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Preface

This book is one of a series for use by students not only as a textbook but also as
a guide to good practice in the solution of problems.

The topics in the book have been carefully selected to represent the most
popular areas of study in a first year undergraduate, HND, and HNC course in
Electrical and Electronic engineering. Each chapter opens with a Fact Sheet
containing relevant definitions, principles, theorems and supporting informa-
tion. This is followed by a set of worked examples illustrating the general area of
study covered by the chapter. Each chapter concludes with a selection of
unworked problems (with answers). The solutions in the book are the responsi-
bility of the authors.

The topics covered include basic electrical and mechanical units, circuit theory
including mesh current and node voltage analysis (incorporating both indepen-
dent and dependent sources). Alternating waveforms are introduced in a chapter
on waveforms and Fourier analysis and, following the treatment of reactance,
susceptance and admittance, a.c. circuits are covered in some depth, including
series and parallel circuits, resonance, and frequency response. The reader is
also introduced to the concept of apparent power, power, reactive VA, and
power factor improvement.

Two chapters are devoted to circuit theorems, including mesh current and
node voltage analysis applied to a.c. circuits, Millman’s theorem, Thévenin’s
theorem, Norton’s theorem, duality, star-mesh and mesh-star transformations,
superposition theorem, reciprocity theorem, compensation theorem, and the
maximum power transfer theorem. Coupled circuits and the transformer are
covered, as are polyphase systems, symmetrical components, and the measure-
ment of power. Transients and the Laplace transform are dealt with in a
comprehensive chapter.

Finally, the four appendixes cover complex numbers, matrices, determinants,
the use of computer software appropriate to the solution of electric circuits, and
partial fractions.

It is a simple matter to watch an expert building a structure; how different it
becomes when you are faced with the same problem! So it is with Electric Circuit
Analysis. It is easy to read how to solve problems, but solving a problem in
practice calls for special abilities. The reader should develop his/her intellectual
skills by attempting to solve the problems at the end of each chapter. Each
question should be carefully studied, and possible techniques for its solution
should be considered (there are often several ways of solving a given problem!);
there are no shortcuts to mastering the technique of problem solving. Many of
the solutions in this book have been checked using computer software, but not
before they have been worked out the hard way using a pen and a calculator.



The authors and publisher wish to thank the Department of Electrical and
Electronic Engineering of the Staffordshire Polytechnic and the School of
Information Science and Technology of Liverpool Polytechnic for kind permis-
sion to publish extracts from examination papers. The questions selected are, in
general, either part questions or short questions which ask for a particular type
of solution.

Finally, each author would like to thank his wife, for whom the effort was
happily made, for their support and forbearance during the writing of the book.
The authors would also like to thank Mr W. Roberts for information on SPICE
and Andrew Senior for his assistance in the preparation of the book.



1 Basic Concepts
and D.C. Circuits

1.1 Fact Sheet

(a) Mechanical Units

All units used by electrical and electronic engineers are part of the SI (Systéme
International) system of units. Mechanical units are specified in terms of mass
(the kilogramme [kg]), length (the metre [m]), and time (the second [s]). The
basic units used are

linear velocity, v = 8//8¢t m/s

linear acceleration, a = 8v/8t m/s

force, F = mass X acceleration = ma newtons (N)

energy or work, W = force X distance = FI N m or joules (J)
torque or turning moment, 7 = force X radius = FR N'm

power in a straight line, P = force X velocity = Fv watts (W) or J/s
angular velocity, w = 36/d¢ rad/s

2

angular acceleration, o = dw/dt rad/s

rotary power, P = To W or J/s

(b) Electrical Units
Current (i, I)

The SI unit of current (the ampere, unit symbol A) is defined in terms of the
force experienced between two parallel current-carrying conductors, and is
defined as follows:

When a current of one ampere flows in each of two infinitely long parallel conductors
of negligible cross-section placed 1 m apart in a vacuum, the force between the
conductors is 2 X 1077 N per metre length of the conductors.




Generally speaking, the instantaneous value of an electrical unit, e.g. current,
is represented by a lower-case letter e.g., i, and the average value (and the r.m.s.
or effective value of an alternating unit) is represented by a capital letter e.g., I.
Peak or maximum values carry subscripts, e.g., I, In.

Conventionally, current flows from a positive charge to a negative (or less
positive) charge, and the direction of flow is shown by an arrow on the circuit
(see Figure 1.1). Electron flow is in the opposite direction.

Current, / Resistor

| —
JS— |

Fig 1.1

E.M.F. and Potential Difference (e, E, v, V)

The energy (be it electrical energy, mechanical energy, chemical energy, heat
energy, etc) converted per unit electrical charge is known as the electromotive
force (e.m.f.). The electrical energy which is converted into heat when a unit
charge moves from one point to another in a circuit is known as the potential
difference (p.d.) between the two points. That is

energy

e.m.f. or p.d. = volts (V) or joules/coulomb

or
E=WQV

The e.m.f. of a supply source, and the p.d. across a circuit element are shown
either by means of the polarity signs + and —, or by means of an arrow by the
side of the element, with the arrow head pointing towards the more positive

potential; see diagrams (a) and (b) of Figure 1.2 for an e.m.f., and diagrams (c)
and (d) for a p.d..

(a) (b) (c) (d)

Power (p, P)

The unit of power is the watt (unit symbol W), and the power consumed in a
direct current circuit is given by

power (watts) = voltage (volts) X current (amperes)



The instantaneous power, p, consumed is p = vi W, and the average power,
P, is given by P = VI W. If the power varies periodically, the average power

consumed is
1 T
=—| pdt
7

where T is the periodic time of the power waveform.

When using the current and voltage direction notation outlined earlier, a
circuit element generates power if the current arrow on the circuit flows out of the
+ terminal (or the current and voltage arrows point in the same direction); see
Figure 1.3(a) for an example. A circuit element consumes power if the current
arrow on the circuit flows into the + arrow on the element (or the current and
voltage arrows associated with the element point in the opposite directions), as
shown in Figures 1.3(b) and (¢).

10 ] O

Energy (w, W)

The unit of energy is the joule (unit symbol J) or watt-second, and the energy
consumed by a circuit is the time integral of power, that is

W=f pdt]

where W joules is transferred to the circuit between ¢; and ¢,. Conversely
p = dw/dt W
If the average power, P, is consumed during a length of time ¢, then
W=~Pt]

Note: A comprehensive list of basic units is provided in Tables 1.1 to 1.4.

(¢c) Ohm’s Law and Resistance (r, R)

Ohm’s law states that the voltage across a conductor is directly proportional to
the current in the conductor, i.e.,

v=RiV



Table 1.1

Base units
Quantity Name of unit Unit symbol
length metre m
mass kilogram kg
time second s
electric current ampere A
thermodynamic temperature kelvin K
amount of substance mole mol
luminous intensity candela cd
Supplementary units
Quantity Name of unit Unit symbol
plane angle radian rad
solid angle steradian ST
Table 1.2

Names and symbols for the SI prefixes

Factor Prefix Symbol

1018 exa E

108 peta P

102 tera T

10° giga G

108 mega M

103 kilo k

1073 milli m

10° micro n

107 nano n

10712 pico p

1071 femto f

10718 atto a

or
V=RIV

where the constant of proportionality, R, is called the resistance of the
conductor. The unit of resistance is the ohm (unit symbol Q).

(d) Conductance (g, G)
The conductance, G, of a pure resistor is the reciprocal of its resistance. The unit
of conductance is the siemens (unit symbol S), and
G=1RS
Also, v =i/Gand V = I/G



Table 1.3

Derived units having special names and symbols

Quantity Name Symbol Expression in Expression in
terms of terms of base (and
other SI units supplementary)
units
frequency hertz Hz 1/s
force newton N m kg/s?
pressure pascal Pa N/m? kg/(m s?)
energy, work,
quantity of heat joule J N m m? kg/s?
power, energy flux watt W s m? kg/s>
quantity of electricity,
electric charge coulomb C As s A
electric potential volt \% W/A m? kg/(s® A)
electric capacitance farad F (OAY s* A%/(m? kg)
electric resistance ohm Q V/A m? kg/(s® A?)
conductance siemens S AV s* A%(m? kg)
magnetix flux weber Wb Vs m? kg/(s*> A)
magnetic flux density tesla T Wb/m? kg/(s* A)
inductance henry H Wb/A m? kg/(s*> A?)
Table 1.4

Derived units

Most of these are expressed in terms of units in Table 1.3. Expressions in terms of
the base (and supplementary) units are included.

Quantity Name Symbol  Expression in terms of

base (and
supplementary) units

dynamic viscosity pascal second Pas kg/(m s)

moment of force newton metre N m m? kg/s?

surface tension newton per metre N/m kg/s*

heat flux density,

irradiance watt per square metre W/m? kg/s®

specific heat capacity, joule per

specific entropy kilogram kelvin J/(kg K) m%/(s* K)

thermal conductivity watt per metre kelvin ~ W/(m K) m kg/(s* K)

electric field strength volt per metre V/m m kg/(s> A)

electric flux density coulomb per square

metre C/m? s A/m?
permittivity farad per metre F/m s* A%/(m® Kg)

current density

magnetic field strength
permeability

molar entropy, molar
heat capacity

angular velocity
angular acceleration

radiance

ampere per square

metre A/m? A/m?

ampere per metre A/m A/m
henry per metre H/m m kg/(s*> A?)
joule per mole kelvin  J/(mol K) m? kg/(s?> K mol)
radian per second rad/s rad/s

radian per second
squared rad/s’ rad/s’

watt per square metre
steradian W/(m? sr) kg/(s> sr)




(e) Active and Passive Circuit Elements

An active element in a circuit is one capable of delivering power to an external
device; a battery and a generator are examples of active elements. A passive
element is one which is only capable of receiving power; a resistor is an example
of a passive element. There are, however, types of passive element, such as an
inductor or a capacitor, which are capable of storing a limited amount of energy,
and of returning it (or part of it) to an external element.

Additionally, active elements are capable of receiving power; for example, an
accumulator receives power when it is being electrically charged.

(f) Voltage and Current Sources
Independent Ideal Sources

In an independent source, the voltage produced by the source is completely
independent of the current through the source, and vice versa. There are two
types of independent source, namely a voltage source and a current source. An
ideal voltage source is one having zero internal resistance (or impedance if a.c.),
and an ideal current source has infinite internal resistance (or impedance if a.c.).

A circuit symbol for a unidirectional (d.c.) independent voltage source is
shown in Figures 1.4(a) and 1.4(b), and that for an independent a.c. voltage
source is shown in Figures (c) and (d). Figures 1.4(e) and (f) respectively
represent a unidirectional independent current source, and an independent a.c.
current source.

() {Q @ @@

(a) (b) (c) (d)

O

(e) (f)

Fig 1.4



Dependent Ideal Sources

A dependent source or controlled source, which may either be a voltage source
or a current source, is one in which the source quantity is dependent on a voltage
or a current at some other point in the circuit.

Circuit symbols for the following sources are shown in Figure 1.5: (a) and (b),
a unidirectional voltage source; (c) and (d), an alternating voltage source; (e), a
unidirectional current source; and (f), an alternating current source. The voltage
produced by the source in Figures 1.5(a) and (b) depend on an external current,
the voltage produced by the source in Figures 1.5(c) and (d) depend on an
external voltage; the current produced by Figures 1.5(¢) and (f) depend on an
external voltage.

10 10 It AV, ':» AV,
(a) (b) (c) (d)
50 V, Im Vi P
(e) (f)
Fig 1.5

Practical Sources

These exhibit the property of internal resistance, and are represented by the
combination of an ideal source (either dependent or independent) and a
resistance (or impedance if a.c.) or a conductance (or admittance if a.c.).

Practical sources are discussed in sections (d) to (f) of the Fact Sheet in Chapter
9.

(g) Inductors and Capacitors

These are passive elements capable of storing a limited energy for a limited time.
In the case of an inductor, the energy is stored in its magnetic field; since a
practical inductor is wound with wire, it has the property of resistance as well as
inductance. A capacitor stores energy in the electric field between the plates.



Inductance

When current flows in the winding of an inductor, a magnetic flux is produced.
When the current changes, the magnetic flux linking with the coil changes,

resulting in an e.m.f. being induced in the inductor itself. This is known as the
self-induced e.m.f., v, where

di
VLngltV

L is the inductance (or self-inductance) of the coil, and di/dt is the rate of change
of current in the coil.

The energy, w, stored in an inductor is

w=1L"]J

Capacitance

The change in charge, dg coulombs, stored by a capacitor is
dg = Cdv

where C is the capacitance in farads (unit symbol F) of the capacitor, and dv is
the change in voltage between the plates of the capacitor. The current flowing
through the capacitor is given by

The energy, w, stored by a capacitor is

w=1C"]J

(h) Mutual Inductance (M)

When the flux produced by the current in one circuit links with a conductor in
another circuit, an e.m.{. is induced in the second circuit. The e.m.{. is said to be
mutually induced; the two circuits are said to be magnetically coupled, and there
is a mutual inductance, M henry, between the circuits.

More details of mutual inductance are given in Chapter 11.

(i) Double Suffix Voltage Notation

In Figure 1.6 the voltage between nodes 1 and 2 is V, volts, and the voltage of
node 2 with respect to node 1 is written as V. With the polarity shown,
V, = +V,. Similarly, Vi, is the voltage of node 1 with respect to node 2, and
Vi, = —V,. Also V3 is the voltage of node 3 with respect to node 1, etc.



V2, Vx Viz

Fig 1.6

(j) Kirchhoff’s Laws

The majority of electrical circuits consist of elements which are connected
together; such a circuit is known as a lumped-constant network, and is the type
we deal with here.

A node in a circuit is a point where two circuit elements are physically
connected together. A node where three or more elements are connected
together is known as a principal node. The circuit in Figure 1.7(a) is redrawn in
Figure 1.7(b) to illustrate the four nodes in the circuit; whilst node 3 is a simple
node, nodes 0, 1, and 2 are principal nodes.

Where voltages are specified with respect to a particular node, then that node
is referred to as the reference node. If node 0 in Figure 1.7(b) is the reference
node, the voltage V;, can simply be specified as V', V can be referred to as V,,
etc.

JO U= 1 Of

Fig 1.7
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A branch of a network is a path between two nodes. In Figure 1.7, for
example, the resistor Rj; is the element in one path, and the element R, is the
element in another path. A closed path or closed loop or closed circuit (which can
also simply be called a path or loop) is a path in a circuit which starts at one node
and finishes at the same node, and encounters some of the nodes once only. For
example, in Figure 1.7(b), one path (starting at node 0) contains the elements
R,, Ry, R; and R,; another path (starting at the same node) contains V;, R; and
V,.

Kirchhoff’s Current Law (KCL)
This states that the algebraic sum of the currents entering any node is equal to
the algebraic sum of the currents leaving the node, or
3 currents entering = 3 currents leaving
In Figure 1.8,
L+L=5L+1,

Ia
Fig 1.8

Kirchhoff’s Voltage Law (KVL)
The algebraic sum of the voltage rises or e.m.f.s in any closed path is equal to the
algebraic sum of the potential drops in the closed path, or
3, potential rises = 3 potential drops
In Figure 1.9,
Vi—-V,=1IR, + IR,

IR

1
o | I

Ry

10O Ol

R

IR,

Fig 1.9



Alternatively, we may say that the sum of the potential rises and potential
drops around any closed path is zero. In Figure 1.9, this results in an equation of
the type

VI—IRI—V2—1R2=0

(k) Power Consumed by a D.C. Circuit

The power consumed in a d.c. circuit is
P = VI = PR = V¥R watt (W)

where V is the voltage (V) across the circuit, I is the current (A) in the circuit,
and R is the resistance (ohm) of the circuit.

() Energy Consumed by a D.C. Circuit

The energy consumed is
W = VIt = PRt = V?/R watt s or joule (J)

where ¢ is the time in seconds.

In the case of electrical power installations, power is measured in kW and time
is measured in hours, and the relation between the energy in kWh and the energy
in J is

1kWh=1kW X 1h=3.6M]J

(m) The Series Circuit

In a series-connected circuit, each element in the circuit carries the same current.
The circuit in Figure 1.10 is an example of a series circuit.

Ve
)
/
I
R, R, Ry
1
Vi Vs Vn

Fig 1.10

If there are N resistors in the circuit, the equivalent resistance, Rg, of the
circuit is

RE=R1+R2+ +RNOhm

11
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Applying KVL to the circuit yields
VE:V1+V2+...+VN

(n) Voltage Division in a Series Circuit

In a series circuit, the current drawn by the circuit is
1 = VE/RE = Vl/Rl = Vz/Rz = . = VN/RNA

where Vg is the effective voltage across the circuit, V; is the voltage across Ry,
etc, and Vy is the voltage across Ry, hence

Ry Ry
V=V X —=VgX \Y
N ET R ET R +R,+ ... Ry

(0) The Parallel Circuit

In a parallel-connected circuit, each circuit element has the same voltage across it.
The circuit in Figure 1.11 is an example of a parallel-connected circuit. Applying
KCL to the circuit yields

I=Il+12++INA

_____ A
I1 I2 IN ?
Ve R, Ra RND
|
|
______ |

Fig 1.11

or
GE=G1+G2+...+GNS

where Gg is the equivalent conductance of the complete circuit, and Gy is the
conductance of the nth branch.
In the special case of two resistors in parallel,

R, X R,
=——0

= h
E"R +R, m



or
GE=G1+G25

(p) Division of Current in a Parallel Circuit

In a parallel circuit with N branches (see Figure 1.11), the voltage across the

circuit is
VE = IRE = IlRl = IZRZ = ... = INRNV
or
Rg
In=1—A
N RN

In=1—A
N G
In the special case of a two-branch parallel circuit,
R G
L=I—"2—=1I—"7-A
R+ R, G, + G,
R G
L=I— 2

=1 A
R+ R, G+ G,

1.2 Worked Examples

Example 1.1

An electrical motor develops a torque of 200 N m at a shaft speed of 1000 rev/
min. If the motor input power is 24.6 kW, calculate the efficiency of the motor,
and the heat loss per minute by the motor (assume that the motor temperature
remains constant).

Solution 1.1

The power output can be calculated as follows:
shaft speed = 1000 rev/min = 1000/60 rev/s
= 1000 X 27/60 rad/s = 104.72 rad/s
power output = w7 = 104.72 X 200 = 20 944 W = 20.944 kW

13
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and

. output power 20.944
motor efficiency, n = - =
input power 24.6

= 0.851 per unit (p.u.) or 85.1 per cent

The power loss in the motor is 24.6 — 20.944 = 3.656 kW and energy loss per
minute = 3.656 X 60 = 219.36 kW s or kJ.

Example 1.2

A direct current electrically-driven pump delivers 2 m® of water per minute
through a total head (suction and delivery) of 50 m. If the efficiency of the motor
is 85 per cent, and that of the pump is 90 per cent, calculate the output power of
the pump, the input power to the motor, the current drawn by the motor if the
supply voltage is 500 V, and the electrical energy consumed by the pumping
system during a 12-hour period. The mass of 1 m> of water is 1000 kg.

Solution 1.2

The weight of water pumped per minute is 2 X 1000 = 2000 kg. Hence, the
output from the pump is
g % 2000 X head  9.81 X 2000 X 50
60 60
The overall efficiency of the motor and pump is

0.85 p.u. X 0.9 p.u. = 0.765 p.u. or 76.5 per cent.
Therefore,

= 16350 N m/s or W

output power 16 350
efficiency  0.765

input power = = 21 373 W or 21.373 kW

and

power 21373
voltage © 500

current drawn by the motor = =42.75 A

The energy consumed during a 12-hour period is
input power in kW X time = 21.373 X 12 = 256.5 kW h.

Example 1.3

A battery is charged at a constant current of 10 A for 4 hours, the average
terminal voltage of the battery being 20 V. Calculate the electrical charge
absorbed by the battery, the power consumed, and the energy consumed.



Solution 1.3

electrical charge = It = 10 X (4 X 60 X 60) = 144 000 C
power consumed = VI = 20 X 10 = 200 W
energy consumed = VIt = 200 X 4 = 800 W h
=200 X (4 x 60 x 60) = 2 880 000 Ws or J

This example illustrates the simplicity in some cases of using the more popular
engineering units rather than fundamental scientific units, i.e., the W h rather
than the J.

Example 1.4

In a resistive circuit, the voltage varies with time according to v = 25 sin 6.284ft,
where f is the supply frequency in hertz (Hz), and ¢ is time in s. Deduce an
expression for the current (i) in the circuit, the instantaneous power (p)
consumed by the circuit, and the average power (P), given that the circuit
resistance is 100 ohm, and the frequency is 50 Hz.

Solution 1.4

v 25 sin (6.284 x 50)¢ )
—= = 0. 14.2t A
R 100 0.25 sin 3
p = vi = (25 sin 314.2£)(0.25 sin 314.2¢)

= 6.25 sin? 314.2t W

=

6.25 sin’ (f) - d(wf) where » = 314.2

=3.125W

1
27
_ 67_ f 11 = cos 2wt) - d(wf)
6.
e

sin 2<ut _ 6.25
o 2

Example 1.5

An electrical circuit carries a current of 15 mA for 1 hour. If the power
consumed by the circuit is 22.5 mW, calculate the energy consumed by the
circuit, and the resistance of the circuit.

15
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Solution 1.5
Energy, W = power X time = 0.0225 X (60 X 60) = 81 J
Now,
power, P = VI = (IR) = I’R
Hence,

0.02
_ power _ 25 — 100 ohm

R = =
P 0.015?

Example 1.6

Calculate the power absorbed by each of the four circuit elements in Figure 1.12.

12 mA
B O—=—
10A >
po—{Feon |7
15V A O ‘
(a) (b)
05 A 78—81A
B O*Q—OA A O——I —=—08B
\)
50 vV 6
(c) (d)
Fig 1.12

Solution 1.6

The power absorbed by each element is P = VI. In each diagram, the terminal
indicated by the arrowhead is given the numerical potential which is written by
the side of the potential arrow.

The power consumed in each case is

@ P=15x10=150W
(b) P=(-20) X 0.012=—-0.24 W
(© P=50x05=25W
d P=6X(-7e¥ =—-42e %W

In cases (b) and (d) the power absorbed is negative, that is to say these two
circuits generate power or supply power.



Example 1.7

Calculate the power consumed by each element in Figure 1.13.

Va
—__= 05A

1
—J
4 Q
[]m
2.5 Vg
Qf
Fig 1.13

Solution 1.7

The power consumed by the resistors is as follows:
4 ohm resistor: P= PR =05 X 4=1W
6 ohm resistor: P=FPR =05 X 6=15W

The power consumed by the 10 V independent voltage source is P = 10 X
(—0.5) = =5 W, i.e., it generates or supplies 5 W to the circuit. The power
consumed by the voltage-controlled dependent voltage source is

P =0.5 X% 2.5v,
where v, = 4 X 0.5 = 2 V. That is, the power consumed is
P=05X25x2)=25W
Note: the total power consumed by the circuit is
1+15+25=5W

which is equal to the power generated by the independent voltage source; that s,
for the complete circuit, Zpower = 0.

Example 1.8

A voltage of v = 200 sin 1000 V is applied to (a) an inductor of inductance
0.1 H, (b) a capacitor of 0.1 microfarad. Deduce, in each case, an expression for
the current i, and the instantaneous power p. Calculate the average power P
consumed.
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Solution 1.8

(a) For the inductor

di

=1 —

"L dt

Hence
1 1 200 /—cos 1000t
| = — dt = — 00 si =
i LJVL 01 200 sin 1000¢ dt 01 ( 1000 )
= —2 cos 1000t A
and

(200 sin 1000¢)(—2 cos 1000¢)
= —400 sin 1000t X cos 1000 = —200 sin 2(1000¢)
= —200 sin 2000t W

Since the power waveform is sinusoidal, the average power consumed during
each cycle is zero, hence P = 0.
Note that:

Vi

BS]
0

1 2w
—f sin 2wt d(wf) = 0
2w ),

(b) For the capacitor

) dv B d(200 sin 1000¢)
=C— = (0.1 x 6y x
i o = (0.1x 107 =
d(sin 1000¢
=20 x 106 x 3610000 _ 0 o 1073 cos 1000z A

dr
and
p = vi = (200 sin 1000£)(20 x 10~ cos 1000¢)
= 4 sin 1000t X cos 1000¢ = 2 sin 2(1000¢) = 2 sin 2000t W

As with the inductor, the average power (P) consumed during each cycle of
the waveform is zero.

