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Preface

“The patient is treated with a ball drawn from the urn”. Anon.

This book is concerned with methods of randomised allocation of treatments
to patients in sequential clinical trials. Ethics suggests that we should try
to ensure that as many patients as possible receive what is ultimately deter-
mined to be the best treatment. However, such decisions will need data on
all treatments. The ethical drive towards unbalanced allocation in favour of
better treatments needs to be offset by statistical considerations of efficient
estimation and powerful statistical tests. These considerations indicate more
equal allocation, at least when the responses to the different treatments have
errors of the same magnitude. Additional constraints on treatment allocation
are the need for randomness to avoid bias and, sometimes, the variability be-
tween patients. If this can be at least partially explained by covariates and
prognostic factors, these variables also need to be allowed for in the allocation
scheme—young males should not be the only patients to receive a particular
treatment unless the disease under study only occurs in this sub-population.

We start in Chapter 0 with an introduction to the place of clinical trials
in drug development and give examples of clinical trials that serve in later
chapters as pegs on which to hang our discussion. In Chapter 1 we introduce
a simple adaptive design for binary responses without covariates and consider
how to assess such a design. The next two chapters are more substantial.
Chapter 2 discusses randomisation and covariate balance when the responses
are normally distributed and introduces measures of loss and bias for the
comparison of such designs. Chapter 3 covers the more important of the many
response-adaptive designs, often based on urns, that have been suggested for
binary responses, mostly without covariates.

Much of the emphasis in the literature on the design of clinical trials has been
on binary responses. In Chapter 4 we begin the development of response-
adaptive designs when the responses are continuous. Chapter 5 applies the
methods so far developed to trials with longitudinal responses, both binary
and continuous.

A feature of our book that sets it apart from others is the use of results from
the optimum design of experiments to create powerful and flexible adaptive
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designs. In Chapter 6 we introduce the necessary methods and develop and
compare designs with a controllable amount of randomisation when adjust-
ment is required for covariates. Although the main emphasis is on normal
responses with constant variance, we extend the method to heteroscedastic
and to generalized linear models, particularly those with binary and gamma
responses. In Chapter 7 this work is expanded to cover response adaptive
designs with covariates.

In Chapter 8 we consider another kind of optimality, that of response-adaptive
designs which are derived by optimising an objective function subject to con-
straints on the variance of estimated parametric functions. The last chapter
considers future directions in the development of adaptive designs. As a com-
plement to the results of Chapters 6 and 7, we conclude with an appendix on
the theory of optimum experimental designs.

The titles of Chapters 6, 7 and 8 explicitly include the word optimum. How-
ever, the idea of good procedures, as measured by some criterion, underlies
our book. Peter Armitage (1985) discusses the search for optimality in clinical
trials. His remarks were prompted by Bather (1985), who considered problems
of response-adaptive allocation with two binary responses, rather like those
we use to introduce Chapter 8. Armitage described the many aspects of the
design of trials that go beyond such a simplified model and commented on the
slight effect such formulations had had on the conduct of trials. One suggested
reason was the dependence of even simple models on a number of parametric
and distributional assumptions.

In the thirty years since Armitage wrote, there has been a great expansion
in the use of computers, not only to design clinical trials, but to explore the
effects of different modelling assumptions and states of nature on proposed
procedures. The simulation of clinical trials (see Kimko and Peck 2010 and
the review article by Holford, Ma, and Ploeger 2010) has also become an
important aspect of regulatory assessment. In line with this trend, our book
contains simulations of many of the procedures we discuss which are intended
to make clear their properties for small to moderate-sized samples.

This is a book about the design of clinical trials, not about their analysis. Even
so, the book is longer than we initially intended, in part due to the continuing
stream of research activity over the time the writing has taken us. Accordingly,
we say virtually nothing about such important inferential matters as interim
analyses and stopping rules. They are well covered in the books described at
the end of §0.1. Our book is intended to be useful for medical and other applied
statisticians as well as to the clinicians with whom they communicate. It is
also intended to be used in the training of such statisticians. The emphasis is
on the practical usefulness of our designs.

Anthony Atkinson and Atanu Biswas



Chapter 0

Introduction: Stories and Data

0.1 Scope and Limits

A clinical trial is an experiment on animals in which several treatments for a
disease are compared. The purpose of the trial, like that of any experiment,
is to obtain information on the performance of the treatments. But, because
the animals are often human patients, there is an ethical concern to treat
as many patients as possible with the best treatment. A second property of
human patients, not shared by inbred laboratory animals, is that they can
differ greatly in their response to treatment.

The focus of this book is on clinical trials for human patients, so that we
shall be concerned both with designs when the experimental units, that is
patients, are heterogeneous, and when the number of patients receiving better
treatments is to be increased.

To increase the number of patients receiving better treatments leads to se-
quential experiments in which data are analysed and new allocations made in
the light of the estimated parameters. Because of the variable nature of the
patients, we need to balance allocations across prognostic factors or covariates
such as age, blood pressure and previous medical history. The results may be
seriously misleading if there is a systematic difference between patients get-
ting the different treatments. We use randomisation to allocate patients in a
manner that avoids any systematic difference between groups and also avoids
possible biases.

Because clinical trials deal with human patients, there is a large regulatory
presence in the running of trials. Several other books consider such mat-
ters (see, e.g., Chow and Shao 2002; Ellenberg, Fleming, and DeMets 2002;
DeMets, Furberg, and Friedman 2006; Friedman, Furberg, and DeMets 2010).
Our focus is more on statistical aspects.

Statistical coverage of a wide range of problems occurring in clinical trials is
given by Armitage, Berry, and Matthews (2004), Piantadosi (2005) and, more
succinctly, by Everitt and Pickles (2004) who provide, as do several authors, a
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brief history of clinical trials. Senn (1997) discusses statistical problems in drug
development and Spiegelhalter, Abrams, and Myles (2004) present Bayesian
methods for both clinical trials and for the evaluation of health care.

Information in many clinical trials accrues sequentially as results become avail-
able on an increasing number of patients. There has long been an interest in
methods that use this information to stop a trial early, because the superiority
of a treatment has been established (Armitage 1960). Of course the statistical
procedures have to allow for the effect of selection of a good stopping point
on the statistical inference (Whitehead 1997, Jennison and Turnbull 2000).
One mechanism is to divide the design into stages, after each of which a deci-
sion is made. Zacks (2009) describes many applications of stage-wise designs,
including applications to clinical trials.

Adaptive designs are sequential designs in which the allocation of treatments
depends upon either or both of the previous allocations and responses. Differ-
ent forms of adaptive design are used in the various phases into which clinical
trials are conventionally broken:

1. Phase 1. Dose finding and toxicity. Because for many drugs toxicity and
efficacy increase together, the first stage in establishing a suitable dose is
often to find the maximum dose that does not cause more than a specified
level of toxicity.

2. Phase 2. Dose ranging and efficacy. Larger experiments to determine suit-
able dose level for the drug and to demonstrate efficacy.

3. Phase 3. Large randomised trials in which a new treatment is compared
with one or more standard treatments.

Overviews of adaptive methods in all phases of clinical trials include Chow
and Chang (2012) and Pong and Chow (2010), with Berry, Carlin, Lee, and
Miiller (2011) providing a Bayesian perspective. All three phases involve dif-
ficult statistical issues. In phase 1 the information from the data is slight
compared with the decisions that have to be made. Book-length treatments
of adaptive designs in phase 1 trials include Ting (2006) and Krishna (2006).
Many methods are based on the assumption of a simple model relating dose
and efficacy. Bornkamp et al. (2011) stress the dangers in relying on a single
model for the efficacy—dose relationship and Pronzato (2010) warns against
design procedures that converge too rapidly to a seemingly optimal dose.

In the phase 3 trials that are the subject of our book, an important aspect of
design is the use of appropriate methods of randomisation to ensure unbiased
inferences about the relative behaviour of trials. Matthews (2006) provides an
introduction to randomised controlled clinical trials. The theory and practice
of randomisation in clinical trials, for both sequential and non-sequential treat-
ment allocation, is explored by Rosenberger and Lachin (2002a). The subject
of Hu and Rosenberger (2006a) is the theory of response-adaptive randomi-
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sation, although there is relatively little on randomisation in the presence of
covariates, a topic we cover in detail in Chapters 6 and 7.

In the remainder of this chapter we give some examples of clinical trials that
illustrate aspects of design, particularly randomisation, that will be elaborated
in later chapters. We chiefly consider the most natural clinical trial set-up
where the patients enter into the study sequentially. However, the entrance
may be in batches or it may be staggered (see the patient entry pattern of
the PEMF trial of Chapter 5). The inter-arrival times are also likely to be
different. We do not consider the logistic problems of treatment provision for
adaptive trials. However, Anisimov and Fedorov (2007) describe a statistical
approach to recruitment rates in sequential trials where there is variability in
arrival rates.

0.2 Two-Treatment Trials with a Binary Response

We start with examples of simple clinical trials where the patients arrive
sequentially, one after another, and in which there are two treatments, A and
B. For a fully adaptive design we require that the response of each patient be
available before the assignment of treatment to the next patient. When there
are delays before responses become available, those results that are available
are used to estimate parameters.

In general the response may be:

e binary or continuous;

e instantaneous or delayed;

e single or repeated (longitudinal/panel data);
e univariate or multivariate.

e Also covariates may have been measured.

For the moment we suppose the responses are binary. Often these will be suc-
cess or failure, but success might be a response above, or below, a specific
threshold for continuous or categorical responses. With p4 and pp being the
probabilities of successes with the two treatments, the optimal allocation may
not be 50:50 unless py = pp. For example, the Neyman allocation (§8.4),
which seeks to minimise the variance of the estimate of the treatment dif-
ference pa — pp, allocates with a probability proportional to the standard
deviation of the responses to the treatments. To implement this optimal allo-
cation, we need estimates of the unknown parameters p4 and pp.

A popular method of allocation in a clinical trial is however a 50:50 randomised
allocation, in which allocation is by the toss of a fair coin. This rule ignores the
sequentially gathered information in the trial. We discuss randomised equal
allocation in the next section.
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0.3 Equal Randomisation

Traditionally, almost all clinical trials have an emphasis on equal, or nearly
equal, allocation of the competing treatments. An exception is limited avail-
ability of patients for some treatment. Equal allocation can be ensured in
several ways.

A permuted block design allocates according to a predetermined pattern. For
example, with two competing treatments A and B, the first 2m patients can
be allocated according to any permutation of m As and m Bs with probability
(27:?)_1. If m = 2, then the first four patients can be treated by any of the
six strings AABB, ABAB, ABBA, BAAB, BABA, BBAA with probability
1/6 each. One instance is the initial allocation of the first four patients in the
PEMF trial (Biswas and Dewanji (2004a, 2004b; see Chapter 5). Likewise, a
randomised permuted block design with block size of four is used in the Boston
ECMO trial (Ware 1989; see §0.6.6). The properties of permuted block designs
are studied in Chapter 2.

In contrast, one can independently randomise each entering patient to the two
competing treatments with equal probability. Thus ¢;, the allocation indicator
for the ith patient (6; = 1 or 0 according as the ith patient receives A or B),
follows a Bernoulli distribution with parameter 0.5. Here Y3, = 212;"1 d;, the
total number of allocations to treatment A, follows a binomial distribution
with parameters (2m,0.5). Throughout this book we refer to this completely
randomised design as 50:50 design or 50:50 allocation or 50:50 randomised
allocation. Here Y5, may not exactly equal m, which is guaranteed in the
permuted block design.

0.4 Adaptive Allocation

An ethical concern is to try to allocate more patients to the best treatment.
Since the success probabilities are initially unknown, some patients are al-
located to either treatment. But, as the trial proceeds and information on
the performance of the treatments becomes available (although not so con-
clusively as to stop the trial and declare one treatment a clear winner), the
allocation is skewed in favour of the treatment doing better. Such a strategy
should lead to allocating a larger number of patients to the eventual better
treatment, without significantly weakening the strength of the comparison
between treatments. This idea provides the foundation of response-adaptive
clinical trials.

The first adaptive design is widely considered to be due to Thompson (1933)
followed by the pioneering work of Robbins (1952). Robbins’ work led to
Anscombe (1963) and Colton (1963). Based on Robbins’ idea, Zelen (1969)
introduced his popular and pioneering concept of the play-the-winner (PW)
rule, which started the era of modern response-adaptive designs. In this book,
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we will mostly focus on procedures following from the work of Zelen. Many of
these adaptive designs for binary responses can be described mathematically
by means of urns. Hence we now briefly turn to consideration of urn models.

0.5 Urn Model

Traditionally, urn models have played a very important role in the devel-
opment of statistical models and distributions. Feller (1971) provides many
interesting models. The book-length discussion of Johnson and Kotz (1977) is
complemented by the more recent book by Mahmoud (2009) devoted to the
theory, logistics, implementation and applications of urn models.

Urn models can be used in developing some basic ideas in probability theory.
It is a surprising fact that a large number of important distributions, such
as the discrete rectangular distribution, binomial, normal, Poisson, Gamma,
beta, hypergeometric, negative binomial, negative hypergeometric, power se-
ries and factorial series distributions and the multinomial, Dirichlet and many
mixture distributions can all be generated by suitable urn models. Classical
problems like occupancy problems with Bose—Einstein statistics and commit-
tee problems, etc. can also be interpreted in terms of urn models. Stochastic
replacement in urns gives a variety of important models like the Eggenberger
and Pélya (1923) model, together with several important extensions and varia-
tions. Further generalisations, variations and modifications give rise to several
important urn models applicable to adaptive or response-adaptive designs. We
discuss them in Chapters 3 and 5. Discussion on urn designs is in §3.2.

