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Machinery's Handbook 27th Edition
PREFACE

Machinery's Handbook has served as the principal reference work in metalworking,
design and manufacturing facilities, and in technical schools and colleges throughout the
world, for morethan 90 years of continuous publication. Throughout thisperiod, theinten-
tion of the Handbook editors has always been to create acomprehensive and practical tool,
combining the most basic and essential aspects of sophisticated manufacturing practice. A
tool to be used in much the sameway that other toolsare used, to make and repair products
of high quality, at thelowest cost, and in the shortest time possible.

The essential basics, material that is of proven and everlasting worth, must always be
included if the Handbook isto continueto provide for the needs of the manufacturing com-
munity. But, it remainsadifficult task to select suitable material from theamost unlimited
supply of data pertaining to the manufacturing and mechanical engineering fields, and to
provide for the needs of design and production departmentsin all sizes of manufacturing
plantsand workshops, aswell asthose of job shops, the hobbyist, and students of trade and
technical schools.

The editors rely to a great extent on conversations and written communications with
users of the Handbook for guidance on topicsto beintroduced, revised, lengthened, short-
ened, or omitted. In response to such suggestions, in recent years material on logarithms,
trigonometry, and sine-bar constants have been restored after numerous requests for these
topics. Also at therequest of users, in 1997 thefirst ever large-print or “ desktop” edition of
the Handbook was published, followed in 1998 by the publication of Machinery's Hand-
book CD-ROM including hundreds of additional pages of material restored from earlier
editions. Thelarge-print and CD-ROM editions have since become permanent additionsto
the growing family of Machinery's Handbook products.

Regular users of the Handbook will quickly discover some of the many changes embod-
ied in the present edition. Oneis the combined Mechanics and Srength of Materials sec-
tion, arising out of the two former sections of similar name; another is the Index of
Standards, intended to assist in locating standards information. “Old style” numerals, in
continuous usein thefirst through twenty-fifth editions, are now used only intheindex for
page references, and in cross reference throughout the text. The entire text of this edition,
including all the tables and equations, has been reset, and a great many of the numerous
figures have been redrawn. This edition contains more information than ever before, and
sixty-four additional pages brings the total length of the book to 2704 pages, the longest
Handbook ever.

The 27th edition of the Handbook contains significant format changes and major revi-
sionsof existing content, aswell asnew material onavariety of topics. Thedetailed tables
of contentslocated at the beginning of each section have been expanded and fine tuned to
simplify locating your topic; numerous major sections have been extensively reworked
and renovated throughout, including Mathematics, Mechanics and Srength of Materials,
Properties of Materials, Fasteners, Threads and Threading, and Unit Conversions. New
material includes fundamental's of basic math operations, engineering economic analysis,
matrix operations, disc springs, constantsfor metric sine-bars, additional screw thread data
and information on obscure and historical threads, aerodynamic lubrication, high speed
machining, grinding feedsand speeds, machining econometrics, metalworkingfluids, | SO
surface texture, pipe welding, geometric dimensioning and tolerancing, gearing, and
EDM.

Other subjectsin the Handbook that are new or have been revised, expanded, or updated
are: analytical geometry, formulasfor circular segments, construction of four-arc ellipse,
geometry of rollers on ashaft, mechanisms, additional constants for measuring weight of
piles, Ohm’ slaw, binary multiples, force oninclined planes, and measurement over pins.

The large-print edition is identical to the traditional toolbox edition, but the sizeis
increased by acomfortable 140% for easier reading, making itideal asadesktop reference.
Other than size, there are no differences between the toolbox and large-print editions.

"
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PREFACE

The Machinery's Handbook 27 CD-ROM contains the complete contents of the printed
edition, presented in Adobe Acrobat PDF format. This popular and well known format
enablesviewing and printing of pages, identical to those of the printed book, rapid search-
ing, and the ability to magnify the view of any page. Navigation aidsin the form of thou-
sands of clickable bookmarks, page cross references, and index entries take you instantly
to any page referenced.

The CD containsadditional material that isnot included in thetoolbox or large print edi-
tions, including an extensive index of materials referenced in the Handbook, numerous
useful mathematical tables, sine-bar constantsfor sine-bars of variouslengths, material on
cement and concrete, adhesivesand seal ants, recipesfor coloring and etching metals, forge
shop equipment, silent chain, worm gearing and other material on gears, and other topics.

Also new on the CD are numerous interactive math problems. Solutions are accessed
fromthe CD by clicking anicon, located in the page margin adjacent to acovered problem,
(seefigure shown here). Aninternet connection isrequired to usethese problems. Thelist
of interactive math solutions currently available can be found in the Index of Interactive
Equations, starting on page 2689. Additional interactive solutionswill beadded fromtime
totimeasthe need becomesclear.

Thoseusersinvolved in aspectsof machining and grinding will beinterested inthetopics
Machining Econometricsand Grinding Feedsand Speeds, presented inthe Machining sec-
tion. The core of al manufacturing methods start with the cutting edge and the metal
removal process. Improving the control of the machining process is a major component
necessary to achieve a L ean chain of manufacturing events. These sections describe the
meansthat are necessary to get metal cutting processes under control and how to properly
evaluate the decision making.

A major goal of theeditorsisto make the Handbook easier to use. The 27th edition of the
Handbook continuesto incorporate the timesaving thumb tabs, much requested by usersin
the past. Thetable of contents pages beginning each major section, first introduced for the
25th edition, have proven very useful to readers. Consequently, the number of contents
pages has been increased to several pages each for many of the larger sections, to more
thoroughly reflect the contents of these sections. In the present edition, the Plastics sec-
tion, formerly aseparate thumb tab, hasbeen incorporatedinto the Propertiesof Materials
section. A major task in assembling this edition has been the expansion and reorganization
of theindex. For thefirst time, most of the many Standardsreferenced inthe Handbook are
now included in aseparate Index Of Standards starting on page 2677.

The editors are greatly indebted to readers who call attention to possible errors and
defectsin the Handbook, who offer suggestions concerning the omission of some matter
that is considered to be of general value, or who have technical questions concerning the
solution of difficult or troublesome Handbook problems. Such dialog is often invaluable
and helpsto identify topics that require additional clarification or are the source of reader
confusion. Queriesinvolving Handbook material usually entail an in depth review of the
topicin question, and may result in the addition of new material to the Handbook intended
toresolve or clarify the issue. The new material on the mass moment of inertia of hollow
circular rings, page 248, and on the effect of temperature on the radius of thin circular
rings, page 405, are good examples.

Our goal isto increasethe usefulness of the Handbook to the greatest extent possible. All
criticisms and suggestions about revisions, omissions, or inclusion of new material, and
requests for assistance with manufacturing problems encountered in the shop are always
welcome.

Christopher J. McCauley, Senior Editor
Vi
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FRACTION, INCH, MILLIMETER CONVERSION 3
NUMBERS, FRACTIONS, AND DECIMALS
Table 1. Fractional and Decimal Inch to Millimeter, Exact? Values
Fractiona Inch Decimal Inch Millimeters Fractiona Inch Decimal Inch Millimeters
164 0.015625 0.396875 0.511811024 13
32 0.03125 0.79375 33/64 0515625 13.096875
0.039370079 1 17/32 053125 13.49375
3/64 0.046875 1.190625 35/64 0.546875 13.890625
116 0.0625 15875 0.551181102 14
5/64 0.078125 1.984375 916 0.5625 14.2875
0.078740157 2 37/64 0578125 14.684375
12 0.0833° 2.1166 712 0.5833 14.8166
332 0.09375 238125 0.590551181 15
7/64 0.109375 2778125 19/32 0.59375 15.08125
0.118110236 3 39/64 0.609375 15.478125
8 0.125 3175 5/8 0.625 15.875
o/64 0.140625 3571875 0.62992126 16
5/32 0.15625 3.96875 41/64 0.640625 16.271875
0.157480315 4 21/32 0.65625 16.66875
e 0.166 4233 23 066 16.933
11/64 0.171875 4,365625 0.669291339 17
316 0.1875 47625 43/64 0.671875 17.065625
0.196850394 5 11/16 0.6875 17.4625
13/64 0.203125 5.159375 45/64 0.703125 17.859375
7132 0.21875 5.55625 0.708661417 18
15/64 0.234375 5.953125 23/32 0.71875 18.25625
0.236220472 6 47/64 0.734375 18.653125
V4 0.25 6.35 0.748031496 19
17/64 0.265625 6.746875 34 0.75 19.05
0.275590551 7 49/64 0.765625 19.446875
9/32 0.28125 7.14375 25/32 0.78125 19.84375
19/64 0.296875 7.540625 0.787401575 20
5/16 0.3125 7.9375 51/64 0.796875 20240625
0.31496063 8 13/16 0.8125 206375
21/64 0.328125 8.334375 0.826771654 21
3 033 8.466 53/64 0.828125 21.034375
11/32 0.34375 873125 27/32 0.84375 2143125
0.354330709 9 55/64 0.859375 21.828125
23/64 0.359375 9.128125 0.866141732 22
38 0.375 9525 78 0.875 22225
25/64 0.390625 9.921875 57/64 0.890625 22621875
0.393700787 10 0.905511811 23
13/32 0.40625 10.31875 29/32 0.90625 23.01875
5/12 0.4166 10,5833 1112 0.9166 23.2833
27/64 0.421875 10.715625 59/64 0.921875 23.415625
0.433070866 1 15/16 0.9375 23.8125
7116 0.4375 11.1125 0.94488189 24
29/64 0.453125 11.509375 61/64 0.953125 24209375
15/32 0.46875 11.90625 3132 0.96875 24.60625
0.472440945 12 0.984251969 25
31/64 0.484375 12.303125 63/64 0.984375 25.003125
2 05 127

aTable dataare based on 1 inch = 25.4 mm, exactly. Inch to millimeter conversion valuesare exact.
Whole number millimeter toinch conversionsarerounded to 9 decimal places.
bNumberswith an overbar, repeat indefinately after thelast figure, for example 0.0833 = 0.08333...
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4 POSITIVE AND NEGATIVE NUMBERS

Numbers

Numbers are the basic instrumentation of computation. Calculations are made by opera-
tions of numbers. The whole numbers greater than zero are called natural numbers. The
first ten numbers 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 are called numerals. Numbers follow certain
fomulas. Thefollowing propertieshold true:

Associativelaw: x + (y +2) = (x+Y) + z, X(y2) = (xy)z

Distributivelaw: x(y +2) =xy + xz

Commutativelaw: x+y=y+Xx

Identity law: 0+ x=X, 1IX=X

Inverselaw: x—x=0,x/x=1
Positive and Negative Numbers.—The degrees on a thermometer scale extending
upward from the zero point may be called positive and may be preceded by aplussign; thus
+5 degrees means 5 degrees above zero. The degrees below zero may be called negative
and may be preceded by aminussign; thus, — 5 degreesmeans5 degreesbelow zero. Inthe
same way, the ordinary numbers 1, 2, 3, etc., which are larger than 0, are called positive
numbers; but numbers can be conceived of asextendingin theother directionfrom0, num-
bersthat, in fact, are lessthan 0, and these are called negative. As these numbers must be
expressed by the samefigures as the positive numbersthey are designated by aminussign
placed before them, thus: (—3). A negative number should always be enclosed within
parentheseswhenever it iswritten in linewith other numbers; for example: 17 + (-13) - 3
x (-0.76).

Negative numbers are most commonly met with inthe use of logarithmsand natural trig-
onometric functions. Thefollowing rules govern cal cul ations with negative numbers.

A negative number can be added to apositive number by subtracting itsnumerical value
from the positive number.

Example:4+(-3)=4-3=1

A negative number can be subtracted from a positive number by adding its numerical
valueto the positive number.

Example:4—(-3)=4+3=7

A negative number can be added to a negative number by adding the numerical values
and making the sum negative.

Example: (-4) + (-3) =-7

A negative number can be subtracted from alarger negative number by subtracting the
numerical values and making the difference negative.

Example: (—4) - (-3) =-1

A negative number can be subtracted from asmaller negative number by subtracting the
numerical values and making the difference positive.

Example: (-3) - (-4)=1

If in asubtraction the number to be subtracted islarger than the number fromwhichitis
to be subtracted, the cal culation can be carried out by subtracting the smaller number from
thelarger, and indicating that the remainder is negative.

Example:3-5=—(5-3)=-2

When apositive number isto bemultiplied or divided by anegative numbers, multiply or
dividethenumerical valuesasusual ; the product or quotient, respectively, isnegative. The
sameruleistrueif anegative number is multiplied or divided by apositive number.

Examples: 4x(-3) = -12 (-4)x3=-12

15+(-3) = -5 (-15)+3=-5

When two negative numbers are to be multiplied by each other, the product is positive.

When anegative number isdivided by anegative number, the quotient is positive.
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RATIO AND PROPORTION 5

Examples: (—4) x (-3) =12; (-4) + (-3) =1.333
The two last rules are often expressed for memorizing as follows: “Equal signs make
plus, unequal signsmake minus.”

Sequence of Performing Arithmetic Operations.—When several numbers or quanti-
tiesin aformulaare connected by signsindicating that additions, subtractions, multiplica-
tions, and divisions areto be made, the multiplications and divisions should be carried out
first, in the sequence in which they appear, before the additions or subtractions are per-
formed.

Example: 10+26x7-2 = 10+182-2 = 190
18+6+15x3 = 3+45 = 48
12+14+2-4=12+7-4=15

Whenitisrequired that certain additionsand subtractions should precede multiplications

and divisions, useis made of parentheses () and brackets[ ]. These signsindicate that the
calculation inside the parentheses or brackets should be carried out completely by itself
before the remaining cal culations are commenced. If one bracket is placed inside another,
theoneinsideisfirst calculated.

Example: (6-2)x5+8 =4x5+8 =20+8 =28
6x(4+7)+22=6x11+22 =66+22 =3
2+[10x6(8+2)—4]x2 = 2+[10x6x10-4] x 2

= 2+[600-4]x2=2+596x%x2=2+1192 = 1194

The parentheses are considered asasign of multiplication; for example:

6(8+2)=6x(8+2).

Thelineor bar between the numerator and denominator in afractional expressionistobe

considered asadivision sign. For example,
12+16+22
10

In formulas, the multiplication sign (x) is often left out between symbols or letters, the
valuesof which areto bemultiplied. Thus,

=(12+16+22)+10 = 50+10 = 5

AB = AxB  and '%:=(A><B><C)+D

Ratio and Proportion.—The ratio between two quantities is the quotient obtained by
dividing thefirst quantity by the second. For example, theratio between 3and 12is%, and

theratio between 12 and 3is4. Ratioisgenerally indicated by thesign (:); thus, 12: 3indi-
catestheratioof 12t0 3.

A reciprocal, or inverseratio, isthe opposite of the original ratio. Thus, theinverseratio
of 5:7is7:5.

In acompound ratio, each term isthe product of the corresponding termsin two or more
simpleratios. Thus, when

8:2=4 9:3=3 10:5 = 2
thenthe compound ratiois
8x9x10:2x3x5 =4x3x%x2
720:30 = 24
Proportionistheequality of ratios. Thus,
6:3 = 10:5 or 6:3::10:5
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Thefirst and last termsin aproportion are called the extremes; the second and third, the
means. The product of the extremesisequal to the product of the means. Thus,
25:2 = 100:8 and 25x 8 = 2x 100
f thlreetermsin aproportion areknown, the remaining term may befound by thefollow-
ingrules:
Thefirst termisequal to the product of the second and third terms, divided by thefourth.
The second termisequal to the product of thefirst and fourth terms, divided by the third.
Thethird termisequal to the product of thefirst and fourth terms, divided by the second.
Thefourthtermisequal to the product of the second and third terms, divided by thefirst.
Example: Let x betheterm to befound, then,

x:12 = 35:21 x = 12x35 _ 42 _,
21 21

Yoix=14:42 X:M:1X3:§
% 4 2

5:9 =x:63 x = 2x63 _ 315 _ o
9 9

Y%= 4:x x= 5x4_3%_ 14
% Y%

If the second and third termsarethe same, that number isthe mean proportional between
theother two. Thus, 8: 4=4: 2, and 4 isthe mean proportional between 8 and 2. Themean
proportional between two numbersmay befound by multiplying the numberstogether and
extracting the square root of the product. Thus, the mean proportional between3and 12is
found asfollows:

3x12 = 36 and J36 =6
whichisthe mean proportional.

Practical ExamplesInvolving SmpleProportion: If it takes 18 days to assemble 4
lathes, how long would it take to assemble 14 |athes?

Let the number of daysto befound be x. Then write out the proportion asfollows:
4:18 = 14:x
(lathes: days = lathes : days)
Now find thefourth term by therule given:
18 Z 14 - 63 days

Thirty-four linear feet of bar stock are required for the blanks for 100 clamping bolts.
How many feet of stock would be required for 912 bolts?

Let x =total length of stock required for 912 bolts.
34:100 = x:912
(feet : bolts = feet : bolts)
Then, thethird term x = (34 x 912)/100 = 310 feet, approximately.

Inverse Proportion: Inaninverse proportion, as one of theitemsinvolved increases, the
corresponding item in the proportion decreases, or vice versa. For example, a factory
employing 270 men compl etesagiven number of typewritersweekly, thenumber of work-
ing hoursbeing 44 per week. How many men would berequired for the same production if
theworking hourswere reduced to 40 per week?

X =
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Thetimeper week isin aninverse proportion to the number of men employed; theshorter
thetime, the more men. Theinverse proportioniswritten:
270:x = 40:44
(men, 44-hour basis: men, 40-hour basis = time, 40-hour basis: time, 44-hour basis)
Thus

20 _40 4
X 44

ProblemsInvolving Both Smpleand Inverse Proportions: If two groups of data are
related both by direct (simple) and inverse proportions among the various quantities, then
asimplemathematical relation that may be used in solving problemsisasfollows:

Product of all directly proportional itemsin first group
Product of all inversely proportional itemsin first group

_ _Product of al directly proportional itemsin second group
Product of al inversely proportional itemsin second group

270 x 44
X = =——— = 297 men
40

Example: If aman capable of turning 65 studsin aday of 10 hoursispaid $6.50 per hour,
how much per hour ought aman be paid who turns 72 studsin a9-hour day, if compensated
inthe same proportion?

Thefirst group of datain thisproblem consists of the number of hoursworked by thefirst
man, his hourly wage, and the number of studs which he produces per day; the second
group containssimilar datafor the second man except for hisunknown hourly wage, which
may beindicated by x.