Example 1.9

Determine the value of ; in Figure 1.14.

Solution 1.9

Since the resistor values in the network are unknown, it is impossible to estimate
the current distribution within the network, but KCL can be applied to the
network as a whole as follows.



Fig 1.14

L+L+L=1
or
10 + 40 + 5 = -50
Hence,
I; = =50 — (10 + 40) = —100 A
That is I3 = 100 A flowing away from the network.

Example 1.10

Write down the mesh current equation for the loop ABCDA in Figure 1.15.

Solution 1.10

Starting at any point, KVL can be applied to the loop. If we commence at point
A, and move around the loop in a clockwise direction until point A is reached
again, we get the mesh equation

where v = —50I,. Alternatively, starting at point D, and moving around the
loop in an anticlockwise direction, the mesh equation is

40(I, — L) + 10 — 2v + 30(1; — L) + 20L, + 10, = 0

Example 1.11

For the circuit in Figure 1.16, calculate the values of I; to I, and the voltages
Vce, Vpe, Vpa and Vpp.
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Solution 1.11

For the branch ABC,

Rapc = 50 + 50 = 100 ohms

Hence,
10
L=——=01A
27100
The effective resistance of the 3-branch parallel circuit is calculated from

1 1 1 1
—=—+—+—=0.05 + 0. + 0.02 = 0.
Roe 20 T 20 T 50 0.05 + 0.025 + 0.02 = 0.095 S

Hence,
Rpg = 1/0.095 = 10.53 ohm
For the branch ADEC,
Rapec = 10 + 10.53 + 60 = 80.53 ohm
Therefore,

10 |
L=y =01242A



The current in each arm of the 3-branch parallel circuit is calculated using the
technique described in section (p) of the Fact Sheet as follows.
RpE 10.53
I =L—=0.1242 x ——= 0.0654 A
47 5 R, 20

Rpe 10.53
I = I —2E = 0.1242 x —— = 0.0327 A
s= b g 0.1242 x =& 03
Rog 10.53
I = I, —2E = 0.1242 x —= = 0.02
o= b 242 X === 0.0261 A

Note:
Iy + Is + Ig = 0.1242 = I,
Applying KCL to node A yields
I=5L + 1=0.1+0.1242 = 0.2242 A

Referring to the inset in Figure 1.16, I; flows from A to C, so that E is positive
with respect to C, that is

Veg = —I; X Rpe = —0.1242 X 60 = —7.452'V

I A I3 .
° I3
L1 1
f2 | 1090 ll l i
|
}<—1 Vba
50 Q 1 o | ' i
IniNE
200 40 ’
10v‘<> ¢8B i 50 9 I { Vbe ‘
: T
I Vee
| 6 | |
| Jos | | t.
I R I I D
c c

Fig 1.16

Also,
VDE = 13 X RDE = 01242 X 1053 = 1308 V
Vpa = =I5 X Rap = —0.1242 X 10 = —=1.242V
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Note:
Vec = (=Vcg) and Vaop = (—Vpa)
and
VEC + VDE + VAD = 10.002 V

which, within the rounding errors of the calculation, is equal to the supply
voltage of 10 V.

One method of calculating Vgp is as shown in Figure 1.17. Starting at point D
in the circuit and move towards B, the equation is as follows.

Vep = —Vpe — Vec + Vac

V/
B

Vs E

Voe

Vec

Fig 1.17

Now,
Bgc =50, =50x01=5V
Hence,
Vep = —1.308 — 7.452 + 5 = =3.76 V

1.3 Unworked Problems
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Problem 1.1

A portable field transmitter is powered by a hand-operated generator. If the
radiated power of the transmitter is 20 W, and the overall efficiency of the unit is
50 per cent, calculate the speed at which the crank arm must be rotated if its
length is 25 cm. The operator applies a constant force of 45 N to the crank
handle. What energy is required to operate the transmitter during a 5 minute
transmission period?

[3.56 rad/s or 34 rev/min; 3.33 W h or 12 000 J]



Problem 1.2

The charge entering an electronic circuit is given by 10 cos 5007 millicoulombs.
Calculate the charge transferred between t = 2 ms and ¢t = 4 ms. What is the
value of charge at t = 4.6 ms?

[20 mC; 5.878 mC]

Problem 1.3

The voltage and current waveforms associated with a circuit element are shown
in Figure 1.18. Calculate the energy absorbed by the element in the time interval
shown.

[0.333 J]
_ I
<
c 1.0
o N
N ’ //
o \ /
s N\ /
z \
& \ /
3 N\ /7
s N,/
0 -
0 1 2
Time (s)
Fig 1.18

Problem 1.4

The voltage and current waveforms in Figure 1.19(a) are associated with an
electrical circuit. Calculate the energy delivered to the circuit in the 2 s interval
shown in the figure. Calculate also the peak power consumed, and draw the
waveform of the power delivered to the circuit.

[166.67 J; 200 W; the waveform of the power consumed is shown in Figure
1.19(b).]

Problem 1.5

In Figure 1.20, calculate the value of i and v, and the power consumed by each
element in the circuit.

[i = -3 A; v=1.534V; power consumption, 5 ohm resistor 45 W, 4 ohm
resistor 0.585 W, 2 ohm resistor 72 W, 10 ohm resistor 0.61 W, 4 V source
1.53 W, 4v source —15.16 W, 3 A source —45 W, 2i source 176.82 W]
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Voltage (V) and current (A)

20

200

Power (W)

0 L

1

Time (s)

(b)

Fig 1.19

3A<

5Q

2/

Problem 1.6

Fig 1.20

A current of i = 10 sin 1000¢ flows in a pure inductor of 0.1 H. What is the first
instant of time after ¢t = 0 that the power absorbed by the inductor is (a) 2000 W,
(b) —2000 W? What peak power is absorbed by the inductor?

[(@) 0.21 ms; (b) 1.78 ms; 5000 W]



Problem 1.7

For the current waveform in Figure 1.21, determine the charge transferred
betweent =0and (@)t = 3s,and (b) t = 10 s.
[(@) 1.5 C; (b) —10 C]

0 | 1 1 | |

= Time (s)
2

Current (A)

Fig 1.21

Problem 1.8

Calculate the value of R in Figure 1.22. If the voltage produced by the dependent
voltage source in the circuit was reduced to 2v;, what would be the new value of
R for the current in the 0.01 S conductance to remain unchanged?

[125 ohm; 50 ohm]

—

1A

Se i

Fig 1.22

Problem 1.9

Calculate the value of Vg in Figure 1.23.
[7 V]
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6Q

v, 8
A
3Q
2V, 70
20 4Q

VAR N —

NG/ ) 1 | . 1|

Bl 5Q 2Q
SA 10V
Fig 1.23

Problem 1.10

In Figure 1.24, determine the current in each element connected to node X. Also
state which of the elements A, B and C absorb power and which generate power.
[Io = —4.45 A; Iz = 2.385 A; Ic = —0.7 A; I; = 2.765 A; B absorbs power, A
and C generate power.]

5Q 2Q

—

Ig

l211A B 0.275 A |

IA IC

—0.425A 4

| _234A

5Q 4Q

Fig 1.24

Problem 1.11

Using the methods described earlier for current and voltage division, calculate
the current in each element in Figure 1.25. Calculate also Vg, Vg, and Vp.
[[,=3.644A; ,=0607A; L=0749A, I,=04A; I5=0349A;



3IQ 6 Q
Ly

e

5A
<> 2S2|: 4Q b
C I4 15
580 7Q 8Q
Fig 1.25

Problem 1.12

(a) A two-branch parallel circuit containing a 12 ohm resistor in one branch,
and an 8 ohm resistor in the other, draws a current of 30 A. Calculate the
current in the 8 ohm resistor. (b) A circuit comprises a 0.4 S conductance and a
0.2 S conductance in parallel with one another; if the 0.2 S conductance carries a
current of 2 A, determine the current in the 0.4 S conductance. (¢) Calculate
the current I in Figure 1.26.

(Staffordshire Polytechnic)
[(@) 18 A; (b) 4 A; (¢) 5 A]

Fig 1.26
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Problem 1.13

Calculate Vg in Figure 1.27.

(Staffordshire Polytechnic)
[6V]

1Q 50

1Q

:
~ }--4}
>
— 1
N

Fig 1.27

Problem 1.14

The current wave shown in Figure 1.28 flows in a series circuit containing a
resistor of 2 ohm resistance, and a 2 mH inductance. Construct the waveform of
the voltage across R, the voltage across L, and the total voltage across the
circuit. Calculate the average value of the voltage across the circuit.

(Staffordshire Polytechnic)
[16.67 V]

10

Current (A)

| |
0 2 4 6

Time (ms)

Fig 1.28



Problem 1.15

A circuit contains a two-branch parallel circuit, which is in series with two other
resistors of value 2 ohm and 1 ohm. The parallel circuit contains a 3 ohm resistor
in one branch, and a 6 ohm resistor in the other branch. If the complete circuit is
energized by a 10 V d.c. source, calculate the current in each branch of the
parallel circuit.

(Staffordshire Polytechnic)
[l = 1.333 A; Iy = 0.667 A]

Problem 1.16

If the supply voltage to the circuit in Problem 1.15 is changed to 24 V, and the
2 ohm resistor is replaced by a resistor R of unknown value, calculate the value
of R if the power dissipated in the 3 ohm resistor in the parallel circuit is 12 W.

(Staffordshire Polytechnic)
[5 ohm]

Problem 1.17
A 2 ohm resistance is connected in series with a resistor R of unknown value to a
10 V d.c. supply. If the power dissipated in R is 8 W, calculate the two possible

values of R.

(Staffordshire Polytechnic)
[8 ohm or 0.5 ohm]
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2 Mesh Current and
Node Voltage Analysis

2.1 Fact Sheet

(a) Mesh Current Analysis

Mesh current analysis can only be applied to a planar circuit, i.e. a circuit which
can be drawn on a plane surface. The circuit drawn in full line in Figure 2.1 is a
planar circuit. However, if the branch shown in broken line between B and E is
added, the circuit becomes nonplanar, and mesh current analysis cannot be used
to analyse it.

Rs
—
R, F Ra E
Av—{  F—o—1 1}
\
\
\
10V 1() R3 R, \ C)l 20V
Re
\ C D
\ |
\
\ R,
- -
Fig 2.1

A mesh is a property of a planar circuit, and is not defined for a nonplanar
circuit. A mesh is a loop which does not contain any other loops within it. The
circuit drawn in full line in Figure 2.1 contains three meshes, namely the loops
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ABCFA, FCDEF, and AFEDA. The loop ABCDEFA is not a mesh because it
contains another loop within it.

A method of obtaining a set of mesh current equations for the solution of a
circuit is as follows.

1. Draw a labelled circuit diagram.

2. Assign a current (Iy, I, ... Iy), circulating in a clockwise direction to each
of the N meshes.

3. If the circuit contains only voltage sources, apply KVL to each mesh (see
Example 2.1 and also Section (b) of this Fact Sheet for a circuit
containing only independent voltage sources, or Worked Example 2.2 for
an illustration containing a dependent voltage source).

4. If the circuit contains current sources, replace each source by an open
circuit circuit; the mesh currents assigned in step 2 above should not be
changed. Each source current should then be related to the mesh currents
in step 2 above (see Worked Examples 2.3 and 2.4 for illustrations of
current sources in a circuit). If a current source is a practical source (see
Chapter 9 for details), it can be converted to its equivalent practical
voltage source, and dealt with as outlined in step 3 above.

(b) Mesh Equations for a Network Containing Only Independent Voltage
Sources

When the above steps are applied to the circuit in Figure 2.2, the following
equations are obtained and, by a deductive reasoning, we obtain a method of
writing the equations down by visual inspection. The mesh equations for the
three loops are

Es — Eg = [L(RA + Rg) — LRy
0 - - IIRB + IZ(RB + RC + RD) - I3RD
—Ec = — LRp + Ii(Rp + Rg)

Writing the equations in matrix form gives (see Appendix 2 for details),

Fig 2.2
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EA - EB RA + RB —RB O Il
0 = —RB RB + RC + RD _RD 12
- Ec 0 —Rp Rp + Rg I

and when written in generalized matrix form they become

E; Ry Ry Rys I
E, = R21 Ry, R23 L
E; R3; Ry Ry L

where E; is the sum of all the source voltages driving I}, in a clockwise direction,
1.e., E, = E5 — Eg, whilst E, and E; are the sum of the source voltages driving
I, and I, respectively, in a clockwise direction.

R11, Ry and Rj; are the self-resistances of the meshes in which I,, I, and I,
respectively flow.

R; (i # ), i.e., the resistance at the intersection of row i and column j, is
(—1) X the resistance which is mutual to the meshes in which I; and J; flow. That
is R = —Rg, R3; = —Rp. It should be noted that for all ij, R; = R;;.

Any element for which R; = Rj; is called a bilateral element; i.e., they can be
connected into the circuit in either direction, and they still have the same result.
A network containing only bilateral elements is known as a bilateral circuit.

(c) Node Voltage Analysis

Node voltage analysis uses KCL to evaluate the voltages at the principal nodes in
a circuit. The circuit is generally drawn using current sources; however, where
voltage sources are involved, special techniques are involved (see the method
outlined below, and the examples referred to in the text).

The basic circuit in Figure 2.3(a) is redrawn in Figure 2.3(b) to show the three
nodes more clearly; in addition, the resistance values are converted into
conductances.

A method of determining a set of node voltage equations for the solution of a
circuit is as follows.

1. Draw a labelled circuit diagram, and mark the principal nodes on it. If
there are N principal nodes, (N—1) equations are needed to solve the
circuit. Select one of the principal nodes as the reference node.

Vi G v,
[ ]
Rs
D I\ ] D
IAQ Ra Rc¢ < Ig
0
(a) (b)

Fig 2.3



2. If the circuit contains only current sources, apply KCL to each of the
non-reference nodes. If the circuit contains depenent current sources (see
Worked Example 2.6), relate the source current to the unknown node
voltages.

3. If the circuit contains voltage sources (see Worked Example 2.7), replace
each source by a short circuit; the node voltages assigned in step 1 must
not be changed. Each voltage source should be related to the unknown
node voltages assigned in step 1 above. If a voltage source is a practical
source, it can be converted to its equivalent current source (see Chapter 9
for details) and dealt with as outlined in step 2 above.

(d) Node Voltage Equations for a Network Containing Only Independent
Current Sources

Let us determine the node voltage equations for the circuit in Figure 2.4, from
which it is possible to deduce a method of writing down the equations by visual
inspection.

Fig 2.4

Voltages V; (= V), V2 (= Vy) and V3 (= V3g) are shown at nodes 1, 2 and 3,
respectively, and node 0 is taken as the reference node. Applying KCL to each
non-reference node in turn results in the following.

Node 1: Here, current sources I, and Iy supply current to the node, so that
I, + Iy is shown on the left-hand side of the equation.

In + Iy = GAV; + Ge(Vi — Vy) + Ge(V; — V3)
= (Ga + Gg + Gp)V; — GgV, — GgV;
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Node 2: At this node, I flows away from the node, so that a current of —Ij is
shown flowing towards the node.

—Iy = Ge(V2 — V1) + GgV, + Gp(V, — Vi)
= —GgV; + (Gg + Gp + Gg)V, — GpV3
Node 3: Here 1, flows away from the node.
—Ir = GcVi + Gp(Vs — V) + Ge(V3 — V)
= —GgV; — GpV, + (Gc + Gp + Gg)V3

These equations are expressed in matrix form as

Ip + I Ga + Gg + Gg -Gg -G
_IB = _GE GB + GD + GE _GD
_IA —GF _GD GC + GD + GF

and when written in generalized matrix form the equations become

L Gy Gz Gis Vi
I, = Gy Gy Gy |2
L G3 Gy Gy Vs

where I is the sum of the source currents entering node 1, and I, and I5 are the
sum of the source currents entering nodes 2 and 3, respectively.

G11, Gy, and Gj3; are the respective sums of the conductances terminating on
nodes 1, 2 and 3.

G; (i # j), i.e., the conductance at the intersection of row i and column j, is
(—1) x the conductance connected directly between node i and node j. It should

be noted that for all ij, G; = Gj;.

(e) Input Resistance

In a network energized by a single supply source (see Figure 2.5), a knowledge of
the input resistance or driving-point resistance is valuable. The input resistance,
R;,, of Figure 2.5 is defined by

Rin = El/Il

I

E, 7 QB Network

Fig 2.5



If the network has, say, three meshes, the generalized matrix form of equation
is

E, Ry Ry Ry3 I
E, | = | Ry Ry Ry I
E; Ry Ry Ry L
and
E; Ry; Rys Ry Ri; Rys E; Ry; Ry3
Iy =| E; Ry Ry Ry Ry Ry | = E; Ry Ry Agr
E; Ry R R3; R3; Rs; E; Ry R

Ay Ay Ay

=E,—+E,—+ E;—

' Ag 2 Ax 3 Ag
where Ay is the resistance matrix of the network, and A; is the cofactor of R
(which is the element in row i, column j) in Ag (Note: care must be taken over
the sign of the cofactor). Since E| is the only source in the network, R;, = E;/I;,

then Rin = AR/A11

(f) Transfer Resistance

In the network in Figure 2.5, which is typified by the equations in section (e) of
the Fact Sheet, the current Iy (say /) in mesh N (mesh 2 in this case) is given by

Ay Ay Asy
+E +E
Ap P Ag O AR

Since the network has only one driving voltage, then E;, E,, etc, have zero
value, and

Iy = E;

Ay
Iy=E —
N 1 Ag
The transfer resistance relating the driving voltage E; to the mesh current I is
given by

E, AR
Rrany = E = m

Note that the input resistance is Ry, = Ryq 1)

(g) Output Resistance

A knowledge of the output resistance of a network is useful in predicting circuit
performance. The output resistance of the circuit in Figure 2.6(a) is calculated
using the measurements in Figure 2.6(b) and (c), namely the open-circuit output
voltage V¢, and the short-circuit output current Isc. The output resistance Ry,
is given by
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E, r () Network RL Network Voce Ry

(a) (b)
o—
Network Isc [] RL
o___
(c)
Fig 2.6

Row = Voc/Isc ohm

where V¢ is the voltage between the output terminals with the load resistor
disconnected, and Isc is the current which flows in a short-circuit between the
output terminals of the network.

(h) Network Topology

Topology is the branch of geometry concerned with the properties of a
geometrical figure, and network topology is concerned with the properties of an
electrical circuit. In network topology, the nature of the elements between nodes
is supressed, and is replaced by lines connecting the nodes; the resulting diagram
is known as a linear graph, or simply as a graph.

A study of the graph of a network leads to a series of equations allowing the
variables in the network to be calculated. Although network topology follows
the rules of KCL and KVL, it is of great value as an introduction to the field of
state variable analysis, in which the variables mentioned above are the state
variables.

Consider the circuit in Figure 2.7(a), having six branches and four principal
nodes; the corresponding graph is shown in Figure 2.7(b). The nodes are shown
as dots on the graph.

In addition to the terms node, branch, path, loop and mesh, the following
definitions are needed to describe the topology of a network:



(a) (b)

Fig 2.7

Tree (or spanning subtree): this is a set of branches connecting all the nodes in the
network, but containing no loops. A network may contain several trees.

Cotree: this is the set of branches which do not belong to a given tree. Any branch of
the cotree is called a link. There may be loops in the cotree.

In circuit analysis, we select a normal tree, i.e., one containing all the voltage
sources in the network together with the maximum number of voltage-controlled
dependent sources.

A cotree is the compliment of a tree, so that a tree and its cotree form the
complete network. All the current sources together with the maximum number
of current-controlled dependent sources are in the cotree.

If a network has N nodes, each tree contains (N—1) branches. If B is the
number of branches, and L is the number of links in the cotree, the relation
between them is

B=L+ (N-1)

The graph in Figure 2.7(b) has 4 nodes, and it contains more than one tree
(each having 3 branches). Since there are 6 branches on the graph, each cotree
contains (6 — (4—1)) = 3 links. Figures 2.8(a) and (c) each show a tree for the
graph in Figure 2.7(b); the corresponding cotrees are shown in Figures 2.8(b)
and (d).

The following rules enable us to deduce a set of node voltage equations for a
network (in a few cases the rules fail, in which case other techniques must be

employed).

1. Draw a graph of the network.

2. Identify a normal tree. All voltage sources (and their polarity) must be
shown on the tree and, if possible, all voltage-controlled dependent
sources should be included in the tree.

3. Node voltage equations are obtained by applying KCL to the nodes. This
method generally requires (N—1) equations, but the number is reduced
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Fig 2.8

by unity for each independent or dependent voltage source in a tree
branch, and is increased by unity for each dependent source that is
voltage controlled by a link voltage or is current controlled. If there are
current-controlled dependent sources, equations must be written for each
control current in terms of the voltage variables.

The following rules allow us to write a set of mesh current equations for a

network.

1. Draw a graph of the network.

2. Identify a normal tree. All current sources (and their direction) must be
shown on the tree and cotree and, if possible, all current-controlled
dependent sources should be included in the cotree.

3. Mesh current equations are obtained by repositioning, one at a time, each

link of the cotree in the tree. KVL is applied to the mesh formed in the
tree in this way; whilst each link has only one current flowing in it, a tree
branch may have one or more link currents flowing in it. This method
generally requires (B — (N — 1)) equations, but this value is reduced by
unity for each independent or dependent current source in a link, and is
increased by unity for each dependent source that is current-controlled by
a tree branch current.
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2.2 Worked Examples

Example 2.1

Solve the circuit in Figure 2.9 for I, I, and L.

108 209 30Q
° [}
| S|
15 Q 25Q
W CRORIRORINORGILS
Fig 2.9

Solution 2.1

By inspection, the mesh equations for the circuit are
10 = 251, — 151,
0 = — 15I; + 601, — 251,
-20 = — 251, + 55L5

which may be written in matrix form as follows

10 25 =15 0 I
0| =1 -15 60 -25 L
—20 0-25 55 L

The 3 X 3 matrix is the resistance matrix of the network, each element in the
matrix being a resistance value. The matrix is symmetrical about the major
diagonal (top left to bottom right), and all elements on this diagonal have a
positive value; elements not on the diagonal are either zero or negative.

Note that the matrix form could have been written directly using the method
outlined in section (b) of the Fact Sheet for this chapter.

Using Cramer’s rule, I; is determined as follows.

10 —15 0 25 -15 0
19 250
L = 0 60 —25 -15 60 -25 =—54 500 =0.353 A
-20 =25 55 0 -25 55
Similarly
25 10 0 25 —15 0
L, = —15 0 -25 —-15 60 -25 =—-0.078 A
0 20 55 0 -25 55

39



40

and

25 =15 10 25 -15 0
I = -15 60 O -15 60 -25 | = —-04A
0 —-25 =20 0-25 55

The negative sign associated with I, and I; merely imply that the current in that
mesh circulates in the opposite direction to that shown in Figure 2.9, i.e., the
currents actually circulate in the anticlockwise direction. However, when using
the equations developed above, the values of 0.353, —0.078 and —0.4 should be
used, respectively, for I;, I, and I;.

Wherever possible, it is useful to check the accuracy of the result by inserting
the calculated values back into one of the KVL equations and, subject to
rounding errors, the value of the e.m.f. in the loop should agree with this
calculation.

Example 2.2

Solve the circuit in Figure 2.10 for I;, I, and I;.

