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105. Measurement Error in Nonlinear Models: A Modern Perspective, Second Edition  

Raymond J. Carroll, David Ruppert, Leonard A. Stefanski, and Ciprian M. Crainiceanu (2006)
106. Generalized Linear Models with Random Effects: Unified Analysis via H-likelihood  

Youngjo Lee, John A. Nelder, and Yudi Pawitan (2006)
107. Statistical Methods for Spatio-Temporal Systems  

Bärbel Finkenstädt, Leonhard Held, and Valerie Isham (2007)
108. Nonlinear Time Series: Semiparametric and Nonparametric Methods Jiti Gao (2007)
109. Missing Data in Longitudinal Studies: Strategies for Bayesian Modeling and Sensitivity Analysis  

Michael J. Daniels and Joseph W. Hogan (2008)   
110. Hidden Markov Models for Time Series: An Introduction Using R  

Walter Zucchini and Iain L. MacDonald (2009)  
111. ROC Curves for Continuous Data Wojtek J. Krzanowski and David J. Hand (2009)
112. Antedependence Models for Longitudinal Data Dale L. Zimmerman and Vicente A. Núñez-Antón (2009)
113. Mixed Effects Models for Complex Data Lang Wu (2010)
114. Intoduction to Time Series Modeling Genshiro Kitagawa (2010)
115. Expansions and Asymptotics for Statistics Christopher G. Small (2010)
116. Statistical Inference: An Integrated Bayesian/Likelihood Approach Murray Aitkin (2010)
117. Circular and Linear Regression: Fitting Circles and Lines by Least Squares Nikolai Chernov (2010)
118. Simultaneous Inference in Regression Wei Liu (2010)
119. Robust Nonparametric Statistical Methods, Second Edition  

Thomas P. Hettmansperger and Joseph W. McKean (2011)
120. Statistical Inference: The Minimum Distance Approach  

Ayanendranath Basu, Hiroyuki Shioya, and Chanseok Park (2011)
121. Smoothing Splines: Methods and Applications Yuedong Wang (2011)
122. Extreme Value Methods with Applications to Finance Serguei Y. Novak (2012)
123. Dynamic Prediction in Clinical Survival Analysis Hans C. van Houwelingen and Hein Putter (2012)
124. Statistical Methods for Stochastic Differential Equations  

Mathieu Kessler, Alexander Lindner, and Michael Sørensen (2012)
125. Maximum Likelihood Estimation for Sample Surveys  

R. L. Chambers, D. G. Steel, Suojin Wang, and A. H. Welsh (2012) 
126. Mean Field Simulation for Monte Carlo Integration Pierre Del Moral (2013)
127. Analysis of Variance for Functional Data Jin-Ting Zhang (2013)
128. Statistical Analysis of Spatial and Spatio-Temporal Point Patterns, Third Edition Peter J. Diggle (2013)
129. Constrained Principal Component Analysis and Related Techniques Yoshio Takane (2014)
130. Randomised Response-Adaptive Designs in Clinical Trials Anthony C. Atkinson and Atanu Biswas (2014)

C6935_FM.indd   4 10/25/13   12:35 PM



Randomised Response-
Adaptive Designs in 
Clinical Trials

Anthony C. Atkinson
Emeritus Professor of Statistics

London School of Economics

UK

Atanu Biswas
Professor
Indian Statistical Institute 
Kolkata, India

Monographs on Statistics and Applied Probability 130

C6935_FM.indd   5 10/25/13   12:35 PM



CRC Press
Taylor & Francis Group
6000 Broken Sound Parkway NW, Suite 300
Boca Raton, FL 33487-2742

© 2014 by Taylor & Francis Group, LLC
CRC Press is an imprint of Taylor & Francis Group, an Informa business

No claim to original U.S. Government works
Version Date: 20131023

International Standard Book Number-13: 978-1-58488-694-5 (eBook - PDF)

This book contains information obtained from authentic and highly regarded sources. Reasonable efforts 
have been made to publish reliable data and information, but the author and publisher cannot assume 
responsibility for the validity of all materials or the consequences of their use. The authors and publishers 
have attempted to trace the copyright holders of all material reproduced in this publication and apologize to 
copyright holders if permission to publish in this form has not been obtained. If any copyright material has 
not been acknowledged please write and let us know so we may rectify in any future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, transmit-
ted, or utilized in any form by any electronic, mechanical, or other means, now known or hereafter invented, 
including photocopying, microfilming, and recording, or in any information storage or retrieval system, 
without written permission from the publishers.

For permission to photocopy or use material electronically from this work, please access www.copyright.
com (http://www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222 Rosewood 
Drive, Danvers, MA 01923, 978-750-8400. CCC is a not-for-profit organization that provides licenses and 
registration for a variety of users. For organizations that have been granted a photocopy license by the CCC, 
a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used 
only for identification and explanation without intent to infringe.

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com



Contents

Preface xv

0 Introduction: Stories and Data 1
0.1 Scope and Limits 1
0.2 Two-Treatment Trials with a Binary Response 3
0.3 Equal Randomisation 4
0.4 Adaptive Allocation 4
0.5 Urn Model 5
0.6 Some Motivating Clinical Trials 5

0.6.1 AZT Data and Story 6
0.6.2 Michigan ECMO Trial 7
0.6.3 Fluoxetine Trial and Data 8
0.6.4 Crystalloid Preload Trial 9
0.6.5 PEMF Trial 11
0.6.6 Boston ECMO Trial 11
0.6.7 Pregabalin Trial 12
0.6.8 Erosive Esophagitis Trial 13
0.6.9 Appendiceal Mass Trial 14

1 Adaptive Design: Controversies and Progress 15
1.1 Why Adaptive? 15
1.2 How Adaptive? 16

1.2.1 Forcing a Prefixed Allocation: FPA Rule 16
1.2.2 Further Considerations: Alternatives to the FPA Rule 19

1.3 Criticism 21
1.4 What Next? 23

2 Randomised Balanced Sequential Treatment Allocation 27
2.1 Introduction 27
2.2 Balance with Two Treatments 28

2.2.1 Balance and Randomisation 28
2.2.2 Four Design Strategies 29
2.2.3 Properties of Designs 30

vii



viii

Selection Bias 31
Balance and Loss 33

2.2.4 Numerical Comparisons of Designs 35
2.3 Designs with Three or More Treatments 42

2.3.1 Four Design Strategies 42
2.3.2 Properties of Designs 43
2.3.3 Numerical Comparisons of Designs 45

2.4 Designs with Covariates 47
2.4.1 Models 47
2.4.2 Four Further Design Strategies 48
2.4.3 Minimisation and Covariate Balance: Numerical 50

2.5 The Distribution of Loss and of Bias 53
2.6 Heteroscedastic Models 58

2.6.1 Variances and Parameter Estimates 58
2.6.2 Designs with Covariates 59

2.7 More about Biased-Coin Designs 60
2.8 Further Reading 63

3 Response-Adaptive Designs for Binary Responses 65
3.1 Introduction 65
3.2 Urn Designs 65
3.3 Play-the-Winner Rule 66

3.3.1 What Is a PW Rule? 66
3.3.2 Statistical Interpretation of the PW Rule 67
3.3.3 Performance of the PW Rule 68
3.3.4 Real Life Applications of the PW Rule 71
3.3.5 Further Points about the PW Rule 72
3.3.6 Should We Play the Winner? 72
3.3.7 Cyclic Play-the-Winner Rule 73

3.4 Randomised Play-the-Winner Rule 74
3.4.1 Background 74
3.4.2 What Is a Randomised Play-the-Winner Rule? 74
3.4.3 Real-Life Applications 75
3.4.4 Statistical Considerations 76
3.4.5 A General Form of RPW Rule 79
3.4.6 Inference Following RPW Allocation 81

3.5 Generalised Pólya Urn 82
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Preface

“The patient is treated with a ball drawn from the urn”. Anon.

This book is concerned with methods of randomised allocation of treatments
to patients in sequential clinical trials. Ethics suggests that we should try
to ensure that as many patients as possible receive what is ultimately deter-
mined to be the best treatment. However, such decisions will need data on
all treatments. The ethical drive towards unbalanced allocation in favour of
better treatments needs to be offset by statistical considerations of efficient
estimation and powerful statistical tests. These considerations indicate more
equal allocation, at least when the responses to the different treatments have
errors of the same magnitude. Additional constraints on treatment allocation
are the need for randomness to avoid bias and, sometimes, the variability be-
tween patients. If this can be at least partially explained by covariates and
prognostic factors, these variables also need to be allowed for in the allocation
scheme—young males should not be the only patients to receive a particular
treatment unless the disease under study only occurs in this sub-population.

We start in Chapter 0 with an introduction to the place of clinical trials
in drug development and give examples of clinical trials that serve in later
chapters as pegs on which to hang our discussion. In Chapter 1 we introduce
a simple adaptive design for binary responses without covariates and consider
how to assess such a design. The next two chapters are more substantial.
Chapter 2 discusses randomisation and covariate balance when the responses
are normally distributed and introduces measures of loss and bias for the
comparison of such designs. Chapter 3 covers the more important of the many
response-adaptive designs, often based on urns, that have been suggested for
binary responses, mostly without covariates.

Much of the emphasis in the literature on the design of clinical trials has been
on binary responses. In Chapter 4 we begin the development of response-
adaptive designs when the responses are continuous. Chapter 5 applies the
methods so far developed to trials with longitudinal responses, both binary
and continuous.

A feature of our book that sets it apart from others is the use of results from
the optimum design of experiments to create powerful and flexible adaptive
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designs. In Chapter 6 we introduce the necessary methods and develop and
compare designs with a controllable amount of randomisation when adjust-
ment is required for covariates. Although the main emphasis is on normal
responses with constant variance, we extend the method to heteroscedastic
and to generalized linear models, particularly those with binary and gamma
responses. In Chapter 7 this work is expanded to cover response adaptive
designs with covariates.

In Chapter 8 we consider another kind of optimality, that of response-adaptive
designs which are derived by optimising an objective function subject to con-
straints on the variance of estimated parametric functions. The last chapter
considers future directions in the development of adaptive designs. As a com-
plement to the results of Chapters 6 and 7, we conclude with an appendix on
the theory of optimum experimental designs.

The titles of Chapters 6, 7 and 8 explicitly include the word optimum. How-
ever, the idea of good procedures, as measured by some criterion, underlies
our book. Peter Armitage (1985) discusses the search for optimality in clinical
trials. His remarks were prompted by Bather (1985), who considered problems
of response-adaptive allocation with two binary responses, rather like those
we use to introduce Chapter 8. Armitage described the many aspects of the
design of trials that go beyond such a simplified model and commented on the
slight effect such formulations had had on the conduct of trials. One suggested
reason was the dependence of even simple models on a number of parametric
and distributional assumptions.

In the thirty years since Armitage wrote, there has been a great expansion
in the use of computers, not only to design clinical trials, but to explore the
effects of different modelling assumptions and states of nature on proposed
procedures. The simulation of clinical trials (see Kimko and Peck 2010 and
the review article by Holford, Ma, and Ploeger 2010) has also become an
important aspect of regulatory assessment. In line with this trend, our book
contains simulations of many of the procedures we discuss which are intended
to make clear their properties for small to moderate-sized samples.

This is a book about the design of clinical trials, not about their analysis. Even
so, the book is longer than we initially intended, in part due to the continuing
stream of research activity over the time the writing has taken us. Accordingly,
we say virtually nothing about such important inferential matters as interim
analyses and stopping rules. They are well covered in the books described at
the end of §0.1. Our book is intended to be useful for medical and other applied
statisticians as well as to the clinicians with whom they communicate. It is
also intended to be used in the training of such statisticians. The emphasis is
on the practical usefulness of our designs.

Anthony Atkinson and Atanu Biswas



Chapter 0

Introduction: Stories and Data

0.1 Scope and Limits

A clinical trial is an experiment on animals in which several treatments for a
disease are compared. The purpose of the trial, like that of any experiment,
is to obtain information on the performance of the treatments. But, because
the animals are often human patients, there is an ethical concern to treat
as many patients as possible with the best treatment. A second property of
human patients, not shared by inbred laboratory animals, is that they can
differ greatly in their response to treatment.

The focus of this book is on clinical trials for human patients, so that we
shall be concerned both with designs when the experimental units, that is
patients, are heterogeneous, and when the number of patients receiving better
treatments is to be increased.

To increase the number of patients receiving better treatments leads to se-
quential experiments in which data are analysed and new allocations made in
the light of the estimated parameters. Because of the variable nature of the
patients, we need to balance allocations across prognostic factors or covariates
such as age, blood pressure and previous medical history. The results may be
seriously misleading if there is a systematic difference between patients get-
ting the different treatments. We use randomisation to allocate patients in a
manner that avoids any systematic difference between groups and also avoids
possible biases.

Because clinical trials deal with human patients, there is a large regulatory
presence in the running of trials. Several other books consider such mat-
ters (see, e.g., Chow and Shao 2002; Ellenberg, Fleming, and DeMets 2002;
DeMets, Furberg, and Friedman 2006; Friedman, Furberg, and DeMets 2010).
Our focus is more on statistical aspects.

Statistical coverage of a wide range of problems occurring in clinical trials is
given by Armitage, Berry, and Matthews (2004), Piantadosi (2005) and, more
succinctly, by Everitt and Pickles (2004) who provide, as do several authors, a

1
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brief history of clinical trials. Senn (1997) discusses statistical problems in drug
development and Spiegelhalter, Abrams, and Myles (2004) present Bayesian
methods for both clinical trials and for the evaluation of health care.

Information in many clinical trials accrues sequentially as results become avail-
able on an increasing number of patients. There has long been an interest in
methods that use this information to stop a trial early, because the superiority
of a treatment has been established (Armitage 1960). Of course the statistical
procedures have to allow for the effect of selection of a good stopping point
on the statistical inference (Whitehead 1997, Jennison and Turnbull 2000).
One mechanism is to divide the design into stages, after each of which a deci-
sion is made. Zacks (2009) describes many applications of stage-wise designs,
including applications to clinical trials.

Adaptive designs are sequential designs in which the allocation of treatments
depends upon either or both of the previous allocations and responses. Differ-
ent forms of adaptive design are used in the various phases into which clinical
trials are conventionally broken:

1. Phase 1. Dose finding and toxicity. Because for many drugs toxicity and
efficacy increase together, the first stage in establishing a suitable dose is
often to find the maximum dose that does not cause more than a specified
level of toxicity.

2. Phase 2. Dose ranging and efficacy. Larger experiments to determine suit-
able dose level for the drug and to demonstrate efficacy.

3. Phase 3. Large randomised trials in which a new treatment is compared
with one or more standard treatments.

Overviews of adaptive methods in all phases of clinical trials include Chow
and Chang (2012) and Pong and Chow (2010), with Berry, Carlin, Lee, and
Müller (2011) providing a Bayesian perspective. All three phases involve dif-
ficult statistical issues. In phase 1 the information from the data is slight
compared with the decisions that have to be made. Book-length treatments
of adaptive designs in phase 1 trials include Ting (2006) and Krishna (2006).
Many methods are based on the assumption of a simple model relating dose
and efficacy. Bornkamp et al. (2011) stress the dangers in relying on a single
model for the efficacy–dose relationship and Pronzato (2010) warns against
design procedures that converge too rapidly to a seemingly optimal dose.

In the phase 3 trials that are the subject of our book, an important aspect of
design is the use of appropriate methods of randomisation to ensure unbiased
inferences about the relative behaviour of trials. Matthews (2006) provides an
introduction to randomised controlled clinical trials. The theory and practice
of randomisation in clinical trials, for both sequential and non-sequential treat-
ment allocation, is explored by Rosenberger and Lachin (2002a). The subject
of Hu and Rosenberger (2006a) is the theory of response-adaptive randomi-
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sation, although there is relatively little on randomisation in the presence of
covariates, a topic we cover in detail in Chapters 6 and 7.

In the remainder of this chapter we give some examples of clinical trials that
illustrate aspects of design, particularly randomisation, that will be elaborated
in later chapters. We chiefly consider the most natural clinical trial set-up
where the patients enter into the study sequentially. However, the entrance
may be in batches or it may be staggered (see the patient entry pattern of
the PEMF trial of Chapter 5). The inter-arrival times are also likely to be
different. We do not consider the logistic problems of treatment provision for
adaptive trials. However, Anisimov and Fedorov (2007) describe a statistical
approach to recruitment rates in sequential trials where there is variability in
arrival rates.

0.2 Two-Treatment Trials with a Binary Response

We start with examples of simple clinical trials where the patients arrive
sequentially, one after another, and in which there are two treatments, A and
B. For a fully adaptive design we require that the response of each patient be
available before the assignment of treatment to the next patient. When there
are delays before responses become available, those results that are available
are used to estimate parameters.

In general the response may be:

• binary or continuous;

• instantaneous or delayed;

• single or repeated (longitudinal/panel data);

• univariate or multivariate.

• Also covariates may have been measured.

For the moment we suppose the responses are binary. Often these will be suc-
cess or failure, but success might be a response above, or below, a specific
threshold for continuous or categorical responses. With pA and pB being the
probabilities of successes with the two treatments, the optimal allocation may
not be 50:50 unless pA = pB. For example, the Neyman allocation (§8.4),
which seeks to minimise the variance of the estimate of the treatment dif-
ference pA − pB, allocates with a probability proportional to the standard
deviation of the responses to the treatments. To implement this optimal allo-
cation, we need estimates of the unknown parameters pA and pB.

A popular method of allocation in a clinical trial is however a 50:50 randomised
allocation, in which allocation is by the toss of a fair coin. This rule ignores the
sequentially gathered information in the trial. We discuss randomised equal
allocation in the next section.
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0.3 Equal Randomisation

Traditionally, almost all clinical trials have an emphasis on equal, or nearly
equal, allocation of the competing treatments. An exception is limited avail-
ability of patients for some treatment. Equal allocation can be ensured in
several ways.

A permuted block design allocates according to a predetermined pattern. For
example, with two competing treatments A and B, the first 2m patients can
be allocated according to any permutation of m As and m Bs with probability(
2m
m

)−1
. If m = 2, then the first four patients can be treated by any of the

six strings AABB, ABAB, ABBA, BAAB, BABA, BBAA with probability
1/6 each. One instance is the initial allocation of the first four patients in the
PEMF trial (Biswas and Dewanji (2004a, 2004b; see Chapter 5). Likewise, a
randomised permuted block design with block size of four is used in the Boston
ECMO trial (Ware 1989; see §0.6.6). The properties of permuted block designs
are studied in Chapter 2.

In contrast, one can independently randomise each entering patient to the two
competing treatments with equal probability. Thus δi, the allocation indicator
for the ith patient (δi = 1 or 0 according as the ith patient receives A or B),

follows a Bernoulli distribution with parameter 0.5. Here Y2m =
∑2m

i=1 δi, the
total number of allocations to treatment A, follows a binomial distribution
with parameters (2m, 0.5). Throughout this book we refer to this completely
randomised design as 50:50 design or 50:50 allocation or 50:50 randomised
allocation. Here Y2m may not exactly equal m, which is guaranteed in the
permuted block design.

0.4 Adaptive Allocation

An ethical concern is to try to allocate more patients to the best treatment.
Since the success probabilities are initially unknown, some patients are al-
located to either treatment. But, as the trial proceeds and information on
the performance of the treatments becomes available (although not so con-
clusively as to stop the trial and declare one treatment a clear winner), the
allocation is skewed in favour of the treatment doing better. Such a strategy
should lead to allocating a larger number of patients to the eventual better
treatment, without significantly weakening the strength of the comparison
between treatments. This idea provides the foundation of response-adaptive
clinical trials.

The first adaptive design is widely considered to be due to Thompson (1933)
followed by the pioneering work of Robbins (1952). Robbins’ work led to
Anscombe (1963) and Colton (1963). Based on Robbins’ idea, Zelen (1969)
introduced his popular and pioneering concept of the play-the-winner (PW)
rule, which started the era of modern response-adaptive designs. In this book,
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we will mostly focus on procedures following from the work of Zelen. Many of
these adaptive designs for binary responses can be described mathematically
by means of urns. Hence we now briefly turn to consideration of urn models.

0.5 Urn Model

Traditionally, urn models have played a very important role in the devel-
opment of statistical models and distributions. Feller (1971) provides many
interesting models. The book-length discussion of Johnson and Kotz (1977) is
complemented by the more recent book by Mahmoud (2009) devoted to the
theory, logistics, implementation and applications of urn models.

Urn models can be used in developing some basic ideas in probability theory.
It is a surprising fact that a large number of important distributions, such
as the discrete rectangular distribution, binomial, normal, Poisson, Gamma,
beta, hypergeometric, negative binomial, negative hypergeometric, power se-
ries and factorial series distributions and the multinomial, Dirichlet and many
mixture distributions can all be generated by suitable urn models. Classical
problems like occupancy problems with Bose–Einstein statistics and commit-
tee problems, etc. can also be interpreted in terms of urn models. Stochastic
replacement in urns gives a variety of important models like the Eggenberger
and Pólya (1923) model, together with several important extensions and varia-
tions. Further generalisations, variations and modifications give rise to several
important urn models applicable to adaptive or response-adaptive designs. We
discuss them in Chapters 3 and 5. Discussion on urn designs is in §3.2.

0.6 Some Motivating Clinical Trials

At this stage, we introduce nine real clinical trials, some adaptive and some
conventional non-adaptive randomised trials. We discuss these experiments in
brief, including the nature of the responses. These trials will serve in later
chapters to illustrate the advantages of adaptive design. At this stage, we use
two performance characteristics for judging the ethical performance of treat-
ment allocation designs.

(a) EAP: Expected Allocation Proportion (and its standard deviation, SD)
for each treatment out of the total allocation.

(b) EFP: Expected Proportion of Failures (SD) out of the total allocation;
the sum of the expected number of failures from all treatments divided by the
total number of patients. This criterion is meaningful only if the treatment
responses are binary or continuous responses that have been dichotomised.
Otherwise we need a comparable criterion such as the expected total response.
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Table 1 Results obtained by redesigning AZT data using PW, RPW, RSIHR, DL
and 50:50 rules.

Design EAP (SD) to AZT EFP (SD)
PW 0.748 (0.044) 0.126 (0.017)

RPW 0.689 (0.112) 0.136 (0.024)
RSIHR 0.524 (0.024) 0.164 (0.017)

DL 0.750 (0.040) 0.126 (0.016)
50:50 0.500 (0.023) 0.168 (0.017)

0.6.1 AZT Data and Story

This trial is referred to in Chapter 1 (§1.2.1) and Chapter 3 (§3.3.3, §3.4.4, §3.6,
§3.10.2, §3.11.3) in our description of response-adaptive designs for binary
responses. Zelen and Wei (1995) present a clinical trial, reported by Connor
et al. (1994), to evaluate the hypothesis that the antiviral therapy AZT reduces
the risk of maternal-to-infant HIV transmission. A standard randomisation
scheme was used resulting in 238 pregnant women receiving AZT and 238
receiving placebo. It was observed that 60 newborns were HIV-positive in the
placebo group and 20 newborns were HIV-positive in the AZT group. This is
an appreciable difference and suggests that adaptive allocation to the better
treatment would have reduced the total number of HIV-positive babies.

The responses in the trial were not immediate. However, to illustrate some
properties of adaptive designs, Yao and Wei (1996) assumed that the re-
sponses were instantaneous. The estimated success probabilities from AZT
and placebo are, respectively, 0.9160 and 0.7479. Using these as the true val-
ues, their simulation shows that if a suitable randomised play-the-winner rule
(RPW, an adaptive design introduced in §3.4: Wei and Durham 1978; Wei
1979) had been adopted it could have resulted in a 300:176 allocation, the
greater allocation being to AZT; 11 newborn children could have been saved.
We performed a similar study with some other adaptive allocation designs. For
example, if these 476 patients were treated by a play-the-winner rule (§3.3), it
would allocate approximately in a 352:124 fashion, with an expected saving of
20 lives (Yao and Wei 1996). The EAP (SD) in favour of AZT and EFP (SD)
for different response adaptive designs (PW, RPW, DL − all to be described
in Chapter 3; RSIHR − to be described in Chapter 8, §8.3), and also for the
50:50 randomised allocation (§0.3) are given in Table 1.

Figure 1 shows boxplots of the performance of the individual designs from
10,000 simulations, treating the estimated pA and pB as true values.

This is in fact a survival trial, the symptoms of HIV taking some time to
develop. In using the data to illustrate response-adaptive designs we pretend
that the responses are instantaneous. The allocation with survival responses
will be less skewed as the accumulated information will be less at any stage
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Figure 1 Boxplot for different designs using the AZT trial data estimates.

due to the delayed nature of response. Procedures of adaptation for survival
data are discussed in Chapters 4 (§4.5) and 8 (§8.13).

0.6.2 Michigan ECMO Trial

The RPW rule has been used at least twice in reported clinical trials. The first
of these was the Michigan ECMO trial. Bartlett et al. (1985) conducted a trial
of extracorporeal circulation in neonatal respiratory failure of newborns at the
University of Michigan. The results of this trial, published in 1985, gave rise
to appreciable controversy and much discussion. Some of these controversies
are addressed in Chapter 1 (§1.3). These data are referred to in many chapters
of our book, namely Chapter 1 (§1.4), Chapter 2 (§2.5), Chapter 3 (§3.4.3,
§3.4.4, §3.10.1) and, in passing, in Chapter 7 and Chapter 9 (§9.1.3).

Prolonged extracorporeal circulation with a modified heart-lung machine (Ex-
tra Corporeal Membrane Oxygenation, ECMO for short) has been successfully
used in several centres to treat infants with severe respiratory failure. The
technique is used when infants are judged to be moribund, and unresponsive
to optimal ventilator and pharmacologic therapy.

Historically it was known that patients had an 80% or greater chance of mor-
tality despite optimal therapy. This would seem to be an obvious candidate for
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an adaptive design and a RPW design was adopted. This is probably the first
randomised adaptive design reported in the literature (except that Iglewicz
(1983) reported one use of data-dependent allocation in an unpublished ap-
plication by M. Zelen to a lung cancer trial). In this trial the responses were
virtually instantaneous, since the outcome of each case was known soon af-
ter randomisation. It was anticipated that most of the ECMO patients would
survive and most control patients would die, so significance would be reached
with a modest number of patients. In the event, a total of 12 patients was
treated, with an 11:1 ratio in favour of ECMO.

We return to this trial in §1.3. But, to anticipate, it could be argued that
it was unethical and unnecessary to conduct any trial if such high mortality
rates had been established for infants not receiving ECMO.

0.6.3 Fluoxetine Trial and Data

We consider part of the data from the fluoxetine trial of Tamura, Faries, An-
dersen, and Heiligenstein (1994), the whole having many more patients than
the Michigan ECMO trial! This response-adaptive clinical trial again used
an RPW rule. Although the primary responses were not immediate, surro-
gates were used for updating the urn. This double-blind, stratified, placebo-
controlled trial of out-patients suffering from depressive disorder is considered
in many sections of Chapter 3, Chapter 4 (§4.1, §4.4), Chapter 7 (§7.5) and
Chapter 8 (§8.7.2).

Depressive disorder is a serious disease that affects approximately 6% of the
United States population sometime during their life (Reiger et al. 1984). One
hypothesis is that shortened rapid eye movement latency (REML) is a marker
for endogenous depression. REML is defined as the time between sleep onset
and the first rapid eye movement. The primary interest was to study the effect
of fluoxetine hydrochloride in depressed patients with shortened REML. These
patients were randomly assigned either placebo or fluoxetine in a double-blind
fashion by means of an RPW design. The surrogate response was the total of
the first 17 items of the Hamilton Depression Scale (HAMD17) which takes
integer values of 0–52, with higher values indicating more severe depression.
The surrogate response was the percentage of patients who exhibited a 50% or
greater reduction in two consecutive visits after 3 weeks of therapy. Enrolment
was terminated after 45 shortened REML patients were enrolled.

We apply the allocation methodology on the patients correctly assigned to the
shortened REML stratum, a total of 39 with binary responses, once we exclude
those whose correct classification is not known. We have therefore data from
39 patients of whom 19 are treated by fluoxetine and 20 by placebo. From the
data p̂A = 11

19 and p̂B = 7
20 , where pA is the success probability of fluoxetine.

Using the estimates as the true values, we employ various adaptive designs
and calculate the EAP (SD) for fluoxetine and EFP (SD) for the data. See
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Table 2 Results obtained by redesigning fluoxetine data using PW, RPW, RSIHR,
DL and 50:50 rules.

Design EAP (SD) to Fluoxetine EFP (SD)
PW 0.604 (0.073) 0.513 (0.083)

RPW 0.590 (0.107) 0.515 (0.084)
RSIHR 0.536 (0.092) 0.528 (0.079)

DL 0.606 (0.074) 0.510 (0.081)
50:50 0.500 (0.079) 0.685 (0.074)
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Figure 2 Boxplot for different designs using the fluoxetine trial data estimates.

Table 2. Response-adaptive design gives skewed allocations. The performance
of individual trials is presented in the boxplots of Figure 2.

Of course, when using a surrogate response in an adaptive design, it is crucial
that the surrogate has a high positive correlation with the final response.

0.6.4 Crystalloid Preload Trial

Rout et al. (1993) used an adaptive design to reevaluate the role of crystalloid
preload in the prevention of hypotension associated with spinal anaesthesia
for elective caesarean section. The first 40 patients in the sequential design
were allocated as prerandomised pairs, with a PW rule thereafter for 100
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Table 3 Results obtained by redesigning crystalloid preload trial data using PW,
RPW, RSIHR, DL and 50:50 rules.

Design EAP (SD) to volume loading EFP (SD)
PW 0.563 (0.032) 0.620 (0.041)

RPW 0.560 (0.053) 0.621 (0.042)
RSIHR 0.559 (0.093) 0.620 (0.042)

DL 0.563 (0.032) 0.620 (0.042)
50:50 0.500 (0.043) 0.630 (00.041)

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

PW            RPW             RSIHR            DL           50:50

a
llo

c
a
ti
o
n
 p

ro
p
o
rt

io
n
 t
o
 A

Figure 3 Boxplot for different designs using the crystalloid preload trial data esti-
mates.

further patients. Of that 100, 58 patients received loading and 42 did not.
Hypotension occurred in 43 volume-loaded patients (incidence 55%) and 44
unpreloaded patients (incidence 71%), resulting in a difference in incidence of
16% between the groups. Treating 1− 0.55 = 0.45 and 1 − 0.71 = 0.29 as the
success probabilities for the two treatments, we obtain Table 3 which shows the
EPA (SD) to volume loading and EFP (SD) using different response-adaptive
designs and the 50:50 randomised allocation. The boxplots are given in Figure
3. These data are subsequently referred to in Chapter 1 (§1.2.1) and Chapter
3 (§3.3.1, §3.3.3, §3.3.4, §3.4.4, §3.6, §3.10.2, §3.11.3).
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0.6.5 PEMF Trial

In the previous examples the responses were binary, with only a single response
available from each patient. But, sometimes responses may be repeated or
longitudinal in nature. Here we provide an example of one such response-
adaptive clinical trial where repeated responses were observed.

This was a trial of pulsed electro-magnetic field (PEMF) therapy versus
placebo for the treatment of patients with rheumatoid arthritis. The details
of the trial are available in Biswas and Dewanji (2004a, 2004b, 2004d). The
PEMF trial was conducted in the Indian Statistical Institute, Kolkata, from
January 1999 to March 2000. A total of 22 patients went through the study
which included, for each patient, an initial four-week adjustment period, and
subsequent regular monitoring (at least once a week) for about 16 weeks. A
recurrence was considered when either pain or joint stiffness in big or small
joints became severe. The first four patients were randomly assigned so that
two patients were treated by the PEMF therapy (A) and the other two by
the placebo (B) therapy. A longitudinal version of the randomised play-the-
winner urn design (denoted by LRPW) was adopted for allocation to further
patients, in order to skew the allocation in favour of the better performing
treatment. Using this design, the remaining 18 patients were randomly allo-
cated to either A or B at their corresponding entry times using the updated
state of the urn at each entry time. The number of monitoring times for each
patient varied from 7 to 62, depending on their disease state. Out of the 798
total monitorings, 16 recurrences were observed in the 22 patients of which 4
were in the A-treated group and 12 in the B-treated group. The study was
a double-blinded trial in the sense that neither the patients nor the medical
expert were aware of the group-identification of the patients. We present a
more detailed discussion of adaptive longitudinal trial in the context of this
data set in Chapter 5 (§5.3, §5.3.2, §5.3.3, §5.4, §5.6.1).

Data on the number of patients in the two groups clearly exhibits the superi-
ority of the PEMF therapy over the placebo. Excluding the initial 4 patients,
14 out of 18 were treated with the PEMF therapy by our adaptive design.
In §9.4 we consider methods of adjusting the allocation design to incorporate
other objectives such as optimality of statistical tests.

0.6.6 Boston ECMO Trial

This trial made effective use of inverse sampling. The results of the Michigan
ECMO trial (§0.6.2) were heavily criticised, particularly because the adaptive
design led to only one patient receiving conventional medical therapy (CMT).

To balance ethical and scientific concerns in the exploration of ECMO, Ware
(1989) designed a two-stage trial. He considered a family of designs where a
maximum of r deaths are allowed in either treatment group, with the value
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of r pre-specified. The treatments were selected by a randomised permuted
block design with blocks of size four (see §0.3). When r deaths occur in one
of the treatment groups, randomisation ceases and all subsequent patients are
assigned to the other treatment until r deaths occur in that arm or until the
number of survivors is sufficient to establish the superiority of that treatment.
The test procedure is based on the conditional distribution of the number of
survivors in one treatment arm given the total number of survivors.

In the trial, patients were randomised in blocks of four, and treatments were
assigned randomly to the first 19 patients. Of these patients, 10 received CMT,
including patient 19, and 4 died. Since r was taken as 4, the design switched
to the deterministic phase in which the remaining 9 patients received ECMO
and all survived.

For details of the trial and the analysis, we refer to Ware (1989). But, we em-
phasise that inverse sampling can be used, as in this trial, to modify the design
to provide earlier stopping and to reduce the number of patients exposed to
the inferior treatment. Subsequent references to these data are in Chapter 1
(§1.3) and Chapter 9 (§9.1.3, §9.5).

0.6.7 Pregabalin Trial

The data from this trial are used to illustrate procedures for continuous
data. The objective of the randomised, placebo-controlled trial described by
Dworkin et al. (2003) was to evaluate the efficacy and safety of pregabalin
in the treatment of postherpetic neuralgia (PHN). There were 173 patients of
whom 84 received the standard therapy placebo and 89 were randomised to
pregabalin. The primary efficacy measure was the mean of the last 7 daily pain
ratings, as recorded by patients in a daily diary using the 11-point numerical
pain rating scale (0 = no pain, 10 = worst possible pain); therefore, a lower
score (response) indicates a favourable situation. After the 8-week duration
of the trial, it was observed that pregabalin-treated patients experienced a
higher decrease in pain score than patients treated with placebo. The data
were treated as continuous by Zhang and Rosenberger (2006a) and Biswas,
Bhattacharya, and Zhang (2007); the final mean score is µA = 3.60 (with SD
= 2.25) for pregabalin and µB = 5.29 (with SD = 2.20) for placebo. We take
these estimates as parameter values in comparing possible adaptive designs
and assume that the responses are normally distributed.

We compared four response-adaptive designs: BB (Bandyopadhyay and
Biswas 2001 (§4.6), CDL (continuous drop-the-loser) (§4.8), BBZ (Biswas,
Bhattacharya, and Zhang 2007) (§8.8) and the 50:50 randomised rule (§0.3]).
For the 173 patients we took the responses as N(3.60, 2.252) for pregabalin
and N(5.29, 2.202) distribution for placebo. The results are in Table 4. To
calculate the EFP we treat a response greater than estimated (µA +µB)/2 as
a failure. As an alternative to the performance characteristic EFP, here with
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Table 4 Results obtained by redesigning pregabalin trial data using BB, CDL, BBZ
and 50:50 rules.

Design EAP (SD) to Pregabalin EFP (SD) EMR
BB (T = 1) 0.703 (0.068) 0.441 (0.042) 4.102

CDL 0.581 (0.037) 0.478 (0.038) 4.308
BBZ 0.509 (0.100) 0.499 (0.040) 4.430
50:50 0.500 (0.04) 0.500 (0.040) 4.445

continuous responses we also use the expected mean response (EMR), where
a lower value is preferred.

The CDL has the least variability, but the BB design is most ethical in terms
of allocating a larger proportion of patients to the better treatment. Subse-
quently we refer to this data set in Chapter 4 (§4.1) and Chapter 8 (§8.2, §8.4,
§8.6).

0.6.8 Erosive Esophagitis Trial

This is an example of a multi-treatment trial with binary responses (see §2.3).

The trial of the drug Nexium (esomeprazole magnesium) was conducted by
AstraZeneca. Nexium had been approved by the FDA in February 2001 for
the relief of heartburn and other symptoms associated with gastroesophageal
reflux disease (GERD) and for the healing of erosive esophagitis, a poten-
tially serious condition associated with GERD. Multicentre, double-blind, ran-
domised trials evaluated the healing rates of Nexium 40 mg (H40), Nexium 20
mg (H20), and omeprazole 20 mg (O20) in subjects with endoscopically diag-
nosed erosive esophagitis (EE). The numbers of patients enrolled were 654, 656
and 650, in a equiprobability randomisation. Healing of EE occurred in 94.1%,
89.9% and 86.9% of patients by week 8 for treatment with H40, H20, and O20,
respectively. The differences between treatments were statistically significant,
favouring H40 over O20 using both the log-rank test and the Wilcoxon test.
There was also a statistically significant difference between H20 and O20 us-
ing the log-rank test. It is natural to think of a data-dependent allocation
which should allocate the highest proportion of patients to H40, followed by
a lower proportion to H20, and the lowest proportion to O20. Although the
observed success proportions 0.941, 0.899 and 0.869 are all relatively high, the
differences between the treatments are more striking when the proportions of
failures are considered. Further details of the trials are available at

http://www.astrazenecaclinicaltrials.com/Article/511963.aspx and

http://www.centerwatch.com/drug-information/fda-approvals/

drug-details.aspx?DrugID=665.

These data are considered in the illustration in Chapter 3 (§3.11.4).
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0.6.9 Appendiceal Mass Trial

This is again a three-treatment trial. The trial described by Kumar and Jain
(2004) compared the three most commonly used methods for treating appen-
diceal mass. Over a three-year period, 60 consecutive patients with appen-
diceal mass were randomly allocated to three groups: Group A, initial conser-
vative treatment followed by interval appendectomy six weeks later; Group B,
appendectomy as soon as appendiceal mass resolved using conservative means;
Group C, conservative treatment alone. Here conservative treatment includes
the use of broad-spectrum antibiotics. An outcome measure suitable for adap-
tive design is the duration of time away from work. In the randomised trial, 20
patients were randomly treated by each treatment. The observed mean (SD)
(in days) of the three treatments were A: 20.0 (2.9), B: 25.0 (7.4), and C: 11.7
(2.0). There would seem to be scope for the employment of a three-treatment
adaptive allocation design. We use this data set in Chapter 8 (§8.11.2).



Chapter 1

Adaptive Design: Controversies and

Progress

“Randomized clinical trials remain the most reliable method for evaluating the
efficacy of therapies.” (Byar et al. 1976)

In Chapter 0 we introduced some of the basic ideas of adaptive trials through
the discussion of examples. In this chapter we explore some properties of a
simple adaptive treatment allocation rule when there are just two treatments
and the outcome is either success or failure. We first consider why adaptive
designs should be used and then discuss how adaptive the design should be.

1.1 Why Adaptive?

A popular method of treatment allocation in sequential clinical trials is a 50:50
randomised allocation (see §0.3). That is, each entering patient is allocated
one of the two treatments by the toss of a fair coin. Of course, the coin is
usually conceptual and the random allocation will be generated on a com-
puter. However generated, such an allocation rule ignores information on the
responses to the treatments that accrues during the trial.

The ethics of treating human patients suggests that a more desirable allocation
strategy use the information from the responses as it becomes available. Let
the success probabilities for the two treatments be pA and pB. In a 50:50
randomised allocation’ close to half the patients will be treated by the worse
treatment, regardless of the actual treatment difference pA − pB; this might
be extreme, for example ±(0.9 − 0.1). The actual number allocated under
this randomised scheme to one treatment is a binomial random variable with
probability π = 0.5. It is an achievement if adaptive skewing of the allocation
can lead to even one extra patient receiving the better treatment. Herein lies
the motivation for response-adaptive clinical trials.

15
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The basic idea is to increase the allocation probability towards the better
performing treatment. There are two statistical points:

• If the responses to the two treatments have the same variance, the 50:50
allocation will provide the estimate of pA − pB with minimum variance,
although this is not so if the variances are different (see Chapter 8). Simple
statistical considerations, such as efficiency of estimation, may be in conflict
with ethical considerations.

• We would like the more frequent allocation of the better treatment to be
driven by an optimality criterion. This should balance information obtained
from the trial against the number of patients receiving inferior treatments.

1.2 How Adaptive?

The question as to how adaptive a design should be is central to our book.
The answer broadly depends upon those properties of the treatment allocation
scheme that are important in the particular application. For example, in the
rule described in this section, the responses are binary. If these are success
and failure, it makes sense to compare schemes for the expected proportion of
failures. However, such a comparison is not sensible if the outcome is normally
distributed. Then the comparisons may depend upon numerical values of gains
or losses specific to the application.

1.2.1 Forcing a Prefixed Allocation: FPA Rule

As an example we consider the following simple response-adaptive design for
treatment allocation. There are two treatments and binary outcomes. The
response to treatment is known before the next allocation is made. So we
re-estimate the success probabilities pA and pB sequentially before each treat-
ment allocation.

Suppose we want an allocation proportion of π > 0.5 to treatment A if A is
better than B (that is, pA > pB), and a proportion of 1−π if B is better than
A (that is, pA < pB). But, if A and B are equivalent (that is, pA = pB), we
require an allocation proportion of 0.5. Such a rule is totally driven by ethical
considerations. Suppose we fix π = 0.75. That is, we force a 3:1 allocation in
favour of the better treatment if there is a difference, and a 1:1 allocation if
the two treatments are equivalent. One adaptive design is:

For the allocation of the (n+1)st patient, we find p̂An and p̂Bn, the estimates
of pA and pB, based on the data up to the first n patients. Then

• If p̂An > p̂Bn, we allocate the next patient to treatment A with probability
0.75;
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• If p̂An < p̂Bn, the next patient is treated with A with probability 0.25;

• Finally, if p̂An = p̂Bn, we treat the next patient with either treatment,
selected by tossing a fair coin.

We call such an allocation rule a Forcing a Prefixed Allocation (FPA) design.
Intuitively, it is clear that in the long run the allocation proportion to the
better treatment is skewed to be 0.75. Features that may be of interest are
how fast this limiting proportion is approached and how this rate depends on
|pA − pB|.
Theoretically we need to define p̂An and p̂Bn appropriately for small values
of n when there may be no allocation to one of the treatments. In practice,
a fixed small number of patients would usually be randomly assigned to each
treatment before the start of the adaptive procedure.

We carried out a simulation study with this FPA design for a sample size
n = 100 with the ten pairs of values of (pA, pB) given in Table 1.1. The
values of pA and pB are those on the grid = 0.8, 0.6, 0.4 and 0.2 for which
pA ≥ pB. These values of (pA, pB) are used in this book for illustration and
comparison of several different designs. By the symmetry of the allocation
rule, the results for pB > pA are found by interchange of the symbols; we ran
10,000 simulations.

Boxplots of the distributions of the allocation proportions for treatment A,
rtotA,100, are in Figure 1.1, with a numerical summary in Table 1.1. From the
boxplots it is clear that the allocation proportions are centred at 0.5 whenever
pA = pB, and also that the centre is a little less than 0.75 whenever pA > pB.
For finite samples the expected allocation proportion is always less than 0.75,
as some patients have treatment allocation with probability 0.5, and, due
to sampling variation, some allocations may have a probability of 0.25 of
assigning A. As the treatment difference increases, the allocation proportion
comes closer to 0.75. Also the allocation proportion approaches closer to 0.75
as the sample size increases. We see examples of this in Chapter 7.

The values of the standard deviation of this difference in the table (SD given
in parentheses) are smallest when the treatment difference is largest. Similar
effects are more evident in subsequent chapters where we will study several
other adaptive designs and look at the standard deviations of properties of
the schemes. The increase of variability with the decrease in treatment differ-
ence is again intuitively clear; for smaller treatment differences the allocation
probabilities are more likely to oscillate between the three values 0.25, 0.5 and
0.75, which will make the allocation more variable.

Table 1.1 also gives numerical values of the estimates of the expected pro-
portion of failures (EFP) for the ten sets of conditions, together with their
standard deviations. The standard deviations are sufficiently small for the
pattern to be clear. The final column of the table gives the expected propor-
tion of failures in a 50:50 allocation, which is EFP50:50 = 0.5(qA + qB) with
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Table 1.1 FPA Rule. Results of 10,000 simulations of adaptive design for 10 com-
binations of population parameters of successful outcome (pA and pB). Estimates
of expected allocation proportion EAP (SD) and expected failure proportion EFP
(SD). The last four entries are for re-designed trials using the FPA rule: fluoxe-
tine1, shorter REML; fluoxetine2, full data.

(pA, pB) EAP (SD) to A EFP (SD) EFP50:50

(0.8, 0.8) 0.500 (0.188) 0.201 (0.040) 0.200
(0.8, 0.6) 0.691 (0.101) 0.262 (0.047) 0.300
(0.8, 0.4) 0.730 (0.056) 0.308 (0.048) 0.400
(0.8, 0.2) 0.738 (0.049) 0.357 (0.049) 0.500
(0.6, 0.6) 0.500 (0.190) 0.400 (0.049) 0.400
(0.6, 0.4) 0.683 (0.110) 0.464 (0.054) 0.500
(0.6, 0.2) 0.729 (0.057) 0.509 (0.053) 0.600
(0.4, 0.4) 0.500 (0.190) 0.600 (0.049) 0.600
(0.4, 0.2) 0.692 (0.102) 0.662 (0.052) 0.700
(0.2, 0.2) 0.500 (0.190) 0.800 (0.040) 0.800

fluoxetine1 0.644 (0.153) 0.503 (0.085) 0.661
fluoxetine2 0.679 (0.116) 0.457 (0.058) 0.493

AZT 0.739 (0.027) 0.128 (0.015) 0.168
Rout et al. (1993) 0.683 (0.109) 0.601 (0.045) 0.630

qk = 1 − pk, k = A,B. It is clear from these results that the FPA design
is ethical in the sense that it gives a more frequent allocation to the better
treatment.

As practical examples of the FPA design we apply it to the results of the
fluoxetine trial introduced in Chapter 0. First we consider the fluoxetine data
on the shorter REML (39 patients only). From the analysis of the data p̂A =
11/19 and p̂B = 7/20. We take these estimates as population values so that
|pA − pB| = 0.229, a small value compared with many of those in the table.

When we implement the shorter REML part of the fluoxetine trial using this
FPA, again simulating the trial 10,000 times, we observe that the expected
proportion of allocation in favour of treatment A (fluoxetine) is close to 0.678,
and the standard deviation is 0.118. These results are included in Table 1.1,
where we also give the value of the EFP.

For the simulated REML data the 2.5%, 5%, 95% and 97.5% percentile points
of the allocation proportion are respectively 0.318, 0.420, 0.807 and 0.818.
These values are disappointingly dispersed when compared to the target of
0.75, although not perhaps surprisingly so for a trial with only 39 patients.
In general we can come closer to the target when the sample size is larger.
For example, if we use the full fluoxetine data (with 88 patients) and again
take the success probabilities as the observed proportions of successes, we now
have p̂A = 0.610 and p̂B = 0.405. Here |pA − pB| = 0.205, even smaller than
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Figure 1.1 FPA Rule. Boxplots of the distributions of allocation proportions rtotA,100

for 10 different choices of (pA, pB) in the order given in Table 1.1.

the value of 0.229 for the REML data. The value of the EAP in this case is
virtually unchanged at 0.679, but with a smaller SD than that of the shorter
REML study.

For the AZT data with n = 476 we take pA = 0.916 and pB = 0.748, their
observed values. With such a large sample size, the EAP is much closer to the
target value, 0.75, even with such a small treatment difference. As Table 1.1
shows, the SD of the EAP is very small. The EFP is 0.128 with SD 0.015,
which indicates that the expected number of failures in this FPA design is
60 (with SD = 7.35); much more ethical than the observed value of 80. Also
given in the table are the values for the data of Rout et al. (1993).

1.2.2 Further Considerations: Alternatives to the FPA Rule

One drawback of the FPA rule is that it always under-allocates with respect
to the target. That is, we always have rtotA,n < π. Despite this, the amount of
under-allocation decreases with the increase in treatment difference and with
the sample size.

A second drawback is that the FPA is ethical in a rather limited way; it targets
a prefixed allocation proportion π in favour of the better treatment, whatever
the treatment difference may be. It may instead be desirable increasingly to
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skew the allocation with the increase of treatment difference whilst having the
allocation proportion close to 0.5 when the treatment difference pA − pB is
small but not identically zero.

One possible modification of the design is to have two asymptotic allocation
proportions π1 and π2 rather than the single value π. The steps would then
be:

• Set 0.5 < π1 < π2 < 1.

• For some c1 > 0, we force the allocation probability to the better treatment
to be π1 if 0 < |pA − pB| < c1.

• This probability is π2 if |pA − pB| ≥ c1.

• The allocation probability is 0.5 if pA = pB.

For the actual allocation, as before, we use the sequential estimates p̂An and
p̂Bn.

Of course, we can make the design increasingly data-driven by choosing more
than two different allocation probabilities for distinct intervals of the esti-
mated treatment difference. As the number of intervals increases, this FPA
rule approaches a general allocation design based on the estimated treatment
difference.

In general, for the (n + 1)st allocation, we choose πn using the data up to
the first n patients. The allocation probability πn can be a function of only
the sufficient statistics, here p̂An and p̂Bn. Or it may be a more complicated
function of the allocation and response histories of the first n patients, being
perhaps also a function of n and of prognostic factors. All adaptive designs
discussed in this book can be thought of as different ways of choosing πn. Of
course, the form of πn will be more complicated than that of the FPA rule as
we take extra features into account. For example:

• Responses may have more than two categories or be continuous. We intro-
duce designs for continuous responses in Chapters 2 and 4.

• The model may include covariates.

• The response may be delayed or entry may be staggered (see Slud 2005).
For example, the fluoxetine trial had staggered entry.

• Mostly we shall write as if the responses are univariate. However, they may
be multivariate (see 4.7), or longitudinal (see Chapter 5), or both.

• The form of πn may reflect an optimality criterion.

These considerations will modify the design. But the basic principle of adap-
tive allocation remains the same; an appropriate choice of πn depends on the
data history, the type of data and the logistics of the particular trial.
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1.3 Criticism

Adaptive designs are randomisations with biased coins, where the biasedness
of the coin may be changed depending on our state of knowledge.

Royall (1991) discussed various aspects of randomisation. He argued for adap-
tive allocation in randomised trials where accumulating evidence encourages
departure from the 50:50 allocation in favour of the better performing treat-
ment.

“As the evidence that A is better grows, incoming patients are still randomised
to A or B, but the probability of B is reduced. The arguments for such pro-
cedures are usually utilitarian: they reduce the number of patients who receive
the disfavored treatment, and compared to 50:50 randomisation, improve par-
ticipants’ chances of getting better treatment.” (Royall 1991).

But Royall (1991) continued his discussion with a question mark on the re-
quirement of adaptive design (in terms of skewing the allocation). Royall ar-
gued

“But the ethical problems are clear: after finding enough evidence favoring A
to require reducing the probability of B, the physician obeying the personal care
principle must see that the next patient gets A, not just with high probability,
but with certainty.”

This is a delicate point, debated for long, yet unsolved. Such adaptive al-
location within the trial may serve the ethical purpose of treating a larger
number of patients with the better treatment. However, the randomisation
rule and the responses both include randomness. There is a possibility that
this ethical purpose may be achieved on the average, whereas we require that
it be achieved for the particular trial that is performed. Hence ,in designing
a trial it is important to look at both the average allocation proportion EAP,
estimated in Table 1.1 by r̄totA,n, and at the values of the proportions rtotA,n for
the individual trials shown in Figure 1.1.

The importance of studying these properties of a proposed design is illustrated
by the Michigan ECMO trial (Bartlett et al. 1985), discussed in Chapter 0. As
described in §0.6.2, this was a randomised adaptive clinical trial based on the
randomised play-the-winner design of Wei and Durham (1978). The design
process started with an urn (see §0.6.2) having one ball of each kind A and
B. Every patient was treated by drawing a ball from the urn at random. The
drawn ball was immediately returned to the urn together with an additional
ball of the same or opposite kind according to whether success or failure was
observed. The trial was to be stopped as soon as 10 balls of one kind had been
added to the urn, whichever kind that was. This would give a 0.95 probability
of correctly detecting a better treatment if pA = 0.8 and pA − pB ≥ 0.4, or
the reverse.

The first infant was randomised to ECMO (with a probability 1/2) and sur-
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vived, the second was randomised to the conventional therapy (with a prob-
ability of 1/3) and died. The eight subsequent patients were randomised to
ECMO and all of them survived, the allocation probabilities to ECMO form-
ing the increasing sequence 3/4, 4/5, · · · , 10/11. At this point ECMO was
declared as the winner. The trial concluded after two more infants, who had
already been recruited, were treated with ECMO; both survived.

The ECMO trial raised many important points for discussion. Ware and Ep-
stein (1985) pointed out

“Further randomised clinical trials using concurrent controls and addressing
the ethical aspects of consent, randomisation, and optimal care will be difficult
but necessary.”

Bartlett et al. (1985) concluded:

“In retrospect it would have been better to begin with two or three pairs of balls,
which probably would have resulted in more than one control patient.”

They rightly felt that such a design would allocate more infants to the conven-
tional therapy, yielding a more reliable treatment comparison. This comment
is perhaps the base of the optimal adaptive designs of more recent years.

In the ECMO study the prior success probabilities of ECMO and the conven-
tional therapy were 0.7 and 0.2. An important question is whether it is, with
such prior values, ethical to conduct a trial. Much of the discussion and con-
troversy surrounding the ECMO trial is well documented, with the Michigan
ECMO trial, in particular, one of the few clinical trials that has drawn the
attention of a large number of statisticians. Papers addressing different issues
include Cornell, Landenberger, and Bartlett (1986), Wei (1988), Ware and
Epstein (1985), Begg (1990) and discussants, Royall (1991) and Palmer and
Rosenberger (1999). As a consequence of this trial, the idea of adaptive alloca-
tion was discredited for many years, the concern being that, in this instance,
only one patient was allocated to the conventional therapy. This unsatisfac-
tory allocation has been treated as an indictment of the adaptive approach.
We, on the contrary, argue that it merely underlines the need for better adap-
tive designs. Of course, few trials of sample size only 12 can be convincing,
regardless of the allocation pattern.

The moral of this trial is that care is needed in designing and planning adaptive
trials. Even with a 50:50 trial, there is a 2.34% chance of getting one or no
allocations to a particular treatment out of a total sample size of ten!

In the subsequent Boston ECMO trial, Ware (1989) commented:

“Some statisticians argue that, so long as the accumulated data do not demon-
strate the superiority of one therapy by the criterion of statistical significance,
perhaps adjusted for sequential analysis, the therapies have not been shown
to differ in their efficacy, so that there is no reason to discontinue randomi-
sation. This argument also seems unsatisfactory in situations where patients
may benefit substantially from the better therapy.”
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In adaptive trials, treatment is continued, but with a skewed randomisation
depending on previous outcomes.

1.4 What Next?

Here are some points we will focus on in later chapters.

Randomisation

Randomisation is an essential component of modern clinical trials, in order
to avoid bias. By randomisation we do not mean that, if there are two treat-
ments, allocation should be by tossing a fair coin; rather we may deliberately
skew the allocation probabilities in favour of a particular treatment. By ran-
domisation we mean that patient allocation will not be deterministic to either
treatment A or B. There should be a random mechanism which will result
in allocation to either treatment with a predetermined probability π, strictly
between (0, 1). For book-length discussions of randomisation, readers are re-
ferred to Rosenberger and Lachin (2002a) and Matthews (2006). See also our
Chapter 2.

While we will emphasise randomisation throughout this book, it is worthwhile
to mention, as Royall (1991) pointed out,

“This does not imply that studies that use historical or nonrandomised con-
current controls have little or no scientific value. We can learn without ran-
domisation.”

Adaptive Design: To Balance Covariates and to Balance Allocation

Often the objective is to achieve balance in allocation across the treatments,
and also across covariates or prognostic factors, which may be continuous or
categorised. The data-dependent allocation procedures that are suggested for
this purpose are described in Chapter 2, following Atkinson (1982).

Response-Adaptive Design: Ethics

The FPA rule explored in this chapter is one example in which patient accrual
is sequential and ethical concerns dictate that a greater proportion of patients
should receive the better treatment. We explore other ethical allocation rules
for binary responses in Chapter 3. In Chapter 7 the responses can have a
general distribution and, in addition, balance is required over covariates. In
the numerical examples we take the responses to have a normal distribution.
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Optimal Allocation Designs: Statistical Properties

Many physicians would be pleased with the ethical allocation above. But a
statistician would like to have ‘optimality’ of some kind in the allocation
process, to ensure higher efficiency in any ensuing inferences. In Chapter 6 we
discuss such optimal allocation designs in detail. These designs depend on the
covariates of the patients, but not on the responses.

Combining Ethics and Optimality: Ethical-Optimal Allocation

An ideal allocation rule will allocate both ethically and optimally, yielding
high treatment allocation to the best treatments combined with randomness
and sufficient balance for powerful inferences. Such designs are discussed in
detail in Chapters 7 and 8.

Regularisation

Regularisation is discussed in detail in Chapter 7. Since the allocation is ran-
dom, there is a positive probability that allocation to any particular treatment
will remain or fall below a threshold, creating problems for subsequent infer-
ences. For example, in the Michigan ECMO trial discussed above, only one
patient was allocated to the CMT.

We have already quoted the suggestion of Bartlett et al. (1985) that the first
few patients should be allocated with a restricted randomisation that ensures
each treatment is allocated the same small number of times. Thereafter we
suggest in §7.2.2 that treatment allocation should be constrained so that each
treatment is allocated to at least

√
n of the patients.

The results in §7.2.2 show that
√
n regularisation has beneficial effects on both

the average and individual properties of trials. Other variants are possible.
For example, at the time of regularisation, instead of the with probability one
allocation we have employed, we may suggest a randomised allocation with a
high probability of allocating the under-represented treatment that continues
until the treatment is adequately allocated.

Inference

Inference following adaptive allocation is widely studied in the statistical liter-
ature. Begg (1990) and discussants consider many approaches to the Michigan
ECMO trial. Yao and Wei (1996) observed that the impact of adaptive allo-
cation on efficiency might not be so much as would be expected. Hu and
Rosenberger (2003) analyse variability and power for response-adaptive de-
signs. Baldi Antognini and Giovagnoli (2005) studied the effect of estimation
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on design. In addition, interim analyses and stopping rules have an impact on
power for adaptive designs. See Chapter 9 for details.

Simulation

In many cases only asymptotic results are available for the properties of adap-
tive designs. For small samples we often resort to simulation. We have already
seen an example of this in our elucidation of some properties of the FPA rule.
A second example would be the comparison of the two regularisation rules
suggested above. Simulation will play a large part in our investigations in the
remainder of the book.

Trial simulation can help by introducing real-life scenarios in the design and
observing statistical properties of the study. Trial simulations can also be
helpful in comparing the performance characteristics among several competing
designs under different scenarios.

Simulation is widely commended for the solution of problems in adaptive de-
sign, for example by the FDA (see http://www.fda.gov/downloads/Drugs

/GuidanceComplianceRegulatoryInformation/Guidances/UCM201790.pdf)
for the FDA Guidance for Industry on Adaptive Design Clinical Trials for
Drugs and Biologics. See also Pong and Chow (2010). In presenting the re-
sults of our simulations, we have tried to minimise the number of tables and
instead to provide informative plots.
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Chapter 2

Randomised Balanced Sequential

Treatment Allocation

2.1 Introduction

In the simple FPA (Forcing a Pre-fixed Allocation) rule in §1.2.1 the skewed
randomised allocation of treatments was driven by the observed proportions
of successes from the treatments. In this chapter we consider instead very dif-
ferent rules which are not response adaptive. The purpose is to allocate the
treatments in a given proportion, often equally. Some randomness is however
required and the rules vary depending on the relative importance of random
allocation and treatment balance. The designs can therefore be described as
“allocation adaptive” and viewed as randomised perturbations of sequential
design constructions. A further important distinction from Chapter 1, where
properties of the designs were analysed only when n = 100, is that the de-
signs may be stopped for any number of patients. We require good properties
whatever the value of n.

To start, we assume that responses to the different treatments all have the
same variance. In practice, our results are often used when the responses are,
at least approximately, normally distributed. Initially we assume that the goal
is equal treatment allocation. Responses with non-constant variance are the
subject of §2.6. Consideration of skewed allocations, such as the 3:1 target of
§1.2.1, is deferred to §6.6.

In §2.2 we introduce four rules for allocating two treatments without prognos-
tic factors. The biased-coin design of Efron (1971) is a much-used rule of this
kind in which the under-allocated treatment is allocated with probability 2/3.

Over the long run we require equal allocation of the two treatments. Section
2.2.3 describes measures of randomness and balance for the designs, especially
loss and selection bias. Numerical comparisons of two-treatment designs are in
§2.2.4 with the extension to three or more treatments in §2.3. The important
topic of designs with covariates is introduced in §2.4 and four further design

27
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strategies are introduced where the allocations are intended to be balanced
over the covariates.

The discussion of Figure 1.1 stressed the importance of looking at the proper-
ties of individual designs. We give results on loss and bias for individual trials
in §2.5. Rules for heteroscedastic data are given in §2.6.

The allocation rules including covariates in this chapter assume that the co-
variates are categorical. If they are continuous, one possibility is to divide
the values into categories, typically “low”, “normal” and “high”. However,
if the numerical values are well-behaved it may be preferable to make any
adjustments to estimated treatment effects using the numerical values of the
covariates. In Chapter 6 we use the methods of optimum experimental design
to provide rules when the covariates are continuous. The methods of evalua-
tion of the resulting allocation rules follow those developed in this chapter for
two treatments without covariates.

2.2 Adaptive Designs for Balancing Allocation between Two
Treatments

2.2.1 Balance and Randomisation

Patients arrive sequentially and are to be allocated either treatment A or
treatment B. In what order should the treatments be allocated? For the mo-
ment we assume that there is no information on prognostic factors such as
age, gender or previous medical history. The patients are treated as if they
were homogeneous.

If the patients are not in fact all, for example, young females with no previous
medical history, but are heterogeneous, these factors should be allowed for
in the allocation. The purpose then is to avoid excessive allocation of one
treatment to a subset of the population with a potentially different response.
We discuss the influence of such factors on design in §2.4.

If the total number of patients N were known, we could allocate the first N/2
patients to treatment A and the otherN/2 to treatment B, with one treatment
receiving an extra patient if N is odd. If the variances of the responses under
the two treatments are the same, this allocation gives an estimate of the
difference in treatment effects with minimum variance. There are, however,
two major shortcomings of such a design:

1. Balance
In sequential designs, the value of N is not known; the trial may be stopped
at some arbitrary number of patients n. If n were less than N/2 we would
have no information on one of the treatments. If it were only slightly larger
than N/2, the estimate of the treatment difference would have an unnec-
essarily high variance.
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2. Randomisation
If the earlier part of the trial differs systematically from the latter part in
some way, this difference would be confounded with any difference between
the effects of the treatments. An alternative sequence, which would preserve
balance is ABABAB ... . However, if treatment A is always given in the
morning and treatment B in the afternoon, as might be the case with dif-
ferent methods of surgery, there will again be the possibility of confounding
with an omitted effect, now the time of day. This possibility can be made
negligible by allocating the treatments at random.

When the treatments are allocated according to the alternating sequence
ABABAB ... the largest imbalance at an arbitrary stopping size of n patients
is Dn = |nA − nB| = 1. If the treatments are instead allocated at random,
the trial will often be unbalanced by more than one allocation, with a reduc-
tion in the efficiency of estimation of the treatment effects. The targets of
randomisation and balance are in conflict.

We describe four possible allocation rules in this simple situation and then
discuss ways of assessing the properties of our designs.

2.2.2 Four Design Strategies

Suppose that after treatments have been allocated to n patients, nA have
received treatment A and nB treatment B with nA + nB = n. We require to
allocate a treatment to patient n+1. It is helpful to let [1] represent the under-
represented treatment, that is treatment [1] is A if nA < nB and B if nA > nB.
The different rules specify π(1), the probability of allocating treatment 1. If
nA = nB, there is no under-represented treatment and we write π(0) = 0.5 to
represent random allocation of either treatment. That is,

π(1): probability of allocating treatment [1]
π(0): probability of allocation of either treatment when both

are equally represented (nA = nB).

Rule R: Completely Randomised

πR(1) = πR(0) = 0.5. (2.1)

Allocation is at random, for example by the toss of a fair coin, and so is
independent of the history of previous allocations, which is summarised in nA

and nB.
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Rule D: Deterministic

πD(1) = 1, πD(0) = 0.5. (2.2)

The under-represented treatment is always allocated. However, when n is even,
allocation is at random. The allocation sequence then consists of a random
sequence of the pairs AB and BA.

Rule P: Permuted Block Design

Rule D allocates conceptual blocks of length 2, ensuring balance whenever
n is even. The blocks are “conceptual” since they are not like the blocks in
a conventional experiment; they do not correspond to groups of units with
common properties and they are not included in the analysis. An extension
is to allocate larger randomised sequences. Often these are taken to be of
length eight or ten, for example AABABABB, ensuring balance when n is
a multiple of eight, but not otherwise. Like most of the rules we describe,
this one lies between Rules R and D. It provides greater randomisation than
the deterministic rule but will, on average, be less unbalanced than random
allocation when the trial is stopped at an arbitrary value of n. Section 2.2.3
provides methods of comparing designs, so allowing us to quantify the idea
that Rule B lies between Rules R and D.

Rule E: Efron’s Biased Coin

In the biased-coin design introduced by Efron (1971), the under-represented
treatment is allocated with a probability p greater than one half, but less than
one. Efron elucidated the properties of the rule with p = 2/3, that is,

πE(1) = 2/3, πE(0) = 0.5. (2.3)

As p → 0.5 we obtain random allocation, and as p → 1 we approach the
deterministic rule forcing balance. Efron chose the value 2/3 because the rule
could easily be implemented using a six-sided die. When we refer to Efron’s
biased coin for two treatments we will usually be assuming p = 2/3.

2.2.3 Properties of Designs

Randomisation and balance are in conflict; in general, the more randomised
is a sequential design the less likely is it to be balanced when stopped at
an arbitrary size n. We first derive a numerical measure for randomisation
in terms of the ability to guess the next treatment to be allocated. Then
we consider some measures of balance and relate them to the efficiency of
estimation.
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Selection Bias

One use of randomisation in the design of agricultural or industrial experi-
ments is to guard against factors that have been omitted. Similarly, if recruit-
ment to the trial takes place over an appreciable time period, randomisation of
treatments will help to guard against secular trends in the population’s health
and our ability to measure it, in the quality of recruits to the trial and in the
virulence of a disease. Smith (1984b) considers randomisation against smooth
trends and correlated errors as well as “selection bias”, which arises from the
ability of the experimenter to guess the next treatment to be allocated. We
consider the robustness of many of our designs to this form of bias.

Of course, correctly guessing which treatment is to be allocated next has no
effect unless some action follows. However, if the experimenter can choose
which patient is to receive the next treatment and tends, consciously or un-
consciously, to ensure that patients believed to have a better prognosis are
disproportionately allocated to one treatment, severe biases may result.

Selection bias in the context of clinical trials was introduced by Blackwell and
Hodges (1957) who considered an example in which the number of patients was
known in advance, exact balance was required and there were no prognostic
factors. More recent authors, such as Efron (1971) and Smith (1984b), also
calculated this bias for a number of schemes. Of course, in a double-blind trial
the clinician should not be able to guess the next treatment to be allocated
and so should be unable to influence which patient receives which treatment.
This is even more so in the case of a multi-centre trial in which treatments are
allocated centrally. Selection bias can therefore be considered as a calculable
surrogate for many of the reasons for which randomness is required. A design
provided by the rules considered here with a low selection bias should behave
well in the presence both of smooth trends and of short-range cyclical patterns.

