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Preface

This book is intended to present the design of significant scientific applications
on GPUs. Scientific applications require more and more computational power
in a large variety of fields: biology, physics, chemistry, phenomon model and
prediction, simulation, mathematics, etc.

In order to be able to handle more complex applications, the use of parallel
architectures is the solution to decrease the execution times of these applica-
tions. Using many computing cores simulataneously can significantly speed up
the processing time.

Nevertheless using parallel architectures is not so easy and has always
required an endeavor to parallelize an application. Nowadays with general
purpose graphics processing units (GPGPU), it is possible to use either general
graphic cards or dedicated graphic cards to benefit from the computational
power of all the cores available inside these cards. The NVIDIA company
introduced Compute Unified Device Architecture (CUDA) in 2007 to unify
the programming model to use their video card. CUDA is currently the most
used environment for designing GPU applications although some alternatives
are available, such as Open Computing Language (OpenCL). According to
applications and the GPU considered, a speed up from 5 up to 50, or even
more can be expected using a GPU over computing with a CPU.

The programming model of GPU is quite different from the one of CPU.
It is well adapted to data parallelism applications. Several books present the
CUDA programming models and multi-core applications design. This book
is only focused on scientific applications on GPUs. It contains 20 chapters
gathered in 6 parts.

The first part presents the GPUs. The second part focuses on two signifi-
cant image processing applications on GPUs. Part three presents two general
methodologies for software development on GPUs. Part four describes three
optimization problems on GPUs. The fifth part, the longest one, presents
seven numerical applications. Finally part six illustrates three other applica-
tions that are not included in the previous parts.

Some codes presented in this book are available online on my webpage:
http://members.femto-st.fr /raphael-couturier/en/gpu-book/

Xxi
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1.1 Introduction

This chapter introduces the Graphics Processing Unit (GPU) architecture

and all the concepts needed to understand how GPUs work and can be used
to speed up the execution of some algorithms. First of all this chapter gives
a brief history of the development of the graphics cards up to the point when
they started being used in order to perform general purpose computations.
Then the architecture of a GPU is illustrated. There are many fundamental
differences between a GPU and a traditional processor. In order to benefit
from the power of a GPU, a CUDA programmer needs to use threads. They
have some particularities which enable the CUDA model to be efficient and
scalable when some constraints are addressed.
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1.2 Brief history of the video card

Video cards or graphics cards have been introduced in personal comput-
ers to produce high quality graphics faster than classical Central Processing
Units (CPU) and to free the CPU from this task. In general, display tasks are
very repetitive and very specific. Hence, some manufacturers have produced
more and more sophisticated video cards, providing 2D accelerations, then 3D
accelerations, then some light transforms. Video cards own their own memory
to perform their computations. For at least two decades, every personal com-
puter has had a video card which is simple for desktop computers or which
provides many accelerations for game and/or graphic-oriented computers. In
the latter case, graphics cards may be more expensive than a CPU.

Since 2000, video cards have allowed users to apply arithmetic operations
simultaneously on a sequence of pixels, later called stream processing. In this
case, the information of the pixels (color, location and other information) is
combined in order to produce a pixel color that can be displayed on a screen.
Simultaneous computations are provided by shaders which calculate rendering
effects on graphics hardware with a high degree of flexibility. These shaders
handle the stream data with pipelines.

Some researchers tried to apply those operations on other data, repre-
senting something different from pixels, and consequently this resulted in the
first uses of video cards for performing general purpose computations. The
programming model was not easy to use at all and was very dependent on
the hardware constraints. More precisely it consisted in using either DirectX
of OpenGL functions providing an interface to some classical operations for
videos operations (memory transfers, texture manipulation, etc.). Floating
point operations were most of the time unimaginable. Obviously when some-
thing went wrong, programmers had no way (and no tools) to detect it.

1.3 GPGPU

In order to benefit from the computing power of more recent video cards,
CUDA was first proposed in 2007 by NVIDIA. It unifies the programming
model for some of their most efficient video cards. CUDA [3] has quickly been
considered by the scientific community as a great advance for general purpose
graphics processing unit (GPGPU) computing. Of course other programming
models have been proposed. The other well-known alternative is OpenCL
which aims at proposing an alternative to CUDA and which is multiplatform
and portable. This is a great advantage since it is even possible to execute
OpenCL programs on traditional CPUs. The main drawback is that it is less
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close to the hardware and, consequently, it sometimes provides less efficient
programs. Moreover, CUDA benefits from more mature compilation and op-
timization procedures. Other less known environments have been proposed,
but most of them have been discontinued, such as FireStream by ATI, which
is not maintained anymore and has been replaced by OpenCL and BrookGPU
by Stanford University [1]. Another environment based on pragma (insertion
of pragma directives inside the code to help the compiler to generate efficient
code) is called OpenACC. For a comparison with OpenCL, interested readers
may refer to [2].

1.4 Architecture of current GPUs

The architecture of current GPUs is constantly evolving. Nevertheless some
trends remain constant throughout this evolution. Processing units composing
a GPU are far simpler than a traditional CPU and it is much easier to integrate
many computing units inside a GPU card than to do so with many cores inside
a CPU. In 2012, the most powerful GPUs contained more than 500 cores and
the most powerful CPUs had 8 cores. Figure 1.1 shows the number of cores
inside a CPU and inside a GPU. In fact, in a current NVIDIA GPU, there
are multiprocessors which have 32 cores (for example, on Fermi cards). The
core clock of a CPU is generally around 3GHz and the one of a GPU is
about 1.5GHz. Although the core clock of GPU cores is slower, the number
of cores inside a GPU provides more computational power. This measure is
commonly represented by the number of floating point operation per seconds.
Nowadays the most powerful GPUs provide more than 1TFlops, i.e., 10'2
floating point operations per second. Nevertheless GPUs are very efficient at
executing repetitive work in which only the data change. It is important to
keep in mind that multiprocessors inside a GPU have 32 cores. Later we will
see that these 32 cores need to do the same work to get maximum performance.

On the most powerful GPU cards, called Fermi, multiprocessors are called
streaming multiprocessors (SMs). Each SM contains 32 cores and is able to
perform 32 floating points or integer operations per clock on 32-bit numbers or
16 floating points per clock on 64-bit numbers. SMs have their own registers,
execution pipelines and caches. On Fermi architecture, there are 64Kb shared
memory plus L1 cache and 32,536 32-bit registers per SM. More precisely the
programmer can decide what amounts of shared memory and L1 cache SM
are to be used. The constraint is that the sum of both amounts should be less
than or equal to 64Kb.

Threads are used to benefit from the large number of cores of a GPU. These
threads are different from traditional threads for a CPU. In Chapter 2, some
examples of GPU programming will explain the details of the GPU threads.
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CPU

Core 1

Core 2

GPU

Multiprocessor 1

32 cores

Multiprocessor 2

32 cores

Core 3

Core 4

Multiprocessor 3

32 cores

Multiprocessor 4

32 cores

Core 5

Core 6

Core 7

Core 8

Multiprocessor 15

32 cores

Multiprocessor 16

32 cores

FIGURE 1.1. Comparison of number of cores in a CPU and in a GPU.

Threads are gathered into blocks of 32 threads, called “warps”. These warps
are important when designing an algorithm for GPU.

Another big difference between a CPU and a GPU is the latency of mem-
ory. In a CPU, everything is optimized to obtain a low latency architecture.
This is possible through the use of cache memories. Moreover, nowadays
CPUs carry out many performance optimizations such as speculative exe-
cution which roughly speaking consists of executing a small part of the code
in advance even if later this work reveals itself to be useless. GPUs do not have
low latency memory. In comparison GPUs have small cache memories; nev-
ertheless the architecture of GPUs is optimized for throughput computation
and it takes into account the memory latency.

Figure 1.2 illustrates the main difference of memory latency between a
CPU and a GPU. In a CPU, tasks “ti” are executed one by one with a short
memory latency to get the data to process. After some tasks, there is a context
switch that allows the CPU to run concurrent applications and/or multi-
threaded applications. Memory latencies are longer in a GPU. The principle
to obtain a high throughput is to have many tasks to compute. Later we will
see that these tasks are called threads with CUDA. With this principle, as
soon as a task is finished the next one is ready to be executed while the wait
for data for the previous task is overlapped by the computation of other tasks.
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CPU: optimized for low latency

al [21 B S

GPU: optimized for high throughput

a]

t2

t3

t4

Processing part D Waiting for data I Context switching I Data ready to be processed

FIGURE 1.2. Comparison of low latency of a CPU and high throughput of a
GPU.

1.5 Kinds of parallelism

Many kinds of parallelism are available according to the type of hardware.
Roughly speaking, there are three classes of parallelism: instruction-level par-
allelism, data parallelism, and task parallelism.

Instruction-level parallelism consists in reordering some instructions in or-
der to execute some of them in parallel without changing the result of the
code. In modern CPUs, instruction pipelines allow the processor to execute
instructions faster. With a pipeline a processor can execute multiple instruc-
tions simultaneously because the output of a task is the input of the next
one.

Data parallelism consists in executing the same program with different
data on different computing units. Of course, no dependency should exist
among the data. For example, it is easy to parallelize loops without depen-
dency using the data parallelism paradigm. This paradigm is linked with the
Single Instructions Multiple Data (SIMD) architecture. This is the kind of
parallelism provided by GPUs.

Task parallelism is the common parallelism achieved on clusters and grids
and high performance architectures where different tasks are executed by dif-
ferent computing units.
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1.6 CUDA multithreading

The data parallelism of CUDA is more precisely based on the Single In-
struction Multiple Thread (SIMT) model, because a programmer accesses the
cores by the intermediate of threads. In the CUDA model, all cores execute the
same set of instructions but with different data. This model has similarities
with the vector programming model proposed for vector machines through the
1970s and into the 90s, notably the various Cray platforms. On the CUDA
architecture, the performance is led by the use of a huge number of threads
(from thousands up to millions). The particularity of the model is that there
is no context switching as in CPUs and each thread has its own registers. In
practice, threads are executed by SM and gathered into groups of 32 threads,
called warps. Each SM alternatively executes active warps and warps becom-
ing temporarily inactive due to waiting of data (as shown in Figure 1.2).

The key to scalability in the CUDA model is the use of a huge number of
threads. In practice, threads are gathered not only in warps but also in thread
blocks. A thread block is executed by only one SM and it cannot migrate. The
typical size of a thread block is a power of two (for example, 64, 128, 256, or
512).

In this case, without changing anything inside a CUDA code, it is possible
to run code with a small CUDA device or the best performing Tesla CUDA
cards. Blocks are executed in any order depending on the number of SMs
available. So the programmer must conceive code having this issue in mind.
This independence between thread blocks provides the scalability of CUDA
codes.

A kernel is a function which contains a block of instructions that are ex-
ecuted by the threads of a GPU. When the problem considered is a two-
dimensional or three-dimensional problem, it is possible to group thread blocks
into a grid. In practice, the number of thread blocks and the size of thread
blocks are given as parameters to each kernel. Figure 1.3 illustrates an exam-
ple of a kernel composed of 8 thread blocks. Then this kernel is executed on a
small device containing only 2 SMs. So in this case, blocks are executed 2 by
2 in any order. If the kernel is executed on a larger CUDA device containing 4
SMs, blocks are executed 4 by 4 simultaneously. The execution times should
be approximately twice as fast in the latter case. Of course, that depends
on other parameters that will be described later (in this chapter and other
chapters).

Thread blocks provide a way to cooperate in the sense that threads of
the same block cooperatively load and store blocks of memory they all use.
Synchronizations of threads in the same block are possible (but not between
threads of different blocks). Threads of the same block can also share results
in order to compute a single result. In Chapter 2, some examples will explain
that.
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Kernel

‘ Block 1 ‘ ‘ Block 2 ‘

‘ Block 3 ‘ ‘ Block 4 ‘

‘ Block 5 ‘ ‘ Block 6 ‘

‘ Block 7 ‘ ‘ Block 8 ‘

\

Device Device
| sM1 || sm2 | | sM1 || sM2 || sm1 || sm2 |
‘ Block 1 ‘ ‘ Block 2 ‘ ‘ Block 1 ‘ ‘ Block 2 ‘ ‘ Block 3 ‘ ‘ Block 4 ‘
Block3| | Block 4| Block 5| | Block 6| |Block 7| | Block 8|
‘ Block 5 ‘ ‘ Block 6 ‘
Time
Y ‘Block7‘ ‘BlockS‘

FIGURE 1.3. Scalability of GPU.

1.7 Memory hierarchy

The memory hierarchy of GPUs is different from that of CPUs. In practice,
there are registers, local memory, shared memory, cache memory, and global
memory.

As previously mentioned each thread can access its own registers. It is
important to keep in mind that the number of registers per block is limited.
On recent cards, this number is limited to 64Kb per SM. Access to registers
is very fast, so it is a good idea to use them whenever possible.

Likewise each thread can access local memory which, in practice, is much
slower than registers. Local memory is automatically used by the compiler
when all the registers are occupied, so the best idea is to optimize the use of
registers even if this involves reducing the number of threads per block.

Shared memory allows cooperation between threads of the same block.
This kind of memory is fast but it needs to be manipulated manually and its
size is limited. It is accessible during the execution of a kernel. So the idea
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is to fill the shared memory at the start of the kernel with global data that
are used very frequently, then threads can access it for their computation.
Threads can obviously change the content of this shared memory either with
computation or by loading other data and they can store its content in the
global memory. So shared memory can be seen as a cache memory, which is
manually managed. This obviously requires effort from the programmer.

On recent cards, the programmer may decide what amount of cache mem-
ory and shared memory is attributed to a kernel. The cache memory is an
L1 cache which is directly managed by the GPU. Sometimes, this cache pro-
vides very efficient result and sometimes the use of shared memory is a better
solution.

Figure 1.4 illustrates the memory hierarchy of a GPU. Threads are repre-
sented on the top of the figure. They can have access to their own registers and
their local memory. Threads of the same block can access the shared memory
of that block. The cache memory is not represented here but it is local to a
thread. Then each block can access the global memory of the GPU.
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FIGURE 1.4. Memory hierarchy of a GPU.
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1.8 Conclusion

In this chapter, a brief presentation of the video card, which has later been
used to perform computation, has been given. The architecture of a GPU has
been illustrated focusing on the particularity of GPUs in terms of parallelism,
memory latency, and threads. In order to design an efficient algorithm for
GPU, it is essential to keep all these parameters in mind.
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2.1 Introduction

In this chapter we give some simple examples of CUDA programming. The
goal is not to provide an exhaustive presentation of all the functionalities of
CUDA but rather to give some basic elements. Of course, readers who do not
know CUDA are invited to read other books that are specialized on CUDA
programming (for example, [2]).

2.2 First example

This first example is intented to show how to build a very simple program
with CUDA. Its goal is to perform the sum of two arrays and put the result
into a third array. A CUDA program consists in a C code which calls CUDA
kernels that are executed on a GPU. This code is in Listing 2.1.

As GPUs have their own memory, the first step consists of allocating mem-
ory on the GPU. A call to cudaMalloc allocates memory on the GPU. The
first parameter of this function is a pointer on a memory on the device, i.e.,
the GPU. The second parameter represents the size of the allocated variables;
this size is expressed in bits.

13
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Listing 2.1. simple example
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cudaMemcpy (h_arrayCgpu ,d-arrayC, size % sizeof(int),
cudaMemcpyDeviceToHost ) ;

cutilCheckError (cutStopTimer (timer_gpu));

printf("GPU_processing,_time_:_%f_(ms)_\n", cutGetTimerValue (
timer_gpu));

cutDeleteTimer (timer_gpu) ;

for (i=0;i<size;i++) {
assert (h_arrayC [i]==h_arrayCgpul[i]) ;

cudaFree(d-arrayA);
cudaFree(d_arrayB) ;
cudaFree (d.arrayC) ;
free (h_arrayA);
free (h_arrayB);
free (h_arrayC);
return 0;

In this example, we want to compare the execution time of the additions of
two arrays in CPU and GPU. So for both these operations, a timer is created
to measure the time. CUDA manipulates timers quite easily. The first step is
to create the timer, then to start it, and at the end to stop it. For each of
these operations a dedicated function is used.

In order to compute the same sum with a GPU, the first step consists
of transferring the data from the CPU (considered as the host with CUDA)
to the GPU (considered as the device with CUDA). A call to cudaMemcpy
copies the content of an array allocated in the host to the device when the
fourth parameter is set to cudaMemcpyHostToDevice. The first parameter
of the function is the destination array, the second is the source array, and the
third is the number of elements to copy (expressed in bytes).

Now the GPU contains the data needed to perform the addition. In sequen-
tial programming, such addition is achieved with a loop on all the elements.
With a GPU, it is possible to perform the addition of all the elements of the
two arrays in parallel (if the number of blocks and threads per blocks is suf-
ficient). In Listing 2.1 at the beginning, a simple kernel, called addition is
defined to compute in parallel the summation of the two arrays. With CUDA,
a kernel starts with the keyword __global__ which indicates that this kernel
can be called from the C code. The first instruction in this kernel is used to
compute the variable tid which represents the thread index. This thread in-
dex is computed according to the values of the block index (called blockIdx
in CUDA) and of the thread index (called threadIdx in CUDA). Blocks
of threads and thread indexes can be decomposed into 1 dimension, 2 di-
mensions, or 3 dimensions. According to the dimension of manipulated data,
the dimension of blocks of threads must be chosen carefully. In our example,
only one dimension is used. Then using the notation .x, we can access the
first dimension (.y and .z, respectively allow access to the second and third
dimensions). The variable blockDim gives the size of each block.
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2.3 Second example: using CUBLAS

The Basic Linear Algebra Subprograms (BLAS) allow programmers to use
efficient routines for basic linear operations. Those routines are heavily used in
many scientific applications and are optimized for vector operations, matrix-
vector operations, and matrix-matrix operations [1]. Some of those operations
seem to be easy to implement with CUDA; however, as soon as a reduction
is needed, implementing an efficient reduction routine with CUDA is far from
being simple. Roughly speaking, a reduction operation is an operation which
combines all the elements of an array and extracts a number computed from all
the elements. For example, a sum, a maximum, or a dot product are reduction
operations.

In this second example, we have two vectors A and B. First of all, we want
to compute the sum of both vectors and store the result in a vector C. Then
we want to compute the scalar product between 1/C and 1/A. This is just an
example which has no direct interest except to show how to program it with
CUDA.

Listing 2.2 shows this example with CUDA. The first kernel for the addition
of two arrays is exactly the same as the one described in the previous example.

The kernel to compute the inverse of the elements of an array is very
simple. For each thread index, the inverse of the array replaces the initial
array.

In the main function, the beginning is very similar to the one in the previ-
ous example. First, the user is asked to define the number of elements. Then
a call to cublasCreate initializes the CUBLAS library. It creates a han-
dle. Then all the arrays are allocated in the host and the device, as in the
previous example. Both arrays A and B are initialized. The CPU computa-
tion is performed and the time for this is measured. In order to compute the
same result for the GPU, first of all, data from the CPU need to be copied
into the memory of the GPU. For that, it is possible to use CUBLAS function
cublasSetVector. This function has several arguments. More precisely, the
first argument represents the number of elements to transfer, the second argu-
ments is the size of each element, the third element represents the source of the
array to transfer (in the GPU), the fourth is an offset between each element
of the source (usually this value is set to 1), the fifth is the destination (in
the GPU), and the last is an offset between each element of the destination.
Then we call the kernel addition which computes the sum of all elements of
arrays A and B. The inverse kernel is called twice, once to inverse elements
of array C' and once for A. Finally, we call the function cublasDdot which
computes the dot product of two vectors. To use this routine, we must specify
the handle initialized by CUDA, the number of elements to consider, then
each vector is followed by the offset between every element. After the GPU
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computation, it is possible to check that both computations produce the same
result.

Listing 2.2. simple example with CUBLAS
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2.4 Third example: matrix-matrix multiplication

Matrix-matrix multiplication is an operation which is quite easy to paral-
lelize with a GPU. If we consider that a matrix is represented using a two-
dimensional array, A[é][j] represents the element of the ¢ row and of the j
column. In many cases, it is easier to manipulate a one-dimentional (1D) ar-
ray rather than a 2D array. With CUDA, even if it is possible to manipulate
2D arrays, in the following we present an example based on a 1D array. For
the sake of simplicity, we consider we have a square matrix of size size. So
with a 1D array, A[i*size+7] allows us to have access to the element of the
i row and of the j column.

With sequential programming, the matrix-matrix multiplication is per-
formed using three loops. We assume that A, B represent two square matrices
and the result of the multiplication of Ax B is C. The element C [ixsize+7]
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is computed as follows:

size—1
Clsize x i+ j] = Alsize x i + k| * Blsize * k + j]. (2.1)
k=

[}

In Listing 2.3, the CPU computation is performed using 3 loops, one for
i, one for j, and one for k. In order to perform the same computation on a
GPU, a naive solution consists of considering that the matrix C' is split into
2-dimensional blocks. The size of each block must be chosen such that the
number of threads per block is less than 1,024.

In Listing 2.3, we consider that a block contains 16 threads in each dimen-
sion, the variable width is used for that. The variable nbTh represents the
number of threads per block. So, to compute the matrix-matrix product on a
GPU, each block of threads is assigned to compute the result of the product
of the elements of that block. The main part of the code is quite similar to the
previous code. Arrays are allocated in the CPU and the GPU. Matrices A and
B are randomly initialized. Then arrays are transferred to the GPU memory
with call to cudaMemcpy. So the first step for each thread of a block is to
compute the corresponding row and column. With a 2-dimensional decompo-
sition, int i= blockIdx.yxblockDim.y+ threadIdx.y; allows us to
compute the corresponding line and int j= blockIdx.xxblockDim.x+
threadIdx.x; the corresponding column. Then each thread has to com-
pute the sum of the product of the row of A by the column of B. In order to
use a register, the kernel matmul uses a variable called sum to compute the
sum. Then the result is set into the matrix at the right place. The compu-
tation of CPU matrix-matrix multiplication is performed as described previ-
ously. A timer measures the time. In order to use 2-dimensional blocks, dim3
dimGrid (size/width, size/width); allows us to create size/width
blocks in each dimension. Likewise, dim3 dimBlock (width,width); is
used to create width thread in each dimension. After that, the kernel for the
matrix multiplication is called. At the end of the listing, the matrix C' com-
puted by the GPU is transferred back into the CPU and we check that both
matrices C computed by the CPU and the GPU are identical with a precision
of 1074

With 1,024 x 1,024 matrices, on a C2070M Tesla card, this code takes
37.68ms to perform the multiplication. With an Intel Xeon E31245 at
3.30GHz, it takes 2465ms without any parallelization (using only one core).
Consequently the speed up between the CPU and GPU version is about 65
which is very good considering the difficulty of parallelizing this code.

Listing 2.3. simple matrix-matrix multiplication with cuda

#include <stdlib .h>
#include <stdio.h>
#include <string.h>
#include <math.h>
s5|#include <assert.h>
#include "cutil _inline.h"
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2.5 Conclusion

In this chapter, three simple CUDA examples have been presented. As
we cannot present all the possibilities of the CUDA programming, interested
readers are invited to consult CUDA programming introduction books if some
issues regarding the CUDA programming are not clear.
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Image processing using a GPU often means using it as a general purpose com-
puting processor, which soon brings up the issue of data transfers, especially
when kernel runtime is fast and/or when large data sets are processed. The
truth is that, in certain cases, data transfers between GPU and CPU are slower
than the actual computation on GPU. It remains that global runtime can still
be faster than similar processes run on CPU. Therefore, to fully optimize
global runtimes, it is important to pay attention to how memory transfers
are done. This leads us to propose, in the following section, an overall code
structure to be used with all our kernel examples.

Obviously, our code originally accepts various image dimensions and can
process color images when an extrapolated definition of the median filter is
choosen. However, so as to propose concise and more readable code, we will
assume the following limitations: 16 bit-coded gray-level input images whose
dimensions H x W are multiples of 512 pixels.

3.1 Data transfers, memory management

This section deals with the following issues:

1. Data transfer from CPU memory to GPU global memory: several GPU
memory areas are available as destination memory but the 2D caching
mechanism of texture memory, specifically designed for fetching neigh-
boring pixels, is currently the fastest way to fetch gray-level pixel values
inside a kernel computation. This has led us to choose texture memory
as primary GPU memory area for input images.

2. Data fetching from GPU global memory to kernel local memory: as
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said above, we use texture memory. Depending on which process is run,
texture data is used either by direct fetching in kernel local memory or
through a prefetching in shared memory.

3. Data outputting from kernels to GPU memory: there is actually no al-
ternative to global memory, as kernels cannot directly write into texture
memory and as copying from texture to CPU memory would not be
faster than from simple global memory.

4. Data transfer from GPU global memory to CPU memory: it can be
drastically accelerated by use of pinned memory, keeping in mind it
has to be used sparingly.

Algorithm 1 summarizes all the above considerations and describes how data
are handled in our examples. For more information on how to handle the dif-
ferent types of GPU memory, we suggest referring to the CUDA programmer’s
guide.

Algorithm 1: global memory management on CPU and GPU sides

allocate and populate CPU memory h_in;

allocate CPU pinned-memory h_out;

allocate GPU global memory d_out;

declare GPU texture reference tex_img_in;

allocate GPU array in global memory array_img_in;

bind GPU array array_img_in to texture tex_img_in;

copy data from h_in to array_img_in;

kernel<<< gridDim,blockDim>>>()  /* outputs to d.out */;
copy data from d_out to h_out ;

© 0 N O AW N

At debug stage, for simplicity’s sake, we use the cutil library supplied
by the NVIDIA software development kit (SDK). Thus, in order to eas-
ily implement our examples, we suggest readers download and install the
latest NVIDIA-SDK (ours is SDK4.0), create a new directory SDK-root-
dir/C/src/fast_kernels and adapt the generic Makefile that can be found in
each subdirectory of SDK-root-dir/C/src/. Then, only two more files will be
needed to have a fully operational environnement: main.cu and fast_kernels. cu.
Listings 3.1, 3.2 and 3.3 implement all the above considerations minimally,
while remaining functional.

The main file of Listing 3.1 is a simplified version of our actual main file.
It has to be noted that functions cutLoadPGMi and cutSavePGMi of the
cutil library operate only on unsigned integer data. As data is coded in short
integer format for performance reasons, the use of these functions involves one
data cast after loading and before saving. This may be overcome by use of a
different library. Actually, our choice was to modify the above mentioned cutil
functions.
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Listing 3.2 gives a minimal kernel skeleton that will serve as the basis for
all other kernels. Lines 5 and 6 determine the coordinates (,7) of the pixel
to be processed, each pixel being associated to one thread. The instruction in
line 8 combines writing the output gray-level value into global memory and
fetching the input gray-level value from 2D texture memory. The Makefile
given in Listing 3.3 shows how to adapt examples given in SDK.

Listing 3.1. generic main.cu file used to launch CUDA kernels

Listing 3.2. fast_kernels.cu file featuring one kernel skeleton
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Listing 3.3. generic makefile based on those provided by NVIDIA SDK

3.2 Performance measurements

As our goal is to design very fast implementations of basic image processing
algorithms, we need to make quite accurate time-measurements, within the
order of magnitude of 0.01 ms. Again, the easiest way of doing so is to use the
helper functions of the cutil library. As usual, because the durations we are
measuring are short and possibly subject to nonnegligible variations, a good
practice is to measure multiple executions and report the mean runtime. All
time results given in this chapter have been obtained through 1000 calls to
each kernel.

Listing 3.4 shows how to use the dedicated cutil functions. Timer dec-
laration and creation need to be performed only once while reset, start and
stop functions can be used as often as necessary. Synchronization is manda-
tory before stopping the timer (Line 7), to avoid runtime measurement being
biased.

Listing 3.4. Time measurement technique using cutil functions

In an attempt to provide relevant speedup values, we either implemented
CPU versions of the algorithms studied or used the values found in existing
literature. Still, the large number and diversity of hardware platforms and
GPU cards makes it impossible to benchmark every possible combination and
significant differences may occur between the speedups we report and those
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obtained with different devices. As a reference, our developing platform details
as follows:

e CPU codes run on

— Xeon: a recent and very efficient Quad Core Xeon E31245 at
3.3GHz-8GByte RAM running Linux kernel 3.2.

e GPU codes run on

— C2070: NVIDIA Tesla C2070 hosted by a PC QuadCore Xeon
E5620 at 2.4GHz-12GByte RAM, running Linux kernel 2.6.18

— GTX280: NVIDIA GeForce GTX 280 hosted by a PC QuadCore
Xeon X5482 at 3.20GHz-4GByte RAM, running Linux kernel 2.6.32

All kernels have also been tested with various image sizes from 512x512
to 4096x4096 pixels. This allows estimating runtime dependancy over image
size.

Last, like many authors, we chose to use the pixel throughput value of each
process in Mega Pixels per second (MP/s) as a performance indicator, includ-
ing data transfers and kernel runtimes. In order to estimate the potential for
improvement of each kernel, a reference throughput measurement, involving
the identity kernel of Listing 3.2, was performed. As this kernel only fetches
input values from texture memory and outputs them to global memory with-
out doing any computation, it represents the smallest, thus fastest, possible
process and is taken as the reference throughput value (100%). The same mea-
surement was performed on CPU, with a maximum effective pixel throughput
of 130 M P/s. On GPU, depending on grid parameters this measurement was
800 M P/s on GTX280 and 1300 M P/s on C2070.
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4.1 Introduction

Median filtering is a well-known method used in a wide range of applica-
tion frameworks as well as a standalone filter especially for salt and pepper
denoising. It is able to greatly reduce the power of noise without blurring
edges too much. That is actually why we originally focused on this filtering
technique as a preprocessing stage when we were in the process of designing a
GPU implementation of one region-based image segmentation algorithm [8].

First introduced by Tukey in [10], it has been widely studied since then,
and many researchers have proposed efficient implementations of it, adapted
to various hypotheses, architectures and processors. Originally, its main draw-
backs were its compute complexity, its nonlinearity and its data-dependent
runtime. Several researchers have addressed these issues and designed, for
example, efficient histogram-based median filters with predictible runtimes
[3,11].

More recently, the advent of GPUs opened new perspectives in terms of im-
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age processing performance, and some researchers managed to take advantage
of the new graphics capabilities: in that respect, we can cite the Branchless
Vectorized Median (BVM) filter [2,4] which allows very interesting runtimes
on CUDA-enabled devices but, as far as we know, the fastest implementation
to date is the histogram-based Parallel Ccdf-based Median Filter (PCMF) [9]
where Ccdf means Complementary Cumulative Distribution Function.

Some of the following implementations feature very fast runtimes. They are
targeted on NVIDIA Tesla GPU (Fermi architecture, compute capability 2.x)
but may easily be adapted to other models, e.g., those of compute capability
1.3.

The fastest ones are based on one efficient parallel implementation of the
BVM algorithm described in [5], improving its performance through fine tun-
ing of its implementation as presented in [7] and detailed in the following
sections.

4.2 Median filtering
4.2.1 Basic principles

Designing a 2D median filter basically consists of defining a square window
H(i,7) for each pixel I(i,7) of the input image, containing n X n pixels and
centered on I(4,7). The output value I'(7, j) is the median value of the gray-
level values of the n x n pixels of H(i, 7). Figure 4.1 illustrates this principle
with an example of a 5x5 median filter applied on pixel I(5,6). The output
value is the median value of the 25 values of the dark gray window centered on
pixel I1(5,6). Figure 4.3 shows an example of a 512 x 512 pixel image, corrupted
by a salt and pepper noise and the denoised versions, output respectively by
a3 x3,abxb, and 2 iterations of a 3 x 3 median filter.

=

FIGURE 4.1. Example of 5x5 median filtering.
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The generic filtering method is given by Algorithm 2. After the data trans-
fer stage of the first line, which copies data from CPU memory to GPU texture
memory, the actual median computing occurs, before the final transfer which
copies data back to CPU memory at the last line. Obviously, one key issue is
the selection method that identifies the median value. But, as shown in Figure
4.2, since two neighboring pixels share part of the values to be sorted, a second
key issue is how to rule redundancy between consecutive positions of the run-
ning window H (7,7). As mentioned earlier, the selection of the median value

Algorithm 2: generic nxn median filter

copy data from CPU to GPU texture memory;

foreach pizel at position (z,y) do /* in parallel =/
Read gray-level values of the nxn neighborhood;
Selects the median value among those nxn values;
Outputs the new gray-level value ;

end

copy data from GPU global memory to CPU memory;

N O oA W N

can be performed by more than one technique, using either histogram-based
or sorting methods, each having its own benefits and drawbacks as will be
discussed further down.

4.2.2 A naive implementation

As a reference, Listing 4.1 gives a simple, not to say simplistic, imple-
mentation of a CUDA kernel (kernel medianR) achieving generic n X n
histogram-based median filtering. Its runtime has a very low data dependency,
but this implementation does not suit GPU architecture very well. Each pixel
loads the whole of its n x n neighborhood, meaning that one pixel is loaded
multiple times inside one single thread block, and even more time-consuming,
the use of a local vector (histogram([]) considerably downgrades performance,
as the compiler automatically stores such vectors in local memory (slow) .

Table 4.1 displays measured runtimes of kernel medianR and pixel
throughputs for each GPU version (C2070 and GTX480 targets) and for both
CPU and GPU implementations. Usual window sizes of 3 x 3, 5 x5, and 7x 7
are shown. Though some specific applications require larger window sizes and
dedicated algorithms, such small square window sizes are most widely used in
general purpose image processing. GPU runtimes have been obtained with a
grid of 64-thread blocks.

The first observation to make when analysing results of Table 4.1 is that,
on CPU, window size has almost no influence on the effective pixel through-
put. Since inner loops that fill the histogram vector contain very few fetching
instructions (from 9 to 49, depending on the window size), it is not surprising
to note their negligible impact compared to outer loops that fetch image pixels
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(from 256k to 16M instructions). One could be tempted to claim that CPU has
no chance to win, which is not so obvious as it highly depends on what kind
of algorithm is run and, above all, how it is implemented. To illustrate this,
we can observe that, despite a maximum effective throughput potential that
is almost five times higher, measured GTX280 throughput values sometimes
prove slower than CPU values, as shown in Table 4.1.

On the GPU’s side, we note high dependence on window size due to the
redundancy induced by the multiple fetches of each pixel inside each block,
becoming higher with the window size. Figure 4.2 shows for example that
two 5 X 5 windows, centered on two neighbor pixels share at least 16 pixels.
On a C2070 card, thanks to a more efficient caching mechanism, this effect
is less. On GPUs, dependency on image size is low, and due to slightly more
efficient data transfers when copying larger data amounts, pixel throughputs
increases with image size. As an example, transferring a 4096x4096 pixel
image (32 MBytes) is a bit faster than transferring a 512x512 pixel image
(0.5 MBytes) 64 times.

FIGURE 4.2. llustration of window overlapping in 5x5 median filtering.

Listing 4.1. generic CUDA kernel achieving median filtering
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if ( cpt > ((2xr4+1)*(2xr+1))>>1 ) break ;

output [ --mul24 (i, j_-dim) +j ] = ic ;

Processor GTX280 c2070 CPU (Xeon)

Performances— 3 SUtput | rate T SUtput | rate 3 SUtput | rate
sizes (pixels)l (ms) (MP/s) % (ms) (MP/s) % (ms) (MP/s) %
o | 3x3 11.50 22 2.2 7.58 33 3.4 19.25 14 11
3| 5x5 19.10 14 1.3 8.60 30 3.0 18.49 14 11
2| rxr 31.30 8 0.8 10.60 24 2.5 20.27 13 10
~ | 3x3 44.50 23 2.3 29.60 34 3.5 75.49 14 11
§ 5%5 71.10 14 1.4 33.00 31 3.2 73.88 14 11
| o7x7 114.50 9 0.9 39.10 26 2.7 77.40 13 10
~ | 3x3 166.00 24 2.4 | 115.20 36 3.6 296.18 14 11
E 5X5 261.00 16 1.5 | 128.20 32 3.3 294.55 14 11
| orxr 411.90 10 1.0 | 143.30 28 2.8 303.48 14 11
~ | 3x3 523.80 31 3.0 | 435.00 38 3.9 | 1184.16 14 11
§ 5%5 654.10 25 2.4 | 460.20 36 3.7 | 1158.26 14 11
Y| orx7 951.30 17 1.7 | 509.60 32 3.3 | 1213.55 14 11

TABLE 4.1. Performance results of kernel medianR.

4.3 NVIDIA GPU tuning recipes

When designing GPU code, besides thinking of the actual data computing
process, one must choose the memory type in which to store temporary data.
Three types of GPU memory are available:

1.

Global memory, the most versatile:

Offers the largest storing space and global scope but is the slowest (400
to 800 clock cycles latency). Texture memory is physically included
in it, but allows access through an efficient 2D caching mechanism.

. Registers, the fastest:

Allow access without latency, but only 63 registers are available per
thread (thread scope), with a maximum of 32K per Streaming Multi-
processor (SM).

Shared memory, a complex compromise:

All threads in one block can access 48 K Bytes of shared memory, which
is faster than global memory (20 clock cycles latency) but slower than
registers. However, bank conflicts can occur if two threads of a warp
try to access data stored in one single memory bank. In such cases, the
parallel process is serialized which may cause significant performance
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(a) Airplane image, corrupted by salt (b) Image denoised by a 3 x 3 median

and pepper noise of density 0.25 filter
Wiz e—y
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(c¢) Image denoised by a 5 X 5 median (d) Image denoised by 2 iterations of a
filter 3 x 3 median filter

FIGURE 4.3. Example of median filtering, applied to salt and pepper noise
reduction.

decrease. One easy way to avoid this is to ensure that two consecu-
tive threads in one block always access 32-bit data at two consecutive
addresses.

As observed earlier, designing a median filter GPU implementation us-
ing only global memory is fairly straightforward, but its performance remains
quite low even if it is faster than CPU. To overcome this, the most frequent
choice made in efficient implementations found in literature is to use shared
memory. Such option implies prefetching data prior to doing the actual com-
putations, a relevant choice, as each pixel of an image belongs to n? different
neighborhoods. Thus, it can be expected that fetching each gray-level value
from global memory only once should be more efficient than doing it each
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time it is required. One of the most efficient implementations using shared
memory is presented in [4]. In the case of the generic kernel of Listing 4.1,
using shared memory without further optimization would not bring valuable
speedup because that would just move redundancy from texture to shared
memory fetching and would generate bank conflicts. For information, we wrote
such a version of the generic median kernel and our measurements showed a
speedup of around 3% (as an example, 32 ms for 5 x 5 median on a 10242
pixel image, i.e., 33 M P/s ).

As for registers, designing a generic median filter that would only use that
type of memory seems difficult, due to the above mentioned 63 register-per-
thread limitation. Yet, nothing forbids us to design fixed-size filters, each of
them specific to one of the most popular window sizes. It might be worth the
effort as dramatic increase in performance could be expected.

Another track to follow in order to improve performance of GPU im-
plementations consists of hiding latencies generated by arithmetic instruc-
tion calls and memory accesses. Both can be partially hidden by introduc-
ing Instruction-Level Parallelism (ILP) and by increasing the data count
outputted by each thread. Though such techniques may seem to break the
NVIDIA occupancy paradigm, they can lead to dramatically higher data
throughput values. The following sections illustrate these ideas and detail
the design of the fastest CUDA median filter known to date.

4.4 A 3x3 median filter: using registers

Designing a median filter dedicated to the smallest possible square window
size is a good challenge to start using registers. One first issue is that the
exclusive use of registers forbids us to implement a naive histogram-based
method. In a 8-bit gray-level pizel per thread rule, each histogram requires one
256-element vector to store its values, i.e., more than four times the maximum
register count allowed per thread (63). Considering that a 3 x 3 median filter
involves only 9 pixel values per thread, it seem obvious they can be sorted
within the 63-register limit.

4.4.1 The simplest way

In the case of a 3x3 median filter, the simplest solution consists of asso-
ciating one register to each gray-level value, then sorting those 9 values and
selecting the fifth one, i.e., the median value. For such a small amount of
data to sort, a simple selection method is well indicated. As shown in Listing
4.2 (kernel Median3RegSort9 () ), the constraint of only using registers
forces the adoption of an unusual manner of coding. However, results are per-
suasive: runtimes are divided by around 120 on GTX280 and 80 on C2070,
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while only reduced by a 3.5 factor on CPU (CPU median3 bubble sort). The
diagram of Figure 4.4 summarizes these first results for C2070, obtained with
a block size of 256 threads, and Xeon CPU. We included the maximum effec-
tive pixel throughput in order to see the improvement potential of the differ-
ent implementations. We also introduced throughput achieved by libJacket, a
commercial implementation, as it was the fastest known implementation of a
3 x 3 median filter to date, as illustrated in [2]. One of the authors of libJacket
kindly posted the CUDA code of its 3 x 3 median filter, which we inserted into
our own coding structure. The algorithm itself is quite similar to ours, but
running it in our own environement produced higher throughput values than
those published in [2], not due to different hardware capabilities between our
GTX280 and the GTX260 those authors used, but due to the way we perform
memory transfers and our register-only method of storing temporary data.

Listing 4.2. 3 X 3 median filter kernel using one register per neighborhood
pixel and bubble sort

4.4.2 Further optimization

Running the above register-only 3x3 median filter through the NVIDIA
CUDA profiler teaches us that the memory throughput achieved by the kernel
remains quite low. To improve this, two methods can be used:

e increasing the number of concurrent threads, which can be achieved by
reducing the number of registers used by each thread.

e having each thread process more data which can be achieved at thread
level by processing and outputting the gray-level value of two pixels or
more.
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FIGURE 4.4. Comparison of pixel throughputs for CPU generic median, CPU
3x3 median register-only with bubble sort, GPU generic median, GPU 3x3
median register-only with bubble sort, and GPU libJacket. The GPU is the
C2070 card and the CPU is the Xeon processor. The maximum effective C2070
throughput is also shown.

4.4.2.1 Reducing register count

Our current kernel (kernel Median3RegSort9) uses one register per
gray-level value, which amounts to 9 registers for the entire 3x3 window. This
count can be reduced by use of an iterative sorting process called forgetful
selection, where both extrema are eliminated at each sorting stage, until only
3 elements remain. The question is to learn the minimal register count k2
that allows the selection of the median amoung n? values. The answer can be
evaluated considering that, when eliminating the maximum and the minimum
values, one has to make sure not to eliminate the global median value. Such
a situation is illustrated in Figure 4.5 for a 3 x 3 median filter. For better
comprehension, the 9 elements of the 3 x 3 pixel window have been represented
in a row.

We must remember that by definition, in the fully sorted vector, the me-
dian value will have the middle index, i.e., |[n?/2]. Moreover, assuming that
both eztrema are eliminated from the first k& elements and that the global
median is one of them would mean that

e if the global median was the minimum among the k elements, then at
least £ — 1 elements would have a higher index. Considering the above
median definition, at least k — 1 elements should also have a lower index
in the entire vector.



40

Designing Scientific Applications on GPUs

e if the global median was the maximum among the k elements, then at

least k — 1 elements would have a lower index. Considering the above
median definition, at least k—1 elements should also have a higher index
in the entire vector.

Therefore, the number k of elements that are part of the first selection
stage can be defined by the condition

2
9 n
—k<|—]-1
nt— k<)
which leads to
n2

This rule can be applied to the first eliminating stage and remains true
with the next ones as each stage suppresses exactly two values, one above
and one below the median value. In our 3 x 3 pixel window example,
the minimum register count becomes ky = [9/2] + 1 = 6. This iterative
process is illustrated in Figure 4.6, where it achieves one entire 3 x 3
median selection, beginning with kg = 6 elements.

The forgetful selection method, used in [5], does not imply full sorting of
values, but only selecting minimum and maximum values, which, at the
price of a few iteration steps (n? — k), reduces arithmetic complexity.
Listing 4.3 details this process where forgetful selection is achieved by
use of simple 2-value swapping function (s(), lines 1 to 5) that swaps
input values if necessary, so as to achieve the first steps of an incomplete
sorting network [1]. Moreover, whenever possible, in order to increase
the ILP, successive calls to s() are done with independant elements as
arguments. This is illustrated by the macro definitions of lines 7 to 12
and by Figure 4.7 which details the first iteration of the 5 x 5 selection,
starting with ko5 = 14 elements.

median
4 elements 4 elements
with lower index with higher index

= max
minimal element count
required to avoid
median elimination

FIGURE 4.5. Forgetful selection with the minimal element register count.
Tllustration for 3 x 3 pixel window represented in a row and supposedly sorted.
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FIGURE 4.6. Determination of the median value by the forgetful selection

process, applied to a 3 x 3 neighborhood window.

time

FIGURE 4.7. First iteration of the 5 x 5 selection process, with ko5 = 14,
which shows how Instruction Level Parallelism is maximized by the use of
an incomplete sorting network. Arrows represent the result of the swapping
function, with the lower value at the starting point and the higher value at

the end point.
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Listing 4.3. 3x3 median filter kernel using the minimum register count of
6 to find the median value by forgetful selection method. The optimal thread
block size is 128 on GTX280 and 256 on C2070

Our such modified kernel provides significantly improved runtimes: an
average speedup of 16% is obtained, and pixel throughput reaches around
1000 M P/s on C2070.

4.4.2.2 More data output per thread

In the case of a kernel achieving an effective memory throughput value far
from the GPU peak value, and if enough threads are run, another technique
may help with hiding memory latency and thus leverage performance: making
sure that each thread generates multiple pixel outputs.

Attentive readers could remark that it would increase the register count per
thread, which can be compensated by dividing thread block size accordingly,
thus keeping the same register count per block. Moreover, it is now possible
to take advantage of window overlapping, first illustrated in Figure 4.2, and
further detailed in Figure 4.8. As the selection is first processed on the first
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center
pixels

FIGURE 4.8. Tllustration of how window overlapping is used to combine 2
pixel selections in a 3 X 3 median kernel.

6 gray-level values, i.e., exactly the number of pixels that overlap between
the neighborhoods of two adjacent center pixels, 6 texture fetches, and one
minmax6 selection per thread can be saved. There again, some speedup can
be expected through our modified kernel source code presented in Listing
4.4. One important difference from previous versions lies in the way pixel
coordinates are computed from thread indexes. As each thread has to process
two pixels, the number of threads in each block is divided by 2, while the grid
size remains unchanged. Consequently, in our kernel code, each thread whose
block-related coordinates are (tx,ty) will be in charge of processing pixels of
block-related coordinates (2tz,ty) and (2tz + 1,ty); lines 5 and 6 implement
this.

Listing 4.4. 3 X 3 median filter kernel processing 2 output pixel values per
thread using combined forgetful selection
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minmax3(&b3, &b4, &b5);
output [ _-mul24 (i, j_-dim) +j ] = a4 ; //2 outputs
output [ --mul24(i, j-dim) +j+1 | = b4 ;

//grid dimensions to be set in main.cu file
dimGrid = dim3( (W/dimBlock.x) /2, H/dimBlock.y, 1 ) ;

Running this 3 x 3 kernel saves another 10% runtime, as shown in Figure
4.9 and provides the best peak pixel throughput value known so far on the
C2070: 1155 M P/s which is 86% of the maximum effective throughput.

4.5 A 5x5 and more median filter

Considering the maximum register count allowed per thread (63) and try-
ing to push this technique to its limit potentially allows designing up to 9x9
median filters. Such maximum would actually use ks; = [81/2] 41 = 42 regis-
ters per thread plus 9, used by the compiler to complete arithmetic operations,
and 9 more when outputting 2 pixels per thread. This leads to a total register
count of 60, which would limit the number of concurrent threads per block. As
for larger window sizes, one option could be using shared memory. The next
two sections will first detail the particular case of the 5x5 median through
register-only method and eventually a generic kernel for larger window sizes.

4.5.1 A register-only 5x5 median filter

The minimum register count required to apply the forgetful selection
method to a 5x5 median filter is ko5 = [25/2] + 1 = 14. Moreover, two ad-
jacent overlapping windows share 20 pixels (n? — one_column) so that, when
processing 2 pixels simultaneously, a count of 7 common selection stages can
be carried out from the first selection stage with 14 common values to the
processing of the last common value. This allows limiting the register count
to 22 per thread. Figure 4.10 describes the distribution of overlapping pixels,
implemented in Listing 4.5: common selection stages take place from line 25
to line 37, while the remaining separate selection stages occur between lines
45 and 62 after the separation of line 40.
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FIGURE 4.9. Comparison of pixel throughput on GPU C2070 for the different
3x3 median kernels.

N =

n-k20 (common pixels

=5 ol Pl for e oror v

FIGURE 4.10. Reducing register count in a 5x5 register-only median kernel
outputting 2 pixels simultaneously. The first 7 forgetful selection stages are
common to both processed center pixels. Only the last 5 selections have to be
done separately.
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Listing 4.5. kernel 5x5 median filter processing 2 output pixel values per
thread by a combined forgetfull selection
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output [ --mul24 (i, j-dim) +j ] = al2 ; //middle values
output|[ --mul24(i, j-dim) +j+1 ] = bl2 ;
}

Timing results follow the same variations with image size as in previously
presented kernels. That is why Table 4.2 shows only throughput values ob-
tained for C2070 card and 4096 x4096 pixel image.

registers only | registers only libJacket
Implementation 1 pix/thread 2 pix/thread (interpolated) | shared mem
Throughput

(MP /s) 551 738 152 540

TABLE 4.2. Performance of various 5x5 median kernel implementations, ap-
plied on 4096 x4096 pixel image with C2070 GPU card.

4.5.2 Fast approximated n x n median filter

Large window median filters are less widespread but are used in more spe-
cific fields, such as digital microscopy where, for example, background estima-
tion of images is achieved through 64 x 64 or 128 x 128 median filters [12]. In
such cases, a possible technique is to split median selection into two separate
1D stages: one in the vertical direction and the other in the horizontal direc-
tion. Image processing specialists may object that this method does not select
the actual median value. This is true but, in the case of large window sizes
and real-life images, the value selected in this manner is statistically near the
actual median value and often represents an acceptable approximation. Such
a filter is sometimes called a smoother.

As explained earlier in this section, the use of large window median filters
rules out register-only implementation, which favors the use of shared memory.
The 1D operation almost completely avoids bank conflicts in shared memory
accesses. Furthermore, the above-described forgetful selection method cannot
be used anymore, as too many registers would be required. Instead, the Torben
Morgensen sorting algorithm is used, as its required register count is both low
and constant, and avoids the use of a local vector, unlike histogram-based
methods.

Listing 4.6 presents a kernel code that implements the above consider-
ations and achieves a 1D vertical n x 1 median filter. The shared memory
vector is declared as extern (Line 16) as its size is determined at runtime
and passed to the kernel call as an argument. Lines 20 to 29 perform data
prefetching, including the 2n-row halo (n at the bottom and n at the top
of each block). Then one synchronization barrier is mandatory (line 31) to
ensure that all needed data is ready prior to its use by the different threads.
Torben Morgensen sorting takes place between lines 37 and 66 and eventually,
the transposed output value is stored in global memory at line 69. Outputting
the transposed image in global memory saves time and allows the reuse of
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the same kernel to achieve the second step, e.g 1D horizontal n x 1 median
filtering. It has to be noticed that this smoother, unlike the technique we pro-
posed for fixed-size median filters, cannot be considered as a state-of-the-art
technique as, for example, the one presented in [6]. However, it may be con-
sidered as a good, easy to use and efficient alternative as confirmed by the
results presented in Table 4.3. Pixel throughput values achieved by our kernel,
though not constant with window size, remain very competitive if window size
is kept under 120 x 120 pixels, especially when outputting 2 pixels per thread
(in [6], pixel throughput is around 7MP/s). Figure 4.11 shows an example of a
512 x 512 pixel image, corrupted by a salt and pepper noise, and the denoised
versions, outputted respectively by a 3 x 3, a 5 x 5, and a 55 x 55 separable
smoother.

Window edge size
(in pixels) 41 | 81 | 111 | 121
Throughput
(MP /s) 54 | 27 20 18

TABLE 4.3. Measured performance of one generic pseudo-separable median
kernel applied to 4096 x4096 pixel image with various window sizes.
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& , %

(a) Airplane image, corrupted with by (b) Image denoised by a 3 X 3 separable

salt and pepper noise of density 0.25 smoother
F” o

(c¢) Image denoised by a 5 x 5 separable (d) Image background estimation by a
smoother 55 X 55 separable smoother

FIGURE 4.11. Example of separable median filtering (smoother), applied to
salt and pepper noise reduction.
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Listing 4.6. generic pseudo median kernel.
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else if (inf+equal >= r+1) val = estim ;

else val = minsup ;

output [ --mul24(j, i-dim) +i | = val ;
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5.1 Overview

In this chapter, after dealing with GPU median filter implementations, we
propose to explore how convolutions can be implemented on modern GPUs.
Widely used in digital image processing filters, the convolution operation basi-
cally consists of taking the sum of products of elements from two 2D functions,
letting one of the two functions move over every element of the other, produc-
ing a third function that is typically viewed as a modified version of one of the
original functions. To begin with, we shall examine nonseparable or generic
convolutions, before addressing the matter of separable convolutions. We shall
refer to I as an H x L pixel gray-level image and to I(z,y) as the gray-level
value of each pixel of coordinates (z,y).

33
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5.2 Definition

Within a digital image I, the convolution operation is performed between
image I and convolution mask h (To avoid confusion with other GPU functions
referred to as kernels, we shall use convolution mask instead of convolution
kernel) is defined by

I/(.%‘,y) I*h Z Z x_]ay_j)h(.777’) (51)

(i<H) (j<L)

While processing an image, function h is often bounded by a square window
of size k = 2r + 1, i.e., an uneven number, to ensure there is a center. We shall
also point out that, as stated earlier, the square shape is not a limiting factor
to the process, as any shape can be inscribed into a square. In the case of a
more complex shape, the remaining space is filled by null values (padding).

5.3 Implementation

The basic principle of computing a convolution between one I picture and
one h convolution mask defined on domain Q is given by Algorithm 3 and
illustrated by Figure 5.1, which mainly shows how gray-level values of the
center pixel’s neighborhood are combined with the convolution mask values
to compute the output value. For more readability, only part of the connecting
lines are shown.

Algorithm 3: generic convolution

1 foreach pizel at position (z,y) do

2 Read all gray-level values I(z,y) in the neighborhood;

3 Compute the weighted sum I = Z(j,i)eﬂ I(x —j,y — j)h(j,1);
4 Normalize I’ (x,y) value;

5 Output the new gray-level value

6 end

The gray-level value of each pixel of output image I’ is the weighted sum
of pixels included in the neighborhood defined by 2 around the corresponding
pixel in the input image. It has to be noted that, in case the sum S of all
coefficients in the mask is not 1, the original brightness of the image will be
altered and a normalization stage has to take place, as, for example, in the
case of an 8-bit coded image:
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j

\ R .

neighborhood window convolution mask

FIGURE 5.1. Principle of a generic convolution implementation. The center
pixel is represented with a black background and the pixels of its neighborhood
are denoted I, , where (p,q) is the relative position of the neighbor pixel.
Elements h; ,, are the values of the convolution mask.

1. if S > 0 then I’ = I/S
2. if S =0then I' = Io + 128
3. if S <0 then I' = I + 255

In case one, normalizing means performing a division operation for each pixel,
which will be quite time-costly when performed on a GPU. A simple work-
around is to normalize mask values before using them in GPU kernels.

5.3.1 First test implementation

This first implementation consists of a rather naive application to convolu-
tions of the techniques applied to median filters in the previous chapter, as a
reminder: texture memory used with incoming data, pinned memory with out-
put data, optimized use of registers while processing data and multiple output
per thread. One significant difference lies in the fact that the median filter uses
only one parameter, the size of the window mask, which can be hard-coded,
while a convolution mask requires referring to several parameters; hard-coding
the elements of the mask would lead to severe lack of flexibility (one function
per filter, no external settings) so we will just use it as a starting point in our
approach.

Let us assume that we are planning to implement the convolution defined
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by the following 3 x 3 mask (low-pass filter or averaging filter):

1 1 1 1

h==-1{1 11

91 1 1

The kernel code presented in Listing 5.1 implements the convolution opera-
tion and applies all above optimizations except, for clarity reasons, multiple
outputs per thread. In the particular case of a generic convolution, it is im-
portant to note how mask coefficients are applied to image pixels in order to
fit the definition of equation 5.1: if the coordinates of the center pixel had
been set to (0,0), then the gray-level value of pixel of coordinates (i, j) would
have been multiplied by the element (—i, —j) of the mask, which, transposed
in our kernel code, leads to multiplying the p'" pixel of the window by the
(n — p)th element of the convolution mask.

Listing 5.1. generic CUDA kernel achieving a convolution operation with
hard-coded mask values

Table 5.1 shows kernel timings and throughput values for such a low-pass
filter extended to 5 x 5 and 7 x 7 masks applied on 8-bit coded gray-level
images of sizes 512 x 512, 1024 x 1024, 2048 x 2048, and 4096 x 4096 run on
a C2070 card with 32 x 8 thread blocks.

Table 5.2 shows timings and global throughput values achieved by those
convolution masks on an NVIDIA GT200 Tesla architecture (GTX280 card)
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Mask size— 3x3 5x5 7Tx7
Image size| | time (ms) | TP | time (ms) | TP | time (ms) | TP
512 x 512 0.077 | 1165 0.209 | 559 0.407 | 472
1024 x 1024 0.297 | 1432 0.820 | 836 1.603 | 515
2048 x 2048 1.178 | 1549 3.265 | 875 6.398 | 529
4096 x 4096 4.700 | 1585 13.05 | 533 25.56 | 533

TABLE 5.1. Timings (time) and throughput values (TP in MPx/s) of one
register-only nonseparable convolution kernel, for small mask sizes of 3 x 3,
5 x 5, and 7 x 7 pixels, on a C2070 card (fermi architecture). Data transfer
duration are those of Table 5.3. The bold value points out the result obtained
in the reference situation.

with 16 x 8 thread blocks. This measurement has been done in order to make
a relevant comparison with a reference given by NVIDIA in [1] in which they
state that their fastest kernel achieves a 5x5 convolution of an 8-bit 2048 x 2048
pixel image in 1.4 ms, leading to a throughput value of 945 MP/s. In all
the result tables, the values associated to this reference will be presented in
boldface. Our current value of 802 MP/s, though not unsatisfactory, remains
lower to the one reached by the manufacturer’s own coding. Tested in the same
conditions, the newer Fermi architecture of NVIDIA’s GPUs proved slower
(3.3 ms, see Table 5.1) due to the lower maximum register count allowed (63
as opposed to 128 for Tesla GT200).

Mask size— 3x3 5X5 7Tx7
Image size| | time (ms) | TP | time (ms) | TP | time(ms) | TP
512 x 512 0.060 | 1186 0.148 | 848 0.280 | 594
1024 x 1024 0.209 | 1407 0.556 | 960 1.080 | 649
2048 x 2048 0.801 | 1092 2.189 | 802 4.278 | 573
4096 x 4096 3.171 | 1075 8.720 | 793 17.076 | 569

TABLE 5.2. Timings (time) and throughput values (TP in MP/s) of one
register-only nonseparable convolution kernel, for small mask sizes of 3 x 3,
5 x 5, and 7 x 7 pixels, on a GTX280 (GT200 architecture). Data transfer
duration are those of Table 5.3. The bold value points out the result obtained
in the reference situation.

It is interesting to note that, as long as each thread processes one single
pixel, kernel execution time is ruled in proportion with the number of pixels
in the image multiplied by that of the mask. The proportionality factor, that
we call slope, is 3.14.1078 ms/pix on C2070 in this first implementation. As a
reminder, Table 5.3 details the data transfer costs that helped in computing
throughput values.
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GPU card—

Image size| | C2070 | GTX280
512 x 512 0.148 0.161

1024 x 1024 0.435 0.536

2048 x 2048 1.530 3.039

4096 x 4096 5.882 12.431

TABLE 5.3. Time cost of data transfers between CPU and GPU memories,
on C2070 and GTX280 cards (in milliseconds).

5.3.2 Using parameterizable masks

To further improve the above implementation, it becomes necessary to free
ourselves from the hard-coding constraint. To achieve this, as was the case
with input image storing, several memory options are available, but, since the
amount of data involved in processing a mask is quite small and constant, we
considered it relevant to copy data into symbol memory. Listing 5.2 details
this process, involving the CUDA function cudaMemcpyToSymbol().

Listing 5.2. code snippet showing how to setup a mask in GPU symbol
memory

In parallel, giving up the register-only constraint allows a more conven-
tional coding practice (loops). Listing 5.3 presents a generic convolution ker-
nel, whose code immediately appears both simple and concise. Its global time
performance, however, is comparatively lower than the register-only process,
due to the use of constant memory and of the r parameter (radius of the mask).
The average slope amounts to 3.81.1078 ms/pix on C2070, which means a
time-cost increase of around 20 %.

Listing 5.3. generic CUDA kernel achieving a convolution operation with
the mask in symbol memory and its radius passed as a parameter
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// convolution computation
for (ic=-r ; ic<=r ; ic++)
for(jc=—r ; jec<=r ; jc++)
outval0 4= mask|[ __umul24(ic ,k)+jc+r |
*tex2D (tex_-img_inc , j+jc, i+ic) ;

output [ -—umul24(i, j-dim) + j | = outval0 ;

5.3.3 Increasing the number of pixels processed by each
thread

Much in the same way as we did with the Median Filter, we shall now
attempt to reduce the average latency due to writes into global memory by
having each thread process more than one output value. As the basic structure
of the above GPU kernel uses only 14 registers per thread, regardless of the
size of the convolution mask, one can envisage processing 2 or more pixels per
thread while keeping safely within the 63-per-thread rule.

However, when doing so, e.g., processing what we shall call a packet of
pixels, window mask overlapping has to be taken into account to avoid multiple
texture fetches of each pixel’s gray-level value, while benefiting from the 2D
cache. In that case, both mask size and pixel packet shape determine the
number of texture fetches to be performed for each pixel value. Figure 5.2
illustrates two different situations: (a) a mask of radius 1 (3 x 3) applied to a
packet of 8 pixels in a row; (b) a mask of radius 2 (5 x 5). The dark gray pixels
are the center pixels (pixels of the packet), while light gray pixels belong to
the halo around the packet. The number in each pixel box corresponds to the
convolution count in which it is involved. There would be little interest in
using different packet shapes, as the final global memory writes would not be
coalescent, generating multiple latencies.

Although we actually have written GPU kernels able to process 2, 4, 8,
and 16 pixels per thread, only the one that processes 8 pixels per thread is
presented below, as it proved to be the fastest one. Listing 5.4 reproduces the
source code of the kernel for 3 x 3 masks. The bottom line is that each thread
is associated with one base pixel of coordinates (z,y) which is the first, in the
packet, to be processed, the last one being (z + 7, ).

In this particular case of a 3 x 3 mask, each pixel value is used in 3 different
convolution sums, except for pixels located near both ends of the packet, whose
values are used in fewer sums. The general rule, when performing an n X n
convolution (radius k) by 8-pixel packets is that each of the (8 —2k).(2k + 1)
center pixels of the halo is used in k sums, while the 4k.(2k 4+ 1) remaining
pixels, located around the ends of the packet, are used in fewer sums, from
k—1to 1 (2(2k + 1) pixels each).

Timing results and throughput values are shown in Table 5.4, and show
that this solution now outperforms NVIDIA references. It is important to
remember that the above kernels have been optimized for the Fermi architec-
ture, unlike those mentioned earlier, which were more efficient on the GT200
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(x,y) (x+7,y)

(a) 3 x 3 mask: there are 18 pixels (out of 30)
involved in 3 computations.

(x,y) (x+7,y)

(b) 5 x 5 mask: only 20 pixels (out of 60) are involved
in 5 computations.

FIGURE 5.2. Mask window overlapping when processing a packet of 8 pixels
per thread. The dark gray pixels are the center pixels, while light gray pixels
belong to the halo. The number in each pixel box is the convolution count in
which it is involved. (a) 3 x 3 mask; (b) 5 x 5 mask.

Mask size— 3x3 5x5 TxT7
Image size] | time (ms) | TP | time (ms) | TP | time (ms) | TP
512 x 512 0.036 | 1425 0.069 | 1208 0.110 | 1016
1024 x 1024 0.128 | 1862 0.253 | 1524 0.413 | 1237
2048 x 2048 0.495 | 2071 0.987 | 1666 1.615 | 1334
4096 x 4096 1.964 | 2138 3.926 | 1711 6.416 | 1364

TABLE 5.4. Timings (time) and throughput values (TP in MP/s) of our
generic fixed mask size convolution kernel run on a C2070 card. Data transfer
durations are those of Table 5.3. The bold value points out the result obtained
in the reference situation.



Implementing an efficient convolution operation on GPU 61

architecture. However, our technique requires writing one kernel per mask
size, which can be seen as a major constraint. To make it easier to use this
method, we are working on a kernel code generator that is currently under
development and will be made available in the near future.

Listing 5.4. CUDA kernel achieving a 3 X 3 convolution operation with the
mask in symbol memory and direct data fetches in texture memory
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output|[ -—umul24(i, j-dim) + j+3 ] = outval3d ;
output|[ --umul24(i, j-dim) + j+4 ] = outvald ;
output [ __umul24 (i, j-dim) + j+5 ] = outvals ;
output [ -—umul24 (i, j_-dim) + j+6 ] = outval6 ;
output [ -——umul24 (i, j-dim) + j+7 ] = outval7? ;

5.3.4 Using shared memory to store prefetched data

A more convenient way of coding a convolution kernel is to use shared
memory to perform a prefetching stage of the whole halo before computing
the convolution sums. This proves to be quite efficient and more versatile, but
it obviously generates some overhead because

e Each pixel value has to be read at least twice, first from texture memory
into shared memory and then one or several more times from shared
memory to be used in convolution computations.

e Reducing the number of times a single pixel value is read from shared
memory is bound to generate bank conflicts, hence once again perfor-
mance loss.

Still, we also implemented this method, in a similar manner as NVIDIA did in
its SDK sample code. Some improvement has been obtained by increasing the
number of pixels processed by each thread, to an optimum 8 pixels per thread.
The principle is to prefetch all pixel values involved in the computations per-
formed by all threads of a block, including 8 pixels per thread plus the halo
of radius r (the radius of the convolution mask). As this obviously represents
more values than the thread count in one block, some threads have to load
more than one value. The general organization is reproduced in Figure 5.3 for
5 x 5 mask and a 8 x 4 thread block, while Listing 5.5 gives the details of the
implementation with its two distinct code blocks: preload in shared memory
(Lines 20 to 42) and convolution computations (Lines 45 to 57). Tables 5.5
and 5.6 detail timing results and throughput values of this implementation
(16 x 8 threads/block), up to 13 x 13 masks, that will serve as a reference in
the next section, devoted to separable convolution.

Mask size—
Image size| | 3 x3| 5x5|7x7| 9x9|11x11 |13 x13

512 x 512 0.040 | 0.075 | 0.141 | 0.243 0.314 0.402
1024 x 1024 || 0.141 | 0.307 | 0.524 | 0.917 1.192 1.535
2048 x 2048 || 0.543 | 1.115 | 2.048 | 3.598 4.678 6.037
4096 x 4096 | 2.146 | 4.364 | 8.156 | 14.341 18.652 24.020

TABLE 5.5. Performances, in milliseconds, of our generic 8 pixels per thread
kernel using shared memory, run on a C2070 card. Data transfers duration
are not included.
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Thread block

thread (0,0)
thread (7,0)

blockDim.y = 4

63

blockDim.x = 8
idrow — 68 Image tile
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FIGURE 5.3. Organization of the prefetching stage of data, for a 5 x 5 mask
and a thread block size of 8 x 4. Threads in both top corners of the top figure
are identified either by a circle or by a star symbol. The image tile, loaded into
shared memory, includes the pixels to be updated by the threads of the block,
as well as its 2-pixel wide halo. Here, circle and star symbols in the image tile
show which pixels are actually loaded into one shared memory vector by its
corresponding thread.

Mask size—

Image size] || 3 x3 [ 5x5 | 7Tx7[9%x9|11x11|13x13
512 x 512 1394 | 1176 907 670 567 477

1024 x 1024 | 1820 | 1413 | 1093 776 644 532

2048 x 2048 || 2023 | 1586 | 1172 818 676 554

4096 x 4096 || 2090 | 1637 | 1195 830 684 561

TABLE 5.6. Throughput values, in MegaPixel per second, of our generic 8
pixels per thread kernel using shared memory, run on a C2070 card. Data
transfer durations are those of Table 5.3.
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Listing 5.5. CUDA kernel achieving a generic convolution operation after a
preloading of data in shared memory
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}

// multiple output —> global mem
output [ idx++ ] outval0 ;

output | idx++ ] = outvall ;
output|[ idx++ | = outval2 ;
output [ idx4++ ] = outval3 ;
output|[ idx++ | = outvald ;
output|[ idx4++ ] = outvals ;
output|[ idx++ ] = outval6 ;
output | idx ] = outval7? ;

5.4 Separable convolution

A convolution operation is said separable when its masks h is the product
of 2 vectors h, and hy, as is the case in the following example:

1 -1 2 -1
h=h,xhy= |2 x[-1 2 —1]=]-2 4 -2
1 -1 2 -1

Such a mask allows us to replace a generic 2D convolution operation by two
consecutive stages of a 1D convolution operation: a vertical of mask h, and a
horizontal of mask hj. This saves a lot of arithmetic operations, as a generic
n x n convolution applied on an H x L image basically represents H Ln? mul-
tiplications and as many additions, while two consecutive n x 1 convolutions
represents only 2H Ln of each, e.g., 60% operations are saved per pixel of the
image for a 5 x 5 mask.

However, besides reducing the operation count, performing a separable
convolution also means writing an intermediate image into global memory.
CPU implementations of separable convolutions often use a single function
to perform both 1D convolution stages. To do so, this function reads the
input image and actually ouputs the transposed filtered image. Applying this
principle to GPUs is not efficient, as outputting the transposed image means
noncoalescent writes into global memory, generating severe performance loss.
Hence the idea of developing two different kernels, one for each of the vertical
and horizontal convolutions.

Here, the use of shared memory is the best choice, as there is no overlap-
ping between neighbor windows and thus no possible optimization. Moreover,
to ensure efficiency, it is important to read the input image from texture mem-
ory, which implies an internal GPU data copy between both 1D convolution
stages. This, even if it is faster than CPU/GPU data transfer, makes separable
convolutions slower than generic convolutions for small mask sizes. On C2070,
the lower limit is 7 x 7 pixels (9 x 9 for 512 x 512 images).

Both vertical and horizontal kernels feature similar runtimes: Table 5.7
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contains only their average execution time, including the internal data copy
stage, while Table 5.8 shows the achieved global throughput values. Timings
of the data copy stage are given in Table 5.9. Listings 5.7 and 5.8 detail the
implementation of both 1D kernels, while Listing 5.6 shows how to use them
in addition with the data copy function in order to achieve a whole separable
convolution. The shared memory size is dynamically passed as a parameter at
kernel call time. Its expression is given in both Listings (5.7 and 5.8), in the
comment lines before its declaration.

Mask size—
Image size| || 3 x3 |5x5 | Tx7| 9x9|11x11 |13 x13

512 x 512 0.080 | 0.087 | 0.095 | 0.108 0.115 0.126
1024 x 1024 || 0.306 | 0.333 | 0.333 | 0.378 0.404 0.468
2048 x 2048 || 1.094 | 1.191 | 1.260 | 1.444 1.545 1.722
4096 x 4096 | 4.262 | 4.631 | 5.000 | 5.676 6.105 6.736

TABLE 5.7. Performances, in milliseconds, of our generic 8 pixels per thread
1D convolution kernels using shared memory, run on a C2070 card. Tim-
ings include data copy. Bold values correspond to situations where separable-
convolution kernels run faster than nonseparable ones.

Mask size—
Image size] || 3 x3 [5x5 | 7TXxT7|9x9 |11 x11 |13 x13

512 x 512 1150 | 1116 | 1079 | 1024 997 957
1024 x 1024 || 1415 | 1365 | 1365 | 1290 1250 1169
2048 x 2048 || 1598 | 1541 | 1503 | 1410 1364 1290
4096 x 4096 || 1654 | 1596 | 1542 | 1452 1400 1330

TABLE 5.8. Throughput values, in MegaPixel per second, of our generic 8
pixels per thread 1D convolution kernel using shared memory, run on a C2070
card. Bold values correspond to situations where separable-convolution kernels

run faster than nonseparable ones (data transfer durations are those of Table
5.3).

Image size || C2070

512 x 512 0.029
1024 x 1024 0.101
2048 x 2048 0.387
4096 x 4096 1.533

TABLE 5.9. Time cost of data copy between the vertical and the horizontal
1D convolution stages, on a C2070 cards (in milliseconds).
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Listing 5.6. data copy between the calls to 1D convolution kernels achieving
a 2D separable convolution operation

Listing 5.7. CUDA kernel achieving a horizontal 1D convolution operation
after a preloading of data into shared memory
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Listing 5.8. CUDA kernel achieving a vertical 1D convolution operation after
a preloading of data into shared memory
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output [ idx++
output [ idx++
output [ idx4++
output [ idx4++
output [ idx++
output [ idx

]
]
]
]
]
]

outval2
outval3
outvald
outvalb
outval6
outval7
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5.5 Conclusion

Extensively detailing the various techniques that may be applied when de-
signing a median or a convolution operation on GPU has enabled us determine

that

e the use of registers with direct data fetching from texture often allows
kernels to run faster than those which use the more conventionnal way
of prefetching data from texture memory and storing them in shared

memory.

e increasing the pixel count processed by each thread brings important
speedups. In this case, if neighboring windows overlap, optimized direct
data fetching from texture will likely outperform the shared memory
prefetching technique. This is the case for generic convolution kernels.

e coding such optimized data fetching is not straightforward. Conse-
quently, we are currently developing a kernel code generator that will

make our kernels more accessible by GPU users.

The presented kernels, optimized for a C2070 card, achieve up to 2138 MP/s
including data transfers, which comes close to the absolute maximum through-
put value allowed by the Fermi architecture. The next GPU generation (called
Kepler) may allow us not only to benefit from new dynamic parallelism ca-
pability to increase kernel paralelism level, but also to take advantage of an
increase in the register count allowed per thread block which would allow us,
for example, to extend our register-only median filter technique to larger mask

sizes.
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6.1 Software development for heterogeneous
architectures

Massively parallel processors, such as graphical processing units (GPUs),
have in recent years proven to be effective for a vast amount of scientific appli-
cations. Today, most desktop computers are equipped with one or more pow-
erful GPUs, offering heterogeneous high-performance computing to a broad
range of scientific researchers and software developers. Though GPUs are now
programmable and can be highly effective computing units, they still pose
challenges for software developers to fully utilize their efficiency. Sequential
legacy codes are not always easily parallelized, and the time spent on conver-
sion might not pay off in the end. This is particular true for heterogeneous
computers, where the architectural differences between the main and copro-
cessor can be so significant that they require completely different optimization
strategies. The cache hierarchy management of CPUs and GPUs are an ev-
ident example hereof. In the past, industrial companies were able to boost
application performance solely by upgrading their hardware systems, with an
overt balance between investment and performance speedup. Today, the pic-
ture is different; not only do they have to invest in new hardware, but they
also must account for the adaption and training of their software develop-
ers. What traditionally used to be a hardware problem, addressed by the chip
manufacturers, has now become a software problem for application developers.

Software libraries can be a tremendous help for developers as they make
it easier to implement an application, without requiring special knowledge
of the underlying computer architecture and hardware. A library may be re-
ferred to as opaque when it automatically utilizes the available resources,
without requiring specific details from the developer [1]. The ultimate goal
for a successful library is to simplify the process of writing new software and
thus to increase developer productivity. Since programmable heterogeneous
CPU/GPU systems are a rather new phenomenon, there is a limited number
of established software libraries that take full advantage of such heterogeneous
high performance systems, and there are no de facto design standards for such
systems either. Some existing libraries for conventional homogeneous systems
have already added support for offloading computationally intense operations
onto coprocessing GPUs. However, this approach comes at the cost of frequent
memory transfers across the low bandwidth PCle bus.

In this chapter, we focus on the use of a software library to help applica-
tion developers achieve their goals without spending an immense amount of
time on optimization details, while still offering close-to-optimal performance.
A good library provides performance-portable implementations with intuitive
interfaces, that hide the complexity of underlaying hardware optimizations.
Unfortunately, opaqueness sometimes comes at a price, as one does not neces-
sarily get the best performance when the architectural details are not wisible
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to the programmer [1]. If, however, the library is flexible enough and permits
developers to supply their own low-level implementations as well, this does not
need to be an issue. These are some of the considerations library developers
should take into account, and what we will try to address in this chapter.

For demonstrative purposes we present details from an in-house generic
CUDA-based C++ library for fast assembling of partial differential equation
(PDE) solvers, utilizing the computational resources of GPUs. This library has
been developed as part of research activities associated with the GPUlab, at
the Technical University of Denmark and, therefore, is referred to as the GPU-
lab library. It falls into the category of computational libraries, as categorized
by Hoefler and Snir [12]. Memory allocation and basic algebraic operations
are supported via object-oriented components, without the user having to
write CUDA specific kernels. As a back-end vector class, the parallel CUDA
Thrust template-based library is used, enabling easy memory allocation and
a high-level interface for vector manipulation [6]. Inspirations for good library
design, some of which we will present in this chapter, originate from guidelines
proposed throughout the literature [10,12,24]. An identification of desirable
properties, which any library should strive to achieve, is pointed out by Kor-
son and McGregor [16]. In particular we mention being easy-to-use, extensible,
and intuitive.

The library is designed to be effective and scalable for fast prototyping of
PDE solvers, (primarily) based on matrix-free implementations of finite dif-
ference (stencil) approximations on logically structured grids. It offers func-
tionalities that will help assemble PDE solvers that automatically exploit het-
erogeneous architectures much faster than manually having to manage GPU
memory allocation, memory transfers, kernel launching, etc.

In the following sections we demonstrate how software components that
play important roles in scientific applications can be designed to fit a simple
framework that will run efficiently on heterogeneous systems. One example is
finite difference approximations, commonly used to find numerical solutions
to differential equations. Matrix-free implementations minimize both memory
consumption and memory access, two important features for efficient GPU uti-
lization and for enabling the solution of large-scale problems. The bottleneck
problem for many PDE applications is to solve large sparse linear systems,
arising from the discretization. In order to help solve these systems, the library
includes a set of iterative solvers. All iterative solvers are template-based, such
that vector and matrix classes, along with their underlying implementations,
can be freely interchanged. New solvers can also be implemented without much
coding effort. The generic nature of the library, along with a predefined set
of interface rules, allows assembling components into PDE solvers. The use of
parameterized-type binding allows the user to assemble PDE solvers at a high
abstraction level, without having to change the remaining implementation.

Since this chapter is mostly dedicated to the discussion of software devel-
opment for high performance heterogeneous systems, the focus will be more
on the development and usage of an in-house GPU-based library, than on
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specific scientific applications. We demonstrate how to use the library on two
elementary model problems and refer the reader to Chapter 11 for a detailed
description of an advanced application tool for free surface water wave simula-
tions. These examples are assembled using the library components presented
in this chapter.

6.1.1 Test environments

Throughout the chapter we use three different test environments: two high-
end desktop computers located at the GPUlab—Technical University of Den-
mark, and a GPU cluster located at the Center for Computing and Visual-
ization, Brown University, USA. Hardware details for the two systems are as
follows:

Test environment 1. Desktop computer, Linux Ubuntu, Intel Xeon E5620
(2.4GHz) quad-core Westmere processor, 12GB of DDR-3 memory (1066
MHz), 2x NVIDIA GeForce GTX590 GPU with 3GB DDR5 memory,
PClIe 2.0.

Test environment 2. Desktop computer, Linux Ubuntu, Intel Core i7-3820
(3.60GHz) Sandy Bridge processors, 32GB RAM, 2x NVIDIA Tesla K20
GPUs with 5GB DDR5 memory, PCle 2.0.

Test environment 3. GPU cluster, Linux, up to 44 compute nodes based
on dual Intel Xeon E5540 (2.53GHz) quad-core Nehalem processors, 24
GB of DDR-3 memory (1333MHz), 2x NVIDIA Tesla M2050 GPUs with
3GB GDDRS5 memory, 40 Gb/s Quad-Data-Rate (QDR) InfiniBand in-
terconnect.

6.2 Heterogeneous library design for PDE solvers

A generic CUDA-based C++ library has been developed to ease the as-
sembling of PDE solvers. The template-based design allows users to assemble
solver parts easily and to supply their own implementation of problem specific
parts. In the following, we present an overview of the library and the sup-
ported features, introduce the concepts of the library components, and give
short code examples to ease understanding. The library is a starting point
for fast assembling of GPU-based PDE solvers, developed mainly to support
finite difference operations on regular grids. However, this is not a limitation,
since existing vector objects could be used as base classes for extending to
other discretization methods or grid types as well.
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6.2.1 Component and concept design

The library is grouped into component classes. Each component should
fulfill a set of simple interface and template rules, called concepts, in order to
guarantee compatibility with the rest of the library. In the context of PDE
solving, we present five component classes: vectors, matrices, iterative solvers
for linear system of equations, preconditioners for the iterative solvers, and
time integrators. Figure 6.1 lists the five components along with a subset of the
type definitions they should provide and the methods they should implement.
It is possible to extend the implementation of these components with more
functionality that relate to specific problems, but this is the minimum require-
ment for compatibility with the remaining library. With these concept rules
fulfilled, components can rely on other components to have their respective
functions implemented.

A component is implemented as a generic C++ class, and normally takes
as a template arguments the same types that it offers through type definitions:
a matrix takes a vector as template argument, and a vector takes the working
precision type. The matrix can then access the working precision through
the vector class. Components that rely on multiple template arguments can
combine these arguments via type binders to reduce the number of arguments
and maintain code simplicity. We will demonstrate use of such type binders
in the model problem examples. A thorough introduction to template-based
programming in C++ can be found in [27].

The generic configuration allows the developer to define and assemble
solver parts at the very beginning of the program using type definitions.
Changing PDE parts at a later time is then only a matter of changing type
definitions. We will give two model examples of how to assemble PDE solvers
in Section 6.3.

