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Preface

Computations are designed to solve problems. Programs are descriptions of computations written for
execution on computers. The field of computer science is concerned with the development of

methodol ogies for designing programs, and with the development of computers for executing programs.
It istherefore of central importance for those involved in the field that the characteristics of programs,
computers, problems, and computation be fully understood. Moreover, to clearly and accurately
communicate intuitive thoughts about these subjects, a precise and well-defined terminology is required.

This book explores some of the more important terminologies and questions concerning programs,
computers, problems, and computation. The exploration reduces in many cases to a study of
mathematical theories, such as those of automata and formal languages; theories that are interesting also
in their own right. These theories provide abstract models that are easier to explore, because their
formalisms avoid irrelevant details.

Organized into seven chapters, the material in this book gradually increases in complexity. In many
cases, new topics are treated as refinements of old ones, and their study is motivated through their
association to programs.

Chapter 1 is concerned with the definition of some basic concepts. It starts by considering the notion of
strings, and the role that strings have in presenting information. Then it relates the concept of languages
to the notion of strings, and introduces grammars for characterizing languages. The chapter continues by
introducing a class of programs. The choice is made for a class, which on one hand is general enough to
model all programs, and on the other hand is primitive enough to simplify the specific investigation of
programs. In particular, the notion of nondeterminism is introduced through programs. The chapter
concludes by considering the notion of problems, the relationship between problems and programs, and
some other related notions.

Chapter 2 studies finite-memory programs. The notion of a state is introduced as an abstraction for a
location in afinite-memory program as well as an assignment to the variables of the program. The notion
of state is used to show how finite-memory programs can be modeled by abstract computing machines,
called finite-state transducers. The transducers are essentially sets of states with rules for transition
between the states. The inputs that can be recognized by finite-memory programs are characterized in
terms of aclass of grammars, called regular grammars. The limitations of finite-memory programs,
closure properties for ssmplifying the job of writing finite-memory programs, and decidable properties of
such programs are also studied.

Chapter 3 considers the introduction of recursion to finite-memory programs. The treatment of the new
programs, called recursive finite-domain programs, resembles that for finite-memory programsin
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Chapter 2. Specifically, the recursive finite-domain programs are modeled by abstract computing
machines, called pushdown transducers. Each pushdown transducer is essentially afinite-state transducer
that can access an auxiliary memory that behaves like a pushdown storage of unlimited size. The inputs
that can be recognized by recursive finite-domain programs are characterized in terms of a generalization
of regular grammars, called context-free grammars. Finally, limitations, closure properties, and decidable
properties of recursive finite-domain programs are derived using techniques similar to those for finite-
memory programs.

Chapter 4 deals with the general class of programs. Abstract computing machines, called Turing
transducers, are introduced as generalizations of pushdown transducers that place no restriction on the
auxiliary memory. The Turing transducers are proposed for characterizing the programsin general, and
computability in particular. It is shown that a function is computable by a Turing transducer if and only if
it is computable by a deterministic Turing transducer. In addition, it is shown that there exists a universal
Turing transducer that can simulate any given deterministic Turing transducer. The limitations of Turing
transducers are studied, and they are used to demonstrate some undecidable problems. A grammatical
characterization for the inputs that Turing transducers recognize is also offered.

Chapter 5 considers the role of time and space in computations. It shows that problems can be classified
into an infinite hierarchy according to their time requirements. It discusses the feasibility of those
computations that can be carried out in "polynomial time" and the infeasibility of those computations that
require "exponential time." Then it considers the role of "nondeterministic polynomial time." "Easiest"
hard problems are identified, and their usefulness for detecting hard problemsis exhibited. Finaly, the
relationship between time and space is examined.

Chapter 6 introduces instructions that allow random choices in programs. Deterministic programs with
such instructions are called probabilistic programs. The usefulness of these programsis considered, and
then probabilistic Turing transducers are introduced as abstractions of such programs. Finally, some
interesting classes of problems that are solvable probabilistically in polynomial time are studied.

Chapter 7 is devoted to parallelism. It starts by considering parallel programs in which the
communication cost isignored. Then it introduces "high-level" abstractions for parallel programs, called
PRAM's, which take into account the cost of communication. It continues by offering a class of
"hardware-level" abstractions, called uniform families of circuits, which allow for arigorous analysis of
the complexity of parallel computations. The relationship between the two classes of abstractionsis
detailed, and the applicability of parallelism in speeding up sequential computationsis considered.

The motivation for adding this text to the many already in the field originated from the desire to provide
an approach that would be more appealing to readers with a background in programming. A unified
treatment of the subject is therefore provided, which links the development of the mathematical theories
to the study of programs.

The only cost of this approach occursin the introduction of transducers, instead of restricting the
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attention to abstract computing machines that produce no output. The cost, however, is minimal because
there is negligible variation between these corresponding kinds of computing machines.

On the other hand, the benefit is extensive. This approach helps considerably in illustrating the
importance of the field, and it allows for a new treatment of some topics that is more attractive to those
readers whose main background is in programming. For instance, the notions of nondeterminism,
acceptance, and abstract computing machines are introduced here through programs in a natural way.
Similarly, the characterization of pushdown automata in terms of context-free languages is shown here
indirectly through recursive finite-domain programs, by a proof that is less tedious than the direct one.

The choice of topics for the text and their organization are generally in line with what is the standard in
the field. The exposition, however, is not always standard. For instance, transition diagrams are offered
as representations of pushdown transducers and Turing transducers. These representations enable a
significant ssmplification in the design and analysis of such abstract machines, and consequently provide
the opportunity to illustrate many more ideas using meaningful examples and exercises.

As anatural outcome, the text also treats the topics of probabilistic and parallel computations. These
important topics have matured quite recently, and so far have not been treated in other texts.

Thelevel of the material is intended to provide the reader with introductory tools for understanding and
using formal specifications in computer science. As aresult, in many cases ideas are stressed more than
detailed argumentation, with the objective of developing the reader's intuition toward the subject as much
as possible.

Thisbook isintended for undergraduate students at advanced stages of their studies, and for graduate
students. The reader is assumed to have some experience as a programmer, as well asin handling
mathematical concepts. Otherwise no specific prerequisite is necessary.

The entire text represents a one-year course load. For alighter load some of the material may be just
sketched, or even skipped, without loss of continuity. For instance, most of the proofsin Section 2.6, the
end of Section 3.5, and Section 3.6, may be so treated.

Theorems, Figures, Exercises, and other itemsin the text are labeled with triple numbers. An item that is
labeled with atriplei.j.k is assumed to be the kth item of itstypein Section j of Chapter i.

Finally, | am indebted to Elizabeth Zwicky for helping me with the computer facilities at Ohio State
University, and to Linda Davoli and Sonia DiVittorio for their editing work. | would like to thank my
colleagues Ming Li , Tim Long , and Y aacov Y esha for helping me with the difficulties | had with some
of the topics, for their useful comments, and for allowing me the opportunities to teach the material. | am
also very grateful to an anonymous referee and to many students whose feedback guided me to the
current exposition of the subject.
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Chapter 1 GENERAL CONCEPTS

Computations are designed for processing information. They can be as ssmple as an estimation for
driving time between cities, and as complex as a weather prediction.

The study of computation aims at providing an insight into the characteristics of computations. Such an
insight can be used for predicting the complexity of desired computations, for choosing the approaches
they should take, and for developing tools that facilitate their design.

The study of computation reveals that there are problems that cannot be solved. And of the problems that
can be solved, there are some that require infeasible amount of resources (e.g., millions of years of
computation time). These revelations might seem discouraging, but they have the benefit of warning
against trying to solve such problems. Approaches for identifying such problems are also provided by the
study of computation.

On an encouraging note, the study of computation provides tools for identifying problems that can
feasibly be solved, as well astools for designing such solutions. In addition, the study develops precise
and well-defined terminology for communicating intuitive thoughts about computations.

The study of computation is conducted in this book through the medium of programs. Such an approach
can be adopted because programs are descriptions of computations.

Any formal discussion about computation and programs requires a clear understanding of these notions,
aswell as of related notions. The purpose of this chapter is to define some of the basic concepts used in
this book. The first section of this chapter considers the notion of strings, and the role that strings havein
representing information. The second section relates the concept of languages to the notion of strings,
and introduces grammars for characterizing languages. The third section deals with the notion of
programs, and the concept of nondeterminism in programs. The fourth section formalizes the notion of
problems, and discusses the relationship between problems and programs. The fifth section defines the
notion of reducibility among problems.

1.1 Alphabets, Strings, and Representations
1.2 Forma Languages and Grammars

1.3 Programs

1.4 Problems

1.5 Reducibility among Problems
Exercises

Bibliographic Notes

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-one.html (1 of 2) [2/24/2003 1:46:56 PM]


http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-two.html

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-onesel.html

[next] [tail] [up]

1.1 Alphabets, Strings, and Representations

Alphabets and Strings
Ordering of Strings
Representations

The ahility to represent information is crucial to communicating and processing information. Human
societies created spoken languages to communicate on abasic level, and developed writing to reach a
more sophisticated level.

The English language, for instance, in its spoken form relies on some finite set of basic sounds as a set of
primitives. The words are defined in term of finite sequences of such sounds. Sentences are derived from
finite sequences of words. Conversations are achieved from finite sequences of sentences, and so forth.

Written English uses some finite set of symbols as a set of primitives. The words are defined by finite
sequences of symbols. Sentences are derived from finite sequences of words. Paragraphs are obtained
from finite sequences of sentences, and so forth.

Similar approaches have been developed also for representing elements of other sets. For instance, the
natural number can be represented by finite sequences of decimal digits.

Computations, like natural languages, are expected to deal with information in its most general form.
Consequently, computations function as manipulators of integers, graphs, programs, and many other
kinds of entities. However, in reality computations only manipulate strings of symbols that represent the
objects. The previous discussion necessitates the following definitions.

Alphabets and Srings

A finite, nonempty ordered set will be called an alphabet if its elements are symbols, or characters (i.e.,
elements with "primitive" graphical representations). A finite sequence of symbols from a given alphabet
will be called a string over the alphabet. A string that consists of a sequence g, &, . . . , &, of symbols

will be denoted by the juxtaposition a;a ... a,. Strings that have zero symbols, called empty strings, will
be denoted by «.

Example1l.11 X¥,;={a ...,z andX,={0, ..., 9} areaphabets. abb isastring over ¥, and 123 isa
string over X. bal2 is not a string over X4, because it contains symbols that are not in ;. Similarly, 314 .
.. Isnot astring over X, because it is not afinite sequence. On the other hand, ¢ is a string over any
alphabet.
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The empty set @ is not an alphabet because it contains no element. The set of natural numbersis not an
alphabet, because it is not finite. The union X, L%, is an alphabet only if an ordering is placed on its

symbols. []

An aphabet of cardinality 2 is called abinary alphabet, and strings over a binary alphabet are called
binary strings. Similarly, an aphabet of cardinality 1 is called a unary alphabet, and strings over a unary
alphabet are called unary strings.

The length of astring i is denoted || and assumed to equal the number of symbolsin the string.

Example1.1.2 {0, 1} isabinary alphabet, and { 1} isaunary alphabet. 11 isabinary string over the
alphabet {0, 1}, and a unary string over the alphabet {1} .

11 isastring of length 2, g = 0, and |01] + |1| = 3. [

The string consisting of a sequence x followed by a sequence 7 is denoted . The string 2 is called the
concatenation of = and f. The notation o' is used for the string obtained by concatenating i copies of the
string c.

Example 1.1.3 The concatenation of the string 01 with the string 100 gives the string 01100. The
concatenation & of ¢ with any string &, and the concatenation o of any string c: with ¢ give the string ex. In
particular, & =«¢.

If @ = 01, thena0 =¢, ol = 01, 02 = 0101, and 3 = 010101. []

A string x is said to be a substring of astring d if & = Tag for some T and 2. A substring cx of astring f is
said to be aprefix of & if = ap for some p. The prefix is said to be a proper prefix of fif pre. A
substring cx of astring /7 is said to be a suffix of 1 if # = Tx for some . The suffix is said to be a proper

suffix of & if T£e.

Example1.1.4 ¢ 0,1, 01, 11, and 011 are the substrings of 011. ¢, 0, and O1 are the proper prefixes of
011.¢, 1, and 11 are the proper suffixes of 011. 011 is a prefix and a suffix of 011. []

If 2=a,...a,for somesymbolsa,, ..., a,thena,...a; iscalled the reverse of o, denoted ™. {7 is said
to be apermutation of x if & can be obtained from by reordering the symbolsin c.

Example1.1.5 Letabethe string 001. o' = 100. The strings 001, 010, and 100 are the permutations
of o [

The set of all the strings over an alphabet  will be denoted by £* . £+ will denote the set £* - {¢}.
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Ordering of Srings

Searching is probably the most commonly applied operation on information. Due to the importance of
this operation, approaches for searching information and for organizing information to facilitate
searching, receive special attention. Sequential search, binary search, insertion sort, quick sort, and
merge sort are some examples of such approaches. These approaches rely in most cases on the existence
of arelationship that defines an ordering of the entitiesin question.

A frequently used relationship for stringsis the one that compares them alphabetically, as reflected by
the ordering of names in telephone books. The relationship and ordering can be defined in the following
manner.

Consider any alphabet X. A string o is said to be alphabetically smaller in £* than astring 7, or
equivalently, [ is said to be alphabetically bigger in £* than o if = and [ arein Z* and either of the
following two cases holds.

a xisaproper prefix of f.
b. For some?inX* and someaand b in X such that aprecedesb in E, the string Tais a prefix of ¢
and the string Tb is a prefix of f.

An ordered subset of £* issaid to be alphabetically ordered, if 3 is not alphabetically smaller in £* than
 Whenever & precedes (7 in the subset.

Example1.1.6 Let X bethebinary alphabet {0, 1}. The string 01 is alphabetically smaller in £* than
the string 01100, because 01 is a proper prefix of 01100. On the other hand, 01100 is aphabetically
smaller than 0111, because both strings agree in their first three symbols and the fourth symbol in 01100
is smaller than the fourth symbol in 0111.

The set {¢, O, 00, 000, 001, 01, 010, 011, 1, 10, 100, 101, 11, 110, 111}, of those strings that have length
not greater than 3, is given in alphabetical ordering. []

Alphabetical ordering is satisfactory for finite sets, because each string in such an ordered set can
eventually be reached. For similar reasons, al phabetical ordering is also satisfactory for infinite sets of
unary strings. However, in some other cases alphabetical ordering is not satisfactory because it can result
in some strings being preceded by an unbounded number of strings. For instance, such isthe case for the
string 1 in the alphabetically ordered set {0, 1} *, that is, 1 is preceded by the strings O, 00, 000, . . . This
deficiency motivates the following definition of canonical ordering for strings. In canonical ordering
each string is preceded by a finite number of strings.

A string xis said to be canonically smaller or lexicographically smaller in Z* than a string {, or
equivalently, [ is said to be canonically bigger or lexicographically bigger inX* than e if either of the
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following two cases holds.

a e isshorter than fi.
b. =and f are of identical length but o is alphabetically smaller than f.

An ordered subset of * is said to be canonically ordered or lexicographically ordered, if [ isnot
canonically smaller in Z* than e whenever o precedes 7 in the subset.

Example1.1.7 Consider the aphabet ¥ = {0, 1}. The string 11 is canonically smaller in £* than the
string 000, because 11 is a shorter string than 000. On the other hand, 00 is canonically smaller than 11,
because the strings are of equal length and 00 is al phabetically smaller than 11.

Theset B* ={¢, 0, 1, 00, 01, 10, 11, 000, 001, . . .} isgiven in its canonical ordering. []

Representations

Given the preceding definitions of alphabets and strings, representations of information can be viewed as
the mapping of objects into strings in accordance with somerules. That is, formally speaking, a
representation or encoding over an alphabet X of aset D isafunction f from D to 22" that satisfies the
following condition: f(e;) and f(e,) are digoint nonempty sets for each pair of distinct elementse; and e,

inD.

If X isaunary aphabet, then the representation is said to be aunary representation. If X isabinary
alphabet, then the representation is said to be a binary representation.

In what follows each element in f(e) will be referred to as a representation, or encoding, of e.

Example1.1.8 f,isabinary representation over {0, 1} of the natural numbersif f,(0) = {0, 00, 000,
0000, . . .}, f1(1) ={1, 01, 001, 0001, . . .}, f1(2) = {10, 010, 0010, 00010, ...}, f;(3) ={11, 011, 0011,
00011, ...}, and f4(4) = {100, 0100, 00100, 000100, . . . }, €tc.

Similarly, f5 isabinary representation over {0, 1} of the natural numbersif it assignsto the ith natural
number the set consisting of the ith canonically smallest binary string. In such a case, f5(0) = {¢}, f5(1) =
{0}, 2(2) = {1}, f2(3) = {00}, T5(4) = {01}, T(5) = {10}, f(6) = {11}, f5(7) = {000}, f(8) = { 1000},
f»(9) = {1001}, ...

On the other hand, f5 is a unary representation over {1} of the natural numbersif it assignsto theith
natural number the set consisting of the ith alphabetically (= canonically) smallest unary string. In such a
case, f3(0) ={¢}, fa(1) = {1}, f3(2) = {11}, f3(3) = {111}, f5(4) = {1111}, ..., fa(1)) = {1}, . ..
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The three representations f1, f,, and 5 areillustrated in Figure 1.1.1. []
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Figure 1.1.1 Representations for the natural numbers.

In the rest of the book, unless otherwise is stated, the function f; of Example 1.1.8 is assumed to be the
binary representation of the natural numbers.
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1.2 Formal Languages and Grammars

Languages
Grammars

Derivations

Derivation Graphs

L eftmost Derivations
Hierarchy of Grammars

The universe of stringsis auseful medium for the representation of information as long as there exists a
function that provides the interpretation for the information carried by the strings. An interpretation is
just the inverse of the mapping that a representation provides, that is, an interpretation is afunction g
from E* to D for some aphabet £ and some set D. The string 111, for instance, can be interpreted as the
number one hundred and eleven represented by a decimal string, as the number seven represented by a
binary string, and as the number three represented by a unary string.

The parties communicating a piece of information do the representing and interpreting. The
representation is provided by the sender, and the interpretation is provided by the receiver. The processis
the same no matter whether the parties are human beings or programs. Consequently, from the point of
view of the partiesinvolved, alanguage can be just a collection of strings because the parties embed the
representation and interpretation functions in themselves.

Languages

In generd, if X isan alphabet and L isasubset of £*, then L is said to be alanguage over £, or ssimply a
language if X is understood. Each element of L is said to be a sentence or aword or a string of the
language.

Example1.2.1 {0, 11, 001}, {¢ 10}, and {0, 1} * are subsets of {0, 1} *, and so they are languages over
the alphabet {0, 1}.

The empty set @ and the set {¢} are languages over every alphabet. @ is alanguage that contains no
string. {¢} isalanguage that contains just the empty string. L]

The union of two languages L, and L,, denoted L, LI L, refersto the language that consists of all the
strings that are either in L, orinL,, thatis, to{ x | xisinL, or xisinL,}. Theintersection of L, and
L,, denoted L, M Lo, refersto the language that consists of all the strings that are both in L, and L, that
is,to{ x|xisinL;andinL,}. The complementation of alanguage L over X, or just the
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complementation of L when E is understood, denoted E, refers to the language that consists of all the
stringsover E that arenot inL, that is, to{ x | x isinE* but notinL }.

Example1.2.2 Consider the languagesL, = {¢, O, 1} and L, = {¢, 01, 11}. The union of these
languagesisLq WL, = {¢, 0, 1, 01, 11}, their intersectionis L4 " L, = {&}, and the complementation of L

is L1 ={00, 01, 10, 11, 000, 001, . .. }.

QUL =L for each language L. Similarly, @ L = @ for each language L. On the other hand, P =% and
T.* = @ for each alphabet E. L]

The difference of L, and L, denoted L ; - L,, refersto the language that consists of all the strings that are
inL, butnotinL,,thatis to{ x|xisinL,butnotinL,}. Thecrossproduct of L, and L, denoted L {
x L, refersto the set of all the pairs (x, y) of stringssuch that x isinL; andy isinL,, that is, to the
relation { (X,y) |xisinL;andyisinL,}. The composition of L, with L,, denoted L4L», refersto the
language{ xy | xisinL,andyisinL,}.

Example12.3 If Ly ={¢ 1,01, 11} and L, ={1, 01, 101} then L - L, ={g, 11} and L, - L, = {101}.

On the other hand, if L, ={¢, 0, 1} and L, = {01, 11}, then the cross product of these languagesisLq X
L, ={( 0O1), (¢, 11), (O, 0O1), (O, 112), (1, O1), (1, 11)}, and their compositionisL4L, ={01, 11, 001, 011,
101, 111}.

L-@=L,@-L=0, &L =@, and{e}L =L for each language L. [

Li will also be used to denote the composing of i copies of alanguage L, where LO is defined as {}. The
set LOULIUL20L3. . ., called the Kleene closure or just the closure of L, will be denoted by L*. The
set L1UL2UL3..., caled the positive closure of L, will be denoted by L*.

Li consists of those strings that can be obtained by concatenating i strings from L. L* consists of those
strings that can be obtained by concatenating an arbitrary number of strings from L.

Example 1.2.4 Consider the pair of languages L, = {&, 0, 1} and L, = {01, 11}. For these languages L
2={¢ 0,1, 00, 01, 10, 11}, and L, 3 ={010101, 010111, 011101, 011111, 110101, 110111, 111101,
111111}. In addition, e isin L*,in Ly *, and in L,* but not in L, *+. []

The operations above apply in asimilar way to relationsin £* x A*  when X and & are a phabets.
Specifically, the union of the relations R, and R,, denoted R, U Ry, istherelation { (X, y) | (X, y) isin Ry

orin R, }. Theintersection of R; and R,, denoted R, N Ry, istherelation { (x,y) | (X,y) isinR; andin
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R, }. The composition of R; with R,, denoted R{R,, istherelation { (X1X5, Y1Y5) | (X1, Y1) isin Ry and
(X2, yz) iIsin R2 }

Example1.2.5 Consider therelations Ry ={(¢, 0), (10, 1)} and R, = {(1, ¢), (0, 01)}. For these
relations Ry LR, = { (¢, 0), (10, 1), (1,¢), (0, 01)}, R{ N R, = J, R{R, = {(1, 0), (0, 001), (101, 1), (100,
101)}, and R,R; ={(1, 0), (110, 1), (0, 010), (010, 011)}. ]

The complementation of arelation RinE* x 4*, or just the complementation of Rwhen% and & are
understood, denoted E, istherelation{ (X, y) | (X, y) isinE* x &* but not inR }. Theinverse of R,
denoted R-1, istherelation { (y, x) | (x,y)isinR}.RO={(;, ¢)}. R =R-IRfori > 1.

Example 1.2.6 If Ristherelation{(g, ¢), (s, 01)}, then R ={(¢, ¢), (01, £)}, RO={ (¢, £)}, and R2 = { (&,
€), (£, 01), (¢, 0101)} . [

A language that can be defined by aformal system, that is, by a system that has a finite number of
axioms and afinite number of inference rules, is said to be aformal language.

Grammars

It is often convenient to specify languages in terms of grammars. The advantage in doing so arises
mainly from the usage of a small number of rules for describing alanguage with alarge number of
sentences. For instance, the possibility that an English sentence consists of a subject phrase followed by a
predicate phrase can be expressed by a grammatical rule of the form <sentence> —
<subject><predicate>. (The namesin angular brackets are assumed to belong to the grammar
metalanguage.) Similarly, the possibility that the subject phrase consists of a noun phrase can be
expressed by a grammatical rule of the form <subject> — <noun>. In asimilar manner it can also be
deduced that "Mary sang asong” is a possible sentence in the language described by the following
grammatical rules.
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Lsentence™> —  subject><Cpredicate
Ceublect> = <A0UN T
Spredicate> — Jverb > Jartiele > Cnouns
CHNOUNE  — ame =
SN0 — Celring s
Lname  — Su_character =Csiring s
Sebring>  — Zstring><charoeter
Setrings  — <character
Sohargoter  —
Sohargoter  — o
Cw_choracter> — A

Cu_character> — &
Syerb> = sang
<article™ —  a

The grammatical rules above also allow English sentences of the form "Mary sang asong” for other
names besides Mary. On the other hand, the rulesimply non-English sentences like "Mary sang a Mary,"
and do not allow English sentences like "Mary read asong." Therefore, the set of grammatical rules
above consists of an incomplete grammatical system for specifying the English language.

For the investigation conducted here it is sufficient to consider only grammars that consist of finite sets
of grammatical rules of the previous form. Such grammars are called Type O grammars, or phrase
structure grammars, and the formal languages that they generate are called Type 0 languages.

Strictly speaking, each Type O grammar G is defined as a mathematical system consisting of a quadruple
<N, E, P, S, where

N
Is an a phabet, whose elements are called nonterminal symbols.

by
is an aphabet digoint from N, whose elements are called terminal symbols.

P
isarelation of finite cardinality on (N U X)*, whose elements are called production rules.
Moreover, each production rule (o, ) in P, denoted @ — , must have at least one nonterminal
symbol in . In each such production rule, o is said to be the left-hand side of the production rule,
and 7 is said to be the right-hand side of the production rule.

S

Isasymbol in N called the start , or sentence, symbol.

Example1.2.7 <N, X, P, S>isaTypeOgrammar if N ={S}, X ={a b},and P={S— aSb, S—¢}. By
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definition, the grammar has a single nonterminal symbol S, two terminal symbolsaand b, and two
production rules S— aSb and S — ¢. Both production rules have a left-hand side that consists only of the
nonterminal symbol S. The right-hand side of the first production rule is aSh, and the right-hand side of
the second production ruleisz.

<N, &4, P;, S>isnot agrammar if N, isthe set of natural numbers, or ¥, isempty, because N, and ¥,
have to be alphabets.

If N, ={S}, %, ={a b},and P, = {S— aSh, S— ¢, ab— S} then <N,, X,, P,, S> isnot agrammar,
because ab — S does not satisfy the requirement that each production rule must contain at least one
nonterminal symbol on the left-hand side. [

In general, the nonterminal symbols of a Type O grammar are denoted by S and by the first uppercase
lettersin the English alphabet A, B, C, D, and E. The start symbol is denoted by S. The terminal symbols
are denoted by digits and by the first lowercase letters in the English alphabet a, b, ¢, d, and e. Symbols
of insignificant nature are denoted by X, Y, and Z. Strings of terminal symbols are denoted by the last
lowercase English characters u, v, w, X, y, and z. Strings that may consist of both terminal and
nonterminal symbols are denoted by the first lowercase Greek symbolse, [, and Y. In addition, for
convenience, sequences of production rules of the form

o —
o — [
o — A
are denoted as
o —
—
— A

Example1.28 <N, X P,S>isaTypeOgrammarif N ={S, B}, X ={a b, c}, and P consists of the
following production rules.

S5 — aB5:
—  gbc
— €
Ba — oF
Bb —  bb
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The nonterminal symbol Sisthe left-hand side of the first three production rules. Bais the left-hand side
of the fourth production rule. Bb is the |eft-hand side of the fifth production rule.

The right-hand side aBSc of the first production rule contains both terminal and nonterminal symbols.
The right-hand side abc of the second production rule contains only terminal symbols. Except for the
trivial case of the right-hand side ¢ of the third production rule, none of the right-hand sides of the
production rules consists only of nonterminal symbols, even though they are allowed to be of such a
form. [

Derivations

Grammars generate languages by repeatedly modifying given strings. Each modification of astringisin
accordance with some production rule of the grammar in question G = <N, X, P, S>. A modification to a
string ‘f in accordance with production rulex — £ is derived by replacing asubstringzin T by .

In general, astring T is said to directly derive astring T if T can be obtained from ¥ by asingle
modification. Similarly, astring 7 issaid to derive T if ' can be obtained from ¥ by a sequence of an
arbitrary number of direct derivations.

Formally, astring T issaid to directly derivein G astring 1", denoted T= T, if T can be obtained from
T by replacing a substring & with &, wheree — fisaproductionrulein G. That is, if T = god and T = pfd
for some strings, f, #, and § such that @ — [ isaproduction rulein G.

Example1.2.9 If Gisthegrammar <N, %, P, S> in Example 1.2.7, then both ¢ and aSb are directly

derivable from S. Similarly, both ab and a2Sb? are directly derivable from aSh. ¢ is directly derivable
from S, and ab is directly derivable from aSh, in accordance with the production rule S—¢. aSbis

directly derivable from S, and a2Sb?2 is directly derivable from aSb, in accordance with the production
rule S— aSh.

On the other hand, if G isthe grammar <N, E, P, S> of Example 1.2.8, then aBaBabccc = gaaBBabccc
and aBaBabccc = gaBaaBbccc in accordance with the production rule Ba— aB. Moreover, no other
string is directly derivable from aBaBabccc in G. [

Tissaidtoderive T'inG, denoted T=* T, if To= g...= T forsomeT, ..., T, suchthat Ty ="
and T, ="7T. Insuch acase, the sequence to = ... = g1, issaid to be aderivation of F from 1" whose
lengthisequal ton. T, . . ., T, are said to be sentential forms, if Ty = S. A sentential form that contains
no terminal symbolsis said to be a sentence.

Example 1.2.10 If G isthe grammar of Example 1.2.7, then a*Sb# has a derivation from S. The
derivation S= 5* a#Sh? has length 4, and it has the form S= zaSh = ga2Sh2 = ;a3Sb3 = ga#So4. [
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A string is assumed to be in the language that the grammar G generatesif and only if it isastring of
terminal symbols that is derivable from the starting symbol. The language that is generated by G,
denoted L(G), isthe set of all the strings of terminal symbols that can be derived from the start symbol,
that is, theset { w |wisinE*, and S= g* w }. Each string in the language L (G) is said to be generated
by G.

Example1.2.11 Consider the grammar G of Example 1.2.7. ¢ isin the language that G generates
because of the existence of the derivation S= ¢. ab isin the language that G generates, because of the
existence of the derivation S=* gaSh =+ gab. a2b? isin the language that G generates, because of the
existence of the derivation S=r gaSh = ;a2Sh? = za2b2.

The language L (G) that G generates consists of al the strings of theforma...ab... b inwhich the
number of a'sis equal to the number of b's, that is, L(G) ={ ab' | i isanatural number }.

aShisnot in L(G) because it contains a nontermina symbol. a2b isnot in L(G) because it cannot be
derived from Sin G.[]

In what follows, the notations T = T and T =* T are used instead of T= 5T and T= g* T, respectively,

when G is understood. In addition, Type O grammars are referred to simply as grammars, and Type O
languages are referred to ssimply as languages , when no confusion arises.

Example1.2.12 If Gisthe grammar of Example 1.2.8, then the following is a derivation for ab3c3.

The underlined and the overlined substrings are the left- and the right-hand sides, respectively, of those
production rules used in the derivation.

S =aBSc
= aBuH Scc

= aBaBabece
= aBatBbccee
= aB aabbcee
= ag B abbece

— aaﬂ_B_ﬁbccc
= aaabhbcee

The language generated by the grammar G consists of all the strings of theforma...ab...bc...cin
which there are equal numbers of a's, b's, and ¢'s, that is, L(G) ={ abic' | i isanatural number }.
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Thefirst two production rulesin G are used for generating sentential forms that have the pattern aBaB ...
aBabc... c. In each such sentential form the number of asis equal to the number of c'sand is greater by
1 than the number of B's,

The production rule Ba— aB is used for transporting the B's rightward in the sentential forms. The
production rule Bb — bb is used for replacing the B's by b's, upon reaching their appropriate positions. [

Derivation Graphs

Derivations of sentential formsin Type O grammars can be displayed by derivation , or parse, graphs.
Each derivation graph is arooted, ordered, acyclic, directed graph whose nodes are |abeled. The label of
each node is either a nonterminal symbol, aterminal symbol, or an empty string. The derivation graph
that corresponds to aderivation S= T, =...= 7, isdefined inductively in the following manner.

aThederivation graph Dg that correspondsto S consists of a single node labeled by the start

symbol S.
b. If o — gisthe production rule used in the direct derivation t; = ¥, 4, 0<Ci <nand Ty = S, then

the derivation graph D;; that correspondsto Ty =...= 7., isobtained from D; by the addition

of max(|f], 1) new nodes. The new nodes are labeled by the characters of £, and are assigned as
common successors to each of the nodes in D; that corresponds to a character in . Consequently,

the leaves of the derivation graph D;,, arelabeled by ¥, 1.

Derivation graphs are also called derivation trees or parse trees when the directed graphs are trees.

Example 1.2.13 Figure 1.2.1(a) provides examples of derivation trees for derivationsin the grammar
of Example 1.2.7. Figure 1.2.1(b) provides examples of derivation graphs for derivations in the grammar
of Example 1.2.8.[]
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Figure 1.2.1 (a) Derivation trees. (b) Derivation graphs.
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Figure 1.2.2 A derivation graph with ordering of the usage of production rules indicated with arrows.

Leftmost Derivations
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A derivation Ty =...= 1, issaid to be aleftmost derivation if i is replaced before , in the derivation
whenever the following two conditions hold.

a. oy appearstotheleft of myinY, 0<Ji <n.
b. o and e, are replaced during the derivation in accordance with some production rules of the form
g — f1 and ap — fo, respectively.

Example 1.2.14 The derivation graph in Figure 1.2.2 indicates the order in which the production rules
are used in the derivation of a3b3c3 in Example 1.2.12. The substring e, = aB that is replaced in the
seventh step of the derivation is in the same sentential form as the substring =, = Bb that is replaced in
the sixth step of the derivation. The derivation is not a leftmost derivation because i; appears to the | eft
of m, while it is being replaced after o,.

On the other hand, the following derivation is aleftmost derivation for a3b3c3 in G. The order in which
the production rules are used is similar to that indicated in Figure 1.2.2. The only differenceis that the

indices 6 and 7 should be interchanged.

S =aBSc
= alfaB Scc

= an B B3 cc
= aaBBabcce
= aaB a B bcce

= aaq B B bcee

= asaB bbcec

= aaab bbcce
]

Hierarchy of Grammars

The following classes of grammars are obtained by gradually increasing the restrictions that the
production rules have to obey.

A Type 1 grammar isa Type 0 grammar <N, X, P, S> that satisfies the following two conditions.

a. Each productionrulee— & in P satisfies || < || if it isnot of the form S— «.
b. If S—=«isinP, then S does not appear in the right-hand side of any production rule.
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A languageis said to be a Type 1 language if there exists a Type 1 grammar that generates the language.

Example 1.2.15 The grammar of Example 1.2.8 isnot a Type 1 grammar, because it does not satisfy

condition (b). The grammar can be modified to be of Type 1 by replacing its production rules with the
following ones. E is assumed to be a new nonterminal symbol.

5 =+ K
— £
E — aBE:
—  abc
Ba —= aBF
Bt —  bb

An addition to the modified grammar of a production rule of the form Bb — b will result inanon-Type 1
grammar, because of aviolation to condition (a). [

A Type 2 grammar isaType 1 grammar in which each production rulee — [ satisfies || = 1, that is, IS
anonterminal symbol. A language is said to be a Type 2 language if there exists a Type 2 grammar that
generates the language.

Example 1.2.16 The grammar of Example 1.2.7 isnot a Type 1 grammar, and therefore also not a

Type 2 grammar. The grammar can be modified to be a Type 2 grammar, by replacing its production
rules with the following ones. E is assumed to be a new nonterminal symbol.

y§ = «
- E

E = aFEb
—  ab

An addition of a production rule of the form aE — EaE to the grammar will result in anon-Type 2
grammar. [

A Type 3 grammar isa Type 2 grammar <N, X, P, S> in which each of the production rules — {1, which
isnot of the form S — ¢, satisfies one of the following conditions.

a [isatermina symbol.
b. fAisatermina symbol followed by anonterminal symbol.

A language is said to be a Type 3 language if there exists a Type 3 grammar that generates the language.

Example 1.2.17 The grammar <N, X, P, S>, which has the following production rules, isa Type 3.
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An addition of a production rule of the form A — Ba, or of the form B — bb, to the grammar will result
in anon-Type 3 grammar. L]

Figure 1.2.3 illustrates the hierarchy of the different types of grammars.
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Figure 1.2.3 Hierarchy of grammars.
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1.3 Programs

Choice of a Programming L anguage
Deterministic Programs
Computations

Nondeterministic Programs
Guessing in Programs
Configurations of Programs

Our deep dependency on the processing of information brought about the deployment of programsin an
ever increasing array of applications. Programs can be found at home, at work, and in businesses, libraries,
hospitals, and schools. They are used for learning, playing games, typesetting, directing telephone calls,
providing medical diagnostics, forecasting weather, flying airplanes, and for many other purposes.

To facilitate the task of writing programs for the multitude of different applications, numerous
programming languages have been developed. The diversity of programming languages reflects the
different interpretations that can be given to information. However, from the perspective of their power to
express computations, there is very little difference among them. Consequently, different programming
languages can be used in the study of programs.

The study of programs can benefit, however, from fixing the programming language in use. This enables a
unified discussion about programs. The choice, however, must be for alanguage that is general enough to
be relevant to all programs but primitive enough to simplify the discussion.

Choice of a Programming Language

Here, aprogramis defined as a finite sequence of instructions over some domain D. The domain D, called
the domain of the variables, is assumed to be a set of elements with a distinguished element, called the
initial value of the variables. Each of the elementsin D is assumed to be a possible assignment of avalue
to the variables of the program. The sequence of instructions is assumed to consist of instructions of the
following form.

a. Read instructions of the form

read x

where x isavariable.
b. Writeinstructions of the form
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wite X

where x isavariable.
c. Deterministic assignment instructions of the form

y = (X, - . ., Xp

wherex, ..., Xy, andy arevariables, and f isafunction from D™ to D.
d. Conditional if instructions of the form

if QX - . ., Xy then |

wherel isan instruction, X4, . . ., X, are variables, and Q is a predicate from D™ to {false, true} .
e. Deterministic looping instructions of the form

do
e
until Q(xq, . . . , X
wherez is a nonempty sequence of instructions, X4, . . ., X, are variables, and Q is a predicate from

DM to {false, true}.
f. Conditional accept instructions of the form

I f eof then accept
g. Regect instructions of the form
rej ect
h.  Nondeterministic assignment instructions of the form

X 1= ?

where x isavariable.
I.  Nondeterministic looping instructions of the form
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do
il
or
2
or
or
C
until Q(xq¢, - . . , X
wherek = 2, each of g, . . ., @ isanonempty sequence of instructions, x 4, . . ., X, are variables,

and Q isapredicate from D™ to {false, true} .

In each program the domain D of the variablesis assumed to have a representation over some alphabet. For
instance, D can be the set of natural numbers, the set of integers, and any finite set of elements. The
functions f and predicates Q are assumed to be from a given "built-in" set of computable functions and
predicates (see Section 1.4 and Church's thesisin Section 4.1).

In what follows, the domains of the variables will not be explicitly noted when their nature is of little
significance. In addition, expressions in infix notations will be used for specifying functions and
predicates.

Programs without nondeterministic instructions are called deterministic programs, and programs with
nondeterministic instructions are called nondeter ministic programs.

Example 1.3.1 Theprogram P; in Figure 1.3.1(a)

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-onese3.html (3 of 18) [2/24/2003 1:47:26 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-onese3.html

read X
y :=0
z =1
do do
y :=y +1 read x
z =z +1 or
until z = X y :=7?
read y witey
I f eof then accept until y = X
rej ect i f eof then accept
(@ (b)

Figure 1.3.1 (a) A deterministic program. (b) A nondeterministic program.

is an example of a deterministic program, and the program P, in Figure 1.3.1(b) is an example of a

nondeterministic program. The set of natural numbersis assumed for the domains of the variables, with O
asinitial value.

The program P, usesthree variables, namely, X, y, and z. There are two functionsin this program. The
constant function f4() = O, and the unary function f5(n) = n + 1 of addition by one. The looping instruction
uses the binary predicate of equality.

The program P, uses two nondeterministic instructions. One of the nondeterministic instructionsis an
assignment instruction of the form "y :=?"; the other is alooping instruction of the form "do...or ... until

Ly

Aninput of agiven program is a sequence of elements from the domain of the variables of the program.
Each element in an input of a program is called an input value.

Example 1.3.2 The programs of Example 1.3.1 (see Figure 1.3.1) can have any input that is afinite
sequence of natural numbers. An input of theform "1, 2, 3, 4" consists of four input values, and an input of
theform™ " contains no input value.

The sequence "1, 2, 3, . . . " cannot be an input for the programs because it is not a finite sequence. L

An execution sequence of agiven program is an execution on agiven input of the instructions according to
their semantics. The instructions are executed consecutively, starting with the first instruction. The
variables initially hold the initial value of the variables.

Deterministic Programs
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Deterministic programs have the property that no matter how many times they are executed on a given
input, the executions are always in exactly the same manner. Each instruction of a deterministic program
fully specifies the operations to be performed. In contrast, nondeterministic instructions provide only
partial specifications for the actions.

An execution of aread instruction read x reads the next input value to x. An execution of awrite
Instruction write x writes the value of x.

The deterministic assignment instructions and the conditional if instructions have the conventional
semantics.

An execution of adeterministic looping instruction do e until Q(X4, . . ., X, consists of repeatedly
executing o and checking the value of Q(x 4, . . ., X,y)- The execution of the looping instruction is
terminated upon detecting that the predicate Q(x 4, . . . , X,p) hasthe value true. If Q(xy, . . ., Xp) isthe
constant true, then only one iteration is executed. On the other hand, if Q(x4, . . ., X,) IS the constant false,
then the looping goes on forever, unless the execution terminatesin a.

A conditional accept instruction causes an execution sequence to halt if executed after al theinput is
consumed, that is, after reaching the end of input file (eof for short). Otherwise the execution of the
Instruction causes the execution sequence to continue at the code following the instruction. Similarly, an
execution sequence also halts upon executing areject instruction, trying to read beyond the end of the
input, trying to transfer the control beyond the end of the program, or trying to compute a value not in the
domain of the variables (e.g., trying to divide by 0).

Example 1.3.3 Consider the two programsin Figure 1.3.2.

do do
I f eof then accept read val ue
read val ue wite val ue
wite val ue until value < O
unti|l false I f eof then accept
(@ (b)

Figure 1.3.2 Two deterministic programs.

Assume that the programs have the set of integers for the domains of their variables, with O asinitial value.
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For each input the program in Figure 1.3.2(a) has one execution sequence. In each execution sequence the

program provides an output that is equal to the input. All the execution sequences of the program terminate
due to the execution of the conditional accept instruction.

Oninput "1, 2" the execution sequence repeatedly executes for three times the body of the deterministic
looping instruction. During the first iteration, the execution sequence determines that the predicate eof has
the value false. Consequently, the execution sequence ignores the accept command and continues by
reading the value 1 and writing it out. During the second iteration the execution sequence verifies again
that the end of the input has not been reached yet, and then the execution sequence reads the input value 2
and writes it out. During the third iteration, the execution sequence terminates due to the accept command,
after determining atrue value for the predicate eof .

The execution sequences of the program in Figure 1.3.2(b) halt due to the conditional accept instruction,

only on inputs that end with a negative value and have no negative values elsewhere (e.g., theinput "1, 2, -
3"). Oninputs that contain no negative values at all, the execution sequences of the program halt due to
trying to read beyond the end of the input (e.g., oninput "1, 2, 3"). On inputs that have negative values
before their end, the execution sequences of the program halt due to the transfer of control beyond the end
of the program (e.g., oninput -1, 2, -3"). [

Intuitively, an accept can be viewed as a halt command that signals a successful completion of a program
execution, where the accept can be executed only after the end of the input is reached. Similarly, argject
can be viewed as a halt instruction that signal's an unsuccessful completion of a program execution.

The requirement that the accept commands be executed only after reading al the input values should cause
no problem, because each program can be modified to satisfy this condition. Moreover, such a constraint
seems to be natural, because it forces each program to check all itsinput values before signaling a success
by an accept command. Similarly, the requirement that an execution sequence must halt upon trying to
read beyond the end of an input seems to be natural. It should not matter whether the reading isdueto a
read instruction or to checking for the eof predicate.

It should be noted that the predicates Q(X 4, . . . , X)) in the conditional if instructions and in the looping

instructions cannot be of the form eof . The predicates are defined just in terms of the values of the
variables x4, . . ., X, NOt in terms of the input.

Computations

Programs use finite sequences of instructions for describing sets of infinite numbers of computations. The
descriptions of the computations are obtained by "unrolling" the sequences of instructions into execution
sequences. In the case of deterministic programs, each execution sequence provides a description for a
computation. On the other hand, asit will be seen below, in the case of nondeterministic programs some
execution sequences might be considered as computations, whereas others might be considered
noncomputations. To delineate this distinction we need the following definitions.
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An execution sequence is said to be an accepting computation if it terminates due to an accept command.
An execution sequence is said to be a nonaccepting computation or arejecting computation if it ison input
that has no accepting computations. An execution sequence is said to be a computation if it is an accepting
computation or a nonaccepting computation.

A computation is said to be a halting computation if it isfinite.

Example 1.3.4 Consider the program in Figure 1.3.3.

read val ue
do
wite val ue
value := value - 2
until value =0
i f eof then accept

Figure 1.3.3 A deterministic program.

Assume that the domain of the variablesis the set of integers, with O asinitial value.

On an input that consists of asingle, even, positive integer, the program has an execution sequence that is
an accepting computation (e.g., on input "4").

On an input that consists of more than one value and that starts with an even positive integer, the program
has a halting execution sequence that is a nonaccepting computation (e.g., on input "4, 3, 2").

On the rest of the inputs the program has nonhalting execution sequences that are nonaccepting
computations (e.g., on input "1"). [

Aninput is said to be accepted , or recognized , by a program if the program has an accepting computation
on such an input. Otherwise the input is said to be not accepted , or rgjected , by the program.

A program is said to have an output y on input X if it has an accepting computation on x with output y. The
outputs of the nonaccepting computations are considered to be undefined , even though such computations
may execute write instructions.

Example 1.3.5 The program in Example 1.3.4 (see Figure 1.3.3) acceptstheinputs"2", "4", "6", ... On
input "6" the program has the output "6, 4, 2", and on input "2" the program has the output "2".
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The program does not accept the inputs"0", "1", and "4, 2". For these inputs the program has no output,
that is, the output is undefined. [

A computation is said to be a nondeter ministic computation if it involves the execution of a
nondeterministic instruction. Otherwise the computation is said to be a deter ministic computation.

Nondeter ministic Programs

Different objectives create the need for nondeterministic instructions in programming languages. One of
the objectivesisto allow the programs to deal with problems that may have more than one solution. In
such a case, nondeterministic instructions provide a natural method of selection (see, e.g., Example 1.3.6
below). Another objectiveisto simplify the task of programming (see, e.g., Example 1.3.9 below). Still
another objective isto provide tools for identifying difficult problems (see Chapter 5) and for studying
restricted classes of programs (see Chapter 2 and Chapter 3).

I mplementation considerations should not bother the reader at this point. After all, one usually learnsthe
semantics of new programming languages before learning, if one ever does, the implementation of such
languages. Later on it will be shown how a nondeterministic program can be translated into a deterministic
program that computes a related function (see Section 4.3).

Nondeterministic instructions are essentially instructions that can choose between some given options.
Although one is often required to make choices in everyday life, the use of such instructions might seem
strange within the context of programs.

The semantics of a nondeterministic looping instruction of the form do @ or @, or ... or o until Q(Xy, . . .
, Xm), @re similar to those of a deterministic looping instruction of the form do e until Q(X4, . . ., X,y). The

only difference is that in the deterministic case afixed code segment 2 is executed in each iteration,
whereas in the nondeterministic case an arbitrary code segment froma;, . . ., o iSexecuted in each

iteration. The choice of a code segment can differ from one iteration to ancther.

Example 1.3.6 The programin Figure 1.3.4
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counter : =0
/* Choose five input val ues. */
do
read val ue
or

read val ue
wite val ue
counter := counter + 1
until counter =5
/* Read the renmainder of the input. */
do
I f eof then accept
read val ue
unti |l false

Figure 1.3.4 A nondeterministic program that chooses five input values.

Is nondeterministic. The set of natural numbers is assumed to be the domain of the variables, with O as
initial value. Parenthetical remarks are enclosed between /* and */.

The program oninput "1, 2, 3, 4, 5, 6" has an execution sequence of the following form. The execution
seguence starts with an iteration of the nondeterministic looping instruction in which the first code segment
Is chosen. The execution of the code segment consists of reading the input value 1, while writing nothing
and leaving count er with the value of 0. Then the execution sequence continues with five additional
iterations of the nondeterministic looping instruction. In each of the additional iterations, the second code
segment is chosen. Each execution of the second code segment reads an input value, outputs the value that
has been read, and increases the value of count er by 1. When count er reachesthe value of 5, the
execution sequence exits the first looping instruction. During the first iteration of the second looping
Instruction, the execution sequence halts due to the execution of the conditional accept instruction. The
execution sequence is an accepting computation with output "2, 3, 4, 5, 6".

The programoninput "1, 2, 3, 4, 5, 6" has four additional execution sequences similar to the one above.
The only differenceis that the additional execution sequences, instead of ignoring the input value 1, ignore
the input values 2, 3, 4, and 5, respectively. An execution sequence ignores an input value i by choosing to
read the value in the first code segment of the nondeterministic looping instruction. The additional
execution sequences are accepting computations with outputs "1, 3, 4, 5, 6", "1, 2,4, 5, 6", "1, 2, 3, 5, 6",
and"1, 2, 3, 4, 6", respectively.

The program oninput "1, 2, 3, 4, 5, 6" also has an accepting computation of the following form. The
computation starts with five iterations of the first looping instruction. In each of these iterations the second
code segment of the nondeterministic looping instruction is executed. During each iteration an input value
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isread, that value is written into the output, and the value of count er isincreased by 1. After five
iterations of the nondeterministic looping instruction, count er reachesthe value of 5, and the
computation transfers to the deterministic looping instruction. The computation reads the input value 6
during the first iteration of the deterministic looping instruction, and terminates during the second iteration.
The output of the computationis”1, 2, 3, 4, 5".

The program has 27 - 14 execution sequencesoninput "1, 2, 3, 4, 5, 6" that are not computations. 26 - 7 of
these execution sequences terminate due to trying to read beyond the input end by the first read instruction,
and 26 - 7 of these execution sequences terminate due to trying to read beyond the input end by the second
read instruction. In each of these execution sequences at |least two input values are ignored by consuming
the valuesin the first code segment of the nondeterministic looping instruction. The execution sequences
differ in the input values they choose to ignore.

None of the execution sequences of the program on input "1, 2, 3, 4, 5, 6" is a nonaccepting computation,
because the program has an accepting computation on such an input.

The program does not accept the input "1, 2, 3, 4". On such an input the program has 2° execution
sequences all of which are nonaccepting computations.

The first nondeterministic looping instruction of the program is used for choosing the output values from
the inputs. Upon choosing five values the execution sequences continue to consume the rest of the inputsin
the second deterministic looping instruction.

On inputs with fewer than five values the execution sequences terminate in the first nondeterministic
looping instruction, upon trying to read beyond the end of the inputs.

The variable count er records the number of values chosen at steps during each execution sequence. [

A deterministic program has exactly one execution sequence on each input, and each execution sequence
of adeterministic program is a computation. On the other hand, the last example shows that a
nondeterministic program might have more than one execution sequence on a given input, and that some of
the execution sequences might not be computations of the program.

Nondeterministic looping instructions have been introduced to allow selections between code segments.
The motivation for introducing nondeterministic assignment instructionsis to allow selections between
values. Specifically, a nondeterministic assignment instruction of the form x := ? assignsto the variable x
an arbitrary value from the domain of the variables. The choice of the assigned value can differ from one
encounter of the instruction to another.

Example 1.3.7 The programin Figure 1.3.5

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-onese3.html (10 of 18) [2/24/2003 1:47:26 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-onese3.html

/* Nondeterm nistically find a val ue that
a. appears exactly once in the input, and
b. is the last value in the input.
last := ?

wite | ast

/* Read the input values, until a value

equal to the one stored in last is reached.

*/
do
read val ue
until value = | ast
/* Check for end of input. */
I f eof then accept
rej ect

Figure 1.3.5 A nondeterministic program for determining a single appearance of the last input value.

*/

Is nondeterministic. The set of natural numbers is assumed to be the domain of the variables. The initial

valueis assumed to be O.

The program accepts agiven input if and only if the last value in the input does not appear elsewhere in the
input. Such avalueis also the output of an accepting computation. For instance, on input "1, 2, 3" the
program has the output "3". On the other hand, on input "1, 2, 1" no output is defined since the program

does not accept the input.

On each input the program has infinitely many execution sequences. Each execution sequence corresponds
to an assignment of adifferent valueto| ast from the domain of the variables.

Anassignment to | ast of avaluethat appearsin the input, causes an execution sequence to exit the
looping instruction upon reaching such avalue in the input. With such an assignment, one of the following

cases holds.

a. The execution sequence is an accepting computation if the value assigned to | ast appearsonly at
the end of the input (e.g., an assignment of 3tol ast oninput "1, 2, 3").
b. The execution sequence is a nonaccepting computation if the value at the end of the input appears

more than once in the input (e.g., an assignment of 1 or 2tol ast oninput "1, 2, 1").

c. The execution sequence is not a computation if neither (a) nor (b) hold (e.g., an assignment of 1 or

2tol ast oninput "1, 2, 3").

Anassignment to | ast of avalue that does not appear in the input causes an execution sequence to
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terminate within the looping instruction upon trying to read beyond the end of the input. With such an
assignment, one of the following cases hold.

a. The execution sequence is a nonaccepting computation if the value at the end of the input appears
more than once in the input (e.g., an assignment to | ast of any natural number that differsfrom 1
and2oninput "1, 2, 1").

b. The execution sequence is a nonaccepting computation if the input is empty (e.g., an assignment of
any natural number to| ast oninput"").

c. The execution sequence is not a computation, if neither (a) nor (b) hold (e.g., an assignment to
| ast of any natural number that differsfrom 1, 2, and 3 oninput "1, 2, 3"). 1

Intuitively, each program on each input defines "good" execution sequences, and "bad" execution
sequences. The good execution sequences terminate due to the accept commands, and the bad execution
sequences do not terminate due to accept commands. The best execution sequences for a given input are
the computations that the program has on the input. If there exist good execution sequences, then the set of
computationsisidentified with that set. Otherwise, the set of computationsis identified with the set of bad
execution sequences.

The computations of a program on a given input are either all accepting computations or all nonaccepting
computations. Moreover, some of the nonaccepting computations may never halt. On inputs that are
accepted the program might have execution sequences that are not computations. On the other hand, on
inputs that are not accepted all the execution sequences are computations.

Guessing in Programs

The semantics of each program are characterized by the computations of the program. In the case of
deterministic programs the semantics of a given program are directly related to the semantics of its
Instructions. That is, each execution of the instructions keeps the program within the course of a
computation.

In the case of nondeterministic programs a distinction is made between execution sequences and
computations, and so the semantics of a given program are related only in arestricted manner to the
semantics of itsinstructions. That is, although each computation of the program can be achieved by
executing the instructions, some of the execution sequences do not correspond to any computation of the
program. The source for this phenomenon is the ability of the nondeterministic instructions to make
arbitrary choices.

Each program can be viewed as having an imaginary agent with magical power that executes the program.
On agiven input, the task of the imaginary agent isto follow any of the computations the program has on
the input. The case of deterministic programs can be considered as a lesser and restricted example in which
the agent is left with no freedom. That is, the outcome of the execution of each deterministic instruction is
completely determined for the agent by the semantics of the instruction. On the other hand, when executing
anondeterministic instruction the agent must satisfy not only the local semantics of the instruction, but also
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the global goal of reaching an accept command whenever the global goal is achievable.

Specifically, the local semantics of a nondeterministic looping instruction of the form dow; or ... or oy
until Q(x4, . . ., X;p) require that in each iteration exactly one of the code segmentsw;, . . ., m will be

chosen in an arbitrary fashion by the agent. The global semantics of a program require that the choice be
made for a code segment which can lead the execution sequence to halt due to a conditional accept
Instruction, whenever such is possible.

Similarly, the local semantics of a nondeterministic assignment instruction of the form x := ? require that
each assigned value of x be chosen by the agent in an arbitrary fashion from the domain of the variables.
The global semantics of the program require that the choice be made for avalue that halts the execution
sequence due to a conditional accept instruction, whenever such is possible.

From the discussion above it follows that the approach of "first guess a solution and then check for its
validity" can be used when writing a program. This approach simplifies the task of the programmer
whenever checking for the validity of a solution is simpler than the derivation of the solution. In such a
case, the burden of determining a correct "guess’ isforced on the agent performing the computations.

It should be emphasized that from the point of view of the agent, aguessis correct if and only if it leads an
execution sequence along a computation of the program. The agent knows nothing about the problem that
the program intends to solve. The only thing that drives the agent is the objective of reaching the execution
of aconditional accept instruction at the end of the input. Consequently, it is still up to the programmer to
fully specify the constraints that must be satisfied by the correct guesses.

Example 1.3.8 The program of Figure 1.3.6

/* @uess the output value. */

X .= 7

wite x

/* Check for the correctness of the
guessed val ue. */
do

I f eof then accept
read y
until y = X

Figure 1.3.6 A nondeterministic program that outputs a noninput value.

outputs a value that does not appear in the input. The program starts each computation by guessing avaue
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and storing it in x. Then the program reads the input and checks that each of the input values differs from
the value stored in x. [

The notion of an imaginary agent provides an appealing approach for explaining nondeterminism.
Nevertheless, the notion should be used with caution to avoid misconceptions. In particular, an imaginary
agent should be employed only on full programs. The definitions leave no room for one imaginary agent to
be employed by other agents. For instance, an imaginary agent that is given the program P in the following
example cannot be employed by other agents to derive the acceptance of exactly those inputs that the agent
rejects.

Example 1.3.9 Consider the program P in Figure 1.3.7. On a given input, P outputs an arbitrary choice of

input values, whose sum equals the sum of the nonchosen input values. The values have the same relative
ordering in the output asin the input.

sunl := 0
sun := 0
do
I f eof then accept
do [* @Quess where the next input val ue bel ongs. */
read x
suml = sunl + X
or
read X
wite x
sun? = sunf + X
until suml = sun® [* Check for the correctness of the

guesses, wWith respect to the portion
of the input consuned so far.
*/
unti|l false

Figure 1.3.7 A nondeterministic program for partitioning the input into two subsets of equal sums of
elements.

For instance, oninput "2, 1, 3, 4, 2" the possible outputsare "2, 1, 3", "1, 3, 2", "2, 4", and "4, 2". On the
other hand, no output is defined for input "2, 3".

In each iteration of the nested looping instruction the program guesses whether the next input value isto be
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among the chosen ones. If it is to be chosen then sun® isincreased by the magnitude of the input value.
Otherwise, summll isincreased by the magnitude of the input value. The program checks that the sum of the
nonchosen input values equals the sum of the chosen input values by comparing the value in suml with
thevaluein sun®. [

Example 1.3.10 The program of Figure 1.3.8 outputs the median of itsinput values, that is, the [n/2lth

smallest input value for the case that the input consists of n values. Oninput "1, 3, 2" the program has the
output "2", and on input "2, 1, 3, 3" the program has the output "3".

medi an := ? [* Quess the nedian. */
wite nedian

count := 0

do

/* Find the difference between the
nunber of val ues greater than and those
smal | er than the guessed nedi an.

*/
do
read x
if x > nmedian then
count := count + 1
i f x < nmedian then
count := count - 1
if X = nmedian t hen
do
count := count + 1
or
count := count - 1

until true
until 0 < count <1
/[* The median is correct for the portion of the
| nput consuned so far. */
I f eof then accept
until false

Figure 1.3.8 A nondeterministic program that finds the median of the input values.

The program starts each computation by storing in medi an aguessfor the value of the median. Then the
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program reads the input values and determinesin count the difference between the number of input
values that are greater than the one stored in medi an and the number of input values that are smaller than
the one stored in nedi an.

For those input values that are equal to the value stored in nedi an, the program guesses whether they
should be considered as bigger values or smaller values.

The program checks that the guesses are correct by verifying that count holds either the value O or the
value 1. []

The relation computed by a program P, denoted R(P), isthe set { (X, y) | P has an accepting computation
on input x with output y }. When P is a deterministic program, the relation R(P) is a function.

Example 1.3.11 Consider the program P in Figure 1.3.6. Assume the set of natural numbers for the
domain of the variables. The relation R(P) that P computesis{ (z, @) | = isasequence of natural numbers,
and ais anatural number that does not appear in¢}. []

The language that a program P acceptsis denoted by L(P) and it consists of all the inputs that P accepts.

Configurations of Programs

An execution of aprogram on agiven input is adiscrete process in which the input is consumed, an output
IS generated, the variables change their values, and the program traverses its instructions. Each stage in the
process depends on the outcome of the previous stage, but not on the history of the stages. The outcome of
each stage is a configuration of the program that indicates the instruction being reached, the values stored
in the variables, the portion of the input left to be read, and the output that has been generated so far.
Conseguently, the process can be described by a sequence of moves between configurations of the
program.

Formally, a segment of a program is said to be an instruction segment if it is of any of the following forms.

Read instruction

Write instruction

Assignment instruction

if Q(Xq, - .., Xy then portion of aconditional if instruction

do portion of alooping instruction

until Q(X4, . . ., X;n) portion of alooping instruction
Conditional accept instruction

Reject instruction

SQ ~0 Q00

Consider aprogram P that has k instruction segments, m variables, and adomain of variablesthat is
denoted by D. A configuration, or instantaneous description, of Pisafive-tuple (i, X, u, v, w), where 1 < i
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< k, x isasequence of m values from D, and u, v, and w are sequences of values from D.
Intuitively, aconfiguration (i, X, u, v, w) saysthat Pisin itsith instruction segment, itsjth variable
contains the jth value of x, uisthe portion of the input that has already been read, the leftover of the input

Isv, and the output so far isw. (The component u is not needed in the definition of a configuration. Itis
inserted here for reasons of compatibility with future definitions that require such a component.)

Example 1.3.12 Consider the program in Figure 1.3.9.

last := ? [* 14 *

wite | ast [* 1, */

do [* 13 */
read val ue [* 14 */

until value = | ast I[* 1g */

i f eof then accept I* 1g */

rej ect I* 17 *

Figure 1.3.9 A program consisting of seven instruction segments.

Assume the set of natural numbers for the domain D of the variables, with O asinitial value. Each linel; in
the program is an instruction segment. The program has k = 7 instruction segments, and m = 2 variables.

In each configuration (i, X, u, v, w) of the program i is a natural number between 1 and 7, and x isa pair
<last, value> of natural numbers that corresponds to a possible assignment of last and value in the variables
| ast andval ue, respectively. Smilarly, u, v, and w are sequences of natural numbers.

The configuration (1, <0, 0>, <>, <1, 2, 3>, <>) states that the program isin the first instruction segment,
the variables hold the value O, no input value has been read so far, the rest of theinput is"1, 2, 3", and the
output is empty.

The configuration (5, <3, 2>, <1, 2>, <3>, <3>) states that the program isin the fifth instruction segment,
thevariablel ast holdsthevalue 3, the variableval ue holdsthevalue 2, "1, 2" isthe portion of the
input consumed so far, the rest of the input contains just the value 3, and the output so far contains only the
value 3.

A configuration (i, X, u, v, w) of Piscalled aninitial configurationif i = 1, X isa sequence of minitia
values, u is an empty sequence, and w is an empty sequence. The configuration is said to be an accepting
configuration if the ith instruction segment of P is aconditional accept instruction and v is an empty
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sequence.

A direct move of P from configuration C; to configuration C, is denoted C; Fp C,, or simply C; F C, if P
is understood. A sequence of unspecified number of moves of P from configuration C, to configuration C,
isdenoted C; Fp* C,, or smply C; F* C, if Pisunderstood.

Example 1.3.13 Consider the program in Figure 1.3.9. Oninput "1, 2, 3" it has an accepting computation
that goes through the following sequence of moves between configurations. The first configuration in the
sequence istheinitial configuration of the program on input "1, 2, 3", and the last configuration in the
sequence is an accepting configuration of the program. In each configuration (i, x, u, v, w) the pair x =
<last, value> corresponds to the assignment of last and value in the variables| ast and val ue,
respectively.

(1, <0, 0%, <>, <1,2,3> <) y U, 0 <, <1, 2,3, <)
y 3y 0y <y <1, 2,30, 3]
<3, 0, S, 01,2, 35, <3
<3, 1 122,30, <3
8, 1, 1, 2,30, 35
y By 1y 10, 2,30, 35
e
e
<3,
£
<

S, €1, 23, <3, <3
Sy <1, 23, <3, <3
1,2,35, <3, <33
1,2,35, <>, <33

)
)
2>, <1, 2, <3, <3>)
)
)

T T T T T T T T T T T
e A S N T o T e N e T e T e O i
e R R

2
2
3,35, <
3,3, <

1

The subcomputation

(1, <0, 0, <y <1, 2,33, <) BT (1, <0, 03, <>, <1, 2,33, <)
consists of zero moves, and the subcomputation

(1, <0, 0, <>, <1,2,35, <) FF(6,<3,3>,<1,2,3>, <>, <33)
consists of eleven moves. [

[next] [prev] [prev-tail] [front] [up]

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-onese3.html (18 of 18) [2/24/2003 1:47:26 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-onese4.html

[next] [prev] [prev-tail] [tail] [up]

1.4 Problems

Partial Solvability and Solvability
Problems concerning Programs
Problems concerning Grammars

Thefirst two sections of this chapter treated different aspects of information. The third section
considered programs. The purpose of the rest of this chapter isto deal with the motivation for writing
programs for manipulating information, that is, with problems.

Each problem K isapair consisting of a set and a question, where the question can be applied to each
element in the set. The set is called the domain of the problem, and its elements are called the instances
of the problem.

Example1.4.1 Consider the problem K, defined by the following domain and question.

Domain:
{ <a, b>|aand b are natural numbers}.
Question:
What isthe integer part y of adivided by b for the given instance x = <a, b>?

The domain of the problem contains the instances <0, 0>, <5, 0>, <3, 8>, <24, 6>, and <27, 8>. On the
other hand, <-5, 3> is not an instance of the problem.

For the instance <27, 8> the problem asks what is the integer part of 27 divided by 8. Similarly, for the
instance <0, 0> the problem asks what is the integer part of O divided by 0. []

An answer to the question that the problem K poses for a given instance is said to be a solution for the
problem at the given instance. The relation induced by the problem, denoted R(K), istheset{ (x,y) | xis
an instance of the problem, and y isasolution for the problem at x }. The problem is said to be a decision
problemif for each instance the problem has either ayes or ano solution.

Example 1.4.2 Consider the problem K, in Example 1.4.1. The problem has the solution 3 at instance
<27, 8>, and an undefined solution at instance <0, 0>. K induces the relation R(K 1) = { (<0, 1>, 0), (<O,
2>,0), (<1, 1>, 1), (<0, 3>, 0), (<1, 2>, 0), (<2, 1>, 2), (<0, 3>,0), ... }.

The problem K4 is not a decision problem. But the problem K, defined by the following pair is.
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Domain:

{ <a, b>|aand b are natural numbers}.
Question:

Does b divide a, for the given instance <a, b>1]

Partial Solvability and Solvability

A program Pissaid to partially solve a given problem K if it provides the answer for each instance of the
problem, that is, if R(P) = R(K). If, in addition, all the computations of the program are halting
computations, then the program is said to solve the problem.

Example 1.4.3 Consider the program Py in Figure 1.4.1(a). The domain of the variablesis assumed to
equal the set of natural numbers. The program partially solves the problem K, of Example 1.4.1.

read a
read b
ans := 0
if a > b then read a
do read b
a:=a->»> do
ans := ans + 1 if a =Db then
until a<b I f eof then accept
wite ans a:=a->5»>
I f eof then accept until false
€) (b)

Figure 1.4.1 (a) A program that partially solves the problem of dividing natural numbers. (b) A
program that partially decides the problem of divisibility of natural numbers.

Oninput "27, 8" the program halts in an accepting configuration with the answer 3 in the output. On
input "0, 0" the program never halts, and so the program has undefined output on such an input. On input
"27" and input "27, 8, 2" the program halts in rgjecting configurations and does not define an outpui.

The program P, does not solve K ; because it does not halt when the input value for b is 0. P; can be
modified to a program P that solves K, by letting P check for a 0 assignment to b. ]
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A program is said to partially decide a problem if the following two conditions are satisfied.

a. The problem isadecision problem; and

b. The program accepts agiven input if and only if the problem has an answer yes for the input, that
IS, the program accepts the language { x | x is an instance of the problem, and the problem has the
answer yesat x }.

A program is said to decide a problem if it partially decides the problem and all its computations are
halting computations.

Example 1.4.4 Itis meaningless to talk about the partial decidability or decidability of the problem K4
of Example 1.4.1 by a program, because the problem is not a decision problem. On the other hand, the
problem K, of Example 1.4.2 isadecision problem. The latter problem is partially decidable by the
program P, in Figure 1.4.1(b). []

The main difference between a program P; that partially solves (partially decides) a problem, and a
program P, that solves (decides) the same problem, is that P; might reject an input by a nonhalting
computation, whereas P, can reject the input only by a halting computation. (Recall that on an input that
Is accepted by a program, the program has only accepting computations, and all these computations are

halting computations. But on an input that is not accepted the program might have more than one
computation, of which some may never halt.)

The notions of partial solvability, solvability, partial decidability, and decidability of a problem by a
program can be intuitively generalized in a straightforward manner by considering effective (i.e., strictly
mechanical) procedures instead of programs. However, formalizing the generalizations requires that the
intuitive notion of effective procedure be formalized. In any case, under such intuitively understood
generaizations a problem is said to be partially solvable, solvable, partially decidable, and decidable if it
can be partially solved, solved, partially decided, and decided by an effective procedure, respectively.

In what follows effective procedures will also be called algorithms.

Example 1.4.5 The program P, of Example 1.4.3 describes how the problem K, of Example 1.4.1 can
be solved. The program P, of Example 1.4.4 describes how the problem K, of Example 1.4.2 can be
solved. []

A problem is said to be unsolvable if no algorithm can solve it. The problem is said to be undecidable if
it isadecision problem and no algorithm can decide it. The relationship between the different classes of
problemsisillustrated in the Venn diagram of Figure 1.4.2.
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Figure 1.4.2 Classification of the set of problems.

It should be noted that an unsolvable problem might be partially solvable by an algorithm that makes an
exhaustive search for a solution. In such a case the solution is eventually found whenever it is defined,
but the search might continue forever whenever the solution is undefined. Similarly, an undecidable
problem might also be partialy decidable by an agorithm that makes an exhaustive search. However,
here the solution is eventually found whenever it has the value yes, but the search might continue forever
whenever it has the value no.

Example1.4.6 The empty-word membership problem for grammars is the problem consisting of the
following domain and question.

Domain:
{ G|Gisagrammar}.
Question:
|sthe empty word ¢ in L(G) for the given grammar G?

It is possible to show that the problem is undecidable (e.g., see Theorem 4.6.2 and Exercise 4.5.7). On

the other hand, the problem is partially decidable because given an instance G = <N, X, P, S> one can
exhaustively search for aderivation of theformS=Ty =71, =...=2 1,1 =7, =¢, by considering all

derivations of lengthnforn=1, 2, . .. With such an algorithm the desired derivation will eventually be
foundif eisin L(G). However, if eisnot in L(G), then the search might never terminate.

For the grammar G = <N, E, P, S>, whose production rules are listed bel ow, the algorithm will proceed
in the following manner.
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S5 — aBS
— Ba
aB — 5B
BSY — ¢«

The algorithm will start by determining the set of all the derivations'®, = {S= aBS, S= Ba} of lengthn
= 1. After determining that none of the derivationsin®; provides the empty string ¢, the algorithm
determines the set of all the derivations®, = {S= aBS= aBaBS, S= aBS—= aBBa, S=aBS=SBS, S
= aBS, S= a} of length n = 2. Then the algorithm continues by determining the set ®; of all the
derivations of length 3, the set ®, of al the derivations of length 4, and so forth. The algorithm stops
(with the answer yes) when, and only when, it finds a set ®,, of derivations of length n that includes a
derivation for e. Such a set ®,, exists for n = 5 because of the derivation S= aBS= SBS= BaBS=
BSBS=BS=«.

On the other hand, for the grammar G = <N, , P, S>, whose production rules are listed below, the
algorithm never stops.

5 = afb
—  adb
4 = ¢

N

The unsolvability of a problem does not mean that a solution cannot be found at some of itsinstances. It
just means that no algorithm can uniformly find a solution for every given instance. Consequently, an
unsolvable problem might have simplified versions that are solvable. The simplifications can be in the
guestion being asked and in the domain being considered.

Example 1.4.7 The empty-word membership problem for Type 1 grammars is the problem consisting
of the following domain and question.

Domain:
{ G|GisaTypelgrammar}.
Question:
|s the empty word ¢ in L(G) for the given grammar G?

The problem is decidable because ¢ isin L(G) for agiven Type 1 grammar G = <N, E, P, S> if and only
if S—¢isaproduction rule of G. [

A function f is said to be computable (respectively, partially computable, noncomputable) if the problem
defined by the following domain and question is solvable (respectively, partially solvable, unsolvable).
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Domain:
The domain of f.
Question:
What isthe value of f(x) at the given instance x?

Problems concerning Programs

Although programs are written to solve problems, there are also interesting problems that are concerned
with programs. The following are some examples of such decision problems.

Uniform halting problem for programs
Domain:
Set of all programs.
Question:
Does the given program halt on each of itsinputs, that is, are al the computations of the
program halting computations?
Halting problem for programs
Domain:
{ (P, x) | Pisaprogram and x isan input for P}.
Question:
For the given instance (P, xX) does P halt on x, that is, are all the computations of P on input
x halting computations?
Recognition / acceptance problem for programs
Domain:
{ (P, x) | Pisaprogram and x isan input for P}.
Question:
For the given instance (P, x) does P accept x?
Membership problem for programs

Domain:
{ (P, x,y) | Pisaprogram, and x and y are sequences of values from the domain of the
variablesof P}.

Question:

Is (X, y) intherelation R(P) for the given instance (P, X, y), that is, does P have an
accepting computation on x with output y?

Emptiness problem for programs

Domain:
Set of all programs.

Question:
Does the given program accept an empty language, that is, does the program accept no
input?

Ambiguity problem for programs

Domain:
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Set of al programs.
Question:
Does the given program have two or more accepting computations that define the same
output for some input?
Single-valuedness problem for programs
Domain:
Set of al programs.
Question:
Does the given program define afunction, that is, does the given program for each input
have at most one output?
Equivalence problem for programs
Domain:
{ (P1, P,) | P, and P, are programs} .
Question:
Does the given pair (P;, P,) of programs define the same relation, that is, does R(P;) =

R(P,)?

Example 1.4.8 Thetwo programs P; and P of Example 1.4.3 are equivalent, but only P, halts on all
inputs. L]

The nonuniform halting problem, the unambiguity problem, the inequivaence problem, and so forth are
defined similarly for programs as the uniform halting problem, the ambiguity problem, the equivalence
problem, and so forth, respectively. The only difference is that the questions are phrased so that the
solutions to the new problems are the complementation of the old ones, that is, yes becomes no and no
becomes yes.

It turns out that nontrivial questions about programs are difficult, if not impossible, to answer. Itis
natural to expect these problems to become easier when the programs under consideration are
"appropriately" restricted. The extent to which the programs have to be restricted, as well asthelossin
their expressibility power, and the increase in the resources they require due to such restrictions, are
interesting questions on their own.

Problems concerning Grammars

Some of the problems concerned with programs can in asimilar way be defined aso for grammars. The
following are some examples of such problems.

Membership problem for grammars
Domain:

{ (G, x)|Gisagrammar <N, E, P, SSand x isastring in E* }.
Question:
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Isx in L(G) for the given instance (G, x)?
Emptiness problem for grammars
Domain:
{ G|Gisagrammar}.
Question:
Does the given grammar define an empty language?
Ambiguity problem for grammars
Domain:
{ G|Gisagrammar}.
Question:
Does the given grammar G have two or more different derivation graphs for some string in
L(G)?
Equivaence problem for grammars,
Domain:
{ (G4, Gy) | Gy and G, aregrammars } .
Question:
Does the given pair of grammars generate the same language?
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1.5 Reducibility among Problems

A common approach in solving problemsis to transform them to different problems, solve the new ones,
and derive the solutions for the original problems from those for the new ones. This approach is useful
when the new problems are simpler to solve, or when they already have known algorithms for solving
them. A similar approach is also very useful in the classification of problems according to their
complexity.

A problem K, which can be transformed to another problem K, is said to be reducible to the new
problem. Specifically, a problem K, is said to be reducible to a problem K, if there exist computable
total functions f and g with the following properties (see Figure 1.5.1).

Figure 1.5.1 Reducibility from problem K to problem K».

If 1, isan instance of K4, then
a |, =1(l1) isaninstance of K».
b. K;hasasolutionS, at |4 if and only if K, hasasolution S, at |, = f(l,) such that S, =

9(Sy.

Example 1.5.1 Let® betheset{ m|m= 2 for someinteger i }. The problem of exponentiation of
numbers from ' is reducible to the problem of multiplication of integer numbers. The reducibility is
implied from the equalities xy = (2109 X)y = 2vlogx which allow the choice of f(x, y) = (y, log x) and g(2)
=2z for f and g, respectively.1[]

Example 1.5.2 Let Ky and K= be the emptiness problem and the equivalence problem for programs,
respectively. Then K is reducible to K= by functions f and g of the following form. f is afunction
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whose value at program P isthe pair of programs (P, Pg). Py is aprogram that accepts no input, for

example, the program that consists only of the instruction r g ect. g isthe identity function, that is, g(yes)
= yes and g(no) = no. ]

If K, isaproblem that is reducible to a problem K, by total functions f and g that are computable by
algorithms Ty and T, respectively, and K, is solvable by an algorithm A, then one can also get an
algorithm B for solving K4 (see Figure 1.5.2).

1 Lirven algomithm i
=t [ — A o SOl ving e T:: —

prohlem .h'.]

Consrmcted migorithm B for problem X

Figure 1.5.2 Reduction of problem K, to problem K».

Given an input |, the algorithm B starts by running T; on |. Then B givesthe output I' of T; to A. Finally
B givesthe output S of A to Ty, and assumes the same output S as the one obtained from T,
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Exercises

111

112

113

1.14

1.15

1.16

1.1.7

a. Find all the alphabets that use only symbols from the set { a, b, c}. Which of the alphabets
isunary? Which is binary?

b. Let Sbeaset of t symbols. How many unary a phabets can be constructed from the
symbols of S? How many binary alphabets?

For each of the following conditions find all the strings o over the alphabet { a, b} that satisfy the
condition.

a. No symbol isrepeated in c.

b. Thelengthof ais 3, that is, || = 3.

a. Findaf, fo, 02, 0082, and 0252% for the case that @ = aand /1 = ab.
b. Find all the pairs of stringsz and [ over the alphabet {a, b} that satisfy off = abb.

L et c be the string 011.
a. Find all the proper prefixes of 2.
b. Find all the substrings f of '@ that satisfy [ = frev.

How many strings of length t are in X* if X isan alphabet of cardinality r.

For each of the following cases give the first 20 stringsin{a, b, c}*.
a. {a b, c}* isgivenin alphabetical ordering.
b. {a b, c}* isgivenin canonical ordering.

Let S bethe set of all the strings over the alphabet {a, b, c}, that is, S={a, b,c}*. Let S, and S,
be subsets of S. Which are the strings that appear both in S; and in S, in each of the following
cases?

a S; containsthet alphabetically smallest stringsin S, and S, contains all the stringsin S of

length t at most.
b. S, containsthe 127 alphabetically smallest stringsin S, and S, contains the 127
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canonically smallest stringsin S.

1.1.8
Show that if X is an alphabet, then £* has the following representations.
a. Binary representation
b. Unary representation

1.1.9
Find a binary representation for the set of rational numbers.

1.1.10
Show that if D has abinary representation f4, then it also has a binary representation f,, such that
fo(e) isaninfinite set for each element e of D.

1.1.11
Let f, and f, be binary representations for D, and D, respectively. Find abinary representation f
for each of the following sets.
a D{UD,
b. Dy xD,
c. Dy*

1.1.12

Show that the set of real numbers does not have a binary representation.
1.2.1

Let L bethe language {¢, O, 10}. Determine the following sets.

a LUE

LNE
LEL
LL
L2
LxL

-~ D Q0 T

1.2.2
Let G=<N, E, P, S> beagrammar inwhichN = {S}, ¥ ={a}, and each production rule contains
at most 3 symbols. What are the possible production rulesin P?
1.2.3
Let G bethe grammar <N, E, P, S>, whereN ={S},E={a, b}, and P={S— ¢, S— aSbS}.
a. Find al the strings that are directly derivable from SaSin G.
b. Find all the derivationsin G that start at S and end at ab.
c. Find al the sentential forms of G of length 4 at most.

1.2.4
Find al the derivations of length 3 at most that start at S in the grammar <N, X, P, S> whose
production rules are listed below.
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yS —= 45
a% — bb
4d —= aa

1.25
For each of the following sets of production rules P find all the strings of length 4 or lessin the
language generated by the grammar <N, X, P, S>.
S5 —= afd
— 5B
- X
ad — Ao
bd —  Ab
o — Baua
£ = g B —  Bi
— bb X4 = Xa
—  afa —
—  b5h XBE = Xib
— 55 — b
fa) (b}
1.2.6
Give two parse trees for the string aababb in the grammar G = <N, E, P, S>, whose production
rules are listed below.
£ = b
— od
— ¥
4 —  Ab
— Sa
—
1.2.7

Consider the grammar G = <N, X, P, E> for arithmetic expressions, where N ={E, T, F} , E={+,
*,(,), &, and Pisthe set consisting of the following production rules.
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E —- E4T

E —- T

T — T F
- F

F = [F)
—

Givethe derivation tree for the expressiona* (a+ a) in G.

1.2.8
Let G=<N, X, P, S> be the grammar with the following production rules. Find the derivation

graph for the string a3b3c3 in G.

a8 He
£

He

b

hb

cH
a B
b H

S R R A

1.2.9
For each of the following languages give a grammar that generates the language.

{ x01|xisin{0, 1}* }

{01, 10}*

{ x| xisin{a, b}*, and the number of asin x or the number of b'sinx isequal to 1}
{0U]izj}

{ x|xisin{0, 1}*, and x = x'ev }

{ x|xisin{0, 1}*, and each O1 in x isfollowed by 10}

{ x|xisin{0, 1}*, and the length of x is not divisible by 3}

{ x|xisin{a b}*, and x isof odd length if and only if it endswith b }
{ x|xisin{a, b}*, and abb is not a substring of x }

{ x#y | xisin{a, b}*, and y isapermutation of x }

{ @bicid |i isanatural number }

{ dttaottelst.. . #an |n > 2and i =i, forsome 1 <j <k<n}

{ aba?b?a3b3... a" | nisanatura number }

— A —57Q ~0 Q00

3

1.2.10
For each of the following conditions show how, from any arbitrary given pair of grammars G; =

<Ny, ¥y, Py, S and G, = <Ny, Xy, Py, S,>, agrammar Gg = <Nj, X3, P3, S3> that satisfies the
condition can be constructed.

a L(Gg)={w|w®isinL(Gy)}

b. L(Gg) =L(Gy) UL(Gy)
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c. L(G9 =L(GL(Gy)
d. L(Gy) =(L(GY)*
e L(Gg) =L(Gy)NL(Gy)

1.2.11
Show that from each grammar G, = <N, Z, P;, S> atwo-nonterminal- symbols grammar G, =
<{S, A}, &, P,, S> can be constructed such that L(G,) = L(Gy,).
1.2.12
Give the leftmost derivation and a nonleftmost derivation for the string abbabb in the grammar of
Exercise 1.2.5.
1.2.13
For each of the following cases find all the possible grammars G that satisfy the case, where G =
<N, X, P, S withN ={S}, ¥ ={a, b}, and P being asubset of {S—¢, S— abAS, S— ab, bA —
aS}.
a. GisaType 3 grammar.
b. GisaType?2grammar, but not of Type 3.
c. GisaTypelgrammar, but not of Type 2.
1.3.1

Consider the program P in Figure 1.E.1(a). What are the outputs of P on input "2, 2"? On input "3,
2"?

sunl := 0
sun := 0
do
I f eof then accept
do
read Xx
suml := sunml + X
or X :=7?
read Xx wite x
wite X do
sun : = sun? + X I f eof then accept
until sumlz sun® read vy
until false until xz#y
(@) (b)
Figurel.E.1
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1.3.2

1.3.3

134

Consider the program P in Figure 1.E.1(b). Assume that P has the domain of variables{0, 1, 2, 3,
4, 5}. What are the outputs of Poninput "2, 2'? On input "3, 2"?

For each of the following cases write a program that corresponds to the case. Assume that the
variables have the set of natural numbers as the domain of the variables, and 0 as an initial value.
a. The program outputs an input value v such that v + 2 does not appear in the inpui.

Example: Oninput "1, 4, 2, 3" the program should have an accepting computation with
output "3", and an accepting computation with output "4". Moreover, each accepting
computation of the program should provide either the output "3" or the output "4".

. The program outputs an input value v such that v + 2 also appears in the input.

Example: Oninput "1, 4, 3, 2" the program should have an accepting computation with
output "1", and an accepting computation with output "2". Moreover, each accepting
computation of the program should provide either the output "1" or the output "2".

. The program outputs a value that does not appear exactly twice in the input.

Example: Oninput "1, 4, 1, 4, 3, 1" the program should have for each i+ 4 an accepting
computation with output i (i.e.,i=0,1,2,3,5,6,...). Moreover, each accepting
computation of the program should provide one of these outputs.

. The program outputs an input value v that appears as the vth value in the input.

Example: Oninput "3, 2, 1, 2, 5, 3" the program should have an accepting computation
with output "2", and an accepting computation with output "5". Moreover, each accepting
computation of the program should provide either of these outputs.

. The program outputs an input value v that appears exactly v timesin the input.

Example: Oninput "3, 2, 1, 2, 5, 3" the program should have an accepting computation
with output "1", and an accepting computation with output "2". Moreover, each accepting
computation of the program should provide either of these outputs.

. The program accepts exactly those inputs whose val ues cannot be sorted into a sequence

of consecutive numbers.

Example: The program should accept theinput "1, 2, 1", and the input "1, 4, 2". On the
other hand, the program should rgject theinput "1, 3, 2".

For each of the following cases write a program that computes the given relation.
a. { (X,y)| Thereisavaueinthe domain of the variables that does not appear in x and does

not appear iny }.
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1.35

1.3.6

141

142

1.4.3

144

1.4.5

1.4.6

Example: With the domain of variables{1, 2, 3,4, 5, 6} oninput "1, 2, 4, 5, 6" the
program can have any output that does not contain the value 3.
b. { (x,y)|xisnot empty, and thefirst valuein x isequal to thefirst valueiny }.

Let P, and P, be any two given programs. Find a program P3 that computes the union R(P;) U

R(P,).

Let P be the program in Example 1.3.13. Give the sequence of moves between the configurations
of Pinthe computation of Poninput "1, 2, 1" that has the minimal number of moves.

Consider the following problem K.

Domain:

{ (&, b) | 8, b are natural numbers}.
Question:

What is the value of the natural number c that satisfies the equality & + b2 = ¢2?
Find a decision problem K, whose solutions are defined at the same instances as for K.

Let K be the following decision problem.
Domain:
{ (a b, c)|a b, carenatura numbers}.
Question:
Isthere apair of natural numbers x and y such that the equality ax2 + by = ¢ holds?
a. Write aprogram that decides K.
b. Write aprogram that partialy decides K, but does not decide K.

Show that the following problems are partially decidable for Type O grammars.
a. Membership problem
b. Nonemptiness problem

Show that the membership problem is decidable for Type 1 grammars,
Show that the inequivalence problem is partially decidable for Type 1 grammars.

Which of the following statements is correct?
a. |If the emptiness problem is decidable for Type 3 grammars, then it is also decidable for
Type O grammars.
b. If the emptiness problem is undecidable for Type 3 grammars, then it is also undecidable
for Type O grammars.
c. |If the emptiness problem is decidable for Type 0 grammars, then it is also decidable for
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Type 3 grammars.
d. If the emptiness problem is undecidable for Type O grammars, then it is also undecidable
for Type 3 grammars.

A polynomial expression over the natural numbers, or smply a polynomial expression when the natural
numbers are understood, is an expression defined recursively in the following manner.

a. Each natural number is apolynomia expression of degree 0.
b. Each variableisapolynomial expression of degree 1.
c. If E; and E, are polynomial expressions of degree d, and d,, respectively, then

I. (E; +E,) and (E; - Ey) are polynomial expressions of degree max(d,, d).
ii. (E;* E,) isapolynomial expression of degree d; + d,.

A polynomial is called a Diophantine polynomial if it can beis represented by a polynomial expression,
and its variables are over the natural numbers. Hilbert's tenth problemis the problem of determining for
any given Diophantine polynomial Q(Xy, . . ., Xp) With variablesxy, . . ., X, whether or not there exist

‘fl’ .. .,i'nsJChthatQ(i'l,.. . ,fn)=0.

A LOOP programis a program that consists only of instructions of theformx + 0, X «—Yy, X + X + 1,
and do x o end. The variables can hold only natural numbers. & can be any sequence of instructions. An
execution of do x o end causes the execution of o for a number of times equal to the value of x upon
encountering the do. Each LOOP program has a distinct set of variables that are initialized to hold the
input values. Similarly, each LOOP program has a distinct set of variables, called the output variables,
that upon halting hold the output values of the program. Two LOOP programs are said to be equivalent if
on identical input values they produce the same output values.

1.4.7
The following problems are known to be undecidable. Can you show that they are partially
decidable?
a. Hilbert's tenth problem
b. Theinequivalence problem for LOOP programs

151

Let ® betheset { m|m =2 for someinteger i }. Show that the problem of multiplication of
numbers from P is reducible to the problem of addition of integer numbers.
152
Show that the nonemptiness problem for programs is reducible to the acceptance problem for
programs.
153
Show that Hilbert's tenth problem is reducible to the nonemptiness problem for programs.
154
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Show that the problem of determining the existence of solutions over the natural numbers for
systems of Diophantine equations of the following form is reducible to Hilbert's tenth problem.
Each Qi(Xq, - . . , X;y) iSassumed to be a Diophantine polynomial.