108 20 Q 30Q

IC e

Solution 2.2
This circuit contains both independent and dependent voltage sources. Applying
KVL to loop 1 yields

The dependent voltage source in loop 2 is regarded as a normal voltage source
with the exception that its value needs to be related to the unknown mesh
currents. Applying KVL to loop 2 gives

—25v, = — 151, + 351,

It should be noted that, since the dependent voltage source is ideal, it has no
internal resistance, and therefore no component of I; appears in the above
equation. Also, it is observed that

v, = 15(1 — )
Inserting the above value for v, into the loop equation gives
0 = 3601; — 3401,



And for mesh 3 the equation is
25v, — 20 = 304
or, since v, = 15(I; — L)
=20 = 3751, + 3751, + 30I;

and the matrix form of the circuit equations becomes

10 25 —-15 0 I
0| = 360 —340 0 L
—20 ~375 375 30 I

Note that the 3 X 3 matrix is not symmetrical about the major diagonal, and
some of the non-diagonal elements have positive values. This is due to the
presence of the dependent voltage source in the circuit. The 3 X 3 matrix
cannot, in this case, be described as the resistance matrix of the network because
some of the elements do not represent resistances.

Solving by Cramer’s rule yields

L= 1161 A
L=-1473 A

Example 2.3

Using mesh analysis, calculate the currents in the meshes in the circuit in Figure
2.11.

0V
R\
\_/
()
NI

Dl O
1

1
| S——

4Q 5Q
Fig 2.11
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Solution 2.3

The circuit contains a 5 A independent current source in one of its branches.
Following the rules laid down earlier for mesh analysis in this situation, the
currents in the meshes are assigned in the usual manner as shown in Figure 2.11.

To solve the circuit using mesh analysis, the current source is initially replaced
by its internal resistance, which is infinity, i.e., the current source is ‘mentally’
replaced by an open-circuit (see Figure 2.12). This has the effect of reducing the
circuit to a 2-mesh network, one mesh carrying current I,, and the other mesh
(which is called a supermesh) carries currents I; and I3. However, in the final
analysis, both I; and I; need to be calculated, so that it is necessary to maintain
their identity in the mesh equations.

v
/R
~_ )
@
1Q 20
¢ \—e
I, 3Q I3
— 1
h J S |
4Q 5Q
Fig 2.12

Since the 5 A source is ‘mentally’ replaced by an open-circuit, the reader
should note that no current flows in the 2 ohm resistor at this stage. Applying
KVL to the supermesh yields

10 = 5[3 + 3(13 - 12) + 1(11 - Iz) = Il - 412 + 813
and for mesh 2
0= —111 + 812 - 313
Three equations are needed to solve for the three unknown currents, the third

equation being obtained by relating the current in the independent current
source to the unknown mesh currents as follows

5=I3'—Il



The three equations are written in the following matrix form

10 1-4 8 I
0|l =] -1 8-3 L
5 -1 0 1 L

The reader will note that the 3 X 3 matrix is not symmetrical about the major
diagonal, and is due to the presence of the independent current source in the
circuit.

Solving by Cramer’s rule gives

10 -4 8 1 -4 8
I = 0 8-3 -1 8-3 | =-3214A
5 0 1 -1 0 1
and
I, =0.268 A
I; =1.786 A

Example 2.4

Deduce and solve the mesh equations for the circuit in Figure 2.13.
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Fig 2.13
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Solution 2.4

This circuit contains independent voltage and current sources, together with a
dependent current source. As with Worked Example 2.3, currents are assigned
to each mesh of the circuit, and each current source is replaced by an open
circuit. The net result is shown in Figure 2.14, and the reader will note that we
are left with one supermesh. The equation for this supermesh is

10 = 2L, + 4L, — L) + 6(I, — I;) = 61, + 61, — 10L

The other two equations are obtained by relating the current sources to the
unknown mesh currents. For the 2 A independent current source, the equation
is

2=05L-1
and for the dependent current source, 2v,, is
2vy = I
Now,
v =43 — L) = — 4L, + 41,
Hence,
I; =2vy = — 81, + 814
or

0=— 8L + 7l



The corresponding matrix representation of the circuit equations is

10 6 6 —10 L
2 - —1 1 O 12
0 0 _8 7 13
and the solution is
10 6 —10 6 6 —10
I, = 2 1 0 -1 1 0 =365 A
0 -8 7 0 -8 7
and
I, =385A

I3=44A

Example 2.5

Determine the node voltages in the circuit in Figure 2.15(a).

4Q

B —
J S

Solution 2.5

The circuit is redrawn in Figure 2.15(b) to show the three principal nodes and, at
the same time, the resistance values have been converted to conductance values.
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Node 0 is nominated as the reference node, and all voltages are calculated by
reference to it. Thus the voltage V; at node 1 is the voltage Vy, and the voltage
V, at node 2 is the voltage V.

Applying KCL to node 1, by inspection, yields

2 =0.75V; — 0.25V,
and applying KCL to node 2 gives
3 =-0.25V; + 0.45V,

which are represented in matrix form as follows

2 _ 0.75 —-0.25 Vi
[3 ] - [ ~0.25 0.45] [ Vz]

The 2 X 2 matrix is the conductance matrix of the circuit, each element in the
matrix being a conductance value. The matrix is symmetrical about the major
diagonal, and all non-diagonal elements are either zero or negative.

Note that the matrix form could have been written directly by observation

using the method outlined in section (d) of the Fact Sheet for this chapter. Using
Cramer’s rule

2 -0.25 0.75 —0.25 1.65
Vi= ‘ 3045 ‘ / | —0.25 0.45 ‘ “o215 ¢V
Vo= | 075 2 075 —0.25 | _ 275 _ .
-0.25 3 —-0.25 045 | 0275

Where possible, it is advisable to check the accuracy of the calculations which,
in this case, is relatively easy as follows. At node 2, the current of 3 A flowing
into it is balanced by 2 A flowing through the 0.2 S conductance, and 1 A
flowing to node 1.

Example 2.6

Using nodal analysis, calculate the voltage at nodes 1, 2, and 3 in the circuit in
Figure 2.16.

Solution 2.6

The circuit contains a dependent current source, Svy3, where vy; is the voltage
developed across the 2 S conductance. Taking node 0 as the reference node, and
applying KCL to each node in turn, the following results are obtained

Node 1
=Svi3 =3V + 2(V; = V3)
but vi3 = V; — V3, hence
=5(Vy = V3) =3V + 2(V; - V)



v O

3S 5V13
e © v
V13
75 ®
58 2A
V3
Fig 2.16
or
0 = 10V, — 7V,
Node 2
5V13 +2= 4V2
that is S(Vl - V3) +2= 4V2
or
2= =5V, + 4V, + 5V,
Node 3
—2 = 5V3 + 2(V3 - V])
or

—2 = - 2V1 + 7V3

The equations are presented in matrix form as follows

0 10 0 -7 v,
2 | =1-5 4 5 v,
-2 -2 0 7 Vs

Note that the 3 X 3 matrix is not symmetrical about the major diagonal, and
some of the non-diagonal elements are positive. This is due to the presence of
the dependent current source in the circuit. Strictly speaking, this matrix is not
the conductance matrix of the circuit, since some of the elements are not pure
conductances.
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Solving by Cramer’s rule gives

0 0-7 10 0 -7
V, = 2 4 5 -5 4 5 =-025V
-2 0 7 -2 0 7
and
V,=0.634V
V3= -0.357V

Example 2.7

Using nodal analysis, determine the voltage at nodes 1, 2, and 3 in Figure
2.17(a).

10 A

Imaginary
short-circuit

10A

.

(b)

Fig 2.17



Solution 2.7

The circuit contains a 10 V independent voltage source, and it is necessary to
redraw the circuit in Figure 2.17(b), with the voltage source being replaced by its
internal resistance, which is zero. That is, we can mentally imagine nodes 1 and 3
being short-circuited together, resulting in a supernode. However, the identity of
nodes 1 and 3 are not lost, since the voltages at these nodes are included in the
nodal equations of the circuit.

The current flowing towards the supernode is 10 + 2 = 12 A, and the current
flowing away from it is

Wi+ 2(Vy = Vo)) + 4(V3 = Vy) +2V3 =3V, — 6V, + 6V;5
Applying KCL to this node gives the equation
12 = 3V, — 6V, + 6V,
Applying KCL to node 2 gives
=10 = (=6) =2(V, — V) + 4 (V, — V3)
or
—4 = =2V + 6V, — 4V;

A third equation is needed to solve for the three unknown voltages, and this is
realized from the fact that nodes 1 and 3 are, in fact, separated by 10 V, so that
we may say

10= "V1+ V3

The resulting equations are represented in matrix form as follows

12 3-6 6 v,
4 | =] -2 6-4 v,
10 -1 0 1 Vs

In this case, the 3 X 3 matrix is not symmetrical about the major diagonal, and
one of the non-diagonal elements is positive; these effects are due to the
presence of the voltage source in the circuit.

Solving the equations gives

12 -6 6 3-6 6
Vi=| -4 6 -4 -2 6-4| =-4vV
10 0 1 -1 0 1
and
V,=2V
V3=6V
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Example 2.8

For the network in Figure 2.18, calculate the input resistance, together with the
transfer resistance between meshes 1 and 2, and between meshes 1 and 3. Hence
calculate I, I,, and I;.

2Q 4Q
3N 5Q
10O I [
Fig 2.18

Solution 2.8

Applying mesh analysis to the network yields the equations

5 = 5]1 - 312
0= -3I + 12, - 5L,
0 = - 512 + 1113

and the determinant of the resistance matrix is

5-3 0
Ap= | -3 12 =5 | =436
0-5 11
Now
12 -5
Ay = (D! = 107
11 ( ) -5 11
-3 -5
A = (—1 1+2 =33
2 =(-1) 0 1
-3 12
A = (=)' =15
3= (=1) 0 -5

The input resistance is given by

Rin = Ry, = Ar/Aq = 436/107 = 4.075 ohm
The transfer resistance between meshes 1 and 2 is

Ry = Ar/Ay; = 436/33 = 13.21 ohm



and the transfer resistance between meshes 1 and 3 is
Ry 3 = Ar/Agz = 436/15 = 29.07 ohm
Hence
I = Ei/Ryy = 5/4.075 = 1.227 A
L, = Ey/Ryqp = 5/13.21 = 0.379 A
Iy = Ey/Rya3) = 5/29.07 = 0.172 A

Example 2.9

Construct the tree and cotree for the circuit in Figure 2.19(a). How many tree
branches are there, and how many links? Write a set of equations in tree-branch
voltages and solve them.

Va/s 4Q 10V

{b) {c)

Fig 2.19

Solution 2.9

The graph of the circuit is shown in Figure 2.19(b) and, since it has 4 principal
nodes and 5 branches, each tree contains
N —1=4 -1 = 3 branches
and each cotree contains
L=B-(N-1)=5-3 =2 links.
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Applying the rules outlined earlier, the circuit has only one tree and one
cotree, which are drawn in Figure 2.19(c) (the cotree is shown dotted).

The voltage V, is a control variable and is shown in the figure, and we must
assign another variable, Vg, to the remaining branch. The rules indicate that we
need (N—1) = 3 equations to solve the circuit, but this value is reduced by one
because of the independent voltage source in the tree branch. The equations can
be deduced as follows.

Taking the left-hand node of the top arm of the tree, the current entering the
node is V4/5 and the current leaving it is V3/20. That is

Va_ Vs
5 = 20 or VB = 4VA

Looking next at the centre node of the top arm, a current of V/20 enters it
from the left, a current of V,/10 leaves to the right and, since the voltage at the
top of the 4 ohm resistor is (10 + V) with respect to the bottom node, a current
of (10 + V,4)/4 leaves downwards through the 4-ohm branch. The equation for
this node is therefore

Ve _Va + 10 + Vy
20 10 4
Solving these equations gives V, = —16.667 V and V3 = —66.667 V.

Example 2.10

Construct a tree for the network in Figure 2.20(a). Write a set of equations in
terms of the link currents, and calculate the value of 1.

(a) (b)
Fig 2.20



Solution 2.10

The network has 5 principal nodes and 9 branches, so that each tree has
(5—1) = 4 branches, and each cotree has (9—4) = 5 links. Since the circuit does
not contain voltage sources, we must select a tree containing only resistors. A
tree (shown in full line) and its cotree (dotted lines) are shown in Figure 2.20(b);
since the unknown quantity () is a current, it is omitted from the tree.

Basically, this method of solution needs [B — (N—1)] = 9 — 4 = 5 equations,
but since the circuit contains two independent current sources, we need only
three equations. Accordingly, Figure 2.20(b) is marked with appropriate cur-
rents.

Next, one cotree link at a time is inserted into the tree, and KVL is applied to
the resulting loop in the tree. Inserting the link carrying I; gives the loop
equation

50 + 10( + L) —25—-1-1)—-40(10-1—-1)) =0
or
421 + 1021, + 101, = 410
Inserting the link carrying current I gives
200 + 5L+ 10(; + L) —25-1-1)—40(10-1—-1) =0
or
621 + 521, + 151, = 410
and inserting the link carrying (5 + I — I,) gives
AS5+1-1L) - 10(; + L) - 5L =0
or
41 — 10I; — 191, = =20

The matrix form of the equations is

410 42 102 10 1
410 = 62 52 15 I
-20 4 -10 —-19 L
Hence,
410 102 10 42 102 10
I= 410 52 15 62 52 15 = 388298?)%0= 4.708 A
-20 —-10 —19 4 —10 —-19
Example 2.11

Calculate the output resistance of the network in Figure 2.21(a).
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Solution 2.11

The 6 ohm resistance is the ‘load’ connected to the network. This resistance is
removed, and the open-circuit voltage between these terminals and the short-
circuit current between the terminals of the network are calculated as follows.

Open-circuit voltage

When the load is disconnected, the circuit is as shown in Figure 2.21(b).
Applying mesh analysis, the circuit equations are

5= 511 - 312
0 = —311 + 1212



Hence,

Hence,

VOC = 512 = 147 V

Short-circuit current

When the load is replaced by a short-circuit, the circuit is as shown in Figure
2.21(c). The corresponding matrix form of the mesh current equations is

5 5-3 0 L
0|=1] -3 12-5 L
0 0-5 5 I

Solving for I5 by Cramer’s rule gives
15 = ISC = 0577 A

Output resistance
The output resistance of the circuit is given by
Rout = Voc/Isc = 1.47/0.577 = 2.55 ohm

2.3 Unworked Problems
Problem 2.1

If the 10 V source in Worked Example 2.1 is replaced by a 10 A current source,
and the 20 V source is replaced by a 20 A source, determine the value of I, in
Figure 2.9. Note that the 10 A source acts in the direction of I;, in Figure 2.9,
and the 20 A source opposes I;.

[1, = 5.83 A circulating in an anticlockwise direction]

Problem 2.2

If the voltage source and the current source in Worked Example 2.3 (see Figure
2.11) are interchanged (so that I; = 5 A, and the 10 V source opposes I,),
calculate the value of I, and I;.

[l = 1.55 A (clockwise); I; = 2.47 A (clockwise)]
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Problem 2.3

If the 10 V voltage source and the 2v, dependent current source in Worked
Example 2.4 (see Figure 2.13) are interchanged (so that I; = 2v,, and the 10 V
source assists I3), determine the value of I, I, and I;.

[[; = 1.744 A (anticlockwise); I, = 0.255 A (clockwise); I3 = 0.036 A (clock-
wise)]

Problem 2.4

If the 2 A source in Worked Example 2.5 (see Figure 2.15) is replaced by the
combination of a 2 V source in series with a 1 ohm resistor, and the 3 A source is
replaced by the combination of a 3 V source in series with a 2 ohm resistor (the
2 V source tending to drive a current in a clockwise direction around its mesh,
and the 3 V source tending to drive a current in an anticlockwise direction
around its mesh), determine the current in each of the three meshes in the
circuit.

[7; = 0.58 A (clockwise); I, = 0.13 A (anticlockwise); I3 = 0.52 A (anticlock-
wise)]

Problem 2.5

If the direction of the two current sources in Worked Example 2.6 are
interchanged (i.e., the 2 A source drives current towards node 1, and the 5v;3 A
source drives current towards node 3), determine the voltage of nodes 1, 2 and 3
relative to node 0 in Figure 2.16.

[Vi=0.522V;V,=-0.772 V; V3 = 0.304 V]

Problem 2.6

When the 10 V source and the 2 A source in Worked Example 2.7 are
interchanged (i.e., in Figure 2.17, V; = + 10 V, and the 2 A source drives
current towards V3), determine the voltage at nodes 2 and 3, and also the current
flowing in the 10 V source.

[V, =72V;V;=68V;17.6 A]

Problem 2.7

Write down the mesh current equations for the circuit in Figure 2.22, hence
determine the value if the voltage source V;. What value of ideal current source
would be required to replace the voltage source V; in order to produce a current
of 1 A in the 10 ohm resistor?

[Vi=22V;1=15.75A]



o 1 ° )
| SN
1A
8 v, 5Q 108
Fig 2.22

Problem 2.8
Write down the mesh current equations for the circuit in Figure 2.23, and deduce

an expression for the input resistance of the network. What is the value of the
input resistance when the load resistance R = 20 ohm.

[100+6R

————; 10.48 ohm
11 + 0.5R

Problem 2.9

Evaluate the output resistance of the circuit in Figure 2.23.
[ROUT = 16.67 Ohm]

100 109

9O e e D)

Fig 2.23

Problem 2.10

(a) How many trees can be constructed for the circuit in Figure 2.24 which satisfy
the conditions laid down in section (h) of the Fact Sheet for this chapter?
(b) Draw a suitable tree and write a set of tree-branch equations which enable Vi
to be calculated. What is the value of Vi?

[(@) 1; (b) 17.88 V]
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0.2 Vg

20Q 40 Q
VR <> 5A

100

50 v

Fig 2.24

Problem 2.11
How many links are in the circuit in Figure 2.24? Construct a cotree; write a set
of equations in terms of the link currents, and solve them for the current in the

20 ohm resistor. What is the value of this current?
[3;3.39 A]

Problem 2.12
Calculate the voltage between the two principal nodes in Figure 2.25.

(Staffordshire Polytechnic)
[1.5V]

i

Q) . [

Fig 2.25

Problem 2.13

Write down, but do not solve, the mesh equations to solve for the currents I}, I,
and /; in Figure 2.26.

(Staffordshire Polytechnic)
8=8I -1, - 5L -3=—-1+ 6L, — 2I;; =5 = — 5I, — 2I, + 171]
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Fig 2.26

Problem 2.14

Calculate the mesh currents in Problem 2.13.
[l =091 A;,=-0372A; ; = —-0.07 A]

Problem 2.15

(a) Write down, but do not solve, the three equations for the mesh currents I;, I,
and I; in Figure 2.27. (b) Write down, but do not solve, the two node voltage
equations for V; and V, in Figure 2.27. (c) Using Thévenin’s theorem, calculate
the current in the 3 ohm resistor in Figure 2.27.

(Staffordshire Polytechnic)

— 1

It ol -

[@ 10 = 3L, — 21,; 0 = — 2I, + 9L, — 4I;; =20 = — 4, + 91,
(b) 10 = 1.833V; — 0.333V,; 4 = —0.333V; + 0.783V5;
(c) 0.377 A flowing from the right]

Fig 2.27

Problem 2.16

(a) Solve the mesh equations in Problem 2.15(a) for I;, I, and I;. (b) Solve the
node equations in Problem 2.15(b) for V; and V,.

[@ L =3.08A;,=-0377TA;;=-239 A;

(b) Vi =692V;V, =8.05V]
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J Waveforms and
Fourier Analysis

3.1 Fact Sheet

(a) Introduction

This chapter deals with periodic alternating waveforms or repetitive waveforms in

which f(t) = f(t + nT), where n is an integer and T is the periodic time of the
waveform (see Figure 3.1 for examples).

Time

Time

Fig 3.1

60



The frequency of the waveform is the number of cycles completed per second,
and is given by

frequency, f = 1/T hertz (Hz)
where T is in seconds, and the angular frequency, w, of the wave is

o = 27f rad/s

(b) Average Value or Mean Value of a Wave

For a periodic function y(f) with a period of T, the mathematical expression for
the average value, Y,y, is

1 T
Yav = ?j y(t) dt
0

In the case of electrical circuits, the average value of a number of forcing
function waveforms is zero, e.g., sine and cosine waves. In these cases, we make
an exception to the strict mathematical rule, and compute the average value over
one half-cycle of the wave. On this basis, the mean value of the functions
y sin ot and y cos ot is

YAV = ZYM/’IT = 0637YM

where Y), is the maximum value of the waveform. Also, the mean value of a
square waveform, having a positive peak of +Y), and a negative peak of —Yyy, is
Yum. The ‘electrical’ mean value is sometimes known as the rectified mean value
of the wave.

(c) Root-mean-square (r.m.s.) Value or Effective Value

When an alternating current i(¢) with a periodic time of T flows in a resistor, the
average power consumed is P watt. The effective value of the current which
would produce this power if it passed through the resistor for the whole cycle is
the r.m.s. current, 7, and is given by

I = \/<Tl£ri2(t) dt)

There is a similar expression for the calculation of the r.m.s. value of a voltage
wave.

(d) Form Factor and Peak Factor of an Alternating Wave
The form factor gives some information about the form or shape of the wave,
and is defined as

r.m.s. value
rectified mean value

form factor, kg =

For sine and cosine waves, the form factor is 1.111.
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The peak factor or crest factor is defined as

k val
peak factor, kp = peax vaHe
r.m.s. value

For sine and cosine waves, the peak factor is 1.414.

(e) R.M.S. Value of a Complex Periodic Wave

A complex periodic wave has the general equation
y(t) = Ay + (ajcos ot + a,cos 20t + . . . + ancos Not + . . .)
+ (bisin ot + bysin 2wt + . . . + bysin Not + . . )

where A, is the ‘d.c.” component of the waveform, a; is the maximum value of
a;cos wt, by is the maximum value of b,cos wt, etc, and N is an integer. The series
may, alternatively, be given in one of the following trigonometric forms

) = A + ) ey cos (Not — 0y)

ft) = Ao+ D cysin (Not + )

where cy = V(ay + by), 0y = tan (by/ay), and oy = tan (ay/by)
The r.m.s. value, Y, is

Y=VAi+¥ad +ai+...+a4+..)+ibI+b5+...+b6+..))
=V(A I+ @A} +A3+... +AY+.. )+ B+ B5+ ...+ Bi+...)
where
Ay = ap/V2 = effective value of aycos oNt
and
By = by/V2 = effective value of bysin wNt

Also, if a complex wave has an r.m.s. value of Y, and the corresponding r.m.s.
values of the harmonics are Y;, Y, . . . Yy, then

Y=VYI+Y3+...+Y3%)

(f) Power Supplied by a Complex Wave

The average power supplied is the sum of the average powers supplied by each
component of the wave. For the Nth harmonic, the power supplied is

Py = VyIycos by

where Vy and Iy are r.m.s. values. The average power supplied per cycle of the
complex wave is

P = VIIICOS ¢1 + VzIzCOS 4)2 +...+ VNINCOS ¢N + ...



(g) Power Factor of a Complex Wave

This section is included here for completeness, and readers wishing to know
more about power factor should consult Chapter 8. If V) and I are the r.m.s.
values of the current and voltage of the Nth harmonic of the complex wave, and
V and [ are the r.m.s. values of the voltage and current for the complex wave,
then

overall power factor = total power/VI

= (Vilicos &y + Volycos by + .. . + Valyeos oy + . . )/VI

(h) Trigonometric Fourier Analysis

A periodic waveform for which f(t) = f(t + T), where T is the periodic time
of the wave, can be represented by a Fourier series provided that, within the

period T
1. if the wave is discontinuous, it has a finite number of discontinuities,
2. it has a finite average value, and
3. it has a finite number of positive and negative maxima.
If these Dirichlet conditions are met (as is usually the case in electrical

engineering practice), the wave can be represented by the trigonometric form of
the Fourier series as follows.

ft) = Ap + 2 (ancos Nwt + bpsin Nwt)
N=1

where
1 R
Ay == f(®) dt
T -T2
2 T2
ay = — f(¥) cos Not dt
T -T2
2 Y173
by == f(¢) sin Not dt
T -T2
and

o = 27/T rad/s

Note that the limits of integration can be any convenient interval covering the
range T, i.e., 0 to T, —T/4 to 3T/4, etc. Also, if wt = 0, the integrations are
carried out over any convenient range of 2m, i.e., —m/2 to m/2, etc.
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(i) Waveform Symmetry

Some waveforms exhibit symmetry about a particular point or axis, and a
knowledge of this symmetry may result in a reduced number of calculations
being done when the Fourier coefficients are evaluated. (If more than one form
of symmetry exists, there will be more than one factor missing from the series.)