0.6 Some Motivating Clinical Trials

At this stage, we introduce nine real clinical trials, some adaptive and some
conventional non-adaptive randomised trials. We discuss these experiments in
brief, including the nature of the responses. These trials will serve in later
chapters to illustrate the advantages of adaptive design. At this stage, we use
two performance characteristics for judging the ethical performance of treat-
ment allocation designs.

(a) EAP: Expected Allocation Proportion (and its standard deviation, SD)
for each treatment out of the total allocation.

(b) EFP: Expected Proportion of Failures (SD) out of the total allocation;
the sum of the expected number of failures from all treatments divided by the
total number of patients. This criterion is meaningful only if the treatment
responses are binary or continuous responses that have been dichotomised.
Otherwise we need a comparable criterion such as the expected total response.
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Table 1 Results obtained by redesigning AZT data using PW, RPW, RSIHR, DL
and 50:50 rules.

Design EAP (SD) to AZT  EFP (SD)

PW 0.748 (0.044) 0.126 (0.017)
RPW 0.689 (0.112) 0.136 (0.024)
RSIHR  0.524 (0.024) 0.164 (0.017)
DL 0.750 (0.040) 0.126 (0.016)
50:50 0.500 (0.023) 0.168 (0.017)

0.6.1 AZT Data and Story

This trial is referred to in Chapter 1 (§1.2.1) and Chapter 3 (§3.3.3, §3.4.4, §3.6,
§3.10.2, §3.11.3) in our description of response-adaptive designs for binary
responses. Zelen and Wei (1995) present a clinical trial, reported by Connor
et al. (1994), to evaluate the hypothesis that the antiviral therapy AZT reduces
the risk of maternal-to-infant HIV transmission. A standard randomisation
scheme was used resulting in 238 pregnant women receiving AZT and 238
receiving placebo. It was observed that 60 newborns were HIV-positive in the
placebo group and 20 newborns were HIV-positive in the AZT group. This is
an appreciable difference and suggests that adaptive allocation to the better
treatment would have reduced the total number of HIV-positive babies.

The responses in the trial were not immediate. However, to illustrate some
properties of adaptive designs, Yao and Wei (1996) assumed that the re-
sponses were instantaneous. The estimated success probabilities from AZT
and placebo are, respectively, 0.9160 and 0.7479. Using these as the true val-
ues, their simulation shows that if a suitable randomised play-the-winner rule
(RPW, an adaptive design introduced in §3.4: Wei and Durham 1978; Wei
1979) had been adopted it could have resulted in a 300:176 allocation, the
greater allocation being to AZT; 11 newborn children could have been saved.
We performed a similar study with some other adaptive allocation designs. For
example, if these 476 patients were treated by a play-the-winner rule (§3.3), it
would allocate approximately in a 352:124 fashion, with an expected saving of
20 lives (Yao and Wei 1996). The EAP (SD) in favour of AZT and EFP (SD)
for different response adaptive designs (PW, RPW, DL — all to be described
in Chapter 3; RSIHR — to be described in Chapter 8, §8.3), and also for the
50:50 randomised allocation (§0.3) are given in Table 1.

Figure 1 shows boxplots of the performance of the individual designs from
10,000 simulations, treating the estimated p4 and pp as true values.

This is in fact a survival trial, the symptoms of HIV taking some time to
develop. In using the data to illustrate response-adaptive designs we pretend
that the responses are instantaneous. The allocation with survival responses
will be less skewed as the accumulated information will be less at any stage
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Figure 1 Bozxplot for different designs using the AZT trial data estimates.

due to the delayed nature of response. Procedures of adaptation for survival
data are discussed in Chapters 4 (§4.5) and 8 (§8.13).

0.6.2 Michigan ECMO Trial

The RPW rule has been used at least twice in reported clinical trials. The first
of these was the Michigan ECMO trial. Bartlett et al. (1985) conducted a trial
of extracorporeal circulation in neonatal respiratory failure of newborns at the
University of Michigan. The results of this trial, published in 1985, gave rise
to appreciable controversy and much discussion. Some of these controversies
are addressed in Chapter 1 (§1.3). These data are referred to in many chapters
of our book, namely Chapter 1 (§1.4), Chapter 2 (§2.5), Chapter 3 (§3.4.3,
§3.4.4, §3.10.1) and, in passing, in Chapter 7 and Chapter 9 (§9.1.3).

Prolonged extracorporeal circulation with a modified heart-lung machine (Ex-
tra Corporeal Membrane Oxygenation, ECMO for short) has been successfully
used in several centres to treat infants with severe respiratory failure. The
technique is used when infants are judged to be moribund, and unresponsive
to optimal ventilator and pharmacologic therapy.

Historically it was known that patients had an 80% or greater chance of mor-
tality despite optimal therapy. This would seem to be an obvious candidate for
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an adaptive design and a RPW design was adopted. This is probably the first
randomised adaptive design reported in the literature (except that Iglewicz
(1983) reported one use of data-dependent allocation in an unpublished ap-
plication by M. Zelen to a lung cancer trial). In this trial the responses were
virtually instantaneous, since the outcome of each case was known soon af-
ter randomisation. It was anticipated that most of the ECMO patients would
survive and most control patients would die, so significance would be reached
with a modest number of patients. In the event, a total of 12 patients was
treated, with an 11:1 ratio in favour of ECMO.

We return to this trial in §1.3. But, to anticipate, it could be argued that
it was unethical and unnecessary to conduct any trial if such high mortality
rates had been established for infants not receiving ECMO.

0.6.3 Fluoxetine Trial and Data

We consider part of the data from the fluoxetine trial of Tamura, Faries, An-
dersen, and Heiligenstein (1994), the whole having many more patients than
the Michigan ECMO trial! This response-adaptive clinical trial again used
an RPW rule. Although the primary responses were not immediate, surro-
gates were used for updating the urn. This double-blind, stratified, placebo-
controlled trial of out-patients suffering from depressive disorder is considered
in many sections of Chapter 3, Chapter 4 (§4.1, §4.4), Chapter 7 (§7.5) and
Chapter 8 (§8.7.2).

Depressive disorder is a serious disease that affects approximately 6% of the
United States population sometime during their life (Reiger et al. 1984). One
hypothesis is that shortened rapid eye movement latency (REML) is a marker
for endogenous depression. REML is defined as the time between sleep onset
and the first rapid eye movement. The primary interest was to study the effect
of fluoxetine hydrochloride in depressed patients with shortened REML. These
patients were randomly assigned either placebo or fluoxetine in a double-blind
fashion by means of an RPW design. The surrogate response was the total of
the first 17 items of the Hamilton Depression Scale (HAMD;7) which takes
integer values of 0-52, with higher values indicating more severe depression.
The surrogate response was the percentage of patients who exhibited a 50% or
greater reduction in two consecutive visits after 3 weeks of therapy. Enrolment
was terminated after 45 shortened REML patients were enrolled.

We apply the allocation methodology on the patients correctly assigned to the
shortened REML stratum, a total of 39 with binary responses, once we exclude
those whose correct classification is not known. We have therefore data from
39 patients of whom 19 are treated by fluoxetine and 20 by placebo. From the
data pq = % and pg = %, where p4 is the success probability of fluoxetine.
Using the estimates as the true values, we employ various adaptive designs
and calculate the EAP (SD) for fluoxetine and EFP (SD) for the data. See



SOME MOTIVATING CLINICAL TRIALS 9

Table 2 Results obtained by redesigning fluoxetine data using PW, RPW, RSIHR,
DL and 50:50 rules.

Design  EAP (SD) to Fluoxetine  EFP (SD)

PW 0.604 (0.073) 0.513 (0.083)
RPW 0.590 (0.107) 0.515 (0.084)
RSIHR 0.536 (0.092) 0.528 (0.079)
DL 0.606 (0.074) 0.510 (0.081)
50:50 0.500 (0.079) 0.685 (0.074)
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Figure 2 Bozplot for different designs using the fluoxetine trial data estimates.

Table 2. Response-adaptive design gives skewed allocations. The performance
of individual trials is presented in the boxplots of Figure 2.

Of course, when using a surrogate response in an adaptive design, it is crucial
that the surrogate has a high positive correlation with the final response.

0.6.4 Crystalloid Preload Trial

Rout et al. (1993) used an adaptive design to reevaluate the role of crystalloid
preload in the prevention of hypotension associated with spinal anaesthesia
for elective caesarean section. The first 40 patients in the sequential design
were allocated as prerandomised pairs, with a PW rule thereafter for 100



10 STORIES AND DATA

Table 3 Results obtained by redesigning crystalloid preload trial data using PW,
RPW, RSIHR, DL and 50:50 rules.

Design EAP (SD) to volume loading EFP (SD)

PW 0.563 (0.032) 0.620 (0.041)
RPW 0.560 (0.053) 0.621 (0.042)
RSIHR 0.559 (0.093) 0.620 (0.042)
DL 0.563 (0.032) 0.620 (0.042)
50:50 0.500 (0.043) 0.630 (00.041)
<<
.| * 1 - i
P | BB Ee =
g : : : . =
S < | ? X Y \
1 c LI B
% (o]
:
° §
o I

PW RPW RSIHR DL 50:50

Figure 3 Boaplot for different designs using the crystalloid preload trial data esti-
mates.

further patients. Of that 100, 58 patients received loading and 42 did not.
Hypotension occurred in 43 volume-loaded patients (incidence 55%) and 44
unpreloaded patients (incidence 71%), resulting in a difference in incidence of
16% between the groups. Treating 1 — 0.55 = 0.45 and 1 — 0.71 = 0.29 as the
success probabilities for the two treatments, we obtain Table 3 which shows the
EPA (SD) to volume loading and EFP (SD) using different response-adaptive
designs and the 50:50 randomised allocation. The boxplots are given in Figure
3. These data are subsequently referred to in Chapter 1 (§1.2.1) and Chapter
3 (§3.3.1, §3.3.3, §3.3.4, §3.4.4, §3.6, §3.10.2, §3.11.3).
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0.6.5 PEMF Trial

In the previous examples the responses were binary, with only a single response
available from each patient. But, sometimes responses may be repeated or
longitudinal in nature. Here we provide an example of one such response-
adaptive clinical trial where repeated responses were observed.

This was a trial of pulsed electro-magnetic field (PEMF) therapy versus
placebo for the treatment of patients with rheumatoid arthritis. The details
of the trial are available in Biswas and Dewanji (2004a, 2004b, 2004d). The
PEMF trial was conducted in the Indian Statistical Institute, Kolkata, from
January 1999 to March 2000. A total of 22 patients went through the study
which included, for each patient, an initial four-week adjustment period, and
subsequent regular monitoring (at least once a week) for about 16 weeks. A
recurrence was considered when either pain or joint stiffness in big or small
joints became severe. The first four patients were randomly assigned so that
two patients were treated by the PEMF therapy (A) and the other two by
the placebo (B) therapy. A longitudinal version of the randomised play-the-
winner urn design (denoted by LRPW) was adopted for allocation to further
patients, in order to skew the allocation in favour of the better performing
treatment. Using this design, the remaining 18 patients were randomly allo-
cated to either A or B at their corresponding entry times using the updated
state of the urn at each entry time. The number of monitoring times for each
patient varied from 7 to 62, depending on their disease state. Out of the 798
total monitorings, 16 recurrences were observed in the 22 patients of which 4
were in the A-treated group and 12 in the B-treated group. The study was
a double-blinded trial in the sense that neither the patients nor the medical
expert were aware of the group-identification of the patients. We present a
more detailed discussion of adaptive longitudinal trial in the context of this
data set in Chapter 5 (§5.3, §5.3.2, §5.3.3, §5.4, §5.6.1).

Data on the number of patients in the two groups clearly exhibits the superi-
ority of the PEMF therapy over the placebo. Excluding the initial 4 patients,
14 out of 18 were treated with the PEMF therapy by our adaptive design.
In §9.4 we consider methods of adjusting the allocation design to incorporate
other objectives such as optimality of statistical tests.

0.6.6 Boston ECMO Trial

This trial made effective use of inverse sampling. The results of the Michigan
ECMO trial (§0.6.2) were heavily criticised, particularly because the adaptive
design led to only one patient receiving conventional medical therapy (CMT).

To balance ethical and scientific concerns in the exploration of ECMO, Ware
(1989) designed a two-stage trial. He considered a family of designs where a
maximum of r deaths are allowed in either treatment group, with the value
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of r pre-specified. The treatments were selected by a randomised permuted
block design with blocks of size four (see §0.3). When r deaths occur in one
of the treatment groups, randomisation ceases and all subsequent patients are
assigned to the other treatment until r deaths occur in that arm or until the
number of survivors is sufficient to establish the superiority of that treatment.
The test procedure is based on the conditional distribution of the number of
survivors in one treatment arm given the total number of survivors.

In the trial, patients were randomised in blocks of four, and treatments were
assigned randomly to the first 19 patients. Of these patients, 10 received CMT,
including patient 19, and 4 died. Since r was taken as 4, the design switched
to the deterministic phase in which the remaining 9 patients received ECMO
and all survived.

For details of the trial and the analysis, we refer to Ware (1989). But, we em-
phasise that inverse sampling can be used, as in this trial, to modify the design
to provide earlier stopping and to reduce the number of patients exposed to
the inferior treatment. Subsequent references to these data are in Chapter 1
(§1.3) and Chapter 9 (§9.1.3, §9.5).