The labor cost per stud, as may be seen, isdirectly proportional to the number of hours
worked and the hourly wage. These quantities, therefore, are used in the numerators of the
fractionsinthe formula. Thelabor cost per stud isinversely proportional to the number of
studs produced per day. (The greater the number of studs produced in agiventimetheless
the cost per stud.) The numbers of studs per day, therefore, are placed in the denominators
of thefractionsin theformula. Thus,

10x6.50 _ 9xx
65 72

x = 20x650x72 _ $8.00 per hour
65x 9
Percentage.—If out of 100 pieces made, 12 do not passinspection, it issaid that 12 per
cent (12 of the hundred) arerejected. If aquantity of steel isbought for $100 and sold for
$140, the profit is 28.6 per cent of the selling price.
The per cent of gain or lossisfound by dividing theamount of gain or lossby the original
number of which the percentage iswanted, and multiplying the quotient by 100.
Example: Out of atotal output of 280 castings a day, 30 castings are, on an average,
rejected. What i sthe percentage of bad castings?
30, 100 = 10.7 per cent
280

If by anew process 100 pieces can be made in the same time as 60 could formerly be
made, what isthe gainin output of the new process over the old, expressed in per cent?
Original number, 60; gain 100 — 60 = 40. Hence,
40, 100 = 66.7 per cent
60

Care should be taken awaysto use the original number, or the number of which the per-
centageiswanted, asthedivisor inall percentage cal culations. Intheexamplejust given, it
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isthe percentage of gain over the old output 60 that iswanted and not the percentage with
relation to the new output too. Mistakes are often made by overlooking this important
point.

Fractions

Common Fractions.— Common fractions consist of two basic parts, a denominator, or
bottom number, and anumerator, or top number. The denominator shows how many parts
the whole unit has been divided into. The numerator indicates the number of parts of the
wholethat are being considered. A fraction having aval ue of %, meansthewholeunit has
been divided into 32 equal partsand 5 of these partsare considered in the value of thefrac-
tion.

Thefollowing arethebasic facts, rules, and definitions concerning common fractions.

A common fraction having the same numerator and denominator isequal to 1. For exam-
ple, %, %, %, Y1 Fp, and &%, all equal 1.

Proper Fraction: A proper fraction is a common fraction having a numerator smaller
than its denominator, such as¥;, %, and %,.

Improper Fraction: An improper fraction is a common fraction having a numerator
larger than its denominator. For example, %, %, and 1% To convert awhole number to an
improper fractions place the whole number over 1, asin4=% and 3=%

Reducible Fraction: A reducible fraction is a common fraction that can be reduced to
lower terms. For example, 7, can be reduced to %, and %, can bereduced to % Toreducea
common fraction to lower terms, divide both the numerator and the denominator by the
same number. For example, %4, + %= %and %+ %=%,

Least Common Denominator: A least common denominator is the smallest denomina-
tor valuethat isevenly divisibleby theother denominator val uesin the problem. For exam-
ple, given thefollowing numbers, %, %, and %, theleast common denominator is 8.

Mixed Number: A mixed number is a combination of awhole number and a common
fraction, such as 2%, 1%, 3%sand 1%,.

To convert mixed numbers to improper fractions, multiply the whole number by the
denominator and add the numerator to obtain the new numerator. The denominator
remainsthe same. For example,

BT 73
7 _3x16+7 _55
16 16 16

To convert animproper fraction to amixed number, dividethe numerator by the denom-

inator and reduce the remaining fraction toitslowest terms. For example,
=17+ 8=2%and ;=26 + 16 =119;= 1%

A fraction may be converted to higher terms by multiplying the numerator and denomi-
nator by the same number. For example, % in 16ths =%, x %,=%gand %in 32nds=3%x %,=
2.

To changeawholenumber to acommon fraction with aspecific denominator value, con-
vert the whole number to a fraction and multiply the numerator and denominator by the
desired denominator value.

Example: 4in16ths=% x ¥s=%gand 3in 32nds="3, x ¥4, =%,
Reciprocals.—Thereciprocal Rof anumber Nisobtained by dividing 1 by thenumber; R

=1/N. Reciprocasare useful in some cal culations because they avoid the use of negative
characteristicsasin cal culationswith logarithmsand in trigonometry. Intrigonometry, the
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values cosecant, secant, and cotangent are often used for convenience and are therecipro-
cals of the sine, cosine, and tangent, respectively (see page 88). The reciprocal of afrac-
tion, for instance%,, isthefractioninverted, since1+%,=1x %=%
Adding Fractions and Mixed Numbers

To Add Common Fractions: 1) Find and convert to theleast common denominator; 2)
Add the numerators; 3) Convert theanswer to amixed number, if necessary; and
4) Reducethefractiontoitslowest terms.

To Add Mixed Numbers: 1) Find and convert to theleast common denominator; 2) Add
thenumerators; 3) Add thewholennumbers; and 4) Reducetheanswer toitslowest terms.

Example, Addition of Common Fractions: Example, Addition of Mixed Numbers:
l‘+_3__+z: 21‘+41‘+11‘§:
4 16 8 2 4 32
l(:_D + i + Z(g) = 21(1_2> + 41‘(2) + 1@ =
4 16 8\2 2\1 4 32
A+§+1_4:§' 21_6+4§+]_1_5:73_9:81
16 16 16 16 32 32 32 32 32

Subtracting Fractions and Mixed Numbers

To Subtract Common Fractions: 1) Convert to theleast common denominator; 2) Sub-
tract thenumerators; and 3) Reducethe answer toitslowest terms.

To Subtract Mixed Numbers: 1) Convert to theleast common denominator; 2) Subtract

thenumerators; 3) Subtract thewhole numbers; and 4) Reduce the answer to its lowest
terms.

Example, Subtraction of Common Fractions: Example, Subtraction of Mixed Numbers:
L 7. 2331 -
16 32 8 16
1_5(2) _7 = 23(2)_1i =
16\2) 32 8\2 16
0_7 _23 6 11 _45
R 32 3R 2% 116 " 16

Multiplying Fractions and Mixed Numbers

To Multiply Common Fractions: 1) Multiply thenumerators; 2) Multiply the denomi-
nators; and 3) Convert improper fractionsto mixed numbers, if necessary.

To Multiply Mixed Numbers: 1) Convert the mixed numbersto improper fractions; 2)
Multiply the numerators; 3) Multiply the denominators; and 4) Convert improper frac-
tionsto mixed numbers, if necessary.

Example, Multiplication of Common Fractions: Example, Multiplication of Mixed Numbers:

Dividing Fractions and Mixed Numbers

To Divide Common Fractions: 1) Writethefractionsto bedivided; 2) Invert (switch)
the numerator and denominator in thedividing fraction; 3) Multiply the numerators and
denominators; and 4) Convert improper fractionsto mixed numbers, if necessary.
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To Divide Mixed Numbers: 1) Convert the mixed numbers to improper fractions;

2) Writetheimproper fractionto bedivided; 3) Invert (switch) the numerator and denom-
inator inthedividing fraction; 4) Multiplying numerators and denominators; and

5) Convert improper fractionsto mixed numbers, if necessary.

Example, Division of Common Fractions: Example, Division of Mixed Numbers:
3.1_3x2_6_41 ol.q7 - 5x8 _40_,1
42 4x1 4 2 278 2x15 30 3

Decimal Fractions.—Decimal fractions are fractional parts of awhole unit, which have
implied denominators that are multiples of 10. A decimal fraction of 0.1 has a value of
1/10th, 0.01 has a value of 1/100th, and 0.001 has a value of 1/1000th. As the number of
decimal place valuesincreases, the value of the decimal number changes by amultiple of
10. A single number placed to the right of adecimal point has avalue expressed in tenths;
two numbers to the right of adecimal point have a value expressed in hundredths; three
numbers to the right have a value expressed in thousandths; and four numbers are
expressed in ten-thousandths. Since the denominator isimplied, the number of decimal
places in the numerator indicates the value of the decimal fraction. So adecimal fraction
expressed as a 0.125 means the whole unit has been divided into 1000 parts and 125 of
these partsare considered inthe value of thedecimal fraction.

In industry, most decimal fractions are expressed in terms of thousandths rather than
tenths or hundredths. So a decimal fraction of 0.2 is expressed as 200 thousandths, not 2
tenths, and avalue of 0.75 is expressed as 750 thousandths, rather than 75 hundredths. In
the case of four place decimals, the values are expressed in terms of ten-thousandths. So a
valueof 0.1875isexpressed as 1 thousand 8 hundred and 75 ten-thousandths. When whole
numbersand decimal fractionsare used together, whol eunitsare showntotheleft of adec-
imal point, whilefractional partsof awhole unit are shown to theright.

Example:

10.125

Whole| Fraction
Units | Units

Adding Decimal Fractions: 1) Write the problem with al decimal points aligned verti-
caly; 2) Addthe numbersaswhole number values; and 3) Insert thedecimal pointinthe
samevertical columnintheanswer.

Subtracting Decimal Fractions: 1) Write the problem with all decimal points aligned
vertically; 2) Subtract the numbersaswhole number values; and 3) Insert the decimal
point in the samevertical columnintheanswer.

Multiplying Decimal Fractions: 1) Write the problem with the decimal points aligned;
2) Multiply the valuesaswhole numbers; 3) Count the number of decimal placesin both
multiplied values; and 4) Counting from right to left in the answer, insert the decimal
point so the number of decimal places in the answer equals the total number of decimal
placesin the numbers multiplied.

Example, Adding Decimal Fractions: Example, Subtracting Decimal Fractions:
0.125 1.750 1.750 2.625
1.0625 0.875 —@ or —LZS
2.50 or 0.125 1.500 1.500
0.1875 2.0005
3.8750 4.7505
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Example, Multiplying Decimal Fractions:
0.75 1.625
0.5 0033
375 (four decimal places) 4875 (six decimal places)
150 4875
0.1875 0.053625

Continued Fractions.—In dealing with a cumbersome fraction, or one which does not
have satisfactory factors, it may be possibleto substitute some other, approximately equal,
fraction whichissimpler or which can be factored satisfactorily. Continued fractions pro-
videameans of computing aseries of fractions each of which isacloser approximation to
theoriginal fraction than the oneprecedingitin the series.

A continued fractionisaproper fraction (onewhose numerator issmaller thanitsdenom-

inator) expressed in the form shown at theleft below; or, it may be convenient to writethe
left expression as shown at theright below.

olz

1
1 N_1 1 1 1
D+ —=— e
YL D D,*D,*Dy*D,*
2

Dyt ...

The continued fraction is produced from aproper fraction N/D by dividing the numerator
N both into itself and into the denominator D. Dividing the numerator into itself gives a
result of 1; dividing the numerator into the denominator gives awhole number D, plusa
remainder fraction R;. The processisthen repeated on the remainder fraction R, to obtain
D, and R,; then D5, R;, etc., until aremainder of zero results. Asan example, using N/D =
2153/9277,

2153 _ 2153:2153 _ _ 1 _ _ 1
9277 9277+2153  , , 665 D, +R;
2153
665 1 1
Rl = — = ——— = C.
2153~ ;158 D,+R,
665

fromwhichit may beseenthat D, =4, R, =665/2153; D, = 3, R, = 158/665; and, continu-
ing aswasexplained previously, it would befound that: D; =4, R;=33/158; ...; Dg=2, Ry
=0. The complete set of continued fraction elements representing 2153/9277 may then be
written as

By following asimpleprocedure, together with atabl e organized similar to the onebel ow
for the fraction 2153/9277, the denominators D,, D, ... of the elements of a continued
fraction may be used to calculate a series of fractions, each of which is a successively
closer approximation, called aconvergent, to theoriginal fraction N/D.

1) Thefirst row of the table contains column numbers numbered from 1 through 2 plus
thenumber of elements, 2+ 9=11inthisexample.
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2) The second row contains the denominators of the continued fraction elements in
sequence but beginning in column 3instead of column 1 because columns 1 and 2 must be
blank in this procedure.

3) Thethird row contains the convergents to the original fraction asthey are calculated
and entered. Note that the fractions 1/0 and 0/1 have been inserted into columns 1 and 2.
These are two arbitrary convergents, the first equal to infinity, the second to zero, which
are used to facilitate the calcul ations.

4) The convergent in column 3 is now calculated. To find the numerator, multiply the
denominator in column 3 by the numerator of the convergent in column 2 and add the
numerator of the convergentincolumn 1. Thus, 4x0+1=1.

5) Thedenominator of the convergent in column 3isfound by multiplying the denomina-
tor in column 3 by the denominator of the convergent in column 2 and adding the denomi-
nator of the convergent in column 1. Thus, 4 x 1+ 0 =4, and the convergent incolumn 3is
then % asshowninthetable.

6) Finding the remaining successive convergents can be reduced to using the simple
equation
_ (D)(NUM,,_p)+NUM, _,

CONVERGENT, = D BEN, T DEN, 2

in which n = column number in the table; D,, = denominator in column n; NUM,,_, and
NUM,,_, are numeratorsand DEN,, , and DEN,,_, are denominators of the convergentsin
the columnsindicated by their subscripts; and CONVERGENT , is the convergent in col-
umnn.

Convergents of the Continued Fraction for 2153/9277

ColumnNumber,n | 1 2 3 4 5 6 7 8 9 10 11
Denominator,D, | — | — | 4 3 4 4 1 3 1 2 2
Convergent, 1 0|13 |13 55 68 259 327 913 2153
" 0 1|4 |13 |56 237 293 1116 1409 3934 9277

Notes: The decimal values of the successive convergents in the table are alternately larger and
smaller than the value of the original fraction 2153/9277. If the last convergent in the table has the
same value asthe original fraction 2153/9277, then all of the other calculated convergents are cor-
rect.

Conjugate Fractions.—In addition to finding approximate ratios by the use of continued
fractions and logarithms of ratios, conjugate fractions may be used for the same purpose,
independently, or in combination with the other methods.

Twofractionsa’b and c/d aresaid to be conjugateif ad — bc =+ 1. Examplesof such pairs
are: 0’1 and 1/1; 1/2 and 1/1; and 910 and 8/9. Also, every successive pair of the conver-
gents of a continued fraction are conjugate. Conjugate fractions have certain properties
that are useful for solving ratio problems:

1) No fraction between two conjugate fractions a’b and ¢/d can have a denominator
smaller than either b or d.

2) A new fraction, e/f, conjugate to both fractions of agiven pair of conjugate fractions,
a/band ¢/d, and lying between them, may be created by adding respective numerators, a+
¢, and denominators, b+ d, so that e/f = (a+ c)/(b+ d).

3) Thedenominator f=b+ d of thenew fraction e/fisthe smallest of any possiblefraction
lying between a/b and ¢/d. Thus, 17/19 is conjugate to both 8/9 and 9710 and no fraction
with denominator smaller than 19 lies between them. This property isimportant if it is
desired to minimizethe size of thefactors of theratio to befound.

The following example shows the steps to approximate aratio for a set of gearsto any
desired degreeof accuracy withinthelimitsestablished for theallowablesizeof thefactors
intheratio.
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Example: Find aset of four change gears, ab/cd, to approximate the ratio 2.105399 accu-
rateto within+ 0.0001; no gear isto have more than 120 teeth.

Step 1. Convert the given ratio Rto anumber r between 0 and 1 by taking its reciprocal:
1/R=1/2.105399 = 0.4749693 =r.

Step 2. Select apair of conjugate fractions a/b and ¢/d that bracket r. The pair a/b = 0/1
and c/d = 1/1, for example, will bracket 0.4749693.

Step 3. Add therespective numerators and denominators of the conjugates0/1 and 1/1 to
createanew conjugate e/f betweenOand 1: ef = (a+c)/(b+d) = (0+1)/(1+ 1) = 1/2.

Step 4. Since 0.4749693 lies between 0/1 and 1/2, e/f must also be between 0/1 and 1/2:
ef=(0+1)(1+2)=1/3.

Step 5. Since 0.4749693 now lies between 1/3 and 1/2, /f must al so be between 1/3 and
12:ef=(1+1)(3+2)=2/5.

Step 6. Continuing as above to obtain successively closer approximations of e/f to
0.4749693, and using ahandheld calculator and a scratch pad to facilitate the process, the
fractions bel ow, each of which hasfactorslessthan 120, were determined:

Fraction Numerator Factors Denominator Factors Error
19/40 19 2x2x2x5 +.000031
28/59 2x2x7 59 —.00039
47/99 a7 3x3x11 -.00022
104219 2x2x2x13 3x73 —.000083
123/259 3x41 7% 37 —.000066
142/299 2x71 13x23 —.000053
161/339 7x23 3x113 —.000043
218/459 2x109 3x3x3x17 -.000024
256/539 2X2%x2%x2x2x2x2%x2 Tx7x11 —.000016
370779 2x5x37 19x 41 —.0000014
759/1598 3x11x23 2x17x 47 — 00000059

Factors for the numerators and denominators of the fractions shown above were found

with the aid of the Prime Numbers and Factorstables beginning on page 20. Sincein Step
1thedesired ratio of 2.105399 was converted to itsreciprocal 0.4749693, all of the above
fractions should be inverted. Note also that the last fraction, 759/1598, when inverted to
become 1598/759, isin error from the desired val ue by approximately one-half theamount
obtained by trial and error using earlier methods.
Using Continued Fraction Convergents as Conjugates.— Since successive conver-
gents of acontinued fraction are also conjugate, they may be used to find a series of addi-
tiona fractionsin between themselves. Asan example, the successive convergents55/237
and 68/293 from thetabl e of convergentsfor 2153/9277 on page 12 will beused to demon-
strate the processfor finding thefirst few in-between ratios.

Desired Fraction N/D =2153/9277 =0.2320793
alb elf c/d
() 55/237 = 2320675 | 123/530 = .2320755 error = —.0000039 68/293 = 2320819
(2 123/530=.2320755 | 191/823 = 2320778 error = —.0000016 68/293 = 2320819
(3  191/823=.2320778 | *59/1116 = 2320789 error = —.0000005 68/293 = .2320819
(4) 259/1116=.2320789 | 327/1409 = .2320795 error = + .0000002 68/293 = .2320819
(5) 259/1116=.2320789 | 586/2525 = .2320792 error = — .0000001 | 327/1409 = .2320795
(6) 586/2525=.2320792 | 913/3934 = .2320793 error = —.0000000 | 327/1409 = .2320795
20nly these ratios had suitable factors below 120.