Even Functions (see Figure 3.2(a))

These exhibit symmetry about the y axis. If f(f) = f(—t), there are no sine terms
in the series, i.e.,

f(t) = Ay + ajcos ot + axcos 2wt + . . .

y A
f(—t)
f(t)
A Ao
0 T/2 T Time
f—f———]
—t t
(a)

y

f(t)

-T/2 T/2
0 Time
f(—t) \
I |
N e |
(b)
y A y4
flt+T7/2)
f(t) Fie 7-1/2
o F(t +T/2) Time
l | T/2 | 7 Time
R T/2 ! t T/2
(@) td}
Fig 3.2



A, may exist, ay exists, by = 0. The sum of two or more even functions is an
even function (even if a constant is added).

0dd Functions (see Figure 3.2(b))

These exhibit symmetry about the origin. If f(t) = —f(—t), the series has no
cosine terms, i.e.,

f(t) = bisin ot + bysin 2wt + . . .

Ay =0, ay = 0, by exists. The sum of two or more odd functions is an odd
function. The addition of a constant makes the function no longer an odd
function (see Worked Example 3.11). The product of two odd functions is an
even function.

Half Wave Repetition (see Figure 3.2(c))

If f(t) = f(t + T/2), no odd terms exist in the series. Ay may exist, and only even
terms exist in ay and by.

Half Wave Inversion (see Figure 3.2(d))

If f(t) = —f(t + TJ2), the series does not contain even terms. Ay = 0, and only
odd terms exist in ay and by.

(j) Line Spectrum

The line spectrum of a waveform is a plot of the modulus of the harmonic
amplitudes in a complex wave to a base of the order of the harmonic (or to a base
of the frequency). The majority of waveforms in electrical and electronic
engineering have rapidly converging values, so that only the first few terms in the
Fourier series are generally significant. The line spectra for the first few terms of
the square wave in Figure 3.3(a) are shown in Figure 3.3(b).

Where necessary, the amplitude and phase spectra of the wave can be shows
separately (see Worked Example 3.10).

(k) Harmonic Analysis

Where the shape of a waveform is known, but it has no simple mathematical
expression, the values of the Fourier series coefficients which describe the wave
can be estimated from a knowledge of the value of equally-spaced ordinates of
the wave.
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Fig 3.3

The values of the coefficients are estimated as follows.

A, = average value of the complex wave over one cycle
ay = 2 X average value of f(f) cos Nwt over one cycle

by = 2 X average value of f(f) sin Not over one cycle

Care should be taken in selecting not only the number of ordinates, but also in
the physical positioning of the ordinates. For example, if the ordinates are places
20° apart, there exists the possibility that the ordinates may be placed at the
nodes of the ninth harmonic; in this case, there will be no indication of the
existence of the ninth harmonic (if present) when the calculation is complete.
The value of the highest harmonic calculated by this method should, of course,
be limited by the number of ordinates used.

(I) Selective Resonance

A complex wave contains many frequencies, and if the circuit contains both
inductance and capacitance, the circuit may resonate selectively (see Chapter 6
for details of resonance) with one of the frequencies. Depending on the form of
resonance, it may result in a very large current at the resonant frequency, and/or
in a very large voltage across the inductors and capacitors in the circuit.
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3.2 Worked Examples
Example 3.1
Calculate the average value and r.m.s. value of the waveform in Figure 3.4.

10

Current (A)

» Time (s)

Fig 3.4

Solution 3.1

For the interval 0 < ¢t < 0.1

i =10 — 100t A
and
17 1 ™
IAV:?L idt=af0 (10 — 100¢) dt
=101 -05)=5A
Also

1 T 1 0.1
Iims = 2dr=—1] (10 — 100r)*
RMS TJ’() L O.lfo ( 00¢)” dt
0.1
= 100 f (1 — 20z + 1007) dt
0

0.1
= 100 t—20t2—+100£ = 33.33
2 3 1,

Hence, Igys = V33.33 =5.77 A

Example 3.2

Determine the form factor and the peak factor of the waveform in Figure 3.4.

Solution 3.2

r.m.s. value _ 5.77

form factor, kg =
mean value 5

= 1.154
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peak value 10

k factor, kp = =
peak factor, Kp r.m.s. value 5.77

= 1.733
Example 3.3

During the interval 0 < ¢ < 10, the waveform in Figure 3.5 follows the equation

v = 20(1 — e %) V. Calculate the mean value, the effective value, the form
factor, and the peak factor of the wave.

v=20(1 — e t2)

Voltage (V)

= Time (s)
Fig 3.5

Solution 3.3

1 T 1 10 20 10
== d=—] 200 -e?dt==| (1-ePadt
Vav Tfo v at 10 ), ( e %) 10J;( e™ ")

10
=2 [t + 2e-'/2] =16.027 V
0

and

Vims = 1 f Tv2 dt L 20%(1 — e )2 dr
RMS = 7, =3n -
T), 10 J,
400

10
1—4e?+ e dt
10L( e e”’)

10

= 40 [t +4e 2 — e-'] = 280.8
0

Hence, Vs = 16.77 V

and 6
r.m.s. value 7
factor = = = 1.046
form factor = < an value — 16.027
peak value = 20(1 — ™) = 19.87 V
k val 19.87
peak factor = peat YA - = 1.185

r.m.s. value 16.77



Example 3.4

The clipped sine wave in Figure 3.6 is produced by an electronic circuit.
Calculate the mean value and the r.m.s. value of the wave.

v =100 sin wt

Voltage (V)

wt -(rad)

!
]
|
I
l
0

Fig 3.6

Solution 3.4

The value of 0, is calculated as follows
60 = 100 sin 6,
Hence,
0; = sin™! (60/100) = 0.6435 rad
and |
0, = m — 06; = 2.4981 rad

Since the complete wave has a zero mathematical average value, the electrical
mean value is calculated from the first half cycle as follows.

1 () 6, w
Vav = ;{f VM sin of d(wf) + f 0.6 Vi d(ot) + J Vum sin ot d((ot)}
0 7]

CH

V 0| 02 ™
=-M {[— cos wt] + [O.6wt] + [— cos mt] }
T 0 8, 0,

=48.16 V

The r.m.s. value of the wave can also be computed over the first half cycle as
follows.

Vi ms = %{ f " (Vi sin of)? d(wf) + f " (0.6Vyy)? d(wt) + f ﬂ(VM sin wf)? d(wt)}

V 0 6
= —M{ j sinor d(wf) + J 0.36 d(wf) + f
w 0

0 0,

sin’wt d(u)t)} = 2640

Hence,

VR.M.S. = 5138 V
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Example 3.5

A complex current, of r.m.s. value 10A, has 25 per cent third harmonic content,
and 10 per cent fifth harmonic content. Determine the r.m.s. value of the
fundamental frequency component, and of the third and fifth harmonic compo-
nents of the wave.

Solution 3.5

The magnitude of the r.m.s. current is
1=Vl + G+ D)

where I}, I; and I5 are the respective r.m.s. values of the fundamental, the third
harmonic, and the fifth harmonic components.
Also Iy = 0.251;, and Is = 0.1/;. Hence

10 = V[E + (0.251,)* + (0.11,)?] = 1.036],

Therefore,
I, = 10/1.036 = 9.65 A
Is = 0.11; = 0.965 A
Example 3.6

A current of
i = 2.58 sin (ot + 1.25) + 0.765 sin (3wt + 0.3) A
flows in an inductive circuit when the voltage
v = 200 sin wt + 20 sin 3wt V

is applied to it. Calculate the power supplied by each of the harmonic
components of the wave, the total power consumed, and the overall power factor
of the circuit.

Solution 3.6

The r.m.s. components of the current are
I, = 2.58/V2 =1.824 A and I; = 0.765/V2 = 0.541 A
and for the voltage wave are
Vi =200/V2 =141.42V and V; = 20/V2 = 14.14 V
The power supplied by the fundamental frequency component is
Vil cos 1.25 rad = 141.42 x 1.824 x 0.3153 = 81.33 W



and the power supplied by the third harmonic is

V3l; cos 0.3 rad = 14.14 X 0.541 x 0.9553 = 7.305 W

Total power = 81.33 + 7.305 = 88.64 W
Now, the r.m.s. current in the circuit is

I = \/[(2.582 + 0.7652)/2] =1.903 A
and
V= \/[(2002 + 202)/2] = 142.13 V

total power 88.64

overall power factor = VI " 1.903 x 142.13

=0.33

Example 3.7

For the waveform in Figure 3.7, evaluate the Fourier components A, a;, b;
and b;.

6 - p—
_ 3
<

0 1 1 Time (s)

2 4 6 8
_.3 -
Fig 3.7
Solution 3.7

This is a relatively simple problem which illustrates the method of evaluating
specific components in the series.

The periodic time of the wave is T = 8 s. The ‘d.c.’ or mean component, A, is
calculated as follows.

Note that in the case of simple shapes, the area under the graph can be
determined by inspection.
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1
=7 f f(t) dt = = J area under the curve

1 8
=§ f 3dt+f 6dt+f (- 3)dt+f Odt]
6
1
=§[(3x2)+(6><2)+( 3X2)+0]=1.5A
2 2
=?J’ f(t) cos ot dt wherem=7"T_?"T_Zrad/S
2

4 6
= [f 3cos—dt+j 6cosltdt+J —3cosﬂdt]

, 4 . 4
=— snn2—t+2 sin —sinE - sin&—sm =0
_41: 4 T 2 2 L

2 T
by === f f(¢) sin ot dt
T 0

_1 23sin1tdt+ 46sin’n-—tdt+ 6(—3)sinﬂdt
4, 4 , 4 \ 4

= ——1% [—1 + 2<cos ™ —COS %) — <cos 3—;— — CoSs 11')] =38 A

2 T
by == f f(?) sin 3wt dt
T 0

1 3mt ! 3mt ¢ 3mt
=ZU0 3sin-I—dt+£ 6sin%dt+f (—3)sin%dt]
1

=— —1+2 cos31r—cos3—1T—) —(cosgi—cos&n) =127 A
™ 2 2

Example 3.8

Deduce the Fourier series for the waveform in Figure 3.7.

Solution 3.8

In this example, we will determine the general solution of the Fourier series for
the wave in Figure 3.7 (see Worked Example 3.7 for the calculation of specific
components). The value of A, is calculated in the way outlined in Worked
Example 3.7, so that A; = 1.5 A.



2 27 0w
ay = J’ f(t) cos Not dt where w —?—Zrad/s
2 Nt Nt
=——{f 3cos———-dt+J' 6cos—dt+f (- 3)cos———dt}
8 X 4
1 sin N’n’t + 24 sin Nwt? 12 sin Nt 8
= mn —— e - - mn ——
4 Nm 4 2 N 4 4
3 N N . 3N=
——Aﬁ{sm—z——Zsm—z——sm > }—OforallN
and
2 T
by == f f(?) sin Not dt
T 0
1 Nt ) Nt ° Nt
=—U 3sin-1dt+J’ 6sin—“—dt+f (—3)sin—“d1}
41/, 4 R 4 . 4
_Zlfa2f N 2+ 241 Nt N V) cos VT 6
" 4 |Nu 4 |, Nn| 4|, Nm 4 |,
=i{—1+200sN11+cosN'n}
N
That is
12
bN=]—V;fOI‘NOdd
and

—6
by = N for N even

Hence, the Fourier series for the waveform in Figure 3.7 is
i =1.5+ 3.82sin ot — 0.96 sin 2wt + 1.27 sin3wt — 0.48 sin 4wt + . . . A

Note that the amount of work involved in the analysis can sometimes be
reduced (as is the case here) by removing the d.c. term from the wave and
studying the symmetry of the a.c. component of the wave. In this case, this is
done by drawing a new x-axis through y = A, = 1.5; the remaining a.c. wave is
seen to be symmetrical about the origin for which ay = 0.

Example 3.9

Deduce the Fourier series for the half-wave rectified sinewave in Figure 3.8, and
draw the line spectra for the wave.
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i=1Ip cos wt

Current

+» Time
-T/4 0 T/4 37/4 T

Fig 3.8

Solution 3.9

An inspection of the wave shows that it is an even function (see section (i) in the
Fact Sheet of this chapter), so that its Fourier series does not contain sine terms
and, for this reason, we need not attempt to calculate by (the reader will find it a
useful exercise to verify the truth of this statement).

Now, T = 2m, hence

wt = 2mt/T

1 (™
Ay = ‘th f(r) dt
-1

However, the function is finite only in the period —7/4 to T/4, so that it need
only be integrated over this period as follows.

2t I T/4
A0=—f IMcosldt M[sinzi’] In

27 T T/4_ ™
and
) /4
ay = — f(¢) cos Nt dt
—T/4
= — f Iy coszﬂ cos N2t dt
T
T/4T
N+1 -
= n f {cos (N+1)2mt + cos (N=1)2mt 1)21Tt} dt
T ) T T
_Iv 1 (N+1)1T+ 1 n(N—l)'zr
R 2 (N-1) 2
1 (N + 1)(—m) 1 . (N =1)(—m)
+
{(N T N-1 " 2 }]

For odd values of N, ay = 0, with the exception of a;, which is indeterminant.



The latter is evaluated as follows.

2 (™ 2t 2mt 2y (T 2t I
a1=?f_mIMcos ;cos ;dt= TMf cosz%dt=—§1

_774

Hence a Fourier series which describes the wave is

I 2 2 2
f(®) =?M<1 + %cos wt+§cos 2wt—Ecos 4ot +£cos 6wt — . . )

The resulting magnitude line spectrum is shown in Figure 3.9.

—y

Fig 3.9

Example 3.10

The trigonometric Fourier series for a periodic function of time is
f(®) = 25 — 20.26 cos 200wt — 2.25 cos 300wt + 31.83 sin 100w¢
— 15.92 cos 200wt + 10.6 sin 3007t

and o = 100w rad/s. Determine the periodic time 7, the average value of the
waveform, and the r.m.s. value of the wave. Draw the magnitude and phase line
spectra of the wave.

Solution 3.10

Since wT = 2, then wt = 27t/T. For the fundamental frequency,

w =

2m 1
— =100 = (. = —= .
T wradfs, or T = 0.02 s <f ) 50 Hz)

An examination of the Fourier series shows that the average value is
average value = Ay = 25
and
r.m.s. value = V[25%2 + (20.26% + 2.25% + 31.83% + 15.92% + 10.6%)/2]
= 39.02
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Since the second and third harmonics have both sine and cosine terms, it is

necessary to compute the effective magnitude and phase shift of each of them as
follows.

magnitude = V(a} + b%)
phase shift = tan™! (—ay/by)
that is

magnitude of 2nd harmonic = V/(20.26* + 15.92%) = 25.77
phase shift of 2nd harmonic = tan™! (15.92/(—20.26))

= 141.84°
magnitude of 3rd harmonic = V/(2.25% + 10.6%) = 10.84
phase shift of 3rd harmonic = tan™" (—10.6/(—2.25))

= — 102°

The magnitude and phase spectra of the wave are drawn in Figure 3.10.

31.83
25— 25.77
(Y]
el
2
'S
&
= 10.84
0 50 100 150
Frequency (Hz)
141.84°
&
z
& Frequency (Hz) 150
5 0 I -
ps 100
7]
©
-
o
—-102°

Fig 3.10

Example 3.11

For the waveforms in Figure 3.11, state which type (if any) of symmetry exists.



f(t) 4

-~ Time

(a)

f(t) f

Time

(b)

7o) A

0 Time

-

(c)
Fig 3.11

Solution 3.11

The reader should refer to section (i) of the Fact Sheet in this chapter when
studying the following answers.

Waveform (a): None of the standard forms of symmetry exists.
Ay is finite.

Waveform (b): Half-wave inversion: A, = 0, and odd terms in ay and by
exist.

Waveform (c):  Even function. A is finite, ay exists, by = 0.
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Example 3.12

The following waveform results were obtained from tests on an electrical
machine.

60
1)

0
—130

30
—440

60 90
=320 -100

120
=90

150
—140

180 210
—60 60

240
140

270
320

300
510

330
360
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Using harmonic analysis, estimate the value of the coefficients in the trigono-
metric Fourier series up to and including the third harmonic which describes the
waveform.

Solution 3.12

The solution can be obtained in tabular form (see Table 3.1) and, in so doing, the
problem is reduced to a series of semi-mechanical operations, minimizing the
risk of error; the calculations are based on the method outlined in section (k) of
the Fact Sheet for this chapter.

Table 3.1

0° f(©)  f(©)sin®  f(r) cos®  f(r) sin20  f(z) cos26  f(f) sin30  f(t) cos 36
0 -130 0 -130 0 —-130 0 —-130
30 —440 —220 —381 —381 —220 —440 0
60 —320 =277 —160 =277 160 0 320
9 -100 —100 0 0 100 100 0
120 -90 -77.9 45 77.9 45 0 -90
150 —140 -70 121.2 121.2 -70 —140 0
180 —60 0 60 0 -60 0 60
210 60 -30 =52 52 30 -60 0
240 140 =121.3 =70 121.3 =70 0 140
270 320 -320 0 0 -320 320 0
300 510 —441.7 255 —441.7 =255 0 —-510
330 360 —180 311.8 —-311.8 . 180 -360 0
Sum 110 —1837.9 0 —1039.1 —610 —580 -210

In the following, we calculate the mean value, together with the first three
cosine and sine coefficients in the series. From Table 3.1:

A, = mean value of 3f(f) = 110/12 = 9.17

a; = 2 X mean value of 3f(¢) cos 8 =2 X 0/12 =0

a, = 2 X mean value of 3f(f) cos 20 = 2 X (—610)/12 = —101.7
a; = 2 X mean value of 3f(f) cos 30 = 2 X (—210)/12 = —35



b; = 2 X mean value of 3f(¢) sin 8 = 2 X (—1837.9)/12 = —306.3
b, = 2 X mean value of 3f(¢) sin 26 = 2 x (—1039.1)/12 = —173.2
b; = 2 X mean value of 3f(¢) sin 30 = 2 X (—580)/12 = —96.7
Hence, the first few terms in the series are
f(t) = 9.17 — 101.7 cos 26 — 35 cos 36 . . .
—306.3sin & — 173.2 sin 26 — 97.6 sin 360 . . .

Whilst the magnitude of the coefficients of the series appear to be diminishing
as the order of the harmonics increases, care should be taken with this type of
analysis, because some of the high-order harmonics may, in fact, be quite large.

3.3 Unworked Problems
Problem 3.1

Determine (a) the form factor, (b) the peak factor for (i) a half-wave rectified
sine wave, (ii) a full-wave rectified sine wave.
[(@) (i) 1.57, (ii) 2.0; (b) (i) 1.11, (ii) 1.414]

Problem 3.2

For the following waveforms determine (a) the maximum value, (b) the r.m.s.
value; (i) 50 cos t, (ii) 20 cos wt — 30 sin wt, (iii) (M—N) cos (wt + 7/8)
[@) (i) 50, (ii) 36.06, (iii)) M—N; (b) (i) 35.36, (ii) 25.5, (iii)) (M—N)/V2]

Problem 3.3

The first half cycle of the m.m.f. waveform in an electrical machine increases
uniformly from 0 at 0° to a maximum of F at «a radians. It remains constant at a
value of F from a to (m — a) radians, when it decreases uniformly to zero at w
radians. For (a) o = 7/6 radian, and (b) « = /2 radian, calculate (i) the mean
and (ii) the r.m.s. value of the waveform. In each case, draw the waveform of
m.m.f.

[(@) (i) 5E/6; (ii) FV(7/9); (b) (i) F/2, (ii) F/V3]

Problem 3.4

The current in a circuit containing a resistance and an inductance is

i = 10 sin (ot — 0.7) + sin (3wt — 0.15) + 0.25 sin (St + 1.3) A
where w = 350 rad/s. If the voltage applied to the circuit is
v = 282.8 sin (wt + 0.085) + 63.25 sin (3wt + 1.1) + 25.5 sin (Swt + 2.674) V
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calculate (a) the r.m.s. value of the voltage and the current, (b) the power
supplied to the circuit, and (c) the power factor of the circuit.
[(a) 205.7 V, 10.05 A; (b) 1010.6 W; (c) 0.49 lagging]

Problem 3.5

An a.c. circuit contains a 1000 ohm resistor in series with a 1.0 H inductor. If the
supply voltage is

v = 200 sin 500t + 100 sin 1500t + 50 sin 2500t V

deduce an expression for the current in the circuit, and calculate the power
dissipated in the circuit.

Note: the reader will need an understanding of basic a.c. circuit theory before
attempting this question.
[i = 0.179 sin (500t — 0.464) + 0.055 sin (1500t — 0.983) + 0.0186 sin
(2500f — 1.19) A; 35.41 W]

Problem 3.6

If the 1000 ohm resistor and the 1.0 H inductor in Problem 3.5 are connected in
parallel with one another, and the combination is connected in series with a
capacitor of 15 microfarad capacitance to a supply of

v = 10 sin 500¢ + 20 sin (1500 + 40°) V

deduce an expression for the voltage across the capacitor, and calculate the
power consumed by the circuit. Calculate also the percentage fifth harmonic
content of the resultant current.

Note: the reader needs to have an understanding of a.c. circuit theory before
attempting this problem.
[ = 0.05 sin 500z + 0.026 sin (1500¢ — 14.63°) A; 0.972 W; 52%]

Problem 3.7

State if any form of symmetry exists in the waveform in Figure 3.12. Deduce the
trigonometric Fourier series which describes the waveform. Draw the line
frequency spectrum for the wave.

20

Fig 3.12



[None of the standard forms of symmetry exist;

20 20
flot) = 10 + —ssin ot + —sin 2wf + . . .
T 2w

g_Q ~\ sin Nt
N

=10 + ]

N=1

Problem 3.8

The discrete amplitude and phase spectra of a complex signal are respectively
shown in Figure 3.13(a) and (b). Determine for this wave (a) the trigonometric
form of the Fourier series for the wave, (b) the value of the coefficients Ay, a; to
as, and b; to b; for the wave, and the mean value of the wave.

[f(£) = 20 + 30 sin (ot — 11°) + 4 sin (2wt — 30°) + 3 sin (3wt — 45°);

AO = 20, a = —1.73, bl = 372, a, = —1.73, b2 = 3, ay = —2.12, b3 = 212,
mean value = 20]

30
20
Q
°
2
&
[+
=
4
| 3
» F
0 50 1700 150 requency (Hz)
(a)
g » Frequency (Hz)
g —11° |
::::
@ -30°
£
[*W
—45°
(b)
Fig 3.13

Problem 3.9

The following measurements were obtained from a complex voltage waveform,
the second half-cycle having the same instantaneous values but of opposite sign.

9 (deg) 0 20 40 60 8 100 120 140 160
v (V) ~174 206 560 684 590 416 346 386 380

81



82

Determine the complex expression for the waveform up to and including the
third harmonic. Express the amplitude of the third harmonic as a percentage of
the fundamental.

[v = — cos ot + 598 sin ot — 172 cos 3wt + 101 sin 3wt V
= 598.01 sin wt + 199.5 sin 3wt — 59.6°) V; 33.36 %]

Problem 3.10

Investigate the symmetry of the waveforms in Figure 3.14, and state which type
of symmetry exists in each case. Deduce the trigonometric Fourier series for the
waveform in Figure 3.14(b).

fe) A

= Time (s)

(a)

f(t) 4

1+ /\
= Time (s)

(b)

f(t)

\/ A

(c)

Fig 3.14



[diagram (a) (b) (c)
Even function YES NO YES
Odd function NO YES NO
Half-wave repetition NO NO NO
Half-wave inversion YES YES YES

1 1
f) = ;83 (sin mt — 7 sin 3wt + ?sin Sut — .. )]

Problem 3.11

Figure 3.15 shows a waveform with a periodic time of 0.1 second. (a) State if
the function is odd, even, or neither, and give reasons for your answer.
(b) Determine the amplitude of the fundamental and third harmonic of
the waveform, and state the frequency of each. (c) Determine the magnitude of
the d.c. component of the waveform.

