (again
ignoring the possibility of a mutation).

=0.111.

Pr(60 = 1jy1,y2,93) =

1.5 Probability as a measure of uncertainty

We have already used concepts such as probability density, and indeed we
assume that the reader has a fair degree of familiarity with basic probability
theory (although in Section 1.8 we provide a brief technical review of some
probability calculations that often arise in Bayesian analysis). But since the
uses of probability within a Bayesian framework are much broader than within
non-Bayesian statistics, it is important to consider at least briefly the founda-
tions of the concept of probability before considering more detailed statistical
examples. We take for granted a common understanding on the part of the
reader of the mathematical definition of probability: that probabilities are
mumerical quantities, defined on a set of ‘outcomes,” that are nonnegative,
additive over mutually exclusive outcomes, and sum to 1 over all possible
mutually exclusive outcomes.

In Bayesian statistics, probability is used as the fundamental measure or
yardstick of uncertainty. Within this paradigm, it is equally legitimate to
discuss the probability of ‘rain tomorrow’ or of a Brazilian victory in the soccer
World Cup as it is to discuss the probability that a coin toss will land heads.
Hence, it becomes as natural to consider the probability that an unknown
estimand lies in a particular range of values as it is to consider the probability
that the mean of a random sample of 10 items from a known fixed population
of size 100 will lie in a certain range. The first of these two probabilities is
of more interest after data have been acquired whereas the second is more
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relevant beforehand. Bayesian methods enable statements to be made about
the partial knowledge available (based on data) concerning some situation or
‘state of nature’ (unobservable or as yet unobserved) in a systematic way,
using probability as the yardstick. The guiding principle is that the state of
knowledge about anything unknown is described by a probability distribution.

What is meant by a numerical measure of uncertainty? For example, the
probability of ‘heads’ in a coin toss is widely agreed to be % Why is this so?
Two justifications seem to be commonly given:

1. Symmetry or exchangeability argument:

number of favorable cases

robability =
p Y number of possibilities
assuming equally likely possibilities. For a coin toss this is really a physical
argument, based on assumptions about the forces at work in determin-
ing the manner in which the coin will fall, as well as the initial physical
conditions of the toss.

2. Frequency argument: probability = relative frequency obtained in a very
long sequence of tosses, assumed to be performed in an identical manner,
physically independently of each other.

Both the above arguments are in a sense subjective, in that they require judg-
ments about the nature of the coin and the tossing procedure, and both involve
semantic arguments about the meaning of equally likely events, identical mea-
surements, and independence. The frequency argument may be perceived to
have certain special difficulties, in that it involves the hypothetical notion of
a very long sequence of identical tosses. If taken strictly, this point of view
does not allow a statement of probability for a single coin toss that does not
happen to be embedded, at least conceptually, in a long sequence of identical
events.

The following examples illustrate how probability judgments can be in-
creasingly subjective. First, consider the following modified coin experiment.
Suppose that a particular coin is stated to be either double-headed or double-
tailed, with no further information provided. Can one still talk of the prob-
ability of heads? It seems clear that in common parlance one certainly can.
It is less clear, perhaps, how to assess this new probability, but many would
agree on the same value of %, perhaps based on the exchangeability of the
labels ‘heads’ and ‘tails.’

Now consider some further examples. Suppose Colombia plays Brazil in
soccer tomorrow: what is the probability of Colombia winning? What is the
probability of rain tomorrow? What is the probability that Colombia wins, if it
rains tomorrow? What is the probability that the next space shuttle launched
will explode? Although each of these questions seems reasonable in a common-
sense way, it is difficult to contemplate strong frequency interpretations for
the probabilities being referenced. Frequency interpretations can usually be
constructed, however, and this is an extremely useful tool in statistics. For
example, we can consider the next space shuttle launch as a sample from
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the population of potential space shuttle launches, and look at the frequency
of past shuttle launches that have exploded (see the bibliographic note at
the end of this chapter for more details on this example). Doing this sort of
thing scientifically means creating a probability model (or, at the very least,
a ‘reference set’ of comparable events), and this brings us back to a situation
analogous to the simple coin toss, where we must consider the outcomes in
question as exchangeable and thus equally likely.

Why is probability a reasonable way of quantifying uncertainty? The fol-
lowing reasons are often advanced.

1. By analogy: physical randomness induces uncertainty, so it seems reason-
able to describe uncertainty in the language of random events. Common
speech uses many terms such as ‘probably’ and ‘unlikely,” and it appears
consistent with such usage to extend a more formal probability calculus to
problems of scientific inference.

2. Axiomatic or normative approach: related to decision theory, this approach
places all statistical inference in the context of decision-making with gains
and losses. Then reasonable axioms (ordering, transitivity, and so on) imply
that uncertainty must be represented in terms of probability. We view this
normative rationale as suggestive but not compelling.

3. Coherence of bets. Define the probability p attached (by you) to an event
FE as the fraction (p € [0,1]) at which you would exchange (that is, bet) $p
for a return of $1 if E occurs. That is, if F occurs, you gain $(1 —p); if the
complement of E occurs, you lose $p. For example:

e Coin toss: thinking of the coin toss as a fair bet suggests even odds
corresponding to p = 3.

e (Odds for a game: if you are willing to bet on team A to win a game at 10
to 1 odds against team B (that is, you bet 1 to win 10), your ‘probability’
for team A winning is at least 1/11.

The principle of coherence of probabilities states that your assignment of
probabilities to all possible events should be such that it is not possible to
make a definite gain by betting with you. It can be proved that probabilities
constructed under this principle must satisfy the basic axioms of probability
theory.

The betting rationale has some fundamental difficulties:

e Exact odds are required, on which you would be willing to bet in either
direction, for all events. How can you assign exact odds if you are not
sure?

e If a person is willing to bet with you, and has information you do not,
it might not be wise for you to take the bet. In practice, probability is
an incomplete (necessary but not sufficient) guide to betting.

All of these considerations suggest that probabilities may be a reasonable
approach to summarizing uncertainty in applied statistics, but the ultimate
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proof is in the success of the applications. The remaining chapters of this
book demonstrate that probability provides a rich and flexible framework for
handling uncertainty in statistical applications.

Subjectivity and objectivity

All statistical methods that use probability are subjective in the sense of
relying on mathematical idealizations of the world. Bayesian methods are
sometimes said to be especially subjective because of their reliance on a prior
distribution, but in most problems, scientific judgment is necessary to specify
both the ‘likelihood’ and the ‘prior’ parts of the model. For example, linear
regression models are generally at least as suspect as any prior distribution
that might be assumed about the regression parameters. A general principle is
at work here: whenever there is replication, in the sense of many exchangeable
units observed, there is scope for estimating features of a probability distribu-
tion from data and thus making the analysis more ‘objective.’ If an experiment
as a whole is replicated several times, then the parameters of the prior dis-
tribution can themselves be estimated from data, as discussed in Chapter 5.
In any case, however, certain elements requiring scientific judgment will re-
main, notably the choice of data included in the analysis, the parametric forms
assumed for the distributions, and the ways in which the model is checked.

1.6 Example of probability assignment: football point spreads

As an example of how probabilities might be assigned using empirical data
and plausible substantive assumptions, we consider methods of estimating the
probabilities of certain outcomes in professional (American) football games.
This is an example only of probability assignment, not of Bayesian inference.
A number of approaches to assigning probabilities for football game outcomes
are illustrated: making subjective assessments, using empirical probabilities
based on observed data, and constructing a parametric probability model.

Football point spreads and game outcomes

Football experts provide a point spread for every football game as a measure of
the difference in ability between the two teams. For example, team A might be
a 3.5-point favorite to defeat team B. The implication of this point spread is
that the proposition that team A, the favorite, defeats team B. the underdog,
by 4 or more points is considered a fair bet; in other words, the probability
that A wins by more than 3.5 points is % If the point spread is an integer,
then the implication is that team A is as likely to win by more points than the
point spread as it is to win by fewer points than the point spread (or to lose);
there is positive probability that A will win by exactly the point spread, in
which case neither side is paid off. The assignment of point spreads is itself an
interesting exercise in probabilistic reasoning; one interpretation is that the
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Figure 1.1 Scatterplot of actual outcome vs. point spread for each of 672 professional
football games. The x and y coordinates are jittered by adding uniform random num-
bers to each point’s coordinates (between —0.1 and — 0.1 for the x coordinate; between
—0.2 and 0.2 for the y coordinate) in order to display multiple values but preserve
the discrete-valued nature of each.

point spread is the median of the distribution of the gambling population’s
beliefs about the possible outcomes of the game. For the rest of this example,
we treat point spreads as given and do not worry about how they were derived.

The point spread and actual game outcome for 672 professional football
games played during the 1981, 1983, and 1984 seasons are graphed in Figure
1.1. (Much of the 1982 season was canceled due to a labor dispute.) Each
point in the scatterplot displays the point spread, x, and the actual outcome
(favorite’s score minus underdog’s score), y. (In games with a point spread of
zero, the labels ‘favorite’ and ‘underdog’ were assigned at random.) A small
random jitter is added to the x and y coordinate of each point on the graph
so that multiple points do not fall exactly on top of each other.

Assigning probabilities based on observed frequencies

It is of interest to assign probabilities to particular events: Pr(favorite wins),
Pr(favorite wins | point spread is 3.5 points), Pr(favorite wins by more than the
point spread), Pr(favorite wins by more than the point spread | point spread
is 3.5 points), and so forth. We might report a subjective probability based on
informal experience gathered by reading the newspaper and watching football
games. The probability that the favored team wins a game should certainly be
greater than 0.5, perhaps between 0.6 and 0.75? More complex events require
more intuition or knowledge on our part. A more systematic approach is to
assign probabilities based on the data in Figure 1.1. Counting a tied game as
one-half win and one-half loss, and ignoring games for which the point spread
is zero (and thus there is no favorite), we obtain empirical estimates such as:

o Pr(favorite wins) = % =0.63
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Figure 1.2 (a) Scatterplot of (actual outcome — point spread) vs. point spread for
each of 672 professional football games (with uniform random jitter added to = and
y coordinates). (b) Histogram of the differences between the game outcome and the
point spread, with the N(0,14%) density superimposed.

e Pr(favorite wins |z = 3.5) = 3¢ = 0.61
e Pr(favorite wins by more than the point spread) = % =047
e Pr(favorite wins by more than the point spread |z = 3.5) = 32 = 0.54.