Step 1. Check the convergentsfor conjugateness: 55 x 293 - 237 x 68=16115- 16116 =
—1 proving the pair to be conjugate.
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Step 2. Set up atable as shown above. Theleftmost column of line (1) contains the con-
vergent of lowest value, a/b; therightmost the higher value, ¢/d; and the center column the
derived value e/f found by adding the respective numerators and denominators of a/b and
¢/d. Theerror or difference between e/f and thedesired valueN/D, error = N/D — e, isalso
shown.

Step 3. Online(2), theprocessused on line (1) isrepeated with the e/f valuefromline (1)
becoming the new value of a/b whilethe ¢/d value remains unchanged. Had theerror in e/f
been + instead of —, then e/f would have been the new ¢/d value and a/b would be
unchanged.

Step 4. Theprocessiscontinued until, asseen online (4), theerror changessignto + from
the previous —. When this occurs, the e/f value becomes the ¢/d value on the next line
instead of a/b aspreviously and the a/b value remains unchanged.

Powers and Roots

The square of anumber (or quantity) is the product of that number multiplied by itself.
Thus, the square of 9is9 x 9= 81. The square of anumber isindicated by the exponent (2),
thus: 92=9x 9=81.

The cube or third power of a number is the product obtained by using that number asa
factor threetimes. Thus, thecube of 4is4 x 4 x 4 =64, and iswritten 43,

If anumber isused asafactor four or fivetimes, respectively, the product isthefourth or
fifth power. Thus, 3*=3x 3x3x 3=81,and 25=2x 2x 2x 2x 2=32. A number can be
raised to any power by using it asafactor the required number of times.

The squareroot of agiven number isthat number which, when multiplied by itself, will

give aproduct equal to the given number. The square root of 16 (written ./16 ) equals 4,
because4 x 4=16.
The cuberoot of agiven number isthat number which, when used asafactor threetimes,

will give aproduct equal to the given number. Thus, the cube root of 64 (written 3/64 )
equals4, because4 x 4 x 4=64.
Thefourth, fifth, etc., rootsof agiven number arethose numberswhichwhen used asfac-

tors four, five, etc., times, will give as a product the given number. Thus, 4/16 = 2,
because2x2x 2x2=16.

Insomeformulas, theremay besuch expressionsas(a?)3 and a¥2. Thefirst of these, (a?)3,
meansthat the number aisfirst to be squared, a2, and theresult then cubed to give a®. Thus,
(a?)3isequivalent to ab whichisobtained by multiplying the exponents 2 and 3. Similarly,

a¥2 may beinterpreted as the cube of the square root of a, (./a)® , or (a¥?)3, so that, for
example, 163/2 = (./16)% = 64.

Themultiplicationsrequired for raising numbersto powersand theextracting of rootsare
greatly facilitated by the use of logarithms. Extracting the square root and cuberoot by the
regular arithmetical methods is a slow and cumbersome operation, and any roots can be
morerapidly found by using logarithms.

When the power to which anumber isto be raised is not an integer, say 1.62, the use of
either logarithms or ascientific calculator becomesthe only practical means of solution.

Powers of Ten Notation.—Powers of ten notation is used to simplify calculations and
ensure accuracy, particularly with respect to the position of decimal points, and also sim-
plifies the expression of numbers which are so large or so small as to be unwieldy. For
example, the metric (SI) pressure unit pascal is equivalent to 0.00000986923 atmosphere
or 0.0001450377 pound/inch?. In powers of ten notation, these figures are 9.86923 x 10-°
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atmosphere and 1.450377 x 104 pound/inch2. The notation also facilitates adaptation of
numbersfor electronic data processing and computer readout.
Expressing Numbers in Powers of Ten Notation.—In this system of notation, every
number isexpressed by two factors, one of whichissomeinteger from 1to 9followed by a
decimal and the other is some power of 10.

Thus, 10,000 isexpressed as 1.0000 x 10* and 10,463 as 1.0463 x 10%. Thenumber 43is
expressed as4.3 x 10 and 568 isexpressed. as5.68 x 102,

In the case of decimals, the number 0.0001, which asafractionis ]’/man and is expressed

as1x 104 and 0.0001463 is expressed as 1.463 x 10-4. Thedecimal 0.498 isexpressed as
4.98 x 101 and 0.03146 isexpressed as 3.146 x 102

Rules for Converting Any Number to Powers of Ten Notation.—Any number can be
converted to the powers of ten notation by means of one of two rules.

Rule1: If the number is awhole number or awhole number and adecimal so that it has
digits to the left of the decimal point, the decimal point is moved a sufficient number of
placesto theleft to bring it to theimmediate right of the first digit. With the decimal point
shifted to this position, the number so written comprises the first factor when written in
powers of ten notation.

Thenumber of placesthat thedecimal pointismovedtothelefttobringitimmediately to
theright of thefirst digitisthe positiveindex or power of 10 that comprisesthe second fac-
tor when written in powers of ten notation.

Thus, to write 4639 in this notation, the decimal point is moved three places to the left
giving thetwo factors: 4.639 x 10%. Similarly,

431.412 = 4.31412 x 102 986388 = 9.86388 x 10°

Rule2: If the number isadecimal, i.e, it has digits entirely to the right of the decimal
point, then the decimal point ismoved asufficient number of placesto theright to bring it
immediately totheright of thefirst digit. With thedecimal point shifted to thisposition, the
number so written comprisesthefirst factor when written in powers of ten notation.

The number of placesthat thedecimal pointismoved to theright to bring it immediately
to the right of thefirst digit is the negative index or power of 10 that follows the number
when written in powers of ten notation.

Thus, to bring the decimal point in 0.005721 to the immediate right of the first digit,
whichis5, it must be moved three placesto theright, giving thetwo factors: 5.721 x 10-3.
Similarly,

0.469 = 4.69 x 1071 0.0000516 = 5.16 x 105

Multiplying Numbers Written in Powers of Ten Notation.—When multiplying two
numberswritten in the powers of ten notation together, the procedureisasfollows:

1) Multiply thefirst factor of one number by thefirst factor of the other to obtain thefirst
factor of the product.

2) Add theindex of the second factor (which is some power of 10) of one number to the
index of the second factor of the other number to obtain the index of the second factor
(whichissome power of 10) inthe product. Thus:

(431 1072) x (9.0125x 10) = (4.31x 9.0125) x 10-2+1 = 38.844 x 101

(5.986 x 10%) x (4.375 x 103) = (5.986 x 4.375) x 104+3 = 26.189 x 107

Inthe preceding cal culations, neither of theresultsshown arein the conventional powers
of ten form since the first factor in each hastwo digits. In the conventional powers of ten
notation, the resultswould be

38.844 x 101=3.884 x 10°=3.884, since 10° =1, and 26.189 x 107 = 2.619 x 108
in each caserounding off thefirst factor to three decimal places.
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When multiplying several numberswritten in this notation together, the procedureisthe
same. All of thefirst factorsare multiplied together to get thefirst factor of the product and
all of theindices of the respective powers of ten are added together, taking into account
their respective signs, to get the index of the second factor of the product. Thus, (4.02 x
10-3) x (3.987 x 10) x (4.863 x 10°) = (4.02 x 3.987 x 4.863) x 10(-3+1+3) = 77.94 x 103 =
7.79 x 104 rounding off thefirst factor to two decimal places.

Dividing Numbers Written in Powers of Ten Notation.—When dividing one number
by another when both arewritten in this notation, the procedureis asfollows:

1) Divide thefirst factor of the dividend by the first factor of the divisor to get the first
factor of the quotient.

2) Subtract theindex of the second factor of thedivisor from theindex of the second fac-
tor of thedividend, takinginto account their respective signs, to get theindex of the second
factor of the quotient. Thus:

(4.31x 1072) + (9.0125 x 10) =
(4.31+9.0125) x (10-2-1) = 0.4782x 103 = 4.782x 104

It can be seen that this system of notation is helpful where several numbers of different

magnitudes areto be multiplied and divided.

250 x 4698 x 0.00039

Example: Find the quotient of -220.x 4698 x 0.00039
xample: Find the quotient of 2= e 5.002 x 0.0147

Solution: Changing all these numbersto powersof ten notation and performing the oper-
ationsindicated:

(2.5x 10%) x (4.698 x 103) x (3.9x 104) _
(4.3678 x 10%) x (2 x 1073) x (1.47 x 102)

_ (25x4.698x3.9)(102*3-4) _ 45.8055 x 10
(43678 x 2 x 1.47)(104-3-2)  12.8413x 101

= 35670 x 101~ (-1) = 35670 x 102 = 356.70

Constants Frequently Used in Mathematical Expressions

000872665 = = -3 20043951 = 2% 4712389 = 37
%5 08660254 = L 3 >
3n 5n
0.01745329 = -~ =T 2.3561945 = =L 52350878 = 2L
% 10472075 = 4 T
026179089 = X 11547005 = 23 25080762 = 3_f 54077871 = IE
3
0.39269908 = I _ bn 57505865 = LLT
8 12047449 = E 26179939 = <
052359878 = g 14142136 = [ 31415927 = = 6.2831853 = 2n
26651014 = I 9.8696044 = 12
_n . ==
057735027 = ? 15707963 = 2 6 9424778 = 31
5n —
=51 12566371 = 4
062035046 F 1.7320508 = /3 3.9269908 7 5663 18:){
, N
2 57.20578 = 180
an 24674011 = 7 41887902 = 4?" x
-
078530816 = Lasorss < 30
T
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Imaginary and Complex Numbers

Complex or Imaginary Numbers.—Complex or imaginary numbersrepresent a class of
mathematical objects that are used to simplify certain problems, such as the solution of
polynomial equations. Thebasisof the complex number systemisthe unitimaginary num-
ber i that satisfiesthe following relations:

i==Y=1 i=J1 -=-/M4

Inelectrical engineering and other fields, the unit imaginary number is often represented
by j rather thani. However, the meaning of thetwo termsisidentical.

Rectangular or Trigonometric Form: Every complex number, Z, can be written as the
sum of areal number and an imaginary number. When expressed asasum, Z= a + bi, the
complex number is said to be in rectangular or trigonometric form. The real part of the
number isa, and theimaginary portionisbi becauseit hastheimaginary unit assignedtoit.

Polar Form: A complex number Z = a + bi can also be expressed in polar form, also
known as phasor form. In polar form, the complex number Z isrepresented by amagnitude
r and anangle asfollows:

Z=r/0

£0 = adirection, theanglewhosetangentisb+ a, thus 6 = atan::’1 and

r= a2+ b2 isthemagnitude

A complex number can be plotted on areal-imaginary coordinate system known as the
complex plane. Thefigure below illustrates the relationship between the rectangul ar coor-
dinatesa and b, and the polar coordinatesr and 6.

b a+bi

imaginary
axis

real axis a

Complex Number inthe Complex Plane
Therectangular form can be determined fromr and 6 asfollows:

a = rcos6 b =rsn6 a+bi = rcosb +irsin® = r(cos6 +ising)
Therectangular form can also bewritten using Euler’ s Formula:
. o _-ie o, -6
"% = cosh +ising sno = % cos = %

Complex Conjugate: Complex numbers commonly arisein finding the solution of poly-
nomials. A polynomial of nth degree has n sol utions, an even number of which are complex
and therest arereal. The complex solutions always appear as complex conjugate pairsin
theforma-+ bi and a— bi. The product of thesetwo conjugates, (a+ bi) x (a— bi) = a2+ b?,
isthe square of themagnituder illustrated in the previousfigure.

Operations on Complex Numbers

Example 1, Addition: When adding two complex numbers, the real parts and imaginary
partsareadded separately, thereal partsadded toreal partsand theimaginary toimaginary
parts. Thus,
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(ay +iby) +(a,+ib,) = (a; +ay) +i(by +by)
(ay +iby) —(ay +iby) = (a;—ay) +i(b;—b,)
(3+4i)+(2+i) = (3+2)+(4+1)i = 5+5i
Example 2, Multiplication: Multiplication of two complex numbers requires the use of
theimaginary unit, i2=-1 and the algebraic distributive law.
(a, +ib;)(a, +iby) = aja,+iab, +iah; +i’bb,
= aja, +ia,b, +ia,b; —b b,
(7)(5) = (7)(3i) +(2i)(5) - (2i)(30)
35— 21i + 10i - 6i°
= 35-21i +10i — (6)(-1) = 41—11i
Multiplication of two complex numbers, Z; = r,(cosd, + isinf,) and Z, = r,(cosh, +
isinG,), resultsinthefollowing:
Zy x Z,=r4(C0s0; +1sinB,) x 5(C0sH, +isinB,) =r,r,[cos(0; +6,) +isin(0, +6,)]

Example 3, Division: Divide the following two complex numbers, 2 + 3i and 4 — 5i.
Dividing complex numbers makes use of the complex conjugate.

2+3i _ (2+3)(4+5i) _ 8+12i +10i +15i° _ —7+22i _ (:_7)+i(22)

47 \a1

(7+2i)x (5-30)

Example 4: Convert the complex number 8+6i into phasor form.

First find the magnitude of the phasor vector and then the direction.

magnitude = /8% + 6% = 10  direction= atang = 36.87°

phasor = 10.£36.87°

Factorial.—A factorial is amathematical shortcut denoted by the symbol ! following a
number (for example, 3! isthreefactorial). A factorial isfound by multiplying together all
theintegersgreater than zero and lessthan or equal to thefactorial number wanted, except
for zerofactoria (0!), whichisdefinedas 1. For example: 3! =1x2x3=6; 4 =1x2x 3
x4=24; 7' =1x2x 3x4x5x 6x7=5040; etc.

Example: How many wayscan theletters X, Y, and Z bearranged?

Solution: Thenumbersof possiblearrangementsfor thethreelettersare3! =3x2x 1=6.
Permutations.— The number of waysr objects may be arranged from a set of n elements
isgiven by o= N

T (n=r)!

Example: There are 10 people are participating in the final run. In how many different
way's can these people comein first, second and third.

Solution: Herer is3and nis 10. So the possible numbers of winning number will be

10, 10! 10!
P, = == =10x9x8 = 720
37 10-3)1 7 e
Combinations.— Thenumber of waysr distinct objectsmay bechosen from aset of nele-
- n. _ n!
mentsisgivenby C, = m
Example: How many possible sets of 6 winning numberscan be picked from 52 numbers.
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Solution: Herer is6 and nis52. So the possible number of winning combinationswill be

52 52! 52! 52 x 51 x 50 x 49 x 48 x 47
S = = = = 20358520
6 (52-6)!6!  46!6! 1x2x3x4x5x6

Prime Numbers and Factors of Numbers

Thefactors of agiven number are those numberswhich when multiplied together givea
product equal to that number; thus, 2 and 3 arefactorsof 6; and 5 and 7 arefactors of 35.

A prime number isonewhich has no factors except itself and 1. Thus, 2, 3,5, 7, 11, etc.,
are prime numbers. A factor whichisaprime number iscalled aprimefactor.

The accompanying “Prime Number and Factor Tables,” starting on page 20, give the
smallest primefactor of all odd numbersfrom 1 to 9600, and can be used for finding all the
factors for numbers up to this limit. For example, find the factors of 931. In the column
headed “900” and inthelineindicated by “31” in theleft-hand column, the smallest prime
factor isfound to be 7. As this leaves another factor 133 (since 931 + 7 = 133), find the
smallest primefactor of thisnumber. Inthe column headed “ 100" and intheline® 33", this
isfoundtobe7, leaving afactor 19. Thislatter isaprime number; hence, thefactorsof 931
are7 x 7x 19. Whereno factor isgiven for anumber in thefactor table, it indicatesthat the
number isaprime number.

Thelast page of thetableslistsall prime numbersfrom 9551 through 18691; and can be
used toidentify quickly all unfactorable numbersin that range.

For factoring, thefollowing general ruleswill befound useful:

2isafactor of any number the right-hand figure of which isan even number or 0. Thus,
28=2x14,and 210=2x 105.

3isafactor of any number the sum of thefiguresof whichisevenly divisibleby 3. Thus,
3isafactor of 1869, because1+8+6+9=24+3=8.

4 isafactor of any number thetwo right-hand figures of which, considered as one num-
ber, areevenly divisibleby 4. Thus, 1844 hasafactor 4, because 44 + 4=11.

5isafactor of any number theright-hand figure of whichisOor 5. Thus, 85=5x 17; 70
=5x14.

Tables of prime numbers and factors of numbers are particularly useful for calculations
involving change-gear ratios for compound gearing, dividing heads, gear-generating
machines, and mechanical designshaving gear trains.

Example 1: A set of four gearsis required in amechanical design to provide an overall

gear ratio of 4104 + 1200. Furthermore, no gear in the set isto have more than 120 teeth or

lessthan 24 teeth. Determine the tooth numbers.
First, asexplained previously, thefactors of 4104 aredeterminedtobe: 2x 2x2x 3x 3
x 57 = 4104. Next, the factors of 1200 are determined: 2 x 2 x 2 x 2x 5 x 5 x 3 =1200.
4104 _ 2x2x2x3x3x57 _ 712x57

Therefore — = .
1200 2x2x2x2x5x5x3 24x50

72 x 57
16x 75
not satisfy the requirement of no lessthan 24 teeth.

Example 2: Factor the number 25078 into two numbers neither of which islarger than
200.

Thefirst factor of 25078 isobviously 2, leaving 25078 + 2 = 12539 to befactored further.
However, fromthelast table, Prime Numbersfrom 9551 to 18691, itisseenthat 12539isa
prime number; therefore, no solution exists.