0.6.7 Pregabalin Trial

The data from this trial are used to illustrate procedures for continuous
data. The objective of the randomised, placebo-controlled trial described by
Dworkin et al. (2003) was to evaluate the efficacy and safety of pregabalin
in the treatment of postherpetic neuralgia (PHN). There were 173 patients of
whom 84 received the standard therapy placebo and 89 were randomised to
pregabalin. The primary efficacy measure was the mean of the last 7 daily pain
ratings, as recorded by patients in a daily diary using the 11-point numerical
pain rating scale (0 = no pain, 10 = worst possible pain); therefore, a lower
score (response) indicates a favourable situation. After the 8-week duration
of the trial, it was observed that pregabalin-treated patients experienced a
higher decrease in pain score than patients treated with placebo. The data
were treated as continuous by Zhang and Rosenberger (2006a) and Biswas,
Bhattacharya, and Zhang (2007); the final mean score is pg = 3.60 (with SD
= 2.25) for pregabalin and pp = 5.29 (with SD = 2.20) for placebo. We take
these estimates as parameter values in comparing possible adaptive designs
and assume that the responses are normally distributed.

We compared four response-adaptive designs: BB (Bandyopadhyay and
Biswas 2001 (§4.6), CDL (continuous drop-the-loser) (§4.8), BBZ (Biswas,
Bhattacharya, and Zhang 2007) (§8.8) and the 50:50 randomised rule (§0.3]).
For the 173 patients we took the responses as N(3.60,2.25%) for pregabalin
and N(5.29,2.202) distribution for placebo. The results are in Table 4. To
calculate the EFP we treat a response greater than estimated (ua + up)/2 as
a failure. As an alternative to the performance characteristic EFP, here with
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Table 4 Results obtained by redesigning pregabalin trial data using BB, CDL, BBZ
and 50:50 rules.

Design EAP (SD) to Pregabalin ~ EFP (SD) EMR

BB (T =1) 0.703 (0.068) 0.441 (0.042) 4.102
CDL 0.581 (0.037) 0.478 (0.038)  4.308
BBZ 0.509 (0.100) 0.499 (0.040)  4.430
50:50 0.500 (0.04) 0.500 (0.040)  4.445

continuous responses we also use the expected mean response (EMR), where
a lower value is preferred.

The CDL has the least variability, but the BB design is most ethical in terms
of allocating a larger proportion of patients to the better treatment. Subse-
quently we refer to this data set in Chapter 4 (§4.1) and Chapter 8 (§8.2, §8.4,
§8.6).

0.6.8 Erosive Esophagitis Trial

This is an example of a multi-treatment trial with binary responses (see §2.3).

The trial of the drug Nexium (esomeprazole magnesium) was conducted by
AstraZeneca. Nexium had been approved by the FDA in February 2001 for
the relief of heartburn and other symptoms associated with gastroesophageal
reflux disease (GERD) and for the healing of erosive esophagitis, a poten-
tially serious condition associated with GERD. Multicentre, double-blind, ran-
domised trials evaluated the healing rates of Nexium 40 mg (H40), Nexium 20
mg (H20), and omeprazole 20 mg (020) in subjects with endoscopically diag-
nosed erosive esophagitis (EE). The numbers of patients enrolled were 654, 656
and 650, in a equiprobability randomisation. Healing of EE occurred in 94.1%,
89.9% and 86.9% of patients by week 8 for treatment with H40, H20, and 020,
respectively. The differences between treatments were statistically significant,
favouring H40 over O20 using both the log-rank test and the Wilcoxon test.
There was also a statistically significant difference between H20 and 020 us-
ing the log-rank test. It is natural to think of a data-dependent allocation
which should allocate the highest proportion of patients to H40, followed by
a lower proportion to H20, and the lowest proportion to O20. Although the
observed success proportions 0.941, 0.899 and 0.869 are all relatively high, the
differences between the treatments are more striking when the proportions of
failures are considered. Further details of the trials are available at

http://www.astrazenecaclinicaltrials.com/Article/511963.aspx and

http://www.centerwatch.com/drug-information/fda-approvals/
drug-details.aspx?DrugID=665.

These data are considered in the illustration in Chapter 3 (§3.11.4).
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0.6.9 Appendiceal Mass Trial

This is again a three-treatment trial. The trial described by Kumar and Jain
(2004) compared the three most commonly used methods for treating appen-
diceal mass. Over a three-year period, 60 consecutive patients with appen-
diceal mass were randomly allocated to three groups: Group A, initial conser-
vative treatment followed by interval appendectomy six weeks later; Group B,
appendectomy as soon as appendiceal mass resolved using conservative means;
Group C, conservative treatment alone. Here conservative treatment includes
the use of broad-spectrum antibiotics. An outcome measure suitable for adap-
tive design is the duration of time away from work. In the randomised trial, 20
patients were randomly treated by each treatment. The observed mean (SD)
(in days) of the three treatments were A: 20.0 (2.9), B: 25.0 (7.4), and C: 11.7
(2.0). There would seem to be scope for the employment of a three-treatment
adaptive allocation design. We use this data set in Chapter 8 (§8.11.2).



Chapter 1

Adaptive Design: Controversies and
Progress

“Randomized clinical trials remain the most reliable method for evaluating the
efficacy of therapies.” (Byar et al. 1976)

In Chapter 0 we introduced some of the basic ideas of adaptive trials through
the discussion of examples. In this chapter we explore some properties of a
simple adaptive treatment allocation rule when there are just two treatments
and the outcome is either success or failure. We first consider why adaptive
designs should be used and then discuss how adaptive the design should be.

1.1 Why Adaptive?

A popular method of treatment allocation in sequential clinical trials is a 50:50
randomised allocation (see §0.3). That is, each entering patient is allocated
one of the two treatments by the toss of a fair coin. Of course, the coin is
usually conceptual and the random allocation will be generated on a com-
puter. However generated, such an allocation rule ignores information on the
responses to the treatments that accrues during the trial.

The ethics of treating human patients suggests that a more desirable allocation
strategy use the information from the responses as it becomes available. Let
the success probabilities for the two treatments be p4 and pp. In a 50:50
randomised allocation’ close to half the patients will be treated by the worse
treatment, regardless of the actual treatment difference po — pp; this might
be extreme, for example +£(0.9 — 0.1). The actual number allocated under
this randomised scheme to one treatment is a binomial random variable with
probability 7 = 0.5. It is an achievement if adaptive skewing of the allocation
can lead to even one extra patient receiving the better treatment. Herein lies
the motivation for response-adaptive clinical trials.

15
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The basic idea is to increase the allocation probability towards the better
performing treatment. There are two statistical points:

e If the responses to the two treatments have the same variance, the 50:50
allocation will provide the estimate of p4a — pp with minimum variance,
although this is not so if the variances are different (see Chapter 8). Simple
statistical considerations, such as efficiency of estimation, may be in conflict
with ethical considerations.

e We would like the more frequent allocation of the better treatment to be
driven by an optimality criterion. This should balance information obtained
from the trial against the number of patients receiving inferior treatments.

1.2 How Adaptive?

The question as to how adaptive a design should be is central to our book.
The answer broadly depends upon those properties of the treatment allocation
scheme that are important in the particular application. For example, in the
rule described in this section, the responses are binary. If these are success
and failure, it makes sense to compare schemes for the expected proportion of
failures. However, such a comparison is not sensible if the outcome is normally
distributed. Then the comparisons may depend upon numerical values of gains
or losses specific to the application.

1.2.1 Forcing a Prefized Allocation: FPA Rule

As an example we consider the following simple response-adaptive design for
treatment allocation. There are two treatments and binary outcomes. The
response to treatment is known before the next allocation is made. So we
re-estimate the success probabilities p 4 and pp sequentially before each treat-
ment allocation.

Suppose we want an allocation proportion of # > 0.5 to treatment A if A is
better than B (that is, pa > pg), and a proportion of 1 — 7 if B is better than
A (that is, pa < pp). But, if A and B are equivalent (that is, p4a = pp), we
require an allocation proportion of 0.5. Such a rule is totally driven by ethical
considerations. Suppose we fix 7 = 0.75. That is, we force a 3:1 allocation in
favour of the better treatment if there is a difference, and a 1:1 allocation if
the two treatments are equivalent. One adaptive design is:

For the allocation of the (n+ 1)st patient, we find pa,, and ppg,,, the estimates
of p4 and pp, based on the data up to the first n patients. Then

o If Dan > PBn, we allocate the next patient to treatment A with probability
0.75;
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e If pan < DBn, the next patient is treated with A with probability 0.25;

e Finally, if pan, = PBn, we treat the next patient with either treatment,
selected by tossing a fair coin.

We call such an allocation rule a Forcing a Prefixed Allocation (FPA) design.
Intuitively, it is clear that in the long run the allocation proportion to the
better treatment is skewed to be 0.75. Features that may be of interest are
how fast this limiting proportion is approached and how this rate depends on
lpa —pal.

Theoretically we need to define pa, and pp, appropriately for small values
of n when there may be no allocation to one of the treatments. In practice,
a fixed small number of patients would usually be randomly assigned to each
treatment before the start of the adaptive procedure.

We carried out a simulation study with this FPA design for a sample size
n = 100 with the ten pairs of values of (pa,pp) given in Table 1.1. The
values of pa and pp are those on the grid = 0.8, 0.6, 0.4 and 0.2 for which
pa > pp. These values of (pa,pp) are used in this book for illustration and
comparison of several different designs. By the symmetry of the allocation
rule, the results for pp > p4 are found by interchange of the symbols; we ran
10,000 simulations.

Boxplots of the distributions of the allocation proportions for treatment A,
rff’two, are in Figure 1.1, with a numerical summary in Table 1.1. From the
boxplots it is clear that the allocation proportions are centred at 0.5 whenever
pa = pp, and also that the centre is a little less than 0.75 whenever ps > ppg.
For finite samples the expected allocation proportion is always less than 0.75,
as some patients have treatment allocation with probability 0.5, and, due
to sampling variation, some allocations may have a probability of 0.25 of
assigning A. As the treatment difference increases, the allocation proportion
comes closer to 0.75. Also the allocation proportion approaches closer to 0.75
as the sample size increases. We see examples of this in Chapter 7.

The values of the standard deviation of this difference in the table (SD given
in parentheses) are smallest when the treatment difference is largest. Similar
effects are more evident in subsequent chapters where we will study several
other adaptive designs and look at the standard deviations of properties of
the schemes. The increase of variability with the decrease in treatment differ-
ence is again intuitively clear; for smaller treatment differences the allocation
probabilities are more likely to oscillate between the three values 0.25, 0.5 and
0.75, which will make the allocation more variable.

Table 1.1 also gives numerical values of the estimates of the expected pro-
portion of failures (EFP) for the ten sets of conditions, together with their
standard deviations. The standard deviations are sufficiently small for the
pattern to be clear. The final column of the table gives the expected propor-
tion of failures in a 50:50 allocation, which is EF Psg.50 = 0.5(qa + ¢p) with
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Table 1.1 FPA Rule. Results of 10,000 simulations of adaptive design for 10 com-
binations of population parameters of successful outcome (pa and pg). Estimates
of expected allocation proportion EAP (SD) and expected failure proportion EFP
(SD). The last four entries are for re-designed trials using the FPA rule: fluoze-
tinel, shorter REML; fluoxetine2, full data.

(pA,pB) EAP (SD) to A EFP (SD) EFP50;50
(0.8,0.8) 0.500 (0.188) 0.201 (0.040) 0.200
(0.8,0.6)  0.691 (0.101)  0.262 (0.047)  0.300
(0.8,0.4)  0.730 (0.056)  0.308 (0.048)  0.400
(0.8,0.2)  0.738 (0.049)  0.357 (0.049)  0.500
(0.6,0.6)  0.500 (0.190)  0.400 (0.049)  0.400
(0.6,0.4)  0.683 (0.110)  0.464 (0.054)  0.500
(0.6,0.2) 0.729 (0.057) 0.509 (0.053) 0.600
(0.4,0.4)  0.500 (0.190)  0.600 (0.049)  0.600
(0.4,0.2)  0.692 (0.102)  0.662 (0.052)  0.700
(0.2,0.2)  0.500 (0.190)  0.800 (0.040)  0.800
fluoxetinel 0.644 (0.153) 0.503 (0.085) 0.661
fluoxetine2  0.679 (0.116)  0.457 (0.058)  0.493
AZT 0.739 (0.027) 0.128 (0.015) 0.168
Rout et al. (1993) 0.683 (0.109) 0.601 (0.045) 0.630

g = 1 —pr, kK = A,B. It is clear from these results that the FPA design
is ethical in the sense that it gives a more frequent allocation to the better
treatment.

As practical examples of the FPA design we apply it to the results of the
fluoxetine trial introduced in Chapter 0. First we consider the fluoxetine data
on the shorter REML (39 patients only). From the analysis of the data p4 =
11/19 and pp = 7/20. We take these estimates as population values so that
|[pa — pB| = 0.229, a small value compared with many of those in the table.

When we implement the shorter REML part of the fluoxetine trial using this
FPA, again simulating the trial 10,000 times, we observe that the expected
proportion of allocation in favour of treatment A (fluoxetine) is close to 0.678,
and the standard deviation is 0.118. These results are included in Table 1.1,
where we also give the value of the EFP.

For the simulated REML data the 2.5%, 5%, 95% and 97.5% percentile points
of the allocation proportion are respectively 0.318, 0.420, 0.807 and 0.818.
These values are disappointingly dispersed when compared to the target of
0.75, although not perhaps surprisingly so for a trial with only 39 patients.
In general we can come closer to the target when the sample size is larger.
For example, if we use the full fluoxetine data (with 88 patients) and again
take the success probabilities as the observed proportions of successes, we now
have py = 0.610 and pp = 0.405. Here |ps — pp| = 0.205, even smaller than
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Figure 1.1 FPA Rule. Bozplots of the distributions of allocation proportions 7’2"7300
for 10 different choices of (pa,pgr) in the order given in Table 1.1.

the value of 0.229 for the REML data. The value of the EAP in this case is
virtually unchanged at 0.679, but with a smaller SD than that of the shorter
REML study.