(Liverpool Polytechnic)
[(@) neither; (b) 0.637, 0.212, 10 Hz, 30 Hz; (¢) 1 V]

Voltage
N

= Time (s)

Fig 3.15

Problem 3.12

A voltage waveform supplied to a d.c. motor by a power electronics drive source
consists of a series of positive rectangular pulses of magnitude E and duration T},
the periodic time of the pulses being 7. If the mark-space duty ratio of the wave
is D = Ty/T, determine the form factor of the waveform in terms of D.

(Liverpool Polytechnic)
[form factor = 1/V' D]
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Problem 3.13
Calculate the mean value of the voltage waveform in Figure 3.16.

(Staffordshire Polytechnic)
[Hint: use the area of the graph divided by the period; 1.5 V]

3

2 oL

)]

g

5

>
1+ . /_
0 L ! R ! -

1 2 3 4

5 6 7 Time (s)

Fig 3.16



4 Reactance,
Susceptance,
Impedance and
Admittance

4.1 Fact Sheet

(a) Reactance and Susceptance of a Pure Inductor

When a resistanceless inductor is connected to a sinusoidal supply, the current
which flows produces a magnetic flux. This, in turn, induces an e.m.f. in the
inductor which opposes the flow of current, and restricts the current in the
inductor. The r.m.s. magnitude of the current, /, in the inductor is

I1=E/X. A

where E is the r.m.s. value of the supply voltage, and X is the inductive
reactance of the inductor. The value of X is calculated from

X, = oL = 2nfL ohm

where o is the supply frequency in rad/s, and f is the supply frequency in Hz.
Alternatively, the relationship may be written as

I=EB A
where By is the inductive susceptance of the inductor, and
B, = 1oL = 1/2afL S

(b) Reactance and Susceptance of a Capacitor

When a capacitor is connected to an alternating supply, the alternations of
voltage cause an alternating charging current to flow in the circuit. If the circuit
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contains only a capacitor, the magnitude of the current in the capacitor is
I=E/X:cA
where X is the capacitive reactance of the capacitor; X is calculated from
Xc = 1/wC = 12ufC ohm
Alternatively, the relationship can be written in the form
I=EBcA
where Bc is the capacitive susceptance of the capacitor, and

Be = wC = 2nfC S

(d) Impedance and Admittance

The impedance of an element, a branch, or a complete circuit is its effective
opposition to the flow of alternating current, and is given by

impedance, Z = E/I ohm

where E is the r.m.s. voltage applied to the element, branch, or circuit, and I is
the r.m.s. current which flows in it. Letters printed in bold typeface are complex
values, which are described in detail not only in sections (g) to (i) of this Fact
Sheet, but also later in the book and in Appendix 1.

The admittance of an element, branch, or circuit is the reciprocal of its
impedance, and

admittance, Y = 1/Z S
I=EYA

A detailed treatment of complex impedance and admittance is given later in
this chapter.

(e) Phase Angle

A sinusoidal forcing function is a function of time but, when analysing a.c.
circuits, it is more convenient to deal with a number which represents the
sinusoid as though it is not a function of time. The phasor is a simple transform
which allows us to do this.

To illustrate the phasor concept, consider the sinusoidal voltage waveform in
Figure 4.1(b) which is traced out by the vertical projection of the tip of the line of
length V) (Figure 4.1(a)), which is rotating in an anticlockwise direction at a
speed of w rad/s. When the line has been rotating for #; seconds, it reaches an
angle wt, radians, and the instantaneous value (the vertical component of the
line) of the current is v = V) sin w; V.

The phasor, V, in Figure 4.1(c) represents both the r.m.s. value and the phase
angle of the voltage at a particular point in time; it is important to note that the
length of the phasor is scaled to represent the r.m.s. value (V) of the waveform,
and it does not represent the maximum value of the wave. In the case of Figure
4.1(c), we chose to ‘freeze’ the phasor at time #;; however, we could have
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(c) (d)
Fig 4.1

selected some other time, such as #,, merely by allowing the line V) to rotate a
little further. The phasor corresponding to time ¢, is illustrated in Figure 4.1(d).
The reader should note that in Figure 4.1(c) and (d) the phasor has the same
length. That is to say, a phasor diagram is not unique to the circuit, and there are
a multiplicity of phasor diagrams which can be used to represent the state of the
circuit, but at different points in time.

The equation for the instantaneous value of voltage can be expressed in the
form

v=Vysin (of + ¢) V

e.g.
v = 7.07 sin (100t + 45°) V

The reader should note that whilst w, in the above case, is 100 rad/s, the angle
¢ is expressed in degrees (this is often the case in electrical engineering, but you
should note that angle ¢ could also be in radians!). The above expression is a
time-varying quantity, and can be expressed as the imaginary (Im) part of a
complex quantity, that is

v = Im(Vye©@ *+ ¢))

We represent this voltage as a polar complex quantity simply by dropping Im,
and simplifying it as follows

V=Vsd

where V is the r.m.s. value (i.e., the modulus or magnitude) of the voltage
waveform, and & is its phase angle. Thus, the complex voltage V represents both
the r.m.s. value and the phase angle of the phasor.

87



The reader should observe that v is a time-domain representation of the
voltage, and V is a frequency domain representation.

(f) Phasor Diagrams

Consider the waveform diagrams of voltage and current in Figure 4.2. The phase
angle displacement or phase difference between the two waves is the angular
difference (either in degrees or radians) between the corresponding point on the
two waves. The phase angle between the two waves in Figure 4.2(a) is ¢. The
phasor diagram corresponding to angle B on the waveform diagram is shown in
Figure 4.2(b), and the phasor diagram corresponding to angle C is in Figure
4.2(c). If, in these diagrams, the r.m.s. voltage was 100 V, and the current was
50 A, we could write

If V=100£0°V thenI = 504-45°A
orif V=100290°V thenI = 504£45° A, etc.

In most cases, it is convenient to show one of the phasors in the reference
direction; Figure 4.2(b) illustrates this for the case where V is in the reference

direction.

Voltage and
current

O-+4+———
€
™~y

| o
(a)

45°
45°

(b) (c)

Fig 4.2



(g) Complex Inductive Reactance and Susceptance

If a pure inductor is connected to a sinusoidal supply, the current through the
inductor lags behind the voltage across it by 90° (see Figure 4.3). That is if
VL = V£0° then I = 1£-90° and the complex inductive reactance, X, is

v V.,0° )
TL =T opr = X1£90° = 0L£90° = joL ohm
and the complex inductive susceptance, By, is
1 1 e D |

X, /90° wL/90° X, oL

Note that the complex inductive susceptance has a negative mathematical sign.

Vi

(5=
©0
o

°

o

Fig 4.3

(h) Complex Capacitive Reactance and Susceptance

When a capacitor is connected to a sinusoidal supply, the current through the
capacitor leads the voltage across it by 90° (see Figure 4.4). Thatisif Vo = V£0°
then I = 1£90°, and the complex capacitive reactance, Xc, is

Ve V£ZO° 1 1£-90° 1 =j
—_ = = X A—90° = = = =
1~ 1290 € wCZ90° @C  joC wC°
and the complex capacitive susceptance is
1/Xc£—90° = wCL90° = joC S

hm

(i) Complex Impedance and Admittance

The complex impedance of an element, branch, or circuit, in ohms, is given by
Ohm’s law as

Z = E/I ohm

89



Ve

Ve

Fig 4.4

The impedance of an a.c. circuit is a complex number, but is not a phasor.
Since the value is complex, it has a real part (the resistance) and an imaginary
part (the reactance). That is it can be expressed in rectangular complex form as

Z =R+ jX ohm

Similarly, the admittance of an a.c. circuit is a complex number which is not a
phasor. It has a real part (the conductance) and an imaginary part (the
susceptance). That is

Y=G+iBS

4.2 Worked Examples

90

Example 4.1

Calculate the reactance and susceptance of an inductor of 0.1 H inductance at a
frequency of (a) 100 Hz, (b) 1 kHz. What is the effect on the value of the

reactance if the inductance is doubled?

Solution 4.1

(a) X, = 2afL = 2w x 100 x 0.1 = 62.83 ohm
and B, = 1/X, = 0.0159 S

(b) X, = 2nfL = 2w X 1000 x 0.1 = 628.3 ohm
and B. = 1/X. = 0.00159 S

The above calculations show that a tenfold increase in frequency results in a
corresponding increase in inductive reactance (and a corresponding reduction in

inductive susceptance).



Also, since X| = 2ufL, then at constant frequency Xy o< L. Hence, at a given
frequency, the reactance is doubled (and the susceptance halved) if the
inductance is doubled.

Example 4.2
A capacitor has a reactance of 80 ohm at a-frequency of 200 Hz, and another has

the same reactance at 2 kHz. Calculate the capacitance of the capacitor in each
case.

Solution 4.2

Now X, = 1/2mfC or C = 1/2nfX,, so that

(a) C = 1/(2m X 200 x 80) = 9.95 x 10™° F or 9.95 pF
(b) C = 1/(2m x 2000 x 80) = 0.995 x 107® F or 0.995 wF
Example 4.3

An electrical circuit is connected to a 100 V, 50 Hz supply, and the current in the
circuit is 2.5 A. Calculate the modulus of the impedance and admittance of the
circuit. If the circuit comprises (a) a pure inductor, (b) a pure capacitor, calculate
the value of the circuit element.

Solution 5.3

The modulus of the impedance is

Z = V/I = 100/2.5 = 40 ohm
and that of the admittance is

Y =1/Z =1/40 = 0.025 S

If the element in the circuit is either a pure inductor, or a pure capacitor, the
circuit impedance is equal to the reactance of the element.

(a) In the case of a pure inductor
X. = 40 = 2nfL
or
L = X;/2nf = 40/2m X 50) = 0.127 H
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(b) In the case of a pure capacitor
X, = 12=fC
or

C = 12nfX. = 1/(27 x 50 X 40) = 79.6 X 10~° F or 79.6 pF

Example 4.4

Draw the phasor diagram corresponding to each of the waveforms in Figure 4.5,
and state the phase relationship between the voltage and current in each case.
Also state an expression for the voltage and current waves expressed as a
function of time, and give each as a polar complex quantity. Calculate the
impedance of the circuit associated with each waveform.

60 A
i
v
| 60° |
6 0 0

o

-20V

(a) (b)
70A —

10V —

0.785 rad H

(c) (d)

Solution 4.4

The phasor diagram associated with each waveform is shown in Figure 4.6, and
are described below.



- v
80°
120°
I
I
(a) (b)
I
I 150°
75°
45° v
30°
"4
(c) (d)
Fig 4.6

(a) In this case (see part (a) of Figure 4.5 and 4.6), the sinewave of voltage
commences at 6§ = 0, and the current passes through zero and increases in a
positive direction, reaching zero some 80° later; that is, I lags behind V by 80°.
The corresponding phasor diagram at time ¢ = 0 is shown in Figure 4.6(a).
Expressions which describe the voltage and current are

v = 100 sin ot A
i = 10 sin (ot — 80°) A
In polar complex form, the voltage and current are

100

V=—=1,0=170. °
2 70.71 £0°V
and
I= 10 /—80° =7.071 L—80° A
V2 o
In this case, the magnitude of the impedance is
V100
Z=——=——=100h
Ly 10 ohm
Alternatively, using r.m.s. values
vV 7071
[~ 707 10chm
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(b) The waveform and corresponding phasor diagram are shown in Figure
4.6(b). In this case, the voltage waveform leads the current waveform by 120°
(or, alternatively, the current leads the voltage waveform by 240°, or the current
lags behind the voltage by 120°). Expressions which describe the voltage and
current are

v = 20 sin (o + 120°) V

and
i = 60 sin ot A
and the polar complex values are
V= 2 £120° = 14.142,120° V
V2
and
I= \6/—0240° =42.43,0° A

and the modulus of the impedance of the circuit is

(¢) In this case, the phase angle difference between the voltage and current is
0.785 rad or 45°, with the current leading the voltage. Using the data in Figure
4.5(c), the angle of the voltage phasor at ® = 0 is sin™! (15/30) = 30°, hence the
voltage and current can be expressed as a function of time as follows.

v = 30 sin (ot + 30°) V
and
i = 80 sin (0t + 75°) A

and the polar complex expressions may be written in the form

30

V =—=12,30°=21.21230°V
2 /L3 3

and
80
= —=/£75° = 56.57/75° A
V2 /
The modulus of the circuit impedance is

Vm 30

Z =——=—=10.3750h
Iy, 80 onm

(d) In this case, when 6 = 0, the voltage phasor has already rotated through an
angle of 180° + sin~!(—0.7071/(—10)) = 225°. Also, since the current waveform



reaches zero at an angle of 0.524 rad or 30°, it has rotated through an angle of
180° — 30° = 150° by ¢ = 0. That is,

v = 10 sin (ot + 225°) V
and
i = 70 sin (ot + 150°) A

Hence, the voltage leads the current by 225° — 150° = 75°, and the voltage may
be expressed in the form

10
V =—7-2225° =17.071 °
\/ZL 5 071£225°V

orin the form V = 7.0712-135°V, and

I= —7—0—4150° = 49.52150° A

V2
and the modulus of the circuit impedance is
Vv 10
Z=—=—=0.143 oh
Ly 70 onm

Example 4.5

A circuit of impedance (10 + j15) ohm is energized by a voltage v = 141.2 sin
(2000t + 45°) V. Calculate the current in the circuit expressed (a) in polar
complex form and (b) as a function of time.

Solution 4.5

The supply voltage expressed in polar complex form is

141.2
V=—7/,45 =100 °V
) 5 00245

and the impedance in rectangular form is Z = 10 + j15 ohm, which is converted
into its complex polar form (see appendix 1 for details) to give

Z = 18.03456.31° ohm
(@) The current in the circuit is given in complex polar form by (see Appendix 1
for details of complex number division)
| 4 100£45°

(b) From part (a) of the solution, the current waveform passes through zero at
an angle of 11.31° after wt=0, and the maximum current is
Iy = V2 x 5.55 =7.85 A, hence i = 7.85 sin (0t — 11.31°) A.
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Example 4.6

The current flowing in a circuit is (4 + j12) A when the applied voltage is
180455° V. Determine both polar and rectangular complex expressions for the
impedance of the circuit, and state the type of elements in the circuit.

Solution 4.6

The current is converted into its polar form using the techniques outlined in
Appendix 1.

I=4+j12=12.65471.57° A
From Ohm’s law, the circuit impedance is

V. 180455° . .
Z=1=T s ore = 142341657 = 13.64 — j4.06 ohm

The rectangular complex form of expression for the impedance shows that the
circuit contains a resistive element of 13.64 ohm and, since the expression
contains a ‘—j’ term, it also contains a capacitor of reactance 4.06 ohm.

Example 4.7

A voltage of 10£30° V i1s applied to a series circuit comprising a resistor of
15 ohm resistance and an inductor of 95 ohm reactance. Determine a complex
expression for the impedance of the circuit and one for the admittance of the
circuit. Calculate also the current in the circuit.

Solution 4.7

The impedance of the circuit is
Z=R+ijXy =15+ j95 = 96.18481.03° ohm

and
Y=—=——"—"—"=10.01042-81.03° = 0.0016 — j0.0103 S

The current in the circuit is

Yo 10230°

= ————— =0.104£-51.03° A
Z~ 961828105 oL



4.3 - Unworked Problems
Problem 4.1

Calculate the admittance Y, the conductance G, and the susceptance B of a
series circuit consisting of a resistor of 10 ohm resistance in series with a 0.1 H
inductor. The supply frequency is 50 Hz.

[Y =0.0303S; G =0.0092 S; B =—0.029 S]

Problem 4.2

A 250 V, 50 Hz alternating voltage produces a current of 2 A in a coil. When
100 V d.c. is applied to the coil, the current is also 2 A. Calculate the resistance
and inductance of the coil, and its inductive reactance at a frequency of 100 Hz.
[50 ohm; 0.365 H; 229 ohm]

Problem 4.3

Five 80 microfarad capacitors are connected (a) in series, (b) in parallel to a
250 V, 50 Hz supply. Calculate, for each combination, complex expressions for
(i) the impedance, (ii) the current.

[@) (i) 198.94-90° ohm, (ii)) 7.96£90° ohm; (b) (i) 1.26£90° A, (ii)
31.4°£90° A]

Problem 4.4

A circuit of admittance (0.1 + j0.02) S is energized by a voltage of 20£—20° V.
Determine complex expressions for the circuit current.
[2.042-8.69° =2 — j0.3 A]

Problem 4.5

The voltage applied to a circuit is given by Vg = V; + V,. If V; = 200£50° V and
V, = 100£-10° V, draw the waveform and phasor diagrams for V, V; and V,.

By calculation and from the phasor diagram determine V.
[173.2£80° V]

Problem 4.6

- A parallel circuit has three branches. If the total current flowing into the parallel
circuit is 10£30° mA, a current of 34280° mA flows in one branch, and
4/ —-50° mA in another branch, what current flows in the third branch? Draw
the phasor diagram showing the currents. If the supply voltage is 10£30° V, what
is the impedance of the third branch?

[7.6£42.5° mA; 13224 —12.5° ohm]
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Problem 4.7

The impedance of a parallel circuit is given by the expression

Z = M If Z, = 10485° ohm, and Z, = 5 — j6 ohm
Calculate (a) the impedance of the circuit, (b) the current drawn by the parallel
circuit, and (c) the current in each branch of the circuit. The voltage applied to
the circuit is (10 + j2) V.
[(@) 11.032£0.8°ohm; (b) 0.925210.52° A; (¢) I, =1.024-73.69° A,
I, = 1.31£61.51° A]

Problem 4.8

If the current through a 100-microfarad capacitor is i = 40 sin (500t + 60°) mA,
deduce an expression for the instantaneous voltage across the capacitor. Sketch
the waveforms of i and v.

(Staffordshire Polytechnic)
[v = 0.8 sin (500¢ — 30°) V]

Problem 4.9
The current through a coil is given by i = 5 sin 314t mA. If the self-inductance
of the coil is 2 H, calculate the r.m.s. voltage across the coil when the coil

resistance is (a) negligible, (b) 628 ohm.

(Staffordshire Polytechnic)
[(a) 2.22 V; (b) 3.14 V]



o A.C. Series and
Parallel Circuits

5.1 Fact Sheet

(a) Series Circuits

- -
E, ~> Z, v,
s
52@ ZZ_J Vs
|
|

|
1

Fig 5.1

Applying KVL to Figure 5.1 yields
E\+Ey+ ... +EN=IZ,+1Z, + ...+ IZy
=1Zi+Z,+ ...+ Zy)
= IZ;
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where Zg is the effective impedance of the circuit and is

ZE=Z1+Z2+...

=R +jX)+ R +jXy) + ...+ (Ry +jXn)
=(R1+R2+..

= Zgld

where Zg is the modulus of the effective impedance, and ¢ is the phase angle

+ Zyn

.+ Ry) +ji( X+ X, +

between I and the total e.m.f. E.

If Zg = R + jX, the circuit has a net inductive reactance (X, > Xc), and I lags
leads I); if Zg = R — jX, the circuit has a net
and [ leads E (or, alternatively, E lags behind
can the phase angle of the circuit element exceed

behind E (or, alternatively, E

capacitive reactance (X; < X¢),

I) — see Figure 5.2. In no case
90°.

I R L C
I 1
1 Y Y 4 lL
VR VL VC
O
E
(a)
Vi
Vi +Ve F———————— £ Phasor diagram
Lrre | forX,>X,
|
¢ |
VR I
Ve
(b)
v
Vgr I
9 {
l Phasor diagram
I forx, <x¢
Vi+Vel >
E
Ve
(c)
Fig 5.2

L+ Xy



In Figure 5.2, and for our own convenience, the current has been taken for the
reference phasor. However, simply by rotating the complete diagram through an
appropriate angle, any phasor can be selected to be in the reference direction.

Also the effective admittance of an a.c. circuit is given by

1

Ye = —
E ZE

When dealing with a.c. circuits, all values are complex (unless otherwise stated).

(b) ZtoY and Y to Z Conversion

The general relationship between Z and Y is

Y =1/Z
IfZ=R+ijX
hen ¥ — — L _ R-iX _R-jXx
"R+jiX R+XR-jX) R+ X2
R X
= —j =G - jB
R+x JR+Xx ’
where
R X
=——— and B=—5——
CCRix ™ R+ X
and if
Y=G+jB
then
1 G - jB G - jB .
G+iB (G+iB)(G-jB) G+ B )
where
G B
R=—m— -
G?* + B? and X G’ + B?

Note that it is generally easier to convert an impedance value to an admittance
value (or vice versa) using the polar component value than it is to do so using the
rectangular component value.

(c) Potential Division in a Series Circuit

If E is the algebraic sum of the e.m.f.s in a series circuit, then the potential drop,
V, across the Nth element is
EZy
Vy = I1Zy = —~
N N Z
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Note:

4%
E

oMby

(d) Parallel Circuits

In a parallel circuit, the same voltage appears across each branch of the circuit so
that, in Figure 5.3

E=IIZI=IZZZ="'=INZN

Ol q - -

-
—
-—

Fig 5.3

KCL states that the total current flowing towards a node is equal to the
algebraic sum of the currents flowing away from the node, that is

E E E
zZ, 2, Zy

Sz, z, T T Zn | zZg
where Zg is the equivalent impedance of the parallel circuit.
Hence

where Yg is the equivalent admittance of the parallel circuit.
Also

I=EYg
and
YE=Y1+Y2+...+YN

that is, the equivalent admittance of a parallel circuit is the sum of the individual
admittances in the circuit, and

Yg = Gg + |Bg
= (G +jB;) + (G, +jBy) + ...+ (Gy + jBy)



where Gg is the effective conductance of the parallel circuit, and Bg is the
effective susceptance.

If B has a positive value, the circuit has a net capacitive susceptance (Bc > By),
and I leads E (or E lags behind I). If B has a negative value, the circuit has a net
inductive susceptance (B¢c < By), and I lags E (or E leads I).

(e) Division of Current in a Parallel Circuit

The current I in the Nth branch of Figure 5.3 is

E IZg
IN = ——=
Zy Iy
or, alternatively
IYy
Iy =EYy = —
N Ny
Note:
In_ Yy
I Y

(f) A Two-branch Parallel Circuit

This is a special case in which

1_1.1

g 7, 1,
or 7.7

=7 :Lzzz

Using the equations developed in part (e)
IZz IZI

5.2 Worked Examples

Example 5.1

A current of (10 + j6) A flows in a series circuit of impedance (2 + j3) ohm.
Calculate the voltage across the resistive and reactive elements in the circuit, and
determine polar and rectangular complex expressions for the applied voltage.
Calculate the phase angle between the current and the applied voltage.
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Solution 5.1

E=1Z=(0+j6)2 + 3)
= 11.662£30.96° X 3.606.56.31° = 42.053,87.27° V
=242V

Hence Vg = 2 V and V, = 42 V. Since the reactance is positive, the circuit is
inductive, and the current lags behind the voltage by 87.27° — 30.96° = 56.31°.

Example 5.2

In Figure 5.4, calculate the equivalent impedance of the circuit, the current, and
the p.d. across each element in the circuit. Draw the phasor diagram showing the
current and voltages in the circuit.