The bias will depend on the design, the guessing strategy and the value of
n. For a particular combination of strategy and design we calculate the bias
from nsim simulations as

B̄n = (number of correct guesses of allocation to patient n

−number of incorrect guesses)/nsim. (2.4)

For some designs, for example random allocation, Rule R, it is possible to
find the average value or expectation of Bn over all designs. We denote this
expectation as Bn where

Bn = {E(proportion of correct guesses)−E(proportion of incorrect guesses)}.
(2.5)

We give numerical comparisons of bias for the four designs in §2.2.4. But first
we discuss the useful results that are available analytically.
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Rule R: Completely Randomised

For rules forcing balance, it is sensible to guess the under-represented treat-
ment as that to be allocated next. However, when allocation is completely
at random the allocation does not depend on past history; guessing A or B
is equally likely to be correct; the expected numbers of correct and incorrect
guesses are equal and Bn = 0.

Rule D: Deterministic

When n is even, the design is balanced. If the next treatment to be allocated,
that is for odd n, is selected at random it cannot be guessed, so that Bn = 0
when n is odd. For even n, the under-represented treatment is known and can
be guessed with certainty, when Bn = 1. The value of Bn therefore oscillates
between these two values.

For this rule, guessing the under-represented treatment gives the greatest pro-
portion of correct guesses. In our calculations of selection bias we will always
assume that the guessing strategy, like this one, maximises the selection bias.

This deterministic design includes a random selection of the treatment allo-
cation when n is odd. If, instead, the treatments are alternated, so that the
sequence is ABABABAB ... or BABABABA ... the next allocation can be
guessed after the first allocation, provided it is known that the treatments
will alternate. So, for n 6= 1, Bn = 1. We have already suggested that this is
a poor design. The value of Bn quantifies this assertion.

Rule P: Permuted Block Design

For the permuted block design AABABABB it is natural to guess the under-
represented treatment, with random guessing for the first allocation. Then
B1 = 0, as it does for all these rules. Thereafter Bn will be one when the
under-represented treatment is allocated and −1 when the over-represented
treatment is allocated. If the length of the block is known, the last guess will
always be correct, as balance is attained. For example, guessing the under-
represented treatment in AABABABB gives B2 = −1 and B8 = 1.

The ability to guess correctly depends on what is known about the structure
of the design. If it were known that this structure of eight treatments were
to be repeated, then Bn would be one for all n > 8. Randomly relabelling
treatments A and B, using several permutations or changing the block size
are all ways in which the value of Bn could be kept small, perhaps at some
administrative cost.



BALANCE WITH TWO TREATMENTS 33

Rule E: Efron’s Biased Coin

When there is balance in Efron’s biased coin, which can only occur for even n,
the next allocation is made at random and guessing makes no contribution to
Bn. Otherwise the under-represented treatment is allocated with probability
2/3, so that guessing this treatment has this probability of being correct and
1/3 of being wrong. In §2.2.4 we use simulation to explore the evolution of Bn

with n.

In these examples, without covariates, we have had to pay particular attention
to the behaviour when the design is balanced and allocation is at random. Once
we introduce covariates into our procedures (§2.4), balance is appreciably less
likely, even negligible for many of the rules of Chapter 6. The biases associated
with the rules then change, sometimes appreciably.

Balance and Loss

Designs which have appreciable randomisation tend to have low bias, which
is desirable, but may be appreciably unbalanced if the trial stops at an arbi-
trary n. This section discusses measures of imbalance and their relationship
to statistical inference about the treatment effect.

An obvious measure of imbalance is just the absolute value of the difference
in the number of times the two treatments are allocated

|Dn| = |nA − nB|. (2.6)

For rules such as deterministic allocation, for which the expected value of this
difference can be calculated, we obtain the population value |Dn|.
Especially for the response-adaptive designs of later chapters, such as Chap-
ters 3 and 7, we may be interested in the proportion of patients receiving a
particular treatment

rA = nA/n and rB = nB/n. (2.7)

The question is often how rapidly these observed proportions converge to
target values pA and pB . We could also consider the proportional difference
formed from Dn (2.6) as Dn/n. For the designs of the present chapter, this
quantity decreases to zero sufficiently fast as to be uninformative.

The estimate of the treatment difference and its properties depends on the
observations yi and their distribution. It is convenient to write the model
with the treatments labelled 1 and 2 rather than A and B. With additive
errors of observation, the model is

yi = hiα1 + (1 − hi)α2 + ǫi (i = 1, . . . , n), (2.8)
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where α1 is the effect of treatment 1 (or A), α2 is the effect of treatment 2
(or B) and hi is an indicator variable, equalling one if the first treatment is
allocated and zero otherwise. The unobservable errors of observation have zero
expectation, that is, E(ǫi) = 0. If the errors ǫi are also of constant variance,
the estimate of the effect of treatment 1 is

α̂1 =

n∑

i=1

hiyi/n = ȳ1 (2.9)

and of treatment 2

α̂2 =
n∑

i=1

(1 − hi)yi/n = ȳ2. (2.10)

Then the estimated treatment difference is

∆̂ = α̂1 − α̂2 = ȳ1 − ȳ2, (2.11)

where ȳj is the mean of observations receiving treatment j (j = 1, 2).

If, in addition to constant variance σ2, the errors ǫi are also independent, the
variance of this estimated difference is

var∆̂ = σ2(1/nA + 1/nB). (2.12)

When n is even, this variance is minimised by equal allocation, that is nA =
nB = n/2 and

var∆̂∗ = 4σ2/n, (2.13)

where the ∗ implies that the variance is calculated for the optimum allocation.

The “second-order” assumptions of independence and approximately constant
variance of the error terms often apply in the analysis of data, sometimes after
transformations of the data such as the logarithmic. Further discussion is in
§2.8.

For any design with allocations nA and nB, the efficiency of the design relative
to this optimum allocation is

En = var∆̂∗/var∆̂ = 4nAnB/n
2. (2.14)

It is often more informative to work with the loss Ln defined by writing the
variance (2.12) by comparison with (2.13) as

var∆̂ =
4σ2

n− Ln
,

so that
Ln = n(1 − En). (2.15)

The loss measures the number of patients on whom information is “lost” due
to the imbalance of the design.
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With a random element in the allocation, as in Rules R and E, the loss Ln is
a random variable depending on the particular allocation. However, for Rule
D it is straightforward to obtain expressions for the expectation Ln = E(Ln).
If n is even, we have equal allocation and the design has an efficiency of one
and a loss of zero. The only other case is when n is odd and we have as near
equal allocation as possible. That is, n = 2m + 1, with m an integer. Then
nA = m+ 1 and nB = m (or conversely) and

En =
4m(m+ 1)

(2m+ 1)2
so that Ln =

1

2m+ 1
= 1/n. (2.16)

This expression neatly shows that the effect of imbalance goes to zero as n
increases. The value L∞ = 0 summarises the properties of this design for a
large number of patients.

More generally, for an allocation of nA and nB patients to the two treatments,
it follows from (2.6) and (2.12) that

Ln = (nA − nB)2/n = D2
n/n. (2.17)

In the most extreme case when all patients receive the same treatment there
is no information on the treatment difference and Ln = n. This design wastes
the observations on all n patients, since the purpose is to compare the two
treatments. For designs other than D, we need simulation to obtain estimates
of the values of Ln and the bias Bn and to establish whether they also have
limiting values.

We now make these comparisons for the four two-treatment Rules P, D, E and
R. Similar quantities are evaluated in §2.3 for designs with three treatments,
in §2.4.3 for designs with covariates and in Chapter 6 for rules derived from
optimum design theory. The purpose here is to introduce these comparisons
in a simple context.

2.2.4 Numerical Comparisons of Designs

Absolute Difference

We start our comparison of the properties of designs by looking at the absolute
value of the difference in the number of times the two treatments are allocated,
that is, |Dn| = |nA − nB| introduced in (2.6).

The left-hand panel of Figure 2.1 shows the average value for Rule R calculated
from 100,000 simulations of a trial with up to 200 patients. The value of |D̄n|
increases steadily, reaching 11.33 at n = 200. The results for loss, for example
in Figure 2.4, indicate that, with random allocation, the average value of the
absolute difference increases as

√
n. This is not the case for the other three

rules considered in this section.
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Figure 2.1 |D̄n|, absolute difference in numbers receiving the two treatments, calcu-
lated from 100,000 simulations. Left-hand panel, Rule R (random allocation); the
values increase as

√
n. Right-hand panel, Rule E (Efron’s biased coin); for large n

the values alternate between 4/3 and 5/3.
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Figure 2.2 |Dn|, absolute difference in numbers receiving the two treatments. Left-
hand panel, Rule D (deterministic allocation); the values alternate between 0 and 1.
Right-hand panel, Rule P (permuted block design); the values 0, 1 and 2 follow a
fixed pattern repeating every eight patients.

The right-hand panel of Figure 2.1 shows the values of |D̄n| for Rule E for n
up to 50. As with all our rules, D̄n has a value of one after the first allocation.
For this rule, the values rise initially but, after n around 30, they settle down
to oscillation between values of 4/3 when n is even and 5/3 when n is odd.
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Figure 2.3 R̄n = |D̄n|/n, relative difference in numbers receiving the two treatments,
calculated from 100,000 simulations. Left-hand panel, Rule R (random allocation);
the values decline as

√
n. Right-hand panel, Rule E (Efron’s biased coin).

The other rules also produce oscillating patterns for |D̄n|, which are determin-
istic and so can be found without simulation. The left-hand panel of Figure 2.2
shows that the values for Rule D, deterministic allocation, alternate between
0, when n is even and so nA = nB, and 1 when n is odd. The right-hand
panel is for Rule P, the eight-trial permuted block design with treatment se-
quence AABABABB. For this particular sequence nA is always greater than
nB except that there is balance when n is a multiple of 8.

Relative Difference

We now consider the behaviour of the absolute value of the relative difference
R̄n = |D̄n|/n. The left-hand panel of Figure 2.3 shows the average value for
Rule R for n up to 200. Since the values for |D̄n| increase as

√
n, those for

R̄n decrease as
√
n. The values for Rule E in the right-hand panel decrease

faster than this, at a rate 1/n, showing the sawtooth pattern visible in the
right-hand panel of Figure 2.1.

The values of R̄n for Rules D and P likewise decline as 1/n, oscillating in line
with the patterns visible in Figure 2.2. These results show that the designs
tend, at different rates, to balance, that is ,(nA − nB)/n→ 0 as n→ ∞.

Loss

The plots for the average loss are particularly revealing and important; they
will form one of our major tools for elucidating the properties of designs. Since
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Figure 2.4 Average loss L̄n calculated from 100,000 simulations. Left-hand panel,
Rule R (random allocation); L∞ = 1. Right-hand panel, Rule E (Efron’s biased
coin).

EDn = 0 for the four rules of this section (see §2.8), we see from (2.17) that
Ln = (varDn)/n.

The left-hand panel of Figure 2.4 shows the average value of L̄n for Rule R.
This value is remarkably constant with a value fluctuating slightly around
one. The results of Burman (1996) give a theoretical explanation.

The inferential focus of the calculation of the values of loss in this section
is the variance of the estimate of the parameter ∆ = α1 − α2. There is also
a nuisance parameter in the model (2.8), namely the overall mean response
µ = (α1+α2)/2. Burman shows that with one nuisance parameter in our model
and random allocation, the value of L∞ is one. In general, as we illustrate
in §6.3, with q nuisance parameters, the value of expected loss for random
allocation is q. Other values of loss apply for other allocation rules.

The right-hand panel of Figure 2.4 and the two panels of Figure 2.5 show
that the average values of loss for Rules E, D and P decrease to zero as n
increases. Particularly for Rules D and P, the regular patterns of Figure 2.2 are
decreasingly visible. The definition of loss in (2.15) can be inverted to define
the efficiency as En = 1−Ln/n, so that all designs are asymptotically efficient.
However, unrestricted randomisation results, on average, in an increase in
variance equivalent to losing information on one patient.
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Figure 2.5 Loss Ln. Left-hand panel, Rule D (deterministic allocation); right-hand
panel, Rule P (permuted block design); both sets of values decline, showing the regular
patterns of Figure 2.2 with decreasing amplitude.
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Figure 2.6 Estimated selection bias Bn calculated from 100,000 simulations. Left-
hand panel, Rule R (random allocation); Bn = 0. Right-hand panel, Rule E (Efron’s
biased coin).
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Figure 2.7 Selection bias Bn. Left-hand panel, Rule D (deterministic allocation);
right-hand panel, Rule P (permuted block design); the value of −1 comes from con-
sistently wrong guessing.

Selection Bias

As the last property of these allocation rules we now consider the selection
bias Bn introduced in (2.4) as the expected number of correct guesses of the
next allocation minus the expected number of incorrect guesses.

The left-hand panel of Figure 2.6 shows that for Rule R the value of Bn is zero.
This is because, with completely random allocation, it is impossible to guess
which treatment will be allocated next. The panel also shows that, even with
100,000 simulations, there is still some sampling variability in the estimate of
Bn. The right-hand panel for Rule E shows that, away from very small values
of n, the values oscillate between 1/3 for even n and 1/6 for odd n. Without
covariates, the design can only be balanced for even n. Patients for even n
are allocated from the unbalanced design for odd n, so that the biased coin is
used and the probability of correct guessing is greater than for allocation of
patients when n is odd and allocation could be from a balanced design.

The plot for Rule D in the left-hand panel of Figure 2.7 again shows an
oscillating pattern. When n is even Bn = 0, since allocation is at random.
However, when n is odd Bn = 1; it is possible to guess correctly that the
under-represented treatment will be allocated.

The oscillating pattern in the plot for Rule P in the right-hand panel of Fig-
ure 2.7 is more complicated. The guessing strategy is, again, to guess that
the under-represented treatment will be allocated. If it is indeed allocated,
the guess is correct and, for example, B3 = 1. However, if it is not allocated,
the guess is always wrong and B2, B4 and B6 all equal −1; the sequence is
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AABABABB with A, rather than the guessed treatment B, being allocated
to these patients.

The results for Rule P depend both on the particular permutation of the two
treatments that is employed as well as on the guessing rule. It is possible to
select only certain permutations and so avoid those that are too regular or,
if it is preferred, that become too unbalanced (see § 2.8). The measurement
of these properties requires calculations similar to those leading to the plots
shown here. It is also possible to explore other guessing rules. For example,
if the same pattern of eight treatments is repeated, Bn = 1 once this pattern
has been recognised.

What We Have Learned

This detailed analysis of four simple rules for allocating two treatments leads
to conclusions both about methods for the assessment of designs and to the
desirability of the different rules themselves.

The plots show that the loss Ln, or its estimated value L̄n, is to be preferred
for assessment of balance. It is not only a function of the difference nA − nB,
but is also directly interpretable as the effect of imbalance on the variance of
the parameter of interest. Figures 2.1 and 2.2 show that the difference Dn =
|nA − nB| either increases without bound, for random allocation, or exhibits
a stable pattern for the other rules. On the other hand, the proportional
differences Rn in Figure 2.3 decrease to zero for all rules. Only the loss in
Figures 2.4 and 2.5 discriminates between Rule R, with a value interpretable
as the number of nuisance parameters, and the other rules. As we shall see in
§2.4.3 and Chapter 6, there are other rules in which Ln, has an asymptotic
value that lies between q, the number of nuisance parameters, and zero, which
is the value for deterministic rules. In our further exploration of imbalance for
other designs we shall only look at plots of loss. We shall also continue to look
at the selection bias, which again reflects an important property of the design;
as Figures 2.6 and 2.7 show, it also provides a second powerful indicator of
the properties of the various rules.

In Chapter 6 we use the methods of optimum experimental design to extend
these results to treatment allocation in the presence of covariates. The exten-
sion is straightforward for Rules R, E and D. However, it is not straightforward
for Rule P. Since the numerical results of this section do not show any par-
ticularly advantageous properties of this rule, we will not consider it further,
despite its historical appearance in the literature.
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2.3 Designs with Three or More Treatments

2.3.1 Four Design Strategies

The majority of phase III clinical trials compare a new treatment with a stan-
dard. But there is a sufficient number of trials with more than two treatments
to warrant extending our procedures to three or more treatments. Some ref-
erences are in §2.8

The extension of the rules of §2.2.2 to allocation of more than two treatments
is straightforward. The main complexity is in notation for designs in which
some of the treatments have been allocated the same number of times.

The model (2.8) when there are t treatments can be written in vector notation
as

yi = αThi + ǫi (i = 1, . . . , n), (2.18)

where α is the t× 1 vector of treatment parameters and hi is now the vector
of t indicator variables for the treatment received by patient i. It consists of
a one in the appropriate row and t− 1 zeroes.

If interest is equally in all treatment parameters, a design with asymptotically
equal allocation is required, departures from which will be due to the integer
nature of n and the fluctuations due to randomisation.

It is helpful in describing allocation rules to order the treatments by their
number of replications nj . In the simplest case there are no ties and we can
write

n[1] < n[2] < ... < n[j] < ... < n[t]. (2.19)

The treatment of ties depends on the rule.

Rule R: Completely Randomised

In the completely randomised rule, allocation is made independently of any
history so that

πR([j]) = 1/t ([j] = 1, . . . , t). (2.20)

Rule D: Deterministic

In the absence of ties, the least-represented treatment is always allocated, that
is

πD([1]) = 1. (2.21)

However, each treatment under the deterministic rule will have either been
allocated an integer number of times, say m, or one more time than this, that
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is m + 1. Let S(m) be the set of s treatments that have been allocated one
less time than the remaining treatments. Then

πD(j) = 1/s {j ∈ S(m)} (2.22)

and zero otherwise. Depending on the particular allocation, the value of s can
range from 1 to t.

Rule P: Permuted Block Design

The permuted block design now contains t treatments and will be of size mt.
When there were two treatments we took m = 4. A similar number is typically
used when there are more than two treatments, giving a design of size 4m.

Rule E: Generalised Efron Biased Coin

In the two-treatment biased-coin design the two treatments, ordered by fre-
quency, were allocated with probabilities in the ratio 2:1. With t treatments
a natural extension is to extend the ratios to t : t − 1 : ... 2:1. However, we
want treatment [1] to have a probability of allocation proportional to t, so we
need to reverse the order, so that the probability of allocating treatment [j]
is proportional to t+ 1− j. The sum of these numbers (the first t integers) is
t(t+ 1)/2 so that, if there are no ties, Efron’s rule becomes

πE([j]) =
2(t+ 1 − j)

t(t+ 1)
. (2.23)

Ties affect this rule by causing the probabilities to be averaged over the sets
of tied treatments. If a set S(j) of sj treatments have the same rank j, then
the probability of allocating any one of these treatments is

πE([j]) =
1

sj

∑ 2(t+ 1 − j)

t(t+ 1)
for j ∈ S(j). (2.24)

With four or more treatments there may be more than one set of ties S(j).

2.3.2 Properties of Designs

We can evaluate the properties of the designs using the ideas of bias and
balance that were used in §2.2.3 for two treatments. However, the algebraic
expressions need extending to cover the increased number of treatments.
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Selection Bias

For two treatments, the definition of selection bias given in (2.5) can be written
as

Bn = {(probability of correctly guessing the allocation to patient n)

−(probability of incorrectly guessing)}. (2.25)

With random allocation and t treatments, the probability of a correct guess
is 1/t (and that of an incorrect guess is (t− 1)/t). Then (2.25) has the value

1/t− (t− 1)/t = (2 − t)/t,

which only takes the value zero when t = 2. On the other hand, for deter-
ministic allocation in the absence of ties, (2.25) has the desired value one. We
therefore scale (2.25) to obtain the estimate from nsim simulations

B̄n =
t{1 + (no. of correct guesses− no. of incorrect guesses)/nsim} − 2

2(t− 1)
.

(2.26)

As for the definition of Bn in (2.5), the expected value of (2.26) is zero for
random allocation and one for deterministic allocation in the absence of ties.
All other rules will have intermediate values.

Balance

In §2.2.3 efficiencies and loss were calculated for the estimate of treatment
difference α̂1 − α̂2. One extension of (2.11) to t treatments is to consider the
set of estimated treatment differences

α̂j − α̂k = ȳj − ȳk. (2.27)

Again with independent errors ǫi of constant variance σ2, the variance of this
estimated difference is

var (α̂j − α̂k) = σ2(1/nj + 1/nk). (2.28)

The sum of these variances can be written

var∆̂ =

t−1∑

j=1

t∑

k=j+1

var (α̂j − α̂k) =

t−1∑

j=1

t∑

k=j+1

σ2(1/nj + 1/nk). (2.29)

The summand in (2.29) contains t(t − 1)/2 terms, each depending on two
allocations. Therefore

var∆̂ = (t− 1)σ2
t∑

j=1

(1/nj). (2.30)
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When n is a multiple of t this sum of variances is minimised by the equal
allocation nj = n/t, (j = 1, . . . , t) and, from (2.30),

var∆̂∗ = t2(t− 1)σ2/n. (2.31)

The efficiency of a design with allocations nj relative to this optimum alloca-
tion is

En =
var∆̂∗

var∆̂
=
t2

n

1
∑t

j=1(1/nj)
. (2.32)

It then follows from the definition of loss in (2.15) that

Ln = n(1 − En) = n− t2/

t∑

j=1

(1/nj). (2.33)

It is trivial to check that this is zero when the design is balanced and all
nj = n/t.

2.3.3 Numerical Comparisons of Designs

Figure 2.8 shows results for deterministic allocation when there are three
treatments. The values of loss are in the left-hand panel. When n is a multiple
of three, the design is balanced and the loss is zero. Otherwise the design is
slightly unbalanced, with one treatment allocated one time more, or less, than
the others. The effect of the imbalance on loss rapidly declines as n increases.

The three possible values for the bias are clearly shown in the right-hand
panel of the figure. When n is a multiple of three, one treatment will be
under-represented and will certainly be allocated to patient n; the value of Bn

is one. For the next allocation, when n = 3m+1, m an integer, each treatment
has been allocated an equal number of times and allocation to patient n is at
random: Bn is zero. Finally, when n = 3m+2, allocation is at random among
the two under-represented treatments and, from (2.26), Bn = 0.25.

The other two rules include more randomness in the choice of the treatment to
be allocated and the properties of the designs are found by simulation. Those
in Figure 2.9 are for random allocation. For small values of n the loss, shown
in the left-hand panel, is slightly greater than two, but the values of L̄n in
the figure decrease to this value as n increases, being 2.03 for this simulation
at n = 100. The value L∞ = 2 arises because there are three treatment
parameters αj in our model. However, the loss (2.33) is calculated from a
single function of the variances of estimated treatment differences, in effect
leaving q = 2 nuisance parameters to contribute to the value of loss. As we
expect, the estimated selection bias B̄n plotted in the right-hand panel, is
zero.
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Figure 2.8 Rule D, deterministic allocation, three treatments, no covariates. Left-
hand panel, loss Ln; right-hand panel, selection bias Bn.
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Figure 2.9 Rule R, random allocation, three treatments, no covariates. Left-hand
panel, average loss L̄n calculated from 100,000 simulations; right-hand panel, esti-
mated selection bias B̄n.

The results for the generalisation of Efron’s biased coin (2.23) to three treat-
ments are shown in Figure 2.9. These results lie between those for Rules D
and R. The values of average loss, L̄n, in the left-hand panel decrease steadily
from 0.207 at n = 50 to 0.103 at n = 100 and 0.051 when n = 200. On the
other hand, the values of bias in the right-hand panel show a pattern with a
cycle of three, similar to that for Rule D, but with much smaller values. Here
they are all around 0.2 with the maximum when n is a multiple of three.
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Figure 2.10 Rule E, Efron’s biased coin, three treatments, no covariates. Left-hand
panel, average loss L̄n calculated from 100,000 simulations; right-hand panel, esti-
mated selection bias B̄n.

The three pairs of panels in Figures 2.8 to 2.10 show that none of these rules
is preferable to the others on both counts. The smallest loss as a function of n
is for Rule D, which gives the most balanced designs. This is followed by Rule
E and then R, which gives the least balance. The ordering by selection bias is
the opposite, with R the best rule, D the worst and E again in between. As
we shall see in many situations, there is a similar trade-off for several rules
between loss and bias.

2.4 Designs with Covariates

2.4.1 Models

Often patients present with a set of covariates or prognostic factors. Since it
is suspected some of these might affect the response to treatment, the effi-
ciency of inference about the treatments is improved if there is approximate
balance of the treatment allocations over these variables. As an extreme ex-
ample, it would be undesirable to put mostly young men on one treatment
and old women on another. If a difference in response is observed with such
an allocation, it would be difficult to determine whether the difference is due
to treatment or due to the different response of the two groups to both treat-
ments.

A general extension of our model (2.18) is

yi = αThi + η(xi, θ) + ǫi (i = 1, . . . , n). (2.34)
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Here η(.) is an unknown function of a vector of the m covariates xi for patient
i and θ is vector of parameters, whose values are also unknown.

In Chapter 6 we specify η(.) as a linear regression model in the covariates
and combine the methods of optimum design with least squares to provide
designs yielding good estimates of the αj in the presence of these variables.
Here, however, we leave the form of η(.) unspecified. By providing balanced
allocations over the covariates, we provide designs with good properties when a
variety of models may be used for adjusting the responses for the covariates. A
disadvantage of balancing for a general, unspecified, model is that the number
of patients required for satisfactory balance is greater than that when good
properties are required for a model in which the form of η(.) is specified.

2.4.2 Four Further Design Strategies

Rule C: Balanced Covariates

The values of the m covariates are dichotomised about their individual medi-
ans, giving 2m possible cells in which the value of the covariate vector xn for
patient n could lie. Suppose that this is covariate combination ι. The new allo-
cation depends solely on previous allocations in cell ι and any of the four rules
of §2.2.2 could be used. If the purpose is to provide some balance over covari-
ates it makes no sense to allocate the treatment at random. Balance is most
effectively forced by using Rule D, deterministic allocation, independently
within each of the 2m cells. If there are any ties, we use random allocation as
in §2.3.

A potential practical problem is that the value of the median of each covariate
is assumed known. If the median is incorrect, recruitment to some cells ι will
be less than that to some other cells. However, the procedure does provide
balance over the covariates, provided a sufficiently large number of patients
is recruited. A finer balance could be obtained by dividing the range of each
covariate into three or more intervals. Such a finer division would result in
an increased number of cells in which the treatment allocation should be bal-
anced. We argue in Chapter 6 that designs with better properties are obtained
by combining the methods of optimum experimental design with a parametric
form for η(.).

Rule CE: Balanced Covariates with a Biased Coin

A disadvantage of Rule C is that there is no randomisation. The covariate
combination ι will depend on the order in which the patients arrive and so
will not be predictable. But once ι has been identified, the allocation within
that cell is deterministic. One possibility for obtaining a randomised version
of Rule C is to use Efron’s biased coin within each cell. A consequence is that
some further imbalance will be introduced into the design.
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Rule M: Minimisation (Pocock and Simon)

Rule C allocates to provide balance over all combinations of levels of the
m factors. The family of rules introduced by Pocock and Simon (1975) is
concerned instead with the marginal balance of treatment allocation. Again
it is assumed that the covariates are categorical or, if continuous, that they
have been categorised, for example into the categories “low”, “normal” and
“high”. The kth element of the covariate vector xn, that is, xk,n indicates the
level l of factor k associated with the nth patient.

We want to allocate one of t treatments to patient n in order to increase
marginal balance as far as possible. Before the arrival of patient n, let the
total number of patients with the same level of factor k be n(xk,n) of whom
nj(xk,n) have received treatment j. Suppose treatment j+ is allocated. Then
the numbers of treatments allocated at this factor level can be written as

nj(j
+, xk,n) =

{
nj(xk,n) + 1 j = j+

nj(xk,n) otherwise.
(2.35)

A measure of the lack of balance of this allocation suggested by Pocock and
Simon (1975) is to calculate the variance of the t numbers nj(j

+, xk,n), that
is

varn(j+, k) =
t∑

j=1

{nj(j
+, xk,n) − n̄.(j

+, xk,n)}2, (2.36)

where

n̄.(j
+, xk,n) =

t∑

j=1

{nj(j
+, xk,n)}/t,

the average number allocated to each treatment. The variance is zero when
allocation of treatment j+ produces balance. However the allocation of treat-
ment j+ also affects the balance for the other m − 1 factors at the levels
specified by xn. The total effect on all m measures of marginal balance on
allocating treatment j+ is

C(j+) =

m∑

k=1

varn(j+, k) (j+ = 1, . . . , t). (2.37)

As with the other criteria of this chapter, we can rank the allocations according
to the effect they have on balance with

C([1]) ≤ . . . ≤ C([j]) ≤ . . . ≤ C([t]).

In the deterministic allocation treatment [1] would be allocated, with random
allocation if there were more than one treatment with the same smallest value
of C([1]).
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Figure 2.11 Rule C, balanced covariates, and its randomised version Rule CE. Left-
hand panel, average loss L̄n calculated from 100,000 simulations, two treatments,
q = 5, n = 400; right-hand panel, estimated selection bias B̄n. ‘E’, Rule CE.

If there are only two treatments, the variance varn(j+, k) is proportional to
the squared difference

{n1(j
+, xk,n) − n2(j

+, xk,n)}2,

that is the squared range of the numbers, for which explicit expressions can
be found in terms of the existing allocations nj(xk,n) when patient n arrives.

Rule ME: Minimisation with a Biased Coin

If required, randomisation can be introduced into Rule M by allocation of the
treatments with probabilities given by Efron’s biased coin, or its generalisation
in §2.3.1 if t > 2, applied to the treatments ordered by the values of the C(j+).

In Chapter 6 we describe the use of the methods of optimum design in provid-
ing balanced designs with some randomness in the presence of covariates. We
defer until then the comparison of these additional rules with the four rules
introduced in this section.

2.4.3 Minimisation and Covariate Balance: A Numerical Example with
Two Treatments

We continue this chapter with a numerical example that exhibits the proper-
ties of designs with covariates, which are rather different from those without
covariates in §2.2.4. There are again two treatments.
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In our simulations we take m = 4 covariates; together with the mean treat-
ment effect there are five nuisance parameters. The covariates are normally
distributed with mean zero, so that we know whether they are above or below
the median value. In order to calculate the loss we need the variance of the
estimated treatment difference α̂1 − α̂2. We estimate this from a least squares
fit using a linear model in the four explanatory variables that also includes
a constant. This model, which is introduced in (6.1), is not explicitly part of
the design rule. Slightly different results for loss will be obtained with other
models for the dependence of y on x. For example, the relationship might be
curved, but would again be assumed of known form.

From the results of Burman we know that L∞ = 5 for Rule R with this
number of nuisance parameters; see Figure 6.1. The plot in the left-hand
panel of Figure 2.11 shows that the estimated loss L̄n rapidly decreases from
five as soon as n is large enough to be able to establish lack of balance of
treatment allocation in the 16 = 24 cells in which the values of the four
covariates must fall. If there is imbalance, the under-represented treatment is
allocated, otherwise treatment allocation is at random. By n = 100 the loss
is 1.79, continuing to decrease slowly to 1.53 at n = 400.

The result in the right-hand panel of Figure 2.11 for B̄n shows that the bias
rapidly rises to values near 0.5; for these particular simulations this occurs
by n = 38. The value of 0.5 arises since allocation is within a particular cell
specified by the value of xn. Within that cell the number of treatments is
either balanced, when allocation is at random and the number of correct and
incorrect guesses is zero, or unbalanced by one, when the allocation can be
guessed without fail. This structure, a smooth curve, is very different from
that for the values of L̄n for deterministic allocation without covariates shown
in the left-hand panel of Figure 2.7, which oscillates between the two values
of zero and one. With random covariates, the cells are no longer alternately
balanced or unbalanced. Any regular pattern in the losses is dispersed.

Rule C is a deterministic rule; any randomness arises from the covariates with
which each patient presents. In Rule CE we add an Efron biased coin to the
allocation within each cell; if the treatments in the cell are unbalanced, the
under-allocated treatment is allocated with probability 2/3. This additional
randomness will, on average, increase imbalance and so the loss, but make
it harder to guess the next allocation, so decreasing bias. The plots marked
E in the two panels of Figure 2.11 show the quantitative effect of this extra
randomness. Use of the biased coin, when n is small, causes the loss to increase
appreciably; from 1.79 to 2.99 when n = 100. However, the difference between
the two rules decreases as n increases. The difference in the bias is more
striking; for large n the extra randomness reduces the value from 0.5 to 0.25.

For Rule E the bias shown in the right-hand panel of Figure 2.6 in the absence
of covariates oscillates between 1/3 for even n and 1/6 for odd n, since the de-
sign can only be balanced for even n. For Rules C and CE the design criterion
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Figure 2.12 Rule M, minimisation, and its randomised version Rule ME. Left-hand
panel, average loss L̄n calculated from 100,000 simulations, two treatments, q = 5,
n = 400; right-hand panel, estimated selection bias Bn. ‘E’, Rule ME.

relies on counting the number of allocations in the single cell ι determined
by the values of the covariates, and exact balance is still possible. However,
when n is large, this exact balance is equally likely for odd or even n overall,
although nι, the number in cell ι, has to be even. The value of 0.25 for the
bias of Rule CE is then the average of the values of 1/3 and 1/6 for Rule E.

The results for Rules M and ME in Figure 2.12 are broadly similar to those
for Rules C and CE, particularly those for loss. As before, the effect of the
extra randomisation from the biased coin is to increase the loss appreciably for
moderate n. The value of the bias for Rule M oscillates between 0.78, when n is
odd and 0.85 when n is even; there is a slightly higher probability of marginal
balance and correct guessing when n is even. Addition of a biased coin to
this rule reduces the bias to around 0.275. These values are obtained almost
from the beginning of the trial, whereas those for the bias in Figure 2.11,
where balance is not marginal but over a set of cells, take longer to be close
to the asymptotic values. In both sets of rules, the loss decreases slowly with
n whereas the bias is rapidly close to its asymptotic value.

Finally we look at the properties of all four rules for n up to 800 on a single
plot. The left-hand panel of Figure 2.13 shows all four curves of L̄n. The losses
for Rules C and M are similar throughout, with the randomised rules, ME and
CE having higher losses. The values of bias in the right-hand plot behave in
a rather different manner. Rules ME and CE are close together, but Rule M
has much higher, that is worse, values than Rule C.

An ideal rule should have low values of both quantities. The curves in Fig-
ure 2.13 do not intersect. For all n the rules in order of small loss are M, C,
ME and CE. This is exactly the reverse of the order for bias, where M has the
largest value. Thus no one rule dominates the other.
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Figure 2.13 All four rules. Left-hand panel, average loss L̄n calculated from 100,000
simulations, two treatments, q = 5, n = 800; right-hand panel, estimated selection
bias Bn.

Treasure and MacRae (1999) make extravagant claims for Rule ME, describing
it as the “Platinum Standard” (presumably one better than gold) for clinical
trials. Here it seems to be very similar to Rule CE. Comparisons in §6.3
indicate that the use of optimum design theory provides rules with superior
properties.

2.5 The Distribution of Loss and of Bias

The comparisons of the four rules in §2.4.3 come from the averages of a large
number of simulations. However, due to randomisation and the distribution
of prognostic factors across patients, the allocations differ from trial to trial.
Consequently, the loss will have a distribution over repetitions of each al-
location rule. As Cox (1982b) has commented, it is little consolation to an
experimenter confronted with an unbalanced randomisation to claim that, on
average, the randomisation scheme used produces good results. We therefore
now study the distribution of loss and bias for the four rules, to see whether
seriously bad allocations do occur.

We summarise the distribution of the results of the individual simulations as
boxplots for selected values of n. Figure 2.14 shows the results on loss from
1,000 simulations of Rules C and CE for q = 5 and for eight values of n
from 25 to 200. The average values are in the left-hand panel of Figure 2.11.
Both figures clearly show that the losses are less for Rule C than for the more
randomised Rule CE in which a biased coin has been included. Figure 2.14
adds the information that the skewed distributions of loss for Rule C are of
similar shape as n increases. However, for Rule CE in the right-hand panel of



54 RANDOMISED TREATMENT ALLOCATION

0
5

1
0

1
5

 50  100  150  200

C − balance: q = 5

number of patients

lo
s
s

0
5

1
0

1
5

 50  100  150  200

CE − balance + coin: q = 5

number of patients
lo

s
s

Figure 2.14 Individual trials: boxplots of loss Ln for n from 25 to 200 from 1,000
simulations with q = 5. Left-hand panel Rule C, right-hand panel Rule CE.
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Figure 2.15 Individual trials: boxplots of loss Ln for n from 25 to 200 from 1,000
simulations with q = 5. Left-hand panel Rule M, right-hand panel Rule ME.

the figure, although the median value of loss decreases steadily with n, there
is less of a decrease in the upper tail of the distribution.

Similar information about the distribution of loss for Rules M and ME is in
Figure 2.15, to be compared with the average values in Figure 2.12. As Fig-
ure 2.13 shows, for values of n up to 200, Rules M and ME, respectively, have
lower average losses L̄n than Rules C and CE, with the difference greater for
Rules ME and CE. The two panels of Figure 2.15 show that these properties of
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Figure 2.16 Individual trials: boxplots of total bias Btot
n for n from 25 to 200 from

1,000 simulations with q = 5. Left-hand panel Rule C, right-hand panel Rule CE.

the rules are shared by the distributions of loss. In particular, the distribution
for Rule ME seems to decrease more steadily with n than that for Rule CE.

We demonstrate in §6.5 that, for random allocation with q = 5, the distribu-
tion of loss is approximately χ2

5, the 95% point of which is 11.07. For some
other rules, a scaled χ2

5 distribution is a good approximation. Here the fre-
quency of large values for Rules CE and ME seems to be roughly in line
with the unscaled χ2

5 approximation. As in §6.5, QQ plots could be used to
determine better approximations to this distribution.

We now turn to the distribution of bias. The definition of bias in (2.4) con-
cerned the average number of correct and incorrect guesses of the allocation
to patient n over all nsim simulations. For each individual simulation this will
be either zero or one, which is not very informative. We therefore look instead
at the averaged history of guessing of the allocation for each simulation and
define the total bias as

Btot
n = (number of correct guesses of allocation up to and including

patient n− number of incorrect guesses)/n. (2.38)

Figure 2.16 shows the boxplots of these total biases for Rules C and CE which
can be compared with the values of B̄n in the right-hand panel of Figure 2.11.
The values of Btot

n for Rule C in the left-hand panel of Figure 2.16 gradually
increase towards 0.5, whereas those for B̄n rise rapidly to 0.5, the difference
being that values for smaller n are included in the calculation of the total bias
Btot

n , but not in B̄n. Both panels of Figure 2.16 show that the values decrease
in variability as n−0.5, since they are averages of n values. The introduction of
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Figure 2.17 Individual trials: boxplots of total bias Btot
n for n from 25 to 200 from

1,000 simulations with q = 5. Left-hand panel Rule M, right-hand panel Rule ME.

the biased coin in Rule CE causes an appreciable drop in the bias. However,
due to an increase in the randomness of treatment allocation, it also increases
the variability of the effect of guessing and so the width of the boxplots.

The plots for Rules M and ME are in Figure 2.17. Again we see that, in
particular for small n, the variability of bias for the rule including a biased
coin, here Rule ME, is much greater than that for Rule M, even though the
median value of the bias is decreased from approximately 0.8 to 0.25. Despite
the increased variability of the average loss for Rule ME, the two sets of
simulations do not overlap when n is 75 or greater.

These results are for q = 5 and values of n up to 200. Our comparisons of
several other rules in Chapter 6, particularly Figure 6.7, show that Rules C
and CE are those most affected by increasing the value of q. This is a direct
consequence of the categorisation of the covariates into 2q−1 cells; for q = 5 and
10, the numbers of cells are respectively 16 and 512. In the latter case there
will be many empty cells even when n = 200; the first patient to fall in such
a cell will have the treatment allocated at random, so that the probability of
correct guessing will increase very slowly with n. To see whether the stability
we have seen so far for the four rules extends to other situations, we now take
q = 10 and look at boxplots for n up to 800.

Figure 2.18 shows the losses for Rules C and CE. For Rule C the median loss
is around eight when n = 100, decreasing to around 5 as n increases to 800.
The values for Rule CE are higher, with a very slow decrease in the loss with
n. But the general shape of the distributions is similar to those for q = 5 in
Figure 2.14.

The final sets of boxplots, for bias, are in Figure 2.19. In the left-hand panel
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Figure 2.18 Individual trials: boxplots of loss Ln for n from 100 to 800 from 1,000
simulations with q = 10. Left-hand panel Rule C, right-hand panel Rule CE.
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Figure 2.19 Individual trials: boxplots of total bias Btot
n for n from 100 to 800 from

1,000 simulations with q = 10. Left-hand panel Rule C, right-hand panel Rule CE.

the values for total bias increase very slowly from zero, since they include
the large number of unguessable random allocations at the beginning of each
trial. The values for Rule CE are only slightly above zero for most simulations;
allocation is almost at random, as is also indicated by the average values of
loss in Figure 2.18, which only slowly decrease from ten.

The conclusion from this investigation of the properties of individual trials
is that, for designs seeking adaptive covariate balance, there is no evidence
of randomisations that produce extremely unbalanced designs. However, this
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is not the case with some schemes for response-adaptive treatment selection
in Chapter 7. If, early in a two-treatment trial, the wrong decision is made
as to which is the better treatment, many patients may receive the poorer
treatment before information becomes available to change the incorrect bias
in allocation. In the worst situation, the rule may be such that the evidence
does not appear. The Michigan ECMO trial is a dreadful warning.

2.6 Heteroscedastic Models

2.6.1 Variances and Parameter Estimates

We now briefly describe how the allocation rules should be modified if the
variances of the response differ between treatments. We suppose that the
variances for each treatment are known. In §6.9.2 we give numerical examples
of the properties of allocation rules when the variances are estimated.

Both here and in §6.9.1, the assumption is that the variances are not related to
the mean responses. But with binomial responses, the mean and the variance
are related, as they are in other generalised linear models. This class of models
is discussed in §6.10, with allocation rules for binomial models with covariates
in §6.12.1.

For now we suppose that the variances of response to the t treatments are, in
an unstructured way, not the same. Thus, in our model (2.8), the variance of
the response yi is σ2

j when treatment j is allocated (j = 1, . . . , t). It may then
make sense to allocate the treatments with different proportions, with the
more variable treatments being allocated more often. The actual proportion
of skewing of allocation will depend on the purpose of the trial.

Suppose that interest is in estimating the t treatment effects with minimum
variance and let nj patients receive treatment j. Then, in the absence of co-
variates, the variance of each estimate α̂j is inversely proportional to nj . Each
variance can then be individually minimised by increasing nj . To provide bal-
ance over allocation to all treatments, we minimise the sum of these variances

t∑

s=1

var α̂s =

t∑

s=1

σ2
s/ns. (2.39)

If allocations are made to n patients, this sum of variances is minimised when

nj = nσj/

t∑

s=1

σs, (2.40)

so that the target proportion of patients receiving treatment j is

pj = σj/

t∑

s=1

σs. (2.41)
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Allocation of treatments with number proportional to standard deviation is
often known as Neyman allocation. Cochran (1977, p. 99) comments on the
appropriateness of this choice of name.

These results show that the minimum sum of variances will be achieved when
all ratios nj/σj are equal. Of course, depending on the values of n and of the
σj , it may not be possible to find a design exactly fulfilling these equalities.
Then we should search for integer values of the nj that give a design with
ratios as equal as possible.

Rule D: Deterministic

In §2.2.2 Rule D allocated the under-represented treatment, that is the treat-
ment with the smaller value of nj. Now with t treatments and heteroscedas-
ticity it follows from (2.40) that we order the treatments according to the
value of nj/σj and allocate that treatment for which this ratio is a minimum.
Again, this can be thought of as the “under-represented” treatment.

The argument leading to this rule assumes that the values of the σj are known.
In practice it may be unlikely that interest is in the treatment means αj , which
are unknown, while the standard deviations are known. When the variances
are not known they can be estimated sequentially from the data as in §6.9.1.

2.6.2 Designs with Covariates

This section briefly outlines how the allocation rules of §2.2.2 with covariates
can be adapted for heteroscedasticity of the treatment responses.

Rule C: Balanced Covariates

The sequential allocations depend solely on previous allocations in cell ι. Bal-
ance is most effectively forced by using the heteroscedastic version of Rule
D. Suppose that in cell ι the number of allocations to treatment j is nιj.
The treatments are then ordered according to the values of nιj/σj and the
treatment with the smallest value of this ratio is allocated.

As before, we can combine this rule with partially randomised allocation
within cell ι. Some examples for schemes using optimum designs adapted for
heteroscedasticity are described in §6.6.

Rule M: Minimisation

Rule M was intended to provide marginally balanced allocation over all co-
variates. Now, however, balanced allocation is to be interpreted as equality of
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the ratios nj/σj . With nj(j
+, xk,n) as in (2.35), the measure of lack of balance

of an allocation in (2.36) becomes the weighted variance

varn(j+, k) =

t∑

j=1

{nj(j
+, xk,n)/σj − n̄.(j

+, xk,n)}2, (2.42)

where now

n̄.(j
+, xk,n) =

t∑

j=1

{nj(j
+, xk,n)/σj}/t.

Provided this new definition of variance is used, the total effect on all m mea-
sures of marginal balance on allocating treatment j+ remains C(j+) (2.37).
Again we rank the allocations according to the effect they have on balance
with C([1]), the smallest value. In this modification of Rule M, treatment [1]
would still be allocated, with random allocation if there were more than one
treatment with the same smallest value of C([1]). If required, randomisation
can be introduced into Rule M as it can in the ways for Rule C mentioned
above, to give, for example, a skewed version of Rule ME suitable for deter-
mining allocation in the presence of heteroscedasticity.

2.7 More about Biased-Coin Designs

In Efron’s biased-coin design (BCD) introduced in §2.2.1 the allocation prob-
abilities depend solely on the sign of Dn (2.6), the difference in the numbers of
patients receiving the two treatments. We conclude this chapter with a brief
discussion of some further rules in which the allocation probabilities also de-
pend on the magnitude of Dn. The purpose of these further rules is to avoid
extreme allocations.

In an extension of the earlier notation, we let δn be the allocation indicator for
the nth patient with δn = 1 or 0 when the nth patient receives A or B. Then
nA,n =

∑n
i=1 δi is the total number of allocation to treatment A. Writing Fn

as the allocation history of the first n patients, the allocation probability of
treatment A in Efron’s BCD is

P (δn+1 = 1|Fn) =






1
2 if Dn = 0,
p if Dn < 0,
1 − p if Dn > 0,

for known p ∈ (1/2, 1]. This rule is denoted by BCD(p). For p = 1/2 we get
complete randomisation, Rule R. Perfect balance is achieved for even n as
p→ 1. When p = 1 we obtain the deterministic Rule P with block size 2.

Some rules attempt to limit the degree of maximum imbalance in BCD(p).
Soares and Wu (1982) imposed a bound c on the degree of imbalance. The
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“big-stick” rule has the allocation probability

P (δn+1 = 1|Fn) =






1
2 if |Dn| < c,
0 if Dn = c,
1 if Dn = −c.

A similar allocation rule that uses the proportionate degree of imbal-
ance instead of absolute imbalance is given in Lachin et al. (1981). Chen
(1999) combined the biased-coin design with imbalance tolerance to obtain
BCDWIT(p, c) where

P (δn+1 = 1|Fn) =






1
2 if Dn = 0,
0 if Dn = c,
1 if Dn = −c,
p if o < Dn < c,
1 − p if − c < Dn < 0.

A potential drawback of Efron’s BCD(p) is that p remains fixed throughout
the trial regardless of the degree of imbalance. Modifying the role of p, Wei
(1977, 1978) developed an urn-based randomisation procedure where the urn
reflects the degree of imbalance. This is a modification of Friedman’s urn
model (Freedman 1965; Mahmoud 2009, pp. 54–56), so that the procedure is
known as the Friedman–Wei urn design. Consider an urn containing at the
outset α balls of type A and α balls of type B. The treatment for incoming
patients is indicated by drawing a ball from the urn, which is immediately
replaced along with an additional β balls of the opposite type. Thus the urn
will be skewed in favour of the currently under-represented treatment. We
denote this design as UD(α, β). The allocation probability is

P (δn+1 = 1|Fn) =

{
1
2 if n = 1,
α+βNB,n

2α+(n)β if n ≥ 2.

The rule UD(α, 0) is complete randomisation. UD(α, β) forces the trial to
be more balanced when severe imbalance occurs. For a relatively small trial
UD(α, β) ensures near balance, but it behaves like complete randomisation
for moderately large trials.

Chen (2000) proposed the Ehrenfest urn design (EUD) which represents the
two treatments under comparison by two urns UA and UB. A total of w balls is
equally distributed among the two urns. For any entering patient we randomly
draw a ball from the w balls; if the ball comes from Uk, treatment k is assigned
and the ball is placed in the other urn, k = A,B. This procedure is repeated
for every entering patient with the total number of balls remaining fixed at
w. This design is denoted by EUD(w), with the allocation function for n ≥ 1
being

P (δn+1 = 1|Fn) =
1

2
−Dn/w.
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Chen (2000) compared EUD(w) with the BCD and the BCDWIT and con-
cluded that the EUD is more effective than the BCD in terms of imbalance,
although the improvement is not uniform.

Baldi Antognini (2004) extended the EUD in two ways. The first extension
is the asymmetric Ehrenfest design, denoted by AED(w, p). The additional
parameter p is used to put the drawn ball in UA with probability p, regardless
of the urn from which it was drawn. The other, two-parameter, extension
assumes the probability of replacing the selected ball depends on the current
number of balls in each urn. This is known as the Ehrenfest–Brillouin design
and is denoted by EBD(w;α1, α2). In the adaptive extension of UD(α, β) due
to Wei (1978)

P (δn+1 = 1|Fn) = f(Dn/n),

for decreasing functions f , symmetric about 0. The procedure is asymptoti-
cally balanced.

The generalised biased-coin design (GBCD) of Smith (1984b) includes many
of these designs. For some function φ,

P (δn+1 = 1|Fn) = φ(nA,n, nB,n) = φ(n).

As examples, Efron’s BCD, Wei’s adaptive BCD and Chen’s EUD are all
special cases of GBCD for suitable choices of φ. Also, the UD(α, β) is obtained
for

φ(n) =
1

2
− βDn

4α+ nβ
.

The specific proposal of Smith (1984b) is the allocation function

φ(n) =
nρ

B,n

nρ
A,n + nρ

B,n

, (2.43)

for ρ non-negative. For ρ = 1 we get UD(0,1), while ρ = 0 leads to complete
randomisation. Wei, Smythe, and Smith (1986) extended this rule to more
than two treatments.

The final generalisation we mention is the adjustable BCD of Baldi Antognini
and Giovagnoli (2004) where the probability of selecting the under-represented
treatment is a decreasing function of the current imbalance. Here

P (δn+1 = 1|Fn) = F (Dn),

for some non-increasing function F on [0, 1] such that F (x) + F (−x) = 1 for
all x. Complete randomisation, Efron’s BCD, the big stick rule, BCDWIT
and EUD are all special cases of the adjustable BCD. Baldi Antognini (2008)
establishes conditions under which the adjustable BCD is uniformly more
powerful than any other coin design whatever the trial size.

Biswas and Bhattacharya (2011) provide a detailed numerical comparison
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among the various designs discussed in this section. Atkinson (2014) stresses
the importance of considering bias as well as loss in assessing the properties
of these designs and provides useful approximations to the behaviour of the
BCD rule for small n.

2.8 Further Reading

The way in which the rules are written in §2.7 makes explicit the dependence
of the allocation probabilities of many of the rules on the values of Dn. Efron
(1971) uses the asymptotic properties of the Markov chain formed by the val-
ues of |Dn| to investigate the performance of his allocation rule. Markaryan
and Rosenberger (2010) use exact results on the distribution of Dn to explore
the evolution with n of the balance of the trial and of selection and accidental
bias, due for example to ignored factors. The term selection bias was intro-
duced by Blackwell and Hodges (1957). Efron compares the biases of his rule
with a randomised block design of size 10 (Rule P). The block designs can
be generated by random selection of treatments. However, some designs may
have undesirable patterns, such as those that lead to appreciable imbalance.
Bailey and Nelson (2003) suggest schemes that avoid extreme designs. They
illustrate their results for designs of size 12. Chapters 5 and 6 of Rosenberger
and Lachin (2002a) provide further discussion of accidental and selection bias.

Many, but not all, of the rules in §2.7 are functions ofDn and the Markov chain
structure can be used to elucidate the properties of these designs. However, an
important statistical limitation is that this literature tends to focus on balance
and, to a lesser extent, the maximum power that results from balance. Hu,
Zhang, and He (2009) provide a wide class of efficient randomised-adaptive
designs (ERADE) and prove their asymptotic efficiency. For these designs
L∞ = 0. However, the purpose of biased-coin designs is to introduce some
randomisation into allocation. As we have shown in this chapter, both bias
and loss need to be taken into account in assessing a design, a point stressed
by Atkinson (2012) for designs with covariates.

Designs with more than two treatments may have a more complicated treat-
ment structure than the straightforward comparisons considered here. Seibold
et al. (2000) had two levels of treatment plus a placebo and tried to bal-
ance their patients over two prognostic factors. A more complicated treatment
structure is used by Roberts et al. (2000) who have four levels of radiation
with or without chemotherapy, so that the treatments form a 2 × 4 factorial.
In other trials the treatment effects can be modelled with a response surface.
In these more complicated cases, optimum designs in the treatment effects
should be considered. Chapter 1 of Atkinson, Donev, and Tobias (2007) dis-
cusses the advantage of optimum designs which, amongst other properties,
avoid the unnecessary use of many levels of continuous factors.

Rosenberger and Sverdlov (2008) review the literature on the handling of
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covariates in clinical trials. They advocate the use of randomised balance
across covariates when, as in the majority of the examples in this chapter, the
variances are the same across treatments. However, they stress that when, as
in §2.6, the variances differ, then direct balance is not optimum.

The methods of Chapter 6 provide covariate balance, with some randomisa-
tion, for even comparatively small numbers of treatments. In practice, adjust-
ment is often made for any unbalanced covariates, even if this were not allowed
for in the trial protocol, perhaps because the importance of the particular co-
variates was not anticipated (Rosenberger and Sverdlov 2008). Cox (1982a)
discusses the roles of balance and adjustment for concomitant variables in ex-
perimental design. The result, illustrated in §2.4.3, that randomisation over q
covariates causes an expected increase in variance of q goes back at least to
Cox (1951).

The rules of §§2.2–2.4 do not depend on the response. However, the statistical
properties of the randomisation schemes illustrated in this chapter, such as
loss, depend upon the assumption of constant variance of the response on
the scale in which it is intended that the data be analysed. The analysis
may require a transformation, such as a member of the parametric power
transformation family of Box and Cox (1964) which aims for constant variance
and approximate normality in the transformed scale. At the stage of data
analysis care should be taken to ensure that the indicated transformation is not
being influenced by outlying observations. Chapter 4 of Atkinson and Riani
(2000) provides robust diagnostic procedures for the Box–Cox transformation.



Chapter 3

Response-Adaptive Designs for Binary

Responses

3.1 Introduction

In Chapter 1 we used the simple FPA (Forcing a Pre-fixed Allocation) rule
to introduce the idea of a response-adaptive design for binary responses. The
material of the second chapter was concerned with ideas of randomisation
and balance in sequential designs including those with covariates. These are
the two topics in adaptive designs which have received most attention in the
design of clinical trials. In particular, there is large literature on the subject
of this chapter, namely, response-adaptive rules for treatment allocation when
the responses are binary.

The designs are adaptive to the responses of the previously allocated patients,
in addition to the previous allocation history and covariate knowledge, if any.
The objective of the response-adaptive designs is to skew the sequential allo-
cation procedure in favour of the treatments doing better. At the same time,
we require some allocation of the worse treatments which will enable us to
make meaningful inferences about treatment differences or other parametric
functions of interest.

3.2 Urn Designs

Zelen (1969), following an idea of Robbins (1952), made the first significant
contribution towards response-adaptive designs. He introduced the pioneering
concept of a Play-the-Winner (PW) rule for dichotomous patient response,
often success or failure.

Many of the early response-adaptive designs, such as PW, were proposed on
intuitive grounds. Establishment of properties such as ethical gain came later.
A key tool was the realisation that most of these designs could be modelled
as urns.

65
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Before the trial a very general urn might contain wj balls of kind j, j =
1, . . . , t. The treatment for any entering patient is determined by drawing a
ball at random from the urn. The drawn ball may, or may not, be replaced.
Whenever the response of a patient, receiving treatment j, is available, we add
or subtract balls of the various kinds from the urn, favouring balls of type j
if the treatment were successful. For example, if the response is a success, we
could add α (> 0) balls of kind j, while if the response were a failure, we might
add β (> 0) balls of each of the remaining kinds s, s = 1, · · · , j−1, j+1, · · · , t.
Such a general urn has the flexibility to allow for the possibility of delayed
responses.

Traditionally, statisticians and probabilists have been interested in exploring
the properties of urns (see, for example, Feller 1971) and a variety of urn
designs, with known properties, are available in the literature. Consequently,
urn designs dominated the earlier literature on adaptive clinical trials. Several
probability models generated from urns came into play to introduce different
response-adaptive designs. During the last century and even the beginning
of this century, different kinds of addition/alteration/deletion of balls were
used to generate some excellent, but intuitive, response-adaptive designs. Urn
designs which keep on adding balls are essentially birth processes, and hence
of high variability. Some subsequently suggested urn designs instead delete
balls of appropriate colours. Such death processes were shown to have much
improved variability. More recently the optimum adaptive designs of the kind
explored in Chapter 7 have become increasingly important.

In this chapter we study the Expected Allocation Proportion (EAP) and
the Expected Failure Proportion (EFP) along with their standard deviations
(SDs) for different designs. We also look at the limiting proportion of alloca-
tion as well as using boxplots to study the performance of individual designs.

3.3 Play-the-Winner (PW) Rule

3.3.1 What Is a PW Rule?

There are two treatments A and B. For a sequence of entering patients, the
first one is treated by tossing a fair coin giving a probability of 0.5 of allocating
either treatment. For any patient, if the response was a success, we treat the
next patient to enter with the same treatment. On the other hand, if the
response was a failure, we treat the next patient with the other treatment.

Conceptually the scheme stays with a good treatment for the next patient. A
success for a patient is taken to indicate that the treatment is good for the
next patient, while a failure indicates that it is bad for the next patient and
that the other treatment is good. Ethically this sounds satisfactory as a good
(or not bad) treatment is allocated at every stage. But the process overlooks



PLAY-THE-WINNER RULE 67

all history except that of the last patient, and thus the adaptation is typically
less data-dependent than a rule where all the past history is used.

The PW rule can be generated with an urn model. Of course, the urn is
purely conceptual and sampling to determine treatment allocation will use a
computer.

The PW rule starts with an empty urn. If the response of any A-treated
patient is a success or of any B-treated patient is a failure, put a ball of kind
A in the urn. On the other hand, if the response of an A-treated patient is
a failure or of a B-treated patient is a success, put a ball of kind B into the
urn. For any entering patient, the treatment is determined by drawing the
ball from the urn without replacement. The urn can only contain at most one
ball. If it becomes empty (either at the initial stage or subsequently when
there is a delay, so that the response is not available before the entry of the
next patient), the treatment is allocated by tossing a fair coin. The urn model
representation of the PW rule has the replacement matrix

(
YA 1 − YA

1 − YB YB

)
,

where YA and YB, the potential responses from treatments A and B,
are Bernoulli(pA) and Bernoulli(pB) random variables (see Mahmoud 2009,
§9.4.1). In fact, for a particular patient, either YA or YB is observed depending
on the allocation. If the patient is treated by treatment A, the drawn ball is
replaced by (YA, 1−YA) balls of kinds (A,B) (these are (1,0) or (0,1) according
as YA is 1 or 0). Similarly when treatment B is allocated.

Mathematically the process has a renewal property. If we know the treatment
for patient i, then for any fixed i′, the allocation pattern of the (i + i′)th
patient is stochastically the same whatever the value of i.

The PW rule has intuitive appeal for practitioners and remains popular 40
years after its introduction, despite much further research on alternative rules
with better properties. Rout et al. (1993) give an example of an application.

3.3.2 Statistical Interpretation of the PW Rule

Statistically the PW rule can be interpreted as follows. Let the two treatments
A and B have success probabilities pA and pB (we are only considering di-
chotomous responses). Suppose we have a sequence of patients entering up to
a maximum number n. In practice, n may be pre-determined or random. For
the ith entering patient we define a pair of indicator variables {δi, Yi}:
δi = 1 or 0 according as the ith patient is treated by treatment A or B, and

Yi = 1 or 0 according as the ith patient response is a success or a failure.
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Clearly, the conditional probability of success for the ith patient is

P (Yi = 1|δi) = pAδi + pB(1 − δi).

Write πi = P (δi = 1) as the unconditional probability that the ith patient is
treated by treatment A. From the design of the PW rule, π1 = 1/2. Note that

P (δi+1 = 1) = P (δi+1 = 1|δi = 1)P (δi = 1) + P (δi+1 = 1|δi = 0)P (δi = 0)

= pAπi + qB(1 − πi) = qB + (pA − qB)πi,

where qB = 1 − pB. In a recursive way we find

πi+1 = qB + (pA − qB)qB + (pA − qB)2qB

+ · · · + (pA − qB)i−1qB + (pA − qB)iπ1

= qB

[
1 − (pA − qB)i

1 − (pA − qB)

]
+ (pA − qB)i.

1

2
,

the unconditional probability that the ith patient will be treated with treat-
ment A, that is, without considering the specific past history. When the sam-
ple size is large, this probability converges to πPW = qB/(1 − (pA − qB)) =
(1−pB)/(2−pA−pB). Clearly, this is also the limiting proportion of allocations
to treatment A if PW is administered a large number of times.

3.3.3 Performance of the PW Rule

If n patients have treatments allocated by the PW rule of whom NA receive
treatment A, the expected number of allocations to treatment A is

E(NA) =

n∑

i=1

πi.

We also need the variability of NA. The variance of NA up to the first n
patients is

var(NA) =
n∑

i=1

var(δi) + 2
∑∑

i<j
cov(δi, δj),

where
var(δi) = πi(1 − πi),

and for i < j,
cov(δi, δj) = πi{P (δj = 1|δi = 1) − πj}.

Note that

P (δj = 1|δi = 1) = P (δj−i+1 = 1|δ1 = 1)

= qB

[
1 − (pA − qB)j−i

1 − (pA − qB)

]
+ (pA − qB)j−i.
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Figure 3.1 Allocation proportions to treatment A using the PW rule with n = 100,
as a function of pA and pB.

If we denote by Sn the number of successes from treatment with A, then

E(Sn) = E

(
n∑

i=1

Yi

)
= npB + (pA − pB)

n∑

i=1

πi.

Figure 3.1 gives a three-dimensional plot of the proportion of allocations to
treatment A (EAP). Figure 3.2 gives the corresponding standard deviations
(SDs). The proportion of successes corresponding to different values of pA and
pB can likewise be found.

In Table 3.1 we provide numerical results for EAP (SD) and EFP (SD), which
is the expected proportion of failures, for different parameter combinations
for the PW rule when n = 100 patients are treated in the trial.

From the above computation we see that the PW rule successfully allocates a
larger proportion of patients to the eventually better treatment. Even if the
actual allocation is one or two standard deviations less than the expectation,
the allocation is better than a 50:50 allocation. The SDs are smaller than in the
case of the FPA design of §1.2.1. Again, the skewing of allocations increases as
the treatment difference increases. It can be shown that the limiting proportion
of patients treated by treatment A, as the number of patients for this PW rule
becomes large, is

πPW = qB/(qA + qB),

where qA = 1 − pA and qB = 1 − pB. In addition, we give in Table 3.1 the
values of πPW for the ten sets of parameter combinations to indicate how close
the results with a sample size of 100 are to this asymptotic value.
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Figure 3.2 SD of allocation proportion to treatment A using the PW rule with n =
100, as a function of pA and pB.

Table 3.1 PW Rule. Results of 10,000 simulations of adaptive design for 10 combi-
nations of population parameters of successful outcome (pA and pB). Estimates of
expected allocation proportion EAP (SD) and expected failure proportion EFP (SD).
The last four entries are for re-designed trials using the PW rule: fluoxetine1, shorter
REML; fluoxetine2, full data.

(pA, pB) EAP (SD) to A EFP (SD) πPW

(0.8, 0.8) 0.500 (0.100) 0.200 (0.040) 0.500
(0.8, 0.6) 0.664 (0.072) 0.267 (0.047) 0.667
(0.8, 0.4) 0.747 (0.053) 0.301 (0.054) 0.750
(0.8, 0.2) 0.797 (0.040) 0.322 (0.058) 0.800
(0.6, 0.6) 0.500 (0.061) 0.401 (0.049) 0.500
(0.6, 0.4) 0.599 (0.049) 0.480 (0.051) 0.600
(0.6, 0.2) 0.665 (0.038) 0.534 (0.055) 0.667
(0.4, 0.4) 0.500 (0.041) 0.601 (0.050) 0.500
(0.4, 0.2) 0.571 (0.033) 0.686 (0.048) 0.571
(0.2, 0.2) 0.500 (0.025) 0.800 (0.040) 0.500

fluoxetine1 0.605 (0.073) 0.513 (0.085) 0.607
fluoxetine2 0.602 (0.053) 0.472 (0.055) 0.604

AZT 0.748 (0.045) 0.126 (0.017) 0.750
Rout et al. (1993) 0.563 (0.032) 0.620 (0.042) 0.750



PLAY-THE-WINNER RULE 71

0
.2

0
.4

0
.6

0
.8

10 combinations of (p_A,p_B)

a
llo

c
a
ti
o
n
 p

ro
p
o
rt

io
n

Figure 3.3 PW Rule. Boxplots of the distributions of allocation proportions rtotA,100

for 10 different choices of (pA, pB) in the order given in Table 3.1.

Also included in the table, as in Table 1.1, are the data examples of Rout et al.
(1993), Tamura et al. (1994), and the AZT trial (Connor et al. 1994) where
we simulate with observed pA and pB for each n. Here n varies from 39 to
476. These results provide further information on what allocation proportions,
expected proportions of failure and closeness to the value of πPW , can be
obtained with these sample sizes.

Zelen and Wei (1995) studied data example 1, the AZT data, for which the
estimated success probabilities are respectively 0.9160 and 0.7479 for AZT
and placebo. Using these as the true values, 10,000 simulations of the experi-
ment show that PW would allocate approximately in a 352:124 fashion with
a standard deviation of 21.0; an allocation of even three standard deviations
less than the expectation is better than the 50:50 allocation. The expected
number of successes from the PW rule would be 415.9, a potential saving of
20 lives.

Figure 3.3 gives the boxplot of the proportion of allocation for the 10 parame-
ter combinations. The figure clearly indicates the ethical gain from use of the
PW rule.

3.3.4 Real Life Applications of the PW Rule

There have been surprisingly few applications of the PW rule. Iglewicz (1983)
reports one unpublished application by Marvin Zelen in a lung cancer trial.

In addition, there is the application by Rout et al. (1993) to re-evaluate the
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role of crystalloid preload in the prevention of hypotension associated with
spinal anaesthesia for elective Caesarean section. This is discussed in detail
in §0.6.4. Rout et al. (1993) carried out a sequential design with the first
40 patients as pre-randomised pairs and PW for the remaining 100 patients.
Of the 100 patients whose treatments were allocated using the PW rule, 58
received volume loading and the other 42 did not.

We describe a randomised version of the PW rule in §3.4

3.3.5 Further Points about the PW Rule

In any sequential study the stopping rule plays a key role. Stopping as soon as
a significant result has been obtained will lead to a reduction in sample size.
As adaptive designs are sequential, an appropriate stopping rule will need
to allow for the possibility of, amongst other matters, repeated testing for
significance. One possibility is to stop sampling as soon as the sth success (or
failure) is obtained for a preassigned positive integer s. Suppose we plan to
stop as soon as we get the sth success or sth failure, whichever is earlier. Then
the stopping variable N will be

N = min{N1, N2},

where

N1 = min

{
n :

n∑

i=1

Yi = s

}
, and N2 = min

{
n :

n∑

i=1

(1 − Yi) = s

}
.

Clearly, N can take values in {s, s + 1, · · · , 2s − 1}. Inference is then made
using these N observations.

The distribution of N for this stopping rule will depend on the values of pA

and pB. If both are near one or zero, the value of n will be smaller than if both
probabilities are near one half. In practice, the stopping rule should reflect the
estimated treatment difference and the desired power of the test. The group
sequential methodology of Jennison and Turnbull (2000) can also be employed
for the PW rule.

3.3.6 Should We Play the Winner?

One potential drawback of the PW rule is that, in practice, the responses
may not be instantaneous, so that all responses may not be available when
the next treatment is to be allocated. There is no obvious way to proceed
with PW in such a situation. Two possibilities are to use the most recently
obtained response (which may not be from the last individual to respond)
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or the response of the most recently allocated patient among the available
responses.