6.2.2 A matrix-free finite difference component

Common vector operations, such as memory allocation, element-wise as-
signments, and basic algebraic transformations, require many lines of codes
for a purely CUDA-based implementation. These CUDA-specific operations
and kernels are hidden from the user behind library implementations, to en-
sure a high abstraction level. The vector class inherits from the CUDA-based
Thrust library and therefore offer the same level of abstraction that enhances
developer productivity and enables performance portability. Creating and al-
locating device (GPU) memory for two vectors can be done in a simple and
intuitive way using the GPUlab library, as shown in Listing 6.1 where two
vectors are added together.
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Vector Matrix

typedef value_type; typedef vector_type;
typedef size_type;

void mult (vector_type,vector_type);
Vector (size_type);
Vector (Vector) ;

void axpy (value_type,Vector) ;

void axpby (value_type, Vector) ; Preconditioner
void copy (Vector) ;

value_type dot (Vector);

Vectorx duplicate(); typedef vector_type;

void fill (value_type) ; typedef matrix_type;

value_type nrmi () typedef monitor_type;

value_type nrm2 ()

void scal (vale_type);
(

size_type size();

7
7

Preconditioner (matrix_type
,monitor_type);
void operator () (vector_type
,vector_type)

EqgSolver

typedef vector_type; .
typedef matrix_type; Timelntegrator

typedef monitor_type;
typedef preconditioner_type;

template <typename rhs_type
, typename vector_type
, typename value_type>

EgSolver (matrix_type void operator () (rhs_type
,monitor_type); ,vector_type
void solve (vector_type,vector_type); ,value_type
void set_preconditioner ( ,value_type
preconditioner_type); ,value_type) ;

FIGURE 6.1. Schematic representation of the five main components, their
type definitions, and member functions. Because components are template
based, the argument types cannot be known beforehand. The concepts ensure
compliance among components.

Listing 6.1. allocating, initializing, and adding together two vectors on the
GPU: first example uses pure CUDA C; second example uses the built-in library
template-based vector class
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// Basic CUDA example

double xal, xbl;

cudaMalloc ((void*x)&al, Nxsizeof(double));

cudaMalloc ((void*#*)&bl, Nxsizeof(double));
cudaMemset (al, 2.0, N);

cudaMemset (b1, 3.0, N);

int blocksize = 128;

add<<<(N+blocksize —1)/blocksize , blocksize >>>(al, bl, N);

// gpulab example

gpulab :: vector<double, gpulab :: device_memory> a2(N, 2.0);
gpulab :: vector<double, gpulab :: device_memory> b2(N, 3.0);
a2.axpy (1.0, b2); // BLAS1: a2 = 1%b2 4+ a2

return 0;

The vector class (and derived classes hereof) is compliant with the rest of
the library components. Matrix-vector multiplications are usually what makes
PDE-based applications different from each other, and the need to write a user
specific implementation of the matrix-vector product is essential when solv-
ing specific PDE problems. The PDE and the choice of discretization method
determine the structure and sparsity of the resulting matrix. Spatial discretiza-
tion is supported by the library with finite difference approximations, and it
offers an efficient low-storage (matrix-free) flexible order implementation to
help developers tailor their custom codes. These matrix-free operators are fea-
sible for problems where the matrix structure is known in advance and can
be exploited, such that the matrix values can be either precomputed or com-
puted on the fly. Furthermore, the low constant memory requirement makes
them perfect in the context of solving large scale problems, whereas tradi-
tional sparse matrix formats require increasingly more memory, see e.g., [5]
for details on GPU sparse matrix formats.

Finite differences approximate the derivative of some function u(z) as a
weighted sum of neighboring elements. In compact notation we write

u(x;) &

Bt Z nU(ZTitn), (6.1)

n=—uo

where ¢ is the order of the derivative, ¢, is a set of finite difference coefficients,
and « plus 8 define the number of coefficients that are used for the approx-
imation. The total set of contributing elements is called the stencil, and the
size of the stencil is called the rank, given as a4+ 8+ 1. The stencil coefficients
¢, can be derived from a Taylor expansion based on the values of o and S,
and ¢, using the method of undetermined coefficients [17]. An example of a
three-point finite difference matrix that approximates the first (¢ = 1) or sec-
ond (¢ = 2) derivative of a one-dimensional uniformly distributed vector u of
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length 8 is given here:

) o ) [ @ 1
Coo Co1 Co2 0 0 0 0 0 () ?q)
Cio C11 Ci12 0 0 0 0 0 (75} U%q)
0 Ciop C11 Ci12 0 0 0 0 u9 Uy
0 0 Cip C11 Ci12 0 0 0 us ~ ugq) (6 2)
0 0 0 Cilo Ci11 C12 0 0 Uy Uflq) ’
0 0 0 0 coo c11 ci2 O Uus ugq)
0 0 0 0 0 cio c1 c2 Ug w9
0 0 0 O O C20 C21 C29 ur ?q)
- - N u
L 7

It is clear from this example that the matrix is sparse and that the same
coefficients are repeated for all centered rows. The coefficients differ only near
the boundaries, where off-centered stencils are used. It is natural to pack
this information into a stencil operator that stores only the unique set of
coefficients:

cC = Ciop €11 Ci12 . (63)

Matrix components precompute these compact stencil coefficients and pro-
vides member functions that computes the finite difference approximation of
input vectors. Unit scaled coefficients (assuming grid spacing is one) are com-
puted and stored to be accessible via both CPU and GPU memory. On the
GPU, the constant memory space is used for faster memory access [21]. In
order to apply a stencil on a nonunit-spaced grid, with grid space Az, the
scale factor 1/(Axz)? will have to be multiplied by the finite difference sum,
i.e., (coouo + corur + coaus)/(Ax)? ~ uéq) as in the first row of (6.2).

Setting up a two-dimensional grid of size N, X IV, in the unit square and
computing the first derivative hereof is illustrated in Listing 6.2. The grid is
a vector component, derived from the vector class. It is by default treated
as a device object and memory is automatically allocated on the device to
fit the grid size. The finite difference approximation as in (6.1), is performed
via a CUDA kernel behind the scenes during the calls to mult and diff_x,
utilizing the memory hierarchy as the CUDA guidelines prescribe [21, 22].
To increase developer productivity, kernel launch configurations have default
settings, based on CUDA guidelines, principles, and experiences from perfor-
mance testings, such that the user does not have to explicitly specify them.
For problem-specific finite difference approximations, where the built-in sten-
cil operators are insufficient, a pointer to the coefficient matrix (6.3) can be
accessed as demonstrated in Listing 6.2 and passed to customized kernels.
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Listing 6.2. two-dimensional finite difference stencil example: computing the
first derivative using five points (o = 8 = 2) per dimension, a total nine-point
stencil

In the following sections we demonstrate how to go from an initial value
problem (IVP) or a boundary value problem (BVP) to a working applica-
tion solver by combining existing library components along with new custom-
tailored components. We also demonstrate how to apply spatial and temporal
domain decomposition strategies that can make existing solvers take advan-
tage of systems equipped with multiple GPUs. Next section demonstrates how
to rapidly assemble a PDE solver using library components.

6.3 Model problems

We present two elementary PDE model problems, to demonstrate how to
assemble PDE solvers, using library components that follow the guidelines
described above. The first model problem is the unsteady parabolic heat con-
duction equation; the second model problem is the elliptic Poisson equation.
The two model problems consist of elements that play important roles in
solving a broad range of more advanced PDE problems.

We refer the reader to Chapter 11 for an example of a scientific application
relevant for coastal and maritime engineering analysis that has been assem-
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bled using customized library components similar to those presented in the
following.

6.3.1 Heat conduction equation

First, we consider a two-dimensional heat conduction problem defined on
a unit square. The heat conduction equation is a parabolic partial differen-
tial diffusion equation, including both spatial and temporal derivatives. It
describes how the diffusion of heat in a medium changes with time. Diffu-
sion equations are of great importance in many fields of sciences, e.g., fluid
dynamics, where the fluid motion is uniquely described by the Navier-Stokes
equations, which include a diffusive viscous term [7,9].

The heat problem is an IVP | it describes how the heat distribution evolves
from a specified initial state. Together with homogeneous Dirichlet boundary
conditions, the heat problem in the unit square is given as

i kV2u=0, (z,9) € Q0,1] x [0,1]), t>0, (6.4a)
u =0, (z,y) € 09, (6.4b)

where u(x,y,t) is the unknown heat distribution defined within the domain
€, t is the time, & is a heat conductivity constant (let x = 1), and V? is the
two-dimensional Laplace differential operator (0zz+0y,). We use the following
initial condition:

w(z, y,to) = sin(nwz) sin(ny), (z,y) € Q, (6.5)

because it has a known analytic solution over the entire time span, and it
satisfies the homogeneous boundary condition given by (6.4b). An illustrative
example of the numerical solution to the heat problem, using (6.5) as the
initial condition, is given in Figure 6.2.

1 1 1

= 0.5
0

1

1
‘ 0.5 0.5 0.5
y 00 N v 00 N v 00 N
(a) t =0.00s (b) t =0.05s (c) t=0.10s

FIGURE 6.2. Discrete solution, at times ¢t = 0s and ¢ = 0.05s, using (6.5) as
the initial condition and a small 20 x 20 numerical grid.

We use a Method of Lines (MoL) approach to solve (6.4). Thus, the spatial
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derivatives are replaced with finite difference approximations, leaving only the
temporal derivative as unknown. The spatial derivatives are approximated
from u", where u” represents the approximate solution to u(t,) at a given
time t,, with time step size 0t such that ¢,, = ndt for n = 0,1,... The finite
difference approximation can be interpreted as a matrix-vector product as
sketched in (6.2), and so the semi-discrete heat conduction problem becomes

% = Au, AcRVN - weRV, (6.6)
where A is the sparse finite difference matrix and N is the number of un-
knowns in the discrete system. The temporal derivative is now free to be
approximated by any suitable choice of a time-integration method. The most
simple integration scheme would be the first-order accurate explicit forward
Euler method,

un+1 —u” + 5t Aun, (67)

where n + 1 refers to the solution at the next time step. The forward Euler
method can be exchanged with alternative high-order accurate time integra-
tion methods, such as Runge-Kutta methods or linear multistep methods, if
numerical instability becomes an issue, see, e.g., [17] for details on numerical
stability analysis. For demonstrative purpose, we simply use conservative time
step sizes to avoid stability issues. However, the component-based library de-
sign provides exactly the flexibility for the application developer to select or
change PDE solver parts, such as the time integrator, with little coding ef-
fort. A generic implementation of the forward Euler method that satisfies the
library concept rules is illustrated in Listing 6.3. According to the component
guidelines in Figure 6.1, a time integrator is basically a functor, which means
that it implements the parenthesis operator, taking five template arguments:
a right hand side operator, the state vector, integration start time, integration
end time, and a time step size. The method takes as many time steps neces-
sary to integrate from the start to the end, continuously updating the state
vector according to (6.7). Notice, that nothing in Listing 6.3 indicates wether
GPUs are used or not. However, it is likely that the underlying implemen-
tation of the right hand side functor and the axpy vector function, do rely
on fast GPU kernels. However, it is not something that the developer of the
component has to account for. For this reason, the template-based approach,
along with simple interface concepts, make it easy to create new components
that will fit well into a generic library.

The basic numerical approach to solve the heat conduction problem has
now been outlined, and we are ready to assemble the PDE solver.
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Listing 6.3. generic implementation of explicit first-order forward Euler in-

tegration

struct forward-euler

template <typename F,

typename T,
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typename V>

void operator () (F fun, V& x, T t, T tend, T dt)

V rhs(x);
while(t < tend)

if (tend—t < dt)
dt = tend—t;

(#fun) (t, x, rhs);
x.axpy (dt,rhs);

// Initialize RHS vector

// Adjust dt for last time step

// Apply rhs function
// Update stage

t 4= dt; // Next time step
}
}

}

6.3.1.1 Assembling the heat conduction solver

Before we are able to numerically solve the discrete heat conduction prob-
lem (6.4), we need implementations to handle the the following items:

Grid — A discrete numerical grid to represent the two-dimensional heat dis-
tribution domain and the arithmetical working precision (32-bit single-
precision or 64-bit double-precision).

RHS - A right-hand side operator for (6.6) that approximates the second-
order spatial derivatives (matrix-vector product).

Boundary conditions — A strategy that ensures that the Dirichlet condi-
tions are satisfied on the boundary.

Time integrator — A time integration scheme, that approximates the time
derivative from (6.6).

All items are either directly available in the library or can be designed from
components herein. The built-in stencil operator may assist in implementing
the matrix-vector product, but we need to explicitly ensure that the Dirich-
let boundary conditions are satisfied. We demonstrated in Listing 6.2 how
to approximate the derivative using flexible order finite difference stencils.
However, from (6.4b) we know that boundary values are zero. Therefore, we
extend the stencil operator with a simple kernel call that assigns zero to the
entire boundary. Listing 6.4 shows the code for the two-dimensional Laplace
right-hand side operator. The constructor takes as an argument the stencil
half size o and assumes o = 3. Thus, the total two-dimensional stencil rank
will be 4a + 1. For simplicity we also assume that the grid is uniformly dis-
tributed, N, = N,. Performance optimizations for the stencil kernel, such
as shared memory utilization, are handled in the underlying implementation,
accordingly to CUDA guidelines [21,22]. The macros, BLOCK1D and GRID1D,
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are used to help set up kernel configurations based on grid sizes and RAW_PTR
is used to cast the vector object to a valid device memory pointer.

Listing 6.4. the right-hand side Laplace operator: the built-in stencil approx-
imates the two-dimensional spatial derivatives, while the custom set_dirichlet_bc
kernel takes care of satisfying boundary conditions

With the right-hand side operator in place, we are ready to implement the
solver. For this simple PDE problem we compute all necessary initial data
in the body of the main function and use the forward Euler time integrator
to compute the solution until ¢ = t.,4. For more advanced solvers, a built-in
ode_solver class is defined that helps take care of initialization and storage
of multiple state variables. Declaring type definitions for all components at
the beginning of the main file gives a good overview of the solver composition.
In this way, it will be easy to control or change solver components at later
times. Listing 6.5 lists the type definitions that are used to assemble the heat
conduction solver.

Listing 6.5. type definitions for all the heat conduction solver components
used throughout the remaining code
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The grid is by default treated as a device object, and memory is allocated
on the GPU upon initialization of the grid. Setting up the grid can be done
via the property type class. The property class holds information about the
discrete and physical dimensions, along with fictitious ghost (halo) layers and
periodicity conditions. For the heat conduction problem we use a nonperiodic
domain of size N x N within the unit square with no ghost layers. Listing 6.6
illustrates the grid assembly.

Listing 6.6. creating a two-dimensional grid of size N times N and physical
dimension 0 to 1

// Setup discrete and physical dimensions
gpulab :: grid_dim<int> dim (N,N,1) ;
gpulab :: grid_dim<value_type> p0(0,0) ;
gpulab :: grid_dim<value_type> pl(1,1);

5| property_-type props (dim,p0,pl);

// Initialize vector
vector_type u(props) ;

Hereafter the vector u can be initialized accordingly to (6.5). Finally we need
to instantiate the right-hand side Laplacian operator from Listing 6.4 and the
forward Euler time integrator in order to integrate from to until tepq-

Listing 6.7. creating a time integrator and the right-hand side Laplacian
operator

rhs_type rhs(alpha); // Create right—hand side operator
time_integrator_type solver; // Create time integrator
solver (&rhs ,u,0.0f,tend,dt); // Integrate from 0 to tend using dt

The last line invokes the forward Euler time integration scheme defined in
Listing 6.5. If the developer decides to change the integrator into another
explicit scheme, only the time integrator type definition in Listing 6.5 needs
to be changed. The heat conduction solver is now complete.

6.3.1.2 Numerical solutions to the heat conduction problem

Solution time for the heat conduction problem is in itself not very interest-
ing, as it is only a simple model problem. What is interesting for GPU kernels,
such as the finite differences kernel, is that increased computational work often
comes with a very small price, because the fast computations can be hidden
by the relatively slower memory fetches. Therefore, we are able to improve the
accuracy of the numerical solution via more accurate finite differences (larger
stencil sizes), while improving the computational performance in terms of
floating point operations per second (flops). Figure 6.3 confirms, that larger
stencils improve the kernel performance. Notice that even though these per-
formance results are favorable compared to single core systems (~ 10 GFlops
double-precision on a 2.5-GHz processor), they are still far from their peak
performance, e.g., ~ 2.4 TFlops single-precision for the GeForce GTX590.
The reason is that the kernel is bandwidth bound, i.e., performance is limited
by the time it takes to move memory between the global GPU memory and
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the chip. The Tesla K20 performs better than the GeForce GTX590 because
it obtains the highest bandwidth. Being bandwidth bound is a general lim-
itation for matrix-vector-like operations that arise from the discretization of
PDE problems. Only matrix-matrix multiplications, which have a high ratio
of computations versus memory transactions, are able to reach near-optimal
performance results [15]. These kinds of operators are, however, rarely used
to solve PDE problems.
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(a) GeForce GTX590, test environment 1. (b) Tesla K20c, test environment 2.

FIGURE 6.3. Single- and double-precision floating point operations per sec-
ond for a two-dimensional stencil operator on a numerical grid of size 40962.
Various stencil sizes are used a = 1,2, 3,4, equivalent to 5pt, 9pt, 13pt, and
17pt stencils.

6.3.2 Poisson equation

The Poisson equation is a second-order elliptic differential equation, often
encountered in applications within scientific fields such as electrostatics and
mechanics. We consider the two-dimensional BVP defined in terms of Poisson’s
equation with homogeneous Dirichlet boundary conditions on the form

Viu=f(z,y), (z,9)€Q([0,1] x[0,1]), (

6.8a)
u=0, (x,y) € 0. (6.

8
8b)
Notice the similarities to the heat conduction equation (6.4). In fact, (6.8)
could be a steady-state solution to the heat equation, when there is no tem-
poral change % = 0, but a source term f(z,y). Since the Laplace operator
and the boundary conditions are the same for both problems, we are able to
reuse the same implementation with few modifications.

Opposite to the heat equation, there are no initial conditions. Instead,

we seek some u(z,y) that satisfies (6.8), given a source term f(z,y), on the
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right-hand side. For simplicity, assume that we know the exact solution, t¢yye,
corresponding to (6.5). Then we use the method of manufactured solutions to
derive an expression for the corresponding right-hand side f(z,y):

f(z,y) = Ve = —272 sin(mz) sin(my). (6.9)

The spatial derivative in (6.8) is again approximated with finite differences,
similar to the example in (6.2), except boundary values are explicitly set to
zero. The discrete form of the system can now be written as a sparse linear
system of equations:

Au = f, u,feRY, AeRV*N, (6.10)

where A is the sparse matrix formed by finite difference coefficients, N is the
number of unknowns, and f is given by (6.9). Equation (6.10) can be solved
in numerous ways, but a few observations may help do it more efficiently.
Direct solvers based on Gaussian elimination are accurate and use a finite
number of operations for a constant problem size. However, the arithmetic
complexity grows with the problem size by as much as O(N3) and does not
exploit the sparsity of A. Direct solvers are therefore mostly feasible for dense
systems of limited sizes. Sparse direct solvers exist, but they are often difficult
to parallelize, or applicable for only certain types of matrices. Regardless of
the discretization technique, the discretization of an elliptic PDE into a linear
system as in (6.10) yields a very sparse matrix A when N is large. Tterative
methods for solving large sparse linear systems find broad use in scientific ap-
plications, because they require only an implementation of the matrix-vector
product, and they often use a limited amount of additional memory. Compre-
hensive introductions to iterative methods may be found in any of [4,13,23].

One benefit of the high abstraction level and the template-based library
design is to allow developers to implement their own components, such as iter-
ative methods for solving sparse linear systems. The library includes three pop-
ular iterative methods: conjugate gradient, defect correction, and geometric
multigrid. The conjugate gradient method is applicable only to systems with
symmetric positive definite matrices. This is true for the two-dimensional Pois-
son problem, when it is discretized with a five-point finite difference stencil,
because then there will be no off-centered approximations near the boundary.
For high-order approximations (o > 1), we use the defect correction method
with multigrid preconditioning. See e.g., [26] for details on multigrid methods.

We will not present the implementation details for all three methods but
briefly demonstrate the simplicity of implementing the body of such an itera-
tive solver, given a textbook recipe or mathematical formulation. The defect
correction method iteratively improves the solution to Ax = b, given an ini-
tial start guess x°, by continuously solving a preconditioned error equation.
The defect correction iteration can be written as

P =xF 4 M7 b - AXF), AMeRYYN x beRV, (6.11)
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where k is the iteration number and M is the preconditioner which should
be an approximation to the original coefficient matrix A. To achieve fast nu-
merical convergence, applying the preconditioner should be a computationally
inexpensive operation compared to solving the original system. How to im-
plement (6.11) within the library context is illustrated in Listing 6.8. The
host CPU traverses each line in Listing 6.8 and tests for convergence, while
the computationally expensive matrix-vector operation and preconditioning,
can be executed on the GPU, if GPU-based components are used. The de-
fect correction method has two attractive properties. First, global reduction
is required to monitor convergence only once per iteration during convergence
evaluation, which reduces communication requirements and provides a ba-
sis for efficient and scalable parallelization. Second, it has a minimal constant
memory footprint, making it a suitable method for solving very large systems.

Listing 6.8. main loop for the iterative defect correction solver: the solver

is instantiated with template argument types for the matrix and vector classes,
allowing underlying implementations to be based on GPU kernels

while(r.nrm2() > tol)

// Calculate residual
A.mult(x,r);
r.axpby (1, —1, b);

// Reset initial guess
d.fill (0);

// Solve Mkd=r
M(d,r);

// Defect correction update
x.axpy (1, d);

In the following section we demonstrate how to assemble a solver for the
discrete Poisson problem, using one of the three iterative methods to efficiently
solve (6.10).

6.3.2.1 Assembling the Poisson solver

Assembling the Poisson solver follows almost the same procedure as the
heat conduction solver, except the time integration part is exchanged with an
iterative method to solve the system of linear equations (6.10). For the discrete
matrix-vector product we reuse the Laplace operator from the heat conduction
problem in Listing 6.4 with few modifications. The Laplace operator is now
a matrix component, so to be compatible with the component interface rules
in Figure 6.1, a mult function taking two vector arguments is implemented
instead of the parentheses operator. We leave out this code example as it
almost identical to the one in Listing 6.4.

At the beginning of the solver implementation we list the type definitions
for the Poisson solver that will be used throughout the implementation. Here
we use a geometric multigrid method as a preconditioner for the defect cor-
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rection method. Therefore the multigrid solver is assembled first, so that it
can be used in the assembling of the defect correction solver. Listing 6.9 de-
fines the types for the vector, the matrix, the multigrid preconditioner, and
the defect correction solver. The geometric multigrid method needs two addi-
tional template arguments that are specific for multigrid, namely, a smoother
and a grid restriction/interpolation operator. These arguments are free to be
implemented and supplied by the developer if special care is required, e.g.,
for a custom grid structure. For the Poisson problem on a regular grid, the
library contains built-in restriction and interpolation operators, and a red-
black Gauss-Seidel smoother. We refer the reader to [26] for extensive details
on multigrid methods. The monitor and config types that appear in Listing 6.9
are used for convergence monitoring within the iterative solver and to control
runtime parameters, such as tolerances and iteration limits.

Listing 6.9. type definitions for the Laplacian matrix component and the
multigrid preconditioned iterative defect correction solver

With the type definitions set up, the implementation for the Poisson solver
follows in Listing 6.10. Some of the initializations are left out, as they follow
the same procedure as for the heat conduction example. The defect correction
and geometric multigrid solvers are initialized and then multigrid is set as a
preconditioner to the defect correction method. Finally the system is solved
via a call to solve ().
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Listing 6.10. initializing the preconditioned defect correction solver to ap-

proximate the solution to Au =f

High—order matrix
Low—order matrix

matrix-type A(alpha);
matrix_type M(1);

~N.
N~

/* Omitted: create and init vectors u, f %/

config_type config; // Create configuration
config.set ("iter" ,30); // Set max iteration count
config.set ("rtol" ,1e—10); // Set relative tolerance
monitor_type monitor(config); // Create monitor
dc_solver_type solver (A, monitor); // Create DC solver
mg_solver_type precond (M, monitor); // Create MG preconditioner
solver.set_preconditioner (precond); // Set preconditioner
solver .solve (u,f); // Solve M'—1(Au = f)

if (monitor.converged ())
printf ("SUCCESS\n") ;

6.3.2.2 Numerical solutions to the Poisson problem

The discrete Poisson problem (6.10) has been solved using the three itera-
tive methods presented above. Convergence histories for the conjugate gradi-
ent method and geometric multigrid method, using two different resolutions,
are illustrated in Figure 6.4(a). Multigrid methods are very robust and algo-
rithmic efficient, independent of the problem size. Figure 6.4(a) confirms that
the rate of convergence for the multigrid method is unchanged for both prob-
lem sizes. Only the attainable accuracy is slightly worsened, as a consequence
of a more ill-conditioned system for large problem sizes.

Defect correction in combination with multigrid preconditioning enables
efficient solution of high-order approximations of the Poisson problem, illus-
trated in Figure 6.4(b). The multigrid preconditioning matrix M is based on a
low-order approximation to (6.10), whereas matrix A is a high-order approx-
imation. When M is a close approximation to A, defect correction converges
most rapidly. This is the effect that can be seen between the three convergence
lines in Figure 6.4(b).

6.4 Optimization strategies for multi-GPU systems

CUDA-enabled GPUs are optimized for high memory bandwidth and fast
on-chip performance. However, the role as a separate coprocessor to the CPU
can be a limiting factor for large scale scientific applications, because the
GPU memory capacity is fixed and is only in the range of a few gigabytes. In
comparison, it is not unusual for a high-end workstation to be equipped with
~ 32GB of main memory, plus a terabyte hard disk capacity for secondary
storage. Therefore, large scale scientific applications that process gigabytes of
data, require distributed computations on multiple GPU devices. Multi-GPU
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FIGURE 6.4. Algorithmic performance for the conjugate gradient, multigrid,
and defect correction methods, measured in terms of the relative residual per
iteration.

desktop computers and clusters can have a very attractive peak performance,
but the addition of multiple devices introduces the potential performance
bottleneck of slow data transfers across PCle busses and network intercon-
nections, as illustrated in Figure 6.5. The ratio between data transfers and
computational work has a significant impact on the possibility for latency
hiding and thereby overall application performance.

(" Device memory e kerucl

kernel

PCle
GPUDirect

FIGURE 6.5. Message passing between two GPUs involves several memory
transfers across lower bandwidth connections. The kernel call is required if the
data is not already sequentially stored in device memory. Recent generations of
NVIDIA GPUs, CUDA, and MPI support direct transfers without explicitely
transfering data to the host first.

Developing applications that exploit the full computational capabilities of
modern clusters—GPU-based or not—is no trivial matter. Developers are faced
with the complexity of distributing and coordinating computations on nodes
consisting of many-core CPUs, GPUs, and potentially other types of acceler-
ators as well. These complexities give rise to challenges in finding numerical
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algorithms, that are well suited for such systems, forcing developers to search
for novel methods that utilize concurrency.

To ease software development, we use MPI-2 for message passing and en-
sure a safe and private communication space by creation of a communicator
private to the library during initialization, as recommended by Hoefler and
Snir [12]. With the addition of remote direct memory access (RDMA) for
GPUDirect it is possible to make direct memory transfers between recent gen-
eration of GPUs (Kepler), eliminating CPU overhead. Unfortunately there are
some strict system and driver requirements to enable these features. Therefore,
in the following examples, device memory is first transferred to the CPU main
memory before invoking any MPI calls. The library provides device-to-device
transfers via template-based routines that work directly with GPU vector ob-
jects. This hides the complexity of message passing from the developer and
helps developers design new components for multi-GPU execution.

In the following sections we present two very different methods for dis-
tributed computing based on spatial and temporal decomposition. Each
method has its own characteristic, which makes the method attractive for
various types of PDE problems and for different problem sizes.

6.4.1 Spatial domain decomposition

Domain decomposition methods can be used for distributing computa-
tional work in the numerical solution of boundary value problems [25]. These
methods add parallelism by splitting the spatial dimensions, on which the
boundary values are defined, into a number of smaller boundary value prob-
lems and then coordinating the solution between adjacent subdomains. Do-
main decomposition techniques, such as the classical overlapping Schwarz
methods, may be considered as preconditioners to the system of equations
that arise from the discretization of PDEs, e.g., as for the Poisson problem
in (6.10). The algorithmic efficiency of such methods depends on the size of
the domain overlaps, while an additional coarse grid correction method is
sometimes necessary to maintain fast global convergence.

An alternative to the preconditioning strategy is to have each subdomain
query information from adjacent subdomains whenever needed. For PDEs that
are discretized onto regular shaped grids, this can be an attractive strategy,
as the decomposition of subdomains, and thereby the communication topol-
ogy, is straightforward. The library supports decomposition of regular grids
by either pre- or user-defined topologies. A topology in this context, is a de-
scription of connectivity between processors that share the same grid along
with information about the local and global discretization. Layers of ghost
points are inserted at the artificially introduced boundaries to account for
grid points that reside in adjacent subdomains. The ghost point values can be
updated upon request from the user. An illustrative example is given in Figure
6.6; the arrows indicate message passing between adjacent subdomains, when
updating grid points within the ghost layers.
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FIGURE 6.6. Domain distribution of a two-dimensional grid into three sub-
domains. ® and ® represent internal grid points and ghost points, respectively.

Topologies are introduced via an extra template argument to the grid class.
A grid is by default not decomposed, because the default template argument
is based on a nondistribution topology implementation. The grid class is ex-
tended with a new member function update (), which makes sure that all
ghost points are updated according to the grid topology. The library contains
topologies based on one-dimensional and two-dimensional distributions of the
grid. The number of grid subdomains will be equal to the number of MPI
processes executing the program.

If grid ghost layers are updated whenever information from adjacent sub-
domains is needed, e.g., before a stencil operation, all interior points will be
exactly the same as they would be for the nondistributed setup. Therefore,
one advantage of this approach is that the algorithmic efficiency of an appli-
cation can be preserved, if grid updates are consistently invoked at the proper
times.

Distributed performance for the finite difference stencil operation is il-
lustrated in Figure 6.7. The timings include the compute time for the finite
difference approximation and the time for updating ghost layers via message
passing. It is obvious from Figure 6.7(a) that communication overhead domi-
nates for the smallest problem sizes, where the nondistributed grid (1 GPU) is
fastest. However, communication overhead does not grow as rapidly as com-
putation times, due to the surface-to-volume ratio. Therefore message pass-
ing becomes less influential for large problems, where reasonable performance
speedups are obtained. Figure 6.7(b) demonstrates how the computational
performance on multi-GPU systems can be significantly improved for various
stencil sizes. With this simple domain decomposition technique, developers
are able to implement applications based on heterogeneous distributed com-
puting, without explicitly dealing with message passing and it is still possible
to provide user specific implementations of the topology class for customized
grid updates.
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FIGURE 6.7. Performance timings for distributed stencil operations, including
communication and computation times. Executed on test environment 3.

6.4.2 Parareal—parallel time integration

The use of spatial domain decomposition methods is widespread, as they
have proven to be efficient on a wide range of problems. Unfortunately, appli-
cations that are concerned with limited numerical problem sizes can rapidly
reach a speedup limit for a low number of processors due to scalability degra-
dation when the number of processors becomes large, as this leads to an
increasingly unfavourable communication-to-compute ratio. This issue is con-
tinuously worsened by the fact that communication speed has been increasing
at a far slower pace than compute speed for the past several years, and this
trend is expected to continue for years to come. It is often referred to as
the memory wall [1], one of the grand challenges facing development and ar-
chitectural design of future high-performance systems [8,14]. Also, there are
applications based on ordinary differential equations, where classical domain
decomposition methods are not even applicable [19]. For these type of appli-
cations, a method of adding parallelism in the temporal integration is of great
interest. Contrary to space however, time is—by its very nature—sequential,
which precludes a straightforward implementation of a parallel approach.

One method that introduces concurrency to the solution of evolution prob-
lems is the parareal algorithm. Parareal is an iterative method imposed on a
time decomposition. Gander and Vandewalle showed in [11] that the algo-
rithm can be written both as a multiple shooting method and as a two-level
multigrid-in-time approach, even though the leading idea came from spatial
domain decomposition. The method has many exciting features: it is fault



96 Designing Scientific Applications on GPUs

tolerant and has different communication characteristics than those of the
classical domain decomposition methods. It has also been demonstrated to
work effectively on a wide range of problems, and most importantly, once the
proper distribution infrastructure is in place, it can easily be wrapped around
any type of numerical integrator, for any type of initial value problem.

6.4.2.1 The parareal algorithm

The parareal algorithm was first presented in 2001, in a paper by Lions
et al. [18], and later introduced in a slightly revised predictor-corrector form
in 2002 by Baffico et al. [3]. The parareal-in-time approach proposes to break
the global problem of time evolution into a series of independent evolution
problems on smaller intervals, see Figure 6.8. Initial states for these problems

a a
g g
g g
g g
a a
) )

FIGURE 6.8. Time domain decomposition. A compute node is assigned to
each individual time subdomain to compute the initial value problem. Consis-
tency at the time subdomain boundaries is obtained with the application of
a computationally cheap integrator in conjunction with the parareal iterative
predictor-corrector algorithm.

are needed and supplied by a simple, less accurate, but computationally cheap
sequential integrator. The smaller independent evolution problems can then
be solved in parallel. The information, generated during the concurrent so-
lution of the independent evolution problems with accurate propagators and
inaccurate initial states, is used in a predictor-corrector fashion in conjunction
with the coarse integrator to propagate the solution faster, now using the in-
formation generated in parallel. We define the decomposition into N intervals,
that is,

To<Ty <--- <T7L=TLAT<T”+1 < T, (612)
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where AT is the size of the time intervals and n = 0,1,..., N. The general
initial value problem on the decomposed time domain is defined as

% + Au =0, uw(Ty) =u°, t€ [Ty, Tn], (6.13)
where A is an operator from one Hilbert space to another. To solve the differ-
ential problem (6.13) we define an operator Far that operates on some initial
state U, =~ u(T,) and returns an approximate solution to (6.13), at time
T, + AT. Such an operator is achieved by the implementation of a numeri-
cal time integrator, using some small time-step 6t < AT in the integration.
The numerical solution to (6.13) can then be obtained by applying the fine
propagator sequentially for n =1,2,..., N.

Un = Far (T,H, Un,l) . U=l (6.14)

For the purpose of parallel acceleration of the otherwise purely sequential
process of obtaining FA;u® ~ u(Ty), we define the coarse propagator Gar.
Gar also operates on some initial state U,,, propagating the solution over the
time interval AT, but now using a time step 7. Typically dt < 6T < AT.
For the parareal algorithm to be effective, the coarse propagator Gar has to
be substantially faster to evaluate than the fine propagator Far. There are
many ways of constructing the coarse propagator, the simplest one being to
apply the same numerical integrator as for the fine propagator, but using a
coarser time discretization. We refer the reader to [20] for an introduction to
other methods. The coarse operator reads

U, = Gar (Tn,l, Un,l) U= (6.15)

Using the defined Far and Gar operators, the predictor-corrector form of the
parareal algorithm can be written in a single line as

Up™t = Gar (Ufff%) + Far (U,’f_l) —Gar (Ujj_l) . Ub=4d° (6.16)

with the initial prediction U} = GRru® forn =1...Nand k=1...K. N
being the number of time subdomains, while K > 1 is the number of predictor-
corrector iterations applied. The parareal algorithm is implemented in the li-
brary as a separate time-integration component, using a fully distributed work
scheduling model, as proposed by Aubanel [2]. The model is schematically pre-
sented in Figure 6.9. The parareal component hides all communication and
work distribution from the application developer. It is defined such that a user
only has to decide what coarse and fine propagators to use. Setting up the
type definitions for parareal time-integration using forward Euler for coarse
propagation and fourth order Runge-Kutta for fine propagation could then
be defined as in Listing 6.11. The number of GPUs used for parallelization
depends on the number of MPI processes executing the application.
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Listing 6.11. assembling a parareal time integrator using forward Euler for
coarse propagation and a Runge-Kutta method for fine propagation

typedef gpulab::integration :: forward_euler coarse ;
typedef gpulab::integration :: ERK4 fine;
typedef gpulab::integration :: parareal<coarse ,fine> integrator;
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FIGURE 6.9. Schematic visualization of a fully distributed work scheduling
model for the parareal algorithm as proposed by Aubanel [2]. Each GPU
is responsible for computing the solution on a single time subdomain. The
computation is initiated at rank 0 and cascades through to rank N where the
final solution can be fetched.

6.4.2.2 Computational complexity

In the analysis of the computational complexity, we first recognize that
both the coarse and the fine propagators, regardless of the type of discretiza-
tion scheme, involve a complexity that is proportional to the number of time
steps being used. Let us define two scalar values Cx and Cg as the computa-
tional cost of performing a single step with the fine and coarse propagators.
The computational complexity of a propagator integrating over an interval
AT is then given by C ;% and Cg%, respectively. R is introduced as the
relation between the two; that is, R is a measure of how much faster the coarse
propagator is compared to the fine propagator in integrating the time inter-
val AT. The total computational cost for parareal over N intervals is then
proportional to

AT AT
(k+1)NCg 5T + kNCr 50 (6.17)
Recognizing that the second term can be distributed over N processors, we
are left with
AT AT
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The above should be compared to the computational complexity of a purely
sequential propagation, using only the fine operator,

Tn —Tp AT

S = N—Cr. (6.19)

We can now estimate the speedup, here denoted v, as the ratio between the
computational complexity of the purely sequential solution, and the complex-
ity of the solution obtained by the parareal algorithm (6.18). Neglecting the
influence of communication speed and correction time, we are left with the
estimate

v = NS Cr - N (6.20)
(k+ 1) NCGAZ 4 kCrAT ~ (k+ )N NgEd +k

If we additionally assume that the time spent on coarse propagation is neg-
ligible compared to the time spent on the fine propagation, i.e., the limit
gg f} — 0, the estimate reduces to ¥ = £-. It is thus clear that the number
of iterations k for the algorithm to converge poses an upper bound on ob-
tainable parallel efficiency. The number of iterations needed for convergence
is intimately coupled with the ratio R between the speed of the fine and the
coarse integrators %E ‘g Using a slow, but more accurate coarse integrator
will lead to convergence in fewer iterations k, but at the same time it also
makes R smaller. Ultimately, this will degrade the obtained speedup as can
be deduced from (6.20), and by Amdahl’s law it will also lower the upper
bound on possible attainable speedup. Thus, R cannot be made arbitrarily
large since the ratio is inversely proportional to the number of iterations k
needed for convergence. This poses a challenge in obtaining speedup and is a
trade-off between time spent on the fundamentally sequential part of the algo-
rithm and the number of iterations needed for convergence. It is particularly
important to consider this trade-off in the choice of stopping strategy; a more
thorough discussion on this topic is available in [20] for the interested reader.
Measurements on parallel efficiency are typically observed in the literature to
be in the range of 20-50%, depending on the problem and the number of time
subdomains, which is also confirmed by our measurements using GPUs. Here
we include a demonstration of the obtained speedup of parareal applied to the
two-dimensional heat problem (6.4). In Figure 6.10 the iterations needed for
convergence using the forward Euler method for both fine and coarse integra-
tion are presented. R is regulated by changing the time step size for the coarse
integrator. In Figure 6.11 speedup and parallel efficiency measurements are
presented. Notice, when using many GPUs it is advantageous to use a faster,
less accurate coarse propagator, despite it requires an extra parareal iteration
that increases the total computational complexity.
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FIGURE 6.10. Parareal convergence properties as a function of R and number
of GPUs used. The error is measured as the relative difference between the
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FIGURE 6.11. Parareal performance properties as a function of R and number
GPUs used. Notice how the obtained performance depends greatly on the
choice of R as a function of the number of GPUs. Executed on test environment

3.

6.5 Conclusion and outlook

Massively parallel heterogeneous systems continue to enter the consumer
market, and there has been no identification that this trend will stop for years
to come. However, these parallel architectures require software vendors to ad-
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just to new programming models and optimization strategies. Good software
libraries are important tools for reducing the time and complexity of adjusting
to new architectures, and they provide the user with an intuitive programming
interface.

We have presented ideas for a generic GPU-based library for fast assem-
bling of PDE solvers. A high-level interface and simple implementation con-
cepts were created with the objective of enhancing developer productivity and
to ensure performance portability. Two elementary PDE model problems were
used to demonstrate assembling of both spatial and temporal approximation
techniques. Results confirmed that numerical methods for solution of PDE
systems are bandwidth limited on GPU systems. Therefore higher-order meth-
ods can be advantageous, when extra computational work can be performed
during memory transfer idle times, leading to increased flop performance.

Decomposition strategies for spatial and temporal parallelization on multi-
GPU systems have been presented, with reasonable performance speedups.
Novel results for the parareal algorithm on multi-GPU systems have been pre-
sented, and an example of parallel efficiency for the heat conduction problem
has been demonstrated. Furthermore, a domain decomposition technique that
preserves algorithmic efficiency has been presented for the Poisson problem.

The library has already successfully been used for development of a fast
tool intended for scientific applications within maritime engineering; see Chap-
ter 11 for details. We intend to further extend the library, as we explore new
techniques, suitable for parallelization on heterogeneous systems, that fit the
scope of our applications.

For more information about the library and our work within the GPUlab
group at the Technical University of Denmark, we encourage you to visit
http://gpulab.imm.dtu.dk
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7.1 Introduction

This chapter proposes to draw upon several development methodologies to
obtain efficient codes in classical scientific applications. Those methodologies
are based on the feedback from several research works involving GPUs, either
in a single machine or in a cluster of machines. Indeed, our past collaborations
with industries have allowed us to point out that in their economical context,
they can adopt a parallel technology only if its implementation and main-
tenance costs are small compared with the potential benefits (performance,
accuracy, etc.). So, in such contexts, GPU programming is still regarded with
some distance due to its specific field of applicability (SIMD/SIMT model:
Single Instruction Multiple Data/Thread) and its still higher programming
complexity and maintenance. In the academic domain, things are a bit differ-
ent, but studies for efficiently integrating GPU computations in multicore clus-
ters with maximal overlapping of computations with communications and/or
other computations are still rare.

For these reasons, the major aim of that chapter is to propose general
programming patterns, as simple as possible, that can be followed or adapted
in practical implementations of parallel scientific applications. In addition, we
propose a prospect analysis together with a particular programming tool that
is intended to ease multicore GPU cluster programming.

7.2 General scheme of synchronous code with computa-
tion/communication overlapping in GPU clusters

7.2.1 Synchronous parallel algorithms on GPU clusters
Considered parallel algorithms and implementations

This section focuses on synchronous parallel algorithms implemented with
overlapping computations and communications. Parallel synchronous algo-
rithms are easier to implement, debug, and maintain than asynchronous ones
(see Section 7.3). Usually, they follow a BSP-like parallel scheme (Bulk Syn-
chronous Parallel model), alternating local computation steps and commu-
nication steps (see [19]). Their execution is usually deterministic, except for
stochastic algorithms that contain random number generations. Even in this
case, their execution can be controlled during debug steps, allowing the user
to track and to fix bugs quickly.
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However, depending on the properties of the algorithm, it is sometimes
possible to overlap computations and communications. If processes exchange
data that is not needed for the computation immediately following, it is pos-
sible to implement such an overlap. We have investigated the efficiency of this
approach in previous works [14,20], using standard parallel programming tools
to achieve the implementation.

The normalized and well-known Message Passing Interface (MPI) includes
some asynchronous point-to-point communication routines, that should allow
the implementation of some communication/computation overlap. However,
current MPI implementations do not achieve this goal efficiently; effective
overlapping with MPI requires a group of dedicated threads (in our case im-
plemented with OpenMP) for the basic synchronous communications while
another group of threads executes computations in parallel. Nevertheless,
communication and computation are not completely independent on mod-
ern multicore architectures: they use shared hardware components such as
the interconnection bus and the RAM. Therefore, this approach saves only
up to 20% of the expected time on such a platform. This picture changes on
clusters equipped with GPUs. Indeed, GPUs effectively allow independence
of computations they perform and communications done on the mainboard
(CPU, interconnection bus, RAM, network card). We save up to 100% of the
expected time on our GPU cluster, as we will expose in the next section.

Specific interests in GPU clusters

In a computing node, a GPU is a kind of scientific coprocessor, usually
located on an auxiliary board, with its own memory. So, once data are trans-
ferred from the CPU memory to the GPU memory, GPU computations can
be achieved on the GPU board, totally in parallel with any CPU activities
(such as internode cluster communications). The CPU and the GPU access
their respective memories and do not interfere with each other, so they can
achieve a very good overlap of their activities (better than two CPU cores).

But using a GPU on a computing node requires the transfer of data from
the CPU to the GPU memory, as well as the transfer of the computation
results back from the GPU to the CPU. Transfer times are not excessive, but
depending on the application they still can be significant compared to the
GPU computation times. So, sometimes it can be interesting to overlap the
internode cluster communications with both the CPU/GPU data transfers
and the GPU computations. We can identify four main parallel programming
schemes on a GPU cluster:

1. parallelizing only internode CPU communications with GPU compu-
tations, and achieving CPU/GPU data transfers before and after this
parallel step,

2. parallelizing internode CPU communications with a (sequential) se-
quence of CPU/GPU data transfers and GPU computations,
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FIGURE 7.1. Native overlap of internode CPU communications with GPU
computations.

3. parallelizing internode CPU communications with a streamed sequence
of CPU/GPU data transfers and GPU computations,

4. parallelizing internode CPU communications with CPU/GPU data
transfers and with GPU computations, interleaving computation-
communication iterations.

7.2.2 Native overlap of CPU communications and GPU com-
putations

Using CUDA, GPU kernel executions are nonblocking, and GPU/CPU
data transfers are blocking or nonblocking operations. All GPU kernel exe-
cutions and CPU/GPU data transfers are associated to “streams”, and all
operations on a same stream are serialized. When transferring data from the
CPU to the GPU, then running GPU computations, and finally transferring
results from the GPU to the CPU, there is a natural synchronization and
serialization if these operations are achieved on the same stream. GPU devel-
opers can choose to use one (default) or several streams. In this first scheme
of overlapping, we consider parallel codes using only one GPU stream.

“Nonblocking GPU kernel execution” means a CPU routine runs a parallel
execution of a GPU computing kernel, and the CPU routine continues its
execution (on the CPU) while the GPU kernel is running (on the GPU).
Then the CPU routine can initiate some communications with some other
CPUs, and so it automatically overlaps the internode CPU communications
with the GPU computations (see Figure 7.1). This overlapping is natural when
programming with CUDA and MPI: it is easy to deploy, but does not overlap
the CPU/GPU data transfers.

Listing 7.1 introduces the generic code of a MPI+CUDA implementation,
natively and implicitly overlapping MPI communications with CUDA GPU
computations.
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Listing 7.1. generic scheme implicitly overlapping MPI communications with
CUDA GPU computations

Some input data and output results arrays and variables are declared and
allocated from line 3 through 10, and a computation loop is implemented from
line 22 through 34. At each iteration:

e cudaMemcpy on line 23 transfers data from the CPU memory to the
GPU memory. This is a basic and synchronous data transfer.

e gpuKernel _k1<<<Dg,Db>>> on line 26 starts GPU computation (run-
ning a GPU kernel on the grid of blocks of threads defined in lines 13 to
15). This is a standard GPU kernel run; it is an asynchronous operation.
The CPU can continue to run its code.

e MPI _Sendrecv_replace on line 27 achieves some blocking internode
communications, overlapping GPU computations started just previously.

e If needed, cudaMemcpy on line 31 transfers the iteration result from
one variable in the GPU memory to one array index in the CPU mem-
ory (in this example the CPU collects all iteration results in an array).
This operation is started after the end of the MPI communication (pre-
vious instruction) and after the end of the GPU kernel execution. CUDA
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FIGURE 7.2. Overlap of internode CPU communications with a sequence of
CPU/GPU data transfers and GPU computations.

insures an implicit synchronization of all operations involving the same
GPU stream, like the default stream in this example. The transfer of the
results has to wait until the GPU kernel execution is finished. If there
is no results transfer implemented, the next operation on the GPU will
wait until the GPU kernel execution has ended.

This implementation is the easiest one involving the GPU. It achieves an
implicit overlap of internode communications and GPU computations with
no explicit multithreading required on the CPU. However, CPU/GPU data
transfers are achieved serially and not overlapped.

7.2.3 Overlapping with sequences of transfers and computa-
tions

Overlapping with a sequential GPU sequence

When CPU/GPU data transfers are not negligible compared to GPU com-
putations, it can be interesting to overlap internode CPU computations with
a GPU sequence including CPU/GPU data transfers and GPU computations
(see Figure 7.2). Algorithmic issues of this approach are basic, but their im-
plementation requires explicit CPU multithreading and synchronization, and
CPU data buffer duplication. We need to implement two threads, one start-
ing and achieving MPI communications and the other running the GPU se-
quence. OpenMP allows an easy and portable implementation of this overlap-
ping strategy. However, it remains more complex to develop and to maintain
than the previous strategy (overlapping only internode CPU communications
and GPU computations) and should be adopted only when CPU/GPU data
transfer times are not negligible.

Listing 7.2 introduces the generic code of a MPI+OpenMP+CUDA imple-
mentation, explicitly overlapping MPI communications with GPU sequences.
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Listing 7.2. generic scheme explicitly overlapping MPI communications with
sequences of CUDA CPU/GPU transfers and CUDA GPU computations
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Lines 25-62 implement the OpenMP parallel region, around the compu-
tation loop (lines 33-61). For efficient performances it is important to create
and destroy threads only one time (not at each iteration): the parallel region
has to surround the computation loop. Lines 3-11 consist of declaration and
allocation of input data arrays and result arrays and variables, as in the pre-
vious algorithm (Listing 7.1). However, we implement two input data buffers
on the CPU (current and future version). As we aim to overlap internode MPI
communications and GPU sequence, including CPU to GPU data transfer of
current input data array, we need to store the received new input data array
in a separate buffer. Then, the current input data array will be safely read on
the CPU and copied into the GPU memory.

The thread creations are easily achieved with one OpenMP directive
(line 25). Then each thread defines and initializes its local buffer pointers,
and enters its computing loop (lines 28-33). Inside the computing loop, a test
on the thread number makes it possible to run a different code in each thread.
Lines 37-40 implement the MPI synchronous communication run by thread
number 0. Lines 45-52 implement the GPU sequence run by thread 1: CPU
to GPU data transfer, GPU computation, and GPU to CPU result transfer
(if needed). Details of the three operations of this sequence have not changed
from the previous overlapping strategy.

At the end of Listing 7.2, an OpenMP synchronization barrier on line 56
forces the OpenMP threads to wait until MPI communications and GPU
sequence are achieved. Then, each thread permutes its local buffer pointers
(lines 58-60), and is ready to enter the next iteration, processing the new
current input array.

Overlapping with a streamed GPU sequence

Depending on the algorithm implemented, it is sometimes possible to split
the GPU computation into several parts processing distinct data. Then, we can
speedup the GPU sequence using several CUDA streams. The goal is to overlap
CPU/GPU data transfers with GPU computations inside the GPU sequence.
Compared to the previous overlapping strategy, we have to split the initial data
transfer into a set of n asynchronous and smaller data transfers, and split the
initial GPU kernel call into a set of n calls to the same GPU kernel. Usually,
these smaller calls are deployed with fewer GPU threads (i.e., associated to
a smaller grid of blocks of threads). Then, the first GPU computations can
start as soon as the first data transfer has been achieved, and next transfers
can be done in parallel with next GPU computations (see Figure 7.3).

NVIDIA advises starting all asynchronous CUDA data transfers and then
calling all CUDA kernel executions, using up to 16 streams [16]. Then, the
CUDA driver and runtime optimize the global execution of these operations.
So, we accumulate two overlapping mechanisms. The former is controlled by
CPU multithreading and overlaps MPI communications and the streamed
GPU sequence. The latter is controlled by CUDA programming and overlaps
CPU/GPU data transfers and GPU computations. Again, OpenMP allows
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FIGURE 7.3. Overlap of internode CPU communications with a streamed
sequence of CPU/GPU data transfers and GPU computations.

the easy implementation of the CPU multithreading and waiting for the end

of both CPU threads before executing the next instructions of the code.
Listing 7.3 introduces the generic MPI+OpenMP+CUDA code, explicitly

overlapping MPI communications with streamed GPU sequences.

Listing 7.3. generic scheme explicitly overlapping MPI communications with
streamed sequences of CUDA CPU/GPU transfers and CUDA GPU computa-

tions
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MPI_Sendrecv (current , // MPI comms. (sync. op)
N, MPLFLOAT, dest, 0,
future ,
N, MPLFLOAT, dest, 0, ...);:

// — Thread 1: achieves the streamed GPU sequence (GPU
// computations and CPU/GPU data transfers)
} else if (omp-get_-thread_-num () = 1) {
for (int s = 0; s < NbS; s++) { // Start all data transfers:
cudaMemcpyAsync (gpulnputTabAdr + s*xstride , // CPU —> GPU
current + sxkxstride , // (async. ops)
sizeof (float )x*stride ,
cudaMemcpyHostToDevice ,
TabS[s]) ;

}
for (int s = 0; s < NbS; s++) { // Start all GPU comps. (async.)
gpuKernel_k1<<<Dg, Db, 0, TabS[s]>>>(gpulnputTabAdr + s*stride

3

}
cudaThreadSynchronize () ; // Wait all threads are ended
// IF there is (now) a result to transfer from the GPU to the CPU:
cudaMemecpy (cpuResTabAdr , // Data transfers:
gpuResAdr, // GPU —> CPU (sync. op)

sizeof(float) ,
cudaMemcpyDeviceToHost ) ;

// — Wait until both threads have achieved their iteration tasks
#pragma omp barrier
// — Each thread permutes its local buffer pointers
tmp = current; current = future; future = tmp;
} // End of computation loop
} // End of OpenMP parallel region

// Destroy the streams
for (int s = 0; s < NbS; s++)
cudaStreamDestroy (TabS[s]) ;

Efficient usage of CUDA streams requires executing asynchronous
CPU/GPU data transfers, which implies reading page-locked data in CPU
memory. So, CPU memory allocations on lines 6 and 7 are implemented with
cudaHostAlloc instead of the basic malloc function. Then, NbS streams
are created on lines 12-14. Usually we create 16 streams: the maximum num-
ber supported by CUDA.

An OpenMP parallel region including two threads is implemented on
lines 18-61 of Listing 7.3, as in the previous algorithm (see Listing 7.2). Code
of thread 0 achieving MPI communication is unchanged, but code of thread 1 is
now using streams. Following NVIDIA recommandations, we first implement
a loop starting NbS asynchronous data transfers (lines 39-45): transferring
N/NbS data on each stream. Then we implement a second loop (lines 46-48),
starting asynchronous executions of NbS grids of blocks of GPU threads (one
per stream). Data transfers and kernel executions on the same stream are syn-
chronized by CUDA and the GPU. So, each kernel execution will start after
its data has been transferred into the GPU memory, and the GPU scheduler
ensures the start of some kernel executions as soon as the first data transfers
are achieved. Then, next data transfers will be overlapped with GPU compu-
tations. After the kernel calls, on the different streams, we wait for the end
of all GPU threads previously run, calling an explicit synchronization func-
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tion on line 49. This synchronization is not mandatory, but it will make the
implementation more robust and will facilitate the debugging steps: all GPU
computations run by the OpenMP thread number 1 will be achieved before
this thread enters a new loop iteration, or before the computation loop has
ended.

If a partial result has to be transferred from GPU to CPU memory at
the end of each loop iteration (for example, the result of one reduction per
iteration), this transfer is achieved synchronously on the default stream (no
particular stream is specified) on lines 51-54. Availability of the result val-
ues is ensured by the synchronization implemented on line 49. However, if a
partial result has to be transferred onto the CPU on each stream, then NbS
asynchronous data transfers could be started in parallel (one per stream) and
should be implemented before the synchronization operation on line 49. The
end of the computation loop includes a synchronization barrier of the two
OpenMP threads, waiting until they have finished accessing the different data
buffers in the current iteration. Then, each OpenMP thread exchanges its lo-
cal buffer pointers, as in the previous algorithm. After the computation loop,
we have added the destruction of the CUDA streams (lines 64—65).

In conclusion, CUDA streams have been used to extend Listing 7.2 with
respect to its global scheme. Listing 7.3 still creates an OpenMP parallel
region, with two CPU threads, one in charge of MPI communications and the
other managing data transfers and GPU computations. Unfortunately, using
GPU streams requires the ability to split a GPU computation into independent
subparts, working on independent subsets of data. Listing 7.3 is not so generic
as Listing 7.2.

7.2.4 Interleaved communications-transfers-computations over-
lapping

Many algorithms do not support splitting data transfers and kernel calls,
and cannot exploit CUDA streams, for example, when each GPU thread re-
quires access to some data spread in the global set of transferred data. Then,
it is possible to overlap internode CPU communications, CPU/GPU data
transfers, and GPU computations, if the algorithm achieves computation-
communication iterations and if we can interleave these iterations. At iter-
ation k: CPUs exchange data Dy, each CPU/GPU couple transfers data Dy,
and each GPU achieves computations on data Dj_; (see Figure 7.4). Com-
pared to the previous strategies, this strategy requires twice as many CPU
data buffers and twice as many GPU buffers.

Listing 7.4 introduces the generic code of a MPI+OpenMP+CUDA imple-
mentation, explicitly interleaving computation-communication iterations and
overlapping MPI communications, CUDA CPU/GPU transfers, and CUDA
GPU computations.



116 Designing Scientific Applications on GPUs
CPU GPU

D, CPU/GPUtransfer IRTl

>|, Dy |
end
Internode Dy
CPU comm. GPU )
computati

FIGURE 7.4. Complete overlap of internode CPU communications,
CPU/GPU data transfers, and GPU computations, interleaving computation-

communication iterations.

Listing 7.4. generic scheme explicitly overlapping MPI communications,
CUDA CPU/GPU transfers, and CUDA GPU computations, interleaving

computation-communication iterations




45

50

55

60

65

Development methodologies for GPU and cluster of GPUs 117

cudaMemcpy (gpuFuture, cpuCurrent , // Data transfer:
sizeof (float ) *N, // CPU —> GPU (sync. op)
cudaMemcpyHostToDevice) ;
// — Thread 2: achieves the GPU computations and result transfer
} else if (omp-_get_-thread_num () = 2) {

if (i > 0) {
gpuKernel_k1<<<Dg,Db>>>(gpuCurrent);// GPU comp. (async. op)
// IF there is (now) a result to transfer from GPU to CPU:
cudaMemcpy (cpuResTabAdr + (i—1), // Data transfer:
gpuResAdr, sizeof(float),// GPU —> CPU (sync. op)
cudaMemcpyDeviceToHost ) ;

}

// — Wait until both threads have achieved their iteration tasks
#pragma omp barrier
// — Each thread permutes its local buffer pointers
tmp = cpuCurrent; cpuCurrent = cpuFuture; cpuFuture = tmp;
tmp = gpuCurrent; gpuCurrent = gpuFuture; gpuFuture = tmp;
// End of computation loop
} // End of OpenMP parallel region

As in the previous algorithms, we declare two CPU input data arrays
(current and future version) on line 3. However, in this version we also declare
two GPU input data arrays on line 4. On lines 8-11, these four data arrays are
allocated, using malloc and cudaMalloc. We do not need to allocate page-
locked memory space. On lines 23-65 we create an OpenMP parallel region,
configured to run three threads (see line 21). Lines 26-30 are declarations
of thread local pointers on data arrays and variables (each thread will use
its own pointers). On line 33, the three threads enter a computation loop
of NbIter + 1 iterations. We need to run one more iteration than with
previous algorithms.

Lines 35-41 are the MPI communications, achieved by the thread num-
ber 0. They send the current CPU input data array to another CPU, and
receive the future CPU input data array from another CPU, like in previ-
ous algorithms. But this thread achieves communications only during the first
NbIter iterations. Lines 43-48 are the CPU to GPU input data transfers,
achieved by thread number 1. These data transfers are run in parallel with MPI
communications. They are run during the first NbIter iterations and transfer
current CPU input data array into the future GPU data array. Lines 50-57
correspond to the code run by thread number 2. They start GPU computa-
tions, process the current GPU input data array, and if necessary transfer a
GPU result to an index of the CPU result array. These GPU computations
and result transfers are run during the last NbIter iterations: the GPU com-
putations have to wait until the first data transfer is ended before starting to
process any data and cannot run during the first iteration. So, the activity of
the third thread is shifted by one iteration compared to the activities of the
other threads. Moreover, the address of the current GPU input data array has
to be passed as a parameter of the kernel call on line 52, in order for the GPU
threads to access the right data array. As in previous algorithms the GPU
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result is copied to one index of the CPU result array, in lines 54-56, but due
to the shift of the third thread activity this index is now (1 - 1).

Line 60 is a synchronization barrier of the three OpenMP threads, followed
by a pointer permutation of local pointers on current and future data arrays,
on line 62 and 63. Each thread waits for the completion of other threads to
use the data arrays, and then permutes its data array pointers before entering
a new loop iteration.

This complete overlap of MPI communications, CPU/GPU data transfers,
and GPU computations is not too complex to implement, and can be a solution
when GPU computations are not adapted to use CUDA streams: when GPU
computations cannot be split into subparts working on independent subsets
of input data. However, this requires running one more iteration (a total of
NbIter + 1 iterations). If the number of iterations is very small, it could
be more interesting not to attempt to overlap CPU/GPU data transfers and
GPU computations, and to implement Listing 7.2.

7.2.5 Experimental validation
Experimentation testbed

Two clusters located at SUPELEC in Metz (France) have been used for
the entire set of experiments presented in this chapter:

e The first consists of 17 nodes with an Intel Nehalem quad-core processor
at 2.67Ghz, 6 Gb RAM, and an NVIDIA GeForce GTX480 GPU, each.

e The second consists of 16 nodes with an Intel core2 dual-core processor
at 2.67Ghz, 4 Gb RAM, and an NVIDIA GeForce GTX580 GPU, each.

Both clusters have a gigabit Ethernet interconnection network that is con-
nected through a Dell Power Object 5324 switch. The two switches are linked
twice, ensuring the interconnection of the two clusters. The software environ-
ment consists of a Linux Fedora 64bit OS (kernel v. 2.6.35), GNU C and C++
compilers (v. 4.5.1), and the CUDA library (v. 4.2).

Validation of the synchronous approach

We have tested our approach of synchronous parallel algorithms with a
classic block cyclic algorithm for dense matrix multiplication. This problem
requires splitting two input matrices (A and B) on a ring of computing nodes
and establishing a circulation of the slices of A matrix on the ring (B matrix
partition does not evolve during all the run). Compared to our generic algo-
rithms, there is no partial result to transfer from GPU to CPU at the end
of each computing iteration. The part of the result matrix computed on each
GPU is transferred onto the CPU at the end of the computation loop.

We have first implemented a synchronous version without any overlap of
MPI communications, CPU/GPU data transfers, and GPU computations. We



Development methodologies for GPU and cluster of GPUs 119

128 T T T
2l
&
T 64r
)
—x ovlp-GPUsequence —+—
T ovlp-native ---x---
no-ovlp ----*----
32 1 1 1
1 2 4 8 16

Nb of nodes

FIGURE 7.5. Experimental performances of different synchronous algorithms
computing a dense matrix product.

have added some synchronizations in the native overlapping version in order
to avoid any overlap. We have measured the performance achieved on our clus-
ter with NVIDIA GTX480 GPUs and matrices sizes of 4096x4096, and we
have obtained the curves in Figure 7.5 labeled no-ovlp. We observe that per-
formance increases when the number of processor increases. Of course, there
is a significant increase in cost when comparing a single node (without any
MPI communication) with two nodes (starting to use MPI communications).
But beyond two nodes we get a classical performance curve.

Then, we implemented and tested Listing 7.1, labeled ovlp-native in Fig-
ure 7.5. The native overlap of MPI communications with the asynchronous
run of CUDA kernels appears efficient. When the number of nodes increases
the ratio of the MPI communications increases a lot (because the computation
times decrease a lot). So, there is not a lot of GPU computation time that
remains to be overlapped, and both no-ovlp and ovip-native tend to the same
limit. Already, the native overlap performed in Listing 7.1 achieves a high
level of performance very quickly, using only four nodes. Beyond four nodes, a
faster interconnection network would be required for a performance increase.

Finally, we implemented Listing 7.2, overlapping MPI communications
with a GPU sequence including both CPU/GPU data transfers and GPU
computations, labeled ovlp-GPUsequence in Figure 7.5. From four up to six-
teen nodes it achieves better performances than ovlp-native: the overlapping
of MPI communications is wider and thus more efficient. However, this paral-
lelization mechanism has more overhead: OpenMP threads have to be created
and synchronized. With only two nodes it is less efficient than the native
overlapping algorithm. Beyond two nodes, the CPU multithreading overhead
seems compensated. Listing 7.2 requires more time for the implemention and
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can be more complex to maintain, but such extra development cost is justified
if we are looking for better performance.

7.3 General scheme of asynchronous parallel code with
computation/communication overlapping

In the previous section, we have seen how to efficiently implement overlap
of computations (CPU and GPU) with communications (GPU transfers and
internode communications). However, we have previously shown that for some
parallel iterative algorithms, it is sometimes even more efficient to use an
asynchronous scheme of iterations [3,4,11]. In that case, the nodes do not
wait for each other but they perform their iterations using the last external
data they have received from the other nodes, even if this data was produced
before the previous iteration on the other nodes.

Formally, if we denote by f = (f1,...,fn) the function rep-
resenting the iterative process and by z' = (z},..,z!) the val-

ues of the n elements of the system at iteration ¢, we pass from
a synchronous iterative scheme of the form given in Algorithm 4

Algorithm 4: synchronous iterative scheme

20 = (29, ...,20);
for t=0,1,...do
for i=1,...,ndo
1
‘ o = fi(2h, 2l 2h);
end

[ N VN

end

to an asynchronous iterative scheme of the form given in Algorithm 5.

Algorithm 5: asynchronous iterative scheme

1 2% = (29,...,29);

2 fort=0,1,... do

3 for i=1,...,ndo
1 xf » if 4 is not updated at iteration ¢
* Yoo = fi(a:ii(t), - xf;;(t)) if 4 is updated at iteration 4
5 end
6 end

In this scheme, s%(t) is the iteration number of the production of the value
x; of element j that is used on element ¢ at iteration t (see, for example, [9,12]
for further details). Such schemes are called AIAC for Asynchronous Iter-
ations and Asynchronous Communications. They combine two aspects that
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are respectively different computation speeds of the computing elements and
communication delays between them.

The key feature of such algorithmic schemes is that they may be faster
than their synchronous counterparts due to the implied total overlap of com-
putations with communications: in fact, this scheme suppresses all the idle
times induced by nodes synchronizations between each iteration.

However, the efficiency of such a scheme is directly linked to the frequency
at which new data arrives on each node. Typically, if a node receives newer
data only every four or five local iterations, it is strongly probable that the
evolution of its local iterative process will be slower than if it receives data at
every iteration. The key point here is that not only does this frequency depend
on the hardware configuration of the parallel system but it also depends on
the software that is used to implement the algorithmic scheme.

The impact of the programming environments used to implement asyn-
chronous algorithms has already been investigated in [5]. Although the
features required to efficiently implement asynchronous schemes have not
changed, the available programming environments and computing hardware
have evolved, in particular now that GPUs are available. So, there is a need to
reconsider the implementation schemes of ATAC according to the new de facto
standards for parallel programming (communications and threads) as well as
the integration of the GPUs. One of the main objective here is to obtain a
maximal overlap between the activities of the three types of devices: the CPU,
the GPU, and the network. Moreover, another objective is to present what we
think is the best compromise between the simplicity of the implementation
and its maintainability on one side and its performance on the other side. This
is especially important for industries where implementation and maintenance
costs are strong constraints.

For the sake of clarity, we present the different algorithmic schemes in a
progressive order of complexity, from the basic asynchronous scheme to the
complete scheme with full overlap. Between these two extremes, we propose
a synchronization mechanism on top of our asynchronous scheme that can be
used either statically or dynamically during the application execution.

Although there exist several programming environments for internode com-
munications, multithreading, and GPU programming, a few of them have be-
come de facto standards, due to their good stability, their ease of use, and/or
their wide adoption by the scientific community. Therefore, as in the previous
section, all the schemes presented in the following use MPI [1], OpenMP [2],
and CUDA [17]. However, there is no loss of generality as these schemes may
easily be implemented with other libraries.

Finally, in order to stay as clear as possible, only the parts of code and
variables related to the control of parallelism (communications, threads, etc.)
are presented in our schemes. The inner organization of data is not detailed as
it depends on the application. We only consider that we have two data arrays
(previous version and current version) and communication buffers. However, in



122 Designing Scientific Applications on GPUs

most of the cases, those buffers can correspond to the data arrays themselves
to avoid data copies.

7.3.1 A basic asynchronous scheme

The first step toward our complete scheme is to implement a basic asyn-
chronous scheme that includes an actual overlap of the communications with
the computations. In order to ensure that the communications are actually
performed in parallel with the computations, it is necessary to use differ-
ent threads. It is important to remember that asynchronous communications
provided in communication libraries such as MPI are not systematically per-
formed in parallel with the computations [15,20]. So, the logical and classical
way to implement such an overlap is to use three threads: one for computing,
one for sending, and one for receiving. Moreover, since the communication
is performed by threads, blocking synchronous communications can be used
without deteriorating the overall performance.

In this basic version, the termination of the global process is performed in-
dividually on each node according to its own termination. This can be guided
by either a number of iterations or a local convergence detection. The impor-
tant step at the end of the process is to perform the receptions of all pending
communications in order to ensure the termination of the two communication
threads.

So, the global organization of this scheme is set up in Listing 7.5.

Listing 7.5. initialization of the basic asynchronous scheme
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In this scheme, the 1ockRec mutex is not mandatory. It is only used to
ensure that data dependencies are actually exchanged at the first iteration of
the process. Data initialization and distribution (lines 20-21) are not detailed

here because they are directly related to the application. The important point
is that, in most cases, they should be done before the iterative process. The
computing function is given in Listing 7.6.

Listing 7.6. computing function in the basic asynchronous scheme
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previous = tmp; // the two data versions
// Computation of current iteration over local data
for (ind=0; ind<localSize; 4+ind){

// Updating of current array using previous array

// Updating of the residual
// (max difference between two successive iterations)

difference = fabs(current[ind] — previous[ind]) ;
if (difference > residual){
residual = difference;
}
I

// Checking of the end of the process (residual under threshold)

// Other conditions can be added to the termination detection

if (residual <= Threshold) {
Finished = 1;
omp_unset_lock(&lockSend); // Activation of end messages sendings
MPI_Ssend(&Finished , 1, MPL.CHAR, numP, tagEnd, MPLCOMMWORLD) ;

// Updating of the iteration number
iter++;

As mentioned above, it can be seen in lines 19-21 of Listing 7.6 that the
lockRec mutex is used only at the first iteration to wait for the initial data
dependencies before the computations. The residual, initialized in line 24 and
computed in lines 35-38, is defined by the maximal difference between the
elements from two consecutive iterations. It is classically used to detect the
local convergence of the process on each node. In the more complete schemes
presented in the sequel, a global termination detection that takes the states
of all the nodes into account will be exhibited.

Finally, the local convergence is tested and updated when necessary. In
line 45, the 1ockSend mutex is unlocked to allow the sending function to
send final messages to the dependency nodes. Those messages are required to
keep the reception function alive until all the final messages have been received.
Otherwise, a node could stop its reception function while other nodes are still
trying to communicate with it. Moreover, a local sending of a final message
to the node itself is required (line 46) to ensure that the reception function
will not stay blocked in a message probing (see Listing 7.8, line 12). This may
happen if the node receives the final messages from its dependencies before
reaching its own local convergence.

All the messages but this final local one are performed in the sending
function described in Listing 7.7. The main loop is only conditioned by the
end of the computing process (line 4). At each iteration, the thread waits
for the permission from the computing thread (according to the lockSend
mutex). Then, data are sent with blocking synchronous communications. The
SendsInProgress boolean allows the computing thread to skip data send-
ings as long as a previous sending is in progress. This skip is possible due to the
nature of asynchronous algorithms that allows such message loss or message
miss. After the main loop, the final messages are sent to the dependencies of
the node.
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Listing 7.7. sending function in the basic asynchronous scheme

The last function, detailed in Listing 7.8, does all the messages receptions.

Listing 7.8. Reception function in the basic asynchronous scheme
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MPI_Recv (dummyBuffer, size , MPI.CHAR, status.MPISOURCE, status.
MPI.TAG, MPLCOMM-WORLD, &status) ;

if (status .MPI.TAG — tagEnd){ // Counting of end messages
nbEndMsg++;
}
MPI_Iprobe (MPILANY_SOURCE, MPIANY.TAG, MPLCOMM WORLD, &arrived , &
status);
}while(arrived == 1 || nbEndMsg < nbDeps + 1);

As in the sending function, the main loop of receptions is done while the
iterative process is not Finished. In line 12, the thread waits until a mes-
sage arrives on the node. Then, it performs the actual reception and the cor-
responding subsequent actions (potential data copies for data messages and
counting for end messages). Lines 23-26 check, only at the first iteration of
computations, that all data dependencies have been received before unlocking
the lockRec mutex. Although this is not mandatory, it ensures that all data
dependencies are received before starting the computations. Lines 28-31 are
required to manage end messages that arrive on the node before it reaches
its own termination process. As the nodes are mot synchronized, this may
happen. Finally, lines 37-46 perform the receptions of all pending communi-
cations, including the remaining end messages (at least the one from the node
itself).

So, with these algorithms, we obtain a quite simple and efficient asyn-
chronous iterative scheme. It is interesting to notice that GPU computing can
be easily included in the computing thread. This will be fully addressed in
Section 7.3.3. However, before presenting the complete asynchronous scheme
with GPU computing, we have to detail how our initial scheme can be made
synchronous.

7.3.2 Synchronization of the asynchronous scheme

The presence of synchronization in the previous scheme may seem contra-
dictory to our goal, and obviously, it is neither the simplest way to obtain
a synchronous scheme nor the most efficient (as presented in Section 7.2).
However, it is necessary for our global convergence detection strategy. Recall
that the global convergence is the extension of the local convergence concept
to all the nodes. This implies that all the nodes have to be in local conver-
gence at the same time to achieve global convergence. Typically, if we use the
residual and a threshold to stop the iterative process, all the nodes have to
continue their local iterative process until all of them obtain a residual under
the threshold.

In our context, being able to dynamically change the operating mode
(sync/async) during the process execution strongly simplifies the global con-
vergence detection. In fact, our past experience in the design and implementa-
tion of global convergence detection in asynchronous algorithms [5-7] has led
us to the conclusion that although a decentralized detection scheme is possible
and may be more efficient in some situations, its much higher complexity is an
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obstacle to actual use in practice, especially in industrial contexts where imple-
mentation/maintenance costs are strong constraints. Moreover, although the
decentralized scheme does not slow down the computations, it requires more
iterations than a synchronous version and thus may induce longer detection
times in some cases. So, the solution we present below is a good compromise
between simplicity and efficiency. It consists in dynamically changing the op-
erating mode between asynchronous and synchronous during the execution of
the process in order to check the global convergence. This is why we need to
synchronize our asynchronous scheme.

In each algorithm of the initial scheme, we only give the additional code
required to change the operating mode.

Listing 7.9. initialization of the synchronized scheme

As can be seen in Listing 7.9, the synchronization implies two additional
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mutex. The 1lockStates mutex is used to wait for the receptions of all state
messages coming from the other nodes. As shown in Listing 7.10, those mes-
sages contain only a boolean indicating for each node if it is in local conver-
gence. So, once all the states are received on a node, it is possible to determine
if all the nodes are in local convergence and, thus, to detect the global conver-
gence. The lockIter mutex is used to synchronize all the nodes at the end
of each iteration. There are also two new variables that represent the local
state of the node (1ocalCV) according to the iterative process (convergence)
and the number of other nodes that are in local convergence (nbOtherCvs).

The computation thread is where most of the modifications take place, as
shown in Listing 7.10.

Listing 7.10. computing function in the synchronized scheme
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MPI_Ssend(&Finished , 1, MPLCHAR, ind, taglter , MPLCOMM.-WORLD
)i
¥
}
omp-set_lock(&lockIter);

}

// Updating of the iteration number
iter ++;

Most of the added code is related to the waiting for specific communica-
tions. Between lines 6 and 7, the use of the flag SendsInProgress is no
longer needed since the sends are performed at each iteration. In line 12, the
thread waits for the data receptions from its dependencies. In lines 27-34,
the local states are determined and exchanged among all nodes. A new mes-
sage tag (tagState) is required for identifying those messages. In line 37, the
global termination state is determined. When it is reached, lines 39-42 change
the Finished boolean to stop the iterative process and send the end mes-
sages. Otherwise each node resets its local state information about the other
nodes and a global barrier is added between all the nodes at the end of each
iteration with another new tag (tagIter). That barrier is needed to ensure
that data messages from successive iterations are actually received during the
same iteration on the destination nodes. Nevertheless, it is not useful at the
termination of the global process as it is replaced by the global exchange of
end messages.

There is no big modification induced by the synchronization in the sending
function. The function stays almost the same as in Listing 7.7. The only change
could be the suppression of line 11 that is not useful in this case.

In the reception function, given in Listing 7.11, there are mainly two in-
sertions (in lines 19-31 and 32—42), corresponding to the additional types of
messages to receive. There is also the insertion of three variables that are used
for the receptions of the new message types. In lines 24-30 and 3541 are lo-
cated messages counting and mutex unlocking mechanisms that are used to
block the computing thread at the corresponding steps of its execution. They
are similar to the mechanism used for managing the end messages at the end
of the entire process. Line 23 directly updates the number of other nodes that
are in local convergence by adding the received state of the source node. This
is possible due to the encoding that is used to represent the local convergence
(1) and the nonconvergence (0).

Listing 7.11. reception function in the synchronized scheme

// Variables declarations and initialization

int nbStateMsg = 0; // Number of local state messages received
int nblterMsg = 0; // Number of ”end of iteration” messages received
char recvdState; // Received state from another node (0 or 1)

// Main loop of receptions
while (! Finished ) {
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Now that we can synchronize our asynchronous scheme, the final step
is to dynamically alternate the two operating modes in order to regularly
check the global convergence of the iterative process. This is detailed in the
following section together with the inclusion of GPU computing in the final
asynchronous scheme.

7.3.3 Asynchronous scheme using MPI, OpenMP, and
CUDA

As mentioned above, the strategy proposed to obtain a good compromise
between simplicity and efficiency in the asynchronous scheme is to dynamically
change the operating mode of the process. A good way to obtain a maximal
simplification of the final scheme while preserving good performance is to
perform local and global convergence detections only in synchronous mode.
Moreover, as two successive iterations are sufficient in synchronous mode to
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detect local and global convergences, the key is to alternate some asynchronous
iterations with two synchronous iterations until convergence.

The last problem is to decide when to switch from the asynchronous to the
synchronous mode. Here again, for the sake of simplicity, any asynchronous
mechanism for detecting such moment is avoided, and we prefer to use a
mechanism that is local to each node. Obviously, that local system must rely
neither on the number of local iterations done nor on the local convergence.
The former would slow down the fastest nodes according to the slowest ones.
The latter would provoke too much synchronization because the residuals on
all nodes generally do not evolve in the same way, and in most cases, there is a
convergence wave phenomenon throughout the elements. So, a good solution
is to insert a local timer mechanism on each node with a given initial duration.
Then, that duration may be modified during the execution according to the
successive results of the synchronous sections.

Another problem induced by entering synchronous mode from the asyn-
chronous one is the possibility of receiving some data messages from previ-
ous asynchronous iterations during synchronous iterations. This could lead to
deadlocks. In order to avoid this, a wait for the end of previous send is added
to the transition between the two modes. This is implemented by replacing
the variable SendsInProgress with a mutex lockSendsDone which is
unlocked once all the messages have been sent in the sending function. More-
over, it is also necessary to stamp data messages (by the function stampData)
with a boolean indicating whether they have been sent during a synchronous
or asynchronous iteration. Then, the 1ockRec mutex is unlocked only after
to the complete reception of data messages from synchronous iterations. The
message ordering of point-to-point communications in MPI and the barrier at
the end of each iteration ensure two important properties of this mechanism.
First, data messages from previous asynchronous iterations will be received
but not taken into account during synchronous sections. Then, a data mes-
sage from a given synchronous iteration cannot be received during another
synchronous iteration. In the asynchronous sections, no additional mechanism
is needed as there are no such constraints concerning the data receptions.

Finally, the required modifications of the previous scheme are mainly re-
lated to the computing thread. Small additions or modifications are also re-
quired in the main process and the other threads.

In the main process, two new variables are added to store the main
operating mode of the iterative process (mainMode) and the duration of
asynchronous sections (asyncDuration). Those variables are initialized by
the programmer. The mutex lockSendsDone is also declared, initialized
(locked), and destroyed with the other mutex in this process.

In the computing function, shown in Listing 7.12, the modifications consist
of the insertion of the timer mechanism and the tests to differentiate the
actions to be done in each mode. Some additional variables are also required
to store the current operating mode in action during the execution (curMode),
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the starting time of the current asynchronous section (asyncStart), and the
number of successive synchronous iterations done (nbSyncIter).

Listing 7.12. computing function in the final asynchronous scheme




Development methodologies for GPU and cluster of GPUs 133

In the sending function, the only modification is the replacement in line 11
of the assignment of variable SendsInProgress with the unlocking of
lockSendsDone. Finally, in the reception function, the only modification
is the insertion before line 21 of Listing 7.8 of the extraction of the stamp
from the message and its counting among the receipts only if the stamp is
SYNC.

The final step to get our complete scheme using GPU is to insert the
GPU management in the computing thread. The first possibility, detailed in
Listing 7.13, is to simply replace the CPU kernel (lines 42-44 in Listing 7.12)
by a blocking GPU kernel call. This includes data transfers from the node
RAM to the GPU RAM, the launching of the GPU kernel, the waiting for
kernel completion, and the results transfers from GPU RAM to node RAM.

Listing 7.13. computing function in the final asynchronous scheme

This scheme provides asynchronism through a cluster of GPUs as well as
a complete overlap of communications with GPU computations (similar to
the one described in Section 7.2). However, the autonomy of GPU devices
according to their host can be further exploited in order to perform some
computations on the CPU while the GPU kernel is running. The nature of
computations that can be done by the CPU may vary depending on the appli-
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cation. For example, when processing data streams (pipelines), pre-processing
of the next data item and/or post-processing of the previous result can be done
on the CPU while the GPU is processing the current data item. In other cases,
the CPU can perform auziliary computations that are not absolutely required
to obtain the result but that may accelerate the entire iterative process. An-
other possibility would be to distribute the main computations between the
GPU and CPU. However, this usually leads to poor performance increases
mainly due to data dependencies that often require additional transfers be-
tween CPU and GPU.

So, if we consider that the application enables such overlap of compu-
tations, its implementation is straightforward as it consists in inserting the
additional CPU computations between lines 25 and 26 in Listing 7.13. Never-
theless, such a scheme is fully efficient only if the computation times on both
sides are similar.