Z4 Z, Z3
I 109 j200  —j1309
Vn VL VC
36.36 L0° E,
35.36 £90° E
Fig 5.4

Solution 5.2

The equivalent impedance of the circuit is
Zg =72, +2,+Z;=10+ )20 —j30 = 10 — ;10
= 14.142£ —45° ohm
and the net e.m.f. applied is
E =E; + E, = 35.36£0° + 35.36,90°
= 35.36 + j35.36 = 50,45° V
From Ohm’s law

E 50,45°
I=—=—""""__ = 353,90° =0 + i3.536 A
Ze  14.142/-45° )



and
Vr = IZ; = 3.536,90° X 10 = 35.36£90° = j35.36 V
VL =1Z, = 3.536,90° X 20£90° = 70.72£180° = —70.72 V
Ve =1Z; = 3.536490° X 30£—-90° = 106.0820° = 106.08 V

Note: E = Vg + V| + Vo = 35.36 + j35.36 = E| + E,

Since the impedance of the circuit is predominantly capacitive, the current
leads the voltage (by 45° in this case), as shown in the phasor diagram in Figure
5.5.

I=3.536 A
Eyand Vg | _ __ _ _ E, +E,
35.36 V I =50/,45°V
|
[
|
|
-l
VL, =70.72V E, =3536V Ve =106.08 V
Fig 5.5

Note that Vy is in phase with I, V| leads I by 90°, and V lags behind I by 90°.

Example 5.3

A capacitor of 100 microfarad capacitance is connected in series with a coil of
resistance 5 ohm and inductance 0.12 H (see Figure 5.6). The current in the
circuit is 64.85 A. If the current lags behind the supply voltage by 49.6°, and the
frequency is 50 Hz, calculate the r.m.s. value of the voltage across the coil and
across the capacitor. What is the value of the supply voltage?

{_——ﬁ_@li____“} -—
| | Y'Y\ M | 1L
. 121 1 !
L_59  012H | 400uF
10
64.85 /—49.6° A

Fig 5.6
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Solution 5.3

Zeoiy =5+ j2m X 50 X 0.12) = 5 + j37.7
= 38.03.82.45° ohm
Using E as the reference phasor
Veoit = I1Z; = 64.854—49.6° X 38.03482.45°
= 2466.25,32.85° = 2071.9 + j1337.8 V
Zc = —jXc = —j/(2m x 50 x 100 X 107%)
= —j31.83 = 31.832—-90° ohm
hence
V.=1Z. = 64.85,—-49.6° x 31.83,-90°
= 2064.184—-139.6° = — 1571.9 — j1337.8 V
therefore
E=V+ V.
= (2071.9 + j1337.8) + (—1571.9 — j1337.8)
= 500 + jO0 = 5002,0° V

Note that the supply voltage is significantly less than either the voltage across
the coil or across the capacitor. The reason for this is explained in Chapter 6.

Example 5.4

The series-connected circuit in Figure 5.7 contains impedances of (3 + j6),
(4 + jO), and (8 — j2) ohm. If the supply voltage is 110£45° V, compute the
circuit impedance, the current and its phase angle, and the voltage across each
element in the circuit.

Z1=(3+j6)Q Z,=(4+j0)Q Z;=(8—-j2)Q

I | S— [ S| | SR
Vi Vs Vs

E=110L45°<

W

Fig 5.7

Solution 5.4

Zp =2+ 2, +Z;=(3+j6) + (4 +j0)+ (8 -j2)
=15 + j4 = 15.22£14.93° ohm
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Using the equations in section (c) of the Fact Sheet of this chapter, we can
evaluate the potential across each element, but first we need to know the polar
expression for each impedance as follows.

Z, =3+ j6 = 6.708,63.43° ohm

Z, =4+ ij0 = 4,0° ohm

Z; = 8 — j2 = 8.246,.—14.04° ohm
Hence,

E 1102.45°
I=—=—"—"""_=170923007° A
Zz  15.52,14.93°

and the current lags behind the supply voltage by
45° — 30.07° = 14.93°
and
Vi=1Z, = 7.09430.07° X 6.708£63.43° = 47.55,93.5° V
V,=1Z, = 7.092£30.07° x 4,0° = 28.36,30.07° V
V3 =1Z5 = 7.09430.07° X 8.246/.—14.04° = 58.46,16.03° V

Example 5.5

A coil and a pure resistor are connected in series to a 200 V a.c. supply; the
current drawn from the supply is 20.3 A, lagging by 24° behind the voltage. If the
voltage across the coil is 114.9 V, determine the resistance of the resistor and the
voltage across it, and the resistance and reactance of the coil.

Solution 5.5

The effective impedance of the circuit is

Zg = % = %’%4—0 = 9.85424° = 9 + j4 ohm
Referring to the phasor diagram in Figure 5.8, the reader will note that
Ve _ _E
sin 24°  sina
or
angle a = sin™! (sin 24° X 200/114.9) = 135.1°
Hence,

angle b = 180° — (135.1° + 24°) = 20.9°
Since Vy is the voltage across the pure resistor, then
VR _ Vi
sinb sin 24°
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vz:oil =1149V

I=203A
Fig 5.8
Therefore,
Vr = 114.9 X sin 20.9°%/sin 24° = 100.8 V
and
Vk 100.8
R = 7 =203 4.96 ohm

Also, since Zg = Z_,; + R, then
Zoy=Zg— R=(9+j4) — 4.96 = 4.04 + j4 ohm
Hence,
resistance of coil = 4.04 ohm

reactance of coil = 4 ohm

Example 5.6

For the two-branch parallel circuit in Figure 5.9, calculate the impedance and
admittance of each branch, the effective impedance and admittance of the

T I I
4Q [:IZQ
100 L0° V CfD
28 :"_‘ -6 Q

Fig 5.9



circuit, the current in each branch, the total current, and the phase angle of the
supply current with respect to the supply voltage. Draw the phasor diagram for
the circuit.

Solution 5.6

For the left-hand branch in Figure 5.9.
Z, =4 +j2 =4.472,26.57° ohm
Z,=12~-ij6 =6.325,-71.57° ohm
that is
Y, = 1/Z, =0.224,-26.57°=0.2 - j0.1 S
and '
Y, = 1/Z, = 0.158.471.57° = 0.05 + j0.15 S
The effective impedance of the circuit is
 LiZ, 4.472£26.57° X 6.325.—T1.57°
Z,+ 27, 4 +ij2) + (2 —j6)

28.2854—45° . .
T 70112-33.69° 3.922/-11.31° = 3.846 — j0.769 ohm

Zg

and
Ye =Y, +Y,=(02-j0.1) + (0.05 + j0.15)
= 0.25 +j0.05 = 0.2552£11.31° S
Note:

_1 1
T Zg 3.922/-11.31°

The current drawn by the left-hand branch is

= 0.255£11.31° S

) 63

E 100£0°
e 2236/-26.57° =20 — {10 A
b= = Tamsaesp ~ 2236472657 =20 — )10
and

E 100£.0°
L === = 15.81271.57° = 5 + j15 A
2= 7, T 6.325.-71.57 J

Hence,

I=1,+15 = (20 —jl0) + (5 + j15) = 25 + 5
=25.5,11.31° A

That is, the current I leads the supply voltage by 11.31°, as shown in the phasor
diagram in Figure 5.10.
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26.57°

I; =22.36 A

Fig 5.10

Example 5.7

Three admittances are connected in parallel with one another. The admittance of
Y, is 0.1£-45°S, and that of Y, is 0.24—-60°S. If the current in Y, is
204 -35° A, and the total current drawn by the circuit is 128.9423.51° A,
calculate the current in Y3, the admittance of Y3, and the supply voltage.

Solution 5.7
The circuit is shown in Figure 5.11, and the supply voltage is

p

I1=128.94/3.51° A
I3

I,=20L-35°A ¢ 1,

Yi Y Y3
Ol
0.1,.-45°S 0.2/.-60°S

Fig 5.11




and the current drawn by Y, is
I, = EY, = 200£10° X 0.2£—-60° = 40£—-50° = 25.71 — j30.64 A
Now I, = 20£-35° = 16.38 — j11.47 A and
I =128.9/3.51° = 128.7 + j7.89 A.
Hence,

L=1-(+1)
= (128.7 + {7.89) — [(16.38 — j11.47) + (25.71 — 30.64)]
= 86.81 + j50 = 100£30° A

Therefore,

Y; ===———=10.5£20° = 0.47 + j0.17 S

Example 5.8

Calculate the current in each branch in the circuit in Figure 5.12.

[ 10+j20

1
] S R
I, I,

200L0°Vq>‘ 2+j10Q 5-i5Q

Fig 5.12

Solution 5.8

The impedance of the circuit is

(2 +j10)(5 = }5)
(2 +j10) + (5 = j5)

= 18.38 + j1.73 = 18.46,5.38° ohm

The current drawn by the circuit is

Zg = (10 + j2) +

For the parallel circuit alone
Z,+Z,=2+j10) + (5—-j5) =7+ j5 = 8.6435.54° ohm
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also
Z, =2 +j10 = 10.2,78.69° ohm
Z, =5 -5 =17.0714—-45° ohm

The current in each branch of the parallel circuit is calculated as follows

1Z, 10.832—5.38° x 7.07124—45°
I = = = 8.905,—85.92° A
'Y @2z, + 2) 8.6/.35.54°
1Z, 10.832—5.38° x 10.2£.78.69°
L= = = 12.85,37.77° A
27 (2, + 2, 8.6£35.54°
Example 5.9

Convert the series circuit in Figure 5.13(a) into its equivalent parallel circuit
(Figure 5.13(b)). Verify that the two are equivalent by calculating the current
drawn by both circuits when 100 V is applied to each of them.

5Q

100 L0° V }HOQ G‘) G B

(a) (b)
Fig 5.13

Solution 5.9

For the series circuit in Figure 5.13(a)
Z =5+ j10 = 11.184£63.43° ohm
The equivalent admittance is
Y = 1/Z = 1/11.18.£63.43° = 0.08954—63.43° = 0.04 — j0.08 S

The equivalent parallel circuit therefore consists of a conductance of 0.04 S in
parallel with an inductive susceptance of 0.08 S.
The current drawn by the series circuit is

E 100£0°

and for the parallel circuit is

I =EY = 100£0° x 0.0895£—-63.43° = 8.954—-63.43° A



Example 5.10

For Figure 5.14, calculate the effective impedance of the circuit, the total
current, and the current in each element. Calculate also the voltage across each
parallel circuit.

100 200
I I,
L I
J S |
I
20 ~j20Q
O %"—_J
200 £0° V ~> Iz Iy "~
Zpy Zpy
Fig 5.14

Solution 5.10
10 X j20 .
=——= 4 = 8.944 .56°
bl 10 + j20 8+ 8.944/26.56° ohm
20 x (—j20) )
Z = = 1 — —_ . _4 °
p2 20 — 120 0 —j10 = 14.142£—45° ohm

For the complete circuit
Zg=Z,+Z,=(8+j4) + (10 —j10) = 18 — j6
= 18.974—18.43° ohm
The total current drawn by the circuit is

_E _ 200£0°
 Zg  18.97,-18.43°

Applying the rule for current division in a parallel circuit

1

= 10.54218.43° = 10 + j3.33 A

L =1X Hﬁ%zﬁ = 9.427£45° = 6.666 + j6.666 A

L =1IX -—10— =4.714,-45° = 3.333 — j3.333 A
10 + ;20

I =1X —:JA)-— = 7.4534-26.57° = 6.666 — j3.333 A
20 — ;20

I, =IX -ﬁ—— = 7.453463.43° = 3.333 + j6.666 A
20 —j20
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Note:
I=11+12=I3+I4= 10+_]333A

Using the rule for potential division in a series circuit, the voltage V,, across
the first parallel circuit is

Vo1 = 1Z,; = 10.54£18.43° x 8.944£26.56°
= 94.27,44.99° = 66.67 + j66.65 V
and the voltage V;, across the second parallel circuit is
Voo = 1Z,; = 10.54£18.43° X 14.142£ —45°
= 149.06£—25.57° = 133.32 — j66.67 V
Note:
E =V, +V,=19.98 —-j0.02V

5.3 Unworked Problems
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Problem 5.1

An impedance of (10 + j5.77) ohm has a potential drop of 240£120° V across it.
Calculate the current in the circuit.
[7 = 20.78290° = j20.78 A]

Problem 5.2

Impedances of 10£45°, 204 —-30°, and 60210.2° ohm are connected in series.
Calculate the effective impedance of the circuit, the current which flows in the
circuit when 200 V is applied to it, and the potential drop across each
impedance.

[Zg = 83.845.27° ohm; I = 2.3874—-5.27° A; V; = 23.87439.73° V;

V, = 47.74,-35.27° V; V3 = 143.22,4.93° V]

Problem 5.3

If, in a circuit similar to that in Problem 5.2, the p.d. across Z, is (3 — j4) V,
calculate the current in the circuit, the p.d. across the other two impedances, and
the supply voltage.

[I =0254-23.13° A; V; =2.5421.87° V; V, = 154-12.93° V;

E = 20.954-17.86° V]

Problem 5.4
A current of (5 + j6) A flows in a circuit of impedance 10£30° ohm. Determine

the voltage applied to the circuit. Draw the phasor diagram for the circuit.
[E = 78.1,80.19° = 13.31 + j76.96 V]



Problem 5.5

A pure inductance of 0.1 H is connected (a) in series (b) in parallel with a
500 ohm resistor, and both circuits are supplied by a 10 V, 1 kHz supply.
Calculate (i) the impedance and admittance of each circuit, (ii) the current
drawn by each circuit. Draw the phasor diagram for each circuit.

[(1) (@) Z = 803451.49° ohm; ¥ = 0.00125£—51.49° S; (i) (b)

Z = 391.2,£38.52° ohm; Y = 0.00257£—38.52° S; (ii) (a) 0.0125£4—51.49° A;
(b) 0.0256.,—38.52° A]

Problem 5.6

A voltage of 100 V d.c. produces a current of 10 A in a coil. When an alternating
voltage of 100 V, 50 Hz, is applied to the coil, the r.m.s. current in the coil is
20 A. Calculate the resistance and inductance of the coil, and also the impedance
at 50 Hz. Draw the phasor diagram of the circuit at 50 Hz.

[R = 5 ohm; L = 27.57 mH; Z = 10£60° ohm]

Problem 5.7

Calculate, for Figure 5.15, the capacitance and the reactance of the capacitor,
the impedance of the circuit, the p.d. across the resistor and across the capacitor,
and the phase angle of the current with respect to the supply voltage.

[Xc = 229.1 ohm; C = 13.89 microfarad; Z = 2504 —66.42° ohm;

Vi = 100£66.42° V; Ve = 229.1£-23.58° V; I leads E by 66.42°]

100 2 c

b

240V, 50 Hz

Fig 5.15

Problem 5.8

A resistance of 30 ohm is connected in series with a 100 ohm inductive reactance
and a capacitive reactance of 60 ohm, the supply voltage being 200 V. Deter-
mine the circuit impedance, the current in the circuit, the phase angle between I
and V, and the voltage across each element in the circuit. Draw the phasor
diagram for the circuit.

[Z = 50£53.13°% I = 4,-53.13°% I lags V by 53.13°% Vi = 1204-53.13° V;
VL = 400£36.87° V; Vo = 2404 —-143.13° V]
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Problem 5.9

For the circuit in Figure 5.16, calculate Z, and Zg, the effective impedance of the
circuit, the voltage across Z, and across Zg, and the phase angle between the
voltage across Z, and that across Zg.

[Z5 = 22.36.63.44° ohm; Zg = 22.36£—26.56° ohm; Zg = 31.62,.18.44° ohm;
I=10£-18.44° A; V5 = 223.6,45° V; Vg = 223.64L—45° V; V, leads Vg by
90°]

25 Zs
I [ A} r B
i T NS —
100 0.05H 200 0.1 H 50 uF

l G’) 316.2 V, 63.66 Hz

Fig 5.16

Problem 5.10

A series circuit contains a resistor of 5 ohm, a capacitor of reactance 3 ohm, and
an impedance. If the supply voltage is 102£0° V, and the p.d. across the resistor
is 504 —11.31° V, determine the value of the components in the impedance.
Draw the phasor diagram for the circuit.

[The impedance comprises a resistance of 5 ohm in series with an inductor of
reactance 5 ohm]

Problem 5.11

Determine the impedance and admittance of the circuit which has the phasor
diagram in Figure 5.17.
[Z = 0.845 + j1.813 ohm; Y = 0.211 — j0.453 S]

Fig 5.17



Problem 5.12

Draw the phasor diagram for the circuit in Figure 5.18. For the circuit, determine
the value of R and L; calculate also I, the phase angle between I and the supply
voltage E, and the value of Zg.

[R =30 ohm; L =0.0955 H; I =2 + j0 A; £36.87° lagging;

Zg = 50£36.87° ohm]

20V 84.86 vV
I
1 [ 182"
—J | S— |
10Q R L

] C’D 100 V, 50 Hz

Fig 5.18

Problem 5.13

Calculate, for Figure 5.19, the complex admittance and impedance of the
parallel circuit which produces the phasor diagram shown.
[Yg = 0.2£65° S; Zg = 54—65° ohm]

E=20V

Problem 5.14

In a three-branch parallel circuit, the currents are I, = 10£-170° A,

I, = 54260° A, and I, = 202 —80° A. Calculate the total current drawn from
the supply.
[I = 27.334254.63° A]
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Problem 5.15

For the two-branch parallel circuit in Figure 5.20, calculate a polar expression for
the impedance of each branch of the circuit, the impedance and admittance of
the complete circuit, the current in each branch, and the total current.

[Z, = 32.024—51.34° ohm; Z, = 12.81438.66° ohm; Zg = 11.89/.16.86° ohm;
Y = 0.08412-16.86° S; I} = 3.123451.34° A; I, = 7.806£—38.66° A;

I =8.41,-16.86° A]

—~

I1 Iz

20Q 8

’C") 100 £0° V A B

-j25 Q 109

—]

Fig 5.20

Problem 5.16

Referring to Figure 5.20, determine the value of V,g.
[Vas = 163.92£—128.66° V; Note: Vg, = 163.92£51.34° V]

Problem 5.17

In a three-branch parallel circuit, I, = 10£45° A, I, = 102 —60°, and the total
current drawn from the supply is 252 —10° A. Calculate the value of I5.
[I; = 12.854-12.37° A]

Problem 5.18

Referring to Problem 5.17, if the supply voltage is 10£10° V, determine the
impedance and admittance of the complete circuit, and of each branch of the
parallel circuit.

[Zg = 0.4£10° ohm; Yg = 2.54-10°S; Z; = 1£—-45° ohm; Z, = 1260° ohm;
Z; = 0.778£12.37° ohm; Y, = 1£45°S; Y, = 1£-60° S;

Y; = 1.2854— 12.37° §]



Problem 5.19

If, in Figure 5.21, the voltage across the 10 ohm resistor is 10 V, calculate the
current in the 20 ohm resistor, the total current, and the p.d. across the circuit.
Draw the phasor diagram for the circuit.

[Hint: Assume the voltage across the 10 ohm resistor to be in the reference
directionl; Iy = 0.6862—30.95° A; I = 1.6274-12.52° A;E = 141.4/—45° V]

1080 j10 Q
l l TYY\.
J S|

I -5 Q

1 |
202 -i5Q
—{3 -

— T
Fig 5.21

Problem 5.20

If, in the circuit in Figure 5.21, the current in the j10 ohm inductive reactance is
5 A, calculate the value of 1.

[Hint: Assume the current in the inductive reactance is in the reference
direction; I = 2.92,167.47° A]

Problem 5.21

A current of 4£20° A flows into a two-branch parallel circuit containing a
12 ohm resistor in one branch and a j18 ohm inductive reactance in the second
branch. Calculate the current in the inductive reactance.

(Liverpool Polytechnic)
[2.22£-36.31° A]

Problem 5.22

For the circuit in Figure 5.22, the supply voltage is 1020° V, the frequency is
1 kHz, R = 10 ohm, X; = 30 ohm, X = 53 ohm. Calculate (a) the impedance
of the coil (in polar form), (b) the complex values of I, I, and I, (c) the
self-inductance of the coil, (d) the capacitance of the capacitor, (e) the power
dissipated in the coil, (f) the power factor of the coil. Also, (g) draw the phasor
diagram of the circuit. To what value should the frequency of the supply be
changed in order to cause the current, I, to be in phase with the supply voltage?
(Note: see also Chapter 6) Draw the phasor diagram of the circuit for the latter
condition.

(Staffordshire Polytechnic)
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[@ 31.62471.57°ohm; (b) I, =0.316£-71.57° A, I, =0.189290° A,
I =0.1492£-48° A; (c) 4.77 mH; (d) 3 microfarad; (e) 1 W; (f) 0.316 lagging;
(h) 1 288 Hz]

Coil
( \
Jj S |
L R L
o | L
5 1%
I )
Fig 5.22 Vs

Problem 5.23

For the circuit in Figure 5.23, V=260V, f=50Hz, R = 10 ohm,
XL = 26 ohm, X = 50 ohm. Calculate (a) the complex impedance of the
circuit, (b) the complex current in the circuit. (c) What is the phase angle of the
circuit? State whether the current lags behind or leads the voltage. Calculate
(d) the power factor of the circuit, (e) the self-inductance of the circuit, and
() the capacitance of the capacitor. (g) Draw a diagram showing the supply
voltage and the voltage across the capacitor. (h) What value should the
frequency be in order that the current is in phase with the supply voltage? (Note:
see also chapter 6) (i) At the frequency calculated in part (h), determine the
power dissipated in the circuit. For the condition in part (h), sketch the
waveform of the voltage across L, clearly labelling its amplitude and periodic
time.

(Staffordshire Polytechnic)

[@) (10 — j24) ohm; (b) 3.85 + j9.23 A; (c) 67.38° leading; (d) 0.385 leading;
(e) 82.8 mH; (f) 63.66 microfarad; (g) the maximum voltage across the capacitor
is 707.1 V, lagging the supply voltage by 90°; (h) 69.32 Hz; (i) 6.76 kW; in part
(h), the voltage across the inductor has a maximum value of 1326 V, and leads
the supply voltage by 90°.]

Va Ve Ve
—__} o Is
R L Cc
I
(D
T/
Fig 5.23 Vs



6 Resonance

6.1 Fact Sheet

(a) Introduction

Resonance is said to occur in an electrical circuit when a small value of driving
alternating voltage or current produces a larger amplitude oscillation in the
circuit.

(b) Series Resonance

The series RLC circuit in Figure 6.1 has an impedance of
Z =R + j(oL — 1/uC)

Ve Vi Ve
I
—{ | H
R jwlL 1/jwC
-r
Es
Fig 6.1

The circuit resonates when Z = R + j0, or when wL = 1/wC. This occurs at
the resonant frequency, w,, where

wy = 1/V(LC) rad/s
or
fo = wy2m = 1/2nV(LC)) Hz

The response of the circuit to changing frequency (at constant r.m.s. supply
voltage) is shown in Figure 6.2. At frequencies below wy, X¢ is greater than X ;
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| (high R)
1zl
(low R)
N
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/
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(a)
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(high Q)
@ High R
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@ 0
2 w
a
—-90° L
(b)
[
_ Low R
>
©
=4
©
§
3 High R
l -
Wo w
(c)
Fig 6.2

at these frequencies the circuit has a high impedance and the supply current leads
the supply voltage by angles up to 90° (see Figure 6.2(b)). At frequencies above
wg, X is greater than X¢; once again the circuit impedance is high, and the
supply current lags behind the supply voltage by angles up to 90°.



When the supply frequency is equal to the resonant frequency, the circuit
impedance is at its minimum, and

1Z| = R

At this frequency, the current is in phase with the supply voltage. Also, since
the impedance is at its minimum at this frequency, the current drawn by the
circuit is a maximum (see Figure 6.2(c)). Moreover, the higher the resistance of
the circuit, the lower the value of the current at resonance. In electrical power
circuits, where the circuit resistance is inherently low, series resonance can cause
a dangerously high value of current to flow (with associated high voltages across
L and C).