Further, there is no clear-cut recommendation for more than two treatments.
Of course, there are several different plausible and sensible possibilities, e.g., a
failure by a treatment may result in picking any of the remaining treatments
with equal probability for the next patient. One more sophisticated suggestion
is to use the cyclic play-the-winner rule of §3.3.7.

A more basic and important question is: should we play the winner? How
solid is the ethical basis? If we look at the proportion (or limiting proportion)
of allocations to the better treatment we have an ethical basis for PW. But
the variability of allocation may be unacceptably high. The main objection
to the rule is that the adaptive allocation does not use all available data; the
response of one patient solely determines the allocation to the next one. In
practice, the response of one patient may be an outlier or highly biased due
to the specific covariate condition of that patient to which this rule does not
adapt. This suggests we should decrease the weight of the response of the most
recent patient in the allocation procedure. See §3.4 for rules of this kind.

Again, in a PW rule, given the allocation and response of a patient, the al-
location of the next patient becomes deterministic. This lack of randomness
is usually not acceptable. The need for randomisation has already been de-
scribed in Chapters 1 and 2. We describe in §3.4 a response-adaptive design
which does include randomness in treatment allocation.

3.3.7 Cyclic Play-the-Winner Rule

Hoel and Sobel (1971) extended Zelen’s approach (1969) to define the cyclic
play-the-winner (PWC) rule for t (> 2) treatments. At first, the t treatments
are ordered at random and this ordering is subsequently used in a cyclic
manner. Here a success with a treatment results in the next patient being
treated by the same treatment, whereas for each failure we switch to the next
treatment in the ordered scheme. Allocation proceeds in this cyclic way so
that the turn of the treatment ordered first always comes after a failure with
the treatment with order t.

The PWC rule can be viewed as a Markov chain with t states corresponding
to the t treatments after the ordering of the treatments is fixed. The limiting
proportion of patients treated by treatment j is

πPWC,j = q−1
j /

t∑

s=1

q−1
s ,

where qs = 1 − ps is the failure probability for treatment s. Thus, the limit-
ing proportion for each treatment is proportional to the inverse of its failure
probability.
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In a small simulation study with t = 3 treatments for n = 27 (a multiple of
t), with p1 = 0.8, p2 = 0.4 and p3 = 0.2, the expected proportions of patients
treated by the three treatments was 0.477, 0.273 and 0.250. Thus, the ethical
issue is covered by this allocation rule.

The basic drawback of this PWC rule is that it is again completely determin-
istic after the first patient assignment. A non-randomised rule induces bias
and, as we argued in §2.2.3, is unacceptable for clinical trials. A further draw-
back of this rule is that there is no clear-cut guideline for possibly delayed
responses.

3.4 Randomised Play-the-Winner Rule

3.4.1 Background

The desirability of suitable adaptation is clear from the preceding discussion.
The important question that must now be addressed is how to adapt by using
the past information in an appropriate manner. As we have argued in the last
section, a patient’s allocation pattern should not be fully deterministic and
should not depend solely on the response of the immediately preceding patient.
All the earlier responses should have some, and perhaps the same, influence on
the allocation for the ith patient. Suppose πi = πi(δ1, · · · , δi−1, y1, · · · , yi−1)
is the conditional probability that the ith patient is treated by treatment A
given all the assignment history δ1, · · · , δi−1 and all the previous response
history y1, · · · , yi−1. Then, for the PW rule,

πi = δi−1yi−1 + (1 − δi−1)(1 − yi−1),

which is a function of only δi−1 and yi−1. Further, this πi can take only two
values, 0 or 1, showing that it is fully deterministic. Randomisation should
result in a rule with a value of this probability excluding 0 and 1. Moreover,
the assignment for the new patient should take into account all information
provided by the earlier patients.

Wei and Durham (1978) introduced a randomised version of Zelen’s play-the-
winner rule, which they named the randomised play-the-winner rule, which
we abbreviate as RPW. The RPW rule uses a simple randomisation technique
which can conveniently be illustrated and implemented by using a straight-
forward urn.

3.4.2 What Is a Randomised Play-the-Winner Rule?

Initially the urn contains 2α balls, α balls of the colour for treatment A and α
balls of the colour for treatment B. Thus initially, in the absence of any prior
information, the urn is balanced for the two treatments. For any entering
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patient we draw a ball from the urn, allocate the treatment represented by
the colour of the drawn ball and replace the ball in the urn. For any treated
patient we add β balls depending on the response. If the response of a patient
is a success, we add β balls of the same kind to the urn, whereas, if the response
is a failure, we add β balls of the opposite kind. This process is continued until
stopping. For a fixed (α, β), we denote this rule by RPW(α, β).

The urn is updated following the outcome from each patient. The purpose
is to skew the urn in favour of the treatment which will be the eventual
winner and so to provide some ethical gain. In contrast with the PW rule, the
allocation probability is a function of all previous allocations and responses,
thus overcoming one drawback of PW.

To analyse this urn we assume instantaneous patient responses, or at least
sufficiently quick responses that all responses of treated patients are available
before the next allocation is made.

For any patient with indicator of assignment δi and indicator of response yi,
the number of balls added of kinds A and B are respectively β{δiyi + (1 −
δi)(1 − yi)} and β{(1 − δi)yi + δi(1 − yi)} (one of these expressions is β and
the other is zero). The idea of adding such balls is to skew the urn in favour
of the treatment doing better. Thus, the conditional probability πi+1 that
patient (i + 1) will be treated by treatment A given all previous allocations
and responses will be proportional to the number of balls of kind A in the urn
up to the response of the ith patient, i.e., β

∑i
j=1{δiyi +(1− δi)(1− yi)} plus

the initial α balls in the urn. At this point the total number of balls in the
urn is 2α+ iβ. Thus, the conditional probability of allocating treatment A is
the ratio of these two, namely

πi+1 =




α+ β



2
i∑

j=1

δjyj + i−
i∑

j=1

δj −
i∑

j=1

yj








 /(2α+ iβ), (3.1)

which, due to the initial α balls of each kind in the urn, is never 0 or 1 .

3.4.3 Real-Life Applications

RPW rules were used in two of the clinical trials we described in Chapter 0.
The first of these is the Michigan ECMO trial introduced in §0.6.2.

For the phase III trial, an RPW(1,1) rule was adopted. The design was ap-
proved by the University of Michigan Medical Centre Institutional Review
Board. In the study, the objective was to select patients with an 80% or
greater chance of mortality despite optimal therapy. Here the responses were
instantaneous in the sense that the outcome of each case was known soon after
randomisation. It was anticipated that most of the ECMO patients would sur-
vive and most control patients would die, so significance could be reached with
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a modest number of patients. A stopping rule was set before the experiment.
These are discussed in Chapters 0 and 1.

A second one is a larger adaptive clinical trial than the ECMO trial that was
conducted in the early nineties once again using an RPW(1,1) rule. This is
the fluoxetine trial, again discussed in Chapter 0 (§0.6.3). The data suggest a
difference between treatments for the shortened REML stratum.

3.4.4 Statistical Considerations

From the initial urn composition we have

P (δ1 = 1) = 1/2. (3.2)

For any i ≥ 1, taking expectation and noting that P (Yj = 1|δj) = pB +(pA −
pB)δj , we write

P (δi+1 = 1) = 1/2 + di+1, (3.3)

where di+1 can be successively obtained as

di+1 =
iρ(pA − pB)

2(2 + iρ)
+
ρ(pA + pB − 1)

2 + iρ

i∑

j=1

dj , (3.4)

with ρ = β/α.

Clearly, from both (3.1) and (3.4), the RPW rule depends on α and β only
through their ratio ρ = β/α. Thus RPW(1,1) is equivalent to RPW(5,5) or
RPW(0.1,0.1); only one design parameter ρ is to be chosen, which does not
have to be a ratio of integers. Although the urn provides a physical interpre-
tation of the weights for the two treatments at any stage, in practice a draw is
made of a random number from a rectangular distribution with domain (0, 1)
and the allocation is determined by its value.

The choice of optimal (α, β) is important, although only the design parameter
ρ can be selected. Bartlett et al. (1985) concluded that the Michigan ECMO
study with an RPW(2,1) or RPW(3,1) would have given better results in the
sense that it would have allocated more patients to the conventional therapy.
For example, an RPW(3,1) will have high probability of having several early
subjects on both treatment arms. This indicates that, for α = 1, the choice
of β as 1/2 or 1/3 would be better. Rosenberger (1999) also suggests such a
value. Under other conditions, Biswas (1999b) has argued for a choice of β
near to 0.3 when α = 1.

The sequence {di, i ≥ 2} represents the nature of performance of the sampling
design (with d1 = 0) and it is sufficient to deal with this sequence as the
unconditional probability of allocation is 1/2 plus di. If the treatments A and
B are equivalent in the sense that pA = pB, one can recursively show from (3.4)



RANDOMISED PLAY-THE-WINNER RULE 77

that di+1 = 0, i.e., the unconditional allocation probability to any particular
treatment is 1/2 for any entering patient. Thus, under equivalence the RPW
is a balanced procedure. We now list some further interesting properties of
the designs.

Result 1: di >,= or < 0, ∀ i ≥ 2 according as pA >,= or < pB. Thus
if treatment A is better than treatment B, i.e., pA > pB, the unconditional
probability for any entering patient (except the first one) to be treated by that
better treatment is always greater than 1/2. The amount of deviation from 1/2
depends on the values of pA and pB.

Result 2: Suppose that pA > pB. Then the sequence {di, i ≥ 2} is ei-
ther monotonically increasing or decreasing according as d2 ≤ or > (pA −
pB)/{2(2− pA − pB)}. The sequence is bounded above by > (pA − pB)/{2(2−
pA − pB)} if it is increasing, and bounded below by the same quantity if it is
decreasing. The case pA < pB can be interpreted in a similar manner.

If n patients are treated in the trial, using the notation of earlier sections
yields

E (NA) =
n

2
+

n∑

i=1

di,

which is the expected number of allocations to treatment A. Clearly the ex-
pected proportion of patients receiving treatment A is

1

n
E (NA) =

1

2
+

1

n

n∑

i=1

di.

As the sequence {di, i ≥ 2} is monotonic and bounded, it has a limit. Sup-
pose limi→∞ di = d. Then, as n → ∞, the expected proportion of allocation
converges to 1

2 + d, where

d = (pA − pB)/2 + (pA + pB − 1)d,

resulting in

d =
pA − pB

2(2 − pA − pB)
.

The form of limn→∞ E (NA)/n was first obtained by Wei and Durham (1978)
in their paper introducing the RPW rule.

The limiting proportion of patients receiving treatment A is

πRPW =
1 − pB

2 − pA − pB
=

qB
qA + qB

=
1/qA

1/qA + 1/qB
,

which is exactly the same as is obtained when using a PW rule. Thus, the
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Table 3.2 Fluoxetine data: EAP (SD) and EFP (SD) for the RPW(α,1) rule for
varying α

RPW(α, β) EAP (SD) to A EFP (SD)
RPW(1,1) 0.595 (0.084) 0.472 (0.057)
RPW(3,1) 0.582 (0.076) 0.476 (0.056)
RPW(5,1) 0.577 (0.072) 0.477 (0.055)

limiting proportion of allocation (from both PW and RPW) is inversely pro-
portional to the failure probability of a treatment (πRPW ∝ 1/qA) and is
proportional to the failure probability of the other treatment (πRPW ∝ qB).

An expression for the variance of the proportion of allocation to treatment
A was obtained by Bandyopadhyay and Biswas (1996), and an alternative
formulation given by Matthews and Rosenberger (1997). It is straightforward
to obtain the expected number of successes with treatment A as

E(Sn) =
(pA + pB)n

2
+ (pA − pB)

n∑

i=1

di.

Figure 3.4 provides boxplots of the distribution of the proportion of allocations
to the better treatment (A in our case) for 10 combinations of (pA, pB). We
observe that the ethical requirement is satisfied. In Figure 3.5 we plot the
distribution of failure proportions. In Table 3.3 we provide EAP (SD) and
EFP (SD) for these parameter combinations. We also provide these values for
the real data examples.

From Figures 3.4 and 3.5 and Table 3.3 we observe that the allocation propor-
tion to the better treatment is slightly less skewed than that for the PW rule,
and that it is also slightly more variable. However, the main advantage of the
RPW rule over the PW rule is that it randomises each patient between the
two competing treatments. Since it uses all the past data on allocation-and-
response history for any allocation, it is in addition more robust to departures
from the assumed model of constant success probabilities.

All the computations were made with α = β = 1. If we consider other values
of α and β, the limiting proportion of allocation is unchanged, as it is free of
these design parameters. Further, if the sample size is reasonably large, these
design parameters have little effect on the overall allocation measured by EAP
(SD) and EFP (SD). For example, for the complete fluoxetine data set with
88 observations, we obtain EAP (SD) and EFP (SD) for α = 1, 3, 5 with β = 1
in Table 3.2.

The effect of α and β on these performance characteristics is therefore prac-
tically insignificant even for a sample size of 88. However, there is an effect
of the ratio of α and β on the individual allocation probability sequence.
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Table 3.3 RPW(1,1) Rule. Results of 10,000 simulations of adaptive design for 10
combinations of population parameters of successful outcome (pA and pB). Estimates
of expected allocation proportion EAP (SD) and expected failure proportion EFP
(SD). The last four entries are for re-designed trials: fluoxetine1, shorter REML;
fluoxetine2, full data.

(pA, pB) EAP (SD) to A EFP (SD) πRPW

(0.8, 0.8) 0.500 (0.158) 0.200 (0.040) 0.500
(0.8, 0.6) 0.633 (0.120) 0.273 (0.050) 0.667
(0.8, 0.4) 0.716 (0.087) 0.314 (0.058) 0.750
(0.8, 0.2) 0.775 (0.064) 0.336 (0.063) 0.800
(0.6, 0.6) 0.500 (0.097) 0.401 (0.049) 0.500
(0.6, 0.4) 0.590 (0.078) 0.482 (0.053) 0.600
(0.6, 0.2) 0.657 (0.061) 0.537 (0.057) 0.667
(0.4, 0.4) 0.500 (0.065) 0.600 (0.049) 0.500
(0.4, 0.2) 0.567 (0.053) 0.686 (0.048) 0.571
(0.2, 0.2) 0.500 (0.045) 0.801 (0.040) 0.500

fluoxetine1 0.591 (0.108) 0.514 (0.084) 0.607
fluoxetine2 0.595 (0.084) 0.472 (0.057) 0.604

AZT 0.694 (0.110) 0.136 (0.024) 0.750
Rout et al. (1993) 0.561 (0.052) 0.620 (0.042) 0.750

In Figure 3.6 we plot one typical allocation probability for the fluoxetine
trial (with pA = 0.610 and pB = 0.405) for sequences of 200 patients with
(α, β) = (1, 1), (3, 1) and (5, 1). The figure shows the change in allocation
pattern with the different design parameters, although the overall summary
performances are almost identical.

Yao and Wei (1996) showed that an RPW(1,1) allocation design could result
in a 300:176 allocation in the real-life experiment of Connor et al. (1994); 11
newborn children would have been saved in this process. For a finite sample
size, a PW tends to allocate a larger number of patients to the better arm
than the RPW.

3.4.5 A General Form of RPW Rule

Wei and Durham (1978) extended the RPW rule to allow addition of both
kinds of ball to the urn following a success or a failure. They suggested adding
β1 balls of the same kind along with β2 balls (β2 < β1) of the opposite kind
for a success and to add β1 balls of the opposite kind along with β2 balls of
the same kind for a failure. This rule can be denoted as a RPW(α, β1, β2) rule.
Wei and Durham (1978) obtained recursion relationships for the rule. In this
notation the RPW(α, β, 0) is the rule we discussed as RPW(α, β). The exact
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Figure 3.4 Boxplots of the allocation proportion distributions from the RPW rule for
10 different choices of (pA, pB) in the order given in Table 3.3.
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Figure 3.5 Boxplots of the proportion of failure distributions from the RPW rule for
10 different choices of (pA, pB) in the order given in Table 3.3.
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Figure 3.6 Some typical allocation probability sequences for RPW(1,1), RPW(3,1)
and RPW(5,1) rules for the fluoxetine trial up to sample size 200.

probability calculations for the general rule are difficult as the denominator
of the conditional probability of {δi+1 = 1} is random.

3.4.6 Inference Following RPW Allocation

As desired, the RPW rule ensures that a considerably larger number of pa-
tients are treated by the eventual winner. However, we have also to consider
the welfare of future patients which is the basic goal of any clinical trial. This
is achieved through inference on the underlying parameters of interest. The
usual testing and estimation problems arise but possibly with some additional
difficulty. The sample observations are no longer independent.

An obvious estimate of pA is

p̂A =
n∑

i=1

δiyi/
n∑

i=1

δi,

which is the proportion of successes from the A-treated patients. Of course
this is defined only when the denominator, which is the number of patients
treated by treatment A, is non-zero.

Permutation tests are often used in such adaptive trials since they avoid as-
sumptions of independence. Wei (1988) provides an exact permutation test for
the data of the Michigan ECMO trial. Begg (1990) and discussants explore
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aspects of Wei’s approach. Rosenberger (1993) gives an asymptotic permuta-
tion test based on the RPW rule. A three-hypothesis testing problem for the
three hypotheses H1 : pA = pB, H2 : pA > pB, H3 : pA < pB was employed
by Bandyopadhyay and Biswas (1996, 1997a).

Any sequential methodology should have some provision for early stopping
and this can be ensured by setting a suitable stopping rule. The mathematical
properties of the RPW rule under the stopping rule suggested for the PW rule
in §3.3.5 were investigated by Bandyopadhyay and Biswas (1997a). For the
one-sided testing problem, Bandyopadhyay and Biswas (1997b) also used a
stopping rule defined by the stopping variable N such that

N = min

{
n :

n∑

i=1

Yi = r

}
,

where ‘r’ is a preassigned positive integer.

3.5 Generalised Pólya Urn Design for Skewing Allocation

3.5.1 Design

The idea of a conceptual urn for generating designs was introduced in 3.2.
Urn models have long been recognised as a valuable mathematical tool for
skewed assignment of treatments in a clinical trial, with a book-length length
treatment by Mahmoud (2009).

The Pólya, or Pólya–Eggenberger, Urn was initially derived to model conta-
gious diseases (Eggenberger and Pólya 1923). Athreya and Karlin (1968) suc-
cessfully embedded this urn scheme into a continuous time branching process
and so provided important limiting results. The resulting response-adaptive
randomisation procedure is known in the literature as the Generalised Pólya
Urn (GPU) or the Generalised Friedman Urn (GFU). This rule provides a non-
parametric treatment assignment procedure for comparing t ≥ 2 treatments
in a clinical trial.

In this rule we start with an urn having wi balls of kind i, i = 1, · · · , t.
We treat any entering patient by drawing a ball from the urn, replacing the
ball immediately. Whenever the response of a patient receiving treatment i
is available, we add some balls to the urn: if the response is a success, we
add α (> 0) balls of the same kind, while if the response is a failure, we add
β (> 0) balls of each of the remaining kinds j, j = 1, · · · , i − 1, i + 1, · · · , t.
The design thus has the flexibility for possibly delayed responses. Wei (1979)
denoted this rule as GPUD(W,α, β), where W = (w1, · · · , wt)

T.

At the outset, without any information, there is no reason to give more weight
to any particular treatment. Thus, one can take wi = w for all i. Wei (1979)
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studied the stochastic behaviour of the GPUD{(w, · · · , w)T, t−1, 1} rule. For
this simple version of the rule, the limiting proportion of patients on treatment
i has the same expression as that for the cyclic PWC rule introduced in §3.3.7.
With n = 27 and p1 = 0.8, p2 = 0.4, p3 = 0.2, simulation gave estimated
expected allocation proportions of 0.519, 0.272 and 0.209. So, the ethical issue
is again taken care of in this allocation design.

The GPUD{(w, · · · , w)T, t − 1, 1} rule has the advantage that the same
number of balls (t − 1) is added for each response, making the interpre-
tation and mathematics simpler. Also for t = 2, it reduces to the stan-
dard RPW rule. Biswas (1996) and Bandyopadhyay and Biswas (2002a,
2003) studied the GPUD{(w, · · · , w)T, t − 1, 1} rule in appreciable detail.
Here we discuss the conditional and marginal allocation probabilities of a
GPUD{(w, · · · , w)T, t− 1, 1)} rule.

3.5.2 Statistical Analysis of GPU

Corresponding to the ith entering patient, we define a set {δ1,i, · · · , δt,i;Yi} of
indicator variables such that δj,i takes the value 1 or 0 depending on whether
the ith patient is treated by treatment j or not, and Yi takes the value 1 or
0 if the response of the ith patient is a success or a failure. Note that exactly
one of {δ1,i, · · · , δt,i} is 1 and the remaining are all 0, and so

∑t
k=1 δk,i = 1.

From the urn model formulation

P (δj,1 = 1) = 1/t, j = 1, · · · , t.
Let Fi denote the response and allocation history up to the first i patients
when, for i ≥ 1,

P (δj,i+1 = 1|Fi) =
w + t

∑i
k=1 δj,kyk + i−∑i

k=1 δj,k −∑i
k=1 yk

tw + i(t− 1)
. (3.5)

Taking stepwise expectation over Fi in (3.5), we obtain

P (δj,i+1 = 1) =
1

t
+ dj,i+1, (3.6)

where

dj,i+1 =
i

tw + i(t− 1)

1

t

t∑

k=1

(pj − pk) +
(tpj − 1)

tw + i(t− 1)

i∑

l=2

dj,l

− 1

tw + i(t− 1)

i∑

l=2

t∑

k=1

dk,lpk.

The limiting proportion of allocations of treatment j is

πj =
1

t
+ dj ,
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Table 3.4 Limiting expected allocation proportion (EAP) for the GPU rule with t = 3
treatments.

p1 0.6 0.6 0.6 0.6 0.6 0.6 0.6
p2 0.3 0.4 0.4 0.4 0.5 0.5 0.5
p3 0.3 0.2 0.3 0.4 0.3 0.4 0.5

EAP1 0.466 0.462 0.447 0.430 0.422 0.405 0.384
EAP2 0.267 0.308 0.298 0.285 0.337 0.324 0.308
EAP3 0.267 0.230 0.255 0.285 0.241 0.271 0.308

where

dj =

{
p̄−

t∑

k=1

pk(1 − pk)−1/

t∑

k=1

(1 − pk)−1

}
/{t(1 − pj)}. (3.7)

For p1 = · · · = pt, i.e., under equivalence, we have dj = 0 for all j, and hence
πj = 1/t. This implies that, under equivalence, our GPU rule is balanced.
For pj > pj′ , we have dji > dj′ i for all i, and hence dj > dj′ . Thus, the
limiting proportion of patients receiving a better treatment is greater than the
proportion receiving a worse one. Also the best and the worst treatments will
receive, respectively, the greatest and the smallest proportions of allocation.

As a special case for t = 2 we get the limiting proportions of allocation for an
RPW rule. Here d2 = −d1 and

d1 =
p1 − p2

2(2 − p1 − p2)
.

Table 3.4 gives the limiting proportion of allocation for t = 3 and Table 3.5
gives the same for t = 4. The ethical gain is clearly established.

When there are two treatments the EAP alone tells us about the allocation
pattern to the two competing treatments. However, for t > 2 treatments we
need t − 1 such values to understand the allocation pattern. Specifically, we
study the vector (EAP1, · · · , EAPt−1) or (EAP1, · · · , EAPt) where EAPt =

1 −∑t−1
i=1 EAPi.

As an alternative to EFP, we here consider a summary value called the expected
successes lost (ESL), denoted by U(p1, · · · , pt), is the expected number of
successes that could have been observed if only the best treatment were applied
minus the expected number of successes using the particular rule of interest.
The measure U(p1, · · · , pt) is invariant with respect to any permutation of
p1, · · · , pt. Without loss of generality, we assume that p1 ≥ · · · ≥ pt. The
computations of all these performance characteristics when t = 3 and various
p1, p2 and p3 are shown in Table 3.6 taking α = β = 1 and n = 150. Again,
for any decision procedure of the above type with p1 ≥ p2 ≥ · · · ≥ pt, the ESL
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Table 3.5 Limiting expected allocation proportion (EAP) for the GPU rule with t = 4
treatments.

p1 0.8 0.8 0.8 0.8 0.8
p2 0.2 0.4 0.4 0.4 0.6
p3 0.2 0.2 0.4 0.4 0.2
p4 0.2 0.2 0.2 0.4 0.2

EAP1 0.571 0.546 0.522 0.500 0.500
EAP2 0.143 0.182 0.174 0.167 0.250
EAP3 0.143 0.136 0.174 0.167 0.125
EAP4 0.143 0.136 0.130 0.167 0.125

p1 0.8 0.8 0.8 0.8 0.8
p2 0.6 0.6 0.6 0.6 0.6
p3 0.4 0.4 0.6 0.6 0.6
p4 0.2 0.4 0.2 0.4 0.6

EAP1 0.480 0.462 0.445 0.429 0.400
EAP2 0.240 0.230 0.222 0.214 0.200
EAP3 0.160 0.154 0.222 0.214 0.200
EAP4 0.120 0.154 0.111 0.143 0.200

Table 3.6 Performance characteristics of the GPU rule for 3 treatments when n =
150. Expected allocation proportion (EAP) and Expected Successes Lost (ESL) from
10,000 simulations.

p1 0.6 0.6 0.6 0.6 0.6 0.6 0.6
p2 0.3 0.4 0.4 0.4 0.5 0.5 0.5
p3 0.3 0.2 0.3 0.4 0.3 0.4 0.5

ESL 24.564 23.642 20.874 17.477 16.232 13.165 9.334
(30) (30) (25) (20) (20) (15) (10)

EAP1 0.454 0.449 0.435 0.417 0.412 0.397 0.378
EAP2 0.274 0.314 0.304 0.292 0.341 0.329 0.311
EAP3 0.272 0.237 0.261 0.291 0.247 0.274 0.311

can easily be shown to be

U(p1, · · · , pt) =

t∑

j=2

(p1 − pj)EAPj .

Comparing Tables 3.4 and 3.6 we see that the average allocation proportions
for t = 3 and n = 150 are very close to the corresponding limiting values.

The random mechanism for adding balls at each draw is an attractive feature
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of this design. Again, this is a very rich class of designs. Allowing the number
of balls to be added to depend on past history of responses and allocations, a
variety of response-adaptive procedures are developed from the GPU.

3.5.3 Generalisations

There are several generalisations of the GPU. Smythe (1996) defined an Ex-
tended Pólya Urn, where the expected number of balls added at each stage
is held fixed. He suggested not replacing the type i ball drawn and permitted
removal of additional type i balls from the urn, of course subject to the re-
striction that one cannot remove more balls of a certain type than are present
in the urn.

Relaxing the above conditions, Durham and Yu (1990) propose a rule (called
modified play-the-winner) that adds balls to the urn only if there is a success;
the urn remains unchanged if there is a failure.

A major generalisation of the GPU is to allow a non-homogeneous generating
matrix, where the expected number of balls added to the urn changes across
the draws. Bai and Hu (1999) showed that under certain assumptions, the
usual limiting results hold.

Andersen, Faries, and Tamura (1994) introduced the idea of an urn with frac-
tional balls for a t-treatment clinical trial. Success on treatment i results in
the addition of a type i ball and a failure causes the addition of fractional
balls of the remaining types, proportionate to the composition of the urn at
the previous stage. Thus, the number of balls added at a draw depends on
previous draws. Andersen, Faries, and Tamura (1994) did not, however, inves-
tigate the theoretical properties of such a scheme. Later, Bai, Hu, and Shen
(2002) considered a related non-homogeneous urn model, and did explore the
theoretical properties. According to their formulation, a success with treat-
ment i results in the addition of a type i ball, whereas a failure with the ith
treatment results in adding balls of the remaining types, in proportion to their
previous success rates.

3.6 Success-Driven Design (SDD)

This is a randomised Pólya urn design (RPU) driven by successes only, that
is, it allows the urn composition to change depending on the successes on
the different treatment arms. As mentioned in the previous section, the idea
was first proposed by Durham and Yu (1990). This is a special case of the
RPU, with the urn composition changing only for a success. Durham and
Yu (1990) provided a two-treatment randomised play-the-leader rule, which
entirely ignored failures. We mention and study this rule separately for its
historical importance in development of response-adaptive designs. Li (1995)
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Table 3.7 SDD Rule. Results of 10,000 simulations of adaptive design for 10 com-
binations of population parameters of successful outcome (pA and pB). Estimates
of expected allocation proportion EAP (SD) and expected failure proportion EFP
(SD). The last four entries are for re-designed trials using the SDD rule: fluoxe-
tine1, shorter REML; fluoxetine2, full data.

(pA, pB) EAP (SD) to A EFP (SD)
(0.8, 0.8) 0.500 (0.286) 0.200 (0.040)
(0.8, 0.6) 0.635 (0.265) 0.273 (0.066)
(0.8, 0.4) 0.772 (0.202) 0.291 (0.087)
(0.8, 0.2) 0.881 (0.105) 0.271 (0.072)
(0.6, 0.6) 0.500 (0.280) 0.400 (0.049)
(0.6, 0.4) 0.667 (0.246) 0.466 (0.068)
(0.6, 0.2) 0.828 (0.147) 0.469 (0.075)
(0.4, 0.4) 0.500 (0.271) 0.600 (0.049)
(0.4, 0.2) 0.724 (0.208) 0.655 (0.062)
(0.2, 0.2) 0.500 (0.247) 0.800 (0.040)

fluoxetine1 0.637 (0.244) 0.505 (0.095)
fluoxetine2 0.661 (0.248) 0.460 (0.072)

AZT 0.651 (0.268) 0.143 (0.047)
Rout et al. (1993) 0.683 (0.237) 0.601 (0.055)

and Durham et al. (1998) extended the rule of Durham and Yu (1990) to more
than two treatments. See also Li, Durham, and Flournoy (1996).

The allocation procedure starts with an urn containing balls of the t types.
When a subject arrives, a ball is drawn with replacement, and the indicated
treatment is assigned. If the response is a success, a ball of the same colour is
added to the urn, but for a failure the urn remains unchanged. In contrast to
the GPU, the RPU design rewards the treatments on their own merits.

This design can be embedded in the family of continuous time-pure birth
process with linear birth rate. This embedding leads easily to the limiting
behaviour of the urn. The process reduces to a Yule process, and well-known
results on the Yule process (see Harris 1989, Ch. 5, Sections 7-8, and Athreya
and Ney 1972, pp. 127–130) can be used to find the properties of the RPU
rule. Durham, Flournoy, and Li (1998) proved that if p∗ = max1≤k≤t pk is
unique, then with probability one,

lim
n→∞

Nk(n)

n
=

{
1 if p∗ = pk

0 otherwise.

Thus, patients in the far future are allocated to the treatment with the highest
success probability.

Numerical computations in Table 3.7 and the boxplots of Figure 3.7 indicate
that the SDD is much more variable than the other designs so far mentioned.
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Figure 3.7 SDD Rule. Boxplots of the allocation proportion for 10 different choices
of (pA, pB) in the order given in Table 3.7.

However, the allocation proportion of SDD is highly skewed in favour of the
better treatment, increasing with the treatment difference and sample size.
For example, with (pA, pB) = (0.8, 0.2) and n = 100, about 88.1% of the
patients are treated with treatment A (with a SD of 0.105). This is quite high
in comparison to the other designs and this allocation proportion converges
towards 1 as n increases. If n = 200, about 92.1% of the patients are treated
by A (with SD = 0.073). But, in real trials, where the sample size is finite,
although the proportion will be high it will never equal one. Although the rule
is highly ethical, it is also highly variable.

3.7 Failure-Driven Design (FDD)

A mathematically opposite rule is the failure-driven design (FDD) where no
ball is added for a success, and only balls of the opposite kind are added for a
failure. Numerical results for this FDD and boxplots of allocation distributions
are given in Table 3.8 and Figure 3.8. Here the allocation proportion is much
less skewed in favour of the better treatment than in the SDD rule, but the
design is remarkably less variable. In fact, we observe that the variability of
the allocation proportion is even less than that for the drop-the-loser (DL)
rule to be introduced in §3.10 as a rule with low variability.
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Table 3.8 FDD Rule. Results of 10,000 simulations of adaptive design for 10 com-
binations of population parameters of successful outcome (pA and pB). Estimates of
expected allocation proportion EAP (SD) and expected failure proportion EFP (SD).
The last four entries are for re-designed trials using the FDD rule: fluoxetine1,
shorter REML; fluoxetine2, full data.

(pA, pB) EAP (SD) to A EFP (SD)
(0.8, 0.8) 0.500 (0.062) 0.200 (0.040)
(0.8, 0.6) 0.580 (0.052) 0.284 (0.046)
(0.8, 0.4) 0.628 (0.046) 0.350 (0.051)
(0.8, 0.2) 0.660 (0.042) 0.404 (0.055)
(0.6, 0.6) 0.500 (0.045) 0.400 (0.049)
(0.6, 0.4) 0.549 (0.041) 0.490 (0.050)
(0.6, 0.2) 0.584 (0.038) 0.566 (0.052)
(0.4, 0.4) 0.500 (0.037) 0.600 (0.049)
(0.4, 0.2) 0.535 (0.035) 0.693 (0.047)
(0.2, 0.2) 0.500 (0.032) 0.800 (0.040)

fluoxetine1 0.550 (0.064) 0.524 (0.080)
fluoxetine2 0.551 (0.043) 0.481 (0.054)

AZT 0.631 (0.033) 0.146 (0.017)
Rout et al. (1993) 0.531 (0.031) 0.625 (0.041)
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Figure 3.8 FDD Rule. Boxplots of the distributions of allocation proportions for 10
different choices of (pA, pB) in the order given in Table 3.8.



90 BINARY RESPONSES

3.8 Birth and Death Urn (BDU)

In an RPU, balls are only added to the urn. As a logical extension of the RPU
rule, Ivanova et al. (2000) developed a birth and death urn (BDU) design,
which is the same as an RPU urn except that whenever a failure occurs with
treatment k, a type k ball is removed from the urn. The term birth therefore
refers to the addition of a ball to the urn, and removal of a ball from the urn
indicates death. BDU thus adjusts the number of balls corresponding to the
treatment on which a failure has just been experienced. Detailed investigation
of the distributional properties, both exact and asymptotic, is in Ivanova et al.
(2000).

The numbers of balls corresponding to treatments for which the probabilities
of success do not exceed 0.5 will eventually become zero. Consequently no
patient will subsequently be treated by these ineffective treatments. This urn
scheme can be embedded into a continuous time birth and death process.
From the embedding theorem and the theory of continuous time birth and
death processes, it can be shown that the probability of eventual extinction of

type i balls (see Anderson 1991, p. 109) reduces to 1 if pi ≤ 0.5, and
(

qi

pi

)Z0i

if pi > 0.5, where Z0i is the initial number of balls of type i in the urn.

3.9 Birth and Death Urn with Immigration

3.9.1 Why Immigration?

A feature of the BDU is that when the success probability of a particular
treatment is less than one half, the type of ball corresponding to the treatment
may eventually become extinct. There is therefore a positive probability that
balls of a certain type can become extinct even if the associated probability
of success is high, which is undesirable. This immediately leads to a further
generalisation, the birth and death urn with immigration (BDUI), introduced
by Ivanova et al. (2000), where a random mechanism is considered which adds
balls to the urn at a constant rate. The rule can be described as follows.

3.9.2 Immigration

The urn starts with balls of t types representing the t treatments and ta, (a ≥
0), immigration balls. Here the parameter a is called the rate of immigration.
(Note that a = 0 implies the BDU rule.) Assignment of an entering patient is
made by drawing a ball with replacement from the urn. If it is an immigration
ball, one ball of each treatment type is added to the urn and the next ball is
drawn. The procedure is repeated until a ball other than an immigration ball
is obtained. If a ball of a treatment type is obtained, the patient receives that
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treatment. If the response is a success, the ball of the selected type is returned
to the urn, whereas for a failure, the ball is not returned. The procedure
continues sequentially with the entrance of the next patient. Ivanova et al.
(2000) discussed the convergence properties of the BDUI; the BDUI can be
embedded into a continuous-time t-type Markov process, which in this case
will be a collection of t independent linear birth and death processes with
immigration. The birth rate is pi, the death rate is qi = 1 − pi, and the
immigration rate is a.

3.10 Response-Adaptive Designs with Less Variability:
Drop-the-Loser (DL) Rule

3.10.1 Death Process

The response-adaptive allocation designs discussed so far allocate a larger pro-
portion of patients to the better treatment arm. But, as we have seen, most of
these designs are highly variable. The variance of the allocation proportions is
large because these allocation designs depend on random responses from the
patients. Also, these are mostly birth processes, which have higher variability
than death processes (see Ivanova et al. 2000; Anderson 1991, Ch. 3; Athreya
and Ney 1972, p. 221). As a result, particularly if the treatment difference is
not appreciable, an actual allocation which is one or two standard deviations
less than the expected allocation proportion might result in a less than 50%
allocation in favour of the better treatment arm. For example, see Table 3.7
for the SDD with (pA, pB) = (0.8, 0.6). On the other hand, in the presence
of sizeable treatment differences, an allocation of one or two standard devi-
ations more than the expectation may result in almost no allocations of the
inferior treatment; see Table 3.7 with (pA, pB) = (0.8, 0.2). Such behaviour is
completely undesirable in the early stages of a clinical trial. The randomised
play-the-winner rule used in the Michigan ECMO trial (Bartlett et al. 1985)
assigned only one patient to the less successful control therapy out of 12 pa-
tients.

The variability of the RPW rule is largely due to the branching character of
the implicit population process and is very high unless both treatments have
low success rates (Rosenberger 1996). A new adaptive urn design, proposed
by Ivanova and Durham (2000) and Ivanova (2003), called the drop-the-loser
(DL) rule, defines a population process with only immigration and death. This
rule is shown to be far less variable than the RPW rule when comparing highly
successful treatments.

3.10.2 Description of the Drop-the-Loser (DL) Rule

Suppose we have t competing treatments with instantaneous dichotomous
responses. We start with an urn having (t + 1) types of balls, balls of types
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1, · · · , t represent the t treatments, and balls of type 0 will be called the
immigration balls. Suppose, at the outset, the urn contains Zi,0 balls of type
i, i = 0, · · · , t, and let Z0 = {Z0,0, · · · , Zt,0} be the initial urn composition.
Balls are drawn at random from the urn and the urn composition is updated.
Let Zm = {Z0,m, · · · , Zt,m} be the urn composition after m draws from the
urn (which does not mean that m patients are treated so far. Because of the
immigration balls, the number of patients treated up to the m draws is less
than or equal to m). At the (m + 1)st draw, we draw a ball from the urn
at random. If the drawn ball is an immigration ball (that is, of type 0), no
patient is treated at that draw; we simply return the ball to the urn, and
add an additional t balls to the urn, one ball of each type i, i = 1, · · · , t.
Then Z0,m+1 = Z0,m and Zi,m+1 = Zi,m + 1, i = 1, · · · , t, that is, Zm+1 =
Zm + {0, 1, · · · , 1}. If a treatment ball is drawn, say, of type i for some i =
1, · · · , t, the next patient is treated by treatment i. If the response is a failure,
the drawn ball is not returned to the urn, that is, Zi,m+1 = Zi,m − 1 and
Zj,m+1 = Zj,m for j 6= i. Here Zm+1 = Zm + {0, · · · , 0,−1, 0, · · · , 0}. If the
response is a success, the ball is replaced in the urn and the urn composition
remains unchanged, that is, Zm+1 = Zm. Thus, the number of immigration
balls remains Z0,0, the same throughout the process. The number of patients
treated up to m draws is the same as the number of times a treatment ball is
drawn within these m draws.

Mathematically and operationally it is convenient to embed the DL urn
scheme into a continuous time process. This is called the embedded drop-
the-loser urn scheme, which has technical advantages for obtaining theoretical
results.

Let Ni(τ
′) be the number of patients treated by treatment i up to time τ ′. One

quantity of interest is the proportion of patients receiving the ith treatment,
i = 1, · · · , t, as τ ′ → ∞. Let N(τ ′) =

∑T
i=1Ni(τ

′) be the total number of
patients treated up to time τ ′. Since the DL rule is a special case of the design
of Ivanova and Flournoy (2001), we can use their result that, as τ ′ → ∞,

Ni(τ
′)

aτ ′
P→ 1

qi
.

Consequently, here also, as τ ′ → ∞, we have

Ni(τ
′)

N(τ ′)
P→ Di =

1/qi
1/q1 + · · · + 1/qt

. (3.8)

From (3.8), it is clear that a better treatment, that is, one which has a smaller
value of qi, is allocated more frequently. Incidentally, the limiting proportion
of allocations for this DL rule is exactly the same as that for the RPW rule
and the PW rule (see §§3.3 and 3.4).

The rationale for introducing the DL rule is that the variability of the allo-
cation proportion is smaller than that for the other rules. For example, the
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Table 3.9 DL Rule. Results of 10,000 simulations of adaptive design for 10 combi-
nations of population parameters of successful outcome (pA and pB). Estimates of
expected allocation proportion EAP (SD) and expected failure proportion EFP (SD).
The last four entries are for re-designed trials using the DL rule: fluoxetine1, shorter
REML; fluoxetine2, full data.

(pA, pB) EAP (SD) to A EFP (SD)
(0.8, 0.8) 0.500 (0.081) 0.200 (0.041)
(0.8, 0.6) 0.666 (0.067) 0.267 (0.046)
(0.8, 0.4) 0.750 (0.052) 0.300 (0.050)
(0.8, 0.2) 0.800 (0.040) 0.320 (0.053)
(0.6, 0.6) 0.500 (0.059) 0.400 (0.049)
(0.6, 0.4) 0.600 (0.049) 0.480 (0.051)
(0.6, 0.2) 0.666 (0.039) 0.533 (0.054)
(0.4, 0.4) 0.500 (0.041) 0.599 (0.049)
(0.4, 0.2) 0.571 (0.033) 0.687 (0.047)
(0.2, 0.2) 0.500 (0.027) 0.800 (0.040)

fluoxetine1 0.607 (0.074) 0.512 (0.082)
fluoxetine2 0.604 (0.053) 0.470 (0.054)

AZT 0.750 (0.040) 0.126 (0.016)
Rout et al. (1993) 0.563 (0.033) 0.620 (0.042)

limiting distribution of the allocation proportion for the embedded drop-the-
loser rule with two treatments for which q1q2 > 0 as τ ′ → ∞ is given by,

√
τ ′
(

Ni(τ
′)

N1(τ ′) +N2(τ ′)
−Di

)
d→ N

(
0, D2

1D
2
2(p1 + p2)/a

)
, (i = 1, 2).

The maximum likelihood estimates of pi under this sampling scheme will be p̂i,
the proportion of observed successes for treatment i (see Ivanova et al. 2000).
They showed that there exists a sequence of maximum likelihood estimates
{p̂n = (p̂1,n, · · · , p̂t,n)} such that

√
n(p̂n − p) is asymptotically multivariate

normal with mean vector zero, and dispersion matrix diagonal with ith diag-
onal element piqi/Di.

Table 3.9 and Figure 3.9 provide computational results for the DL rule. These
show that on average the DL rule allocates slightly less ethically to the better
treatment than do the RPW or similar rules for small sample sizes, but that
the variability of the DL rule is appreciably smaller.

Hu and Rosenberger (2003) observed that among all the existing designs, DL
is the best as far as variability is concerned. But, as we have seen earlier, the
variability of FDD is even less than that of the DL rule.

As with other rules, we can regularise the DL rule with the first few patients
allocated in a 50:50 way by tossing a fair coin and then carrying out the
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Figure 3.9 DL rule. Boxplots of the distribution of allocation proportions for 10
different choices of (pA, pB) in the order given in Table 3.9.

adaptive allocation thereafter. This will ensure some initial allocations to both
treatment arms. We illustrate the technique for the DL rule where the first
20 patients are randomly treated, and the DL rule is implemented from the
21st patient onwards. Table 3.10 and Figure 3.10 give the numerical results,
which are not significantly different from the results of Table 3.9 and Figure
3.9. Similar results are obtained if we randomise the first 20 patients in ten
pairs, so ensuring equal numbers on both arms of the trial.

3.11 Odds Ratio–Based Adaptive Designs

3.11.1 Odds Ratio

The odds ratio is widely used in many contexts in biomedical sciences. So it
might be attractive to a practitioner to use a response-adaptive allocation de-
sign based on the odds ratio. With this intention we now describe an adaptive
allocation design using this ratio.

If pA (= 1− qA) and pB (= 1− qB) are the success probabilities of treatments
A and B, respectively, then the odds ratio is defined by

θ =
pAqB
qApB

,

and its estimate is given by

θ̂ =
p̂Aq̂B
q̂Ap̂B

,
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Table 3.10 DL Rule with the first 20 patients randomly allocated. Results of 10,000
simulations of adaptive design for 10 combinations of population parameters of suc-
cessful outcome (pA and pB). Estimates of expected allocation proportion EAP (SD)
and expected failure proportion EFP (SD). The last four entries are for re-designed
trials using this form of DL rule: fluoxetine1, shorter REML; fluoxetine2, full data.

(pA, pB) EAP (SD) to A EFP (SD)
(0.8, 0.8) 0.500 (0.074) 0.200 (0.040)
(0.8, 0.6) 0.633 (0.063) 0.273 (0.045)
(0.8, 0.4) 0.700 (0.051) 0.320 (0.049)
(0.8, 0.2) 0.740 (0.042) 0.356 (0.052)
(0.6, 0.6) 0.500 (0.058) 0.400 (0.049)
(0.6, 0.4) 0.580 (0.048) 0.484 (0.052)
(0.6, 0.2) 0.634 (0.042) 0.546 (0.054)
(0.4, 0.4) 0.500 (0.043) 0.600 (0.049)
(0.4, 0.2) 0.557 (0.038) 0.689 (0.043)
(0.2, 0.2) 0.500 (0.033) 0.800 (0.040)

fluoxetine1 0.553 (0.078) 0.523 (0.080)
fluoxetine2 0.580 (0.053) 0.476 (0.054)

AZT 0.740 (0.040) 0.128 (0.016)
Rout et al. (1993) 0.554 (0.035) 0.621 (0.042)
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Figure 3.10 DL rule with the first 20 patients randomly allocated. Boxplots of the
distribution of allocation proportions for 10 different choices of (pA, pB) in the order
given in Table 3.10.
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with p̂i being the observed proportion of success with treatment i, i = A,B.
As θ and θ̂ ∈ [0,∞) and θ = 1 implies equivalence of the two treatments, a
natural treatment effect mapping (see §4.4.1) to find the allocation probability
is the estimate of θ/(1 + θ) (which belongs to [0, 1]), where the value 1/2
corresponds to equivalence of the two treatments.

3.11.2 Design

An odds ratio–based rule was originally proposed by Kadane (1996), and
subsequently generalised by Rosenberger, Vidyashankar, and Agarwal (2001).
They used a logistic model to incorporate covariates into the design and pro-
posed a covariate-adjusted log odds ratio rule. Yet they did not carry out a
detailed study, neither theoretically nor numerically.

An odds ratio–based design allocates a patient to a treatment with probability
proportional to the current estimate of the odds ratio in favour of that treat-
ment. Let SAi and FAi be the number of successes and failures on treatment
A after patient i has been treated. Similarly, define SBi and FBi for treat-
ment B. Our model postulates that the probability of choosing a treatment is
proportional to the odds ratio associated with that particular treatment when
the decision is made, i.e.,

P (δi+1 = 1|Fi) =
SAiFBi

SAiFBi + SBiFAi
.

The rule can be rewritten as an urn design. We calculate SAi, SBi, FAi and
FBi for each i. For the allocation of the (i+1)st patient, we use an urn which
contains SAiFBi balls of type A and SBiFAi balls of type B. After obtaining
the response of the (i+ 1)st patient, we add FBi+1 balls of type A or SBi+1

balls of type B for a success or failure if the (i + 1)st patient is treated by
treatment A. If the (i + 1)st patient is treated by treatment B, we add an
additional FAi+1 balls of type B or SAi+1 balls of type A for a success or
failure of the treatment. Summarising, for the response of the (i+1)st patient
we add SAi+1FBi+1 − SAiFBi balls of type A and SBi+1FAi+1 − SBiFAi balls
of type B to the urn. We use this urn to allocate the (i+2)nd patient. We use
a fair coin for allocation until the sample odds ratio is defined, that is, until
both SA,nFB,n and SB,nFA,n are non-zero for some n. Thereafter we use the
urn. We call this design an odds ratio–based design (ORBD). Basak, Biswas,
and Volkov (2008, 2009) studied several properties of this design.

3.11.3 Results

We assume 0 < pA < 1 and 0 < pB < 1. We then have the following:
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Result. The probability of choosing treatment A converges almost surely (a.s.)
to

γ̄ =
pAqB

pAqB + pBqA
, (3.9)

provided that SA,n, FA,n, SB,n, FB,n are all bigger than zero at some time
n = n0.
Consequently, the limiting proportion of patients treated by treatment A is

πORBD = γ̄.

Computational results for the ORBD are given in Table 3.11 and Figure 3.11.
The main comparison is with the designs RPW and DL. The SD of ORBD
is much less than that of the corresponding RPW rule, and it is only slightly
higher than that of the DL rule. But, the ORBD is much more ethical in the
sense that, for fixed (pA, pB), the expected proportion of allocation to the
better treatment and also the limiting proportion are higher than those of the
RPW rule and the DL rule.

We compare the results with those for two competitors, the RPW rule and
the DL rule. Table 3.12 displays asymptotic results and small sample results
from simulations with n = 100. Figure 3.12 gives the boxplots of the allocation
proportion distributions under ORBD, RPW and DL, for pA = 0.8 and pB =
0.4 when n = 100. It is noticeable that the allocation proportion of the ORBD
is more skewed in favour of the better treatment than the two competing
designs. The RPW is the most variable rule for these (pA, pB) values, in the
sense that the standard deviation is largest. The DL has minimum SD, while
ORBD has good intermediate properties. The SD of ORBD is less than that
of RPW when at least one of pA and pB is large. If both pA and pB are not
so large, the ORBD is more variable. But, in such cases, we see an important
advantage of the ORBD. The allocation proportions of the RPW and DL
are then appreciably less skewed in favour of the better treatment than are
allocations from the ORBD. For example, if (pA, pB) = (0.4, 0.2), the limiting
proportion of allocation in favour of treatment A is 0.571 for both the RPW
and the DL rules, although the success probabilities differ significantly. But
the limiting proportion is 0.727 for ORBD. Thus, we have a substantial ethical
gain from ORBD for lower values of the success probabilities.

The boxplots of the allocation distributions for the fluoxetine data for RPW,
DL and ORBD are shown in Figure 3.13. The allocation is more skewed in
favour of fluoxetine in the case of ORBD, although it is slightly more variable
for these values of pA and pB (see Table 3.12). This indicates the desirability
of using the ORBD design, rather than RPW or DL, for trials with success
probabilities similar to those for the fluoxetine data, but with a larger number
of patients.
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Table 3.11 ORBD Rule. Results of 10,000 simulations of adaptive design for 10 com-
binations of population parameters of successful outcome (pA and pB). Estimates of
expected allocation proportion EAP (SD) and expected failure proportion EFP (SD).
The last four entries are for re-designed trials using the ORBD rule: fluoxetine1,
shorter REML; fluoxetine2, full data.

(pA, pB) EAP (SD) to A EFP (SD) πORBD

(0.8, 0.8) 0.500 (0.141) 0.200 (0.040) 0.500
(0.8, 0.6) 0.691 (0.118) 0.261 (0.048) 0.727
(0.8, 0.4) 0.804 (0.082) 0.279 (0.051) 0.857
(0.8, 0.2) 0.862 (0.053) 0.282 (0.053) 0.941
(0.6, 0.6) 0.500 (0.140) 0.400 (0.049) 0.500
(0.6, 0.4) 0.672 (0.120) 0.466 (0.055) 0.692
(0.6, 0.2) 0.800 (0.072) 0.480 (0.057) 0.857
(0.4, 0.4) 0.500 (0.136) 0.599 (0.049) 0.500
(0.4, 0.2) 0.691 (0.108) 0.661 (0.053) 0.727
(0.2, 0.2) 0.500 (0.137) 0.800 (0.040) 0.500

fluoxetine1 0.647 (0.136) 0.501 (0.086) 0.697
fluoxetine2 0.675 (0.124) 0.458 (0.058) 0.719

AZT 0.766 (0.063) 0.123 (0.018) 0.786
Rout et al. (1993) 0.658 (0.112) 0.605 (0.045) 0.667
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Figure 3.11 ORBD rule. Boxplots of the distributions of allocation proportions for
10 different choices of (pA, pB) in the order given in Table 3.11.
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3.11.4 More than Two Treatments

The two-treatment design of Rosenberger et al. (2001) used a logistic model
with:

logit(pA) = log{pA/(1 − pA)} = α,
logit(pB) = log{pB/(1 − pB)} = α+ β.

Consequently, the estimated allocation probability to treatment A reduces to

1/{1 + exp(β̂)},

where β̂ is the current estimate of β based on all available data.

The above can easily be extended to more than two treatments. For example,
one form of the logit model for three treatments is:

logit(p1) = α,

logit(p2) = α+ β2,

logit(p3) = α+ β3. (3.10)

Then, from (3.10), the estimated allocation probabilities to the three treat-
ments become

1

1 + exp(β̂2) + exp(β̂3)
,

exp(β̂2)

1 + exp(β̂2) + exp(β̂3)
,

exp(β̂3)

1 + exp(β̂2) + exp(β̂3)
,

where β̂2 and β̂3 are the estimates of β2 and β3 based on the available data
up to that point. These estimates are

β̂2 = log

(
S2,nF1,n

S1,nF2,n

)
,

β̂3 = log

(
S3,nF1,n

S1,nF3,n

)
,

the two log-odds ratios.

The above model gives an interpretation of the allocation probabilities, and
also provides sufficient flexibility to incorporate covariates into the model. We
explore the use of logistic models with covariates in §6.11.

Although, as we have seen in earlier sections, there are several response-
adaptive designs which can be used for more than two treatments, the lit-
erature on the odds ratio–based design is limited to only two treatments.
We now extend this rule to more than two treatments, making possible the
application of the much-used concept of the odds ratio to response-adaptive
trials.
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For three treatments with probabilities of success pj (= 1 − qj), j = 1, 2, 3,
the probability of allocating an entering patient to treatment 1 can be set as
the current estimate of

p1/q1
p1/q1 + p2/q2 + p3/q3

=
p1q2q3

p1q2q3 + q1p2q3 + q1q2p3
, (3.11)

that is,
p̂1q̂2q̂3

p̂1q̂2q̂3 + q̂1p̂2q̂3 + q̂1q̂2p̂3
.

The extension to more than three treatments is immediate.

To illustrate some properties of this rule, we carried out a small simulation
study. Figure 3.14 gives the boxplots of the allocation proportions to the
three treatments for three combinations of (p1, p2, p3), namely (0.8, 0.6, 0.6),
(0.8, 0.6, 0.4) and (0.8, 0.4, 0.2). The figure indicates a large proportion of allo-
cation to the better treatment. In addition, the allocation probability is close
to (3.11), even with a sample size as low as 100.

To compare different rules we give, in Figure 3.15, boxplots of allocation pro-
portions to three treatments with (p1, p2, p3) = (0.8, 0.4, 0.2) for three rules:

(i) The three-treatment ORBD,

(ii) RPW (which is a GPU) for three treatments and

(iii) The DL rule for three treatments.

It is observed that the proportion of allocation to the better treatment is much
higher for ORBD. Consequently, the expected number of failures will be less
for this rule.

As a practical example, now consider the data from the Erosive Esophagitis
(EE) trial discussed in §0.6.8. In that trial the numbers of patients enrolled to
the three treatments were 654, 656 and 650, in an equiprobable randomisation.
Healing of EE occurred in 94.1%, 89.9% and 86.9% of patients by week 8 for
treatment with H40 (A), H20 (B), and O20 (C). Naturally, we look at data-
dependent allocations which should allocate a larger proportion of patients to
H40 (A), followed by a lower proportion to H20 (B), and the lowest proportion
to O20 (C). Treating the observed success proportions 0.941, 0.899 and 0.869
as the true success probabilities of the three treatments, we calculated the
allocation proportions by simulation for the 3-treatment ORBD, RPW and
DL designs. Figure 3.16 gives the boxplots of the allocation proportions with
n = 654 + 656 + 650 = 1960 and (p1, p2, p3) = (0.941, 0.899, 0.869). A gen-
eral observation is that the proportion of allocation to the better performing
treatments would have been higher if any of these response-adaptive designs
had been used. Again, the proportion of allocation for the best treatment is
much higher for ORBD, compared to the RPW rule. However, for such high
values of p1, p2 and p3, the performance of the DL rule is almost the same
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Table 3.12 ORBD, RPW and DL rules. Limiting allocation proportions and EAP
(SD) when n = 100 for ten different probabilities of successes. Results of 10,000
simulations. Here πDL = πRPW and hence is not reported separately.

pA pB ORBD RPW DL
πORBD EAP (SD) πRPW EAP (SD) EAP (SD)

0.8 0.8 0.500 0.507 (0.133) 0.500 0.501 (0.159) 0.500 (0.081)
0.8 0.6 0.727 0.723 (0.097) 0.667 0.631 (0.119) 0.666 (0.066)
0.8 0.4 0.857 0.856 (0.065) 0.750 0.715 (0.087) 0.750 (0.051)
0.8 0.2 0.941 0.924 (0.041) 0.800 0.776 (0.064) 0.800 (0.040)
0.6 0.6 0.500 0.499 (0.107) 0.500 0.500 (0.097) 0.501 (0.059)
0.6 0.4 0.692 0.683 (0.092) 0.600 0.591 (0.078) 0.600 (0.049)
0.6 0.2 0.857 0.843 (0.066) 0.667 0.657 (0.061) 0.667 (0.039)
0.4 0.4 0.500 0.504 (0.107) 0.500 0.500 (0.065) 0.500 (0.041)
0.4 0.2 0.727 0.726 (0.097) 0.571 0.568 (0.053) 0.571 (0.034)
0.2 0.2 0.500 0.504 (0.122) 0.500 0.500 (0.045) 0.500 (0.027)
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Figure 3.12 ORBD, RPW and DL Rules with n = 100. Boxplots of allocation pro-
portions to treatment A; (pA, pB) = (0.8, 0.4).

as ORBD with DL having slightly less variability. If the success probabilities
p1, p2 and p3 are smaller, the performance of the ORBD is much better than
that of the DL. To illustrate this, we recalculate the EE trial with n = 1960,
but (p1, p2, p3) = (0.4, 0.3, 0.2). Figure 3.17 displays the performances of the
three designs, and, clearly, the ORBD outperforms the other designs in terms
of the allocation proportion to the better treatment, although the variability
of DL is less.
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Figure 3.13 ORBD, RPW and DL Rules for fluoxetine2 data (n = 86). Boxplots of
allocation proportions to treatment A.
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Figure 3.14 Three-treatment ORBD Rule with n = 100. Boxplots of allocation
proportions to treatment A when (p1, p2, p3) = (0.8,0.6,0.6), (0.8,0.6,0.4) and
(0.8,0.4,0.2).
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Figure 3.15 Three-treatment ORBD, RPW and DL Rules with n = 100. Boxplots of
allocation proportions to treatments A, B and C when (p1, p2, p3) = (0.8,0.4,0.2).
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Figure 3.16 Three-treatment ORBD, RPW and DL Rules for the Erosive Esophagitis
(EE) trial. Boxplots of allocation proportions to treatments A, B and C.
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Figure 3.17 Three-treatment ORBD, RPW and DL Rules for a trial with low success
probabilities. Boxplots of allocation proportions to treatments A, B and C when
(p1, p2, p3) = (0.4, 0.3, 0.2).

3.12 Delayed Response from the Randomised Play-the-Winner
Rule

3.12.1 How to Incorporate Delayed Responses

Quite often the responses from the patients are delayed or take time to deter-
mine. As a result it is not possible to have all responses from the previously
allocated patients for adaptation. The adaptive design will be affected by such
delayed responses. Of course, only the available responses can contribute to
the adaptation.

Delayed responses can be incorporated into most of the response-adaptive
designs discussed so far. Here we only consider the delayed-response RPW
rule, which is well-studied in the literature.

We discussed the RPW rule in §3.4. Two approaches to delayed responses are
discussed in the literature. Tamura et al. (1994) used a surrogate response to
update the urn. Such surrogates need to be observed quickly, whilst having
high positive correlation with the true response. But, even in that fluoxetine
study, the surrogate responses took three weeks to become available. Since
many patients entered within this period, use of the surrogate decreased, but
did not eliminate, the problem of delayed responses. A natural idea is to use
any available information to update the hypothetical urn.

Wei (1988) provided a model for extending the RPW rule to cover delayed
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responses. First, corresponding to the ith entering patient, in addition to
(δi, Yi), we define another set of indicator variables {ǫ1i, ǫ2i, · · · , ǫi−1i} where
ǫji takes the value 1 or 0 according to whether the response of the jth patient
is obtained or not before the entry of the ith patient, j = 1, 2, · · · , i − 1.
The urn is updated only when a response is obtained. Thus the conditional
probability that the (i + 1)st patient will receive treatment A given all the
previous assignments {δj, 1 ≤ j ≤ i}, responses {yj, 1 ≤ j ≤ i} and all the
indicator response statuses {ǫji+1, 1 ≤ j ≤ i} is

P (δi+1 = 1|δ1, · · · , δi, y1, · · · , yi, ǫ1i+1, · · · , ǫii+1)

=




α+ β



2

i∑

j=1

ǫji+1δjyj +

i∑

j=1

ǫji+1 −
i∑

j=1

ǫji+1δj

−
i∑

j=1

ǫji+1yj










/

2α+ β

i∑

j=1

ǫji+1



 . (3.12)

In their application, Tamura et al. (1994) also used this model with the mod-
ification that in their case the yj’s were the indicators of surrogate, rather
than true, responses. However, since the denominator of (3.12) is random, it
is not easy to find the conditional allocation probabilities as we could in §3.4
for the RPW rule.

3.12.2 Nonrandom Denominator

To circumvent the difficulty of the random denominator, Bandyopadhyay and
Biswas (1996) introduced a delayed response model which keeps the denomi-
nator free of any random variables, while using a slight modification of model
(3.12). This modified model can again be illustrated by using an urn. We once
more start with an urn having α balls of the two types. Treatments are allo-
cated by drawing a ball from the urn; the ball is replaced immediately. When
a patient is assigned to a treatment, we add β/2 balls of each kind to the urn.
When the response of that patient is obtained at some future point, provided
this is within the span of the trial, we withdraw these β/2 balls of each kind.
If the treatment resulted in a success, we then add β balls of the same kind
as the treatment, whereas, if it was a failure, β balls of the opposite kind are
added. Thus the process adds β balls to the urn for any entering patient, but
the composition of the urn is changed when the result of treatment is avail-
able. The proposal of adding β/2 balls to the urn is similar, in principle, to
the idea of adding fractional balls of Andersen, Faries, and Tamura (1994).
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Here

P (δi+1 = 1|δ1, · · · , δi, y1, · · · , yi, ǫ1i+1, · · · , ǫii+1)

=




α+ β



2
i∑

j=1

ǫji+1δjyj +
1

2



i+
i∑

j=1

ǫji+1





−
i∑

j=1

ǫji+1δj −
i∑

j=1

ǫji+1yj










/
(2α+ iβ) , (3.13)

which has a non-random denominator. Biswas (1999a) has shown that the two
procedures (3.12) and (3.13) are asymptotically equivalent and that, for finite
n, there is negligible practical difference between the performance of the two
rules. Thus one can work with (3.13) for delayed responses without loss of
performance.

We can safely assume that the set {ǫjk, k ≥ j+1, j ≥ 1} of variables in (3.13)

is such that, for any j 6= j
′

, the set {ǫjk, k ≥ j+1} is distributed independently

of {ǫj′k, k ≥ j
′

+1}. We also assume that the ǫjk’s are independent of δj and Yj

(which is, of course, a very simple assumption; a more complicated model can
also be implemented in principle with some more complicated mathematics).
Further, we assume

P (ǫjk = 1) = ηk−j , (3.14)

where {ηl, l ≥ 1} is a non-decreasing sequence with ηl → 1 as l → ∞.

From the urn model and the initial urn composition it is clear that the prob-
ability that the first patient will be treated by either treatment is always 1/2.
Then a recursion leads to the unconditional probability of treating the (i+1)st
patient with treatment A as

P (δi+1 = 1) =
1

2
+ d∗i+1,

where

d∗i+1 =
ρ(pA − pB)

2 + iρ




i∑

j=1

ηi−j+1d
∗
j +

1

2

i∑

j=1

ηj



+
ρ(2pB − 1)

2 + iρ

i∑

j=1

ηi−j+1d
∗
j .

(3.15)

Some decision-making problems are analysed in this context by Bandyopad-
hyay and Biswas (1996). Biswas (1999a) obtained the limiting proportion of
allocations from the two delayed response models given in (3.12) and (3.13).
As expected, these are the same and also the same as the limiting proportion
of allocations resulting from an RPW rule and the PW rule. A stopping rule
was employed by Biswas (1999c) for delayed responses from the RPW rule by
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setting a stopping variable

N = min

{
n :

n∑

i=1

ǫin+1Yi ≥ r

}
,

where r is a preassigned positive integer. Thus here the idea is to stop sampling
as soon we have r responses that are successes. (Of course, of these N samples
the eventual number of successes will be at least r.)

3.12.3 A Note on the Delayed Response Indicator Variable

We observe that
P (ǫji+1 = 1|ǫji = 1) = 1,

and hence

P (ǫji+1 = 1|ǫji = 0) =
ηi−j+1 − ηi−j

1 − ηi−j
.

Different heuristic functional forms of ηl can be proposed provided they sat-
isfy the basic criteria of monotonicity and convergence to one. Also, at least
in theory, the ηl’s can be built up starting from basic models. Suppose we as-
sume that along with each Yi, there is another random variable representing
response time, say Ui. Let the Ui’s be independent of the Yi’s. Further we can
assume a random inter-arrival time Wi between the i-th and (i+1)st arrivals.
Hence

ǫjj+k = 1 iff Uj < Wj + · · · +Wj+k−1, k ≥ 1. (3.16)

Assuming a distribution of Ui’s and another for Wj ’s and independence of
these, we can derive ηl.

Assuming Ui has the p.d.f. ae−au, u > 0, and taking Wj = c0, a constant,
i.e., assuming a constant inter-arrival time (a crude assumption), we get

ηs = 1 − e−bl, l ≥ 1, (3.17)

where b = ac0. Instead, if we assume that the inter-arrival time Wj has the
p.d.f. be−bw, w > 0, then we obtain

ηl = 1 −
(

b

a+ b

)l

, l ≥ 1. (3.18)

It can easily be seen that for both these functional forms of ηl, the delayed
response indicator ǫji’s follow a two-state Markov Chain with transition prob-
ability matrices

(
e−b 1 − e−b

0 1

)
and

(
b/(a+ b) a/(a+ b)

0 1

)
,

where the rows correspond to the states of ǫji (0 and 1) and the columns are
the states of ǫji+1 (0 and 1).
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3.13 Prognostic Factors in Urn Designs

So far we have assumed that the entering patients are homogeneous. But,
as we discussed in Chapter 2, there may be prognostic factors like age, sex,
blood pressure, heartbeat and blood sugar that should be incorporated in the
design. Here we indicate possible approaches for the RPW and DL rules in
the presence of covariates.

3.13.1 RPW with Prognostic Factors

Bandyopadhyay and Biswas (1999) incorporated prognostic factors into the
RPW rule. Assume that there is only one prognostic factor x, which is non-
stochastic, and that the corresponding variable is either discrete or can easily
be transformed to a discrete variable with (G+ 1) ordered grades 0, 1, · · · , G.
Grade 0 is for the least favourable condition and grade G for the most
favourable. Clearly, the response of the ith patient depends not only on the
treatment (A or B), but also on the grade ui ∈ {0, 1, · · · , G} of the ith patient.
Using this prognostic factor x and its (G+ 1) grades, the RPW rule adjusted
for prognostic factors can be described by using an urn model.

Start with an urn having two types of balls A and B; α of each type. The
treatment of an entering patient of grade uj is determined by drawing a ball
from the urn with replacement. If success occurs, we add an additional (G−
uj + r)β balls of the same kind and ujβ balls of the opposite kind to the urn.
On the other hand, if a failure occurs, we add an additional (G − uj)β balls
of the same kind and (r+uj)β balls of the opposite kind to the urn. The idea
is to add more weight in favour of a treatment which results in a success for a
patient of less favourable condition. Thus, for every entering patient, (G+r)β
balls are added in total, Gβ for the grade and rβ for a success or failure; α, β
and r are design parameters.