In some cases, especially with auxiliary computations, another interesting
solution is to add a fourth CPU thread to perform them. This suppresses
the duration constraint over those optional computations as they are per-
formed in parallel with the main iterative process, without blocking it. More-
over, this scheme stays coherent with current architectures as most nodes
include four CPU cores. The algorithmic scheme of such context of complete
overlap of CPU/GPU computations and communications is described in List-
ings 7.14, 7.15, and 7.16, where we assume that auxiliary computations use
intermediate results of the main computation process from any previous iter-
ation. This may be different according to the application.

Listing 7.14. initialization of the main process of complete overlap with asyn-
chronism
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Listing 7.15. computing function in the final asynchronous scheme with
CPU/GPU overlap
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Listing 7.16. auxiliary computing function in the final asynchronous scheme
with CPU/GPU overlap

As can be seen in Listing 7.14, there are three additional mutex (LockAux,
lockRes, and lockWrite) that are used to inform the main computation
thread that new auxiliary results are available (lines 20-21 in Listing 7.16
and line 31 in Listing 7.15), to inform the auxiliary thread that new results
from the main thread are available (lines 27-28 in Listing 7.15 and line 7
in Listing 7.16), and to perform exclusive accesses to the results from those
two threads (lines 22 and 26 in Listing 7.15 and 9 and 13 in Listing 7.16).
Also, an additional array (auxRes) is required to store the results of the
auxiliary computations as well as a local array for the input of the auxiliary
function (auxInput). That last function has the same general organization
as the send/receive ones, that is, a global loop conditioned by the end of the
global process. At each iteration in this function, the thread waits for the



Development methodologies for GPU and cluster of GPUs 137

availability of new results produced by the main computation thread. This
avoids performing the same computations several times with the same input
data. Then, input data of auxiliary computations is copied with a mutual
exclusion mechanism. Finally, auxiliary computations are performed. When
they are completed, the associated mutex is unlocked to signal the availability
of those auxiliary results to the main computing thread. The main thread
regularly checks this availability at the end of its iterations and takes them
into account whenever possible.

Finally, we obtain an algorithmic scheme allowing maximal overlap be-
tween CPU and GPU computations as well as communications. It is worth
noticing that such scheme is also efficiently usable for systems without GPUs
but with nodes having at least four cores. In such contexts, each thread in
Listing 7.14 can be executed on distinct cores.

7.3.4 Experimental validation

As in Section 7.2, we validate the feasibility of our asynchronous scheme
with some experiments performed with a representative example of scientific
application. This three-dimensional version of the advection-diffusion-reaction
process models the evolution of the concentrations of two chemical species in
shallow waters. As this process is dynamic in time, the simulation is performed
for a given number of consecutive time steps. This implies two nested loops
in the iterative process, the outer one for the time steps and the inner one for
solving the problem at each time. Full details about this PDE problem can
be found in [21]. This two-stage iterative process implies a few adaptations of
the general scheme presented above in order to include the outer iterations
over the time steps, but the inner iterative process closely follows the same
scheme.

We show two series of experiments performed with 16 nodes of the first
cluster described in Section 7.2.5. The first one deals with the comparison of
synchronous and asynchronous computations. The second one is related to the
use of auxiliary computations. In the context of our PDE application, they
consist of the update of the Jacobian of the system.

Synchronous and asynchronous computations

The first experiment allows us to check that the asynchronous behavior
obtained with our scheme corresponds to the expected one according to its
synchronous counterpart. So, we show in Figure 7.6 the computation times
of our test application in both modes for different problem sizes. The size
shown is the number of discrete spatial elements on each side of the cube
representing the 3D volume. Moreover, for each of these elements, there are
the concentrations of the two chemical species considered. So, for example,
size 30 corresponds in fact to 30 x 30 x 30 x 2 values.

The results obtained show that the asynchronous version is significantly
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FIGURE 7.6. Computation times of the test application in synchronous and
asynchronous modes.

faster than the synchronous one for smaller problem sizes, then it becomes
similar or even a bit slower for larger problem sizes. A closer comparison of
computation and communication times of each execution confirms that this
behavior is consistent. The asynchronous version is interesting if communica-
tion time is similar or larger than computation time. In our example, this is
the case up to a problem size between 50 and 60. Then, computations become
longer than communications. Since asynchronous computations often require
more iterations to converge, the gain obtained on the communication side be-
comes smaller than the overhead generated on the computation side, and the
asynchronous version takes longer.

Overlap of auxiliary computations

In this experiment, we use only the asynchronous version of the application.
In the context of our test application, we have an iterative PDE solver based on
Netwon resolution. Such solvers are written under the form z = T'(z), = € R”
where T'(z) = x — F'(x) ' F(x) and F’ is the Jacobian of the system. In such
cases, it is necessary to compute the vector Az in F/ x Az = —F to update x
with Ax. There are two levels of iterations, the inner level to get a stabilized
version of z, and the outer level to compute x at the successive time steps in
the simulation process. In this context, classic algorithms either compute F’
at only the first iteration of each time step or at some iterations but not all
because the computation of F” is done in the main iterative process and it has
a relatively high computing cost.

However, with the scheme presented above, it is possible to continuously
compute new versions of F’ in parallel with the main iterative process without
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penalizing it. Hence, F” is updated as often as possible and taken into account
in the main computations when it is relevant. So, the Newton process should
be accelerated a little bit.

We compare the performance obtained with overlapped Jacobian updat-
ings and nonoverlapped ones for several problem sizes (see Figure 7.7).

1000

" Ovipd aux
Not Ovlpd aux
N

100

Exec times (s)

1 1 1 1 1 1 1 1 1 1
30 35 40 45 50 55 60 65 70 75 80
Problem size

FIGURE 7.7. Computation times with or without overlap of Jacobian updat-
ings in asynchronous mode.

The overlap is clearly efficient as the computation times with overlapping
Jacobian updatings are much better than the ones without overlap. Moreover,
the ratio between the two versions tends to increase with the problem size,
which is as expected. Also, we have tested the application without auxiliary
computations at all, that is, the Jacobian is computed only once at the begin-
ning of each time step of the simulation. The results for this last version are
quite similar to the overlapped auxiliary computations, and even better for
small problem sizes. The fact that no significant gain can be seen on this range
of problem sizes is due to the limited number of Jacobian updates taken into
account in the main computation. This happens when the Jacobian update is
as long as several iterations of the main process. So, the benefit is reduced in
this particular case.

Those results show two things. First, auxiliary computations do not induce
great overhead in the whole process. Second, for this particular application
the choice of updating the Jacobian matrix as auxiliary computations does
not speed up the iterative process. This does not question the parallel scheme
in itself but merely points out the difficulty of identifying relevant auxiliary
computations. Indeed, this identification depends on the considered applica-
tion and requires a profound specialized analysis.

Another interesting choice could be the computation of load estimation for
dynamic load balancing, especially in decentralized diffusion strategies where
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loads are transferred between neighboring nodes [8]. In such a case, the load
evaluation and the comparison with other nodes can be done in parallel with
the main computations without perturbing them.

7.4 Perspective: a unifying programming model

In the previous sections we have seen that controlling a distributed GPU
application when using tools that are commonly available is quite a challenging
task. To summarize, such an application has components that can be roughly
classified as

CPU: CPU-bound computations, realized as procedures in the chosen pro-
gramming language

CUDAL.n: GPU-bound computations, in our context realized as CUDA
compute kernels

CUDA,, ,.s: data transfer between CPU and GPU, realized with CUDA
function calls

MPI: distributed data transfer routines, realized with MPI communication
primitives

OpenMP: inter-thread control, realized with OpenMP synchronization tools
such as mutexes

CUDA,,,,.: synchronization of the GPU, realized with CUDA functions

Among these, the last (CUDA,y,.) is not strictly necessary on modern
systems, but it is still recommended to obtain optimal performance. With or
without that last step, such an application is highly complex: it is difficult to
design or to maintain, and depends on a lot of different software components.
The goal of this section is to present a new path of development that allows
the replacement of the last three or four types of components that control
the application (MPI, OpenMP, CUDA ., and eventually CUDA;,q,s) with
a single tool: Ordered Read-Write Locks, ORWL (see [10,13]). Besides the
simplification of the algorithmic scheme that we have already mentioned, the
ongoing implementation of ORWL allows the use of a feature of modern plat-
forms that can improve the performance of CPU-bound computations: lock-
free atomic operations to update shared data consistently. For these, ORWL
relies on new interfaces that are available with the latest revision of the ISO
standard for the C programming language (see [18]).
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7.4.1 Resources

ORWL places all its concepts that concern data and control around a sin-
gle abstraction: resources. An ORWL resource may correspond to a local or
remote entity and is identified through a location, that is a unique identifi-
cation through which it can be accessed from all different components of the
same application. In fact, resources and locations (entities and their names,
so to speak) are mostly identified by ORWL and these words will be used
interchangeably.

Resources may be of very different kinds:

Data resources are entities that represents data and not specific memory
buffers or locations. During the execution of an application they can be
mapped repeatedly into the address space and in effect be represented
at different addresses. Data resources can be made accessible uniformly
in all parts of the application, provided that the locking protocol is
observed (see below). Data resources can have different persistence:

RAM data resources are typically temporary data that serve only dur-
ing a single run of the application. They must be initialized at the
beginning of their lifetime and the contents are lost at the end.

File data resources are persistent and linked to a file in the file system
of the platform.

Collective data resources are data to which all tasks of an application
contribute (see below). Examples for such resources are broadcast,
gather, or reduce resources, e.g., to distribute initial data or to
collect the result of a distributed computation.

Other types of data resources could be easily implemented with ORWL,
e.g., web resources (through a ftp, http or whatever server address) or
fixed hardware addresses.

Device resources represent hardware entities of the platform. ORWL can
then be used to regulate the access to such device resources. In our
context the most important such resource is the GPU, but we could
easily use it to represent a CPU core, a camera, or another peripheral
device.

Listing 7.17 shows an example of a declaration of four resources per task.
Two (curBlock and nextBlock) are intended to represent the data in a
block-cyclic parallel matrix multiplication (see Section 7.2.5), GPU represents a
GPU device, and result will represent a collective “gather” resource among
all the tasks.
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Listing 7.17. declaration of ORWL resources for a block-cyclic matrix mul-

tiplication

#include "orwl.h"

ORWL_LOCATIONS_PER.TASK ( curBlock , nextBlock, GPU, result);
ORWL_DATA LOCATION( curBlock) ;

ORWL.DATA LOCATION ( nextBlock ) ;

ORWL_DEVICE_LOCATION (GPU) :

ORWL.GATHER LOCATION( result ) ;

7.4.2 Control

ORWL regulates access to all its resources; no “random access” to a re-
source is possible. It doesn’t even have a user-visible data type for resources.

e All access is provided through handles. Similar to pointers or links,
these only refer to a resource and help to manipulate it. Usually several
handles to the same resource exist, even inside the same OS process or
thread, or in the same application task.

e The access is locked with RW semantics, where R stands for concurrent
Read access, and W for exclusive Write access. This feature replaces the
control aspect of MPI communications, OpenMP inter-thread control,
and CUDA ..

e This access is Ordered (or serialized) through a FIFO, one FIFO per
resource. This helps to run the different tasks of an application in a
controlled order and to always have all resources in a known state. This
aspect largely replaces and extends the ordering of tasks that MPI typ-
ically achieves through the passing of messages.

e The access is transparently managed for remote or local resources. Com-
munication, if necessary, is done asynchronously behind the scenes. This
replaces the explicit handling of buffers and messages with MPI.

7.4.3 Example: block-cyclic matrix multiplication (MM)

Let us now have a look at how a block-cyclic matrix multiplication algo-
rithm can be implemented with these concepts (Listing 7.18). Inside the loop
there are mainly three different operations, the first two of which can be run
concurrently, and the third must be done after the other two.

Listing 7.18. block-cyclic matrix multiplication, high level per task view

typedef double MBlock[N][N];
MBlock Aj;

MBlock B[k];

MBlock C[k];

<do some initialization >
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Listing 7.19 shows the local copy operation 3 from line 17 of Listing 7.18
as it could be realized with ORWL. It uses two resource handles nextRead
and curWrite and marks nested critical sections for these handles. Inside
the nested sections it obtains pointers to the resource data; the resource is
mapped into the address space of the program, and then a standard call to
memcpy achieves the operation itself. The operation is integrated in its own
for-loop, such that it could run independently in an OS thread by its own.

Listing 7.19. an iterative local copy operation

Next, in Listing 7.20 we copy data from a remote task to a local task. Sub-
stantially the operation is the same, save for the different handles (remRead
and nextWrite) that are used to represent the respective resources.

Listing 7.20. an iterative remote copy operation as part of a block cyclic
matrix multiplication task

Now let us have a look into the operation that probably interests us the
most, the interaction with the GPU in Listing 7.21. Again there is much
structural resemblance to the copy operations from above, but we transfer the
data to the GPU in the innermost block and then run the GPU MM kernel
while we are still inside the critical section for the GPU.
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Listing 7.21. an iterative GPU transfer and compute operation as part of a
block cyclic matrix multiplication task

Now that we have seen how the actual procedural access to the resources is
regulated, we will show how the association between handles and resources is
specified. In our application of block-cyclic MM the curRead handle should
correspond to the current matrix block of the corresponding task, whereas
remRead should point to the current block of the neighboring task. Both
read operations on these matrix blocks can be performed without creating
conflicts, so we would like to express that fact in our resource specification.
From a point of view of the resource “current block” of a particular task, this
means that it can have two simultaneous readers, the task itself performing
the transfer to the GPU, and the neighboring task transferring the data to its
“next block.”

Listing 7.22 first shows the local dynamic declarations of our application; it
declares a block type for the matrix blocks, a result data for the collective
resource, and the six handles that we have seen so far.

Listing 7.22. dynamic declaration of handles to represent the resources

With these declarations, we didn’t yet tell ORWL much about the re-
sources to which these handles refer, nor the type (read or write) or the prior-
ity (FIFO position) of the access. This is done in code Listing 7.23 that shows
six insertions of handles into their respective FIFO locations. The handles
GPUhandle and curRead are given first (lines 3 and 4), GPUhandle will be
accessed exclusively (therefore the write) and, as said, curRead is used in
shared access (so a read). Both are inserted in the FIFO of their respective
resources with highest priority, specified by the 0s in the third function pa-
rameter. The resources to which they correspond are specified through calls to
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the macro ORWL_LOCATION, indicating the task (orwl mytid is the ID of the
current task) and the specific resource of that task, here GPU and curBlock.

Likewise, a second block of insertions concerns the handles remRead and
nextWrite (lines 8 and 9). nextWrite reclaims an exclusive access and
remRead a shared one. remRead corresponds to a resource of another task;
the call to previous (orwlmytid) is supposed to return the ID of the pre-
vious task in the cycle. Both accesses can be performed concurrently with the
previous operation, so we insert them with the same priority 0 as previously.

Then, for the specification of the third operation related to handles
nextRead and curWrite (lines 13 and 14), we need to use a different prior-
ity: the copy operation from data locations nextBlock to curBlock has to
be performed after the other operations have terminated (so the priority 1).

As a final step, we then tell ORWL (line 16) that the specification of
all accesses is complete and that it may schedule all these accesses in the
respective FIFOs of the resources.

Listing 7.23. dynamic initialization of access mode and priorities

/* One operation with priority 0 (highest) consists */

/* of copying from current to the GPU and running MM there. x*/
orwl_write_insert (&GPUhandle, ORWLLOCATION(orwl_-mytid, GPU), 0);
orwl_read_insert(&curRead , ORWLLOCATION(orwl_mytid , curBlock) , 0);

/* Another operation with priority 0 consists */

/* of copying from remote to next */

orwl_read_insert (&remRead, ORWLLOCATION(previous (orwl_mytid) ,
curBlock), 0);

orwl-write_insert(&nextWrite , ORWL_LOCATION(orwl_-mytid , nextBlock), 0);

/* One operation with priority 1 consists */
/* of copying from next to current */
orwl_read_insert(&nextRead , ORWLLOCATION(orwl_-mytid, nextBlock), 1);
orwl_write_insert (&curWrite, ORWLLOCATION(orwl_-mytid, curBlock), 1);

orwl_schedule () ;

7.4.4 Tasks and operations

With this example we have now seen that ORWL distinguishes tasks and
operations. An ORWL program is divided into tasks that can be seen as the
algorithmic units that will concurrently access the resources that the program
uses. A task for ORWL is characterized by

e a fixed set of resources that it manages, “owns,” in our example the four
resources that are declared in Listing 7.17.

e a larger set of resources that it accesses, in our example all resources
that are used in Listing 7.23.

e a set of operations that act on these resources, in our example the three
operations that are used in Listing 7.18, and that are elaborated in
Listings 7.19, 7.20, and 7.21.
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Each ORWL operation is characterized by

e one resource, usually one that is owned by the enclosing task, that it
accesses exclusively. In our example, operation 1 has exclusive access to
the next block, operation 2 has exclusive access the GPU resource, and
operation 3 to the A block.

e several resources that are accessed concurrently with others.

In fact each ORWL operation can be viewed as a compute-and-update proce-
dure of a particular resource with knowledge of another set of resources.

7.5 Conclusion

In this chapter, different methodologies that effectively take advantage
of current cluster technologies with GPUs have been presented. Beyond the
simple collaboration of several nodes that include GPUs, we have addressed
parallel schemes to efficiently overlap communications with computations (in-
cluding GPU transfers), and also computations on the CPU with computa-
tions on the GPU. Moreover, parallel schemes for synchronous as well as asyn-
chronous iterative processes have been proposed. The proposed schemes have
been validated experimentally and provide the expected behavior. Finally, as
a prospect we have developed a programming tool that will, in middle or long
term, provide all the required technical elements to implement the proposed
schemes in a single tool, without requiring several external libraries.

We conclude that GPU computations are very well suited to achieve over-
lap with CPU computations and communications and they can be fully inte-
grated in algorithmic schemes combining several levels of parallelism.

7.6 Glossary

ATAC: Asynchronous Iterations and Asynchronous Communications.

Asynchronous iterations: iterative process where each element is updated
without waiting for the last updates of the other elements.

Auxiliary computations: optional computations performed in parallel to
the main computations and used to complete them or speed them up.

BSP parallel scheme: bulk Synchronous Parallel, a parallel model that
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uses a repeated pattern (superstep) composed of computation, commu-
nication, barrier.

GPU stream: serialized data transfers and computations performed on a
same piece of data.

Message loss/miss: can be said about a message that is either not sent or
sent but not received (possible with unreliable communication protocols).

Message stamping: inclusion of a specific value in messages of the same tag
to distinguish them (kind of secondary tag).

ORWL: Ordered Read-Write Locks, a programming tool proposing a unified
programming model.

Page-locked data: data that are locked in cache memory to ensure fast
accesses.

Residual: difference between results of consecutive iterations in an iterative
process.

Streamed GPU sequence: GPU transfers and computations performed si-
multaneously via distinct GPU streams.
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8.1 Introduction

In practice, a wide range of problems can be modeled as NP-hard combi-
natorial optimization problems (COPs). Those problems consist of choosing
the best combination out of a large finite set of possible combinations and are
known to be large in size and difficult to solve optimality. One of the most
popular methods for solving exactly a COP (finding a solution having the
optimal cost, is the Branch-and-Bound (B&B) algorithm. This algorithm is
based on an implicit enumeration of all the feasible solutions of the tackled
problem. Enumerating the solutions of a problem consists of building a dy-
namically generated search tree whose nodes are subsets of solutions of the
considered problem. The construction of such a tree and its exploration is
performed using four operators: branching, bounding, selection, and pruning.
Due to the exponentially increasing number of potential solutions, the B&B
algorithm explores only promising nodes of the search tree using an estimated
optimal solution called “lower bound” of the associated subproblem.

Although this bounding mechanism allows the considerable reduction of
the exploration time, often only small or moderatelysized instances of COPs
can be practically solved. For this reason, over the last decades, parallel com-
puting has been revealed as an attractive way to deal with larger instances
of COPs. However, while many contributions have been proposed for parallel
B&B methods using massively parallel processors [1], networks or clusters of
workstations [15], and Shared Memory Multiprocessors (SMP) machines [3],
very few contributions have been proposed for redesigning B&B algorithms on
Graphical Processing Units (GPUs) [2]. For years, the use of GPU accelera-
tors was limited to graphics and video applications. Driven by the demand for
high-definition 3D graphics on personal computers, GPUs have evolved into a
highly parallel, multithreaded and many-core environment. Their utilization
has recently been extended to other application domains such as scientific
computing [9].

In this chapter, we rethink the design and implementation of irregular
tree-based algorithms such as the B&B algorithm on top of GPUs. During
the execution of the B&B algorithm, the number of newly generated nodes
and the number of not yet explored but promising nodes are variable and
depend on the level of the tree being explored and on the best solution found
so far. Therefore, due to such unstructured and unpredictable nature of its
search tree, designing efficient B&B on top of GPUs is not straightforward. We
investigate two different approaches for designing GPU-based B&B starting
from the parallel models for B&B identified in [11]. The first one is based on
the “parallel tree exploration” paradigm. This approach consists of exploring
in parallel different subspaces of the tree. The second approach is based on the
“parallel evaluation of bounds” approach. The two approaches have been ap-
plied to the permutation Flowshop Scheduling Problem (FSP; see Section 8.4)



GPU-accelerated tree-based exact optimization methods 155

which is an NP-hard combinatorial optimization problem. The lower bound
function used in this work for FSP is the one proposed in [8] for two machines
and generalized in [10] to more than two machines.

When rethinking those two parallel models for GPU’s architectures, our
main focus was on the lower bound function. Indeed, preliminary experiments
we carried out on some of Taillard’s problem instances [16] show that com-
puting the lower bounds takes on average between 98% and 99% of the total
execution time of the B&B. The GPU-based lower bound’s implementation
raises mainly two challenges. On the one hand, having in mind that the ex-
ecution model of GPUs is Single Instruction Multiple Data (SIMD), irregu-
lar computations (containing loops and conditional instructions) contained in
the lower bound function may lead to a very challenging issue: the thread
or branch divergence. This problem drops down the performance and arises
when threads of a same warp (the smallest executable unit of parallelism on
the GPU) execute different data-dependent instructions. On the other hand,
the lower bound computation usually uses large and frequently accessed data
structures. Since GPU is a many-core coprocessor device that provides a hi-
erarchy of memories having different sizes and access latencies, the placement
and sharing of these data sets become challenging.

The scope of this chapter is to design parallel B&B algorithms on GPU
accelerators to allow highly efficient solving of permutation-based COPs. To
do so, our contributions consist of: (1) rethinking two approaches for parallel
B&B on top of GPUs, discussing the performances of each and identifying
which best suits the GPU accelerators, (2) proposing a new approach for
thread/branch divergence reduction through a thorough analysis of the dif-
ferent loops and conditional instructions of the bounding function, and (3)
defining an optimal mapping of the data structures of the bounding function
on the hierarchy of memories provided in the GPU device through a careful
analysis of both the data structures (size and access frequency) and the GPU
memories (size and access latency).

The chapter is organized into seven main sections. Section 8.2 presents
the B&B algorithm. Section 8.3 introduces the different models used to paral-
lelize B&B algorithms. Section 8.4 briefly describes the Flowshop Scheduling
permutation Problem. In Section 8.5, we describe the GPU-accelerated B&B
based on the parallel tree exploration. In Section 8.6, details about the sec-
ond approach, the GPU-accelerated B&B based on the parallel evaluation of
lower bounds, are given. In Section 8.7, the thread divergence issue related
to the location of nodes in the B&B tree and to the control flow instructions
within the bounding operator is described. In Section 8.8, the memory ac-
cess optimization challenge is addressed and an overview of the GPU memory
hierarchy and the used memory access pattern is given. In Section 8.9, we
report experimental results showing the performances of each of two studied
approaches compared to a sequential CPU-based execution of the B&B and
demonstrating the efficiency of the proposed optimizations.
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8.2 Branch-and-bound algorithm

Branch-and-bound algorithms are by far the most widely used methods
for exactly solving large scale NP-hard combinatorial optimization problems.
Indeed, they allow the finding of the optimal solution of a problem with proof
of optimality.

The basic idea of the B&B algorithm consists in implicitly enumerating all
the solutions of the original problem by only examining a subset of feasible
solutions and eliminating the others when they are not likely to lead to a fea-
sible or an optimal solution. Enumerating the solutions of a problem consists
of building a dynamically generated search tree whose nodes are subsets of
solutions of the considered problem. The construction of such tree and its ex-
ploration are performed using four operators: branching, bounding, selection
and pruning.

The algorithm proceeds in several iterations during which the best solution
found so far is progressively improved. During the exploration process, the
search space is analyzed by a pool of unexplored nodes and the best solution
found so far. The generated and not yet examined (pending) nodes are kept in
a list initialized with the original problem. At each iteration of the algorithm,
the following steps are performed:

e The selection operator chooses one node to process among the pending
nodes according to a defined strategy. If the selection is based on the
depth of the subproblem in the B&B tree, we speak about a depth-first
exploration strategy. A selection based on the breadth of the subproblem
is called a breadth-first exploration. A best-first selection strategy could
also be used. It is based on the presumed capacity of the node to yield
good solutions.

e The branching operator subdivides a solution space into two or more
disjointed subspaces to be investigated in a subsequent iteration.

e The bounding operator computes a bound value of the optimal solution
of each generated subproblem.

e Each subproblem having a greater bound than the upper-bound, i.e., the
cost of the best solution found so far, is eliminated using the pruning
operator.

Algorithm 6 gives the general template of the branch-and-bound method.
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Algorithm 6: general template of the branch-and-bound algorithm

1 Create the initial problem;
2 Inset the initial problem into the tree;
3 Set the Upper_Bound to ;
4 Set the Best_Solution to {J;
5 while not_empty_tree() do

6 Sub_Problem = Take_sub_problem();

7 if Isleaf ( Sub_Problem ) then

8 Upper_Bound = Cost_Of( Sub_Problem );
9 Best_Solution = Sub_Problem:;

10 end

11 else

12 Lower_Bound = compute_lower_bound(Sub_Problem);
13 if Lower_Bound < Upper_Bound then
14 Branch(Sub_Problem);

15 Insert child subproblems into the tree;
16 end

17 else

18 | Prune (Sub_Problem);

19 end

20 end

21 end

8.3 Parallel branch-and-bound algorithms

Thanks to the bounding operator, B&B allows the significant reduction
of the computing time needed to explore the whole solution space. However,
finding an optimal solution for large instances remains impractical using a
sequential B&B. Therefore, parallel processing of these algorithms has been
widely studied in the literature. In [11], a taxonomy of the various existing
parallel paradigms used to parallelize the B&B algorithm is presented.

This taxonomy based on the classification proposed in [5] identified several
models to accelerate the B&B search. The first model we consider in this
chapter is called “parallel tree exploration model” and belongs to the “tree-
based” strategies that aim to build and explore the B&B tree in parallel.
The second model called “parallel evaluation of bounds model” (evaluation of
bounds in parallel) belong to the parallelization approach called “node-based”.
This strategy aims to accelerate the execution of a particular operation at the
node level.
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FIGURE 8.1. llustration of the parallel tree exploration model.

8.3.1 The parallel tree exploration model

Tree-based strategies consist of building and/or exploring the solution tree
in parallel by performing operations on several subproblems simultaneously.
This coarse-grained type of parallelism affects the general structure of the
B&B algorithm and makes it highly irregular.

The parallel tree exploration model, illustrated in Figure 8.1, consists of
visiting in parallel different paths of the same tree. The search tree is explored
in parallel by performing the branching, selection, bounding, and elimination
operators on several subproblems simultaneously.

8.3.2 The parallel evaluation of bounds model

Node-based strategies introduce parallelism when performing the opera-
tions on a single problem. For instance, they consist of executing the bounding
operation in parallel for each subproblem to accelerate the execution. This
type of parallelism has no influence on the general structure of the B&B al-
gorithm and is particular to the problem being solved.

The parallel evaluation of bounds model, as shown in Figure 8.2, allows
the parallelization of the bounding of subproblems generated by the branch-
ing operator. This model is used in the case where the bounding operator
is performed several times after the branching operator. Compared to the
sequential B&B, the model does not change the order and the number of
explored subproblems in the parallel B&B algorithm.
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FIGURE 8.2. llustration of the parallel evaluation of bounds model.

8.4 The flowshop scheduling problem
8.4.1 Definition of the flowshop scheduling problem

As a case study for our GPU-based branch-and-bound algorithm, we con-
sidered the NP-hard and well-known problem in the scheduling theory: the
“Permutation Flow-shop Scheduling Problem” (FSP). In this work, the mono-
objective case is considered. The FSP aims to find the optimal schedule of n
jobs on m machines so that the overall completion time of all jobs, called
makespan, is minimized.

Let us suppose the set of jobs is represented by J = {j1,j2,...,4n} and
the set of machines is represented by M = {mq,ma, ..., m;,} organized in the
line. Each job j; is a sequence of operations j; = oiy, 0io, . .., 0i,, where 0i,,
is the duration required for the job j; on the machine m. A feasible solution
of the flowshop permutation should satisfy these constraints:

e A machine cannot start processing a job if all the machines, which are
located upstream, have not finished their treatment. Thus, the operation
oi; cannot be processed by the machine m; if it is not completed on
mj—1.

e An operation cannot be interrupted, and the machines are critical re-
sources, because a machine processes one job at a time.

e The sequence of jobs should be the same on every machine, e.g. if j3 is
treated in position 2 on the first machine, js is also executed in position
2 on all machines.

Figure 8.3 illustrates a solution of a flow-shop problem instance defined by
6 jobs and 3 machines.
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FIGURE 8.3. Flow-shop problem instance with 3 jobs and 6 machines.

8.4.2 Lower bound for the flowshop scheduling problem

The lower bounding technique provides a lower bound (LB) for each sub-
problem generated by the branching operator. The more the bound is accurate,
the more it allows the elimination from the search tree that are not promising.
Therefore, the efficiency of a B&B algorithm depends strongly on the quality
of its lower bound function. In this chapter, we use the lower bound proposed
by Lenstra et al. [10] for FSP, based on the Johnson’s algorithm [8].

The Johnson’s algorithm allows the optimal solution of FSP with two
machines (m = 2) using the following transitive rule <:

Ji 2 J; & min(pi1; pj2) <min(piz2; pj1)

We recall that pj; designates the processing time of the job Jj on the
machine M;. From the above rule, follows the Johnson’s theorem:

Johnson’s theorem Given P and FSP with m = 2, if J; X J;, there
exists an optimal schedule for P in which job J; precedes job J;.

According to Johnson’s theorem, FSP with m = 2 is solved with a time
complexity of O(n.logn). The optimal solution is obtained by first sorting in
increasing order the jobs having a processing time shorter on the first machine
than on the second one, and second, sorting in decreasing order the jobs having
a shorter processing time on the second machine.

In [7] and [13], the Johnson’s rule extended by Jackson and Mitten with
lags which further allowed Lenstra et al. to propose a lower bound for FSP
with m > 3. A lag [; designates the minimum duration between the starting
time of the job J; on the second machine and its finishing time on the first
machine. Jackson and Mitten demonstrated that the optimal solution for FSP
with m = 2 can be obtained using the following transitive rule <:

Ji 2 J; & min(pi1 + 15 I +pj2) <min(l; +pi2 5 pj1+15)

Based on this rule, Lenstra et al. [10] have proposed the following lower
bound for a subproblem associated to a partial schedule where a set ] of jobs
have to be scheduled on m machines. P75, (3, My, M;) represents the Jackson-
Mitten optimal solution for the subproblem that consists in scheduling the
set ] of jobs on the two machines Mj, and M;. The term ;) = Zz<kpi,l
designates the starting time of the job J; on the machine M. The other term
qj,1 = D=1 Pjk refers to the latency between the finishing time of J; on M,
and the finishing time of the schedule.
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FIGURE 8.4. The lag [; of a job J; for a couple (k,!) of machines is the sum
of the processing times of the job on all the machines between k and .

LB() = | max {Pja(s, My, M)+ - xin  (rig+a;0)}
According to this LB expression, the lower bound for the scheduling of a
subset ] of jobs is calculated by applying the Johnson’s rule with lags con-
sidering all the couples (k,1) for 1 < k,I < m and k < [. As illustrated in
Figure 8.4, the lag [; of a job J; for a couple (k,!) of machines is the sum of

the processing times of the job on all the machines between k and [.

8.5 GPU-accelerated B&B based on the parallel tree ex-
ploration (GPU-PTE-BB)

The first approach we investigate for designing B&B on GPUs consists
of exploring in parallel the generated search tree. The idea is to divide the
global search space into disjoint sub-spaces that are explored in parallel by the
GPU threads. As explained in Section 8.2, during the execution of a B&B,
the search space is described by a list of unexplored (pending) nodes and
the best solution found so far. In the considered GPU-based scheme, a set
of parent nodes is selected from this list according to their depth: deepest
pending nodes are the first selected. The selected pool of nodes is off-loaded
to the GPU where each thread builds its own local search tree by applying
the branching, bounding, and pruning operators to the assigned node.

According to the CUDA threading model, each thread has a unique identi-
fier used to determine its assigned role, which assigns specific input and output
positions and selects work to perform. Therefore, each node (problem) from
the pending list is mapped to a thread to ensure that each sub-space of the
solution space is evaluated concurrently and is disjoint from others. Figure 8.5
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FIGURE 8.5. The overall architecture of the parallel tree exploration-based
GPU-accelerated branch-and-bound algorithm.

GPU DEVICE

illustrates the scheme of the parallel tree exploration-based GPU-accelerated
B&B.

8.6 GPU-accelerated B&B based on the parallel evalua-
tion of bounds (GPU-PEB-BB)

In the GPU-accelerated B&B based on the parallel evaluation of bounds,
illustrated in Figure 8.6, the generation of the subproblems (elimination, se-
lection and branching operations) to be solved is performed on CPU and the
evaluation of their lower bounds (bounding operation) is executed on the GPU
device. The pool of subproblems generated on CPU is off-loaded to the GPU
device to be evaluated by a pool of threads partitioned into blocks. Each
thread applies the lower bound function to one subproblem. Once the eval-
uation is completed, the lower bound values corresponding to the different
subproblems are returned to the CPU to be used by the elimination operator
to decide either to be pruned or to be decomposed. The process is iterated
until the exploration is completed and the optimal solution is found.

In both approaches, GPU-PEB-BB and GPU-PTE-BB, the GPU-based
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FIGURE 8.6. The overall architecture of the GPU-accelerated branch-and-
bound algorithm based on the parallel evaluation of bounds.

lower bound’s implementation raises mainly two challenges. The first one is
related to the SIMD model of the GPU and to the implementation of the
LB. Indeed, although typically every GPU thread will run the identical lower
bound function, the body of the lower bound can contain conditions on thread
identifiers and data. This implies that different instructions are executed in
some threads. In SIMD architectures such as GPUs this behavior leads to
the thread or branch divergence issue. This problem arises when threads of
a same warp execute different data-dependent instructions. It might causes
serious performance declining since computation occurs in parallel only when
the same instructions are being performed. The second challenge consists of
adjusting the pattern of accesses to the GPU device memory. Good placement
of data over the different memory hierarchy allows programmers to further
improve the throughput of many high-performance CUDA applications. For
B&B applied to FSP, threads of the same block perform concurrent accesses
to the six data structures of the problem when they execute the lower bound
function. These data structures have different sizes and access frequencies and
should be wisely placed on the different memories of the GPUs that also have
different sizes and latencies.

In the following, we present how we dealt with the thread/branch diver-
gence issue and map the different data structures on the memory hierarchy of
the GPU device taking into account the characteristics of the data structures
and those of the different GPU memories.
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8.7 Thread divergence
8.7.1 The thread divergence issue

During the execution of an application on GPU, one or more thread
block(s) are assigned to each GPU multiprocessor to execute. Those threads
are partitioned into warps that get scheduled for execution. For each instruc-
tion of the flow, the multiprocessor selects a warp that is ready to be run. A
warp executes one common instruction at a time, so full efficiency is realized
when all threads of a warp agree on their execution path. In this chapter,
the G80 model, in which a warp is a pool of 32 threads, is used. If threads
of a warp diverge via a data-dependent conditional branch, the warp serially
executes each branch path taken. Threads that are not on the taken path
are disabled, and when all paths are complete, the threads converge back to
the same execution path. This phenomenon is called thread/branch diver-
gence and often causes serious performance degradations. Branch divergence
occurs only within a warp; different warps execute independently regardless
of whether they are executing common or disjointed code paths.

This section discusses thread divergence issues encountered when comput-
ing the bounds by GPU. The thread divergence occurs for two main reasons,
namely, the locations of nodes in the search tree and the control flow instruc-
tions within the bounding operator.

Divergence related to the location of nodes

This divergence is related to the positions of the nodes in the B&B search
tree. Below is given an example from the source code of the used LB showing
that the execution flow depends on the position of the node in the search tree.
In the following piece of code, three methods are used is_leaf(), makespan()
and lower_bound(). is_leaf() tests if the node _node is a leaf or an internal node.
If _node is a leaf, makespan() computes the cost of its makespan. Otherwise,
_node is an internal node and lower_bound() computes the value of its lower
bound.

if (_node.is_leaf())

return _node.makespan();
else

return _node.lower_bound() ;

Divergence related to the control flow instructions

Control flow refers to the order in which the instructions, statements, or
function calls are executed in a program. This flow is determined by instruc-
tions such as if-then-else, for, while-do, switch-case. There are a dozen of such
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instructions in the implementation of our bounding operator. The source code
examples given below show two scenarios in which this kind of instructions is
used.

e Example 1:
if( pool[thread_idx] .begin != 0 )
time = TimeMachines[1l] ;
else
time = TimeArrivall[l] ;
e Example 2:

for(int k = 0 ; k < pool[thread_idx].begin; k++)
jobTime = JjobEnd[k] ;

In these two examples, thread_idx is the index associated to the cur-
rent thread. Let suppose that the code of Example 1 is executed by
32 threads, pool[thread_idx].begin is equal to 0 for the first thread, and
pool[thread_idx].begin is not equal to 0 for the other 31 threads. When the
first thread executes the statement time = TimeArrival[l];, all the other 31
threads remain idle. Therefore, the GPU cores on which these 31 threads are
executed remain idle and cannot be used during the execution of the statement
time = TimeArrival[l];.

The same scenario occurs during the execution of Example 2. Let us sup-
pose that the instruction is executed by 32 threads, pool[thread_idx].begin is
equal to 100 for the first thread, and pool[thread_idx].begin is equal to 0 for
the other 31 threads. When the first thread executes the loop for, all the
other 31 threads remain idle.

Existing techniques for handling branch divergence either demand hard-
ware support [4] or require host-GPU interaction [17], which incurs overhead.
Some other works such as [6] intervene at the code level. They expose a branch
distribution method that aims to reduce the divergent portion of a branch by
factoring out structurally similar code from the branch paths. In our work, we
have also opted for software-based optimizations as in [6]. In fact, we figure
out how to literally rewrite the branching instructions into basic ones in order
to make thread execution paths uniform. We also demonstrate that we could
ameliorate performances only by judiciously reordering data being assigned
to each thread.

8.7.2 Mechanisms for reducing branch divergence
Thread-data reordering

At each iteration of our GPU-accelerated B&B approach, several thou-
sands of subproblems are sent to the GPU. The GPU groups the received
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subproblems into several warps according to their reception order. The first
32 subproblems belong to the first warp, the following 32 subproblems belong
to the second warp, etc. Therefore, thread-data reordering technique sorts
subproblems before sending them to the GPU. These subproblems are sorted
according to their position in the B&B tree. These sorts of subproblems allow
warps containing more homogeneous subproblems and reduce the number of
thread divergences.

Branch refactoring

As stated above, thread or branch divergence occurs when the kernel in-
cludes conditional instructions and loops that make the threads performing
different control flows lead to their serial execution. In this chapter, we inves-
tigate the branch refactoring approach to deal with thread divergence. Branch
refactoring consists of rewriting the conditional instructions so that threads
of the same warp execute a uniform code avoiding their divergence. To do
that, two major if scenarios are studied and some optimizations are proposed
accordingly. These two scenarios correspond to the conditional instructions
contained in the LB kernel code. In the first scenario, the conditional expres-
sion is a comparison of the content of a variable to 0. For instance, the following
example extracted from the pseudocode of the lower bound LB illustrates such
a scenario.

if ( pool[thread_idx].limitl # 0 ) tmp = MM[1];
else tmp = RM[1] ;

The refactoring idea is to replace the conditional expression by two func-
tions namely f and g as shown in Equation 8.1.

The behavior of f and ¢ fits the cosine trigonometric function. These
functions return values between 0 and 1. An integer variable is used to store
the result of the cosine function. Its value is 0 or 1 since it is rounded to 0 if
it is not equal to 1. In order to increase the performance the CUDA runtime
math operations are used: sinf(x), expf(x), and so forth. Those functions are
mapped directly to the hardware level [14]. They are faster but provide lower
accuracy which does not matter in our case because the results are rounded
to int.
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if(x #0) a=0b[1]; if(x #0) a=>b[1]+0 x c[1];
=
else a = c[1]; else a =0 x b[1] + [1];

= a = f(x) x b[1] + g(x) x [1];

where (8.1)
S f@)=0 if =0
flz) = { 1 else
and
_ [ 9)=1 if x=0
g(x) = { 0 else

The throughput of sinf(x), cosf(x), expf(x) is one operation per clock cy-
cle [14]. The refactoring result for the if pseudocode given above is the follow-
ing:

int coeff = __cosf (pool[thread_idx].limit1);
tmp = (1 - coeff) x MM[1] 4 coeff x RM[1];

The second if scenario considered in our study compares two values be-
tween themselves as shown in Equation 8.2.

if(z>yla=0b[l]; =if(x—y>1)a=>[l];
= if(e—y—-1>0) a=0b[l]; (z,y)EN

= a=f(z,y) xb[l] +g(z,y) x &;

where: (8.2)
|1 dif z—y—1>0

f(z’y){o if t—y-1<0

and

_J 0 if z—y—-12>0
g(x,y)—{l if v—y—1<0

For instance, the following example extracted from the pseudocode of the
lower bound LB illustrates such a scenario.

if(RM[1]] > MIN ){ Best_idx = Current_idx; }

The same transformations as those applied for the first scenario are ap-
plied here using the exponential function. Recall that the exponential is a
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positive function which is equal to 1 when applied to 0. Thus, if z is greater
than y then expf(z —y — 1) returns a value between 0 and 1. If the result is
rounded to an integer value 0 will be obtained. Now, if x is less than y then
expf(z —y — 1) returns a value greater than 1 and since the minimum between
1 and the exponential is get, the returned result would be 1. Such behavior
satisfies exactly our prerequisites. The above if instruction pseudocode is now
equivalent to

int coeff = min(1, __expf(RM[1] - MIN - 1));
Best_idx = coeff x Current_idx + (1 - coeff ) x Best_idx ;

8.8 Memory access optimization

Memory access optimizations are by far the most studied area for improv-
ing GPU-based application performances. Indeed, adjusting the pattern of
accesses to the GPU device memory allows programmers to further improve
the throughput of many high-performance CUDA applications. The goal of
memory access optimizations is generally to use as much fast-access memory
and as little slow-access memory as possible. This section discusses how best
to set up data LB items on the various kinds of memory on the device.

CUDA-enabled devices use several memory spaces, which have different
characteristics in term of sizes and access latencies. These memory spaces
include global memory, local memory , shared memory, texture memory , and
registers. Devices of compute capability 2.0 also have an L.1/1.2 cache hierarchy
that is used to cache local and global memory accesses.

e At the thread-level, each thread has its own allocated registers and a
private local memory. CUDA uses this local memory for thread-private
variables that do not fit in the threads registers, as well as for stack
frames and register spilling.

e At the thread block-level, each thread block has a shared memory visible
to all its associated threads.

e At the grid-level, all threads have access to the same global memory.
Texture and constant cached memories are two other memories accessi-

ble by all threads.

The data access optimization challenge is to find the best mapping of the
data structures of the application at hand (different sizes and access frequen-
cies) and the GPU hierarchy of memories (different sizes and access latencies).
For instance, of these different memory spaces, global memory is the most
plentiful but the one with the highest access latency. On the contrary, shared



GPU-accelerated tree-based exact optimization methods 169

memory is smaller in size but has much higher bandwidth and lower latency
than the global memory.

8.8.1 Complexity analysis of the memory usage of the lower
bound

In this section, the characteristics of the data structures used by the lower
bound function are studied in terms of sizes and access frequencies. For an
efficient implementation of the LB, six data structures are required: the matrix
PTM of the processing times of the jobs, the matrix of lags LM, the Johnson’s
matrix JM, the matrix RM of the earliest starting times of jobs, the matrix
QM of their lowest latency times, and the matrix MM containing the couples
of machines. The complexities of the different data structures are summarized
in Table 8.1 where the columns represent, respectively, the name of the data
structure, its size, and the number of times it is accessed.

In the LB expression, the computation of the term P75, (7, My, M;) requires
the calculation of the lag of each remaining job to be scheduled on the couple
(M, M) of machines using its processing times on these machines (Johnson’s
rule with lags). Such computation is repeated for each couple (M, M;) of
machines with 1 < k,I < m and k < [. To avoid the repetitive computation
of the lags, they are computed once at the beginning of the algorithm and
stored in the matrix LM. The dimension of LM is n X %, where n
and m are respectively the number of jobs to be scheduled and m the number
of machines. LM is accessed n’' x mXm=b times, n’ being the number of
remaining jobs to be scheduled in the subproblem for which the lower bound
is being calculated. The processing times of all the jobs on all the machines
are stored in the matrix PTM. This matrix has a dimension of n x m and is
accessed n’ x m X (m — 1) times.

In addition, in order to avoid relaunching the Johnson’s algorithm for
each couple of machines and each subset of jobs, the Johnson’s algorithm is
computed once to find the optimal solutions on the couples of machines. These
optimal solutions are then stored in the Johnson’s matrix JM. This matrix
has the same dimension as LM and is accessed n X % times during the
computation of the lower bound. Finally, the MM matrix that contains all the
couples of machines has a dimension and access frequency of m x (m — 1).

To reduce the computation time cost of the term  min  (r; 5 + ¢;,) in

(4,5)€9%i#]
the LB expression, two matrices are defined, namely RM and QM. They are
used to store, respectively, the lowest starting and latency times of all the jobs
on each machine. Their dimension is m and, are accessed m x (m — 1) times

and W times, respectively.
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Matrix Size Number of accesses

PTM nxm n' xmx (m—1)
LM n x 7mx(;n71) n' x 7””(2%1)

JM n X 7mx(;nfl) n X 7mx(;nfl)

RM m mx (m—1)

QM m mx(m=1)

MM mx (m—1) mx (m—1)

TABLE 8.1. The different data structures of the LB algorithm and their asso-
ciated complexities in memory size and numbers of accesses. The parameters
n, m, and n/ designate, respectively, the total number of jobs, the total num-
ber of machines and the number of remaining jobs to be scheduled for the
subproblems the lower bound is being computed.

Prob. IM LM PTM RM, QM MM
instance
200 x 20 | 38,000 (38KB) | 38,000 (76KB) | 4,000 (4KB) | 20 (0.04KB) | 380 (0.76KB)
100 x 20 | 19,000 (19KB) | 19,000 (38KB) | 2,000 (2KB) | 20 (0.04KB) | 380 (0.76KB)
50 x 20 | 9,500 (9.5KB) | 9,500 (19KB) | 1,000 (IKB) | 20 (0.04KB) | 380 (0.76KB)
20 x 20 | 3,800 (3.8KB) | 3,800 (7.6KB) | 400 (0.4KB) | 20 (0.04KB) | 380 (0.76KB)

TABLE 8.2. The sizes of each data structure for the different experimented
problem instances. The sizes are given in number of elements and in bytes
(between parentheses).

8.8.2 Data placement pattern of the lower bound on GPU

This section discusses how best to map the six data structures identified
above on the various kinds of memories of the GPU device.

The focus is put on the shared memory which is a key enabler for many
high-performance CUDA applications. Indeed, because it is on-chip, shared
memory has much higher bandwidth and lower latency than local and global
memory. However, for large problem instances (large n and m) the data struc-
tures, especially JM and LM (see Table 8.2), do not fit in the shared memory
of some GPU configurations.

In order to achieve further performances, we also take care of adequately
using the global memory by judiciously configuring the L1 cache which greatly
enables improved performance over direct access to global memory. Indeed,
the GPU device we are using in our experiments is based on the NVIDIA
Fermi architecture which introduced two new hierarchies of memories (L1/L2
cache) compared to older architectures.

Taking into consideration the sizes of each data structure presented in
Table 8.2, our challenge is to find which data structure has to be mapped
onto which memory and in some cases how to split the data structures onto
different memories and efficiently manage their accesses. The sizes in bytes
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reported in Table 8.2 are computed knowing that in our implementation the
elements of JM and PTM are unsigned chars (one byte) and that the elements
of LM, RM, QM, and MM are unsigned short ints (2 bytes). It is important
here to highlight that the types of the data of the used matrices impact the
size of each matrix. For instance, a matrix of 100 integers has a size of 400
octets while the same matrix with 100 unsigned chars has a size of 100 octets.
In order to minimize the size of each of the used matrices, we analyzed the
ranges of their values and defined their data types accordingly. For instance, in
PTM all the processing times have positive values varying between 0 and 100.
Therefore, we defined PTM as a matrix of unsigned char having values
in the range [0, 255]. Using the unsigned char type instead of the integer
type allows us to reduce by 4 times the memory space occupied by PTM.
According to the Table 8.2 :

e The data structures RM, QM and MM are small sized-matrices. There-
fore, their impact on the performances is not significant whatever is the
memory to which they are off-loaded. In particular, preliminary exper-
iments prove that putting them on the shared memory would allows a
very poor performance improvement.

e The LM data structure is the double of the JM in memory size but with
a much lower access frequency. It is thus better to map JM on the shared
memory.

e The PTM has almost the same access frequency than JM but requires
less memory space.

Consequently, the focus is put on the study of the performance impact
of the placement of JM and PTM on the shared memory. Three placement
scenarios of JM and PTM are experimented and studied: (1) Only PTM is
stored in shared memory and all others are placed in global memory ; (2) Only
JM is stored in shared memory and all others are placed on global memory ;
(3) PTM and JM are stored together in shared memory and all others are
placed on global memory.

Taking profit from the configurable storage space provided in the new
Fermi-based devices, the 64 KB of local storage was split between the shared
memory and the L1 cache according to the experimented scenario.

e For the scenario where the data structures are put on the shared memory,
the 64 KB of available storage are split into 48 KB for shared memory
and 16 KB for L1 cache.

e For the scenario where the data sets are put on global memory, we used
16 KB for shared memory and 48 KB for L1 cache.
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8.9 Experiments

In the following, we present the experimental study we have performed
with the aim of evaluating the performance impact of the GPU-accelerated
bounding, the techniques for reducing the thread divergence, and the proposed
approach for data placement on the GPU memories.

8.9.1 Parameters settings

In our experiments, we used the flow-shop instances defined by Taillard
[16]. These standard instances are often used in the literature to evaluate the
performance of methods that minimize the makespan. Optimal solutions of
some of these instances are still not known. These instances are divided into
groups of 10 instances. In each group, the 10 instances are defined by the
same number of jobs and the same number of machines. The groups of 10
instances have different numbers of jobs, namely, 20, 50, 100, 200, and 500,
and different numbers of machines, namely, 5, 10, and 20. For example, there
are 10 instances with 200 jobs and 20 machines belonging to the same group
of instances.

In this work, we used only the instances where the number of machines
is equal to 20. Indeed, instances where the number of machines is equal to 5
or 10 are easy to solve. For these instances, the used bounding operator gives
such good lower bounds that it is possible to solve them in a few minutes
using a sequential B&B. Therefore, these instances do not require the use of
a GPU.

Our approach has been implemented using C-CUDA 4.0. The experiments
have been carried out using an Intel Xeon E5520 biprocessor coupled with a
GPU device. The biprocessor is 64-bit, quad-core and has a clock speed of
2.27GHz. The GPU device is an NVIDIA Tesla C2050 with 448 CUDA cores
(14 multiprocessors with 32 cores each), a clock speed of 1.15GHz, a 2.8GB
global memory, a 49.15KB shared memory, and a warp size of 32.

8.9.2 Experimental protocol: computing the speedup

We need to compute the speedup of our approach to evaluate its perfor-
mances. This speedup is obtained by comparing our GPU B&B version to a
sequential B&B version deployed on one CPU core. However, all the instances
used in our experiments are extremely hard to solve. Indeed, the resolution of
each of these instances requires several months of computation on one CPU
core. For example, the optimal solution of one of these instances defined by
50 jobs and 20 machines is obtained after 25 days of computation using an
average of 328 CPU cores [12].

Using the approach defined in [12], it is possible to obtain a random list L
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of subproblems such that the resolution of L lasts T' minutes with a sequential
B&B. So by initializing the pool of our sequential B&B with the subproblems
of this list L, we are sure that the resolution of the sequential B&B will last
T'cpu minutes such as T'cpu will be approximately equal to T. Therefore, it
will be possible to initialize the pool of our GPU B&B with the same list
L of subproblems in order to compute the speedup. Let us suppose that the
resolution of the GPU B&B will last T'gpu minutes. So the speedup of our
GPU algorithm will be equal to T'cpu/T gpu. With this experimental protocol,
the subproblems explored by the GPU and CPU B&B versions will be exactly
the same. So to find the speedup associated to an instance, we:

e compute, using the approach defined in [12], a list L of subproblems
such as the resolution of L lasts T" minutes with a sequential B&B;

e initialize the pool of our sequential B&B with the subproblems of this
list L;

e solve the subproblems of this pool with our sequential B&B;

e get the sequential resolution time T'cpu and the number of explored
subproblems Ncpu;

e check that T'cpu is approximately equal to T
e initialize the pool of our GPU B&B with the subproblems of the list L;
e solve the subproblems of this pool with our GPU B&B;

e get the GPU resolution time T'gpu and the number of explored subprob-
lems N gpu;

e check that Ngpu is exactly equal to Ncpu;

e and finally compute the speedup associated to this instance by dividing
Tepu by Tgpu (i.e., Tepu/Tgpu).

Table 8.3 gives, for each instance according to its number of jobs and its
number of machines, the used resolution time with a sequential B&B. For
example, the sequential resolution time of each instance defined with 20 jobs
and 20 machines is approximately 10 minutes. Of course, the computation time
of the lower bound of a subproblem defined with 20 jobs and 20 machines is on
average greater than the computation time of the lower bound of a subproblem
defined with 50 jobs and 20 machines. Therefore, as shown in this table, the
sequential resolution time increases with the size of the instance in order to be
sure that the number of subproblems explored is significant for all instances.
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Instance (No. of jobs X No. of machines) | 20x20 | 50x20 | 100x20 | 200x20
Sequential resolution time (minutes) 10 50 150 300

TABLE 8.3. The sequential resolution time of each instance according to its
number of jobs and machines.

8.9.3 Performance impact of GPU-based parallelism

The objective of the experimental study presented in this section is to
compared the performances of both proposed approaches for designing B&B
on top of GPUs.

Table 8.4 and Table 8.5 report the speedups obtained with the GPU-
PTE-BB and GPU-PEB-BB approaches, respectively, for different problem
instances. The first part of both tables gives the size of the pool generated and
evaluated on the GPU. The second part of the tables gives the average speedup
for each group of instances and for each pool size. Each line corresponds to
a group of 10 instances defined by the same number of jobs and the same
number of machines.

The results obtained with the GPU-PTE-BB approach (see Table 8.4)
show that exploring the tree search in parallel allows the speedup of the execu-
tion of the B&B compared to a CPU-based execution. Indeed, an acceleration
factor up to 40.50 is obtained for the 20 x 20 problem instances using a pool
of 262144 subproblems.

Pool size | 4096 | 8192 | 16384 | 32768 | 65536 | 131072 | 262144

(N Jobs x N Machines) Average speedup for each group of 10 instances
200x20 1.12 2.89 3.57 4.23 6.442 8.32 13.4
100x20 1.33 1.88 3.45 6.45 12.38 20.40 28.76
50%20 2.70 3.80 6.82 13.04 23.53 30.94 37.66
20x20 6.43 | 11.43 20.14 27.78 30.12 35.74 40.50

TABLE 8.4. Speedups for different problem instances and pool sizes with the
GPU-PTE-BB approach.

The results show also that the parallel efficiency decreases with the size of
the problem instance. For a fixed number of machines (here 20 machines) and
a fixed pool size, the obtained speedup declines accordingly with the number
of jobs. For instance for a pool size of 262144, the acceleration factor obtained
with 200 jobs is 13.4 while it is 40.50 for the instances with 20 jobs. This
behavior is mainly due to the overhead induced by the transfer of the pool of
resulting subproblems between the CPU and the GPU. For example, for the
instances with 200 jobs the size of the pool to exchange between the CPU and
the GPU is ten times bigger than the size of the pool for the instances with
20 jobs.

The results obtained with the GPU-PEB-BB approach (see Table 8.5) show
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that evaluating the bounds of a selected pool in parallel, allows significants
speedup of the execution of the B&B. Indeed, an acceleration factor up to
71.69 is obtained for the 200 x 20 problem instances using a pool of 262144
subproblems. The results show also that the parallel efficiency grows with
the size of the problem instance. For a fixed number of machines (here 20
machines) and a fixed pool size, the obtained speedup grows accordingly with
the number of jobs. For instance for a pool size of 262144, the acceleration
factor obtained with 200 jobs (71.69) is almost double obtained with 20 jobs
(38.40).

Pool size | 4096 | 8192 | 16384 | 32768 | 65536 | 131072 | 262144

(NJobs x NMachines) Average speedup for each group of 10 instances
200%x20 | 42.83 56.23 | 57.68 | 61.21 | 66.75 68.30 71.69
100x20 | 42.59 56.18 | 57.53 | 60.95 | 65.52 65.70 65.97
50x20 | 42.57 | 56.15 | 55.69 | 55.49 | 55.39 55.27 55.14
20x20 | 38.74 | 46.47 | 45.37 | 41.92 | 39.55 38.90 38.40

TABLE 8.5. Speedups for different problem instances and pool sizes with the
GPU-PEB-BB approach.

As far as the pool size tuning is considered, we could notice that this
parameter depends strongly on the problem instance being solved. Indeed,
while the best acceleration is obtained with a pool size of 8192 subproblems
for the instances 50 x 20 and 20 x 20 (Tabletefch8:ParaGPU2 in bold), the
best speedups are obtained with a pool size of 262144 subproblems with the
instances 200 x 20 and 100 x 20 (Tablefefch8:ParaGPU2 in bold).

Compared to the parallel tree exploration-based GPU-accelerated B&B
approach, the parallel evaluation of bounds approach is by far much more effi-
cient wherever the instance is. For example, while the GPU-PEB-BB approach
reaches speedup of x71.69 for the instance with 200 jobs on 20 machines,
a speedup of a x13.4 is measured with the parallel tree exploration-based
approach which corresponds to an acceleration of x5.56. Moreover, to the
contrary of the GPU-PEB-BB approach, in the GPU-PTE-BB the speedups
decrease when the problem instance becomes higher. Remember here that
while in the GPU-PEB-BB approach all threads evaluate only one node each
whatever the permutation size is. In the GPU-PTE-BB, each thread branches
all the children of its assigned parent node. Therefore, the bigger the size of
the permutation, the bigger the amount of work performed by each thread is
and the bigger the difference between the workload. Indeed, let us suppose
that for the instance with 200 jobs, the thread 0 handles a node from the level
2 of the tree and the thread 100 handles a node from the level 170 of the tree.
In this case, the thread 0 generates and evaluates 198 nodes while the thread
100 decomposes and bounds only 30 nodes. The problem in this example is
that the kernel execution would last until the thread 0 finishes its work while
the other threads might have completed their work and remains idle.
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8.9.4 Thread divergence reduction

The objective of this section is to demonstrate that the thread divergence
reduction mechanisms we propose have an impact on the performance of the
GPU accelerated B&B and to evaluate how this impact is significant. In the
following, the reported results are obtained with the GPU-accelerated B&B
based on the parallel evaluation of bounds.

Pool size | 4096 | 8192 | 16384 | 32768 | 65536 | 131072 | 262144

(N Jobs x N Machines) Average speedup for each group of 10 instances

200x20 | 46.63 60.88 | 63.80 | 67.51 | 73.47 75.94 77.46

100x20 | 45.35 58.49 | 60.15 | 62.75 | 66.49 66.64 67.01

50x20 | 44.39 | 58.30 | 57.72 | 57.68 | 57.37 57.01 56.42

20x20 | 41.71 | 50.28 | 49.19 | 45.90 | 42.03 41.80 41.65

TABLE 8.6. Speedups for different instances and pool sizes using thread di-
vergence management.

Table 8.6 shows the experimental results obtained using the sorting process
and the refactoring approach presented in Section 8.7. Results show that the
proposed optimizations emphasize the GPU acceleration reported in Table 8.5
obtained without thread divergence reduction. For example, for the instances
of 200 jobs over 20 machines and a pool size of 262144, the average reported
speedup is 77.46 (Table 8.6 in bold) while the average acceleration factor
obtained without thread divergence management for the same instances and
the same pool size is 71.69 which corresponds to an improvement of 7.68%.
Such considerable but not outstanding improvement is predictable, as claimed
in [6], since the factorized part of the branches in the FSP lower bound is very
small.

8.9.5 Data access optimization

The objective of the experimental study presented in this section is to find
the best mapping of the six data structures of the LB kernel on the memories
of the GPU device. In the following, the reported results are obtained with
the GPU-accelerated B&B based on the parallel evaluation of bounds.

Table 8.7 reports the speedups obtained for the first experimental scenario
where only the matrix PTM is put on the shared memory. Results show that
the speedup grows on average with the growing of the pool size in the same
way as in Table 8.6. For the largest problem instance and pool size, putting
the PTM matrix on the shared memory improves the speedups up (14%)
compared to those obtained when PTM is on global memory reaching an
acceleration of x90.51 for the problem instances 200 x 20 and a pool size of
262144 subproblems.

Table 8.8 reports the behavior of the speedup averaged on the different
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Pool size | 4096 | 8192 | 16384 | 32768 | 65536 | 131072 | 262144
(N Jobs x N Machines) Average speedup for each group of 10 instances
200%x20 | 54.03 | 67.75 | 68.43 | 72.17 | 82.01 88.35 | 90.51
100x20 | 52.92 66.57 | 66.25 71.21 76.63 79.76 83.01
50x20 | 49.85 | 65.68 | 64.40 | 59.91 | 58.57 57.36 55.09
20x20 | 41.94 | 60.10 | 48.28 | 39.86 | 39.61 38.93 37.79

TABLE 8.7. Speedup for different FSP instances and pool sizes obtained with
data access optimization. PTM is placed in shared memory and all others are
placed in global memory.

Pool size | 4096 | 8192 | 16384 | 32768 | 65536 | 131072 | 262144
(N Jobs x N Machines) Average speedup for each group of 10 instances
200x20 | 63.01 | 79.40 | 81.40 | 84.02 | 93.61 96.56 | 97.83
100x20 | 61.70 | 77.79 | 79.32 | 81.25 | 86.73 87.81 88.69
50x20 | 59.79 | 75.32 | 72.20 | 71.04 | 70.12 68.74 68.07
20x20 | 49.00 | 60.25 | 55.50 | 45.88 | 44.47 43.11 42.82

TABLE 8.8. Speedup for different FSP instances and pool sizes obtained with
data access optimization. JM is placed in shared memory and all others are
placed in global memory.

problem instances (sizes) as a function of the pool size for the scenario where
the Johnson’s matrix is put on the shared memory. Results show that putting
the JM matrix on the shared memory improves the performances more than in
the first scenario where PTM is put on the shared memory. Indeed, according
to Table 8.1, matrix JM is accessed more frequently than matrix PTM. Putting
JM matrix on the shared memory allows accelerations up to x97.83 for the
problem instances 200 x 20.

Table 8.9 reports the behavior of the average speedup for the different
problem instances (sizes) with 20 machines for the data placement scenario
where both PTM and JM are put on shared memory. According to the under-
lying tables, scenarios 3 (JM together with PTM in shared memory) is clearly
better than the scenarios 1 and 2 (respectively PTM in shared memory and
JM in shared memory) whatever the problem instance (size).

Pool size | 4096 | 8192 | 16384 | 32768 | 65536 | 131072 | 262144
(NJobs x NMachines) Average speedup for each group of 10 instances
200x20 | 66.13 | 87.34 | 88.861 | 95.23 | 98.83 99.89 | 100.48
100x20 | 65.85 86.33 87.60 | 89.18 | 91.41 92.02 92.39
50x20 | 64.91 | 81.50 78.02 | 74.16 | 73.83 73.25 72.71
20%x20 | 53.64 | 61.47 59.55 | 51.39 | 47.40 46.53 46.37

TABLE 8.9. Speedup for different FSP instances and pool sizes obtained with
data access optimization. PTM and JM are placed together in shared memory
and all others are placed in global memory.
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By carefully analyzing each of the scenarios of data placement on the
memory hierarchies of the GPU, the recommendation is to put in the shared
memory the Johnson’s and the processing time matrices (JM and PTM) if
they fit in together. Otherwise, the whole or a part of the Johnson’s matrix
has to be given in priority in the shared memory. The other data structures
are mapped to the global memory.

8.10 Conclusion and future work

In this chapter, we have revisited the design of parallel B&B algorithms
on GPU accelerators to allow highly efficient solving of permutation-based
COPs. To do so, our contributions consisted of: (1) rethinking two approaches
for parallel B&B on top of GPUs, discussing the performances of each and
identifying which best suits the GPU accelerators; (2) proposing a new ap-
proach for thread/branch divergence reduction through a thorough analysis
of the different loops and conditional instructions of the bounding function;
and (3) defining an optimal mapping of the data structures of the bounding
function on the hierarchy of memories provided in the GPU device through
a careful analysis of both the data structures (size and access frequency) and
the GPU memories (size and access latency).

In the first parallel treeexploration-based B&B, a set of pending nodes is
selected from this list according to their depth and off-loaded to the GPU
where each thread builds its own local search tree by applying the branching,
bounding, and pruning operators to the assigned node. In the GPU-accelerated
B&B based on the parallel evaluation of bounds, the generation of the sub-
problems (branching, selection, and pruning operations) is performed on CPU
and the evaluation of their lower bounds (bounding operation) is executed on
the GPU device. Pools of subproblems are off-loaded from CPU to GPU to
be evaluated by blocks of threads. After evaluation, the lower bounds are
returned to the CPU.

In both considered approaches, our focus is on the GPU-based lower
bound’s implementation and the associated thread divergence and data place-
ment challenges. The proposed mechanisms for reducing the thread divergence
issue are based on a thorough analysis of the different loops and conditional
instructions of the lower bound function. On the one hand, the sorting pro-
cess aims to homogenize the data of the subproblems off-loaded to the GPU
to minimize the number of threads that diverge on loop instructions. On the
other hand, the technique of branch refactoring rewrite the conditional in-
structions into uniform instructions so that threads of the same warp execute
the same code. The proposed data access optimization is based on a prelimi-
nary analysis of the lower bound function. Such analysis allowed us to identify
six data structures for which we have proposed a complexity analysis in terms
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of memory size and access frequency. Due to the limited size of the shared
memory the matrices do not fit in all together. According to the complexity
study, the recommendation is to put the Johnson’s and the processing time
matrices (JM and PTM) in the shared memory if they fit in together. Other-
wise, the whole or a part of the Johnson’s matrix should be put in priority in
the shared memory. The other data structures are mapped to the global mem-
ory. Such recommendation has been confirmed through extensive experiments
using a recent C2050 Tesla GPU card.

The flowshop scheduling problem has been considered as a case study. The
proposed approaches have been experimented using a Tesla C2050 GPU card
on different classes of FSP instances. The experimental results show that the
parallel evaluation of bounds is the parallelization paradigm that performs
better on top of GPU accelerators. Compared to the parallel treeexploration
model, accelerations up to x5.56 are achieved.

Experiments show also that the proposed refactoring approach improves
the parallel efficiency whatever the FSP instance and pool size. However, the
improvement was not significant because the factorized part of the branches
in the FSP lower bound is very small. The optimizations obtained with the
proposed thread reduction mechanisms allowed us to achieve accelerations up
to x77.46 compared to a sequential B&B. The data access optimizations allow
accelerations up to x100 compared to a single CPU-based B&B.

In the near future, we plan to extend this work to a cluster of GPU-
accelerated multicore processors. From the application point of view, the ob-
jective is to optimally solve challenging and unsolved flowshop instances as
we did it for one 50x20 problem instance with grid computing [12]. Finally,
we plan to investigate other lower bound functions to deal with other combi-
natorial optimization problems.
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9.1 Introduction

This chapter presents GPU-based parallel metaheuristics, challenges, and
issues related to the particularities of the GPU architecture and a synthesis on
the different implementation strategies used in the literature. The implemen-
tation of parallel metaheuristics on GPUs is not straightforward. The tradi-
tional models used in CPUs must be rethought to meet the new requirements
of GPU architectures. This chapter is organized as follows. Combinatorial op-
timization and resolution methods are introduced in Section 9.2. The main
traditional parallel models used for metaheuristics are recalled in Section 9.3.
Section 9.4 highlights the main challenges related to the GPU implementa-
tion of metaheuristics. A state-of-the-art of GPU-based parallel metaheuristics
is summarized in Section 9.5. In Section 9.6, the main developed GPU-based
frameworks for metaheuristics are described. Finally, a case study is presented
in Section 9.7 and some concluding remarks are given in Section 9.8

9.2 Combinatorial optimization

Combinatorial optimization (CO) is a branch of applied and discrete math-
ematics. It consists in finding optimal configuration(s) among a finite set of
possible configurations (or solutions) of a given combinatorial optimization
problem (COP). The set of all possible solutions noted S is called solution
space or search space. Each solution in S is defined by its real cost calculated
by an objective function. COPs are generally defined as follows [5]:

A combinatorial problem P = (S, f) can be defined by

e a set of decision variables X,

e an objective function f to optimize (minimize or maximize) over the set

S,
e subject to constraints on the decision variables.

COPs are generally formulated as mixed integer programming problems
(MIPS) and most of them are NP-hard [11]. According to the quality level
of solutions and deadlines required for solving an optimization problem, two
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classes of optimization methods can be distinguished: exact methods and ap-
prozimate methods. Exact methods allow one to reach optimal solution(s) of
the handled optimization problem with a proof of its or their optimality. The
known methods of this class are the branch and bound technique, dynamic pro-
gramming, constraint programming, and A* algorithm. However, optimization
problems, whether practical or academic, are often complex and NP-hard.
Moreover, a large number of real-life optimization problems encountered in
science, engineering, economics, and business are usually large-sized problems
for which the size of the potential solution domain increases dramatically with
the size of the problem instance. Such problems cannot be tackled using exact
methods due to the excessive computation time needed by these methods to
find optimal solution(s). In such a situation, approximate methods (or meta-
heuristics) offer an alternative approach to solve these problems. Indeed, these
methods allow one to reach good quality solutions in reasonable computation
time compared to exact methods but with no guarantee to find optimal or even
bounded solutions. This is due to the nature of the search process adopted
by these approaches which consists of performing a search in a subset of the
whole search space.

Regarding the number of solutions considered at each iteration in the
search process, two classes of metaheuristics can be distinguished [34]:
solution-based and population-based metaheuristics. In the rest of this chapter,
the term s-metaheuristic refers to solution-based metaheuristic and the term
p-metaheuristic refers to population-based metaheuristic. In s-metaheuristics,
the search process starts with a single solution (generally set at random) and
iteratively improves it by exploring its neighborhood in the search space. The
most known methods in this class are local search methods that include sim-
ulated annealing [17], tabu search [12], iterated local search [32], and variable
neighborhood search [14].

Unlike s-metaheuristics, p-metaheuristics start with a population of solu-
tions and implement an iterative process that evolves the current population
towards a new population of better quality solutions. The process is repeated
until a stopping criterion is satisfied. Evolutionary algorithms, swarm opti-
mization, and ant colonies fall into this class.

9.3 Parallel models for metaheuristics

Optimization problems, whether real-life or academic, are more often NP-
hard and CPU time and/or memory consuming. Metaheuristics allow the sig-
nificant reduction of the computational time of the search process but remain
time-consuming particularly when it comes dealing with large-sized problems.

The use of parallelism in the design of metaheuristics is a relevant ap-
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proach that is widely adopted by the combinatorial optimization community
for various reasons:

e One of the main goals of parallelism is to reduce the search time. This
will allow the design of high performance optimization methods and the
solving of large-sized optimization problems.

e Sequential processor architectures have reached their physical limit
which prevents creating faster processors. The current trend of micro-
processor manufacturers consists of placing multicores on a single chip.
Nowadays, laptops and workstations are multicore processors. In ad-
dition, the evolution of network technologies and the proliferation of
broadband networks have made possible the emergence of clusters of
workstations (COWs), networks of workstations (NOWS), and large-
scale networks of machines (grids) as platforms for high-performance
computing.

From the granularity of parallelism point of view, three major parallel mod-
els for metaheuristics can be distinguished [34]: algorithmic-level, iteration-
level, and solution-level as illustrated in Figure 9.1.

Algorithmic—level

) /' ‘\ Solution—level
S (0) (0) s

FIGURE 9.1. Parallel models for metaheuristics.

e In the algorithmic-level parallel model, several self-contained meta-
heuristics are launched in parallel. The parallel metaheuristics may start
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with identical or different solutions (s-metaheuristics case) or popula-
tions (p-metaheuristics case). Their parameter settings such as the size
of tabu list for tabu search, transition probabilities for ant colonies, mu-
tation and crossover probabilities for evolutionary algorithms may be
the same or different. The parallel processes may evolve independently
or in a cooperative manner. In cooperative parallel models, the algo-
rithms exchange information related to the search during evolution in
order to find better and more robust solutions.

e In the iteration-level parallel model, the focus is on the parallelization
of each iteration of the metaheuristic. Indeed, metaheuristics are gener-
ally iterative search processes. Moreover, the most resource-consuming
part of a metaheuristic is the evaluation of the generated solutions at
each iteration. For s-metaheuristics (e.g., tabu search, simulated anneal-
ing, variable neighborhood search), the evaluation and generation of the
neighborhood is the most time-consuming step of the algorithm particu-
larly when it comes to dealing with large neighborhood sets. In this par-
allel model, the neighborhood is decomposed into partitions, and each
partition is evaluated in a parallel way. For p-metaheuristics (e.g., evo-
lutionary algorithms, ant colonies, swarm optimization), the iteration-
level parallel model arises naturally since these metaheuristics deal with
a population of independent solutions. In evolutionary algorithms, for
instance, the iteration-level model consists of decomposing the whole
population into several partitions where each partition is evaluated in
parallel.

e In the solution-level parallel model, the focus is on the parallelization of
the evaluation of a single solution. This model is useful when the objec-
tive function and/or the constraints are time and/or memory consuming,.
Unlike the two previous parallel models, the solution-level parallel model
is problem-dependent.

9.4 Challenges for the design of GPU-based
metaheuristics

Developing GPU-based parallel metaheuristics is not straightforward. The
parallel models have to be rethought to meet the new requirements of the
GPU architecture. Several major issues have to be taken into account both at
design and implementation levels to develop efficient metaheuristics on GPU.
These issues are mainly related to the size and latency of the GPU memories,
thread synchronization and divergence, the distribution of tasks, and data
transfer between the CPU and GPU [21].
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9.4.1 Data placement on a hierarchical memory

During the execution of metaheuristics on GPU, the different threads may
access multiple data structures from multiple memory spaces. These mem-
ories have different sizes and access latencies. Nevertheless, faster memories
(registers, shared and constant memories) are generally very small in size,
and the larger memories (global memory) are relatively slower. However, p-
metaheuristics require the exploration of a large amount of individuals to di-
versify the search. Moreover, an efficient execution of s-metaheuristics requires
exploring large neighborhoods. Thus, programmers have to take into account
this point to efficiently place the different data structures of the metaheuristic
on the different memories to benefit from both the faster memories and the
larger ones. A deep study has to be performed on both the metaheuristic data
structures (size and access frequency) and the GPU memories (size and access
latency) to identify which data will be placed on which memory. Generally,
the most accessed ones should be put on faster memories (registers, shared
memory) and larger ones on the larger memories (global memory). Also, an
efficient mapping between threads and the corresponding metaheuristic ele-
ments (one neighbor per thread, one individual per thread, single population
per threads block, one ant per thread, etc.) must be defined to ensure a max-
imum occupancy of the GPU and to cover CPU/GPU communication and
memory access times.

According to the used metaheuristic and to the handled problem, the data
values may have different types and different ranges of their values. The data
types should then be chosen carefully and the ranges of the data values should
be analyzed to minimize the amount of occupied memory space.

In addition to the size and latency of GPU memory issues, the memory
access pattern is another important issue to be dealt with to speedup GPU-
based metaheuristics. Indeed, the different memories have been designed to
achieve specific features that programmers must take into account to optimize
their codes and then to benefit from these features. For instance, the global
memory is optimized for coalesced accesses. The texture and the constant
memory are read-only memories. The texture is optimized for uncoalesced
accesses and the constant memory is optimized for simultaneously accesses of
all threads to the same location [21]. Therefore, to improve the performance
of the kernel execution, the programmers should put coalesced data on global
memory, uncoalesced read-only data (e.g., metaheuristic instance data) on the
texture, concurrent read-only data (e.g., data for fitness evaluation that all
threads concurrently access) on the constant memory, and the most accessed
data structures (e.g., population of individuals for a CUDA thread block) on
the shared memory.
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9.4.2 Threads synchronization

The thread synchronization issue is caused by both the GPU architecture
and the synchronization requirements of the implemented method. Indeed,
GPUs are based on a multicore architecture organized into several multi-
processors (Streaming Multiprocessor SM) supporting the SPMD model (Sin-
gle Program Multiple Data). Each SM contains several cores executing the
same instruction of different threads following the SIMD model (Single In-
struction Multiple Data). These threads belong to a warp (a group of 32
threads) and handle different data elements. An efficient execution of ap-
plications on GPU is achieved when launching a large amount of threads
(thousands of threads) [2]. However, the execution order of these thousands of
threads is unknown by the programmer which makes the prediction of their
execution order a challenging issue. Plus, the developer has to control explic-
itly the threads through the insertion of barrier synchronizations in the codes
to avoid concurrent accesses to data structures and to meet some requirements
related to data-dependent synchronizations.

9.4.3 Thread divergence

Thread divergence is another challenging issue in GPU-based metaheuris-
tics [9, 10, 31]. Generally, metaheuristics contain irregular loops and con-
ditional instructions when generating and evaluating the neighborhood (s-
metaheuristics), and the population (p-metaheuristics) in the same block. In
addition, the decision to apply a crossover or a mutation on an individual in
a genetic algorithm and the exploration of different paths using an ant colony
are random operations. Threads of the same warp have to execute instruc-
tions simultaneously leading to different branches whereas in an SIMD model
the threads of a same warp execute the same instruction. Consequently, the
different branches of a conditional instruction which is data-dependent lead
to a serial execution of the different threads degrading the performance of the
application in terms of execution time. The challenge here is then to revisit
the traditional irregular metaheuristic codes to eliminate these divergences.



190 Designing Scientific Applications on GPUs

9.4.4 Task distribution and CPU/GPU communication

The performance of GPU-based metaheuristics in terms of execution
time could be improved by choosing the most appropriate parallel model
(algorithmic-level, instruction-level, solution-level). Moreover, an efficient de-
composition of the metaheuristic and an efficient assignment of code portions
between the CPU and GPU should be adopted. The objective is to take ben-
efit from the GPU computing power without affecting the efficiency and the
behavior of the metaheuristic and without losing performance in CPU/GPU
communication and memory accesses. In order to decide which part of the
metaheuristic will be executed on which component, one should perform a
careful analysis on the serial code of the metaheuristic, identify the compute-
intensive tasks (e.g., exploration of the neighborhood, evaluation of individu-
als), and then offload them to the GPU, while the remaining tasks still run
on the CPU in a serial way.

The CPU/GPU communication is done through the global memory which
is a slow memory making the memory transfer between the CPU and GPU
time-consuming which can significantly degrade the performance of the ap-
plication. Accesses to this memory should be optimized by minimizing the
amount of transferred data between the two components in order to reduce
the communication time and, therefore, the whole execution time of the meta-
heuristic.

9.5 State-of-the-art parallel metaheuristics on GPUs

After more than two decades of research by the combinatorial optimisa-
tion community devoted to developing adequate parallel metaheuristics for
different types of parallel architectures (clusters, supercomputers and grids),
the actual developement of General Perpose GPU (GPGPU) brings new chal-
lenges for parallel metaheuristics on SIMD architectures.

The first works on metaheuristic algorithms implemented on GPUs started
on old graphics cards before the appearance of modern GPUs equipped with
high-level programming interfaces such as CUDA and OpenCL. Among these
pioneering works we cite the work of Wong et al. [38] dealing with the im-
plementation of EAs on graphics processing cards and the work by Catala et
al. in [8] where the ACO algorithm is implemented on old GPU architectures.
Yu et al. [39] and Li et al. [18] proposed a full parallelization of genetic al-
gorithms on old GPU architectures using shader libraries based on Direct3D
and OpenGL.

Such architectures are based on preconfigured pipelined stages used to
accelerate the transformation of 3D geometric primitives into pixels. Imple-
menting a general-purpose algorithm on such preconfigured architectures is
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very hard and requires the tailoring of the algorithm’s data and instructions
to fit the pipelined stages of the GPU. Since then, GPU architectures have
evolved to become programmable using high-level programming interfaces.
In this section we will focus only on recent state-of-the-art works dealing
with metaheuristics implementation on modern programmable GPUs. In this
review two classes are considered: (1) s-metaheuristics on GPUs and (2) p-
metaheuristics on GPUs. A comparative study is done of the main works and
a classification of the different existing strategies is proposed in Section 9.5.3.

9.5.1 Implementing solution-based metaheuristics on GPUs

A very basic local search algorithm starts with an initial solution gener-
ated either at random or by the mean of a specific heuristic and is based on
two elementary components: the generation of neighborhood structures using
an elementary move function and a selection function that determines which
solution in the current neighborhood will replace the actual search point. The
search continues as long as there is improvement and stops when there is
no better solution in the current neighborhood. The exploration (or evalua-
tion) of the different moves of a given neighborhood is done independently for
each move. Thus, the easiest way to accelerate a local search algorithm is to
parallelize the evaluation of the neighborhood (instruction-level parallelism).
This is by far the most used scheme in the literature for parallelizing local
search algorithms on GPUs. Nevertheless, small neighborhoods may lead to
nonoptimal occupation of the CUDA threads which may lead in turn to an
overhead due to the communication and memory latencies. Therefore, large
neighborhoods are necessary for efficient implementation of local searches on
GPUs.

