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Preface

When I was assigned to teach physics of device materials at Memorial University
of Newfoundland 7 years ago, I got excited. Who would not be happy to tell the
students about such diverse areas as quantum mechanics, statistical physics, theory
of solids, electrodynamics, and crystallography, not to mention some cool electronic
applications, in a one-semester course? This opportunity was especially thrilling,
because the majority of my audience consisted of second-year engineering students
with little or no prior knowledge about most of these subjects. It is always great to
be the first to tell young people about something tremendously important.

Finding a suitable text is the first challenge an instructor faces before teaching
a course. This choice is usually made based on two factors: the knowledge the
instructor intends to impart to the students and their background preparation level.
There are many excellent books on semiconductor physics. But some of them
implicitly assume the readers’ familiarity with the topics mentioned above, while
others dig into those topics too deeply and are more suitable for the advanced
undergraduate or graduate physics students. Neither description applied to my
audience.

Hence, I wrote a few pages on quantum mechanics and a few on statistical
physics, which I shared with the students as a handout. As I was teaching this course
in the following years, I added more material to those notes, which finally developed
into this book.

The book contains three roughly equal parts, each of which can be covered in
about one month’s time. The first part, Fundamental Physics, gives the background
information students will need to understand the rest of the text: quantum mechan-
ics, crystal structure of solids, statistical mechanics, and band theory of solids.
In the second part, this information is applied to explain the basic properties of
semiconductors, namely the concentration of charge carriers in equilibrium, the
interrelation between the carrier concentration and a non-uniform electric potential,
the generation-recombination processes, and, finally, the response of the charge
carriers to an electric field. The third part applies what the students have learned
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earlier in the book to explain some semiconductor devices: the Schottky diodes, the
MOSFETs, the pn junction diodes, and some optoelectronic applications thereof.

Since my intention was to give only slightly more material than can be delivered
within a one-semester course, many topics were left out. For example, the size-
related effects in the semiconductor devices and the bipolar transistor are not
discussed. An interested reader is referred to a number of excellent texts to fill those
gaps, such as:

K. Brennan, The Physics of Semiconductors (Cambridge University Press, 1999)
J.P. Collinge and C.A. Collinge, Physics of Semiconductor Devices (Kluwer

Academic Publishers, 2002)
J.A. del Alamo, Integrated Microelectronic Devices: Physics and Modeling

(Pearson, 2018)
C. Hamaguchi, Basic Semiconductor Physics (Springer, 2010)
C. Hu, Modern Semiconductor Devices for Integrated Circuits (Pearson, 2009)
M. Grundmann, The Physics of Semiconductors (Springer, 2010)
J.P. McKelvey, Solid State and Semiconductor Physics (R.F. Krieger Publishing

Company, 1966)
R.S. Muller and Th.I. Kamins, “Device Electronics for Integrated Circuits”

(Wiley, 2002)
D. Neamen, Semiconductor Physics and Devices (McGraw-Hill, 2003)
C. Papadopoulos, Solid-State Electronic Devices (Springer, 2014)
R.F. Pieret, Semiconductor Device Fundamentals (Addison-Wesley Publishing

Company, 1996)
D.K. Schroder, Semiconductor Material and Device Characterization (Wiley,

2006)
K. Seeger, Semiconductor Physics (Springer, 2004)
R.A. Smith, Semiconductors (Cambridge Univ. Press, 1978)
S.M. Sze and M.K. Lee, Semiconductor Devices (Wiley, 2012)
S.M. Sze and K.K. Ng, Physics of Semiconductor Devices (Wiley, 2007)
P.Y. Yu and M. Cardona, Fundamentlals of Semiconductors (Springer, 2010)
Reading a book like this is best done with pencil and paper. Ideally, a student

should understand the material well enough to be able to explain it to another
student. At the end of each chapter, the student will find problems that should,
hopefully, strengthen their understanding of the chapter material. Each of the
problem sections consists of three parts: solved problems, practice problems, and
solutions. Students are encouraged to first try and tackle the problems by themselves
and look into the solutions only if they are stuck.

Although I made every effort to make this book free of errors, I cannot guarantee
that it is. I will greatly appreciate it if the readers inform me about any typo
and mistake they find, or offer any other suggestions and criticism by email at
mevstigneev@mun.ca.

I would like to thank my students and colleagues for their input. I am indebted to
Dr. Michael Morrow for sharing his own materials with me when I got to teach
this course for the first time. It has been a great pleasure to discuss pertinent
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subjects with Drs. Anatoliy Sachenko and Igor Sokolovskyi from the Institute of
Semiconductor Physics in Kyiv, Ukraine. Last but not least, I thank Gleb Evstigneev
for his suggestions that helped me improve the style of this text.

I dedicate this book to Ukraine, my brave home country.

St. John’s, NL, Canada Mykhaylo Evstigneev
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Part I
Fundamental Physics



Chapter 1
Principles of Quantum Mechanics

1.1 Why Quantum Mechanics?

As far back as ca. 2700 years ago, some natural philosophers speculated that the
building block of matter is a small particle they called an atom; its Greek name
ατoμoν means “indivisible.” Given its correctness, it comes as a surprise that
atomism was a disputed idea for two and a half millennia.

Science is not all about brilliant ideas and deep insights into the nature’s ways. It
is also about healthy skepticism and reluctance to accept a particular theory before
every competing theory is ruled out. People who were critical of atomism were not
necessarily bad scientists; quite the opposite is true about many of them. The simple
reason why it took so long for atoms to enter the mainstream of science is that seeing
is believing. Atoms are too tiny to be seen even in the best optical microscope. One
had to rely on the indirect evidence rather than direct observation of atoms.

For example, one can look at the barely visible small objects, such as pollen, coal
dust, and similar particles suspended in water. Their irregular Brownian motion can
be interpreted as caused by the unequal number of hits they receive from different
sides at each instant of time. The hits are coming from atoms. Another example:
chemists noticed that the masses of substances participating in chemical reactions
are related to each other as integer numbers. This can be taken as an evidence of the
minimal building blocks of matter that form chemical compounds by reacting with
each other.

But with a bit of imagination, one can think of other (wrong) explanations of
these facts based on the information that was available in the pre-nineteenth century
science.

The big breakthrough was made by Joseph Thomson in 1897, who discovered
that atoms are not as indivisible as previously believed. Thomson was interested
in the flow of electric current between two metal plates placed against each other
inside a vacuum tube. He showed that the current is carried by the negatively charged
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4 1 Principles of Quantum Mechanics

particles (the electrons), whose charge-to-mass ratio could be measured by studying
the deflection of an electron beam in electric and magnetic fields.

The next step was made in the 1910s by Geiger, Marsden, and Rutherford, who
studied the transmission of alpha-particles through a thin metal foil. Their angular
distribution signaled that alpha-particles underwent collisions with the positively
charged nuclei thousands of times heavier than the electrons orbiting around it.

At a slightly earlier time, another line of research was actively being developed:
the electromagnetism. It became established that an accelerated charge emits
electromagnetic waves. Now, circular motion is a special type of an accelerated
motion. An electron orbiting around the nucleus should emit electromagnetic waves,
thereby losing energy and approaching the nucleus very quickly. Eventually, the
electron should fall into the nucleus. An atom consisting of a heavy nucleus with
light electrons orbiting around it cannot be stable.

One might have thought that this model was lacking some important piece of
information that would explain the stability of atoms. But what was actually needed
was an all-out revision of everything that physicists knew at that time. New physics
had to be created, which we know as quantum mechanics. The first step toward
its creation was made by Max Planck in 1900, who derived the thermal radiation
spectrum of a body that absorbs all of the incident radiation.1 The crucial step in his
derivation was an assumption that the energy of an electromagnetic wave is directly
proportional to its frequency. Making assumptions, especially as strong as this one,
is dangerous. Planck had to take this desperate step simply because nothing else
worked.

So, how does quantum mechanics explain the stability of atoms? At the most
fundamental level, acceleration of an electron means that its state of motion
changes; when this happens, an electron emits an electromagnetic wave. In quantum
mechanics, the concept of the state of motion is replaced by that of a quantum state.
Similar to the classical picture, it is only when an electron changes its quantum state
that it emits an electromagnetic wave.

Unlike the classical state of motion, quantum states of an electron in an atom are
not characterized by continuous variables such as electron’s velocity and position.
Rather, quantum states are described by a not too large set of discrete parameters,
called quantum numbers. To each quantum state corresponds its own energy. When
an electron goes from a higher-energy quantum state to a lower-energy one, it emits
an electromagnetic wave. Out of all electron states in an atom, there is a special
one with the lowest energy. It is called the ground state. An electron in the ground
state cannot lose energy anymore; the only way out of the ground state is up to a
higher-energy state. For this reason, an electron cannot fall into the nucleus.

This physical picture allows to make an important statement that atoms radiate
light only of well-defined discrete energies that correspond to the energy differences
between different quantum states. This is indeed what is going on in real life, as was
established by the spectrometrists well before the advent of quantum mechanics.

1 This derivation is presented in Appendix A.5.
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Quantum mechanics has a huge predictive power. Not only does it explain
quantitatively the stability of atoms and their radiation spectra, but also it tells
us why and how atoms interact with each other to form small molecules or
large crystalline structures. It explains the properties of electrons in solids, in
particular, in semiconductors that form the basis of electronic devices. At present, it
revolutionizes the whole computer industry by introducing quantum computers that
operate based on its rules.

It is impossible to understand anything in modern physics without a solid
knowledge of quantum theory. The purpose of this chapter is to give the reader just
enough background information in quantum mechanics to be able to understand the
rest of the book.

1.2 Wave–Particle Duality

There is an obvious difference between waves and particles. A particle is a localized
point-like object with well-defined mass, m, position, �r , and velocity, �v, and also
energy, E, and momentum, �p. A free particle moves with a constant velocity from
the initial position �r0. At a given time t > 0, its position is �r = �vt + �r0. Its kinetic
energy is E = mv2/2, and its momentum is �p = m�v.

A wave, on the other hand, is a time-dependent perturbation that propagates in
space. This perturbation may be, e.g.,2 pressure and density variations in a sound
wave, liquid level oscillations in a surface wave, or electric and magnetic fields
in an electromagnetic wave. A plane wave is completely delocalized in space. It
is described by the wave function, which is proportional, e.g., to sin(�k · �r − ωt),
where �k is the wave vector and ω is the angular frequency of the wave, related to its
frequency, f , as ω = 2πf . If one fixes the position �r , then the wave will repeat itself
with the periodicity T = 1/f = 2π/ω, which is the period of the wave. If one takes
a snapshot of the wave at a fixed time t , one will find that the wave repeats itself in
space with the space period λ, the wavelength. The magnitude of the wave vector is
related to the wavelength, λ, by λ = 2π/|�k|. The direction of �k is the direction of
wave propagation. The velocity of the wave is the velocity with which a particular
peak of the wave function moves. It is obtained from the condition of constant phase:
�k · �r − ωt = const, giving �r = �vt + �r0 with �v = �k ω

k2 = ω
�k

�k
k

= ωλ
2π

�k
k

= λ
T

�k
k

.
Before the twentieth century, it was believed that the distinction between particles

and waves was clear-cut. Atoms and electrons were thought to be particles, whereas
light was considered to be a wave. The situation changed when it was discovered
that sometimes particles behave like waves, and waves behave like particles. This is
called the wave–particle duality.

2 Some Latin abbreviations commonly used in the scientific literature are: e.g. = exempli gratia (for
example), cf. = confer (compare), i.e. = id est (that is), etc. = et cetera (and so on), i.a. = inter alia
(among others), viz. = videlicet (namely), vs. = versus (against), etc.
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The first indication that waves displayed particle properties was discovered
by Max Planck (1900), who tried to explain thermal radiation of bodies that do
not reflect incident light but absorb it completely. Even though their absorption
coefficient is 1 and reflection coefficient is 0, these so-called black bodies do radiate
light when heated; the higher their temperature, the more light they produce. In
order to understand the experimentally observed spectrum, Planck had to postulate
that light propagates in elementary quanta, which were later called photons. Each
photon carries the energy proportional to the frequency,

E = hf = h̄ω

with the proportionality constants being

h = 6.6260704 . . . · 10−34 J · s = 4.13566766 . . . · 10−15 eV · s;
h̄ = 1.0545718 . . . · 10−34 J · s = 6.58211951 . . . · 10−16 eV · s.

The constant h is called Planck’s constant, and h̄ = h/(2π) is known as the reduced
Planck constant. The values of h and h̄ can be established by fitting the experimental
black-body radiation spectrum with Planck’s theoretical formula.

An independent test of the theory, which also allows one to measure Planck’s
constant, is the photoelectric effect, that is, light-induced emission of electrons by
metal surfaces. As was found experimentally, the energy of the electrons produced is
proportional to the frequency of the incident light with the proportionality constant
h. This finding was interpreted by Albert Einstein (1905) as an indication of the fact
that light quanta give their energy hf to the electrons in the metal, thus enabling
them to leave the metal.

About two decades later, Arthur Compton (1923) studied the scattering of X-
rays by electrons. He found that the wavelength of the scattered X-rays was shifted
with respect to the incident X-ray wavelength. In order to explain these findings,
Compton postulated that light quanta carry not only energy, but also momentum,
which is inversely proportional to the wavelength

p = h

λ
,

with the proportionality coefficient once again being Planck’s constant.
A year later, Louis de Broglie (1924) proposed that this momentum–wavelength

relation is more general and applies not only to photons, but to all particles as well.
The particle waves are characterized by the wavelength

λ = h

p
.

The fundamental difference between waves and particles is that waves are
capable of exhibiting the phenomenon of interference, where two coherent waves
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either magnify each other constructively or suppress each other destructively. In
1925, Clinton Davisson and Lester Germer observed the interference of electrons
reflected by different crystalline planes of a nickel sample. The results of their
experiment indicated that the wavelength of a particle is indeed given by de
Broglie’s formula. Later, wave properties of atoms and other particles were also
demonstrated experimentally.

What photons, electrons, and atoms have in common is that these waves can
propagate in vacuum; they do not require a medium to carry them. One may
wonder about other waves that do require such a medium: do they behave like
particles? It turns out that they do. For example, sound propagates in discrete
chunks, or quanta, called phonons. The quantum nature of sound exhibits itself in the
specific temperature dependence of the heat capacity of solids. There are all sorts of
elementary excitations in solids that sometimes behave as particles and sometimes
as waves, such as waves quanta of charge density (plasmons) or magnetization
(magnons). The wave–particle duality is hard to understand intuitively, but it is
supported by a plenty of experimental evidence.

1.3 Wavelength of a Free Particle in Terms of Its Energy

It is often more convenient to express the de Broglie wavelength of a free particle in
terms of its energy rather than its momentum. Such an expression is obtainable from
the particle’s energy–momentum relation, E(p), which can be inverted to obtain the
magnitude of momentum as a function of energy. Hence,

λ = h

p(E)
.

The kinetic energy of a massive particle is

E(p) = p2

2m
⇒ p = √

2mE ⇒ λ = h√
2mE

=
√

h2

2mE
.

In particular, the combination of Planck’s constant and electron mass, me, under the
square root has the numerical value

h2

2me

= 150.412 . . . eV · Å
2
,

so the wavelength (in Angstroms) of a free electron is related to its energy (measured
in electron-volts) as



8 1 Principles of Quantum Mechanics

λ =
√

150.4 eV

E
Å.

The wavelength of any other particle of mass m can be quickly found as

λ =
√

150.4

E

me

m
.

As for the massless photons, the energy–momentum relation is

E = hf = cp,

where c is the speed of light in vacuum. A photon’s de Broglie wavelength is then
just its wavelength:

λ = c

f
= h

p
= hc

hf
= hc

E
.

The product of Planck’s constant and the speed of light has the numerical value

hc = 1.23985 . . . eV · µm,

so, numerically, the relation between photon wavelength and energy is

λ = 1.24 eV · µm

hf
.

1.4 Energy Quantization

An important conclusion that can be drawn from the wave nature of particles is that
a particle in a confined geometry cannot have an arbitrary energy. Rather, its energy
must be quantized. This statement is demonstrated by two examples.

Example 1 A particle between two walls. Consider a particle of mass m, which
bounces between two parallel walls separated by the distance d. Every time the
particle hits a wall, it gets reflected. If the particle is viewed as a wave, this must
be a standing wave. Hence, the distance between the walls must equal an integer
multiple of half-wavelength: d = nλ/2, where n is an integer, see Fig. 1.1. We can
combine this with de Broglie’s formula to establish the allowed values of momentum
p = nh/(2d) with n = 1, 2, 3, . . .. It then follows that the energy of the particle
confined between two walls assumes quantized values of

E = p2

2m
= n2 h2

8md2
.
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Fig. 1.1 The wave patterns of a particle between two walls at the three lowest energies

Fig. 1.2 The wave patterns of a particle traveling on a circle at the three lowest energies

Example 2 A particle on a circle. Suppose now that a particle can move on a circular
path of radius r . Then, the wave associated with the particle must have a wavelength
such that the circular path length is its integer multiple; otherwise, the wave will
interfere with itself destructively. This implies the quantization condition 2πr =
nλ = nh/p, n = 1, 2, 3, . . ., see Fig. 1.2. We obtain the possible momentum values
p = nh/(2πr) and the allowed energies

E = p2

2m
= n2 h2

8π2r2m
.

1.5 Radiation Spectrum of Hydrogen

A hydrogen atom consists of a heavy proton and a single electron that orbits around
it. Electron mass and charge are

me = 9.109 . . . · 10−31 kg, qe = −e = −1.602 . . . · 10−19 C.

The magnitude of the electron charge, |qe| = e, is called the elementary charge.
Because a proton is 1836 times heavier than an electron, it can be considered as

stationary. The total energy of the electron is the sum of its kinetic energy and the
potential energy of its electrostatic interaction with the nucleus:

E = p2

2me

− ke

e2

r
,
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where ke = 8.987 . . . · 109 Nm2/C2 is Coulomb’s constant, related to the vacuum
permittivity ε0 = 8.854 . . . · 10−12 F/m by ke = 1/(4πε0).

Electron momentum and the radius of its circular orbit are related by

2πr = nλ = n
h

p
⇒ p = nh

2πr
= nh̄

r
,

as explained in the previous example. A further relation between these two
parameters can be established by noting that the centripetal force that acts on the
electron should be identified with the Coulomb force:

p2

mer
= ke

e2

r2
.

The last two equations can be used to express p and r in terms of the quantum
number n. For instance, dividing the second equation by the first one, we find p;
after substituting this p into the first equation, we find r . The result is

pn = kemee
2

nh̄
, rn = n2h̄2

kemee2
.

The value of rB ≡ r1 = h̄2

kemee2 = 0.529 Å is called Bohr radius. Substitution
of these expressions into the electron energy formula gives the quantized energy
values:

E = −1 Ry

n2 ,

where

1 Ry = k2
emee

4

2h̄2 ≈ 13.606 eV

is the so-called Rydberg’s constant.
When the electron performs a transition from a higher-energy level characterized

by a quantum number m to a lower level with the quantum number n < m, it emits
a photon of frequency

f = Em − En

h
= 1 Ry

h

(
1

n2 − 1

m2

)
≈ (3.290 · 1015 Hz) ·

(
1

n2 − 1

m2

)
.

The radiation spectrum of hydrogen indeed consists of spectral lines, whose
frequencies are described by this relation to a very high accuracy. This relation was
established experimentally by Johannes Rydberg in 1888 and was explained using
the above reasoning by Niels Bohr in 1913.
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The last formula for the frequency of a photon suggests that also the electron
wave in the nth quantum state is endowed with the frequency

fn = En/h, ωn = 2πfn = En/h̄.

1.6 The Wave Function

The success of Bohr’s model of hydrogen energy levels indicates that an electron
in an atom really behaves as a wave. However, the version of quantum mechanics
based on de Broglie’s wavelength expression is of very limited use. It can be applied
only to very simple problems and describe systems with just one particle. It is of
little help when the potential depends on more than one coordinate, when it changes
along the path of the wave, or when the system has many particles that interact with
each other, as they do in real life.

To treat a broader spectrum of problems, an approach based on the wave equation
is used. At the heart of this approach is the wave function of the particle, ψ , which
depends both on space coordinate and time. It describes a certain oscillatory process
that propagates in space (i.e., a wave) and contains information about the particle’s
state of motion.

Let us return to the electron moving on a circle of radius r around a stationary
proton. Let us measure the position x along the circular orbit, see Fig. 1.3. The wave
function of an electron depends on x and t . It should be a periodic function of x with
the periodicity λ = h/p, and it should repeat itself every time the electron makes
one full rotation. Hence,

ψ(x + λ, t) = ψ(x, t), ψ(x + 2πr, t) = ψ(x, t).

It then follows that 2πr = nλ, as stated in the previous section.
The possible natural candidates for the wave function are the trigonometric

functions:

Fig. 1.3 The (real or
imaginary part of the) wave
function of an electron
moving on a circular orbit
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ψ(x, t) ∝ sin(kx − ωt) or ψ(x, t) ∝ cos(kx − ωt),

where k = 2π/λ is the wave number and ω = E/h̄ is the angular frequency of
the electron wave of energy E. However, there are insurmountable interpretation
difficulties associated with these choices. We still do not quite know how ψ(x, t) is
to be interpreted, but what we do know is that the absence of the particle means that
its wave function is zero. The trigonometric functions above do turn to zero when
their argument is an integer or a half-integer multiple of π . This means that there are
some points in space, where the electron cannot be found, see Fig. 1.3. But there is
nothing special about any point on the circular path of the electron wave. They are
all identical. For this reason, neither candidate can be accepted as a wave function
of an electron moving on a circle.

There is a simple remedy to this problem. It is based on the trigonometric identity
sin2(θ) + cos2(θ) = 1. Namely, we can treat the wave function as a mathematical
object with two components,

ψ(x, t) = (ψ1(x, t), ψ2(x, t)),

ψ1(x, t) ∝ cos(kx − ωt), ψ2(x, t) ∝ sin(kx − ωt),

and relate the presence of an electron to the magnitude squared of the wave function:

|ψ(x, t)|2 = ψ2
1 (x, t) + ψ2

2 (x, t) = const.

It is possible, in principle, to further develop quantum mechanics using the
language of a two-component wave function. However, it is more convenient to
treat it as a complex number,3 whose real and imaginary parts are ψ1 and ψ2:

ψ = ψ1 + iψ2, ψ1 = Reψ, ψ2 = Imψ, i2 = −1.

This type of description is standard. It is equivalent to the two-component one. The
“length squared” of ψ in the language of complex numbers is called the modulus
squared:

|ψ |2 = ψ∗ψ = (ψ1 − iψ2)(ψ1 + iψ2) = ψ2
1 + ψ2

2 .

How should it be interpreted? An electron is a particle described in the wave
terms. The wave is a delocalized entity; hence, an electron wave is delocalized. The
electron wave function ψ(x, t) does not carry information about the exact location
of an electron. But if we perform a measurement of the electron’s position x, we
will obtain some result. This result will be a random number uniformly distributed

3 A crash course in complex numbers is given in Appendix A.1. Those readers who did not
encounter complex numbers previously are asked to read this appendix before proceeding with
the main text.
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along the circle of length L = 2πr . The probability that a measurement of the
electron’s position will yield a result anywhere between the positions x1 and x2
with 0 < x1 < x2 < L is, then,

P(x1 < x < x2) = x2 − x1

L
.

This probability must be related to the modulus squared of the wave function. We
write

P(x1 < x < x2) = (x2 − x1)|ψ(x, t)|2 with |ψ(x, t)|2 = 1

L
.

We interpret |ψ(x, t)|2 dx as the probability to find an electron between two
infinitely close points x1 = x and x2 = x + dx:

dP (x) = |ψ(x, t)|2 dx = dx

L
.

This means that |ψ(x, t)|2 has the physical meaning of the probability density. Note
that the wave function is normalized to 1:

∫ L

0
dP (x) =

∫ L

0
dx |ψ(x, t)|2 = 1,

meaning that the probability to find an electron anywhere is unity.
Coming to the three-dimensional space �r instead of one-dimensional space x, the

wave function is complex-valued. It is expressed as a sum of its real and imaginary
parts:

ψ(�r, t) = Reψ(�r, t) + i Imψ(�r, t).

The probability to find the particle in a small volume d3r = dxdydz around the
point �r at the moment of time t is d3r |ψ(�r, t)|2.

Suppose a particle is placed in a box of volume V . Because the total probability
of finding the particle anywhere in this box is equal to one, the wave function must
satisfy the normalization condition:

∫
V

dx dy dz |ψ(�r, t)|2 = 1.

Occasionally, one has to consider a particle moving on a two-dimensional
surface, say, in the (x, y)-plane, or performing a one-dimensional motion, say,
along the x-axis. Then, the wave function would depend, in the former case, on the
coordinates x, y and time t , and in the latter case, on the coordinate x and time t .
The normalization condition will then be formulated as either a two-dimensional
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integral,
∫

dx dy |ψ(x, y, t)|2 = 1, or a line integral,
∫

dx |ψ(x, t)|2 = 1,
respectively.

1.7 The Wave Function of a Free Particle

The wave function of a free particle has the form of a plane wave,

ψ(�r, t) = Aei(�k·�r−ωt) = A
(

cos(�k · �r − ωt) + i sin(�k · �r − ωt)
)

,

characterized by the wave vector �k and angular frequency ω. The prefactor A is to
be determined from the normalization condition.

The square of the wave function is independent of the position,

|ψ(�r, t)|2 = A2,

meaning that the probability density to find the particle is the same for any point of
space. Here, we encounter a challenge: the integral of the probability density over
the whole space of infinite volume is infinite.

The standard way out of this difficulty is to consider the particle inside a cube of
side length L and finite volume L3 with the periodic boundary conditions expressed
as

ψ(�r + �nL, t) = ψ(�r, t),

where �n is a vector, all three of whose components are integers. This means that
whenever the wave reaches one side of the cube, it reappears on the opposite side
with the same value of the wave function.

With this choice of the boundary condition, integration |ψ(�r, t)|2 is to be
performed over a finite volume L3, giving

∫
L3

d3r |ψ(�r, t)|2 = A2L3 = 1,

and thus

A = 1

L3/2 .

The plane wave is therefore described by the wave function

ψ(�r, t) = 1

L3/2
ei(�k·�r−ωt).
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Periodic boundary conditions imply that the wave vector can have only discrete
values,

�k = 2π

L
�n.

At the end of the calculations, the limit L → ∞ is taken. This makes the wave
vector �k and momentum �p = h̄�k continuous because the difference between two
successive �p-values goes to zero.

1.8 Schrödinger’s Equation

1.8.1 Time-Dependent Schrödinger’s Equation

The de Broglie expression for the wavelength λ = h/p and the expression for
the magnitude of the wave number, k = 2π/λ, imply that momentum is �p =
h�k/(2π) = h̄�k. Similarly, the energy is related to the angular frequency as E = h̄ω.
Then, the wave function of a free particle can be expressed in terms of momentum
and energy as

ψ(�r, t) = 1

L3/2 ei( �p·�r−Et)/h̄ = 1

L3/2 ei(pxx+pyy+pzz−Et)/h̄.

Note that energy can be recovered from this expression as the time derivative:

Eψ(�r, t) = ih̄
∂ψ

∂t
.

Likewise, the momentum can be recovered by differentiation with respect to space:

pxψ(�r, t) = −ih̄
∂ψ

∂x
, pyψ(�r, t) = −ih̄

∂ψ

∂y
, pzψ(�r, t) = −ih̄

∂ψ

∂z
.

The three spatial derivatives can be united into a single vector operator, called the
gradient,

�∇ = �ex

∂

∂x
+ �ey

∂

∂y
+ �ez

∂

∂z
,

in terms of which the momentum vector is obtained as

�pψ(�r, t) = −ih̄ �∇ψ(�r, t).
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We see that energy and momentum can be identified with the operators

Ê = ih̄
∂

∂t
, �̂p = −ih̄ �∇,

which we denote with a hat in order to distinguish from the energy and momentum
values E and �p. When these operators act on the wave function of a free particle, its
energy and momentum values are obtained:

Ê ψ(�r, t) = E ψ(�r, t), �̂p ψ(�r, t) = �p ψ(�r, t).

Acting on both sides of the second expression with �̂p = −ih̄ �∇ again, we obtain
the square of the momentum:

�̂p 2ψ = �p 2ψ = −h̄2 �∇2ψ,

where

�∇2 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2

is called the Laplacian operator.
The relation between the kinetic energy and the momentum of a free particle is

E = �p 2

2m
. This same relation can be written using the derivatives:

ih̄
∂ψ

∂t
= − h̄2

2m
�∇2ψ.

This is Schrödinger’s equation for a free particle. Even though we have obtained it
assuming the plane-wave form of ψ(�r, t), it is valid for any type of wave function
in free space.

If the particle finds itself in some potential V (�r), then the energy expression
should include its potential energy in addition to the kinetic energy,

Eψ = �p 2

2m
ψ + V (�r)ψ,

and expressing energy and momentum components in terms of the partial deriva-
tives, we finally obtain the time-dependent Schrödinger equation:

ih̄
∂ψ(�r, t)

∂t
= − h̄2

2m
�∇2ψ(�r, t) + V (�r)ψ(�r, t).
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1.8.2 Time-Independent Schrödinger’s Equation

To find the possible values of energy that a particle can have, the solution of the
time-dependent Scrhödinger equation is written in the form

ψ(�r, t) = Ψ (�r)e−iEt/h̄

with time-independent Ψ (�r). Substitution of this decomposition into the time-
dependent Schrödinger equation gives the time-independent version of this equation
for a single particle:

EΨ (�r) = − h̄2

2m
�∇2Ψ (�r) + V (�r)ψ(�r).

The solution of this equation with the boundary conditions appropriate for a given
problem at hand yields the possible energies Eα that the particle can have, and the
corresponding stationary wave functions, Ψα(�r). Both depend on a set of quantum
numbers

α = (α1, α2, . . .),

which label the specific quantum state of the particle.
The quantum state with the lowest energy found in the energy spectrum Eα is

called the ground state.

1.9 Probabilistic Interpretation and the Collapse of the Wave
Function

The states of a particle moving in the positive and negative x-directions are
described by the plane waves:

ψ→(x, t) = 1√
L

ei(px−Et)/h̄, ψ←(x, t) = 1√
L

ei(−px−Et)/h̄

with p = nh
L

> 0 and E = p2/(2m).
Both wave functions, ψ→(x, t) and ψ←(x, t), satisfy the time-independent

Schrödinger equation for a free particle. Any linear combination of these two wave
functions satisfies the same Schrödinger equation and therefore describes a possible
quantum state of the particle. For example, consider the sum

ψsw(x, t) = 1√
2
(ψ→(x, t) + ψ←(x, t)),
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where the factor 1/
√

2 comes from normalization of ψsw(x, t) to 1:

∫ L

0
dx |ψsw(x, t)|2 =

∫ L

0
dx ψ∗

sw(x, t) ψsw(x, t)

= 1

2

(∫ L

0
dx |ψ→|2 +

∫ L

0
dx |ψ←|2

)
= 1

2
(1 + 1) = 1.

Here, we used the fact that

∫ L

0
dx ψ∗←(x, t)ψ→(x, t) = 1

L

∫ L

0
dx ei2px/h̄ = h̄

i2pL
ei2px/h̄

∣∣∣∣
L

x=0

= h̄

i2pL
ei2πnx/L

∣∣∣∣
L

x=0
= h̄

i2pL
(ei2πn − 1) = 0

and similar with
∫ L

0 dx ψ∗→ψ← = 0. Using the expression eiα+e−iα

2 = cos α, we
find

ψsw(x, t) =
√

2

L
cos

(
px

h̄

)
e−iEt/h̄,

i.e., ψsw(x, t) describes a standing wave.
Is the particle in the standing wave state moving to the right or to the left? To

understand this, we apply the rule, according to which the momentum of a particle is
to be found by differentiating its wave function with respect to the spatial coordinate.
For the one-dimensional motion, this rule reads:

p̂ψ(x, t) = −ih̄
∂ψ(x, t)

∂x
= pψ(x, t).

The problem with the standing wave is that the derivative

−ih̄
∂ψsw(x, t)

∂x
= −

√
2

L
sin

(
px

h̄

)
e−iEt/h̄

is not given by a product of momentum p and the wave function ψsw(x, t). The
reason is that the “momentum rule” applies to free particles only, whereas a standing
wave appears if the particle is not free but is confined between two walls. It is
moving to the right 50% of the time and to the left 50% of the time. In other
words, if one measured the direction of its motion, one would get either the result
“to the right” or “to the left” with the probability of 50%. Note that the probability
of 50% is the square of the factor 1/

√
2 that multiplies both the right-propagating,

ψ→(x, t), and the left-propagating, ψ←(x, t), components of the standing wave
ψsw(x, t) above.
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One can form an arbitrary combination of the right-propagating and the left-
propagating plane waves:

ψ(x, t) = c→ψ→(x, t) + c←ψ←(x, t)

with the coefficients c→ and c← such that

|c→|2 + |c←|2 = 1.

For example, a more general expression for the standing wave ψsw(x, t) is

ψsw(x, t) = eiθ→
√

2
ψ→(x, t) + eiθ←

√
2

ψ←(x, t)

with some real-valued phases θ→ and θ←. The probabilities of particular outcomes
of a measurement of the particle’s direction of motion for this more general standing
wave are

P→ = |c→|2, P← = |c←|2.

Both are equal 1/2.
Let us say, we measured the direction of propagation to be to the right. Is

it possible for another measurement, performed immediately after the first one,
to yield the result “to the left” with any probability? The answer is no. If two
measurements performed immediately one after the other gave different momenta,
p and −p, this would be at odds with the law of conservation of momentum. A
particle cannot change its direction of motion, unless acted upon by a force. Same
is true about the wave associated with the particle. In the wave function language,
this means that a measurement induces a collapse of the original wave function
ψsw(x, t) to either ψ→(x, t) or ψ←(x, t) with the probabilities |c→|2 and |c←|2.
The second measurement will yield the same momentum as the first one, provided
that the two measurements are performed immediately one after the other.

If the second measurement is performed after a finite time after the first one,
then its result really depends on the external forces that may change the particle’s
momentum. If such forces are present, e.g., because of the walls between which
the particle is confined, the wave function of the particle will evolve from the plane
wave back to the standing wave.

As a further generalization of these statements, consider a wave function, which
is a linear combination of many plane waves with momenta p1, p2, . . . :

ψ(x, t) =
∑
n

cn√
L

ei(pnx−Ent)/h̄,

where the momenta are
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pn = nh/L, n = 0,±1,±2, . . . ,

the coefficients cn are such that

∑
n

|cn|2 = |c1|2 + |c2|2 + . . . = 1,

and the energies are En = p2
n/(2m). This time, the plane-wave contributions to

ψ(x, t) differ not only in the direction, but also in the magnitude of their individual
momenta pn. The parameters |c1|2, |c2|2, . . . are the probabilities that a measurement
of the particle’s momentum will yield the results p1, p2, . . . , respectively. After a
measurement that resulted in a particular momentum value pn, the particle’s wave
function above collapses to the single-momentum wave function 1√

L
ei(pnx−Ent)/h̄.

If there are no external forces acting on the particle, the particle will remain in
that state indefinitely. All subsequent momentum measurements will yield the same
result p = pn with probability 1. Otherwise, the wave function will evolve from the
plane-wave state with the momentum pn to a more complicated sum of plane waves
with different momenta.

Now, suppose that we perform a momentum measurement many times, and after
each measurement, we wait long enough for the wave function to evolve to the
original state given by the sum over the plane waves above. Every time we measure
the momentum, we will get a different number. But the average momentum resulting
from a large number of such measurements is a well-defined value:

〈p〉 =
∑
n

|cn|2pn,

as |cn|2 is the probability to get the momentum value pn in a single measurement.
The same average momentum can be obtained with the help of the momentum
operator p̂ = −ih̄∂/∂x, see Sect. 1.8.1. Namely,

〈p〉 = −ih̄

∫ L

0
dx ψ∗(x, t)

∂ψ(x, t)

∂x
.

Indeed, multiplying

ψ∗(x, t) =
∑
n

c∗
n√
L

e−i(pnx−Ent)/h̄ and
∂ψ(x, t)

∂x
=
∑
n

cn√
L

ipn

h̄
ei(pnx−Ent)/h̄

together, we obtain

ψ∗(x, t)
∂ψ(x, t)

∂x
=
∑
n,n′

c∗
ncn′

L

ipn′

h̄
ei2π(n′−n)x/Le−i(En′−En)t/h̄.
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After integration over x from 0 to L, only the terms with n′ = n survive in the sum.
Multiplication of the result with −ih̄ gives 〈p〉.

The above expression for the average momentum can be generalized to the three-
dimensional space, in which the average momentum is

〈 �p〉 = −ih̄

∫
d3r ψ∗(�r, t) �∇ψ(�r, t).

1.10 Measurable and Unmeasurable in Quantum Mechanics

The complex-valued wave function can be expressed in an equivalent way, viz., in
terms of its modulus |ψ(�r, t)| and phase θ(�r, t)|:

ψ(�r, t) = |ψ(�r, t)|eiθ(�r,t),

|ψ | =
√

(Reψ)2 + (Imψ)2 = √
ψψ∗, θ = tan−1 Imψ

Reψ
.

The arguments �r, t are not written explicitly in the second line for the sake of brevity.
With Euler’s formula, eiθ = cos(θ) + i sin(θ), the real and imaginary parts of the
wave function are

Reψ = |ψ | cos(θ), Imψ = |ψ | sin(θ).

Out of the two parameters, |ψ | and θ , it is the former, |ψ(�r, t)|, that has a tangible
physical meaning of the square root of the probability density to find a particle.
Because |eiθ(�r,t)|2 = 1 for any real-valued phase θ(�r, t), the probability density
does not depend on the phase. Only variations of the phase θ(�r, t) in time and
space lead to observable physical effects, but the phase itself cannot be measured in
any experiment. Hence, the wave function ψ(�r, t) is also not measurable, only its
magnitude is.

In other words, if two wave functions have different phases but the same
magnitude,

ψ1 = |ψ | eiθ1 , ψ2 = |ψ | eiθ2 , θ1(�r, t) �= θ2(�r, t),

then they are mathematically distinct, but physically equivalent. There is absolutely
no way to determine experimentally which wave function is the correct one.

This statement immediately encounters two objections. First, it is too self-
contradictory to be acceptable. An even more serious second objection is that this
statement is not consistent with the time-dependent Schrödinger equation. Namely,
if two wave functions

ψ1(�r, t) = ψ(�r, t) and ψ2(�r, t) == ψ(�r, t) eiθ(�r,t)
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are physically equivalent, then they should satisfy the same Schrödinger equation.
In particular, we should have

ih̄
∂ψ2(�r, t)

∂t
= − h̄2

2m
�∇2ψ2(�r, t) + U(�r) ψ2(�r, t).

But a simple substitution of ψ2(�r, t) = ψ(�r, t) eiθ(�r,t) results in an equation for
ψ(�r, t) that would look similar to the already familiar Schrödinger equation if not
for a few extra terms with the time and spatial derivatives of θ(�r, t).

To address both objections, we note that the statement is not more self-
contradictory than the assertion that the energy is defined up to an additive constant:
it is the energy variations that are measurable in physical processes. Consider the
electric field �E as an example. It is derived from the electric potential φ(�r) as its
spatial derivative:

�E(�r) = −�∇φ(�r).

The energy of a charge q in an electric field is qφ(�r). Adding an arbitrary constant
φ0 to φ(�r) changes the energy by qφ0, but it does not change the electric field
−�∇( �φ(�r) + φ0) = −�∇φ(�r) = �E(�r). Because it is the force q �E that determines the
motion of the charge, the charge dynamics is independent of the constant φ0.

More generally, the dynamics of a charge q is determined by the electric and the
magnetic fields, E(�r, t) and �B(�r, t), which are derivable from the scalar potential
φ(�r, t) and the vector potential �A(�r, t) as

�E = −�∇φ(�r, t) − ∂ �A(�r, t)
∂t

, �B(�r, t) = �∇ × �A(�r, t).

A simultaneous change of the scalar and vector potentials to

φ(�r, t) → φ(�r, t) − ∂g(�r, t)
∂t

; �A(�r, t) → �A(�r, t) + �∇g(�r, t)

does not change the electric and magnetic fields, no matter how the scalar function
g(�r, t) is chosen. This property of the electromagnetic field is called the gauge
invariance. The transformation of the scalar and vector potentials above is called
the gauge transformation.

Now, when we say that the particle finds itself in a potential U(�r), what we really
mean is that the particle is charged and the potential is generated by an electric field:

U(�r) = qφ(�r).

To be fully consistent with electrodynamics, Schrödinger’s equation must involve
not only the electric, but also the vector potential. It turns out that a multiplication
of the wave function by a phase factor eiθ(�r,t) and a gauge transformation of the
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potentials φ(�r, t) and �A(�r, t) with a suitably chosen gauge function g(�r, t) indeed
leave Schrödinger’s equation unchanged.

We will not go into the details of this derivation. Likewise, we will not include
the vector potential into consideration. But the two statements made in this section,
namely, that the phase of the wave function is unmeasurable and that two wave
functions that differ by phase only are physically the same, should be borne in mind.

1.11 Electron States in a Hydrogen Atom

An electron in a hydrogen atom finds itself in a potential

V (�r) = −ke

e2

r
.

It turns out that with this potential, the time-independent Schrödinger equation can
be solved exactly. The resulting stationary wave functions turn out to depend on
three quantum numbers, usually denoted as n, l, and m.

The principal quantum number, n, determines the energy of the electron, which
turns out to be exactly the same as what we obtained in Sect. 1.5: En = −1 Ry/n2.
The principal quantum number assumes positive integer values:

n = 1, 2, 3, . . . .

The orbital quantum number, l, determines the angular momentum of the electron
orbiting around the nucleus. It is given by

L = h̄
√

l(l + 1).

For a given principal quantum number n, the orbital quantum number can assume n

different values:

l = 0, 1, . . . , n − 1.

This result differs from what we obtained within the simplistic treatment of Sect. 1.5.
There, we obtained the angular momentum values pr = nh̄, which are incorrect.

The magnetic quantum number, m (not to be confused with the electron mass,
me), determines the projection of the orbital angular momentum on some selected
coordinate axis, say, the z-axis:

Lz = h̄mz.
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For a given orbital quantum number, the magnetic quantum number assumes 2l + 1
different values:

m = l, l + 1, . . . , l − 1, l.

1.12 Spin

In addition to the quantum numbers that characterize its motion in space, an
electron also possesses its own internal degree of freedom, which is not related
to the electron’s orbital motion. Associated with it is the electron’s intrinsic angular
momentum called spin. The spin of a particle is an intrinsic property that does not
change in time. It was explained by Paul Dirac in 1928 by combining the rules of
quantum mechanics with special relativity.

Spin angular momentum is characterized by an additional quantum number, s,
which can assume only two values: s = 1

2 and s = − 1
2 . The projection of the

electron spin angular momentum on some selected axes is Sz = h̄s. Associated
with spin angular momentum is the magnetic moment of an electron, �m, which is
important in the presence of a magnetic field, �B. It manifests itself as an additional
energy − �m · �B.

Other particles may have other spin values, either integer or half-integer. For
instance, photons have spin s = 1; some particles of the meson family have spin
s = 0 and others have spin s = 1; particles of the baryon family may have either
spin 1/2 (e.g., protons and neutrons) or 3/2; gravitons have spin 2; Higgs bosons
have spin 0, etc.

1.13 Degeneracy

One should not confuse the concepts of energy level and quantum state. An energy
level is a possible energy value that the system of interest can have according to the
time-independent Schrödinger equation. The quantum state is specified by a set of
quantum numbers α that label the system’s wave function Ψα(�r). Different quantum
states may have different energies, or they may belong to the same energy level.

The situation when the same energy level accommodates more than one quantum
state is called degeneracy.

The degree of degeneracy of a particular energy level is the number of different
quantum states that belong to this energy level. In other words, it is the number of
different sets of quantum numbers α such that Eα is the same.

Consider a hydrogen atom as an example. Quantum states of an electron in a
hydrogen atom are labeled by the hydrogen quantum numbers

α = (n, l,m, s).
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The energy does not depend on l, m, and s. The degree of degeneracy of the energy
level characterized by the principle quantum number n will be denoted as gn. It is
found as the number of possible combinations of l = 0, . . . , n − 1, m = −l, . . . , l,
and s = 1/2,−1/2 that correspond to the same n-value:

gn = 2
n−1∑
l=0

l∑
m=−l

1.

The factor 2 comes from two possible spin values. The double sum runs over all
possible values of l and m; every time either of this quantum number changes, we
should increase the result by 1. Using the fact that

l∑
m=−l

1 = 2l + 1,

we find, using the formula for arithmetic series, that

gn = 2
n−1∑
l=0

(2l + 1) = 2n2.

The lowest energy level, n = 1, consists of 2 quantum states with l = 0, m =
0, and sz = ±1/2. This means that the ground state energy level of hydrogen is
double degenerate. The next energy level, n = 2, has the degeneracy g2 = 8, i.e., 8
states have the energy E2. These states are characterized by the following quantum
numbers: l = 0, m = 0, and sz = ±1/2 (2 states), and l = 1, m = −1, 0, 1, and
sz = ±1/2 (6 states).

1.14 Indistinguishability of Quantum Particles

Consider the situation when we have more than one particle of the same kind, e.g.,
N electrons. In classical physics, each particle follows its own trajectory, and so it
is possible, in principle, to follow the motion of any particle and to be certain that
we are looking at the same particle on the trajectory. But in quantum physics, the
concept of trajectory is meaningless because it is impossible to define the trajectory
of a wave distributed over the whole of space. Impossibility to follow the motion
of an individual particle implies the impossibility to label quantum particles, i.e., to
distinguish them from one another.

The state of N particles is described by an N -particle wave function, which
depends on N coordinates and time, ψ(�r1, . . . , �rN , t). It must be normalized to 1:

∫
d3r1 . . . d3rN |ψ(�r1, . . . , �rN , t)|2 = 1.



26 1 Principles of Quantum Mechanics

It evolves in time according to the time-dependent Schrödinger equation:

ih̄
∂ψ(�r1, . . . , �rN , t)

∂t
= − h̄2

2m

( �∇2
1ψ + . . . + �∇2

Nψ
)

+ V (�r1, . . . , �rN)ψ,

where �∇2
n = ∂2

∂x2
n

+ ∂2

∂y2
n

+ ∂2

∂z2
n
, n = 1, . . . , N , and the N -particle potential energy

V (�r1, . . . , �rN) includes an external potential and the potential energy of interaction
between the particles. So far, the difference between the many-particle state and a
single-particle state is just in the number of arguments and Laplacian operators.

Mathematically, indistinguishability of quantum particles means that the wave
function ψ(�r1, �r2, . . . , �rN , t) and the one with an arbitrary permutation of the
coordinates �r1, �r2, . . . , �rN are physically equivalent. The wave function itself is
unmeasurable, only its modulus is. Then, an interchange of any two coordinates
gives a wave function that has the same modulus as the original one:

|ψ(. . . , �ri, . . . , �rj , . . . , t)|2 = |ψ(. . . , �rj , . . . , �ri , . . . , t)|2

for any pair of indices i and j . But this is only possible if the two wave functions
differ by a multiplicative constant of unit modulus:

ψ(. . . , �rj , . . . , �ri, . . . , t) = cψ(. . . , �ri , . . . , �rj , . . . , t), |c|2 = 1.

From this, we can conclude that the constant is of the form c = eiθ , where θ is an
arbitrary real number, implying infinitely many possible values of c. But actually,
the spectrum of the possible c-values is much narrower.

Indeed, performing an interchange of the coordinates �ri and �rj again, we recover
the original wave function:

ψ(. . . , �ri , . . . , �rj , . . . , t) = cψ(. . . , �rj , . . . , �ri, . . . , t)
= c2ψ(. . . , �ri, . . . , �rj , . . . , t).

This means that the prefactor squared is one, c2 = 1, and therefore, the prefactor
can only have two values:

c = ±1.

1.15 Spin-Statistics Theorem

There is an important result, called the spin-statistics theorem (Pauli, 1940):
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Particles with integer spin (i.e., s = 0, 1, 2, . . . ) follow a many-particle wave
function that remains the same if any two coordinates are interchanged, e.g., for two
particles ψ(�r1, �r2, t) = ψ(�r2, �r1, t). Such particles are called bosons.

Particles with half-integer spin (i.e., s = 1/2, 3/2, 5/2, . . . ) follow a many-particle
wave function that changes sign if any two coordinates are interchanged, e.g., for
two particles ψ(�r1, �r2, t) = −ψ(�r2, �r1, t). Such particles are called fermions.

The particles that are most relevant for the purposes of this book are electrons.
Their spin is 1/2, and therefore, they are fermions.

1.16 Pauli’s Exclusion Principle

Electrons are spin-1/2 fermions with an antisymmetric wave function. Now, suppose
you have a system of two electrons, and assume that interaction between them is
negligibly small. Both electrons find themselves in the same potential produced, say,
by an atomic nucleus. The energy levels of the electrons can be found by solving
the time-independent Schrödinger equation, and the solution will be characterized
by some quantum numbers, which we denote collectively as α and β. That is, the
energy of one electron is Eα , its stationary wave function is Ψα(�r1), the energy of
the other electron is Eβ , and its stationary wave function is Ψβ(�r2).

The net wave function of both electrons must be obtained as some combination
of Ψα(�r1) and Ψβ(�r2). A simple product, Ψ (�r1, �r2) = Ψα(�r1)Ψβ(�r2), will respect
the time-independent Schrödinger equation for two electrons. However, it is not an
acceptable two-electron wave function because it does not change sign upon the
interchange of �r1 and �r2. An expression that does have this property is

Ψαβ(�r1, �r2) = 1√
2

(
Ψα(�r1)Ψβ(�r2) − Ψα(�r2)Ψβ(�r1)

) = −Ψαβ(�r2, �r1).

The prefactor 1/
√

2 is necessary for the correct normalization to one.
Now, if α and β are the same, we have

Ψαα(�r1, �r2) = 1√
2

(Ψα(�r1)Ψα(�r2) − Ψα(�r2)Ψα(�r1)) = 0.

The wave function of two fermions in the same quantum state is zero. This means
that in a system of more than one fermion (e.g., electrons), only one fermion can
occupy the same quantum state. In other words, a single-particle quantum state may
be either occupied by only one fermion or empty.
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1.17 Problems

1.17.1 Solved Problems

Problem 1 A photon with wavelength 300 nm kicks an electron out of a metal. The
energy needed to remove an electron from the metal is w = 3.5 eV. Determine de
Broglie wavelength of this electron.

Problem 2 An electron is moving in the xy-plane in the presence of a magnetic
field �B pointing in the z-direction. What are the possible values of the electron’s
kinetic energy and magnetic moment?

Problem 3 The wave function of an electron is given by

ψ(x, t) = A sin(kx) e−b|x| eiωt

with k = 1 Å−1 and b = 2 Å−1.

(a) Find the normalization constant A. Hint: Use Euler’s formula to evaluate the
integral.

(b) Determine the locations where the electron is most likely to be found.

Problem 4 An electron is confined to the x-axis, where it is placed inside an infinite
potential well of width L:

V (x) =
{

0 for 0 < x < L

∞ for x ≤ 0 and x > L.

By solving the time-independent Schrödingers equation

− h̄2

2me

d2Ψ (x)

dx2 = EΨ (x) for 0 < x < L

with the boundary conditions Ψ (x = 0) = Ψ (x = L) = 0 and normalization∫ L

0 dx |Ψ (x)|2 = 1, find all possible wave functions Ψ (x) and energies E that the
electron can have.

Problem 5 The wave function of a free electron moving in the x-direction is given
by

ψ(x, t) = 1√
L

(√
3

2
ei(x/(0.2 nm)−ω1t) − 1 − i

2
√

2
ei(−x/(1 nm)−ω2t)

)

with the periodic boundary conditions ψ(x + L, t) = ψ(x, t).
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(a) What are the angular frequencies ω1 and ω2?
(b) What possible momentum values of this electron can be measured and what are

the probabilities to measure those momentum values?
(c) If many electrons are prepared in the state described by the wave function above,

what is their average momentum?

Problem 6 The quantum states of an isotropic two-dimensional simple harmonic
oscillator of mass m and spring constant k depend on 2 quantum numbers, n1 and
n2, which can take on non-negative integer values 0, 1, 2, 3, . . . . The energy is

En1n2 = h̄ω(n1 + n2 + 1)

with the natural frequency ω = √
k/m.

(a) Find the degeneracy gn of the nth energy level with energy h̄ω(n + 1).
(b) The quantum states of an isotropic three-dimensional simple harmonic oscilla-

tor of mass m and spring constant k depend on 3 quantum numbers, n1, n2, and
n3, which can take on non-negative integer values 0, 1, 2, 3, . . . . The energy is

En1n2n3 = h̄ω(n1 + n2 + n3 + 3/2).

Find the degeneracy gn of the nth energy level with energy h̄ω(n + 3/2).

1.17.2 Practice Problems

Problem 1 A photon of wavelength λ = 85 nm is absorbed by a hydrogen atom
thereby exciting it from the lowest energy ground state to the first excited state.
The atom was initially at rest. The mass of hydrogen atom is 1.008 Da, where 1 Da
(Dalton) = 1.6605 · 10−27 kg.

(a) Use momentum conservation to find the final velocity of the hydrogen atom.
(b) Use energy conservation to find the final velocity of the hydrogen atom.
(c) Which answer, (a) or (b) above, is to be trusted? Why?

Problem 2 The wave function of an electron is given by ψ(x, t) = A(ax −
x2)e−k|x|eiωt with k = 0.5 Å

−1
and a = 1 Å, and the value of the angular frequency

ω is unimportant.

(a) Let P+ = ∫∞
0 dx|ψ(x, t)|2 be the probability to find the electron anywhere in

the positive-x region and P− = ∫ 0
−∞ dx|ψ(x, t)|2 be the probability to find the

electron anywhere in the negative-x region. Find the ratio P+/P−.
(b) Determine the normalization constant A, including the units. Hint: You may

want to use the integral formula
∫∞

0 dxxne−x = n!.
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Fig. 1.4 Double slit experiment

Problem 3 Electrons of a given energy E are shot one by one onto a double slit,
see Fig. 1.4. Assume the distance between the slits, d, and the distance from the slits
to the screen, L, to be known. The screen is covered with a sensitive material that
changes its brightness on the spots hit by electrons. Hence, after sufficiently many
electrons are shot, a certain pattern is observed on the screen. Establish that pattern
for L � d and L � x, where x is the distance on the screen from the symmetry
axis. Consider two cases:

(a) Assuming that electrons are classical particles, sketch the screen brightness
I (x).

(b) Assume electrons are plane waves, which interact with both slits simultane-
ously. Hence, each slit becomes a source of a partial wave, ψ1 and ψ2, where
the subscripts 1 and 2 label the slits. The electron wave function at the screen
is ψ = ψ1 + ψ2. Determine screen brightness I (x) ∼ |ψ(x, t)|2 up to a
multiplicative constant.
Answer: I (x) ∼ 1 + cos

(
k d

L
x
)
.

Problem 4 An electron is confined to the xy-plane, where it is placed inside a
square potential well of side length L:

V (x, y) =
{

0 for 0 < x < L and 0 < y < L

∞ otherwise.

The time-independent Schrödinger equation reads

− h̄2

2me

(
∂2Ψ (x, y)

∂x2 + ∂2Ψ (x, y)

∂y2

)
= EΨ (x, y)
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inside the square. The boundary conditions are

Ψ (0, y) = Ψ (L, y) = Ψ (x, 0) = Ψ (x,L) = 0.

Note that the wave function must be normalized according to

∫ L

0
dx

∫ L

0
dy |Ψ (x, y)|2 = 1.

Find all possible wave functions Ψ (x) and energies E that the electron can have.

Problem 5 The ground state wavefunction of a proton in a harmonic potential
V (x) = kx2/2 is given by Ψ (x) = Ae−x2/(2σ 2). Assuming k = 1 N/m, use
Schrödinger’s equation to find σ .

Problem 6 Two non-interacting spin-1/2 particles find themselves in a simple
harmonic potential V (x) = kx2/2. The energy of a single particle in the nth
quantum state is En = h̄ω(n + 1/2). Find the energies and degeneracies of the
first 5 energy levels. Keep in mind that the two particles can have the same energy
only if their spins are antiparallel.

Answer: En = nh̄ω and gn = n + 2�n/2�, for n = 1, 2, . . ., where �· · · � is the
floor function, which equals the largest integer that does not exceed its argument. In
particular, g1 = 1, g2 = 4; g3 = 5; g4 = 8; g5 = 9, etc.

1.17.3 Solutions

Problem 1 The energy of the incident photon of wavelength 300 nm = 0.3µm is

hf = 1.24

0.3
= 4.13 eV.

Part of this energy, viz. w = 3.5 eV, goes into helping the electron get out of the
metal. The rest of the photon energy is converted into the electron’s kinetic energy:

EK = hf − w = 4.13 − 3.5 = 0.63 eV.

The electron’s wavelength is

λe = √
150/0.63 = 15.4 Å.

Problem 2 In the presence of a magnetic field, an electron experiences a Lorentz
force of magnitude
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Fig. 1.5 Electron trajectory
in a magnetic field

FL = evB.

The direction of this force is perpendicular to both the velocity �v and the magnetic
field �B. The Lorentz force is balanced by the centrifugal force,

FC = mev
2

r
,

acting in the opposite direction, so the electron moves in a circle, see Fig. 1.5.
From the condition FL = FC , we find the first relation between the electron orbit

radius r and its momentum p = mv:

evB = mev
2

r
, eB = mev

r
= p

r
.

The second relation comes from the quantization condition that the circumference
must accommodate an integer number of electron’s de Broglie wavelengths λ =
h/p:

2πr = nλ = n
h

p
, n = 1, 2, 3, . . . .

It is convenient to use the reduced Planck constant h̄ = h/(2π), in terms of which
this condition reads

rp = nh̄.

From these equalities, we obtain

p2 = nh̄eB.
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Hence, the kinetic energy of the electron assumes discrete values

En = p2

2me

= n
eh̄

2me

B = nμBB,

where the combination

μB = eh̄

2me

is called Bohr’s magneton. A more precise quantum-mechanical treatment leads to
the same result, but with n being an odd integer.

The electron moving in a circle can be viewed as a current loop with current
flowing in the clockwise direction. Such a loop possesses a magnetic dipole moment
μ pointing into the plane of the figure, i.e., in the direction opposite to �B. Its
magnitude is

μ = IA,

where I is the electric current due to the circular motion of our electron and A is the
loop area,

A = πr2.

We find the radius of the electron’s orbit from the equations obtained above. We get

r2 = nh̄

eB .

Hence,

A = π
nh̄

eB .

The electric current I is the amount of charge that is transferred through an
arbitrarily chosen cross section of the loop per unit time. The electron’s velocity
is

v = p

me

=
√

neh̄B
me

,

and its rotation period is

T = 2πr

v
.
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Every T time units, the charge transferred is −e. Hence, the magnitude of the current
is

I = e

T
= ev

2πr
= e

√
neh̄B/me

2π
√

nh̄/(eB)
= e2B

2πme

,

and the magnetic moment

μ = IA = e2B
2πme

· πnh̄

eB = n
h̄e

2me

= nμB

is quantized in Bohr’s magnetons.

Problem 3

(a) The normalization constant is found from the normalization condition

∫ ∞

−∞
dx |ψ(x, t)|2 = 1.

Probability density to find the electron at the position x

|ψ(x, t)|2 = ψ∗(x, t)ψ(x, t) = A2 sin2(kx)e−2b|x|.

We can find A from the equation

A2
∫ ∞

−∞
dx sin2(kx)e−2b|x| = 2A2

∫ ∞

0
dx sin2(kx)e−2bx,

where we used the fact that the integrand is an even function of x, allowing us
to replace

∫∞
−∞ with 2

∫∞
0 . We evaluate the integral using Euler’s formulas:

eikx = cos(kx) + i sin(kx), e−ikx = cos(kx) − i sin(kx),

from which we obtain

sin(kx) = eikx − e−ikx

2i
.

Plugging this result into the integral, we get

2A2
∫ ∞

0
dx

(
eikx − e−ikx

)2

(2i)2
e−2bx =−A2

2

∫ ∞

0
dx

(
e2ikx −2 + e−2ikx

)
e−2bx,
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where we used the fact that i2 = −1. What we now need to integrate are the
exponential functions. Using the identity

∫∞
0 dxe−px = 1

p
, where the real part

of p is positive, we have

A2
(

1

2b
− 1

4(b + ik)
− 1

4(b − ik)

)
= A2

2

(
1

b
− b

b2 + k2

)
= A2

2b

k2

b2 + k2
=1.

Finally, the normalization constant is

A = 1

k

√
2b(b2 + k2).

Numerically, A = √
2 · 2 · (4 + 1) = 2

√
5 Å−1/2.

(b) The electron is most likely to be found at the position x that maximizes the
probability density |ψ(x, t)|2. We find these positions by differentiation:

d

dx

(
A2 sin2(kx)e−2b|x|) = 0,

as the expression for |ψ(x, t)|2 is given in part (a). Differentiation gives

2 sin(kx) cos(kx)k + sin2(kx)(−2b)sign(x) = 0

⇒ k cos(kx) = b sin(kx)sign(x),

or simply

sign(x) tan(kx) = k

b
.

This equation determines the positions of maxima and minima of |ψ(x, t)|2.
The largest maxima, i.e., the positions where the particle is most likely to be
found, are located at

xmax = ±1

k
tan−1

(
k

b

)
.

Problem 4 We look for the solution of Schrödinger’s equation in the form

Ψ (x) = A sin(kx) + B cos(kx)

with unknown coefficients A and B and the wave number k. Substitution of the
second derivative
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d2Ψ (x)

dx2
= −k2 (A sin(kx) + B cos(kx)) = −k2Ψ (x)

into Schrödinger’s equation gives

− h̄2

2me

d2Ψ

dx2 = h̄2k2

2me

Ψ = EΨ,

allowing us to relate the wave number k to the energy E:

h̄2k2

2me

= E, k =
√

2meE

h̄
.

To find A and B, we use the boundary conditions and normalization. First, we note
that

Ψ (0) = A sin(0) + B cos(0) = 0 ⇒ B = 0,

and hence, there is no cosine term in Ψ (x) = A sin(kx). The second boundary
condition,

Ψ (L) = A sin(kL) = 0,

suggests that kL must be an integer multiple of π ,

kL = nπ, n = 1, 2, 3, . . . ,

because sin(nπ) = 0. We do not include n = 0 because this would give Ψ (x) = 0
(no electron at all). We do not consider negative values of n because a wave function
with negative n represents the same quantum state as the wave functions with
positive n: the two such wave functions differ only by the sign.

Now that we have established that k = nπ
L

, we find the energy in the quantum
state n:

En = h̄2k2

2me

= n2 h̄2π2

2meL
.

It remains to determine the normalization constant A from the condition∫ L

0 dx |Ψ (x)|2 = 1, giving

A2
∫ L

0
dx sin2

(nπx

L

)
= 1.

The integral can be found using either the identity sin2(θ) = 1−cos(2θ)
2 or the identity

sin(θ) = eiθ−e−iθ

2i
, where θ = nπx

L
. The value of the integral turns out to be L/2,

giving
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A2 L

2
= 1 ⇒ A =

√
2

L

for all quantum numbers n.

Problem 5

(a) The total wave function consists of two counterpropagating plane waves with
the wave numbers

k1 = 1

0.2
= 5 nm−1, k2 = 1

−1
= −1 nm−1

and the corresponding wave lengths found from λ1,2 = 2π
k1,2

:

λ1 = 0.4 π nm = 4 π Å, λ2 = 2 π nm = 20 π Å.

The energies corresponding to these wave lengths are found from λ1,2 =√
150 eV·Å2

E1,2
. On the other hand, energy is related to the angular frequency by

E1,2 = h̄ω1,2. Hence,

λ1,2 =
√

150 eV · Å
2

h̄ω1,2
⇒ ω1,2 = 150 eV · Å

2

h̄λ2
1,2

.

Numerically, h̄ = 6.58 · 10−16 eV · s. Thus,

ω1,2 = 2.28 · 1017 Å
2 · s−1

λ2
1,2

.

After plugging in the values of λ1,2 (in Å), we get ω1 = 1.44 · 1015 s−1, ω2 =
5.77 · 1013 s−1.

(b) The total wave function ψ(x, t) consists of two plane-wave functions, corre-
sponding to wave numbers k1 and k2:

ψ(x, t) = c1ψ1(x, t) + c2ψ2(x, t)

with

ψ1,2 = 1

L
ei(k1,2x−ω1,2t).

The respective momentum values are found as p1,2 = h̄k1,2 with h̄ = 1.055 ·
10−34 J · s:
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p1 = 5.275 · 10−25 kg · m

s
, p2 = −1.055 · 10−25 kg · m

s
.