Here we make the following assumption:

P (Yi = 1|δi, ui) = {pAδi + pB(1 − δi)}aG−ui , (3.19)

where a ∈ (0, 1), called the prognostic factor index, is either known from past
experience or can be estimated from past data and pA, pB ∈ (0, 1), the success
probabilities for treatments A and B at grade G, are unknown. It is easy to
check, under equivalence of treatment effects (pA = pB = p), that the δi are
identically distributed Bernoulli random variables with outcome probability
0.5, and the Yi are independently distributed with P (Yi = 1|ui) = 1−P (Yi =
0|ui) = paG−ui , with δi independent of Yi.

The conditional probability of {δi+1 = 1} given the history Fi combin-
ing all the previous assignments {δ1, · · · , δi}, and all the previous responses
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{y1, · · · , yi}, and all the previous covariates {u1, · · · , ui} is

P (δi+1|Fi)p̃i+1 =



α+ β




2r

i∑

j=1

δjyj +

i∑

j=1

(uj + r) −
i∑

j=1

(r + 2uj −G)δj

−r
i∑

j=1

yj









/

(2α+ i(G+ r)β), i ≥ 1.

The marginal distributions of the δi are obtained successively as:

P (δ1 = 1) =
1

2
,

and for i ≥ 1,

P (δi+1 = 1) =
1

2
− di+1,

where, by the method of induction,

di+1 = β
2α+i(G+r)β r(pB − pA)

i∑

j=1

aG−uj

(
1

2
+ dj

)

+ β
2α+i(G+r)β

i∑

j=1

[
2rpAa

G−uj − (r + 2uj −G)
]
dj .

To elucidate the limiting proportions, make the following three assumptions:

A.1. 1
n

n∑

j=1

uj → u, as n→ ∞,

A.2. 1
n

n∑

j=1

aG−uj → a0, as n→ ∞,

A.3. 1
n

n∑

j=1

auj → a1, as n→ ∞.

Then, it can be shown that the limiting proportion of patients receiving treat-
ment A is

πA =
1

2
− d,

where

d =
r(pB − pA)a0

2{2(r + u) − r(pB − pA)a0 − 2ra0pA]} .

It is interesting that the limiting proportions do not depend on the choice of
α and β, but do depend on r. If a0 = 1 and u = 0 (which implies the absence
of the prognostic factor), we obtain the limiting allocation proportions in an
RPW scheme.
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The above discussion assumes the prognostic factor to be non-stochastic. Now
we consider the case when it is stochastic. Suppose the variable U corre-
sponding to the prognostic factor has the distribution function H(u), u =
0, 1, · · · , G. If we write ψl(a) = E

(
aG−U .U l

)
(provided this exists) with

PU (w) the probability generating function of U , then the marginal distribu-
tion of the δi can be obtained on replacing aG−uj .ul

j and aG−uj respectively at

every stage by ψl(a) and aGPU (a−1). Subsequent analysis follows similarly to
that given above. We consider the simplest case where G = 1. Then U follows
a Bernoulli(q) distribution. In this case we have E(aG−U ) = (1 − q + qa) and
E(aG−U .U l) = q for each l.

Now suppose there are s prognostic factors x1, x2, . . . , xs with grades
0, 1, . . . , Gl for the lth factor. First, we consider G + 1 =

∏s
l=1(Gl + 1) fac-

tor combinations. We can order these G + 1 combinations according to the
favourability of the conditions as 0, 1, · · · , G and carry out the procedure given
above. However, if G is moderately large, the revised grading may be difficult,
involving the combination of several different grades. For an entering patient
with grade ulj of the factor xl, l = 1, · · · , s, we have

P (Yj = 1|δj, ulj , l = 1, · · · , s) = {pAδi + pB(1 − δi)}
s∏

l=1

aGl−uls

l ,

provided we have knowledge about the prognostic factor indices a1, a2, · · · , as,
perhaps from past experience. The procedure for multiple factors thus re-
quires more modelling and knowledge of parameters as the number of factors
increases. Otherwise it is a straightforward generalisation which we do not
study further.

The model (3.19) is heuristic. At least in theory, it could be constructed start-
ing from more basic ideas. Suppose the responses are continuous, converted to
dichotomous responses by setting a threshold response c ∈ (0,∞). For grade
u, let the response variable Yi for δi = 1 have the d.f. Fu, u = 0, · · · , G.
Writing F̄u(y) = 1 − Fu(y), we assume that

F̄u(c)
/
F̄u+1(c) = a. (3.20)

The success probability for Yi with grade u is F̄u(c). Then letting pA = F̄G(c),
we have

F̄u(c) = aG−uF̄G(c) = pAa
G−u.

Similarly, we can find P (Yi = 1|δi = 0, ui) = pBa
G−u. The relationship (3.20)

is satisfied by the Weibull family and hence, as a special case, by the expo-
nential distribution. If Fu(y) = 1 − e−(G+1−u)y, we have a = e−c. Clearly
a ∈ (0, 1).
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3.13.2 Drop-the-Loser with Covariates

Bandyopadhyay, Biswas, and Bhattacharya (2009a) provided the covariate-
adjusted version of DL (denoted by DLC), using arguments similar to those
of §3.13.1.

As for the RPW, it is assumed that

P (Yi = 1|δi, Ui) = aUi {pAδi + pB(1 − δi)} ,

i ≥ 1, where a ∈ (0, 1) is the prognostic factor index, as in §3.13.1. Stochastic
covariates are assumed; that is, it is assumed that the Ui are independently
and identically distributed with P (Ui = j) = τj , j = 0, 1, · · · , G.

In order to allocate more patients to the treatment doing better, the proposal
starts with an urn having Wl0 balls of type l, l = 0, A,B. Balls of type ‘0’
are called immigration balls, whereas balls of type k correspond to treatment
type k, k = A or B. An entering patient with grade u is treated by drawing a
ball from the urn. If the ball drawn is an immigration ball, the ball is returned
to the urn together with an additional two balls, one of each treatment type.
This procedure is continued until a ball of treatment type is drawn. The
indicated treatment is applied to the subject and the response observed. Let
π0 < π1 < · · · < πG with πG = 1 be a set of probabilities, fixed a priori. Then,
starting with the usual procedure, a treatment ball is replaced with probability
πj if it is a success at grade j whereas, for a failure at the same grade, the ball
is replaced with probability 1 − πG−j , j = 0, 1, ..G. Thus a response with an
unfavourable covariate is given greater weight in treatment assignment than
the same response with a favourable covariate. If the probabilities πj are not
available, we can use (j+ 1)/(G+1), or an appropriate monotone function of
it, instead of πj , j = 0, 1, · · · , G.

In this DLC procedure, after treating any subject at grade u, we can either
remove a ball or keep the urn composition unchanged. Conditionally on patient
grade u, let αku be the probability of replacing a type k ball from the urn.
Then we have αku = aupkπu+(1−aupk)πG−u. Hence we get the unconditional
probability as

p∗k = E(αku) =

G∑

j=0

τja
jpkπj +

G∑

j=0

τj(1 − ajpk)πG−j , k = A,B.

Consequently, the unconditional probability of removing a type k ball from
the urn is q∗k = 1 − p∗k.

As n→ ∞, for any k = A,B,

πk =
1/q∗k

1/q∗A + 1/q∗B

is the limiting proportion of patients receiving treatment k.
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3.14 Targeting an Allocation Proportion

3.14.1 Doubly Adaptive Biased-Coin Designs

Most of the rules discussed in this chapter were developed to allocate more
patients to the better treatment, and hence cannot target any pre-specified
allocation proportion. In this they differ from the FDA design in Chapter 1
that targeted a fixed allocation proportion, independently of any model pa-
rameters. We now consider designs targeting an allocation proportion that is
a function of unknown model parameters. One example is when the responses
to the two treatments have different variances and high power is required for
testing the difference in means.

Eisele (1994) and Eisele and Woodroofe (1995) proposed a general allocation
design for two treatments to target any desired allocation proportion ρ to
treatment A. This is called the doubly adaptive biased-coin design (DBCD).
They defined a function g(x, y) from [0, 1]2 to [0, 1] which maps the current
allocation proportion to the target allocation. The function must satisfy the
following regularity conditions:

(i) g is jointly continuous;

(ii) g(x, x) = x;

(iii) g(x, y) is strictly decreasing in x and strictly increasing in y on (0, 1)2

and

(iv) g has bounded derivatives in both arguments.

The procedure then allocates patient (j + 1) to treatment A with probability
g(nAj/j, ρ̂j), where nAj is the number of allocations to treatment A up to the
first j patients, and ρ̂j is the estimated target allocation after the jth stage.
The design is doubly adaptive in the sense that it takes into account both
the current proportion of subjects assigned to each treatment and a current
estimate of the desired allocation proportion.

This design was given by Eisele (1990) for normally distributed responses, and
then by Eisele (1994) for binary treatment responses, where it is proved that
the proportion of allocation to A converges almost surely to ρ.

Unfortunately, the properties of the DBCD depend heavily on the choice of
an appropriate allocation function g. The conditions given above for g, taken
from Eisele and Woodroofe (1995), are restrictive and are often difficult to
check. In fact, Melfi and Page (2000) pointed out that the suggested choice of
g in Eisele and Woodroofe (1995) violated their own regularity conditions. Hu
and Zhang (2004) define a family of allocation functions that have an easier
interpretation. They take

g(α)(0, ρ) = 1, g(α)(1, ρ) = 0,
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g(α)(x, ρ) =

{
ρ(ρ/x)α

ρ(ρ/x)α+(1−ρ){(1−ρ)/(1−x)}α if 0 < x < 1,

1 − x if x = 0, 1.

where α ≥ 0. The parameter α controls the randomness of the procedure.
Different choices of α produce different allocation procedures. For α = 0, we
have g(α)(x, ρ) = ρ, which leads to Sequential Maximum Likelihood Estima-
tion (called SMLE after Rosenberger et al. 2001), where at each stage ρ is
estimated, preferably by the method of maximum likelihood, and the next
incoming subject is assigned to treatment A with this probability. Properties
of the SMLE procedure targeting two-treatment Neyman allocation are ex-
plored in Melfi, Page, and Geraldes (2001). On the other hand, large values of
α provide an allocation design with smaller variance. Therefore, α should be
chosen to reflect the trade-off between the degree of randomisation and the
variation. Hu and Zhang (2004) showed that, under suitable conditions, with
probability one, limn→∞ nAn/n = ρ, where ρ depends on the success rates
of the two treatments. Hu and Zhang (2004) also provide a generalisation of
Eisele’s procedure together with some related asymptotic results for t ≥ 2
treatments.

To indicate the importance of the above family of allocation rules, we pro-
vide a brief example. For two treatments with success rates pA and pB, the
RPW rule maintains a limiting allocation proportion (1 − pB)/(2 − pA − pB)
to treatment A. We now use the DBCD to target the same allocation propor-
tion. Then ρ(pA, pB) = (1 − pB)/(2 − pA − pB) and the design is as follows:

1. At the first stage, n0 patients are assigned to each treatment, possibly by
permuted random blocking;

2. After m (≥ 2n0) patients are assigned, we let p̂km be the sample estimator
of pk, k = A,B;

3. At the (m+1)st stage, the (m+1)st patient is given treatment A with prob-
ability g{nAm/m, ρ̂m} and to treatment B with the remaining probability,
where ρ̂m is the estimated value of ρ after m patients.

3.14.2 Sequential Estimation–Adjusted Urn Design (SEU)

Zhang, Hu, and Cheung (2006) give a multi-treatment allocation scheme tar-
geting a pre-specified allocation proportion within the framework of an urn
model, called the sequential estimation adjusted urn (SEU) model. Let Θ be
the matrix of treatment parameters for the t treatments. In an extension of the
notation of §3.14.1, let ρj(Θ) be the target allocation proportion for treatment

j. The urn involves fractional balls; they suggest adding ρj(Θ̂n−1) balls of type

j to the urn at stage n, j = 1, 2, · · · , t, where Θ̂n is the sample estimate of Θ
after n allocations. They show that, under certain conditions, almost surely

Nj(n)

n
→ ρj(Θ)
∑t

s=1 ρs(Θ)
.
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The importance of this model is that:

(i) it can be used to target any specified allocation proportion, and that

(ii) it has good asymptotic properties under widely satisfied conditions.

For example, suppose we want to achieve the same allocation proportion as
in a two-treatment RPW rule. Then, the urn design will be as follows:

At the (m + 1)st stage we add q̂Bm/(q̂Am + q̂Bm) balls of type A and
q̂Am/(q̂Am + q̂Bm) balls of the opposite kind to the urn, where q̂km is the
estimate of qk after m responses, k = A,B. Then, it is shown in Zhang, Hu,
and Cheung (2006) that, almost surely, NA(n)/n → qB/(qA + qB), and as
n→ ∞,

√
n(NAn

n − qB

qA+qB
) → N (0, σs

2)

in distribution, where σs
2 = {qAqB(12−5qA−5qB)}/{(qA+qB)3}. We observe

that σs
2 can be evaluated for any 0 ≤ qA, qB ≤ 1, but the corresponding

expression is not straightforward to calculate for the RPW rule when qA+qB ≥
0.5 (see Matthews and Rosenberger 1997). The important property is that σ2

s

is much smaller than that provided by the RPW rule when qA + qB ≤ 0.5.

3.14.3 Efficient Randomised Adaptive Design (ERADE)

As the parameters are unknown, it is clear that sequential implementations of
the design are needed. The sequential maximum likelihood estimation (SMLE)
procedure (Rosenberger, Flournoy, and Durham 1997) assigns the (i+1)st sub-

ject to treatment A (for a two-treatment design) with probability ρ(θ̂Ai, θ̂Bi),

where θ̂ki is the maximum likelihood estimator of θk after i responses are
obtained. Hu, Zhang, and He (2009) provide a new family of efficient ran-
domised adaptive designs (ERADE) for adaptive implementation where, for
some α ∈ [0, 1), the (i+1)st subject is treated by treatment A with probability

πi+1 =






αρ(θ̂Ai, θ̂Bi) if NAi

i > ρ(θ̂Ai, θ̂Bi)

ρ(θ̂Ai, θ̂Bi) if NAi

i = ρ(θ̂Ai, θ̂Bi)

1 − α+ αρ(θ̂Ai, θ̂Bi) if NAi

i < ρ(θ̂Ai, θ̂Bi),

where NAi is the observed allocation to treatment A up to the first i subjects.

Hu and Rosenberger (2003) established an approximate relationship between
loss in power and variability of the allocation design under widely satisfied as-
sumptions. Small variability is desirable. Under suitable regularity conditions,
Hu, Rosenberger, and Zhang (2006) provide a lower bound to the asymptotic
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variance of the observed allocation proportion for targeting a specific alloca-
tion proportion. A design attaining such a bound is referred to as the asymp-
totically best (see Hu, Rosenberger, and Zhang 2006) or the first-order efficient
(Hu, Zhang, and He 2009) for that specified target. In fact, Hu, Zhang, and
He (2009) illustrated that, given a specified target allocation ρ in favour of a
treatment, their efficient randomised adaptive design (ERADE) achieves the
asymptotic lower bound of the variance of the allocation proportion.

3.15 Adaptive Designs for Categorical Responses

In many clinical trials the responses are variables such as pain or post-
operative condition, which are typically measured on an ordinal categorical
scale such as “none, mild, moderate, severe”. For design purposes, categories
are often grouped to provide binary responses to which the available alloca-
tion procedures can be applied. But it is more efficient to use the complete
categorical response where this is available.

There has been little development of designs for categorical responses. How-
ever, Bandyopadhyay and Biswas (2000) provide a generalisation of the RPW
rule for such responses. This is an urn design where possible responses are
denoted by 0, 1, 2, · · · , L. We start with an urn having α balls of both types
A and B. For a response j ∈ {0, 1 · · · , L} from treatment A, an additional jβ
balls of type A along with (L− j)β balls of kind B are added to the urn, with
the converse for treatment B. The authors present numerical and theoretical
properties of the allocation design.

3.16 Comparisons and Recommendations

Several designs have been discussed in this chapter.

The PW was one of the first adaptive designs, with intuitive appeal. But
the PW has the serious drawback that it considers only the response of the
previous patient, ignoring all others. Furthermore, the multi-treatment gener-
alisation is not immediate. Sobel and Weiss (1969, 1970, 1971b, 1971a, 1972)
and Hardwick (1995) provide comparisons of PW with vector-at-a-time al-
location rules, that is, rules allocating a group of patients by a preassigned
schedule. Jennison and Turnbull (2000) describe group sequential designs and
stopping rules.

The RPW of §3.4 is a randomised version considering all the previous history.
Although the RPW is highly variable, it has intuitive appeal for the practi-
tioners. It is also easy to extend the RPW to more than two treatments. The
GPU of §3.5 is a generalisation of the RPW rule.

The SDD of §3.6 is more ethical in the sense that it allocates more patients
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to the eventually better treatment, with the limiting proportion of allocation
to the best treatment converging to one. It is, however, more variable than
the RPW rule. The FDD of §3.7 is much less variable, but it is less ethical,
giving a much less skewed allocation to the better treatment than the RPW.
The FDD is comparatively little studied in literature.

The BDU of §3.8 allows deletion of balls as well as addition, so decreasing the
variability. The DL rule of §3.10 is even less variable and can be extended for
more than two treatments. Hu and Rosenberger (2003) observed that the DL
is less variable than any other commonly used design. Of course, they did not
consider the FDD in their study.

The ORBD of §3.11 is slightly more variable than the DL, but it is much more
skewed in favour of the better treatment than the DL. Also the ORBD might
be more appealing to practitioners as it is based on odds ratios. The ORBD
can again be extended to more than two treatments.

We also discussed response-adaptive designs with categorical responses with
more than two categories.

Delayed response is a practical reality. It is observed that delayed response
can be incorporated in most of the urn designs or sequential estimation-based
designs. Also prognostic factors can be taken into consideration while updating
the urn, for most of the urn designs.

Next we discussed the implementation of an arbitrary adaptive target alloca-
tion. Specifically, we mentioned DABC designs, the SEU and the ERADE. It
is observed that, given any target allocation function, the sequential adaptive
design based on ERADE achieves the target with the minimum asymptotic
variance.



Chapter 4

Response-Adaptive Designs for

Continuous Responses

4.1 Motivation

Many, perhaps the majority of, clinical trials have binary or categorical end-
points. Designs for these trials were extensively examined in Chapter 3. How-
ever, these designs will not be appropriate when the responses are continuous.
In §4.2 we provide references to several trials with continuous responses. The
rest of the chapter describes designs for continuous responses.

Note that most of the designs for continuous responses can be used for discrete
responses, after appropriate adjustment. But, the designs for binary responses,
particularly those based on the urn model, are not easy to extend to the case
of continuous responses.

4.2 Some Trials with Continuous Responses

Here we cite some real trials having continuous outcomes. Wilson, Lacourcière,
and Barnes (1998) considered office-recorded diastolic blood pressure reduc-
tion as the primary outcome to evaluate the antihypertensive efficacy of losar-
tan and amlodipine. Fu et al. (1998), in a clinical trial to evaluate the efficacy
of topical recombinant bovine basic fibroblast growth factor for second-degree
burns, considered wound healing time as the primary outcome. The Hamil-
ton depression rating scale (HDRS) is used as the primary outcome to mea-
sure depression in many trials; see, for example, Loo et al. (1999), Silverstone
(2001), McIntyre et al. (2002) and Vieta et al. (2002). In the trial of fluoxetine
hydrochloride reported by Tamura et al. (1994) (see §0.6.3) the surrogate re-
sponse used in implementing the adaptive design was the change in HAMD17

(or the negative of this change) following treatment, measured on a 53-point
scale which may be treated as a continuous variable (see Atkinson and Biswas
2005b). Dworkin et al. (2003) described a clinical trial to investigate the effi-
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cacy of pregabalin in the treatment of postherpetic neuralgia where the pri-
mary efficacy measure was an 11-point numerical pain rating score. This can
also be treated as a continuous variable (see Zhang and Rosenberger 2006a
and Bandyopadhyay, Biswas, and Bhattacharya 2009b and 2011).

4.3 Doubly Adaptive Biased-Coin Designs (DBCD)

The Doubly Adaptive Biased-Coin Design, introduced in §3.14.1, is a family of
response-adaptive procedures targeting a pre-specified allocation proportion.
It was originally proposed by Eisele (1994) and subsequently modified and
extended by Eisele and Woodroofe (1995) and Hu and Zhang (2004). This
was introduced in §3.14.1 in the context of binary responses. However, the
procedure is also applicable for continuous responses as the two arguments of
the allocation function g are the current allocation proportion to treatment A
and the estimated target allocation proportion. These do not depend on the
response type.

4.4 Nonparametric Score-Based Allocation Designs

The methods described in Chapter 3 for binary responses are well established
and understood. The most natural and simplest nonparametric approach is to
dichotomise continuous responses as being above or below a threshold. Bandy-
opadhyay and Biswas (1996, 1997a) implemented an RPW rule with these
reduced binary responses. The application of Tamura et al. (1994) also used
an RPW rule based on dichotomised continuous responses. But dichotomising
continuous responses loses information. It is often preferable to use all the
information in the continuous data for allocating patients. We now describe
more general nonparametric approaches for continuous data.

4.4.1 Treatment Effect Mapping

Rosenberger (1993) used the idea of a treatment effect mapping using non-
parametric scores.

Let g be a continuous function fromR to [0, 1], such that g(0) = 0.5, g(x) > 0.5
if x > 0, and g(x) < 0.5 otherwise. Let ∆ be some measure of the true

treatment effect, and let ∆̂j be the observed value of ∆ after j responses,

where ∆̂j > 0 if treatment A is performing better than treatment B and

∆̂j = 0 if the two treatments are performing equally well. Then, Rosenberger
(1993) suggested assigning the jth patient to treatment A with probability

g(∆̂j−1). It is presumed (but not formally proved) that for such an allocation
procedure the limiting allocation proportion to treatment A will be g(∆), for
any function g.
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Rosenberger (1993) formulated the idea of treatment effect mapping in the
context of a linear rank test, where ∆ is the normalised linear rank test statistic
and g(x) = (1+x)/2. Specifically, for i = 1, · · · , n, j = i, · · · , n, let Rij be the
rank of the response of the ith patient, yi, among {y1, · · · , yj}, a larger rank
indicating better response. Let aij be a score function for Rij , 1 ≤ i ≤ j ≤ n,

with
∑j

i=1 aij = 0, j = 1, · · · , n. Define a+
ij = aijI(aij > 0), where I(·)

is the indicator function. The first two patients are randomly allocated by
tossing a fair coin. From the third patient onwards, the conditional allocation
probabilities are

P (δi+1 = 1|past data) =
1

2

(
1 +

∑i
j=1 aji(δj − 1

2 )
∑i

j=1 a
+
ji

)
, i = 2, 3, · · · (4.1)

If the patients already allocated to treatment A provide larger responses than
those allocated to treatment B, the aji-values corresponding to δj = 1 will be
larger, and (4.1) will give a higher allocation probability in favour of A for the
(i+1)st patient. Asymptotic normality of the corresponding permutation test
statistic is established in Rosenberger (1993), but small sample results are not
provided.

Rosenberger and Seshaiyer (1997) also used the mapping g(x) = (1 + x)/2,
with ∆ as the centred and scaled logrank statistic, to derive an adaptive
allocation rule for survival outcomes, but did not study all details. Another
application of treatment effect mapping can be found in Yao and Wei (1996),
with

g(x) =






1
2 + xr if |xr| ≤ 0.4,
0.1 if xr < −0.4,
0.9 if xr > 0.4,

where r is a constant reflecting the degree to which one wishes to adapt the
trial and ∆ is the standardised Gehan–Wilcoxon test statistic (see Gehan
1965b, 1965a; Mantel 1967; Breslow 1970).

The intuitive appeal of treatment effect mapping is that the patients are allo-
cated according to the currently available magnitudes of the treatment effect.

4.4.2 Wilcoxon–Mann–Whitney Adaptive Design (WAD)

Bandyopadhyay and Biswas (2004) developed a two treatment allocation and
testing procedure using nonparametric methodology based on an urn mecha-
nism. After each response the urn is updated according to the value of a statis-
tic of the Wilcoxon–Mann–Whitney (WMW) type. Accordingly they named
the procedure a Wilcoxon–Mann–Whitney adaptive design (WAD). They ob-
tained asymptotic results together with an exactly distribution-free solution
for a generalised Behrens–Fisher problem.
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Let the responses to treatments A and B be the real-valued random variables
YA and YB. In complete generality for distributions of responses, let YA ∼ F
and YB ∼ G, where both distribution functions F and G are unknown but
continuous. Thus, this methodology is more general than just location shift. If
we restrict attention to the case of location shift only, i.e., G(x) = F (x− ∆),
where ∆ is an unknown shift parameter with −∞ < ∆ < ∞, a popular
nonparametric approach to test ∆ = 0 is due to Wilcoxon (1945) and Mann
and Whitney (1947). In this testing procedure, sample sizes are prefixed and
the samples are drawn independently of one another.

The adaptive allocation rule is as follows. The order of treatments for the first
two patients is chosen at random. Let

Zi = δiYAi + (1 − δi)YBi.

We define the score function

φ(Zi, Zj) =

{
1 if Zi > Zj and δi > δj ,
0 if otherwise,

and the statistic

Ti =

i∑

s=1

i∑

j=1

φ(Zs, Zj),

and let NAi and NBi be the number of allocations to A and B up to the ith
patient. Then, for the (i + 1)st allocation (i > 2) we use an urn containing
α+ βTi and α+ β(NAiNBi −Ti) balls of kinds A and B respectively, yielding
a total of 2α + βNAiNBi balls in the urn. We draw a ball from the urn and
allocate the entering subject by the treatment identified by the drawn ball.
Then we add β(Ti+1 − Ti) and β(NA,i+1NB,i+1 −NAiNBi − Ti+1 + Ti) balls
of kinds A and B to the urn. We continue this process with the objective of
skewing the urn in favour of the better treatment.

Thus,

P (δi+1 = 1|earlier data) =
α+ βTi

2α+ βNAiNBi
. (4.2)

As an example, suppose we start with α balls of each kind in the urn. Let
the allocation indicators of the first 5 patients be δ1 = 0, δ2 = 1, δ3 = 1,
δ4 = 0, δ5 = 1. Suppose the responses are Z1 = 70, Z2 = 80, Z3 = 85,
Z4 = 72, Z5 = 92. In this case, after treatment of the fifth patient, we have
NA,5 = 3, NB,5 = 2 and T5 = 6. For the allocation of the sixth patient
the urn will contain 2α+ βNA,5NB,5 = 2α+ 6β balls, of which there will be
α+βT5 = α+6β balls of kind A and α+β(NA,5NB,5−T5) = α balls of kind B.
Thus, the conditional probability of treating the 6th patient by treatment A
will be (α+6β)/(2α+6β). Suppose the 6th patient is treated by treatment A,
i.e., δ6 = 1, and, as a result, Z6 = 71. Then, T6 = 7, NA(6) = 4, NB(6) = 2.
Thus, we will add β(T6 − T5) = β balls of kind A and β{NA(6)NB(6) −
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NA(5)NB(5) − T6 + T5} = β balls of kind B in the urn. The urn will now
contain 2α + 8β balls (of which α + 7β are of kind A and α + β are of kind
B) for the allocation of the 7th patient.

Thus we obtain an urn design for continuous responses. Now, if we write

π = P (YAi > YBj),

Bandyopadhyay and Biswas (2004) prove that

NAn/n
P→ π as n→ ∞.

The test for H0 : ∆ = 0 against H1 : ∆ > 0, can use the statistics

Un =
Tn

NAnNBn
, or NAn.

See Bandyopadhyay and Biswas (2004) for a detailed discussion and results
about such test procedures.

A nonparametric test is also available when a scale difference is present. If
G(x) = F{(x− ∆)/σ}, there is an unknown scale factor in G(x). Thus, in
addition to a possible location difference (which is to be tested), there is an
unknown amount of scale difference between the two populations. In the fixed
sample size WMW test, the distribution of the test statistic under H0 depends
on the ranks of the observations, which in turn depends on the unknown
scale factor σ. Thus, in general, no WMW-type nonparametric test exists in
the fixed sample size case with finite sample sizes. However, asymptotically
distribution-free tests are provided by Fligner and Policello (1981) and Fligner
and Rust (1982).

Despite this, in the present adaptive sampling design, we can provide an ex-
actly distribution-free test for symmetric F (x). The test is based on NAn. As,
under H0, P (YAi < YBj) = 1/2, and writing δi = (δ1, · · · , δi),

E(Ti+1|δs) =
1

2
NAiNBi,

we have

P (δs+1 = 1|δs) =
1

2
∀ s ≥ 2,

and hence the δi’s are independent and identically distributed Bernoulli(0.5)
random variables. Thus, under H0, the distribution of NAn does not depend
on (F, σ). Note that with this approach an exactly distribution-free test is not
possible if F (x) is asymmetric.

4.5 Adaptive Designs for Survival Data

Many trials yield data on the time to an event. Typically the primary outcome
is the length of time from treatment to an occurrence of interest, such as death,
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relapse, or remission. But, in practice, it is usually not possible to continue the
study until all patients respond. So curtailment of the study is necessary. In
addition, adaptive allocation of patients in a sequential trial can only use the
survival history of patients for whom responses are available. The responses
of the other patients will be censored. Quite naturally, adaptation becomes
more complicated for survival data where responses are censored.

An example is the randomised phase III trial reported by Jones et al. (2005),
which is a survival trial in metastatic breast cancer to compare docetaxel and
paclitaxel. As the authors mention, in spite of many similarities between the
two treatments, docetaxel demonstrated some favourable chemical and biolog-
ical characteristics which pointed to a potentially more favourable outcome.
It is natural to try to allocate the larger number of patients to the better
treatment.

One approach is that of Yao and Wei (1996) who dichotomised survival times
and used the RPW design to simulate a clinical trial. Yao and Wei observed
that the RPW allocates a larger number of patients to the better treatment,
with a small loss in power. They also redesigned a long-term prostatic can-
cer trial conducted by the Veterans Administration Cooperative Urological
Research Group, using treatment effect mapping, where the current value of
Gehan’s statistic (Gehan 1965b, 1965a) was used as the treatment effect.

A different treatment effect mapping was considered by Hallstrom, Brooks,
and Peckova (1996), who used a statistic which is the relative proportion
of uncensored patients over all patients on each treatment. Hallstrom et al.
(1996) illustrated that the procedure induces ethical gain, but has little effect
on the power of a logrank test.

Rosenberger and Seshaiyer (1997) considered the mapping of the current value
of the logrank test to randomise patients. Their extensive simulations on ex-
ponential, Weibull and log-normal survival time distributions illustrated the
asymptotic normality of the logrank test under the response-adaptive ran-
domisation procedure. An ethical allocation without loss of power was ob-
served in a more general setting with uniform enrolment, uniform censoring
and a fixed duration trial. They introduced the idea of using a priority queue
as a data structure in the simulation to incorporate staggered entry, censoring,
and delayed responses.

The treatment mappings in these papers provide a plausible method of gen-
erating designs. In Chapter 8 we describe the optimal designs for survival
outcomes due to Zhang and Rosenberger (2007a) and Biswas and Mandal
(2004).



LINK FUNCTION-BASED ADAPTIVE DESIGN (BB) 123

4.6 Link Function-Based Adaptive Design (BB)

4.6.1 Design

In §4.4 we used a treatment effect mapping derived from non-parametric statis-
tics to provide measures for generating adaptive designs from continuous re-
sponses. We now explore the alternative idea, for two treatments, of defining
an appropriate treatment difference and estimating that difference based on
the available data. We convert this estimated difference to a [0, 1] scale of
allocation probabilities so that (a) a treatment difference ‘0’ results in a 0.5
allocation probability, and (b) the mapping is symmetric in the sense that if a
value d of treatment difference gives a probability π of allocation to A, then a
value of −d of the treatment difference gives a 1 − π probability of allocation
to A.

This idea can also be implemented for binary responses. Consider pA − pB as
the treatment difference. The estimate of pA−pB, based on the data from the
first i patients is, in the usual notation, given by

p̂Ai − p̂Bi =

∑i
j=1 δjYj
∑i

j=1 δj
−
∑i

j=1(1 − δj)Yj
∑i

j=1(1 − δj)
.

A suitable treatment effect mapping of p̂Ai−p̂Bi then gives an adaptive design.

This treatment effect mapping is however more important for continuous re-
sponses when, in general, urn designs are not available. Suppose the means
for the two continuous responses are µA and µB, so that µA −µB is the treat-
ment difference. At the general stage (i+1) we find the estimates µ̂Ai and µ̂Bi

of µA and µB on the basis of the responses Y1, · · · , Yi and of the allocation
indicators δ1, · · · , δi.
A suitable set of link functions, bridging past history and the (i + 1)st allo-
cation, is the cumulative distribution function G(·) which is symmetric about
0, i.e., G(0) = 1/2 and G(−x) = 1 − G(x). A natural choice for G is the
cumulative distribution function of a N(0, T 2) distribution, i.e., the probit
link G(x) = Φ(x/T ), where Φ is the standard normal cumulative distribution
function. Another possibility is the logit link (from the c.d.f. of the logistic dis-
tribution), or indeed any other link function of a suitable distribution, which
is symmetric about ‘0’. The choice of the tuning constant T should be handled
with care, as we show later.

In the adaptive design, we allocate the (i+ 1)st patient to treatment A with
probability G(µ̂Ai − µ̂Bi) and to treatment B with probability 1 − G(µ̂Ai −
µ̂Bi) = G(µ̂Bi − µ̂Ai). In the absence of prognostic factors, µ̂Ai and µ̂Bi are
often the sample means of the A-treated and B-treated patients, from the first
i results. The allocation procedure favours the treatment doing better at this
stage.
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If µA and µB were known, we would use allocation probabilities G(µA − µB)
and G(µB−µA). Here µA and µB are unknown; we are replacing them by their
estimates. Thus, provided the estimators are consistent, we are intuitively
forcing the probability of allocation of A to be G(µA − µB), an increasing
function of µA − µB.

Such a link function-based adaptive design was introduced by Bandyopad-
hyay and Biswas (2001), so we call it the BB design. If the responses are, for
example, exponential with mean parameters µA and µB, or the responses are
normal with mean parameters µA and µB with common known variance, then
such a design will work well. If there are more parameters, then the definition
of treatment difference is important. Here we provide a detailed discussion of
this design.

4.6.2 Another Interpretation of the Link Function

Let YA and YB be the responses to treatments A and B, respectively, with
Yk ∼ N(µk, σ

2), k = A,B. Then, for a suitable choice of T 2, the BB design
uses P (YA > YB) as the allocation probability to treatment A. Since, for
normally distributed responses with the same variance,

P (YA > YB) = Φ

(
µA − µB√

2σ

)
,

the choice of T =
√

2σ gives P (YA > YB) as the allocation probability.

4.6.3 Prognostic Factors

Suppose the responses of the patients are assumed to come from linear models
having prognostic factor xi (perhaps after suitable transformation) and nor-
mally distributed errors. The observation for the ith patient can be expressed
as

Yi = δiµA + (1 − δi)µB + xT
i β + ǫi, i = 1, · · · , n, n ≥ 1, (4.3)

where the ǫi’s are assumed to be independently and identically distributed
N(0, σ2). For the moment we assume σ2 to be known. Note that lack of
parallelism between the response models of the two treatments can easily
be incorporated in (4.3) by setting β = (βT

A βT
B)T and replacing xT

i by
(δix

T
i (1 − δi)x

T
i ), where βA and βB are the regression coefficient vectors for

the two treatments. The sample means corresponding to treatments A and B
up to the ith patient are

ȲAi =

∑i
j=1 δjYj
∑i

j=1 δj
, ȲBi =

∑i
j=1(1 − δj)Yj
∑i

j=1(1 − δj)
.
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Here we assume that the responses are instantaneous, in that the response of
a patient is obtained before the arrival of the next patient. If some responses
are delayed, we can obtain the sample means based on the available responses,
and the present approach remains applicable. Then, if

NAi =

i∑

j=1

δj , NBi =

i∑

j=1

(1 − δj),

Sxx,i =

i∑

j=1

δj(xj − x̄Ai)(xj − x̄Ai)
T +

i∑

j=1

δ̄j(xj − x̄Bi)(xj − x̄Bi)
T,

Sxy,i =

i∑

j=1

Yjxj −NAiȲAix̄Ai −NBiȲBix̄Bi,

δ̄j = 1 − δj and

x̄Ai =

∑i
j=1 δjxj
∑i

j=1 δj
, x̄Bi =

∑i
j=1(1 − δj)xj
∑i

j=1(1 − δj)
,

we have
µ̂Ai − µ̂Bi = ȲAi − ȲBi − (x̄Ai − x̄Bi)

Tβ̂i, (4.4)

where
β̂i = S−1

xx,iSxy,i.

Initially, we allocate the first 2m patients to the two treatments randomly, m
to each treatment, perhaps by using a permuted block design. This ensures
that each treatment will be allocated m times; m is so chosen that estimates
of the parameters can be obtained from this initial sample.

Given the past allocation histories (δ1, · · · , δi), responses (y1, · · · , yi) and
prognostic factors (x1, · · · , xi), with the probit link discussed earlier, the con-
ditional probability that the (i + 1)st patient, i > 2m, will be treated by
treatment A is

P (δi+1 = 1|δ1, · · · , δi, Y1, · · · , Yi, x1, · · · , xi) = Φ

(
µ̂Ai − µ̂Bi

T

)
. (4.5)

Then the limiting allocation proportion is given by the following Theorem.

Theorem 4.1. Let ψ(n) = P (δn = 1). Then the sequence {ψ(n), n ≥ 2m+
1} is convergent, converging to Φ{(µA − µB)/T }. The limiting proportion of
allocations to treatment A is also Φ{(µA − µB)/T }.

4.6.4 Numerical Illustrations

We provide figures to illustrate the proportion of allocation and the limiting
proportion of allocation to treatment A. In Figure 4.1 we provide the boxplot
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for the proportion of allocation for the BB design for 5 different values of µA,
namely 0, 0.5, 1.0, 1.5 and 2.0, when the responses are normally distributed
with µB = 0, σA = σB = 1 (both treated as known) and T = 1. Here
the total sample size n = 100 and the link function is G ≡ Φ. The number
of simulations was 10,000. Figure 4.2 is for the same conditions except that
T = 3; the allocation is accordingly more conservative and hence less skewed.

In Figure 4.3 we provide boxplots for the proportion of allocation as in Fig-
ure 4.1, but with one covariate x ∼ N(1, 1) and taking β = 2. Figure 4.4 is
the covariate version of Figure 4.2 (i.e., T = 3) with one covariate x ∼ N(1, 1)
and taking β = 2.

In general we observe that as the treatment difference increases, the proportion
of patients treated by the better treatment increases away from 1/2.
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Figure 4.1 BB design, T = 1. Boxplots for proportion of allocation to the better
treatment for different values of µA. Normally distributed responses with µB = 0,
σA = σB = 1 (known). 10,000 simulations; n = 100 and G ≡ Φ.

4.6.5 Choice of Design Parameters

Although we have assumed that each xi is normally distributed, the method
is applicable when xi has a distribution other than normal or even if xi is
non-stochastic. The design also works well in practice when the Yi’s are not
normal.
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Figure 4.2 BB design, T = 3. Boxplots for proportion of allocation to the better
treatment for different values of µA. Normally distributed responses with µB = 0,
σA = σB = 1 (known). 10,000 simulations; n = 100 and G ≡ Φ.

From practical and theoretical points of view, the normal (that is, t∞, a t-
distribution with degrees of freedom = ∞) cumulative distribution function is
the most obvious choice for G. However, the distribution function of any other
symmetric random variable over the domain (−∞,∞) can be used, either
heavy-tailed, such as a Cauchy, light-tailed, such as a double exponential or
logistic, or abrupt-tailed, such as a uniform over a large domain, not strictly
(−∞,∞). A heavy-tailed choice for G provides less weight to the available
data for adaptation than does a light-tailed one. For example, suppose at
some stage the estimate of µA − µB is 2, and we have chosen T = 2. Then for
normal G the next patient will be allocated to treatment A with probability
0.8413, while for Cauchy G (that is cdf of t1) this probability is 0.75.

Thus an important question is the reliability of the data, particularly in the
early stages of the trial. Figure 4.5 shows the probabilities of allocation to the
better treatment for various treatment differences with normal and Cauchy
choices for G when T = 1. Although light-tailed distributions tend to allocate
more to the better treatment, if the initial data are inadequate, perhaps due
to the presence of outliers, more people than necessary may be allocated to
the worse treatment. In practice one may decide to choose a heavy-tailed, and
so robust, G in the initial stages and then to switch to a light-tailed one.

A related alternative is to start with a heavy-tailed choice of G, such as the
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Figure 4.3 BB design, T = 1, one covariate x ∼ N(1, 1), β = 2. Boxplots for
proportion of allocation to the better treatment for different values of µA. Normally
distributed responses with µB = 0, σA = σB = 1 (known). 10,000 simulations;
n = 100 and G ≡ Φ.

c.d.f. of a Cauchy for the (2m+1)st patient, and for the (2m+n)th allocation
use a tn-distribution as the choice of G. Thus, we will move smoothly from a
heavy-tailed to a light-tailed distribution. For a large number of patients we
will, in effect, use the c.d.f. of the normal distribution. Figure 4.6 illustrates
how treatment differences of 1.0, 2.0 and 3.0 result in an increasing probability
of allocation to the better treatment when m = 10 for such a scheme. The
allocation probability is closer to balanced for the heavier-tailed link functions.

Once the appropriate G is set, one has to choose the tuning parameter T ,
which again is a matter of assigning appropriate weight to the existing data.
Suppose the normal G is chosen, and at some stage the estimate of ∆ is 2.
Then T = 1 will result in the next allocation going to treatment A with
probability 0.9772, while for T = 5 this probability is 0.6554. Again, in the
initial stages with inadequate data, a larger value of T is preferred. One can
start with a larger value of T and switch over to progressively smaller values
at suitable stages. All such choices should be driven by the values of var(∆̂).

Figure 4.7 gives a plot of the limiting proportion of allocation to treatment
A for the BB design for different values of µA from 0 to 3.0, with µB = 0,
σA = σB = 1, T = 1, 2, 3 with the probit link G ≡ Φ .
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Figure 4.4 BB design, T = 3, one covariate x ∼ N(1, 1), β = 2. Boxplots for
proportion of allocation to the better treatment for different values of µA. Normally
distributed responses with µB = 0, σA = σB = 1 (known). 10,000 simulations;
n = 100 and G ≡ Φ.

4.6.6 Unknown σ2

For common unknown σ2 in the model (4.3), we replace the known value of
σ2 with the estimate s2i from the responses of the first i patients. Then the
design, given by the conditional probability (4.5), changes to

P (δi+1 = 1|δ1, · · · , δi, Y1, · · · , Yi, x1, · · · , xi) = Φ

(
µ̂Ai − µ̂Bi

siT

)
.

In line with the discussion of the previous section, here Φ is a chosen link
function, unrelated to the distribution of its argument.

Figure 4.8 gives the boxplots of the proportion of allocation for the BB design
for values of µA with normally distributed responses when µB = 0, n = 100,
σA = σB = 1, but treated as unknown. In the normal link function we take
T = 1.

For unequal unknown σ2 for the two competing treatments, inference about
the treatment difference becomes the Behrens-Fisher problem (see Behrens
1929; Fisher 1935). The problem, however, is not what the statistic should be,
but rather what is its distribution, which does not affect the form of allocation
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Figure 4.5 BB design, limiting allocation proportion to the better treatment for dif-
ferent values of µA and G ≡ tν: µB = 0, σA = σB = 1 (known) and T = 1. Cauchy
t1 (denoted by ◦), t2 (denoted by △), t3 (denoted by +), t4 (denoted by ×) and t∞ ≡
normal (denoted by ⋄).

rule. Accordingly, we find s2Ai and s2Bi, the sample estimates of σ2
A and σ2

B,
and set

P (δi+1 = 1|δ1, · · · , δi, y1, · · · , yi, x1, · · · , xi) = Φ

(
µ̂Ai − µ̂Bi

T
√
s2Ai + s2Bi

)
.

For drawing the boxplots of allocation proportions in Figure 4.9 we took σA =
σB = 1, treated unknown and not known to be equal, with T = 1/

√
2, enabling

direct comparison with Figure 4.9. This shows that, for n as small as 100,
the effect of estimating the variances separately is negligible. However, in
Figure 4.10, which shows boxplots for the case of unequal variances σA = 2,
σB = 1, both treated as unknown, there is appreciably more scatter in the
results, even though we have taken T = 1/

√
5 to facilitate comparison with

Figures 4.8 and 4.9.

4.6.7 Example

We now apply the BB design to the fluoxetine data. The estimated treatment
difference is 3.795 and the estimated common standard deviation is 6.95 for
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Figure 4.6 BB design, probability of allocation to the better treatment for increasing
patient numbers. Estimated treatment differences of 1.0 (denoted by ◦), 2.0 (denoted
by △) and 3.0 (denoted by +). G ≡ c.d.f. of the ti-distribution for allocation (2m+i);
m = 10, T = 1

the n = 88 observations. We assume a normal model with responses from
treatment A following N(3.795, 6.952), and those from treatment B following
N(0, 6.952). We treat all parameters as unknown, allowing σA and σB to
be different. For this illustration we ignore covariates. Their inclusion in the
model is the subject of §4.6.8. Figure 4.11 shows boxplots of the proportion of
allocations in favour of treatment A (fluoxetine) from 10,000 simulations with
the normal link function (G ≡ Φ) for three values of T . As we expect from the
results of §4.6.5, increasing T leads to a less skewed allocation. Figure 4.12
shows the effect of the degrees of freedom ν on the tν link function. The
effect is slight for the parameter values of this example; as ν increases and
the distribution becomes shorter-tailed, the allocations become slightly more
skewed. They also become slightly more variable, since the rule is less robust
to data fluctuations as ν increases.

4.6.8 Using the Prognostic Factors of the Current Patient

The adaptive design (4.5) can easily be generalised so that the effect of
the prognostic factor xi is different for the two treatments, so allowing for
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Figure 4.7 BB design, limiting allocation proportion to the better treatment for dif-
ferent values of µA and three values of T . µB = 0, σA = σB = 1 (known), G ≡ Φ.
◦: T = 1; △: T = 2; +: T = 3.

treatment–covariate interaction. Unlike the earlier rule, the allocation will
now also depend on the current patient’s prognostic factors.

The response model can be written as

Yi = δiµA + (1 − δi)µB + xT
i {δiβA + (1 − δi)βB} + ǫi,

for i = 1, · · · , n, where βA and βB are regression coefficient vectors for treat-
ments A and B for a prognostic factor vector xi.

The difference between the expected responses by the two treatments for the
prognostic factor vector xi+1 for the (i+ 1)st patient is

∆β = µA − µB + xT
i+1(βA − βB),

which is estimated by

∆̂βi = µ̂Ai − µ̂Bi + xT
i+1(β̂Ai − β̂Bi),

= ȲAi − ȲBi − x̄T
Aiβ̂Ai + x̄T

Biβ̂Bi + xT
i+1(β̂Ai − β̂Bi), (4.6)

where

β̂Ai = S−1
Axx,iSAxy,i,

β̂Bi = S−1
Bxx,iSBxy,i,
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Figure 4.8 BB design, unknown equal variance, T = 1. Boxplots for proportion of
allocation to the better treatment for different values of µA. Normally distributed
responses with µB = 0, σA = σB = 1 (unknown). 10,000 simulations; n = 100 and
G ≡ Φ.

with

SAxx,i =

i∑

j=1

δj(xj − x̄Ai)(xj − x̄Ai)
T,

SBxx,i =

i∑

j=1

δ̄j(xj − x̄Bi)(xj − x̄Bi)
T,

SAxy,i =

i∑

j=1

δjYjxj −NAiȲAix̄Ai,

SBxy,i =

i∑

j=1

δ̄jYjxj −NBiȲBix̄Bi.

Here δ̄j = 1 − δj. Consequently,

P (δi+1 = 1|δ1, · · · , δi, y1, · · · , yi, x1, · · · , xi) = Φ
(
∆̂βi/T

)
. (4.7)

Clearly, it follows from (4.6) that (4.7) depends on the current patient’s prog-
nostic factor.
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Figure 4.9 BB design, unknown equal variances, T = 1/
√

2. Boxplots for proportion
of allocation to the better treatment for different values of µA. Normally distributed
responses with µB = 0, σA = σB = 1 (both unknown, no information about equality).
10,000 simulations; n = 100 and G ≡ Φ.

Figure 4.13 shows boxplots for the proportion of allocation for this BB design
for different values of µA with normally distributed responses when µB = 0,
σA = σB = 1 (treated as known) and T = 1. The important new feature is that
βA = 1 and βB = −1, so that there is treatment covariate interaction. The
single covariate x ∼ N(1, 1). This is the analogue of Figure 4.3 in the presence
of treatment-covariate interaction. Figure 4.14 is the analogue of Figure 4.4,
that is, T = 3. As before, the larger value of T leads to a less skewed design.

We return to discussions of these designs in §4.7, §7.2, §8.11.2 and Chapter 9.
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Figure 4.10 BB design, unknown unequal variances, T = 1/
√

5. Boxplots for pro-
portion of allocation to the better treatment for different values of µA. Normally
distributed responses with µB = 0, σA = 2, σB = 1 (both unknown). 10,000 simula-
tions; n = 100 and G ≡ Φ.

4.6.9 CARA Design

Hu and Rosenberger (2006a) introduced the abbreviation CARA, for
covariate-adjusted response-adaptive designs (see §9.8). They specifically re-
quired that the current patient’s covariate affect the allocation. It is informa-
tive to categorise the designs of this chapter according to this criterion.

The original design by Bandyopadhyay and Biswas (2001) uses all the previous
allocation history, response history and the covariate history, but does not
use the current patient’s covariate for the randomisation as given in §4.6.1.
This follows since in the linear model of response assumed by Bandyopadhyay
and Biswas there is no treatment–covariate interaction. However, the simple
covariate-adjusted design of §4.6.8 and the multi-treatment and multivariate
extension of the BB design, studied extensively by Biswas and Coad (2005)
and presented in §4.7, assume such treatment–covariate interaction, and thus
are CARA designs. The extensions of the BB design for covariate balance of
Atkinson and Biswas (2005a, 2005b) described in Chapter 7 are also CARA
designs.

Zhang et al. (2007) proposed a general framework for CARA designs, including
the possibility of more than two treatments. Under some regularity conditions,
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Figure 4.11 BB design for the fluoxetine data. Boxplots for proportion of allocation
to the better treatment for three values of T . Normally distributed responses with
µA = 3.795, µB = 0, σA = 6.95, σB = 6.95 (both unknown and possibly unequal),
T = 1, 2 and 4, n = 88 and G ≡ Φ.

they established the asymptotic normality of the allocation proportions and
also of the estimates of the parameters.

4.7 Multi-Treatment Adaptive Design for Multivariate Responses

The link function-based design (4.5) can readily be extended to more general
situations including designs with more than two treatments together with mul-
tivariate responses. In Chapters 6 and 7 we consider the case of more than two
treatments. For an account of issues raised by multiple outcomes in clinical
trials, see Jennison and Turnbull (2000, Chapter 15). In some applications,
safety and efficacy may be the two components of a bivariate response, par-
ticularly in phase II trials); see, for example, Jennison and Turnbull (1993).
In such cases, it may also be useful to use the multivariate response history
for any adaptation.

We describe the generalisation due to Biswas and Coad (2005) which cov-
ers multivariate responses and multi-treatment situations, in the presence of
possible treatment–covariate interaction. The analysis of such interactions in
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Figure 4.12 BB design for the fluoxetine data. Boxplots for proportion of allocation
to the better treatment for tν and normal link functions. Normally distributed re-
sponses with µA = 3.795, µB = 0, σA = 6.95, σB = 6.95 (both unknown and possibly
unequal), ν = 1, 2, 5 and ∞, n = 88 and G ≡ Φ.

the context of non-adaptive designs is discussed, for example, in Whitehead
(1997, Chapter 7).

For the ith entering patient in the study, let Yi be the m × 1 multivariate
response vector. We define a set {δ1i, . . . , δti} of indicator variables such that
δji = 1 if the ith patient receives treatment j and δji = 0 otherwise. Clearly,∑t

j=1 δji = 1 for all i. Let µj be the m × 1 treatment effect for the jth
treatment for j = 1, . . . , t. Further, suppose that xi is the p × 1 vector of
prognostic factors for the ith entering patient and that Bj = (βj1, . . . , βjm)T

is the correspondingm×p matrix of regression coefficients. Then we can write
the linear model for multivariate response as

Yi =

t∑

j=1

δjiµj +

t∑

j=1

δjiBjxi + ǫi, (4.8)

where ǫi is the m×1 error vector, a model which allows for treatment-covariate
interactions.
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Figure 4.13 BB design, with treatment–covariate interaction. Boxplots for proportion
of allocation to the better treatment for different values of µA. Normally distributed
responses with µB = 0, σA = σB = 1 (known). 10,000 simulations; n = 100 and
G ≡ Φ with T = 1. One covariate x ∼ N(1, 1) with βA = 1 and βB = −1.

Now let

Njn =
n∑

i=1

δji,

Y jn =
1

Njn

n∑

i=1

δjiYi,

xjn =
1

Njn

n∑

i=1

δjixi.

Then the normal equations yield

µ̂jn = Y jn − B̂jnxjn, (4.9)

where

B̂T
jn =

(
n∑

i=1

δjixix
T
i −Njnxjnx

T
jn

)−1( n∑

i=1

δjixiY
T
i −NjnxjnY

T

jn

)
,

for j = 1, · · · , t, with
B̂T

jn = (β̂j1n, . . . , β̂jmn).
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Figure 4.14 BB design, with treatment–covariate interaction. Boxplots for proportion
of allocation to the better treatment for different values of µA. Normally distributed
responses with µB = 0, σA = σB = 1 (known). 10,000 simulations; n = 100 and
G ≡ Φ with T = 3. One covariate x ∼ N(1, 1) with βA = 1 and βB = −1.

Then it follows that

µ̂jℓn − µ̂kℓn = Y jℓn − Y kℓn − β̂T
jℓnxjn + β̂T

kℓnxkn,

for j, k = 1, · · · , t, j 6= k and ℓ = 1, . . . ,m.

Let σ̂2
ℓn be the estimate of the error variance for the ℓth variable based on the

data in Fn, where

{n− t(p+ 1)}σ̂2
ℓn =

n∑

i=1

t∑

j=1

δji

(
Yjℓi − µ̂jℓn − β̂T

jℓnxi

)2

,

for ℓ = 1, · · · ,m.

We assign the first tm0 patients so that exactly m0 patients receive each
treatment. Permuted block design can be used for this purpose. From the
(tm0 + 1)st patient onwards, we carry out adaptive sampling as follows.

As before we use the distribution function G of a symmetric random variable
such that G(0) = 1/2 and G(−x) = 1 − G(x). Then we set the allocation
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probability for the (n+ 1)st patient as

P (δj,n+1 = 1|Fn, xn+1)

=
1(
t
2

)
t∑

k=1(k 6=j)

m∑

ℓ=1

wℓG

(
µ̂jℓn + xT

n+1β̂jℓn − µ̂kℓn − xT
n+1β̂kℓn

σ̂ℓn

)
,

where wℓ is the weight for the ℓth component of the multivariate response
with

∑m
ℓ=1 wℓ = 1. The choice of wℓ reflects the importance of the various

responses, rather than their variances.

4.8 DL Rule for Continuous Responses (CDL)

The drop-the-loser (DL) design of Ivanova (2003) is a death process and con-
sequently maintains a lower rate of variability of the observed allocation pro-
portion than other rules. Ivanova, Biswas, and Lurie (2006) extended the DL
rule from binary to continuous responses, calling it the CDL rule. Again this
is an urn-based design where the urn initially contains balls of (t + 1) types,
balls of types 1, 2, · · · , t representing t treatments with balls of type 0 im-
migration balls. Whenever a subject arrives, a ball is removed from the urn
and the subject is given treatment j if the drawn ball is of the jth type,
j = 1, 2, · · · , t, and the response to treatment is observed. For an immigration
ball, no subject is treated, the ball is replaced and t additional balls, one of
each treatment type, are added to the urn. The procedure is repeated until a
treatment ball is obtained. If the response of the subject exceeds a clinically
significant threshold (which does not vary during the trial) the removed ball
is replaced; otherwise it is withdrawn from the urn. Ivanova et al. also provide
a randomised version in which the ball drawn is replaced with a probability
depending on the outcome observed. This randomised procedure is studied ex-
plicitly for two treatments and a lower rate of variability is observed than for
competing rules. Simulations further show good performance of the procedure
even for unequal treatment variances.



Chapter 5

Response-Adaptive Designs for

Longitudinal Responses

5.1 Repeated Responses

An assumption behind the designs of the previous chapters is that the response
of each patient becomes completely available at a single time point. Almost
all research on design construction is for such responses, whether they are
instantaneous or delayed, univariate or multivariate. But the responses of
many trials are longitudinal, consisting of repeated measurements over time on
each patient. An example is the asthma prevention study described in §0.6.5.
After treatment, the individual may be examined once a week over a period
of four weeks for the assessment of ‘asthma’ status, giving a sequence of up to
four binary responses. A similar situation occurs in the treatment of patients
having rheumatoid arthritis described by Biswas and Dewanji (2004c), where
patients are treated and followed up over an extensive period, again giving
rise to longitudinal responses. In this chapter we describe the construction
of longitudinal response-adaptive designs, mainly for these repeated binary
responses, whilst keeping the possible covariate information in mind.

In the next section we present an urn design for a simple model for longitu-
dinal binary data. Allowing for more than one response, even in the simplest
cases, leads to design procedures that are, of course, more complicated than
those for a single response. In §5.3 we describe the extensions necessary for
design and analysis of the PEMF trial on arthritic patients. These include
staggered entry of patients between whom the number of observations may
vary. In §§5.4 and 5.5 we sketch extensions of these urn-based procedures to
ordinal and multivariate ordinal responses. Designs for continuous longitu-
dinal responses are briefly mentioned in §5.7, followed by designs for binary
responses incorporating the covariate of the patient to be allocated a treat-
ment. We conclude the chapter with numerical examples of the construction
of designs for both binary and continuous longitudinal responses.

141
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5.2 Binary Longitudinal Responses (SLPW)

5.2.1 Design

We start with a simple adaptive design for binary longitudinal responses. We
follow Sutradhar, Biswas, and Bari (2005) and allow for the possibility of
time-dependent covariates.

Suppose there is a prefixed number, n, of patients in the two-treatment trial.
The ith patient enters at time i, i = 1, . . . , n, is assigned a treatment and pro-
vides T consecutive binary responses yi1, · · · , yiT at time points i, · · · , i+T−1.
If we ignore the possibility that patients may drop out, all the responses
will be available at time n + T − 1 and the trial will be complete. As be-
fore let δi be the indicator of treatment assignment for the ith patient and
xij = (xij1 , · · · , xijp)T be the time-dependent vector of covariates or prognos-
tic factors for the ith patient at time point j. In the asthma prevention exam-
ple, prognostic factors such as age, chronic conditions and smoking habit might
be considered, which are not time dependent. Time-dependent covariates such
as a health condition which changes over time can also be incorporated into
the model. In all, there are N = nT binary responses in the complete clinical
trial. Further, δi does not depend on time j, as once a patient is assigned to a
treatment the patient continues with the selected treatment for the complete
duration of T periods. We now propose a response-adaptive design for this
longitudinal response.

The treatment for the first patient is selected at random. For i = 2, · · · , n,
the probability distribution of δi will depend on the earlier assignments
{δ1, · · · , δi−1} and available responses {yrj, r = 1, · · · , i − 1; 1 ≤ j ≤
min(T, i−r)}, along with the covariate vectors xrj . Since the treatment of the
ith patient is assigned at the ith time point, patient (i− 1) will have yielded
one response, patient (i−2) two responses and so on. An urn design called the
simple longitudinal play-the-winner (SLPW) rule is developed by extending
the popular RPW rule of §3.4.

Let Fi−1 be the σ-algebra consisting of the history {δ1, · · · , δi−1} and re-
sponses yrj, r = 1, · · · , i − 1; 1 ≤ j ≤ min(T, i − r), together with their
covariate vectors xrj . The proposed urn design is as follows.

Initially the urn contains α balls of each of the two kinds. To allocate treatment
to patient i we also need a suitable value for the other urn constant β. Then,
for any newly available response yrj, yrjβ balls of the kind by which the rth
(r = 1, · · · , i−1) patient was treated and (1−yrj)β balls of the opposite kind
are added. Note that there will be several responses at the same time point.
To balance over covariates, a suitable quantity urj is defined such that a larger
value of urj implies a prognostic factor based on a less serious condition of the
rth (r = 1, · · · , i− 1) past patient. A total of G− urj balls of the same kind
by which the rth patient was treated and urj balls of the opposite kind are
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added, where the domain of urj is [0, G]. With this form of covariate balance,
the SLPW can be seen as an extension of the covariate-adjusted RPW rule of
Bandyopadhyay and Biswas (1999) described in §3.13.

5.2.2 Conditional Probabilities

The conditional probability of allocation to treatment A for the ith patient to
enter is the proportion of A-balls in the urn at the patient’s entry time. This
is the combined effect of the initial ball, and all the balls added to the urn up
to that time point, both for the responses and for the prognostic factors of
the previously allocated patients. We have

πi = P (δi = 1|Fi−1) =
n∗

i−1,A(Fi−1)

n∗
i−1

, (5.1)

where for 2 ≤ i ≤ T ,

n∗
i−1 = 2α+

i−1∑

r=1

i−r∑

j=1

(G+ β) = 2α+
1

2
i(i− 1)(G+ β)

and

n∗
i−1,A = α+

i−1∑

r=1

i−r∑

j=1

[δr {(G− urj) + yrjβ} + (1 − δr) {urj + (1 − yrj) β}] .

Also, for i > T , we have

n∗
i−1 = 2α+

i−T∑

r=1

T∑

j=1

(G+ β) +

i−1∑

r=i−T+1

i−r∑

j=1

(G+ β) (5.2)

and

n∗
i−1,A = α+

i−T∑

r=1

T∑

j=1

[δr {(G− urj) + yrjβ} + (1 − δr) {urj + (1 − yrj)β}]

+

i−T+1∑

r=1

i−r∑

j=1

[δr {(G− urj) + yrjβ} + (1 − δr) {urj + (1 − yrj)β}] .

(5.3)

As expected, the allocation becomes skewed in favour of the better treatment.
A detailed simulation study is reported in Sutradhar et al. (2005) who consider
a logistic model for the responses and various correlation patterns among the
longitudinal responses of individual patients.
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5.2.3 Limiting Allocation Proportion

Sutradhar et al. (2005) show that the allocation probability to treatment A
converges to a value π∗, which we now find.

Let prjA be the conditional probability of success for the jth response of the
rth patient, having covariate vector xrj , when treated by A, and prjB be the
same for treatment B. Under the assumptions

1

iT

i−T∑

r=1

T∑

j=1

prjA → πA,

1

iT

i−T∑

r=1

T∑

j=1

prjB → πB,

1

iT

i−T∑

r=1

T∑

j=1

urj → u∗,

as i→ ∞, we immediately have

1

iT

i−T∑

r=1

T∑

j=1

prjAπr → πAπ
∗,

1

iT

i−T∑

r=1

T∑

j=1

prjBπr → πBπ
∗,

1

iT

i−T∑

r=1

T∑

j=1

urjπr → u∗π∗.

From (5.1), using (5.2) and (5.3), we obtain

π∗ =
u∗ + (1 − πB)β

2u∗ + (2 − πA − πB)β
, (5.4)

which is primarily a function of β. If πA = πB (implying equivalence of the
two treatments), π∗ = 0.5 so allocation is balanced. The limiting allocation
becomes skewed when the treatments differ, with the skewness depending on
β. For example, if u∗ = 0.2, π1 = 0.8, π2 = 0.2 and β = 2, we have π∗ = 0.6.
But, if β = 4 with the other parameters unchanged, π∗ = 0.65. In both cases,
more than half of the patients, in the long run, receive the better treatment.

Figure 5.1 provides a plot of π∗ for πB = 0.2, varying πA ≥ 0.2, u∗ = 0.2, and
β = 1, 2, 3 and 4. The limiting proportion of allocation to A increases with
increasing β; the upper line corresponds to the largest value of β. Figure 5.2
is the related plot of π∗ with β = 2, but for u∗ = 0.2, 0.4, 0.6 and 0.8. Here a
larger value of u∗ corresponds to a lower line in the figure.
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Figure 5.1 Simple Longitudinal Play-the-Winner Rule (SLPW). Limiting allocation
proportion to treatment A; effect of β for πB = 0.2, varying πA ≥ 0.2, u∗ = 0.2, and
β = 1, 2, 3, 4; uppermost line, β = 4.
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Figure 5.2 SLPW Rule. Limiting allocation proportion to treatment A; effect of u∗

for πB = 0.2, varying πA ≥ 0.2, β = 2, and u∗ = 0.2, 0.4, 0.6, 0.8; lowest line
u∗ = 0.8.
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5.2.4 Inference: Further Reading

The SLPW rule is response adaptive, the allocations depending on the al-
location and covariate histories and on the responses. However, the design
does not require any model fitting. The simulation study of Sutradhar et al.
(2005) mentioned in §5.2.2 included analysis of data from an assumed logis-
tic model. Consistent and efficient estimation of the regression parameters,
including the treatment effects, was based on a weighted generalised quasi-
likelihood (WGQL) approach. Subsequently, Sutradhar and Jowaheer (2006)
applied the WGQL approach to the analysis of longitudinal count data.

5.3 Design and Analysis for the PEMF Data

5.3.1 Situation

The trial of pulsed electro-magnetic field (PEMF) therapy versus placebo for
the treatment of patients with rheumatoid arthritis is described in §0.6.5.
In that trial the patients were treated three times a week and their con-
ditions were monitored once a week, giving a longitudinal response. Each
response is a five-component ordinal vector on Pain, Tenderness, Swelling,
Joint Stiffness and Functional Disability with a four-category response
(nil/mild/moderate/severe) on each component. For simplicity, the multivari-
ate ordinal response at any observation time was dichotomised, after con-
sultation with the clinician, as recurrence or non-recurrence. These binary
responses are, in practice, treated as response histories, which update the urn
composition and, hence, the future allocation probabilities. Although the role
of prognostic factors is important in the allocation design and the final analy-
sis, in the following development we assume homogeneity among the patients
for simplicity in notation and the mathematical development. We again also
consider a sample design with a fixed number of patients.

The main features of this trial were staggered entry (sometimes in a batch)
of the patients, missing observations and unequal numbers of observations
for different patients. This complicated scenario motivated us to modify the
SLPW of §5.2 to provide a slightly more general adaptive design.

5.3.2 Design

The patients enter the system sequentially, one or more at a time, with inter-
arrival times that are not necessarily the same. At entry time, a response-
adaptive design allocates the patient to one of the two treatment groups, so
that the patient has higher probability of being allocated to the ‘better’ group.
The design is more general than the SLPW rule of §5.2 in the sense that it
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considers staggered entry, missing observations and unequal number of obser-
vations for different patients. The design, called the randomised longitudinal
play-the-winner (RLPW) rule, can be illustrated by means of an urn model
as follows.

We start with an urn having α balls of each of two types (A and B). Here A
stands for PEMF therapy and B stands for placebo. The incoming patients
are randomly allocated to one of the two treatment groups according to the
urn composition at that time. We allocate the initial 2m patients randomly to
the two treatment groups, in such a way that exactly m patients are allocated
to each group, mimicking the initial balanced state of the urn. This is justi-
fied since, at this time, we have no information about the superiority of one
treatment over the other. The patients are monitored for a fixed (but possibly
different) number of times, with the monitoring time points not necessarily
equispaced. At each monitoring time point, we observe whether recurrence
(R) has occurred or not (N) for every patient under study. If recurrence (R) is
observed for a particular patient, we treat this as a failure for the correspond-
ing treatment (A or B) at that monitoring time, and, accordingly, add β balls
of the opposite type to the urn. On the other hand, if non-recurrence (N) is
observed, we treat it as a success and, accordingly, add β balls of the same
type. The idea behind the addition of balls is to skew the urn composition in
favour of the treatment group currently having the ‘better’ record of success.

When a patient enters the study, we draw a ball from the urn, note the type
of the drawn ball, and return it immediately to the urn. The type of the ball
drawn indicates the group to which the entering patient is allocated.