For the AZT data with n = 476 we take p4 = 0.916 and pp = 0.748, their
observed values. With such a large sample size, the EAP is much closer to the
target value, 0.75, even with such a small treatment difference. As Table 1.1
shows, the SD of the EAP is very small. The EFP is 0.128 with SD 0.015,
which indicates that the expected number of failures in this FPA design is
60 (with SD = 7.35); much more ethical than the observed value of 80. Also
given in the table are the values for the data of Rout et al. (1993).

1.2.2  Further Considerations: Alternatives to the FPA Rule

One drawback of the FPA rule is that it always under-allocates with respect
to the target. That is, we always have rfffn < m. Despite this, the amount of
under-allocation decreases with the increase in treatment difference and with

the sample size.

A second drawback is that the FPA is ethical in a rather limited way; it targets
a prefixed allocation proportion 7 in favour of the better treatment, whatever
the treatment difference may be. It may instead be desirable increasingly to
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skew the allocation with the increase of treatment difference whilst having the
allocation proportion close to 0.5 when the treatment difference pa — pp is
small but not identically zero.

One possible modification of the design is to have two asymptotic allocation
proportions m; and 7wy rather than the single value w. The steps would then
be:

e Set 0.5 <m <mg < 1.

e For some c¢; > 0, we force the allocation probability to the better treatment
to be m if 0 < |pa — pB| < c1.

e This probability is ms if |[pa — pg| > 1.

e The allocation probability is 0.5 if pa = pp.

For the actual allocation, as before, we use the sequential estimates p 4, and
ﬁBn-

Of course, we can make the design increasingly data-driven by choosing more
than two different allocation probabilities for distinct intervals of the esti-
mated treatment difference. As the number of intervals increases, this FPA
rule approaches a general allocation design based on the estimated treatment
difference.

In general, for the (n + 1)st allocation, we choose 7, using the data up to
the first n patients. The allocation probability 7, can be a function of only
the sufficient statistics, here pa, and pp,. Or it may be a more complicated
function of the allocation and response histories of the first n patients, being
perhaps also a function of n and of prognostic factors. All adaptive designs
discussed in this book can be thought of as different ways of choosing ,,. Of
course, the form of 7, will be more complicated than that of the FPA rule as
we take extra features into account. For example:

e Responses may have more than two categories or be continuous. We intro-
duce designs for continuous responses in Chapters 2 and 4.

e The model may include covariates.

e The response may be delayed or entry may be staggered (see Slud 2005).
For example, the fluoxetine trial had staggered entry.

e Mostly we shall write as if the responses are univariate. However, they may
be multivariate (see 4.7), or longitudinal (see Chapter 5), or both.

e The form of 7, may reflect an optimality criterion.

These considerations will modify the design. But the basic principle of adap-
tive allocation remains the same; an appropriate choice of m,, depends on the
data history, the type of data and the logistics of the particular trial.
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1.3 Criticism

Adaptive designs are randomisations with biased coins, where the biasedness
of the coin may be changed depending on our state of knowledge.

Royall (1991) discussed various aspects of randomisation. He argued for adap-
tive allocation in randomised trials where accumulating evidence encourages
departure from the 50:50 allocation in favour of the better performing treat-
ment.

“As the evidence that A is better grows, incoming patients are still randomised
to A or B, but the probability of B is reduced. The arguments for such pro-
cedures are usually utilitarian: they reduce the number of patients who receive
the disfavored treatment, and compared to 50:50 randomisation, improve par-
ticipants’ chances of getting better treatment.” (Royall 1991).

But Royall (1991) continued his discussion with a question mark on the re-
quirement of adaptive design (in terms of skewing the allocation). Royall ar-
gued

“But the ethical problems are clear: after finding enough evidence favoring A
to require reducing the probability of B, the physician obeying the personal care
principle must see that the next patient gets A, not just with high probability,
but with certainty.”

This is a delicate point, debated for long, yet unsolved. Such adaptive al-
location within the trial may serve the ethical purpose of treating a larger
number of patients with the better treatment. However, the randomisation
rule and the responses both include randomness. There is a possibility that
this ethical purpose may be achieved on the average, whereas we require that
it be achieved for the particular trial that is performed. Hence ,in designing
a trial it is important to look at both the average allocation proportion EAP,
estimated in Table 1.1 by 7%, and at the values of the proportions 7, for

the individual trials shown in Figure 1.1.

The importance of studying these properties of a proposed design is illustrated
by the Michigan ECMO trial (Bartlett et al. 1985), discussed in Chapter 0. As
described in §0.6.2, this was a randomised adaptive clinical trial based on the
randomised play-the-winner design of Wei and Durham (1978). The design
process started with an urn (see §0.6.2) having one ball of each kind A and
B. Every patient was treated by drawing a ball from the urn at random. The
drawn ball was immediately returned to the urn together with an additional
ball of the same or opposite kind according to whether success or failure was
observed. The trial was to be stopped as soon as 10 balls of one kind had been
added to the urn, whichever kind that was. This would give a 0.95 probability
of correctly detecting a better treatment if p4 = 0.8 and ps — pp > 0.4, or
the reverse.

The first infant was randomised to ECMO (with a probability 1/2) and sur-



22 CONTROVERSIES AND PROGRESS

vived, the second was randomised to the conventional therapy (with a prob-
ability of 1/3) and died. The eight subsequent patients were randomised to
ECMO and all of them survived, the allocation probabilities to ECMO form-
ing the increasing sequence 3/4, 4/5, ---, 10/11. At this point ECMO was
declared as the winner. The trial concluded after two more infants, who had
already been recruited, were treated with ECMO; both survived.

The ECMO trial raised many important points for discussion. Ware and Ep-
stein (1985) pointed out

“Further randomised clinical trials using concurrent controls and addressing
the ethical aspects of consent, randomisation, and optimal care will be difficult
but necessary.”

Bartlett et al. (1985) concluded:

“In retrospect it would have been better to begin with two or three pairs of balls,
which probably would have resulted in more than one control patient.”

They rightly felt that such a design would allocate more infants to the conven-
tional therapy, yielding a more reliable treatment comparison. This comment
is perhaps the base of the optimal adaptive designs of more recent years.

In the ECMO study the prior success probabilities of ECMO and the conven-
tional therapy were 0.7 and 0.2. An important question is whether it is, with
such prior values, ethical to conduct a trial. Much of the discussion and con-
troversy surrounding the ECMO trial is well documented, with the Michigan
ECMO trial, in particular, one of the few clinical trials that has drawn the
attention of a large number of statisticians. Papers addressing different issues
include Cornell, Landenberger, and Bartlett (1986), Wei (1988), Ware and
Epstein (1985), Begg (1990) and discussants, Royall (1991) and Palmer and
Rosenberger (1999). As a consequence of this trial, the idea of adaptive alloca-
tion was discredited for many years, the concern being that, in this instance,
only one patient was allocated to the conventional therapy. This unsatisfac-
tory allocation has been treated as an indictment of the adaptive approach.
We, on the contrary, argue that it merely underlines the need for better adap-
tive designs. Of course, few trials of sample size only 12 can be convincing,
regardless of the allocation pattern.

The moral of this trial is that care is needed in designing and planning adaptive
trials. Even with a 50:50 trial, there is a 2.34% chance of getting one or no
allocations to a particular treatment out of a total sample size of ten!

In the subsequent Boston ECMO trial, Ware (1989) commented:

“Some statisticians argue that, so long as the accumulated data do not demon-
strate the superiority of one therapy by the criterion of statistical significance,
perhaps adjusted for sequential analysis, the therapies have not been shown
to differ in their efficacy, so that there is no reason to discontinue randomi-
sation. This argument also seems unsatisfactory in situations where patients
may benefit substantially from the better therapy.”
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In adaptive trials, treatment is continued, but with a skewed randomisation
depending on previous outcomes.

1.4 What Next?

Here are some points we will focus on in later chapters.

Randomisation

Randomisation is an essential component of modern clinical trials, in order
to avoid bias. By randomisation we do not mean that, if there are two treat-
ments, allocation should be by tossing a fair coin; rather we may deliberately
skew the allocation probabilities in favour of a particular treatment. By ran-
domisation we mean that patient allocation will not be deterministic to either
treatment A or B. There should be a random mechanism which will result
in allocation to either treatment with a predetermined probability 7, strictly
between (0,1). For book-length discussions of randomisation, readers are re-
ferred to Rosenberger and Lachin (2002a) and Matthews (2006). See also our
Chapter 2.

While we will emphasise randomisation throughout this book, it is worthwhile
to mention, as Royall (1991) pointed out,

“This does not imply that studies that use historical or nonrandomised con-
current controls have little or no scientific value. We can learn without ran-
domisation.”

Adaptive Design: To Balance Covariates and to Balance Allocation

Often the objective is to achieve balance in allocation across the treatments,
and also across covariates or prognostic factors, which may be continuous or
categorised. The data-dependent allocation procedures that are suggested for
this purpose are described in Chapter 2, following Atkinson (1982).

Response-Adaptive Design: Ethics

The FPA rule explored in this chapter is one example in which patient accrual
is sequential and ethical concerns dictate that a greater proportion of patients
should receive the better treatment. We explore other ethical allocation rules
for binary responses in Chapter 3. In Chapter 7 the responses can have a
general distribution and, in addition, balance is required over covariates. In
the numerical examples we take the responses to have a normal distribution.
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Optimal Allocation Designs: Statistical Properties

Many physicians would be pleased with the ethical allocation above. But a
statistician would like to have ‘optimality’ of some kind in the allocation
process, to ensure higher efficiency in any ensuing inferences. In Chapter 6 we
discuss such optimal allocation designs in detail. These designs depend on the
covariates of the patients, but not on the responses.

Combining Ethics and Optimality: Ethical-Optimal Allocation

An ideal allocation rule will allocate both ethically and optimally, yielding
high treatment allocation to the best treatments combined with randomness
and sufficient balance for powerful inferences. Such designs are discussed in
detail in Chapters 7 and 8.

Regularisation

Regularisation is discussed in detail in Chapter 7. Since the allocation is ran-
dom, there is a positive probability that allocation to any particular treatment
will remain or fall below a threshold, creating problems for subsequent infer-
ences. For example, in the Michigan ECMO trial discussed above, only one
patient was allocated to the CMT.

We have already quoted the suggestion of Bartlett et al. (1985) that the first
few patients should be allocated with a restricted randomisation that ensures
each treatment is allocated the same small number of times. Thereafter we
suggest in §7.2.2 that treatment allocation should be constrained so that each
treatment is allocated to at least \/n of the patients.

The results in §7.2.2 show that \/n regularisation has beneficial effects on both
the average and individual properties of trials. Other variants are possible.
For example, at the time of regularisation, instead of the with probability one
allocation we have employed, we may suggest a randomised allocation with a
high probability of allocating the under-represented treatment that continues
until the treatment is adequately allocated.

Inference

Inference following adaptive allocation is widely studied in the statistical liter-
ature. Begg (1990) and discussants consider many approaches to the Michigan
ECMO trial. Yao and Wei (1996) observed that the impact of adaptive allo-
cation on efficiency might not be so much as would be expected. Hu and
Rosenberger (2003) analyse variability and power for response-adaptive de-
signs. Baldi Antognini and Giovagnoli (2005) studied the effect of estimation
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on design. In addition, interim analyses and stopping rules have an impact on
power for adaptive designs. See Chapter 9 for details.

Simulation

In many cases only asymptotic results are available for the properties of adap-
tive designs. For small samples we often resort to simulation. We have already
seen an example of this in our elucidation of some properties of the FPA rule.
A second example would be the comparison of the two regularisation rules
suggested above. Simulation will play a large part in our investigations in the
remainder of the book.

Trial simulation can help by introducing real-life scenarios in the design and
observing statistical properties of the study. Trial simulations can also be
helpful in comparing the performance characteristics among several competing
designs under different scenarios.

Simulation is widely commended for the solution of problems in adaptive de-
sign, for example by the FDA (see http://www.fda.gov/downloads/Drugs
/GuidanceComplianceRegulatoryInformation/Guidances/UCM201790.pdf)
for the FDA Guidance for Industry on Adaptive Design Clinical Trials for
Drugs and Biologics. See also Pong and Chow (2010). In presenting the re-
sults of our simulations, we have tried to minimise the number of tables and
instead to provide informative plots.
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Chapter 2

Randomised Balanced Sequential
Treatment Allocation

2.1 Introduction

In the simple FPA (Forcing a Pre-fixed Allocation) rule in §1.2.1 the skewed
randomised allocation of treatments was driven by the observed proportions
of successes from the treatments. In this chapter we consider instead very dif-
ferent rules which are not response adaptive. The purpose is to allocate the
treatments in a given proportion, often equally. Some randomness is however
required and the rules vary depending on the relative importance of random
allocation and treatment balance. The designs can therefore be described as
“allocation adaptive” and viewed as randomised perturbations of sequential
design constructions. A further important distinction from Chapter 1, where
properties of the designs were analysed only when n = 100, is that the de-
signs may be stopped for any number of patients. We require good properties
whatever the value of n.

To start, we assume that responses to the different treatments all have the
same variance. In practice, our results are often used when the responses are,
at least approximately, normally distributed. Initially we assume that the goal
is equal treatment allocation. Responses with non-constant variance are the
subject of §2.6. Consideration of skewed allocations, such as the 3:1 target of
§1.2.1, is deferred to §6.6.

In §2.2 we introduce four rules for allocating two treatments without prognos-
tic factors. The biased-coin design of Efron (1971) is a much-used rule of this
kind in which the under-allocated treatment is allocated with probability 2/3.

Over the long run we require equal allocation of the two treatments. Section
2.2.3 describes measures of randomness and balance for the designs, especially
loss and selection bias. Numerical comparisons of two-treatment designs are in
§2.2.4 with the extension to three or more treatments in §2.3. The important
topic of designs with covariates is introduced in §2.4 and four further design

27
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strategies are introduced where the allocations are intended to be balanced
over the covariates.