Luong et al. [20] proposed efficient mappings for large neighborhood struc-
tures on GPUs. In this work, three different neighborhoods are studied and
mapped to the hierarchical GPU for binary problems. The three neighbor-
hoods are based on the Hamming distance. The move operators used in the
three neighborhoods consider Hamming distances of 1, 2, and 3 (this consists
on flipping the binary value of one, two, or three positions at a time in the
candidate binary vector). In [20], each thread is associated to a unique solu-
tion in the neighborhood. The addressed issue is how to efficiently map the
different neighborhoods on the device memory, more explicitly, how to calcu-
late the memory index of each solution associated to each CUDA thread’s id.
The three neighborhoods are implemented and experimented on the Permuted
Perceptron Problem (PPP) using a tabu search algorithm (T'S). Accelerations
from 9.9x to 18.5x are obtained on different problem sizes.

In the same context, Deevacq et al. [10] proposed two parallelization strate-
gies inspired by the multiwalk parallelization strategy, of a 3-opt iterated local
search algorithm (ILS) over a CPU/GPU architecture. In the first strategy,
each Local Search (LS) is associated to a unique CUDA thread and improves
a unique solution by generating its neighborhood. The second strategy asso-
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ciates each solution to a CUDA block and the neighborhood exploration is
parallelized on the block threads. In the first strategy, since several LS are
executed on different solutions on each Multi Processor (MP), the data struc-
tures should be stored on the global memory, while the exploration of a single
solution at a time in the second strategy allows the use of the shared memory
to store the related data structures. The two strategies have been experi-
mented on standard benchmarks of the Traveling Salesman Problem (TSP)
with sizes varying from 100 to 3038 cities. The results indicate that increasing
the number of solutions to be explored simultaneously improves the speedup
in the two strategies, but at the same time it decreases final solution quality.
The greater speedup factor reached by the second strategy is 6x.

The same strategy is used by Luong et al. in [21] to implement multistart
parallel local search algorithms (a special case of the algorithmic-level parallel
model where several homogeneous LS algorithms are used). The multistart
model is combined with iteration-level parallelism: several LS algorithms are
managed by the CPU and the neighborhood evaluation step of each algorithm
is parallelized on the GPU (each GPU thread is associated with one neighbor
and executes the same evaluation function kernel). The advantage of such a
model is that it allows a high occupancy of the GPU threads. Nevertheless,
memory management causes new issues due to the quantity of data to store
and to communicate between CPU and GPU. A second proposition for im-
plementing the same model on GPU consists of implementing the whole LS
processes on GPU with each GPU thread being associated to a unique LS al-
gorithm. This solves the communication issue encountered in the first model.
In addition, a memory management strategy is proposed to improve the effi-
ciency of the algorithmic-level model: texture memory is used to avoid mem-
ory latency due to uncoalesced memory accesses. The proposed approaches
are implemented on the quadratic assignment problem (QAP) using CUDA.
The acceleration rates obtained for the algorithmic-level with usage of texture
memory rise from 7.8x to 12x (for different QAP benchmark sizes).

Janiak et al. [15] implemented two algorithms for TSP and the flow-shop
scheduling problem (FSP). These algorithms are based on a multistart tabu
search model. Both of the algorithms exploit multicore CPU and GPU. A full
parallelization on GPU is adopted using shader libraries where each thread is
mapped with one tabu search. However, even though their experiments report
that the use of GPU speedups the serial execution almost 16x, the mapping
of one thread with one tabu search requires a large number of local search
algorithms to cover the memory access latency. The same mapping policy is
adopted by Zhu et al. in [41] (one thread is associated to one local search)
solving the quadratic assignment problem but using the CUDA toolkit instead
of shader libraries.

Luong et al. [22] proposed a GPU-based implementation of hybrid meta-
heuristics on heterogeneous parallel architectures (multicore CPU coupled to
one GPU). The challenge of using such a heterogeneous architecture is how to
distribute tasks between the CPU cores and the GPU in such a way to have
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optimal performances. Among the three traditional parallel models (solution-
level, iteration-level and algorithmic-level), the authors point out that the
most convenient model for the considered heterogeneous architecture is a hy-
brid model combining iteration-level and algorithmic-level models. Several
CPU threads execute several instances of the same S-metaheuristic in parallel
while the GPU device is associated to one CPU core and used to accelerate the
neighborhood calculation of several S-metaheuristics at the same time. In or-
der to efficiently exploit the remaining CPU cores, a load-balancing heuristic is
also proposed in order to decide on the number of additional S-metaheuristics
to launch on the remaining CPU cores relative to the efficiency of the GPU
calculations. The proposed approach is applied to the QAP using several in-
stances of the Fast Ant Colony Algorithm (FANT) [33].

All the previously noted works exploit the same parallel models used on
CPUs based on the task parallelism. A different implementation approach is
proposed by Paul in [27] to implement a simulated annealing (SA) algorithm
for the QAP on GPUs. Indeed, the author used a preinitialized matrix delta
in which the incremental evaluation of simple swap moves are calculated and
stored relative to the initial permutation p. For the GPU implementation,
the authors used the parallel implementation of neighborhood exploration.
The time-consuming tasks in the SA-matrix are identified by the authors as
updating the matrix and passing through it to select the next accepted move.
To initialize the delta matrix, several threads from different blocks explore
different segments of the matrix (different moves) at the same time. In order to
select the next accepted swap, several threads are also used. Starting from the
last move, a group of threads explores different subsets of the delta matrix. The
shared memory is used to preload all the necessary elements for a given group
of threads responsible for the updating of the delta matrix. The main difference
in this work compared to the previous works resides in the introduction of a
data parallelism using the precalculated delta matrix. The use of this matrix
allows the increase in the number of threads involved in the evaluation of a
single move. Experimentations are done on standard QAP instances from the
QAPLIB [6]. Speedups up to 10x are achieved by the GPU implementation
compared to the same sequential implementation on CPU using SA-matrix.

9.5.2 Implementing population-based metaheuristics on
GPUs

State-of-the-art works dealing with the implementation of p-metaheuristics
on GPUs generally rely on parallel models and research efforts done for par-
allelizing different classes of p-metaheuristics over different types of parallel
architectures: supercomputers, clusters, and computational grids. Three main
classes of p-metaheuristics are considered in this section: evolutionary algo-
rithms (EAs), ant colony optimization (ACO), and particle swarm optimiza-
tion (PSO).
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Evolutionary algorithms

Traditional parallel models for EAs are classified in three main classes:
coarse-grain models using several subpopulations (islands), master-slave mod-
els used for the parallelization of CPU intensive steps (evaluation and trans-
formation), and cellular models based on the use of one population disposed
(generally) on a toroidal grid.

The three traditional models have been implemented on GPUs by several
researchers for different optimization problems. The main chalenges to be
raised when implementing the traditional models on GPUs concern (1) the
saturation of the GPU in order to cover memory latency by calculations, and
(2) efficent usage of the hierarchical GPU memories.

In [16], Kannan and Ganji present a CUDA implementation of the drug dis-
covery application Autodock (molecular docking application). Autodock uses
a genetic algorithm to find optimal docking positions of a ligand to a protein.
The most time-consuming task in Autodock is the fitness function evaluation.
The fitness function used for a docking problem consists of calculating the
energy of the ligand-protein complex (sum of intermolecular energies). The
authors explore two different approaches to evaluate the fitness function on
GPU. In the first approach, each GPU thread calculates the energy function of
a single individual. This approach requires the use of large-sized populations
to saturate the GPU (thousands of individuals). In the second approach each
individual is associated with one thread block. The evaluation of the energy
function is performed by the threads of the same block. This allows the use of
medium population sizes (hundreds of individuals) and the acceleration of a
single fitness evaluation. Another great advantage of the per block approach
resides in the use of shared memory instead of global memory to store all
the information related to each individual. The obtained speedups range from
10x to 47x for population sizes ranging from 50 to 10000.

Maitre et al. [23] also exploited the master-slave parallelism of EAs on
GPUs using EASEA. EASEA is a C-like metalanguage for easy development of
EAs. The user writes a description of the problem-specific components (fitness
function, problem representation, etc) in EASEA. The code is then compiled
to obtain a ready-to-use evolutionary algorithm. The EASEA compiler uses
genetic algorithm LIB and EO Libraries to produce C++ or JAVA written EA
codes. In [23], the authors proposed an extension of EASEA to produce CUDA
code from the EASEA files. This extension has been used to generate a master-
slave parallel EA in which the sequential algorithm is maintained on CPU
and the population is sent to GPU for evaluation. Two problems have been
considered during the experiments: a benchmark mathematical function and a
real problem (molecular structure prediction). In order to maximize the GPU
occupation, very large populations are used (from 2000 to 20000). Even though
transferring such large populations from the CPU to the GPU device memory
at every generation is very costly, the authors report important speedups on
the two problems on a GTX260 card: 105x is reported for the benchmark
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function while for the real problem the reported speedup is 60x. This may be
best explained by the complexity of the fitness functions. Nevertheless, there is
no indication in the paper about the memory management of the populations
on GPU.

The master-slave model is efficient when the fitness function is highly time
intensive. Nevertheless, it requires the use of large-sized populations in order
to saturate the GPU unless the per-block is used (one individual perblock)
when the acceleration of the fitness function itself is possible. The use of
many subpopulations of medium sizes is another way to obtain a maximum
occupation of the GPU. This is coarse-grained parallelism (island model).

The coarse-grained model is used by Pospichal et al. in [30] to implement a
parallel genetic algorithm on GPU. In this work the entire genetic algorithm
is implemented on GPU. This choice is motivated by the overhead engen-
dered by the CPU/GPU communication when only population evaluation is
performed on GPU. Each population island is mapped with a CUDA thread
block and each thread is responsible for a unique individual. Subpopulations
are stored on shared memory of each block. Nevertheless, because interblock
communications are not possible on the CUDA architecture, the islands evolve
independently in each block, and migrations are performed asynchronously
through the global memory. That is, after a given number of generations, se-
lected individuals for migration from each island are copied to the GPU global
memory part of the neighbor island and then to its shared memory to replace
the worst individuals in the local population. The experiments are performed
on three benchmark mathematical functions. During these experiments, the
island sizes are varied from 2 to 256 individuals and island numbers from 1 to
1024. The maximum performance is achieved for high number of islands and
increasing population sizes.

The same strategy is also adopted by Tsutsui and Fujimoto in [35] to
implement a coarse-grained genetic algorithm on GPU to solve the QAP.
Initially, several subpopulations are created on CPU and transferred to the
global memory. The subpopulations are organized in the global memory into
blocks of 8 individuals in such a way to allow coalesced memory access by
the threads of the same thread block. Each sub-population is allocated to
a single thread block in the GPU and transfered to the shared memory to
start evolution. Population evaluation and transformation are done in parallel
by the different threads of a given block. Migration is also done through the
global memory. Experiments are performed on standard QAP benchmarks
from the QAPLIB [6]. The GPU implementation reached speedups of 2.9x to
12.6x compared to a single core implementation of a coarse-grained genetic
algorithm on a Intel i7 processor.

Nowotniak and Kucharski [26] proposed a GPU-based implementation of
a Quantum Inspired Genetic Algorithm (QIGA). The parallel model used is
a hierarchical model based on two levels: each thread in a block transforms
a unique individual and a different population is assigned to each block. The
algorithm is run entirely on GPU. A different instance of the QIGA is run
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on each block and the computations have been shared between 8 GPUs. This
approach is very convenient to speed up the experimental process on meta-
heuristics that require several independent runs of the same algorithm in order
to assess statistical efficiency. The populations are stored in the shared mem-
ory, the data matrix used for fitness evaluation is placed in read only constant
memory, and finally seeds for random numbers generated on the GPU are
stored in the global memory.

In coarse-grained parallelism, the use of the per-block approach to imple-
ment the islands (one subpopulation per thread block) is almost natural and
it allows the use of shared memory to store the subpopulations. Fine-grained
parallel models for EAs (cellular EAs) have been used by many authors to
implement parallel EAs on GPUs. Indeed, the fine-grained parallelism of EAs
fits perfectly to the SIMD architecture of the GPU.

Pinel et al. in [29] developed a highly parallel synchronous cellular genetic
algorithm (CGA), called GraphCell, to solve the independent task scheduling
problem on GPU architectures. In CGAs, the population is arranged into a
two-dimensional toroidal grid where only neighboring solutions are allowed
to interact with each other during the recombination step. In GraphCell, two
recombination operators for CGA are especially designed to run efficiently
on GPU. Indeed, instead of assigning a single thread to each solution of the
population to perform the recombination, in GraphCell, a single thread is as-
signed to each task of each solution. Offsprings are created by independently
modifying the assignment of some tasks in the current solution. Mainly, each
thread chooses one neighboring solution in the grid as second parent using
different selection strategies and assigns one task of the solution (first par-
ent) to the machine for which the same task is assigned in the second parent.
This way, the number of threads used for the recombination step is equal to
population size x size of the solution (number of tasks). This leads to a high
number of threads used to accelerate the recombination operators especially
when dealing with large instances of the problem. In addition to the recom-
bination operators, the rest of the CGA steps are also parallelized on GPU
(fitness evaluation, mutation, and replacement).

A similar work is proposed by Vidal and Alba in [37] where a CGA using a
toroidal grid is completely implemented on GPU. A direct mapping between
the population and the GPU threads is done. At each step, several threads
execute the same operations on each individual independently: initialization,
computing the neighborhood, selection, crossover, mutation, and evaluation.
A synchronization is done for all threads to perform the replacement stage
and form the next generation. All the data of the algorithm is placed on the
global memory. Several experiments have been performed on a set of standard
benchmark functions with different grid sizes ranging from 322 to 5122. The
speedups reached by the GPU implementation against the CPU version range
from 5x to 24x and increase as the size of the population increases. However,
the CPU implementation runs faster than the GPU version for all the tested
benchmarks when the size of the population is set to 322. When the size of
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the population is too small, there are not enough computations to cover the
overhead created by the call of kernel functions, CPU/GPU communications,
synchronization, and access to global memory. Finally, an interesting review
on GPU parallel computation in bio-inspired algorithms is proposed by Arenas
et al. in [4].

Ant colony optimization

Ant colony optimization (ACO) is another p-metaheuristic subject to par-
allelization on GPUs. State-of-the-art works on parallelizing ACO focus on
accelerating the tour construction step performed by each ant by taking a
task-based parallelism approach, with pheromone deposition on the CPU.

In [9], Cecilia et al. present a GPU-based implementation of ACO for TSP
where the two steps (tour construction and pheromone update) are parallelized
on the GPU. A data parallelism approach is used to enhance the performance
of the tour construction step. The authors use two categories of artificial ants:
queen ants associated with CUDA thread-blocks and worker ants associated
with CUDA threads. A queen ant represents a simulated ant and worker ants
collaborate with the queen ant to accelerate the decision about the next city to
visit. The tour construction step of each queen ant is accelerated. Each worker
ant maintains a history of the search in a tabu list containing a chronological
ordering of the already visited cities. This memory is used to determine the
feasible neighborhoods. After all queen ants have constructed their tours, the
pheromone trails are updated. For pheromone update, several GPU techniques
are also used to increase the data bandwidth of the application mainly by the
use of precalculated matrices that are easily updated by several threads (one
thread per matrix entry). The achieved speedups are 21 x for tour construction
and 20x for pheromone updates.

In another work, Tsutsui and Fujimoto [36] propose a hybrid algorithm
combining ACO metaheuristic and Tabu Search (TS) implemented on GPU
to solve the QAP. A solution of QAP is represented as a permutation of
1,2,..,n with n being the size of the problem. The TS algorithm is based on
the 2-opt neighborhood (swapping of two elements (4, j) in the permutation).
The authors point out that the move cost of each neighbor depends on the
couple (4,7). Two groups of moves are formed according to the move cost.
In order to avoid thread divergence within the same warp, the neighborhood
evaluation is parallelized in such a way to assign only moves of the same cost
to each thread warp. This strategy is called MATA for Move-cost Adjusted
Thread Assignment. Concerning the memory management, all the data of
the ACO (population, pheromone matrix), QAP matrices, and tabu list are
placed on the global memory of the GPU. Shared memory is used only for
working data common to all threads in a given block. All the steps of the
hybrid algorithm ACO-TS (ACO initialization, pheromone update, construct
solutions, applying T'S) are implemented as kernel functions on the GPU. The
GPU/CPU communications are only used to transfer the best-so-far solution
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in order to verify termination conditions. The experiments performed on stan-
dard QAP benchmarks showed that the GPU implementation using MATA
obtained a speedup of 19x compared to the CPU implementation, compared
with a speedup of only 5x when MATA is not used.

Particle swarm optimization

In [40] Zhou and Tan propose a full GPU implementation of a standard
PSO algorithm. All the data is stored in global memory (velocities, positions,
swarm population, etc). Only working data is copied to shared memory by
each thread. The four steps of the PSO have been parallelized on GPU: fitness
evaluation of the swarm, update of local best and global best of each particle,
and update of velocity and position of each particle. The same strategy is
used to parallelize the first and last steps: the evaluation of fitness functions
is performed in parallel for each dimension by several threads. It is the case
for the update of position and velocities of each particle: one dimension at a
time is updated for the whole swarm by several threads. Random numbers
needed for updating the velocities and positions for the whole PSO processes
are generated on CPU at the starting of the algorithm and transferred to the
GPU global memory. For the steps 2 and 3 (update of local best and global
best of each particle), the GPU threads are mapped to the N particles of
the swarm one to one. Experiments done on four benchmark functions show
speedups ranging from 3.7x to 9.0x for swarm sizes ranging from 400 to 2800.

9.5.3 Synthesis of the implementation strategies

After reviewing some works dealing with GPU-based implementation of
metaheuristics, in this section we will try to come up with a classification of
the different strategies used in the literature for the implementation of meta-
heuristics on GPUs. One may distinguish between the parallel models adopted
in each metaheuristic (design level) and the way they are exploited on GPU
architectures (implementation level). Indeed, even though the parallelization
models used in most works for GPUs are derived from the traditional parallel
models of each metaheuristic (on CPU), their implementation could take a
different way and sometimes it may result in new parallel models customized
for GPUs.

Traditional parallel models for metaheuristics are based on an intuitive
task parallelism: the independent tasks of the algorithms are simply paral-
lelized. For example, in the case of s-metaheuristics, the evaluation of large
neighborhoods could be done in parallel since there is no synchronization at
this step of the algorithm. That is the case of EAs when it comes to apply-
ing the evaluation step. Nevertheless, because of the particularity of the GPU
architecture, some authors have used new implementation techniques to en-
hance the data parallelism in the sequential algorithms in order to increase
the data throughput of the application.
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From this observation we propose the following classification based on
2 levels: design level and implementation level as illustrated in Figure 9.2.
The design level regroups the three classes of parallel models used in meta-
heuristics (solution-level, iteration-level, algorithmic-level) with examples for
s-metaheuristics, EAs, ACO and PCO. This classification is principally built
from the reviewed state-of-the-art works in the previous section. The imple-
mentation level refers to the way these parallel design models are implemented
on GPU. This classification focuses only on the mapping strategies between
the GPU threads and the parallelized tasks (neighborhood evaluation, so-
lution construction, and so on). The different implementation strategies are
explained in the following sections.

Design level Implementation level

Parallel fitness

Solution—level evaluation

Parallel solution

p s .
construction ‘ One Block/Solution

Parallel crossover ‘

Parallel neighborhood

Iteration—level evaluation

OneThread/Solution

Parallel evaluation
of populations

Cellular model ‘/

One Thread/LS
Multistart <

One Thread/Solution

Island model ‘
— Block/Population

One Block/Solution

Algorithmic—level

[ L1 ]

FIGURE 9.2. A two level classification of state-of-the-art GPU-based parallel
metaheuristics.

GPU thread mapping for solution-level parallelism

Parallel models at solution level consist of parallelizing a time intensive
atomic task of the algorithm. Generally, it consists of the fitness evalua-
tion [16]. Nevertheless, crossover operators have also been parallelized by
some authors [29]. These kinds of models are not always possible as they
are problem-dependent. The GPU implementation of solution-level models
uses the perblock mapping: each solution is associated to a block of threads.
A second level of parallelism is used inside each block to parallelize the fitness
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evaluation of a single solution. This kind of mapping allows the use of shared
memory to store the data structures of the solution and does not require the
use of very large neighborhoods or populations.

GPU thread mapping for iteration-level parallelism

Iteration-level parallelism consists of parallelizing the tasks performed in-
dependently on different solutions. Different mapping strategies are adopted
in the reviewed works to implement these models.

In Figure 9.2, the first example of iteration-level parallelism is the paral-
lel evaluation of neighborhoods in s-metaheuristics. In most of the reviewed
works, a per-thread mapping approach is used: each solution of the neighbor-
hood is mapped to a unique thread in the GPU for evaluation [10,20]. The
same mapping is used for master-slave parallel EAs to accelerate the eval-
uation of large populations. This kind of mapping is only efficient for very
large neighborhoods and very large populations (to saturate the GPU). Many
authors have pointed out that the use of such large populations (or neigh-
borhoods) may lead to an overhead due to the communication costs between
the CPU and the GPU (if the sequential part of the algorithm is placed on
CPU). In order to circumvent this issue, many authors have implemented the
entire algorithm on GPU [30]. On the other hand, as several solutions may be
mapped with the same thread block in the GPU, shared memory could not
be used and all the data should be placed on global memory.

GPU thread mapping for algorithmic-level parallelism

Algorithmic-level parallelism consists of launching several self-contained
algorithms in parallel. In the previously reviewed works two algorithmic-level
models have been used: the multistart model and the island model (parallel
EAs).

The implementation of the multistart model is based on two different map-
ping strategies [10,21]: (1) each Local Search (LS) is associated to a unique
thread and (2) each solution (from multiple neighborhoods) is associated to a
unique thread. The first mapping strategy (one thread per LS) presents a big
drawback: the number of LS to use should be very large to saturate the GPU
and cover the memory access latency. On the other hand, the evaluation of
the neighborhood of a single LS by one thread is time intensive. Furthermore,
shared memory could not be used to store the huge data generated by the dif-
ferent neighborhoods. In the second mapping strategy, the LS algorithms are
placed on CPU and the neighborhood evaluation of each LS is parallelized on
GPU using per-thread mapping strategy (one thread per solution). This con-
sists of a hierarchical parallel model combining algorithmic-level parallelism
(multistart) with iteration-level parallelism (master-worker).

In the island model, the same mapping is used in all the reviewed works [23,
26, 35]: each subpopulation (island) is associated to one thread block in the
GPU. A second level of parallelism is used inside the block to parallelize
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the evaluation step of the local population. Migrations are always performed
through the global memory as interblock communications are impossible in
CUDA. The first advantage of this hierarchical implementation is that it allows
the occupation of a large number of threads even for medium population sizes.
The second advantage consists of using shared memory to store subpopulations
to benefit from the low latency of shared memory.

9.6 Frameworks for metaheuristics on GPUs

After the first pioneering works of metaheuristics on graphics processing
units, the next challenge is to provide easy-to-use frameworks and libraries
for rapid development of metaheuristics on GPUs. Although the works on
this subject are not yet mature and do not cover the main metaheuristic
algorithms, we will present the only three works to our knowledge, which
propose open source frameworks for developing metaheuristics on GPUs.

The three frameworks reviewed in this section are PUGACE [31],
ParadisEO-MO-GPU [24], and libCUDAOptimize [25]. PUGACE is a frame-
work for implementing EAs on GPUs. ParadisEO-MO-GPU is an extension
of the framework ParadisEO [7] for implementing s-metaheuristics on GPU.
Finally, libCUDAOptimize is a library intended for the implementation of p-
metaheuristics on GPU. The three frameworks are presented in more detail
in the following.

9.6.1 PUGACE: framework for implementing evolutionary
computation on GPUs

PUGACE is a generic framework for easy implementation of cellular evolu-
tionary algorithms on GPUs implemented using C and CUDA. It is based on
the frameworks MALLBA and JCell (a framework for cellular algorithms).
The authors justified the choice of cellular evolutionary algorithm by the
good feedback found in the literature concerning its efficient implementa-
tion on GPUs compared to other parallel models for EAs (island, master-
slave). The main standard evolutionary operators are already implemented
in PUGACE: different selection strategies, standard crossover, and mutation
operators (PMX, swap, 2-exchange, etc.). Different problem encoding is also
supported. The framework is organized as a set of modules in which the dif-
ferent functionalities are separated as much as possible in order to facilitate
the extension of the framework. All the functions and procedures that execute
on GPU are implemented in the same file kernel.cu.

The implementation strategy adopted on the GPU is as follows. Population
initialization is done on the CPU side and the population is transferred to the
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GPU. On the GPU side, each individual is associated to a unique CUDA
thread. The function evaluation and mutation are done on the GPU while
selection and replacement are maintained on the CPU. In order to avoid thread
divergence appearing in the same CUDA thread block at the crossover step
(because of the probability of application which may give different results from
one thread to the other), the decision of whether to apply a crossover is taken
at the block level and applied to all the individuals within the block. It is the
decision on the choose of the cutting point for the crossover.

The framework is validated on standard benchmarks of the QAP. Speedups
of 15.44x to 18.41x are achieved compared to a CPU implementation of a
cEA using population sizes rising from 512 to 1024 and from 1024 to 2048.

9.6.2 ParadisEO-MO-GPU

Melab et al. [24] developed a reusable framework ParadisEO-MO-GPU
for parallel local search metaheuristics (s-metaheuristics) on GPUs. It fo-
cuses on the iteration-level parallel model of s-metaheuristics which consists
of exploring in parallel the neighborhood of a problem solution on GPU. The
framework, implemented using C++ and CUDA, is an extension of the Par-
adisEO [7] framework previously developed by the same team for parallel and
distributed metaheuristics on both dedicated parallel hardware platforms and
computational grids. The objective of this framework is to facilitate the de-
velopment of GPU-based metaheuristics providing a transparent use of GPUs
to users who are unfamiliar with advanced features of all parallelization tech-
niques and deployment on GPUs. The framework allows one to efficiently
manage the hierarchical organization of the memories (latencies and sizes) of
the GPU and its communication with the CPU as well as the minimizing of
the user involvement in its management.

The framework is based on a master-worker model where the master is
the CPU and the workers are threads executed by the processing cores of the
GPU. The CPU executes the serial part of the metaheuristic and sends only
the current solution to the GPU to minimize the transfer cost. The GPU, on
its side, generates the neighboring of the received solution and evaluates them
at each iteration. All the threads execute the same kernel and according to a
static mapping table between the threads and the neighbors where each thread
is associated with exactly one neighbor evaluation. After all the neighborhood
is generated and evaluated, it is sent back to the CPU which selects the best
solution (See Figure 9.3).

9.6.3 libCUDAOptimize: an open source library of GPU-
based metaheuristics
LibCUDAOptimize [25] is a C++/CUDA open source library for the design

and implementation of metaheuristics on GPUs. Until now, the metaheuristics
supported by LibCUDAOptimize are: scatter search, differential evolution,
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FIGURE 9.3. The skeleton of the ParadisEO-MO-GPU.

and particle swarm optimization. Nevertheless, the library is designed in such
a way to allow further extensions for other metaheuristics and it is still in
development phase by the authors. The parallelization strategy adopted on
GPU is principally based on fitness evaluation. The sequential structure of
the optimization algorithms is maintained on CPU.

9.7 Case study: accelerating large neighborhood LS
method on GPUs for solving the Q3AP

In this case study, a large neighborhood GPU-based local search method
for solving the Quadratic 3-dimensional Assignment Problem (Q3AP) will be
presented. The local search method is an Iterated Local Search (ILS) [32] using
an embedded TS algorithm. The ILS principle consists of executing iteratively
the embedded local search, each iteration which starts from a disrupted local
optima reached by the previous local search process. The disruption heuristic
is a performance parameter of an ILS algorithm and should be judiciously
defined. A template of an ILS algorithm is given by the Algorithm 7.
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Algorithm 7: iterated local search template

so=GeneratelnitSol();

s*=LocalSearch(sg);

repeat
s'=Perturbate(s*, history);
s* =LocalSearch(s');
s*=AcceptationCriteria(s*, s* history);

until a maximum number of iterations is reached;

i =L BNV R I

9.7.1 The quadratic 3-dimensional assignment problem

The Q3AP is an extension of the well-known NP-hard QAP. The latter
is one of the most studied problems by the combinatorial optimization com-
munity due to its wide range of practical applications (site planning, sched-
ule problem, computer-aided design, etc.) and to its computational challenges
since it is considered as one of the most computationally difficult optimization
problems.

The Q3AP was first introduced by William P. Pierskalla in 1967 [28] and,
unlike the QAP, the Q3AP is a less studied problem. Indeed, the Q3AP was
revisited only this past year and has recently been used to model some ad-
vanced assignment problems such as the symbol-mapping problem encoun-
tered in wireless communication systems and described in [13]. The Q3AP
optimization problem can be mathematically expressed as follows:

n—1ln—-1ln—-1n—-1n—-1n—-1

min Z Z Z Z Z Z CijlksrLijlTksr +

=0 j=0 [=0 k=0 s=0 r=0

n—ln—1n—1

Z Z Zbiﬂxijl (91)

i=0 j=0 1=0

where

X = (xijl) elnJn L, (92)
zij € {0,1}, i,5,0=0,1,..,n—1 (9.3)

I, J, and L sets are defined as follows:

n—1ln—1

I={X=():» Y miu=1 i=01,.,n—1}

j=0 1=0

n—1n—1

J:{X:(xz‘jl)Izzxiﬂ:l, i=0,1,...,n—1}

i=0 [=0
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n—1n—1

L={X = (zi1) szmf1 1=0,1,...,n—1}

=0 j=0

Other equivalent formulations of the Q3AP can be found in the literature.
A particularly useful one is the permutation-based formulation wherein the
Q3AP can be expressed as follows:

n—1ln—1

min § f(m1,ms) ZZC“H()M Dimi T T
1=0 5=0

n—1

Z by iy may (9.4)

=0

where 7, and 7 are permutations over the set {0,1,...,n — 1}. According to
this formulation, minimizing the Q3AP consists of finding a double permuta-
tion (71, 72) which minimizes the objective function (9.4).

The Q3AP is proven to be an NP-hard problem since it is an extension of
the quadratic assignment problem and of the axial 3-dimensional assignment
problem which are both NP-hard problems. It is particularly computationally
difficult since the number of feasible solutions of an instance of size n is n! xn!.

9.7.2 Iterated tabu search algorithm for the Q3AP

To tackle large-sized instances of the Q3AP and speed up the search pro-
cess, a parallel ILS algorithm has been designed. The local search embedded
in the ILS is a TS. A TS procedure [12] starts from an initial feasible solution
and tries, at each step, to move to a neighboring solution that minimizes the
fitness (for a minimization case). If no such move exists, the neighbor solution
that less degrades the fitness is chosen as a next move. This enables the TS
process to escape local optima. However, this strategy may generate cycles,
i.e., previous moves can be selected again. To avoid cycles, the TS manages
a short-term memory that contains the moves that have been recently per-
formed. A TS template is given by Algorithm 8.

Algorithm 8: tabu search template

1 GeneratelnitSol(s);

2 TabuList=¢;

3 t=0;

4 repeat

5 m(t) = SelectBestMove(s(t));

6 s(t+ 1) = ApplyMove(m(t), s(t));

7 TabuList = TabuList [ J{m(t)};

8 t=t+1;

9 until a mazimum number of iterations is reached;




206 Designing Scientific Applications on GPUs

9.7.3 Neighborhood functions for the Q3AP

The neighborhood function is a crucial parameter in any local search al-
gorithm. Indeed, if the neighborhood function is not adequate to the problem
and/or does not consider the targeted computing framework, any local search
algorithm will fail to reach good quality solutions of the search space.

Regarding the Q3AP, many neighborhood structures can be considered. A
basic neighborhood was proposed and investigated in different works of the
literature [13,19] and consists of the set of all solutions (double-permutations)
generated from the current one by an exchange of two positions in either the
first (71) or the second (m2) permutation. This neighborhood that we denote
by Np can be formalized as follows:

’

No(my,m) ={ (), m) : Wi[k]. = my[I], m 1] = mi (]

[[] =mli], 0<i#kl<m;

(9.5)

~C

(my, ) = my[k] = mall], mall] = ma[K]
0<k#Il<mn

moli] = mali], 0<i<mn;
mll=mljl, 0<j#kl<n

}

where (71, m2) is the current solution and n is the size of the Q3AP instance.
The size |Ny| of such neighborhood is equal to

[Ny| =nx (n—1) (9.6)

In our GPU-based implementations, a large-sized neighborhood structure
has been used for experimentation. In fact, theoretical and experimental stud-
ies have shown that the use of large neighborhood structures may improve the
effectiveness of LS algorithms [3]. However, for such a neighborhood, the gen-
eration/evaluation step of an LS becomes a time-consuming task and may
dramatically increase the computational time of the LS process. This justifies
the use of intensive data-parallelism provided by GPUs where all neighboring
solutions may be concurrently evaluated.

The considered large-sized neighborhood consists of swapping two posi-
tions in both permutations w1 and 7. This neighborhood structure, N (7, m2),
can be formalized as follows:
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N(my,m2) ={ (7;'1,7@ sy (k] = mu[l], o 1) = ma K],
molr] = mals], mo[s] = ma[r]
0<k#1<n0<r+#s<mn;
mli) =mli], 0<i#kl<n;
moli] =mlil, 0<j#rs<n

}

So, for a given Q3AP instance of size n, the size |N| of the advanced
neighborhood set can be expressed by the following formula:

IN| = (nx(g_l))Q (9.8)

(9.7)

9.7.4 Design and implementation of a GPU-based iterated
tabu search algorithm for the Q3AP

The use of GPU devices to speed up the search process of local search
methods is not a straightforward task. It requires one to consider, at the same
time, the characteristics and underlying issues of the GPU architecture and the
parallel models of LS methods. The main challenges that must be faced when
designing a local search algorithm are the efficient distribution of the search
process between the CPU and the GPU minimizing the data transfer between
them, the hierarchical memory management and the capacity constraints of
GPU memories, and the thread synchronization. All these issues must be
regarded when designing parallel LS models to allow solving of large scale
optimization problems on GPU architectures.

To go back to our problem (i.e., Q3AP), we propose in Algorithm 9 an iter-
ated tabu search on GPU (GPU-ITS). The parallel model is in agreement with
the iteration-level parallel model of LS methods presented in Section 9.3 (Fig.
9.1). This algorithm can be seen as a cooperative model between the CPU and
the GPU. Indeed, the GPU is used as a coprocessor in a synchronous manner.
The resource-consuming part, i.e., the generation and evaluation kernel, is
calculated by the GPU and the rest of the LS process is handled by the CPU.
First of all, at initialization stage, memory allocations on GPU are made; the
input matrices (distance and flow matrices) and the initial candidate solution
of the Q3AP must be allocated (lines 4 and 5). Since GPUs require massive
computations with predictable memory accesses, a structure has to be allo-
cated for storing all the neighborhood fitnesses at different addresses (line 6).
Second, the matrices and the initial candidate solution have to be copied on
the GPU (lines 7 and 8). We notice that the input matrices are read-only
structures and do not change during all the execution of the LS algorithm.
Therefore, their associated memory is copied only once during all the exe-
cution. Third, comes the parallel iteration-level, in which each neighboring
solution is generated, evaluated, and copied into the neighborhood fitnesses
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structure (from lines 10 to 14). Fourth, since the order in which candidate
neighbors are evaluated is undefined, the neighborhood fitnesses structure has
to be copied to the host CPU (line 15). Then the selection strategy is applied
to this structure (line 16): the exploration of the neighborhood fitnesses struc-
ture is done by the CPU. Finally, after a new candidate has been selected,
this information is copied to the GPU (line 18). The process is repeated until
a given number of iterations has been reached.

Algorithm 9: template of an iterated tabu search on GPU for solving
the Q3AP

Choose an initial solution;
Evaluate the solution;
Initialize the tabu list;
Allocate the Q3AP input data on GPU device memory;
Allocate a solution on GPU device memory;
Allocate a neighborhood fitnesses structure on GPU device memory;
Copy the Q3AP input data on GPU device memorys;
Copy the solution on GPU device memory;
t =0;
repeat
for each generated neighbor on GPU do
Incremental evaluation of the candidate solution;
Insert the resulting fitness into the neighborhood fitnesses
structure;
14 end
15 Copy the neighborhood fitnesses structure on CPU host memory;
16 Select the best admissible neighboring solution;
17 Update the tabu list;
18 Copy the chosen solution on GPU device memory;

© 0 N O AW N -

I
W N = O

19 until a mazimum number of iterations is reached;

9.7.5 Experimental results

In this section, some experimental results related to the approach presented
in Section 9.7.4 are reported. We recall that the approach is a GPU-based it-
erated tabu search (GPU-ITS) method consisting in an iterated local search
(ILS) embedding a tabu search (TS) and where the generation/evaluation step
of the TS process is executed on GPU. The ILS is used to improve the quality
of successive local optima provided by TS methods. This is achieved by per-
turbing the local optima reached by the current T'S process and reconsidering
it as initial solution of the following T'S process. Regarding our algorithm, the
applied perturbation is a random number p of swaps in either the first or the
second permutation where p € [2 : n] (n is the instance size).

Experiments have been carried out on a node of the Chirloute cluster of
the Lille site. This is one of the 10 sites that currently make up Grid5000 [1],
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Instance | Optimal | Average | Maximal | Hits | CPU | GPU | Speed- | ITS
/BKV! value value time | time up iter.

Nugl2-d 580 615.4 744 | 35% 87.7 2.5 | 34.7x 16
41.7 40.9 0.9 6.3

Nugl3-d 1912 1985.4 2100 | 20% | 209.2 3.3 | 63.5x% 17
51.0 1.3 1.0 5.6

Nugl5-d 2230 2418.1 2580 | 30% | 305.5 5.2 | 58.8x 17
135.3 164.5 1.3 5.0

Nugl18-d 17836 | 18110.2 18506 | 10% | 1375.9 | 12.8 | 107.4x 19
157.8 123.5 2.6 4.2

Nug22-d 42476 | 43282.1 44140 | 25% | 4506.5 | 32.7 | 137.8% 18
529.6 341.1 6.6 4.0

TABLE 9.1. Results of the GPU-based iterated tabu search for different Q3AP
instances.

the French experimental computational grid. A Chirloute cluster node consists
of an Intel Xeon E5620 CPU and a NVIDIA Tesla Fermi M2050 (448 cores)
GPU type. The number of ILS iterations and the number of TS iterations
were set respectively to 20 and 500. The tabu list size has been initalized to
> m being the size of the neighborhood set.

Table 9.1 reports the obtained results for the GPU-ITS using our large-
sized neighborhood structure. The method has been tested on 5 Q3AP in-
stances derived from the QAP Nugent instances in QAPLIB [6]. The average
time measurement for 20 executions is reported in seconds and acceleration
factors compared to a standalone CPU are also considered. The algorithm is
stopped when a maximum number of iterations has been reached or when the
optimal (or best known) value has been discovered. Average and max values
of the evaluation function of the parallel GPU version have been measured.
The number of successful tries (hits) and the average number of ILS iterations
to converge to the optimal/best known value are also represented. The associ-
ated standard deviation for each average measurement is shown in small type
characters.

Regarding the execution time, the generation and evaluation of the neigh-
borhood in parallel on GPU provides an efficient way to speedup the search
process in comparison with a single CPU. In fact, for the smaller instance
Nugl2-d, the GPU version starts to be faster than the CPU one (acceleration
factor of 34.7 x). As long as the problem size increases, the speedup grows
significantly (up to 137.8x for the Nug22-d instance). This means that the use
of GPU provides an efficient way to deal with large neighborhoods. Indeed,
the proposed neighborhoods were unpractical in terms of single CPU compu-
tational resources for large Q3AP instances such as Nug22-d (estimated to
around 2 hours per run). So, implementing this algorithm on GPU has al-

1Best known value.
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lowed the exploitation of parallelism in such neighborhood and improved the
robustness/quality of provided solutions.

9.8 Conclusion

This chapter has presented state-of-the-art GPU-based parallel meta-
heuristics and a case study on implementing large neighborhood local search
methods on GPUs for solving large benchmarks of the quadratic three-
dimensional assignment problem (Q3AP).

Implementing parallel metaheuristics on GPU architectures poses new is-
sues and challenges such as memory management; finding efficient mapping
strategies between tasks to parallelize; and the GPU threads, thread diver-
gence, and synchronization. Actually, most of metaheuristics have been im-
plemented on GPU using different implementation strategies. In this chap-
ter, a two-level classification of the reviewed works has been proposed: design
level and implementation level. Design level regroups traditional parallel mod-
els used for metaheuristics while implementation level refers to the way those
models are mapped to the GPU architecture. This classification focuses mainly
on the mapping between the metaheuristic tasks to parallelize and the GPU
threads. Indeed, the choice of a given mapping strategy strongly influences
the other challenges (memory usage, communication, thread divergence).
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10.1 Introduction

The simplex method [4] is a well-known optimization algorithm for solving
linear programming (LP) models in the field of operations research. It is part
of software often employed by businesses for finding solutions to problems
such as airline scheduling problems. The original standard simplex method
was proposed by Dantzig in 1947. A more efficient method, named the re-
vised simplex, was later developed. Nowadays its sequential implementation
can be found in almost all commercial LP solvers. But the always increasing
complexity and size of LP problems from the industry, drives the demand for
more computational power. In this context, parallelization is the natural idea
to investigate [17]. Already in 1996, Thomadakis and Liu [23] implemented
the standard method on a massive parallel computer and obtained an increase
in performances when solving dense or large problems.

A few years back, in order to meet the demand for processing power, graph-
ics card vendors made their graphical processing units (GPU) available for
general-purpose computing. Since then GPUs have gained a lot of popularity
as they offer an opportunity to accelerate algorithms having an architecture
well-adapted to the GPU model. The simplex method falls into this category.
Indeed, GPUs exhibit a massive parallel architecture optimized for matrix
processing. To our knowledge, there are only a few simplex implementations
on GPU. Bieling et al. [10] presented encouraging results while solving small
to mid-sized LP problems with the revised simplex. However, the complexity
of their algorithm seems to be rather close to the one of the standard simplex
with similar heuristics. Following the steps of this first work, an implementa-
tion of the revised simplex [8] showed interesting results on dense and square
matrices. Furthermore, an implementation of the interior point method [18]
outperformed its CPU equivalent on mid-sized problems.

The Branch-and-Bound (B&B) algorithm is extensively used for solving in-
teger linear programming (ILP) problems. This tree-based exploration method
subdivides the feasible region of the relaxed LP model into successively smaller
subsets to obtain bounds on the objective value. Each corresponding submodel
can be solved with the simplex method, and the bounds computed determine
whether further branching is required. Hence, a natural parallelization of the
B&B method is to let the CPU manage the B&B tree and dispatch the re-
laxed submodels to an LP solver on a GPU. We refer the reader to Chapter 8,
and the references therein, for a more complete introduction to parallel B&B
algorithms.

In this chapter, we present a GPU implementation of the standard and
revised simplex methods, based on the CUDA technology of NVIDIA. We also
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derive a performance model and establish its accurateness. Let us mention that
there are many technicalities involved in CUDA programming, in particular
regarding the management of tasks and memories on the GPU. Thus, fine
tuning is indispensable to avoid a breakdown on performance.

The chapter is organized as follows. First, we begin with a description of
the standard and revised simplex methods and introduce the heuristics used
in our implementations. This is followed by a presentation of the B&B algo-
rithm. The next section points out CUDA aspects which are important for our
implementations. In the following one, we focus on the GPU implementations
of the simplex method as well as the B&B algorithm. In the sixth section, we
describe a performance model for the standard simplex implementation. In
the seventh section, a performance comparison between our implementations
is made on real-life problems and an analysis is given. Finally, we summarize
the results obtained and consider new perspectives.

10.2 Simplex algorithm
10.2.1 Linear programming model

An LP model in its canonical form can be expressed as the following op-
timization problem:

maximize z=cTx
subject to Ax<b (10.1)
x>0

where x = (z;),¢c = (¢;) € R*,b = (b;) € R™, and A = (a;;) is the m x n
constraints matrix. The objective function z = c¢Tx is the inner product of the
cost vector ¢ and the unknown variables x. An element x is called a solution
which is said to be feasible if it satisfies the m linear constraints imposed by
A and the bound b. The feasible region {x € R"| Ax < b, x > 0} is a convex
polytope. An optimal solution to the LP problem will therefore reside on a
vertex of this polytope.

10.2.2 Standard simplex algorithm

The simplex method [4] is an algorithm for solving LP models. It pro-
ceeds by iteratively visiting vertices on the boundary of the feasible region.
This amounts to performing algebraic manipulations on the system of linear
equations.

We begin by reformulating the model. So-called slack variables x,; are
added to the canonical form in order to replace inequalities by equalities in
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equation (10.1):
Tpti = b;— Z ;T (i:1,2,...,m) (102)
j=1

The resulting problem is called the augmented form in which the variables are
divided into two disjoint index sets, B and N, which correspond to the basic
and nonbasic variables. Basic variables, which form the basis of the problem,
are on the left-hand side of equation (10.2), while nonbasic variables, which
form the core of the equations, appear on the right-hand side. We can thus
consider the following LP form:

maximize z=cTx
subject to Ax=b (10.3)
x>0

where x € R*™ and A is now the m x (n 4+ m) matrix obtained by concate-
nating the constraints matrix with the m x m identity matrix I,,. The cost
vector has been padded with zeros so that ¢ € R*t™,

The basic and nonbasic variables can be separated given the expression
Anxy + x5 = b. Similarly, z = ¢Tx = CX}XN + CEXB with cg = 0. By def-
inition, a basic solution is obtained by assigning null values to all nonbasic
variables (xn = 0). Hence, x = xg = b is a basic solution.

The simplex algorithm searches for the optimal solution through an itera-
tive process. For the sake of simplicity, we will assume here that b > 0, that
is, the origin belongs to the feasible region. Otherwise a preliminary treatment
is required to generate a feasible initial solution (see Section 10.2.4). A typical
iteration then consists of three operations (summarized in Algorithm 10).

1. Choosing the entering variable. The entering variable is a nonba-
sic variable whose increase will lead to an increase in the value of the
objective function z. This variable must be selected with care so as to
yield a substantial leap towards the optimal solution. The standard way
of making this choice is to select the variable x. with the largest pos-
itive coefficient ¢, = max{c; > 0]j € N} in the objective function z.
However, other strategies, such as choosing the positive coefficient with
the smallest index, also prove to be useful.

2. Choosing the leaving variable. This variable is the basic variable
which first violates its constraint as the entering variable x. increases.
The choice of the leaving variable must guarantee that the solution re-
mains feasible. More precisely, setting all nonbasic variables except .
to zero, z. is bounded by

. b
t=min<{ —
Aje

aie>0,i—1,...,m}
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If t = 400, the LP problem is unbounded.
b
Otherwise, t = —£ for some ¢ € B, and z, is the leaving variable;

Qpe
the element ay, is called the pivot.

3. Pivoting. Once both variables are defined, the pivoting operation
switches these variables from one set to the other: the entering variable
enters the basis B, taking the place of the leaving variable which now
belongs to N, namely, B « (B\ {¢})U{e} and N + (N \ {e}) U {¢}.
Correspondingly, the columns with index ¢ and e are exchanged be-
tween I, and A/, and similarly for cg = 0 and cp. We then update
the constraints matrix A, the bound b and the cost ¢ using Gaussian
elimination. More precisely, denoting I,,,, A, €5, and Cyr as the result-
ing elements after the exchange, Gaussian elimination then transforms
the tableau

into a tableau with updated values for A, car, and b

|Ax [Im | b |
|c;{'} |cg ||zftce|

The latter is obtained by first dividing the ¢-th row by ay.; the resulting
row multiplied by a;. (i # ) is then subtracted to the i*® row; the same
operation is performed using ¢, and the last row. Hence, ¢z = 0. These
operations amount to jumping from the current vertex to an adjacent
vertex with objective value z = tc,..

The algorithm ends when no more entering variable can be found, that is,
when cp < 0.

10.2.3 Revised simplex method

The operation that takes the most time in the standard method is the
pivoting operation, and more specifically, the update of the constraints ma-
trix A. The revised method tries to avoid this costly operation by updating
only a smaller part of this matrix.

The revised simplex method uses the same operations as in the standard
method to choose the entering and leaving variables. However, since the con-
straints matrix A need not be fully updated, some additional reformulation
is required.

At any stage of the algorithm, basic and nonbasic variables can be sep-
arated according to Ax = Axxn + Agxg = b. We can then transform the
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Algorithm 10: standard simplex algorithm

//1. Find entering variable;
if cpr < 0 then
‘ return Optimal;
end
Choose an index e € N such that ¢, > 0 ;
//2. Find leaving variable;
if (An)e< 0 then
‘ return Unbounded
end
Let ¢ € B be the index such that ;

by {b
11 t:= — = min —

© 00 N o ok W N

[
(=]

Qe >0,i1,...,m};
Qe ie

12 //3. Pivoting, update ;
13 B:= (B\ {¢})U{e}, N := (N \ {e}) U {l};
14 Compute Zpest ‘= Zpest + tCe;
15 Exchange (Im)¢ and (Apr)e, (cg)e and (cpr)e;
16 Update A, cy and b;
17 Go to 1;

system Ax =b into Agxg =b — Axxn. Let us denote B =Ap, N = A
Since B is invertible, we can write

x3 =B b - B 1Nxy
z=cEB b+ (c} — cE B 'N)xy
The vector C;{} — CEB_lN is called the reduced cost vector.

The choice of the leaving variable can be rewritten. Setting all nonbasic
variables except the entering variable z. to zero, x. is then bounded by

o { BB
. {(

1 ) _
B-IN),. (B™"N);e > 0,4 1,...,m}

If t = 400, the LP problem is unbounded. Otherwise, ¢ = % for some

¢ € B, and xy is the leaving variable.

Recall that the pivoting operation begins by exchanging columns with
index ¢ and e between B and N and similarly for cg and cus.

To emphasize the difference between standard and revised simplex, we first
express the updating for the standard simplex. This amounts to

[B N b« [I, BN B 'b
[c5 eyl [0 ci—czgBT'N]
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which moves the current vertex to an adjacent vertex x = B~1b with objective
value z = ¢ B~ 'b (the end condition remains ¢y < 0). Many computations
performed in this update phase can in fact be avoided.

The main point of the revised simplex method is that the only values which
really need to be computed at each step are B~!, B"1b, B"!N,, cfB~!, and
ch_lb. However, matrix inversion is a time-consuming operation (of cubic
order for Gaussian elimination). Fortunately, there are efficient ways of com-
puting an update for B~1. One way is to take advantage of the sparsity of the
LP problem by using the so-called LU decomposition! for sparse matrices [3].
This decomposition may be updated at a small cost at each iteration [22].
Another way is to use the product form of the inverse [6], which we describe
hereafter.

Let by,..., by, be the columns of B, v € R™, and a=Bv =" v;b;.
Denote B, = (b1,...,bp_1,a,bpt1,...,by,) for a given 1 < p < m such that
vp # 0. We want to compute B, '. We first write

1 —VU;
b,=—+a b;
p=1, a2 b

i#p L
Define
T
N —vp—1 1 —vp41 —Um
n= T ey s ey
Up Up Up Up Up
and
E=(e1,...,6p—1,M,Ep+1,- -, Em)

where €; = (0,...,0,1,0,...,0)T is the 4t element of the canonical basis

of R™. Then B,E =B, so B, ' =E B ..

We apply these preliminary considerations to the simplex algorithm with
a=N,,v= (B !N)_ (recall that z. is the entering variable). If initially B is
the identity matrix I, at the k*® iteration of the algorithm, the inverse matrix
is given by B™! = E E,_; --- EsEq, where E; is the matrix constructed at
the i*? iteration.

10.2.4 Heuristics and improvements

Specific heuristics or methods are needed to improve the performance and
stability of the simplex algorithm. We will explain below how we find an initial
feasible solution and how we choose the entering and leaving variables.

Finding an initial feasible solution

Our implementations use the two-phase simplex [4]. The first phase aims
at finding a feasible solution required by the second phase to solve the origi-
nal problem. If the origin x = 0 is not a feasible solution, we proceed to find

1The LU decomposition is a linear algebra decomposition which allows to write a matrix
as a product of a lower and an upper triangular matrix.
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such a solution by solving a so-called auxiliary problem with the simplex al-
gorithm. This can be achieved by adding a nonnegative artificial variable to
each constraint equation corresponding to a basic variable which violates its
nonnegativity condition, before minimizing the sum of these artificial vari-
ables. The algorithm will thus try to drive all artificial variables towards zero.
If it succeeds, then a basic feasible solution is available as an initial solution
for the second phase in which it attempts to find an optimal solution to the
original problem. Otherwise, the problem is infeasible.

To avoid having to introduce these additional auxiliary variables, we use
an alternate version of this procedure. For basic variables with index in Z =
{j € B | z; <0}, we temporarily relax the nonnegativity condition in order to
have a feasible problem and then apply the simplex algorithm to minimize w =
-> jer ©j- However, we update Z at each iteration and modify accordingly
the objective function, whose role is to drive these infeasible basic variables
towards their original bound. If at some stage Z = (), we end up with an
initial feasible solution. Otherwise, the algorithm terminates with Z # () and
w > 0, which indicates that the original problem is infeasible. The alteration
introduced above involves more computations during the first phase, but it
offers the advantage of preserving the problem size and making good use of
the GPU processing power.

Choice of the entering variable

The number of iterations required to solve a problem depends on the
method used to select the entering variable. The one described in Sec-
tion 10.2.2 chooses the most promising variable z. in terms of cost. While
being inexpensive to compute, this method can lead to an important number
of iterations before the best solution is found.

There exist various heuristics to select this variable z.. One of the most
commonly used is the steepest-edge method [15]. To improve the speed at
which the best solution is found, this method takes into account the coefficients
of B™!N. This can be explained from the geometrical point of view. The
constraints Ax = b form the hull of a convex polytope. The simplex algorithm
moves from one vertex (i.e., a solution) to another while trying to improve
the objective function. The steepest-edge method searches for the edge along
which the rate of improvement of the objective function is the best. The
entering variable . is then determined by

G

eargmax{ cj>0,j€/\/}

Vi

with v; = [B7'Ny 1%,

This method is quite costly to compute but it reduces significantly the
number of iterations required to solve a problem. This heuristic can be directly
applied to the standard simplex since the full tableau is updated at each
iteration. However, it defeats the purpose of the revised simplex algorithm
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since the aim is precisely to avoid updating the whole constraints matrix at
each iteration. Taking this into account, the steepest-edge coefficients v are
updated based only on their current value. For the sake of clarity, the hat
notation is used to differentiate the next iteration value of a variable from its
current value: for example if v denotes the steepest-edge coefficients at the
current iteration, then 4 are the updated coefficients.

Given the column of the entering variable d = (B"*N)_, we may process
afresh the steepest-edge coefficient of the entering variable as v, = ||d||>. The
updated steepest-edge coefficients are then given by

¥; = max {'yj —2a;3; +'yedj2, 1+ de} for j #£e

Ve = 'Ye/di
with & = NT((B~1)T), and 8 = NT(B~1)Td

Choice of the leaving variable

The stability and robustness of the algorithm depend considerably on the
choice of the leaving variable. With respect to this, the expand method [13]
proves to be very useful in the sense that it helps to avoid cycles and re-
duces the risks of encountering numerical instabilities. This method consists
of two steps of complexity O(m). In the first step, a small perturbation is ap-
plied to the bounds of the variables to prevent stalling of the objective value,
thus avoiding cycles. These perturbed bounds are then used to determine the
greatest gain on the entering variable imposed by the most constraining basic
variable. The second phase uses the original bounds to define the basic vari-
able offering the gain closest to the one of the first phase. This variable will
then be selected for leaving the basis.
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10.3 Branch-and-bound algorithm
10.3.1 Integer linear programming

In some problems, variables are integer-valued. For example, in a vehicle
routing problem, one cannot assign one third of a vehicule to a specific route.
ILP problems restrict LP problems by imposing an integrality condition on
the variables. While this change may seem to have little impact on the model,
the aftermaths on the resolution method are quite important.

From a geometrical perspective, the simplex algorithm is a method for
finding an optimum in a convex polytope defined by an LP problem. How-
ever, the additional integrality condition results in the loss of this convexity
property. The resolution method must then be altered in order to find a so-
lution to the ILP problem. The idea is to explore the solution space by a
divide-and-conquer approach in which the simplex algorithm is used to find a
local optimum in subspaces.

10.3.2 Branch-and-bound tree

The solution space is explored by the B&B algorithm [1]. The strategy
used is conceptually close to a tree traversal.

At first, the ILP problem is considered as an LP problem by relaxing the
integrality condition before applying an LP solver to it. This initial relaxed
problem represents the root of the tree about to be built. From the obtained
solution &, if &; is not integral for some 7, then x; can be chosen as a branch-
ing variable. The current problem will then be divided, if possible, into two
subproblems: one having z; < |&;] and the other x; > [¢;]. Each of these LP
subproblems represents a child node waiting to be solved.

This is repeated for each subproblem in such a way that all variables are led
towards integral values. At some point a subproblem will either be infeasible
or lead to a feasible ILP solution (leaf nodes). The algorithm ends when the
tree has been fully visited, returning the best feasible ILP solution.

During the exploration, lower and upper bounds on the objective value
are computed. The upper bound is represented by the best objective value
encountered in a child node. This nonadmissible solution hints towards what
the objective value of the ILP problem could be. The lower bound is the
best ILP solution yet found, in other words the objective value of the most
promising leaf node. The bounds may be used to prune subtrees when further
branching cannot improve the best current solution.

In the B&B algorithm, the main two operations that impact the conver-
gence of the bounds towards the optimal solution are the branching strategy
and the node selection strategy.
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Example

Figure 10.1 illustrates the use of the B&B algorithm for solving an ILP.
The ILP problem is the following:

Maximize 2z = x1 + 42>
Subject to 5xq1 + 8xo < 40
—2x1 4+ 322 <9

1,2 > 0  integer-valued

The nodes are solved with the simplex method in the order written on the
figure. At the 3rd step of the B&B, the first feasible solution is encountered
(light grey leaf). The optimal solution is encountered at the 7th step (dark
grey leaf). However, this is assessed only after solving the last two nodes (8th
and 9th) whose objective value z is inferior to the best one yet found.

z =17.67
x = 1.55,)62 =4.03

x <1
1 .x122 )
® -
z =15.67 z=17
x = l,xzz 3.67 x, =2,)c2 =375
x,<3 x, >4 6 5=3 x, >4
2 > (6) ©
3) %) z=1520 7 =—o0
z=13 7 =— oo x =32,x=3
x=1,x=3
1 2
X1§3 x >4
@) @8
z=8
X, =X, =

FIGURE 10.1. Solving an ILP problem using a branch-and-bound algorithm.

10.3.3 Branching strategy

The branching strategy defines the method used to select the variable on
which branching will occur. The objective value of the child node depends
greatly on the choice of this variable. Branching on a variable may lead to a
drop on the upper bound and thus speed up the exploration, while branching
on other variables could leave this bound unchanged.
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Several branching strategies exist [19]. Let us briefly comment on some of
them in terms of improving the objective function and processing cost.

e Smallest-index strategy is a greedy approach that always selects the vari-
able with the smallest index as branching variable. This method is sim-
ple, has a cheap processing cost, but does not try to select the best
variable.

e Strong branching strategy is an exhaustive strategy. The branching vari-
able selected is the one among all the potential variables that leads to
the best solution. This means that for each potential branching vari-
able, its potential child nodes must be solved. This method is easy to
implement, but its computational cost makes it inefficient.

e Reliability branching strategy is a strategy which maintains a pseudo-
cost [12] for each potential branching variable. The pseudocost of a vari-
able is based on the result obtained when branching on it at previous
steps. Since at the start, pseudocosts are unreliable, a limited strong
branching approach is used until pseudocosts are deemed reliable. This
method is more complex than the two others and requires fine tuning.
It offers, however, the best trade-off between improvement and com-
putional cost.

10.3.4 Node selection strategy

The node selection strategy defines the methodology used to explore the
tree. While the usual depth-first search and breadth-first search are considered
and used, some remarks about the tree exploration must be made. First let
us mention a few facts:

1. Solutions obtained from child nodes cannot be better than the one of
their parent node.

2. An LP solver is able to quickly find a solution if the subproblem (child
node) is only slightly different from its parent.

Given the above statements, it is of interest to quickly find a feasible solution.
Indeed, this allows the pruning of all pending nodes which do not improve the
solution found. However, the quality of the latter solution impacts the amount
of nodes pruned. It takes more time to produce a good solution because one
must search for the best nodes in the tree. Consequently, a trade-off must be
made between the quality and the time required to find a solution.

Two types of strategies [21] can then be considered:

e Depth-first search aims at always selecting one of the child nodes until a
leaf (infeasible subproblem or feasible solution) is reached. This strategy
is characterized by fast solving, and it quickly finds a feasible solution.
It mostly improves the lower bound.
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e DBest-first search aims at always selecting one of the most promising
nodes in the tree. This strategy is characterized by slower solving but
guarantees that the first feasible solution found is the optimal. It mostly
improves the upper bound.

A problem occurs with the best-first search strategy: there might be numer-
ous nodes having solutions of the same quality, thus making the choice of a
node difficult. To avoid this problem, the best-estimate search strategy [14]
differentiates the best nodes by estimating their potential cost with the help
of a pseudocost (see previous section).

The most promising variant is a hybrid strategy in which the base strategy
is the best-estimate search with the subtrees of the best-estimated nodes being
then subject to a limited depth-first search, more commonly called plunging.
This method launches a fast search for a feasible solution in the most promising
subtrees, thus improving the upper and lower bounds at the same time.

10.3.5 Cutting-plane methods

Cutting-planes [25] (also simply cuts) are new constraints whose role is
to cut off parts of the search space. They may be generated from the first
LP solution (cut-and-branch) or periodically during the B&B (branch-and-
cut). On the one hand cutting-planes may considerably reduce the size of the
solution space, but on the other hand they increase the problem size. Moreover,
generating cutting-planes is costly since it requires a thorough analysis of the
current state of the problem.

Various types or families of cutting-planes exist. Those that are most ap-
plied are the Gomory cutting-planes and the complemented mized integer
rounding inequalities (c-MIR). Other kinds of cutting-planes target specific
families of problems, for example, the 0-1 knapsack cutting-planes or flow
cover cuts.

The cutting-planes generated must be carefully selected in order to avoid
a huge increase in the problem size. They are selected according to three
criteria: their efficiency, their orthogonality with respect to other cutting-
planes, and their parallelism with respect to the objective function. Cutting-
planes having the most impact on the problem are then selected, while the
others are dropped.
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10.4 CUDA considerations

The most expensive operations in the simplex algorithm are linear algebra
functions. The NVIDIA CUDA Basic Linear Algebra Subroutines? (CUBLAS)
library is a GPU-accelerated version of the complete standard BLAS library.
It can be used for dense matrix-vector multiplications (cublasDgemv) and
dense vector sums (cublasDaxpy). The CUSPARSE library is used for the
sparse matrix-vector multiplication (cusparseDcsrmv).

However, complex operations are required to implement the simplex and
must be coded from scratch. For example, reduction operations, such as
argmax or argmin, are fundamental for selecting variables. In the following
section, we first quickly describe the CUDA reduction operation, before mak-
ing some global remarks on kernel optimization.

10.4.1 Parallel reduction

A parallel reduction operation is performed in an efficient manner inside
a GPU block as shown in Figure 10.2. Shared memory is used for a fast and
reliable way to communicate between threads. However, at the grid level, re-
duction cannot be easily implemented due to the lack of direct communication
between blocks. The usual way of dealing with this type of limitation is to
apply the reduction in two separate steps. The first one involves a GPU kernel
reducing the data over multiple blocks, the local result of each block being
stored on completion. The second step finishes the reduction on a single block
or on the CPU. An optimized way of doing the reduction can be found in the
examples® provided by NVIDIA.

10.4.2 Kernel optimization

Optimizing a kernel is a difficult task. The most important point is to
determine whether the performances are limited by the bandwidth or by the
instruction throughput. Depending on the case and the specificities of the
problem, various strategies may be applied. This part requires a good un-
derstanding of the underlying architecture and its limitations. The CUDA
Programming Guide offers some insight into this subject, as do the interesting
articles and presentations by Vassily Volkov [24]. The CUDA profiler is the
best way to monitor the performances of a kernel. This tool proposes multiple
performance markers giving indications about potential bottlenecks.

2The libraries CUBLAS and CUSPARSE are available at
https://developer.nvidia.com/cublas and https://developer.nvidia.com/cusparse.
3 Available at http://docs.nvidia.com/cuda/cuda-samples/index.html#tadvanced
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FIGURE 10.2. Example of a parallel reduction at block level. (Courtesy
NVIDIA).

10.5 Implementations

In this section, the implementations of the simplex algorithm are studied.
The emphasis is put on the main algorithms and kernels having a major impact
on performance. The expand method used for choosing the leaving variable
will not be detailed for that reason. Then the B&B implementation is quickly
explained focusing on the interaction between the B&B algorithm and the
simplex solver.

10.5.1 Standard simplex

The implementation of the standard simplex algorithm (see Section 10.2.2)
is rather straightforward. The main difference with Algorithm 10 is that the
basis matrix is not stored in memory since it is equal to the identity matrix
most of the time. Instead a proper data structure keeps track of the basic
variables and their values.

The first step of Algorithm 11 is the selection of the entering variable us-
ing the steepest-edge heuristic. This step is discussed thoroughly in the next
section. Then the leaving variable index £ and the potential gain on the enter-
ing variable ¢ are determined using the expand method. Finally, the pivoting
is done. The nonbasic matrix Ay and the objective function coefficients ¢
are updated using the CUBLAS library (respectively, with cublasDger and
cublasDaxpy). This requires the entering variable column d and the leaving
variable row r to be copied and slightly altered. The new value of the variables
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Algorithm 11: standard simplex algorithm

// Find entering variable x.;
v AN 1%
e < argmaz (c/\/7);
if e <0 then
‘ return optima_found
end
// Find leaving variable xy;
£,t + expand((An)e);
if £ <0 then
‘ return unbounded
end
// Pivoting;
d + (Ax)e, de < (An)ee — 1;
r < NTg;
Te ¢ Te + 1
xp < X5 — t(AN)e;
Ay — Ay —dTr/(An)ee // cublasDger;
c—c—cr/(An)ee // cublasDazpy;
swap(Te, T¢);

© 0 N O AW N
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is computed and, since we use a special structure instead of the basis matrix,
the entering and leaving variables are swapped.

Choice of the entering variable

Let us discuss two different approaches for the selection of the entering
variable. The first one relies on the CUBLAS library. The idea is to split this
step into several small operations, starting with the computation of the norms
one by one with the cublasDnrm2 function. The score of each variable is then
obtained by dividing the cost vector ¢ by the norms previously computed. The
entering variable is finally selected by taking the variable with the biggest
steepest-edge coeflicient using cublasDamax.

While being easy to implement, such an approach would lead to poor
performances. The main problem is a misuse of data parallelism. Each column
can be processed independently, and thus at the same time. Moreover, slicing
this step into small operations requires that each temporary result be stored
in global memory. This creates a huge amount of slow data transfers between
kernels and global memory.

Listing 10.1. a kernel for the choice of the entering variable

extern __shared_-_ volatile double sData [];
_-global__ void
selectInVar (int m, int n, double xc, double *AN, uint pitchAN,
uint xresldx, double xresVal) {




Linear programming on a GPU: a case study 231

To avoid this, the whole step could be implemented as a unique kernel, as
shown in the simplified Listing 10.1. Each block evaluates multiple potential
entering variables. The threads of a block process part of the norm of a column.
Then a reduction (see Section 10.4.1) is done inside the block to form the full
norm. The thread having the final value can then compute the score of the
current variable and determine if it is the best one encountered in this block.
Once a block has evaluated its variables, the most promising one is stored in
global memory. The final reduction step is finally done on the CPU.

The dimension of the blocks and grid have to be chosen wisely as a function
of the problem size. The block size is directly correlated to the size of a column
while the grid size is a trade-off between giving enough work to the scheduler
in order to hide the latency and returning as few potential entering variables
as possible for the final reduction step.

CPU-GPU interactions

The bulk of the data representing the problem is stored on the GPU. Only
variables required for decision-making operations are updated on the CPU.
The communications arising from the aforementioned scheme are illustrated in
Figure 10.3. The amount of data exchanged at each iteration is independent of
the problem size ensuring that this implementation scales well as the problem
size increases.
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FIGURE 10.3. Communications between CPU and GPU.

10.5.2 Revised simplex

The main steps found in the previous implementation are again present
in the revised simplex. The difference comes from the fact that a full update
of the matrix N is not necessary at every iteration. As explained in Sec-
tion 10.2.3, the basis matrix B is updated so that the required values, such as
the entering variable column, can be processed from the now constant matrix
N. Due to these changes, the steepest-edge method is adapted. The resulting
implementation requires more operations as described in Algorithm 12.

Let us compare the complexity, in terms of level 2 and level 3 BLAS op-
erations, of both implementations. The standard one has mainly two costly
steps: the selection of the entering variable and the update of the matrix N.
These are level 2 BLAS operations or the equivalent, and thus the approximate
complexity is O(2mn).

The new implementation proposed has three operations cublasDgemv
where the matrix N is involved, and three others with the matrix B~1. The
complexities of these operations are respectively O(mn) and O(m?). The up-
date of the matrix B is a level 3 BLAS operation costing O(m?). The approx-
imate complexity is then O(3mn + 3m? + m?).

It appears clearly that, in the current state, the revised simplex imple-
mentation is less efficient than the standard one. However this method can
be improved and might well be better than the standard one based on two
characteristics of LP problems: their high sparsity and the fact that usually
m < n. In the next sections, we will give details about these improvements.
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Algorithm 12: revised simplex algorithm
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// Find entering variable z., e € B;
T+ (B 1Ty // cublasDgemu;
v cy—NTr  // cublasDgemu;
e « argmax (v/\/7);
if e <0 then

‘ return optima_found
end
// Find leaving variable x4, { € N ;
d+ B N, // cublasDgemu;
Lt « expand(d);
if ¢ <0 then

‘ return unbounded
end
// Pivoting, basis update;
Kk + (B 1)Td // cublasDgemu;
B+ NTg // cublasDgemu;
B 1+« EB;
Te ¢ Te + 1

xXp + xp —td;
swap(Te, xe);

&« NT ((B_l)T)
e P ;

, // cublasDgemuv;

¥ < max {% — 26,8, + 7ed; %, 1 + ozﬁ} YA e e /d2;
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Choice of the entering variable

Once again, this part of the algorithm can be substantially improved. First,
algorithmic optimizations must be considered. Since row a of the leaving
variable is processed to update the steepest-edge coefficients, the cost vector
v can be updated directly without using the basis matrix B. This is done as
follow

Vj = Uj — Velyy, Vj # e, Ve = ——

where U; denotes the value of v; at the previous iteration. It is important to
note that all these updated values (v,~) must be processed afresh once in a
while to reduce numerical errors.

Including this change, the operations required for the selection of the en-
tering variable e are detailed in Algorithm 13. The values related to the en-
tering variable at the previous iteration € = ¢ are used. The reduced costs
are updated, followed by the steepest-edge coefficients. With these values the
entering variable is determined.

Algorithm 13: choice of the entering variable

1 g < €

2 Uy ¢ ¢y —cpd;

8 g < [ldl};

a // Update of the reduced costs;
5 Vj < U5 — 0q, Vj # q;

6

e
7 // Update of the steepest edge coefficients;

8 17, < max {”yj — 20,83 + '?qa‘?, 1+ Oéjz-} Vi # g
9 Vg < :Yq/dg 5

10 // Selection of the entering variable;

11 e + argmaz (v/\/7);

Coupling these operations into a single kernel is quite beneficial. This leads
v and ~ to be loaded only once from global memory. Their updated values are
stored while the entering variable e is selected. With these changes, the global
complexity of this step is reduced from O(mn+m?+n) to O(n). Moreover the
remaining processing is done optimally by reusing data and by overlapping
global memory access and computations.

Basis update

The basis update B™! «+— EB™! is a matrix-matrix multiplication. How-
ever, due to the special form of the matrix E (see Section 10.2.3), the complex-
ity of this operation can be reduced from O(m?) to O(m?) [10]. The matrix
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E is merely the identity matrix having the ¢*" column replaced by the vector
1. The update of the matrix B~ can be rewritten as

. d. ) Bt
-1 _ p-1 Wi : -1 _ 4
B, =By (1—d£) , Vi#EL, B, = 4,
As shown in Listing 10.2, each block of the kernel processes a single column
while each thread may compute multiple elements of a column. This organi-
zation ensures that global memory accesses are coalescent since the matrix B
is stored column-wise.

Listing 10.2. basis update

Sparse matrix operations

The complexity of the implementation is now O(2mn+3m?) which is close
to the one of the standard simplex implementation. The operations where
the matrix N is involved remain the more expensive (considering m < n).
However, this matrix is constant in the revised simplex allowing the use of
sparse matrix-vector multiplication from the CUSPARSE library. On sparse
problems, this leads to important gains in performance. The sparse storage
of the matrix IN reduces significantly the memory space used by the algo-
rithm. All these improvements come at a small cost: columns are no longer
directly available in their dense format and must be decompressed to their
dense representation when needed.



236 Designing Scientific Applications on GPUs

The complexity of the revised simplex implementation is thus finally
O(26 + 3m?) where 6 is a function of m, n, and the sparsity of the prob-
lem. We shall see in Section 10.7.2, what kind of performances we may obtain
on various problems.

10.5.3 Branch-and-bound

The B&B algorithm is operated from the CPU. The simplex implementa-
tions, also referred to as LP solver, are used to solve the nodes of the B&B
tree. Algorithm 14 contains the main operations discussed in Section 10.3.
It starts by solving the root node. The branching strategy is then used to
select the next variable to branch on. From thereon, until no node remains
to be solved, the node selection strategy is used to select the next one to be
processed.

The critical factor for coupling the LP solver and the B&B is the amount
of communications exchanged between them. Since CPU-GPU communica-
tions are expensive, the informations required to solve a new node must be
minimized. Upon solving a new node, the full transfer of the problem must be
avoided. This will be the focus of this section.

Algorithm 14: branch-and-bound

Solution < Solve(InitialProblem);
BranchVar < SelectNextVariable(Solution);
NodeList + AddNewNodes(BranchVar);
while NodeList # () do
Node + SelectNextNode(NodeList);
Solution < Solve(Node);
if exists(Solution) then
BranchVar < SelectNextVariable(Solution);
NodeList - AddNewNodes(BranchVar);
end
end

© 00 N o s W N
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Algorithmic choices

The first critical choice is to select an efficient tree traversal strategy that
also takes advantage of the locality of the problem. At first glance, the best-
first search would be a poor choice, since from one node to the next the prob-
lem could change substantially. However, when combined with the plunging
heuristic, this same strategy becomes really interesting. Indeed, the plunging
phase can be completely decoupled from the B&B. The CPU, acting as a
decision maker, chooses a promising node and spawns a task that will inde-
pendently explore the subtree of this node. Once done, this task will report
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its findings to the decision maker. Moreover, when plunging, the next node to
be solved differs by only the new bound on the branching variable. Commu-
nications are then minimized and the LP solver is usually able to quickly find
the new solution since the problem has been only slightly altered.

Warmstart

There are two cases where starting from a fresh problem is required or
beneficial. The first one is imposed by the numeric inaccuracy appearing after
several iterations of the LP solver. The second is upon the request of a new
subtree. To avoid the extensive communication costs of a full restart, the GPU
keeps in memory an intermediate stable state of the problem, a warmstart.
This state could, for example, be the one found after solving the root node of
the tree.

Multi-GPU exploration

Having the CPU act as a decision maker and the GPU as an explorer,
allows for the possibility of using multiple GPUs to explore the tree. The
global knowledge is maintained by the CPU task. The CPU assigns to the
GPUs the task of exploring subtrees of promising nodes. Since each plunging
is done locally, no communications are required between the GPUs. Moreover,
the amount of nodes processed during a plunging can be used to tune the load
of the CPU task.

10.6 Performance model

Performance models are useful to predict the behaviour of implementations
as a function of various parameters. Since the standard simplex algorithm is
the easiest to understand, we will focus in this section on its behaviour as a
function of the problem size.

CUDA kernels require a different kind of modeling than usually encoun-
tered in parallelism. The key idea is to capture in the model the decomposition
into threads, warps, and blocks. One must also pay a particular attention to
global memory accesses and to how the pipelines reduce the associated latency.

In order to model our implementation, we follow the approach given by
K. Kothapalli et al. [11] (see also [9]). First, we examine the different levels
of parallelism on a GPU. Then, we determine the amount of work done by a
single task. By combining both analyses, we establish the kernel models. The
final model then consists of the sum of each kernel.

This model has also been used to model a multi-GPUs version of the
standard simplex method [2].



238 Designing Scientific Applications on GPUs

10.6.1 Levels of parallelism

A kernel can be decomposed into an initialization phase followed by a
processing phase. During the initialization phase the kernel context is set up.
Since this operation does not take a lot of time compared to the processing
phase, it is needless to incorporate it into the model. The processing phase is
more complex and its execution time depends directly on the amount of work
it must perform. We shall now focus on this phase and on the various levels
of parallelism on a GPU.

At the first level, the total work is broken down into components, the
blocks. They are then dispatched on the available multiprocessors on the GPU.
The execution time of a kernel depends on the number of blocks N per SM
(streaming multiprocessor) and on the number Ngps of SM per GPU.

At a lower level, the work of a block is shared among the various cores
of its dedicated SM. This is done by organizing the threads of the block into
groups, the warps. A warp is a unit of threads that can be executed in parallel
on an SM. The execution time of a block is then linked to the number Ny, of
warps per block, the number N7 of threads per warp, and the number Np of
cores per SM.

The third and lowest level of parallelism is a pipeline. This pipeline enables
a pseudoparallel execution of the tasks forming a warp. The gain produced by
this pipeline is expressed by its depth D.

10.6.2 Amount of work done by a thread

In the previous section, we defined the different levels of parallelism down
to the smallest, namely the thread level. We must now estimate how much
work is done by a single thread of a kernel in terms of cycles. It depends on the
number and the type of instructions. In CUDA, each arithmetic instruction
requires a different number of cycles. For example, a single precision add costs
4 cycles while a single precision division costs 36 cycles.

Moreover, since global memory access instructions are nonblocking oper-
ations, they must be counted separately from arithmetic instructions. The
number of cycles involved in a global memory access amounts to a 4 cycle
instruction (read/write) followed by a nonblocking latency of 400-600 cycles.
To correctly estimate the work due to such accesses, one needs to sum only
the latency that is not hidden. Two consecutive read instructions executed by
a thread would cost twice the 4 cycles, but only once the latency due to its
nonblocking behaviour. Once the amount of cycles involved in these memory
accesses has been determined, it is then necessary to take into account the
latency hidden by the scheduler (warp swapping).

The total work C'1 done by a thread can be defined either as the sum or
as the maximum of the memory access cycles and the arithmetic instructions
cycles. Summing both types of cycles means we consider that latency can-
not be used to hide arithmetic instructions. The maximum variant represents
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the opposite situation where arithmetic instructions and memory accesses are
concurrent. Then only the biggest of the two represents the total work of a
thread. This could occur for example when the latency is entirely hidden by
the pipeline.

It is not trivial to define which scenario is appropriate for each kernel.
There are many factors involved: the dependency on the instructions, the
behaviour of the scheduler, the quantity of data to process, and so on.

If latency cannot be used to hide arithmetic instructions, the number of
cycles Cr done by a thread can be defined as the sum of the global mem-
ory access and the arithmetic instructions. Otherwise, one must consider the
maximum instead of the sum.

10.6.3 Global performance model

We now turn to the global performance model for a kernel. We must find
out how many threads are run by a core of an SM. Recall that a kernel
decomposes into blocks of threads, with each SM running Np blocks, each
block having Ny, warps consisting of Np threads. Also recall that an SM has
Np cores which execute batches of threads in a pipeline of depth D. Thus,
the total work C¢,.. done by a core is given by

1
Np-D

Ccore:NB'NW‘NT'CT’ (104)
which represents the total work done by an SM divided by the number of
cores per SM and by the depth of the pipeline. Finally, the execution time of
a kernel is obtained by dividing C,,.. by the core frequency.

10.6.4 A kernel example: steepest-edge

The selection of the entering variable is done by the steepest-edge method
as described in Section 10.5.1.

The processing of a column is done in a single block. Each thread of a
block has to compute N = W coefficients of the column. This first com-
putation consists of Ng; multlphcatlonb and additions. The resulting partial
sum of squared variables must then be reduced on a single thread of the block.
This requires Ny..q = logy(Ny - Nr) additions. Since the shared memory is
used optimally, there are no added communications. Finally, the coeflicient c;
must be divided by the result of the reduction.

Each block of the kernel computes N.,; = m columns, where Ngps
is the number of SM per GPU. After processing a column, a block keeps only
the minimum of its previously computed steepest-edge coefficients. Thus, the
number of arithmetic instruction cycles for a given thread is given by

CArz'th,m = Ncol : (Nel : (Cadd + Cmult) + Nred . Cadd + Cdiv + Ccmp) (105)
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where Cj,s denotes the number of cycles to execute instruction ins €
{add, div, mult,cmp}.

Each thread has to load N,; variables to compute its partial sum of squared
variables. The thread computing the division also loads the coefficient c;. This
must be done for the N, columns with which a block has to deal. We must
also take into account that the scheduler hides some latency by swapping the
warps, so the total latency Ciatency must be divided by the number of warps
Ny . Thus, the number of cycles relative to memory accesses is given by

Nco : Ne 1)- Ca enc
CAccesses = l ( l]—\if_ ) latency (106)
w

At the end of the execution of this kernel, each block stores in global
memory its local minimum. The CPU will then have to retrieve the Ng - Ngps
local minimums and reduce them. It is then profitable to minimize the number
Np of blocks per SM. With a maximum of two blocks per SM, the cost of this
final operation done by the CPU can be neglected when m and n are big.

It now remains to either maximize or sum Ca.ithm and Caccesses 10 Ob-
tain Cr. The result of Equation (10.4) divided by the core frequency yields
the time Tk sieepestEdge Of the steepest-edge kernel.

10.6.5 Standard simplex GPU implementation model

As seen in Section 10.5.1, the standard simplex implementation requires
only a few communications between the CPU and the GPU. Since all of these
communications are constant and small, they will be neglected in the model.
For the sake of simplicity, we will consider the second phase of the two-phase
simplex where we apply iteratively the three main operations: selecting the
entering variable, choosing the leaving variable, and pivoting. Each of these
operations is computed as a kernel. The time of an iteration Tkerners then
amounts to the sum of all three kernel times:

TKernels = TKSteepestEdge + TKExpcmd + TKPi@oting (107)

The times Tk Expand @0d Tk pivoting for the expand and pivoting kernels are
obtained in a similar way as for the steepest-edge kernel described in the
previous section.