These empirical probability assignments all seem sensible in that they match
the intuition of knowledgeable football fans. However, such probability assign-
ments are problematic for events with few directly relevant data points. For
example, 8.5-point favorites won five out of five times during this three-year
period, whereas 9-point favorites won thirteen out of twenty times. However,
we realistically expect the probability of winning to be greater for a 9-point
favorite than for an 8.5-point favorite. The small sample size with point spread
8.5 leads to very imprecise probability assignments. We consider an alternative
method using a parametric model.

A parametric model for the difference between game outcome and point
spread

Figure 1.2a displays the differences y — z between the observed game outcome
and the point spread, plotted versus the point spread, for the games in the
football dataset. (Once again, random jitter was added to both coordinates.)
This plot suggests that it may be roughly reasonable to model the distribution
of y — z as independent of z. (See Exercise 6.16.) Figure 1.2b is a histogram
of the differences y — x for all the football games, with a fitted normal density
superimposed. This plot suggests that it may be reasonable to approximate
the marginal distribution of the random variable d = y — = by a normal
distribution. The sample mean of the 672 values of d is 0.07, and the sample
standard deviation is 13.86, suggesting that the results of football games are
approximately normal with mean equal to the point spread and standard
deviation nearly 14 points (two converted touchdowns). For the remainder of
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the discussion we take the distribution of d to be independent of z and normal
with mean zero and standard deviation 14 for each z; that is,

d|z ~ N(0,14?),

as displayed in Figure 1.2b. We return to this example in Sections 2.7 and
3.4 to estimate the parameters of this normal distribution using Bayesian
methods. The assigned probability model is not perfect: it does not fit the
data exactly, and, as is often the case with real data, neither football scores
nor point spreads are continuous-valued quantities.

Assigning probabilities using the parametric model

Nevertheless, the model provides a convenient approximation that can be used
to assign probabilities to events. If d has a normal distribution with mean zero
and is independent of the point spread, then the probability that the favorite
wins by more than the point spread is %, conditional on any value of the point
spread, and therefore unconditionally as well. Denoting probabilities obtained
by the normal model as Pryom, the probability that an z-point favorite wins
the game can be computed, assuming the normal model, as follows:
x
Proorm(y>0]2) = Proorm(d>—z|z) =1— & (_ﬁ) ,

where @ is the standard normal cumulative distribution function. For example,
® Pryom(favorite wins |z = 3.5) = 0.60

o Pr,om(favorite wins |z = 8.5) = 0.73

® Pryorm (favorite wins |z = 9.0) = 0.74.

The probability for a 3.5-point favorite agrees with the empirical value given
earlier, whereas the probabilities for 8.5- and 9-point favorites make more
intuitive sense than the empirical values based on small samples.

1.7 Example of probability assignment: estimating the accuracy of
record linkage

We emphasize the essentially empirical (not ‘subjective’ or ‘personal’) nature
of probabilities with another example in which they are estimated from data.

Record linkage refers to the use of an algorithmic technique to identify
records from different databases that correspond to the same individual. Re-
cord-linkage techniques are used in a variety of settings. The work described
here was formulated and first applied in the context of record linkage between
the U.S. Census and a large-scale post-enumeration survey, which is the first
step of an extensive matching operation conducted to evaluate census coverage
for subgroups of the population. The goal of this first step is to declare as many
records as possible ‘matched’ by computer without an excessive rate of error,
thereby avoiding the cost of the resulting manual processing for all records
not declared ‘matched.’
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Exzisting methods for assigning scores to potential matches

Much attention has been paid in the record-linkage literature to the prob-
lem of assigning ‘weights’ to individual fields of information in a multivariate
record and obtaining a composite ‘score,” which we call y, that summarizes
the closeness of agreement between two records. Here, we assume that this
step is complete in the sense that these rules have been chosen. The next step
is the assignment of candidate matched pairs, where each pair of records con-
sists of the best potential match for each other from the respective data bases.
The specified weighting rules then order the candidate matched pairs. In the
motivating problem at the Census Bureau, a binary choice is made between
the alternatives ‘declare matched’ vs. ‘send to followup,” where a cutoff score
is needed above which records are declared matched. The false-match rate is
then defined as the number of falsely matched pairs divided by the number of
declared matched pairs.

Particularly relevant for any such decision problem is an accurate method
for assessing the probability that a candidate matched pair is a correct match
as a function of its score. Simple methods exist for converting the scores
into probabilities, but these lead to extremely inaccurate, typically grossly
optimistic, estimates of false-match rates. For example, a manual check of
a set of records with nominal false-match probabilities ranging from 103
to 10”7 (that is, pairs deemed almost certain to be matches) found actual
false-match rates closer to the 1% range. Records with nominal false-match
probabilities of 1% had an actual false-match rate of 5%.

We would like to use Bayesian methods to recalibrate these to obtain ob-
jective probabilities of matching for a given decision rule—in the same way
that in the football example, we used past data to estimate the probabilities
of different game outcomes conditional on the point spread. Our approach is
to work with the scores y and empirically estimate the probability of a match
as a function of y.

Estimating match probabilities empirically

We obtain accurate match probabilities using mixture modeling, a topic we
discuss in detail in Chapter 18. The distribution of previously-obtained scores
for the candidate matches is considered a ‘mixture’ of a distribution of scores
for true matches and a distribution for non-matches. The parameters of the
mixture model are estimated from the data. The estimated parameters allow
us to calculate an estimate of the probability of a false match (a pair declared
matched that is not a true match) for any given decision threshold on the
scores. In the procedure that was actually used, some elements of the mixture
model (for example, the optimal transformation required to allow a mixture of
normal distributions to apply) were fit using ‘training’ data with known match
status (separate from the data to which we apply our calibration procedure),
but we do not describe those details here. Instead we focus on how the method
would be used with a set of data with unknown match status.
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Figure 1.3 Histograms of weight scores y for true and false matches in a sample
of records from the 1988 test Census. Most of the matches in the sample are true
(because a pre-screening process has already picked these as the best potential match
for each case), and the two distributions are mostly, but not completely, separated.

Support for this approach is provided in Figure 1.3, which displays the
distribution of scores for the matches and non-matches in a particular data
set obtained from 2300 records from a ‘test Census’ survey conducted in a
single local area two years before the 1990 Census. The two distributions,
p(y|match) and p(y|non-match), are mostly distinct—meaning that in most
cases it is possible to identify a candidate as a match or not given the score
alone—but with some overlap.

In our application dataset, we do not know the match status. Thus we
are faced with a single combined histogram from which we estimate the two
component distributions and the proportion of the population of scores that
belong to each component. Under the mixture model, the distribution of scores
can be written as,

p(y) = Pr(match) p(y/match) + Pr(non-match) p(ynon-match). (1.6)

The mixture probability (Pr(match)) and the parameters of the distributions
of matches (p(y|match)) and non-matches (p(y|non-match)) are estimated us-
ing the mixture model approach (as described in Chapter 18) applied to the
combined histogram from the data with unknown match status.

To use the method to make record-linkage decisions, we construct a curve
giving the false-match rate as a function of the decision threshold, the score
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Figure 1.4 Lines show exzpected false-match rate (and 95% bounds) as a function
of the proportion of cases declared matches, based on the mizture model for record
linkage. Dots show the actual false-match rate for the data.

above which pairs will be ‘declared’ a match. For a given decision threshold,
the probability distributions in (1.6) can be used to estimate the probability of
a false match, a score y above the threshold originating from the distribution
p(y|non-match). The lower the threshold, the more pairs we will declare as
matches. As we declare more matches, the proportion of errors increases. The
approach described here should provide an objective error estimate for each
threshold. (See the validation in the next paragraph.) Then a decision maker
can determine the threshold that provides an acceptable balance between
the goals of declaring more matches automatically (thus reducing the clerical
labor) and making fewer mistakes.

Ezternal validation of the probabilities using test data

The approach described above was externally validated using data for which
the match status is known. The method was applied to data from three differ-
ent locations of the 1988 test Census, and so three tests of the methods were
possible. We provide detailed results for one; results for the other two were
similar. The mixture model was fitted to the scores of all the candidate pairs
at a test site. Then the estimated model was used to create the lines in Fig-
ure 1.4, which show the expected false-match rate (and uncertainty bounds)
in terms of the proportion of cases declared matched, as the threshold varies
from very high (thus allowing no matches) to very low (thus declaring almost
all the candidate pairs to be matches). The false-match proportion is an in-
creasing function of the number of declared matches, which makes sense: as
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Figure 1.5 Ezpansion of Figure 1.4 in the region where the estimated and actual
match rates change rapidly. In this case, it would seem a good idea to match about
88% of the cases and send the rest to followup.

we move rightward on the graph, we are declaring weaker and weaker cases
to be matches.

The lines on Figure 1.4 display the expected proportion of false matches and
95% posterior bounds for the false-match rate as estimated from the model.
(These bounds give the estimated range within which there is 95% posterior
probability that the false-match rate lies. The concept of posterior intervals is
discussed in more detail in the next chapter.) The dots in the graph display the
actual false-match proportions, which track well with the model. In particular,
the model would suggest a recommendation of declaring something less than
90% of cases as matched and giving up on the other 10% or so, so as to avoid
most of the false matches, and the dots show a similar pattern.

It is clearly possible to match large proportions of the files with little or no
error. Also, the quality of candidate matches becomes dramatically worse at
some point where the false-match rate accelerates. Figure 1.5 takes a magni-
fying glass to the previous display to highlight the behavior of the calibration
procedure in the region of interest where the false-match rate accelerates. The
predicted false-match rate curves bend upward, close to the points where the
observed false-match rate curves rise steeply, which is a particularly encour-
aging feature of the calibration method. The calibration procedure performs
well from the standpoint of providing predicted probabilities that are close to
the true probabilities and interval estimates that are informative and include
the true values. By comparison, the original estimates of match probabilities,
constructed by multiplying weights without empirical calibration, were highly
inaccurate.
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1.8 Some useful results from probability theory

We assume the reader is familiar with elementary manipulations involving
probabilities and probability distributions. In particular, basic probability
background that must be well understood for key parts of the book includes
the manipulation of joint densities, the definition of simple moments, the
transformation of variables, and methods of simulation. In this section we
briefly review these assumed prerequisites and clarify some further notational
conventions used in the remainder of the book. Appendix A provides infor-
mation on some commonly used probability distributions.