G1(T1,...,T5) = i

Qr(T1yeeesTr) : i

155
For each of the following cases show that K, is reducible to K.

a K, isthe emptiness problem for Type O grammars, and K, is the equivalence problem for

Type 0 grammars.
b. K; isthe membership problem for Type O grammars, and K, is the equivalence problem

for Type O grammars.
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Chapter 2 FINITE-MEMORY PROGRAMS

Finite-memory programs are probably one of the simplest classes of programs for which our study would
be meaningful. The first section of this chapter motivates the investigation of this class. The second
section introduces the mathematical systems of finite-state transducers, and shows that they model the
computations of finite-memory programs. The third section provides grammatical characterizations for
the languages that finite-memory programs accept, and the fourth section considers the limitations of
those programs. The fifth section discusses the importance of closure propertiesin the design of
programs, and their applicability for finite-memory programs. And the last section considers properties
that are decidable for finite-memory programs.

2.1 Motivation

2.2 Finite-State Transducers

2.3 Finite-State Automata and Regular L anguages

2.4 Limitations of Finite-Memory Programs

2.5 Closure Properties for Finite-Memory Programs
2.6 Decidable Properties for Finite-Memory Programs
Exercises

Bibliographic Notes
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2.1 Motivation

It is often useful when developing knowledge in anew field to start by considering restricted cases and
then gradually expand to the general case. Such an approach allows a gradual increase in the complexity
of the argumentation. In particular, it is a quite common strategy in the investigation of infinite systems
to start by considering finite subsystems. We take a similar approach here by using programs with finite
domains of variables, called finite-memory programs or finite-domain programs, first.

However, it should be mentioned that finite-memory programs are also important on their own merit.
They are applicable in the design and analysis of some common types of computer programs.

For instance, in compilers (i.e., in programs that translate programs written in high-level languages to
equivalent programs written in machine languages) the lexical analyzers are basically designed as finite-
memory programs. The main task of alexical analyzer isto scan the given inputs and locate the symbols
that belong to each of the tokens.

Example2.1.1 Let LEXANL be the finite-memory program in Figure 2.1.1(a).

char : ="
do
[* Find the first character of the next token. */
if char =" " then
do

I f eof then accept
read char
until char£ "
/* Determne the class of the token. */
chard ass : = class(char)
write className(char C ass)
/* Determ ne the remaining characters of the token. */
do
wite char
I f eof then accept

ol dChar d ass : = chard ass
read char
chard ass := M charC ass, char)

until chard ass£ ol dChard ass
until false
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o i {1 [ | | I identifier |

1l ol o ol 3 :'l 3| “notural number" |

@ (b)
Figure2.1.1 (a) A lexica analyzer. (b) Tablesfor the lexical anayzer.

The domain of the variablesisassumedto equal {" ", "A",...,"Z","0",...,"9",0,1, 2}, with" " as
initial value. The functions class, className, and M are defined by the tables of Figure 2.1.1(b).

LEXANL isalexical analyzer that determines the tokensin the given inputs, and classifies them into
identifiers and natural numbers. Each identifier is represented by aletter followed by an arbitrary number
of letters and digits. Each natural number is represented by one or more digits. Each pair of consecutive
tokens, except for anatural number followed by an identifier, must be separated by one or more blanks.

LEXANL can be easily modified to recognize a different class of tokens, by just redefining class,
className, and M. [

Protocols for communicating processes are also examples of systems that are frequently designed as
finite-memory programs. In such systems, each process s represented by afinite-memory program. Each
channel from one process to another is abstracted by an implicit queue, that is, by afirst-in-first-out
memory. At each instance the queue holds those messages that have been sent through the channel but
not received yet. Each sending of a message is represented by the writing of the message to the
appropriate channel. Each receiving of a message is represented by the reading of the message from the
appropriate channel.

In Section 2.6 it is shown that finite-memory programs have some interesting decidable properties. Such
decidable properties make the finite-memory programs also attractive as tools for showing the
complexity of some seemingly unrelated problems.

Example 2.1.2 Consider the problem K of deciding the existence of solutions over the natural numbers
for systems of linear Diophantine equations, that is, for systems of equations of the following form. The
g j's and by's are assumed to be integers.
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a11X1+...+a1an: bl

An1Xy t.--t anXn = by

No straightforward algorithm seems to be evident for deciding the problem, though one can easily
partially decide the problem by exhaustively searching for an assignment to the variables that satisfies
the given system.

For each instance | of K, afinite-memory program P, can be constructed to accept some input if and only

if | has a solution over the natural numbers. Consequently, the problem K is reducible to the emptiness
problem for finite-memory programs. The decidability of K isthen implied by the decidability of the
emptiness problem for finite-memory programs (Theorem 2.6.1).

In fact, the proof of Theorem 2.6.1 implies that a system | has a solution over the natural numbersif and
only if the system has a solution in which the values of x;, . . . , X, are no greater than some bound that

depends only onthe & 's, bj's, m and n. []

Computer programs that use no auxiliary memory, except for holding the input and output values, are by
definition examples of finite-memory programs. However, such programs can deal with domains of high
cardinality (i.e., 2K for computers with k bits per word), and as a result their designs are generally not
affected by the finiteness of their domains. Consequently, such programs should not generally be
considered as "natural" finite-memory programs.

[next] [front] [up]
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2.2 Finite-State Transducers

Abstracted Finite-Memory Programs

Finite-State Transducers

Configurations and Moves of Finite-State Transducers
Determinism and Nondeterminism in Finite-State Transducers
Computations of Finite-State Transducers

Relations and Languages of Finite-State Transducers

From Finite-State Transducers to Finite-Memory Programs

Central to the investigation of finite-memory programs is the observation that the set of al the states reachable in the
computations of each such programisfinite. Asaresult, the computations of each finite-memory program can be characterized
by afinite set of states and afinite set of rulesfor transitions between those states.

Abstracted Finite-Memory Programs

Specificaly, let P be afinite-memory program with m variables x4, . . . , X, and K instruction segments|y, . . ., I,.. Denote the
initial value of the variables of P with @,

Each state of Pisan (m + 1)-tuple[i, vq, . . ., V], wherei isan integer between 1 and k, and vy, . . ., v, are values from the
domain of the variables. Intuitively, astate[i, vq, . . ., V] indicates that the program reached instruction segment I; with values
Vi, ..., Vyinthevariablesxy, ..., Xy, respectively.

Example2.2.1 Let Pbethe program in Figure 2.2.1. The domain of the variablesis assumed to equal {0, 1}, and theinitial
value isassumed to be 0. Let [i, X, y] denote the state of P that corresponds to the ith instruction segment I;, the value x in x, and
thevalueyiny.

X 1= 7? [* 11 */
wite x [* 15, */
do I* 13 *
do I* 14 *1
read y I* 1g */
until x =y I* 1g *I
if eof then accept [* 14 */
do I* 1g *I
X :=x -1 I* 1g */
or
y :=y +1 I* 149 */
until x££y 1% 149 */
until false [* 140 */
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Figure2.2.1 A finite-memory program with {0, 1} asthe domain of the variables.

The state [1, O, O] indicates that the program reached the first instruction segment with thevalue O inx andy. The state [5, 1, 0]
indicates that the program reached the fifth instruction segment with the value 1 in x and thevalueOiny.

From state [5, 1, O] the program can reach either state [6, 1, 0] or state [6, 1, 1]. In the transition from state [5, 1, O] to state [6, 1,
0] the program reads the value 0 and writes nothing. In the transition from state [5, 1, 0] to state [6, 1, 1] the program reads the
value 1 and writes nothing. [

The computational behavior of P can be abstracted by aformal system <Q, E, A, &, g, F>, which is defined through the
algorithm below. In the formal system

Q

represents the set of states that P can reach.
')

represents the set of transitions that P can take between its states.
pX

represents the set of input values that P can read.
A

represents the set of output values that P can write.
do

representsthe initial state of P.
F

represents the set of accepting states that P can reach.
The algorithm determines the sets Q, E, 4, 4, and F by conducting a search for the elements of the sets.

Step 1
Initiate Q to the set containing just gp =[1, @, . .., ®], and i to be an empty set. qy iscaled theinitial state of P, and # is
called the transition table of P.

Step 2
Addthestatep ={j, uy, . .., Uyl of Pto Q, if for somestateq =i, v4, . . ., V] in Q the following condition holds: P
can, by executing I; withvaluesvy, . .., vy initsvariables, reach I; withuy, . . ., Uy, inits variables, respectively.

Step 3
Add (g, o, (p, #) tod, if P, by executing a single instruction segment, can go from state q in Q to state p in Q while
reading c: and writing /. For notational convenience, in what follows (q, e, (p, #)) will be written as (q, e, p, #). Each tuple
ind iscalled atransition rule of P.

Step 4
Repeat Steps 2 and 3 as long as more states can be added to Q or more transition rules can be added to #.

Step 5
Initialize £, &, and F to be empty sets.

Step 6
If (9, &, p, #) isatransition rulein d and o € then add o to E. Similarly, if (g, &, p, #) isatransition ruleind and g ¢, then
add pto . Eachain X iscaled an input symbol of P, and X is called the input alphabet of P. Similarly, each pin & is
called an output symbol of P, and & is called the output alphabet of P.

Step 7
Insert to F each state [i, vy, . . ., V] in Q for which I; is a conditional accept instruction. The states in F are called the
accepting , or thefinal , states of P.
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By definition d isarelation from Q x (B {¢}) to Q x (& U{¢&}). Moreover, the sets Q, E, A, &, and F are all finite because the
number of instruction segmentsin P, the number of variablesin P, and the domain of the variables of P are al finite.

Example2.2.2 Assume the notations of Example 2.2.1. Theinitia state of the program Pis[1, O, 0]. By executing the first

instruction, the program can move from state [1, 0, 0] and either enter the state [2, 0, O] or the state [2, 1, Q]. In both cases, no
input symbol is read and no output symbol is written during the transition between the states. Hence, the transition table § for P
contains the transition rules ([1, 0, 0], ¢, [2, 0, 0], ¢) and ([1, O, 0], ¢, [2, 1, O], €).

Similarly, by executing its second instruction, the program P must move from state [2, 1, 0] and enter state [3, 1, 0] while
reading nothing and writing 1. Hence, # contains also the transition rule ([2, 1, 0], ¢, [3, 1, 0], 1).

The number of statesin Q is no greater than 12 x 2 x 2. {0, 1} istheinput and the output alphabet for the program P. {[7, 0, Q],
[7, 1, 1]} isthe set of accepting states for P. []

Finite-Sate Transducers

In general, aformal system M consisting of asix-tuple<Q, E, &, 4, qo, F> is called afinite-state transducer if it satisfies the
following conditions.

Q
isafinite set, whose members are called the states of M.
E
is an alphabet, called the input alphabet of M. Each symbol in X is called an input symbol of M.
A
is an alphabet, called the output alphabet of M. Each symbol in & is called an output symbol of M.
')
isardationfromQ x (EL{¢}) to Qx (&L {s}), caledthetransition table of M. Each tuple (q, o, (p, #)), or simply (q,
o, p, £), ind iscaled atransition rule of M.
do
isastatein Q, called theinitial state of M.
F

isasubset of Q, whose states are called the accepting , or the final , states of M.

Example2.2.3 ThetupleM =<{do, 91}, {a b}, {1}, {(do, & a1, 1), (do, b, A1, €), (41, b, Ay, 1), (a1, & o, £)}, G, { Ao} > isa
finite-state transducer. The finite-state transducer has the states ¢y and ;. The input alphabet of M consists of two symbols a
and b. The output alphabet of M consists of asingle symbol 1. The finite-state transducer M has four transition rules. g, isthe
initial state of M, and the only accepting state of M.

Thetransition rule (qg, & q;, 1) of M uses the input symbol aand the output symbol 1. The transition rule (g, & qg, £) of M uses
the input symbol a and no output symbol. []

Each finite-state transducer <Q, E, &, #, qo, F> can be graphically represented by atransition diagram of the following form.

For each state in Q the transition diagram has a corresponding node, which is shown by acircle. Theinitia stateisidentified by
an arrow from nowhere that points to the corresponding node. Each accepting state is identified by a double circle. Each
transition rule (g, &z, p, #) in# is represented by an edge labeled with «/¢, from the node |abeled by state q to the node labeled by
state p. For notational convenience edges that agree in their origin and destination are merged, and their labels are separated by
commeas.

Example2.2.4 Thetransition diagramin Figure 2.2.2
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Figure 2.2.2 Transition diagram of afinite-state transducer.

represents the finite-state transducer M of Example 2.2.3. The |abel /1 on the edge from state g to state g; in the transition
diagram corresponds to the transition rule (qg, a, g;, 1) of M. The label b/t on the edge from state g to state g, corresponds to
the transition rule (g, b, g, €). The label b/1 on the edge from state g; to itself corresponds to the transition rule (g4, b, g5, 1). L

Example2.2.5 Thetransition diagram in Figure 2.2.3

—

Figure 2.2.3 Transition diagram for the program of Figure 2.2.1.

represents the finite-state transducer that characterizes the program of Example 2.2.1. [

Configurations and Moves of Finite-Sate Transducers

Intuitively, afinite-state transducer M = <Q, E, &, 4, gg, F> can be viewed as an abstract computing machine. The computing
machine consists of afinite-state control, an input tape, a read-only input head, an output tape, and a write-only output head
(see Figure 2.2.4).
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Figure2.2.4 A view of afinite-state transducer as an abstract computing machine.

Each tape is divided into cells, which can each hold exactly one symbol.

The input tape is used for holding the input uv of M. The input head is used for accessing the input tape. The output tape is used
for holding the output w of M, and the output head is used for accessing the output tape. The finite-state control is used for
recording the state of M.

On each input & ... &, from £*, the computing machine M has some set of possible configurations. Each configuration , or
Instantaneous description, of M isapair (uqv, w), whereqgisastatein Q, uv =g ... a,, and w isastring in &*. Intuitively, a
configuration (ugv, w) saysthat M on input uv reached state q after reading u and writing w. With no loss of generality it is
assumed that Q and X are mutually digoint.

Example2.2.6 Let M bethefinite-state transducer of Example 2.2.3 (see Figure 2.2.2). The configuration (aabqg,ba, 1) of M
saysthat M reached the state g, after reading u = aab from the input tape and writing w = 1 into the output tape. In addition, the
configuration says that v = bais the remainder of the input (see Figure 2.2.5(a)).

Figure 2.2.5 Configurations of the finite-state transducer of Figure 2.2.2.

The configuration (ggaabba, £) of M saysthat M reached the state g after reading nothing (i.e., u = ¢) from the input tape and

writing nothing (i.e., w =¢) into the output tape. In addition, the configuration says that v = aabbais the input to be consumed
(see Figure 2.2.5(b)).

The configuration (aabbagg, 1) of M saysthat M reached state q after reading all the input (i.e., v =¢) and writing w = 11. In
addition, the configuration says that the input that has been read is u = aabba. []

A configuration (ugv, w) of M issaid to be an initial configuration if g = gy and u=w =&. Aninitial configuration says that the
input head is placed at the start (leftmost position) of the input, the output tape is empty, and the finite-state control is set to the
initial state.
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A configuration (ugv, w) of M is said to be an accepting configuration if v =« and q is an accepting state in F. An accepting
configuration says that M reached an accepting state after reading all the input.

Example2.2.7 Thefinite-state transducer M of Example 2.2.3 (see Figure 2.2.2) hasthe initial configuration (cyaabba, £), and
the accepting configuration (aabbag, 11) on input aabba (see Figure 2.2.5(a) and Figure 2.2.5(b), respectively).

(aabbag|y, £) and (aabbagg, 111) are also accepting configurations of M on input aabba. On the other hand, (ggaabba, €) is the
only initial configuration of M on input aabba. [

Thetransition rules of M are used for defining the possible moves of M. Each move uses some transition rule. A move on
transition rule (g, e, p, #) consists of changing the state of the finite-state control from q to p, of reading o from the input tape, of
writing # to the output tape, and of moving the input and the output heads, |z| and |#| positions to the right, respectively.

A move of M from configuration C; to configuration C, is denoted C; -, C,, or smply C; - C, if M isunderstood. A sequence
of zero or more moves of M from configuration C; to configuration C, isdenoted C; -y * C,, or simply C; F* C,, if M is
understood.

Example2.2.8 Let M be the finite-state transducer of Example 2.2.3 (see Figure 2.2.2). On input aabba, M can have the
following sequence (qgaabba, ) F* (aabbagg, 11) of moves between configurations (see Figure 2.2.6):

x wd
A

Figure 2.2.6 Sequence of moves between configurations of afinite-state transducer.

(cpaabba, ¢) F (aabba, 1) - (aacgbba, 1) F (asbayba, 1) - (aebbaya, 11) F (aabbad, 11).

The sequence consists of five moves. It starts with amove (gpaabba, ) I- (ag;abba, 1) on the first transition rule (g, & gy, 1) of
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M. During the move, M makes a transition from state g to state g, while reading a and writing 1.

The second move (ag;abba, 1) F (aaggbba, 1) is on the fourth transition rule (g, & g, €) of M. During the move, M makes a
transition from state g, to state gy while reading a and writing nothing.

The sequence continues by a move on the second transition rule (g, b, q;, £), followed by a move on the third transition rule
(04, b, g1, 1), and it terminates after an additional move on the fourth transition rule (g4, & qg, €).

The sequence of movesisthe only one that can start at the initial configuration and end at an accepting configuration for the
input aabba. [

By definition, jz| = 0 or || = 1 in each transition rule (q, @, p, #). || = 0 if no input symbol is read during the moves that use the
transition rule (i.e., @ =¢), and |o| = 1 if exactly one input symbol is read during the moves. Similarly, [¢| = 0 or |¢| = 1, depending
on whether nothing is written during the moves or exactly one symbol is written, respectively.

Deter minism and Nondeter minism in Finite-Sate Transducers

A finite-state transducer M = <Q, E, A, &, qg, F> issaid to be deterministic if, for each state g in Q and each input symbol ain E,
the union é(q, a) Ud(q, €) isamultiset that contains at most one element.

Intuitively, M is deterministic if each state of M fully determines whether an input symbol isto be read on a move from the
state, and the state together with the input to be consumed in the move fully determine the transition rule to be used.

A finite-state transducer is said to be nondeterministic if the previous conditions do not hold.

Example2.2.9 Thefinite-state transducer M, whose transition diagram is given in Figure 2.2.2, is deterministic. In each of
its moves M4 reads an input symbol. The transition rule to be used in each move is uniquely determined by the state and the
input symbol being read.

If M, reads the input symbol ain the move from state gg, then M, must use the transition rule (g, &, g4, 1) in the move. If My
reads the input symbol b in the move from state g then M, must use the transition rule (g, b, gy, £) in the move.

On the other hand, consider the finite-state transducer M, which satisfies M, = <Q, E, &, 8, qo, F> for Q ={qg, a1, 0y, 93}, E=

{a b}, a={ab},5={(do a t, &, (0. & . @), (0. & Gy, b), (d. b, Go, €), (. b, Gz, A}, and F = {gg}. The transition diagram
of Myisgivenin Figure 2.2.7.

Figure 2.2.7 A nondeterministic Turing transducer.
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M, isanondeterministic finite-state transducer.

On moving from state q, the finite-state transducer M, must read an input symbol. On moving from state g, the finite-state
transducer M, does not read an input symbol. The transition rules that M, can use on moving from states qg and g, are uniquely
determined by the states, and, therefore, these states are not the source for the nondeterminism of M.

The source for the nondeterminism of M, isin the transition rules that originate at state d,. The transition rules do not determine
whether M, hasto read a symbol in moving from state g,, nor do they specify which of the transition rulesis to be used on the
moves that read the symbol b. []

Computations of Finite-Sate Transducers

The computations of the finite-state transducers are defined in a manner similar to that for the programs. An accepting
computation of afinite-state transducer M is a sequence of moves of M that starts at an initial configuration and ends at an
accepting configuration. A nonaccepting , or rejecting, computation of M is a sequence of moves on an input x for which the
following conditions hold.

a. The sequence starts from the initia configuration of M on x.
b. If the sequenceisfinite, then it ends at a configuration from which no moveis possible.
c. M has no accepting computation on X.

Each accepting computation and each nonaccepting computation of M is said to be a computation of M.
A computation is said to be a halting computation if it consists of afinite number of moves.

Example2.2.10 Let M bethe finite-state transducer of Example 2.2.3 (see Figure 2.2.2). On input aabba the finite-state
transducer M has a computation that is given by the sequence of moves in Example 2.2.8 (see Figure 2.2.6). The computation is
an accepting one.

Alternatively, on input aab the finite-state transducer M has the following sequence of moves: (qyaab, €) I (ag;ab, 1) F (aaggb, 1)
F (aabqy, 1). This sequence is the only one possible from theinitial configuration of M on input abb; it is a nonaccepting
computation of M.

The two computations in the example are halting computations of M. [

By definition, on inputs that are accepted by afinite-state transducer the finite-state transducer may have also executable
sequences of transition rules which are not considered to be computations.

Example2.2.11 Consider the finite-state transducer M whose transition diagramis given in Figure 2.2.7. On input ab, M has
the accepting computation that moves along the sequence of states g, gy, 0o, g3. Similarly, on input ab, M also has an accepting
computation that moves along the sequence of states qg, d;, 0y, 01, dp, 03. However, on input ab across the states g, A, 9, do.
M's sequence of movesis not a computation of M.

On input athe finite-state transducer has only one computation. The computation is a nonhalting computation that goes along

the sequence of states qg, g1, 0o, d1. Oo, - - - On the other hand, on input aba the Turing transducer has infinitely many halting
computations and infinitely many nonhalting computations. All the computations on input aba are nonaccepting computations.
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The halting computations of M on input aba consume just the prefix ab of M and move through the sequences g, 95, 0o, 05,
Oy, - - -, 01, Oy, O3 Of states. The nonhalting computations of M on input aba consume the input until its end and move through

the sequences g, g, G, Gy, Gy, - - - » G, G2, Gos Gy G2, Gy, T, - - - Of states. [

By definition, each move in each computation must be on a transition rule that allows the computation to eventually read all the
input and thereafter reach an accepting state. Whenever more than one such alternative exists in the set of feasible transition
rules, any of these alternatives can be chosen. Similarly, whenever none of the feasible transition rules satisfy the conditions
above, then any of these transition rules can be chosen. This fact suggests that we view the computations of the finite-state
transducers as being executed by imaginary agents with magical power.

Aninput X issaid to be accepted , or recognized , by afinite-state transducer M if M has an accepting computation on x. An
accepting computation that terminates in an accepting configuration (xg, y) is said to have an output y. The output of a

nonaccepting computation is assumed to be undefined.

A finite-state transducer M is said to have an output y on input X if it has an accepting computation on x with output y. M is said
to halt on x if al the computations of M on input x are halting computations.

Example2.2.12 Thefinite-state transducer M whose transition diagram is given in Figure 2.2.8

afl,biE

i I.'.II'I |

Figure 2.2.8 A nondeterministic finite-state transducer.

has, on input baabb, a sequence of moves that goes through the states g, 01, s, 01, 4, d;; @ sequence of moves that goes
through the states qg, 0, 0y, 0o, O, Jo; and a sequence of moves that goes through the states g, 0, 0y, 0o, 0, 0. The sequence
of movesthat goes through the states qg, 0, 0y, 0o, Oy, 03 iSthe only computation of M on input baabb. The computation is an
accepting computation that provides the output 111.

M accepts all inputs. However, the finite-state transducer of Example 2.2.11 accepts exactly those inputs that have the form
ababa. .. bab. [

Asin the case of programs, the semantics of the finite-state transducers are characterized by their computations. Consequently,
the behavior of these transducers are labeled with respect to their computations.
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For instance, afinite-state transducer M is said to move from configuration C, to configuration C, on x if C, follows C, in the

considered computation of M on x. Similarly, M issaid to read a from itsinput if & is consumed from the input in the
considered computation of M.

Example2.2.13 Thefinite-state transducer whose transition diagram is given in Figure 2.2.8 on input baabb startsits
computation with a move that takes M from state gy to state g,. M then makes four moves, which consume baab and leave M in
state g,. Finally, M moves from state g, to state g while reading b. [

Relations and Languages of Finite-Sate Transducers

The relation computed by afinite-state transducer M = <Q, I, A, &, qg, F>, denoted R(M), isthe set { (x, y) | (qgX, €) F* (xq, Y)
for some s in F}. That is, the relation computed by M isthe set of al the pairs (x, y) such that M has an accepting computation
on input x with output y.

The language accepted , or recognized, by M, denoted L(M), isthe set of al the inputs that M accepts, that is, the set { x | (X, y)
isin R(M) for somey }. The language is said to be decided by M if, in addition, M haltson al inputs, that is, on al x in Z*.

The language generated by M isthe set of al the outputsthat M hason itsinputs, that is, theset { y | (x, y) isin R(M) for some
X}.

Example2.2.14 The nondeterministic finite-state transducer M whose transition diagram is given in Figure 2.2.8 computes
therelation R(M) ={ (x, 1) | x isin{a, b}*, i = number of asin x if the last symbol inx isa, and i = number of b'sin x if the
last symbol in x isb }. The finite-state automaton M accepts the language L (M) = {a, b} *. []

Example2.2.15 The nondeterministic finite-state transducer M whose transition diagram is given in Figure 2.2.9

wflEhE

U is il
proper
prefix
af v

J’"‘:-TI nel

4 prefiz o
v, anid g 18
puot u prelfiz
of &

—

Fha, £l
afe, bie

Figure 2.2.9 A finite-state transducer that computes the relation R(M) ={ (x,y) [x andy arein{a, b}*, andy£x }.

computestherelation R(M) ={ (x,y) | xandy arein{a, b}*, andy£ x }.

AslongasM isinitsinitial state"x = y" the output of M isequal to the portion of the input consumed so far.
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If M wants to provide an output that is a proper prefix of itsinput, then upon reaching the end of the output, M must move from

theinitial state to state "y is proper prefix of x."

If M wantsits input to be a proper prefix of its output, then M must move to state "x is a proper prefix of y" upon reaching the

end of theinput.

Otherwise, at some nondeterministically chosen instance of the computation, M must moveto state "x is not a prefix of y, and y

isnot a prefix of x," to create a discrepancy between a pair of corresponding input and output symbols. []

From Finite-Sate Transducers to Finite-Memory Programs

The previous discussion shows us that there is an algorithm that translates any given finite-memory program into an equivalent
finite-state transducer, that is, into afinite-state transducer that computes the same relation as the program. Conversely, thereis
also an algorithm that derives an equivalent finite-memory program from any given finite-state transducer. The program can be
a"table-driven" program that simulates a given finite-state transducer M = <Q, Z, 4, 4, gg, F> in the manner described in

Figure 2.2.10.

state := qg

do

*/

/* Accept if an accepting state of Mis reached at the end of the
i nput .

if F(state) then
i f eof then accept
/* Nondetermnistically find the entries of the transition rule

(g, o, p, # used in the next sinulated nove. */
doin:=eor read in until true [* in:=ao */

next state := ? /* next_ state :=p */

out := ? /[* out :=p */

if not #(state, in, next_ state, out) then reject
/* Simulate the nove. */
if out# e then
write out
state := next_ state

until fal se

Figure 2.2.10 A table-driven finite-memory program for simulating a finite-state transducer.

The program uses avariable st at e for recording M's state in a given move, avariablei n for recording the input M consumes
inagiven move, avariablenext _ st at e for recording the state M entersin a given move, and avariable out for recording

the output M writesin agiven move.

The program starts asimulation of M by initializing the variable st at e to theinitia state g of M. Then M enters an infinite

loop.
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The program starts each iteration of the loop by checking whether an accepting state of M has been reached at the end of the
input. If such isthe case, the program halts in an accepting configuration. Otherwise, the program simulates a single move of M.
The predicate F is used to determine whether st at e holds an accepting state.

The simulation of each move of M is done in a nondeterministic manner. The program guesses the value for variable i n that
has to be read in the simulated move, the state for variable next _ st at e that M entersin the simulated move, and the value
for variable out that the program writes in the simulated move. Then the program uses the predicate # to verify that the guessed
values are appropriate and continues according to the outcome of the verification.

The domain of the variables of the program is assumed to equal QUE U A U {e}, where eis assumed to be anew symbol not in
QUEUA, used for denoting the empty string .

In the table-driven program, F is a predicate that assumes a true value when, and only when, its parameter is an accepting state.
Similarly, # is a predicate that assumes a true value when, and only when, its entries correspond to a transition rule of M.

The programs that correspond to different finite-state transducers differ in the domains of their variables and in the truth
assignments for the predicates F and 4.

The algorithm can be easily modified to give a deterministic finite-memory program whenever the finite-state transducer M is
deterministic.

Example2.2.16 For the finite-state transducer M of Figure 2.2.11(a),

& gge gl que gyl
T | falre | falve | false| false

9p-2 | false| false | falie| irue

ail.bie 5 Pt | falxe| falre | true | folee
: | | false| true | folse| folre
o Jalze et | false | faise | false| false
| true iy b | falze| falre| false| false
(n (b]
Jin Forur Syrase
& o b ¢ a b

Ta| rrue T 1 f| g U R

=
=y
-]
—
-4
&
L

Figure2.2.11 (a) A finite-state transducer M. (b) Tables for atable-driven program that ssimulates M. (c) Tablesfor a
deterministic table-driven program that smulates M.

the program in Figure 2.2.10 has the domain of variables{a, b, 1, gy, 03, €} . The truth values of the predicates F and i are
defined by the corresponding tables of Figure 2.2.11(b).

The program also alows that for F and § there are parameters that differ from those specified in the tables. On such parameters
the predicates are assumed to be undefined.
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The finite-state transducer can be simulated also by the deterministic table-driven program in Figure 2.2.12.

state := qg
do
if F(state) then
if eof then accept
if not & ,(state) then
in:=e
if & ,(state) then
read in
next_ state := g qre(State, in)
out := dy(state, in)
if out£ e then
wite out
state := next_ state
until false

Figure 2.2.12 A table-driven, deterministic finite-memory program for simulating a deterministic finite-state transducer.

F is assumed to be a predicate as before, and d;,, 8, and d440 are assumed to be defined by the corresponding tablesin
Figure 2.2.11(c).

The predicate &, determines whether an input symbol is to be read on moving from a given state. The function d,; determines
the output to be written in each simulated move, and i determines the state to be reached in each simulated state.

The deterministic finite-state transducer can be simulated also by a non-table-driven finite-memory program of the form shown
in Figure 2.2.13.

state := Qg
do
I f state = qg then
do
read in
if in = a then
do
state := O
out :=1
wite out

until true
if in=Db then
state := O,
until true
I f state = g; then
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do
i f eof then accept
state := Qg
out : =1
wite out

until true
until fal se

Figure 2.2.13 A non-table-driven deterministic finite-memory program that simulates the deterministic finite-state transducer
of Figure 2.2.11(a).

In such a case, through conditional if instructions, the program explicitly records the effect of F, &, o, and fgqe. L

It follows that the finite-state transducers characterize the finite-memory programs, and so they can be used for designing and
analyzing finite-memory programs. As aresult, the study conducted below for finite-state transducers applies aso for finite-

memory programs.

Finite-state transducers offer advantages in

a. Their straightforward graphic representations, which are in many instances more "natural” than finite-memory

programs.
b. Their succinctness, because finite-state transducers are abstractions that ignore those details irrelevant to the study

undertaken.
c. The close dependency of the outputs on the inputs.

[next] [prev] [prev-tail] [front] [up]
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2.3 Finite-State Automata and Regular Languages

Finite-State Automata

Nondeterminism versus Determinism in Finite-State Automata
Finite-State Automata and Type 3 Grammars

Type 3 Grammars and Regular Grammars

Regular Languages and Regular Expressions

The computations of programs are driven by their inputs. The outputs are just the results of the
computations, and they have no influence on the course that the computations take. Consequently, it
seems that much can be studied about finite-state transducers, or equivalently, about finite-memory
programs even when their outputs are ignored. The advantage of conducting a study of such stripped-
down finite-state transducers isin the simplified argumentation that they allow.

Finite-Sate Automata

A finite-state transducer whose output components are ignored is called a finite-state automaton.
Formally, afinite-state automaton M isatuple <Q, &, 4, qo, F>, where Q, E, ¢, and F are defined as for

finite-state transducers, and the transition table & isarelation from Q x (XU {¢}) to Q.

Transition diagrams similar to those used for representing finite-state transducers can aso be used to
represent finite-state automata. The only difference isthat in the case of finite-state automata, an edge that
corresponds to atransition rule (p, &, p) islabeled by the string c.

Example2.3.1 Thefinite-state automaton that isinduced by the finite-state transducer of Figure 2.2.2 is
<Q’ E’ E! qO’ F>’ WhereQ = {q01 ql} , E= {a1 b} , E = {(q01 a, ql)’ (qu b’ ql)’ (q:l_; b’ ql)’ (q]_; a, qO)}l and F
={do}-

The transition diagram in Figure 2.3.1 represents the finite-state automaton. [
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Figure 2.3.1 A finite-state automaton that corresponds to the finite-state transducer of Figure 2.2.2.

The finite-state automaton M is said to be deterministic if, for each state g in Q and for each input symbol
ain X, theuniond(q, a) U d(q, €) isamultiset that contains at most one element. The finite-state automaton
issaid to be nondeterministic if it is not a deterministic finite-state automaton.

A transition rule (q, o, p) of the finite-state automaton is said to be an e transition ruleif = =¢. A finite-
state automaton with no ¢ transition rules is said to be an ¢-free finite-state automaton.

Example2.3.2 Consider the finite-state automaton M, = <{qg, . . ., 9g}, {0, 1}, {(do, O, dg), (do, % Ap),

(dos € Aa), (A1, O, Ap), (a1, 1, A1), (G2, O, d3), (a2, 1, dp), (d3, O, dg), (ds, 1, A1), (Aas O, Ay), (Ags 1, G5), (G5, O,
ds), (ds, 1, dg), (Ge: 1, de)s (ds» O, da)}, do, { do, s, G} >- The transition diagram of M4 isgivenin
Figure 2.3.2.

Figure 2.3.2 A nondeterministic finite-state automaton.

M is nondeterministic owing to the transition rules that originate at state g,. One of the transition rules

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-twose3.html (2 of 12) [2/24/2003 1:47:56 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-twose3.html

requires that an input value be read, whereas the other two transition rules require that no input value be
read. Moreover, M, is aso nondeterministic when the transition rule (gg, O, qg) isignored, because M

cannot determine locally which of the other transition rules to follow on the moves that originate at state
o

The finite-state automaton M, in Figure 2.3.3 is a deterministic finite-state automaton.

Figure 2.3.3 A deterministic finite-state automaton.

M hastwo ¢ transition rules, and M, has one. [

A configuration , or an instantaneous description, of the finite-state automaton is a singleton ugv, where q
iIsastatein Q, and uv isastring in £*. The configuration is said to be an initial configuration if u=«¢and
gistheinitial state. The configuration is said to be an accepting , or final, configurationif v=cand qis
an accepting state. With no loss of generality it is assumed that Q and X are mutually digjoint.

Other definitions, likethose of -, , F, F *, F*, and acceptance, recognition, and decidability of a
language by a finite-state automaton, are similar to those given for finite-state transducers.

Nondeter minism versus Deter minism in Finite-Sate Automata

By the following theorem, nondeterminism does not add to the recognition power of finite-state automata,
even though it might add to their succinctness. The proof of the theorem provides an algorithm for
constructing, from any given n-state finite-state automaton, an equivalent deterministic finite-state

automaton of at most 2" states.

Theorem 2.3.1 If alanguage is accepted by afinite-state automaton, then it is also decided by a
deterministic finite-state automaton that has no ¢ transition rules.

Proof Consider any finite-state automaton M = <Q, &, &, gg, F>. Let A, denote the set of all the states
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that M can reach from itsinitial state qg, by the sequences of moves that consume the string x, that is, the
set { g|goxF* xq}. Then aninput w isaccepted by M if and only if A, contains an accepting state.

The proof relies on the observation that A, 4 contains exactly those states that can be reached from the
statesin A, by the sequences of transition rules that consume a, that is, A,,={ p|gisin A, and gal-*

ap}.

Specificaly, if pisastatein A, then by definition there is a sequence of transition rules Ty, . . ., T that
takes M from the initial state q to state p while consuming xa. This sequence must have aprefix 4, . . .,
T; that takes M from qg to some state g while consuming x (see Figure 2.3.4(a)).

L& |I'||

Figure 2.3.4 Sequences of transition rules that consume xa.

Consequently, g isin A, and the subsequence 7,1, . . . , T Of transition rules takes M from state q to state
p while consuming a.

On the other hand, if qisin A, and if p isastate that is reachable from state q by asequencery, . .., T
of transition rules that consumes a, then the state pisin A, ,. Insuch acasg, if T4, .. ., T, is asequence of
trangition rules that takes M from theinitial state g to state g while consuming x, then M can reach the
state p from state qq by the sequence 7'y, ..., T, T4, . . ., T5 Of transition rules that consumes xa (see
Figure 2.3.4(b)).

Asaresult, to determineif & ... a, is accepted by M, one needs only to follow the sequence Ae, Aay

Aa =
13’
Therefore, a deterministic finite-state automaton M' of the following form decides the language that is
accepted by M.

.+ Ag- g, Of sets of states, where each A, - 5 | isuniquely determined from A, - 5 and &.;.

The set of statesof M'isequal to{ A | A isasubset of Q, and A = A, for somex inX* }. SinceQis
finite, it follows that Q has only afinite number of subsets A, and consequently M' has also only afinite
number of states. Theinitial state of M' is the subset of Q that is equal to Ae. The accepting states of M'
are those states of M' that contain at |east one accepting state of M. The transition table of M" isthe set {
(A,a A)|Aand A' are states of M', aisin X, and A' isthe set of states that the finite-state automaton M
can reach by consuming afrom those statesthat arein A }.
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By definition, M' has no ¢ transition rules. Moreover, M' is deterministic because, for each x in £* and
each ain %, the set A, 5 is uniquely defined from the set A, and the symbol a. [

Example2.3.3 Let M be the finite-state automaton whose transition diagram is given in Figure 2.3.2.
The transition diagram in Figure 2.3.5

Figure 2.3.5 A transition diagram of an ¢-free, deterministic finite-state automaton that is equivalent to
the finite-state automaton whose transition diagram is given in Figure 2.3.2.

represents an e-free, deterministic finite-state automaton that is equivalent to M. Using the terminology of
the proof of Theorem 2.3.1 A« = {qg, 0y, da}, Ao = { o, G, 02, da}, and Agg = Aggg =--- = Ap=0 = { do, d1,

Cp, O3, Og} -

Acisthe set of al the states that M can reach without reading any input. gy isin A= because it is theinitia
state of M. g; and g, are in A= because M hase transition rules that |eave theinitial state gy and enter

states g, and g, respectively.

Apisthe set of al the states that M can reach just by reading O from those states that arein A=. ggisin Ag
because y isin A= and M has the transition rule (qg, 0, qg). d; isin Ag because gy isin A= and M can use
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the pair (qo, 0, qg) and (g, £, ;) of transition rulesto reach g, from g just by reading 0. g, isin Ag
because gy isin A= and M can use the pair (g, £, d1) and (g4, 0, gy) of transition rules to reach g, from g
just by reading 0. []

The result of the last theorem cannot be generalized to finite-state transducers, because deterministic
finite-state transducers can only compute functions, whereas nondeterministic finite-state transducers can
also compute relations which are not functions, for example, the relation {(a, b), (a, ¢)}. In fact, there are
also functions that can be computed by nondeterministic finite-state transducers but that cannot be
computed by deterministic finite-state transducers. R = { (x0, OXl) | x isastring in {0, 1}* } U { (x1, 1)) |
xisastringin{0, 1}* } isan example of such afunction. The function cannot be computed by a
deterministic finite-state transducer because each deterministic finite-state transducer M satisfies the
following condition, which is not shared by the function: if x; isaprefix of x, and M accepts x; and X5,

then the output of M on input X, is aprefix of the output of M on input X, (Exercise 2.2.5).

Finite-Sate Automata and Type 3 Grammars

The following two results imply that alanguage is accepted by afinite-state automaton if and only if itis
a Type 3 language. The proof of the first result shows how Type 3 grammars can simulate the
computations of finite-state automata.

Theorem 2.3.2 Finite-state automata accept only Type 3 languages.

Proof Consider any finite-state automaton M = <Q, &, &, g, F>. By Theorem 2.3.1 it can be assumed

that M is an «-free, finite-state automaton. With no loss of generality, it can aso be assumed that no
transition rule takes M to itsinitial state when that state is an accepting one. (If such is not the case, then
one can add anew state g'p to Q, make the new state ' both an initial and an accepting state, and add a

new transition rule (g', t, g) to § for each transition rule of the form (qg, @, ) that isin 4.)

Let G=<N, %, P, [qp]> be aType 3 grammar, where N has a nonterminal symbol [q] for each state g in Q
and P has the following production rules.

a. A production rule of the form [q] — a[p] for each transition rule (g, a, p) in the transition table 4.

b. A production rule of the form [q] — afor each transition rule (g, a, p) in# such that pisan
accepting statein F.

c. A production rule of the form [qp] — ¢ if theinitial state qg is an accepting statein F.

The grammar G is constructed to simulate the computations of the finite-state automaton M. G records the
states of M through the nonterminal symbols. In particular, G usesits start symbol [q] to initiate a

simulation of M at state qy. G uses a production rule of the form [g] — &[p] to simulate amove of M from
state g to state p. In using such a production rule, G generates the symbol athat M readsin the
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corresponding move. G uses a production rule of the form [g] — ainstead of the production rule of the
form [q] — & p], when it wants to terminate a ssmulation at an accepting state p.

By induction on n it follows that astring a;a, . .. &, hasaderivation in G of the form [q] = &[q;] =
(0] =... = Y3 ... 81[0r1] = Y& ... &, if and only if M has a sequence of moves of the form

Jayd ..., Fa1d ... agF q@0pas ... ag k... F &g ... 8.10n.18, | &3 - . . 8,0, fOr some accepting state
0, In particular the correspondence above holds for q = qg. Therefore L(G) = L(M). [

Example2.3.4 The finite-state automaton M4, whose transition diagram is given in Figure 2.3.6(b),

u.h

uh

o DO O G DO

h ]

) it

Figure 2.3.6 Two equivalent finite-state automata.

Is an e-free, deterministic finite-state automaton. M4 is not suitable for adirect smulation by a Type 3
grammar because itsinitia state qg is both an accepting state and a destination of atransition rule.
Without modifications to M, the algorithm that constructs the grammar G will produce the production
rule [gg] — £ because qg is an accepting state, and the production rule [q,] — b[qg] because of the
transition rule (g4, b, qg). Such apair of production rules cannot coexist in a Type 3 grammar.

M isequivalent to the finite-state automaton M, whose transition diagram is given in Figure 2.3.6(a).

The Type 3 grammar G = <N, E, P, [qo]> generates the language L (M), if N ={[qo], [dol. [a1], [a]}, E
={a, b}, and P consists of the following production rules.
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[¢h] :

ag1]
bly1]
afg1]
bg1]
bgn]
b

afg]

[4a]
[41]

Lt A A A £

The accepting computation g gabaal- agibaal- abggaal- abag,al- abaag, of M, on input abaais simulated
by the derivation [q'g] = & q;] = ab[qg] = aba[q,] = abaa of the grammar.

The production rule [g,] — a[d,] can be eliminated from the grammar without affecting the generated
language. L]

The next theorem shows that the converse of Theorem 2.3.2 aso holds. The proof shows how finite-state
automata can trace the derivations of Type 3 grammars.

Theorem 2.3.3 Each Type 3 language is accepted by afinite-state automaton.

Proof Consider any Type 3 grammar G = <N, , P, S>. The finite-state automaton M = <Q, E, 4, qg, F>
accepts the language that G generatesif Q, #, s, and F are as defined below.

M has astate g, in Q for each nonterminal symbol A in N. In addition, Q also has a distinguished state
named g;. The state gg of M, which corresponds to the start symbol S, is designated asthe initial state of
M. The state g; of M is designated to be the only accepting state of M, that is, F = { g} .

M has atransition ruleind if and only if the transition rule corresponds to a production rule of G. Each
transition rule of the form (g, & qg) in 4 corresponds to a production rule of theform A — aB in G. Each

transition rule of the form (ga, a, ¢;) ind corresponds to a production rule of the form A — ain G. Each
transition rule of the form (g, ¢, ;) in§ corresponds to a production rule of theform S—¢in G.

The finite-state automaton M is constructed so as to trace the derivations of the grammar G in its
computations. M uses its states to keep track of the nonterminal symbolsin use in the sentential forms of
G. M usesitstransition rules to consume the input symbolsthat G generates in the direct derivations that
use the corresponding production rules.

By induction on n, the constructed finite-state automaton M has a sequence g X F U1da V1 F Uxda Vo ...
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F Un10a, Vi1 F Xgp,, of nmovesif and only if the grammar G has a derivation of length n of theform Aq

= U1A1 =2 WA, = ... = Uy iA1= X. In particular, such correspondence holds for Ag = S. Consequently,
xisinL(M) if and only if itisin L(G).

Example2.3.5 Consider the Type 3 grammar G = <{S, A, B}, {a, b}, P, S>, where P consists of the
following transition rules.

ad
s
ad

b B

e,
S O A A A

The transition diagram in Figure 2.3.7

Figure 2.3.7 A finite-state automaton that accepts L (G), where G is the grammar of Example 2.3.5.

represents a finite-state automaton that accepts the language L(G). The derivation S=r aA =r aaA =r aab in
G istraced by the computation ggaab - agaab b aaga b F aabg; of M. L]

It turns out that finite-state automata and Type 3 grammars are quite similar mathematical systems. The
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states in the automata play arole similar to the nonterminal symbols in the grammars, and the transition
rules in the automata play arole similar to the production rulesin the grammars.

Type 3 Grammars and Reqgular Grammars

Type 3 grammars seem to be minimal in the sense that placing further meaningful restrictions on them
results in grammars that cannot generate all the Type 3 languages. On the other hand, some of the
restrictions placed on Type 3 grammars can be relaxed without increasing the class of languages that they
can generate.

Specifically, agrammar G = <N, X, P, S> issaid to be aright-linear grammar if each of its production
rulesis either of the form A — xB or of the form A — x, where A and B are nonterminal symbolsin N
and x isastring of terminal symbolsin E*.

The grammar is said to be aleft-linear grammar if each of its production rulesis either of the form A —
Bx or of the form A — x, where A and B are nontermina symbolsin N and x isastring of terminal
symbolsin E*.

The grammar is said to be aregular grammar if it is either aright-linear grammar or aleft-linear
grammar. A language is said to be aregular language if it is generated by aregular grammar.

By Exercise 2.3.5 alanguage isa Type 3 language if and only if it isregular.

Regular Lanquages and Reqular Expressions

Regular languages can also be defined, from the empty set and from some finite number of singleton sets,
by the operations of union, composition, and Kleene closure. Specifically, consider any alphabet . Then
aregular set over X isdefined in the following way.

a. Theempty set @, the set {¢} containing only the empty string, and the set {a} for each symbol ain

X, areregular sets.
b. If Ly and L, areregular sets, then so are the union L, LI L,, the composition L 4L ,, and the Kleene

closure L{*.
c. Noother setisregular.

By Exercise 2.3.6 the following characterization holds.
Theorem 2.3.4 A setisaregular setif and only if it is accepted by afinite-state automaton.

Regular sets of theform &, {¢}, {a}, L= Le, L=Le, and L=* are quite often denoted by the expressions
@, a () + (), (@), and (z)*, respectively. o and i are assumed to be the expressions that denote L
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and Le in asimilar manner, respectively. ais assumed to be a symbol from the alphabet. Expressions that
denote regular setsin this manner are called regular expressions.

Some parentheses can be omitted from regular expressions, if a precedence relation between the
operations of Kleene closure, composition, and union in the given order is assumed. The omission of
parentheses in regular expressions is similar to that in arithmetic expressions, where closure, composition,
and union in regular expressions play arole similar to exponentiation, multiplication, and addition in
arithmetic expressions.

Example2.3.6 Theregular expression 0* (1*01* 00* (11* 01*00*)* + 0* 10* 11*(00* 10* 11*)*) denotes
the language that is recognized by the finite-state automaton whose transition diagram isgiven in

Figure 2.3.2. The expression indicates that each string starts with an arbitrary number of 0's. Then the
string continues with a string in 1*01* 00* (11*01* 00* )* or with a string in 10* 11* (00* 10* 11*)*. In the
first case, the string continues with an arbitrary number of 1's, followed by O, followed by an arbitrary
number of 1's, followed by one or more O's, followed by an arbitrary number of stringsin 11*01*00*. []

By the previous discussion, nondeterministic finite-state automata, deterministic finite-state automata,
regular grammars, and regular expressions are all characterizations of the languages that finite-memory
programs accept. Moreover, there are effective procedures for moving between the different
characterizations. These procedures provide the foundation for many systems that produce finite-memory-
based programs from characterizations of the previous nature. For instance, one of the best known
systems, called LEX , getsinputs that are generalizations of regular expressions and provides outputs that
are scanners. The advantage of such systemsis obviously in the reduced effort they require for obtaining
the desired programs.

Figure 2.3.8
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Figure 2.3.8 The structural and functional relationships between some descriptive systems.

illustrates the structural and functional hierarchies for some descriptive systems. The structural
hierarchies are shown by the directed acyclic graphs. The functional hierarchy is shown by the Venn
diagram.

[next] [prev] [prev-tail] [front] [up]
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2.4 Limitations of Finite-Memory Programs

A Pumping Lemmafor Reqular L anguages
Applications of the Pumping L emma
A Generalization to the Pumping L emma

It can be intuitively argued that there are computations that finite-memory programs cannot carry out,
because of the limitations imposed on the amount of memory the programs can use. For instance, it can
be argued that { a"b" | n > 0} is not recognizable by any finite-memory program. The reasoning hereiis
that upon reaching the first b in a given input, the program must remember how many as it read.
Moreover, the argument continues that each finite-memory program has an upper bound on the number
of values that it can record, whereas no such bound exists on the number of a's that the inputs can
contain. As aresult, one can conclude that each finite-memory program can recognize only afinite

number of stringsintheset{ a%"|n>0}.

The purposes of this section are to show that there are computations that cannot be carried out by finite-
memory programs, and to provide formal tools for identifying such computations. The proofs rely on
abstractions of the intuitive argument above. However, it should be mentioned that the problem of
determining for any given language, whether the language is recognizable by a finite-memory program,
can be shown to be undecidable (see Theorem 4.5.6). Therefore, no tool can be expected to provide an

algorithm that decides the problem in its general form.

A Pumping Lemma for Reqular Languages

The following theorem provides necessary conditions for alanguage to be decidable by a finite-memory
program. The proof of the theorem relies on the observations that the finite-memory programs must
repeat a state on long inputs, and that the subcomputations between the repetitions of the states can be
pumped.

Theorem 2.4.1 (Pumping lemmafor regular languages) Every regular language L has a number m for
which the following conditions hold. If wisin L and |w| > m, then w can be written as xyz, where xykz is
in L for each k = 0. Moreover, |xy| <= m, and [y| > 0.

Proof Consider any regular language L. Let M be afinite-state automaton that recognizes L. By
Theorem 2.3.1 it can be assumed that M has no ¢ transition rules. Denote by m the number of states of M.

Oninput w =g ... &, from L the finite-state automaton M has a computation of the form
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pl:lﬂ'lnnu ﬂ'nl—ﬂ'lplﬂ'guuu ﬂ'nl—--- I—ﬂ'luuu ﬂ'l'pl'ﬂ'l'_l_l---ﬂ'nl—--- I—
ﬂ'l--- ﬂ'jpjﬂ'j_l_l--- ﬂ'nl—--- I—ﬂ'l---ﬂ'npn
The computation goes through some sequence pg, Py, - - - , P, Of N + 1 states, where py isthe initial state

of M and p,, is an accepting state of M. In each move of the computation exactly one input symbol is
being read.

If the length n of the input isequal at least to the number m of states of M, then the computation consists
of m or more moves and some state g must be repeated within the first m moves. That is, if n > m then p

=pj for someiandj suchthat 0<li <j<Im.Insuchacase takex =a;... 3,y = &41.--§, and 2= g1 ..
. 8-

With such a decomposition xyz of w the above computation of M takes the form

ol iz * Ty * Ty H* TY{ZPy
During the computation the state g = p; = pj of M is repeated. The string x is consumed before reaching
the state q that is repeated. The string y is consumed between the repetition of the state . The string zis
consumed after the repetition of state q.
Consequently, M also has an accepting computation of the form

p.;.:rykz F* a:gykz F* u:yqyk_iz F* .o b7 :r;t,rkg;r ¥ a:j:,rkgrpn

for each k > 0. That is, M has an accepting computation on xykz for each k =* 0, where M starts and ends
consuming each y in state g.

The substring y that is consumed between the repetition of state g is not empty, because by assumption
M has no transition rules. [

Example2.4.1 Let L betheregular language accepted by the finite-state automaton of Figure 2.4.1.
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Figure 2.4.1 A finite-state automaton.

Using the terminology in the proof of the pumping lemma (Theorem 2.4.1), L has the constant m = 3.

On input w = ababaa, the finite-state automaton goes through the sequence qg, d;, dg, d1, do, dy, 9y Of

states. For such an input the pumping lemma provides the decomposition x = ¢, y = ab, z = abag; and the
decomposition X = a, y = ba, z = baa. The first decomposition is due to the first repetition of state q; the

second is aresult of to the first repetition of state ;.

For each string w of a minimum length 3, the pumping lemma implies a decomposition xyz in which the
string y must be either ab or baor ac. If y = ab, then X = ¢ and the repetition of qg isassumed. If y = ba,

then x = aand the repetition of g is assumed. If y = ac, then x = aand the repetition of ¢ is assumed. [

Applications of the Pumping Lemma

For proving that agiven language L is not regular, the pumping lemma implies the following schema of
reduction to contradiction.

a. For the purpose of the proof assumethat L is aregular language.

b. Let m denote the constant implied by the pumping lemmafor L, under the assumption in (a) that
L isregular.

c. Findastringw in L, whose length is at least m. Require that w implies ak, for each
decomposition xyz of w, such that xykz isnot in L. That is, find aw that implies, by using the
pumping lemma, that a string not in L must, in fact, be there.

d. Usethe contradiction in (c) to conclude that the pumping lemma does not apply for L.

e. Usethe conclusion in (d) to imply that the assumption in (a), that L isregular, isfalse.

It should be emphasized that in the previous schema the pumping lemma implies only the existence of a
constant m for the assumed regular language L, and the existence of a decomposition xyz for the chosen
string w. This lemma does not provide any information about the specific values of m, X, y, and z besides
the restriction that they satisfy the conditions |xy| << m and ly| > 0. The importance for the schema of the
condition [xy| <. m liesin allowing some limitation on the possible decompositions that are to be
considered for the chosen w. The importance of the restriction |y| > 0 isin enabling a proper changein
the pumped string.
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Example2.4.2 Consider the nonregular language L ={ 0"1" |n > 0}. To provethat L is nonregular
assume to the contrary that it is regular. From the assumption that L is regular deduce the existence of a
fixed constant m that satisfies the conditions of the pumping lemmafor L.

Choose the string w = 0M1™M in L. By the pumping lemma, 0M1M has a decomposition of the form xyz,
where [xy| <= m, |y] > 0, and xykz isin L for each k = 0. That is, the decomposition must be of the form x
=0,y =0, andz=0m-1m for somei and j such that j > 0. (Note that the values of i, j, and m cannot be
chosen arbitrarily.) Moreover, xy%z must bein L. However, xy0z = 0™i1M cannot bein L becausej > 0.
It follows that the pumping lemma does not apply for L, consequently contradicting the assumption that
L isregular.

Other choices of w can also be used to show that L is not regular. However, they might result in amore
complex analysis. For instance, for w = 0m-11m-1 the pumping lemma provides three possible forms of
decompositions:

a x=0,y=0,z=0m-11m1for somej > 0.
b. x=0m1j y=0i1,z=1"2for somej > 0.
c. x=0mly=1z=1m2

In such acase, each of the three forms of decompositions must be shown to be inappropriate to conclude
that the pumping lemma does not apply to w. For (a) the choice of k = 0 provides xy0z = 0M-1i1m-1 not in
L. For (b) the choice of k = 2 provides xy2z = 0M-110i1m-1 not in L. For (c) the choice of ¢ = 0 provides
xy0z = 0M-11m-2 not in L. [

Example 2.4.3 Consider the nonregular language L ={ o' |zisin{a b}* }. To provethat L is not
regular assume to the contrary that it is regular. Then deduce the existence of afixed constant m that
satisfies the conditions of the pumping lemmafor L.

Choose w = aMbbaMin L. By the pumping lemma, a"bba™ = xyz for some X, y, and z such that [xy| <. m,
ly] > 0and xykzisinL for eachk > 0. That is, x = a, y = d, and z = a™i-ibba™ for somei and j such that
j > 0. However, xy0z = a™ibbaM is not in L, therefore contradicting the assumption that L is regular.

It should be noted that not every choice for w implies the desired contradiction. For instance, consider
the choice of &M for w. By the pumping lemma, a2™ has a decomposition xyz in which x = @, y = a, and
z = &™i- for somei and j such that j > 0. With such a decomposition, xykz = a2m*(k-1)j jsnot in L if and
only if 2m + (k - 1) isan odd integer. On the other hand, 2m + (k - 1)j isan odd integer if and only if k is
an even number and j is an odd number. However, although k can arbitrarily be chosen to equal any
value, such is not the case with j. Consequently, the choice of &M for w does not guarantee the desired
contradiction. [
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A Generalization to the Pumping Lemma

The proof of the pumping lemma is based on the observation that a state is repeated in each computation
on a"long" input, with a portion of the input being consumed between the repetition. The repetition of
the state allows the pumping of the subcomputation between the repetition to obtain new accepting
computations on different inputs. The proof of the pumping lemma with minor modifications aso holds
for the following more general theorem.

Theorem 2.4.2 For each relation R that is computable by a finite-state transducer, there exists a
constant m that satisfies the following conditions. If (v, w) isin R and |v| + |w|  m, then v can be written

as x,Yyz, and w can be written as X,,yy,z,,, where (X ¥z, X, ¥/ z,) isin R for each k = 0. Moreover,
Xyl + XwYwl << m, and [y, | + [y,| > O.

A schema, similar to the one that uses the pumping lemmafor determining nonregular languages, can
utilize Theorem 2.4.2 for determining relations that are not computable by finite-state transducers.

Example2.44 ThereationR={ (u, u®) |uisin{0, 1}* } isnot computable by afinite-state
transducer. If R were computable by a finite-state transducer, then there would be a constant m that
satisfies the conditions of Theorem 2.4.2 for R. In such a case, since (0M1M, 1M0M) jsin R, thenu =

0m1m could be written as x,)y,,z, and ur® = 1M0M could be written as X,,Y\,Zy, Where x,, = Olv, y,, = Qlv, z,,
= 0M-iyivam, x,, = 1w, y,, = Lw, z,, = 1MiwIwOM, and j, + j,, > 0. Moreover, it would be implied that
(X Y02y, XY 0Zy) = (0MivdM, 1M-iw0M) must also bein R, which is not the case. [

[next] [prev] [prev-tail] [front] [up]
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2.5 Closure Properties for Finite-Memory Programs

A helpful approach in ssimplifying the task of programming is to divide the given problem into
subproblems, design subprograms to solve the subproblems, and then combine the subprogramsinto a
program that solves the original problem. To allow for asimilar approach in designing finite-state
transducers (and finite-memory programs), it is useful to determine those operations that preserve the set
of relations that are computable by finite-state transducers. Such knowledge can then be used in deciding
how to decompose given problems to simpler subproblems, as well asin preparing tools for automating
the combining of subprogramsinto programs.

In general, aset is said to be closed under a particular operation if each application of the operation on
elements of the set resultsin an element of the set.

Example 2.5.1 The set of natural numbersis closed under addition, but it is not closed under
subtraction. The set of integersis closed under addition and subtraction, but not under division. The set {
S| Sisaset of five or moreintegers} isclosed under union, but not under intersection or
complementation. Theset { S| Sisaset of at most five integer numbers} is closed under intersection,
but not under union or complementation. [

The first theorem in this section is concerned with closure under the operation of union.
Theorem 2.5.1 The class of relations computable by finite-state transducers is closed under union.

Proof Consider any two finite-state transducers M| = <Qq, Eq, A4, 1, gy, F1> and M, = <Q,, By, &,
85, Qgo, Fo>. With no loss of generality assume that the sets g, and g, of states are mutually digoint, and
that neither of them contains q.

Let M3 be the finite-state transducer <Q3, X5, &3, d5, g, F3>, where Q3= QU Q, U {qg}, B3 =E, U E,,
63 = El L 62 L {(qO, £ Jo1, E), (qo, £, Qoo E)}, and F3 = Fl L F2 (See Fi gure 251)
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M,

Figure 2.5.1 A schema of afinite-state transducer M3 that computes R(M ) LI R(M>).

Intuitively, M3 is afinite-state transducer that at the start of each computation nondeterministically
chooses to trace either a computation of M, or a computation of M.

By construction, R(M3) = R(M4) U R(M). [

Besides their usefulness in simplifying the task of programming, closure properties can also be used to
identify relations that cannot be computed by finite-state transducers.

Example2.5.2 Theunion of thelanguagesL, ={¢} and L, ={ 0'1' |i > 1} isequal to the language
L3={ 01 |i>0}. By Theorem 2.5.1 theunion L3 =L UL, of L; and L, isaregular language if L,
and L, areregular languages. Since L, = {&} isaregular language, it followsthat L5 is aregular language
if L, isaregular language. However, by Example 2.4.2 thelanguage L3 = { 0'1' | i > 0} isnot regular.
Consequently, isalso L, ={ 0'1 | i 2> 1} not regular. []

TherelationsR; ={ (01, c) |i,j > 1} and R, ={ (0'1, d) | i, ] > 1} are computable by deterministic
finite-state transducers. The pair (01, ck) isin Ry if and only if k =i, and itisin R, if and only if k =j.
Theintersection Ry N R, contains al the pairs (0'1, cX) that satisfy k =i =, that is, Ry N R, isthe
relation { (0"1",c") |n>1}.

If Ry " R, is computable by afinite-state transducer then the language { 0"1" | n > 1} must be regular.
However, by Example 2.4.2 the language is not regular. Therefore, the class of the relations that are
computable by finite-state transducers is not closed under intersection.
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The class of the relations computable by the finite-state transducers is aso not closed under
complementation. An assumption to the contrary would imply that the nonregular language R, " R, is

regular, because by DeMorgan'slaw R; N R, = (E:1U B2) That Is, an assumed closure under
complementation would imply that £: and £z are computable by finite-state transducers. Theorem 2.5.1
would then imply that the union 1 LI B z is computable by finite-state transducers. Finally, another

application of the assumption would imply that (B1U EB3)=FinE;isaso computable by afinite-
state transducer.

The choice of R; and R, also implies the nonclosure, under intersection, of the class of relations
computable by deterministic finite-state transducers. The nonclosure under union and complementation,

of the class of relations computable by deterministic finite-state transducers, isimplied by the choice of
therelations {(1, 1)} and {(1, 11)}.

For regular languages the following theorem holds.
Theorem 2.5.2 Regular languages are closed under union , intersection, and complementation.

Proof By DeMorgan'slaw and the closure of regular languages under union (see Theorem 2.5.1), it is
sufficient to show that regular languages are closed under complementation.

For the purpose of this proof consider any finite-state automaton M = <Q, E, 4, qp, F>. By Theorem 2.3.1
it can be assumed that M is deterministic, and contains no & transition rules.

Let Mgyt be M with anewly added, nonaccepting “trap” state, say, Gy, and the following newly added
transition rules.

a (g, & Gygp) for each pair (q, @) -- of astate qin Q and of an input symbol ain X -- for which no

moveis defined in M. That is, for each (g, a) for which no p existsin Q such that (g, a, p) isin .
b. (Orap: & Girap) fOr €ach input symbol ain X.

By construction My is a deterministic finite-state automaton equivalent to M. Moreover, M g; consumes
al the inputs until their end, and it has no ¢ transition rules.

The complementation of the language L (M) is accepted by the finite-state automaton M g mpjement thet is
obtained from M ¢ by interchanging the roles of the accepting and nonaccepting states.

For each given input & ... &, the finite-state automaton M ¢oypjement has a unique path that consumes a; ..
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. &, until itsend. The path corresponds to the sequence of moves that M o takes on such an input.
Therefore, M ¢omplement r€aches an accepting state on agiven input if and only if M does not reach an
accepting state on the the input. [

Example2.5.3 Let M be the finite-state automaton whose transition diagram is given in
Figure 2.5.2(a).

:_.-";':\. i

Figure 2.5.2 The finite-state automaton in (b) accepts the complementation of the language that the
finite-state automaton in (a) accepts.

The complementation of L(M) is accepted by the finite-state automaton whose transition diagram is
givenin Figure 2.5.2(b).

Without the trap state Gygp, Neither M nor M ompiement Would be able to accept the input 011, because
none of them would be able to consume the whole input.

Without the requirement that the algorithm has to be applied only on deterministic finite-state automata,
M complement COUld end up accepting an input that M also accepts. For instance, by adding the transition

rule (g, 1, ) to M and M gmpjement: ©N input 01 each of the finite-state automata can end up either in
state g or in state g;. In such a case, M would accept 01 because it can reach state ¢y, and M compjement
would accept 01 because it can reach state . L

[next] [prev] [prev-tail] [front] [up]

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-twose5.html (4 of 4) [2/24/2003 1:48:03 PM]


http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-two.html#theory-bk-twose5.html

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-twose6.html

[next] [prev] [prev-tail] [tail] [up]

2.6 Decidable Properties for Finite-Memory Programs

The emptiness problem, the equivalence problem, the halting problem, and other decision problems for
finite-memory programs or, equivalently, for finite-state transducers are defined in asimilar manner as
for the general class of programs.

For instance, the equivalence problem for finite-state transducers asks for any given pair of finite-state
transducers whether or not the transducers compute the same relation.

Similarly, the halting problem for finite-state transducers asks for any given pair (M, x), of afinite-state
transducer M and of an input x for M, whether or not M has only halting computations on x.

In this section, some properties of finite-state transducers are shown to be decidable. The proofs are
constructive in nature and they therefore imply effective algorithms for determining the propertiesin
discourse. The first theorem isinteresting mainly for its applications (see Example 2.1.2). It is concerned

with the problem of determining whether an arbitrarily given finite-state automaton accepts no input.
Theorem 2.6.1 The emptiness problem is decidable for finite-state automata

Proof Consider any finite-state automaton M. M accepts some input if and only if thereisapath inits
transition diagram from the node that corresponds to the initial state to a node that corresponds to an
accepting state. The existence of such a path can be determined by the following agorithm.

Step 1
Mark in the transition diagram the node that corresponds to the initial state of M.

Step 2
Repeatedly mark those unmarked nodes in the transition diagram that are reachable by an edge
from amarked node. Terminate the process when no additional nodes can be marked.

Step 3
If the transition diagram contains a marked node that corresponds to an accepting state, then
determine that L(M) is not empty. Otherwise, determine that L (M) is empty. [

By definition, a program has only halting computations on inputs that it accepts. On the other hand, on
each input that it does not accept, the program may have some computations that never terminate.

An important general determination about programs is whether they halt on al inputs. The proof of the
following theorem indicates how, in the case of finite-memory programs, the uniform halting problem
can be reduced to the emptiness problem.

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-twose6.html (1 of 3) [2/24/2003 1:48:04 PM]


http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-two.html#theory-bk-twose6.html

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-twose6.html

Theorem 2.6.2 The uniform halting problem is decidable for finite-state automata.

Proof Consider any finite-state automaton M = <Q, £, 4, qy, F>. With no loss of generality, assume

that the symbol cisnot in E, and that Q has n states. In addition, assume that every state from which M
can reach an accepting state by reading nothing is also an accepting state. Let A be afinite-state
automaton obtained from M by replacing each ¢ transition rule of the form (q, ¢, p) with atransition rule
of theform (q, ¢, p). Let B be afinite-state automaton that accepts the language { x | x isin (E U {c})*,

and chisasubstring of x }.
M has a nonhalting computation on a given input if and only if the following two conditions hold.

a. Theinput is not accepted by M.
b. Onthegiveninput M can reach a state that can be repeated without reading any input symbol.

Conseguently, M has a nonhalting computation if and only if A accepts some input that has c" as a
substring.

By the proof of Theorem 2.5.2, afinite-state automaton C can be constructed to accept the

complementation of L(A). By that same proof, a finite-state automaton D can also be constructed to
accept the intersection of L(B) and L(C).

By construction, D is afinite-state automaton that accepts exactly those inputs that have c" as a substring
and that are not accepted by A. That is, D accepts no input if and only if M halts on all inputs. The
theorem thus follows from Theorem 2.6.1. [ ]

For finite-memory programs that need not halt on all inputs, the proof of the following result implies an
algorithm to decide whether or not they halt on specifically given inputs.

Theorem 2.6.3 The halting problem is decidable for finite-state automata.

Proof Consider any finite-state automaton M and any input & ... a, for M. Asin the proof of
Theorem 2.3.1, onecan deriveforeachi =1, ..., ntheset A, - , of al the states that can be reached by

consuming & ... &. Then M isdetermined to halt on &, ... &, if and only if either of the following two
conditions hold.

a Ay~ containsan accepting state.
b. For nointegeri suchthat 1= i< nthe set Aal_ a contains a state that can be reached from itself
by a sequence of one or more moves on ¢ transition rules]

There are many other properties that are decidable for finite-memory programs. This section concludes
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with the following theorem.
Theorem 2.6.4 The equivalence problem is decidable for finite-state automata.

Proof Two finite-state automata M, and M, are equivalent if and only if the relation (L(M4) "

L(Mﬂ) L (L[MI In L(M>)) = @ holds, where L M:) denotesthe complementation of L(M;) fori =1,
2. The result then follows from the proof of Theorem 2.5.2 and from Theorem 2.6.1. [

The result in Theorem 2.6.4 can be shown to hold also for deterministic finite-state transducers (see
Corollary 3.6.1). However, for the genera class of finite-state transducers the equival ence problem can
be shown to be undecidable (see Corollary 4.7.1).

[next] [prev] [prev-tail] [front] [up]
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Exercises

2.2.1
Let P be aprogram with k instruction segments and a domain of variables of cardinality m.
Determine an upper bound on the number of states of P, and an upper bound on the number of
possible transitions between these states.

2.2.2
Determine the diagram representation of afinite-state transducer that models the computations of
the program in Figure 2.E.1.

X =7
do
read y
until y=£ X
do
y :=y *tX
witey
or

I f eof then accept
rej ect
until false

Figure2.E.1

Assume that the domain of the variablesis{0, 1}, and that O isthe initial value in the domain. Denote
each node in the transition diagram with the corresponding state of the program.
2.2.3

For each of the following relations give a finite-state transducer that computes the relation.

a. { (x#y, adb)|xandy arein{a, b}*, i = (number of asin x), and j = (number of b'siny) }
b. { (x,c)|xisin{a b}*, andi = (number of appearances of the substring abb'sin x) }

{ (x,c)|xisin{a, b}*, and i = (number of appearances of the substring aba'sin x) }

{ (1, 1) |iand | are natural numbersandi > }

{ (x,a |xisin{0, 1}*, aisin{0, 1}, and a appears at least twice in the string x }

{ (xy,db) |xandy arein{a, b}*, i = (the number of a'sin x), and j = (the number of b's
iny) }

-~ D Q0
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0- { (x,y)|xandyarein{a, b}*, and either x isasubstring of y or y is a substring of x }

h. { (X,y)|xisin{a b}*,yisasubstring of x, and the first and last symbolsiny are of
distinct values}

. {(x,y)|xandyarein{a, b}*, and the substring ab has the same number of appearances
inxandy}

- {@ D) i=2ori=3}

k. { (@, ) ]i£2}

l. {(X,y)|xandy arein{a, b}*, and the number of asin x differs from the number of b'sin

y}

m. { (x,y)|xandyarein{0, 1}*, and (the natural number represented by y) = 3(the natural
number represented by x) }

n. {([g;]...[g:],zl...zn)|x1,...,xn,yl,...,yn,zl,...,znarein{o,l},and(the

natural number represented by X ... X,) - (the natural number represented by y; ...y, =
(the natural number represented by z;...2,) }

224
Let M =<Q, E, A, §, gy, F> be the deterministic finite-state transducer whose transition diagram is
givenin Figure 2.E.2.

Figure2.E.2

For each of the following relations find a finite-state transducer that computes the relation.
a {(xy|xisinL(M),andyisin&* }.
b. { (X,y)|xisinL(M),yisin&*, and (x,y)isnotin R(M) }.

2.2.5
Show that if a deterministic finite-state transducer M accepts inputs X, and X, such that x; isa

prefix of X,, then on these inputs M outputsy, and y,, respectively, such that y, isaprefix of y,.
2.2.6
Determine the sequence of configurations in the computation that the finite-state transducer <{ q,

d1, 2}, {0, 1}, {a b}, {(9p, 0, a1, @), (A1, 1, Ao, @, (A1, 1, A, €), (A2, %, A1, P)}, Ao, { G2} > has on
input 0101.
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2.2.7
Modify Example 2.2.16 for the case that M is the finite-state transducer whose transition diagram
iIsgivenin Figure 2.2.2.
2.3.1
For each of the following languages construct a finite-state automaton that accepts the language.
a {x|xisin{0, 1}*, and no two O'sare adjacent in x }
b. { x|xisin{a b, c}*, and none of the adjacent symbolsin x are equal }
c. { x|xisin{0, 1}*, and each substring of length 3 in x contains at least two 1's }
d. { 12|z =3x+ 5y for some natural numbersx andy }
e. { x|xisin{a b}*, and x contains an even number of a's and an even number of b's}
f. { x|xisin{O0, 1}*, and the number of 1's between every two O'sinx iseven }
g. { x|xisin{0, 1}*, and the number of 1's between every two substrings of the form 00 in
X iseven}
h. { x|xisin{0, 1}*, but notin {10, 01}* }
I. { x|xisin{a b, c}*, and asubstring of x is accepted by the finite-state automaton of
Figure2.4.1}
2.3.2
Find a deterministic finite-state automaton that is equivalent to the finite-state automaton whose
transition diagram is given in Figure 2.E.3.
|
Figure2.E.3
2.3.3

Find a Type 3 grammar that generates the language accepted by the finite-state automaton whose
transition diagram is given in Figure 2.E.4.
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Figure2.E4

2.3.4
Find afinite-state automaton that accepts the language L(G), for the casethat G = <N, X, P, S> is
the Type 3 grammar whose production rules are listed below.
S —= oad
— IR
— b
4 = ab
— b
F — b
—  al
— b4
¢ = aBf
2.35
Show that alanguage is generated by a Type 3 grammar if and only if it is generated by aright-
linear grammar, and if and only if it is generated by aleft-linear grammar.
2.3.6
Provethat asetisregular if and only if it is accepted by a finite-state automaton.
2.4.1

Let M be the finite-state automaton whose transition diagram is given in Figure 2.E.5.
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Figure2.E.5

Using the notation of the proof of the pumping lemmafor regular languages (Theorem 2.4.1), what are

the possible values of m, x, and 'y for eachw in L(M)?

2.4.2
Use the pumping lemma for regular languages to show that none of the following languagesis

regular.
a {ab'|n>t}
b. {v]|visin{a b}*, andv hasfewer asthan b's}
c. { x|xisin{a b}*,andx =xrev}
d. { wr®|visaccepted by the finite-state automaton of Figure 2.E.6 }

Figure2.E.6

e. {a¥|n=1}
f. {abt|ntt}
g. { x|xisin{a b}*, and x x"® }

2.4.3
Show that each relation R computable by a finite-state transducer has a fixed integer m such that

the following holds for al (v, w) in R. If |w| > m. max(1, |v|), then w = xyz for some X, y, z such
that (v, xykz) isin R for al k = 0. Moreover, 0 < |y| < m.

2.4.4
Prove that the relation { (albl, cX) | i and j are natural numbersand k =i .j } isnot computable by a

finite-state transducer.
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251

2.5.2

2.5.3

254

2.5.5

2.5.6

2.5.7

2.6.1

Let M4 be the finite-state automaton given in Figure 2.E.3, and M, be the finite-state automaton
given in Figure 2.E.6. Give afinite-state automaton that accepts the relation R(M) "N R(M>).

For each of the following cases show that regular sets are closed under the operation P.
a ‘PL)={x|xisinL,andaproper prefix of L isinL }.
b. ®(Lq, Ly ={xyzw |xzisinLy,andywisinL,}.

L et P be a permutation operation on languages defined as®(L) ={ x | X is a permutation of some
yinL }. Show that regular sets are not closed under P.

Show that the set of relations that finite-state transducers compute is closed under each of the
following operations'P.
a Inverse thatis, ®(R) = R1={ (y,x) | (X,y)isinR}.
b. Closure, that is, B(R) = Li>RI.
c. Composition, that is, (R4, Ry) ={ (X, y) | X = XX, andy = y;y, for some (X4, y1) in Ry,
and some (X,, Yo) INR, }.
d. Cascade composition, that is, (R, R,) ={ (X, 2) | (X, y) isinRy and (y, z) isin R, for
somey }.

Show that the set of the relations computed by deterministic finite-state transducers is not closed
under composition.

Let M be the finite-state automaton whose transition diagram is given in Figure 2.E.3. Give a
finite-state automaton that accepts the complementation of L(M).

Show that the complementation of arelation computable by a deterministic finite-state transducer,
Is computable by afinite-state transducer.

Show that the problem defined by the following pair is decidable.
Domain:

{ M | M isafinite-state automaton }
Question:

IsL(M) aset of infinite cardinality for the given instance M?
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Chapter 3 RECURSIVE FINITE-DOMAIN
PROGRAMS

Recursion is an important programming tool that deserves an investigation on its own merits. However, it
takes on additional importance here by providing an intermediate class of programs -- between the
restricted class of finite-memory programs and the general class of programs. Thisintermediate classis
obtained by introducing recursion into finite-domain programs.

The first section of this chapter considers the notion of recursion in programs. The second section shows

that recursive finite-domain programs are characterized by finite-state transducers that are augmented by

pushdown memory. A grammatical characterization for the recursive finite-domain programsis provided
in the third section. The fourth section considers the limitations of recursive finite-domain programs. And
the fifth and sixth sections consider closure and decidable properties of recursive finite-domain

programs, respectively.

3.1 Recursion

3.2 Pushdown Transducers

3.3 Context-Free Languages

3.4 Limitations of Recursive Finite-Domain Programs

3.5 Closure Properties for Recursive Finite-Domain Programs
3.6 Decidable Properties for Recursive Finite-Domain Programs
Exercises

Bibliographic Notes
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3.1 Recursion

Thetask of programming isin many cases easier when recursion is allowed. However, although recursion does not in general increase
the set of functions that the programs can compute, in the specific case of finite-domain programs such an increase is achieved.

Here recursion isintroduced to programs by

a. Pseudoinstructions of the following form. These are used for defining procedures. Each list of formal parameters consists of
variable names that are al distinct, and each procedure body consists of an arbitrary sequence of instructions.

procedure <procedure nane> (<list of formal paramneters>)
<procedur e body>
end

b. Call instructions of the following form. These are used for activating the execution of procedures. Each list of actual
parametersis equal in size to the corresponding list of formal parameters, and it consists of variable names that are all distinct.

call <procedure name>(<list of actual paraneters>)

c. Returninstructions of the following form. These are used for deactivating the execution of procedures. The instructions are
restricted to appearing only inside procedure bodies.

return

Finite-domain programs that allow recursion are called recursive finite-domain programs.

An execution of acall instruction activates the execution of the procedure that isinvoked. The activation consists of copying the
values from the variablesin the list of actual parameters to the corresponding variablesin the list of formal parameters, and of
transferring the control to the first instruction in the body of the procedure.

An execution of areturn instruction causes the deactivation of the last of those activations of the procedures that are still in effect. The
deactivation causes the transfer of control to the instruction immediately following the call instruction that was responsible for this
last activation. Upon the transfer of control, the values from the variablesin the list of formal parameters are copied to the
corresponding variablesin the list of actual parameters. In addition, the variables that do not appear in the list of actual parameters are
restored to their values just as before the call instruction was executed.

All the variables of a program are assumed to be recognized throughout the full scope of the program, and each of them is allowed to
appear in an arbitrary number of lists of formal and actual variables.

Any attempt to enter or leave a procedure without using a call instruction or areturn instruction, respectively, causes the program to
abort execution in arejecting configuration.

In what follows, each call instruction and each return instruction is considered to be an instruction segment.
Example 3.1.1 Let P betherecursive finite-domain program in Figure 3.1.1. The variables are assumed to have the domain {0, 1},

with 0 asinitial value. The program P accepts exactly those inputs in which the number of 0'sis equal to the number of 1's. On each
such input the program outputs those input values that are preceded by the same number of O'sas 1's.
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do I* 1, */
if eof then accept [* 15, *
read Xx I* 15 */
wite X 1% 1y */
cal |l RP(x) I* 1g */
until false I* 1g *I
procedure RP(y)
do [* 14 */
read z I* 1g */
if z£y then I* 1g */
return I* 149 */
call RP(z) I* 141 %1
until false I* 145 *1
end

Figure 3.1.1 A recursive finite-domain program.

On input 00111001 the program starts by reading the first input value 0 in |3, writing O in 14, and transferring the control to RPin Is.
Upon entering RP x =y =z = 0. In RP the program uses instruction segment I g to read the second input value 0, and then it calls RP
recursively inlq;.

The embedded activation of RP readsthe first 1 in the input and then executes the return instruction, to resumein I, withx =y =z =

0 the execution of the first activation of RP. The procedure continues by reading the second 1 of the input into z, and then returns to
resume the execution of the main program in Ig with x =y =z = 0. The main program reads 1 into X, prints out that value, and

invokes RP.

Upon entering RPx =y =1 and z = 0. The procedure reads 0 and then returns the contral to the main program. The main program
reads into x the last O of the input, prints the value out, and calls RP again. RP reads the |ast input value and returns the control to the
main program, where the computation is terminated at |,.

The table in Figure 3.1.2 shows the flow of data upon the activation and deactivation of RP. []
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Figure 3.1.2 Flow of datain the program of Figure 3.1.1 on input 00111001.
call RP(parity)
if parity = 0 then

i f eof then accept

rej ect
procedure RP(parity)
do /* Process the next symbol in w */
read x
wite X
parity := 1 - parity
call RP(parity)
or /* Leave w and go to wev, */

return
until true
/* Process the next synbol in wev, */
read y
if y£ x then reject
return
end

Figure 3.1.3 A recursive finite-domain program.

The definition given here for recursion is not standard, but can be shown to be equivalent to standard definitions. The sole motivation
for choosing the nonstandard definition is because it simplifies the notion of states of recursive programs. The convention that the
variables of a program are recognizable throughout the full scope of the program is introduced to allow uniformity in the definition of
states. The convention -- that upon the execution of areturn instruction the variables that do not appear in the list of actual parameters
are restored to their values just before the execution of the corresponding call instructions -- is introduced to show a resemblance to
the notion of local variables in procedures.

Example 3.1.2 Therecursive finite-domain program in Figure 3.1.3 computes the relation { (ww'V, w) | w isastring of even length

in{0, 1}* }. The domain of the variablesis assumed to equal {0, 1}, with 0 asinitial value. On input 00111100 the program has a
unique computation that gives the output 0011. The program makes five calls to the procedure RP while reading 0011. Then it
proceeds with five returns while reading 1100. [
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It turns out that an approach similar to the one used for studying finite-memory programs can aso be used for studying recursive
finite-domain programs. The main difference between the two cases isin the complexity of the argumentation.

Moreover, asin the case of finite-memory programs, it should be emphasized here that recursive finite-domain programs are
important not only as a vehicle for investigating the general class of programs but also on their own merits. For instance, in many
compilers the syntax analyzers are basically designed as recursive finite-domain programs. (The central task of a syntax analyzer isto
group together, according to some grammatical rules, the tokens in the program that is compiled. Such a grouping enables the
compiler to detect the structure of the program, and therefore to generate the object code.)
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3.2 Pushdown Transducers

Pushdown Transducers

Configurations and Moves of Pushdown Transducers

Determinism and Nondeterminism in Pushdown Transducers
Computations of Pushdown Transducers

From Recursive Finite-Domain Programs to Pushdown Transducers
From Pushdown Transducers to Recursive Finite-Domain Programs
Pushdown Automata

In general, recursion in programs is implemented by means of a pushdown store, that is, alast-in-first-out memory. Thus, itis
only natural to suspect that recursion in finite-domain programs implicitly allows an access to some auxiliary memory.
Moreover, the observation makes it also unsurprising that the computations of recursive finite-domain programs can be
characterized by finite-state transducers that are augmented with a pushdown store. Such transducers are called pushdown
transducers.

Pushdown Transducers

Each pushdown transducer M can be viewed as an abstract computing machine that consists of afinite-state control, an input
tape, aread-only input head, a pushdown tape or pushdown store, a read-write pushdown head, an output tape, and a write-only
output head (see Figure 3.2.1). Each move of M is determined by the state of M, the input to be consumed, and the content on
the top of the pushdown store. Each move of M consists of changing the state of M, reading at most one input symbol, changing
the content on top of the pushdown store, and writing at most one symbol into the outpui.

| Iy Gpily iy iy | ||||-'|I i

E Ireput hend
I..I:!:::‘. —| Orutput head
|_ il |

I | ! .F:'\. iy fi ?1'| I
Pushiown ““F | | B ' . Hllt-lll tape

"] T 1
CATE. L'

Sl E
* FUilidown lape

Figure 3.2.1 Schema of a pushdown transducer.

Example3.2.1 A pushdown transducer M can compute the relation { (alb', ¢!) | i > 1} by checking that each input has the
forma...ab...bwith the same number of asasb's, and writing that many c's. The computations of M can be in the following

manner (see Figure 3.2.2).
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Figure 3.2.2 A description of how a pushdown transducer can compute the relation { (albl, ¢) |i > 1}.

Initially the pushdown store is assumed to contain just one symbol, say, Z, to mark the bottom of the pushdown store. M starts
each computation by reading the a's from the input tape while pushing them into the pushdown store. The symbols are read one
at atime from the input.

Once M is done reading the as from the input, it starts reading the b's. As M reads the b's it retrieves, or pops, one afrom the
pushdown store for each symbol b that it reads from the input. In addition, M writes one c to the output for each symbol b that it
reads from the input.

M accepts theinput if and only if it reaches the end of the input at the same time as it reaches the symbol Z in the pushdown
store. M rejects the input if it reaches the symbol Z in the pushdown store before reaching the end of the input, because in such
a case the input contains more b'sthan a's. M regjects the input if it reaches the end of the input before reaching the symbol Zj in
the pushdown store, because in such a case the input contains more as than b's. L]

Formally, a mathematical system M consisting of an eight-tuple <Q, E, T', &, &, qo, Zq, F> is called a pushdown transducer if it
satisfies the following conditions.

Q

isafinite set, where the elements of Q are called the states of M.
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I Tand &
are alphabets. X is called the input alphabet of M, and its elements are called the input symbols of M. T is called the
pushdown alphabet of M, and its elements are called the pushdown symbols of M. & is called the output alphabet of M,
the elements of which are called the output symbols of M.

')
isarelation from Q x (BU{¢}) x (T U{e}) to Q x I'* x (AUU{¢}). d iscalled the transition table of M, the elements of
which are called the transition rules of M.
do
isan element in Q, called the initial state of M.
Zo
isan element in I, called the bottom pushdown symbol of M.
F

isasubset of Q. The statesin the subset F are called the accepting , or final, states of M.
Inwhat follows, each transition rule (q, oo, f3, (p, 7, #)) of apushdown transducer will be writtenas (q, o, 4, p, T, #).

Example3.22 M=<Q, X, T, 4, gy Zg, F>isapushdown transducer if Q ={dg, 0y, 0o} ; E={a, b}; & ={a b}; I'={Z,,
c}; #={(do, & ¢ Go. €, €), (G, b, €, o, €. €), (o, & £, G, €, €), (G, @ €, Gy, 6, @), (A, b, €, Ay, &, b), (01, 6 Zo, A, Zo, €)}; and F =
{g2t.00

By definition, in each transition rule (g, o, &, p, 7, #) theentries g and p are statesin Q, zx is either an input symbol or an empty
string, /7 is either a pushdown symbol or an empty string, T is a string of pushdown symbols, and # is either an output symbol or
an empty string.

Each pushdown transducer M =<Q, £, I', A, &, qg, Zo, F> can be graphically represented by a transition diagram of the
following form. For each state in Q the transition diagram has a corresponding node drawn as acircle. Theinitia stateis
identified by an arrow from nowhere that points to the corresponding node. Each accepting state is identified by a double circle.
Each transitionrule (g, oo, 1, p, 7, #) is represented by an edge from the node that corresponds to state g to the node that
corresponds to state p. In addition, the edge is |abeled with
cx
o

For notational convenience, edges that agree in their origin and destination are merged, and their |abels are separated by
commeas.

Example 3.2.3 Figure 3.2.3 gives the transition diagram for the pushdown transducer of Example 3.2.2.

ﬂﬁ

= %o 1 -___.Hq -"“"J

e’ -

Figure 3.2.3 A transition diagram of a pushdown transducer.

The label
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%
£
on the edge that starts and ends at state (| correspondsto the transition rule (dg, &, ¢, g, £, £). The label
3
E/s
£
on the edge that starts at state g and ends at state ¢, corresponds to the transition rule (q, &, £, g, &, €). L

Thetop row "a/" in the label

cr
&
corresponds to the input tape. The middle row " /1" corresponds to the pushdown tape. The bottom row "/¢" corresponds to the
output tape.

Throughout the text the following conventions are assumed for each production rule (g, &, 4, p, ¥, #) of a pushdown transducer.
The conventions do not affect the power of the pushdown transducers, and they are introduced to simplify the investigation of
the pushdown transducers.

a |If §=2 thenZyisaprefix of 1.
b. Tisastring of length 2 at most.
c. If Tisastring of length 2, the f is equal to the first symbol in 7.

Configurations and Moves of Pushdown Transducers

On each input x from E* the pushdown transducer M has some set of possible configurations (see Figure 3.2.4). Each
configuration , or instantaneous description, of M isatriplet (ugv, z, w), where g isa state of M, uv = x istheinput of M, zisa
string from I'* of pushdown symbols, and w is a string from &* of output symbols. Intuitively, a configuration (uqv, z, w) says
that M on input x can reach state g with z in its pushdown store, after reading u and writing w. With no loss of generality it is
assumed that X and Q are mutually digjoint.

-

Figure 3.2.4 A configuration of a pushdown transducer.

The configuration is said to be an initial configuration if g = ¢y, u=w =¢, and z = Z,. Such an initial configuration says that M
isinitsinitial state g, with none of the input symbols being read yet (i.e., u =), with the output being still empty (i.e., w =¢),
and the pushdown being still in its original stage (i.e., z = Zg). In addition, the configuration says that M is given the input v.
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The configuration is said to be an accepting configuration if v =¢ and q is an accepting state. Such an accepting configuration
saysthat M reached an accepting state after reading all the input (i.e., v =€) and writing w. In addition, the configuration says
that the input M has consumed is equal to v.