With the estimated time per iteration Tkerners, Wwe can express the total
time T,0p required for solving a problem as

Tprob = Tinit + 7 T'kernels (108)

where 7 is the number of iterations. Note that research by Dantzig [5] asserts
that r is proportional to mlogy(n).
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10.7 Measurements and analysis

Two sets of measurements are presented here. The first one is a validation
of the performance model presented in Section 10.6. The second is a compari-
son of the performances of the various implementations of the simplex method
detailed in Section 10.5.

As a preliminary, we ensured that our implementations were functional.
For that matter, we used a set of problems available on the NETLIB Reposi-
tory [7]. This dataset usually serves as a benchmark for LP solvers. It consists
of a vast variety of real and specific problems for testing the stability and ro-
bustness of an implementation. For example, some of these represent real-life
models of large refineries, industrial production/allocation, or fleet assign-
ments problems. Our implementations are able to solve almost all of these
problems.

10.7.1 Performance model validation

In order to check that our performance model for the standard simplex
implementation is correct, a large range of problems of varying size is needed.
As none of the existing datasets offered the desired diversity of problems, we
used a problem generator. It is then possible to create problems of given size
and density. Since usual LP problems have more variables than equations, our
generated problems have a ratio of 5 variables for 1 equation (n =5 -m).

The test environment is composed of a CPU server (2 Intel Xeon X5570,
2.93GHz, with 24GB DDR3 RAM) and a GPU computing system (NVIDIA
Tesla S1070) with the 3.2 CUDA Toolkit. This system connects 4 GPUs to
the server. Each GPU has 4GB GDDR3 graphics memory and 30 streaming
multiprocessors, each holding 8 cores (1.4GHz).

We validated our performance model by showing that it accurately fits our
measurements. The correlation between the measurements and the model is
above 0.999 (see Figure 10.4).

10.7.2 Performance comparison of implementations

Four different implementations are compared in this section. We will refer
to each of them according to the terminology introduced below.

e Standard simplex method improved (O(2mn)): Standard
e Revised simplex method using basis kernel

— without improvements (O(3mn + 4m?)): Revised-base

— optimized (O(2mn + 3m?)): Revised-opti
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Time needed to solve a problem (Model and Measures)
2500

-&Measures 1 GPU d

2000 ~+Model 1 GPU Q

1500

1000

Execution time [s]

500

500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Number of equations (m, n=5*m)

FIGURE 10.4. Performance model and measurements comparison.

— optimized with sparse matrix-vector multiplication (O(260 + 3m?)):
Revised-sparse

These implementations all use the steepest-edge and expand methods for the
choice of, respectively, the entering and the leaving variables.

We used problems from the NETLIB Repository to illustrate the improve-
ments discussed in Section 10.5. The results expected from the first three
methods are quite clear. The Standard method should be the best, followed
by the Revised-opti, and then the Revised-base. However, the performance of
the Revised-sparse implementation remains unclear since the value of # is un-
known and depends on the density and size of the constraints matrix. This is
the main question we shall try to answer with our experiments.

The test environnement is composed of a CPU server (2 Intel Xeon X5650,
2.67GHz, with 96GB DDR3 RAM) and a GPU computing system (NVIDIA
Tesla M2090) with the 4.2 CUDA Toolkit. This system connects 4 GPUs
to the server. Each GPU has 6GB GDDRS5 graphics memory and 512 cores
(1.3GHz).

Let us begin by discussing the performances on problems solved in less
than one second. The name, size, number of nonzero elements (NNZ), and
columns to rows ratio (C-to-R) of each problem are reported in Table 10.1. The
performances shown in Figure 10.5 corroborate our previous observations. On
these problems the Revised-sparse method doesn’t outperform the Standard
one. This can be explained by two factors: the added communications (kernel
calls) for the revised method, and the small size and density of the problems.
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Problem Name | Rows | Cols | NNZ | C-to-R
etamacro.mps 401 | 688 | 2489 1.7
fifff800.mps 525 | 8b4 | 6235 1.6
finnis.mps 498 | 614 | 2714 1.2
gfrd-pnc.mps 617 | 1092 | 3467 1.8
growlb.mps 301 | 645 | 5665 2.1
grow22.mps 441 | 946 | 8318 2.1
scagr2b.mps 472 | 500 | 2029 1.1

TABLE 10.1. NETLIB problems solved in less than 1 second.
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It is likely that sparse operations on a GPU require larger amounts of data to

become more efficient than their dense counterparts.

Solving time for NETLIB problems
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FIGURE 10.5. Time required to solve problems of Table 10.1.

The problems shown in Table 10.2 are solved in less than 4 seconds. As
we can see in Figure 10.6, the expected trend for the Rewised-base and the
Revised-opti methods is now confirmed. Let us presently focus on the Standard
and Revised-sparse methods. Some of the problems, in particular czprob.mps
and nesm.mps, are solved in a comparable amount of time. The performance
gain of the Revised-sparse is related to the C-to-R ratio of these problems,
displaying, respectively, a 3.8 and a 4.4 ratio.

Finally, the biggest problems, and slowest to solve, are given in Table 10.3.
A new tendency can be observed in Figure 10.7. The Revised-sparse method is
the fastest on most of the problems. The performances are still close between
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Problem Name | Rows | Cols | NNZ | C-to-R
25fv47.mps 822 | 1571 | 11127 1.9
bnll.mps 644 | 1175 | 6129 1.8
cycle.mps 1904 | 2857 | 21322 1.5
czprob.mps 930 | 3523 | 14173 3.8
ganges.mps 1310 | 1681 | 7021 1.2
nesm.mps 663 | 2923 | 13988 4.4
maros.mps 847 | 1443 | 10006 1.7
perold.mps 626 | 1376 | 6026 1.0

TABLE 10.2. NETLIB problems solved in the range of 1 to 4 seconds.
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FIGURE 10.6. Time required to solve problems of Table 10.2.

the best two methods on problems having a C-to-R ratio close to 2 such as
bnl2.mps, pilot.mps, or greenbeb.mps. However, when this ratio is greater,
the Rewvised-sparse can be nearly twice as fast as the standard method. This
is noticeable on 80bau3b.mps (4.5) and fit2p.mps (4.3). Although the C-to-R
ratio of d6cube.mps (14.9) exceeds the ones previously mentioned, the Revised-
sparse method doesn’t show an impressive performance, probably due to the
small amount of rows and the density of this problem, which doesn’t fully
benefit from the lower complexity of sparse operations.
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Problem Name | Rows | Cols | NNZ C-to-R
80bau3b.mps 2263 | 9799 | 29063 4.3
bnl2.mps 2325 | 3489 | 16124 1.5
d2q06¢c.mps 2172 | 5167 | 35674 2.4
d6cube.mps 416 | 6184 | 43888 14.9
fit2p.mps 3001 | 13525 | 60784 4.5
greenbeb.mps 2393 | 5405 | 31499 2.3
maros-r7.mps 3137 | 9408 | 151120 3.0
pilot.mps 1442 | 3652 | 43220 2.5
pilot87.mps 2031 | 4883 | 73804 2.4

TABLE 10.3. NETLIB problems solved in more than 5 seconds.
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FIGURE 10.7. Time required to solve problems of Table 10.3.

10.8 Conclusion and perspectives

In this chapter, we have tried to present the knowledge and understanding
necessary in our view to produce an efficient integer linear programming solver
on a GPU. We proposed various solutions to implement the standard and
revised simplex. We have discussed the main concepts behind a branch-and-
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bound algorithm and pointed out some major concerns when it is coupled with
a GPU solver. The results obtained with the standard simplex implementation
allowed us to validate a detailed performance model we had proposed. Finally,
we used problems from the NETLIB library to compare the performances of
our various implementations. The revised simplex implementation with sparse
matrix operations showed the best performances on time-consuming problems,
while the standard simplex one was more competitive on easier problems.
However, sequential open-source solvers such as CLP of the COIN-OR, project
still outperform such GPU implementations.

We shall now discuss some remaining potential improvements. A first step
towards performance would be to consider the dual revised simplex [20]. While
being similar to the methods treated in this chapter, it has the capacity to
greatly reduce the time needed to solve problems. Yet, the main improvement
would be seen when tackling larger problems than the ones considered here.
Indeed, problems having hundreds of thousands of variables would technically
be solvable on GPU devices with 2GB to 4GB of global memory. Moreover,
such amounts of data would fully benefit from the potential of these devices.
However, solving problems of this size raises an issue not addressed here:
numerical instabilities. This phenomenon is due to the limited precision of
mathematical operations on computing devices. Let us illustrate this problem
on the inverse B! of the basis matrix B. At each iteration of the revised
simplex, B~1 is updated from its previous values. Performing this update
adds a small error to the result. Unfortunately, these errors accumulate at
each iteration, bringing at some point the B~! matrix into a degenerate state.
To avoid this situation, the matrix B~ must be recomputed afresh once in a
while by inverting the matrix B.

Instead of directly processing the inverse of the matrix B, it is more com-
mon to use some specific arithmetical treatment. Most simplex implementa-
tions use the so-called LU decomposition of B as a product of a lower and an
upper triangular matrix [3]. Since the matrix B is sparse, the sparse version of
this decomposition can be used and the corresponding update performed for
B! at each iteration [16]. The sparse LU decomposition on CPU has been
recently the subject of a large amount of research, yielding many improve-
ments. Once its GPU counterpart is available, this might result in improved
and competitive simplex implementations on GPU.
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In this chapter, we use our library for heterogeneous and massively parallel
GPU implementations. The library is written in Compute Unified Device Ar-
chitecture (CUDA) C/C++ and a fully nonlinear and dispersive free surface
water wave model [18] is implemented. We describe how flexible-order finite
difference (stencil) approximations to the partial differential equations of the
model can be prototyped using library components provided in an in-house li-
brary. In this library hardware-specific implementation details are hidden via
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FIGURE 11.1. Snapshot of steady state wave field generated by a Series 60
ship hull.

template-based components, as described in Chapter 6. We provide details
of the modeling basis and important unique numerical properties which have
been made tunable to create a powerful and robust tool that can be tailored
for specific purposes in engineering analysis. The model is based on unified
potential flow theory and can be applied in scientific applications related to
maritime engineering. It can be applied for cost-efficient estimation of broad
banded wave propagation, transformation of irregular multidirectional waves
over variable depth, kinematics and structural wave loads over large areas and
scales.

A main motivation of this work is to deliver exceptional performance to
minimize calculation times, using modern parallel hardware technologies in
combination with a proper choice of discretization methods and data-local
algorithms with optimal complexity. This enable work and memory require-
ments to grow (scale) linearly with problem size on a suitable hardware system.
For the wave model this is achieved by explicit time integration and iterative
solution of a large nonsymmetric and sparse linear o-transformed Laplace
problem. For the latter, we use an iterative Preconditioned Defect Correction
(PDC) method, accelerated using a geometric multigrid preconditioning strat-
egy. We use modern programming paradigms in the form of Message Passing
Interface (MPI) and CUDA for development of a novel massively parallel wave
modeling tool, executable on modern heterogeneous many-core hardware.

One purpose of the developed numerical model is to ultimately perform
hydrodynamic calculations in the time domain for practical analysis and sim-
ulation, e.g., to enable computationally intensive interactive real-time simula-
tions. Realistic interactive simulations are, with present technology and avail-
able computational resources, a tremendous challenge in this setting. Yet, our
aim is to take a first step in this direction and compute first-order accurate
hydrodynamics for near-realistic simulations of unsteady ship-wave dynamics
in a large ship simulator, used for training purposes in seakeeping operations.
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For this type of application, a mandatory ingredient for real-time and interac-
tive simulation is a truly high-performance parallel implementation to ensure
data processing in time for interactive visualization and responses. Details
of the model properties, implementation, and promising novel combinations
of techniques and algorithms for acceleration of performance are presented.
Numerical experiments and benchmarks are provided to demonstrate the ac-

curacy and efficiency of the model across recent generations of many-core
CUDA-enabled hardware.

11.1 On hardware trends and challenges in scientific ap-
plications

During the last two decades we have seen how computer graphics hard-
ware has been developed from fixed pipeline processors with no level of pro-
grammability, to flexible high-performance hardware platforms, suitable for
general purpose scientific computations other than computer graphics. This
trend has contributed to a disruptive breakthrough in high-performance com-
puting on mass-produced commodity hardware and fuelled new opportunities
for computational science and engineering for a broad range of scientific as
well as modern business applications. This emphasizes the increasingly im-
portant role of computers in simulation of real world dynamics [27]. In recent
years, the CUDA programming model, based on the standard C/C++ pro-
gramming language and introduced by NVIDIA Corporation worldwide, has
become popular as a proprietary and widely used standard in high perfor-
mance communities. It is, by design and supported functionality, easy and
sufficient to be deployed for wide improvement of existing and new applica-
tions across science and engineering fields, that can benefit from the the use
of heterogeneous hardware.

We should be careful about speculating about the future and extrapolating
from current trends. The TOP 500 list! of supercomputers shows that there
are some general noticeable hardware trends and gives indication of what to
expect in the near future. First, since 2005 we have seen how power constraints
and resulting heat dissipation problems forced chip producers to increase the
number of cores rather than clock frequency. Multicore processors have be-
come the new standard and many-core processors are becoming available as a
standard in commodity hardware, from personal laptops to supercomputing
clusters.

This trend suggests that there will be less fast low-latency memory avail-
able per core in the future, favoring data-locality in algorithms. In addition,
we have also seen how communication speed to computation speed ratio de-

Ihttp://www.top500.0rg.
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creases, making it increasingly difficult to supply data to hungry floating point
units. In addition, there will likely be increasing amounts of data to store as
a result of increasing processing capabilities. The rapidly increasing floating
point performance following Moore’s law for transistor production has resulted
in a significant memory gap which leaves most scientific applications based on
partial differential equations (PDEs) bandwidth bound rather than compute
bound. This trend is driven by pure commercial needs and not the needs
of high-performance computing. Roads to better performance include stan-
dardization of software infrastructure, rethinking algorithms to better exploit
memory hierarchies optimally to boost strong scaling properties, increasing
locality in algorithms, and introducing as much concurrency and work as pos-
sible to both utilize and exploit the many cores. Also, software that can utilize
many cores should be fault-tolerant to maximize time to solution for appli-
cation users. We should also expect to see multiple layers of parallelism that
will have to be exploited and possibly autotuned to optimally utilize avail-
able hardware resources. This introduces new challenges in compilers, requires
programming experts with hardware knowledge, and introduces new trends
in software developments to leverage productivity and utilize available com-
putational resources in more optimal ways. We have observed a fundamental
paradigm shift of underlying hardware design towards much more heterogene-
ity and parallelism.

A key problem is that improvements in performance require porting legacy
codes? to new hardware, and possibly changing algorithms which have been
developed for the conventional single core processors decades ago. Without
this, it may be impossible to utilize and scale algorithmic work optimally to
achieve high performance on modern and emerging hardware. This problem
is currently addressed with rapid progress by researchers and industry by
development of new optimized libraries that can utilize such new hardware.
While we have seen significant improvements in such efforts, and today see
much more rapid development of applications, there are still relatively few
scientific applications running entirely on heterogeneous hardware.

In this work, we explore some of these trends by developing, by bottom-
up-design, a water-wave model which can be utilized in maritime engineering
and with the intended use on affordable office desktops as well as on more
expensive modern compute clusters for engineering analysis purposes.

2In the worst case, a legacy code is an undocumented serial code developed a long time
ago by a developer no longer around.
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11.2 On modeling paradigms for highly nonlinear and
dispersive water waves

We see the development of new or improved hardware technologies as a key
driver for exploring new and revisiting existing approaches that can contribute
to next-generation modeling techniques.

For instance, the dominant wave modeling paradigm today for numerical
simulation in coastal engineering tools is the use of Boussinesq-type formula-
tions for approximate solution of unified potential flow equations over vary-
ing bathymetry [39]. The use of Boussinesq-type models in engineering tools
was pioneered in 1978 by Abott et. al. [1,2] based on the original Boussi-
nesq equations due to Peregrine [41] for calculations of waves in a harbor
area. New formulations for highly nonlinear and dispersive water waves, use-
ful for description of wave propagation in the important application range
from deep to shallow areas, have been the subject of intense research for
more than two decades. Such higher order formulations can be derived by
first introducing an infinite Mclaurin series solution to the Laplace equation
as described in [3]. This technique was later generalized to arbitrary expan-
sion levels [37]. By analytical truncation of such series solutions, a polynomial
variation in the vertical is assumed and provides the basis for efficient higher
order Boussinesqg-type formulations [6,38] for fully nonlinear and dispersive
water waves. It is attractive, since it is then possible to eliminate the ver-
tical coordinate in the analytical formulation of the Laplace problem. The
resulting approximate model contains higher order derivatives to describe dis-
persion and these require careful treatment in numerical models. Thus, this
truncation procedure inherently limits the practical application range; how-
ever, it can be significantly improved via Padé approximations together with
the introduction of free parameters for extending the finite application range
by mathematical optimization to enhance accuracy in dispersion, kinematics,
and shoaling characteristics.

Main challenges of Boussinesq-type models are accurate and large-scale
simulation of waves propagating towards near-shore from deep to shallow wa-
ters through surf zones, while accounting for high-order dispersive and non-
linear effects [8]. Within the last two decades, much research has focused on
extending the application range through improved formulations in terms of
dispersion, shoaling, kinematic and nonlinear properties. The ultimate high-
order Boussinesq-type model due to [38] was at the time considered a break-
through in this direction, and since then promising new formulations have
been proposed. For example, the methodology behind Boussinesq-type for-
mulations can be extended via a multilayer approach [9,35,36] that makes
it possible to achieve a similar range of application and levels of accuracy,
but without higher derivatives in the formulation that can cause numerical
difficulties.
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Boussinesq-type formulations for free surface waves are conventionally
evaluated against the unified potential flow theory to evaluate limits to appli-
cation range and accuracy limits. The use of unified potential theory as a basis
for numerical models has traditionally been perceived as too expensive [32] to
solve in comparison with the typically more efficient Boussinesg-type models.
This may be true in a strict comparison between the models, especially with
respect to applications towards the more restricted shallow regions. However,
this is in spite of the fact that a numerical unified potential flow model can
be used for a larger range of practical scientific applications. A unified po-
tential flow model has at most second-order derivatives in the formulation.
In a numerical setting it has good opportunities for balancing accuracy and
work effort by appropriate tuning of discrete parameters. This comes without
a need for changing the underlying wave model to extend application range
towards deep waters. Thus, the main problem related to the practical use of
a unified model in maritime applications is arguably an issue of numerical
efficiency.

To address this issue, we have recently proposed a new approach in a
proof-of-concept that combines modern many-core hardware with appropriate
numerical and parallel strategies to facilitate efficient, accurate, and scalable
solution of water wave problems [18]. The use of potential theory for unsteady
water wave computations can be traced at least back to 1975 [25], and the
fully nonlinear potential equations have been solved using various numerical
methods since then, e.g., see reviews [12,32,50,52]. In the context of the finite-
difference method, an efficient and scalable second-order geometric multigrid
approach was first proposed by Li and Fleming in 1997 [31]. Since then, the
numerical strategy has been significantly improved in several works [7, 15]
that have led to more efficient and robust discretization techniques, with the
objective of developing a general purpose strategy, that can be used for a
broad range of practical maritime applications. Recently, a comparison with
a High-Order Spectral (HOS) model [13] was also reported to assess accuracy
and relative differences in efficiency on single-core hardware against a superior
spectral modeling basis for a numerical wave tank setup in a structured domain
with a flat sea bed.

11.3 Governing equations

We describe how, by physical principles via mathematical procedures and
assumptions, it is possible to formulate a fully nonlinear and dispersive water
wave model, describing incompressible, irrotational, and inviscid fluid flow
above an uneven seabed.

Conservation of mass for an infinitely small control volume can be stated
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as

dp

o . -0 11.1

L4V (pw) =0, (11.1)
where p is fluid density, u = (u,v,w) is the velocity field vector, and V =
(0/0x,0/0y,0/0z) is a Cartesian gradient operator. If we assume that fluid
density is constant, i.e., that the fluid is incompressible, the mass continuity

equation simplifies to
V.-u=0, (11.2)

which shows that the divergence of the velocity field is zero everywhere.
Conservation of momentum for an infinitely small control volume is ex-
pressed by the famous Navier-Stokes equations

p@ = -Vp+uV?u+F, (11.3)
Dt

where p is pressure and F is the net force vector acting on the fluid volume,
assumed to be of the form F = pg with g = (0,0, —g,) accounting for grav-
itational effects in the vertical direction. This implies that surface tension
effects on the free surface are neglected. Exact solutions to the Navier-Stokes
equations are in general difficult to obtain, and this motivates the use of nu-
merical methods for direct simulation of fluid flow and if necessary analytical
simplifications to account only for physics of interest.

The material derivative for a comoving coordinate system used in La-
grangian formulations

— =—+(u-V) (11.4)

is defined as the sum of a time derivative and a convective term measured in a
static (Eularian) coordinate system and accounts for the time rate of change
following the motion. Thus, for the velocity vector u, the total acceleration is
defined as

Du_ 0Ou 1

— =— 4+ -Vul+wxu, 11.5

Dt ot 2 ( )
where the curl of the velocity field w = V x u is referred to as the vorticity
vector field accounting for rotation of fluid particles. If we assume that the
flow is irrotational

Vxu=0 (11.6)

and make use of the following relationship known from vector calculus

%V(u ‘u) = (u-Vju+ux (Vxu), (11.7)
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we can rewrite (11.5) as

Du u 1
i = (Zt fV(u u). (11.8)
Since the Navier-Stokes equations (11.3) can be derived by application of
Newton’s second law to an infinitely small fluid volume, we can establish the
following. Changes in momentum in an infinitely small control volume of a
fluid is simply the sum of forces due to pressure gradients, dissipative forces,
gravitational forces, and possibly other forces acting inside the fluid volume.
To accurately simulate propagation of long gravity waves and high
Reynolds number flows in the context of maritime applications it is for many
applications acceptable to assume that viscous forces are small in comparison
with inertial forces. In this case, it is reasonable to assume that the fluid is
inviscid and we can neglect the viscous terms in (11.3). Then we obtain the
set of Euler equations
% = f%Vp + %F, (11.9)
which does not account for any losses in energy via dissipative physical mech-
anisms.
If we introduce a scalar velocity potential function ¢ that relates to the
velocity components in the following way

— g (00 99 09
“:w_(ax’ay’az)’ (11.10)

the number of unknowns can be lowered and we find that the scalar velocity
potential function due to (11.2) must satisfy the Laplace equation

V3¢ = 0. (11.11)

Solutions to this equation are completely determined by the boundary condi-
tions. Thus, it is possible, given appropriate boundary conditions, to determine
the scalar velocity potential ¢ in all of the domain by solving the resulting
Laplace problem. When the scalar velocity potential function is known, de-
tailed information of the kinematics can immediately be obtained.

With the definition of the vector field (11.10), we can collect the momen-
tum equations (11.8) and (11.9) and express the momentum equation as

(? v (;Wﬁ ' W)) = —Vp = Vl(pgz), (11.12)

having assumed that the net force can be decomposed into pressure and grav-
ity forces only. This set of equations can be rewritten as

V{ %f—kp Vo - V¢5+p+pgz} =0, (11.13)
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and by integration in space we arrive at the unsteady Bernoulli’s equation

g(f +r35 V¢ Vo +p+pgz = G(t), (11.14)

where G(t) is an arbitrary function of the integration that can be assumed to
be zero as it defines only a reference value for the unphysical scalar velocity
potential function. Bernoulli’s equation is typically used as a dynamic condi-
tion for the free fluid surface, expressing that the fluid pressure at the free
surface is equal to the pressure in the air above the free surface.

In the following, we assume that the displacement of the free surface z =
n(x,t) is described in a Cartesian coordinate system with the zy-plane located
at the still water level and the positive z-axis pointing upwards. It is typical to
assume a constant atmospheric pressure at the free surface by defining p = 0
as reference. This leaves us with a dynamic boundary condition for the free
surface velocity potential function stated as

%f = —%V(b-qu—gz, z=mn. (11.15)
At the free surface, we can determine a kinematic free surface condition by
determining the rate of change of the streamline for the surface as
Oy _ _9¢dn 9¢dn 09

_ 7z = n. 11.1
ot~ owor oyoy 0z 21 (11.16)

Spatial and temporal differentiations of the free surface variables are related
by the chain rule

Vo= (V6)omy + (ff) v, (11.17)

z=1n
96  (9¢ d¢
Fri <8t> + 5 <8z> (11.18)

and can be used to transform the free surface problem to variables defined
solely at the free surface as

%n= ~Vn-Vé+w(l+ V- V), (11.19a)
0 ~
50 =5 (qu) V6@t (1+ Vi V), (11.19b)

with the V-operator from here conveniently re-defined as a horizontal gradi-

ent operator V = (0;, 0,) and tilde’s used for free surface variables. To solve
the set of unsteady free surface equations (11.19), we need a closure between
the horizontal and vertical free surface velocity variables. This can be estab-
lished by solving the Laplace equation (11.11) in the interior domain together
with suitable boundary conditions.
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A kinematic bottom condition can be derived by assuming that the fluid
particles follow a streamline along the solid sea bed. Consider the rate of
change of such a streamline at still-water depth z = —h(x,t) and we find

0: _ _0h0¢ 0h0o Oh ;. (11.20)

We assume that the sea bed is static allowing us to neglect the last term.
Thus, specifying ¢ as a Dirichlet condition at the free surface together with
a kinematic bottom boundary condition at the sea bed defines a Laplace
problem

b=, z=nxt), (11.21a)
V2 +0..60=0, —h<z<n(x,t), (11.21b)
0,0+Vh-Vo=0, z=—h, (11.21¢)

where we have used 9;z = 0, ¢ to rewrite the first term of the kinematic bottom
condition (11.20). The moving free surface makes the spatial fluid domain
Q vary in time. The main challenges in solving these equations numerically
are dealing with the time-dependent fluid domain and nonlinearity of the
equations.

11.3.1 Boundary conditions

We consider three types of boundaries, namely, fully reflective bound-
aries, incident wave boundaries, and absorbing boundaries. The fully reflective
boundaries are handled through numerical approximations of the boundary
conditions for solid walls and bottom surfaces stating that the velocity in the
normal direction is zero

n-V¢=0, xe€0Q, (11.22)

where n = (ny,n,) is a two-dimensional normal vector pointing outwards from
the solid surface. A complementary condition for the free surface elevation
variable is

n-Vy=0. (11.23)

Incident wave and absorbing boundary conditions are imposed via an em-
bedded penalty forcing technique as described in Section 11.4.4.

11.4 The numerical model

The unified potential flow model is attractive as a basis due to the under-
lying analytical properties. From a numerical point of view, an efficient and
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scalable discretization strategy should be based on using a data-local method,
e.g., a flexible-order finite difference method for discretely approximating the
governing equations and imposing boundary conditions via fictitious ghost
points techniques as described in [7,15]. Such an approach has several at-
tractive features from a scientific computing perspective. For example, finite
difference methods are among the simplest and most efficient methods due
to the use of structured grids and data structures. This results in low imple-
mentation and computational complexity which maps efficiently to modern
computer architectures. Formal accuracy and tunable numerics are achieved
by employing flexible-order finite difference (local stencil) approximations.

We present scalability and performance tests based on the same two test
environments outlined in Chapter 6, Section 6.1.1, plus a fourth test environ-
ment based on the most recent hardware generation:

Test environment 4. Desktop with dual-socket Sandy Bridge Intel Xeon
E5-2670 (2.60 GHz) processors, 64GB RAM, 2x NVIDIA Tesla K20
GPUs.

Performance results can be used to predict actual runtimes as described in [18],
e.g., for estimation of whether a real-time constraint for a given problem size
can be met.

11.4.1 Strategies for efficient solution of the Laplace problem

As explained in Section 11.2, for the formulation of potential flow prob-
lems there are two widely used paradigms for solving the Laplace problem
efficiently. The most widely used approach is the Boussinesqg-type where es-
sentially the three-dimensional formulation is reduced to a two-dimensional
formulation. The main argument for this type of model reduction procedure
is the resulting efficiency in the numerical models. The price paid is typically
high-order derivatives in the approximate formulation and is justified by the
efficient solution of an approximate Laplace problem.

A second approach is to transform the partial differential equation math-
ematically to provide a basis for an efficient direct solution of the discrete
Laplace problem for the entire volume. This strategy is based on a paradigm
where approximations are done by discrete approximations rather than ana-
lytical manipulations of the equation. At a first look, this approach introduces
more complexity in the formulation, e.g., by the introduction of mixed deriva-
tives, however, essentially does not limit the application range beyond the
numerical approximations and properties hereof. Using this second approach,
it is standard to introduce a o-transformation in the vertical coordinate

z+ h(x)
_ <og< .
Tmn o VS0l (11.24)

o=

where d(x,t) = n(x,t) + h(x) is the height of the water column above the



262 Designing Scientific Applications on GPUs

bottom. This enables a transformation of the problem to a time-constant
computational domain at the expense of time-varying coefficients.

The fluid domain is mapped to a time-invariant computational domain in
which the Laplace problem (11.21) is expressed as

d=¢, o=1, (11.25a)

V20 + V2?0 (0,®) + 2Vo - V(9, D)+
(Vo -Vo+(0.0)%)0,e® =0, 0<o0<1, (11.25b)
n-(V,0,00,)® =0, (x,0)¢€dQ, (11.25¢)

where the scalar velocity function ®(x,0,t) = ¢(x, z,t) contains all informa-
tion about the flow kinematics in the entire fluid volume. The spatial deriva-
tives of the coordinate o appearing in (11.25) are expressed as

Vo =12Vh - 9Vn, (11.26a)

V2o — 1o (VQh _ Vh;th) . (V277 _ Vng-lvn)
—1239Vh -V — Y2 . (Vh+ V), (11.26b)

d.0 =1 (11.26¢)

All of these coefficients can be computed explicitly from the known two-
dimensional free surface and bottom positions at given instances of time.
The velocity field can be determined from a known ® using the relation

(u,w) = (V,d,00,)®. (11.27)

The flow can be computed from the scalar velocity potential and used for esti-
mating nonhydrostatic pressure and resulting wave loads. An exact expression
for local pressure as a function of the vertical coordinate can be found by ver-
tical integration of the vertical momentum equation to be of the form

p(z) = pg(n—2) + /17 Oywdz + %(@2 —u(2)? + 9% —v(2)? + 0% — w(2)?).
’ (11.28)

The integral term can be estimated numerically using an accurate quadrature
rule. Estimation of structural forces is determined by integration of pressure

F= —//SpndS, (11.29)

where S is a structural surface.

11.4.2 Finite difference approximations

The numerical scheme is implemented as a flexible-order finite difference
collocation scheme where all finite difference approximations of derivatives
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are constructed from one-dimensional approximations in a standard way, each
having the maximum possible accuracy. In explicit numerical schemes, finite
difference approximations can be implemented using a matrix-free technique
to exploit that only a few different stencils are in fact needed. This can signif-
icantly reduce memory requirements of the implemented model by exploiting
that the same small set of stencils can be reused. See Chapter 6 for more
details about matrix-free stencil operations supported in our in-house library
for heterogeneous and massively parallel computing using GPUs.

11.4.3 Time integration

For users of scientific applications, robustness is of paramount importance
for the solution of time-dependent PDEs. This makes stability considerations
relevant in the context of both explicit and iterative numerical methods often
considered most suitable for massively parallel applications. In the following,
we address aspects of explicit time integration schemes which are associated
with a stability requirement on time steps.

A method of lines approach is used for the discretization of the wave model.
The spatial discretization yields a system of ordinary differential equations
which can be expressed as a semidiscrete system. We use the classical fourth-
order Explicit Runge-Kutta Method (ERK4). This algorithm is suitable for
massive parallel computations via a data-parallel implementation where the
spatial discretization terms are processed. As a means to introduce more con-
currency into the time integration, we consider the Parareal algorithm as
described in Section 11.6.2. For explicit time-integration schemes a Courant-
Levy-Friedrichs (CFL) condition defines a necessary restriction for temporal
stability of the form

C
At < maxn (Tl (11.30)
with C € Ry a CFL constant typically of size O(1) dependent on chosen
scheme, and J, € R?™*2™ where m = NN, is a discrete Jacobian matrix
obtained by local linearization in time of (11.19). For ERK4, C' = 2v/2 if all
eigenvalues are purely imaginary.

To gain insight into necessary conditions for stability, we employ a linear

stability analysis based on the semi-discrete linear system

dln n 0 Ji2
dtl&]:j[é], j:[_g ! } (11.31)

where J12 = ktanh(kh) for the continuous problem which results in purely
imaginary eigenvalues of the Jacobian A(J) = =iy/gktanh(kh) that grow
unbounded in the limit kh — oo corresponding to deep water relative to wave
length. The waves are described in terms of wave number k = 27/L where L
is the wave length.
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For any numerical method, a numerical discretization of the same system
of equations should mimic the continuous eigenspectrum in well-resolved parts
of the spectrum. For a given discretization method, the stability of the dis-
crete problem (11.31) is governed by the eigenvalues of the discrete Neumann-
Dirichlet operator Ji2,, € R™*™, which connects the vertical velocity at the
free surface with that of the velocity potential at the free surface. It is possible
to partition the discrete o-transformed Laplace problem and the differential
in the z-direction in terms of equations for the interior (i) and those at the
free surface boundary (b) such that

-Abi Abb ] (ﬁ |: Dbi Dbb :| (5
Ad = . Do = . 11.32
¢ { A Aip bi ¢ Di; Dip Pi ( )
From these equations we find for the discrete block Jacobian operator

9¢

ER = Ji20®,  Jizn = Dy — DAy A (11.33)

zZ=n

As shown in [44] the eigenvalues of J12,, are related to the eigenvalues of the
discrete Jacobian J;, through the following relationship

MNTn) = £i/ M Tr2.n)g- (11.34)

and are all imaginary confirming the hyperbolic (energy-conserving) nature
of the potential flow formulation. Thus, for a given discretization of the lin-
earized equations, it is possible to compute the eigenvalues of the discrete
block operator to determine the eigenspectrum of the full operator. A discrete
analysis of the eigenvalues is given in [15, Section 4.1], but it is not clearly
pointed out that in fact the discrete eigenspectrum is compact (bounded) for
a fixed polynomial order in the vertical, i.e., that for a constant depth h

max |MNJp)| = lim [A(Jn)| < C(N.),/ 2. (11.35)
kh—o0 h

Similar results were reported for the first time in the context of high-order
Boussinesqg-type equations in [14, 16] and recently it has been shown [19]
that widely used implicitly-implicit Boussinesq-type equations can be re-
formulated to have bounded eigenspectra using high-order discretisation meth-
ods. This is an important practical property of the discrete scheme as it is fa-
vorable to numerical stability. It implies that the linear model is not severely
limited by the spatial resolution in the horizontal for a specific choice of the
number of collocation nodes (N,) in the vertical. This suggests that the model
is quite robust due to insensitivity in the choice of time step, with the implica-
tion that local grid adaptivity can be used for improving spatial accuracy. In-
terestingly, for the unified potential flow model we find that this also holds for
nonlinear simulations. Large time steps can be chosen when using dense grids
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and high-order numerics without severely degrading overall numerical stability
and efficiency. This is confirmed in numerical experiments and demonstrated
in Figure 11.2. However, for very steep nonlinear waves and very densely clus-
tered nonuniform grids, stability is found to be compromised without filtering.
A proper filtering strategy, e.g., based on a super collocation technique [28],
can be used to remedy stability problems without destroying accuracy.
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(a) Grid scaling, z = (1 — a)¢3 + af. (b) High-order spatial discretization and
stable explicit time-stepping with large
time steps for a nonlinear standing wave.
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FIGURE 11.2. Numerical experiments to assess stability properties of numer-
ical wave model. In three cases, computed snapshots are taken of the wave
elevation over one wave period of time. In (a) the grid distribution of nodes
in a one-parameter mapping for the grid is illustrated. Results from changes
in wave elevation are illustrated for (b) a mildly nonlinear standing wave on
a highly clustered grid, (c) a regular stream function wave of medium steep-
ness in shallow water (kh, H/L) = (0.5,0.0292) on a uniform grid (IV, = 80),
and (d) a nonuniform grid with a minimal grid spacing 20 times smaller(!).
In every case the step sier remains fixed at At = T/160 s corresponding to a
¢

Courant number C,. = cx; = 0.5 for the uniform grid. A sixth order scheme

and explicit EKR4 time-stepping are used in each test case.
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11.4.4 'Wave generation and absorption

To simulate waves using a numerical model, a general purpose technique
for both generating and absorbing waves inside the finite numerical domain is
needed. It is preferable that the technique is suitable for easy integration in
a software library component setup. One such technique is the line relaxation
method attributed to [29]. This is a simple ad hoc technique sufficiently ac-
curate for engineering purposes. It modifies the computed solution every time
step during simulation by a postprocessing step where the relaxed solution
becomes

9" (zi,t) = T(x;)g(x, t) + (1 — T(x;))ge(zi ), x; € Qr. (11.36)

Here g(x,t) is one of the free surface variables ¢~), 1 at an instant in time, and
0 < TI'(xz) <1 is a single-valued function within the relaxation region z; €
Qr. The first term acts as a sponge layer which is responsible for effectively
dissipating energy inside a specified relaxation zone p. The terms containing
ge(x,t), where g, is an analytical solution (e.g., such as the stream function
wave theory [10]), act as source terms in the relaxation zone. This makes it
possible to generate arbitrary waves accurately in the computational domain
in accordance with an analytical representation of incident waves.

We can interpret (11.36) as a discrete update of the solution at an iso-
lated spatial point inside a relaxation zone. We introduce the notations
g" = g(xi,t,) and g™t = g*(z4,t,41) and assume that ¢, = t, + 7 is
an instant in time. Then we can rewrite (11.36) to motivate an analytical
modification to time-dependent equations that can provide similar modifica-
tion (forcing) in simulation.

Subtracting g™ in (11.36) and dividing by a pseudo time step size 7, we
obtain the equivalent form

g*,n+1 _ gn 1—-T
D g, (1137)

The first term is similar to a first-order accurate Forward Euler approximation
of a rate of change term. This motivates an embedded penalty forcing technique
based on adding a correction term of the form

B9 = N(g) + =L@

(ge(t,l‘) _g(tax))7 X € QFa (1138)
where N represents a general nonlinear operator for the right-hand side.
The immediate advantage is that a time-stepping scheme can easily be in-
terchanged in a model implementation. The added term is a source term re-
sulting in forcing inside relaxation zones when g.(¢,x) # g(t,x) and I'(x) # 1
and otherwise has no effect. The strength of the forcing is influenced by the
arbitrary parameter 7 € Ry which can be defined to match the time scale of
the dynamics. We have found that 7 ~ At works well; however, it is possible
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that a more optimal choice exist. Note that a too small 7 may degrade the
numerical stability of the model.

A simple validation of the zones is shown in Figure 11.3 where waves are
generated at the left wall and propagate to the right wall, where reflection
occurs leading to formation of standing waves due to the resulting interaction
with the incident waves inside the numerical wave tank.

The following relaxation functions proposed in [14] guarantee continuity
across the interface of the relaxation zone and computational domain and are
used in simulations for sponge layers and wave generation zones, respectively

y(#) =1—(1—2), Ty (&) =-2¢°+3%2 2¢€l0,1] (11.39)

where & = z/xy, is coordinate normalised by the length x; of the zone in
question.

The profiles can be reversed by a change of coordinate, i.e., I'(1 — %), and
scaled to interval sizes of interest. The first function satisfies the condition that
any derivative at the left boundary vanishes at £ = 1. The first derivatives of
the second function vanish at both ends. The relaxation zones are positioned
appropriately where waves are to be both/either generated and/or absorbed.
A practical rule of thumb is that a relaxation used for absorption has a spatial
length of at least two wave lengths. For absorption zones, we find that this
technique is more efficient in velocity formulation of the free surface equations
often used in Boussinesqg-type formulations, e.g., see [14,16,17] in comparison
with scalar potential formulations (11.19). However, similar performance can
be achieved by merely increasing the length of relaxation zones in such re-
gions. Demonstrations of the technique are seen in Figure 11.3 where vertical
dashed lines indicate interfaces between relaxation zones and the computa-
tional region. Incident waves propagate from left to right in both examples.

11.4.5 Preconditioned Defect Correction (PDC) method

For the solution of sparse linear systems
A® =b, AecR™, beR", (11.40)

it is attractive to use iterative methods for large system sizes n = N, Ny IV,
and for parallel implementations. Acceleration of suitable iterative methods
can be done, e.g., by solving a left-preconditioned system of the form

M"Y A® =b), M cR™", (11.41)

where M is a preconditioner with the property that M~! =~ A~! can be
computed at low cost.

The bottleneck problem in a unified potential flow model is the solution
of a discrete o-transformed Laplace problem stated in the compact forms
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(b) Wave generation and absorption of steep finite-amplitude waves.

FIGURE 11.3. Snapshots at intervals T'/8 over one wave period in time of com-
puted (a) small-amplitude (kh,kH) = (0.63,0.005) and (b) finite-amplitude
(kh,kH) = (1,0.41) stream function waves elevations having reached a steady
state after transient startup. Combined wave generation and absorption zones
occur in the left relaxation zone of both (a) and (b). In (b) an absorption zone
is positioned next to the right boundary and causes minor visible reflections.

(11.40) or (11.41). It is attractive to find an efficient iterative strategy where
convergence is understood via a convergence theory, has modest storage re-
quirements, has minimal global communication requirements (in the form of
global inner products), and is suitable for flexible-order discretizations. The
class of geometric Multigrid methods fulfills these requirements and has been
shown to be among the most efficient iterative strategies for a wide class of
problems [49]. In particular, the time required to solve a system of linear
equations to a given accuracy level can be made to scale proportional to the
number of unknowns.

There are several known approaches to multigrid methods [45] for high-
order discretizations. Among these, Defect Correction Methods (DCMs)
[4,5,24,46,49] have been employed successfully, e.g., in computational fluid dy-
namics [30], in numerical simulations since the early 1970s. The fundamental
idea of DCMs is to combine the good stability properties of low-order dis-
cretizations with high-order accuracy discretizations for explicit residual eval-
uations. These iterative methods impose low storage requirements, have scal-
able work effort under suitable choices of preconditioning strategies, and may
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be accelerated using a multigrid method based on low-order discretizations
while still achieving high-order accuracy. Furthermore, it has been shown, that
the rate of convergence of DCM combined with standard multigrid methods
can achieve rates of convergence corresponding to the most efficient multigrid
methods [4].

Therefore, for the efficient and scalable solution of the unified potential
flow model, we have recently [18] proposed a Preconditioned Defect Correc-
tion (PDC) method for efficient iterative low-storage solution of high-order
accurate discretization of the o-transformed Laplace problem (11.25). The
proposed strategy can be seen as a generalization of the multigrid strategy
proposed by [31]. The PDC method enables significant improvement of over-
all efficiency and accuracy with the preconditioning based on a second-order
linearized version of the full coefficient matrix A as described in [15].

Starting from some initial guess ®[° € R”, the PDC method for solving
(11.41) can be stated compactly as a three-step recurrence for k = 1,2, ...

ol = @l o lk=1] - gle=t] — pq=tple=tl - plb=1) —p — AplF—1 ] (11.42)

where @ d[k], rl¥l € R™ are the approximate solution, the defect (precondi-
tioned residual), and the residual of (11.41) at the kth iteration, respectively.
The algorithm can be speeded up by using mixed-precision calculations on
modern many-core hardware as demonstrated in [23].

11.4.6 Distributed computations via domain decomposition

Numerical modeling of large ocean areas to account for nonlinear wave-
wave interactions and wave-structure interactions requires large degrees of
spatial resolution, significant computational resources, and parallel compu-
tations to be practical. The recent generations of programmable GPUs are
heavily optimized for on-chip bandwidth performance but not capacity. This
implies that for the solution of large-scale PDE problems, distributed comput-
ing on multiple GPU devices is required due to limited capacity in the global
memory space of current GPUs. Via a combination of MPI and CUDA we
have recently demonstrated how both small and large systems can be solved
efficiently by heterogeneous computations using a data domain decomposition
technique in parallel [22]. The idea is to distribute the computational tasks to
multiple GPUs, to enable reduced computational times and increased problem
sizes. A homogenous partitioning of the data is used to ensure that the load
balance across the GPUs is uniform. Data distribution and message passing
introduce a data transfer bottleneck in the form of the Peripheral Compo-
nent Interconnect express (PCle) link and network interconnection. Thus, if
the computational intensity of the local problem is not large enough to enable
sufficient latency hiding of this bottleneck, the whole application is likely to be
(severely) limited by the PCle link or network bandwidth performance rather
than the high on-chip bandwidth of the individual GPUs.

The ratio between necessary data transfers and computational work for the
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proposed numerical model for free surface water waves is high enough to expect
reasonable latency hiding. The data domain decomposition method consists of
a logically structured division of the computational domain into multiple sub-
domains. Each of these subdomains is connected via fictitious ghost layers at
the artificial boundaries of width corresponding to the half-width of the finite
difference stencils employed. This results in a favorable volume-to-boundary
ratio as the problem size increases, and diminishing communication overhead
for message passing. Information between subdomains is exchanged through
ghost layers at every step of the iterative PDC method, in connection with
the matrix-vector evaluation for the o-transformed Laplace problem, and be-
fore relaxation steps in the multigrid method. A single global synchronization
point occurs at most once each iteration, if convergence is monitored, where a
global reduction step (inner product) between all processor nodes takes place.
The main advantage of this decomposition strategy is that the decomposition
into multiple subdomains is straightforward. However, it comes with the cost
of extra data transfers to update the set of fictitious ghost layers.
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FIGURE 11.4. Performance timings per PDC iteration as a function of in-
creasing problem size N, for single, mixed, and double precision arithmetics.
Three-dimensional nonlinear waves, using sixth order finite difference ap-
proximations, preconditioned with one multigrid V-cycle and with one pre-
and post- red-black Gauss-Seidel smoothing operation. Speedup compared to
fastest known serial implementation. Using test environment 4, CPU timings
represent starting points for our investigations and have been obtained us-
ing the Fortran 90 code. These references results are based on a single-core
(nonparallel) run on a Intel Core i7, 2.80GHz processor.

The parallel domain decomposition solver has been validated against the
sequential solvers with respect to algorithmic efficiency to establish that the
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code produces correct results. An analysis of the numerical efficiency has also
been carried out on different GPU systems to identify comparative behaviors
as both the problems sizes and number of compute nodes vary. For example,
performance scalings on Test environment 1 and Test environment 3 are pre-
sented in Figure 11.5. The figure confirms that there is only a limited benefit
from using multiple GPUs for small problem sizes, since the computational
intensity is simply too low to efficiently hide the latency of message passing.
A substantial speedup is achieved compared to the single GPU version, while
being able to solve even larger systems. With the linear scaling of memory
requirements and improved computational speed, the methodology based on
multiple GPUs makes it possible to simulate water waves in very large numer-
ical wave tanks with improved performance.

Future work involves extending the domain decomposition method to in-
clude support for more general curvilinear boundary-fitted meshes for rep-
resenting the free surface plane and to include bottom-mounted structures
which are typically encountered in near-costal areas. This will enable oppor-
tunities to resolve wave-structure interactions such as those encountered in
large harbor regions and isolated human-made structures in offshore regions,
e.g., legs of oil rigs or offshore windmill foundations.

11.4.7 Assembling the wave model from library components

It is described in Chapter 6 how we have developed a heterogeneous li-
brary has for fast prototyping of PDE solvers, utilizing the massively parallel
architecture of CUDA-enabled GPUs. The objective is to provide a set of
generic components within a single framework, such that software developers
can assemble application-specific solvers efficiently at a high abstraction level,
requiring a minimum of CUDA specific kernel implementations and parameter
tuning.

The CUDA-based numerical wave model has been developed based on all
the numerical techniques described in preceding sections. These techniques
are a part of the library implemented as generic components, which makes
them useful for the numerical solutions of PDE systems. The components
of the numeral model as described in Section 11.4 include an ERK4 time
integrator, flexible-order finite difference approximations on regular grids, and
an iterative multigrid PDC solver for the o-transformed Laplace equation
(11.25). Application developers either either can use these components directly
from the library or are free to combine their own implementations with library
components, if they need alternative strategies that are not present in the
library.

For the unified potential flow model the user will need to provide imple-
mentations of the following components: the right-hand side operator for the
semidiscrete free surface variables (11.19), the matrix-vector operator for the
discretized o-transformed Laplace equation (11.25), a smoother for the multi-
grid relaxation step, and the potential flow solver itself, that reads initial data
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FIGURE 11.5. Domain decomposition performance on multi-GPU systems.
In single precision, performance timings per PDC iteration are a function of
increasing problem sizes. Same setup as in Figure 11.4.

and advances the solution in time. In order to make the library as generic
as possible, all components are template-based, which makes it possible to
assemble the PDE solver by combining type definitions in the preamble of the
application. An excerpt of the potential flow assembling is given in Listing
11.1.



Fast hydrodynamics on heterogeneous many-core hardware

Listing 11.1. generic assembling of the potential flow solver for fully nonlin-
ear free surface water waves

Hereafter, the potential flow solver is aware of all component types that
should be used to solve the entire PDE system, and it will be easy for develop-
ers to exchange parts at later times. The laplace_sigma_stencil_3d class
implements both the matrix-vector and right-hand side operator. The flexible-
order finite difference kernel for the matrix-free matrix-vector product for the
two-dimensional Laplace problem is presented in Listing 11.2. Library macros
and reusable kernel routines are used throughout the implementations to en-
hance developer productivity and hide hardware specific details. This kernel
can be used both for matrix-vector products for the original system and for
the preconditioning.

Listing 11.2. CUDA kernel implementation for the two-dimensional finite
difference approximation to the transformed Laplace equation
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In a similar template-based approach, the kernel for the right-hand side
operator of the two-dimensional problem is implemented and given in Listing
20.3. The kernel computes the right-hand side updates for both surface vari-
ables, 7 and ¢, and applies an embedded penalty forcing, cf. (11.38), for all
nodes within generation or absorption zones. The penalty forcing functions
are computed based on linear or nonlinear wave theory in a separate device
function.

Listing 11.3. CUDA kernel implementation for the 2D right-hand side
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dp_surf_dt[j] = — gxeta[j] — 0.5%(dpdx*dpdx — wswx (1.0 + (detax=x
detax)));

deta_dt [j] = — detaxxdpdx + w*(1.0 + (detaxxdetax));

if (generate || absorb)

// Relaxation terms

value_type reta = values<value_type >::zero();
value_type rp = values<value_type >::zero () ;
free_surface :: kernel :: rhs_relax (reta, rp, eta[j], p-surf[j

], (((int)j)—(int)xstart)*dx, (xend—xstart —1)*dx, t+dt
, dt, false, generate, absorb);

deta_dt [j] = deta_dt[j] + reta;
dp-surf_dt[j] = dp-surf_dt[j] + rp;

11.5 Properties of the numerical model

We now consider different properties of the numerical model in order to
shed light on unique features and limits of the model with respect to maritime
engineering applications. The presented results extend and complement earlier
studies [7,15] for the same model. In particular, we seek to highlight that the
properties are tunable to the practical applications of interest through proper
choice of discretization parameters, and we therefore also provide details of
numerical properties.

11.5.1 Dispersion and kinematic properties

The dispersion and kinematic properties of the unified model are deter-
mined by the tunable discretization parameters and should in general be cho-
sen for specific problems. For assessment of errors, we introduce the metrics
proposed in [38]

2
Eo(N,, No, kh, h/L) = =, (11.43a)
CS
L7 (6(z) - ¢>S(z>>2
E..(Ny, N, kh,h/L :7/ ( dz, 11.43b
( /L) =+ . 5.0 ( )
where m is one of the scalar functions ¢, u,w describing kinematics; c is the
numerical phase celerity of regular waves; and ¢, = +/gtanh(kh)/k is the

exact phase celerity according to linear Stokes Theory [47]. Measurements of
the errors are taken in the vertical below the crest of a wave which is well
resolved in the horizontal direction.

The accuracy of the dispersion and kinematic properties are found to be
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FIGURE 11.6. The accuracy in phase celerity ¢ determined by (11.43a) for
small-amplitude (linear) wave. N, € [6,12]. Sixth order scheme.

excellent with small differences between the accuracy of computed profiles for
linear and nonlinear waves. Figure 11.6 shows curves from a discrete analysis
of how the accuracy can be improved by increasing the number of nodes in the
vertical for (a) uniform grids and (b) cosine-clustered grids. Similarly, Figure
11.7 shows how the accuracy of the kinematic properties of the model can
be controlled by choosing an appropriate number of cosine clustered vertical
collocation points.

11.6 Numerical experiments

The numerical model detailed has been subject to careful verification and
validation utilizing a range of standard benchmarks, cf. [15,18]. Here we ex-
clusively focus on properties and performance of the numerical wave model.
We provide several new results that highlight possibilities for acceleration of
the wave model via simple and readily applicable techniques that work well on
massively parallel hardware. Finally, we describe how we can extend the im-
plementation of the wave model into a novel GPU implementation of a linear
ship-wave model for fast hydrodynamics calculations.

11.6.1 On precision requirements in engineering applications

Practical engineering applications are widely used for analysis purposes
and give support to decision making in engineering design. For engineering
purposes the turn-around time for producing analysis results is of crucial im-
portance as it affects cost-benefit of work efforts. The key interest is often just
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FIGURE 11.7. Assessment of kinematic error is presented in terms of the
depth-averaged error determined by (11.43b) for, (a) scalar velocity potential,
(b) vertical velocity for a small-amplitude (linear) wave, (c) scalar velocity
potential, and (d) vertical velocity for a finite-amplitude (nonlinear) wave
with wave height H/L = 90%(H/L)max. N. € [6,12]. Sixth order scheme.
Clustered vertical grid.

“engineering accuracy” in computed end results which suggests that we can
do with less precision in calculations. One may ask: what are the precision
requirements for engineering applications?

In a recent study [18,23], it was shown that the PDC method when exe-
cuted on GPUs can be utilized to efficiently solve water-wave problems. This
was done by trading accuracy for speed in parts of the PDC algorithm, e.g.,
by using either single, or mixed-precision computations. Without precondi-
tioning the PDC method reduces to a classical iterative refinement technique,
which is known to be fault tolerant [26].

Previously reported performance results for the wave model can be taken
a step further. We seek to demonstrate how single-precision computations can
be used for engineering analysis without significantly affecting accuracy in final
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computational results. At the same time improvements in computational speed
can be almost a factor of two for large problems as a direct result of reduced
data transfer, cf. Figure 11.4. Therefore, in pursue of high performance, it is of
interest to exploit the reduced data transfers associated with replacing double-
precision with single-precision floating point calculations. In a well-organized
code this step can be taken with minimal programming effort.
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FIGURE 11.8. Comparison between convergence histories for single- and
double-precision computations using a PDC method for the solution of the
transformed Laplace problem. Estimated errors are qualitatively very close to
the algebraic errors. Very steep nonlinear stream function wave in intermedi-
ate water (kh, H/L) = (1,0.0903). Discretization based on (N, N,) = (15,9)
with sixth order stencils.

Most scientific applications [20] use double-precision calculations to min-
imize accumulation of round-off errors, to employ higher precision for ill-
conditioned problems, or to stabilize critical sections in the code that require
higher precision. Round-off errors tend to accumulate more slowly when higher
precision is used, thereby avoiding significant losses of accuracy due to round-
off errors. Paradoxically, for many computational tasks, the need for high
precision connected with the above-mentioned restrictions does not apply at
all, or only applies to a portion of the tasks. In addition, on modern hardware
there can be relative differences in peak floating-point performance of up to
about one order of magnitude in favor of single-precision over double-precision
math calculations depending on choice of hardware architecture. However, for
bandwidth-bound applications, the key performance metric is not floating-
point performance, but rather bandwidth performance. In both cases, data
transfer can be effectively halved by switching to single-precision storage, in
which case bandwidth performance increases and at the same time makes it
possible to feed floating-point units with data at effectively twice the speed.
If maximizing performance is an ultimate goal, such considerations suggests
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that it can be possible to compute faster by using single- over double-precision
arithmetics if accuracy requirements can be fulfilled.

As a simple illustrative numerical experiment, we can consider the iterative
solution of (11.41) using the PDC method using single- and double-precision
math, respectively. As a simple test case, we consider the solution of periodic
stream function waves in two spatial dimensions. Computed convergence his-
tories are presented in Figure 11.8 where it is clear that the main difference is
the attainable accuracy level achievable before stagnation. In both cases, the
attainable accuracy, defined in terms of the absolute error for the exact stream
function solution to the governing equations, is associated with accuracy of
approximately 10=* (solid line). In single-precision math, the algebraic and
estimated errors measured in the two-norm can reach the level of machine
precision. These results suggest that single-precision math is sufficient for cal-
culating accurate solutions at the chosen spatial resolution. We find that the
iterative solution of the o-transformed Laplace problem by the PDC method
does not immediately lead to significant accumulation of round-off errors and
further investigations are warranted for unsteady computations.

Elaborating on this example, we examine the propagation of a regular
stream function wave in time. We consider the errors in wave elevation as a
function of time with and without a filtering strategy for single-precision cal-
culations in comparison with double-precision calculations. With an objective
to exert control on accumulation of round-off errors that appear as high-
frequency noise, the idea is to employ an inexpensive stencil-based filtering
strategy, for example, a central filter in one spatial dimension

[

Fu(z;) = Z Cn(Tign), (11.44)

n=—oa

where ¢, € R are the stencil coefficients and « € Z is the stencil half-width.
An active filter can for example be based on employing a Savitzky-Golay
smoothening filter [42], e.g., the mild 7-point SG(6,10) filter, and applying it
after every 10th time step to each of the collocation nodes defining the free
surface variables. The same procedure can be used for stabilization of nonlin-
ear simulations to remove high-frequency “saw-tooth” instabilities as shown
n [15]. This filtering technique can also remove high-frequency noise result-
ing from round-off errors in computations that would otherwise potentially
pollute the computational results and in the worst case leave them useless.
The effect of this type of filtering on the numerical efficiency of the model is
insignificant.

Results from numerical experiments are presented in Figure 11.9, and most
of the errors can be attributed to phase errors resulting from difference in ex-
act versus numerical phase speed. In numerical experiments, we find that
while results computed in double-precision are not significantly affected by
accumulation of round-off errors, the single-precision results are. In Figures
11.9 (a) and (b), a direct solver based on sparse Gaussian elimination within
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MATLAB? is used to solve the linear system at every stage and a compar-
ison is made between single- and unfiltered double-precision calculations. It
is shown in Figure 11.9 a) that without a filter, the single-precision calcu-
lations result in “blow-up” after which the solver fails just before 50 wave
periods of calculation time. However, in Figure 11.9 (b) it is demonstrated
that invoking a smoothening filter, cf. (11.44), stabilizes the accumulation of
round-off errors and the calculations continue and achieve reduced accuracy
compared to the computed double-precision results. Thus, it is confirmed that
such a filter can be used to control and suppress high-frequency oscillations
that results from accumulation of round-off errors. In contrast, replacing the
direct solver with an iterative PDC method using the GPU-accelerated wave
model appears to be much more attractive upon inspection of Figures 11.9 (c)
and (d). The single-precision results are found to be stable with and without
the filter-based strategy for this problem. The calculations show that single-
precision math leads to slightly faster error accumulation for this choice of
resolution, however, with only small differences in error level during long time
integration. This highlights that fault-tolerance of the iterative PDC method
contributes to securing robustness of the calculations.

Last, we demonstrate using a classical benchmark for propagation of non-
linear waves over a semicircular shoal that single-precision math is likely to
be sufficient for achieving engineering accuracy. The benchmark is based on
Whalin’s experiment [51] which is often used in validation of dispersive water
wave models for coastal engineering applications, e.g., see previous work [15].
Experimental results exist for incident waves with wave periods T' = 1,2,3s
and wave heights H = 0.0390,0.0150,0.0136 m. All three test cases have been
discretized with a computational grid of size (257 x 41 x 7) to resolve the phys-
ical dimensions of L, = 35m, L, = 6.096m. The still water depth decreases
in the direction of the incident waves as a semicircular shoal from 0.4572m to
0.1524 m with an illustration of a snapshot of the free surface given in Figure
11.10(a). The time step At is computed based on a constant Courant number
of Or = cAxz/At = 0.8, where ¢ is the incident wave speed and Ax is the
grid spacing. Waves are generated in the generation zone 0 < z/L < 1.5,
where L is the wave length of incident waves, and absorbed again in the zone
35 —2L <z <35m.

A harmonic analysis of the wave spectrum at the shoal center line is com-
puted and plotted in Figure 11.10 for comparison with the analogous results
obtained from the experiments data. The three harmonic amplitudes are com-
puted via a Fast Fourier Transform (FFT) method using the last three wave
periods up to t = 50s. There is a satisfactory agreement between the com-
puted and experimental results and no noticeable loss in accuracy resulting
from the use of single-precision math.

Shttp://www.mathworks.com.
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FIGURE 11.9. Comparison of accuracy as a function of time for double-
precision calculations vs. single-precision with and without filtering. The
double-precision result is unfiltered in each comparison and shows to be less
sensitive to round-off errors. Medium steep nonlinear stream function wave
in intermediate water (kh,H/L) = (1,0.0502). Discretization is based on
(N, N,) = (30,6), a courant number of C, = 0.5, and sixth order stencils.

11.6.2 Acceleration via parallelism in time using parareal

With modern many-core architectures, performance is no longer intrin-
sic and free on new generations of hardware. Added performance with new
hardware now comes with the requirement of sufficient parallelism in the ap-
plication to be accelerated. Methods, tricks, and techniques for extracting
parallelism in scientific applications are thus becoming increasingly relevant
to enable added numerical accuracy as well as minimization of time to solution
in the pursuit of faster and better analysis for engineering applications.

The parareal algorithm has been introduced as a component in our in-
house GPU library as described in Section 6.4.2. The parareal library compo-
nent makes it possible to easily investigate potential opportunities for further
acceleration of the water wave model on a heterogeneous system and to assess
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FIGURE 11.10. Harmonic analysis for the experiment of Whalin for T' =
1,2, 3s. Measured experimental and computed results (single-precision) are in
good agreement. Test environment 1.

practical feasibility of this algorithmic strategy for various wave types. We
omit a detailed review of the parareal algorithm and refer to details given in
Section 6.4.2 together with recent reviews [21,34,40].

In Section 6.4.2 it is assumed that communication costs can be neglected
and a simple model for the algorithmic work complexity is derived. It is found
that there are four key discretization parameters for parareal that need to be
balanced appropriately in order to achieve high parallel efficiency: the num-
ber of coarse-grained time intervals IV, the number of iterations K, the ratio
between the computational cost of the coarse to the fine propagator Cg/Cr,
and the ratio between fine and coarse time step sizes 6t/0T.

Ideally, the ratio Cg/Cr is small and convergence happens in k = 1 itera-
tion. This is seldom the case though, as it requires the coarse propagator to
achieve accuracy close to that of the fine propagator while at the same time
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being substantially cheaper computationally, these two objectives obviously
being conflicting. Obtaining the highest possible speed-up is a matter of trade-
off, typically, the more GPUs used, the faster the coarse propagator should be.
The performance of parareal is problem- and discretization-dependent and as
such one would suspect that different wave parameters influence the suitabil-
ity of the method. This was investigated in [40] and indeed the performance
does change with wave parameters. Typically the method works better for
deep water waves with low- to medium-wave amplitudes.

—v—1 GPU

Speedup
w
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(a) Performance scaling (b) Speedup

FIGURE 11.11. (a) Parareal absolute timings for an increasingly number of
water waves traveling one wave length; each wave resolution is (33 x 9). (b)
Parareal speedup for two to sixteen compute nodes compared to the purely
sequential single GPU solver. Is is noticeable how insensitive the parareal
scheme is to the size of the problem solved. Test environment 3.

We have performed a scalability study for parareal using 2D nonlinear
stream function waves based on a discretization with (N, N,) = (33,9) col-
location points, cf. Figure 11.11. The study shows that moderate speedup
is possible for this hyperbolic system. Using four GPU nodes, a speedup of
slightly more than two was achieved while using sixteen GPU nodes resulted
in a speedup of slightly less than five. As noticed in Figure 11.11, parallel
efficiency decreases quite fast when using more GPUs. This limitation is due
to the usages of a fairly slow and accurate coarse propagator and is linked
to a known difficulty with parareal applied to hyperbolic systems. For hyper-
bolic systems, instabilities tend to arise when using a very inaccurate coarse
propagator. This prevents using a large number of time subdomains, as this
by Amdahl’s law also requires a very fast coarse propagator. The numbers are
still impressive though, considering that the speedup due to parareal comes as
additional speedup to an already efficient and fast code. Performance results
for the Whalin test case are also shown in Figure 11.12. There is a natural
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limitation to how much we can increase R (the ratio between the complex-
ity of the fine and coarse propagators), because of stability issues with the
coarse propagator. In this test case we simulate from ¢ = [0, 1]s, using up to
32 GPUs. For low R and only two GPUs, there is no speedup gain, but for
the configuration with eight or more GPUs and R > 6, we are able to get
more than 2 times speedup. Though these hyperbolic systems are not optimal
for performance tuning using the parareal method, results still confirm that
reasonable speedups are in fact possible on heterogeneous systems.
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FIGURE 11.12. Parallel time integration using the parareal method. R is
the ratio between the complexity of the fine and coarse propagators. Test
environment 3.

The parareal method is observed to be the most viable approach at speed-
ing up small-scale problems due to the reduced communication and overhead
involved. For sufficiently large problems, where sufficient work is available to
hide the latency in data communication, we find the spatial domain decom-
position method to be more favorable as it does not involve the addition of
computational work and thereby allows for ideal speedup, something usually
out of reach for the parareal algorithm. An important thing to note here
is that it is technically possible to extend the work and wrap the parareal
method around the domain decomposition method, thereby obtaining a mul-
tiplication of the combined speedup of both methods. This is of great interest
in the sense that for any problem size, increasing the number of spatial sub-
domains will eventually degrade speedup due to the latency in communication
of boundaries. By exploiting the latency robustness of parareal in conjunction
with domain decomposition parallelism, it may be possible to go large scale
for problems that would otherwise be too small to exploit a large number of
GPUs. These investigations are subject to future work.

Finally, we remark that the parareal algorithm is also a fault-tolerant al-
gorithm. This property follows from the iterative nature of the algorithm and
implies that a process can be lost during computations and regenerated with-



286 Designing Scientific Applications on GPUs

out restarting the computations. This can be exploited to minimize total run
time in case of such failures.

11.6.3 Towards real-time interactive ship simulation

A fast GPU-accelerated ship hydrodynamic model is developed for real-
time interactive ship simulation by modification of the unified potential flow
model presented in Section 11.3. The target scientific application is an inter-
active full mission marine simulator, where multiple ships controlled by naval
officers can navigate in a near-realistic virtual marine environment. Full mis-
sion simulators are used for education and training of naval officers in critical
maneuvering operations and for evaluation of ship and marine infrastructure
designs. To predict the motion of ships, a hydrodynamics model is required
for prediction of forces by (11.29) which is affected by the kinematic proper-
ties of the model, cf. Section 11.5.1. The state-of-the-art for such a hydrody-
namic model in today’s realtime ship simulators is based on fast interpolation
and proper scaling of experimental model data. The amount of experimental
model data is limited with respect to hull forms and configurations, requiring
the need for extrapolation that compromises the accuracy.

The objective of current and ongoing work is aimed at removing these limi-
tations by replacing the existing hydrodynamic model and instead calculating
at full-scale the flow field, wave field, ship-structure, and ship-ship interaction
forces in real-time using massive parallel computation technology. The poten-
tial flow model (OceanWave3D) presented in Section 11.3 is suitable as the
modeling basis for this purpose since it is robust, accurate, efficient, and scal-
able to arbitrarily large domains. Furthermore, it can accurately account for
dispersive waves in the range from shallow to deep waters in marine settings
where the sea bed may be uneven.

The inclusion of ships in the wave model requires an approximate repre-
sentation of such ships in the model. These ship approximations have to be
chosen carefully with consideration to the computational performance of the
numerical model to enable interactive real-time computing on today’s mod-
ern hardware. For a first simple proof-of-concept we develop a linear wave and
ship model to be used as the model basis. This implies that wave heights and
ship draft are assumed to be of small amplitude corresponding and derived
by a linearization technique around the mean sea level z = 0 m.

The physical domain for the computation is bounded from below by the
seabed and from above by the free surface of the sea or the hull of the ship.
If the ship is navigating in open water, the ship’s physical spatial domain is
unbounded in the horizontal direction and in confined waters it is bounded by
harbor structures, etc. The representation of the physical domain surrounding
the ship is done by finite truncation in the horizontal directions. The result-
ing time-varying finite physical domain €(t) is a box fixed to follow the ship
motion, with the ship in the middle of the top face and with Cartesian coordi-
nate axes aligned with the horizontal components of the forward and sideward
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ship directions and the upward is the opposite of the direction of gravitational
acceleration.

A linear model can be formulated in terms of kinematic and dynamic
boundary conditions at the mean sea level (11.19) together with a Laplace
problem subject to a variable depth kinematic boundary condition (11.21).
The effects of ship hulls can be accounted for by splitting the scalar velocity
potential function into steady ¢y and unsteady ¢; potentials such that ¢ =
¢o + ¢1 and with a quasi-static approximation of the pressure acting on the
ship hull as suggested in [33]. This leads to a relatively simple ship model
that enables a flexible and computationally efficient approximation of the
ship geometry. The steady potential ¢g is calculated using a double-body
approximation [43] of the ship and the unsteady potential ¢, is calculated by
a linear free surface flow model. The resulting double-body flat-ship problem
becomes

V2o =0, —h<z<0 (11.45a)
0po _
Ob0 _ ;00 _
5, = U 5 20 (11.45¢)

where U is the velocity of the ship. The unsteady linear water problem is used
to calculate the unsteady wave evolution around and away from the ship

Vi =0, —-h<2z2<0, (11.46a)

% =0, z=—h, (11.46b)
%TJr(UoU)%?JFUOa;;(;UO'uo+gTio+pSZip), =0,

(11.46c¢)

%HUO—U)%HO%:%, 2 =0, (11.46d)

where the pressure on the ship hull psp, is calculated explicitly based on
a quasi-static approximation which is determined by assuming ;1 =~ 0
and rewriting (11.46¢). In general, a ship hull is a complex surface in three-
dimensional space, but its draft can be approximated by a single-valued func-
tion of the horizontal coordinates 19 = 79(z,y), and the no-flux condition on
the ship hull is approximated by a flat-ship approximation. Radiation bound-
ary conditions are approximated by a Sommerfelt absorbing boundary condi-
tion [11] on the vertical sides of the physical domain to let waves escape the
domain.

The modified numerical model can still be based on flexible-order finite
difference method as discussed in Section 11.4. The computational bottleneck
problem is the efficient solution of the Laplace problem twice which can be
done efficiently by the GPU-accelerated iterative PDC method as explained
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in section 11.4.5. A snapshot of the steady state wave field is provided in
the introduction to this chapter. Computed resistance curves for a Series 60
hull moving at forward speed corresponding to Froude number F,, = 0.316
knots in calm water are compared to experimental data [48] in Figure 11.13
(a). The computed Kelvin wave system is shown in Figure 11.13 (b). The
computed results compare well with experiments at moderate ship Froude
numbers F,, = U/+/gh in the range 0.1-0.25 as expected for a linear model.
The real-time constraint required to fulfill the interactive and visualization
requirements can currently be met with the GPU-accelerated hydrodynamics
model for problem sizes of approximately 10° for ship Froude numbers in the
range 0.1-0.3. The modeling and real-time aspects will be addressed in more
detail in ongoing work.
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(a) Hydrodynamic force calculations. (b) Kelvin pattern.

FIGURE 11.13. Computed results. Comparison with experiments for hydro-
dynamics force calculations confirming engineering accuracy for low Froude
numbers.

11.7 Conclusion and future work

We have presented implementation details together with several novel re-
sults on development of a new massively parallel and scalable tool for simula-
tion of nonlinear free surface water waves on heterogeneous hardware. The tool
is based on the unified potential flow model referred to as OceanWave3D [15]
which provides the basis for efficient and scalable simulation of water waves
over uneven bottoms on arbitrary domain sizes. We have demonstrated in
a few examples how we can accelerate performance by using single-precision
math without compromising accuracy. We have shown that performance can
be accelerated by introducing concurrency in the time integration using the
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parareal algorithm and for the first time in a heterogeneous setup based on
the use of multiple GPUs. Interestingly, we find that parallel computations
using parareal may be more efficient than using conventional data-parallel dis-
tributed computations in a multi-GPU setup for moderate problem sizes. We
have measured absolute performance and scalability using several of the most
recent generations of NVIDIA GPUs to detail the efficiency of the current
code. This is useful to predict time to results as explained in [18] and may be
compared against other wave models in fair comparisons.

Work in progress focuses on extending the governing equations to account
for lack of physics such as wave runup and wave breaking. Also, we plan to
extend the domain decomposition method to unstructured grids of blocks that
can be boundary-fitted to more general bottom-mounted structures to be able
to address wave-structure problems, cf. [16,17]. For example, this will provide
the basis for simulations of wave transformations in large harbor areas or
predict wave climates in near-coastal areas.

We anticipate that a tool based on the proposed parallel solution strategies
will be useful for further advancement in fast and robust analysis techniques
and large-scale simulation of free surface wave simulation (e.g., for use as
an efficient far-field solver at large scales) and be a basis for next-generation
wave models. We also expect that the tool can be useful for hybrid-solution
strategies with local flow features possibly resolved by other models and for
advancing state-of-the-art in fast physics-based wave-body simulations, e.g.,
ship-wave interactions in ship simulation where real-time constraints are im-
posed due to visualization. These subjects will be part of ongoing work ad-
dressing application aspects.
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12.1 Introduction

Monotonicity preserving interpolation and approximation have received
substantial attention in the last thirty years because of their numerous appli-
cations in computer aided-design, statistics, and machine learning [9, 10, 19].
Constrained splines are particularly popular because of their flexibility in
modeling different geometrical shapes, sound theoretical properties, and avail-
ability of numerically stable algorithms [9,10,26]. In this work we examine par-
allelization and adaptation for GPUs of a few algorithms of monotone spline
interpolation and data smoothing, which arose in the context of estimating
probability distributions.

Estimating Cumulative Probability distribution Functions (CDF) from
data is quite common in data analysis. In our particular case we faced this
problem in the context of partitioning univariate data with the purpose of
efficient sorting. It was necessary to partition large data sets into chunks of
approximately equal size, so that these chunks could be sorted independently
and subsequently concatenated. In order to do that, empirical CDF of the
data was used to find the quantiles, which served to partition the data. CDF
was estimated from the data based on a number of pairs (x;,y;),i =1,...,n,
where y; was the proportion of data no larger than x;. As data could come
from a variety of distributions, a distribution-free nonparametric fitting pro-

295
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cedure was required to interpolate the above pairs. Needless to say the whole
process was aimed at GPU, and hence the use of CPU for invoking serial
algorithms had to be minimized.

—— Cubic spline
---- Monotone spline

80
|

60
I

40
Il

20
1

FIGURE 12.1. Cubic spline (solid) and monotone quadratic spline (dashed)
interpolating monotone data from [14]. Cubic spline fails to preserve mono-
tonicity of the data.

— Hermite cubic spline
-=-= Hermite monotone spline
°

FIGURE 12.2. Hermite cubic spline (solid) and Hermite rational spline inter-
polating monotone data from [14] with nonnegative prescribed slopes. Despite
nonnegative slopes, the Hermite cubic spline is not monotone.
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The above mentioned application is one of many examples (e.g., mass
spectrography [18] and global warming data [2]) where univariate data needs
to be fitted by monotonicity preserving interpolants. Of course, CDF is a
monotone increasing function, whose inverse, called quantile function, can be
used to calculate the quantiles. Spline interpolation would be the most suitable
nonparametric method to fit the CDF, except that polynomial splines do not
preserve monotonicity of the data, as illustrated on Figure 12.1.

The failure of splines to preserve monotonicity has prompted fundamental
research in this area since the 1960s. One of the first methods to remedy this
problem was splines in tension by Schweikert [28], where a tension parameter
controlled the shape of exponential splines [29]. Later on several monotonicity
preserving polynomial spline algorithms were proposed [3,4,21,22,27]. These
algorithms typically rely on introducing additional spline knots between the
abscissae of the data. Algorithmic developments are active to this day; see,
for example, [1,19].

When in addition to the pairs (z;, y;) the slopes of the function are avail-
able, i.e., the data comes in triples (z;,y;,p;), the interpolation problem is
called Hermite, and the Hermite splines are used. However, even when the se-
quence y; is increasing and the slopes p; are nonnegative, cubic Hermite splines
may still fail to be monotone, as illustrated in Figure 12.2. Thus, monotone
Hermite splines are needed [14].

Another issue with monotone approximation is noisy data. In this case
inaccuracies in the data make the input sequence y; itself nonmonotone; and
hence monotone spline interpolation algorithms will fail. Monotone spline
smoothing algorithms are available, e.g., [4,11]. Such algorithms are based on
solving a quadratic (or another convex) programming problem numerically,
and have not yet been adapted to parallel processing.

In this work we examine several monotone spline fitting algorithms, and
select the ones that we believe are most suitable for parallelization on GPUs.
We pay attention to numerical efficiency in terms of numerical calculations
and memory access pattern, and favor one-pass algorithms. We also look at
smoothing noisy data and developed a parallel version of the Minimum Lower
Sets (MLS) algorithm for the isotonic regression problem [7,23].

The rest of the chapter is organized as follows. Section 12.2 discusses
monotone spline interpolation methods and presents two parallel algorithms.
Section 12.3 deals with the smoothing problem. It presents the isotonic re-
gression problem and discusses the Pool Adjacent Violators (PAV) and MLS
algorithms. Combined with monotone spline interpolation, the parallel MLS
method makes it possible to build a monotone spline approximation to noisy
data entirely on GPU. Section 12.4 concludes.



298 Designing Scientific Applications on GPUs

12.2 Monotone splines

Splines are piecewise continuous functions very popular in numerical ap-
proximation and computer-aided design [9,10]. An example of a spline is the
broken line interpolation. Typically, polynomial splines are used, and the first
(and often second) derivatives of the polynomial pieces are required to match
at the knots. The knots of the splines are usually the abscissae of the input
data, although this condition is not always required (e.g., splines with free
knots [6,10,17]).

Polynomial splines are often represented in the B-spline basis, in which case
their coefficients are computed from the input data by solving a banded system
of linear equations [9, 10, 20]. Tridiagonal systems arise in cubic spline inter-
polation, while pentadiagonal systems arise in cubic spline smoothing [20].
Splines possess important extremal properties [16,20], in particular splines of
degree 2m — 1 are the most “smooth” functions that interpolate (or approxi-
mate, in the least squares sense) the data. The smoothness term is Tihkonov
regularization functional, the Ly norm of the mth derivative of the inter-
polant [20].

When the data are known to come from a monotone function, the in-
terpolant needs to be monotone as well. Even if the sequence of data ordi-
nates y;,¢ = 1,...,n is nondecreasing, cubic (and higher degree) interpolating
splines are not necessarily monotone; an example is shown in Figure 12.1. To
deal with the problem of extraneous inflection points, Schweikert [28] pro-
posed splines in tension, which are piecewise exponential functions. Splines in
tension have been further explored in [24,25,29] and many subsequent works.

12.2.1 Monotone quadratic splines

For polynomial splines, monotone or otherwise constrained splines were
developed in [3,4,21,22,27]. Two monotone quadratic spline algorithms were
published in the early 1980s [21,27]. Both algorithms are based on introducing
additional interpolation knots under certain conditions, to facilitate preser-
vation of monotonicity of the data. McAllister and Roulier’s algorithm [21]
introduces at most two extra knots between two neighbouring data, while
Schumaker’s algorithm [27] introduces only one extra knot. In addition, Schu-
maker’s algorithm is one pass, which is particularly suited for parallelization,
as no system of equations needs to be solved. While parallel tridiagonal linear
systems solvers have been developed for GPUs [13], the obvious advantage
of a one-pass algorithm is the speed. Because of that, we chose Schumaker’s
algorithm for GPU parallelization.

Let us formally describe Schumaker’s algorithm, with Butland’s slopes [8].
The spline is a piecewise quadratic polynomial in the form

s(x) = a; + Bi(w — t3) +vilw — )%, x € [titipa],i=1,...,T,
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where the knot sequence ¢; is obtained from the data z; by inserting at most
one additional knot per subinterval. Let §; = (yit+1 — v:i)/(Tit1 — x:),0 =
1,...,n — 1. We define Butland’s slopes for i = 2,...,n— 1 as

28;_10; .
d = { 6’i—1i‘617 if 9;-10; > 0,
i =

0 otherwise.
The first and the last Butland’s slopes are

di — 201 — dQ7 if 51(251 — dg) > 0,
710 otherwise,

d = 257171 - dnfla if 577.71(257171 - dnfl) > Oa
"1 0 otherwise.

When d; + d; 1 = 26;, then a single quadratic polynomial interpolates the

data on [x;, z;y1] and t; = x4, a; = y;, B = d;, and y; = % Otherwise
an additional knot ¢; is required, and
d, - d;
o = Y, fi=di,yi = 2((;_3;))755 € [zi, t],
_ (di —d;) » 7o (dipr — ds)
(673 Yi + 2( I3 xz) + 2(751' — xz) ﬂz i Vi 2(371’—1-1 — ti)’x [ i fL'H»l]v

(dig1 —di)(ti — x4)
(i1 — 14) '

The position of the additional knot is selected as follows

J,; = (2(51 — di+1) +

L Jmiat %, if (dit1 — 0:)(di — ;) <0,
’ %(l‘H—l + ;) otherwise.

It is almost straightforward to parallelize this scheme for GPUs, by process-
ing each subinterval [x;,z;41] independently in a separate thread. However,
it is not known in advance whether an extra knot t; needs to be inserted,
and therefore calculation of the position of the knot in the output sequence of
knots ¢; is problematic for parallel implementation (for a sequential algorithm
no such issue arises). To avoid serialization, we decided to insert an additional
knot in every interval [z;,x;11], but set t; = z; when the extra knot is not
actually needed. This way we know in advance the position of the output
knots and the length of this sequence is 2(n — 1), and therefore all calculations
can now be performed independently. The price we pay is that some of the
spline knots can coincide. However, this does not affect spline evaluation, as
one of the coinciding knots is simply disregarded, and the spline coefficients
are replicated (so for a double knot ¢; = t;11, we have a; = a1, Bi = Bix1,
~i = Yi+1)- Our implementation is presented in Listings 12.1-12.2.
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Listing 12.1. calculation of monotone spline knots and coefficients.