As introduced in Section 1.3, we generally represent joint distributions by
their joint probability mass or density function, with dummy arguments re-
flecting the name given to each variable being considered. Thus for two quan-
tities u and v, we write the joint density as p(u,v); if specific values need
to be referenced, this notation will be further abused as with, for example,
p(u,v=1).

In Bayesian calculations relating to a joint density p(u,v), we will often
refer to a conditional distribution or density function such as p(ulv) and a
marginal density such as p(u) = [p(u,v)dv. In this notation, either or both
u and v can be vectors. Typically it will be clear from the context that the
range of integration in the latter expression refers to the entire range of the
variable being integrated out. It is also often useful to factor a joint density
as a product of marginal and conditional densities; for example, p(u,v, w) =
p(ulv, w)p(v|w)p(w).

Some authors use different notations for distributions on parameters and
observables—for example, 7(6), f(y|#)—but this obscures the fact that all
probability distributions have the same logical status in Bayesian inference.
We must always be careful, though, to indicate appropriate conditioning; for
example, p(y|0) is different from p(y). In the interests of conciseness, however,
our notation hides the conditioning on hypotheses that hold throughout—no
probability judgments can be made in a vacuum—and to be more explicit one
might use a notation such as the following;:

p(0,y|H) = p(6|H)p(y|6, H),

where H refers to the set of hypotheses or assumptions used to define the
model. Also, we sometimes suppress explicit conditioning on known explana-
tory variables, .

We use the standard notations, E(-) and var(-), for mean and variance,
respectively:

E(u) = fup(u)du, var(u) = /(u — E(u))?p(u)du.

For a vector parameter u, the expression for the mean is the same, and the
covariance matrix is defined as

var(u) = / (u — E(w))(u — E(w))" p(w)du,
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where u is considered a column vector. (We use the terms ‘variance matrix’
and ‘covariance matrix’ interchangeably.) This notation is slightly imprecise,
because E(u) and var(u) are really functions of the distribution function, p(u),
not of the variable u. In an expression involving an expectation, any variable
that does not appear explicitly as a conditioning variable is assumed to be
integrated out in the expectation; for example, E(u|v) refers to the conditional
expectation of u with v held fixed—that is, the conditional expectation as a
function of v—whereas E(u) is the expectation of u, averaging over v (as well

Modeling using conditional probability

Useful probability models often express the distribution of observables condi-
tionally or hierarchically rather than through more complicated unconditional
distributions. For example, suppose y is the height of a university student se-
lected at random. The marginal distribution p(y) is (essentially) a mixture
of two approximately normal distributions centered around 160 and 175 cen-
timeters. A more useful description of the distribution of y would be based
on the joint distribution of height and sex: p(male) ~ p(female) ~ 1, along
with the conditional specifications that p(y|female) and p(y|male) are each
approximately normal with means 160 and 175 cm, respectively. If the condi-
tional variances are not too large, the marginal distribution of y is bimodal.
In general, we prefer to model complexity with a hierarchical structure us-
ing additional variables rather than with complicated marginal distributions,
even when the additional variables are unobserved or even unobservable; this
theme underlies mixture models, as discussed in Chapter 18. We repeatedly
return to the theme of conditional modeling throughout the book.

Means and variances of conditional distributions

It is often useful to express the mean and variance of a random variable u
in terms of the conditional mean and variance given some related quantity v.
The mean of u can be obtained by averaging the conditional mean over the
marginal distribution of v,

E(u) = E(E(u|v)), (1.7)

where the inner expectation averages over u, conditional on v, and the outer
expectation averages over v. Identity (1.7) is easy to derive by writing the
expectation in terms of the joint distribution of u and v and then factoring
the joint distribution:

E(u) =// up(u, v)dudv = //up(u|v)dup(v)dv = /E(ulv)p(v)dv.
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The corresponding result for the variance includes two terms, the mean of the
conditional variance and the variance of the conditional mean:

var(u) = E(var(u|v)) + var(E(ul|v)). (1.8)
This result can be derived by expanding the terms on the right side of (1.8):
E[var(u|v)] + var(E(u|v)]
= E[E@W’|v) — (E(ulv))?] + E[(E(u[v))?] - (E[E(ulv)])”
= E(u?) — E[(E(u[v))?] + E[(E(u[v))?] — (E(u))
= E(u?) - (E(u))? = var(u).

Identities (1.7) and (1.8) also hold if u is a vector, in which case E(u) is a
vector and var(u) a matrix.

Transformation of variables

It is common to transform a probability distribution from one parameteriza-
tion to another. We review the basic result here for a probability density on
a transformed space. For clarity, we use subscripts here instead of our usual
generic notation, p(-). Suppose p,(u) is the density of the vector u, and we
transform to v = f(u), where v has the same number of components as u.

If p, is a discrete distribution, and f is a one-to-one function, then the
density of v is given by

Pu(v) = pu(f 7 (v)).

If f is a many-to-one function, then a sum of terms appears on the right side of
this expression for p,(v), with one term corresponding to each of the branches
of the inverse function.

If p,, is a continuous distribution, and v = f(u) is a one-to-one transforma-
tion, then the joint density of the transformed vector is

po(v) = |J|pu(f 1 (v))

where |J| is the determinant of the Jacobian of the transformation u = f~1(v)
as a function of v; the Jacobian J is the square matrix of partial derivatives
(with dimension given by the number of components of u), with the (i, j)th
entry equal to Ou;/0v;. Once again, if f is many-to-one, then p,(v) is a sum
or integral of terms.

In one dimension, we commonly use the logarithm to transform the param-
eter space from (0,00) to (—o0, 00). When working with parameters defined
on the open unit interval, (0, 1), we often use the logistic transformation:

10git(u)=log( v ) (1.9)

1—u
whose inverse transformation is
eU
14ev’

logit ™ (v) =
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Another common choice is the probit transformation, ®~!(u), where ® is the
standard normal cumulative distribution function, to transform from (0, 1) to
(—00, 00).

1.9 Summarizing inferences by simulation

Simulation forms a central part of much applied Bayesian analysis, because of
the relative ease with which samples can often be generated from a probability
distribution, even when the density function cannot be explicitly integrated.
In performing simulations, it is helpful to consider the duality between a prob-
ability density function and a histogram of a set of random draws from the
distribution: given a large enough sample, the histogram can provide practi-
cally complete information about the density, and in particular, various sample
moments, percentiles, and other summary statistics provide estimates of any
aspect of the distribution, to a level of precision that can be estimated. For
example, to estimate the 95th percentile of the distribution of 6, draw a ran-
dom sample of size L from p(6) and use the 0.95Lth order statistic. For most
purposes, L = 1000 is adequate for estimating the 95th percentile in this way.

Another advantage of simulation is that extremely large or small simulated
values often flag a problem with model specification or parameterization (for
example, see Figure 4.2) that might not be noticed if estimates and probability
statements were obtained in analytic form.

Generating values from a probability distribution is often straightforward
with modern computing techniques based on (pseudo)random number se-
quences. A well-designed pseudorandom number generator yields a determin-
istic sequence that appears to have the same properties as a sequence of in-
dependent random draws from the uniform distribution on [0,1]. Appendix
A describes methods for drawing random samples from some commonly used
distributions.

Sampling using the inverse cumulative distribution function.

As an introduction to the ideas of simulation, we describe a method for sam-
pling from discrete and continuous distributions using the inverse cumulative
distribution function. The cumulative distribution function, or cdf, F, of a
one-dimensional distribution, p(v), is defined by

F(v,) = Pr{v<wy)

Y w<o, P(v) if p is discrete
= o= . i }
f_oo p(v)dv  if p is continuous.

The inverse cdf can be used to obtain random samples from the distribu-
tion p, as follows. First draw a random value, U, from the uniform distribution
on [0,1], using a table of random numbers or, more likely, a random number
function on the computer. Now let v = F~!(U). The function F is not nec-
essarily one-to-one—certainly not if the distribution is discrete—but F~1(U)
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Simulation  Parameters Predictive
draw quantities

6, ... 6 B ... Un

1 1 ... 6 ... G

L or ... o gt ... @t

Table 1.1 Structure of posterior and posterior predictive simulations. The super-
scripts are indexes, not powers.

is unique with probability 1. The value v will be a random draw from p, and
is easy to compute as long as F~1(U) is simple. For a discrete distribution,
F~! can simply be tabulated.

For a continuous example, suppose v has an exponential distribution with
parameter A (see Appendix A); then its cdf is F(v) = 1 — exp(—>v), and
the value of v for which U = F(v) is v = —log(1 — U)/X. Of course 1 — U
also has the uniform distribution on [0, 1], so we can obtain random draws
from the exponential distribution as —(logU)/X. We discuss other methods
of simulation in Part III of the book and Appendix A.

Simulation of posterior and posterior predictive quantities

In practice, we are most often interested in simulating draws from the poste-
rior distribution of the model parameters 6, and perhaps from the posterior
predictive distribution of unknown observables 3. Results from a set of L sim-
ulation draws can be stored in the computer in an array, as illustrated in Table
1.1. We use the notation ! = 1,..., L to index simulation draws; (6*,%') is the
corresponding joint draw of parameters and predicted quantities from their
joint posterior distribution.

From these simulated values, we can estimate the posterior distribution of
any quantity of interest, such as 6, /63, by just computing a new column in
Table 1.1 using the existing L draws of (6, 7). We can estimate the posterior
probability of any event, such as Pr(§:+32 > exp(61)), by the proportion of the
L simulations for which it is true. We are often interested in posterior intervals;
for example, the central 95% posterior interval [a, b] for the parameter 6;, for
which Pr(f; < a) = 0.025 and Pr(f; > b) = 0.025. These values can be
directly estimated by the appropriate simulated values of 6;, for example,
the 25th and 976th order statistics if L = 1000. We commonly summarize
inferences by 50% and 95% intervals.

We return to the accuracy of simulation inferences in Section 10.2 after we
have gained some experience using simulations of posterior distributions in
some simple examples.
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1.10 Computation and software

At the time of writing, the authors rely primarily on the statistical package
R for graphs and basic simulations, fitting of classical simple models (includ-
ing regression, generalized linear models, and nonparametric methods such as
locally-weighted regression), optimization, and some simple programming.