The discussion of Figure 1.1 stressed the importance of looking at the proper-
ties of individual designs. We give results on loss and bias for individual trials
in §2.5. Rules for heteroscedastic data are given in §2.6.

The allocation rules including covariates in this chapter assume that the co-
variates are categorical. If they are continuous, one possibility is to divide
the values into categories, typically “low”, “normal” and “high”. However,
if the numerical values are well-behaved it may be preferable to make any
adjustments to estimated treatment effects using the numerical values of the
covariates. In Chapter 6 we use the methods of optimum experimental design
to provide rules when the covariates are continuous. The methods of evalua-
tion of the resulting allocation rules follow those developed in this chapter for
two treatments without covariates.

2.2 Adaptive Designs for Balancing Allocation between Two
Treatments

2.2.1 Balance and Randomisation

Patients arrive sequentially and are to be allocated either treatment A or
treatment B. In what order should the treatments be allocated? For the mo-
ment we assume that there is no information on prognostic factors such as
age, gender or previous medical history. The patients are treated as if they
were homogeneous.

If the patients are not in fact all, for example, young females with no previous
medical history, but are heterogeneous, these factors should be allowed for
in the allocation. The purpose then is to avoid excessive allocation of one
treatment to a subset of the population with a potentially different response.
We discuss the influence of such factors on design in §2.4.

If the total number of patients N were known, we could allocate the first N/2
patients to treatment A and the other N/2 to treatment B, with one treatment
receiving an extra patient if N is odd. If the variances of the responses under
the two treatments are the same, this allocation gives an estimate of the
difference in treatment effects with minimum variance. There are, however,
two major shortcomings of such a design:

1. Balance
In sequential designs, the value of N is not known; the trial may be stopped
at some arbitrary number of patients n. If n were less than N/2 we would
have no information on one of the treatments. If it were only slightly larger
than N/2, the estimate of the treatment difference would have an unnec-
essarily high variance.
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2. Randomisation

If the earlier part of the trial differs systematically from the latter part in
some way, this difference would be confounded with any difference between
the effects of the treatments. An alternative sequence, which would preserve
balance is ABABAB ... . However, if treatment A is always given in the
morning and treatment B in the afternoon, as might be the case with dif-
ferent methods of surgery, there will again be the possibility of confounding
with an omitted effect, now the time of day. This possibility can be made
negligible by allocating the treatments at random.

When the treatments are allocated according to the alternating sequence
ABABAB ... the largest imbalance at an arbitrary stopping size of n patients
is D, = |na —np| = 1. If the treatments are instead allocated at random,
the trial will often be unbalanced by more than one allocation, with a reduc-
tion in the efficiency of estimation of the treatment effects. The targets of
randomisation and balance are in conflict.

We describe four possible allocation rules in this simple situation and then
discuss ways of assessing the properties of our designs.

2.2.2 Four Design Strategies

Suppose that after treatments have been allocated to n patients, ng have
received treatment A and np treatment B with na + ng = n. We require to
allocate a treatment to patient n+ 1. It is helpful to let [1] represent the under-
represented treatment, that is treatment [1]is A if ng < np and Bif ng > np.
The different rules specify 7(1), the probability of allocating treatment 1. If
na = np, there is no under-represented treatment and we write 7(0) = 0.5 to
represent random allocation of either treatment. That is,

7(1): probability of allocating treatment [1]
7(0): probability of allocation of either treatment when both
are equally represented (ng = np).

Rule R: Completely Randomised

7TR(1) =7g(0) =0.5. (2.1)

Allocation is at random, for example by the toss of a fair coin, and so is
independent of the history of previous allocations, which is summarised in n 4
and npg.
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Rule D: Deterministic

mp(1)=1,  7p(0)=0.5. (2.2)

The under-represented treatment is always allocated. However, when n is even,
allocation is at random. The allocation sequence then consists of a random
sequence of the pairs AB and BA.

Rule P: Permuted Block Design

Rule D allocates conceptual blocks of length 2, ensuring balance whenever
n is even. The blocks are “conceptual” since they are not like the blocks in
a conventional experiment; they do not correspond to groups of units with
common properties and they are not included in the analysis. An extension
is to allocate larger randomised sequences. Often these are taken to be of
length eight or ten, for example AABABABB, ensuring balance when n is
a multiple of eight, but not otherwise. Like most of the rules we describe,
this one lies between Rules R and D. It provides greater randomisation than
the deterministic rule but will, on average, be less unbalanced than random
allocation when the trial is stopped at an arbitrary value of n. Section 2.2.3
provides methods of comparing designs, so allowing us to quantify the idea
that Rule B lies between Rules R and D.

Rule E: Efron’s Biased Coin

In the biased-coin design introduced by Efron (1971), the under-represented
treatment is allocated with a probability p greater than one half, but less than
one. Efron elucidated the properties of the rule with p = 2/3, that is,

m5(1)=2/3,  wg(0)=0.5. (2.3)

As p — 0.5 we obtain random allocation, and as p — 1 we approach the
deterministic rule forcing balance. Efron chose the value 2/3 because the rule
could easily be implemented using a six-sided die. When we refer to Efron’s
biased coin for two treatments we will usually be assuming p = 2/3.

2.2.3 Properties of Designs

Randomisation and balance are in conflict; in general, the more randomised
is a sequential design the less likely is it to be balanced when stopped at
an arbitrary size n. We first derive a numerical measure for randomisation
in terms of the ability to guess the next treatment to be allocated. Then
we consider some measures of balance and relate them to the efficiency of
estimation.
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Selection Bias

One use of randomisation in the design of agricultural or industrial experi-
ments is to guard against factors that have been omitted. Similarly, if recruit-
ment to the trial takes place over an appreciable time period, randomisation of
treatments will help to guard against secular trends in the population’s health
and our ability to measure it, in the quality of recruits to the trial and in the
virulence of a disease. Smith (1984b) considers randomisation against smooth
trends and correlated errors as well as “selection bias”, which arises from the
ability of the experimenter to guess the next treatment to be allocated. We
consider the robustness of many of our designs to this form of bias.

Of course, correctly guessing which treatment is to be allocated next has no
effect unless some action follows. However, if the experimenter can choose
which patient is to receive the next treatment and tends, consciously or un-
consciously, to ensure that patients believed to have a better prognosis are
disproportionately allocated to one treatment, severe biases may result.

Selection bias in the context of clinical trials was introduced by Blackwell and
Hodges (1957) who considered an example in which the number of patients was
known in advance, exact balance was required and there were no prognostic
factors. More recent authors, such as Efron (1971) and Smith (1984b), also
calculated this bias for a number of schemes. Of course, in a double-blind trial
the clinician should not be able to guess the next treatment to be allocated
and so should be unable to influence which patient receives which treatment.
This is even more so in the case of a multi-centre trial in which treatments are
allocated centrally. Selection bias can therefore be considered as a calculable
surrogate for many of the reasons for which randomness is required. A design
provided by the rules considered here with a low selection bias should behave
well in the presence both of smooth trends and of short-range cyclical patterns.

The bias will depend on the design, the guessing strategy and the value of
n. For a particular combination of strategy and design we calculate the bias
from ng;, simulations as

B, = (number of correct guesses of allocation to patient n

—number of incorrect guesses)/ngim. (2.4)

For some designs, for example random allocation, Rule R, it is possible to
find the average value or expectation of B,, over all designs. We denote this
expectation as B,, where

B,, = {E(proportion of correct guesses)—E(proportion of incorrect guesses)}.
(2.5)

We give numerical comparisons of bias for the four designs in §2.2.4. But first
we discuss the useful results that are available analytically.
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Rule R: Completely Randomised

For rules forcing balance, it is sensible to guess the under-represented treat-
ment as that to be allocated next. However, when allocation is completely
at random the allocation does not depend on past history; guessing A or B
is equally likely to be correct; the expected numbers of correct and incorrect
guesses are equal and B,, = 0.

Rule D: Deterministic

When n is even, the design is balanced. If the next treatment to be allocated,
that is for odd n, is selected at random it cannot be guessed, so that B,, = 0
when n is odd. For even n, the under-represented treatment is known and can
be guessed with certainty, when B,, = 1. The value of B,, therefore oscillates
between these two values.

For this rule, guessing the under-represented treatment gives the greatest pro-
portion of correct guesses. In our calculations of selection bias we will always
assume that the guessing strategy, like this one, maximises the selection bias.

This deterministic design includes a random selection of the treatment allo-
cation when n is odd. If, instead, the treatments are alternated, so that the
sequence is ABABABAB ... or BABABABA ... the next allocation can be
guessed after the first allocation, provided it is known that the treatments
will alternate. So, for n # 1, B,, = 1. We have already suggested that this is
a poor design. The value of B,, quantifies this assertion.

Rule P: Permuted Block Design

For the permuted block design AABABABB it is natural to guess the under-
represented treatment, with random guessing for the first allocation. Then
By = 0, as it does for all these rules. Thereafter B, will be one when the
under-represented treatment is allocated and —1 when the over-represented
treatment is allocated. If the length of the block is known, the last guess will
always be correct, as balance is attained. For example, guessing the under-
represented treatment in AABABABB gives Bo = —1 and Bg = 1.

The ability to guess correctly depends on what is known about the structure
of the design. If it were known that this structure of eight treatments were
to be repeated, then B,, would be one for all n > 8. Randomly relabelling
treatments A and B, using several permutations or changing the block size
are all ways in which the value of B,, could be kept small, perhaps at some
administrative cost.
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Rule E: Efron’s Biased Coin

When there is balance in Efron’s biased coin, which can only occur for even n,
the next allocation is made at random and guessing makes no contribution to
B,,. Otherwise the under-represented treatment is allocated with probability
2/3, so that guessing this treatment has this probability of being correct and
1/3 of being wrong. In §2.2.4 we use simulation to explore the evolution of B,
with n.

In these examples, without covariates, we have had to pay particular attention
to the behaviour when the design is balanced and allocation is at random. Once
we introduce covariates into our procedures (§2.4), balance is appreciably less
likely, even negligible for many of the rules of Chapter 6. The biases associated
with the rules then change, sometimes appreciably.

Balance and Loss

Designs which have appreciable randomisation tend to have low bias, which
is desirable, but may be appreciably unbalanced if the trial stops at an arbi-
trary m. This section discusses measures of imbalance and their relationship
to statistical inference about the treatment effect.

An obvious measure of imbalance is just the absolute value of the difference
in the number of times the two treatments are allocated

|Dn| = [na —npl. (2.6)

For rules such as deterministic allocation, for which the expected value of this
difference can be calculated, we obtain the population value |D,,|.

Especially for the response-adaptive designs of later chapters, such as Chap-
ters 3 and 7, we may be interested in the proportion of patients receiving a
particular treatment

ra=mna/n and rg =npg/n. (2.7)

The question is often how rapidly these observed proportions converge to
target values p4 and pp . We could also consider the proportional difference
formed from D,, (2.6) as D,,/n. For the designs of the present chapter, this
quantity decreases to zero sufficiently fast as to be uninformative.

The estimate of the treatment difference and its properties depends on the
observations y; and their distribution. It is convenient to write the model
with the treatments labelled 1 and 2 rather than A and B. With additive
errors of observation, the model is

Yi :hial—l—(l — hi)ag + € (1= 1,...,’[7,), (28)
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where «; is the effect of treatment 1 (or A), ay is the effect of treatment 2
(or B) and h; is an indicator variable, equalling one if the first treatment is
allocated and zero otherwise. The unobservable errors of observation have zero
expectation, that is, E(e;) = 0. If the errors ¢; are also of constant variance,
the estimate of the effect of treatment 1 is

q = Z hiyi/n = 71 (2.9)
=1

and of treatment 2 .

Qo = Z(l — hz)yl/n = Ya. (2.10)

i=1
Then the estimated treatment difference is

o~

A=d1— a2 =191 — o, (2.11)
where g, is the mean of observations receiving treatment j (j = 1, 2).

If, in addition to constant variance o2, the errors €; are also independent, the
variance of this estimated difference is

varA = 02(1/na + 1/ng). (2.12)

When n is even, this variance is minimised by equal allocation, that is n4 =
np =n/2 and
varA* = 402 /n, (2.13)

where the * implies that the variance is calculated for the optimum allocation.

The “second-order” assumptions of independence and approximately constant
variance of the error terms often apply in the analysis of data, sometimes after
transformations of the data such as the logarithmic. Further discussion is in
§2.8.

For any design with allocations n4 and np, the efficiency of the design relative
to this optimum allocation is

E, = varA* /varA = 4nanp/n>. (2.14)

It is often more informative to work with the loss L,, defined by writing the
variance (2.12) by comparison with (2.13) as

~ 402
A =
var P
so that
L,=n(l - E,). (2.15)

The loss measures the number of patients on whom information is “lost” due
to the imbalance of the design.



BALANCE WITH TWO TREATMENTS 35

With a random element in the allocation, as in Rules R and E, the loss L,, is
a random variable depending on the particular allocation. However, for Rule
D it is straightforward to obtain expressions for the expectation £, = E (Ly,).
If n is even, we have equal allocation and the design has an efficiency of one
and a loss of zero. The only other case is when n is odd and we have as near
equal allocation as possible. That is, n = 2m + 1, with m an integer. Then
na =m+1and ng = m (or conversely) and

dm(m+1) 1
E, =0T that L, = -
"T mt12z oM@ " om+1

1/n. (2.16)

This expression neatly shows that the effect of imbalance goes to zero as n
increases. The value L, = 0 summarises the properties of this design for a
large number of patients.