The probabilities P1,2 to measure momenta p1,2 are related to the factors c1,2
that multiply the plane waves ψ1,2 as

P1,2 = |c1,2|2.

Numerically,

P1 =
(√

3

2

)2

= 3

4
= 75%, P2 = 1 − i

2
√

2
· 1 + i

2
√

2
= 1 − i2

8
= 2

8
= 1

4
= 25%.

As expected, P1 + P2 = 1.
(c) The average momentum is

〈p〉 = P1p1+P2p2 = (5.275·0.75−1.055·0.25)·10−25 = 3.69·10−25 kg·m/s.

Problem 6

(a) Keeping in mind the definition of degeneracy as the total number of combina-
tions of quantum numbers that correspond to the same energy, we need to find
the number of combinations of the non-negative integers n1, n2 = 0, 1, 2, . . .

such that their sum equals n:

n1 + n2 = n.

To each value of one of those numbers, say, n1 between 0 and n, there
corresponds a single value of n2 = n−n1. Hence, there are n+ 1 combinations
of n1 and n2 such that the sum of these numbers is n. The degeneracy of the nth
energy level is n + 1:

gn =
n∑

n1=0

1 = n + 1.

(b) This time, we need to find the number of combinations of three non-negative
integers n1, n2, n3 such that their sum has a fixed value n:

n1 + n2 + n3 = n.

Let one of these numbers, say, n1, assume the values between 0 and n. The
values of n1 larger than n are not allowed because the sum n1 + n2 + n3 will
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also be larger than n. For each value of n1, another number, say, n2, may assume
the values between 0 and n − n1. Again, higher values of n2 are not allowed for
the same reason. For each combination of n1 and n2, the third quantum number
has a fixed value n − n1 − n2.

The degeneracy is the number of combination of n1 between 0 and n and n2
between 0 and n − n1. For each value of n1, the number n2 assumes n − n1 + 1
possible values. The degeneracy is then

gn =
n∑

n1=0

n−n1∑
n2=0

1 =
n∑

n1=0

(n−n1+1) =
n∑

n1=0

(n+1)−
n∑

n1=0

n1 = (n+1)2−
n∑

n1=0

n1.

The last term is just the sum of an arithmetic series. It equals

n∑
n1=0

n1 = n(n + 1)

2
.

Finally,

gn = (n + 1)2 − n(n + 1)

2
= (n + 1)

(
n + 1 − n

2

)
= (n + 1)(n + 2)

2
.



Chapter 2
Crystal Structure of Solids

2.1 Periodic Table of Elements

We can now apply what we have learned about the energy levels of hydrogen, the
concept of spin, and Pauli’s exclusion principle to understand the periodic table
of elements (Mendeleev, 1869). We may consider the electrons in an atom as
approximately non-interacting because they tend to avoid each other due to their
Coulomb repulsion. Then, the one-electron states in an atom are affected by the
positive point-like nucleus to a larger degree than by the remaining electrons. The
conclusion is that if the atomic number Z is not too high, the electron quantum
states in an atom will be similar to Hydrogen quantum states, i.e., they will be
characterized by the principal quantum number n = 1, 2, . . ., orbital quantum
number l = 0, 1, . . . , n, magnetic quantum number m = −l, . . . , l, and spin
quantum number s = ±1/2, see Sect. 1.11. The single-electron states �nlms(�r)
are then to be filled from bottom up taking into account Pauli’s exclusion principle.

When filling the table, one should keep in mind that the nth energy shell can
accommodate 2n2 electrons, each occupying a state with its own values of l, m, and
s. The common notation is to denote the orbitals with l = 0 by the letter s (not to
be confused with spin); the orbitals with l = 1 are denoted with the letter p (not to
be confused with momentum); the l = 2 orbitals are denoted with the letter d; the
l = 3 orbitals with letter f. The electron orbitals for the first 10 elements are shown
in Table 2.1.

Consider silicon as an example, whose electron configuration is 1s2 2s2 2p6 3s2

3p2. Its deepest shell with n = 1 can accommodate two electrons with l = m = 0
and opposite spins; hence, we have 1s2. The second shell, n = 2, can accommodate
2 · 22 = 8 electrons. Those electrons can occupy an s-orbital with l = 0, which
accommodates two electrons with opposite spins (hence 2s2) and three p-orbitals
with l = 1 and m = 1, 0, 1, with two electrons on each, giving 2 · 3 = 6 electrons in
the 2p-states (hence, 2p6). Thus, the n = 2 shell is completely filled. The electrons
belonging to a partially filled shell are called the valence electrons. In Si, the valence
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Table 2.1 Electron orbitals
for the first 10 elements of the
periodic table

H (Hydrogen), Z = 1 1s1

He (Helium), Z = 2 1s2 (full shell)

Li (Lithium), Z = 3 1s2 2s1

Be (Beryllium), Z = 4 1s2 2s2

B (Boron), Z = 5 1s2 2s2 2p1

C (Carbon), Z = 6 1s2 2s2 2p2

N (Nitrogen), Z = 7 1s2 2s2 2p3

O (Oxygen), Z = 8 1s2 2s2 2p4

F (Fluorine), Z = 9 1s2 2s2 2p5

Ne (Neon), Z = 10 1s2 2s2 2p6 (full shell)

electrons belong to the n = 3 shell. It contains 2 electrons with opposite spins in
the s-state with l = m = 0, and two electrons in the p-state with l = 1. These two
electron states can have any value of m = 1, 0, 1 and spin s = −1/2, 1/2, with at
least one of these quantum numbers in the two states being different.

If one considers atoms with a higher atomic number (Z > 18), i.e., with a
higher number of electrons, then this simple scheme stops working because the
approximation of non-interacting electrons does not apply anymore. Interaction
between the electrons starts to play bigger role.

2.2 Chemical Bonding

Chemical bonding can be understood based on the general premise that the system
of electrons generally occupies the lowest energy state, called the ground state.
When two or more atoms are brought together, the ground state of the electrons
belonging to all these atoms will be modified, depending on the distance between
the atomic nuclei. The ground state energy of the electrons may either increase or
decrease if the atoms are close to each other. If the ground state energy increases,
the atoms of interest will not form molecules, and if it decreases, they will bind
together.

Finding the ground state of a system consisting of several atoms is a difficult
task, which can be tackled only numerically. But the general mechanisms that lead
to qualitative understanding of atomic bonding can be described relatively easily.
There are four basic binding mechanisms:

Van der Waals Bonding Van der Waals bonding is the weakest one of all four, but
van der Waals forces responsible for this type of bonding act between all neutral
atoms and molecules. While atoms are electrically neutral, the center of mass of
the negative electron charge randomly fluctuates in time around the center of mass
of the positive nuclear charge. These quantum fluctuations generate a randomly
fluctuating electric field around an atom, and this field slightly displaces the electron
cloud in another atom, thereby polarizing the other atom. Of course, the second
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atom polarizes the first one as well. The mutual polarization is such that the two
atoms tend to attract each other. The resulting interaction potential is known to
decrease with the distance, d, between the two atoms as the sixth power, 1/d6. For
the noble gases, whose energy shells are completely filled (He, Ne, Ar, Kr, Xe, Rn),
van der Waals forces are the only forces that can bind those atoms together at low
temperature and high pressure.

Ionic Bonding Consider two atoms from the opposite ends of the period table.
Atom A has all its inner energy shells filled, and the next partially filled shell
contains only one electron (examples: A = Li, Na, or K). The other atom B lacks just
one electron to have all its energy shells filled (examples: B = H, F, or Cl). In other
words, the electron configuration of the atom A is the same as in some noble gas
atom plus an extra electron; for the atom B, it is the same as some noble gas atom
minus an electron from the outermost shell. When A and B are brought close to
each other, it will be energetically favorable for the atom A to give its extra electron
to the atom B, thus filling up all shells of both atoms. This turns A into a positive
ion and B into a negative ion. The two ions attract each other electrostatically, so
that they form a polar molecule AB. If there are macroscopically many atoms A and
B, they will form an ionic crystal, such as the salts NaCl, KCl, NaF, LiBr, etc.

Covalent Bonding Covalent bonding acts between both similar and dissimilar
atoms. Each electron state characterized by the same quantum numbers n, l, and
m can admit two electrons with opposite spins. In a covalent bond, the valence
electrons are shared between atoms. The sharing of electrons allows each atom to
attain the equivalent of a full outer shell. For example, a Si atom has 4 valence
electrons in the n = 2 shell, which can accommodate 2n2 = 8 electrons. In
crystalline silicon, each atom has 4 neighbors to share the valence electrons with,
thus giving 4 + 4 = 8 electrons in the outer shell. A similar bonding mechanism acts
in other important semiconductor materials.

Metallic Bonding Metallic bonding is a mechanism by which not molecules, but
crystals are formed. Each atom in a metal contributes its valence electrons to the
atoms of the whole crystal, thereby binding them together. The valence electrons
detach from their host atoms and become free to move within the crystal. These free
electrons are responsible for the high electric conductivity of metals.

2.3 Crystal Lattices

2.3.1 Atomic Order in Solids

If many atoms are brought together, then it can be energetically favorable for them
to arrange themselves into a crystal, i.e., a pattern that periodically repeats itself
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in space. If the size of the crystal lattice exceeds a few hundred micrometers,
one speaks about a single crystal. A polycrystalline material consists of a large
number of crystalline grains, whose linear size may vary from tens of nanometers
to a few hundred micrometers. Note that the typical interatomic distance in a solid
is several Angstroms, so that even a nanometer-sized grain contains thousands of
atoms arranged periodically. Finally, an amorphous solid does not have any degree
of crystalline order even on the length scales of a few nanometers.

2.3.2 Bravais Lattices

A Bravais lattice is a periodic arrangement of structureless lattice points in space,
such that every lattice point can be reached from any other lattice point by adding
an integer number of the lattice translation vectors. The coordinate of a lattice point
can be expressed in terms of the three translation vectors, denoted as �a, �b, and �c, as

�r = i�a + j �b + k�c

with integers i, j , and k. The translation vectors are not necessarily mutually
orthogonal and do not necessarily have the same length.

At a first glance, it might seem that the number of such possible lattices is huge.
But from the point of view of the symmetry, this intuition is not quite correct. It
turns out that there are only 14 three-dimensional Bravais lattices, named after a
French crystallographer Auguste Bravais, who summarized them in 1850.

Depending on the relation between the lengths of the translation vectors and the
angles between them, 6 lattice families are possible, with the number of members in
each family varying from one to four. The triclinic lattice is the least symmetric one,
in which all translation vectors are of different lengths and all angles are arbitrary
but not equal 90◦ (see Fig. 2.1a). The most symmetric is the cubic lattice, where all
translation vectors are the same and all angles are 90◦ (see Fig. 2.1b).

Lattice constants are the parameters that are needed to completely characterize
the Bravais lattice. A triclinic lattice requires six lattice constants: three lengths a,

Fig. 2.1 Primitive cells of (a) a triclinic and (b) a cubic Bravais lattice
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b, and c, and three angles α, β, and γ . For a cubic lattice, only one lattice constant,
the side length a, is needed.

The difference between the members of the same family is that some of them may
have additional lattice points not only in the corners, but also in the center, on the two
opposite bases, or on all six bases. Then, the lattices are called body-centered, base-
centered, and face-centered, respectively. If none of these possibilities are realized,
the lattice is called simple. An exception is the hexagonal family, which can be
of two types: simple and rhombohedral. All 14 Bravais lattices are described in
standard textbooks on solid state physics and in numerous online resources; hence,
we will not discuss this topic in much detail here.

2.3.3 Unit Cell, Primitive Cell, and Crystal Basis

A unit cell is a geometric figure whose periodic repetition in space generates the
whole lattice without empty spaces in between. Its choice is not unique: it may have
many shapes and sizes. A unit cell of the smallest volume is called primitive. The
shape of a primitive cell is also not unique, but its volume is fixed: it contains exactly
one lattice point.

Figure 2.2 illustrates these definitions on a two-dimensional oblique lattice,
where the cells A and B are non-primitive, and the remaining cells C, D, and E

are different choices of a primitive unit cell.
Depending on the position of a lattice point, it may be shared by several unit

cells. For example in the two-dimensional lattice from Fig. 2.2, the lattice points in
the corners of cell A are shared by four unit cells; with three points inside the cell,
this gives 4 × 1/4 + 3 = 4 lattice point per cell A. Cell B has four lattice points in
the corners, each shared by four similar cells, and two lattice points on the opposite
sides, each shared by two cells; altogether, this gives 4 × 1/4 + 2 × 1/2 = 2 lattice
points per cell B.

Fig. 2.2 An oblique lattice with two possible choices of the non-primitive cells A and B and three
primitive unit cells C, D, and E, the last of which is the Wigner–Seitz cell



46 2 Crystal Structure of Solids

In contrast, a primitive cell contains exactly one lattice point. Cells C, D, and E

in Fig. 2.2 are primitive.
A special type of a primitive cell is the so-called Wigner–Seitz cell, defined as a

locus of all points in space that are closer to a given lattice point than to any other
lattice point. A Wigner–Seitz cell is built by connecting a given lattice point to all
its neighbor points with straight lines and then drawing planes perpendicular to each
of those connecting lines. The Wigner–Seitz cell is enclosed inside the so-obtained
planes around the selected lattice point. Cell E in Fig. 2.2 illustrates this procedure
for a two-dimensional lattice.

Not every periodic arrangement of points can have the smallest unit cell
containing just one lattice point. Consider, e.g., the two-dimensional lattice from
Fig. 2.3a. Here, the cell A contains one dot; however, this cell cannot cover the whole
lattice by periodic repetition in the plane. The smallest unit cell that reproduces the
whole lattice must contain two dots, such as cell B or C.

In order to be able to describe this kind of lattices, we need to introduce an
important concept of crystal basis. A lattice point itself is a structureless geometric
entity; the basis is a structure associated with each lattice point. This structure may
be, e.g., two points. For the lattice from Fig. 2.3a, this would be, e.g., one dot in
the corner of cell C and the one inside this cell. Then, the lattice from Fig. 2.3a is a
square lattice with the primitive cell C; its lattice points are endowed with a basis of
two dots.

In order to describe a real crystal, the basis of its Bravais lattice must contain
information about the type, number, and mutual arrangement of atoms that occupy
each lattice point. A crystal structure is completely determined by its Bravais
lattice and by the basis. This is illustrated by a two-dimensional crystal structure
in Fig. 2.3b, showing a square Bravais lattice and a basis consisting of two different
atoms.

Fig. 2.3 (a) An example of a periodic arrangement of dots, in which the cell A with just one dot is
not a primitive cell, because it is not a unit cell; cells B and C containing two dots are possible unit
cells. (b) A hypothetical two-dimensional crystal structure, defined by its square Bravais lattice
and the basis consisting of two atoms
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2.3.4 Volume Density and Atomic Packing Fraction

Assume for simplicity’s sake that the basis is formed by just one atom. Then, the
volume of its primitive cell, built on the primitive vectors �a, �b, and �c, is v = �a · (�b ×
�c). The volume density of atoms is

n = 1

v
= 1

�a · (�b × �c) .

If, instead of a primitive cell, one works with a larger unit cell built on the translation
vectors �a, �b, and �c, then

n = Ncell

�a · (�b × �c) ,

where Ncell is the number of atoms per unit cell.
The physical boundary of an atom is not well defined. Nevertheless, one can

approximately view atoms in a crystal lattice as solid impenetrable spheres of such
radii that neighboring spheres are just touching each other. For a lattice made of
just one type of atoms, the atomic radius r is half the distance d between the
neighboring atoms in it, or d = 2r . The lattice constant a and the atomic radius r

are thus proportional to each other, a ∝ d = 2r , with the proportionality coefficient
depending on the crystal structure.

The concept of atomic radius is useful because it allows one to approximately
predict the lattice constant of a material if the atomic radii of the components
forming it are known. For example, the lattice constant of the diamond modification
of carbon aC = 3.567 Å, from which the atomic radius of carbon can be found as
rC = 0.772 Å with the interatomic distance dC = 1.544 Å. Silicon likewise forms
diamond crystal lattice with the lattice constant aSi = 5.431 Å, which corresponds
to the atomic radius rSi = 1.176 Å and interatomic distance dSi = 2.352 Å. From
this, we can expect that in a diamond-like silicon carbide lattice SiC, the distance
between the neighbor silicon and carbon atoms is dSiC = rC + rSi = 1.948 Å. The
expected lattice constant of this structure is aSiC ≈ aSi × dSiC

dSi
= 1

2 (aSi + aC) =
4.5 Å. This value is in reasonable agreement with the known measured value of
aSiC = 4.36 Å, exceeding it by only 3%.

Atomic packing fraction (APF ) is the fraction of volume in a crystal occupied
by the atoms, which are viewed as solid spheres that touch each other. Specific
examples of its calculation will be given below.



48 2 Crystal Structure of Solids

2.4 Basic Cubic Structures

Most semiconductor materials belong to the cubic crystal family, whose three
members—the simple cubic (sc), body-centered cubic (bcc), and face-centered
cubic (fcc)—and the related zincblende and diamond structures (see Fig. 2.4) are
briefly reviewed here.

The Simple Cubic (sc) The simple cubic (sc) lattice is the simplest member of
the cubic family. The side length of its unit cell, a, is called the lattice constant.
Because each atom of the primitive cell is shared by eight cells with a common
corner, it contributes 1/8 of its volume to a given cell. Because there are 8 corners,
there are 8 · 1

8 = 1 atoms per unit cell. The volume density of atoms is

nsc = 1

a3 .

Each atom in an sc lattice has 6 nearest neighbors. If each atom is viewed as a
solid sphere that touches the neighbor spheres, its radius would be r = a/2 and
its volume Vsphere = 4

3π(a/2)3. Since there is just one atom per primitive cell, the
atomic packing fraction

APFsc = Vsphere

a3
= π

6
= 0.52 = 52%.

The only material with this structure is polonium. Simple cubic structure is rarely
found in nature because of its small atomic packing fraction, which is the lowest
out of all structures of cubic family. To minimize the total energy of the crystal,
atoms tend to come close together, thereby maximizing the APF . The reason why
polonium is an exception from this rule has to do with the specific configuration of
its six valence electrons’ orbitals that favor bonding to six nearest neighbors.

The Body-Centered Cubic (bcc) The body-centered cubic (bcc) lattice is obtained
by placing an extra atom in the center of each cube of an sc lattice. The primitive
cell of a bcc lattice can be built on the three vectors connecting a corner atom with

Fig. 2.4 (a) The basic cubic structures: simple cubic (sc), body-centered cubic (bcc), and face-
centered cubic (fcc). (b) The zincblende/diamond structure (left) and a tetrahedron as its building
block (right)
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three neighboring central atoms. The primitive cell does not have cubic symmetry
and is therefore inconvenient to work with. Hence, the conventional unit cell of a
bcc lattice is a cube with one atom in the center.

One can think of it as an sc lattice with the basis consisting of two atoms: one in
the cube corner and the other one in the center. Alternatively, one may view a bcc
lattice as two sc lattices shifted with respect of each other along the main diagonal
of the primitive cell by one-half of its length. Therefore, the volume density of a bcc
lattice is

nbcc = 2

a3

because there are 2 atoms per unit cell. Each atom in a bcc structure has 8 nearest
neighbors. The atomic packing fraction

APFbcc = 68%

is notably higher than in the sc structure. Some metals form bcc lattices, such as
chromium, molybdenum, tantalum, and tungsten.

The Face-Centered Cubic (fcc) The face-centered cubic (fcc) lattice is formed by
placing six atoms in the centers of the six faces of an sc lattice. The primitive cell
of an fcc structure is built on the vectors connecting a corner atom with its three
neighboring atoms on the faces. The primitive cell does not have cubic symmetry
and is inconvenient to work with. The conventional cell of an fcc lattice is a cube
with six atoms on its six faces.

Each of the eight corner atoms is shared by 8 cells and therefore contributes
1/8 of its volume to a given unit cell. Each atom on the six faces contributes 1/2
of its volume to a given unit cell. The number of atoms per unit cell is therefore
1
8 · 8 + 1

2 · 6 = 4. The number of nearest neighbors of an atom in an fcc lattice is 12.
The volume density of the atoms is then

nfcc = 4

a3 .

The atomic packing fraction

APFfcc = 74%.

This is the highest value of all cubic lattices. Another structure that has the same
APF is hexagonal closed-packed (hcp). Due to their high degree of packing, fcc
and hcp structures are the ones favored by most metals. Specifically, materials with
the fcc structure include aluminum, copper, nickel, gold, silver, and platinum.
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Zincblende and Diamond Structures Zincblende and diamond structures can be
described as two interpenetrating fcc lattices shifted with respect to each other along
the main diagonal by 1/4 of the diagonal length. If the two lattices are made of the
same type of atoms (e.g., C, Si, Ge, or α-Sn), the structure is a diamond. If the
two fcc lattices are made of different atoms (e.g., GaAs, InSb, InAs, or ZnS), the
structure is called zincblende, which is another name for zinc sulfide, ZnS. Note that
the materials that prefer to form this structure are either non-metals (C, Si, As, S)
or poor metals (Ga, In, Sb, Zn). The building block of this structure is formed by a
tetragonal arrangement of atoms, see Fig. 2.4b.

The conventional unit cell of a diamond or a zincblende structure is a cube. The
number of atoms in this cell is 8, i.e., n = 8/a3. Each atom has 4 nearest neighbors.
The distance between the neighboring atoms is a

√
3/4. The APF = 34%.

Not all semiconductors form diamond or zincblende structure. Examples are
numerous: ZnSb, ZnAs, ZnO, BeO, CdSb, CdAs, etc. Some materials may assume
more than one different crystal structure, called polymorphs. For example, ZnS,
ZnSe, CdS, and CdSe may form zincblende or wurtzite lattices, whereas silicon
carbide (SiC) has 250 different crystalline forms, zincblende being one of them.

2.5 Formation of Diamond Structure

Quantum mechanics explains diamond structure as follows. Consider an element
belonging to group IV of the periodic table, such as Si. All elements from group
IV have 4 valence electrons, two in the s-state and two in the p-state. When many
such atoms are brought together, a process called hybridization of orbitals occurs.
In this process, one s-electron is promoted into a p-state, resulting in one s-orbital
and three p-orbitals. Then, the s-orbital combines with the three p-orbitals to form
four orbitals of the new type, the so-called sp3 hybrid orbitals.

Each of the four sp3-orbitals is elongated, with an angle of 109.5◦ formed
between any two of them, see Fig. 2.5. Furthermore, each sp3-orbital can be
occupied by two electrons of opposite spins. Thus, when many group-IV atoms

Fig. 2.5 (a) Formation of an sp3 hybrid orbital. (b) A sketch of the electron density distribution
in an sp3 hybrid orbital accommodating four electrons
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are brought together, they arrange themselves so that each atom has four nearest
neighbors, thus forming tetragons, the building blocks of the diamond lattice.

To understand the zincblende structure formed by atoms belonging to groups III
and V (the III–V semiconductors), we note that an atom from group III (e.g., Ga) has
3 valence electrons, and an atom from group V (e.g., As) has 5 valence electrons. An
As atom can give one of its electrons to a neighboring Ga atom, so that both atoms
now have 4 valence electrons. Then, the sp3-hybridization proceeds as described
above.

In a similar way, zincblende structure can be formed by some of the II-VI
semiconductors, such as InSb, CdTe, etc. In these materials, a group-VI element
gives two of its valence electrons to a group-II element, resulting in 4 valence
electrons in the atoms of each type.

2.6 Miller Indices

2.6.1 Determination of Miller Indices

Miller indices (William H. Miller, 1839) are a standard convenient method of
indicating various crystallographic directions and planes in a given crystal lattice.

To indicate a direction, a vector �d in that direction has to be used. However,
simply stating the components of �d is not enough. One must also give a reference to
a particular coordinate system and indicate how the crystal lattice is oriented relative
to that system. In order to avoid the necessity of giving this additional information,
it is more convenient to express �d in terms of the lattice translation vectors, �a, �b,
and �c.

Depending on the convenience considerations, those vectors may or may not be
primitive. The direction vector �d may have any length. It is decomposed into the
translation vectors

�d = i�a + j �b + k�c,

such that the three numbers i, j , and k are integers without a common denominator.
The direction is then specified by placing these three integers into square brackets,
[i j k]. If one of these numbers is negative, the corresponding Miller index is
denoted with an overbar, e.g., [1 1 1̄]. Figure 2.6a shows Miller indices for some
directions of a cubic lattice.

Some crystallographic directions possess the same symmetry. To indicate the
whole family of such symmetry-related directions, one representative member of
this family is placed into triangular brackets. For instance, in a cubic lattice, one
such family is 〈1 0 0〉, consisting of [1 0 0], [0 1 0], [0 0 1], [1̄ 0 0], [0 1̄ 0], and [0 0 1̄]
directions.
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Fig. 2.6 Several crystallographic (a) directions and (b) crystal planes with the Miller indices
indicated in the brackets. The translation vectors �a, �b, and �c are aligned with the coordinate axes
x, y, and z

To indicate a crystallographic plane, the following algorithm is used. First, the
intercepts of the plane with the coordinate axes built on the translation vectors, �a,
�b, and �c, are expressed in terms of the lengths of these vectors as pa, qb, and sc.
The numbers p, q, and s cannot be zero, i.e., the plane cannot go through the origin.
Then, the numbers are inverted to give 1/p, 1/q, and 1/s. Each of these inverted
numbers is multiplied by the smallest number, n, such that the triplet i = n/p,
j = n/q, and k = n/s is formed by integers i, j , and k. Those integers are the
Miller indices for the plane of interest.

If one of the intercepts is infinite, then the corresponding Miller index is zero.
Negative Miller indices are denoted with an overbar. Miller indices for planes are
indicated in round brackets. Figure 2.6b shows Miller indices for several planes in a
cubic lattice.

A family of symmetry-related planes is indicated by placing Miller indices for
one representative member of this family into curly brackets. For instance, for cubic
lattices, the {1 0 0} family consists of (1 0 0), (0 1 0), (0 0 1), (1̄ 0 0), (0 1̄ 0), and
(0 0 1̄) planes.

2.6.2 Miller Indices for Cubic Structures

As stated earlier, it is convenient to treat bcc, fcc, and diamond/zincblende lattices as
cubic, with several atoms per unit cell (2 in bcc, 4 in fcc, and 8 in diamond). A nice
feature of cubic lattices is that a direction with Miller indices [i j k] is perpendicular
to the plane with the same Miller indices (i j k).

Let us find the distance between two successive (i j k) planes. We note that an
(i j k) plane crosses the x-axis at the point x = na/i, the y-axis at the point y =
na/j , and the z-axis at the point z = na/k, see Fig. 2.7. Here, n is an integer. Then,
the two vectors
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Fig. 2.7 An (i j k) plane of
a cubic lattice

�r1 = na

j
�ey − na

i
�ex, �r2 = na

k
�ez − na

i
�ex

belong to the (i j k) plane. On the other hand, a unit vector in the [i j k] direction
is, by definition,

�e = i�ex + j �ey + k�ez√
i2 + j2 + k2

.

Now, it is easy to verify that �r1 · �e = �r2 · �e = 0, and thus the unit vector in the [i j k]
direction is perpendicular to the two non-parallel vectors in the (i j k) plane. This
means that [i j k] direction is perpendicular to that plane, as stated.

To find the distance between two (i j k) planes, we note that the closest such
plane intersects the coordinate axes at the following points: the x-axis at the point
x = (n + 1)a/i, the y-axis at the point y = (n + 1)a/j , and the z-axis at the point
z = (n + 1)a/k. Then, a vector

�d = n + 1

i
a�ex − n

i
�ex = 1

i
a�ex

begins on the nth plane and ends on the (n + 1)st plane. The distance between the
two planes is the projection of this vector onto a unit vector perpendicular to the
(i j k) planes:

d = �d · �e = a√
i2 + j2 + k2

.

2.7 Imperfections and Impurities in Solids

From the electrical properties’ point of view, single crystals are preferred over poly-
crystalline materials because the grain boundaries in the latter tend to deteriorate the
electrical characteristics. However, even in a single crystal, deviations from perfect
long-range order are possible for various reasons.
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Fig. 2.8 (a) Point and (b) line defects in a crystal lattice

One obvious reason for such deviations is the unavoidable random thermal
vibrations of atoms. However, the average positions around which the atoms vibrate
do form a crystal structure.

Other causes of deviations from perfect crystallinity are the formation of defects
of various types. Point defects, see Fig. 2.8a, result in a local distortion of the crystal
lattice. They may form as vacancies, i.e., missing atoms on same lattice sites, or
as interstitial defects, where an atom occupies the space of the crystal structure at
which no atom should be present. Other types of point defects are possible, e.g.,
Frenkel defects formed by closely located vacancy and interstitial defects. Impurity
atoms are considered point defects as well.

Line defects may extend over macroscopic distances. They appear as disloca-
tions, which are of two main types: edge and screw dislocations, see Fig. 2.8b. In the
former, one of the atomic planes terminates in the middle of the crystal, resulting in
a “bending” of the adjacent planes around that half-plane. A screw dislocation is a
bit harder to visualize, but basically it is a twisting of the crystal lattice.

Other types of defects are planar defects (grain boundaries, stacking faults,
or twin boundaries) and bulk defects such as cracks, pores, voids, or impurity
precipitates.

2.8 Problems

2.8.1 Solved Problems

Problem 1 Consider a two-dimensional honeycomb lattice formed by regular
hexagons, see Fig. 2.9a. Can the hexagon corners serve as lattice points of a Bravais
lattice? If no, how can they be grouped into the basis? What are the translation
vectors of the Bravais lattice? What does the Wigner–Seitz cell look like?
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Problem 2 Find the atomic packing fraction of a diamond lattice.

Problem 3 A certain plain of a cubic lattice intersects the coordinate axes at the
points x = 2a, y = −3a, and z = a, where a = 7 Å is the lattice constant. Find the
distance between two neighboring planes of this family.

Problem 4 Find the number of atoms per unit area in the (1 1 1) plane of a sc, bcc,
and fcc lattices with the lattice constant a = 4 Å.

2.8.2 Practice Problems

Problem 1 Find the atomic packing fraction of fcc and bcc lattices.

Problem 2 GaAs forms the zincblende lattice with the density of 5.318 g/cm3. The
atomic masses of the atoms forming this structure are mGa = 69.7 and mAs =
74.9 amu (1 amu = 1.6605·10−27 kg). Determine the lattice constant of this structure
and find its concentration of valence electrons that form the Ga–As bonds.

Problem 3 Find the surface density of atoms (SDA), i.e., the number of atoms per
cm2, in the (110) plane of a diamond lattice with the lattice constant a = 5.65 Å.

Problem 4 Consider a body-centered cubic lattice with the lattice constant a =
6 Å. What are the Miller indices of the plane shown in Fig. 2.9b? What is the surface
density of atoms in that plane?

Fig. 2.9 (a) A honeycomb lattice from Problem 1. (b) A crystallographic plane in a bcc lattice
from Problem 4
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2.8.3 Solutions

Problem 1 If we align one translation vector �a along the lower side of the hexagon
and another vector �b at an angle of 120◦ to �a, then a linear combination i�a + j �b
will cover not only the corners, but also the centers of each hexagon. The hexagon
centers are not the lattice points of this structure. Hence, the corners of the hexagons
cannot be used as lattice points of a Bravais lattice. But two corners can be grouped
together to form the basis of the Bravais lattice, see Fig. 2.10. The resulting lattice
points form a hexagonal lattice with the lattice vectors shown in the figure. The
original hexagons are Wigner–Seitz cells of this lattice.

Problem 2 The diamond structure can be thought of as two fcc lattices shifted
relative to each other along the longest diagonal of the unit cell by one-quarter of
its length d = a

√
3, see Fig. 2.11. The distance between the nearest neighbor atoms

is, then, d
4 = a

√
3

4 . If the atoms are viewed as solid spheres of radius r that just
touch each other, then the distance between the centers of the neighboring spheres
is 2r = d/4, allowing us to relate the radius to the lattice constant as

r = a

√
3

8
.

Now, let us count the number of atoms in a diamond structure unit cell. Each of
its 8 corner atoms is shared by 8 cells; hence, each corner atom contributes 1/8 of its
volume to a given cell. Each of its 6 atoms on the 6 faces is shared by 2 unit cells;

Fig. 2.10 Lattice points of a
hexagonal Bravais lattice

Fig. 2.11 Diamond (or
zincblende) unit cell
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hence, the face atoms contribute 1/6 of their volume to a given cell. Finally, there are
4 atoms that are completely inside a given cell, see Fig. 2.9. Hence, the total number
of atoms in a unit cell is

N = 8 ·
(

1

8

)
+ 6 ·

(
1

2

)
+ 4 = 1 + 3 + 4 = 8.

The volume occupied by a single atom is V0 = 4
3πr3. Hence, the volume

occupied by all 8 atoms in a cell is

Vatoms = NV0 = 8 · 4

3
πa3 (

√
3)3

83
= a3 π

√
3

16
∼= 0.34 a3.

Since the unit cell volume is a3, the atomic packing fraction is

APF = Vatoms

a3 = 0.34 = 34%.

Problem 3 We begin by finding the Miller indices of this plane. For this, we invert
the intersection point coordinates divided by a:

a

x
= 1

2
,

a

y
= −1

3
,

a

z
= 1

and multiply these three numbers by the smallest positive integer (= 6) that will turn
them into integers. The resulting triplet is the Miller indices:

(i j k) = (3 2̄ 6).

The distance between two neighbor planes with the same Miller indices is (for cubic
family lattices) given by

d = a√
i2 + j2 + k2

= 7√
9 + 4 + 36

= 1 Å.

Problem 4 Consider the sc lattice first with the (1 1 1) plane shown in Fig. 2.12. In
this plane, the atoms form a triangular lattice consisting of equilateral triangles of
side length d = a

√
2. Since each atom is shared by 6 triangles, there are 3/6 = 1/2

of an atom per triangle. It is less than 1 because a triangle is not a unit cell of this
two-dimensional lattice. The unit cell is a rhombus (shaded area) of side length d

and height h found using Pythagoras’ theorem:

h2 +
(

d

2

)2

= d2 ⇒ h = d

√
3

2
.
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Fig. 2.12 Arrangement of atoms in the (111) plane of a sc lattice

Fig. 2.13 Arrangement of atoms in the (111) plane of a bcc lattice

The area of such a rhombus is

A = dh = d2

√
3

2
= a2

√
3,

and, because there is just one atom per rhombus, the surface density of atoms is

SDA = 1

A
= 1

a2
√

3
= 1

16
√

3
Å

−2 = 3.61 · 10−2 Å
−2 = 3.61 · 1014 cm−2.

A unit cell of a bcc lattice contains an extra atom right in the center, see Fig. 2.13.
However, and, perhaps, counterintuitively, this central atom does not happen to be in
the (1 1 1) plane. The easiest way to see this is to imagine a (1 1 0) plane, which does
contain that central atom. Since the (1 1 1) plane can be obtained by tilting the (1 1 0)
around one of the cube’s edges, the (1 1 1) plane does not contain the central atom
of the bcc unit cell. Therefore, the arrangement of atoms in this plane is exactly the
same as in the sc lattice, with the same surface density of atoms 3.61 · 1014 cm−2.
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Fig. 2.14 Arrangement of atoms in the (111) plane of an fcc lattice

Finally, an fcc lattice has extra atoms located in the middle of each face. The
arrangement of atoms in the (1 1 1) plane is the same as in the sc case, but with
atoms in the middle of each side of the triangles, see Fig. 2.14. A unit cell (shaded

area in the figure) contains 1 + 4 ·
(

1
2

)
+ 1 = 4 atoms. This means that the SDA is

4 times as big as in the sc case: SDA = 4 · 3.61 · 1014 = 1.44 · 1015 cm−2.



Chapter 3
Equilibrium Statistical Mechanics

3.1 Microstates and Macrostates

Physical systems consist of a huge number of particles. The most complete
information about the system is contained in the system’s microstate (microscopic
state). In classical mechanics, the microstate is specified by a huge number of
coordinates and velocities of all particles comprising the system. It evolves in time
according to Newton’s second law. In quantum mechanics, the microstate is given
by the collective wave function, which depends on all the system’s coordinates. It
evolves in time according to the time-dependent Schrödinger equation.

Information about the microstate is complete in the following sense: If the
system is perfectly isolated from the rest of the Universe, then its microstate will
evolve in time according to the system’s autonomous equations of motion. Then,
the microstate at the initial moment of time determines the system’s microstate at
any future time according to these equations.

It is a hopeless task to solve the equations that govern the evolution of the
system’s microstate. There are several reasons for this:

1. The initial microstate of the system is unknown.
2. The equations that govern the system’s microstate evolution are deterministic, but

their solution is usually chaotic (random). This means that the tiniest deviation
of the initial state will result in a completely different trajectory of the system.

3. The system is never completely isolated from the rest of the world. In particular,
it is impossible to switch off gravity, or perfectly isolate the system from external
electromagnetic waves. Those interactions cannot be completely accounted for.
However, small, they affect the dynamics of the systems microstate, see the
previous point.

4. Last but not least, the system may be simply too big to be treated theoretically.
Solving 1030 or so equations of motion is practically impossible. Because of
these reasons, the microstate changes in time in a random, unpredictable manner.
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Luckily, information about the system’s microstate is practically never required.
What is of interest is a set of the coarse-grained macroscopic parameters that
characterize the system as a whole, such as pressure, volume, energy, temperature,
concentration of atoms, polarization, magnetization, etc.

Because the system’s microstate changes randomly in time, we may introduce
the probability pα to find the system in a microstate α, in which the system’s
macroscopic parameter of interest, Y , has the value Yα . As the microstate changes,
so does its property Y . These random changes are called fluctuations.

A measurement of the parameter Y takes finite time tY . This time is of the same
order of magnitude as the reaction time of the measuring device used. The time of
measurement is many orders of magnitude longer than the characteristic time over
which the system’s microstate changes. For instance, oscillation period of an atom
in a solid is about 10−13 s, much shorter than the reaction time of any device.

This means that during a measurement, the system visits an astronomically huge
number of its microstates. The total amount of time it spends in a microstate α

during the measurement can be estimated as tα = pα tY . When the system is in the
microstate α, its property Y has the value Yα . The result of a measurement will be
the time-averaged value of Y :

〈Y 〉 = 1

tY

∑
α

Yαtα =
∑
α

Yαpα.

A macrostate of a system is specified by a relatively small number of the
macroscopic parameters that describe some measurable property of the system.
Those parameters can be either the control parameters that can be fixed by an
experimentalist or they can be the average values of some fluctuating properties
of the system. For example, if we consider a gas in a container, then the volume of
the container V is part of the macrostate description. If the gas finds itself inside a
cylinder with a movable piston, then the gas volume is not fixed; however, applying
a constant pressure to the system fixes the average volume 〈V 〉, which must be used
as a macrostate variable. Other examples of the macrostate variables are the number
of particles, temperature, pressure, etc.

3.2 Thermal Equilibrium

The microstate probabilities pα , in general, change with time. As an example,
consider a container whose right half is initially filled with gas and the left half
is empty. Very quickly the gas will distribute itself uniformly within the container.
The initial state and the final state are characterized by different sets of microstate
probabilities. Corresponding to this transient process from the initial to the final
states, the average value of a physical parameter Y will also be time-dependent:
〈Y 〉(t) = ∑

α Yαpα(t).
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But if we wait long enough, the system will eventually enter a special macro-
scopic state, in which the probabilities pα do not change anymore. This state is
called thermal equilibrium, or thermodynamic equilibrium.

Suppose two systems, initially isolated from each other, are in equilibrium states.
They do not need to have the same values of such parameters as temperature or
pressure. Now, we bring the two systems in contact with each other, allowing them
to exchange energy and particles. Then, energy will flow from the hotter system to
colder one and atoms will migrate from the system with the higher pressure to the
one with the lower pressure. Eventually, the two systems will come to equilibrium
with each other, as their temperature and pressure will become equal.

We may also consider a single system in some non-equilibrium initial state. As
the system equilibrates, any non-uniformity of its temperature and pressure cause
energy and particles to redistribute themselves inside the system until the system
reaches equilibrium. In thermodynamic equilibrium, temperature and pressure are
uniform. Also, in equilibrium, there is no transfer of energy and particles.

One may think (erroneously) that in thermal equilibrium, energy and particles
do not flow between different parts of the system. In fact, thermal equilibrium
should not be imagined as something static. Rather, it is a dynamic state, in which
different parts of the system do exchange particles and energy, but the fluxes of those
quantities are perfectly balanced by the respective counterfluxes. As a result, no
overall transport occurs and the average amount of energy and the average number
of particles in each part of the system remains constant.

3.3 Postulate of Equal A Priori Probabilities

Consider a system that is isolated to the best of our abilities. Its extensive
properties—the volume V , the number of particles N , and the energy E—are held
fixed and do not change in time. The microstate of the system, on the other hand,
constantly changes. In each microstate α visited by the system, these extensive
parameters have fixed values: Vα = V , Nα = N , Eα = E.

The postulate of equal a priori1 probabilities is a drastic statement about the
system’s dynamics in thermodynamic equilibrium. It states that in thermodynamic
equilibrium all microstates which are consistent with the given fixed extensive
parameter values are equally probable.

Mathematically, this can be expressed as follows: If, for two microstates α and α′
of an isolated system we have Vα = Vα′ = V , Nα = Nα′ = N , and Eα = Eα′ = E,
then pα = pα′ .

No rigorous proof of this statement exists. At the same time, all experimental
evidence speaks in favor of this postulate. We accept simply because it successfully

1 The Latin expression “a priori” means “from the earlier.” It denotes those properties of an object
that do not depend on the empirical evidence, but follow from common sense and logic.
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explains all phenomena observed in the systems containing many particles. The
success of statistical physics can be taken as an a posteriori2 proof that the postulate
of equal a priori probabilities is correct.

3.4 Grand Canonical Distribution

Consider a system, which can exchange energy and particles with a much bigger
system called the heat bath. The energy E and the number of particles n in the
system of interest is not fixed, because the system exchanges these parameters
particles with the heat bath. The role of the heat bath is to maintain constant the
average energy 〈E〉 and the average number of particles 〈n〉 in the system. If at some
moment of time, the number of particles in the system is greater than 〈n〉, then the
particles are more likely to leave the system and enter the heat bath. If n < 〈n〉, then
the particles are more likely to enter the system from the heat bath; same applies to
energy.

To each number of particles, n, in the system, there corresponds a certain set of
states α. The energy of the system with n particles in a state α is denoted as Enα .

We assume that the properties of the system—namely, its quantum states and
energies Enα—are known. The question that we attempt to answer here is: What is
the probability pnα for the system to have n particles and be in the microscopic state
α?

At a first glance, we do not have enough information to answer this question.
For instance, we do not know the nature of the heat bath and the mechanism of the
system-bath coupling, which makes the energy and particle exchange between the
two objects possible.

But this question can be answered with the help of the postulate of equal a priori
probabilities. Namely, if, for a fixed number of particles, n, two different microstates
α and α′ have the same energy, Enα = Enα′ , then they are equally probable, pnα =
pnα′ , independent of the nature of the system. In other words, for a fixed number of
particles n, the microstate probability pnα is simply the inverse of the total number
of microstates with the energy Enα .

This implies that the probability pnα can only depend on the number of particles
n in the system and the energy Enα of the state α:

pnα = 1

Z
G(n,Enα),

2 The Latin phrase “a posteriori” means “from the later” and refers to the statements that follow
from experience or observation of the physical world.
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where the function G(n,Enα) is to be established, and the constant Z in the
denominator is introduced in order to make sure that the total probability is
normalized to one, ∑

n

∑
α

pnα = 1,

meaning that

Z =
∑
n

∑
α

G(n,Enα).

The constant Z is called the grand partition function.
To find the function G(n,Enα), we consider two identical systems that are

coupled to the same heat bath. The two systems are sufficiently far away from
each other to be statistically independent. The probability for one system to have
n particles and to be in the state α is pnα . The probability for the other system to
have n′ particles and to be in the state α′ is pn′α′ . The combined probability for the
first system to be in the state (n, α) and the other system to be in the state (n′, α′) is
given by the product of the individual probabilities:

pnαpn′α′ = 1

Z2 G(n,Enα)G(n′, En′α′).

On the other hand, this composite probability must depend on the total energy
and the total number of particles in the two systems via the function G:

pnαpn′α′ = 1

Z̃
G(n + n′, Enα + En′α′)

with the normalization constant

Z̃ =
∑
n

∑
n′

∑
α

∑
α′

G(n + n′, Enα + En′α′).

Equating the natural logarithms of the last two expressions for pnαpn′α′ , we
conclude that the function G(n,Enα) must be such that

ln G(n + n′, Enα + En′α′) = ln G(n,Enα) + ln G(n′, En′α′) + ln(Z̃/Z2).

But this is possible if and only if ln G(n,Enα) depends linearly on both arguments,
n and Enα . Hence, we introduce two parameters, A and B, to express the linear
relation between the function G(n,Enα) and its arguments:

ln G(n,Enα) = An + BEnα ⇒ G(n,Enα) = eAn+BEnα .



66 3 Equilibrium Statistical Mechanics

Note that the condition Z̃ = Z2 is then fulfilled automatically, because

Z =
∑
nα

eAn+BEnα ,

Z̃ =
∑
n

∑
n′

∑
α

∑
α′

eA(n+n′)+B(Enα+En′α′ )

=
∑
nα

eAn+BEnα
∑
n′α′

eAn′+BEn′α′ = Z2.

Actually, it is customary to express the parameters A and B in terms of two other
parameters, denoted as T and μ: B = − 1

kT
and A = μ

kT
. Here, T is the temperature

(measured in Kelvins), the parameter μ is called the chemical potential and,

k = 1.3806 . . . · 10−23 J/K = 8.6173 . . . · 10−5 eV/K,

is Boltzmann’s constant.
We thus arrive at the standard expression for the grand canonical distribution for

the system to have n particles and find itself in the state α:

pnα = 1

Z
exp

(
μn − Enα

kT

)
, Z =

∑
n

∑
α

exp

(
μn − Enα

kT

)
.

The constants μ and T are determined from the requirements that the system has a
given average number of particles and a given average energy:

〈n〉 =
∑
n

∑
α

npnα, 〈E〉 =
∑
n

∑
α

Enαpnα.

As stated earlier, thermodynamic equilibrium state is the state of no microscopic
currents, by means of which different parts of the system would exchange energy
or particles. Consider now a spatially extended large system containing a very
large number of particles. In this system, we focus on two small volumes ΔV ,
one around some point �r and the other around a point �r ′. The average number
of particles and the average energy in both small volumes must be the same,
independent of the choice of their positions �r and �r ′. But 〈n〉 and 〈E〉 are uniquely
determined by the chemical potential μ and temperature T . Hence, we conclude
that in thermodynamics equilibrium, the chemical potential μ and temperature T

are constant everywhere inside a spatially extended system.
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3.5 Fermi-Dirac Distribution

In the previous discussion, we did not specify the nature of the system. Therefore,
the main result obtained there—namely, the grand canonical distribution—is very
general and applies to systems of any nature.

In particular, consider electrons in a crystal. Assume that the interaction between
electrons can be neglected. Hence, each electron may occupy a single-electron state
α. Nothing can stop us from treating this quantum state as the system and to apply
the grand canonical distribution to get its occupation probability.

The energy of this system can be either the quantum state energy Eα if it is
occupied by an electron, or 0 if it is empty:

Enα = nEα, n = 0, 1.

The number of electrons n in the state α can assume only two values, 0 and 1,
according to Pauli’s exclusion principle.

We can determine the average number of electrons in the state α by using the
grand canonical distribution. If the state is empty, then n = 0, E0α = 0, and
p0α = 1

Z
. If the state is filled with an electron, then n = 1, E1α = Eα , and

p1α = e(μ−Eα)/kT

Z
. The average number of electrons in the state α state is, thus,

〈nα〉 = 0 · p0α + 1 · p1α = p1α = 1

Z
e(μ−Eα)/kT .

The partition function is

Z =
∑

n=0,1

en(μ−Enα)/kT = 1 + e(μ−Eα)/kT .

Then

〈nα〉 = e(μ−Eα)/kT

1 + e(μ−Eα)/kT
= 1

1 + e(Eα−μ)/kT
.

This number, which is between 0 and 1, is the probability p1α that the state α is
occupied. This formula is called the Fermi-Dirac distribution.

The letter μ is a standard notation for the chemical potential adopted in
thermodynamics. In solid-state physics, a different name and notation is used for the
chemical potential. Namely, in solid-state physics, the chemical potential is called
the Fermi energy and is denoted as EF :

μ ≡ EF .
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This is the convention that we also will be using. Hence, the probability of
occupation of a particular quantum state α is given by the Fermi-Dirac distribution:

f (Eα) = 1

1 + e(Eα−EF )/kT
.

The probability for this state to be empty is given by a similar expression:

1 − f (Eα) = 1 − 1

1 + e(Eα−EF )/kT
= e(Eα−EF )/kT

1 + e(Eα−EF )/kT
= 1

1 + e(EF −Eα)/kT
,

note the change of sign in the exponential function in the denominator.
A plot of the Fermi-Dirac distribution vs. energy (with the state subscript α

omitted) is shown in Fig. 3.1a. At E < EF , Fermi-Dirac distribution approaches
the value 1; at E > EF , it goes to zero very quickly. The transition between these
two extremes occurs near Fermi energy, at which the distribution assumes the value

f (EF ) = 1

2
.

The width of the transition region depends on the temperature. At T = 0, the
distribution f (E) is a sharp step going from the value 1 at E < EF to 0 at E > EF

(dotted line). Increasing the temperature makes the transition of f (E) near E = EF

from 1 to 0 more smooth.

Fig. 3.1 (a) Fermi-Dirac distribution at T = 0 (dashed line) and for three non-zero temperatures
(solid curves). (b) Fermi-Dirac distribution at T = 0.1 EF (solid curve) and its Boltzmann
approximation f (E) = e−(E−EF )/kT (dashed curve). The inset shows the same plot at E > EF

with the logarithmic scale on the y-axis chosen for the ease of comparison of the curves
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3.6 Boltzmann Approximation

For energies exceeding EF by a few thermal energies kT , Fermi-Dirac distribution
can be approximated by the so-called Boltzmann’s distribution, obtained by neglect-
ing the 1 in the denominator:

f (E) ≈ e−(E−EF )/kT .

This approximation is valid for energies, at which e(E−EF )/kT is much bigger
than 1. Typically, the term “much bigger” means “bigger by at least one order of
magnitude,” i.e.,

e(E−EF )/kT > 10 � 1 ⇒ E − EF > kT ln(10) = 2.3 kT .

The accuracy of Boltzmann approximation at large energies is seen in Fig. 3.1b
showing Fermi-Dirac distribution and Boltzmann approximation at T/EF = 0.1.
Boltzmann approximation is quite accurate in this case for E/EF > 1.2, see inset.

The probability for a given state below Fermi energy to be empty (see Sect. 3.5)
can be approximated in a similar way:

1 − f (E) = 1

1 + e(E−EF )/kT
≈ e−(E−EF )/kT .

This approximation is valid provided that

EF − E > kT ln(10) = 2.3 kT .

At the room temperature T = 300 K, the thermal energy kT = 0.02585 eV, and
we see that Boltzmann’s approximation applies if the Fermi energy differs from a
particular energy E by at least 0.06 eV.

3.7 Fermi Energy at Low Temperatures

Fermi energy depends on temperature. Its temperature dependence should be found
from the condition that the sum of the occupation probabilities for all quantum states
be the same as the total number of electrons N . This gives an equation for EF :

∑
α

f (Eα) ≡
∑
α

1

1 + e(Eα−EF )/kT
= N.

Fermi energy EF at any temperature can be determined from this equation, provided
that the energies of the quantum states Eα are known. It is often convenient to take
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the sum not over the quantum states, but over the energy levels En, each of which is
degenerate and contains gn quantum states. In this formulation, Fermi energy is to
be found from ∑

n

gn

1 + e(En−EF )/kT
= N.

At T > 0, the solution of this equation needs to be performed numerically or
using analytical approximations. The resulting EF does not need to coincide with
any energy level En of the system.

At absolute zero temperature, all states with energy below Fermi level are
occupied and all states above Fermi level are empty. Let us denote the energy of
the highest occupied energy level at T = 0 as E1 and its degeneracy as g1. If the
number of particles N is known together with the energies and degeneracies of all
energy levels of the system, then the highest occupied energy level is relatively easy
to figure out. One just needs to fill all energy levels with particles, starting from the
ground state and up, until all particles are exhausted.

Let us also denote the energy and the degeneracy of the lowest energy level which
is empty at T = 0 as E2 and g2. In this section, we wish to find the Fermi energy
at the thermal energy slightly higher than zero, but well below the energy difference
between the lowest empty and the highest occupied levels, kT � E2 − E1 .

We need to consider the cases of complete and partial occupancy of the highest
occupied level at T = 0 separately:

Case 1: n1 = g1 ;
Case 2: n1 < g1,

where n1 is the number of electrons in the level E1 at T = 0 (Fig. 3.2).

Fig. 3.2 Occupancies of the levels E1 and E2 at (a) T = 0 and (b) T > 0. Filled circles represent
occupied quantum states, empty circles are empty states. It is assumed that at T = 0, all states
belonging to the level E1 and all levels below E1 are occupied, and all states belonging to the
levels E2 and higher are empty
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Case 1 At T � (E2 − E1)/k, only the excitation of particles from the level E1 to
the level E2 plays a role. In other words, the g1 particles that belonged to the level
E1 at T = 0 get redistributed between the levels E1 and E2 at T > 0. In this case,
the chemical potential at low temperatures is found from

g1

1 + e(E1−EF )/kT
+ g2

1 + e(E2−EF )/kT
= g1,

because there are n1+n2 = g1 particles that belong to the levels E1 and E2. Defining

x = e(E1−EF )/kT , ΔE = E2 − E1,

we have:

g1

1 + x
+ g2

1 + xeΔE/kT
= g1.

Multiplying both sides by the product of the denominators and rearranging the
terms, we obtain a quadratic equation

x2g1e
ΔE/kT + x(g1 − g2) − g2 = 0,

whose solution reads

x = g2 − g1

2g1
e−ΔE/kT +

√
(g2 − g1)2

4g2
1

e−2ΔE/kT + g2

g1
e−ΔE/kT .

In view of the condition kT � ΔE, we can arrange the exponentials as

e−2ΔE/kT � e−ΔE/kT � e−ΔE/(2kT ).

This allows us to neglect the first term in the square root relative to the second one,
and then to neglect the first term in the right-hand side relative to the square root.
Then,

x ≡ e(E1−EF )/kT =
√

g2

g1
e−(E2−E1)/(2kT ).

Solving this for the Fermi energy, we obtain:

EF (T ) = E1 + E2

2
+ kT

2
ln

g1

g2
.

On heating, the Fermi energy shifts toward that energy level which has the lower
degeneracy.
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Fig. 3.3 (a) Same as in Fig. 3.2a, but this time with n1 < g1. (b) Fermi-Dirac distribution at T > 0

Case 2 This time, we have n1 < g1 particles in the level E1 at T = 0. At T > 0,
particles can get transferred from the level E1 to the higher level E2 but also from
the lower level E0 < E1 to the level E1, see Fig. 3.3a. That is, now we have g0 +n1
particles that get redistributed among three levels E0, E1, and E2, where g0 is the
degeneracy of the level E0, which was completely filled at T = 0. Accordingly,
Fermi level must be established from the equation

g0

1 + e(E0−EF )/kT
+ g1

1 + e(E1−EF )/kT
+ g2

1 + e(E2−EF )/kT
= g0 + n1.

A rigorous solution of this equation for EF is difficult, but still possible. But since
we are interested in the temperatures T � E2 − E1 and E1 − E0, we can simplify
the calculations considerably with the following reasoning:

The Fermi-Dirac occupation probability of a quantum state with the energy E,

f (E) = 1

1 + e(E−μ)/T
,

makes a sharp transition from 1 to 0 at E = μ. At T = 0, the occupation probability
of a quantum state belonging to the energy level 0 is f (E0) = 1; for the quantum
states belonging to the level 2 it is f (E2) = 0; and for a quantum state belonging
to the level E1 it is n1/g1, as n1 states out of g1 are occupied. Hence, at 0 < T �
E1 − E0 and E2 − E1, the occupation probabilities should not be very different
from these values, see Fig. 3.3b. Therefore, we can approximate the equation that
determines the chemical potential by setting the first term in the left-hand side to g0
and the third term to 0, giving

g1

1 + e(E1−μ)/T
= n1.
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Solving this for the chemical potential, we obtain:

EF (T ) = E1 − T ln
g1 − n1

n1
.

As the temperature increases, the Fermi-Dirac distribution broadens around the
energy EF . The Fermi energy adjusts itself so as to maintain the occupation
probability of any quantum state belonging to the level E1 equal to n1/g1, see
Fig. 3.3b. If more than half of the states in the level E1 are filled, then (g1−n1)/n1 <

1 and the Fermi energy increases; for n1 < g1/2, it decreases. If n1 = g1/2, it stays
equal to E1 same to the first order in T .

3.8 Problems

3.8.1 Solved Problems

Problem 1 A certain disease is known to affect 1 in 10,000 people. The medical
test for this disease is 99.9% accurate, i.e., the probability of a false results (no
matter if positive or negative) is 0.1%. What is the probability that a person who got
a positive result of that test actually has this disease?

Problem 2 What is the smallest number of students in a class such that at least two
students have birthdays on the same day with at least 50% probability? Assume that
a year has 365 days, i.e., neglect leap years.

Problem 3 Consider a gas of bosons at temperature T and chemical potential μ.
What is the average number of bosons in some quantum state with energy E? Note
that, like fermions, bosons are indistinguishable particles, but there is no restriction
on the number of bosons in the same quantum state.

Problem 4 The degeneracy of a particular energy level g = 6. The probability for
a particular quantum state belonging to this level to be occupied by an electron is
f = 0.1. What is the probability Pn for this level to have n electrons with n =
0, . . . , 6? What is the average number of electrons occupying this level?

Problem 5 A particular energy level E has the degeneracy 6. What should be the
energy difference ΔE = E − EF for this energy level to be empty with probability
1/3 at T = 300 K?

Problem 6 A system consists of N = 15 non-interacting spin-1/2 particles with the
single-particle energies Eij = ΔE · (i2 + j2), where ΔE = 1 eV and the quantum
numbers i and j can assume the non-negative integer values 1, 2, 3, . . . . Determine
the Fermi energy EF at zero temperature. Does the Fermi energy increase, decrease,
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or stay the same as the system’s temperature is increased from zero? Answer these
questions for N = 16 and N = 20 particles as well.

3.8.2 Practice Problems

Problem 1 Three fair dices are rolled. Calculate the probabilities pn to obtain n

dots on their faces, with n = 3, 4, . . . , 18.

Problem 2 The energy of a harmonic oscillator with the natural frequency ω is
quantized as En = h̄ω(n+1/2) with n = 0, 1, 2, . . .. At temperature T , what is the
probability for the oscillator to be in the quantum state n? What is its average energy
〈E〉? You may need the formula for the sum of a geometric series,

∑∞
n=0 xn =

(1 − x)−1, valid for |x| < 1.

Problem 3 A particular energy level has the energy 0.04 eV above Fermi energy. It
can accommodate at most 2 electrons of opposite spins. The temperature is 300 K
with kT = 0.02585 eV. What is the probability for this level to be empty? What is
the probability for it to be occupied by just one electron? By two electrons?

Problem 4 The degeneracy of a particular energy level g = 100. Its energy is 0.1
eV above Fermi energy, EF , whose temperature dependence can be neglected. At
what temperature will this energy level be occupied by at least one electron with 1%
probability?

Problem 5 A gas of N = 1000 electrons may occupy the energy levels En =
h̄ω(n+1/2) of a harmonic oscillator with the natural frequency such that h̄ω = 1 eV
and n = 0, 1, 2, . . .. Not more than two electrons can occupy the same energy level.
Find the Fermi energy of this system at T = 0.

3.8.3 Solutions

Problem 1 The wrong way of solving this problem is the obvious one: The
probability to get a false positive result is 0.1%. The probability to be sick is then
100% − 0.1% = 99.9%.

The right way is a bit more intricate. Let pS = 1/10 000 = 10−4 be the
probability of having the disease and pF = 0.1% = 10−3 be the probability of
getting a false test result. Suppose a large number N of people took the test, and
NP people tested positive. This number consists of two groups: (1) the people who
are actually sick and were tested correctly, and (2) the healthy people who got false
positive results. The number of people in group 1 is given by the product of the
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number of sick people, pSN , and the probability of test being correct, 1−pF . Thus,

N1 = (1 − pF ) pS N.

The number of people in group 2 is the product of the total number of healthy
people, N − NS = N(1 − pS), and the probability that the testing went wrong, pF .
Thus,

N2 = (1 − pS) pF N.

The probability for a person with a positive test result to belong to group 1 (i.e., to
be sick) is

p = N1

N1 + N2
= (1−pF ) pS

(1−pF ) pS + (1−pS) pF

= 1

1 + (1−pS) pF

(1−pF ) pS

= 1

1 + 0.9999·10−3

0.999·10−4

,

which is 9.08%. The probability that a person with a positive test result is actually
not sick is almost 91%.

Problem 2 Let N be the number of students in the class. The probability P0 that
all N students have birthdays on different days is

P0 = 364

365
· . . . · 366 − N

365
=

N−1∏
i=1

365 − i

365
.

We need to find the smallest N , at which 1 − P0 > 1/2, or P0 < 1/2, or

N−1∏
i=1

365 − i

365
<

1

2
.

One can attack this problem numerically, e.g., by building an Excel table and
calculating the value of the product in the left-hand side of this inequality for
different values of N . A more elegant way to find the answer is to perform an
analytical calculation. Taking the natural logarithm of both sides,

N−1∑
i=1

ln
365 − i

365
< − ln(2) ;

N−1∑
i=1

ln

(
1 − i

365

)
< − ln(2).

The sum of the logarithms can be approximately found using the approximation

ln(1 + x) ≈ x for |x| � 1.
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We assume that N � 365, meaning that i/365 � 1 for i = 1, . . . , N − 1. We
will have to check the validity of this assumption after obtaining the value of N . We
have

N−1∑
i=1

ln

(
1 − i

365

)
≈ −

N−1∑
i=1

i

365
= − 1

365

N−1∑
i=1

i = − 1

365

(N − 1)N

2
,

where we recognized an arithmetic series to obtain the last equality.
We now need to find the smallest N , for which

1

365

N(N − 1)

2
> ln(2) ⇒ N(N − 1) > 2 · 365 · ln(2) ≈ 506.

We obtain

N = 23.

Problem 3 The probability to have n particles in a quantum state with the energy
E is given by the grand canonical distribution:

pn = e−n(E−μ)/kT

Z
.

The value of the constant Z is such that the probabilities to have any number of
particles add up to one:

Z =
∞∑

n=0

e−n(E−μ)/kT =
∞∑

n=0

(
e−(E−μ)/kT

)n = 1

1 − e−(E−μ)/kT
,

where we used the sum of the geometric series formula, 1+x+x2 +. . . = 1/(1−x)

for |x| < 1, in the last equality.
The average number of particles in this quantum state is

〈n〉 =
∞∑

n=0

npn =
∑∞

n=0 ne−nε

Z
, ε = E − μ

kT
.

The numerator can be evaluating by noting that

∞∑
n=0

ne−nε = −
∞∑

n=0

de−nε

dε
= − d

dε

∞∑
n=0

e−nε = − d

dε

1

1 − e−ε
= e−ε(

1 − e−ε
)2 .

Dividing this result by Z = 1/(1 − e−ε), we obtain:
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〈n〉 = e−ε

1 − e−ε
= 1

eε − 1
= 1

e(E−μ)/kT − 1
.

This result for the average number of bosons in a particular quantum state is known
as the Bose–Einstein distribution. It differs from the fermionic counterpart, the
Fermi-Dirac distribution, in that the unity is subtracted from the exponential rather
than added to it. When (E − μ)/kT is bigger than 1 by at least 2 or 3 times, the
unity in the denominator can be neglected, and the Bose–Einstein distribution can
be approximated with Boltzmann’s formula, 〈n〉 ≈ e−(E−μ)/kT .

Problem 4 Each of the g = 6 states belonging to this energy level can be occupied
with probability f = 0.1 and empty with probability 1 − f = 0.9. The probability
for all states to be empty is

P0 = (1 − f )g = 0.96 = 0.5314.

The probability for the energy level to have exactly one electron is

P1 = gf (1 − f )g−1 = 6 · 0.1 · 0.95 = 0.3543.

Here, the factor f gives the probability for one state to be occupied, and the factor
(1 − f )g−1 gives the probability for the remaining g − 1 states to be empty. Since
there are g states that can be occupied, the product f (1 − f )g−1 is multiplied by g.