Example 3.2.4 Consider the pushdown transducer M whose transition diagram is given in Figure 3.2.3. (qgabbb, Z, ) isthe
initial configuration of M on input abbb. The configuration (abg;bb, Zycc, £) of M saysthat M consumed already u = ab from
the input, the remainder of the input isv = bb, M has reached state ¢; with the string Zgcc in the pushdown store, and the output
so far is empty. The configurations areillustrated in Figure 3.2.5(a) and Figure 3.2.5(b), respectively.

Figure 3.2.5 Configurations of the pushdown transducer of Figure 3.2.3.

(abbbay, Zg, bb) and (aba,bb, Zycc, ) are also configurations of M. The first configuration is accepting. The second, however,

is not an accepting configuration despite its being in an accepting state, because the input has not been consumed until its end.
Ll

The transition rules of M are used for defining the possible moves of M. Each move isin accordance with some transition rule.
A move on transition rule (g, &, &, p, 7, #) changes the state of the finite-state control from q to p; reads from the input tape,
moving the input head || positions to the right; writes # in the output tape, moving the output head |#| positions to the right; and
replaces on top of the pushdown store (i.e., from the location of the pushdown head to its|eft) the string [ with the string 7,
moving the pushdown head [7| - || positions to the right. The move is said to be a pop moveiif [¥| < |f|. Themoveissaid to be a
push move if || < [¥|. The symbol under the pushdown head is called the top symbol of the pushdown store.

A move of M from configuration C; to configuration C, is denoted C; I, C,, or simply C; I C, if M isunderstood. A sequence
of zero or more moves of M from configuration C; to configuration C, isdenoted C; -y * Cy, or simply C; F* C,, if M is
understood.

Example3.2.5 The pushdown transducer whose transition diagram is given in Figure 3.2.3, has a sequence of moves on input
abbb that is given by the following sequence of configurations: (ggabbb, Z, £) - (aggbbb, Zqc, €) F (abggbb, Zgcc, ¢) - (abgbb,
Zqcc, £) | (abbayb, Zc, b) F (abbbay, Zg, bb) F (abbbay,, Zg, bb). This sequenceis the only one that can start at the initial
configuration and end at an accepting configuration for the input abbb. The sequence of configurationsis depicted graphically
in Figure 3.2.6.
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Figure 3.2.6 Transition between configurations of the pushdown transducer of Figure 3.2.3.

All the moves of M on the transition rules that both start and end at state ¢y are push moves. All the moves of M on the
transition rules that both start and end at state g, are pop moves. [

A string in the pushdown store that starts at the bottom symbol and ends at the top symbol, excluding the bottom symboal, is
called the content of the pushdown store. The pushdown storeis said to be empty if its content is empty.

Example3.2.6 Let M be the pushdown transducer of Figure 3.2.3. Consider the computation of M on input abbb (see
Figure 3.2.6). M starts with an empty pushdown store, adding c to the store during the first move. After the second move, the

content of the pushdown store is cc. The content of the pushdown store does not change during the third move. L1

Deter minism and Nondeter minism in Pushdown Transducers

The definitions of determinism and nondeterminism in pushdown transducers are, in principal, smilar to those provided for
finite-state transducers. The difference arises only in the details.

A pushdown transducer M = <Q, E, T, &, 4, qg, Z(, F> issaid to be deterministic if for each state g in Q; each input symbol ain
E; and each pushdown symbol Z in T, the union d(q, a, Z) U d(q, a, €) LU d(q, £, Z) LU d(q, & ), isamultiset that contains at most one

element.

Intuitively, M isdeterministic if the state and the top pushdown symbol are sufficient for determining whether or not a symbol
isto be read from the input, and the state, the top pushdown symbol, and the input to be read are sufficient for determining
which transition ruleis to be used.

A pushdown transducer is said to be nondeterministic if it is not a deterministic pushdown transducer.

Example 3.2.7 Let M, be the pushdown transducer whose transition diagram is given in Figure 3.2.3.

In amove from state g4, the pushdown transducer M reads an input symbol if and only if the topmost pushdown symbol is not

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-threese2.html (6 of 16) [2/24/2003 1:48:28 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-threese2.html

Zg. If the symbol is not Z,, then the next symbol in the input uniquely determines which transition rule is to be used in the
move. If the topmost pushdown symbol is Z, then M; must use the transition rule that leads to g,. Consequently, the moves
that originate at state g, can be fully determined "locally."

On the other hand, the moves from state ¢y cannot be determined locally, because the topmost pushdown symbol is not
sufficient for determining if an input symbol isto be read in the move.

It follows that M is a nondeterministic pushdown transducer. However, the pushdown transducer M, whose transition diagram
isgivenin Figure 3.2.7 is deterministic.

Figure 3.2.7 A deterministic pushdown transducer.

To move from state g the pushdown transducer M, has to read an input symbol. If it reads the symbol a, then the move takes
M, to state g, If it reads the symbol b, then the move takes M, to state g,

The topmost symbol in the pushdown store determines whether M, must enter state g, or state g, on amove that originates at
state g, If the topmost symbol is Z,, then M moves to state qg. If the topmost symbol is a, then M moves to state g,. In the latter
case M usesthe transition rule (g, &, &, g,, 8a, ) if the input symbol to be read is a, and it uses the transition rule (g, b, &, g, &,
¢) if the symbol to beread isb. [

Computations of Pushdown Transducers

The computations of the pushdown transducers are also defined like the computations of the finite-state transducers. An
accepting computation of a pushdown transducer M is a sequence of moves of M that starts at an initial configuration and ends
at an accepting one. A nonaccepting , or rejecting, computation of M is a sequence of moves on an input x, for which the
following conditions hold.

a. The sequence starts from theinitia configuration of M on input x.
b. If the sequenceisfinite, it ends at a configuration from which no moveis possible.
c. M has no accepting computation on input X.

Each accepting computation and each nonaccepting computation of M is said to be a computation of M.
A computation is said to be a halting computation if it consists of afinite number of moves.
Example 3.2.8 Consider the pushdown transducer M whose transition diagram is given in Figure 3.2.7. The pushdown
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transducer has accepting computations only on those inputs that have the same number of asasb's. On each input w in which

the pushdown transducer has an accepting computation, it writes the string ¢! onto the output tape, where i = (the number of a's
inw) = (the number of b'sin w).

The pushdown transducer enters state gy whenever the portion of the input read so far contains the same number of a's and b's.
The pushdown transducer enters state g, whenever the portion of the input read so far contains more a's than b's. Similarly, the
pushdown transducer enters state g, whenever the portion of the input read so far contains more b's than &s. The pushdown
storeis used for recording the difference between the number of a's and the number of b's, at any given instant of a computation.

On input aabbba the pushdown transducer M has only one computation. M starts the computation by moving from state ¢y to
state g,, while reading a, writing ¢, and pushing ainto the pushdown store. In the second move M reads a, writes c, pushes a
into the pushdown store, and goes back to g,. In the third and fourth moves M reads b, pops a from the pushdown store, and
goes back to state g,. In the fifth move M goes to state g, without reading, writing, or changing the content of the pushdown
store. In the sixth move M reads b, pushes b into the pushdown store, and moves to state q,. In its seventh move M reads a, pops
b from the pushdown store, writes ¢, and goes back to gy,. The computation terminates in an accepting configuration by a move
from state q, to state g in which no input is read, no output is written, and no change is made in the content of the pushdown
store. L1

By definition, each move in each computation must be on a transition rule that keeps the computation in a path, that eventually
causes the computation to read all the input and halt in an accepting state. Whenever more than one such alternative in the set of
feasible transition rules exists, then any of these alternatives can be chosen. Similarly, whenever none of the feasible transition
rules satisfies the conditions above, then any of these transition rules can be chosen. This observation suggests that we view the
computations of the pushdown transducers as aso being executed by imaginary agents with magical power.

Aninput X issaid to be accepted , or recognized, by a pushdown transducer M if M has an accepting computation on x. An
accepting computation on x that terminates in a configuration of the form (xa, z, w) is said to have an output w. The output of a

nonaccepting computation is assumed to be undefined.

Example 3.2.9 Consider the pushdown transducer M, whose transition diagram is given in Figure 3.2.3. The pushdown

transducer accepts exactly those inputs that have even length. In each accepting computation the pushdown transducer outputs
the second half of the input.

Aslong as the pushdown transducer isin state qg, it repeatedly reads an input symbol and stores c in the pushdown store.
Alternatively, aslong as the pushdown transducer isin state q,, it repeatedly reads an input symbol and pops ¢ from the
pushdown store.

Upon reaching an empty pushdown store, the pushdown transducer makes a transition from state g, to state g, to verify that the

end of the input has been reached. Consequently, in its accepting computations, the pushdown transducer must make a transition
from state q to state g, upon reaching the middle of its inputs.

On input abbb the pushdown transducer starts (its computation) with two moves, reading the first two input symbols, pushing
two c'sinto the pushdown store, and returning to state qg. In its third move the pushdown transducer makes a transition from

state qp to state g.

The pushdown transducer continues with two moves, reading the last two symbolsin the input, popping two c's from the
pushdown store, and copying the input being read onto the output tape.

The pushdown concludes its computation on input abbb by moving from state g, to state g.
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If M on input abbb reads more than two input symbolsin the moves that originate at state qg, it halts in state g, because of an

excess of symbolsin the pushdown store. If M on input abbb reads fewer than two input symbolsin the moves that originates at
state g, it haltsin state g, because of alack of symbols in the pushdown store. In either case the sequences of moves do not

define computations of M. [

This example shows that, on inputs accepted by a pushdown transducer, the transducer may aso have executabl e sequences of
transition rules which are not considered to be computations.

Other definitions, such as those of the relations computable by pushdown transducers, the languages accepted by pushdown
transducers, and the languages decided by pushdown transducers, are similar to those given for finite-state transducers in
Section 2.2.

Example 3.2.10 The pushdown transducer M1, whose transition diagram is given in Figure 3.2.3, computes the relation { (xy,
y) Ixyisin{a b}*, and [x| = |y|}.

The pushdown transducer M., whose transition diagram is given in Figure 3.2.7 computes the relation { (x, ¢!) | x isin{a, b}*,
and i = (number of asinx) = (number of b'sinx) }. ]

From Recur sive Finite-Domain Programs to Pushdown
Transducers

The simulation of recursive finite-domain programs by pushdown transducers is similar to the ssmulation of the finite-memory
programs by the finite-state transducers, as long as no call and return instructions are encountered. In such a case the pushdown
transducers just trace across the states of the programs without using the pushdown store.

Upon reaching the call instructions, the pushdown transducers use their store to record the states from which the calls originate.
Upon reaching the return instructions, the pushdown transducers retrieve from the store the states that activated the
corresponding calls, and use this information to simulate the return instructions.

Specifically, consider any recursive finite-domain program P. Assume that P has m variables x4, . . ., X, and k instruction
segments|y, . . ., I,.. Denote the initial value with @ in the domain of the variables of P. Let a state of P be an (m + 1)-tuple i,
Vi, ..., Vyl, Wherei isapositive integer no greater thank and vy, . . ., vy, are values from the domain of the variables of P.

The computational behavior of P can be modeled by a pushdown transducer M = <Q, &, T', &, &, qg, Zg, F> whose states are
used for recording the states of P, whose transition rules are used for simulating the transitions between the states of P, and
whose pushdown store is used for recording the states of P which activated those executions of the procedures that have not
been deactivated yet. Q, E, T, &, §, qg, Zg, and F are defined in the following manner.

° isaset containing of all those states that P can reach.
isaset consisting of all those input values that P can read.

g isaset containing Zy and all the call statesin Q. Z is assumed to be anew element not in Q, and acall state is assumed
to be a state that corresponds to a call instruction.

& isaset containing al the output values that P can write.

Yo
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denotesthe state [1, @, . . ., @] of P.

F
denotes the set of all those statesin Q corresponding to an instruction of the form if eof then accept.
')
contains atransition rule of theform (g, o, 8, p, 7, ) if andonly if g =[i, uy, ..., upl andp=1j, vy, ..., V] are states
in Q that satisfy the following conditions.
a By executing the instruction segment |;, the program P (with valuesuy, . . ., uy, initsvariablesxq, . .., Xy,
respectively) can read or, write g, and reach instruction segment I; with respective valuesvy, . . ., v, inits
variables.

b. If I; isneither acal instruction nor areturn instruction, then g =7 =¢. That i, the pushdown store isignored.
c. Ifljisacal instruction, then g =¢and T = g. That is, the state g of P prior to invoking the procedure is pushed on

top of the store. The state is recorded to allow the simulation of areturn instruction that deactivates the
procedure's activation caused by I;.

d. If I isareturn, instruction then @ is assumed to be a state of P, and the transition from state q to state p is
assumed to deactivate a call made at state . In such acase ¥ =«.

Example3.2.11 Consider the recursive finite-domain program Pin Figure 3.1.1 with {0, 1} asthe domain of its variables.
The program is abstracted by the pushdown transducer whose transition diagram is given in Figure 3.2.8.

% mmzp, 311-“-" ?@ ?te [£.0,0,1] [”.L]J‘iz
Py Th
G
%[ll.ﬂ,u-.nl i‘
lﬂ.mn]%_ [,_W,
@ [ 1.1,1,.?‘: [7.0.6,1]
4 lllm'.'i"'g i“f
1190 (0s13——Gaso]

Figure 3.2.8 The transition diagram of a pushdown transducer that characterizes the recursive finite-domain program of
Figure 3.1.1.

In the transition diagram, a state [i, X, y, z] corresponds to instruction segment I; with values x, y, and z in the variables x, y,
and z, respectively.
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On moving from state [3, O, O, 0] to state [4, 0, 0, 0], the pushdown transducer reads the value 0 into x. On moving from state
[3,0, 0, 0] to state [4, 1, O, O], the pushdown transducer reads the value 1 into x.

Each move from state [5, 1, O, O] to state [7, 1, 1, O] correspondsto a call instruction, and each such move stores the state [5, 1,
0, 0] in the pushdown store. In each such move, thevalue of y in state [7, 1, 1, O] is determined by the value of x in state [5, 1,
0, 0], and thevaluesof x and z in[7, 1, 1, O] are determined by the values of x and z in state [5, 1, O, 0].

Each move from state [10, 1, 1, 0] to state [6, 1, O, 0] that uses the transition rule ([10, 1, 1, 0], ¢, [5, 1, 0, Q], [6, 1, O, Q], ¢, ¢, £)
corresponds to an execution of areturn instruction for a call that has been originated in state [5, 1, 0, 0]. The value of x in state
[6, 1, 0, O] isdetermined by thevalue of y in state[10, 1, 1, 0]. Thevauesof y and z state [6, 1, O, 0] are determined by values
ofy andz in state [5, 1, 0, Q].

The pushdown transducer has the following computation on input 0011.

([1,0,0,0]0011, Fo,edF([2,0,0,0]0011, Fq,€)
F([4,0,0,0]0011, Sg,&)

H(O[6,0,0,0]011, Fq,0)

(o[ 7,0,0,0]011, Fo[5,0,0,0],0)
F(o[&,0,0,0]011, Zo[5,0,0,0],00
+(00[9,0,0,0]11, Z4[5,0,0,0],0)
F(oo[11,0,0,0]11, Za[5,0,0, 0],00
F(oo[7,0, 0,001, Zq[5,0,0,00[11,0,0,0],0
F(oo[&, 0, 0,071, So[5,0,0,00[11,0,0,0],0)
(oo1[9, 0,0,1]1, Zq[5,0,0,0][11,0,0,0],0)
F(O01[10, 0,0, 1]1, Fa[5,0,0, 0J[11,0,0,0],0
F(O01[12,0, 0,001, £a[5,0,0, 0,00

+(0O01[7, 0,0,0]1, So[5,0,0,0],00

F{oo1[4, 0,0,0]1, Zo[5,0,0,0],00
F(0011[9,0,0,1], 5o[5,0,0,0],00

F(o011[10, 0,0,1], Fa[5,0,0, 01,00
F(O011[6, 0, 0, 0], Fg,0)
F(O011[1, 0, 0,0], Fg,0)

[

From Pushdown Transducers to Recursive Finite-Domain
Programs

Using the previous discussion, we conclude that there is an algorithm that translates any given recursive finite-domain program
into an equivalent pushdown transducer. Conversely, there is also an algorithm that derives an equivalent recursive finite-
domain program from any given pushdown transducer M = <Q, E, T, &, 4, qg, Z, F>. The recursive finite-domain program can
be atable-driven program of the form shown in Figure 3.2.9. The program simulates the pushdown transducer in a manner
similar to that of simulating a finite-state transducer by a finite-memory program as shown in Section 2.2. The main difference
isin simulating the effect of the pushdown store.
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state : = Qg
do
top 1= Zg
call RP(top) /* Record the bottom pushdown synbol Z,. */

until false
procedure RP(top)
do
/* Accept if an accepting state of Mis reached at the end of the input.

*/
if F(state) then
if eof then accept

/* Nondetermnistically find the entries of the transition rule (q, o # p,
T 0

that Muses in the next sinulated nove.
*/

doin:=eor read in until true | * in =
a */

do pop := e or pop :=top until true /* pop := g */

next state := ? /* next state :=
p */

push := ? /* push : =
T */

out :=? /* out
=

if not d(state,in,pop, next_ state, push,out) then reject
/* Sinmulate the next nove of M */
state := next_ state
if outx e then wite out
if pop#£ e then return
if pushx e then call RP(push)
until false
end

Figure 3.2.9 A table-driven recursive finite-domain program for simulating pushdown transducers.

The program uses the variable st at e for recording the states that M leaves in its moves, the variable t op for recording the
topmost symbol in the pushdown store, the variablei n for recording inputs that M consumesin its moves, the variable next _
st at e for recording the states that M entersin its moves, the variable pop for recording the substrings that are replaced on top
of the pushdown store, the variable push for recording the changes that have to be made on top of the pushdown store, and a
variable out for recording the outputs that have to be written in the moves of M.

The content of the pushdown store is recorded indirectly through recursion. Each pushing of a symbol is simulated by a
recursive call, and each popping of a symbol is simulated by areturn.

The main program initializes the variable st at e to g, and calls RP to record a pushdown store containing only Z,.

The body of the recursive procedure RP consists of an infinite loop. Each iteration of the loop starts by checking whether an
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accepting state of M has been reached at the end of the input. If such is the case, the program halts in an accepting

configuration. Otherwise, the program simulates a single move of M. The predicate F is used to determine whether st at e
holds an accepting state.

The simulation of each move of M is done in a nondeterministic manner. The program guesses the input to be read, the top
portion of the pushdown store to be replaced, the state to be reached, the replacement to the top of the store, and the output to be
written. Then the program uses the predicate # for determining the appropriateness of the guessed values. The program aborts

the simulation if it determines that the guesses are inappropriate. Otherwise, the program records the changes that have to be
done as aresult of the guessed transition rule.

The variables of the program are assumed to have the domain QUEUT U A U {e}, with e being a new symbol. In addition, with
no loss of generality, it is assumed that each transition rule (q, e, &, p, 7, ) of M satisfies either |5] + [T|=1or §="7T=2Z,. The

latter assumptions are made to avoid the situation in which both aremoval and an addition of a symbol in the pushdown store
are to be simulated for the same move of M.

Example 3.2.12 For the pushdown transducer of Figure 3.2.3 the table-driven program has the domain of variables equal to
{a b, Zy, c, qg, a1, Ao, €}. The truth values of the predicates F and # are defined by the corresponding tablesin Figure 3.2.10.

§ qy.c.C gy EE §).Ead g . EDb gy . ZyE
» Yo BE | false | true | false | false | folse
JO,E | truse ;
4o [ false dn ‘h falze | fulse | false | false
Y LE t
0 [ false [ rug | falve | falve | false | falze
9y & | falge | Fal. IFu
" [— 1 g Talze £ false falze

qy.buc | false | falve | false | true falie

"':I'E'zn Jatse | false | false | false frue

Figure 3.2.10 Tables for atable-driven recursive finite-domain program that simulates the pushdown transducer of
Figure 3.2.3.

(F and # are assumed to have the value false for arguments that are not specified in the tables.)

The pushdown transducer can be simulated also by the non-table-driven program of Figure 3.2.11. [

state : = Qg

next_ top := Zj
call RP(next_ top)
procedure RP(top)

do
if state = gg then
do
read in
if (ing a) and (in£ b) then reject
next_ top := ¢

call RP(next_ top)
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or
state := g4

until true
if state = qq then

do
if top = Zy then state := Q5
if top = c then
do
read in
if (in£ a) and (inx b) then reject
wite in
return
until true
until false
if state = g, then

if eof then accept
until false
end

Figure 3.2.11 A non-table-driven recursive finite-domain program for simulating the pushdown transducer of Figure 3.2.3.

In amanner similar to the one discussed in Section 2.2 for finite-state transducers, the recursive finite-domain program can be
modified to be deterministic whenever the given pushdown transducer is deterministic.

A formalization of the previous discussion implies the following theorem.

Theorem 3.2.1 A relation is computable by a nondeterministic (respectively, deterministic) recursive finite-domain program
if and only if it is computable by a nondeterministic (respectively, deterministic) pushdown transducer.

Pushdown Automata

Pushdown transducers whose output components are ignored are called pushdown automata. Formally, a pushdown automaton
isatuple<Q, %, T, 4, qg, Zg, F>, where Q, &, T, g, Z, and F are defined as for pushdown transducers, and § is arelation from Q

x (EU{) x TU{d) to QxT*.

Asin the case for pushdown transducers, the following conditions are assumed for each transition rule (g, o, &, p, T) of a
pushdown automaton.

a |If §=2 thenZyisaprefix of 1.
b. Tisastring of length 2 at most.
c. If Tisastring of length 2, then /7 is equal to the first symbol in 1.

Transition diagrams similar to those used for representing pushdown transducers can be used to represent pushdown automata.
The only difference is that the labels of the edges do not contain entries for outputs.

Example 3.2.13 The pushdown automaton M that isinduced by the pushdown transducer of Figure 3.2.3is<Q, &, #, qq, F>,
where Q ={do, 0y, A2}, E={a b}, I'={Zg, c}, i ={(dg, & ¢, do, ©), (do, b, & Ao, ©), (T, &, & Ay, €), (A, & C, Ay, €), (A1, b, C, Ay, €),
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(%4, & Zo» G2y Zo)}, and F = {g,} . The pushdown automaton is represented by the transition diagram of Figure 3.2.12. [ ]

Figure 3.2.12 A transition diagram of a pushdown automaton.

The pushdown automaton is said to be deterministic if for each state qin Q, each input symbol ain X, and each pushdown
symbol Z inT the union#(q, a, Z) U (g, a,£) Ui(q, &, Z) Ld(q, £, £) isamultiset that contains at most one element. The pushdown
automaton is said to be nondeterministic if it is not a deterministic pushdown automaton.

A configuration , or an instantaneous description, of the pushdown automaton isa pair (uqv, z), whereqisastatein Q, uvisa
string inE*, and zisastring inIT'*. Other definitions, such asthose for initial and final configurations, -y, , - Fy *, F; and
acceptance, recognition, and decidability of alanguage by a pushdown automaton, are similar to those given for pushdown
transducers.

Example3.2.14 Thetransition diagramin Figure 3.2.13

”7“; e m m =

S -\.._\_'\—"_.

-

Figure 3.2.13 Transition diagram of a deterministic pushdown automaton that accepts{ albi |i > 0}.

represents the deterministic pushdown automaton <{ dg, g1, d, a3}, {& b}, {& Zg}, {(do & & A1, €), (A1, & €, 0y, @), (O1, b, & Oy,
€), (O, b, & 0, €), (U, & Zg, U3, Zo)}, G, Zo, { Gz} >. The pushdown automaton accepts the language { ab' |i > 0}. The
pushdown automaton reads the a's from the input and pushes them into the pushdown store aslong asit isin state g;. Then, it

reads the b's from the input, while removing one a from the pushdown store for each b that isread. Aslong asit reads b's, the
pushdown automaton stays in state d,. The pushdown automaton enters the accepting state gz once it has read the same number

of b'sasas.

Thetransition diagram in Figure 3.2.14
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Figure 3.2.14 Transition diagram of a nondeterministic pushdown automaton that accepts{ ww'® |[wisin{a, b}* }.

is of anondeterministic pushdown automaton that accepts the language { ww™ |w isin{a, b}* }. In state g the pushdown
automaton reads w and records it in the pushdown store in reverse order. On the other hand, in state g, the pushdown automaton
reads w'® and compares it with the string recorded in the pushdown store. [

[next] [prev] [prev-tail] [front] [up]
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[next] [prev] [prev-tail] [tail] [up]

3.3 Context-Free Languages

From Context-Free Grammars to Type 2 Grammars

From Context-Free Grammars to Pushdown Automata

From Context-Free Grammars to Recursive Finite-Domain Programs
From Recursive Finite-Domain Programs to Context-FreeGrammars
The Nonterminal Symbols of G

The Production Rules of G

L(G) isContainedin L(P)

L(P) isContained in L(G)

Pushdown automata can be characterized by Type 2 grammars or, equivalently, by context-free grammars.

Specifically, a Type 0 grammar G = <N, &, P, S> is said to be context-free if each of its production rules has exactly one
nonterminal symbol on itsleft hand side, that is, if each of its production rulesis of theform A — a.

The grammar is called context-free because it provides no mechanism to restrict the usage of a production rule A — e within
some specific context. However, in a Type 0 grammar such arestriction can be achieved by using a production rule of the form
AAT — fiT to specify that A — x isto be used only within the context of & and 7.

The languages that context-free grammars generate are called context-free languages.

Example3.3.1 Thelanguage{ aib'iazb'2...dnbin|n, iy, ..., i, >0} isgenerated by the context-free grammar <N, E, P, S>,
whose production rules are given below.

§5 = 55
— A
— €

4 —  adb
— ab

O

From Context-Free Grammarsto Type 2 Grammars

Recall that a Type 2 grammar is a context-free grammar G = <N, £, P, S>inwhich A — ¢ in Pimpliesthat A = S and that no
right-hand side of the production rules contains S. By the following theorem it follows that context-free grammars and Type 2
grammars act as "maximal” and "minimal" grammars for the same class of languages.

Theorem 3.3.1 Each context-free languageis also a Type 2 language.

Proof Consider any context-free grammar G; = <N, X, P;, $;>. A Type 2 grammar G, = <N U{S;}, X, P,, S,> satisfies
L(G,) = L(Gy), if Sy isanew symbol and P, is obtained from P; in the following way.

Initialize P, to equal P, U{S, — S;}. Then, aslong as P, contains a production rule of the form A — ¢ for some A% S, modify
P, asfollows.
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a Deletethe production rule A — & from P,.
b. Add aproduction ruleto P, of the form B — a5 as long as such new production rules can be formed. o, isassumed to

be the string & with one appearance of A omitted in it, and & is assumed to be the right-hand side of a production rule of
theform B — o that is already in P,. If @ = ¢ and the production rule B — ¢ has been removed earlier from P,, then the

production rule is not reinserted to P».

No addition of a production rule of the form B — a5 to P, changes the generated language, because any usage of the production
rule can be simulated by the pair B — @ and A — ¢ of production rules.

Similarly, no deletion of a production rule A — ¢ from P, affects the generated language, because each subderivation C = §,A
Ao = T,AT, = 11T, which uses A — ¢ can be replaced with an equivalent subderivation of the form C = 818, =* T;7,. [

Example 3.3.2 Let G, be the context-free grammar whose production rules are listed below.

51 = ¢«

- Sald
o= ¢

—  Dab
b — 51

The construction in the proof of Theorem 3.3.1 implies the following equivalent grammars, where G, isa Type 2 grammar.

' ' = G2
Added 55 — 54 Eetooved 51 — € Remmoved & — ¢ Retmmowed I — ¢
53 — 51 53 — 51 52 —+ 51 53 —+ 51
¥ = ¢ — K — € — €
— Kol 5 = §add 51 = 5alC 5 = Sadd
A — gl — fadl — %al
— BDuab & = ¢ — Sa — S
b = 5 — Dab — al ¢ — ad
n = 5 — ol - ad
— € — —
< — Duab & — Dab
D - 5 — gh
— € D —= 5

[

From Context-Free Grammars to Pushdown Automata

Pushdown automata and recursive finite-domain programs process their inputs from left to right. To enable such entities to trace
derivations of context-free grammars, the following lemma considers a similar property in the derivations of context-free
grammars.

Lemma3.3.1 If anonterminal symbol A derivesastring # of terminal symbolsin a context-free grammar G, then # hasa
leftmost derivation from A in G.

Proof  The proof is by contradiction. Recall that in context-free grammars the leftmost derivations g = po = ... = p,, replace
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the leftmost nonterminal symbol in each sentential form g,1=1,2,...,n-1.

The proof relies on the observation that the ordering in which the nonterminal symbols are replaced in the sentential forms is of
no importance for the derivations in context-free grammars. Each nonterminal symbol in each sentential form is expanded
without any correlation to its context in the sentential form.

Consider any context-free grammar G. For the purpose of the proof assume that a string # of terminal symbols has a derivation
of length n from a nonterminal symbol A. In addition, assume that # has no leftmost derivation from A.

LetA=p1=... 2 o= ... = p, = p beaderivation of length ninwhich A = p; =...= p, isaleftmost subderivation. In

addition, assume that m is maximized over the derivations A =* ¢ of length n. By the assumption that # has no leftmost
derivation from A, it followsthat m<n- 1.

The derivation in question satisfies #,, = WBﬁm, Pme1 = wBﬁm+1, A WBﬁk, A1 = wﬁﬁk for some string w of terminal
symbols, production rule B — 8, m<k <n,and &, . .., A TRUSA = = .= Py = fy = WBE, 2 WA, 2 Wid g = ...
= Wﬁﬁk =M1 == P, = Pisaso aderivation of £ from A of length n.

However, in thisnew derivation A = @1 = ... = iy = wﬁﬁm is aleftmost subderivation of length m + 1. Consequently,

contradicting the existence of amaximal m asimplied above, from the assumption that # has only nonleftmost derivations from
A.

As aresult, the assumption that # has no leftmost derivation from A is also contradicted. []
The proof of the following theorem shows how pushdown automata can trace the derivations of context-free grammars.
Theorem 3.3.2 Each context-free language is accepted by a pushdown automaton.

Proof  Consider any context-free grammar G = <N, X, P, S>. With no loss of generality assumethat Zgisnotin NLIE. L(G)
is accepted by the pushdown automaton M = <Q, E, N UEU{Z}, ¥, qo, Zg, { g} > whose transition table i consists of the
following derivation rules.

a A trangition rule of the form (qg, ¢, ¢, 41, S).
b. A sequence of transition rules for each A — o in P. Each such sequence starts and ends at state g;, and replaces a

nonterminal symbol A on top of the pushdown store with the string x in reverse order.
c. A trangtionrule of theform (qy, & & qy, £), for each terminal symbol ain the a phabet .

d. A transition rule of the form (qy, £, Zg, 0, Zp).

Intuitively, we know that on a given input x the pushdown automaton M nondeterministically traces aleftmost derivationin G
that startsat S and ends at x. At each stage of the tracing, the portion of the input that has aready been read together with the
content of the pushdown store in reverse order, record the sentential form in the corresponding stage of the derivation.

Thetransition rulein (a) is used for pushing the first sentential form S into the pushdown store. The transition rulesin (b) are
used for replacing the leftmost nonterminal symbol in a given sentential form with the right-hand side of an appropriate
production rule. The transition rulesin (c) are used for matching the leading terminal symbolsin the sentential forms with the
corresponding symbolsin the given input x. The purpose of the production rule in (d) is to move the pushdown automaton into
an accepting state upon reaching the end of a derivation.

By induction on n it can be verified that x has aleftmost derivation in G if and only if M has an accepting computation on X,
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where the derivation and the computation have the following forms with ujv; = x for 1<Ji <n.

[

Example 3.3.3

LAy -
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If G isthe context-free grammar of Example 3.3.1, then the language L (G) is accepted by the pushdown
automaton M, whose transition diagram is given in Figure 3.3.1(a).

el
] g & a Iy
85 NA L Sie ule, e (@)
ek  [Gaaes
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aAbf — gabbl ———— aubbd =——— aahhab

(b)

Figure 3.3.1 (a) A pushdown automaton that accepts the language generated by the grammar of Example 3.3.3. (b) A

leftmost derivation in the grammar and the corresponding computation by the pushdown automaton.
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aabbab has the leftmost derivation S= SS= AS = aAbS = aabbS = aabbA = aabbab in G. Figure 3.3.1(b) shows the
corresponding configurations of M in its computation on such an input. [

From Context-Free Grammar s to Recursive Finite-Domain
Programs

By Theorems 3.2.1 and 3.3.2 each context-free language is accepted by arecursive finite-domain program. For a given context-
free grammar G = <N, E, P, S>, the recursive finite-domain program T that accepts L (G) can be of the following form.

T on agiven input x nondeterministically traces aleftmost derivation that starts at S. If the leftmost derivation provides the
string X, then T acceptsitsinput. Otherwise, T rejects the input.

T has one procedure for each nonterminal symbol in N, and one procedure for each terminal symbol in Z. A procedure that
corresponds to a nonterminal symbol A isresponsible for initiating a tracing of aleftmost subderivation that startsat A. The
procedure does so by nondeterministically choosing a production rule of the form A — X, ... X,,,, and then calling the
procedures that correspond to X1, . . ., Xy, in the given order. On the other hand, each procedure that corresponds to a terminal

symbol is responsible for reading an input symbol and verifying that the symbol is equal to its corresponding terminal symbol.

Each of the procedures above returns the control to the point of invocation, upon successfully completing the given
responsibilities. However, each of the procedures terminates the computation at a nonaccepting configuration upon determining
that the given responsibility cannot be carried out.

The main program starts a computation by invoking the procedure that corresponds to the start symbol S. Upon the return of
control the main program terminates the computation, where the termination is in an accepting configuration if and only if the
remainder of the input is empty.

The recursive finite-domain program T can be as depicted in Figure 3.3.2.

call S()
if eof then accept
rej ect
procedure A() /* For each nonterm nal synbol A */
do
or /* For each production rule of the form
A= X .o Xy */
call Xi() ...call X{)
return
or
until true
end
procedure a() /* For each term nal synbol a. */
read synbol
if synbol = a then return
rej ect
end
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Figure 3.3.2 A scheme of recursive finite-domain programs that simulate context-free grammars.

Example 3.3.4 If G isthe context-free grammar of Example 3.3.1, then L(G) is accepted by the recursive finite-domain
program in Figure 3.3.3.

call S()
if eof then accept
rej ect
procedure S()
do /[* S —= SS */
call S() call S() return
or /* S —= A */
call A() return
or [* S — ¢ */
return
until true
end
procedure A()
do [* A — aAb */
call a() call A() call b() return
or /* A= ab */

call a() call b() return
until true
end
procedure a()
read synbol
if synbol = a then return
rej ect
end
procedure b()
read synbol
if synbol = b then return
rej ect
end

Figure 3.3.3 A recursive finite-domain program for the grammar of Example 3.3.1.

On input aabbab the recursive finite-domain program traces the derivation S=r SS= AS = aAbS = aabbS = aabbA = aabbab
by calling its procedures in the order indicated in Figure 3.3.4. []
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Figure 3.3.4 The callsto procedures that the program of Figure 3.3.3 makes on input aabbab.

From Recursive Finite-Domain Programs to Context-Free
Grammars

A close look at the proof of Theorem 2.3.2 indicates how a given finite-memory program P can be simulated by a Type 3
grammar G =<N, %, P, S.

The grammar uses its nonterminal symbols to record the states of P. Each production rule of the form A — aB in the grammar is
used to simulate a subcomputation of P that starts at the state recorded by A, ends at the state recorded by B, and reads an input
symbol a. However, each production rule of the form A — ain the grammar is used to simulate a subcomputation of P that starts
at the state that is recorded by A, ends at an accepting state, and reads an input symbol a. The start symbol S of G is used to
record the initial state of P. The production rule S— ¢ is used to simulate an accepting computation of P in which no input value
isread.

The proof of the following theorem relies on a similar approach.
Theorem 3.3.3 Every language that is accepted by arecursive finite-domain program is a context-free language.

Proof Consider any recursive finite-domain program P. With no loss of generality it can be assumed that the program has no
write instructions. The language that is accepted by P can be generated by a context-free grammar G that simulates the
computations of P. The nonterminal symbols of G are used to indicate the start and end states of subcomputations of P that have
to be smulated, and the production rules of G are used for simulating transitions between states of P.

The Nonterminal Symbols of G

Specifically, the nonterminal symbols of G consist of
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a A nonterminal symbol A, for each state g of P. Each such nonterminal symbol A, is used for indicating that a

subcomputation of P, which starts at state q and ends at an accepting state, has to be simulated. Moreover, each
execution of areturn instruction in the subcomputation must be for a call that is made previously during the
subcomputation.

The start symbol of G isthe nonterminal symbol Ag, that correspondsto theinitial state gg of P.
b. A nonterminal symbol A, for each pair of states g and p corresponding to instruction segments that are in the same
procedure of P. Each such nonterminal symbol Ay, isintroduced for indicating that a subcomputation, which starts at

state g and ends at state p, has to be simulated. In the subcomputation the number of executions of return instructions has
to equal the number of executions of call instructions. Moreover, each execution of areturn instruction in the
subcomputation must be for a call that is made previously during the subcomputation.

The Production Rules of G

The production rules of G consist of

a A production rule of theform Ay — A, and aproduction rule of theform Ay , — oA, , for each g, r, p, and i that

satisfy the following condition. The instruction segment that corresponds to state q is neither acall instruction nor a
return instruction, and its execution can take the program from state q to state r while reading .

A production rule of the form A — A, replaces the objective of reaching an accepting state from state g with the
objective of reaching an accepting state from stater.

A production rule of the form A , — @A, replaces the objective of reaching state p from state g with the objective of

reaching state p from stater.
b. A production rule of the form A, — ¢, for each state g that corresponds to an if eof then accept instruction.

c. A production rule of theform Ay — A, for each state g that corresponds to a call instruction, wherer is the state reached

from g. Each such production rule simulates an execution of acall which is not matched by an execution of areturn.
d. A production rule of the form A — A, Ay, and aproduction rule of theform Ag , —+ A; A¢p, foreach g, r, s, t, and p
such that the following conditions hold.
1. State q correspondsto acal instruction whose execution at such a state causes the program to enter stater.
2. State scorresponds to areturn instruction in the called procedure, and the execution of the return instruction at
such a state takes the program to state t that is compatible with r.
That is, the subcomputation that starts at state q is decomposed into two subcomputations. Oneis to be performed by an
invoked procedure, starting at state r and ending at state s; the other takes on from the instant that the control returns
from the invoked procedure, starting at statet.
e. A production rule of theform A , — ¢ for each state g that corresponds to areturn instruction.

Each of the production rules above is used for terminating a successful simulation of a subcomputation performed by an
invoked procedure.

L(G) is Contained in L(P)

A proof by induction can be used to show that the construction above implies L(G) = L(P).

To show that L(G), is contained in L(P) it is sufficient to show that the following two conditions hold for each string o of
terminal symbols.

a If Ag=" zin G then P can reach from state g an accepting state while reading e, and in any prefix of the subexecution

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-threese3.html (8 of 12) [2/24/2003 1:48:51 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-threese3.html

sequence there must be at least as many executions of call instructions as executions of return instructions.
b. If Agp="* in G, then P can reach state p from state g while reading a. In the subexecution sequence the number of

executions of return instructions must equal the number of executions of call instructions, and in any prefix of the
subexecution sequence there must be at least as many executions of call instructions as executions of return instructions.

The proof can be by induction on the number of stepsi in the derivations. For i = 1, the only feasible derivations are those that
have either theform Ay = ¢ or the form A, , = ¢. In the first case g corresponds to an accept instruction, and in the second case

p corresponds to areturn instruction. In both cases the subexecution sequences of the program are empty.
For i > 1 the derivations must have either of the following forms.

a Ag= oA =" ooy =a, O Ag = A, =% oy = o In either case, by definition Aq= A, and Ag y = mA
correspond to subexecution sequences that start at state g, end at state r, consume the input z;, and execute neither a call
instruction nor areturn instruction. However, by the induction hypothesis A, =* o, and A, , =* &, correspond to
subexecution sequences that have the desired properties. Consequently, Aq=* @ and Ay , =* @+ also correspond to
subexecution sequences that have the desired properties.

b. Aq= ArAr=" o, OF Ag n = Ay A p = i, Where A, = . In either case, by definition g correspondsto acall
instruction, r is the state that P reaches from state g, s corresponds to areturn instruction, and t is the state that P reaches
from state s. However, by the induction hypothesis A, s =* 1, Ay =* oy, and A , =* 2, correspond to subexecution

sequences that have the desired properties. Consequently, Ag =* ey and Ag , =* 24t also correspond to subexecution
sequences that have the desired properties.

L(P) is Contained in L(G)

To show that L(P) is contained in L(G) it is sufficient to show that either of the following conditions holds for each
subexecution sequence that reads, starts at state g, ends at state p, and has at least as many executions of return instructions as
of call instructionsin each of the prefixes.

a If p corresponds to an accepting state, then G has a derivation of the form Ay =* c.

b. If p correspondsto areturn instruction and the subexecution sequence has as many executions of call instructions as of
return instructions, then G has aderivation of the form Ag , =* c.

The proof is by induction on the number of movesi in the subexecution sequences. For i = 0 the subexecution sequences
consume no input, and for them G has the corresponding derivations A, = ¢ and A, , = ¢, respectively.

For i > 0 either of the following cases must hold.

a. gdoesnot correspond to a call instruction, or g correspondsto a call instruction that is not matched in the subexecution
sequence by areturn instruction. In such a case, by executing a single instruction segment the subexecution sequencesin
question enter some state r from state g while consuming some input c.

Consequently, by definition, the grammar G has a production rule of the form Ay — aA, if pis an accepting state, and a
production rule of the form Ay , —+ A, if p corresponds to areturn instruction.

However, by the induction hypothesis thei-1 moves that start in state r have in G a corresponding derivation of the form
A, =" oy if pisan accepting state, and of the form A, , = &, if p corresponds to areturn instruction. c is assumed to

satisfy ooy = o,
b. g correspondsto acall instruction that is matched in the subexecution sequence by areturn instruction. In such acase
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the subexecution sequence from state g enters some state r by executing the call instruction that corresponds to state g.
Moreover, the subexecution sequence has a corresponding execution of areturn instruction that takes the subexecution
sequence from some state sto some state t.

Consequently, by definition, the grammar G has a production rule of the form Ay — A, A if p is an accepting state, and
aproduction rule of the form Ag , — A, Ay, if p corresponds to areturn instruction.

However, by the induction hypothesis, the grammar G has aderivation of the form A, ;=* o for the input e, that the
subexecution sequence consumes between states r and s. In addition, G has either a derivation of the form A; =* o, or a
derivation of the form A , =* a,, respectively, for the input o, that the subexecution sequence consumes between states t
and p, depending on whether p is an accepting state or not. [

Example 3.3.5 Let P bethe recursive finite-domain program in Figure 3.3.5(a), with {a, b} asadomain of the variables and a
asinitial value.

call f(x) [* 14 */
if eof then accept I* 1, */
reject [* 13 */
procedure f(x)
do [* 14 */
return I* 1g */
or
read x I* 1g */
call f(x) I* 14 */
until x = a I* 1g */
end
(@
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Figure 3.3.5 The grammar in (b) generates the language accepted by the programin (a).

L (P) is generated by the grammar G, which has the production rules in Figure 3.3.5(b). [i, X] denotes a state of P that
corresponds to the instruction segment |, and value x in X.

The derivation tree for the string abb in the grammar G, and the corresponding transitions between the states of the program P
oninput "a, b, b", are shown in Figure 3.3.6. The symbol A4 4 states that the computation of P hasto start at state [1, &] and

end at an accepting state. The production rule A1 o —+ A 4[55/A[2,5) COrrespondsto acall to f which returns the value b. [
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Figure 3.3.6 A correspondence between a derivation tree and a computation of arecursive finite-domain program

Context-free grammars do not resemble pushdown automata, the way Type 3 grammars resembl e finite-state automata. The

difference arises because derivations in context-free grammars are recursive in nature, whereas computations of pushdown
automata are iterative.

Conseguently, some context-free languages can be more easily characterized by context-free grammars, and other context-free
languages can be more easily characterized by pushdown automata.
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3.4 Limitations of Recursive Finite-Domain Programs

A Pumping Lemma for Context-Free L anquages
Applications of the Pumping L emma
A Generalization for the Pumping Lemma

The study of the limitations of finite-memory programsin Section 2.4 relied on the following
observation: A subcomputation of an accepting computation of a finite-memory program can be pumped
to obtain new accepting computations if the subcomputation starts and ends at the same state. For
recursive finite-domain programs similar, but somewhat more complex, conditions are needed to allow
pumping of subcomputations.

A Pumping Lemma for Context-Free Languages

The proof of the following theorem uses the abstraction of context-free grammars to provide conditions
under which subcomputations of recursive finite-domain programs can be pumped. The corresponding
theorem for the degenerated case of finite-memory programsis implied by the choice of u =v =c«.

Theorem 3.4.1 (Pumping lemmafor context-free languages) Every context-free language L hasa
positive integer constant m with the following property. If wisin L and |w| = m, then w can be written as

uvxyz, where uvkxyKz isin L for each k 2» 0. Moreover, [vxy| <. m and |vy| > 0.

Proof Let G=<N,ZE, P, S>beany context-free grammar. Uset to denote the number of symbolsin
the longest right-hand side of the production rules of G. With no loss of generality assumethat t > 2. Use

IN| to denote the number of nonterminal symbolsin N. Choose m to equal tINI*1,

Consider any w in L(G) such that |w| > m. Let T denote a derivation tree for w that is minimal for w in
the number of nodes. Let  be alongest path from the root to aleaf in T. Let n denote the number of
nodesin .

The number of leavesin T isat most t"1. Thus, t™1 2= \w| and |w| = m = tINF1 imply that n 2= |N| + 2. That
IS, the path m must have two nodes whose corresponding nonterminal symbols, say E and F, areequal. As
aresult, w can be written as uvxyz, where vxy and x are the strings that correspond to the leaves of the
subtrees of T with roots E and F, respectively (see Figure 3.4.1(a)).
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Figure3.4.1 (a) A derivationtree T with E =F. (b) The derivation tree T,.

Let T\ be the derivation tree T modified so that the subtree of E, excluding the subtree of F, is pumped k
times (see Figure 3.4.1(b)). Then T  isalso aderivation tree in G for each k = 0. It follows that uvkxykz,
which corresponds to the leaves of T, isalsoin L(G) for each k > 0.

A choice of E and F from the last [N| + 1 nonterminal symbolsin the path  implies that [vxy]| < tINF1 =
m, because each path from E to aleaf contains at most [N| + 2 nodes. However, |vy|£ 0, because
otherwise T would also be aderivation tree for w, contradicting the assumption that T isaminimal

derivation tree for w. [

Example3.4.1 Let G=<N,E, P, S> be the context-free grammar whose production rules are listed
below.

§ —= 44
— b

4 — 55
— 0

For G, using the terminology of the proof of the previous theorem, t = 2, [IN| = 2, and m = 8. The string w
= (ab)3a(ab)?2 has the derivation tree given in Figure 3.4.2(a).
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Figure 3.4.2 (a) A derivation tree T for (ab)3a(ab)2. (b) A derivation tree T, for (ab)2(aba)k(ab)2. (c) A
derivation tree T, for ab(ab)kabak(ab)2.

A longest path in the tree, from the root to aleaf, contains six nodes.

w has two decompositions that satisfy the constraints of the proof of the pumping lemma. Oneis of the
formu=ab, v =¢ x =ab, y = aba, z = abab; the other isof theformu=ab,v=ab,x=ab,y=4a,z=
abab.

(ab)2(aba)k(ab)2 and ab(ab)kabak(ab)2 are the new strings in the language for k = 0, that the proof implies
for w by pumping. Figures 3.4.2(b) and 3.4.2(c), respectively, show the derivation trees T, for these
strings. [
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Applications of the Pumping Lemma

The pumping lemma for context-free languages can be used to show that alanguage is not context-free.
The method is similar to that for using the pumping lemma for regular languages to show that alanguage
IS not regular.

Example3.4.2 LetL bethelanguage{ a"c"|n>0}. To show that L is not a context-free language,
assume to the contrary that L is context-free. Consider the choice of w = a™b™c™, where misthe
constant implied by the pumping lemmafor L.

By the lemma, @"b™Mc™ can be written as uvxyz, where jvxy| <. m, |vy| > 0, and the decomposition
satisfies the following conditions.

a. vy containsasor b'sbut not c's.
b. vy containsasor c'sbut not b's.
C. vy containsb'sor c'sbut not as.

Moreover, by the pumping lemma, uvkxykz isasoin L for each k =* 0. However, for () the choice of k =
0 implies uvOxy0z not in L because of too many c's. Similarly, for (b) the choice of k = 0 implies uvOxy0z
not in L because of too many b's, and for (c) the choice of k = 0 implies uvOxy0z not in L because of too
many ds.

Since the pumping lemma does not hold for a™b™Mc™M, it also does not hold for L. It follows, therefore,
that the assumption that L is a context-free language is false. L]

Asin the case of the pumping lemma for regular languages the choice of the string w is of critical
importance when trying to show that alanguage is not context-free.

Example 3.4.3 Consider thelanguageL ={ mx |aisin{a, b}* }. To show that L is not a context-free
language assume the contrary. Let m be the constant implied by the pumping lemmafor L.

For the choice w = a"bMaMbM the pumping lemma implies a decomposition uvxyz such that [vxy| < m
and |vy| > 0. For such a choice uvOxy9z = uxz = abiasht with either iz£ s or j#£ t. In either case, uxz is not
inL. Asaresult, L cannot be context-free.

On the other hand, for the choice w = aMbaMb a decomposition uvxyz that satisfies [vxy| < m and jvy| > 0
might be of theform v =y = a with b in x for somej > 0. With such a decomposition uvkxykz = am+(k-

Dipam+k-Dibisasoin L for al k = 0. Consequently the latter choice for w does not imply the desired
contradiction. [
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A Generalization for the Pumping Lemma

The pumping lemma for context-free languages can be generalized to relations that are computable by
pushdown transducers. This generalized pumping lemma, in turn, can be used to determine relations that
cannot be computed by pushdown transducers.

Theorem 3.4.2 For eachrelation R that is computable by a pushdown transducer, there exists a
constant m such that the following holds for each (wy, wp) in R. If [w| + [wy[ > m, then wq can be written

as UyV1X1Yy121 and w, can be written as U,V XoYoz,, Where (UgvKX1y1KzZq, UovoKx,yoKz,) isasoin R for
each k 2> 0. Moreover, [viXqy1| + [VoXoyo| << mand [vyyq| + [Voyo| > 0.

Proof Consider any pushdown transducer M. Let M, be the pushdown automaton obtained from M4

by replacing each transition rule of the form (q, =, , p, T, #) with atransition rule of the form (q, [c, #], #,
p, T) if theinequality [m, ¢]=£ [¢, €] hols, and with atransition rule of the form (q, ¢, , p, 7) if the equality [
e, #] = [, €] holds. Let h; and h, be the projection functions defined in the following way: h4(g) = ho(e) =

e, hy(la £1) = holle, 1) = g, hy(len, Aw) = hy(fee, ADhy(w), and hy(les Alw) = hy(la, gha(w).

By construction M, encodes in its inputs the inputs and outputs of M. h; and h,, respectively, determine
the values of these encoded inputs and outputs. As aresult, (wq, w,) isin R(M4) if and only if wisin
L(M,) for some w such that hy(w) = w; and hy(w) = w,. Use m' to denote the constant implied by the
pumping lemma for context-free languages for L(M»), and choose m = 2m'.

Consider any (w4, W») in therelation R(M 1) such that |w;| + |w5| == m. Then thereis some w in the
language L (M») such that hy(w) = wy, ho(w) = w,, and |w| > m/2=m. By the pumping lemma for
context-free languages w can be written as uvxyz, where [vxy| < m', vy| > 0, and uvkxykz isin L(M,) for
each k >» 0. The result then follows if one chooses u; = h;(U), up = hy(u), vq =hy(V), vo =hy(V), X1 =
h1(X), X2 = hp(x), y1 = hy(y), Y2 = ha(y), 21 = 1(2), and 2, = ky(2). [

Example 3.4.4 Let M be the pushdown transducer whose transition diagram is given in Figure 3.2.3.
Using the terminology of the proof of Theorem 3.4.2, M, is the pushdown automaton whose transition
diagramisgivenin Figure 3.4.3.
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Figure 3.4.3 A pushdown automaton that "encodes" the pushdown transducer of Figure 3.2.3.

The computation of M, on input aabbaa gives the output baa. The computation of M, on input aabbaa
corresponds to the computation of M, on input [a, €][a, ¢][b, €][b, b][a, &[4, &]. [

[next] [prev] [prev-tail] [front] [up]
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3.5 Closure Properties for Recursive Finite-Domain Programs

From M to Mﬂf

Elimination of Mixed States
A Modification to Mﬂf

A Pushdown Automaton That Accepts the Complementation of L (M)

By aproof similar to that for Theorem 2.5.1, the class of the relations computable by pushdown
transducers, and consequently the class of context-free languages, are closed under union . However,
these classes are not closed under intersection and complementation. For instance, the language { a'b"c" |
n> 0}, whichisnot context-free, isthe intersection of the context-free languages { abid |i,j 0} and

{ dbid |i,j>0}.

Similarly, the class of relations computable by pushdown transducersis not closed under intersection
with the relations computable by finite-state transducers. For instance, { (@b'd, d) |i,j =0} is
computable by a pushdown transducer and { (abick, d¥) |i, j, k> 0} is computable by afinite-state
transducer. However, the intersection { (a"b"ch, d") [n 0} of these two relations cannot be computed
by a pushdown transducer.

For context-free languages the following theorem holds.
Theorem 3.5.1 The class of context-free languagesis closed under intersection with regular languages.

Proof Consider any pushdown automaton M1 = <Qq, E, T, 44, qg1, Zg, F1>, and any finite-state
automaton M, = <Q,, E, 5, qgo, Fo>. With no loss of generality assume that M, is¢ free and
deterministic (see Theorem 2.3.1).

The intersection of L(M4) and L(M,) is accepted by the pushdown automaton M5 = <Qq X Q,, E, T', i3,
[do1: Gozls Zg. F1 * Fo>. Thetransition table 5 contains ([g, 1, &, &, [p, p']. T) if and only if (q, &, 7, p,
T) isin 4, and M, in zero or one moves can reach state p' from state ' by reading .

Intuitively, M3 is a pushdown automaton that simulates the computations of M, and M, in parallel,
where the simulated computations are synchronized to read each symbol of the inputsto M, and M,
together.

By induction on n it can be shown that M 3 accepts an input & ... &, if and only if both M, and M, accept
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Example 3.5.1 The pushdown automaton M3, whose transition diagram is given in Figure 3.5.1(c),
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Figure 3.5.1 The language accepted by the pushdown automaton M3 in () is the intersection of the
language accepted by the pushdown automaton M4 in (&), and the language accepted by
the finite-state automaton M, in (b). The computation of M5 on input abbaisillustrated in

(d).

accepts the intersection of the language accepted by the pushdown automaton M 1, whose transition
diagram is given in Figure 3.5.1(a), and the language accepted by the finite-state automaton M, whose
transition diagram is given in Figure 3.5.1(b).

The computation of M5 on input abbaisillustrated in Figure 3.5.1(d). [

Thelanguages{ abid |i,j >0} and { abid |i,j > 0} are accepted by deterministic pushdown
automata, and the intersection { a%"c" | n > 0} of these languages is not context-free. Consequently, the
class of the languages that deterministic pushdown automata accept is not closed under intersection.
However, the next theorem will show that the classis closed under complementation. The proof of the
theorem uses the following lemma.

Definition A sequence of moves (uqyv, z;) F...F (ugev, ) of a pushdown automaton M is said to be
aloop if k> 1, M can move from configuration (ug;Vv, z;) on the same transition rules as from
configuration (uqyVv, z), and z; isaprefix of z; fori =2, ..., k. Theloop is said to be asimple loop, if it
contains no loop except itself.

Lemma3.5.1 Each deterministic pushdown automaton M4 has an equivalent deterministic pushdown
automaton M, that halts on all inputs.

Proof Let M, beany deterministic pushdown automaton. Let t denote the number of transition rules of
M;. M, does not halt on agiveninput x if and only if it enters a simple loop on x. Moreover, each simple
loop of M, consists of no more than tt moves. The desired pushdown automaton M, can be constructed
from M4 by employing this observation.

Specifically, M, isjust M, modified to use "marked" symbolsin its pushdown store, as well as a counter,
say, Cinitsfinite-state control. M, marks the topmost symbol in its pushdown store and sets C to zero at

the start of each computation, immediately after reading an input symbol, and immediately after
removing a marked symbol from the pushdown store. On the other hand, M, increases the value of C by

one whenever it simulates amove of M 4. Upon reaching avalue of tt + 1 in C, the pushdown automaton
M, determines that M, entered asimple loop, and so M, halts in a nonaccepting configuration. [
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The proof of the following theorem is arefinement of that provided for Theorem 2.5.2, to show that the
class of regular languages is closed under complementation.

Theorem 3.5.2 The class of languages that the deterministic pushdown automata accept is closed under
complementation.

Proof Consider any deterministic pushdown automaton M. By Lemma 3.5.1 it can be assumed that M
has only halting computations, and with no loss of generality it can be assumed that [¥] <. 1 in each

transitionrule (g, oo, &, p, 1).

FromM to Mﬂ

Let Mo be adeterministic pushdown automaton that accepts L (M), and that in each of its computations
halts after consuming all the input. M o; can be constructed from M in the following manner. Let M o be
M initially with an added trap state gy, and added transition rule of the form (G4, @ €, Grap, £) for each
input symbol a. Then repeatedly add to M, anew transition rule of the form (g, e, 3, G, /5), aslong as
Mgt does not have a next move from state g on input & and topmost pushdown content .

Elimination of Mixed Sates

Call a state g of a pushdown automaton areading state, if e is an input symbol in each transition rule (q,
@, [, p, T) that originates at state g. Call the state q an e state, if @ =« in each transition rule (q, o, /, p, 7)
that originates at state g. If the state g is neither areading state nor an ¢ state then call it a mixed state.

If g isamixed state of My, then each of the transition rules (q, o, #, p, T) of M that satisfies ja| = 1, can

be replaced by a pair of transition rules (q, &, , g2, €) and (ge, o, &, p, 1), where g2 is anew intermediate,
nonaccepting state. Using such transformations M s can be modified to include no mixed states.

A Modification to Mﬂc

Mot Can be further modified to obtain asimilar deterministic pushdown automaton Meg  may, With the
only difference being that upon halting, Mgt max ISin areading state. The modification can be donein
the following way.

a Let Mg max INitialy be M.

b. Rename each state g of M to [q, accept] if it isan accepting state, and to [q, reject] if itisa
nonaccepting state.

Cc. Aslong asthe pushdown automaton Mgy gy has atransition rule of the form ([q, accept], ¢, g,
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[p, reject], 1), replace it with atransition rule of the form ([q, accept], ¢, f, [p, accept], T). In
addition, if [p, accept] is anew state, then for each transition rule of the form ([p, reject], o, /&', p',
T) add aso
1.

A transition rule of the form ([p, accept], o, &', p', T) if p'£ [p, reject] or £ «.
2.

A transition rule of the form ([p, accept], v, &', [p, accept], T'), if p' = [p, reject] and x = ¢.

d. Letastate of Mgy max b€ an accepting state if and only if it isareading state of the form [q,

accept].

The above transformations propagate the "accepting property” of ¢ states until their "blocking" reading
states.

A Pushdown Automaton That Accepts the Complementation of L(M)

The constructed pushdown automaton Mg may ON @ given input has a unique sequence of moves that

ends at areading state after consuming al the input. The sequence of moves remains the same, even
when a different subset of the set of reading states is chosen to be the set of accepting states. Thus, the
deterministic pushdown automaton that accepts the complementation of L(M) can be obtained from
Meof max: DY requiring that the reading states of the form [q, reject] become the accepting states. L]

Example3.5.2 Let M be the deterministic pushdown automaton whose transition diagram is given in
Figure 3.5.2(a).

(@
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Figure 3.5.2 (a) A pushdown automaton M. (b) The complementation M s for M. (€) M s modified

to include no mixed states. (d) A pushdown automaton that accepts the complementation
of L(M).

Using the terminology in the proof of Theorem 3.5.2, the state ¢y of M isan« state, the stateqisa
reading state, and the state p is a mixed state.

The transition diagram of M is given in Figure 3.5.2(b). The transition diagram of Mg; modified to
include no mixed states, is given in Figure 3.5.2(c). Thetransition diagram in Figure 3.5.2(d) isof a
deterministic pushdown automaton that accepts the complementation of L(M). [

The closure under complementation of the class of the languages that deterministic pushdown automata
accept, the nonclosure of the class under intersection, and DeMorgan's law all imply the nonclosure of
the class under union .

Corollary 3.5.1 There are languages that are accepted by nondeterministic pushdown automata, but
that cannot be accepted by any deterministic pushdown automata.

[next] [prev] [prev-tail] [front] [up]
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3.6 Decidable Properties for Recursive Finite-Domain Programs

The first theorem of this section provides a generalization of the decidability of the emptiness problem
for finite-state automata.

Theorem 3.6.1 The emptiness problem is decidable for pushdown automata.

Proof Consider any pushdown automaton M = <Q, E, T', 44, qg, Zo, F>. Let ¢ be anew symbol not in
¥. Letd, bed, with each transition rule of theform (q, ¢, #, p, T) being replaced with atransition rule of
theform (q, ¢, 4, p, 7). Let M, be the pushdown automaton <Q, U {c}, T, d,, d, Zg, F>.

Intuitively, we see that M, is the pushdown automaton M, modified to read the symbol ¢ whenever M4 is
to make a move that reads no input symbol. By construction, M, can reach configuration (uqv, w) int
movesif and only if there exists u. such that M, can reach configuration (u.qv, w) in t moves, where u,
is astring obtained from u by insertion of some c'sand |u | =t. Thus, T(M) = @ if and only if T(M,) =
.

Denote m as the constant that the pumping lemma for context-free languages implies for L(M>). The
shortest string x in L(M5) cannot be longer than m. Otherwise, a contradiction would arise because by the
pumping lemmaif x isin L(M»,) and if itslength is at |east m, then a shorter string isalso in L(M»).

On input x the pushdown automaton M, can have at most [x| moves. Consequently, the emptiness of
L(M,) or, equivalently, of L(M;) can be checked by considering all the possible execution sequences of
M, or, equivalently, of M, that consist of no more than m moves. [

The decidability of the emptiness problem for pushdown automata can be used for showing the
decidability of some problems for finite-state transducers. One such example is the decidability of the
equivalence problem for deterministic finite-state transducers. For the general class of finite-state
transducers as well as the class of pushdown automata the problem is undecidable (Corollary 4.7.1 and

Corollary 4.7.2, respectively). On the other hand, for deterministic pushdown automata and for
deterministic pushdown transducers the problem is open.

Corollary 3.6.1 The equivalence problem is decidable for deterministic finite-state transducers.

Proof Consider any two deterministic finite-state transducers M, and M,. From M, and M, afinite-
state automaton M3 can be constructed such that M 5 accepts the empty set if and only if L(M4) = L(M,).
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The construction can be asin the proof of Theorem 2.6.4.

On the other hand, one can also construct from M, and M, a pushdown automaton M4 that accepts a
given input if and only if both M, and M, accept it, while providing different outputs. That is, M4
accepts the empty set if and only if M, and M, agree in their outputs on the inputs that they both accept.

A computation of M4 on a given input consists of simulating in parallel, asin the proof of Theorem 3.5.1,
the computations of M, and M, on such an input. The simulation is in accordance with either of the
following cases, where the choice is made nondeterministically.

Casel
M, simulates accepting computations of M, and M, that provide outputs of different lengths.

During the ssmulation, M4 ignores the outputs of M, and M,. However, at each instant of the
simulation, the pushdown store of M, holds the absolute value of the difference between the
length of the outputs produced so far by M, and M,. M, accepts the input if and only if it reaches
accepting states of M4 and M, at the end of the input, with a nonempty pushdown store.

Case?2
M, sSimulates accepting computations of M, and M, that provide outputs differing in their jth

symbol, for some | that is no greater than their lengths. The simulation is similar to that in Case 1.
The main differenceisthat M, records in the pushdown store the changes in the length of the

output of M; only until it establishes (nondeterministically) that M; reached its jth output symbol, i
=1, 2. In addition, M4 records in its finite-state control the jth output symbols of M4 and M.
Upon completing the simulation, M 4 accepts the input if and only if its pushdown is empty and
the recorded symbols in the finite-state control are distinct.

Given M3 and M, a pushdown automaton Mg can then be constructed to accept L(Mg) U L(My). M5
accepts the empty set if and only if M, and M, are equivalent. The result thus follows from
Theorem 3.6.1. [

The uniform halting problem is undecidable for pushdown automata (Corollary 4.7.3). However, the
decidability of the emptiness problem for pushdown automata can be used to show the decidability of the

uniform halting problem for deterministic pushdown automata.

Theorem 3.6.2 The uniform halting problem is decidable for deterministic pushdown automata.

Proof Consider any deterministic pushdown automaton M. From M4 a deterministic pushdown
automaton M, similar to that in the proof of Lemma 3.5.1, can be constructed. The only differenceis
that here M, accepts a given input if and only if it determines that M ; reaches a simple loop. By
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construction, M, accepts an empty set if and only if M, haltson al inputs. [

The proof of the last theorem fails for nondeterministic pushdown automata because accepting
computations of nondeterministic pushdown automata can include simple loops, without being forced to
enter an infinite loop.

Theorem 3.6.3 The halting problem is decidable for pushdown automata.

Proof Consider any pair (M, x) of a pushdown automaton M and of an input x for M. From x, afinite-
state automaton M, can be constructed that accepts only the input x. However, from M, a pushdown

automaton M4 can be constructed to accept agiven input if and only if M has a sequence of transition

rules that leads M to a simple loop on the input. The construction can be similar to the proof of
Theorem 3.6.2.

From M and M, a pushdown automaton M, , can be constructed that accepts the intersection of L (M)
with L(M,) (see Theorem 3.5.1). By construction, M, accepts a nonempty set if and only if M accepts
X. By Theorem 3.6.1 it can be determined if M, , accepts a nonempty set. If so, then M is determined to
halt on input x. Otherwise, in asimilar way, a pushdown automaton M , can be constructed to accept the
intersection of L(M4) and L(M,). By construction, M4 , accepts the empty set if and only if M has only
halting computations on input x. The result then follows from Theorem 3.6.1. []
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Exercises

311

For each of the following relations give arecursive finite-domain program that computes the
relation.

a { (dbl,c)|i >0}

b. { (xy,x)[xyisin{a b}* and x| =ly[}

c. {(xy)|xandyarein{0, 1}*, x| =y|, and y= x'}

For each of the following relations give a (deterministic, if possible) pushdown transducer that
computes the relation.

3.21
a
b.
C.
d.
e.
f.
g.
h.
I
3.2.2

{ (@b, db)|i,j >0}

{ (x,db)|xisin{a b}*, i = (number of asinx), and j = (humber of b'sin x) }
{ (xyz, xy"®z) [ xyzisin{a, b}* }

{ (@b, ) [i <k}

{ (@b, c&) [k =min(,])}

{ (w, cX) |wisin{a, b}*, and k = min(number of asinw, number of b'sinw) }
{ (xy, yx'®) [xandy arein{a, b}* }

{ (x, x"®x) | xisin{a b}* }

{ (x,y) |xandy arein{a, b}*, and y is a permutation of x }

Find a pushdown transducer that simulates the computations of the recursive finite-domain
program of Figure 3.E.1. Assume that the variables have the domain {0, 1}, and the initial value

0.
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cal |l RP(x) [* 14 *
I f eof then accept [* 1, *]
rej ect [* 15 */
procedure RP(y)
read x [* 14 */
I f x£y then [* 15 */
cal |l RP(x) [* lg */
wite y [* 17 *
return [* 1g */
end
Figure3.E.1

323

For each of the following languages find a (deterministic, if possible) pushdown automaton that
accepts the language.

a {vwwe|vandwarein{a b}*,and |w|>0}

b. { x|xisin{a, b}* and each prefix of x has at least asmany asasb's}
c. { dbiabi|i,j>0}

d. {w]|wisin{a b}*, and wx wrev}

e. { xx'® |x isaccepted by the finite-state automaton of Figure 3.E.2 }
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Figure3.E.2

f. { x|x=x" and x is accepted by the finite-state automaton of Figure 3.E.2 }

331
For each of the following languages construct a context-free grammar that generates the language.
a { x#y|xandy arein{a, b}* and have the same number of a's}
b. {abick|i£jorj£k}
c. { x|xisin{a b}* and each prefix of x has at least as many asasb's}
d {x#y|xandyarein{a b}* andy isnot apermutation of x }
e. { x#y|xandyarein{a b}* andx£y}

3.3.2
Find a Type 2 grammar that is equivalent to the context-free grammar G = <N, E, P, S>, whose
production rules are given in Figure 3.E.3(a).
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5§ = OB
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D 4d — FAF ¥ —= gdfa
- 5C — — b 5 = ad
— b B — ABA 4 — adg A — 5b
b = o — b — b — ab
{a) (b} fc) (d)
Figure3.E.3

3.3.3
Let G=<N, &, P, S> be the context-free grammar whose production rules are listed in
Figure 3.E.3(b). Find arecursive finite-domain program and a pushdown automaton that accept
the language generated by G.
334
Let M be the pushdown automaton whose transition diagram is given in Figure 3.E.4.

Figure3.E4

Find a context-free grammar that generates L(M).
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3.35
Find a deterministic pushdown automaton that accepts the language generated by the grammar G
=<N, %, P, S>, whose production rules are given in Figure 3.E.3(c).

3.36
L et the program P and the grammar G be as in Example 3.3.5. Find aderivation in G that

corresponds to an accepting computation of P on input bab.
3.3.7

Find the context-free grammar that accepts the same language as the program P in Figure 3.E.5,
according to the proof of Theorem 3.3.3. Assume that the domain of the variablesis equal to { a,
b}, with aasinitial value.

do N
call f(x) [* 15, */
i f eof then accept N

until false [* 1,4 */

procedure f(x)
if x = Db then [* 1g */

return [* lg */

read X [* 17 */
cal | f(x) I* 1g *I
return [* 1g */

end

Figure3.E.5

34.1
Redo Example 3.4.1 for the case that G has the production rules listed in Figure 3.E.3(d) and w =
acb?,
34.2
Show that each of the following sets is not a context-free language.
a {abc|t>1>n>0}
b. { m®™a|aisin{a b}*}
. { pfiorevdrey | aand ffarein{a, b}* }
. { @wadx|aisin{a b}*, and n = (the number of asincw) }
. {o#f|xand farein{a b}* and [ is a permutation of c }
. { o | The finite-state transducer whose transition diagram is given in Figure 3.E.6

—~ D O O
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34.3

351

352

3.53

— I e o
‘,I.-"'_-_.“_-_"‘y_l.-’_. '\'-'-I I
- ._| ,5\ .}.I \ )
e
o Far' 1y
Figure 3.E.6

has output fon input cx}
g {a[n>1}

Show that therelation{ (x, d") | x isin{a, b, c}* and n = min(number of asin x, number of b'sin
X, number of c'sin x) } isnot computable by a pushdown transducer.

Show that the class of the relations computable by pushdown transducers is closed under each of
the following operations ‘.

a. Inverse thatis, 8(R)=R1={ (y,x)|(x,y)isinR}.

b. Composition, that is, #(R1, Ry) = { (X, ¥) | X = XX, and 'y = y,y, for some (X4, y;) in Ry
and some (X,, o) INR, }.

Cc. Reversd, thatis, ¥ ={ (X", y'™®) |(x,y)isinR}.

Show that the class of context-free languages is not closed under the operation ®(L ;, L,) = { xyzw
|xzisinL;andywisinL,}.

Find a pushdown automaton that accepts the intersection of the language accepted by the
pushdown automaton whose transition diagram is given in Figure 3.E.7(a), and the language

accepted by the finite-state automaton whose transition diagram is given in Figure 3.5.1(b).
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Figure3.E.7

354
Let M be the deterministic pushdown automaton given in Figure 3.E.7(b). Find the pushdown

automaton that accepts the complementation of L(M) in accordance with the proof of
Theorem 3.5.2.
355
Show that if arelation is computable by a deterministic pushdown transducer, then its
complementation is computable by a pushdown transducer.
3.6.1
Show that the membership problem is decidable for pushdown automata.
3.6.2
Show that the single valuedness problem is decidable for finite-state transducers.
3.6.3
Show that the equivalence problem for finite-state transducers is reducible to the equivalence
problem for pushdown automata.
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Chapter 4 GENERAL PROGRAMS

Our study of programs has so far concentrated on two subclasses, namely, the finite-memory programs
and the recursive finite-domain programs. In this chapter the study is extended to the general class of
programs. The first section introduces the mathematical systems of Turing transducers as a generalization
to pushdown transducers, and offers the systems for characterizing the notion of computation. The
second section considers the relationship between the general class of programs and the Turing
transducers. Section 3 considers the relationship between determinism and nondeterminism in Turing
transducers. Section 4 shows the existence of a Turing transducer, called a universal Turing transducer,
that can be programmed to compute any computable function. The fifth section deals with the limitations
of Turing transducers and proves the undecidability of some problems, and the sixth section shows that
Turing transducers accept exactly the class of Type 0 languages. The chapter concludes with Section 7,
which introduces the Post's correspondence problem, demonstrates its undecidability, and exhibitsits
usefulness in exploring undecidable problems.

4.1 Turing Transducers

4.2 Programs and Turing Transducers

4.3 Nondeterminism versus Determinism
4.4 Universal Turing Transducers

4.5 Undecidability

4.6 Turing Machines and Type 0 Languages
4.7 Post's Correspondence Problem
Exercises

Bibliographic Notes
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4.1 Turing Transducers

Turing Transducers

Configurations and Moves of Turing Transducers
Determinism and Nondeterminism in Turing Transducers
Computations of Turing Transducers

Turing Machines

Church's Thesis

The study of finite-memory programs and recursive finite-domain programs benefited considerably from
the introduction of the mathematical systems of finite-state transducers and pushdown transducers,
respectively. The usefulness of these mathematical systems stemmed from the abstraction they lend to
the primitive computing machines that simulate the behavior of the programs. With thisin mind it isonly
natural to try to follow a similar approach in studying the general class of programs.

Recursive finite-domain programs have been introduced as a generalization of finite-memory programs.
In paralel, pushdown transducers have been introduced as a generalization of finite-state transducers.
Going to the most general class of programs, therefore, suggests trying a similar generalization to the
corresponding transducers.

Turing Transducers

Among the most general models of transducers that come to mind are probably those that allow more
than one auxiliary work tape, unrestricted auxiliary work tapes, two-way input heads, inputs enclosed
between endmarkers, and acceptance anywhere in the inputs. A class of such models, called Turing
transducers, is introduced below.

Each Turing transducer M can be viewed as an abstract computing machine that consists of afinite-state
control, an input tape, aread-only input head, m auxiliary work tapes for some m > 0, aread-write
auxiliary work-tape head for each auxiliary work tape, an output tape, and awrite-only output head (see
Figure4.1.1).
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Figure4.1.1 Schema of a Turing transducer.

Each move of M is determined by the state of M, the symbol under the input head, and the symbols under
the heads of the auxiliary work tapes. Each move of M consists of changing the state of M, changing the
symbol under the head of each auxiliary work tape, relocating each head by at most one position in any
direction, and writing at most one symbol onto the output tape.

Initially M is assumed to have itsinput & ... &, stored on the input tape between aleft endmarker ¢ and a

right endmarker $. In addition, the input head is assumed to be located at the start of the input, the
auxiliary work tapes are assumed to contain just blank symbols B, and the output tape is assumed to be
empty.

Example4.1.1 A one auxiliary-work-tape Turing transducer M can compute the relation { (x, x™V) | x
isin{a, b}* and x = x"™® } by checking that each input &, ... a, satisfies the equality a; ... a, = a,... &.
The computations of M can be in the following manner (see Figure 4.1.2).
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Figure4.1.2 A description of how a Turing transducer computes the relation { (x, x'®) | x isin{a, b}*
and x = xrev },

M starts each computation by moving forward along the input tape and the auxiliary work tape
simultaneously, one location at the time until the right endmarker $ is encountered on the input tape. As
M moves along the tapes it copies onto the auxiliary work tape the symbols being read from the input.
Then M scans the auxiliary work tape backward, and locates the first nonblank symbol. Finally, M scans
the input tape backward, and the auxiliary work tape forward simultaneously, symbol by symbol. AsM
scans the two tapes it checks for the equality of the symbols being read at each move. L]

Formally, amathematical system M consisting of an eight-tuple <Q, E, T', &, 4, qq, B, F> iscaledanm
auxiliary-work-tape Turing transducer for m > 0 if the following conditions hold.
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Q
isafinite set, and the elements of Q are called the states of M.

ET A
are aphabets that do not include the symbols ¢ and $. X is called the input alphabet of M, and the
elements of X are called the input symbols of M. T is called the auxiliary work-tape al phabet of
M, and the elements of I' are called the auxiliary work-tape symbols of M. 4 is called the output
alphabet of M, and the elements of 4 are called the output symbols of M.

]
isarelationfromQ x (BELU{¢, $}) xI'M to Qx{-1,0,+1} x (I'x{-1,0, +1})M x (AU {e}).dis
called the transition table of M, and the elements (g, a by, by, . .., by, (P, dg, €1, dy, Cp, o, . . .,
Cmy Oy £)), Or sSimply (g, & by, by, . .., by, P, dg, €1, dg, Cp, Do, . . ., Cyy, Ay #), Of the transition
table d are called the transition rules of M.

do
isan element in Q, called the initial state of M.

B
iIsasymbol inT', called the blank symbol of M.

F

Isasubset of Q, and the statesin F are called the accepting , or final, states of M.
¢ isasymbol called left endmarker, and $ is a symbol called right endmarker.

Example4.1.2 M =<Q,E T, A, ¥, qg B, F>isaoneauxiliary-work-tape Turing transducer if Q = {qp,
O1, G, O3, g}, B= A ={a b}, T={a b, B}, F={qs}, andd ={(dp, a B, q;, +1,a +1, a), (dp, b, B, qy,
+1,b,+1,b), (do, $. B, 44, 0, B, 0,¢), (0, & B, ay, +1, & +1, &), (a1, b, B, g, +1, b, +1, b), (a3, & B, ap,
0,B,-1,¢), (01, b, B, gy, 0,B, -1,¢), (0, & 8, 0, 0, 8, -1,¢), (dp, b, & G, 0, & -1,¢), (0, & b, G, 0, b, -1,
€), (02, b, b, 42, 0, b, -1,¢), (4p, & B, g3, 0, B, +1,¢), (02, b, B, 03, 0, B, +1,¢), (03, & & G, +1, & +1,¢),
(9s, b, b, g3, +1, b, +1,¢), (03, $, B, q4, 0, B, 0, €)} .

The Turing transducer M has five states and 16 transition rules. M uses the state g, as an initial state, and
the state g, as an accepting state. The symbol B is considered to be the blank symbol of M. [

A mathematical system M iscalled a Turing transducer if it isan m auxiliary-work-tape Turing
transducer for some m = O.

Each Turing transducer M = <Q, E, T', &4, 4, qy, B, F> can be graphically represented by atransition

diagram of the following form. For each state in Q the transition diagram has a corresponding node
drawn asacircle. Theinitial state isidentified by an arrow from nowhere that points to the node. Each
accepting state is identified by adouble circle. Each transition rule (g, a, by, b, . . ., by, P, dg, €4, dq, Cy,

do, ...,y Ay, #) ind isrepresented by an edge from the node that corresponds to state q to the node
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that corresponds to state p, where the edge carries alabel of the following form.
i I]1|:|
1_7'1 T1, i

bm. ':.m dm
.-'ﬁ 1

In the label the top row "a/dy" corresponds to the input tape, the bottom row "/g" corresponds to the
output tape, and row "b;/c;, d" corresponds to the ith auxiliary work tape.

For notational convenience, edges that agree in their origin and destination are merged, and their labels
are separated by commas.

Example4.1.3 Thetransition diagramin Figure 4.1.3

o |l b= it~ g =] h'h— M fioo gl Wbl
r il i i ; E £
givl Bl 1 b all W0 bl
 Blat1 BiA+ T~ 8,31 88— 04| B ) gl sy
‘--“."'rl ) 0 i | ; ¥ 'E # {RAPEE ¢} il |
I‘ " ! 5 &

Figure 4.1.3 An one auxiliary-work-tape Turing transducer.

Is arepresentation of the Turing transducer of Example 4.1.2. The transition rule (g, & B, gp, +1, &, +1,
a) of M isrepresented in the transition diagram by an edge from state g to state g that carries the label

a1
B ﬁ ,+1
2 .
Thetransition rule (qq, & B, gy, +1, & +1, @) of M isrepresented in the transition diagram by an edge that
starts and ends at state g; and carries asimilar label. [

Configurations and Moves of Turing Transducers

On each input x from X* the Turing transducer M has some set of possible configurations. Each
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configuration , or instantaneous description, of the Turing transducer M isan (m + 2)-tuple (uqv, u,qvy, .
-+ » U@V, W), where g isastate of M, uv = ¢x$, uyv; isastring inI* foreach 1< i<Im,andwisa
string in &*. Intuitively, we see that a configuration (ugv, u,Qvy, . . . , UyQVyy,, W) Saysthat M isin state g,
with the input head at the first symbol of v, with the ith auxiliary work tape holding... Buv;B ..., with
the ith auxiliary work-tape head at the first symbol of v;B, and with the output tape holding w (see
Figure 4.1.4).

Figure 4.1.4 A configuration of a Turing transducer.

With no loss of generality it isassumed that Qand £ UT LI { ¢, $} are mutually digoint.

The configuration is said to be an initial configuration if g =qg, u= ¢, w=¢ and uv; =« foreach 1 i <
m. Theinitial configuration says that at the start of a computation the input is stored on the input tape,
delimited by the endmarker ¢ at its left and the endmarker $ at its right. The input head is placed on the
symbol to theright of ¢, that is, on the leftmost symbol of the input when the input is not empty, and on
the right endmarker $ when the input is empty. The auxiliary work tapes are set to contain B's only, and
the finite-state control is set at the initial state.

The configuration is said to be an accepting configuration if g is an accepting state in F.

Example4.1.4 Let M, be the one auxiliary-work-tape Turing transducer of Figure 4.1.3. (¢qpaabaab$,
Jo, £) Istheinitial configuration of M4 on input aabaab. On such an input M, also has the configuration
(¢aabg,aab$, ag,ab, aab). The configurations are shown in Figure 4.1.5(a)
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Figure 4.1.5 Configurations of Turing transducers.

and Figure 4.1.5(b), respectively.

Let M, be the two auxiliary-work-tape Turing transducer of Figure 4.1.6.

Figure 4.1.6 A two auxiliary-work-tape Turing transducer.

On input aabaab the Turing transducer has the initial configuration (¢qgaabaab$, qg, dg, £). Similarly,
(gztaabaab$, agab, gq;Baab, a) is also a configuration of M, on such an input. The configurations are
shown in Figure 4.1.5(c) and Figure 4.1.5(d), respectively. []

The transition rules of the Turing transducer M are used for defining the possible moves of M. Each
move isin accordance with some transition rule. A move on transition rule (g, a by, by, . . ., by, P, dg, C1,

dq, Cy, dy, . . ., Cyy Oy #) Changes the state of the finite-state control from g to p, scans ain the input
tape, moves the input head d, positions to the right, writes p on the output tape, moves the output head |¢|
positions to the right, scans the symbol b; on the ith auxiliary work tape, replaces b; with the symbol c;,
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and moves the ith auxiliary work-tape head d; positionsto theright, for 1 <Ji < m.

A move of M from configuration C; to configuration C, isdenoted C; Iy, C,, or simply C; - C, if M is
understood. A sequence of zero or more moves of M from configuration C; to configuration C, is
denoted C; -, * C,, or simply C; F* C,, if M isunderstood.

Example4.1.5 The Turing transducer whose transition diagram is given in Figure 4.1.3, on input
aabaab has the following sequence of moves between configurations (see Figure 4.1.7).

Fﬂ'ﬂ&!ﬂbﬂ

ITEEYXEELR]

ros AHTgBTSA -

[xeabaahi]
F 4
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[feabFaahil

Figure 4.1.7 A sequence of moves between configurations of the Turing transducer of Figure 4.1.3.

(¢qgaebaab$, qp, €) - (¢ag, abaab$, aqy, a)

- (¢aag,basb$, aaq,, a8)

~ (¢aaba, aab$, aaba,, aah)
F (¢aaba,asb$, aag,b, aab)
F (¢aaba,aab$, ag,ab, aah)
~ (¢aabay,aab$, g,a8b, aah)
F (¢aabg,aab$, g,Baab, aab)
F (¢aabagasb$, qzaab, aab)
- (¢aabagsab$, aggab, ash)
- (¢aabaag3b$, aagsb, aab)
- (¢aabaabuis$, aabas, aab)
F (¢aabaabay,$, aabq,, aab).

The sequenceisthe only one that can start at the initial configuration and end at an accepting
configuration for the input aabaab. [

Determinism and Nondeterminismin Turing Transducers

The nature of determinism and nondeterminism in Turing transducersis similar to that in pushdown
transducers and in finite-state transducers. However, defining these propertiesis simpler for Turing
transducers, because the transition rules scan exactly one symbol in each tape at each move. In the case
of the finite-state transducers and the pushdown transducers, the heads can scan zero or one symbolsin
each move.

Intuitively, we say that a Turing transducer is deterministic if each pair of transition rules that originate at
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the same state do not agree on the symbols they scan in the tapes. On the other hand, a Turing transducer
is nondeterministic if it has apair of transition rules that originate at the same state and that agree on the
symbols they scan in the corresponding tapes.

Formally, a Turing transducer M =<Q, E, I', &, 4, qq, B, F> issaid to be deterministic if there is no pair
of transition rules

I:Er:':r: E'ls"':lﬁm:p: ﬂTD,C1,ﬂT1,...,Cm,CITm,P:I
and
(g, af, b,y b, 0, o, e o, dh, 07

ind suchthat (g, a by, ..., by =(q,a,b'y,...,b,). A Turing transducer is said to be nondeterministic
if it is not a deterministic Turing transducer.

Example4.1.6 The Turing transducer of Example 4.1.2 (see Figure 4.1.3) is anondeterministic Turing
transducer. The pair of transition rules

[glsﬂsﬂsgls-l'l:'j:-l'l:'j] and [qlsa:‘ﬁsﬁrﬂ:[l:ﬁ:_l:ﬁ:l
and the pair
(Erls[[":B:Erls‘I'l:{]!‘l'l:'E'] and (Erls[["!B:ErE:I:ISB:_]-:E]!

are the cause for the nondeterminism of the Turing transducer. Thefirst pair of transition rules agree in
the prefix (g, a B), and the second pair agree in the prefix (q, b, B).

However, the Turing transducer in Figure 4.1.6 is deterministic. None of the transition rules that
originate at the same state agree in the symbols that they scan under the corresponding heads. For
Instance, the pair
(Erﬂs ty H:H:qls +1: H: D:B:D: E:l and |:£r,:|, 'E': B: B: 1, +1: B: I:IJ B: I:IJ E:I
of transition rules disagree in the symbols that they scan in the input tape, and the pair
(EE-:'T: Ly oy fa, :IJ '5: +1: '5:+1: 'E':I and (EE-:'T: '5: '5: i, :IJ iy +1:'j: +1:'j:|

of transition rules disagree in the symbols that they scan in their auxiliary work tapes. [

Computations of Turing Transducers
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The definitions of computations for finite-state transducers and pushdown transducers also apply for
Turing transducers. Specifically, an accepting computation of a Turing transducer M is a sequence of
moves of M that starts at an initial configuration and ends at an accepting configuration. A nonaccepting
, Or rgjecting, computation of M is a sequence of moves on an input x for which the following conditions
hold.

a. The sequence starts from theinitial configuration of M on input x.
b. If the sequenceisfinite, then it ends at a configuration from which no move is possible.
C. M has no accepting computation on input X.

Each accepting computation and each nonaccepting computation of M is said to be a computation of M.
A computation is said to be a halting computation if it consists of afinite number of moves.

Example4.1.7 Consider the deterministic Turing transducer whose transition diagramisgivenin
Figure 4.1.6. The Turing transducer has an accepting computation on agiven input if and only if the

input is of the form ww for some string w in {a, b} *. On an input of the form ww the Turing transducer
writes the string w onto the output tape.

Each computation of the Turing transducer starts by reading the input. Upon reading the odd symbols
from the input, it moves from state g to state g,, while leaving the auxiliary work tapes unchanged.

Upon reading the even symbols from the input, the Turing transducer moves from state g to state q,
while writing c in the first auxiliary work tape.

On inputs of odd length the Turing transducer haltsin state g, when it reaches the right endmarker $. On
the other hand, on inputs of even length the Turing transducer enters state g, when it reaches the right
endmarker $. On moving from state qg to state g, the number of c'sin the second auxiliary work tape
equals half of the length of the input.

In state g,, the Turing transducer reads backward an input of the form xy which satisfies x| = |y|. Asthe

Turing transducer reads y backward it replaces the content clYl of the first auxiliary work tape with the
string y. Then the Turing transducer reads x backward and writes it onto the second auxiliary work tape.

Upon reaching the left endmarker ¢, the Turing transducer makes atransition from state g, to state gs. In
state g3 it scans the two auxiliary work tapes to check that x =y. If the equality holds then the Turing
transducer moves from state g5 to state g,. Otherwise, it haltsin state gs.

The computation that the Turing transducer has on input aabaab is shown in Figure 4.1.8. [
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Figure 4.1.8 A computation of the Turing transducer of Figure 4.1.6.
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By definition, each move in each computation must be on atransition rule that eventually causes the
computation to halt in an accepting state. Whenever more than one such transition rule is possible for a
given move, any of the alternatives can be chosen. Similarly, whenever none of the feasible transition
rules for a given move can lead the computation to halt in an accepting state, then again any of the
feasible transition rules can be chosen.

Aninput x issaid to be accepted , or recognized, by a Turing transducer M if M has an accepting
computation on input X. An accepting computation on input x that terminates in a configuration of the
form (ugv, u;qvy, . . ., UnQVy, W) is said to have an output w. The output of a nonaccepting computation

Is assumed to be undefined.