If the factors had been com-

bined differently, say, to give , then the 16-tooth gear in the denominator would
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Prime Number and Factor Table for 1 to 1199

1100
1200

11

19

11

17

1000

1100

17

19

13

17

900
1000

17

11

13

800
900

11

19

700
800

19

23

17

11

600
700

13

17

500
600

11

17
23

13

400

500

13

11

19

300
400

11

17

200
300

11

13

100
200

11

0
100

From
To

11
13
15
17
19
21
23
25
27
29

37

39

31
13
19
11
29
11

11
29
13
23

23
13
31
11
23

29
23
11
13
19
29

13
19
11
13
17

11
23
11
13
17

19
13
11
19

11
11
13
17

11
19
13
17

13
11
17

13
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Prime Number and Factor Table for 1201 to 2399

1300
1400

2300
2400

11
23

13
17

13

17

2200
2300

31

47

17

23

13

37

31

2100
2200

11

29

13

11

19

17

2000
2100

43

19
13

23

11
29

1900

2000

11
23

19
17

41

13
29

19
37

13

1800
1900

13
23

17

31

1
19

43

17

11

1700
1800

13
29
17

11

37

17

41

1600

1700

23
11
31

17
13

1

1500
1600

19

11
17
37

11

29
23

1400
1500

23
17
13

11

31

13

11
31

13
17

19

23

29

1200
1300

17

23

17
11

29

13

From
To

11
13
15
17
19
21

23
25

27

29

31

33
35
37
39
41
45

47

49

51

55
57
59
61

23

29
11

11
13
41
37
11
13

19
31

11
11

31

29
13
11

23

41
19

11
19
37

13
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Prime Number and Factor Table for 2401 to 3599

3500
3600

31

11

13

53

11

17
37

59

3500

19
41

13
11

23

a7

19

11

23

59

11

13

3300 | 3400

31

a7

13

17

1
31

17

13

11

53

41

17

13

29

17

19
11

37

3200
3200 | 3300 | 3400

3100

29

13

11

53

31
13

47

23

29

19

11

31

23

3000
3100

31

23

13

17

11

37

17

11

19

2900
3000

41

23
37

29

17

13

11

13

11
19

29

41

2800
2900

29

11

19

17

a7

19

13

1

13

2700
2800

37

11

13

41

31

11

17
47

11

2600
2700

19

37

11

19

11

17

2500
2600

41

23
13

11

17

13
11

17

31

29

13

23

2400
2500

29

19

41

11

31

11

23

37

13

19
47

11

From
To

11
13
15
17
19
21

23
25

27

29

31

33

35

37

39

41

45

47

49

51

55

57

59

61

65

67

69

71

73
75

v

79

81

85

87

89

91

93
95

97

929
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Prime Number and Factor Table for 3601 to 4799

17

53

29

11

47

67

11

19
13

17

4700
4700 | 4800

4600

17
11

31

1
a1

59

13

31

13

37

13

23

13

19

29

a7

17

23
19

13

11

19
43

11

23

61

41

17

11

67

11

11
13

59
31

19

29

61

19

11
17

29
13

Pl

23

53

4200 | 4300 | 4400 | 4500

11

41

19

31

17

11

4200 | 4300 | 4400 | 4500 | 4600

4100

11

23

13

41

11

23

11

37

47

53
59

13

19

29
37

11

13

31

17

13

61

17

3900 | 4000
4100

47

31

11

59

37

17

11
29

41

23

13

3800
3900 | 4000

13
37

11

11
23

17

53

11

13

17

3700
3800

1

a7

61

37

19

23
11

13

19

17

29

3600
3700

13

23

19

11

41

13

19

13

29

From
To

11
13
15
17
19
21

23
25

27

29

31

33

35

37

39

41

45

47

49

51

55

57

59

61

65

67

69

71

73
75

v

79

81

85

87

89

91

93
95

97

929
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Prime Number and Factor Table for 4801 to 5999

5900
6000

19
23

61

31

17

13

19

11

59

67

47

31

53

13

5800
5900

37

11

19

13

11

71

17

5700
5800

13

29

59

17
11

1

13

73

29
23

11

5700

13

71

31

41

17
13

53

13

11

41

5500 | 5600
5600

37

11

29

23

31

67

19

37

29
11

11

11

61

13

13

11
17

23

5300 | 5400
5400 | 5500

47

13

17

73

19

53

11
23

31

41

19

17

5200
5300

11

41

13

17
23

13

29

59

19

23
11

17

11
67

5100
5200

19

47

23

11

53

37

19

13

31

71

29

5000
5100

29

11
a7

71

31

13

61

37
11

13

11

4900
5000

13

17

13

11

1

13
17

19

4800
4900

11

17

61

11

47

29

37

13

23

31

11

19

67

59

From
To

11
13
15
17
19
21

23
25

27

29

31

33

35

37

39

41

45

47

49

51

55

57

59

61

65

67

69

71

73
75

v

79

81

85

87

89

91

93
95

97

929
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Prime Number and Factor Table for 6001 to 7199

7100
7200

13

11

17

11
37

23

17

13

67

71

43

11

23

7000
7100

47

9
13

31

11

23

37

11

73

19

41

47

31

6900
7000

67

31

11

13
29

11

17

19

29

6900

11

17

19

41

13

19

13

71

83

61

6700 | 6800
6800

19

11

53

23

1

17

29

67

13

11

13

6600
6700

11
17

13

37

19

29

17
61

59

1

41

37

6500
6600

23

17

11

61

47

13
31

79

29

11

19

6500
37
19

13

11

59

41

a7

17

11

23

29

11

13

73
67

59

71

13

17

11

23

13

6200 | 6300 | 6400

6300 | 6400

13

23

17
9

13

11

11
61

19

6100
6200

17

31

41

29

11

17

11

47

61

31

37

23

41

1

6000
6100

17

11
13

19

37

23

73
11

13

59

From
To

11
13
15
17
19
21

23
25

27

29

31

33

35

37

39

41

45

47

49

51

55

57

59

61

65

67

69

71

73
75

v

79

81

85

87

89

91

93
95

97

929
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Prime Number and Factor Table for 7201 to 8399

19

53

11

13

31

19

17

61

13

11

17
83

37

8200 | 8300
8300 | 8400

59
13

29

19

73
37

23

11

17

8100
8200

1

23

11

a7

79

17

29

31

41

11

13

19

8100

53

13
71

23

29

11

13

83

11

41

59

7900 | 8000

11

41

89

17

13

73

19

31
13

79
23

61

11
19

7900 | 8000

29

7800

37

73

13

41

17

11

47

29

17

13

53

7700
7800

13
11

59

11

71

61

23

17
19

31

13

11

7600
7700

11

23

19

29

13
17

13

a7

79

11

7500
7600

13

11

73

17

19

67

11

71

7400
7500

11

31

41

13

17

11

29

17

31

59

7300
7400

67

71

13

17

1
41

17
37

73

47

11

19

13

7200
7300

19

31

13

11

53

13

11

19
29

37

23

From
To

11
13
15
17
19
21

23
25

27

29

31

33

35

37

39

41

45

47

49

51

55

57

59

61

65

67

69

71

73
75

v

79

81

85

87

89

91

93
95

97

929
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Prime Number and Factor Table for 8401 to 9599

9500
9600

13

37

31

89

13

41

19
11

73

17

61

11

43

53

29

23
97

11

11
13

17

19

53

11

9300 | 9400
9500

71

41

67

19

13

a7

1

17

11

41

9300 | 9400

9200

61

13

23

11

11
19

47

59

13
73

37

17

9100
9200

19

13

1

23

13

41

89
53

67

29

17

9000
9100

71

29

11

1

13

47

43

29

31

61

11

8900
9000

29

59

37

11

79

23

13
17

47

13

11
89

17

8800
8900

13

23

11

37

17

19

13

17

1

8700

31

23

11

13

19

11

31

67

11
59

19

8600
8700 | 8800

9

37

89

53

41

17

11

13

19

8500
8600

11

47

67

19

17

13
1

23

31

11
13

8400
8500

31

13
47

19

11

23

79

11

37

61

17

13

29

From
To

11
13
15
17
19
21

23
25

27

29

31

33

35

37

39

41

45

47

49

51

55

57

59

61

65

67

69

71

73
75

v

79

81

85

87

89

91

93
95

97

929
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Prime Numbers from 9551 to 18691

9551 | 10181 | 10853 | 11497 | 12157 | 12763 | 13417 | 14071 | 14747 | 15361 | 16001 | 16693 | 17387 | 18043
9587 | 10193 | 10859 | 11503 | 12161 | 12781 | 13421 | 14081 | 14753 | 15373 | 16007 | 16699 | 17389 | 18047
9601 | 10211 | 10861 | 11519 | 12163 | 12791 | 13441 | 14083 | 14759 | 15377 | 16033 | 16703 | 17393 | 18049
9613 | 10223 | 10867 | 11527 | 12197 | 12799 | 13451 | 14087 | 14767 | 15383 | 16057 | 16729 | 17401 | 18059
9619 | 10243 | 10883 | 11549 | 12203 | 12809 | 13457 | 14107 | 14771 | 15391 | 16061 | 16741 | 17417 | 18061
9623 | 10247 | 10889 | 11551 | 12211 | 12821 | 13463 | 14143 | 14779 | 15401 | 16063 | 16747 | 17419 | 18077
9629 | 10253 | 10891 | 11579 | 12227 | 12823 | 13469 | 14149 | 14783 | 15413 | 16067 | 16759 | 17431 | 18089
9631 | 10259 | 10903 | 11587 | 12239 | 12829 | 13477 | 14153 | 14797 | 15427 | 16069 | 16763 | 17443 | 18097
9643 | 10267 | 10909 | 11593 | 12241 | 12841 | 13487 | 14159 | 14813 | 15439 | 16073 | 16787 | 17449 | 18119
9649 | 10271 | 10937 | 11597 | 12251 | 12853 | 13499 | 14173 | 14821 | 15443 | 16087 | 16811 | 17467 | 18121
9661 | 10273 | 10939 | 11617 | 12253 | 12889 | 13513 | 14177 | 14827 | 15451 | 16091 | 16823 | 17471 | 18127
9677 | 10289 | 10949 | 11621 | 12263 | 12893 | 13523 | 14197 | 14831 | 15461 | 16097 | 16829 | 17477 | 18131
9679 | 10301 | 10957 | 11633 | 12269 | 12899 | 13537 | 14207 | 14843 | 15467 | 16103 | 16831 | 17483 | 18133
9689 | 10303 | 10973 | 11657 | 12277 | 12907 | 13553 | 14221 | 14851 | 15473 | 16111 | 16843 | 17489 | 18143
9697 | 10313 | 10979 | 11677 | 12281 | 12911 | 13567 | 14243 | 14867 | 15493 | 16127 | 16871 | 17491 | 18149
9719 | 10321 | 10987 | 11681 | 12289 | 12917 | 13577 | 14249 | 14869 | 15497 | 16139 | 16879 | 17497 | 18169
9721 | 10331 | 10993 | 11689 | 12301 | 12919 | 13591 | 14251 | 14879 | 15511 | 16141 | 16883 | 17509 | 18181
9733 | 10333 | 11003 | 11699 | 12323 | 12923 | 13597 | 14281 | 14887 | 15527 | 16183 | 16889 | 17519 | 18191
9739 | 10337 | 11027 | 11701 | 12329 | 12941 | 13613 | 14293 | 14891 | 15541 | 16187 | 16901 | 17539 | 18199
9743 | 10343 | 11047 | 11717 | 12343 | 12953 | 13619 | 14303 | 14897 | 15551 | 16189 | 16903 | 17551 | 18211
9749 | 10357 | 11057 | 11719 | 12347 | 12959 | 13627 | 14321 | 14923 | 15559 | 16193 | 16921 | 17569 | 18217
9767 | 10369 | 11059 | 11731 | 12373 | 12967 | 13633 | 14323 | 14929 | 15569 | 16217 | 16927 | 17573 | 18223
9769 | 10391 | 11069 | 11743 | 12377 | 12973 | 13649 | 14327 | 14939 | 15581 | 16223 | 16931 | 17579 | 18229
9781 | 10399 | 11071 | 11777 | 12379 | 12979 | 13669 | 14341 | 14947 | 15583 | 16229 | 16937 | 17581 | 18233
9787 | 10427 | 11083 | 11779 | 12391 | 12983 | 13679 | 14347 | 14951 | 15601 | 16231 | 16943 | 17597 | 18251
9791 | 10429 | 11087 | 11783 | 12401 | 13001 | 13681 | 14369 | 14957 | 15607 | 16249 | 16963 | 17599 | 18253
9803 | 10433 | 11093 | 11789 | 12409 | 13003 | 13687 | 14387 | 14969 | 15619 | 16253 | 16979 | 17609 | 18257
9811 | 10453 | 11113 | 11801 | 12413 | 13007 | 13691 | 14389 | 14983 | 15629 | 16267 | 16981 | 17623 | 18269
9817 | 10457 | 11117 | 11807 | 12421 | 13009 | 13693 | 14401 | 15013 | 15641 | 16273 | 16987 | 17627 | 18287
9829 | 10459 | 11119 | 11813 | 12433 | 13033 | 13697 | 14407 | 15017 | 15643 | 16301 | 16993 | 17657 | 18289

9839 | 10477 | 11149 | 11827 | 12451 | 13043 | 13711 | 14419 | 15053 | 15649 | 16333 | 17021 | 17669 | 18307
9851 | 10487 | 11159 | 11831 | 12457 | 13049 | 13721 | 14423 | 15061 | 15661 | 16339 | 17027 | 17681 | 18311
9857 | 10499 | 11161 | 11833 | 12473 | 13063 | 13723 | 14431 | 15073 | 15667 | 16349 | 17029 | 17683 | 18313
9859 | 10501 | 11171 | 11839 | 12479 | 13093 | 13729 | 14437 | 15077 | 15671 | 16361 | 17033 | 17707 | 18329
9871 | 10513 | 11173 | 11863 | 12487 | 13099 | 13751 | 14447 | 15083 | 15679 | 16363 | 17041 | 17713 | 18341
9883 | 10529 | 11177 | 11867 | 12491 | 13103 | 13757 | 14449 | 15091 | 15683 | 16369 | 17047 | 17729 | 18353
9887 | 10531 | 11197 | 11887 | 12497 | 13109 | 13759 | 14461 | 15101 | 15727 | 16381 | 17053 | 17737 | 18367
9901 | 10559 | 11213 | 11897 | 12503 | 13121 | 13763 | 14479 | 15107 | 15731 | 16411 | 17077 | 17747 | 18371
9907 | 10567 | 11239 | 11903 | 12511 | 13127 | 13781 | 14489 | 15121 | 15733 | 16417 | 17093 | 17749 | 18379
9923 | 10589 | 11243 | 11909 | 12517 | 13147 | 13789 | 14503 | 15131 | 15737 | 16421 | 17099 | 17761 | 18397
9929 | 10597 | 11251 | 11923 | 12527 | 13151 | 13799 | 14519 | 15137 | 15739 | 16427 | 17107 | 17783 | 18401
9931 | 10601 | 11257 | 11927 | 12539 | 13159 | 13807 | 14533 | 15139 | 15749 | 16433 | 17117 | 17789 | 18413
9941 | 10607 | 11261 | 11933 | 12541 | 13163 | 13829 | 14537 | 15149 | 15761 | 16447 | 17123 | 17791 | 18427
9949 | 10613 | 11273 | 11939 | 12547 | 13171 | 13831 | 14543 | 15161 | 15767 | 16451 | 17137 | 17807 | 18433
9967 | 10627 | 11279 | 11941 | 12553 | 13177 | 13841 | 14549 | 15173 | 15773 | 16453 | 17159 | 17827 | 18439
9973 | 10631 | 11287 | 11953 | 12569 | 13183 | 13859 | 14551 | 15187 | 15787 | 16477 | 17167 | 17837 | 18443
10007 | 10639 | 11299 | 11959 | 12577 | 13187 | 13873 | 14557 | 15193 | 15791 | 16481 | 17183 | 17839 | 18451
10009 | 10651 | 11311 | 11969 | 12583 | 13217 | 13877 | 14561 | 15199 | 15797 | 16487 | 17189 | 17851 | 18457
10037 | 10657 | 11317 | 11971 | 12589 | 13219 | 13879 | 14563 | 15217 | 15803 | 16493 | 17191 | 17863 | 18461
10039 | 10663 | 11321 | 11981 | 12601 | 13229 | 13883 | 14591 | 15227 | 15809 | 16519 | 17203 | 17881 | 18481
10061 | 10667 | 11329 | 11987 | 12611 | 13241 | 13901 | 14593 | 15233 | 15817 | 16529 | 17207 | 17891 | 18493
10067 | 10687 | 11351 | 12007 | 12613 | 13249 | 13903 | 14621 | 15241 | 15823 | 16547 | 17209 | 17903 | 18503
10069 | 10691 | 11353 | 12011 | 12619 | 13259 | 13907 | 14627 | 15259 | 15859 | 16553 | 17231 | 17909 | 18517
10079 | 10709 | 11369 | 12037 | 12637 | 13267 | 13913 | 14629 | 15263 | 15877 | 16561 | 17239 | 17911 | 18521
10091 | 10711 | 11383 | 12041 | 12641 | 13291 | 13921 | 14633 | 15269 | 15881 | 16567 | 17257 | 17921 | 18523
10093 | 10723 | 11393 | 12043 | 12647 | 13297 | 13931 | 14639 | 15271 | 15887 | 16573 | 17291 | 17923 | 18539
10099 | 10729 | 11399 | 12049 | 12653 | 13309 | 13933 | 14653 | 15277 | 15889 | 16603 | 17293 | 17929 | 18541
10103 | 10733 | 11411 | 12071 | 12659 | 13313 | 13963 | 14657 | 15287 | 15901 | 16607 | 17299 | 17939 | 18553
10111 | 10739 | 11423 | 12073 | 12671 | 13327 | 13967 | 14669 | 15289 | 15907 | 16619 | 17317 | 17957 | 18583
10133 | 10753 | 11437 | 12097 | 12689 | 13331 | 13997 | 14683 | 15299 | 15913 | 16631 | 17321 | 17959 | 18587
10139 | 10771 | 11443 | 12101 | 12697 | 13337 | 13999 | 14699 | 15307 | 15919 | 16633 | 17327 | 17971 | 18593
10141 | 10781 | 11447 | 12107 | 12703 | 13339 | 14009 | 14713 | 15313 | 15923 | 16649 | 17333 | 17977 | 18617
10151 | 10789 | 11467 | 12109 | 12713 | 13367 | 14011 | 14717 | 15319 | 15937 | 16651 | 17341 | 17981 | 18637
10159 | 10799 | 11471 | 12113 | 12721 | 13381 | 14029 | 14723 | 15329 | 15959 | 16657 | 17351 | 17987 | 18661
10163 | 10831 | 11483 | 12119 | 12739 | 13397 | 14033 | 14731 | 15331 | 15971 | 16661 | 17359 | 17989 | 18671
10169 | 10837 | 11489 | 12143 | 12743 | 13399 | 14051 | 14737 | 15349 | 15973 | 16673 | 17377 | 18013 | 18679
10177 | 10847 | 11491 | 12149 | 12757 | 13411 | 14057 | 14741 | 15359 | 15991 | 16691 | 17383 | 18041 | 18691
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ALGEBRA AND EQUATIONS

An unknown number can be represented by a symbol or aletter which can be manipu-
lated like an ordinary numeral within an arithmatic expression. Therulesof arithmetic are
also applicablein algebra.