We use the Bayesian inference package Bugs (using WinBugs run directly
from within R; see Appendix C) as a first try for fitting most models If
there are difficulties in setting up the model or achieving convergence of the
simulations, we explore the model more carefully in R and, if necessary for
computational speed, a lower-level language such as Fortran or C (both of
which can be linked from R). In any case, we typically work within R to plot
and transform the data before model fitting, and to display inferences and
model checks afterwards.

Specific computational tasks that arise in Bayesian data analysis include:

e Vector and matrix manipulations (see Table 1.1)
e Computing probability density functions (see Appendix A)

e Drawing simulations from probability distributions (see Appendix A for
standard distributions and Exercise 1.9 for an example of a simple stochas-
tic process)

e Structured programming (including looping and customized functions)

¢ Calculating the linear regression estimate and variance matrix (see Chapter
14)

o Graphics, including scatterplots with overlain lines and multiple graphs per
page (see Chapter 6 for examples).

Our general approach to computation is to fit many models, gradually
increasing the complexity. We do not recommend the strategy of writing a
model and then letting the computer run overnight to estimate it perfectly.
Rather, we prefer to fit each model relatively quickly, using inferences from the
previously-fitted simpler models as starting values, and displaying inferences
and comparing to data before continuing.

We discuss computation in detail in Part III of this book after first intro-
ducing the fundamental concepts of Bayesian modeling, inference, and model
checking. Appendix C illustrates how to perform computations in R and Bugs
in several different ways for a single example.

1.11 Bibliographic note

Several good introductory books have been written on Bayesian statistics,
beginning with Lindley (1965). Berry (1996) presents, from a Bayesian per-
spective, many of the standard topics for an introductory statistics textbook.
Congdon (2001, 2003) and Gill (2002) are recent introductory books on ap-
plied Bayesian statistics that use the statistical package Bugs. Carlin and
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Louis (2001) cover the theory and applications of Bayesian inference, focusing
on biological applications and connections to classical methods.

The bibliographic notes at the ends of the chapters in this book refer to
a variety of specific applications of Bayesian data analysis. Several review
articles in the statistical literature, such as Breslow (1990) and Racine et al.
(1986), have appeared that discuss, in general terms, areas of application in
which Bayesian methods have been useful. The volumes edited by Gatsonis
et al. (1993-2002) are collections of Bayesian analyses, including extensive
discussions about choices in the modeling process and the relations between
the statistical methods and the applications.

The foundations of probability and Bayesian statistics are an important
topic that we treat only very briefly. Bernardo and Smith (1994) give a thor-
ough review of the foundations of Bayesian models and inference with a com-
prehensive list of references. Jeffreys (1961) is a self-contained book about
Bayesian statistics that comprehensively presents an inductive view of infer-
ence; Good (1950) is another important early work. Jaynes (1983) is a collec-
tion of reprinted articles that present a deductive view of Bayesian inference,
which we believe is quite similar to ours. Both Jeffreys and Jaynes focus on
applications in the physical sciences. Jaynes (1996) focuses on connections be-
tween statistical inference and the philosophy of science and includes several
examples of physical probability.

De Finetti (1974) is an influential work that focuses on the crucial role of
exchangeability. More approachable discussions of the role of exchangeability
in Bayesian inference are provided by Lindley and Novick (1981) and Rubin
(1978a, 1987a). The non-Bayesian article by Draper et al. (1993) makes an
interesting attempt to explain how exchangeable probability models can be
justified in data analysis. Berger and Wolpert (1984) give a comprehensive
discussion and review of the likelihood principle, and Berger (1985, Sections
1.6, 4.1, and 4.12) reviews a range of philosophical issues from the perspective
of Bayesian decision theory.

Pratt (1965) and Rubin (1984) discuss the relevance of Bayesian methods
for applied statistics and make many connections between Bayesian and non-
Bayesian approaches to inference. Further references on the foundations of
statistical inference appear in Shafer (1982) and the accompanying discus-
sion. Kahneman, Slovic, and Tversky (1982) present the results of various
psychological experiments that assess the meaning of ‘subjective probability’
as measured by people’s stated beliefs and observed actions. Lindley (1971a)
surveys many different statistical ideas, all from the Bayesian perspective.
Box and Tiao (1973) is an early book on applied Bayesian methods. They
give an extensive treatment of inference based on normal distributions, and
their first chapter, a broad introduction to Bayesian inference, provides a good
counterpart to Chapters 1 and 2 of this book.

The iterative process involving modeling, inference, and model checking
that we present in Section 1.1 is discussed at length in the first chapter of Box
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and Tiao (1973) and also in Box (1980). Cox and Snell (1981) provide a more
introductory treatment of these ideas from a less model-based perspective.

Many good books on the mathematical aspects of probability theory are
available, such as Feller (1968) and Ross (1983); these are useful when con-
structing probability models and working with them. O’Hagan (1988) has writ-
ten an interesting introductory text on probability from an explicitly Bayesian
point of view.

Physical probability models for coin tossing are discussed by Keller (1986),
Jaynes (1996), and Gelman and Nolan (2002b). The football example of Sec-
tion 1.6 is discussed in more detail in Stern (1991); see also Harville (1980)
and Glickman (1993) and Glickman and Stern (1998) for analyses of foot-
ball scores not using the point spread. Related analyses of sports scores and
betting odds appear in Stern (1997, 1998). For more background on sports
betting, see Snyder (1975) and Rombola (1984).

An interesting real-world example of probability assignment arose with the
explosion of the Challenger space shuttle in 1986; Martz and Zimmer (1992),
Dalal, Fowlkes, and Hoadley (1989), and Lavine (1991) present and compare
various methods for assigning probabilities for space shuttle failures. (At the
time of writing we are not aware of similar contributions relating to the latest
space shuttle tragedy in 2003.) The record-linkage example in Section 1.7
appears in Belin and Rubin (1995b), who discuss the mixture models and
calibration techniques in more detail. The Census problem that motivated
the record linkage is described by Hogan (1992).

In all our examples, probabilities are assigned using statistical modeling and
estimation, not by ‘subjective’ assessment. Dawid (1986) provides a general
discussion of probability assignment, and Dawid (1982) discusses the connec-
tions between calibration and Bayesian probability assignment.

The graphical method of jittering, used in Figures 1.1 and 1.2 and elsewhere
in this book, is discussed in Chambers et al. (1983). For information on the
statistical packages R and BUGS, see Becker, Chambers, and Wilks (1988), R
Project (2002), Fox (2002), Venables and Ripley (2002), and Spiegelhalter et
al. (1994, 2003).

1.12 Exercises

1. Conditional probability: suppose that if # = 1, then y has a normal distri-
bution with mean 1 and standard deviation o, and if § = 2, then y has a
normal distribution with mean 2 and standard deviation o. Also, suppose
Pr(6 =1) = 0.5 and Pr(6 = 2) = 0.5.

(a) For o0 = 2, write the formula for the marginal probability density for y
and sketch it.
(b) What is Pr(6 = 1|y = 1), again supposing o = 2?

(c) Describe how the posterior density of # changes in shape as ¢ is increased
and as it is decreased.
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2. Conditional means and variances: show that (1.7) and (1.8) hold if u is a
vector.

3. Probability calculation for genetics (from Lindley, 1965): suppose that in
each individual of a large population there is a pair of genes, each of which
can be either x or X, that controls eye color: those with xx have blue eyes,
while heterozygotes (those with Xx or xX) and those with XX have brown
eyes. The proportion of blue-eyed individuals is p?> and of heterozygotes is
2p(1 — p), where 0 < p < 1. Each parent transmits one of its own genes to
the child; if a parent is a heterozygote, the probability that it transmits the
gene of type X is % Assuming random mating, show that among brown-eyed
children of brown-eyed parents, the expected proportion of heterozygotes
is 2p/(1 + 2p). Suppose Judy, a brown-eyed child of brown-eyed parents,
marries a heterozygote, and they have n children, all brown-eyed. Find the
posterior probability that Judy is a heterozygote and the probability that
her first grandchild has blue eyes.

4. Probability assignment: we will use the football dataset to estimate some
conditional probabilities about professional football games. There were
twelve games with point spreads of 8 points; the outcomes in those games
were: —7,—5,—-3,—3,1,6,7,13,15,16, 20, 21, with positive values indicating
wins by the favorite and negative values indicating wins by the underdog.
Consider the following conditional probabilities:

Pr(favorite wins | point spread = 8),
Pr(favorite wins by at least 8| point spread = 8),

Pr(favorite wins by at least 8 | point spread = 8 and favorite wins).

(a) Estimate each of these using the relative frequencies of games with a
point spread of 8.

(b) Estimate each using the normal approximation for the distribution of
(outcome — point spread).

5. Probability assignment: the 435 U.S. Congress members are elected to two-
year terms; the number of voters in an individual Congressional election
varies from about 50,000 to 350,000. We will use various sources of infor-
mation to estimate roughly the probability that at least one Congressional
election is tied in the next national election.

(a) Use any knowledge you have about U.S. politics. Specify clearly what
information you are using to construct this conditional probability, even
if your answer is just a guess.

(b) Use the following information: in the period 1900-1992, there were 20,597
Congressional elections, out of which 6 were decided by fewer than 10
votes and 49 decided by fewer than 100 votes.

See Gelman, King, and Boscardin (1998), Mulligan and Hunter (2001), and
Gelman, Katz, and Tuerlinckx (2002) for more on this topic.
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6. Conditional probability: approximately 1/125 of all births are fraternal
twins and 1/300 of births are identical twins. Elvis Presley had a twin
brother (who died at birth). What is the probability that Elvis was an
identical twin? (You may approximate the probability of a boy or girl birth
as 3.)

7. Conditional probability: the following problem is loosely based on the tele-
vision game show Let’s Make a Deal. At the end of the show, a contestant is
asked to choose one of three large boxes, where one box contains a fabulous
prize and the other two boxes contain lesser prizes. After the contestant
chooses a box, Monty Hall, the host of the show, opens one of the two
boxes containing smaller prizes. (In order to keep the conclusion suspense-
ful, Monty does not open the box selected by the contestant.) Monty offers
the contestant the opportunity to switch from the chosen box to the remain-
ing unopened box. Should the contestant switch or stay with the original
choice? Calculate the probability that the contestant wins under each strat-
egy. This is an exercise in being clear about the information that should
be conditioned on when constructing a probability judgment. See Selvin
(1975) and Morgan et al. (1991) for further discussion of this problem.