A typical phasor diagram for a series resonant circuit containing ideal
elements is shown in Figure 6.3. '

VL

90°

900 Es = VR

Ve

Fig 6.3

(¢) Quality Factor or Q-factor of a Series Circuit

The Q-factor of a coil, capacitor or circuit is defined as

21 X maximum energy stored

Q=

energy dissipated per cycle

It can be shown that the Q-factor of a series circuit at resonance is"
Q = woL/R

_1 JL

_RJC
(d) Cut-off (Half-power) Frequencies and Bandwidth of Series Resonant
Circuit

As the name implies, the power input to a series circuit at a half-power frequency
is one half of the maximum input power (the latter being the power at the
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resonant frequency). In general, there are two half-power frequencies known as
the upper and lower half-power frequencies (they are also known as the
half-power points or cut-off points). The lower and upper cut-off frequencies are
shown as w; and wy in Figure 6.4. The frequency separation between the two
half-power frequencies is known as the bandwidth (BW) of the circuit — see
Figure 6.4 — and is expressed either in rad/s or in Hz.

|

Io

0.707Iy

Fig 6.4

The Q-factor of the circuit at resonance is given by the expression (see also the
Worked Example 6.1)

_ @ __ 9 __fo
BW oy-—o, fu—Nf

and it can be shown that the resonant frequency is the geometric mean of the two
half-power frequencies as follows.

Wy = \/(wHwL) or fo= \/(foL)

Qo

(e) Parallel Resonance of a Pure GLC Circuit

The admittance of the parallel circuit containing ideal components in Figure 6.5
is

Y=G + j(Bc — B)

where Bc = wCand By, = 1/wL. At the resonant frequency, vy, (B¢ — Br) = 0,
and Y = G + j0; also oy = 1/V/(LCO).

The response of the circuit with a constant r.m.s. supply voltage with a
changing frequency is shown in Figure 6.6. At frequencies below the resonant
frequency, By > Bc, and the circuit is predominantly capacitive. At frequencies
above the resonant frequency, the reverse is true. At resonance, B; = B¢, and
the net admittance is equal to G; at this frequency, the supply current and
voltage are in phase with one another.



+90°

Phase angle

-90°

Eg ' <~> —jBL iBc

Ig

———¢

Fig 6.5
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@
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(a)
Low G (high Q)
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- I
w 3
| i
wWo
(b) ()
Fig 6.6

The phasor diagram for an idealized parallel circuit at resonance is shown in
Figure 6.7.

125



Icl

J Es

I

Fig 6.7

(f) Parallel Resonance of a Practical Circuit

A practical parallel circuit includes some resistance in the inductive branch, and
may include resistance in series with the capacitor, as shown in Figure 6.8(a).
and its phasor diagram is shown in Figure 6.8(b).

I

I I I 4
\
\
Rc RL \\
\
A \\
WAL
Y /r p
s
c i L ¢2/
]
/
!
/
- I
(a) (b)

(c)

Fig 6.8
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Using the method of converting impedance to admittance outlined in Chapter
5, the practical circuit in Figure 6.8(a) can be converted to the circuit in Figure
6.8(c), which is generally similar to the pure GLC circuit discussed in section (e)
of this Fact Sheet. We can therefore use the results deduced in that section here.

It was shown in section (b) of the Fact Sheet in Chapter 5 that a series
impedance (R + jX) could be converted into a parallel circuit comprising a
conductance R/(R* + X?) and a susceptance —jX/(R?> + X?). This means that, at
the resonant frequency, the capacitive branch of Figure 6.8(a) can be converted
into the following parallel-connected components:

R B 1/(w3C)

— X and C =
RE + (w02 " RZ + 1/(0,C)?

and the inductive branch becomes
R R? + (woL)?
= Z_L—z and L’ = w
RL + (woL) (x)oL

It was shown in section (e) of this Fact Sheet that the resonant frequency of a
circuit of the type in Figure 6.8(b) is

G. =

GL

11 R} - L/ ad/s
TV T V(LO) \/ R: - L/C
The circuit can be resonant only when o, has a real positive value. This occurs
under either of two conditions, namely
1. when R} > L/C AND R% > L/C
2. when R} < L/C AND R2 < L/C.
When R? = R% = L/C, the circuit is resonant (i.e., resistive) at all frequencies

(see the Worked Example 6.6).
The effective conductance, G’, of the circuit in Figure 6.8(a) at resonance is

Rc Ry

'=Gt+ G = +
O =Gt Ol = i (o0l T R+ (wol)?

_ The special case where Rc = 0 and R?<(woL)? is often quoted in text books;
in this case, G’ = CR_/L; in this case, the dynamic impedance at resonance is
Rp = L/CR;. Under these conditions, the resonant frequency is

(£

(g) Q-factor of a Parallel Circuit at Resonance

At resonance, energy is continually interchanged between the inductance and
capacitance, so that the circuit stores a constant amount of energy.
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Pure GLC parallel circuit (see Figure 6.5)

In a pure GLC parallel circuit at resonance, the maximum energy stored in the
inductor is LEjsx/2 and, a little while later, the maximum energy stored in the
capacitor is CV%;5x/2. Inserting these values in the equation for Q-factor (section
(c) of this Fact Sheet) gives, for the resonant parallel circuit

1 C

= == (1) —_—

Q Gool °G

where G, L and C are the respective conductance, inductance and capacitance of
the idealized parallel circuit.

Practical parallel circuit containing resistance (see Figure 6.8)

In the case of the practical circuit in Figure 6.8, the O-factor is obtained by using
the above equations, but by letting G = G', L = L', and C = C’ (see also
section (f) of this Fact Sheet).

(h) Cut-off Frequencies and Bandwidth of a Parallel Circuit

The cut-off frequencies (see also section (d) of this Fact Sheet) of a parallel
circuit are defined as the frequencies at which the magnitude of the input
admittance is V2 times greater than it is at resonance. These occur at
frequencies wy and w;, where oy > w;; the bandwidth (BW) is given by
(wy — wp). The relationship between w,, oy, and wy is as given in section (d) of
this Fact Sheet.

6.2
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Worked Examples

Example 6.1

If, in Figure 6.9, R = 10 ohm, L = 0.01 H, C = 0.01 microfarad, V, = 10 mV,
calculate the resonant frequency of the circuit, the Q-factor at resonance, the
bandwidth, the upper and lower cut-off frequencies, and the current in the

circuit at resonance.

Determine also the voltage across each element in the circuit at resonance,
and draw the phasor diagram at resonance. Calculate the current in the circuit at

90 per cent of the resonant frequency.



[

Fig 6.9

Solution 6.1

The resonant frequency is
wy = /V(LC) = 1/7/(0.01 x (0.01 x 107%))
= 100 000 rad/s or 15 915 Hz

and the Q-factor at resonance is

1 /Ly 1 0.01
Q=% \/(5) T 10 \/0.01 x 10~ 1%

The bandwidth of the resonant circuit is

wy, 100 000
BW=—=——"= 100 .
00 100 0 rad/s or 159.2 Hz
and
lower cutoff frequency, w; = 100 000 — %
= 99 500 rad/s or 15 836 Hz
and

B
upper cutoff frequency, wy = 1000 + -—2-VY-

= 100 500 rad/s or 15 995 Hz
The current at resonance is
I=V/R=10x10"%10 = 107> A or 1 mA
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At resonance, the voltage across the inductance is
Vo =1Z; = 0.001£0° X woL£90°
= 0.001£0° x (100 000 x 0.01)£90° = 1£90° = j1 V
and the voltage across the capacitor is
V.=1Z, = 0.00120° X (1/(wyC£90°)

_ 0.00120°
"~ 100 000 x 0.01 X 1075,90°

and the voltage across R at resonance is
Vr = IR = 0.001£0° x 10 = 0.01£0° V

The phasor diagram for the circuit (not to scale) is shown in Figure 6.10.

=1£4-90°= —j1V

VL=1V

Vg =0.01V

I=1mA

Vc=1V{

Fig 6.10

At 90 per cent of the resonant frequency, the frequency is 90 000 rad/s, and
the circuit impedance is

. 1
Z=10 + ][(90 000 x 0.01) — 90 000 x 0.01 X 10‘6]

=10 — j211.1 = 211.34—87.29° ohms
and the current at 90 000 rad/s is

10 x 10732£0° 3
= = 0.047 X 1073287.29° A
1= i3 graee =~ 0047 X 10748729

Example 6.2

If, in Figure 6.9, L = 0.05 H, V5 = 1 V, and the power consumed at resonance
is 0.1 W, calculate the value of R and C if the bandwidth of the circuit is
200 rad/s, and the r.m.s. voltage across L at resonance is 70.71 V. Determine
also the resonant frequency of the circuit.



Solution 6.2

Since the capacitor and inductor are pure elements then, at resonance, the
supply voltage appears across R, hence
R = Vi/power = 1%0.1 = 10 ohm
The current in the circuit at resonance is
I=Vg/R=110=0.1A

and the voltage across the inductor at resonance is

VL = IoyL
Hence,
wo = Vi/IL = 70.71/(0.1 X 0.05) = 14 142 rad/s
Now
QO—I;"—V"V—%%zm.n
but
Qo = 1/wyCR
Therefore,

C = 1wyQoR = 1/(14 142 x 70.71 X 10)

= 1077 F or 0.1 microfarad

Example 6.3

For the circuit in Figure 6.11, calculate the resonant frequency, the Q-factor at
resonance, and the current drawn by the circuit. Draw the phasor diagram for

the circuit at resonance.

Solution 6.3

The voltage across the circuit is

1
1430 = 10 + 2V;) + i0.01el + v
) ( 1) +j0.0le i0.01 x 1050

where Vi = j0.01wl
Hence,

. . 1
= + . S —
1+ 30 1[10 ](0 2lw 0.0 X 10~ )] \Y

At resonance, w = w,, and the current drawn from the supply is in phase with
the supply voltage, that is

1 —

0.01 X 10%w,

0.21(.00 - 0
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100 Va 2V,

Vs=1LO°V\<ﬁb
0.01 H 3 [vL

0.01 uF —— \vc

Fig 6.11

or
oy = 21 821 rad/s or 3 473 Hz

Also, since the current and supply voltage are in phase with one another, and
the voltage across the circuit is

1+ij0=10IV

that is, the impedance at resonance is (10 + j0) ohm, and the current at
resonance is

I=(1+j0)/(10 +j0) =0.1+j0A
Also, it appears possible to say that

wL 21821 x 0.01
R 10

At this point, the reader will have noted that the values used in the basic RLC
circuit in Figure 6.11 are the same as those used in Worked Example 6.1.
However, the voltage-dependent source has had the effect of reducing the
resonant frequency of the circuit and, apparently, reducing the Q-factor at
resonance. Whilst the former is true, the latter (as will be seen from later figures)
is not as clear cut as it seems because we have used the voltage across the
inductor to calculate Q. Had we used the voltage across the capacitor to calculate
Q, we would have reached quite a different conclusion! The reader will find it an
interesting exercise to analyse in detail the effect of the voltage dependent source
on the circuit.

The reactance of the inductor and of the capacitor are

X, = ool = 21 821 x 0.01 = 218.21 ohm

Q= =21.8



Xc = 1woC = 1/(21 821 X 0.01 X 107%) = 4583 ohm
(the reader should note that at resonance, in this case, X; # X¢).
The voltage across the inductor at resonance is
Ve=1IXjX; =0.1xj218.21 =j21.821 V
and that across the capacitor is
Ve = I(—jXc) = 0.1 x (—j4583) = —j458.3 V
The voltage across the resistor is calculated as follows
Ve = Vs — (VL + Vo) = (1 +j0) — (j21.821 + (—j458.3))
=1 + j436.48 = 436.5,89.87° V

Note: the magnitude of the current in the resistor is 436.5/10 = 43.65 A
compared with 0.1 A in the main circuit!
The phasor diagram for the circuit (not to scale) is shown in Figure 6.12.

Vg = 436.5V
Ve =21.82V 4"\ 89.87° I=01A
Ve =458.3 V
Fig 6.12

Example 6.4

The circuit in Figure 6.13 represents a coil in parallel with a pure capacitor.
Calculate the resonant frequency of the circuit, the dynamic impedance of the
circuit, the Q-factor at resonance, and draw the phasor diagram for the circuit at
resonance.

133



134

I, Y I
5Q
1v |G> = 0.14F
1mH
Fig 6.13

Solution 6.4

From the work in section (f) of the Fact Sheet in this chapter

@0 = \/(1LC) \/(L _LCR%)

B 1 107 = (0.1 x 107 x 5%
T V(1073 x 0.1 x 107°) 1073

= 99 870 rad/s or 15 895 Hz
The impedance of the circuit at resonance is
Rp = L/CR. = 1073/(0.1 X 107% x 5) = 2000 ohm
and the Q-factor at resonance is
Qo = wgCRp = 99 870 x 0.1 x 107% x 2000 = 19.97

or, alternatively, the Q-factor can be calculated from the current magnification
produced at resonance by the circuit as follows.
The magnitude of current drawn by the parallel circuit is

I = V/Rp = 1/2000 = 0.0005 A
and the magnitude of the current in the capacitor at resonance is
Ic = V/Xc = 1/(1/0oC) = 0oC = 99870 X 0.1 x 107¢
= 0.009987 A

and
Qo = I/I at resonance
= 0.009987/0.0005 = 19.97

In order to draw the phasor diagram, we need first to calculate (at resonance)
the current in the coil as follows

Z, =R+ jooL =5+j(99870 x 1 X 10‘3) =5 +j99.87
= 100.87.13° ohm



and the current in the coil is
I, = Vg/Z, = 1£0°/100,87.13° = 0.012.-87.13° A

The corresponding phasor diagram is shown in Figure 6.14.

Ic =0.009987 A

A
\

\

\
\
\

\

\
\ -
/\/—I—0.000SA Ve=1V

87.13°

- —

_______71_

I, =0.01 A

Fig 6.14

Example 6.5
If, in Figure 6.15, R; = 5 ohm, R, = 10 ohm, L = 2 mH, and C = 1.0 microfa-

rad, calculate the resonant frequency, the impedance at resonance, the Q-factor
at resonance, and the bandwidth of the circuit.

o [

Fig 6.15

Solution 6.5

Using the equations developed in section (f) of the Fact Sheet in this chapter, the
circuit can be converted into the form in Figure 6.8(c), in which the resonant
frequency is
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. - LJC
- V(LC) \/< L/C> 52 — (2 x 1073/1079) >

Ve x 10"3 X 1 x 1079 \/ ((102 — (2 X 107%107%)
= 22 798 rad/s or 3 628.4 Hz

and
R, 5
G' — — — .
L7 R+ (wl)? 5% + (22798 x 2 X 1073)? 0.00238 §
R
G = 2 10 = 0.00494 S

R+ (weC)? 107 + 1/(22 798 x 1076

Hence G’ = G¢ + G = 0.00732 S and the dynamic impedance of the circuit
at resonance is Rp = 1/G’ = 136.6 ohms.
Referring to Figure 6.8(c)

Yo3C  0.0019

C' = = =0.939 x 1075 F
RZ + Y(0C)? 100 + 1924
and
Qo = wyC'Rp = 22 798 X 0.939 x 107° X 136.6 = 2.92
Hence,
2279
BW = —Zﬂo = 792—8 = 7808 rad/s or 1243 Hz

Example 6.6

Show that the impedance of the circuit in Figure 6.15 is equal to R, and is
independent of the frequency if R = R, = R, = L/C.

Solution 6.6

The effective impedance of the circuit at any frequency o is
_ Zi1Z, (R - jwC)(R + jwL)
F7Z,+2, R-jwC+R+ijoL

[2R + j(oL — 1/0C)] _

[2R + j(oL — 1/uC)]

That is, the circuit impedance is purely resistive at all frequencies.

Example 6.7

In Worked Example 6.5, what are the limiting values of R; and R, for which the
circuit can be resonant?
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Solution 6.7

The equation for the resonant frequency of the circuit is

1 R} - L/O)
0= V(Lo \/ ( RI - L/C)
and in the circuit of Worked Example 6.5
L/C =2 x 10731 x 10~% = 2000

Since the value of wy must be positive, one of the limits to resonance is when
the value of the numerator approaches zero, when the resonant frequency also
approaches zero. This occurs when

R; = V2000 = 44.72 ohm

The second limit occurs when the value of the denominator approaches zero,
when the resonant frequency of the circuit approaches infinity. That is, when

R, = V2000 = 44.72 ohm

The reader should also see the solution to Worked Example 6.6.

Example 6.8

Determine the effective inductance at resonance of the circuit in Figure 6.16.
Calculate also the resonant frequency of the circuit and the Q-factor at
resonance.

In

YO o]

0.2 mH

} —

~ 0.1 uF

10001g

Fig 6.16

Solution 6.8

The dependent voltage source in the inductive branch will have the effect of
altering the net inductance of the circuit. The following steps are used to
determine the effective inductance of the branch at resonance. The current in the
inductive branch at resonance is
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voltage across the branch 1 + 1000

impedance of the inductor  jwyL

_ 1+ (1000 x 1/5000) 6000 Vs
jwg X 0.2 x 107> jow, Zp

where Z; is the effective impedance of the inductive branch, and Vg = 120° V.
Hence

ijVS . 1LOO . -3
= = X ——= x 0.1667 x 107 oh
6000  '™*” 6000 1 o

That is, the effective inductance is 0.1667 mH. The value of the components in
the other branches are unaltered by the dependent voltage source, and the
circuit may therefore be thought of as a 3-branch parallel circuit containing the
following elements:

Z

Branch 1: contains R’ = 5000 ohm
Branch 2: contains L' = 0.1667 mH

Branch 3: contains C' = 0.1 microfarad

The resonant frequency is
wy = 1/V(L'C") = 1/V(0.1667 x 1073 x 0.1 x 1079)
= 244 925 rad/s or 38 981 Hz
and the Q-factor at resonance is
Qo = wyC'R’ = 244925 x 0.1 X 107% x 5000 = 122.5

As with Worked Example 6.3, the reader will find it a useful exercise to
analyse the effect of the dependent voltage source on the resonant frequency.

Unworked Problems

Problem 6.1

If the lower cutoff frequency of a series resonant circuit is 50 000 rad/s, and the
Q-factor at resonance is 80, calculate the bandwidth and resonant frequency of
the circuit.

[628.9 rad/s; 50 312 rad/s]

Problem 6.2

A coil of inductance 1.0 mH and resistance 4 ohm is connected in series with a
capacitor. What value of capacitance makes the circuit resonate at a frequency of
(a) 1 kHz and (b) 50 kHz? If the r.m.s. voltage applied to the circuit is 10 V,



what is the current in the circuit at (i) the resonant frequency and (ii) 1.1 times
the resonant frequency when resonance occurs at 1 kHz?

[(@) 25.33 microfarad, (i) 2.5 A, (ii) 2.44-16.7° A; (b) 0.0101 microfarad, (i)
2.5 A, (i) 0.17£-86.13° A]

Problem 6.3

A series circuit comprising a coil and a variable capacitor is energized by a
1.0 MHz source. When the capacitance is 700 pF the current and the supply
voltage are in phase with one another, and when its value is 800 pF the phase
angle between the two is 45°. Determine the value of the resistance and the
inductance of the coil, and also the Q-factor of the circuit at resonance.

[28.39 ohm; 0.036 mH; 8]

Problem 6.4

A coil of inductance 1.2 H and resistance 10 ohm is connected in series with a
capacitor, the circuit being connected to a constant voltage a.c. source of
variable frequency. If the maximum current is 0.5 A at 200 Hz, determine the
supply frequency when the current is 0.25 A.

[198.85 Hz or 201.15 Hz]

Problem 6.5

A coil of resistance 20 ohm and inductance 0.2 H is connected in series with a
capacitor. When a sinusoidal supply of constant voltage is connected to the
circuit, the current is a maximum at a frequency of 1.0 kHz. What value of
capacitance must be connected in parallel with the circuit in order to make the
new parallel circuit resonate at 2 kHz? What is the Q-factor of the circuit in each
case, and what current is drawn from the supply?

[0.042 microfarad; Qseries = 62.8, OpararLeL = 94; Isgries = 10 A;
IparaLLer = 1.129 mA]

Problem 6.6

A parallel circuit having a coil of resistance 10 ohm and inductance 10 microhen-
ry in one branch, and a capacitor of capacitance 1 nF in the other branch, is
supplied by a 10 V variable frequency source. Calculate the current drawn by the
circuit at (a) the resonant frequency, (b) 0.9 of the resonant frequency.

[1.584 MHz; (a) 0.01 A; (b) 0.024£—59.2° A]

Problem 6.7

A coil of resistance 20 ohm and inductance 0.1 H is connected in parallel with a
capacitor of 0.1 microfarad capacitance. Determine the resonant frequency of
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the circuit, and the dynamic impedance at resonance. Calculate the phase angle
of the circuit at twice the resonant frequency.
[1591 Hz; 50 kQ; 89.81°]

Problem 6.8

A series circuit consisting of a capacitor and a coil whose inductance is 0.1 H and
resistance is 20 ohm, is energized by the voltage

v = 50 sin wt + 10 sin (3wt + 10°) + 5 sin (Swt — 45°) V

where o = 500 rad/s. Determine the capacitance of the capacitor which pro-
duces resonance with the third harmonic frequency, and deduce an expression
for the current in the circuit. Calculate the r.m.s. current in the circuit at this
frequency.

[4.44 microfarad; 0.125 sin (wf + 87.13°) + 0.5 sin (3wt + 10°) + 0.031 sin
(5ot — 127.87°) A; 0.365 A]

Problem 6.9

Calculate, for the circuit in Figure 6.17, the value of R for resonance. Convert
the circuit into the equivalent pure GLC parallel circuit shown in Figure 6.8(c).
[8.165 ohm; G' = 0.069 S; X| = 16.67 ohm; X¢ = 16.67 ohm]

9 []R

i15Q — jloQ

Fig 6.17

Problem 6.10

(a) Sketch graphs showing how (i) X}, (ii) Xc, (iii) Z each vary with frequency
for a series RLC circuit which exhibits resonance at frequency f,. Use the same
axes for all three graphs. (b) Prove that the bandwidth between the two
half-power frequencies of a series resonant circuit is given by

bandwidth = resonant frequency/Q-factor



given that the Q-factor = wyL/R at resonance. (c) Sketch graphs of Vg, Vi, V,
and I to a base of frequency for a series resonant circuit (Q-factor > 10)

(Staffordshire Polytechnic)

Problem 6.11

A coil of resistance R and self-inductance L is connected in parallel with a
capacitor C to a constant-voltage, variable-frequency sinusoidal supply. (a) Draw
the phasor diagram for the circuit at resonance. (b) If R = 100 ohm,
L = 10 mH, and C = 0.005 microfarad, calculate for the circuit the resonant
frequency, its Q-factor, and the bandwidth of the circuit.

(Staffordshire Polytechnic)
[(b) 22 452 Hz; 14.1; 1 592 Hz]
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7.1 Fact Sheet
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For the two-port network shown in Figure 7.1, with a sinusoidal input voltage,
the voltage gain of the network is

|4
G(jw) = =
(jw) 7
AR Gjw) § Yo
Input 0 ‘ o Output
Network
Fig 7.1

For the specific network of Figure 7.2, Z; and Z, are impedances. By potential
divider action,
Vo__2%
This equation assumes that the output is not loaded, i.e., the supply current /

passes only through Z; and Z,. V, is a sinusoidal input voltage which remains
constant for all /.

Z4
(e, Jll > g -0
V4
Vi > 2 Vo
I
lo} & -0
Fig 7.2



(a) Simple Lag Circuit

Refer to Figure 7.3 where Z; = R and Z, = 1/joC

VR

4 O
| S
R J;
Vi > c Vo
I —[

Fig 7.3

¢

!

Then,
1
V joC 1
G =2 = = 7.
STy, TR+1 1+jeT 7-1)
joC

where T = RC, the circuit time constant. Expressing the voltage gain in polar
form,

__ /—tan™!
GLAG = \/(1 n szz) tan it (72)

= GLd

Equation 7.2 shows that the magnitude of the gain is unity for zero frequency,
and tends to zero as the frequency becomes very large.

The phasor diagram (Figure 7.4) shows that V,, lags V; by angle ¢, where ¢
varies from 0 (at zero frequency) to —90° (infinite frequency). The locus of G A¢
as w varies from 0 to infinity, is a semicircle, centre (3, 0) and radius 3; see Figure
7.5. This is the basis of the Nyquist diagram used in closed-loop control systems
to study stability.