Rearrangement and Transposition of Terms in Formulas

A formulaisarulefor acal culation expressed by using | ettersand signsinstead of writing
out therule in words; by this means, it is possible to condense, in avery small space, the
essentialsof long and cumbersomerules. Thelettersusedin formulassimply standin place
of thefiguresthat are to be substituted when solving aspecific problem.

Asan example, the formulafor the horsepower transmitted by belting may bewritten

- Svw
33,000
where P = horsepower transmitted; S= working stress of belt per inch of width in
pounds; V = velocity of beltin feet per minute; and, W = width of belt ininches.
If theworking stress S thevelocity V, and thewidth Wareknown, the horsepower can be

found directly fromthisformulaby inserting the given val ues. Assume S= 33; V= 600; and
W=5.Then

_ 33x600x5 _
33,000

Assume that the horsepower P, the stress S and the velocity V are known, and that the

width of belt, W, isto befound. Theformulamust then be rearranged so that the symbol W

will be on one side of the equals sign and all the known quantities on the other. The rear-
ranged formulaisasfollows:

P 3

Px 33000 _ \y
sV
Thequantities(Sand V) that werein the numerator on theright sideof theequalssignare
moved to the denominator on theleft side, and “ 33,000,” which wasin the denominator on
theright side of the equals sign, ismoved to the numerator on the other side. Symbolsthat
are not part of afraction, like“P” in theformulafirst given, are to be considered as being
numerators (having the denominator 1).

Thus, any formulaof theform A= B/C can berearranged asfollows:

AxC=B ad C=2
A
Suppose aformulato be of theform A = BBC
BxC AxD AxD
D = —— =8B —==C
Then A I B

The method given isonly directly applicable when all the quantitiesin the numerator or
denominator are standing independently or are factorsof a product. If connected by + or —
signs, the entire numerator or denominator must be moved asaunit, thus,

Given: B+C_D+E

) A F
Tosolvefor F, rearrangein F_D+E 4F=AD+tE)
two stepsasfollows: A B+C B+C
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A quantity preceded by a+ or — sign can be transposed to the opposite side of the equals
sign by changingitssign; if thesignis+, changeit to— ontheother side; if itis—, changeit
to+. Thisprocessiscalled transposition of terms.

Example: B+C = A-D

then A=B+C+D
B=A-D-C
C=A-D-B

Principal Algebraic Expressions and Formulas

axa= aa= a2
axaxa = aaa = a3
axb = ab
a2b? = (ab)?
a2a3 = a2+3 = g5
at+al=a%*3=a
al =1
a2—pb2 = (a+b)(a-b)
(a+b)2 = a2+ 2ab+b?
(a=b)2 = a2—2ab+b?
_(a+h\? (a=b)?
ab _( 2 ) _( 2 )
Jax.Ja=a
%x%x%: a
)’ =a
$ifa = 3 = Wa
Ja+.Jb = Ja+b+2./ab

When axb =x
a+b=x
as = x
3/a = x

ad _(a\?®

2

1 _ (18 _ .3
-3

(32)3 = g2x3 = (63)2 = ab
a3+b3 = (a+b)(a2—ab+b?)
a3-b3 = (a—-b)(a?+ab+b?)
(a+ b)3 = a®+3a’b+3ab’+b°
(a—b)3 = a°—3a%h+3ab’—b°
a3+b3 = (a+b)’—3ab(a+h)

as-p® = (a—b)3+ 3ab(a-b)

a_3a

%:i: %
a 35

then loga+logb = logx
then loga—logb = logx
then 3loga = logx
then Iggg = logx
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Equation Solving

An equation is a statement of equality between two expressions, as 5x = 105. The
unknown quantity in an equationisfrequently designated by theletter such asx. If thereis
morethan one unknown quantity, the others are designated by letters also usually selected
from theend of the alphabet, asy, z, u, t, etc.

An equation of the first degree is one which contains the unknown quantity only in the

first power, asin 3x = 9. A quadratic equation is onewhich contai nsthe unknown quantity
in the second, but no higher, power, asin x2+ 3x = 10.
Solving Equations of the First Degree with One Unknown.—Transpose all the terms
containing the unknown x to one side of the equalssign, and all the other termsto the other
side. Combineand simplify the expressionsasfar as possible, and divide both sidesby the
coefficient of the unknown x. (Seetherulesgiven for transposition of formulas.)

Example: 22x—11 = 15x+ 10
22x—-15x = 10+ 11

7x =21

X =3

Solution of Equations of the First Degree with Two Unknowns.—Theform of thesim-
plified equationsis

ax+byy=c;
ax+hy=c,
Then, X = c1by—Cyby _ A0 —a0
ayb,-ayb - a,b, —asb,
Example: 3x+4dy = 17
5x-2y = 11
_17x(2)-11x4 _ -34-44 _ 78 _
3x(-2)-5x4 -6-20 -26

Thevaueof y can now be most easily found by inserting thevalue of xin one of theequa-
tions:

5x3-2y = 11 2y=15-11=4 y=2

Solution of Quadratic Equations with One Unknown.—If the form of the equation is
ax2+ bx+c=0, then

_ —b+./b?2-4ac
2a
Example: Given theequation, 1x?+ 6x+5=0, thena=1,b=6,andc=5.
X=—6iA/62—4><l><5= (_6)+4=—1 or g—6)—4=_5
2x1 2 2
If theform of the equationisax? + bx = c, then
_ —b+./b?+4ac
2a

Example: A right-angletriangle hasahypotenuse 5 incheslong and one sidewhichisone
inch longer than the other; find the lengths of thetwo sides.

X

X
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Letx=onesideand x+ 1= other side; then X2+ (x+ 1)2 =52 0r X2+ X2+ 2x+ 1 = 25; or 2x2

+2x=24; or X2+ x=12. Now referring to the basic formula, ax2 + bx = ¢, wefind thata=1,
b=1,andc=12; hence,

W2 Tl AFAXAXT2 _ (D47 g o = (D=7 _
2x1 2 2

Sincethepositivevalue (3) would apply in thiscase, thelengths of thetwo sidesarex =3
inchesand x+ 1 =4inches.

Factoring a Quadratic Expression.—The method described below is useful in deter-
mining factorsof thequadratic equationintheform ax2+ bx+c=0. First, obtaintheprod-
uct ac from the coefficients a and ¢, and then determine two numbers, f; andf,, such that
f, xf,=|ac|, andf, +f,=bif acispositive, or f, - f, = bif acisnegative.

The numbersf; and f, are used to modify or rearrange the bx term to simplify factoring
the quadratic expression. The roots of the quadratic equation can be easily obtained from
thefactors.

Example: Factor 8x2 + 22x+ 5= 0and find the values of x that satisfy the equation.

Solution: In thisexample, a= 28, b =22, and c=5. Therefore, ac =8 x 5=40, and aciis
positive, so wearelooking for two factorsof ac, f, andf,, suchthat f; x f, =40, and f; +f,
=22.

Theacterm canbewrittenas2 x 2 x 2 x 5= 40, and the possible combination of numbers
for f, andf, are(20and 2), (8 and 5), (4 and 10) and (40 and 1). Therequirementsfor f; and
f, aresatisfied by f;=20 andf,=2,i.e., 20x 2=40and 20 + 2=22. Using f; and f, the
original quadratic expressionisrewritten and factored asfollows:

8x2+22x+5 = 0
8x2+20x+2x+5 = 0
4x(2x +5) +1(2x+5) = 0
(2x+5)(4x+1) = 0

If the product of thetwo factors equal s zero, then each of thefactors equals zero, thus, 2x
+5=0and4x+1=0. Rearranging and solving, x=-%and x=-%,

Example: Factor 8x2 + 3x— 5= 0 and find the solutionsfor x.

Solution: Herea=8,b=3, c=-5,and ac =8 x (-5) =—-40. Because acisnegative, the
required numbers, f; andf,, must satisfy f; x f, = |ac|=40and f, — f, = 3.

Asinthe previous example, the possible combinationsfor f, and f, are (20 and 2), (8 and
5), (4and 10) and (40 and 1). Thenumbersf, = 8 and f, = 5 satisy the requirementsbecause
8x5=40and 8-5=3. Inthesecond line below, 5xisboth added to and subtrtacted from
theoriginal equation, making it possibleto rearrange and simplify the expression.

8X°+3x-5=0

8x° +8x—5x-5 = 0

8x(x+1)-5(x+1) =0

(x+1)(8x=5) =0
Solving, for x+1=0,x=-1; and, for 8x—5=0,x=%,
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Cubic Equations.—If the given equation hastheform: x3+ ax+ b= 0then

1/3 1/3
a_3+b_§ +(_b_ /a_3+b_3
27 4 2 27 4
Theequation x3+ px2+ gx+ r =0, may be reduced to theform x,%+ ax; + b= 0by substi-

tuting x; — g for xinthe given equation.

Solving Numerical Equations Having One Unknown.—The Newton-Raphson method
isaprocedure for solving various kinds of numerical algebraic and transcendental equa-
tionsin one unknown. The stepsin the procedure are simple and can be used with either a
handheld calculator or asasubroutinein acomputer program.
Examples of types of equations that can be solved to any desired degree of accuracy by
thismethod are
f(x) = x2-101 = 0, f(x) = x3-2x2-5=10
and f(x) = 29x—cosx—-1 =0
The procedure beginswith an estimate, r,, of theroot satisfying the given equation. This
estimateisobtained by judgment, inspection, or plotting arough graph of the equation and
observing the valuer, wherethe curve crossesthe x axis. Thisvalueisthen used to calcu-
latevaluesr,, ry, ... , I, progressively closer to theexact value.

Beforecontinuing, itisnecessary to calculatethefirst derivative. f '(x), of thefunction. In
the above examples, f '(x) is, respectively, 2x, 3x2 — 4x, and 2.9 + sinx. These valueswere
found by the methods described in Derivativesand Integral s of Functions on page 34.

Inthe stepsthat follow,
r, isthefirst estimate of the value of theroot of f(x) = 0;

f(ry) isthevalueof f(x) for x=ry;
f'(x) isthefirst derivative of f(x);
f'(r,) isthevalueof f '(x) for x=r;.
The second approximation of theroot of f(x) = 0, r,, iscalculated from
ro =1y =[f(r/f'(rp]
and, to continue further approximations,
[ e L (PN V2 K (Y |
Example: Find the square root of 101 using the Newton-Raphson method. This problem
can be restated asan equation to be solved, i.e., f(x) = x2—101 = 0
Step 1. By inspection, itisevident that r, = 10 may betaken asthefirst approximation of
theroot of thisequation. Then, f(r;) = f(10) = 102-101 = -1
Step 2. Thefirst derivative, f '(x), of X2 — 101 is2x asstated previously, so that
f(10) = 2(10) = 20.
Then, r,=r,—f(ry/f'(r) =10-(-1)/20=10+0.05=10.05
Check: 10.052 = 101.0025; error = 0.0025
Step 3. The next, better approximationis
ry = r,—[f(ry)/f'(ry)] = 10.05—[f(10.05)/f'(10.05)]

= 10.05-[(10.052—101)/2(10.05)] = 10.049875
Check:10.0498752 = 100.9999875; error = 0.0000125
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Series.— Some hand cal culations, aswell as computer programs of certain types of math-
ematical problems, may be facilitated by the use of an appropriate series. For example, in
some gear problems, the angle corresponding to agiven or calculated involute functionis
found by using a series together with an iterative procedure such as the Newton-Raphson
method described on page 33. The following are those series most commonly used for
such purposes. In the series for trigonometric functions, the angles x are in radians (1
radian = 180/n degrees). The expression exp(-x2) meansthat the base e of the natural log-

arithm systemisraised to the—x2 power; e=2.7182818.

(1) sinx=x—x33! + X35! = X[T7! + - foral valuesof x.
(2) cosx=1-x%2! +x*/4 —xE/6! + - for al valuesof x.
(3 tanx=x+x3/3+2x5/15+ 17x7/315 + 62x9/2835 + -+ for x| <n/2.
(4) arcsinx=x+x36+1-3-x5/(2:4-5)+1-3-5-X/(2-4-6-7) + - for|x|<1.
(5) arccosx=n/2-arcsinx
(6) arctanx=xX—x33+x%/5—X"/7+ - for|x|<1.
(7) m4=1-13+15-1U7+1/9 - +1(2x-1)F - for all valuesof x.
(8) e=1+1/1+2/21+13! +-- for all valuesof x.
9) e=1+x+x42! +x33! + - for al valuesof x.
(10) exp(—x3) =1—x2+x42! —x8/3! + --- for al valuesof x.
(11) a*=1+xlog.a+ (xlog,a)?/2! + (xlog,a)3/3! + - forall valuesof x.
(12) U(A+X)=1-X+X2— X3+ X~ for x| < 1.
(13) U(A-X)=1+X+X2+)X3+ x4+ - for x| < 1.
(14) 1(1+x)2=1-2x+3x2—4x3+5x4— - for|x|<1.
(15) U(1-%)2=1+2x+3x2+4x3+5x5+ - for|x|<1.
(15) HTF0 =1+x12-32(2-4)+1-3-X(2-4-6) forjx<1.
~1-3-5-x%(2-4-6-8)—
(17) 1/(J1+x) =1-x2+1-3-x2/(2-4)-1-3-5-x3(2-4-6)+ for x| < 1.
(18) (a+x)"=a"+na™1x+n(n—1)a™2x%2! +n(n—1)(n—2)ar3x3/3! + - forx?<a

Derivatives and Integrals of Functions.— The following are formulas for obtaining the
derivatives and integrals of basic mathematical functions. In these formulas, the lettersa
and c denotes constants; theletter x denotesavariable; and thelettersu and v denote func-
tions of the variable x. The expression d/dx means the derivative with respect to x, and as
such applies to whatever expression in parentheses follows it. Thus, d/dx (ax) means the
derivativewith respect to x of the product (ax) of the constant a and the variable x.

Formulas for Differential and Integral Calculus

[ Derivative Value Integral Value
%(c) 0 jcdx cx
d%(x) 1 JLox X
%((x") nx" "t _[x”dx ﬁnTt
%((Q(U)) %g(u)%( Ia)?ib ;—Lllog\ax+b|
%(uoo + V(X)) %U(X) + %V(X) j(u(x) £v(x))dx j‘u(x)dxr j‘v(x)dx
Jwooxven  ueSveo+veodueo | fucovooax UGOVE0 — [x)du0)
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Formulas for Differential and Integral Calculus (Continued)

Derivative Value Integral Value |
8u00) v(x)%u(x)—t;(x)%v(x) e o
V(X)

%( sinx) cosx jcosxdx sinx

%( COSX) —sinx J'si nxax —cosx

%( tanx) sec?x J' tanxdx —log cosx

%( cotx) _cosec?x I cotxdx logsinx
%((sacx) secxtanx J'sinzxdx (_%J sin(2x) + %X
%(CSCX) —CSCX CotX J'coszxdx isin(Zx) + %x

%( e & J' e*dx &

%(Iogx) )1(‘ ﬁdx logx

%(ax) a‘loga [ I:(_:a

3 (asinn) 1lf><2 f%_xz asin’
di(acosx) — - = acoshX = log(x + VX2 —b?)

X 1-X m b

%(atanx) 1 sz '[bszxxz %atang

%( acotx) l:lxz Ibzcj:(xz %atanhg = ;—élog%:T_g%
%(asecx) xJ)%L J.defxbz —%acothg = ilog%—%ﬁ
9 acso) -1 o dx 2 gn(2axth)
dx xx2—1 Jax+px+c sac—1®  Jrac—1b?
dix(logsinX) cotx J'eaxs'nbxdx @%%osbﬁeax
%( log cosx) —tanx jeax cos(bx)dx @Mﬁ%ﬁ;ﬂm Cie
%(Iogtanx) FZZX Si_JI:D(dX Iogtang
%(Iog cotx) si?122x ?:Lsxdx logtan (E + g)

%( 5 i Il + :zL:osxdx tang

%(Iogmx) Ionge J'Iogxdx xlogx —x
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GEOMETRY

Arithmetical Progression

Anarithmetical progressionisaseriesof numbersinwhich each consecutiveterm differs
from the preceding one by afixed amount called the common difference, d. Thus, 1, 3,5, 7,
etc., isanarithmetical progression wherethedifferencedis2. Thedifferencehereisadded
to the preceding term, and the progression is called increasing. In the series 13, 10, 7, 4,
etc., the differenceis ( —3), and the progression is called decreasing. In any arithmetical
progression (or part of progression), let

a=first term considered
| = last term considered
n=number of terms
d=common difference
S=sumof nterms

Thenthegeneral formulasarel = a+(n—1)d and S==—xn

Intheseformulas, dispositivein an increasing and negativein adecreasing progression.
When any threeof the preceding live quantitiesaregiven, the other two can befound by the
formulasin the accompanying table of arithmetical progression.

Example: In an arithmetical progression, thefirst term equals5, and thelast term 40. The
differenceis7. Find the sum of the progression.
_atl

5+40
=2 _(l+d- =
Zd( *d-a) 2x7

(40+7-5) = 135

Geometrical Progression

A geometrical progression or a geometrical seriesis a seriesin which each termis
derived by multiplying the preceding term by a constant multiplier called theratio. When
theratio isgreater than 1, the progression isincreasing; when lessthan 1, it is decreasing.
Thus, 2, 6, 18, 54, etc., isan increasing geometrical progression with aratio of 3, and 24,
12, 6, etc., isadecreasing progression with aratio of 1/2.

In any geometrical progression (or part of progression), let
a=firstterm
| =last (or nth) term
n=number of terms
r =ratio of the progression
S=sumof nterms

Thenthegeneral formulasarel = arn-1 and S= rr—llf

When any three of the preceding five quantities are given, the other two can be found by
the formulas in the accompanying table. For instance, geometrical progressions are used
for finding the successive speedsin machinetool drives, and ininterest calculations.

Example: Thelowest speed of alatheis 20 rpm. The highest speed is225 rpm. Thereare
18 speeds. Find the ratio between successive speeds.