8. Subjective probability: discuss the following statement. ‘The probability
of event E is considered “subjective” if two rational persons A and B can
assign unequal probabilities to E, P4(F) and Pg(FE). These probabilities
can also be interpreted as “conditional”: P4(E) = P(E|l4) and Pg(E) =
P(E|Ig), where I4 and Ip represent the knowledge available to persons A
and B, respectively.” Apply this idea to the following examples.

(a) The probability that a ‘6’ appears when a fair die is rolled, where A
observes the outcome of the die roll and B does not.

(b) The probability that Brazil wins the next World Cup, where A is igno-
rant of soccer and B is a knowledgeable sports fan.

9. Simulation of a queuing problem: a clinic has three doctors. Patients come
into the clinic at random, starting at 9 a.m., according to a Poisson process
with time parameter 10 minutes: that is, the time after opening at which the
first patient appears follows an exponential distribution with expectation 10
minutes and then, after each patient arrives, the waiting time until the next
patient is independently exponentially distributed, also with expectation 10
minutes. When a patient arrives, he or she waits until a doctor is available.
The amount of time spent by each doctor with each patient is a random
variable, uniformly distributed between 5 and 20 minutes. The office stops
admitting new patients at 4 p.m. and closes when the last patient is through
with the doctor.

(a) Simulate this process once. How many patients came to the office? How
many had to wait for a doctor? What was their average wait? When did
the office close?
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(b) Simulate the process 100 times and estimate the median and 50% interval
for each of the summaries in (a).



CHAPTER 2

Single-parameter models

Our first detailed discussion of Bayesian inference is in the context of statisti-
cal models where only a single scalar parameter is to be estimated; that is, the
estimand 6 is one-dimensional. In this chapter, we consider four fundamen-
tal and widely used one-dimensional models -the binomial, normal, Poisson,
and exponential—and at the same time introduce important concepts and
computational methods for Bayesian data analysis.

2.1 Estimating a probability from binomial data

In the simple binomial model, the aim is to estimate an unknown population
proportion from the results of a sequence of ‘Bernoulli trials’; that is, data
Y1,-..,Yn, €ach of which is either O or 1. This problem provides a relatively
simple but important starting point for the discussion of Bayesian inference.
By starting with the binomial model, our discussion also parallels the very
first published Bayesian analysis by Thomas Bayes in 1763. and his seminal
contribution is still of interest.

The binomial distribution provides a natural model for data that arise from
a sequence of n exchangeable trials or draws from a large population where
each trial gives rise to one of two possible outcomes, conventionally labeled
‘success’ and ‘failure.” Because of the exchangeability, the data can be sum-
marized by the total number of successes in the n trials, which we denote here
by y. Converting from a formulation in terms of exchangeable trials to one us-
ing independent and identically distributed random variables is achieved quite
naturally by letting the parameter 6 represent the proportion of successes in
the population or, equivalently, the probability of success in each trial. The
binomial sampling model states that

. n
p(ol0) = Bintyln,0) = (") ov(1 - 0y, (21)
where on the left side we suppress the dependence on n because it is regarded
as part of the experimental design that is considered fixed; all the probabilities
discussed for this problem are assumed to be conditional on n.

Example. Estimating the probability of a female birth

As a specific application of the binomial model, we consider the estimation of
the sex ratio within a population of human births. The proportion of births that
are female has long been a topic of interest both scientifically and to the lay
public. Two hundred years ago it was established that the proportion of female
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births in European populations was less than 0.5 (see Historical Note below),
while in this century interest has focused on factors that may influence the sex
ratio. The currently accepted value of the proportion of female births in very
large European-race populations is 0.485.

For this example we define the parameter 6 to be the proportion of female births,
but an alternative way of reporting this parameter is as a ratio of male to female
birth rates, ¢ = (1 — 6)/6.

Let y be the number of girls in n recorded births. By applying the binomial model
(2.1), we are assuming that the n births are conditionally independent given 6,
with the probability of a female birth equal to 6 for all cases. This modeling
assumption is motivated by the exchangeability that may be judged to arise
when we have no explanatory information (for example, distinguishing multiple
births or births within the same family) that might affect the sex of the baby.

To perform Bayesian inference in the binomial model, we must specify a
prior distribution for §. We will discuss issues associated with specifying prior
distributions many times throughout this book, but for simplicity at this point,
we assume that the prior distribution for 6 is uniform on the interval [0, 1].

Elementary application of Bayes’ rule as displayed in (1.2), applied to (2.1),
then gives the posterior density for 8 as

p(Bly) oc 6¥(1 — )Y (2.2)

With fixed n and y, the factor ("’) does not depend on the unknown param-
eter 6, and so it can be treated as a constant when calculating the posterior
distribution of 6. As is typical of many examples, the posterior density can
be written immediately in closed form, up to a constant of proportionality.
In single-parameter problems, this allows immediate graphical presentation of
the posterior distribution. For example, in Figure 2.1, the unnormalized den-
sity (2.2) is displayed for several different experiments, thai is, different values
of n and y. Each of the four experiments has the same proportion of successes,
but the sample sizes vary. In the present case, the form of the unnormalized
posterior density is recognizable as a beta distribution (see Appendix A),

Oly ~ Beta(y + 1,n —y + 1). (2.3)

Historical note: Bayes and Laplace

Many early writers on probability dealt with the elementary binomial model.
The first contributions of lasting significance, in the 17th and early 18th cen-
turies, concentrated on the ‘pre-data’ question: given 6, what are the probabil-
ities of the various possible outcomes of the random variable y? For example,
the ‘weak law of large numbers’ of Jacob Bernoulli states that if y ~ Bin(n, 8),
then Pr(|% — «9|>e| 6) — 0 as n — oo, for any 6 and any fixed value of € > 0.
The Reverend Thomas Bayes, an English part-time mathematician whose work
was unpublished during his lifetime, and Pierre Simon Laplace, an inventive and
productive mathematical scientist whose massive output spanned the Napoleonic
era in France, receive independent credit as the first to invert the probability
statement and obtain probability statements about 6, given observed y.

In his famous paper, published in 1763, Bayes sought, in our notation, the prob-
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n =100 n =1000
y = 60 y = 600
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.1 Unnormalized posterior density for binomial parameter 6, based on uni-
form prior distribution and y successes out of n trials. Curves displayed for several
values of n and y.

ability Pr(6 € (61, 602)|y); his solution was based on a physical analogy of a prob-
ability space to a rectangular table (such as a billiard table):

1. (Prior distribution) A ball W is randomly thrown (according to a uniform
distribution on the table). The horizontal position of the ball on the table is
0, expressed as a fraction of the table width.

2. (Likelihood) A ball O is randomly thrown n times. The value of y is the number
of times O lands to the right of W.

Thus, 6 is assumed to have a (prior) uniform distribution on [0,1]. Using ele-
mentary rules of probability theory, which he derived in the paper, Bayes then
obtained
PI‘(G € (91, 02)7 y)
p(y)
o
o, P(yl0)p(6)do
p(y)
6, [(n n—
fo, (y > (1 —6)""vde

- p(y) ) @4)

Bayes succeeded in evaluating the denominator, showing that

1
ply) = / (Z)oyu—e)"-ydo (2.5)
0

= ———n-li-l fory=0,...,n.

Pr(6€(61,02)|y)

I
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This calculation shows that all possible values of y are equally likely a priori.
The numerator of (2.4) is an incomplete beta integral with no closed-form ex-
pression for large values of y and (n — y), a fact that apparently presented some
difficulties for Bayes.

Laplace, however, independently ‘discovered’ Bayes’ theorem, and developed new
analytic tools for computing integrals. For example, he expanded the function
6Y(1 — 6)" ¥ around its maximum at 6 = y/n and evaluated the incomplete beta
integral using what we now know as the normal approximation.

In analyzing the binomial model, Laplace also used the uniform prior distribution.
His first serious application was to estimate the proportion of female births in a
population. A total of 241,945 girls and 251,527 boys were born in Paris from 1745
to 1770. Letting 6 be the probability that any birth is female, Laplace showed
that

Pr(6 > 0.5y = 241.945, n = 251,527 + 241,945) ~ 1.15 x 10~ *2,

and so he was ‘morally certain’ that 6 < 0.5.

Prediction

In the binomial example with the uniform prior distribution, the prior pre-
dictive distribution can be evaluated explicitly, as we have already noted in
(2.5). Under the model, all possible values of y are equally likely, a priori
For posterior prediction from this model, we might be more interested in the
outcome of one new trial, rather than another set of n new trials. Letting §
denote the result of a new trial, exchangeable with the first n,

Pr(§ = 1ly)

1
Ap@:Hamwmw

y+1

2.6
n+2’ (26)

1
~ | énelu)ae = E(6ly) -

0
from the properties of the beta distribution (see Appendix A). It is left as
an exercise to reproduce this result using direct integration of (2.6). This
result, based on the uniform prior distribution, is known as ‘Laplace’s law
of succession.” At the extreme observations y = 0 and y = n, Laplace’s law

predicts probabilities of H%Lz and %%, respectively.

2.2 Posterior distribution as compromise between data and prior
information

The process of Bayesian inference involves passing from a prior distribution.
p(0), to a posterior distribution, p(f|y), and it is natural to expect that some
general relations might hold between these two distributions. For example, we
might expect that, because the posterior distribution incorporates the infor-
mation from the data, it will be less variable than the prior distribution. This
notion is formalized in the second of the following expressions:
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E(6) = E(E(0ly)) 2.7)
and
var(6) = E(var(6ly)) + var(E(6]y)), (2.8)
which are obtained by substituting (0, y) for the generic (u,v) in (1.7) and
(1.8). The result expressed by equation (2.7) is scarcely surprising: the prior
mean of 6 is the average of all possible posterior means over the distribution
of possible data. The variance formula (2.8) is more interesting because it says
that the posterior variance is on average smaller than the prior variance, by an
amount that depends on the variation in posterior means over the distribution
of possible data. The greater the latter variation, the more the potential for
reducing our uncertainty with regard to 0, as we shall see in detail for the
binomial and normal models in the next chapter. Of course, the mean and
variance relations only describe expectations, and in particular situations the
posterior variance can be similar to or even larger than the prior variance
(although this can be an indication of conflict or inconsistency between the
sampling model and prior distribution).