This sampling design is also a longitudinal version of the randomised play-the-
winner rule of §3.4. This slight modification of the design of Sutradhar et al.
(2005) makes the design more practicable. For any fixed (α, β), we denote this
rule as RLPW(α, β). Althoughm is also a design parameter, as is conventional,
we do not include it in the notation. From the above description, it is easily
seen that the rule essentially depends on only one design parameter γ = β/α,
in which case we start with one ball of each kind, and add γ balls for every
response. Conceptually, therefore, γ is allowed to be a fraction.

5.3.3 Allocation Probabilities and Proportions

Let n denote the number of patients in the study. Let xi and yi be the entry
and exit times, respectively, of the ith patient to enter the study, who is
monitored on ki occasions. These entry and exit times (xi and yi) and the
number of monitorings (ki) are assumed to be non-stochastic. Let τi1, . . . , τiki

be the monitoring times (again assumed to be non-stochastic) for the ith
patient. We then have xi ≤ τi1 < . . . < τiki

≤ yi. The ith patient is allocated
to a treatment (A or B) at time xi and monitoring starts from time τi1. For
the ith patient we define the indicator variables δi and yij (at time τij) as
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in §5.2.1; a recurrence (R) indicates failure and non-recurrence (N) indicates
success.

For i ≥ 2m+1, we summarise the history of the clinical trial at time x−i (just
before the entrance of the ith patient) by

RAxi
=

i−1∑

ℓ=1

δℓ

kℓ∑

j=1

yℓjI(τℓj < xi), NAxi
=

i−1∑

ℓ=1

δℓ

kℓ∑

j=1

I(τℓj < xi), (5.5)

where I(·) is an indicator variable. These expressions are, respectively, the
number of recurrences and the number of monitorings in the PEMF therapy
group before time xi. Clearly, the number of balls added for responses of the
therapy patients before time xi is βNAxi

, of which βRAxi
are balls of kind

B. Similarly from (5.5) we can obtain RBxi
and NBxi

on replacing δℓ with
(1−δℓ). For allocating the ith patient, we use only the summarised data history
up to time x−i , that is, (RAxi

, RBxi
, NAxi

, NBxi
). The conditional probability

that the ith patient is allocated to the therapy group, given all the earlier
allocations and responses, depends solely on this summary history and is

P (δi = 1|RAxi
, RBxi

, NAxi
, NBxi

) =
α+ β {(NAxi

−RAxi
) +RBxi

}
Bxi

, (5.6)

where Bxi
= 2α+ β(NAxi

+NBxi
) is the total number of balls in the urn at

x−i . Clearly, Bxi
is non-random.

We write ri = P (δi = 1) as the unconditional probability that the ith patient
is allocated to the PEMF therapy group. Note that ri = 0.5 for i = 1, . . . , 2m,
if we ignore the constraint of requiring equal allocation to the two treatments.
We also write

πAj = P (Zij = 1|δi = 1), and πBj = P (Zij = 1|δi = 0),

which are the probabilities of recurrence at the jth monitoring of a patient in
the PEMF therapy (A) and placebo (B) groups.

The primary goal of adopting such an adaptive allocation design is to skew the
allocation pattern in favour of the treatment doing ‘better’. Hence, the most
reasonable performance characteristic is the proportion of allocations to the
therapy group, given by TA = (n− 2m)−1

∑n
i=2m+1 δi, leaving aside the first

2m allocations. Our objective is to study the distribution of TA. In particular,
we obtain E(TA), the expectation, where

E(TA) =
1

n− 2m

n∑

i=2m+1

ri = r̄ (say),
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where the ri are recursively obtained by Biswas and Dewanji (2004a) as

ri =
α+ β

∑i−1
l=1

∑
j:tlj

<xi
((1 − πTj)rl + πPj(1 − rl))

Bxi

, for i ≥ 2m+ 1.

(5.7)
Note that, πAj and πBj , are sufficient for calculating the ri and, hence, E(TA).

As a closely related performance characteristic, we study the ultimate propor-
tion of A balls in the urn at the end of the study, denoted by T ∗

A. As in the
derivation of (5.7), we see that

E(T ∗
A) = rn+1 =

α+ β
∑n

ℓ=1

∑kℓ

j=1((1 − πAj)rℓ + πBj(1 − rℓ))

2α+ βN
, (5.8)

where N = NAxn+1
+NBxn+1

, is the total number of monitorings in both the
PEMF therapy and placebo groups.

Further results can be obtained for the simplified model with πA1 = qA and
πB1 = qB. For equispaced monitoring times, it is assumed that the conditional
probability P (Zij = 1|Zi1 = zi1, . . . , Zi,j−1 = zi,j−1, δi) depends, besides
δi, only on the time since the last recurrence (that is, on j − ℓ0, where ℓ0
is the maximum ℓ(< j) such that ziℓ = 1). For example, if ziℓ = 1 and
zi,ℓ+1 = . . . = zi,j−1 = 0, then the above probability depends only on j − ℓ
and is denoted by qA,j−ℓ or qB,j−ℓ, for δi = 1 or 0, respectively. In particular,
if zi1 = . . . = zi,j−1 = 0, then this probability is qAj or qBj . This modelling is
similar to that of Bonney (1987) for correlated binary data with some natural
ordering in the observations. The recursive relation

πuj =

j−1∑

ℓ=1

qu,j−ℓπuℓ

(
j−1−ℓ∏

i=1

(1 − qui)

)
+ quj

j−1∏

i=1

(1 − qui), for u = A and B,

(5.9)
is obtained. Expressions for the ri in terms of the quj follow. Further modelling
of the quj as

quj = 1 − (1 − qu)j , for u = A and B, (5.10)

is considered so that quj increases with j. As j increases, this model is found
to have an increasing odds-ratio and decreasing correlation between Ziℓ and
Zi,ℓ+j for fixed l, which are desirable features in this context.

Theorem 5.1. For k monitorings per patient, as n→ ∞, Tp
P→ π, where

π =

∑k
j=1 πPj

∑k
j=1(πTj + πPj)

. (5.11)

See Biswas and Dewanji (2004a) for the proof. Convergence in probability
still holds for unequal but finite ks values. The expectations of urn proportions
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and of proportions of allocation to treatments have the same limit. Hence,
E(Tu−prop) also has the limit π. The sequence {rs, s ≥ 2m+1} is monotonically
increasing or monotonically decreasing while converging to π.

5.3.4 PEMF Trial: Results

Data on the number of patients in the two groups of the PEMF trial of §0.6.5
clearly exhibit the superiority of the PEMF therapy over the placebo. Ex-
cluding the initial 4 patients, the adaptive design resulted in 14 out of 18
being treated with the PEMF therapy. Therefore, the observed value of TA is
14/18 ≈ 0.778, well above 50%. The urn proportions at different entry times
exhibit a skewed pattern in favour of the PEMF therapy, being 0.630 at the
entry time of the fifth patient 0.731 at the entry of the 22nd. The ultimate
proportion, T ∗

A is 0.733, clear evidence of benefit over the placebo group. Note
that the observed value of TA is quite close to that of T ∗

A, showing a large sam-
ple characteristic in this small sample case. Figure 5.3 shows, by a continuous
line, the plot of urn proportion of A balls (which is the probability of alloca-
tion to PEMF) and, by a broken line, the proportion of patients in the PEMF
group at different time points. It is noticeable that both these proportions
are converging to apparently the same limit. In Figure 5.3 we also plot, by a
broken dotted line, the proportion of total recurrences attributable to patients
treated with PEMF. The proportion of recurrences on PEMF is very small;
initially all the recurrences occurred in the placebo group. Some recurrences
occurred in the PEMF group at a later stage, while the recurrence proportion
on PEMF remained low. This explains why the urn became highly skewed in
favor of PEMF, resulting in a high proportion of allocation to PEMF.

The number of monitorings for the last five patients (entering the study on
the 149th day of therapy) is reduced since the trial terminated soon after this
day.

The maximum likelihood estimates of qA and qB are 0.00033 and 0.00409 and,
under qA = qB, the maximum likelihood estimate of the common parameter
qA = qB = q is 0.00106. The likelihood ratio test for H0 : qA = qB equals 23.03
which, by comparison with the χ2

1 distribution, indicates strong evidence for
the superiority of the PEMF therapy.

An interesting alternative test is the score test. We observeRA = 4,NA = 576,
RB = 12, NB = 222, and consequently propA − propB = 4/576 − 12/222 ≃
−0.0471, where propA = RA/NA. The simulation-based test for the null hy-
pothesis qA = qB is rejected against qB > qA, since the observed value of
propA − propB is less than −0.013, the 5th percentile of the corresponding
null distribution of propA − propB based on simulation. This also suggests
evidence in favour of the PEMF therapy.

The score test leads to an observed value of the statistic of 5.609, which
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Figure 5.3 Properties of the urn for the PEMF trial over the monitoring period. The
solid line indicates the urn proportion in favor of PEMF; the broken line indicates the
allocation proportion in favor of PEMF; the broken line with dots is the proportion
of recurrences (among total recurrences) in favour of PEMF.

overwhelmingly rejects the null hypothesis of equivalence of two treatments
in favour of the PEMF therapy.

The details of the design, description and inference of the PEMF trial is given
in a sequence of papers by Biswas and Dewanji (2004a, 2004b, 2004d).

5.4 Longitudinal Categorical Responses

We now consider ordinal categorical responses. For example, in the PEMF
study the responses used in the adaptive design (e.g., Pain) are actually mea-
sured on four-point ordinal scales (Severe, Moderate, Mild and Nil). In such
situations, one possibility is to combine the responses giving a single response
on an overall ordinal scale. In this section we propose a model for univari-
ate ordinal categorical responses at every time point. Suppose Zij , the jth
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response of the ith patient, is ordinal with (K + 1) categories 0, 1, . . . ,K.
Without loss of generality, we assume higher values of Zij to indicate worse
health conditions. We can straightforwardly extend the urn design of Bandy-
opadhyay and Biswas (2000) in §3.15 to this longitudinal situation through
the addition of (K − Zij)β balls of the same kind along with Zijβ balls of
the opposite kind. In this case, the expression for RAxi

will be the same as in
§3.15, but that for NAxi

will be

NAxi
= K

i−1∑

l=1

δl

kl∑

j=1

I{τlj<xi}.

The conditional probability of allocation will have the same expression as in
(5.6). If we can write E(Zij |δi) = eAjδi + eBj(1 − δi), then the recursive
relation (5.7) for ri is slightly modified and becomes

ri =
α+ β

∑i−1
l=1

∑
j:τlj<xi

[(K − eAj)rl + eBj(1 − rl)]

2α+ β(NAxi
+NBxi

)
.

5.5 Longitudinal Multivariate Ordinal Responses

We now suggest how to incorporate all the ordinal categorical responses at
each monitoring time individually in our design. We now have a multivariate
ordinal categorical response at each monitoring time. Suppose, for each i and
j, we have an M -component response vector Zij = (Zij1, . . . , ZijM )T, where
each of Zijs, s = 1, . . . ,M , can take values 0, 1, . . . ,K (K may be allowed to
vary with s). Without loss of generality, we again assume higher values of Ziju

indicate worse health conditions. In this case, for s = 1, . . . ,M ,

RAxis =
i−1∑

l=1

δl

kl∑

j=1

ZljsI{τlj<xi} and NAxi
= K

i−1∑

l=1

δl

kl∑

j=1

I{τlj<xi},

and similarly RBxis and NBxi
. The number of balls added to the urn for

the sth component of the response vector up to time x−i for the patients in
treatment group A is βsNAxi

, of which βsRAxis are balls of kind B. Thus,
using the accumulated data up to time x−i , the conditional probability that
the ith patient is allocated to treatment A is

P (δi = 1| Accumulated data ) =
α+

∑M
s=1 βs{(NAxi

− RAxis) +RBxis}
2α+ (NAxi

+NBxi
)
∑M

s=1 βs

.

Likewise, writing E(Zijs|δi) = eAjsδi+eBjs(1−δi), we obtain the ri recursively
as

ri =
α+

∑M
s=1 βs

∑i−1
l=1

∑
j:τlj<xi

[(K − eAjs)rl + eBjs(1 − rl)]

2α+ β(NAxi
+NBxi

)
.
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5.6 Models with Covariates

5.6.1 Urn Model

In the PEMF trial, several of the prognostic factors, such as the sero-
positive/sero-negative status and gender, were found to have considerable in-
fluence on the response. In the design used for the trial, these factors were
ignored in order to simplify design construction. Here we now propose a model
for incorporating such information in the design.

We consider only binary longitudinal responses and the simplest case when
there is a single binary prognostic factor w (e.g., the sero-group indicator). We
again take w = 1 to be the more favourable condition. Thus, as in Bandyopad-
hyay and Biswas (1999), for some γ (< β), a success from either treatment at
any monitoring time with w = 1 results in the addition of γ balls of the same
kind along with (β − γ) balls of the opposite kind (instead of simply adding
β balls of the same kind). A failure when w = 1 will result in the addition of
all the β balls of the opposite kind. On the other hand, when w = 0, a success
will result in the addition of β balls of the same kind, and a failure in the
addition of (β − γ) balls of the same kind along with γ balls of the opposite
kind. We can find Rw

uxi
and Nw

uxi
, u = A,B, and w = 1 and 0 as

R1
Axi

=

i−1∑

l=1

δlwl

kl∑

j=1

ZijI{τlj<xi}, N1
Axi

=

i−1∑

l=1

δlwl

kl∑

j=1

I{τlj<xi},

where wl is the value of w for the lth patient; R0
Axi

and N0
Axi

also have the
above form but with wl replaced by (1 − wl). The conditional probability of
allocation for the ith entering patient will be

P (δi = 1| accumulated data ) = {α+ γ(N1
Axi

−R1
Axi

+R0
Bxi

)

+(β − γ)(N1
Bxi

−R1
Bxi

+R0
Axi

) + β(R1
Bxi

+N0
Axi

−R0
Axi

)}
/{2α+ β(NAxi

+NBxi
)},

where Nuxi
= N1

uxi
+N0

uxi
, for u = A,B. The ri can be recursively obtained

using the additional model

P (Zij = 1|δi, wi) = (πAiδi + πBi(1 − δi))a
wi ,

where a ∈ (0, 1).

Biswas, Park, and Bhattacharya (2012) provide an optimal response-adaptive
design in the presence of covariates with reference to the PEMF trial. The
details are in §9.4.

5.7 Continuous Longitudinal Responses

The longitudinal responses may be continuous. In addition, there may be
prognostic factors w, with wij the vector of such factors for the ith patient at
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the jth monitoring time. Extending the idea of Bandyopadhyay and Biswas
(2001), we can represent the model for the response yij at the jth monitoring
time for the ith patient as

yij = µAδi + µB(1 − δi) + wT
ijθ + ǫij ,

where ǫi = (ei1, . . . , eiki
)T ∼ Nki

(0,Σki
), the ki-variate normal distribution,

µA and µB denote the mean baseline responses in treatment groups A and B
(for wij = 0) and θ is the vector of parameters associated with wij . To allocate
the ith entering patient, we obtain µ̂A(x−i )− µ̂B(x−i ), the estimate of µA−µB

based on the accumulated data up to time x−i , eliminating the effects of wij .

Under these conditions, the conditional allocation probability can be taken as

P (δi = 1| accumulated data ) = G
{
µ̂A(x−i ) − µ̂B(x−i )

}
,

where G is a suitably chosen distribution function of a random variable sym-
metric about 0. The method of estimation of µA − µB is not crucial to the
description of the allocation rule. Further details are in Bandyopadhyay and
Biswas (2001). See also Chapter 4. Atkinson and Biswas (2014) extend the
methods of Chapter 7 to continuous longitudinal responses.

5.8 Random Number of Responses

So far we have assumed that the number of patients, n, is kept fixed. The entry
and exit times of the ith patient, xi and yi, and their number of monitorings,
ki, are assumed to be non-stochastic. The monitoring times, τi1, . . . , τiki

, are
also assumed to be non-stochastic. In practice, some or all of them may be
stochastic. In that case the distributions of these quantities will also need to be
considered in the course of the analysis of any proposed design. For example,
ki might follow a truncated Poisson or generalised Poisson distribution.

5.9 Numerical Illustrations

5.9.1 Longitudinal Binary Responses

For numerical illustration we consider a relatively simple situation. Suppose
there are n patients, each giving 4 consecutive binary responses. Patient i
arrives at time point i, and gives the four responses at time points i, i +
1, i + 2, i + 3. Thus, before the entry of the jth patient we get (j − 1) first
responses, (j−2) second responses, (j−3) third responses, and (j−4) fourth
responses from the previously allocated patients. We assume that each of the
four responses Yis, s = 1, 2, 3, 4, from the ith patient is Bernoulli(pk), if treated
by treatment k, k = A,B. The responses have an AR(1) correlation structure
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with first-order autocorrelation ρ. Thus corr(Yis1
, Yis2

) = ρ|s1−s2|. This can
be ensured if we generate the Yis for a patient receiving treatment k as

P (Yi,s+1 = 1|Yis) = pk + ρ(Yis − pk).

For the i patients allocated before patient (i+1), suppose nAi and nBi receive
treatments A and B. As always, δj = 1 or 0 according to whether the jth
patient is treated by treatment A or B. Then we estimate pA and pB by the
simple method of moments as

p̂Ai =

∑i
j=1 δjYj1 +

∑i−1
j=1 δjYj2 +

∑i−2
j=1 δjYj3 +

∑i−3
j=1 δjYj4

∑i
j=1 δj +

∑i−1
j=1 δj +

∑i−2
j=1 δj +

∑i−3
j=1 δj

,

p̂Bi =

∑i
j=1 δ̄jYj1 +

∑i−1
j=1 δ̄jYj2 +

∑i−2
j=1 δ̄jYj3 +

∑i−3
j=1 δ̄jYj4

∑i
j=1 δ̄j +

∑i−1
j=1 δ̄j +

∑i−2
j=1 δ̄j +

∑i−3
j=1 δ̄j

. (5.12)

The (i + 1)st patient is allocated to treatment A with a probability from
a suitable allocation function g(pA, pB), using the estimates in (5.12). One
choice of g(pA, pB) is

(pA, pB) =

√
pA√

pA +
√
pB

, (5.13)

which can be obtained for non-longitudinal data by considering an optimality
criterion, the details of which are derived in §8.3.

We consider n = 100 patients with an initial 2m = 4 patients allocated ran-
domly. The adaptive allocation is carried out from the 5th patient onwards.
Boxplots of the proportion of allocations to treatment A from 10,000 simula-
tions each for the three sets of values (pA, pB) = (0.4, 0.4), (0.6, 0.4), (0.8, 0.4)
with ρ = 0.5 are in Figure 5.4. The boxplots for ρ = 0.8 are in Figure 5.4.
The allocations are skewed in favour of the better treatment when pA > pB,
as expected, but the variability is high.

5.9.2 Longitudinal Continuous Responses

For continuous responses, we duplicated the settings for binary responses in
the previous section, but with normally distributed responses. We assume
that Yis ∼ N(µk, σ

2
k) if the ith patient is allocated treatment k. For simplicity

we restrict ourselves to the case σ2
A = σ2

B = 1, known. To ensure the AR(1)
correlation structure with first-order autocorrelation ρ, the data are generated
as

Yi,s+1 = (1 − ρ)µk + ρYis + ǫi,s+1,
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Figure 5.4 Longitudinal binary responses. Boxplots of proportion allocated to treat-
ment A; n = 100 patients with (pA, pB) = (0.4, 0.4), (0.6, 0.4), (0.8, 0.4) with ρ = 0.5.
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Figure 5.5 Longitudinal binary responses. Boxplots of proportion allocated to treat-
ment A; n = 100 patients with (pA, pB) = (0.4, 0.4), (0.6, 0.4), (0.8, 0.4) with ρ = 0.8.
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Figure 5.6 Longitudinal continuous responses. Boxplots of proportion allocated to
treatment A; n = 100 patients with (µA, µB) = (0, 0), (0.5, 0), (1, 0) and ρ = 0.5.

where ǫi,s+1 are independent N(0, (1 − ρ2)σ2), for k = A,B. We estimate µA

and µB at the entry time of the (i+ 1)st patient as

µ̂Ai =

∑i
j=1 δjYj1 +

∑i−1
j=1 δjYj2 +

∑i−2
j=1 δjYj3 +

∑i−3
j=1 δjYj4

∑i
j=1 δj +

∑i−1
j=1 δj +

∑i−2
j=1 δj +

∑i−3
j=1 δj

,

µ̂Bi =

∑i
j=1 δ̄jYj1 +

∑i−1
j=1 δ̄jYj2 +

∑i−2
j=1 δ̄jYj3 +

∑i−3
j=1 δ̄jYj4

∑i
j=1 δ̄j +

∑i−1
j=1 δ̄j +

∑i−2
j=1 δ̄j +

∑i−3
j=1 δ̄j

.

For continuous data, we replace the allocation rule (5.13), which we used
for binary data, with the probit link function of Bandyopadhyay and Biswas
(2001). Thus the probability of allocating treatment A to patient i+1 is taken
as

Φ

(
µ̂Ai − µ̂Bi

T

)
.

Here we also consider n = 100 patients with an initial 2m = 4 patients ran-
domly allocated. Figure 5.6 gives the boxplots of the allocation proportion to
treatment A using 10,000 simulations each for (µA, µB) = (0, 0), (0.5, 0), (1, 0)
with ρ = 0.5, when we take T = 1. The plot for ρ = 0.8 is given in Figure 5.7.
As expected, the variability is not as large as for binary responses.
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Figure 5.7 Longitudinal continuous responses. Boxplots of proportion allocated to
treatment A; n = 100 patients with (µA, µB) = (0, 0), (0.5, 0), (1, 0) with ρ = 0.8.



Chapter 6

Optimum Biased-Coin Designs with

Covariates

This chapter extends the results of Chapter 2 where interest was in randomi-
sation and balance over treatment allocation when responses were normally
distributed. Minimisation rules for balance over covariates or prognostic fac-
tors were introduced in §2.4. The main purpose of this chapter is to introduce
new biased-coin rules derived from the methods of optimum experimental de-
sign; we compare their properties with minimisation rules and those solely
balancing covariates.

We start in §6.1 with regression models for the response as a function of the
covariates and then introduce ideas of the sequential construction of optimum
experimental designs . The new rules are introduced in §6.2 with numerical
comparisons of the rules for two treatments in §6.3. The major conclusion is
that the new rules outperform minimisation rules having both smaller loss and
smaller bias for a given number of patients. The evidence for this conclusion is
summarised in Figures 6.4–6.7. The properties of designs for three treatments
are illustrated more briefly in §6.4. This group of topics concludes in §6.5 with
explorations of chi-squared approximations to the distribution of loss.

The preceding rules all aim for an equal distribution of treatments. In §§6.6
and 6.7 we introduce designs for skewed allocation, in which we specify the
target proportion of patients to receive each treatment. The two following sec-
tions describe designs for heteroscedastic normal models, appropriate when the
responses to the two treatments do not have the same variance. Section 6.10
introduces designs for generalised linear models. The concluding sections ex-
emplify special cases of these procedures, namely designs for binomial and
gamma responses. The latter are useful in studies where the response is a
survival time. The final sections refer to the literature on the relationship
between loss, power and the variability of treatment allocation and provide
further references on designs with skewed allocations.

A brief introduction to relevant aspects of optimum experimental design is in
Appendix A.

159
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6.1 Modelling and Design

6.1.1 A Regression Model

The trial protocol may specify that the analysis will be adjusted for a partic-
ular set of prognostic factors. Even if not all potential factors are specified,
it will be sensible to aim for balance over as many factors as possible, since
ignoring factors in the analysis cannot make the design less balanced. We use
the loss to provide results about the precision of estimated treatment effects
for any given allocation of treatments allowing for adjustment for the covari-
ates. The resulting comparison of allocation rules requires a model and an
estimation method. We can then numerically calculate the loss for each rule
for any assumed distribution of prognostic factors in the population.

It is assumed that each of n patients receives one of t treatments which is
allocated in the knowledge of a vector of prognostic factors and of all previous
allocations.

In §2.4 the responses in the two-treatment trials were assumed to have con-
stant variances and adjustment was for a series of q−1 prognostic factors. The
two design criteria, and randomised versions of them generated using Efron’s
based coin, were compared for the loss, that is related to the variance of the
estimated treatment difference α̂1 − α̂2. We now use the theory of optimum
experimental design to find designs that minimise this variance, and its gen-
eralisations for designs with t treatments, when there are prognostic factors
for which the results should perhaps be adjusted.

6.1.2 D-Optimality

Optimum experimental design requires one or more models and a criterion
that is to be minimised, for example var (α̂1 − α̂2). We shall assume that the
adjustment for covariates will use a linear regression model and least squares.
We write the model in matrix form as

EYn = Gnω = Hnα+ Znψ, (6.1)

for the expected responses of the first n patients. In (6.1)Hn is the n×tmatrix
of indicator variables for the treatments with one non-zero entry per row, and
Zn is the n × (q − 1) matrix of prognostic factors. It is important that the
columns of Zn may include interactions and other terms, if required. However
we shall ignore this refinement in our derivations and refer to a row of Zn as
containing values of the prognostic factors. The subscript n will only be used
when it is necessary to distinguish between quantities for the (n+1)st patient
for whom a treatment allocation is required and those for the n patients to
whom treatments have already been allocated.
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We begin our discussion of optimum designs with the simple model

EY = Gω, (6.2)

leaving until §6.1.4 the distinction between the parameters of interest, the α
of (6.1), and the nuisance parameters ψ.

In (6.2) Y is the n × 1 vector of responses, ω is a vector of p unknown pa-
rameters and G is N × p. The ith row of G is gT(xi), a known function of the
treatment allocations and of the prognostic factors x. The model for the ith
observation is

yi = ωTg(xi) + ǫi, (i = 1, . . . , n). (6.3)

As in Chapter 2 the unobserved errors ǫi follow the second-order assump-
tions of zero expectation, independence and constant variance σ2. Then least
squares is the appropriate method of estimation and the least squares estima-
tor of the parameters is

ω̂ = (GTG)−1GTy, (6.4)

with y the vector of n observations. Since σ2 is constant, the covariance matrix
of the least squares estimator is

var ω̂ = σ2(GTG)−1, (6.5)

with GTG/σ2 the information matrix.

The predicted value of y at some point x is

ŷ(x) = ω̂Tg(x), (6.6)

with variance
var{ŷ(x)} = σ2gT(x)(GTG)−1g(x). (6.7)

When interest is in the comparison of experimental designs, the value of σ2

is not relevant, since, with homoscedastic errors, the value is the same for all
proposed designs for a particular experiment. Then GTG is often called the
information matrix.

The core theory of optimum experimental design, a sketch of which is given
Appendix A, is concerned with finding designs that minimise some function
of the variances of the parameter estimates. From the expression for var ω̂ in
(6.5), σ2|(GTG)−1| = σ2/|GTG| is called the generalised variance of ω̂. De-
signs which maximise |GTG| minimise this generalised variance and are called
D-optimum (for Determinant). As we show in the Appendix, such designs
minimise the volume of the normal theory confidence region for ω.
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6.1.3 Sequential Construction of D-Optimum Designs

Let GT
nGn be the information matrix for a design for n patients. If we were

concerned with finding a D-optimum design, we could use numerical optimisa-
tion techniques to find the design maximising |GT

nGn|. However, our concern
is with the sequential allocation of treatments; given the previous n alloca-
tions, and so a design matrix Gn, what is the optimum allocation of the next
treatment?

If the vector of allocation and prognostic factors for the (n + 1)st patient is
gn+1, Gn+1 is formed by adding the row gT

n+1 to Gn. From (6.1) the two parts
of gn+1 are the allocation of treatment j, which we can choose, and the vector
of covariates zn+1 to which the design has to adapt. It is informative to write

d(j, n, zn+1) = gT
n+1(G

T
nGn)−1gn+1. (6.8)

The notation makes it clear that we choose treatment j, that we have already
made n allocations and that the covariates for patient n + 1 are available.
From (A2) it follows that the D-optimum design allocates that treatment for
which d(j, n, zn+1) is a maximum (j = 1, . . . , t).

An interpretation of this choice of allocation comes from (6.7) which can be
rewritten as

var{ŷ(x)} = σ2d(j, n, zn+1).

Sequential construction of the D-optimum design is then equivalent to adding
trials where the variance of prediction is a maximum.

6.1.4 DA-Optimality

In our designs for clinical trials we are usually interested in linear combinations
of the treatment parameters α, for example their difference when t = 2, whilst
the remaining parameters are not of interest. We formalise this by considering
s linear combinations of the parameters

β = ATω, (6.9)

where A is a matrix of known coefficients of dimension p × s, s < p. Then
β̂ = ATω̂ and, from (6.5)

var β̂ = σ2AT(GTG)−1A. (6.10)

The D-optimum design introduced in §6.1.2 that minimises the generalised
variance of ω̂ maximised |GTG|, or equivalently log|GTG|. Likewise the

DA optimum design minimising the generalised variance of β̂ minimises
|AT(GTG)−1A| which is equivalent to maximising −log|AT(GTG)−1A|.
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In the sequential construction of DA-optimum designs, the variance of predic-
tion for D-optimum designs (6.8) is replaced by

dA(j, n, zn+1) = gT
n+1(G

T
nGn)−1A{AT(GT

nGn)−1A}−1AT(GT
nGn)−1gn+1.

(6.11)
The DA optimum design allocates that treatment for which dA(j, n, zn+1) is
a maximum (j = 1, . . . , t). In §A.1.4 we derive the particular form of A when
the model contains nuisance parameters ψ (6.1).

In the majority of our examples t = 2 and so β is a scalar, the variance of
the estimate of which is to be minimised. Another example is in the adaptive
designs of §7.2.7 when t = 3 and an adaptively weighted linear combination
of the α is to be estimated with minimum variance.

6.1.5 Treatment Contrasts and Differences

In the two-treatment designs of Chapter 2, interest was in estimating the
treatment difference α1 − α2, with the overall treatment mean (α1 + α2)/2 a
nuisance parameter. In §A.1.4 we generalise this idea to the comparison of t
treatments by finding a set of t− 1 contrasts orthogonal to the mean.

Given the set of s ≤ t − 1 contrasts, the DA optimum design minimises
|AT(GTG)−1A|. This generalised variance is minimised by the balanced de-
sign, in which both an equal number of patients is allocated to each treatment,
and there is balance over all prognostic factors when, as we show in §A.1.4,

|AT (GTG)−1A| = tt/nt−1,

agreeing with (2.13) when t = 2.

Of course, given a particular sequence of prognostic factors z1, z2, . . . it may
not be possible to obtain exact balance. This value is then a theoretical opti-
mum which is used as a standard for comparisons. But as the simulations of
§6.3 show, sequentially constructed designs can get close to this optimum for
even small values of n. The efficiency of any other n-trial design is then the
ratio of determinants

En =

{
tt/(nt−1)

|AT (GTG)−1A|

}1/(t−1)

. (6.12)

Raising the ratio to the power 1/(t − 1) gives a measure of efficiency which
responds like the variance of the estimate of a single parameter to an increase
in sample size, for example halving when n is doubled.

In Chapter 2 we introduced the important idea of loss Ln (2.15) and its
expected value Ln as measures for comparing designs. As before we take

Ln = n(1 − En), (6.13)
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but now with En given by the more general expression (6.12). The loss of
information is expressed in terms of number of patients. If the design is exactly
balanced, both for numbers of treatment allocations and over covariate values,
Ln is zero. Otherwise, for the randomised designs of this chapter, with random
prognostic factors, Ln is a random variable as it was for the designs with
covariates of §2.4. The results of Smith (1984a, 1984b) and of Burman (1996)
provide asymptotic values L∞ for some rules. We have already mentioned
that, with random treatment allocation in a linear model with q nuisance
parameters, L∞ = q. The other rules considered in this chapter have smaller
values of L∞. However, in the initial stages of the trial, imbalance may be
relatively high and the loss Ln may be far from L∞.

6.1.6 Two Treatments

Most of the examples we investigate continue to be concerned with the alloca-
tion of two treatments. With this number of treatments it is straightforward
to rewrite the model to make explicit the q nuisance parameters. In (6.1) Zn

is defined as the n × (q − 1) matrix of prognostic factors. The parameter of
interest when t = 2 is ∆ = α1 − α2. We rewrite (6.1) as

EY = a∆ + 1βo + Zψ = a∆ + Fβ, (6.14)

where a is the n×1 vector of allocations with elements +1 and −1, depending
on whether treatment 1 or treatment 2 is allocated, and the constant term
and covariates are included in the n× q matrix F . Then

var(∆̂) = σ2{aTa− aTF (FTF )−1FTa}−1. (6.15)

In (6.15) let b = FTa, a “balance” vector which is identically zero when all
covariates are balanced across all treatments. Also aTa = n, so that (6.15)
can be written in the revealing form

var(∆̂) =
σ2

n− bT (FTF )−1b
=

σ2

n− Ln
, (6.16)

where Ln is the loss after n trials. Thus the loss is minimised for the balanced
design when the estimate of ∆ is independent of the estimates of the nuisance
parameters.

6.2 Biased-Coin DA-Optimum Designs

6.2.1 Atkinson’s Rule

A major theme of our book is the importance of including randomisation
in the treatment allocation. However, the sequential allocation of treatments
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described in §6.1.4 excludes randomisation. It is like the deterministic Rule
D of §2.2.2 in which each sequential allocation was made to minimise the
variance of the estimated treatment difference.

In Chapter 2 allocations were made with the treatments ordered from “under-
allocated” to “over-allocated”, with n[1] being the number of allocations to
the treatment that had been allocated least. In randomised versions of the
sequential construction of optimum designs, we order the treatments by the
values of dA(j, n, zn+1) in (6.11) with

dA([1], n, zn+1) > dA([2], n, zn+1) > ... > dA([j], n, zn+1) > ... > dA([t], n, zn+1).
(6.17)

We require the highest probability of allocating that treatment for which
dA([j], n, zn+1) is a maximum.

To provide a randomised form of this sequential construction of optimum
designs, Atkinson (1982) suggests allocating treatment j with probability

πA(j|xn+1) =
dA(j, n, zn+1)∑t

s=1 dA(s, n, zn+1)
. (6.18)

At the optimum design, all dA(j, n, zn+1) are equal and the design allocates
all treatments with equal probability.

Equal allocation is not always the target. If the required proportion of alloca-
tions of treatment j is pj , these proportions can be incorporated in the matrix
of contrasts A (A3). At the optimum design, all dA(j, n, zn+1) will again be
equal. The required probabilities of allocation are then found by allocating
treatment j with probability

πA(j|xn+1) =
pjdA(j, n, zn+1)∑t

s=1 psdA(s, n, zn+1)
. (6.19)

Skewed allocation rules of this kind are explored in §6.6. In Chapter 7 we
investigate response-adaptive designs in which the pj are determined by the
responses to the treatments. But we conclude this section by noting that
alternative forms of rule to (6.18) are possible, in which the variances dA(.)
are replaced by any monotone function f{dA(.)}. In particular, in the next
section we derive a version of the Bayesian biased-coin procedure of Ball,
Smith, and Verdinelli (1993) that uses

f(u) = (1 + u)1/γ , (6.20)

with γ a parameter determining the balance between randomness and loss.
The results of simulations for a series of values of γ can be used to provide
the γ reflecting the clinician’s desired balance between bias and loss.
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6.2.2 A Bayesian Biased-Coin

The rule of §6.2.1 was derived from optimum design theory where the focus is
on the variance of parameter estimates. In order to reduce bias, randomisation
was introduced, but in a fundamentally ad hoc manner, to give the rule (6.18).
The criterion does not explicitly include the balance between variance and
bias. To include both aspects of the problem in a single criterion Ball et al.
(1993) suggest that the probabilities of treatment selection πB(j|xn+1) be
chosen to maximise a utility which combines both the variance of parameter
estimates and randomness. We write this utility as

U = UV − γUR

=
t∑

j=1

πB(j|xn+1)φ(Mj,n+1) − γ






t∑

j=1

πB(j|xn+1) log πB(j|xn+1)




 , (6.21)

where the contribution of UV is to provide estimates with low variance,
whereas UR contributes randomness. The parameter γ provides a balance
between these two desiderata.

In UV in (6.21)
Mj,n+1 = GT

j,n+1Gj,n+1,

the information matrix if treatment j were allocated to the (n+ 1)st patient.
Both parts of the utility are functions of the probabilities πB(j|xn+1). The
utility UV is maximised by putting the probability equal to one for that treat-
ment for which φ(Mj,n+1) is a maximum. Thus when γ = 0 in (6.21) the
sequential allocation is non-random, the next treatment being chosen to max-
imise φ(Mj,n+1). The function φ(Mj,n+1) can be chosen to reflect the purpose
of the experiment. For D-optimality

φ(Mj,n+1) = log |GT
j,n+1Gj,n+1| (6.22)

and for DA-optimality

φ(Mj,n+1) = − log |AT (GT
j,n+1Gj,n+1)

−1A|, (6.23)

so that the sequential construction of optimum designs is recovered when
γ = 0.

The second part of the utility function, −UR, provides randomness and is
maximised by equalising the probabilities of allocating the individual treat-
ments.

As γ → ∞, the procedure tends towards random allocation, Rule R, intro-
duced in §2.2.2. These values of zero and infinity for γ thus provide procedures
which respectively minimise variance by maximising balance and minimise po-
tential bias by maximising randomness. In order to explore the properties of
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the procedure for intermediate values of γ and to calibrate it against non-
Bayesian procedures such as Rule A, we use simulation to find the average
loss L̄n and the bias Bn for a range of values of γ. Some insight can however
be obtained by rewriting the criterion in terms of the variances d(.) or dA(.).

In §A.2 we differentiate (6.21) using a Lagrange multiplier to ensure that the
probabilities sum to unity and show that the optimum treatment allocation
probabilities are given by

πB(j|xn+1) = exp{φ(Mj,n+1)/γ}/
t∑

s=1

exp{φ(Ms,n+1)/γ}. (6.24)

For D-optimality (6.22) the probabilities are therefore given by

πB(j|xn+1) = |GT
j,n+1Gj,n+1|1/γ/

t∑

s=1

|GT
k,n+1Gs,n+1|1/γ , (6.25)

with a similar form for DA-optimality. A simpler and more informative form of
these allocation probabilities is found by using (A2), the relationship between
variance and determinant that leads to the iterative construction of optimum
designs. The allocation probabilities (6.25) then become

πB(j|xn+1) = {1 + d(j, n, zn+1)}1/γ/

t∑

k=1

{1 + d(k, n, zn+1)}1/γ . (6.26)

More importantly, for the comparisons of the present chapter, similar results
hold for DA-optimality so that

πB(j|xn+1) =
{1 + dA(j, n, zn+1)}1/γ

∑t
s=1{1 + dA(s, n, zn+1)}1/γ

. (6.27)

The Bayesian criterion is thus one generalisation of the biased-coin DA-
optimum design algorithm (6.18) with, in (6.20), f(u) = (1 + u)1/γ .

Comparison of (6.27) with (6.18) is informative about the asymptotic be-
haviour of the Bayesian procedure. The variance dA(.) in the formulae for the
various rules has not been normalised for n; for a balanced design it will have
the value 1/n (see §6.3.1). In Rule A (6.18) multiplication of the variances by
n will leave the criterion unchanged and the variances for the balanced design
for this rule will have the value 1, independent of n. The probabilities in (6.18)
then converge to values which, as the simulations show, give an asymptotic
loss of q/5.

The Bayesian criterion (6.27) would be affected by this multiplication. As
n → ∞, dA(s, n, zn+1) → 0, provided all treatments continue to be allocated
sufficiently often. Then the allocation probabilities in (6.27) converge to the
value 1/t, leading to random allocation and a loss of q as n→ ∞. But, as our
simulations show, the allocation can be far from random when n is small.
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6.2.3 Nine Allocation Rules

We now extend the rules of Chapter 2 to covariate balance and compare them
with the rules derived in this chapter. The Rules C and M of §2.4 together with
their randomised versions CE and ME, do not depend on the variance dA(.)
introduced in (6.11). The probabilities for the other rules are either functions
of these variances or are found, as in (6.17), by ordering the treatments by the
values of dA(j, n, zn+1); the highest probability of allocation is of the treatment
for which this variance is a maximum, namely treatment [1].

An important difference from designs without covariates is that, as in §2.4,
we do not have to be concerned with the possibility of ties.

Rule R: Completely Randomised

In the completely randomised rule, allocation is made independently of any
history so that

πR([j]) = 1/t ([j] = 1, . . . , t), (6.28)

where [j] is the treatment with the jth ranking value of dA(j, n, zn+1) in (6.17).

For random allocation L∞ = q, the number of nuisance parameters, including
the constant and Bn = 0.

Rule D: Deterministic

The treatment with the largest value of dA(j, n, zn+1) is always allocated, that
is

πD([1]) = 1. (6.29)

Asymptotically, for any reasonable distribution over time of prognostic factors,
the design will be balanced over the factors and there will be no loss: L∞ = 0.
However, given the values of GT

nGn and of zn the next treatment allocation
can be correctly guessed and, from (2.26,) Bn = 1.

Rule E: Generalised Efron Biased Coin

In §2.3.1 we extended Efron’s biased-coin design to t treatments, ordered by
frequency. Now the treatments are ordered by the values of dA(j, n, zn+1) and

πE([j]) =
2(t+ 1 − j)

t(t+ 1)
. (6.30)
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Rule A: Atkinson’s Rule

πA(j|xn+1) =
dA(j, n, zn+1)∑t

s=1 dA(s, n, zn+1)
. (6.31)

Burman (1996) shows that L∞ = q/5.

Rule B: Bayesian Rule

πB(j|xn+1) =
{1 + dA(j, n, zn+1)}1/γ

∑t
s=1{1 + dA(s, n, zn+1)}1/γ

. (6.32)

The presence of the parameter γ is a reminder that (6.32) defines a family of
rules.

Rule C: Balanced Covariates

For convenience we now briefly restate the four rules introduced in §2.4.2. In
Rule C the values of the m covariates are dichotomised about their individual
medians, giving 2m possible cells in which the value of the covariate vector
xn for patient n could lie. This is covariate combination ι. The new allocation
depends solely on previous allocations in cell ι. Balance is forced by using Rule
D, deterministic allocation, with random allocation for any ties as in §2.3.

Rule CE: Balanced Covariates with a Biased Coin

Allocation within covariate combination ι uses the generalised Efron biased
coin, Rule E, applied to the numbers of times each treatment has been allo-
cated in cell ι.

Rule M: Minimisation (Pocock and Simon)

The total effect on all m measures of marginal balance on allocating treatment
j+ is called C(j+), defined in (2.37). The allocations are ranked according to
the effect they have on balance with

C([1]) ≤ . . . ≤ C([j]) ≤ . . . ≤ C([t]).

In the deterministic allocation treatment [1] is allocated, with random allo-
cation if there is more than one treatment with the same smallest value of
C([1]).
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Rule ME: Minimisation with a Biased Coin

As for Rule C, randomisation can be introduced into Rule M by allocation of
the treatments with probabilities given by the generalised Efron biased coin,
Rule E, applied to the ordered values of the C(j+).

6.3 Numerical Comparisons of Designs for Two Treatments

6.3.1 Five Nuisance Parameters; q = 5

We compare these nine rules for loss and bias, extending the comparisons of
four of them in §2.4.3. As in that section, we first explore examples with five
nuisance parameters and two treatments.

In these calculations we take the vector of covariates to contain q − 1 inde-
pendent standard normal random variables. Thus, in the general model (6.1)
for patient n

ψTzn =

q∑

k=2

Xk,n,

where the Xk ∼ N (0, 1). We do not explore the effect of interactions or other
polynomial terms that might be included in zn.

The two panels of Figure 6.1 show the results on loss and bias for Rules R, A,
E and D. In this, and succeeding figures, the plots for loss have been smoothed
as even 100,000 simulations are not sufficient to remove the fluctuations that
are visible in the plots of bias in, for example, Figure 2.11.

For virtually all n the loss for Rule R, random allocation, is five and the bias is
zero. Rule D, deterministic allocation, is the reverse, with a loss of zero and a
bias of one. Rule A, Atkinson’s randomised version of DA-optimality, rapidly
settles to a loss of q/5, equal to one when q = 5, with a bias that gradually
decreases as n increases. Rule E, Efron’s biased coin, has similar properties
except that the loss decreases with n whereas the bias rapidly settles to a
value of 1/3. These results are similar to those of §2.4.3. The ordering of rules
from those with small bias to large bias is the reverse of the ordering for those
with small loss to large loss.

The four curves in Figure 6.2 are for the Bayesian Rule B, with four values of γ:
1, 0.1, 0.03 and 0.01. These curves are very different from those in Figure 6.2.
Initially all curves for loss decrease rapidly, as the design allocates to improve
balance. But, as n increases, the rule becomes more like random allocation;
the loss gradually increases while the bias tends to zero.

An analytical explanation for this behaviour follows from (6.32) where

πB(j|xn+1) ∝ {1 + dA(j, n, zn+1)}1/γ . (6.33)
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Figure 6.1 L̄n and Bn for four rules: R, random; A, Atkinson; E, Efron’s biased
coin and D, deterministic. Results of 100,000 simulations, two treatments, q = 5,
n = 800. Left-hand panel loss, right-hand panel smoothed bias.

With all treatments being allocated with virtually the same frequency and
with approximate balance over the covariates, the results of §A.1.5 indicate
we can write

dA(j, n, zn+1)
.
= 1 + aj/n, (6.34)

where aj , which reflects the imbalances in the design, is not a function of n.
When both covariates and treatments are exactly balanced, aj = 1, for all j.
Taylor expansion of (6.33) for sufficiently large n yields

πB(j|xn+1)
.
= {1 + aj/n}1/γ = 1 +

aj

nγ
+ · · · . (6.35)

As n increases for fixed γ the allocation probabilities therefore become less
dependent on aj , and become increasingly equal, leading to random allocation.
In Figure 6.2 this is shown by the loss increasing to five with n as the bias goes
to zero. This analysis also explains the behaviour with γ. As γ goes to zero,
the allocation probabilities depend increasingly on aj so that, in Figure 6.2,
the least random allocation, giving the lowest loss, is for γ = 0.001.

The plots for the four remaining rules – C, M and their randomised versions
CE and ME – are in Figure 6.3. Away from small n the biases for the four
rules are virtually constant whereas the losses decrease with n. The general
shapes of the curves is similar to that for Rule E in Figure 6.1, although the
losses are appreciably larger for large n, whereas the biases of Rules CE and
ME are slightly smaller than those for Rule E.

We now consider the comparison of these three sets of rules. Within each
figure the four sets of curves are such that the rules in increasing order of loss
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Figure 6.2 L̄n and Bn for Bayesian Rule B with four values of γ: 1, γ = 1; 2,
γ = 0.1; 3, γ = 0.03; 4, γ = 0.01. Results of 100,000 simulations, two treatments,
q = 5, n = 800. Left-hand panel loss, right-hand panel smoothed bias.
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ME. Results of 100,000 simulations, two treatments, q = 5, n = 800. Left-hand panel
loss, right-hand panel smoothed bias. A smoothed version of Figure 2.13.
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Figure 6.4 Admissibility: L̄n and Bn for eight non-Bayesian rules. Smoothed results
of 100,000 simulations, two treatments, q = 5. Successive symbols on each line are
for n = 10 (•), 20, 30, 50, 200 and 800 (∇).

are in decreasing order of bias. Since we would like rules with both small loss
and small bias, all of these rules are admissible within their current groupings.
We now look at plots of loss against bias for several groups of rules together.

Figure 6.4 is a plot of the non-Bayesian rules showing which of them are
admissible. As n increases, the values of loss L̄n and bias Bn for each rule
follow a trajectory that is plotted in the figure. The symbols mark the values
at five points on the trajectory for which n = 10 (•), 20, 30, 50, 200 and 800
(∇). Since we want small values of both loss and bias, a rule that has higher
values of both quantities than another at the same n is inadmissible — to use
it is to waste resources.

As Figures 6.1 and 6.3 show, most of the changes in the values of bias and loss
occur before n = 50. For Rules ME, E, M and D the bias is virtually constant
and the behaviour of these rules plots as a straight line. Rule R, virtually from
the start, has zero bias and a loss of five. It plots as a point. This rule always
has the smallest bias for given n, just as Rule D always has the smallest loss
for each n; both are therefore admissible. From n = 10, Rule E dominates Rule
C, which has higher bias and loss than Rule E. Likewise Rule A dominates
Rule M, which has a large bias. Rules CE and ME have, for all n, a higher loss
than Rule E, but a lower bias. However, from n around 40, both these rules
have higher bias than Rule A as well as higher loss. For some intermediate
values of n, such as 30 and 50, the behaviour of Rule A is preferable to that
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Figure 6.5 Admissibility: L̄n and Bn for the Bayesian Rule B with four values of
γ: 1, 0.1, 0.03 and 0.01. Smoothed results of 100,000 simulations, two treatments,
q = 5. Successive symbols on each line are for n = 10 (•), 20, 30, 50, 200 and 800
(∇), so that the smallest values of n are to the right and top of the figure.

of Rule E, but as n increases further, the two rules respectively provide low
bias and low loss with acceptable values of the other quantity.

The conclusion from these comparisons is that Rules M and C, based on ideas
of model-free balance, are inferior to rules using ideas of design optimality.
The same is true, to a lesser extent, for their randomised versions CE and
ME.

The plots of loss and bias as a function of n in Figure 6.2 for the Bayesian
rules are rather different from those for the other rules; as n increases, so does
the loss, after an initial drop for small n. The admissibility plot of loss against
bias in Figure 6.5 reflects this structure. Curves are given for four values of
γ: 1, 0.1, 0.03 and 0.01. The lowest curve is for 0.01. Initially this rule is
similar to Rule D, seeking balance as the aj in (6.33) dominate the allocation
probabilities. But, as n increases, both the bias and loss initially decrease. As n
continues to increase, the loss remains roughly constant as the bias decreases.
Eventually the rule becomes increasingly like random allocation and, with the
bias approaching zero, the loss increases towards the value of 5.

The curves in Figure 6.5 for larger values of γ lie above that for the smallest
value shown, 0.01. In fact, that for γ = 1, is virtually like that for Rule R
for n > 50. However, the comparison of the rules for admissibility needs to
be made at the same value of n. Joining the identical symbols on the curves
in the plot gives a boundary below and to the left of which any better rules
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Figure 6.6 Admissibility: L̄n and Bn for four non-Bayesian rules of Figure 6.4 and
for the Bayesian Rule B of Figure 6.5 with four values of γ: 1, 0.1, 0.03 and 0.01.
Smoothed results of 100,000 simulations, two treatments, q = 5. Successive symbols
on each line are for n = 10 (•), 20, 30, 50, 200 and 800 (∇).

than the Bayes rules must lie. These boundaries are such that all the Bayes
rules are admissible; moving from lower γ to higher γ for the same value of n
causes a decrease in bias but an increase in loss.

We now compare Rules A, D, E and R with the Bayesian rules. The admis-
sibility plot is in Figure 6.6. Rules R and D are the two extremes and are
admissible. The plot shows that Rule A behaves much like a Bayesian rule
with a value of γ that depends on n. For n = 10, its properties are similar to
those of the Bayesian rule with γ = 0.1; for n = 30 the properties are close
to those for γ = 0.03 and for n = 200 the rule is similar to that for γ = 0.01.
In each case the performance of Rule A lies slightly within the frontier of
the Bayes rules, that is, its performance is slightly worse. Rule E lies well
within this Bayesian frontier for small n but it becomes more competitive as
n increases.

6.3.2 Ten Nuisance Parameters; q = 10

As the number of covariates increases, so does the loss. But the comparative
properties of most of the rules remain unchanged.

In this section we briefly investigate the numerical properties of the treatment
rules when q is increased to 10 from the value of 5 in the last section. Now
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the loss for Rule R is 10 and, for Rule A, it becomes 2 as n becomes large.
Figure 6.7 is the analogue of the admissibility plots for the eight non-Bayesian
rules of Figure 6.4 and of the Bayesian rule with γ = 0.01 of Figure 6.6. In
general the new plot is similar to those for q = 5.

For Rule R the bias is zero and the loss 10, whereas for Rule D the bias remains
at one with the loss decreasing to zero, although less rapidly than when q = 5.
For Rule E the loss likewise decreases to zero with the bias remaining at 1/3.
The curve for Rule A is again similar to that for q = 5 after the values of loss
have been halved, as is the curve for B0.01, the Bayesian rule with γ = 0.01.
Provided n is not small, Rules A and E are again close to the frontiers of the
Bayesian designs.

On the other hand, the rules that depend on counting and balance, that is
C, M and their randomised versions, all have properties that are degraded
by the increased value of q. For M the bias is increased from just above 0.8
to just below 0.9 and, compared with the results in Figure 6.4, the losses are
slightly more than doubled for any particular n. For ME the increase in bias is
slighter, from 0.27 to 0.3, but, like Rule M, the losses are more than doubled.
It is however Rules C and CE that show the greatest change in behaviour.
By adding a further five covariates, the number of cells over which balance
is required is multiplied by 25 = 32. The biases for n = 800 and q = 10 are
similar to those for q = 5 and n = 800/32 = 25. Likewise, the losses are
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Figure 6.8 Designs for three treatments. L̄n from 100,000 simulations, q = 5, n =
800. Left-hand panel rules: R, random; A, Atkinson; E, Efron’s biased coin and D,
deterministic. Right-hand panel four Bayes rules for varying γ: 1, γ = 1; 2, γ = 0.1;
3, γ = 0.03; 4, γ = 0.01.

approximately twice those for q = 5 and n divided by 25. The conclusion is
that, as q increases, so do the benefits of using one of the Rules A, E or B
that are derived from the methods of optimum experimental design.

6.4 Designs for Three Treatments

We now briefly consider some properties of designs for three treatments in the
presence of covariates.

For two treatments, application of DA-optimality to the first line of the ma-
trix of contrasts (A5) led to designs minimising the variance of the linear
combination aTω̂ with

aT = {1 − 1 0 · · · 0}. (6.36)

In the absence of covariates the optimum design minimises var (α̂1 − α̂2),
asymptotically providing equal allocation to each treatment. For three treat-
ments we take

aT = {1 − 1 1 0 · · · 0}. (6.37)

Minimising the variance of this contrast in the elements of ω̂ leads to designs
that asymptotically allocate equally across the three treatments. In §6.6 we
generalise this approach to skew allocations for any number of treatments.

As a numerical example we find the loss of three treatments when q = 5.
With interest in a single contrast of the three treatment parameters, there are
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two degrees of freedom for nuisance parameters and so only three explanatory
variables.

Figure 6.8 shows the average losses L̄n for 10,000 simulations with n = 800.
Rules A, D, E and R are in the left-hand panel and the Bayesian rules on the
right-hand. What is most striking about these results is that the plots in the
left-hand panel are virtually indistinguishable from those for the same rules in
the left-hand panel of Figure 6.1. The losses for the Bayesian rules are likewise
virtually the same as those in the left-hand panel of Figure 6.2. For these rules
the effect of increasing the number of treatments is negligible. The properties
are determined by the value of q. The comparisons of designs for t = 2 and 3
of Atkinson (1999) again indicate that these rules perform better than those
such as C and M based on balance.

In §2.3 we found designs for three treatments without covariates using a dif-
ferent criterion. In (2.29) the criterion was the sum of variances of treatment
differences. This is equivalent to a reparameterisation

β = LT
2 α,

with

LT
2 =




1 −1 0
1 0 −1
0 1 −1





leading to a variance–covariance matrixAT
2 (GTG)−1A2, where, in the presence

of covariates, A2 is formed from L2 by the addition of a matrix of zeroes. The
designs §2.3 were compared by the sum of the variances of the elements of
β, that is, by the value of tr AT

2 (GTG)−1A2. This is an example of linear
optimality (Atkinson, Donev, and Tobias 2007, §10.5) and the appropriate
equivalence theorem of optimum design theory, see §A.1.5, could be used to
provide a sequential construction for these designs, similar to that of §6.1.3.
We mention this to stress that there are plausible alternatives to the designs
using DA-optimality that have performed so well in the calculations of this
section.

6.5 Distribution of Loss

6.5.1 Expected Loss

In §2.5 we explored the distribution of loss and bias for the four Rules C, CE,
M and ME with covariates. We now extend these results to a study of loss
for rules derived from optimum design theory. The more complete results of
Atkinson (2003) show that the distribution of loss is well behaved for these
rules. Surprisingly simple results, based on the chi-squared distribution, are
obtained. Although the numerical comparisons are for two treatments, the
simulation methods and analytical results are applicable to more treatments.
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Table 6.1 Average losses from 1,000 simulations of 200 patient clinical trials for
five and ten nuisance parameters – four and nine covariates – two treatments. Also
given, where known, are the asymptotic values of the loss L∞.

Allocation Rule Average Loss Average Loss Asymptotic
q = 5 q = 10 Value L∞

DA-Optimality A 1.028 2.0937 q/5
Covariate Balance C 1.634 8.015 ?
Deterministic D 0.054 0.211 0
Efron’s Biased Coin E 0.542 1.913 0
Bayesian B (γ = 0.1) 3.573 7.229 q
Minimisation M 1.522 3.598 ?
Random R 4.898 9.886 q

Table 6.1 gives the average loss for seven rules over 1,000 trials when n =
200. Also given are the values of L∞, when these are known. As before, the
covariates are taken to be independently and identically normally distributed
with zero mean.

The results show how close the losses are to their asymptotic values. The
deterministic rule has forced balance, with a loss close to zero when q = 5. For
random allocation, Rule R, and for Rule A the losses are near to q and q/5; for
the Bayesian Rule B γ is sufficiently large that the rule is approaching random
allocation. The left-hand panels of Figures 6.1—6.3 show the convergence for
larger values of n.

The results in the table divide the allocation rules into three groups: those for
which the asymptotic value is non-zero, those for which it is zero and Rules
C and M, dependent on the categorisation of the covariates, for which L∞ is
not known.

6.5.2 A Chi-Squared Approximation

We now explore the distribution of the losses summarised in Table 6.1. The
left-hand panel of Fig. 6.9 gives boxplots of the distributions of loss for Rule A
at eight values of n from 25 to 200. The means of these distributions initially
decrease gradually, but the large decrease for very small n in the left-hand
panel of Figure 6.1 has already occurred by n = 25. The eight distributions
appear to have a similar degree of skewing.

Since loss is a non-negative quantity we try the standard approximation to
non-negative skewed distributions which is a scaled chi-squared distribution
on ν degrees of freedom. The scaling is estimated so that the distribution has
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Figure 6.10 Distribution of loss for deterministic allocation when q = 10: (a) boxplots
of the distribution of loss Ln; (b) QQ plot of L200 against χ2
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the correct mean, that is, we assume

Ln ∼ (Ln/ν)χ
2
ν . (6.38)

An idea of ν can be found by QQ plots of the empirical distribution of loss
against a selection of χ2 distributions. The right-hand panel of Fig. 6.9 shows
the results for n = 200 and ν = 5. There are 1,000 observations. The plot is
acceptably straight and a little straighter than those for ν equal to four or
six, although in all cases the eye is drawn to the 1% of the trials in the top
right-hand corner of the plot.

Atkinson (2003) gives similar plots for the other six rules of Table 6.1. The
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Table 6.2 Average degrees of freedom for the chi-squared approximation to the dis-
tribution of loss when n = 200. Average of 100 repetitions of 1,000 simulations
of 200 patient clinical trials for five and ten nuisance parameters—four and nine
covariates—two treatments.

Allocation Rule Average d.f. Average d.f
q = 5 q = 10

DA-optimality A 5.08 10.28
Covariate Balance C 4.28 10.36
Deterministic D 6.04 12.74
Efron’s Biased Coin E 3.10 6.15
Bayesian B (γ = 0.1) 5.11 10.26
Minimisation M 4.05 9.16
Random R 5.14 10.51

greatest contrast to the results for Rule A is the pair of plots in Fig. 6.10 for
the deterministic rule when q = 10: the average loss decreases sharply with n
as does the spread of the distribution. When n = 200, a good fit is obtained
with ν = 13.

6.5.3 Five Nuisance Parameters

Such results suggest that for some of the rules the degrees of freedom ν may
be equal to q, the number of nuisance parameters. We now investigate which.

The QQ plots shown in Figures 6.9 and 6.10 are each for one sample of 1,000
trials from which the value of ν can be estimated. To discover how stable
the chi-squared approximation is, these simulations were repeated 100 times,
giving 100 estimates of ν for selected n and the seven rules. The estimates
were found by maximising the likelihood and tested for equality to q using a
likelihood ratio test, which will have an asymptotic chi-squared distribution
on one degree of freedom.

The mean values of the 100 estimates of ν when n = 200 and q = 5 are given
in Table 6.2. Plots of the mean values for eight values of n, together with
asymptotic 95% confidence intervals for ν, are plotted in the left-hand panel
of Fig. 6.11. These results extend those implied in the QQ plots of the earlier
figures. Above n = 50 the deterministic Rule D has a value of ν around 6.
The values for Rules C and M decrease to around 4, whereas for Rule E the
value decreases steadily to around three. However, for three rules, A, B and
R, the estimates seem to have stabilised around ν = 5.

The narrowness of the confidence intervals in the figure shows that the con-
clusions are clear of random fluctuation from the simulations. This conclusion
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Table 6.3 Average likelihood ratio test for testing that the degrees of freedom of the
chi-squared approximation to the distribution of loss are equal to q. Average of 100
repetitions of 1,000 simulations of 200 patient clinical trials for five and ten nuisance
parameters—four and nine covariates—two treatments.

Allocation Rule Average l.r. Average l.r
q = 5 q = 10

DA-Optimality A 0.99 1.23
Covariate Balance C 15.87 1.54
Deterministic D 20.00 29.20
Efron’s Biased Coin E 160.64 154.97
Bayesian B (γ = 0.1) 1.60 1.24
Minimisation M 28.53 5.36
Random R 1.92 2.36

is confirmed by the values of the statistics for testing ν = 5, which are sum-
marised in Table 6.3 for n = 200. The major conclusion is confirmed that, for
the three rules, A, B and R, the degrees of freedom are very close to five.

6.5.4 Ten Nuisance Parameters

The results with q = 10 are similar to those for q = 5, but less sharp, since
the increase in q requires an increase in n for asymptotic results to start to
hold to the same extent. The values for the estimates of ν in Table 6.2 show
that for five out of seven of the rules, the estimate has almost exactly doubled.
Only for Rules C and M is the increase rather more than twice, in line with
the comparison of Figures 6.5 and 6.6. The values for the test statistics in
Table 6.3 also show that doubling the number of covariates affects procedures
C and M differently from the other rules, for which the test statistics are little
changed in value. In particular, the distribution of loss for Rule C is now well
approximated by the χ2

10 distribution.

The plot of estimates of ν in the right-hand panel of Fig. 6.11 shows that
Rules D and E have estimates far from ten. That for M, just above 9, is
perhaps slowly increasing. The other four rules —A, B, C and R — all have
approximations similar to one another as n→ 200.

6.5.5 Discussion

The conclusions are clear. The distribution of loss divides the rules into three
groups with rather different properties.

The first group contains Rules A, B and R for which L∞ is either q/5 or q.
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Figure 6.11 Mean estimates of ν and 95% confidence intervals from 100 estimates
based on simulations of 1,000 trials with, left-hand panel, q = 5 and, right-hand
panel, q = 10. C, Covariate Balance; D, Deterministic; E, Efron’s Biased Coin and
M , Minimisation.

Then we can be explicit about the degrees of freedom in (6.38) and state that

Ln ∼ (Ln/q)χ
2
q = LnFq,∞. (6.39)

The results of likelihood ratio tests for the simulations when q = 5 show
that this approximation holds for Rule B when n is at least 25, for A when
n ≥ 50 and for R when n ≥ 75. Larger minimum sample sizes are indicated
by the results for q = 10. These results illustrate the rate of convergence to
the asymptotic results implicit in Smith (1984a).

The second group of rules, D and E, are those for which L∞ = 0. Over the
range of values of n studied, the results show that the distribution of loss is well
approximated by a chi-squared distribution, but that the degrees of freedom
depend on n, especially for Rule E. Figure 6.11 shows this dependence. For
n = 200 and q = 5, ν is around 6 for Rule D and around 3 for E. As Table 6.2
and the right-hand panel of the figure indicate, these values roughly double
when q = 10.

Finally there are Rules C and M, which are not based on the linear model
(6.1). The theoretical values of L∞ are not known. The results here establish
chi-squared approximations to the distributions of loss for these rules. For
q = 5 they behave similarly, with a value of ν around 4. But doubling the
value of q has a very different effect on the two rules: in particular for Rule C
the expected loss and the degrees of freedom of the chi-squared distribution
for n = 200 much more than double.
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6.6 Skewed Allocations

6.6.1 Introduction

The designs so far described in this chapter consider all treatments equally
and tend to an equal allocation to each treatment as n increases. We now
consider ‘skewed’ designs in which the allocation proportion of treatment j
tends to a specified value pj . In the response-adaptive designs of Chapter 7
we use information from earlier responses to skew the allocation in favour of
the better treatment. In that case the value of p associated with treatment j
may vary during the trial, depending on the performance of the treatments.
In this section we take the pj as fixed.

Dumville et al. (2006) review the use of unequal allocation ratios in clinical
trials and Kuznetsova and Tymofyev (2012) discuss the difficulties of min-
imisation methods in this context. Unequal allocations arise naturally for the
heteroscedastic models of §6.8. For example, Baldi Antognini and Giovagnoli
(2010) derive compound optimum designs balancing between inference and re-
ducing the overall number of failures for binary responses. For homoscedastic
models, Baldi Antognini and Zagoraiou (2012) extend the use of compound
design criteria to linear models with covariates with an ethical concern to al-
locate as many patients as possible to the better treatment. The outcome is
a vector of allocation targets for the various treatments which may depend
adaptively on parameters estimated from the responses to earlier allocations.
Some references to the literature on skewed designs for heteroscedastic models
are in §6.15.

6.6.2 Efficient Designs

In developing DA-optimum designs we used the linear combinations of esti-
mated treatment effects given by (6.36) or (6.37) in which the coefficients
were all ±1 or zero. To develop skewed designs we use more general vectors
of coefficients.

For just two treatments we require that a known proportion p of the patients
should receive treatment 1. For example, treatment 2 might be the control,
but the primary focus of interest is in the new treatment, which should be
allocated more often. Designs with the desired skewed allocation can be found
by seeking to minimise the variance of the linear combination aTω with

aT = {p − (1 − p) 0 · · · 0} 0 ≤ p ≤ 1. (6.40)

In the absence of covariates, the optimum design minimises var {pα̂1 − (1 −
p)α̂2}. The design target is an allocation of a proportion p of the patients to
treatment 1. For this design var aTα̂ = σ2/n.
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More generally, for t treatments, we extend the first row of LT in (A5) to the
linear combination

lTα = ±p1α1 ∓ . . .± ptαt, (6.41)

with the proportions pj , j = 1, . . . , t such that 0 < pj < 1 and
∑
pj = 1.

Let the proportion of patients receiving treatment j be rj . In the absence of
covariates the variance of lTα̂ is minimised when rj = pj . Our simulations in
§6.7.2 show how the rate at which rj converges to pj depends upon the alloca-
tion rule. In finding skewed designs, we shall be interested in only one linear
combination of the treatment parameters α, rather than in the possibility of
several linear combinations included in (A5).

6.6.3 Skewed Allocation Rules

We now extend the Bayesian and non-Bayesian allocation rules of 6.2.3 to
skewed allocation, excluding Rules C and M, and their randomised versions
since comparisons for the unskewed case in Figures 6.4 and 6.7 show that they
are not always admissible.

The presence of skewing in the vector a changes little in the general principles
of algorithms for the construction of designs although, of course, the designs
may change radically, depending on the values of the pj . As in §6.1.4 the max-
imum decrease in the variance of the linear combination aTω̂ is achieved by
allocating that treatment for which the variance of prediction dA(j, n, zn+1)
(6.11) is largest. We continue to call this the under-allocated treatment. How-
ever, the presence of the pj in the calculation of dA(.) ensures that the under-
representation is relative to the desired skewed allocation.

D: Deterministic (Sequential Design Construction)

In order to achieve balance, that treatment should be allocated for which
dA(j, n, zn+1), j = (1, . . . , t) is largest

πD([1]|xn+1) = 1.

Asymptotically, for any reasonable distribution over time of prognostic factors,
the design will provide allocations with proportions pj and there will be no
loss: L∞ = 0. However, we do need to check the rate of convergence to this
asymptotic allocation.

R: Completely Randomised

For skewed designs
πR(j|xn+1) = pj

and, as for unskewed designs, L∞ = q.
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A: DA-Optimality

From (6.19)

πA(j|xn+1) =
pjdA(j, n, zn+1)∑t

s=1 psdA(s, n, zn+1)
. (6.42)

E: Efron’s Biased Coin

In Efron’s original biased-coin design (Efron 1971), with two treatments and
no prognostic factors, the probability of allocation of the under-allocated treat-
ment is πE([1]|xn+1) = b[1] = 2/3.