-1 17
Ratior = Jg = /%’ = 17/1125 = 1153
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Formulas for Arithmetical Progression

To Find Given Use Equation
d | n |a=Il-(n-1)d
d n s|a=5""1.4
n 2
a
d 1 s|a= gil‘ﬁ/(2|+d)2—8d8
| n S |a= 3§_|
n
l—a
d= =2
a | n o1
2S—2an
d=
. a n S n(n—1)
a 1| s |d=_ =2
2S-1-—
2nl —
d=&c——=°c~
| n S n(n—1)
a d n I =a+(n-1)d
a d s |lI= ——+—A/8ds+(2a d)2
|
a n S |I= 2S_,
n
d n s |1=3S+021,y4
n 2
l—-a
= 1+-—4
a d | n 3
a d s n=9z23 A/8dS+(Za d)?
2d *2d
n 25
a | S | n=—
a+l
= 2A+d. 1 /o2 gds
= =25+ = J(2l +d)2—8dS
d 1S n==gigerd
a d n |S= D[2a+(n—1)d]
2_172
a d | |s=al,l’-a a+|(|+d a)
s 2 2d
a | n |S= g(a+|)
d | n|S= g[ZI—(n—l)d]
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Formulas for Geometrical Progression
To Find Given Use Equation
_ |
| n r [a= 1
n r S a= g_l’_:_l_LS
-1
a
| r S |a=Ir-(r-1)S
| n S | a(S—a)"~1 = [(S-I)n-1
a n r |l=arn1
_1
a r S |I= F[a+(r—1)S]
|
a n S | I(S-H"-1 = a(S-a)"-1
n ¢ s |1==Dr -
-1
a | r nzlogl—lgga*_1
logr
a r s |n= log[a+ (r—=1)S] —loga
n logr
- logl —loga
n = +
a IS fog(S—a)—log(S—1)
| r s | n= Iogl—log[lr—(r—l)S]_'_l
logr
n-1 |
a | n = J:
a
a n S |r= S,a-S
; a a
a | S |r= S;_T‘
Sn-1
| S |r= -
" ST 5-1
a n r S = M
r—-1
a | - lr-a
r-1
S n-1 n-1
a | n S = M
n—lAﬂ_n—:k/g1
n_
| n r S = M
(r—1rn-1
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Analytical Geometry

Straight Line.—A straight lineisaline between two pointswith the minimum distance.

Coordinate System: It is possible to locate any point on a plane by a pair of numbers
called the coordinates of the point. If Pisapoint on aplane, and perpendicularsaredrawn
from Pto the coordinate axes, one perpendicul ar meetsthe X—axisat the x— coordinate of P
and the other meetsthe Y —axisat they—coordinateof P. Thepair of numbers(x,, y;), inthat
order, iscalled the coordinates or coordinate pair for P.

Y
4+

34

P(x.y)
2 —_

14+

I I NI I NI NI .
LINNL N L B B L L LA B

|
EN
|
w
|
N
|
i
4
[
N
w
P

24

34

-4 _L

Fig. 1. Coordinate Plan
Distance Between Two Points: Thedistance d between two points Py(X,,y;) and Py(X,,Y,)

isgiven by theformula:
f 2 2
d(Py,Py) = J(Xa=X)" +(Y2—Y1)

Example 1: What isthe distance AB between points A (4,5) and B(7,8)?
Solution: Thelength of lineABis

d= J(7-42+8-572 = J3?+32 = /18 = 3.2

Intermediate Point: Anintermediate point, P(x, y) on alinebetween two points, P;(X;,y;)
and P,(X,,Y,), Fig. 2, can be obtained by linear interpolation asfollows,
I X, + X ry,+r
= NXa * 1% and _ NYa*roys
ERAP; f1tr;

where r, istheratio of thedistance of P, to Ptothedistance of P, to P,, andr, istheratio of
thedistance of P, to Pto thedistance of P, to P,. If the desired point isthe midpoint of line
P,P,, thenr, =r, =1, and the coordinates of Pare:

_Xt%
2

YitYo
2

and y =

Example 2: What is the coordinate of point P(x,y), if P dividestheline defined by points
A(0,0) and B(8,6) at theratio of 5:3.
5x0+3x8 _ 24 _ 4 _ 5x0+3x6
5+3 8 5+3

=225

Solution: X = 1_88
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External Point: A point, Q(x, y) onthelineP;P,, and beyond the two points, P;(x;,y;) and
P,(X,,Y,), can be obtai ned by external interpolation asfollows,
NiXp X%

iy, —r
X = and _ NYi—roY,
f1=T2 f1=T3

where r, istheratio of the distance of P, to Q to thedistance of P, to P, andr, istheratio
of thedistance of P, to Q to thedistance of P, to P,

Y

R (4y)
O X
Fig. 2. Finding Intermediate and External PointsonalLine
Equation of aline P,P,: The general equation of aline passing through points Py(xy,y;)
- X=X
and Pyxgyp) is 22k = X7
Y17Y2 X17X

Yi1—Y2 _
Xy — xz(X X1)

The previousequation isfrequently writtenintheformy -y, =

Y1—Yo
X1 =X
isthe coordinate of they-intercept (0, y;) and x, isthe coordinate of the x-intercept (x,, 0).
If the line passes through point (0,0), then x, =y, = 0 and the equation becomes y = mx.
They-intercept isthey-coordinate of thepoint at which alineintersectsthe Y -axis at x=0.
Thex-intercept isthe x-coordinate of the point at which alineintersectsthe X-axis aty=0.

If aline AB intersects the X—axis at point A(a,0) and the Y—axis at point B(0,b) then the
equation of lineAB is

where

istheslope of theline, m, and thusbecomes y -y, = m(x—x;) wherey,

X,y -
=+ =1
a b

Sope: Theequation of alinein aCartesian coordinate systemis y = mx+ b, where x and
y arecoordinatesof apoint onaline, mistheslopeof theline, and bisthey-intercept. The
slopeistherate at which the x coordinates are increasing or decreasing relative to they
coordinates.

Another form of the equation of alineisthe point-slope form (y — y;) = m(x — ;). The
slope, m, isdefined asaratio of the changein they coordinates, y, - y,, to thechangeinthe
x coordinates, X, — Xq,

m=Ay Y2V

AX Xo—Xq

Copyright 2004, Industrial Press, Inc., New York, NY



Machinery's Handbook 27th Edition
STRAIGHT LINES 41

Example 3: What isthe equation of aline AB between points A(4,5) and B(7,8)?
Solution:

Yoh o XX

Y1=Y2 X=X

y-5 _ x-4

5-8 4-7

y-5=x-4
y-x=1

Example 4: Find the general equation of aline passing through the points (3, 2) and (5, 6),
and itsintersection point with the y-axis.

First, find the slope using the equation above

Thelinehasageneral formof y=2x+ b, and theval ue of the constant b can be determined
by substituting the coordinates of a point on the line into the general form. Using point
(3,2), 2=2x 3+ bandrearranging, b =2 - 6 =-4. Asacheck, using another point on the
line, (5,6), yieldsequivalentresults,y=6=2x5+bandb=6-10=-4.

The equation of theline, therefore, isy = 2x— 4, indicating that liney = 2x — 4 intersects
they-axisat point (0,—4), they-intercept.

Example 5: Use the point-slope form to find the equation of the line passing through the
point (3,2) and having aslopeof 2.

(y=2) = 2(x-3)
y =2Xx-6+2
y = 2x-4

Theslopeof thislineis positive and crossesthe y-axis at the y-intercept, point (0,-4).

Parallel Lines: The two lines, P;P, and Q,Q,, are parallel if both lines have the same
slope, that is, if m=m,.

Y Y
Q2(><4 ¥4) Qz(x4 Ya)
) RO Y2) 2 Eaic
((\\r ‘(\3
Q*z¥3)
T o o
o X o X
Fig. 3. Parallel Lines Fig. 4. Perpendicular Lines

Perpendicular Lines: The two lines P,P, and Q,Q, are perpendicular if the product of
their slopesequal -1, that is, m;m, = 1.

Example 6: Find an equation of alinethat passesthrough thepoint (3,4) andis(a) parallel
toand (b) perpendicular totheline2x— 3y = 16?

Solution (a): Line2x— 3y =16in standard formisy = % x -1, and the equation of aline
passingthrough (3,4)isy—4 = m(x-3) .
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If thelinesare parallel, their slopesareequal. Thus, y—4 = g(x—S) isparallel toline

2x— 3y =-6 and passesthrough point (3,4).

Solution (b): Asillustrated in part (a), line 2x— 3y = —6 has aslope of % The product of
theslopesof perpendicular lines= -1, thusthe slope mof aline passing through point (4,3)
and perpendicular to 2x— 3y =—6 must satisfy thefollowing:

m==2=22-23
m 2 2
3

The eguation of aline passing through point (4,3) and perpendicular to theline 2x— 3y =
16isy —4="3x— 3), which rewrittenis3x + 2y =17.

Angle Between Two Lines: For two non-perpendicular lines with slopes m; and m,, the
angle between thetwo linesisgiven by

tang = | =M

1+mm,
Note: Thestraight brackets surrounding asymbol or number, asin |x|, standsfor absolute

value and means use the positive value of the bracketed quantity, irrespective of itssign.
Example 7: Find the angle between the following two lines: 2x—y=4and 3x + 4y =12
Solution: Theslopesare 2 and -3, respectively. The angle between two linesisgiven by

3 3] |8+3
2— _Z) 2+ = e
tano = ml_m2| = ( = 4 = 4 :‘E— :g'
- - 2
L+ mym) 1+2(_§)‘ 1-% 446 ’

9 = atanlzl = 79.70°

Distance Between a Point and a Line: The distance between a point (x;,y;) and aline

givenby Ax+By+C=0is
d = ‘Ax1+By1+C
A2+ B2
Example 8: Find the distance between the point (4,6) and theline2x + 3y — 9=0.
Solution: Thedistance between apoint and thelineis

g= A*BY +Cl _ 2x4+3x6-9 _|8+18-9 _ 17

Coordinate Systems.—Rectangular, Cartesian Coordinates: In a Cartesian coordinate
system the coordinate axes are perpendicul ar to one another, and the same unit of lengthis
chosen onthetwo axes. Thisrectangular coordinate systemisusedinthemajority of cases.

Polar Coordinates: Another coordinate system isdetermined by afixed point O, theori-
ginor pole, and azero direction or axisthrough it, on which positive lengths can belaid of f
and measured, as anumber line. A point P can be fixed to the zero direction line at adis-
tancer away and then rotated in apositive sense at an angle 6. Theangle, 6, in polar coor-
dinates can take on values from 0° to 360°. A point in polar coordinates takes the form of

(r,0).
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Changing Coordinate Systems: For simplicity it may be assumed that the origin on a
Cartesian coordinate system coincides with the pole on apolar coordinate system, andit's
axiswith the x-axis. Then, if point P has polar coordinates of (r,0) and Cartesian coordi-
nates of (X, y), by trigonometry X =r x cos(0) andy =r x sin(6). By the Pythagorean theo-

rem and trigonometry
r= m 0 = atani
Example 1: Convert the Cartesian coordinate (3, 2) into polar coordinates.
= J?+2? = fov4 = /I3=236 6=atan§=33.69°

Thereforethe point (3.6, 33.69) isthe polar form of the Cartesian point (3, 2).
Graphically, the polar and Cartesian coordinates arerelated in the following figure

@2

0

0 1 2 3

Example 2: Convert the polar form (5, 608) to Cartesian coordinates. By trigonometry, x
=r x cos(0) andy =r x sin(0). Then x =5 cos(608) = —1.873 and y = 5 sin(608) = —4.636.
Therefore, the Cartesian point equivalent is(-1.873, -4.636).

Spherical Coordinates: It is convenient in certain problems, for example, those con-
cerned with spherical surfaces, tointroduce non-parallel coordinates. An arbitrary point P
in space can be expressed in terms of the distancer between point P and the origin O, the
angle ¢ that OP'makes with the x—y plane, and the angle A that the projection OP’ (of the
segment OP onto the x—y plane) makeswith the positive x-axis.

Therectangular coordinates of apoint in space can therefore be cal culated by the formu-
lasinthefollowing table.
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Relationship Between Spherical and Rectangular Coordinates

Spherical to Rectangular Rectangular to Spherical
rzdf+f+£
= atan—=
¢ = > > (for X2+ y?# 0)
NXT+Y
= I COS¢ COSA
y = rcospsink A= atani (forx>0,y>0)
z=rsing
A= T[+ata”l§ (for x<0)
7»:21'c+atan§ (for x>0,y <0)

Example 3: What arethe spherical coordinates of the point P(3, -4, -12)?

r= 3447+ (-12)7 = 13

6 = san——2 = azan—lSg = _67.38°

A = 360° + atan—g = 360° -53.13° = 306.87°

The spherical coordinates of P arethereforer = 13, ¢ =—67.38°, and A = 306.87°.

Cylindrical Coordinates: For problemsonthesurfaceof acylinder itisconvenienttouse
cylindrical coordinates. The cylindrical coordinatesr, 6, z, of P coincide with the polar
coordinatesof thepoint P’ inthex-y planeand therectangular z-coordinate of P. Thisgives
the conversion formula. Thosefor 6 hold only if X2+ y2: 0; 6 isundetermined if x=y=0.

Cylindrical to Rectangular | Rectangular to Cylindrical

P
K2+ y?
X
= rcosb coso =
2 2
= rsin® Xty
zZ=12Z gnez___y__._
2 2
X +Y
z=1z

Example4: Giventhecylindrical coordinatesof apoint P, r = 3,0 =-30°,z=51, find the
rectangular coordinates. Using the above formulas x = 3cos (-30°) = 3cos (30°) = 2.598; y
= 3sin (-30°) =-3sin(30°) =-1.5; and z = 51. Therefore, the rectangular coordinates of
point Parex=2.598,y=-1.5andz=51.
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Circle.—Thegeneral form for the equation of acircleisx2 + y2 + 2gx + 2fy + ¢ =0, where
) o [2. 2
—gand—f are the coordinates of the center and theradiusisr = Jg~ +f —c.
Thecenter radiusformof thecircleequationis Y
x=h)?+(y-k? = r?

wherer =radiusand point (h, k) isthe center.
When the center of circleisat point (0,0), the equation of

circlereducesto x% +y° = r2 or r= Jx2+y2
Example: Point (4,6) lies on acircle whose center isat (—
2,3). Findthecircle equation? X

Solution: Theradiusis the distance between the center (—
2,3) and point (4,6), found using the method of Example 1 on page 39.

r=Jla-(2°+(6-3) = /6’ +3* = /35

Theequation of thecircleis

2
r

2 2
(x=M"+(@y-k

2 2 _ 2 2 _
(X+2)"+(y=3)" = X' +4x+4+y —-6y+9 = 45
x2+y2+4x—6y—32 =0

Parabola.—A parabolaistheset of al pointsPinthe planethat are equidistant from focus
Fand alinecalled thedirectrix. A parabolais symmetric with respect toits parabolic axis.
Theline perpendicular to the parabolic axis which passing through the focus is known as
latus rectum.

The general equation of aparabolaisgivenby (y— k)2 = 4p(x—h) , wherethe vertex
islocated at point (h, k), thefocusF islocated at point (h + p, k), thedirectrix islocated at
x=h-p, andthelatusrectumislocated at x=h+p.

Example: Determinethefocus, directrix, axis, vertex, and latus rectum of the parabola
4y2—8x—12y+ 1=0
Solution: Format the equation into the general form of aparabolic equation

Y Directrixx=h—-p
4y2—8x—12y+1 =0 4
2 _ (y-K’=4p(x- )
4y —12y = 8x-1 % Vertex (h, k)
y2_3y _ Zx—l' v [Focus(m—p,k)
4 F  Parabolic axis
2 3 (3)2 _ 1,9 :M
—2y2+(2)" = 2x—=+2 x
Yo7 ) X
32 _
(y—é) = 2(x+1)

Lectusrectum x=h+p
Parabola
Thus, k=%, h=-1and p=%. FocusF islocated at point (h+p, k) = (%, %); thedirectrix
is locatedat x=h-p=-1-% = -%; the parabolic axisisthe horizontal liney =%; the
vertex V(h,K) islocated at point (-1, %); and thelatusrectumislocated at x=h+p=-%.
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Ellipse.—Theellipse with eccentricity e, focus F and adirectrix L isthe set of all pointsP
such that the distance PF is etimesthe distance from Pto theline L. The general equation
of andlipseis

AX?+Cy* + DX+ Ey+F = Olacsomdaxc

Theellipsehastwo foci separated al ong the major axis by adistance 2c. Theline passing
through the focus perpendicular to the major axisis called thelatusrectum. The line pass-
ing through the center, perpendicular to the major axis, is called the minor axis. The dis-
tances 2a and 2b are the major distance, and the minor distance.The ellipseisthe locus of
points such that the sum of the distances from the two foci to apoint on the ellipseis 2a,
thus, PF, + PF,=2a

Y

*

/%_ :Minorax

Va

R (h K y Major axis
c=a’- 1P

e=c/a

PUH‘
S~
~_
/
7
.
’
/

{+—C —»|

/

Latus rectum

Latus rectum X

Ellipse

2 2
If (h,k) arethe center, the genera equation of an ellipseis (x;zhL + (}’;ZkL =1
a b

2

a

Theeccentricity of theellipse, e = ,isawayslessthan 1.

The distance between thetwo foci is 2¢ = 2A/a2—b2.

The aspect ratio of theellipseisa/b.
2 2

The equation of an ellipse centered at (0, 0) with foci at (xc, 0) is X—z + y—2 = 1,andthe
a~ b

ellipseissymmetric about both coordinate axes. Itsx-interceptsare (+a, 0) and y-intercepts
are (0, +b). Thelinejoining (0, b) and (0, —b) is called the minor axis.The vertices of the
ellipseare (+a, 0), and thelinejoining verticesisthe major axis of theellipse.