The probability for the energy level to have exactly n electrons should be
proportional to f n(1 − f )g−n. The first term in the product is the probability for
some specific n states to be occupied and for the remaining g −n states to be empty.
The proportionality coefficient, denoted as C

g
n , is the number of ways to select n

occupied states out of g available states:

Pn = C
g
nf n(1 − f )g−n.

The number of selections of n filled states out of g available states is called the
binomial coefficient and is given by

C
g
n = g!

n!(g − n)! .

Here is the explanation of this formula. Imagine two bins, one labeled “occupied”
and the other labeled “unoccupied,” into which we put objects called “states.” These
objects are labeled: 1, 2, 3, . . . , g. We put n states into the “occupied” bin, and the
remaining g − n states into the “unoccupied” bin. We are interested in the number
of such arrangements which are distinct. For example, an arrangement that puts
states 1, 2, 3, . . . , n into the first bin is the same as the arrangement 2, 1, 3, . . . ,
n, as the two arrangements just differ by a permutation of the states 1 and 2 within
the first “occupied” bin. Now, the total number of permutations of all states is g!.
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Some of those permutations swap the states between bins, which results in a new
arrangement, while some permutations just swap the states within the same bin,
which does not result in a new arrangement. Hence, the total number of permutations
needs to be divided by the number of permutations of n states in the “occupied” bin
and by the number of permutations of g − n states in the “unoccupied” bin, i.e., by
n! and (g − n)!. The result is the expression for C

g
n above.

In particular,

C6
0 = C6

6 = 1, C6
1 = C6

5 = 6, C6
2 = C6

4 = 6!
2!4! = 15, C6

3 = 6!
(3!)2 = 20.

We obtain:

P2 = 15 · 0.12 · 0.94 = 0.09842,

P3 = 20 · 0.13 · 0.93 = 0.01458,

P4 = 15 · 0.14 · 0.92 = 0.001215,

P5 = 6 · 0.15 · 0.9 = 0.000054,

P6 = 0.16 = 0.000001.

The average number of electrons in this level is

〈n〉 =
g∑

n=0

nPn = 0 · P0 + 1 · P1 + . . . + 6 · P6 ∼= 0.6.

Problem 5 The probabilities for a particular quantum state to be occupied and to
be empty are, respectively,

f = 1

1 + eΔE/kT
, 1 − f = 1 − 1

1 + eΔE/kT
= 1

1 + e−ΔE/kT
.

The probability for all g = 6 quantum states belonging to this level to be empty is

P0 = (1 − f )g = 1

(1 + e−ΔE/kT )g
.

With P0 = 1/3, we can solve this equation to find ΔE:

1

1 + e−ΔE/kT
= P

1/g

0 ⇒ 1 + e−ΔE/kT = P
−1/g

0 ⇒ e−ΔE/kT = P
−1/g

0 − 1.
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Taking the natural logarithm in both sides of the last equation, we finally obtain:

ΔE = −kT ln(P
−1/g

0 − 1).

At T = 300 K, the thermal energy is kT = 0.02585 eV. Plugging in all other
numerical values,

ΔE = −0.02585 ln((1/3)−1/6 − 1) = −0.02585 ln(31/6 − 1) = 0.0415 eV.

Problem 6 Quantum states are labeled by three quantum numbers: i and j = 1, 2,
. . . , and spin s = ±1/2. Each energy level characterized by a particular combination
of the quantum numbers i and j can thus accommodate two particles of opposite
spins. We form a table showing the energies and degeneracies of the lowest few
energy levels:

Level (i, j) Degeneracy Energy [eV]

1 (1, 1) 2 2

2 (1, 2) and (2, 1) 4 5

3 (2, 2) 2 8

4 (1, 3) and (3, 1) 4 10

5 (2, 3) and (3, 2) 4 13

6 (1, 4) and (4, 1) 4 17

7 (3, 3) 2 18

The degeneracy of each level is obtained by multiplying by two the number of the
(i, j) combinations that result in the same energy, as there are two possible spin
orientations.

For N = 15, all particles end up in the first five levels at zero temperature: 2 + 4
+ 2 + 4 + 3 = 15. The highest occupied energy level is filled with n5 = 3 particles
and has the degeneracy g5 = 4. Because n5 < g5, we have for the Fermi energy
EF = E5 − kT ln g5−n5

n5
= 13 eV + kT ln(3). It has the value of 13 eV at T = 0

and increases with temperature.
For N = 16, all particles occupy the first five energy levels, as the sum of their

degeneracies, 2 + 4 + 2 + 4 + 4 = 16, equals the number of particles. The highest
occupied energy level is now completely filled: n5 = g5 = 4. The lowest empty
energy level E6 has the degeneracy g6 = 4 and energy E6 = 17 eV. The Fermi
energy at low temperatures is given by EF = E5+E6

2 + kT
2 ln g5

g6
= 13+17

2 = 15 eV
independent of temperature at low T .

Finally, for N = 20, the particles occupy the first six energy levels (2 + 4 +
2 + 4 + 4 + 4 = 20) with the last one being completely filled: n = g6 = 4. The
lowest empty energy level has g7 = 2 and E7 = 18 eV. The Fermi energy is EF =
E6+E7

2 + kT
2 ln g6

g7
= 17.5 eV + kT ln(2)/2, an increasing function of temperature

with EF (T = 0) = 17.5 eV.



Chapter 4
Band Theory of Solids

4.1 Bloch’s Theorem

In the absence of an external electric field, an electron in a solid interacts with the
positively charged point-like nuclei located in the nodes of the crystal lattice, as
well as with a huge number of other electrons. The positive nuclei and the negative
electrons together produce an electrostatic potential, U(�r), which is periodic in
space, having the periodicity of the crystal lattice. This means that a displacement
by any translation vector �d = i�a + j �b + k�c of the lattice will not result in a change
of the potential energy:

U(�r + �d) = U(�r).

Of course, perfect periodicity of this potential is broken by the presence of defects,
impurities, and the thermal vibrations of the crystal lattice. We assume that all these
effects are weak, so that we can treat the potential U(�r) as periodic to sufficient
accuracy.

Now, we must solve the time-independent Schrödinger equation for one electron
in a periodic potential:

E�(�r) = − h̄2

2m
�∇2�(�r) + U(�r)�(�r).

We assume for simplicity that the crystal lattice has cubic symmetry. An infinite
crystal is modeled as a large cube of side length L with the periodic boundary
conditions imposed on the wave function:

�(�r + �eL) = �(�r),
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where �e is a unit vector in the x-, y-, or z-direction. That is, we do the same trick as
in Sect. 1.7, when we discussed the wave function of a free particle.

In the special case of no potential, U(�r) = 0, the solution of the time-independent
Schrödinger equation is a plane wave explained in Sect. 1.7:

for U(�r) = 0 : �(�r) = 1

L3/2 ei�k·�r ,

where the wave vector �k can have only discrete values,

�k = 2π

L
(k1�ex + k2�ey + k3�ez)

with all three components k1, k2, and k3 being integer numbers.
When the periodic potential is present, the wave function should reflect its

translational symmetry. But the wave function itself is not physically measurable,
only its modulus squared is. Therefore, it should have the property:

for U(�r + �d) = U(�r) �= 0 : |�(�r + �d)|2 = |�(�r)|2,

where �d is a translation vector of the lattice.
There is an important result about the wave function of an electron in a periodic

potential, derived by Felix Bloch in 1928. Bloch’s theorem states that if the periodic
potential U(�r) is present, then the solution of the time-independent Schrödinger
equation takes the form of a modulated plane wave

�(�r) = �
n�k(�r) = 1

L3/2
ei�k·�ru

n�k(�r),

where the functions u
n�k(�r) have the lattice periodicity,

u
n�k(�r) = u

n�k(�r + �d).

In the absence of the periodic potential, they assume the value one:

for U(�r) = 0 : u
n�k(�r) = 1.

The integer n is an additional quantum number that labels the wave functions
�(�r) = �

n�k(�r). It is called the band index. The band index n and the wave vector �k
define Bloch states with the wave function �

n�k(�r).
The derivation of Bloch’s theorem is given in Appendix A.2. Here, we would like

to point out that the Bloch wave function �
n�k(�r) has the desired properties above.
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Namely, it becomes a plane wave in the absence of the periodic potential, and its
modulus squared is periodic with the periodicity of the potential:

for U(�r) �= 0 : |�
n�k(�r + �d)|2 = |u

n�k(�r + �d)|2 = |u
n�k(�r)|2 = |�

n�k(�r)|2.

4.2 Energy Bands

4.2.1 Physical Origin of the Energy Bands

Bands are formed by those Bloch states �
n�k(�r) that are characterized by the same

value of the band index n, but different wave vectors �k. To each wave vector �k there
corresponds the energy En(�k), which is a continuous function of �k for a given value
of the band index n. Following the wave–particle duality argument, we can identify
the product h̄�k with the electron momentum �p in the crystal; it is called the crystal
momentum, or the quasimomentum.1 In this way, we find that a single energy-
momentum relation of a free electron gets replaced with many energy-momentum
relations, En(h̄�k), that depend on the band index n and are more complicated than

the simple quadratic formula for a free electron, Ef ree( �p) = �p 2

2me
.

So far, the emergence of bands looks like a purely formal result that follows
mathematically from Schrödinger’s equation with a periodic potential. Let us now
try and understand the physical origin of the bands.

The building block of a crystal is its primitive cell, see Sect. 2.3.3. A primitive
cell is equipped with one or several atoms that form the basis of the crystal lattice.
Now, imagine that we could somehow control the lattice constant a of the crystal
without affecting the mutual arrangement of atoms inside each primitive cells. At
large lattice constant, the primitive cells resemble isolated molecules, whereas at
small a, they form the crystal, see Fig. 4.1a and b for a two-dimensional illustration.

At large intercell separation a, the electron states in each cell are obtained by
solving Schrödinger’s equation with the potential generated by those several nuclei
that belong to a particular cell. Those electron states are discrete, i.e., they can be
labeled with a quantum number, which we call n. Each such state can be filled with
at most 2 electrons of opposite spins. The energy in the state n is denoted as En.

If we now reduce the distance between the cells so that the electron wave
functions of neighboring cells start to overlap, then the energies En will be affected
by the neighboring atoms. Because electrons are indistinguishable, one cannot
assign electrons to their host cells anymore. In other words, each electron starts
to belong not to an individual cell, but to the whole crystal consisting of N cells.
This implies that a single-cell state with a given set of quantum number n can

1 From Latin quasi = apparent.
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Fig. 4.1 (a) Periodic arrangement of primitive cells in space with the symmetry of the crystal
lattice, but with the lattice so large that the intercell interaction is negligible. (b) An arrangement
of the same primitive cells in a crystal. (c) Schematic illustration of the splitting of electron states
into bands as the lattice constant is decreased

now be occupied by 2N electrons. But this is clearly impossible by Pauli exclusion
principle, which allows only two electrons of opposite spins per state.

In order to comply with Pauli’s exclusion principle and to accommodate all
2N electrons in a quantum state at the same time, each formerly single-cell state
must broaden into N closely spaced substates with two electrons per substate,
see Fig. 4.1c. Those substates form energy bands. Then, a new quantum number
emerges, which allows one to distinguish between different substates within the
same band. This quantum number is the wave vector �k in the Bloch’s wave function
�

n�k(�r). The energies now depends on two quantum numbers, n and �k, i.e., E =
En(�k). The number of possible �k-states in the same energy band must be equal to
the number N of the primitive cells in the crystal.

4.2.2 The First Brillouin Zone

Brillouin Zones

In the beginning of Sect. 4.1 we said that each component of the wave vector �k is
given by an integer multiple of 2π/L, where L is the linear size of the crystal with
periodic boundary conditions. Then, in the end of the last section, we stated that the
number of different �k-values in each band equals the number of primitive cells in
the crystal.

The two statements apparently contradict each other. Indeed, the number of
primitive cells, N , no matter how large, is still finite, whereas the number of integers
is infinite.

The contradiction is resolved by the fact that in each band, there is finite a
collection of N different wave vectors �k that result in physically distinct Bloch
functions �

n�k(�r). This collection of N physically distinct wave vectors is called
the first Brillouin zone. All wave vectors outside of this collection yield the wave
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functions that are physically equivalent to those obtained from the wave vectors in
the first Brillouin zone. They belong to other Brillouin zones: the second, the third,
etc. Each Brillouin zone contains the same number N of wave vectors as the first
one.

One-Dimensional Crystal

To see how this works, consider a single electron in a one-dimensional model crystal
obtained by a periodic arrangement of atoms along the x-axis. The electron finds
itself in a periodic potential U(x + a) = U(x). The lattice constant of this crystal is
a, the number of primitive cells (i.e., the number of periods of U(x)) is N , and the
length is L = Na. The periodic boundary conditions mean that the wave function
of an electron satisfies �(x +L) = �(x). According to Bloch’s theorem, it is given
by the product

�nk(x) = 1√
L

eikx unk(x),

where n is the band index,
√

L serves the purpose of the plane-wave part

normalization to one:
∫ L

0 dx

∣∣∣ eikx√
L

∣∣∣2 = ∫ L

0
dx
L

= 1, and the wave number is an

integer multiple of 2π/L, see Sect. 1.7:

k = j
2π

L
, j = 0,±1,±2, . . . .

For most values of j , the plane-wave part of the Bloch function, viz., 1√
L
eikx ,

does not have the lattice periodicity. But notice what happens if k is increased by
2π
a

. Then, the plane-wave part becomes

1√
L

e
i
(
k+ 2π

a

)
x = 1√

L
eikxei 2π

a
x .

The function ei 2π
a

x does have the periodicity of the lattice, because increasing x by

a does not change its value: ei 2π
a

(x+a) = ei 2π
a

x in view of the fact that ei2π = 1, see
Appendix A.1.

Now, the function

ei 2π
a

x �nk(x) = 1√
L

e
i
(
k+ 2π

a

)
x
unk(x)

has the same modulus squared as �nk(x); therefore, it is physically equivalent to
�nk(x), see Sect. 1.10. However, its plane-wave part has the wave number
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k′ = k + 2π

a
.

This means that two Bloch states whose band index n is the same, but the wave
numbers differ by 2π/a, are identical. This also implies that the energy En(k) is a
periodic function of the wave number with the periodicity

En(k + 2π/a) = En(k).

Alternatively, we can express energy in terms of momentum p = h̄k and state its
periodicity as

En(p + h/a) = En(p),

as h = 2πh̄.
The first Brillouin zone of a one-dimensional crystal consists of N wave numbers

that have the smallest magnitude:

1st B.z. : k = j
2π

Na
with − N

2
< j <

N

2
; hence − π

a
< k <

π

a
.

In other words, the first Brillouin zone is a line of length 2π/a centered around
k = 0. Here, we assumed N to be an odd number without loss of generality. The
second Brillouin zone consists of the wave numbers in the range

2nd B.z : −2
π

a
< k < −π

a
and

π

a
< k < 2

π

a
, or simply

π

a
< |k| < 2

π

a
.

In general, the nth Brillouin zone is defined as

nth B.z. : (n − 1)
π

a
< |k| < n

π

a
.

To get an idea of the energy-momentum curves in the first Brillouin zone, we
first take the effect of the lattice periodicity into account. For this, we take the
energy-momentum curve of a free electron, E(p) = p2/(2me), see Fig. 4.2a,
and periodically replicate it along the momentum axis with the periodicity 2πh̄/a

corresponding to the wave number periodicity of 2π/a, see Fig. 4.2b. By combining
different parts of parabolas, one can build periodic E(p) curves with the periodicity
h̄2π/a. Those curves will have cusps at the odd or even integer multiples of h̄π/a.

Next, we take into account the periodic potential. Without going into detail of
solving the corresponding Schrödinger’s equation, the main result of the periodic
potential is rounding off of those cusps to produce smooth periodic energy-
momentum curves E(p) for all momenta in the so-called extended zone scheme,
see Fig. 4.2c. Finally, keeping in mind that only the first Brillouin zone matters, we
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Fig. 4.2 (a) Energy-momentum relation of a free electron. (b) The graph from (a) is periodically
repeated horizontally with the periodicity h̄2π/a. (c) The effect of the lattice potential U(x) is
to round off the cusps of the energy-momentum curves belonging to different bands. (d) Energy-
momentum curves for the first 4 bands in the reduced zone scheme

restrict the momentum values to the range −h̄π/a < p < h̄π/a, corresponding to
the reduced zone scheme, see Fig. 4.2d.

Band Gap

The main result of the interaction between the electron and the periodic potential
U(x) is rounding off of the cusps at the edges of the Brillouin zones and the
development of the bandgaps. A band gap is the smallest energy interval that
separates two bands. An electron in a crystal cannot have energy within the band
gap, no matter what its momentum is.
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This result is both extremely important from the point of view of semiconductor
properties and quite counterintuitive. It is worthwhile to try and understand the
origin of the bandgaps qualitatively.

We start answering the band gap question by looking into the physical meaning
of a Bloch state �nk(x) = eikxunk(x)/

√
L. Its plane-wave part, eikx/

√
L, is a wave

that travels to the right if k is positive and to the left if k is negative.
But a plane wave cannot exist alone in a periodic structure. Let us say, a primary

plane wave propagates to the right. It gets reflected by the lattice potential to
produce a secondary wave propagating to the left. The amplitude of the secondary
wave depends on the potential U(x) and is, generally speaking, smaller than the
amplitude of the primary wave. The secondary wave also gets reflected by the
lattice potential to produce a tertiary wave that travels to the right, which also gets
reflected to produce a wave traveling to the left, and so on. A Bloch state results
from a superposition of all those forward- and back-propagating plane waves. The
modulation function unk(x) describes this superposition.

Now, consider what happens when k = π/a, i.e., the plane wave has the
wavelength λ = 2π/k = 2a. Each period of the lattice now accommodates half
of the wavelength a = λ/2 for the original wave and also for the forward- and back-
propagating reflected waves. Those wave combine so as to form standing waves. The
nodes of these standing waves, i.e., the points where |�n,π/a(x)|2 = 0, correspond
to zero probability to find an electron. The antinodes are located at the points where
the electron is most likely to be found.

By symmetry, either the nodes or the antinodes of these standing waves should
coincide with the maxima of the potential U(x), see Fig. 4.3. If the standing wave
nodes happen to be at maxima of the potential U(x), the energy of the standing wave
will be lower; if the maxima of U(x) coincide with the standing wave antinodes,
the energy of the wave will be higher. The energy difference between these two
situations is the band gap.

Fig. 4.3 A sketch of the
periodic lattice potential
U(x) (upper graph), and the
electron probability density in
the two possible standing
waves that correspond to the
wave number k = π/a
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Fig. 4.4 Band structure of silicon, germanium, and gallium arsenide, showing the energy vs.
momentum curves for a few bands and for two crystallographic directions. The momentum is
normalized to the momentum p0 of a free electron with the kinetic energy p2

0/(2me) = 1 eV

The Energy-Momentum Diagrams in Three Dimensions

In three-dimensional crystals, the first Brillouin zone consists of the �k-vectors inside
a certain polyhedron centered around �k = 0. The shape of that polyhedron is chosen
based on the symmetry of the crystal structure. Finding the electron energies vs.
momentum for different bands in a crystalline solid is a hard mathematical and
computational task. Nevertheless, the band structure calculations are performed
routinely for many materials of practical significance. The structure of a few bands
in Si, Ge, and GaAs is shown schematically in Fig. 4.4 as an example.

It is seen the function En( �p) depends not only on the magnitude but also on the
direction of �p. This is so, because the atoms of the crystal are arranged differently
along the crystallographic directions that do not belong to the same family. For the
�p-vectors that are oriented along the crystallographic directions of the same family,
the En(p) curves are identical.

The highest maximum and the lowest minimum of En( �p) at a fixed n are called
the top and the bottom of the band, or the band edges. The energy difference between
the top of a lower band and the bottom of a higher band is called the band gap, Eg . It
has a typical value of the order of 1 eV. The band gap values of three representative
semiconductors, Si, Ge, and GaAs, at T = 300 K are given in Appendix A.3. Due
to the thermal expansion of the crystal lattice, the band gap depends weakly on
temperature. The presence of a band gap plays an important role in the formation of
the electronic properties of semiconductors.

Quasimomentum

The momentum-like quantity �p = h̄�k of an electron in a crystal is called
quasimomentum, or the crystal momentum. Quasimomentum is in many respects
similar to the kinematic momentum �pkin = me�v of a free electron. For example,
the quasimomentum of an electron in a crystal is conserved, just like the kinematic
momentum of a free electron does not change in time.
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The introduction of the quasimomentum actually makes the discussion of
electrons easier than in terms of the kinematic momentum �pkin. For example, when
an electric field E is applied to an electron, its kinematic momentum changes due
to the electric field and due to the presence of the periodic potential U(�r). The
quasimomentum, on the other hand, changes solely due to the electric field; the
effect of the periodic potential is already taken care of in the energy-momentum
relation En(h̄�k) in a given band.

An important difference between the two kinds of momenta, �p and �pkin, lies
in the fact that the energy of an electron in a crystal is a periodic function of
the quasimomentum, so that only �p inside the first Brillouin zone are physically
relevant. In a one-dimensional crystal, adding an integer multiple of 2π/a to the
quasimomentum results brings the electron to a quantum state physically identical
to the state with the quasimomentum p.

In this book, we will omit the prefix “quasi” and will refer to �p = h̄�k simply as
momentum, keeping these differences from the kinematic momentum in mind.

4.2.3 Phase Velocity vs. Group Velocity

Phase Velocity

So far, we described an electron in a periodic potential as a Bloch wave. The full
time-dependent Bloch wave function is (see Sect. 1.8.2)

ψ
n�k(�r, t) = �

n�k(�r) e−iωn(�k)t = u
n�k(�r)

1

L3/2 ei(�k·�r−ωn(�k)t), ωn(�k) = En(�k)

h̄
,

where ωn(�k) is the angular frequency corresponding to the energy En(�k). The phase
of the plane-wave part of this wave function,

θ(�r, t) = �k · �r − ωn(�k)t

has a constant value at the point �r given by

�r(t) = �r0 + ωn(�k)

|�k|2
�k t.

Indeed,

θ(�r(t), t) = �k · �r(t) − ωn(�k)t = �k · �r0 = const.

The time-dependent position �r(t) above describes motion from the starting point
�r(0) = �r0 in the direction of a unit vector �k/|�k| with the velocity
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vph(�k) = ωn(�k)

|�k| = En(�k)

h̄|�k| = En( �p)

| �p| ,

called the phase velocity. In the second equality, we switched from the description
in terms of the wave vector �k to the one in terms of the momentum �p = h̄�k.

Even though the phase of the Bloch wave function moves with the velocity vph,
this motion does not result in any observable effect. The reason is that the wave
function is not a measurable quantity, only it modulus squared is. The probability
density corresponding to the time-dependent state ψ

n�k(�r, t) is stationary:

|ψ
n�k(�r, t)|2 = 1

L3
|u

n�k(�r)|2.

The probability to find an electron is periodically modulated, but the electron
remains delocalized in the following sense. The probability to find an electron inside
a unit cell located at the point �R is obtained by integrating the probability density
over the volume of the unit cell Vcell( �R)) located at �R:

P( �R) =
∫

Vcell ( �R)

d3r |ψ
n�k(�r, t)|2 =

∫
Vcell ( �R)

d3r |u
n�k(�r, t)|2

L3 = const.

Because the function u
n�k(�r) has the periodicity of the crystal lattice, the integral

does not depend on the location �R of the unit cell. Hence, an electron can be found
in any unit cell with the same probability.

Group Velocity

The wave–particle duality principle says the same object may behave as a particle or
as a wave, depending on the situation. Here, we will try to understand how electrons
in a crystal can behave as particles.

An object manifests its properties when it interacts with other objects. Electrons
in a crystal interact with the crystal defects, with the thermal vibrations of the crystal
lattice, and with other electrons. These interactions usually are more efficient for
some values of the wave vector �k and energy En(�k) than for others. This is similar
to the interaction of a simple harmonic oscillator with an external force: it is most
efficient if the force changes in time periodically with the natural frequency of the
oscillator.

Consider a group of Bloch states that belong to the same band n and whose wave
vectors have the values close to �k0. These states are described by a collective wave
function given by a linear combination

φ(�r, t) =
∑

�k
A(�k)ψ

n�k(�r, t)
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with some function A(�k), called the envelope function. This linear combination of
Bloch states is called the wave packet.

The collective wave function φ(�r, t) does not describe a state of definite energy.
Rather, it is a superposition of quantum states of many energies, En(�k), which are
selected by the envelope function A(�k). Because of that, φ(�r, t) does not satisfy the
time-independent Schrödinger equation. However, it satisfies the time-dependent
Schrödinger equation

ih̄
∂φ(�r, t)

∂t
= − h̄2

2me

�∇2φ(�r, t) + U(�r)φ(�r, t).

Therefore, φ(�r, t) is a possible time-dependent state of an electron.
Because the discrete wave vectors �k are closely spaced, we can replace the sum

by an integral and write

φ(�r, t) =
∫

d3k A(�k) u
n�k(�r) ei(�k·�r−ωn(�k)t).

We have absorbed the constant 1/L3/2 and whatever other constants arise in this
replacement into the envelope function A(�k − �k0).

Suppose a particular interaction is most efficient for the wave vectors around
some specific value �k0. Correspondingly, let us choose the envelope function A(�k)

such that it has a sharp peak at �k = �k0 and quickly decays to zero as the modulus of
the difference |�k− �k0| gets larger. To understand the behavior of the wave packet, let
us consider the simpler case of a one-dimensional crystal; the insight that we will
obtain in its analysis will be applicable to the three-dimensional crystals as well.

Let us choose the envelope function to be a box of side 2�k around the wave
number k0:

A(k) =
{

A0 if k0 − �k < k < k0 + �k,

0 otherwise.

The one-dimensional wave packet then becomes

φ(x, t) = A0

∫ k0+�k

k0−�k

dk unk(x) ei(kx−ωn(k)t).

For small �k, the term unk(x) can be replaced with unk0(x) and taken out of
the integral, because k0 is not an integration variable. The angular frequency as a
function of k can be approximated as a linear function:

ωn(k) = ωn(k0) + ω′
n(k0)(k − k0) + . . . ,

where ω′
n(k0) = dωn(k)

dk

∣∣
k=k0

. With these replacements, we have
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φ(x, t) = A0 unk0(x)

∫ k0+�k

k0−�k

dk ei [kx−(ωn(k0)+ω′
n(k0)(k−k0))t]

= A0 unk0(x) e−i(ωn(k0)−ω′
n(k0) k0)t

∫ k0+�k

k0−�k

dk eik(x−ω′
n(k0)t).

In the second step, we moved the part of the exponential that does not depend on k

outside the integral. The integration is easy to perform:

∫ k0+�k

k0−�k

dk eik(x−ω′
n(k0)t) = eik(x−ω′

n(k0)t)

i(x − ω′
n(k0)t)

∣∣∣∣
k=k0+�k

k=k0−�k

= eik0(x−ω′
n(k0)t)

ei�k(x−ω′
n(k0)t) − e−i�k(x−ω′

n(k0)t)

i(x − ω′
n(k0)t)

= 2eik0(x−ω′
n(k0)t)

sin
(
�k(x − ω′

n(k0)t)
)

x − ω′
n(k0)t

,

where we used Euler’s formula sin(θ) = (eiθ − e−iθ )/(2i) in the last step, see
Appendix A.1. Substitution of this result into the last expression for φ(x, t) gives

φ(x, t) = 2 A0unk0(x) ei(k0x−ωn(k0)t)
sin

(
�k(x − ω′

n(k0)t)
)

x − ω′
n(k0)t

.

It gives the probability density to find an electron

|φ(x, t)|2 = 4A2
0|unk0(x)|2 �k2 f (x, t),

where

f (x, t) = sin2 (�k(x − ω′
n(k0)t)

)
�k2(x − ω′

n(k0)t)2 .

If not for the function f (x, t), the probability density |φ(x, t)|2 would have been
just a periodic function of space. The function f (x, t) makes all the difference. It
has the maximal value2

f (xpeak(t), t) = 1 at xpeak(t) = ω′
n(k0)t

and decays to the left and to the right of that peak, simultaneously performing a
few oscillations. But then the probability density |φ(�x, t)|2 to find an electron is

2 Note that limε→0
sin ε

ε
= 1.
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Fig. 4.5 The function
f (x, t) at times t0 = 0,
t1 > 0, and t2 > t1

maximal at xpeak and decays to zero to the left and to the right of the peak. In other
words, the electron is now localized at x = xpeak . It behaves as a particle.

The behavior of the function f (x, t) at three different times is shown in Fig. 4.5.
Its maximum moves with the velocity

v = dxpeak

dt
= ω′

n(k0),

called the group velocity. Remarkably, the group velocity is independent of the
width �k of the envelope function A(k). As a matter of fact, any other reasonable
choice of A(k) yields the same group velocity value.

The argument can be generalized to a three-dimensional crystal. In this case, the
group velocity of a wave packet is a vector, whose components are given by

vi = ∂ωn(�k)

∂ki

= ∂En( �p)

∂pi

, i = x, y, z,

where we used the relations En = h̄ωn and �p = h̄�k and dropped the subscript 0
in the wave vector �k, around which the wave packet is centered. Note that for free
classical particles with the standard energy-momentum relation E( �p) = �p 2/(2m),
the velocity components are likewise given by vi = ∂E/∂pi = pi/m.

4.2.4 Bloch Oscillations

Let us consider again a hypothetical one-dimensional crystal model with just one
electron in the energy band n. Suppose that an external electric field E is applied to
the crystal. The electron momentum p changes in time according to
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Fig. 4.6 Bloch oscillations
of the quasimomentum in the
presence of a constant electric
field

dp(t)

dt
= −eE ⇒ p(t) = −eE t,

assuming p(0) = 0. Eventually, p will reach the left edge of the first Brillouin
zone at −h̄π/a = −h/(2a). This state is physically identical to the one with the
momentum +h̄π/a = h/(2a). Hence, the momentum suddenly changes its value to
h/(2a) and continues its linear decrease until it reaches the end of the Brillouin
zone again. The electron momentum in the presence of a constant electric field
performs saw-tooth-like oscillations with the amplitude h/(2a) and period h/(aeE),
see Fig. 4.6. This periodic variation of the momentum is physically equivalent to its
steady decrease p(t) = −eE t at all time in view of the equivalence of the Bloch
states with momenta differing by h/a.

Consider now what happens to the electron group velocity, given by

v(t) = E′
n(−eE t),

in a one-dimensional crystal. Since the energy is a periodic function of p with the
period h/a, the electron group velocity will perform oscillations around the value
v = 0 with the period

TB = h

aeE .

Also the position of the electron wave packet,

x(t) =
∫ t

0
dt ′ v(t ′) + x(0),

will be oscillating with the same period.
This is a remarkable result that demonstrates the completely different behavior

of an electron in a crystal from a free electron. A constant electric field accelerates
a free electron, but an electron in a crystal performs oscillator motion, whose period
depends on the crystal’s lattice constant. This effect is called Bloch oscillations.
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Bloch oscillations are very hard to observe experimentally in real crystals. In
order to perform at least one Bloch oscillation, an electron wave packet must remain
unperturbed on the time scale of the order of TB . For the electric field strength
E = 1 kV/cm and the lattice constant a = 4 Å, the period of Bloch oscillations
has the value TB = 1.03µs. This is many orders of magnitude longer than the
characteristic collision time of an electron with quanta of lattice vibrations and with
impurities in a crystal. Due to these collisions, the electron wave packet is destroyed
well before it reaches the edge of the first Brillouin zone.

But even in the absence of collisions, the wave packet gets destroyed for a
different reason. Our derivation of the expression for the group velocity relied on the
simplest linear approximation of the energy-momentum relation around the value
p0, the momentum of the wave packet: En(p) = En(p0) + E′

n(p0)(p − p0). A
more accurate analysis should include higher-order terms in p−p0. It shows that the
wave packet width increases in time, which means that the wave packet eventually
becomes delocalized.

Nevertheless, Bloch oscillations have been observed in the so-called
superlattices—artificial periodic structures with large lattice constant—at high
electric fields.

4.3 Conduction Types of Solids

4.3.1 Band Filling and Electrical Conductivity

After the band structure of a material is established, the electron states must be
filled with electrons, with two electrons per state and 2N electrons per band, where
N is the number of primitive cells. In doing so, the lower-energy bands will be
completely filled. Naïve classical considerations would lead us to think (incorrectly)
that the states with the lowest energy are characterized by zero electron velocity, and
application of an electric field would lead to an overall velocity increase for those
electrons, i.e., to an electric current.

A completely filled band contains electrons with a non-zero wave number, �k, and
the momentum �p = h̄�k, which may be very large in magnitude. In the absence of
an electric field, there is no net current produced by the electrons in a completely
filled band, because for each electron moving in one direction, the band contains
another electron with the same magnitude of momentum, but moving in the opposite
direction.

Even in the presence of an electric field, a completely filled band produces
zero contribution to the net electric current. A single electron is accelerated by an
electric field, i.e., it changes its momentum. In a crystal containing many electrons,
an electric field attempts to put each electron into a different momentum state in
the same band. But if all those states are occupied, then Pauli exclusion principle
disallows an electron to change its momentum in response to the electric field. Then,
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Fig. 4.7 Schematic
illustrations of the
energy-momentum diagrams
of metals and semimetals.
The shaded areas indicate the
occupied states

the band will continue to contain the same number of electrons moving against and
along the electric field, producing zero contribution to the electric current.

It is only the bands that are partly filled that contribute to the electric current in
response to an external electric field.

The band theory allows one to understand the conductivity of conductors (metals
and semimetals) and the lack thereof in insulators. The type of a given material
is determined by its band structure and the location of Fermi energy at zero
temperature. Note that the band structure diagrams that appear in this section do
not refer to any particular materials and are given for illustration purposes only.

4.3.2 Metals and Semimetals

In metals, such as Li, Au, Cu, etc., Fermi energy at zero temperature happens to
be in the middle of one of the energy bands (Fig. 4.7). This means that the highest
occupied band is filled only partly and contains both filled and empty states. If an
electric field is applied to a metal, electrons in that partly filled band will change
their momentum states, because there are empty states in the same band for its
electrons to occupy while remaining in the same band. As a result, the field will
create a disbalance of the electrons moving against and along the field, leading to
the onset of an electric current.

In semimetals, such as As, Sb, Bi, α-Sn, etc., the two highest bands that contain
electrons at zero temperature overlap, and both are partly filled. As a result, both
bands contribute to the electric current when an external electric field is applied.

4.3.3 Dielectrics and Semiconductors

In dielectrics and semiconductors, Fermi energy at T = 0 happens to be inside the
energy gap between two bands. As a result, the highest occupied band is completely
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Fig. 4.8 Schematic
illustrations of the
energy-momentum diagrams
of dielectrics and
semiconductors

filled, while the next band is empty. Application of an electric field cannot change
the momentum states of the electrons in the highest filled band, because there are
no empty states in that band for the electrons to go to. Then, the electrons will not
react to an applied electric field, and the material will not conduct electricity.

The difference between the dielectrics and semiconductors is in the size of the
energy gap, Eg , separating the highest filled band from the lowest empty band,
see Fig. 4.8. In semiconductors, the band gap is of the order of 1–4 eV, whereas in
dielectrics it exceeds 5 eV. Because of this, the lowest empty band in dielectrics
remains empty even at the temperature of a few hundred Kelvin, whereas in
semiconductors, some electrons can go into it from the highest occupied band at
the room temperature.

4.4 Conduction and Valence Bands

In semiconductors, the tail of the Fermi-Dirac distribution at T > 0 extends into the
upper band that is empty at zero temperature, but becomes partly filled at T > 0.
This band gets a non-negligible amount of free electrons which can change their
momenta in response to an external electric field. Such electrons contribute to the
electric conductivity and are called conduction electrons. The band where they
“live” is called the conduction band. Because Fermi-Dirac distribution decreases
exponentially with energy at its tail, conduction electrons occupy the bottom part of
the conduction band.

The band from which the electrons were promoted at non-zero temperature is
called the valence band. This band was completely filled at zero temperature, but
at a non-zero temperature, some electrons from the upper part, or the top, of the
valence band move into the conduction band. As a result, the top of the valence
band lacks a non-negligible number of electrons. Because empty states exist in the
valence band at T > 0, this band also contributes to the electric current in response
to an external electric field.

Semiconductors in which the top of the valence band is at the same wave vector
as the bottom of the conduction band are called direct-band gap semiconductors.
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Fig. 4.9 Schematic illustrations of the energy-momentum diagrams in direct-band gap vs.
indirect-band gap semiconductors. The shaded areas indicate the states occupied with electrons
at T > 0

The typical example of direct-band gap semiconductors is GaAs. If the top of the
valence band happens at a different momentum than the bottom of the valence band,
the material is called an indirect-band gap semiconductor, the typical example being
Si. Figure 4.9 illustrates this distinction.

The band gap of a semiconductor is measured experimentally by studying the
optical absorption of light. Namely, the light with the photon energy hf exceeding
the band gap energy Eg can promote electrons from the valence band to the
conduction band and is, therefore, absorbed by the material. On the other hand, if the
photon energy is below Eg , the light will pass through the material. A measurement
of the light frequency fedge at the absorption edge gives the band gap energy
Eg = hfedge.

4.5 Holes

The contribution to the net current caused by an electric field from a particular band
is proportional to the sum of the velocities that correspond to those states of this
band which are filled with an electron:

Iband ∝ −e
∑

filled states �p
�v �p.

Note that the sum of velocities over all states, both filled and empty, from the
same band is exactly zero. This is so, because to each state in the band with a
particular velocity value there corresponds a state with the opposite velocity:
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∑
all states �p

�v �p =
∑

filled states �p
�v �p +

∑
empty states �p

�v �p = 0.

Thus, ∑
filled states �p

�v �p = −
∑

empty states �p
�v �p,

and the expression for the current contribution from a given band can be rewritten
as (note the sign change in front of e)

Iband = e
∑

empty states �p
�v �p.

The number of empty states in the valence band of a semiconductor is usually
much smaller than the number of the filled states. It is for this reason that the second
expression for Iband as the sum over the empty states is more preferable to use than
the first one.

Each empty state �p in the valence band can be interpreted as a state filled with
an imaginary particle, or a quasiparticle, of positive charge e and velocity �v �p. These
quasiparticles are called holes. While a hole means the absence of an electron in a
particular momentum and spin state in a band, holes do behave like real particles.
Their introduction makes the discussion of semiconductors much easier, whereas
the discussion involving only electrons would be excessively cumbersome.

Therefore, the picture that we will adopt is this: There are two charge carriers in
a semiconductor, the negatively charged electrons in the conduction band and the
positively charged holes in the valence band.

The probability fh that a particular state �p with the energy E( �p) in the valence
band is occupied by a hole is just the probability that it does not contain an electron.
Because state occupation probability by electrons is given by the Fermi-Dirac
distribution, fe(E),

fh(E) = 1 − fe(E) = 1 − 1

1 + e(E−EF )/kT
= 1

1 + e−(E−EF )/kT
.

The Fermi-Dirac distribution for holes, fh(E), looks almost the same as that
for electrons, fe(E), except for the sign in front of the energy difference E − EF

in the exponential. We can interpret this observation by stating that hole energies,
E(h)( �p), have the sign opposite to electron energy in the same quantum state �p, up
to an additive constant �E:

E(h)( �p) = −E(e)( �p) + �E,

see Fig. 4.10. The additive constant should be chosen such that holes and electrons
have the same Fermi level:
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Fig. 4.10 Electron and hole
energy-momentum curves

E
(h)
F = −E

(e)
F + �E = E

(e)
F ,

that is,

�E = 2E
(e)
F .

In this way, the Fermi-Dirac distribution for holes looks formally the same as for
electrons:

fh(E
(h)) = 1

1 + e(E(h)−E
(h)
F )/kT

.

We will always give energy from the electrons’ perspective and omit the
superscript (e) by default. If we wish to indicate energy from the holes’ viewpoint,
we will attach the superscript (h) to the respective energy.

4.6 Effective Mass Tensor

In classical physics, the mass of an object is the proportionality coefficient between
its acceleration and the force acting on it,

�a = �F/m.

Alternatively, it is a coefficient that relates the object’s kinetic energy and momen-
tum, EK = �p 2/(2m).

For electrons and holes in a crystal, the role of the momentum is played by the
quasimomentum �p = h̄�k, and an applied force results in its change at a rate

dpi

dt
= Fi, i = x, y, z.
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The role of the kinetic energy is played by the dispersion relation E( �p) = E(e)( �p)

and E(h)( �p) for electrons in the conduction band and holes in the valence band,
respectively. Let us focus on the electrons for now. The ith component of an
electron’s group velocity is

vi = ∂E( �p)

∂pi

.

The acceleration of an electron then has the ith component

ai = dvi

dt
= d

dt

∂E( �p)

∂pi

=
∑

j=x,y,z

∂2E( �p)

∂pi ∂pj

dpj

dt
=

∑
j=x,y,z

∂2E( �p)

∂pi∂pj

Fj .

The coefficients that multiply the force components in the sum play the role of the
inverse mass of an electron in a semiconductor. It is called the effective mass tensor.
In contrast to the usual mass of a free electron me, the effective mass depends on
momentum and is a 3×3 matrix. It is marked with a star to distinguish from the free
electron mass. The components of its inverse are related to the second derivative of
the energy-momentum relation:

ai =
∑

j=x,y,z

(
1

m∗
e ( �p)

)
ij

Fj ,

(
1

m∗
e ( �p)

)
ij

= ∂2E( �p)

∂pi∂pj

.

We will be interested in the situations when the electrons’ momenta do not differ
much from the momentum �pC at the minimum of the conduction band. Then, the
effective mass tensor is evaluated at a particular momentum �p = �pC ; as such, it has
constant components independent of �p.

The next simplification has to do with a convenient choice of the coordinate axes.
At not too big deviations | �p − �pC | from the band minimum, the surface of constant
energy E( �p) = const in the momentum space has the form of an ellipsoid, see
Fig. 4.11a. Aligning the coordinate axes with its principal axes makes the matrix
(1/m∗

e )ij diagonal, i.e., its elements with i �= j become zero. Hence, the effective
mass has only three non-zero components:

1

m∗
e,i

≡
(

1

m∗
e

)
ii

= ∂2E( �p)

∂p2
i

∣∣∣∣
�p= �pC

, i = x, y, z.

This definition is valid only for a particular choice of the coordinate axes; any other
choice will give non-zero values of m∗

e,ij with i �= j .
In many semiconductors with ellipsoidal constant-energy surfaces, including Si

and Ge, two components of the effective mass tensor are the same (Fig. 4.12a).
They are called the transverse (subscript t) effective masses. The remaining third
component, which is different, is called the longitudinal (subscript l) effective mass:
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Fig. 4.11 (a) Constant-energy surface in the momentum space near the bottom of the conduction
band; note that � �p = �p− �pC . (b) A sketch of the band structure of a semiconductor with two hole
branches: heavy and light

Fig. 4.12 Constant-energy surfaces in the momentum space near the bottom of the conduction
band of (a) Ge and (b) of GaAs

m∗
e,x = m∗

e,y = m∗
e,t , m∗

e,z = m∗
e,l .

The numerical values of the transverse and longitudinal effective masses are usually
given as ratios to the free electron mass me. Depending on the material, the ratios
m∗

e,t and m∗
e,l range from a few percent to a few. The values of the effective mass

components in three representative semiconductors are given in Appendix A.3. In
GaAs, which is a direct-band gap semiconductor, the constant-energy surface is a
sphere centered at �p = 0; hence, all three effective mass components are the same
in this semiconductor (Fig. 4.12b).

The effective mass of a hole m∗
h in many semiconductors is not a matrix, but an

ordinary number, because the constant-energy surface in the valence band happens
to be a sphere centered at �p = 0 at small p. The hole effective mass is found as the
curvature of the E( �p) in the valence band near the valence band maximum:
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E(p) = EV − p2

2m∗
h

,
1

m∗
h

= −d2E(p)

dp2

∣∣∣∣
p=0

.

The minus sign in front of the second derivative takes care of the fact that hole
energy is measured down. The valence band in many semiconductors consists of two
branches that meet at �p = 0, see Fig. 4.11b. Corresponding to these two branches
are the two types of holes, designated as heavy and light, with the effective masses
m∗

hh > m∗
lh. The heavy and light holes effective masses in Si, Ge, and GaAs are

given in Appendix A.3. As with the electrons, they typically range from a few
percent of a free electron mass to a few free electron masses.

A quasiparticle is a useful concept to describe particle-like elementary excita-
tions in solids. Examples of quasiparticles are numerous and include the quanta of
lattice vibrations (phonons), magnetization spin waves (magnons), bound electron–
hole states (excitons), to name but a few. The conduction electrons and holes with
the properties described in this chapter exist only inside the crystal, but not as free
particles. For that reason, they are not real particles, but quasiparticles. In the rest
of this book the term “electrons” will mean quasielectrons near the bottom of the
conduction band; all other quasielectrons are irrelevant for our purposes.

4.7 Problems

4.7.1 Solved Problems

Problem 1 Show explicitly that a linear combination of Bloch states ψ
n�k(�r, t), viz.,

φ(�r, t) =
∑

�k
A(�k)ψ

n�k(�r, t),

satisfies the time-dependent Schrödinger equation,

ih̄
∂φ(�r, t)

∂t
= − h̄2

2me

�∇2φ(�r, t) + U(�r) φ(�r, t).

Problem 2 Consider a wave packet formed by the plane waves in one dimension:

φ(x, t) =
∫ ∞

−∞
dk A(k)

ei(kx−ω(k)t)

√
L

.

The angular frequency depends on the wave number according to the free-particle
energy-momentum relation:
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ω(k) = E(h̄k)

h̄
= h̄k2

2m
,

where m is the particle’s mass. The envelope function is a Gaussian peak centered
at k = k0 and having the width σk , viz.,

A(k) = A0e
−(k−k0)

2/(2σ 2
k ).

(a) Find the particle’s probability density |φ(x, t)|2 by performing a integration
over k.

(b) Find the constant A0 from the normalization condition
∫ L

0 dx |φ(x, t)|2 = 1.

Hint: use the identity
∫∞
−∞ dk e−α(k−κ)2 = √

π/α, where α is an arbitrary complex
number with Re α > 0 and κ may be complex-valued as well.

Problem 3 The energy-momentum dispersion relations near the edges of the two
bands of a hypothetical one-dimensional semiconductor read

conduction band : E(p) = Aeγ cos(2πp/p0)

valence band : E(p) = B cos2(πp/p0)

with positive constants A = 3 eV, B = 1.5 eV, γ = 0.2, and p0 such that
p2

0
2me

=
1 eV.

(a) Is it a direct-band gap or an indirect-band gap semiconductor?
(b) Determine the band gap and the Fermi energy at T = 0 relative to the top of the

valence band.
(c) Express the electron and hole effective masses in terms of the free electron mass,

i.e., as ratios m∗
e/me, m∗

h/me.
(d) Assuming the Fermi energy to be in the middle of the band gap, what is the

probability for the lowest energy state in the conduction band to be filled with
an electron at T = 300 K?

4.7.2 Practice Problems

Problem 1 An electron in a one-dimensional lattice with periodicity a finds itself
in a Bloch state �nk(x) = 1√

L
eikx unk(x) with unk(x + a) = unk(x). Its average

momentum is

〈p〉 = −ih̄

∫
dx �∗

nk(x)
d�nk(x)

dx
,

see Sect. 1.9. Show that 〈p〉 = h̄k.
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Problem 2 Imagine a one-dimensional semiconductor with just one electron in the
conduction band. A constant electric field E is applied to the sample. The assumed
energy-momentum relation in the conduction band is E(p) = −E0 cos(ap/h̄).
The electron’s wave function is not a pure Bloch state, but a wave packet of finite
width. How does the group velocity of the electron evolves as it undergoes Bloch
oscillations? What happens to its position?

4.7.3 Solutions

Problem 1 The time derivative of the wave packet wave function multiplied by ih̄

is

ih̄
∂φ(�r, t)

∂t
=
∑

�k
A(�k) ih̄

∂ψ
n�k(�r, t)
∂t

.

Each time-dependent Bloch function satisfies the time-dependent Schrödinger
equation,

ih̄
∂ψ

n�k(�r, t)
∂t

= − h̄2

2me

�∇2ψ
n�k(�r, t) + U(�r) ψ

n�k(�r, t).

Hence,

ih̄
∂φ(�r, t)

∂t
=
∑

�k
A(�k)

(
− h̄2

2me

�∇2ψ
n�k(�r, t) + U(�r) ψ

n�k(�r, t)
)

= − h̄2

2me

�∇2
∑

�k
A(�k)ψ

n�k(�r, t) + U(�r)
∑

�k
A(�k)ψ

n�k(�r, t)

= − h̄2

2me

�∇2φ(�r, t) + U(�r)φ(�r, t).

Problem 2

(a) The wave function is given by the integral

φ(x, t) = A0√
L

∫ ∞

−∞
dk exp

(
− (k − k0)

2

2σ 2
k

+ i

(
kx − h̄

2m
k2t

))
.
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The argument of the exponential function is transformed so as to complete the
square:

(k − k0)
2

2σ 2
k

− i

(
kx − h̄

2m
k2t

)

= k2 − 2k0k + k2
0

2σ 2
k

− ikx + i
h̄

2m
tk2

= 1

2

(
1

σ 2
k

+ i
h̄

m
t

)
k2 − k

(
k0

σ 2
k

+ ix

)
+ k2

0

2σ 2
k

= 1

2

(
1

σ 2
k

+ i
h̄

m
t

)(
k2 − 2k

k0 + ixσ 2
k

1 + i h̄
m

σ 2
k t

+ k2
0

1 + i h̄
m

σ 2
k t

)

= 1

2

(
1

σ 2
k

+ i
h̄

m
t

)⎛⎝(k − k0 + ixσ 2
k

1 + i h̄
m

σ 2
k t

)2

−
(

k0 + ixσ 2
k

1 + i h̄
m

σ 2
k t

)2

+ k2
0

1 + i h̄
m

σ 2
k t

⎞
⎠.

Performing integration over k, we obtain

φ(x, t) = A0√
L

√√√√ 2π

1
σ 2

k

+ i h̄
m

t

× exp

⎡
⎣1

2

(
1

σ 2
k

+ i
h̄

m
t

)⎛⎝( k0 + ixσ 2
k

1 + i h̄
m

σ 2
k t

)2

− k2
0

1 + i h̄
m

σ 2
k t

⎞
⎠
⎤
⎦

= A0σk√
L

√
2π

1 + i h̄
m

σ 2
k t

exp

[
1

2σ 2
k

(
(k0 + ixσ 2

k )2

1 + i h̄
m

σ 2
k t

− k2
0

)]

= A0σk√
L

√
2π

1 + i h̄
m

σ 2
k t

exp

⎛
⎝−σ 2

k x2 − 2ik0x + i h̄
m

k2
0 t

2
(

1 + i h̄
m

σ 2
k t
)

⎞
⎠ .

Particle probability density is

|φ(x, t)|2 = φ∗(x, t)φ(x, t) = A2
0

L

2π√
1
σ 2

k

+ h̄2

m2 σ 2
k t2

exp

(
−1

2

[
σ 2

k x2 − 2ik0x + i h̄
m

k2
0 t

1 + i h̄
m

σ 2
k t

+ σ 2
k x2 + 2ik0x − i h̄

m
k2

0 t

1 − i h̄
m

σ 2
k t

])
.
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After some algebra, the expression in the square brackets simplifies to

[. . .] = 2σ 2
k

(
x − h̄k0

m
t
)2

1 + h̄2

m2 σ 4
k t2

,

so that the particle probability density is

|φ(x, t)|2 = A2
0

L

2π√
1
σ 2

k

+ h̄2

m2 σ 2
k t2

exp

⎛
⎜⎝−σ 2

k

(
x − h̄k0

m
t
)2

1 + h̄2

m2 σ 4
k t2

⎞
⎟⎠ .

This is a Gaussian distribution,

|φ(x, t)|2 = A2
0

L

√
2π

σx(t)
exp

⎛
⎜⎝−

(
x − h̄k0

m
t
)2

2σ 2
x (t)

⎞
⎟⎠ .

The peak of this distribution is located at x = h̄k0
m

t ; it moves with the velocity
h̄k0
m

. Its width

σx(t) =
√√√√1

2

(
1

σ 2
k

+ h̄2

m2 σ 2
k t2

)
.

Initially (at t = 0), the width of the probability density is

σx(0) = 1√
2σk

.

The broader the distribution of the wave numbers that comprise the wave packet,
the better it is initially localized in the x-direction. However, the probability
distribution |φ(x, t)|2 becomes broader and broader in time. At large times it
behaves as

σx(t) = h̄σk√
2m

t.

Its rate of spreading is proportional to the width of the wave packet σk in the
k-space.
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(b) Integrating the probability density and using the integral formula, we obtain

∫ ∞

−∞
dx |φ(x, t)|2 = A2

0

L
2π3/2 = 1 ⇒ A0 = 1

π3/4

√
L

2
.

Without the constant A0, the probability density is written as

|φ(x, t)|2 = 1√
2πσx(t)

exp

⎛
⎜⎝−

(
x − h̄k0

m
t
)2

2σ 2
x (t)

⎞
⎟⎠ .

Problem 3

(a) To establish the type of this hypothetical semiconductor, we need to find the
energy minimum in the conduction band and energy maximum in the valence
band. Let us begin with the conduction band. Since exponential is an increasing
function of its argument, the minimum of EC(p) is found at that momentum p,
at which cos(2πp/p0) has the minimal value of −1. This happens at

p = pC,min = p0/2.

Let us look at the valence band. The maximum of EV (p) is found at

p = pV,max = 0.

Since pC,min �= pV,max , this is an indirect-band gap semiconductor.
(b) The band gap energy is the difference between the minimal energy in the

conduction band and the maximal energy in the valence band:

Eg = EC(pC,min) − EV (pV,max) = Ae−γ − B = 3 · e−0.2 − 1.5 = 0.956 eV.

At T = 0, the Fermi energy is right in between the band gap:

EF (T = 0) − EV = Eg/2 = 0.478 eV.

(c) To find the carriers’ effective masses, we need to differentiate EC(p) near its
minimum and EV (p) near its maximum twice and use the formulas

m∗
e = 1

d2EC

dp

∣∣
p=pC,min

, m∗
h = − 1

d2EV

dp

∣∣
p=pV,max

.

Let us do it:
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dEC

dp
= Aeγ cos(2πp/p0) · γ ·

(
− sin

(
2πp

p0

))
· 2π

p0

= −2πγA

p0
eγ cos(2πp/p0) sin

(
2πp

p0

)
,

d2EC

dp2

∣∣∣∣
p=p0/2

= −2πγA

p0
·
(

eγ cos(2πp/p0) · 2π

p0
cos

(
2πp

p0

)) ∣∣∣∣
p=p0/2

.

We did not write the term proportional to sin(2πp/p0), which appears after
differentiating the exponential function, because this term goes to zero after
substitution p = p0/2. With cos(2πp/p0)|p=p0/2 = cos(π) = −1 we have:

d2EC

dp2

∣∣∣∣
p=p0/2

= 1

m∗
e

= (2π)2γA

p2
0

e−γ .

This gives the electron effective mass

m∗
e = p2

0e
γ

4π2γA
.

With p2
0/(2me) = C = 1 eV, we find p2

0 = 2meC. Hence, the ratio of electron
effective mass to the free electron mass can be finally found:

m∗
e = 2meCeγ

4π2γA
⇒ m∗

e

me

= Ceγ

2π2γA
.

Numerically,

m∗
e

me

= (1 eV) · e0.2

2 · π2 · 0.2 · (3 eV)
= 0.103.

Now, we perform a similar calculation for the valence band near its maxi-
mum at p = 0. We have:

dEV

dp
= −B · 2

π

p0
cos

(
πp

p0

)
sin

(
πp

p0

)
= − π

p0
B sin

(
2πp

p0

)
,

where we used the identity 2 sin(θ) cos(θ) = sin(2θ). Taking the second
derivative at p = 0,

d2EV

dp2

∣∣∣∣
p=0

= − 1

m∗
h

= −πB

p0

2π

p0
cos

(
2πp

p0

) ∣∣∣∣
p=0
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= −2π2B

p2
0

⇒ m∗
h = p2

0

2π2B
.

As in the electron case, we plug in p2
0 = 2meC, where C = 1 eV, and obtain

m∗
h = meC

π2B
⇒ m∗

h

me

= C

π2B
.

Numerically,

m∗
h

me

= 1

π2 · 1.5
= 0.0675.

(d) The probability for the lowest energy state in the conduction band to be
occupied by an electron is given by the value of the Fermi-Dirac distribution

f = 1

1 + e(EC−EF )/kT
.

Since the Fermi energy is in the middle of the band gap, we have

EC − EF = Eg/2 = 0.478 eV.

At T = 300 K, the thermal energy is kT = 0.02585 eV. The probability f has
the numerical value

f = 1

1 + e0.478/0.02585 = 9.32 · 10−9.



Part II
Semiconductors in and out of Equilibrium



Chapter 5
Semiconductors in Equilibrium

5.1 Density of States

We are now ready to calculate the equilibrium electron concentration in the
conduction band, n0, and equilibrium concentration of holes in the valence band, p0.
The notation comes from the sign of the respective charges: negative for electrons
and positive for holes. The subscript 0 indicates thermal equilibrium.

We will see later on in this chapter that equilibrium charge carrier concentration
can be affected by adding various impurities that may also alter the band structure of
the material, provided that impurity concentration is high. Here and in the following,
we assume this not to be the case, i.e., impurity concentration is insufficient to
change the band structure.

Let us start with the electrons. The most general expression for the concentration
of the conduction electrons is

n0 = 2

L3

∑
�p∈C.B.

f (E( �p)) ,

where the sum is over all momentum states �p in the conduction band (C.B.), E( �p)

is the electron energy in the conduction band as a function of electron momentum,
and the prefactor 2 comes from the two possible spin orientations, ±1/2. The result
is divided by L3, the volume of the semiconductor, assumed to be a cube of side
length L with periodic boundary conditions.

Evaluation of this sum is difficult because the dependence E( �p) is quite compli-
cated and because Fermi–Dirac distribution f (E) is not easy to deal with. We can
overcome both difficulties by making use of the fact that because f (E) decreases
exponentially strongly with energy above Fermi energy, only the low-energy states
in the conduction band are populated with appreciable probability. Hence, we can
approximate the energy–momentum relation with a quadratic function
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E( �p) = EC +
∑

i=x,y,z

1

2m∗
e,i

(pi − pC,i)
2,

where EC is the energy at the conduction band minimum and �pC is the momentum
at which this minimum occurs. The coordinate axes are chosen such that only the
diagonal components of the effective mass matrix are non-zero (see Sect. 4.6).

The value of the Fermi–Dirac distribution depends on the momentum �p via the
energy E( �p). Therefore, it is convenient in the expression for n0 to convert the sum
over momenta into the sum over energies in the conduction band. Furthermore, the
typical spacing between two neighboring momentum states is of the order of h/L,
which is a very small number if L is macroscopically large. Then, instead of a sum,
we can use an integral over energies:

n0 =
∫ ∞

EC

dE gC(E) f (E) .

The density of states, gC(E), is a function that tells us how many momentum and
spin states are there in the conduction band per energy interval from E to E + dE

in a unit volume. This number is gC(E) dE.
The functional form of gC(E) can be established arithmetically by performing

dimensional analysis. The unit of any physical parameter is some combination of
mass (measured in kg), time (measured in s), and length (measured in m). For
instance, the dimension of energy is

[E] = J = kg m2 s−2

in SI units. The dimension of Planck’s constant is

[h] = kg m2 s−1 ,

and, obviously, the dimension of the effective mass is

[m∗
e ] = kg .

The density of states in the conduction band depends on these three parameters.
The energy should be counted from the conduction band edge, i.e., we should be
writing E − EC instead of just E. The density of states should be proportional to
the combination

gC(E) ∝ (E − EC)α m∗β
e hγ

with the exponents α, β, and γ that are yet to be found. In terms of these exponents,
the dimension of the density of states is
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[gC(E)] = (kg m2 s−2)α kgβ (kg m2 s−1)γ = kgα+β+γ m2(α+γ ) s−(2α+γ ) .

By its very definition, the dimension of the density of states—that is, the number of
states per unit energy per unit volume—is the inverse of the product of energy and
volume:

[gC(E)] = [E−1]m−3 = kg−1m−5s2 .

Hence, the exponents α, β, and γ must be such that

α + β + γ = −1 , 2(α + γ ) = −5 , −(2α + γ ) = 2 .

Solving these three equations for the three unknowns gives their values

α = 1

2
, β = 3

2
, γ = −3 .

Then, the density of states in the conduction band is, up to an unknown constant C,

gC(E) = C

√
E − EC m

∗3/2
e

h3 .

The non-dimensional number C cannot be established within the dimensional
analysis. Neither does the dimensional analysis answer the question about the
relevant effective mass m∗

e , which should be some combination of the components
of the effective mass tensor m∗

e,i with i = x, y, z. To figure out the constants C and
m∗

e , a more rigorous treatment is needed.
We first find the total number N(E) of the conduction band states whose energy

is below a given value E. The possible momentum values of an electron are given
by �p = h

L
�n, where �n is a vector whose all three components are integers. In the

momentum space, each momentum state occupies a cube of volume

�� = (h/L)3 .

To find N(E), we need to find the number of such cubes inside an ellipsoid defined
by

(px − pCx)
2

2m∗
e,x(E − EC)

+ (py − pCy)
2

2m∗
e,y(E − EC)

+ (pz − pCz)
2

2m∗
e,z(E − EC)

= 1 ,

see Fig. 4.11a. The volume of this ellipsoid is1

1 An ellipsoid with the major axes oriented in the x-, y-, and z-directions is defined by an equation
x2

a2 + y2

b2 + z2

c2 = 1 with the parameters a, b, and c being half the distance between the opposite

poles of the ellipsoid in the x-, y-, and z-directions. The volume of an ellipsoid is V = 4
3 πabc.
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Fig. 5.1 Constant-energy surfaces in the momentum space near the bottom of the conduction band
of (a) Si, (b) Ge, and (c) GaAs. Note that in the case of Ge, each of the eight valleys is shared by
two Brillouin zones; as a result, the number of valleys in the first Brillouin zone of Ge is νC = 4

�(E) = 4

3
π (2(E − EC))3/2

√
m∗

e,xm
∗
e,ym

∗
e,z.

The number of the conduction band states of energy below E is obtained by dividing
�(E) by ��. The result needs to be multiplied by 2 to account for two possible
spin orientations and by the number νC of the equivalent energy minima in the
conduction band. For example, in silicon, νC = 6; in Ge, νC = 4; in GaAs, νC = 1,
see Fig. 5.1. Hence,

N(E) = 2νC

�(E)

��
= L3

h3

8νc

3
π (2(E − EC))3/2

√
m∗

e,xm
∗
e,ym

∗
e,z .

The density of states per unit energy interval per unit volume is obtained by
differentiating this quantity with respect to energy:

gC(E) = 1

L3

dN(E)

dE
= 8

√
2πνC

√
m∗

e,xm
∗
e,ym

∗
e,z

h3

√
E − EC .

The concentration of holes is obtained by integrating over those states in the
valence band (V.B.) that are empty:

p0 = 2

L3

∑
�p∈V.B.

(1 − f (E( �p)) =
∫ EV

−∞
dE gV (E) (1 − f (E)) .

The hole density of states in the valence band is found by a similar analysis as
for electrons, but with two modifications. First, we focus on the materials in which
there is only one energy maximum in the valence band at �p = 0, and where the
hole effective mass is an ordinary number (see Sect. 4.6), i.e., m∗

h,x = m∗
h,y = m∗

h,z.
Second, we take into account the existence of two kinds of holes, the heavy and the
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light, with the effective masses m∗
hh and m∗

lh. Adding the density of states for the
two kinds of holes together, we have the total density of states in the valence band

gV (E) = 8π
(
(m∗

hh)
3/2 + (m∗

lh)
3/2
)

h3

√
EV − E .

5.2 Equilibrium Carrier Concentration

Boltzmann approximation for the Fermi–Dirac distribution is expected to hold quite
well because, typically, the energy difference between EF and the band edges EC ,
EV , is of the order of a few tenths of eV. At the same time, at room temperature
T = 300 K, we have kT = 0.02585 eV, which is much smaller than EC − EF and
EF − EV .

With Boltzmann’s approximation

f (E) ≈ e−(E−EF )/kT , 1 − f (E) ≈ e(E−EF )/kT

and our expressions for the densities of states in the conduction and valence bands,
the expression for the electron concentration becomes

n0 =
∫ ∞

EC

dE gC(E) f (E)

≈ 8
√

2πνC

√
m∗

e,xm
∗
e,ym

∗
e,z

h3

∫ ∞

EC

dE
√

E − EC e−(E−EF )/kT .