When there are covariates the allocation depends upon the ordering of the
treatments by the variances dA(j, n, zn+1). Let the rank of treatment j by
this ordering be R(j). For unskewed allocations in (2.23) we took

πE(j|xn+1) = bj = 2{t+ 1 −R(j)}/{t(t+ 1)}, (6.43)

when the bj sum to one. For skewed allocation we need to weight the bj by
the skewing proportions pj to obtain

πE(j|xn+1) = bjpj/

t∑

s=1

bsps. (6.44)

In the special case of two treatments, (6.44) becomes the rule:

if dA(1, n, zn+1) > dA(2, n, zn+1, )

πE(1|xn+1) =
2
3p

2
3p+ 1

3 (1 − p)
=

2p

1 + p
,

otherwise
πE(1|xn+1) =

p

2 − p
.

In the unskewed case, that is p = 0.5, we recover the values of 2/3 and 1/3. As
p→ 1, both probabilities tend to one. As for the deterministic rule, L∞ = 0.

6.6.4 Skewed Bayesian Biased-Coin Designs

The derivation of Bayesian biased-coin designs in §6.2.2 can be extended to
yield skewed designs. As before, the designs are found to maximise the utility

U = UV − γUR, (6.45)
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Figure 6.12 Designs for known skewing proportion. Average losses L̄n when q = 5
for four allocation rules: A, DA-optimality; D, deterministic; E, Efron’s biased coin
and R, random. Left-hand panel, unskewed (p = 0.5); right-hand panel, p = 0.75.
Averages of 10,000 simulations.

where the contribution of UV is to provide estimates with low variance,
whereas UR provides randomness. To find skewed designs, we change UR in
(6.21) to incorporate the skewing probabilities pj. In Appendix A we show
that if, as in (6.27), we take φj to be DA-optimality we obtain the skewed
Bayesian allocation probabilities

πB(j|xn+1) =
pj{1 + dA(j, n, zn+1)}1/γ

∑t
s=1 ps{1 + dA(s, n, zn+1)}1/γ

. (6.46)

At the optimum design all dA(j, n, zn+1) are equal, so that πB(j|xn+1) = pj .

6.7 A Numerical Evaluation of Designs for Skewed Allocation

6.7.1 Two Treatments

We first compare the losses for the four skewed non-Bayesian allocation rules
of §6.6.3 when p = 0.75 with the unskewed version of the rules, that is for
p = 0.5. We begin with two treatments and two values of q, five and ten.
Because the differences are greater for smaller n, the results shown are the
averages of 10,000 simulations of trials with up to 200 patients.
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Figure 6.13 Designs for known skewing proportion. Average losses L̄n when q = 10
for four allocation rules: A, DA-optimality; D, deterministic; E, Efron’s biased coin
and R, random. Left-hand panel, unskewed (p = 0.5); right-hand panel, p = 0.75.
Averages of 10,000 simulations.

The plots of Figure 6.12 show the average losses L̄n as functions of patient
number, when q = 5. The left-hand panel is for p = 0.5 and is the same, apart
from variability due to the simulation, as the earlier part of the left-hand panel
of Figure 6.1. The loss for Rule R is approximately five throughout and that
for D is close to zero for n above 100, while from n = 50 that for A is close
to q/5, that is, one. The numbers for L̄200 are in Table 6.4. The right-hand
panel of the figure shows the average loss for the target proportion p = 0.75.
The losses are similar to those for p = 0.5, although slightly higher. Table 6.4
also gives these values of L̄200: the largest increase in going from p = 0.5 to
p = 0.75 is for Rule E, but is only 0.347. As a result, the loss for E is lower
than that of A over a smaller part of the range.

Similar comments can be made about the plots for q = 10 in Figure 6.13. For
the larger values of n the losses for R and D are now, respectively, around
10 and zero. That for A is close to 2 = q/5. Again, E is the rule whose
performance is most changed when p = 0.75, rather than 0.5. The numbers
for n = 200 are in Table 6.4.

The effect of moving from the unskewed p = 0.5 to the skewed value of 0.75
is slightly to increase the average loss. This arises because, with a 3:1 ratio of
allocation, the skewed designs are on average slightly less well balanced than
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Table 6.4 Average loss L̄200 for unskewed and skewed allocations from 10,000 sim-
ulations, two treatments.

q = 5 q = 10
Rule p = 0.5 p = 0.75 p = 0.5 p = 0.75

A 1.013 1.218 2.074 2.540
D 0.051 0.104 0.211 0.451
E 0.513 0.860 1.937 2.930
R 5.001 5.036 9.986 9.994

Table 6.5 Average loss L̄200 for unskewed and skewed allocations from 10,000 sim-
ulations. Bayesian rules, two treatments.

q = 5 q = 10
γ p = 0.5 p = 0.75 p = 0.5 p = 0.75

1 4.644 4.735 9.265 9.414
0.1 3.498 3.690 6.955 7.436
0.03 2.422 2.662 4.824 5.392
0.01 1.402 1.623 2.808 3.351

those for p = 0.5. However, the simulations also show that the observed pro-
portion of patients receiving treatment one is close to 0.75. If this proportion
were not close to 0.75, the average losses would be larger than those found
here.

Similar results for the Bayesian rules are in Table 6.5. As is to be expected
from Figure 6.2, the values for L̄200 when q = 5 and p = 0.5 decrease from
slightly less than five to 1.4 as γ decreases from 1 to 0.001. The values for
p = 0.75 are slightly larger, by an amount 0.2, except for γ = 1 when we are
close to the threshold value of five.

Increasing the number of nuisance parameters from five to ten almost exactly
doubles the loss when p = 0.5. The increase for p = 0.75 is slightly more, an
extra 0.1 in loss for the two smaller values of γ.

These numerical results for the eight rules show that the extension of optimum
design theory to skewed allocations does not greatly increase the loss due to
imbalance. The adaptive use of these designs in Chapter 6 does, however, lead
to appreciable increases in loss.
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6.7.2 Three Treatments

In this section the four non-Bayesian allocation rules are compared for the
linear combination of three treatments with l = (0.8 − 0.15 0.05)T. The
proportion of treatments allocated is therefore expected to be 0.8, 0.15 and
0.05, the minus sign in the definition of l serving to avoid the generation of sin-
gular designs. The small value of 0.05 for treatment 3 was deliberately chosen
to exhibit any instabilities that might exist in the procedure for generating the
designs. We find the loss for q = 5 and 10. The results shown are the averages
of 10,000 simulations of 800 patient trials with the elements of the prognostic
factors zi independently normally distributed with variance one. Since there
are now three treatments, this means that the number of prognostic factors
is, respectively, 3 and 8.

The plots of Figure 6.14 show the losses, as functions of patient number: the
left-hand panel is for q = 5 and the left-hand panel for q = 10. In both panels
of the figure the loss for Rule R is close to q and that for D decreases to zero,
faster for q = 5 than for q = 10. The losses for Rule E also decrease to zero,
becoming less than those for Rule A, which are stable after n = 100. For this
amount of skewing the losses for Rule A for large n are closer to 3q/10 rather
than the value of q/5 for the unskewed designs.
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Figure 6.14 Designs for l = (0.8 − 0.15 0.05)T. Average losses L̄n for four al-
location rules: A, DA-optimality; D, deterministic; E, Efron’s biased coin and R,
random. Averages of 10,000 simulations: left-hand panel q = 5; right-hand panel
q = 10.

These plots show the losses are close to those for the two treatment designs of
§6.7.1; the left-hand panel is similar to the first part of the left-hand panel of
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Figure 6.12 and the right-hand panel to the right-hand panel of Figure 6.13.
The properties of loss seem to depend on the existence of some skewing, which
slightly increases the losses and on the number of nuisance parameters. The
effect of going from two to three treatments is negligible.

In addition to these general properties, there is also some fine structure for the
loss for Rule D that is particularly evident in the left-hand panel of Figure 6.14.
The slight saw-tooth pattern arises because, on average, only one in every
twenty patients receives treatment 3. In the sequential construction of an
optimum design without any randomness, this treatment would be allocated
regularly at steps of 20 in n. Here the randomness introduced by sampling the
prognostic factors is not sufficient to completely destroy this pattern. For the
other rules, the randomness in the allocation does destroy the pattern arising
from balancing the design.

Rules R and D are the two most extreme in Figure 6.14. Figure 6.15 is a
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Figure 6.15 Designs for l = (0.8 − 0.15 0.05)T. Average ratios rj of treatments
allocated for two allocation rules when q = 5. Averages of 10,000 simulations: left-
hand panel Rule D; right-hand panel Rule R. In particular, r3 converges more slowly
to 0.05 for Rule R than it does for Rule D.

plot for these two rules of the average values of the proportions rj receiving
the three treatments. In both panels the proportions start at 1/3 since the
algorithm initially allocates three patients to each treatment. Thereafter, the
values of r1 and r2 approach 0.8 and 0.15 in a similar manner. The difference
comes in the plot of the values of r3 which approaches 0.05 more rapidly for
Rule D than for Rule R. This is to be expected since Rule D is forcing the rj
to mimic the pj as quickly as possible.
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6.8 Heteroscedastic Normal Models

6.8.1 Models

So far in this chapter we have assumed that the variances of the normally
distributed responses do not depend on the treatment. We now extend the
results of §2.6 on Neyman allocation.

For two treatments with normally distributed responses, the variance of the
response yi is σ2

1 if treatment 1 is allocated and σ2
2 when treatment 2 is

allocated, with σ2
1 6= σ2

2 . If the purpose of the trial is to estimate the treatment
difference α1 −α2 with minimum variance, treatment j will be allocated with
target frequencies proportional to σj . This result is related to those of §6.6
for skewed allocations, except that the amount of skewing is a function of the
ratio

τ2 = σ2
1/σ

2
2 . (6.47)

For the moment we assume that the value of τ is known. In §6.9.2 we illustrate
properties of designs when τ2 is sequentially estimated from the data.

6.8.2 Variances and Efficiencies

Let n1 patients receive treatment 1 and n2 patients treatment 2. Then, in the
absence of covariates

var (α̂1 − α̂2) =
σ2

1

n1
+
σ2

2

n2
. (6.48)

If allocations are made to n patients, this variance is minimised when

n1 =
nσ1

σ1 + σ2
and n2 =

nσ2

σ1 + σ2
. (6.49)

With two treatments and covariates the design problem is again formulated as
minimising the variance of the linear combination aTω̂ with a given by (6.36).

Because the variances are not equal, we have to extend the relationships for
updating the information matrix of the design given in §6.1.3. Now in moving
from Gn to Gn+1 we need to weight the new row gn+1 by 1/σj , where j = 1
or 2 depending on which treatment is allocated. That is

GT
n+1Gn+1 = GT

nGn + gn+1g
T
n+1/σ

2
j . (6.50)

In this notation, the variance of the linear combination aTω̂ in the presence
of prognostic factors is

var {aTω̂} = aT(GT
nGn)−1a, (6.51)

as in (6.10) apart from the treatment of σ2.
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For the optimum design with allocation proportions given by (6.49)

var {aTω̂} = var(α̂1 − α̂1) = (σ1 + σ2)
2/n.

Now consider the efficiency of a non-optimum design either in the absence of
covariates, or when there is balance across covariates, so that all off-diagonal
elements of the information matrix are zero. The optimum allocation is still
that given by (6.49). The expression for the efficiency in (6.12) becomes

En =
(σ1 + σ2)

2

{naT(GT
nGn)−1a} , (6.52)

from which the loss Ln = n(1 − En) can be calculated. It is straightforward
to show that En and Ln depend on the ratio of variances τ2, but not on the
individual values of σ2

j .

6.9 Allocation Rules for Heteroscedastic Models

6.9.1 Ordering and Skewing

We now describe the changes needed in the allocation rules of §6.2.3 in or-
der to accommodate heteroscedasticity. As before, the allocation rules are
expressed in terms of probabilities π(j|xn+1). In those cases that previously
depended upon the ordering of the treatments by the variances dA(j, n, zn+1),
the updating formula in the presence of heteroscedasticity (6.50) shows that
allowance has to be made for the variances of observation.

Instead of ordering by dA(j, n, zn+1), we order the treatments by the scaled
variance

dH
A (j, n, zn+1) = dA(j, n, zn+1)/σ

2
j . (6.53)

We now use π([j]|xn+1) to represent the probability of allocating the treatment
with the jth largest value of this scaled variance. Furthermore, we require a
skewed allocation. Now the skewing probabilities pj in §6.6.3 are replaced by
the unequal proportions ρj with, for t treatments,

ρj = σj/
t∑

s=1

σs. (6.54)

Rule R: Completely Randomised

For heteroscedastic designs with t treatments

πR(j|xn+1) = ρj ,

since we know, or have estimated, the proportional allocation of each treat-
ment. For this rule L∞ = q, although the rate of convergence to this value
decreases as any ρj tends to zero or one.
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Rule D: Deterministic

The treatment with the largest scaled variance of prediction dH
A (.) in (6.53) is

always selected:
πD([1]|xn+1) = 1. (6.55)

Asymptotically, for any reasonable distribution over time of prognostic factors,
L∞ = 0.

Rule E: Generalised Efron Biased-Coin

The allocation probabilities for the biased coin for heteroscedastic observations
follow from §6.6.3.

Specifically, for two treatments, if dA(1, n, zn+1)/σ
2
1 > dA(2, n, zn+1)/σ

2
2 ,

πE(1|xn+1) =
2
3ρ1

2
3ρ1 + 1

3ρ2

=
2ρ1

1 + ρ1
,

otherwise
πE(1|xn+1) =

ρ1

2 − ρ1
,

with the ρj given by (6.54). In the homoscedastic case, that is, when σ2
1 = σ2

2 ,
ρ1 = ρ2 = 0.5 and we recover the values of 2/3 and 1/3. As ρ1 → 1, both
probabilities tend to one. As for the deterministic rule, L∞ = 0.

Rule A: Atkinson’s Rule

We now require both skewed allocation and scaled variances, so that

πA(j|xn+1) =
ρjdA(j, n, zn+1)/σ

2
j∑t

s=1 ρsdA(s, n, zn+1)/σ2
s

.

Rule B: Bayesian Rule

The extension of the Bayesian rule is analogous to that for Rule A. We obtain

πB(j|xn+1) =
ρj{1 + dA(j, n, zn+1)/σ

2
j }1/γ

∑t
s=1 ρs{1 + dA(s, n, zn+1)/σ2

s}1/γ
.
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Other Rules

Rule C and its biased-coin version CE depend on the allocations within the
cell in which the new patient falls. The adaptation of Rule C to heterogeneous
variances uses this section’s Rule D (6.55) within each cell. Likewise, Rule CE
uses the Efron rule given above.

Rule M was defined in §2.4.2 in terms of measures C(.) that reflected marginal
balance. In the calculations of variance (2.36) leading to these measures we
can introduce weights and replace the numbers nj by nj/ρj.

6.9.2 Numerical Results

With heteroscedastic observations, estimation in the linear model E(Y ) = Gω
is by weighted least squares giving the estimator

ω̂ = (GTWG)−1GTWy, (6.56)

where W is a matrix of known weights. For independent observations with
var (yi) = σ2

i ,
W = diag 1/σ2

i . (6.57)

With two treatments with heteroscedastic responses, the matrix W has only
two distinct values on the diagonal. Let the observations receiving treatment 1
have the matrix of independent variables G1 with responses y1. The combined
information matrix G has 2 + (q − 1) columns, whereas G1 has only q, since
no observations are taken on treatment 2. To find the information matrix for
all observations we augment G1 with a matrix of zeroes for treatment 2 to
obtain the matrix G+

1 . Similarly for treatment 2 we obtain the matrix G+
2

with zeroes for treatment 1. Then in (6.56)

GTWG = (G+T
1 G+

1 )/σ2
1 + (G+T

2 G+
2 )/σ2

2 , (6.58)

with, in (6.56),
GTWy = G+T

1 y1/σ
2
1 +G+T

2 y2/σ
2
2 . (6.59)

When the weights are not known, they have to be estimated. In our application
of sequential treatment allocation we have to estimate the error variances σ2

1

and σ2
2 for each n. A full likelihood analysis involves simultaneous estimation

of these two parameters and the parameters ω of the linear model. Instead we
use a two-stage procedure.

Given n1 observations y1 on patients receiving treatment 1, we regress y1 onG1

to obtain the unbiased residual mean square estimator of σ2
1 on n1− q degrees

of freedom. Let this be s21 and let s22 be the similar estimate of σ2
2 on n2 − q

degrees of freedom coming from regression on G2. We then calculate estimated
values of the information matrix and sufficient statistics in (6.58) and (6.59)
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Figure 6.16 Heteroscedastic normal observations with unknown variances. L̄n for
four rules: R, random; A, Atkinson; E, Efron’s biased coin and D, deterministic.
Results of 100,000 simulations, two treatments, q = 5, n = 200. Left-hand panel,
equal variances (ρ1 = 0.5); right-hand panel, unequal variances (ρ1 = 0.8, τ =
ρ1/(1 − ρ1) = σ1/σ2 = 4).

by substituting the values of the estimates s21 and s22 for the parameters σ2
1

and σ2
1 and use least squares to obtain ω̂. In the comparison of designs, we

only need the estimated information matrix in order to calculate the allocation
probabilities for the rules of §6.9.1. However, to calculate the efficiency En in
(6.52), and hence the loss, we require the true value of the information matrix
given by (6.58).

In the sequential construction of these designs, we start without any informa-
tion about the values of σ2

1 and σ2
2 . We therefore initially take them as equal

so that ρ1 = ρ2 = 0.5. We continue with this unskewed allocation until we
have estimates of both variances on at least one degree of freedom.

Figure 6.16 shows the losses for Rules A, D, E and R from 100,000 simulations
of 200 patient trials. The left-hand panel shows the results when the variances
are the same, so that ρ1 = 0.5, but with both variances estimated during the
trial. Comparison with the left-hand panel of Figure 6.1 shows how the loss
is changed due to the uncertainty arising from estimating σ2

1 and σ2
2 . There

is both some increase in loss and a change in the shape of the earlier part of
the curves.

Initial allocations are made with ρ1 = 0.5, which is the population value and
the losses decline. However, as n increases slightly the allocations are made
using the estimate ρ̂1, which is a function of the two estimates of the variances
on very few degrees of freedom and so is highly variable. As n increases, the
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Table 6.6 Effect of heterogeneity: average losses L̄200 from 100,000 simulations, q =
5. ‘None’ is allocation with known equal variances.

Rule None ρ1 = 0.5 ρ1 = 0.8

A 1.02 1.84 3.38
D 0.05 0.62 1.40
E 0.53 1.35 2.60
R 5.00 6.57 7.47

estimates of ρ1 improve and the curves of loss become increasingly like those
for known values of σ2

1 and σ2
2 .

The right-hand panel of Figure 6.16 shows the corresponding results when
σ1 = 4 and σ2 = 1, so that τ = 4 and ρ1 is 0.8. Now there is a further
increase in loss due to estimation of the unequal variances. The shapes of
the two sets of curves are also not quite the same. With unequal variances
there are distortions away from the asymptotic allocation caused both by the
initial equal allocation in the absence of knowledge of the variances and by
the variability in the estimate of ρ1.

Average losses for these four rules when n = 200 are in Table 6.6. The first
column is for the rules for homoscedastic allocation calculated in §6.3.1. The
average losses for the heteroscedastic allocation of this section but with known
ρ1 = 0.5 are operationally identical to these values. The second column is for
ρ1 = 0.5, but when the value has to be estimated, and the third column is
when the unknown value is, in fact, 0.8. There is, very roughly, an increase of
one in average loss from having to estimate the equal variances and a further
one increase when the standard deviations are in the ratio 4:1. The ordering
of the rules by loss is maintained despite the need to estimate the variance
parameters.

It is also important to consider not only the losses but also the proportion of
patients receiving the two treatments. The two panels of Figure 6.17 comple-
ment those of Figure 6.16, giving the evolution of the instantaneous allocation
proportions to treatment 1 that we call r̄n

1 . These are calculated as the average
number of allocations to treatment 1 for each n. They thus do not include any
allocations for smaller values of n. In this they differ from the calculations for
L̄n that depend on the information for all allocations up to that for patient
n.

The left-hand panel of Figure 6.17, for ρ1 = 0.5, shows that the rules do not
differ, all allocating on average half the patients to treatment one. The right-
hand panel, for ρ1 = 0.8, is very different. Initially, until the variances can
be estimated, the average allocation is 0.5. It then rises sharply for all rules,
eventually reaching an asymptote of 0.8. There is, however, some overshoot
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Figure 6.17 Heteroscedastic normal observations. Average instantaneous allocation
proportions r̄n

1 for four rules: R, random; A, Atkinson; E, Efron’s biased coin and
D, deterministic. Results of 100,000 simulations, two treatments, q = 5, n = 200.
Left-hand panel, equal variances (ρ1 = 0.5); right-hand panel, unequal variances
(ρ1 = 0.8).

in the allocations around n = 30, when the rules are correcting for allocations
below 0.8 in the early stages of the trial. Surprisingly, Rule A causes the largest
overshoot, with Rule D next largest. Rule R shows only a slight effect.

These results show that the effect of estimation of the ratio of variances is
slight, especially on the average loss. There are two reasons for this. One is that
we obtain unbiased estimates of the two variances from the separate analyses
of the results from treatment 1 and treatment 2, so that there is no systematic
bias in the estimate of ρ1. The second is that the allocation probabilities are
not sensitive to small fluctuations in the weights used in forming the estimated
information matrix. As we see in Chapter 7, the situation is very different
when we use the estimated values of the treatment effects α to determine the
skewing in favour of specific treatments. In particular, when the treatments
are incorrectly ordered, the effect on the design and its loss is large.

6.10 Weighted Least Squares and Generalised Linear Models

The allocation rules of §6.9.1 for heteroscedastic linear models can be sim-
ply extended to trials in which the outcome is binary, as in Chapter 4, or to
survival data. The key to this extension lies in the close relationship between
weighted least squares and generalised linear models. We explore this relation-
ship in this section. In §6.12.1 we obtain rules for binary data and in §6.13 for
survival data when the observations follow a gamma distribution.
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In (6.57) we had a general weighting matrixW = diag σ−2
i where var(yi) = σ2

i .
But for generalised linear models such as are suitable for binomial or gamma
distributed data (McCullagh and Nelder 1989) the distribution of y determines
the relationship between the mean µ and the variance of the observations. The
variance is of the form

var(y) = φV (µ), (6.60)

where φ is the dispersion parameter. The variance function V (µ) is specific
to the error distribution. The other important part of the model, the mean,
is related to the linear predictor η = ωTg(x) by the link function g(µ) = η.
Maximum likelihood estimation of the parameters ω of the linear predictor η
reduces to iterative weighted least squares with weights

w = V −1(µ)

(
dµ

dη

)2

. (6.61)

and a variance–covariance matrix of the form in (6.56), but scaled by φ:

var ω̂ = φ(GTWG)−1. (6.62)

The homoscedastic linear model E Y = Gω is a simple example of such a
model. In (6.60) the variance does not depend on the mean, so V (µ) = 1.
With φ = σ2 we obtain the required value var(y) = σ2. For linear regression
models the link function g(µ) is the identity so that µ = η and, in (6.61),
w = 1. This gives the standard results as the value of σ2 does not affect the
parameter estimate ω̂.

The next section describes allocation rules for binary data modelled using
generalised linear models.

6.11 Binary Data

We began the study of allocation procedures for binary data in Chapter 3.
There were no covariates and interest was in response-adaptive rules that
allocated a larger number of successful treatments. Here we include covariates
and interest is in designs for inference when some randomisation is included
in the allocation rule.

The response of patient i is 0 or 1 with P (yi = 1) = µi. Then

E yi = µi and var (yi) = µi(1 − µi).

In the linear logistic model for such data

log

(
µi

1 − µi

)
= ηi = ωTg(xi) = αThi + ψTzi. (6.63)
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Here the linear model is the same as that in (6.1) for multiple regression.

From the expression for the variance function in (6.60) it follows that

φ = 1 and V (µ) = µ(1 − µ).

Differentiation of the logistic link leads to

dµ

dη
= µ(1 − µ).

The combination of this derivative and V (µ) for binary data leads to the
weights in (6.61) for patient i being

wi = µi(1 − µi). (6.64)

These weights depend on the mean µi which in turn, from the model (6.63)
depend on the unknown parameters α and also on the values of the nuisance
parameters ψ.

With two treatments and no covariates, the values of the weights depend on
the values of the treatment parameters αj . If these weights are w1 and w2

when treatments 1 and 2 are allocated, we can adapt the allocation rules
of §6.9.1 by taking wj = 1/µj(1 − µj). Then the optimum allocation in the
absence of covariates in (6.63) is

n1 =
nw0.5

2

w0.5
1 + w0.5

2

and n2 =
nw0.5

1

w0.5
1 + w0.5

2

. (6.65)

When there are two treatments with covariates, the optimum design minimises
the variance of the linear combination aTω̂ with a given by (6.36). In moving
from Gn to Gn+1 we need to include the weight wn+1, that is,

GT
n+1Wn+1Gn+1 = GT

nWnGn + wn+1gn+1g
T
n+1, (6.66)

where wn+1 = w1 or w2 depending on which treatment is allocated and the
subscript on W emphasises the dependence of the weight matrix on the num-
ber of patients. The variance of the linear combination aTω̂ in the presence
of prognostic factors is

var {aTω̂} = aT(GT
nWnGn)−1a. (6.67)

For the optimum design with allocation proportions given by (6.49)

var {aTω̂} = (w0.5
1 + w0.5

2 )2/{nw1w2}
and the efficiency in (6.52) becomes

En =
(w0.5

1 + w0.5
2 )2

{nw1w2aT (GT
nWGn)−1a} . (6.68)

If the parameter values are not assumed but are estimated as the responses
become available, the weights w1 and w2 will change with each allocation,
becoming w1n and w2n as they will if the parameters ψ for the prognostic
factors are not negligible, even if they are known.
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6.12 Allocation Rules for Binomial Models

6.12.1 Ordering and Skewing

For binomial data with assumed parameter values, the allocation rules require
little change from those of §6.2 in which we substitute wj for 1/σ2

j .

The scaled variance

dW
A (j, n, zn+1) = wjdA(j, n, zn+1)/σ

2
j (6.69)

and the skewing probabilities pj come from the unequal proportions in (6.65).

Rule R: Completely Randomised

From (6.65)

p1 =
w0.5

2

w0.5
1 + w0.5

2

and p2 =
w0.5

1

w0.5
1 + w0.5

2

, (6.70)

so that
πR(1|xn+1) = p1.

With more than two treatments

pj = w−0.5
j

/ t∑

s=1

w−0.5
s (6.71)

and the allocation probability is pj.

Rule D: Deterministic

The treatment with the larger scaled variance of prediction dW
A (.) in (6.69) is

always selected:
πD([1]|xn+1) = 1.

Rule E: Generalised Efron Biased Coin

The allocation probabilities for the biased coin for binomial observations follow
from §6.6.

If w1dA(1, n, zn+1) > w2dA(2, n, zn+1),

πE(1|xn+1) =
2w0.5

2

2w0.5
2 + w0.5

1

,

otherwise

πE(1|xn+1) =
w0.5

2

w0.5
1 + w0.5

2

.
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Rule A: Atkinson’s Rule

Again, both skewed allocation and scaled variances are required, so that

πA(j|xn+1) =
wjpjdA(j, n, zn+1)∑t

s=1 wspsdA(s, n, zn+1)
. (6.72)

Rule B: Bayesian Rule

The extension of the Bayesian rule is analogous to that for Rule A. We obtain

πB(j|xn+1) =
pj{1 + wjdA(j, n, zn+1)}1/γ

∑t
s=1 ps{1 + wsdA(s, n, zn+1)}1/γ

. (6.73)

As n → ∞, the variances dA(j, n, zn+1) become small and the Bayesian rule
tends to random allocation. As we see in (6.73), πB(j|xn+1) → pj, as is re-
quired for Rule R above.

As in §6.9.1 for heteroscedastic normal models, Rule C uses the this section’s
Rule D within each cell and its biased-coin version CE uses the Efron rule
given above. The measures C(.) for Rule M are again weighted with the nj

replaced by nj/ρj, but now with ρj given by (6.71).

The allocation probabilities depend on the values of both the treatment pa-
rameters α and the nuisance parameters ψ associated with the prognostic
factors. However, if the effect of the adjustment for these latter factors is
small compared with the effects of treatment allocation, the effect of changes
in the levels of these factors on the mean µi may be small. If this is so, the
weights wi in (6.64) will only depend slightly on the prognostic factors. In
consequence, this aspect of the design is close to that for the normal model,
which does not at all depend on the values of the parameters in the linear
model. Even if there is some effect of adjustment, the form of (6.64) shows
that appreciable variability in µ has a slight effect on the weight. For µ = 0.5
the values of the weight is 0.25, falling only to 0.21 when µ is 0.3 or 0.7. The
appearance of the square roots of the weights in (6.70) further reduces the
effect of the value of µ on allocation.

6.12.2 Numerical Results

We illustrate designs in which the parameters α and ψ are estimated from
the results for the n patients preceding patient n + 1 for whom treatment
allocation is required.

In the sequential construction of the designs, these values are estimated by
iteratively reweighted least squares, sometimes called iterative weighted least
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squares. At iteration k in the numerical procedure let the parameter estimate
be ωk. Then

GTW kGωk+1 = GTW kzk, (6.74)

where W k is the diagonal matrix of weights {wk
i } calculated using the param-

eter estimate ωk. Also in (6.74), zk is the vector of ‘working responses’ with,
for the logistic link,

zk
i = ηk

i − (yi − µk
i )/wk

i ,

where all quantities are calculated using the estimate ωk. The iteration (6.74)
starts with unweighted regression on the responses yi. In our examples, five
iterations are sufficient for convergence.

The binomial observations are simulated with known means µj . However, the
parameters cannot be estimated until some responses have been obtained. In
the calculations of this section the parameter ω is estimated by iteratively
reweighted least squares once three successes and three failures have been
obtained for each treatment. Then the estimates α̂ and ψ̂ of the parameters
in (6.63) are used to calculate the weights, and so the information matrix and
probabilities, for the various allocation rules. Before the requisite number of
successes and failures have been observed, we assume that the two treatments
are the same, with all elements of ω = 0, so that both means are 0.5 and both
weights 0.25. If the µj are quite different, the estimated information matrix
may change appreciably once the weights begin to be estimated. In calculating
the information matrix for the efficiency En (6.68), and in calculating the
losses, we use the true weights coming from the values µj used in simulating
the data.

In our simulations we take ψ = 0, although we do estimate its value for
calculation of the allocation probabilities. Figure 6.18 shows the losses for
Rules A, D, E and R from 5,000 simulations of 200 patient trials. The left-
hand panel shows the results when both binomial means are the same, and
equal to 0.5, so that p1 = 0.5, although the means have to be estimated during
the trial. Comparison with the left-hand panel of Figure 6.1 shows how little
the loss is changed due to the uncertainty arising from estimation. There are
some slight fluctuations in the curves around n = 20, but otherwise the two
figures show very similar trajectories. In comparison with the values given in
Table 6.6 for known normal variances, here the losses L̄200, in the same order,
are 1.04, 0.08, 0.55 and 4.91; apart from Rule D the maximum difference in
loss is 0.03. These allocation rules are appreciably less affected by parameter
estimation than those for unknown, but equal, normal variances in the left-
hand panel of Figure 6.16.

The right-hand panel of Figure 6.18 shows a plot of the losses for the four
rules when µ1 = 0.5 and µ2 = 0.9. The resulting allocation is not highly
skewed, with p1 = 0.375. However, the losses are similar to those for the
appreciably more skewed allocation for normal populations in the right-hand
panel of Figure 6.16 for which ρ2 = 0.2. A surprising feature of this skew
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Figure 6.18 Binomial observations. L̄n for four rules: R, random; A, Atkinson; E,
Efron’s biased coin and D, deterministic. Results of 100,000 simulations, two treat-
ments, q = 5, n = 200. Left-hand panel, equal means (p1 = 0.5); right-hand panel,
unequal means (p1 = 0.375).

binomial allocation is that Rules A, E and D all have similar losses around
n = 200.

We do not plot the allocation proportions for these rules. The general con-
clusions are similar to those from Figure 6.17 for the normal populations.
When p1 = 0.5 all four rules give allocations fluctuating around 0.5. When
p1 = 0.375 the rules’ initial allocations are close to 0.5, declining, as the trial
progresses to the asymptotic value of 0.375. For Rule R this decline is again
steady, whereas, for the other three rules, there is once more some overshoot
with a minimum of 0.32 for Rule D. The change in the allocation proportions
is more gradual than in Figure 6.17, with the minimum values for the three
rules other than D around n = 100.

Other models for binary data include the probit, complementary log-log and
arcsine links (McCullagh and Nelder 1989; Atkinson and Riani 2000, Chap-
ter 6). All have the feature that the weights wi depend on the mean µi which
in turn, from the model (6.63), depends on the unknown parameters α and ψ.
The principles of design construction are accordingly similar to those of this
section.

6.13 Gamma Data

Lifetime or survival data are important in the outcomes of many clinical trials
and the gamma distribution is often used for parametric modelling. Since the
gamma model is another special case of the generalised linear model, it is
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straightforward to use the results of §6.10 to obtain allocation rules for this
model.

It is convenient to write the density as

f(y; ν, µ) = (ν/µ)νyν−1e−ν(y/µ)/Γ(ν), (6.75)

with y, µ and ν all greater than zero and Γ(ν) =
∫∞
0
uν−1e−udu. In this form

the gamma response can be interpreted as the sum of ν exponential random
variables, each with mean µ, although ν does not have to be an integer. From
(6.75) E (Y ) = µ and varY = µ2/ν. Then the dispersion parameter and
variance function are

φ = 1/ν and V (µ) = µ2.

There is a wide choice of link functions for the gamma distribution. Often,
but not invariably, the log link log (µ) = η is found to be appropriate. This
has the desirable property that µ is positive for all values of η. However, some
data analyses indicate that other links are needed. A useful, flexible family of
links is the Box and Cox family

g(µ) = (µλ − 1)/λ = η, (6.76)

which is continuous as λ→ 0, yielding the log link. A theoretical difficulty of
this link for non-zero λ is that µ can be negative, although non-zero values are
found to be useful in the analysis of data. Atkinson and Riani (2000, §§6.8,
6.9) give examples.

Differentiation of (6.76) yields

dη

dµ
= µλ−1. (6.77)

It follows from the form of V (µ) that the weights for the gamma distribution
with this link family are

w = V −1(µ)

(
dµ

dη

)2

= µ−2λ = 1/(1 + λη)2. (6.78)

When λ = 0, that is for the log link, (6.78) shows that the weights are equal to
one. Therefore optimum designs for gamma models with this link are identical
to optimum designs for regression models with constant variance and the same
η. Thus the sequential allocation rules compared in §6.3 apply to gamma data
provided the log link is appropriate.

6.14 Loss, Power, Variability

The reduction in bias due to randomisation comes with the cost of a, usually
slight, reduction in power of tests about treatment means, which we measure
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by loss. The study by Begg (1990) and Wei (1988) are early instances of studies
of the effect of adaptive allocation on power. Yao and Wei (1996) observed
that the possible reduction in power due to adaptiveness in the allocation
might not be so serious as might be expected. In this section we summarise
results on loss, power and the variability of treatment allocations, using the
two-treatment rule of Smith (2.43).

This rule (Smith 1984b) depends on a parameter ρ ≥ 0. As ρ → 0 we obtain
random allocation and, as ρ→ ∞, Rule D. DA-optimality (Rule A) is obtained
when ρ = 2. Different values of ρ therefore range across the extreme and
intermediate rules considered here. Smith shows that the distribution of Ni,
the number of patients receiving treatment i is, asymptotically

n−1/2Ni ∼ N [1/2, 1/{4(1 + 2ρ)}]. (6.79)

For random allocation (ρ = 0) the variance is 1/4.

In his (4.3) Smith provides the result that limit of the mean bias, as n→ ∞,
is

Bn
∼= ρ
√

2/{nπ(1 + 2ρ)}. (6.80)

For fixed ρ the bias therefore decreases like n−0.5, as it does for ρ = 2 in
Figure 6.1. From (6.80) the bias is zero for random allocation (ρ = 0).

These papers do not consider models with covariates. However, the general
results of Baldi Antognini and Zagoraiou (2011) on the structure of the in-
formation matrix suggest that the distribution of the Ni is asymptotically
independent of the presence of covariates. Thus (6.79) can be expected to
hold for homoscedastic models, independently of the value of q. This assertion
is supported by unpublished simulation results of O. Sverdlov.

The asymptotic distribution of Ln comes from Burman (1996) who shows,
following Smith (1984b, §10), that

Ln ∼ X2
q /(1 + 2ρ), (6.81)

whereX2
q ∼ χ2

q. The common dependence of these properties on (1+2ρ) comes
from Smith’s results on the distribution of Dn. Simulations of the distribution
of loss for several rules are in §6.5. Burman’s result depends on the trace of a
projection matrix. Asymptotically, this is independent of the distribution of
the xi in (6.3). However, Table 1 of Atkinson (2002) suggests the effect of non-
normal distributions on the rate of convergence of the loss to its asymptotic
value. As is to be expected, skewed distributions, such as the log-normal,
produce slower convergence.

We can rewrite the definition of loss in (2.15) as a definition of efficiency
En = 1 − Ln/n. Since Ln is bounded as n increases, it follows that the effi-
ciency of the designs goes to one as n → ∞. However, the interpretation of
loss as a number of patients allows calculation of the average loss of power
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due to the randomisation rule. Hu and Rosenberger (2003) and Zhang and
Rosenberger (2006a) make the connection between power and the randomisa-
tion rule through the variance of the proportion of patients allocated to each
treatment. Hu and Rosenberger (2006a, §6.2) define three ways of defining the
required sample size depending on the definition of power under randomisa-
tion. These can readily be interpreted in terms of loss. To do so it is more
straightforward to instead define effective sample sizes.

1. Ignore the effect of randomisation: n1 = n.

2. Average effective sample size: n2 = n− Ln.

3. Distributional effective sample size. In practice, since the clinical trial hap-
pens only once, there is an appreciable probability that the power of the
actual trial will be less than that required, due to a higher than average
imbalance leading to Ln being greater than Ln. We can require a probabil-
ity of γ(> 0.5) that the power at least reaches the required value. Let Lγ

n

be the 100γ percentage point of the distribution of Ln : n3 = n− Lγ
n.

Then n1 > n2 > n3. Now we need to choose the value of n for the particular
method used to define power. The value of nj will come from the fixed de-
sign allocating nj/2 patients to each treatment in the homogeneous case with
two treatments. Then n is chosen so that the effective sample size provides a
randomised design with the requisite power. The scaled chi-squared distribu-
tion of (6.81) makes these calculations particularly easy for allocations using
Smith’s family of rules.

Hu and Rosenberger (2003) and Zhang and Rosenberger (2006a) illustrate
the effect of the distribution (6.79) on power. Numerical examples, that are
in agreement with the results of §6.3, of the effect of randomisation rules on
the power of a variety of tests are given by Shao, Yu, and Zhong (2010).

These results on loss and power apply when the design target maximises
power. But loss also provides a measure of the effect of ethical skewing on
power. Suppose that there are two treatments, no covariates, and allocations
are made in the proportion p : 1 when it is desired to test the equality of the
two treatments means, for which power is maximised when p∗ = (0.5,−0.5).
Then np/(p+ 1) patients receive treatment one and the variance of the con-
trast in the estimated treatment means is (p+1)2σ2/(4pn). The loss, compared
with equal allocation, is

Ln = {n(p− 1)2}/{(p+ 1)2}.

Unlike the loss due to randomisation, this loss is a function of n as the pro-
portional departure from balance remains constant as n increases.

This loss shows the relatively slight inferential effect of unequal allocation.
For p = 2, 3 and 4 the values of Ln are n/9, n/4 and 9n/25. Thus, even for an
80% allocation to one treatment, there is only an inferential loss of 36% of the
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patients relative to the balanced allocation. These values of loss correspond
to the power curves for testing the treatment difference such as Figure 3.1
of Rosenberger and Lachin (2002a) and the similar plot in Pocock (1983).
The effect of randomised allocation on skewed designs when p and p∗ do not
coincide can be either to increase or decrease power, depending on the shape
of the power curve at p.

6.15 Further Reading: Skewed Designs

Wong and Zhu (2008) extend the DA-optimum designs of Atkinson (1982) to
models in which the variances differ between treatments. For two treatments
they obtain the Neyman allocation of §6.8. But, for their contrast matrix A,
the extension to three or more treatments is more complicated. They also ex-
plore the robustness of their designs to misspecification of the variances, but
do not consider the properties of sequentially designed and randomised clin-
ical trials. The comparisons of Zhang and Rosenberger (2006a) cover several
allocation targets, although without covariates. They use the doubly adaptive
biased-coin randomisation method of Hu and Zhang 2004. DA-optimality is
also used by Atkinson (2014) to extend the two-treatment adjustable BCD of
Baldi Antognini and Giovagnoli (2004) to allocation rules including covariates.

Unequal allocation targets arise naturally for models in which the variances
are different. Models with binary responses have been particularly thoroughly
studied (Hu and Rosenberger 2003; Rosenberger and Sverdlov 2008) with some
interest in survival trials (Sverdlov, Tymofyeyev, and Wong 2011; Sverdlov,
Rosenberger, and Ryezenik 2013). In some cases the unequal allocation may
be so skewed that it is unacceptable. Then constrained optimisation methods
can be used to find an optimum target (Tymofyeyev, Rosenberger, and Hu
2007; Sverdlov, Tymofyeyev, and Wong 2011). Rosenberger and Hu (2004)
consider the joint problem of maximising power and minimising treatment
failures for binary responses without covariates.



Chapter 7

Optimum Response-Adaptive Designs

with Covariates

7.1 Introduction

To find adaptive designs in the presence of covariates, we adapt the skewed
designs of §6.6 to make the skewing proportions pj functions of the estimated
treatment effects α̂j . The desired adaptive allocation is found by again seeking
to minimise the variance of the linear combination (6.41)

lT1 α = ±p1α1 ∓ . . .± ptαt, (7.1)

with the proportions pj , j = 1, . . . , t such that 0 < pj < 1,
∑
pj = 1.

In general we can assume that large values of the response y are desired. If
the ranked order of the treatments is

α[1] ≥ α[2] ≥ . . . ≥ α[j] ≥ . . . ≥ α[t] (7.2)

we write the rank of treatment j as R(j). We want the frequency of allocation
of treatments with higher ranks to be greater than that of the allocation of
treatments with lower ranks.

We explore two ways of achieving this. In §7.2 we use the link-function designs
of Bandyopadhyay and Biswas (2001), explored in §4.6, to define the pj as
functions of the αj . Let J(·) be the distribution function of a random variable,
symmetric about zero and, for two treatments, let ∆ = α1−α2. Let p1 = J(∆).
Then when α1 > α2 it follows that p1 > 0.5. The function J(·) serves as a
link between the αj and the pj .

Alternatively, the allocation weights pj can be given a priori, when the target
allocation frequencies depend solely on the ranks of the treatments. Let the
target proportion of patients receiving treatment ranked j be p0

j . Then we
require that

p0
1 ≥ p0

2 ≥ . . . ≥ p0
j ≥ . . . ≥ p0

t , (7.3)

209
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with, to avoid uniform allocation, at least one inequality. With p0
1 = 1 (and

all other p0
j = 0) we obtain a form of play-the-winner rule. Less extreme rules

have the p0
j a decreasing function of j and are the subject of §7.3.

Of course, in practice the values of the αj are not known but are estimated. In
the two-treatment link-function design, allocation depends on the estimated
treatment difference ∆̂ = α̂1 − α̂2. Similarly, ordering the estimates α̂j leads

to estimated ranks R̂j . If a strict play-the-winner rule were used with p0
1 = 1,

all patients would be allocated to the treatment, perhaps mistakenly, ranked
first and there would be no check on the performance of any other treatments.
We saw the effects of this in Chapter 1. In §7.2.2 we introduce a regularisation
that ensures all treatments continue to be allocated, perhaps with a decreasing
frequency, as n increases.

We initially study the effect of regularisation on average properties of designs.
In §7.2.3 there are two treatments: the link function is used to estimate pj

and Rule A is used for covariate balance. Section 7.2.4 compares loss in in-
dividual trials for regularised and non-regularised designs. Theoretical results
on bias for four skewed rules are in §7.2.5. In §7.2.6 regularised and non-
regularised designs are compared for several rules and two treatments, with
comparisons of rules and regularisation for three treatments in §7.2.7. The
results for three treatments show most clearly the properties of regularisation
and its advantages in avoiding extreme designs; thereafter we only consider
regularised designs. In §7.3 we derive a general allocation rule in which the
probabilities pj are replaced by gains Gj from allocating each treatment. This
leads to designs targeting allocation proportions p0

j . We call this Rule G.
We prove asymptotic results about the information matrix for this rule and
compare four rules through the power of the test for equality of treatments.
As a final illustration of the properties of Rule G, we redesign the trial re-
ported by Tamura et al. (1994) and show an appreciable increase in patients
receiving the better treatment, compared with the play-the-winner rule of
the original design. Some references to inference for these covariate-adjusted
response-adaptive (CARA) designs are in §7.7.

7.2 Link Function-Based Adaptive Design

7.2.1 Link Function

Two treatments.

We start with two-treatment designs in which the target allocation proportions
are determined by use of a link function. As in §4.6 we take the adaptive
probability of allocating treatment one as

πBB(1|xn+1) = Φ{(α̂1 − α̂2)/T }, (7.4)
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where the parameter T controls the relationship between the probability and
the scale of the difference between α̂1 − α̂2. The allocation probabilities thus
depend on the difference between treatment means, but not on the overall
mean. Bandyopadhyay and Biswas (2001) show that the limiting proportion
of allocations to treatment 1 is p0

1 = Φ{(α1 − α2)/T }.
Since, in (7.4) there is no interaction between the treatments and the covari-
ates, this rule does not depend on xn+1. With two treatments we continue to
write p1 = p. Then, to combine the adaptive nature of this design with the
balance and randomness of the biased-coin designs of §6.2, we estimate the
skewing proportion p by

p̂ = Φ{(α̂1 − α̂2)/T }.

That is, from the results of n trials we calculate the estimates of the treatment
effects and use p̂ in the calculation of dA(j, n, zn+1). We then apply one of the
allocation rules of §6.6.3. As it becomes clearer that treatment 1 is superior to
treatment 2, the allocation proportion converges to p0 = Φ{(α1 − α2)}, with
the speed of convergence depending on the allocation rule.

More than two treatments.

Now suppose there are t > 2 treatments. After n patients have been treated
the estimated treatment parameters are α̂j . To extend the adaptive design
criterion to more than two treatments we need to preserve the invariance of
the procedure to the overall treatment mean. Accordingly let

ᾱ =

t∑

j=1

α̂j/t and ∆̂j = α̂j − ᾱ.

As before, we use the cumulative normal distribution to obtain estimated
coefficients p̂j by setting

p′j = Φ(∆̂j/T ) and p̂j = p′j/
t∑

k=1

p′k. (7.5)

For t = 2 this reduces to the design procedure given above except that the
standard deviation T is replaced by 2T

7.2.2 Regularisation

A problem with adaptive designs is that the observational errors may lead to
poor parameter estimates. As a result, the design may be highly unbalanced
and the inferior treatment may be allocated to too many patients.
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In simulating adaptive designs we explored the consequences of regularising
the design to ensure that each treatment continued to be allocated through-
out the trial. The problem is particularly severe at the beginning of the trial.
For two treatment designs we chose to allocate five of the first ten patients
to treatment one and the other five to treatment two. It is probably safe to
say that this simple rule would have avoided the difficulties in the analysis
of the ECMO trial. Thereafter we regularised the design to ensure that each
treatment continued to be allocated throughout the trial. A simple rule would
be to insist that each treatment was allocated to at least a proportion rmin

of the patients. We chose a slightly more complicated rule to ensure that
each treatment continued to be allocated, albeit with a decreasing frequency,
throughout the trial. Following the initial equal allocation, if the number allo-
cated to either treatment was below

√
n, that treatment was allocated when

n was an integer squared. For designs with up to 800 patients, five of whom
are allocated initially to each treatment, the first regularisation could occur
when n = 36 and the last when n = 784. There is nothing special about

√
n:

we only require a sequence that avoids too extreme allocations.

7.2.3 Regularisation and Average Properties

In this section we illustrate the effect of regularisation on the average prop-
erties of the designs. In general, the comparison of response-adaptive designs
is more complicated than that of the designs introduced in Chapter 6. Since
adaptive designs depend on the observed values of the yn their properties are
functions of not only the allocation rule, the number of trials and of the num-
ber of covariates, but also depend on the expected responses to the different
treatments and on the error variance.

We start with designs for two treatments (t = 2) with q = 5, and up to
800 patients. We take α1 − α2 = 0.6745 which, with T = 1, gives a value of
0.75 for the probability in (7.4). This choice simplifies comparisons with the
results of §6.3. The properties of the design will also depend on the error of
measurement σ. Larger values of σ will obscure the true treatment difference
and lead to designs in which the allocation proportions converge more slowly
to the desired value of p0.

Figure 7.1 shows losses for four values of σ when allocation is made with the
link function combined with Rule A. The designs in the left-hand panel are not
regularised, whereas those in the right-hand panel are. Reading upwards from
the bottom the four values of σ are 0.4, 0.8, 1.1 and 1.5. These losses show
an appreciable effect of σ, with the curves being similar in shape, although
different in numerical values, for the two cases.

For σ = 0.4 the average losses behave much as the earlier results in Figure 6.1;
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Figure 7.1 Adaptive designs: link function and Rule A: average loss L̄n for four
values of σ. Reading up, σ = 0.4, 0.8, 1.1 and 1.5. Left-hand panel, not regularised;
right-hand panel regularised. Averages of 100,000 simulations, q = 5, p0 = 0.75.

Table 7.1 Properties of regularised and unregularised designs from 100,000 simula-
tions with n = 800, p0 = 0.75 and q = 5 as σ increases. Link function and Rule A:
average loss L̄800, allocation proportion r̄tot95 and average bias B̄150.

Unregularised Regularised
σ L̄800 r̄95 B̄150 r̄tot50 L̄800 r̄95 B̄150 r̄tot50

0.4 1.745 0.757 0.508 0.730 1.743 0.758 0.504 0.730
0.8 3.501 0.764 0.514 0.726 3.496 0.764 0.510 0.726
1.1 5.896 0.774 0.529 0.719 5.751 0.772 0.522 0.718
1.5 13.577 0.787 0.566 0.706 10.571 0.783 0.550 0.702

that is, there is a decrease to an almost constant value. The numbers in Ta-
ble 7.1 show that this is around 1.745 whether or not we regularise, as opposed
to the value close to one for unskewed or skewed allocations found in Chap-
ter 6. For the other values of σ, the averages losses initially increase due to the
occasional misordering of the treatments before they begin to decrease with
increasing n. For the unregularised rules with σ = 1.5 the maximum value of
16.08 is at n = 349, with L̄800 = 13.58.

For the regularised rules with σ = 1.5 the maximum value of L̄800 is a smaller
12.12 at n = 323, with L̄800 = 10.73. Comparison of the two panels of the
figure shows that regularisation appreciably reduces the average loss at the
two higher values of σ.
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Figure 7.2 Adaptive designs: link function and Rule A: average loss L̄n. Detail of
Figure 7.1 showing effect of regularisation on average loss.

Careful scrutiny of the right-hand panel, particularly the topmost curve, shows
a slight zig-zag pattern. Figure 7.2 repeats the two upper curves for values
of n up to 200. It is now clear that this pattern is caused by the operation
of the regularisation rule. The first dip is at n = 36, the second at n = 49
and so on for n = i2, i an integer. The slight decrease in loss is caused by the
regularisation, making the design slightly more balanced and so the allocation
proportion a little closer to the correct 0.75.

The figures indicate a reduction in loss due to regularisation. The two panels
of Figure 7.3 show the evolution of the proportion of allocations at each n, r̄n.
The effect of regularisation is evident in the right-hand panel, particularly for
the top curve with σ = 1.5. The dips in r̄n arise from the correction to trials
which have fewer than

√
n patients on treatment 2. Otherwise the values of

the ratios in the two curves are virtually indistinguishable. Table 7.1 gives the
numbers for r̄95, a value of n, not an integer squared, for which the curves
are far apart. The general conclusion is that increased variance of observation
causes increased imbalance in the early stages of the trial, which, on average,
is corrected by allocation proportions greater than 0.75 as the correct value
of p0 is established.

Figure 7.4 gives the complementary plots for the average cumulative alloca-
tion proportions r̄totn . These confirm the impression from Figure 7.3 that the
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Figure 7.3 Adaptive designs: link function and Rule A: average proportion r̄n al-
located to the better treatment for four values of σ. Reading up at n = 100,
σ = 0.4, 0.8, 1.1 and 1.5. Left-hand panel, not regularised; right-hand panel regu-
larised. Averages of 100,000 simulations, q = 5, p0 = 0.75. The effect of regularisa-
tion is dramatically evident.
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Figure 7.4 Adaptive designs: link function and Rule A: r̄totn , average cumulative
allocation proportion of the better treatment for four values of σ. Reading up at
n = 400, σ = 0.4, 0.8, 1.1 and 1.5. Left-hand panel, not regularised; right-hand panel
regularised. Averages of 100,000 simulations, q = 5, p0 = 0.75.
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Figure 7.5 Adaptive designs: link function and Rule A: average bias B̄n for four
values of σ. Reading up at n = 100, σ = 0.4, 0.8, 1.1 and 1.5. Left-hand panel,
not regularised; right-hand panel regularised. Averages of 100,000 simulations, q =
5, p0 = 0.75.

average allocations for regularised and unregularised designs are very similar;
the effect of the regularising allocations at n = i2, that are a feature of Fig-
ure 7.3, are sufficiently slight, on average, not to show in the right-hand panel
of Figure 7.4. The largest difference between the two panels of Figure 7.4 is
in the curve for the highest value of σ.

There seem to be clear advantages to regularisation. A possible penalty might
be the increased bias due to being able to guess correctly which treatment is
to be allocated when n is an integer squared. With p = 0.75 and a balanced
design, the probability of allocating treatment 1 is 0.75. If treatment 1 is
always guessed to be allocated under such conditions, the probability of being
correct is 0.75, whereas it is 0.25 of being wrong. The expected proportion of
correct guesses is therefore 0.5. The two panels of Figure 7.5 show the average
biases B̄n converging to this value. For smaller n (below about 100) the bias is
larger for designs with larger values of σ. Otherwise, there is no visible effect
of the regularisation. The numbers in Table 7.1 for B̄150 also reveal no effect
of regularisation on bias, presumably because the proportion of trials which
are corrected is small.
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Figure 7.6 1,000 individual adaptive designs: boxplots of loss Ln. Left-hand panel:
not-regularised; right-hand panel, regularised. Link function and Rule A, q = 5, p0 =
0.75, σ = 1.1.

7.2.4 Individual Trials

The purpose of regularisation is to avoid individual trials that become appre-
ciably unbalanced. It is therefore perhaps not surprising that the procedure
has little effect on most of the average properties of designs, although Fig-
ure 7.1 reveals an appreciable effect on loss. In this section we look at the
effect on individual trials.

Figure 7.6 shows boxplots of the individual values of the loss Ln for 1,000
simulations of a designs using Rule A with σ = 1.1. Non-regularised designs
are in the left-hand panel and regularised designs in that on the right. The
difference is striking. The important distinction is not so much the single
unregularised trial which has a loss of 255 at n = 400 as the comparatively
larger number of high losses at lower values of n.

Figure 7.7 shows a detail of Figure 7.6 that emphasises the effect of regular-
isation in the earlier stages of the trial. For values of n in the range 100 to
250 there are several trials for which the loss is greater for the unregularised
trials than for those that are regularised. That these are only around 1% of
the trials is not important, since the purpose is to guard against the, perhaps
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Figure 7.7 1,000 individual adaptive designs: boxplots of loss Ln. Detail of Figure 7.6
Left-hand panel: not-regularised; right-hand panel, regularised. Link function and
Rule A, q = 5, σ = 1.1, p0 = 0.75. The difference is most marked around n = 200.

unique, very unbalanced trial, as this might be the one provided by the ran-
domisation scheme. These larger losses can be caused by incorrect ordering of
the treatments, or by correctly ordered treatments for which the values of the
pj are sufficiently far from the target p0

j as to give suboptimal allocations and
so an appreciable loss.

The cumulative allocations rtotn for the individual designs are shown in Fig-
ure 7.8. The important feature is in the comparison of the top left-hand corners
of the two panels, that is, in those trials for small n which have values of rtotn

close to 1. Table 7.2 lists the number of trials n+ out of 1,000 with proportions
of observations rtotn exceeding the bound r+n used in regularisation. As might
be expected, the effect of regularisation is most marked when n = 50 or 100,
when over 5% of the trials are beyond this bound. If the trial stops with these
numbers of patients, there is then an appreciable chance of an unbalanced
design with the consequent loss of efficiency.

A second feature of Figure 7.8 is that the regularised designs have slightly
different distributions of values of rtotn from the unregularised designs. The
upper tail of the distributions for the regularised designs are more compact
due to application of the bounds r+n . The lower tails of these distribution, at
least in this figure, are slightly less compact. However, the large differences in
loss are caused by trials in which too few patients are allocated treatment 2.
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Figure 7.8 1,000 individual adaptive designs, link function and Rule A: boxplots of
rtotn , cumulative proportion of allocations of the better treatment. Left-hand panel:
not-regularised; right-hand panel, regularised. Rule A, q = 5, σ = 1.1, p0 = 0.75.

Table 7.2 Number n+ of unregularised designs out of 1,000 in Figure 7.8 with cumu-
lative proportions of observations rtotn exceeding the bound r+

n used in regularisation.

n 50 100 150 200 250

r+n 0.86 0.9 0.92 0.93 0.94
n+ 52 57 24 9 4

7.2.5 Bias

Figures 6.12 and 6.13 show the losses for four classical rules for non-adaptive
skew designs with p = 0.75. Before we numerically compare these rules for
bias and loss when they are applied to adaptive designs, we first obtain some
theoretical results for the biases for skewed design. We continue to use the
definition of bias as the expected numbers of correct guesses minus the ex-
pected number of incorrect guesses. The success in guessing, and so the bias,
will accordingly depend on the rule used to guess.

Rule D. Treatment 1 will be allocated if dA(1, n, zn+1) > dA(2, n, zn+1). So
guess that treatment for which dA(j, n, zn+1) is larger. This can always be
correctly ascertained, so Bn = 1.

This calculation is of the probability of correctly guessing the next allocation.
It has nothing to do with whether this is in fact the better treatment.
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Rule R. The probability of allocation depends solely on which treatment is
believed to be better, but not on the value of dA(j, n, zn+1). So guess the
treatment for which pj > 0.5. Let this value be p. Then the probability of a
correct guess is p and of an incorrect guess is 1− p so that Bn = p− (1− p) =
2p− 1. Of course if p = 0.5, which is unlikely since it requires that α̂1 = α̂2,
it does not matter which treatment is guessed.

Rule A. For Rule A, as for the Bayesian rules, the probability of allocation
in (6.42) depends on the values of dA(j, n, zn+1) weighted by pj . For two
treatments, guess that treatment for which pjdA(j, n, zn+1) is greater.

The values of the dA(j, n, zn+1) depend on n. For small n the values can be
quite dissimilar, especially if the preferred allocation in the adaptive design
has just changed. Then the probability of allocation of the preferred treatment
given by (6.42) can be appreciably larger than a half, so that correct guessing is
easy. However, as the trial progresses, the values of the dA(j, n, zn+1) fluctuate
less and guessing becomes less easy. The value of Bn then tends to the value
for random guessing, that is 2p− 1.

Rule E. The analysis of Efron’s rule is more delicate. For two treatments
(6.44) when dA(1, n, zn+1) > dA(2, n, zn+1), the probability of allocating
treatment 1 is 2p1/(1 + p1), which is greater than 0.5 when p1 > 1/3, so
that treatment 1 should be guessed. On the other hand, if dA(1, n, zn+1) <
dA(2, n, zn+1), the probability of allocating treatment 1 is p1/(2 − p1), which
is greater than 0.5 when p1 > 2/3. Only then should treatment 1 be guessed.

The left-hand panel of Figure 7.9 shows the biases for the four classical rules
estimated from 100,000 simulations with σ = 0. In the absence of observational
error, the adaptive scheme is the same as that for skewed designs and the
probability of allocating treatment one is 0.75. Reading down from the top
of the figure the rules are D, A, E and R. The values for Rules D and R are
constant. The value for Rule D is one, just as it was in Figure 6.1. However,
the constant value for Rule R is now 0.5, that is 2p− 1, when p = 0.75. The
other two rules, A and E start off with biases greater than 0.5, in the case of
Rule A close to 0.8, but both have declined to 0.5 around n = 120.

The behaviour for Rule A is similar to that in Figure 6.1 except that there was
a continuing decline to the value of zero. The behaviour for Rule E is different
for skewed and unskewed designs. Here there is again a gradual decline to the
value of 0.5, although the biases for small n are less than those for Rule A.
In Chapter 5 Rule E had a constant value of 1/3 for Bn. The argument above
shows that, with p1 = 0.5, the treatment with the larger value of dA(j, n, zn+1)
should be guessed. The probability that this guess is correct is 2/3. For larger
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Figure 7.9 Skewed designs, average bias B̄n. Left-hand panel, classical rules; reading
down at n = 20: D, A, E and R. Right-hand panel, Bayes rules; reading down at
n = 20: γ = 0.01, 0.03.0.1 and 1. Averages of 100,000 simulations, q = 5, p0 = 0.75
(σ = 0, no observational error).

values of p1 Bn is not constant but initially greater than the asymptotic value
of 2p1 − 1.

The Bayes rules start off with an emphasis on balance; the emphasis on ran-
domisation increases with n. As the right-hand panel of Figure 7.9 shows, the
biases start high, like those of Rule D, but rapidly decrease to the value of
0.5, typical of Rule R as well as of Rules A and E. Reading down in the figure
for small n the four curves are for γ = 0.01, 0.03, 0.1 and 1. As the lowest
curve shows, the value of γ = 1 gives a rule for which Bn is similar to that for
random allocation.

The four curves for bias of the Bayesian rules in Figure 7.9 are to be compared
with those for the bias of the unskewed designs in Figure 6.2. The structure
of the two sets of curves is similar, except that, for the skewed designs, the
lower asymptote is 0.5, whereas it is zero for the unskewed designs as they
become increasingly like random allocation as n grows. Apart from random
allocation, all rules for these skewed designs are showing a value of bias that
has an asymptote of 2p− 1. Since the value of p indicates which treatment is
to be allocated more often, it is easier to make correct guesses when p is not
equal to 0.5.
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Figure 7.10 Regularised two-treatment adaptive designs, link function; average loss
L̄n. Left-hand panel, classical rules; reading down at n = 800: R, A, E and D.
Right-hand panel, Bayes rules; reading down at n = 800: γ = 1, 0.1, 0.03 and 0.01.
Averages of 100,000 simulations, q = 5, σ = 1.1, p0 = 0.75.

7.2.6 Two-Treatment Adaptive Designs

We now compare the eight rules of Figure 7.9 for the generation of two-
treatment adaptive designs when the link function (7.4) is used to convert
treatment differences into probabilities for skewed allocation.

In §7.2.3 we used the adaptive form of Rule A to compare the average prop-
erties of regularised and unregularised designs. The argument was extended
to individual trials in §7.2.4. As a consequence of these comparisons we only
consider designs that are regularised. In Figure 7.1 we presented results for
loss for four values of σ. Here we take σ = 1.1, large enough to illustrate the
effect of adaptive allocation, but small enough that the asymptotic properties
of the designs are becoming apparent by the time n = 800. As before we take
the treatment difference ∆ such that p0

1 = 0.75.

Figure 7.10 shows the plots of average loss from 10,000 simulations when q = 5.
Comparison of the two panels of the figure with those of average losses for
skewed, but non-adaptive, designs in Figures 6.12 and 6.13 shows appreciable
increases in loss. At n = 800 this is around seven for Rule R, five for Rules A
and E and four for Rule D.

Rules A, D and E show a similar structure as functions of n: an initial decrease
in loss is followed by a period of increase due to designs for incorrect estimates
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Figure 7.11 Regularised two-treatment adaptive designs, link function; average bias
B̄n. Left-hand panel, classical rules; reading down: D, A, E and R. Right-hand panel,
Bayes rules; reading down: γ = 0.01, 0.03, 0.1 and 1. Averages of 100,000 simula-
tions, q = 5, σ = 1.1, p0 = 0.75.

of p. Eventually, as the trial progresses, the estimates improve and the average
loss starts gradually to decrease. On the contrary, the average loss for Rule R
increases steadily with initial values of n and has not started to decrease even
when n = 800. The structure for the four Bayesian rules in the right-hand
panel of Figure 7.10 is initially similar to that for Rule D, but then tends to
that of Rule R as these rules become increasingly like random allocation.

The comparisons of bias in Figure 7.11 yield plots which are similar to those
we have already seen in Figure 7.9. The bias for Rule D is one. Otherwise,
the biases of all rules steadily decrease to the asymptotic value of 2p− 1, here
0.5. However, although the figures look superficially indistinguishable, there
is an important difference. Comparison of the panels at n = 100, for example,
shows that the biases for the skewed rules are close to the asymptotic value,
whereas those for some of the adaptive designs are still distinct. The effect of
not knowing p is again apparent.

In §7.3 we demonstrate the properties of rules which target allocation pro-
portions. The results in Table 7.3 indicate that these adaptive designs have
reduced loss.
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Figure 7.12 Three-treatment adaptive design with σ = 1, average loss L̄n. Left-
hand panel, unregularised designs; right-hand panel regularised. Averages of 100,000
simulations, q = 5; p0 = (0.8, 0.15, 0.05).

7.2.7 Adaptive Design for Three Treatments

We now extend the study of link-function adaptive designs from the two treat-
ments that have been the focus of this chapter and look at designs for three
treatments. Interest is in the effects of regularisation on loss and on the allo-
cation proportions, with a focus on the properties of individual trials. In order
to reveal the effect of regularisation, we investigate designs with unbalanced
target probabilities. In the link (7.5) we select the values of the true αj to
give target proportions p0

j equal to 0.8, 0.15 and 0.05. The small value of p0
3 is

chosen on purpose to provide designs that are sensitive to regularisation. We
design to estimate the linear combination (A3) (lT = 0.8,−0.15, 0.05), with
q = 5 and σ = 1.0.

Figure 7.12 shows the average losses L̄n for values of n up to 800 for the
four classical rules – R, A, E and D; regularised designs are in the right-hand
panel of the figure, with non-regularised designs in the left-hand panel. In
these simulations, three of the first nine patients are allocated to each treat-
ment. Thereafter, if the number allocated to any treatment is below

√
n, that

treatment is allocated when n is an integer squared. For our 800 trial design
with 3 patients allocated initially to each treatment, the first regularisation
can occur when n = 16 and the last when n = 784. The effect of the regulari-
sation is that the proportion allocated to treatment 3, r3,n, is forced to have
values above 0.05 until n = 400. However, we only check for this limit when
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n is exactly an integer squared. The proportion may therefore be below 1/
√
n

until the correction is made.

Comparison of the two panels of Figure 7.12 shows that the decrease in the
average loss L̄800 due to regularisation is around three to four for Rules A,
E and D with a larger value of around 6 for Rule R. These decreases are
approximately one unit larger than the decreases in average loss for the two-
treatment design shown in Figure 7.12. The actual value of the decrease will
depend on the number of treatments, and the values of the parameters σ and
αj as well as the value of n for which comparisons are made.

A further effect is also clear in the right-hand panel of Figure 7.12, especially,
but not only, in the trace for Rule D. This is similar to the pattern seen in
Figure 7.2. Here the sawtooth pattern of increases in loss for n < 400 occurs
at each point when n is an integer squared and some designs are being forced
to move away from the optimum since regularisation requires that r3,n should
be above 0.05. Around n = 400 the effect of the regularisation does not show.
Above that, the effect is a decrease in loss as designs for which r3,n is too
low are being forced towards the optimum. These effects are small compared
with the overall effect of the regularisation which is, for these values of p0

j , to
prevent designs from having extremely small values of r3,n.
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Figure 7.13 Three-treatment adaptive design with σ = 1: 1,000 individual adaptive
designs: boxplots of loss Ln. Left-hand panel: not-regularised; right-hand panel, reg-
ularised. Rule A, q = 5; p0 = (0.8, 0.15, 0.05), σ = 1.1.
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The effect of regularisation on the properties of individual trials is dramatic.
The left-hand panel of Figure 7.13 shows boxplots of the distribution of 1,000
values of Ln for n from 100 to 800 for the unregularised design, with the
regularised designs in the right-hand panel. The difference is clear. For all the
values of n in the figure, the distribution of losses for the unregularised designs
has a comparatively longer upper tail than that for the regularised designs. It
is these trials that cause the average loss in Figure 7.12 to be higher for the
unregularised designs.