Asin the cases of finite-state transducers and pushdown transducers, a Turing transducer may have
sequences of moves on inputs that are accepted that are not considered to be computations.

Example4.1.8 Consider the nondeterministic Turing transducer whose transition diagram is given in
Figure 4.1.3. The Turing transducer accepts an input if and only if it is of the form ww for somew in {a,

b} *. On such an input ww it provides the output w.

Each computation of M, on anonempty input Xy starts by reading x. As M, reads x from the input tape it
writes the string onto the auxiliary work tape. At the end of x, which is found nondeterministically, M4
switches from state g, to state g,.

In state g,, the Turing transducer M ; moves backward across the copy of x that is stored in the auxiliary
work tape until it locates the first symbol in the string. Then M, switches to state ga.

In state g3, M, checks that the remainder y of the input is equal to the string x stored on the auxiliary
work tape. The Turing transducer accepts the input if and only if it determinesthat x =y. [

Other definitions, such as the relations that Turing transducers compute, the languages accepted by them,
and the languages decidable by them, are similar to those given for finite-state transducers in Section 2.2,
and for pushdown transducers in Section 3.2.

Example4.1.9 The nondeterministic Turing transducer M 4, whose transition diagram is given in
Figure 4.1.3, and the deterministic Turing transducer M, whose transition diagram is given in
Figure 4.1.6, compute the relation { (ww, w) |wisin{a, b}* }.[]

A languageis said to be arecursively enumerable language if it is acceptable by a Turing transducer.
The language is said to berecursiveiif it is decidable by a Turing transducer.

Turing Machines
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Turing transducers whose output components are ignored are called Turing machines. Formally, for m =
0 an m auxiliary-work-tape Turing machineis aseven-tuple<Q, &, I, 4, qq, B, F>, where Q, E, T, qq, B,
and F are defined as for Turing transducers, and i isarelation from Q x (EU{¢, $}) xI'Mto Q x {-1, O,
+1} x (I' x {-1, 0, +1})M. A mathematical system M issaid to be a Turing machineif it isan m auxiliary-
work-tape Turing machine for some m.

Transition diagrams similar to those used for representing Turing transducers can aso be used to
represent Turing machines. The only differenceis that the labels of the edges do not contain entries for
outputs.

Example4.1.10 The Turing machine that isinduced from the Turing transducer of Figure4.1.3is
shown in Figure 4.1.9. [

ai=1 b+ a0 WD a0 B0 ai=1 b+l
fla+l, 841 alo=1,afa-1 wh-1, Wh-1 wla+l, ba

ai L LA ]

 \BE+1L BB

Figure 4.1.9 An one auxiliary-work-tape Turing machine.

A Turing machineis called alinear bounded automaton or just an LBA, if for each given input x the
Turing machine visits at most max(|x|, 1) locations in each of the auxiliary work tapes.

Other definitions, such as those for deterministic and nondeterministic Turing machines, their
configurations, and the moves between these configurations, are similar to those given for Turing
transducers.

Church's Thesis

Over the years, various characterizations have been offered to describe the concept of computability.
These characterizations were derived using different approaches, including the models of deterministic
Turing transducers. However, it turned out that all these characterizations are equivalent in the sense that
one can effectively go from one characterization to another. The equivalency of the different
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characterizations suggests the following conjecture (which traditionally is stated in terms of Turing
transducers).

Church'sThesis A function is computable (respectively, partially computable) if and only if itis
computable (respectively, partially computable) by a deterministic Turing transducer.

One cannot expect to be able to prove the correctness of Church's thesis, because of the lack of aprecise
specification for the intuitive notion of computability. The best one can expect isan increase in
confidence, due to the failure of finding counter examples.

[next] [front] [up]
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4.2 Programs and Turing Transducers

From Programs to Turing Transducers
From Turing Transducers to Programs

The definition of a program relies on the notion of computability of functions and predicates. In the cases of finite-memory
programs and recursive finite-domain programs, the computability of the program's functions and predicates isimplied by the
finiteness of the domains of the variables. On the other hand, for the general class of programs the issue of the computability of
the functions and predicates needs to be resolved explicitly.

From Programs to Turing Transducers

By Church's thesis a program'’s functions and predicates can be assumed to be computable by deterministic Turing transducers.
Consequently, a similar assumption can be used when showing that programs can be simulated by Turing transducers.

Consider any program P. Let D denote the domain of the variables of P and E be a binary representation for D. Then P can be
simulated by a Turing transducer M of the following form.

M dedicates one auxiliary work tape for each of the variables of the program P. Each input "vy, . . ., v,," of the program Pis
presented to M by astring of the form E(vq)#...#E(v,). Each output "wq, . . ., w;" of Pisrepresented in M by astring of the
form #E(w)#. .. #E(w,). E(u) stands for the binary representation of u.

For each instruction of the form read x, the Turing transducer M has a component that reads the representation E(v) of the next
input value v of P and storesit in the auxiliary work tape that corresponds to x. Similarly, for each instruction of the form write
X the Turing transducer M has a component that copies onto the output tape the content of the auxiliary work tape that
corresponds to Xx.

For each instruction of theformy :=1f(xy, . . ., X,y,) the Turing transducer has a component similar to the deterministic Turing
transducer that computes the function f(x 4, . . ., X,,). The main difference is that the component getsthe valuesof X 4, ..., Xy,

from the auxiliary work tapes that correspond to the variables instead of from the input, and instead of writing onto the output
tape the component writes the value of the function onto the auxiliary work tape that correspondstoy.

In asimilar manner M has a component corresponding to each of the other instruction segmentsin P, as well as a component for
recording the initial values of the variables of P. Moreover, the components are arranged in M in the same order asin P.

By construction, the Turing transducer M is deterministic when the program P is deterministic.

Example4.2.1 Let Pbethe programin Figure4.2.1.
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do
y =7
or
if x£y then
reject
wite y
read x

until x =0
i f eof then accept

Figure4.2.1 A program.

Assume the set of natural numbers for the domain of the variables of the program, with O as an initial value.

Figure 4.2.2(a)
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Figure4.2.2 (a) A schemaof a Turing transducer M that simulates the program of Figure 4.2.1. (b) A transition diagram for
M. (The asterisk * stands for the current symbol under the corresponding head.)

shows the schema of a Turing transducer M that simulates P. The first auxiliary work tape of M is used for recording the values
of x. The second is used for recording the values of y, and the third is used for recording the values of predicates (O for false
and 1 for true).

Figure 4.2.2(b) gives the transition diagram of M. Each of the components of M starts and ends each subcomputation with each
of the heads of the auxiliary work tapes positioned at the leftmost, nonblank symbol of the corresponding tape.

The component "Initiate the variables" records the value O in the first and second auxiliary work tapes.
The component "do... or ... " nondeterministically chooses to proceed either to the component "y := ?" or to "if x£y then."

In state g, the component "y := ?" erases the value recorded in the second auxiliary work tape for y. Then the component enters
state g3 where it records a new value for y, which is found nondeterministically.

The component "if x=£ y then" locates in state g4 the rightmost digitsin x and y. In state g5 the component moves backward

across the digits of x and y and determines whether the corresponding digits are equal. If so, the component stores the value O
in the third auxiliary work tape. Otherwise, the component stores the value 1. In state gg the component |ocates the leftmost

digitsof x and y, and depending on the value stored on the third auxiliary work tape transfers the control either to the
component "reject” or to "writey."

The component "writey" outputs the symbol # in state gg, and the value of y in state gq. Then it returns to the leftmost symbol
ofy.

The component "read x" verifies in state g4 that the input has a value to be read and reads it in state g;,. Then in state g,3 the
component locates the leftmost digit of x.

The component "until x = 0" checks whether x is0in state g,4. If S0, the component stores 1 in the third auxiliary work tape.
Otherwise, the component stores 0. In state g;5 the component locates the leftmost digit of x, and then, depending on the value
stored on the third auxiliary work tape, either moves to the component "do...or ..." or to "if eof then accept.”

The component "if eof then accept” moves from state ;5 to the accepting state g, if and only if the end of the input is reached.
L]

From Turing Transducers to Programs

Asaresult of the previous discussion, we see that there is an algorithm that translates any given program to an equivalent
Turing transducer. Conversely, thereis also an algorithm that, for any given Turing transducer M = <Q, E, T, &, 4, q, B, F>,
provides an equivalent program.

The program can be table-driven and of the form shown in Figure 4.2.3.

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourse2.html (3 of 8) [2/24/2003 1:49:31 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourse2.html

/* Record the initial configuration (ugqv, uQvy, . . ., UV W
of M (see Figure 4.1.4).
*/
state : = Qg
u:==¢
v 1= get(input)
for j :=1to mdo
begi n
up 1= B. B
vi 1= B. B

end
W= ¢
do

/* Check for acceptance conditions. */
if F(state) then

begi n
wite w
i f eof then accept
rej ect
end
/* Determne the transition rule
(state, a, by, . . . , by, next_ state, dg, ¢4, dy, . . . Cp dy #
to be used in the next sinulated nove.
*/
a:=top (v); by :=top (vy);:, . . . ; byp:=top (vy
(next_ state, dg, ¢4, dg, . . . , Cn dyn # :=d(state, a, by, . . ., by
/* Record the changes in the input head position. */
case
do = -1: a :=top (u); pop (u); push (v, a)
do = +1: push (u, a); pop (V)
end
/* Record the changes in the auxiliary work tapes and in their correspondi ng
head positions.
*/
for j =1 to mdo
case
dj = -1t pop (v;); push (v;, ¢j); by 1=top (uj);

pop (u;); push (vj, bj)
dj = 0: pop (vj); push (vj, cj)
dj = +1: push (u;, c¢;); pop (vj)
end
/* Record the output and nodify the state. */
w = append (w, #
state := next_ state
until false
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Figure 4.2.3 A table-driven program for simulating Turing transducers.

The program simul ates the Turing transducer in a manner like that of a finite-memory program in Section 2.2 simulating afinite-
state transducer. It isalso similar to arecursive finite-domain program in Section 3.2 simulating a pushdown transducer. The
main difference isin the recording of the content of the tapes.

The variables of the program are assumed to have the domain of natural numbers. Intuitively, however, we consider the
variables as having the domain QU ({ ¢, $} UE)* UI* UA* U{-1, 0, +1}.

For each of the nonoutput tapes of M the program has a pair of "pushdown" variables. One pushdown variable is used for
holding the sequence of characters on the tape to the left of the corresponding head (at the given order). The other is used for
holding the sequence of characters on the tape from the corresponding head position to itsright (in reverse order). The pair of
pushdown variablesu and v is used for the input tape. The pair u; and v; isused for the ith auxiliary work tape. The variable w

is used for recording the output, and the variable st at e isused for recording the state.

Example4.2.2 The program records the configuration (¢aabgsaab$, gzaab, aab) in the following manner (see Figure 4.2.4(a)).

— _—
|_"""' | toubaahs

KN | i|
e T T

HftgahHRR II-"

A=

Figure 4.2.4 Configurations of a Turing transducer.

state =03
u = Caab
v = $baa
u;=B...B
v, =B...Bbaa
w = aab

Similarly, the program records the configuration (¢aabagzab$, agzab, aab) in the following manner (see Figure 4.2.4(b)).

state =0
u = ¢aaba
v = $ba
u;=B...Ba
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vi=B...Bba
w = aab
[

A simulation of a head movement to the right involves the pushing of a symbol to the first pushdown variable, and the popping
of asymbol from the second. Similarly, a simulation of a head movement to the left involves the popping of a symbol from the
first pushdown variable, and the pushing of a symbol to the second.

The program uses top (var ) to determine the topmost symbol in var . The program uses pop (var ) to remove the topmost
symbol from var , and it uses push (var , ch) and append (var , #) to push ch and #, respectively, into var .

v :=get (i nput ) isassumed to be a code segment as shown in Figure 4.2.5(a).

read i nput
v :=$%
if not enpty (input) then
do
char := top (input)
i f not input_ synbol (char) then reject
pop (input)
push (v, char)
until enpty (input)

(@

next_ state := g ge(State, a, by, . . ., by

¢y =14, (state, a, by, . . ., by

Cp ' = écm(state, a, by, . . ., by

d; :=4dqg, (state, a, by, . . . , by

dpm = dq (state, a, by, . . ., by

P ;= dp (state, a, by, . . . , by

(b)

next _ state := ?

c, =7

Cm = ?

dO =7

dm =7

¢ = ?

if not &, g(state, a, by, . . . , b, next_ state,
dgo, €4, dy, . . ., Cyn dn # then reject

(©)
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Figure 4.2.5 (a) The code segment v := get (i nput ). (b) The code segment (next _ state,dg, €4, dq, ..., Cpp, Ay, #) 1=
d(state,a,by,...,b,,) foradeterministic Turing transducer. (c) The code segment (next _ st at e, dg, C1,
dq,...,Cqpdy, #) i=d(state,a,by,...,by,) for anondeterministic Turing transducer.

F(st at e) is assumed to be a table lookup function specifying whether st at e holds an accepting state. (next _ st at e, dg,
€y, dq, ..., Cqpdy, #) i=d(state,a,by,...,by,) isassumed to be a code segment as shown in Figure 4.2.5(b) for
deterministic Turing transducers, and a code segment as shown in Figure 4.2.5(c) for nondeterministic Turing transducers. dg e,
Ecl, cee Ecm, Edo, Cee Edm, de, dyon @re assumed to be table lookup functions specifying the desired information.

Example 4.2.3 For the deterministic Turing transducer M, whose transition diagram is given in Figure 4.1.6, the following
equalities hold.

Sgate(do, @ B, B) = oy
3c,(d0, & B, B) =B
dc(do, @ B,B) =B
= (0o, & B, B) =¢
¥q,(do, @ B,B) = +1
3q,(dor @ B, B) =0
3q,(do» @ B,B) =0

Ssate(d2, & C. B) = qp
i (acB)=a
dc(daC,B)=B
e (00,8, C, B) =¢
bg(d & € B)=-1
by (0 acB)=-1
bg(Gp. @ €, B) =0

For the nondeterministic Turing transducer M,, whose transition diagram is given in Figure 4.1.3, the following equalities hold.

diran(do, @ B, a1, +1, & +1, @) = true
dran(do, By B, 0y, +1, b, +1, b) = true
diran(do $ B, 0g, 0, B, 0, €) = true
Sran(Clo, @ b, 02, 0, B, +1,¢) = false

For M4 and M, the equalities F(q) = true, and F(qp) = F(a;) = F(dy) = F(ag) = false hold. [

The program represents each of the symbolsinQUEUTUAU{¢, $, -1, 0, +1} by adistinct number between 0 and k - 1, where
k denotes the cardinality of QUELTUALI{¢, $, -1, 0, +1}. In particular, the blank symbol B is assumed to correspond to O.
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The variables are assumed to hold natural numbers that are interpreted as the strings corresponding to the representations of the
numbersin base k.

top (var) returns the remainder of var divided by k. push (var, ch) assignsto var thevaluevar x k + ch. pop (var ) assigns
tovar theinteger value of var divided by k. empty (var ) providesthe value trueif var =0, and providesthe value false
otherwise. input_ symbol (char ) isassumed to provide the value trueif char holds a symbol from X, and provides false
otherwise. append (var , £) returnsk x var + pif £ 0, and returns the value of var if ¢ = 0.

Example4.2.4 Let M be the deterministic Turing transducer whose transition diagram is given in Figure 4.1.6. For such an M
theset QUIUTUAU{C, $,-1,0,+1} isequa to{B, a b, c, ¢, $, -1, 0, +1, qg, 01, G, O3, d4} and has cardinality k = 14. Under
the given order for the elements of theset QUELUT LA U{¢, $, -1, O, +1}, the empty string ¢, aswell asany string B ... B of

blank symbols, is represented by 0. aisrepresented by 1, and b is represented by 2. On the other hand, the input string abbab is
represented by the natural number

44312 =(((1.14+2).14+2).14+1) .14+ 2

=1.144+2.143+2.142+1.141 + 2. 140,
[

An obvious distinction between programs and Turing transducersisin the primitiveness and uniformity of the descriptions of
the latter. These characteristics contribute to the importance of Turing transducersin the study of computation.

[next] [prev] [prev-tail] [front] [up]
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[next] [prev] [prev-tail] [tail] [up]

4.3 Nondeterminism versus Determinism

From Nondeterminism to Determinism
Deterministic Turing Transducers with Two AuxiliaryWork Tapes

Nondeterministic finite-state transducers can compute some functions that no deterministic finite-state
transducer can. Similarly, nondeterministic pushdown automata can accept some languages that no
deterministic pushdown automaton can. However, every language that is accepted by a nondeterministic
finite-state automaton is also accepted by a deterministic finite-state automaton.

From Nondeter minism to Determinism

The following theorem rel ates nondeterminism to determinism in Turing transducers.

Theorem 4.3.1 Every Turing transducer M, has a corresponding deterministic Turing transducer M,
such that

a M, acceptsthe sameinputsas My, that is, L(M5) = L(M,).

b. M, halts on exactly the same inputsas M.

C. Mjhasan outputy on agiveninput only if M4 can output y on such an input, that is, R(My)
R(M,).

Proof Consider any m auxiliary-work-tape Turing transducer M, and any input x for M4. Let Ty, . . .,
Ty denote the transition rules of M. Let Cj - denote the configuration that M reaches on input x from

itsinitial configuration, through a sequence of moves that uses the sequence of transition rules Tig=ee Tip
If no such sequence of movesis possible, then C; i Is assumed to denote an undefined configuration.

The desired Turing transducer M, can be a deterministic m + 1 auxiliary-work-tape Turing transducer of
the following form.

M, on the given input X searches along the sequence Ce, C4, Cy, ..., C;, C11, C1o, . .., Gy, C111, Cr10, -
.., Cyyp» - . . for an accepting configuration of M4 on input x.

M, halts in an accepting configuration upon reaching an accepting configuration of M. M, haltsin a
rejecting configuration upon reaching at, such that all the configurations Ci-i, of M, areundefined. In

an accepting computation, M, provides the output associated with the accepting configuration of M.
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A computation of M, on input x proceeds as follows. M, liststhe strings =i;...i;in{1,...,r}* onits

first auxiliary work tape, one at atime, in canonical order until either of the following two conditions
holds (see the flowchart in Figure 4.3.1).

T T
|.-\.||||:I'!|§,||||| |l|||I d
AeQiicois ol btraiiakivien
rdles it M that siars @l
theinniinl confaguwrng on
on fhe givel mpul

Trnniirm
iale £, LoEs
M enfler an

accepiing
L1E Y1

Wrile the il

Lhal cojlesponcs L
the pequence g - T
nmd peoepl

.r]l'l-' L ]

Figure4.3.1 "Simulation" of a nondeterministic Turing transducer M1 by a deterministic Turing
transducer M.

a Ms,determinesastringee=iq...i¢in{1, ..., r}*, such that Ci-i, IS an accepting configuration of
M on input x. Such a configuration corresponds to the accepting computation Ce - Cil F...FC -
i, of M1 oninput x. In such acase, M, has the same output as the accepting computation of M,
and it halts in an accepting configuration.

M, finds out whether agiven G -; is adefined configuration by scanning over the string iy .. . i
while trying to trace a sequence of moves Cet C;_ ...+ Cj - of My oninput x. During the
tracing M, ignores the output of M;.

M, usesits input head to trace the input head movements of M. M, usesits finite-state control to
record the states of M 1. M, usesm of its auxiliary work tapes to trace the changesin the
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corresponding auxiliary work tapes of M.

M, determines the output of M, that correspondsto agiven string i4 ... iy by scanning the string
and extracting the output associated with the corresponding sequence of transition rules Tig - Tip

b. M, determinesat, such that C; - isan undefined configuration for al the stringsct =iy ...i¢in
{1,...,r}*.Insuch acase, M, hatsin anonaccepting configuration.

M determinesthat agiven string iy ... it corresponds to an undefined configuration Cj - ;. by
verifying that M1 has no sequence of moves of the form G- C; F...F C; =; oninput x. The
verification is made by atracing similar to the one described in (a).

M, uses aflag initsfinite-state control for determining the existence of at, such that C; - are
undefined configurationsfor al i;...i;in{1, ..., r}*. M, setstheflag to 1 whenever t is
increased by 1. M, setsthe flag to O whenever astring iy ... iy is determined, such that C; - isa
defined configuration. M, determines that the property holds whenever t isto be increased on a
flag that contains the value of 1.1

Example4.3.1 Let M be the nondeterministic, one auxiliary-work-tape Turing transducer given in
Figure 4.3.2(a).
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Figure 4.3.2 (a) A nondeterministic Turing transducer M. (b) A deterministic Turing transducer that
computes the same function as M. (The asterisk * stands for the current symbol under the
corresponding head.)

M, computes therelation { (ww'®, wrev) |wisin{a, b}* }. On input abba the Turing transducer M, has
an accepting computation CsF- C1 - C1oF CioqF CqougF Croae5 F Croag57 that corresponds to the
sequence of transition rules T, ToT4TgTsT7.

Let M, be the deterministic Turing transducer in Figure 4.3.2(b). M, computes the same function as M 4
and is similar to the Turing transducer in the proof of Theorem 4.3.1. The main difference is that here M,
halts only in its accepting computations.

On input abba the Turing transducer M, liststhe stringsin {1, ..., 7}* onitsfirst auxiliary work tape,
one at atime, in canonical order. The Turing transducer M, checks whether each of those stringsa =i ..
.1 defines an accepting computation Ce+ C;_F...F Cj - of M.

The Turing transducer M, detects that none of the strings™ ", "1, ..., "7","11",...,"77",...,"111
111",...,"124656", representing the sequencese, T4, ..., T7, T1T1, - -+ » T777, -« o, T1TIT1T1T1T L, - -
., T1ToT4T6TsTg, respectively, corresponds to an accepting computation of M4, on input abba. Then M,
determinesthat the string"124 65 7", which represents the sequence T,T,T4T6T5T7, COrresponds to an
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accepting computation of M4 on input abba. With this determination, the Turing transducer M, writes the
output of this computation, and haltsin an accepting configuration.

M, uses the component "Trace on " to check, by tracing on the given input, that there exists a sequence
of movesof My of theform G- C; k... Cj -, forthea=iy...i; that is stored in the first auxiliary

work tape of M. Such a sequence of moves corresponds to an accepting computation of M if and only
if 7 = 7. The component "Trace on " is essentially M, modified to follow the sequence of transition

rules dictated by the content of the first auxiliary work tape of M.

M, uses the components "Find the end of or," "Determine the next o, "Find the blank beforew,” "Find ¢

on the input tape," and "Erase the second auxiliary work tape" to prepare itself for the consideration of
the next  from the canonically ordered set {1, ..., 7}*.

Deterministic Turing Transducers with Two Auxiliary
Work Tapes

The following proposition implies that Theorem 4.3.1 also holds when M, is a deterministic, two
auxiliary-work-tape Turing transducer.

Proposition 4.3.1 Each deterministic Turing transducer M has an equivalent deterministic Turing
transducer M, with two auxiliary work tapes.

Proof Consider any deterministic, m auxiliary-work-tape Turing transducer M. On agiven input X,
the Turing transducer M, simulates the computation Cy - C; F C, |-... that M has on input x.

M, starts by recording the initial configuration Cq = (¢ggx$, dg, - - -, dg, ) Of M7 oninput X. Then M,
repeatedly replaces the recorded configuration C; of M4, with the next configuration C; ., of the
simulated computation.

M, halts upon reaching a halting configuration of M. M, halts in an accepting configuration if and only
if it determines that M, does so.

M, records a configuration C; = (uqv, u,Qvy, . . ., UnQvy,, W) of M4 in the following manner. The state q
is stored in the finite-state control of M. The input head |location of M, is recorded by the location of the
input head of M. The output w of M, is recorded on the output tape of M. The tuple (uy, v4, . . ., U,
Vi) isstored as a string of the form #u #v #. .. #u#Vv# on an auxiliary work tape of M,, where#is
assumed to be anew symbol. The tupleis stored on the first auxiliary work tape of M, wheni iseven
and on the second auxiliary work tape when i is odd.

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourse3.html (5 of 7) [2/24/2003 1:49:42 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourse3.html

The Turing transducer M, starts a computation by laying a string of (2m + 1) symbols# in the first
auxiliary work tape. Such a string represents the situation in whichu; =vq =...= Uy, =V, =& M>
determinesthe transition rule (g, & by, by, . .., by, P, dg, €1, dg, €5, 0y, . . ., Cyy, Ay, #) tObEUSEd N A
given move by getting g from the finite-state control, a from the input tape, and by, . . ., b, from the
auxiliary work tape that records #u.#v # ... #u #v #. L]

Example4.3.2 Let M, bethe Turing transducer whose transition diagram is given in Figure 4.3.3(a).

Find ¥ ie (ke inpui,

L]
W
and travarse § M
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Figure 4.3.3 The segment of the Turing transducer in part (b) determines the transition rule used by
the Turing transducer in part (a) from state q;.

The Turing transducer M, in the proof of Proposition 4.3.1 can use asegment D asin Figure 4.3.3(b) to
determine the transition rule that M ; uses on moving from state q;.

D assumesthat M4 isin configuration (uq,v, U1g;Vy, - - . , Und1Vm, W), that M5 isin state gy, that
Hu Hv # .. Hu BV IS stored on the first auxiliary work tape of M, and that the head of the first
auxiliary work tape is placed on the first symbol of #u #v #... #u v #. L]

Since Turing transducers can compute relations that are not functions, it follows that nondeterministic
Turing transducers have more definition power than deterministic Turing transducers. However,
Theorem 4.3.1 implies that such is not the case for Turing machines. In fact, Theorem 4.3.1 together with

Proposition 4.3.1 imply the following corollary.

Corollary 4.3.1 A function is computable (or, respectively, partially computable) by a Turing
transducer if and only if it is computable (or, respectively, partially computable) by a deterministic, two
auxiliary-work-tape Turing transducer.

[next] [prev] [prev-tail] [front] [up]
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4.4 Universal Turing Transducers

A Representation for Turing Transducers
A Universal Turing Transducer

Programs are written to instruct computing machines on how to solve given problems. A program Pis
considered to be executable by a computing machine A if A can, when given P and any x for P, simulate
any computation of P on input X.

In many cases, a single computing machine can execute more than one program, and thus can be
programmed to compute different functions. However, it is not clear from the previous discussion just
how general a computing machine can be. Theorem 4.4.1 below, together with Church's thesis, imply
that there are machines that can be programmed to compute any computable function. One such example
is the computing machine D, which consists of a"universal" Turing transducer U and of atrandator T,
which have the following characteristics (see Figure 4.4.1).

']
a1 Lhutgauir of &
Lyt '

(M yy | LY sl

[ ratrisliskos i y | HHEE Chitput ol P
' ] ’ ‘.. ..I“.::11 .| > fn |:|[|||I 1
{

Figure 4.4.1 A programmable computing machine D.

o

U isadeterministic Turing transducer that can execute any given deterministic Turing transducer M.
That is, U on any given (M, x) simulates the computation of M on input x (see the proof of
Theorem 4.4.1).

T isadeterministic Turing transducer whose inputs are pairs (P, x) of programs P written in some fixed
programming language, and inputs x for P. T on agiven input (P, X) outputs x together with a
deterministic Turing transducer M that is equivalent to P. In particular, if Pisadeterministic Turing
transducer (i.e., aprogram written in the "machine" language), then T isatrivial trandator that just
outputsitsinput. On the other hand, if Pisa program written in ahigher level programming language,
then T isacompiler that provides a deterministic Turing transducer M for simulating P.

When given an input (P, x), the computing machine D provides the pair to T, and then it feeds the output
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(M, x) of T to U, to obtain the desired output of P on input x.

Definitions A universal Turing transducer U is adeterministic Turing transducer that on any given
pair (M, x), of adeterministic Turing transducer M and of an input x for M, simulates the behavior of M
on X. Inputs that do not have the form (M, x) are rgjected by U. Universal Turing machines are defined
similarly.

It should be noted that apair (M, X) is presented to a universal Turing transducer in encoded form, and
that the output of the universal Turing transducer is the encoding of the output of M on input Xx. For
convenience, the mentioning of the encoding is omitted when no confusion arises. Moreover, unless
otherwise stated, a "standard" binary representation isimplicitly assumed for the encodings.

A Representation for Turing Transducers

In what follows, astring is said to be a standard binary representation of a Turing transducer M = <Q, E,
I, 4,4 qg B, F>if itisequa to E(M), where E is defined recursively in the following way.

E(M) = E(F)01E(#).
E(F) = E(pq) ... E(py) for some ordering {py, . . ., py} Of the states of F.

E(B) = 0 isthe binary representation of the blank symbol.
E(3) = E(T1)01E(T5)01... 01E(T,)01 for some ordering {4, . . ., T,} of the transition rules of 4.

E(r) = E(Q)E(Q)E(by) - . - E(by) E(D)E(d)E(C)E(d)y) . . . E(Cry) E(dy)E(p) for each 7= (g, a, by, . ..

, by, P, dgy €1, 1, - ., Gy Dy ) iDL

E(d) =011 for d =-1, E(d) = 0111 for d =0, E(d) = 01111 for d = +1, and E(#) = O for an output ¢

—E.

g. E(q;) = 01+2for each state g; in Q, and some ordering qg, . . . , g5 of the states of Q. Note that the
order assumesthe initial state g, to be the first.

h. E(g) = 01+1 for each symbol g in EUT LA LU{¢, $}) - {B} and someorder {e;, ..., e} in

whiche;=¢and e, = $.

® 2o T

—h

Intuitively, we see that E provides a binary representation for the symbols in the al phabets of the Turing
transducer, a binary representation for the states of the Turing transducer, and a binary representation for
the possible heads movements. Then it provides arepresentation for a sequence of such entities, by
concatenating the representations of the entities. The string 01 is used as separator for avoiding
ambiguity.

By definition, a given Turing transducer can have some finite number of standard binary representations.
Each of these representations depends on the order chosen for the statesin Q, the order chosen for the
symbolsin(EUT UAL{¢, $}) - {B}, the order chosen for the states in F, and the order chosen for the
transition rulesin 4. On the other hand, different Turing transducers can have identical standard binary
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representations if they are isomorphic, that is, if they are equal except for the names of their states and
the symbolsin their a phabets.

Example4.4.1 If M isthe Turing transducer whose transition diagram is given in Figure 4.1.3, then
E(M) can be the standard binary representation

E{ga)01E({go, 0, B, 01, +1,a,4+1,a)01 --- 01 E(ga, §, B, e, 0, B,0,¢)01 =
B(ga)01E(go) E(a) B(B)E(q1) - E(g2) B(3) E(B)B(ga) B(1) E( B) B(1) B(c)01

where E(q) = 011, E(qy) = 0111, E(qp) = 01111, E(qg) = 011111, E(q) = 0111111, E(B) = 0, E(¢) =
011, E($) = 0111, E(a) = 01111, . ..

0 and 00 are examples of binary strings that are not standard binary representations of any Turing
transducer.

The string

o = 01*0101301*0013@1*01*01*@150101301500130130

01300101301*01*01301*0013001013013001*0150013001

represents a Turing transducer with one accepting state and four transition rules. Only the first transition
rule has a nonempty output. The Turing transducer has one auxiliary work tape. []

E(M)01E(¢x$) is assumed to be the standard binary representation of (M, x), with E(¢x$) = E(¢)E(ay) ...
E(a,)E($) whenx = a; ... &,

A Universal Turing Transducer

The proof of the following result provides an example of a universal Turing transducer.
Theorem 4.4.1 Thereexistsauniversal Turing transducer U.

Proof U can be atwo auxiliary-work-tape Turing transducer similar to M, in the proof of
Proposition 4.3.1. Specifically, U starts each computation by checking that itsinput isapair (M, x) of
some deterministic Turing transducer M =<Q, , T, 4, 4, qy, B, F> and of someinput x for M (givenin

standard binary representation). If the input is not of such aform, then U haltsin a nonaccepting
configuration. However, if theinput is of such aform, U simulates a computation of M on x.

U, like M5, uses two auxiliary work tapes for keeping track of the content of the auxiliary work tapes of
M. However, U also uses the auxiliary work tapes for keeping track of the states and the input head
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locations of M. Specifically, the universal Turing transducer U records a configuration (ugv, u,qvy, . . .,
UnQVim, W) Of M by storing #E(q)#UHE(u)#E(v)#. . . #E(U)#E(V)# in an auxiliary work tape, and
storing E(w) in the output tape.

To determine the transition rule (g, &, by, . . ., by, P, dg, €1, dg, - . ., Cyyy Ay, #) that M usesin asimulated
move, U extracts the state g and the symbols a, by, . . ., by,. U records the string E(q)E(8)E(by) ... E(by)

in the auxiliary work tape that does not keep the configuration of M that isin effect. Then U determines
P, dg, C1, dy, . . ., Cyy, Ay £ DY searching E(M) for the substring that follows a substring of the form

01E(G)E@E(DY) ... E(by). [

[next] [prev] [prev-tail] [front] [up]
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4.5 Undecidability

A Proof by a Generic Approach
Proofs by Reduction

The finiteness of memory and the restricted access to it, respectively, constrain the capabilities of finite-
state transducers and pushdown transducers. In the case of Turing transducers, however, none of the
constraints made on memory is significant, because they can al be removed and still the transducers
acquire no more definition power. Y et there are languages that Turing transducers cannot decide or even
accept. The intuitive explanation for this phenomenon is that each Turing transducer is a description of a
language (i.e., a set of strings), which itself has a description by a string. Consequently, there are more
languages than Turing transducers.

Specifically, each language over an alphabet X is a subset of X*. The set of all the languages over X isthe
power set 22" which is uncountably infinite. On the other hand, the number of Turing transducers that
specify languages over X is countably infinite, because they are all representable by strings from X*.

A Proof by a Generic Approach

The proof of the following theorem implicitly uses the previous observation. As with the limitations of
the finite-memory programs in Section 2.4 and the limitations of the recursive finite-domain programsin
Section 3.4, we here use a proof by reduction to contradiction. The variant of the technique used hereis
called a proof by diagonalization , owing to the employment of the diagonal of atable for choosing the
language that provides the contradiction.

Convention  In this chapter x; will denote the ith string in the canonically ordered set of binary strings.
Similarly, M; will denote the Turing machine that has a standard binary representation equal to the ith

string, in the canonically ordered set of the standard binary representations of Turing machines. (With no
loss of generality it is assumed that isomorphic Turing machines are equal.)

Theorem 4.5.1 There are nonrecursively enumerable languages, that is, languages that cannot be
accepted by any Turing machine.

Proof — Let Lot be thelanguage{ (M, X) | The turing machine M accepts the string x }. The language
L accept has atable representation Toeceqr in Which the rows are indexed by M, Mo, M3, . . . the columns
areindexed by X1, X, X3, - . . and each entry at row M; and column x; holds either 1 or O, depending on
whether M; accepts X; or not (see Figure 4.5.1(a)).

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourse5.html (1 of 8) [2/24/2003 1:49:50 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourseb.html

—_—
— | e £ S
I| .l L1 L] - L l”_I = =

Myl o0 [ = & e
11': L . =

M - 1 il - - =
I | i':rl - L] -

.'1':'.1 ] ] L | w M "
M 4 = " W

Ma il | i i " " #

L] L]

M, = & - & & - . - i M, | a 1 I r . _\\ \‘\T-i-..
. e

Represenranion of L giggonal_occept —

Representation of L ggonnl reject —
(b
Figure 4.5.1 (a) Hypothetical table T indicating acceptance of word X; by Turing machine M;. (b)
Representations of L ; agonal_accent and L ; agonal_reject in Taccept:

Each language L can be represented by a vector that holds 1 at itsjth entry if X; isin L, and holds O at its
jtheentry if X isnotin L. In particular, the language L (M;) is represented by the ith row in Tecen-

The approach of the proof is to find alanguage that corresponds to N0 row in Tyecenr, @nd so cannot be
accepted by any Turing machine. One such option is to construct the language from the diagonal of
Taccept-

The diagonal of the table Teceny iS arepresentation of L giagonal_accept = { X [ X = X; and M; acceptsx; }.
Leét L giagonal_reject denote the complementation { x | x = X; and M; does not accept x; } of L giagonal_accept:
Each Turing machine that accepts L giagonal reject IMPlies some row My in Taeeen that holds values
complementing those in the diagonal at similar locations (see Figure 4.5.1(b)). In particular, the kth digit
in row M. must be the complementation of the kth digit in the diagonal. However, the kth digit in row
M isalso the kth digit in the diagonal, consequently implying that no Turing machine can accept the

language L giagonal reject:

The discussion above can be formalized in the following way. For the sake of the proof assume that
L diagonal_reject IS @ccepted by some Turing machine M. Then there exists an index k such that M = M.
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Now consider the string x. For X, either of the following cases must hold.

Casel
Xk 11N Lgiagonal_reject 1N Case 1, the assumption that the Turing machine M accepts the language

L diagonal_reject IMPplies that My accepts the string Xy.. Alternatively, the definition of L giagonal reject
implies that M, does not accept x.. Thus Case 1 cannot hold.

Case?2
Xk isNotin Lgiagonal_reject- SiMilarly, in Case 2, the assumption that My accepts L giagonal reject
implies that M does not accept X.. And alternatively, the definition of L giagonal_reject implies that
M accepts x,.. Hence, implying that Case 2 cannot hold either.

The result follows because for the assumption that thereis a Turing machine M that accepts
L iagonal_reject t0 hold, either Case 1 or Case 2 must hold. [

By Church's thesis adecision problem is partially decidable if and only if there is a Turing machine that
accepts exactly those instances of the problem that have the answer yes. Similarly, the problem is
decidable if and only if there isa Turing machine that accepts exactly those instances that have the
answer yes and that also halts on all instances of answer no.

The proof of Theorem 4.5.1 together with Church's thesis imply the following theorem. The importance

of this theorem stems from its exhibiting the existence of an undecidable problem, and from its
usefulness for showing the undecidability of other problems by means of reducibility.

Theorem 4.5.2 The membership problem is undecidable, and, in fact, not even partially decidable for
I—diagonal_rej ect

Proofs by Reduction

A proof of the undecidability of a given problem by means of reducibility runs as follows (see
Figure4.5.2
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Figure 4.5.2 Reduction of Kg to K 4.

and recall Section 1.5). For the purpose of the proof assume that the given problem K 5 is decidable by
some algorithm A. Find algorithms T¢ and T, that together with A provide an algorithm B, for solving a
known undecidable problem Kpg in the following manner. B, when given an instance |, uses T; to obtain
aninstance ' of K,, employs A on I' to obtain the output S that A providesfor I', and then introduces S
to T, to obtain the output S of B. The undecidability of K5 then follows, because otherwise the
decidability of a problem Kg that is known to be undecidable would have been implied.

The proof of the following theorem is an example of a proof that uses reduction between undecidable
problems.

Theorem 4.5.3  The membership problem for Turing machines or, equivalently, for L secent iS
undecidable.

Proof For the purpose of the proof assume that the given problem is decidable by a hypothetical
algorithm A (see Figure 4.5.3).

. Fex :
Lll:'ln'l-'.-'rll"| l-'urI l.l_l H\Ililllh'lln Ill ﬂr NCFU"—"T '.'I"
e n _.h, olgorithm A
f for [ sccEpi ¥ b II:I.' P‘Tr“.
Construcied “EJ:I‘“I”!”[I B far ‘I'lll.ll_'l'lllu- FE el

Figure 4.5.3 Reduction of the membership problem for L giagona_reject t0 the membership problem for
I-accept-
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Then the membership problem for L giagona_reject €N be decided by an agorithm B of the following
form.

The algorithm B on a given input x uses a converter T; to obtain a pair (M;, X;) such that X = x;. T¢ can

find theindex i for x by listing the binary stringse, O, 00, . . ., x in canonical order, and determining the
index of x in thelist. T; can find M; by listing the binary stringse, O, 1, 00, . . . in canonical order until

the ith standard binary representation of a Turing machine is reached.

The output (M, X;) of T¢isprovided by B to A. Finally B employs T for determining that x isin
L diagonal_reject If A determinesthat X isnot in L gecent, and that X isnot in Lgiagonal reject if A determines
that X isin L geeent-

The result follows from the undecidability of the membership problem for the language L giagonal_reject
(see Theorem 4.5.2). []

The previous theorem and the next one imply that there are nonrecursive languages that are recursively
enumerable.

Theorem 4.5.4  The membership problem for Turing machines or, equivaently, for L ocepn IS partialy
decidable.

Proof L aecent IS accepted by a nondeterministic Turing machine similar to the universal Turing
machine M, in the proof of Theorem 4.4.1. []

Many problems, including the one in the following theorem, can be shown to be undecidable by
reduction from the membership problem for Turing machines.

Theorem 4.5.5 The halting problem for Turing machinesis undecidable.

Proof A Turing machine M does not halt on agiveninput x if and only if M does not accept x and on
such an input M can have an infinite sequence of moves.

An answer no to the halting problem for an instance (M, x) implies the same answer to the membership
problem for the instance (M, x). However, an answer yes to the halting problem for an instance (M, x)
can correspond to either an answer yes or an answer no to the membership problem for the instance (M,
X). The proof of the theorem relies on the observation that each Turing machine M can be modified to
avoid the rgjection of an input in ahalting configuration. With such a modification, an answer yesto the
halting problem at (M, x) also implies the same answer to the membership problem at (M, x).

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourse5.html (5 of 8) [2/24/2003 1:49:50 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourseb.html

For the purpose of the proof assume that the halting problem for Turing machinesis decidable by a
hypothetical algorithm A. Then an algorithm B, which decides the membership problem for Turing
machines, can be constructed employing atranslator T; and the hypothetical algorithm A in the following

manner (see Figure 4.5.4).

T Hypaihenical -

Carvaris:
wlgonihm A
T Whe haliing

prrilileen — 1

Construcied Wlgorithm B lor the ‘

e b ||||' PTOBEETT

Figure 4.5.4 Reduction of the membership problem for Turing machines to the halting problem for
Turing machines.

B provides any given instance (M, x) to T; . T; constructs from the given m auxiliary-work-tape Turing

machine M an equivalent Turing machine M:«, that halts on agiven input if and only if M accepts the
input. Specifically, Mes isjust the Turing machine M with a"looping” transition rule of the form (q, a,
by,...,bn,0,0,bq,0,..., by, 0)added for each nonaccepting state g, each input symbol a, and each
combination of auxiliary work-tape symbolsby, . . ., by, on which M has no next move. B feeds (Mes, X)
to A and assumes the output of A.

The result follows from Theorem 4.5.3, showing that the membership problem is undecidable for L ycept.

[]

Example4.5.1 Let M be the Turing machinein Figure 4.5.5(a).
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Figure 4.5.5 (a) A Turing machine M. (b) A Turing machine Mes that is equivalent to M.

Upon reaching state gg the Turing machine M enters a nonaccepting halting configuration if both the

input head and the auxiliary work-tape head scan the symbol a. M can be modified to enter an infinite
loop in such a configuration by forcing the Turing machine to make a move that does not change the
configuration, that is, by introducing a transition rule of the form (qq, & & qg, 0, &, 0).

Using the notationsin the proof of Theorem 4.5.5, Me4 is the Turing machine in Figure 4.5.5(b). [

The next theorem provides another example of a proof of undecidability by means of reduction.

Theorem 4.5.6 The problem of deciding for any given Turing machine whether the machine accepts a
regular language is undecidable.

Proof Consider any instance (M, x) of the membership problem for Turing machines. From (M, x)
construct a Turing machine M, that accepts{ ab' |i >0} if M accepts x, and that accepts the empty set

iIf M does not accept X.

Specificaly, M, on any given input w starts the computation by checking whether w = ab' for somei
0. If the equality w = ab' holds for no i = 0, then M, rejects w. Otherwise, M, simulates the computation
of M oninput X. In the latter case, M, acceptsw if it determines that M accepts x, and M, rejectsw if it
determinesthat M rejects x.

Consequently, M, accepts a regular language (which is the empty set) if and only if M does not accept x.
The result follows from the undecidability of the membership problem for Turing machines (see
Theorem 4.5.3). [

Example4.5.2 Let M be the Turing machine given in Figure 4.5.6(a).
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Figure 4.5.6 (a) A Turing machine M. (b) A corresponding Turing machine M g4, that accepts { ab' |
i =0} if and only if M accepts ababc.

Let x = ababc. Then M, in the proof of Theorem 4.5.6 can be asin Figure 4.5.6(b). M, has one more
auxiliary work tape than M and consists of three subcomponents M4, M, and M.

M checks that the given input is of the form &bl for somei > 0. M, stores the string ] xBl in the first

auxiliary work tape. M3 isjust M modified to read its input from the first auxiliary work tape. ] and B
are the symbols used in the first auxiliary work tape representing the endmarkers ¢ and $, respectively. [

The universe of the undecidable problems includes numerous examples. For many of these problems the
proof of undecidability is quite involved. The selection that has been made here should be appreciated at
least for the simplification that it allows in introducing the concepts under consideration.

[next] [prev] [prev-tail] [front] [up]
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4.6 Turing Machines and Type 0 Languages

The classes of languages that are accepted by finite-state automata on the one hand and pushdown
automata on the other hand were shown earlier to be the classes of Type 3 and Type 2 languages,
respectively. The following two theorems show that the class of languages accepted by Turing machines
isthe class of Type 0 languages.

Theorem 4.6.1 Each Type O language is arecursively enumerable language.
Proof Consider any Type O grammar G = <N, E, P, S>. From G construct a two auxiliary-work-tape
Turing machine Mg that on a given input X nondeterministically generates some stringw in L(G), and

then accepts x if and only if x =w.

The Turing machine Mg generates the string w by tracing a derivation in G of w from S. Mg starts by
placing the sentential form Sin the first auxiliary work tape. Then M repeatedly replaces the sentential

form stored on the first auxiliary work tape with the one that succeeds it in the derivation. The second
auxiliary work tape is used as an intermediate memory, while deriving the successor of each of the
sentential forms.

The successor of each sentential form ¥ is obtained by nondeterministically searching ¥ for a substring z,
such that & — [ is a production rule in G, and then replacing x by &inT.

Mg uses a subcomponent M to copy the prefix of ¥ that precedesx onto the second auxiliary work tape.

M uses a subcomponent M, to read i from the first auxiliary work tape and replace it by & on the
second.

Mg uses a subcomponent M5 to copy the suffix of ¥ that succeeds i onto the second auxiliary work tape.

Mg uses a subcomponent M, to copy the sentential form created on the second auxiliary work tape onto
the first. In addition, Mg uses M, to determine whether the new sentential formisastring in L(G). If w
isin L(G), then the control is passed to a subcomponent Mg. Otherwise, the control is passed to M.

M uses the subcomponent M5 to determine whether the input string x is equal to the string w stored on
the first auxiliary work tape. [

Example4.6.1 Consider the grammar G which has the following production rules.
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5 = gfSbs§
56 = ¢

The language L(G) is accepted by the Turing machine Mg, whose transition diagram is given in
Figure 4.6.1.
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Figure4.6.1 A Turing machine Mg for simulating the grammar G that has the production rules S—
aSbSand Sh—e.

The components M1, M, and M3 scan from Ieft to right the sentential form stored on the first auxiliary
work tape. As the components scan the tape they erase its content.

The component M, of M uses two different sequences of transition rules for the first and second

production rules: S— aSbS and Sb — £. The sequence of transition rules that corresponds to S — aShS
removes S from the first auxiliary work tape and stores aSbS on the second. The sequence of transition

rules that corresponds to Sb — ¢ removes Sb from the first auxiliary work tape and stores nothing on the
second.
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The component M4 scans from right to left the sentential form in the second auxiliary work tape, erasing
the content of the tape during the scanning. M, starts scanning the sentential form in itsfirst state,
determining that the sentential form is astring of terminal symbolsif it reaches the blank symbol B while
in the first state. In such acase, M 4 transfers the control to Ms. M4 determines that the sentential formis
not a string of terminal symbolsif it reaches a nonterminal symbol. In this case, M4 switches from its
first to its second state. [

Theorem 4.6.2 Each recursively enumerable language is a Type 0 language.

Proof The proof consists of constructing from a given Turing machine M a grammar that can simulate
the computations of M. The constructed grammar G consists of three groups of production rules.

The purpose of the first group isto determine the following three items.

a. Aninitial configuration of M on some input.

b. Some segment for each auxiliary work tape of M. Each segment must include the location under
the head of the corresponding tape.

c. Some sequence of transition rules of M. The sequence of transition rules must start at theinitial
state, end at an accepting state, and be compatible in the transitions that it alows between the
states.

The group of production rules can specify any initial configuration of M, any segment of an auxiliary
work tape that satisfies the above conditions, and any sequence of transition rules that satisfies the above
conditions.

The purpose of the second group of production rulesis to simulate a computation of M. The simulation
must start at the configuration determined by the first group. In addition, the simulation must bein
accordance with the sequence of transition rules, and within the segments of the auxiliary work tapes
determined by the first group.

The purpose of the third group of production rulesis to extract the input whenever an accepting
computation has been ssimulated, and to leave nonterminal symbolsin the sentential form in the other
cases. Consequently, the grammar can generate a given string if and only if the Turing machine M has an
accepting computation on the string.

Consider any Turing machineM =<Q, X, T, 4, qq, B, F>. With no loss of generality it can be assumed
that M is atwo auxiliary-work-tape Turing machine (see Theorem 4.3.1 and Proposition 4.3.1), that no
transition rule originates at an accepting state, andthat N =T'U{ r|Tisind} U{ [q] |qisinQ} U{¢, $,
[, [0, &, # S, A, C, D, E, F, K} isamultiset whose symbols are all distinct.

From M construct agrammar G = <N, X, P, S> that generates L(M), by tracing in its derivations the
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configurations that M goes through in its accepting computations. The production rulesin P are of the
following form.

a. Production rules for generating any sentential form that has the following pattern.
ATy - - - HH$H...BB...H#H...BEB...B#TI-] feeTy,

Each such sentential form corresponds to an initial configuration (¢gga, - .. 8,%, do, dg) of M, and
a sequence of transition rules Tiyves Tip The transition rules define a sequence of compatible states

that starts at the initial state and ends at an accepting state. [T represents the input head, (1]
represents the head of the first auxiliary work tape, and [ZI represents the head of the second
auxiliary work tape. The string B.... B[LIB.... B corresponds to a segment of the first auxiliary
work tape, and the string B.... B[ZIB ... B to a segment of the second.

A string in the language is derivable from the sentential form if and only if the following three
conditions hold.

1. Thestringisequal to g, ... a,.
2. M acceptsa, ... &, in acomputation that uses the sequence of transition rules T, ... ;.

3. B...BIB...B corresponds to a segment of the ith auxiliary work tape that is
sufficiently large for the considered computation of M, 1< i < 2. The position of [{lin the
segment indicates the initial location of the corresponding auxiliary work-tape head in the
segment.

The production rules are of the following form.

5 — @4
4 —= ad For each input symbol o in E.
— §C
¢ —= BC
— [MOp
D —+ BB
— gE
E —+ BE
— [EF
¥ -+ ABF
—  #[vo] For the initial state gq.
[¢] — T[¥] For each pair ¢ and p of states, and for each
transition rule T, suchthat v leaves state ¢ and
enters state p.
[es] — ¢ For each accepting state gy.
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The production rules for the nonterminal symbols Sand A can generate a string of the form ¢[&la,
... a8,$C for each possible input a; ... &, of M. The production rules for the nonterminal symbols C

and D can generate a string of theform B ... B[1IB ... B#E for each possible segment B.... B[1IB.
.. B of thefirst auxiliary work tape that contains the corresponding head location. The production
rules for E and F can generate astring of theform B.... BIZIB ... B#[q] for each possible

segment B... B[ZIB.... B of the second tape that contains the corresponding head location. The
production rules for the nonterminal symbols that correspond to the states of M can generate any
sequence T, ... Tj, of transition rules of M that starts at the initial state, ends at an accepting state,

and is compatible in the transition between the states.
b. Production rulesfor deriving from a sentential form

-':|'I']---

Ty, t@u§ B Buy[Mw B---BFEB -+ - Bua[Dw B - - Br -+ 1y,
which corresponds to configuration F = (ugv$, u;qvy, u,qv,), a sentential form
Tiy ==+ Ty, @B - B[y B---B#B---Bu 2, B -- BTy - T,

which corresponds to configuration f = (0d$, 0,46, 041,). *f and ¥ are assumed to be two
configurations of M such that 7 is reachable from ¥ by a move that uses the transition rule Tiy-

For each transition rule T the set of production rules have

1. A production rule of the form Xt — X for each X in 2. { ¢, $, #}.

2. A production rule of the form [@kra—: r1@la, for each symbol ain T {¢, $} that satisfies
the following condition: T isatransition rule that scans the symbol a on the input tape
without moving the input head.

3. A production rule of the form [@}ra— T[T, for each symbol ain T {¢, $} that satisfies
the following condition: T isatransition rule that scans the symbol ain the input tape
while moving the input head one position to the right.

4. A production rule of the form al@}rb — T[Tlab, for each pair of symbolsaand bin T {¢,
$} that satisfy the following condition: T isatransition rule that scans the symbol b in the
input tape while moving the input head one position to the | eft.

5. A production rule of the form [ilrX — 7Ti1Y for each 1<7i <. 2, and for each pair of
symbols X and Y in I' that satisfy the following condition: T isatransition rule that
replaces X with Y in theith auxiliary work tape without changing the head position.

6. A production rule of the form [idrX — 7Y [ilfor each 1< i < 2, and for each pair of
symbols X and Y in I' that satisfy the following condition: T isatransition rule that
replaces X with Y in theith auxiliary work tape while moving the corresponding head one
position to the right.

7. A production rule of the form XTirY — 711X Z for each 1 <% i <7 2, and for each triplet of
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symbols X, Y, and Z in T that satisfy the following condition: T isatransition rule that
replaces the symbol Y with Z in theith auxiliary work tape while moving the
corresponding head one position to the left.
The purpose of the production rulesin (1) isto transport T from right to left over the nonhead
symbolsin {181, (11, TZ1}, across a representation

wBlp§B---Bu; [Ny B---B#B---BuLw,B--- B

of aconfiguration of M. T gets across the head symbols [d], [T, and [Z] by using the production
rulesin (2) through (7). As T gets across the head symbols, the production rulesin (2) through (7)
"simulate”" the changesin the tapes of M, and the corresponding heads position, because of the
transitionruleT.

c. Production rulesfor extracting from a sentential form

u@lp§ B+ By, Dy B---B#B---BuDw B --- B#,

which corresponds to an accepting configuration of M, the input that M accepts. The production
rules are as follows.

T — K Poreach transition rule T that enters an accepting
state.

THK — K For each transition rule T that does not enter an
accepting state.

Ko — aK Foreachinputsymbolain B.
KX — K ForeachsymbolX inT U {0, (10,21, §, #}.
K - «

[

Example4.6.2 Let M be the Turing machine whose transition diagram is given in Figure 4.5.6(a).
L(M) is generated by the grammar G that consists of the following production rules.

A. Production rulesthat find a sentential form that corresponds to theinitial configuration of M,
according to (@) in the proof of Theorem 4.6.2.
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5 — ¢l04 b -+ BD [ga] —  71[ga]

4 — ad — #E —  Ta[¢o]
— b4 E — BE — Ta[g1]
o oed — [EF [§1] —  Ta[g1]
—  §C ¥ —+ BF —  Tg[g2]

C — BC = #[go] [ga] — ¢
— [Mp

B. "Transporting” production rules that correspond to (b.1) in the proof of Theorem 4.6.2, 1 i < 5.

4Ty  —+ Ty Hry —- T,;,B
bry —  Tb dry — T
cT{ —  TyC iy — b
dr; —  Td #ri = TR

C. "Simulating" production rules that correspond to (b.2-b.4) in the proof of Theorem 4.6.2.

Mra — 7ol Trab — 1,800 [Mrse —  T4[0e
rge —  Tacldl Tred — 100§

D. "Simulating" production rules that correspond to (b.5-b.7) in the proof of Theorem 4.6.2.

B = m Mr.B — 7,118 dlrs B — 7i[11dB
Bllyr.B — =.,[1IFH dllred —  Ta[Ldd Bllirad — 74118 d

TIh'E,H — ’J'E,TILH

B — m[EB Er.B — 7dlE] dZr. B — T [EdB
BiZir,B — T, Z1BB A rad — T[T BlElrad — m4[ZBd

@TE,B — ’TE,@H

E. "Extracting" production rules that correspond to (c) in the proof of Theorem 4.6.2.
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T — K

K — K Fors =1,
Ko — oK

Kt — K

Kc — ¢cXK

Kd —- K

KB —- K

Kl - K Fori =10,1,2.
K}y —- K

K# = K

K = ¢

The string abc has a leftmost derivation of the following formin G.

¢4

¢ @abc§C

4@abc§ BB B AE

486 c$ BB B #BIOB B#yo]
(ot c§BUIE B#BE18 B #1172 TaTaTs
T dal@bc§ BB # BB B#7,T, TaTs
Ty Tt ab e BAIB # B dZ1 B #raTaTs
Ty TaTadab e BT B # BETHE graTe
Ty TaTa Tabab LB J B A B d B
Ty TaTs TaTeGabcDF B dB #EI B JdB #
Ty TaTaTa K ab SN B JB #E B JB#
KabeD$MIBIBRE BB

abe KB JB IR B

abc K 2B J B #

abc K

abec

Ly

L 1 | 1V A 1 1 Vel

[

The sentential forms
n the derivation,
that correspond to
the configurations
in the simulated
computation of M.

Theorem 4.6.2, together with Theorem 4.5.3, implies the following result.

Corollary 4.6.1 The membership problem is undecidable for Type O grammars or, equivalently, for {

(G,x) | GisaTypeOgrammar, and x isin L(G) }.

A context-sensitive grammar isa Type 1 grammar in which each production rule has the form 1A, —
T,aF, for some nonterminal symbol A. Intuitively, a production rule of the form T,AY, — T,xF, indicates
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that A — o can be used only if it iswithin the left context of ¥, and the right context of ¥,. A languageis
said to be a context-sensitive language, if it can be generated by a context-sensitive grammar.

A language is context-sensitive if and only if itisa Type 1 language (Exercise 4.6.4), and if and only if it
Is accepted by alinear bounded automaton (Exercise 4.6.5). By definition and Theorem 3.3.1, each
context-free language is al so context-sensitive, but the converse is fal se because the non-context-free

language { abic! |i > 0} is context-sensitive. It can also be shown that each context-sensitive language is
recursive (Exercise 1.4.4), and that the recursive language L| ga_rgect = { X | X = Xj and M; does not have

accepting computations on input x; in which at most [x;| locations are visited in each auxiliary work tape
} is not context-sensitive (Exercise 4.5.6).

Figure 4.6.2

ol
5} ¢.;_[-f1'ﬁ:'fr},

S L
Y Regular \o
iType 3)

la'bi iz 0

L

tlagensl _rejegt

Figure 4.6.2 Hierarchy of some classes of languages. Each of the indicated languages belongs to the
corresponding class but not to the class just below it in the hierarchy.

gives the hierarchy of some classes of languages. All the inclusions in the hierarchy are proper.

[prev] [prev-tail] [front] [up]
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4.7 Post's Correspondence Problem

The Undecidability of Post's Correspondence Problem
Applications of Post's Correspondence Problem

The Post's Correspondence Problem, or PCP for short, consists of the following domain and question.

Domain:
{ <X, ¥1), - Ko YO>Ik Land Xq, . .., Xy, Y1, - - - Yk @re strings over some alphabet. }
Question:
Arethereaninteger n > 1and indicesiy, . . . , iy for the given instance <(x4, yq), - - ., (X Yi)>
such that ;... X; =Y, ...Yj ? Each sequenceiy, .. ., i, that provides ayes answer issaid to be a

witness for a positive solution to the given instance of PCP.

The problem can be formulated also as a"domino” problem of the following form.

Domain:

(1'1 Th ) T ;: . . . . .
{\|¥],...,|¥|/|kZ1 andeach isadomino card with the string x; on its top and the
string y; onits bottom, 1 <Ci <C k. }

Question:

Givenk > 1 piles of cards

Iy Th
M W

with infinitely many cards in each pile, can one draw a sequence of n > 1 cards

T I
M ‘o
Wiy Wi

LILIERE

from these piles, so that the string i =en X formed on the top of the cards will equal the string Yi,
... y; formed on the bottom?

Example4.7.1 PCP hasthe solution of yes for the instance <(01, 0), (110010, 0), (1, 1111), (11, 01)>
or, equivalently, for the following instance in the case of the domino problem.
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01 110010 1
( a a ,1111|,

1

)

Thetuple (i1, i, i3, 14, 5, 1) = (1, 3, 2, 4, 4, 3) isawitness for a positive solution because X;X3XoX4X4X3 =
Y1Y3Y2YaYayz = 01111001011111. The positive solution has also the witnesses (1, 3, 2,4, 4, 3, 1, 3, 2, 4,

4,3),(1,3,2,4,4,31,3,24,4,3,1,3,2, 4, 4, 3), etc. On the other hand, the PCP has the solution no for <(0,
10), (01, 1)>.01

]l
— —

The Undecidability of Post's Correspondence Problem

Post's correspondence problem is very useful for showing the undecidability of many other problems by
means of reducibility. Its undecidability follows from its capacity for simulating the computations of
Turing machines, as exhibited indirectly in the following proof through derivations in Type O grammars.

Theorem 4.7.1 The PCP is an undecidable problem.

Proof By Corollary 4.6.1 the membership problem is undecidable for Type O grammars. Thus, itis
sufficient to show how from each instance (G, w) of the membership problem for Type O grammars, an
instance | can be constructed, such that the PCP has a positive solution at | if and only if wisin L(G).
For the purpose of the proof consider any Type O grammar G = <N, E, P, S> and any string w in X*.

With no loss of generality assume that #, ¢, and $ are new symbolsnot in N U E. Then let the
corresponding instance | = <(Xq, Y1), . . ., Xk Yi)> of PCP be of the following form.

PCP has apositive solution at | if and only if | can trace aderivation that startsat S and ends at w.

For each derivationin G of theform S= 71, =...= T, = w, theinstance | hasawitness (i, . . ., i) of a
positive solution such that either

':I"I.] .-.Il-l — yl-] " yl.._ — ES#TI#TE#TE'#T&... -‘}'mﬂ$

or
':I"I.] - ‘I'I.._ — '_U:'] R y'l-l — ESE#TI#H#TE-EEI& . Tmﬂlﬁj
depending on whether mis even or odd, respectively.

On the other hand, each witness (iy, . . . , i,;) of apositive solution for PCP at | hasasmallest integer t >+ 1
suchthat X;, ... X =Y ...Yj. Insuchacase X; ... X =Yj ...Yj = CSETLHLET3#T, ... T Y for
somederivation S=* Ty =* L, =% (. =2 T, = w.
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The instance | consists of pairs of the following form

A pair of the form (¢SE, ¢).

A pair of the form ($, £4'$).

A pair of theform (X, E), and apair of the form (E, X), for each symbol X inZ LU N LI {#}.

A pair of the form (#, &), and a pair of the form (ﬁ, @), for each production rulea — # in G that
satisfies £ «.

e. A pair of theform (X, ﬁ), and apair of the form (E, Xua), for each production rulea —¢in G
and for each X inEUN U {#}.

Q0T

The underlined symbols are introduced to allow only (¢SE, ¢) asafirst pair, and ($, #L”$) asalast pair,
for each witness of a positive solution. The pair (¢Sﬁ, ¢) in (a) is used to start the tracing of aderivation
at S. The pair ($, £$) in (b) is used to end the tracing of a derivation at w.

The other pairs are used to force the tracing to go from each given sentential form ¥ to a sentential form
T, such that T =* F'. The tracing is possible because each of the pairs (x;, y;) is defined so that y;

provides a"window" into ¥, whereas x; provides an appropriate replacement for y; in .

The pairs of the form (X, l) and (l, X) in (c) are used for copying substrings from ¥ to ‘¥'. The pairs of
theform (8, 2) and (£, a), A ¢, in (d) are used for replacing substrings z in ¥ by substrings 3 in F'. The
pairs of the form (X, E) and (E, Xu) in (e) are used for replacing substrings in T by the empty string &
inT,

The window is provided because for each 1 < iy, . .., ij <Lk, the strings x = Xig ==+ X andy = Yig -+ Yi
satisfy the following properties.

a. If xisaprefix of y, then x = y. Otherwise there would have been aleast | such that Xj =e X, isa
proper prefix of y;, ...y;. Inwhich case (x; , y; ) would be equal to (v, uvv’) for some nonempty

strings v and v'. However, by definition, no pair of such aform existsin .
b. If yisaproper prefix of x, then the sum of the number of appearances of the symbols # and #in

X is equal to one plus the sum of the number of appearances of # and #in y. Otherwise, there
would bealeast | > 1 for which i oee X and Yi =Y do not satisfy the property. In such a case,

because of the minimality of [, X, and Yi would have to differ in the number of # and & they
contain. That is, by definition of I, (x; , y;) would have to equal either ($, HUS) or (¢, ¢).
However, ($, #L”) Is an impossible choice because it implies that Xipwes Xiy = Yig+oeYip and (¢iiﬁ,
¢) isan impossible choice because it implies that X oo Xi = Yig oo Yip, (and hence that the
property holds).
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The correctness of the construction can be shown by induction on the number of production rules used in
the derivation under consideration or, equivalently, on the number of pairs of type (d) and (e) used in the
given witness for a positive solution. [

Example4.7.2 If Gisagrammar whose set of production rulesis{S — aSaSaS, aS — ¢}, then the
instance of the PCP that corresponds to (G, ) as determined by the proof of Theorem 4.7.1, is <(¢Sﬁ, ¢),
(380545, ), (asasas, I), (£, #aS), (#, £99), (4, aa9), (a, 999), (2, sa9), (S, 399), #, ), (&, #), (&
M, a), (S, 2), £, 9), S £9)>.

The instance has a positive solution with awitness that corresponds to the arrangement in Figure 4.7.1.

L (e TR TS
I.-l-..
P S A nndd its replacemend
f T i
f *

fl uSasal o § ] i : K
] "

=]

Figure4.7.1 An arrangement of PCP cards for describing a derivation for &, in the grammar that
consists of the production rules S— aSaSaS and aS — «.

The witness also corresponds to the derivation S=* S=> aSaSaS=r aSaS=aS=¢in G. [

Applications of Post's Correspondence Problem

The following corollary exhibits how Post's correspondence problem can be used to show the
undecidability of some other problems by means of reducibility.

Corollary 4.7.1 The equivalence problem is undecidable for finite-state transducers.
Proof Consider any instance <(X1, Y1), - - - , (Xi, Yix)> of PCP. Let & be the minimal alphabet such that

X1s ooy X Y1 - - -5 Y aredl in &%, With no loss of generality assumethat £ ={1, ..., Kk} isan
al phabet.

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourse7.html (4 of 7) [2/24/2003 1:50:34 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourse7.html

Let M1 =<Qq, E, &, 84, qo, F> be afinite-state transducer that computes the relation B* x &* that is, a
finite-state transducer that accepts al inputs over E, and on each such input can output any string over .

Let M, = <Q,, E, &, 5, o, F>> be afinite-state transducer that on input i ... i,, outputs some w such that
either wo X ... X Or WY ...y . Thus, My oninputiy ... i, can output any string in &* if x; ... xj £
Yij -+ i - Ontheother hand, if X ...Xj =Y; ...Y;,then M, onsuchaninputiy...i, can output any
string in &*, except for x; ... X; .

It followsthat M, isequivalent to M, if and only if the PCP has a negative answer at the given instance
<X, YD) - - -5 (i V)= DI

Example4.7.3 Consider the instance <(X4, Y1), (X2, ¥2)> = <(0, 10), (01, 1)> of PCP. Using the
terminology in the proof of Corollary 4.7.1, & = {0, 1} and X = {1, 2}. The finite-state transducer M, can
beasin Figure 4.7.2(a),

ENLESN

fil i )

Figure 4.7.2 The finite-state transducer in (a) is equivalent to the finite-state transducer in (b) if and
only if the PCP has a positive solution at <(0, 10), (01, 1)>.

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourse7.html (5 of 7) [2/24/2003 1:50:34 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourse7.html

and the finite-state transducer M, can be as in Figure 4.7.2(b).

My onagiveninputis...i, nondeterministically chooses between its components M, and My,. In M, it
outputs a prefix of iy vee Xj s and in My, it outputs a prefix of Yig -+ Yi- Then M, nondeterministically
switchesto M., M, or Mz.

M, switches from M, to M, to obtain an output that has Xj, -+ Xj 8Saproper prefix. M, switches from
My to M to obtain an output that is proper prefix of X; ... X; . M, switches from M, to My to obtain an
output that differsfromx; ... x; withinthefirst |x; ...x; | symbols.

M, switches from My, to M, M, Mz for similar reasons, respectively. []

The following corollary has a proof similar to that given for the previous one.
Corollary 4.7.2 The equivalence problem is undecidable for pushdown automata.

Proof Consider any instance <(Xy, Y1), - - - , (X, Yi)> of PCP. Let X; be the minimal alphabet such that
X1y ooy X Y1 - - -5 Y @edl inEy*. With no loss of generality assumethat ¥, ={1,...,k} isan
aphabet, that £, and X, are mutually digoint, and that Z is a new symbol not in ;.

Let M1 = <Qq, E{ UE,, B, U Zy, i1, qo, Zo, F1> be a pushdown automaton that accepts all the stringsin (
¥, UE,)*. (Infact, M, can also be afinite-state automaton.)

Let M, =<Qy, Eq UE,, E; U Z, dy, qo, Zg, F»> be a pushdown automaton that accepts an input w if and
only if itisof theformiy...iyu, for someiy ... i, inE;* and someuinX,*, such that either u£ x; ... X;_

or U#Yil---Yi .

n

It follows that M, and M, are equivalent if and only if the PCP has a negative answer at the given
instance. [

The pushdown automaton M, in the proof of Corollary 4.7.2 can be constructed to halt on a given input
if and only if it accepts the input. The constructed pushdown automaton halts on all inputsif and only if

the PCP has a negative solution at the given instance. Hence, the following corollary is also implied from
the undecidability of PCP.

Corollary 4.7.3 The uniform halting problem is undecidable for pushdown automata.
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PCPisapartially decidable problem because given an instance <(Xq, ¥1), - . . » (X, Yi)> of the problem

one can search exhaustively for awitness of a positive solution, for example, in{1, ..., k}* in canonical
order. With such an algorithm awitness will eventually be found if the instance has a positive solution.
Alternatively, if the instance has a negative solution, then the search will never terminate.

[next] [front] [up]
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Exercises

4.1.1
Let M be the Turing transducer whose transition diagram is given in Figure 4.1.3. Give the

sequence of moves between configurations that M has on input baba.

4.1.2
For each of the following relations construct a Turing transducer that computes the relation.
a {(abic,d)|i=0}
b. {(x,d)|xisin{a b, c}* andi = (the number of asin x) = (the number of b'sin x) = (the
number of c'sin x) }
c. {(x,d)|xisin{a b,c}* andi =min(number of a'sin x, number of b'sin x, number of
c'sinx)}
d. { (xx"®y, d) |xandy arein{a, b}*, andi = (number of asin x) = (number of asiny) }
e {(@b)]j=i2}
4.1.3
For each of the following languages construct a Turing machine that recognizes the language.
a {xyx|xandyarein{a b}* and[x| > 1}
b. { xy|xyisin{a b, c}*, |x|=ly|, and (the number of asin x) = (the number of asiny) }
c. {xy|xyisin{a b, c}*, x| =y|, and (the number of a'sin x) -£ (the number of asiny) }
d. { axb |xisin{a, b}*, andi = (the number of a'sin x) = (the number of b'sin x) }
e. {abidd |i£j}
f. { aba?ba3b3...ab" | n>0}
414
Show that the relations computable by Turing transducers are closed under the following
operations.
a. Union.
b. Intersection.
c. Reversd, that is, the operation that for a given relation R provides the relation { (x"V,
y'®) [ (x,y)isinR}.
4.1.5

Show that recursive languages are closed under complementation. (The result does not carry over
to recursively enumerable languages because the language L giagonal_reject: @ defined in

Section 4.5, is not arecursively enumerable language, whereas its complementation is.)
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4.1.6

4.1.7

421

Show that each linear bounded automaton has an equivalent linear bounded automaton that halts
on al inputs.

Show that each Turing transducer has an equivalent three-states Turing transducer.

Redo Example 4.2.1 for the case that P has the instructions of Figure 4.E.1.

do
y =y +1
or
If X =y then
I f eof then accept
read Xx
wite X
until fal se

Figure4.E.1

4.2.2

4.2.3

4.2.4

4.3.1

Find the values of dg4(0,, ¢, B, B), Ecl(qz, ¢, B, B), Ecz(qz, ¢, B, B), Edo(qz, ¢, B, B), ﬁdl(qz, ¢, B,
B), Edz(qz, ¢, B, B), and ig(qp, ¢, B, B) in Figure 4.2.5(b) for the case that M is the deterministic
Turing transducer in Figure 4.1.6.

Find the values of §;,,4(0, & B, 0y, 0, B, +1, ¢) and d;,4,(dg, & b, 03, +1, @ +1, €) in Figure 4.2.5(c)
for the case that M is the nondeterministic Turing transducer in Figure 4.1.3.

For each of the following cases determine the value of the corresponding item according to
Example 4.2.4.

a. The natural number that represents the string BBBccc.
b. The string represented by the natural number 21344.

Find the transition diagram of M, in Example 4.3.1 for the case that M, is the Turing transducer
of Figure 4.E.2.
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Figure4.E.2

4.3.2
Show that each deterministic, two auxiliary-work-tape Turing transducer M, has an equivalent
deterministic, one auxiliary-work-tape Turing transducer M.
4.4.1
Find a standard binary representation for the Turing transducer whose transition diagram is given
in Figure 4.E.2.
4.4.2
Let M be a Turing transducer whose standard binary representation is the string
01401012014001201401401400101201500130140012001013014014013014014
012001013013014014013001301401.
a. How many accepting states does M have?
b. How many transition rules does M have?
c. How many transition rules of M provide a nonempty output?
d. How many auxiliary work tapes does M have?

4.4.3
For each of the following strings either give a Turing transducer whose standard binary
representation is equal to the string, or justify why the string is not a standard binary
representation of any Turing transducer.
a. 01101011000110111101101111
b. 014010120140012014014014014010120150013013001200101301°014012014
001300101201300140130013001
c. 0140101201400120140140140140101201°0013013001200101301°013012014
00130010120130014013013001

45.1
Discuss the appropriateness of the following languages as a replacement for the language
L diagonal_reject N the proof of Theorem 4.5.1.

a { x|x=x;, and M;,, does not accept X; }.
b. { x|x=Xx;, and MI;,1 does not accept x; } .
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4.5.2

4.5.3

454

c. { X|x=x;, and either M,;_4 does not accept x; or M,; does not accept Xx; }.

The proof of Theorem 4.5.1 uses the diagonal of the table T e to find the language

L diagonal_reject that is accepted by no Turing machine. Show that besides the diagonal, there are
infinitely many other ways to derive alanguage from T .o that is accepted by no Turing
machine.

Use a proof by diagonalization to show that there is an undecidable membership problem for a
unary language.

What is Mes in the proof of Theorem 4.5.5 if M is the Turing machine given in Figure 4.E.3?

Figure4.E.3

4.5.5

4.5.6

4.5.7

Find a Turing machine M, that satisfies the conditions in the proof of Theorem 4.5.6 if M isthe
Turing machinein Figure 4.E.3 and x = abb.

Show that no linear bounded automaton can accept L pa rgect = { X | X = X; and M; does not have
an accepting computation on input X; in which at most |x;| locations are visited in each auxiliary
work tape}.

Use the undecidability of the membership problem for Turing machines to show the
undecidability of the following problems for Turing machines.
a. The problem defined by the following domain and question.
Domain:
{ (M, x,p) | M isaTuring machine, pisastate of M, and x isan input for M }.
Question:
Does M reach state p on input X, for the given instance (M, X, p)?
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b. Empty-word membership problem.
c. Uniform halting problem.
d. Emptiness problem.
e. Equivaence problem.
If the Turing machine M isasin Figure 4.5.6(a) and x = ababc, then what is the corresponding
instance implied by your reduction for each of the problemsin (a) through (e)?
4.5.8
Show that the nonacceptance problem for Turing machinesis not partially decidable.
4.6.1
Let G be the grammar whose production rules are listed below.

5 = gf5h
— €
abf — bS5a¥

Find a Turing machine Mg, in accordance with the proof of Theorem 4.6.1, that accepts L(G).

4.6.2
Let M be the Turing machine whose transition diagram is given in Figure 4.E.4.

Figure4.EA4

Use the construction in the proof of Theorem 4.6.2to obtain a grammar that generates L (M).

4.6.3
For each of the following languages find a context-sensitive grammar that generates the language.

a {abc|i>0}
b. { dbdd |i#£]}
c. { xx|xisin{a b}*}

4.6.4
Show that alanguageis Type 1 if and only if it is a context-sensitive language.
4.6.5
Show, by refining the proofs of Theorem 4.6.1 and Theorem 4.6.2, that alanguageis Type 1 if

and only if it is accepted by alinear bounded automaton.
4.7.1

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourlil.html (5 of 6) [2/24/2003 1:50:38 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fourli1.html

4.7.2

4.7.3

4.7.4

4.7.5

4.7.6

Solve the PCP problem for each of the following instances (and justify your solutions).
a <(115, 13), (117, 18), (112, 129)>
b. <(1,10), (10, 01), (0, 011), (100, 01)>
c. <(0100, 01), (10, 0), (1, 10)>

Show that PCP is decidable when the strings are over a unary alphabet.

Let G be the grammar whose production rules are

Y — afS%a
— 5b
— £

Find the instance of PCP that corresponds to the instance (G, aba), as determined by the proof of
Theorem 4.7.1.

Find the finite-state transducers M ; and M, in the proof of Corollary 4.7.1 for the instance <(ab,
a), (a, ba)> of PCP.

Find the pushdown automata M ; and M, in the proof of Corollary 4.7.2 for the instance <(ab, a),
(a, ba)> of PCP.

Show, by reduction from PCP, that the ambiguity problem is undecidable for finite-state
transducers and for pushdown automata.
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Chapter 5 RESOURCE-BOUNDED COMPUTATION

So far, when considering programs and problems, we assumed there was no bound to the amount of
resources (such as time and space) alowed during computations. This assumption enabled us to examine
some useful questions about programs and problems. For instance, we discussed problems that cannot be
solved by any program, regardless of the amount of resources available. Moreover, we explored the
development of approaches for identifying unsolvable problems. However, our study provided no hint
about the feasibility of solving those problems that are solvable.

A natural outgrowth of the study of unrestricted computations is the examination of resource-bounded
computations. This chapter aims at such a study, and in many cases it turns out to be simply a refinement
of the study conducted in Chapter 4.

Thefirst section of this chapter introduces the models of random access machines as abstractions for
computers. It also introduces the notions of time and space for random access machines and Turing
transducers, and relates the resource requirements of these different models. The second section shows
the existence of a hierarchy of problems; as established by the time required for their solutions. In
addition, Section 2 argues about the feasibility of "polynomial time" computations, the infeasibility of
"exponential time" computations, and the importance of the "easiest” hard problems. The third and fourth
sections consider the place of "nondeterministic polynomial” time in the hierarchy, and propose some
"easiest” hard problems. The fifth section considers space-bounded computations. And the sixth section
deals with the hardest problems among those problems that can be solved in polynomial time.

5.1 Time and Space

5.2 A Time Hierarchy

5.3 Nondeterministic Polynomia Time
5.4 More NP-Complete Problems

5.5 Polynomial Space

5.6 P-Complete Problems

Exercises

Bibliographic Notes
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5.1 Time and Space

Random A ccess Machines

Time and Space on Turing Transducers
Complexity of Problems

Complexity Classes

Time and Space on Universal Turing Transducers

The time and space requirements of a given program depend on the program itself and on the agent
executing it.

Each agent has its own sets of primitive dataitems and primitive operations. Each primitive dataitem of
agiven agent requires some fixed amount of memory space. Similarly, each primitive operation requires
some fixed amount of execution time.

Moreover, each pair of agents that execute the same program are relatively primitive. That is, each
primitive dataitem of one agent can be represented by some fixed number of primitive dataitems of the
other agent. Similarly, each primitive operation of one agent can be simulated by some fixed number of
primitive operations of the other agent.

When executing a given program, an agent represents the elements the program processes with its own
primitive dataitems. Similarly, the agent ssmulates with its own primitive operations the instructions the
program Uses.

Asaresult, each computation of a given program requires some ¢;S space and some c,t time, where sand
t depend only on the program and ¢, and ¢, depend only on the agent. c; represents the packing power of
the agent; c, represents the speed of the agent and the simulation power of its operations.

Since different agents differ in their implied constants ¢, and c,, and since the study of computation aims

at the development of a general theory, then one can, with no loss of generality, restrict the study of time
and space to behavioral analyses. That is, to analysesin which the required accuracy is only up to some
linear factor from the time and memory requirements of the actual agents. Such analyses can be carried
out by employing models of computing machines, such as the random access machines and Turing
transducers used here.

Random Access Machines

In general, programs are written for execution on computers. Consequently, abstractions of computers
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are of central interest when considering the resources that programs require. A conventional computer
can be viewed as having an input tape, an output tape, a fixed program, and amemory (see Figure 5.1.1).

Input tape

T

| Memuory
r Fraed

Feleladaiiil |

Figure5.1.1 The structure of a computer.

The input and output tapes are one-way sequential tapes used for holding the input values and the output
values, respectively. The memory consists of cells that can be accessed in any order. Each cell can hold
values from a domain that has a binary representation. The number of cells can be assumed to be
unbounded, because of the availability of giant memories for computers. Similarly, because of the large
variety of values that can be stored in each cell, the size of each cell can be assumed to be unbounded.
The fixed program can consist of any "standard" kind of deterministic instructions (e.g., read, write, add,
subtract, goto).

Such abstract computers are called random access machines, or smply RAM's. In what follows, RAM's
will be identified with deterministic programs of similar characteristics. In particular, the programs will
be assumed to have domains of variables that are equal to the set of natural numbers, and variables that
can be viewed as one-dimensional arrays. Each entry A(l) of an array A will be assumed to be accessed
through an indexing operator whose parameters are A and |.

Example5.1.1 TheRAM inFigure5.1.2
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read K
for i := 1 up to Kdo read A(i)
for i := 2 up to K do
for j :=1 down to 2 do
if A(J) < A(] - 1) then A(j) « A(j - 1)
for i :=1 up to Kdo wite A(i)

Figure5.1.2 A RAM that sorts any given set of numbers.

sorts any given set of natural numbers. It is represented by a deterministic program of free format and
employsthe variablesi , | , K, and A.

The RAM reads into K the cardinality N of the set to be sorted, and into A(1), . . ., A(N) the N elements
to be sorted. Then the RAM sorts the set incrementally, starting with the trivially sorted subset that
consists only of the element in A(1). At each stage the element in the next entry A(l) of A isadded to the
sorted subset and placed in its appropriate position. [

In the case of RAM's there are two common kinds of cost criteriafor the space and time analyses: the
logarithmic and the uniform cost criteria.

Under the logarithmic cost criterion the following assumptions are made. The primitive dataitems are
the bits in the binary representations of the natural numbers being used. The primitive operations are the
bit operations needed for executing the instructions of the RAM's. The memory needed in a computation
of agiven RAM is equal to that required by the entries of the variables. The memory required by a given
entry of avariable, inturn, is equal to the length of the binary representation of the largest value v being
stored init, that is, to flog (V+ 1)] if vi£ 0 and to 1 if v = 0. The time needed by the computation is equal
to the number of bit operations needed for executing the instructions.

The uniform cost criterion is a degeneration of the logarithmic cost criterion in which the following
assumptions are made. Each value is a primitive data item, the memory required by agiven variableis
equal to the number of entriesin the array that it represents, the memory required by aRAM isequal to
the total memory required by its variables, and the time required by a RAM is equal to the number of
Instructions being executed.

Example5.1.2 Consider the RAM of Example 5.1.1 (see Figure 5.1.2). Oninput N, vy, . . ., vy the
RAM requires 1 unit of spacefor K , oneunit fori , oneforj , and N unitsfor A , under the uniform
cost criterion. On the other hand, under the logarithmic cost criterion, the RAM requires flog N1 units of
space for K, flog N units for i : flog NI forj ,and Nmax(flog vl], Ce flog VN 1) units of space for A. (In
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this exampleflog alis assumed to equal flog (o + 1)] if o£ 0 and to equal 1if &= 0.)

The read K instruction takes one unit of time under the uniform cost criterion, and I og N units under the
logarithmic cost criterion.

If i holdsthe valuel then the instruction read A(i ) takes 2 units of time under the uniform cost criterion:
one unit for accessing the value | of i , and one unit for accessing the value of A(l). Under the logarithmic

cost criterion the instruction requires I og 1+ og v,] units of time. Similarly, in such a case the

instruction write A(i ) takes 2 units of time under the uniform cost criterion, and flog 11+ flog (thelth
smallest valuein{vq, ..., vy })1 units under the logarithmic cost criterion.

The code segmentsfor i :=1luptoKdoread A(i) andfori :=1uptoKdowriteA(i ) taketime that
islinear in N under the uniform cost criterion, and that islinear in (1 + log v4) + (log 2 + log v,) +...+

(log N +log vy ) <2 Nlog N +log (v; -.. vy ) under the logarithmic cost criterion.

The RAM requires space that islinear in N under the uniform cost criterion, and linear in Nlog m under
the logarithmic cost criterion. m denotes the largest value in the input. The RAM requirestimethat is

linear in N2 under the uniform cost criterion, and linear in N2log m under the logarithmic cost criterion.

[

In general, both the time and the space required for finding a solution to a problem at a given instance
increase with the length of the representation of the instance. Consequently, the time and space
requirements of computing machines are specified by functions of the length of the inputs.

In what follows, n will be used for denoting the length of the instances in question.

Example5.1.3 A natural number greater than 1 and divisible only by 1 and itself, is called aprime
number. The primality problem asks for any given positive integer number m whether it is prime. The
RAM in Figure5.1.3,
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r ead
I x 2 then halt with answer no
I x 2 then halt with answer yes
y:=[*«“'(~"?]

do

I A X

iIf X is divisible by y then halt with answer no
y:=y-1

until y =1

halt with answer yes

Figure5.1.3 A RAM that solvesthe primality problem.

represented by a deterministic program in free format, solves the primality problem using a brute-force
approach.

Aninput m can be given to the RAM in aunary or binary representation, whereas the variables can hold
their values only in binary. A unary representation for m has length n = m, and a binary representation

for m has length n:|_log (m+ 1)-| if M= 0andlengthn=1if m=0.

With aunary representation for a given instance m of the problem, under the uniform cost criterion, the
RAM requires a constant space, and time linear in n. On the other hand, under the logarithmic cost
criterion, the RAM requires space linear in log n and time linear in n(log n)k for somek > 0. A linear
timein nisrequired for reading the input m and storing it in binary (see Exercise 5.1.2), and a

polynomial timein log n isrequired for checking the divisibility of m by aninteger i, where 2 i <+ ™.
With a binary representation for a given instance m of the problem, the RAM requires a constant space

under the uniform cost criterion, and space linear in n under the logarithmic cost criterion. But the
algorithm requires time polynomial in m, or in 2", under both the uniform and logarithmic cost criteria.

Time and Space on Turing Transducers

In the case of Turing transducers we assume the following. The transition rules are the primitive
operations, and the characters of the alphabets are the primitive data items. Each move takes one unit of
time, and the time a computation takes is equal to the number of moves made during the computation.
The space that a computation requiresis equal to the number of locations visited in the auxiliary work
tape, which has the maximal such number. (A possible alternative for the space measurement could be
the sum of the number of locations visited over all the auxiliary work tapes. However, since the number
of auxiliary work tapesisfixed for a given Turing transducer, and since constant factors are ignored in
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the analyses performed here, we use the traditional definition.)

A Turing transducer M is said to be a T(n) time-bounded Turing transducer, or of time complexity T(n), if
all the possible computations of M on each input x of length n take no more than T(n) time. M issaid to
be polynomially time-bounded, or of polynomial time complexity, if T(n) isapolynomial in n. The Turing
transducer M is said to be an §(n) space-bounded Turing transducer, or of space complexity Sn), if all
the possible computations of M on each input x of length n take no more than S(n) space. M is said to be
polynomially space-bounded, or of polynomial space complexity, if S(n) isapolynomial inn. M issaid to
be logspace-bounded , or of logspace complexity, if S(n) = ¢ log n for some constant ¢. Similar
definitions also hold for Turing machines, RAM's, and other classes of computing machines.

The following statement adds a refinement to Church's thesis. Asin the case of the original thesis, the
refinement cannot be proved to be correct. However, here too one can intuitively be convinced of the
correctness of the statement, by showing the existence of trandlations between the different classes of
models of computation under which the result is invariant. The trandations between RAM's and
deterministic Turing transducers can be similar to those exhibited in Section 4.2.

The Sequential Computation Thesis A function is computable (or, respectively, partially
computable) by an algorithm A only if it is computable (or, respectively, partially computable) by a
deterministic Turing transducer that satisfies the following conditions: A on agiven input has a
computation that takes T(n) time and S(n) space only if on such an input the Turing transducer has a
computation that takes p(T(n)) time and p(S(n)) space, where p() is some fixed polynomial not dependent
on the input.

Complexity of Problems

With no loss of generadlity, in what follows it is assumed that a time-bound T(n) is equal to max(n, |-T(n)
]), that is, isequal to at least the time needed to read all the input. In addition, a space-bound S(n) is

assumed to equal max(1, fS(nﬂ). log O is assumed to equal |. f(n) is assumed to equal ff(n)] for all the
other functions f(n).

The big O notation f(n) = O(g(n)) will be used for specifying that there exist a constant ¢ > 0 and n such
that f(n) <Z cg(n) for all n 2= ny. In such a case, f(n) will be said to be of order g(n).

A problem will be said to be of time complexity T(n) if it is solvable by a T(n) time-bounded,
deterministic Turing transducer. The problem will be said to be of nondeter ministic time complexity T(n)
if it issolvable by aT(n) time-bounded Turing transducer. The problem will be said to be of space
complexity S(n) if it is solvable by an S(n) space-bounded, deterministic Turing transducer. The problem
will be said to be of nondeterministic space complexity S(n) if it is solvable by an S(n) space-bounded
Turing transducer.
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Similarly, alanguage will be said to be of time complexity T(n) if it is accepted by a T(n) time-bounded,
deterministic Turing machine. The language will be said to be of nondeterministic time complexity T(n)
if it is accepted by a T(n) time-bounded, nondeterministic Turing machine. The language will be said to
be of space complexity S(n) if it is accepted by an S(n) space-bounded, deterministic Turing machine.
The language will be said to be of nondeter ministic space complexity S(n) if it is accepted by an S(n)
space-bounded, nondeterministic Turing machine,

Complexity Classes

The following classes are important to our study of time and space.