More generally, for an allocation of n4 and np patients to the two treatments,
it follows from (2.6) and (2.12) that

L, = (na —ng)*/n = D?/n. (2.17)

In the most extreme case when all patients receive the same treatment there
is no information on the treatment difference and L,, = n. This design wastes
the observations on all n patients, since the purpose is to compare the two
treatments. For designs other than D, we need simulation to obtain estimates
of the values of £,, and the bias B,, and to establish whether they also have
limiting values.

We now make these comparisons for the four two-treatment Rules P, D, E and
R. Similar quantities are evaluated in §2.3 for designs with three treatments,
in §2.4.3 for designs with covariates and in Chapter 6 for rules derived from
optimum design theory. The purpose here is to introduce these comparisons
in a simple context.

2.2.4 Numerical Comparisons of Designs
Absolute Difference

We start our comparison of the properties of designs by looking at the absolute
value of the difference in the number of times the two treatments are allocated,
that is, |Dy| = |na — np| introduced in (2.6).

The left-hand panel of Figure 2.1 shows the average value for Rule R calculated
from 100,000 simulations of a trial with up to 200 patients. The value of | D,,|
increases steadily, reaching 11.33 at n = 200. The results for loss, for example
in Figure 2.4, indicate that, with random allocation, the average value of the
absolute difference increases as y/n. This is not the case for the other three
rules considered in this section.
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Figure 2.1 |D,|, absolute difference in numbers receiving the two treatments, calcu-
lated from 100,000 simulations. Left-hand panel, Rule R (random allocation); the
values increase as \/n. Right-hand panel, Rule E (Efron’s biased coin); for large n
the values alternate between 4/3 and 5/3.
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Figure 2.2 |D,|, absolute difference in numbers receiving the two treatments. Left-
hand panel, Rule D (deterministic allocation); the values alternate between 0 and 1.
Right-hand panel, Rule P (permuted block design); the values 0, 1 and 2 follow a
fized pattern repeating every eight patients.

The right-hand panel of Figure 2.1 shows the values of |D,,| for Rule E for n
up to 50. As with all our rules, D,, has a value of one after the first allocation.
For this rule, the values rise initially but, after n around 30, they settle down
to oscillation between values of 4/3 when n is even and 5/3 when n is odd.
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Figure 2.3 R, = |Dn|/n, relative difference in numbers receiving the two treatments,
calculated from 100,000 simulations. Left-hand panel, Rule R (random allocation);
the values decline as \/n. Right-hand panel, Rule E (Efron’s biased coin,).

The other rules also produce oscillating patterns for |Dn|, which are determin-
istic and so can be found without simulation. The left-hand panel of Figure 2.2
shows that the values for Rule D, deterministic allocation, alternate between
0, when n is even and so ny = np, and 1 when n is odd. The right-hand
panel is for Rule P, the eight-trial permuted block design with treatment se-
quence AABABABB. For this particular sequence n4 is always greater than
np except that there is balance when n is a multiple of 8.

Relative Difference

We now consider the behaviour of the absolute value of the relative difference
R,, = |Dy,|/n. The left-hand panel of Figure 2.3 shows the average value for
Rule R for n up to 200. Since the values for |D,| increase as v/n, those for
R, decrease as /n. The values for Rule E in the right-hand panel decrease
faster than this, at a rate 1/n, showing the sawtooth pattern visible in the
right-hand panel of Figure 2.1.

The values of R,, for Rules D and P likewise decline as 1/n, oscillating in line
with the patterns visible in Figure 2.2. These results show that the designs
tend, at different rates, to balance, that is ,(n4a — ng)/n — 0 as n — .

Loss

The plots for the average loss are particularly revealing and important; they
will form one of our major tools for elucidating the properties of designs. Since
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Figure 2.4 Average loss L, calculated from 100,000 simulations. Left-hand panel,
Rule R (random allocation); Lo = 1. Right-hand panel, Rule E (Efron’s biased
coin,).

E D,, = 0 for the four rules of this section (see §2.8), we see from (2.17) that
L, = (var D,,)/n.

The left-hand panel of Figure 2.4 shows the average value of L,, for Rule R.
This value is remarkably constant with a value fluctuating slightly around
one. The results of Burman (1996) give a theoretical explanation.

The inferential focus of the calculation of the values of loss in this section
is the variance of the estimate of the parameter A = a; — as. There is also
a nuisance parameter in the model (2.8), namely the overall mean response
p = (o1 +ag)/2. Burman shows that with one nuisance parameter in our model
and random allocation, the value of L, is one. In general, as we illustrate
in §6.3, with ¢ nuisance parameters, the value of expected loss for random
allocation is g. Other values of loss apply for other allocation rules.

The right-hand panel of Figure 2.4 and the two panels of Figure 2.5 show
that the average values of loss for Rules E, D and P decrease to zero as n
increases. Particularly for Rules D and P, the regular patterns of Figure 2.2 are
decreasingly visible. The definition of loss in (2.15) can be inverted to define
the efficiency as E,, = 1— L, /n, so that all designs are asymptotically efficient.
However, unrestricted randomisation results, on average, in an increase in
variance equivalent to losing information on one patient.
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Figure 2.5 Loss L. Left-hand panel, Rule D (deterministic allocation); right-hand
panel, Rule P (permuted block design); both sets of values decline, showing the regqular
patterns of Figure 2.2 with decreasing amplitude.
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Figure 2.6 Estimated selection bias By calculated from 100,000 simulations. Left-
hand panel, Rule R (random allocation); B, = 0. Right-hand panel, Rule E (Efron’s
biased coin).
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Figure 2.7 Selection bias B,. Left-hand panel, Rule D (deterministic allocation);
right-hand panel, Rule P (permuted block design); the value of —1 comes from con-
sistently wrong guessing.

Selection Bias

As the last property of these allocation rules we now consider the selection
bias B,, introduced in (2.4) as the expected number of correct guesses of the
next allocation minus the expected number of incorrect guesses.

The left-hand panel of Figure 2.6 shows that for Rule R the value of B, is zero.
This is because, with completely random allocation, it is impossible to guess
which treatment will be allocated next. The panel also shows that, even with
100,000 simulations, there is still some sampling variability in the estimate of
B,,. The right-hand panel for Rule E shows that, away from very small values
of n, the values oscillate between 1/3 for even n and 1/6 for odd n. Without
covariates, the design can only be balanced for even n. Patients for even n
are allocated from the unbalanced design for odd n, so that the biased coin is
used and the probability of correct guessing is greater than for allocation of
patients when n is odd and allocation could be from a balanced design.

The plot for Rule D in the left-hand panel of Figure 2.7 again shows an
oscillating pattern. When n is even B, = 0, since allocation is at random.
However, when n is odd B, = 1; it is possible to guess correctly that the
under-represented treatment will be allocated.

The oscillating pattern in the plot for Rule P in the right-hand panel of Fig-
ure 2.7 is more complicated. The guessing strategy is, again, to guess that
the under-represented treatment will be allocated. If it is indeed allocated,
the guess is correct and, for example, B3 = 1. However, if it is not allocated,
the guess is always wrong and By, By and Bg all equal —1; the sequence is
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AABABABB with A, rather than the guessed treatment B, being allocated
to these patients.

The results for Rule P depend both on the particular permutation of the two
treatments that is employed as well as on the guessing rule. It is possible to
select only certain permutations and so avoid those that are too regular or,
if it is preferred, that become too unbalanced (see § 2.8). The measurement
of these properties requires calculations similar to those leading to the plots
shown here. It is also possible to explore other guessing rules. For example,
if the same pattern of eight treatments is repeated, B,, = 1 once this pattern
has been recognised.

What We Have Learned

This detailed analysis of four simple rules for allocating two treatments leads
to conclusions both about methods for the assessment of designs and to the
desirability of the different rules themselves.

The plots show that the loss £,,, or its estimated value L,, is to be preferred
for assessment of balance. It is not only a function of the difference n4 —np,
but is also directly interpretable as the effect of imbalance on the variance of
the parameter of interest. Figures 2.1 and 2.2 show that the difference D,, =
|[na — np| either increases without bound, for random allocation, or exhibits
a stable pattern for the other rules. On the other hand, the proportional
differences R,, in Figure 2.3 decrease to zero for all rules. Only the loss in
Figures 2.4 and 2.5 discriminates between Rule R, with a value interpretable
as the number of nuisance parameters, and the other rules. As we shall see in
§2.4.3 and Chapter 6, there are other rules in which £,,, has an asymptotic
value that lies between ¢, the number of nuisance parameters, and zero, which
is the value for deterministic rules. In our further exploration of imbalance for
other designs we shall only look at plots of loss. We shall also continue to look
at the selection bias, which again reflects an important property of the design;
as Figures 2.6 and 2.7 show, it also provides a second powerful indicator of
the properties of the various rules.

In Chapter 6 we use the methods of optimum experimental design to extend
these results to treatment allocation in the presence of covariates. The exten-
sion is straightforward for Rules R, E and D. However, it is not straightforward
for Rule P. Since the numerical results of this section do not show any par-
ticularly advantageous properties of this rule, we will not consider it further,
despite its historical appearance in the literature.
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2.3 Designs with Three or More Treatments

2.3.1 Four Design Strategies

The majority of phase III clinical trials compare a new treatment with a stan-
dard. But there is a sufficient number of trials with more than two treatments
to warrant extending our procedures to three or more treatments. Some ref-
erences are in §2.8

The extension of the rules of §2.2.2 to allocation of more than two treatments
is straightforward. The main complexity is in notation for designs in which
some of the treatments have been allocated the same number of times.

The model (2.8) when there are ¢ treatments can be written in vector notation
as
yi=aThi+e  (i=1,...,n), (2.18)

where « is the t x 1 vector of treatment parameters and h; is now the vector
of ¢ indicator variables for the treatment received by patient 4. It consists of
a one in the appropriate row and ¢ — 1 zeroes.

If interest is equally in all treatment parameters, a design with asymptotically
equal allocation is required, departures from which will be due to the integer
nature of n and the fluctuations due to randomisation.

It is helpful in describing allocation rules to order the treatments by their
number of replications n;. In the simplest case there are no ties and we can
write

npp < ng) < <N <l <Ny (2.19)

The treatment of ties depends on the rule.

Rule R: Completely Randomised

In the completely randomised rule, allocation is made independently of any
history so that

rali) =1/t (] =1,....0). (2.20)

Rule D: Deterministic

In the absence of ties, the least-represented treatment is always allocated, that
is
mp([1]) = 1. (2.21)

However, each treatment under the deterministic rule will have either been
allocated an integer number of times, say m, or one more time than this, that
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is m + 1. Let S(m) be the set of s treatments that have been allocated one
less time than the remaining treatments. Then

mp(j) =1/s {j€S(m)} (2.22)

and zero otherwise. Depending on the particular allocation, the value of s can
range from 1 to t.

Rule P: Permuted Block Design

The permuted block design now contains ¢ treatments and will be of size mt.
When there were two treatments we took m = 4. A similar number is typically
used when there are more than two treatments, giving a design of size 4m.

Rule E: Generalised Efron Biased Coin

In the two-treatment biased-coin design the two treatments, ordered by fre-
quency, were allocated with probabilities in the ratio 2:1. With ¢ treatments
a natural extension is to extend the ratios tot : ¢t — 1 : ... 2:1. However, we
want treatment [1] to have a probability of allocation proportional to ¢, so we
need to reverse the order, so that the probability of allocating treatment [j]
is proportional to t + 1 — j. The sum of these numbers (the first ¢ integers) is
t(t 4 1)/2 so that, if there are no ties, Efron’s rule becomes

2(t+1—3)

me(lj]) = 1) (2.23)

Ties affect this rule by causing the probabilities to be averaged over the sets
of tied treatments. If a set S(j) of s; treatments have the same rank j, then
the probability of allocating any one of these treatments is

WE([J'])S%Z% for j € S(j). (2.24)

With four or more treatments there may be more than one set of ties S(j).

2.8.2 Properties of Designs

We can evaluate the properties of the designs using the ideas of bias and
balance that were used in §2.2.3 for two treatments. However, the algebraic
expressions need extending to cover the increased number of treatments.
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Selection Bias

For two treatments, the definition of selection bias given in (2.5) can be written
as

B, = {(probability of correctly guessing the allocation to patient n)
—(probability of incorrectly guessing)}. (2.25)

With random allocation and ¢ treatments, the probability of a correct guess
is 1/t (and that of an incorrect guess is (t — 1)/t). Then (2.25) has the value

1t —(t— 1)/t = (2—t)/t,

which only takes the value zero when ¢ = 2. On the other hand, for deter-
ministic allocation in the absence of ties, (2.25) has the desired value one. We
therefore scale (2.25) to obtain the estimate from ngj,, simulations

B — t{1 + (no. of correct guesses — no. of incorrect guesses)/ngim } — 2
=
2(t—1)

(2.26)

As for the definition of B, in (2.5), the expected value of (2.26) is zero for
random allocation and one for deterministic allocation in the absence of ties.
All other rules will have intermediate values.

Balance

In §2.2.3 efficiencies and loss were calculated for the estimate of treatment
difference &1 — é&s. One extension of (2.11) to ¢ treatments is to consider the
set of estimated treatment differences

Qj — Ok = Yj = Yk (2.27)

Again with independent errors €; of constant variance o2, the variance of this
estimated difference is

var (& — &) = o*(1/n; + 1/ny). (2.28)

The sum of these variances can be written

varﬁ:z_: Z dk)zikz (1 nj+1/ng).  (2.29)
=1 k=; =1 k=j+1

The summand in (2.29) contains ¢(t — 1)/2 terms, each depending on two
allocations. Therefore

t
varA = (t — 1)0? Z 1/n;). (2.30)
j=1
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When n is a multiple of ¢ this sum of variances is minimised by the equal
allocation n; =n/t, (j =1,...,t) and, from (2.30),

varA* = ¢2(t — 1)o? /n. (2.31)

The efficiency of a design with allocations n; relative to this optimum alloca-
tion is R
varA* 2 1
Ep=——e=——g————. (2.32)
varA ny i (1/ng)

It then follows from the definition of loss in (2.15) that
¢
Ly =n(l—E,) =n—1/> (1/n;). (2.33)
j=1

It is trivial to check that this is zero when the design is balanced and all
n; =n/t.