The integral is evaluated by changing the integration variables from E to x = (E −
EC)/kT :

∫ ∞

EC

dE
√

E − EC e−(E−EF )/kT = (kT )3/2 e−(EC−EF )/kT

∫ ∞

0
dx

√
x e−x

= (kT )3/2
√

π

2
e−(EC−EF )/kT ,

where the x-integration is performed in Appendix A.4. This gives, finally,

n0 = NC e−(EC−EF )/kT , NC = 4
√

2νC(πkT )3/2 √m∗
e,xm

∗
e,ym

∗
e,z

h3 .
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The parameter NC is called the electron effective density of states. This formula can
be interpreted physically as the product of the concentration NC of the conduction
band states available for electrons and the probability of f (E) = 1

1+e(EC−EF )/kT ≈
e−(EC−EF )/kT for a particular state near the bottom of the conduction band to
be occupied. The concentration NC of the available states is approximately the
concentration of states whose energy does not exceed the energy EC at the bottom
of the conduction band by more than the thermal energy kT . Hence, NC must
increase with kT . Also, NC must depend on the curvature of the energy–momentum
curve near the conduction band minimum: the lower the curvature (i.e., the higher
the effective mass m∗

e ), the flatter the band near the bottom, and the more states
it offers for the electrons to occupy. Hence, NC also increases with the effective
mass m∗

e .
A similar treatment for holes gives the concentration

p0 = NV e(EV −EF )/kT , NV = 4
√

2(πkT )3/2
(
(m∗

hh)
3/2 + (m∗

lh)
3/2
)

h3 .

The parameter NV is called the hole effective density of states. The physical
meaning of this formula is similar to that of the electron counterpart, except now we
need to count the unoccupied states near the top of the valence band. The probability
of a state at E = EV to be empty (i.e., to be occupied by a hole) is

1 − f (EV ) = 1 − 1

1 + e(EV −EF )/kT
= e(EV −EF )/kT

1 + e(EV −EF )/kT
= 1

1 + e−(EV −EF )/kT

≈ e−(EV −EF )/kT .

The total concentration of holes is a sum of the heavy and light holes’ concentra-
tions. The contribution of each hole species is proportional to the respective effective
mass raised to the power 3/2.

The typical values of the effective densities of states at room temperature
T = 300 K are of the order of 1017 . . . 1020 cm−3, depending on the material.
Because the effective densities of states depend on temperature in proportion to
T 3/2, its knowledge at some particular reference temperature T0, say, T0 = 300 K,
is sufficient to determine them at any other temperature as

NC,V (T ) = NC,V (T0)

(
T

T0

)3/2

.

The values of the effective densities of states at T0 = 300 K for Si, Ge, and GaAs
can be found in Appendix A.3.
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5.3 Energy Probability Distribution

The function

Pe(E) = C
√

E − EC e−(E−EF )/kT with E > EC

used above has the physical meaning of the energy probability distribution of
electrons in the conduction band. The parameter C is the normalization constant,
whose value is determined by the normalization condition

∫ ∞

EC

dE P (E) = C

∫ ∞

EC

dE
√

E − EC e−(E−EF )/kT = 1 .

The integral has been evaluated previously; with this result,

C = 2√
π(kT )3/2

e(EC−EF )/kT ,

and thus

Pe(E) = 2√
π(kT )3/2

√
E − EC e−(E−EC)/kT .

This function is shown in the right panel of Fig. 5.2. By setting the derivative to
zero, we find that the most probable electron energy is

dPe(E)

dE

∣∣∣∣
E=Em

= 0 ⇒ Em = EC + kT

2
.

It is also useful to find the average electron energy relative to the conduction band
edge:

Fig. 5.2 Hole (left) and electron (right) energy probability distribution
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Eavrg = EC +
∫ ∞

EC

dE (E − EC)Pe(E)

= EC + 2√
π(kT )3/2

∫ ∞

EC

dE (E − EC)3/2e−(E−EC)/kT .

We change the integration variable to x = (E − EC)/kT , giving

Eavrg = EC + 2√
π

kT

∫ ∞

0
dx x3/2 e−x .

The integral with respect to x is evaluated in Appendix A.4; its value is 3
√

π/4.
Hence, the average electron energy is

Eavrg = EC + 3kT

2
.

The result for holes is similar. Hole energy probability distribution is

Ph(E) = 2√
π(kT )3/2

√
EV − E e−(EV −E)/kT for E < EV .

Note that hole energy here is measured from the electron’s perspective. The most
probable and average energies of a hole are below the valence band edge by the
amounts kT /2 and 3kT /2, respectively, see Fig. 5.2, left panel.

5.4 Density of States Effective Mass vs. Conductivity
Effective Mass

5.4.1 Density of States Effective Mass

It is convenient to combine the effective mass components into a single parameter,
called the density of states (DOS) effective mass, m∗

e,DOS and m∗
h,DOS , in terms of

which the electron and hole densities of states are given by

gC(E) = 4π(2m∗
e,DOS)3/2

h3

√
E − EC , gV (E) = 4π(2m∗

h,DOS)3/2

h3

√
EV − E

and the effective densities of states are

NC = 4
√

2(πkT m∗
e,DOS)3/2

h3 , NV = 4
√

2(πkT m∗
h,DOS)3/2

h3 .
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The electron and hole DOS effective masses are given by

m∗
e,DOS = ν

2/3
C (m∗

e,xm
∗
e,ym

∗
e,z)

1/3 = ν
2/3
C (m∗

e,t )
2/3(m∗

e,l)
1/3 ,

m∗
h,DOS =

(
(m∗

hh)
3/2 + (m∗

hl)
3/2
)2/3

.

In the electron expression, we used the fact that two effective mass components
are equal to the transverse effective mass and the third one equals the longitudinal
effective mass, as discussed in Sect. 4.6.

5.4.2 Conductivity Effective Mass

Electrons

In silicon, which is an indirect-band gap semiconductors, the conduction band has
six equivalent valleys, see Fig. 5.1a. To each constant-energy ellipsoid, we can
attach its own three coordinate axes aligned along its principal axes. A particular
crystallographic direction, say, [1 0 0], is now aligned with the x-axes of two valleys,
the y-axes of two other valleys, and the z-axes of the remaining two valleys.

From the point of view of electric properties of the material, we are interested in
the reaction of the electrons in all six valleys to the electric field. Therefore, if an
electric field �E is applied, say, in the [1 0 0] direction, the acceleration of an electron
should be averaged over all six valleys. This gives the average acceleration in the
[1 0 0] direction

a[1 0 0] = −eE[1 0 0]
1

3

(
1

m∗
e,x

+ 1

m∗
e,y

+ 1

m∗
e,z

)
.

Same is true about the two other crystallographic directions, [0 1 0] and [0 0 1].
Therefore, on average, an electron responds to an electric field according to

�a = −e �E/m∗
e,cond

where the conductivity effective mass is defined by

1

m∗
e,cond

= 1

3

(
1

m∗
e,x

+ 1

m∗
e,y

+ 1

m∗
e,z

)
.

In other indirect-band gap semiconductors, such as germanium, there are eight
constant-energy surfaces oriented along the 8 directions of the 〈1 1 1〉 family, see
Fig. 5.1b. Nevertheless, the rule to obtain the average conductivity effective mass
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turns out to be the same as in silicon. The conductivity effective mass of Si and Ge
is, then,

m∗
e = 3

(m∗
e,l)

−1 + 2(m∗
e,t )

−1

because m∗
e,x = m∗

e,y = m∗
e,t and m∗

e,z = m∗
e,l .

In GaAs, a direct-band gap semiconductor, Fig. 5.1c, conductivity effective mass
is the same as the density of states effective mass, m∗

e,cond = m∗
e,DOS = m∗

e .

Holes

It is clear from the discussion of Sect. 5.2 that the fractions of heavy and light holes
among all holes are

p0,hh

p0
= (m∗

hh)
3/2

(m∗
hh)

3/2 + (m∗
lh)

3/2 ,
p0,lh

p0
= (m∗

lh)
3/2

(m∗
hh)

3/2 + (m∗
lh)

3/2 ,

where p0,hh and p0,lh are the equilibrium heavy and light hole concentrations,
respectively.

In the electric current measurements, one does not distinguish the currents
produced by each hole type. Rather, one measures the total current produced by
both heavy and light holes. Therefore, the accelerations of both holes due to an
external electric field �E , viz.,

�ahh = e �E
m∗

hh

, �alh = e �E
m∗

lh

,

should be averaged according to their contributions to the net hole concentrations.
We thus obtain the average hole acceleration

�ah = �ahh

p0,hh

p0
+ �alh

p0,lh

p0
= e �E

m∗
h,cond

,

where the hole conductivity effective mass is

m∗
h,cond = (m∗

hh)
3/2 + (m∗

lh)
3/2

(m∗
hh)

1/2 + (m∗
lh)

1/2 .
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5.4.3 Thermal Velocity

Before we proceed, it is instructive to address the question about the typical group
velocity of an electron and a hole at a given temperature T . By “typical,” we mean
that the kinetic energy of a particle equals the average thermal energy, Eavrg , which
is above the conduction band edge or below the valence band edge by the amount
3kT /2, see Sect. 5.3.

Let us consider the electrons first. For the quadratic energy–momentum relation
(see Sect. 5.1), the group velocity components are

vi = ∂E

∂pi

= pi − pC,i

m∗
e,i

, i = x, y, z .

The electron energy near the bottom of the conduction band can then be expressed
in terms of the group velocity components as

E(�v) = EC +
∑

i

m∗
e,iv

2
i

2
.

The thermal velocity is defined as the velocity of an electron whose energy exceeds
the conduction band edge energy by 3kT /2. More precisely, its three components
are given by the identities

m∗
e,iv

2
e|th,i

2
= kT

2
,

and the thermal velocity of an electron is then

ve|th =
√

v2
e|th,x + v2

e|th,y + v2
e|th,z .

Combining the last two equations together and recalling the definition of the electron
conductivity effective mass, we have

ve|th =
√

3kT

m∗
e,cond

.

Similarly, we define the thermal velocities of the heavy and light holes as

vhh|th =
√

3kT

m∗
hh

, vlh|th =
√

3kT

m∗
lh

.
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Their combination according to the relative contribution of the two kinds of holes
to the total hole concentration gives

vh|th = vhh|th
p0,hh

p0
+ vlh|th

p0,lh

p0
=
√

3kT

m∗
h,cond

.

In the rest of this book, we will omit the subscripts DOS and cond in the
effective masses m∗

e and m∗
h. Which effective mass type is meant will be clear from

the context of the discussion.

5.5 Intrinsic Semiconductors

Intrinsic semiconductors are materials without impurities. In intrinsic semiconduc-
tors, each electron that gets promoted into the conduction band leaves behind exactly
one hole in the valence band. Therefore, the concentrations of electrons and holes
are exactly the same.

To emphasize that the semiconductor is intrinsic, the carrier concentrations, as
well as the Fermi energy, carry the subscript i. Using the results obtained in the
previous section, we can figure out the concentration of charge carriers

n0i = NCe−(EC−EFi)/kT , p0i = NV e(EV −EFi)/kT

and the intrinsic Fermi energy, EFi . Namely, by setting

n0i = p0i ≡ ni ,

we obtain an equation for EFi , which is easily solved:

EFi = EC + EV

2
+ kT

2
ln

NV

NC

= EC + EV

2
+ 3kT

4
ln

m∗
h

m∗
e

.

In the second equality, we used the relation between the effective densities of states
and the effective masses of the two charge carriers.

At zero temperature, the intrinsic Fermi energy is located exactly in the middle
of the band gap. As the temperature increases, it shifts toward the conduction band
if NV > NC (m∗

h > m∗
e ) or toward the valence band if NV < NC (m∗

h < m∗
e ). This

is similar to the result obtained in Sect. 3.7, which predicts that the Fermi level shifts
toward the state of the lower degeneracy as the temperature goes up. Here, the role
of the state degeneracy is played by the effective densities of states.

Substitution of the result for EFi into the expression for the electron (or hole)
concentration, we obtain the intrinsic carrier concentration:
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ni = n0i = p0i = √
NCNV e−Eg/(2kT ) .

The prefactor
√

NCNV is typically of the order of 1017 − 1020 cm−3. In semicon-
ductors with Eg of about 1 eV at room temperature, kT = 0.0259 eV, intrinsic
concentration is of the order of 107 − 1011 cm−3.

On the other hand, in the materials even with a relatively small band gap value,
say, Eg = 3 eV and NC ∼ NV ∼ 1019 cm−3, the intrinsic carrier concentration is
about 7 · 10−7 cm−3. One would need a cube of about 1 m side length to have just
one free electron in it. To have a measurable concentration of conduction electrons,
such a material would need to be heated up above its melting temperature.

5.6 Doping and Extrinsic Semiconductors

One can control the concentration of conduction electrons and holes by adding the
so-called shallow impurities that can be easily turned into positive or negative ions.
This procedure is called doping. Doping can be performed in several ways, such as
ion implantation or diffusion.

Donors are dopants that give electrons to the lattice. An example of donor doping
is adding elements from column V of the periodic table to Si. Group-V elements,
such as arsenic or phosphorus, have 5 valence electrons, whereas in Si lattice, bonds
are formed by 4 valence electrons. This means that one of the valence electrons of a
donor atom does not participate in chemical bonding with the neighboring Si atoms
and is therefore relatively loosely attached to its host. It can be easily removed from
the donor impurity and become a free conductance electron. It cannot go into the
valence band because almost all Bloch states in the valence band are occupied. After
losing its electron, the donor atom turns into a positively charged ion.

Acceptors are dopants that catch the host lattice electrons, thereby creating holes
in the lattice. An example of acceptor doping is adding elements from the third
column of the periodic table to Si. Group-III elements, such as boron or gallium,
have three valence electrons, i.e., they are one electron short of forming a covalent
bond with the four neighboring Si atoms. To make up for this deficiency, an acceptor
impurity may take an electron from the host lattice, thereby becoming a negatively
charged ion and creating a hole in the material. That electron comes from the valence
band because the conduction band has much fewer electrons than the valence band.

In III–V semiconductors, e.g., GaAs, a group-IV element, such as Si or Ge, may
act as either a donor or an acceptor impurity, depending on which lattice atoms it
substitutes. This is called the amphoteric doping. The concentration and the type
of the charge carriers in this case depend on the technological details of doping
procedure.

A compensated semiconductor is the one where both donor and acceptor
impurities are present.
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We will assume that the concentration of the impurity atoms is at least several
orders of magnitude smaller than the concentration of the host atoms. That is, the
doping is too weak to change the band structure of the material. Instead, the impurity
atoms will introduce additional energy levels within the band gap. They will also
change the Fermi energy by affecting the concentrations of electrons and holes in
the material.

Charge carriers whose concentration is the larger are called majority carriers;
charge carriers with the lower concentration are called minority carriers. If the
majority carriers are electrons, a semiconductor is said to be of n-type; if the
majority carriers are holes, it is a p-type semiconductor:

n-type: n0 > ni > p0 = n2
i /n0 ,

p-type: p0 > ni > n0 = n2
i /p0 .

5.7 Impurity Energy Levels

Consider donors first. All but one valence electron of a donor impurity is taking part
in chemical bonding, whereas the remaining electrons are relatively loosely bound
to its host. We can view the neutral donor atom as a positive ion with an electron
bound to it. The binding energy of the electron to the impurity ion can be found in
exact same way as the electron energy levels in hydrogen (see Sect. 1.5), but with
two modifications.

First, the electron mass must be replaced by the conductivity effective mass,
me → m∗

e .
Second, calculation of hydrogen energy spectrum was performed in vacuum,

whereas a donor ion and an extra electron find themselves in a semiconductor
medium. The two charges interact directly via own electric field. They also polarize
the medium, and the polarized medium generates an additional electric field that
affects the interaction between the two charges. This additional field weakens the
electron–ion interaction as compared to the interaction in vacuum. This weakening
can be accounted for by modifying the Coulomb interaction energy:

U(�r) = −ke

ε

e2

r
.

The parameter ε is called the dielectric constant, or the relative permittivity, of the
medium. Its typical semiconductor value is of the order of 10, see Appendix A.3.

Hence, our second modification is to replace e2 → e2

ε
.

For an electron in the ground state of a hydrogen atom, ionization energy is
defined as the energy necessary to promote the electron to vacuum:
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Ei = 1 Ry = k2
emee

4

2h̄2
= 13.6 eV .

In a semiconductor, ionization energy is the energy necessary to promote an extra
electron from the bound state with a donor atom to the bottom of the conduction
band. In other words, it is the energy difference between the bottom of the
conduction band and the donor energy level. By making the two replacements just
described, we find the donor ionization energy in a semiconductor to be

Edi = EC − Ed = k2
em

∗
ee

4

2h̄2ε2
= m∗

e/me

ε2
Ry .

Here, Ed is the donor energy level, which lies below the conduction band edge by
donor ionization energy, Ed = EC − Edi (Fig. 5.3).

Given that, typically, m∗
e/me varies from about 0.05 to 2 and ε is between 10

and 20, we find that the typical value of donor ionization energy is of the order of
0.02 . . . 0.2 eV. For instance, for silicon, we obtain Edi = 0.0258 eV. This value is
identical to the thermal energy at room temperature, kT = 0.0259 eV. Based on
this estimate, we conclude that at room temperature, a large part of donor atoms is
ionized.

It is also instructive to determine the typical distance between the extra valence
electron and the donor impurity ion. In hydrogen, the Bohr radius of the electron

orbit in the ground state (n = 1) is rB = h̄2

kemee2 . With the replacements described
above, we find that in a semiconductor, the radius of the first Bohr orbit is

rd = h̄2ε

kem∗
ee

2 = rB
ε

m∗
e/me

≈ (0.53 Å)
ε

m∗
e/me

.

Numerically, the electron orbit radius in a semiconductor is about 10 nm, which is
ca. 20 lattice constants.

Fig. 5.3 Donor and acceptor
levels relative to the
conduction and valence band
energies
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With respect to the acceptor impurities, the results are quite similar. A neutral
acceptor atom in the crystal lattice can be viewed as a bound state of a negatively
charged ion and a hole orbiting around it. Therefore, the ionization energy Eai of an
acceptor level Ea , that is, the energy necessary to remove this hole from the atom
into the valence band, is

Eai = Ea − EV = k2
em

∗
he

4

2h̄2ε2
= m∗

h/me

ε2 Ry ,

and the radius of the hole orbit around an acceptor atom is

ra = h̄2ε

kem
∗
he

2 = rB
ε

m∗
h/me

.

The calculations performed in this section are approximate. They neglect the
tensorial character of the effective mass and do not distinguish between heavy and
light holes. In addition, they do not account for the interaction between the extra
electron (or hole) attached to the donor (or acceptor) ion with its other electrons. But,
in spite of their crude nature, these calculations give the right order of magnitude of
the ionization energy, which has to be measured experimentally. Some values of the
ionization energies for Si, Ge, and GaAs are given in Appendix A.3.

5.8 Statistics of Donors and Acceptors

Let Nd be the concentration of donor atoms, N0
d the concentration of neutral donors,

and N+
d the concentration of donors that have given an electron to the lattice and

became positive ions. Obviously,

Nd = N0
d + N+

d .

To find N+
d and N0

d , we use the grand canonical distribution derived in Sect. 3.4.
A donor impurity can exist either as a positive ion or as a neutral atom with an extra
electron orbiting around it. That electron has two possible spin orientations: either
spin up (↑) or spin down (↓). It is reasonable to assume that when a donor captures
an electron, that electron exists in the ground state and has the energy Ed ; in other
words, we neglect the excited states of the electron. Denoting the number of extra
electrons attached to the donor as n, we have three possibilities: n = 0; n = 1 and
s =↑; n = 1 and s =↓, where s stands for spin.

The probability for a donor to have n = 0 or 1 valence electrons is given by the
grand canonical distribution with the chemical potential μ being identical to Fermi
energy EF :
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Pn = 1

Z
e(EF −Ed)n/kT , Z = 1 + gde(EF −Ed)n/kT , gd = 2 .

The donor degeneracy factor gd = 2 in the expression for Z comes from two
possible spin orientations.

The probability for a donor atom to be ionized, i.e., not have an extra electron,
corresponds to n = 0. This probability is just the fraction of ionized donors, P0 =
N+

d /Nd . Therefore, the concentration of ionized donors is

N+
d = Nd

1 + gde(EF −Ed)/kT
.

The concentration of donors that are not ionized is

N0
d = Nd − N+

d = Nd

1 + 1
gd

e(Ed−EF )/kT
.

In view of the relations

Ed = EC − Edi , n0 = NCe−(EC−EF )/kT ,

we can rewrite the exponential as

e(EF −Ed)/kT = e(EF −EC+Edi)/kT = n0

NC

eEdi/kT ,

giving

N+
d = Nd

1 + gd
n0
NC

eEdi/kT
, N0

d = Nd

1 + 1
gd

NC

n0
e−Edi/kT

.

The expressions relating the concentration of ionized acceptor atoms, N−
a , and

neutral acceptor atoms, N0
a , to the total acceptor concentration, Na , can be obtained

by making two modifications in the results for obtaining the donors.
First, donor degeneracy factor must be replaced with the acceptor counterpart,

gd → ga . Similar to the donor case, the acceptor ground state can be occupied with
either a heavy or a light hole of spin 1/2 or −1/2. The total number of combinations
of hole spin and “heaviness” is

ga = 4 .

Second, we should keep in mind that the hole energies are measured downward,
with E(h) = −E + �E, see Sect. 4.5. Then, the difference between donor level and
Fermi energies must be replaced with
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Ed − EF → E(h)
a − E

(h)
F = −Ea + EF ,

where Ea is the acceptor level energy.
After making these replacements, we obtain the concentrations of negatively

charged and neutral acceptor impurities:

N−
a = Na

1 + gae(Ea−EF )/kT
, N0

a = Na

1 + 1
ga

e(EF −Ea)/kT
.

In view of the relations

Ea = EV + Eai , p0 = NV e−(EF −EV )/kT ,

we can rewrite these expressions in an equivalent form:

N−
a = Na

1 + ga
p0
NV

eEai/kT
, N0

a = Na

1 + 1
ga

NV

p0
e−Eai/kT

.

5.9 Mass Action Law

The expressions for n0 and p0 in Sect. 5.2 contain one unknown parameter, the
Fermi energy EF . But note that the product of the two concentrations does not
depend on the Fermi energy. Indeed, multiplication of these results gives

n0p0 = NCNV e−(EC−EV )/kT = NCNV e−Eg/kT .

In the second equality, we used the fact that EC − EV = Eg , the band gap energy.
Doping of a semiconductor is an efficient way to control the concentrations of

electrons and holes. The expressions for the equilibrium concentrations derived in
Sect. 5.2 still hold in doped as well as intrinsic semiconductors, with the difference
between the two being in the location of the Fermi energy EF .

The electron and hole concentrations can be written in a different form, which
does not involve the effective densities of states NC,V and the Fermi energy. For this,
we add and subtract the intrinsic Fermi energy to the arguments in the exponential
functions:

n0 = NCe−(EC+EFi−EFi−EF )/kT , p0 = NV e(EV −EFi+EFi−EF )/kT .

But NCe−(EC−EFi)/kT = NV e(EFi−EV )/kT = ni . We thus have

n0 = nie
(EF −EFi)/kT , p0 = nie

(EFi−EF )/kT .
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With these expressions, we can rewrite the mass action law as

n0p0 = n2
i .

The product of electron and hole concentrations is the intrinsic concentration
squared for any level of doping.

The mass action law tells us that the concentration of one type of carriers
uniquely determines carrier concentration of the other type. Because this law is
derived using Boltzmann approximation, it holds provided that Fermi energy is
separated from the edges of the conduction and valence bands by at least a few
kT .

5.10 Charge Neutrality Equation

At a first glance, doping of a material with, say, donors should not affect the
concentration of holes, p0, which should remain equal the intrinsic concentration.
Donor doping should increase the concentration of electrons, n0, from the value ni

to the value ni + N+
d , where N+

d is the concentration of ionized doping.
This intuition is wrong. Donor doping provides electrons not only to the

conduction band, but also fills the empty states in the valence band, whose energy
is smaller than the donor level, EV < Ed . As a result, not only the electron
concentration increases, but also hole concentration gets reduced due to donor
doping.

Same is true about acceptors. Acceptor impurities not only take electrons from
the valence band, thereby creating more holes, but they also capture the conduction
electrons, thereby decreasing their concentration.

The relation between the equilibrium carrier concentrations n0 and p0 on the
one hand and between the ionized impurity concentrations N+

d and N−
a on the other

hand is slightly more complex. Because the material must be electrically neutral, the
concentration of positive charges must be exactly balanced by the concentration of
negative charges. The positive charges are mobile holes and immobile donor ions.
The negative charges are mobile conduction electrons and immobile acceptor ions.
We thus arrive at the charge neutrality equation:

n0 + N−
a = p0 + N+

d ,

or, explicitly,

nie
(EF −EFi)/kT + Na

1 + gae(Ea−EF )/kT
= nie

(EFi−EF )/kT + Nd

1 + gde(EF −Ed)/kT
.
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This equation contains only one unknown: the Fermi energy EF . Once it is found,
electron and hole concentrations can be determined using the expressions obtained
earlier, viz., n0 = ni e(EF −EFi)/kT and p0 = ni e(EFi−EF )/kT .

An exact analytical solution of the charge neutrality equation can also be
obtained, in principle, by introducing a variable x = e(EF −EFi)/kT , which then will
have to be found from a fourth-degree equation of the form x4+ax3+bx2+cx+d =
0 with the coefficients a, b, c, and d being some combinations of the parameters Na ,
Nd , ni , gd , ga , e(EFi−Ed)/kT , and e(Ea−EFi)/kT .

A general solution of a fourth-degree equation exists, but it is too complex to be
of practical utility; hence, it will not be considered. Another option is to solve the
charge neutrality equation numerically. But the most instructive approach is to focus
on a few practically relevant special limit cases, referred to as ionization regimes, in
which analytical approximations for the Fermi energy and the carrier concentrations
can be obtained.

5.11 Ionization Regimes

5.11.1 Complete Ionization

The simplest and the most important practically is the regime when the overwhelm-
ing majority of the impurity atoms are ionized. This regime is realized when the
energy differences EF − Ea and Ed − EF exceed thermal energy, kT , by some
reasonably large amount, say, by a factor of 3 or more. Then, e(Ea−EF )/kT and
e(EF −Ed)/kT are both much smaller than 1, and we can approximate

N+
d = Nd

1 + gde(EF −Ed)/kT
≈ Nd , N−

a = Na

1 + gae(Ea−EF )/kT
≈ Na

by neglecting the exponentials in the denominators of both expressions. Our charge
neutrality condition then reads

n0 + Na = p0 + Nd .

From the mass action law, we can express

p0 = n2
i

n0
,

resulting in a quadratic equation for n0:

n0 + Na = n2
i

n0
+ Nd ⇒ n2

0 + (Nd − Na)n0 − n2
i = 0 .
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The solution of this equation is

n-type: n0 = Nd − Na

2
+
√(

Nd − Na

2

)2

+ n2
i , p0 = n2

i

n0
.

From the point of view of numerical accuracy, these expressions work the best
when the doping is of n-type, Nd > Na . But consider what happens in the extreme
opposite case Na � ni,Nd . Then, the terms ni and Nd are negligibly small relative
to Na , leaving us with n0 ≈ −Na

2 + Na

2 = 0 and p0 = n2
i /n0 → ∞.

Hence, in the opposite case of p-type doping, Na > Nd , it is more advantageous
to use a mathematically equivalent, but numerically a different set of formulae:

p-type: p0 = Na − Nd

2
+
√(

Na − Nd

2

)2

+ n2
i , n0 = n2

i

p0
.

In particular, when doping of just one type is present with the concentration much
higher than intrinsic concentration, the following simple results hold:

for Nd � ni � Na : n0 = Nd , p0 = n2
i

Nd

;

for Na � ni � Nd : p0 = Na , n0 = n2
i

Na

.

The relations above are derived under the assumption that the energy differences
between donor level and Fermi energy, as well as between Fermi energy and
acceptor level, are large compared to kT . To check if these assumptions hold
true, we need to find Fermi energy. For this, we can use the relations like
n0 = NCe−(EC−EF )/kT = nie

(EF −EFi)/kT , and p0 = NV e(EV −EF )/kT =
nie

(EFi−EF )/kT . From these, we find several equivalent expressions for Fermi
energy in a doped semiconductor:

EF = EC − kT ln
NC

n0
= EFi + kT ln

n0

ni

= EV + kT ln
NV

p0
= EFi − kT ln

p0

ni

.

It follows from the second equality that for n-type doping, n0 > ni > p0 =
n2

i /n0, Fermi energy lies above the intrinsic Fermi energy, EF > EFi . Increasing
the donor concentration raises Fermi energy.

Likewise, the last equality shows that for p-type doping, Fermi energy is below
the intrinsic Fermi energy, EF < EFi , and increasing the acceptor concentration
lowers Fermi energy.

We can now establish the condition under which all impurities are ionized. Let
us focus on the n-type semiconductor for definiteness. In order for almost all donors
to be ionized, N+

d ≈ Nd , we must have
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gd e(EF −Ed)/kT � 1 .

Adding and subtracting the conduction band energy EC in the argument of the
exponential and keeping in mind that EC − Ed = Edi , we rewrite this as

gd e(EF −EC+EC−Ed)/kT = gd e(EF −EC)/kT eEdi/kT � 1 .

But e(EF −EC)/kT = n0/NC ≈ Nd/NC under the complete ionization assumption
and for Nd � ni . We conclude that the complete donor ionization assumption holds
true, provided that

gdeEdi/kT Nd

NC

� 1 ⇒ Nd � NC

e−Edi/kT

gd

.

Similarly, for acceptor doping, the condition of complete acceptor ionization, N−
a ≈

Na , is fulfilled if

Na � NV

e−Eai/kT

ga

.

At the room temperature and at typical values of impurity ionization energies, the
ratios e−Edi/kT /gd and e−Eai/kT are of the order of 0.1. Then, the full ionization
of impurities is achieved if the impurity concentrations Nd,a do not exceed a few
percent of the effective densities of states NC,V .

As the temperature is lowered, however, the exponential terms in the numerator,
e−Edi/kT and e−Eai/kT , quickly go to zero. Also the effective densities of states
decrease on cooling as NC,V ∝ T 3/2. This means that the complete ionization
assumption breaks down at low temperatures.

5.11.2 Intrinsic Regime

Intrinsic carrier concentration, ni(T ), increases with temperature, whereas the
doping concentrations, Na and Nd , are temperature-independent. Hence, when the
temperature exceeds a certain value, denoted as Ti , intrinsic concentration becomes
much greater than the difference of the impurity concentrations, ni � |Nd − Na|.
Then, the difference Nd − Na can be neglected in the expression n0 = Nd−Na

2 +√(
Nd−Na

2

)2 + n2
i , and charge carrier concentrations become approximately equal

the intrinsic concentration:

n0(T ) ≈ p0(T ) ≈ ni(T ) = √
NC(T )NV (T )e−Eg/(2kT ) .
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It increases with temperature.
Let us now establish the temperature Ti , at which the complete ionization regime

ends and the intrinsic regime begins. At this temperature, intrinsic concentration
should be comparable to the magnitude of the difference Nd −Na , which we assume
to be non-zero:

ni(Ti) = |Nd − Na| , or
√

NC(Ti)NV (Ti)e
−Eg/(2kTi ) = |Nd − Na| .

Rearranging the terms in this equation, we find

kTi = Eg

ln NC(Ti)NV (Ti )

(Nd−Na)2

.

Recalling that NC,V (T ) = NC,V (T0)(T /T0)
3/2, where the reference temperature is

usually taken to be T0 = 300 K, we finally have an equation, from which Ti can be
found:

Ti = Eg/k

ln

[
NC(T0)NV (T0)

(Nd−Na)2

(
Ti

T0

)3
] .

One can solve this equation for Ti analytically using the so-called Lambert W -
function.2 Alternatively, an iterative solution can be performed, namely, starting
with Ti = T0 and plugging in this value into the right-hand side of the last equation
to obtain a better estimate for Ti , which is again plugged in into the right-hand side
to get a new Ti . This procedure is repeated until the results converge. In practice,
only two or three iterations are sufficient to find Ti to a good accuracy. For the
typical semiconductors and typical doping levels, the intrinsic regime begins at Ti

exceeding the room temperature by a few hundred Kelvins.

5.11.3 Carrier Concentration in a Semiconductor with One
Type of Doping at Not Too High Temperatures

Consider the case when only one type of doping impurities—assume for definiteness
donors—is present. Let us focus on the practically interesting case when the
temperature is small enough for the intrinsic concentration to be negligible in
comparison to the concentration of the ionized donors:

Na = 0 , N+
d (T ) � ni(T ) at T < Ti .

2 Lambert’s function W(x) is the solution of W(x)eW(x) = x.
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We do not assume complete ionization. In view of the above inequality, the
concentration of the conduction electrons is given by

n0 = N+
d = Nd

1 + gde(EF −Ed)/kT

to a very good accuracy. Because n0 = NCe(EF −EC)/kT , we obtain an equation,
from which Fermi energy can be found:

NCe(EF −EC)/kT = Nd

1 + gde(EF −Ed)/kT
.

Denoting

x = e(EF −EC)/kT ,

we rewrite our equation in terms of this new variable: NCx = Nd

1+xgdeEdi /kT .

Multiplying both sides by the denominator of the right-hand side, we obtain a
quadratic equation for x:

NCx(1 + xgdeEdi/kT ) = Nd .

Its solution reads

x =
√

e−2Edi/kT

4g2
d

+ Nd

gdNC

e−Edi/kT − e−Edi/kT

2gd

.

By the very definition of x, Fermi energy and electron concentration can be
immediately expressed in terms of x as

EF = EC + kT ln x , n0 = NCx , p0 = n2
i

NCx
.

Here, the hole concentration follows from the mass action law.
The case when only acceptor-type impurities are present with Na(T ) � ni(T ),

Nd = 0 can be treated analogously and is left for the reader as an exercise.

5.11.4 Electron Freeze-Out Regime

At the thermal energies kT below the impurity ionization energy, only a fraction of
the impurity atoms are ionized, and this fraction decreases to zero as the temperature
is decreased. This ionization regime is called the freeze-out regime.
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Let us consider for simplicity the case when only donor impurities are present.
Then, we can use the formula for n0 obtained in the previous section. In that formula,
further approximations can be made. First, we note that under the square root, we
have

e−2Edi/kT

4g2
d

� Nd

gdNC

e−Edi/kT at kT � Edi .

This is so, because the ratio Edi/kT � 1 is a large number, implying that
e−Edi/kT � 1, and hence e−2Edi/kT � e−Edi/kT . As for the prefactor Nd/(gdNC),
it is also large in view of the fact that NC(T ) ∝ T 3/2 decreases on cooling, and
hence, Nd/(2NC(T )) increases. The expression for electron concentration then
simplifies to

n0(T ) = NC(T )

(√
Nd

gdNC(T )
e−Edi/(2kT ) − e−Edi/kT

2gd

)
.

By the same reasoning, we can neglect the second term in this expression relative
to the first one and obtain

n0(T ) =
√

Nd NC(T )

gd

e−Edi/(2kT ) .

The Fermi energy in the freeze-out regime is given by

EF = EC − Edi

2
+ kT

2
ln

Nd

gdNC

as can be obtained from the expression n0 = NCe(EF −EC)/kT and the approximate
formula for n0 just obtained. Note that in the limit of zero temperature, Fermi energy
goes to the limit

EF → EC − Edi

2
= EC + Ed

2
as T → 0

in full agreement with our observation made earlier that at zero temperature, Fermi
energy is just in between the highest occupied state (donor level) and the lowest
unoccupied state (conduction band edge), see Sect. 3.7.

We can establish the temperature Tf that separates the freeze-out regime from
the complete ionization regime. At this temperature, the two contributions under the
square root in the expression for n0 from the previous section must be equal:

e−2Edi/kTf

4g2
d

= Nd

gdNC(Tf )
e−Edi/kTf .
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Taking the natural logarithm of both sides and rearranging the terms, we obtain

kTf = Edi

ln
NC(Tf )

4gdNd

with

NC(Tf ) = NC(T0)

(
Tf

T0

)3/2

,

T0 = 300 K being the standard reference temperature. Thus

Tf = Edi/k

ln

[
NC(T0)
4gdNd

(
Tf

T0

)3/2
] .

This equation can be solved analytically using Lambert’s W -function or iteratively
by first setting, e.g., Tf = T0 (or any other reasonable first guess, e.g., Tf =
0.1Edi/k), and then obtaining the next improved result for Tf according to its right-
hand side until convergence is reached.

5.12 Numerical Determination of Fermi Energy and Carrier
Concentrations

One possible way to find EF , n0, and p0 from the charge neutrality equation,
n0 + N−

a = p0 + N+
d , and mass action law, p0 = n2

i /n0, is as follows. Assume
for definiteness that the semiconductor is of n-type. Then, by applying this same
procedure used to treat the complete ionization regime, we find the electron and
hole concentrations

n0 = N+
d − N−

a

2
+
√√√√(

N+
d − N−

a

2

)2

+ n2
i , p0 = n2

i

n0

and the Fermi energy

EF = EC + kT ln

⎛
⎜⎝N+

d − N−
a

2NC

+
√√√√(

N+
d − N−

a

2NC

)2

+ n2
i

N2
C

⎞
⎟⎠ .

The expressions for N+
d and N−

a have been established earlier in Sect. 5.8.
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The right-hand side of the last equation contains the ionized impurity concentra-
tions, which themselves depend on the Fermi energy. This equation can be solved
iteratively. Starting with some initial trial value of Fermi energy, one can determine
N+

d and N−
a corresponding to this initial value of EF ; upon substitution of the

ionized impurity concentrations so obtained into the last equation, one finds a new,
more accurate estimate for EF , which is again used to find better estimates for N+

d

and N−
a . This procedure can be repeated many times until the desired accuracy is

achieved. In practice, the number of iterations is of the order of 10.
For a p-type semiconductor, the same procedure can be performed, but with the

interchanged n0 ↔ p0 and N+
d ↔ N−

a .
Shown in Fig. 5.4 are the results of numerical and analytical calculations of

the Fermi energy and carrier concentrations in a hypothetical semiconductor with
the parameters indicated in the figure caption. For these parameters, the intrinsic
temperature can be found to be Ti = 562 K, and the freeze-out temperature is
Tf = 112 K. These two temperatures are marked by vertical lines in the figure. The
agreement between the analytical and numerical results at 0 < T < Ti is smaller
than the line thickness.

Fig. 5.4 The results of numerical calculations of the Fermi energy and electron and hole
equilibrium concentrations in a hypothetical n-type semiconductor with the band gap Eg = 1 eV,
the effective densities of states at T0 = 300 K taken to be NC(T0) = NV (T0) = 1019 cm−3, donor
concentration Nd = 1015 cm−3, donor ionization energy Edi = 0.05 eV and degeneracy factor
gd = 2, and no acceptors, Na = 0



142 5 Semiconductors in Equilibrium

It is seen that Fermi energy, measured relative to the top of the valence band,
monotonically decreases with temperature and finally saturates at T > Ti at the
level of 0.5 eV, i.e., in the middle of the band gap.

As for the charge carrier concentrations, three regimes can be distinguished. (1)
At low temperatures T < 100 K, thermal energy is insufficient to ionize impurity
atoms, and let alone to promote electrons from the valence to the conduction band.
As a result, the freeze-out of conduction electrons occurs, where both electron and
hole concentrations go to zero on cooling. (2) In the temperature range between
about 100 K and 500 K, the majority electron concentration has a plateau at the level
n0 = Nd = 1015 cm−3 � ni , whereas the minority hole concentration is much
smaller than this value. This regime corresponds to complete ionization of donors.
(3) At even higher temperatures, T > 500 K, intrinsic carrier concentration becomes
comparable to and eventually starts to dominate over Nd on heating. In this intrinsic
regime, characterized by the inequality ni(T ) � Nd , we have n0 ≈ p0 ≈ ni ,
independent of the doping level.

5.13 Problems

5.13.1 Solved Problems

Problem 1 The effective density of states has the dimension of inverse length
cubed. Find a combination of the density of states effective mass m∗

e,h, thermal
energy kT , and Planck’s constant h that has the same dimension as the effective
density of states, and compare it with the result obtained in Sect. 5.2.

Problem 2 The density of states in the conduction band is gC(E) =
4π(2m∗

e )
3/2

h3

√
E − EC . The total number of states (per unit volume) in the

conduction band in an energy interval between EC and EC + �E is ZC(�E) =∫ EC+�E

EC
dE gC(E). Find the number of conduction band states in a unit volume

with energies less than EC + kT . Compare it to the effective density of states in the

conduction band by finding its ratio to NC = 2(2π m∗
e kT )3/2

h3 .

Problem 3 The temperature dependence of the band gap in Si is given by Eg =
1.166 eV − 4.77·10−4 eV/K

T +636 K T 2. At T = 300 K, the intrinsic carrier concentration in Si
is 1010 cm−3. Find ni at 400 K.

Problem 4 The DOS effective mass of holes in a hypothetical intrinsic semi-
conductor is ten times larger than that of the electrons. The band gap is 1 eV,
independent of temperature. At T = 300 K, the intrinsic concentration is 109 cm−3.
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(a) Find the difference EFi − EV at 300 K.
(b) Find the effective densities of states NC and NV at 300 K.
(c) At what temperature is Fermi energy 0.6 Eg above the valence band edge?

Problem 5 A Si sample is doped with boron (ionization energy Eai = 45 meV,
degeneracy = 4) at Na = 1016 cm−3. Take into account the temperature dependence
of the band gap. The semiconductor parameters needed to solve the problem can be
found in Appendix A.3.

Problem 6 A p-type semiconductor has the band gap Eg = 0.8 eV, the electron
and hole effective masses are the same, and ni = 2 · 109 cm−3. The temperature is
T = 300 K and Nd = 0. At what concentration of acceptors will Fermi energy be
above the valence band edge by �E = 0.2 eV?

Problem 7 A compensated semiconductor with the intrinsic carrier density
ni(300 K) = 1010 cm−3 and Eg = 0.9 eV is doped with Nd = 1016 cm−3 donors
and Na = 1012 cm−3 acceptors. Determine Fermi energy relative to the intrinsic
Fermi energy at T = 200 K in the complete ionization limit.

5.13.2 Practice Problems

Problem 1 Derive the hole concentration p0 and the respective effective density of
states NV following the same steps as for electrons in Sect. 5.2.

Problem 2 At T = 300 K, the effective density of electron states in a semiconduc-
tor is 1020 cm−3. What is the effective density of states at 200 K and at 400 K?

Problem 3 Estimate electron concentration (= hole concentration) in an intrinsic
semiconductor with Eg = 0.7 eV and in a dielectric with Eg = 7 eV at 300 K. Take
a reasonable value for NC and NV , e.g., 1019 cm−3.

Problem 4 The concentration of holes in a p-type semiconductor (no donors)
exceeds the concentration of electrons by 25 times. Find the ratio of the concen-
tration of ionized acceptors to the intrinsic concentration.

Problem 5 A Si sample is doped with a donor impurity at Nd = 1017 cm−3. At the
temperature T = 30 K, electron concentration in this sample was measured to be
n0 = 1012 cm−3. Find the impurity ionization energy Edi . Hint: n0 = N+

d � ni �
p0 at 30 K.

Problem 6 A compensated semiconductor with the band gap of 0.8 eV is doped
with equal concentrations of donors and acceptors. The respective ionization
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energies are Edi = 0.05 eV and Eai = 0.02 eV. Find the Fermi energy relative to
the top of the valence band, EF − EV , in this material at absolute zero temperature.

5.13.3 Solutions

Problem 1 For definiteness, let us focus on the conduction electrons; the discussion
of holes is similar. To express NC in terms of m∗

e and kT , we consider the units in
which these parameters are measured (we use SI units in this problem):

[NC] = m−3 , [m∗
e ] = kg , [kT ] = J = kg · m2

s2 .

We may also need Planck’s constant, measured in

[h] = J · s = kg · m2

s
.

We express NC as a product

NC ∝ (m∗
e )

α (kT )β hγ

with unknown α, β, and γ and a non-dimensional prefactor. The dimension of this
product is

[NC] = kgα ·
(

kg · m2

s2

)β

·
(

kg · m2

s

)γ

= kgα+β+γ m2(β+γ ) s−(2β+γ ) .

It must be equal to m−3. Hence, we must have

α + β + γ = 0 , 2(β + γ ) = −3 , 2β + γ = 0 .

Subtracting the third equation from the second, we get γ = −3. Substitution of
this value of γ back into the second equation gives β = 3/2. Finally, substitution
of these values of β and γ into the first equation gives α = 3/2. Hence, up to a
non-dimensional constant

NC ∝ (m∗
e kT )3/2

h3 .

Problem 2 Substitution of the formula for gC(E) into the definition of ZC(�E)

gives
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ZC(�E) = 4π(2m∗
e )

3/2

h3

∫ EC+�E

EC

dE
√

E − EC = 8π(2m∗
e )

3/2

3h3
�E3/2 .

For �E = kT , we have

ZC(kT ) = 8π(2m∗
ekT )3/2

3h3 .

The ratio of this parameter to NC has the value

ZC(kT )

NC

= 8π · 23/2/3

2(2π)3/2 = 4

3
√

π
= 0.752 .

This is close to 1. This result confirms that the effective density of states can be
interpreted as the concentration of states in the conduction band whose energies are
higher than EC by approximately one thermal energy kT .

Problem 3 The intrinsic carrier concentration is given by

ni(T ) = √
NC(T )NV (T ) e−Eg(T )/(2kT ) ,

where the effective densities of states in the conduction and valence bands are
proportional to T 3/2. We need to recalculate the square root of their product,√

NC(T )NV (T ) ∝ T 3/2 from the reference temperature T0 = 300 K to a different
temperature T :

√
NC(T )NV (T ) = √

NC(T0)NV (T0)

(
T

T0

)3/2

.

Likewise, we need to recalculate the exponential in the expression for ni :

e−Eg(T )/(2kT ) = e−Eg(T0)/(2kT0) eEg(T0)/(2kT0)−Eg(T )/(2kT ) .

Multiplying these two expressions together, we find

ni(T ) = ni(T0)

(
T

T0

)3/2

eEg(T0)/(2kT0)−Eg(T )/(2kT ) .

It remains to plug in the numbers. We start with the band gap at T0 = 300 K and
T = 400 K:

Eg(300 K) = 1.166 − 4.77 · 10−4

300 + 636
3002 = 1.120 eV ,
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Eg(400 K) = 1.166 − 4.77 · 10−4

400 + 636
4002 = 1.092 eV .

Next, we find the thermal energy at T = 400 K, given that kT0 = 0.02585 eV:

kT = 0.02585 · 400

300
= 0.03447 eV .

Finally, we determine the intrinsic concentration at 400 K:

ni(400 K) = 1010 (400/300)3/2 e1.120/(2·0.02585)−1.092/(2·0.03447) = 5.21 · 1012 cm−3 .

Problem 4

(a) Intrinsic Fermi energy happens to be exactly in the middle of the band gap
only if the electron and hole effective masses are the same; this is not the case
in most semiconductors. When the effective masses are different, we have a
general expression

EFi = EC + EV

2
+ 3kT

4
ln

m∗
h

m∗
e

,

from which it follows that

EFi − EV = Eg

2
+ 3kT

4
ln

m∗
h

m∗
e

.

Numerically,

EFi − EV = 0.5 + 0.75 · 0.02585 · ln(10) = 0.545 eV .

(b) We know that the effective density of states is proportional to the effective mass
of the charge carriers in the respective band raised to the power 3/2:

NC ∝ (m∗
e )

3/2 , NV ∝ (m∗
v)

3/2 .

Knowing that holes are 10 times as heavy as the electrons, we can find the ratio
of the effective densities of states as

NC

NV

=
(

m∗
e

m∗
h

)3/2

.

On the other hand, the expression for ni contains the product NCNV :

n2
i = NCNV e−Eg/kT ⇒ NCNV = n2

i e
Eg/kT .
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Multiplying the last two equations together, we obtain the effective density of
states in the conduction band:

N2
C =

(
m∗

e

m∗
h

)3/2

n2
i e

Eg/kT ⇒ NC =
(

m∗
e

m∗
h

)3/4

n2
i e

Eg/(2kT ) .

The expression for NV is obtained by interchanging electron and hole effective
masses:

NV =
(

m∗
h

m∗
e

)3/4

n2
i e

Eg/(2kT ) .

Numerically,

NC = 109 · e0.5/0.02585

103/4
= 4.47 · 1016 cm−3 ,

NV = 103/4 · 109 · e0.5/0.02585 = 1.41 · 1018 cm−3 .

(c) In the second formula from the solution to part (a), we set EFi − EV = cEg ,
where c = 0.6:

cEg = Eg

2
+ 3kT

4
ln

m∗
h

m∗
e

.

Solving this for kT , we find the thermal energy corresponding to the tempera-
ture at which the Fermi level is higher than the valence band energy by a desired
amount:

kT = 4

3
Eg

c − 1/2

ln
m∗

h

m∗
e

.

Numerically, this is

kT = 4

3
· (1 eV) · 0.1

ln(10)
= 0.05791 eV .

To convert thermal energy into temperature, we divide it by 0.02585 eV and
multiply by 300 K:

T = 0.05791

0.02585
· 300 = 672 K .
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Problem 5 The concentration of ionized acceptors is given by a general formula

N−
a = Na

1 + gae(Ea−EF )/kT
,

which can be transformed into

x = N−
a

Na

= 1

1 + gae(Ea−EV +EV −EF )/kT
= 1

1 + gaeEai/kT e(EV −EF )/kT
.

In the second exponential in the denominator, we recognize the concentration of
holes:

p0 = NV e(EV −EF )/kT .

So, we can write e(EV −EF )/kT = p0
NV

, giving

x = 1

1 + gaeEai/kT p0
NV

.

On the other hand,

p0 = N−
a

2
+
√(

N−
a

2

)2

+ n2
i .

It is reasonable to assume that at low temperatures, the concentration of ionized
acceptors greatly exceeds the intrinsic concentration, N−

a � ni , allowing us to
approximate

p0 = N−
a = xNa

to a good accuracy. Then, substitution of this expression into the expression for x

just obtained gives

x = 1

1 + ga
Na

NV
eEai/kT x

= 1

1 + Ax
, A = ga

Na

NV

eEai/kT .

This is a quadratic equation for the fraction of ionized acceptors, x:

Ax2 + x − 1 = 0 ⇒ x = − 1

2A
+
√

1

4A2 + 1

A
.

The possibility of a negative sign in front of the square root has been discarded
because x must be positive. It remains to plug in the numbers.
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(a) At T = 200 K, kT = 0.02585 · 200/300 = 0.01723 eV. The effective density
of states in the valence band at this temperature is

NV (200 K) = NV (300 K)

(
200

300

)3/2

= 1.116 · 1019 cm−3 .

This gives the parameter A to be

A = 4 · 1016

1.116 · 1019 · e0.045/0.01723 = 0.04883 .

Using this value, we find x = 0.955, i.e., 95.5% of acceptors are ionized.
(b) At T = 50 K, kT = 0.02585 · 50/300 = 0.004308 eV. The effective density of

states in the valence band at this temperature is

NV (50 K) = NV (300 K)

(
50

300

)3/2

= 1.395 · 1018 cm−3 .

This gives the parameter A to be

A = 4 · 1016

1.395 · 1018
· e0.045/0.004308 = 986.3 .

Using this value, we find x = 0.0313, i.e., 3.13% of acceptors are ionized.

Problem 6 Since m∗
e = m∗

h, the intrinsic Fermi level lies exactly in the middle of
the band gap, i.e.,

EFi − EV = Eg

2
= 0.4 eV .

We wish to have

EF − EV = 0.2 eV ,

which implies that

EFi − EF = 0.2 eV .

We can figure out the concentration of holes at this value of the Fermi energy:

p0 = NV e(EV −EF )/kT = NV e(EV −EFi+EFi−EF )/kT = ni e(EFi−EF )/kT ,

where we used the one of the previously obtained expressions for the intrinsic
concentration, ni = NV e(EV −EFi)/kT . Numerically,
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p0 = 2 · 109 · e0.2/0.02585 = 4.583 · 1012 cm−3 .

This value is much bigger than ni . From this, we conclude that to a good accuracy
p0 = N−

a = Na , as practically all acceptors are ionized at 300 K. Hence, Na =
4.58 · 1012 cm−3.

Problem 7 First, we find the intrinsic concentration at T = 200 K from its value at
T0 = 300 K:

ni(T ) = ni(T0)

(
T

T0

)3/2

e
Eg

2kT0
− Eg

2kT = ni(T0)

(
T

T0

)3/2

e
Eg

2kT0

(
1− T0

T

)
.

Numerically,

ni(200 K) = 1010 ·
(

200

300

)3/2

e
0.9

2·0.02585

(
1− 300

200

)
= 9.031 · 105 cm−3 .

This number is much smaller than the difference Nd − Na . Hence, in this n-type
semiconductor, the concentration of electrons is to a very good accuracy

n0 = Nd − Na = 9.999 · 1015 cm−3 .

Electron concentration is related to the intrinsic concentration by

n0 = NC e−(EC−EF )/kT = NC e−(EC−EFi+EFi−EF )/kT = ni e(EF −EFi)/kT ,

where we used one of the previously obtained expressions for the intrinsic concen-
tration, ni = NC e−(EC−EFi)/kT . We obtain

EF − EFi = kT ln
n0

ni

.

Numerically,

EF − EFi = 0.02585 · 200

300
· ln

9.999 · 1015

9.031 · 105
= 0.399 eV .



Chapter 6
Carrier Concentration and Electric
Potential

6.1 Electron and Hole Concentrations in a Non-uniform
Electric Potential

If the electric potential φ(�r) inside a semiconductor is non-uniform, the charge
carrier concentrations will differ from the values n0 and p0 obtained in the previous
chapter. The reason is simple: the mobile charge carriers get redistributed in the
material in response to the electric field �E = −�∇φ(�r) produced by the spatial
inhomogeneity of the potential. An overall motion of the charge carriers means
that they are not in thermal equilibrium. In this chapter, we assume that the
semiconductor is not a part of a closed circuit; hence, the electric current due to
a redistribution of electrons and holes eventually stops, and the system comes to a
new equilibrium state.

Electrons tend to migrate from the regions with the lower electric potential to the
regions with the higher potential. Likewise, holes migrate from the high-potential to
the low-potential regions. As the charge carriers move from one region to another,
they leave behind the ionized impurities. As a result, an internal disbalance of
positive and negative charges is created, which itself produces an internal electric
field. The internal field counteracts the external field, so that the total electric field
in the material eventually becomes zero and further migration of the free charge
carriers stops.

This reasoning shows that the electric potential inside the semiconductor and
the distribution of charge carriers affect each other, which makes finding the
new equilibrium state a non-trivial task. We begin by establishing the effect of a
non-uniform potential φ(�r) on the carrier concentrations. We mentally divide the
material into small volume elements �V such that the electric potential in each
element is approximately constant. The local concentration of electrons and holes is
defined as the ratio of their average number in each element to the volume �V of
that element.
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The energy of a charged particle due to the presence of an electric potential
φ(�r) is qφ(�r). That is, the energy of an electron near the top of the conduction
band changes from EC to EC − eφ(�r), and the energy of a hole (from the holes’
perspective) near the top of the valence band changes from E

(h)
V to E

(h)
V + eφ(�r).

We can repeat the derivation from Sect. 5.2 to obtain the local concentrations of
electrons and holes at a point �r with the result

n0(�r) = NCe−(EC−EF −eφ(�r))/kT , p0(�r) = n2
i /n0(�r) = NV e(EV −EF −eφ(�r))/kT .

It should be borne in mind that the electric potential is defined up to an arbitrary
constant. If the potential is uniform, φ(�r) = const, this constant should be set to
zero, as the carrier concentrations should be given by the expressions from Sect. 5.2
in this case.

It is expedient to cast the expressions for n0(�r) and p0(�r) into a form that
is independent of the choice of that constant. Namely, the electron and hole
concentrations at a point �r are related to their values at some reference point �r0
by

n0(�r) = n0(�r0) e(φ(�r)−φ(�r0))/Vth , p0(�r) = p0(�r0) e−(φ(�r)−φ(�r0))/Vth .

Here, in order to avoid using the letter e in the meaning of the elementary charge
and the base of an exponential (e.g., writing eeφ(�r)/kT is a bit clumsy), we have
introduced the thermal voltage

Vth = kT

e
.

At the room temperature T = 300 K, it has the value Vth = 0.02585 V.

6.2 Poisson’s Equation

A non-uniform distribution of electric charges inside a semiconductor due to, e.g.,
a non-uniform doping profile, results in an onset of an internal electric field, E(�r),
related to an electrostatic potential as E(�r) = −�∇φ(�r). The electric field depends
on the distribution of the charges inside the material. Poisson’s equation relates the
electric potential to charge density. It is the familiar Gauss law expressed in the form
of a differential equation.

For the sake of simplicity, we focus here on a special case when the electric
charge density depends on the x-coordinate only and is uniform in the yz-plane:
ρ = ρ(x). Consider a thin slab of thickness �x and base area A perpendicular to
the x-axis, see Fig. 6.1. By Gauss’ theorem, the electric field flux through its surface
equals the charge inside the slab divided by the product ε0ε, where ε is the relative
dielectric constant of the material, ε0 = 8.854 · 10−14 F/m is the permittivity of
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Fig. 6.1 Gaussian surface inside a semiconductor is a cylinder; the electric field flux through it
arises due to a non-uniform distribution of electric charge in the x-direction

vacuum, and ε is the relative permittivity of the material:

∫
d �A · �E = A

∫ x+�x

x
dx′ ρ(x′)

ε0ε
.

As the electric field has only the x-component, the flux through the slab is given
by E(x + �x)A − E(x)A. For very small �x, we can neglect the x-dependence of
the electric charge density inside the slab; hence, the total charge contained inside
the slab is ρ(x)A�x. We thus have

E(x + �x)A − E(x)A = ρ(x)A�x

ε0ε
.

Dividing both sides by the slab volume A�x and taking the limit �x → 0, we have

lim
�x→0

E(x + �x) − E(x)

�x
= dE(x)

dx
= ρ(x)

ε0ε
.

Because the electrostatic potential is non-uniform in the x-direction only, we have

E(x) = −dφ(x)

dx
.

Hence, we arrive at Poisson’s equation:

d2φ

dx2
= −ρ(x)

ε0ε
.

In a semiconductor, the charge density is a sum of the positive charge densities of
holes and ionized donors and the negative charge densities of electrons and ionized
acceptors:

ρ(x) = e(p0(x) + N+
d (x) − n0(x) − N−

a (x)) .

For the sake of generality, we allowed the doping concentrations to depend on the
coordinate x. In equilibrium, the local concentrations of carriers depend on the
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potential, as established in Sect. 6.1. Because of that, Poisson’s equation is non-
linear:

d2φ

dx2
= − e

ε0ε

(
p0(x0)e

−φ(x)/Vth + N+
d (x) − n0(x0)e

φ(x)/Vth − N−
a (x)

)
,

where x0 is a reference point, where the potential has the value φ(x0) = 0. Its
exact solution in a one-dimensional geometry will be presented in the end of this
chapter. But also approximate solutions can be obtained when the surface potential
is small compared to thermal voltage and when it is large, but not too high. These
approximations are discussed below.

6.3 Approximate Solution of Poisson’s Equation

6.3.1 Problem Formulation

Consider a thick semiconductor slab with a flat boundary in the yz-plane extending
in the positive x-direction. The semiconductor finds itself in thermal equilibrium
at the temperature sufficiently high for complete ionization of all doping impurities.
For definiteness, we assume that the semiconductor is of p-type, as in Fig. 6.2a, with
all acceptors ionized and no donors:

N−
a ≈ Na � ni , Nd = 0 .

The behavior of the electrostatic potential is described by Poisson’s equation

d2φ(x)

dx2 = − e

ε0ε
(p0(x) − n0(x) − Na)

with

p0(x) = Nae
−φ(x)/Vth , n0(x) = n2

i

p0(x)
= n2

i

Na

eφ(x)/Vth .

The electrostatic potential on the surface has a fixed value φS , and very far away
from the surface, it is zero. The value of the surface potential is maintained by an
external voltage applied to a metal electrode. In order to prevent the current from
flowing, that electrode is separated from the semiconductor by a thin insulating
layer, see Fig. 6.2. Note that due to the presence of this insulating layer and due
to the fact that the metal and the semiconductor have different work functions, the
voltage applied to the metal electrode differs from the value φS . In this chapter, we
will simply assume φS to be given.
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Fig. 6.2 The development of a depletion layer near when (a) a positive bias is applied to the
surface of a p-type semiconductor and (b) a negative bias is applied to the surface of an n-type
semiconductor

We wish to find out how the electrostatic potential φ(x) decreases from the initial
value

φ(0) = φS

to the value far from the surface

φ(∞) = 0 .

Furthermore, because there is no electric field at infinity, we have a further condition

dφ

dx

∣∣∣
x=∞ = 0 .

6.3.2 Debye Screening

First, let us focus on the situation when the surface potential is small compared to
the thermal voltage. Then, we can approximate

p0(x) = Nae
−φ(x)/Vth ≈ Na

(
1 − φ(x)

Vth

)

and neglect the electron concentration n0(x) ≈ n2
i

Na

(
1 + φ(x)

Vth

)
relative to the hole

and acceptor concentrations. This allows us to linearize Poisson’s equation with
respect to φ(x)/Vth as

d2φ(x)

dx2
= eNa

ε0εVth

φ(x) = φ(x)

λ2
D

,
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where we introduced the so-called Debye length

λD =
√

ε0εVth

eNa

.

The general solution of the linearized Poisson equation reads

φ(x) = Ae−x/λD + Bex/λD .

Due to the boundary condition φ(∞) = 0, we have to set B to zero. Next,
considering the boundary condition at x = 0, we find that the parameter A is, then,
the surface potential φS , yielding

φ(x) = φSe−x/λD .

We see that the free charge carriers (holes in this case) redistribute themselves in the
material in response to the external potential in such a way that the electric potential
in the material quickly goes to zero. This phenomenon is called screening.

6.3.3 Depletion Approximation

A simple approximate expression for the potential φ(x) in the semiconductor can
be obtained if the surface potential φS has the same sign as the majority charge
carriers, i.e., φS > 0 for a p-type semiconductor (Fig. 6.2a) and φS < 0 for an n-type
semiconductor (Fig. 6.2b). In this case, the majority carriers are pushed away from
the surface. On the other hand, we assume that the magnitude of the surface potential
is not large enough to attract a considerable amount of the minority carriers. As
a result, a region is formed near the surface, where neither the majority nor the
minority carriers compensate the uniform charge of the dopant ions. The charge
density inside this region is close to the charge density of the dopants. It is negative
in a p-semiconductor and positive in an n-semiconductor. This region is called the
depletion region or the space-charge region (SCR).

Within the depletion approximation, the boundary of the SCR is viewed as
sharp. That is, the true (but unknown) distribution of the electric charge density
is approximated by a box distribution:

ρ(x) ≈
{

−eNa for x ≤ xd ,

0 for x > xd ,

where xd is the yet unknown width of the depletion region, see Fig. 6.3. With this
approximation for the charge density, Poisson’s equation
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Fig. 6.3 (a) Schematic illustration of the hole concentration vs. the coordinate x (solid lines)
and the depletion approximation for p0(x) (shaded area). (b) Schematic illustration of the charge
density vs. coordinate (solid line) and its depletion approximation (shaded area)

d2φ(x)

dx2
=
{

eNa

ε0ε
for x ≤ xd

0 for x > xd

is easy to solve both inside and outside the SCR. It should be borne in mind that the
solutions of Poisson’s equation obtained in the two regions, x ≤ xd and x > xd ,
must coincide at the boundary of the SCR, x = xd .

Integrating Poisson’s equation once with respect to x, we have

dφ(x)

dx
=
{

eNa

ε0ε
(x − xd) for x ≤ xd

0 for x > xd

.

It is 0 at x > xd because the electric field −dφ/dx must vanish at x → ∞. The
integration constant in the expression for dφ/dx for x ≤ xd is chosen so as to make
sure that the derivative dφ/dx is continuous at x = xd .

One more integration gives

φ(x) =
{

eNa

2ε0ε
(x − xd)2 for x ≤ xd ,

0 for x > xd .

Note that φ(x) is continuous at the SCR boundary x = xd . We now can determine
the width xd of the depletion region from the surface value of the potential:

φ(0) = eNax
2
d

2ε0ε
= φS ⇒ xd =

√
2ε0ε

eNa

φS .