In the binomial example with the uniform prior distribution, the prior mean
is %, and the prior variance is % The posterior mean, %]:—;, is a compromise
between the prior mean and the sample proportion, £, where clearly the prior
mean has a smaller and smaller role as the size of the data sample increases.
This is a very general feature of Bayesian inference: the posterior distribution
is centered at a point that represents a compromise between the prior infor-
mation and the data, and the compromise is controlled to a greater extent by
the data as the sample size increases.

2.3 Summarizing posterior inference

The posterior probability distribution contains all the current information
about the parameter 6. Ideally one might report the entire posterior distri-
bution p(fly); as we have seen in Figure 2.1, a graphical display is useful. In
Chapter 3, we use contour plots and scatterplots to display posterior distribu-
tions in multiparameter problems. A key advantage of the Bayesian approach,
as implemented by simulation, is the flexibility with which posterior inferences
can be summarized, even after complicated transformations. This advantage is
most directly seen through examples, some of which will be presented shortly.

For many practical purposes, however, various numerical summaries of the
distribution are desirable. Commonly used summaries of location are the
mean, median, and mode(s) of the distribution; variation is commonly summa-
rized by the standard deviation, the interquartile range, and other quantiles.
Each summary has its own interpretation: for example, the mean is the pos-
terior expectation of the parameter, and the mode may be interpreted as the
single ‘most likely’ value, given the data (and, of course, the model). Further-
more, as we shall see, much practical inference relies on the use of normal
approximations, often improved by applying a symmetrizing transformation
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Figure 2.2 Hypothetical posterior density for which the 95% central interval and 95%
highest posterior density region dramatically differ: (a) central posterior interval, (b)
highest posterior density region.

to 6, and here the mean and the standard deviation play key roles. The mode
is important in computational strategies for more complex problems because
it is often easier to compute than the mean or median.

When the posterior distribution has a closed form, such as the beta dis-
tribution in the current example, summaries such as the mean, median, and
standard deviation of the posterior distribution are often available in closed
form. For example, applying the distributional results in Appendix A, the
mean of the beta distribution in (2.3) is %:[—;, and the mode is £, which is well
known from different points of view as the maximum likelihood and (minimum
variance) unbiased estimate of 6.

Posterior quantiles and intervals

In addition to point summaries, it is nearly always important to report pos-
terior uncertainty. Qur usual approach is to present quantiles of the posterior
distribution of estimands of interest or, if an interval summary is desired, a
central interval of posterior probability, which corresponds, in the case of a
100(1 — @)% interval, to the range of values above and below which lies exactly
100(ct/2)% of the posterior probability. Such interval estimates are referred
to as posterior intervals. For simple models, such as the binomial and nor-
mal, posterior intervals can be computed directly from cumulative distribution
functions, often using calls to standard computer functions, as we illustrate
in Section 2.5 with the example of the human sex ratio. In general, intervals
can be computed using computer simulations from the posterior distribution,
as described at the end of Section 1.9.

A slightly different method of summarizing posterior uncertainty is to com-
pute a region of highest posterior density: the region of values that contains
100(1 — @)% of the posterior probability and also has the characteristic that
the density within the region is never lower than that outside. Obviously,
such a region is identical to a central posterior interval if the posterior distri-
bution is unimodal and symmetric. In general, we prefer the central posterior
interval to the highest posterior density region because the former has a di-
rect interpretation as the posterior /2 and 1 — /2 quantiles, is invariant to
one-to-one transformations of the estimand, and is usually easier to compute.
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An interesting comparison is afforded by the hypothetical bimodal posterior
density pictured in Figure 2.2;-the 95% central interval includes the area of
zero probability in the center of the distribution, whereas the 95% highest
posterior density region comprises two disjoint intervals. In this situation, the
highest posterior density region is more cumbersome but conveys more infor-
mation than the central interval; however, it is probably better not to try to
summarize this bimodal density by any single interval. The central interval
and the highest posterior density region can also differ substantially when the
posterior density is highly skewed.

2.4 Informative prior distributions

In the binomial example, we have so far considered only the uniform prior
distribution for §. How can this specification be justified, and how in general
do we approach the problem of constructing prior distributions?

We consider two basic interpretations that can be given to prior distri-
butions. In the population interpretation, the prior distribution represents a
population of possible parameter values, from which the 6 of current interest
has been drawn. In the more subjective state of knowledge interpretation, the
guiding principle is that we must express our knowledge (and uncertainty)
about @ as if its value could be thought of as a random realization from the
prior distribution. For many problems, such as estimating the probability of
failure in a new industrial process, there is no perfectly relevant population of
0’s from which the current 6 has been drawn, except in hypothetical contem-
plation. Typically, the prior distribution should include all plausible values of
0, but the distribution need not be realistically concentrated around the true
value, because often the information about # contained in the data will far
outweigh any reasonable prior probability specification.

In the binomial example, we have seen that the uniform prior distribution
for 6 implies that the prior predictive distribution for y (given n) is uniform
on the discrete set {0.1,...,n}, giving equal probability to the n + 1 possible
values. In his original treatment of this problem (described in the Historical
Note in Section 2.1), Bayes’ justification for the uniform prior distribution
appears to have been based on this observation; the argument is appealing
because it is expressed entirely in terms of the observable quantities y and
n. Laplace’s rationale for the uniform prior density was less clear, but sub-
sequent interpretations ascribe to him the so-called ‘principle of insufficient
reason,” which claims that if nothing is known about # then a uniform speci-
fication is appropriate. We shall discuss in Section 2.9 the weaknesses of the
principle of insufficient reason as a general approach for assigning probability
distributions.

At this point, we discuss some of the issues that arise in assigning a prior
distribution that reflects substantive information.
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Binomial example with different prior distributions

We first pursue the binomial model in further detail using a parametric family
of prior distributions that includes the uniform as a special case. For math-
ematical convenience, we construct a family of prior densities that lead to
simple posterior densities.

Considered as a function of 6, the likelihood (2.1) is of the form,

p(yl6) o< 6°(1 - 6)".

Thus, if the prior density is of the same form, with its own values a and b,
then the posterior density will also be of this form. We will parameterize such
a prior density as
p(6) < 6271 (1 - 6)P 71,

which is a beta distribution with parameters a and 3: 8 ~ Beta(c, 3). Com-
paring p(6) and p(y|f) suggests that this prior density is equivalent to @ — 1
prior successes and 3 — 1 prior failures. The parameters of the prior distri-
bution are often referred to as hyperparameters. The beta prior distribution
is indexed by two hyperparameters, which means we can specify a particular
prior distribution by fixing two features of the distribution, for example its
mean and variance; see (A.3) on page 580.

For now, assume that we can select reasonable values a and 3. Appropriate
methods for working with unknown hyperparameters in certain problems are
described in Chapter 5. The posterior density for 6 is

p(fly) o 6¥(1—6)* > (1—6) !
_ 9y+a—1(1 _ e)n—y+ﬁ—1

= Beta(fla+y,6+n—1y).

The property that the posterior distribution follows the same parametric
form as the prior distribution is called conjugacy; the beta prior distribu-
tion is a conjugate family for the binomial likelihood. The conjugate family is
mathematically convenient in that the posterior distribution follows a known
parametric form. Of course, if information is available that contradicts the
conjugate parametric family, it may be necessary to use a more realistic, if
inconvenient, prior distribution (just as the binomial likelihood may need to
be replaced by a more realistic likelihood in some cases).

To continue with the binomial model with beta prior distribution, the pos-
terior mean of 6, which may be interpreted as the posterior probability of
success for a future draw from the population, is now

a+y
E@0ly) = ————,
i (6ly) a+pB+n
which always lies between the sample proportion, y/n, and the prior mean,
a/f(a + B); see Exercise 2.5b. The posterior variance is
(a+y)(B+n-—y) _ E@y)[1 - E(0ly)]

var(6ly) = (a+B+n)2(a+B+n+1) a+B+n+l
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As y and n — y become large with fixed a and 3, E(f|y) = y/n and var(0|y) ~
%%(1 — ), which approaches zero at the rate 1/n. Clearly, in the limit, the
parameters of the prior distribution have no influence on the posterior distri-
bution.

In fact, as we shall see in more detail in Chapter 4, the central limit theorem
of probability theory can be put in a Bayesian context to show:

(9—EWW)
v/ var(f]y)

This result is often used to justify approximating the posterior distribution
with a normal distribution. For the binomial parameter 6. the normal distri-
bution is a more accurate approximation in practice if we transform 6 to the
logit scale; that is, performing inference for log(6/(1 — 6)) instead of 6 itself,
thus expanding the probability space from [0, 1] to (—o0, c0), which is more
fitting for a normal approximation.

y) — N(0,1).

Congugate prior distributions

Conjugacy is formally defined as follows. If F is a class of sampling distribu-
tions p(y|@), and P is a class of prior distributions for 0, then the class P is
conjugate for F if

p(0ly) € P for all p(-|f) € F and p(-) € P.

This definition is formally vague since if we choose P as the class of all distri-
butions, then P is always conjugate no matter what class of sampling distribu-
tions is used. We are most interested in natural conjugate prior families, which
arise by taking P to be the set of all densities having the same functional form
as the likelihood.

Conjugate prior distributions have the practical advantage, in addition to
computational convenience, of being interpretable as additional data, as we
have seen for the binomial example and will also see for the normal and other
standard models in Sections 2.6 and 2.7.

Nonconjugate prior distributions

The basic justification for the use of conjugate prior distributions is similar to
that for using standard models (such as binomial and normal) for the likeli-
hood: it is easy to understand the results, which can often be put in analytic
form, they are often a good approximation, and they simplify computations.
Also, they will be useful later as building blocks for more complicated mod-
els, including in many dimensions, where conjugacy is typically impossible.
For these reasons, conjugate models can be good starting points; for example,
mixtures of conjugate families can sometimes be useful when simple conjugate
distributions are not reasonable (see Exercise 2.4).

Although they can make interpretations of posterior inferences less trans-



42 SINGLE-PARAMETER MODELS

parent and computation more difficult, nonconjugate prior distributions do
not pose any new conceptual problems. In practice, for complicated models,
conjugate prior distributions may not even be possible. Section 2.5 and ex-
ercises 2.10 and 2.11 present examples of nonconjugate computation; a more
extensive nonconjugate example, an analysis of a bioassay experiment, appears
in Section 3.7.