At the spline evaluation stage we need to compute s(zj) for a sequence
of query values z,k = 1,..., K. For each z; we locate the interval [t;,t;11]
containing zy, using the bisection algorithm presented in Listing 12.3, and
then apply the appropriate coefficients of the quadratic function. This is also
done in parallel. The bisection algorithm could be implemented using texture
memory (to cache the array z), but this is not shown in Listing 12.3.
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Listing 12.2. implementation of the kernel for calculating spline knots and
coefficients; function fmax is used to avoid division by zero for data with coin-
ciding abscissae.

Listing 12.3. implementation of the spline evaluation algorithm for GPU.
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12.2.2 Monotone Hermite splines

In this section, in addition to the points (x;,y;) we have the slopes p;,
and hence, we consider monotone Hermite interpolation. In our motivating
application of CDF estimation, the values p; are easily obtained together with
y;, and their use may help to build a more accurate interpolant. Of course, for
monotone nondecreasing functions we must have p; > 0. However, this does
not guarantee that the spline interpolant is monotone, as can be seen in Figure
12.2. Fritsch and Carlson [12] showed that nonnegative p; is not a sufficient
condition to guarantee monotonicity, and designed a process for modification
of derivatives, so that the necessary and sufficient conditions for monotonicity
of a piecewise cubic are met. Hence, the values p; are not matched exactly. In
contrast, Gregory and Delbourgo [14] designed piecewise rational quadratic
spline, for which the nonnegativity of p; is both a necessary and sufficient
condition.

The rational quadratic spline in [14] is constructed as

Pi(0) )
s(z) = { @.07 if A; #0,
Ui otherwise,

where

0= (z—xi)/(®it1 — i),  Ai=Yir1 — vi)/(@it1 — 3),
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and )
(yi+1 — ¥i)[Ai0% + pif(1 — 6)]
Aj + (piv1 +pi — 24:)0(1 - 0)
This rational spline is continuously differentiable and interpolates both the
values y; and the derivatives p;. Its derivative is given by

Pi(0)/Qi(0) = yi +

s'(2) = Aflpi10” +28,0(1 — 0) + pi(1 - 0)*]/Qi(9),

with
Qi(0) = Ai + (pig1 +pi — 244)0(1 - 0),

provided A; # 0 (s'(z) = 0 otherwise), and this expression is nonnegative.

It is clear that Gregory and Delbourgo’s Hermite interpolant [14] is trivially
parallel, and the parameters h; = z;11 — x; and A; are easily computed in a
simple kernel. Evaluation of the spline and its derivative is accomplished by
locating the interval containing the query point z using bisection, as in Listing
12.3, and applying the above-mentioned formulas.

12.3 Smoothing noisy data via parallel isotone regression

Inaccuracies in the data are common in practice and need to be accounted
for during the spline approximation process. Smoothing polynomial splines
were presented in [20], where the data were fitted in the least squares sense
while also minimizing the Lo norm of the mth derivative of the spline. Mono-
tone smoothing splines have been dealt with in several works, in particular we
mention [4,11]. The presented algorithms rely on solving quadratic program-
ming problems. Monotone approximating splines with fixed knots distinct
form the data have been presented in [5], where an instance of a quadrating
programming problem is solved as well.

Another approach consists of monotonizing the data, so that the sequence
y; becomes monotone. This approach is known as isotone regression [7,23]. It
is different from monotone spline smoothing, as the regularization term con-
trolling the Ly norm of the mth derivative is not taken into account. Usually
the data is monotonized by minimizing the squared differences to the inputs.
It becomes a quadratic programming problem, usually solved by active sets
methods [7]. A popular PAV algorithm (PAVA) is one method that provides
efficient numerical solution.

PAVA consists of the following steps. The sequence y; is processed from
the start. If violation of monotonicity y; > y;+1 is found, both values y; and
yi+1 are replaced with their average y;, and both values form a block. Since
the new value y; is smaller than y;, monotonicity may become violated with
respect to y;_1. If this is the case, the i — 1st, ith, and ¢ + 1st data are merged
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into a block and their values are replaced with their average. We continue to
back-average as needed to get monotonicity.

Various serial implementations of the PAVA exist. It is noted [18] that in
PAVA | which is based on the ideas from convex analysis, a decomposition the-
orem holds, namely, performing PAVA separately on two contiguous subsets
of data and then performing PAVA on the result produces isotonic regres-
sion on the whole data set. Thus, isotonic regression is parallelizable, and
the divide-and-conquer approach, decomposing the original problem into two
smaller subproblems, can be implemented on multiple processors. However, to
our knowledge, no parallel PAVA for many-core systems such as GPUs exist.

Another approach to isotonic regression is called the MLS algorithm [7,23].
It provides the same solution as the PAVA, but works differently. For each
datum (or block), MLS selects the largest contiguous block of subsequent data
with the smallest average. If this average is smaller than that of the preceding
block, the blocks are merged, and the data in the block are replaced with their
average. MLS is also an active set method [7], but its complexity is O(n?) as
opposed to O(n) of the PAVA, and of another active set algorithm proposed
in [7] by the name of Algorithm A.

In terms of GPU parallelization, neither PAVA nor Algorithm A appears
to be suitable, as the techniques that achieve O(n) complexity are inheritably
serial. In this work we focus on parallelizing MLS. First, we precompute the

values
n
Zp = E Yi
j=i

and 2,41 = 0 using the parallel partial sum algorithm (scan algorithm from
Thrust [15] library). From these values we can compute the averages of the
blocks of data with the indices {i,i +1,...,5}

1 J 1
Pj=— = —(2; — 25 . 12.1
= TR = T ) (12.1)

As per MLS algorithm, for each fixed i from 1 to n, we compute the
smallest F;; starting from j = 4 + 1 and fix the index j*. If y; > P, we
replace the values y;,...,y;~ with their average P;;-; otherwise we keep the
value y;. In case of replacement, we advance 7 to position j* + 1. We check
the condition y; > F; ;- to form a block, which is equivalent to y; > P;1q ;- as
P, = j_ﬁ((] —4)P;y1,; + v:), from which we deduce that both inequalities
hold simultaneously.

Now the presented algorithm can be parallelized for GPUs: each datum
y; is treated in its own thread. Calculation of the smallest P;; is performed
serially within the ith thread, or in parallel by starting children threads. Re-
placing the values y;,...,y;- with P« leads to potential clashes, as several
threads can perform this operation on the same elements y;. This can be cir-
cumvented by using max operation, i.e., yi <= max(yy, P;;). Note that thread
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i replaces the value yy, k > i if P;; < y;. Now, if two threads i; and ¢» need
to replace ¥, and i1 < iz, we must have F; ; > F;,;,, as formalized in the
following.

Proposition 1 If partial averages P;j are defined by (12.1) and iy < ia,
J1,J2 > i1,42, where ji, jo denote the minimizers of P, ; over j > i1 (respec-
tively P;,; over j > iy ), then P, ;, > P;

1j1 = Lligga-

Proof 1 Because the average satisfies

1 k 1 n 1 k 1 n 1 n
—Z%Z Zyi:»—Zyiz—Zyiz— Z%
ki n_kizk-i-l ki nis n_ki:k+1

we must have Py, ;,—1 > P, 5, > P, ;, . At the same time we have P;,;, > P;
which implies P;, ;, > P;

2J27

2J2°

The order in which the steps are performed is not guaranteed in parallel
computations. By the proposition above, P;,;, < P;;, < v;, whenever the
value y;, needs replacement by the average of its block, which leads to over-
riding all yg,3; < k < ji; with P 4, which is no smaller than P, ;,. Thus,
in the serial algorithm gy, may only be replaced with a larger value as the
algorithm progresses. Therefore, the max operation in the parallel algorithm
ensures that yi is replaced with the same value as in the serial algorithm,
regardless of the order of the steps.

We present the source code of the parallel MLS in Listing 12.4. Here we
reduce the number of writes to the global memory by using an indexing array
keys_d to encode blocks and subsequently performing a scan operation with
the maximum operator and indexed by keys_d, so that maximum is taken
within each block.

Listing 12.4. fragments of implementation of a parallel version of the MLS
algorithm using Thrust library.
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t=smallestP ;
else
smallestJ=i;
key [i]=smallestJ ;
uli]=t;
}
}

template< typename Tx >
void MonotonizeData (Tx %y, int n, Tx xu)

{
thrust :: less_equal<int> binary_pred;
thrust :: maximum<Tx> binary_op2;
thrust :: device_vector <Tx> z_d(n+1);
thrust :: device_vector <int> keys_d(n);
thrust :: device_ptr<Tx> y_d(y), u-d(u);
thrust :: fill (u-d, u-d+n, —1e100);
thrust :: fill (keys_d.begin(), keys_-d.end (), 0);
thrust :: reverse_iterator < typename thrust::device_vector <Tx>::
iterator> y_reverse_b(y-d+n), y-reverse_end(y-d), z_reverse_b
(z-d.end ());
thrust ::inclusive_scan (y-reverse_b ,y_reverse_end ,z_reverse_b+1);
monotonizekernel <<<grid , block>>>(y, thrust::raw_pointer_cast(&z_d
[0]), u, thrust::raw_pointer_cast(&keys_d[0]), n );
thrust :: sort (keys_d.begin (), keys_d.end());
thrust :: inclusive_scan_by_key (keys_-d.begin (), keys-d.end(), u-d,
u-d, binary_-pred, binary-op2);
b

As we mentioned, the complexity of the MLS algorithm is O(n?), due to the
fact that for each datum, the smallest average P;; of the blocks of subsequent
data is needed. Thus, each thread needs to perform O(n) comparisons (the
averages themselves are precomputed in O(n) operations using the partial sum
algorithm). It is interesting to compare the runtime of the PAVA algorithm
on CPU and parallel MLS on GPU to establish for which n parallel MLS is
preferable. We performed such experiments on Tesla 2050 device connected to
a four-core Intel i7 CPU with 4 GB RAM clocked at 2.8 GHz, running Linux
(Fedora 16).

First we compared the serial versions of PAV and MLS algorithms. For this
we used two packages in R environment, stats and fdrtool. The package
stats offers function isoreg, which implements the MLS algorithm in C
language, whereas package fdrtool offers PAVA, also implemented in C.
Overheads of R environment can be neglected, as the input data are simply
passed to C code, so we can compare the running time of both algorithms
head to head. We generated input data of varying lengths n from 10* to
5 x 107 randomly, using y; = f(z;) + &;, where f is a monotone test function
and ¢ is random noise. We also tried completely ordered isotone data, and
antitone data, to check the performance for adversary inputs. Subsequently,
we measured the runtime of our parallel version of MLS algorithm on Tesla
2050 GPU. The results are presented in Table 12.1.

As expected, the runtimes of both methods differed significantly, as shown
in Table 12.1, and clearly linear PAVA was superior to serial MLS algorithm.
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Data | PAVA | MLS | GPU MLS
monotone increasing f
n=>5x10* 0.01 5 0.092
n = 10° 0.03 40 0.35
n=>5x10° 0.4 | 1001 8.6
n =108 0.8 | 5000 38
n=2x 108 1.6 - 152
n =10 x 10° 2 - 3500
n =20 x 10° 4.5 - -
n = 50 x 10° 12 - —
constant or decreasing f
n = 106 0.2 0.1 38
n =10 x 10° 19| 1.9 3500
n =20 x 10° 35| 4.0 -
n =50 x 10° 11 11 -

TABLE 12.1. The average CPU time (sec) of the serial PAVA, MLS, and
parallel MLS algorithms.

Even though for some special cases, e.g., test function f = const, both serial
methods gave the same running time; this can be explained by the fact that
large blocks of data allowed MLS to skip the majority of tests. This did not
happen in the parallel version of MLS, where for each datum the smallest
value of P,;+ was computed (in parallel), so the average CPU times were the
same for all data.

From the results in Table 12.1 we conclude that serial PAVA is superior to
MLS for n > 10%. While it is possible to transfer data from GPU to CPU and
run PAVA there, it is warranted only for sufficiently large data n > 5 x 10°, for
otherwise the data transfer overheads will dominate CPU time. For smaller
n, isotone regression is best performed on GPU.

We also see that the use of GPU accelerated MLS by a factor of at least
100, except for antitone data. The cost of serial MLS is prohibitive for n > 10°.

We should mention that not all isotone regression problems allow a PAV-
like algorithm linear in time. When the data may contain large outliers, mono-
tonizing the data is better done not in the least squares sense, but using other
cost functionals, such as by minimizing the sum of absolute deviations [30]
or using M-estimators [2], which are less sensitive to outliers. It is interesting
than in all such cases the solution to an isotone regression problem can be
found by solving maximin problem

u; = maxmin g(k,
b k<i 1>i gk, 1),

with §(k, 1) being the unrestricted maximum likelihood estimator of yy ..., y;.
For the quadratic cost function §(k,!) corresponds to the mean of these data
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(as in PAV and MLS algorithms), for the absolute deviations §(k,{) corre-
sponds to the median, and for other cost functions it corresponds to an M-
estimator of location. The MLS algorithm can be applied to such isotone
regression problems with very little modification. However, we are unaware
of other algorithms for solving the modified problem that linear in time. Our
parallel MLS algorithm will be valuable in such cases.

12.4 Conclusion

We presented three GPU-based parallel algorithms for approximating
monotone data: monotone quadratic spline, monotone Hermite rational spline,
and minimum lower sets algorithm for monotonizing noisy data. These tools
are valuable in a number of applications that involve large data sets modeled
by monotone nonlinear functions. The source code of the package monospline
is available from www.deakin.edu.au/~gleb/monospline.html
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13.1 Introduction

Sparse linear systems are used to model many scientific and industrial
problems, such as the environmental simulations or the industrial processing
of the complex or nonNewtonian fluids. Moreover, the resolution of these prob-
lems often involves the solving of such linear systems that are considered the
most expensive process in terms of execution time and memory space. There-
fore, solving sparse linear systems must be as efficient as possible in order to
deal with problems of ever increasing size.

There are, in the jargon of numerical analysis, different methods of solving
sparse linear systems that can be classified in two classes: direct and iterative
methods. However, the iterative methods are often more suitable than their
counterparts, direct methods, to solve these systems. Indeed, they are less
memory-consuming and easier to parallelize on parallel computers than direct
methods. Different computing platforms, sequential and parallel computers,
are used to solve sparse linear systems with iterative solutions. Nowadays,
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graphics processing units (GPUs) have become attractive to solve these sys-
tems, due to their computing power and their ability to compute faster than
traditional CPUs.

In Section 13.2, we describe the general principle of two well-known iter-
ative methods: the conjugate gradient method and the generalized minimal
residual method. In Section 13.3, we give the main key points of the parallel
implementation of both methods on a cluster of GPUs. Finally, in Section 13.4,
we present the experimental results, obtained on a CPU cluster and on a GPU
cluster of solving large sparse linear systems.

13.2 Krylov iterative methods

Let us consider the following system of n linear equations in R:
Az =b, (13.1)

where A € R™*™ is a sparse nonsingular square matrix, x € R” is the solution
vector, b € R” is the right-hand side, and n € N is a large integer number.
The iterative methods for solving the large sparse linear system (13.1) pro-
ceed by successive iterations of a same block of elementary operations, during
which an infinite number of approximate solutions {xj}r>0 is computed. In-
deed, from an initial guess xg, an iterative method determines at each iteration
k > 0 an approximate solution z; which, gradually, converges to the exact
solution z* as follows:
r* = lim x, = A™'b. (13.2)

k—o0
The number of iterations necessary to reach the exact solution z* is not known
beforechand and can be infinite. In practice, an iterative method often finds
an approximate solution Z after a fixed number of iterations and/or when a
given convergence criterion is satisfied as follows:

b — AZ|| < e, (13.3)

where € < 1 is the required convergence tolerance threshold.

Some of the most iterative methods that have proven their efficiency for
solving large sparse linear systems are those called Krylov subspace meth-
ods [9]. In the present chapter, we describe two Krylov methods which are
widely used: the CG method (conjugate gradient method) and the GMRES
method (generalized minimal residual method). In practice, the Krylov sub-
space methods are usually used with preconditioners that allow the improve-
ment of their convergence. So, in what follows, the CG and GMRES methods
are used to solve the left-preconditioned sparse linear system:

M~ Az = M~ ', (13.4)

where M is the preconditioning matrix.
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13.2.1 CG method

The conjugate gradient method was initially developed by Hestenes and
Stiefel in 1952 [7]. It is one of the well-known iterative methods to solve large
sparse linear systems. In addition, it can be adapted to solve nonlinear equa-
tions and optimization problems. However, it can only be applied to problems
with positive definite symmetric matrices.

The main idea of the CG method is the computation of a sequence of
approximate solutions {xy }x>0 in a Krylov subspace of order k as follows:

T € o + K:k(A, 7"0)7 (135)
such that the Galerkin condition must be satisfied:
T‘kJ_]Ck(A,To), (136)

where xq is the initial guess, r, = b — Axy is the residual of the computed
solution zy, and Ky the Krylov subspace of order k:

Kr(A,rg) = span{rg, Aro, A%rg, ..., Akilro}.

In fact, CG is based on the construction of a sequence {py}ren of direction
vectors in K0, which are pairwise A-conjugate (A-orthogonal):

piAp; =0, i#]j. (13.7)

At each iteration k, an approximate solution x; is computed by recurrence as
follows:
Tp = Xk—1 + oppr, ap €R. (13.8)

Consequently, the residuals r; are computed in the same way:
e =Tr—1 — akApk. (139)

In the case where all residuals are nonzero, the direction vectors pi can be
determined so that the following recurrence holds:

Po =70, Pk =Tk + BkPk-1, Br €R. (13.10)

Moreover, the scalars {ay >0 are chosen so as to minimize the A-norm error
||z* — x|l 4 over the Krylov subspace Ky, and the scalars {5y} x>0 are chosen
so as to ensure that the direction vectors are pairwise A-conjugate. So, the
assumption that matrix A is symmetric and the recurrences (13.9) and (13.10)
allow the deduction that:

7{71”71 /3
pF Api k

T
— _TeTh (13.11)

ap = = - .
k m ST

Algorithm 15 shows the main key points of the preconditioned CG method.
It allows the solving the left-preconditioned sparse linear system (13.4). In
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Algorithm 15: left-preconditioned CG method

1 Choose an initial guess xg;
2 g = b— Al‘o;

3 convergence = false;

4 k=1,

5 repeat

6 | z=Mtry_q;

7 | pr = (Tk—1,2k);

8 if k=1 then

9 \ Prx = Zk;
10 else
11 Br = pr/Pr—1;
12 Pr = 2k + Br X pr—1;
13 end
14 | qr=AXpg;
15 | ag = pr/ (P, Qk);
16 Tk = Tp—1 + O X Pg;
17 Tk = Tk—1 — Ok X qk;

18 if (pr <€) or (k > maxiter) then
19 ‘ convergence = true;
20 else
21 ‘ k=k+1,;
22 end
23 until convergence;

this algorithm, € is the convergence tolerance threshold, maxiter is the max-
imum number of iterations, and (-,-) defines the dot product between two
vectors in R™. At every iteration, a direction vector py is determined, so that
it is orthogonal to the preconditioned residual z; and to the direction vec-
tors {p; }i<k previously determined (from line 8 to line 13). Then, at lines 16
and 17, the iterate xj and the residual rj are computed using formulas (13.8)
and (13.9), respectively. The CG method converges after, at most, n iterations.
In practice, the CG algorithm stops when the tolerance threshold e and/or
the maximum number of iterations maxiter is reached.

13.2.2 GMRES method

The iterative GMRES method was developed by Saad and Schultz in
1986 [10] as a generalization of the minimum residual method MINRES [8].
Indeed, GMRES can be applied for solving symmetric or nonsymmetric linear
systems.

The main principle of the GMRES method is to find an approximation
minimizing at best the residual norm. In fact, GMRES computes a sequence
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of approximate solutions {zy }r>o in a Krylov subspace Ky as follows:

T € o + ICk(A7’l)1), v = [ o 5 (1312)
so that the Petrov-Galerkin condition is satisfied:
TkLAK:k(A, ’1}1). (13.13)

GMRES uses the Arnoldi iterations [2] to construct an orthonormal basis V

for the Krylov subspace Kj and an upper Hessenberg matrix Hj of order
(k+1) x k:

Vi = {1}1,’[)2, . ,’Uk}, Vk > 1v = Akilvl, (1314)

and -
AV = Vi1 Hy,. (13.15)

Then, at each iteration k, an approximate solution x; is computed in the
Krylov subspace K, spanned by Vj as follows:

xp =x0 + Viy, y € RE (13.16)

From both formulas (13.15) and (13.16) and r, = b— Axy,, we can deduce that

r = b— A(xg+ Viy)
= 19— AVry
= 13.17
= PBur — Vi1 Hiy ( )
= Vit1(Ber — Hyy),
such that 5 = ||rgl|2 and e; = (1,0,---,0) is the first vector of the canonical

basis of R*. So, the vector y is chosen in R¥ so as to minimize at best the Eu-
clidean norm of the residual r;. Consequently, a linear least-squares problem
of size k is solved:
main||r = min||fe; — H, . 13.18
min |l = min|8es — Aiylo (13.15)

The QR factorization of matrix Hy, is used (the decomposition of the matrix
H into @ and R matrices) to compute the solution of this problem by using
Givens rotations [9,10], such that

Hy = QpRy, Qp € REFDx(E+D) R e R+ 3K (13.19)

where Qi is an orthogonal matrix and Ry is an upper triangular matrix.
The GMRES method computes an approximate solution with a sufficient
precision after, at most, n iterations (n is the size of the sparse linear system
to be solved). However, the GMRES algorithm must construct and store in the
memory an orthonormal basis Vi whose size is proportional to the number of
iterations required to achieve the convergence. Then, to avoid a huge memory
storage, the GMRES method must be restarted at each m iterations, such
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Algorithm 16: left-preconditioned GMRES method with restarts

1 Choose an initial guess xg;
2 convergence = false;

3 k=1;

a4 1rg=M"1b- Axp);

5 B=roll2;

6 while —convergence do
7 | v =ro/B;

8 for j =1 to m do

9 wj = M1 Avj;

10 for i=1to j do
11 hi,j = (wj,vi);
12 w; = w; — hi,jvi;
13 end

14 hiv1g = llwjll2;
15 vjt1 = wi/hjt15
16 end

17 | Set Vi, = {v;}1<j<m and H,, = (h; ;) is an upper Hessenberg
matrix of size (m + 1) x m;

18 Solve a least-squares problem of size m: minyemrm||Be1 — Hynyl|2;
19 | T =20 + VinlYm;

20 Tm = M7Yb— Ax,,);

21 ﬁ = ||T7TL||2;

22 if (8 <e¢)or (k> maziter) then
23 ‘ convergence = true;

24 else

25 To = T

26 To = T'm;

27 k=k+1,;

28 end

29 end

that m is very small (m < n), and with x,, as the initial guess to the next
iteration. This allows the limitation of the size of the basis V' to m orthogonal
vectors.

Algorithm 16 shows the key points of the GMRES method with restarts. It
solves the left-preconditioned sparse linear system (13.4), such that M is the
preconditioning matrix. At each iteration k, GMRES uses the Arnoldi itera-
tions (defined from line 7 to line 17) to construct a basis V,, of m orthogonal
vectors and an upper Hessenberg matrix H,, of size (m + 1) x m. Then, it
solves the linear least-squares problem of size m to find the vector y € R™
which minimizes at best the residual norm (line 18). Finally, it computes
an approximate solution x,, in the Krylov subspace spanned by V,,, (line 19).
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The GMRES algorithm is stopped when the residual norm is sufficiently small
([lrmll2 < €) and/or the maximum number of iterations (maxiter) is reached.

13.3 Parallel implementation on a GPU cluster

In this section, we present the parallel algorithms of both iterative CG
and GMRES methods for GPU clusters. The implementation is performed on
a GPU cluster composed of different computing nodes, such that each node
is a CPU core managed by one MPI (message passing interface) process and
equipped with a GPU card. The parallelization of these algorithms is carried
out by using the MPI communication routines between the GPU computing
nodes and the CUDA (compute unified device architecture) programming en-
vironment inside each node. In what follows, the algorithms of the iterative
methods are called iterative solvers.

13.3.1 Data partitioning

The parallel solving of the large sparse linear system (13.4) requires a data
partitioning between the computing nodes of the GPU cluster. Let p denote
the number of the computing nodes on the GPU cluster. The partitioning
operation consists of the decomposition of the vectors and matrices, involved in
the iterative solver, in p portions. Indeed, this operation allows the assignment
to each computing node i:

e a portion of size % elements of each vector,
e a sparse rectangular submatrix A4; of size (7, n), and
e a square preconditioning submatrix M; of size (%, %),

where n is the size of the sparse linear system to be solved. In the first instance,
we perform a naive row-wise partitioning (row-by-row decomposition) on the
data of the sparse linear systems to be solved. Figure 13.1 shows an example of
a row-wise data partitioning between four computing nodes of a sparse linear
system (sparse matrix A, solution vector x, and right-hand side b) of size 16
unknown values.

13.3.2 GPU computing

After the partitioning operation, all the data involved from this op-
eration must be transferred from the CPU memories to the GPU mem-
ories, in order to be processed by GPUs. We use two functions of the
CUBLAS library (CUDA Basic Linear Algebra Subroutines) developed by
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FIGURE 13.1. A data partitioning of the sparse matrix A, the solution vector
x, and the right-hand side b into four portions.

NVIDIA [4]: cublasAlloc () for the memory allocations on GPUs and
cublasSetVector () for the memory copies from the CPUs to the GPUs.

An efficient implementation of CG and GMRES solvers on a GPU cluster
requires the determining of all parts of their codes that can be executed in par-
allel and, thus, takes advantage of the GPU acceleration. As many Krylov sub-
space methods, the CG and GMRES methods are mainly based on arithmetic
operations dealing with vectors or matrices: sparse matrix-vector multiplica-
tions, scalar-vector multiplications, dot products, Euclidean norms, AXPY
operations (y < ax + y where x and y are vectors and a is a scalar), and so
on. These vector operations are often easy to parallelize and they are more
efficient on parallel computers when they work on large vectors. Therefore, all
the vector operations used in CG and GMRES solvers must be executed by
the GPUs as kernels.

We use the kernels of the CUBLAS library to compute some vector opera-
tions of CG and GMRES solvers. The following kernels of CUBLAS (dealing
with double floating point) are used: cublasDdot () for the dot products,
cublasDnrm2 () for the FEuclidean norms, and cublasDaxpy () for the
AXPY operations (y < ax + y, compute a scalar-vector product and add
the result to a vector). For the rest of the data-parallel operations, we code
their kernels in CUDA. In the CG solver, we develop a kernel for the XPAY
operation (y < z+ay) used in line 12 in Algorithm 15. In the GMRES solver,
we program a kernel for the scalar-vector multiplication (lines 7 and 15 in
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Algorithm 16), a kernel to solve the least-squares problem, and a kernel to
update the elements of the solution vector z.

The least-squares problem in the GMRES method is solved by performing
a QR factorization on the Hessenberg matrix H,, with plane rotations and,
then, solving the triangular system by backward substitutions to compute y.
Consequently, solving the least-squares problem on the GPU is not efficient.
Indeed, the triangular solves are not easy to parallelize and inefficient on
GPUs. However, the least-squares problem to solve in the GMRES method
with restarts has, generally, a very small size m. Therefore, we develop an
inexpensive kernel which must be executed by a single CUDA thread.

The most important operation in CG and GMRES methods is the SpMV
multiplication (sparse matrix-vector multiplication), because it is often an ex-
pensive operation in terms of execution time and memory space. Moreover, it
requires taking care of the storage format of the sparse matrix in the memory.
Indeed, the naive storage, row-by-row or column-by-column, of a sparse matrix
can cause a significant waste of memory space and execution time. In addition,
the sparse nature of the matrix often leads to irregular memory accesses to
read the matrix nonzero values. So, the computation of the SpMV multiplica-
tion on GPUs can involve noncoalesced accesses to the global memory, which
slows down its performances even more. One of the most efficient compressed
storage formats of sparse matrices on GPUs is the HYB (hybrid) format [3]. It
is a combination of ELLpack (ELL) and Coordinate (COO) formats. Indeed,
it stores a typical number of nonzero values per row in ELL format and the
remaining entries of exceptional rows in COO format. It combines the effi-
ciency of ELL due to the regularity of its memory accesses and the flexibility
of COO which is insensitive to the matrix structure. Consequently, we use the
HYB kernel [1] developed by NVIDIA to implement the SpMV multiplication
of CG and GMRES methods on GPUs. Moreover, to avoid the noncoalesced
accesses to the high-latency global memory, we fill the elements of the iterate
vector x in the cached texture memory.

13.3.3 Data communications

All the computing nodes of the GPU cluster execute in parallel the same
iterative solver (Algorithm 15 or Algorithm 16) adapted to GPUs, but on
their own portions of the sparse linear system: M[lAixi = Mi_lbi, 0<t<p.
However, in order to solve the complete sparse linear system (13.4), synchro-
nizations must be performed between the local computations of the computing
nodes over the cluster. In what follows, two computing nodes sharing data are
called neighboring nodes.

As already mentioned, the most important operation of CG and GMRES
methods is the SpMV multiplication. In the parallel implementation of the
iterative methods, each computing node 7 performs the SpMV multiplication
on its own sparse rectangular submatrix A;. Locally, it has only subvectors
of size % corresponding to rows of its submatrix A;. However, it also requires
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FIGURE 13.2. Data exchanges between Node I and its neighbors Node 0,
Node 2, and Node 3.

the vector elements of its neighbors, corresponding to the column indices on
which its submatrix has nonzero values (see Figure 13.1). So, in addition to
the local vectors, each node must also manage vector elements shared with
neighbors and required to compute the SpMV multiplication. Therefore, the
iterate vector x managed by each computing node is composed of a local sub-
vector !¢ of size 2 and a subvector of shared elements z°"7¢?_ In the same
way, the vector used to construct the orthonormal basis of the Krylov sub-
space (vectors p and v in CG and GMRES methods, respectively) is composed
of a local subvector and a shared subvector.

Therefore, before computing the SpMV multiplication, the neighboring
nodes over the GPU cluster must exchange between them the shared vector
elements necessary to compute this multiplication. First, each computing node
determines, in its local subvector, the vector elements needed by other nodes.
Then, the neighboring nodes exchange between them these shared vector ele-
ments. The data exchanges are implemented by using the MPI point-to-point
communication routines: blocking sends with MPI_Send () and nonblocking
receives with MPI_TIrecv (). Figure 13.2 shows an example of data exchanges
between Node 1 and its neighbors Node 0, Node 2, and Node 3. In this ex-
ample, the iterate matrix A split between these four computing nodes is that
presented in Figure 13.1.

After the synchronization operation, the computing nodes receive, from
their respective neighbors, the shared elements in a subvector stored in a
compressed format. However, in order to compute the SpMV multiplication,
the computing nodes operate on sparse global vectors (see Figure 13.2). In
this case, the received vector elements must be copied to the corresponding
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indices in the global vector. So as not to need to perform this at each iter-
ation, we propose to reorder the columns of each submatrix {A4;}o<i<p, SO
that the shared subvectors could be used in their compressed storage formats.
Figure 13.3 shows a reordering of a sparse submatrix (submatrix of Node 1).

A GPU cluster is a parallel platform with a distributed memory. So, the
synchronizations and communication data between GPU nodes are carried
out by passing messages. However, a GPU cannot exchange data with other
GPUs in a direct way. Then, CPUs via MPI processes are in charge of the
synchronizations within the GPU cluster. Consequently, the vector elements
to be exchanged must be copied from the GPU memory to the CPU mem-
ory and vice versa before and after the synchronization operation between
CPUs. We have used the CUBLAS communication subroutines to perform
the data transfers between a CPU core and its GPU: cublasGetVector ()
and cublasSetVector (). Finally, in addition to the data exchanges, GPU
nodes perform reduction operations to compute in parallel the dot products
and Euclidean norms. This is implemented by using the MPI global commu-
nication MPI_Allreduce ().

13.4 Experimental results

In this section, we present the performances of the parallel CG and GM-
RES linear solvers obtained on a cluster of 12 GPUs. Indeed, this GPU cluster
of tests is composed of six machines connected by a 20GB/s InfiniBand net-
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FIGURE 13.4. General scheme of the GPU cluster of tests composed of six
machines, each with two GPUs.

work. Each machine is a Quad-Core Xeon E5530 CPU running at 2.4GHz and
providing 12GB of RAM with a memory bandwidth of 25.6GB/s. In addition,
two Tesla C1060 GPUs are connected to each machine via a PCI-Express 16x
Gen 2.0 interface with a throughput of 8GB/s. A Tesla C1060 GPU contains
240 cores running at 1.3GHz and providing a global memory of 4GB with a
memory bandwidth of 102GB/s. Figure 13.4 shows the general scheme of the
GPU cluster that we used in the experimental tests.

Linux cluster version 2.6.39 OS is installed on CPUs. C programming
language is used to code the parallel algorithms of both methods on the GPU
cluster. CUDA version 4.0 [5] is used to program GPUs, using the CUBLAS
library [4] to deal with vector operations in GPUs and, finally, MPI routines
of OpenMPI 1.3.3 are used to carry out the communications between CPU
cores. Indeed, the experiments are done on a cluster of 12 computing nodes,
where each node is managed by one MPI process and is composed of one CPU
core and one GPU card.

All tests are made on double-precision floating point operations. The pa-
rameters of both linear solvers are initialized as follows: the residual tolerance
threshold € = 1072, the maximum number of iterations maxiter = 500, the
right-hand side b is filled with 1.0, and the initial guess xq is filled with 0.0.
In addition, we limited the Arnoldi iterations used in the GMRES method
to 16 iterations (m = 16). For the sake of simplicity, we have chosen the
preconditioner M as the main diagonal of the sparse matrix A. Indeed, it
allows us to easily compute the required inverse matrix M !, and it provides
a relatively good preconditioning for not too ill-conditioned matrices. In the
GPU computing, the size of thread blocks is fixed to 512 threads. Finally, the
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FIGURE 13.5. Sketches of sparse matrices chosen from the University of
Florida collection.

Matrix Type Matrix Name # Rows | # Nonzeros | Bandwidth
2cubes_sphere 101, 492 1,647,264 100, 464
ecology?2 999, 999 4,995,991 2,001
Symmetric finan512 74,752 596, 992 74,725
G3_circuit 1,585,478 7,660, 826 1,219,059
shallow_water2 81,920 327,680 58,710
thermal2 1,228,045 8,580,313 1,226,629
cagel3 445,315 7,479,343 318,788
crashbasis 160, 000 1,750,416 120, 202
Nonsymmetric FEM_3D_thermal2 147,900 3,489.300 117,827
language 399, 130 1,216,334 398,622
poli_large 15,575 33,074 15,575
torso3 259, 156 4,429,042 216, 854

TABLE 13.1. Main characteristics of sparse matrices chosen from the Univer-
sity of Florida collection.

performance results, presented hereafter, are obtained from the mean value
over 10 executions of the same parallel linear solver and for the same input
data.

To get more realistic results, we have tested the CG and GMRES algo-
rithms on sparse matrices of the University of Florida collection [6], that arise
in a wide spectrum of real-world applications. We have chosen six symmetric
sparse matrices and six nonsymmetric ones from this collection. In Figure 13.5,
we show the structures of these matrices and in Table 13.1 we present their
main characteristics which are the number of rows, the total number of nonzero
values, and the maximal bandwidth. In the present chapter, the bandwidth
of a sparse matrix is defined as the number of matrix columns separating the
first and the last nonzero value on a matrix row.

Tables 13.2 and 13.3 show the performances of the parallel CG and GM-
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Matrix Timecp, | Timegp, T # Iter. | Prec. A
2cubes_sphere 0.132s 0.069s 1.93 12 1.14e-09 | 3.47¢-18
ecology?2 0.026s 0.017s 1.52 13 5.06e-09 | 8.33e-17
finan512 0.053s 0.0365s 1.49 12 3.52¢-09 | 1.66e-16
G3_circuit 0.704s 0.4665s 1.51 16 4.16e-10 | 4.44e-16
shallow_water2 0.017s 0.010s 1.68 5 2.24e-14 | 3.88e-26
thermal2 1.172s 0.622s 1.88 15 5.11e-09 | 3.33e-16

TABLE 13.2. Performances of the parallel CG method on a cluster of 24 CPU
cores vs. on a cluster of 12 GPUs.

Matrix Timecpu | Timegpu T # Iter. Prec. A
2cubes_sphere 0.234s 0.124s 1.88 21 2.10e-14 | 3.47e-18
ecology?2 0.076s 0.035s 2.15 21 4.30e-13 | 4.38e-15
finan512 0.073s 0.052s 1.40 17 3.21e-12 | 5.00e-16
G3_circuit 1.016s 0.649s 1.56 22 1.04e-12 | 2.00e-15
shallow_water2 0.061s 0.044s 1.38 17 5.42e-22 | 2.71e-25
thermal2 1.666s 0.880s 1.89 21 6.58¢e-12 | 2.77e-16
cagel3 0.721s 0.338s 2.13 26 3.37e-11 | 2.66e-15
crashbasis 1.349s 0.830s 1.62 121 9.10e-12 | 6.90e-12
FEM_3D _thermal2 0.797s 0.419s 1.90 64 3.87e-09 | 9.09e-13
language 2.252s 1.204s 1.87 90 1.18e-10 | 8.00e-11
poli_large 0.097s 0.095s 1.02 69 4.98¢-11 | 1.14e-12
torso3 4.242s 2.030s 2.09 175 2.69e-10 | 1.78e-14

TABLE 13.3. Performances of the parallel GMRES method on a cluster 24
CPU cores vs. on cluster of 12 GPUs.

RES solvers, respectively, for solving linear systems associated to the sparse
matrices presented in Table 13.1. They allow us to compare the performances
obtained on a cluster of 24 CPU cores and on a cluster of 12 GPUs. However,
Table 13.2 shows the performances of solving only symmetric sparse linear
systems, due to the inability of the CG method to solve the nonsymmetric
systems. In both tables, the second and third columns give, respectively, the
execution times in seconds obtained on 24 CPU cores (Timecy,) and that
obtained on 12 GPUs (Timegp,,). Moreover, we take into account the relative
gains 7 of a solver implemented on the GPU cluster compared to the same
solver implemented on the CPU cluster. The relative gains, presented in the
fourth column, are computed as a ratio of the CPU execution time over the
GPU execution time:

_ Timecpy

= . 13.20
Timegpu ( )

In addition, Tables 13.2 and 13.3 give the number of iterations (iter), the pre-
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cision (prec) of the solution computed on the GPU cluster, and the difference
A between the solution computed on the CPU cluster and that computed on
the GPU cluster. Both parameters prec and A allow us to validate and verify
the accuracy of the solution computed on the GPU cluster. We have computed
them as follows:

A = max|zP* — 9P|, (13.21)

prec = max| M~ 1roP|, (13.22)

where A is the maximum vector element, in absolute value, of the difference
between the two solutions z°P* and z9* computed, respectively, on CPU and
GPU clusters and prec is the maximum element, in absolute value, of the
residual vector 797" € R"™ of the solution x9P". Thus, we can see that the solu-
tions obtained on the GPU cluster were computed with a sufficient accuracy
(about 1071%) and they are, more or less, equivalent to those computed on
the CPU cluster with a small difference ranging from 107!° to 10725, How-
ever, we can notice from the relative gains 7 that it is not efficient to use
multiple GPUs for solving small sparse linear systems. In fact, a small sparse
matrix does not allow us to maximize utilization of GPU cores. In addition,
the communications required to synchronize the computations over the clus-
ter increase the idle times of GPUs and slow down the parallel computations
further.

Consequently, in order to test the performances of the parallel solvers, we
developed in C programming language a generator of large sparse matrices.
This generator takes a matrix from the University of Florida collection [6] as an
initial matrix to build large sparse matrices exceeding ten million rows. It must
be executed in parallel by the MPI processes of the computing nodes, so that
each process can build its sparse submatrix. In the first experimental tests, we
focused on sparse matrices having a banded structure, because they are those
arising the most in the majority of numerical problems. So to generate the
global sparse matrix, each MPI process constructs its submatrix by performing
several copies of an initial sparse matrix chosen from the University of Florida
collection. Then, it puts all these copies on the main diagonal of the global
matrix (see Figure 13.6). Moreover, the empty spaces between two successive
copies in the main diagonal are filled with subcopies (left-copy and right-copy
in Figure 13.6) of the same initial matrix.

We have used the parallel CG and GMRES algorithms for solving sparse
linear systems of 25 million unknown values. The sparse matrices associated to
these linear systems are generated from those presented in Table 13.1. Their
main characteristics are given in Table 13.4. Tables 13.5 and 13.6 show the
performances of the parallel CG and GMRES solvers, respectively, obtained
on a cluster of 24 CPU cores and on a cluster of 12 GPUs. Obviously, we
can notice from these tables that solving large sparse linear systems on a
GPU cluster is more efficient than on a CPU cluster (see relative gains 7).
We can also notice that the execution times of the CG method, whether in
a CPU cluster or in a GPU cluster, are better than those of the GMRES
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FIGURE 13.6. Parallel generation of a large sparse matrix by four computing
nodes.

Matrix Type Matrix Name # Nonzeros | Bandwidth
2cubes_sphere 413,703,602 198, 836
ecology?2 124,948,019 2,002
Symmetric finan512 278,175,945 123,900
G3_circuit 125,262,292 1,891, 887
shallow_water2 100, 235, 292 62, 806
thermal2 175,300, 284 2,421,285
cagel3 435,770,480 352,566
crashbasis 409, 291, 236 200, 203
Nonsymmetric FEM_3D_thermal2 | 595,266, 787 206, 029
language 76,912,824 398, 626
poli_large 53,322,580 15,576
torso3 433,795, 264 328,757

TABLE 13.4. Main characteristics of sparse banded matrices generated from
those of the University of Florida collection.

method for solving large symmetric linear systems. In fact, the CG method
is characterized by a better convergence rate and a shorter execution time of
an iteration than those of the GMRES method. Moreover, an iteration of the
parallel GMRES method requires more data exchanges between computing
nodes compared to the parallel CG method.
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Matrix Timecp, | Timegp, T # Iter. | Prec. A
2cubes_sphere 1.625s 0.401s 4.05 14 5.73e-11 | 5.20e-18
ecology?2 0.8565s 0.103s 8.27 15 3.75¢-10 | 1.11e-16
finan512 1.210s 0.354s 3.42 14 1.04e-10 | 2.77e-16
G3_circuit 1.346s 0.263s 5.12 17 1.10e-10 | 5.55e-16
shallow_water2 0.397s 0.055s 7.23 7 3.43e-15 | 5.17e-26
thermal2 1.411s 0.244s 5.78 16 1.67e-09 | 3.88e-16

TABLE 13.5. Performances of the parallel CG method for solving linear sys-
tems associated to sparse banded matrices on a cluster of 24 CPU cores vs.
on a cluster of 12 GPUs.

Matrix Timecpu | Timegpu T # Iter. Prec. A
2cubes_sphere 3.597s 0.514s 6.99 21 2.11e-14 | 8.67e-18
ecology?2 2.549s 0.288s 8.83 21 4.88¢-13 | 2.08e-14
finan512 2.660s 0.377s 7.05 17 3.22¢-12 | 8.82¢-14
G3_circuit 3.139s 0.480s 6.53 22 1.04e-12 | 5.00e-15
shallow_water2 2.195s 0.253s 8.68 17 5.54e-21 | 7.92e-24
thermal2 3.206s 0.463s 6.93 21 8.89e-12 | 3.33e-16
cagel3 5.560s 0.663s 8.39 26 3.29e-11 | 1.59e-14
crashbasis 25.802s 3.511s 7.35 135 6.81e-11 | 4.61e-15
FEM_3D _thermal2 | 13.281s 1.572s 8.45 64 3.88¢-09 | 1.82¢-12
language 12.553s 1.760s 7.13 89 2.11e-10 | 1.60e-10
poli_large 8.515s 1.053s 8.09 69 5.05e-11 | 6.59e-12
torso3 31.463s 3.681s 8.55 175 2.69e-10 | 2.66e-14

TABLE 13.6. Performances of the parallel GMRES method for solving linear
systems associated to sparse banded matrices on a cluster of 24 CPU cores

vs. on a cluster of

12 GPUs.

13.5 Conclusion

In this chapter, we have aimed at harnessing the computing power of a
cluster of GPUs for solving large sparse linear systems. For this, we have used
two Krylov subspace iterative methods: the CG and GMRES methods. The
first method is well known for its efficiency to solve symmetric linear systems
and the second one is used, particularly, to solve nonsymmetric linear systems.

We have presented the parallel implementation of both iterative methods
on a GPU cluster. Particularly, the operations dealing with the vectors and/or




328 Designing Scientific Applications on GPUs

matrices, of these methods, are parallelized between the different GPU com-
puting nodes of the cluster. Indeed, the data-parallel vector operations are
accelerated by GPUs, and the communications required to synchronize the
parallel computations are carried out by CPU cores. For this, we have used
heterogeneous CUDA/MPI programming to implement the parallel iterative
algorithms.

In the experimental tests, we have shown that using a GPU cluster is
efficient for solving linear systems associated to very large sparse matrices.
The experimental results, discussed in the present chapter, show that a cluster
of 12 GPUs is about 7 times faster than a cluster of 24 CPU cores for solving
large sparse linear systems of 25 million unknown values. This is due to the
GPUs ability to compute the data-parallel operations faster than the CPUs.

In our future works, we plan to test the parallel algorithms of CG and GM-
RES methods, adapted to GPUs, for solving large linear systems associated
to sparse matrices of different structures. For example, the matrices having
large bandwidths can lead to many data dependencies between the comput-
ing nodes and, thus, degrade the performances of both algorithms. So in this
case, it would be interesting to study the different data partitioning tech-
niques, in order to minimize the dependencies between the computing nodes
and thus to reduce the total communication volume. This may improve the
performances of both algorithms implemented on a GPU cluster. Moreover, in
the recent GPU hardware and software architectures, the GPU-Direct system
with CUDA version 5.0 is used so that two GPUs located on the same node or
on distant nodes can communicate between each other directly without CPUs.
This allows us to improve the data transfers between GPUs.
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14.1 Introduction

The obstacle problem is one kind of free boundary problem. It allows
us to model, for example, an elastic membrane covering a solid obstacle. In
this case, the objective is to find an equilibrium position of this membrane
constrained to be above the obstacle and which tends to minimize its surface
and/or its energy. The study of such problems occurs in many applications, for
example, fluid mechanics, biomathematics (tumor growth process), or financial
mathematics (American or European option pricing).

In this chapter, we focus on solutions of large obstacle problems defined in
a three-dimensional domain. Particularly, the present study consists of solving
large nonlinear systems derived from the spatial discretization of these prob-
lems. Owing to the great size of such systems, in order to reduce computation
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times, we proceed by solving them by parallel synchronous or asynchronous
iterative algorithms. Moreover, we aim at harnessing the computing power of
GPUs to accelerate computations of these parallel algorithms. For this, we
use an iterative method involving a projection on a convex set, which is the
projected Richardson method. We chose this method among other iterative
methods because it is easy to implement on parallel computers and easy to
adapt to GPU architectures.

In Section 14.2, we present the mathematical model of obstacle problems
then, in Section 14.3, we describe the general principle of the parallel pro-
jected Richardson method. Next, in Section 14.4, we give the main key points
of the parallel implementation of both synchronous and asynchronous algo-
rithms of the projected Richardson method on a GPU cluster. In Section 14.5,
we present the performances of both parallel algorithms obtained from sim-
ulations carried out on GPU clusters. Finally, in Section 14.6, we use the
read-black ordering technique to improve the convergence and, thus, the ex-
ecution times of the parallel projected Richardson algorithms on the GPU
cluster.

14.2 Obstacle problems

In this section, we present the mathematical model of obstacle problems
defined in a three-dimensional domain. This model is based on that presented
in [5].

14.2.1 Mathematical model

An obstacle problem, arising for example in mechanics or financial deriva-
tives, consists of solving a time-dependent nonlinear equation:

Qb Vu—nAu+cu—f>0,u> ¢ aew. in[0,7]xQ, >0,
(S8 +b0".Vu—n.Au+cu— f)(u—¢) =0, aew. in [0,T] x Q,

U(O, T, Y, Z) = uO(xv Y, Z)v

B.C. on u(t, z,y, z) defined on 912,

(14.1)
where ug is the initial condition; ¢ > 0, b, and n are physical parameters;
T is the final time; v = u(t,x,y, 2) is an element of the solution vector U
to compute; f is the right-hand side that could represent, for example, the
external forces; B.C. describes the boundary conditions on the boundary 0f)
of the domain €; ¢ models a constraint imposed to u; A is the Laplacian
operator; V is the gradient operator; a.e.w. means almost everywhere, and “.”
defines the products between two scalars, a scalar and a vector, or a matrix
and a vector. In practice the boundary condition, generally considered, is the
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Dirichlet condition (where u is fixed on 9Q) or the Neumann condition (where
the normal derivative of u is fixed on 9).

The time-dependent equation (14.1) is numerically solved by considering
an implicit or a semi-implicit time marching, where at each time step k a
stationary nonlinear problem is solved:

b Vu—nAu+ (c+8)u—g>0,u> ¢, aew. in [0,T] x Q, n>0,
(b'.Vu —n.Au+ (c+8).u—g)(u — ¢) =0, a.e.w. in [0,T] x £,
B.C. on u(t, x,y, z) defined on 99,
(14.2)
where § = % is the inverse of the time step k, g = f + duP"®” and uP"* is the
solution computed at the previous time step.

14.2.2 Discretization

First, we note that the spatial discretization of the previous stationary
problem (14.2) does not provide a symmetric matrix, because the convection-
diffusion operator is not self-adjoint. Moreover, the fact that the operator is
self-adjoint or not plays an important role in the choice of the appropriate
algorithm for solving nonlinear systems derived from the discretization of the
obstacle problem. Nevertheless, since the convection coefficients arising in the
operator (14.2) are constant, we can formulate the same problem by self-
adjoint operator by performing a classical change of variables. Then, we can
replace the stationary convection-diffusion problem:

bE.Vo —n.Av+ (c+8)w=g,aew. in [0,T] x Q, ¢>0,5> 0, (14.3)

by the following stationary diffusion operator:

b 2
—n.Au—&—('4£2 +c+d)u=eg=f, (14.4)
where b = {b1,ba,b3}, ||b]]2 denotes the Euclidean norm of b, and v = e *.u
represents the general change of variables such that a = % Conse-

quently, the numerical resolution of the diffusion problem (the self-adjoint
operator (14.4)) is done by optimization algorithms, in contrast to that of the
convection-diffusion problem (nonself-adjoint operator (14.3)) which is done
by relaxation algorithms. In the case of our studied algorithm, the conver-
gence is ensured by M-matrix property; then, the performance is linked to the
magnitude of the spectral radius of the iteration matrix, which is independent
of the condition number.

Next, the three-dimensional domain 2 C R? is set to Q = [0,1]® and dis-
cretized with a uniform Cartesian mesh constituted by M = m? discretization
points, where m is related to the spatial discretization step by h = %ﬂ This
is carried out by using a classical order 2 finite difference approximation of
the Laplacian. So, the complete discretization of both stationary boundary
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value problems (14.3) and (14.4) leads to the solution of a large discrete com-
plementary problem of the following form, when both Dirichlet or Neumann
boundary conditions are used:

Find U* € RM such that B
(A4 U* -G >0, U > 9o, (14.5)
(A+oDU* -G (U* - @) =0,

where A is a matrix obtained after the spatial discretization by a finite differ-
ence method, G is derived from the Euler first order implicit time marching
scheme and from the discretized right-hand side of the obstacle problem, §
is the inverse of the time step k, and I is the identity matrix. The matrix A
is symmetric when the self-adjoint operator is considered and nonsymmetric
otherwise.

According to the chosen discretization scheme of the Laplacian, A is an M-
matrix (irreducibly diagonal dominant, see [15]) and, consequently, the matrix
(A + 61) is also an M-matrix. This property is important to the convergence
of iterative methods.

14.3 Parallel iterative method

Owing to the large size of the previous discrete complementary prob-
lem (14.5), we will solve it by parallel synchronous or asynchronous iterative
algorithms (see [1-3]). In this chapter, we aim at harnessing the computing
power of GPU clusters for solving these large nonlinear systems. Then, we
choose to use the projected Richardson iterative method for solving the dif-
fusion problem (14.4). Indeed, this method is based on the iterations of the
Jacobi method, which are easy to parallelize on parallel computers and easy
to adapt to GPU architectures. Then, according to the boundary value prob-
lem formulation with a self-adjoint operator (14.4), we can consider here the
equivalent optimization problem and the fixed point mapping associated to
its solution.

Assume that E = RM is a Hilbert space, in which (.,.) is the scalar product
and ||.|| its associated norm. So, the general fixed point problem to be solved
is defined as follows:

{ Find U* € F such that (14.6)

U* = F(U"),

where U — F(U) is an application from E to E.
Let K be a closed convex set defined by

K ={U|U > ® everywhere in E}, (14.7)
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where @ is the discrete obstacle function. In fact, the obstacle problem (14.5)
is formulated as the following constrained optimization problem:

Find U* € K such that (14.8)
YV e K, JU*) < JV), '
where the cost function is given by
1
J(U) = §<A.U,U> —(G,U), (14.9)

in which (.,.) denotes the scalar product in E, A = A+ I is a symmetric
positive definite, and A is the discretization matrix associated with the self-
adjoint operator (14.4) after change of variables.

For any U € E; let Px(U) be the projection of U on K. For any v € R,
v > 0, the fixed point mapping F, of the projected Richardson method is
defined as follows:

U* = F,(U") = Px(U* —7(AU" = G)). (14.10)

In order to reduce the computation time, the large optimization problem
is solved in a numerical way by using a parallel asynchronous algorithm
of the projected Richardson method on the convex set K. Particularly, we
will consider an asynchronous parallel adaptation of the projected Richardson
method [12].

(0%

Let a € N be a positive integer. We consider that the space E = H E; is
i=1

a product of a subspaces E; where i € {1,...,a}. Note that F; = R™i  where

«
Z m,; = M, is also a Hilbert space in which (.,.); denotes the scalar product
i=1
and [.|; the associated norm, for all ¢ € {1,...,a}. Then, for all u,v € E,
@

(u,v) = Z(ul ,U;); is the scalar product on E.
i=1
Let U € E, we consider the following decomposition of U and the corre-
sponding decomposition of F, into « blocks:

U = (Uy,...,Us),

E(U) = (Fi,U),...,Fas(U)). (14.11)

Assume that the convex set K = HKZ" such that Vi € {1,...,a}, K; C E;,
i=1

and K is a closed convex set. Let also G = (Gy,...,Gy) € E; for any U € E,

P (U) = (Pg,(U1),..., Pk, (Uy,)) is the projection of U on K where Vi €

{1,...,a}, Pk, is the projector from F; onto K;. So, the fixed point mapping

of the projected Richardson method (14.10) can be written in the following

way:

YU € E, Vi € {1, S ,Oé}, Fi7—y(U) = PK,(UZ — ’Y(AzU — GIL)) (1412)
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Note that A;.U = ZAi’j.Uj, where A; ; denote block matrices of A.
j=1
The parallel asynchronous iterations of the projected Richardson method
for solving the obstacle problem (14.8) are defined as follows: let U° € E,U° =

(UD,...,UY) be the initial solution, then for all p € N, the iterate UPT =
(UPFL ..., UPT1Y is recursively defined by
F U@ uke®yifie s(p)
Pt — iU Ua p), 14.13
! U? otherwise, ( )

where
VpeN,s(p) C {1,...,a} and s(p) # 0, (14.14)
Vie{l,...,a},{p |7 € s(p)} is enumerable, ’

and Vj € {1,...,a},
Vp € N, p;(p) € N,0 < p;(p) <p and pj(p) =pif j € s(p), "
pli_{gQ p;(p) = +oo. (14.15)

The previous asynchronous scheme of the projected Richardson method
models computations that are carried out in parallel without order or syn-
chronization (according to the behavior of the parallel iterative method) and
describes a subdomain method without overlapping. It is a general model
that takes into account all possible situations of parallel computations and
nonblocking message passing. So, the synchronous iterative scheme is defined
by

Vjie{l,...,a},VpeN, pi(p) =p. (14.16)

The values of s(p) and p;(p) are defined dynamically and not explicitly by
the parallel asynchronous or synchronous execution of the algorithm. Particu-
larly, They allow us to consider distributed computations whereby processors
compute at their own pace according to their intrinsic characteristics and
computational load. The parallelism between the processors is well described
by the set s(p) which contains at each step p the index of the components
relaxed by each processor on a parallel way while the use of delayed compo-
nents in (14.13) permits one to model nondeterministic behavior and does not
imply inefficiency of the considered distributed scheme of computation. Note
that, according to [11], theoretically, each component of the vector must be
relaxed an infinite number of times. The choice of the relaxed components to
be used in the computational process may be guided by any criterion, and in
particular, a natural criterion is to pickup the most recently available values of
the components computed by the processors. Furthermore, the asynchronous
iterations are implemented by means of nonblocking MPI communication sub-
routines (asynchronous communications).

The important property ensuring the convergence of the parallel projected
Richardson method, both synchronous and asynchronous algorithms, is the
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fact that A is an M-matrix. Moreover, the convergence proceeds from a result
of [12]. Indeed, there exists a value 79 > 0, such that V+y €]0, vo[, the parallel
iterations (14.13), (14.14), and (14.15), associated to the fixed point mapping
F, (14.12), converge to the unique solution U* of the discretized problem.

14.4 Parallel implementation on a GPU cluster

In this section, we give the main key points of the parallel implementa-
tion of the projected Richardson method, both synchronous and asynchronous
versions, on a GPU cluster, for solving the nonlinear systems derived from
the discretization of large obstacle problems. More precisely, each nonlinear
system is solved iteratively using the whole cluster. We use a heterogeneous
CUDA and MPI programming. Indeed, the communication of data, at each
iteration between the GPU computing nodes, can be either synchronous or
asynchronous using the MPI communication subroutines, whereas inside each
GPU node, a CUDA parallelization is performed.

Let S denote the number of computing nodes on the GPU cluster, where
a computing node is composed of CPU core holding one MPI process and
a GPU card. So, before starting computations, the obstacle problem of size
(NX x NY x NZ) is split into S parallelepipedic subproblems, each for a
node (MPI process, GPU), as is shown in Figure 14.1. Indeed, the NY and
NZ dimensions (according to the y and z axises) of the three-dimensional
problem are split, respectively, into Sy and Sz parts, such that S = Sy x Sz.
In this case, each computing node has at most four neighboring nodes. This
kind of data partitioning reduces the data exchanges at subdomain boundaries
compared to a naive z-axis-wise partitioning.

All the computing nodes of the GPU cluster execute in parallel the Algo-
rithm 17 on a three-dimensional subproblems of size (NX x ny x nz). This
algorithm gives the main key points for solving an obstacle problem defined
in a three-dimensional domain, where A is the discretization matrix, G is the
right-hand side, and U is the solution vector. After the initialization step, all
the data generated from the partitioning operation are copied from the CPU
memories to the GPU global memories to be processed on the GPUs. Next,
the algorithm uses NbSteps time steps to solve the global obstacle problem. In
fact, it uses a parallel algorithm adapted to GPUs from the projected Richard-
son iterative method for solving the nonlinear systems of the obstacle problem.
This function is defined by Solve() in Algorithm 17. At every time step, the
initial guess U° for the iterative algorithm is set to the solution found at the
previous time step. Moreover, the right-hand side G is computed as follows:

1
G=_-UM"+F
A +
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FIGURE 14.1. Data partitioning of a problem to be solved among S = 3 x 4
computing nodes.

Algorithm 17: parallel solving of the obstacle problem on a GPU cluster

Initialization of the parameters of the subproblem;
Allocate and fill the data in the global memory GPU;
for i =1 to NbSteps do

G= %.U Y+ Fy

Solve(4, U°, G, U, ¢, MaxRelax);

U =U;
end
Copy the solution U back from GPU memory;

o N O A W N -

where k is the time step, UP™®" is the solution computed in the previous time
step, and each element f(z,y, z) of the vector F is computed as follows:

f(z,y,z) = cos(2mx) - cos(4my) - cos(67z). (14.17)

Finally, the solution U of the obstacle problem is copied back from the
GPU global memories to the CPU memories. We use the communication
subroutines of the CUBLAS (CUDA Basic Linear Algebra Subroutines) li-
brary [6] for the memory allocations in the GPU (cublasAlloc ()) and the
data transfers between the CPU and its GPU: cublasSetVector () and
cublasGetVector ().

As are many other iterative methods, the algorithm of the projected
Richardson method is based on algebraic functions operating on vectors
and/or matrices, which are more efficient on parallel computers when they
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Algorithm 18: parallel iterative solving of the nonlinear systems on a
GPU cluster (Solve() function)

1 p=0;

2 conv = false;

3 U=U"

4 repeat

5 Determine_Bordering_Vector_Elements(U);
6 Compute_New_Vector_Elements(A4, G, U);
7 tmp =U® - U;

8 error = ||[tmpl||2;

9 0 =U;
10 p=p-+1;
11 conv = Convergence(error, p, €, MaxRelax);

12 until (conv = true);

work on large vectors. Its parallel implementation on the GPU cluster is car-
ried out so that the GPUs execute the vector operations as kernels and the
CPUs execute the serial codes, supervise the kernel executions and the data
exchanges with the neighboring nodes, and supply the GPUs with data. Algo-
rithm 18 shows the main key points of the parallel iterative algorithm (function
Solve() in Algorithm 17). All the vector operations inside the main loop (re-
peat ... until) are executed by the GPU. We use the following functions of
the CUBLAS library:

e cublasDaxpy () to compute the difference between the solution vec-
tors UP and UP*T! computed in two successive relaxations p and p + 1
(line 7 in Algorithm 18),

e cublasDnrm2 () to perform the Euclidean norm (line 8), and

e cublasDcpy () for the data copy of a vector to another one in the GPU
memory (lines 3 and 9).

The dimensions of the grid and blocks of threads that execute a given
kernel depend on the resources of the GPU multiprocessor and the resource
requirements of the kernel. So, if block defines the size of a thread block,
which must not exceed the maximum size of a thread block, then the number
of thread blocks in the grid, denoted by grid, can be computed according to
the size of the local subproblem as follows:

(NX x ny x nz) + block — 1

grid = block

However, when solving very large problems, the size of the thread grid can
exceed the maximum number of thread blocks that can be executed on the
GPUs (upto 65.535 thread blocks), and thus, the kernel will fail to launch.
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FIGURE 14.2. Decomposition of a subproblem in a GPU into nz slices.

Therefore, for each kernel, we decompose the three-dimensional subproblem
into nz two-dimensional slices of size (NX X ny), as is shown in Figure 14.2.
All slices of the same kernel are executed using a for loop by N X x ny parallel
threads organized in a two-dimensional grid of two-dimensional thread blocks,
as is shown in Listing 14.1. Each thread is in charge of nz discretization points
(one from each slice), accessed in the GPU memory with a constant stride
(NX x ny).

Listing 14.1. skeleton codes of a GPU kernel and a CPU function
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The function Determine_Bordering-Vector_Elements() (line 5 in Algo-
rithm 18) determines the values of the vector elements shared at the bound-
aries with neighboring computing nodes. Its main operations are as follows:

1. define the values associated to the bordering points needed by the neigh-
bors,

2. copy the values associated to the bordering points from the GPU to the
CPU,

3. exchange the values associated to the bordering points between the
neighboring CPUs, and

4. copy the received values associated to the bordering points from the
CPU to the GPU.

The first operation of this function is implemented as kernels to be performed
by the GPU:

e a kernel executed by NX X nz threads to define the values associated
to the bordering vector elements along the y-axis, and

e a kernel executed by NX x ny threads to define the values associated
to the bordering vector elements along the z-axis.

As mentioned previously, we develop the synchronous and asynchronous al-
gorithms of the projected Richardson method. Obviously, in this scope, the
synchronous or asynchronous communications refer to the communications
between the CPU cores (MPI processes) on the GPU cluster, in order to
exchange the vector elements associated to subdomain boundaries. For the
memory copies between a CPU core and its GPU, we use the synchronous
communication routines of the CUBLAS library: cublasSetVector () and
cublasGetVector () in the synchronous algorithm and the asynchronous
ones: cublasSetVectorAsync () and cublasGetVectorAsync () in the
asynchronous algorithm. Moreover, we use the communication routines of
the MPI library to carry out the data exchanges between the neighboring
nodes. We use the following communication routines: MPI_Isend () and
MPI_TIrecv () to perform nonblocking sends and receives, respectively. For
the synchronous algorithm, we use the MPI routine MPI_Waitall () which
puts the MPI process of a computing node in blocking status until all data
exchanges with neighboring nodes (sends and receives) are completed. In con-
trast, for the asynchronous algorithms, we use the MPI routine MPI_Test ()
which tests the completion of a data exchange (send or receives) without
putting the MPI process in blocking status.

The function Compute_New_Vector_Elements() (line 6 in Algorithm 18)
computes, at each iteration, the new elements of the iterate vector U. Its
general code is presented in Listing 14.1 (CPU function). The iterations of
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FIGURE 14.3. Matrix constant coefficients in a three-dimensional domain.

the projected Richardson method, based on those of the Jacobi method, are
defined as follows:

Uerl({E,y’ Z) = m(g(mvya Z) - (Center : Up(l',y, Z)+
West - uP(x — h,y,z) + Fast - uP(x + h,y, z)+
South - uP(z,y — h,z) + North - uP(z,y + h, z)+
Rear - uP(x,y,z — h) + Front - uP(z,y, z + h))),

(14.18)

where uP(x,y,z) is an element of the iterate vector U computed at the it-
eration p and g(z,y,2) is a vector element of the right-hand side G. The
scalars Center, West, East, South, North, Rear, and Front define constant
coefficients of the block matrix A. Figure 14.3 shows the positions of these
coefficients in a three-dimensional domain.

The kernel implementations of the projected Richardson method on GPUs
uses a perfect fine-grain multithreading parallelism. Since the projected
Richardson algorithm is implemented as a fixed point method, each kernel
is executed by a large number of GPU threads such that each thread is in
charge of the computation of one element of the iterate vector U. Moreover,
this method uses the vector elements updates of the Jacobi method, which
means that each thread ¢ computes the new value of its element u? 1 inde-
pendently of the new values u?“, where j # 7, of those computed in parallel
by other threads at the same iteration p 4 1. Listing 14.2 shows the GPU im-
plementations of the main kernels of the projected Richardson method, which
are: the matrix-vector multiplication (MV_Multiplication () ) and the vec-
tor elements updates (Vector_Updates () ). The codes of these kernels are
based on that presented in Listing 14.1.
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Listing 14.2. GPU kernels of the projected Richardson method

Fach kernel is executed by NX x ny GPU threads so that nz slices of
(NX x ny) vector elements are computed in a for loop. In this case, each
thread is in charge of one vector element from each slice (in total nz vec-
tor elements along the z-axis). We can notice from the formula (14.18) that
the computation of a vector element uP*1(z,y, z), by a thread at iteration
p + 1, requires seven vector elements computed at the previous iteration p:
two vector elements in each dimension plus the vector element at the inter-
section of the three axes z, y, and z (see Figure 14.4). So, to reduce the
memory accesses to the high-latency global memory, the vector elements of
the current slice can be stored in the low-latency shared memories of thread
blocks, as is described in [10]. Nevertheless, the fact that the computation
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FIGURE 14.4. Computation of a vector element with the projected Richard-
son method.

of a vector element requires only two elements in each dimension does not
allow us to maximize the data reuse from the shared memories. The compu-
tation of a slice involves in total (bxz + 2) x (by + 2) accesses to the global
memory per thread block, to fill the required vector elements in the shared
memory where bx and by are the dimensions of a thread block. Then, in or-
der to optimize the memory accesses on GPUs, the elements of the iterate
vector U are filled in the cache texture memory (see [9]). In new GPU hard-
ware and software as Fermi or Kepler, the global memory accesses are always
cached in L1 and L2 caches. For example, for a given kernel, we can favor
the use of the L1 cache to that of the shared memory by using the func-
tion cudaFuncSetCacheConfig (Kernel, cudaFuncCachePreferLl).
So, the initial access to the global memory loads the vector elements required
by the threads of a block into the cache memory (texture or L1/L2 caches).
Then, all the following memory accesses read from this cache memory. In List-
ing 14.2, the function fetch_double (v, i) is used to read from the texture
memory the ith element of the double-precision vector v (see Listing 14.3).
Moreover, the seven constant coefficients of matrix A can be stored in the
constant memory but, since they are reused nz times by each thread, it is
more efficient to fill them on the low-latency registers of each thread.
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Listing 14.3. memory access to the cache texture memory

texture<int2,1> v;

static __inline__
__device__ double fetch_double (texture<int2,1> v, int i)

int2 w = texlDfetch(v, i);
return __hiloint2double (w.y, w.x);

}

The function Convergence() (line 11 in Algorithm 18) allows us to detect
the convergence of the parallel iterative algorithm and is based on the tolerance
threshold € and the maximum number of relaxations Maz Relax. We take into
account the number of relaxations since that of iterations cannot be computed
in the asynchronous case. Indeed, a relaxation is the update (14.13) of a local
iterate vector U; according to F;. Then, counting the number of relaxations is
possible in both synchronous and asynchronous cases. On the other hand, an
iteration is the update of at least all vector components with Fj.

In the synchronous algorithm, the global convergence is detected when the
maximal value of the absolute error, error, is sufficiently small and/or the
maximum number of relaxations, Maxz Relaz, is reached, as follows:

error = ||UP — UPFL||y;
AllReduce(error, mazerror, MAX);
if((mazxerror < e) or (p > MaxRelax))
conv < true;

where the function AllReduce() uses the MPI global reduction subroutine
MPI_Allreduce () to compute the maximal value, maxerror, among the
local absolute errors, error, of all computing nodes, and p (in Algorithm 18)
is used as a counter of the local relaxations carried out by a computing node.
In the asynchronous algorithms, the global convergence is detected when all
computing nodes locally converge. For this, we use a token ring architecture
around which a boolean token travels, in one direction, from a computing
node to another. Starting from node 0, the boolean token is set to true by
node 1 if the local convergence is reached or to false otherwise, and then, it
is sent to node ¢ + 1. Finally, the global convergence is detected when node 0
receives from its neighbor node S — 1, in the ring architecture, a token set to
true. In this case, node 0 sends a stop message (end of parallel solving) to all
computing nodes in the cluster.

14.5 Experimental tests on a GPU cluster

The GPU cluster of tests that we used in this chapter is an 20GB/s Infini-
band network of six machines. Each machine is a Quad-Core Xeon E5530 CPU
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running at 2.4GHz. It provides a RAM memory of 12GB with a memory band-
width of 25.6GB/s and it is equipped with two NVIDIA Tesla C1060 GPUs.
A Tesla GPU contains in total 240 cores running at 1.3GHz. It provides 4GB
of global memory with a memory bandwidth of 102GB/s, accessible by all its
cores and also by the CPU through the PCI-Express 16x Gen 2.0 interface
with a throughput of 8GB/s. Hence, the memory copy operations between the
GPU and the CPU are about 12 times slower than those of the Tesla GPU
memory. We have performed our simulations on a cluster of 24 CPU cores and
on a cluster of 12 GPUs. Figure 13.4 describes the components of the GPU
cluster of tests.

Linux cluster version 2.6.39 OS is installed on CPUs. C programming lan-
guage is used for coding the parallel algorithms of the methods on both GPU
cluster and CPU cluster. CUDA version 4.0 [13] is used for programming
GPUs, using CUBLAS library [6] to deal with vector operations in GPUs,
and finally, MPI functions of OpenMPI 1.3.3 are used to carry out the syn-
chronous and asynchronous communications between CPU cores. Indeed, in
our experiments, a computing node is managed by one MPI process and it is
composed of one CPU core and one GPU card.

All experimental results of the parallel projected Richardson algorithms
are obtained from simulations made in double precision data. The obstacle
problems to be solved are defined in constant three-dimensional domain Q C
R3. The numerical values of the parameters of the obstacle problems are 1 =
0.2, ¢ = 1.1, f is computed by formula (14.17), and final time 7' = 0.02.
Moreover, three time steps (NbSteps = 3) are computed with k¥ = 0.0066.
As the discretization matrix is constant along the time steps, the convergence
properties of the iterative algorithms do not change. Thus, the performance
characteristics obtained with three time steps will still be valid for more time
steps. The initial function u(0, z, y, z) of the obstacle problem (14.1) is set to 0,
with a constraint u > ¢ = 0. The relaxation parameter v used by the projected
Richardson method is computed automatically thanks to the diagonal entries
of the discretization matrix. The formula and its proof can be found in [4]. The
convergence tolerance threshold ¢ is set to 1e-04 and the maximum number
of relaxations is limited to 10° relaxations. Finally, the number of threads
per block is set to 256 threads, which gives, in general, good performances
for most GPU applications. We have performed some tests for the execution
configurations and have noticed that the best configuration of the 256 threads
per block is an organization into two dimensions of sizes (64,4).

The performance measures that we took into account are the execution
times and the number of relaxations performed by the parallel iterative algo-
rithms, both synchronous and asynchronous versions, on the GPU and CPU
clusters. These algorithms are used for solving nonlinear systems derived from
the discretization of obstacle problems of sizes 2562, 5123, 7682, and 800°. In
Table 14.1 and Table 14.2, we show the performances of the parallel syn-
chronous and asynchronous algorithms of the projected Richardson method
implemented, respectively, on a cluster of 24 CPU cores and on a cluster of



Solving sparse nonlinear systems of obstacle problems on GPU clusters 347

. Synchronous Asynchronous .
Pb. size Tepu # Relax. Tepu # Relax. Gain%
2563 575.22 198, 288 539.25 198,613 6.25

5123 19,250.25 750,912 18,237.14 769,611 5.26
7683 206,159.44 | 1,635,264 | 183,582.60 | 1,577,004 | 10.95
8003 222,108.09 | 1,769,232 | 188,790.04 | 1,701,735 | 15.00

TABLE 14.1. Execution times in seconds of the parallel projected Richardson
method implemented on a cluster of 24 CPU cores.

Synchronous Asynchronous

Pb. size Tepu # Relax. T Tepu # Relax. T Gain%
2567 29.67 100, 692 19.39 18.00 94,215 29.96 39.33
5123 521.83 381, 300 36.89 425.15 347,279 42.89 18.53

7687 4,112.68 831, 144 50.13 | 3,313.87 750,232 55.40 19.42
8007 3,950.87 899, 088 56.22 | 3,636.57 834,900 51.91 7.95

TABLE 14.2. Execution times in seconds of the parallel projected Richardson
method implemented on a cluster of 12 GPUs.

12 GPUs. In these tables, the execution time defines the time spent by the
slowest computing node and the number of relaxations is computed as the
summation of those carried out by all computing nodes.

In the sixth column of Table 14.1 and in the eighth column of Table 14.2,
we give the gains in percentage obtained by using an asynchronous algorithm
compared to a synchronous one. We can notice that the asynchronous version
on CPU and GPU clusters is slightly faster than the synchronous one for both
methods. Indeed, the cluster of tests is composed of local and homogeneous
nodes communicating via low-latency connections. So, in the case of distant
and/or heterogeneous nodes (or even with geographically distant clusters),
the asynchronous version would be faster than the synchronous one. However,
the gains obtained on the GPU cluster are better than those obtained on the
CPU cluster. In fact, the computation times are reduced by accelerating the
computations on GPUs while the communication times remain unchanged.

The fourth and seventh columns of Table 14.2 show the relative gains ob-
tained by executing the parallel algorithms on the cluster of 12 GPUs instead
on the cluster of 24 CPU cores. We compute the relative gain 7 as a ratio
between the execution time 7.,, spent on the CPU cluster over that Tj,,
spent on the GPU cluster:

Tepu

T= .
Topu

We can see from these ratios that solving large obstacle problems is faster on
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the GPU cluster than on the CPU cluster. Indeed, the GPUs are more efficient
than their counterpart CPUs at executing large data-parallel operations. In
addition, the projected Richardson method is implemented as a fixed point
based iteration and uses the Jacobi vector updates that allow a well-suited
thread-parallelization on GPUs, such that each GPU thread is in charge of
one vector component at a time without being dependent on other vector
components computed by other threads. Then, this allows us to exploit at
best the high performance computing of the GPUs by using all the GPU
resources and avoiding the idle cores.

Finally, the number of relaxations performed by the parallel synchronous
algorithm is different in the CPU and GPU versions, because the number
of computing nodes involved in the GPU cluster and in the CPU cluster is
different. In the CPU case, 24 computing nodes (24 CPU cores) are considered,
whereas in the GPU case, 12 computing nodes (12 GPUs) are considered. As
the number of relaxations depends on the domain decomposition, consequently
it also depends on the number of computing nodes.

14.6 Red-black ordering technique

As is well known, the Jacobi method is characterized by a slow convergence
rate compared to some iterative methods (for example, Gauss-Seidel method).
So, in this section, we present some solutions to reduce the execution time and
the number of relaxations and, more specifically, to speed up the convergence
of the parallel projected Richardson method on the GPU cluster. We propose
to use the point red-black ordering technique to accelerate the convergence.
This technique is often used to increase the parallelism of iterative methods
for solving linear systems [7,8,14]. We apply it to the projected Richard-
son method as a compromise between the Jacobi and Gauss-Seidel iterative
methods.

The general principle of the red-black technique is as follows. Let ¢ be the
summation of the integer 2-, y-, and z-coordinates of a vector element u(x, y, z)
on a three-dimensional domain: ¢ = x + y + 2. As is shown in Figure 14.5(a),
the red-black ordering technique consists of the parallel computing of the red
vector elements having even value t by using the values of the black ones, then
the parallel computing of the black vector elements having odd values ¢ by
using the new values of the red ones.

This technique can be implemented on the GPU in two different manners:

e among all launched threads (N X x ny threads), only one thread out of
two computes its red or black vector element at a time or

e all launched threads (on average half of NX x ny threads) compute the
red vector elements first, and then the black ones.



Solving sparse nonlinear systems of obstacle problems on GPU clusters 349

(a) Red-black ordering on x, y, and z axises (b) Red-black ordering on y axis

FIGURE 14.5. Red-black ordering for computing the iterate vector elements
in a three-dimensional space.

However, in both solutions, for each memory transaction, only half of the
memory segment addressed by a half-warp is used. So, the computation of
the red and black vector elements leads to using twice the initial number of
memory transactions. Then, we apply the point red-black ordering accordingly
to the y-coordinate, as is shown in Figure 14.5(b). In this case, the vector
elements having even y-coordinate are computed in parallel using the values
of those having odd y-coordinate and then vice-versa. Moreover, in the GPU
implementation of the parallel projected Richardson method (Section 14.4),
we have shown that a subproblem of size (NX x ny X nz) is decomposed
into nz grids of size (NX X ny). Then, each kernel is executed in parallel by
NX x ny GPU threads, so that each thread is in charge of nz vector elements
along the z-axis (one vector element in each grid of the subproblem). So, we
propose to use the new values of the vector elements computed in grid ¢ to
compute those of the vector elements in grid ¢ + 1. Listing 14.4 describes
the kernel of the matrix-vector multiplication and the kernel of the vector
elements updates of the parallel projected Richardson method using the red-
black ordering technique.
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Listing 14.4. GPU kernels of the projected Richardson method using the
red-black technique

Finally, we exploit the concurrent executions between the host functions
and the GPU kernels provided by the GPU hardware and software. In fact,
the kernel launches are asynchronous (when this environment variable is not
disabled on the GPUs), such that the control is returned to the host (MPI
process) before the GPU has completed the requested task (kernel) [13]. There-
fore, all the kernels necessary to update the local vector elements, u(z,y, z)
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where 0 < y < (ny — 1) and 0 < z < (nz — 1), are executed first. Then, the
values associated to the bordering vector elements are exchanged between the
neighbors. Finally, the values of the vector elements associated to the border-
ing vector elements are updated. In this case, the computation of the local
vector elements is performed concurrently with the data exchanges between
neighboring CPUs and this in both synchronous and asynchronous cases.

In Table 14.3, we report the execution times and the number of relaxations
performed on a cluster of 12 GPUs by the parallel projected Richardson al-
gorithms; it can be noted that the performances of the projected Richardson
algorithm are improved by using the point red-black ordering. We compare the
performances of the parallel projected Richardson method with and without
this later ordering (Tables 14.2 and 14.3). We can notice that both parallel
synchronous and asynchronous algorithms are faster when they use the red-
black ordering. Indeed, we can see in Table 14.3 that the execution times of
these algorithms are reduced, on average, by 32% compared to those shown
in Table 14.2.

. Synchronous Asynchronous .
Pb. size Tg:u # Relax. Tgpi’ # Relax. Gain%
2563 18.37 71,988 12.58 67,638 31.52
5123 349.23 271,188 289.41 246,036 17.13
7683 2,773.65 | 590,652 | 2,222.22 | 532,806 19.88
8003 2,748.23 | 638,916 | 2,502.61 | 592,525 8.92

TABLE 14.3. Execution times in seconds of the parallel projected Richardson
method using red-black ordering technique implemented on a cluster of 12
GPUs.

In Figure 14.6, we study the ratio between the computation time and
the communication time of the parallel projected Richardson algorithms on a
GPU cluster. The experimental tests are carried out on a cluster composed of
one to ten Tesla GPUs. We have focused on the weak scaling of both parallel,
synchronous and asynchronous, algorithms using the red-black ordering tech-
nique. For this, we have fixed the size of a subproblem to 2562 per computing
node (a CPU core and a GPU). Then, Figure 14.6 shows the number of relax-
ations performed, on average, per second by a computing node. We can see
from this figure that the efficiency of the asynchronous algorithm is almost
stable, while that of the synchronous algorithm decreases (down to 81% in this
example) with the increase in the number of computing nodes on the cluster.
This is due to the fact that the ratio between the time of the computation over
that of the communication is reduced when the computations are performed
on GPUs. Indeed, GPUs compute faster than CPUs and communications are
more time-consuming. In this context, asynchronous algorithms are more scal-
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FIGURE 14.6. Weak scaling of both synchronous and asynchronous algorithms
of the projected Richardson method using red-black ordering technique.

able than synchronous ones. So, with large scale GPU clusters, synchronous
algorithms might be more penalized by communications, as can be deduced
from Figure 14.6. That is why we think that asynchronous iterative algorithms
are all the more interesting in this case.