VR

= ]

Vi
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0.5 1.0

G

Locus of

\ GLAG

Increase w

Fig 7.5
(b) Simple Lead Circuit
Refer to Figure 7.6, where
1
Zi=—— and Z,=R
jo
Ve
o {} - —0
c
Vi ) A Vo
I
o— - -0
Fig 7.6
Then,
G Vo_ R joT
LEAD =y T 1 1 + joT
—+ R
joC
In polar form,
oT

/90° — tan”! 0T

Ceao = ¥ o)

= [6l/s

(7.3)

(7.4)

The phasor diagram (Figure 7.7) shows that V, leads V; by angle ¢, where ¢
varies from 90° (zero frequency) to 0 (infinite frequency). The locus of G gap, as



Ve

w varies from 0 to infinity, is also a semicircle, centre (3, 0) and radius ; but now
¢ is a leading angle; see Figure 7.8.

When oT = 1, the gain of each circuit in Figures 7.5 and 7.8 is 1/V/2 and the
phase shift is 45°. This represents the half power point in the circuits and is a
significant point in the Bode diagram, which is considered later.

Increase w

/ locus of

Gl GLeap

0.5 1.0

Fig 7.8

(¢) Gain-Frequency Response

The voltage gain of the network shown in Figure 7.1 may be expressed in
logarithmic units (decibels or dB) so that the overall gain of complex functions
may be determined by adding together the dB gains of the terms forming the
function.

Definition:

Yo

gain = 20log = 201og |G| dB
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For the simple lag network, using Equation 7.2,

1
0log 1+ o219 4B

—20log V(1 + w*T?) dB (7.5)

gain =

(d) Repeated Terms

The complex gain function of the product of for example three terms, is given by:

gain = |Gy| [b; X |Gyl [b; X |G| [d3

The overall gain expressed in dB units is

gain = 20log|G,| + 20log|G,| + 20log|G5| dB
and the overall phase shift is given by

phase shift = &; + &, + &3

(e) Linear Asymptotes

The gain-frequency graph may be linearised if the following observations are
made: (a) at low frequencies, w7 < 1, and gain = 0 dB; (b) at high frequencies,
oT > 1, when gain = —20lognT dB.

Also, in the high frequency range, if the frequency were doubled from say wy
to 2wy, i.€., one octave, then the gain would change from G; = —20logwyT to
G, = —20log2wyT = —20logwyT — 20log2 dB. So, G, = G; — 6 dB. Hence,
if a logarithmic scale is used for the frequency axis of the graph, the
high frequency gain will be represented by a straight line whose slope is
—6 dB/octave. Repeating this analysis for a frequency increase by a factor of 10
(one decade), shows that the gain falls by 20 dB, so the slope is —20 dB/decade.

These low- and high-frequency asymptotes, (a) and (b) respectively, are
illustrated in Figure 7.9. The intersection of the two asymptotes occurs when (a)

(a) Low frequency
asymptote

OdB

response

Gain (dB)

(b) High frequency
asymptote

Fig 7.9



and (b) are equated, i.e., when 0 = —20logwcT. This occurs when ocT =1,
where wc is called the corner frequency or roll-off frequency.

Substituting this value in the actual gain equation, Equation 7.5 shows that the
gain at wc is —3 dB, which is also the bandwidth of the network.

(f) Phase-frequency Response

A graph of phase shift against frequency (also using a logarithmic scale to
achieve symmetry) for the simple lag network is obtained using Equation 7.2,
which gives,

phase shift, $ = —tan"'0T

This is a curve but may be represented approximately by five straight line
segments as shown in Figure 7.10.

. 10 w, 100 w,

w (log scale)

Phase (degrees)

|
©
o
°

—90°

Fig 7.10

(g) Bode diagram

This is the gain-frequency graph and the phase-frequency graph plotted with a
logarithmic frequency axis (rad/s or Hz), usually on one sheet of log-linear graph

paper.

(h) Generalised Bode diagram

1. For the function
G(jw) = (joT)" (7.6)

where n is a positive or negative integer, the diagram or plot is shown in
Figure 7.11(a) and (b).
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Slope 20n dB/decade
= 6n dB/octave

£ —_— -
o
n=-2
(a)
180° n=2
—_ 90° n=-1
§
g o
Z
Q o w (log) /™™
5 -0 n=-1
—-180° n=-2
(b)
Fig 7.11
For the function
G(jw) = (1 + joT)" (7.7)

the diagram is shown in Figure 7.12(a) and (b). Note that the true gain
response differs from the linear asymptotes by 3n dB at the corner frequency
and by n dB at one octave above and below this, as shown in the detail of
Figure 7.13(a). The linearised graph is shown in Figure 7.13(b).

For the quadratic gain function
1
1 + 2d(jwT) + (joT)?

G(jo) = (7.8)

where d is the damping ratio.
Re-writing this as
1
(1 —w’T?) + j2doT

G(jw) =

it may then be expressed in polar form as

ain = 1 tan~! 2doT
BN =V = ') + 4d%’ T 1 - &1




o
z
£ n=1
S
_1
We = =
0dB T
Low frequency w (log)
asymptote
n=-1
High frequency
asymptotes
n=-=-2
(a)
«
3
2
z
2
2
a
Fig 7.12 (b)
| Gain | (dB) Slope 20n dB/decade
True = 6n dB/octave
response
ndB 3ndB
0dB e———— [
T T T T
il w=1 12 10 | w(log)
2 l One T One | T T |
I“ octave i‘ octave ) One decade !
l L ' T
I I I [
| (a) I
90n° [ | |
| ]
l |
{ I
|
Phase (degrees) I |
' |
' |
25n° |
5n° |
]
0° 1 w=1 2 w (log)
2T T T

Fig 7.13 (b)
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Fig 7.14
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The Bode diagram is shown in Figure 7.14. The high frequency asymptote
has a slope of —40 dB/decade. Note. The gain response when d = 1.0
(called critical damping) is the same as the one obtained from Equation 7.7
when n = —2 since

1 1
(1 + joT? 1+ j20T — o’T?

7.2 Worked Examples

Example 7.1

Use 2-cycle log-linear graph paper to construct the linear asymptotes of the gain
(dB)-frequency (rad/s) response for the voltage transfer function,

Vo 10(1 + 0.1jw)
Vi jo(l + 0.5j)

Hence sketch the actual gain-frequency curve.

Solution 7.1

The gain function can be expressed as the product
G(jw) = (jw0.1)™! X (1 + jw0.1) X (1 + jw0.5)7!
= A X B X C

Hence the total gain will be the sum of the individual gains when these are
expressed in dB. The individual gain components and their sum are shown in
Figure 7.15(a) and (b), respectively. The graph for part A (see Figure 7.15(a)) is
a straight line graph passing through the 0 dB axis at 10 rad/s with a slope
—6 dB/octave; at 20 rad/s it has a value —6 dB. At one decade below this, i.e., at
2 rad/s, its value is (20-6), i.e., 14 dB since the slope is also —20 dB/decade.

The corrections to be made at the corner frequencies are +3 dB at 10 rad/s for
part B, and —3 dB at 2 rad/s for part C.

Example 7.2

(a) Construct the gain locus for the simple lag circuit shown in Figure 7.3 and
use it to estimate the gain when the phase shift changes from 0 to —90° in 10°
steps.

(b) Compare your results with those obtained by calculation using Equation
7.2.

(c) Repeat parts (a) and (b) for the lead circuit shown in Figure 7.6 and
Equation 7.4.
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g 0dB
é 20 w (rad/s)
g 0dB
£ (rad/s)
(O]
Total linear
r(e:ﬁMse
+ + © —6 dB/octave
(b)
Fig 7.15
Solution 7.2

The loci are shown in Figures 7.5 and 7.8, which are independent of the circuit
time constant. By calculation, using Equation 7.4:

Lag circuit
Phase 0 -10 -20 -30 —-40 -50 -60 -70 —-80 -—90
shift (deg)
Lead circuit

Phase 0 10 20 30 40 50 60 70 80 90
shift (deg)
Gain 1.0 098 094 0.87 0.77 064 05 034 0.17 0




Example 7.3

(a) Determine the transfer function G(jw) which satisfies the linearised gain-
frequency response shown in full line in Figure 7.16.
(b) Estimate the frequency at unity gain and the phase shift at this frequency.

—6 dB/octave

6dB - —

SN

AN |

| A I —6 dB/octave

| AN |
g 0dB I N\ N : w (rad/s)
£ 4 8 \ 10
(1]
© N

Fig 7.16
Solution 7.3

Always consider the contribution to the gain-frequency response at the lowest
frequencies shown; in this case it shows slope of —6 dB/octave which must come
from a (joT;)™! term. If it continued to fall, it would reach the 0 dB axis one
octave above 4 rad/s, i.e., at 8 rad/s (refer to the graph), so T; = 1/8 = 0.125 s.

The negative slope of the (joT;)™! contribution is offset above 4 rad/s by a
(1 + jwT>) section whose corner frequency is 4 rad/s, so T, = 0.25 s.

Finally, there is another corner frequency at 10 rad/s followed by a slope of
—6 dB/octave, which is from a (1 + joT3)"! term, where T = 1/10 = 0.1 s.
Result,

G(jw) = X (1 + 0.25jw) X

0.125] (1 + 0.ljw)

_ (14025w)  8(1 + 0.25jw)
0.125jw(1 + 0.1jo)  jo(1 + 0.1jw)

Example 7.4

(a) Derive the voltage transfer function G(jo) = V,/V; for the circuit shown in
Figure 7.17 when R; = 10 kQ, R, = 10/9 kQ and C = 0.01 microfarad.

(b) Hence draw the linearised Bode diagram of gain (dB) and phase against
frequency (rad/s) for the range 10° < @ < 10° rad/s
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o—e—f |}
R4
Vi R2 Vo
O O
Fig 7.17

Solution 7.4

(@) Comparing Figures 7.17 and 7.2, we have

Yo__ 24
vV, Z,+ Z,

where

R
21 = jwcl 1 +I'QICR
R, +—— JoC Ly
jw
and Z2 = R2
Therefore

v, R,(1 + joCR;) R,(1 + joCR))
V. Ry +joCR) + R, R, + R, + joCR,R,
_ R, (1+jel)
(R +Ry) (1+joTy)
where T = CR;
_ CRR,
P (Ri+ Ry

Substituting values gives

and -

Vo 0.1(1 + jol07%)
Vi (1 +jel0)

Note. The ratio Ry/(R; + R;) (0.1 in this example), is the gain of the circuit
when a constant voltage (d.c.) is applied.

b) V,/V,= 0.1(1 + jmlO“‘)(l + jm10‘5)‘1
=A X B x C

When the gain is expressed in decibels, the Bode diagram is the sum of the 3
separate graphs:
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Gain (dB)

(1) For part A, gain = 20log0.1 = —20 dB.

(2) See the generalised response (Figure 7.12) for part B of the transfer
function, where n = 1 and wc; = 1/T; = 10* rad/s.

(3) As for (2) for part C of the transfer function but n» = —1 and
we = 1/T, = 10° rad/s.

The phase shift contributions come from parts B and C and we use the
generalised phase graph of Figure 7.13(b).
For part B, start at wc; = 10* rad/s with a phase shift of 45°

For part C, start at o, = 10° rad/s with a phase shift of —45°.
The results are shown in Figure 7.18.

90°
8 _ ————— -
. ’(oY\ -
25¢ ont K//,/ P
?E - ///
-
e
// //
s -

20— 45°
Gain for (C) -
_ 4 - / \ Total gain E
O ———— - i"m/ - 1 0°
10° w(rad/s) 108 E
o

-90°

Fig 7.18

Example 7.5

(a) Sketch the Bode diagram for the transfer function
40 x 10°
4 X 10° + jw1600 — w?

(b) Write and run a computer program or use a programmable calculator to

produce a table of gain(dB) and phase values for a range of angular
frequencies for comparison with part (a).

G(jw) =
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Solution 7.5

(@) Re-write the function in standard form to compare with Equation 7.8 to
give
1
1 + jw0.4 X 1073 - 0.25 x 107%?
Equating coefficients gives: 72 = 0.25 X 107%, hence T = 0.5 ms and
2dT = 0.4 X 1073, so d = 0.4.
Use Figure 7.14 to obtain the gain- and phase-frequency responses for the

frequency-dependent term. The total gain will be 20 dB higher due to the
constant gain of 10, giving the gain and phase curves in Figure 7.19.

G(jw) = 10 x

| |
| % |
20, : |
T |
~ { I |
2 | | |
£ | | l
O I I l
| | | w (rad/s)
0dB 7
200 2000 2x10
| I i
| |
| @) —40 IdB/decade
| | |
0° 200 2000 2x104 w (rad/s)
| |
| |
| | |
I
l | |
- |
£ -90° ! |
2 T
8 | | I
a | | I
' I
| | |
| | |
| |
—180°
(b)
Fig 7.19

(b) By calculation

Frequency 200 1000 1600 1800 2000 2200 2400 3000

(rad/s)
Gain (dB) 20 21.4 22.7 22.6 21.9 20.9 19.5 15.2
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Example 7.6

(a) Show that the relationship between V, and V; in Figure 7.20 is

Vo 1+ joT
Vi 1+ jwaT
If V, is a sinusoidal supply,
R+ R
a=—"—2 and T= R,C,
R,

- Plot on log-linear graph paper the linear approximations for the voltage
gain in dB against angular frequency and hence sketch the actual voltage
gain curve in the range 10° < » < 10° rad/s given that R; = 90 kQ,
R, = 10 k2 and C = 0.01 microfarad.

R,
o— = . o
R2
V1 VO
C
oO— I O
Fig 7.20

(b) Calculate the phase shift through the network when w = 3.0 X 103 radss.

Solution 7.6

1
R, + .

Vo 2, PG 1+jeGR, 1+ jeT
VvV, Z, +Z, 1 1+ iwC(R, +R,) 1+ joaT

1 1 2 R+ Ry +- joCy(R; 2) J

joC,
where
R, + R
T = C,R, and a=(—l——i)
R,

Using the data, a = (90 + 10)/10 = 10 and T = 10 x 10* x 0.01 x 107¢
=10"*s
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. 1 .
Corner frequencies are wc; = P 10? rad/s for the denominator
a

and
1
0 =7 = 10* rad/s for the numerator.

The gain(dB)-frequency graph is constructed using linear asymptotes on
3-cycle log-linear paper and shown in Figure 7.21.

102 10° 104 w (rad/s) 108
0dB
N
~1\\ Asymptotic
Actual gain gain
= N\
z
£
©
(U]
N
N \
\
-20
Fig 7.21

(b) When o = 3 X 10° rad/s
Vo 1403 1044 /167

Vi 1+j3  3.162/7L6°

Hence, resultant phase shift = 16.7° — 71.6° = —54.9° i.e., V, lags V,
by 54.9°.

Example 7.7

(a) Assuming an ideal operational amplifier in the circuit in Figure 7.22, show
that the voltage gain is expressed by

Vo _ 1
Vi 1+ jw2T, - 2T}




0 Vo
Vi o B | — _ /
n P l
C
1 C1 = 2C2 =2C
Fig 7.22
where T} = RC

(b) Sketch the gain-frequency response.
(¢) What is the bandwidth of the circuit?

Solution 7.7

(@) Replace the R, R, 2C star network by its equivalent delta network. This is
shown in Figure 7.23.

(o

Vo
Vi

Y, Y3
Y2
. Jl |[ " +
T jwC

O—

l —O0

Fig 7.23

For the ideal amplifier V, = V_, so Y3 has no effect. From Figure 7.22,
we see that V_ = V. Also, since no current enters the amplifier terminals,
the current through Y, must flow through C,, hence

I= (V- VoY, = juCV,

Using star-delta conversion,

1
v = R® 1
2= = .
% + 20C 2R(1 + joCR)
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That is

(Vl — Vo) .
= joCV,
2R(1 + joCR)  19%Ve
or Vi = V(1 — 20°C?R? + jw2CR)
Hence
v, 1

MU here T, =
Vi~ 1+ 2GeTy) — (VaeTy? Vrere T = RC

(b) The equation above has the same form as Equation 7.8, and inspection
shows that dT = T; and 7> = 2T%. That is, T = V2T, and d = 1/V2; the
corresponding gain-frequency response is shown in Figure 7.24.

0dB V2T 0 ——e

Bandwidth

—40 dB/decade

Fig 7.24

(c) The bandwidth is given by the value of the frequency at which the voltage
gain has fallen by a factor of 1/V?2.
From part (a),
1
V[(1 - 20°T3)? + 40*TY]
Now when o > 0, the low;frequency gain > 1, and the gain falls to 1/V2
when

gain =

(1 — 20’T))? + 40°T; = 2

or 40'T, = 1
Giving
1 1
w = \/TTI = ? = bandwidth.



Example 7.8

Write and then run a SPICE program (see Appendix 3 for details of SPICE)
which will plot the graphs of voltage gain expressed in dB and phase shift against
frequency for the circuit and data given in Worked Example 7.4. Use ten
frequency values per decade in the range 100 Hz to 100 kHz. Compare the
results with those obtained in Worked Example 7.4.

LEGEND:

x: VDB(2)
+: VP(2)

FREQ

VDB(2)

L R -2.0000+01  -1.500D+401  -1.0000+01  -5.000D+00 0.0000+00

.0000+02
.2590+02
,5850+02
. 9950402
5120402
1620402
9810402
0120402
.310D+02
9430402
.0000+03
,259D403
5850403
.9950403
5120403
.1620+03
. 9810+03
0120403
3100403
9430403
.000D+404
.259D+04
5850404
. 9950404
5120404
.162D+04
.981D+04
0120404
3100404
.9430+04
.0000+05

—-No»mwwrod—-—-—-wmu‘wwm————wmmuwr\)—-—-—-—-

----- 0.0000+00 2.0000401 4.0000+01 6.0000401 8.0000+01

-1.9980+01
-1.997D+01
-1.9960+01
~1.993D+01
-1.9890+01
~1.983D+01

-1.974D+01 ¢
-1.953001 .
-1.9370+01 .
-1.904D+01 .
-1.8570+01 .
-1.792001 .
-1.7050401 .
~1.597D+01 .
=1.4680+01 .
-1.3220401 .
~1.1660+01 .
-1.003p+401 .
-8.4020400 .
-6.831D+00 .
-5.373D+00 .
-4.078D+00 .
~2.9850+00 .
=2, 1110400 ,
-1.4480+00 .
-9.6960-01 .
-6.3700-01 .
-4.1290-01 .
-2.6510-01 .
-1.6920-01 .
=1.0750-01 .
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Solution 7.8
A suitable input file is:

Network Figure 7.17
Rl 1 2 10K

R2 2 0 1.11111K
cC 1 2 001U
Vi 1 0 AC 1

.AC DEC 10 100 100K
PLOT AC VDB(2) VP(2)
.END

The resultant print-out when this program is run is shown in Figure 7.25.

7.3 Unworked Problems

Problem 7.1

.V U
Derive the voltage transfer functlonv(’(]w) for each of the circuits in Figure

7.26. 1
R, G
o L I | l O
V1 VO
O- . —0
(a)
R,
o i } | | 9 o
G
R2
2 Vo
Vi, R, Vo
C»
O _ -0 O- & O
(b) (c)
Fig 7.26
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a Cl R1C1C2

— _wh - T =112

L@ (1 + joT) where @ G+ G (G + )
joT

(b) I—%,(;—Tzwhere T, = RiCy; T» = R(C, + C))

a(l + joT)) G CiG(R + Ry)

—— . Wwh =———— T = ;
© (1 + joTy) where d C+¢C ! G+ G)

and T2 = R2C2]

Problem 7.2

Sketch the Bode diagrams for each of the circuits in Figure 7.26 when
R; = 2R, = 2 ohm and C, = 2C; = 2 farad in each case.
[Bode diagrams are shown in Figure 7.27.]

Problem 7.3

Assume an ideal operational amplifier in the circuit shown in Figure 7.28 and
derive the complex voltage gain equation. What filter characteristic does this
represent?

|4 joT)? . .
(Y = ——(J—'T)—g where T = RC; Second order high pass filter]
Vl (1 + ](.l)T)
—9.5d8 1.5 w (rad/s) —=
Total gain
Gain (dB) —6 dB/octave
OO

Total phase

Phase —45°

-90°

(a)
Fig 7.72 (continued on next page)
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0dB 3 1 @ (rad/s) —e
: Denominator gain
—9.5dB : Total gain
Gain (dB) ——
- - \
)
90°
Phase
Total phase
00
% rad/s w —
(b)
(1+jwT2) gain 6 dB/octave
0dB w (rad/s)
-3.5dB
Gain (dB)
e — — —6 dB/octave
Denominator gain
-9.5dB
+90°
Numerator phase
20° J Total phase
1 00
|
I
Phase

Denominator phase

-90°

(c)

Fig 7.27
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—{ } =
—-0
o- | — 1L ° +
IIC IIC
Vi R Vo
O L 2 I o]
Fig 7.28

Problem 7.4

For the two circuits shown in Figures 7.3 and 7.6, R = 100 kQ and
C = 0.01 microfarad. Calculate the magnitude of the voltage gain and the phase
shift of the circuits at 300 Hz.

[0.469, 62° lagging; 0.883, 28° leading]

Problem 7.5

The voltage transfer function of a circuit element is expressed as

Yo__ 20
Vi jo(jo + 5)
(@) Construct the linearised graphs of gain and phase vs frequency (Bode

diagram).

(b) Use the graphs to estimate (i) the phase shift at unity gain, (ii) the
frequency in hertz when the gain is unity.

(¢) Calculate the gain and phase shift at 1.5 Hz.

[(@) The linearised Bode diagram is shown in Figure 7.29. (b) (i) 161°;

(ii) 2.5 Hz; (c¢) Voltage gain = 2.49 = 7.9 dB; phase shift = —152°]

Problem 7.6

An instrumentation system has a transfer function, relating input x to output y,
given by

o

= I=

S wl- e+ j2dww,

where d is the damping ratio and w, is the undamped natural frequency of the
system.
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If d = 0.5, calculate the percentage magnification (compared to the zero
frequency gain) when the input signal frequency is 0.8w,,.
[14%)]

—20 dB/decade

20
16
12

Unity gain w (rad/s)
| -90°

Phase shift

50

Gain (dB)
(=)

—40 dB/decade

——————————————————— —-135°
_20 -

—180°

Fig 7.29

Problem 7.7

Determine the transfer functions G(jo) which satisfy the linearised gain-
frequency responses shown in Figures 7.30(a) and (b).

0dB 50 rad/s

6 dB/octave

12 dB/octave

(a)

0dB 200 rad/s 1000 w—"

- ——— — —{

—-10d8

—6 dB/octave

6 dB/octave
(b)

Fig 7.30
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[(@) G(jw) -2 X 10 %w?
(1) —y
(1 + jw20 X 1073)(1 + jwl073)
® . jw1.58 x 1073
Gom)_(1+jw5x104x1+jmur%]

Problem 7.8

V -
Derive the voltage transfer function 70 (jw) for the network shown in Figure

1
7.31.

LA

Fig 7.31

Note: The result is not the same as that obtained from two simple RC lag
networks (Figure 7.3) multiplied together.

[ Vo_ 1
Vi 1- T+ jw3T

where T = RC.

See note at end of the Fact Sheet in this chapter.]
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8 Apparent Power,
Power, Reactive VA
and Power Factor
Improvement

8.1 Fact Sheet

(a) Average Power in an A.C. Circuit

If a voltage v = V) sin wt is applied to a passive circuit, and the current in the
circuit is i = Iy sin (ot — ¢), the instantaneous power, p, consumed is

p = vi = Vylysin(ot) - sin(et — ¢) = ; Viyly[cos & — cos(Qut — )]

Since the term cos(2wt — ¢) has zero average value over one cycle, the
average power consumed per cycle is

P = VmImcos & = VI cos b

where V and I are the r.m.s. values of the voltage and current, respectively.

Typical waveforms are shown in Figure 8.1. Since the voltage (or current) is
sometimes negative when the current (or voltage) is positive, the instantaneous
power waveform (which is the instantaneous product of the voltage and current
waveforms) has both positive and negative values <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>