Conjugate prior distributions, exponential families, and sufficient statistics

We close this section by relating conjugate families of distributions to the
classical concepts of exponential families and sufficient statistics. Readers who
are unfamiliar with these concepts can skip ahead to Section 2.5 with no loss.

Probability distributions that belong to an ezponential family have natural
conjugate prior distributions, so we digress at this point to review the defini-
tion of exponential families; for complete generality in this section, we allow
data points y; and parameters 6 to be multidimensional. The class F is an
exponential family if all its members have the form,

P(%il0) = f(v:)g(8)e? @ v,

The factors ¢(0) and u(y;) are, in general, vectors of equal dimension to that
of 0. The vector ¢(6) is called the ‘natural parameter’ of the family . The

likelihood corresponding to a sequence y = (yi,...,¥.) of iid observations is
n n
p(y|6) = [H f(yi)] 9(6)" exp (¢(9)T > u(yi)) .
=1 i=1

For all » and y, this has a fixed form (as a function of 6):
p(yld) x g(B)"e? @ W) where t(y) = Y u(y:).
i=1
The quantity t(y) is said to be a sufficient statistic for 6, because the like-
lihood for 6 depends on the data y only through the value of ¢(y). Sufficient
statistics are useful in algebraic manipulations of likelihoods and posterior
distributions. If the prior density is specified as

p(e) oxX g(e)"led’(o)'ru’
then the posterior density is
p(Bly) o g(B)TTme O )

which shows that this choice of prior density is conjugate. It has been shown
that, in general, the exponential families are the only classes of distributions
that have natural conjugate prior distributions, since, apart from certain irreg-
ular cases, the only distributions having a fixed number of sufficient statistics
for all n are of the exponential type. We have already discussed the binomial
distribution, where for the likelihood p(y|f,n) = Bin(y|n,f) with n known,
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the conjugate prior distributions on @ are beta distributions. It is left as an
exercise to show that the binomial is an exponential family with natural pa-
rameter logit(6).

2.5 Example: estimating the probability of a female birth given
placenta previa

As a specific example of a factor that may influence the sex ratio, we consider
the maternal condition placenta previa, an unusual condition of pregnancy in
which the placenta is implanted very low in the uterus, obstructing the fetus
from a normal vaginal delivery. An early study concerning the sex of placenta
previa births in Germany found that of a total of 980 births, 437 were female.
How much evidence does this provide for the claim that the proportion of
female births in the population of placenta previa births is less than 0.485,
the proportion of female births in the general population?

Analysis using a uniform prior distribution

Assuming a uniform prior distribution for the probability of a female birth,
the posterior distribution is Beta(438, 544). Exact summaries of the poste-
rior distribution can be obtained from the properties of the beta distribution
(Appendix A): the posterior mean of 6 is 0.446 and the posterior standard
deviation is 0.016. Exact posterior quantiles can be obtained using numerical
integration of the beta density, which in practice we perform by a computer
function call; the median is 0.446 and the central 95% posterior interval is
[0.415,0.477]. This 95% posterior interval matches, to three decimal places,
the interval that would be obtained by using a normal approximation with
the calculated posterior mean and standard deviation. Further discussion of
the approximate normality of the posterior distribution is given in Chapter 4.
In many situations it is not feasible to perform calculations on the pos-
terior density function directly. In such cases it can be particularly useful
to use simulation from the posterior distribution to obtain inferences. The
first histogram in Figure 2.3 shows the distribution of 1000 draws from the
Beta(438,544) posterior distribution. An estimate of the 95% posterior in-
terval, obtained by taking the 25th and 976th of the 1000 ordered draws, is
[0.415,0.476], and the median of the 1000 draws from the posterior distribu-
tion is 0.446. The sample mean and standard deviation of the 1000 draws are
0.445 and 0.016, almost identical to the exact results. A normal approximation
to the 95% posterior interval is [0.445+ 1.96(.016)] = [0.414, 0.476]. Because of
the large sample and the fact that the distribution of # is concentrated away
from zero and one, the normal approximation is quite good in this example.
As already noted, when estimating a proportion, the normal approximation
is generally improved by applying it to the logit transform, log(%), which
transforms the parameter space from the unit interval to the real line. The
second histogram in Figure 2.3 shows the distribution of the transformed
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0.35 0.45 0.55 -0.5 -0.3 -0.1 0.1 1.0 1.2 14 1.6

Figure 2 3 Draws from the posterior distribution of (a) the probability of female birth,
6; (b) the logit transform, logit(0); (c) the male-to-female sex ratio, ¢ = (1 — 6)/6.

Parameters of the Summaries of the
prior distribution posterior distribution
Posterior 95% posterior
o35 a+ 3 median of & interval for 6
0.500 2 0.446 [0.415,0.477)
0.485 2 0.446 [0.415,0.477]
0.485 5 0.446 [0.415,0.477]
0.485 10 0.446 [0.415, 0.477)
0.485 20 0.447 [0.416,0.478]
0.485 100 0.450 [0.420, 0.479]
0.485 200 0.453 [0.424.0.481]

Table 2.1 Summaries of the posterior distribution of 8, the probability of a girl birth
given placenta previa, under a variety of conjugate prior distributions.

draws. The estimated posterior mean and standard deviation on the logit
scale based on 1000 draws are —0.220 and 0.065. A normal approximation
to the 95% posterior interval for 8 is obtained by inverting the 95% interval
on the logit scale [—0.220 + (1.96)(0.065)], which yields [0.414, 0.477] on the
original scale. The improvement from using the logit scale is most noticeable
when the sample size is small or the distribution of € includes values near zero
or one.

In any real data analysis, it is important to keep the applied context in mind.
The parameter of interest in this example is traditionally expressed as the ‘sex
ratio,” (1 —0)/0, the ratio of male to female births. The posterior distribution
of the ratio is illustrated in the third histogram. The posterior median of the
sex ratio is 1.24, and the 95% posterior interval is [1.10, 1.41]. The posterior
distribution is concentrated on values far above the usual European-race sex
ratio of 1.06, implying that the probability of a female birth given placenta
previa is less than in the general population.
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prior density posterior simulations

0.0 0.2 0.4 0.6 0.8 1.0
theta

Figure 2.4 (a) Prior density for 6 in nonconjugate analysis of birth ratio example;
(b) histogram of 1000 draws from a discrete approzimation to the posterior density.
Figures are plotted on different scales.

Analysis using different conjugate prior distributions

The sensitivity of posterior inference about 6 to the proposed prior distribu-
tion is exhibited in Table 2.1. The first row corresponds to the uniform prior
distribution, @ = 1, 0 = 1, and subsequent rows of the table use prior distri-
butions that are increasingly concentrated around 0.485, the mean proportion
for female births in the general population. The first column shows the prior
mean for 6, and the second column indexes the amount of prior information,
as measured by a + 3; recall that a + 3 — 2 is, in some sense, equivalent to
the number of prior observations. Posterior inferences based on a large sample
are not particularly sensitive to the prior distribution. Only at the bottom of
the table, where the prior distribution contains information equivalent to 100
or 200 births, are the posterior intervals pulled noticeably toward the prior
distribution, and even then, the 95% posterior intervals still exclude the prior
mean.

Analysis using a nonconjugate prior distribution

As an alternative to the conjugate beta family for this problem, we might pre-
fer a prior distribution that is centered around 0.485 but is flat far away from
this value to admit the possibility that the truth is far away. The piecewise
linear prior density in Figure 2.4a is an example of a prior distribution of this
form; 40% of the probability mass is outside the interval [0.385, 0.585]. This
prior distribution has mean 0.493 and standard deviation 0.21, similar to the
standard deviation of a beta distribution with a + 8 = 5. The unnormalized
posterior distribution is obtained at a grid of 6 values, (0.000, 0.001, . .., 1.000),
by multiplying the prior density and the binomial likelihood at each point.
Samples from the posterior distribution can be obtained by normalizing the
distribution on the discrete grid of 6 values. Figure 2.4b is a histogram of 1000
draws from the discrete posterior distribution. The posterior median is 0.448,
and the 95% central posterior interval is [0.419, 0.480]. Because the prior dis-
tribution is overwhelmed by the data, these results match those in Table 2.1
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based on beta distributions. In taking the grid approach, it is important to
avoid grids that are too coarse and distort a significant portion of the posterior
mass.

2.6 Estimating the mean of a normal distribution with known
variance

The normal distribution is fundamental to most statistical modeling. The
central limit theorem helps to justify using the normal likelihood in many
statistical problems, as an approximation to a less analytically convenient
actual likelihood. Also, as we shall see in later chapters, even when the normal
distribution does not itself provide a good model fit, it can be useful as a
component of a more complicated model involving Student-t or finite mixture
distributions. For now, we simply work through the Bayesian results assuming
the normal model is appropriate. We derive results first for a single data point
and then for the general case of many data points.

Likelihood of one data point

As the simplest first case, consider a single scalar observation y from a normal
distribution parameterized by a mean 6 and variance o2, where for this initial
development we assume that o2 is known. The sampling distribution is

p(yl6) = L

2no

Conjugate prior and posterior distributions
Considered as a function of 8, the likelihood is an exponential of a quadratic
form in 6, so the family of conjugate prior densities looks like

p(6) = A6 +B6+C
We parameterize this family as
p(6) o< o3 = 726~ o)?
—53(0 — o) );
21'3

that is, & ~ N(uo,7Z), with hyperparameters po and 72. As usual in this
preliminary development, we assume that the hyperparameters are known.

The conjugate prior density implies that the posterior distribution for 8
is the exponential of a quadratic form and thus normal, but some algebra
is required to reveal its specific form. In the posterior density, all variables
except 6 are regarded as constants, giving the conditional density,

p(6ly) o exp (—% [(y —29)2 + (0_“0)2]).

o s

Expanding the exponents, collecting terms and then completing the square in
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6 (see Exercise 2.14(a) for details) gives

p(Bly)  exp (—Z—i{z(e - u1)2) , (2.9)

that is, |y ~ N(u1, 72), where

1 1
7ZHot+ 57y 1 1 1
pr=—— " and — =+ —. 2.10)
;lg + % 2 1 o? (

Precisions of the prior and posterior distributions. In manipulating normal
distributions, the inverse of the variance plays a prominent role and is called
the precision. The algebra above demonstrates that for normal data and nor-
mal prior distribution (each with known precision), the posterior precision
equals the prior precision plus the data precision.