DTIME (T(n))

the class of languages that have time complexity O(T(n)).
NTIME (T(n))

the class of languages that have nondeterministic time complexity O(T(n)).
DSPACE (S(n))

the class of languages that have deterministic space complexity O(S(n)).
NSPACE (S(n))

the class of languages that have nondeterministic space complexity O(S(n)).

P
-- the class of membership problems for the languagesin
|| oTME(p(n))
Pl
(p(n) stands for a polynomial in n.)
NP
-- the class of membership problems for the languagesin
|| NTIME (p(n)).
ma)
EXPTIME
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-- the class of membership problems for the languagesin

|| pTME(2707)),
Fin)

PSPACE
-- the class of membership problems for the languagesin

| | DSPACE (p(n)).
Fin)

NLOG

-- the class of membership problems for the languages in NSPACE (log n).
DLOG

-- the class of membership problems for the languagesin DSPACE (log n).

So that our analyses of the complexity of problems will be meaningful, only "natural” representations are
assumed for their instances. The "naturalness’ is considered with respect to the resources being analyzed.

Example5.1.4 The primality problem can be solved by a deterministic Turing transducer in
polynomial timeif the instances are given in unary representations, and in exponential timeif the
Instances are given in nonunary representations (see Example 5.1.3). However, for agiven instance m

both approaches require time that is polynomial in m.

When considering the complexity of the primality problem, a nonunary representation for the instancesis
considered natural and a unary representation for the instances is considered unnatural. The specific
choice of the cardinality d of a nonunary representation is of no importance, because the lengths of such
different representations of a number m are equal up to a constant factor. Specifically, alength Iogdlm

and alength Iogdzm, for apair of representations of m, satisfy the relation Iogdlm = (Iogdldz)l 0Qg,M
when d; and d, are greater than 1.

Consequently, the RAM in Figure 5.1.3 and the sequential computation thesis imply that the primality
problem is of exponential time complexity. []

Time and Space on Universal Turing Transducers

An analysis of the proof of Theorem 4.4.1 provides the following lemma.

Lemmab5.1.1 Theuniversal Turing transducer U of Theorem 4.4.1 on agiven input (M, x), of a
deterministic Turing transducer M and an input x for M,
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a Haltswithin ¢y t2 moves, if M halts within t moves on input x and t = [x|.
b. Visitsat most ¢y, slocationsin each of the auxiliary work tapes, if M visits no more than s
locations in each of its auxiliary work tapes and s = log [x|.

Cy 1S assumed to be some polynomial in the length of the representation of M. (The polynomial does not
depend on M.)

Proof Assume the notationsin the proof of Theorem 4.4.1. The number of moves that U needsto

check for proper input (M, X) is at most some constant times |x|, where the constant depends only on the
length of the representation of M.

Specifically, U needs |[E(M)| + 3 moves for finding E(M). |E(M)| moves for scanning E(M), and 3 moves
for determining the 01 that follows the suffix 01 of E(M).

Checking for a proper representation E(M) of a Turing transducer M takes a number of moves, whichis
linear in |E(M)|, that is,

a. |E(M)| movesfor determining the number m of auxiliary work tapes of M, and for verifying that
each transitionruleT =(q, &, by, ..., by, P, dg, €1, dy, - - ., Cpyy Ay £) Of M contains 3m + 5
entries. Each transition rule T is represented in E(M) by a substring E(T) that is enclosed between
two separators of the form O1. The substring E(T) must contain exactly 3m + 5 0's,

b. |E(M)| movesfor determining that the head movements d; in the transition rules are represented
by binary strings of the form E(-1) = 011, E(0) = 0111, and E(+1) = 01111.

c. |E(M)| moves for determining that the transition rules refer to the blank symbol B of M only in
the auxiliary work tapes, and to the left endmarker ¢ and the right endmarker $ only in the input
tape.

d. |[E(M)| movesfor determining that none of the states of M is represented by the binary string O.

Checking that M is deterministic takes a number of movesthat is linear in |E(M)|2. The checking can be
done by copying E(M) to an auxiliary work tape of U, and then comparing each transition rule T in the
auxiliary work tape of U against each of the transition rules that follows T in the input tape of U.

Checking for a proper input x for the Turing transducer M requirestime that islinear in |[E(M)|([E(M)]| +

X]). Specifically, U intimethat islinear in |E(M)|? determines the input symbols of M and storesthem in
an auxiliary work tape. Then U in |E(M)]. [x| time checks that only symbols from the auxiliary work tape
areinx.

U requireslog [x| + [E(M)|(ms + 1) + 2m + 3 < Eslocations in the auxiliary work tapes for recording the
strings #E(Q)#u#E(u)#E(v)# . . . #E(uy)# E(v,)# which represent the configurations (uqv, u;qvy, . . .,
U@V, W) of M, whereiZ = 8|E(M)|m. U requireslog |x| locations for |u|, |E(M)| locations for g, [E(M))|
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locations for each symbol in each u;, |E(M)| locations for each symbol in each v;, and 2m + 3 locations
for the symbols #.

Given a string #E(Q)#U#E(u)#E(V)#. . . #E(U))#E(V))#, the universal Turing transducer U can
determine in at most (s + [x|) < ct movesthefirst m + 2 elements g, a by, . . ., by, of the transition rule T
=(9,a by, ..., by P do, €1 Ay, - . ., Gy Ay £) to be used in the next simulated move of M, whereé is
some constant whose magnitude is linear in [E(M)| and b; denotes the first symbol in v;B. The transducer
takes at most és moves for extracting |ul, E(g), E(by), . . . , E(byy,) from #E(Q)#u#E(u)#E(V)# .- -
#E(u)#E(v,)#. In particular, 6]u] moves are needed over the string representing |u| for counting down

from |u| to O (see Exercise 5.1.2), and |E(M)| + |01] + |E(u)| moves are needed for extracting the symbol a
from the input tape.

Giventhefirst m+ 2 elements(q, & by, . . ., by) in T, the universal Turing transducer U can determine
the tuple (p, dy, ¢4, dq, . . ., Cyy, Ay, #) IN @ SINGle SWeep over the input tape. Having such atuple, U can
also modify the recorded configuration of M in a single sweep.

Conseguently, the total number of moves that U needs for simulating the moves of M is no greater than
ct2. ¢ is some polynomial (independent of M) in the length of the standard binary representation of M. []

[next] [front] [up]

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fivesel.html (10 of 10) [2/24/2003 1:50:46 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fivese2.html

[next] [prev] [prev-tail] [tail] [up]

5.2 A Time Hierarchy

L ower Bounds on Time Complexity
Tractability and Intractability

Intuitively, it seems obvious that some problems require more time to solve than others. The following
result confirms this intuitive assessment while implying the existence of atime hierarchy for the class of
language recognition problems.

Definitions A function T(n) is said to be time-constructible if there exists a T(n) time-bounded,
deterministic Turing machine that for each n has an input of length n on which it makes exactly T(n)
moves. The function is said to be fully time-constructible if there exists a deterministic Turing machine
that makes exactly T(n) moves on each input of length n. A function S(n) is said to be space-
constructible if there exists an S(n) space-bounded, deterministic Turing machine that for each n has an
input of length n on which it requires exactly S(n) space. The function is said to be fully space-
constructible if there exists a deterministic Turing machine that requires exactly S(n) space on each input
of length n.

Example5.2.1 Thedeterministic Turing machineM in Figure5.2.1

Figure5.2.1 A T(n) = 2n time-bounded, deterministic Turing machine.

makes exactly t(x) = x| + (number of 1'sin x) moves on agiven input x. t(x) = 2|x| when x contains no
0's, and t(x) < 2[x| when x contains 0's.

The existence of M impliesthat T(n) = 2n is atime-constructible function, because

a M is2ntime-bounded, and
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b. For each n there exists the input 1" of length n on which M makes exactly 2n moves.

The existence of the deterministic Turing machine M does not imply that 2n is fully time-constructible,
because M does not make exactly 2n moves on each input of length n. However, M can be modified to
show that 2n is afully time-constructible function. [

Convention In this section M, denotes a Turing machine that is represented by the string x of the
following form. If x = 1ixy for somej > 0 and for some standard binary representation x of a
deterministic Turing machine M, then M, denotes M. Otherwise, M, denotes a deterministic Turing
machine that accepts no input. The string x is said to be a padded binary representation of M,,.

Theorem 5.2.1 Consider any function T,(n) and any fully time-constructible function T,(n), that for

each ¢ > 0 have an n such that T»(n) = ¢(T(n))2 for al n = n.. Then thereis alanguage which isin
DTIME (T5(n)) but not in DTIME (T 4(n)).

Proof Let T4(n) and T,(n) be asin the statement of the theorem. Let U be a universal Turing machine
similar to the universal Turing transducer in the proof of Lemma5.1.1. The main difference isthat here
U assumes an input (M, x) in which M is represented by a padded binary representation instead of a
standard binary representation. U starts each computation by going over the "padding” 1i until it reaches
thefirst 0 in the input. Then U continues with its computation in the usual manner while ignoring the
padding. U uses athird auxiliary work tape for keeping track of the distance of itsinput head from the
end of the padding. The result is shown by diagonalization over thelanguageL ={ v |visin{0, 1}*, and
U does not accept (M, V) in To(Jv]) time}.

L is obtained from the diagonal of thetable T,y ersg (SE€ Figure 5.2.2).
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Figure 5.2.2 Hypothetical table T iversg 1Ndicating membersnip in the language { (M,,, u) | U accepts
(M, U) In To(Ju)) time }.

In thetable T iversg the entry at row M,, and column uisequal to 1 if U accepts (M, u) in T(Ju]) time,
anditisequal to Oif U does not. The proof relies on the observation that each O(T(n)) time-bounded,
deterministic Turing machine My, that accepts L has also a padded representation x for which U can
simulate the whole computation of M, on x in T,(|x|) time. Consequently, M, accepts x if and only if U
does not accept (My, X) or, equivaently, if and only if M, does not accept x.

Specifically, for the purpose of showing that L is not in DTIME (T4(n)), assume to the contrary that L is
in the class. Under this assumption, there is adT4(n) time-bounded, deterministic Turing machine M that
accepts L, for some constant d. Let Xq be a standard binary representation of M, and c be the
corresponding constant ¢, implied by Lemma5.1.1 for the representation Xy of M. Let x = 1ix, for some
j that satisfiesj + c(dT,(j + [Xg[))2 << To(j + [Xol), that is, x = 1ix, for alarge enough j to allow U sufficient
time T,(|x|) for ssmulating the whole computation of M, on input x. Such avalue j exists because for big
enough j the following inequalities hold.

i+ ddTi(y + [zal))2 <G+ o) + dTy (5 + |20]))?
< T + xol) + q(dT (5 + |zo]))?
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L (L +cd)Ti(s + |za]))?
< Tl + Ixol)

Consider the string x = 1xq. By definition, [x| = j + [Xo| and so j + c(dT(|x[))2 = Tx(|x[). Moreover, x isa
padded binary representation of M. For the string x one of the following two cases must hold. However,
neither of them can hold, so implying the desired contradiction to the assumption that L isin DTIME

(Ta(n)).

Casel
X isin L. The assumption together with L = L(M,) imply that M, accepts x in dT(|x]) time. In
such acase, by Lemmab5.1.1 U accepts (My, x) inj + c(dT(Jx[))2 <X To(|x]) time. On the other
hand, x in L together with the definition of L imply that U does not accept x in T(|x|) time. The

contradiction implies that this case cannot hold.
Case?2
x isnotin L. The assumption together with L = L(M,) imply that M, does not accept x. In such a

case, U does not accept (M, X) either. On the other hand, x not in L together with the definition
of L imply that U accepts (M, X). The contradiction implies that this case cannot hold either.

To show that L isin DTIME (T,(n)) consider the deterministic four auxiliary-work-tape Turing machine
M that on input x proceeds according to the following algorithm.

Step 1
> M stores (M, X) initsfirst auxiliary work tape. That is, M stores the string x, followed by the
separator 01, followed by the representation 011 of the left endmarker ¢, followed by x, followed
by the representation 0111 of the right endmarker $. In addition, M encloses the sequence of
strings above between the "left endmarker" [#] and the "ri ght endmarker" B, respectively.
Step 2
> M computes the value of T,(|x|) and storesit in the second auxiliary work tape.
Step 3
M follows the moves of U on the content of its first auxiliary work tape, that is, on (My, X). M
usesitsthird and fourth auxiliary work tapes for recording the content of the two auxiliary work
tapes of U. During the simulation M interprets|f] as the left endmarker ¢, and il as the right
endmarker $. M haltsin an accepting configuration if it determines that U does not reach an
accepting state in To(|x[) moves. Otherwise, M halts in a nonaccepting configuration.

By construction, the Turing machine M is of O(T,(|x[)) time complexity. The fully time-constructibility
of Ty(n) isrequired for Step 2. [
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Example5.2.2 Let Tq(n) = nKand T,(n) = 2n. T(n) and T,(n) satisfy the conditions of Theorem 5.2.1.
Therefore the class DTIME (2N) properly contains the class DTIME (nk). [

Lower Bounds on Time Complexity

In addition to implying the existence of atime hierarchy for the language recognition problems,
Theorem 5.2.1 can be used to show lower bounds on the time complexity of some problems. Specifically,

consider any two functions T4(n) and T,(n) that satisfy the conditions of Theorem 5.2.1. Assume that
each membership problem K| for alanguage in DTIME (T,(n)) can be reduced by a T5(n) time-bounded,
deterministic Turing transducer M; to some fixed problem K (see Figure 5.2.3).

The memberihip
Pl

A
K4

for the lonpuoie
n LHIME (g dm)

Figure5.2.3 A set of Turing transducers M1, M, . . . for reducing the problems K4, Ko, .. . in DTIME
(To(n)) to agiven language recognition problem K. Each M; on instance x of K; provides
aninstancey of K, where K has the answer yesfor y if and only if K; has the answer yes
for x.

In addition, assume that each such M; on input x of length n provides an output y of length f(n) at most.
Then the membership problems for the languages in DTIME (T,(n)) are decidablein T5(n) + T(f(n)) time

iIf K can be solved in T(n) time. In such acase, alower bound for the time complexity T(n) of K is
implied, since by Theorem 5.2.1 the class DTIME (T,(n)) contains a problem that requires more than

cT,(n) time for each constant c, that is, the inequality T5(n) + T(f(n)) > cT4(n) must hold for infinitely
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many n's. The lower bound is obtained by substituting m for f(n) to obtain the inequality T(m) > cT4(f
1(m)) - T5(f-1(m)) or, equivalently, the inequality T(n) > cT4(f-1(n)) - T5(f-1(n)).

Example5.2.3 Consider the time bounds T4(n) = 221, T,(n) = 20" for b > 2a, and T5(n) = f(n) = nlog n.
For such achoice, T5(n) + T(f(n)) > cT1(n) impliesthat nlog n + T(n log n) > c22". By substituting m for
nlog nit follows that T(m) > c2a" - m = c2amlogn - m 2= c2amlog m - m = 2dm/log m or, equivalently, that
T(n) > 2dlog n for some constant d. [

The approach above for deriving lower bounds is of specia interest in the identification of intractable
problems, that is, problems that require impractical amounts of resources to solve. Such an identification
can save considerable effort that might otherwise be wasted in trying to solve intractable problems.

Tractability and Intractability

In general, aproblem is considered to be tractableif it is of polynomial time complexity. Thisis because
Its time requirements grow slowly with input length. Conversely, problems of exponential time
complexity are considered to be intractable, because their time requirements grow rapidly with input
length and so can be practically solved only for small inputs. For instance, an increase by afactor of 2in

n, increases the value of a polynomial p(n) of degree k by at most afactor of 2K. On the other hand, such
an increase at least squares the value of 2°(N),

The application of the approach above in the identification of intractable problems employs polynomially
time-bounded reductions.

A problem K, is said to be polynomially time reducible to a problem K if there exist polynomially time-
bounded, deterministic Turing transducers Ty and T that for each instance |1 of K1 satisfy the following
conditions (see Figure 5.2.4).

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fivese2.html (6 of 8) [2/24/2003 1:50:50 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fivese2.html

= —]

-+ 1

]

Figure 5.2.4 Reduction by polynomially time-bounded, deterministic Turing transducers Ty and T

a Tsoninput |, givesaninstance I, of K.
b. Kqhasasolution S, at |4 if and only if K, hasasolution S, at 1, where S is the output of T, on

input S,.

In the case that K1 and K, are decision problems, with no loss of generality it can be assumed that T,
computes the identity function g(S) = S, that is, that Tgon input S, outputs S; = S,,.

A given complexity class C of problems can be used to show the intractability of a problem K by
showing that the following two conditions hold.

a. C contains some intractable problems.
b. Each problemin Cis polynomially timereducibleto K, that is, K is at |east as hard to solve as
any problemin C.

Once aproblem K is determined to be intractable, it then might be used fo show the intractability of some
other probl ems K by showing that K is polynomially time reducible to K. Insuch acase, theeasier K is
the easier the reductions are, and the larger the class of such applicable problems Kis.

The observation above sparks our interest in the "easiest” intractable problems K, and in the complexity
classes C whose intractable problems are all "easiest” intractable problems.

In what follows, aproblem K is said to be a C-hard problem with respect to polynomial time reductions,
or just a C-hard problem when the polynomial time reductions are understood, if every problem in the
class C is polynomially time reducible to the problem K. The problem K is said to be C-completeif itisa
C-hard problem in C.
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Our interest hereisin the cases that C = NP and C = PSPACE.

[next] [prev] [prev-tail] [front] [up]
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5.3 Nondeterministic Polynomial Time

From Nondeterministic to Deterministic Time
The Satisfiability Problem
The Structure of Ex

The Variables of Ex
The Structure of Emi

The Structure of E;pt
The Structure of Eruie and Eqccent

The Structure of E¢jjow,
The 3-Satisfiability Problem

The subclass NP , of the class of problems that can be solved nondeterministically in polynomia time,
seemsto play acentral role in the investigation of intractability. By definition, NP contains the class P of
those problems that can be decided deterministically in polynomial time, and by Corollary 5.3.1 the class
NP is contained in the class EXPTIME of those problems that can be decided deterministically in
exponential time. Moreover, by Theorem 5.2.1, P is properly contained in EXPTIME (see Figure 5.3.1).

EEPTIME
— T
WP

)

NF-complete

Yo gl
hargin pypME

M P-hard cutside EXPTIME

Figure5.3.1 A classification of the decidable problems.

However, it is not known whether P is properly contained in NP and whether NP is properly contained in
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EXPTIME. Consequently, the importance of NP arises from the refinement that it may offer to the
boundary between the tractability and intractability of problems.

In particular, if it is discovered that NP is not equal to P, asiswidely being conjectured, then NP islikely
to provide some of the easiest problems (namely, the NP-compl ete problems) for proving the
intractability of new problems by means of reducibility. On the other hand, if NP is discovered to equal
P, then many important problems, worked on without success for several decades, will turn out to be
solvable in polynomial time.

From Nondeterministic to Deterministic Time

An analysis of the proof of Theorem 2.3.1 implies an exponential increase in the number of statesa

deterministic finite-state automaton needs for simulating a nondeterministic finite-state automaton. The
following corollary implies asimilar exponential increase in the number of moves that a deterministic
Turing machine requires for simulating a nondeterministic Turing machine.

Corollary 5.3.1 For each nondeterministic Turing transducer M, there exists an equivalent
deterministic Turing transducer M, with the following characteristics. If M, haltson agiven input x in t
moves, then M, on such an input halts within 2¢t moves, where ¢ is some constant that depends only on
M. Moreover, in such acase M, visits at most 2t locations on each of its auxiliary work tapes.

Proof Let M, and M, bethe Turing Transducers M, and M, of Theorem 4.3.1. Assume that M4 halts
oninput x in t steps. Then M, needs to consider only the stringsein {1, ..., r}* whose lengths are no
greater thant or t + 1, depending on whether M ; accepts or rejects X, respectively. The number of such

stringst is no greater than (r + 1)t+1,

For each stringer = iy...1;in{1, ..., r}* the Turing transducer M, uses some number of moveslinear in
j to derive e and to try simulating a sequence of moves of the form CeI-... I Ca. Consequently, M, needs

some number of moveslinear in (r + 1)t*+1t. 2¢t is therefore a bound on the number of moves, because v =
2109V for every positive integer value v.

Similarly, for each string & = i1 ... i; the Turing transducer M, needsj locationsin the first auxiliary work

tape for storing o, and at most j locations in each of the other auxiliary work tapes for recording the
content of the corresponding tapes of M 4. By setting the heads of the auxiliary work tapes at their initial

positions before starting the simulation of M, on, it isassured that the heads do not depart more than t
locations from their initial positions. [

The Satisfiability Problem
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The following theorem shows the existence of NP-complete problems through example.
Definitions A Boolean expression is an expression defined inductively in the following way.

a. The constants O (false) and 1 (true) are Boolean expressions.
b. Each variable x is aBoolean expression.
c. If E; and E, are Boolean expressions, then so are the negation -E,, the conjunction E; A E,, the

disunction E, * E,, and the parenthesizing (E,).

Each assignment of O's and 1'sto the variables of a Boolean expression provides a value to the
expression. If E is aBoolean expression, then (E) has the same value as E. —E hasthe value O if E has the
value 1, and -E hasthe value 1 if E hasthe value 0. If E; and E, are Boolean expressions, then E; % E,

has the value 1 whenever E; or E, hasthe value 1. E; ¥ E, has the value O whenever both E; and E, have
the value 0. The value of E; # E, is1if both E; and E, have the value 1, otherwise E; # E, hasthe

value 0. It is assumed that among the Boolean operations of -, /4, and ', the operation - has the highest
precedence, followed by #, and then .

A Boolean expression is said to be satisfiable if its variables can be assigned 0's and 1's so as to provide
the value 1 to the expression. The satisfiability problem asks for any given Boolean expression whether it
is satisfiable, that is, whether the instanceisin the set Ly = { E | E isasatisfiable Boolean expression }.

Example5.3.1 The Boolean expression E = X, /4 X3 % (—X1 /4 X5) is satisfiable by each assignment in
which x, = 1 and x3 = 1, as well as by each assignment in which x; = 0 and x, = 1. All the other
assignments provide a0 value to E. (X, /4 X3) ¥ ((—X4) A Xo) isafully parenthesized version of E.

X A —X is an example of an unsatisfiable Boolean expression. [
The proof of the following theorem uses a generic approach.
Theorem 5.3.1 The satisfiability problem is NP-complete.

Proof The satisfiability of any Boolean expression can be checked in polynomial time by
nondeterministically assigning some values to the variables of the given expression and then evaluating
the expression for such an assignment. Consequently, the problem isin NP.

To show that the satisfiability problem is NP-hard, it is sufficient to demonstrate that each problem K in
NP has a polynomially time-bounded, deterministic Turing transducer Ty, such that Tk reducesK to the

satisfiability problem. For the purpose of the proof consider any problem K in NP. Assume that M = <Q,
% T, 4, qg, B, F>isanondeterministic Turing machinewith Qn (EUT U{¢, $}) = @ that decidesK in

T(n) = O(nK) time. Let m denote the number of auxiliary work tapes of M; then T can be a Turing
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transducer that on input x outputs a Boolean expression E, of the following form.

The Sructure of E)_(

The Boolean expression E, describes how an accepting computation of M on input X should look. Ey is

satisfiable by a given assignment if and only if the assignment corresponds to an accepting computation
Cob CqF...F Cyyyp of M oninput x. The expression has the following structure, where t = T(|x|).

Ecc-n'f.;. M iy Ecnn‘fe A Einig A Erult, RN Erulcé iy Eacci:pt M E‘fn:-lln:-w] fueee iy E‘fn:-llnwé

Econf, #++« 4 Econr, States that an accepting computation consists of asequence C, ..., Giof t+1
configurations. E;j; states that Cg is an initial configuration.

Erulel Ao i Erule[

states that the last transition rule in & enters an accepting state. With no loss of generality it is assumed
that atransition rule can also be "null”, that is, atransition rule on which M can have a move without a
change in its configuration. Such an assumption allows us to restrict the consideration only to
computations that consist of exactly T(|x|) moves.

states that an accepting computation uses a sequence ' of t transition rules. Expeen

Efollow; States that M by using the ith transition rule in ¥ reaches configuration C; from configuration C;.
10t
R

The Variables of E)_(

The Boolean expression E, uses variables of the form w;  ; x and variables of the form w; - . Each

variable provides a statement about a possible property of an accepting computation. An assignment that
satisfies E, provides the value 1 to those variables whose statements hold for the computation in

guestion, and provides the value 0 to those variables whose statements do not hold for that computation.

w; rjx Statesthat X isthejth character of the rth tape in theith configuration, 0 < r <Zm.r = O refersto
the input tape, and 1 <X r << m refers to the rth auxiliary work tape.

w; r states that T is the transition rule in the ith move of the computation.

The Sructure of Emi

The expression Eqy. is the conjunction of the following Boolean expressions.
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a V{Wwgjx|XisinEU{¢, $ UQ} for 1Ij=<I|x|[+3.

This expression states that a configuration has an input segment with |x| + 3 entries, with each
entry having at least one symbol fromE LI {¢, $} U Q.
b. A{ =(Wigjx A Wijy)|XandY aeinEU{¢, $} UQand X£Y } for 1<j < |x| + 3.

This expression states that each entry in the input segment has at most one symbol.
C. ¥{wjx[XisinTUQ}forl<r<mandl<j<t+1

This expression states that a configuration has m auxiliary work-tape segments, each segment
having t + 1 entries, and each entry having at least one symbol fromI'LI Q.
d Al =(Wirjx AW jy)|XandY aeinTUQandX£Y } forl<r<mand1l<j<t+1.

This expression states that each entry in an auxiliary work-tape segment has at most one symbol.

Each assignment that satisfies the expressions in parts (a) and (b) above implies a string of length |x| + 3.
The string corresponds to the input tape of M, and consists of input symbols, endmarker symbols ¢ and $,
and state symbols. In particular, the symbol X isat location j in the string if and only if w; g; x is

assigned the value 1.

Similarly, each assignment that satisfies the expressionsin parts (c) and (d) above for a specific valuer,
provides astring of length t + 1 that corresponds to the rth auxiliary work tape of M. The string consists
of auxiliary work tape symbols and state symbols. In particular, the string consists of the symbol X at
location j if and only if w; , ; x isassigned the value 1.

The Sructure of Em

The expression E;,;; is the conjunction of the following three Boolean expressions.

& Wgp11MWo02q, " { Wooj+2g | 1 <] <X }Wo 038

This expression states that in the initial configuration the input segment consists of the string
¢doay - - - 83, where g denotes the jth input symbol in x.

b. { Woir,j,q0|1£j £t+1} for 1Lrm.

This expression states that in the initial configuration each auxiliary work-tape segment contains
theinitial state q.

C. WorjB"Worjqg ™ { Worsgll s ttlandsg|} forl<j<t+land 1< r=m.

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fivese3.html (5 of 10) [2/24/2003 1:50:58 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fivese3.html

This expression states that in theinitial configuration each auxiliary work-tape segment consists
of blank symbols B and at most one appearance of g,

Each assignment that satisfies E;,;; corresponds to an initial configuration of M on input x. Moreover,
each also satisfies Egyy,.

The Sructure of Em and Eaccg_,t_

The expression E ¢ isthe conjunction of the following two Boolean expressions.

a v{wr|risind}
b. A{ =(Wr Awjr)| Ty, Toareindand Ti£ T, }.

The expression in part (a) implies, that for each assignment that satisfies Erule, a least one of the

variables w; r has the value 1. The expression in part (b) implies, that for each assignment that satisfies
Erule, a most one of the variables w; - has a value 1. Hence, each assignment that satisfies Ey e assigns

the value 1 to exactly one of the variables w; , namely, to the variable that corresponds to the transition
rule T used in the ith move of the computation in question.

The expression Exccepn isOf theformv { wy - | T takes M into an accepting state } .

The Sructure of Eg)jow,

The expression Eg)jqy, 1S the conjunction of the following Boolean expressions.

a v { (Wi 0,j,X i Wi—l,O,j—l,Y i, Wi—l,O,j d i, Wi—l,O,j+l,W"l"" Wi ’1") | X, Y,Z, W, and T such that X = fo(Y,
Z,W,T)} for 1<j<C x|+ 3.

b. ¥ { (Wi,r,j,X"ll"'Wi—l,I’,j—l,Y "I'"'Wi—l,l',j ,Z"ﬁ"Wi—l,r,j+l,W ."l'l.Wi ’1") | X, Y, Z,WN, and T such that X = fr(Y, Z, W,
m}forl<r<mandl<j<t+1

where
f(Y,Z,W,7T)

Isafunction that determines the replacement X for a symbol Z in a configuration, resulting from
the application of the transition rule T (see Figure 5.3.2).
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Figure5.3.2 Thevalue X of f(Y, Z, W, T).

—
i
L

Z isassumed to be enclosed between Y on itsleft and W onitsright.

Wi-100Y - - s WicamoY » Wi-1,0,x[+4W » Wi-1,1t+2W s - - - Wiamt+2,w
are new variables. They are introduced to handle the boundary casesin which the symbol Z in
f.(Y, Z, W, T) corresponds to an extreme (i.e., leftmost or rightmost) symbol for atape.

Ifr=(,aby,...,bnp dgC,dyg, ..., Cy dy), then thevalue X of the function f.(Y, Z, W, T)
satisfies X = p whenever one of the following cases holds.

a Z=qandd, =0.
b. Y=qandd, =+1
c. W=qgandd, =-1.

Similarly, X = ¢, whenever one of the following cases holds, 1 <( r <. m.

a Z=q9,W=Db,andd, =+1.

b. Y=0,Z=Db,andd,=0.

c. Y=0,Z=b,andd, =-1
On the other hand,

a X=Wwhenever Z=q,r=0, and dy= +1.
b. X =Y whenever Z=qandd, =-1.

In al the other cases X = Z because the head of the rth tape is "too far" from Z.

The result now follows because Tk oninput X can compute t = T(|x]) in polynomial time and then output
(the string that represents) E,. [

Example5.3.2 Let M be the Turing machinein Figure 5.3.3(a).
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{4}

Figure 5.3.3 (a) A Turing machine M. (b) The effect that 4, 75, T3, and T4 have on the configurations
of M.

bes

The time complexity of M isT(n) =n + 2. On input x = ab the Turing machine has an accepting
computation CyF C; F C, F C3 C,4 of t = 4 moves, where each C; is a configuration (ugv, u'qv') that
satisfies uv = ¢ab$ and |u'v'| < t.

Using the notation in the proof of Theorem 5.3.1, the following equalities hold for the M and x above.
Einit = W0,0,1,9 " W0,02,, * W0,0,3.2" W0,04,b * W0,0,5$
h (Wo1,1,, ¥ W01,2,00 % W0,1,3,4 % W14, % W0,1,5,00)
A (Wo,1,1,8 ¥ Wo,1,1,, " Wo,1,28 # Wo,1,3B  Wo,1,4,8 * Wo,1,5,8)

A (Wo,12,8 ¥ Wo,1,2,, " Wo,1,1,B # Wo,1,3B  Wo,1,4,8 * Wo,1,5,8)

A (Wo,1,38 ¥ Wo,1,3,q, " Wo,1,1,8 "t Wo 1,28  Wo,1,4,8 /4 Wo,1,5,8)
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A (Wo,1,48 ¥ Wo,1,4,q, " Wo,1,1,B # Wo,1,28 / Wo,1,38 * Wo,1,5,8)
A (Wo,1,58 % Wo,1,5,q, " Wo,1,1,8 "t Wo 1,28 " Wo,1,38 /4 Wo,1,4,8)
Erule, = (Wi ’1"1 i Wi 1T2 i Wi ’1"3 W Wi ,1"4)
= (W; K M Wi ,1"2)

—I(Wi ’1"1 A, Wi ,1"3)

—I(Wi ’1"2 I W; ’1"3)

i

M

A =(Wir Awir)
M

A =(wir AWr)
i

= (W; T M W ,1"4)

folg, b, W ma) = ¢ ]

.l'rﬂlilrsﬁrls b :TE-:I = b

JFDII?!E:EHTE-:I = £

hiY, 2, W) = Z Forall¥, 2, Win {a, b, B,§,§}
filgr, o, Woma) = B (see Figure 3.3.3(b)-ma).
.l'rllilrsﬁrls'j!TE-:I = Y

f1[F13:q1:T3:| = 11

h(Y,B,W,m) = B |

Figure 5.3.3(b) illustrates the changes in the configurations of M due to the transition rules T, 5, T3, and

T4- D

The 3-Satisfiability Problem

A dlight modification to the the previous proof implies the NP-completeness of the following restricted
version of the satisfiability problem.

Definitions A Boolean expression issaid to be aliteral if it isavariable or anegation of avariable. A
Boolean expression is said to be aclause if it isadigunction of literals. A Boolean expression is said to
be in conjunctive normal formif it isaconjunction of clauses. A Boolean expression is said to bein k-
conjunctive normal formif it isin conjunctive normal form and each of its clauses consists of exactly k
literals. The k-satisfiability problem asks for any given Boolean expression in k-conjunctive normal form
whether the expression is satisfiable.
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With no loss of generality, in what follows it is assumed that no variable can appear more than once in
any given clause.

Theorem 5.3.2 The 3-satisfiability problem is NP-complete.

Proof Theexpression E, in the proof of Theorem 5.3.1 needs only slight modifications to have a 3-
conjunctive normal form.

a. Except for the expressions Eq o, and part (c) of Ejy, al the other expressions can be modified
to be in conjunctive normal form by using the equivalence (w4 A wy) = (=wq) ¥ (=W5>).

b. Each expression in Egq,, and part (c) of E;y;; can be modified to be in conjunctive normal form
by using the equivalence wy % (W5 /i W3) = (Wq ¥ Wp) & (Wq ¥ Wy).

c. Eachdigunctionwy ¥ ... wgwith s> 3 clauses can be modified to be in 3-conjunctive normal
form by repeatedly replacing subexpressions of the form w, *...% wg with subexpressions of the
form (wyq ¥ wy W W) A (AW ¥ w3 ¥ ... ¥ W), where the w's are new variables[ ]

The NP-completeness result for the satisfiability problem is of importance in the study of problems for

two reasons. Firgt, it exhibits the existence of an NP-complete problem. And, second, it is useful in
showing the NP-hardness of some other problems.

[next] [prev] [prev-tail] [front] [up]
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5.4 More NP-Complete Problems

The 0 - 1 Knapsack Problem

From Boolean Expression to a System of Linear Equations

From a System of Linear Equations to an Instance of the O - 1 Knapsack Problem
The Cligue Problem

The NP-hardness of the satisfiability problem was demonstrated by exhibiting the existence of a
polynomial time reduction, from each problem in NP to the satisfiability problem. A similar approach
was used for showing the NP-hardness of the 3-satisfiability problem. However, in general the proof of
the NP-hardness of a given problem need not be generic in nature, but can be accomplished by
polynomial time reduction from another NP-hard problem.

A proof by reduction is possible because the composition of polynomial time reductionsisalso a
polynomial time reduction. That is, if aproblem K isreducible to aproblem Ky, in T4(n) time, and Ky, is

reducible to a problem K in T,(n) time, then K, isreducible to K in T,(T4(n)) time. Moreover,
T,(T4(n)) is polynomial if T1(n) and T(n) are so.

The 0 - 1 Knapsack Problem

The proofs of the following two theorems exhibit the NP-hardness of the problemsin question by means
of reduction.

Theorem 5.4.1 The problem defined by the following pair, called the O - 1 knapsack problem, is an NP-
complete problem.

Domain:
{(@,....,ay,b)[N>1,anday,...,ay,barenatural numbers}.
Question:
Aretherevy, ..., vNiIn{0, 1} suchthat a;v, +...+ ay vy = b for thegiveninstance (a, . . ., ay ,
b)?
Proof Consider a Turing machine M that on any given instance (ay, . . . , ay , b) of the problem
nondeterministically assigns valuesfrom {0, 1} to vy, . .., vy, checks whether a;v; +...+ ay vy =D,

and acceptsthe input if and only if the equality holds. M can be of polynomial time complexity.
Therefore the O - 1 knapsack problem isin NP.

To show that the O - 1 knapsack problem is NP-hard consider any instance E of the 3-satisfiability
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problem. Let Xy, . . ., X, denote the variables in the Boolean expression E. E isaconjunction ¢q #.... A C
of someclausesc;, .. ., ¢. Each Cjisadisjunction ¢; 1 ¥/ ¢; » ¥/ C; 3 of someliteralsc; 1, ¢ o, Cj 3. Each ¢

isavariable x;, or anegation -x; of avariable x;, for some 1 < t <. m.

From Boolean Expression to a System of Linear Equations

From the Boolean expression E a system S of linear equations of the following form can be constructed.

X1+f1:1

Xm+tTm=1

Cip+Cio+Cig+yr1+Yy12=3

Ck1+tCot C3ztYk1tYk2=3

The system Shasthevariablesxy, . .., Xy, T1, - - -, T Y110 - - - » Yk 2- Thevariable x; in S corresponds
to the literal x¢ in E. The variable Ty in S corresponds to the literal —x; in E. ¢; j stands for the variable x;
in S, if X isthejthliteral in C;. ¢;; stands for the variable Ty in S, if -x; isthejth literal in C;.

Each equation of the form x; + T; = 1 hasa solution over {0, 1} if and only if either x; =1 and T; = O, or
X; = 0 and T; = 1. Each equation of theform ¢ ; + Cj , + Cj 3 + Yj 1 + Vi » = 3 hasasolution over {0, 1} if
and only if at least one of the equalitiesc; 1 = 1, ¢j » = 1, and ¢; 3 = 1 holds. It follows that the system S
has a solution over {0, 1} if and only if the Boolean expression E is satisfiable.

From a System of Linear Equations to an Instance of the 0 - 1 Knapsack Problem

The system S can be represented in a vector form as follows.

a1 1 01 2ra 4 2k by
#oo+ o+ Fim4ak =
U 4R 1 Uma 4k 2w 2R l5m+s¢
Thevariableszy, . . ., Zyy4ok iN the vector form stand for the variables Xy, . .., X T 10 -+ v Ty Y110 - - -

, Yk 2 Of S, respectively. g j is assumed to be the coefficient of z; in theith equation of S. b; is assumed to
be the constant in the right-hand side of theith equationin S.
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Similarly, the system S can also be represented by the equation H of the following form.

a1 4+ Tamd ok Fam4ak = b

In H, each g stands for the integer whose decimal representation isay j ... am. j- Similarly, b stands for

the integer whose decimal representation is b ... by,.. The representation is possible because the sum g;
1+..-+ 8 omepk IS€ither equal to 2 or to 5 for each 1 i <-m + k. That is, theith digitinthesumc =&
+...+ 8ok depends only on theith digitsof &y, . . . , @m0k It followsthat Sis satisfiable over {0, 1}
if and only if H is satisfiable over {0, 1}.

Asaresult, the instance E of the 3-satisfiability problem is satisfiable if and only if theinstance (ay, . . .,
aom+ok, D) Of the 0 - 1 knapsack problem has a positive solution. Moreover, a polynomially time-

bounded, deterministic Turing transducer can similarly construct corresponding instance of theO - 1
knapsack problem, from each instance E of the 3-satisfiability problem. Consequently, the NP-hardness
of the 0 - 1 knapsack problem follows from the NP-hardness of the 3-satisfiability problem. []

Example5.4.1 Consider the Boolean expression E of the form (X;¥XoW¥-X3)A(mXoW¥X 31X 4)A(X 1 ¥X 34X 4)
A(AX1¥XoWX,). E isan instance of the 3-satisfiability problem. The Boolean expression is satisfiable if and
only if the following system S of linear equations has a solution over {0, 1}.

1] 0] 0] 0] [1] 0] 0] 0]

0 1 0 0 N 1 0 0

0 0 1 0 0 0 1 0

0 0 0 i oL 0L oL 1L

1~Tl‘|‘ 1~TE+ |:|~Té-+ DI"&"‘ |:|~Tl+ |:|~TE+ 1~TE-+ I:II'&-I_

0 0 1 0 N 1 0 1

1 0 1 1 N 0 0 0

0| 1 0] 1] 1] 0| 0 0

0] 0] 0] 0] 0] 0] 0] 0] [1]
0 0 0 0 N 0 0 0 1
0 0 0 0 N 0 0 0 1
0 0 0 0 0 0 0 0 1
p ety et (g2t (glFzat (gt g [Fa ot g1t g liez = |,
0 0 1 i N 0 0 0 3
0 0 0 0 1 1 0 0 3
0| 0 0] 0] 0] 0| 1 1 E

On the other hand, the system S has a solution over {0, 1} if and only if the equation H of the following
form has a solution over {0, 1}. The leading zeros are ignored in the constants of H.
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10001010y 41001001 $o4 1001103441001 74

+ 1000y 4 1000 ¢4

4 100ga,+ 10043,

+ 10 g1+ 10 s g

i e 1+ g 5 =11113333

The expression E is satisfiable if and only if the instance (10001010, 1001001, 100110, 10011,

10000001, 1000100, 101000, 10100, 1000, 1000, 100, 100, 10, 10, 1, 1, 11113333) of the 0 - 1 knapsack
problem has a positive solution..]

The Clique Problem

The previous examples of NP-complete problems deal with Boolean expressions and linear equations.
The following example deals with graphs.

Theorem 5.4.2 The problem defined by the following pair, called the clique problem, is an NP-
compl ete problem.

Domain:
{ (G, K) | Gisagraph and k is anatural number }.

Question:
Does G has aclique of sizek for the given instance (G, k)? (A clique is a subgraph with an edge
between each pair of nodes. The number of nodesin acliqueis called the size of the clique.)

Proof Consider a Turing machine M that on a given instance (G, k) of the clique problem proceeds as
follows. M starts by nondeterministically choosing k nodes in G. Then it determines whether there is an
edge in G between each pair of the k chosen nodes. If so, then M accepts the input; otherwise it rejects
theinput. M is of polynomial time complexity. Consequently the clique problem isin NP.

To show the NP-hardnes of the clique problem consider any instance E of the 3-satisfiability problem. As

in the proof of the previous result, let X4, . . ., X, denote the variables in the Boolean expression E. Eisa
conjunction ¢q A... A ¢ of someclausescy, . . ., ¢. Each Cjisadigunction ¢ ' ¢ » % C; 3 Of some

literals ¢; 4, G 2, Cj 3. Each ¢;j isavariable x;, or a negation —x; of avariable x;, for some 1<t <Z m. From
the Boolean expression E agraph G of the following form can be constructed.

The graph G has a node corresponding to each pair (c;, (dq, d,, d3)) of an assignment (d,, d,, dg) that
satisfies a clause C;. The node that correspondsto apair (c;, (dq, do, d3)) islabeled by the set {X; ; = dy, X;
> =d,, Xj 3 =dg}, Where x; 1, X; », Xj 3 are assumed to be the variables used in ¢; 4, G 5, G 3, respectively. It
follows that for each C;j, the graph G has seven associated nodes.
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The graph G has an edge between a node labeled by a set { x; 1 = dq, Xj » = dy, X; 3 = d3} and anode
labeled by aset {X; 1 = d'y, Xj o = d', X; 3 = d'3} if and only if no variable x; has conflicting assignmentsin
thetwo sets, 1 <t m.

By construction, no pair of nodes associated with the same clause C; have an edge between them. On the

other hand, the edges between the nodes that correspond to each pair of clauses, relate exactly those
assignments to the variables that satisfy both clauses simultaneously. Consequently, the Boolean
expression E is satisfiable if and only if G has aclique of size k.

A polynomially time-bounded, deterministic Turing transducer can in asimilar way determine a
corresponding instance (G, k) of the clique problem for each instance E of the 3-satisfiability problem.
Therefore, implying the NP-hardness of the clique problem. L]

Example5.4.2 Let E be the Boolean expression (X14Xo4—X3)/(—XoWX 3% =X 4)A4(X1¥X3¥X 4)f (X 14X 04X ).
Let G bethe graphin Figure5.4.1.

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fivese4.html (5 of 7) [2/24/2003 1:51:14 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-fivesed.html

Modes that Nosdey that MNoddes that Meodes thal
correapond 1o correzpond to carreepond o correapond (o
o Varg BLE L LY L IV ERLET AKYI YA,

¥ ¥ ¥ ¥

X| x3 I3 “X1 T3 A A &% A x] A7 Ay
ponn 40000 {n oI {u o
g, Q0,9 QLTI 9,01 o 00

7 7 *\
£
III

Xy ¥ x X x &
{ ||1 IF} leal? [ J:nl AI-I! i J:' Ez '?}
g, 1.0 01 ¢ 1,0 o0 1
=
ﬁ ==
|t
Iy X3 13} L+ rTx1 Xy :q,} ¥y ¥g T4
wow i om0 o
1 L | o, 11 o, 1,0
|
= bW B
kX
a1/
1, 0O, O, a, 1, 1
x ¥y X xy ,.-"H
.‘I? [ 11? [ =
LG 1.0, 1
{.:] .:u: £ In Xy xg L] K7 X4 L]X4 -I'd}
[ [ o N W & T
1, 1,0 I, Lo L, 1,0 1.1, &

=g Fy N AP X7 X by
{ll 1l I15 III I|3 II‘} {'lll.l llll::I i {JI.] ;::Iz ll-iq
. 1,1 1.1, 1 LhI1L1 1.1, 1 _‘-)

-

Figure5.4.1 A graph G which relates the assignments that satisfy the clauses of the Boolean
EXPression (X1 ¥ Xo W —Xg) A (X0 W Xg W —Xyg) A (X W X3 W Xgq) M (1Xq W X W Xy).

Then by the proof of the last theorem, E is satisfiable if and only if (G, 4) is satisfiable. The assignment
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(X1, X9, X3, X4) = (1, 0, 0, 1) that satisfies E corresponds to the clique in G whose nodes are shaded. [

From the definition of NP-completeness, it followsthat P is equal to NP if and only if thereis an NP-
complete problem in P.

It should be noticed that all the known algorithms, for the NP-complete problems, are in essence based on
exhaustive search over some domain. For instance, in the case of the satisfiability problem, an exhaustive
search ismade for an assignment to the variables that satisfies the given expression. In the case of the O -
1 knapsack problem, the exhaustive search is made for a subset of a given multiset {ay, . . ., ay}, whose

values sum up to some given value b. In the case of the clique problem, the exhaustive search is made for
aclique of the desired size. In all of these cases the search is over adomain of exponential size, and so far
it seemsthisisthe best possible for the NP-complete problems.

[next] [prev] [prev-tail] [front] [up]
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5.5 Polynomial Space

From Nondeterministic Space to Deterministic Time
From Nondeterministic to Deterministic Space
PSPACE-Complete Problems

Closure Properties

By Corollary 5.3.1 NTIME (T(n)) € DSPACE (T(n)) and so PSPACE contains NP. Moreover, by Theorem 5.5.1 PSPACE is

contained in EXPTIME . These containments suggest that PSPACE be studied similarly to NP. Specifically, such a study will be
important in the remote possibility that NP turns out to be equal to P -- the same reason the study was important for NP in the
first place. However, if NP turns out to be different from P, then the study of PSPACE might provide some insight into the
factors that increase the complexity of problems.

Lemma5.5.1 An S(n) > log n space-bounded Turing machine M can reach at most 245" configurations on a given input of
length n. d is assumed to be some constant dependent only on M.

Proof ~ Consider any Turing machineM = <Q, %, T, §, ¢, B, F> of space complexity S(n) > log n. For input x of length n the

Turing machine M can have at most |Q| (n + 2) (S(n)[T[SM)™ different configurations. |Q| denotes the number of states of M, m
denotes the number of auxiliary work tapes of M, and [I'| denotes the size of the auxiliary work-tape alphabet T' of M.

The factor of |Q] arises because in the configurations (ugv, u;qvy, - . . , UyQvy,) Which satisfy uv = ¢x$ the state g comes from a
set Q of cardinality |Q|. The factor n + 2 arises because the input head position |u| can bein n + 2 locations. S(n) represents the

number of possible locations for the head of an auxiliary work tape, and [T'|S(") represents the number of different strings that
can be stored on an auxiliary work tape.

The expression |Q| (n + 2) (S(n)[T'[S(M)M has a constant d such that

Q] (N + 2) (S(n)[T[SM)m = 2log [Qllog (n+2)(2log SM2S(r)log frfym
<7 205(n)
for al nif S(n) > log n. L

From Nondeter ministic Space to Deterministic Time

By Corollary 5.3.1 nondeterministic and deterministic time satisfy the relation NTIME (T(n)) | —oDTIME (2¢T(M). The
following theorem provides a refinement to this result because NTIME (T(n)) © NSPACE (T(n)).

Definition  The configurations tree of a Turing machine M on input x is a possibly infinite tree {¥ defined in the following
manner. The root of £¥ isanode labeled by the initial configuration of M on input x. A node in{}, which islabeled by a
configuration C4, has an immediate successor that is labeled by configuration C, if and only if C; I C,.

Theorem 5.5.1 If S(n) > log n then
NSPACE(S(n)) C | | pTimE(2°70™))

B o0
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Pr oof

Consider any S(n) space-bounded Turing machine M4 =<Q, E, T', 4, gy, B, F>. A deterministic Turing machine M, can

determine if M, accepts agiven input x by determining whether the configurations tree £}, of M on input X, contains an
accepting configuration. M, can do so by finding the set A of all the configurations in £2, and then checking whether the set
contains an accepting configuration. The set A can be generated by following the algorithm.

Step 1

Initiate A to contain only the initial configuration of M4, oninput X.

Step 2

For each configuration C in A that has not been considered yet determine all the configurations that M, can reach from C

in asingle move, and insert them to A.
Step 3

Repeat Step 2 aslong as more configurations can be added to A.

By Lemma5.5.1 the Turing machine M, on input x of length n has at most 24S(M) different configurations, for some constant

that depends only on M 4. Each of the configurations (ugv, y,0z;, .

.., Ym0z, of M1 oninput x can be represented by M, in log

n+ m(S(n) + 1) space. The set A can be explicitly represented in (log n + m(S(n) + 1))2dS(n) < 2(n) space, where e is some
constant. The number of timesthat A is accessed is bounded above by the number of elements that it contains. Consequently,

the result follows. [

Example5.5.1 Let M4 bethe Turing machine in Figure 5.5.1(a).
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Figure5.5.1 (a) A Turing machine M;. (b) The configurations treeft of M, on input aa.

The configurations tree { of M, on input aais given in Figure 5.5.1(b). For agiven input x of M let C; i denote the
configuration that M, reaches from itsinitial configuration through a sequence of moves using the transition rules*ril, o T If
no such sequence of movesis possible, then G; - is assumed to be an undefined configuration.

The algorithm in the proof of Theorem 5.5.1 inserts C: to A in Step 1. The first iteration of Step 2 determines the immediate
successors C, and C; of Cs, and inserts them into A. The second iteration considers either the configuration C, or the
configuration Cas.

If C, isconsidered before Cs, then C1; and C,3 are the configurations contributed by C; to A. In such a case, C5 contributes C33
to A.

Upon completion A contains the configurations Ce, C4, C3, C1 1, C13(=C31),C33,.C115 C135(=C315),C335,...,C31556
10121413 21- L

From Nondeter ministic to Deterministic Space

The previous theorem, together with Corollary 5.3.1, imply the hierarchy DLOG C NLOG iZ P i_ NP C PSPACE C EXPTIME
(seeFigure 5.5.2).

EXFTIME

MP-harill -

NP complete

-

ASPACE-complete

F'APACE-hwrd —

Figure5.5.2 A refinement to the classification in Figure 5.3.1.

By the following theorem, nondeterministic Turing machines of polynomial space complexity can be simulated by deterministic
Turing machines of similar complexity. However, from Exercise 5.2.6 NLOG is properly included in PSPACE. Besides this
proper inclusion, and the proper inclusion of P in EXPTIME, it is not known whether any of the other inclusions in the above
hierarchy is proper.

The following theorem provides an approach more economical in space, than that of the proof of the previous theorem.
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However, the improvement in the space requirements is achieved at the cost of slower simulations.

Theorem 5.5.2 If §(n) isafully space-constructible function and S(n) > log n then

NSPACE(S(n)) € DSPACE(S(n))")

Proof  Consider any cS(n) space-bounded Turing machine M, where S(n) 2= log nis fully space-constructible. With no loss
of generality it can be assumed that on entering into an accepting configuration the auxiliary work tapes of M4 are all blank, and
the input head of M4 is on the right endmarker $. In addition, it can be assumed that M ; has exactly one accepting state o.
Consequently, an accepting computation of M, on agiven input x must end at the accepting configuration (¢xg$, o, - . . , Gf).

By definition, M accepts agiven input x if and only if M4 on input x has a sequence of moves, starting at the initial
configuration Cq of M4 on input x and ending at the accepting configuration C; of M; on input x. By Lemma 5.5.1 the Turing
machine M4 can reach at most 245" different configurations on an input of length n. By Theorem 5.5.1 each configuration
requires at most d's(n) space when the input string is excluded. Consequently, M4 accepts x if and only if it has a sequence of at
most 2dS(X)) moves that starts at Co and ends at C;.

A deterministic Turing machine M, can determine whether M, accepts an input x by the algorithmin Figure 5.5.3.

C :=the initial configuration of M on input x
G := the accepting configuration of M on input Xx
if R(Gy, G, 2d3(Ix1)) then accept
reject
function R(C;, G, t)
if t <1 then
if M can in t steps reach configuration G,

fromconfiguration C, then return (true)
el se for each configuration C of M, on input X
of length < d" s(|x|) do
if R(C;, C [t/2]) and
R(C G, |.t/2J) then return (true)
return (fal se)

end

Figure 5.5.3 A deterministic simulation of a nondeterministic Turing machine M.

The algorithm uses arecursive function R(C,, C,, t) whose task is to determine whether M1 on input x has a sequence of at
most t moves, starting at C; and ending at C,. The property is checked directly when t < 1. Otherwisg, it is checked recursively

by exhaustively searching for a configuration C of M, such that both R(Cy, C, [t/2]) and R(C, C,, Lt72]) hold.

The algorithm uses O(S(n)) levels of recursion in R(C4, C,, t). Each level of recursion requires space O(S(n)). Consequently M,
uses O( (S(n))?) space.
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When it derives the configurations of M, M, relies on the property that S(n) is space-constructible. [

PSPACE-Complete Problems

Approaches similar to those used for showing the NP-hardness of some given problems, can also be used for showing PSPACE-
hardness. The following theorem is an example of a PSPACE-compl ete problem whose PSPACE-hardness is shown by a
generic transformation.

Theorem 5.5.3 The membership problem for linear bounded automata or, equivalently, for L ={ (M, x) | M isalinear
bounded automaton that accepts x } is a PSPACE-compl ete problem.

Proof Thelanguage L is accepted by a nondeterministic Turing machine M, similar to the universal Turing machinein the
proof of Theorem 4.4.1. M, on input (M, x) nondeterministically finds a sequence of moves of M on x. M|, accepts the input if

and only if the sequence of moves starts at the initial configuration of M on input X, and ends at an accepting configuration. The
computation of M, proceeds in the following manner.

My, starts by constructing the initial configuration Cy of M on input x. Then it repeatedly and nondeterministically finds a
configuration C that M can reach in one step from the last configuration that has been determined for M by M, . M|, accepts
(M, x) if and when it reaches an accepting configuration of M.

By construction, M, requires a space no greater than the amount of memory required for recording a single configuration of M.
A single configuration (uqv, u;qvy, . . ., UyQvy,) of M requires space equal to the amount of memory needed for recording a
single symbol times the number of symbolsin the configuration, that is,

O(MIC(L + fuv]) + (L + Jugva]) +... + (L + umviml) ) =

O(IM|(m + 1)(1 + [x])) = O(IM[?x])
where |M| stands for the length of the representation of M. Consequently, My, requires a space which is polynomial in the size of
itsinput (M, x). It follows from Theorem 5.5.2 that the language L isin PSPACE.

To show that the membership problem for L is PSPACE-hard, consider any problem K in PSPACE. Assumethat A isa
deterministic Turing machine of space complexity S(n) = O(nK) that decides K. From (A, S(n)) a polynomially time-bounded,
deterministic Turing transducer Ty can be constructed to output the pair (M, y) on input x.

y is assumed to be the string #x, where j = S(|x|) and # is anew symbol. M is assumed to be a linear bounded automaton, which
on input #ix simulates the computation of A on x with j space. That is, M acceptsy if and only if A accepts x within j space. []

Example5.5.2 Let A bethe Turing machinein Figure 5.3.3. Using the terminology in the proof of Theorem 5.5.3, the
corresponding linear bounded automaton M can be the one given in Figure 5.5.4.
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Figure 5.5.4 A linear bounded automaton corresponding to the Turing machine of Figure 5.3.3.

M starts each computation by copying the leading symbols #, from the input to its auxiliary work tape. Then M
nondeterministically locates its auxiliary work-tape head over one of the symbols #. Finally, M follows a computation similar to
A'son the remainder of theinput. The main differenceisthat M expects the symbol # whenever A scans the left endmarker ¢ or
ablank symbol B. []

The following theorem is an example of a problem whose PSPACE-hardness is shown by reduction from another PSPACE-hard
problem.

Theorem 5.5.4 The inequivalence problem for finite-state automata is PSPACE-complete.

Proof Let (M4, M,) be any given pair of finite-state automata. A Turing machine M can determine the inequivaency of M4
and M, by finding nondeterministically an input &, ... ay that is accepted by exactly one of the finite-state automata M, and M.

M starts its computation by determining the set S, of al the states that M, and M, can reach on empty input. With no loss of
generality it isassumed that M, and M, have digoint sets of states. Then M determines, one at atime, the symbolsina; ... ay
For each symbol g that M determines, M also finds the set S (from those states that arein S;_;) that M, and M, can reach by
consuming &.

M haltsin an accepting configuration upon, and only upon, finding an Sy that satisfies either of the following conditions.

a Sy contains an accepting state of M, and no accepting state of M.
b. Sy contains an accepting state of M, and no accepting state of M.

At each instance of the computation, M needs to record only the last symbol g and the associated sets §_; and §, that M
determines. That is, M on input (M, M) uses space linear in |[M4| + |[M,|. Asaresult, M is of nondeterministically polynomial
space complexity. From Theorem 5.5.2 it follows that the inequivalence problem for finite-state automataisin PSPACE.

To show that the inequivalence problem for finite-state automata is a PSPACE-hard problem, it is sufficient to demonstrate the
existence of apolynomially time-bounded, deterministic Turing transducer T that has the following property: T on input (M, X),
of alinear bounded automaton M and of an input x for M, outputs apair (M4, M») of finite-state automata M, and M.

Moreover, M, and M, are inequivalent if and only if M accepts x.

M can be afinite-state automaton that accepts a given input if and only if theinput is not of the form #Cy#C#... #Ci#. Cyis
assumed to be theinitial configuration of M on input x. C; is assumed to be an accepting configuration of M oninput x. C; is
assumed to be a configuration that M can reach in one movefrom Ci_4,i =1, ..., f. Thelength of each C; is assumed to equal

(n+ 3) + m(S(n) + 1), misassumed to be the number of auxiliary work tapes of M, S(n) is assumed to be the space complexity
of M, and # is assumed to be a new symbol.
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M can determine that an input is not of such aform, by nondeterministically choosing to check for one of the following
conditions.

Thefirst symbol in the input is not #.
Thelast symbol in the input is not #.
Cpisnot aninitial configuration of M on input X.

C; does not contain an accepting state of M.

C; isnot consistent with C;_; for somei (chosen nondeterministically). M, can check for this condition by
nondeterministically finding aj such that the jth symbol in C; is not consistent with the jth symbol in C;_; and itstwo
neighbors.

® Qoo

M can check for each of these conditions by using a polynomial number of statesin the length of x.

By construction, M4 accepts all inputs if and only if M does not accept x. The result then follows immediately if M, istaken to
accept all the strings over the input al phabet of M. [

Example5.5.3 The Turing machine M in Figure 5.5.1(a) has space complexity of S(n) = n + 2. For the string X = aathe
Turing machine M in the proof of Theorem 5.5.4 has the corresponding finite-state automaton M of Figure 5.5.5.

Figure 5.5.5 A finite-state automaton that accepts all inputs if and only if the Turing machine in Figure 5.5.1(a) does not
accept aa.

Each configuration (uqv, u;qv4) of M on input aais assumed to be represented in M4 by astring ugvu,qv; of length (n + 3) +
(S(n)+1)=2n+6.
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On agiven input M, nondeterministically chooses to execute one of the subcomponents A4, Ay, Az, Ay, or As.
A, checks that the input does not start with the symbol #. A, checks that the input does not end with the symbol #. A checks
that the string between the first two # symbolsis not theinitial configuration of M on input aa. A4 checks that the accepting
state g, does not appear in the last configuration C;.

A checks for inconsistency between consecutive configurations. Its specification is omitted here. [

Closure Properties

The classes NTIME (T(n)) and NSPACE (S(n)) are closed under union and intersection (see Exercise 5.1.3(a)), but it is not
known whether they are closed under complementation. However, the following theorem holds for NSPACE (S(n)).

Theorem 555 The class NSPACE (S(n)) is closed under complementation for S(n) = log n.

Proof Consider any S(n) space-bounded, nondeterministic Turing machine M4. From M, an S(n) space-bounded,
nondeterministic Turing machine M, can be constructed to accept the complementation of L(M,).

Specifically, on agiven input x the Turing machine M, determines whether the configurations tree £ of M, on x contains an
accepting configuration. If so, then M, rejects x. Otherwise, M, accepts X.

M, traverses {2 by stages, according to the algorithm in Figure 5.5.6(a).

i =0
| :=1length of the initial configuration G of M on input X
N:=1
r epeat

for each configuration Cin £ do
if Cis an accepting configuration then reject

I = max(l, length of |ongest configuration in }.q)
N : = nunber of configurations in {4
=0 o+ 1
until i > (the nunber of configurations, of M on input X, of
length |)
accept
(@
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count : =0
for each configuration C, of M on

i nput x, of length | at nost

do
if G F Cin exactly i noves then
begin count := count + 1
r
end

if count£ N then reject

(b)
nextN := 0
for each configuration C, of
M, on input x, of length | do
begin countup : = fal se
for each configuration Cin f} do
if CHC then countup := true
i f countup then nextN := nextN + 1
end
N := nextN

(©
Figure 5.5.6 (a) A breadth-first search agorithm for accepting the complementation of L(M). (b) Simulation of "for each
configuration C in{} doa". (c) Evaluation of the number of configurationsin £};,4.

At the ith stage M, determines the configurations C at the ith level of £}, that is, the configurationsin theset £} ={ C| M, hasa
sequence Cy -+ C of exactly i moves that starts at theinitial configuration Cy of M4 oninput x }.

M, halts during the ith stage in a nonaccepting configuration if it determines an accepting configuration in £};. However, it halts
at the end of theith stage in an accepting configuration if it determines that £} cannot contain new configurations (i.e., by
determining that i is greater than the number of configurations M, can reach on input x).

The configurations C that are in £}; are found nondeterministically from i and the number N of configurationsin £¥. In particular,
M, simulates the instructions of the form "for each configuration C in £} doa" in accordance with the algorithm in
Figure 5.5.6(b). The nondeterminism is required for simulating the sequences of moves Cy - C.

M, determines the number N of configurationsin ¥, by determining which configuration can be directly reached from those
that areinf},. The algorithm is given in Figure 5.5.6(c).

The result now follows because by Lemma5.5.1, the Turing machine M4 can reach at most 20(S() different configurations on
inputs of length n, that is, M, considers only i < 20(5) |evels of 1. []

The class DTIME (T(n)) is closed under union , intersection, and complementation (see Exercise 5.1.3(b)). The closure of

DSPACE (S(n)) under union, intersection, and complementation can be easily shown by direct simulations. For the | ast
operation, however, the following theorem is required.

Definitions  An s space-bounded configuration is a configuration that requires at most s space in each auxiliary work tape. An
s space-bounded, backwar d-moving-configurations tree of a Turing machine M is atreef}, defined in the following manner.
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The root of £¥islabeled by an s space-bounded configuration of M. A node in £}, labeled by a configuration C,, has an
immediate successor labeled by configuration C4 if and only if C; isan s space-bounded configuration of M such that C; F Co.

Theorem 5.5.6 Each S(n) space-bounded, deterministic Turing machine M4 has an equivalent S(n) space-bounded,
deterministic Turing machine M,, that halts on all inputs.

Proof Consider any S(n) space-bounded, deterministic Turing machineM; =<Q, &, T, 4, qq, B, F>. M, can be of the
following form. M, on agiven input x determines the space s, that M, uses on input x. Then M, checks whether M4 has an
accepting computation on input . If so, then M, haltsin an accepting configuration. Otherwise M, haltsin arejecting one.

To determine the value of s, the Turing machine M, initializes s, to equal 1. Then M, increases s, by 1 aslong asit finds an s,
space-bounded configuration C4, and an (s, + 1) space-bounded configuration C,, such that the following conditions hold.

a Cl F C2.
b. M, hasan s, space-bounded, backward-moving-configurations treef}, the root of which is C; and which contains the
initial configuration of M on Xx.

M, searches for an s, space-bounded configuration C, that satisfies the above conditions by generating all the s, space-bounded
configurations in canonical order, and checking each of them for the conditions.

To check whether M4 has an accepting computation on input X the Turing machine M, searches for an s, space-bounded,
backward-moving-configurations tree that satisfies the following conditions.

a Theroot of £} is an accepting configuration of M, on input x.
b. £ containstheinitial configuration of M4 on input X.

M, follows the algorithm in Figure 5.5.7

C = Goot
do
if Cis an initial configuration then
begi n
while C has a predecessor in flg do
C := predecessor of Cin fi
return (true)
end
if Cis not a termnal node in fig then
C := the leftnost successor of Cin fi

else if Chas a right neighbor in flg then
C :=the right neighbor Cin fl

else if C has a predecessor in fig then
C := the predecessor of Cin fl

el se return (fal se)
until false
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Figure 5.5.7 Depth-first search for an initial configuration in £l

for determining whether M1 on input x has an s space-bounded, backward-moving-configurations treefl, the root of which is
Cio0t @nd which contains a node that corresponds to an initial configuration. Upon halting, the algorithm is at configuration C =

Croot-

The algorithm is used only on configurations C,, such that if C,y I C' then C'is not an s space-bounded configuration. This
property is used by the algorithm to determine the root of £} upon backtracking.

The algorithm relies on the observation that the determinism of M4 implies the following properties for each s space-bounded,
backward-moving-configurations tree fl..

a Thetreeflgisfinite because no configuration can be repeated in a path that starts at the root.

b. The predecessors, successors, and siblings of each node can be determined simply from the configuration assigned to
the node. [

[next] [prev] [prev-tail] [front] [up]
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5.6 P-Complete Problems

The Nonterminal Symbols of Gx
The Production Rules of Gx

In some cases it is of interest to study the limitations of some subclasses of P. The motivation might be
theoretical, asin the case of the subclass NLOG of P, or practical, asin the case of the subclassU_NC of
the problemsin P that can be solved by efficient parallel programs (see Section 7.5). In such cases the
notion of the "hardest" problemsin P is significant.

Specifically, aproblem K is said to be logspace reducible to a problem K, if there exist logspace-
bounded, deterministic Turing transducers Ty and T that for each instance |1 of K1 satisfy the following
conditions.

a Troninput |4 givesaninstance I, of Ko.
b. Kyhasasolution S; at I, if and only if K, hasasolution S, at I, where S, is the output of T, on

input S.

A problem K issaid to be a P-hard problemif every problem in P islogspace reducibleto K. The
problem is said to be P-completeif it isaP-hard problemin P.

By the definitions above, the P-compl ete problems are the hardest problemsin P, and by Section 7.5
NLOG C U_NC C P . Consequently, NLOG contains a P-complete problem if and only if P = NLOG, and
U_NC contains a P-complete problem if and only if P = U_NC. It is an open problem whether P equals
NLOG or U_NC.

Theorem 5.6.1 The emptiness problem for context-free grammars is P-complete.

Proof Consider any context-free grammar G =< N, X, R, S>. The emptiness of L(G) can be
determined by the following algorithm.

Step 1
Mark each of the terminal symbolsin X.
Step 2
Search R for a production rule A — @, in which o consists only of marked symbolsand A is
unmarked. If such a production rule A — @ exists, then mark A and repeat the process.
Step 3
If the start symbol Sisunmarked, then declare L(G) to be empty. Otherwise, declare L(G) to be
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nonempty.

The number of iterations of Step 2 is bounded above by the number of nonterminal symbolsin N.
Consequently, the algorithm requires polynomial time and the problem isin P.

To show that the emptiness problem for context-free grammarsis P-hard, consider any problem K in P,

Assumethat M = <Q, £, T, 4, qo, B, F> isadeterministic Turing machine that decides K in T(n) = O(nk)

timeandthat Qi EUT'U{¢, $}) = A. Let m denote the number of auxiliary work tapes of M, and let r
denote the cardinality of #. Then K can be reduced to the emptiness problem for context-free grammars
by alogspace-bounded, deterministic Turing transducer Ty of the following form.

Tk oninput x outputs a context-free grammar G, such that

a L(Gy) =@if K hasanswer yesat X.
b. L(G,) ={¢} if K hasanswer no at x.

Tk constructs the grammar G, to describe the computation of M on input x.

The Nonterminal Symbols of G)_(

The nonterminal symbols of G, represent the possible characteristics of the computation of M on input X.
Specifically, G, has the following nonterminal symbols (t is assumed to denote the value T([X])).

a. Thestart symbol S. Srepresents the possibility of having a nonaccepting computation of M on
Input X.

b. A nonterminal symbol A; - for each transition rule T of M and each 1< i <[ t. A; r represents the
possibility that the ith move of M on input x uses the transition rule .

c. A nonterminal symbol A; o; x foreachO<li<It, 1<{j<|x|+3,and X in{¢, $} UEUQ. A g x
represents the possibility of having X in theith configuration of the computation at the jth
location of the input description.

d. A nonterminal symbol A; ;i x foreachO<i<{t, 1<Cr<Im, 1<j<2t+ 1, and X inL'UQ. Aj ;i x
represents the possibility of having X in theith configuration of the computation at the jth
location of the rth auxiliary work tape description.

e. A nontermina B;; 4 x foreach0<(i<{t,0<Ir<{m,qinQ,and X inEUT U{¢, &}.B; ;x
represents the possibility that in the ith configuration the state is g and the symbol under the head
of therth tapeis X.

The Production Rules of G)_(
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The production rules of G, describe how the characteristics of the computation of M on input x are

determined. Specifically, the characteristic that is represented by a nonterminal symbol A holds for the
computation if and only if A =* ¢in G,. The production rules of G, are asfollows.

a. Production rules that determine the input segment in the initial configuration.

dn,0,1,9
AD:D:EJQG
An,0,i4 2,54 heymboling

forl <0 1 < ||

S R

Ao,o, 2| 43,4

b. Production rules that determine the segment of the rth auxiliary work tape in the initial
configuration, 1< r<-m.

Aoy e — € forl< s <{tandt 4272141
doyryitr,e = €

c. Production rulesthat determine the jth symbol for the rth tape in the ith configuration of the
computation.

*d-l.,:",_'i'.,..'-'f — f’-l'—1,F,_';l'—1,1"’..4.:'_1,p,_';l',E.-.‘il'_1,;-,_';"-|-1,'|;-'|;-"..d_|',.;r

foreach X, Y, Z, W, T, such that f(Y, Z, W, ) = X. f(Y, Z, W, T) is assumed to be afunction that

determines the replacement X of Z for the rth tape when Y isto the left of Z, W isto the right of
Z, and T isthetrangition rule in use. The left "boundary symbols’ Aj 19 1y, Ajlim-1y s Ai-

1,0,x+4,w and theright ones Aj_1 1 otsow s - - - » Aj.1,m,2t+2,w @€ assumed to equal the empty string

E.
d. Production rulesthat determine whether the computation is nonaccepting.

5 = BiggeBilgr  Bimgb.
for each 0<i <] t, anonaccepting state g, and a, by, . . ., by, such that i(g, a by, . . ., by) =D (i.e,
M has no next move).
e. Production rulesthat determine the transition rule to be used in the ith move of the computation,
1<li<t,

ﬁ‘i-:',*.r — B:'—l,Dg,nH:'—l,l,q,b] e H:l'—l,r.v'a,f,',r:,v,ll

for each transitionruler =(q, & by, . .., by, P, do, €, dy, . . ., Cyy, diyy) OF the Turing machine M.
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Since M is deterministic, for agiven i there exists at most one T such that A; » =* «.

f. Production rulesthat are used for determining the state of M and the symbols scanned by the
heads of M in the ith configuration, 0 <.i < t.

Hi.!':'!'i'!“ — ‘d'l.!':'!_?;:l!'i"d".!':'!:i';:l+1!“
BI‘!is':J'!b] _.> "d'l.!i!_'i'.] !'-_J"d".!ls.'i'-]+1!b]

Hilsm!f.l'!bm — ‘d'llsm!_'i'.m !'?"d'i!m!.?.m +1,E.,

foreach 1< jo< x|+ 2, and 1<, < 2t with 1< r I m.[]

Example5.6.1 Let M be the deterministic Turing machine of Figure 5.3.3(a), X = ab, and assume the
notationsin Theorem 5.6.1.

The following production rules of G, determine the input segment in theinitial configuration of M on x.

dooa,g —+ E
doo,29, — €
dopae — E
dopape — ¢
Appgsg — f

The production rules that determine the segment of the auxiliary work tape in theinitial configuration
have the following form.

Bong e — ¢ 1< 7« 4%ands < 7 < 3
Boose — ¢

The following production rules determine the second configuration from the first.
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d1,0,1,
410,20
410,29,
4102k
A1 0,50,
dy1.1,8
411,28
d;,1,2,8
41,128
A1,1,5,4
41,16,
411,78
411,88
41,1,5,5

The production rule Ay =, — Bg g, aBo,1,g,,8 determines the transition rule used in the first move.

The following production rules determine the state of M and the symbols scanned by the heads of M, in

the first configuration.

BD Wy 43

L e A A A A

do,0,1,0 4opo,2,5, 41,7
doo,1,0 dop,2,g, 400,20 41,7,
dno,2,5, 40,050 dooae A1,
dopn,ee dooae dooss 41,
dojoae Ao, Ay -,

dn1,1,8 do,i,2,e A1,
dn,1,1,8 do,1,2,2 do,,2,8 41,
dn,1,2,8 do,1,5,2 4o, 2,8 41,
dn,1,2,8 do,1,4,2 40,1,5,5, 41,7,
dn,1,4,8 do,1,5,, 4d0,1,6,8 41,7,
An,1,5,, do,1,6,2 do,1,7,8 41,7,
dn,1,6,8 do,1,7,8 Ao ,e,e 41,
dn,1,7,8 do,1,8,2 do,1,5,8 41,5,
dn,1,8,8 do,1,5,8 A4,

—* AD!D!E!QD AD!D:E'!“

Bojtg,e — dojgsgdoaes

[
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Exercises

51.1
The RAM represented by the program of Figure 5.E.1

read x
read y
if x <y then
do
t =X
X :=y
y 1=t
until true
do
t :=x nod vy
X :=y
y =1
until t =0
wite X

I f eof then accept

Figure5.E.1

Is based on Euclid's algorithm and determines the greatest common divisor of any given pair of positive
integers. Find the time and space complexity of the RAM.

a. Under the uniform cost criterion.

b. Under the logarithmic cost criterion.

51.2
Show that a RAM can compute therelation { (1", y) | n > 0, and y is the binary representation of n
} intimelinear inn.
Hint: Note that (1/21) + (2/22) + (3/23) +...< 3.

51.3

Show that each of the following classesis closed under the given operations.
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a. NTIME (T(n)) and NSPACE (S(n)) under the operations of union and intersection.
b. DTIME (T(n)) under the operations of union, intersection, and complementation.

514
Consider any two functions T(n) and T(n). Assume that for each constant c, thereis a constant n

such that To(n) = cT(n) for all n = n.. Show that DTIME (T4(n)) C DTIME (T,(n)).

515
(Tape Compression Theorem) Let ¢ be any constant greater than 0. Show that each S(n) space-
bounded, m auxiliary-work-tape Turing machine M has an equivaent cS(n) space-bounded, m
auxiliary-work-tape Turing machine M.
5.1.6
Show that each of the following problemsisin NP.
a. The nonprimality problem defined by the following pair.
Domain:
{ m|misanatura number}.
Question:
|s the given instance m a nonprime number?
b. The traveling-salesperson problem defined by the following pair.
Domain:
{ (G, d, b) | Gisagraph, disa"distance" function that assigns a natural number to
each edge of G, and b isanatural number }.
Question:
Does the given instance (G, d, b) have a cycle that contains all the nodes of G and is
of length no greater than b?
c. The partition problem defined by the following pair.
Domain:
{(@,...,ay)IN>0anday, ..., ayarenatural numbers}.
Question:
Isthereasubset Sof {ay, ..., ay} for thegiveninstance (g, . . ., ay ) such that

(the sum of all the elementsin S) = (the sum of all the elementsin{a, ..., ay} -
S)?

5.1.7
Show that each of the following problemsisin NSPACE (log n).
a. The graph accessibility problem defined by the following pair.
Domain:
{ (G,u,v)|Gisagraph, and uand v arenodesof G }.
Question:
Isthere a path from u to v in G for the given instance (G, u, v)?
b. The c-bandwidth problem for graphs defined by the following pair, where c is a natural
number.
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Domain:
{ G|Gisagraph}.

Question:
Does the given graph G = (V, E) have alinear ordering on V with bandwidth c or
less, that is, a one-to-one functionf: V — {1, ..., |V [} such that [f(u)-f(v)| < c for
al (u,v)IinE?

518
Show that the following problems are solvable by logspace-bounded Turing transducers.
a. Sorting sequences of integers.
b. Addition of integers.
c. Multiplication of integers.
d. Multiplication of matrices of integers.
521
Show that each of the following functionsis afully time-constructible function.
a nkfork:1.
b. 2n
522
Show that each of the following functionsis afully space-constructible function.
a logn.
b. 1.
523
Show that each space-constructible function S(n) > nis also afully space-constructible function.
524
Show that there are infinitely many functions T,(n) and T,(n) such that the containments DTIME
(T1(n)) Z DTIME (T»(n)) — NP are proper.
525
Show that for each T(n) > n, the language { x | X = x; and M; is adeterministic Turing machine that
does not accept x; in T(|x;]) time} isnotin DTIME (T(n)).
Hint: Use the following result.
Linear Speed-Up Theorem A T(n) time-bounded Turing machine M, has an equivalent cT(n) time-
bounded Turing machine M, if T(n) > nand ¢ > 0. Moreover, M, is deterministic if Mq is so.
5.2.6

(Space Hierarchy Theorem) Consider any function S;(n) 2= log n and any fully space-constructible
function Sy(n). Assume that for each ¢ > O there exists an n, such that cS;(n) < Sy(n) for all n 2>
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Ne. Show that there is alanguage in DSPACE (S,(n)) that is not in DSPACE (S;(n)).

531
What will be the value of
532
What will be the value of
a Ejnit
b.  Eaccept
c. folap, @, W, 1)
d. fo(Y ,0g a, )
e fo(Y,Z,00 )
f. fo(Y,Z,W, T
9. f1(do, B, W, 19
h. f1(Y,do B, 79
. f1(Y,Z,00,7)
j. f1(Y,Z,W, 1)
in Example 5.3.2 if x = abb?
533
Show that the proof of Theorem 5.3.1 implies a Boolean expression E, of size O((T(|x|)2log
T(Ix1))-
534
Show that the problem K concerni ng the solvability of systems of linear Diophantine equations
over {0, 1} isan NP-complete problem. Use a generic proof, in which each problemin NP is
shown to be directly reducible to K , to show the NP-hardness of the problem.
54.1
What is the instance of the O - 1 knapsack problem that corresponds to the instance (X1 * —X5 ' X,4)
A (2X W Xo W Xg) M (1Xo W X3 W —Xy) Of the 3-satisfiability problem, according to the proof of
Theorem 5.4.1?
54.2
Modify the proof of Theorem 5.4.1 to show that the problem defined by the following pair, called
the integer knapsack problem, is an NP-compl ete problem.
Domain:
{(@,....,ay, 0 [N>1anda,...,ay,baenaura numbers}.
Question:
Arethere natural numbersvy, .. ., vy such that agv4 +...+ ay vy = b for the given instance
(&g, ...,ay,b)?
Hint: Construct the system E so that its ith equation from the start equals the ith equation from the
end.
54.3
Show, by reduction from the O - 1 knapsack problem, that the partition problem is an NP-hard
problem.
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5.4.4

5.4.5

55.1

55.2

5.5.3

5.5.4

555

5.6.1

5.6.2

5.6.3

What is the instance of the clique problem that corresponds to the instance (X4 ¥ =Xo % X4) M (7X1 ¥
Xo W X3) A (=X ¥ —X3 W —X,) Of the 3 satisfiability problem, according to the proof of
Theorem 5.4.2?

A LOOP(1) program isa L OOP program in which no nesting of do'sis alowed. Show that the
Inequivalence problem for LOOP(1) programsis an NP-hard problem.

Modify Example 5.5.1 for the case that M is the Turing machine in Figure 5.5.1(a) and x = aba.
The proof of Theorem 5.5.2 shows that

NSPACE(S1(n)) € DSPACE(S3(n))

for Sy(n) = (Sy(n))? if the following two conditions hold.

1. $(n) =logn.

2. Sy(n) isfully space-constructible.

a  What isthe bound that the proof impliesfor Sy(n) if condition (1) isrevised to have the
form S;(n) <log n?

b. Determine the time complexity of M, in the proof of Theorem 5.5.2.

c. Show that condition (2) can be removed.

Modify Example 5.5.2 for the case that A isthe Turing machine in Figure 5.5.1(a).

A two-way finite-state automaton is an 0 auxiliary-work-tape Turing machine. Show that the
nonemptiness problem for two-way deterministic finite-state automatais PSPACE-complete .

Show that each S(n) > log n space-bounded Turing transducer M has an equivaent S(n) space-
bounded Turing transducer M, that halts on all inputs.

Show that logspace reductions are closed under composition , that is, if problem K is logspace
reducible to problem K, and K, is logspace reducible to problem K. then K is logspace reducible
to K.

Let G, bethe grammar of Example 5.6.1. List al the production rules A — 2 of G, that satisfy
=* ¢ but are not listed in the example.

The circuit-valued problem, or CVP, is defined by the following pair.
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Domain:
{(g,...,1m) |mZ=0,and each I; isan instruction of any of the following forms.
a X :=0.
b. xj:=1
C. X=X ®xforsomej<i, k <i, and somefunction ®: {0, 1}2— {0, 1}.}
Question:
Does x,,, = 1 for thegiveninstance (14, ..., 1,,)?

Show that CVP is a P-complete problem.
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Chapter 6 PROBABILISTIC COMPUTATION

So far, in analyzing programs for their time requirements, we have considered worst cases. Programs
whose worst cases are good, are obviously the most desirable ones for solving given problems. However,
in many circumstances we might also be satisfied with programs that generally behave well for each
input, where no better program available. In fact, one might be satisfied with such programs, even when
they contain asmall probability of providing wrong answers. Programs of this nature are created by
allowing instructions to make random choices. These types of programs are referred to as probabilistic.

Thefirst section of this chapter introduces probabilistic instructions into programs. And the second
section considers the usefulness of such programs that might err. The third section introduces the notion
of probabilistic Turing transducers for modeling the computations of probabilistic programs. The chapter
concludes with a consideration of some probabilistic polynomial time classes of problems.

6.1 Error-Free Probabilistic Programs

6.2 Probabilistic Programs That Might Err
6.3 Probabilistic Turing Transducers

6.4 Probabilistic Polynomia Time
Exercises

Bibliographic Notes
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6.1 Error-Free Probabilistic Programs

Randomization is an important programming tool. Intuitively, its power stems from choice. The ability to
make "random choices' can be viewed as aderivation of the ability to make "nondeterministic choices."

In the nondeterministic case, each execution of an instruction must choose between a number of options.
Some of the options might be "good", and others "bad." The choice must be for a good option, whenever
it exists. The problem isthat it does not generally seem possible to make nondeterministic choicesin an
efficient manner.

The optionsin the case for random choices are similar to those for the nondeterministic case, however,
no restriction is made on the nature of the option to be chosen. Instead, each of the good and bad options
is assumed to have an equal probability of being chosen. Consequently, the lack of bias among the
different options enables the efficient execution of choices. The burden of increasing the probability of
obtaining good choices is placed on the programmer.

Here random choices are introduced to programs through random assignment instructions of the form x
:= random(S), where S can be any finite set. An execution of a random assignment instruction x :=
random(S) assignsto x an element from S, where each of the elementsin Sis assumed to have an equal
probability of being chosen. Programs with random assignment instructions, and no nondeterministic
instructions, are called probabilistic programs.

Each execution sequence of a probabilistic program is assumed to be a computation . On agiven input a
probabilistic program might have both accepting and nonaccepting computations.

The execution of arandom assignment instruction x := random(S) is assumed to take one unit of time
under the uniform cost criteria, and |v| + log |S| time under the logarithmic cost criteria. |v| is assumed to
be the length of the representation of the value v chosen from S, and || is assumed to denote the
cardinality of S.

A probabilistic program Pis said to have an expected time complexity T (x) on input x if £ (X) is equal to
Po(X) . 0+ p1(X) . L+ py(X) .2 +.... Thefunction p;(x) is assumed to be the probability for the program P
to have on input X a computation that takes exactly i units of time.

The program Pis said to have an expected time complexity T (n) if T (|x|) = 1 (x) for each x.

The following example shows how probabilism can be used to guarantee an improved behavior (on

average) for each input.
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Example6.1.1 Consider the deterministic program in Figure 6.1.1

call SELECT(k, S)
procedure SELECT(k, S)

X = first elenment in S

S, :={y]|] yisin$S andy < x}

n, := cardinality of the set stored in S

S :={y ]|l yisinsS andy > x }

n, := cardinality of the set stored in S,

ng := (cardinality of the set stored in S) - n,
case

k < ng: SELECT(k, $;)
N3 < k . SELECT(k - Ng, 82)
ng < k < n3g: x holds the desired el enent

end
end

Figure6.1.1 A program that selects the kth smallest element in S.

(given in afree format using recursion). The program selects the kth smallest element in any given set S
of finite cardinality.

Let T(n) denote the time (under the uniform cost criteria) that the program takes to select an element
from a set of cardinality n. T(n) satisfies, for some constant ¢ and some integer m < n, the following
Inequalities.

T{m)+cn ifn =1
T(n] <

i ifn <1
From the inequalities above

T(n) < T(n-1) +cn
£T(n-2)+dn 4 (n —1])
LTM-3)+dn+in—1)+(n—2])
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e
<TM+dn+ (n—1)+---+ 2]
< cn2.

That is, the program is of time co%pl exity O(n?).

The time requirement of the program is sensitive to the ordering of the elementsin the setsin question.
For instance, when searching for the smallest element, O(n) timeis sufficient if the elements of the set
are given in nondecreasing order. Alternatively, the program uses O(n2) time when the elements are
given in nonincreasing order.

This sensitivity to the order of the elements can be eliminated by assigning a random element from S to
X, instead of the first element of S. In such a case, the expected time complexity I'(n) of the program
satisfies the following inequalities, for some constant c.

B i[f(.:.]+f(1]+...+ﬂn_1]]-|-r:n ifn =1
T(n) <

C ifngl

From the inequalities above

T(n) 5:1;[1_1([')4- R = j_-'lzﬂ — 1:|]|+Cﬂ

1 . —

< T(0) 4o+ fﬁn -2))

+—i[ (T +Tn—2]] ale(n—1))+cn
]"i o)+ Ti(n— 2))+cl-m) +cn

iﬁ[T (0] 4---4+ T n—2]+c+cn

ganﬂ[fT”i':'H- 3))

ni_glirrtnzl -+ T(n—3)))

+,-,1_1 c[n — E]]I+c+cn
l_jjllifil:lj Loeend [I_"(n _ 3]]+20+cn

{n_ AT(0) +---+ T(n—3))+2c+cn

< m—1

{n—én T(0)+--+T(n—4))+3c+cn
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e
<T(1)+(n-1c+cn
< 2cn.
That is, the modified program is probabilistic and its expected time complexity is O(n). For every given

input (k, S) with S of cardinality |S|, the probabilistic program is guaranteed to find the kth smallest
element in Swithin O(|S]2) time. However, on average it requires O(|S|) time for agiven input. L]

[next] [front] [up]
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6.2 Probabilistic Programs That Might Err

Error Probability of Repeatedly Executed Probabilistic Programs
Outputs of Probabilistic Programs

For many practical reasons programs might be allowed a small probability of erring on some inputs.

Example6.2.1 A brute-force algorithm for solving the nonprimality problem takes exponentia time
(see Example 5.1.3). The program in Figure 6.2.1 is an example of a probabilistic program that

determines the nonprimality of numbersin polynomial expected time.

read X
y 1= randon({2, . . . , ¥%})
If x is divisible by y then
answer := yes /* not a prinme nunber */
el se answer := no

Figure 6.2.1 An undesirable probabilistic program for the nonprimality problem.

The program has zero probability for an error on inputs that are prime numbers. However, for infinitely
many nonprime numbers the program has a high probability of giving awrong answer. Specifically, the

probability for an error on a nonprime number mis1- g/(% ™ - 1), where sis assumed to be the number
of distinct divisorsof min{2,...,+ ™ }.In particular, the probability for an error reaches the value of
1- ﬂ(w’ﬁ - 1) for those numbers m that are a square of a prime number.

The probability of getting awrong answer for a given number m can be reduced by executing the
program k times. In such a case, the number m is declared to be nonprime with full confidence, if in any
of k executions the answer yesis obtained. Otherwise, m is determined to be prime with probability of at
most (1 - (v ™ - 1))kfor an error. With k = c(+' ™ - 1) this probability approaches the value of (1€ )¢ <
0.37€¢ as mincreases, where ¢ is the constant 2.71828 . . . However, such avalue for k isforbidingly high,
because it is exponential in the length of the representation of m, that is, in log m.

Animproved probabilistic program can be obtained by using the following known result.
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Result Let W,,(b) be apredicate that istrue if and only if either of the following two conditions
holds.

a (b™1-1) mod m£O.
b. 1<gcd(bt-1, m)<mforsometandisuchthatm-1=t.2.
Then for each integer m > 2 the conditions below hold.
a misaprimenumber if and only if W,,,(b) isfalsefor all b suchthat 2< b <m.

b. If misnot prime, thentheset { b |2 < b<m, and W,,,(b) holds} is of cardi nality (3/4)(m -
1) at least.