This completes the derivation.
Keeping in mind that the electric field induced in the semiconductor is E(x) =

−dφ(x)/dx, we conclude that it decreases linearly from the maximal value
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Fig. 6.4 Electric potential and electric field in the semiconductor obtained within the depletion
approximation

E(0) = eNaxd

ε0ε
=
√

2eNa

ε0ε
φS

at x = 0 to zero at x = xd , see Fig. 6.4.
For an n-type semiconductor with φS < 0, a similar analysis gives the same

formulae, but with the acceptor concentration replaced by the donor concentration,
Na → Nd , and the opposite sign of φ(x):

φ(x) =
{

− eNd

2ε0ε
(x − xd)2 for x ≤ xd

0 for x > xd

, xd =
√

2ε0ε

eNd

|φS | .

Combining the results for the p- and n-type semiconductors together, we express the
electric potential in the depletion region as

φ(x) = φS

(
1 − x

xd

)2

, xd =
√

2ε0ε

eNdop

|φS | ,

where Ndop = Nd or Na depending on the semiconductor type.

6.3.4 Validity Range of the Depletion Approximation

Let us now determine more precisely the validity range of the depletion approxima-
tion. As stated earlier, for this approximation to be valid, the concentration of both
majority and minority carriers must be much smaller than the doping concentration.
Assuming for definiteness the semiconductor to be p-type, we demand that

p0(x) � Na and n0(x) � Na for x < xd .
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The charge carrier concentrations are related to the electric potential by

p0(x) = p0(∞)e−φ(x)/Vth = Nae
−φ(x)/Vth ,

n0(x) = n0(∞)eφ(x)/Vth = n2
i

Na

eφ(x)/Vth ,

where we used the general formulas from Sect. 6.1 and the fact that Na � ni , which
allows us to approximate to a good accuracy p0(∞) = Na and n0(∞) = n2

i /Na .
We thus arrive at two conditions:

eφ(x)/Vth � 1 , eφ(x)/Vth � N2
a

n2
i

within the depletion region x < xd .
It is clear that the first condition cannot be fulfilled at all values of x < xd .

Indeed, as the coordinate increases from 0, the potential φ(x) decreases and
eventually reaches the value of a few Vth at some coordinate x0:

φ(x0) = φS

(
1 − x0

xd

)2

= KVth ,

where K ∼ 2 or 3. The depletion approximation actually becomes poor at

x > x0 = xd

(
1 −

√
KVth

φS

)
.

Note that x0 < xd . In order for the validity range of this approximation to be broad,
x0 must be only slightly smaller than xd , which is only possible if

φS � Vth .

This is the first validity criterion of the approximation. As usual, the strong
inequality � means that the surface potential must exceed the thermal voltage by at
least 10 times.

However, the surface potential cannot be too large because otherwise the second
condition,

e−φS/Vth � N2
a

n2
i

,

will be violated. Thus, the depletion approximation is valid if the surface potential
has the value within the range

Vth � φS < 2Vth ln
Na

ni

.
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It should be much higher than the thermal voltage, but smaller than the so-called
threshold potential

φT = 2
EFi − EF

e
= 2Vth ln

Na

ni

by at least a few multiples of the thermal voltage. For an n-type semiconductor with
φS < 0, a similar condition can be derived.

To summarize, both for n- and p-semiconductors, the depletion approximation is
valid, provided that

Vth � |φS | < 2Vth ln
Ndop

ni

,

where the doping concentration Ndop is either Nd or Na , depending on the
semiconductor type. This double inequality can only be fulfilled if the doping level
is sufficiently large. Namely, we must have

2Vth ln
Ndop

ni

� Vth ⇒ Ndop � ni .

More precisely, Ndop must exceed the intrinsic concentration by at least a few
hundred times.

If the magnitude of the surface potential exceeds the threshold potential φT , an
inversion layer is formed near the semiconductor surface. In the inversion layer,
the concentration of the minority carriers exceeds the doping level. As a result,
the conductivity of the inversion layer is comparable to or may even exceed the
conductivity of the bulk semiconductor. The depletion approximation cannot be
applied to describe this effect, and one must resort to the exact solution of Poisson’s
equation.

6.4 Band Diagrams and Band Bending

In thermal equilibrium, Fermi level must be constant everywhere in the semicon-
ductor. The non-uniformity of the carrier concentrations n0(x) and p0(x) in the
presence of an x-dependent potential φ(x) implies that the position of the band
edges EV and EC relative to the Fermi level EF depends on the coordinate x.
Namely, the valence band edge gets closer to the Fermi level in the direction of
the hole concentration increase, and the conduction band edge gets closer to EF in
the direction of the electron concentration increase. Mathematically,

EC(x) = EC − eφ(x) , EV (x) = EV − eφ(x) ,
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Fig. 6.5 Band bending in an
n-type semiconductor when
the surface potential φS is (a)
negative and (b) positive

where EC and EV (without the explicit x-dependence) are the band energies far
from the surface, where the electric potential is zero.

This is conveniently depicted in an energy band diagram, which shows how the
important energy levels change with the spatial coordinate x. Figure 6.5 exemplifies
the energy band diagrams of an n-type semiconductor with the negative and positive
surface potential. If the surface potential is positive, the semiconductor bands bend
down near the surface. If the surface potential is negative, the bands bend up. The
size of band bending is e|φS |. The direction of band bending has to do with the fact
that the electron energy in the presence of the electric potential is shifted by the
amount −eφ(x).

The energy band diagram does not have to be perfectly scale-accurate; however,
it must show the relative arrangement of the important energies in a semiconductor.
For example, if the semiconductor is of n-type, its Fermi level EF far from the
surface must be higher than the intrinsic Fermi level EFi ≈ (EC + EV )/2; in other
words, EF must be closer to the conduction band edge than to the valence band
edge. In a p-type semiconductor, EF must be closer to the valence band than to the
conduction band. Note that the position of the intrinsic Fermi level bends together
with that band edges EC(x), EV (x). If the intrinsic Fermi level EFi(x) crosses
the semiconductor Fermi energy EF , this means that the conductivity type of the
semiconductor changes from the p- to the n-type at the point of crossing where
EFi(x) = EF .

6.5 Electric Potential in a Semiconductor from Poisson’s
Equation

6.5.1 Exact Solution of Poisson’s Equation

Because the right-hand side of Poisson’s equation strongly depends on the unknown
electrostatic potential, its analytical solution may seem a formidable task even for
complete ionization. Yet, Poisson’s equation can be solved analytically under the
complete ionization conditions.
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For the sake of brevity of the formulae, we still assume that N−
a ≈ Na � ni and

Nd = 0. But the method developed here applies to arbitrary doping levels with both
donor and acceptor impurities.

It is convenient to cast Poisson’s equation, formulated in the beginning of
Sect. 6.3, into a non-dimensional form. Let us introduce the non-dimensional
potential y(x) and the non-dimensional coordinate t according to

y(x) = φ(x)

Vth

, t = x

λD

.

Here, λD is Debye length defined in Sect. 6.3.2. It is also expedient to define the
non-dimensional threshold potential from Sect. 6.3.4 as

yT = φT

Vth

= 2 ln
Na

ni

= 2
EFi − EF

kT
, eyT = N2

a

n2
i

.

With these definitions, Poisson’s equation is conveniently written in the non-
dimensional form:

d2y(t)

dt2 = −
(
e−y(t) − ey(t)−yT − 1

)

with the boundary conditions

y(0) = yS = φS

Vth

, y(∞) = dy

dt
(t = ∞) = 0 .

Poisson’s equation is reminiscent of a Newtonian equation of motion for a unit-
mass particle with position y(t) in a potential V (y):

d2y

dt2 = −dV (y)

dy
.

The potential is obtained by integration:

dV (y)

dy
= e−y − ey−yT − 1 ⇒ V (y) = −e−y − ey−yT − y .

This mechanical analogy allows us to use the law of energy conservation. Namely,
multiplying both sides of the “equation of motion” with the “velocity” dy/dt , we
obtain

dy

dt

d2y

dt2 = −dy

dt

dV (y)

dy
⇒ d

dt

(
1

2

(
dy

dt

)2

+ V (y)

)
= 0 .
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At any moment of time, the total “energy” of the particle

E = 1

2

(
dy

dt

)2

+ V (y) = 1

2

(
dy

dt

)2

− e−y − ey−yT − y

is a constant. The value of the “energy” E can be established from the boundary
condition at t = ∞, where y = 0 and dy/dt = 0:

E = −1 − e−yT .

Substitution of this expression into the definition of “energy,” we conclude that

1

2

(
dy

dt

)2

− e−y − ey−yT − y = −1 − e−yT ,

and thus the velocity is given by

dy

dt
= −sign(φS)

√
2
(
y + e−y − 1 + e−yT (ey − 1)

)
.

The correct sign in front of the square root must be opposite to the sign of the surface
potential φS . If φS > 0, then the potential should be decreasing to 0 with distance
from the surface, and thus dy/dt < 0. If φS < 0, then the potential should be
increasing with distance, and thus dy/dt > 0.

The last equation can be written in the equivalent form

dt = −sign(φS)
dy√

2
(
y + e−y − 1 + e−yT (ey − 1)

) .

Integrating this from t = 0, where y = yS , to some arbitrary t and the corresponding
y(t) gives

t = −sign(φS)
1√
2

∫ y(t)

yS

dy′√
y′ + e−y′ − 1 + e−yT (ey′ − 1)

.

Finally, let us convert this result from the non-dimensional variables y and t into the
dimensional ones, φ and x:

x = λD√
2

sign(φS)

∫ φS/Vth

φ(x)/Vth

dy√
y + e−y − 1 + e−yT (ey − 1)

.

This completes the solution of Poisson’s equation. The integral in this solution must
be evaluated numerically. Instead of the x-dependent potential φ(x), we have the
coordinate x at which a given value of the electrostatic potential φ is realized. That
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is not a problem: all that needs to be done is to plot the independent variable φ on
the vertical axis and the dependent variable x(φ) on the horizontal axis.

Even though the solution obtained in this section is mathematically exact, it still
relies on Boltzmann’s approximation for the carrier concentrations. Therefore, it
cannot be applied when the magnitude of the surface potential gets too large. More
precisely, the Fermi energy must differ from the band edge energies EC(x) = EC −
eφ(x) and EV (x) = EV − eφ(x) by at least a few thermal energies both inside of
the material and on the surface. Assuming this to be the case far from the surface,
we must have

EC − eφS − EF > eVth , EV − eφS − EF > eVth .

If these conditions do not hold true, one cannot use Boltzmann’s approximation for
the charge carrier concentrations.

6.5.2 Numerical Results

The field effect refers to the possibility to control the concentration and the sign
of the charge carriers near the surface of a semiconductor using an electric field.
The field effect is at the heart of metal–oxide–semiconductor field effect transistor
(MOSFET) operation, so let us discuss it in detail.

For definiteness, let us consider a p-type Si semiconductor doped with Na =
1015 cm−3 acceptors at room temperature T = 300 K. Using the parameters from
Appendix A.3, we find for this doping level the threshold potential and the Debye
length

φT = 2Vth ln
Na

ni

= 0.603 V , λD =
√

ε0εVth

eNa

= 0.129µm .

Suppose that we can control the value of the electrostatic potential φS on its surface,
and we wish to investigate how the potential φ(x) and the charge density

ρ(x) = e(p0(x) − n0(x) − N−
a ) , p0(x) = Nae

−φ(x)/Vth , n0(x) = n2
i

p0(x)
,

change with the coordinate x. This is achieved by solving Poisson’s equation, as
discussed in Sect. 6.5.1. The behavior of the electrostatic potential (normalized
to the threshold value) and electric charge density ρ(x) is shown in Fig. 6.6a–
d. The upper plot of each part of this figure is the potential normalized to the
threshold value, φ(x)/φT , vs. the distance measured in the units of Debye length,
x/λD . The lower plot shows the charge density normalized to the magnitude of the
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charge density of the acceptors, ρ(x)/(eNa). Depending on the value of the surface
potential, the following kinds of behaviors are observed:

(a) At the surface potential φS = 0.01φT = 0.006 V, electron concentration near

the surface has the value n0(0) = n2
i

Na
eφS/Vth ≈ 1.25 · 105 cm−3, much smaller

than acceptor concentration. The hole concentration near the surface is very
close to the acceptor concentration, p0(0) = Nae

−φS/Vth ≈ 7.9 · 1014 cm−3.
This allows using the Debye screening approximation from Sect. 6.3.2; in fact,
the curve φ(x) = φSe−x/λD in this case is practically indistinguishable from
the numerical curve from Fig. 6.6a.

(b) Increasing the surface potential to the value φS = 0.5 φT = 0.3 V results
in a formation of the space-charge region with the charge density of the
acceptor background, −eNa , and thickness of about xd ≈ 0.623 μm ≈ 4.8λD .
Inside the depletion region with constant charge density, the potential decreases
approximately quadratically. At x > xd , the potential exhibits an exponential
tail, where φ(x) ∝ e−x/λ.

(c) At the surface potential equal to the threshold value, φS = φT , the size of the
depletion region slightly increases as compared to plot (b). More importantly,
right at the surface, a very thin layer appears, where the charge density is twice
the charge density in the rest of the depletion region. The reason for this is
clear: at this value of surface potential, electron concentration near the surface
is the same as acceptor concentration, n0(0) = Na . On the other hand, hole
concentration near the surface is equal to the electron concentration in the bulk,
p0(0) = Nae

−φT /Vth = n2
i /Na . Because the concentrations of electrons and

holes near the surface are inverted relative to their bulk values, this thin electron-
enriched layer is called the inversion layer.

(d) At even higher surface potential φS = 1.2φT , the potential φ(x) inside the
inversion layer initially decreases from the initial value φS to the threshold
value φT . This part of the plot corresponds to the electron-rich inversion layer,
marked by a very large negative charge density ρ(x). Near the point x where the
potential reaches the value φT , the inversion layer ends and the depletion region
begins. Its width and charge density are the same as at the threshold surface
potential value from panel (c). That is, after the surface potential reaches the
threshold value, the width of the depletion region saturates at the value

xdT =
√

2ε0ε

eNa

φT ,

as obtained by solving Poisson’s equation using the depletion approximation
and setting φS to φT . A further increase of φS does not affect the depletion
region width, which still remains equal xdT .
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Fig. 6.6 The electric potential normalized to the threshold value φT = 0.603 V and the charge
density normalized to the magnitude of the acceptor charge density ρa = eNa = 1.602 ·
10−4 C/cm3 in p-type Si doped at Na = 1015 cm−3 for different values of the surface potential:
(a) φS = 0.01φT ; (b) φS = 0.5φT ; (c) φS = φT ; (d) φS = 1.2φT
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6.6 Problems

6.6.1 Solved Problems

Problem 1 The surface of a p-Si sample doped at Na = 1016 cm−3 contains
trapped positive charges. Their surface concentration is η = 1011 cm−2, i.e., the
surface charge density is eη = 1.602 · 10−8 C/cm2. The potential far from the
surface is zero. What is the depletion region width xd and the value of the surface
potential? Is the depletion approximation applicable to answer this question?

Problem 2 Same as in Problem 1, but this time η = 1012 cm−2. Is the inversion
layer formed near the surface of the sample? If yes, what is its surface charge density
and the number of electrons per unit area?

Problem 3 Formulate Poisson’s equation to find the electric potential in an intrinsic
semiconductor with the boundary conditions φ(0) = φS and φ(∞) = 0. How does
this equation simplify for |φS | � Vth? Find the Debye length of intrinsic silicon at
T = 300 K.

Problem 4 The value of the surface potential on an n-type Si sample with Nd =
1017 cm−3 is φS = −0.5 V. At what distance xi from the surface are electron
and hole concentrations equal, p0(xi) = n0(xi) = ni? Hint: Use the depletion
approximation to answer this question.

6.6.2 Practice Problems

Problem 1 The surface of a p-Si sample doped at Na = 1016 cm−3 contains an
unknown number η of positive charges per unit area. At what concentration η of
those charges does an inversion layer start to form on the surface of the sample?
What is the electric field value in the semiconductor right at the surface at this
concentration of surface charges?

Problem 2 The potential on the surface of an n-Si sample with Nd = 5 ·1015 cm−3

is φS = −0.75 V. The temperature is 300 K. At this value of the surface potential,
an inversion layer exists at the surface. Find the voltage drop across the inversion
layer.

Problem 3 Consider an n-type Si sample with Nd = 1016 cm−3. At what value of
the surface potential φS are the electron and hole concentrations near the surface
equal?
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Problem 4 Formulate and solve Poisson’s equation to find the electric potential
φ(x) in an intrinsic semiconductor with the boundary conditions φ(0) = φS and
φ(∞) = 0. You may need the identity

∫∞
x

dt
sinh(t)

= − ln (tanh(x/2)).

6.6.3 Solutions

Problem 1 The threshold value of the surface potential is

φT = 2Vth ln
Na

ni

= 2 · 0.02585 · ln
1016

8.59 · 109
= 0.7221 V .

The maximal surface charge density of the depletion layer can be found by assuming
the surface potential to be at the threshold value:

−eNaxdT = eNa

√
2ε0ε

eNa

φT = −√2ε0εeNaφT

=
√

2 · 8.854 · 10−14 · 11.7 · 1.602 · 10−19 · 1016 · 0.7221

= −4.896 · 10−8 C/cm2 .

Since this number exceeds in magnitude the value of eη, we can conclude that the
inversion layer is not formed at the surface, and the depletion approximation is valid.

The surface charge density (i.e., charge per unit area) of the depletion region
is given by the product of the volume charge density and the depletion region
width, −eNaxd . It should perfectly compensate the surface charge density due to
the trapped charges. We thus have

eNaxd = eη ⇒ xd = η/Na = 1011/1016 = 10−5 cm = 0.1µm .

The depletion region is maintained by the surface potential found from the formula

xd =
√

2ε0ε
eNa

φS , giving

φS = eNax
2
d

2ε0ε
= 1.602 · 10−19 · 1016 · 10−10

2 · 8.854 · 10−14 · 11.7
= 0.0773 V .

Problem 2 As established in the solution to the previous problem, the magnitude
of the maximal surface charge density in the depletion region is eNaxdT = 4.896 ·
10−8 C/cm2. This is below the surface charge density of the trapped charges, eη =
1.602 · 10−7 C/cm2. Therefore, the depletion region alone cannot ensure the charge
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neutrality. The number −eNaxdT found above is the surface charge density of the
depletion region.

Let ηi be the concentration of electrons per unit area in the inversion layer.
The surface charge density of the inversion layer, −eηi , is found from the charge
neutrality

eη − eNaxdT − eηi = 0 ⇒ −eηi = eNaxdT − eη ;
− eηi = 4.896 · 10−8 − 1.602 · 10−7 = −1.112 · 10−7 C/cm−3 .

The corresponding surface concentration of electrons is

ηi = 1.112 · 10−7

1.602 · 10−19
= 6.94 · 1011 cm−2 .

Problem 3 In an intrinsic semiconductor, the charge density is

ρ(x) = e(p0(x) + n0(x)) ,

where the carrier concentrations in the presence of the potential φ(x) are given by

p0(x) = ni e−φ(x)/Vth , n0(x) = ni eφ(x)/Vth .

Hence,

ρ(x) = eni(e
−φ(x)/Vth − eφ(x)/Vth) = −2eni sinh(φ(x)/Vth) .

Poisson’s equation reads

d2φ(x)

dx2 = 2eni

ε0ε
sinh(φ(x)/Vth) .

At small values of its argument |x| � 1, the hyperbolic sine can be approximated
as sinh(x) ≈ x; hence, for small potential |φ(x)| � Vth, we can write

d2φ(x)

dx2
= 2eni

ε0εVth

φ(x) = φ(x)

λ2
D

,

where the Debye length

λD =
√

ε0εVth

2eni

.

At T = 300 K in Si, ni = 8.59 · 109 cm−3, so
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λD =
√

8.854 · 10−14 · 11.7 · 0.02585

2 · 1.602 · 10−19 · 8.59 · 109 = 3.12 · 10−3 cm = 31.2µm .

Problem 4 The value of the electric potential at this point is defined by the
condition

Ndeφ(xi )/Vth = n2
i

Nd

e−φ(xi )/Vth ⇒ φ(xi) = Vth ln
ni

Nd

.

On the other hand, the potential depends on the coordinate x as

φ(x) = φS (1 − x/xd)2 , xd =
√

2ε0ε

eNd

|φS | .

At the point x = xi , we must have

φS

(
1 − xi

xd

)2

= Vth ln
ni

Nd

⇒ xi = xd

(
1 −

√
Vth

φS

ln
ni

Nd

)
.

Numerically,

xd =
√

2 · 8.854 · 10−14 · 11.7 · 0.5

1.602 · 10−19 · 1017 = 8.04 · 10−6 cm = 80.4 nm ,

xi = 80.4 ·
(

1 −
√

0.02585

0.5
· ln 107

)
= 7.01 nm .



Chapter 7
Generation–Recombination Processes

7.1 Recombination Mechanisms

The electron and hole concentrations n0 and p0 do not change in time in the state
of thermal equilibrium. Nevertheless, even in equilibrium, electrons constantly get
promoted from the valence band into the conduction band and return into the valence
band. Excitation of the electrons from the valence band into the conduction band
results in the generation of electron–hole pairs; recombination is an elementary
process, in which a conduction electron re-enters the valence band where to occupy
an empty state that we call a hole. The state of thermal equilibrium is by no
means static. It is a dynamic state, in which generation and recombination processes
perfectly balance each other.

Domination of one of these two processes would mean an increase or a decrease
of the electron and hole concentrations. Generation dominates over recombination
if the initial concentrations of the charge carriers was below the equilibrium values
n0 and p0. In the opposite case, recombination proceeds at a higher rate until
equilibrium is established.

During an electron–hole recombination event, energy and momentum must be
conserved. Note that the vast majority of conduction electrons occupy the states at
the bottom of the conduction bands, whereas the majority of holes “live” near the
top of the valence band. This means that the energy released in a recombination
event is slightly greater than the band gap energy Eg by an amount of the order of
the thermal energy kT , see Sect. 5.3.

The momentum released in a recombination event depends on the band structure
of the semiconductor. In the direct-band gap semiconductors, the momentum at the
bottom of the conduction band is the same as at the top of the valence band, so that
the electron and hole have very close momentum values before the recombination.
This means that very little momentum is released after they recombine. In the
indirect-band gap semiconductors, where the band edges happen to be at different
momenta, the momentum released has an appreciable value.
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Both the energy Eg and the momentum released in a recombination event must
be carried away by a third particle. This third particle can be a photon, a phonon,
another electron, or a hole. It should be borne in mind that the momentum of a
massless photon of energy hf = Eg , namely, pph = h/λ = hf/c = Eg/c, is much
smaller than momentum of a massive particle of the same kinetic energy, ppart =√

2mEg . Indeed, the ratio of the photon-to-particle momentum is pph/ppart =√
Eg/(2mc2). For the lightest massive particle, an electron, the so-called rest energy

is mec
2 ≈ 511 keV, whereas the typical band gap in a semiconductor Eg ≈ 1 eV.

Hence, the momentum ratio is about pphot/pe ≈ 10−3.
An important conclusion can be drawn from this estimate. If the momentum

released in a recombination event is small, then photons are much more likely to
participate in the recombination. If the initial state of an electron in the conduction
band and its final state in the valence band differ significantly not only in energy,
but also in momentum, then the probability of a photon emission is much lower.

Recombination in semiconductors can proceed according to the four main
mechanisms:

Radiative recombination , in which an electron recombines with a hole with an
emission of a photon. This mechanism is the dominant one in the direct-band gap
semiconductors (see Fig. 7.1a), such as GaAs, the extra energy is carried away by a
photon. In the indirect-band gap semiconductors, such as Si, radiative recombination
is also possible, but much less likely than in the direct-band gap semiconductors.
The reason is that it must be accompanied by a release of a phonon which would
carry away the momentum difference between the initial electron state at the bottom
of the conduction band and the final state at the top of the valence band (see
Fig. 7.1b). The more particles are involved in a process, the less probable it is; hence,
radiative recombination in the indirect-band gap semiconductors plays a minor role
as compared to other mechanisms that follow.

Auger recombination is an example of a non-radiative mechanism, in which
the energy and momentum released in a recombination event are carried away by
another electron from the conduction band or by another hole from the valence
band, see Fig. 7.2a and b, respectively. The charge carrier that absorbs the energy
and momentum initially has high energy. It gives up very quickly its excess energy
to the lattice.

Fig. 7.1 Radiative recombination in the (a) direct-band gap and (b) indirect-band gap semicon-
ductors. The filled circles represent electrons in the conduction band; the empty circles represent
holes in the valence band
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Fig. 7.2 Two types of an Auger process, in which either (a) an electron or (b) a hole absorbs the
energy and momentum released in a recombination event. This particle then quickly dissipates the
extra energy ∼ Eg by giving it away to the lattice

Trap-assisted Shockley-Read-Hall (SRH) recombination is a non-radiative
recombination event assisted by the so-called deep impurities, or traps. The donors
and acceptors are shallow impurities in the sense that their energies, Ed,a , are close
to the band edges. In contrast, the traps are deep impurities whose energy Et is close
to the middle of the band gap. Usually, they are metal atoms of various types, such
as Fe, Cu, Ni, Cr, Au, Pt, etc. The deep impurities can capture conduction electrons,
which then can go into the valence band, i.e., recombine with holes. The energy Eg

is released in two smaller portions, first due to electron capture by a trap (energy
released = EC −Et ), and then due to the recombination of the trapped electron with
a hole (energy released = Et − EV ). During a SRH recombination event, it is the
trap atom that first absorbs the excess energy and momentum, and then dissipates it
into the crystal in the form of phonons.

Surface recombination proceeds according to the SRH mechanism just
described, but with the traps located on the surface of the semiconductor. Not
all atoms on the surface have their valence electrons paired up with those of the
neighbor atoms. Therefore, many surface atoms have unsaturated dangling bonds
that can capture conduction electrons. In addition, surfaces may have a large number
of defects and impurity atoms that can serve as traps as well.

Radiative and Auger recombination processes cannot be controlled externally by
increasing the degree of purity of the material. They are sometimes called intrinsic
recombination mechanisms. In contrast, SRH and surface recombination rates can
be reduced by increasing the purity of the material, by surface passivation, and by
heavy doping of the semiconductor near the surface. They are referred to as extrinsic
recombination mechanisms.

7.2 Charge Carrier Dynamics

7.2.1 Generation and Recombination Rates

Under the non-equilibrium conditions, the carrier concentrations, n and p, differ
from their equilibrium values, n0 and p0. The deviations of the respective con-
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centrations from the equilibrium values are termed the excess electron and hole
concentrations:

�n = n − n0, �p = p − p0.

Normally, a semiconductor is electrically neutral, implying that

�n = �p.

Apart from thermal activation of electrons from the valence to the conduction
band, excess charge carriers can be produced by an external agent, e.g., by illumi-
nating the semiconductor with light. After an external generation process is switched
off, the excess concentration �n will decay to zero. In this section, we would
like to describe the process of generation and equilibration of the excess carriers
mathematically. For the sake of simplicity, we will assume the semiconductor to be
uniform, i.e., the excess concentration �n to be position-independent.

Let us denote the generation rate of electrons and holes as G. It is the number of
electrons and holes generated in a unit volume per unit time; hence, it is measured
in

[G] = cm−3s−1.

Because electrons and holes are produced in pairs, their generation rates are the
same, and we do not need to introduce separate generation rates for electrons and
holes.

The total generation rate or electron–hole pairs, Gtot , consists of two contri-
butions: the thermal generation, Gth, which is acting in thermal equilibrium, and
excess non-thermal generation, G, which is due to an external perturbation, such as
light:

Gtot = Gth + G.

The thermal generation at the rate Gth originates from the energy exchange between
the valence band electrons with the lattice vibrations and electromagnetic waves that
exist within the semiconductor. It cannot be switched on or off. In contrast, the non-
thermal generation is usually induced and can be controlled by an experimentalist.

In principle, the generation rate may depend on the excess concentration �n, but
only if �n becomes very large, e.g., comparable to the effective densities of states
in the valence and conduction band. Indeed, at the excess concentration this high,
most of the Bloch states near the top of the valence band are empty, and most states
near the bottom of the conduction band are occupied by electrons. Both of these
factors make further generation of excess electron–hole pairs more difficult.
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Here, we will focus on the usual case when �n � NC,NV . Then, the generation
rate Gtot is independent of the excess carrier concentration �n.

We also introduce the recombination rate R as the number of recombination
events that happen in a unit volume per unit time, i.e., it is measured in

[R] = cm−3s−1,

just like the generation rate. In contrast to the generation rate, the recombination rate
R does depend on the excess concentration �n. The more carriers are present, the
more recombination events should take place in a unit volume per unit time. Hence,
the recombination rate R(�n) increases with the excess concentration.

Assuming a uniform distribution of excess carriers in the semiconductor, the
rate of change of the excess carrier concentration is given by the difference of the
generation and the recombination rates:

d�n

dt
= Gtot − R(�n) = G + Gth − R(�n).

In thermal equilibrium, charge carriers are generated only due to the thermal
excitation. Furthermore, there are no excess carriers. Hence, thermal equilibrium is
defined by the conditions G = 0 and �n = 0. Furthermore, in thermal equilibrium,
the concentration of carriers does not change in time. Hence, the time derivative

d�n

dt

∣∣∣∣
G=0,�n=0

= Gth − R(0) = 0.

The thermal generation rate is exactly equal the recombination rate at zero excess
concentration:

Gth = R(0).

In the out-of-equilibrium case, it is convenient to combine the thermal generation
rate and the recombination rate into a single parameter, called the net recombination
rate:

U(�n) = R(�n) − Gth = R(�n) − R(0).

The net recombination rate is positive if the recombination processes dominate over
thermal generation at �n > 0. It is negative if �n < 0, in which case thermal
generation dominates. In thermal equilibrium, �n = 0 and U(0) = 0.

The recombination rate is actually a sum of several contributions due to
different recombination mechanisms operative in the volume of a semiconductor.
As discussed above, these are the radiative recombination (subscript r), the Auger
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recombination (subscript A), and the Shockley-Read-Hall recombination mecha-
nism (subscript SRH ). The net recombination rate for each of these recombination
channels is given by the difference

Ur(�n) = Rr(�n) − Rr(0), UA(�n) = RA(�n) − RA(0),

USRH (�n) = RSRH (�n) − RSRH (0).

7.2.2 Recombination Time Approximation

Consider a situation when some non-thermal generation mechanism was present
initially, but was switched off at t = 0. Let us find out how the non-equilibrium
excess concentration �n(t) decays to zero at t ≥ 0. Since at t ≥ 0 we have G = 0,
the equation that governs the equilibration of charge carriers is

d�n

dt
= Gth − R(�n) = −U(�n).

Let us assume that the excess concentration is so small that we can linearize the net
recombination rate near the point U(0) = 0 as

U(�n) = U ′(0)�n + . . . ≈ �n

τ
for �n � n0 + p0

and neglect the higher-order terms. Of course, when we say that �n is small, we
should also answer the question: small compared to what? As will be shown below
in this chapter, the excess concentration should be much smaller than the majority
carrier concentration.

The parameter

τ = 1

U ′(0)
≡
(

dU(�n)

d�n

∣∣∣∣
�n=0

)−1

is called the recombination time, or the lifetime of the charge carriers. Within the
relaxation time approximation, the excess carrier concentration is an exponentially
decaying function of time: Within this approximation, we can write

d�n

dt
= −�n

τ
⇒ �n(t) = �n(0)e−t/τ .

Typically, several recombination channels act simultaneously in the material: the
radiative, SRH, and Auger recombination. Then, the net recombination rate is the
sum of the contributions from all recombination channels,
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U(�n) = Ur(�n) + UA(�n) + USRH (�n),

all of which depend on �n. Taking the derivatives of all three recombination rates
at �n = 0, we obtain the expression for the total recombination time

1

τ
= 1

τr

+ 1

τA

+ 1

τSRH

,

where τr , τA, and τSRH are the recombination times due to each individual channel.
The net lifetime τ is smaller than the smallest recombination time present.

If an external non-thermal generation mechanism is acting, e.g., due to the
illumination of the material with light, then G > 0, and the equation for the excess
concentration assumes the form

d�n

dt
= −�n

τ
+ G,

provided that �n is not too big to invalidate the recombination time approximation
for U(�n). Starting from some initial value �n(0), the excess concentration will
then evolve according to

�n(t) = �n(0)e−t/τ + Gτ
(
1 − e−t/τ

)
,

until it reaches a steady state with

d�n

dt
= 0, �n = Gτ,

after which it will not change. The electron and hole concentrations in the steady
state are given by

n = n0 + Gτ, p = p0 + Gτ.

7.3 Radiative Recombination

A single radiative recombination event involves an electron and a hole and does
not require a third particle to take place. Therefore, the number of radiative
recombination events that happen in a unit volume per unit time is proportional
to the electron and hole concentrations:

Rr = Bnp.

The proportionality constant B is called the radiative recombination coefficient. It
is measured in
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[B] = cm3/s.

In Si (an indirect-band gap semiconductor), it has the value of BSi ≈ 4.7 ·
10−15 cm3/s at 300 K, whereas in GaAs (a direct-band gap semiconductor), it is
five orders of magnitude higher, BGaAs ≈ 7 · 10−10 cm3/s.

By writing n = n0 + �n and p = p0 + �n, we can express the radiative
recombination rate in terms of the excess carrier concentration �n:

Rr(�n) = B(n0 + �n)(p0 + �n) = Bn0p0 + B(n0 + p0)�n + B�n2.

The net radiative recombination rate is

Ur(�n) = Rr(�n) − Rr(0) = B(n0 + p0)�n + B�n2.

By taking its derivative with respect to �n at �n = 0, we find the radiative
recombination time

τr = 1

U ′
r (0)

= 1

B(n0 + p0)
.

Observing that the net recombination rate can be written as Ur(�n) = �n
τr

+
B�n2, we conclude that the radiative recombination time description is a good
approximation provided that the first term is much bigger than the second term,
i.e.,

�n � n0 + p0.

In the opposite limit, �n � n0 + p0, the net radiative recombination rate increases
as the second power of �n: Ur = B�n2.

7.4 Auger Recombination

When an electron and a hole recombine, the energy and momentum released can
be transferred to either another electron or to another hole. Hence, Auger recom-
bination involves three particles and may proceed via two channels, depending on
whether it is an electron or a hole that carries away the energy. Let us denote the
electron-assisted Auger recombination rate as RA,e and the hole-assisted rate as
RA,h. The Auger recombination rate is

RA = RA,e + RA,h.
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The rate of an Auger process involving two electrons and a hole is proportional to
the hole concentration and to the square of electron concentration:

RA,e = Cen
2p.

Similarly,

RA,h = Chnp
2.

The proportionality constants Ce and Ch are called the Auger recombination
coefficients. They are measured in

[Ce] = [Ch] = cm6/s

and their typical value is of the order of 10−30 cm6/s in a number of semiconductors,
including Si and GaAs.

As before, we write n = n0 + �n and p = p0 + �n to express the Auger
recombination rate in terms of the excess carrier concentration �n:

RA,e(�n) = Ce(n0 + �n)2(p0 + �n)

= Cen
2
0p0 + Ce(n

2
0 + 2n0p0)�n + Cep0�n2 + Ce�n3,

RA,h(�n) = Chp
2
0n0 + Ch(p

2
0 + 2n0p0)�n + Chn0�n2 + Ch�n3.

The net recombination rates UA(�n) are obtained by subtracting the values
RA,e(0) = Cen

2
0p0 and RA,h(0) = Chp

2
0n0 from the respective expressions:

UA(�n) = UA,e(�n) + UA,h(�n),

UA,e(�n) = Ce(n
2
0 + 2n0p0)�n + Cep0�n2 + Ce�n3,

UA,h(�n) = Ch(p
2
0 + 2n0p0)�n + Chn0�n2 + Ch�n3.

Taking the derivative of the sum of these two expressions at �n = 0, we find the
Auger recombination time to be

τA = 1

Ce(n
2
0 + 2n0p0) + Ch(p

2
0 + 2n0p0)

= 1

Cen
2
0 + Chp

2
0 + 2(Ce + Ch)n

2
i

.

If the material is of n-type, the electron-mediated Auger recombination process
dominates, and if it is of p-type, the hole-assisted Auger mechanism is more
efficient. Correspondingly,
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τA ≈
⎧⎨
⎩

1
Cen

2
0

if n0 � ni � p0,

1
Chp2

0
if p0 � ni � n0.

The recombination time approximation is valid under the condition that the linear
term in the expression for UA(�n) is much higher than the quadratic and cubic
terms, i.e.,

Ce(n
2
0 + 2n0p0) + Ch(p

2
0 + 2n0p0) � (Cep0 + Chn0)�n + (Ce + Ch)�n2.

The right-hand side of this strong inequality monotonically increases with �n.
Hence, this inequality is fulfilled for �n much smaller than the value at which the
two sides of the inequality become equal. We thus arrive at the condition

�n �
√

(Cep0 + Chn0)2

4(Ce + Ch)2 + Cen
2
0 + Chp

2
0 + 2n0p0(Ce + Ch)

Ce + Ch

− Cep0 + Chn0

2(Ce + Ch)
.

In an n-type semiconductor, we can neglect all terms in the right-hand side that
contain p0 and obtain

�n � n0
Ch

Ce + Ch

(√
1 + 4

Ce(Ce + Ch)

C2
h

− 1

)
≈

⎧⎪⎪⎨
⎪⎪⎩

2 Ce

Ch
n0 if Ch � Ce ;

2n0 if Ce � Ch ;
n0 if Ce ≈ Ch.

For a p-type semiconductor, the condition is similar, but with n0 replaced by p0
and the coefficients Ce and Ch interchanged:

�n � p0
Ce

Ce + Ch

(√
1 + 4

Ch(Ce + Ch)

C2
e

− 1

)
≈

⎧⎪⎪⎨
⎪⎪⎩

2Ch

Ce
p0 if Ce � Ch ;

2p0 if Ch � Ce ;
p0 if Ce ≈ Ch.

For an intrinsic semiconductor, the recombination time approximation is justified
for �n � ni , irrespective of the relation between the Auger coefficients Ce and Ch.

7.5 Shockley-Read-Hall (SRH) Recombination

7.5.1 Electron and Hole Capture and Emission by the Traps

Suppose the material contains deep impurity atoms, or traps, with the energy Et

and concentration Nt . Let us denote the concentration of those traps that are filled
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Fig. 7.3 An illustration of
electron capture, electron
emission, hole capture, and
hole emission by a trap

with an electron as N ′
t . We focus on the case when the trap concentration is too

small to affect the charge neutrality. We furthermore assume that a trap atom can
accommodate not more than just one electron.

The four possible exchange processes may happen between a trap and the valence
and conduction bands. They are schematically shown in Fig. 7.3, in which the filled
circles represent electrons and empty circles represent holes:

Electron capture (ec) is a transition of an electron from the conduction band to
the trap level. The rate of this process is proportional to the concentration of empty
traps, Nt − N ′

t , and to the non-equilibrium electron concentration n. Denoting the
proportionality constant as cec, the rate of electron capture is

Rec = cec(Nt − N ′
t )n.

Electron emission (ee) is a back-transition of an electron from a trap into the
conduction band. The rate of this process is proportional to the concentration of
filled traps, N ′

t , with the proportionality constant cee:

Ree = ceeN
′
t .

Hole capture (hc) is a transition of an electron from a trap into the valence
band. The rate of hole capture is proportional to the concentration of holes and
the concentration of traps filled with an electron:

Rhc = chcN
′
t p.

Hole emission (he) is a transition of an electron from the valence band to a trap.
Its rate is proportional to the concentration of empty traps:

Rhe = che(Nt − N ′
t ).

The emission processes can be interpreted as generation and the capture pro-
cesses as recombination of charge carriers.
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7.5.2 The Principle of Detailed Balance

The rate constants of the four processes, cec, cee, chc, and che, are not independent.
Rather, they are related to each other by the principle of detailed balance. The idea
behind this principle is that in thermal equilibrium, the rate of each elementary
process is equal to the rate of the reverse process. That is, electron capture rate
exactly equals electron emission rate, and hole capture and emission processes
proceed at the same rate as well.

In thermal equilibrium (subscript 0), the probability for a trap to be occupied by
an electron is given by the Fermi-Dirac distribution:

ft = 1

1 + e(Et−EF )/kT
, N ′

t0 = Ntft .

Strictly speaking, the exponential factor should be multiplied by the trap
degeneracy factor gt = 2 due to the two possible spin orientations of the captured
electron. We absorb this factor into the definition of the trap energy, which we write
as

Et = Et0 + kT ln gt ,

where Et0 is the true energy of the trap.
Because in equilibrium the rates of direct and reverse processes are the same,

Rec0 = Ree0

with n = n0, p = p0, we have:

cecNt (1 − ft )n0 = ceeNtft .

Dividing both sides by ftNt , we can express the electron emission rate constant as

cee = cec(f
−1
t − 1)n0 = cece

(Et−EF )/kT nie
(EF −EFi)/kT = cecnie

(Et−EFi)/kT .

In the same manner, from the condition Rhc0 = Rhe0 we find

che = chcnie
(EFi−Et )/kT .

Hence, instead of four rate constants, we need only two capture constants: ce ≡
cec and ch ≡ chc, where we dropped the subscript c as superfluous. The out-of-
equilibrium capture and emission rates for electrons and holes are:

Rec = ce(Nt − N ′
t )n,

Ree = cenie
(Et−EFi)/kT N ′

t ,
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Rhc = chN
′
t p,

Rhe = chnie
(EFi−Et )/kT (Nt − N ′

t ).

The electron and hole capture coefficients have the dimension

[ce,h] = cm3/s.

They must be proportional to the thermal velocity of the charge carriers, see
Sect. 5.4.3,

ve,h|th =
√

3kT

m∗
e,h

,

as the faster the charge carriers move, the more often they collide with the traps.
Hence,

ce,h = σe,hve,h|th.

The proportionality constants σe,h are called the capture cross section of electrons
and holes. The capture cross sections depend on the probability that a collision
between a respective charge carrier and a trap will result in the carrier capture. The
capture cross section has the dimension of area and its typical value ranges from
10−18 to 10−14 cm2.

7.5.3 The Net SRH Recombination Rate

The concentration of filled traps, N ′
t , is related to the non-equilibrium electron and

hole concentrations, n and p. To establish this relation, we note that, due to electric
neutrality, the net electron SRH recombination rate,

Ue = Rec − Ree,

must be the same as the net hole recombination rate,

Uh = Rhc − Rhe.

Using the expressions for the rates Rec, Ree, Rhc, and Rhe from the previous section,
we have

ce

[
(Nt − N ′

t )n − nie
(Et−EFi)/kT N ′

t

]
= ch

[
N ′

t p − nie
(EFi−Et )/kT (Nt − N ′

t )
]
.
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Solving this equation for N ′
t , we find:

N ′
t = Nt

cen + chnie
(EFi−Et )/kT

ce(n + nie(Et−EFi)/kT ) + ch(p + nie(EFi−Et )/kT )
.

Finally, substitution of this result into the net recombination rate, we find after some
simple algebra:

USRH = Ue = Uh = Nt

cech(np − n2
i )

ce(n + nie(Et−EFi)/kT ) + ch(p + nie(EFi−Et )/kT )
.

This formula can be written in a more compact form by introducing the
characteristic concentrations

n1 = nie
(Et−EFi)/kT , p1 = nie

(EFi−Et )/kT .

It is convenient to divide the numerator and the denominator by the product Ntcech

and to introduce the electron and hole capture times

τe = 1

Ntce

= 1

Ntσevth e

, τh = 1

Ntch

= 1

Ntσhvth h

,

where we used the expressions for the capture coefficients in terms of the capture
cross sections. It is seen that the recombination times decrease with temperature as
1/

√
T . The net SRH recombination rate is

USRH = np − n2
i

τh(n + n1) + τe(p + p1)
.

Recalling that n = n0 +�n and p = p0 +�n, as well as keeping in mind the mass
action law, n0p0 = n2

i , the SRH recombination rate is written in an equivalent form

USRH = �n(n0 + p0 + �n)

τh(n0 + n1) + τe(p0 + p1) + (τe + τh)�n
.

7.5.4 SRH Recombination Time

At small excess concentrations,

�n � n0 + p0

the excess recombination rate is proportional to �n:
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USRH ≈ �n

τSRH

,

and the SRH recombination time is given by

τSRH = τh(n0 + n1) + τe(p0 + p1)

n0 + p0
.

Consider what happens if one type of charge carriers, say, electrons, dominates.
Note that the parameters n1 and p1 are of the similar order of magnitude as the
intrinsic concentration, because Et is close to the middle of the band gap. Then, we
can neglect the small concentrations, which are defined by the inequality

n0 � n1 ∼ p1 ∼ ni � p0 = n2
i /n0.

This gives the SRH recombination time τSRH ≈ τh. More generally,

τSRH ≈
{

τh if n0 � ni � p0

τe if p0 � ni � n0
.

The SRH recombination time tends to the value of the capture time of the minority
carriers: holes in an n-semiconductor and electrons in an p-semiconductor. This
may seem a bit counter-intuitive, but is relatively easy to understand as follows.
Suppose, the semiconductor is of n-type, and so most traps are occupied by
electrons. A trapped electron is likely to return back to the conduction band in an
n-type semiconductor, because its valence band does not have many holes. Since
recombination means transition of an electron from a trap to the valence band (or,
equivalently, hole capture by an occupied trap), recombination time is determined
by the hole capture process. A similar argument applies if a semiconductor is of
p-type.

Another important observation is that at the excess concentration higher than all
other concentrations found in the general formula for USRH , we have

USRH ≈ �n

τe + τh

for �n � n0, p0, ni, n1, p1.

This has the familiar form of the excess concentration to the recombination time
ratio. We see that, in contrast to the radiative and Auger mechanisms, the recombi-
nation time approximation recovers its validity in the case of SRH recombination
also at large excess concentrations, but with a different recombination time τSRH =
τe + τh. Its value is of the same order of magnitude as τSRH in the small-�n

limit. It is for this reason that the SRH recombination is often described within
the relaxation time approximation, viz. USRH ≈ �n/τSRH , both at low and high
excess concentrations, with a constant τSRH independent of �n.



186 7 Generation–Recombination Processes

7.6 Surface Recombination

So far, we assumed an infinite semiconductor, whereas a real-life semiconductor
device has a surface. As a result of an abrupt termination of the material, new
electron states appear on the surface, called the surface states. They have energies
within the band gap. Hence, they act as the centers where recombination can proceed
according to the SRH mechanism. In addition, a semiconductor surface usually
contains defects and impurities, which likewise act as recombination centers.

Surface recombination proceeds via the SRH mechanism. Let us assume for
simplicity that surface traps are uniformly distributed in a thin surface layer of
thickness δx with the concentration Nt , which differs from the trap concentration
far from the surface. The number of recombination events that happen inside this
layer per unit time is

(
d�N

dt

)
surf

= UAδx,

where A is the surface area, �N is the total number of the excess charge carriers
inside the surface layer, and the net recombination rate U is given by the SRH
expression. Hence,

(
d�N

dt

)
surf

= Nt

cech(np − n2
i )

ce(n + n1) + ch(p + p1)
A δx

with

n1 = nie
(Et−EFi)/kT , p1 = nie

(EFi−Et )/kT ,

as before. Denoting the surface concentration of traps as

ηt = Nt δx, [ηt ] = cm−2,

and keeping in mind that

np − n2
i = (n0 + �n)(p0 + �n) − n0p0 = (n0 + p0 + �n)�n,

we write the rate of change of the excess carrier concentration as

(
d�N

dt

)
surf

= AS,

where we introduced the so-called surface recombination velocity
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S = ηt

cech(n0 + p0 + �n)

ce(n0 + n1) + ch(p0 + p1) + (ce + ch)�n
.

It is the same for both electrons and holes. In the limits of small and large excess
concentrations �n, surface recombination velocity is

S(�n → 0) = ηt

cech(n0 + p0)

ce(n0 + n1) + ch(p0 + p1)
, S(�n → ∞) = ηt

cech

ce + ch

.

The two limit values are of the same order of magnitude, allowing us to conclude
that the surface recombination velocity depends relatively weakly on the excess
concentration �n near the surface. It is often an acceptable approximation in
modeling various semiconductor devices to take the surface recombination velocity
as a constant independent of the excess concentration.

An implicit assumption made in this discussion is that the surface traps are
characterized by a single energy level. In reality, this is not the case: surface trap
energies are distributed close to the middle of the band gap. Because it is difficult
to control the physico-chemical process on the surface, the surface recombination
velocity has to be measured experimentally rather than calculated theoretically.

Surface recombination is an undesirable effect in the technological applications.
Reduction of the surface recombination rate is achieved by surface passivation, i.e.,
deposition of a thin passive layer on the semiconductor surface. For example, Si
surface is usually passivated by Si3N4 or SiO2. Surface passivation is an important
step in semiconductor technology, especially in the design of solar cells.

Surface passivation cannot be performed underneath the metal contacts, because
a non-conducting passivating layer would prevent the current to be collected from
the semiconductor device. In that case, an alternative method of reducing the
surface recombination can be used. The idea is that recombination requires both
electrons and holes; hence, prevention of one type of charge carriers from coming
to the surface would drastically decrease the surface recombination rate. Doping
the surface region with the same type of impurities as the bulk, but at a much larger
concentration, achieves just that: it prevents the minority carriers from coming close
to the surface and to recombine with the majority carriers.

7.7 Quasi-Fermi Energies

Suppose that the non-equilibrium conditions are created in a semiconductor by an
external perturbation, such as illumination of the material by light. The material then
strives to restore equilibrium by two main mechanisms: (1) scattering of electrons
and holes by the lattice vibrations, defects, and each other, and (2) the generation-
recombination processes.

Each of these mechanisms is characterized by its own characteristic rate. It turns
out that, usually, equilibration within the electron and hole subsystems proceeds
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much faster than equilibration between them. This is so, because the recombination
time is typically much longer than the scattering time. As a result, electron and
hole subsystems are close to equilibrium within themselves, but they are far from
equilibrium with each other.

This means that the occupation probabilities of the momentum states for elec-
trons and holes are given by the equilibrium Fermi-Dirac distributions. However,
because the concentration of particles is intimately related to their Fermi energy,
we conclude that electron and hole subsystems must be characterized by different
Fermi energies, denoted as EFe and EFh. That is, electron and hole occupation
probabilities of some momentum state �p are given by

fe(E( �p)) = 1

1 + e(E( �p)−EFe)/kT
, fh(E( �p)) = 1

1 + e(EFh−E( �p))/kT
,

where the energy E( �p) belongs to the conduction band in the electron case, and
in the case of holes, it belongs to the valence band. To emphasize the fact that the
system is not in equilibrium, the individual electron and hole Fermi energies are
called quasi-Fermi energies, or imrefs.1

The electron and hole quasi-Fermi energies are related to their non-equilibrium
concentrations by the general formulae from Sect. 5.1, but with n0 and p0 replaced
with n and p:

n =
∫ ∞

EC

dE gC(E) fe(E), p =
∫ EV

−∞
dE gV (E) fh(E).

If Boltzmann approximation is valid, then these expressions simplify to

n = NCe−(EC−EFe)/kT = nie
(EFe−EFi)/kT ,

p = NV e(EV −EFh)/kT = nie
(EFi−EFh)/kT ,

where EFi is the intrinsic Fermi energy. The mass action law generalizes to

np = n2
i e

(EFe−EFh)/kT .

After switching off the external perturbation, a semiconductor material will tend
towards the equilibrium state, where electron and hole imrefs are equal to each
other. In that state, the earlier obtained equilibrium version of the mass action law,
n0p0 = n2

i , is restored.

1 Singular: imref. This word is derived from the name Fermi spelled backwards, and is sometimes
interpreted as “imaginary reference.”
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7.8 Problems

7.8.1 Solved Problems

Problem 1 Consider a pure semiconductor with no traps, so that the Shockley-
Read-Hall recombination mechanism is inoperative in this material. The excess
carrier concentration has the initial value �n(0) sufficiently low for the Auger
recombination to be negligible relative to the radiative recombination. The excess
concentration �n(t) is allowed to decay to zero at t ≥ 0 as the material comes to
equilibrium. Assume the radiative recombination coefficient B and the equilibrium
concentrations n0 and p0 to be known. Derive the time-dependent excess concen-
tration �n(t) by properly taking into account the radiative recombination. Plot the
ratio �n(t)/�n(0) vs. the ratio t/τr , where τr is the radiative recombination time,
for several values of �n(0)/(n0 + p0) = 0.1, 0.5, 1, 10, and compare your curves
with the exponentially decaying function e−t/τr obtained within the relaxation time
approximation.

Problem 2 Shockley-Read-Hall lifetime in a semiconductor is τSRH = 1 ms. Its
radiative recombination coefficient is B = 10−12 cm3/s, and Auger recombination
coefficients Ce = Ch = 10−29 cm6/s. It is doped with 1015 cm−3 donors, and
its intrinsic concentration is 109 cm−3. The semiconductor is illuminated by light,
which generates excess charge carriers at the rate G = 1015 cm−3 s−1. Find the
excess carrier concentration in the steady state and 1 ms after illumination was
turned off. Find the difference between the electron and hole quasi-Fermi energies
in the presence of illumination.

Problem 3 How does the difference between the electron and hole quasi-Fermi
energies depend on time as the semiconductor returns to equilibrium from some
non-equilibrium initial excess concentration �n(0)? To answer this question,
assume the recombination time approximation to be valid and the recombination
time τ to be known. Derive an expression for the time-dependent difference
�EF (t) = EFe(t) − EFh(t) vs. t for

(a) an intrinsic semiconductor;
(b) an n-type semiconductor with n0 � ni � p0.

Plot the ratio �EF (t)/�EF (0) vs. t/τ for several values of �n(0)/ni in part (a)
and for several values of �n(0)/p0 in part (b).

Problem 4 Assuming that the electron and hole capture times, τe and τh, are
known, at what trap energy Et will the SHR recombination rate maximal?

Problem 5 The excess charge carriers are uniformly distributed in a thin flat
semiconductor slab with the concentration �n(t) = �n(0)e−t/τeff that decays to
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zero with the recombination time τeff . The recombination time depends on the
thickness W of the slab. At W = 1µm, it is measured to be 0.2µs, whereas at
W = 10µm, it is 0.5µs. The effective recombination time depends on the sample
thickness due to the surface recombination. Based on this information, express the
effective recombination time τeff in terms of the bulk recombination time τ and the
surface recombination velocity S. Find τ and S from the data provided.

7.8.2 Practice Problems

Problem 1 It is possible to use the recombination time approach not only at low
but also at high excess carrier concentration �n by formulating its dynamics as

d�n

dt
= − �n

τ(�n)

with the recombination time τ(�n) that depends on �n. Write down the expressions
for τ(�n) for the cases of radiative and Auger recombination channels.

Problem 2 At T = 300 K, the radiative recombination coefficient in Si is B =
4.7 ·10−15 cm3/s, and Auger recombination coefficients are Ce = 1.1 ·10−30 cm6/s
and Ch = 0.3 · 10−30 cm6/s. Its intrinsic concentration is ni = 8.59 · 109 cm−3.

(a) At what excess carrier concentration will the net Auger recombination rate be
the same as the net radiative recombination rate in intrinsic silicon?

(b) At what excess carrier concentration will the net Auger recombination rate be
the same as the net radiative recombination rate in p-Si doped at 1015 cm−3

acceptors?

Problem 3 The excess charge carriers are generated by light at a rate G in a doped
semiconductor with given values of the carrier concentrations n0 and p0, a constant
SRH lifetime τSRH , and a given radiative recombination coefficient B.

(a) Neglecting Auger recombination, express the excess carrier concentration �n

in the steady state in terms of these parameters.
(b) Same as in (a), but using the recombination time approximation in the radiative

recombination term.
(c) In order for the recombination time approximation to be valid, the excess

generation rate must be much smaller than a certain value. Establish this value
by comparing your results from parts (a) and (b).
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7.8.3 Solutions

Problem 1 The excess concentration changes in time according to

d�n(t)

dt
= Ur(�n) = −B(n0 + p0 + �n(t))�n(t).

To solve this equation, we first rewrite it as

d�n(t)

(n0 + p0 + �n(t))�n(t)
= −B dt

and integrate the right-hand side over time from 0 to t . This corresponds to the
integration of the left-hand side from the initial excess concentration �n(0) to the
value �n(t):

∫ �n(t)

�n(0)

d�n′

(n0 + p0 + �n′)�n′ = −B t.

To perform the integration, we use an identity 1
(a+x)x

= 1
a

(
1
x

− 1
a+x

)
, which allows

us to rewrite the integral as a sum of two simpler integrals

1

n0 + p0

(∫ �n(t)

�n0

d�n′

�n′ −
∫ �n(t)

�n0

d�n′

n0 + p0 + �n′

)
= −B t.

Each of the two integrals can be evaluated using the standard formula for the
antiderivative

∫
dx/)x + a) = ln(x + a):

1

n0 + p0

(
ln

�n(0)

�n(t)
− ln

n0 + p0 + �n(0)

n0 + p0 + �n(t)

)
= −B t.

By multiplying both sides by n0 + p0 and then exponentiating, we obtain

�n(0)

�n(t)

n0 + p0 + �n(t)

n0 + p0 + �n(0)
= et/τr , τr = 1

B(n0 + p0)
.

Solving this for the excess concentration �n(t), we get:

�n(t)

�n(0)
=
(

et/τr + �n(0)

n0 + p0

(
et/τr − 1

))−1

.

The time dependence of the so-obtained excess concentration is shown in
Fig. 7.4a. We see that at a finite �n(0) value, the relaxation time approximation
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Fig. 7.4 The time dependence of the excess concentration in a semiconductor where only the
radiative recombination mechanism is operative with (a) linear scale and (b) logarithmic scale
chosen on the vertical axis

overestimates the values of �n(t) at t > 0. The lower the initial excess concentra-
tion �n(0), the closer the curves are to the one obtained within the relaxation time
approximation. Increasing �n(0) results in a faster decay of �n(t) to zero than the
single-exponential curve �n(t)/�n(0) = e−t/τr .

Nevertheless, at large times, the logarithm of the excess concentration decreases
with time with the same slope equal to 1/τr for all initial concentration values, see
Fig. 7.4b.

Problem 2 We begin by assuming that the recombination time approximation is
valid with the recombination time:

τ =
(

1

τSRH

+ 1

τr

+ 1

τA

)−1

with the SRH recombination time τSRH = 1 ms. The radiative recombination time

τr = 1

BNd

= 1

10−12 · 1015 = 10−3 s = 1 ms.

Because n0 = Nd = 1015 cm−3 � p0, the Auger recombination is mediated by the
electrons. The respective recombination time

τA = 1

CeN
2
d

= 1

10−29 · 1030 = 0.1 s = 100 ms.

The hole Auger recombination process can be neglected.
The net lifetime is, then

τ = (1 + 1 + 0.01)−1 = 0.498 ms.
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To find the excess carrier concentration, we equate the generation rate to the
recombination rate, approximated as

�n

τ
= G ⇒ �n = Gτ = 0.498 · 10−3 · 1015 = 4.98 · 1011 cm−3.

This number is much smaller than the doping level of 1015 cm−3, which means
that the relaxation time approximation is indeed valid. The difference between the
electron and hole quasi-Fermi energies is found from

(Nd + �n)(p0 + �n) ≈ Nd�n = n2
i e

−(EFe−EFh)/kT ,

giving

EFe − EFh = kT ln
Nd�n

n2
i

= 0.02585 · ln(4.98 · 106) = 0.398 eV.

The excess carrier concentration at time t = 1 ms after switching off the illumina-
tion is

�n(t) = �n(0) e−t/τ = 4.98 · 1011 e−1/0.498 = 6.69 · 109 cm−3.

Problem 3 We begin by writing the generalization of the mass action law

(n0 + �n(t))(p0 + �n(t)) = n2
i e�EF (t)/kT ,

from which the difference of the quasi-Fermi energies is obtained:

�EF (t)

kT
= ln

(n0 + �n(t))(p0 + �n(t))

n2
i

= ln

(
1 + (n0 + p0)�n(0)

n2
i

e−t/τ + �n2(0)

n2
i

e−2t/τ

)
.

Here, we used the identity n0p0 = n2
i and employed the expression �n(t) =

�n(0)e−t/τ obtained within the relaxation time approximation.
In the case (a), we have n0 = p0 = ni , giving

�EF (t)

kT
= ln

(
1 + 2

�n(0)

ni

e−t/τ + �n2(0)

n2
i

e−2t/τ

)
= 2 ln

(
1 + �n(0)

ni

e−t/τ

)
.

In the case (b), we neglect the terms proportional to p0 and �n2(0) in the natural
logarithm, giving
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Fig. 7.5 The time dependence of the ratio �EF (t)/�EF (0) for several values of the parameter
x, see main text

�EF (t)

kT
= ln

(
1 + n0�n(0)

n2
i

e−t/τ

)
= ln

(
1 + �n(0)

p0
e−t/τ

)
,

where we used the mass action law in the second equality.
Let us denote the ratio of the initial excess carrier concentration to ni (case (a))

or to p0 (case (b)) as x:

x =
{

�n(0)/ni case (a),

�n(0)/p0 case (b).

Then, in both cases,

�EF (t)

�EF (0)
= ln(1 + x e−t/τ )

ln(1 + x)
.

This dependence for several values of x is shown in Fig. 7.5. For x � 1, the term
xe−t/τ � 1 for all values of t . Using the approximation ln(1 + ε) ≈ ε for |ε| � 1,
we have

�EF (t)

�EF (0)
≈ 1 + xe−t/τ

1 + x
for x � 1.

In the opposite limit x � 1, the difference of the quasi-Fermi levels initially
decreases linearly as
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�EF (t)

�EF (0)
≈ ln(xe−t/τ )

ln x
= 1 − t

τ ln x
for x � 1 and t < τ ln x,

and then enters the exponential decrease.

Problem 4 The SRH recombination rate

USRH = np − n2
i

τh(n + n1) + τe(p + p1)

with n1 = nie
(Et−EFi)/kT and p1 = nie

(EFi−Et )/kT is maximal when the
denominator is minimal. The denominator can be written as

τh(n + n1) + τe(p + p1) = τhn + τep + τhnie
(Et−EFi)/kT + τenie

(EFi−Et )/kT

= τhn + τep + ni
√

τeτh

(√
τh

τe

e(Et−EFi)/kT +
√

τe

τh

e−(Et−EFi)/kT

)

= τhn + τep + 2ni
√

τeτh cosh

(
Et − EFi

kT
+ 1

2
ln

τh

τe

)
.

In the last step, we expressed
√

τh/τe as e
1
2 ln

τh
τe and used the definition of a

hyperbolic cosine, cosh(x) = (ex + e−x)/2. The denominator is minimal when
the hyperbolic cosine has the smallest value of 1 at

Et = EFi + kT

2
ln

τh

τe

.

Because cosh(x) increases exponentially fast when the magnitude of its argument
|x|, the most active recombination centers are the ones whose energy is close to the
intrinsic Fermi level.

Problem 5 The excess carriers are lost due to the recombination in the bulk and on
the surface of the sample. Let

�N = AW�n

be the total number of excess charge carriers in the sample of surface area A and
thickness W . Within the relaxation time approximation, it decreases according to

d�N(t)

dt
= −�N(t)

τ
− 2SA�n,

where the factor of 2 takes care of the fact that the sample has two surfaces. So,
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AW
d�n

dt
= −AW

�n

τ
− 2SA�n = − �n

τeff

,

from which equation we express the effective recombination time in terms of the
bulk recombination time and the surface recombination velocity:

1

τeff

= 1

τ
+ 2

S

W
.

From the numerical data, namely, τeff (W = 1µm) = 0.2µs and τeff (W =
10µm) = 0.5µs, we obtain a system of two equations,

5µs−1 = 1

τ
+ (2µm−1)S, 2µs−1 = 1

τ
+ (0.2µm−1)S.

We find:

S = 1.67µm/µs = 167 cm/s, τ = 0.6µs.



Chapter 8
Carrier Transport

8.1 Flux and Electric Current Density

It is of fundamental importance in semiconductor device theory to know how much
electric charge is transferred from one part of the device to another by electrons and
holes. In the following discussion, we will adopt the particle-based rather than the
wave-based picture, i.e., we will treat electrons and holes as classical particles with
the conductivity effective masses m∗

e and m∗
h and charges −e and e, respectively.

Consider electrons in a physically small volume �V centered at a position �r , see
Fig. 8.1. By “physically small,” we mean that its linear size is much smaller than all
other characteristic dimensions of the system, but still large enough to contain many
electrons at the local concentration n(�r, t), which is practically constant inside �V .
Note that we dropped the subscript 0 in the electron and hole concentrations, as now
these systems are not in equilibrium.