14.7 Conclusion

Our main contribution, in this chapter, is the parallel implementation of
an asynchronous iterative method on GPU clusters for solving large scale
nonlinear systems derived from the spatial discretization of three-dimensional
obstacle problems. For this, we have implemented both synchronous and asyn-
chronous algorithms of the Richardson iterative method using a projection on
a convex set. Indeed, this method uses point-based iterations of the Jacobi
method that are very easy to parallelize on parallel computers. We have shown
that its adapted parallel algorithms to GPU architectures allow us to exploit
at best the computing power of the GPUs and to accelerate the resolution of
large nonlinear systems. Consequently, the experimental results have shown
that solving nonlinear systems of large obstacle problems with this method
is about fifty times faster on a cluster of 12 GPUs than on a cluster of 24
CPU cores. Moreover, we have applied to this projected Richardson method
the red-black ordering technique which allows it to improve its convergence
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rate. Thus, the execution times of both parallel algorithms performed on the
cluster of 12 GPUs are reduced on average of 32%.

Afterwards, the experiments have shown that the asynchronous version is
slightly more efficient than the synchronous one. In fact, the computations
are accelerated by using GPUs while the communication times are still un-
changed. In addition, we have studied the weak-scaling in the synchronous
and asynchronous cases, which has confirmed that the ratio between the com-
putations and the communications are reduced when using a cluster of GPUs.
We highlight that asynchronous iterative algorithms are more scalable than
synchronous ones. Therefore, we can conclude that asynchronous iterations
are well suited to tackle scalability issues on GPU clusters.

In future works, we plan to perform experiments on large scale GPU clus-
ters and on geographically distant GPU clusters, because we expect that asyn-
chronous versions would be faster and more scalable on such architectures.
Furthermore, we want to study the performance behavior and the scalability
of other numerical algorithms which support, if possible, the model of asyn-
chronous iterations.
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15.1 Introduction

The lattice Boltzmann (LB) method (for an overview see, e.g., [18]) has
become a popular approach to a variety of fluid dynamics problems. It provides
a way to solve the incompressible isothermal Navier-Stokes equations and has
the attractive features of being both explicit in time and local in space. This
makes the LB method well suited to parallel computation. Many efficient
parallel implementations of the LB method have been undertaken, typically
using a combination of distributed domain decomposition and the Message
Passing Interface (MPI). However, the potential performance benefits offered
by GPUs has motivated a new “mixed-mode” approach to address very large
problems. Here, fine-grained parallelism is implemented on the GPU, while
MPI is reserved for larger scale parallelism. This mixed mode is of increasing
interest to application programmers at a time when many supercomputing
services are moving toward clusters of GPU accelerated nodes. The design
questions which arise when developing a lattice Boltzmann code for this type
of heterogeneous system are therefore worth studying. Furthermore, similar
questions also recur in many other types of stencil-based algorithms.

The first applications of LB on GPUs were to achieve fluid-like effects
in computer animation, rather than scientific applications per se. These early

355
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works include simple fluids [21], miscible two-component flow [27], and various
image processing tasks based on the use of partial differential equations [26].
While these early works used relatively low level graphics APIs, the first
CUDA runtime interface implementation was a two-dimensional simple fluid
problem [19]. Following pioneering work on clusters of GPUs coupled via MPI
to study air pollution [4], more recent work has included mixed OpenMP and
CUDA [9], Posix threads and CUDA [12], and MPI and CUDA for increasingly
large GPU clusters [2,5,25]. The heterogeneous nature of these systems has
also spurred interest in approaches including automatic code generation [20]
and auto-tuning [23] to aid application performance.

Many of these authors make use of another attractive feature of LB: the
ability to include fixed solid-fluid boundary conditions as a straightforward
addition to the algorithm to study, for example, flow in porous media. This
points to an important application area for LB methods: that of complex
fluids. Complex fluids include mixtures, surfactants, liquid crystals, and par-
ticle suspensions, and typically require additional physics beyond the bare
Navier-Stokes equations to provide a full description [1]. The representation
of this extra physics raises additional design questions for the application pro-
grammer. Here, we consider the Ludwig code [3], an LB application developed
specifically for complex fluids (Ludwig was named for Boltzmann, 1844-1906).
We will present the steps required to allow Ludwig to exploit efficiently both
a single GPU and many GPUs in parallel. We show that Ludwig scales excel-
lently to at least the one thousand GPU level (the largest resource available
at the time of writing) with indications that the code will scale to much larger
systems as they become available. In addition, we consider the steps required
to represent fully-resolved moving solid particles (usually referred to as col-
loids in the context of complex fluids). Such particles need to have their surface
resolved on the lattice scale in order to include relevant surface physics and
must be able to move, e.g., to execute Brownian motion in response to random
forces from the fluid. Standard methods are available to represent such parti-
cles (e.g., [7,11]) which are amenable to effective domain decomposition and
message passing [17]. We describe below the additional considerations which
arise for such moving particles when developing an implementation on a GPU.

In the following section we provide a brief overview of the lattice Boltz-
mann method, and mention some of the general issues which can influence
performance in the CPU context. In Section 15.3, we then describe the al-
terations which are required to exploit the GPU architecture effectively and
highlight how the resulting code differs from the CPU version. In Section 15.4,
we extend this description to include the steps required to allow exploitation
of many GPUs in parallel while retaining effective scaling. We also present
results for a typical benchmark for a fluid-only problem in Section 15.4 to
demonstrate the success of the approach. In Section 15.5, we describe the de-
sign choices which are relevant to a GPU implementation of moving particles.
Finally, we include a number of general observations on software engineering
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and maintenance which arise from our experience. A summary is provided in
Section 15.6.

15.2 Background

For a general complex fluid problem the starting point is the fluid velocity
field u(r), whose evolution obeys the Navier-Stokes equations describing the
conservation of mass (or density p), and momentum:

ployu+ (0.V)u] = —Vp + nV2u + f(r), (15.1)

where p is the isotropic pressure and 7 is the viscosity. A local force f(r)
provides a means for coupling to other complex fluid constituents, e.g., it
might represent the force exerted on the fluid by a curved interface between
different phases or components.

The LB approach makes use of a regular three-dimensional lattice (see
Figure 15.1) with discrete spacing Ar. It also makes use of a discrete velocity
space c¢;, where the c¢; are chosen to capture the correct symmetries of the
Navier-Stokes equations. A typical choice, used here, is the so-called D3Q19
basis in three dimensions where there is one velocity such that cAt is zero,
along with six extending to the nearest neighbor lattice sites, and twelve ex-
tending to the next-nearest neighbor sites (At being the discrete time step).
The fundamental object in LB is then the distribution function f;(r;t) whose
moments are related to the local hydrodynamic quantities: the fluid density,
momentum, and stress. The time evolution of the distribution function is de-
scribed by a discrete Boltzmann equation

filr 4 ciAt;t) — fi(r;t) = =Ly f(r;1). (15.2)

It is convenient to think of this in two stages. First, the right-hand side rep-
resents the action of a collision operator £;;, which is local to each lattice site
and relaxes the distribution toward a local equilibrium at a rate ultimately
related to the fluid viscosity. Second, the left-hand side represents a propaga-
tion step (sometimes referred to as streaming step), in which each element i of
the distribution is displaced c;At, i.e., one lattice spacing in the appropriate
direction per discrete time step.

More specifically, we store a vector of 19 double-precision floating point
values at each lattice site for the distribution function f;(r;¢). The collision
operation L;;, which is local at each lattice site, may be thought of as follows. A
matrix-vector multiplication M, f; is used to transform the distributions into
the hydrodynamic quantities, where M;; is a constant 19x19 matrix related to
the choice of ¢;. The nonconserved hydrodynamic quantities are then relaxed
toward their (known) equilibrium values and are transformed back to new
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FIGURE 15.1. Left: the lattice is decomposed between MPI tasks. For clarity
we show a 2D decomposition of a 3D lattice, but in practice we decompose
in all 3 dimensions. Halo cells are added to each subdomain (as shown on the
upper right for a single slice) which store data retrieved from remote neighbors
in the halo exchange. Lower right: the D3Q19 velocity set resident on a lattice
site; highlighted are the 5 “outgoing” elements to be transferred in a specific
direction.

post-collision distributions via the inverse transformation M;l This gives
rise to the need for a minimum of 2 x 192 floating point multiplications per
lattice site. (Additional operations are required to implement, for example,
the force f(r).) In contrast, the propagation stage consists solely of moving
the distribution values between lattice sites and involves no floating point
operations.

In the CPU version, the Ludwig implementation stores one time level of
distribution values f;(r;t). This distribution is stored as a flat array of C data
type double and laid out so that all elements of the velocity are contiguous
at a given site (often referred to as “array-of-structures” order). This is ap-
propriate for sums over the distribution required locally at the collision stage
as illustrated schematically in Listing 15.1: the fact that consecutive loads
are from consecutive memory addresses allows the prefetcher to engage fully.
(The temporary scalar a_tmp allows caching of the intermediate accumulated
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Listing 15.1. collision schematic for CPU.
——————NSlSss—a————hSSShShhShSSsahsaassesaaeaeee,

/* loop over lattice sites =/
for (is = 0; is < nsites; is++) {

/* load distribution from °‘array—of—structures'' =x/
for (i = 0; i < 19; i++4)
fl[i] = f_aos[19xis + i]

/* perform matrix—vector multiplication =/
for (i = 0; i < 19; i++) {
a-tmp = 0.0;
for (j = 0; j < 195 j++) {
a-tmp += f[j]«M[i][j];

al[i] = a_tmp;

value in the innermost loop.) A variety of standard sequential optimizations
are relevant for the collision stage (loop unrolling, inclusion of SIMD oper-
ations, and so on [22]). For example, the collision stage in Ludwig includes
explicit SIMD code, which is useful if the compiler on a given platform cannot
identify the appropriate vectorization. The propagation stage is separate and
is organized as a “pull” (again, various optimizations have been considered,
e.g., [8,15,24]). No further optimization is done here beyond ensuring that the
ordering of the discrete velocities allows memory access to be as efficient as
possible. While these optimizations are important, it should be remembered
that for some complex fluid problems, the hydrodynamics embodied in the
LB calculation is a relatively small part of the total computational cost (at
the 10% level in some cases). This means optimization effort may be better
concentrated elsewhere.

The regular 3D decomposition is illustrated in Fig. 15.1. Each local subdo-
main is surrounded by a halo, or ghost, region of width one lattice site. While
the collision is local, elements of the distribution must be exchanged at the
edges of the domains to facilitate the propagation. To achieve the full 3D halo
exchange, the standard approach of shifting the relevant data in each coordi-
nate direction in turn is adopted. This requires appropriate synchronization,
i.e., a receive in the the first coordinate direction must be complete before a
send in the second direction involving relevant data can take place, and so on.
We note that only “outgoing” elements of the distribution need to be sent at
each edge. For the D3Q19 model, this reduces the volume of data traffic from
19 to 5 of the f;(r;t) per lattice site at each edge. In the CPU version, the
necessary transfers are implemented in place using a vector of MPI datatypes
with appropriate stride for each direction.
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15.3 Single GPU implementation

In this section we describe the steps taken to enable Ludwig for the GPU.
There are a number of crucial issues: first, the minimization of data traffic
between host and device; second, the optimal mapping of available parallelism
onto the architecture; and third, the issue of memory coalescing. We discuss
each of these in turn.

While the most important section of the LB in terms of floating-point
performance is the collision stage, this cannot be the only consideration for
a GPU implementation. It is essential to offload all computational activity
which involves the main data structures (such as the distribution) to the
GPU. This includes kernels with relatively low computational demand, such
as the propagation stage. All relevant data then remain resident on the GPU,
to avoid expensive host-device data transfer at each iteration of the algorithm.
Such transfers would negate any benefit of GPU acceleration. We note that for
a complex fluid code, this requirement can extend to a considerable number
of kernels, although we limit the discussion to collision and propagation for
brevity.

To achieve optimal performance, it is vital to exploit fully the parallelism
inherent in the GPU architecture, particularly for those matrix-vector opera-
tions within the collision kernel. The GPU architecture features a hierarchy of
parallelism. At the lowest level, groups of 32 threads (warps) operate in lock-
step on different data elements: this is SIMD-style vector-level parallelism.
Multiple warps are combined into a thread block (in which communication
and synchronization are possible), and multiple blocks can run concurrently
across the streaming multiprocessors in the GPU (with no communication or
synchronization possible across blocks). To decompose on the GPU, we must
choose which part of the collision to assign to which level of parallelism.

While there exists parallelism within the matrix-vector operation, the
length of each vector (here, 19) is smaller than the warp size and typical
thread block sizes. So we simply decompose the loop over lattice sites to all
levels of parallelism, i.e., we use a separate CUDA thread for every lattice
site, and each thread performs the full matrix-vector operation. We find that
a block size of 256 performs well on current devices: we therefore decompose
the lattice into groups of 256 sites and assign each group to a block of CUDA
threads. As the matrix M;; is constant, it is assigned to the fast constant
on-chip device memory.

For the propagation stage, the GPU implementation adds a second time
level of distribution values. The data dependencies inherent in the propagation
mean that the in-place propagation of the CPU version cannot be parallelized
effectively without the additional time level. As both time levels may remain
resident on the GPU, this is not a significant overhead.

An architectural constraint of GPUs means that optimal global memory
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Listing 15.2. collision schematic for GPU.

/* compute current site index 'is' from CUDA thread and block x/
/* indices and load distribution from ”structure—of—arrays” =x/

for (i 0; i < 19; i++)

f[i] = f_-soa[nsites*i + is]

/* perform matrix—vector multiplication as before x*/

bandwidth is only achieved when data are structured such that threads within
a half-warp (a group of 16 threads) load data from the same memory segment
in a single transaction: this is memory coalescing. It can be seen that the
array-of-structures ordering used for the distribution in the CPU code would
not be suitable for coalescing; in fact, it would result in serialized memory ac-
cesses and relative poor performance. To meet the coalescing criteria and allow
consecutive threads to read consecutive memory addresses on the GPU, we
transpose the layout of the distribution so that, for each velocity component,
consecutive sites are contiguous in memory (“structure-of-arrays” order). A
schematic of the GPU collision code is given in Listing 15.2.

Ludwig was modified to allow a choice of distribution data layout at com-
pilation time depending on the target architecture: CPU or GPU. We defer
some further comments on software engineering aspects of the code to the
summary.

15.4 Multiple GPU implementation

To execute on multiple GPUs, we use the same domain decomposition
and message passing framework as the CPU version. Within each subdomain
(allocated to one MPI task) the GPU implementation proceeds as described
in the previous section. The only additional complication is that halo transfers
between GPUs must be staged through the host (in the future, direct GPU-
to-GPU data transfers via MPI may be possible, obviating the need for these
steps). This means host MPI sends must be preceded by appropriate device-
to-host transfers and host MPI receives must be followed by corresponding
host-to-device transfers.

In practice, this data movement requires additional GPU kernels to pack
and unpack the relevant data before and after corresponding MPI calls. How-
ever, the standard shift algorithm, in which each coordinate direction is treated
in turn, does provide some scope for the overlapping of different operations.
For example, after the data for the first coordinate direction have been re-
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trieved by the host, these can be exchanged using MPI between hosts at
the same time as kernels for packing and retrieving of data for the second
coordinate direction are executed. This overlapping must respect the synchro-
nization required to ensure that data values at the corners of the subdomain
are transferred correctly. We use a separate CUDA stream for each coordinate
direction: this allows some of the host-device communication time to be ef-
fectively “hidden” behind the host-host MPI communication, resulting in an
overall speedup. The improvement is more pronounced for the smaller local
lattice size, perhaps because of less CPU memory bandwidth contention. The
overlapping is then a particularly valuable aid to strong scaling, where the
local system size decreases as the number of GPUs increases.

To demonstrate the effectiveness of our approach, we compare the per-
formance of both CPU and GPU versions of Ludwig. To test the complex
fluid nature of the code, the problem is actually an immiscible fluid mixture
which uses a second distribution function to introduce a composition variable.
The interested reader is referred to [16] for further details. The largest total
problem size used is 2548 x 1764 x 1568. The CPU system features a Cray
XE6 architecture with 2 16-core AMD Opteron CPUs per node, and with
nodes interconnected using Cray Gemini technology. For GPU results, a Cray
XK6 system is used: this is very similar to the XE6, but has one CPU per
node replaced with an NVIDIA X2090 GPU. Each node in the GPU system
therefore features a single Opteron CPU acting as a host to a single GPU.
The internode interconnect architecture is the same as for the Cray XE6. The
GPU performance tests use a prototype Cray XK6 system with 936 nodes
(the largest available at the time of writing). To provide a fair comparison,
we compare scaling on a per node basis. That is, we compare 1 fully occupied
32-core CPU node (running 32 MPI tasks) with 1 GPU node (host running 1
MPT task, and 1 device). We believe this is representative of the true “cost”
of a simulation in terms of accounting budgets, or electricity.

Figure 15.2 shows the results of both weak and strong scaling tests (top and
bottom panels, respectively). For weak scaling, where the local subdomain size
is kept fixed (here a relatively large 1963 lattice), the time taken by an ideal
code would remain constant. It can be seen that while scaling of the CPU
version shows a pronounced upward slope, the GPU version scales almost
perfectly. The advantage of the GPU version over the CPU version is the
fact that the GPU version has a factor of 32 fewer MPI tasks per node, so
communications require a significantly smaller number of larger data transfers.
The performance advantage of the GPU version ranges from a factor of around
1.5 to around 1.8. Careful studies by other authors [23] have found the absolute
performance (in terms of floating-point operations per second, or floating-
point operations per Watt) to be remarkably similar between architectures.

Perhaps of more interest is the strong scaling picture (lower panel in Figure
15.2) where the performance as a function of the number of nodes is measured
for fixed problem size. We consider four different fixed problem sizes on both
CPU (up to 512 nodes shown) and GPU (up to 768 nodes). To allow compari-
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FIGURE 15.2. The weak (top) and strong (bottom) scaling of Ludwig. Closed
shapes denote results using the CPU version run on the Cray XE6 (using two
16-core AMD Interlagos CPUs per node), while open shapes denote results
using the GPU version on the Cray XK6 (using a single NVIDIA X2090 GPU
per node). Top: the benchmark time is shown where the problem size per node
is constant. Bottom: performance is shown where, for each of the four problem
sizes presented, the results are scaled by the lattice volume, and all results are
normalized by the same arbitrary constant.

son, the results are scaled by total system size in each case. For strong scaling,
the disparity in the number of MPI tasks is clearly revealed in the failure of
the CPU version to provide any significant benefit beyond a modest number
of nodes as communication overheads dominate. In contrast, the GPU version
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FIGURE 15.3. A two-dimensional schematic picture of spherical particles on
the lattice. Left: a particle is allowed to move continuously across the lattice,
and the position of the surface defines fluid lattice sites (gray) and solid lattice
sites (black). The discrete surface is defined by links where propagation would
intersect the surface (arrows). Note the discrete shape of the two particles is
different. Right: post-collision distributions are reversed at the surface by the
process of bounce-back on links, which replaces the propagation.

shows reasonably robust scaling even for the smaller system sizes and good
scaling for the larger systems.

15.5 Moving solid particles

The introduction of moving solid particles poses an additional hurdle
to efficient GPU implementation of an LB code such as Ludwig. In this
section, we give a brief overview of the essential features of the CPU im-
plementation, and how the considerations raised in the previous sections—
maximizing parallelism and minimising both host-to-device and GPU-to-GPU
data movement—shape the design decisions for a GPU implementation. We
restrict our discussion to a simple fluid in this section; additional solid-fluid
boundary conditions (e.g., wetting at a fluid-fluid-solid contact line) usually
arise elsewhere in the calculation and are broadly independent of the hydro-
dynamic boundary conditions which are described in what follows.

Moving solid particles (here, spheres) are defined by a center position which
is allowed to move continuously across the space of the lattice, and a fixed
radius which is typically a few lattice spacings Ar. The surface of the particle
is defined by a series of links where a discrete velocity propagation c; At would
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intercept or cut the spherical shell (see Fig. 15.3). Hydrodynamic boundary
conditions are then implemented via the standard approach of bounce-back on
links [7,11], where the relevant post-collision distribution values are reversed
at the propagation stage with an appropriate correction to allow for the solid
body motion. The exchange of momentum at each link must then be accu-
mulated around the entire particle surface to provide the net hydrodynamic
force and torque on the sphere. The particle motion can then be updated in
a molecular dynamics-like step.

For the CPU implementation, a number of additional MPI communications
are required: (1) to exchange the center position, radius, etc. of each particle
as it moves and (2) to allow the accumulation of the force and torque for each
particle (the links of which may be distributed between up to 8 MPI tasks
in three dimensions). Appropriate marshaling of these data can provide an
effective parallelization for relatively dense particle suspensions of up to 40%
solid volume fraction [17]. As a final consideration, fluid distributions must be
removed and replaced consistently as a given particle moves across the lattice
and changes its discrete shape.

With these features in mind, we can identify a number of competing con-
cerns which are relevant to a GPU implementation:

1. Minimization of host-device data transfer would argue for moving the
entire particle code to the GPU. However, the code in question involves
largely conditional logic (e.g., identifying cut surface links) and irregular
memory accesses (e.g., access to distribution elements around a spherical
particle). These operations seem poorly suited to effective parallelization
on the GPU. As an additional complication, the sums required over the
particle surface would involve potentially tricky and inefficient reduc-
tions in GPU memory.

2. The alternative is to retain the relevant code on the CPU. While the
transfer of the entire distribution fi(r;t) between host and device at
each time step is unconscionable owing to PCle bus bandwidth consid-
erations, the transfer of only relevant distribution information to allow
bounce-back on links is possible. At modest solid volumes only a very
small fraction of the distribution data is involved in bounce-back (e.g., a
2% solid volume fraction of particles radius 2.3Ar would involve approx-
imately 1% of the distribution data). This option also has the advantage
that no further host-device data transfers are necessary to allow the MPI
exchanges required for particle information.

We have implemented the second option as follows. For each subdomain,
a list of boundary-cutting links is assembled on the CPU; the list includes
the identity of the relevant element of the distribution in each case. This
list, together with the particle information required to compute the correct
bounce-back term, is transferred to the GPU. The updates to the relevant ele-
ments of the distribution can then take place on the GPU. The corresponding
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information to compute the update of the particle dynamics is returned to
the CPU, where the reduction over the surface links is computed. The change
of particle shape may be dealt with in a similar manner: the relatively small
number of updates required at any one time step (or however frequently the
particle position is updated) can be marshaled to the GPU as necessary. This
preliminary implementation is found to be effective on problems involving up
to 4% solid volume fraction.

We note that the CPU version actually avoids the collision calculation
at solid lattice points by consulting a look-up table of solid/fluid status. On
the GPU, it is perhaps preferable to perform the collision stage everywhere
instead of moving the look-up table to the GPU and introducing the associated
logic. Ultimately, the GPU might favor other boundary methods which treat
solid and fluid on a somewhat more equal basis, for example, the immersed
boundary method [6,13,14] or smoothed profile method [10]. However, the
approach adopted here allows us to exploit the GPU for the intensive fluid
simulation while maintaining the complex code required for particles on the
CPU. Overheads of CPU-GPU transfer are minimized by transferring only
those data relevant to the hydrodynamic interaction implemented via bounce-
back on links.

It is perhaps interesting at this point to make some more general obser-
vations on the software engineering challenge presented when extending an
existing CPU code to the GPU. The already complex task of maintaining the
code in a portable fashion while also maintaining performance is currently
formidable. To help this process, we have followed a number of basic princi-
ples. First, in order to port to the GPU in an incremental fashion, we have
tried to maintain the modular structure of the CPU where possible. For each
data structure, such as the distribution, a separate analogue is maintained
in both the CPU and GPU memory spaces. However, the GPU copy does
not include the complete CPU structure: in particular, nonintrinsic datatypes
such as MPI datatypes are not required on the GPU. Functions to marshal
data between CPU and GPU are provided for each data structure, abstracting
the underlying CUDA implementation. (This reasonably lightweight abstrac-
tion layer could also allow an OpenCL implementation to be developed.) This
makes it easy to switch between the CPU and GPU for different components
in the code, which is useful in development and testing. GPU functionality
can be added incrementally while retaining a code that runs correctly (al-
beit slowly due to data transfer overheads). Once all relevant components are
moved to the GPU, it becomes possible to remove such data transfers and
keep the entire problem resident on the device.
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15.6 Summary

We have described the steps taken to implement, on both single and mul-
tiple GPUs, the Ludwig code which was originally designed for complex fluid
problems on a conventional CPU architecture. We have added the necessary
functionality using NVIDIA CUDA and discussed the important changes to
the main data structures. By retaining domain decomposition and message
passing via MPI, we have demonstrated it is possible to scale complex fluid
problems to large numbers of GPUs in parallel. By following the key design
criteria of maximizing parallelism and minimizing host-device data transfers,
we have confirmed that the mixed MPI-GPU approach is viable for scientific
applications. For the more intricate problem of moving solid particles, we find
it is possible to retain the more serial elements related to particle link opera-
tions on the CPU, while offloading only the parallel lattice-based operations
involving the LB distribution to the GPU. Again, this minimizes host-device
movement of data.

From the software engineering viewpoint, some duplication of code to allow
efficient implementation on both host and device is currently required. This
issue might be addressed by approaches such as automatic kernel generation,
but may also be addressed naturally in time as GPU and CPU hardware
converge. Portable abstractions and APIs, perhaps based on approaches such
as OpenCL, will also facilitate the development and maintenance of portable
codes which also exhibit portable performance (perhaps in conjunction with
automatic tuning approaches).

So, while the challenges in designing portable and efficient scientific ap-
plications remain very real, this work provides some hope that large clusters
of GPU machines can be used effectively for a wide range of complex fluid
problems.
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16.1 Introduction

As described in Chapter 1, GPUs are characterized by hundreds of cores
and theoretically perform one order of magnitude better than CPUs. An im-
portant factor to consider when programming on GPUs is the cost of data
transfers between CPU memory and GPU memory. Thus, to have good per-
formance on GPUs, applications should be coarse-grained and have a high
arithmetic intensity (i.e., the ratio of arithmetic operations to memory opera-
tions). Another important aspect of GPU programming is that oating-point
operations are preferably performed in single precision, if the validity of results
is not impacted by that format. The GPU compute power for oating-point
operations is indeed greater in single precision than in double precision. The
peak performance ratio between single precision and double precision varies,
for example, for NVIDIA GPUs from 12 for the rst Tesla GPUs (C1060),
to 2 for the Fermi GPUs (C2050 and C2070), and to 3 for the latest Kepler
architecture (K20/K20X). As far as AMD GPUs are concerned, the latest
AMD GPU (Tahiti HD 7970) presents a ratio of 4. Moreover, GPU internal
memory accesses and CPU-GPU data transfers are faster in single precision
than in double precision because of the di erent format lengths.

This chapter describes the deployment on GPUs of PROP, a program of
the 2DRMP [2, 10] suite which models electron collisions with H-like atoms
and ions at intermediate energies. 2DRMP operates successfully on serial com-
puters, high performance clusters, and supercomputers. The primary purpose
of the PROP program is to propagate a globalR-matrix [1], <, in the two-
electron con guration space. The propagation needs to be performed for all
collision energies, for instance, hundreds of energies, which are independent.
Propagation equations are dominated by matrix multiplications involving sub-
matrices of <. However, the matrix multiplications are not straightforward in
the sense that< dynamically changes the designation of its rows and columns
and increases in size as the propagation proceeds [11].

In a preliminary investigation PROP was selected by GENCI* and CAPS,?
following their rst call for projects in 2009{2010 aimed at deploying applica-
tions on hybrid systems based on GPUs. First CAPS recast the propagation
equations with larger matrices. For matrix products the GPU performance
gain over CPU increases indeed with the matrix size, since the CPU-GPU
transfer overhead becomes less signi cant and since CPUs are still more e -
cient for ne computation grains. Then, using HMPP, 3 a commercial hybrid
and parallel compiler, CAPS developed a version of PROP in which matrix

1GENCI: Grand Equipement National de Calcul Intensif, www.genci.fr

2CAPS is a software company providing products and solutions for many-core application
programming and deployment, www.caps-entreprise.com

SHMPP (Hybrid Multicore Parallel Programming) or CAPS compiler, see: WWW.
caps-entreprise.com/hmpp.html



Numerical validation and GPU performance in atomic physics 373

multiplications are performed on the GPU or the CPU, depending on the ma-
trix size. Unfortunately this partial GPU implementation of PROP does not
0 er signi cant acceleration.

The work described in this chapter, which is based on a study presented
in [3], aims at improving PROP performance on GPUs by exploring two di-
rections. First, because the original version of PROP is written in double
precision, we study the numerical stability of PROP in single precision. Sec-
ond, we deploy the whole computation code of PROP on GPUs to avoid the
overhead generated by data transfers and we propose successive improvements
(including one speci c to the Fermi architecture) in order to optimize the GPU
code.

16.2 2DRMP and the PROP program
16.2.1 Principles of R-matrix propagation

2DRMP [2, 10] is part of the CPC library.* It is a suite of seven pro-
grams aimed at creating virtual experiments on high performance and grid
architectures to enable the study of electron scattering from H-like atoms and
ions at intermediate energies. The 2DRMP suite uses the two-dimensiondR-
matrix propagation approach [1]. In 2DRMP the two-electron con guration
space (1,r,) is divided into sectors. Figure 16.1 shows the division of the
two-electron con guration space (r1,r,) into 4 vertical strips representing 10
sectors. The key computation in 2DRMP, performed by the PROP program,
is the propagation of a global R-matrix, <, from sector to sector across the
internal region, as shown in Fig. 16.1.

We consider the general situation in Fig. 16.2 where we assume that we
already know the global R-matrix, <', associated with the boundary de ned
by edges 5, 2, 1, and 6 in domairD and we wish to evaluate the new global
R-matrix, <©, associated with edges 5, 3, 4, and 6 in domail ° following
propagation across subregiord. Input edges are denoted by | (edges 1 and 2),
output edges by O (edges 3 and 4) and common edges by X (edges 5 and 6).
Because of symmetry, only the lower half of domainsD and D° has to be
considered. The globalR-matrices, <' in domain D and <© in domain D?,

can be written as
| |

| | 0] o
< < < <
<! = III IIX <O — 80 8X : (16.1)
< < < <
Xl XX XO XX

From the set of local R-matrices, R (i;j 2 f1;2;3;4g), associated with

4CPC: Computer Physics Communications,  http://cpc.cs.qub.ac.uk/
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FIGURE 16.1. Subdivision of the configuration space (ri,rz) into a set of
connected sectors.

subregion d, we can define
R11 R12 R13 R14
_ ’ _ 7 16.2
o ( Ry Ro ) Ho ( Ry; R ) (16.25)
R31 R32 R33 R34
= , = , 16.2b
ror ( Ry Ry ) roo ( Ry Ry > ( )
where I represents the input edges 1 and 2, and O represents the output edges

3 and 4 (see Fig. 16.2). The propagation across each sector is characterized
by equations (16.3a) to (16.3d).

§R80 = Too — r?o(rn + %h)_lrjo, (16.3a)
ROx = rio(r +Ri) Rk, (16.3b)
R0 = Wil +Ri) o, (16.3¢)
Rex = R — R (v + R Rix (16.3d)

The matrix inversions are not explicitly performed. To compute (r;; +
RIL)"rro and (rrr + RE) 7RI, two linear systems are solved.

While equations (16.3a)—(16.3d) can be applied to the propagation across a
general subregion two special situations should be noted: propagation across a
diagonal subregion and propagation across a subregion bounded by the r;-axis
at the beginning of a new strip.

In the case of a diagonal subregion, from symmetry considerations, edge 2
is identical to edge 1 and edge 3 is identical to edge 4. Accordingly, with only
one input edge and one output edge equations (16.2a)—(16.2b) become

ry;r = 2R11, rjo — 2R14, (164&)
rorj = 2R41, roo = 2R44. (164b)
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FIGURE 16.2. Propagation of the R-matrix from domain D to domain D’.

Data Local R- Strips | Sectors Final Global Scattering

Set Matrix Size R-Matrix Size Energies
Small 90 x 90 4 10 360 x 360 6
Medium 90 x 90 4 10 360 x 360 64
Large 383 x 383 20 210 7660 x 7660 6
Huge 383 x 383 20 210 7660 x 7660 64

TABLE 16.1. Characteristics of four data sets.

In the case of a subregion bounded by the ri-axis at the beginning of a new
strip, we note that the input boundary I consists of only one edge. When
propagating across the first subregion in the second strip there is no common
boundary X: in this case only equation (16.3a) needs to be solved.

Having obtained the global R-matrix & on the boundary of the innermost
subregion (labeled 0 in Fig. 16.1), R is propagated across each subregion in
the order indicated in Fig. 16.1, working systematically from the ri-axis at
the bottom of each strip across all subregions to the diagonal.

16.2.2 Description of the PROP program

The PROP program computes the propagation of the R-matrix across
the sectors of the internal region. Table 16.1 shows four different data sets
used in this study and highlights the principal parameters of the PROP pro-
gram. PROP execution can be described by Algorithm 19. First, amplitude
arrays and correction data are read from data files generated by the preceding
program of the 2DRMP suite. Then, local R-matrices are constructed from
amplitude arrays. Correction data is used to compute correction vectors added
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to the diagonal of the local R-matrices. The local R-matrices, together with
the input R-matrix, <', computed on the previous sector, are used to com-
pute the current output R-matrix, <©. At the end of a sector evaluation, the
output R-matrix becomes the input R-matrix for the next evaluation.

Algorithm 19:  PROP algorithm
1 for all scattering energiesdo

2 for all sectors do

3 Read amplitude arrays;

4 Read correction data;

5 Construct local R-matrices;

6 From <' and local R-matrices, compute<©;
7 <O becomes<! for the next sector;

8 end

9 Compute physical R-Matrix;

10 end

On the rst sector, there is no input R-matrix yet. To bootstrap the propa-
gation, the rst output R-matrix is constructed using only one localR-matrix.
On the last sector, that is, on the boundary of the inner region, a physical
R-matrix corresponding to the output R-matrix is computed and stored into
an output le.

In the PROP program, sectors are characterized into four types, depending
on the computation performed:

"~ the starting sector (labeled 0 in Fig. 16.1);

" the axis sectors (labeled 1, 3, and 6 in Fig. 16.1);

" the diagonal sectors (labeled 2, 5, and 9 in Fig. 16.1);

" the o -diagonal sectors (labeled 4, 7, and 8 in Fig. 16.1).

The serial version of PROP is implemented in Fortran 90 and for linear
algebra operations uses BLAS and LAPACK routines which are fully opti-
mized for x86 architecture. This program serially propagates theR-matrix
for all scattering energies. Since the propagations for these di erent energies
are independent, there also exists an embarrassingly parallel version of PROP
that spreads the computations of several energies among multiple CPU nodes
via MPI.

16.2.3 CAPS implementation

In order to handle larger matrices, and thus obtain better GPU speedup,
CAPS recast equations (16.3a) to (16.3d) into one equation. The outputR-
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matrix <© de ned by equation (16.1) is now computed as follows:

<9 =<9+ uA lv; (16.5)
! !
with <©°= foo 0O ;U= o (16.6)
- 0 <ix T <X ’ '
A=ry +<j andV=(ro < ix) (16.7)

To compute W = A 1V, no matrix inversion is performed. The matrix
system AW = V is solved. This reimplementation of PROP reduces the num-
ber of equations to be solved and the number of matrix copies for evaluating
each sector. For instance, for an o -diagonal sector, copies fall from 22 to 5,
matrix multiplications from 4 to 1, and calls to a linear equation solver from
210 1.

To implement this version, CAPS used HMPP, a commercial hybrid and
parallel compiler, based on compiler directives such as the new OpenACC
standard.’ If the matrices are large enough (the limit sizes are experimental
parameters), they are multiplied on the GPU, otherwise on the CPU. CAPS
used Intel's MKL (Math Kernel Library) BLAS implementation on an In-
tel Xeon x5560 quad core CPU (2.8 GHz) and the CUBLAS library (CUDA
2.2) on one Tesla C1060 GPU. On the large data set (see Table 16.1), CAPS
obtained a speedup of 1.15 for the GPU version over the CPU one (with multi-
threaded MKL calls on the four CPU cores). This limited gain in performance
is mainly due to the use of double precision computation and to the small or
medium sizes of most matrices. For these matrices, the computation gain on
the GPU is indeed strongly a ected by the overhead generated by transfer-
ring these matrices from the CPU memory to the GPU memory to perform
each matrix multiplication and then transferring the result back to the CPU
memory.

Our goal is to speed up PROP more signi cantly by porting the whole code
to the GPU and therefore avoiding the intermediate data transfers between
the host (CPU) and the GPU. We will also study the stability of PROP in
single precision because single-precision computation is faster on the GPU
and CPU-GPU data transfers are twice as fast as those performed in double
precision.

16.3 Numerical validation of PROP in single precision

Floating-point input data, computation, and output data of PROP are
originally in double-precision format. PROP produces a standard R-matrix

5See:www.openacc-standard.org
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H-file [2] and a collection of Rmat00X files (where X ranges from 0 to the
number of scattering energies — 1) holding the physical R-matrix for each
energy. The H-file and the Rmat00X files are binary input files of the FARM
program [2] (last program of the 2DRMP suite). Their text equivalents are
the prop.out and the prop00X.out files. To study the validity of PROP results
in single precision, first, reference results are generated by running the serial
version of PROP in double precision. Data used in the most costly computa-
tion parts are read from input files in double precision format and then cast
to single precision format. PROP results (input of FARM) are computed in
single precision and written into files in double precision.

16.3.1 Medium case study

FIGURE 16.3. Error distribution for medium case in single precision.

The physical R-matrices, in the prop00X.out files, are compared to the
reference ones for the medium case (see Table 16.1). The relative error distri-
bution is given in Fig. 16.3. We focus on the largest errors.

e Errors greater than 102%: the only impacted value is of order 10~¢ and is
negligible compared to the other ones in the same prop00X.out file.

e Errors between 1 and 102: the values corresponding to the largest errors
are of order 1072 and are negligible compared to the majority of the
other values which range between 1072 and 10~!.

e Errors between 1072 and 1: the largest errors (> 6%) impact values the
order of magnitude of which is at most 10~!. These values are negli-
gible. Relative errors of approximately 5% impact values the order of
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File | Largest Relative Error | File | Largest Relative Error
1sls 0.02 1s3p 0.11
1s2s 0.06 1s3d 0.22
1s2p 0.08 1s4s 0.20
1s3s 0.17 2p4d 1.60

TABLE 16.2. Impact on FARM of the single precision version of PROP.

magnitude of which is at most 1¢. For instance, the value 164 produced
by the reference version of PROP becomes 172 in the single precision
version.

To study the impact of the single precision version of PROP on the FARM
program, the cross-section results les corresponding to transitions 1s1s, 1s2s,
1s2p, 1s3s, 1s3p, 1s3d, 1s4s, 2p4d are compared to the reference ones. Ta-
ble 16.2 shows that all cross-section les are impacted by errors. Indeed in the
2p4d le, four relative errors are greater than one and the maximum relative
error is 1.60. However, the largest errors impact negligible values. For exam-
ple, the maximum error (1.60) impacts a reference value which is % 10 4.
The largest values are impacted by low errors. For instance, the maximum
value (1.16) is impacted by a relative error of the order 10 3.

To examine in more detail the impact of PROP on FARM, cross-sections
above the ionization threshold (1 Ryd) are compared in single and double
precision for transitions among the 1s, ...4s, 2p, ...4p, 3d, 4d target states.
This comparison is carried out by generating 45 plots. In all the plots, re-
sults in single and double precision match except for a few scattering energies
which are very close to pseudo-state thresholds. For example, Fig. 16.4(a)
and 16.5(a) present the scattering energies corresponding to the 1s2p and
1s4d cross-sections computed in single and double precision. For some cross-
sections, increasing a threshold parameter from 10* to 10 2 in the FARM
program results in energies close to threshold being avoided, and therefore,
the cross-sections in double and single precision match more accurately. This
is the case for instance for cross-section 1s2p (see Fig. 16.4(b)). However for
other cross-sections (such as 1s4d) some problematic energies remain even
if the threshold parameter in the FARM program is increased to 10 3 (see
Fig. 16.5(b)). A higher threshold parameter would be required for such cross-
sections.

As a conclusion, the medium case study shows that the execution of PROP
in single precision leads to a few inexact scattering energies to be computed
by the FARM program for some cross-sections. Thanks to a suitable threshold
parameter in the FARM program these problematic energies may possibly be
skipped. Instead of investigating more deeply the choice of such a parameter
for the medium case, we analyze the single-precision computation in a more
realistic case in Sect. 16.3.2.
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(a) threshold = 104

(b) threshold = 10~3

FIGURE 16.4. 1s2p cross-section, 10 sectors.

16.3.2 Huge case study

We study here the impact on FARM of the PROP program run in single
precision for the huge case (see Table 16.1). The cross-sections corresponding
to all atomic target states 1s ... 7i are explored, which leads to 406 comparison
plots. It should be noted that in this case, over the same energy range above
the ionization threshold, the density of pseudo-state thresholds is significantly
increased compared to the medium case. As expected, all the plots exhibit
large differences between single and double precision cross-sections. For ex-
ample Fig. 16.6 and 16.7 present the 1s2p and 1s4d cross-sections computed
in single—and double—precision for the huge case. We can conclude that
PROP in single precision gives invalid results for realistic simulation cases
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(a) threshold = 104

(b) threshold = 10~3

FIGURE 16.5. 1s4d cross-section, 10 sectors.

above the ionization threshold. Therefore, the deployment of PROP on GPU,
described in Sect. 16.4, has been carried out in double precision.

16.4 Towards a complete deployment of PROP on GPUs

We now detail how PROP has been progressively deployed on GPUs in
double precision in order to avoid the expensive memory transfers between
the host and the GPU. Different versions with successive improvements and
optimizations are presented. We use CUDA [8] for GPU programming, as well
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FIGURE 16.7. 1s4d cross-section, threshold = 107, 210 sectors.

as the CUBLAS [7] and MAGMA [4] libraries for linear algebra operations.
Since PROP is written in Fortran 90, wrappers in C are used to enable calls
to CUDA kernels from PROP routines.

16.4.1 Computing the output R-matrix on GPU

As mentioned in Algorithm 19, evaluating a sector mainly consists of con-
structing local R-matrices and computing one output R-matrix, €. In this
first step of the porting process, referred to as GPU V1, we consider only
the computation of R on the GPU. We distinguish the following six steps,
related to equations (16.5), (16.6), and (16.7), and illustrated in Fig. 16.8 for
an off-diagonal sector.

Step 1 (“Input copies”): data are copied from R to temporary arrays (A,
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MHIHIH

Local R-matrices

FIGURE 16.8. The six steps of an off-diagonal sector evaluation.

U, V) and to RC. These copies, along with possible scalings or trans-
positions, are implemented as CUDA kernels which can be applied to
two matrices of any size starting at any offset. Memory accesses are
coalesced [8] in order to provide the best performance for such memory-
bound kernels.

Step 2 (“Local copies”): data are copied from local R-matrices to temporary
arrays (U, V) and to RC. Moreover data from local R-matrix ry; is
added to matrix A (via a CUDA kernel) and zeroes are written in R¢
where required.

Step 3 (“Linear system solving”): matrix A is factorized using the MAGMA
DGETREF routine and the result is stored in-place.

Step 4 (“Linear system solving,” cont.): the matrix system of linear equa-
tions AW = V is solved using the MAGMA DGETRS routine. The
solution is stored in matrix V.
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Step 5 (“Output matrix product”): matrix U is multiplied by matrix V using
the CUBLAS DGEMM routine. The result is stored in a temporary
matrix t.

Step 6 (“Output add”): ¢ is added to R (CUDA kernel).

All the involved matrices are stored in the GPU memory. Only the local R-
matrices are first constructed on the host and then sent to the GPU memory,
since these matrices vary from sector to sector. The evaluation of the axis and
diagonal sectors is similar. However, fewer operations and copies are required
because of symmetry considerations [10].

16.4.2 Constructing the local R-matrices on GPU

FIGURE 16.9. Constructing the local R-matrix R34 from the j amplitude
array associated with edge 4 and the ¢ amplitude array associated with edge 3.

Local R-matrices are constructed using two three-dimensional arrays, @
and j. Each three-dimensional array contains four matrices corresponding to
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the surface amplitudes associated with the four edges of a sector. Those ma-
trices are namedamplitude arrays. j amplitude arrays are read from data les
and i amplitude arrays are obtained by scaling each row of thg amplitude
arrays. The main part of the construction of a local R-matrix, presented in
Fig. 16.9, is a matrix product between onei amplitude array and one trans-
posedj amplitude array which is performed by a single DGEMM BLAS call.

In this version, hereafter referred to as GPU V2,i andj amplitude arrays are
transferred to the GPU memory and the required matrix multiplications are
performed on the GPU (via CUBLAS routines).

The involved matrices have medium sizes (either 3066 383 or 5997
383), and performing these matrix multiplications on the GPU is expected to
be faster than on the CPU. However, this implies a greater communication
volume between the CPU and the GPU since theé andj amplitude arrays are
larger than the local R-matrices. It can be noticed that correction data are
also used in the construction of a localR-matrix, but this is a minor part in
the computation. However, these correction data also have to be transferred
from the CPU to the GPU for each sector.

16.4.3 Scaling amplitude arrays on GPU

It should be worthwhile to try to reduce the CPU-GPU data transfers
of the GPU V2, where thei and j amplitude arrays are constructed on the
host and then sent to the GPU memory for each sector. In this new version,
hereafter referred to as GPU V3, we transfer only thej amplitude arrays and
the required scaling factors (stored in one 1D array) to the GPU memory,
so that the i amplitude arrays are then directly computed on the GPU by
multiplying the j amplitude arrays by these scaling factors (via a CUDA
kernel). Therefore, we save the transfer of fouri amplitude arrays on each
sector by transferring only this 1D array of scaling factors. Moreover, scaling
j amplitude arrays is expected to be faster on the GPU than on the CPU,
thanks to the massively parallel architecture of the GPU and its higher internal
memory bandwidth.

16.4.4 Using double-bu ering to overlap 1/0 and computa-
tion

As described in Algorithm 19, there are two main steps in the propagation
across a sector: reading amplitude arrays and correction data from 1/O les
and evaluating the current sector. Fig. 16.10 shows the I/O times and the
evaluation times of each sector for the huge case execution (210 sectors, 20
strips) of the GPU V3 on one C1060. Whereas the times required by the
o -diagonal sectors are similar within each of the 20 strips, the times for
diagonal sectors of each strip are the shortest ones, the times for the axis
sectors being intermediate. The I/O times are roughly constant among all
strips. The evaluation time is equivalent to the 1/O time for the rst sectors.
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FIGURE 16.10. Compute and I/O times for the GPU V3 on one C1060.

But this evaluation time grows linearly with the strip number and rapidly
exceeds the I/O time.

It is thus interesting to use a double-buffering technique to overlap the I/O
time with the evaluation time: for each sector, the evaluation of sector n is
performed (on GPU) simultaneously with the reading of data for sector n + 1
(on CPU). This requires the duplication in the CPU memory of all the data
structures used for storing data read from I/O files for each sector. This ver-
sion, hereafter referred to as GPU V4, uses POSIX threads. Two threads are
executed concurrently: an I/O thread that reads data from I/O files for each
sector, and a computation thread, dedicated to the propagation of the global
R-matrix, that performs successively for each sector all necessary computa-
tions on GPU, as well as all required CPU-GPU data transfers. The evaluation
of a sector uses the data read for this sector as well as the global R-matrix
computed on the previous sector. This dependency requires synchronizations
between the I/O thread and the computation thread which are implemented
through standard POSIX thread mechanisms.

16.4.5 Matrix padding

The MAGMA DGETRF/DGETRS performance and the CUBLAS
DGEMM performance are reduced when the sizes (or the leading dimensions)
of the matrix are not multiples of the inner blocking size [5]. This inner block-
ing size can be 32 or 64, depending on the computation and on the underlying
GPU architecture [4,6]. In this version (GPU V5), the matrices are therefore
padded with 0.0 (and 1.0 on the diagonal for the linear systems) so that their
sizes are multiples of 64. This corresponds indeed to the optimal size for the
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matrix product on the Fermi architecture [6]. And as far as linear system
solving is concerned, all the matrices have sizes which are multiples of 383: we
therefore use padding to obtain multiples of 384 (which are again multiples
of 64). It can be noticed that this padding has to be performed dynamically
as the matrices increase in size during the propagation (when possible the
maximum required storage space is, however, allocated only once in the GPU
memory).

16.5 Performance results
16.5.1 PROP deployment on GPU

PROP Version Execution Time
CPU Version: 1 Core 201m32s
CPU Version: 4 Cores 113m28s

GPU Version C1060 | C2050

GPU V1 (8§16.4.1) | 79m25s| 66m22s
GPU V2 (§16.4.2) | 47m58s| 29m52s
GPU V3 (§16.4.3) | 41m28s| 23m46s
GPU V4 (§16.4.4) | 27m21s| 13m55s
GPU V5 (§16.4.5) | 24m27s| 12m39s

TABLE 16.3. Execution time of PROP on CPU and GPU.

Table 16.3 presents the execution times of PROP on CPUs and GPUs, each
version solves the propagation equations in the form (16.5-16.7) as proposed
by CAPS. Figure 16.11(a) (respectively, 16.11(b)) shows the speedup of the
successive GPU versions over one CPU core (respectively, four CPU cores).
We use here Intel Q8200 quad-core CPUs (2.33 GHz), one C1060 GPU, and
one C2050 (Fermi) GPU, located at UPMC (Universit Pierre et Marie Curie,
Paris, France). As a remark, the execution times measured on the C2050 would
be the same on the C2070 and on the C2075, the only di erence between these
GPUs being their memory size and their TDP (Thermal Design Power). We
emphasize that the execution times correspond to the complete propagation
for all six energies of the large case (see Table 16.1), that is to say to the
complete execution of the PROP program. Since energies are independent,
execution times for more energies (e.g. the huge case) should be proportional
to those reported in Table 16.3.

These tests, which have been performed with CUDA 3.2, CUBLAS 3.2, and
MAGMA 0.2, show that the successive GPU versions of PROP o er increasing,



388 Designing Scientific Applications on GPUs

ol

R RRRRRRRIIIIIA

XX

5%

(a) Speedup over 1 CPU core

SRR
Y]
IR
IR

&

%
X
%
X
>
2

2%
KK
KK

QBB
K

%etetetetetete’
05e;
0o
o

3%
oo
&
%
3
IR
I8
290933

&

g

g

g
5035
B
55
5355

(b) Speedup over 4 CPU cores

FIGURE 16.11. Speedup of the successive GPU versions.

and at the end interesting, speedups. More precisely, V2 shows that it is worth
increasing slightly the CPU-GPU communication volume in order to perform
large enough matrix products on the GPU. This communication volume can
fortunately be reduced thanks to V3, which also accelerates the computation
of amplitude arrays thanks to the GPU. The double-buffering technique im-
plemented in V4 effectively enables the overlapping of I/O operations with
computation, while the padding implemented in V5 also improves the compu-
tation times. It is noticed that the padding does offer much more performance
gain with, for example, CUDA 3.1 and the MAGMA DGEMM [6]: the speedup
with respect to one CPU core was increased from 6.3 to 8.1 on C1060 and
from 9.5 to 14.3 on C2050. Indeed CUBLAS 3.2 performance has been im-
proved through MAGMA code for matrix sizes which are not multiples of the
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FIGURE 16.12. CPU (1 core) execution times for the off-diagonal sectors of
the large case.

inner blocking size [5]. Although for all versions the C2050 (with its improved
double precision performance) offers up to almost double speedup compared
to the C1060, the performance obtained with both architectures justifies the
use of the GPU for such an application.

16.5.2 PROP execution profile

We detail here the execution profile on the CPU and the GPU for the eval-
uation of all off-diagonal sectors (the most representative ones) for a complete
energy propagation. Figures 16.12 and 16.13 show CPU and GPU execution
times for the 171 off-diagonal sectors of the large case (see Table 16.1). “Copy-
ing, adding, scaling” corresponds to the amplitude array construction (scal-
ing) as well as to Steps 1, 2, and 6 in Sect. 16.4.1, all implemented via CUDA
kernels. “Amplitude matrix product” corresponds to the DGEMM call to con-
struct the local R-matrices from the ¢ and j amplitude arrays. “Linear system
solving” and “Output matrix product” correspond respectively to steps 3-4
and to step 5 in Sect. 16.4.1. “CPU-GPU transfers” in Fig. 16.13 aggregate
transfer times for the j amplitude arrays and the scaling factors, as well as
for the correction data.

On one CPU core (see Fig. 16.12), matrix products for the construction
of the local R-matrices require the same computation time during the whole
propagation. Likewise the CPU time required by matrix products for the out-
put R-matrix is constant within each strip. But as the global R-matrix is
propagated from strip to strip, the sizes of the matrices U and V increase,
and so does their multiplication time. The time required to solve the lin-
ear system increases slightly during the propagation. These three operations
(“Amplitude matrix product,” “Output matrix product,” and “Linear system
solving”) are clearly dominant in terms of computation time compared to the
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other remaining operations, which justify our primary focus on these three
linear algebra operations.

On the C1060 (see Fig. 16.13(a)), we have generally managed to ob-
tain a similar speedup for all operations (around 8, which corresponds to
Fig. 16.11(a)). Only the linear system solving presents a lower speedup
(around 4). The CUDA kernels and the remaining CPU-GPU transfers make
a minor contribution to the overall computation time and do not require ad-
ditional improvements.

On the C2050 (see Fig. 16.13(b)), additional speedup is obtained for all
operations, except for the CPU-GPU transfers and the linear system solving.
The CPU-GPU transfers are mainly due to the j amplitude arrays, and cur-
rently still correspond to minor times. When required, the double-buffering
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technique may also be used to overlap such transfers with computation on the
GPU.

16.6 Propagation of multiple concurrent energies on
GPU

Finally, we present here an improvement that can bene t from the Fermi
architecture, as well as from the newest Kepler architecture, both of which
enable the concurrent execution of multiple CUDA kernels, thus o ering ad-
ditional speedup on GPUs for small or medium computation grain kernels.
In our case, the performance gain on the GPU is indeed limited since most
matrices have small or medium sizes. By using multiple streams within one
CUDA context [8], we can propagate multiple energies concurrently on the
Fermi GPU. It can be noticed that all GPU computations for all streams are
launched by the same host thread. We therefore rely here on thkegacy API of
CUBLAS [7] (like MAGMA) without thread safety problems. A breadth rst
issue order is used for kernel launches [9]: for a given GPU kernel, all kernel
launchs are indeed issued together in the host thread, using one stream for
each concurrent energy, in order to maximize concurrent kernel execution. Of
course, the memory available on the GPU must be large enough to store all
data structures required by each energy. Moreover, multiple streams are also
used within the propagation of each single energy in order to enable concurrent
executions among the required kernels.

Number of | 2 4 8 | 16
Medium Case Energies
Time (s) 11.18 | 6.87 | 5.32 | 496 | 4.76
Speedup - 1.63 | 2.10 | 2.26 | 2.35
Numbe_r of 1 5 3
Large Case Energies
Time (s) | 509.51 451.49 436.72
Speedup - 1.13 1.17

TABLE 16.4. Performance results with multiple concurrent energies on one
C2070 GPU. GPU initialization times are not considered here.

In order to have enough GPU memory to run two or three concurrent en-
ergies for the large case, we use one C2070 GPU (featuring 6GB of memory)
with one Intel X5650 hex-core CPU, CUDA 4.1 and CUBLAS 4.1, as well
as the latest MAGMA release (version 1.3.0). Substantial changes have been
required in the MAGMA calls with respect to the previous versions of PROP
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that were using MAGMA 0.2. Table 16.4 presents the speedups obtained on
the Fermi GPU for multiple concurrent energies (up to sixteen since this is
the maximum number of concurrent kernel launches currently supported [8]).
With the medium case, speedups greater than 2 are obtained with four con-
current energies or more. With the more realistic large case, the performance
gain is lower mainly because of the increase in matrix sizes, which implies a
better GPU usage with only one energy on the GPU. The concurrent execu-
tion of multiple kernels is also limited by other operations on the GPU [8,9]
and by the current MAGMA code which prevents concurrent MAGMA calls
in different streams. Better speedups can be expected on the latest Kepler
GPUs which offer additional compute power, and whose Hyper-(@ feature may
help improve further the GPU utilization with concurrent energies. To the
contrary, the same code on the C1060 shows no speedup since the concurrent
kernel launches are serialized on this previous GPU architecture.

16.7 Conclusion and future work

In this chapter, we have presented our methodology and our results in
the deployment on a GPU of an application (the PROP program) in atomic
physics.

We have started by studying the numerical stability of PROP using single
precision arithmetic. This has shown that PROP using single precision, while
relatively stable for some small cases, gives unsatisfactory results for realistic
simulation cases above the ionization threshold where there is a significant
density of pseudo-states. It is expected that this may not be the case below
the ionization threshold where the actual target states are less dense. This
requires further investigation.

We have therefore deployed the PROP code in double precision on a GPU,
with successive improvements. The different GPU versions each offer increas-
ing speedups over the CPU version. Compared to the single (respectively,
four) core(s) CPU version, the optimal GPU implementation gives a speedup
of 8.2 (resp., 4.6) on one C1060 GPU, and a speedup of 15.9 (resp., 9.0) on one
C2050 GPU with improved double-precision performance. An additional gain
of around 15% can also be obtained on one Fermi GPU with large memory
(C2070) thanks to concurrent kernel execution.

Such speedups cannot be directly compared with the 1.15 speedup ob-
tained with the HMPP version, since in our tests the CPUs are different
and the CUBLAS versions are more recent. However, the programming ef-
fort required progressively to deploy PROP on GPUs clearly offers improved
and interesting speedups for this real-life application in double precision with
varying-sized matrices.

We are currently working on a hybrid CPU-GPU version that spreads the
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computations of the independent energies on both the CPU and the GPU.
This will enable multiple energy execution on the CPU, with one or several
core(s) dedicated to each energy (via multithreaded BLAS libraries). Multiple
concurrent energies may also be propagated on each Fermi GPU. By merging
this work with the current MPI PROP program, we will obtain a scalable
hybrid CPU-GPU version. This final version will offer an additional level of
parallelism, thanks to the MPI standard, in order to exploit multiple nodes
with multiple CPU cores and possibly multiple GPU cards.
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17.1 Introduction

Power converters have seen a surge of new trends and novel applications
due to their widespread use in renewable energy systems and emerging hybrid
and purely-electric vehicles. More efficient simulation techniques for power
converters are urgently needed to meet more design constraints. In this chap-
ter, we present a novel envelope-following parallel transient analysis method
for the general switching power converters. The new method first exploits
the parallelisim in the envelope-following method and parallelize the New-

395
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ton update solving part, which is the most computational expensive, in GPU
platforms to boost the simulation performance. To further speed up the iter-
ative GMRES solving for Newton update equation in the envelope-following
method, we apply the matrix-free Krylov subspace basis generation technique,
which was previously used for RF simulation. Last, the new method also ap-
plies more robust Gear-2 integration to compute the sensitivity matrix instead
of traditional integration methods.

Over the past decades, power electronics and especially switching power
converters have seen a surge of new trends and novel applications — from the
growing significance of PWM (pulse-width modulation) rectifiers and mul-
tilevel inverters to their widespread use in renewable (like solar and wind)
energy systems, smart grids and emerging electric and hybrid vehicles [20].

This requires more efficient simulation techniques for power electronics to
meet the new application and demanding design constraints. To facilitate the
design of typical power electronics circuits, many special-purpose simulation
algorithms and tools were developed. Among them is the envelope-following
method [5,14,22], which is able to calculate the slowly changing contour, or
envelope, of a carrier waveform with a much higher switching frequency. This
is the case for switching power converters, which have fast switching currents
to convert powers from one level to another level. In those switching power
converters, it is the envelope, which is the power voltage delivered, not the
fast switching waves in every cycle, that is of interest to the designers. As
shown in Figure 17.1(a), the solid line is the waveform of the output node in
a Buck converter [13], the dots are the simulation points of SPICE, and the
appended dash line is the envelope.

Obviously, traditional SPICE will incur an extraordinarily high simulation
time for this task, since it has to integrate the circuit’s differential equation
with many time points in every clock cycle to get the accurate details of
the carrier. For switching power converters, the waveform of the carrier in
consequent cycles does not change much, envelope-following method is an ap-
proximation analysis method, which skips over several cycles (the dash line
in Figure 17.1(b)), the so called envelope step, without simulating them, and
then carries out a correction, which usually contains a sensitivity-based New-
ton iteration or shooting until convergence, in order to begin the next envelope
step.

Also, iterative GMRES solver is typically used in the envelope-following
method to compute the solution of Newton update due to its efficiency com-
pared to direct LU method. However, as the Jacobian matrix or the sensitivity
matrix in the equation to be solved is dense, explicit computing of the Jacobian
is a very expense process. Recently, the matrix-free GMRES was proposed [19]
for RF shooting based simulation. The new method leads to significant sav-
ings due to its implicit calculation of new basis vectors without the explicit
formulation of the sensitivity matrix.

Modern computer architecture has shifted towards designs that employ so
called multi-core processor or chip-multiprocessors (CMP) [3,9]. The family
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FIGURE 17.1. Transient envelope-following analysis. (Both figures reflect
backward Euler style envelope-following.)
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of graphic processing units (GPU) are among the most powerful many-core
computing systems in mass-market use [17]. For instance, the state-of-the-art
NVIDIA Tesla T10 chip has a peak performance of over 1 TFLOPS versus
about 80-100 GFLOPS of Intel i5 series Quad-core CPUs [12]. In addition
to the primary use of GPUs in accelerating graphics rendering operations,
there has been considerable interest in exploiting GPUs for general purpose
computation (GPGPU) [7]. The introduction of new parallel programming
interfaces for general purpose computation, such as Computer Unified De-
vice Architecture (CUDA), Stream SDK, and OpenCL [4,11, 18], has made
GPUs an attractive choice for developing high-performance scientific computa-
tion tools and solving practical engineering problems. Hence, the applications
with GPGPUs are rapidly growing in a broad variety of parallel numerical
computation works [1].

After the basic algorithm of envelope-following is briefly reviewed and New-
ton update equation is derived in Section 17.2. In Section 17.3 presents the
new parallel envelope method where the CPU parallelization, matrix-free GM-
RES and Gear-2 integration will be discussed. We will show the parallelization
of the Newton update, which is the most time consuming step, in the envelop-
follow method, in GPU platforms. We will also present the new GMRES solver
using matrix-free Jacobian-vector multiplication and the Gear-2 integration
for sensitivity based Newton update equation. Numerical examples are shown
in Section 17.4, and finally, this chapter is summarized in Section 17.5.

17.2 The envelope-following method in a nutshell

In transient analysis, a nonlinear circuit’s behavior can be represented by
a coupled set of nonlinear first-order differential algebraic equations (DAE) of
the form

S alal) + 1) = b(e), (7.1)

where x(t) € RY is the vector of circuit variables, usually comprising node
voltages and possibly branch currents, f(-) is a nonlinear function that maps
z(t) to a vector of N entries most of which are sums of resistive currents at a
node, ¢(-) maps z(t) to a vector of N entries of capacitor charges or inductor
fluxes, and b(t) contains the input source values. For many power electronics
circuits, the input switching signal is known and is periodic with clock period
T.

Assume the time inside one period T has been discretised into M time
steps, 0 = tp < t1 < tg < --- < tpy = T, and the i-th step length is h; =
t; — t;_1. In practice, the discretisation is nonuniform to control truncation
error and convergence. Then, given an initial condition x(0) at ¢ = 0, numerical
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integration is applied to find the time domain solution of circuit state x(¢) at
each time step till t = T.

For those circuits whose carrier waveforms vary slowly in a large number
of periods, the envelope-following method only integrates the DAE in several
selected periods and then jumps over to a new time point. By repeating this
“simulate and skip” action, envelope-following method attains its efficiency
compared to conventional transient analysis, but still can accurately obtain
the slow varying envelope.

For example, if the clock period is 7', and the suitable jump interval for
the envelope is k periods, then the envelope step is k7. Suppose the state at
time t = mT is known as z(mT'), and the envelope-following wants to obtain
the state at the next envelope step, z((m + k)T"). If the envelope step is much
larger than the clock period (k is much bigger than one), envelope-following
will lead to significant savings in simulation time.

To estimate x((m + k)T'), a forward Euler style jumping relies only on
z(mT) and z((m — 1)T), i.e.,

z((m+ k)T) = z(mT) + k [x(mT) — x((m — 1)T)] .

However, this approach is inefficient due to its restriction on envelope step k,
since larger k usually causes instability. Instead, backward Euler jumping,

z((m+k)T) —x(mT) =k [z((m+ k)T) —z((m+ k- 1)T)],

allows larger envelope steps. Here x((m+k—1)T') is the unknown variable to be
solved by Newton iteration, and z((m+k)T') is dependent on z((m+k—1)T') in
each iteration. The Newton update equation in each iteration is thus expressed
as

Az((m+k—1)T) = A~ [(k —1)2? ((m + k)T)
—ka? ((m 4k —1)T) + x(mT)] ., (17.2)

where the Jacobian matrix A is computed as a combination of circuit sensi-
tivity matrix and identity matrix, as

da((m + k)T)

A=(k-1) dz((m+k — 1)T)

— kI = (k—1)J —kI. (17.3)

In each Newton iteration, z((m + k — 1)T) is used as initial condition to
calculate z((m+k)T) by integrating the DAE in one clock period. Meanwhile,
the conductance matrix G; = df(x(t;))/dz(t;) and the capacitance matrix
C; = dq(z(t;))/dz(t;) at each time step are used to derive the sensitivity
matrix J = dz((m + k)T)/dz((m + k — 1)T).

Different integration rules can be applied to the computation of sensitivity
matrix. It can be easily derived that, if the DAE is integrated with backward
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Euler rule, the sensitivity is

M —1
dxM 1 1
J= . _E(hi()ﬁcl) ;ZCH

In summary, the envelope-following method is fundamentally a boosted
version of traditional transient analysis, with certain skips over several periods
and a Newton iteration to update or correct the errors brought by the skips,
as is exhibited by Figure 17.2.

17.3 New parallel envelope-following method

In this section, we explain how to efficiently use matrix-free GMRES to
solve the Newton update problems with implicit sensitivity calculation, i.e.,
the steps enclosed by the double dashed block in Figure 17.2. Then imple-
mentation issues of GPU acceleration will be discussed in detail. Finally, the
Gear-2 integration is briefly introduced.

17.3.1 GMRES solver for Newton update equation

Generalized Minimum Residual, or GMRES method is an iterative method
for solving systems of linear equations (Az = b) with dense matrix A. The
standard GMRES is given in Algorithm 20. It constructs a Krylov subspace
with order m,

K = span(b, Ab, A%b, ..., A™ D),

where the approximate solution x,, resides. In practice, an orthonormal basis
Vin that spans the subspace K, can be generated by the Arnoldi iterations.
The goal of GMRES is to search for an optimal coefficient y such that the
linear combination z,, = V;,y will minimize its residual ||[b — Az, ||2. The
Arnoldi iteration also creates a by-product, an upper Hessenberg matrix H,, €
R(m+1)xm Thyg the projection of A on the orthonormal basis V;,, is described
by the Arnoldi decomposition AV,, = m+1ﬁm, which is useful to check the
residual at each iteration without forming x,,, and to solve for coefficient y
when residual is smaller than a preset tolerance [8].

At a first glance, the cost of using standard GMRES directly to solve the
Newton update in Eq. (17.2) seems to come mainly from two parts: the formu-
lation of the sensitivity matrix J = dx s/ dxo in Eq. (17.9) in Section 17.3.3,
and the iteration inside the standard GMRES, especially the matrix-vector
multiplication and the orthonormal basis construction (Line 5 through Line 11
in Algorithm 20). Based on the observation that only the matrix-vector prod-
uct is required in GMRES, the work in [19] introduces an efficient matrix-free
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FIGURE 17.2. The flow of envelope-following method.

algorithm in the shooting-Newton method, where the equation solving part
also involves with a sensitivity matrix. The matrix-free method does not take
an explicit matrix as input, but directly passes the saved capacitance matrices
C; and the LU factorizations of J;, i = 0,..., M, into the Arnoldi iteration
for Krylov subspace generation. Therefore, it avoids the cost of forming the
dense sensitivity matrix and focuses on subspace construction. Briefly speak-
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Algorithm 20: standard GMRES algorithm

Input: A € RVXN b e RV, and initial guess o € RY
Output: z € RY: ||b— Az|2 < tol

1 r=>b— Axg;

2 hio =l

3 m=0;

4 while m < max_iter do

5 m=m-+1; Uy =7/hmm—1;
6 r = Avpy;

7 fori=1...m do

8 hi,’rn = <’U1‘, 7‘>;

9 r =17 — him;
10 end
11 homt1,m = ||’1”H2 )
12 Compute the residual €;
13 if € < tol then
14 Solve the problem: minimize ||b — Az, ||2;
15 Return x,, = o + VinYm;
16 end
17 end

ing, Line 5 will be replaced by a procedure without explict A, and we will talk
about the flow of matrix-free generation of new basis vectors in later sections.

17.3.2 Parallelization on GPU platforms

There exist many GPU-friendly computing operations in GMRES, such
as the vector addition (axpy), 2-norm of vector (nrm2), and sparse matrix-
vector multiplication (csrmv), which have been parallelized in the CUDA
Basic Linear Algebra Subroutine (CUBLAS) Library and the CUDA Sparse
Linear Algebra Library (CUSPARSE) [16].

GPU programming is typically limited by the data transfer bandwidth as
GPU favors computationally intensive algorithms [12]. So how to efficiently
transfer the data and wisely partition the data between CPU memory and
GPU memory is crucial for GPU programming. In the following, we discuss
these two issues in our implementation.

As noted in Section 17.2, the envelope-following method requires the ma-
trices gathered from all the time steps in a period in order to solve a Newton
update. At each time step, SPICE has to linearize device models, stamp ma-
trix elements into MNA (short for modified nodal analysis) matrices, and solve
circuit equations in its inner Newton iteration. When convergence is attained,
circuit states are saved and then next time step begins. This is also the time
when we store the needed matrices for the envelope-following computation.



GPU-accelerated envelope-following method 403

Since these data are involved in the calculation of Gear-2 sensitivity matrix in
the generation of Krylov subspace vectors in Algorithm 21, it is desirable that
all of these matrices are transferred to GPU for its data parallel capability.

To efficiently transfer those large data, we explore asynchronous memory
copy between host and device in the recent GPUs (Fermi architecture), so that
the copying overlaps with the host’s computing of the next time step’s circuit
state. The implementation of asynchronous matrices copy includes two parts:
allocating page-locked memory, also known as pinned memory, where we save
matrices for one time step, and using asynchronous memory transfer to copy
these data to GPU memory. While it is known that page-locked host memory
is a scarce resource and should not be overused, the demand of memory size
of the data generated at one time step can be generously accommodated by
today’s mainstream server configurations.

Host side (CPU) Device side (GPU)

set up parameters for GMRES
max_iter, tol, etc.

saved J’i: Cq, hl memcopy
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FIGURE 17.3. GPU parallel solver for envelope-following update.

The second issue is to decide the location of data between CPU and GPU
memories. Therefore let us first make a rough sketch of the quantities in the
GMRES Algorithm 20. Although GMRES tends to converge quickly for most
circuit examples, i.e., the iteration number m < N, the space for storing all
the subspace basis V,,, of N-by-m, i.e., m column vectors with N-length, is
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still big. In addition, every newly generated matrix-vector product needs to
be orthogonalized with respect to all its previous basis vectors in the Arnoldi
iterations. Hence, keeping all the vectors of V,,, in GPU global memory allows
GPU to handle those operations, such as inner-product of basis vectors (dot)
and vector subtraction (axpy), in parallel.

On the other hand, it is better to keep the Hessenberg matrix H, where
intermediate results of the orthogonalization are stored, at the host side. This
comes with the following reasons. First, its size is (m + 1)-by-m at most,
rather small if compared to circuit matrices and Krylov basis. Besides, it is
also necessary to triangularize H and check the residual regularly in each
iteration so the GMRES can return the approximate solution as soon as the
residual is below a preset tolerance. Hence, in consideration of the serial nature
of the trianularization, the small size of Hessenberg matrix, and the frequent
inspection of values by host, it is preferable to allocate H in CPU (host)
memory. As shown in Figure 17.3, the memory copy from device to host
is called each time when Arnoldi iteration generates a new vector and the
orthogonalization produces the vector h.

17.3.3 Gear-2 based sensitivity calculation

The Gear-2 integration method is a backward differentiation formula
(BDF), which approximates the derivative of a function using information
from past few steps. Gear-2 method has been shown to be more suitable for
many practical problems such as stiff problems where circuit behavior is af-
fected by different time constants (fast ones with large poles and slow ones
with small poles) [21]. Switching power converters and RF systems are typ-
ically stiff systems as waveforms changing in two different time scales are
involved.

Given the DAE (17.1), at the i-th time step, Gear-2 integration approxi-
mates the derivative dg(z(t))/dt by a two-step backward finite difference,

D) L Jofa(e)) - atateltin) - adae(ti-z))]

where the coefficients a’s are chosen to satisfy Gear’s backward differentiation
formula [6]. For uniformly discretised time steps, the index i in h;, i and o
can be omitted.

For the first step ¢1, only the initial condition at ¢y is available. Therefore
backward Euler is used, i.e.,

lg(z1) — q(xo)] + f(a1) = br. (17.4)
Since z( directly affects the solution of z1, the sensitivity matrix up to now is

-1
C C

01+G1:| 70:(]1—1?0.

1

dIl 1
= | = 17.
dLL'() |:h1 hl ( 7 5)
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Let J; denote (1/h;)C; 4+ G; in the remaining part of this chapter. In addition,
the LU factorizations of J; are already calculated since they are used to solve
the circuit state at each time step before we calculate the sensitivity.

Next, for the solution at t5, with the previous two steps information avail-
able, Gear-2 integration can be applied,

;%2[(1(332) —onq(z1) — a2q(wo)] + f(22) = ba. (17.6)

In view of the sensitivity of zo with respect to the changes of xg, (17.6)
indicates that zo’s perturbation can be traced back to zy along two paths: x5
is directly affected by xg, and x5 is also affected indirectly by xq via x1. That
is,

dl’Q o 81’2 dl‘l 8%2

d.’l?o 8.’171 dl’o 8%0’
where the two partial derivatives are

81‘2 1 (6751 8932 1 (0%)

(?Tvl = Cl; (97.%'0 = 007

and dzq/dxg is calculated previously in (17.5). Thus, the sensitivity matrix
deduced from (17.6) is

1Co
hy

dl‘g 1 Oq

= Cl J1 - a2

dl’o
Likewise, for the third time step t3, apply the Gear-2 integration formula
to DAE (17.1),

hlg [4(3«”3) - 06161(302) - azQ(fﬂl)] + f(iUB) = b, (17-8)

and the chain rule for sensitivity is

deg _ Owg dwy | Oy diy _ ;oo dvg | az d,
dl‘o B 83:2 dxo 81‘1 dl‘o 3 h3 2 dl‘o h3 dJIo

where both dzo/dzy and dz;/dxzg are ready from the previous two time
steps, i.e., Egs. (17.7) and (17.5). Follow this chain rule in the aforementioned
recursive style, the sensitivity matrix for Gear-2 integration is computed along
the remaining time steps up to the M-th step,

J=

dey [ og drpy1 | an d$M—2:| (17.9)

a0 =Jy WC’M—I - +—Cp—2
Note that as the matrix-free GMRES method is applied, which only re-
quires matrix-vector multiplication and no explicit J is required, as explained
in Algorithm 21.
With matrix-free method, the matrix-vector multiplication in Line 5 of
Algorithm 20 is replaced by the iteration shown in Algorithm 21, which cal-
culates the multiplication product of the Gear-2 sensitivity we encounter in
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Algorithm 21: the matrix-free method for Krylov subspace construc-
tion
Input: current Krylov subspace basis vector v, time step lengths h;,
saved C; matrices and LU factors of J;, 1 =0,..., M
Output: matrix-vector product r, such that » = Av

1 solve Jipy = hl_lCov for po;

2 solve Jopy = h;l (a1C1p2 + aaCyv) for p;

3 fori=3...M do

4 solve J;pg = alhlei,1p1 + aghglCi,gpg for pg ;
5 P2 = P13

6 P1 = Po;

7 end

8

r=(k—1)py — kv ;

envelope-following and a basis vector in the Krylov subspace. Note that the
scaling and shift of J in A = (k—1)J — kI, as described in Eq. (17.3), is taken
into consideration by Line 8 of Algorithm 21.

For the matrix-free generation of new basis vectors, it is straightforward to
apply CUBLAS and CUSPARSE routines, and some customized GPU kernel
functions to implement Algorithm 21 with the stored LU matrices of J; and
C; mentioned earlier. For example in Line 4, as the iteration index i traverses
all the M time points’ matrix information, sparse matrix-vector multiplica-
tion csrmv is first called to calculate C;_1p; and C;_sps. And after the two
resulted vectors are combined by axpy of CUBLAS, pq is solved for by trsv,
since as we noted before, J; is already in LU factorization form when transient
simulation at step ¢ finished.

17.4 Numerical examples

The presented algorithm has been prototyped and numerical experiments
have been carried out on a server which has an Intel Xeon quad-core CPU
with 2.0 GHz clock speed, and 24 GBytes memory. The GPU card mounted
on this server is NVIDIA’s Tesla C2070 (Fermi), which contains 448 cores (14
MPs x 32 cores per MP) running at a 1.30 GHz and has 4 GBytes on-chip
memory. Some initial results have been published in [15].

The envelope-following method with the proposed Gear-2 sensitivity ma-
trix computation is added to an open-source SPICE, implemented in C [2].
Our envelope-following program is implemented by following the algorithm
mentioned in [10]. To solve the Newton update equation, different methods
are used to compare the computation time, such as direct LU, GMRES with
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FIGURE 17.4. Diagram of a zero-voltage quasi-resonant flyback converter.

FIGURE 17.5. Hllustration of power/ground network model.

explicitly formed matrix, and GMRES with implicit matrix-vector multipli-
cation (matrix-free). Moreover, the matrix-free method is also incorporated
to the same SPICE simulator using CUDA C programming interface, as de-
scribed in Section 17.3.2.

We use several integrated on-chip converters as simulation examples to
measure running time and speedup. They include a Buck converter, a quasi-
resonant flyback converter (shown in Figure 17.4), and two boost converters.
Each converter is directly integrated with on-chip power grid networks, since
the performance of the converters should be studied with their loads and
we can easily observe the waveforms at different nodes in a power grid (see
Figure 17.5 for a simplified power grid structure).

Figure 17.6 and Figure 17.7 show the waveform at output node of the
resonant flyback converter and the Buck converter. Note that on the enve-
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FIGURE 17.6. Flyback converter solution calculated by envelope-following.
The red curve is traditional SPICE simulation result, and the back curve is
the envelope-following output with simulation points marked.
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FIGURE 17.7. Buck converter solution calculated by envelope-following.

Circuit | Nodes | Direct | Explicit Implicit GMRES
LU | GMRES | CPU | GPU X
Buck 910 423.8 420.3 36.8 | 3.9 | 9.4x
Flyback | 941 462.4 459.6 64.5 | 74 | 8.7x
Boost-1 | 976 695.1 687.7 73.2 | 6.2 | 11.8x
Boost-2 | 1093 | 729.5 720.8 71.0 | 85 | 9.9%

TABLE 17.1. CPU and GPU time comparisons (in seconds) for solving New-
ton update equation with the proposed Gear-2 sensitivity.

lope curve, the darker dots in separated segments indicate the real simulation
points that were calculated in those cycles, and the segments without dots are
the envelope jumps where no simulation were done. It can be verified that the
proposed Gear-2 envelope-following method produces a envelope matching the
original waveform well.

For the comparison of running time spent in solving Newton update equa-
tion, Table 17.1 lists the time cost by direct method, explicit GMRES, matrix-
free GMRES, and GPU matrix-free GMRES. All methods carry out the Gear-2
based envelope-following method, but they handle the sensitivity and equation
solving in different implementation steps. It is obvious that as long as the sen-
sitivity matrix is explicitly formed, such as in the cases of direct method and
explicit GMRES, the cost is much higher than the implicit methods. When the
matrix-free technique is applied to generate matrix-vector products implicitly,
the computation cost is greatly reduced. Thus, for the same example, implicit
GMRES would be one order of magnitude faster than explicit GMRES. Fur-
thermore, our GPU parallel implementation of implicit GMRES makes this
method even faster, with a further 10x speedup.
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17.5 Summary

In this chapter, we have presented a new envelope-following method for
transient analysis of switching power converters. First, the computationally
expensive step, the solving of the Newton update equation, has been par-
allelized on CUDA-enabled GPU platforms with iterative GMRES solver to
boost performance of the analysis method. To further speed up the GMRES
solving for the Newton update equation, we have employed the matrix-free
Krylov basis generation technique. The proposed method also applies the
more robust Gear-2 integration to compute the sensitivity matrix. Experi-
mental results from several integrated on-chip power converters have shown
that the proposed GPU envelope-following algorithm can lead to about 10x
speedup compared to its CPU counterpart, and 100x faster than the tradi-
tional envelope-following methods while still keep the similar accuracy.

17.6 Glossary

Envelope-Following: In transient simulation of switching power circuits,
nodal voltage waveforms in neighboring high frequency clock cycles are
similar, but not exactly duplicates. Envelope-following technique approxi-
mates the slowly changing transient trend over a lot of clock cycles without
calculating waveforms in all cycles.
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18.1 Introduction

In this chapter we introduce the use of Graphical Processing Units (GPU)
for multi-agents-based systems as an example of a not-so-regular application
that could benefit from the GPU computing power. Multi-Agent Systems
(MAS) are a simulation paradigm used to study the behavior of dynamic
systems. Dynamic systems as physical systems are often modeled by mathe-
matical representations and their dynamic behavior is simulated by differential
equations. The simulation of the system thus often relies on the resolution of
a linear system that can be efficiently computed on a graphical processing
unit as shown in the preceding chapters. But when the behavior of the system
elements is not uniformly driven by the same law, when these elements have
their own behavior, the modeling process is too complex to rely on formal
expressions. In this context MAS is a recognized approach to model and sim-
ulate systems where individuals have an autonomous behavior that cannot
be simulated by the evolution of a set of variables driven by mathematical
laws. MAS are often used to simulate natural or collective phenomena whose
individuals are too numerous or various to provide a unified algorithm de-
scribing the system evolution. The agent-based approach is to divide these
complex systems into individual self-contained entities with their smaller set
of attributes and functions. But, as for mathematical simulations, when the
size of the MAS increases, the need of computing power and memory also
increases. For this reason, multi-agent systems should benefit from the use of
distributed computing architectures. Clusters and grids are often identified as
the main solution to increase simulation performance but GPUs are also a
promising technology with an attractive performance/cost ratio.