The result implies the probabilistic program in Figure 6.2.2.

read x

y :=random{2, . . . , x - 1}
i f W(y) then answer := yes
el se answer := no

Figure 6.2.2 A good probabilistic program for the nonprimality problem.

For prime numbers m the program always provides the right answers. On the other hand, for nonprime
numbers m, the program provides the right answer with probability of at most 1 - (3/4)(m - 1)/(m - 2) <
1/4 for an error.

The probability for awrong answer can be reduced to any desired constant £ by executing the program for
k >»l0gy/4 € times. That is, the number of timesk that the program has to be executed is independent of

the input m.

Checking for the condition (b™-1 - 1) mod m:£ 0 can be done in polynomial time by using the relation (a
+ b) mod m = ( (amod m) + (b mod m) ) mod m and the relation (ab) mod m =

((@mod m)(b mod m)) mod m. Checking for the condition gcd (bt - 1, m) can be done in polynomial time
by using Euclid's algorithm (see Exercise 5.1.1). Consequently, the program in Figure 6.2.2 is of

polynomial time complexity. [

Example6.2.2 Consider the problem of deciding for any given matrices A, B, and C whether AB£ C.
A brute-force algorithm to decide the problem can compute D = AB, and E = D - C, and check whether
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E

A brute-force multiplication of A and B requires O(N3) time (under the uniform cost criteria), if A and B
are of dimension N x N. Therefore, the brute-force algorithm for deciding whether AB=£ C also takes
O(N3) time.

The inequality AB=£ C holdsif and only if the inequality

:f'1 1]
(AB-C)| - £
i"_p.,r I
holds for some vector
Ty
T = .
T

Consequently, the inequality ABz C can be determined by a probabilistic program that determines

a. A column vector

Ty
T =
T
of random numbers from {-1, 1}.
b. Thevalue of the vector ¥ = Bf.
c. Thevalue of the vector z = AY.
d. Thevaue of the vector (1 = Ct.
e. Thevaue of the vector
=z-0
= A¥ - Cf
- ABf-Cf
= (AB-O)t
dig = diw Ty
dayr o0 da T pr

di1T1 4+ ':'-I-ﬂT1N~'fN

dv1T1 4+ -+ dww Ty
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If some of the entries in the vector

dig 14 - +dinin

dyv1 1+ -+ dun Ty

are nonzeros, then the probabilistic program reports that the inequality AB C must hold. Otherwise, the
program reports that AB = C with probability of at most 1/2 for an error. The program takes O(N2) time.

i =

The analysis of the program for its error probability relies on the following result.

Result Letdixq +...+ dy Xy = 0bealinear equation with coefficients that satisfy the
inequality (dy, ..., dy)£(0, ..., 0). Thenthelinear equation has at most 2N-1 solutions (£, . . .,
Ty ) over {-1, 1}.

Proof Consider any linear equation dyX; +...+ dy Xy = 0. With no loss of generality assume
that d; > 0.

If (1, ..., TN) isasolution to the linear equation over {-1, 1} then (-4, L5, . . ., Ty ) does not

solve the equation. On the other hand, if both (z4, . . ., Ty) and (£, . . ., £y ) solve the equation
over {-1, 1}, then the inequality (-£1, £o, . . ., Iy )#£ (-£1, £, . . ., ) holds whenever (14, . . .,
EE E - E).

As aresult, each solution to the equation has an associated assignment that does not solve the
equation. That is, at most half of the possible assignments over {-1, 1} to (X4, . . ., Xy ) Can serve

as solutions to the equation. [

The probabilistic program can be executed k times on any given triplet A, B, and C. In such acasg, if any
of the executions resultsin anonzero vector i then ABz C must hold. Otherwise, AB = C with
probability of at most (1/2)K for an error. That is, by repeatedly executing the probabilistic program, one
can reduce the error probability to any desired magnitude. Moreover, the resulting error probability of
(1/2)k is guaranteed for al the possible choices of matrices A, B, and C. [

Error Probability of Repeatedly Executed Probabilistic Programs

The probabilistic programs in the previous two examples exhibit the property of one-sided error
probability. Specifically, their yes answers are always correct. On the other hand, their no answers might
sometimes be correct and sometimes wrong. In general, however, probabilistic programs might err on
more than one kind of an answer. In such a case, the answer can be arrived at by taking the majority of
answers obtained in repeated computations on the given instance.
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The following lemma analyzes the probability of error in repeated computations to establish an answer by
absolute majority.

Lemma6.2.1 Consider any probabilistic program P. Assume that P has probability e of providing an
output that differs from y on input x. Then P has probability

B(N,e) = E I[”‘;“]IEENH_H[l _ E]k

of having at least N + 1 computations with outputs that differ fromy in any sequence of 2N + 1
computations of P on input X.

Proof LetP,x,Yy, andebeasin the statement of the lemma. Let #2(N, e, k) denote the probability that,
in asequence of 2N + 1 computations on input X, P will have exactly k computations with an output that
isequal toy. Let #(N, €) denote the probability that, in a sequence of 2N + 1 computations on input x, P
will have at least N + 1 computations with outputs that differ fromy.

By definition,
$#(N,¢] = (Probability thatin exactly 2¥ 4 1 computations the ocutput
will notequal )
+ (Probability that in exactly 2N computations the output
will notequal )
-i— (Probability that in exactly ¥ + 1 computations the
output will notequal y)
= (Probability that in exactly O computations the output will
equal )
+ (Probability that in exactly | computation the output will
equal i)
-i— (Probability that in exactly N computations the output
will equal g}
N
= T, w[N,e k).
k=0
The probability of having the answer y at and only at theiqst, .. ., i th computations, in a sequence of

2N + 1 computations of P on input X, is equal to
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EI.] —1|:1 _ e]e:';,—:']—i[l _ E:IEI-E—I.:—].(]_ _ E:| o E:',,—:',_]—i[l _ E:IEEN-H—:',
= (1 ek Ntk

i, ..., I areassumed to satisfy 1 <Jij <ip<...<i 2N+ L.

Each collection {Cy, . . ., Consqt Of 2N + 1 computations of P has

(2N +1)(2N)(2¥ — 1) (2N + 1 -k +1) = At

possible arrangements Cil ... G ’ of k computations. In these arrangements only

(2N 415 [2N-|-1]|
MizN 1k — ke

satisfy the conditioniq <...<iy. Consequently, in each sequence of 2N + 1 computations of P there are

AN 41
[ ke :' possible ways to obtain the output y for exactly k times.

The result follows because #*(N, e, k) = (the number of possible sequences of 2N + 1 computationsin
which exactly k computations have the output y) times (the probability of having a sequence of 2N + 1
computations with exactly k outputs of y). [

In general, we are interested only in probabilistic programs which run in polynomial time, and which
have error probability that can be reduced to a desired constant by executing the program for some
polynomial number of times. The following theorem considers the usefulness of probabilistic programs
that might err.

Theorem 6.2.1 Let¥#(N, e) be asin the statement of Lemma 6.2.1. Then #(N, e) has the following
properties.

1
a ®(N,z)=212foral N.

b. #(N, e) approaches O for each constant e < 1/2, when N approaches .
1 1
c. &N, 2 - &) approaches a constant that is greater than 1/(2' 6), when N approaches ca.

Pr oof

1
a Theequality (N, z) = 1/2for al N isimplied from the following relations.
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hr

25N, 3) ZE A [ RN (N
,2) = 2Kk=0

Ar
P GARTE R (b
= k=0
ad! aN41-Fk k
2 () (1-3)
+ Rk=M41

=F+-)

b. Theequality

1[2!‘-.;—}1] — 22N+1
k=0

implies the following inequality for 0<C k << 2N + 1.

[zﬂ;ﬂ] < N4

Consequently, the result isimplied from the following relations that hold for e = 1/2 - 4.

i I[H‘L“]Iezm“_kil B E].Fe
H(N, €) = k=0
< (N+ DN e - g
; (N + 1)22N+1eN+1(1 - g)N
= (N+ D22V L _ FINY(L 4 )N
= 2L §)(N+D(- 2N L+ 20
= 26(N + 1)(1 - 42N

c. Theresult follows from the following relations because(1 — 2 / N ) N2 approaches 1/¢ with N.
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According to Theorem 6.2.1(a), a probabilistic program must have an error probability e(x) smaller
than 1/2, in order to reduce in the probability of obtaining awrong solution through repeatedly running
the program. According to Theorem 6.2.1(b), error probability e(x) smaller than some constant £ < 1/2
allows areduction to a desired magnitude in speed that is independent from the given input x. On the
other hand, by Theorem 6.2.1(c) the required speed of reduction is bounded below by f(x) = 1/( (1/2) -
&(x) ), because the probability & [z ], [z ]] of obtaining a wrong solution through repeatedly running
the program for f(x) timesis greater than 1/(2¢ 6). In particular, when f(x) is more than a polynomial

in |x|, then the required speed of reduction is similarly greater.

Outputs of Probabilistic Programs

The previous theorems motivate the following definitions.
A probabilistic program P is said to have an output y on input X, if the probability of P having a

computation with output y on input x is greater than 1/2. If no such y exists, then the output of P on input
X is undefined.

A probabilistic program P is said to compute a function f(x) if P on each input x has probability 1 - e(x)
for an accepting computation with output f(x), where

a.  ex) < 1/2 whenever f(x) isdefined.
b. e(x) isundefined whenever f(x) is undefined.
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e(x) issaid to be the error probability of P. The error probability e(x) is said to be a bounded-error
probability if there exists a constant < 1/2 such that e(x) < ¢ for all x on which e(x) is defined. P is said
to be a bounded-error probabilistic programiif it has a bounded-error probability.

By the previous discussion it follows that the probabilistic programs, which have both polynomial time
complexity and bounded-error probability, are "good" programs.

[next] [prev] [prev-tail] [front] [up]
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6.3 Probabilistic Turing Transducers

The study of nonprobabilistic computations employed the abstract models of deterministic and
nondeterministic Turing transducers. For the study of probabilistic computations we will use similar
abstract models, called probabilistic Turing transducers.

Informally, a probabilistic Turing transducer is a Turing transducer that views nondeterminism as
randomness. Formally, a probabilistic Turing transducer isa Turing transducer M =<Q, E, T, &, 4, qq,

B, F> whose computations are defined in the following manner.
A sequence C of the moves of M is said to be a computation if the two conditions below hold.

a. Cdtartsat aninitial configuration.
b. Whenever Cisfinite, it ends either at an accepting configuration or a nonaccepting configuration
from which no moveis possible.

A computation of M is said to be an accepting computation if it ends at an accepting configuration.
Otherwise, the computation is said to be a nonaccepting , or arejecting, computation.

By definition, a probabilistic Turing transducer might have both accepting computations and
nonaccepting computations on a given input.

Each computation of a probabilistic Turing transducer is similar to that of a nondeterministic Turing
transducer, the only exception arising upon reaching a configuration from which more than one moveis
possible. In such a case, the choice between the possible moves is made randomly, with an equal
probability of each move occurring.

The function that a probabilistic Turing transducer computes and its error probability are defined
similarly to probabilistic programs. Probabilistic Turing machines are defined similarly to probabilistic
Turing transducers.

A probabilistic Turing machine M is said to accept a language L if

a Oninput x from L, M has probability 1 - e(x) > 1/2 for an accepting computation.
b. Oninput x not from L, M has probability 1 - e(x) > 1/2 for a nonaccepting computation.

e(X) issaid to be the error probability of M. The error probability is said to be bounded if there exists a
constant ¢ < 1/2 such that e(x) <« for all x. M is said to be a bounded-error probabilistic Turing machine
iIf it has bounded-error probability.
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Example6.3.1 Figure6.3.1
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Figure 6.3.1 A segment of a probabilistic Turing machine that generates a random number.

gives the transition diagram of a segment M of a probabilistic Turing machine. On input X, M finds a

random number between 0 and v, with probability 1 - (1/2)K. x is assumed to be astring in {0, 1} * that
startswith 1, and v is assumed to be the natural number represented by x. The binary representation of
the random number is stored in the first auxiliary work tape.

M starts each computation by employing M, for recording the value of k. Then M repeatedly employs
M,, M3, and M, for generating a random string y of length |x|, and checking whether y represents an

integer no greater than v. M terminates its subcomputation successfully if and only if it finds such a
string y within k tries.

M records the value of k in unary in the second auxiliary work tape of M. In the first auxiliary work tape
of M, M, generates arandom string y of length [x| over {0, 1}. M3 checks whether x represents a number
greater than the one y represents. M3 performs the checking by simulating a subtraction of the
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corresponding numbers. M4 erases the string y that is stored on the first auxiliary work tape.

The number of executed cycles M,, M3, M4 is controlled by the length k of the string 1... 1 that is stored
on the second auxiliary work tape. At the end of each cycle the string shrinks by one symbol.

The probability that M, will generate a string that represents a number between 0 and v is (v + 1)/2I =
1/2. The probability that such a string will be generated in k cyclesis

(Probability of generating the string in the first cycle)
+ (Probability of generating the string in the second cycle, but not
in the first cycle)

+ (Probability of generating the string in the £th cycle, but notin
the first £ — 1 cycles).

The sum of these probabilitiesis equal to
S (L -+ -3 e - 5T
—1

= (-2 1) (- 8 -1

- (1- )"

> 1—(1/2)5.
[

The probabilistic Turing machine in the following example s, in essence, a probabilistic pushdown
automaton that accepts a non-context-free language. This automaton can be modified to make exactly n +
2 moves on each input of length n, whereas each one auxiliary-work-tape, nonprobabilistic Turing
machine seems to require more than n + 2 time to recognize the language.

Example 6.3.2 The one auxiliary-work-tape, probabilistic Turing machine M of Figure 6.3.2
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Figure 6.3.2 A one auxiliary-work-tape, probabilistic Turing machine M that accepts the language
L={w]|wisin{ay, bq,..., &, bg}*, and w hasthe same number of g's as b;'s for each

C4+1
1505k }. (**: 1 stands for a sequence of j transition rules that move the head of the

auxiliary work tape, j positionsto the right. The sequence does not change the content of
the tape.)

acceptsthelanguageL ={ w |wisin{ay, by, ..., &, b} *, and w has the same number of g 'sasb; 's
foreach1<Ii<{k}.

M on any given input w starts its computation by choosing randomly some number r between 1 and 2k. It
does so by moving from the initial state g to the corresponding state g,. In addition, M writes Z on its

auxiliary work tape. Then M movesits auxiliary work-tape head r' positions to the right for each symbol
a that it reads, and r' positions to the left for each symbol by that it reads.

At the end of each computation, the auxiliary work-tape head is located (n(ay) - n(by))r + (n(ay) - n(by))r2

+...+ (n(a) - n(ly))rk positions to the right of Z, where n(c) denotes the number of times the symbol ¢
appearsin w. If the head islocated on Z, then the input is accepted. Otherwise, the input is rejected.
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By construction, M accepts each input w from the language L. Alternatively, M might also accept some
strings not in L with probability e(x) =¢ < 1/2, where e = (k - 1)/(2Kk).

The equality € = (k - 1)/(2k) holds because if wisnot in L then n(g) - n(b):£ O for at least onei. In such a
case, the equation (n(ay) - n(b))r +... + (n(a) - n(b))rk = 0 can be satisfied by at most k - 1 nonzero

values of r. However, there are 2k possible assignments for r. As aresult the probability that r will get a
value that satisfies the equation is no greater than ¢ = (k - 1)/(2Kk).

The bound ¢ on the error probability e(x) can be reduced to any desirable value, by allowing r to be
randomly assigned with avalue from {1, .. ., fk/e]} :

M takes no more than T(n) = (2k)kn + 2 moves on input of length n. M can be modified to make exactly
T(n) = n+ 2 moves by recording values modulo (2k)X in the auxiliary work tape. In such a case, smaller

intermediate values are stored in the finite-state control of M. [
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6.4 Probabilistic Polynomial Time

Probabilistic Time Complexity
Probabilistic Complexity Classes
Rel ati onships between Probabilistic and Nonprobabilistic Complexity Classes

Asinthe case of deterministic and nondeterministic Turing transducers, each move of a probabilistic
Turing transducer is assumed to take one unit of time. The time that a computation takes is assumed to be
equal to the number of moves made during the computation. The space the computation takes is assumed
to equal the number of locations visited in the auxiliary work tape, which has the maximal such number.

Probabilistic Time Complexity

A probabilistic Turing transducer M is said to be T(n) time-bounded , or of time complexity T(n), if M
halts within T(n) time in each computation on each input of length n. If T(n) isapolynomial, then M is
also said to be polynomially time-bounded, or to have polynomial time complexity.

M is said to be T(n) expected time-bounded, or of expected time complexity T(n), if for each input x of M
the function T(n) satisfies

el
Probability that M on inputs will have :
Tllel) 2 Z‘; ( a computation that takes exactly j rnoves ) -
=

If T(n) isapolynomial, then M is said to be polynomially expected time-bounded, or of polynomially
expected time complexity.

Arguments similar to those given for Church's Thesisin Section 4.1, and for the sequential computation
thesisin Section 5.1, also apply for the following thesis.

The Probabilistic Computation Thesis A function that is computable mechanically with the aid of
probabilistic choices can also be computed by a probabilistic Turing transducer of polynomially related
time complexity and polynomially related, expected time complexity.

Probabilistic Complexity Classes

The tractability of problems with respect to probabilistic time is determined by the existence of bounded-
error probabilistic Turing transducers of polynomial time complexity for solving the problems. In light of
this observation, the following classes of language recognition problems are of interest here.
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BPP -- the class of membership problems for the languagesin

{ L | L isalanguage accepted by a bounded-error probabilistic Turing machine of polynomial
time complexity }.
RP -- the class of membership problems for the languagesin

{ L | L isalanguage accepted by a polynomially time-bounded, probabilistic Turing machine M,
which satisfies the following two conditions for some constant ¢ < 1.

a. Oninput x from L, M has an accepting computation with probability 1 - e(x) > 1 -«.
b. Oninput x not from L, M has only nonaccepting computations. }
ZPP -- the class of membership problems for the languagesin

{ L | L isalanguage accepted by a probabilistic Turing machine, which has zero error probability
and polynomially expected time complexity. }

Rel ationships between Probabilistic and Nonprobabilistic
Complexity Classes

The relationship between the different classes of problems, as well as their relationship to the classes
studied in Chapter 5, isillustrated in Figure 6.4.1.

PSPACE

Figure 6.4.1 A hierarchy of some classes of problems.

None of theinclusionsis known to be proper. The relationship is proved below.
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Theorem 6.4.1 BPPisincluded in PSPACE.

Proof Consider any problem K in BPP. Let L denote the language that K induces. By the definition of
BPP there exists a bounded-error, polynomially time-bounded, probabilistic Turing machine M that

accepts L. Lete < 1/2 be a constant that bounds the error probability of M4, and let p(n) be thetime
complexity of M.

With no loss of generality it is assumed that M4 has a constant k, such that in each probabilistic move,
M has exactly k options. (Any probabilistic Turing machine can be modified to have such a property,

with k being the least common multiple of the number of options in the different moves of the Turing
machine.) In addition, it is assumed that M, has some polynomial g(n), such that in each computation on

each input X it makes exactly q(|x|) probabilistic moves. Consequently, M, on each input x has exactly
ka(ix) possible computations, with each computation having an equal probability of occurring.

From M4, adeterministic Turing machine M, can be constructed to accept the language L. M, relies on
the following two properties of M.

a IfxisinL, then M, has at |least probability 1- > 1/2 of having an accepting computation on input

X.
b. If xisnotinL, then M hasat least probability 1 -« > 1/2 of having a nonaccepting computation

on input Xx.

On agiven input x, M, determines which of the above properties holds, and accordingly decides whether
to accept or rgject the input.

Given an input x, the Turing machine M,, starts its computation by computing p([x|). Then one at atime,
M, lists all the sequences of transition rules of M, whose lengths are at most p(|x|). For each such
sequence, M, checks whether the sequence corresponds to a computation of M. M, determines whether
each computation of M is accepting or rejecting. In addition, M, counts the number m, of accepting
computations, and the number m, of nonaccepting computations.

M, accepts the input X if it determines that the probability m_/(m, + m,) of M accepting X is greater
than 1/2, that is, if my>m,. M, rejects x if it determines that the probability m,/(m4+ m,) of M, rejecting
X is greater than 1/2, that is, if m, > m,. []

The nonprimality problem is an example of a problem in the class RP (see Example 6.2.1). For RP the
following result holds.
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Theorem 6.4.2 RPisin BPP I NP.

Proof Consider any problem K in RP. Let L be the language that K induces. By the definition of RP, it
follows that there exist aconstant ¢ < 1, and a polynomially time-bounded Turing machine M4, that

satisfy the following conditions.

a IfxisinL, then M, hasaprobability 1 -¢> 0 of having an accepting computation on X.
b. If xisnotinL, then M, has only nonaccepting computations on X.

L isaccepted by a nondeterministic Turing machine M, similar to M, and of identical time complexity.
The only difference is that M, considers each probabilistic move of M, as nondeterministic.
Consequently, RP isin NP.

M can also be ssimulated by a bounded-error probabilistic Turing machine M5 of similar time

complexity. Specifically, let k be any constant such that ¢k < 1/2. Then M3 simulates k computations of
M, on agiveninput x. M5 accepts x if M, accepts x in any of the simulated computations. Otherwise,
M3 rejects x. It follows that RP isalso in BPP. [

Finally, for ZPP the following result is shown.
Theorem 6.4.3 ZPP iscontained in RP.

Proof Consider any probabilistic Turing machine M4 that has O error probability. Let T'(n) denote the
expected time complexity of M. Assume that f(n) IS some polynomial in n.

From M4, a probabilistic Turing machine M, of the following form can be constructed. Given an input X,
the probabilistic Turing machine M,, starts its computation by evaluating T (). Then M > Smulates c

T (Jx|) moves of M 1 oninput x for some constant ¢ > 1. M, haltsin an accepting state if during the
simulation it reaches an accepting state of M ;. Otherwise, M, halts in a nonaccepting state.

By construction M, has no accepting computation on input X if X isnot in L(M1). On the other hand, if x
isin L(M,), then M, halts in a nonaccepting state, with probability equal to that of M, having an

accepting computation that requires more than T (Ix]) moves. That is, the error probability e(x) is equal
to 2o i=<T(|x|)+122P;, Where p; denotes the probability that, on x, M, will have acomputation that takes
exactly i steps.

Now
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T (X)) > ()
= p0.0+ Pp- 1+...+ pC§(|X|)CrI_-I(|X|) +...

E Po - 0+ Pp- 1+...+ pc§(lxl) . CI.II_-I(|X|) + [CT“I” + 1]'.2 i=C§(|X|)+l'x'pi
= Po-0+Pp.1+...+ T - T (X)) + (T (X)) + De(x)

= (¢T(Jz]) + 1)+
Consequently, M, accepts x with probability

T|z|)

1-ex) > 1-cT(lz]) +1
El—l/c

N
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Exercises

6.1.1
The recursive program in Figure 6.E.1 sorts any given sequence A of natural numbers. The
program requirestime T(n) = T(m - 1) + T(n - m) + O(n) under the uniform cost criteriafor some
1 <= m<_n. The recurrence equation in T(n) implies that T(n) <2 O(n?). That is, the program is of
O(n?) time complexity.

Find a probabilistic variation of the program that has O(n log n) expected time complexity.

Hint: A proof by induction can be used to show that T(n) = O(n log n) if T(n) < cn + 2/n 2 i—oM1
T(i).

cal |l QuickSort (A)

procedure QuickSort (A)
if A has cardinality 1 then return
A; :=elenments in A that are smaller than A(1)
A, 1= elenments in A that are greater than A(1l)
cal | QuickSort (A)
cal | QuickSort (A
A = concatenation of (A, A- A - A, A)
return

end

Figure6.E.1

6.2.1

Let K be the problem in Example 6.2.2 of deciding the inequality AB= C for matrices. Consider
the following algorithm.
Step 1

Randomly choose an entry (i, j) in matrix C for the given instance (A, B, C) of K, and let
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6.2.2

6.2.3

6.3.1

6.3.2

6.3.3

d, denote the element at this entry.
Step 2

Usethe ith row of A and the jth column of B to compute the value d, at entry (i, j) of AB.
Step 3

Declare that the inequality AB£ C holdsiif di+£ d,. Otherwise, declare that AB = C.
What are the time complexity and the error probability of the algorithm?

A univariate polynomial s(x) in variable x of degree N has the form agxN + a(xN-1 + ... + gy x +
ay - A brute-force algorithm for deciding the equality p(x) . q(x) = t(x) takes O(N2) time under the

uniform cost criteria, if p(x), q(x), and t(x) are univariate polynomials of degree N, at most, and
the coefficients are natural numbers. Show that a probabilistic program can decide the problem in
O(N) time, with an error probability smaller than some constant € < 1/2.

Hint: Note that a univariate polynomial s(x) of degree N has at most N roots, that is, N values X,
such that s(xg) = 0.

Let K be the problem defined by the following pair. (See page 83 for the definitions of
polynomial expressions and Diophantine polynomials.)
Domain:
{ E(Xq, - . s X)) | E(Xq, - .+, X)) IS@polynomial expression with variables x4, . . ., Xp }-
Question:
Does the given instance represent a Diophantine polynomial that isidentically equal to
zero?

Show that K is solvable
a. Deterministically in exponentia time.
b. Probabilistically in polynomial time.
Hint: Show that each Diophantine polynomial E(xy, . . ., X,) Of degree d that is not identically

equal to O has at most N™/c roots (4, . . . , Ty,) that satisfy 1 <1, ..., £y << N, if N2> cdand ¢ ==
1.

Let M, be aprobabilistic Turing machine with error probability e(x) < 1/3. Find a probabilistic
Turing machine M,, that accepts L (M 1) with error probability e(x) < 7/27.

Show that an error-bounded probabilistic pushdown automaton can accept the language { abic' | i
>0}.

a Show that if (v4, ..., V,,) isanonzero vector of integersand dy, . . ., d,, are chosen
randomly from {1, ..., r} thend,vq +...+ dv,, = O with probability no greater than 1/r.

b. Show that L = { albMa2b™1...aMbl|m >0} isaccepted by abounded-error
probabilistic pushdown automaton.
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Hint: Use part (a) of the problem to check that the inputs have the form alibiiaizbiz . ..
a.imbijithiZ-il-].:O,i3-i2-1=0,... and jl-j2-1=O,j2-j3-1=O,...

6.3.4
Show that a language accepted by an n-states, nondeterministic finite-state automaton M, is also
accepted by an (n + d)-states, bounded-error, two-way, probabilistic finite-state automaton M,
that is, an (n + d)-states, bounded-error, 0 auxiliary-work-tape, probabilistic Turing machine M.
d is assumed to be a constant independent of M;.
Hint: Allow M, to halt in arejecting configuration with probability (1/2)" and to start a new
simulation of M4 with probability 1 - (1/2)", after simulating a nonaccepting computation of M.
6.4.1
Show that ZPP and BPP are each closed under union.
6.4.2

Show that each function computable by a bounded-error probabilistic Turing transducer with
polynomially time-bounded complexity, is also computable by a polynomially space-bounded,
deterministic Turing transducer.
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Chapter 7 PARALLEL COMPUTATION

The previous chapter studied the applicability of randomness to speeding up sequential computations.
This chapter considers how parallelism achieves a similar objective. The first section introduces the
notion of parallelism in programs. A generalization of RAM's, called parallel random access machines,
or PRAM's, that allows a high-level abstraction for paralel computationsis taken up in Section 2. The
third section introduces families of Boolean circuits, with the goal of providing a hardware-level
abstraction for parallel computations. The problems involved in adapting the general class of families of
Boolean circuits as alow-level abstraction is discussed in Section 4, and arestricted classis proposed for
such apurpose. The familiesin this restricted class are called uniform families of circuits. The fifth
section relates the uniform families of circuits to sequential computations. In particular, it shows that
parallelism does not increase the class of tractable problems. In addition, it discusses the applicability of
parallelism in significantly increasing the speed of feasible computations. In Section 6 the chapter
concludes by relating PRAM's and uniform families of circuits.

7.1 Pardldl Programs

7.2 Parallel Random Access Machines

7.3 Circuits

7.4 Uniform Families of Circuits

7.5 Uniform Families of Circuits and Sequential Computations
7.6 Uniform Families of Circuits and PRAM's

Exercises

Bibliographic Notes
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7.1 Parallel Programs

A parallel program P is a system <P, X, Y> of infinitely many deterministic sequential programs Py, P, .
.., infinitely many input variables X(1), X(2), . . ., and infinitely many output variables Y(1), Y(2), . . .
The sequential programs Py, P,, . . . are assumed to be identical, except for the ability of each P; to refer
toitsownindex i. That is, for each pair of indicesi and j the sequential program P; can be obtained from
the sequential program P; by replacing each referencetoi in P; with areferencetoj.

At the start of a computation, the input of E is stored in itsinput variables. An input that consists of N
valuesisstored in X(1), . . ., X(N), where each of the variables holds one of the input values. During the
computation, F employs Py, . . ., P, for some m dependent on the input. Each P; is assumed to know the

value of N and the value of m. Upon halting, the output of F is assumed to be in its output variables. An
output that consists of K valuesisassumed to bein Y(1), . . ., Y(K), where each of the variables holds
one output value.

Each step in a computation of P consists of four phases as follows.

Each P, reads an input value from one of the input variables X(1), . . ., X(N).
Each P, performs some internal computation.

Each P, may write into one of the output variables Y(1), Y(2), . . .

P., ..., Py communicate any desirable information among themselves.

Q0T o

Each of the phasesis synchronized to be carried in parallel by all the sequential programsP 4, . .., Py,

Although two or more sequential programs may read simultaneously from the same input variable, at no
step may they write into the same output variable.

The depth of a computation of aparallel program P = <P, X, Y> is the number of steps executed during
the computation. The parallel program is said to have depth complexity D(N) if for each N all its
computations, over the inputs that consist of N values, have at most depth D(N). The parallel program F
is said to have size complexity Z(N) if it enploys no sequential programs other than Py, . . ., Pz on
each input that consists of N values.

The time required by a computation of a parallel program and that program's time complexity can be
defined in asimilar way. However, such notions are unmeasurable here because we have not yet
specified how sequential programs communicate.
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Example 7.1.1 Consider the problem Q of selecting the smallest value in agiven set S. Restrict your
attention to parallel programs that in each step alow each sequential program to receive information
from no more than one sequential program.

The problem is solvable by a parallel program ﬁ’l = <P, X, Y> of size complexity Z(N) > N(N - 1)/2and a

constant depth complexity, where N denotes the cardinality of the given set S. The parallel program can
use a brute-force approach for such a purpose.

Specifically, let each pair (i4, i), suchthat 1 <Ji; <i, <] N, correspond to adifferent i, such that 1< i <
N(N - 1)/2. For instance, the correspondence can be of theformi=1+2+...+ (i,-2) +i; = (io- 2)(i5 -
1)/2 + i, (see Figure 7.1.1).

Figure7.1.1 Anordering i onthe pairs (iy, i), such that 1 <Ziq <i.

Let P, i,) denote the sequential program P;, where (i, i) isthe pair that correspondsto i.

Each computation of P starts with a step in which each P, derivesthe pair (i4, i,) that correspondstoi, 1
< i < N(N - 1)/2. The computation continues with two steps in which each PliLiy) reads the elements of S

that are stored in X(i;) and X(i,). In addition, in the third step each PliLiy) compares the values read from
X(i,) and X(i,), and communicates a "negative" outcome to P, orP.. This outcome is communicated to
P, if X(iq) == X(i,). Otherwise, the outcome is communicated to P, During the fourth step, the only

active sequential programis P}, 1 <{j «<Z N, which did not receive a negative outcome. During that step P,
reads the value of X(j) and writesit out into Y(1). The computation terminates after the fourth step.
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The problem Q can be solved also by a parallel program ];32 = <P, X, Y> of size complexity Z(N) = [N/2]
and depth complexity D(N) = O(log N). In this case the program simply repeatedly eliminates about half
of the elementsfrom S, until Sisleft with asingle element.

At the first stage of each computation each P,, 1 < i <:[N/2], reads the values stored in X(2i - 1) and X(2i).
In addition, each P, compares the values that it read. If X(2i - 1) < X(2i), then P, communicates to H;/,l
the value of X(2i - 1). Otherwise, P, communicates to F;,1 the value of X(2i). At the end of the first stage
Py, ..., FTol»l hold the elements of S that have not been eliminated yet.

At the start of each consecutive stage of the computation, a sequential program P; determines itself active

if and only if it has been communicated some values of Sin the previous stage. During a given stage,
each active P; compares the values a; and a, that were communicated to it in the previous stage. If the

values satisfy the relation a; < &, then P, communicates & to H;,1. Otherwise, P, communicates a, to P
[/l

After O(log N) stages only P; is active, and it holds asingle value of S. Then P; writes the value into
Y(1) and the computation terminates.

Figure7.1.2
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Figure 7.1.2 Flow of information.

illustrates the flow of information in ]?2 during a computation of the parallel program.
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Similarly, the problem Q can be solved by a parallel program ﬁ'g = <P, X, Y> of size complexity Z(N) <
IN/2] and depth complexity O(N/Z(N) + log Z(N)). At the start of each computation each P, computes m
= Z(N) and finds independently in O(N/m) stepsthe smallest valuein X(1G - 1) + 1), . . ., X(£ ).
Then, asin the previous case of F,, Py, ..., Py, proceed in parallel to determinein O(log m) steps the
smallest value among the m values that they hold. [
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7.2 Parallel Random Access Machines

The study of sequential computations has been conducted through abstract models, namely RAM's and
Turing transducers. RAM's turned out to be useful for designing such computations, and Turing
transducers were helpful in analyzing them. Viewing paralel computations as generalizations of
sequential ones, callsfor similar generalizations to the associated models. A generalization along such
linesto RAM'sisintroduced below.

A parallel random access machine, or PRAM, M isa system <M, X, Y, A>, of infinitely many RAM's
M1, Mo, ..., infinitely many input cells X(1), X(2), . . ., infinitely many output cells Y(1), Y(2), ..., and
infinitely many shared memory cells A(1), A(2), . . . Each M; is called a processor of M. All the
processors M1, Mo, . . . are assumed to be identical, except for the ability of each M; to recognize its own
index i.

At the start of a computation, M is presented with some N input values that are stored in X(1), . . . , X(N),
respectively. At the end of the computation the output values are stored in Y(1), . . ., Y(K), K > 0. During
the computation M uses m processors M 1, - - - » M, Wwhere m depends only on the input. It is assumed
that each of the processorsis aware of the number N of the given input values and of the number m of
processors.

Each step in a computation consists of the five following phases, carried in parallel by all the processors.

Each processor reads a value from one of the input cells X(1), . .., X(N).
Each processor reads one of the shared memory cells A(1), A(2), . . .

Each processor performs some internal computation.

Each processor may write into one of the output cells Y(1), Y(2), . ..

Each processor may write into one of the shared memory cells A(1), A(2), . . .

®op T

Two or more processors may read simultaneously from the same cell. However, awrite conflict occurs
when two or more processors try to write simultaneously into the same cell. Write conflicts are treated
according to the variant of PRAM in use. The following are three such possible variants.

a. CREW (Concurrent Read -- Exclusive Write). In this variant no write conflicts are allowed.

b. COMMON. Inthisvariant all the processors that simultaneously write to the same memory cell
must write the same value.

c. PRIORITY. In thisvariant the write conflicts are resolved in favor of the processor M; that has

the least index i among those processors involved in the conflict.
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Thelength n of aninput (v4, . .., vy ) of aPRAM 1 is assumed to equal the length of the representation
of the instance.

The depth of a computation of a PRAM, and its depth and size complexity are defined with respect to the
length n of the inputsin asimilar way to that for parallel programs. The time requirement of a
computation of a PRAM and its time complexity, under the uniform and logarithmic cost criteria, are
defined in the obvious way.

When no confusion arises, because of the obvious relationship between the number N of valuesin the
input and the length n of the input, N and n are used interchangeably.

Example7.2.1 COMMON and PRIORITY PRAM's, M = <M, X, Y, A> similar to the parallel programs
F; = <P, X, Y> of Example 7.1.1, can be used to solve the problem Q of selecting the smallest element in

agiven set Sof cardinality N. The communication between the processors can be carried indirectly
through the shared memory cells A(1), A(2), . . .

Specifically, each message to M; is stored in A(i). Where the PRAM's are similar to P 1, O problem
arises because all the messages are identical. Alternatively, where the PRAM's are similar to P, or P3, no
problem arises because no write conflicts occur. [

By definition, each CREW PRAM isaso a COMMON PRAM, and each COM- MON PRAM isaso a

PRIORITY PRAM. The following result shows that each PRIORITY PRAM can be simulated by a
CREW PRAM.

Theorem 7.2.1 Each PRIORITY PRAM M of size complexity Z(n) and depth complexity D(n) has an
equivalent CREW PRAM M' of size complexity Z2(n) and depth complexity D(n)log Z(n).

Proof Consider any PRIORITY PRAM M =<M, X, Y, A>. i' = <M, X, Y, A> can be a CREW PRAM

of the following form, whose processorsaredenoted M 1, ... , M1 u M54, ..., Mo, ..., M1, - - -
M m:

On agiven input, M' simulates the computation of M. M' uses the processorsM ; 1, Moo, . . ., My 1y fOr
simulating the respective processors M1, Mo, . . ., M, of M. Similarly, M' records in the shared memory

cell A(m2 + i) the values that 1 records in the shared memory cell A(i), i = 1. The main difference arises
when awriteisto be simulated.

In such a case, each M; ; communicates to each M; ; the address of the cell where M; wantsto write. Each
M; ; then determines from those addresses, if it has the highest priority of writing into its designated cell,
and accordingly decides whether to perform the write operation. M; ; employs the processors M 1, . . .
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, Mj j.1 and the shared memory cellsA(i, 1), . . ., A(i, i - 1) for such apurpose, where A(i4, i) stands for
A((i1 - )m+i,).

To resolve the write conflicts each M ; storesinto A(j, ) the address where M; wants to write (see
Figure 7.2.1).

My, Mas My, My, Moy N M.
* v ¥ v + \ 2 v
ﬁqu,n m:.:;_il—fir. 3) A1 - RG] Jamm ]

M M uE ul M,
_ vy ¥ ¥
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Afr, 17 | &g .1}1 ¢ Big Ok
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Figure 7.2.1 Flow of information for determining the priority of M; ; in writing.

Then M; ; determines in the following manner whether the shared memory cell A(i, i) holds an address
that differsfrom those stored in A(1, 1), ..., A(i - 1,i-1).

Each processor M;,, 1< 1 <1, starts by reading the addresses stored in A(r, r) and in A(i, i), and storing 1
in A(i, r) if and only if A(r, r) = A(i, i). Then the processors My, . . ., Ml j_1y»! are employed in parallel to
determinein O(log i) steps whether the value 1 appearsin any of the shared memory cells A(i, 1), . . .

,Al, 1 - 1). At each step the number of "active" processors and the number of the active shared memory
cellsisreduced by half. At any given step each of the active processors M;, storesthe value 1 in A(i, r) if

and only if either A(i, 2r - 1) or A(i, 2r) holds that value.
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M; ; determines that A(i, i) holds an address that differs from those stored in A(1, 1), ..., A(i - 1,i - 1) by
determining that A(i, 1) holds avalue that differs from 1. In such a case, M; ; determines that M; has the
highest priority for writing in its designated cell. Otherwise, M; ; determines that M; does not have the
highest priority. [
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7.3 Circuits

Families of Circuits
Representation of Circuits

Many abstract models of parallel machines have been offered in the literature, besides those of PRAM's.
However, unlike the case for the abstract models of sequential machines, there is no obvious way for
relating the different abstract models of parallel machines. Therefore, the lowest common denominator of
such models, that is, their hardware representations, seems a natural choice for analyzing the models for
the resources that they require.

Here the representations are considered in terms of undirected acyclic graphs, called combinatorial
Boolean circuits or ssimply circuits. Each node in acircuit is assumed to have an indegree no greater than
2, and an outdegree of unbounded value. Each node of indegree O is labeled either with a variable name,
with the constant O, or with the constant 1. Each node of indegree 1 islabeled with the Boolean function
-. Each node of indegree 2 is |abeled either with the Boolean functions 4 or *.

Each node of indegree greater than O is called agate. A gateis said to be aNOT gate if it islabeled with
=, an AND gate if labeled with /4, and an OR gate if labeled with /. Nodes |abeled with variable names
are called input nodes. Nodes of outdegree 0 are called output nodes. A node labeled with O iscalled a
constant node 0. A node labeled with 1 is called a constant node 1.

A circuit c that has n input nodes and m output nodes computes a function f: {0, 1}"— {0, 1} M in the
obvious way.

Example 7.3.1 ThecircuitinFigure7.3.1
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Figure 7.3.1 Parity checker.

has7 x 4 + 8 + 1 = 37 nodes, of which 8 are input nodes and 1 is an output node.
The circuit computes the parity function for n = 8 input values. The circuit provides the output of O for

the case where g, ... ag has an odd number of 1's. The circuit provides the output of 1 for the case where
a4 ... ag has an even number of 1's.

The circuit's strategy relies on the following two observations.

a. The parity function does not change its value when a 0 is removed from itsinput string.
b. The parity function does not change itsvalueif apair of 1'sisreplaced with a0 in itsinput string.

Each group XOR of gates outputs 1 if itsinput values are not equal, and O if its input values are equal.
Each level of XOR'sin the circuit reduces the size of the given input by half. [

Example 7.3.2 Thecircuitin Figure 7.3.2
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Figure 7.3.2 Adder.

Is an adder that computesthesumd =a+ b. dy...dy2, & ... &y, @A b, ... b,» are assumed to be the

binary representations of d, a, and b, respectively. Each LOCAL ADDER in the circuit has an input that
consists of two corresponding bits of aand b, aswell as a carry from the previous LOCAL ADDER. The
output of each LOCAL ADDER isthe corresponding bit in d, aswell asanew carry to be passed on to
the next LOCAL ADDER. []

The size of acircuit is the number of gatesin it. The depth of acircuit is the number of gatesin the
longest path from an input node to an output node.

Example 7.3.3 Inthecircuit of Figure 7.3.1 each XOR has size 4 and depth 3. The whole circuit has
size 29 and depth 10.

In the circuit of Figure 7.3.2 each LOCAL ADDER has size 11 and depth 6. The whole circuit has size
11n/2 and depth 5+ 2(n/2-2) + 3=n+ 4.1

Families of Circuits

C=(cp Cy, Cp, - - ) issaid to be afamily of circuitsif ¢, isacircuit with ninput nodes for each n = 0. A
family C = (cp, ¢4, Cy, - . ) of circuitsis said to have size complexity Z(n) if Z(n) > (size of ¢,) for al n>
0. The family is said to have depth complexity D(n) if D(n) > (depth of c;,) for all n 2= 0.

A family C = (cg, ¢4, Cy, . . . ) Of circuitsis said to compute a given function f: {0, 1}* — {0, 1}* if for
each n 7= 0 the circuit ¢,, computes the function f,;: {0, 1}" — {0, 1}k for some k 2» O that depends on n. f,
is assumed to be a function that satisfies f,,(x) = f(x) for each x in {0, 1} ".
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A function f is said to be of size complexity Z(n) if it is computable by afamily of circuits of size
complexity Z(n). The function f is said to have depth complexity D(n) if it is computable by afamily of
circuits with depth complexity D(n).

A family C = (cg, ¢4, Cy, . . . ) Of circuitsis said to decide a language L in {0, 1} * if the characteristic
function of L iscomputable by C. (f isthe characteristic function of L if f(x) = 1 for each x in L, and f(x)

=0for each x not in L.) The size and depth complexities of alanguage are the size and depth
complexities of its characteristic function.

Example7.34 Thelanguage{ a;...a,|&, ..., a,aein{0, 1}, and & ... &, has an even number of
1's} isdecidable by afamily of circuits similar to the circuit in Figure 7.3.1. The language has depth
complexity O(log n), and size complexity O(n/2 + n/4 +...+ 1) = O(n). [

Representation of Circuits

In what follows, we will assume that each circuit ¢ has a representation of the following form. Associate
the number O with each constant node O in ¢, the number 1 with each constant node 1 in ¢, and the
numbers 2, . . ., n+ 1 with the n input nodes of c. Associate consecutive numbers starting at n + 2, with
each of c's gates. Then arepresentation of cisastring of the form E(uy) ... E(u))F(vq) ... F(v}).

us, ..., Unarethegatesof c,andvy, .. ., vi are the output nodes. E(u) isequal to (g, t, g, , gr), Wwhereg
is the number assigned to gate u, tisthetype of uin {—, ¥, A}, and g, and g are the numbers assigned to
the immediate predecessors of u. In particular, g, = gg Whent =-. F(v) isequal to (g), wheregisthe
number assigned to gate v.

Example7.3.5 Figure7.3.3
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Figure 7.3.3 A circuit with enumerated nodes.

provides a circuit whose nodes are enumerated. The circuit has the following representation.
(4, =, 3, 2005, AL 1, 4006, A1, 3007, A, 2, 1008, A, 3, 1009, A,5,6)(10, A,7,8)(11,v,9, 10011 )|
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7.4 Uniform Families of Circuits

"Table Look-Up" Circuits
"Unrolled Hardware" Circuits
Uniform Families of Circuits

"Table Look-Up" Circuits

Families of circuits were introduced to help characterize the resources that problems require from parallel
machines. The following theorem implies that the families cannot serve such a purpose in their general
form, because they can recognize languages that are not recursively enumerable.

Theorem 7.4.1 EachlanguagelL in {0, 1}* isdecidable by afamily of circuits.

Proof Consider any language L in {0, 1}*, and any natural number n. Let L,, denotethe set L 1 {0, 1} ".
That is, L,, denotes the set of all the binary strings of length nin L.

For any given string w in L,,, asubcircuit ¢, with n input nodes can be constructed that accepts a given
input if and only if the input is equal to w. The language L, isfinite. As aresult, the subcircuits ¢, that
correspond to the strings w in L, can be merged, by letting them share the input nodes and by OR ing
their outputs. The obtained circuit c,, determines the membership in L, by atable look-up technique.

Consequently, L is decidable by the family (cg, ¢, Cy, . . . ) of circuits. [

Example7.4.1 Thecircuit cgin Figure7.4.1
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Figure 7.4.1 A "table look-up" circuit for the language L5 = {011, 100, 101} .

decides the language L3 = {011, 100, 101} by atable look-up approach. For each string w in L3, the
circuit has a corresponding subcircuit ¢, that decides just the membership of the string. [

The families of table look-up circuits in the proof of Theorem 7.4.1 have size complexity 20(0) and depth
complexity O(n). These families do not reflect the complexity of deciding the languages, because they
assume the knowledge of which strings are in a given language and which are not. That is, the complexity
involved in deciding the languages is shifted into the complexity of constructing the corresponding
families of circuits.

"Unrolled Hardware" Circuits

A circuit can be obtained to characterize a halting computation of a parallel machi ne M by laying down

the portion of the hardware of M that isinvolved in the computation. During the laying down of the
hardware, cycles can be avoided by unrolling the hardware. The depth of such acircuit provides a
measurement for the time that the computation requires, and the circuits size provides an upper bound on
the space the computation requires.

Example 7.4.2 Thecircuit in Figure 7.4.2(b)
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Figure7.4.2 (a) "Hardware." (b) Corresponding "unrolled hardware."

computes the function that the hardware of Figure 7.4.2(a) computes in three units of time. It is assumed
that initially each input to a gate is either an input value or the constant 0. []

In asimilar way, one can also obtain acircuit ¢, that correspondsto al the halting computations of M on

instances of length n, n > 0. (The outputs for the inputs of a given length n are assumed to be appended by
astring of theform 10... 0 to let them all have identical lengths.) Consequently, the approach implies a

family C = (cy, ¢4, Cy, . . . ) of circuits for each parallel machine M that haltson all inputs. Moreover, the
families of circuits faithfully reflect the complexity of the parallel computations and can be effectively
obtained from each such parallel machine M.

Uniform Families of Circuits

By the previous discussion, from each parallel machi ne M that halts on all Inputs, a circuits constructor
can be obtained to compute{ (1", c,)) [n> 0}, where C = (cq, Cy, Cy, . . . ) isafamily of circuits that

computes the same function as M. The circuits constructor can be one that provides families of table [ook-
up, unrolled hardware, or other types of circuits.

The interest here isin circuits constructors that preserve, in the families of circuits that they construct, the
complexity of the given parallel machines. Such constructors do not allow the shift of complexity from
the constructed families of circuits to the constructors. Moreover, they also do not allow an unrealistic
increase in the complexity of the constructed families of circuits. Circuits constructors with such
characteristics are said to be uniform circuits constructors. A family C = (cy, ¢4, Cy, . . . ) of circuitsis said

to be uniform if auniform circuits constructor can compute the function{ (1", c,) [n=0}.

Many characterizations have been offered for the uniform circuits constructors. The characterization used
here, which has been widely accepted, defines these conditions in terms of a class of deterministic Turing
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transducers.

Definition A Turing transducer is said to be a uniform circuits constructor if it isan O(log Z(n)) space-
bounded, deterministic Turing transducer that computes{ (1", c,) [n> 0}, where C=(cq, C1, Cp, . . . ) isa
family of circuits of size complexity Z(n). A family C = (cq, €4, Cy, . . . ) Of circuits of size complexity
Z(n) is said to be a uniform family of circuitsif an O(log Z(n)) space-bounded, deterministic Turing
transducer can compute{ (1", c,) [n>0}.

The characterization of uniform families of circuitsis motivated by the unrolled hardware approach. With
such an approach the circuits constructor needs O(log H(n) + log T(n)) = O(log (H(n)T(n))) space, if the
parallel machine has size complexity H(n) and time complexity T(n). O(log H(n)) space is used for
tracing through the hardware, and O(log T(n)) space is used for tracing through time. H(n)T(n) is of a
similar order of magnitude to the size Z(n) of the circuits.

Example7.4.3 Consider thelanguagelL ={ uu|uisin{0, 1}* }.LetL,=L {0, 1}"forn >0, that is,
L, denotes the set of all the binary strings of length nin L. The language L, is decided by the circuit ¢, in
Figure 7.4.3(a)
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Figure 7.4.3 A circuit ¢, that, according to the case, checks whether an input of length nis of the form
uu. (@) = 0, and niseven. (b) nisodd. (c) n=0.

if nisanonzero even integer, by the circuit ¢, in Figure 7.4.3(b) if nisan odd integer, and by the circuit
C,in Figure 7.4.3(c) if n=0.

The family (cq, €4, Cy, . . .) Of circuitsis of depth complexity D(n) = O(log n) and size complexity Z(n) =
O(n/2 + n/4 +...+ 1) = O(n). The family is uniform because the function { (1", ¢;) |[n > 0} iscomputable
by alog Z(n) = O(log n) space-bounded, deterministic Turing transducer. []

The following thesis for parallel computations is stated in terms of uniform families of circuits. Asin the
previous theses for sequential and probabilistic computations, only supportive evidences can be provided
to exhibit the correctness of the thesis,

The Parallel Computation Thesis A function can be mechanically computed by a parallel machine of
size complexity H(n) and time complexity T(n) only if it has a uniform family of circuits of size
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complexity p(H(n)T(n)) and depth complexity p(T(n)), for some polynomial p(.).
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7.5 Uniform Families of Circuits and Sequential Computations

From Seguential Timeto Circuit Size
A Modified Version of M

A Circuit c, for Simulating M

The Subcircuit MOVE;

A Uniform Circuits Constructor

From Circuits Size to Sequential Time
U FNC, U NC, and NC

Seguential Space and Parallel Time

The size of circuitsisamajor resource for parallel computations, asis time for sequential computations.
The following theorem shows that these two types of resources are polynomially related.

Notation Inwhat follows DTIME _F (T(n)) will denote the class of functions computable by O(T(n))
time-bounded, deterministic Turing transducers. The class of functions with size complexity SZE F
(Z(n)) will be denoted O(Z(n)). The class of languages whose characteristic functionsarein SZE _F
(Z(n)) will be denoted SZE (Z(n)) . U_SZE F (Z(n)) will denote the class of functions computable by
uniform families of circuits of size complexity O(Z(n)). The class of languages whose characteristic
functionsarein U_SZE F (Z(n)) will be denoted U_SZE (Z(n)) . U DEPTH _F (D(n)) will denote the
class of functions computable by uniform families of circuits of depth complexity O(D(n)), and the class
of languages whose characteristic functionsarein U_DEPTH _F (D(n)) will be denoted U_DEPTH
(D(n)) .U_SZE DEPTH _F (Z(n), D(n)) will denote the class of functions computable by uniform
families of circuits with ssimultaneous size complexity Z(n) and depth complexity D(n).

Theorem 7.5.1 If log T(n) isfully space-constructible, then

|| oME_F(T(n)) = | | U_SIZE_F(T%(n))
dED dED

The proof of the theorem isimplied from the two lemmas bel ow.

From Sequential Timeto Circuit Sze

The proof of the first lemma consists of unrolling the hardware of deterministic Turing transducers.

Lemma7.5.1 If log T(n) isfully space-constructible, then
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DTIME_F(T[n]] C U_.S'IEE_F(TE(n]].
Proof Consider any T(n) time-bounded, deterministic Turing transducer M = <Q, E, T', 4, 4, qq, B, F>,
where log T(n) isfully space-constructible. With no loss of generality assumethat £ ={0, 1}. Let m

denote the number of auxiliary work tapes of M.

A Modified Version of M

Assume that & does not contain the symbols aand b. Modify M in the following way.

a. Modify each transition rule that provides no output to arule that provides the output b.

b. Remove the transition rules that originate at the accepting states, convert the accepting states into
nonaccepting states, add a new nonaccepting state, and add new transition rules that force M to go
from the old accepting states to the new state while writing the symbol a. Call the new state an a
state.

c. For each state g, input symbol ¢, and auxiliary work-tape symbolsby, . . ., b, on which é(q, c, by,

..., by) isundefined, add the transition rule (g, ¢, by, . . ., by, 9, 0, b1, O, . .., by, O, ) tOd. xS
assumed to equal aif qisthe astate, and o is assumed to equal b if g is not the a state.

The modified M is a deterministic Turing transducer, which on each input has a computation of an
unbounded number of moves. On an input on which the original M has i moves, the modified M enters
an infiniteloop in thei + 1st move. In each move the modified M writes one symbol onto the output tape.
The output of the modified M inthei + 1st,i +2nd, . .. movesisaif and only if theinput is accepted by
the original M. Moreover, the output of the original M can be obtained from the string that the modified
M writes on the output tape, by removing all the symbols aand al the symbols b.

A Circuit Cn for Smulating M

A circuit c,, of the following form can simulate the original M on inputs of length n, by simulating the
first t = 2109 (T(N+1)] moves of the modified M on the given input.

The simulation of exactly t = 2109 (T(M+1)] moves of (the modified) M, allows c,, to generate outputs of
identical length t for all the inputs of length n. Such a uniformity in the length of the outputsis needed

The choice of t = 2109 (T(M+1)] instead of T(n) + 1 for the number of moves of M, is made to allow the
value to be calculated just by marking a space of size O(log T(n)).

C,, assumes some fixed binary representation for theset BUTUAU{a b, ¢, $,-1,0,+ 1, [T, ..., Tm]} U
Q. The elements of the set can be represented by binary strings of identical length k. TdJ, . . ., [l are
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assumed to be new symbols corresponding to the heads of M.

C, consists of t + 2 subcircuits, referred to asIN, MOVE,, . . ., MOVE,, and OUT, respectively (see
Figure 7.5.1).

IN J
4y ¢ @ uy a, § #8 ﬂ] oo B EI 8

MOVE,

q € @ 3y m By B | EI gy Bmart T Pmeti-d

MOVE,

@ $ by m byas 7 B @ bmi Pmelt 0 Bmel

MOVE

ouT J

v 1 ¥

Figure 7.5.1 A circuit c,, that computes the function computable by a deterministic Turing transducer
M on instances of length n.

IN isasubcircuit which derivestheinitial (i.e., Oth) configuration

(¢gcry - an$, B'qaB ..., Bq0 B¢

of M onthegiveninput a; ... a,. IN usesthevaluesay, . . ., a, of theinput nodes xy, . . ., X, the values

of some constant nodes O; and the values of some constant nodes 1 for obtaining the desired
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(representation of the) configuration.

The subcircuit MOVE;, 1 <Ji <t, derivestheith configuration

f f f f
(Gay e g oo anb, by g b gy By o e By, md11 " Py i)

of M fromthei - 1st configuration
|:|'I|:|'1 ...E'... HHE;:E'll"' q"'blﬂf:---:bml"' q’... E'mﬁf:[[-'m-fll"' [[-'m-|-1:'—1:|
of M.

OUT isasubcircuit that extracts the (encoding of the) output b, ... b; that M hasin the tth configuration.
OUT does so by eliminating the symbolsthat are not in & LI {a, b}, for example, by using AND gates.

The Subcircuit MOVE 1

MOVE ; uses components PREFIX _FINDER and SUFFIX _FINDER for determining the transition rule
(@ abg,...,by p dg Cp,dg, ..., Cp, Ay ) that M usesin itsith move (see Figure 7.5.2).

q f@ 5f-*.|"'m""'?|:r" Bl @ crr Bz Bmar ) U Pml-

[ PREFIX_FINDER |
g a b - Pom

[ SUFFIX_FINDER |

p dyeg d. Cmdmp

MODETER

q ‘@ 5 by "@""'?lra "'hml"'@ oo by Mea ot Bmadd

Figure 7.5.2 Subcircuit MOVE ; for ssmulating atransition of a deterministic Turing transducer
between two configurations.

PREFIX _FINDER determines the prefix (g, a b, . . ., by,) of thetransition rule from thei - 1st
configuration of M. SUFFIX _FINDER determines the suffix (p, dy, €1, dy, - . ., Cyy, Ay, #) OF the
transition rule from (q, a, by, . . ., by,). MOVE; uses a component MODIFIER for carrying out the
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necessary modificationsto thei - 1st configuration of M.

PREFIX _FINDER has a component FINDER ;, 0<Zi <Z m, corresponding to each of the nonoutput tapes
of M (see Figure 7.5.3).

Firsc wanabiars Lost puxtliary

; Atk Liape
nput (= 0th} mpe work tape s
— A - — S E ik
i ¢ @-r £ Mg Dl’il By ay Ay |0 Bin P2y Bera |
— i
LinTaL _ || LencAl LGCAL -
r'._-..|||l__|:|'ll FINDER FINDER .
s el [T
FINDER | ;- FINDER
R . {#R
FINDER o TEEIEEL
. Ll
h
if o =

Figure 7.5.3 A subcircuit PREFIX FINDER for determining atransition rule of a Turing transducer.

FINDER; determines the symbol that is under the head of the ith tape of M. FINDER; employs a
subcircuit LOCAL _FINDER; for each pair of consecutive symbolsin the portion of the configuration
that corresponds to the ith tape of M. LOCAL _FINDER; outputs (the representation of) the symbol  if
itsinput corresponds to a pair of the form [k Otherwise, the subcircuit LOCAL _FINDER; outputs just
0's. The output of each LOCAL _FINDER; is determined by atable look-up circuit. The outputs of all
the LOCAL _FINDER'sare OR ed to obtain the desired output of FINDER,;.

SUFFIX _FINDER oninput (g, & by, . . ., b)) employs atable look-up approach to find (p, dg, ¢, dy, - .
-+ Cmy Ay ).

MODIFIER contains one component TAPE _MODIFIER; for each of the nonoutput tapesi of the Turing
transducer M, 0 <Zi <Z m (see Figure 7.5.4).
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Figure 7.5.4 A subcircuit MODIFIER for modifying a configuration of a Turing transducer.

TAPE _MODIFIER; contains one subcircuit SUBTAPE _MODIFIER for each location in the

constructed configuration of the Turing transducer M. A SUBTAPE _MODIFIER that corresponds to
location j receives the three symbols U, Y, and V asinputs at locationsj - 1, j,and | + 1in the
configuration of M that is being modified. (The only exception occurs when the jth location is a
boundary location. In such a case the SUBTAPE _MODIFIER receives only two input values.) In
addition, the SUBTAPE _MODIFIER gets as input the modifications (c; and d;) that are to be madein
theith tape of M. The SUBTAPE _MODIFIER outputs the symbol Y ' for the jth location in the
constructed configuration of M.

A Uniform Circuits Constructor

IN has size 0. Each FINDER ; contains O(T(n)) subcircuits LOCAL _FINDER, and a constant number
of subcircuits OR. Each LOCAL _FINDER; has constant size. Each subcircuit OR has size O(T(n)).

Hence, PREFIX FINDER has size O(T(n)). SUFFIX _ FINDER has constant size, and TAPE
_MODIFIER has size O(T(n)). Consequently, c,, has size O(T2(n)).

An O(log T(n)) space-bounded, deterministic Turing transducer X can be constructed, to compute { (1",
¢y [n> 0} inabrute-force manner. [

Example 7.5.1 Let M be the one auxiliary-work-tape deterministic Turing transducer in

Figure 7.5.5(a). M has time complexity T(n) = n + 1. For the purpose of the example take M asit is,
without modifications. Using the terminology in the proof of Lemma7.5.1, Q={dy, 03, ..., s}, =&
={0,1},I'={0, 1, B}, m=1, and k = 4. Choose the following binary representation E: E(0) = 0000,
E(1) = 0001, E(¢) = 0010, E($) = 0011, E(B) = 0100, E(a) = 0101, E(b) = 0110, E(TT) = 0111, E([1]) =
1000, E(qg) = 1001, E(q,) = 1010, E(g,) = 1011, E(gs) = 1100, E(q,) = 1101, E(-1) = 1110, E(+1) =
1111. Choose n = 3.

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-sevense5.html (6 of 13) [2/24/2003 1:53:00 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-sevense5.html

. g 1 @&
| ulo |I ¢ {n nLI IJI i) {] |
'-._':L':l - i A I D) S
& &8 IR,
) LR L}
; N i =
i e
- PR ATTE
0, q ¥ g # |
I R R R R 4 1 1B ||!I -IIII.IF.
i | | | i =y I i
-4 - 1 T 1 3 s I o . . 3
g-{ l‘_-r_Lk-!lj-f' J,.l]'-":'ld"lll-!:'-'u,_;_l _E:-IE-.‘J_.'I._]-E"J 1'3: é:'.l']u‘l @@]I’Lﬁf} ||II+ fa=111 4.:+I. hi-] 1 "I-I 05D
BT LHpt Lapd b= =i T e
U#inﬂ“rw":;l Z:EI Elu#l okllok| |or F:;]“R OR| |l ]u&EEEﬂ
TS llF— = = ‘IL
Iy ey Ef d

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory—bk—sevense5.html (7 of 13) [2/24/2003 1:53:00 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-sevense5.html
— L I' i 11} n
P e} i i &
1§

Figure7.5.5 (@) A Turing transducer. (b) Corresponding subcircuit IN. (¢) Corresponding subcircuit
PREFIX _FINDER. (d) Corresponding subcircuit SUFFIX _FINDER.

In such acase, t = 4. The subcircuit IN isgiven in Figure 7.5.5(b), the subcircuit PREFIX _FINDER is
given in Figure 7.5.5(c), and the subcircuit SUFFIX _FINDER is given in Figure 7.5.5(d). [

From Circuits Sze to Sequential Time

The previous lemma deals with applying parallelism for simulating sequential computations. The
following lemma deals with the simulation of parallel computations by sequential computations.

Lemma7.5.2 U SZE F (z(n) <l 2DTIME _F (zd(n)).

Proof Consider any function Z(n), and any uniform family C = (cg, ¢4, Cy, . . . ) of circuits of size
complexity Z(n). Let X be an O(log Z(n)) space-bounded, deterministic Turing transducer that computes
the function { (1", c,)) [n>0}. A deterministic Turing transducer M can compute the same function as C
in the following manner.

Givenaninput & ... a, M employs X to determine the representation of the circuit c,,. The
representation can be found in 20(10g Z(n)) = ZO(1)(n) time because X is O(log Z(n)) space-bounded (see
Theorem 5.5.1). Moreover, the representation has length O(Z(n)log Z(n)) because c,, has at most Z(n)
gates, and each gate (g, t, g, , gr) has arepresentation of length O(log Z(n)).

Having the representation of c,, the Turing transducer M evaluates the output of each nodein c,. M does
so by repeatedly scanning the representation of ¢, for quadruples (g, t, g, , gr), that correspond to nodes
g, and ggr, whose output values are already known. Having found such aquadruple (g, t, 9, , 9r), the

Turing transducer M evaluates and also records the output value of g. After at most Z(n) iterations, M
determines the output values of al the nodesin c,,.

Finally, M determines which nodes of c,, are the output nodes, and writes out their values. [

By Theorem 7.5.1, the time of sequential computations and the size of uniform families of circuits are
polynomially related.
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Corollary 7.5.1 A problemissolvablein polynomial timeif and only if it is solvable by a uniform
family of circuits of polynomial size complexity.

U _ENC, U_NC, and NC

Sequential computations are considered feasible only if they are polynomially time- bounded. Similarly,
families of circuits are considered feasible only if they are polynomially size-bounded. As aresult,
parallelism does not seem to have major influence on problems that are not solvable in polynomial time.
On the other hand, for those problems that are solvable in polynomial time, parallelism is of central
importance when it can significantly increase computing speed. One such class of problemsis that which
can be solved by uniform families of circuits, simultaneously having polynomial size complexity and
polylog (i.e., O(login) for somei == 0) depth complexity. This class of problemsis denoted U_FNC .

The subclass of U_FNC, which is obtained by restricting the depth complexity of the families of circuits
to O(logn), is denoted U_FNC . The subclass of decision problemsin U_FNC isdenoted U_NC . The
subclass of decision problemsin U_FNC' isdenoted U_NCI.

FNC denotes the class of problems solvable by (not necessarily uniform) families of circuits that
simultaneously, have polynomial size complexity and polylog depth complexity. The subclass of
decision problemsin FNC is denoted NC . The subclass of FNC, obtained by restricting the families of

circuits to depth complexity O(login), is denoted FNC . NC i denotes the class of decision problems
in FNC /.

For nonuniform families of circuits the following contrasting theorem holds.
Theorem 7.5.2 NC1 contains undecidable problems.
Proof Every unary language L over the alphabet {1} can be decided by afamily C = (cg, ¢, Cp, .. .)

of circuits of simultaneous polynomia size complexity and logarithmic depth complexity. Specificaly,
each ¢, in C isatable look-up circuit that outputs 1 on agiveninput a, ... a,if and only if & ...a,=1"

and 1"isinL.

However, aproof by diagonalization implies that the membership problem is undecidable for the unary
language { 1 | The Turing machine M, does not accept the string 11 }. [

Sequential Space and Paralld Time

By Corollary 7.5.1, the definitions above, and the following lemma, the hierarchy shown in Figure 7.5.6
holds.
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LN

Figure 7.5.6 A hierarchy of decision problems between NLOG and P.

Lemma7.5.3 NLOG C U_NC2.

Proof Consider any S(n) = O(log n) space-bounded, nondeterministic Turing machineM =<Q, X, T, 4,
Jo, B, F> with m auxiliary work tapes. With no loss of generality assumethat X = {0, 1}. Let atuplew =

(@, 1,8 Uq, Vq, ..., Uy V) becaled apartia configuration of M oninput & ... a&,, if M hasa
configuration (=gad, U1qvy, . . . , UnQvpy) Withoad = ¢a; ... a.$and |o| = i. Let a partial configuration be
called an initia partial configuration if it correspondsto an initial configuration. Let a partial
configuration be called an accepting partial configuration if it corresponds to an accepting configuration.

Each partial configuration of M requires O(log n) space. The number k of partial configurationswy, . . .
, W, that M has on the set of inputs of length n satisfies k = 20(Iogn) = nO(1),

Say that M can directly reach partial configuration w' from partial configuration w if w and w'
correspond to some configurations £}, and £}, of M, respectively, such that £}, £}, . Say that M can

reach partial configuration w' from partial configuration w if w and w' correspond to some configurations
0}, and £}, of M, respectively, such that &, F* £}, .

For the given n, the language L(M) 1 {0, 1} " is decidable by acircuit ¢, that consists of flog kl+2
subcircuits, namely, DIRECT, FINAL, andlog k| copies of INDIRECT (Figure 7.5.7).
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Figure 7.5.7 A circulit c,, that corresponds to an O(log n) space-bounded, nondeterministic Turing
machine.

The structure of c,, relies on the observation that the Turing machine M acceptsagiven input & ... a, if
and only if M has partial configurationswy, . . ., W, oninput a, ... a,, such that wg isan initial partial
configuration, wy is an accepting partia configuration, and M can directly reach w; fromw;_q for 1 i <
t.

DIRECT has acomponent CHECK ; ; for each possible pair (w;, w;) of distinct partial configurations of
M on theinputs of length n. CHECK ; ; has the output 1 on agiveninput & ... &, if w; aswell asw; are
partial configurations of M oninput & ... &, and M can directly reach w; from w;. Otherwise, CHECK
has the output 0.
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The component CHECK ; ; is atable [ook-up circuit. Specifically, assume that CHECK ; ; corresponds to
the partial configurationsw; =(q, I, & Uy, Vq, . . ., Uy, Vi) and w; = @1 4 01,1, - .., Oy, t4yy)- INsUch a
case, CHECK ; ; isthe constant node O when M cannot directly reach w; from w;. On the other hand,
when M can directly reach w; from w;, then CHECK; ; isacircuit that has the output 1 oninput & ... a,

if and only if thel + 1st symbol in ¢a, ... a.$isaand the {+ 1st symbol in ¢g;...a.$isé

Each copy of the subcircuit INDIRECT modifies the values of the "variables' X 15, X173, ..., X 11N
parallel, where the value of x ; ; is modified by a component called UPDATE ;. Upon reaching the rth
INDIRECT the variable x jj holds 1 if and only if M can reach w; from w; in at most 2" moves (through
partial configurations of M on the given input), 1 < r <[log k. Upon leaving the rth INDIRECT the
variable x j; holds 1 if and only if M can reach w; from w; in at most 21 moves. In particular, upon
reaching the first INDIRECT, x ; j holds the output of CHECK ; ;. However, upon leaving the last
INDIRECT, x j; holds 1 if and only if M can reach w; from w;.

FINAL determines whether M can reach an accepting partial configuration from an initial partial

configuration on the given input & ... &, that is, whether x ; ; is equal to 1 for someinitial partial
configuration w; and some accepting partial configuration w;.

The subcircuit DIRECT has size O(k2) = nO(1) and constant depth. Each of the subcircuits FINAL and
INDIRECT has size no greater than O(k2) = nO(1) and depth no greater than O(log k) = O(log n). Asa
result, the circuit ¢, has size of at most Ok2((1og k1 + 2)) = N0, and depth of at most O((log k1 + 2)log

k) = O(log2n). L]

The containment of DLOG in U_NC and the conjecture that U_NC is properly contained in P, suggest
that the P-compl ete problems can not be solved efficiently by parallel programs. The following theorem
provides atool for detecting problems that can be solved efficiently by parallel programs (e.g., the
problemsin Exercise 5.1.8). Moreover, the proof of the theorem implies an approach for mechanically

obtaining the parallel programs from corresponding nondeterministic sequential programs that solve the
problems.

Notation Inwhat follows, NSPACE F (S(n)) denotes the set of functions computable by O(S(n))
space-bounded, nondeterministic Turing transducers.

Theorem 7.5.3 NSPACE _F (log n) C U_FNC?2.
Proof Consider any Turing transducer M =<Q, E, T, &, 4, qq, B, F> of space complexity S(n) = O(log

n). Assume that M computes some function f. In addition, with no loss of generality assumethat X = A =
{0, 1}. From M, for each symbol ain X, a Turing machineM,=<Q,, £, T, §,, g, B, F;> can be

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-sevense5.html (12 of 13) [2/24/2003 1:53:00 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-sevense5.html

constructed to accept the language { 110x | The ith output symbol of M oninput x isa}.

Specificaly, on agiven input 110x, M, records the value of i in binary on an auxiliary work tape. Then
M, follows the computation of M on input x. During the simulated computation, M 4 uses the stored value

of i to find the ith symbol in the output of M, while ignoring the output itself. M, accepts 110x if and only
If M has an accepting computation on input x with aas the ith symbol in the output.

The function f is computable by afamily C = (c, ¢4, Cy, . . . ) of circuits of the following form. Each ¢,

provides an output y; ... yosm-+1 of length 2. 25 oninput X ... X, Each substring yy;_1Y,; of the output

isequal to 00, 11, or 10, depending on whether the jth symbol in the output of M is 0, 1, or undefined,
respectively. y,;_q is obtained by negating the output of acircuit that simulates M, for a= 0 on input

10Xy ... Xp. Yoj s Obtained by acircuit that simulates M, for a= 1 on input 10x; . .. X,

The result then follows from Lemma 7.5.3 because M, is alogspace-bounded, Turing machine for a=0
and for a= 1. [

A proof similar to the one provided for the previous theorem can be used to show that NSPACE _F (S(n))
C Uy U_SIZE _DEPTH _F (295(W, S2(n)) for each fully space-constructible function S(n) > log n. By

this containment and a proof similar to that of Exercise 7.5.3, the space requirements of sequential
computations and the time requirements of parallel computations are polynomially related.

[next] [prev] [prev-tail] [front] [up]
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7.6 Uniform Families of Circuits and PRAM's

From PRAM's to Uniform Families of Circuits
The Structure of Cn

The Complexity of Cn

From Uniform Families of Circuitsto PRAM's
The Simulation of Gate gi by Processor M i

The Identification of Gate o] by processor M i

This section shows that uniform families of circuits and PRAM's are polynomially related in the
resources they require. Asacorollary, U_FNC is exactly the class of problems that can be solved by the
PRAM's that have polynomial space complexity and polylog time complexity.

Notation Inwhat follows, PROCESSORS TIME F (Z(n), T(n)) denotes the set of functions that can
be computed by the PRAM's having both O(Z(n)) size complexity and O(T(n)) time complexity (under
the logarithmic cost criterion).

From PRAM's to Uniform Families of Circuits

The proof of the following theorem consists of showing how the hardware of any given PRAM can be
unrolled to obtain a corresponding uniform family of circuits. The degenerated case in which PRAM's
are restricted to being RAM's has been considered in Lemma 7.5.1.

Theorem 7.6.1 If log T(n) and log Z(n) are fully space-constructible, log Z(n) <. T(n), andn<. O
[&[n)T[n]), then
FROCESSORS_TIME_F[E(n),T(n]] C

| | U_SIZE_DEPTH _F({B(n)T(n))*,T%(n}).
dED

Proof Consider any PRAM M = <M, X, Y, A> of size complexity Z(n) and time complexity T(n). By
Theorem 7.2.1 it can be assumed that I isa CREW PRAM. Consider any nand let m=2Z(n) and t =
T(n). The computations of M on inputs of length n can be simulated by the circuit c, of Figure 7.6.1.
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Figure 7.6.1 A circuit for simulating a computation of a PRAM.

The Sructure of Cn

The circuit c,, has an underlying structure similar to the circuit c,, in the proof of Lemma7.5.1 (see
Figure7.5.1). It consists of t + 2 subcircuits, namely, IN, STEP;, . . ., STEP,, and OUT. IN considers a
given input of length n as an encoding of someinput (vq, . . ., V) Of 1 , and determines the initial
configuration of M. ST EP; determines the configuration that 1 reaches after itsith step. OUT extracts the

output of M from the output of STEP,.

Each configuration of M is assumed to have the form (i1, X(i1), in, X(io), . . . ;§ 1, Y1), ¥, YGo), . . . 5 ¥, A(
i), 50, AG), T VaB)s T2 VIGo)s - e i Vi), o, Vig(), - . . ), Where Vi(j) is assumed to be
the value of the jth local variable of processor M;.

STEP, consists of three layers, namely, READ, SIMULATE, and WRITE. The READ layer simulates

the reading, from the input cells and shared memory cells, that takes place during the ith step of the
simulated computation. The SIMULATE layer simulates the internal computation that takes place during
the ith step by the processorsMy, . . ., M. The WRITE layer simulates the writing, to the output cells

and shared memory cells, that takes place during the ith step of the simulated computation.
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With no loss of generality, it is assumed that in each step processor M; reads from the input cell X(V;(1))
into V;(1), and from the shared memory cell A(V;(2)) into V;(2). Similarly, it is assumed that in each step
M; writes the value of V;(3) into the output cell Y(V;(4)), and the value of V;(5) into A(V;(6)).

SIMULATE contains asubcircuit SSIM _RAM for each of the processors M4, . . ., M,. Theinternal
computation of processor M; is simulated by aSIM _RAM whoseinput is (i1, Vj(i1), iz, Vj(io), . . .). With
no loss of generality it is assumed that the index j of M; is stored in V;(7).

The Complexity of Ch

Thecircuits IN, READ, WRITE, and OUT can each simulate an O(log (nZ(n)T(n))) space-bounded,
deterministic Turing transducer that carries out the desired task. The simulations can be as in the proof of

Lemma 7.5.3. Hence, each of these circuits has size no greater than (nZ(n)T(n))CW < (Z(n)T(n))°(D and
depth no greater than (log (nZ(n)T(n)))O@ < TOM)(n). SIM _RAM can simulate a processor M;
indirectly as in the proof of Lemma 7.5.1, through a deterministic Turing transducer equivalent to M;.
Hence, each SIM _RAM has size no greater than TO((n). L]

From Uniform Families of Circuits to PRAM's

The previous theorem considered the ssmulation of PRAM's by uniform families of circuits. The next
theorem considers ssmulations in the other direction.

Theorem 7.6.2

U_SIZE_DEPTH _F[E(n),D(n)) C

| | PROCESSORS_TIME _F (8% (n), D(n)log" B(n)).
g0

Proof Consider any uniform family C = (c, ¢4, Cy, . . . ) Of circuits with size complexity Z(N) and
depth complexity D(n). Let T = <Q, E, T, 4, qo, B, F> be an S(n) = O(log Z(n)) space-bounded,
deterministic Turing transducer that computes{ (1", ¢,) |[n > 0}. From T aCREW PRAM M =<M, X, Y,

A> of size complexity ZO(D(n) and time complexity D(n)log ©(DZ(n) can be constructed to simulate the
computations of C in a straightforward manner.

The Smulation of Gate gi by Processor Mi

Specifically, for each gate g; in c,,, the PRAM 14 employs a corresponding processor M i and a
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corresponding shared memory cell A(i). The processor M; is used for simulating the operation of g;, and
the cell A(i) is used for recording the outcome of the simulation.

At the start of each simulation, M; initializes the value of A(i) to 2, as an indication that the output of g; is
not available yet. Then M; waits until its operands become available, that is, until its operands reach
values that differ from 2. M; has the input cell X(j) as an operand if g; gets an input from the jth input
node X;. M; has the shared memory cell A(j) as an operand if g; gets an input from the jth gate g;. When
its operands become available, M; performs on them the same operation as does g;. M; storesthe result in
Y(j), if g; isthe jth output node of c,,. Otherwise, M; stores the result in A(i).

The | dentification of Gate g by processor Mi

Before the start of a simulation of c,, the PRAM 14 determines for each gate g; in ¢, what the typetisin
{-, ¥, n} of g;, and which are the predecessors g, and gg, of g;. 14 does so by determining in paralle the
output of T on input 1", and communicating each substring of the form (g;) and each substring of the
form (g;, t, 9, , OR) in the output to the corresponding processor M;.

M determines the output of T by employing agroup By, . . ., Bo(z(n)iog z(ny) Of Processors. The task of
processor B; isto determine the jth symbol in the output of T.

B;, in turn, employs a processor B;, for each symbol ain the output alphabet & of T. Thetask of Bj5isto
notify B; whether the jth symbol in the output of T isthe symbol a B j, does so by simulating alog Z(n)
space-bounded Turing machine M that accepts the language { 1" | aisthe jth symbol in the output of T

}. The simulation is performed in parallel by a group of processors that uses an approach similar to that
described in the proof of Lemma7.5.3.

Once the output of T is determined, each processor B; that holds the symbol "(* communicates the string
"(gi...)" thatisheld by By, . . ., Bj+|(g=)-1 10 the corresponding processor M; of M.

Finally, each processor M; that has been communicated to with a string of the form (g;, t, g, , gRr)
communicates with its predecessors to determine the input nodes of c,,. [
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Exercises

711

721

1.2.2

7.2.3

124

7.25

731

7.3.2

74.1

74.2

Let Q be the problem of determining the number of times the value O appearsin any given
sequence. Describe aparallel program P = <P, X, Y> of depth complexity D(N) = O(log N) that
solves Q. The parallel program should allow each sequential program P; to communicate with at
most one other sequential program P; in each step.

Show that a CREW PRAM of linear size complexity and O(log n) depth complexity, can output
the sum of itsinput values.

Show that a COMMON PRAM of linear size complexity, under the uniform cost criterion, can
determine in O(1) time whether an input consists only of values that are equal to 1.

Show that for each of the following statements there isa PRIORITY PRAM which can, under the
uniform cost criterion, determine in O(1) time whether the statement holds.

a. The number of distinct valuesin the input is greater than two.

b. Theinput values can be sorted into a sequence of consecutive numbers starting at 1.

Show that one step of a PRIORITY PRAM can be simulated in constant depth by a COMMON
PRAM.

A TOLERANT PRAM isaPRAM that resolves the write conflicts in favor of no processor, that
IS, it leaves unchanged the content of the memory cells being involved in the conflicts. Show that
each TOLERANT PRAM of size complexity Z(n) and depth complexity D(n) can be simulated by
aPRIORITY PRAM of size complexity Z(n) and depth complexity O(D(n)).

Show that { x | xisin{0,1}*, and 1 appears exactly oncein x } is decidable by afamily of
circuits of size complexity O(n) and depth complexity O(log n).

Show that each circuit of size Z(n) and depth D(n) has an equivalent circuit, of size at most Z2(n)
and depth at most D(n)log Z(n), whose gates all have outdegree of at most 2.

Provide a table look-up circuit that accepts the language L = {1011, 0100, 1101, 1001} .

Show that each of the following languages is decidable by a uniform family of circuits of linear
size complexity and O(log n) depth complexity.
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a {0110 |i>1}.
b. {0V]i<]}.

A gate @' is said to be the predecessor of agate g in acircuit ¢, with respect to a path  if any of the
following cases holds.

a m=¢andg =g.

b. misin{L,R},and (g,t, 9., 9r) isinc,forgr=g".

c. T =1mqm, for someg" such that g" is the predecessor of g in c,, with respect to 1, and g' isthe
predecessor of g" in ¢, with respect to .

The connection language L for afamily C = (cy, ¢4, Cy, . . . ) Of circuitsisthe language{ (g, g, m, T, n) |
misin{L, R}*. || <Z O(log (size of c,)). ¢' isthe predecessor of g in ¢, with respect to . If g' is a gate of
typetin{-,*, A} or aconstant nodetin{0, 1}, thenT =t, otherwiseT = A }.

Example Consider the circuit ¢, of the following form.

(4, -2, 2205, A, 1,406, A, 1, 3007, A, 2, 1308, A, 3, 1009, A,5,6)(10, A, 7, 80011, %, 3, 100(11)

The gate g' = 9 of ¢, isthe predecessor of the gate g = 11 with respect tow =L, and g' = 2 isthe
predecessor of g = 9 with respect to m = LRR (see Example 7.3.5 and Figure 7.3.3).

For afamily of circuits C that contains the circuit c,, both (11, 9, L, &, 2) and (9, 2, LRR, A, 2) arein L.
[]

A family C = (cg, ¢4, Cy, . . . ) Of circuitsis said to be uniformg if there exists a deterministic Turing
machine that accepts the language L -, and on any given input (g, g, m, T, n) the Turing machine haltsin
O(log ( size of c,)) time.

7.4.3
Show that every uniformg family of circuitsis aso auniform family of circuits.
751
Find SUBTAPE _MODIFIER for Example 7.5.1.
7.5.2
Analyze the depth of c,, in the proof of Lemma7.5.1.
7.5.3
Show that the containment U_DEPTH (D(n)) = DSPACE (D(n)) holds for fully space-
constructible functions D(n).

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-sevenlil.html (2 of 3) [2/24/2003 1:53:12 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-sevenlil.html

Hint: A circuit that recognizes alanguage has the following properties.

a. Thedepth d of the circuit provides the upper bound of 29 on the size of the circuit.
b. Each nodein the circuit can be represented by a path, given in reverse, from the node in
guestion to the output node.

7154

Show that U_NC? contains NSPACE (1), that is, the class of regular languages.
755

Show that for each k > 0 there are languages that are not in SIZE (nK).
7.5.6

Show that RP C U,:=gSI ZE (nK).
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Appendix A MATHEMATICAL NOTIONS

This appendix briefly reviews some basic concepts that are prerequisites for understanding the text.

A.1 Sets, Relations, and Functions
A.2 Graphs and Trees
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A.1 Sets, Relations, and Functions

Sets

Set Operations
Relations
Functions

Countability

Sets

A set isacollection of elements. The order or repetition of the elements are immaterial. Notation of the
form { x | x satisfies the property Q } isused for specifying the set of all elements x that satisfy property
Q. Finite sets are also specified by explicitly listing their members between braces.

The number of elementsin aset A, denoted |A|, is called the cardinality of the set. A set with no
elements (i.e., cardinality equals 0) is called the empty set and is denoted by @.

Two sets A and B are said to be equal, denoted A = B, if they have precisely the same members. A is
said to be asubset of B, denoted A (_ B, if every element of A isalso an element of B. A issaidto be a
proper subset of B, denoted A _ B, if A isasubset of B and A is not equal to B.

The relationship between sets is sometimes illustrated by Venn diagrams. In a Venn diagram each of the
elements of the given setsis represented by a point in the plan, and each set is represented by a
geometrical shape enclosing only those points that represent the elements of the set (see Figure A.1.1).

FigureA.1.1 Venndiagram for thesets A ={1, 2, 3} and B ={3, 4, 5, 6}.
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The power set of aset A, denoted 2A, isthe set of all subsets of A, that is, the set { S| Sisasubset of A
}.

A multiset is a collection of elements in which repetition of elementsis counted. The set of natural
numbersisthe set of all the nonnegative integers.

Set Operations

The union of A and B, denoted A U B, istheset { x | xisetherin A orinB }. Theintersection of A and
B, denoted AN B, istheset{ x| xisbothin A andinB }. A and B are said to be digoint if they have no
element in common, that is, if AN B =@.

The difference between A and B, denoted A - B, istheset { x| xisin A butnotinB }. If B isasubset of
A, then A - B is said to be the complementation of B with respect to A. When A is understood, A - B is
simply said to be the complementation of B, denoted B. In such acase A is called the universe.

The Cartesian product of two sets A, and A,, denoted A1 X A,, istheset { (&, &) | & iSinA, and & is
in A, }. A Cartesian product of the form ((... (A1 X Ay) X Ag)...) x A,) isalso denoted A; x A, x... X
Ay. Smilarly, a((... (&1, &), &) ...), &) INA1 x A, x... x A isalso denoted (g, . . . , ).

Relations

A relation R from A to B is asubset of the cartesian product A x B. If A =B, thenRissadto bea
relation on A.

Thedomainof Ristheset{ x| (X, y) isinRfor someyinB }. If thedomain of Ristheset A, thenRis
said to be total. Otherwise, R is said to be partial.

Therangeof Ristheset{ y | (x,y) isinR for somex in A }. Therange of R at x, denoted R(x), isthe
set{y|(x,y)isinR}.

Functions

A function f from A to B, denoted f: A — B, isarelation from A to B, whose range f(x) at each x in A
has cardinality O or 1. f(x) issaid to be defined if it has cardinality 1, that is, if f(x) = {y} for somey. In
such acase, f(x) is said to have the value of y, written f(x) = y. Otherwise, f(x) is said to be undefined.

f issaid to be one-to-one if f(x) = f(y) impliesx =y foral x andy in A. f issaid to be onto if B isthe
range of f. f issaid to be apredicate, or an assertion, if B = {false, true}.
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[x] denotes the smallest integer that is not smaller than x. mod (X, y) denotes the remainder of an integer
division of x by y. min(S) denotes the smallest value in S. max(S) denotes the biggest valuein S. gcd (X,
y) denotes the greatest common divisor of x and y.

Countability

A set A issaid to be countable if there exists an onto function f from the set of natural numbersto A. The
set is said to be countably infinite if there exists a one-to-one onto function f from the set of natural
numbersto A. A set that is not countable is said to be uncountable.
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A.2 Graphs and Trees

Graphs
Rooted Acyclic Graphs

Graphs

A directed graph Gisapair (V, E), where V isafinite set and Eisarelation on V . The elements of V
are called nodes or vertices. The elements of E are called edges or arcs.

uisapredecessor of v, and v issuccessor of u, in Gif (u, v) isan edge of G. The graph issaid to be
ordered if some ordering is assumed on the predecessors of each node, and on the successors of each
node.

A pathin Gisasequencevy, . . ., vV, of nodes such that v; isasuccessor of v;_; fori=2,...,n. The
length of the pathisn - 1. The pathisacycleif n>1 and v, = v;.

A graph G; = (V 4, E;) issaid to be asubgraph of agraph G, = (V 5, Ep), if V 1 CV ;and By C By,

Each graph G = (V, E) can be represented by a diagram of the following form. For each nodev inV the
graph has a corresponding geometric shape (e.g. period, circle). For each edge (u, v) in E the graph has
an arrow from the geometric shape corresponding to u to the geometric shape corresponding to v.
Whenever the graphs are ordered, the predecessors and successors of each node are drawn from left to
right in their given orders.

Rooted Acyclic Graphs

A directed graph is said to be acyclic if it contains no cycles. An acyclic graph is said to be rooted if
exactly one of its nodes, called the root , has no predecessors. A node in a graph with no successorsis
called aleaf . A rooted, acyclic, directed graph is called atreeif each of its nodes, excluding the root, has
exactly one predecessor.