We now consider the effect of regularisation on the total proportions rtotj,n of
patients in each trial being allocated treatment j.

The left-hand panel of Figure 7.14 shows boxplots for the values of rtot1,n for
the unregularised design when the target proportion for the best treatment p0

1

is 0.8. From n = 200 this is centered close to the target value with a spread
that decreases as n increases.

The plot of rtot1,n for the regularised design in the right-hand panel of Figure 7.14
is very different, particularly for n = 100, where the value is well below the
target. This arises from the constraints from regularisation on the values of
the other proportions rtot2,n and rtot3,n, both of which must be ≥ 0.1 for n = 100.

Then rtot1,n has a maximum value of 0.8, which maximum is evident in the
figure. When n = 200, the lower bound on the two proportions is 0.07, so that
the maximum value of rtot1,n is 0.86. The regularisation now no longer forces

0
.6

0
0
.6

5
0
.7

0
0
.7

5
0
.8

0
0
.8

5
0
.9

0

 200  400  600  800

number of patients

ra
ti
o

 1

Not-regularised

0
.6

0
0
.6

5
0
.7

0
0
.7

5
0
.8

0
0
.8

5
0
.9

0

 200  400  600  800

number of patients

ra
ti
o

 1

Regularised

Figure 7.14 Three-treatment adaptive design with σ = 1: 1,000 individual adaptive
designs: boxplots of rtot1,n, the proportion of allocations to treatment one in each trial
when p0

1 = 0.8. Left-hand panel: not-regularised; right-hand panel, regularised. Rule
A, q = 5, σ = 1.
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Figure 7.15 Three-treatment adaptive design with σ = 1: 1,000 individual adaptive
designs: boxplots of rtot2,n, the total proportion of allocations to treatment two in each
trial when p0

2 = 0.15. Left-hand panel: not-regularised; right-hand panel, regularised.
Rule A, q = 5, σ = 1.

particularly low values of rtot1,n; the figure shows how central values of the ratios
increase towards 0.8 as n becomes large.

The plots for allocation to treatment two are in Figure 7.15. The unregularised
designs in the left-hand panel show greater spread than the regularised designs
in the right-hand panel. One feature of the unregularised designs is that there
is one trial in which treatments 2 and 3 are misordered, with an allocation
less than 0.05 to the second treatment. Such low allocations cannot happen
with the regularised design and the minimum values for n = 100 and 200 are,
respectively, the bounds 0.1 and 0.07.

The final plot, Figure 7.16, shows the allocations for treatment 3. The trial
that had too low an allocation to treatment 2 has an allocation of around 0.15
for treatment 3 and is the trial that produced the exceptionally high losses
in Figure 7.13. Otherwise the allocation proportions converge towards 0.05,
although with an appreciable number of trials with much smaller values of
rtot3,n. The right-hand panel for the regularised designs in contrast very clearly
shows the effect of regularisation. The minimum value of the ratio is 0.1. With
only 100 patients, other possible values are 0.11, 0.12 and so forth. Only nine
values occur. As n increases, the central value decreases to 0.05 from above,
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Figure 7.16 Three-treatment adaptive design with σ = 1: 1,000 individual adaptive
designs: boxplots of rtot3,n, the total proportion of allocations to treatment three in each
trial when p0

2 = 0.15. Left-hand panel: not-regularised; right-hand panel, regularised.
Rule A, q = 5, σ = 1.

with some trials having higher values of the ratio; regularisation excludes the
low values evident in the unregularised design.

These figures provide quantitative evidence that the effect of the regulari-
sation is that, by ensuring occasional measurements from patients receiving
treatment 3, consistent estimates of, in particular, α3 are obtained; in con-
sequence, under-estimates of the parameters at the start of the trial do not
cause continuing serious departures from the optimum allocation.

7.3 Adaptive Designs Maximising Utility

7.3.1 Designs That Target Allocation Proportions

The link function (7.5) provides designs in which the extent of skewing of the
allocation proportions towards the better treatments depends on the magni-
tude of the estimated differences between the treatment effects. In this section
we instead derive designs in which the target allocation proportions depend
on the ranking of the estimated treatment effects, but not on the magnitudes
of the differences ∆j . The rule comes from an extension of the utility of Ball
et al. (1993) introduced in §6.2.2.

The designs are very simply specified by the vector of required probabilities
p0 of allocating the ordered treatments and by the parameter γ, introduced
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in §6.2.2 that specifies the balance between randomness and informative allo-
cation.

7.3.2 Utility

In order to balance parameter estimation and randomisation in §§6.2.2 and
6.6.4, our sequential version of the procedure of Ball et al. (1993) found designs
maximising the utility U = UV − γUR, where the contribution of UV was to
provide estimates with low variance, whereas UR provided randomness.

With πj the probability of allocating treatment j, the utility UV equals∑t
j=1 πjφj , where φj is a measure of the information from applying treat-

ment j. As before, we will define this in terms of DA-optimality.

To combine randomness with greater allocation to the better treatments, we
introduce a set of gains G1, . . . , Gt, with G1 > G2 ≥ . . . ≥ Gt when

UR =

t∑

j=1

πj(−GR(j) + log πj). (7.6)

In (7.6) R(j) is the rank of treatment j. When all Gj are equal, minimisation
of UR leads to random allocation with equal probabilities. Distinct Gj skew
allocation towards the better treatments.

As in §A.2, to maximise the utility U subject to the constraint
∑t

j=1 πj = 1,
we introduce the Lagrange multiplier λ and maximise

U =

t∑

j=1

πjφj − γ

t∑

j=1

πj(−GR(j) + log πj) + λ




t∑

j=1

πj − 1



 . (7.7)

Since the Gj occur in U with a positive coefficient, maximisation of U gives
large values of πj for treatments with larger GR(j). Differentiation of (7.7)
with respect to πj leads to the t relationships

φj − γ(−GR(j) + 1 + log πj) + λ = 0, (7.8)

so that all quantities
φj/γ +GR(j) − log πj

must have the same value. Since
∑t

j=1 πj = 1, we obtain

πj = {exp(φj/γ +GR(j))}/S = {exp(ψj/γ)}/S, (7.9)

where
ψj = φj + γGR(j) (7.10)
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and

S =

t∑

j=1

exp{(φj/γ) +GR(j)} =

t∑

j=1

exp(ψj/γ). (7.11)

If φj is the information obtained by applying treatment j, the utility is max-
imised when the probability of allocating treatment j is

πj =
exp{(φj/γ) +GR(j)}∑t

j=1 exp{(φj/γ) +GR(j)}
. (7.12)

The gain from allocation of the treatment with rank R(j) is GR(j), so that
the Gj skew allocation towards the better treatments. For DA-optimality the
probability of allocation of treatment j in (7.12) is

π(j|xn+1) =
{1 + dA(j, n, xn+1)}1/γ exp{GR(j)}∑t
i=1{1 + dA(i, n, xn+1)}1/γ exp{GR(j)}

. (7.13)

7.3.3 Gain and Allocation Probabilities: Rule G

We now specify the gains GR(j) in terms of the target probabilities p0 and
then select the coefficients A to reflect p0.

At the optimum design, that is, when there is balance across all covariates,
all dA(j, n, xn+1) are equal and the treatments are correctly ordered. Then,
from (7.13)

π(j|xn+1) = p0
R(j) =

exp{GR(j)}∑t
i=1 exp{GR(i)}

. (7.14)

The probabilities of allocation in (7.13) and (7.14) are unaltered if we replace
GR(j) with

Gc
R(j) = GR(j) + c.

We choose c so that
∑t

i=1 exp{Gc
R(i)} = 1. Then (7.14) becomes

Gc
R(j) = log p0

R(j)

and the allocation probabilities (7.13) have the simple form

π(j|xN+1) =
{1 + dA(j, n, xn+1)}1/γp0

R(j)∑t
i=1{1 + dA(i, n, xn+1)}1/γp0

R(i)

, (7.15)

provided the ranking of the treatments is known. Thus, in designing the trial,
the p0

j are the fundamental quantities which are to be specified, rather than
the gains Gj . Despite this, for comparative purposes we refer to this procedure
as Rule G.
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The form of (7.15) is similar to that of the skewed Bayesian optimum designs
derived in §6.46 except that here the values of the coefficients pj depend on
given values p0

j and on the ranking of the treatments. The structure of these
probabilities is similar to those for the designs investigated in §7.2 except
that there the probabilities were calculated from a link function reflecting the
estimated differences ∆̂j . In §7.4 we compare the performance of operational
versions of these two rules.

7.3.4 An Operational Rule

The target probabilities p0
j (7.3) are ordered; so, therefore, are the allocation

probabilities (7.15). In practice the treatment effects, and so the ordering of
the treatments, is estimated. In calculating the probabilities of allocation in
(7.15) we replace p0

R(j) with coefficients pj = p0
R̂(j)

, where the R̂(j) are the

ranks of the estimates α̂j . These same values pj are used in calculating the
coefficients for DA-optimality.

With just two treatments we must have p0
1 > p0

2, if there is to be any adap-
tation in the design. Then, with α1 > α2, treatment 1 will eventually be allo-
cated in a proportion p0

1 of the trials, regardless of the value of δ = α1 − α2.
Of course, if δ is small relative to the measurement error, in many of the
initial trials, α̂1 < α̂2 and it will seem that treatment 2 is better. Then the
allocation will be skewed in favour of treatment 2 with probability p0

1, that is,
pR̂(2). When â1 > α̂2, treatment 1 will be preferred. If the trial is terminated
before a clear difference between the treatments has been established, each
treatment may have been allocated to around half the patients.

Related forms of rules are possible. For example, we could extend (7.14) by
introducing a tolerance region into the calculation of the p0

j . If the α̂j suggest
that the differences in some αj are not technically significant, we could take
those values of p0

j equal, so ensuring equal target allocation probabilities.

Decreasing the size of this tolerance region as n−1/2 would relate the gains p0
j

to statistical significance.

7.3.5 Asymptotic Properties

Inference for effects in adaptive designs requires care. See, for example, the
discussion of the ECMO trial in Begg (1990). In our model (6.3) the errors are
conditionally independent and we use least squares to estimate the parameters.
However, the allocation in general depends on the earlier responses and so the
observations are not independent. In Appendix 3 we use results of Lai and
Wei (1982) on stochastic regression models to give an asymptotic justification
for least squares and to prove the convergence of the allocation probabilities
to the targets p0

j .
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The asymptotics of our rule are simpler to analyse than those for the large class
of allocation rules analysed by Zhang et al. (2007). Once the treatments are
correctly ordered, the allocation probabilities no longer depend on the earlier
responses. The information matrix is then that for ordinary least squares;
equation (3.4) of Zhang et al. (2007) rather than equation (3.3). In §7.4 we
see how good this information matrix is for n as small as 25. Further references
on inference for response-adaptive trials are in §7.7.

7.4 Power Comparisons for Four Rules

The purpose of adaptive designs is to allocate the better treatment to more
patients. The results in §7.2.3 show that one effect is to increase the proba-
bility of guessing which treatment will be allocated next. A second effect of
unequal allocation is slightly to increase the variance of the estimated treat-
ment differences. This is part of the cost that has to be paid for adaptive
allocation.

To be specific, with two treatments the difference α̂1 − α̂1 is estimated with
minimum variance when the allocation is equal. For unequal allocation p the
variance increases by a multiplicative factor 1/{4p(1−p)}. We investigate the
effect of this increased variance on the power of the test for the equality of the
treatment effects in the presence of covariates. With the information matrix
GTG as in §6.1, let V = (GTG)−1, when the test statistic is

t∆ =
α̂1 − α̂2√

s2(V1,1 + V2,2 − 2V1,2)
. (7.16)

In (7.16) Vi,j is the (i, j)th element of V and s2 is the residual mean square
error estimate of the error variance σ2. Under the null hypothesis of no treat-
ment effect (7.16) will have a t distribution on n − q − 1 degrees of freedom
in the absence of any effect of the adaptive design on the distribution of the
parameter estimates.

We now compare the distribution of the test statistic (7.16) for four rules with
a particular emphasis on the power of the test for the hypothesis of equality
of the two treatment effects:

Rule 1. Random allocation, that is, Rule R with p0 = 0.5. The preceding
argument about variance and balance shows that this rule should produce an
allocation with the highest power. The important question is, by how much?

Rule 2. Random allocation but with a specified value p0
1 of allocating the

treatment estimated to be better, that is, the one for which α̂j is larger. Neither
Rule 1 nor Rule 2 use information on the covariates of the new patient.
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Rule 3. For one rule that includes covariate information we use the link-
function-based adaptive procedure of §7.2 to calculate the allocation proba-
bilities combined with Bayesian DA-optimality, §6.2.2.

Rule 4. The utility maximising Rule G of §7.3.3. This differs from Rule 3
solely in the calculation of the pj . Here, as in Rule 2, they are determined by
the ordering of the treatment effects, the magnitude of the difference being
ignored.

We compared these four rules with t = 2 and q = 5 for up to 200 patients. We
used three values of ∆ = α1−α2: 0.3, 0.5 and 0.8 and took the error standard
deviation σ = 1. For Rules 2 and 4 we had a probability of allocation to
the better treatment p0

1 = 0.8. For fair comparison with Rule 3 we took the
scalar parameter T in (7.4) as 0.5941, so that Φ(∆/T ) also equalled 0.8 when
∆ = 0.5. All designs were regularised. The power calculation counted the
proportion of times the statistic (7.16) was greater than 1.96.

Figure 7.17 shows the results of 10,000 simulations when ∆ = 0.5. Average
allocation proportions r̄totn are in the left-hand panel. For random allocation,
Rule 1, the average proportion allocated to the better treatment is 0.5. The
proportions for the three other rules increase steadily towards the asymptote
of 0.8. The values of r̄tot200 in Table 7.3 for Rules 2, 3 and 4 are, respectively,
0.763, 0.793 and 0.780. The right-hand panel shows that Rule 1 has the highest
power, 0.934, with Rule 3 the second highest at 0.900. Rules 2 and 4 have
slightly lower powers around 0.84.

Similar results for ∆ = 0.8 are in Figure 7.18 and the right-hand half of
Table 7.3. With this larger value of ∆ the target frequency for the better
treatment when Rule 3 is used is 0.9109. The left-hand panel of the figure
shows that Rules 2 and 4 give allocations close to the target of 0.8, whereas
that for Rule 3 is higher, reaching 0.881 when n = 200. The figure also shows
the effect of regularisation on the allocations under Rule 3.

The powers for all four rules with such a large value of ∆ are virtually one
when n = 200. The lower right-hand entries of Table 7.3 accordingly give the
results for this value of ∆ when n = 50. At this point Rule 1 has the highest
power, as it does throughout. The other three rules are very similar in power
with Rule 2 just the best.

We do not plot the results for ∆ = 0.3, which are summarised in Table 7.3.
The target allocation for the link, Rule 3, is 0.6932 and the rule achieves this.

Rule 1 gives balanced allocation and so is expected to have the highest power.
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Figure 7.17 Power calculations, ∆ = 0.5. Left-hand panel r̄tot1,n, average total propor-
tion of allocations to the better treatment for the four rules of §7.4; right-hand panel,
proportion of significant test statistics. Two-treatment adaptive design with q = 5,
σ = 1; 10,000 simulations.
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Figure 7.18 Power calculations, ∆ = 0.8. Left-hand panel r̄tot1,n, average total propor-
tion of allocations to the better treatment for the four rules of §7.4; right-hand panel,
proportion of significant test statistics. Two-treatment adaptive design with q = 5,
σ = 1; 10,000 simulations.



POWER COMPARISONS FOR FOUR RULES 235

Table 7.3 Power comparisons for four rules. Average losses L̄n, average total allo-
cation proportions r̄totn and power (proportion of statistics > 1.96) for four combi-
nations of ∆ and n. 10,000 simulations, q = 5, σ = 1.

Rule Loss Ratio Power Loss Ratio Power
L̄n r̄totn L̄n r̄totn

∆ = 0.5, n = 200 ∆ = 0.8, n = 200

1 4.944 0.500 0.934 4.948 0.500 0.999
2 7.608 0.763 0.847 5.471 0.779 0.997
3 12.986 0.793 0.900 7.320 0.881 0.998
4 4.768 0.780 0.835 2.973 0.793 0.996

∆ = 0.3, n = 200 ∆ = 0.8, n = 50

1 4.950 0.5000 0.552 4.772 0.500 0.761
2 14.989 0.722 0.450 6.219 0.717 0.671
3 16.049 0.695 0.523 6.425 0.803 0.624
4 12.741 0.736 0.433 2.802 0.754 0.660

Perhaps the most important conclusion from these simulation results is to
quantify how slight the loss of power is as the allocation becomes increasingly
skewed (see §6.14).

Since we require an allocation skewed towards the better treatment, Rule 1
is only of interest as a benchmark for our power calculations. Rule 2 does
not include information about the prognostic factors of the new patient. It
therefore gives a slightly less skewed allocation, on average, than Rule 4, with
slightly higher power and loss.

The important comparison is between Rules 3 and 4, which are targeting
different properties. For ∆ = 0.5 the two rules are both targeting a long-term
allocation of 0.8 to the better treatment. But, for Rule 3, the link ensures that
this target increases with ∆ whereas, for Rule 4, the proportion will ultimately
be 0.8 on the better treatment, irrespective of ∆, provided ∆ > 0. For all three
values of ∆, Rule 3 has slightly higher power than Rule 4 when n = 200. It
also has higher loss.

The higher loss of Rule 3 compared with Rule 4 suggests that individual trials
may be more variable under Rule 3 than under Rule 4. We accordingly look
at the properties of individual trials from a simulation of 1,000.

The left-hand panel of Figure 7.19 gives boxplots of the values of the test
statistic for eight values of n from 25 to 200 when Rule 3 is used. The results
for Rule 4 are in the right-hand panel. Comparison of the two figures shows
little difference in the median values of the two sets of statistics. However, there
is some indication that the variance of the distribution for Rule 3 decreases
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Figure 7.19 Power calculations, ∆ = 0.5. Boxplots of statistic t∆: left-hand panel
Rule 3, right-hand panel Rule 4. Two-treatment adaptive designs with q = 5, σ = 1;
1,000 simulations.

with n, whereas it seems to remain approximately constant for Rule 4. There
is no apparent effect of the difference in loss.

Figure 7.20 gives normal QQ plots of the test statistics for Rules 3 and 4.
Those in the left-hand panel are for n = 25. The diagonal line in the figure
is of slope one, passing through the median of the results for Rule 4, the ×’s.
This panel shows that, for this small sample size, the results for Rule 3 are
closer to a standard normal distribution than those for Rule 4. However, for
n = 200, the results for Rule 4 lie on the standard normal line, whereas those
for Rule 3 have a smaller variance. The effect of this smaller variance is to
make power comparisons dependent on the level of the test. We have taken
a value of 1.96 to indicate significance. As the right-hand panel of the figure
shows, for this value the plot for Rule 3 lies slightly above that for Rule 4, so
the power, as we saw in Table 7.3 is slightly greater for Rule 3. However, if we
required a value of 3.5 or 4 for significance, Rule 4 would be appreciable more
powerful. Such values are improbably large, but, for other values of ∆ and of
n, Rule 4 will be superior for some levels of significance. There are indications
of this in the right-hand panel of Figure 7.18 where the power curves cross
several times.

For all rules, the parameter estimates α̂ are derived assuming regression mod-
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Figure 7.20 Power calculations, ∆ = 0.5. Normal QQ plots of statistic t∆ from
Figure 7.20: left-hand panel n = 25, right-hand panel n = 200. + Rule 3, × Rule 4.
Two-treatment adaptive designs with q = 5, σ = 1; 1,000 simulations.

els with independent errors, ignoring the effect of adaptive treatment alloca-
tion. The asymptotic normality of the parameter estimates is not affected by
the adaptive nature of the design, although the variance may be (see §7.7).
The straight lines of the QQ plots in Figure 7.20 show normality holding for
small sample sizes. We have already mentioned, in §7.3.5, that for Rule G
(that is for Rule 4 of these comparisons) the asymptotic covariance matrix of
the parameter estimates is that for least squares. The unit slope of the QQ
plot for n = 200 shows how well this result holds, even for moderate n. The
behaviour of Rule BB (Rule 3) is different. Although the distribution of the
test statistic is normal, the variance is wrong. Figure 7.20 shows that simula-
tion is needed to determine the precise properties of Rule BB. Such simulation
is not needed for power calculations for Rule G.

7.5 Redesigning a Trial: Fluoxetine Hydrochloride

As a final illustration of the properties of Rule G, we close with an example in
which we redesign an existing trial, using part of the data from Tamura et al.
(1994) on the treatment of depressive patients, for which there is a speedily
available surrogate response. There are two treatments, fluoxetine and control,
and two covariates. One covariate, sleep dysfunction before the trial, is binary.
The second gives the initial values of HAMD17, a measure of depression, for
each patient. The response is the negative of the change in HAMD17. Since
HAMD17 is measured on a 53-point scale, we treat it as a continuous variable.
Large values are desired. Because of the surrogate response we can assume,
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Table 7.4 Data on fluoxetine hydrochloride from Tamura et al. (1994). Average pro-
portion of allocations to treatment 1 (fluoxetine) and average t-statistic from 1,000
simulations of an 88-patient clinical trial.

Target Average Average
p0
2 proportion r̄tot2 statistic t̄

0.5 0.500 2.563
0.55 0.546 2.549
0.6 0.592 2.512
0.65 0.637 2.450
0.7 0.681 2.371
0.75 0.722 2.266
0.8 0.760 2.140
0.85 0.796 1.970
0.9 0.820 1.810
0.95 0.833 1.712

as did Tamura et al. (1994), that all responses up to that of patient n are
available when the allocation is made for patient n+ 1.

We code the binary covariate with values −1 and 1, although Tamura et al.
(1994) used 0 and 1. Analysis of the data shows that the probability of each
value is 0.5. We subtract the mean value of 21.7045 from the initial value of
HAMD17, which we take as normally distributed with a standard deviation of
3.514. Surprisingly, the two covariates are uncorrelated, so we model them as
independent random variables. In addition, neither covariate has a significant
effect on the response.

There are 88 observations since one observation in the original data set does
not have a response. After adjustment for the covariates, the residual mean
square estimate of the standard deviation is s = 6.97 and the estimated treat-
ment difference α̂1 − α̂2 = 3.795; the treatment does seem to have decreased
depression, since large values of the surrogate are good. The t value for this
effect is 2.55, with a nominal significance level of 1.6% when any effect of the
sequential design is ignored.

Tamura et al. (1994) used a form of randomised play the winner rule which
resulted in 43 allocations of treatment 2, the control. The adaptive scheme
should preferentially allocate treatment 1. We take p0

1 over the range 0.5
(unskewed allocation) to 0.95. Interest, then, is in the linear combination of
parameters given by a = (p0

1 1 − p0
1 0 0)T .

We simulated 1,000 trials with 88 patients for p0
1 in the range 0.5 to 0.95. The

results are in Table 7.4. They show that as the target increases from 0.5, so
does the average proportion allocated to treatment 1, although more slowly
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than the target. We also give the average values of the simulated t-statistic.
These enable us to quantify the relationship between increasingly ethical al-
location from skewing and the decrease in power. The average statistic is still
just greater than 1.96 when p0

1 = 0.85.

To check the distribution of the statistic we took p0
1 = 0.75. The QQ-plot of

the 1,000 values of the statistic, which we do not display, is similar to that
in the right-hand panel of Figure 7.20. Standard inferences can be used to
analyse this trial.

For p0
1 = 0.75 the average value of the statistic is 2.27, compared with the

value of 2.55 of Tamura et al. (1994). This slight decrease in power is in line
with the results of (Pocock 1983) on the effects of imbalance. Our rule however
allocates an average of 63.5 patients to treatment 1, that is 18.5 more than
received the better treatment in the original trial. A slight loss in power is
offset by an appreciable increase in the number of patients receiving the better
treatment.

7.6 Extensions

We have assumed that the responses for all n patients are known when alloca-
tion is to be made to patient n+ 1. However, the responses may be available
on only some number m of the patients where m < n. Allocation with such
delayed responses is considered by Bai, Hu, and Rosenberger (2002) for binary
responses. The extension of our method for normal observations to delayed
response is straightforward. The estimates α̂1 and α̂2 required in (7.15) for

calculation of R̂j are based on the m observations for which responses are
available. But, the calculation of the variances dA(.) uses the covariate values
for all n patients. The properties of the resulting designs will therefore be
intermediate between those of the response-adaptive designs of this chapter
and the biased-coin covariate-adaptive designs of Chapter 6.

7.7 Further Reading

In general the asymptotic variability of the covariate-adjusted response-
adaptive (CARA) designs of this chapter depends on the distribution of the
responses, the randomisation rule and the distribution of the covariates. Zhang
et al. (2007) provide asymptotic results on the distribution of the parameter
estimates and allocation proportions for a general class of rules and of obser-
vational distributions, with emphasis on the exponential family. Properties of
a second family of CARA rules are presented by Zhang and Hu (2009). Infer-
ence is simplified if the randomisation rule does not depend on the covariates
of the new patient, when the asymptotic information matrix is that for fixed
allocation maximum likelihood (Baldi Antognini and Giovagnoli 2004). As we
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have seen, Rule 4 of §7.4 (Rule G) asymptotically does not depend on the
covariate distribution. The simulations of power in Figure 7.20 illustrate that
the fixed-allocation variances of the parameter estimates hold well even for n
as small as 25.

Zhang et al. (2007) pay particular attention to the rule of Bandyopadhyay and
Biswas (2001) in its original form, which is not covariate adaptive. Although
Rule 3 of §7.4 does depend on the covariates for small n, the effect decreases
with n as it does for Rule G. Despite this, the value of p1 continues to depend
on the values of the estimates α̂1 and α̂2, the variability in which in (7.4) intro-
duces extra variability into the allocation proportions. The extra variability
depends on the values of ∆, T and σ2 (Zhang et al. 2007, Remark 3.3). We
described in §6.14 how the effect of such increased variability is to increase
loss, an effect visible in the results of Table 7.3.



Chapter 8

Optimal Response-Adaptive Designs

with Constraints

8.1 Optimal Designs Subject to Constraints

In response-adaptive designs there are two main objectives:

1. Obtaining precise information for treatment allocations for the population
of patients after the trial has finished, and

2. Skewing the allocations so that those patients in the trial receive better
treatment.

These two objectives are typically in conflict. For example, as we saw in Chap-
ter 2, if all responses have the same variance, then precision of estimation and
the power of the associated tests are optimised by designs allocating equally
to all treatments.

The designs obtained in Chapter 7 were found by optimising a function of the
information matrix with a specified combination of randomness and design
optimality. In this chapter, on the other hand, we discuss response-adaptive
designs which are derived by optimising an objective function subject to con-
straints on the variance of estimated parametric functions. As a specific ex-
ample, the ratio of allocation of two-treatments, R = nA/nB, can be found to
minimise the expected total number of failures subject to a fixed value of the
asymptotic variance of the estimator of treatment difference. Here nA, nB,
and hence the total sample size n = nA + nB, are unknown.

We first consider the two-treatment case, normal responses with known vari-
ances in §8.2 and binary responses in §8.3. In §8.4 we look at Neyman alloca-
tion for both types of response, with other design criteria for binary responses
in §8.5. In §§8.6–8.9 we return to two normal populations, but now with un-
known variances. A two-sample nonparametric design is in §8.10. In §8.11 we
find designs for both normal and binary responses when there are more than
two treatments. Designs with more than one constraint are the subject of

241
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§8.12. We finish with designs for trials with responses that are survival times
and that, in §8.14, include covariates. The chapter concludes with a discussion
of the relationship with the designs of Chapter 7.

Hardwick and Stout (1995) reviewed several criteria for optimal adaptive tri-
als for two binary responses with no covariate. The list included the expected
number of treatment failures, the total expected sample size, the expected
number of allocations to the inferior treatment and the total expected cost.
The strategy is to find an optimal allocation ratio R∗ for the selected crite-
rion by fixing the variance of the test statistic for treatment equality. Then
the sequentially updated randomisation procedure targets the allocation pro-
portion R∗. The optimal rule assigns the (j+1)st patient to treatment A with
probability

R∗(θ̂j)

1 +R∗(θ̂j)
,

where θ̂j is an estimate of the unknown parameter θ after j patients have
responded. This development is consistent with the framework of Jennison
and Turnbull (2000, Chapter 17) discussed in the next section.

8.2 Two Normal Populations with Known Variances: Design of
Jennison and Turnbull

Jennison and Turnbull (2000, Chapter 17) considered two treatments with
continuous responses assumed to be normally distributed N(µA, σ

2
A) and

N(µB, σ
2
B), with σ2

A and σ2
B possibly unequal but known. The parameter

of interest is the treatment difference denoted by µA − µB. They suggested
minimisation of the expected value of a loss function of the form

u(µA − µB)nA + v(µA − µB)nB

subject to
σ2

A

nA
+
σ2

B

nB
= K, (8.1)

for some fixed K, a form of loss function first used by Hayre (1979). Specifi-
cally, they suggested finding the allocation proportion R by minimisation of

nAa
max(µA−µB ,0)/δ + nBa

max(µB−µA,0)/δ, (8.2)

subject to (8.1), where a is a chosen constant and δ is the value of µA − µB

in the power calculation for the test. The total sample size, n = nA + nB, is
not fixed.

The solution is the allocation ratio

R =
nA

nB
=
σA

σB

√
v(µA − µB)

u(µA − µB)
. (8.3)
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Clearly, the solution (8.3) depends on the unknown parameters. In practice,
the parameters are sequentially estimated and plugged into (8.3), giving the
allocation probability to treatment A as

π̂JT = R̂/(1 + R̂). (8.4)

As usual, the treatments for the first few patients are randomised in such
a way that both are allocated, providing initial estimates of the parameters.
The limiting proportion of allocation to treatment A, πJT , is the value of (8.4)

when R̂ is replaced by R from (8.3).

Although application of the design is straightforward, the interpretation of
(8.2) is not; it is unclear what we intend to minimise with this design.

The total sample size n from the design is not fixed;

n = {(1 +R)(σ2
A +Rσ2

B}/(RK) = n(K),

inversely proportional toK, given by (8.1). However, the allocation proportion
is a function of neither n nor of K. In Figure 8.1 we provide boxplots obtained
from a simulation study for an ad hoc total sample size of n = 100, obtained by
satisfying (8.1) as exactly as possible, with 2m = 20 initial patients randomly
allocated to the two treatments; here σA = σB = 1, known, a = 2, δ = 1. For
our computation we fix µB = 0 and take 11 choices of µA, namely 0, 0.2, 0.4,
0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 1.8 and 2.0. Also we use the estimates of µA and
µB from the pregabalin trial of Section 0.6.7. We observe considerable ethical
allocation for this optimal procedure.

8.3 Two Binary Responses: Minimising Expected Total Failures:
The RSIHR Design

Rosenberger et al. (2001) considered two treatments with binary responses.
In another extension of the approach of Hayre (1979) they sought to minimise
the expected total number of failures, by minimising

nAqA + nBqB, (8.5)

subject to (8.1). Clearly, unlike the general form of objective function of Jen-
nison and Turnbull (2000), (8.5) has the simple interpretation that it is the
expected total number of failures. For this binomial example, σ2

A = pAqA and
σ2

B = pBqB . Thus, Rosenberger et al. (2001) essentially derived the optimal
allocation rule (here called RSIHR for the initials of the five authors) for min-
imising the expected number of treatment failures by fixing the variance of
the treatment difference. The RSIHR rule is therefore a special case of the
Jennison and Turnbull design (8.3).
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Figure 8.1 JT rule. Boxplots of the proportion of allocation to treatment A with
n = 100, 2m = 20, σA = σB = 1, a = 2, δ = 1, µB = 0 and 11 different choices of
µA from 0 to 2.0. Also for the estimated µA and µB of the pregabalin trial.

This rule targets the ratio R∗(pA, pB) =
√
pA/pB. Thus, the optimal alloca-

tion proportion is

πRSIHR =

√
pA√

pA +
√
pB

.

The idea is to sequentially estimate pA and pB based on the available data up
to the first j patients, and plug them into the expression of πRSIHR to find
the allocation probability for the (j + 1)st patient.

In Figure 8.2 we provide boxplots of the proportion of allocation to treatment
A with n = 100, 2m = 20, and 10 choices of (pA, pB) as well as for parameter
estimates from the fluoxetine trial.

8.4 Maximising Power: Neyman Allocation

The allocation minimising the sample size for fixed variance of the estimated
treatment difference is Neyman allocation. The objective is to minimise

nA + nB (8.6)

subject to (8.1). The resulting proportion of treatment A, is

πN =
σA

σA + σB
. (8.7)
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Figure 8.2 RSIHR rule. Boxplots of the proportion of allocation to treatment A when
n = 100, 2m = 20 for 10 different choices of pA and pB, in the order given in
Table 3.1, and also for the fluoxetine trial.

Figure 8.3 gives the boxplots with (σA = 1, σB = 2), (σA = 1, σB = 1),
(σA = 2, σB = 1), and also for the estimated (σA, σB = 2.25, 2.20) of the
pregabalin example.

For binary responses, (8.7) becomes

πN =

√
pAqA√

pAqA +
√
pBqB

. (8.8)

This allocation (8.7) may not be ethical, but it maximises power (see Rosen-
berger and Lachin 2002b, p. 197).

Figure 8.4 gives the boxplots for 10 choices of (pA, pB) and also the data
example of the fluoxetine trial. The allocation proportions are with higher
variability than the RSIHR rule and, on average, they are not very skewed.
Of course, these are not intended as ethical allocations.

Melfi, Page, and Geraldes (2001) studied the design that targets the propor-
tion R∗(σA, σB) = σA/σB . They proved that, in the limit, the desired optimal
limiting allocation ratio to treatment A, R∗(θ)/{1 +R∗(θ)}, is attained, pro-
vided certain regularity assumptions hold.

Hu and Rosenberger (2003) conducted a simulation study to compare some
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of these optimal rules for binary responses. They observed that the Neyman
allocation assigns fewer patients to the better treatment when both treatments
are highly successful. Computation of the overall failure proportions indicated
that Neyman allocation is undesirable for highly successful treatments, and
that RSIHR was the most effective allocation up to that time in terms of
preserving power and protecting patients.
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Figure 8.3 Neyman allocation for continuous responses. Boxplots of the proportion of
allocation to treatment A when n = 100, 2m = 20 and (σA,σB) = (1, 2), (1, 1), (2, 1).
Also for the pregabalin trial ((σA, σB) = (2.25, 2.20).

8.5 Other Designs

Rosenberger and Lachin (2002b) extended this general approach to various
constraints, such as a fixed asymptotic variance of estimated relative risk, so
that

avar (q̂B/q̂A) =
pAq

2
B

nAq3A
+
pBqB
nBq2A

= K, (8.9)

where the solution is

πRR =

√
pAqB√

pAqB +
√
pBqA

, (8.10)

or fixed variance of the estimate of the odds ratio, that is,

avar(p̂Aq̂B/(p̂B q̂A)) =
pAq

2
B

nAq3Ap
2
B

+
p2

AqB
nBq2Ap

3
B

= K, (8.11)
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Figure 8.4 Neyman allocation for binary responses. Boxplots of the proportion of
allocation to treatment A when n = 100, 2m = 20 for 10 choices of (pA, pB), in the
order given in Table 3.1. Also for the fluoxetine trial.

where the solution is

πOR =

√
pBqB√

pAqA +
√
pBqB

. (8.12)

See Rosenberger and Lachin (2002b, pp. 175–176), for details.

Figures 8.5 and 8.6 provide boxplots for 10 choices of (pA, pB) plus the data
example of the fluoxetine trial for the relative risk (RR) and odds ratio (OR)-
based optimal response-adaptive designs. The designs have good ethical prop-
erties. Figure 8.7 provides a comparative picture of the limiting allocation
proportions for the four designs—RSIHR, Neyman allocation, RR-based de-
sign and OR-based design—for different values of pA where pB = 0.2.

8.6 Two Normal Populations with Unknown Variances: BM
Design

Biswas and Mandal (2004) considered continuous responses. For normal re-
sponses N(µA, σ

2
A) and N(µB, σ

2
B) to the two treatments, they assumed that

not only may σ2
A and σ2

B possibly be unequal but, unlike Jennison and Turn-
bull, also unknown. Small responses are better, so they formulated the opti-
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Figure 8.5 Boxplot of the proportion of allocation to treatment A using the relative
risk (RR)-based allocation for binary responses with n = 100, 2m = 20 and 10
choices of (pA, pB), in the order given in Table 3.1, along with the data example of
the fluoxetine trial.

misation problem as

minnA/nB

{
nAΦ

(
µA − c

σA

)
+ nBΦ

(
µB − c

σB

)}
, (8.13)

subject to (8.1). Here c is a threshold constant, to be chosen by the experi-
menter from prior experience of the response distributions. Thus, Biswas and
Mandal (2004) considered minimisation of the total number of responses larger
than a threshold c. Since a smaller response is desirable, a sufficiently large
response indicates adverse effect of the treatment, and is considered a failure.
The threshold c is the boundary between treatment effectiveness and treat-
ment failure. The minimisation of (8.13) can be interpreted, for continuous
responses, as minimisation of the total expected number of failures.

The solution is

πBM =

√
Φ
(

µB−c
σB

)
σA

√
Φ
(

µB−c
σB

)
σA +

√
Φ
(

µA−c
σA

)
σB

. (8.14)

In practice, the design is implemented by estimating the parameters using the
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Figure 8.6 Boxplot of the proportion of allocation to treatment A using the odds
ratio (OR)-based allocation for binary responses with n = 100, 2m = 20 and 10
choices of (pA, pB), in the order given in Table 3.1, along with the data example of
the fluoxetine trial.

available data up to the first i patients, and plugging them into the expression
of πBM to find the allocation probability for patient i+ 1.

Figure 8.8 gives boxplots for 11 choices of µB: µB = 0, 0.2, · · · , 2.0 with µA = 0
for the BM design with (σA, σB) = (1, 1) with a sample size of n = 100. Also
the boxplot of the pregabalin data example with estimated µA, µB, σA, σB

is given as the last boxplot. Figure 8.9 gives limiting proportion of allocation
by BM design with µA = 0 and for four values of c, namely c = −1, 0, 1, 3.
The allocation with negative c becomes almost invariant of the treatment
difference. For larger c the allocation is close to 1.

8.7 Two Normal Populations with Unknown Variances: ZR
Design

8.7.1 Design

Zhang and Rosenberger (2006b) developed an optimal allocation design for
normal responses, under the same conditions as those of the BM rule in §8.6.
This new rule minimises the total expected response, while maintaining a
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Figure 8.7 Comparison of limiting proportions of allocation to treatment A for four
designs—RSIHR, Neyman allocation, RR-based design and OR-based design—for
binary responses for different values of pA against pB. Here ◦: RSIHR rule; △:
Neyman allocation; +: risk ratio (RR) based rule; ×: odds ratio (OR) based rule.

fixed variance for the estimated treatment comparison. Zhang and Rosen-
berger (2006b) accordingly considered the optimisation problem:

min
nA/nB

{µAnA + µBnB}, (8.15)

subject to (8.1). Solution of (8.15) yields πZR, the targeted allocation propor-
tion to A, as

πZR =

√
µBσA√

µBσA +
√
µAσB

. (8.16)

8.7.2 Criticism

Zhang and Rosenberger (2006b) were deceived by the very simple objective
function (8.15). It is important to note that the ZR rule (8.16) takes the posi-
tive square root of the treatment means, µA and µB. For normally distributed
responses, usually µA and µB can take any value on the real line, positive
or negative. If, at any stage, the estimate of µA or µB becomes negative,
the ZR design crashes; that is, the target (8.16) cannot be calculated. For
their numerical examples, Zhang and Rosenberger considered large positive
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Figure 8.8 Boxplot of the proportion of allocation to treatment A for the BM design
for µB = 0, 0.2, · · · , 2.0 with µA = 0 kept fixed, and c = 0, n = 100, along with the
data example of the pregabalin trial.

values of µA and µB and small values of σA and σB . Consequently, the design
worked. But, in reality, in many cases, µA and µB, or their estimates can be
negative. Consider the trial of fluoxetine hydrochloride reported by Tamura
et al. (1994). The responses were the changes in HAMD17 (or the negative of
this change) after the treatment, which is measured on a 53-point scale. This
can be treated as a continuous variable (see Atkinson and Biswas 2005b). In
reality, the changes can be in either direction. Quite naturally, at some stage,
the estimate of µA or µB, that is, the observed mean of the changes, can be
negative, when the design (8.16) will fail. Thus, the ZR design is not suitable
for general use with normal responses.

We conducted a detailed simulation study using 10,000 simulations for n = 100
patients with different values of (µA, µB, σA, σB). We obtained the percentage
of cases where the ZR rule will crash (due to at least one negative estimate
of µA or µB among the 100 allocations). Figure 8.10 gives the percentages of
crash proportions against the treatment difference µB, keeping µA = 1. It is
clear that there is a considerable probability of such negative estimates unless
both µA/σA and µB/σB are large and positive. For a fixed value of µA, the
value of µB starts from this value and increases gradually to exhibit higher
treatment differences. Quite naturally, the percentage increases when µA−µB

is small. When they are close to zero (say µA − 2σA or µB − 2σB is negative),
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Figure 8.9 Comparison of limiting proportions of allocation to treatment A for the
BM design with µA = 0. Here ◦: (σA, σB) = (1, 2); △: (σA, σB) = (1, 1); +:
(σA, σB) = (2, 1). Top left: c = −1; top right: c = 0; bottom left: c = 1; bottom
right: c = 3.

this percentage is alarming. This illustrates how the ZR rule is, in general,
not applicable.

8.7.3 Some Solutions

The above drawback of the ZR rule can be controlled if a large positive con-
stant d is added to all responses, as the allocation probability will be the
estimate of

πZR =
σA

√
µB + d

σA

√
µB + d+ σB

√
µA + d

, (8.17)
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Figure 8.10 Proportion of crashes for the ZR design for different values of µB with
µA = 1 kept fixed.

where the terms inside the square root can be made positive for a sufficiently
large value of d. But then the allocation probability will largely depend on the
choice of d. Thus, although we can remove the difficulty caused by negative
estimates of the mean responses, further arbitrariness is introduced. Indeed,
for large positive value of d, the allocation proportion πZR tends to σA/(σA +
σB), and the rule becomes Neyman allocation which is an optimal, but not
an ethical, allocation.

The ZR rule may be applied in situations where YA and YB are known to
be positive-valued random variables. For YA ∼ exponential(µA) and YA ∼
exponential(µB), the objective function (8.15) is sensible. Here the constraint
(8.1) will be replaced by

µ2
A

nA
+
µ2

B

nB
= K. (8.18)

The solution reduces to

πZR:exp =

√
µA√

µA +
√
µB

. (8.19)

This is studied by Biswas, Bhattacharya, and Zhang (2007). Figure 8.11 gives
the boxplot for the allocation proportions for (µA, µB) = (1, 1), (1, 2), (1, 3).
See §8.13.1 for a similar situation for exponential responses, although the
solution is slightly different, and Biswas and Mandal (2004, Section 2).



254 DESIGNS WITH CONSTRAINTS

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

(1,1)                       (1,2)                       (1,3)

a
llo

c
a
ti
o
n
 p

ro
p
o
rt

io
n
 t

o
 A

Figure 8.11 Boxplot for proportion of allocation for exponential responses with
(µA, µB) = (1, 1), (1, 2), (1, 3).

Similarly, suppose Yk has the gamma density

f(y) =
1

µβk

k Γ(βk)
exp(−y/µk)yβk−1, y > 0,

the objective function is

βAµAnA + βBµBnB, (8.20)

and the constraint will be

βAµ
2
A

nA
+
βBµ

2
B

nB
= K. (8.21)

The solution, the same as that for the exponential, is given by (8.19). This is
also observed by Biswas, Bhattacharya, and Zhang (2007).

Hence, to apply the Zhang and Rosenberger (2006b) approach for normal
responses, one has to assume that the responses will be always positive. Thus,
one needs to consider Yk ∼ TNR+(µk, σ

2
k), k = A,B, which is a truncated

normal distribution, where the N(µk, σ
2
k) density is truncated in R+, the

positive part of the real line. One can then simply follow the procedure to
obtain the allocation probabilities, which is not too elegant in expression.
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In the case of large µA and µB and small σA and σB (as in the simulation
study of Zhang and Rosenberger 2006b), this truncation will not matter much
from the computational point of view.

8.8 A General Framework: BBZ Design

Biswas, Bhattacharya, and Zhang (2007) [BBZ] considered a general frame-
work where the function for minimisation is

nAΨA + nBΨB, (8.22)

subject to (8.1), where ΨA and ΨB are functions of the parameters. Here Ψk is
a function such that Ψk(x) is increasing in x, and Ψk : R2 → S(R+), S(R+)
is a subset of R+, the positive part of the real line. If S(R+) = R+, one choice
of Ψk(x) is Ψ(x) = exp(dx) for some d > 0. On the other hand, bounded Ψ
in the domain [0, D] can be converted to [0, 1] by dividing Ψ by D. (Since
the division is in both the numerator and denominator, π is unaffected). But,
any increasing Ψ in [0, 1] can be written as a cumulative distribution function
(cdf) G(·) of an appropriate random variable. Of course, Φ(·), the cdf of a
standard normal random variable, is one choice of G.

Now, based on this ΨA and ΨB, the optimal allocation is

πBBZ =

√
ΨBσA√

ΨBσA +
√

ΨAσB

. (8.23)

A more general procedure would be to choose Ψ differently for the two treat-
ments as ΨA and ΨB. The BM and ZR designs are special cases of this pro-
cedure: Ψk = Φ{(µk − c)/σk} gives the BM rule, while Ψk = µk provides the
ZR rule, k = A,B.

8.9 Two Normal Populations with Unknown Variances

In order to solve the ZR problem, Biswas and Bhattacharya (2009) provided a
slight modification of the problem as follows. We have the following Theorem.

Theorem 8.1: Consider the following optimisation problem:

minimise {nAΨA + nBΨB} (8.24)

subject to the restrictions

σ2
A

nA
+
σ2

B

nB
= K,
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nA

nA + nB
≥ c,

nB

nA + nB
≥ c, (8.25)

with c ∈ [0, 1
2 ]. Then the optimal solution for π = nA

nA+nB
is

π =






c if {ΨA > 0 and ΨB > 0 and π0 < c} ,
π0 if {ΨA > 0 and ΨB > 0 and c ≤ π0 ≤ 1 − c} ,
1 − c if {ΨA > 0 and ΨB > 0 and π0 > 1 − c} ,
c if {ΨA > 0 and ΨB < 0} ,
1 − c if {ΨA < 0 and ΨB > 0} ,
1 − c if

{
ΨA < 0 and ΨB < 0 and σA

σB
<
√

ΨA

ΨB

}
,

c if
{

ΨA < 0 and ΨB < 0 and σA

σB
>
√

ΨA

ΨB

}
,

with

π0 =
σA

√
ΨB

σA

√
ΨB + σB

√
ΨA

(= πBBZ).

The proof is in Biswas and Bhattacharya (2009).

Suppose Ψk = µk for k = A,B, and c = 0. Then we have the same optimisation
problem as in ZR. The above theorem shows that the optimal solution will be
degenerate whenever at least one of µk (its estimate, for practical purposes)
is negative. A modification of the procedure of ZR can be found in the book
by Hu and Rosenberger (2006b), where the same target allocation is claimed
optimal for positive mean responses. However, with such a modification the
maximum likelihood estimate of the mean responses may be zero, making
the allocation probability at that stage either 0 or 1 or even 0/0. Thus the
modification is still inadequate in real-life situations.

Again, as randomisation is an absolute necessity in a clinical trial, c should be
positive, unless it is guaranteed that ΨA,ΨB > 0. The formulation of the op-
timisation problem of ZR (Ψk = µk, k = A,B, for unrestricted normal mean)
is not sensible unless one puts the restriction (8.25) for some strictly positive

c. However, as Ψk = Φ
(

µk−c0

σk

)
, which is always positive, the formulation

of BM is correct even without the restriction (8.25). The solution obviously
changes with this additional restriction.

For normally distributed responses with µA = 1, µB = 0.1 and σA = σB = 1,
the results of Figure 8.10 show that the ZR rule crashes in about 66.8% of
cases; for µB = 0.4 (with the other parameters unchanged) the procedure
will crash in about 16% of the cases. However, with the modified design the
procedure will never crash; the boxplots of the allocation proportions with
c = 0.05 are given in Figure 8.12.
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Figure 8.12 Boxplot for proportion of allocation for modified ZR rule of Biswas and
Bhattacharya (2009) with (µA, µB) = (1, 0.1), (1, 0.4). Here (σA, σB) = (1, 1) and
c = 0.05.

8.10 Two-Sample Nonparametric Design

Suppose the underlying distributions are continuous, but no specific paramet-
ric assumption can be made. We sketch an ‘optimal’ response-adaptive design
in this nonparametric framework. Suppose the two response distributions are
FA(x) and FB(x) = F{(x− θ)/σ}. Assuming a smaller response is better, we
want to maximise the expected number of ‘correct’ allocations subject to some
fixed value of the asymptotic variance of the difference of sample medians from
the two treatments, that is we maximise

nA

∫
FA(x)dFB(x) + nB

{
1 −

∫
FA(x)dFB(x)

}
(8.26)

subject to
g(FA)

nA
+
g(FB)

nB
= K, (8.27)

where ∫
FA(x)dFB(x) = P (XA < XB).
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If we write ΨA =
∫
FA(x)dFB(x) and ΨB = 1 −

∫
FA(x)dFB(x), then the

optimal allocation proportion will be

πNP =
g(FA)

√
ΨB

g(FA)
√

ΨB + g(FB)
√

ΨA

.

8.11 BM Design for More than Two Treatments

8.11.1 Binary Responses

The optimal design of Rosenberger et al. (2001) in §8.3 is for the comparison of
two binomial populations. The extension to three or more populations involves
surprising difficulties. Biswas and Mandal (2007) [BM] extended the design
to any number of treatments, providing the first optimal response-adaptive
design for more than two treatments satisfying any standard optimality cri-
terion. For simplicity, we illustrate the design for three treatments, A, B and
C.

One can easily extend the optimal allocation proportions for the two-treatment
RSHIR or RPW designs of §8.3 and §3.4 in an intuitive way, and suggest
allocation proportions of

πj,RSIHR(3) =

√
pj√

pA +
√
pB +

√
pC
, (8.28)

or

πj,RPW (3) =

1
qj

1
qA

+ 1
qB

+ 1
qC

, (8.29)

for the jth treatment, j = A,B,C. In fact, (8.29) is the limiting proportion
of urn designs like the RPW or DL rules §3.4.4, §3.10.2 for three treatments.
But it is not obvious that the rules (8.29) and (8.28) are the optimal solutions
to any design problems.

Suppose we want to minimise

nAΨA + nBΨB + nCΨC , (8.30)

subject to

lA
σ2

A

nA
+ lB

σ2
B

nB
+ lC

σ2
C

nC
= lA

pAqA
nA

+ lB
pBqB
nB

+ lC
pCqC
nC

= K

for some specified constants lA, lB and lC . Here nA + nB + nC = n, and Ψk,
k = A,B,C, is a function of pA, pB and pC such that ΨA is decreasing in pA
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(for fixed pB and pC), and ΨA is positive. A similar interpretation holds for
ΨB and ΨC .

Suppose nB/nA = RB and nC/nA = RC , and hence

πA =
nA

n
=

1

1 +RB +RC
, πB =

nB

n
=

RB

1 +RB +RC
,

πC =
nC

n
=

RC

1 +RB +RC
.

Clearly, problem (8.30) reduces to minimising (with respect to RB and RC)

n

1 +RB +RC
(ΨA +RBΨB +RCΨC)

subject to
1 +RB +RC

n

(
lAσ

2
A + lB

σ2
B

RB
+ lC

σ2
C

RC

)
= K.

The solution for RB and RC can be obtained by differentiating

(ΨA +RBΨB +RCΨC)

(
lAσ

2
A + lB

σ2
B

RB
+ lC

σ2
C

RC

)
,

keeping the constraint in mind, which yields

RB =

√
ΨA +RCΨC

√
lBpBqB

√
ΨB

√
lApAqA + lCpCqC

RC

= F1(RC),

RC =

√
ΨA +RBΨB

√
lCpCqC

√
ΨC

√
lApAqA + lBpBqB

RB

= F2(RB). (8.31)

Note that when lA = lB = lC , the solution of (8.31) is simply

RB =

√
pBqB
ΨB

/√
pAqA
ΨA

, RC =

√
pCqC
ΨC

/√
pAqA
ΨA

,

which results in

πj,BM :bin3 =

√
pAqA

ΨA√
pAqA

ΨA
+
√

pBqB

ΨB
+
√

pBqB

ΨB

,

for j = A,B,C. For Ψj = pjq
3
j , we get the allocation (8.29), and for Ψj = qj

the allocation (8.28). Thus, for lA = lB = lC , the optimal allocation can be
directly extended from the corresponding two-treatment optimal allocation.
But the situation will be different when the lj ’s are not the same. However,
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Figure 8.13 Boxplot for proportion of allocation for BM design with three treatments
for (pA, pB, pC) = (0.8, 0.6, 0.6), (0.8, 0.6, 0.4) and (0.8, 0.4, 0.2) for n = 100.

we can get closed form expressions of allocation probabilities even for unequal
ljs.

Keeping (8.29) and (8.28) in mind, the possible choices of Ψk can be

Ψk = pkq
3
k, qk,

for k = A,B,C. Other suitable choices of Ψk will provide other ‘optimal’ al-
locations. The convergence of the simultaneous equations (8.31) can be guar-
anteed. See Biswas and Mandal (2007) and Scarborough (1966, Ch. XII, p.
301).

With Ψk = qk, k = A,B,C, and for lA = lB = lC , Figure 8.13 gives the box-
plots of the allocation proportions by the three treatments for (pA, pB, pC) =
(0.8, 0.6, 0.6), (0.8, 0.6, 0.4) and (0.8, 0.4, 0.2).

8.11.2 Continuous Responses

Here we follow Biswas and Mandal (2007). For simplicity we again illustrate
the results when there are three treatments A, B and C. To find the optimal
allocation proportions πA, πB and πC = 1 − πA − πB we minimise

nAΨA + nBΨB + nCΨC (8.32)
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subject to

lA
σ2

A

nA
+ lB

σ2
B

nB
+ lC

σ2
C

nC
= K, (8.33)

where nA + nB + nC = n, and ΨA, ΨB and ΨC are suitable functions of the
parameters. Treatment A is best if µA < µB , µC . Thus, we need a ΨA which
is increasing in both µA − µB and µA − µC (i.e. ΨA decreases as µA − µB or
µA − µC or both decrease). To ensure that we may consider

ΨA = Φ

(
µA − µB√
σ2

A + σ2
B

)
Φ

(
µA − µC√
σ2

A + σ2
C

)

or

ΨA = Φ

(
2µA − µB − µC√
4σ2

A + σ2
B + σ2

C

)
,

or ΨA = Φ((µA−c)/σA) (as in the BM design). The expressions for ΨB and ΨC

are similar with appropriate changes of the subscripts indicating treatments.
Here the optimal solution is

πA,BM :cont3 =

√
lAσA√
ΨA√

lAσA√
ΨA

+
√

lBσB√
ΨB

+
√

lCσC√
ΨC

.

Similarly for πB,BM :cont3 and πC,BM :cont3.

Example: Appendiceal Mass

We consider a data set from Kumar and Jain (2004) (see §0.6.9). The trial was
to compare the three most commonly used methods for treating appendiceal
mass. Over a three-year period, 60 consecutive patients with appendiceal mass
were randomly allocated to three groups: Group A, initial conservative treat-
ment followed by interval appendectomy six weeks later; Group B, appendec-
tomy as soon as appendiceal mass resolved using conservative means; Group
C, conservative treatment alone. We consider a short-term outcome measure
of duration of time away from work. Clearly, a lower value of the response is
preferred. In the trial 20 patients were randomly treated with each treatment.
The observed mean (SD) (in days) of the three treatments were A: 20.0 (2.9),
B: 25.0 (7.4), and C: 11.7 (2.0). We treat them as the true values, and em-
ploy a three-treatment BM design for 60 patients to understand the expected
proportion of allocation (SD) to the three treatments (instead of the observed
20:20:20 allocation).

From the data, using the observed values of σA, σB and σC , we calculate the
allocation proportions (SD) with ΨA = Φ((µA − c)/σA) (as in the BM design)
as 0.243 (0.065), 0.558 (0.076), and 0.199 (0.051).
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8.12 Optimal Designs with More than One Constraint

More than one constraint may be relevant in several situations. Biswas, Man-
dal, and Bhattacharya (2011) tried to extend the optimal designs of Rosen-
berger et al. (2001) for more than two treatments with more than one con-
straint. But, as expected, the level of difficulty increased remarkably. In fact, it
is not possible, in this situation, to find an explicit expression for the optimum
design.

Suppose we want to minimise

t∑

j=1

njΨj, (8.34)

subject to

l11
σ2

1

n1
+ · · · + l1t

σ2
t

nt
≤ K1,

· · · · · · · · · · · · · · ·
ls1
σ2

1

n1
+ · · · + lst

σ2
t

nt
≤ Ks.

For k treatments, there can be at most k − 1 constraints.

For simplicity, we illustrate our proposed design for three treatments. Here we
may want to minimise

nAΨA + nBΨB + nCΨC , (8.35)

subject to

avar(µ̂A − µ̂B) ≤ K2,

avar(µ̂A − µ̂C) ≤ K3, (8.36)

which is the same as

σ2
A

nA
+
σ2

B

nB
≤ K2,

σ2
A

nA
+
σ2

C

nC
≤ K3.

Thus, the optimisation problem (8.34) is linear in the variables n1, · · · , nt, but
the s (≤ t− 1) constraints are nonlinear in the variables.

For phase III clinical trials, treatment A may be the control treatment
(placebo), and we may wish to compare it with all the other treatments.
More flexibility in formulation of the problem is provided by allowing inequal-
ity constraints.
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Theorem 8.2. Consider the optimisation problem:

minimise

t∑

i=1

niψi

subject to the restrictions
w1

n1
+
wi

ni
≤ K, i = 2, · · · , t,

where ψi, wi > 0 for all i, and K is a constant. Here we consider all Ki in
(8.36) to have the same value K. We illustrate the procedure for t = 3 and
two constraints. Then the optimal solution for πj,BMB = nj/

∑t
i=1 ni is

π1,BMB =

√
w1

Ψ1

√∑t
i=2 Ψiwi

√
w1

Ψ1

√∑t
i=2 Ψiwi + w2 + · · · + wt

, (8.37)

πj,BMB =
wj

√
w1

Ψ1

√∑t
i=2 Ψiwi + w2 + · · · + wt

, j = 2, · · · , t. (8.38)

See Biswas, Mandal, and Bhattacharya (2011) for a proof of this Theorem.

Note 1: In a clinical trial, Ψi may be the failure probability of the ith treat-
ment, that is, Ψi = qi (see RSIHR rule §8.3), and wi = σ2

i = piqi. Then the
optimal solution is

π1,BMB =

√
p1

√∑t
i=2 piq2i

√
p1

√∑t
i=2 piq2i + p2q2 + · · · + ptqt

,

πj,BMB =
piqi

√
p1

√∑t
i=2 piq2i + p2q2 + · · · + ptqt

, j = 2, · · · , t.

Note 2: For t = 2, the problem reduces to the BBZ formulation with equality
in the (only) constraint. But the optimal solution depends on whether the
constraint is an inequality or an equality.

Note 3: The solution for unequal Ki’s will be iterative in nature, no closed
form expression existing in such a case.

Biswas and Bhattacharya (2010) also looked at the problem in another way.
They developed an optimal response-adaptive procedure with the objective
of simultaneously controlling the treatment failures and allocations to the
inferior treatment whilst maintaining a high power of detecting a small shift
from equivalence. To achieve this they minimised the left-hand side of (8.1)
subject to a fixed value of (8.22).
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8.13 Designs for Survival Times

8.13.1 BM Design

Some optimal designs for exponential and gamma models were discussed in
§8.7.3. We now illustrate further techniques to find optimal designs for ex-
ponentially distributed responses. Let the response to treatment A follow an
exponential distribution with expectation µA and the response to treatment
B follow exponential distribution with expectation µB. Suppose µ̂A and µ̂B

are the estimates of µA and µB obtained from the data. We fix the variance
of µ̂A − µ̂B to some known quantity K, and obtain the allocation procedure
accordingly. That is,

var(µ̂A − µ̂B) ≃ µ2
A

nA
+
µ2

B

nB
=

(1 +R)(µ2
A +Rµ2

B)

nR
= K. (8.39)

If we assume a set up where a larger response is better, we may decide to
minimise the expected total number of responses less than a threshold ‘c’.
On the other hand, if a smaller response if preferred, we may minimise the
expected total number of responses above the threshold ‘c’. The choice of c is
of course important and it is the experimenter’s task to choose c at the outset.
Suppose we minimise

nA[1 − exp(−c/µA)] + nB[1 − exp(−c/µB)] (8.40)

subject to (8.39). Note that (8.40) is minimised at

R =
µA

µB

√
1 − exp(−c/µB)

1 − exp(−c/µA)
.

Consequently, we suggest the optimal adaptive allocation procedure as the
conditional probability that the (i + 1)st patient is treated by treatment A,
given all the data up to the ith patient, as

πBM :exp,i+1 =
µ̂Ai

√
1 − exp(−c/µ̂Bi)

µ̂Ai

√
1 − exp(−c/µ̂Bi) + µ̂Bi

√
1 − exp(−c/µ̂Ai)

,

where µ̂Ai and µ̂Bi are the estimates of µA and µB based on the data up to the
first i patients. For implementation, we carry out randomised 50:50 allocation
for the first 2m patients (to obtain initial estimates of µA and µB), and then
carry out the optimal allocation from the (2m+ 1)st patient onwards.

8.13.2 ZR Design

Zhang and Rosenberger (2007b) considered the exponential distribution for
survival outcomes. For the two responses, these have expectations µA and µB.
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In addition, they considered the censoring probabilities for the two treatment
responses as 1 − ǫA and 1 − ǫB. They carried out the standard optimisation
problem which minimises

nA

µA
+
nB

µB
(8.41)

subject to
µ2

A

nAǫA
+

µ2
B

nBǫB
= K. (8.42)

The optimal allocation proportion to treatment A came out to be

πZR:exp =

√
µ3

AǫB√
µ3

AǫB +
√
µ3

BǫA
. (8.43)

For this formulation, Neyman allocation (which minimises n = nA + nB sub-
ject to (8.42) gives

πZR:N :exp =
µA

√
ǫB

µA
√
ǫB + µB

√
ǫA
. (8.44)

Also, a minimisation of the objective function of Biswas and Mandal (2004),
that is,

nA{1 − exp(−c/µA)} + nB{1 − exp(−c/µB)}, (8.45)

gives the optimal allocation proportion as

πZR:BM :exp =
µA

√
ǫB{1 − exp(−c/µB)}

µA

√
ǫB{1 − exp(−c/µB)} + µB

√
ǫA{1 − exp(−c/µA)}

.

(8.46)

Zhang and Rosenberger (2007b) extended their approach to the case of Weibull
responses. The extension is straightforward. But one needs to be careful about
the response distribution in practice, before implementing more complicated
rules for a variety of distributions.

8.14 Covariates

We consider only the Biswas and Mandal (2004) design for normal responses
to illustrate a covariate-adjusted optimal response-adaptive design.

Suppose a covariate vector x influences the responses. We assume that the
responses from treatment A follow N(µA + xTβ, σ2) and the responses from
treatment B follow N(µB + xTβ, σ2), where the regression xTβ does not in-
clude a constant term. For simplicity, we have assumed a common variance
and that the covariate vector influences the responses in the same way for
both treatments. Let Yi be the response of the ith patient and let δi be an
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indicator which takes the values 1 or 0 according as the treatment A or B is
applied to the ith patient. We immediately get

µ̂An − µ̂Bn = ȲAn − ȲBn − (x̄An − x̄Bn)T β̂n,

with
β̂n = S(n)

xx

−1
S(n)

xy .

See, Chapter 4, §4.6.3. Let X = (x1, · · · , xn) be the total covariate history.
Then

V ar(µ̂An − µ̂Bn|X) ≃ σ2

nA
+
σ2

nB
+ σ2(x̄An − x̄Bn)TS(n)

xx

−1
(x̄An − x̄Bn),

and
E(µ̂An − µ̂Bn|X) = µA − µB.

At this stage, for simplicity and mathematical convenience, we assume that
the xi’s are independently and identically distributed as Np(µx,Σ). Thus,
given (δ1, · · · , δi),

x̄Ai ∼ Np(µx,Σ/nAi), x̄Bi ∼ Np(µx,Σ/nBi),

S(i)
xx ∼ Wishartp(i− 2,Σ),

and all are independent. As

(nAinBi

i

)
(x̄Ai − x̄Bi)

T

(
S

(i)
xx

i− 2

)−1

(x̄Ai − x̄Bi) ∼ T 2
p ,

the Hotelling’s T 2-distribution, we have

(x̄An − x̄Bn)TS(n)
xx

−1
(x̄An − x̄Bn) ∼

(
i

nAinBi

)
p

i− p− 1
F (p, i− p− 1),

where F (·, ·) indicates an F -distribution. Hence,

E
{
(x̄An − x̄Bn)TS(n)

xx

−1
(x̄An − x̄Bn)

}
=

(
n

nAnB

)
p

n− p− 1

n− p− 1

n− p− 3
.

Consequently, the unconditional variance of µ̂An − µ̂Bn is

σ2

[
1

nA
+

1

nB
+

n

nAnB

p

n− p− 3

]
=
σ2(R + 1)2(n− 3)

nR(n− p− 3)
. (8.47)

We fix the value of (8.47) to be K. We minimise the expected number of
responses less than c when all the patients have covariate vector x0, a fixed
vector. The minimum is attained at

R =

{
Φ

(
c− µB − xT

0 β

σ

)}
/

{
Φ

(
c− µA − xT

0 β

σ

)}
.
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Consequently, the conditional allocation probability for the (i + 1)st patient
with covariate vector xi+1 to treatment A is

πi+1 =

Φ

(
c−µ̂Bi−xT

i+1β̂i

σ̂i

)

Φ

(
c−µ̂Bi−xT

i+1
β̂i

σ̂i

)
+ Φ

(
c−µ̂Ai−xT

i+1
β̂i

σ̂i

) .

8.15 Implementation

In these examples, implementation of the designs for the (i + 1)st patient
requires estimation of all the parameters based on the first i data points.
These estimates are then plugged into the expression for the optimal allocation
proportion, to find the allocation probability for patient (i+ 1). The patient
then receives treatment A with the estimated probability π̂i+1.

Implementation of the design can be carried out by DBCD design, SEU,
SMLE, or ERADE, as discussed in Chapter 3.

8.16 Adaptive Constraints

The constraint (8.1) comes from equating the asymptotic variance of µ̂A− µ̂B

to K, where we ignore the adaptive mechanism generating the data. With data
obtained by using a response-adaptive design, the unconditional asymptotic
variance of µ̂A − µ̂B will not be σ2

A/nA + σ2
B/nB. Thus the constraint will be

different due to the correlations induced by the adaptive mechanism. Biswas
and Bhattacharya (2013) provide a detailed theoretical discussion and obtain
a general structure of nearly optimal response-adaptive designs.

8.17 Combining the Constraint into the Objective Function:
Back to Chapter 7

Including the constraint in the objective function yields the approach of Chap-
ter 7. We conclude this with some observations on this approach.

Suppose, for the RSIHR design, instead of fixing the variance of the estimated

treatment difference to be K, as in (8.1), we want to minimise
σ2

A

nA
+

σ2
B

nB
along

with qAnA + qBnB. We can then form a convex combination and minimise

α(qAnA + qBnB) + (1 − α)

(
σ2

A

nA
+
σ2

B

nB

)
, (8.48)

for some α ∈ (0, 1), so providing a trade-off between the two criteria of ethics
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and precision. The value of α appropriate for the required trade-off is to be
provided by the experimenter. In fact, the choice of α will also determine the
total sample size. Minimising (8.48) we get

nA =

√
1 − α

α

σA√
qA
, nB =

√
1 − α

α

σB√
qB
,

and

πCOMB:RSIHR =

√
pA√

pA +
√
pB

. (8.49)

Note that the optimal allocation probability (8.49) is identical to that of the
RSIHR design, and is free of the choice of α. We have therefore obtained a
design which is similar, although not identical, to that of the RSIHR rule; the
total sample n = nA + nB will depend on α.