Conceptually a MAS is a distributed system as it favors the definition and
description of large sets of individuals, the agents, that can be run in parallel.
As a large set of agents could have the same behavior, a Single Instruction
Multiple Data (SIMD) execution architecture should fit the simulation ex-
ecution. Most of the agent-based simulators are, however, designed with a
sequential scheme in mind, and these simulators seldom use more than one
core for their execution. Due to simulation scheduling constraints, data shar-
ing and exchange between agents and the huge amount of interactions between
agents and their environment, it is indeed rather difficult to distribute an agent
based simulator, for instance, to take advantage of new multithreaded com-
puter architectures. Thus, guidelines and tools dedicated to MAS paradigm
and High Performance Computing (HPC) are now a need for other complex
system communities. Note that, from the described structure (large number
of agents sharing data), we can conclude that MAS would more easily benefit
from many-core architectures than from other kinds of parallelism.

Another key point that advocates for the use of many-core in MAS is
the growing need for multiscale simulations. Multiscale simulations explore
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problems with interactions between several scales. The different scales use
different granularity of the structure and potentially different models. Most of
the time the lower scale simulations provide results to higher scale simulations.
In that case the execution of the simulations can easily be distributed between
the local cores and a many-core architecture, i.e., a GPU device.

We explore in this chapter the use of many-core architectures to exe-
cute agent-based simulations. We illustrate our reflexion with two cases: the
Collembola simulator designed to simulate the diffusion of Collembola between
plots of land and the MIOR (MIcro ORganism) simulator that reproduces ef-
fects of earthworms on bacteria dynamics in a bulked soil. In Section 18.2
we present the work related to MAS and parallelization with a special focus
on many-core use. In sections 18.3 and 18.4 we present in detail two multi-
agent models, their GPU implementations, the conducted experiments, and
their performance results. The first model, given in Section 18.3, illustrates
the use of a GPU architecture to speed up the execution of some computation-
intensive functions while the main model is still executed on the central pro-
cessing unit. The second model, given in Section 18.4, illustrates the use of a
GPU architecture to implement the whole model on the GPU processor which
implies deeper changes in the initial algorithm. In Section 18.5 we propose a
more general reflexion on these implementations and provide some guidelines.
Then, we conclude in Section 18.6 on the possible generalization of our work.

18.2 Running agent-based simulations

In this section, we present the context of MAS, their parallelization, and we
report several existing works on using GPU to simulate multi-agent systems.

18.2.1 Multi-agent systems and parallelism

Agent-based systems are often used to simulate natural or collective phe-
nomena whose actors are too numerous or various to provide a simple unified
algorithm describing the studied system dynamic [21]. The implementation of
an agent based simulation usually starts by designing the underlying agent-
based model (ABM). Most ABM are based around a few types of entities such
as agents, one environment, or an interaction organization [9]. In the complex
system domain, the environment often describes a real space, its structure
(e.g. soil textures and porosities), and its dynamics (e.g., organic matter de-
composition). It is a virtual world in which agents represent studied entities
(e.g., biotic organisms) evolution. The actual agent is animated by a behavior
that can range between reactivity (only reacts to external stimuli) and cogni-
tion (makes complex decisions based on environmental and internal factors).
Interaction and organization define functions, types, and patterns of commu-
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nications of their member agents in the system [20]. Note that, depending on
the MAS, agents can communicate either directly through special primitives
or indirectly through the information stored in the environment.
Agent-based simulations have been used for more than a decade to re-
produce, understand and even predict complex system dynamics. They have
proved their usefulness in various scientific communities. Nowadays generic
agent based frameworks such as Repast [19] or NetLogo [24] are promoted to
implement simulators. Many ABMs such as the crown model representing a
city wide scale [25] tend however to require a large number of agents to pro-
vide a realistic behavior and reliable global statistics. Moreover, an achieved
model analysis needs to resort to an experiment plan, consisting of multiple
simulation runs, to obtain enough confidence in a simulation. In this case the
available computing power often limits the simulation size, and the resulting
range thus requires the use of parallelism to explore bigger configurations.
For that, three major approaches can be identified:

1. parallelizing experiments execution on a cluster or a grid (one or a few
simulations are submitted to each core) [3, 6],

2. parallelizing the simulator on a cluster (the environment of the MAS is
split and run on several distributed nodes) [8,18],

3. optimizing the simulator by taking advantage of computer resources
(multi-threading, GPU, and so on) [2].

In the first case, experiments are run independent of each other and only
simulation parameters are changed between two runs so that a simple version
of an existing simulator can be used. This approach does not, however, allow
to run larger models. In the second and the third case, model and code modifi-
cations are necessary. Only a few frameworks, however, introduce distribution
in agent simulation (Madkit [12], MASON [22], repastHPC [7]), and parallel
implementations are often based on the explicit use of threads using shared
memory [13] or cluster libraries such as MPT [14].

Parallelizing a multi-agent simulation is, however, complex due to space
and time constraints. Multi-agent simulations are usually based on a syn-
chronous execution: at each time step, numerous events (space data modifi-
cation, agent motion) and interactions between agents happen. Distributing
the simulation on several computers or grid nodes to guarantee a distributed
synchronous execution and coherency. This often leads to poor performance
or complex synchronization problems. Multicore execution or delegating part
of this execution to others processors such as GPUs [4] is usually easier to
implement since all the threads share the data and the local clock.

18.2.2 MAS implementation on GPU

The last few years have seen the appearance of new generations of graphic
cards based on more general purpose execution units which are promising
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for large systems such as MAS. Using matrix-based data representations and
SIMD computations is however not always straightforward in MAS, where
data structures and algorithms are tightly coupled to the described simula-
tion. However, works from existing literature show that MAS can benefit from
these performance gains on various simulation types, such as traffic simula-
tion [25], cellular automata [10], mobile-agent based path-finding [23] or ge-
netic algorithms [17]. Note that an application-specific adaptation process was
required in the case of these MAS: some of the previous examples are driven by
mathematical laws (path-finding) or use a natural mapping between a discrete
environment (cellular automaton) and GPU cores. Unfortunately, this map-
ping often requires algorithmic adaptations in other models but experience
shows that the more reactive a MAS is the more adapted its implementation
is to GPU.

The first step in the adaptation of an ABM to GPU platforms is the choice
of language. On the one hand, the Java programming language is often used for
the implementation of MAS due to its availability on numerous platforms or
frameworks and its focus on high-level, object-oriented programming. On the
other hand, GPU platforms can only run specific languages such as OpenCL or
CUDA. OpenCL (supported on AMD, Intel, and NVIDIA hardware) better
suits the portability concerns across a wide range of hardware needed the
agent simulators, as opposed to CUDA which is an NVIDIA-specific library.

OpenCL is a C library which provides access to the underlying CPU or
GPU threads using an asynchronous interface. Various OpenCL functions al-
low the compilation and the execution of programs on these execution re-
sources, the copying of data buffers between devices, and the collection of
profiling information.

This library is based around three main concepts:

o the kernel (similar to a CUDA kernel), which represents a runnable
program containing instructions to be executed on the GPU;

e the work-item (equivalent to a CUDA thread), which is analogous to the
concept of thread on GPU, in that it represents one running instance of
a GPU kernel; and

e the work-group (or execution block) which is a set of work-items sharing
some memory to speed up data accesses and computations. Synchro-
nization operations such as barrier can only be used across the same
work-group.

Running an OpenCL computation consists of launching numerous work-
items that execute the same kernel. The work-items are submitted to a sub-
mission queue to optimize the available cores usage. A calculus is achieved
once all these kernel instances have terminated.

The number of work-items used in each work-group is an important im-
plementation choice which determines how many tasks will share the same
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cache memory. Data used by the work-items can be stored as N-dimensions
matrices in local or global GPU memory. Since the size of this memory is
often limited to a few hundred kilobytes, choosing this number often implies
a compromise between the model synchronization or data requirements and
the available resources.

In the case of agent-based simulations, each agent can be naturally mapped
to a work-item. Work-groups can then be used to represent groups of agents
or simulations sharing common data (such as the environment) or algorithms
(such as the background evolution process).

In the following examples a binding named JOCL [1] is used to access the
OpenCL platform from the Java programming language.

In the next sections we present two practical cases that will be studied in
detail, from the model to its implementation and performance.

18.3 A first practical example

The first model, the Collembola model, simulates the propagation of
collembolas in fields and forests. It is based on a diffusion algorithm which
illustrates the case of agents with a simple behavior and few synchronization
problems.

18.3.1 The Collembola model

The Collembola model is an example of multi-agent system using GIS
(Geographical Information System) and survey data (population count) to
model the evolution of the biodiversity across land plots. A first version of
this model has been developed with the Netlogo framework by Bioemco and
UMMISCO researchers. In this model, the biodiversity is modeled by popula-
tions of athropod individuals, the Collembola, which can reproduce and diffuse
to favorable new habitats. The simulator allows us to study the diffusion of
Collembola, between plots of land depending on their use (artifical soil, crop,
forest, etc.) In this model the environment is composed of the studied land,
and collembola are used as agents. Every land plot is divided into several cells,
each cell representing a surface unit (16x16 meters). A number of individuals
per collembola species is associated to each cell. The model evolution is then
based on a common diffusion model that diffuses individuals between cells.
Each step of the simulation is based on four stages, as shown on Figure 18.1:

The algorithm is quite simple but includes two costly operations, the re-
production and the diffusion, that must be parallelized to improve the model
performances.

The reproduction stage consists in updating the total population of each
plot by taking the individuals arrived at the preceding computation step. This
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FIGURE 18.1. Evolution algorithm of the Collembola model.

stage involves processing the whole set of cells of the environment to sum their
population. The computed value is recorded in the plot associated to each cell.
This process can be assimilated to a reduction operation on all the population
cells associated to one plot to obtain its population.

The diffusion stage simulates the natural behavior of the Collembola that
tends toward occupying the whole space over time. This stage consists in com-
puting a new value for each cell depending on the population of the neighbor
cells. This process can be assimilated to a linear diffusion at each iteration of
the population of the cells across their neighbors.

These two processes are quite common in numerical computations so that
the Collembola model can be adapted to a GPU execution without much
difficulty.

18.3.2 Collembola implementation

In the collembola simulator biodiversity is modeled by populations of
collembola individuals, which can reproduce and diffuse to favorable new habi-
tats. This is implemented as a fixed reproduction factor, applied to the size
of each population, followed by a linear diffusion of each cell population to its
eight neighbors. These reproduction and diffusion processes are followed by
two more steps on the GPU implementation. The first one consist of culling of
populations in an inhospitable environment, by checking each cell value and
terrain type, and setting its population to zero if necessary. The final sim-
ulation step is the reduction of the cell populations for each plot, to obtain
an updated plot population for statistic purposes. This separate computation
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step, done while updating each cell population in the reference sequential al-
gorithm, is motivated by synchronization problems and allows the reduction
of the total number of memory accesses needed to updated those populations.

Listing 18.1. collembola openCL diffusion kernel

The reproduction, diffusion and culling steps are implemented on GPU
(Figure 18.1) as a straight mapping of each cell to an OpenCL work-item
(GPU thread). Listing 18.1 gives the kernel for the diffusion implementation.
To prevent data coherency problems, the diffusion step is split into two phases,
separated by an execution barrier. In the first phase each cell diffusion overflow
is calculated and divided by the number of neighbors. Note that, on the border
of the grid, populations can also overflow outside the environment grid but we
do not manage those external populations, since there are no reason to assume
our model to be isolated of its surroundings. The overflow by neighbors value
is stored for each cell before encountering the barrier. After the barrier is met,
each cell reads the overflows stored by all its neighbors at the previous step
and applies them to its own population. In this manner, only one barrier is
required to ensure the consistency of population numbers, since no cell ever
modify a value other than its own.

Listing 18.2 gives the kernel for the reduction implementation. The only
step requiring numerous synchronized accesses is the reduction one: in this first
approach, we chose to use atomic_add operation to implement this process,
but more efficient implementations using partial reduction and local GPU
memory could be implemented.
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Listing 18.2. collembola OpenCL reduction kernel
|

#include "collem_structures.h"

kernel void reduce (
global CollemWorld *world,
global int *xpopulations,
global int xpatchesOwners,
global int *xplotsPopulations)

get_global_id (0);
get_global_id (1) ;

const int i
const int j

// Retrieve the owner parcel
const int plotIld = CELL(world, patchesOwners, i, j);
if (plotld = —1) return;

// Add cell population to the owner parcel population
atomic_add (plotsPopulations + plotId, CELL(world, populations, i,

i))s

18.3.3 Collembola performance

In this part we present the performance of the collembola model on various
CPU and GPU execution platforms. Figure 18.2 shows that the number of
cores and the processor architecture as a strong influence on the obtained
results

e Older GPU cards can be slower than modern processors. This can be
explained by the new cache and memory access optimizations imple-
mented in newer generations of GPU devices. These optimizations re-
duce the penalties associated with irregular and frequent global memory
accesses. They are not available on our Tesla nodes.

e GPU curves exhibit an odd-even pattern in their performance results.
Since this phenomenon is visible on two distinct manufacturer hard-
ware, driver, and OpenCL implementation, it is likely the result of the
decomposition process based on warp of fixed, power-of-two sizes.

e The number of cores is not the only determining factor: an Intel Core
i7 2600K processor, even with only four cores, can provide better per-
formance than a Phenom one.

Both graphs show that using the GPU to parallelize part of the simula-
tor results in tangible performance gains over a CPU execution on modern
hardware. These gains are more mixed on older GPU platforms due to the
limitations when dealing with irregular memory or execution patterns often
encountered in MAS systems. This can be closely linked to the availability
of caching facilities on the GPU hardware and its dramatic effects depend
on the locality and frequency of data accesses. In this case, even if the Tesla
architecture offers more execution cores and is the far costlier solution, more
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FIGURE 18.2. Performance of the Collembola model on CPU and GPU.

recent, cheaper, solutions such as high-end GPU provide better performance
when the execution is not constrained by memory size.

18.4 Second example

The second model, the MIOR model, simulates the behavior of microbian
colonies. Its execution model is more complex so that it requires changes in
the initial algorithm and the use of synchronization to benefit from the GPU
architecture.

18.4.1 The MIOR model

The MIOR [5] model was developed to simulate local interactions in soil
between microbial colonies and organic matters. It reproduces each small cubic
unit (0.002m3) of soil as a MAS.

Multiple implementations of the MIOR model have already been realized,
in Smalltalk and Netlogo, in 2 or 3 dimensions. The last implementation,
used in our work and referenced as MIOR in the rest of the chapter, is freely
accessible online as WebSimMior!.

MIOR is based around two types of agents: (1) the Meta-Mior (MM),
which represents microbial colonies consuming carbon and (2) the Organic
Matter (OM) which represents carbon deposits occurring in soil.

The Meta-Mior agents are characterized by two distinct behaviors:

Thttp://www.IRD.fr/websimmior/
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e breath: this action converts mineral carbon from the soil to carbon diox-
ide (CO2) that is released into the soil and

e growth: by this action each microbial colony fixes the carbon present
in the environment to reproduce itself (augment its size). This action
is only possible if the colony breathing needs are covered, i.e., enough
mineral carbon is available.

These behaviors are described in Algorithm 22.

Algorithm 22: evolution step of each Meta-Mior (microbial colony)
agent

Input: A static array mmUList of MM agents
1 A static array omList of OM agents
2 A MIOR environment world
3 breathNeed < world.respirationRate x mm.carbon;
4 growthNeed < world.growthRate x mm.carbon;
5 availableCarbon < total AccessibleCarbon(mm);
6 if availableCarbon > breathNeed then

/* Breath */
7 mm.active < true;
8 availableCarbon <

availableCarbon — consumCarbon(mm, breathNeed);
9 world.CO2 < world.CO2 + breathNeed;
10 if availableCarbon > 0 then

/* Growth x/
11 growthConsum <+
mazx (total AccessCarbon(mm), growthNeed);
12 consumCarbon(mm, growthConsum);
13 mm.carbon < mm.carbon + growthConsum;
14 end
15 else
16 mm.active < false
17 end

Since this simulation takes place at a microscopic scale, a large number of
these simulations must be executed for each macroscopic simulation step to
model a realistic-sized unit of soil. This leads to large computing needs despite
the small computation cost of each individual simulation.

18.4.2 MIOR implementation

As pointed out previously, the MIOR implementation implied more
changes for the initial code to be run on GPU. As a first attempt, we tried
a simple GPU implementation of the MIOR simulator, with only minimal
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FIGURE 18.3. Consolidation of multiple simulations in one OpenCL kernel
execution.

changes to the CPU algorithm. Execution times showed the inefficiency of
this approach and highlighted the necessity of adapting the simulator to take
advantage of the GPU execution capabilities [15]. In this part, we show the
main changes which were realized to adapt the MIOR simulator on GPU
architectures.

18.4.2.1 Execution mapping on GPU

Each MIOR simulation is represented by a work-group, and each agent by
a work-item. A kernel is in charge of the life cycle process for each agent of the
model. This kernel is executed by all the work-items of the simulation each
on its own GPU core.

The usage of one work-group for each simulation allows the easy execu-
tion of multiple simulations in parallel, as shown on Figure 18.3. By taking
advantage of the execution overlap possibilities provided by OpenCL, it then
becomes possible to exploit all the cores at the same time, even if an unique
simulation is too small to use all the available GPU cores. However, the max-
imum size of a work-group is limited (to 512), which allows us to execute only
one simulation per work-group when using 310 threads (number of OM in the
reference model) to execute the simulation.

The usage of the GPU to execute multiple simulations is initiated by the
CPU. The CPU keeps total control of the simulator execution flow. Thus,
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optimized scheduling policies (such as submitting kernels in batch, limiting
the number of kernels, or asynchronously retrieving the simulation results)
can be defined to minimize the cost related to data transfers between CPU
and GPUs.

18.4.2.2 Data structures translation

The adaptation of the MIOR model to GPU requires the mapping of the
data model to OpenCL data structures. The environment and the agents are
represented by arrays of structures, where each structure describes the state
of one entity. The behaviors of these entities are implemented as OpenCL
functions to be called from the kernels during execution.

Since the main program is written in Java, JOCL is responsible for the
allocation and mapping of the object data structures to OpenCL ones before
execution.

Four main data structures are defined: (1) an array of MM agents, repre-
senting the state of the microbial colonies. (2) an array of OM agents, repre-
senting the state of the carbon deposits. (3) a topology matrix, which stores
accessibility information between the two types of agents of the model (4) a
world structure, which contains all the global input data (metabolism rate,
numbers of agents) and output data (quantity of COy produced) of the simu-
lation. The C-like OpenCL structures used to represent each type of to agent
and the environment are illustrated in (Figure 18.3). These data structures
are initialized by the CPU and then copied on the GPU.

Listing 18.3. main data structures used in a MIOR simulation
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The world topology is stored as a two-dimension matrix which represents
OM indexes on the abscissa and MM indexes on the ordinate. Each agent
walks through its line/column of the matrix at each iteration to determinate
which agents can be accessed during the simulation. Since many agents are
not connected, this matrix is sparse, which introduces a big number of useless
memory accesses. To reduce the impact of these memory accesses we use a
compacted, optimized representation of this matrix based on [11], as illus-
trated in Figure 18.4. This compact representation considers each line of the
matrix as an index list, and only stores accessible agents compactly, to reduce
the number of nonproductive accesses.

MM

FIGURE 18.4. Compact representation of the topology of a MIOR simulation.

Since dynamic memory allocation is not possible yet in OpenCL and is
only provided in the latest revisions of the CUDA standard, these matrices
are statically allocated. The allocation is based on the worst-case scenario
where all OM and MM are linked since the real occupation of the matrix cells
cannot be deduced without some kind of preprocessing computations.

18.4.2.3 Critical resources access management

One of the main concers in the MIOR model is to ensure that all the micro-
bial colonies will have an equitable access to carbon resources, when multiple
colonies share the same deposits. Access synchronizations are mandatory in
these cases to prevent conflicting updates on the same data that may lead to
calculation error (e.g. loss of matter).

On massively parallel architectures such as GPUs, these kind of synchro-
nization conflicts can lead to an inefficient implementation by enforcing a
quasi-sequential execution. It is necessary, in the case of MIOR as well as
for other ABM, to ensure that each work-item is not too constrained in its
execution.
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Listing 18.4. main MIOR kernel

From the sequential algorithm (Algorithm 22) where all the agents share
the same data, we have developed a parallel algorithm composed of three
sequential stages separated by synchronization barriers. This new algorithm is
based on the distribution of the available OM carbon deposits into parts at the
beginning of each execution step. The three stages, illustrated in Listing 18.4,
are the following:

1. scattering: the available carbon in each carbon deposit (OM) is equitably
dispatched among all accessible MM in the form of parts,

2. live: each MM consumes carbon in its allocated parts for its breathing
and growing processes, and

3. gathering: unconsumed carbon in parts is gathered back into the carbon
deposits.

This solution suppresses the data synchronization needed by the first algo-
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rithm, thus the need for synchronization barriers, and requires only one kernel
launch from Java as described on Listing 18.5.

Listing 18.5. MIOR simulation launcher

e

@Override
protected void doLivelmpl() {
simulateKernel.setArguments (mmMem, omMem, worldsMem, mmOffsetsMem,
omOffsetsMem , mmCSRMem, omCSRMem, partsMem) ;

if (blockSize < Math.max(nbOM, nbMM)) {
throw new RuntimeException("blockSize (" 4+ blockSize +
") _too,_small _to_execute, the_simulation");

}

OCLEvent event = queue.enqueuelDKernel(simulateKernel , nbSim x*
blockSize , blockSize);

OCLEvent. waitFor (event) ;

if (! isBatchModeEnabled()) {
queue . blockingReadBuffer (mmMem, mmList, 0, mmMen. getSize ());
queue . blockingReadBuffer (omMem, omList, 0, omMem. getSize ());
queue . blockingReadBuffer (worldsMem, worlds, 0, worldsMem.
getSize ());

18.4.2.4 Termination detection

The termination of a MIOR simulation is reached when the model stabi-
lizes and no more COs is produced. This termination detection can be done
on either the CPU or the GPU but it requires a global view on the system
execution.

In the first case, when the CPU controls the GPU simulation process, the
detection is done in two steps: (1) the CPU starts the execution of a simulation
step on the GPU and (2) the CPU retrieves the GPU data and determines if
another iteration must be launched or if the simulation has terminated. This
approach allows a fine-grain control over the GPU execution, but it requires
many costly data transfers as each iteration result must be sent from the GPU
to the CPU. In the case of the MIOR model these costs are mainly due to the
inherent PCl-express port latencies rather than to bandwidth limitation since
data sizes remains rather small, on the order of few dozens of Megabytes.

In the second case the termination detection is directly implemented on the
GPU by checking the amount of available carbon between two iterations. The
CPU does not have any feedback while the simulation is running, but retrieves
the results once the kernel execution is finished. This approach minimizes the
number of transfers between the CPU and the GPU.

18.4.3 Performance of MIOR implementations

In this part we present several MIOR GPU implementations using the
distribution/gathering process described in the previous section and compare
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their performance on two distinct hardware platform, i.e., two different GPU
devices. Five incremental MIOR implementations were realized with an in-
creasing level of adaptation for the algorithm: in all cases, we choose the
average time over 50 executions as a performance indicator.

e The GPU 1.0 implementation is a direct implementation of the ex-
isting algorithm and its data structures where data dependencies were
removed, and it uses the noncompact topology representation described
in Section 18.4.2.2

e The GPU 2.0 implementation uses the previously described compact
representation of the topology and remains otherwise identical to the
GPU 1.0 implementation.

e The GPU 3.0 implementation introduces the manual copy into local
(private) memory of often-accessed global data, such as carbon parts or
topology information.

e The GPU 4.0 implementation is a variant of the GPU 1.0 implemen-
tation but allows the execution of multiple simulations for each kernel
execution.

e The GPU 5.0 implementation is a multisimulation version of the GPU
2.0 implementation, using the execution of multiple simulations for each
kernel execution as for GPU 4.0.

The two last implementations GPU 4.0 and GPU 5.0 illustrate the gain
provided by a better usage of the hardware resources, thanks to the driver ex-
ecution overlapping capabilities. A sequential version of the MIOR algorithm,
labeled CPU, is included for comparison purpose. This sequential version was
developed in Java, the same language used for GPU implementations.

For these performance evaluations, two platforms are used. The first one
is representative of the kind of hardware which is available on HPC clusters.
It is a cluster node dedicated to GPU computations with two Intel X5550
processors running at 2.67GHz and one Tesla C1060 GPU device running at
1.3GHz and composed of 240 cores (30 multiprocessors). The second platform
illustrates what can be expected from a personal desktop computer built a
few years ago. It uses an Intel Q9300 CPU, running at 2.5GHz, and a Geforce
8800GT GPU running at 1.5GHz and composed of 112 cores (14 multiproces-
sors). The purpose of these two platforms is to assess the benefit that could
be obtained when a scientist has access either to specialized hardware as a
cluster or tries to take advantage of its own personal computer.

Figures 18.5 and 18.6 show the execution time for 50 simulations on the
two hardware platforms. A size factor is applied to the problem: at scale 1, the
model contains 38 MM and 310 OM, while at the scale 6 these numbers are
multiplied by six. The size of the environment is modified as well to maintain
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FIGURE 18.5. CPU and GPU performance on a Tesla C1060 node.

1200
CPU —+— r

GPU v1.0 —x—
—~ 1000 - GPUV2.0 —%—
g GPU v3.0 —5—
°
E 800 |
=
C
o
© 600 |-
3
£
(9]
o 400
©
2
< 200

0 e e S e Wi PP
0 2 4 6 8 10

Model scaling factor

FIGURE 18.6. CPU and GPU performance on a personal computer with a
Geforce 8800GT.

the same average agent density in the model. This scaling factor displays the
impact of the chosen size of simulation on performance.

The charts show that for small problems the execution times of all the
implementations are very close. This is because the GPU execution does not
have enough threads (representing agents) for an optimal usage of GPU re-
sources. This trend changes around scale 5 where GPU 2.0 and GPU 3.0 take
the advantage over the GPU 1.0 and CPU implementations. This advantage
continues to grow with the scaling factor, and reaches a speedup of 10 at the
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scale 10 between the fastest single-simulation GPU implementation and the
first, naive one GPU 1.0.

Multiple trends can be observed in these results. First, optimizations for
the GPU hardware show a large, positive impact on performance, illustrat-
ing the strong requirements on the algorithm properties to reach execution
efficiency. These charts also show that despite the vast difference in numbers
of cores between the two GPU platforms, the same trends can be observed
in both cases. We can therefore expect similar results on other GPU cards,
without the need for more adaptations.
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FIGURE 18.7. Execution time of one multi-simulation kernel on the Tesla
platform.
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FIGURE 18.8. Total execution time for 1000 simulations on the Tesla plat-
form, while varying the number of simulations for each kernel.

There are two ways to measure simulations performance: (1) by executing
only one kernel, and varying its size (the number of simulations executed in
parallel), as shown in Figure 18.7, to test the costs linked to the parallelization
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process or (2) by executing a fixed number of simulations and varying the size
of each kernel, as shown in Figure 18.8.

Figure 18.7 illustrates the execution time for only one kernel. It shows that
for small numbers of simulations run in parallel, the compact implementation
of the model topology is faster than the two-dimension matrix representation.
This trends reverse with more than 50 simulations in parallel, which can be
explained either by the nonlinear progression of the synchronization costs or
by the additional memory required for the access-efficient representation.

Figure 18.8 illustrates the execution time of a fixed number of simula-
tions. It shows that for a small number of simulations run in parallel, the
costs resulting from program setup, data copies, and launch on GPU are very
detrimental to performance. Once the number of simulations executed for each
kernel grows, these costs are counterbalanced by computation costs. This trend
is more marked in the case of the sparse implementation (GPU 4.0) than in
the compact one but appears on both curves. With more than 30 simulations
for each kernel, execution times stall, since hardware limits are reached. This
indicates that the cost of preparing and launching kernels become negligible
compared to the computing time once a good GPU occupancy rate is achieved.

18.5 Analysis and recommendations

In this section we synthesize the observations done on the two models and
identify some recommendations for implementing complex systems on GPU
platforms.

18.5.1 Analysis

In both the collembola and the MIOR model, a critical problematic is the
determination of the parts of the simulation that are to be run on GPU and
which are to remain on the CPU. The determination of these parts is a classic
step of any algorithm parallelization and must take into account considerations
such as the cost of the different parts of the algorithm and the expected gains.

In the case of the collembola model two steps of the algorithm were ported
to GPU. Both steps use straightforward, easily parallelizable operations where
a direct gain can be expected by using more execution cores without important
modifications to the algorithm.

In the MIOR model case, however, no such inherently parallelizable parts
are evident in the original sequential algorithm. This is mainly explained by
the rate of interactions between agents in this model in the form of two oper-
ations (breathing, growth) using heavily-shared carbon resources. In this case
the algorithm had to be more profoundly modified while keeping in mind the
need to remain true to the original model, to synchronize the main execution
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step of all agents in the model, to ensure equity, and to minimize the numbers
of synchronizations. The minimization is done by factoring the distribution of
carbon in the model in two separated steps at the beginning and the end of
each iteration rather than at multiple points of the execution.

18.5.2 MAS execution workflow

Many MAS simulations decompose their execution process into discrete
evolution steps where each step represents a quantum of time (minimal unit of
time described). At the end of each step many global data, graphical displays
or output files are updated. This execution model may not correctly fit on
GPU platforms as they assume more or less a batch-like workflow model. The
execution model must be split into the following ever repeating steps:

e Allocation of GPU data buffers
e Copy of data from CPU to GPU
e GPU kernels execution

e Copy of results from GPU to CPU

This workflow works well if the considered data transfer time is negligible
compared to GPU execution or can be done in parallel, thanks to the asyn-
chronous nature of OpenCL. If we are to update the MAS model after each
iteration then performance risks being degraded. This is illustrated in the
MIOR model by the fact that the speedup observed on GPU is much more
significant for bigger simulations, which imply longer GPU execution times.
Our solution to this problem is to desynchronize the execution of the MAS
model and its GPU parts by requesting the execution of multiple steps of the
GPU simulations for each launch.

Another related prerequisite of GPU execution is the ability to have many
threads executed, to allow an efficient exploitation of the superior number of
cores provided by the architecture. In the case of MAS models, this means that
executing one agent at a time on GPU is meaningless in regard to GPU usage,
copying cost, and actual gain in execution time, if the agent computations are
not complex enough. In the MIOR and the collembola models, this is solved
by executing the computations for all agents of the model at the same time. If
the model has only chronic needs for intensive computations, then some kind
of batching mechanism is required to store waiting treatments in a queue,
until the total sum of waiting computations justifies the transfer cost to the
GPU platform.

18.5.3 Implementation challenges

Besides the execution strategy challenges described above, some imple-
mentation challenges also occur when implementing an OpenCL version of
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a MAS model, mainly related to the underlying limitations of the execution
platform.

The first one is the impossibility (except in latest CUDA versions) to
dynamically allocate memory during execution. This is a problem in the case
of models where the number of agents can vary during the simulation, such
as prey-predator models. In this case, the only solution is to overestimate the
size of arrays or data structures to accommodate these additional individuals,
or to use the CPU to resize data structures when these situations occur. Both
approaches require trending either memory or performance and are not always
practical.

Another limitation is the impossibility to store pointers in data structures,
since OpenCL only allows one-dimension static arrays. This precludes the us-
age of structures such as linked-list, graphs or sparse matrices not represented
by some combination of static arrays, and can be another source of memory
or performance losses.

In the case of MIOR, this problem is especially exacerbated in the case of
neighboring storage: both representations consume much more memory than
is actually required, since the worst case (all agents have access to all others
agents) has to be taken into account when dimensioning the data structure.

The existence of different generations of GPU hardware is also a challenge.
Older implementations, such as the four year old Tesla C1060 cards, have
very strong constraints in term of memory accesses and requires very regular
access patterns to perform efficiently. MAS having many random accesses,
such as MIOR, or many small global memory accesses, such as Collembola,
are penalized on these older cards. Fortunately, these requirements are less
present is modern cards, which offer caches and other facilities traditionally
present on CPU to offset these kinds of penalties.

The final concern is related to the previous ones and often results in more
memory consumption. The amount of memory available on GPU cards is much
more limited and adding new memory capabilities is more costly compared to
expending a CPU RAM. On computing clusters, hardwares nodes with 128GB
of memory or more have become affordable, whereas newer Tesla architecture
remains limited to 16GB of memory. This can be a concern in the case of big
MAS models, or small ones which can only use memory-inefficient OpenCL
structures.

18.5.4 MCSMA

As shown in the previous sections, many data representation choices are
common to entire classes of MAS. The paradigm of grid, for example, is often
encountered in models where each cell constitutes either the elementary unit
of simulation (SugarScape [10]) or a discretization of the environment space
(Pathfinding [13]). These grids can be considered as two- or three-dimensional
matrices, whose processing can be directly distributed.

Another common data representation encountered in MAS system is the
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usage of 2D or 3D coordinates to store the position of each agent of the
model. In this case, even if the environment is no longer discrete, the loca-
tion information still imply computations (Euclidean distances) which can be
parallelized.

MCSMA [16] is a framework developed to provide to the MAS designer
those basic data structures and the associated operations, to facilitate the
portage of existing MAS on GPU. Two levels of utilization are provided to
the developer, depending on its usage profile:

e A high-level library, composed of modules regrouping classes of opera-
tions. Such operation can distance computations in 1D, 2D or 3D grids,
diffusion or reduction operations on matrices...

e A low-level API which allows the developer direct access to the GPU
and the inner working of MCSMA, to develop new modules in the case
where the required operations are not yet provided by the platform.

Both usage levels were illustrated in the above two practical cases. In
MIOR, the whole algorithm (baring initialization) is ported on GPU as a spe-
cific plugin which allows executing n MIOR simulations and retrieving their
results. This first approach requires extensive adaptations to the original algo-
rithm. In collembola, to the contrary, the main steps of the algorithm remain
executed on the CPU, and only specific operations are delegated to generic,
already existing diffusion and reduction kernels. The fundamental algorithm
is not modified and GPU execution is only applied to specific parts of the ex-
ecution which may benefit from it. These two programming approaches allow
incremental adaptations of existing Java MAS to accelerate their execution
on GPU, while retaining the option to develop their own reusable or more
efficient module to supplement the already existing ones.

18.6 Conclusion

This chapter has addressed the issue of complex system simulation by using
agent-based paradigms and GPU hardware. From the experiments on two
existing agent-based models of soil science we have provided useful information
on the architecture, the algorithm design, and the data management to run
agent-based simulations on GPU, and more generally to run computationally
intensive applications that are not based on purely-matricial models. The first
result of this work is that adapting the algorithm to a GPU architecture is
possible and suitable to speed up agent based simulations as illustrated by the
MIOR model. Coupling CPU with GPU seems to be an interesting way to take
better advantage of the power given by computers and clusters as illustrated
by the collembola model. From our point of view the adaptation process is less
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costy in time than a traditional parallelization on distributed nodes and not
much difficult than a standard multithreaded parallelization, since all the data
remains on the same host and can be shared in central memory. The usage
of OpenCL also enables a portable simulator that can be run on different
graphical units. Even using a mainstream card such as the GPU card of a
standard computer can lead to significant performance improvements. This is
an interesting result as it opens up the field of inexpensive HPC to a large
community.

In this perspective, we are working on MCSMA, a development platform
that would facilitate the use of GPU or many-core architectures for multi-
agent simulations. Our first work has been the definition of common, efficient,
reusable data structures, such as grids or lists. Another goal is to provide easier
means to control the distribution of specific processes between CPU or GPU,
to allow the easy exploitation of the strengths of each platform in the same
multi-agent simulation. We think that the same approach, i.e., developing
specific environments that facilitate the developer access to the GPU power,
can be applied in many domains with computationally intensive needs to open
the GPU use to a larger community.
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19.1 Introduction

Randomness is of importance in many fields such as scientific simulations
or cryptography. Random numbers can mainly be generated by either a deter-
ministic and reproducible algorithm called a pseudorandom number generator
(PRNG), or by a physical nondeterministic process having all the character-
istics of a random noise, called a truly random number generator (TRNG). In
this chapter, we focus on reproducible generators, useful for instance in Monte
Carlo-based simulators. These domains need PRNGs that are statistically ir-
reproachable. In some fields such as in numerical simulations, speed is a strong
requirement that is usually attained by using parallel architectures. In that
case, a recurrent problem is that a deflation of the statistical qualities is often
reported, when the parallelization of a good PRNG is realized. This is why
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ad hoc PRNGs for each possible architecture must be found to achieve both
speed and randomness. On the other hand, speed is not the main requirement
in cryptography: the most important point is to define secure generators able
to withstand malicious attacks. Roughly speaking, an attacker should not be
able in practice to make the distinction between numbers obtained with the
secure generator and a true random sequence. Or, in an equivalent formula-
tion, he or she should not be able (in practice) to predict the next bit of the
generator, having the knowledge of all the binary digits that have been already
released [9]. “Being able in practice” refers here to the possibility to achieve
this attack in polynomial time and to the exponential growth of the difficulty
of this challenge when the size of the parameters of the PRNG increases.

Finally, a small part of the community working in this domain focuses on
a third requirement: to define chaotic generators [8,11,17]. The main idea is
to benefit from a chaotic dynamical system to obtain a generator that is un-
predictable, disordered, sensible to its seed, or in other words, chaotic. These
scientists’ desire is to map a given chaotic dynamics into a sequence that seems
random and unassailable due to chaos. However, the chaotic maps used as a
pattern are defined in the real line whereas computers deal with finite preci-
sion numbers. This distortion leads to a deflation of both chaotic properties
and speed. Furthermore, authors of such chaotic generators often claim their
PRNG as secure due to their chaos properties, but there is no obvious relation
between chaos and security as it is understood in cryptography. This is why
the use of chaos for PRNG still remains marginal and disputable. However,
we have established in previous researches that these flaws can be circum-
vented by using a tool called choatic iterations. Such investigations have led
to the definition of a new family of PRNGs that are chaotic while being fast
and statistically perfect, or cryptographically secure [1,2,5,6]. This family is
improved and adapted for GPU architectures in this chapter.

Let us finish this introduction by noticing that, in this chapter, statistical
perfection refers to the ability to pass the whole BigCrush battery of tests,
which is widely considered as the most stringent statistical evaluation of a
sequence claimed as random. This battery can be found in the well-known
TestUO1 package [12]. More precisely, each time we performed a test on a
PRNG, we ran it twice in order to observe if all p-values were inside [0.01,
0.99]. In fact, we observed that few p-values (fewer than 10 out of 160) are
sometimes outside this interval but inside [0.001, 0.999], so that is why a
second run has allowed us to confirm that the values outside are not for the
same test. With this approach all our PRNGs pass the BigCrush successfully
and all p-values are at least once inside [0.01, 0.99]. Chaos, for its part, refers
to the well-established definition of a chaotic dynamical system defined by
Devaney [7].

The remainder of this chapter is organized as follows. Basic definitions and
terminologies about both topological chaos and chaotic iterations are provided
in the next section. Various chaotic iterations based on pseudorandom number
generators are then presented in Section 19.3. They encompass naive and
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improved efficient generators for CPU and for GPU. These generators are
finally experimented in Section 19.4.

19.2 Basic reminders

This section is devoted to basic definitions and terminologies in the fields
of topological chaos and chaotic iterations. We assume the reader is familiar
with basic notions on topology (see for instance [7]).

19.2.1 A short presentation of chaos

Chaos theory studies the behavior of dynamical systems that are perfectly
predictable, yet appear to be wildly amorphous and meaningless. Chaotic
systems are highly sensitive to initial conditions, which is popularly referred
to as the butterfly effect. In other words, small differences in initial conditions
(such as those due to rounding errors in numerical computation) yield widely
diverging outcomes, in general rendering long-term prediction impossible [11].
This happens even though these systems are deterministic, meaning that their
future behavior is fully determined by their initial conditions, with no random
elements involved [11]. That is, the deterministic nature of these systems does
not make them predictable [11,16]. This behavior is known as deterministic
chaos, or simply chaos. It has been well-studied in mathematics and physics,
leading among other things to the well-established definition of Devaney which
can be found next.

19.2.2 On Devaney’s definition of chaos

Consider a metric space (X, d) and a continuous function f : X — X, for
one-dimensional dynamical systems of the form:

Y € X and ¥n € N* 2" = f(2"1), (19.1)

the following definition of chaotic behavior, formulated by Devaney [7], is
widely accepted.

Definition 1 A dynamical system of Form (19.1) is said to be chaotic if the
following conditions hold.

e Topological transitivity:

YU,V open sets of X, 3k >0, fF(U)NV # @. (19.2)

Intuitively, a topologically transitive map has points that eventually move
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under iteration from one arbitrarily small neighborhood to any other.
Consequently, the dynamical system cannot be decomposed into two dis-
joint open sets that are invariant under the map. Note that if a map
possesses a dense orbit, then it is clearly topologically transitive.

Density of periodic points in X :

Let P = {p € X|3n € N* : f*(p) = p} the set of periodic points of f.
Then P is dense in X:

P=2X. (19.3)

The density of periodic orbits means that every point in space is closely
approached by periodic orbits in an arbitrary way. Topologically miz-
ing systems failing this condition may not display sensitivity to initial
conditions presented below and, hence,may not be chaotic.

Sensitive dependence on initial conditions:

Je > 0, Ve € X, V6 > 0,3Jy € X, In € N, d(z,y) < J and
d(f"(x), f"(y) = e

Intuitively, a map possesses sensitive dependence on initial conditions
if there exist points arbitrarily close to x that eventually separate from
x by at least € under the iteration of f. Not all points near x need to
be eventually separate from x under iteration, but there must be at least
one such point in every neighborhood of x. If a map possesses sensi-
tive dependence on initial conditions, then for all practical purposes, the
dynamics of the map defy numerical computation. Small errors in com-
putation that are introduced by round-off may become magnified upon
iteration. The results of numerical computation of an orbit, no matter
how accurate, may bear no resemblance whatsoever with the real orbit.

When f is chaotic, then the system (X, f) is chaotic and quoting De-

vaney [7, p. 50]: “it is unpredictable because of the sensitive dependence on
initial conditions. It cannot be broken down or decomposed into two subsys-
tems which do not interact because of topological transitivity. And, in the
midst of this random behavior, we nevertheless have an element of regular-
ity.” Fundamentally different behaviors are consequently possible and occur
in an unpredictable way.

19.2.3 Chaotic iterations

Let us now introduce an example of a dynamical systems family that has

the potentiality to become chaotic, depending on the choice of the iteration
function. This family is the basis of the PRNGs we will develop during this
chapter.
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Definition 2 The set B denoting {0,1}, let f : BN — BN be an “iteration”
function and S be a sequence of subsets of [1,N] called a chaotic strategy.
Then, the so-called chaotic iterations are defined by [15]:

z0 € BN,

e TN e ) ifi ¢ 5" (19.4)
Vn € IN*,Vi € [1;N], «} —{ Fan=1) ific S

In other words, at the nth iteration, only the cells of S™ are iterated.
Chaotic iterations generate a set of vectors; they are defined by an initial
state ¥, an iteration function f, and a chaotic strategy S [3]. These “chaotic
iterations” can behave chaotically as defined by Devaney, depending on the
choice of f [3]. For instance, chaos is obtained when f is the vectorial negation.
Note that, with this example of function, chaotic iterations defined above can
be rewritten as

N
2L efo,2N 1], S"eP ([[1,2” _ 1]]) S (19.5)

where P(X) stands for the set of subsets of X, whereas a @ b is the bitwise
exclusive or operation between the binary representation of the integers a and
b. Note that the term S™ is directly and obviously linked to the S™ of Eq. 19.4.
Such an iterative sequence satisfies the Devaney’s definition of chaos.

19.3 Toward efficiency and improvement for CI1 PRNG

19.3.1 First efficient implementation of a PRINNG based on
chaotic iterations

Listing 19.1. C code of the sequential PRINNG based on chaotic iterations

{
unsigned int CIPRNG() {

static unsigned int x = 123123123;
unsigned long t1 = xorshift ();
unsigned long t2 = xorl128();
unsigned long t3 = xorwow () ;
X x " (unsigned int)tl;

x " (unsigned int) (t2>>32);
x " (unsigned int) (t3>>32);
x " (unsigned int)t2;

x " (unsigned int) (t1>>32);
x " (unsigned int)t3;

return x;

KoMoR XK
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In Listing 19.1 a sequential version of the proposed PRNG based on chaotic
iterations is presented, which extends the generator family formerly presented
in [4,5]. The xor operator is represented by “. This function uses three classical
64-bit PRNGs, namely the xorshift, the xor128, and the xorwow [13].
In the following, we call them “xor-like PRNGs”. As each xor-like PRNG
uses 64-bits whereas our proposed generator works with 32-bits, we use the
command (unsigned int), which selects the 32 least significant bits of a
given integer, and the code (unsigned int) (t>>32) in order to obtain
the 32 most significant bits of t.

Thus producing a pseudorandom number needs 6 xor operations with 6 32-
bit numbers that are provided by 3 64-bit PRNGs. This version successfully
passes the stringent BigCrush battery of tests [12]. At this point, we have
defined an efficient and statistically unbiased generator. Its speed is directly
related to the use of linear operations, but for the same reason, this fast
generator cannot be proven as secure.

19.3.2 Efficient PRNGs based on chaotic iterations on GPU

In order to benefit from the computing power of GPU, a program needs
to have independent blocks of threads that can be computed simultaneously.
In general, the larger the number of threads is, the more local memory is
used, and the less branching instructions are used (if, while, etc.) and so, the
better the performances on GPU are. Obviously, having these requirements
in mind, it is possible to build a program similar to the one presented in
Listing 19.1, which computes pseudorandom numbers on GPU. To do so, we
must first recall that in the CUDA [14] environment, threads have a local
identifier called ThreadIdx, which is relative to the block containing them.
Furthermore, in CUDA, parts of the code that are executed by the GPU are
called kernels.

19.3.3 Naive version for GPU

It is possible to deduce from the CPU version a quite similar version
adapted to GPU. The simple principle consists of making each thread of the
GPU compute the CPU version of our PRNG. Of course, the three xor-like
PRNGs used in these computations must have different parameters. In a given
thread, these parameters are randomly picked from another PRNGs. The ini-
tialization stage is performed by the CPU. To do this, the Indirection, Shift,
Accumulate, Add, and Count (ISAAC) PRNG [10] is used to set all the pa-
rameters embedded into each thread.

The implementation of the three xor-like PRNGs is straightforward when
their parameters have been allocated in the GPU memory. Each xor-like works
with an internal number x that saves the last generated pseudorandom num-
ber. Additionally, the implementation of the zori28, the zorshift, and the
rorwow, respectively, require 4, 5, and 6 unsigned long as internal variables.
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Algorithm 23: main kernel of the GPU “naive” version of the PRNG
based on chaotic iterations
Input: InternalVarXorLikeArray: array with internal variables of the 3
xor-like PRNGs in global memory;
NumThreads: number of threads;
Output: NewNb: array containing random numbers in global memory
1 if threadldz is concerned by the computation then
retrieve data from InternalVarXorLikeArray[threadldx] in local variables;
for i=1 to n do
compute a new PRNG as in Listing 19.1;
store the new PRNG in NewNb[NumThreads*threadIdx+i];
end
store internal variables in InternalVarXorLikeArray[threadIdx];

® N0 s WN

end

Algorithm 23 presents a naive implementation of the proposed PRNG on
GPU. Due to the available memory in the GPU and the number of threads
used simultaneously, the number of random numbers that a thread can gener-
ate inside a kernel is limited (i.e., the variable n in Algorithm 23). For instance,
if 100, 000 threads are used and if n = 100!, then the memory required to store
all of the internal variables of both the xor-like PRNGs? and the pseudoran-
dom numbers generated by our PRNG, is equal to 100,000 x ((4 4+ 5 + 6) X
24 (14 100)) = 1,310,000 32-bit numbers, that is, approximately 52Mb.

This generator is able to pass the whole BigCrush battery of tests, for all
the versions that have been tested depend on their number of threads (called
NumThreads in our algorithm, tested up to 5 million).

19.3.4 Improved version for GPU

As GPU cards using CUDA have shared memory between threads of the
same block, it is possible to use this feature in order to simplify the previous
algorithm, i.e., to use fewer than 3 xor-like PRNGs. The solution consists
in computing only one xor-like PRNG by thread, saving it into the shared
memory, and then using the results of some other threads in the same block
of threads. In order to define which thread uses the result of which other one,
we can use a combination array that contains the indexes of all threads and
for which a combination has been performed.

In Algorithm 24, two combination arrays are used. The variable offset is
computed using the value of combination_size. Then we can compute ol and
02 representing the indexes of the other threads whose results are used by the
current one. In this algorithm, we consider that a 32-bit xor-like PRNG has

Mn fact, we need to add the initial seed (a 32-bit number).
2We multiply this number by 2 in order to count 32-bit numbers.
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been chosen. In practice, we use the xor128 proposed in [13] in which unsigned
longs (64 bits) have been replaced by unsigned integers (32 bits).
This version can also pass the whole BigCrush battery of tests.

Algorithm 24: main kernel for the chaotic iterations based PRNG GPU
efficient version
Input: InternalVarXorLikeArray: array with internal variables of 1 xor-like
PRNGs in global memory;
NumThreads: Number of threads;
array_combl, array_comb2: Arrays containing combinations of size
combination_size;
Output: NewNb: array containing random numbers in global memory
1 if threadld is concerned then

2 retrieve data from InternalVarXorLikeArray[threadldx] in local variables
including shared memory and x;

3 offset = threadIdx%combination _size;

4 0l = threadldx-offset+array_combl[offset];

5 02 = threadldx-offset+array_comb2[offset];

6 for i=1 to n do

7 t=xor-like();

8 t=t"shmem|o1] " shmem[02];

9 shared_mem|[threadld]=t;
10 x = x"t;
11 store the new PRNG in NewNb[NumThreads*threadldx+i];
12 end
13 store internal variables in InternalVarXorLikeArray[threadldx];
14 end

19.3.5 Chaos evaluation of the improved version

A run of Algorithm 24 consists of an operation (x = 2 @t) having the form
of Equation 19.5, which is equivalent to the iterative system of Eq. 19.4. That
is, an iteration of the general chaotic iterations is realized between the last
stored value z of the thread and a strategy ¢ (obtained by a bitwise exclusive
or between a value provided by a xor-like() call and two values previously
obtained by two other threads). To be certain that such iterations correspond
to the chaotic one recalled at the end of Section 19.2.2, we must guarantee that
this dynamical system iterates on the space X = BN x P ([[1, ZN]])IN. The left
term 2 obviously belongs to BN. To prevent any flaws of chaotic properties,
we must check that the right term (the last ¢ in Algorithm 24), corresponding
to the strategies, can possibly be equal to any integer of [1,2N].

Such a result is obvious; as for the xor-like(), all the integers belonging
to its interval of definition can occur at each iteration, and thus the last ¢
respects the requirement. Furthermore, it is possible to prove by an imme-
diate mathematical induction that, supposing that the initial x is uniformly
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distributed, the two other stored values shmem[ol] and shmem[02] are uni-
formly distributed too (this is the induction hypothesis), and thus the next x
is finally uniformly distributed.

Thus Algorithm 24 is a concrete realization of the general chaotic iterations
presented previously, and for this reason, it satisfies the Devaney’s formulation
of chaotic behavior.

19.4 Experiments

Different experiments have been performed in order to measure the genera-
tion speed. We have used one computer equipped with a Tesla C1060 NVIDIA
GPU card and an Intel Xeon E5530 cadenced at 2.40 GHz, and a second com-
puter equipped with a smaller CPU and a GeForce GTX 280. All the cards
have 240 cores.
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FIGURE 19.1. Quantity of pseudorandom numbers generated per second with
the xorlike-based PRNG.

In Figure 19.1 we compare the quantity of pseudorandom numbers gen-
erated per second with various xor-like based PRNGs. In this figure, the op-
timized versions use the xor64 described in [13], whereas the naive versions
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embed the three xor-like PRNGs described in Listing 19.1. In order to obtain
the optimal performances, the storage of pseudorandom numbers to the GPU
memory has been removed. This step is time-consuming and slows down the
numbers generation. Moreover this storage is completely useless, in case of ap-
plications that consume the pseudorandom numbers directly after they have
been generated. We can see that when the number of threads is greater than
approximately 30,000 and less than 5 million, the number of pseudorandom
numbers generated per second is almost constant. With the naive version,
this value ranges from 2.5 to 3GSamples/s. With the optimized version, it is
approximately equal to 20GSamples/s. Finally we can remark that both GPU
cards are quite similar, but in practice, the Tesla C1060 has more memory
than the GTX 280, and this memory should be of better quality. As a com-
parison, Listing 19.1 leads to the generation of about 138MSample/s when
using one core of the Xeon E5530.

These experiments allow us to conclude that it is possible to generate a
very large quantity of pseudorandom numbers statistically perfect with the
xor-like version.

19.5 Summary

In this chapter, a PRNG based on chaotic iterations is presented. It is
proven to be chaotic according to Devaney. Efficient implementations on GPU
using xor-like PRNGs as input generators have shown that a very large quan-
tity of pseudorandom numbers can be generated per second (about 20Gsam-
ples/s on a Tesla C1060), and that these proposed PRNGs succeed in passing
the hardest battery in TestUO1, namely, the BigCrush.
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20.1 Introduction

The Number Field Sieve (NFS) is the current state-of-the-art integer fac-
torization method. It requires the solution of a large sparse linear system over
Galois Field GF(2) (called the linear algebra step). The Block Wiedemann
(BW) [8] algorithm can be used to solve such a large sparse linear system
efficiently using iterative sparse matrix vector multiplication (SpMV).

Recent integer factorization efforts have been using CPU clusters to solve
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the large sparse linear system [1,17]. The RSA-768 factorization [17], for ex-
ample, reported a runtime of 3 months for the linear algebra step on a cluster
with 48 AMD dual hex-core CPUs. Previous work on parallelizing the linear
algebra step focused on using CPU clusters and grids [2,11,12,18]. In this
chapter, we present a CUDA approach that can be used to accelerate the
costly iterative SpMV operation for matrices derived from NFS.

The memory access pattern in the SpMV operation generally consists of
regular access patterns over the matrix and irregular access patterns over
the vector. The irregular access pattern over the vector is a challenge that is
more pronounced on the GPU than on the CPU, because of the smaller cache
and the restrictive memory access pattern requirement to achieve maximum
performance. However, a high-end GPU has an order-of-magnitude higher
bandwidth than a high-end CPU; e.g., a GeForce GTX 580 has 192.4 GB/s
memory bandwidth, while an Intel Core-i7 has a maximum of 25.6 GB/s
memory bandwidth.

SpMYV on the GPU has been explored previously in several papers [4,6,7,14]
for matrices derived from scientific computing applications. However, sparse
matrices derived from NFS have generally different properties, i.e. they are
larger, have a few dense rows, and have many extremely sparse rows. The large
size of the matrix causes the BL and BW algorithms to require a large number
of SpMV iterations. This means that the time spent for matrix preprocessing
and matrix data transfer to the GPU memory is negligible compared to the
total runtime. Thus, approaches to SpMV on GPUs for NFS matrices may
be different from previously published GPU SpMV approaches. We further
present an extension of our SpMV method for binary-valued NFS matrices to
single-precision floating-point matrices.

20.2 Block Wiedemann algorithm

The BW algorithm heuristically finds n vectors in the kernel space of a
d x d binary matrix B; n is one of two parameters m, n, called blocking factors.
BW consists of the following steps:

e Step 1 (BW1): Compute the matrix sequence

4 d d
Ai=z-B -y Vi=1,.., —+—+0(1), (20.1)
m n

where x,y are randomly chosen binary matrices of size m x d and d x n,
respectively.

e Step 2 (BW2): The Berlekamp-Massey algorithm [19] is used to com-
pute a generating polynomial of the matrix sequence A from BW1 in
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the form
00

F(X)= Y C;-X', (20.2)
i=1

where C; is an n X n binary matrix

e Step 3 (BW3): Compute the sequence of matrices S of size d x n such

that p
Si=B'-y-C;,Vi=1,..,— +0(1). (20.3)
n

With high probability, B - > .S; = 0, for which > S; is output as a
solution.

We can treat x, y, and S; as vectors of block width m or n. Assuming
B is a sparse matrix with v nonzeros per row on average and ignoring m
and n as constant, the complexity of BW1 and BW3 is O(yd?). Using the
subquadratic algorithm by Thomé [19], BW2 has a complexity of O(dlog? d).
Thus our approach to accelerate BW is based on accelerating BW1 and BW3
on a GPU while BW2 is still done on a CPU.

20.3 SpMYV over GF(2) for NFS matrices using existing
formats on GPUs

In this section, we review a few relevant previously published sparse matrix
formats on GPUs and study their performance when applied to sparse matrices
over GF(2) derived from integer factorization with NF'S.

In Algorithm 25, we consider the sparse binary matrix B of size d x d and a
dense vector X of size d X n bit, where n is called the blocking factor. Modern
processors generally support 64-bit operations. Thus, typical blocking factors
are of the form of 64-k, k € N. Note that doubling the blocking factor roughly
halves the number of SpMV iterations required but doubles the input vector
size.

For all 0 < ¢ < d—1 let c_index[i] column index array of B[i] which contains
the indices of the nonzero entries of row 7. Then, the following pseudocode
shows a single SpMV iteration of B with input vector X and result vector Y.

The costly operations in the SpMV pseudocode are the memory accesses
for loading ind, X[ind], Y[i] and storing Y[i]. To speed up those operations
on any architecture a common approach is to design a cache-friendly order of
accessing the memory. The order is especially important for the vectors X and
Y, since their memory locations might be accessed multiple times. Accesses
to Y can be minimized by storing the intermediate results in fast memory and
only write the accumulated result to Y.
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Algorithm 25: SpMV-column-index

Input: c_index[i]: column array of rows ¢ of B
Input: X: input vector
Output: Y =8B-X
fori=0tod—1do
Y[i] = 0;
forall the ind € c_indez[i] do
Y[i] =Y[i] ® X[ind);
@ : bitwise XOR operation

end

o = I | B R VN

end

0 1 2 3 4 5
0 3
1 1 5
2 2 4
3 6 8 10
47 9
NN

FIGURE 20.1. An example square matrix of size 6 x 6 (zero values are not
shown).

CUDA implementations of SpMV generally store both matrix and vectors
in global memory. Memory accesses to B and Y can usually be coalesced.
Memory accesses to X are random and noncoalesced, thus having higher la-
tency, but texture memory can be used to take advantage of the texture cache.
Intermediate results could utilize shared memory, which has low latency but
is very limited in size and only shared between threads of the same block.
Shared memory is further divided into banks. When threads in a warp access
the shared memory, bank conflicts should be avoided, otherwise the access will
be serialized.

We now briefly review the CUDA implementation of a number of SpMV
matrix formats published in previous papers [4,14]. We also describe the data
structure in which the matrix in Figure 20.1 is stored using different formats
as examples. Please note that when storing a binary matrix, the value array
can be removed.
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Coordinate list (COO)

For each nonzero, both its column and row indices are explicitly stored.
The Cusp implementation [3] stores elements in sorted order of row indices
ensuring that entries with the same row index are stored contiguously.

coo.row_index
coo.col_index
coo.value

I
-~
N
—
'S
-

Compressed sparse row (CSR)

Nonzeros are sorted by the row index, and only their column indices are
explicitly stored in a column array. Additionally, the vector row_start stores
indices of the first nonzero element of each row in the column array.

csr.row_start = {0, 1, 3, 5, 8, 9, 12}
csr.col_index = {2, 1, 4, 1, 3, 0, 2, 4, 2, 0, 5}
cst.value ={3, 1, 5, 2, 4, 6, 8, 10, 9, 7, 11}

Ellpack (ELL)

Let K be the maximum number of nonzero elements in any row of the
matrix. Then, for each row, ELL stores exactly K elements (extra padding is
required for rows that contain fewer than K nonzero elements). Only column
indices are required to store in an array, the row index can be implied since
exactly K elements are stored per row. The Cusp implementation stores the
column indices in a transposed manner so that consecutive threads can access
consecutive memory addresses.

ell.col_index = {
2,1, 1, 0, 2, 0,
*, 4, 3, 2, %, 5,
*, ok, %, 4, k, *}
ell.value =
3,1, 2, 6,9, 7,
*, 5, 4, 8, *x, 11,
x, %, %, 10, *, =}

Hybrid (HYB)

The HYB format heuristically computes a value K and stores K nonzeros
per rows in the ELL format. When a row has more than K nonzeros, the trail-
ing nonzeros are stored in COQ. This design decreases the storage overhead
due to ELL padding elements and thus improves the overall performance.
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hyb.nnz_per_row = 2
hyb.ell.col_-index = {2, 1, 1, , 2, 0, %, 4, 3, 2, 5}
hyb. ell . value ={3,1, 2,6, 9,7, %, 5, 4, 8, 11}
hyb.coo.row_index = {3}
hyb.coo.col_index = {4}
hyb.coo.value = {10}

Sliced Ellpack (SLE)

This format partitions the matrix into horizontal slices of S adjacent
rows [14]. Each slice is stored in ELLPACK format. The maximum number
of nonzeros may be different for each slice. An additional array slice_start
is used to index the first element in each slice. The matrix rows are usually
sorted by the number of nonzeros per row in order to move rows with similar

number of nonzeros together.

sle.slice_size = 2
sle.col_index = {
2, 1, x, 4,
1, 0, 3, 2, *, 4,
2, 0, *, 5}
sle . value = {
3, 1, =, 5,
2,6, 4, 8, %, 10
9, 7, =, 11}
sle.slice_start = {0, 4, 10, 14}
RSA-170 | RSA-190 | KILOBIT | RSA-768
Max dimension 10.4M 26.1M 66.7TM 192M
Nonzeros 994.7M 2,451M 9,538M 27,797M
Max row weight 5.5M 14M 28.2M 82.6M
Min row weight 3 3 2 2
Avg row weight 95.08 93.6 143 144

The existing formats do not achieve good performance due to the special
structure of NFS matrices. Row weights of an NFS matrix have a very wide
range (see Table 20.1). Hence using one warp or one thread per row (as in CSR
or ELLPACK) results in an unbalanced workload. Moreover, the NFS matrices
are highly unstructured, which does not facilitate cache-friendly vector access
patterns using existing formats. These reasons have motivated our design of

TABLE 20.1. Properties of some NFS matrices.

a new format.
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Dense
Dense
Small Sliced COO
Medium Sliced COO
Large Sliced COO
Sparse

FIGURE 20.2. Partitioning of a row-sorted NFS matrix into four formats.

20.4 A hybrid format for SpMV on GPUs

As a preprocessing step, we reorder the rows of the matrix by their row
weight, in nonincreasing order. The row weight of row j of B is defined as
the total number of nonzero elements in row j. We then partition the sorted
matrix rows into at most four consecutive parts. Each part uses a different
format. The different formats are optimized for the sparseness properties of
each partition as shown in Figure 20.2. For the densest part, we use a dense
format. When the matrix gets less dense, we switch to another format which
we call Sliced COO (SCOO). SCOO has three variants, small, medium, and
large. Our formats are now described in more detail.

20.4.1 Dense format

The dense format is used for the dense part of the matrix. This format
uses 1 bit per matrix entry. Within a column, 32 matrix entries are stored as
a 32-bit integer. Thus, 32 rows are stored as N consecutive integers.

Each CUDA thread works on a column. Each thread fetches one element
from the input vector in coalesced fashion. Then, each thread checks the 32
matrix entries one by one. When the matrix entry is a nonzero, the thread
performs an XOR operation between the element from the input vector and
the partial result for the row. This means each thread accesses the input vector
only once to do work on up to 32 nonzeros. The partial result from each thread
needs to be stored and combined to get the final result for the 32 rows. These
operations are performed in CUDA shared memory.

The 32 threads in a warp share 32 shared memory entries to store the
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partial results from the 32 rows. Since all threads in a warp execute a common
instruction at the same time, access to these 32 entries can be made exclusive.
The result from each warp in a thread block is combined using p-reduction
on shared memory. The result from each thread block is combined using an
atomic XOR operation on global memory.

When the blocking factor is larger than 64, access to the shared memory
needs to be reorganized to avoid bank conflicts. Each thread can read/write up
to 64-bit data at a time to the shared memory. If a thread is accessing 128-bit
data for example, two read /write operations need to be performed. Thus, there
will be bank conflicts if we store 128-bit data on contiguous addresses. We can
avoid bank conflicts by having the threads in a warp first access consecutive
64-bit elements representing the first halves of the 128-bit elements. Then,
the threads again access consecutive 64-bit elements representing the second
halves of the 128-bit elements. The same modification can be applied to other
formats as well.

20.4.2 Sliced COO

The SCOO format is adapted from the CADO-NF'S software for CPUs [15].
The aim is to reduce irregular accesses to the input vector and increase the
texture cache hit rate. SCOO stores the column index and the row index of
each nonzero. A number of consecutive rows form a slice. Nonzeros within a
slice are sorted by their column index. We give an example of SCOOQ in Figure
20.3, threads working on a slice can access contiguous elements from the input
vector. In the figure, S1, S2 are two slices. Entries in the input vector denote
the corresponding nonzero elements with which the input vector element is
multiplied.

For each nonzero, two bytes are used to store the column index. However,
two bytes is not enough for large RSA matrices. Thus, we further divide a slice
into groups. Group 4 contains nonzeros with column index between i x 216 and
(i41) x 216 —1. An additional array stores the starting position of each group
in the slice.
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0 1 2 3 4 5 input
0 : 6.7
1 12
2 389

7 v
S1={(1,1),2,1),0.,2),(2.3),(14)}
52 ={(3.0),(5,0),3.2){4.2),345.5)}

FIGURE 20.3. Example of the memory access pattern for a 6 x 6 matrix stored
in sliced COO format (slice size = 3 rows).

Listing 20.1. SpMYV with SCOO format
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// fetch x[col] from texture cache
const float input = fetch_x(col, x) % value;
atomic_add(&sdata [row][thread_lane], input);

}

__syncthreads () ;

// Parallel reduction
// Sum of row i is available in column i%LANE_SIZE
for (uint32_t i=row_lane; i<limit; i+=THREADS_PER BLOCK/LANE_SIZE)

float xp = sdata[i];
int des = (thread_lane+i) & (LANE_SIZE-1);

// assuming lane size <= 32
if (LANE_SIZE>16 && thread_lane <16)

p[des]+=p[(des+16)&(LANE_SIZE—1)]; __syncthreads();
if (LANE_SIZE>8 && thread_lane <8)
pldes]+=p[(des+8)&(LANE_SIZE—1)]; -_syncthreads();
if (LANESIZE>4 && thread_lane <4)
pldes]+=p[(des+4)&(LANE_SIZE—1)]; __syncthreads();
if (LANE_SIZE>2 && thread_lane <2)
pldes]+=p[(des+2)&(LANE_SIZE—1)]; __syncthreads();
if (LANE_SIZE>1 && thread_lane <1)
pldes]+=p[(des+1)&(LANESIZE—1)]; -_syncthreads();

}

__syncthreads () ;
const uint32_t actualRow = packNo x NUM_ROWS_PER_SLICE;

for (int r = threadldx.x; r < limit; r+=THREADS PER BLOCK)
y[actualRow+r]| = sdata[r][thread_lane];

One thread block works on a slice, one group at a time. Neighboring threads
work on neighboring nonzeros in the group in parallel. Each thread works on
more than one row of the matrix. Thus, each thread needs some storage to
store the partial results and combine them with the results from the other
threads to generate the final output. Each entry costs equally as the element
of the vector, i.e., the blocking factor in bytes. Shared memory is used as
intermediate storage as it has low latency however it is limited to 48 KB per
SM in Fermi. The global memory is accessed only once at the end to write the
final output. The CUDA kernel for SpMV with Sliced COO format is shown
in Listing 20.1.

Since neighboring nonzeros may or may not come from the same row (recall
that we sorted them by column index), many threads may access the same
entry in the shared memory if it is used to store result of the same rows.
Thus, shared memory entries are either assigned exclusively to a single thread
or shared by using atomic XOR operations. Based on the way we allocate the
shared memory, we further divide the Sliced COO format into three different
subformats: small, medium, and large.

Small sliced (SS) COO

In this subformat, each thread has one exclusive entry in shared memory
to store the partial result for each row. The assignment of the shared memory
is organized such that each thread in a warp accesses only one bank and there
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Sliced COO subformats Small Medium Large
Memory sharing No sharing | Among warp | Among block
Access method Direct Atomic XOR | Atomic XOR
Bank conflict No No Yes
# Rows per Slice 12 192 6144

TABLE 20.2. Sliced COO subformat comparison (# rows per slices is based
on n = 64).

is no bank accessed by more than one thread. Thus, there is no bank conflict.
A p-reduction operation on shared memory is required to combine partial
results from each thread.

The maximum number of rows per slice is calculated as size of shared
memory per SM in bits |/ (number of threads per block * blocking factor).
We use 512 threads per block for 64-bit blocking factor which gives 12 rows,
and 256 threads per block for 128 and 256-bit blocking factor, which gives 12
and 6 rows, respectively. Hence, one byte per row index is sufficient for this
subformat.

Medium sliced (MS) COO

In this subformat, each thread in a warp gets an entry in the shared mem-
ory to store the partial result for each row. However, this entry is shared with
the threads in other warps. Access to the shared memory uses an atomic XOR
operation. Each thread in a warp accesses only one bank, avoiding bank con-
flicts. A p-reduction operation on shared memory is required to combine the
32 partial results.

The maximum number of rows per slice is calculated as size of shared
memory per SM in bits |/ (32 * blocking factor) where 32 is the number of
threads in a warp. This translates to 192, 96, and 48 rows per slice for blocking
factors of 64, 128, and 256-bits, respectively. Hence, one byte per row index
is sufficient for this format.

Large sliced (LS) COO

In this subformat, the result for each row gets one entry in shared mem-
ory, which is shared among all threads in the thread block. Access to shared
memory uses an atomic XOR operation. Thus, there will be bank conflicts.
However, this drawback can be compensated for by a higher texture cache hit
rate. There is no p-reduction on shared memory required.

The maximum number of rows per slice is calculated as size of shared
memory per SM in bits / blocking factor. This translates to 6144, 3072, and
1536 rows per slice for blocking factors of 64, 128, and 256-bits, respectively.
We need two bytes for the row index.

Table 20.2 summarizes the differences between the three subformats.
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a) Each thread in a block is allocated one memory entry for the result of
a row and works on consecutive 12 rows. A p-reduction to Thread#1 is
needed to get the final result of one row.

b) Each warp in a block is allocated one memory entry per row and works on
192 consecutive rows, threads in each warp use atomic XOR to update
the value in a given entry. A p-reduction for each row to memory in
Warp#1 is needed to obtain the final result of that row.

¢) A thread block works on 6144 consecutive rows and shares the memory
entry of each row. Any update to the memory has to use atomic XOR.

20.4.3 Determining the cut-off point of each format

To determine which format to use, we compare the performance of two
consecutive formats in terms of giga nonzeros (gnnz) per second for a given
matrix, starting with the dense format and the SS-COO format. The two
formats start from the same row (the first row) and work on the minimum
number of rows possible. For the dense format, the minimum number of rows
is 32. For the SS-COO format (and its variants), the minimum number of
rows is the number of rows in a slice times the number of multiprocessors in
the GPU, since one thread block works on one slice and one thread block is
assigned to one multiprocessor.

The next comparison depends on the result of the current comparison. If
the dense format performs better, we decide to use it for rows 1 to 32, and
we continue comparing the dense format and the SS-COO format starting
from row 33. However, if the SS-COO format performs better, we compare
its performance with the next format, MS-COOQ, starting from the same row,
and so on. The idea is to stop considering the denser format once the sparser
format outperforms it. Once we get to the comparison between MS-COO
and LS-COO, and LS-COO performs better, we don’t need to do any further
comparisons. LS-COOQO should be used for the rest of the matrix.

For Sliced COO format, it is essential to note that when one slice is assigned
to each multiprocessor, the load for one multiprocessor may be much higher
than that of the other multiprocessors. This is because the matrix rows have
been reordered by their weight in a nonincreasing order, so the first slice
contains more nonzero entries than the rest. Thus, we need to further reorder
the rows so that each multiprocessor gets the same level of load.

The cut-off point determination is performed once per matrix and as a
preprocessing step. Its runtime is equivalent to less than five iterations of
SpMV.
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FIGURE 20.4. Partitioning of a row-sorted floating-point matrix into SCOO
format.

20.5 SCOO for single-precision floating-point matrices

The design of SCOO depends on performing atomic operations to combine
the partial results. Atomic operations for double-precision are not available
on current CUDA-enabled devices. Thus, we present the SCOO extension for
only single-precision floating-point matrices.

To extend SCOO for general matrices in real numbers, we first adapt to the
variety of sparsity in real number matrices. Unlike NFS matrices, the sparsity
is not predictable. Hence, instead of using three subformats (SS-COO, MS-
COO, LS-COO) with a fixed slice size (12, 192, 6144), we make the slice
size a variable. Let h denote the slice size, S denote the size in bytes of
shared memory per thread block (S = 49152 for Fermi), and b denote the
size of each matrix value in bytes (b = 4 for single-precision floating point).
h must be a positive integer value of the form of h = %, V0 < i < T where
T = logy (maximum number of thread per block).

For example in Fermi GPUs, single-precision floating point, h €
{12288, 6144, 3072, 1536, 768, 384,192, 96, 48, 24, 12} for S = 49152, =4,T =
10. The algorithm described in Section 20.4.3 can be used to determine the
cut-off point for each subformat. Figure 20.4 illustrates the final matrix in
SCOO format assuming the number of multiprocessors in the GPU is 5 and
the row index ranges from 0..d — 1. H; and r; are the slice size and starting
row index of the sub-matrix i.
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Hardware C2075 | GTX-580 | Core-i7 2700K
# Cores 448 512 4

Clock speed (Ghz) 1.15 1.57 3.5

Memory type GDDRS5 | GDDR5 | DDR3-1600
Memory size (GB) 6 3 16

Max Memory bandwidth (GB/s) | 144 192 21

TABLE 20.3. Overview of hardware used in the experiments.

More details of the SCOO format for floating-point matrices can be found
in [9].

20.6 Performance evaluation
20.6.1 Experimental setup

Table 20.3 specifies the GPUs and the CPU workstation used for perfor-
mance evaluation. The performance is measured in terms of gnnz and G flop/s
for binary and floating-point matrices. Measured GPU performance includes
neither PCle data transfers nor matrix preprocessing. These are realistic as-
sumptions since SpMV applications usually consist of a large number of iter-
ations where the sparse matrix is iteratively multiplied by the input/output
vectors.

Our source code is compiled and executed using CUDA toolkit and driver
version 4.2 under Linux Ubuntu 12.04.

20.6.2 Experimental results of SpMV on NFS matrix

We have evaluated our implementation on an NVIDIA Tesla C2075 (ECC
disabled) with 6 GB RAM. We have compared the GPU performance with the
open-source CADO-NFS [15] program running on Intel Core i7-920 CPU with
12 GB DDR3-1066 memory. The RSA-170 matrix (see Table 20.1) is used for
performance evaluation.

The speedups compared to the multithreaded CADO-NFS bucket imple-
mentation on an Intel Core i7-920 are given in parentheses in Table 20.3. The
GPU memory required to store the sparse matrix and the corresponding bytes
per nonzero (nnz) are also reported. CADO-NFS contains several CPU opti-
mized SpMV implementations using multithreading and SSE instructions. In
this experiment, we compare the performance of our implementation to the
CPU cache-optimized bucket format of CADO-NFS using 8 threads.
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Blocking C2075 2 x C2075 | Core i7-920 | GPU memory
factor | (speedup) | (speedup) | CADO-NFS (bytes/nnz)
64 428 (4.9) | 8.38 (9.5) 0.88 2748 MB (2.90)
128 | 2.78 (5.6) | 5.37 (10.7) 0.5 2067 MB (3.13)
256 1.88 (7.0) | 3.68 (13.6) 0.27 3000 MB (3.16)

TABLE 20.4. Performance of SpMV on RSA-170 matrix.

Table 20.4 shows the result. The dual-GPU implementation achieves
speedups between 1.93 and 1.96 compared to the single-GPU performance.

Table 20.5 shows the individual performance of each subformat (in gnnz/s),
the percentage of nonzeros are included in parentheses. The results show that
the performance decreases when the matrix gets sparser. The MS-COO and
LS-COO performance degrade when the blocking factor is increased from 64
to 128 and 256-bit. This is caused by the increased number of bank conflicts
and serialization of atomic XOR operations on larger blocking factors. Thus,
the SS-COO format gets a higher percentage of nonzeros with 128 and 256-bit
blocking factor.

More detail results of our full block Wiedemann CUDA implementation
as well as a multi-GPU implementation can be found in [16]

Blocking factor Dense SS-COO MS-COO LS-COO
64 13.66 (24%) | 9.66 (11%) | 8.13 (13%) | 2.77 (52%)
128 9.66 (15%) | 7.53 (24%) | 3.23 (6%) | 1.86 (55%)
256 7.00 (15%) | 4.21 (21%) | 2.34 (6%) | 1.33 (58%)

TABLE 20.5. Performance for each of the four subformat partitions of the
RSA-170 matrix on a C2075.

20.6.3 Experimental results of SpMV on floating-point ma-
trices

20.6.3.1 Performance comparison to existing GPU formats

We compare the performance of our SCOO format to available SpMV
implementations on both GPU and CPU. The set of selected test matrices are
collected from the University of Florida Sparse Matrix Collection [10]. We have
chosen the biggest matrices from different areas that with their corresponding
input and output vectors can still fit into the 6GB global memory of a C2075
GPU. Table 20.6 gives an overview of those matrices.

We compare the SCOO format to the CSR, COO, and HYB format of Cusp
0.3.0. Other Cusp formats are not able to run on the large tested matrices
that we selected. The results are shown in Figure 20.5. The performances are
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Name row column nz/row | Description
GL7d19 1,911,130 1,955,309 | 19,53 | combinatorial problem
relat9 12,360,060 549,336 3,15 | combinatorial problem
wikipedia-20070206 | 3,566,907 3,566,907 | 12,62 | directed graph
wb-edu 9,845,725 9,845,725 5,81 | directed graph
road_usa 23,947,347 | 23,947,347 2,41 | undirected graph
hugebubbles-00010 | 19,458,087 19,458,087 3,00 | undirected graph
circuitbM 5,558,326 5,558,326 10,71 | circuit simulation
nlpkkt120 3,542,400 3,542,400 | 26,85 | optimization problem
cageld 5,154,859 5,154,859 | 19,24 | directed weighted
kron_g500-logn21 2,097,152 2,097,152 | 86,82 | undirected multigraph
indochina-2004 7,414,866 7,414,866 | 26,18 | directed graph
nlpkkt160 8,345,600 8,345,600 | 27,01 | optimization problem
rgg-n_2_24_s0 16,777,216 16,777,216 15,80 | undirected random
uk-2002 18,520,486 18,520,486 16,10 | directed graph

TABLE 20.6. Overview of sparse matrices used for performance evaluation.

in terms of Gflop/s which is based on the assumption of two flops per nonzero
entry of the matrix [5,7].
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FIGURE 20.5. Performance comparison of SCOO and other GPU formats for
each test matrix on a Fermi Tesla C2075 (ECC disabled).

The SCOO format achieves a stable performance for different matrices in
single-precision mode. In most cases a performance of over 10 Gflop/s can be
sustained. For some highly unstructured matrices such as GL7d19, wikipedia-
20070206, rgg-n_2-24_s0, and kron_g500-logn21, SCOO achieves high speedups
ranging from 3 to 6 compared to the best performaning Cusp format.

For most matrices, HYB produces the best performance among the tested
Cusp formats. HYB is able to outperform SCOO for only two matrices: nip-
kkt120 and nlpkkt160. Both matrices have a similar structure, i.e., they consist
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of consecutive rows that have a very similar number of nonzero coeflicients
which are suitable to be stored in the ELL section of the HYB format. More-
over the nonzeros are close to each other facilitating coaleasing and cache-
friendly access patterns by nature. SCOO is able to outperform COO and
CSR for all tested matrices.

In matrix Relat9 we observe some patterns but the matrix is still generally
unstructured, thus SCOO is able to achieve about 2 times speed up compared
to HYB which is the best among tested Cusp formats in this case. The aver-
age speedup of SCOO for the tested matrices is 3.0 compared to CSR, 5.02
compared to COO, 2.15 compared to HYB.

We show the visualization of sparse matrices nlpkkt120, relat9, GL7d19 in
Figure 20.6(a), 20.6(b), 20.6(c) using MatView [13]. The white color represents
zero entries, gray color represents nonzero entries.

(a) nlpkkt120 (b) relat9—first 10000 rows (c) GL7d19-first 500 rows
and columns

FIGURE 20.6. Visualization of nlpkkt120, relat9, and GL7d19 matrix.

20.6.3.2 Performance comparison to a CPU implementation

We used the Intel MKL library 10.3 in order to compare SCOO perfor-
mance to an optimized CPU implementation. MKL SpMYV receives the input
matrices in CSR format. The results are shown in Figure 20.7. Using a GTX-
580, we achieved speedups ranging between 5.5 and 18 over MKL on a 4-core
CPU with hyper-threading using 8 threads. Also note that the SCOO perfor-
mance on a GTX-580 is around 1.5 times faster than on the C2075 due to the
increased memory bandwidth and clock speed. The storage requirement for
the rgg_-n_2_24_s0 and uk-2002 matrices and associated input/output vectors
slightly exceeds the 3 GB global memory of the GTX-580 and thus are not
included.
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FIGURE 20.7. Performance of the SCOO on a GTX-580 and a CPU imple-
mentation using MKL performed on a Core-i7 2700K using 8 threads.

20.7 Conclusion

In this chapter, we have presented our implementation of iterative SpMV
for NF'S matrices on GPUs with the CUDA programming language. Our GPU
implementation takes advantage of the variety of sparseness properties in NF'S
matrices to produce suitable formats for different parts. The GPU implemen-
tation shows promising improvement over an optimized CPU implementation.
As the size of integers in factorization projects is expected to increase further,
the linear algebrea step of NFS will become an even bigger bottleneck. The
size and sparseness of matrices generated by the NFS sieving step are growing
significantly with the size of the integer to be factored. Thus, a large GPU
cluster is required to accelerate the linear algebra step. However, in order to
achieve scalability for larger problem sizes, the amounts of GPU RAM and
data transfer bandwidth need to be increased in addition to the number of
GPUs.

We further adapted the proposed Sliced COO format to single-precision
floating-point numbers and evaluated it with large and sparse matrices derived
from other computational science applications. We have published our code
at https://github.com/danghvu/cudaSpmv
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