In general, arooted acyclic graph is drawn with the root on top and the arcs pointing downward. The
directions on the arrows are omitted.
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|.], (see cardinality of set; length of string)
X, (see Cartesian product)

[.] (ceiling function), 301

@, (see empty set)

£, (See empty string)

¢/ $, (see endmarker)

¥, % 3

acceptance problem, 36
accepting computation / configuration / state, (see computation / configuration / state, accepting)
acyclic graph, 301
Adleman, L., 298, 302
Aho, A., 89, 267, 302
algorithm, 33
Allender, E., 298, 302
alphabet, 2 - 4
binary, 2
unary, 2
alphabetically
bigger / smaller, 3
ordered, 4
ambiguity problem, 36, 37, 197, 198
AND gate, 275
assertion, (see predicate)
assignment instruction, (see deterministic assignment instruction; nondeterministic assignment instruction; random assignment instruction)
auxiliary work-tape, 145
alphabet / symbol, 146
head, 145
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bandwidth problem, 243
Bar-Hillel, Y., 90, 143, 198, 302
Batcher, K., 297, 302
Beauquier, J., 90
binary, (see aphabet / representation / string, binary)
Bird, M., 143, 302
Boolean
circuit, (seecircuit)
expression, 215
Borodin, A., 298, 302
bounded-error, 258 - 259
BPP, 262ff.
Braffort, P., 305
Bachi, J., 89, 302

canonically
bigger / smaller, 4

ordered, 4
cardinality of set, 299
Cartesian product, 300
cascade composition, 89
Chandra, A., 298, 302
character, (see symbol)

Church, A, 47, 197, 303
Church'sthesis, 156
circuit, 275

valued problem (CVP), 246, 247
cligue problem, 224, 246
closure

operation, the, (see Kleene closure)
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under an operation, 79
Cobham, A., 246, 303
COMMON PRAM, (see paralel random access machine, COMMON)
complementation, 6, 7, 80 - 81, 130, 133, 143, 193, 233, 236, 242, 246, 300
complete/ hard problem, 213, (see also P -complete/ -hard problem)
complexity
depth, 270ff., 273ff., 277
expected time, 249, 262
size, 270, 273, 277
space / time, 203 - 206, 262, 273
composition, 7, 89, 142, 143, 221, 245
computable function, 35
computation, 20, 58 - 60, 102 - 104, 153

depth, 270, 273
deterministic / nondeterministic, 21
halting, 19, 21, 59
probabilistic, 249, 258
concatenation, 3
conditional accept / if instruction, 17, 19, 20

configurations tree, 227, 236

conjunctive normal form, 220

connection language, 297

Constable, R., 246, 304

constant node, 275

content of pushdown store, 100

context-free grammar / language, 111ff., 187, 198, 238, 247
context-sensitive grammar / language, 47, 186 - 187, 198
Cook, S., 246, 298, 303

countable set, 301

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-index.html (3 of 17) [2/24/2003 1:53:26 PM]



theory-bk-index.html
countably infinite set, 173, 301

CREW PRAM, (see parallel random access machine, CREW)
cross product, 6
cyclein graph, 301

Danthine, A., 89, 303
decidability / partial decidability / undecidability, 32 - 35, 45 - 46, 47, 50, 82 - 84, 90, 136 - 138, 142 - 143, 173 - 179, 186, 188, 192ff., 195ff., 278, 289
decision problem, 32
defined value of function, 300
Del eeuw, K., 268, 303
DeMorgan's law, 80
depth
of circuit, 277ff.
complexity, (see complexity, depth)
of computation, (see computation, depth)
derivation, 10 - 12
graph/ tree, 12
leftmost, 12, 114
deterministic
assignment instruction, 17, 19
computation, (see computation, deterministic)
looping instruction, 17, 19
program, 18 - 20
diagonalization, 173, 195, 209, 289
difference, 6, 300
Diophantine polynomial / equation, 46, 50, 89,
directed graph, 301
digoint sets, 300
DLOG, 205, 229
domain of
function / relation, 300

X

http://www.cis.ohio-state.edu/~gurari/theory-bk/theory-bk-index.html (4 of 17) [2/24/2003 1:53:27 PM]



theory-bk-index.html
problem, 31
variables of program, 16

DTIME_F, 282

e-free finite-state automaton, 66
e trangition rule, 66
edge of graph, 301
Edmonds, J., 246, 303
Ehrenfeucht, A., 90, 303
empty
pushdown store, 100
set, 299
string, 2
-word membership problem, 34, 35, 196
encoding, (See representation)
endmarker, left / right, 147
eof -- end of input file, (see conditional accept instruction)

error-free probabilistic program, 248 - 251

error probability, 258 - 259

Evey, J.,, 143, 197, 303

execution sequence, 18 - 25

expected time complexity, (see complexity, expected time)
EXPTIME, 205, 213, 225, 229

family of circuits, 277ff.
final configuration / state, (see configuration / state, accepting)
finite

-domain / -memory program, 48ff.
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-state control, 55, 95, 145
-state transducer / automaton, 53 - 65, 130, 136, 142, 143, 190, 198, 232, 246
Floyd, R., 47, 303
FNC, 289
formal language, 7
Fortune, S., 298, 303
Freivalds, R., 268, 303
function, 300
computed by, 258, 259, 275, 277, (see aso relation computed by)

Garey, M., 247, 303

gate, 275

ged, 301

Gill, J., 267, 268, 303
Goldschlager, L., 298, 304
grammar, 8ff., 11, 14 - 15
graph, (see directed graph)
graph accessibility problem, 243
Greibach, S., 143, 304
Griffiths, T., 198, 304
Grolmusz, V., 298, 304
Gurari, E., 143, 304

halting
computation, (see computation, halting)
on input, 60

hard problem, (see compl ete problem)
Harrison, M., 47, 304

Hartmanis, J., 246, 304, 307

Hilbert, D., 47, 304

Hilbert's tenth problem, 46, 47
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Hirschberg, D., 305
Hong, J., 298, 304
Hopcroft, J., 90, 143, 198, 247, 267, 302, 304
Hunt, H., 246, 304

Ibarra, O., 143, 304
Immerman, N., 247, 304
initial
configuration / state, (see configuration / state, initial)
value of variables, 16, 18
input
alphabet / symbol, 52 - 53, 97, 146
head, 55, 95, 145
node, 275
nonaccepted / regected, 21
of aprogram, 18
tape, 55, 95, 145
value, 18
instance of problem, 31

instantaneous description, (see configuration)
instruction segment, 29

interpretation, 6
intersection, 6, 7, 80 - 81, 130, 143, 193, 300
inverse, 7

Johnson, D., 247, 268, 298, 303, 304
Jones, N., 89, 143, 247, 304, 305

Kannan, R., 298, 305
Karp, R., 246, 305
Kindervater, G., 298, 305
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Kleene closure, 7
Kleene, S., 90, 246, 305
knapsack problem, O - 1/integer, 221, 244
Kugera, K., 298, 305
Kuroda, S., 47, 198

Laaser, W., 247, 304
Ladner, R., 247, 305
Landweber, P., 198, 305
language, 6 - 7, 11
accepted / recognized, 29, 61, 259
decided, 61, 277
generated, 11, 61
LBA, (see linear bounded automaton)
leaf of graph, 301
left-hand side of production rule, 9
left-linear grammar / language, 72
length of
derivation, 10
path in graph, 301
string, 2, 206
Lenstra, J., 298, 305
Lesk, M., 90, 305
Levin, L., 246, 305
Lewis, P., 246, 307
LEX, 74, 90

lexicographically, (see canonicaly)
linear bounded automaton (LBA), 156, 231

log, 38, 204, 206
logarithmic cost criterion, 201ff.
logspace
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-bounded Turing transducer / machine, 204
reducibility, 237
LOOP program, 46, 47, 245, 246
lower bound, 211
Lueker, G., 246, 305

Maffioli, F., 268, 305
Matijasevic, Y., 47, 305

max, 301

McCarthy, J., 143, 305
McCulloch, W., 89, 305
Megiddo, N., 297, 305
membership problem, 36, 37, 45, 142, 175 - 177, 186, 195, 197, (see also empty-word membership problem)
Meyer, A., 47, 306

Miller, G., 90, 302

Miller, R., 305

min, 301

mod, 252, 301

Moore, E., 90, 268, 303, 306
move, 56, 99, 149 - 150
Muchnick, S., 89, 143, 304, 305
Muller, D., 297

multiset, 299

Myhill, J., 90, 198, 306

natural number, 299
NC, 289

NLOG, 205, 229, 290
node of graph, 301

nonaccepting computation, (see computation, nonaccepting)
noncomputable function, 35
nondeterministic
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assignment instruction, 17, 24, 26

computation, (See computation, nondeterministic)

looping instruction, 17, 22, 26

program, 18ff., 20, 21ff., 47

transducer / automaton / machine, 57, 66, 101, 152
nonprimality problem, 242, 251 - 252, 267, (see aso primality problem)
NOT gate, 275
NP, 205, 213ff., 246, 264

-complete / -hard problem, 213 - 225, 244 - 245, 246
NSPACE, 205, 227, 229, 233, 241, 245, 246, 297
NSPACE_F, 292
NTIME, 205, 225, 227, 233, 241

O notation, 204
Oettinger, A., 143, 306
O'hEigeartaigh, M., 305
one-to-one function, 300
onto function, 300

OR gate, 275

ordered graph, 301

output
alphabet / symbol, 52 - 53, 97, 147

head, 55, 95, 145
node, 275

P, 205, 213, 229, 237 - 238, 291
-complete / -hard problem, 237 - 238, 246, 247, 291

padded binary representation, (see representation, padded binary)
parallel
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computation thesis, the, 281
program, 269 - 271
random access machine (PRAM), 272 - 275, 292 - 298
COMMON / CREW / PRIORITY, 273
TOLERANT, 296
Parikh, R., 90, 303
parse graph / tree, 12
partial decidability / solvability, (see decidability)
partially computable function, 35
partition problem, 242, 246
path in graph, 301
PCP, (see Post's correspondence problem)
Perles, M., 90, 143, 198, 302
permutation, 3
phrase structured grammar / language, 8
Pippenger, E., 298, 306
Pitts, W., 89, 305
polylog, 289
polynomial
expected time bound / complexity, 262
expression, 45
space/ time bound / complexity, 203, 262
time reducibility, 212
pop move, 100
positive closure, 7
Post, E., 198, 306
Post's correspondence problem, 187
power set, 299

PRAM, (see parallel random access machine)
predecessor of node, 301

predicate, 300
prefix, 3
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Preparata, F., 297, 306
primality problem, 202, (see also nonprimality problem)
prime number, 202
PRIORITY PRAM, (see paralel random access machine, PRIORITY)
probabilistic
computation thesis, the, 262
program, 249
Turing transducer / machine, (see Turing transducer / machine, probabilistic)
problem, 31
processor, 272
productionrule, 8- 11
program, 16ff., (see also probabilistic program; parallel program)
proper
prefix / suffix of astring, 3
subset, 299
PSPACE, 205, 225 - 237, 263
pumping lemma, 75, 90, 123, 143
push move, 100
pushdown
alphabet / symbol, 109
head, 95
store/ tape, 95

Rabin, M., 47, 89, 267, 306

Ragde, P., 298, 304

random access machine (RAM), 200 - 201, 246
random assignment instruction, 249

range of function / relation, 300

read instruction, 16, 19

Reckhov, R., 246, 303
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recognition problem, 36
recursion in programs, 91 - 93, 143
recursive

reducibility, 37 - 38, 173, 175, (see also logspace reducibility; polynomial time reducibility)
regular
expression / set, 73 - 74, 90
rglect instruction, 17, 19, 20
rejecting computation, (see nonaccepting computation)
relation, 300
induced by a problem, 32
computed by, 29, 61, (see also function computed by)
representation, 5, 39ff., 205 - 206, 277 - 278
binary, 5
padded binary, 208
standard binary, 171 - 172, 174
unary, 5
reverse of string (rev), 3
right-hand side of production rule, 9
right-linear grammar / language, 72
Rinnooy Kan, A., 305
Ritchie, R., 47, 306
root of graph, 301
rooted graph, 301
Rosier, L., 143, 304
Rozenberg, G., 90, 303
RP, 263 - 265
Ruzzo, L., 298, 306
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Sahni, S,, 246, 304
satisfiability problem, 215ff., 220ff.
Savitch, W., 246, 306
Scheinberg, S., 143, 306
Schutzenberger, M., 143, 198, 303, 306
Schwartz, J., 268, 306
Scott, D., 47, 89, 306
sentence, 6, 10

symbol, (see symbol, sentence)
sentential form, 10

sequential computation thesis, the, 204
set, 299
Sethi, R., 302
Shamir, E., 90, 143, 198, 302
Shannon, C., 268, 298, 303, 306
Shapiro, N., 268, 303
Sheperdson, J., 89, 306
Shiloach, Y., 298, 306
single-valuedness problem, 36, 142
Sipser, M., 247, 307
size
of circuit, 277
complexity, (see complexity, size)
SIZE, 282, 297
SIZE_F, 282
Solovay, R., 267, 268, 307
solution for a problem, 32
solvability, 32 - 35, (see also decidability)
space, 200, 201 - 205, 262
-bounded / complexity, (see complexity, space)
constructability, 208
hierarchy, 244
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speed-up theorem, linear, 244
Speranza, M., 268, 305

standard binary representation, (see representation, standard binary)
state, 51 - 53, 97, 104, 146
accepting / initial, 52, 53, 97, 147
Stearns, R., 246, 304, 307
Stockmeyer, L., 247, 298, 302, 307
Strassen, V., 267, 268, 307
string, 2- 4, 6
binary, 2
unary, 2
subgraph, 301
subset, 299
substring, 3
successor of node, 301
suffix, 3
symbol, 2
auxiliary work-tape / input / output / push- down, (see auxiliary work-tape / input / output / pushdown al phabet)
blank, 147
bottom pushdown, 97
sentence/ start, 9
terminal / nonterminal, 8, 9
top, 100
Szelepcsenyi, R., 247, 307

Thatcher, J., 305

-bounded / complexity, (see complexity, time)

constructibility, 208

hierarchy, 199, 207, 246
TOLERANT PRAM, (see paralel random access machine, TOLERANT)
total function / relation, 300
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transition
diagram, 53, 97, 147
rule, 52 - 53, 56 - 57, 97 - 98, 99, 147
table, 52, 53, 97, 147
Traub, J., 306
traveling-salesperson problem, 242, 246
tree, 301
Turing, A., 47, 197, 307
Turing transducer / machine, 145ff., 155ff., 203ff.
probabilistic, 258, 259
two-way finite-state automaton, 245, 246
Type 0 grammar / language, 8ff., 9ff., 179ff.
Type 1 grammar / language, 14, 47, 186
Type 2 grammar / language, 14, 111ff.
Type 3 grammar / language, 15, 69ff.

U_DEPTH, 282, 297
U_DEPTH_F, 282

U_FNC, 289, 292

U_SIZE, 282

U_SIZE F, 282

U_SIZE DEPTH_F, 282, 293, 294

unary alphabet / representation / string, (see aphabet / representation / string, unary)
uncountable set, 301
undecidability, (see decidability)
undefined
output, (see output, undefined)
value of function, 300
uniform
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cost criterion, 202ff.
family of circuits, 280ff.ff., 297
halting problem, 35
union, 6, 7, 79, 81, 130, 136, 143, 193, 233, 236, 241, 300
universal Turing transducer / machine, (see Turing transducer / machine, universal)
universe, 300
unsolvability, (see solvability)

Valiant, L., 143, 297, 298, 307
Venn diagram, 299
Vercdllis, C., 268, 305

vertex of graph, (see node of graph)
Vishkin, U., 298, 302, 306

Welsh, D., 268, 307

word, (see sentence)
write
conflict, 273

instruction, 16, 19
Wyllie, J., 298, 303
XOR, 276

ZPP, 263 - 267
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replace Tfrom T with T from ¥ line-8, p. 10
replace no terminal with only terminal line -6, p. 10
interchange |3 and 4 p. 13fig. 1.2.2
add in:=0 after count :=0 p. 28

in:=1 after if x=median then do

in:=1 after or

if in=1 then after far. */

However, here we assume that

each nondeterministic

) ey :
add aues from ainita domain p- 33

the end of the paragraph that

precedes Example 1.4.4
replace [ in “ith' with |with italic ch l. -9, p. 50
insert (aabbag0,11) instead of | (aabbag0,1) f;g”d paragraph
insert finite-state transducer instead of | Turing transducer Figure 2.2.7 p.58
e IS many on haling 19756
insert language L(M) N L(M>) instead of relation R(M 1) M R(M>) |last line p. 88
insert prefix of x instead of |prefix of L 3rd linep. 89
insert RP(state,top) instead of |RP(top) p. 110
insert <Q,E},q9,Z0,F> instead of |<Q,E4,q0,F>
insert missing line figure 3.3.6, p. 125
insert I(R) instead of | Exigse 35.1(0)
insert (b) figure 4.2.2
replace X, Y, Z,W with slanted chrs l. 1p. 240
insert Pippenger, N. instead of |Pippenger, E. p. 306, 311
move Hong, J. ... up p. 304, 1. -10
remove comma after Laaser, W. p. 304, 1. -4
replace Mille with Miller p. 305, 1.7
replace circut with circuit p. 306, |. -6
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remove ff. after 280 p.314,c.1,1.2
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sol.html

up

Section 1.1 | Section 1.2 | Section 1.3 | Section 1.4 | Section 1.5

Section 2.1 | Section 2.2 | Section 2.3 | Section 2.4 | Section 2.5 | Section 2.6

Section 3.1 | Section 3.2 | Section 3.3 | Section 3.4 | Section 3.5 | Section 3.6

Section 4.1

[drawing utilities]
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notes on the hypertext version

Thetext in the hard-copy version of this book has been produced with LaTeX. The conversion to
hypertex has been performed with TeX4ht. The parameters for guiding the translation have been

introduced into the preamble of the LaTeX file, but no changes have been introduced into the body of the
file.

The figures have been prepared for the hard-copy version of this book with a standard drawing utility.
Tim Tinnel scanned the figures from the book for inclusion in this hypertext document, and | am grateful
for his contribution.

[problems]
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Zipped files

A zipped file of this site, and a variant that employs html tags of the form <FONT FACE="SYMBOL">,
are available for downloading.
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Throughout the text, unless otherwise is stated, og stands for logarithm base 2.
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CIS 625: INTRO TO AUTOMATA AND
FORMAL LANGUAGES

Eitan Gurari, Spring 1999

Machine based and formal grammar based models of computation. Finite automata, regular languages.
Context-free languages, pushdown automata. Turing machines. Church-Turing thesis. Introduction to the
halting problem. (OSU Bulletin, OSU Schedule)

TEXT

E. Gurari, An Introduction to the Theory of Computation, Computer Science Press, 1989 (out of print;
first 4 chapters are available in print as course notes).

. Ch. 1 (1-2weeks)
o 1.1 (until Ordering of Strings)
0 1.2
o 1.3 (until configurations of programs)
. Ch. 2 (3-4 weeks)
n 21
n 2.2
n 2.3
o 2.4 (until generalization to pumping lemma)
n 25
. Ch. 3 (1.5weeks)
o 3.1 (on the surface)
o 3.2 (without From Recursive... and From Pushdown ...)
o 3.3 (until From Recursive Finite-Domain...)
o 3.4 (until Generalization...)
. Ch. 4 (1.5weeks)
0 4.1
o 4.3 (discussion of results with no proofs)
o *4.4 (from A Representation...)
o *4.5 (until Th4.5.4)

pointers

GRADING POLICY
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« 25% Homework (10 assignments)
« 30% Midterm exam (Mo, May 3)
« 45% Final exam (We, June 9, 11:30-1:20am)

a. The examswill be with open notes and open books.

b. No homework will be accepted after the end of class on due date. The assignments are duein
class; don’t turn them in my office or my mailbox.

c. Those who graduate this quarter will have their final exam on We, June 2, 12:30pm-2:20pm.

d. Exceptionsto the above dates of exams must be arranged with the instructor during the first week
of the quarter.

e. Only part of the homework problems will be graded and they will be identified in advance.
However, those who will not solve most of the problems by due time will have nil chances of
passing the course (and the same is true for people who miss classes.).

[sample midterm exam] [midterm exam] [sample final exam] [final exam]

TIME/ROOM MWEF; 10:30-11:20, EL2004; 11:30-12:20, DL 305

INSTRUCTOR Eitan Gurari, Dreese 495, 292-3083; email: gurari @cis.ohio-state.edu; office hours:
MW, 12:30-1:20, and by appointment

GRADER Aiko Ishikawa Gringle (Assg. 1, 3, 5, 7, 9), wuh@cis.ohio-state.edu, Office hours: MW 3:30-

4:20 and by appointment, DL 574;
Huaxing Hu (Assg. 2, 4, 6, 8, 10), gringle.2@osu.edu, 292-7036, DL474, cubicle #2, office hours. Friday

1:00 - 2:00Pm, and by appointment.

ASSIGNMENTS #1 (due We, April 7): 1.1.1,1.1.3
#2 (due We, April 14): 1.2.3, 1.2.9 (9)
#3 (due We, April 21): 1.3.3(d)
#4 (due We, April 28): 2.2.3(i)
#5 (dueWe, May 5): 2.3.2,2.3.3
#6 (due We, May 12): 2.4.2(d)
#7 (due We, May 19): 2.5.3,25.6
#8 (due Mo, May 24): 3.2.1(d)
#9 (due Fr, May 28): 3.3.3,3.35
#10 (due We, June 2): 3.4.2(d), 4.1.3(c)
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Sketch of Solutionsto earlier assignments
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Course Offerings

Computer and Information Science
Course Offerings Bulletin 2002-2003 for Spring (Asof 2/24/2003)

395 Dreese Lab, 2015 Neil Avenue, 292-5813

Enrollment Priority
In 200-level and above Cptr/Inf courses, enrollment priority will be given to Cptr/Inf majors in Engineering and Arts and Sciences and to
Information Systems majorsin Business.

100 Introduction to Computing Technology U 3

A course of general interest giving experience with personal computer software, e.g., word processors and spreadsheets; provides
fundamental computer literacy; neither teaches nor requires computer programming.

Su, Au, Wi, Sp Qtrs. 3 1-hr lec. Not open to students with credit for 101 or 200.
101 Computer-Assisted Problem Solving U 4

Problem solving techniques using productivity software; spreadsheets, formulas, conditional logic; relationa databases, relational
algebra; word processing; data presentation; graphics.

Su, Au, Wi, Sp Qtrs. 3 1-hr lec, 1 2-hr lab. Prereq: Mathematics placement level R or higher; or Math 075 or higher. Not open to
students with credit for 200. GEC course.

102 I ntroduction to the Internet and the World-Wide Web U 3

Course of general interest giving experience with accessing and providing information on the World-Wide Web; neither teaches nor
requires computer programming.

Su Qtr. 3 cl. Prereg: 100 or 101 or 200 or equiv. Not open to students majoring in Cptr/Inf. Uses Netscape.
200 Computer Assisted Problem Solving for BusinessU 5

Problem solving emphasizing spreadsheets and conditional logic; using productivity software; relational databases, word processing,
data presentation, object linking and embedding, and communication systems.

Su, Au, Wi, Sp Qtrs. 4 1-hr lec, 1 2-hr lab. Prereg: Math 116, 130, or 148. Not open to students with credit for 101.
201 Elementary Computer Programming U 4

Introduction to computer programming and to problem solving techniques using computer programs; programming lab experience.

Su, Au, Wi, Sp Qtrs. 3 1-hr lec, 1 2-hr lab. Prereq: Mathematics placement level R or higher; or Math 075 or higher. Not open to
students with credit for 221, 202, or En Graph 167. Javais taught.

202 I ntroduction to Programming and Algorithmsfor Engineersand ScientistsU 4

Introduction to computer programming and to problem solving techniques using computer programs with applicationsin engineering
and the physical sciences; algorithm development; programming lab experience.

Au, Wi, Sp Qtrs. 3 1-hr lec, 1 2-hr 1ab. Prereg: Math 151. Not open to students with credit for 201, 221, or En Graph 167. C++ is
taught.

214 Data Structuresfor Information SystemsU 4

Subroutines and modular programming; searching; basic data structures; recursion; introduction to sequential files.
Su, Au, Wi, Sp Qtrs. 3 ¢l,1- 3 hrslab. Prereq: 201. Javais used.
215 Introduction to Object-Oriented Programming U 4

Introduction to object-oriented programming; encapsulation using classes, inheritance, etc.; basic data structures.
Su, Au, Wi, Sp Qtrs. 3 1-hr lec, 1 2-hr lab. Prereg: 202 or equiv. Not open to Cptr/Inf majors. C++ is taught.
221 Softwar e Development Using Components U 4

Component-based software from client programmer's perspective; intellectual foundations of software engineering; mathematical
modeling; specification of object-oriented components; layering; testing and debugging layered operations.
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Su, Au, Wi, Sp Qtrs. 3 cl, 1 1-hr lab. (H221: Wi Qtr.) H221 (honors) may be available to students enrolled in an honors program or by
permission of department or instructor. Prereg: Math 151; Cptr/Inf 202 or 201 or En Graph 167 or Cptr/Inf Placement Level A (H221:
Math H151 or equiv; Cptr/Inf 202 or 201 or En Graph 167 or Cptr/Inf Placement Level A; enrollment in honors

program). RESOLVE/C++ is taught.

222 Development of Software Components U 4

Templates for generalization and decoupling; container components; component-based software from implementer's perspective; data
representation using layering and using pointers.

Su, Au, Wi, Sp Qtrs. 3 1-hr lec, 1 1-hr lab. (H222: Sp Qtr.) H222 (honors) may be available to students enrolled in an honors program
or by permission of department or instructor. Prereq: 221 (H222: H221). RESOLVE/C++ is used.

230 Introduction to C++ Programming U 4

Introduction to programming in C++ and object-oriented programming; encapsulation using classes, inheritance, etc.
Su, Au, Wi, Sp Qtrs. 3 cl, 1 3-hr lab. Prereq: 201, 202, or En Graph 167 or equiv. Not open to Cptr/Inf mgjors.

294 Group StudiesU 1-5
This courseis designed to give the student an opportunity to pursue specia studies not otherwise offered.

Su, Au, Wi, Sp Qtrs. Arr. Repeatable to a maximum of 15 cr hrs.
314 Business Programming with File Processing U 4

Business data processing principles and programming: sequential file processing algorithms, sorting, data validation. COBOL is
taught.

Au, Wi, Sp Qtrs. 3 cl, 1- 3 hr lab. Prereq: 214 and a minimum CPHR of 2.0.
321 Case Studiesin Component-Based Software U 4

Case studies using: tree and binary tree components and binary search trees; context-free grammars; tokenizing, parsing, and code
generating components; sorting components and sorting algorithms.

Su, Au, Wi, Sp Qtrs. 3 1-hr lec, 1 1-hr lab. Prereq: 222 and a minimum CPHR of 2.00. Prereq or concur: Math 366. RESOLVE/C++ is
used.

360 Introduction to Computer SystemsU 4

Introduction to computer architecture at the machine language and assembler language level; assembler language programming and
lab.

Su, Au, Wi, Sp Qtrs. 3 cl, 1 3-hr lab. Prereq: 214 or 222 and a minimum CPHR of 2.00.
459 Programming L anguages for Programmers

Elementary language constructs of various programming languages for students who are well versed in programming.
This courseisintended for experienced programmers who wish to learn an additional language. All are 1-hr lectures.
459.01" Programmingin FORTRAN U 1

Wi Qtr. Prereq: 314 or 321. Repeatable to amaximum of 2 cr hrs. This courseis graded S/U.
459.11 The UNIX Programming Environment U 1

Introduction to the UNIX programming environment including: shell programming (csh); regular expressions; makefiles; grep,
sed, and awk programming languages.

Wi Qtr. 1 cl. Prereq: 321. This courseis graded S/U.
459.21 ProgramminginCU 1

Su, Au, Wi, Sp Qtrs. Prereq: 314 or 321. Repeatable to amaximum of 2 cr hrs. This courseis graded S/U.
459.22 Programmingin C++ U 1

Su, Au, Wi, Sp Qtrs. Prereq: 321; and 459.21 or equiv. Repeatable to amaximum of 2 cr hrs. This courseis graded S/U.
459.23 Programmingin JAVA U 1

Elementary language constructs of JAVA for students who are well versed in programming.
Su, Au, Wi, Sp Qtrs. 1 cl. Prereq: 321. This courseis graded S/U.
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459.31 Programmingin LISPU 1

Sp Qtr. Prereq: 314 or 321. Repeatable to amaximum of 2 cr hrs. This courseis graded S/U.
459.41 Programmingin COBOL U 1

Au Qtr. Prereq: 321. Not open to students with credit for 314. Repeatable to a maximum of 2 cr hrs. This courseis graded S/U.
489 Professional Practicein Industry U 2

Preparation and submission of a comprehensive report based on actual employment experience in a co-op job in industry.

Su, Au, Wi, Sp Qtrs. Prereq: Admission to co-op program in Cptr/Inf. Repeatable to a maximum of 8 cr hrs. Cr hrsto be used as free
electiviesonly. This courseis graded S/U.

493 Individual StudiesU 1-5

Planning, conducting, and reporting a special study appropriate to the needs of the student.
Su, Au, Wi, Sp Qtrs. Prereq: Written permission of instructor. Repeatable to a maximum of 12 cr hrs. This course is graded S/U.
494 Group StudiesU 1-5

Designed to give the student an opportunity to pursue special studies not otherwise offered.
Su, Au, Wi, Sp Qtrs. Prereq: Permission of instructor. Repeatable to a maximum of 15 cr hrs.
516 Information Systems Analysisand Design U G 4

Introduction to information systems development; tools of structured analysis; data flow diagrams, data dictionary, process
descriptions; students develop user specificationsin aterm project.

Au, Sp Qtrs. 3 cl, 1 3-hr lab. Prereq: 314 and Math 366.
541 Elementary Numerical MethodsU G 3

Survey of basic numerical methods; number systems and errors of finite representation, solution of a single non-linear equation,
interpolation, numerical integration, and solution of linear systems.

Su, Au, Wi, Sp Qtrs. 3 cl. Prereq: 221 or 230; Math153.
548" Computer Sciencefor High School TeachersU G 5

Introduction to computer history, organization, hardware, and software; laboratory experience using batch processing and time-
sharing; applications of computers with emphasis on uses in education and business.

Sp Qtr. 4 cl. Prereq: Permission of instructor. Open only to high school teachers. Primarily intended for science, math, or business
teachers.

560 Systems Softwar e Design, Development, and Documentation U G 5

Software engineering as applied to various classical computer systems programs; assemblers, macroprocessors, loaders, major group
project involving the design and implementation of systems software; communication skills emphasized.

Su, Au, Wi, Sp Qtrs. 4 cl, 1 3-hr lab. Prereq: 314 or 321 and 360 or Elec Eng 265, and a second writing course.
570" File Design and AnalysisU G 3

Random file processing; file organization and access methods; time and space considerations. Introduction to relational database
systems.

Au, Wi Qtrs. 3 cl. Prereg: 314 or 321, and Math 366.
601 Social and Ethical Issuesin ComputingU G 1

Social, ethical, and legal issues facing computing professionals; ethical principles; discussion of case studies.
Wi, Sp Qtrs. 1 1.5-hr cl. Prereq: 560.
612 Introduction to Cognitive ScienceU G 3

Cognitive science is an interdisciplinary study of the nature of human thought psychological, philosophical, linguistic, and artificial
intelligence approaches to knowledge representation.

Au, Wi, Sp Qtrs. 2 1.5-hr cl. Prereq: Permission of instructor and atotal of 12 cr hrsfrom at least two of the following areas: computer
science, linguistics, philosophy, and psychology. Not open to students with credit for Linguist 612, Philos 612 or Psych 612. Cross-
listed in Linguistics, Philosophy, and Psychology.
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615" Arithmetic AlgorithmsU G 3

Design, implementation, analysis, and application of computer algorithms for performing the arithmetic operations used in computer
algebra systems; integer arithmetic, rational number arithmetic, and modular arithmetic.

Sp Qtr. 3 cl. Prereq: 680 or equiv and either Math 568 or 573 or equiv; or permission of instructor.
621 I ntroduction to High-Performance Computing U G 3

High-performance computer architecture, scientific/engineering computation, development of parallel programs, parallelization
overheads; performance evaluation.

Au Qtr. 3 cl. Prereq: 541; Math 568 or Math 571 or Math 601. Course is well suited to grad students from science/engineering in
addition to Cptr/Inf students.

625 Introduction to Automata and Formal LanguagesU G 3

Machine based and formal grammar based models of computation: finite automata; regular languages, context free languages,
pushdown automata, and Turing machines; Church-Turing thesis; introduction to the halting problem.

Au, Wi, Sp Qtrs. 3 cl. Prereq: 321 and Math 366.
630 Survey of Artificial Intelligencel: Basic TechniquesU G 3

A survey of the basic concepts and techniques, problem solving, and knowledge representation, including an introduction to expert
systems.

Au, Wi, Sp Qtrs. 3 cl. Prereq: 222 and Math 366 and sr/grad standing.
640" Numerical AnalysisU G 3

Analysis of numerical methods for ordinary differential equations, boundary value, and characteristic value problems, splines, non-
linear equations, approximation of functions; standard mathematical software libraries.

Wi Qtr. 3 cl. Prereq: 221 or equiv; Math 255 or 415; and 541 or grad standing.
642" Numerical Linear AlgebraU G 3

Iterative methods for the solution of linear systems, computation of eigenvalues and eigenvectors, linear programming-simplex
method, use of standard mathematical software libraries.

Au Qtr. 3 cl. Prereq: 541; Math 568 or 571.
650" Information Storage and Retrieval U G 3

Fundamental concepts of information storage and retrieval with emphasis on problems associated with textual databases; data
representation and manipulation; content analysis and description; query languages and heuristics.

Au Qtr. 3 cl. Prereq: 570; and Stat 427 or equiv. Not open to students with credit for 750.
655 I ntroduction to the Principles of Programming LanguagesU G 4

Programming language concepts such as grammars and parse trees; interpretation versus compilation, binding, and scope rules; and
language constructs for control and data abstraction.

Au, Wi, Sp Qtrs. 3 cl, 1 3-hr lab. Prereq: 560 and 625.
660 I ntroduction to Operating SystemsU G 3

Operating system concepts: memory management, process management, and file management; sample operating systems.
Au, Wi, Sp Qtrs. 3 cl. Prereq: 560; 675 or Elec Eng 662; Stat 427.
662 Operating Systems Laboratory U G 3

Construction of operating system components. scheduling, context switching, progress management, message passing, memory
management, interrupt processing.

Au, Wi Qtrs. 2 cl, 1 3-hr lab. Prereq: 459.21 and 660. Lab assignments are programmed in C.
670 Introduction to Database Systems| U G 3

Database systems use; query languages-SQL and relational algebra; logical database design; entity-relationship model, database
normalization; introduction to transaction processing; database design project.

Au, Wi, Sp Qtrs. 3 cl. Prereq: 314 or 321 and Math 366 or grad standing.
671 Introduction to Database Systems|1 U G 3
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Object-oriented and extended relational database systems; data warehousing; active databases; GUI interface to arelational database
system; introduction to data and file storage.

Au, Wi, Sp Qtrs. 3 cl. Prereq: 670.
673" Database and I nformation Management for ManufacturingU G 3

File and data management, information flow in manufacturing, handling of geometric datafor CAD/CAM/CAE, and communication
between different computer systems.

Sp Qtr. Prereq: 221 or permission of instructor. Not open to Cptr/Inf majors. Open to students in Manufacturing Systems and
Engineering Program.
675 Introduction to Computer Architecture

Computer system components, instruction set design, hardwired control units, arithmetic algorithms/circuits, floating-point operations,
introduction to memory and 1/O interfaces.

675.01 Introduction to Computer ArchitectureU G 3

Wi, Sp Qtrs. 3 cl. Prereg: 360 or Elec Eng 265; Math 366; Elec Eng 261. Not open to students with credit for 675 or 675.02.
Intended for students with previous knowledge of Digital Logic Design.

675.02 I ntroduction to Computer ArchitectureU G 4

Su, Au, Wi, Sp Qtrs. 4 cl. Prereqg: 360 or Elec Eng 265; Math 366. Not open to students with credit for 675 or 675.01. Intended
for students without previous knowledge of Digital Logic Design.

676 Microcomputer SystemsU G 3

Bus structure; memory, interrupt, and 1/0 design; case studies on microprocessors and systems with emphasis on selection, evaluation,
and applications based on their architectural features.

Sp Qtr. 3 cl. Prereqg: 675 or Elec Eng 562.
677 Introduction to Computer NetworkingU G 3

Data communications, network architectures, communication protocols, data link control, medium access control; introduction to local
area networks, metropolitan area networks, and wide area networks; introduction to Internet and TCF/IP.

Au, Wi, Sp Qtrs. 3 cl. Prereq: Physics 112 or 132; 360 or Elec Eng 265; 459.21. Lab assignments are programmed in C.
678 InternetworkingU G 3

High-speed local area networks, metropolitan area networks, bridges, routers, gateways, TCP/IP, application services, network
management.

Wi Qtr. 3 cl. Prereq: 660 and 677.
679 Introduction to Multimedia Networking U G 3

Introduction to multimedia data types, multimedia compression technologies World-Wide-Web architectures, proxies, streaming video
technologies, and network adaptation to multimedia.

Au Qtr. 3 cl. Prereq: 677.
680 I ntroduction to Analysis of Algorithmsand Data StructuresU G 3

Performance analysis considerations in design of algorithms and data structures; asymptotic analysis, recurrence relations, probabilistic
analysis, divide and conquer; searching, sorting, and graph processing algorithms.

Au, Wi, Sp Qtrs. 3 cl. Prereq: 560; Stat 427; and Math 366.
681 I ntroduction to Computer GraphicsU G 4

Introduction to display hardware and applications, interactive techniques, 2D scan conversion, 2D and 3D transformations, clipping,
3D viewing, introduction to visible surface algorithms and illumination models.

Au, Wi Qtrs. 3¢l, 1-3 hr lab. Prereqg: 560 or permission of instructor; Math 568 or 571.
693 Individual StudiesU G 1-5

Designed to give the student an opportunity to pursue special studies not otherwise offered.

Su, Au, Wi, Sp Qtrs. Arr. Prereg: Permission of instructor. Repeatable to a maximum of 15 cr hrs. This courseis graded S/U.
694 Group StudiesU G 1-5
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Designed to give the student an opportunity to pursue special studies not otherwise offered.
Su, Au, Wi, Sp Qtrs. Arr. Repeatable to a maximum of 15 cr hrs.
721 Introduction to Parallel ComputingU G 4

Principles and practice of parallel computing; design, implementation, and evaluation of parallel programs for shared-memory
architectures, local-memory architectures, and vector processors.

Wi Qtr. 3 cl, 1-3 hr lab. Prereq: 621.
725 Computability and Unsolvability U G 3

Time and space measures; Turing machine variants and RAM's; universal Turing machines; undecidable language problems;
development of efficient algorithms.

Wi, Sp Qtrs. 3 cl. Prereq: 625.
727* Computational Complexity U G 3

Time and space complexity classes and hierarchies; deterministic and nondeterministic log space; polynomial time; polynomial space;
complete and provably hard problems; random polynomial time.

Au Qtr. 3 cl. Prereq: 725 and 780.
730 Survey of Artificial Intelligencell: Advanced TopicsU G 3

A survey of advanced concepts, techniques, and applications of artificial intelligence, including knowledge-based systems, learning,
natural language understanding, and vision.

Au Qtr. 3 cl. Prereq: 630.
731 Knowledge-Based SystemsU G 4

Theory and practice of expert systems and knowledge-based systems; use of current knowledge-based systems software tools.
Sp Qtr. 3cl, 1 3-hr lab. Prereg: 560 and 630, or grad standing.
732~ Computational LinguisticsU G 3

Exploration of the computational processing of natural language; syntatic, semantic, and pragmatic processing techniques are applied
to understanding and generating written English.

Au Qtr. 3 cl. Prereq: 730; Linguistics 601 or permission of instructor.
737 Proseminar in Cognitive ScienceU G 2

An in-depth examination of the interdisciplinary field of Cognitive Science; emphasizes fundamental issues of each discipline,
provides illustrations of representative research being conducted at OSU.

Sp Qtr. 1 2-hr cl. Prereq: CIS 612, Linguistics 612, Psych 612, or Philos 612, or permission of instructor. Repeatable to a maximum of
4 cr hrs. Cross-listed in Industrial Systems Engineering, Linguistics, Philosophy, Psychology, and Speech and Hearing Science.

739 Knowledge-Based Systemsin Engineering U G 3

Application of knowledge-based system principles to engineering problems, including practical knowledge engineering, techniques for
problem assessment, and implementation.

Sp Qtr. 2 1.5-hr cl. Prereq: 630 or permission of instructor. Cross-listed in Chemical and Civil Engineering.
741 Compar ative Operating SystemsU G 3

A careful examination of a number of representative computer operating systems.
Su Qtr. 3 cl. Prereq: 660 or equiv.
752" Techniquesfor Simulation of Information SystemsU G 3

Introduction to the methodology and techniques of the design of computer simulation of information systems.
Au Qtr. 3 cl. Prereq: Stat 428 or equiv.
755 Programming LanguagesU G 3

Procedural abstraction, data abstraction, control abstraction (nondeterminism, concurrency, etc.), operational semantics, denotational
semantics, specification, and verification of programs.

Wi, Sp Qtrs. 3 cl. Prereq: 655 and Math 366.
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756 Compiler Design and Implementation U G 4

Syntactic and semantic analysis using formal models, automatic programming, generation of optimal code, synthesis of messages,
design of incremental programming environments; students write a simple translator.

Au Qtr. 3 cl, 11ab. Prereq: 459.21, 625, 655, and 680. Lab assignments are programmed in C.
757 Software EngineeringU G 3

Principles of design, implementation, validation, and management of computer software; emphasis on reading and discussing papers
from relevant journals and proceedings; term project required.

Au, Wi Qtrs. 3 cl. Prereg: 560 or equiv and sr or grad standing or permission of instructor.
758 Software Engineering Project U G 4

Principles and applications of programming team organization, cost estimation, scheduling, requirements analysis, design,
documentation, programming-in-the-large, group reviews, testing, and debugging.

Au, Sp Qtrs. 3 cl, 3-hr lab. Prereq: 757.
760 Operating SystemsU G 3

Advanced operating system concepts: process synchronization, process deadlock, security and access control, distributed operating
system principles and prototypes.

Au, Wi Qtrs. 3 cl. Prereg: 660 or equiv.
762 Advanced Operating System Laboratory U G 3

Construction of advanced operating system components: internet, client-server, remote file server, distributed namespace, user
interface software.

Sp Qtr. 2 cl, 3-hr lab. Prereq: 662. Lab assignments are programmed in C.
763 Introduction to Distributed ComputingU G 3

Concepts and mechanisms in design of distributed systems; process synchronization, global state: reliability; distributed resource
management; deadlock, performance evaluation; representative distributed operating systems.

Sp Qtr. 3 cl. Prereq: 760.
765" Management Information SystemsU G 3

Theory and practice of management information systems from the viewpoint of computer and information science; systems approach
to management and organi zation; significance of information.

Wi Qtr. 3 cl. Prereq: Grad standing in Cptr/Inf or permission of instructor.
768 Applied Component-Based Programming for Engineersand ScientistsU G 3

Application of component-based software engineering technology to design and implementation of electronics simulation systems.

Wi Qtr. 3 cl. Prereq: 694J or 560 or equiv; Elec Eng 205 or 300 or equiv. Not open to students with credit for 694T or Elec Eng
694T. Cross-listed in Electrical Engineering.

770 Database System I mplementation U G 3

Fundamental design considerations, system principles and machine organizations of database systems; performance analysis of design
aternatives, system configurations and hardware organizations; query and transaction processing.

Wi Qtr. 3 cl. Prereq: 660, 670; 671 or grad standing in CIS.
772 Information System Project U G 4

Information system design and development principles. requirement analysis, database design methods and tools, process design,
application development tools, testing, evaluation and documentation. Group term project.

Wi Qtr. 3 cl, 3-hr lab. Prereq: 516 or 757, and 670.
775 Computer ArchitectureU G 3

Microprogramming, bit-slice logic, reduced instruction set computer architecture, advanced memory organizations, introduction to
parallel computer architectures, and performance models/eval uation.

Au, Sp Qtrs. 3 cl. Prereq: 660; 675 or Elec Eng 662.
776 Hardwar e/Softwar e | nterface Design Project U G 4
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Principles and application of hardware and software design: design, programming, testing, and evaluation of an autonomous maobile
robot system.

Sp Qtr. 2cl, 2 1-hr lab. Prereq: 459.21, 660, Elec Eng 567 or 329, or permission of instructor.
777 Telecommunication NetworksU G 3

Broadband integrated services digital networks, asynchronous transfer mode, gigabit networks, wireless networks, multimedia
networks, all-optical networks, synchronous optical network.

Sp Qtr. 3 cl. Prereq: 677.
778 Computer-Aided Design and Analysisof VL SI CircuitsU G 4

VLS design methodology; specification of VLSI circuits at various levels of abstraction; design, layout, and computer simulation of
circuits; high-level systhesis; design projects.

Au Qtr. 3 cl, 3-hr lab. Prereq: 560, Elec Eng 561; and 675 or Elec Eng 562.
779 Introduction to Artificial Neural Network MethodsU G 3

Survey of fundamental methods and techniques of artificial neural networks: single and multi-layer networks; associative memory and
statistical networks; supervised and unsupervised learning.

Wi Qtr. 3 cl. Prereq: 730 or Elec Eng 762 or permission of instructor. Not open to students with credit for Elec Eng 779. Cross-listed
in Electrical Engineering.

780 Analysis of AlgorithmsU G 3

Algorithm design paradigms; mathematical analysis of algorithms; NP-completeness.
Au, Wi Qtrs. 3 cl. Prereg: 680 or grad standing and equiv of 680.
781 Introduction to 3D Image Generation U G 4

3D viewing algorithms, advanced illumination models, smooth shading, shadows, transparency, ray tracing, and color models.

Au, Sp Qtrs. 3 cl, 3-hr lab. Prereq: 459.21, 675; 681 or permission of instructor; Math 568 or 571. Lab assignments are programmed in
C.

782 Advanced 3D Image Generation U G 3

Advanced topicsin rendering 3D realistic imagery including texture mapping, sampling theory, advanced ray tracing, radiosity, 3D
rendering hardware, introduction to surfaces, animation, and volume graphics.

Au Qtr. 3 cl. Prereq: 781. Lab assignments are programmed in C.
H783 Honors Research U 1-5

Supervised research and project work arranged individually for honors students.
Su, Au, Wi, Sp Qtrs. Arr. Prereg: Honors standing; permission of instructor. Limitations on number of credit hours applicable toward
degree are governed by departmental rules. Repeatable to a maximum of 12 cr hrs. This courseis graded S/U.

784 Geometric ModelingU G 3

Common mathematical techniques for modeling geometric objects in computer graphics and CAD applications. Sample based
modeling and hierarchical representations.

Sp Qtr. 3 cl. Prereq: 681 or permission of instructor. Lab assignments are programmed in C, C++.
788 Intermediate Studiesin Computer and I nformation Science

Intermediate work in one of the specialized areas of computer and information science is offered.
Su, Au, Wi, Sp Qtrs. Prereq: Grad standing or permission of instructor.
788.01 Computational Complexity U G 1-5

Repeatable to a maximum of 30 cr hrs.
788.02 I nformation Systems and Database SystemsU G 1-5

Repeatable to a maximum of 30 cr hrs.
788.03 Symbolic Computation U G 1-5

Repeatable to a maximum of 30 cr hrs.

http://www.ureg.ohio-state.edu/course/spring/book3/B117.htm (8 of 10) [2/24/2003 1:53:36 PM]



Course Offerings

788.04 Artificial Intelligence U G 1-5

Repeatable to a maximum of 30 cr hrs.
788.06 Operating Systems and Systems Programming U G 1-5

Repeatable to a maximum of 30 cr hrs.
788.07 Programming Languages U G 1-5

Repeatable to a maximum of 30 cr hrs.
788.08 Computer Organization U G 1-5

Repeatable to a maximum of 30 cr hrs.
788.09 Numerical AnalysisU G 1-5

Repeatable to a maximum of 30 cr hrs.
788.10 Human-Computer Interaction U G 1-5

Repeatable to a maximum of 30 cr hrs.
788.11 Parallel and Distributed Computing U G 1-5

Repeatabl e to a maximum of 30 cr hrs.
788.12 Software EngineeringU G 1-5

Repeatable to a maximum of 30 cr hrs.
788.14 Computer GraphicsU G 1-5

Repeatable to a maximum of 30 cr hrs.
793 Individual StudiesU G 1-5

Designed to give the individual student an opportunity to pursue special studies not otherwise offered.

Su, Au, Wi, Sp Qtrs. Prereq: Grad standing or permission of instructor. Repeatable to a maximum of 24 cr hrs. Repeatableto a
maximum of 12 cr hrs for undergraduate and 24 cr hrsfor grad students. This course is graded S/U.

794 Group StudiesU G 1-5

Designed to give students an opportunity to pursue special studies not otherwise offered.
Su, Au, Wi, Sp Qtrs. Repeatable to a maximum of 15 cr hrs.
797 Interdepartmental Seminar U G 1-5

Two or more departments may collaborate in presenting seminars in subjects of mutual interest; topics to be announced.
Repeatable by permission.
875 Advanced Computer Architecture G 3

Advanced pipelining techniques, vector supercomputers, shared-memory and distributed-memory multiprocessors, massively parallel
systems, multithreaded machines.

Sp Qtr. 3cl. Prereq: 721.
885 Seminar on Research Topicsin Computer and Information Science G 1

L ectures on current research by faculty members in the department.
Au Qtr. 2 cl. Prereq: 1st yr grad student in Cptr/Inf. This course is graded S/U.
888 Advanced Studiesin Computer and Information Science

Advanced work in one of the specialized areas of computer and information science.
Su, Au, Wi, Sp Qtrs. Prereq: Grad standing or permission of instructor.
888.01 Computational Complexity G 1-5

Repeatable to a maximum of 30 cr hrs. This courseis graded S/U.
888.02 I nformation Systems and Database Systems G 1-5
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Repeatable to a maximum of 30 cr hrs. This courseis graded S/U.
888.03 Symbolic Computation G 1-5

Repeatable to a maximum of 30 cr hrs. This courseis graded S/U.
888.04 Artificial Intelligence G 1-5

Repeatable to amaximum of 30 cr hrs. This courseis graded S/U.
888.06 Operating Systems and Systems Programming G 1-5

Repeatable to a maximum of 30 cr hrs. This courseis graded S/U.
888.08 Computer Organization G 1-5

Repeatable to amaximum of 30 cr hrs. This courseis graded S/U.
888.09 Numerical AnalysisG 1-5

Repeatable to amaximum of 30 cr hrs. This courseis graded S/U.
888.11 Parallel and Distributed Computing G 1-5

Repeatable to a maximum of 30 cr hrs. This courseis graded S/U.
888.12 Softwar e Engineering G 1-5

Repeatable to amaximum of 30 cr hrs. This courseis graded S/U.
888.14 Computer Graphics G 1-5

Repeatable to a maximum of 30 cr hrs. This courseis graded S/U.
889 Advanced Seminar in Computer and Information Science G 1-2

Selected topics of particular current interest in both the research and applications of computer and information science are considered.
Wi, Sp Qtrs. 1 2-hr cl. Prereq: 2nd gtr grad standing in Cptr/Inf or permission of instructor. This courseis graded S/U.
894 Group StudiesG 1-5

Designed to give graduate students an opportunity to pursue special studies not otherwise offered.

Su, Au, Wi, Sp Qtrs. Prereq: Permission of instructor. Repeatable to a maximum of 15 cr hrs.
899 Interdepartmental Seminar G 1-5
999 Research G 1-18

Research for thesis or dissertation purposes only.
Su, Au, Wi, Sp Qtrs. Repeatable. This courseisgraded S/U.
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Spring - Master Schedule of Classes

CPTR/INF (Computer and Information Science)

As of 2/24/2003

395 Dreese Lab, 2015 Neil Avenue, 292-5813

100 INTRO COMPUTNG TCH 03 [Course Descrp.]

Cal | Sec Res Days
04655-8 D *x TR
04656-3 D ** MWF
04657-9 D *x TR

04658-4 D ** MWF

Ti me

0730- 0848

0830-

1130- 1248

0330-

100N INTRO COMPUTNG TCH 03 [Course Descrp.]

Cal | Sec Res Days

04659-0 D *x TR

Ti me

0530- 0648

101 CPTR/ASST PROB SLV 04 [Course Descrp.]

Cal | Sec Res Days
L ** MWF

04660-9 B *x R

Ti me

0830-

0730-0918

Bl dg/ Rm
DL 0317
DL 0357
BO 0124

DL 0369

Bl dg/ Rm

DL 0369

Bl dg/ Rm

DL 0264

CL 0112A

| nstructor

| nstructor

| nstruct or
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Spring

04661-4 B

04662-0 B

04663-5 B

* %

- Master Schedule of Classes

MW F

R

MW F

R

MW F

0930-

0930- 1118

1130-

1130- 0118

0130-

0130- 0318

101N CPTR/ASST PROB SLV 04 [Course Descrp.]

Cal | Sec Res
L * %
04664-1 B * %

Days

M W

R

Ti me

0530- 0648

0530-0718

200 CPTR PROB SOLV BUS 05 [Course Descrp.]

Cal |

04666-1 B

04667-7 B

04669-8 B

04670-7 B

Sec Res

* *

* %

* %

* *

Days

MW

R

M W

F

Ti me

0830- 1018

0730- 0918

0730- 0918

1030-1218

0930-1118

1130- 0118

DL 0264

CL 0112A

DL 0264

CL 0112A

DL 0264

CL 0112A

Bl dg/ Rm I nstructor
DL 0264

CL 0112A

Bl dg/ Rm Instructor
DL 0113 REEVES* K
BE 0310 REEVES*K
BE 0310 REEVES* K
DL 0113 BAI R*B

BE 0310 BAIR*B

BE 0310 BAIR*B
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L ** TR 1030- 1218
04672-8 B *x F  0930-1118
04673-3 B *x F 1130- 0118

L ** MW 0130- 0318
04675-4 B *x R 0130- 0318
04676-0 B *x W 0330- 0518

L *x TR 0130- 0318
04678-1 B *x F 0130-0318
04679-6 B *x R 0330- 0518

200N CPTR PROB SOLV BUS05 [Course Descrp.]

Cal | Sec Res Days Ti me

L MW 0530-0718
04681-1 B *x R 0530-0718
04682-6 B * W 0730- 0918P

201 ELEM COMPTR PROGRM 04 [Course Descrp.]

Cal | Sec Res Days Ti me
L **  MWF 0730-
04683-1 B *x T 0730-

DL

BE

BE

BE

BE

BE

BE

Bl dg/ Rm

DL

BE

BE

Bl dg/ Rm

DL

CL 0112A

0113

0310

0310

0113

0310

0310

0113

0310

0310

0113

0310

0310

0713

GROSS* D

GROSS* D

GROSS* D

REEVES* K

REEVES* K

REEVES* K

FARRAR* S

FARRAR* S

FARRAR* S

| nstruct or

MALLON* M

MALLON* M

MALLON* M

| nstruct or
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Spring

04684-7

04685- 2

04686- 8

04687-3

04688-9

04689-4

04690- 3

201N ELEM COMPTR PROGRM 04 [Course Descrp.]

Cal |

04691-9

B

B

B

B

B

B

B

Sec Res

B

* %

* %

- Master Schedule of Classes

MW F
T

MW F

Days
TR

M

0830-

0830-

0930-

0930-

0930- 1045

0930-

1130- 1245

1130-

1230-

1230-

0130- 0245

0130-

0330-

0330-

Ti me

0530- 0645

0530-

DL 0713

CL 0112A

BO 0316

CL 0112A

DL 0369

CL 0112A

BO 0316

0112A

0266

0112A

0317

0112A

0713

e 2 P2 2 R K P

0112A

Bl dg/ Rm
DL 0713

CL 0112A

GURARI * E

GURARI * E

| nstruct or
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202 PROG& ALGORM EN& SC 04 [Course Descrp.]

Cal | Sec Res Days Ti me
L ** MWF  0230-

04692-4 B *x T 0230-

214 DATA STRUCT INF SY 04 [Course Descrp.]

Cal | Sec Res Days Ti me
04693-0 D MWEF  1030-
04694-5 D TR 1130- 1245

214M DATA STRUCT INF Sy 04 [Course Descrp.]

Cal | Sec Res Days Ti me
04695-1 D ** MWF  1030-

04696-6 D *x TR 1130- 1245

221 SW DEV USING COMP 04 [Course Descrp.]

Cal | Sec Res Days Ti me
L ** MI F  0730-

04697-1 B *x W 0730-

Bl dg/ Rm

DL 0713

CL 0112A

Bl dg/ Rm
BO 0316

BO 0313

Bl dg/ Rm
BO 0316

BO 0313

Bl dg/ Rm
DL 0480

DL 0280

| nstruct or

| nstruct or

| nstruct or

| nst ruct or
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M F

L

04698-7 B

04699-2 B

04700-7 B

04701-2 B

221N SW DEV USING COMP 04 [Course Descrp.]

* %

Cal | Sec Res
L * %
R * %
04702-8 B * %

wW

1030-

1030-

1130-

1130-

0130-

0130-

0430-

0430-

Days

M

R

wW

Ti me

0530-0718

0530-

0530-

222 DEV SW COMP 04 [Course Descrp.]

Cal | Sec Res
L * %
04703-3 B * %
L * %

Days

MI'wW

MI'W

F

Ti me

1030-

1030-

1130-

=

DL

=

DL

0480

0280

0480

0280

0480

0280

0264

0280

Bl dg/ Rm

DL

DL

DL

0480

0480

0280

Bl dg/ Rm

DL 0713

DL 0280

DL 0713

MATHI AS* H

MATHI AS* H

| nst ruct or

| nstructor
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04704-9 B *x F 1130-
L ** MW 0130-

04705-4 B *x F 0130-

222N DEV SW COMP 04 [Course Descrp.]

Cal | Sec Res Days Ti me
L ** MW 0530- 0645

04706-0 B *x R 0530-

H222 DEV SW COMP 04 [Course Descrp.]

Cal | Sec Res Days Ti me
L **  MIW 0930-

04707-5 B *x F 0930-

230 INTRO C++ PROGRMNG 04 [Course Descrp.]

Cal | Sec Res Days Ti me

04708-1 D ** MWF 1230-

294R GROUP STUDIES 01 [Course Descrp.]

DL 0280
DL 0713

DL 0280

Bl dg/ Rm
DL 0713

DL 0280

Bl dg/ Rm
DL 0713

DL 0280

Bl dg/ Rm

DL 0369

STOVSKY* M

STOVSKY* M

| nst ruct or

| nst ruct or

V\EI DE* B

VEI DE* B

| nst ruct or
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Cal | Sec Res Days Ti me

04709-6 D R 0830-

314 BUSPROG FILE PROC 04 [Course Descrp.]

Cal | Sec Res Days Ti e

04710-5 D TR 0530- 0648

314M BUSPROG FILE PROC 04 [Course Descrp.]

Cal | Sec Res Days Ti me

04711-1 D *x TR 0530- 0648

321 SW CASE STUDIES 04 [Course Descrp.]

Cal | Sec Res Days Ti me
L ** o MW 0830-
04712-6 B *x F 0830-
L ** o MIW 1230-
04713-1 B *x F 1230-

321M SW CASE STUDIES 04 [Course Descrp.]

Bl dg/ Rm

DL 0305

Bl dg/ Rm

DL 0305

Bl dg/ Rm

DL 0305

Bl dg/ Rm
DL 0480
DL 0280
DL 0480

DL 0280

| nstruct or

JCOSEPH* R

| nst ruct or

GOMORI * S

| nstructor

GOMORI * S

| nst ruct or

BUCCI * P

BUCCI * P

LONG' T

LONG T
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Cal | Sec Res

04714-7 B

04715-2 B

360 INTRO COMPUTR SYS 04 [Course Descrp.]

Cal | Sec Res

04716-8 D

04717-3 D

360M INTRO COMPUTR SYS 04 [Course Descrp.]

Cal | Sec Res

04718-9 D

04719-4 D

459.21 PROGRAMMING IN C 01 [Course Descrp.]

Cal | Sec Res

04720-3 D

* *

* %

* %

* %

Days

MI'W

MI'wW

Ti me

0830-

0830-

1230-

1230-

Days
MI'W F

MIW F

Ti me

1230-

0230-

Days
MIW F

MI'W F

Ti me

1230-

0230-

Days

T

Ti me

0330-

Bl dg/ Rm
DL 0480
DL 0280
DL 0480

DL 0280

Bl dg/ Rm
DL 0264

DL 0264

Bl dg/ Rm
DL 0264

DL 0264

Bl dg/ Rm

DL 0305

| nstruct or

BUCCI * P

BUCCI * P

LONG' T

LONG* T

| nstruct or

HEYM W

BAl R* B

| nstructor

HEYM* W

BAlI R*B

| nstruct or
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459.22 PROGRAMMING IN C++ 01 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm Instructor

04721-9 D T 0830- DL 0369

459.23 PROGRAMING IN JAVA 01 [Course Descrp.]

Cal | Sec Res Days Ti e Bl dg/ Rm I nstructor

04722-4 D R 0330- DL 0369

459.31 PROGRAMMING LI1SP 01 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm Instructor

04723-0 D R 0330- DL 0305 CURTAI N* M

489 PROF PRAC IN INDUS 02 [ Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm Instructor

04724-5 W *x ARR - STEELE*M

516 INFO SYSANLY&DSGN 04 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm Instructor
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04725-1 D TR 0830- 0945
19154-2 D TR 0130- 0245

516M INFO SYSANLY&DSGN 04 [Course Descrp.]

Cal | Sec Res Days Ti e
04726-6 D * TR 0830- 0945
19155-8 D *x TR 0130- 0245

541 ELEM NUMERICAL MET 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04727-1 D MW F 1030-

541M ELEM NUMERICAL MET 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04728-7 D ** MWF 1030-

560 SYS SOFT DSGN, DEV 05 [Course Descrp.]

Cal | Sec Res Days Ti me

04729-2 D MIWF  0830-

DL 0264

CL 0120

Bl dg/ Rm
DL 0264

CL 0120

Bl dg/ Rm

DL 0305

Bl dg/ Rm

DL 0305

Bl dg/ Rm

DL 0305

LOHSE* M

LOHSE* M

| nst ruct or

L OHSE* M

LOHSE* M

| nst ruct or

CRAWFI S*R

| nstruct or

CRAWF| S*R

| nst ruct or

RAMNATH* R
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- Master Schedule of Classes

MI'W F

Spring

04730-1 D 0230-

560M SYS SOFT DSGN, DEV 05 [Course Descrp.]

Cal | Sec Res Days Ti me
04731-7 D ** MIWF  0830-
04732-2 D ** MIWF  0230-

601 SOCIALBICAL 1SS01 [Course Descrp.]

Cal | Sec Res Days Ti me
04733-8 D T 0330- 0500
04734-3 D R 0330- 0500

601M SOCIALBICAL 1SS01 [Course Descrp.]

Cal | Sec Res Days Ti me
04735-9 D ** T 0330- 0500
04736-4 D *x R 0330- 0500

625 AUTOMATA&FORML LNG 03 [Course Descrp.]

Cal | Sec Res Days Ti me

DL 0305

Bl dg/ Rm
DL 0305

DL 0305

Bl dg/ Rm
DL 0266

DL 0266

Bl dg/ Rm
DL 0266

DL 0266

Bl dg/ Rm

HEYM W

| nstruct or

RAMNATH* R

HEYM W

| nstructor

MATHI S* R

MATHI S*R

| nst ruct or

MATHI S*R

MATHI S*R

| nstructor
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Spring - Master Schedule of Classes
04737-0 D MW F
04738-5 D MW F

625M AUTOMATA&FORML LNG 03 [Course Descrp.]

Cal |

Sec Res

04739-1 D *x

04740-0 D *x

630 ARTFL INTEL 1:BASIC 03 [Course Descrp.]

Cal |

Sec Res

04741-5 D

630M ARTFL INTEL1:BASIC 03 [Course Descrp.]

Cal |

Sec Res

04742-1 D *x

655 PRIN PROGRAM LANG 04 [Course Descrp.]

Cal |

Sec Res

04743-6 D

Days
MWF

MW F

0830-

0130-

Ti me

0830-

0130-

Days

MW F

Ti me

0930-

Days

MW F

Ti me

0930-

Days

MW F

Ti me

1230-

AV 0110

DL 0305

Bl dg/ Rm
AV 0110

DL 0305

Bl dg/ Rm

DL 0480

Bl dg/ Rm

DL 0480

Bl dg/ Rm

MP 1015

Pl NEDA* L

SUPOW T* K

| nstruct or

Pl NEDA* L

SUPOW T* K

| nstruct or

DAVI S* J

| nst ruct or

DAVI S*J

| nstruct or

BAUMGART NER*
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Spring - Master Schedule of Classes

655M PRIN PROGRAM LANG 04 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm Instructor

04744-1 D ** MWF 1230- MP 1015 BAUMGART NER*

660 INTRO OPERATNG SYS 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm Instructor
04745-7 D MWF  1230- DL 0317 BABI C* G
04746-2 D MWF  0130- DL 0317 BABI C* G

660M INTRO OPERATNG SYS03 [Course Descrp.]

Cal | Sec Res Days Ti e Bl dg/ Rm I nstructor
04747-8 D ** MWF 1230- DL 0317 BABI C* G
04748-3 D ** MWF  0130- DL 0317 BABI C* G

670 INTRO DATABAS SYS1 03 [Course Descrp. ]

Cal | Sec Res Days Ti me Bl dg/ Rm Instructor
04749-9 D MWF  1030- DL 0317 GURARI * E
04750-8 D MWF  1130- DL 0317 GURARI * E
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Spring - Master Schedule of Classes

670M INTRO DATABAS SYS1 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm
04751-3 D ** MWF  1030- DL 0317
04752-9 D ** MWF  1130- DL 0317

671 INTRO DATABAS SYS2 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04753-4 L TR 1130- 1245

671M INTRO DATABAS SYS2 03 [Course Descrp.]

Cal | Sec Res Days Ti e Bl dg/ Rm

04754-0 L *x TR 1130- 1245

675.01 INTRO COMPUTR ARCH 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04755-5 D ** MWF  0230- DL 0369

675M 01 INTRO COMPUTR ARCH 03 [Course Descrp.]

| nstruct or

GURARI * E

GURARI * E

| nstruct or

CANCELLED

| nstructor

CANCELLED

| nst ruct or

LI UM
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Spring - Master Schedule of Classes

Cal | Sec Res Days Ti me Bl dg/ Rm

04756-1 D ** MWF  0230- DL 0369

675.02 INTRO COMPUTR ARCH 04 [Course Descrp.]

Cal | Sec Res Days Ti e Bl dg/ Rm

04757-6 D ** M WRF 1130- DL 0305

675M02 INTRO COMPUTR ARCH 04 [Course Descrp.]

Cal | Sec Res Days Ti e Bl dg/ Rm

04758-1 D ** M VWRF 1130- DL 0305

676 MICROCOMP SYSTEMS 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04759-7 D MWF  0330- DL 0305

676M MICROCOMP SYSTEMS 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04760-6 D ** MWF  0330- DL 0305

| nstruct or

LI UM

| nstruct or

LI UM

| nstructor

LI UM

| nstruct or

BABI C G

| nstruct or

BABI C* G
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Spring - Master Schedule of Classes

677 INTRO CPTR NETWORK 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm Instructor

04761-1 D MWF  0930- MP 1015 XUAN* D

677M INTRO CPTR NETWORK 03 [Course Descrp.]

Cal | Sec Res Days Ti e Bl dg/ Rm I nstructor

04762-7 D ** MWF 0930- WP 1015 XUAN*D

680 INTRO ANALYSISALG 03 [Course Descrp.]

Cal | Sec Res Days Ti e Bl dg/ Rm I nstructor

04763-2 D MW F 1030- RA 0100 MATHI AS*H

680M INTRO ANALYSISALG 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/Rm I nstructor

04764-8 D ** MWF 1030- RA 0100 MATHI AS*H

694G GROUP STUDIES 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm Instructor

04803-1 D TR 0930- 1045 MQ 0160 SHEN* H
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Spring - Master Schedule of Classes

694L GROUP STUDIES 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04804-6 D MWEF  0930-

694Z GROUP STUDIES 03 [Course Descrp.]

Cal | Sec Res Days Ti me

18854-7 L TR 0500- 0618

725 COMPUT& UNSOLVABLTY 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04805-1 D MW F 1230-

725M COMPUT& UNSOLVABLTY 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04806-7 D ** MWF 1230-

731 KNOWLEGE-BSD SYSTM 04 [Course Descrp.]

Cal | Sec Res Days Ti me

Bl dg/ Rm

DL 0266

Bl dg/ Rm

DL 0357

Bl dg/ Rm

DL 0305

Bl dg/ Rm

DL 0305

Bl dg/ Rm

| nst ruct or

CRAWFI S*R

| nstructor

PARTHASARATH

| nst ruct or

SUPOW T* K

| nstruct or

SUPOW T* K

| nstruct or
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Spring - Master Schedule of Classes

04807-2 D M W 0530- 0648

731M KNOWLEGE-BSD SYSTM 04 [Course Descrp.]

Cal | Sec Res Days Ti me

04808-8 D ** MW 0530- 0648

737 PROSEM IN COG SCI 02 [Course Descrp.]

Cal | Sec Res Days Ti me

04809-3 D R 1230- 0218

739 KNOW-BASED SYSENG 03 [Course Descrp.]

Cal | Sec Res Days Ti me
D w 1230-
04810-2 D F  0100- 0245

755 PROGRAMS LANGUAGES 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04811-8 D MWEF  0930-

DL 0266

Bl dg/ Rm

DL 0266

Bl dg/ Rm

LZ 0002

Bl dg/ Rm
CL 0183

BO 0437

Bl dg/ Rm

DL 0305

M KKI LI NENI

| nstructor

M KKI L1 NENI

| nst ruct or

TODD* J

| nstruct or

ADELI *H

ADELI *H

| nstructor

SOUNDARAJ AN
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Spring - Master Schedule of Classes

755M PROGRAMSLANGUAGES 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04812-3 D ** MWF  0930-

758 SOFTWARE ENGR PROJ 04 [Course Descrp.]

Cal | Sec Res Days Ti me

04813-9 D TR 0930- 1045

758M SOFTWARE ENGR PROJ 04 [Course Descrp.]

Cal | Sec Res Days Ti me
04814-4 D ** TR 0930- 1045

04815-0 D *x T R 0530- 0645

758N SOFTWARE ENGR PROJ 04 [Course Descrp.]

Cal | Sec Res Days Ti me

04816-5 D TR 0530- 0645

762 ADV OPER SYSLAB 03 [Course Descrp.]

Cal | Sec Res Days Ti me

Bl dg/ Rm

DL 0305

Bl dg/ Rm

DL 0305

Bl dg/ Rm
DL 0305

DL 0264

Bl dg/ Rm

DL 0264

Bl dg/ Rm

| nst ruct or

SOUNDARAJAN

| nstruct or

RAMNATH* R

| nst ruct or

RAMNATH* R

CLI NE* A

| nst ruct or

CLI NE* A

| nst ruct or
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Spring - Master Schedule of Classes

04817-1 D MW F 1030-

762M ADV OPER SYSLAB 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04818-6 D ** MWEF  1030-

763 INTR DISTRIBTD CPT 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04819-1 D TR 1130- 1245

763M INTR DISTRIBTD CPT 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04820-1 D *x TR 1130- 1245

775 COMPUTER ARCH 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04821-6 D TR 1130- 1245

775M COMPUTER ARCH 03 [Course Descrp.]

DL 0266

Bl dg/ Rm

DL 0266

Bl dg/ Rm

DL 0266

Bl dg/ Rm

DL 0266

Bl dg/ Rm

DL 0369

MAMRAK* S

| nst ruct or

MAMRAK* S

| nstructor

SIVILOTTI *P

| nstruct or

SIVILOTTI*P

| nstruct or

PANDA* D
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Spring - Master Schedule of Classes

Cal | Sec Res Days Ti me

04822-1 D *x TR 1130- 1245

777 TELECOMMUNIC NETWK 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04823-7 D MWF  0330-

777TM TELECOMMUNIC NETWK 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04824-2 D ** MWEF  0330-

784 GEOMETRIC MODELING 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04826-3 D MWF  0130-

784M GEOMETRIC MODELING 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04827-9 D ** MWF  0130-

Bl dg/ Rm

DL 0369

Bl dg/ Rm

DL 0264

Bl dg/ Rm

DL 0264

Bl dg/ Rm

DL 0266

Bl dg/ Rm

DL 0266

| nst ruct or

PANDA* D

| nstruct or

DURRESI * A

| nst ruct or

DURRESI * A

| nstructor

DEY* T

| nst ruct or

DEY* T
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Spring - Master Schedule of Classes

788H04 INT ST-ARTFICL INT 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04828-4 D TR 0930- 1045

788A08 INT ST-COM ORGZATN 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04829-0 D MWEF  0830-

788G11 INT ST-PRL&DIST CM 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04830-9 D TR 0130- 0245

788J14 INT ST-CM GRAPHICS 03 [Course Descrp.]

Cal | Sec Res Days Ti me

04831-4 D MW F 1130-

875 ADV COMPUTR ARCH 03 [Course Descrp.]

Cal | Sec Res Days Ti me

Bl dg/ Rm

DL 0266

Bl dg/ Rm

DL 0266

Bl dg/ Rm

DL 0266

Bl dg/ Rm

DL 0266

Bl dg/ Rm

| nstruct or

WANG* D

| nstruct or

XUAN* D

| nst ruct or

SADAYAPPAN* P

| nstruct or

PARENT* R

| nstructor
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Spring - Master Schedule of Classes

04867-1 D MWF  0230- DL 0266

875M ADV COMPUTR ARCH 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04868-7 D ** MWF  0230- DL 0266

888.02 ADV ST-INF & DB SY 02 [Course Descrp.]

Cal | Sec Res Days Ti e Bl dg/ Rm

04870-1 S ARR -

888H02 ADV ST-INF & DB SY 02 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04869-2 S ARR -

888F04 ADV ST-ARTFICL INT 01-05 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04871-7 S ARR -

888X06 ADV ST-OP SY S& PRGM 02 [Course Descrp.]

LAURI A*M

| nstruct or

LAURI A*M

| nst ruct or

CANCELLED

| nstructor

FERHATOSMANO

| nst ruct or

CANCELLED
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Spring - Master Schedule of Classes

Cal | Sec Res Days Ti me Bl dg/ Rm

04872-2 S F  0330-0518 DL 0266

888F07 ADV ST-PRG LNGUAGS 01-05 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04873-8 S ARR -

888G07 ADV ST-PRG LNGUAGS 01-05 [Course Descrp.]

Cal | Sec Res Days Ti e Bl dg/ Rm

04874-3 S ARR -

888X07 ADV ST-PRG LNGUAGS 01-05 [ Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04875-9 S MIM'ARF  0330- 0448 DL 0480

888P08 ADV ST-COM ORGZATN 03 [Course Descrp. ]

Cal | Sec Res Days Ti me Bl dg/ Rm

04876-4 S ARR -

| nstruct or

MAMRAK* S

| nst ruct or

SOUNDARAJ AN

| nstructor

BAUMGARTNER

| nst ruct or

| nstruct or

PANDA* D

http://www.ureg.ohio-state.edu/course/spring/msched/M117.htm (25 of 29) [2/24/2003 1:53:40 PM]


http://www.ureg.ohio-state.edu/courses/Spring/book3/B117.htm#888F07
http://www.ureg.ohio-state.edu/courses/Spring/book3/B117.htm#888G07
http://www.ureg.ohio-state.edu/courses/Spring/book3/B117.htm#888X07
http://www.ureg.ohio-state.edu/courses/Spring/book3/B117.htm#888P08

Spring - Master Schedule of Classes

888R08 ADV ST-COM ORGZATN 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04877-0 S ARR -

888E11 ADV ST-PRL&DIST CM 02-03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04878-5 S T 0430- 0618 DL 0317

888G11 ADV ST-PRL&DIST CM 02-03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04879-1 S ARR -

888111 ADV ST-PRL&DIST CM 02-03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04880-0 S ARR -

888J11 ADV ST-PRL&DIST CM 02-03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04881-5 S ARR -

| nst ruct or

LAURI A* M

| nstructor

ARCRA* A

| nst ruct or

SIVILOTTI*P

| nstruct or

ACGRAVAL* G

| nstruct or

SADAYAPPAN* P
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Spring - Master Schedule of Classes

888K 11 ADV ST-PRL&DIST CM 02-03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm
S ARR -
04882-1 S ARR -

888P11 ADV ST-PRL&DIST CM 02-03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04883-6 S ARR -

888A12 ADV ST-SOFTWAR ENG 02 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

19080-8 S ARR -

888G12 ADV ST-SOFTWAR ENG 02 [Course Descrp.]

Cal | Sec Res Days Ti e Bl dg/ Rm

04884-1 S ARR -

888712 ADV ST-SOFTWAR ENG 02 [Course Descrp.]

| nstructor

SADAYAPPAN* P

BAUMGART NER*

| nst ruct or

CANCELLED

| nstruct or

ROUNTEV* A

| nstructor

BAUMGARTNER
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Spring - Master Schedule of Classes

Cal | Sec Res Days Ti me

04885-7 S R 0130- 0318

888.14 ADV ST-CM GRAPHICS02 [Course Descrp.]

Cal | Sec Res Days Ti me

04889-9 S ARR -

888F14 ADV ST-CM GRAPHICS 02 [Course Descrp.]

Cal | Sec Res Days Ti me
S T 0230-
04886-2 S ARR -

888J14 ADV ST-CM GRAPHICS 02 [Course Descrp.]

Cal | Sec Res Days Ti me

04888-3 S ARR -

888L 14 ADV ST-CM GRAPHICS 02 [Course Descrp.]

Cal | Sec Res Days Ti me

04887-8 S ARR -

Bl dg/ Rm

DL 0698

Bl dg/ Rm

Bl dg/ Rm

DL 0705

Bl dg/ Rm

Bl dg/ Rm

| nstruct or

VEI DE* B

| nstruct or

CANCELLED

| nstruct or

VEENGER* R

DEY* T

| nstruct or

SHEN* H

| nst ruct or

MACHI RAJU* R
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Spring - Master Schedule of Classes

888X14 ADV ST-CM GRAPHICS 02 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

04890-8 S ARR -

894U GROUP STUDIES 03 [Course Descrp.]

Cal | Sec Res Days Ti me Bl dg/ Rm

19151-6 D TR 0330- 0445 DL 0280

Contact instr/dept for courses. 693, 793, 999 , H783

| nstruct or

PARENT* R

| nstruct or

KHAN* F
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pointers

Comp.Theory FAQ

The Alan Turing Internet Scrapbook

Index to finite-state machine software, products, and projects

LEX and YACC

Queriesto dictionary of computing: Send
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FINAL EXAMINATION SCHEDULE FOR SPRING 1998

AT THESE TIMES: WILL HAVE THEIR FINALS ON:

7:30 AM Wed, June 10 7:30am - 9:18 am

8:30 AM Thur, June 11 7:30 am - 9:18 am

9:30 AM Mon, June 8 7:30am - 9:18 am

10:30 AM Tues, June 9 7:30am - 9:18 am

11:30 AM Wed, June 10 11:30 am - 1:18 pm

12:30 PM Thur, June 11 11:30 am - 1:18 pm

1:30 PM Mon, June 8 11:30 am - 1:18 pm

2:30 PM Tues, June 9 11:30 am - 1:18 pm

3:30 PM Mon, June 8 3:30 pm - 5:18 pm

4:30 PM Wed, June 10 3:30 pm - 5:18 pm

AT THESE TIMES: WILL HAVE THEIR FINALS ON:

Wed, June 10 9:30am - 11:18 am
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FINAL EXAMINATION SCHEDULE FOR SPRING 1998

8:30 AM | s Thur, June 11 9:30 am - 11:18 am
O30AM | s Mon, June 8 9:30 am - 11:18 am
10:30 AM | Tues, June 9 9:30 am - 11:18 am
11:30 AM | Wed, June 10 1:30 pm - 3:18 pm
12:30 PM | e Thur, June 11 1:30 pm - 3:18 pm
L30PM | e, Mon, June 8 1:30 pm - 3:18 pm
2230PM | Tues, June 9 1:30 pm - 3:18 pm
3:30PM | Tues, June 9 3:30 pm - 5:18 pm
A:30PM | e Thur, June 11 3:30 pm - 5:18 pm

**NOTE: classes starting on Wednesday Or Thursday, and meeting for more than one hour, aretreated as
exceptions and must schedule their exams accor ding to the SECOND HOUR of class.

Students should confirm examination periods for individual classes with each instructor before making other
commitments during finals week. I nstructor s shall announce any approved deviation to the published final
examination schedule during thefirst week of classes and make appropriate arrangementsfor studentswith exam
conflicts created by such deviation.

Classes starting with Monday or Tuesday in the meeting days must use thefirst hour of the class period to
determinetheir final examination time. For example, a classthat meetson MTWF from 1:30to 3 p.m. should use
1:30 p.m. instead of 2:30 pm. when determining the timefor the final exam.

Classes starting with Wednesday or Thursday in the meeting days, and meeting for more than 1 hour, should use
the second hour of the class period in determining the exam hour. For example, a class that meets on WRF from
1:30to 3 p.m. should use 2:30 p.m. instead of 1:30 pm. to determining the time for the final exam.

Classes starting on Wednesday or Thursday for one hour may have a conflict with M or T classes.
Contact the Instructor or the Scheduling Office to deter mine conflicts.

For classesthat meet on Friday or Saturday only, instructors should ask their department scheduling contact to
contact the Scheduling Office to arrange atime and aroom for the final exam.

Classes that meet on the hour are assumed to have started at the beginning of the previous half hour. Thus,a MWF
8:00 a.m. class will have the same exam timeasa MWF 7:30 a.m. class.
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FINAL EXAMINATION SCHEDULE FOR SPRING 1998

COMMON EVENING FINAL EXAMS

Common final examinationsarerestricted to evening hoursof 5:30 - 7:18 p.m. and 7:30 - 9:18 p.m. during the fir st
three days of the examination period. All requests for Common Finals should have College and Departmental
approval and be submitted in writing to the Scheduling Office by September 18, 1996.

EVENING CLASSES
Classesthat start at 5:30 p.m. or after are
scheduled for atwo-hour final exam at classtime on thefirst class meeting day that falls within finals week.

Instructors Note: For evening classesthat meet for lessthan two hours, and start at 5:30 p.m. or after, but before
7:30 p.m., survey your studentsfor a possible conflict with another class. Should a problem exist, reach an
acceptable alter nate time with the entire class and contact your department chair person to initiate a request to the
Scheduling Office (292-1616) for a change of final exam time.

WEEKEND EXAMINATIONS

Weekend University cour ses should have their final examinations on the last class meeting datein theregularly
scheduled classroom.

OSU LIMA, MANSFIELD, MARION, NEWARK, AND ATI EXAMINATIONS

Thefinal examination schedule for OSU Lima, Mansfield, Marion, Newark, and ATI will be published separately
by each campus office.

University Registrar | Course and Academic Information | The Ohio State University
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sample midterm exam

NAME

CIS 625: Mid Term Exam

We, Nov 4, 1998, 50 minutes
Open Notes, Open Books

The exam consists of four problems

Answers not appearing in designated spaces WILL NOT be graded

. Problem #1 (10 points)
Let G be agrammar consisting just of the production rules used in the following parsing graph.
a. List the production rules of G.

b. Find aparse graph for baabbain G.
S

. Problem #2 (10 points) Write a program that outputs an input value v which, for some i, appears
at locationsi and i + v in the input.

Example Oninput "6, 5, 3, 1, 8, 3, 5" the program may output "3” or ”5".
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sample midterm exam

. Problem #3 (10 points) Give the transition diagram of afinite state transducer that computes the
following relation.

{(x,y)xandy arein{a, b, c}", and x is obtained from y by removing the characters that are equal
to their predecessors}

Example On input “abacac” the transducer may output “ aabbbaaacaaccc” .

. Problem #4 (10 points) Give the transition diagram of a deterministic finite state automaton
accepting the language generated by the following grammar.

8 = aB
.
A— hd
— bS
B —+ LB
—+ aAd
— bS

[grades
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midterm exam

NAME

CIS 625: Mid Term Exam

Mo, May 3, 1999, 50 minutes
Open Notes, Open Books

The exam consists of four problems

Answers not appearing in designated spaces WILL NOT be graded

. Problem #1 (10 points) Give agrammar that produces the following language.

{x#y|x andy are over { a, b} and (the number of a' sin x)>(the number of asiny) }

. Problem #2 (10 points) Write a program that on a given input outputs a value v which appears at
location i from the end of the input, where i v.

Example Oninput “4, 5, 3, 1” we can have “5” or “3” as output values, but not “4” or “1”..

. Problem #3 (10 points) Give the transition diagram of afinite state transducer that computes the
following relation.

{(x,y)xandy arein{a, b}*, and thereisan i such that x and y agree on their i’ th characters}

Example The outputs “aa’ and “bbba’ are allowed for input “aba’, but “ba” is not allowed.

. Prablem #4 (10 points) Transform the following finite state automaton into a deterministic fine
State automaton.
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sample final exam

NAME

1-4 CHARACTERS CODE(if you want your final grade posted)

CIS 625: Final Exam
1:50 minutes
Open Notes, Open Books

The exam consists of four problems
Answers not appearing in designated spaces WILL NOT be graded

. Problem #1 (10 points) For each of the following cases, determine the language accepted by the

a’+1
B/a,+1

Turing machine. (a)

a/+1 b/l a/+1 bi+l
B/a,+1, B/b,+1 EL/::L._.-I._, b/b.-1

7Y a0 b /0
B/B,-L B/B.-1

.-'"f
#

Y b /0
E/E,+11 B/B,+1

ay+1 b/+1
= i

(b) +1,b/b+1
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. Problem #2 (10 points) Give the transition diagram of a deterministic pushdown automaton that
accepts the language generated by the following grammar.

S— aABb
— bBAa

A — aB
—+b

B —+ bS
— a

. Problem #3 (10 points) Find atype 3 grammar for the complement of the language that the
following grammar generates.

S—aA
—+ bB
—+a

A — aA
—+ bB
—+a

B—aS
—+b

« Problem #4 (10 points) Use the pumping lemmato show that the following language is not
regular.

{aa™"a|a 18 over {a,b}}

http://www.cis.ohio-state.edu/~gurari/course/cis625/cis62515.html (2 of 2) [2/24/2003 1:53:50 PM]


http://www.cis.ohio-state.edu/~gurari/course/cis625/cis62517.html
http://www.cis.ohio-state.edu/~gurari/course/cis625/cis62518.html
http://www.cis.ohio-state.edu/~gurari/course/cis625/cis62519.html

fina exam

NAME

1-4 CHARACTERS CODE(if you want your final grade posted)

CIS 625: Final Exam
1:50 minutes
Open Notes, Open Books

The exam consists of four problems
Answers not appearing in designated spaces WILL NOT be graded

. Problem #1 (10 points) For each of the following cases, determine the language accepted by the

a/+1 )
~

B/a,t1 +1 b+l

-1, a/a0

Turing machine. (a)

a fa a s
a/b-1, b/a.,-1,

a/4+1 by+1 b/ b0
B/a,+1, B/b,+1 aﬁn,-l, b/ar-1

a /0 b /0
B/E,-l1 B/B.-1

s
d

. ad b /0
E/B,Jrl! B/B,+1

a%ﬂ b/+1

(b) +1,b/b,+1
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. Problem #2 (10 points) Provide a deterministic recursive decent program for the language
accepted by the following pushdown automaton.

. Problem #3 (10 points) Let G be the grammar whose production rules are listed below. Give a
finite state automaton accepting the following language.

L ={n|x isover {a, b}, and aprefix of v isin L(G)}

S—+aA
—+ bB
—+a

A — aA
—+ bB
—+a

B—+aS
—+b

« Problem #4 (10 points) Use the pumping lemmato show that the following language is not
context free.

{o#3|a 18 over {a, b}, and # is a substring of a}
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final exam

[course grades]
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Section 1.1

Sketch of Solutions to Exercises

111

(@

(b)

112

(@
(b)

113

(b)

114

(@
(b)

11571t

116

Unary alphabets

{a},{b}, {c}
Binary aphabets

{ab},{ba},{ac},{ca}, {bc}, {cb}
Other alphabets

{ab,c}, {acb}, {bac}, {bca}, {cab},{cba
Unary

t
Binary

t(t-1)

€. 4 b, ab, ba

aaa, aab, aba, abb, baa, bab, bba, bbb

CIﬁ?ZaﬂLﬁ?if:aba(Ezzaa(IOﬁBZZabab,Cﬁﬂngzaadbda

@ = €, F=abb; €¥=a, F=bb; C=ab, F=b; Ct=abb, 3 =€

€, 0, 01, 011, 0110, 01101

€,0 1,11, 111, 1111, 011110
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Section 1.1

(@
€ aaasad ad, .., ald
(b)
€,a,Db, c,aa, ab, ac, ba, bb, bc, ca, cb, cc, asa, aab, aac, aba, abb, abc, aca
1.1.7
(@
S ={€,aaa3..a1 henceslﬁ S,=9
(b)

|S;| = (1 string of length O) + (3 string of length 1) + (9 string of length 2) + (27 string of length 3)
+ (81 string of length 4) + the following 3 strings of length 5. aaaaa, aaaab, aaaba; hence S1 Ms2
=€ g a ad a a.

1.1.8 A representation f of > for thei’th element in the canonically ordered set S* can satisfy the
following condition, according to the case.