Each electron inside �V has its own group velocity, �vj . We can perform an
arithmetic averaging over all velocities of the electrons contained in �V and thus
obtain the average velocity:

�ve(�r, t) = 1

n(�r, t)�V

∑
j

�vj .

Here, summation is performed over all electrons in �V , n(�r, t)�V is the number of
electrons in �V , and �vj is the group velocity vector of the j th electron. In general,
electron concentration and average velocity depend on time and spatial coordinates.

We choose �V to be a small cylinder with the cross-sectional area �A and length
�L inside a semiconductor, see Fig. 8.1. We orient the axis of this cylinder along
the mean velocity �ve and define a small time interval �t according to

�L = |�ve|�t .
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Fig. 8.1 Flow of electrons in
a semiconductor

The cylinder contains �N = n�V = n�A |�ve|�t electrons. Each of those
electrons moves with its own individual velocity, but on average, all electrons move
toward the cylinder’s base with the velocity �ve. Then, the number of electrons that
traverse the area �A in time �t will be just �N . When divided by the product
�A · �t , this gives us the electron flux density

�je(�r, t) = n(�r, t)�ve(�r, t) = 1

�V

∑
j

�vej .

It is a vector whose magnitude is the number of electrons that traverse a unit
surface area oriented perpendicular to the particles’ flow per unit time. Its direction
coincides with the direction of the average electron flow at the point �r at time t .

The hole flux density,

�jh(�r, t) = p(�r, t)�vh(�r, t) ,

is defined in exact same manner, where p(�r, t) is the local hole concentration at the
position �r and time t , and �vh(�r, t) is the average velocity of a hole.

The product of the flux density by the charge of the respective carriers,

�Je(�r, t) = −e �je(�r, t) = −en(�r, t)�ve(�r, t) , �Jh(�r, t) = e �jh(�r, t) = ep(�r, t)�vh(�r, t),

is the electric current density of electrons and holes. The net current density,

�J = �Jh + �Je = e( �jh − �je) ,

is a vector pointing in the direction of the overall electric charge transfer. Its
magnitude gives the amount of charge transferred per unit time through a unit area
oriented perpendicular to the direction of the overall charge flow.
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8.2 Diffusion Current

If electrons are distributed non-uniformly in a semiconductor material, they will
tend to move from a region of higher concentration to a region of lower con-
centration. The degree of non-uniformity of the concentration is measured by the
spatial derivatives of n(�r, t), namely, ∂n/∂x, ∂n/∂y, and ∂n/∂z. All three partial
derivatives can be combined into a single vector, the gradient, which was already
introduced in the discussion of Schrödinger’s equation in Sect. 1.8.1:

�∇n(�r) = ∂n

∂x
�ex + ∂n

∂y
�ey + ∂n

∂z
�ez .

The gradient points in the direction of the largest increase of electron concentration.
Diffusion is described by the so-called Fick law. It says that the particles flow

in the direction opposite to �∇n, i.e., in the direction of the largest concentration
decrease. The magnitude of the diffusive flux density is proportional to the
concentration gradient. This law applies to any type of particles, including electrons
and holes in a semiconductor. Hence, the diffusion flux densities of electrons and
holes are

�je|diff = −De
�∇n , �jh|diff = −Dh

�∇p .

The proportionality constants, De and Dh, are called the electron and hole diffusion
coefficients. The diffusion coefficient is measured in the units of

[De,h] = cm2/s .

The corresponding electric current density of electrons and holes is

�Je|diff = eDe
�∇n , �Jh|diff = eDh

�∇p .

8.3 Drift Current

Under the action of an electric field �E , a free electron in vacuum would be moving
with the acceleration �ae = −e �E/me. In an ideal defect-free crystal at absolute
zero temperature, an electron would undergo Bloch oscillations, as explained in
Sect. 4.2.4. Consider now what happens when an electric field �E acts in a real
semiconductor.
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Fig. 8.2 (a) Motion of a charge carrier with no electric field in the sample. (b) Electron and hole
drift in an electric field

An electron in a real material constantly experiences collisions with lattice
vibrations (phonons), defects, impurity atoms, and other electrons and holes. These
collisions result in sudden changes in the electron’s direction of motion, but the
average velocity of an electron is zero in the absence of an electric field, see
Fig. 8.2a. When an electric field �E is applied, the electron gets accelerated by it.
However, as a result of collisions, the electron loses the energy acquired from the
electric field. Effectively, the field is accelerating the electron only within a short
time interval between two successive collisions, see Fig. 8.2b. Same applies to holes.
We denote the average value of the collision time for the two types of charge carriers
as τe and τh.

Due to its acceleration by the field between the collisions, a charge carrier
acquires a regular non-zero velocity component, called the drift velocity. It is
given by the product of the electron’s acceleration due to the electric field and the
characteristic time between the collisions of an electron or a hole:

�ve|drf = �aeτe = − e

m∗
e

�Eτe = −μe
�E , μe = eτe/m∗

e ,

�vh|drf = �ahτh = e

m∗
h

�Eτh = −μh
�E , μh = eτh/m∗

h .

Note that �ve|drf is oriented against the electric field because the charge of an electron
is negative. Hole drift velocity �vh|drf is oriented along the electric field.

The proportionality constants μe and μh that relate the drift velocity and the
electric field are called electron and hole mobilities. Mobility is measured in the
units of

[μe,h] = cm2/(V · s) .

Electron and hole drift flux densities are

�je|drf = −nμe
�E , �jh|drf = pμh

�E ,
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and the respective electric current densities are

�Je|drf = eμen �E , �Jh|drf = eμhp �E .

8.4 Conductivity and Resistivity

If a voltage V is applied to a semiconductor slab of length L and cross-sectional
area A = wd, see Fig. 8.3a, current I will be flowing through it. The ratio of the
applied voltage to the current is known as resistance; according to Ohm’s law, it is
a voltage-independent constant:

R = V/I .

The voltage is related to the electric field according to

V = LE .

On the other hand, the current is given by the product of the electric current density
and the cross-sectional area of the sample:

I = AJdrf ,

where the drift current density is

Jdrf = Je|drf + Jh|drf = e(μen + μhp)E ,

see Sect. 8.3. Combining these expressions, we arrive at the resistance formula

R = L

A(μen + μhp)
= L

Aσ
= L

A
ρ ,

which clearly shows that the resistance depends on the geometry of the sample
through the ratio L/A, and on its material properties via the parameters

σ = e(μen + μhp) , ρ = σ−1 = 1

e(μen + μhp)
,

known as the conductivity and resistivity of the material. If excess carriers are
not injected into the semiconductor, one can replace in these expressions the non-
equilibrium concentrations n and p with the equilibrium counterparts n0 and p0.
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8.5 Current–Voltage Measurements

8.5.1 Photoconductivity

The measurements of the current–voltage curves provide a great deal of information
about the concentration and mobilities of the charge carriers. They can also be used
to measure their recombination rates.

This can be done by first injecting excess carriers into the semiconductor by, e.g.,
illumination, and then observing its return to equilibrium after switching off the
excess carrier generation process. A practical way to measure the net recombination
time is to measure the time-dependent conductivity of the semiconductor sample of
interest:

σ(t) = e(n(t)μe + p(t)μh) ,

where μe, μh are the electron and hole mobilities. Since n(t) = n0 + �n(t) and
p(t) = p0 + �n(t), the total conductivity has the time-dependent and the time-
independent parts:

σ(t) = σ0 + �σ(t) ,

where

σ0 = e(n0μe + p0μh) , �σ(t) = e�n(0)(μe + μh)e
−t/τ .

If the non-thermal generation mechanism is photogeneration, i.e., the generation of
charge carriers by light, then the parameter �σ is called photoconductivity. Taking
the natural logarithm of the ratio �σ(t) to the initial value �σ(0) = �n(0)(μe +
μh), we immediately find:

ln
�σ(t)

�σ(0)
= − t

τ
.

That is, the natural logarithm of the photoconductivity as a function of time is a
straight line with the slope −1/τ .

8.5.2 Hall Effect

Let us focus for the sake of simplicity on a situation when the charge carriers of
one type dominate in the sample; that is, either electron or hole contribution to
the conductivity can be neglected. Consider what happens when, in addition to the
electric field in the x-direction, �E = �exV/L, a magnetic field �B = B�ez is applied
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Fig. 8.3 (a) Motion of electrons and holes due to the electric field generated by the applied
voltage. (b) Same as in (a), but in the presence of a magnetic field �B applied perpendicular to
the sample, which is assumed to be a p-type semiconductor. (c) Same as in (b), but for an n-type
semiconductor sample

perpendicular to the sample in the z-direction, see Fig. 8.3b and c. A magnetic field
creates a force that acts on a charge q = e or −e moving with the drift velocity
�vdrf = �ve|drf or vh|drf :

�Fm = q �vdrf × �B .

If the majority charge carriers are holes, q = +e, then their flow coincides with the
direction of the electric current I , Fig. 8.3b. If the majority carriers are electrons,
q = −e, then their flow is against the electric current, Fig. 8.3c. In either case, the
magnetic force �Fm acting on a majority carrier points in the negative y-direction. As
a result, the majority carriers get deflected toward the same side of the sample. This
side accumulates positive or negative charge if the semiconductor is of p- or n-type,
respectively, see Fig. 8.3b and c. The opposite side gets depleted of the majority
carriers and therefore also gets charged up. The charge on the opposite sign is due
to the ionized impurities—negative acceptors in a p-type and positive donors in an
n-type semiconductor.

The process of charge build-up stops when the accumulated charges generate
an electric field whose force on the majority carriers exactly balances the magnetic
force,

Fe = Fm .

As a result, a potential difference develops between the two opposite sides of the
sample. It is called the Hall voltage. Its polarity immediately signals the sign of the
majority charge carriers, see Fig. 8.3b and c.

The magnitude of the Hall voltage allows finding their concentration. Indeed, the
electric field in the y-direction and the force produced by this field on a majority
carrier are

|Ey | = |VH |/w , |Fe| = e|VH |/w .
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This force must be equal in magnitude of the magnetic force |Fm| = e|vdrf |B.
Let us assume for definiteness that the majority carriers are holes. Neglecting the

contribution of the minority electrons to the total current, the drift velocity of the
majority holes can be found from

I = wdJh|drf = wdevh|drf p ⇒ vh|drf = I

wdep
,

and thus the magnetic force is

|Fm| = IB
wdp

.

The condition |Fm| = |Fe| gives the concentration of holes:

p = IB
ed|VH | .

If the sign of the Hall voltage reveals that the majority carriers are electrons, then
their concentration is given by an exact same formula

n = IB
ed|VH | .

8.6 Temperature and Doping Level Dependence of Mobility

Collisions are responsible for the electrons’ transitions from one momentum state to
another. Usually, several collision mechanisms are operative, namely, scattering of
electrons and holes by the lattice vibrations (phonons), scattering by the impurities,
and scattering by the lattice defects. Note that all these mechanisms result in the
deviation of the atomic arrangement in a semiconductor from a perfect periodic
order.

The frequency of phonon scattering, νphonon, increases with the temperature.
The respective scattering time τphonon = 1/νphonon is decreasing with T . Thus,
if only phonon scattering mechanism were present, the mobility μ ∝ τphonon

would be decreasing with temperature. Experimental measurements performed on
semiconductor samples where the phonon scattering is the dominant one (i.e., the
impurity concentration is low) suggest that τphonon ∝ T −α , where the exponent α

is close to 2; e.g., α ≈ 2.2 in silicon.
Impurity scattering frequency, νimpurity , increases with the concentration of the

ionized impurities,

NI = N+
d + N−

a ,
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Table 8.1 Electron and hole mobility parameters of silicon as a function of temperature, measured
in Kelvins

Parameter Electrons Holes

μ0 [cm2/(V·s)] 88 (300 K/T )0.57 54.3 (300 K/T )0.57

μ1 [cm2/(V·s)] 1252 (300 K/T )2.33 407 (300 K/T )2.23

N0 [cm−3] 1.26 · 1017 (T /300 K)2.4 2.35 · 1017 (T /300 K)2.4

α 0.88 (300 K/T )0.146 0.88 (300 K/T )0.146

and decreases with temperature. The reason for the temperature decrease is that
the higher the temperature, the higher the thermal velocity of electrons and holes
and the less time they spend interacting with the ionized impurities. Therefore,
the probability that this interaction will result in a change of the charge carrier’s
momentum decreases with T .

When several scattering mechanisms are present, the total scattering frequency
is the sum of the contributions from each mechanism, e.g., ν = νphonon + νimpurity

for thermal and impurity scattering. As for the time of scattering, we have τ−1 =
τ−1
phonon + τ−1

impurity . The mobility is, then, μ = e
m∗(νphonon+νimpurity )

for electrons and
holes. It decreases both with NI and with T .

Various empirical fitting expressions for electron and hole mobilities exist. Here,
we reproduce the one that has been suggested for silicon and describes the electron
and hole mobilities as a function of both impurity concentration and temperature:1

μ = μ0 + μ1

1 + (NI /N0)α
.

The temperature dependence of the parameters μ0, μ1, N0, and α is indicated in
Table 8.1.

8.7 Einstein’s Relation

The diffusion coefficient is a parameter that tells us how quickly an initially non-
uniform distribution of charge carriers spreads out through the sample. Mobility,
on the other hand, relates the average velocity of a charge carrier to the applied
electric field. At a first glance, De,h and μe,h are independent of each other because
they describe completely different processes. Yet, there is a simple relation between
them, which was originally discovered by Einstein in 1905.

As in Sect. 6.1, we place a piece of semiconductor in a non-uniform electric
potential φ(�r), which causes a redistribution of charge carriers inside the material.

1 N.D. Arora, J.R. Hauser, and D.J. Roulston, “Electron and hole mobilities in silicon as a function
of concentration and temperature”, IEEE Trans. Electron Dev., ED-29, 292–295 (1982).
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A non-uniform potential produces an electric field, �E = −�∇φ, which, in turn, results
in a drift of charge carriers with the respective flux densities �je|drf = −μe n0(�r) �E
and �jh|drf = μh p0(�r) �E . On the other hand, the non-uniformity of electron and hole
concentrations results in the diffusion of these charge carriers with the flux densities
�je|diff = −De

�∇n0(�r) and �jh|diff = −Dh
�∇p0(�r). The total flux densities

�je(�r) = �je|drf + �je|diff = −μe
�En − De

�∇n0 = μen0 �∇φ(�r) − De
�∇n0(�r) ,

�jh(�r) = −μhp0 �∇φ(�r) − Dh
�∇p0(�r)

must be zero in equilibrium. This is only possible if

μen0(�r) �∇φ(�r) = De
�∇n0(�r) , −μhp0(�r) �∇φ(�r) = Dh

�∇p0(�r) .

Note that

�∇n0(�r)
n0(�r) = �∇ ln n0(�r) = �∇φ(�r)

Vth

,
�∇p0(�r)
p0(�r) = �∇ ln p0(�r) = − �∇φ(�r)

Vth

,

as follows from the expressions for n0(�r) and p0(�r) from Sect. 6.1. Combining the
last two equations, we obtain Einstein’s relation:

μe = De

Vth

, μh = Dh

Vth

.

While mobility is relatively easy to measure experimentally, the diffusion coefficient
is not. Einstein’s relation allows finding the diffusion coefficient from the knowledge
of mobility.

Einstein’s relation is approximate because it relies on Boltzmann’s approxima-
tion for the charge carriers concentrations. It breaks down if the Fermi energy differs
from the conduction or valence band edge by less than a few thermal energies kT .

8.8 Continuity Equation

As electrons and holes move inside the semiconductor under the action of an electric
field E(�r), they get generated and recombine. Hence, the respective concentrations
n(�r, t) and p(�r, t) change both in time and in space. Continuity equation is the
balance equation that relates the rate of change of the concentration to the flow of
particles, as well as their generation and recombination.

Here, we will focus, for the sake of simplicity, on the one-dimensional flow of
electrons in the x-direction. We assume that generation and recombination rates
depend on the x-coordinate only and are constant in the yz-plane at a given x. The
derivation for holes is completely analogous. Consider a small cylinder of length



8.8 Continuity Equation 207

Fig. 8.4 Electron flow in a
semiconductor

�x and the base area A, see Fig. 8.4. The cylinder is oriented in the x-direction,
which is the direction of the average particle flow. Its volume is �V = A�x, and
it contains �N = n�V electrons. We assume that �x is sufficiently small for the
concentration n(x) to be practically constant inside the cylinder.

The number of electrons inside this cylinder changes in time for two reasons: (i)
electrons flow into and out of the cylinder through its two bases, and their inflow
and the outflow do not necessarily balance each other; (iii) electrons get generated
and recombine inside the cylinder with the generation and recombination rates not
necessarily equal each other. Mathematically, the balance of these factors can be
expressed as

d�Ne

dt
=
(

d�Ne

dt

)
in

−
(

d�Ne

dt

)
out

+
(

d�Ne

dt

)
gen

−
(

d�Ne

dt

)
rec

.

The generation and recombination contributions are

(
d�Ne

dt

)
gen

= GA�x ,

(
d�Ne

dt

)
rec

= R A�x .

As for the in- and outflow of the electrons, it is related to the respective current
densities: (

d�Ne

dt

)
in

= je(x)A ,

(
d�Ne

dt

)
out

= je(x + �x)A .

Note that, in contrast to the concentration, we cannot assume that electron current
density is constant inside the cylinder. Had we set je(x) = je(x + �x), then the in-
and outflow contributions would have mutually canceled.

Collecting all terms, we rewrite the balance equation as

∂n(x, t)

∂t
A�x = je(x)A − je(x + �x)A + G(x)A�x − R(x)A�x .

Dividing both sides by A�x and recalling that je(x+�x)−je(x)
�x

= ∂je(x)
∂x

in the limit
�x → 0, we arrive at the continuity equation for electron concentration; the hole
counterpart is obtained analogously:



208 8 Carrier Transport

∂n

∂t
= −∂je

∂x
+ G − R ,

∂p

∂t
= −∂jh

∂x
+ G − R .

Note that the current density consists of drift and diffusion contributions:

je,h = je,h|drf + je,h|diff ,

je|drf = −μenE , jh|drf = μhpE ,

je|diff = −De

∂n

∂x
, jh|diff = −Dh

∂p

∂x
.

8.9 Problems

8.9.1 Solved Problems

Problem 1 An n-type silicon sample at T = 300 K has the conductivity of 16 (� ·
cm)−1.

(a) Determine the donor concentration and the electron mobility using the empirical
expressions for mobility from Sect. 8.6.

(b) What is the diffusion coefficient of electrons and holes in this sample?

Problem 2 Consider a semiconductor with donor doping concentration

Nd(x) = (1014 cm−3) ex/(1 μm)

that increases with x. Find the electric field and electrostatic potential distribution
inside this semiconductor.

Problem 3 When a Si sample is illuminated by a lamp, its conductivity is measured
as 66.6 �−1 cm−1. After illumination is switched off, the conductivity becomes
33.3 �−1 cm−1 after 0.1µs and 9.1 �−1 cm−1 after 2µs. Determine the following
parameters: the net recombination time in the sample.

8.9.2 Practice Problems

Problem 1 A Si sample is doped with donors at Nd = 1017 cm−3 and acceptors
at Na = 1018 cm−3. The temperature is 300 K. Using the mobility vs. impurity
concentration formula from Sect. 8.6, determine the conductivity and the resistivity
of this sample.



8.9 Problems 209

Problem 2 A silicon sample is acceptor-doped at Na = 1017 cm−3. The pho-
toconductivity of this sample is found to decay as σ(t) ∝ e−t/(0.1 ms). Find its
Shockley–Read–Hall recombination time.

Problem 3 The geometric parameters of a semiconductor sample at T = 300 K
are: d = 20µm, w = 300µm, and L = 1 mm. When the voltage of 0.1 V is applied,
the current of 0.3 mA flows through the sample. A magnetic field of B = 0.1 T is
applied in the z-direction, and the measured Hall voltage is VH = 20 mV such
that the resulting Hall electric field points in the positive-y-direction. Determine
the conductivity type, the majority carrier concentration, and the majority carrier
mobility in this sample.

8.9.3 Solutions

Problem 1

(a) Since it is an n-type semiconductor, it is reasonable to assume that

n0 ≈ Nd � ni � p0 ,

and hence, the dominant contribution to the conductivity comes from the
electrons. Hence, we approximate

σ = e(μen0 + μhp0) = eμeNd .

Using the expression from Sect. 8.6,

(
μ0 + μ1

1 + (Nd/N0)α

)
Nd = σ

e
= 16

1.6 · 10−19 .

We solve this equation iteratively. First, we rewrite it as

Nd = σ/e

μ0 + μ1
1+(Nd/N0)

α

= 1020

88 + 1252
1+(Nd/1.26·1017)0.88

.

Then, starting with some initial value of Nd , say, Nd = 1017 cm−3, we use
the right-hand side expression to calculate an improved estimate, which is again
plugged in into the right-hand side. This procedure is repeated until convergence
is reached. The final result turns out to be Nd = 1.5 · 1017 cm−3. Electron
mobility is then found to be μe = 666 cm2/(V · s).
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(b) Electron diffusion coefficient is found using Einstein’s relation:

De = μeVth = 666 · 0.02585 = 17.2 cm2/s .

Hole mobility at Nd = 1.5 · 1017 cm−3 is

μh = 54.3 + 407

1 + (1.5 · 1017/2.35 · 1017)0.88 = 297.5 cm2/(V · s) .

Hole diffusion coefficient is, then,

Dh = μhVth = 297.5 · 0.02585 = 7.69 cm2/s .

Problem 2 Since Nd(x) � ni at x > 0, the electron concentration

n0(x) = Nd(x)

increases with x. This means that the electrons should diffuse in the negative-x-
direction with the diffusion particle current density

je|diff = −De

dn0(x)

dx
= −De

dNd(x)

dx
.

But a small displacement of the negative electrons relative to the positive donor ions
results in an onset of an electric field in the negative-x-direction. This field pulls
the electrons to the right, so that there is no electron flow in the material. The drift
current produced by this field,

je|drf = −Eμen0(x) = −EμeNd(x),

perfectly compensates the diffusion current:

je|drf + je|diff = −EμeNd(x) − De

dNd(x)

dx
= 0 .

From this, we find the electric field:

E = −De

μe

1

Nd

dNd

dx
= −Vth

d ln Nd

dx
,

where we used Einstein’s relation, De = μeVth, and the fact that d ln Nd/dx =
N−1

d dNd/dx. Since d ln Nd/dx = 1 μm−1 = 104 cm−1, the electric field is

E = −0.02585 · 104 V/cm = −259 V/cm .
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Since the electric field is related to the potential as

E = −dφ(x)

dx
,

we can conclude that the potential increases with x as

φ(x) =
(

0.02585
V

µm

)
· x =

(
258.5

V

cm

)
· x .

Problem 3 In order to find Nd and τ , we thus need to fit the experimental σ(t)

curve with an exponential function:

σ(t) = σ0 + �σ(0) e−t/τ , σ0 = eμeNd , �σ(0) = e(μe + μh)�n(0) ,

where σ0 is the conductivity in equilibrium (no radiation), and �σ(0) is the
photoconductivity.

From the experiment, we know that σ(t) decreases by a factor of 2 in the
first 0.1µs. This implies that τ is of the order of 0.1µs as well. After 2µs, the
exponential factor e−t/τ should be negligibly small (note that e−2/0.1 = e−20 =
2 · 10−9), so we can set to a good accuracy

σ(2 μs) = σ0 = 9.1 �−1 cm−1 .

From the experimental data, we find that at t = 0, σ(0) = σeq + �σ0 =
66.6 �−1 cm−1, from which we find the photoconductivity

�σ(0) = σ(0) − σeq = 66.6 − 9.1 = 57.5 �−1 cm−1 .

We finally find τ by using the conductivity at t = 0.1µs:

τ = − t

ln σ(t)−σeq

�σ0

= − 0.1

ln 33.3−9.1
57.5

= 0.1155 μs .
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Semiconductor Devices



Chapter 9
Metal–Semiconductor Contact

9.1 Reasons to Study

Metal–semiconductor contact is worth studying for several reasons. First, to collect
a signal from a semiconductor device, one needs to attach a metal wire to it; in this
case, one is interested in having a good ohmic contact with low contact resistance
for both bias directions. Second, as we shall see later, metal–semiconductor contact
can also act as a diode, i.e., let the current flow in only one direction. Such
diodes, called Schottky diodes, can be preferred for some applications over the
semiconductor pn junction diodes discussed later on in this book. The third reason
is that understanding the physics of a metal–semiconductor contact, especially the
energy band diagrams, will prepare us to analyze a more complicated system, the
metal–oxide–semiconductor field effect transistor.

9.2 Energy Band Diagram

The minimal energy necessary to remove an electron from a piece of metal is called
the metal work function. It is the difference between the energy of an electron at
rest just outside the metal—the so-called vacuum level—and the Fermi energy of a
metal. We will denote the work function as eψm, a product of the elementary charge
e and the parameter ψm that is measured in Volts:

eψm = Evac − EF .

Its typical value is about 4–6 eV, depending on the material. We define the work
function in a semiconductor in the same manner, i.e., as the difference between the
vacuum and the Fermi energy,
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Fig. 9.1 The energy band diagram of (a) a metal, (b) a semiconductor, and (c) a metal–
semiconductor contact

eψs = Evac − EF ,

see Fig. 9.1a and b showing the energy band diagrams of a metal and a semiconduc-
tor that are not in contact with each other.

In addition, we define the electron affinity eχ as the energy difference between
the vacuum level and the conduction band edge,

eχ = Evac − EC .

Electron affinity ranges between 3 and 4.5 eV, depending on the material.
A metal and a semiconductor in contact will exchange their electrons so as to

bring their Fermi energies to a common level. The Fermi level in a metal lies inside
its conduction band, and therefore, the number of free electrons in a metal is in many
orders of magnitude higher than the number of conduction electrons and holes in a
semiconductor. For this reason, the change of the Fermi level in the metal will be
negligibly small as compared to the change of the Fermi level in the semiconductor.
In other words, semiconductor Fermi level will line up with the metal Fermi level,
whereas the metal Fermi energy will practically remain the same.

The vacuum level of the metal and the semiconductor must be the same at
the point of contact. At the same time, electron affinity and the band gap of the
semiconductor must be the same both in the bulk and near the semiconductor–
metal interface. Indeed, these parameters depend on the band structure of the
semiconductor and do not depend on band filling.

These three observations—common Fermi level, the same vacuum level at the
contact, and the constant values of the semiconductor electron affinity and band
gap—necessarily imply that semiconductor bands are bent near the interface with
the metal, see Fig. 9.1c showing band bending for ψs < ψm. Generally speaking,
bands can bend both up and down, depending on the mutual relation between metal
work function and semiconductor work function in the bulk. If semiconductor work
function is higher than the metal work function, semiconductor bands bend down;
otherwise, they bend up.
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While the electron affinity and band gap are the same in the semiconductor
bulk and near the interface, the semiconductor work function is position-dependent
due to band bending. So is the energy difference between the Fermi level and the
band edges of the semiconductor. This leads to a change of the majority carrier
concentration in the semiconductor bulk and near the interface.

Even the type of the majority carriers may differ in the bulk and near the contact
plane. For instance, in the case shown in Fig. 9.1c, the semiconductor is of the n-
type in the bulk, but the concentration of holes exceeds the electron concentrations
near the surface. This can be understood as follows. Because the semiconductor
work function is smaller than the metal work function, it is easier for electrons
to move over from the semiconductor into the metal than from the metal into the
semiconductor. The semiconductor near the metal will then be depleted of the
conduction electrons, resulting in the appearance of a space-charge region created
by the positively charged donor ions near the contact.

The electrons that entered the metal from the semiconductor side, in turn, will
create excess negative charge in the metal. This access charge exists as a surface
charge at the metal–semiconductor interface. Strictly speaking, it also results in band
bending in the metal, but the size of this bending is negligibly small as compared
to the semiconductor counterpart. Band bending in the semiconductor results in an
onset of the built-in voltage, which we define as the magnitude of the difference of
work functions of the two materials:

Vbi = |ψm − ψs | .

Assuming the bulk of the semiconductor to be grounded, the value of the electric
potential on the semiconductor surface is φS = −Vbi if ψm > ψs , see Fig. 9.1c.

An electron on the metal side with the energy equal to EF will “see” a sharp
potential barrier that prevents it from entering the semiconductor conduction band.
This barrier is called the Schottky barrier. By inspecting the diagram in Fig. 9.1c,
we see immediately that its height is given by

eφB = eψm − eχ .

This expression is sometimes called the Schottky–Mott rule.
The metal work function ψm and the semiconductor electron affinity χ are bulk

properties of the materials, whereas φB is the property of the metal–semiconductor
interface. In real life, Schottky barrier height is given by the Schottky–Mott rule only
approximately. It is also affected by other surface properties of the two materials
in contact, in particular, by surface chemistry and the presence of surface defects.
Therefore, in practice, Schottky barrier has to be measured experimentally.
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9.3 SCR Capacitance

The potential distribution in the semiconductor is described by Poisson’s equation,
see Sect. 6.2:

d2φ(x)

dx2 = − e

ε0ε
(p0(x) − n0(x) + Nd) .

We solve it using the depletion approximation explained in Sect. 6.3.3. That is, we
approximate the charge density as zero outside the depletion region of width xd and
as eNd inside the depletion region 0 < x < xd . The solution of Poisson equation
reads

φ(x) =
{

− eNd

2ε0ε
(x − xd)2 for 0 < x < xd ,

0 for x > xd .

Employing the boundary condition, φ(0) = −Vbi , we immediately find the
depletion region width

xd =
√

2ε0εVbi

eNd

.

If an external bias V is applied to the metal relative to the semiconductor, we have
to replace Vbi with Vbi − V in this expression:

xd =
√

2ε0ε(Vbi − V )

eNd

.

A change of the voltage V by an amount dV results in a change of the SCR width
by

dxd = dxd

dV
dV = −

√
ε0ε

2eNd(Vbi − V )
dV .

This results in a change of the SCR charge by

dQ = −eNd Adxd =
√

ε0ε eNd

2(Vbi − V )
AdV .

The capacitance per unit area is
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Fig. 9.2 The inverse square
of the capacitance per unit
area of a SCR formed in an
n-type semiconductor in
contact with a metal with
ψm > ψs as a function of the
applied voltage

C′ = 1

A

dQ

dV
=
√

eε0εNd

2(Vbi − V )
= ε0ε

xd

.

This expression can also be obtained from a formal definition of a parallel-plate
capacitance of thickness xd , namely, C = ε0εA

xd
.

This result offers a practical method to determine the built-in voltage Vbi

experimentally. Indeed, we note that the inverse capacitance squared,

1

C′2 = 2

eε0εNd

(Vbi − V ) ,

depends linearly on the applied voltage V . The slope of this straight line is − 2
eε0εNd

.
The built-in voltage can be found as the intercept of this straight line with the
horizontal axis, see Fig. 9.2.

9.4 Ohmic Contact

For signal collection from a semiconductor device, it is desirable that the contact
between the semiconductor and the metal wire had a small resistance for both
directions of bias. Such contacts are called ohmic. There are two ways to produce an
ohmic contact: (1) using metal–semiconductor combination that would have little or
no Schottky barrier and (2) employing the tunneling effect.

Option 1 If the semiconductor is of n-type, then one can use a metal with the
work function smaller than the semiconductors, ψm < ψs . This will cause the
semiconductor bands to bend down. When no voltage is applied, the energy band
diagram looks like the one in Fig. 9.3a. The band bending occurs because some
electrons leave the metal into the semiconductor, creating a surface layer of an
increased conduction electron concentration on the semiconductor side. Application
of a positive voltage to the semiconductor will make it easier for even more electrons
to be transferred from the metal into the semiconductor. Application of a positive
voltage to the metal will pull electrons from the semiconductor into the metal
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Fig. 9.3 An ohmic contact
between a metal and (a) an
n-type and (b) a p-type
semiconductor

Fig. 9.4 (a) Tunneling of a wave packet through a potential barrier of finite width and height.
(b) Realization of a tunneling barrier by heavy donor doping of an n-type semiconductor near the
interface with a metal

because there is no potential barrier at the metal–semiconductor interface. Thus,
current will flow with little resistance for both bias polarities.

If the semiconductor is of p-type, then one can use a metal whose work function is
higher than that of the semiconductor, ψm > ψs . This will cause the semiconductor
bands to bend up, creating a thin hole-enriched layer near the interface with the
metal, see Fig. 9.3b. Application of a positive bias to the semiconductor will cause
the majority holes to move toward the metal, and, at the same time, it will cause
the electrons from the metal to flow into the semiconductor. After entering the
semiconductor, those electrons will recombine with the holes, with the overall effect
of electric current flowing from the semiconductor to the metal with little resistance.
Application of a positive bias to the metal, on the other hand, will attract electrons
from the semiconductor valence band into the metal; this is equivalent to the flow of
holes away from the metal.

Option 2 When a massive classical object of some kinetic energy E hits a potential
barrier of height VB > E, it bounces back. In quantum mechanics, however,
this is not necessarily the case. At the most fundamental level, all objects are
waves described by their wave function. When such a wave meets an obstacle, the
wave function cannot instantaneously become zero at the position of the barrier.
It smoothly decays to zero inside the barrier but remains finite even on the other
side of the barrier. This is so even when the barrier height exceeds the particle’s
kinetic energy. This means that a particle, such as an electron, has a small, but finite
probability to tunnel through the barrier to the other side, see Fig. 9.4a. Tunneling
probability is the larger the thinner the barrier and the smaller its height.
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Now, a strong doping of a thin layer of an n-type semiconductor with donors
will create additional band bending near the surface. The width of the SCR is
inversely proportional to the square root of the doping concentration and can be
made, therefore, very small. This makes it possible for electrons to tunnel from
metal to semiconductor and back, see Fig. 9.4b. That is, electrons will be able to
move both ways between the metal and the semiconductor via tunneling mechanism.

9.5 Rectification in a Metal–Semiconductor Contact

9.5.1 Metal/n-Type Semiconductor Junction

Qualitative Considerations

Let us derive the current–voltage relation of a junction formed by an n-type
semiconductor with a metal of a higher work function, ψm > ψs , see Fig. 9.1c. This
contact is rectifying, as the following reasoning shows. Application of a positive bias
to the metal attracts the majority electrons from the semiconductor into the metal,
which results in a large current in the forward direction. On the hand, application of a
negative bias to the metal prevents the majority electrons to enter the metal from the
semiconductor. Furthermore, the electrons of the metal likewise are not able to enter
the semiconductor because of the high and sharp Schottky barrier they encounter at
the metal–semiconductor boundary. Hence, the current in the reverse direction is
small. It is not exactly zero because a small fraction of the metal electrons do have
energy exceeding eφB .

Assume zero bias. Electrons attempting to go from the metal into the semicon-
ductor meet a high and sharp Schottky barrier eφB , whereas the conduction electrons
attempting to go in the opposite direction have to overcome a much shallower barrier
eVbi due to the built-in voltage, see Fig. 9.1c. Electron fluxes from the metal into
the semiconductor and from the semiconductor into the metal must perfectly balance
each other in equilibrium at zero applied voltage:

jm→s(0) + js→m(0) = 0 .

The reason why the two fluxes balance each other in spite of the big difference
between the sizes of the two barriers, eφB and eVbi , is because the concentration
of electrons in the metal greatly exceeds the majority electron concentration in the
semiconductor.

Our goal is to find the total electron flux and the electric current density

j (V ) = jm→s(V ) + js→m(V ) , J (V ) = −ej (V )
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when a voltage V is applied to the metal side, whereas the semiconductor is
grounded.

Qualitatively, the rectification effect of the metal–semiconductor contact results
from the different dependence on the applied voltage V of the potential barrier that
electrons need to overcome to enter the semiconductor from the metal side and vice
versa. Namely, the external voltage V has practically no effect on the height of
Schottky barrier eφB . This, in turn, implies that the electron flux density from the
metal into the semiconductor is practically independent of V :

jm→s(V ) ≈ jm→s(0) = −js→m(0) = jS .

Here we denoted the so-called saturation flux density as jS = −js→m(0).
As for the semiconductor side, application of a positive bias to the metal lowers

the barrier by eV , see Fig. 9.5a, thereby exponentially increasing the number of
electrons that can enter the metal from the semiconductor per unit time. This
concentration gets enhanced by a factor eV/Vth . We therefore expect that the electron
flux into the metal should be

js→m(V ) = js→m(0)eV/Vth = −jSeV/Vth .

The current–voltage (or J − V ) curve is thus expected to have the form

J (V ) = −ejs→m(V ) − ejm→s(V ) = ejSeV/Vth − ejS = JS(eV/Vth − 1) ,

where JS = ejS is the reverse saturation current density, calculated below. The graph
of this function is shown in Fig. 9.5b. A passive1 element, in which the current to
flow for one polarity of bias with very little current for the reverse polarity, is called

Fig. 9.5 (a) The energy band diagram of a metal contact with an n-type semiconductor when
a positive voltage is applied to the metal. (b) Qualitative behavior of the current–voltage curve
of a rectifying contact between a metal and an n-type semiconductor. (c) Electronic symbol of a
Schottky diode

1 A passive element is the one that does not require an external power source.
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a diode. Specifically, a diode based on a metal–semiconductor contact is called the
Schottky diode. Its electronic symbol is depicted in Fig. 9.5c.

9.5.2 Reverse Saturation Current Density of a Schottky Diode

To obtain the reverse saturation current density, we need to estimate the number of
electrons that enter the metal from the semiconductor side per unit area per unit
time when a voltage V is applied. Let us first consider a simpler case of a classical
gas in a solid container. The gas has density n, atomic mass m, and temperature T ,
corresponding to thermal energy kT . The number of particles j incident on the wall
of the container per unit surface area per unit time should be expressible in terms of
m, kT , and n. We can figure out this expression by analyzing the dimensions of the
parameters involved, which are

[n] = L−3 ; [kT ] = M · L2/T2 ; [m] = M .

Here, L, T, and M stand for the dimensions of length, time, and mass, respectively.
We need to combine the parameters n, kT , and m so as to get the right dimension of
j , namely,

[j ] = 1/(L2 · T).

The only such combination is

j = bn

√
kT

m
,

where the non-dimensional prefactor b cannot be established by dimensional
analysis. The kinetic theory of gases gives the value

b = 1√
2π

⇒ j = n

√
kT

2πm
.

We can use this result to obtain the semiconductor-to-metal particle current
density by replacing the particle mass m with electron conductivity effective mass
m∗

e and particle concentration n with the concentration n∗ of those electrons that are
capable of overcoming the energy barrier e(Vbi − V ) that stands on their way into
the metal. In order to be able to get out of the semiconductor, a conduction electron
must have the energy not less than

EB = EC + e(Vbi − V ) = (EC + eVbi) − eV = EF + eφB − eV .

We used the fact that
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EC + eVbi = EF + eφB ,

as follows from the energy band diagram at zero bias.
The concentration of conduction electrons with the energy above EB is then

n∗ =
∫ ∞

EB

dE g(E) f (E) ≈ NCe−(eφB−eV )/kT = NCe−(φB−V )/Vth ,

where g(E) and f (E) are electron density of states and Fermi–Dirac distribution;
we used Boltzmann approximation to evaluate the integral. As obtained earlier (see
Sect. 5.2), the effective density of states in the conduction band is

NC = 2(2πm∗
ekT )3/2

h3 .

Modifying our expression for the particle flux density, j , we obtain the electron
flux density from the semiconductor to the metal as

js→m(V ) = n∗
√

kT

2πm∗
e

= NC

√
kT

2πm∗
e

e(φB−V )/Vth .

The saturation electron flux density is therefore

jS = 4πm∗
ek

2T 2

h3
e−φB/Vth .

As for electric current density, J (V ) = JS(eV/Vth −1), we get the reverse saturation
current density

JS = AT 2e−φB/Vth ,

where

A = 4πm∗
ek

2e

h3
= (120.2 A · cm−2 · K−2) · m∗

e

me

is the so-called Richardson constant.2 In semiconductors, the typical value of
Richardson’s constant A is about 100 A/(K2·cm2). With the typical Schottky barrier
height of ca. 0.7 eV, we find that at room temperature, the reverse saturation current
density JS is of the order of 10−5 A/cm2.

2 It is named after Owen Richardson, who developed this theory to describe thermionic emission
of electrons from metals into vacuum in the early 1900s (Nobel Prize 1928).
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Fig. 9.6 A junction formed by a metal and a p-type semiconductor of the larger work function,
eψs > eψm, (a) at zero applied voltage and (b) when a negative bias is applied to the metal. (c)
The J − V curve of this junction

9.5.3 Metal/p-Type Semiconductor Junction

The energy band diagram of a junction formed by a metal and a p-type semiconduc-
tor with a higher work function at zero applied voltage is shown in Fig. 9.6a. Due to
the work function difference,

ψm < ψs ,

the semiconductor bands are bent down near the interface. The built-in voltage is

Vbi = ψs − ψm .

The Schottky barrier is now measured from the metal Fermi level to the valence
band edge in the junction plane. For an ideal diode, it is given by

eφB = eχ + Eg − eψm ,

as can be verified by inspecting the energy band diagram.
Application of a negative bias to the metal, Fig. 9.6b, pushes the electrons

from the metal into the semiconductor and pulls the holes from the semiconductor
into the metal; the two types of charge carriers meet and recombine at the
metal–semiconductor boundary. This results in an appreciable current through the
structure in the negative-x direction. This current should increase in magnitude with
increasing the negative voltage.

On the other hand, application of a positive bias to the metal side prevents
electrons from leaving the metal into the semiconductor and prevents the majority
holes from coming to the metal from the semiconductor. The current, however, is
not exactly zero, even when the positive voltage applied to the metal is large. A large
positive voltage pulls the electrons from the metal–semiconductor interface into the
volume of the metal, simultaneously generating holes on the semiconductor side
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immediately near the junction plane. Those holes then move into the semiconductor
bulk, resulting in a small positive current. This process can be described as injection
of holes from the metal into the semiconductor.

The current–voltage curve of this diode looks qualitatively like the one in
Fig. 9.6c. The analytical form of the current–voltage relation is similar to the
one obtained earlier for a rectifying junction formed by a metal and an n-type
semiconductor, except for the signs in front of the current and the voltage:

J (V ) = JS(1 − e−V/V th) .

The expression for the saturation current is similar to the one obtained earlier, but
with the electron conductivity effective mass replaced by the hole counterpart:

JS = AT 2e−φB/Vth , A = 4πm∗
hk

2e

h3 = (120.2 A · cm−2 · K−2) · m∗
h

me

.

9.6 Non-ideality Effects

The J − V relation obtained in Sect. 9.5.2 describes an ideal Schottky diode and
does not account for some important effects that take place in the real metal–
semiconductor contacts. One such effect overlooked by this theory is that the barrier
height “seen” by electrons impinging on the metal from the semiconductor side is
actually lower than the value used in the calculations. To understand this, let us
consider the junction formed by a metal and an n-type semiconductor, see Fig. 9.5a,
under a forward bias.

Consider a conduction electron inside the space-charge region near the metal–
semiconductor interface. The ionized donors produce the electric potential in the
space-charge region (see Sect. 6.3.3):

φSCR(x) = (Vbi − V )

(
1 − x

xd

)2

, xd =
√

2ε0ε(Vbi − V )

eNd

.

In addition, the electron also interacts with the electrons of the metal. This
interaction can be effectively described by the method of image charges. Namely,
the force produced on the electron by the metal is the same as the force between this
electron of charge −e and its image charge +e located at a distance x on the other
side of the metal–semiconductor interface, see Fig. 9.7a:

Fim(x) = − 1

4πε0ε

e2

(2x)2 = − e2

16πε0εx2 .
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Fig. 9.7 (a) An electron (charge −e) at a distance x from a metal surface interacts with the metal
so as if there were an image charge e at a distance x on the other side of the semiconductor–metal
interface. (b) The total electric potential is a sum of the SCR-generated contribution, φSCR(x), and
the image charge potential φim(x)

The image-charge force can be expressed as the negative derivative of the image-
charge electric potential multiplied by the electron charge, −e:

Fim(x) = e
dφim(x)

dx
, φim(x) = − e

16πε0εx
.

The total potential in which the electron finds itself is, thus,

φtot (x) = φSCR(x) + φim(x) ,

see Fig. 9.7b. It is seen that it has a maximum, whose height is smaller than the value
Vbi − V obtained without taking the image charge into account. The barrier height
reduction �φ can be obtained by approximating φSCR(x) ≈ (Vbi −V )(1−2x/xd);
this approximation is valid provided that the maximum of the total potential φtot (x)

is not too far from the surface. The result of this calculation is

�φ(V ) =
(

e3Nd(Vbi − V )

8π2(ε0ε)3

)1/4

.

We see that the barrier height decrease depends on the applied voltage. The result is
that the reverse saturation current density is increased relative to its ideal-junction
value by a factor e�φ(V )/Vth :

JS = AT 2e−φB/Vthe�φ(V )/Vth .

Actually, this value of the saturation current density is also not quite accurate for
several reasons:
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(i) A further effect neglected by the theory is that electrons with the energy greater
than the barrier height are incident onto the interface with the metal from the
semiconductor side does not necessarily make it into the metal. In fact, they can
be reflected back into the semiconductor, even though their energy is higher
than the barrier that prevents them from entering the metal. This is a purely
quantum effect that has to do with the wave nature of electrons; it cannot be
explained within the classical framework.

(ii) What is even more important, the electrons with the energy lower than the
barrier height can still make it through the barrier due to the quantum tunneling
effect.

(iii) The theory developed above neglects the recombination of electrons and
holes in the space-charge region and also the surface recombination on the
semiconductor boundary.

(iv) There is a thin dielectric layer that separates the metal and the semiconductor.
While the electrons can tunnel through this layer, there is also a finite potential
difference across this layer, which affects the value of the Schottky barrier
height.

All these non-ideality effects result in a deviation of the experimental current–
voltage curve from the ideal one obtained here. The ideal J −V curve describes the
real-life devices only qualitatively correctly. In order to fit the experimental J − V

curves of a real Schottky diode, the ideal-diode relation is modified by introducing
the so-called ideality factor n:

J (V ) = JS(eV/(nVth) − 1) .

The ideality factor n is usually of the order of 1−2, but it can also be outside of this
range.

9.7 Problems

9.7.1 Solved Problems

Problem 1 Consider a junction formed by p-Si doped at Na = 1015 cm−3 and
some metal at T = 300 K. The semiconductor is grounded. Silicon parameters can
be found in Appendix A.3. What should the metal work function be in order for
the voltage applied to the metal electrode to be the same as the surface potential on
the semiconductor? Draw the energy band diagram at zero voltage V , V > 0, and
V < 0.

Problem 2 A junction is formed by silicon and a golden electrode with the
work function eψm = 5.1 eV. Determine the type (donors or acceptors) and the



9.7 Problems 229

Fig. 9.8 Two Schottky diodes connected (a) in parallel and (b) in series

minimal concentration of the dopants in order for an inversion layer to form in the
semiconductor near the surface.

Problem 3 Two identical ideal Schottky diodes are connected in parallel, with one
in forward and the other in reverse direction, see Fig. 9.8a. Assume the reverse
saturation current IS of each diode to be known. Derive and sketch the current–
voltage relation, I (V )/IS vs. V/Vth, of this circuit.

9.7.2 Practice Problems

Problem 1 Derive the value of the barrier lowering �φ from Sect. 9.5.2.

Problem 2 When a positive bias of 0.5 V is applied to the metal side of a metal–
silicon junction, the junction has the capacitance of 0.25 pF. A bias of 1.5 V results
in a capacitance of 0.05 pF. The junction area A = 10−5 cm2, and the temperature
T = 300 K.

(a) Is the semiconductor of p- or n-type? What is the smallest value of the applied
voltage at which the space-charge region in the semiconductor starts to appear?
Is the metal work function higher or lower than the semiconductors?

(b) What is the doping level of the semiconductor?
(c) What is the value of the metal work function?

Problem 3 When a positive forward bias of 0.1 V is applied to an ideal Schottky
diode at T = 350 K, a current density J = 5.32 · 10−10 A/cm2 is measured. The
bias of 0.5 V results in the current density of 3.18 · 10−4 A/cm2.

(a) What is the reverse saturation current density of this junction?
(b) Determine the height of Schottky barrier.

Problem 4 Two identical ideal Schottky diodes are connected in series, one in the
forward and the other in the reverse direction, see Fig. 9.8b. Assume the reverse
saturation current, IS , of each diode to be known. Derive the current–voltage curve
I (V ) of this circuit. Plot the ratio I/IS vs. the ratio V/Vth.
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9.7.3 Solutions

Problem 1 In order for the surface potential to be exactly equal to the voltage
applied to the metal, band bending must be absent in the semiconductor. The size of
band bending, which is the built-in voltage, is zero only if the metal work function
is the same as the semiconductor work function. Therefore, we must have

eψm = eψs = Evac − EF = Evac − EC + EC − EF = eχ + EC − EF .

The energy difference EC − EF can be found from the electron concentration:

n0 = n2
i

Na

= NC e−(EC−EF )/kT ,

giving

EC − EF = kT ln
NaNC

n2
i

= 0.02585 ln
1015 · 3.2 · 1019

(8.59 · 109)2 = 0.871 eV .

The metal work function must be

eψm = 4.05 + 0.871 = 4.92 eV .

The energy band diagrams of this contact for V = 0, V > 0, and V < 0 are
shown in Fig. 9.9.

Problem 2 Let us assume that the majority carriers in the semiconductor are
electrons. Referring to Fig. 9.1c, we can express the difference Evac,m − EF in
two ways:

Fig. 9.9 The energy band diagram of a contact formed by a p-type silicon and a metal with ψm =
ψs at zero, positive, and negative voltage applied to the metal
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ψm = Vbi + χ + EC − EF

e
.

The inversion layer starts forming when the concentration of holes near the surface
equals the concentration of electrons far from the surface. Hole concentration near
the surface is related to its value in the bulk via

p0,surf = p0e
Vbi/Vth = n2

i

n0
eVbi/Vth .

From the condition p0,surf = n0, we obtain (see also Sect. 6.3.4)

Vbi = 2Vth ln
n0

ni

.

Next, the difference between the conduction band energy and the Fermi energy is
related to the electron concentration by (see Sect. 5.2)

EC − EF

e
= Vth ln

NC

n0
.

Substitution of the expressions for Vbi and (EC − EF )/e gives

ψm = 2Vth ln
n0

ni

+ χ + Vth ln
NC

n0
= χ + Vth ln

n0NC

n2
i

.

From this, we find the electron concentration:

n0 = n2
i

NC

e(ψm−χ)/Vth .

Taking the parameters from Appendix A.3, we find its numerical value

n0 = (8.59 · 109)2

3.2 · 1019
e(5.1−4.05)/0.02585 = 1.01 · 1018 cm−3 .

We see that n0 � ni , which is consistent with our assumption that the semiconduc-
tor is of n-type.

If we assumed that it were of p-type, then we would have had to use the energy
band diagram from Fig. 9.6a; a similar reasoning would have brought us to a
conclusion that n0 � ni , which is inconsistent with the assumption about the
conductivity type of the semiconductor.

Hence, the semiconductor must be doped with donors at Nd = 1.01 · 1018 cm−3.

Problem 3 The total current I is the sum of currents through the upper, I1, and the
lower, I2, diodes,
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Fig. 9.10 The
current–voltage curve of a
circuit, in which two diodes
are connected in parallel, see
Fig. 9.8a

I = I1 + I2 .

Since the diodes are in parallel, the same voltage V is applied to both of them. The
upper diode is in the forward direction; hence,

I1(V ) = IS(eV/Vth − 1) .

The lower diode is reverse-biased: if V is large and positive, the current through the
lower diode is IS , and if V is large and negative, I2 ∝ −ISe−V/Vth . More generally,

I2(V ) = −IS(e−V/Vth − 1) .

Adding the two currents together,

I (V ) = IS(eV/Vth − e−V/Vth) = 2IS sinh
V

Vth

⇒ I (V )

IS

= 2 sinh
V

Vth

.

This relation is plotted in Fig. 9.10.



Chapter 10
Metal–Oxide–Semiconductor Field Effect
Transistor (MOSFET)

10.1 MOSFET Schematics and Operation Principle

A MOSFET is a workhorse of integrated electronics and is at the heart of every
digital circuit. It is a building block of a charge coupled device (CCD). To name
but a few of its other applications, it is used to store information and perform
logical operations in digital electronics, to amplify and generate ac-signals in analog
circuits, and to convert analog signals into digital ones.

A schematics of an enhancement-mode MOSFET with an n-channel, or n-
MOSFET, is shown in Fig. 10.1a. It is based on a p-type substrate, with the terminal
attached to it called the body (B). The body is usually grounded. In the upper part of
the substrate, there are two heavily doped n+-regions, with the source (S) and drain
(D) terminals. They are separated by an insulating oxide layer, on top of which
there is a metal electrode, called the gate (G). In Si-based circuits, the insulating
layer is usually formed by SiO2 (silicon dioxide), hence the name of the device.
The electrodes can be made of a metal, but also they can be made of heavily doped
semiconductor.

The idea of an n-MOSFET operation is that by applying a positive voltage
to the gate, one affects the value of the electric potential on the semiconductor
surface underneath the oxide layer. Once the gate voltage reaches a certain threshold
value, VT , the electric potential on the semiconductor surface becomes equal to the
threshold potential φT = (EFi−EF )/(2e), at which an electron-rich inversion layer
is formed, as discussed in the end of Sect. 6.3.4. The inversion layer connects the
source and the drain, allowing electric current to flow between these two electrodes.

Likewise, one may use an n-type substrate with the p+-type source and drain
regions. Then, application of a sufficiently large negative voltage to the gate will
result in a formation of a hole-enriched inversion layer. This kind of a MOSFET
is called the p-MOSFET in the enhancement mode. The electronic symbols of an
enhancement-mode n- and p-MOSFETS are shown in Fig. 10.1a.
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Fig. 10.1 (a) The structure of an enhancement-mode n-MOSFET and its electronic symbol; in
a p-MOSFET, whose electronic symbol is shown to the right, the substrate is of n-type, and the
heavily doped regions under the source and drain electrodes are of the p+-type. (b) The sketch of
a depletion-mode n-MOSFET and its electronic symbol. The depletion-mode p-MOSFET has the
same structure, but with the n-type substrate, the p+-type source and drain regions, and a hole-
enriched inversion layer underneath the oxide

The action of a MOSFET is thus reminiscent of a faucet, where a small variation
in the turning angle of the valve has a large effect on the water flow. Note that
the oxide layer is absolutely necessary for MOSFET operation. Indeed, if one had
a metal gate electrode deposited directly on the semiconductor surface, it would
have been impossible to control surface conductivity by the gate voltage simply
because the surface would already have been connecting the source and the drain at
all voltages.

A great advantage of MOSFET technology is its flexibility. It is possible to have
the parameters of the device such that the inversion layer is present even at zero
gate voltage; then, one would need to apply a certain threshold voltage to the gate in
order to switch the inversion layer off. A MOSFET with the pre-existing electron-
rich inversion layer at zero gate voltage is termed an n-MOSFET in the depletion
mode, see Fig. 10.1b. One can also build a depletion-mode p-MOSFET if one uses
an n-type body and two p+-type source and drain electrodes. The electronic symbols
of depletion-mode n- and p-MOSFETs are shown in the same figure.



10.2 Qualitative Description of MOSFET I − V Curve 235

Fig. 10.2 (a) The current–voltage curves of an enhancement-mode n-MOSFET, connected as
shown in panel (b), for different values of the gate voltages. The dotted curve separates the region
where ID increases with VD from the region where ID is constant

10.2 Qualitative Description of MOSFET I − V Curve

Consider an enhancement-mode n-MOSFET with the body and the source elec-
trodes grounded, a voltage VD applied to the drain and a current ID measured. Its
I − V curve for different values of the gate voltage VG is shown in Fig. 10.2.

At a fixed gate voltage exceeding the threshold value, VG > VT , the drain
current ID initially increases linearly with the drain voltage. The initial slope (the
conductance) dID/dVD of the ID vs. VD curve increases as the gate voltage VG

is increased. The reason for this is clear: the higher the gate voltage, the thicker
the inversion layer, and hence the lower its resistance. Interestingly, when the drain
voltage attains a certain value V sat

D , the drain current reaches saturation. It remains
constant upon further increase of the drain voltage above V sat

D -value. The saturation
drain voltage increases with the gate voltage.

Let us try and understand the current saturation. In order for an inversion layer
to form, it is necessary for the potential difference �V between the semiconductor
surface underneath the oxide layer and the gate to be greater than some threshold
voltage VT . But when a voltage VD is applied to the drain, the value of the local
potential at a given point underneath the oxide will depend on the distance x from
the source. It will change from V (0) = 0 at x = 0 to V (L) = VD at x = L, where
L is the drain-to-source distance, see Fig. 10.3.

The potential difference between the gate and a point x in the inversion channel
is then given by

�V (x) = VG − V (x).
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If the inversion channel connects the drain and the source, then �V changes from
the highest value VG at x = 0 to the lowest value VG − VD at x = L.

Increasing the drain voltage VD results in a decrease of �V (L) = VG − VD . As
long as �V (L) is above the threshold level, the inversion channel is still connecting
the drain and the source, and the current is still increasing upon further increase of
the drain voltage, albeit not as sharply as in the beginning of the I − V curve. But
at some point, the drain voltage reaches the value

V sat
D = VG − VT ,

at which the local potential difference at x = L equals �V (L) = VT . Then, the
existence of the inversion channel cannot be supported near the drain anymore,
although it still can exist at some distance away from it. This causes the phenomenon
called the pinch-off, see Fig. 10.3.

At pinch-off, the inversion channel ends at some distance �L from the drain.
The distance �L increases with VD starting from the value �L = 0 at VD = V sat

D .
It might come as a surprise that the drain current does not go to zero after

the pinch-off, even though the inversion channel is not in contact with the drain
anymore. Rather, the current saturates and does not change upon further increase
of the drain voltage. This is so, because, after the pinch-off, the potential difference
between one end of the inversion layer at x = 0 and the other end at x = L − �L

remains constant and equals V sat
D . For VD greater than the saturation value V sat

D by
not too much, the distance �L should be much smaller than L, which implies that
the inversion channel resistance R is approximately independent of VD . Hence, also
the current in the inversion layer should be equal to I sat

D = V sat
D /R independent

of VD . The current ID = I sat
D at VD > V sat

D is carried by the electrons that move
from the rightmost edge of the inversion layer to the drain through the space-charge
region around the drain.

Our next task is to find the threshold gate voltage VT at which the inversion layer
develops and to derive an analytic expression for the I − V curve of a MOSFET.

Fig. 10.3 Inversion layer at VD > V sat
D
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10.3 Quantitative Description of a MOSFET I − V Curve

Let us consider the situation when a thin inversion channel is formed, i.e., the gate
voltage exceeds the threshold value, VG > VT , and the drain voltage is below
the pinch-off value, VD < V sat

D . As we go along the inversion channel in the x-
direction, the potential difference V (x) between a point x in the channel and the
source at the origin increases from V (x = 0) = 0 to V (x = L) = VD . The local
electric field in the inversion layer,

E(x) = −dV (x)

dx
,

acts in the negative-x-direction. It pulls the electrons from the source to the drain.
On average, the electrons in the inversion layer move with the drift velocity, which
depends on x:

ve|drf (x) = −μeE(x) = μe

dV (x)

dx
,

where μe is the electron mobility in the inversion channel. Note that it is appreciably
smaller than electron mobility far away from the surface because the scattering of
the electrons by the surface is an additional mechanism that slows them down. This
mechanism is not operative in the semiconductor bulk.

Let ηi(x) be the surface concentration of the electrons in the inversion layer. It
depends on the distance x from the source, being maximal at x = 0 and gradually
decreasing to ηi(L) as the inversion layer gets thinner. The corresponding surface-
charge density is −eηi(x). It is supported by the local potential difference across
the oxide layer above the threshold voltage VT ,

�V (x) − VT = VG − V (x) − VT .

The threshold voltage must be subtracted from �V (x) because there is no inversion
layer at �V (x) < VT ; the inversion layer only starts to be formed at �V (x) = VT .

The surface-charge density −eηi(x) is given by

−eηi(x) = −C′
ox(VG − VT − V (x)),

where

C′
ox = ε0εox

tox

is the unit area capacitance of the insulating oxide layer between the gate electrode
and the MOSFET body. The thickness of this oxide layer is tox , and its relative
dielectric constant is εox .
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The value of the electric current at a position x is given by

I (x) = −eWηi(x) ve|drf = Weηi(x) μe

dV

dx
= WC′

ox(VG − VT − V (x)) μe

dV

dx
.

Indeed, dq = −eWηi(x)dx is the total electron charge contained between x and
x + dx. This charge is moving with the average velocity ve|drf = dx/dt , resulting
in the current I (x) = dq/dt above. Note that for a positive drain voltage VD , the
electrons are drifting in the positive x-direction, so that the current I (x) is negative.

Now, due to charge conservation, the current must be constant at all values of x.
Its value is equal to the drain current, ID = −I (x) for all x. We choose the minus
sign so as to make the drain current have the same sign as the drain voltage. Thus,

ID = WC′
ox(VG − VT − V (x))μe

dV

dx
.

We multiply both sides of this equation by dx and integrate its left-hand side over x

from x = 0 to x = L, giving IDL. Its right-hand side is integrated over the voltage
from the value V (x = 0) = 0 to V (x = L) = VD , giving WC′

ox((VG − VT )VD −
V 2

D/2). We thus obtain the current–voltage curve before saturation is reached:

ID(VD) = Kn

(
2(VG − VT )VD − V 2

D

)
for VD < V sat

D ,

where the combination

Kn = WμeC
′
ox

2L

is called the conduction parameter of an n-MOSFET.
Note that ID = 0 at VD = 0, as one would expect. This ID(VD) curve represents

a parabola with a maximum at VD = V sat
D = VG − VT , as can be verified by

differentiation.
If VD > V sat

D , this relation would predict a decrease of ID with VD . But the
analytical considerations presented above are invalid if VD exceeds the saturation
value V sat

D because we are now in the pinch-off regime, in which the inversion layer
does not connect the source and the drain anymore. Rather than starting to decrease,
the current saturates at the value

I sat
D = ID(V sat

D ) = Kn(VG − VT )2 for VD > V sat
D .

The current–voltage curve of a p-MOSFET is the same as of an n-MOSFET, with
the only difference being that the conduction parameter Kn has to be replaced with

Kp = WμhC
′
ox

2L
,

where μh is the hole mobility near the surface.
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10.4 Determination of the Threshold Voltage

10.4.1 Energy Band Diagram of a MOS Structure at Zero Gate
Voltage

The inversion layer in the p-semiconductor is formed when the potential on its
surface underneath the oxide reaches the threshold value

φT = 2Vth ln
Na

ni

= 2
EFi − EF

e
,

at which electron concentration near the surface becomes equal to hole concentra-
tion in the bulk. Semiconductor surface potential is controlled by the voltage on
the gate electrode separated from the semiconductor by a thin dielectric (e.g., SiO2)
layer. We need to figure out the threshold gate voltage VT , at which the surface
potential attains the value φT . Solving this problem requires a careful analysis of
the energy band diagram of the metal–oxide–semiconductor system when a voltage
VG is applied to the gate, while the source, the drain, and the body are grounded.

Let us forget about the source and the drain for the moment and consider the
energy bands in the p-type substrate when zero voltage is applied to the gate, see
Fig. 10.4, showing the metal–oxide–semiconductor (MOS) structure in panel (a)
and its energy band diagram at zero bias in panel (b). Drawing the energy band
diagram of a MOS structure is based on the same principles as in the simpler metal–
semiconductor case.

In particular, metal and semiconductor in equilibrium must have the same Fermi
energy. This is so because maintaining zero voltage between the gate and the body
of a MOS structure requires connecting the two objects by a wire through which the
gate and the body can exchange electrons. This electron exchange renders the Fermi
energies in the gate and the substrate to be the same.

Fig. 10.4 (a) A metal–oxide–semiconductor (MOS) capacitor with zero voltage between the
substrate and the gate and (b) the energy band diagram of this structure
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Next, the vacuum energy level must be continuous throughout the MOS structure.
Just as in the case of a metal–semiconductor contact, this implies band bending in
the semiconductor and oxide layers. More precisely, because there are no free charge
carriers in the oxide, a potential difference Vox develops across it due to the band
bending in the semiconductor and also due to the surface charges that are trapped on
the oxide surface (we will discuss them later). Band bending in the semiconductor
results in the onset of a surface potential φS .

The energy difference between the vacuum level and Fermi energy in the metal
is the metal work function, eψm. Electron affinity in the semiconductor bulk—that
is, the energy difference between the semiconductor conduction band edge and the
vacuum energy—is denoted as eχ . The work function in the semiconductor is then

eψs = Evac,s − EFs = eχ + EC − EF .