There are several different ways of interpreting the form of the posterior
mean, p1. In (2.10), the posterior mean is expressed as a weighted average
of the prior mean and the observed value, y, with weights proportional to the
precisions. Alternatively, we can express p; as the prior mean adjusted toward
the observed y,

3
p = po + (y — Ho)m,
or as the data ‘shrunk’ toward the prior mean,
(v - o)
=y—(y— o) ————=-
1 Yy Y— ko o2 T Tg

Each formulation represents the posterior mean as a compromise between the
prior mean and the observed value.

In extreme cases, the posterior mean equals the prior mean or the observed
value:

p=po if y=po or 15 =05

p=vy if y=po or a®>=0.
If 72 = 0, the prior distribution is infinitely more precise than the data,
and so the posterior and prior distributions are identical and concentrated
at the value . If 02 = 0, the data are perfectly precise, and the posterior

distribution is concentrated at the observed value, y. If y = po, the prior and
data means coincide, and the posterior mean must also fall at this point.

Posterior predictive distribution

The posterior i)redictive distribution of a future observation, ¢, p(§|y), can be
calculated directly by integration, using (1.4):

p(ly) = / p(716)p(6ly)d6
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x /exp (—2}7(;&—9)2> exp( 5 2(0 1) )de.

The first line above holds because the distribution of the future observation, g,
given 6, does not depend on the past data, y. We can determine the distribu-
tion of § more easily using the properties of the bivariate normal distribution.
The product in the integrand is the exponential of a quadratic function of
(4,0); hence § and @ have a joint normal posterior distribution, and so the
marginal posterior distribution of ¢ is normal.

"~ We can determine the mean and variance of the posterior predictive distri-
bution using the knowledge from the posterior distribution that E(g|6) = 6
and var(g|d) = 02, along with identities (2.7) and (2.8):

E(7ly) = E(E(916,y)ly) = E(6ly) = pu,
and

var(fly) = E(var(gl6,y)ly) + var(E(716,y)ly)
= E(0®[y) + var(fly)
o? + 7”12 .
Thus, the posterior predictive distribution of the unobserved § has mean equal
to the posterior mean of 6 and two components of variance: the predictive

variance o2 from the model and the variance 72 due to posterior uncertainty
in 6.

Normal model with multiple observations

This development of the normal model with a single observation can be easily
extended to the more realistic situation where a sample of independent and
identically distributed observations y = (y1,...,¥») is available. Proceeding
formally, the posterior density is

p(0ly) o p(@)p(yl6)
p(0) [[ p(%:il6)

i=1

x  exp (— 2;(? - uo)z) ﬁexD - )2>

i=1

x exp(—%[Q(e 1o)? 012 ; ])

Algebraic simplification of this expression (along similar lines to those used
in the single observation case, as explicated in Exercise 2.14(b)) shows that
the posterior distribution depends on y only through the sample mean, § =
% > "; vi; that is, § is a sufficient statistic in this model. In fact, since 3|6, 0% ~
N(6, 0% /n), the results derived for the single normal observation apply imme-

It
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diately (treating 7 as the single observation) to give

pOlyr - ., yn) = p(OI7) = N(O|pin, 72), (2.11)
where .
wzho + 537 1 1 =n
n=——7—-— and — ==+ —. 2.12
TR A (212

Incidentally, the same result is obtained by adding information for the data
points ¥1,¥2,--.,Y, one point at a time, using the posterior distribution at
each step as the prior distribution for the next (see Exercise 2.14(c)).

In the expressions for the posterior mean and variance, the prior precision,
;105, and the data precision, 75, play equivalent roles, so if n is at all large,

the posterior distribution is largely determined by ¢ and the sample value 7.
For example, if 72 = o2, then the prior distribution has the same weight as
one extra observation with the value pg. More specifically, as 79 — oo with n
fixed, or as n — oo with 7¢ fixed, we have:

p(6ly) =~ N(6g,0%/n), (2.13)

which is, in practice, a good approximation whenever prior beliefs are rela-
tively diffuse over the range of 8 where the likelihood is substantial.

2.7 Other standard single-parameter models

Recall that, in general, the posterior density, p(6]y), has no closed-form ex-
pression; the normalizing constant, p(y), is often especially difficult to com-
pute due to the integral (1.3). Much formal Bayesian analysis concentrates on
situations where closed forms are available; such models are sometimes unre-
alistic, but their analysis often provides a useful starting point when it comes
to constructing more realistic models.

The standard distributions—binomial, normal, Poisson, and exponential—
have natural derivations from simple probability models. As we have already
discussed, the binomial distribution is motivated from counting exchangeable
outcomes, and the normal distribution applies to a random variable that is
the sum of a large number of exchangeable or independent terms. We will
also have occasion to apply the normal distribution to the logarithm of all-
positive data, which would naturally apply to observations that are modeled
as the product of many independent multiplicative factors. The Poisson and
exponential distributions arise as the number of counts and the waiting times,
respectively, for events modeled as occurring exchangeably in all time inter-
vals; that is, independently in time, with a constant rate of occurrence. We
will generally construct realistic probability models for more complicated out-
comes by combinations of these basic distributions. For example, in Section
18.4, we model the reaction times of schizophrenic patients in a psychological
experiment as a binomial mixture of normal distributions on the logarithmic
scale.
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Each of these standard models has an associated family of conjugate prior
distributions, which we discuss in turn.

Normal distribution with known mean but unknown variance

The normal model with known mean # and unknown variance is an important
example, not necessarily for its direct applied value, but as a building block for
more complicated, useful models, most immediately the normal distribution
with unknown mean and variance, which we cover in Sections 3.2-3.4. In
addition, the normal distribution with known mean but unknown variance
provides an introductory example of the estimation of a scale parameter.

For p(y|6, 0?) = N(y|6,0?), with # known and 02 unknown, the likelihood
for a vector y of n iid observations is

2 -n 1 -
p(ylo®) o« o "exp (—QT,E l(yi_9)2>

= (0?)™™2exp (—%v) :

The sufficient statistic is
1 n
v = ; Zl(y‘l - 0)2.
=

The corresponding conjugate prior density is the inverse-gamma,

p(0?) o (02)—(a+1)e—ﬁ/62,
which has hyperparameters (o, 3). A convenient parameterization is as a
scaled inverse-x? distribution with scale 02 and vy degrees of freedom (see
Appendix A); that is, the prior distribution of o2 is taken to be the distribu-
tion of odvo/X, where X is a x2, random variable. We use the convenient but
nonstandard notation, 02 ~ Inv-x?(1p, 02).

The resulting posterior density for o2 is

p(c?ly) o« p(o?)p(ylo?)
2N v0/2+1 2
a3 _ W95\ | 2y-n/2 _nhv
* (02) exp( 202) @) exp( 202)
1
o (0»2)‘(("+”0)/2+1) exp (—27..2-(1}00'(2) + TL'U)) -

Thus,
2
9 9 Yoy +nv
~ Inv- et
o’ly ~ Inv-x (1/0+n B )
which is a scaled inverse-x? distribution with scale equal to the degrees-of-
freedom-weighted average of the prior and data scales and degrees of freedom

equal to the sum of the prior and data degrees of freedom. The prior dis-
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tribution can be thought of as providing the information equivalent to v

observations with average squared deviation o3.

Example. Football scores and point spreads

We illustrate the problem of estimating an unknown normal variance using the
football data presented in Section 1.6. As shown in Figure 1.2b, the 672 val-
ues of d, the difference between the game outcome and the point spread, have
an approximate normal distribution with mean approximately zero. From prior
knowledge, it may be reasonable to consider the values of d as samples from a
distribution whose true median is zero—on average, neither the favorite nor the
underdog should be more likely to beat the point spread. Based on the histogram,
the normal distribution fits the data fairly well, and, as discussed in Section 1.6,
the variation in the data is large enough that we will ignore the discreteness and
pretend that d is continuous-valued. Finally, the data come from n = 672 differ-
ent football games, and it seems reasonable to assume exchangeability of the d;’s
given the point spreads. In summary, we assume the data points d;,i =1,...,n,
are independent samples from a N(0, o) distribution.

To estimate o2 as above, we need a prior distribution. For simplicity, we use a

conjugate prior density corresponding to zero ‘prior observations’; that is, »o = 0
in the scaled inverse-x? density. This yields the ‘prior density,’ p(c?) x o~2,
which is not integrable. However, we can formally combine this prior density
with the likelihood to yield an acceptable posterior inference; Section 2.9 provides
more discussion of this point in the general context of ‘noninformative’ prior
densities. The prior density and posterior density for o2 are displayed in Figure
2.5. Algebraically, the posterior distribution for ¢® can be written as o?|d ~
Inv-x2(n, v), where v = % z:’zl d?, since we are assuming that the mean of the
distribution of d is zero.

For the football data, n = 672 and v = 13.85°. Using values computed with a
suitable software package, we find that the 2.5% and 97.5% points of the x2;o
distribution are 602.1 and 745.7, respectively, and so the central 95% posterior
interval for o2 is [nv/745.7, nv/602.1] = [172.8, 214.1]. The interval for the stan-
dard deviation, o, is thus [13.1,14.6]. Alternatively, we could sample 1000 draws
from a xZ;, distribution and use those to create 1000 draws from the posterior
distribution of o and thus of o. We did this, and the median of the 1000 draws of
o was 13.9, and the estimated 95% interval—given by the 25th and 976th largest
values of ¢ in the simulation—was [13.2, 14.7].

Poisson model

The Poisson distribution arises naturally in the study of data taking the form
of counts; for instance, a major area of application is epidemiology, where the
incidence of diseases is studied.

If a data point y follows the Poisson distribution with rate 6, then the
probability distribution of a single observation y is

f¥e?
p(ylf) = ;, , fory=0,1,2,...,
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Figure 2.5 (a) Prior density and (b) posterior density for o2 for the football example,
graphed in the range over which the posterior density is substantial.

and for a vector y = (y1,...,yn) of iid observations, the likelihood is

n

)
pl)) = [[-—6%e

=1 Y
X ot(y) e_no,

where t(y) = DI ; y; is the sufficient statistic. We can rewrite the likelihood
in exponential family form as

P(yl6) ox e~"0et)1ow?,

revealing that the natural parameter is ¢(6) = log 6, and the natural conjugate
prior distribution is

p(6) o (e7%)"ev