2.8.3 Numerical Comparisons of Designs

Figure 2.8 shows results for deterministic allocation when there are three
treatments. The values of loss are in the left-hand panel. When n is a multiple
of three, the design is balanced and the loss is zero. Otherwise the design is
slightly unbalanced, with one treatment allocated one time more, or less, than
the others. The effect of the imbalance on loss rapidly declines as n increases.

The three possible values for the bias are clearly shown in the right-hand
panel of the figure. When n is a multiple of three, one treatment will be
under-represented and will certainly be allocated to patient n; the value of B,,
is one. For the next allocation, when n = 3m—+1, m an integer, each treatment
has been allocated an equal number of times and allocation to patient n is at
random: B, is zero. Finally, when n = 3m + 2, allocation is at random among
the two under-represented treatments and, from (2.26), B,, = 0.25.

The other two rules include more randomness in the choice of the treatment to
be allocated and the properties of the designs are found by simulation. Those
in Figure 2.9 are for random allocation. For small values of n the loss, shown
in the left-hand panel, is slightly greater than two, but the values of L,, in
the figure decrease to this value as n increases, being 2.03 for this simulation
at n = 100. The value Lo, = 2 arises because there are three treatment
parameters «; in our model. However, the loss (2.33) is calculated from a
single function of the variances of estimated treatment differences, in effect
leaving ¢ = 2 nuisance parameters to contribute to the value of loss. As we
expect, the estimated selection bias B, plotted in the right-hand panel, is
Z€ro.
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Figure 2.8 Rule D, deterministic allocation, three treatments, no covariates. Left-
hand panel, loss Ly; right-hand panel, selection bias B,
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Figure 2.9 Rule R, random allocation, three treatments, no covariates. Left-hand
panel, average loss Ly calculated from 100,000 simulations; right-hand panel, esti-
mated selection bias B,.

The results for the generalisation of Efron’s biased coin (2.23) to three treat-
ments are shown in Figure 2.9. These results lie between those for Rules D
and R. The values of average loss, L, in the left-hand panel decrease steadily
from 0.207 at n = 50 to 0.103 at » = 100 and 0.051 when n = 200. On the
other hand, the values of bias in the right-hand panel show a pattern with a
cycle of three, similar to that for Rule D, but with much smaller values. Here

they are all around 0.2 with the maximum when n is a multiple of three.
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Figure 2.10 Rule E, Efron’s biased coin, three treatments, no covariates. Left-hand
panel, average loss Ly calculated from 100,000 simulations; right-hand panel, esti-
mated selection bias By,.

The three pairs of panels in Figures 2.8 to 2.10 show that none of these rules
is preferable to the others on both counts. The smallest loss as a function of n
is for Rule D, which gives the most balanced designs. This is followed by Rule
E and then R, which gives the least balance. The ordering by selection bias is
the opposite, with R the best rule, D the worst and E again in between. As
we shall see in many situations, there is a similar trade-off for several rules
between loss and bias.

2.4 Designs with Covariates
2.4.1 Models

Often patients present with a set of covariates or prognostic factors. Since it
is suspected some of these might affect the response to treatment, the effi-
ciency of inference about the treatments is improved if there is approximate
balance of the treatment allocations over these variables. As an extreme ex-
ample, it would be undesirable to put mostly young men on one treatment
and old women on another. If a difference in response is observed with such
an allocation, it would be difficult to determine whether the difference is due
to treatment or due to the different response of the two groups to both treat-
ments.

A general extension of our model (2.18) is

yi = o hy +n(xi,0) + € (i=1,...,n). (2.34)
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Here 7(.) is an unknown function of a vector of the m covariates z; for patient
1 and 6 is vector of parameters, whose values are also unknown.

In Chapter 6 we specify n(.) as a linear regression model in the covariates
and combine the methods of optimum design with least squares to provide
designs yielding good estimates of the «; in the presence of these variables.
Here, however, we leave the form of 7(.) unspecified. By providing balanced
allocations over the covariates, we provide designs with good properties when a
variety of models may be used for adjusting the responses for the covariates. A
disadvantage of balancing for a general, unspecified, model is that the number
of patients required for satisfactory balance is greater than that when good
properties are required for a model in which the form of 7(.) is specified.

2.4.2 Four Further Design Strategies
Rule C: Balanced Covariates

The values of the m covariates are dichotomised about their individual medi-
ans, giving 2" possible cells in which the value of the covariate vector x,, for
patient n could lie. Suppose that this is covariate combination ¢. The new allo-
cation depends solely on previous allocations in cell + and any of the four rules
of §2.2.2 could be used. If the purpose is to provide some balance over covari-
ates it makes no sense to allocate the treatment at random. Balance is most
effectively forced by using Rule D, deterministic allocation, independently
within each of the 2™ cells. If there are any ties, we use random allocation as
in §2.3.

A potential practical problem is that the value of the median of each covariate
is assumed known. If the median is incorrect, recruitment to some cells ¢ will
be less than that to some other cells. However, the procedure does provide
balance over the covariates, provided a sufficiently large number of patients
is recruited. A finer balance could be obtained by dividing the range of each
covariate into three or more intervals. Such a finer division would result in
an increased number of cells in which the treatment allocation should be bal-
anced. We argue in Chapter 6 that designs with better properties are obtained
by combining the methods of optimum experimental design with a parametric
form for n(.).

Rule CE: Balanced Covariates with a Biased Coin

A disadvantage of Rule C is that there is no randomisation. The covariate
combination ¢ will depend on the order in which the patients arrive and so
will not be predictable. But once ¢ has been identified, the allocation within
that cell is deterministic. One possibility for obtaining a randomised version
of Rule C is to use Efron’s biased coin within each cell. A consequence is that
some further imbalance will be introduced into the design.
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Rule M: Minimisation (Pocock and Simon)

Rule C allocates to provide balance over all combinations of levels of the
m factors. The family of rules introduced by Pocock and Simon (1975) is
concerned instead with the marginal balance of treatment allocation. Again
it is assumed that the covariates are categorical or, if continuous, that they
have been categorised, for example into the categories “low”, “normal” and
“high”. The kth element of the covariate vector x,,, that is, z , indicates the
level [ of factor k associated with the nth patient.

We want to allocate one of ¢t treatments to patient n in order to increase
marginal balance as far as possible. Before the arrival of patient n, let the
total number of patients with the same level of factor k be n(zy,,) of whom
nj(xk,n) have received treatment j. Suppose treatment j* is allocated. Then
the numbers of treatments allocated at this factor level can be written as

(it _ (o) 1 G =57
n5 (77 Thn) = { n;(Tk,n) otherwise. (2.35)

A measure of the lack of balance of this allocation suggested by Pocock and
Simon (1975) is to calculate the variance of the ¢ numbers n;(j*, xx.»), that

1S
t

varn(jt, k) = Z{nj(j"‘,xk,n) — 0.t zrn)}?, (2.36)
=1

where
t

ﬁ.(j+7 xk,n) = Z{nj(j+a xk,n)}/ta

j=1

the average number allocated to each treatment. The variance is zero when
allocation of treatment j+ produces balance. However the allocation of treat-
ment j1 also affects the balance for the other m — 1 factors at the levels
specified by z,. The total effect on all m measures of marginal balance on
allocating treatment ;¥ is

m

C(j+):ZVarn(j+,k) Gt =1,...,1). (2.37)
k=1

As with the other criteria of this chapter, we can rank the allocations according
to the effect they have on balance with

cip<... <) <... <C([t]).

In the deterministic allocation treatment [1] would be allocated, with random
allocation if there were more than one treatment with the same smallest value

of C([1]).
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Figure 2.11 Rule C, balanced covariates, and its randomised version Rule CE. Left-
hand panel, average loss Ly calculated from 100,000 simulations, two treatments,
q = 5, n = 400; right-hand panel, estimated selection bias By. ‘E’, Rule CE.

If there are only two treatments, the variance varn(j*, k) is proportional to
the squared difference

{n1 (5", zem) — n2( T, 2rn)

that is the squared range of the numbers, for which explicit expressions can
be found in terms of the existing allocations n;(zy,») when patient n arrives.

Rule ME: Minimisation with a Biased Coin

If required, randomisation can be introduced into Rule M by allocation of the
treatments with probabilities given by Efron’s biased coin, or its generalisation
in §2.3.1if ¢ > 2, applied to the treatments ordered by the values of the C(j7).

In Chapter 6 we describe the use of the methods of optimum design in provid-
ing balanced designs with some randomness in the presence of covariates. We
defer until then the comparison of these additional rules with the four rules
introduced in this section.

2.4.8 Minimisation and Covariate Balance: A Numerical Example with
Two Treatments

We continue this chapter with a numerical example that exhibits the proper-
ties of designs with covariates, which are rather different from those without
covariates in §2.2.4. There are again two treatments.
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In our simulations we take m = 4 covariates; together with the mean treat-
ment effect there are five nuisance parameters. The covariates are normally
distributed with mean zero, so that we know whether they are above or below
the median value. In order to calculate the loss we need the variance of the
estimated treatment difference &; — &s. We estimate this from a least squares
fit using a linear model in the four explanatory variables that also includes
a constant. This model, which is introduced in (6.1), is not explicitly part of
the design rule. Slightly different results for loss will be obtained with other
models for the dependence of y on x. For example, the relationship might be
curved, but would again be assumed of known form.

From the results of Burman we know that L., = 5 for Rule R with this
number of nuisance parameters; see Figure 6.1. The plot in the left-hand
panel of Figure 2.11 shows that the estimated loss L, rapidly decreases from
five as soon as n is large enough to be able to establish lack of balance of
treatment allocation in the 16 = 2% cells in which the values of the four
covariates must fall. If there is imbalance, the under-represented treatment is
allocated, otherwise treatment allocation is at random. By n = 100 the loss
is 1.79, continuing to decrease slowly to 1.53 at n = 400.

The result in the right-hand panel of Figure 2.11 for B,, shows that the bias
rapidly rises to values near 0.5; for these particular simulations this occurs
by n = 38. The value of 0.5 arises since allocation is within a particular cell
specified by the value of x,. Within that cell the number of treatments is
either balanced, when allocation is at random and the number of correct and
incorrect guesses is zero, or unbalanced by one, when the allocation can be
guessed without fail. This structure, a smooth curve, is very different from
that for the values of L,, for deterministic allocation without covariates shown
in the left-hand panel of Figure 2.7, which oscillates between the two values
of zero and one. With random covariates, the cells are no longer alternately
balanced or unbalanced. Any regular pattern in the losses is dispersed.

Rule C is a deterministic rule; any randomness arises from the covariates with
which each patient presents. In Rule CE we add an Efron biased coin to the
allocation within each cell; if the treatments in the cell are unbalanced, the
under-allocated treatment is allocated with probability 2/3. This additional
randomness will, on average, increase imbalance and so the loss, but make
it harder to guess the next allocation, so decreasing bias. The plots marked
E in the two panels of Figure 2.11 show the quantitative effect of this extra
randomness. Use of the biased coin, when n is small, causes the loss to increase
appreciably; from 1.79 to 2.99 when n = 100. However, the difference between
the two rules decreases as n increases. The difference in the bias is more
striking; for large n the extra randomness reduces the value from 0.5 to 0.25.

For Rule E the bias shown in the right-hand panel of Figure 2.6 in the absence
of covariates oscillates between 1/3 for even n and 1/6 for odd n, since the de-
sign can only be balanced for even n. For Rules C and CE the design criterion
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Figure 2.12 Rule M, minimisation, and its randomised version Rule ME. Left-hand
panel, average loss Ly calculated from 100,000 simulations, two treatments, q = 5,
n = 400; right-hand panel, estimated selection bias By . ‘E’, Rule ME.

relies on counting the number of allocations in the single cell ¢ determined
by the values of the covariates, and exact balance is still possible. However,
when n is large, this exact balance is equally likely for odd or even n overall,
although n,, the number in cell ¢, has to be even. The value of 0.25 for the
bias of Rule CE is then the average of the values of 1/3 and 1/6 for Rule E.

The results for Rules M and ME in Figure 2.12 are broadly similar to those
for Rules C and CE, particularly those for loss. As before, the effect of the
extra randomisation from the biased coin is to increase the loss appreciably for
moderate n. The value of the bias for Rule M oscillates between 0.78, when n is
odd and 0.85 when n is even; there is a slightly higher probability of marginal
balance and correct guessing when n is even. Addition of a biased coin to
this rule reduces the bias to around 0.275. These values are obtained almost
from the beginning of the trial, whereas those for the bias in Figure 2.11,
where balance is not marginal but over a set of cells, take longer to be close
to the asymptotic values. In both sets of rules, the loss decreases slowly with
n whereas the bias is rapidly close to its asymptotic value.

Finally we look at the properties of all four rules for n up to 800 on a single
plot. The left-hand panel of Figure 2.13 shows all four curves of L,,. The losses
for Rules C and M are similar throughout, with the randomised rules, ME and
CE having higher losses. The values of bias in the right-hand plot behave in
a rather different manner. Rules ME and CE are close together, but Rule M
has much higher, that is worse, values than Rule C.

An ideal rule should have low values of both quantities. The curves in Fig-
ure 2.13 do not intersect. For all n the rules in order of small loss are M, C,
ME and CE. This is exactly the reverse of the order for bias, where M has the
largest value. Thus no one rule dominates the other.
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Figure 2.13 All four rules. Left-hand panel, average loss L, calculated from 100,000
simulations, two treatments, ¢ = 5, n = 800; right-hand panel, estimated selection
bias B.