10.4.2 Energy Band Diagram of a MOS Structure for
Non-zero Gate Voltage

Consider now what happens when a positive bias VG is applied to the gate. This
leads to a shift of all energy levels in the gate down by the amount eVG, e.g., the
new Fermi level in the metal is now EFm = EFs − eVG. At the same time, the
energy differences between the metal Fermi level EFm and the vacuum level, eψm,
remain the same as in the zero-bias case.

Because the semiconductor is grounded, all the bulk energy levels and energy
differences (EFs , EFi , EC , EV , Evac,s , and eχ ) remain the same as in the zero-bias
case. But at the semiconductor–oxide interface, the size of the band bending will be
affected by the voltage VG applied to the gate. The size of the semiconductor band
bending near the surface is quantified by the surface potential eφS , which equals the
difference between the characteristic energies (such as Evac,s or EFi) in the bulk
and near the surface, see Fig. 10.5b. When the gate voltage reaches the threshold
value, VG = VT , the surface potential becomes

φS = φT = 2
EFi − EF

e
,

and an inversion layer starts to form.
A useful relation between all these characteristic energies can be established by

considering the difference between the vacuum energy and the semiconductor Fermi
level in the bulk. On the one hand, it is just the semiconductor work function

eψs = EC − EF + eχ,
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Fig. 10.5 (a) A metal–oxide–semiconductor (MOS) capacitor with a non-zero voltage between
the substrate and the gate and (b) the energy band diagram of this structure

see the right part of Fig. 10.5b. The same energy difference can be expressed in terms
of the metal properties, the potential drop across the oxide, and the band bending
parameter, namely,

eψs = eψm − eVG + eVox + eφS,

see the left part of Fig. 10.5b. Equating the two expressions, we have

eψm − eVG + eVox + eφS = EC − EF + eχ,

or

VG = ψm + Vox + φS − χ − EC − EF

e
.

This relation can be written in several equivalent forms. For instance, previously, we
have obtained an expression for the intrinsic Fermi energy

EFi = EC + EV

2
+ kT

2
ln

NV

NC

≈ EC + EV

2
= EC − Eg

2
.

Given that the effective densities of states NV and NC are of the same order of
magnitude, the ratio NV /NC is of the order of unity, and thus the logarithmic term
can be neglected. Then

VG = ψm − χS + Vox + φ′
S + EF − EFi

e
− Eg

2e
.
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10.4.3 Oxide Voltage

An oxide layer of thickness tox has the capacitance per unit area

C′
ox = ε0εox

tox

,

where εox is the relative dielectric constant of the oxide. A voltage Vox across the
oxide layer is associated with the surface charges on its opposite sides. The gate
(metal) acquires a charge per unit area Q′

m, which has the same sign as the oxide
voltage polarity. The charge developed in the semiconductor underneath the oxide
layer has the surface density

Q′
s = −Q′

m.

It equals in magnitude to the surface-charge density on the metal side because the
whole structure must be electrically neutral. Thus, by the definition of capacitance,
the voltage across the oxide is given by

Vox = Q′
m

C′
ox

= − Q′
s

C′
ox

= − tox

ε0εox

Q′
s .

The semiconductor surface-charge density consists of three contributions:

1. The negative charge of the ionized acceptors is in the depletion region underneath
the oxide. The surface-charge density of the depletion region is

Q′
d = −eNaxd, xd =

√
2ε0ε

eNa

φS.

Here, xd is the width of the depletion region, as derived earlier (see Sect. 6.3.3).
2. The negative charge is due to the electrons in the inversion layer. We denote the

respective surface-charge density as Q′
i .

3. During the semiconductor surface oxidation process, additional positive charge
is formed at the Si/SiO2 interface due to the charge carriers trapped by the surface
states, trapped ions of various types, charged defects, etc. The magnitude of the
respective surface-charge density Q′

ss (the subscript ss stands for “semiconduc-
tor surface”) depends on the technological conditions and is fixed.

Thus, in general, the voltage drop across the oxide layer is

Vox = − Q′
S

C′
ox

= eNaxd + Q′
i − Q′

ss

C′
ox

.
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Fig. 10.6 The energy band
diagram of an
enhancement-mode
n-MOSFET when the
flat-band voltage is applied to
the gate

10.4.4 Flat-Band Voltage

The general relation between the gate obtained in the end of Sect. 10.4.2 involves
the surface potential φS , which determines the magnitude of band bending and,
accordingly, the width of the depletion region. The flat-band voltage is defined as
that value of the gate voltage VG = VFB for which the band bending is zero, i.e.,
φS = 0, see Fig. 10.6. Then, there is no depletion region under the oxide layer, i.e.,
xd = 0 under the flat-band conditions. Recalling that the inversion layer is formed
after the depletion region reaches its maximal size, we immediately realize that also
Q′

i = 0.
Then, the oxide voltage under the flat-band conditions is determined just by the

trapped surface-charge density,

VoxFB = −Q′
ss

C′
ox

,

and the flat-band value of the gate voltage is

VFB = ψm − χ − EFi − EF

e
− Eg

2e
− Q′

ss

C′
ox

= ψm − ψs − Q′
ss

C′
ox

.

This is just the difference between the metal and semiconductor work functions
minus the oxide voltage due to the trapped surface charges. For an n-channel MOS-
FET, the flat-band voltage is negative because the semiconductor work function,

eψs = eχ + EFi − EF + Eg

2
,

exceeds the metal counterpart, and because the charge Q′
ss on the semiconductor–

oxide interface is positive.



244 10 Metal–Oxide–Semiconductor Field Effect Transistor (MOSFET)

When an arbitrary voltage is applied to the gate, it can be expressed as

VG = VFB + eNaxd + Q′
i

C′
ox

+ φS.

10.4.5 Threshold Voltage

When the gate voltage VG increases to the threshold value VT , the electrostatic
potential at the semiconductor–oxide interface becomes φS = φT = 2EFi−EF

e
. At

this value of the surface potential, the space-charge region underneath the oxide
reaches its maximal width

xdT =
√

2
ε0ε

eNa

φT = 2

e

√
ε0ε

Na

(EFi − EF ).

A further increase of VG above VT results in an increase of the inversion-layer
surface-charge density, but not in an increase of the depletion region.

At the threshold voltage VG = VT , the inversion layer just starts to be formed
but is not quite there yet. Therefore, we can set at the threshold Q′

i = 0. The oxide
voltage is then

VoxT = eNaxdT − Q′
ss

C′
ox

.

We thus have an expression for the threshold gate voltage

VT = VFB + eNaxdT

C′
ox

+ 2
EFi − EF

e
.

This expression can be written in other equivalent forms. For example, using the
formula for the flat-band voltage, we have

VT = ψm − χ + eNaxdT − Q′
ss

C′
ox

+ EFi − EF

e
− Eg

2e
.

We have considered the case of an n-MOSFET here. Derivation of these relations
for a p-channel MOSFET, and also for the case when, instead of a metal, a heavily
doped p- or n-type semiconductor is used as a gate electrode, can be performed in a
similar manner.
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10.5 Capacitance–Voltage Measurements

A great deal about the MOS structure can be learned from the capacitance–voltage
measurements, in which the capacitance between the body and the gate electrodes
is measured as a function of the gate voltage. Such measurements are performed
by biasing the gate with a dc-voltage VG and measuring the current produced by a
weak ac-voltage v(t) = v0 sin(ωt); this current equals

i(t) = dQ

dt
= C

dv

dt
= Cv0ω cos(ωt),

where

C = dQ/dt

dv/dt
= dQ

dv

is the MOS capacitance and Q is the charge on the metal electrode. To exclude
the influence of the MOS geometry, we will evaluate the capacitance per unit area,
C′ = C/A, where A = WL, see Fig. 10.3.

As before, we focus on the n-MOSFET, i.e., the body is of p-type. Let us assume
for now that the frequency ω of the ac-voltage is sufficiently small for the charge
carriers in the semiconductor to be able to react to the time-dependent electric field.
Three regimes can be distinguished.

Accumulation regime, in which the gate voltage is below the flat-band value:

VG < VFB.

At the typical doping levels Na > 1014 cm−3, the semiconductor body behaves as a
poor conductor, and therefore, it remains under zero potential. Application of a gate
voltage below the flat-band value results in an accumulation of holes in a very thin
surface layer underneath the oxide, see Fig. 10.7a. The thickness of this layer is of
the order of Debye screening length, see Sect. 6.3.2. Since the voltage drop occurs

Fig. 10.7 The MOS structure in the (a) accumulation, (b) depletion, and (c) inversion regime
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mostly across the oxide, the capacitance of the structure equals to that of the oxide
layer:

C′(V ) = C′
ox = ε0εox

tox

.

Depletion regime, in which the gate voltage is high enough for the depletion
region to form near the surface, but insufficient for the formation of the inversion
layer, see Fig. 10.7b:

VFB < VG < VT .

The depletion region width and capacitance per unit area depend on V as

xd =
√

2ε0ε(V − VFB)

eNa

, C′
d = ε0ε

xd

=
√

eNaε0ε

2(V − VFB)
.

The net capacitance now consists of the oxide and the depletion region capacitances
connected in series:

1

C′ = 1

C′
ox

+ 1

C′
d

⇒ C′ = C′
oxC

′
d

C′
ox + C′

d

.

Since C′
d decreases with V , so does the total capacitance at VG > VFB . The

depletion regime ends when the gate voltage reaches the threshold value, at which
an inversion layer forms near the surface. The minimal capacitance per unit area is
then

C′
min = C′

oxC
′
dT

C′
ox + C′

dT

, C′
dT = ε0ε

xd

=
√

eNaε0ε

2φT

.

Inversion regime, in which the gate voltage exceeds the threshold value,

VG > VT ,

resulting in a formation of the inversion layer. Because the whole structure must be
electrically neutral, the charge per unit area on the metal electrode, Q′ = Q/A, is
a sum of the magnitudes of inversion-layer charge, Q′

i = Qi/A, and the charge of
the depletion region, Q′

dT = −exdT Na . Thus,

Q′ = exdT Na + |Q′
i |.
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Fig. 10.8 The capacitance–voltage curve of a MOS structure at (a) low-frequency driving, (b)
high-frequency driving, and (c) intermediate-frequency driving

The depletion region has the maximal width xdT =
√

2ε0εφT

eNa
corresponding

to the threshold value of the surface potential. Therefore, it does not increase
with increasing VG. On the other hand, the charge of the inversion layer grows
exponentially strongly with the gate voltage, so that at VG exceeding VT by a small
amount, the inversion-layer contribution starts to dominate over the depletion region
contribution: Q′ ≈ |Q′

i |. Correspondingly, the voltage drop across the depletion
region can be neglected, i.e., the main voltage drop occurs across the oxide layer,
and the measured capacitance is C′(V ) = C′

ox , as in the accumulation regime:

Q′ ≈ |Q′
i | ⇒ C′ ≈ C′

ox.

The capacitance–voltage curve for slow driving is sketched in Fig. 10.8a.
So far, we assumed that the frequency ω is sufficiently low for the semiconductor

charge carriers to react to the time-dependent voltage v(t). The slowest component
of the semiconductor charge is the inversion layer, which is formed due to the
generation–recombination processes. If the frequency ω is much higher than the
inverse recombination time, then the charge density in the inversion layer is unable
to follow the temporal variations of the gate voltage. As a result, the inversion
layer becomes a thin static charged sheet. Even though it may have an appreciable
surface-charge density Q′

i , it practically does not change in time, making very little
contribution to the capacitance

C′ = dQ′
i/dt

dv/dt
+ dQ′

d/dt

dv/dt
.

As a result, the measured capacitance saturates at the value C′
min, see Fig. 10.8b at

high frequencies.
At the intermediate frequencies, the capacitance at V > VT saturates at some

value between C′
min and C′

ox , which increases as the frequency is decreased, see
Fig. 10.8c.
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10.6 Problems

10.6.1 Solved Problems

Problem 1 Determine the flat-band and the threshold voltage of a Si-based n-
MOSFET with the base doping level Na = 1015 cm−3, SiO2 insulator of thickness
100 nm and the dielectric constant 3.9. The trapped surface-charge density is
1011 cm−2. The temperature is 300 K. As the gate electrode polycrystalline n+-Si
is used with the Fermi level higher than the conduction band energy by 0.05 eV,
you may assume that the electron affinity of the gate electron is the same as of the
MOSFET body.

Problem 2 Same as in Problem 1, but this time it is a p-MOSFET, i.e., the body is
n-type with the same doping concentration Nd = 1015 cm−3, and the gate is made
of the heavily doped p+-Si with the Fermi level 0.05 eV below the valence band
edge.

Problem 3 The experimental capacitance–voltage curve of a Si-based MOSFET is
sketched in Fig. 10.9a. Its oxide layer is SiO2 with the dielectric constant εox = 3.9.
The gate metal work function is eψm = 4 eV. The temperature is 300 K. Based on
this information, determine the following:

(a) Is this a p-MOSFET or an n-MOSFET?
(b) What is the oxide layer thickness?
(c) What is the semiconductor doping level?
(d) What is the surface concentration of trapped charges in the semiconductor–

oxide interface?

Problem 4 For an enhancement-mode n-MOSFET biasing shown in Fig. 10.9b,
sketch the current–voltage curve, ID vs. VDS , for VGD = 0, 0.5 VT , VT , and 2 VT .

Fig. 10.9 (a) The capacitance–voltage curve of some MOS structure in Problem 3. (b) The biasing
of an n-MOSFET in Problem 4
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10.6.2 Practice Problems

Problem 1 A MOS capacitor is formed by an n+-Si/SiO2/n-Si structure at T =
300 K. The substrate is grounded. The n+-Si, used as a gate electrode, is doped so
heavily that its Fermi energy is above the conduction band edge by �E = 0.05 eV.
The n-type silicon body is doped at Nd = 1017 cm−3. The SiO2 layer has thickness
tox = 200 nm and a relative dielectric constant of εox = 3.9. On the interface with
n-Si, it carries the trapped charges of surface density Q′

ss = 6 · 10−9 C/cm2. The
properties of Si are given in Appendix A.3. Draw the energy band diagram of the
structure when a positive voltage VG is applied to the gate. Use this diagram to
express the applied gate voltage VG in terms of the characteristic energies, Eg , �E,
EF EFi , eφS , and eVox . Find the flat-band voltage and the threshold voltage of the
device.

Problem 2 A p-MOSFET for which W/L = 7, where W is the device width, and
L is the source-to-drain distance; the oxide thickness and dielectric constant are tox

= 50 nm and εox = 3.9, and the hole mobility near the surface μh = 70 cm2/(V · s.
The device is to be used as a controlled resistor.

(a) Calculate the surface-charge density in the inversion channel that is required for
the MOSFET resistance between the source and the drain to be 10 k� at low
values of VD � V

(sat)
D . Note that at small drain voltage, the inversion-layer

surface-charge density Q′
i is independent on the coordinate x.

(b) What gate voltage in excess of the threshold voltage, �V = VG − VT , is
necessary to maintain the inversion surface-charge density found in part (a)?

10.6.3 Solutions

Problem 1 We consider a MOS structure, whose energy band diagrams at zero and
positive gate voltage V are shown in Figs. 10.4b and 10.5b, respectively. The work
function of the “metal” n+-Si

eψm = eχ − �E, �E = 0.05 eV.

We can directly apply the results obtained in Sects. 10.4.4 and 10.4.5. Namely, the
flat-band voltage is given by

VFB = ψm − χ − EFi − EF

e
− Eg

2e
− Q′

ss

C′
ox
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= −�E

e
− EFi − EF

e
− Eg

2e
− Q′

ss

C′
ox

.

The second term in the right-hand side of this expression can be evaluated as

p0 = Na = nie
(EFi−EF )/kT

⇒ EFi − EF

e
= Vth ln

Na

ni

= 0.02585 ln
1015

8.59 · 109
= 0.3015 V.

The oxide layer capacitance per unit area is

C′
ox = ε0εox

tox

= 8.854 · 10−14 · 3.9

10−5 = 3.453 · 10−8 F/cm2.

The voltage drop across the oxide is then

VoxFB = −Q′
ss

C′
ox

= −1.602 · 10−19 · 1011

3.453 · 10−8 = −0.4639 V.

The flat-band voltage is

VFB = −0.05 − 0.3015 − 1.12

2
− 0.4639 = −1.375 V.

We now go on to the threshold voltage

VT = VFB + eNaxdT

C′
ox

+ 2
EFi − EF

e
.

At threshold, the potential on the semiconductor surface has the threshold value

φT = 2
EFi − EF

e
= 2 · 0.3015 = 0.603 V.

The voltage drop across the oxide layer is now due to not only trapped charges, but
also due to the charges of ionized acceptors in the depletion region. The depletion
region width has the maximal value

xdT =
√

2
ε0ε

eNa

φT =
√

2 · 8.854 · 10−14 · 11.7

1.602 · 10−19 · 1015 · 0.603 = 0.8831µm.

The contribution of the SCR to the voltage drop across the oxide is
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Fig. 10.10 The energy-band diagram of a p-MOSFET at (a) VG = 0 and (b) VG < 0

eNaxdT

C′
ox

= 1.602 · 10−19 · 1015 · 0.8831 · 10−4

3.453 · 10−8 = 0.4097 V.

Collecting everything together, we find the threshold voltage to be

VT = −1.375 + 0.4097 + 0.603 = −0.362 V.

Problem 2 The energy band diagram of the structure at zero and at a negative gate
voltage is shown in Fig. 10.10. Because the Fermi level of the gate p+-Si electrode
is below the valence band edge by the amount �E = 0.05 eV, its work function,

eψm = eχ + Eg + �E = 4.05 + 1.12 + 0.05 = 5.22 eV,

exceeds the work function of the n-type body,

eψs = eχ + EC − EF = eχ + EC − EFi + EFi − EF = eχ + Eg

2
− kT ln

Nd

ni

= 4.05 + 0.56 − 0.02585 ln
1015

8.59 · 109 = 4.308 eV.

Consider the energy difference between the metal vacuum and the semiconductor
Fermi levels. On the one hand,

Evac,m − EFs = eψm − eVG,

and on the other hand,

Evac,m − EFs = −eVox − eφS + eψs.

Note that VG, Vox , and φ′
s are all negative. From these two equations, we express

the applied voltage in terms of everything else:
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VG = ψm − ψs + Vox + φS.

The same relation was obtained for a n-MOSFET in Sect. 10.4.2. In the flat-band
situation, φS,FB = 0 and Vox,FB = −Q′

ss/C′
ox = −0.4639 V, as established in the

previous problem. Hence,

VFB = 5.22 − 4.308 − 0.4639 = 0.4481 V.

To get the threshold voltage, we need to replace the surface potential with the
threshold value

φT = −2Vth ln
Nd

ni

= −0.6031 V.

The depletion region width at threshold is

xdT =
√

2ε0ε|φ′
T |

eNd

= 0.8832µm,

and the voltage drop across the oxide layer is

VoxT = −eN ′
s − eNdxdT

C′
ox

= −1.602 · 10−19 1011 + 1015 · 0.8832 · 10−4

3.453 · 10−8
= −0.8739 V,

where the numerical value of C′
ox was found in the previous problem.

We can find finally the threshold voltage:

VT = ψm − ψs + VoxT + φT

= 5.22 − 4.308 − 0.8739 − 0.6031 = −0.565 V.

Problem 3

(a) The measured capacitance–voltage curve shows that the capacitance at V >

−0.5 V is higher than the capacitance at V < −5 V. This means that a large
negative voltage V < −5 V must be applied to the gate to create an inversion
layer. We conclude that the majority carriers in the MOSFET body are electrons,
i.e., this is a p-MOSFET with the flat-band and the threshold voltage values of

VFB = −0.5 V, VT = −5 V.

(b) The capacitance of the oxide layer is C′
ox = 11.5 nF/cm2. From this value, we

can find the oxide thickness as
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C′
ox = ε0εox

tox

⇒ tox = ε0εox

C′
ox

= 8.854 · 10−14 · 3.9

11.5 · 10−9
= 0.3µm.

(c) The minimal capacitance C′
min = 8.4 nF/cm2 is formed by the oxide layer,

and the depletion region at its maximal width xdT = √
2ε0ε|φT |/(eNd), where

φT = 2Vth ln(Nd/ni) is the threshold surface potential. We have

1

C′
min

= 1

C′
ox

+ 1

C′
dT

⇒ C′
dT = C′

oxC
′
min

C′
ox − C′

min
= 11.5 · 8.4

11.5 − 8.4
= 31.16 nF/cm2.

The SCR capacitance per unit area at the threshold surface potential is

C′
dT = ε0ε

xdT

=
√

ε0εeNd

4Vth ln(Nd/ni)
.

To find the donor concentration from this equation, we rearrange the terms as

Nd = 4VthC
′2
dT

ε0εe
ln

Nd

ni

.

An iterative solution of this equation starts with a reasonable initial value of Nd ,
say, Nd = 1018 cm−3. Its substitution into the right-hand side gives a new value
Nd = 1.12 · 1016 cm−3, which is then substituted again into the right-hand side
to further improve the accuracy of the result. This procedure is repeated until
convergence is reached, giving the value

Nd = 8.34 · 1015 cm−3.

(d) The flat-band voltage is given by

VFB = ψm − ψs − Q′
ss

C′
ox

,

where the metal work function is known, and the semiconductor work function
is

ψs = χ + EC − EF

e
= χ + Eg

2e
− EF − EFi

e

= 4.05 + 0.56 − 0.02585 · ln
8.34 · 1015

8.59 · 109
= 4.254 V.

We obtain

Q′
ss = C′

ox ·(ψm−ψs−VFB) = 11.5·10−9(4−4.254+0.5) = 2.83·10−9 C/cm2.
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This corresponds to the concentration of charges of

Q′
ss/e = 1.76 · 1010 cm−2.

Problem 4 If VG and VD were independent parameters, the current–voltage curve
of a MOSFET would depend on the relation between these voltages (see Lecture
Notes for details):

ID(VD) =

⎧⎪⎪⎨
⎪⎪⎩

0 for VG < VT ,

Kn

(
2(VG − VT )VD − V 2

D

)
for VD < VG − VT ,

Kn(VG − VT )2 for VD ≥ VG − VT .

That is, the current is zero in the sub-threshold regime; it increases with VD in the
sub-saturation region; and it is constant I sat

D = Kn(VG − VT )2 in the saturation
regime.

For the connection in Fig. 10.9b, the gate and the drain voltages are not
independent. Rather, they differ by a fixed amount set by the battery:

VG = VD + VDG.

The minimal gate voltage required for the current to flow is VT ; otherwise, there is
no inversion layer. The current is guaranteed to be zero for VG = VD + VDG < VT ,
or VD < VT − VDG.

At VD ≥ VT −VDG, the current will be increasing with VD according to whether
the gain-to-drain voltage is below or above the threshold voltage.

If VGD = VG − VD < VT , we are in the saturation regime, in which

ID(VD) = Kn(VG − VT )2 = Kn(VD + VGD − VT )2.

In particular,

for VGD = 0 : ID(VD) =
{

0 for VD < VT

Kn(VD − VT )2 for VD > VT

,

for VGD = 0.5 VT : ID(VD) =
{

0 for VD < 0.5 VT

Kn(VD − 0.5 VT )2 for VD > 0.5 VT

,

and
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Fig. 10.11 The current–voltage curves of an n-MOSFET from Fig. 10.9b for different values of
the gate-to-drain voltage, as indicated near each curve

for VGD = VT : ID(VD) =
{

0 for VD < 0

KnV
2
D for VD > 0.

If VGD = VG − VD > VT , we are in the sub-saturation regime, in which

ID(VD) = Kn

(
2(VG − VT )VD − V 2

D

)
= Kn

(
2(VD + VGD − VT )VD − V 2

D

)
= Kn(V

2
D + 2VD(VGD − VT )).

In particular,

for VGD = 2 VT : ID(VD) =
{

0 for VD < −VT

KnVD(VD + 2VT ) for VD > −VT

.

The ID(VD) curves for all these cases are shown in Fig. 10.11 with the VGD voltage
indicated at each curve.



Chapter 11
PN Junction Diode

11.1 The Structure of a pn Junction

A pn junction diode is fabricated by letting the doping impurities, say, acceptors,
diffuse into a, say, donor-doped substrate. After that, good ohmic contact electrodes
must be deposited onto the resulting n- and p-regions, see Fig. 11.1a. For the ease
of the discussion, a pn diode is usually schematically represented as an elongated
structure, see Fig. 11.1b. Its electronic symbol is shown in Fig. 11.1c.

It is immediately obvious that the current–voltage curve of this device should
be non-linear. Indeed, if a positive bias is applied to the p-region relative to the
n-region, then the majority holes will be pushed from the p-side into the n-side,
the majority electrons from the n-side will easily flow into the p-side, and we will
have a large current through the structure. If the polarity of bias is reversed—minus
to the p-side and plus to the n-side—then it will be the minority electrons in the
p-side that will be pushed into the n-side, and minority holes in the n-side that
will go to the p-side, meaning that the current will be small. The asymmetry of the
current–voltage curve opens the possibility to use a pn junction, e.g., to convert an
ac-voltage into a dc-voltage. Other uses of pn diodes are numerous; we will discuss
their optoelectronic applications later on.

Apart from electrons and holes that are free to move, there are also stationary
positively charged donor ions in the n-region and negatively charged acceptor ions
in the n-region. They create the charged background that balances the respective
charge densities of electrons and holes inside the quasi-neutral p- and n-regions
(p-QNR and n-QNR, see Fig. 11.1b). At the interface between the n- and p-type
semiconductors, electrons from the n-side and holes from the p-side recombine
with each other, and therefore, the interface region contains only a negligibly small
concentration of electrons and holes. But it has positively charged donor ions on
the n-side and negatively charged acceptor ions on the p-side, forming a kind of
capacitor. In other words, the interface region becomes the space-charge region
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Fig. 11.1 (a) The structure of a “real-life” pn junction diode, (b) its schematic representation
showing the two quasi-neutral regions (QNRs) separated by the space-charge region (SCR), and
(c) the electronic symbol of a pn diode

(SCR) or depletion region. The total charges of the two sides of SCR are equal
in magnitude but opposite in sign, so that its total charge is zero.

When analyzing the pn junction diode, we will make the following assumptions.
We will consider a step homojunction, in which the host lattice in the p- and n-sides
is the same and the doping profile is sharp, i.e., the concentration of donors is Nd

on the n-side and zero on the p-side, and the concentration of acceptors is Na on the
p-side and zero on the n-side. We will assume complete ionization of the impurities
with ni � Nd and Na . Finally, we will use the depletion approximation to describe
the SCR.

11.2 The Energy Band Diagram of a pn Junction at Zero
Bias

Consider the case of zero bias. In thermal equilibrium, the Fermi energy must be
uniform throughout the pn structure. But on the p-side, EF is closer to the valence
band edge, and on the n-side, it is closer to the conduction band edge. This implies
that the energy bands must bend in the SCR to maintain the uniformity of Fermi
energy, see figure showing the energy band structure of a pn junction at zero bias.

Physically, the bands are bent because the electrons from the n-part of the diode
diffuse into the p-part, where they recombine with the holes. Vice versa, the holes
from the p-side diffuse into the n-side and recombine with the electrons there. As a
result, only the positively charged donor ions and negatively charged acceptor ions
remain on the two sides of the junction in the SCR. Hence, the SCR represents a
charged capacitor with a built-in voltage, Vbi , developed across it.

The magnitude of Vbi can be established from the following considerations. In
the presence of a non-uniform electric potential in a semiconductor, the electron
concentration is given by

n0(x) = n0ne
φ(x)/Vth , n0n = Nd,
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where n0n = Nd is the electron concentration in the n-part, assumed to be grounded.
From this, we conclude that electron concentrations in the p-region are given by

n0p = Nde−Vbi/Vth .

On the other hand, by the mass action law,

n0p = n2
i

p0p

, p0p = Na,

where p0p = Na is the majority hole concentration in the p-region far away from
the SCR boundary. Combining these two expressions for n0p, we find

Nde−Vbi/Vth = n2
i

Na

⇒ Vbi = Vth ln
NaNd

n2
i

.

If the two sides of the junction are connected by a conducting wire, the built-
in voltage will not cause an electric current to flow through it. The existence of
such a current would contradict the law of energy conservation. The physical reason
why the built-in voltage cannot produce an current is that there would be additional
semiconductor band bending in the metal–semiconductor contact regions on the p-
and n-sides, see Fig. 11.2a. These two contact regions will be characterized by their
own values of the built-in voltage, so that the three built-in voltages, which add up
to zero with the built-in voltage in the pn junction region.

Fig. 11.2 (a) A pn diode at zero bias (top) and its energy band diagram (bottom). (b) A pn diode
under a non-zero bias (top), together with the electric potential and electric field distribution within
the structure (bottom)
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For the same reason, touching the two ends of a pn diode with two terminals of
a voltmeter will show zero voltage, not Vbi . The built-in voltage can be found by
measuring the voltage-dependent capacitance, similar to the metal–semiconductor
case.

11.3 PN Junction Under an External Bias

Consider what happens when a bias V is applied to the p-side of a pn diode, see
Fig. 11.2b. A forward bias, V > 0, reduces the potential barrier that prevents the
majority carriers from entering the opposite side of the junction, whereas a reverse
bias, V < 0, increases this barrier. We will focus on the practically interesting case
when the applied bias is smaller than the built-in voltage,

V < Vbi,

meaning that the SCR exists in the pn structure. In the less interesting opposite case,
V > Vbi , the diode will behave more or less according to Ohm’s law.

Because the QNRs have a considerable number of mobile charge carriers, the
voltage drop across them is negligible. But this is not so in the SCR, which is
depleted of the free charge carriers. Hence, the voltage drop V occurs practically
completely across the SCR.

To find out how the potential changes in the diode, we adopt the depletion
approximation, see Sect. 6.3.3. Namely, we assume that there are no free charge
carriers in the SCR, which has abrupt boundaries at x = −xp and x = xn, see
Fig. 11.2b. Outside of the SCR (i.e., at x < −xp and x > xn), the charge density
ρ(x) is zero, and inside the SCR, it is approximated by

ρ(x) =
{

−eNa at − xp < x < 0

eNd at 0 < x < xn

.

Within the depletion approximation, we must impose the boundary conditions for
the SCR boundaries:

φ(−xp) = V − Vbi, φ(xn) = 0,
dφ

dx
(x = −xp) = dφ

dx
(x = xn) = 0.

With these boundary conditions, the solution of Poisson’s equation reads

φ(x) =
{

eNa

2ε0ε
(x + xp)2 + V − Vbi at − xp < x < 0

− eNd

2ε0ε
(x − xn)

2 at 0 < x < xn

.
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The first derivative of the electric potential is related to the electric field:

E(x) = −dφ(x)

dx
=
{

− eNa

ε0ε
(x + xp) at − xp < x < 0

eNd

ε0ε
(x − xn) at 0 < x < xn

.

It remains to determine the SCR boundaries, xn and xp. First, we note that electric
field must be continuous at x = 0, i.e., E(x = 0) must have the same value if one
uses the upper and lower expressions for E(x). This immediately gives

Naxp = Ndxn.

This equality expresses the fact that the net charge of the negatively ionized
acceptors in the left part of the SCR must be compensated by the positive charge
of ionized donors in its right part, so that the SCR is electrically neutral.

In addition, the potential must be continuous at x = 0, i.e., φ(x = 0) must have
the same value if one uses either expression for φ(x). This gives

eNa

2ε0ε
x2
p + V − Vbi = − eNd

2ε0ε
x2
n.

Solving the two equations for two xp and xn, we obtain

xp =
√

2
ε0ε(Vbi − V )

e(Na + Nd)

Nd

Na

, xn =
√

2
ε0ε(Vbi − V )

e(Na + Nd)

Na

Nd

.

The total width of the SCR is, then,

w = xp + xn =
√

2
ε0ε(Vbi − V )

e

Na + Nd

NdNa

=
√

2
ε0ε(Vbi − V )

eN
,

where

1

N
= 1

Nd

+ 1

Na

⇒ N = NdNa

Nd + Na

.

The maximal (in magnitude) built-in electric field is realized at x = 0. It is given by
several equivalent expressions:

Emax = E(0) = −eNaxp

ε0ε
= −eNdxn

ε0ε
= −

√
2eN

ε0ε
(Vbi − V ) = −2

Vbi − V

w
.
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11.4 SCR Capacitance

The insulating SCR is sandwiched between the two conducting QNRs. It can be
modeled as a parallel-plane capacitor of thickness w. Its capacitance per unit area is

C′ = ε0ε

w
=
√

eε0εN

2(Vbi − V )
,

where we used the expression for w obtained in the previous section.
Note that the inverse capacitance squared

1

C′2 = 2

eε0εN
(Vbi − V )

depends linearly on the applied voltage, see Fig. 11.3. It becomes zero at V = Vbi .
The slope of this straight line is

− 2

eε0εN
= −2

Nd + Na

ε0εeNdNa

.

Thus, the measurements of C′ vs. V allow one to determine the product NdNa

(present in Vbi) and the sum Nd + Na (present in the slope of 1/C′2 vs. V ).
If one knows which side is doped more heavily, one can determine the doping
concentrations Na , Nd .

A one-sided junction is a highly non-symmetrically doped pn junction, where
either Na � Nd or Nd � Na . In the former case, it is denoted as p+n junction, and
in the latter case as pn+ junction. It follows from the neutrality condition xpNa =
xnNd that the depletion layer penetrates primarily into that side that is doped more
lightly. Indeed, if, e.g., Na > Nd , then xn = xp

Na

Nd
> xp. If Na � Nd , we can

approximate N with Nd to a good accuracy. For a p+n junction, the expressions for
SCR width and capacitance simplify to

Fig. 11.3 The inverse square
of the capacitance per unit
area of the SCR in a pn
junction diode as a function
of the applied voltage
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w = xn =
√

2
ε0ε(Vbi − V )

eNd

, C′ =
√

eε0εNd

2(Vbi − V )
.

These expressions are identical to the ones obtained in the discussion of a junction
formed by metal and an n-type semiconductor, see Sect. 9.3. In the opposite case of
a pn+ junction, the respective expressions are the same, but with Nd replaced by Na .

11.5 Current–Voltage Relation of a pn Junction Diode

11.5.1 Charge Carrier Concentrations Near the Boundaries of
the SCR

When an external voltage V is applied to a pn junction diode, an electric current will
flow through it. Even though the system as a whole is out of equilibrium, its electron
and hole subsystems find themselves in local thermodynamic equilibria separately.
This is so because equilibration of electrons belonging to the same band proceeds
much faster than equilibration between different bands. The former involves
intraband scattering processes, where electrons exchange energy in small portions,
and the latter requires the much slower generation–recombination processes, in
which electrons exchange large amounts of energy of the order of the band gap
energy Eg . With this in mind, we can use the language of the electron and hole
quasi-Fermi energies (see Sect. 7.7), EFe and EFh, in the p- and n-sides of the pn
junctions.

Consider the p-side. Far away from the SCR boundary, x � −xp, the minority
electrons exchange energy only with the majority holes, and therefore both electrons
and holes have a common Fermi energy EFp, which is different from the n-side
counterpart, EFn. But near the SCR boundary, the minority electrons on the p-side
“communicate” with the majority electrons from the n-side much more efficiently
than with the majority holes. This is so because the SCR is so thin that electron
transport through it occurs very swiftly. From this, we can conclude that the minority
electrons near the SCR boundary at x = −xp must have the same quasi-Fermi
energy EFn as the electrons on the n-side of the junction. As we move deeper into
the p-QNR, the electron quasi-Fermi energy aligns itself with the hole counterpart,
see Fig. 11.4. The same reasoning applies to the minority holes on the n-side.

Hence, far away from the SCR boundaries, the minority carrier concentrations
are

np = n2
i

Na

, pn = n2
i

Nd

.

Note that we dropped the subscript 0 because the system is not in equilibrium.
Near the SCR edges, the minority concentrations differ from these values. Namely,
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Fig. 11.4 The energy band
diagram of a biased pn
junction diode, showing the
electron and hole quasi-Fermi
energies

because the potential difference across the SCR is Vbi −V , and because the carriers
of the same type on the two sides of the SCR have the same quasi-Fermi energy, we
can relate the electron and hole concentrations on the two sides of the SCR to each
other by

n(−xp) = n(xn)e
−(Vbi−V )/Vth = Nde−(Vbi−V )/Vth = n2

i

Na

eV/Vth ,

p(xn) = p(−xp)e−(Vbi−V )/Vth = Nae
−(Vbi−V )/Vth = n2

i

Nd

eV/Vth .

In the last step of both lines, we used the expression for Vbi obtained in Sect. 11.2.
These formulas are called Shockley boundary conditions. We will use them to derive
the current–voltage relation of a pn junction diode.

It follows from the Shockley boundary conditions that the product

n(−xp)p(−xp) = n(−xp)Na = n2
i e

V/Vth .

On the other hand, it is given by

n(−xp)p(−xp) = n(−xp)Na = n2
i e

(EFe−EFh)/kT .

It then follows that the difference of quasi-Fermi energies is just the applied voltage
multiplied by the elementary charge:

EFe − EFh = eV .

11.5.2 Current–Voltage Relation of an Ideal pn Junction Diode

To figure out the J − V curve of a pn junction diode, we will need a relation
between the charge carriers’ concentration and the current density. It is convenient
to introduce the excess concentrations of electrons and holes as
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Δn = n − n0, Δp = p − p0.

In terms of the excess concentrations, Shockley boundary conditions read

Δn(−xp) = n2
i

Na

(eV/Vth − 1), Δp(xn) = n2
i

Nd

(eV/Vth − 1).

Let us focus on the QNR on the n-side of the junction, where the excess minority
hole concentration is described by the continuity equation (see Sect. 8.8):

∂Δp

∂t
= Dhn

∂2Δp

∂x2 − Δp

τhn

at x > xn.

There is no drift current because the electric field in the QNRs is zero. Dhn is
the hole diffusion coefficient, and τhn is the hole recombination time in the quasi-
neutral n-region. The derivative ∂Δp/∂t equals zero because we are interested in
the steady-state situation when the excess concentrations and current densities are
time-independent. Thus, we have

Dhn

∂2Δp

∂x2 − Δp

τhn

= 0 at x > xn.

Since the steady-state continuity equation is a second-order differential equation, it
must be supplemented by two boundary conditions. One is provided by the Shockley
boundary condition for Δp(xn) written above. The other one says that far away
from the junction boundary in the quasi-neutral n-region, the hole concentration
must approach its equilibrium value, meaning that the excess hole concentration
approaches zero:

Δp(x → ∞) = 0.

The solution of hole continuity equation that respects both boundary conditions is

Δp(x) = Δp(xn)e
−(x−xn)/Lhn = n2

i

Nd

(eV/Vth − 1)e−(x−xn)/Lhn at x > xn.

Here,

Lhn = √
Dhnτhn

is the so-called hole diffusion length in the n-region.
We treat excess minority electrons in the p-region in the same manner. The

respective diffusion equation in the steady state reads
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Dep

∂2Δn

∂x2
− Δn

τep

= 0 at x < −xp,

where Dep and τep are the diffusion coefficient and lifetime of electrons in the
p-region. In addition to the Shockley boundary condition for Δn(−xp), we also
require that

Δn(x → −∞) = 0.

With these boundary conditions, the solution of the continuity equation is

Δn(x) = Δn(−xp)e(x+xp)/Lep = n2
i

Na

(eV/Vth − 1)e(x+xp)/Lep at x < −xp,

where the electron diffusion length in the p-region is defined as

Lep = √
Depτep.

Once we know the excess concentrations, we can determine the respective
diffusive flux densities:

jhn(x) = −Dhn

∂Δp

∂x
= n2

i

Nd

(eV/Vth − 1)
Dhn

Lhn

e−(x−xn)/Lhn for x > xn,

jep(x) = −Dep

∂Δn

∂x
= − n2

i

Na

(eV/Vth − 1)
Dep

Lep

e(x+xp)/Lep for x < −xp.

Setting x to xn in the first expression gives the number of holes that pass through
the SCR per unit area per unit time. Likewise, setting x to −xp in the expression
for jep(x), we obtain the number of electrons that pass through the SCR per unit
area per unit time. Multiplication of the hole flux density expression by e and the
respective electron flux density by −e gives the hole and electron contributions to
the current density through the SCR:

Jh = ejhn(xn) = e
n2

i

Nd

Dhn

Lhn

(eV/Vth − 1),

Je = −ejep(−xp) = e
n2

i

Na

Dep

Lep

(eV/Vth − 1).

The total electric current through the pn diode structure must be uniform, i.e.,
independent of x. Hence, the total electric current density through any part of the
structure is the same as through the SCR,

J = Jh + Je,
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Fig. 11.5 (a) The J − V curve of an ideal pn junction diode. (b) The electron and hole
contributions to the net electric current density as functions of the position x in the diode

giving the ideal pn junction J − V curve:

J (V ) = JS(eV/Vth − 1),

see Fig. 11.5a. The reverse saturation current is

JS = en2
i

(
Dhn

NdLhn

+ Dep

NaLep

)
= en2

i

(
1

Nd

√
Dhn

τhn

+ 1

Na

√
Dep

τep

)
.

At large reverse bias, the current density attains the value −JS , and at forward bias
0 < V < Vbi , it increases exponentially with V , see Fig. 11.5a.

The current–voltage relation of an ideal pn junction diode is the same as that of
an ideal Schottky diode, see Sect. 9.5. However, the saturation current density of the
pn diode is several orders of magnitude lower than that of a Schottky diode. The
reason is that the current is formed by the minority carriers in the pn diode and by
the majority carriers in the Schottky diode.

11.5.3 Current Densities in a pn Diode

Coming back to our general expressions for the minority particle current densities
and multiplying them by the respective charges, we obtain the x-dependent electric
current densities of minority electrons in the p-region and minority holes in the n-
region as exponentially decaying functions of distance from the SCR edges:

Jhn(x) = e
n2

i

Nd

(eV/Vth − 1)
Dhn

Lhn

e−(x−xn)/Lhn for x > xn,

Jep(x) = e
n2

i

Na

(eV/Vth − 1)
Dep

Lep

e(x+xp)/Lep for x < −xp.
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The total current through the structure, J , must be constant. This is only possible if
there are additional contributions to the current density due to the majority charge
carriers. For majority electrons in the n-region and majority holes in the p-region,
we have

Jen(x) = J − Jhn(x) = en2
i

[
Dhn

NdLhn

(
1 − e−(x−xn)/Lhn

)
+ Dep

NaLep

]
(eV/Vth − 1)

Jhp(x) = J − Jep(x) = en2
i

[
Dep

NaLep

(
1 − e(x+xp)/Lep

)
+ Dhn

NdLhn

]
(eV/Vth − 1).

Physically, the onset of the majority currents can be understood as follows. Consider
the n-side of the junction, x = xn. At the edge of the SCR, the excess minority holes
are injected from the p-region, where they are the majority carriers. Starting from
x = xn, the minority holes diffuse into the bulk of the n-region, recombining with
the majority electrons on the way. To compensate for this loss of the electrons,
electrons have to diffuse from the bulk of the n-region toward the SCR boundary,
creating an additional current density Jen. Similar reasoning applies, of course, to
the majority hole current density on the p-side, see Fig. 11.5b.

11.5.4 SCR Recombination Current

So far, we considered an ideal pn junction diode. Let us consider the deviation from
the ideal behavior due to the generation–recombination processes in the SCR.

The average electron and hole concentrations in the SCR are related by the mass
action law,

nSCRpSCR = n2
i e

(EFe−EFh)/kT = n2
i e

V/Vth ,

see the end of Sect. 11.5.1. Because recombination requires both electrons and holes,
it is reasonable to assume that the largest recombination rate in the SCR occurs at
that position where their concentrations are equal:

nSCR = pSCR = nie
V/(2Vth).

With the charge carrier lifetime in the SCR, τSCR , we can write the total recombi-
nation rate as

RSCR(V ) = nie
V/(2Vth)

τSCR

.

Generation of carriers is a voltage-independent process that proceeds at a constant
rate, GSCR . When V = 0, it must exactly balance the recombination rate. Thus, the
generation rate is
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GSCR = RSCR(V = 0) = ni

τSCR

.

The net SCR recombination rate is

USCR = GSCR − RSCR = ni

τSCR

(eV/(2Vth) − 1).

The rate of change of electron and hole concentrations due to the generation–
recombination in the SCR is

Aw

(
dn

dt

)
SCR

= Aw

(
dp

dt

)
SCR

= AwUSCR = Aw
ni

τSCR

(
eV/(2Vth) − 1

)
.

In the steady state, (∂n/∂t)SCR = (∂p/∂t)SCR = 0; this must be compensated by
additional electron and hole currents that flow from the n- and p-sides into the SCR.
These additional currents produce the recombination current density

JSCR(V ) = J ′
S

(
eV/(2Vth) − 1

)
, J ′

S = ew
ni

τSCR

.

The total current density is the sum of the two contributions,

J (V ) = JS(eV/Vth − 1) + J ′
S(eV/(2Vth) − 1).

At large bias, V , the second term can be neglected, and the J − V curve resembles
the one of an ideal pn junction. But at small voltage, the SCR-related second term
becomes important.

The current–voltage curve of a real diode is often described phenomenologically
by introducing the ideality factor, n, as

J (V ) = JS(eV/(nVth) − 1).

The value n = 1 corresponds to an ideal diode; the typical value of the ideality
factor is somewhere between 1 and 2.

11.6 Problems

11.6.1 Solved Problems

Problem 1 The capacitance per unit area of a silicon pn junction at V = 0 is
C′ = 0.394 nF/cm2; at V = −0.5 V, it is C′ = 0.283 nF/cm2. The n-side is doped
more heavily than the p-side. Find the doping levels Na and Nd .
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Problem 2 A silicon pn junction has the donor and acceptor concentrations of
Nd = 2 · 1015 cm−3 and Na = 8 · 1015 cm−3 on the two opposite sides of the
junction. Determine the minority carrier concentrations at the edges of the space-
charge region for V = 0.5 V and −0.5 V.

Problem 3 Consider an ideal Si-based pn junction diode at 300 K. The doping
levels on the two sides are Nd = 1012 cm−3, Na = 1017 cm−3, and the
minority carriers mobilities in the respective regions are μep = 760 cm2/(V · s),
μhn = 500 cm2/(V · s). The current density for a forward bias V = 0.2 V is
2.3·10−4 A/cm2. Determine the minority hole lifetime in the quasi-neutral n-region.

11.6.2 Practice Problems

Problem 1 A pn junction diode is made of an unknown semiconductor. Its
capacitance–voltage measurements performed at two different temperatures, T1 =
290 K and T2 = 310 K, revealed the values of the built-in voltages Vbi(T1) = 2.38 V
and Vbi(T2) = 2.44 V, respectively. Find the band gap of this semiconductor material.

Problem 2 In the discussion of an ideal pn junction diode, we assumed the
resistance of the QNRs to be zero. In reality, it is small, but finite. It can be modeled
as a series resistance connected to an ideal diode as shown in Fig. 11.6. Express the
voltage V applied to the diode as a function of the current I through it. What is the
slope dV/dI of the V (I) curve at zero current? What is the value of the current
when a large voltage V is applied in the reverse direction? What is the slope of the
V (I) curve when the voltage V in the forward direction is large?

Problem 3 The doping concentrations in a silicon pn junction diode are Nd =
1016 cm−3 and Na = 1017 cm−3. At a forward bias V , the minority carrier
concentration on one side of the SCR is one-tenth of the majority concentration
and exceeds the minority concentration on the opposite side. Find V .

Problem 4 Consider a non-ideal Si pn junction diode, as described in Sect. 11.5.4.
Assume the following parameter values Nd = Na = 1015 cm−3, τep = τhn =
10−5 s, τSCR = 10−7 s, Dep = Dhn = 10 cm2/s, T = 300 K. The total J −V curve
contains the ideal-diode part and the recombination current in the SCR,

J (V ) = Jid(V ) + JSCR(V ),

Fig. 11.6 The effect of a finite resistance of the QNRs modeled as a resistance Rs connected in
series to the diode
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as explained in Sects. 11.5.2 and 11.5.4, respectively. How are the conductances
due to these two mechanisms related? In other words, find the ratio dJid (V )/dV

dJSCR(V )/dV
at

V = 0.

11.6.3 Solutions

Problem 1 The inverse capacitance squared as a function of voltage is

1

C′2 = 2

eε0ε

Na + Nd

NaNd

(Vbi − V ), Vbi = Vth ln
NaNd

n2
i

.

It is convenient to denote

S = Na + Nd, P = NaNd.

The graph of 1/C′2 vs. V is a straight line with the slope given by (2/eε0ε)S/P .
Its intercept with the x-axis is Vbi = Vth ln(P/n2

i ), from which P can be found as
P = n2

i eVbi/Vth .
Since we have just two data points, the straight line fit is particularly easy.

Namely, at V = 0, we have 1/C′2 = 6.442 · 1018 cm4/F2, and at V = −0.5 V,
we have 1/C′2 = 12.49 · 1018 cm4/F2. The straight line fit can be found based on
this information:

1

C′2 = −kV + b, k = 12.1 · 1018 cm4

F2 · V
, b = 6.442 · 1018 cm4

F2 .

From this, we obtain the built-in voltage

Vbi = b

k
= 0.5326 V

and the product of the doping concentrations:

P = n2
i eVbi/Vth = (8.59 · 109)2 e0.5326/0.02585 = 6.546 · 1028 cm−6.

From the slope k of the 1/C′2 vs. V dependence, we find the sum of the doping
concentrations as

S = 1

2
eε0εPk = 6.572 · 1016 cm−3.
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It remains to solve two equations:

NaNd = P, Na + Nd = S

with Nd > Na . We express Na in terms of Nd using the first equation and plug in
the result into the second equation:

Na = P

Nd

,

P

Nd

+ Nd = S ⇒ N2
d − SNd + P = 0 ⇒ Nd = −S

2
+
√

S2

4
− P .

Numerically,

Nd = 6.572 · 1016

2
+
√

(3.286 · 1016)2 − 6.546 · 1028 = 6.57 · 1016 cm−3,

Na = 6.546 · 1028

6.572 · 1016 = 9.96 · 1011 cm−3.

Problem 2 The Shockley boundary conditions (see Sect. 11.5.1) give

n0(−xp) = n2
i

Na

eV/Vth , p0(xn) = n2
i

Nd

eV/Vth .

A positive applied voltage exponentially enhances the minority carriers’ concentra-
tion relative to their equilibrium values. Plugging in the numbers, we obtain

n2
i

Na

= (8.59 · 109)2

8 · 1015 = 9 223 cm−3,
n2

i

Nd

= (8.59 · 109)2

2 · 1015 = 36 894 cm−3,

eV/Vth = e0.5/0.02585 = 2.514 · 108, e−V/Vth = e−0.5/0.02585 = 3.979 · 10−9,

and thus at V = 0.5 V

n0(−xp) = 9 223 · 2.514 · 108 = 2.32 · 1012 cm−3,

p0(xn) = 36 894 · 2.514 · 108 = 9.28 · 1012 cm−3.

At V = −0.5 V, n0(−xp) = p0(xn) = 0 for all practical purposes.

Problem 3 Assuming the ideal current–voltage relation, J (V ) = JS(eV/Vth − 1),
we find the reverse saturation current density (with V = 0.2 V):
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JS = J (V )

eV/Vth − 1
= 2.3 · 10−4

e0.2/0.02585 − 1
= 1.004 · 10−7 A/cm2.

From the theory of the pn junction diodes, the reverse saturation current density is
given by the formula

JS = e

(
n2

i

Na

√
Dep

τep

+ n2
i

Nd

√
Dhn

τhn

)
,

and because Nd � Na (by 100 000 times), i.e., 1/Nd � 1/Na , we expect that the
second term in the brackets produces a much higher contribution to JS than the first
term. We thus can approximate

JS = e
n2

i

Nd

√
Dhn

τhn

,

from which the minority hole lifetime is found as

τhn =
(

e
n2

i

Nd

)2
Dhn

J 2
S

=
(

e
n2

i

Nd

)2
Vthμhn

J 2
S

,

where we used Einstein’s relation D = μVth in the second equality. Numerically,

τhn =
(

1.602 · 10−19 · (8.59 · 109)2

1012

)2
0.02585 · 500

1.008 · 10−14
= 3.29 · 10−7 s = 0.179µs.



Chapter 12
Optoelectronic Devices

12.1 Solar Cells (SCs)

12.1.1 SC Operation

The simplest solar cell (SC) is based on a pn junction diode, see Fig. 12.1. The
principle of its operation can be readily understood if we recall a few basic facts
about the diode. It consists of two quasi-neutral regions (QNRs) separated by a
space-charge region (SCR) with the built-in electric field directed from the n- to
the p-part of the diode. The top QNR is referred to as emitter, and the bottom one
as base. The incident light generates excess electron–hole pairs in the diode. The
excess electrons and holes diffuse toward the SCR, where they get separated by the
built-in electric field. The excess electrons produced in the p-QNR are transferred
into the n-QNR, and the excess holes generated in the n-QNR are transferred into the
p-QNR. As a result, the two parts of the diode become oppositely charged, allowing
one to produce electric power.

If we connect the two sides of the SC with a wire with zero electric resistance,
the so-called short-circuit current, ISC , will flow from the p-side to the n-side as the
system will try to restore the thermal equilibrium perturbed by the irradiation.

If the emitter and the base are disconnected, the two sides of the diode will be
charging up. This process cannot continue indefinitely for two reasons. First, the
transfer of the photogenerated holes into the p-side and electrons into the n-side of
the SC results in the generation of an additional electric field from the p- to the n-
side of the diode; this additional electric field counteracts the built-in electric field.
Second, the photogenerated electron–hole pairs recombine with each other at a finite
rate. As a result, the charging-op of the two sides of the SC eventually stops, and a
voltage develops across the SC. This voltage is called the open-circuit voltage, VOC ,
with the p-side being positive and the n-side negative.
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Fig. 12.1 The structure of a solar cell

12.1.2 Spectral Irradiance (Spectral Intensity)

A photon of frequency f and wavelength λ = c/f carries the energy

hf = hc

λ
≈ 1.24 eV · µm

λ
.

The short-wavelength photons interact primarily with the valence electrons by
promoting them to the conduction band, provided that the photon energy exceeds the
band gap energy. The visible light spectrum covers the range of λ from about 450 nm
(violet) to about 700 nm (red), which corresponds to the energies from about 1.5 eV
to about 3 eV, which is similar to the typical semiconductor band gap energies. The
longer-wavelength (and hence smaller-energy) photons interact primarily with the
lattice vibration quanta, the phonons. Because this interaction is relatively weak,
semiconductors are for the most part transparent to the long-wavelength photons
with hf < Eg .

Light is quantified by a parameter called spectral irradiance, also called spectral
intensity, F(f ). It is related to the power dP (f ) carried by photons of frequency
between f and f + df through a unit surface area:

F(f ) = dP (f )

df
.

In other words, it is the energy flux density per unit frequency interval. It is measured
in

[F(f )] = W/(m2 · s−1) = J/m2
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in the SI units. The total intensity, i.e., the power incident per unit surface area, is
obtained by integrating the spectral intensity with respect to frequency:

F =
∫ ∞

0
df F(f ) , [F ] = W/m2 .

The photon flux density �(f ) is defined though the number dN(f ) of photons of
frequency between f and f + df passing per unit time through a unit surface area:

�(f ) = dN(f )

df
= F(f )

hf
.

The light spectral intensity can also be defined as a function of the wavelength:
namely, F(λ) is the energy flux (i.e., the energy transferred per unit time through a
unit surface area) per unit wavelength interval. That is, if dP (λ) is the energy flux
carried by the photons with the wavelength between λ and λ + dλ, then

F(λ) = dP (λ)

dλ
.

It is measured in

[F(λ)] = W/m3

in the SI units. However, since it is more convenient to measure the wavelength in
µm or nm, F(λ) is often measured in W/(m · µm) or W/(m · nm).

Note that the two quantities, F(f ) and F(λ), are not related to each other by a
simple replacement of f with c/λ. Their relation can be obtained by noting that the
energy contained in a frequency interval df is

dP = F(f )|df | = F(λ)|dλ| .

The reason why the magnitude of the frequency and wavelength intervals is used
rather than df and dλ themselves is that it follows from the relation f = c/λ that
df = − c

λ2 dλ. The minus sign indicates that an increase of frequency by df means
a decrease of the wavelength by dλ. In order to have both F(f ) and F(λ) positive,
the minus sign is omitted. Then, the relation between the two kinds of the spectral
irradiance is found from

F(f )|df | = F(f )
c

λ2 |dλ| = F(λ)|dλ| ⇒ F(f ) = F(λ)
λ2

c
.

Likewise,

F(λ) = F(f )
f 2

c
.
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Fig. 12.2 The solar spectrum just outside of the Earth’s atmosphere (AM0 spectrum, gray curve)
and on the Earth’s surface when the Sun is 48◦ above the horizon (AM1.5G spectrum, black curve)

The power transmitted by the photons of frequencies between fmin and fmax

through a unit surface area per unit time is

�P =
∫ fmax

fmin

df F (f ) =
∫ λmax

λmin

dλ F (λ) ,

where λmin = c/fmax and λmax = c/fmin.
The solar spectral intensity in the outer space just above the Earth’s atmosphere

is shown as a gray curve in Fig. 12.2. This spectrum is denoted as AM0 spectrum,
where AM stands for “air mass.” The solar spectrum on the Earth depends on
the time of the day and the geographic location. The current standard spectrum
adopted to test the solar cells is the AM1.5G spectrum, which is obtained when the
path length traveled by light through the atmosphere is 1.5 times as long as at the
normal incidence; the G stands for “global.” Note that the AM1.5G peak intensity is
somewhat lower than the AM0 peak intensity, and the AM1.5G spectrum contains
a number of minima that are not found in the AM0 counterpart. This is due to the
light scattering and absorption by the atmosphere. The total irradiance received by
the Earth under the AM1.5G conditions is 1000.4 W/m2.

12.1.3 Light Absorption

When monochromatic light is passing through a semiconductor, it gets absorbed by
it. Hence, light intensity should decrease with the distance x from the front surface
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of the material. This is quantified by the light absorption coefficient α(λ), defined
as the fraction of photons of a given wavelength λ that are absorbed per unit length.
It is measured in the units of inverse length,

[α] = cm−1 .

If the light spectral irradiance at a particular wavelength λ at the distance x from
the surface was F(x), then at a slightly larger distance x + dx is smaller by the
amount

dF(x) = F(x + dx) − F(x) = −α(λ)F (x) dx

⇒ dF(x)

dx
= −α(λ)F (x) .

The solution of this differential equation is the so-called Bouguer–Lambert–Beer
law (Bouguer, early 1700s; Lambert, 1730; Beer, 1852),

F(x) = F0e
−α(λ)x ,

where F0 = F(x = 0) is the intensity of the incident light. After passing through
a slab of thickness L, the transmitted light intensity will be F0e

−αL, and the energy
absorbed per unit time by a unit surface area of the material will be F0(1 − e−αL).

Absorption coefficient depends strongly on the wavelength and the material type,
see Fig. 12.3 showing the α(λ) curve of silicon. Note that it goes sharply to zero at
the photon energy near the band gap energy.

Fig. 12.3 Absorption coefficient of Si at T = 300 K
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The dominant absorption mechanism of photons whose energy exceeds the band
gap energy is electron–hole pair generation. Assuming that one such photon creates
just one electron–hole pair, the respective generation function can be estimated as

G(x) =
∫ ∞

Eg/h

df
α(f )F (f, x)

hf
,

where F(f, x) is the spectral intensity of light at the frequency f and distance x

from the front surface. Strictly speaking, the integral has to be multiplied by the so-
called efficiency factor (less than 1) to take care of the fact that a photon can also be
absorbed without the electron–hole pair production. For example, a photon can be
absorbed by a free charge carrier. We will neglect the effect of such forms of photon
absorption.

The light spectral intensity F(f, x) at a distance x from the front surface is
related to the spectral intensity F0(f ) of the incident light. In order to maximize the
generation function G(x), both the front and rear surfaces of the SC are often made
corrugated. This means that a photon that reaches the rear surface gets reflected at
some angle to the normal. If it then reaches the front surface without absorption,
it again has a good chance of being reflected at a different angle. Photons whose
energy is only slightly higher than the band gap energy are absorbed very weakly
by the material, see Fig. 12.3. They perform many back-and-forth trips between the
front and rear surfaces before they produce an electron–hole pair. The result is that
the light intensity F(f, x) differs from the simple exponential function.

12.1.4 SC Current–Voltage Relation

The current–voltage (I − V ) curve of a SC can be obtained from the diode I − V

relation in the absence of radiation, the so-called dark I − V curve. Assuming the
SC to be a non-ideal diode with the ideality factor n, its dark current is

Idark(V ) = −IS(eV/(nVth) − 1) ,

where IS is the reverse saturation current. Note that here we adopt a different sign
convention than the one used in the discussion of the diodes, see Sect. 11.5.2.
Because the photogenerated current flows in the reverse direction, it is convenient
to treat the reverse current direction as positive; therefore, we have changed the sign
of the dark current.

When the SC is illuminated, light generates an additional current, IL. The
simplest connection of a SC to an external load is shown in the right part of Fig. 12.4.
The current through the resistance R depends on R, and the voltage across the SC is

V = IR .
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Fig. 12.4 Connection of a SC to a load R (left) and the current–voltage and power–voltage curves
(right)

The current–voltage relation in the presence of illumination becomes

I (V ) = IL − IS(eV/(nVth) − 1) ,

see the right part of Fig. 12.4.
As the load R varies from 0 to ∞, the current changes from the short-circuit

current

ISC = IL at R = 0

to

I = 0 at R = ∞ .

At the same time, the voltage will change from

V = 0 at R = 0

to the open-circuit voltage

V = VOC = nVth ln

(
IL

IS

+ 1

)
at R = ∞ .

The open-circuit voltage is found from the condition I (VOC) = 0, as no current is
flowing if R = ∞.

The power delivered to the load is given by the product

P = V I (V ) = V (IL − IS(eV/(nVth) − 1)) .
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It is a non-monotonic function of voltage, see Fig. 12.4. The maximal power
delivered to the load can be found by taking derivative:

dP

dV
= IL − IS(eV/(nVth) − 1) − IS

V

nVth

eV/(nVth) = I (V ) − IS

V

nVth

eV/(nVth) .

Setting this derivative to zero, we obtain an equation for voltage at maximal power,
Vm:

IL

IS

+ 1 =
(

Vm

nVth

+ 1

)
eV/(nVth) ,

which can be solved iteratively. Once Vm is found, the current in the maximal-power
regime can be determined by a substitution of Vm into the expression for current,
Im = I (Vm).

The fill factor of the I − V curve is defined as the ratio

FF = Im Vm

ISC VOC

· 100 % .

It measures the deviation of the I − V curve from a rectangular shape. Typically,
FF has the value between 70% and 80%.

Finally, the photoconversion efficiency is defined as the ratio of the maximal
power produced by the SC to the power incident onto the cell in the form of light:

η = ImVm

Pin

· 100 % .

Depending on the SC type, photoconversion efficiency ranges from a few percent to
about 25% or even 40%.

Because solar intensity on the Earth surface is about 1000 W/m2, a solar panel of
1 m2 area and 10% efficiency can produce the power of 100 W, which is comparable
to the power consumption by a TV set. On average, a typical North American
household consumes about 900 kWh per month, i.e., the average power consumed
is about 1250 W. In order to provide this power, about 12 m2 area must be covered
with SCs. This is two or three times smaller than the area of a typical roof of a
private household. The price to install solar panels on a roof of a building is about
$15K, but it pays off in saving on the electricity bills after about 5 years. Of course,
these estimates may turn out too optimistic in the areas that get little direct sunlight.
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12.2 Light-Emitting Diodes (LEDs)

12.2.1 LED Operation

The light-emitting diodes (LEDs) have numerous applications in everyday life, such
as displays of various sorts (calculators, watches, street signs, etc.), lamps, and
light sources in the optical-fiber communication systems. The structure of a LED is
shown in Fig. 12.5. It is a forward-biased diode, whose front surface is used for the
collection of light, and the rear surface is covered with a highly reflective coating.

When a p-n junction is forward-biased, the majority carriers from its two QNRs
are injected into the opposite QNRs, where they become excess minority carriers. In
the direct-band gap semiconductors, the injected excess carriers recombine with the
majority carriers primarily radiatively, i.e., with the emission of light. The region
where most of the recombination events occur is called the active region. The rear
surface is covered with a reflective coating. The photons that reach the rear surface
get reflected from it and have a chance to contribute to the overall light intensity
emitted by the device. The effect of light emission by a forward-biased diode bears
the name of electroluminescence.

The intensity of the emitted light is proportional to the current, which depends
on the applied voltage as eV/(nVth) − 1 ≈ eV/(nVth), where n is the ideality factor of
the diode.