If we consider the analogue of Neyman allocation, we minimise

α(nA + nB) + (1 − α)

(
σ2

A

nA
+
σ2

B

nB

)
, (8.50)

for some α ∈ (0, 1). Minimising (8.50) we get

nA =

√
1 − α

α
σA, nB =

√
1 − α

α
σB ,

and

πCOMB:N =
σA

σA + σB
=

√
pAqA√

pAqA +
√
pBqB

. (8.51)

The optimal allocation probability (8.51) is also identical to that for Neyman
allocation and is free of the choice of α. But the total sample size n = nA +nB

will again depend on α. However, the idea of combining two criteria, one for
ethics and the other for inferential optimality, is essentially one motivation
for the optimal response-adaptive designs of Chapter 7. Non-adaptive skewed
designs for ethics and inference were introduced in §6.6.1.



Chapter 9

Adaptive Design: Further Important

Issues

9.1 Bayesian Adaptive Designs

9.1.1 Rationale

In response-adaptive designs the sequential treatment allocation probabilities
depend on the allocation history and the available response history. In the
examples in earlier chapters the allocation probabilities are functions of the
estimated treatment effects. The rules were either ad hoc or based on optimal
frequentist procedures. Bayesian approaches seem to be used comparatively
rarely in the design of clinical trials, although there are exceptions, for example
Krams et al. (2003). This is perhaps surprising, since the sequential updat-
ing of knowledge about treatment effects fits naturally within the Bayesian
paradigm, as do the purposes of the experiments. The concern is not solely
with inference about parameter values, but in making decisions about treat-
ments, in particular whether to continue or cease development and whether to
take a treatment to market. The design of the experiment could well include
both the costs of each treatment allocation and the ultimate costs of correct
and incorrect decisions.

Bayesian methods in clinical trials are discussed by Spiegelhalter, Freedman,
and Parmar (1994), with a book-length treatment in Spiegelhalter, Abrams,
and Myles (2004). Bayesian adaptive methods in clinical trials form the subject
of Berry et al. (2011). We note, parenthetically, the very slight overlap in
references between their book and ours.

The basic idea is to consider prior distributions for the treatment effects, with
the posterior distribution updated from the accruing information. Kadane
(1994) argued in favour of such Bayesian designs. Particularly in the early
stages of a trial, for example Senn et al. (2007), prior elicitation of beliefs
about states of nature is always important. For discussion of methods using
expert opinion, sometimes known as the Kadane-Sedransk-Seidenfeld (KSS)
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method, see Spiegelhalter et al. 1994, Kadane 1995 or Kadane and Wolfson
1996. This method, only applicable when there are experts available with suffi-
cient experience, is illustrated in a clinical trial of nitroprusside and verapamil
infusions for hypertension during cardiac surgery (Kadane 1996). By the time
drug development has reached Phase III, there will often be appreciable ev-
idence available, both from the development of the drug and from trials on
related drugs, which will simplify the formulation of prior distributions. But,
for new drugs, information from earlier trials is usually not available.

9.1.2 Simple Bayesian Adaptive Designs: Illustrations

Suppose the two treatments have binary responses, with success probabilities
pA and pB. If the two treatments enter the trial on an equal footing, the priors
of pA and pB will be taken to be the same. It is convenient to take the prior
as a beta distribution with parameters (α, β). Suppose out of n patients, the
numbers of allocations to A and B are nA and nB, leading to sA and sB

successes and fA and fB failures for the two treatments. Of course, sk + fk =
nk, k = A,B, and nA + nB = n. Clearly, the likelihood does not depend
on the allocation design, as the allocation probabilities are functions of data
only (see Ware 1989; Biswas and Dewanji 2004b). Thus, the estimates ignore
the design, and would be the same for any allocation procedure. The effect of
design will be reflected in the analysis (the distribution of the estimates will
depend on the design). The likelihood is

L ∝ psA

A (1 − pA)fApsB

B (1 − pB)fB , (9.1)

and the posterior distributions of pA and pB are independent, with

pA| data ∼ Beta(α+ sA, β + fA), and pB| data ∼ Beta(α+ sB, β + fB).

Posterior expectations are

E(pk| data ) =
α+ sk

α+ β + nk
, k = A,B,

and the posterior modes are (α + sk − 1)/(α + β + nk − 2), k = A,B, pro-
vided they belong to (0, 1). Otherwise the terminal values 0 or 1 will be the
posterior modes. Any adaptive design with allocation probability a function
of these posterior means or posterior modes, or some function of the posterior
distributions, for example P (pA > pB| data ), can be treated as the target
of a Bayesian adaptive design. The standard adaptive designs of Chapter 3
(PW, RPW, DL) and Chapter 8 (RSHIR, etc.) are not of this form.

Alternatively, one can assume a very simple two-point prior (Simons 1986).
Here both pA and pB can take only two values, a and b, a > b, and the prior
is:

(pA, pB) =

{
(a, b) with probability 1/2,
(b, a) with probability 1/2.
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Table 9.1 Design based on two-point prior. EAP (SD) and EFP (SD) for different
(a, b).

(a, b) EAP (SD) to A EFP (SD)
(0.6,0.4) 0.717 (0.337) 0.456 (0.082)
(0.7,0.3) 0.709 (0.350) 0.458 (0.085)
(0.8,0.2) 0.707 (0.353) 0.459 (0.085)

With the likelihood (9.1), the posterior distribution of (pA, pB) becomes

(pA, pB) =

{
(a, b) with probability πn,
(b, a) with probability 1 − πn,

where

πn =
asA(1 − a)fAbsB (1 − b)fB

asA(1 − a)fAbsB (1 − b)fB + bsA(1 − b)fAasB (1 − a)fB

=
UsAV sB

UsAV sB + V sAUsB

with U = a/(1 − a) and V = b/(1 − b). An adaptive design which is some
function of such a posterior distribution might be a Bayesian allocation,
in the true sense of the term. These may be P (pA > pB| data ) = πn

or E(pA| data ) = aπn + b(1 − πn). The performance of this design with
the two-point prior is numerically and graphically illustrated in Table 9.1
and Figure 9.1. Here the true value of pA and pB are considered to be
0.6 and 0.4 for data generation, n = 100, and three pairs of (a, b), namely
(0.6, 0.4), (0.7, 0.3), (0.8, 0.2), are considered.

The boxplots show a strange pattern; although the allocation is highly skewed,
there are several completely opposite and unethical allocations.

As has already been mentioned, the standard designs are not in general
Bayesian. But some rules do have a specialised Bayesian interpretation. For
example, the RPW rule can be treated as a Bayesian rule if we assume that,
for some p ∈ (0, 1), (pA, pB) = (p, 1 − p), and the prior for p is Beta(α, α).
Thus, the prior belief is that pA and pB have the same distribution, with
E(pA) = E(pB) = 1/2. Here, using the likelihood (9.1), the posterior distribu-
tion is

p| data ∼ Beta(α+ sA + fB, α+ sB + fA).

Thus, if we take the posterior expectation of p as the allocation probability
to treatment A, the allocation probability is

E(p| data ) =
α+ sA + fB

2α+ n
,

which is nothing but the RPW design. Thus, in this very restrictive sense, the
RPW design can be viewed as a Bayesian design.
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Figure 9.1 Boxplot for Bayesian adaptive design with two-point prior, here pA = 0.6,
pB = 0.4 for data generation.

9.1.3 Real-Life Bayesian Adaptive Designs

Real Bayesian clinical trials have been discussed in several articles and books,
e.g., Parmar, Spiegelhalter, and Freedman (1994), Berry and Strangl (1996),
Kadane (1996). Berry et al. (2011) describe several adaptive methods in clin-
ical trials. The phase III clinical trial is covered in their book with emphasis
on Bayesian adaptive confirmatory trials, adaptive sample size determination
using posterior probabilities, arm dropping and phase II/III seamless trials.
But their book does not discuss response-adaptive designs.

Ware (1989) discusses one Bayesian response-adaptive trial, the Boston
ECMO trial, a two-stage clinical trial of the extracorporeal membrane oxy-
genation (ECMO) for treatment of persistent pulmonary hypertension of the
newborn (PPHN). The trial was run by Ware and his medical colleagues at
the Boston Children’s Hospital Medical Centre and Brigham and Women’s
Hospital, also in Boston. This trial of ECMO versus conventional medical
therapy (CMT) was introduced in Chapter 0.

For many years, the mortality rate among infants having severe PPHN treated
with CMT was observed to be 80% or more. Historical experience at two
Harvard hospitals showed that 13 infants developed severe PPHN during 1982–
83, all were treated with CMT, and 11 out of them (which is about 85%) died.
ECMO for the treatment of PPHN was introduced in 1977, and by 1985 several
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centres reported a survival rate of 80% or more with ECMO. In 1985, Bartlett
et al. (1985) reported the adaptive trial of Michigan ECMO, in which 11 out of
12 infants were treated by ECMO, and all survived, while 1 infant was treated
by CMT who died. Thus, Ware (1989) and his colleagues had substantial prior
evidence about the comparative performance of the two therapies, ECMO and
CMT.

To balance the ethical and scientific concerns, Ware employed a two-stage trial.
A maximum of four deaths was allowed in either treatment group. The treat-
ments were selected by a randomised permuted block design with blocks of
size four. When four deaths occurred in one of the treatment groups, randomi-
sation ceased and all subsequent patients were assigned to the other treatment
until four deaths occurred in that arm. The process was planned to continue
until the number of survivors was sufficient to establish the superiority of that
treatment arm, using a test procedure based on the conditional distribution of
the number of survivors in one treatment given the total number of survivors.

In the trial, among the 19 first-stage patients, 10 received CMT, including
patient 19, and 4 died. After the first stage, the course of action was deter-
mined adaptively (using the first-stage data) in a Bayesian way. Denoting A:
CMT, and B: ECMO, a prior probability distribution was used that assigned
1/3 of the prior probability to each of the three regions: pA < pB, pA = pB,
and pA > pB. Specifically, it was assumed that pA ∼ Beta(a, b), and the
conditional distribution of pB given pA was given by

P (pA < pB) = P (pA = pB) = P (pA > pB) = 1/3,

and

f(pB|pA = p∗A, pB < pA) = (p∗A)−1,

f(pB|pA = p∗A, pB > pA) = (1 − p∗A)−1.

If the prior of pA is uniform (that is, a = b = 1), the posterior proba-
bilities are P (pA > pB| data ) = 0.01, P (pA = pB| data ) = 0.10, and
P (pA < pB| data ) = 0.89. Given the historical experience, a Beta(3, 12)
prior for pA seemed to be appropriate. With these priors, one can calcu-
late that P (pA > pB| data ) = 0.0004, P (pA = pB| data ) = 0.0039, and
P (pA < pB| data ) = 0.9957. Thus, given the data on the 19 first-stage pa-
tients, the posterior probability of (pA > pB) is negligible. Consequently,
the Bayesian adaptive decision of allocating all the second-stage patients to
ECMO is justified. In this trial, in the second stage, all the remaining 9 pa-
tients received ECMO and all survived. For details of the trial and the analysis,
we refer to Ware (1989).

Another point is to note that, quite often the analysis is Bayesian, although
the design may not be so. The endpoint of the fluoxetine trial of Tamura et al.
(1994) was Bayesian. Eventually both the p-value and posterior probability
were however very close.
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9.1.4 Bayesian Adaptive Design for Continuous Responses

A Bayesian allocation design for continuous responses can be framed, in gen-
eral, in the following way. Let θ be the parameter vector responsible for treat-
ment difference, with the treatment difference between A and B given by
DA−B = g(θ).

A link function is used to connect the past history, reflected in the posterior
distribution of the treatment difference DA−B, to the (i+1)st allocation. The
link G(·) is symmetric about 0, i.e., G(0) = 1/2 and G(−x) = 1−G(x), where
x = DA−B. Possibilities include the commonly used logit link or the probit
link (as in Bandyopadhyay and Biswas 2001). For the probit link G(x) = Φ(x).

To compute the (i+ 1)st allocation probability, we need to evaluate P (δi+1 =
1 | y1, · · · , yi, δ1, · · · , δi), where the δjs are allocation indicators and the yjs are
responses. From Berger (1985, Section 4.3.4) this predictive density is given
by

P (δi+1 = 1 | y1, · · · , yi, δ1, · · · , δi)

=

∫ ∞

−∞
Φ(Di,A−B)π (θ| y1, · · · , yi, δ1, · · · , δi)dθ, (9.2)

where π (θ| y1, · · · , yi, δ1, · · · , δi) denotes the posterior distribution of θ up to
that stage, and Di,A−B is the treatment difference at the ith stage data.

Biswas and Angers (2002) modelled the response yi of the ith patient as

yi = µAδi + µB(1 − δi) + xT
i β + ǫi, (9.3)

where β is a p × 1 vector of parameters associated with the covariates, and
the ǫi’s are i.i.d. N(0, σ2), independently of µA, µB and β. We illustrate the
design with known σ2; the unknown σ2 is in Biswas and Angers (2002).

The treatment difference is considered as (µA −µB)/
√

Var(µA − µB). Biswas
and Angers (2002) obtained the posterior distribution of the weighted treat-
ment difference Di,A−B = cT0 γ, for some c0, where γT = (µA µB βT ). The
predictive density is given by

P (δi+1 = 1 | y(i), δ(i)) =

∫ ∞

−∞
· · ·
∫ ∞

−∞
Φ(cT0 γ)π (γ| y(i), δ(i))dγ,

where π (γ| y(i), δ(i)) denotes the posterior distribution of γ up to that stage,
here y(i) = (y1, · · · , yi), δ(i) = (δ1, · · · , δi).

9.2 Two-Stage Adaptive Design

In most response-adaptive designs it is customary to allocate several initial
patients across treatments without any adaptive mechanism. The remain-
ing patients are then allocated adaptively. We accordingly consider two-stage
response-adaptive designs.
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Two-stage designs have become popular in applications. Theories and logis-
tics of two-stage designs are studied and discussed, amongst others, by Bauer,
Bauer, and Buddle (1994), Bauer, Brannath, and Posch (2001), Liu, Proschan,
and Pledger (2002) and Dette, Bornkamp, and Bretz (2013). These designs are
typically adaptive in nature, but not response-adaptive. The adaptation may
typically be in terms of sample size readjustment and inferential procedure.
Discussions on two-stage adaptive designs tend to focus on second-stage sam-
ple size determination based on the conditional error function (see Proschan
and Hunsberger 1995; Posch and Bauer 1999), mid-course sample size modi-
fication (see Proschan, Liu, and Hunsberger 2003), sample size and inference
(see Liu and Chi 2001) or changing the test statistic (see Lawrence 2002). The
flood of real life two-stage adaptive trials includes The Trials of Hypertension
Prevention Collaborative Research Group (1992) and the papers by Zeymer
et al. (2001, 2001) on an international multi-centre five-armed clinical phase
II dose finding study for acute myocardial infarction.

Coad (1992) investigates one procedure for allocating a larger number of pa-
tients to the better treatment based on the monitoring of the accumulated
data after the first stage. Out of a total of n patients, the first stage of 2m
were randomly allocated to the two first-stage treatment arms. The remaining
(n−2m) second-stage patients were then treated exclusively by the treatment
doing better in the first stage of the experiment. Although Coad’s procedures
(Coad 1992, 1994) have the advantage of giving a larger number of allocations
to the better treatment, patients in the second stage are allocated without any
randomisation; consequently Coad’s procedures can lead to biased estimates.

An example of a design in which the second stage is response-adaptive using
the data from the first stage is that of Bandyopadhyay, Biswas, and Bhat-
tacharya (2010) for survival data. Let n be the prefixed number of patients
in the trial; the 2m first-stage patients are randomly allocated 50:50 between
the two competing treatments. A second-stage patient with covariate vector
x is treated with probability p = p(x), which is a function of the covariate
of that patient and also of the available data of the first-stage patients. How-
ever, the information of the previously allocated second-stage patients is not
used for the allocations of second-stage patients. (Use of that would make
the design sequential rather than two stage). Here we use a design which is
piecewise optimal. The form of p is determined using optimum design theory
in combination with a randomisation procedure.

In order to find the optimal p based on the available data, Bandyopadhyay
et al. (2010) used the utility function (see also Chapter 7):

U(p) = log |I0
F | − η

{
p log

(
p

πA

)
+ (1 − p) log

(
1 − p

1 − πA

)}
,

where πA = Φ
(

∆̂
T0

)
is obtained using the first-stage data with ∆̂ the estimated

treatment difference and I0
F the Fisher information matrix of the available
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first-stage data along with that for the particular second-stage patient under
consideration. The optimal value of p for the jth patient, j ≥ 2m + 1, with
covariate vector xj , is obtained by maximising U(p) with respect to p. Such an
allocation is piecewise optimal in the sense that, for every incoming second-
stage patient, the optimal choice of p incorporates the covariate information.

9.3 Group Sequential Adaptive Design

9.3.1 Logistics and Literature

Group sequential methods, proposed by McPherson (1974) and Pocock (1977),
can be thought of as an extension of the preceding two-stage design. In the
simplest group sequential procedure, observations are taken in groups of 2n,
n from each of the two treatments under study. At the end of each group, a
statistic is computed based on all the data accumulated so far. Either a ter-
minal decision is taken with clear evidence of the superiority of one treatment
or the other, and the trial is stopped, or the next group of 2n observations is
taken. The trial is scheduled to terminate after a prefixed maximum number
of groups if no terminal decision has been taken until then. Such schemes
provide a compromise between fixed sample and fully sequential procedures.
They have been shown to achieve most of the reductions in expected sample
size attainable by fully sequential procedures while having the advantage of
a reduced administrative burden (Pocock 1977). See the book-length discus-
sion by Jennison and Turnbull (2000) for a comprehensive coverage of the
literature on such group sequential methods.

Since a test is to be carried out at the end of each group using the accumu-
lated data so far, the natural question is to decide appropriate cut-off points
{c1, · · · , cK} for the test statistics for the K groups so that the total type
I error of the group sequential method is α. Pocock (1977) took the cut-off
points in the group sequential trial at stage s to be proportional to the stan-
dard deviation of the corresponding pooled statistic at that stage. O’Brien
and Fleming (1979) proposed a test with stricter criteria for early stopping
than did Pocock. This can be achieved by considering c1s = c1, a constant for
every s. Lan and DeMets (1983) suggested that the total type I error α be
distributed over the K groups according to the type I error spending function
α∗(τ), which is increasing in τ with α∗(0) = 0 and α∗(1) = α; τ is “time”. If
we consider equal time intervals for each group, we can take τs = s/K. Thus
the cks will be successively determined in such a fashion that the type I error
at the group s is α∗(τs) − α∗(τs−1) with τ0 = 0. One example is α∗

1(τ) = ατ ,
which provides equal type I error after each group, provided the groups take
same time to monitor.

It is appealing to use a response-adaptive design in the group sequential frame-
work to achieve the benefits of both approaches. Early work in this direction



GROUP SEQUENTIAL ADAPTIVE DESIGN 277

is due to Stallard and Rosenberger (2001) for binary responses. Jennison and
Turnbull (2001) used the conditional information matrix for comparing two
normal means when the variances are known. This was further studied by
Morgan (2003a), who subsequently considered the case of unknown variances
(Morgan 2003b).

Karrison, Huo, and Chappell (2003) provide an algorithm for binary outcomes
that alters the allocation ratio depending on the strength of the accumulated
evidence. Patients are initially allocated in a 1:1 ratio. After the ith interim
analysis, if the value of the test statistic for the two treatment groups (which
is derived from a weighted log-odds ratio stratified by sequential group) is
less than 1.0 in absolute value, the ratio remains 1:1; if the value exceeds
1.0, the next sequential group is allocated in the ratio R(1) favouring the
currently better-performing treatment; if the statistic exceeds 1.5, the alloca-
tion ratio becomes R(2), and if the statistic exceeds 2.0, the allocation ratio is
R(3). However, the trial is terminated at the ith group if the O’Brien-Fleming
monitoring boundary is exceeded. Group sample sizes are adjusted upward to
maintain equal increments of information when allocation ratios exceed one.
The procedure yields a modest reduction in the number of patients assigned to
the inferior treatment arm when a true treatment difference exists, achieved
at the expense of a small increase in the total sample size when compared
with a non-adaptive design.

9.3.2 A Two-Treatment Design for Continuous Responses

Here we provide a simple response-adaptive group sequential methodology in
a multi-centre trial, studied by Biswas and Bose (2011) in an unpublished
manuscript. Let ys

jl denote the response obtained in the sth group from the
lth patient in centre j, l = 1, 2, . . . , kj , j = 1, 2, . . . b, s = 1, 2, . . . ,K. The
response at each group may be modelled as:

ys
jl = µs + τδs

jl
+ βs

j + ǫsjl,

where µs, τi, β
s
j , ǫ

s
jl denote the general effect, the effect due to treatment i,

the effect due to centre j in group s, and the random error, respectively. Note
that δs

jl = i when treatment i is applied to patient l in centre j in group s;
l = 1, 2, . . . , kj , j = 1, 2, . . . b, i = A,B. We assume that the errors are
i.i.d. mean zero and variance σ2. The parameter of interest is the treatment
difference θ = τA − τB . After each group, we obtain θ̂s, and its variance.
Specifically, the following allocation rule is recommended.

We choose two critical points for each group. In group s, for the jth centre,
let the allocation vector be (rs

Aj , r
s
Bj), where the treatments A and B are ran-

domly allocated to rs
Aj patients and rs

Bj patients, respectively, rs
Aj +rs

Bj = kj ,

for j = 1, 2, · · · , b; s = 1, 2, · · · ,K. Clearly, (r1Aj , r
1
Bj) = (

kj

2 ,
kj

2 ). For
the s-th group, let these critical points be denoted by c1s and c2s, where
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0 < c1s < c2s, s = 1, 2, . . . ,K. For a prefixed positive integer d, after any
group s, s = 1, 2, . . . ,K − 1,

• If θ̂s > c2s, then we conclude the superiority of treatment A.

• If θ̂s < −c2s, then we conclude the superiority of treatment B.

• If θ̂s ∈ (−c1s, c1s), then we extend experimentation to the (s + 1)st group
with the same allocation vector, i.e., (rs+1

Aj , r
s+1
Bj ) = (rs

Aj , r
s
Bj).

• If θ̂s ∈ [c1s, c2s], then we extend experimentation to the (s+1)st group with
allocation vector (rs+1

Aj , r
s+1
Bj ) = (rs

Aj + d, rs
Bj − d).

• If θ̂s ∈ [−c2s,−c1s], then we extend experimentation to the (s+ 1)st group
with allocation vector (rs+1

Aj , r
s+1
Bj ) = (rs

Aj − d, rs
Bj + d).

As an illustration we consider K = 5 groups and kj = 10 for all j with
only two centres (b = 2), r = 20 (group size), d = 1. In our illustration we
have taken β1 = −β2 = 1. We compare an O’Brien-Fleming (OF) procedure
with common cut-off point c1 and a type I error spending function (TIESF)
α∗

1(τ) = ατ . Figure 9.2 provides a comparison of power functions, Figure 9.3
compares total sample size against treatment difference θ, while Figure 9.4
gives the allocation proportions in favour of the better treatment for the two
types of error spending function, OF and TIESF. It is interesting to observe
that the performance of the two sets of cut-off points is close; while power
increases with treatment difference, the sample size decreases. However, the
allocation proportion in favour of the better treatment increases with treat-
ment difference up to some value, but decreases thereafter. The allocation is
always ethical since the proportional allocation in favour of the better treat-
ment is always greater than 50%. This bell-shaped allocation proportion oc-
curs because, beyond a certain θ, the sample size decreases very rapidly due to
early termination of the trial; but the sample is dominated by the early-stage
allocations, which are not much away from 50:50.

9.3.3 A Three-Treatment Design for Binary Responses

We now consider a multi-treatment group sequential design with binary re-
sponses. Following Biswas and Pal (2009) we include intermediate monitoring
with sample size reassessment at every stage. The optimal response-adaptive
design can have more than one constraint.

The recommended algorithm starts from initial guesses pA0, pB0 and pC0 of the
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Figure 9.2 Comparison of power for OF (denoted by ◦) and TIESF (denoted by △).
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◦) and TIESF (denoted by △).

success probabilities pA, pB and pC . Using these as the true values, the target
sample sizes obtained can be written as nA1, nB1 and nC1, with target total
sample size n1 = nA1 + nB1 + nC1. The constraints on these sample sizes are
n1 ≥ n∗, a preassigned quantity, and nA1, nB1, nC1 ≥ ν0, another preassigned
quantity. These target values are obtained by examining all possible chains
of treatment allocation and responses using the optimal design obtained by
optimising the objective function subject to the constraints. We set the target
allocation proportion of πA1 = nA1/n1, πB1 = nB1/n1 and πC1 = nC1/n1

for the first group of M1 patients. The patients are then randomised to the
treatments. Let mA1, mB1 and mC1 be the numbers of patients receiving the
three treatments with M1 = mA1 + mB1 + mC1. The number of successes
observed for the treatments are sA1, sB1 and sC1. The updated estimates of
pA, pB and pC are pA1 = sA1/mA1, pB1 = sB1/mB1 and pC1 = sC1/mC1.
The initial values are thus ignored.

The process is repeated using pA1, pB1 and pC1 as the true values, giving
revised target sample sizes nA2, nB2 and nC2, where the revised target total
sample size is n2 = nA2 + nB2 + nC2. These sample sizes cannot be less
than the sample sizes already observed. That is, we must have nA2 ≥ mA1,
nB2 ≥ mB1 and nC ≥ mC1. The target values are again obtained by examining
all possible chains of treatment allocation and responses by optimising the
objective function subject to the constraints, noting the stage 1 sample sizes
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and success rates. The allocation proportion for the next group of M2 patients
are πA2 = nA2/n2, πB2 = nB2/n2 and πC2 = nC2/n2 . LetmA2,mB2 andmC2

patients be treated by the three treatments with M2 = mA2 + mB2 + mC2.
The number of successes at this stage from the three treatments are sA2,
sB2 and sC2. Then the updated ideas on pA, pB and pC are now pA2 =
(sA1 +sA2)/(mA1 +mA2), pB2 = (sB1 +sB2)/(mB1 +mB2) and pC2 = (sC1 +
sC2)/(mC1 +mC2).

The above approach is continued up to the Kth group where the group size
MK is less than nK−(M1+· · ·+MK−1). In that case we allocate the remaining
M∗

K = nK − (M1 + · · ·+MK−1) patients within the Kth group. If optimality
at the Kth group results M∗

K = 0, we stop there.

Biswas and Pal (2009) investigated the number of allocations, number of suc-
cesses and proportions of successes for the three treatments, as well as the
estimates of the success probabilities after the experiment, and the number of
samples required (N∗ = M1 + · · · +MK−1 +M∗

K). They also monitored how
the required sample sizes change with the evolution of the trial (that is, the
change from n1 to n2 to nK).

9.4 Optimal Design for Binary Longitudinal Responses

We refer to the notation and formulation of Chapter 5. As noted in §5.6.1 for
the PEMF trial, Biswas et al. (2012) provided an optimal response-adaptive
design in the presence of covariates.

Let Ykij denote the jth response of the ith subject observed at time point
τij = τi + j for treatment k, i ≥ 1, j = 1, · · · , ni, and k = A,B. We suppress
the suffix ‘k’ in our notation through use of the allocation indicator. We assume
that

P (Yij = 1) = πij = G(α+ ∆δi + β′xi + γ(τ − τ0)),

where G is a link function, which can be taken as the cumulative distribution
function of a continuous symmetric random variable; α is the general effect;
∆ is the effect for treatment A; δi = 1 or 0 according as the ith patient is
treated by treatment A or B; and β is the effect of the covariate vector xi,
assumed the same for both the treatments; t is the current time point (which
is τij = τi+j−1) and τ0 = τ0(τij).

The objective is to make inference on ∆ while assigning a larger number of
subjects to the better treatment. The first 2m patients are randomly allocated
in a 50:50 way between the two competing treatments. This stage may be
performed either by tossing a fair coin for every entering patient, or by using
a permuted block design. The second stage involves the remaining (n − 2m)
patients. Any second-stage patient with covariate vector x is treated with
probability p = p(x), a function of the covariate of that patient, based on all
the available data up to that point of time, namely the allocation and covariate
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history of the all the previously allocated patients and the response history
that is available up to that time. Optimum design theory, in combination with
some randomisation device, is used to determine p.

In particular, Biswas et al. (2012) suggest determining the unknown p by
maximisation of the utility function

U(p) = log |Iξ| − η

{
p log

( p
π

)
+ (1 − p) log

(
1 − p

1 − π

)}
, (9.4)

where Iξ is the Fisher information matrix, and π is obtained using the first-
stage data so that π provides a skewed allocation probability. It is natural
that π should reflect the treatment difference ∆. Thus, (estimated) ∆ = 0
should lead to π = 0.5, as the two treatments are equivalent and there is no
reason to skew the allocation in favour of one treatment or the other. The
value ∆ > 0 implies treatment A is better than treatment B, and hence there
should be higher allocation to treatment A, so that π > 0.5. Larger values of
∆ should yield larger values of π. A symmetric π is desired, that is, a value
of ∆ giving π should ensure that −∆ will provide an allocation probability of
1−π; the cumulative distribution function of a symmetric (about ‘0’) random
variable is therefore a natural choice of π. The most natural choice of π is the
cumulative distribution function of a N(0, T 2) random variable, which is the
normal link function used by Bandyopadhyay and Biswas (2001), discussed

in detail in §4.6. Here ∆̂ is the maximum likelihood estimate of treatment
difference ∆ based on only the first stage data.

In (9.4) η is the balancing factor between optimal and ethical allocation (see
Chapter 7). For any η, the optimal skewing proportion p for the jth patient,
j ≥ 2m+1, with covariate vector xj , is obtained by maximising U(p) with re-
spect to p. The same procedure is continued for every patient after the initial
2m patients. This type of optimal design is discussed in §§6.6.4 and §7.3.2.
Since the current patient’s covariate is used for the allocation, we have a lon-
gitudinal CARA design (see §9.8). Biswas et al. (2012) accordingly called this
design CALRAD (covariate-adjusted longitudinal response-adaptive design).

9.5 Sequential Monitoring: Inverse Sampling in Adaptive Designs

The Boston ECMO trial (Ware 1989) was based on inverse sampling, the sam-
pling continuing until four failures from a particular treatment was observed.
The appropriate use of inverse sampling can help in earlier stopping of trials
and may also reduce the number of patients exposed to the inferior treatment.

Inverse sampling can be effectively used in response-adaptive designs. Here we
briefly review some existing work. Let δi be the indicator of the ith allocation
(δi = 1 or 0 according as the ith patient is treated by treatment A or treatment
B) and let Zi be the binary response variable for the ith patient. One may
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wish to stop as soon as a total of r successes are obtained in the trial, or stop
as soon as s failures are observed, or stop as soon as r successes or s failures
are observed. Alternatively, the trial could stop as soon as r failures from
either treatment occur (as in the Boston ECMO trial). The stopping variables
would be

N1 = min

{
n : n ≥ 1,

n∑

i=1

Zi = r

}
,

N2 = min

{
n : n ≥ 1,

n∑

i=1

(1 − Zi) = s

}
,

N3 = min

{
n : n ≥ 1,

n∑

i=1

Zi = r or

n∑

i=1

(1 − Zi) = s

}
,

N4 = min

{
n : n ≥ 1,

n∑

i=1

δi(1 − Zi) = r or

n∑

i=1

(1 − δi)(1 − Zi) = r

}
.

The exact and asymptotic properties of the procedure will differ between
adaptive and traditional sequential designs. As an example, Bandyopadhyay
and Biswas (1997a, 1997b) considered inverse sampling in the RPW rule.

Sobel and Weiss (1971b) suggested an inverse sampling PW rule in which they
stopped sampling when a prefixed number of successes was observed from ei-
ther of the two treatments. Hoel (1972) modified this sequential procedure,
introducing a stopping rule where both the number of successes and number
of failures were considered; the experiment stopped when the number of suc-
cesses on one treatment plus the number of failures on the other treatment
exceeded a prefixed threshold. More complicated stopping rules with the PW
rule were considered by Fushimi (1973), Berry and Sobel (1973), Kiefer and
Weiss (1974) and Nordbrock (1976). Wei and Durham (1978), while extending
Zelen’s (1969) PW design to the RPW rule, studied the result of including
the stopping rule of Hoel (1972). Bandyopadhyay and Biswas (1997a, 1997b,
2000, 2002b and 2003) explored a variety of stopping rules for the RPW rule.
A general rule for responses from the exponential family was introduced by
Baldi Antognini and Giovagnoli (2005) who studied the estimators of treat-
ment effects with the rule that stops the experiment when the absolute value
of the sum of responses to each treatment reaches a given value. For two
treatments, their rule becomes

N5 = min

{∣∣∣∣∣

n∑

i=1

δiXi

∣∣∣∣∣ ≥ r1 and

∣∣∣∣∣

n∑

i=1

(1 − δi)Yi

∣∣∣∣∣ ≥ r2

}
. (9.5)

For binary responses, (9.5) becomes a lower threshold for the number of ob-
served successes with each treatment while, for normal responses, (9.5) reduces
to the sampling scheme of Tweedie (1957). Baldi Antognini and Giovagnoli
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(2005) used sequential ML in their design, and they observed that the strong
consistency and asymptotic normality of the MLEs still hold approximately.

More recently, Zhu and Hu (2010) considered a sequential monitoring
response-adaptive randomised clinical trial. They proved that the sequen-
tial test statistics converge to a Brownian motion in distribution, asymp-
totically satisfying the canonical joint distribution defined in Jennison and
Turnbull (2000). Therefore, type I error and other inferential objectives can
be achieved, at least theoretically, by selecting appropriate boundaries. Their
simulation studies confirm that the proposed procedure brings together these
advantages in dealing with power, total sample size and total failure numbers,
while preserving the type I error.

9.6 Robustness in Adaptive Designs

Faries, Tamura, and Andersen (1995) rightly claimed that the dramatic ad-
vances in computer technology and data access make the logistics of adaptive
trials increasingly feasible. These advances have been even more dramatic in
the ensuing two decades and strongly encourage the use of statistically vali-
dated methods in the design and analysis of adaptive clinical trials (Sverdlov
and Rosenberger 2013). The main countervailing tendency is the increasing
need to protect data against “hacking” attacks and the growth in the height
of firewalls within pharmaceutical organisations for the protection of data and
commercial secrets.

In addition to the design of trials, which is the theme of our book, more
sophisticated methods of data analysis are also increasingly available. There
is surprisingly little work on experimental design with robust data analysis in
mind. An exception is Müller (1997) which, however, does not consider clinical
trials.

One approach to robustness in response-adaptive clinical trials is due to Biswas
and Basu (2001) who considered the link-function-based design of Bandyopad-
hyay and Biswas (2001) described in §4.6. Here the allocation probability to
treatment A for the (i+1)st patient is G{(µ̂Ai − µ̂Bi)/T )} for some link G(·).
Robustness may be important for such continuous responses. Use of sample
means, or more generally, least squares, leads to estimates that are unbounded
in the presence of contamination; that is, a few, or even one, response that is
sufficiently outlying can so affect the parameter estimates that patients may
be assigned to a poor treatment when a better one is available. For a survey
of robust statistics, see Maronna, Martin, and Yohai (2006). A comparison of
very robust methods for regression is Riani, Atkinson, and Perrotta (2013).

Biswas and Basu (2001) used two robust analogues of the sample mean as
an estimate of the population means µk, k = A,B depending on the kind of
data. The first is for the parameters in the normal location problem, where
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they used an M -estimator with Huber’s ψ function (see, for example, Hampel
et al. 1986). With one population, the estimate µ̃ is found from the estimat-
ing equation

∑
i ψb((yi − µ̃)/σ̂) = 0, where y1, . . . , yn represent the sample

observations, and σ̂ is a robust estimate of scale. The function ψb(·) has the
form

ψb(x) =






x if |x| ≤ b
b if x > b

−b if x < −b,
thus limiting the impact of observations which have unusually large residu-
als. The second estimator, for exponential models, was based on the robust
weighted likelihood estimators of Field and Smith (1994). The parameter es-
timate is found by iteratively solving a weighted likelihood equation for the
parameter θ with weights given by

w(x, θ) =






F (x, θ)/p if F (x, θ) < p
1 if p ≤ F (x, θ) ≤ 1 − p

{1 − F (x, θ))}/p if F (x, θ) > 1 − p.

Here F (x, ·) is the distribution function of the response under the model,
θ is the current estimate of the parameter, and p is a suitable small value,
p ∈ (0, 1).

The performance of the link-function-based design with such robust estimates
was illustrated in the presence of sizeable outliers. However, further study is
needed of other possible robust estimators and of the impact of robustness on
design.

9.7 Missing Data in Response-Adaptive Designs

In the previous section we briefly considered the possibility of outliers. Another
important possibility is that some data may be missing. This situation seems
hardly to have been studied in the context of response-adaptive designs.

One exception is Biswas and Rao (2004) who once more considered the link-
function-based design of Bandyopadhyay and Biswas (2001) with covariates of
§4.6. Suppose n patients are to be treated in the trial with the first 2m patients
allocated at random to the two treatments, m patients to each. The choice
of m should ensure that the model parameters can be estimated from the
initial sample of size 2m. Response-adaptive allocation proceeds from patient
(2m+1) onwards. It is also assumed that none of the initial 2m responses are
missing. The model for the response of the ith patient is given by

Yi = δiµA + (1 − δi)µB + xT
i β + ǫi, (9.6)

where the ǫi are i.i.d. N(0, σ2) random variables. Some Y -values from the
adaptive part of the trial may be missing, but x is completely observed for all
the patients; only patients with complete covariate records are recruited. In
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the presence of possible missing responses, the data for the ith patient may
be represented as {Yi, xi, δi, ξi}, where Yi denotes the response that may or
may not be available, xi is a p× 1 vector of covariates, δi = 1 or 0 according
to whether A or B is applied to the ith patient, and ξi is another indicator
variable that takes the value 1 or 0 according as the response of the ith patient
is available or missing. We assumed ξi = 1 for i = 1, · · · , 2m.

The allocation of patient (i + 1), i = 2m, · · · , n − 1, depends on all the pre-
viously observed responses, all the previous allocation indicators {δ1, · · · , δi},
all the previous covariate history {x1, · · · , xi} and all the previous response
indicators {ξ1, · · · , ξi}. Let µ̂∗

Ai− µ̂∗
Bi be the estimator of treatment difference,

µA − µB, at the (i + 1)st stage, after imputation for all the previous miss-
ing responses and adjusting for the effects of the covariates x. Using the link
function G(·) we allocate the (i+1)st patient to treatment A with probability
G(µ̂∗

Ai − µ̂∗
Bi).

It is assumed that Y is missing at random, that is, P (ξ = 1|Y, δ, x) = P (ξ =
1|δ, x) or ξ and Y are conditionally independent given δ and x. This assump-
tion is reasonable in many practical situations, see Little and Rubin (1987,
Chapter 1).

Let NAi =
∑i

j=1 δj and QAi =
∑i

j=1 δjξj denote the number of allocations
and the number of available responses for treatment A, based on the first i
patients. Similarly, let NBi =

∑i
j=1(1 − δj) and QBi =

∑i
j=1(1 − δj)ξj for

treatment B. Further let

Ȳ C
Ai =

∑i
j=1 δjξjYj

QAi
, Ȳ C

Bi =

∑i
j=1(1 − δj)ξjYj

QBi
,

x̄C
Ai =

∑i
j=1 δjξjxj

QAi
, x̄C

Bi =

∑i
j=1(1 − δj)ξjxj

QBi
,

x̄M
Ai =

∑i
j=1 δj(1 − ξj)xj

NAi −QAi
, x̄M

Bi =

∑i
j=1(1 − δj)(1 − ξj)xj

NBi −QBi
.

Here Ȳ C
Ai is the sample mean of the available responses to A, x̄C

Ai and x̄M
Ai

are the sample mean vectors of the covariates corresponding to the A-treated
patients whose responses are available and whose responses are missing. The
interpretations for B-treated patients are similar.

Now, based on the available responses and associated covariates from the first
i patients, define

S(i)
xx =

i∑

j=1

ξjxjx
T
j −QAix̄

C
Ai(x̄

C
Ai)

T −QBix̄
C
Bi(x̄

C
Bi)

T ,

S(i)
xy =

i∑

j=1

ξjYjxj −QAiȲ
C
Aix̄

C
Ai −QBiȲ

C
Bix̄

C
Bi.
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Estimates of β, µA and µB , up to the first i samples, are then given by

β̂i = S(i)
xx

−1
S(i)

xy ,

µ̂Ai = Ȳ C
Ai −

(
x̄C

Ai

)T
β̂i,

µ̂Bi = Ȳ C
Bi −

(
x̄C

Bi

)T
β̂i.

For any missing Yj , we impute its value by µ̂Ai + xT
j β̂i if the jth patient is

treated by A, and by µ̂Bi +xT
j β̂i if the jth patient is treated by B. Thus, after

imputation at the ith stage, the imputed jth observation is

Z
(1)
ji = ξjYj + (1 − ξj)

{
ȲAi + (xj − x̄C

Ai)
T β̂j

}
,

or,

Z
(2)
ji = ξjYj + (1 − ξj)

{
ȲBi + (xj − x̄C

Bi)
T β̂j

}
,

depending on whether the jth patient is treated by A or B. We write the
imputed estimator of µA − µB, after eliminating the effects of the covariates,
as

µ̂∗
Ai − µ̂∗

Bi =
1

NAi

i∑

j=1

δjZ
(1)
ji − 1

NBi

i∑

j=1

(1 − δj)Z
(2)
ji − (x̄∗Ai − x̄∗Bi)

T β̂∗
i ,

where

x̄∗Ai =
QAix̄

C
Ai + (NAi −QAi)x̄

M
Ai

NAi

is the mean of all the xj ’s corresponding to the A-treated patients. Similarly,
x̄∗Bi is defined. The estimator of β based on the imputed data is given by

β̂∗
i = S(i)∗

xx

−1
S(i)∗

xy ,

with

S(i)∗
xx =

i∑

j=1

δjxjx
T
j −NAix̄

∗
Ai(x̄

∗
Ai)

T −NBix̄
∗
Bi(x̄

∗
Bi)

T , (9.7)

and

S(i)∗
xy =

i∑

j=1

δjxj(Yj − Ȳ ∗
Ai) +

i∑

j=1

(1 − δj)xj(Yj − Ȳ ∗
Bi), (9.8)

where

Ȳ ∗
Ai =

QAiȲAi + (NAi −QAi)ȲAi +
{∑

j:ξj=0 δj(xj − x̄C
Ai)

T
}
β̂i

NAi

= ȲAi +

(
NAi −QAi

NAi

)
(x̄M

Ai − x̄C
Ai)

T β̂i.
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The expression for Ȳ ∗
Bi is analogous. Now, it is easy to show that

β̂∗
i = β̂i. (9.9)

The result (9.9) implies that the covariates associated with the missing re-
sponses provide no additional information in estimating β. However, those
covariates contribute to the imputed estimators µ̂∗

Ai and µ̂∗
Bi of µA and µB.

We have

µ̂∗
Ai − µ̂∗

Bi =
1

NAi

i∑

j=1

δiZ
(1)
ji − 1

NBi

i∑

j=1

(1 − δj)Z
(2)
ji − (x̄∗Ai − x̄∗Bi)

T β̂i. (9.10)

The allocation for the (i+1)st patient to treatment A will be with probability
G(µ̂∗

Ai − µ̂∗
Bi) = Φ{(µ̂∗

Ai − µ̂∗
Bi)/T )} for the normal c.d.f. link. Biswas and Rao

(2004) provide both theoretical results and numerical illustrations.

9.8 Asymptotic Results for CARA Designs

The biased-coin designs of Chapter 6 are covariate adaptive. These designs
were extended in Chapter 7 to include response adaptivity. Hu and Zhang
(2004) obtained asymptotic results for the resulting doubly-adaptive designs.
The further extension to Covariate-Adjusted Response-Adaptive (CARA) de-
signs (Rosenberger, Vidyashankar, and Agarwal 2001) includes the covariate
of the current patient in the randomisation rule. Zhang et al. (2007) discuss
asymptotic properties of CARA designs. We now summarise these results.

The clinical trial has t (≥ 2) treatments. Let δ1, δ2, · · · be the sequence of
random treatment assignments. For the mth subject, δm = (δm,1, · · · , δm,t)
represents the assignment of treatment such that if themth subject is allocated
to treatment k, then all elements in δm are 0 except for the kth component,
δm,k, which is 1. Suppose that {Ym,k, k = 1, · · · , t, m = 1, 2, · · · } denote
the responses with Ym,k the response of the mth subject to treatment k,
k = 1, · · · , t. In practice, only Ym,k with δm,k = 1 is observed. We write
Ym = (Ym,1, · · · , Ym,t). Let Dm = σ(δ1, · · · , δm) and Ym = σ(Y1, · · · , Ym)
be the corresponding sigma fields. Now, assume that covariate information is
available in the clinical study. Let Xm be the covariate of the mth subject and
Xm = σ(X1, · · · , Xm) be the corresponding sigma field. In addition, let Fm =
σ(Dm,Ym,Xm) be the sigma field of the history. A general covariate-adjusted
response-adaptive (CARA) design is defined by ψm = E(δm|Fm−1, Xm) =
E(δm|Dm−1,Ym−1,Xm), the conditional probabilities of assigning treatments
1, · · · , t to the mth patient, conditioning on the entire history including the
information of all previousm−1 assignments, responses, and covariate vectors,
plus the information of the current patient’s covariate vector.

Assume that the responses and the covariate vector satisfy

E(Yk|X) = pk(θk, X), θk ∈ Θk, k = 1, · · · , t,
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where pk(·, ·), k = 1, · · · , t, are known functions. Further, θk, k = 1, · · · , t,
are unknown parameters, and Θk ⊂ Rd is the parameter space of θk. Write
θ = (θ1, · · · , θK) and Θ = Θ1 × · · · × ΘK . Zhang et al. (2007) considered the
class of allocation function where a patient is allocated to treatment k with
probability

ψk = P (Xm+1,k = 1|Fm, Xm+1) = πk(θ̂m, Xm+1), k = 1, · · · , t,

where Fm = σ(δ1, · · · , δm, Y1, · · · , Ym, X1, · · · , Xm) is the sigma field of the
history and πk(·, ·), k = 1, · · · , t, are given functions. Given Fm and Xm+1,
the response Ym+1 of the (m + 1)st subject is assumed to be independent of
its assignment δm+1. We call the function π(·, ·) = {π1(·, ·), · · · , πt(·, ·)} the
allocation function that satisfies π1+ · · ·+πt ≡ 1. Let gk(θ∗) = E{πk(θ∗, X)]}.
Thus, P (δm+1,k = 1) = gk(θ̂m).

Writing π = {θ∗, x)} = (π1(θ
∗x), · · · , πt(θ

∗x)), g(θ∗) = {g1(θ∗), · · · , gt(θ
∗)},

vk = gk(θ) = E{πk(θ,X)}, k = 1, · · · , t, and v = (v1, · · · , vt), with vk ∈ (0, 1),
k = 1, · · · , t, the following conditions are assumed for the allocation function
π(θ∗, x).

The parameter space Θk is a bounded domain in Rd, and the true value θk is
an interior point of Θk, k = 1, · · · , t.

1. For each x, πk(θ∗, x) > 0 is a continuous function of θ∗, k = 1, · · · , t.
2. For each k = 1, · · · , t, πk(θ∗, x) is differentiable with respect to θ∗ under

the expectation, and there is a δ > 0 such that

gk(θ∗) = gk(θ) + (θ∗ − θ)

(
∂gk

∂θ∗

∣∣∣∣
θ

)T

+ o(||θ∗ − θ||1+δ),

where ∂gk/∂θ
∗ = (∂gk/∂θ

∗
11, · · · , ∂gk/∂θ

∗
td).

Under the above conditions Zhang et al. (2007) established that Nn

n − v =

O

(√
log log n

n

)
and also θ̂n − θ = O

(√
log log n

n

)
. They also obtained the

asymptotic normality of
√
n(Nn/n − v) and

√
n(θ̂n − θ). Further results are

presented that are conditional on the given covariate x.

This is an immensely useful and powerful result in the context of response-
adaptive designs. However, there are limitations. Although many of the avail-
able CARA designs fall in the framework of Zhang et al. (2007) so that their
results can be applied, not all existing designs are of this format. For exam-
ple, the response-adaptive designs of Atkinson and Biswas (2005a, 2005b), see
Chapter 7, use the current patient’s covariate in the allocation rule, and hence
are CARA designs by definition. But these do not fall within the framework
of Zhang et al. (2007). Thus, more comprehensive results for CARA designs
are still needed.
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9.9 How to Bridge Theory and Practice

At the end of the book we are perhaps at the most important point. As a
result of the development of the methods described here we look forward to
the employment of response-adaptive designs on a regular basis in a variety
of trials with differing kinds of response. However, as with the application of
other forms of experimental design (Kiefer 1959), the way forward may not
be smooth.

Krams et al. (2007) present an overview of the usefulness of adaptive design in
clinical trial development as a discussion paper in issue 6 of volume 17 of the
Journal of Biopharmaceutical Statistics devoted to adaptive design. Two years
later, Krams et al. (2009) returned to the subject and wrote that the crisis
in the overall productivity of pharmaceutical research and development has
attracted attention to innovative ways to improve drug development. They
describe the creation of a group of experienced drug developers with back-
grounds in clinical pharmacology, medicine and statistics. The objective was
to create a culture open to innovative and adaptive approaches in the de-
sign, implementation and execution of clinical trials. This initiative uncannily
echoes one strand of the arguments of Armitage (1985) who suggested the
need for interdisciplinary teams.

The flow of response-adaptive designs increased dramatically in the first
decade of the twenty-first century with the research on optimal designs, CARA
designs and designs for several realistic but difficult scenarios described in this
book. However, an assumption in these methods is that all patients may re-
ceive any treatment. But, with the growing focus on personalised medicine,
there has come an interest in designs in which subgroups of patients are ran-
domised to only a specific subset of the treatments in the trial. Since these
subgroups are not certainly established at the beginning of the trial, some
treatment arms may be discontinued for some subgroups during the trial.
See, for example, Stallard and Todd (2003) or Simon and Simon (2103) for a
description of such enrichment designs.

Another important development is the growth of seamless phase 2-phase 3
designs in which the objectivity of the phase 3 trials is combined with the
information already available from phase 2. Allowance has to be made for
selection of treatments as the trial progresses (Bretz et al. 2006). The elu-
cidation of appropriate randomisation strategies for these more complicated
situations is an interesting and important challenge. Sverdlov and Rosenberger
(2013) are hopeful that developments in computing and information science
will enable routine use of more complicated randomisation rules.



Appendix A

Optimum Design

A.1 Optimum Experimental Design

A.1.1 Models

Optimum experimental design requires one or more models and a criterion
that is to be minimised, for example var (α̂1 − α̂2).

We begin with the simple regression model EY = Gω (6.2) in which all p
parameters are of interest. In the model of observations (6.3), the additive
errors of observation follow the second-order assumptions and least squares
is the appropriate method of estimation. If, in addition, the ǫi are normally
distributed, the confidence region for ω is of the form

(ω − ω̂)TGTG(ω − ω̂) ≤ ps2Fp,ν,α = k, (A1)

where s2 is an estimator of σ2 on ν degrees of freedom. If the errors are not
normally distributed, the region given by (A1) provides an increasingly good
approximation as n increases, provided σ2 <∞.

A.1.2 D-Optimality

Different experimental designs, in our case different strategies of allocating
treatments, give rise to different matrices G and so to confidence regions (A1)
of different size and shape. We compare designs by looking at one property of
these confidence regions.

In the p-dimensional space of the parameters (A1) defines an ellipsoid, the
boundary of which is a contour of constant residual sum of squares. The kernel
of this quadratic form is the information matrix GTG, the inverse, when the
constant value of σ2 is ignored of the variance-covariance matrix (6.5). Ideally
we would prefer a design which makes all variances and covariances small.
Unfortunately it is not usually possible to achieve this; design strategies that
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make some variances small will often make others large. In the simple case of
a two-treatment design, allocating more patients out of n to one treatment
will decrease the variance of that estimated treatment effect, but will increase
the variance of the estimate of the effect of the other treatment. Instead we
consider the properties of the ellipsoidal confidence region given by (A1).

In comparing designs for a given value of n, the value of the right-hand side of
(A1) does not matter. It will however be of importance when determining the
value of n to give a specified power. The volume of the ellipsoid is inversely
proportional to the square root of the determinant |GTG|. From the expression
for var ω̂ in (6.5), σ2|(GTG)−1| = σ2/|GTG| is called the generalised variance
of ω̂. Designs which maximise |GTG| minimise this generalised variance and
are called D-optimum (for Determinant).

There is an appreciable literature on optimum experimental design, an intro-
duction to which is given in §A.1.6.

A.1.3 The Sequential Construction of D-Optimum Designs

The vector of allocation and prognostic factors for the (n+1)st patient is gn+1;
Gn+1 is formed by adding the row gT

n+1 to Gn. A useful result for determinants
is that

|GT
n+1Gn+1| = {1 + gT

n+1(G
T
nGn)−1gn+1}|GT

nGn|. (A2)

SinceGn is given, in the notation of (6.8) we therefore choose gn+1 to maximise
d(j, n, zn+1).

A.1.4 Treatment Contrasts and Differences

In Chapter 2 we found randomised forms of designs for two treatments without
prognostic factors which minimised var (α̂1 − α̂2). In our more general model
(6.1)

ωT = (αT ψT),

the ψ are nuisance parameters. We therefore consider matrices of coefficients
A of the form

AT = (LT 0T). (A3)

There are t treatments; AT is s× p, LT is s× t and 0T an s× (p− t) matrix
of zeroes. Then the variance-covariance matrix in (6.10) is

AT(GTG)−1A = LT{HTH −HTZ(ZTZ)−1ZTH}−1L. (A4)

One special case of (A3) is Ds-optimality in which s = t; that is, interest is
in all t treatment parameters and A = It, the t × t identity matrix. How-
ever, our interest is in contrasts among the treatment effects, with the overall
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mean of the treatments an additional nuisance parameter. So we focus on
DA-optimality with s ≤ t− 1.

In the majority of our examples t = 2 and so β (6.9) is a scalar, the variance of
the estimate of which is to be minimised. Another example is in the adaptive
designs of §7.2.7 when t = 3 and an adaptively weighted linear combination of
the α is to be estimated with minimum variance. Again s = 1 and the design
criterion is also a special case of c-optimality (Atkinson, Donev, and Tobias
2007, §1.4).

We now generalise estimation of the difference of two treatments to the com-
parison of t treatments. One possible set of t− 1 contrasts orthogonal to the
mean is

LT =





1 −1 0 . . . 0
1 0 −1 . . . 0

...
1 0 0 . . . −1




. (A5)

For t = 2 these contrasts reduce to the difference between treatments. For
three treatments, the two selected contrasts are the difference between the
first and second and the first and third treatments. The difference of these
two is the contrast for the second and third treatments, but only two of these
are linearly independent.

Since determinants of a matrix are unchanged by addition or subtraction of
rows or columns of the matrix, the set of contrasts in (A5) is not unique in
the value it gives of |AT(GTG)−1A|. Other sets of contrasts so found will give
the same value of the determinant, provided interest is in all t − 1 contrasts
orthogonal to the mean. However if fewer contrasts are of interest, that is
s < t− 1, the exact form of the contrasts is important.

This generalised variance is minimised by the balanced design, in which both
an equal number of patients is allocated to each treatment, and there is balance
over all prognostic factors so that in (A4) HTZ = 0. Let the reciprocal of this
equal number of observations be r = t/n. Then, with the set of contrasts (A5)

AT (GTG)−1A = LT{HTH}−1L = M1 +M2

where all matrices are (t− 1) × (t− 1) and

M1 = diag r,

whereas
M2 = {r}(t−1)×(t−1) = ccT

and
c = (

√
r

√
r . . .

√
r)T.

Then the result on the change in the determinant of a matrix on the addition
of a rank-one matrix in (A2) shows that the determinant of (A4) reduces to

|AT (GTG)−1A| = tt/nt−1.
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A.1.5 Continuous and Exact Designs

In §6.1.5 it was stated that, at the optimum design, all dA(j, n, zn+1) are equal,
so that each treatment was equally likely to be allocated. We now make this
statement more exact by referring to the properties of continuous designs.

An important breakthrough in the development of the theory of optimum
experimental design was the introduction by Kiefer (1959) of continuous, or
approximate, designs in which dependence on the number of observations was
avoided. Continuous designs are represented by the measure ξ over the design
region X . If the design has trials at t distinct points in X , we write

ξ =

{
x1 x2 . . . xt

w1 w2 . . . wt

}
, (A6)

where the first line gives the values of the factors at the design points with
the wi the associated design weights.

If we wish to stress that a measure refers to an exact design, realisable in
integers for a specific n, the measure is written ξn where wi = ri/n, with ri
the integer number of trials at xi and

∑
ri = n.

For the continuous design ξ, the information matrix for the model (6.2) is

M(ξ) =

∫

X
g(x)gT(x)ξ(dx) =

t∑

i=1

wig(xi)g
T(xi). (A7)

Because of the presence of the weights wi, the last form in (A7), summed over
the t design points, is the normalised version of the information matrix for
the exact design ξn. That is

M(ξn) = GTG/n.

For continuous designs the standardised variance of the predicted response is

d(x, ξ) = gT(x)M−1(ξ)g(x). (A8)

If the design is exact, from (6.8)

d(x, ξn) = gT(x)M−1(ξn)g(x) = n d(j, n, zn+1), (A9)

with zn+1 = g(x).

The general equivalence theorem for continuous D-optimum designs (Kiefer
and Wolfowitz 1960) relates maximisation of log |M(ξ)| to properties of d(x, ξ),
stating the equivalence of the following three conditions on ξ∗:

1. The design ξ∗ maximises log |M(ξ)|.
2. The design ξ∗ minimises the maximum over X of d(x, ξ).
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3. The maximum over X of d(x, ξ∗) = p, the dimension of g(x), this minimum
occurring at the points of support of the design.

There are similar results for DA-optimum designs. For example, the infor-
mation matrix, analogously to (6.10), is M(ξ) = [AT{MD(ξ)}−1A]−1, where
here MD(ξ) is given by (A7). Likewise we can define the analogue of (6.11)
for continuous designs. An equivalence theorem applies to these quantities
with now the maximum value of the variance equalling s. In either case, as
a consequence of 3 we obtain equal allocation probabilities at the optimum
design.

A second consequence of 3 is that from (A9) both d(j, n, zn+1) and
dA(j, n, zn+1) → 0 as n → ∞. This allows the approximation (6.34) show-
ing that the Bayesian rules behave increasingly like random allocation as n
increases.

A.1.6 Literature

The modern theory of optimum experimental design was introduced by Kiefer
(1959) who gives some history, including the amazingly early paper of Smith
(1918) on optimum designs for polynomial models. Book-length treatments of
the subject in English include Fedorov (1971), Silvey (1980), Pázman (1986)
and Pukelsheim (1993). Fedorov and Hackl (1997) give a brief mathematical
introduction to the core of the subject. Atkinson, Donev, and Tobias (2007) is
more expository, as is Berger and Wong (2009). Goos and Jones (2011) provide
a series of case studies where the power of algorithms for design construction is
important in obtaining practical solutions. Both Pronzato and Pázman (2013)
and Fedorov and Leonov (2014) focus on nonlinear models, the latter with an
emphasis on pharmaceutical applications.

A.2 A Skewed Bayesian Biased Coin

We now give details of the derivation of the skewed Bayesian biased-coin design
rule of §6.6.4. The derivation of the unskewed rule of §6.2.2 is the special case
when all skewing proportions pj are equal.

With πB(j) the probability of allocating treatment j, the utility U is that
given in (6.21) except that we generalise UR to

UR =
t∑

j=1

πB(j) log{πB(j)/pj}, (A10)

where the pj are the desired allocation proportions. To start we show that this
utility gives the required skewed random allocation when inference is ignored.
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Accordingly we minimise UR subject to the constraint that
∑t

j=1 πB(j) = 1.
We introduce the Lagrange multiplier λ and minimise

t∑

j=1

πB(j) log{πB(j)/pj} + λ




t∑

j=1

πB(j) − 1



 . (A11)

The derivative of (A11) with respect to πB(j) is

1 + log(πB(j)/pj) + λ. (A12)

On setting these derivatives equal to zero it follows that all ratios πB(j)/pj

must be equal. We then have the desired result for skewed random allocation
that πB(j) = pj , j = 1, . . . , t.

We now turn to consideration of the total utility U (6.21), in which

UV =

t∑

j=1

πB(j)φj ,

where φj is a measure of the information from applying treatment j. Shortly
we define this in terms of DA-optimality. We require designs to maximise the
utility

U =

t∑

j=1

πB(j)φj − γ

t∑

j=1

πB(j) log{πB(j)/pj}. (A13)

As before, the introduction of the Lagrange multiplier λ followed by differen-
tiation with respect to πB(j) leads to t relationships which are now

φj − γ{1 + log(πB(j)/pj)} + λ = 0, (A14)

so that all quantities
φj/γ − log(πB(j)/pj)

must be constant. That is,

πB(j)/pj = κ exp(φj/γ),

for some constant κ. Since
∑t

j=1 πB(j) = 1, we obtain

πB(j) =
pj exp(φj/γ)∑t

s=1 ps exp(φs/γ)
. (A15)

If, as in (6.27), we take φj to be DA-optimality we obtain the skewed Bayesian
allocation probabilities

πB(j|xn+1) =
pj{1 + dA(j, n, zn+1)}1/γ

∑t
s=1 ps{1 + dA(s, n, zn+1)}1/γ

. (A16)

At the optimum design all dA(j, n, zn+1) are equal, so that πB(j|xn+1) = pj .
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A.3 Asymptotic Properties

Our proof follows that in Atkinson, Biswas, and Pronzato (2011).

Provided that, in (7.3), p0
t > c, the choice of π(j|xn+1) in (7.15) guarantees

that
π(j|xn+1) > c for all n, j

with c some positive constant. Therefore, from Borel-Cantelli arguments, the
number nn,j of individuals having received treatment j after n allocations sat-
isfies nn,j → ∞ for all j. To obtain limiting results for the constructed designs
and estimators, we need to make some assumptions on the covariates zi in
(6.1). We suppose that they are distributed among trials independently of the

treatments and that (1/n)
∑n

i=1 zi
a.s.→ µ, (1/n)

∑n
i=1 ziz

T
i

a.s.→ MZ , with the
asymptotic variance-covariance matrix MZ − µµT having full rank. Now, ar-
ranging the covariates according to treatments and denoting by zij the vector
of covariates for the i-th trial with treatment j and µj = (1/nj,n)

∑nj,n

i=1 zij ,
we can write

1

n
FnTFn =

(
Dn DnHn

HnTDn Mn
Z

)
,

where Dn = diag{nj,n/n, j = 1, . . . , t}, Hn = (µ1, . . . , µt)
T , Mn

Z =

(1/n)
∑n

i=1 ziz
T
i and Mn

Z
a.s.→ MZ , Hn a.s.→ uµT when n → ∞, with u the

t-dimensional vector of ones. Therefore, det(FnTFn/n) = det(Dn) det(Mn
Z −

HnTDnHn) with

Mn
Z −HnTDnHn =

1

n

n∑

j=1

nj,n∑

i=1

(zij − µj)(zij − µj)
T a.s.→ MZ − µµT , n→ ∞ .

Since MZ − µµT has full rank, the sufficient conditions of Lai and Wei (1982,

Corollary 3) for the strong consistency of β̂n are satisfied: with λmin and λmax

denoting minimum and maximum eigenvalues,
{

λmin(F
nTFn)

a.s.→ ∞
{logλmax(F

nTFn)}1+ρ = o{λmin(FnTFn)} , a.s.

for some ρ > 0. In particular, α̂n a.s.→ α, n → ∞ and, if αj < αj+1 for all
j = 1, . . . , t − 1, then there exists n0 such that, for all n > n0, we have
R̂n

(j) = R(j). The asymptotic allocation rule thus coincides with that using

the true ordering of treatments and nj,n/n → p0
j for all j. Notice, moreover,

that the conditions of Lai and Wei (1982, Th. 3) for asymptotic normality of

β̂n are satisfied, so that

(FnTFn)1/2(β̂n − β)
d→ N (0, σ2I) ,

where
d→ denotes convergence in distribution and I is the (t+ v)-dimensional

identity matrix.
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als. Göteborg: Department of Mathematics.

Byar, D. P., R. M. Simon, W. T. Friedewald, J. J. Schlesselman, D. L.
DeMets, J. H. Ellenberg, M. H. Gail, and J. H. Ware (1976). Ran-
domized clinical trials – perspectives on some recent ideas. New England
Journal of Medicine 295, 74–80.

Chen, Y. P. (1999). Biased coin design with imbalance tolerance. Commu-
nications and Statistics - Stochastic Models 15, 953–975.

Chen, Y. P. (2000). Which design is better? Ehrenfest urn versus biased
coin. Advances in Applied Probability 32, 738–749.

Chow, S. C. and M. Chang (2012). Adaptive Design Method in Clinical
Trials, 2nd edn. Boca Raton: Chapman and Hall/CRC Press.

Chow, S.-C. and J. Shao (2002). Statistics in Drug Research: Methodologies
and Recent Developments. New York: Marcel Dekker.

Coad, D. S. (1992). Some results on estimation for two stage clinical trials.
Sequential Analysis 11, 299–311.

Coad, D. S. (1994). Sequential estimation for two-stage and three-stage
clinical trials. Journal of Statistical Planning and Inference 43, 343–351.

Cochran, W. G. (1977). Sampling Techniques, 3rd edn. New York: Wiley.

Colton, T. (1963). A model for selecting one of two medical treatments.
Journal of the American Statistical Association 58, 388–401.

Connor, E. M., R. S. Sperling, R. Gelber, P. Kiselev, G. Scott, M. J.
O’Sullivan, R. Vandyke, M. Bey, W. Shearer, R. l. Jacobson, E. Jiminez,
E. O’Neill, B. Bazin, J. Delfraissy, M. Culname, R. Coombs, M. Elkins,
J. Moye, P. Stratton, J. Balsey, and (Report written for the Pediatric
AIDS Clinical Trial Group Protocol 076 Study Group) (1994). Reduction
of maternal-infant transmission of human immunodeficiency virus type
1 with zidovudine treatment. New England Journal of Medicine 331,
1173–1180.

Cornell, R. G., B. D. Landenberger, and R. H. Bartlett (1986). Random-
ized play-the-winner clinical trials (with discussion). Communications
in Statistics, Series A 15, 159–178.

Cox, D. R. (1951). Some systematic experimental designs. Biometrika 38,
312–323.

Cox, D. R. (1982a). Randomization and concomitant variables in the design
of experiments. In G. Kallianpur, J. K. Krishnaiah, and J. K. Ghosh
(Eds.), Statistics and Probability: Essays in Honor of C. R. Rao, pp.
197–202. Amsterdam: North-Holland.



306 BIBLIOGRAPHY

Cox, D. R. (1982b). A remark on randomization in clinical trials. Utilitas
Mathematica 21A, 245–252.

DeMets, D. L., C. D. Furberg, and L. M. Friedman (Eds.) (2006). Data
Monitoring in Clinical Trials : A Case Studies Approach, New York.
Springer-Verlag.

Dette, H., B. Bornkamp, and F. Bretz (2013). On the efficiency of two-stage
response-adaptive designs. Statistics in Medicine 32, 1646–1660.

Dumville, J. C., S. Hahn, J. N. V. Miles, and D. J. Torgerson (2006). The use
of unequal randomisation ratios in clinical trials: a review. Contemporary
Clinical Trials 27, 1–12. doi:10.1016/j.cct.2005.08.003.

Durham, S. D., N. Flournoy, and W. Li (1998). Sequential designs for max-
imizing the probability of a favorable response. Canadian Journal of
Statistics 3, 479–495.

Durham, S. D. and C. F. Yu (1990). Randomized play-the-leader rules for
sequential sampling from two populations. Probability in the Engineering
and Informational Sciences 4, 355–367.

Dworkin, R. H., A. E. Corbin, J. P. Young, U. Sharma, L. LaMoreaux,
H. Bockbrader, E. A. Garofalo, and R. M. Poole (2003). Pregabalin
for the treatment of postherpetic neuralgia. A randomized, placebo-
controlled trial. Neurology 60, 1274–1283.

Efron, B. (1971). Forcing a sequential experiment to be balanced.
Biometrika 58, 403–417.
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