Treasure and MacRae (1999) make extravagant claims for Rule ME, describing
it as the “Platinum Standard” (presumably one better than gold) for clinical
trials. Here it seems to be very similar to Rule CE. Comparisons in §6.3
indicate that the use of optimum design theory provides rules with superior
properties.

2.5 The Distribution of Loss and of Bias

The comparisons of the four rules in §2.4.3 come from the averages of a large
number of simulations. However, due to randomisation and the distribution
of prognostic factors across patients, the allocations differ from trial to trial.
Consequently, the loss will have a distribution over repetitions of each al-
location rule. As Cox (1982b) has commented, it is little consolation to an
experimenter confronted with an unbalanced randomisation to claim that, on
average, the randomisation scheme used produces good results. We therefore
now study the distribution of loss and bias for the four rules, to see whether
seriously bad allocations do occur.

We summarise the distribution of the results of the individual simulations as
boxplots for selected values of n. Figure 2.14 shows the results on loss from
1,000 simulations of Rules C and CE for ¢ = 5 and for eight values of n
from 25 to 200. The average values are in the left-hand panel of Figure 2.11.
Both figures clearly show that the losses are less for Rule C than for the more
randomised Rule CE in which a biased coin has been included. Figure 2.14
adds the information that the skewed distributions of loss for Rule C are of
similar shape as n increases. However, for Rule CE in the right-hand panel of
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Figure 2.14 Individual trials: boxplots of loss L, for n from 25 to 200 from 1,000
simulations with ¢ = 5. Left-hand panel Rule C, right-hand panel Rule CE.
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Figure 2.15 Individual trials: boxplots of loss Ly for m from 25 to 200 from 1,000
simulations with ¢ = 5. Left-hand panel Rule M, right-hand panel Rule ME.

the figure, although the median value of loss decreases steadily with n, there
is less of a decrease in the upper tail of the distribution.

Similar information about the distribution of loss for Rules M and ME is in
Figure 2.15, to be compared with the average values in Figure 2.12. As Fig-
ure 2.13 shows, for values of n up to 200, Rules M and ME, respectively, have
lower average losses L,, than Rules C and CE, with the difference greater for
Rules ME and CE. The two panels of Figure 2.15 show that these properties of
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Figure 2.16 Individual trials: bozplots of total bias BL°t for n from 25 to 200 from
1,000 simulations with ¢ = 5. Left-hand panel Rule C, right-hand panel Rule CE.

the rules are shared by the distributions of loss. In particular, the distribution
for Rule ME seems to decrease more steadily with n than that for Rule CE.

We demonstrate in §6.5 that, for random allocation with ¢ = 5, the distribu-
tion of loss is approximately x2, the 95% point of which is 11.07. For some
other rules, a scaled x2 distribution is a good approximation. Here the fre-
quency of large values for Rules CE and ME seems to be roughly in line
with the unscaled x2 approximation. As in §6.5, QQ plots could be used to
determine better approximations to this distribution.

We now turn to the distribution of bias. The definition of bias in (2.4) con-
cerned the average number of correct and incorrect guesses of the allocation
to patient n over all ngj, simulations. For each individual simulation this will
be either zero or one, which is not very informative. We therefore look instead
at the averaged history of guessing of the allocation for each simulation and
define the total bias as

B!°* = (number of correct guesses of allocation up to and including

patient n — number of incorrect guesses)/n. (2.38)

Figure 2.16 shows the boxplots of these total biases for Rules C and CE which
can be compared with the values of B, in the right-hand panel of Figure 2.11.
The values of B! for Rule C in the left-hand panel of Figure 2.16 gradually
increase towards 0.5, whereas those for B, rise rapidly to 0.5, the difference
being that values for smaller n are included in the calculation of the total bias
Bt but not in B,,. Both panels of Figure 2.16 show that the values decrease
in variability as n =%, since they are averages of n values. The introduction of
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Figure 2.17 Individual trials: bozplots of total bias BL°' for n from 25 to 200 from
1,000 stmulations with ¢ = 5. Left-hand panel Rule M, right-hand panel Rule ME.

the biased coin in Rule CE causes an appreciable drop in the bias. However,
due to an increase in the randomness of treatment allocation, it also increases
the variability of the effect of guessing and so the width of the boxplots.

The plots for Rules M and ME are in Figure 2.17. Again we see that, in
particular for small n, the variability of bias for the rule including a biased
coin, here Rule ME, is much greater than that for Rule M, even though the
median value of the bias is decreased from approximately 0.8 to 0.25. Despite
the increased variability of the average loss for Rule ME, the two sets of
simulations do not overlap when n is 75 or greater.

These results are for ¢ = 5 and values of n up to 200. Our comparisons of
several other rules in Chapter 6, particularly Figure 6.7, show that Rules C
and CE are those most affected by increasing the value of ¢q. This is a direct
consequence of the categorisation of the covariates into 29~ cells; for ¢ = 5 and
10, the numbers of cells are respectively 16 and 512. In the latter case there
will be many empty cells even when n = 200; the first patient to fall in such
a cell will have the treatment allocated at random, so that the probability of
correct guessing will increase very slowly with n. To see whether the stability
we have seen so far for the four rules extends to other situations, we now take
q = 10 and look at boxplots for n up to 800.

Figure 2.18 shows the losses for Rules C and CE. For Rule C the median loss
is around eight when n = 100, decreasing to around 5 as n increases to 800.
The values for Rule CE are higher, with a very slow decrease in the loss with
n. But the general shape of the distributions is similar to those for ¢ = 5 in
Figure 2.14.

The final sets of boxplots, for bias, are in Figure 2.19. In the left-hand panel
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Figure 2.19 Individual trials: boxplots of total bias B for n from 100 to 800 from
1,000 simulations with ¢ = 10. Left-hand panel Rule C, right-hand panel Rule CE.

the values for total bias increase very slowly from zero, since they include
the large number of unguessable random allocations at the beginning of each
trial. The values for Rule CE are only slightly above zero for most simulations;
allocation is almost at random, as is also indicated by the average values of
loss in Figure 2.18, which only slowly decrease from ten.

The conclusion from this investigation of the properties of individual trials
is that, for designs seeking adaptive covariate balance, there is no evidence
of randomisations that produce extremely unbalanced designs. However, this
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is not the case with some schemes for response-adaptive treatment selection
in Chapter 7. If, early in a two-treatment trial, the wrong decision is made
as to which is the better treatment, many patients may receive the poorer
treatment before information becomes available to change the incorrect bias
in allocation. In the worst situation, the rule may be such that the evidence
does not appear. The Michigan ECMO trial is a dreadful warning,.

2.6 Heteroscedastic Models
2.6.1 Variances and Parameter Estimates

We now briefly describe how the allocation rules should be modified if the
variances of the response differ between treatments. We suppose that the
variances for each treatment are known. In §6.9.2 we give numerical examples
of the properties of allocation rules when the variances are estimated.

Both here and in §6.9.1, the assumption is that the variances are not related to
the mean responses. But with binomial responses, the mean and the variance
are related, as they are in other generalised linear models. This class of models
is discussed in §6.10, with allocation rules for binomial models with covariates
in §6.12.1.

For now we suppose that the variances of response to the ¢ treatments are, in
an unstructured way, not the same. Thus, in our model (2.8), the variance of
the response y; is 0]2- when treatment j is allocated (j = 1,...,t). It may then
make sense to allocate the treatments with different proportions, with the
more variable treatments being allocated more often. The actual proportion
of skewing of allocation will depend on the purpose of the trial.

Suppose that interest is in estimating the t treatment effects with minimum
variance and let n; patients receive treatment j. Then, in the absence of co-
variates, the variance of each estimate &; is inversely proportional to n;. Each
variance can then be individually minimised by increasing n;. To provide bal-
ance over allocation to all treatments, we minimise the sum of these variances

t t
Zvards = Zaf/ns. (2.39)
s=1 s=1

If allocations are made to n patients, this sum of variances is minimised when

t
nj =noj/ Y o, (2.40)
s=1

so that the target proportion of patients receiving treatment j is

t
pj = aj/ZUS. (2.41)
s=1
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Allocation of treatments with number proportional to standard deviation is
often known as Neyman allocation. Cochran (1977, p. 99) comments on the
appropriateness of this choice of name.

These results show that the minimum sum of variances will be achieved when
all ratios n;/o; are equal. Of course, depending on the values of n and of the
0;, it may not be possible to find a design exactly fulfilling these equalities.
Then we should search for integer values of the n; that give a design with
ratios as equal as possible.

Rule D: Deterministic

In §2.2.2 Rule D allocated the under-represented treatment, that is the treat-
ment with the smaller value of n;. Now with ¢ treatments and heteroscedas-
ticity it follows from (2.40) that we order the treatments according to the
value of nj/o; and allocate that treatment for which this ratio is a minimum.
Again, this can be thought of as the “under-represented” treatment.

The argument leading to this rule assumes that the values of the o; are known.
In practice it may be unlikely that interest is in the treatment means «;, which
are unknown, while the standard deviations are known. When the variances
are not known they can be estimated sequentially from the data as in §6.9.1.

2.6.2 Designs with Covariates

This section briefly outlines how the allocation rules of §2.2.2 with covariates
can be adapted for heteroscedasticity of the treatment responses.

Rule C: Balanced Covariates

The sequential allocations depend solely on previous allocations in cell . Bal-
ance is most effectively forced by using the heteroscedastic version of Rule
D. Suppose that in cell ¢ the number of allocations to treatment j is n,;.
The treatments are then ordered according to the values of n,;/0; and the
treatment with the smallest value of this ratio is allocated.

As before, we can combine this rule with partially randomised allocation
within cell . Some examples for schemes using optimum designs adapted for
heteroscedasticity are described in §6.6.

Rule M: Minimisation

Rule M was intended to provide marginally balanced allocation over all co-
variates. Now, however, balanced allocation is to be interpreted as equality of
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the ratios n;/o;. With n; (51, 2% ) as in (2.35), the measure of lack of balance
of an allocation in (2.36) becomes the weighted variance

varn(jT, Z{nj )0 — (T zen) Y, (2.42)

where now
t

1. wrn) = Y {0t wnn) /o )/t
j=1

Provided this new definition of variance is used, the total effect on all m mea-
sures of marginal balance on allocating treatment j* remains C(j1) (2.37).
Again we rank the allocations according to the effect they have on balance
with C([1]), the smallest value. In this modification of Rule M, treatment [1]
would still be allocated, with random allocation if there were more than one
treatment with the same smallest value of C'([1]). If required, randomisation
can be introduced into Rule M as it can in the ways for Rule C mentioned
above, to give, for example, a skewed version of Rule ME suitable for deter-
mining allocation in the presence of heteroscedasticity.

2.7 More about Biased-Coin Designs

In Efron’s biased-coin design (BCD) introduced in §2.2.1 the allocation prob-
abilities depend solely on the sign of D,, (2.6), the difference in the numbers of
patients receiving the two treatments. We conclude this chapter with a brief
discussion of some further rules in which the allocation probabilities also de-
pend on the magnitude of D,,. The purpose of these further rules is to avoid
extreme allocations.

In an extension of the earlier notation, we let d,, be the allocation indicator for
the nth patient with §,, = 1 or 0 when the nth patient receives A or B. Then
NAn = 2?21 d; is the total number of allocation to treatment A. Writing F,,
as the allocation history of the first n patients, the allocation probability of
treatment A in Efron’s BCD is

if D,, =0,
if D,, <0,
—p if D, >0,

P(5n+1 - 1|fn) -

— 3 ol

for known p € (1/2,1]. This rule is denoted by BCD(p). For p = 1/2 we get
complete randomisation, Rule R. Perfect balance is achieved for even n as
p — 1. When p = 1 we obtain the deterministic Rule P with block size 2.

Some rules attempt to limit the degree of maximum imbalance in BCD(p).
Soares and Wu (1982) imposed a bound ¢ on the degree of imbalance. The
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“big-stick” rule has the allocation probability

i if|Dn| <e,
Popy1=1F,)=¢ 0 ifD,=c
1 if D, =-c

A similar allocation rule that uses the proportionate degree of imbal-
ance instead of absolute imbalance is given in Lachin et al. (1981). Chen
(1999) combined the biased-coin design with imbalance tolerance to obtain
BCDWIT(p, ¢) where

% if D,, =0,

0 if D, =c,
P(opy1 =1|1Fn) = 1 if D,, = —c,

P ifo< D, <e¢,

1-p if —e< D, <0.

A potential drawback of Efron’s BCD(p) is that p remains fixed throughout
the trial regardless of the degree of imbalance. Modifying the role of p, Wei
(1977, 1978) developed an urn-based randomisation procedure where the urn
reflects the degree of imbalance. This is a modification of Friedman’s urn
model (Freedman 1965; Mahmoud 2009, pp. 54-56), so that the procedure is
known as the Friedman-Wei urn design. Consider an urn containing at the
outset « balls of type A and « balls of type B. The treatment for incoming
patients is indicated by drawing a ball from the urn, which is immediately
replaced along with an additional 8 balls of the opposite type. Thus the urn
will be skewed in favour of the currently under-represented treatment. We
denote this design as UD(«, ). The allocation probability is

P 117,) 2 ifn=1,
n+1 — n) = a+08NB n :

The rule UD(«,0) is complete randomisation. UD(«, 3) forces the trial to
be more balanced when severe imbalance occurs. For a relatively small trial
UD(a, B) ensures near balance, but it behaves like complete randomisation
for moderately large trials.

Chen (2000) proposed the Ehrenfest urn design (EUD) which represents the
two treatments under com