@
(b)

f (€) ={ thei’th element in the canonically ordered set {0,1}* }

f (€) ={ thei’th element in the canonically ordered set {1} * }
1.1.9i/j —+ 101

1.1.10 For agiven binary representation f ; take f 5(€) = { 10]i > O}f {(€)

1.1.11
@
f (€)= {0} 1(€) L {1} ,(€)
(b)
f (€) = {0 Zx inf 1(€), B inf (€)}
(©

f (€) = { enaloC¥ TeealOcea... LlealOce|k > 0, €y, ..., € inf 1(€)}

1.1.12 Assume to the contrary the existence of a binary representation f. Denote by min{f (€¥)} the
binary string which appearsfirst in the canonical ordering of f (C¥) . Assume an ordering on the real
numbers €, &, &3, ... such that €f; precedes &; if and only if min{f (C¥;)} precedes min{f (C¥;)} inthe
canonical ordering of the binary strings. Then consider the real number & whose k’th digit is different
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from the k’th digit of €, for all k > 1. It follows that min{f (€¥)}, and hence f (€X), is not defined for C¥.
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Sketch of Solutions to Exercises

1.2.1
(@
0,1
(b)
%]
o
L
(d)
{1,00, 01, 10, 11, 000, ...}
(e
{€, 0, 10, 00, 010, 100, 1010}
f
X {(€,©), (e 0), (e 10), (0, &), (0, 0), (0, 10), (10, ), (10, 0), (10, 10)}
1.2.2
Onesymbol |S—+€
Twosymbols |s — g
Sa—+ €
aS —+€
SS—+r €
Threesymbols|s — aa
—+ asS
—+ Sa
—+ SS
Sa —*ta
—+ S
aS —+ra
—+ S
SS —a
—+ S
Saa —+ €
aSa —+¢€
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aaS —+ €
SSa—+ €
SaS —+ €
aSS —+ €
SSs—+ €

1.2.3

(@
(b)

aS, Sa, aShSaS, SaaShS

S= aShS=r abS= ab
S= aShS= aSh = ab

(©
€, S, ab, abS, aSh, ashS, aabb, abab

124
S

S=> AS

S= AS= aaS

S= AS= aaS=? aaAS
S= AS= aaS=" abb
S= AS= AAS

S=* AS= AAS= aaAS
S= AS= AAS=? AaaS
S= AS= AAS= AAAS

1.25

. (@) aa, bb, aaaa,abba, baab, bbbb, aabb, bbaa
. (b) aa, bb, aaaa, abab, bbbb, baba
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[source]

[source]

1.2.7
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E
T
I
I
F
E
I
E
T T T
F I I

a * (a + a )[source

1.2.8
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a a a b b b C C c[source]

S—r 0S
— 1S
—r 01
(b)
S—r01S
—+10S
—r €
(©)
S —+ BaB
—+ AbA
A —r aA
—r €
B — bB
—r €
(d)
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S—+0S1
—+0S
—F €
()
S—+0S0
—+1S1
—F €
—0
—1
(f)
S—*+1S
—+0A
—r€
A—F0A
—+ 110A
—r€

(9)
S —F XXXS

— XX
— X

X—+0

— 1
(h)

S —r€
—+ aA
— bB

A —raS
—+ bC

B—¢€
—+r aS
—+ bC

C — bB
— aA

S—+€
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—+ bS
— aA
A—r€
—+ aA
— bB
B—+¢€
—+ aA
)
S —+aSa
—+ BSB
— #
aB — Ba
Ba—+ aB
B —b
(k)
S —r aBSCd
— €
BC—+ bc
Ba —+ aB
Bb —+ bb
dC — Cd
cC —rcc
(1)
S — LXR
X —+ aXa
—+ C
L —r LA#
—+ €
R — #AR
—+ €
C —+ #ARC
— #
A —r aA
—+ €
(m)
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S —raXSs

—+Y
Xab —+ aabb X
Xaa —+aXa
Xbb —+bXb
Xba—*bXa
X —+Y
Y —F+€

1.2.10 With no loss of generality assumethat N ; and N , are mutually disjoint.

@

(b)

(©)

(d)

N3=Nj

E3221
Py={are— Brevix — inP )
SH=5

With no loss of generality assumethat Sgisnotin N ;LN .
N3=N;UN,U{sy

Ps=P UPU{s3—F s, 55— 5

With no loss of generality assume that

1. SzisnotinN 1U N 5
2. Each production rule & — ﬁ inP4 L P , contains only nonterminal symbolsin C¥.

Ng=N,;LN2{sy
3,-TUL,
Py=P,UUP,U{s;—+5;S))

With no loss of generality assume that
1. Sgand X arenotinN

2. Each production rule ¥ —+ J{j’ in P ; contains only nonterminal symbolsin ¢¥.

N3=N;U{s5 X}
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=3
Ps=P L{S;—€ 53—+, 53—+ SXSg L {axb—+ abla, bin 223)
(e

With no loss of generality assume that
1. X,isnotinN ;\J N, for eachain 22,

2. Y jisnotinN 1U N 2foreachainEZ

N 5= N JJIN JI{X ] for each ain 22 }LJ{Y  for each ain 22,}

¥,-,UL,

Py={a' — @'t — BinP,, &' 3" isobtained from &3 by replacing each terminal symbol
awith nonterminal symbol Xa}LJ{ﬂf' — J8'|-‘_'Jf — ,{3 inPo, H'J{ﬁ" Is obtained from -‘_TJ{S’ by
replacing each terminal symbol awith nonterminal symbol Y a}U {X.Y p—F Y pXain El, b
in2a) U {X.Y ,—F dain22, M 22,5}

1.2.11 With no loss of generality it can be assumed that the start symbol S does not appear in any right
hand side of the production rules of P ;. Denote by Ag, Ay, ..., A, the nonterminal symbols of G;. Let

SAiSreplace A; fori > 1.
1.2.12

Leftmost S —=raSA
—abSBA
—abbSBBA
—abbXBBA
—abbXbBA
—>abbXBbA
—abbXbbA
—?abbXbAb
—?abbXAbb
—>abbabb

Non leftmost S =yaSA
—abSBA
—abbSBBA
—abbXBBA
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—>abbXbBA
—?abbXBbA
—abbXBADb
—abbXbAb
—?abbXAbb
—>abbabb

1.2.13

(@
(b)

{S—+ €}
{S—F ab}, {S—F abAS}, {S—F €, S—* ab}, {S—+ ab, S—+ abAS}

{bA —+ aS}, {S—F abAS, bA —+ aS}, {bA —F aS, S—+ ab}, {S—F ab, S—F abAS, bA —+
as}
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source

\ Dr aw

\ Text Node( 1) {%
\ Text (--\ifx #1\ Null

\vbox to Opt{\vss\hrule depth 3pt
\else #1\strut \fi--)}

\let\Nul |l =@

\ Tree() (

1, E//

3, T/

L,\Null & 1,\Null & 3,F//
L,\Null & 2,\Null & 1,\
L,\Null & 1,\Null & 1,\Null
1, T & L,\Null & 1,\
1, F & L,\Null & 1,\
0,a & 0, * & 0, {(}
)

\ EndDr aw
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hei ght 5pt wi dth 0. 75pt\vss}

/1
& 1,\Null & 1,\Null//
& 1,T & 1,\Nul I //
& 1,F & 1,\Nul I //
&0, a & 0,\hbox{)}//



source

\ Dr aw

\ Scal (0. 3,0.3)

\ Def i ne\ VHVEdge( 2) {
\ MoveToNode(#1,0,-1) \Mve(O, -
\ Edge(#1,a) \HVEdge(a, #2)

}
\ Gi dD agrantpec(\ Node) (\ VHVEdge)

\ Def i ne\ E(6) {
\ MoveToLoc(#5)

\ CSeg[ 0. 5] \ Move(#5, #6) \ Mar kLoc(a)

10) \ FcNode(a)

\ MoveTolLL(a, b) (#1, #4) \ Mar kLoc( A)
\ MoveToLL(a, b) (#2, #3) \ Mar kLoc( B)

\ CSeg[ 0. 5] \ Move( B, A) \ FcNode( X)
\ Move(0,2) \MrkLoc(A)
\ Move(0,-4) \MarkLoc(B)
\ WEdge( X, #1, A)
\ WEdge( X, #2, B)

}
\GidD agram(8, 10) () () (
& & & S, +1..+0, +1. . +5, +7..
& & & S, +1..+0, +1.. +3, +6. .
& & & S, +1..+0, +1.. +1, +1..
& & a & S, +1..+0 &B
& & & $\epsilon$ &
& & & &b
& & & &
a & a & a & &b
)
\ Scal e( 3, 3)
% nodes of edges nust be give top
% edge 1 edge 2
\E(1..8,3..7, 2..7,7..8,
\E(2..6,4..5,3..5,4..6,3..5,4..5)
\E(3..7,5..6,4..6,7..7,4..6,5..6)
\E(3..2,5..4,3..4,7..2,5..4,4..3)
\E(4..5,7..4,5..4,6..5,5..4,6..5)
\E(6..5,7..6,5..6,7..5,6..5,7..5)
\ EndDr a

\ WEdge( X, #3, A)
\ WEdge( X, #4, B)

down
m d poi nt
2..7,3..7)
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Sketch of Solutions to Exercises
1.3.1

“2,2" €422

“3,2" € 42" 43" “32"

1.3.2

“2,2": 2

“3,2": none

133

@ v:=7
wite v
do
read x
if x =v + 2 then reject
until x = v
do
i f eof then accept
read x
if x =v + 2 then reject
until false

(by vl :
do
v2: = vl-2

wite v2
or
v2 := vl + 2
wite vl
until true
do
read x
until x =vil
do
read x

?
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until x =v2

do
if eof then accept
read X

until fal se

c) v:= 7

wite v

do
i f eof then accept
read x

until X = v

do
i f eof then accept
read x

until X = v

do
read x

until X = v

do
i f eof then accept
read x

until fal se

0

(d) count
do
do
read x
count := count + 1
until count := X
do
wite X
do
i f eof then accept
read x
until false
or
X 1= X
until true
until fal se
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e v:=72
if v =0 then reject
wite v
count := 0
do
read x
If v = x then
count := count + 1
until count = v
do
I f eof then accept
read x
until x = v

) do
repeat := 7
do
read x
until repeat = X
do
read x
until repeat
do
I f eof then accept
read x
until false
or

X

hole := ?
before := 0
after := 0
do
I f before = after = 1 then
If eof then accept
read x
If X < hole then
before := 1
If x > hole then
after := 1
until Xx = hole
until true
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1.34
) mss := ?
do
i f eof then accept
read x
or
X 1= ?
wite X
until X = mss
(b) read x
do
y := ?
wite y
or
wite X
do
i f eof then accept
read x
until fal se
until fal se
1.35
do
P1
or
P2
until true
1.3.6

(1,<0,0>,<><1,2,1>,<>) - (2,<1,05 <> <1,2,1>,<>)
- (3,<1,0>,<>,<1,2,1><1>)
|_ (4,<1,0>,<><1,2,1>,<1>)
- (5,<1,1><1>,<2,1>,<1>)
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= (6,<1,1>,<1>,<2,1>,<1>)
}— (7,<1,1><1>,<2,1><1>)
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Sketch of Solutions to Exercises

14.1

1.4.2

1.4.3

(@
For agiven G=<N, E, P, S>and astring w try all derivations S= Tl i ’TZZP = Afi for
I > 1 until the stringw = Afi IS encountered.

(b)

For agiven G=<N, E, P, S> try all derivations S= Aflj T2:> i Ti until a string of
terminal sybolsis encountered.

1.4.4 For agiven (G, ) try al derivations S= * ¥ st. [¥| < |x|.

1.4.5 For agrammar G let Li(G) denote the set of all stringsin L(G) of lengthi. For the given (G4, G,)
determine L;(G,) and L{(G,),1 =0, 1, 2, ... Declare G, /= G, when an i such that L;(G,) /= L;(G,) is
reached.

1.4.6 Type 3 grammars are special cases of type O grammars. As aresult

. Decidability of the emptiness problem for type O grammars implies decidability of the emptiness
problem for type 3 grammars.
. Undecidability of the emptiness problem for type 3 grammar implies undecidability of the
emptiness problem for type O grammars.
Consequently, (a) No. (b) Yes. (c) Yes(d) No.
1.4.7

(@

Given Q(Xq, ..., X,y try al assignments to (X4, ..., Xp) in canonical ordering, i.e.,

o, ..., O 0's only
o ..., 1 0's and 1's only
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1, ..., 1
0, ..., 2 0O's, 1's, and 2's only
2, ..., 2

(b)

Given (P4, P) try al inputsto P ; and P , in canonical ordering.
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Sketch of Solutions to Exercises

151L.¥ = g(fﬂﬂzi-kfﬂﬂﬂ]

1.5.2 Each instance P of the nonemptiness problem can be transformed into an instance (P ', €) of the
emptiness problem, where P is P with each ‘read X’ instruction being replaced by an ‘x := ? instruction.

1.5.3 For each instance Q(X, -.., Xp) Of Hilbert's tenth problem provide a program P g that accepts
exactly those inputs that solve Q(xy, ..., X,,) = 0.

1.5.4 For an instance of the form

generate an instance of the form

Q2(-) + o+ Q) -
155

(a
For agiven instance G of K generate an instance (G, S—+ S) of K.

(b)
For agiven instance (G, x) of K, generate an instance (G4, G,) of K5, where L(G;) = L(G) o {x}
and L(Gy) = {x}.
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Sketch of Solutions to Exercises
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Sketch of Solutions to Exercises

221
(# of states) < (# of instructions) - (size of domain)¥ of variables)

< km"

ala,bie aje bjb

aIEa
#/e
[w
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(f)

a/'a, a,!e,
/e
[sourcel

(9)

ela,e/b a/a,b/b e/a,e/b [source]

[source]
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ble,e/b efa ae

(m)

http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol12.html (3 of 4) [2/24/2003 1:54:09 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol 12.html

[source]

(n)

(5)

224

(3)/1’ (2),’0, G)fl[source|

225
2.2.6 (q,0101, €) I (0g4101, a) - (019401, aa) - (010q,1, ase) - (0101q,, aca)

2.2.7
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\ Dr aw
\ St at eDi agr ans
\ Di agr am
( 0,0,0
) (
1,60,0
) (
0,1, $\ #/\ epsil on$,
0, 0,90, {$a/ a, b/ \ epsi | on$}
1,1, 90, {$a/\ epsil on, b/ b$}

&
&
)

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ Di agr am
( -1,0,0
) (
0,0,0
& 1,60,0
& 2,120,0
) (
0, 1, $a/\ epsi | on$,
& 1,2,%b/\epsilon$, $a/\epsil on$
& 0,0, 90, {$b/\ epsi | on$}
& 1,1, 90, {$a/\epsilon$}
)

\ Cur vedEdgeAt (2,0,-1,0,0,-1)(200,0. 3,-20,0.3) \EdgeLabel (--%$b/c$--)

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ Di agr am
( -1,0,0
) (
0,0,0
& 1,60,0
& 2,120,0
) (
0, 1, $a/\ epsi | on$,
& 1,2,3%b/\epsilon$, $a/c$
& 0,0, 90, {$b/\ epsi | on$}
& 1,1, 90, {%a/\epsilon$}
)

\ CurvedEdgeAt (2,0,-1,0,0,-1)(200,0.3,-20,0.3) \EdgeLabel (--%$b/\epsilon$--)

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ Di agr am
( -1,0,0
) (
0,0,0
) (
0,0,90,{$1/1, 1/ \ epsi |l on$}

)
\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ Di agr am

(
0,0,0
& 1, 60, 30
& 2,60, -30
) (
3,120, 0
) (
0, 1, $0/ \ epsi | on$,
& 1,3, %0/ 08,
& 0,2,%1/\epsilons,
& 2,3,%1/18,
%
0, 0,90, {$0/\ epsi |l on, 1/ \ epsi | on$}
1,1, 90, {$1/\ epsil on$}
2,2,-90, {$0/\ epsi | on$}
3,3,0,{%$0/\epsilon, 1/\ epsil on$}

~~ R0 Qo Ro Qo

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ Di agr am
( -1,0,0
) (
0,0,0
& 1,60,0
) (
0,1, $\epsilon/\epsilon$,
0, 0,90, {$a/ a, b/ \ epsi | on$}
1,1, 90, {$a/\ epsil on, b/ b$}
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\ Dr aw

\ St at eDi agr ans

\ St at eSpec(, 106, , +, 42, 25)

\ basel i neski p=0. 5\ basel i neski p
\ Di agr am

(

0,0,0
& 1, 60, 30
& 2,120, 30
& 4,60, -30
& 5,120, -30
& 6,180, -30

) (
3, y~~subst ri ng~of ~~x, 200, 30
& 7, x~~substri ng~of ~~y, 260, - 30

) (

0,1, $\epsil on/\epsilon$,
1,2, $\epsilon/\epsilon$,
2,3,%\epsilon/\epsilon$,
0, 4, $\ epsi l on/\ epsi | on$,
4,5, $\ epsi | on/\ epsi | on$,
5, 6, $\ epsi l on/\ epsi | on$,
6, 7, $\ epsi l on/\ epsi |l on$,

R0 Qo Ro Ro Ro Ro

%

1,1, 90, {$a/\ epsil on, b/\ epsil on$}
2, 2,90, {$al a, b/ b$}

3, 3,90, {$a/\epsilon, b/\epsil on$}
4,4,-90,{$\epsilon/a,\epsil on/bs$}
5,5,-90, {$a/ a, b/ b$}

6, 6

-9
-90, {$\ epsi |l on/ a, \ epsi | on/ b$}

~~ R0 R0 Ro Qo Ro Qo

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ Di agr am

(

0,0,0
& 1, 60, 30
& 2,60, -30

) (
3,120,0

) (
0, 1, $a/ a$,

& 1,3, %b/b$,

& 0,2, $b/b$,

& 2,3, %ala$,
%
, 90, {$a/ \ epsi |l on, b/ \ epsi | on$}
, 90, {$a/ a, b/ b$}

0

0,0
1,1
2,2,
3,3

90, { $a/ a, b/ b$}
, {$a/\ epsi |l on, b/\ epsi | on$}

&
&
&
&
)

d

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ Di agr am

(
0,0,0
& 1,60,0
& 4,240,0
& 5,120, -40

) (
2,120, 0
& 3,180,0
) (
0,1, $\epsilon/\epsilon$,
1,2, $\ epsil on/\epsilon$,
2, 3, $a/\ epsi |l on$,
3, 4, $b/ \ epsi | on$,
4,5, $\ epsi |l on/ a$,
5,0, $\ epsi | on/ b$,

R0 Ro Ro Ro Ro

%

0, 0,90, {$b/\ epsil on,\epsil on/b$}
1,1, 90, {$\ epsi | on/ a$}

2,2,90, {%a/\epsil on$}

Y~ Qo Ro Ro

\ EndDr aw
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\ Dr aw

\ St at eDi agr ans

\ St at eSpec(, 106, , +, 23, 15)
\ Di agr am

(
0,0,0
& 2,140, 30
& 4,140, - 15
& 5, 140, - 60
) (
1,i=2j, 70, 30
& 3,i=3j, 70, -30

) (
0,1, $\epsilon/\epsilon$,
& 0, 3, $\ epsil on/\ epsi |l ong,
& 1,2,%$1/ 1%, $1/\ epsi | on$
& 3,4, $1/ 1%,
& 4,5,%$1/\epsilon$,
& 5,3, $1/\epsil on$,
)
\ EndDr aw
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\ Draw \ St at eDi agr ans
\ St at eSpec( +, 23, 15, +, 23, 15)
\ Di agr am

(
0,i=2j,0,0
& 1,i=2j-1,105,0
& 2,i$<$2j , 70, - 60
) (
3,\nul |, 140, - 60
& 4,i$>%$2j, 0, - 60

) (
0,1, $1/ 1%, $1/\ epsi | on$

& 0,2, $\ epsilon/\epsil ong,
& 1,2, $\epsilon/\epsilong,
& 2,3, %\ epsilon/\epsilong,
& 0,4, $1/\ epsi | on$,

%
& 2,2,-90, $\epsilon/ 1%
& 4,4,-90, $1/\ epsi | on$
)

\ EndDr aw
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\ Dr aw

\ St at eDi agr ans

\ St at eSpec( +, 30, 15, +, 30, 15)
\ Di agr am

(
0,\#a=\#b, 0,0
& 2,\#a$<$\ #b, 70, - 30

) (
1,\ #a$>$\ #b, 70, 30
& 3,\null, 160, 30

) (
0, 1, $a/\ epsi |l on$,
& 0,2, $\ epsil on/ b$,
& 2,3, %\ epsilon/\epsilong,
%
& 0,0, 120, $a/ b, b/\ epsi | on, \ epsi | on/ a$
& 1,1, 90, $a/\epsilon, b/\epsil on$
& 2,2,0,%\epsilon/a,\epsilon/b$
)
\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)

{_

{0, 0}, 190, 35
,{0,1},0, 85
{1,0}, 190, - 35
{1, 1}, 145, -110
\null,0,-110

Ro RQo Ro Ro Ro
O WNEO

%
7,\hbox{ $C {i-1}, X {i-1}$}, 290, - 60
8, \ hbox{$C {i}, X_i $}, 410, - 60

= %

5,{0, -}, 140, 110

N—r
~~

0,1

0, 2

0,3

0,6

6, 4, $\ epsi | on/ 03,
1,5, $\ epsi |l on/ 0%,
2,5, %\ epsilon/1ls,
1,2,%$1/ 0%, $0/ 1$
3, 4, $1/ 0%, $0/ 0%
4,2
1,3

R Ro Ro Ro Ro Ro Ro RO Ro Ro

%
1,1, 0, $0/ 0%
4, 4,-90, $1/ 10%

Ro Ro

%
& 7,8,\null,
)

\ MoveToNode(7,-1,1) \Mve(0,10) \EntryExit(-1,-1,0,0)
{\ basel i neski p=9pt

\Text (--%

\hfill\hbox{$3(x _1...x_n) = O0x_1x 2...x_n$}~~

\hfill \ hbox{+\ phantom{ $x_1x 2...x_n 0%$}}~~
\hfill \ hbox{$x _1x 2...x_n 0%}--)

}

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)
\ Def i ne\ x(3){
\ hbox{ ${ #1\ choose #2}/#3%}}
\ Di agr am

(
0, $\epsilon$, 0,0
& 2,1,120,-30

%
& 3,\ hbox{$C {i-1}$%},-30,-50
& 4,\ hbox{$C {i}$}, 40, -50
) (
1,0, 120, 30
) (
0,1, $\ epsi l on/\ epsi | on$,
& 0,2, $\ epsil on/\epsil ong,
& 1,2,{\x(0,1,1)},{\x(1,0,0)}
%
& 1,1, 45, {\x(0,0,0),\quad\ x(1, 1,0),\quad\ x(1, 0, 1)}
& 2,2,-45,{\x(0,0,1),\quad\ x(0, 1, 0),\ quad\ x(1, 1, 1)}
%
& 3,4, \ hbox{$x_i\choose y_ i $},
)
\ EndDr aw
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Sketch of Solutions to Exercises

2.3.1
(@
‘
0
[source|
(b)
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(d)

(€)

even a's

odd b’s

0
sy
0
»&‘-0 O~0 pues

(h)
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[source]

2.3.3
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[source]

2.3.5 In each case an equivalent finite state automaton can be constructed. The finite state automaton will
have a state corresponding to each nonterminal symbol.

Right Linear

The state corresponding to the start symbol is designated as an initial state. The finite state
automaton has an additional state designated as an accepting state. For a production rule of the
form A — xB the finite state automaton has a sequence of transitions that starts at the state
corresponding to A, ends at the state corresponding to B, goes through some new intermediate
states, and consumes x.

A production rule of the form A —+ x is considered in a similar manner. The only exception is
that the sequence of transition rules is assumed to end at the accepting state.
Left linear

The state corresponding to the start symbol is designated as an initial state. The finite state
automaton has an additional state that is designated as a start state. For a production rule of the
form A —+ Bx the finite state automaton has a sequence of transitions that starts at the state
corresponding to B, ends at the state corresponding to A, goes through some new intermediate
states, and consumes X.

A production rule of the form A —+ x is considered in a similar manner. The only exception, is
that the sequence of transition rules is assumed to start at the initial state.
Regular set = finite state automaton

Can be shown by induction.

@ is accepted by _O[source]
{€} isaccepted by O[w]
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Ly(M ) L Ly(M ,) is accepted by

L1(M 1)« Ly(M »,) is accepted by

(LM))
Finite state automaton — regular set

[source]

omitted here
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source

\ Dr aw
\ St at eDi agr ans
\ Di agr am
(
-1,0,0

0,1,0,1
%
& 0,0,90,1

)
\ EndDr aw
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source

\ Dr aw

\ St at eDi agr ans

\ St at eSpec( +, 106, , +, 103,)
\ Di agr am

(
0, $\ epsilons$, -30,0

) (

1, a, 120, 90
& 2,b, 60,0
& 3, c, 120, - 90

) (

&
&
&
&
&
)

d

\ EndDr aw
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\ Dr aw

\ St at eDi agr ans

\ St at eSpec( +, 106, , +, 103,)
\ Di agr am

(
-1,0,0,0
) (
0, $\epsilon$, 0,0
& 1,0, 60, 60
& 2,1, 60, -60
& 3,00, 120, 90
& 4,01, 150, 30
& 5,10, 120, -30
& 6,11, 150, -90

) (
0, 1,0,
& 0, 2,1,
& 1, 3,0,
& 1,41,
& 2,5,0,
& 2,6, 1,
& 4,6, 1,
& 5,4,1,
& 6,5,0,
%
& 6,6,-90,1
)
\ EndDr aw
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\ Dr aw
\ St at eDi agr ans

\ Di agr am

(

1, 60, 40
& 2,120, 40
& 3,60, -40
& 4,120, -40

) (
0,0,0,0

N—r
~

PR R R R

Q ~ Qo Ro Ro Ro Ro

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 34, 25, +, 34, 25)

\ Di agr am
(
1, {even~a' s~~odd~b' s}, 120, 0
& 2,{odd~a' s~~even~b's},0,-110
& 3,{odd~a' s~~odd~b' s}, 120, - 110
) (
0, {even~a' s~~even~b's}, 0,0
) (
0,1,b,b
& 0,2,a,a
& 3,1,a, a
& 3,2,b,b
)
\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ Di agr am
(
-1,0,0
) (
0,0,0
& 1,60,0
& 2,120,0
) (
0, 1,0,
& 1,2,1,1
%
& 0,0,90,1
& 1,1,90,0
)
\ EndDr aw
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\ Dr aw

\ St at eDi agr ans

\ St at eSpec( +, 106, , +, 103,)
\ Di agr am

(

-1,0,0,0
) (
0,\null,0,0
1,0,60,0
2,00, 120, 0
3,1, 180, 40
4,\nul |, 240, 40
5,\nul |, 180, - 40
6, 11, 240, - 40

7 R0 R0 Ro Qo Ro Qo

~
[EY

OCUNUAWWNERLO

JWNOOOAWNR

OrORrRRPROROO
[EEN

R0 Qo Ro R0 Ro Ro Ro Ro

%
&
& 2,2,90,0
)

\ EndDr aw
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\ Dr aw

\ St at eDi agr ans

\ St at eSpec( +, 30, 15, +, 103,)
\ Di agr am

(
0, {$\{01, 10\}**$},0,0
) (
1,0, 60, 60
& 2,\null, 120, 0
& 3,1, 60, - 60
) (

0,1,0,1
0,3,1,0
1, 2,0,
3,2,1

%
& 2,2,0,{0, 1}

)
\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)

\ Di agr am
(
O,\null,0,0
& 1,{%$q 0%}, 60,0
& 2,{%$q_ 1%}, 120,0
& 3,{%$q_ 2%}, 180,0

) (
4,\nul |, 240,0

%

http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol36.html [2/24/2003 1:54:28 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/sol /sol 37.html

\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 23, 15, +, 23, 15)

\ Di agr am

(
1,$9_1%, 80, 0
& 3,{$q_1, q_2$}, 240, 0
& 5,{$q_2%$}, 40, - 70
) (

0,q9_1%$}, 160,0
_01 q_2$}1 1201 - 70
~0,q9_1, q 2%}, 200, -70

RO Ro Ro
hoNnO

~

DN WWNER PO
NOOOMWOUONEE
PORPPFPORPPRLPOPR

R0 Qo Ro R0 Ro Ro Ro Ro

%

o

o o
o

{0, 1)

'O O O

© -
o
o

R0 Ro Ro Ro
oMNO
oMNO

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)

\ Di agr am
0,S,0,0
1, A 60, 60
2,B,6
3,C 1

0, -60
20,0

4, \null,O0,-60

\ EndDr aw
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\ Dr aw

\ St at eDi agr ans

\ St at eNode(x) (--\null--) \MyveToNode(x, -1, 0)
\ Move(-20,0) \FcNode(a) \Edge(a, x)

\ EndDr aw
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\ Dr aw

\ St at eDi agr ans

\ ASt at eNode(x) (--\null--) \MwveToNode(x, -1, 0)
\ Move(-20,0) \FcNode(a) \Edge(a, x)

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans

\ Di agr am
( 0,0,0

) (
1, 60,0

) (
0, 1, a,
)

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)

\ Define\env(4){
\ MoveToLoc(#2) \CSeg[0.5]\Mve(#2, #3)
\ MarkLoc(o) \Text(--#1--)
\ MoveToNode(#3,1,0) \Muwve(15,0) \MarkLoc(x)
\ Move( 0, 10) \ MarkLoc(y) \CSeg[#4]\ Move(x,y) \MarkLoc(x)
\ MoveTolLoc(0)
\ CSeg\ Dr awOval ( o, x)

}
\ Di agr am
(
O,\null,0,0
& 1,%q9 {01} %, 60, 40
& 2,%q9 {02}$, 60, -40
) (
3,\null, 180,0
& 4,%q {f1}$, 120, 40
& 5,%q {f2}$, 120, -40
) (
0,1, $\ epsi |l on$,
& 0,2, %\ epsilong,
& 4,3, %\ epsilong,
& 5,3, %\ epsilong,
)
\env($M 1%, 1, 4,1.5)
\env($M 2%, 2,5,1.5)
\ EndDr aw

http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol42.html [2/24/2003 1:54:31 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol 43.html

\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)

\ Define\env(4){
\ MoveToLoc(#2) \CSeg[0.5]\Mve(#2, #3)
\ MarkLoc(o) \Text(--#1--)
\ MoveToNode(#3,1,0) \Muwve(15,0) \MarkLoc(x)
\ Move( 0, 10) \ MarkLoc(y) \CSeg[#4]\ Move(x,y) \MarkLoc(x)
\ MoveTolLoc(0)
\ CSeg\ Dr awOval ( o, x)

}
\ Di agr am
(
O,\null,0,0
& 1,%q {01}$, 60, 40
& 3,%q9 {02}%, 60, -40
) (
2,\null, 120, 40
& 4,\null, 120, -40
& 5,\null, 180,0
) (
0,1, $\ epsi |l on$,
& 2,3, %\ epsilons,
& 4,5, $\epsilon$,
)
\env($M 1%,1,2,1.5)
\env($M 2%, 3,4,1.5)
\ EndDr aw
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\ Dr aw
\ St at eDi agr ans

\ Define\env(4){
\ MoveToLoc(#2) \CSeg[0.5]\Mve(#2, #3)
\ MarkLoc(o) \Text(--#1--)
\ MoveToNode(#3,1,0) \Muwve(15,0) \MarkLoc(x)
\ Move( 0, 10) \ MarkLoc(y) \CSeg[#4]\ Move(x,y) \MarkLoc(x)
\ MoveTolLoc(0)
\ CSeg\ Dr awOval ( o, x)

}
\ Di agr am
(
0, 0, 30
& 1,-35,-40
) (
2, 35,-40
) (

0, 1, $\ epsi |l on$,
& 2,0, %\ epsilong,
)
\env($M 1%, 1, 2,1.5)

\ EndDr aw
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Sketch of Solutions to Exercises

24.1
m=3
. X=€y=011
. Xx=01,y=0
24.2

() Choosew = a™1pMmand k =0

(b) Choosew = amb™m*1 and k = 2

(c) Choosew =ambamand k =0

(d) Choose w = 0M10010M and k =0

(e) Choose w = @

Then xykz = a? +(k-1);

For k =0,

xy0z = a -

Since0<j<n

(n-1)2<n(n-1)=n2-n<n2-j<n2

(f) Choose w = @b? for somer > m and t which will be determined later. Then
xykz = a+(k-Dipt

A contradiction arisesif andonly if r + (k- 1)j =tork = (t-r)/j + 1.

The choice
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t=m!+m,r=m
implies a positive integer number for k.
(g) Choose w = a'batb for some r > m and t will be determined below. Then
xykz = a+(k-Dipalb
A contradiction will beimplied if anonly ifr + (k- 1)j =tor k = (t - r)/j + 1. Hence, take
t=m!+m,r=m
(If m=1take 2 instead of m to ensure a string of even length.)
2.4.3 Let m be the number of states of afinite state transducer M that computes R. If |w| > m . max{1,
Iv[} then M on input v repeats a state, where between the repetition M reads nothing and writes some y;é
€, 1.e., y can be pumped.
2.4.4 Assume that the relation is computable by afinite state transducer. Let M be the constant that Exr

2.4.3 impliesfor the relation. The pair (8™ b™M, ™) isin the relation. However, the implied pairs (&
bm? c¢m*+ (k - 1)j) are not there for k > 1, that is, the result in Exr 2.4.4 does not apply for the relation.
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Sketch of Solutions to Exercises

25.1

[source]

2.5.2 (a) Consider any regular language over an al phabet 22 The followi ng are regular languages.

L, = {x|x isanon-empty string in E*}

Lry=L.L,

La=L,ML=Pw)

(b) Let Ly o denote the language that the finite state automaton M accepts, when modified to have g as

the only accepting state of M. Let L\, denote the language that the finite state automata M accepts,
when modified to have g asthe initial state of M.

WLy, Ly = L"Jq,pLMl,qLMZ,qu,MlLMp,MZ

2.5.3 Choose L = (ab)ifi > 0 and w = ambm in W (L).

2.5.4 (a) Replace each transition rule in afinite state transducer that computes R, with atransition rule of
the form

_@ = [m]

(b) If Riscomputable by M then L];'(I\/I ) is computable by
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[source]

(c) If Ry iscomputable by M 4, and R, is computable by M », then L];’(Rl, R,) is computable by

/e
L/ \!-/ [source]

(d) If Ry = R(M 1) and R, = R(M ) then W(Ry, R,) = R(M ) where

1. Each state of M isapair (q,p) of states, from M ; and M ,, respectively.

oy
1P agl’ :
2. [source]

in M if and only if for some (3

@ = [sou_rce]

inM ; and

_@ = [w]

ian.

3. (o, pp) istheinitial state of M if so are gy and pgin M 1 and M », respectively.

4. (g, p) isan accepting stateof M if soareqandpinM 1and M 2, respectively.

255Let R={(€,€), (a @), (aa, a@}. Then (aa, @ and (aa, aa) areinR.R .
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2.5.6 0 [source]
See also prob 2.3.2
2.5.7

25.8RM ) ={(x,y)xnotinL(M )} L {(x, y)xinL(M ), but (X, y) notin R(M )}
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 106,)

\ Di agr am
(
0,{%$g_0,p _0%},0,0
& 2,{%q9_1, p_0$%$}, 80, 60
& 3,{%q_1,p_1%},120,0
& 4,{%$q_2,p_19%}, 60, -60
& 5,{%q_2, p_0%$}, 120, -60
) (
1,{%$q_0,p_1%},60,0
) (
0, 1,0,
& 1,2,1,0
& 2,0,0,
& 2, 3,0,
& 3,5,1,
& 4,0, 1,
& 5, 4,0,
& 5,0, 0,
& 5,1,0,
%
& 0,0, 120,0
& 2,2,90,0
& 5,5,0,0
)
\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)

\ Di agr am

(
0, %$9%,0,0
& 1, $p$, 120, 0

) (
-1,\nul1,0,0

) (
0, 1, $\ al pha/\ bet a$,
)

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)

\ Di agr am
(
1, $g_0%, 120, 30
) (
O,\null,0,0
& 2,\null, 120, -30
) (

0,1, $\epsilon/\epsilon$,
& 2,0, %\ epsilon/\epsilon$,
)

\ MoveTo(120,0) \DrawOval (30, 50)
\ Text(--M-)

\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)

\ NewNode(\ ASt at eNode, \ MoveToOval ) {
\ Dr awOval (10, 10)
\Do(1,10){ \I1+36; \J=\1; \J+18;
\ DrawOval Arc(13, 13) (\Vval\l,\Val\J) }

\ Di agr am

(
0,$9_{01}$,0,0
& 2,$9_{02}$,170,0

) (
1,\null, 70,0

) (
1,2, $\epsilon/\epsilon$,
)

\ MoveTo(35,0) \Text(--$M 1$--) \MveTo(35,0) \DrawOval (65, 30)
\ MoveTo( 200, 0) \Text(--$M 2%--) \ MoveTo(185,0) \DrawOval (45, 30)

\ EndDr aw
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\ Dr aw

\ St at eDi agr ans

\ St at eSpec( +, 106, , +, 103,)
\ Di agr am

(
0,$q9 1{,}p_1%,0,0
& 1,%$q _2{,}p_2$,120,0

) (
-1,\null,0,0
) (
0, 1, $\ al pha/\ gamma$,
)
\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)

\ Di agr am
(
0,%$gq_1%,0,0
& 1, $g_29%, 120, 0
) (
-1,\nul1,0,0
) (
0, 1, $\ al pha/\ bet a$,
)
\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 106, , +, 103,)

\ Di agr am
(
0,%$p_1%,0,0
& 1, $p_28%, 120, 0
) (
-1,\nul1,0,0
) (
0, 1, $\ bet a/\ gamma$,
)
\ EndDr aw
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\ Dr aw
\ St at eDi agr ans
\ St at eSpec( +, 23, 15, +, 23, 15)

\ Di agr am

~

0
1%$}, 160, 0
2
1

1, $q_
3,{%$9_1, q 2%}, 240, 0
5,{$q9_2%}, 40, - 70

OUUWWNEREREO
NOOOMWOUONEE
PORPRPRORRLROER

R0 Qo Ro R0 Ro Ro Ro Ro

%

o

o o
o

{0, 1)

'O O O

© -
o
o

R0 Ro Ro Ro
oMNO
oMNO

\ EndDr aw
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Sketch of Solutions to Exercises

2.6.1 L(M) isinfiniteif and only if it accepts some string w such that n < |w| < 2n. n denotes the number
of states of M.
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Sketch of Solutions to Exercises

3.1.1(
I f eof then accept
out :=¢c¢
read x
I f x!'=a then reject
write out
call RP()

I f eof then accept
procedure RP()
read x
I f x=b then return
write out
call RP()
read x
I f x!'=b then reject
return
end

(b)

I f eof then accept
read x
wite x
call RP()
I f eof then accept
procedure RP()
do
read x
wite x
call RP()
or
read y
return
until true
read y
return
end

(©)
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call RP()
I f eof then accept
procedure RP()
do
read u
call RP()
or
read disc
do
ea

I o

X
?
ey

~+

y .
Wi
or
y :=7?
I f y=disc then reject
wite y
return
until true
until true
read v
wite v
return
end
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Sketch of Solutions to Exercises

3.2.1(3)

a €
7 # ]
€ [source
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Y

[source]

(f)

Zu/Zua Zu/Zub EL/ELEL
—>©Db/bb b/s afe

[source]

etk ek

[source]
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(h)

[source]
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7
€/[1,0,0]
€

[source]

3.2.3
@

EE%‘E’ ;b € fa%;’ lj/{x a,a/c" bb/c'
o o

(b)
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_.@ / SOUI’CG

(©)
fa/;, Eb/]{J ba €, a]?f
. A ‘ o ‘ W ‘ 27,
(d)
é%: ljc Ea%l PE E%s (Pf
| Y O | baf a/ '

[sou_rce]

[source]

(f)
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ot

EU E; 61/{':'1‘ E%
o

e% [source]
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source

\ Dr aw
\ Pdt Di agr ans

\ Di agr am
(
0,0,0
& 1,70,90
& 2,140,0
) (
3,210, 0
) (
0,1, {b, $\epsilon$/$\epsilons, a},
& 0,2, {$\epsilon$, $\epsilon$/$\epsilon$, $\epsilon$},
& 1,2, {$\epsilon$, $\epsilon$/$\epsilon$, $\epsilon$},
& 2,3, {$\epsilon$, $Z_0%/3$Z 03, $\ epsi |l on$},
& 0,0,-90, {a, $\epsilon$/a, $\epsilon$}
& 1,1,90, {b, $\epsilon$/ $\epsilon$, a}
& 2,2,-90, {$\epsilon$, al/$\epsilon$, b}
)
\ EndDr aw
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source

\ Dr aw
\ Pdt Di agr ans\ Di agr am

(

0,0,0
& 1,70,0
) (

) (
0,1, {$\epsilon$, $\epsilon$/ $\epsilon$, $\epsilon$},
& 1,2, {$\epsilon$, $Z_0%/3$Z 03, $\ epsil on$},
%
& 0,0,90, {a, $\epsilon$/$\epsilony, a,
b, $\epsilon$/b, $\epsilon$}
& 1,1,90, {$\epsilon$, b/$\epsilon$, b}

)
\ EndDr aw

2,140,0
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source

\ Dr aw
\ Pdt Di agr ans\ Di agr am

0,0,0
& 1,70,0
& 2,140,0

3,210,0

0,1, {$\epsilon$, $\epsilon$/ $\epsilon$, $\epsilon$},
& 1,2, {$\epsilon$, $\epsilon$/ $\epsilon$, $\epsilon$},
& 2,3, {$\epsilon$, $Z 0%/ $Z 0%, $\epsilons$},

%

& 0,0,90, {a, $\epsilon$/ $\epsilony, a,
b, $\epsilon$/ $\epsilon$, b}

& 1,1,90, {a, $\epsilon$/a, $\epsilons,
b, $\epsilon$/b, $\epsilon$}

& 2,2,90, {$\epsilon$, al/$\epsilony, a,
$\ epsil on$, b/ $\epsilon$, b}

& 3,3,90, {a, $\epsilon$/ $\epsilony, a,
b, $\epsilon$/ $\epsilon$, b}

)

\ EndDr aw
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source

\ Dr aw
\ Pdt Di agr ans\ Di agr am

(
0,0,0
& 1,70,0
) (
2,140, 0
) (
0,1, {$\epsilon$, $\epsilon$/ $\epsilon$, $\epsilon$},
& 1,2, {$\epsilon$, $Z 0%/ $Z 03, $\ epsi | on$},
%
& 0,0,90, {a, $\epsilon$/a, $\epsilon$}
& 1,1,90, {b, a/$\epsilon$, c}
& 2,2,90, {b, $\epsilon$/ $\epsilon$, $\epsilons,
b, $\epsilon$/ $\epsilon$, c}
)
\ EndDr aw
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source

\ Dr aw
\ Pdt Di agr ans\ Di agr am

(

-1,0,0
) (

0,0,0

& 1,70,0
& 2,140,0
& 3,70,-90
) (

0,1, {a, $\epsilon$/a, $\epsilons$},
& 0,3, {b, $Z 0%/ $Z 0%, $\epsilon$},
& 1,2, {b, a/$\epsilon$, c},
& 2,3, {b, $Z 0%/ $Z 0%, $\epsilon$},
%
& 1,1,90, {a, $\epsilon$/a, $\epsilon$}
& 2,2,90, {b, a/$\epsilon$, c}
& 3,3,-90, {b, $Z 0$/$Z 0%, $\epsilon$}
)

\ EndDr aw

http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol62.html [2/24/2003 1:54:51 PM]



source

\ Dr aw

\ Pdt Di agr ans\ Di agr am

0,0,0, {a, $Z 0%/ $Z_0a$,

(
-1,0,0
) (
0,0,0
) (
b,
a,
b,
a,
b,
)
\ EndDr aw

$Z_0$/ $Z_0b$,
al aa,
b/ bb,
b/ $\ epsi | on$,
al $\ epsi | on$,

$\ epsi | on$,
$\ epsi | on$,
$\ epsi | on$,
$\ epsi | on$,
C,
c}
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\ Dr aw
\ Pdt Di agr ans\ Di agr am

0,0,0
& 1,70,0
& 2,140,0

3,210,0

0,1, {$\epsilon$, $\epsilon$/ $\epsilon$, $\epsilon$},
& 1,2, {$\epsilon$, $\epsilon$/ $\epsilon$, $\epsilon$},
& 2,3, {$\epsilon$, $Z 0%/ $Z 0%, $\epsilons$},
%
& 0,0,90, {a, $\epsilon$/a, $\epsilons,
b, $\epsilon$/b, $\epsilon$}
& 1,1,90, {a, $\epsilon$/ $\epsilony, a,
b, $\epsilon$/ $\epsilon$, b}
& 2,2,90, {$\epsilon$, al/$\epsilony, a,
$\ epsil on$, b/ $\epsilon$, b}
)

\ EndDr aw
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\ Dr aw
\ Pdt Di agr ans\ Di agr am

(

0,0,0
& 1,70,0
) (

) (
0,1, {$\epsilon$, $\epsilon$/ $\epsilon$, $\epsilon$},
& 1,2, {$\epsilon$, $Z 0%/ $Z 0%, $\epsilons$},
%
& 0,0,90, {$\epsilon$, $\epsilon$/a, a,
$\ epsil on$, $\epsilon$/b, b}
& 1,1,90, {a, al/$\epsilon$, a,
b, b/ $\epsilon$, b}

2,140,0

)
\ EndDr aw
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\ Dr aw
\ Pdt Di agr ans\ Di agr am

(
) (
) (

%

& 0,0,90, {a, $\epsilon$/$\epsilony, a,
b, $\epsilon$/b, $\epsilons,
$\ epsil on$, b/ $\epsilon$, b,
$\ epsil on$, $\epsilon$/c, b,
b, c/ $\ epsil on$, $\epsilons$}

0,0,0
1,70,0

0,1, {$\epsilon$, $Z 0%/3%$Z 0%, $\epsilon$},

\ EndDr aw
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\ Dr aw
\ Pdt Di agr ans
\ St at eSpec( +, 110, , +, 107,)

\ Di agr am

%

(

"~ R0 R0 Ro R0 Ro Ro Ro R0 R0 Ro RO RO Ro Ro Ro

N—r
~—

Ro Ro Ro

Ro R0 Qo Ro Ro Qo R0 RO Ro Ro Ro

Ro Ro Ro Ro

0,{$\scriptstyle[1,0,0]%},0,0

400, {$\scriptstyle[4,0,0]%$},80,0
500, {$\scri ptstyle[5,0,0]$}, 140,0
700, {$\scriptstyle[7,0,0]$},200,0
800, {$\scriptstyle[8,0,0]3%$},280,0
300, {$\scriptstyle[3,0,0]$},410,0
510, {$\scriptstyle[5,1,0]$%$},80,-70
610, {$\scri ptstyle[6,1,0]$}, 80, -140
411, {$\scriptstyle[4,1,1]$}, 80, -230
511, {$\scriptstyl e[5, 1, 1] $}, 140, - 230
711, {$\scriptstyle[7,1,1]$}, 200, -230
811, {$\scriptstyl e[8,1,1]$}, 260, - 230
710, {$\scriptstyle[7,1,0]$}, 320,-230
810, {$\scriptstyle[8, 1, 0] %}, 380, -230
501, {$\scriptstyle[5,0, 1] $}, 80, - 300
601, {$\ scri ptstyl e[ 6,0, 1] $}, 80, - 370

200, {$\ scriptstyle[2,0,0]$}, 350,0

0, 400, {$\epsilon$, S$\epsilon$/{$\scriptstyle[l,0,0]%}, $\epsilon$},

400, 500,
500, 700,
700, 800,

800, 200,
200, 300,
400, 510,
510, 610,
610, 411,

411, 511,
511, 711,
711, 811,
811, 710,
710, 810,
710, 810,

810, 700,
810, 200,
411, 501,
501, 601,

{0, $\epsilon$/$\epsilon$, $\epsilon$},

{$\ epsil on$, $\epsilon$/ $\epsilon$, $\epsilon$},

{$\ epsilon$, $\epsilon$/$\epsilon$, 0},

{$\epsilon$, {$\scriptstyle[6,1,0]3$}/3$\ epsilon$, $\epsilon$}
{$\epsilon$, {$\scriptstyle[l,0,0]%$}/$\ epsilon$, $\epsilon$},
{$\ epsil on$, $\epsilon$/ $\epsilon$, $\epsilon$},

{1, $\epsilon$/ $\epsilon$, 9\ epsilon$},

{$\ epsil on$, $\epsilon$/ $\epsilon$, $\epsilon$},
{$\epsilon$, $\epsilon$/{$\scriptstyle[6,1,0]$}, $\ epsilon$},

{1, $\epsilon$/ $\epsilons, $\epsilon$},

{$\ epsil on$, $\epsilon$/ $\epsilon$, $\epsilon$},

{$\ epsil on$, $\epsilon$/$\epsilony, 1},

{$\epsilon$, {$\scriptstyle[6,1,0]$}/$\ epsilon$, $\epsilon$},
{0, $\epsilon$/$\epsilon$, S$\epsilons$},

{0, $\epsilon$/$\epsilons, $\epsilon$},

{$\epsilon$, {$\scriptstyle[6,1,0]$}/S\epsilon$, $\epsilon$},
{$\epsilon$, {$S\scriptstyle[l,0,0]$}/S\epsilon$, $\epsilon$},
{0, $\epsilon$/$\epsilon, $\epsilon$},

{$\epsil on$, $\epsilon$/ $\epsilon$, $\epsilon$},
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)

\ MoveToNode( 601, 0,0) \Mve(0,-60) \FcNode(x) \Edge(601, x)
\ EndDr aw
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\ Dr aw
\ PdaDi agr ans
\ Di agr am

(

0,-20,0
& 1,70,0
& 2,140,0
) (

) (

3,210,0

0,1, {a, $\epsilon$/a ,
b, $\epsilon$/ b},
& 1,2, {$\epsilon$, $\epsilon$/$\epsilon$},
& 2,3, {$\epsilon$, $Z 0%/ $Z_ 0%},
%
& 0,0,90, {a, $\epsilon$/ $\epsilons,
b, $\epsilon$/ $\epsil on$}
& 1,1,90, {a, $\epsilon$/a,
b, $\epsilon$/ b}
& 2,2,90, {a, al/$\epsilons,
b, b/ $\epsil on$}
)

\ EndDr aw

http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol68.html [2/24/2003 1:54:54 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/sol /sol 69.html

\ Dr aw
\ PdaDi agr ans
\ Di agr am

(
-1,0,0

) (
0,0,0

) (
0,0,0, {a, $\epsilon$/a ,
b, al/ $\epsilon$}
)

\ EndDr aw
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\ Dr aw
\ PdaDi agr ans
\ Di agr am
(
0,0,0
& 1,70,0
& 2,140,0
& 3,210,0
) (
4,280, 0
) (
0,1, {a, $\epsilon$/a},
& 1,2, {b, $\epsilon$/b},
& 2,3, {a, b/$\epsilon$},
& 3,4, {$\epsilon$, $Z 0%/ $Z_ 0%},
%
& 1,1,90, {a, $\epsilon$/a}
& 2,2,90, {b, $\epsilon$/b}
& 3,3,90, {a, b/3$\epsilons,
b, a/$\epsil on$}
)
\ EndDr aw
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\ Dr aw
\ PdaDi agr ans
\ Di agr am

(

0,0,0
& 1,90,0
& 2,180,0

) (
) (

3,270,0

0,1, {a, $\epsilon$/a ,
b, $\epsilon$/ b},
& 1,2, {a, b/$\epsilons,
b, a/$\epsilon$},
& 2,3, {$\epsilon$, $Z 0%/ $Z_ 0%},
%
& 0,0,90, {a, $\epsilon$/c,
b, $\epsilon$/c}
& 1,1,90, {a, $\epsilon$/a,
b, $\epsilon$/ $\epsil on$}
& 2,2,90, {a, c/$\epsilons,
b, c/$\epsilon$}
)

\ EndDr aw
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\ Dr aw

\ PdaDi agr ans

\ St at eSpec( +, 106, ,, 106,)
\ Di agr am

0,%$q 0%,0,0
& 1,%q_1%,70,-70
& 2,%q_2%,0,-140
& 3,%$q_3%,-70,-70
& 4,\null, 70,0
)

{0, $\epsilon$/ 0}

(
5,140, 0
) (
0,1, {1, $\epsilon$/1} ,
& 1,2, {1, $\epsilon$/1} ,
& 2,3, {1, $\epsilon$/1} ,
& 2,0, {0, $\epsilon$/0} ,
& 3,0, {0, $\epsilon$/O0,
1, $\epsilon$/1}
& 0,4, {$\epsilons, $\ep5|lon$/$\ep5|lon$}
& 4,5, {$\epsilon$, $Z 0%/ $Z 0%},
%
& 0,0,90, {0, $\epsilon$/0}
& 1,1,0, {0, $\epsilon$/0}
& 2,2,-90, {0, $\epsilon$/ 0}
& 3,3,180, {0, $\epsilon$/ 0}
& 4,4,90, {0, 0/%$\epsilons,
1, 1/ $\epsil on$}
)
\ EndDr aw
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\ Dr aw

\ PdaDi agr ans

\ St at eSpec( +, 106, , +, 103,)
\ Di agr am

0,%$q 0%,0,0
& 1,%q_1%,50,-70
& 2,%q_2%,0,-140
& 3,%q_3%,-50,-70
& 11, $p_ 1%, 140, -80
& 12, $p_2$, 200, - 210
& 13, $p_3$, 300, - 120
)

10, $p_0$, 200, 10

) (
0,1, {1, $S\epsilon$/1} , {0, $\epsilon$/ 0}
& 1,2, {1, $\epsilon$/1} ,
& 2,3, {1, $\epsilon$/1} ,
& 2,0, {0, $\epsilon$/0},
& 3,0, {0, $\epsilon$/0 ,

1, $\epsilon$/1} ,

=3

& 10,11, {1, $\epsilon$/1} , {0, $\epsilon$/ 0}
& 11,12, {1, $\epsilon$/1} ,
& 12,13, {1, $\epsilon$/1} ,
& 12,10, {0, $\epsilon$/0},
& 13,10, {0, $\epsilon$/0 ,
1, $\epsilon$/1} ,

=3

0, {0, $\epsilon$/0}

& 0,0,9

& 1,1,70, {0, $\epsilon$/0}

& 2,2,-90, {0, $\epsilon$/ 0}

& 3,3,180, {0, $\epsilon$/ 0}

%

& 10, 10,90, {0, $\epsilon$/ 0}

& 11,11, 220, {0, $\epsilon$/ 0}

& 12,12,-90, {0, $\epsilon$/ 0}

& 13,13,0, {0, $\epsilon$/ 0}

%

& 0,10, {0, $\epsilon$/$\epsilon$ ,
1, $\epsilon$/ $\epsilon$ ,
$\ epsi | on$, $\epsil on$/ $\epsil on$} |,

& 1,10, {0, $\epsilon$/0},

http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol73.html (1 of 2) [2/24/2003 1:54:57 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol 73.html

& 1,12, {1, $\epsilon$/ 0},
& 1,11, {0, $\epsilon$/$\epsilon$ ,

$\ epsi | on$, $\epsil on$/ $\epsil on$} |,
& 2,12, {0, $\epsilon$/$\epsilon$ ,

$\ epsi | on$, $\epsil on$/ $\epsil on$} |,
)

\ EdgeSpec( LCS)

\ Edge(3, 10 & -80,-30 & -80,70 & 50, 70)

\ EdgeLabel (--1, $\ epsi |l on$/ $\ epsi | on$- -)

\ Edge(3, 13 & -50, -270 & 300, - 270)

\ EdgeLabel [ +] (--1, $\ epsi | on$/ $\ epsi | on$--)
\ EndDr aw
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Sketch of Solutions to Exercises

331
€
S — BaSaB
— B#B
B — bB

—+ €
(b)
S5 — DU

— AK
A—+ad
—+ €
B —+ b8
—+ €
¢ — e
—+ €
D — aDb
— ad
— bB
E — bEc

— hR
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— b5
— o/
(©
S5 —ab
— B
— €
B — aS5b5

(d)
5 — Dx and y differ in the number of a’s that they have

— Kx and y differ in the number of b's that they have

A —ad
—+ €
¢ — AB
D — BaDaB
— BaC#Bmore a's In x
— B#(CaBmore a's In y
E — AbEbA
—+ AbC'# Amore b's 1n x

— A#C'bAmore b's 1n ¥
(e)
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5 —+ AaCb-a discrepency
A— DAD
— bCH#
5 — Bb(a-b discrepency
B —+ DBD
— aC/#
5=+ F
E— DED
—+ # DC'longer right side
— DC'#longer left side

) —a
— b
' — DO
—r €
3.3.2
(delete C—+ €) (delete D —+ €) (delete S— €)
|IS—S |S—S IS—+S IS—+S
|S—CD|S—+CD |S —+CD | —r€
| —+a | —+D | —C |S —+CD
| | —Fa | —D | —C
| | | —€ | —D
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I I | —*ra | —*ra
|C—F€ |C—+SC |C—+ SC |C—+ SC
| —*SC| —+S | —*+S | —*C
| —b | —*b | —+b | —+S
I | | | —*b
|D—+ CC|D—+CC |D—+ CC |D—+ CC
| | —+C | —+C | —+C
| | —€
3.33

call S( )

I f eof then accept
procedure S( )

call A( )

call B( )

return
end

procedure A( )

do
call B( )
call A( )
call B( )
return

or
call a( )
return

until true

end

procedure B( )

do
call A( )
call B( )
call A( )
return

or
call b( )
return

until true
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end

3.34

5 — €

— SabbSa

335

3.3.6
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b]
b Az s, L CRERY
|
I I
A, ps,8] A pis,p €

I_I_I

A pse; Apspisel Als,bis,b

Al,5][5,b] Ala,b][5,8]
b A s, Arg ns,5]
Apa s, As,es,e) €

A pis,s) Aa,b][5,0]

€ Alg,p115,8)

€ [source]
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source

\ Dr aw
\ PdaDi agr ans

\ Di agr am
(
0,-20,0
& 1,70,0
& 3,35,90
& 4,105, 90
& 5,160,-70
) (
2,160, 0
) (

0,1, {$\epsilon$, $\epsilon$/S},

1,2, {$\epsilon$, $Z 0%/ $Z 0%},

1,3, {a, S/ a},

3,4, {$\epsilon$, $\epsilon$/S},

4,1, {$\epsilon$, $\epsilon$/ A},

1,5, {a, Aa},{$\epsilon$, $\epsilon$/ A}

& 1,1,235, {a, al$\epsilons,
b, b/ $\epsilon$,
b, S/ $\epsilon$,
b, A/ $\epsilon$
}
)

\ EndDr aw
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source

\ Dr aw
\SF % arge font
\ TreeSpace(C, 10, 20)

\ Qbj ect\root{

\ Tree() (

2, SA {[1,a]}$%//

1, $A {[4,1][5b]}%$ & 1, $A{[2,b]}$ //
2, $A {[6,a][5,b]}$ & O, $\epsilon$ //
0,a &0, $A{[7,a][5,b]}%//

)

\ MoveTolLoc(3..1)
\ Mar kXLoc( x)

}

\ Qbj ect\ | eaf {

\ Tree() (

2 , $A{[7,a][5,b
, $A {[4,a][5, b]
, $A {[6,a][5, b]

1}$/1
}
}
b &2, $A {[7, 1]
}
}
}

o
S G5
o -
O T
m\
S~ ~
~

50Db

—
©H &h

]}$//
& 0, $\ epsil on$//
& 1, %A {[6,b][5,b]}%//

&+ &+ A
|)> 52°|)>|J>
g oo

. SA_{[4,b][5,b]

@

1
2

0

2

1, $A {[4, b][5, b]
2, $A {[6,b][5, b]
0
1
1
0
0

>
e L Rl W W
4
>

P OR—FkPR
— o -
-h..
- O
|_||—||_||
|—|m|—|¢-hq|—|l—|
(=}
o— o -
U\
el

b & 2, $A{[7,
, $A {[4,b][5,b]}
, $A{[5,b][5, b]}
, 8\ epsi | on$

, S\ epsi | on$/ /

]5

8-
LPLHP

[5, b]}$//
0, $\ epsi l on$//

Ro

}
$
$
[
$
$
$
b
$
$

e A e
~~

e e e e e e
LrHbds A BHPH

Ga oo
~

>
o T Tl

[N
oo oOFrocT—T T

Ro R0 R0 ™ Ro Ro Ro -
[l
|>|>|> 99|J>|

)
\ MoveTolLoc(0..0)

\ Mar kXLoc(y)
}

\root [ X]
\leaf[vy]
\ EndDr aw
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Section 3.4

Sketch of Solutions to Exercises

34.1u=aag v=a x=ab,y=Db, z=bb. The parsing trees have the following form.

S
|
|
A
|
I
S
I
|
A
I
|
S
A
|
|
S
A
a a a a a b b b b
u v x y 2 [source]
wk=a3akabbkb2
= gk+4pk+3
34.2

() Choose w = ampm+1cm+2
(b) Choose w = amMphMbMamampm = gMp2ma2mpm
(c) Choose w = ampmampm

(d) Choose w = a2M+1p2mg2m+1p2m
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Section 3.4
(e) Choose w = ambm#ampm
(f) Choose w = a™
W, = am- for some0<j<m
For m > 2 we have
M-DI<m((m-1)!'-)=m-m<m!-j<ml-1<m!
Thus
(m-1)! <|wgl<m! form>2andinsuchacasew,isnotinlL.
If m=1thenw =aandw = uvxyz = vy = 1 =2 w3=gnotinL
If m=2then (w=aaand w = uvXxyz = vy =a— wg = a3 not in L) or (vy = aa=" w, = & notin L)
= L not cfl.
3.4.3 Choose (w1, Wy) = (aMbMc™m, dM)
Consider any decomposition
W1 = UViX1y12g
W = UpVoXpy o2y

If vy, = € then choose k = 0. In such a case (uyv;9X1y1021, Uvo0%,y,0z5) = (@M1bMi2cMis, dM) with j;
>0o0rj,>00rj3>0.

If vy, /=€ then choose k = 2. In such acase (U;V12X1Y122, UpVo2X0y5225) = (@MHiibMHacmtis, dmtia)
withj, >0 and either j; =0orj,=00rj3=0.
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\ Dr aw

\ Text Node( 1) {%
\Text (--\ifx #1\ Null
\vbox to Opt{\vss\hrule depth 3pt height 5pt width 0.75pt\vss}
\else #1\strut \fi--)}

\let\Nul | =@
\Tree() (
2,S /1
L,\Null & 2,A Il
1,\Null & 2,S & 1,\Null //
L,\Null & 1,\Null & 2,A & 1,\Null //
L,\Null & 1,\Null & 2,S & 1,\Null & 1,\Null //
L,\Null & 2,\Null & 1,\Null & 2,A & 1,\Null & 1,\Null //
L,\Null & L,\Null & 1,\Null & 2,S & 1,\Null & 1,\Null & 1,\Null //
L,\Null & 2,\Null & 1,\Null & 1,\Null & 2,A & 1,\Null & 1,\Null & 21,\Null //
0,a &0,a&0a&0aé&0aé&oOb&o0be&o0,bé&O0b//
)

\ Define\x(3){

\ MoveToNode( 8. .#3, 1,-1) \ Move(0,-4) \MarkLoc(b)

\ MoveToNode(8..#2,-1,-1) \ Move(0,-4) \MarkLoc(a)

\ CSeg\ Li ne(a, b) \ CSeg[ 0. 5]\ Mbve(b,a) \Mwve(0,-6) \Text(--#1l\strut--)
}

\ PenSi ze( 2pt)
\x(u,0,2) \x(v,3,3) \x(x,4,5 \x(y,6,6) \x(z,7,8)

\ EndDr aw
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Sketch of Solutions to Exercises

351

(2) Replace each transition rule of the form (q, €, ,8 . P, Y, P) with atransition rule of the form (q,p2,
J81p1T1Ctl)'

(b) Consider any two pushdown transducers M ; and M ,. The relation R(M 4) LJ R(M ,) is computable
by a pushdown transducer M that consists of two components M 1" and M ,. Each accepting computation
of M startsat M ;' and endsat M »,.

M ;' isacomponent similar to M ;. The only difference is that the accepting statesof M ; are
nonaccepting statesin M 4.

The transition of M from M ' to M , is made from those states of M ' that correspond to the accepting
states of M ;1. Upon the transition from M ;' to M , the pushdown memory is emptied.

(c) Consider any pushdown transducer M . Thereversal of R(M ) is computed by a pushdown transducer
M |e, that is derived from M with the following modifications.

1.

2.

M ey hasthe states of M plus two new states, say, qg and g; . All the states of M are nonaccepting
statesin M .

Qo iStheinitial state of M ,,. While in gg the pushdown transducer stores nondeterministically
some string in the pushdown store.

The string being stored corresponds to the content of the pushdown store of M upon halting in an
accepting configuration or the give input.
M e, NONdeterministically can move from qo to any of the states that corresponds to any

accepting state of M .

The state being chosen corresponds to the state of M upon halting in an accepting configuration
on the given input.

s isthe accepting state of M ,,. M o, Can reach g on empty pushdown store from the state that
corresponds to the initial state of M .

Each production rule of the form (q, €, ,8 P, v, ) issimulated by a sequence of moves that

starts at state p, ends at state g, reads "V, writes Qrev, popsT, and pushes J{ﬁ’ :

3.5.2 Choose L ={abl|i > 0} and L, ={ddi|j > 0} and use the pumping lemmawith the string w =
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amempmam in WL, Ly).

3.5.3

/ b
€€, ¢ source]

M oot Without mixed states.
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a/ b
Gq, accept Grraps Teject _ f/fﬁ €/€

[source]
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source

\ Dr aw

\ Text Node(2) {\ Text (--$qg_#1, p_#2%--)}

\ PdaDi agr ans

\ St at eSpec(+,,, +,,)

\ Di agr am

(
0,{0,0},0,0
11,{1,1},70,0
12,{1, 2}, 140,0
22,{2,2},210,0
02,{0,2},0,-90
21,{2,1},70,-90
01,{0, 1}, 210,-90
20,{2,0}, 70, -180

7 R0 Qo Ro Ro Ro Ro Ro

10, {1, 0}, 210, - 180

—~~

0,11, {a, $\ epsi |l on$/ a},

11,12, {b, a/ $\ epsil on$}, {b, a/ $\ epsi | on$}
11, 21, {$\ epsi | on$, $Z 0%/ $Z_ 0%},

12,22, {$\ epsil on$, $Z 0%/ $Z 0%},

22,01, {b, a/ $\ epsi | on$},

21, 02, {b, a/ $\ epsi | on$},

21, 20,{a, $\ epsi |l on$/ a}, {a, $\ epsi | on$/ a}
01, 10, {a, $\ epsi l on$/ a},

10, 20, {$\ epsi | on$, $Z 0%/ $Z_ 0%},

~~ R0 R0 Qo Ro Ro Ro Ro Ro

\ EndDr aw
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source

\ Dr aw
\ PdaDi agr ans
\ St at eSpec(+,,,+,,)
\ Di agr am
(
1, $p$, 100, 0
& 2,%q {trap}$, 50,-120
)

(
0, %$9%,0,0

—~~

1,{b, a/ $\ epsi | on$}, {$\ epsi | on$, $Z 0%/ $Z 0%}
2,{a, al a},

2,{b, b/ b},
, 0,90, {$\ epsi | on$, a/ $\ epsi | on$}
1,9
2. -

, 90, { $\ epsi | on$, a/ $\ epsi | on$}
, -40, {a, $\ epsi | on$/ $\ epsi | on$, b, $\ epsi | on$/ $\ epsi | on$}

~ R0 R0 Ro Ro Ro

\ EndDr aw
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source

\ Dr aw
\ PdaDi agr ans
\ St at eSpec(+,,,+,,)
\ Di agr am
(
1, $p$, 100, 0
& 2,%q {trap}$, 100, - 100
& 3, $q_a$, 0, -100

)
(
0, $9%,0,0
%
0,1,{b,al/ $\epsil on$}, {$\ epsi | on$, $Z_0%/ $Z_0%}
& 0,3,{$\epsilons$, a/ $\ epsil on$}, {b, $\ epsi | on$/ $\ epsi | on$}
& 1,2,{b,blb},
& 3,2,{a, $\epsilon$/a},
& 0,0,90,{%$\epsilong, a/ $\ epsi | on$}
& 1,1,90,{%$\epsilong, a/ $\ epsil on$}
& 2,2,-40,{a, $\ epsil on$/ $\ epsi |l on$, b, $\ epsi | on$/ $\ epsi | on$}
)
\ EndDr aw
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source

\ Dr aw
\ PdaDi agr ans
\ St at eSpec(+,,,+,,)
\ Di agr am

~

$p, rej ect$}, 220,0
$qg_{trap},reject$}, 220, - 200
$qg_a, accept $}, 20, - 200

$g_0, reject$}, 120, -100

1,{
2, {
3, {
0, {

&
&
&
)
(

4,{%q, accept $}, 20,0

—~~

b, a/ $\ epsi | on$}, {$\ epsi | on$, $Z_0%/ $Z_0%}
$\ epsi | on$, a/ $\ epsi | on$}, {b, $\ epsi | on$/ $\ epsi | on$}
b, b/ b},

a, $\ epsil on$/ a},
b,

a,

0,

0,

1.4
3,{
2, {
2, {
4, {b, $\ epsi | on$/ $\ epsi | on$},
2,{a, $\ epsi |l on$/ a},

4, 90, { $\ epsi | on$, a/ $\ epsi | on$}
1,90, {$\ epsi | on$, a/ $\ epsi | on$}
2,0

, {a, $\ epsil on$/ $\ epsi | on$, b, $\ epsi | on$/ $\ epsi | on$}

NP PR,,OOWERA~SA

~~ R0 R0 Qo Ro Ro Ro Ro Ro

\ EndDr aw
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Section 3.6

Sketch of Solutions to Exercises
3.6.1 Similar to 2.5.8.

3.6.2 Given an instance (M, x) of the membership problem afinite state automaton A, can be constructed
to accept just x. By the proof of Theorem 3.5.1 a pusndown automaton M . can be constructed to accept

L(M) M (L(Ay). Now M accepts x if and only if L(M ) = &. Hence, the decidability of the membership

problem for pushdown automata follows from the decidability of the emptiness problem for pushdown
automata (Theorem 3.6.1).

3.6.3 From a given finite state transducer M a pushdown automaton A can be constructed such that A
accepts an empty language if and only if M has at most one output on each input. The pushdown
automaton A on agive input x nondeterministically simulates two computations of M asinput x. The
pushdown automaton A discards the outputs of M, but keeps track of the difference in their lengths. The
pushdown automaton A accepts x if and only if it determines that the simulated computations produce
outputs of either differnt lengths or of different character at a given location.

3.6.4 A pushdown automaton A can be constructed to accept an input of the form x#y'®V if and only if the
given finite state transducer M has output y or input X.
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Section 4.1

Sketch of Solutions to Exercises

411
(¢cigbabas, d, €) I~ (¢baabat, bay, b)

- (¢bagybas, bagy, ba)
= (¢bag,bas$, baya, ba)
= (¢bag,bas, q,ba, ba)
= (¢bag;bas, q,Bba, ba)
= (¢bagsbas, qaba, ba)
= (¢babgsas, basa, ba)
= (¢babans$, bags, ba)
= (¢babag,$, bag,, ba)

4.1.2 ()

[source]

(b)

http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol85.html (1 of 6) [2/24/2003 1:55:14 PM]



Section 4.1

a +
B 1
e g
C —|—1 $/0
aja,-1
b/b,i1
ik i
$/0 $/0
i () By
1
-1
i
@[ sourcej

(©)
B %}1 g J:&1
(v &)
c €
éi’uc —E& a$ a,-1
ty/es] et
¢’ &
$/0
=1
BBB 5
e | else
@[sourcel
(d)
b/+1 a/+1 _b/+1
o gt e R Rl ok
\ i € PE , ie
* $
B s Hhe
c € €
@[source]
(e
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Section 4.1

1 -1
B%,—,I_—I—l 37 ,0
€ a

[source]

O )
afa,-1, b/{:r,-lj
1 bf+1 JAB)
B%TJFLB T B/[IB._I:U

1 _b/+1 *
_.OBa;’FH’B ++18 Y

O- B/B,0

B 11

a/+1 _b/+1
afa,+1 b *+1[source]

(b)
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Section 4.1
a/+1  b/+1 a/+1
@é’ﬁl’ éa/j?fg dada T d/
c/+1
B g
8 $
E@iﬂl @@io‘)

O[Mﬂ

(©)

a/+1 b—l—l —|-1
a, 11
Bd,—l—ljB —|—1dd1 dd

c/+1 ¢/+1 ’ /frl
0 * )
I? 1 d d, 1

() 8.
B/B.1

(d)
(€)
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Section 4.1

1 b/+1
aj_—l—l a a,—,|_-1

BEL

(f)

[source]

414

(&) Given two Turing tranducers M ; and M , a Turing transducer M 3 can compute R(M ) L R(M ») by
nondeterministically choosing to follow either M ; or M , on a given input.

(b) Given two Turing transducers M ; and M , a Turing transducer M 5 of the following form computes
R(M )R(M 5). M zon agiven input x follows a computation of M ;. Upon reaching an accepting

configuration of M ; the Turing transducer M 5 switches to follow a computation of M 5 on x.

(c) Consider any Turing transducer M ;. The reversal of R(M 1) can be computed by a Turing transducer
M  that processes its input in reverse order.
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Section 4.1

4.1.5 inputs. The complement of L(M ,) is accepted by a Turing machine M , that on a given input x
tries all possible sequences of t movesof M ; onx, fort=0, 1, ... . M , accepts x if it findst such that all
sequences correspond to nonaccepting computations of M 1. M 5 rejects x if it encounters an accepting
computation of M ;.

4.1.6 A linear bounded automaton M on input x can enter at most s« (|x| + 2)(|F|IX| « [x])™ different
configurations, where s denotes the number of states of M, -- G -- denotes the number of symbolsin the
auxiliary work tape alphabet of M, and m denotes the number of auxiliary work tapes of M.

Hence, M can be modified to count the number of configurations being reached, and to force a
computation to halt in a nonaccepting state upon reaching the above bound on the number of moves.

4.1.7 Consider any Turing transducer M ;. Denote by {qy, ..., g } the set of states of M 4, and by m the
number of auxiliary work tapesof M 1. M ; isequivalent to an m + 1 auxiliary work tape Turing
transducer M , of the following form.

M 5 hasthree states { po, P71, P2} - Pgistheinitial state, and p, isthe only accepting state. M 5, uses the first
auxiliary work tape for recording the state of M ;.
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source

\ Dr aw
\ TnDi agr ans( 2)

\ D agram
(
0,0,0
& 1,80,0
& 2,160,0
& 3,240,0
)
(
4,0, -60
)
(
0,1,{a/+1, B/{a, +1}, /d},
& 1,2,{b/0, B/{B,-1}, /$\epsilon$},
& 2,3,{c/0, B/{B,-1}, /$\epsilon$},
& 3,4,{\$/0, B/ {B,0}, /$\epsilon$},
& 0,4,{\$/0, B/ {B,0}, /$\epsilon$},
& 1,1,90,{a/+1, B/ {a, +1}, /d}
& 2,2,90,{b/+1, al/{a,-1}, /$\epsilon$}
& 3,3,90,{c/+1, al{a, +1}, /$\epsilon$}
)

\ EndDr aw
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source

\ Dr aw

\ TnDi agr ans(4)

\ Di agr am

(
0,0,0
1,120,0

/‘\\—/@

2,240,0

—~~

0,1,{\$/0, B/{B -1}, B/{B,-1}, B/{B -1}, /$\epsilon$ },

1,2,{\$/0, B/{B,0}, B/{B,0}, B/{B,O0}, /$\ epsilon$ },

0,0,90,{a/+1, B/{a, +1}, B/{B, 0}, B/{B, 0}, /$\epsilon$ ,
b/ +1, B/{B,0}, B/{b,+1}, B/{B,0}, /$\epsilon$ ,
c/+1, B/{B,0}, B/{B,0}, B/{c, +1}, /$\epsilon$
}

& 1,1,90,{\$/0, a/{a, -1}, b/{b, -1}, c/{c,-1}, /d}

)

\ EndDr aw

&
& ) )

http://www.cis.ohio-state.edu/~gurari/theory-bk/sol/sol87.html [2/24/2003 1:55:15 PM]



http://www.cis.ohio-state.edu/~gurari/theory-bk/sol /sol 88.html

\ Dr aw

\ TnDi agr ans(4)

\ Di agr am

(
0,0,0
1,120,0

/‘\\—/@

2,240,0

—~~

0,1,{\$/0, B/{B, -1}, B/ {B,-1}, B/ {B,-1}, /$\epsilon$ },
0,0,90,{a/+1, B/ {a, +1}, B/ {B,0}, B/ {B,0}, /S$\epsilon$ ,
b/+1, B/{B,0}, B/{b,+1}, B/ {B,0}, /$\epsilon$ ,
c/+1, B/{B,0}, B/{B,0}, B/{c, +1}, /$\epsilon$
}
& 1,1,90,{\$/0, a/{a,-1}, b/{b,-1}, c/{c,-1}, /d}
)
\ MoveToLoc(1l) \CSeg[0.5]\Mve(l, 2)
\ Move( 0, 10) \Text(--el se--)
\ Edge( 1, 2)
\ EndDr aw

&
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\ Dr aw
\ TnDi agr ans( 3)
\ Di agr am

(

0,0,0
& 1,130,0
& 2,260, 0
)
(

)
(

3,390,0

0,1,{*/0, B/ {B,-1}, B/ {B,0}, /$\epsilon$},
& 1,2,{*/0, B/ {B,0}, B/ {B, -1}, /$\epsilon$},
& 2,3,{\$/0, B/{B,0}, B/{B,0}, /$\epsilon$},

%
& 0,0,90,{a/+1, B/ {a, +1}, B/ {a, +1}, /a,
b/ +1, B/{b,+1}, B/{B, 0}, /$\ epsilon$
& 1,1,90,{a/+1, B/ {B,-1}, B/ {B,0}, /%$\epsilon$,
b/+1, b/{B,-1}, B/ {B, 0}, /$\epsilon$
& 2,2,90,{a/+1, B/{B,0}, a/{B,-1}, /$\epsilon$,
b/+1, B/ {B,0}, B/ {B,0}, /$\epsilon$
)

\ EndDr aw
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\ Dr aw
\ TnDi agr ans( 2)
\ Di agr am

~

0,1,{\$/-1, B/{B,-1}, /$\epsilon$},
& 1,2,{\cent/+1, al/{a,-1}, /$\epsilon$},
{\$/-1, al/{a, 0}, /$\epsilon$}

& 1,3,{\cent/0, B/ {B,0}, /$\epsilon$},
& 2,3,{\$/0, B/ {B,0}, /$\epsilon$},
& 3,4,{*/0, B/{B,0}, /3$\epsilons$},
%
& 0,0,90,{a/+1, B/{a, +1}, /$\epsilon$
& 1,1,90,{a/-1, a/{a,0}, /a}
& 2,2,-90,{al/+1, al/{a, 0}, /b}
& 3,3,-90,{*/0, B/{B,0}, /Db}
)
\ EndDr aw
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\ Dr aw
\ TnDi agrans(1)
\ Di agr am
(
0,0,0
1,130, 0
2,260,0
3, 260, - 90

T R0 Ro Ro

4,130, -90

—~~

0,1,{a/+1, B/{a,+1}, b/+1, B/ {b, +1}},
& 1,2,{*/0, B/{B,-1}},
& 2,3,{*/0, B/{B, +1}},
& 3,4,{\$/0, B/{B,0}},

%
& 1,1,90,{a/+1, B/ {a, +1}, b/ +1, B/ {b, +1}}
& 2,2,90,{*/0, a/{a,-1}, */0, b/{b,-1}, */+1, B/ {B, 0}}
& 3,3,-90,{a/+1, al/{a, +1}, b/ +1, b/{b, +1}}
)
\ EndDr aw
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\ Dr aw

\ TnDi agr ans( 2)

\ Di agr am

(
0,0,0
1,130,0

/‘\\—/@

2,260,0

—~~

0,1,{*/0, B/{B, -1}, B/{B,-1}},

& 1,2,{\$/0, B/ {B,0}, B/ {B,0}},

%

& 0,0,90,{a/+1, B/ {a, +1}, B/{d, +1},
b/+1, B/ {B,0}, B/{d, +1},
c/+1, B/{B,0}, B/{d, +1}}

& 1,1,90,{a/+1, a/{a,-1}, d/{d,-1},
b/ +1, */{*,0}, d/{d,-1},
c/+1, */{*,0}, d/{d,-1}}

\ EndDr aw
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\ Dr aw

\ TnDi agr ans( 2)

\ Di agr am

(

0,0,0

& 1,100, 0

& 2,200,0

)

(

3, 200, - 90
)
(
0,1,{\$/0, B/{B, -1}, B/ {B,-1}},

& 1,2,{al+1, B/{B,0}, d/{d,-1}},

& 1,3,{\$/0, a/{a,0}, B/{B,0}},

& 2,3,{\$/0, B/{B,0}, B/{B,0}},

%

& 0,0,90,{a/+1, B/ {a, +1}, B/{d, +1},
b/+1, B/ {B,0}, B/ {d, +1},
c/+1, B/{B,0}, B/{d, +1}}

& 1,1,90,{a/+1, a/{a,-1}, d/{d,-1},
b/+1, */{*,0}, d/{d,-1},
c/+1, */{*,0}, d/{d,-1}}

& 2,2,90,{*/+1, B/ {B,0}, d/{d,-1}}

)

\ EndDr aw
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\ Dr aw
\ TnDi agrans(1)

~— 2o R0 o Ro R0
»
(e}
o
©
o

6, 180, 90

—~

{al +1, Bl/{a, +1}},
{c/+1, Bl/{c, +1}},
{b/0, B/{B, -1}},
{c/0, BI{B, +1}},
{\$/0, B/{B,0}},
{
{
{
{

OrOWWOWNMNNE OO
OO h,OOWNWLEF

c/+1, B/{c, +1}},
d/0, al/{al-1}},
d/0, B/{B,-1}},
\'$/0, B/ {B,0}},

R R RO RO R0 Ro Ro Ro Ro

1,1,90,{a/+1, B/ {a, +1}}
2,2,90,{b/+1, al{a,-1}}
3,3,230,{c/+1, al{c, +1}}
4,4,180,{c/+1, B/{c, +1}}
5,5,0,{d/+1, c/{c,-1}}

Q >~ Qo Ro Ro Ro Ro

\ EndDr aw
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\ Dr aw
\ TnDi agrans(1)
\ Di agr am
(
0,0,0
& 1,90,0
& 2,180, 0
)
(
3,45,-70
)
(
0,1,{a/+1, B/{a, 0}},
& 0,3,{\$/0, B/{B,0}},
& 1,2,{al+1, B/{a,-1}},{b/0, B/{B, +1}}
& 1,3,{\$/0, B/{B,0}},
%
& 1,1,90,{b/+1, al/{a, +1}}
& 2,2,90,{a/+1, a/{a,-1}}
)
\ EndDr aw
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\input DraTex.sty
\input Al DraTex.sty

8RR 8BAR0EBARR88A8080 fi nite machi nes

\ Def i ne\ St at eDi agr ans{
\ Defi ne\ St at eAt (3){
\IF \Ltlnt(##1, 0)\ ELSE
\ MoveTo( ##2, ##3)
\ St at eNode(##1) (--\nul | --) \ EdgeTol ni t ( ##1)
\ FI }
\ Def i ne\ ASt at eAt (3){
\IF \LtInt(##1, 0)\ ELSE
\ MoveTo( ##2, ##3)
\ ASt at eNode(##1) (--\nul | --) \ EdgeTol ni t ( ##1)
\ FI }

\ Define\StateBt(4){
\IF \LtInt(##1, 0)\ ELSE
\ MoveTo( ##3, ##4)
\ St at eNode( ##1) (- - ##2--)
\ EdgeTol ni t (##1)
\ FI }
\ Defi ne\ ASt at eBt (4) {
\IF \LtInt(##1, 0)\ ELSE
\ MoveTo( ##3, ##4)
\ ASt at eNode( ##1) (- - ##2--) \ EdgeTol ni t (##1)
\ FI }

\ St at eSpec(, 106, ,, 106,)
\ ArrowHeads( 1)

}

\ Defi ne\ EdgeTol nit (1){
\IF \Eql nt (#1, 0) \ MoveToNode(#1, -1, 0)
\ Move(-20,0) \FcNode(x) \Edge(x,0)
\ FI

\ Define\ Tape(3){\getlbl#3////%
{ \Move(#1,#2) { \EntryExit(1,0,0,0) \Text(--\strut\tenp--) }
\ Move( 6, 0) \EntryExit(-1,0,0,0) \Text(--\strut\tenpa--) }}

\def\ get | bl #1/ #2////{\ def \ t enp{ #1} \ def \ t enpa{ #2} }
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\ Def i ne\ cent {\ hbox{\rl ap{$\,/$}c}}

0RAAAAENOEEA8888% Debuggi Ng

\def\ TraceSt at eDi agransOn{\ Defi ne\ TraceState(1){\i mredi ate\witel6{..##1}}}
\def\ TraceSt at eDi agransO f{\ Defi ne\ TraceState(1){}}

\ TraceSt at eDi agr ansOf f

%9808 808808808808080806 speci fication for states 9884

% \ St at eSpec( content?, xy-?,y-?, ...same for accept
% no Xy, X content size

% both xy, x given size

% al one xy >80 synbol #

% \ St at eSpec(+,,,+,,) adjustable nodes with content

% \ St at eSpec(, 106, , +, 28, 20) fixed no-content for regular states

% fixed internal oval (28, 20) +content for accepting
% st at es denoted by nonnegative integer # s. Initial state nust be O.

\ Defi ne\ St at eSpec(6) {
\ def \ t enpaf{ #1}
\ def\ t enpb{#4}
\ edef\tenp{
\ noexpand\ Di agr anSpec(
\ifx \tenpa\enpty \noexpand\ StateAt \el se \noexpand\StateBt \fi
\ noexpand &
\ifx \tenpb\enpty \noexpand\ ASt at eAt\ el se \ noexpand\ AStateBt \fi
\ noexpand & \ noexpand\ TranskEdge ) }
\tenp
\ def \ t enp{ #2#3}
\ifx \tenp\enpty \l et\ St at eNode=\ Oval Node
\else \def\tenp{#3}
\ifx \tenp\enpty \ NewCl RCNode(\ St at eNode, #2, )
\el se \ NewNode(\ St at eNode, \ MoveToOval ) {\ DrawOval (#2, #3) }\ fi
\fi
\ def \ t enp{ #5#6}
\ifx \tenp\enpty \ | et\ ASt at eNode=\ OQOval Node
\el se \def\tenp{#6}
\ifx \tenp\enpty
\1=#5; \ifx\tenpb\enpty \1-3; \else \[+3; \fi
\ NewCl RCNode(\ ASt at eNode, #5,\Val \ 1)
\el se
\ NewNode(\ ASt at eNode, \ MoveToOval ) {
\ DrawOval (#5, #6)
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\' I =#5; \ J=#6;
\ifx \tempb\empty \I-3; \J-3; \else
VI +3; \J+3; \fi
\ DrawOval (\Val \I,\Val\J)
}
\fi
\fi

}

\catcode \: =11

\ NewNode(\ OOval Node, \ MoveToOval ) {
\Units(1pt, 1pt) \ Get NodeSi ze \Va/0.707; \Vb/O0.707;
\ Set M nNodeSi ze
\if:circle
\IF \ Lt Dec(\Va,\Vb) \THEN \Va=\ Vb;
\ELSE \IF \LtDec(\Vb,\Va) \THEN \Vb=\Va;
\FI \FI
\fi { \:NodeArc(\Val\Vva,\Val\Vb) (0, 360) }
\Va+3; \Vb+3; \ : NodeArc(\Val\Va,\Val\Vb) (0, 360)

}

\catcode \: =12

%880880880880888880806 pushdown machi nes ¢

\ Def i ne\ PdaDi agr ans{
\ St at eDi agr ans
\ Define\trans(3){
\ TraceSt at e( ##1. . ##2)
\K+1; \IF\EqInt(\K 4) \K=1; \MyveTolLoc(0)
\ Move( 0, -25) \ MarkLoc(o) \FlI
\ Qbj ect\OB{{ \Mowe(1l,-5) \Line(8,20) }
\ Tape( 4, 10, ##1/)
\ Tape(0, O, ##2)} \ OB \cont{##3}}
\ Cycl eEdgeSpec( 30, 20)
\ Label Spec(1){%
\ Pi ct Label {\ Mar kLoc(o)\EntryExit(-1,-1,1,-1)\trans(##1,)}}
\def\cont##1{\ | F \ EqText (, #1)\ELSE \ Text (--, ~-)\trans(##1)\ Fl }

}

\ Def i ne\ Pdt Di agr ans{
\ St at eDi agr ans
\ Define\trans(4){
\ TraceSt at e( ##1. . ##2. . ##3)
\K+1; \IF\EqInt(\K 4) \K=1; \MyveTolLoc(0)
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\ Move( 0, -35) \ MarkLoc(o) \FlI
\ Obj ect\OB{{ \Mowve(1,-5) \Line(12,30) }

\ Tape( 8, 20, ##1/)

\ Tape(4, 10, ##2)

\ Tape(0, O,/##3)} \ OB \cont{##4}}

\ Cycl eEdgeSpec( 30, 35)
\ Label Spec(1){%
\ Pi ct Label {\ MarkLoc(o)\EntryExit(-1,-1,1,-1)\trans(##1,)}}

\def\cont##1{\ | F \ EqText (, ##1)\ELSE \ Text (--, ~--)\trans(##1)\ Fl }

}

%88088088088088888086 Turi ng machi nes %

\ Defi ne\ TnDi agrans(1){
\ St at eDi agr ans
\ifcase #1
\ or \ Define\trans(3){ ol
\K+1; V\IF \EgInt(\K, 3) \K=1; \MveToLoc(0)
\ Move( O, -25) \ MarkLoc(o) \FlI
\ Qbj ect\OB{{ \Mowve(1,-5) \Line(8,20) }
\ Tape(4, 10, ##1)
\ Tape(0, O,##2)} \ OB \cont{##3}}
\ Cycl eEdgeSpec( 30, 20)
\ or \ Define\trans(4){ %2
\K+1; \IF \EqInt(\K 3) \K=1; \MyveTolLoc(0)
\ Move( 0, -35) \ MarkLoc(o) \FlI
\Qoj ect\OB{{ \Move(1l,-5) \Line(1l2, 30) }
\ Tape( 8, 20, ##1)
\ Tape(4, 10, ##2)
\ Tape(0, O,##3)} \ OB \cont{##4}}
\ Cycl eEdgeSpec( 30, 35)
\ or \ Define\trans(5){ %3
\K+1; V\IF \EgInt(\K 3) \K=1; \MwveToLoc(0)
\ Move( O, -45) \ MarkLoc(o) \FlI
\ Obj ect\ OB{{ \ Move(l,-5) \Line(1l6,40) }
\ Tape( 12, 30, ##1)
\ Tape( 8, 20, ##2)
\ Tape(4, 10, ##3)
\ Tape(0, O,##4)} \ OB \cont{##5}}
\ Cycl eEdgeSpec( 30, 50)
\ or \ Define\trans(6){ Vel
\K+1; \IF \EqInt(\K 3) \K=1; \MyveTolLoc(0)
\ Move( 0, -55) \ MarkLoc(o) \FlI
\oj ect\OB{{ \Mwe(l,-5) \Line(20,50) }
\ Tape( 16, 40, ##1)
\ Tape( 12, 30, ##2)
\ Tape( 8, 20, ##3)
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\ Tape(4, 10, ##4)
\ Tape(0, O,##5)} \ OB \cont{##6}}
\ Cycl eEdgeSpec( 30, 65)
\fi
\ Label Spec(1){%
\ Pi ct Label {\ Mar kLoc(o)\EntryExit(-1,-1,1,-1)\trans(##1,)}}
\def\cont ##1{\ I F \ EqText (, ##1)\ ELSE \ Text (--, ~--)\trans(##1)\ Fl }

}

\ endi nput
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