Example: Determinethevaluesof h, k, a, b, ¢, and eof theellipse
3x2+5y? —12x+ 30y +42 = 0
Solution: Rearrange the ellipse equation into the general form asfollows:

3x2+5y? —12x+ 30y + 42 = 3x°— 12x + 5y° + 30y + 42

1
o

3 —4x+ 25 +5( +6y+3) = 15

3x=2)°,5(+3)° _ x=2)*, (y+3)* _
15 15 5 (B
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2 2
Comparing the result with the general form, lem— + Q'—_—zkl- = 1,andsolvingforc
a b
andegives

h=2 k=-3 a=.5 b=.3 c=.2 ezﬁ
Four-Arc Oval that Approximates an Ellipse”.—The method of constructing an
approximateellipseby circular arcs, described on page 57, failswhentheratio of themajor
tominor diameter equal sfour or greater. Additionally, itisreported that themethod always
draws asomewhat larger minor axes than intended. The method described below presents
andternative.

Anoval that approximatesan ellipse, illustratedin Fig. 1, canbeconstructed fromthefol-
lowing equations:
_B? Q) 0.38
r= 2 (1)

where A and B are dimensions of the major and minor axis, respectively, andr istheradius
of thecurveat thelong ends.

TheradiusRand itslocation are found from Equations (2) and (3):

2 2
A——Ar+Br—§— B
4 4

Xz —_— 2
B_2r @ 2+ X

Fig. 1.

Tomake an ova thinner or fatter than that given, select asmaller or larger radiusr than
calculated by Equation (1) and then find X and Rusing Equations (2) and (3).
Hyperbola.— The hyperbolawith eccentricity e, focus F and adirectrix L isthe set of all
points P such that the distance PF is e times the distance from P to the line L. The general
equation of an hyperbolais

A +Cy* + Dx+Ey+F = Olac<oandac+o

The hyperbola has two foci separated along the transverse axis by a distance 2c. Lines
perpendicular to the transverse axis passing through the foci are the conjugate axis. The
distance between two vertices is 2a. The distance along a conjugate axis between two

* Four-Arc Oval material contributed by Manfred K. Brueckner
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points on the hyperbolais 2b.The hyperbolais the locus of points such that the difference
of the distancesfrom thetwo foci is 2a, thus, PF,— PF, = 2a

2 2
If point (h,k) isthe center, the general equation of an ellipseis g_x_—_zh_)_ - Q:ZKL =1

a b
Y Conjugate axis Asymptote
\ /y-k:(b/a)(x-h)
4 c?=at+ b?
e=c/a
V, (h— a, Ky . — V, (h+a,K)
Transverse axis
Fu(h—c kY K N—F, (h+c K
/
« 2a
/ 2c
\<—A$/mptote
y—k=—(b/a)(x—h) X
Hyperbola
a’+ b’
Theeccentricity of hyperbola, e = 2 isawayslessthan 1.
The distance between thetwofoci is 2¢ = 24/a”+ b .
2 2
The equation of ahyperbolawith center at (0, 0) and focusat (+c, 0) is X—2 - Lz =1.
a~ b

Example: Determinethevaluesof h, k, a, b, ¢, and eof the hyperbola
ox®—4y?—36x+8y—4 = 0
Solution: Convert the hyperbolaeguation into the general form
9x° —4y? —36x+8y—4 = (9x°—36x)—(4y°—8y)—4 = 0
90 —ax+4)—4(y*—2y+1) = 36

ox=2% ay-1° _ x-2° (-1 _,
36 36 2 2

2 2
Comparing the results above with the general form £X;2hL - Q';ZkL = 1 and calcu-
a b

2 2
a +b

2,2 .
3 andcfromc = ya“ +b" gives

lating the eccentricity from e =

h=2 k=1 a=2 b=3 c= .13 e=%3

Copyright 2004, Industrial Press, Inc., New York, NY



Machinery's Handbook 27th Edition
GEOMETRICAL PROPOSITIONS 49

Geometrical Propositions

O\
A\

The sum of the three anglesin atriangle always equals 180
degrees. Hence, if two angles are known, the third angle can
aways be found.

A+B+C = 180° A = 180°-(B+C)
B = 180°-(A+C) C = 180°-(A+B)

£\ £

—a— |~—a—>

If one side and two anglesin one triangle are equal to one side
and similarly located anglesin another triangle, then the remaining
two sides and angle also are equal.

If a=a;, A=A, and B = B,, then the two other sides and the
remaining angle also are equal.

If two sides and the angle between them in one triangle are equal
to two sides and a similarly located angle in another triangle, then
the remaining side and angles also are equal .

If a=a,, b=b;, and A= A,, then the remaining side and angles
also are equal.

If the three sidesin one triangle are equal to the three sides of
another triangle, then the angles in the two triangles also are equal .

If a=a,, b=b,, and c = c,, then the angles between the respec-
tive sides also are equal.

If the three sides of one triangle are proportional to correspond-
ing sidesin another triangle, then the triangles are called similar,
and the anglesin the one are equal to the angles in the other.

If a:b:c=d:e:f, thenA=D,B=E, andC=F.

If the anglesin one triangle are equal to the anglesin another tri-
angle, then the triangles are similar and their corresponding sides
are proportional .

If A=D,B=E, andC=F, thena:b:c=d:e:f.

If the three sidesin atriangle are equal—that is, if the triangleis
equilateral—then the three angles also are equal.

Each of the three equal anglesin an equilateral triangleis 60
degrees.

If thethree anglesin atriangle are equal, then the three sides also
are equal.
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'l

jtea B i2a B 1pa

A linein an equilateral triangle that bisects or divides any of the
anglesinto two equal parts also bisects the side opposite the angle
and isat right anglesto it.

If line AB divides angle CAD into two equal parts, it also divides
line CD into two equal partsand is at right anglesto it.

If two sidesin atriangle are equal—that is, if the triangleisan
isoscel es triangle—then the angles opposite these sides also are
equal.

If sidea equals side b, then angle A equals angle B.

If two anglesin atriangle are equal, the sides opposite these
angles also are equal.

If angles A and B are equal, then side a equals side b.

PN
s

In an isoscelestriangle, if astraight lineis drawn from the point
where the two equal sides meet, so that it bisects the third side or
base of the triangle, then it also bisects the angle between the equal
sides and is perpendicular to the base.

In every triangle, that angle is greater that is opposite alonger
side. In every triangle, that side is greater which is opposite a
greater angle.

If aislonger than b, then angle A is greater than B. If angle Ais
greater than B, then side a islonger than b.

In every triangle, the sum of the lengths of two sidesis always
greater than the length of the third.

Sidea + side b isaways greater than side c.

k—a—»{
\ In aright-angle triangle, the square of the hypotenuse or the side
—T a opposite the right angle is equal to the sum of the squares on the
c two sides that form the right angle.
i a2 = p2+c?
e——b——
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Geometrical Propositions

AN If one side of atriangle is produced, then the exterior angleis
equal to the sum of the two interior opposite angles.

A D Angle D = angle A+angle B

D If two lines intersect, then the opposite angles formed by the
intersecting lines are equal.
A B Angle A= angle B

C AngleC = angleD

If aline intersects two parallel lines, then the corresponding
angles formed by the intersecting line and the parallel lines are
equal.

Linesab and cd are parallel. Then all the angles designated A are
equal, and all those designated B are equal .

In any figure having four sides, the sum of the interior angles
equals 360 degrees.

A+B+C+D = 360 degrees

The sides that are opposite each other in a parallelogram are
equal; the angles that are opposite each other are equal; the diago-
nal dividesit into two equal parts. If two diagonals are drawn, they
bisect each other.

The areas of two parallelograms that have equal base and equal
height are equal.

If a=a; and h=hy, then

Area A = aea A,

The areas of triangles having equal base and equal height are
equal.

If a=a, and h=h,, then

AreaA = areaA;

/2

If adiameter of acircleisat right anglesto a chord, then it
bisects or divides the chord into two equal parts.

12
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\

If alineistangent to acircle, thenitisaso at right anglesto a
line drawn from the center of the circle to the point of tangency—
that is, to aradial line through the point of tangency.

Point of Tangency

If two circles are tangent to each other, then the straight line that
passes through the centers of the two circles must a so pass through
the point of tangency.

If from apoint outside acircle, tangents are drawn to acircle, the
two tangents are equal and make equal angles with the chord join-
ing the points of tangency.

7

The angle between atangent and a chord drawn from the point of
tangency equals one-half the angle at the center subtended by the
chord.

Angle B = % angle A

o

The angle between atangent and a chord drawn from the point of
tangency equals the angle at the periphery subtended by the chord.

Angle B, between tangent ab and chord cd, equals angle A sub-
tended at the periphery by chord cd.

All angles having their vertex at the periphery of acircle and sub-
tended by the same chord are equal.

Angles A, B, and C, al subtended by chord cd, are equal.

If an angle at the circumference of acircle, between two chords,
issubtended by the same arc asthe angle at the center, between two
radii, then the angle at the circumferenceis equal to one-half of the
angle at the center.

Angle A = % angle B
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Geometrical Propositions

A= Less
than 90

B = More
than 90

B

An angle subtended by a chord in acircular segment larger than
one-half thecircleis an acute angle—an angle | ess than 90 degrees.
An angle subtended by a chord in acircular segment less than one-
half the circleis an obtuse angle—an angle greater than 90 degrees.

If two chordsintersect each other in acircle, then the rectangl e of
the segments of the one equals the rectangle of the segments of the
other.

axb =cxd

Awf A

If from apoint outside acircle two lines are drawn, one of which
intersects the circle and the other is tangent to it, then the rectangle
contained by the total length of the intersecting line, and that part
of it that is between the outside point and the periphery, equals the
square of the tangent.

a2 =bxc

If atriangle isinscribed in a semicircle, the angle opposite the
diameter is aright (90-degree) angle.

All angles at the periphery of acircle, subtended by the diameter,
are right (90-degree) angles.

Thelengths of circular arcs of the same circle are proportional to
the corresponding angles at the center.

A:B=a:b

@n
ﬁﬁ‘&
0/

Thelengths of circular arcs having the same center angle are pro-
portional to the lengths of the radii.

If A=B,thena:b=r:R

{Circumf, =c {Circumf. =C
Area=a Area=A

c)
©)

The circumferences of two circles are proportional to their radii.

The areas of two circles are proportional to the squares of their
radii.
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To divide aline AB into two equal parts:

With the ends A and B as centers and aradius greater than one-
half theline, draw circular arcs. Through the intersections C and D,
draw line CD. Thisline divides AB into two equal parts and isalso
perpendicular to AB.

To draw a perpendicular to a straight line from a point A on that
line:

With A as a center and with any radius, draw circular arcsinter-
secting the given lineat B and C. Then, with B and C as centers and
aradius longer than AB, draw circular arcsintersecting at D. Line
DA is perpendicular to BC at A.

O

os]

To draw a perpendicular line from apoint A at the end of aline
AB:

With any point D, outside of the line AB, asacenter, and with AD
asaradius, draw acircular arc intersecting AB at E. Draw aline
through E and D intersecting the arc at C; thenjoin AC. Thislineis
the required perpendicular.

To draw a perpendicular to aline AB from a point C at adistance
fromit:

With C as acenter, draw acircular arc intersecting the given line
at E and F. With E and F as centers, draw circular arcs with a
radius longer than one-half the distance between E and F. These
arcsintersect at D. Line CD isthe required perpendicular.

To divide astraight line AB into a number of equal parts:

Let it berequired to divide AB into five equal parts. Draw line AC
at an angle with AB. Set off on AC five equal parts of any conve-
nient length. Draw B-5 and then draw lines parallel with B-5
through the other division points on AC. The points where these
lines intersect AB are the required division points.
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Geometrical Constructions

m

N

To draw astraight line parallel to agiven line AB, at agiven dis-
tance from it:

With any points C and D on AB as centers, draw circular arcs
with the given distance asradius. Line EF, drawn to touch the cir-
cular arcs, isthe required parallel line.

>
[ y
m w

To bisect or divide an angle BAC into two equal parts:

With A asacenter and any radius, draw arc DE. With D and E as
centers and aradius greater than one-half DE, draw circular arcs
intersecting at F. Line AF divides the angle into two equal parts.

m

To draw an angle upon aline AB, equal to a given angle FGH:

With point G as a center and with any radius, draw arc KL. With
A as acenter and with the same radius, draw arc DE. Make arc DE
equal to KL and draw AC through E. Angle BAC then equals angle
FGH.

To lay out a 60-degree angle:

With A as a center and any radius, draw an arc BC. With point B
asacenter and AB asaradius, draw an arc intersecting at E the arc
just drawn. EAB is a 60-degree angle.

A 30-degree angle may be obtained either by dividing a 60-
degree angle into two equal parts or by drawing aline EG perpen-
dicular to AB. Angle AEG is then 30 degrees.

To draw a45-degree angle:

From point A on line AB, set off a distance AC. Draw the perpen-
dicular DC and set off a distance CE equal to AC. Draw AE. Angle
EAC isa45-degree angle.

>

@

To draw an equilateral triangle, the length of the sides of which
equals AB:

With A and B as centers and AB as radius, draw circular arcs
intersecting at C. Draw AC and BC. Then ABC is an equilateral tri-
angle.
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To draw acircular arc with a given radius through two given
points A and B:

With A and B as centers, and the given radius as radius, draw cir-
cular arcsintersecting at C. With C as a center, and the same
radius, draw acircular arc through A and B.

To find the center of acircle or of an arc of acircle:

Select three points on the periphery of the circle, as A, B, and C.
With each of these points as a center and the same radius, describe
arcs intersecting each other. Through the points of intersection,
draw lines DE and FG. Point H, where these lines intersect, is the
center of thecircle.

To draw atangent to acircle from agiven point on the circumfer-
ence:

Through the point of tangency A, draw aradial line BC. At point
A, draw aline EF at right anglesto BC. Thisline isthe required
tangent.

To divide acircular arc AB into two equal parts:

With A and B as centers, and aradius larger than half the distance
between A and B, draw circular arcsintersecting at C and D. Line
CD divides arc AB into two equal partsat E.

To describe acircle about atriangle:

Divide the sides AB and AC into two equal parts, and from the
division points E and F, draw lines at right angles to the sides.
Theselinesintersect at G. With G as a center and GA as aradius,
draw circle ABC.

Toinscribeacirclein atriangle:

Bisect two of the angles, A and B, by linesintersecting at D.
From D, draw aline DE perpendicular to one of the sides, and with
DE asaradius, draw circle EFG.
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To describe acircle about a square and to inscribe acirclein a
square:

The centers of both the circumscribed and inscribed circles are
located at the point E, where the two diagonals of the square inter-
sect. The radius of the circumscribed circleis AE, and of the
inscribed circle, EF.

D

E

To inscribe a hexagon in acircle:

Draw adiameter AB. With A and B as centers and with the radius
of the circle asradius, describe circular arcs intersecting the given
circleat D, E, F, and G. Draw lines AD, DE, etc., forming the
required hexagon.

To describe a hexagon about acircle:

Draw adiameter AB, and with A as a center and the radius of the
circle asradius, cut the circumference of the given circleat D. Join
AD and bisect it with radius CE. Through E, draw FG parallel to
AD and intersecting line AB at F. With C as acenter and CF as
radius, draw acircle. Within this circle, inscribe the hexagon asin
the preceding problem.

To describe an ellipse with the given axes AB and CD:

Describe circleswith O as acenter and AB and CD as diameters.
From anumber of points, E, F, G, etc., on the outer circle, draw
radii intersecting the inner circleat e, f, and g. From E, F, and G,
draw lines perpendicular to AB, and from e, f, and g, draw lines
parallel to AB. Theintersections of these perpendicular and parallel
lines are points on the curve of the ellipse.

To construct an approximate ellipse by circular arcs:

Let AC be the mgjor axis and BN the minor. Draw half circle
ADC with O as acenter. Divide BD into three equal parts and set
off BE equal to one of these parts. With A and C as centers and OE
asradius, describe circular arcs KLM and FGH; with G and L as
centers, and the same radius, describe arcs FCH and KAM.
Through F and G, drawn line FP, and with P as a center, draw the
arc FBK. Arc HNM is drawn in the same manner.
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Trrowsoo

B123 456
C

To construct a parabola:

Divide line AB into a number of equal parts and divide BC into
the same number of parts. From the division points on AB, draw
horizontal lines. From the division points on BC, draw lines to
point A. The points of intersection between lines drawn from points
numbered alike are points on the parabola.

To construct a hyperbola:

From focus F, lay off adistance FD equal to the transverse axis,
or the distance AB between the two branches of the curve. With F
asacenter and any distance FE greater than FB as aradius,
describeacircular arc. Then with F; asacenter and DE asaradius,
describe arcsintersecting at C and G the arc just described. C and
G are points on the hyperbola. Any number of points can be found
in asimilar manner.

To construct an involute:

Divide the circumference of the base circle ABC into anumber of
equal parts. Through the division points 1, 2, 3, etc., draw tangents
to the circle and make the lengths D1, E-2, F-3, etc., of these tan-
gents equal to the actual length of the arcs A-1, A-2, A-3, etc.

f=1/2 Lead >}

\o

[<TRYNTANN, To)

To construct a helix:

Divide half the circumference of the cylinder, on the surface of
which the helix is to be described, into a number of equal parts.
Divide half thelead of the helix into the same number of equal
parts. From the division points on the circle representing the cylin-
der, draw vertical lines, and from the division points on the lead,
draw horizontal lines as shown. The intersections between lines
numbered aike are points on the helix.
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Areas and Volumes

The Prismoidal Formula.—The prismoidal formulais a general formula by which the
volume of any prism, pyramid, or frustum of apyramid may befound.

A, =areaat oneend of the body

A, = areaat theother end

A, = areaof middle section between thetwo end surfaces
h=height of body

Then, volumeV of thebody isV = E(A1 +4A,+A)

Pappus or Guldinus Rules.—By means of these rules the area of any surface of revolu-
tion and the volume of any solid of revolution may befound. Theareaof the surface swept
out by therevolution of aline ABC (seeillustration) about the axis DE equal sthe length of
thelinemultiplied by thelength of the path of itscenter of gravity, P. If thelineisof sucha
shapethat it isdifficult to determineits center of gravity, then theline may bedividedinto
anumber of short sections, each of which may beconsidered asastraight line, and theareas
swept out by these different sections, as computed by the rule given, may be added to find
thetotal area. Theline must lie wholly on one side of the axis of revolution and must bein
thesameplane.

The volume of asolid body formed by the revolution of a surface FGHJ about axis KL
equals the area of the surface multiplied by the length of the path of its center of gravity.
The surface must liewholly on one side of the axis of revolution and in the same plane.