The radiative recombination rates of the minority electrons in the p-QNR and of
the minority holes in the n-QNR are, in general, different. It makes sense to collect
light from that side of the diode whose radiative recombination rate is the higher;
in Fig. 12.5, it is assumed that the radiative recombination rate is the larger in the
p-side.

12.2.2 LED Spectrum

LEDs employ a radiative recombination of charge carriers, which is most efficient
in the direct-band gap semiconductors. Because conduction band energy levels are
populated with the probability proportional to e−E/kT , and because the density
of states in the conduction band depends on the energy as

√
E − EC , the most

probable electron energy value can be found by setting the derivative of the product

Fig. 12.5 The principle of
operation of an LED
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d[√E − ECe−E/kT ]/dE to zero. The result turns out to be EC + kT /2. Similarly,
the most probable energy of a hole in the valence band is EV − kT /2. Then, the
most probable energy of a photon emitted as a result of a radiative recombination
event is

hf = Eg + kT ≈ Eg ,

and the respective wavelength

λ = c

f
≈ hc

Eg

.

The width of the LED spectrum can be estimated to be

�f = kT

h
,

or, in terms of the wavelength,

�λ = |�(c/f )| = c

f 2
�f = hc

kT

E2
g

.

It is seen that the ratio �λ
λ

= kT
Eg

is quite small (about 0.02–0.03), i.e., a single LED
emits a rather narrow spectral line.

In order to emit in the visible range of λ from about 0.4 to 0.75µm, the
band gap must be between 1.65 and 3.1 eV. GaAs with Eg = 1.42 eV cannot
be used for illumination but can be employed in other application, such as
telecommunication. The materials that are used in the visible LEDs are ternary and
quaternary compounds, such as AlxGa1−xAs (red part of the spectrum), GaAsxP1−x

(red), In1−y(AlxGa1−x)P (yellow/orange light), InxGa1−xN (blue/green light), etc.
The band gap of those compounds can be adjusted by changing the relative
concentrations x, y of the components.

To produce white light, one can combine several LEDs of different colors,
typically red, green, and blue. A less expensive method that produces the output
spectrum comfortable to the eye is to cover a single LED with a photoluminescent
material that absorbs the original LED photons and emits light of other, usually
lower, frequencies in a broad spectrum similar to the day light.

12.2.3 LED Efficiency

The intensity of light emitted by an LED—that is, the power emitted by a unit area
of an LED—is directly proportional to the number of recombination events in the
active region. This number, in turn, is directly proportional to the number of charge
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carriers injected into the active region per unit area per unit time; it is just the electric
current density divided by the elementary charge. Since the energy of a photon
produced in a radiative recombination event is Eg , the intensity is proportional to

IEL = Eg

J

e
η ,

where the proportionality constant η < 1 is the LED efficiency.
The LED efficiency depends on the efficiency of several processes involved in

photoemission:

Injection Efficiency The net current in the diode consists of three contributions:
the minority electron current in the p-QNR, the minority hole current in the n-QNR,
and the recombination current in the SCR:

J = Je + Jh + JSCR

with

Je = e
n2

i

Na

Dep

Lep

(eV/Vth − 1) , Je = e
n2

i

Nd

Dhn

Lhn

(eV/Vth − 1) ,

JSCR = ew
ni

τSCR

(eV/(2Vth) − 1) ,

as derived in Sect. 11.5.2. Here, Dep and Dhn are the diffusion coefficients of the
minority electrons in the p-region and minority holes in the n-region, Lep and Lhn

are the respective diffusion lengths, w is the SCR width, and τSCR is the carrier
lifetime in the SCR. Assuming that the light-emitting part of the diode is the p-QNR,
it is the current Je that corresponds to electron injection from the n-QNR into the
p-QNR and is therefore responsible for the light emission. The SCR recombination,
corresponding to the contribution JSCR , usually proceeds not radiatively, but via
the trap-assisted Shockley–Read–Hall mechanism. On the other hand, the photons
emitted due to hole recombination in the n-region get partly reabsorbed by the
material as they travel toward the front surface, and therefore they produce relatively
small contribution to the output light intensity. Correspondingly, the emitted light
intensity should be proportional to the relative contribution of the electron injection
current to the total current. This is parametrized by the so-called injection efficiency

ηinj = Je

Je + Jh + JSCR

.

In order to make this number close to unity, the n-side of the junction should be
doped more heavily than the p-side, so that Je � Jh. Also, the junction must be
under a sufficiently large forward bias V in order to ensure that Je � JSCR .
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Recombination Efficiency Not all electrons injected into the p-region recombine
radiatively. The net recombination rate consists of the radiative and non-radiative
contributions, U = Ur + Unr , proportional to the respective inverse radiative
and non-radiative recombination times τr and τnr . The recombination efficiency is
defined as the relative number of radiative recombination events:

ηrec = Ur

Ur + Unr

≈ τ−1
r

τ−1
r + τ−1

nr

.

In order to increase ηrec, one needs a high-purity sample with the well-passivated
surfaces, so as to reduce the Shockley–Read–Hall and surface recombination rates.
At the same time, in order to increase the role of radiative recombination, the p-side
of the diode must be heavily doped.

Internal Quantum Efficiency Internal quantum efficiency is the product of injec-
tion and recombination efficiencies,

ηi = ηinj ηrec .

Note that ηinj decreases with the p-side doping concentration Na , whereas ηrec

increases with Na . Thus, there must be an optimal doping concentration Na that
maximizes the internal efficiency.

External Quantum Efficiency External quantum efficiency is the fraction of
photons produced inside the diode that actually leave the diode. In reality, over
95% of the photons produced in radiative recombination events are lost due to the
following reasons:

(i) The typical photon energy actually exceeds Eg by about kT , as explained
above. The majority of those photons will be reabsorbed by the material.

(ii) The photons that reach the front surface of the diode may be reflected back into
the semiconductor and be reabsorbed. The probability of reflection depends
on the angle of incidence and photon polarization. For normal incidence,
reflection probability is polarization-independent and is given by the Fresnel
formula

�R =
∣∣∣∣nSC − 1

nSC + 1

∣∣∣∣
2

,

where nSC is the semiconductor refractive index. Typically, nSC ≈ 3 − 4, and
hence, �R ≈25–35%.

(iii) Depending on the angle of incidence, θi , the angle of refraction at which a
photon exits the material is given by Snell’s law,

nSC sin θi = sin θr ⇒ θr = sin−1(nSC sin θi) .
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Fig. 12.6 Left: Photon refraction as it exits the semiconductor at the incident angle θi below the
critical value θc. Right: Photon total internal reflection at the angle of incidence greater than the
critical angle

This expression only makes sense when the argument of the inverse sine is
below 1. If the argument exceeds 1, light will not exit the material but will
undergo total internal reflection back into the semiconductor. This happens
when the angle of incidence exceeds the critical angle given by

θc = sin−1 1

nSC

.

Assuming the typical value nSC = 3.5, the critical angle turns out to be about
17◦. One can conclude that the light is emitted practically perpendicular to the
LED surface (Fig. 12.6).

Now, a solid angle corresponding to the angle of incidence θi is given by �(θi) =
2π(1 − cos θi). The directions of the photons produced in radiative recombination
are distributed isotropically, i.e., all directions are equally probable; this corresponds
to the solid angle of 4π . Then, the fraction of photons that hit the surface at an angle
below the critical angle is

�(θi)

4π
= 1 − cos θc

2
≈ θ2

c

4

for small θc � 1. Assuming θc = 17◦ ≈ π/10, this ratio is about 0.1, i.e., only
10% of the photons have a chance of leaving the material. This has to be multiplied
by the transmission coefficient, 1 − �R , which is about 0.65 for normal incidence.
Thus, we get the external quantum efficiency to be ηe ≈ 6.5 %.

This estimate is actually too optimistic because we did not take into account the
decrease of (1 − �R) with the angle of incidence and optical losses due to photon
re-absorption. The actual external efficiency is about 1% to 2%, i.e., about 98% of
the photogenerated photons do not leave the diode.

All in all, the number of photons that are emitted by the diode per unit area per
unit time is
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�EL = J (V )

e
ηiηe ,

and the electroluminescence intensity is given by

IEL = Eg

J (V )

e
ηiηe .

Assuming Eg = 2 eV, J = 1 A/cm2, ηinj = 50 %, ηrec = 100 %, and ηe = 1 %,
the intensity of the emitted light according to this expression is 0.01 W/cm2, which
is ca. 100 times smaller than the intensity of the light coming from the Sun. This is
way too small for practical applications.

12.2.4 Increasing the LED Efficiency

The main problem of the homojunction-based LEDs discussed above is the re-
absorption of the photons generated in radiative recombination. Because the energy
of those photons exceeds the band gap energy by ca. kT , some of them may cause
an electron transition from the valence to the conduction band and not contribute to
the output light.

In a homojunction-based LED, the light-emitting part of the junction must be
relatively thin in order to let the photons escape without being reabsorbed by
the material. Unfortunately, this implies high probability of the injected minority
carriers’ diffusion to the surface and their non-radiative recombination there.

Hence, in order to increase the intensity of the emitted light, we need to (i)
increase the rate of the radiative recombination in the active region, and (ii) reduce
re-absorption of the photons outside of the active region.

Both problems are solved with the use of double heterojunction structures. The
idea is to produce the diode’s p- and n-sides from broad-band gap semiconductors,
and to sandwich the active region in between, see Fig. 12.7a. Usually, the narrow-
band gap light-emitting region is made of an intrinsic semiconductor. The photons
produced in the active region have energy less than the band gap in the adjacent

Fig. 12.7 (a) A heterojunction LED and (b) its energy band diagram
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p- and n-regions. Therefore, those photons are not absorbed by the structure and
eventually contribute to the output light intensity.

The second advantage of the double heterojunction arrangement is the fact that
the conduction band edge in the active i-region is below the conduction band edge
in the n-region, see the energy band diagram in Fig. 12.7b. This implies that the
concentration of electrons in the active region is higher than that in the n-region.
For the same reason, the valence band edge in the active i-region is higher than that
in the p-region, implying higher concentration of holes. In turn, this means high
recombination rate and high-output light intensity of the LED.

12.3 Semiconductor Lasers

12.3.1 Stimulated Emission and Einstein’s Coefficients

Semiconductor LEDs generate light by spontaneous emission of photons in radiative
recombination of electron–hole pairs. Semiconductor laser diodes also generate
light by transitions of electrons from the conduction to the valence band. But, in
contrast to LEDs, those transitions are stimulated by light quanta (photons) already
present in the device. The stimulated emission effect was predicted by Albert
Einstein in 1916, more than half a century before the first laser was made. The very
name “laser” is an abbreviation for “Light Amplification by Stimulated Emission of
Radiation.”

Before discussing semiconductor lasers, let us focus on a more intuitive situation
of lasing in a gas of atoms that do not form a solid. The atoms find themselves
in a cavity of volume V . For simplicity, let us assume that each atom can exist in
only two states: the ground state of energy E1 and the excited state of energy E2.
Denoting the concentrations of atoms in the ground and in the excited state as n1
and n2, the total concentration is given by

n = n1 + n2 .

Because the concentration of atoms is constant, the rates of change of n1 and n2 are
equal in magnitude and opposite in sign:

dn

dt
= dn1

dt
+ dn2

dt
= 0 ⇒ dn1

dt
= −dn2

dt
.

Apart from the atoms, the cavity is filled with photons. The photons interact with
the atoms via the following elementary processes, see Fig. 12.8:

(i) Absorption, in which a photon of frequency f gives its energy hf to promote
an atom from the ground to the excited state. In order for this to happen, the
photon frequency must exactly match the excitation energy divided by Planck’s
constant:
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Fig. 12.8 Elementary interactions of a photon with an atom: (i) absorption, (ii) spontaneous
emission, and (iii) stimulated emission

f = �E/h = (E2 − E1)/h .

A photon of frequency below this value cannot excite an atom due to the energy
conservation. It is not as obvious why a photon of frequency higher than �E/h

cannot give part of its energy to an atom. This has to do with the particle nature
of photons. As a particle, a photon cannot be partly absorbed; it can only be
either completely absorbed or not absorbed at all.

(ii) Spontaneous emission, in which an excited atom returns to the ground state
with the emission of a photon of energy hf = �E. The emitted photon
propagates in a random direction.

At a first glance, absorption and spontaneous emission exhaust all possible kinds
of matter–light interaction. Let us now describe them mathematically.

We denote the concentration of photons of frequency f as nph(f ). The rate
of change of the atomic concentrations n1 and n2 due to absorption must be
proportional to the concentration of atoms in the ground state and to the total number
of photons of frequency f in the volume V :

(
dn1

dt

)
abs

= −babsn1V nph(f ) .

The parameter babs > 0 is the probability of photon absorption by an atom per
unit time. It has the dimension of [babs] = s−1. It depends on the atom–photon
interaction properties only and does not depend on the concentration of atoms n1,
n2 and on the concentration of photons nph(f ). The minus sign indicates that photon
absorption results in a decrease of n1.

The rate at which the concentrations n1 and n2 change due to the spontaneous
emission is proportional to the concentration of the excited atoms:
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(
dn1

dt

)
spon

= bsponn2 .

The coefficient bspon is the probability per unit time for an excited atom to return to
its ground state with the emission of a photon. In other words, it is the inverse of the
average time that an atom spends in the excited state.

If only absorption and spontaneous emission were operative, then the total rate
of change of the concentration of the atoms in the ground state would be

(
dn1

dt

)
abs

+
(

dn1

dt

)
spon

= −babsn1V nph(f ) + bsponn2 .

Now, let us consider our system in the state of thermal equilibrium. Three statements
can be made about the equilibrium state:

First, the concentrations of atoms in the ground state and in the excited state are
stationary:

(
dn1

dt

)
eq

=
(

dn2

dt

)
eq

= 0 .

Second, they are related to each other by a Boltzmann factor e−�E/kT :

n2 = n1e
−�E/kT ≡ n1e

−hf/kT .

Third, the concentration of photons is given by the so-called Planck distribution

nph(f ) = g(f )

ehf/kT − 1
,

where g(f ) is the density of photon states; the derivation of this result is performed
in Appendix A.5.

Hence, in equilibrium,

(
dn1

dt

)
abs,eq

+
(

dn1

dt

)
spon,eq

= −babsn1V
g(f )

ehf/kT − 1
+ bsponn1e

−hf/kT .

This should be zero at any temperature. But because the two terms in the right-hand
side depend on temperature differently, they cannot cancel each other. This is the
problem because it implies that thermal equilibrium state is impossible.

To fix this problem, we must, following Einstein, postulate the existence of a
third elementary process, namely:
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(iii) Stimulated emission This is a process, in which a photon incident on an atom
in its excited state induces a de-excitation of this atom into a ground state
accompanied by an emission of another photon of the same wave vector as the
incident photon, see the lowest diagram in Fig. 12.8.

The rate at which the concentration of the atoms in the ground state changes due
to this process is proportional to the concentration of atoms in the excited state and
the total number of photons in the volume V :

(
dn1

dt

)
stim

= bstimV nph(f )n2 .

The physical meaning of the parameter bstim is the probability for the emission to
be stimulated by a single photon per unit time. In thermal equilibrium,

(
dn1

dt

)
stim,eq

= bstimV
g(f )

ehf/kT − 1
n1e

−hf/kT .

Combining all three contributions to the time derivative dn1/dt in equilibrium
together, we obtain in the equilibrium state:

(
dn1

dt

)
eq

=
(

dn1

dt

)
abs,eq

+
(

dn1

dt

)
spon,eq

+
(

dn1

dt

)
stim,eq

= −babsn1V
g(f )

ehf/kT − 1
+ bsponn1e

−hf/kT + bstimV
g(f )

ehf/kT − 1
n1e

−hf/kT .

This expression can be equal to zero provided that the coefficients babs , bspon, and
bstim are related to one another in a special way. Indeed, dividing the second line by
n1e

−hf/kT and setting the result to zero, we obtain

−babsV
g(f )ehf/kT

ehf/kT − 1
+ bspon + bstimV

g(f )

ehf/kT − 1
= 0 .

The sum of the first and third terms is temperature-independent only if the
coefficients of absorption and stimulated emission are the same:

babs = bstim = b ,

and that the spontaneous emission coefficient is

bspon = bg(f )V .

These relations are remarkable. In principle, there is no a priori reason to expect
that the coefficients that describe the completely different physical processes can
be expressible in terms of each other in such a simple manner. In particular, the last
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formula tells us that the probability of spontaneous emission per unit time equals the
probability of photon absorption b multiplied by the total number of states g(f )V

available to an emitted photon of frequency f . The relations between the emission
and absorption coefficients follow from purely statistical considerations and are
indeed confirmed by the rigorous and rather complicated quantum-mechanical
calculations.

In the literature, it is customary to work not with the photon concentration
nph(f ), but with the photon spectral energy density

u(f ) = hf nph(f )

and to express the rates of absorption, spontaneous emission, and stimulated
emission as(

dn1

dt

)
abs

= −B12n1u(f ) ,

(
dn1

dt

)
spon

= An2 ,

(
dn1

dt

)
stim

= B21n2u(f ) .

The parameters A and B are called Einstein’s coefficients; they are related to the
respective probabilities of the elementary processes to occur per unit time by

B12 = babs

V

hf
, A = bspon , B21 = bstim

V

hf

and to each other by

B12 = B21 = B , A = Bhfg(f ) .

12.3.2 Generation of Light

Consider a beam of monochromatic light of frequency f = �E/h propagating in
a gas of two-state atoms. As this beam propagates in the x-direction, it interacts
with the medium, as described in the previous section. As a result, the concentration
of photons in the beam, nph(f, x), depends not only on frequency, but also on the
position x. For the sake of brevity, the frequency dependence will be implied, but
not written explicitly.

We assume the photon concentration to be so high that stimulated emission
dominates over spontaneous emission. The photon concentration changes with the
coordinate x due to absorption and stimulated emission according to

dnph(x)

dx
= dnph(x)

dt

∂t

∂x
= 1

c

((
dnph(x)

dt

)
stim

−
(

dnph(x)

dt

)
abs

)
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= bV nph(x)

c
(n2 − n1) = γ nph(x) .

Due to the interaction with light, the level populations n1 and n2 will also change.
Let us assume that some external agent is operative that maintains them constant;
this process is called pumping. In that case, the parameter

γ = bV

c
(n2 − n1) ,

called the gain factor, will be constant. Then, the concentration of photons in the
beam, nph(x) ∝ eγ x , will either decrease or increase exponentially, depending on
the sign of the gain factor, so will the light intensity, i.e., the energy transmitted by
the photons per unit time through a unit surface area, F(x) = chf nph(x).

The lasing effect means that the intensity of the beam increases. In order for it to
be possible, i.e., for the gain factor γ to be positive, population inversion

n2 > n1

is a necessary condition. The concentration of atoms in the excited state must exceed
the concentration of atoms in the ground state. The physical reason of lasing is quite
simple: the more photons are present in the beam, the more stimulated emission
events are produced, and the higher the rate of increase of the photon number.

12.3.3 Semiconductor Laser Operation

The Structure of a Semiconductor Laser

In a semiconductor, one deals not with two discrete energy levels, but with two
bands. In order for the diode to lase, it should be in the population inversion state.
That is, the electron concentration near the bottom of the conduction band must be
higher than the concentration of electrons near the top of the valence band.

Clearly, this is impossible in thermal equilibrium, as the following calculation
shows. Consider two electron states: state 1 in the valence band and state 2 in the
conduction band, with

E2 > EC , E1 < EV .

The probability for each of these states to be occupied by an electron is given by the
Fermi–Dirac formula

f1,2 = 1

1 + e(E1,2−EF )/kT
.
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Population inversion means higher probability for an electron to be in the state 2
than in the state 1, which is only possible if

f2 > f1 .

But this implies that

e(E2−EF )/kT < E(E1−EF )/kT ⇒ E2 − EF < E1 − EF ,

which contradicts the obvious inequality E2 > EC > EV > E1.
Now consider what happens when the semiconductor consists of two differently

doped regions forming a diode. In thermal equilibrium, lasing is not possible also
in a diode. Hence, we must bring it out of equilibrium by applying a bias V . In
that case, electrons in the n-region and holes in the p-region are characterized by
their own quasi-Fermi energies, EFe and EFh, respectively. Inside the space-charge
region of the diode, these two quasi-Fermi energies coexist, whereas outside the
SCR, the quasi-Fermi energies belonging to the minority carriers quickly align
themselves with the majority carriers’ quasi-Fermi energies.

Inside the SCR, the probabilities for the states 1 and 2 to be occupied are modified
to

f2 = 1

1 + e(E2−EFe)/kT
, f1 = 1

1 + e(E1−EFh)/kT
,

and the population inversion condition, f2 > f1, implies that we should have E2 −
EFe > E1 − EFh or, equivalently,

EFe − EFh > E2 − E1 = hf > Eg ,

where hf is the energy of the emitted photons, and the last inequality follows from
the fact that E2 > EC , E1 < EV , and EC − EV = Eg . We conclude that in order
for lasing to be possible, one or both sides of the p-n junction must be degenerately
doped.

A semiconductor laser structure is based on a double heterojunction, where the
active region (usually, intrinsic) is sandwiched between the degenerately doped n-
and p-layers, called the cladding layers, see Fig. 12.9a. Note that a similar structure
is used in the LEDs. To increase the optical path length of laser light in the active
region, one side of the diode is covered with a highly reflecting coating and the
opposite side with a partially reflective coating. This means that lasing effect is
possible only for the photons that travel between the reflective sides, and a small
fraction of those photons can exit the device through the partially reflective side.

As in the LEDs, it is advantageous to make the cladding n- and p-layers of a
semiconductor with a slightly larger band gap than in the active region,

Egc > Ega ,
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Fig. 12.9 (a) Schematic diagram of a semiconductor laser; (b) its energy band diagram; (c)
variation of the refractive index along the coordinate z perpendicular to the diode plane

where the subscripts c and a stand for “cladding” and “active,” respectively; see
Fig. 12.9b. This band gap difference guarantees strong population inversion. A
further improvement is to use the cladding material with the refractive index slightly
lower than the refractive index of the active region,

nc < na ,

see Fig. 12.9c. Then, the generated photons will remain trapped inside the active
region as a result of the total internal reflection from the boundaries with the
cladding layers.

Threshold Current

The salient feature of the double heterojunction laser is that its active i-region is
very thin. The small size of the central active region implies that the excess carrier
concentration there is practically constant. Hence, the physical picture behind the
current–voltage curve is quite simple. Namely, the excess electrons are injected into
the i-region from the n+-region, with AJ/e electrons coming in per unit time, where
A is the cross-sectional area of the laser. On the other side of the i-region, the excess
holes are injected from the p+-region, with AJ/e holes coming in per unit time.
Inside the active region, electrons and holes recombine at a rate U(�n)Ad, where
d is the width of the active region. Because the number of excess carriers that come
in per unit time must be the same as the number of charge carriers that recombine
per unit time, the current density is given by

J = eU(�n)d .

To find the current–voltage curve, we note that the excess carrier concentration
�n depends on the difference between the quasi-Fermi energies of electrons and
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holes. This difference is nothing else by the applied voltage multiplied by the
elementary charge:

EFe − EFh = eV ,

and hence, the excess concentration depends on the applied voltage:

�n = �n(V ) .

In a non-degenerate semiconductor, the relationship between �n and V would
follow immediately from the generalization of the mass–action law, (n0 +�n)(p0 +
�n) = n2

i e
(EFe−EFh)/kT = n2

i e
V/Vth . However, since we are considering the case

when the quasi-Fermi energies are located inside the bands, we cannot use this
relationship and must resort to the qualitative rather than quantitative arguments.

When we discussed lasing in a gas of two-level atoms, the gain factor γ turned
out to be proportional to the difference between the populations of the two levels.
Hence, the light intensity along the beam was increasing according to

dF

dx
= γF(x) , γ ∝ n2 − n1 .

In a semiconductor laser, the difference n2 − n1 must be replaced by the excess
carrier concentration, and thus the gain factor is proportional to γ ∝ �n.
Furthermore, when light propagates in a semiconductor, it gets absorbed with the
absorption coefficient α. Hence, the expression for the rate of change of light
intensity with distance in a laser becomes

dF

dx
= (γ − α)F (x) , γ ∝ �n .

After traveling the distance 2L between the two mirrors, light intensity changes
by a factor e2L(γ−α). Light also gets reflected from the two mirrors. Each reflection
results in a change of light intensity by a factor equal to the mirror reflection
coefficient, �1 and �2 for mirrors 1 and 2, respectively. The net effect of absorption
and reflection is a change of light intensity by the product �1�2e

2L(γ−α). In order
for lasing to be possible, this product must be bigger than 1.

In turn, it implies that the gain factor must exceed a threshold value, γT , such
that

�1�2e
2L(γT −α) = 1 ⇒ γT = α + 1

2L
ln

1

�1�2
.

The gain factor is proportional to the excess carrier concentration. Hence, for
lasing to be possible, excess concentration must exceed some threshold value,
�nT ∝ γT . On the other hand, according to the theory of the current–voltage
curve in a p+-i-n+ structure outlined earlier in this section, the excess concentration
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enters into the current–voltage relation as an argument of the net recombination rate.
Hence, in order to maintain the excess concentration at the level above threshold,
the injection current must exceed the threshold value

JT = eU(�nT )d .

We can make a rough approximation by assuming that the net recombination
rate is proportional to the excess carrier concentration, U(�n) ∝ �n. With this
approximation, we conclude that the threshold current must be proportional to
JT ∝ �nT ∝ γT . Denoting the proportionality constant as β, we can write

JT = β

(
α + 1

2L
ln

1

�1�2

)
.

At J < JT , very weak light intensity is generated, whereas at J = JT , lasing
begins, see Fig. 12.10. The threshold current is thus quite easy to measure. A linear
relation between JT and α + 1

2L
ln 1

�1�2
is indeed experimentally confirmed with

β being of the order of 100 A/cm. This implies that the threshold current may be
of the order of thousands (or even tens of thousands) A/cm2, quite a large value.
Reduction of the threshold current is one of the main problems in the semiconductor
laser technology.

Laser Spectrum

The active region of a laser is a resonator, where only photons of certain wavelength
can exist. Those photons must satisfy the standing wave condition

L = mλ′
m/2 ,

where L is the distance between the reflecting sides, m is an integer, and λ′
m is the

photon wavelength inside the active region. Hence, the laser produces not a single
wavelength, but many spectral lines of the wavelength

Fig. 12.10 Schematic
illustration of the laser
intensity vs. current density
relation
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λ′
m = 2L/m .

Each such spectral line is called the mode.
The frequency of the photons that leave the active laser is the same as the

frequency of the photons inside the active region. On the other hand, the velocity of
light in the semiconductor is

c′ = c/na ,

where na is the refractive index of the active region. Therefore, the wavelength of
the photons emitted by the laser is

λm = c/f = c′na/f = naλ
′
m = 2Lna/m,

and their frequencies are quantized as

fm = c/λm = cm/(2Lna) .

The separation between two spectral lines is

�λ = λm − λm+1 = 2Lna

(
1

m
− 1

m + 1

)
= 2Lna

m(m + 1)
= λm

m + 1
.

For large m � 1, the separation between two modes can be approximated as

�λ = λ

m
= λ2

2naL
.

The frequency and energy separations are

�f = fm+1 − fm = c

2Lna

, h�f = hc

2Lna

= 1.24 eV · μm

2Lna

.

The energies of those photons range from Eg to eV = EFe −EFh > Eg . Hence,

the number of lines in the spectrum of a laser is eV −Eg

h�f
. Assuming L to be of the

order of 100µm and na of the order of 4, we have the energy separation of the order
of 1 meV. For eV −Eg = 1 eV, this means that the number of spectral lines is of the
order of a thousand.

At a first glance, the higher the bias V , the broader the spectrum of the emitted
light should be and the more spectral lines it should contain. In reality, quite the
opposite happens: increasing the bias results in a decrease of the number of the
spectral lines present in the laser light. In fact, for a large enough bias, the number
of spectral lines amounts not to a few thousands, but to just a few.

The reason for this paradoxical phenomenon is mode competition. The number
of the radiative recombination events that may happen per unit time in the active
region is limited by the injection current J ; hence, the growth of the laser intensity
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is not infinite but must saturate at some limit intensity value FL. Now, suppose that
for some reason, one of the modes contains slightly more photons than others. This
means that this mode intensity growth rate due to the stimulated emission exceeds
that of other modes. Hence, the more photons a particular mode has, the sooner it
should reach the limit intensity. Once a particular mode reaches FL, all other modes
cannot be supported because all of the pumping is “consumed” by a particular mode
that initially had slightly more energy than the others. As a result, the winner mode
gets it all, and a single narrow spectral line is emitted.

12.4 Problems

12.4.1 Solved Problems

Problem 1 The irradiance spectrum of the Sun just outside of the Earth’s atmo-
sphere can be modeled as that of a black body with the temperature TSun = 5 778 K.
Assume that each photon of energy hf > Eg is absorbed by a SC and produces just
one electron–hole pair, which then contributes the energy Eg to the output power.
Based on this information, write down an expression for the limit SC efficiency as a
function of the band gap, plot the efficiency vs. the ratio Eg/kTSun, and find the Eg

value at which it is maximal. Which semiconductor has this band gap value? When
solving this problem, you may need to integrate a certain function numerically (use
Mable, Mathematica, WolframAlpha, or a similar software). You may also need an

identity
∫∞

0 dx x3

ex−1 = π4

15 .

Problem 2 Consider a p-i-n structure of a heterojunction LED from Fig. 12.7b. It
has the following parameter values at T = 300 K: the band gap Eg = 2.5 eV; the
width of the i-region d = 0.1 μm; intrinsic concentration ni = 107 cm−3; radiative
recombination coefficient B = 10−8 cm3/s; Auger recombination coefficients
Ce = Ch = 10−30 cm6/s; external efficiency ηe = 2 %. The relationship between
the excess concentration �n in the i-region and the applied voltage V follows
immediately from the generalization of the mass–action law, (n0+�n)(p0+�n) =
n2

i e
(EFe−EFh)/kT = n2

i e
V/Vth .

(a) Assuming the i-region to be non-degenerate, find �n(V ).
(b) Assuming that only radiative and Auger recombination mechanisms are opera-

tive in the i-region with the respective coefficients B and Ce,h, find the optimal
excess concentration �n at which the recombination efficiency in the i-region,
ηrec = Ur/(Ur + UA), is the highest. What voltage is needed to maintain this
excess concentration at room temperature?

(c) Find the output intensity value obtained at the maximal recombination effi-
ciency.

(d) Find the voltage that needs to be applied to the device to have the output light
intensity of 0.1 W/cm2, which matches the typical intensity of the Sun.
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Problem 3 Show that the average time for an atom to remain in the excited state
is 1/bspon, where bspon is Einstein’s coefficient of spontaneous emission from
Sect. 12.3.1.

12.4.2 Practice Problems

Problem 1 Find the intensity of the sunlight just outside of the Earth’s atmosphere.
The Sun radiation can be modeled as that of a black body with the temperature
5 778 K, the radius of the Sun is RS = 696 340 km, and the Earth-to-Sun distance is
RE−S = 1.5 · 108 km. You may need an identity

∫∞
0 dx x3

ex−1 = π4

15 .

Problem 2 The total intensity of the monochromatic light incident onto a silicon
slab of thickness d = 100µm is F = 0.01 W/cm2. Its wavelength is 1µm.
The refractive index of Si at this wavelength is nr = 3.572, and the absorption
coefficient α = 62.94 cm−1. Calculate light intensity F(x) and the electron–hole
pair generation rate G(x) for two cases: (a) when the rear surface is untreated and
(b) when the rear surface is covered by a perfectly reflecting coating. Here, the
distance x is measured from the front surface. Perform these calculations without
and with taking into account Fresnel reflection by the silicon–air interface. You may
need the sum of a geometric series, 1 + x + x2 + . . . = 1/(1 − x).

12.4.3 Solutions

Problem 1 The spectral irradiance of the Sun is given by (see Appendix A.5)

F(f ) = A
f 3

ehf/kTSun − 1
,

where the constant A = 2πh
c2

R2
S

R2
E−S

, where RS = 696 340 km is the radius of the

Sun and RE−S = 1.5 · 108 km is the Earth-to-Sun distance. The ratio of the two
radii takes care of the fact that the light intensity decreases with distance r from a
point-like source as 1/r2.

With the simplifying assumptions made in the problem formulation, the incident
and the output power per unit surface area of a SC can be written as

Pin =
∫ ∞

0
df F(f ) , Pout = Eg

∫ ∞

Eg/h

df
F(f )

hf
.
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In the expression for Pout , we took care of the fact that only photons of energy
exceeding Eg are absorbed and contribute the energy Eg to the output power; the
spectral photon flux density is related to the spectral irradiance by F(f )/(hf ). The
efficiency is

η = Pout

Pin

=
∫∞
Eg/h

df F(f )∫∞
0 df F(f )

.

Using the above expression for F(f ) and changing the integration variables in both
integrals to x = hf/kTSun, we have

η = Eg

kTSun

∫∞
Eg/kTSun

dx x2

ex−1∫∞
0 dx x3

ex−1

= 15

π4

Eg

kTSun

∫ ∞

Eg/kTSun

dx
x2

ex − 1
.

The efficiency vs. the ratio of the band gap to the thermal energy of the surface of
the Sun is shown in Fig. 12.11. This curve has a maximum at Eg ≈ 2.17 kTSun.
Given that the thermal energy kTSun = (0.02585 eV) · 5778/300 = 0.498 eV, the
optimal band gap equals 1.08 eV, which is quite close to the band gap of silicon.

This analysis is severely simplified, as it does not account for the radiative and
Auger recombination of the photogenerated electron–hole pairs and the optical
losses due to the light reflection by the front surface and the escape of some of those
photons that got reflected by the rear surface of the SC, as well as a few other, less
significant, mechanisms. Nevertheless, the optimal band gap value obtained above
is quite close to the truth.

Problem 2 (a) With n0 = p0 = ni , we rewrite the modified mass–action law
as (ni + �n)2 = n2

i e
V/Vth , from which the excess concentration follows

immediately as

�n(V ) = ni(e
V/(2Vth) − 1) .

(b) The concentration of electrons and holes in the i-region is n = p = ni + �n.
Hence, the radiative and Auger net recombination rate (see Sects. 7.3 and 7.4,
respectively) recombination efficiencies are expressed in terms of the excess
concentration as

ηrec = B(2ni�n + �n2)

B(2ni�n + �n2) + (Ce + Ch)(3n2
i �n + ni�n2 + �n3)

= 1

1 + Ce+Ch

B
nif (x)

,

where in the second equality, we divided the numerator and the denominator of
the first expression by B(2ni�n + �n2) and denoted
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Fig. 12.11 The limit efficiency of a SC as a function of the semiconductor band gap normalized
to the thermal energy on the surface of the Sun

x = �n

ni

, f (x) = 3x + x2 + x3

2x + x2 .

Clearly, the recombination efficiency is maximal at that x-value at which the
function f (x) has a minimum. We find the minimum of f (x) by differentiation
at

x0 = √
5 − 2 ≈ 0.2361 ,

corresponding to �n = xni = 0.2361 ni . Based on the result from part (a), we
find the voltage needed to be

V0 = 2Vth ln(1 + x) = 2Vth ln(
√

5 − 1) = 11 mV .

(c) The electroluminescence intensity is

IEL = Eg Ur(�n)dηe = EgdηeBn2
i (2x + x2) .

With the x = 0.2361, we have

IEL = 4.23 · 10−20 W/cm2 ,

corresponding to the photon flux density
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� = IEL

Eg

= 0.105 1/(cm2s) .

That is zero for all practical purposes.
(d) The desired output intensity corresponds to the x-value found from the

quadratic equation

x2 + 2x − IEL

EgdηeBn2
i

= 0 .

For IEL = 0.1 W/cm2, the constant

IEL

EgdηeBn2
i

= 1.248 · 1018 .

This corresponds to the value of x

x = −2 +
√

4 + IEL

EgdηeBn2
i

=
√

IEL

EgdηeBn2
i

= 1.117 · 109 ,

as the parameters of the order of 1 can be neglected for all practical purposes.
The voltage necessary to obtain this intensity is

V = 2Vth ln x = 2 · 0.02585 ln 1.117 · 109 = 1.08 V .

Problem 3 The probability pexc(t) for an atom to remain in the excited state is
related to the concentration of atoms as n2(t) = pexc(t)n. It decays in time as

dpexc(t)

dt
= −bsponpexc(t) .

The solution of this equation with the initial condition pexc(0) = 1 is pexc(t) =
e−bspont . The derivative −dpexc(t)/dt has the physical meaning that the atom will
return to the ground state at time between t and t + dt . The average time spent in
the excited state is, then,

texc =
∫ ∞

0
dt t

(
−dpexc(t)

dt

)
= bspon

∫ ∞

0
dt t e−bspont = 1

bspon

,

as can be obtained by changing the integration variable to x = bspont .



Appendices

A.1 A Crash Course in Complex Numbers

A complex number z is formed by a pair of two real numbers, x and y, as

z = x + iy .

The number i is called the imaginary unit and is defined as the positive square root
of −1:

i2 = −1 , i = √−1 .

The two components of a complex number z are called the real part and the
imaginary part of z:

x = Rez , y = Imz .

The operation of complex conjugation is denoted by a star and is defined by
changing the sign in front of the imaginary part:

z∗ = x − iy .

Complex numbers can be added and subtracted. If we have another complex
number w = u + iv, then

z + w = (x + u) + i(u + v) , z − w = (x − u) + i(y − v) .
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Two complex numbers can be multiplied together:

zw = (x + iy)(u + iv) = x(u + iv) + iy(u + iv) = xu + ixv + iyu − yv

= (xy − yv) + i(xv + yu) .

The product of a complex number with its conjugate,

zz∗ = (x + iy)(x − iy) = x2 − (iy)2 = x2 + y2

is a positive real number. Its positive square root,

|z| = √
zz∗ =

√
x2 + y2

is called the modulus of z.
A complex number can also be divided by another complex number:

z

w
= zw∗

ww∗ = zw∗

|w|2 = (x + iy)(u − iv)

u2 + v2
= xu + yv

u2 + v2
+ i

yu − xv

u2 + v2
.

Euler’s identity is an extremely useful theorem. Let θ be a real number, and thus
iθ is purely imaginary. Then

eiθ = cos(θ) + i sin(θ) .

To prove this identity, we denote two complex-valued functions of θ :

f (θ) = eiθ , g(θ) = cos(θ) + i sin(θ) .

Their logarithms have the same derivatives. Indeed, for the function f (θ),

d ln f (θ)

dθ
= d(iθ)

dθ
= i .

As for the function g(θ), we first observe that

dg(θ)

dθ
= − sin(θ) + i cos(θ) = i (cos(θ) + i sin(θ)) = ig(θ) ,

and hence

1

g(θ)

dg(θ)

dθ
= d ln g(θ)

dθ
= i .

From the identity d ln f (θ)
dθ

= d ln g(θ)
dθ

it follows that

f (θ) = Cg(θ) ,
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where C is some unknown constant. In order to find this constant, we focus on
the specific value of θ = 0, for which f (0) = g(0) = 1. Hence, C = 1, i.e.,
f (θ) = g(θ) for all θ . This completes the proof.

As an illustration of usefulness of Euler’s identity, it can be used to derive various
trigonometric identities, which one may have a hard time memorizing. Consider the
product

eiαeiβ = (cos α + i sin α)(cos β + i sin β)

= cos α cos β − sin α sin β + i(cos α sin β + sin α cos β) .

On the other hand,

eiαeiβ = ei(α+β) = cos(α + β) + i sin(α + β) .

Two complex numbers are equal if both their real and imaginary parts are equal. We
thus conclude that

cos(α + β) = cos α cos β − sin α sin β ,

sin(α + β) = cos α sin β + sin α cos β .

These identities can be proven without complex numbers, but the proof will be much
longer.

Note that the trigonometric functions can be expressed in terms of complex
exponentials as follows. Write Euler’s identity for angles θ and −θ :

eiθ = cos(θ) + i sin(θ) , e−iθ = cos(θ) − i sin(θ) .

Adding up these two expressions and dividing the result by 2 gives cos(θ), whereas
subtracting these expressions from each other and dividing the result by 2i gives
sin(θ):

cos(θ) = eiθ + e−iθ

2
, sin(θ) = eiθ − e−iθ

2i
.

More importantly, Euler’s identity allows one to represent a complex number z

in a convenient manner. Namely, a complex number z can be represented as a point
in the complex plane whose coordinates are formed by its real and imaginary parts,
see Fig. A.1. The distance from that point to the origin is modulus of the complex
number z. The angle formed by the line joining the origin with that point is called the
argument of z. On the diagram, this angle must be measured in the counterclockwise
direction. Geometrically

θ = arg(z) = tan−1 y

x
; x = |z| cos θ ; y = |z| sin θ .
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Fig. A.1 Representation of a
complex number z = x + iy

as a point in the complex
plane

Then, a complex number z can be represented as

z = x + iy = |z|(cos θ + i sin θ) .

Applying Euler’s identity, we obtain the aforementioned representation of a complex
number:

z = |z|eiθ .

A.2 Proof of Bloch’s Theorem

When a periodic lattice potential is present, then all measurable physical properties
of the electron gas, such as its density, should likewise be periodic. The single-
electron wave function �(�r), however, does not have to have the lattice periodicity.
But the wave function itself is not physically measurable; it is the probability density
that can be measured. Hence, we must have for any translation vector �d = i�a+j �b+
k�c

|�(�r)|2 = |�(�r + �d)|2 .

The most general choice for a wave function must with this property is

�(�r) = 1√
V

eiθ(�r)u(�r) ,

where the factor 1√
V

is introduced for later convenience, the function u(�r) is
periodic,

u(�r + �d) = u(�r) ,

and the unknown function θ(�r) is not periodic.1

1 If θ(�r) had a periodic and a non-periodic part, i.e., θ(�r) = θper (�r)+θnonper (�r) with θper (�r+ �d) =
θper (�r), then we could define our new periodic function u(�r) as a product of the old u(�r) and
eiθper (�r). Hence, we can explicitly demand that θ(�r) be not periodic in �r without loss of generality.
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Let us define a new wave function, which differs from the original one �(�r) in
that its argument �r is shifted by the translation vector �a:

�shf t (�r) = �(�r + �a) = 1√
V

eiθ(�r+�a)u(�r + �a) = 1√
V

eiθ(�r+�a)u(�r) ,

where in the last equality, we used the periodicity property of u(�r) = u(�r + �a). Let
us define the difference

�θ(�r) = θ(�r + �a) − θ(�a) ,

in terms of which

�shf t (�r) = 1√
V

ei(θ(�r)+�θ(�r))u(�r) = 1√
V

ei�θ(�r)eiθ(�r)u(�r) = ei�θ(�r)�(�r) .

Because of the translational symmetry of the potential U(�r) = U(�r + �a),
shifting the coordinate �r by a translation vector �a does not affect the time-
independent Schrödinger’s equation. This means that �shf t (�r) should satisfy the
same Schrödinger’s equation as �(�r), that is,

− h̄2

2me

�∇2�shf t (�r) + U(�r)�shf t (�r) = E�shf t (�r) .

Substitution of the relation �shf t (�r) = ei�θ(�r)�(�r), however, produces two new
terms, which are proportional to �∇�θ(�r) and �∇2�θ(�r). Those terms are not present
in the original Schrödinger’s equation for �(�r). The only way to get rid of those
terms is to demand that

�θ(�r) = �θa

is a constant independent of �r .
Hence, shifting the coordinate by one lattice vector �a results in an increment of

the phase by a constant:

θ(�r + �a) = θ(�r) + �θa .

Likewise, we could shift the coordinate by either of the remaining two lattice
vectors, �b or �c, and repeated the above argument. This would lead us to the
conclusion that

θ(�r + �b) = θ(�r) + �θb , θ(�r + �c) = θ(�r) + �θc

with constant θb and θc.
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The only function θ(�r) that has these properties is a linear function:

θ(�r) = �k · �r ,

up to an immaterial additive constant. Then,

θa = �k · �a , θb = �k · �b , θc = �k · �c .

We now need to figure out the wave vector �k. We do this by imposing the
periodic boundary conditions. Namely, we view the crystal as a large parallelepiped
containing N3 unit cells. It is built on the three translation vectors N �a, N �b, and N �c.
We demand that the wave function �(�r) repeat itself every time its argument gets
shifted by one of those vectors:

�(�r + N �a) = �(�r + N �b) = �(�r + N �c) = �(�r) .

This is only possible if N �k · �a, N �k · �b, and N �k · �c are all integer multiples of 2π . In
turn, this implies that the wave vector

�k = 2π �m
N

,

where �m is a vector whose all three components are integers.
We finally substitute the wave function �(�r) = 1√

V
ei�k·�ru(�r) into the

Schrödinger’s equation:

− h̄2

2me

�∇2
(
ei�k·�ru(�r)

)
+ U(�r) ei�k·�ru(�r) = E ei�k·�ru(�r) .

The first term can be transformed to

− h̄2

2me

�∇2
(
ei�k·�ru(�r)

)
= − h̄2

2me

( �∇2u(�r) − 2i�k · �∇u(�r) − �k2u(�r)
)

ei�k·�r .

Recalling (see Sect. 1.8.1) that electron momentum is identified with the operator
�̂pu(�r) = −ih̄ �∇u(�r), we rewrite this in terms of the momentum as

1

2me

(
�̂p 2u(�r) − 2h̄�k · �̂pu(�r) + h̄2�k2u(�r)

)
ei�k·�r = ei�k·�r

2me

(
�̂p − h̄�k

)2
u(�r) .

After canceling the factors ei�k·�r , we arrive at the equation for u(�r):
1

2me

(
�̂p − h̄�k

)2
u(�r) + U(�r)u(�r) = Eu(�r) ,
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where the momentum operator �̂p = −ih̄ �∇, and the square of the operator �̂p − h̄�k
simply means applying it twice to the function u(�r). If not for the term h̄�k in the
brackets, the equation obtained would look like a time-independent Schrödinger’s
equation for the wave function u(�r) in the periodic potential U(�r + �d) = U(�r)
produced by the lattice.

In the absence of the lattice potential, i.e., with U(�r) = 0, the function u(�r) = 1
for all positions �r . Then, ( �̂p − h̄�k) u(�r) = −h̄�k, and E = (h̄�k)2/(2me), as it should
be.

Together with the periodicity requirement, u(�r + �d) = u( �d), this equation
provides full information from which u(�r) and E can be found. We indicate the �k-
dependence of its solution as a subscript in u�k(�r) and as an argument of the function
E(�k). Furthermore, at each given �k, another quantum number n should arise, which
labels different solutions of this equation for fixed �k. This quantum number—the
band index—is indicated as a subscript both in u�k(�r) and E(�k). Hence,

u(�r) = u
n�k(�r) , E = En(�k) .

A.3 Properties of Si, Ge, and GaAs

Unless stated otherwise, the numerical data in this section are taken from the online
data base of the Ioffe Institute at http://www.ioffe.ru/SVA/NSM/Semicond.
Crystal structure and lattice constant:

Si (diamond) : a = 5.431 Å ;
Ge (diamond) : a = 5.658 Å ;
GaAs (zincblende) : a = 5.65325 Å .

Bandgap temperature dependence:

Eg(T ) = Eg(0) − αT 2

T + β

with the parameters:

Si : Eg(0) = 1.17 eV ; α = 4.73 · 10−4 eV/K ; β = 636 K ;
Ge : Eg(0) = 0.742 eV ; α = 4.8 · 10−4 eV/K ; β = 235 K ;
GaAs : Eg(0) = 1.519 eV ; α = 5.405 · 10−4 eV/K ; β = 204 K .
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Transverse and longitudinal effective mass components of an electron and the
number of valleys in the conduction band:

Si : m∗
e,t /me = 0.19 , m∗

e,l/me = 0.98 ; νC = 6 ;
Ge : m∗

e,t /me = 0.0815 , m∗
e,l/me = 1.59 , νC = 4 ;

GaAs : m∗
e,t /me = m∗

e,l/me = 0.063 , νC = 1 .

Heavy and light hole effective masses:

Si : m∗
hh/me = 0.49 , m∗

lh/me = 0.16 ;
Ge : m∗

hh/me = 0.33 , m∗
lh/me = 0.043 ;

GaAs : m∗
hh/me = 0.51 , m∗

lh/me = 0.082 .

Effective densities of states at 300 K:

Si : NC = 3.2 · 1019 cm−3 , NV = 1.8 · 1019 cm−3 ;
Ge : NC = 1.0 · 1019 cm−3 , NV = 5.0 · 1018 cm−3 ;
GaAs : NC = 4.7 · 1017 cm−3 , NV = 9.0 · 1018 cm−3 .

Bandgap and intrinsic concentration at T = 300 K:2

Si : Eg(300 K) = 1.12 eV ; ni(300 K) = 8.59 · 109 cm−3 ;
Ge : Eg(300 K) = 0.661 eV ; ni(300 K) = 1.97 · 1013 cm−3 ;
GaAs : Eg(300 K) = 1.424 eV ; ni(300 K) = 2.31 · 106 cm−3 .

Relative dielectric permittivities:

Si : ε = 11.7 ;
Ge : ε = 16.2 ;
GaAs : ε = 12.9 .

2 Some discrepancy exists in the literature regarding the intrinsic concentration in Si at 300 K,
which is 1010 cm−3 according to the data base of the Ioffe Institute. For the sake of formal
consistency, it is calculated here as ni = √

NCNV e−Eg/(2kT ) rather than taken from this data
base. The most recent experimental result in Si is ni(300 K) = 9.65 · 109 cm−3, see P.P. Altermatt,
A. Schenk, F. Geelhaar, and G. Heiser, Journal of Applied Physics 93, 1598 (2003).



A.3 Properties of Si, Ge, and GaAs 313

Ionization energies of shallow donor impurities:

Si : As: 0.054 eV ; P: 0.045 eV ; Sb: 0.043 eV ;
Ge : As: 0.014 eV ; P: 0.013 eV ; Sb: 0.010 eV ;
GaAs : Si: 0.006 eV ; Ge: 0.006 eV ; Sn: 0.006 eV .

Ionization energies of shallow acceptor impurities:

Si : Al: 0.072 eV ; B: 0.045 eV ; Ga: 0.074 eV; In: 0.157 eV ;
Ge : Al: 0.011 eV ; B: 0.011 eV ; Ga: 0.011 eV; In: 0.012 eV ;
GaAs : Si: 0.1 eV ; Ge: 0.03 eV ; Sn: 0.2 eV; Zn: 0.025 eV .

Radiative recombination coefficient at T = 300 K:3

Si : B = 4.7 · 10−15 cm3/s ;
Ge : B = 6.41 · 10−14 cm3/s ;
GaAs : B = 7.2 · 10−10 cm3/s .

Auger recombination coefficients at T = 300 K:

Si : Ce = 1.1 · 10−30 cm6/s ; Ch = 3.0 · 10−29 cm6/s ;
Ge : Ce ∼ Ch ∼ 10−30 cm6/s ;
GaAs : Ce ∼ Ch ∼ 10−30 cm6/s .

Electron affinities at T = 300 K:

Si : eχ = 4.05 eV ;
Ge : eχ = 4.00 eV ;
GaAs : eχ = 4.07 eV .

3 The value of B in silicon is taken from T. Trupke, M.A. Green, P. Würfel, P.P. Altermatt, A. Wang,
J. Zhao, and R. Corkish, “Temperature dependence of the radiative recombination coefficient of
intrinsic crystalline silicon,” Journal of Applied Physics, 94, 4930 (2003).
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A.4 Evaluation of Exponential Integrals

Here, we would like to find the value of the integral

In =
∫ ∞

0
dx xn+1/2 e−x for n = 0, 1, 2, 3, . . .

First, let us focus on the simplest case n = 0. We change the integration variables
to y = √

x, giving

I0 =
∫ ∞

0
dx

√
x e−x = 2

∫ ∞

0
dy y2 e−y2 =

∫ ∞

−∞
dy y2 e−y2

= − d

da

(∫ ∞

−∞
dy e−ay2

) ∣∣∣∣
a=1

= −df (a)

da

∣∣∣∣
a=1

.

In the last line, we introduced a parameter a, later to be set to 1. Differentiation
with respect to the parameter a turns the more complicated integral of y2e−y2

into
the one with a simpler integrand e−ay2

. Let us call the function of a that is to be
differentiated

f (a) =
∫ ∞

−∞
dy e−ay2

and consider the square of this function:

f 2(a) =
∫ ∞

−∞
dy1

∫ ∞

−∞
dy2 e−a(y2

1+y2
2 ) .

Transforming to the polar coordinates, r =
√

y2
1 + y2

2 , θ = cos−1 y1√
y2

1+y2
2

, we must

also replace the integration element—the area dy1 dy2—with r dr dθ . Noting that
the integrand does not depend on the polar angle, we can write:

f 2(a) = 2π

∫ ∞

0
dr r e−ar2

,

where integration over the polar angle θ = 0 . . . 2π has been performed, giving 2π .
In other words, the surface area dy1 dy2 got replaced by the area 2πr dr of a ring
of radius r and thickness dr . The last integral is found by changing the integration
variables to z = r2:

f 2(a) = π

∫ ∞

0
dz e−az = π

a
.



A.5 Planck’s Radiation Law 315

Hence,

f (a) =
∫ ∞

−∞
dy e−ay2 =

√
π

a
.

Coming back to our original task,

I0 =
∫ ∞

0
dx

√
x e−x = 2

∫ ∞

0
dy y2 e−y2 = −d

√
π/a

da

∣∣∣∣
a=1

=
√

π

2
.

Now, let us evaluate In for n ≥ 1. For this, let us define a function

F(a) =
∫ ∞

0
dx

√
x e−ax ,

which, upon a change of the integration variable to y = ax, becomes

F(a) = I0

a3/2
.

It allows one to obtain In by differentiating with respect to a and setting a to one:

In = (−1)n
dnF (a)

dan

∣∣∣∣
a=1

,

as can be verified by using the integral formula for F(a) and the fact that dn

dan e−ax =
(−1)n xne−ax . In particular, we have

I1 = 3

2
I0 = 3

√
π

4
; I2 = 3 · 5

22 I0 = 15
√

π

8
; I3 = 3 · 5 · 7

23 I0 = 105
√

π

16
; etc.

A.5 Planck’s Radiation Law

The quantum state of a photon is characterized by two quantum numbers: its wave
vector �k and its polarization s. The polarization can have two values, s = +1
and −1, which correspond to the counterclockwise and clockwise rotation of the
electric field vector around the direction �k/|�k| of photon propagation. We consider
the photons in a cube of side length L and impose the periodic boundary conditions.
Hence, the three components of the wave vector have quantized values:

kα = 2π

L
mα , α = x, y, z and mα = . . . ,−2,−1, 0, 1, 2, . . . .
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The probability to have n photons in the state with particular values of �k and s is

pn(�k, s) = e−nhf (�k)/kT

Z
,

where the frequency of a photon in this state is

f (�k) = ck

2π
, k = |�k| ,

c being the speed of light. The constant Z has the value that normalizes the total
probability to one:

Z =
∞∑

n=0

e−nhf (�k)/kT = 1

1 − e−hf (�k)/kT
,

where we used the expression for the sum of a geometric series,
∑∞

n=0 xn = 1/(1−
x) with x = e−hf/kT < 1. The average number of photons in the state (�k, s) is

〈n(�k, s)〉 =
∞∑

n=0

npn(�k, s) .

It can be obtained by setting

a = hf (�k)

kT

and noting that

〈n(�k, s)〉 =
∑∞

n=0 ne−na∑∞
n=0 e−na

= −d ln
∑∞

n=0 e−na

da
= − d

da
ln

1

1 − e−a
= 1

ea − 1
.

We finally replace the parameter a with the ratio of photon energy to the thermal
energy to obtain

〈n(�k, s)〉 = 1

e−hf (�k)/kT − 1
.

To find the concentration of photons nph(f ) of frequency f , we need to multiply
the average number of photons in the (�k, s)-state with the density of photon states,
i.e., the number of (�k, s) states in a unit volume per unit frequency interval. The total
number of the photon states with the wave vector smaller than a given value k equals
the ratio of the volume of a sphere of radius k to the “volume” (2π/L)3 occupied by
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one photon state; this ratio needs to be multiplied by 2 in order to account for two
possible polarizations. Hence,

N(k) = 2 · 4πk3

3
· 1

(2π/L)3 = k3

3π2 L3 .

The total number of photon states of frequency smaller than a given value f is
obtained by replacing k with 2πf/c:

N(f ) = 8πf 3

3c3 L3 .

The photon density of states is obtained as the derivative

g(f ) = 1

L3

dN(f )

df
= 8πf 2

c3
.

Hence, in thermal equilibrium, the concentration of photons per unit frequency
interval is

nph(f ) = g(f )〈n(�k, s)〉 = 8πf 2

c3

1

ehf/kT − 1
.

In the literature, it is more common to work with the spectral energy density, i.e.,
the energy of photons in a unit volume per unit frequency interval. It is given by the
Planck’s radiation law:

u(f ) = hf nph(f ) = 8πhf 3

c3

1

ehf/kT − 1
.

The spectral irradiance is given by

F(f ) = c

4
u(f ) = 2πhf 3

c2

1

ehf/kT − 1
.



Index

A
Absolute zero, 70
Absorption coefficient, 279
Acceptor

concentration, 131
dopants, 127
ionization energy, 130
level, 130

AM1.5G spectrum, 278
Atomic

order, 43
packing fraction, 47
radius, 47

B
Band

bending, 160
conduction, 98
diagram, 160
edge, 89
gap, 87, 89
index, 82
valence, 98

Band structure
dielectrics, 97
metals, 97
semiconductors, 97
semimetals, 97
Si, Ge, GaAs, 89

Black body, 6
Bloch

oscillations, 94
state, 82
theorem, 81, 308

Bohr
radius, 10
radius in a semiconductor, 129
theory, 9

Boltzmann
approximation, 69
constant, 66

Bonding
covalent, 43
ionic, 43
metallic, 43
van der Waals, 42

Bosons, 27
Bouguer-Lambert-Beer law, 279
Brillouin zones, 84

C
Charge neutrality equation, 133
Chemical potential, 66
Collision time, 200
Complex

numbers, 305
plane, 307

Conductivity, 201
Continuity equation, 206
Crystal

basis, 46
lattice, 43
one-dimensional, 85
structure, 46

Crystal momentum, see Quasimomentum, 83
Cubic lattice

body-centered, 48
face centered, 49
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320 Index

Cubic lattice (cont.)
simple, 48

Current density, 198

D
de Broglie

wavelength, 6
Debye

length, 156
screening, 155, 165

Defects of a crystal lattice, 54
Degeneracy, 24
Density of states

electrons, 118
holes, 118
photons, 317

Depletion approximation, 156
validity, 158

Depletion region, see Space charge region, 156
Detailed balance, 182
Diamond structure, 50
Dielectric constant, 128
Diffusion, 199

coefficient, 199
length, 265, 266

Diode, 215
Schottky, 215

Donor
concentration, 130
dopants, 127
ionization energy, 129
level, 129

Doping, 127
amphoteric, 127

Double slit experiment, 30
Drift, 199

velocity, 200

E
Effective density of states

electrons, 120
holes, 120

Effective mass
conductivity, 123
density of states, 122
of an electron, 102
longitudinal, 102
of a hole, 103
tensor, 101
transverse, 102

Einstein’s
relation, 205

Electroluminescence, 283
Electron

affinity, 216
capture by a trap, 181
charge, 9
concentration, 115, 119
concentration in a non-uniform potential,

152
current density, 198
emission by a trap, 181
energy probability distribution, 121
flux density, 198
mass, 9

Emission
spontaneous, 290
stimulated, 292

Energy
band, 83
kinetic, 7
of a photon, 8

Energy quantization, 8
Euler’s identity, 306
Excess

carrier dynamics, 175
charge carriers, 174
concentration, 174

F
Fermi-Dirac distribution, 67
Fermi energy, 67, 69
Fermions, 27
Fluctuations, 62

G
Generation

of charge carriers, 171
non-thermal, 174
rate, 174
thermal, 174

Gradient, 15
Grand canonical distribution, 64
Ground state, 4, 17
Group velocity, 91

H
Hall effect, 202
Heat bath, 64
Hole, 99

capture by a trap, 181
concentration, 120
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concentration in a non-uniform potential,
152

current density, 198
emission by a trap, 181
energy, 100
energy probability distribution, 122
flux density, 198
heavy, 104
light, 104
occupation probability, 100

Hydrogen
quantum numbers, 23, 24
spectrum, 9

I
Ideality factor, 228, 269
Image charge, 227
Impurity

deep, 173
shallow, 127

Imref, 187
Indistinguishability of particles, 25
Intensity, 277
Intrinsic semiconductors

carrier concentrations, 126
Fermi energy, 126

Inversion layer, 160, 165
Ionization regimes

complete ionization, 134
freeze-out, 138
intrinsic, 136

L
Laplacian, 16
Laser, 289

gain factor, 294
mode competition, 299
population inversion, 294
pumping, 294
spectrum, 298
structure, 294
threshold current, 296

Lattice
Bravais, 44
constant, 44
cubic, 44
triclinic, 44

Light-emitting diode, 283
efficiency, 284
heterojunction, 289
spectrum, 283

M
Macrostate, 62
Magnetic field, 24
Mass action law, 132, 188
Metal-semiconductor contact

built-in voltage, 217
energy band diagram, 215
Ohmic, 219
rectifying, 221

Microstate, 61
Miller indices

in a cubic lattice, 52
for directions, 51
for planes, 52

Mobility, 200
Momentum

operator, 20
MOSFET, 233

accumulation regime, 245
body, 233
conduction parameter, 238
C − V measurements, 245
depletion mode, 234
depletion regime, 246
drain, 233
energy band diagram, 239, 240
enhancement mode, 233
flat-band voltage, 243
gate, 233
inversion layer, 233
inversion regime, 246
I − V curve, 235, 237
oxide capacitance, 242
oxide voltage, 242
pinch-off, 236
source, 233
threshold voltage, 233, 239, 244
trapped charges, 242

O
Orbital

atomic, 41
hybridization, 50

P
Pauli

exclusion principle, 27
spin-statistics theorem, 26

Periodic potential, 81
Periodic table, 41
Phase velocity, 90
Photoconductivity, 202
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Photoelectric effect, 6
Photogeneration, 202
Photon, 6, 172

flux density, 277
Planck

constant, 6
radiation law, 291, 315, 317

Plane wave, 5, 14
PN junction, 257

built-in electric field, 261
built-in voltage, 258
C − V measurement, 262
energy band diagram, 258
I − V curve, 264
one-sided, 262
quasineutral region, 257
Shockley boundary conditions, 264
space charge region, 258, 261
space charge region recombination current,

268
Poisson’s equation, 152

exact solution, 161
Primitive cell, 45
Probability

a priori, 63
density, 13
of a microstate, 62

Q
Quantum

numbers, 4, 17
state, 4

Quantum state
occupation probability, 67

Quasi-Fermi energy, 187
Quasimomentum, 83
Quasiparticles, 104

R
Reabsorption, 287
Recombination

Auger, 172, 178
Auger, coefficient, 179
of charge carriers, 171
Energy and momentum conservation,

171
net rate, 175
radiative, 172, 177
radiative, coefficient, 177
rate, 175
Shockley-Read-Hall, 173, 180
surface, 173, 186

surface, velocity, 186
time, 176

Resistance, 201
Resistivity, 201
Reverse saturation current

of a Schottky diode, 223, 226
Richardson constant, 224
Rydberg’s constant, 10

S
Schottky

barrier, 217
diode, C − V measurements, 218
diode, J − V curve, 222

Schrödinger’s equation
in a periodic potential, 81
time-dependent, 15
time-independent, 17

Semiconductors
compensated, 127
direct band gap, 98, 172
indirect band gap, 99, 172
intrinsic, 126
p- and n-types, 128

Silicon, 41
Solar cell, 275

efficiency, 282
fill factor, 282
I − V curve, 280
open-circuit voltage, 281
power, 282
short-circuit current, 275, 281

Solar spectrum, 278
Space-charge region (SCR), 156, 165

electric field, 157
electric potential, 157
recombination, 228
width, 157

Spectral irradiance, 276
Spin, 24
Standing wave, 8
Surface passivation, 173, 187

T
Thermal

energy, 69
equilibrium, 62, 171
velocity, 125
voltage, 152

Threshold potential, 160
Total internal reflection, 287
Tunneling effect, 219, 228
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U
Unit cell, 45

W
Wave

angular frequency, 5
equation, 11
number, 12, 85
packet, 92
vector, 5, 82

Wave function, 11
collapse, 19

interpretation, 12, 17
modulus, 21
phase, 21

Wavelength, 5
Wave-particle duality, 5
Wigner-Seitz cell, 46
Work function

metal, 215
semiconductor, 215

Z
Zincblende structure, 50
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