Example: By means of theserules, theareaand volume of acylindrical ring or torus may
be found. The torusis formed by a circle AB being rotated about axis CD. The center of
gravity of thecircleisat itscenter. Hence, with thedimensionsgivenintheillustration, the
length of the path of the center of gravity of thecircleis3.1416 x 10 = 31.416 inches. Mul-
tiplying by the length of the circumference of the circle, which is 3.1416 x 3 = 9.4248

inches, gives 31.416 x 9.4248 = 296.089 squareinches whichistheareaof thetorus.

The volume equals the area of the circle, which is 0.7854 x 9 = 7.0686 square inches,
multiplied by the path of the center of gravity, whichis 31.416, asbefore; hence,

Volume = 7.0686 x 31.416 = 222.067 cubic inches
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Approximate Method for Finding the Area of a Surface of Revolution.—The accom-
panyingillustrationisshownin order to give an example of the approximate method based
on Guldinus rule, that can be used for finding the areaof asymmetrical body. Intheillus-
tration, the dimensionsin common fractions are the known dimensions; thosein decimal's
arefound by actual measurementson afiguredrawnto scale.

Themethod for findingtheareais
as follows: First, separate such
areas as are cylindrical, conical, or
spherical, as these can be found by
exact formulas. In theillustration
ABCD isacylinder, the area of the
surface of which can be easily
found. Thetop areaEF issimply a
circular area, and can thus be com-
puted separately. The remainder of
the surface generated by rotating
line AF about the axis GH is found
by the approximate method
explained in the previous section.
From point A, set off equal dis-
tances on line AF. In theillustra-
tion, each division indicated is %
inch long. From the central or mid-
dle point of each of these partsdraw aline at right anglesto the axis of rotation GH, mea-
surethelength of these lines or diameters (thelength of eachisgivenin decimals), add all
theselengthstogether and multiply the sum by thelength of onedivision set off online AF
(inthiscase, %inch), and multiply thisproduct by = tofind the approximate areaof thesur-
faceof revolution.

In setting off divisions %inch long along line AF, the last division does not reach exactly
topoint F, but only toapoint 0.03inch below it. Thepart 0.03inch high at thetop of thecup
can be considered as a cylinder of % inch diameter and 0.03 inch height, the area of the
cylindrical surface of whichiseasily computed. By adding the various surfaces together,
thetotal surface of the cupisfound asfollows:

Cylinder, 1%inch diameter, 0.41inch high 2.093 squareinches

Circle, %inch diameter 0.196 squareinch

Cylinder, % inch diameter, 0.03inch high 0.047 squareinch

Irregular surface 3.868 squareinches
Total 6.204 squareinches

Area of Plane Surfaces of Irregular Outline.—One of the most useful and accurate
methods for determining the approximate area of a plane figure or irregular outlineis
known as Smpson's Rule. In applying Simpson's Rule to find an areathe work isdonein
four steps:

1) Dividethe areainto an even number, N, of parallel strips of equal width W; for exam-
ple, intheaccompanying diagram, the areahas been divided into 8 strips of equal width.

2) Label thesidesof thestripsV,, V;, Vs, €tc., upto Vy.

3) MeasuretheheightsVy, Vy, Vs, ...,V of thesides of the strips.

4) SubstitutetheheightsV,, V,, etc., inthefollowing formulato find thearea A of thefig-
ure:
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A= VEV[(V0+VN)+4(V1+V3+ VL) F2(Vo VeV

Example: The area of the accompanying figure was divided into 8 strips on a full-size
drawing and the following data obtained. Calcul ate the areausing Simpson's Rule.

Substituting the given datain the Simpson formula,

A = D10+ 1) + 4G4+ 1+ 2%+ 13) + 2013, + 15 + 2%)]

%[(%) +4(6%) + 2(5%)] = %[36%]
6.04 square inches

In applying Simpson's Rule, it should be noted that the larger the number of stripsinto
which theareaisdivided the more accurate the results obtained.
Areas Enclosed by Cycloidal Curves.— The areabetween acycloid and the straight line
upon which the generating circlerolls, equalsthree times the area of the generating circle
(seediagram, page 66). The areas between epicycloidal and hypocycloida curvesand the
“fixed circle” uponwhichthegenerating circleisrolled, may be determined by thefollow-
ing formulas, in which a = radius of thefixed circle upon which thegenerating circleralls;
b=radiusof thegenerating circle; A= theareafor theepicycloidal curve; and A, = thearea
for the hypocycloidal curve.

A= 3.1416b2! 3a+2b A = 3.1416[)2! 3a—2b
- a 1 a

Find the Contents of Cylindrical Tanks at Different Levels.—In conjunction with the
table Segments of Circles for Radius = 1 starting on page 71, the following relations can
giveaclose approximation of theliquid contents, at any level, inacylindrical tank.

&

LESS THAN MORE THAN
HALF-FILLED HALF-FILLED

Measuring stick } L |

MORE THAN HALF-FILLED

A long measuring rule caibrated in length units or simply aplain stick can be used for
measuring contents at aparticular level. Inturn, therule or stick can be graduated to serve
asavolumegaugefor thetank in question. Theonly requirementsarethat the cross-section
of thetank iscircular; thetank'sdimensions are known; the gaugerod isinserted vertically
through the top center of the tank so that it rests on the exact bottom of the tank; and that
consistent English or metric unitsare used throughout the calculations.
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K = Cr2L = Tank Constant (remainsthe samefor any given tank) (@)
V;=nK, for atank that iscompletely full (%)
V;=KA 3
V=V whentank islessthan half full 4
V=V; - V,=V;- KA whentank ismorethan half full (5)

where C=liquid volume conversion factor, the exact value of which depends on the
length and liquid volume units being used during measurement: 0.00433 U.S.
gal/in3; 7.48 U.S. gal/ft3; 0.00360 U.K. gal/in3; 6.23 U.K. gal/ft3; 0.001
liter/cm3; or 1000 liters/m3
V; =total volumeof liquid tank can hold
V;=volume formed by segment of circle having depth = x in given tank (see dia-
gram)
V=volumeof liquid at particular level intank
d=diameter of tank; L = length of tank; r = radius of tank (=% diameter)
A=segment area of a corresponding unit circle taken from the table starting on
page 71
y = actual depth of contentsin tank as shown onagaugerod or stick
x = depth of the segment of acircleto be considered in given tank. As can be seen
inabovediagram, xistheactual depth of contents (y) whenthetank islessthan
half full, and isthe depth of thevoid (d - y) above the contentswhenthetank is

morethan half full. From pages71 and 74 it can aso be seen that h, the height
of asegment of acorresponding unit circle, isx/r

Example: A tank is 20 feet long and 6 feet in diameter. Convert along inch-stick into a
gaugethat isgraduated at 1000 and 3000 U.S. gallons.
L = 20x 12 = 240in. r = %x12 = 36in.
From Formula (1): K =0.00433(36)%(240) = 1346.80
From Formula (2): V;=3.1416 x 1347 =4231.1USgal.
The 72-inch mark from the bottom on theinch-stick can be graduated for therounded full

volume “4230"; and the halfway point 36” for 4230/2 or “2115.” It can be seen that the
1000-gal mark would be below the halfway mark. From Formulas (3) and (4):

A _ 1000
1000 ™ 1347
0.5724; andx = y = 36 x 0.5724 = 20.61. If the desired level of accuracy permits,

interpolation can be omitted by choosing h directly from thetable on page 71 for thevalue
of Anearest that cal culated above.

Therefore, the 1000-gal mark isgraduated 20%" from bottom of rod.

It can be seen that the 3000 mark would be above the halfway mark. Therefore, thecircu-
lar segment considered is the cross-section of the void space at the top of the tank. From
Formulas (3) and (5):

A = 4230-3000
3000 © 1347

= 0.7424 from the table starting on page 71, h can be interpolated as

= 0.9131; h= 0.6648; x = 36 x 0.6648 = 23.93"

Therefore, the 3000-gal mark is 72.00 — 23.93 = 48.07, or at the 48 %' mark from the
bottom.
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Areas and Dimensions of Plane Figures

In the following tables are given formulas for the areas of plane figures, together with
other formulas relating to their dimensions and properties; the surfaces of solids; and the
volumesof solids. Thenotation usedintheformulasis, asfar aspossible, givenintheillus-
tration accompanying them; wherethishasnot been possible, it isgiven at the beginning of
each set of formulas.

Examples are given with each entry, somein English and some in metric units, showing
theuse of the preceding formula.

Square:

Area = A = 2 = ¥d?
s =07071d = JA
d = 1.414s = 1.414./A

Example: Assumethat the side sof asquareis 15 inches. Find the areaand thelength of the diagonal.
Area = A = s2 = 152 = 225 sguareinches
Diagonal = d = 1.414s = 1.414x 15 = 21.21 inches
Example: Theareaof asquareis 625 squareinches. Find thelength of the sidesand thediagonal d.
s = JA = /625 = 25 inches
d = 1414,/A = 1.414x 25 = 3535 inches

Rectangle:
T Area = A = ab = aJd’—a® = bid>—b°
) a d = JaZz+b?
i a=Jd2-b2 = A+b
foe——b—] a=Jd2-a2=Axa

Example: Thesideaof arectangleis 12 centimeters, and the area 70.5 square centimeters. Find the
length of thesideb, and the diagonal d.
b =A+a=705+12 = 5875 centimeters

d = JaZ2+Db2 = J/122+58752 = /178516 = 13.361 centimeters
Example: Thesidesof arectangleare 30.5 and 11 centimeterslong. Find thearea.
Area = A = axb = 30.5x 11 = 3355 square centimeters

Parallelogram:
T Area = A = ab
a a=A+b
l b=A+a
fe—b—| Note: Thedimension aismeasured at right anglestolineb.

Example: Thebaseb of aparallelogramis 16 feet. Theheight ais5.5feet. Find thearea.
Area = A = axb = 55x16 = 88 squarefeet
Example: Theareaof aparallelogramis 12 squareinches. Theheightis1.5inches. Find thelength of
thebaseb.
b=A+a=12+15 = 8 inches
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Right-Angled Triangle:

/4\ Aree\=A=b—2c

I 2 a= Jb2+c?
l%\ b= Jai-c
[PE—— S

Example: Thesidesb and cinaright-angled triangleare 6 and 8inches. Find sideaand thearea

a = Jb2+c2 = J62+82 = ./36+64 = /100 = 10 inches

Example: If a=10and b =6 had been known, but not c, the latter would have been found asfollows:

c = Ja2-b2 = ,/102-62 = ./100-36 = ./64 = 8 inches

Acute-Angled Triangle:

f/\ _a_bh_bl2 (a2+b2—c??
¢ - Area—A—E—é a—(—Zb 1
/ \ If S = J(a+b+c), then

e ———

A = JS(S—a)(S—b)(S-c)

Example: If a=10, b=9, and c = 8 centimeters, what istheareaof thetriangle?
_bl, (a2+b2-c??_ 9 |, (102+92-82)% _ _(117)?
A Zx/a ( 2b ZJ 2 10 ( 2x9 Z) 45 /100 (186

= 45,/100-42.25 = 45./57.75 = 45 x 7.60 = 34.20 square centimeters

Obtuse-Angled Triangle:

/ S a=bh_b[p (-a?-b??
¢ }h’ Arw—A—z—za ( o Zj
/ i“ If S =%(a+b+c), then

A = JS(S-a)(S-b)(S-¢)
fo——bh—n

Example: Thesidea=5, sideb =4, and sidec =8inches. Find thearea.
S=Y%(a+b+c) = %(5+4+8) = %x17 = 85
A = JS(S-2a)(S-b)(S-c) = ./85(85-5)(85-4)(85-8)
= J/85x35x45x 05 = ./66.937 = 8.18 squareinches

Trapezoid:

[—a— AreazAzg—Mzbh

Note: In Britain, thisfigureiscalled atrapeziumand the one
below itisknown asatrapezoid, theterms being reversed.

Example: Sidea= 23 meters, sideb =32 meters, and height h=
12 meters. Findthe area.

— A:Q&mez 23"232 12:55;212:330 Square meters

-
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Trapezium:

65

Area = A = gH+h)a;—bh+cH

i

A trapezium can also be divided into two triangles asindicated
I e ey R— P

by thedashedline. Theareaof each of thesetrianglesiscomputed
and theresults added to find the area of the trapezium.

Example: Leta=10,b=2,c=3,h=8,andH = 12inches. Find thearea
A= (H+ha+bh+cH _ (12+8)10+2x8+3x 12
2

= 20x10+16+36 10; 16+36 2—22 =126 sguareinches

Regular Hexagon:

A=2598s? = 2.598R? = 3.464r2
R= s=radiusof circumscribed circle=1.155r

r =radiusof inscribed circle=0.866s=0.866R
s=R=1.155r

Example: Thesidesof aregular hexagonis40 millimeters. Find
theareaand theradiusr of theinscribed circle.

A = 259852 = 2,508 x 402 = 2,598 x 1600 = 4156.8 square millimeters
r = 0.866s = 0.866 x 40 = 34.64 millimeters

Example: What isthelength of the side of ahexagon that isdrawn around acircle of 50 millimeters
radius?— Herer =50. Hence, s = 1.155r = 1.155x 50 = 57.75 millimeters

Regular Octagon:

A=area=4.828s?=2.828R2=3.3 14r2
R=radiusof circumscribed circle=1.307s=1.082r
r =radiusof inscribed circle=1.207s=0.924R
s=0.765R=0.828r
Example: Find the areaand thelength of the side of an octagon
that isinscribedinacircleof 12 inchesdiameter.

Diameter of circumscribed circle= 12 inches; hence, R=6
inches.

A = 2.828R? = 2.828x 62 = 2.828 x 36 = 101.81 squareinches
s = 0.765R = 0.765x 6 = 4.590 inches

A = area
o = 360°+n

n = number of sides
B = 180°-a

A=DSL_DS oo &
2 2 4
2 2
R= /r2+sZ r= /Rz—sz s = 2/R2-r2

Example: Find theareaof apolygon having 12 sides, inscribedinacircleof 8 centimetersradius. The
length of the side sis4.141 centimeters.

2 2
A= lre-% - 12X 8L g UL - 24846./60713

24.846 x 7.727 = 191.98 square centimeters

Copyright 2004, Industrial Press, Inc., New York, NY



66

Machinery's Handbook 27th Edition
AREASAND VOLUMES

Circle:

Area = A = nr2 = 3.1416r2 = 0.7854d?
Circumference = C = 2nr = 6.2832r = 3.1416d
r = C+6.2832 = ,/A+3.1416 = 0.564./A
d = C+31416 = JA+0.7854 = 1.128./A
Length of arc for center angle of 1° =0.008727d
Length of arc for center angle of n° =0.008727nd

Example: Find theareaA and circumference C of acirclewith adiameter of 23;inches.

A = 0.7854d2 = 0.7854 x 2.752 = 0.7854 x 2.75 x 2.75 = 5.9396 squareinches
C = 3.1416d = 3.1416 x 2.75 = 8.6394 inches

Example: Theareaof acircleis16.8 squareinches. Find itsdiameter.

d = 1128./A = 1.128./16.8 = 1.128 x 4.099 = 4.624 inches

Circular Sector:
Lengthof arc = | = X @x33416 _ 31745, = 2_rA_\
Area = A = %rl = 0.008727a.r2
Angle, in degrees = o = @ - % _ 57.29 |
o

Example: Theradiusof acircleis35 millimeters, and angle o of asector of thecircleis 60 degrees.

Find the area of the sector and thelength of arcl.
A = 0.008727ar2 = 0.008727 x 60 x 352 = 641.41mm?2 = 6.41cm?

| = 0.01745r0. = 0.01745 x 35x 60 = 36.645 millimeters

Circular Segment:
7 A = area | = length of arc o = angle, in degrees
% = 2J/h(2r=h A= Y%rl-c(r=h
Dy e A
) =¢ ;: | = 0.01745ra

h=r-%J4r2-c2 = r[1-cos(a/2)] o = w
Seealso, Circular Segments starting on page 70.
Example: Theradiusr is60inchesand the height his8inches. Find thelength of the chord c.

c=2/h@2r—h) = 2/8x(2x60-8) = 2,/896 = 2x29.93 = 59.86 inches
Example: If ¢ =16, and h =6 inches, what isthe radius of the circle of which the segmentisapart?

C2+4h2 _ 162+4x62 _ 256+ 144 _ 400 .
= = B = == = 8% inches
8h 8x6 78 28 !

Cycloid:
Area = A = 3nr? = 9.4248r2 = 2.3562d2

1
/E)\ = 3 x areaof generating circle
N *7' Length of cycloid = | = 8r = 4d
- Seealso, Areas Enclosed by Cycloidal Curvesonpage61.

Example: Thediameter of thegenerating circleof acycloidis6inches. Find thelengthl of thecycloi-
dal curve, and the areaenclosed between the curve and the baseline.
| = 4d = 4x6 = 24 inches A = 2356202 = 2.3562 x 62 = 84.82 squareinches
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Circular Ring:

Area = A = n(R2—r2) = 3.1416(R2—r2)
= 3.1416(R+r)(R—r)
= 0.7854(D2—d?) = 0.7854(D + d)(D — d)

Example: Let theoutsidediameter D = 12 centimetersand theinsidediameter d = 8 centimeters. Find
theareaof thering.

A = 0.7854(D2-d?) = 0.7854(122—82) = (.7854(144—64) = 0.7854 x 80
= 62.83 square centimeters
By thealternative formula:
A = 0.7854(D +d)(D —d) = 0.7854(12 + 8)(12—8) = 0.7854x 20 x 4
= 62.83 square centimeters

Circular Ring Sector:

A = area o = angle, in degrees

A= %’(‘)(szﬂ) = 0.008730.(R2—r2)

= _9rn 2_g2) = 2_g2
T35 d?) = 0.00218a,(D2 - d?)

Example: Findthearea, if the outsideradius R=5inches, theinsideradiusr = 2inches, and o. = 72
degrees.
A = 0.008730.(R2—r2) = 0.00873 x 72(52 - 22)
0.6286(25—4) = 0.6286 x 21 = 13.2 square inches

Spandrel or Fillet:

:
l

2
¢ Area = A = rz—% = 0.215r2 = 0.1075¢2

Example: Find the areaof aspandrel, theradiusof whichis0.7 inch.
A = 0.215r2 = 0.215x 0.72 = 0.105 square inch
Example: If chord c weregiven as 2.2 inches, what would be the area?
A = 0.1075c2 = 0.1075 x 2.22 = 0.520 squareinch

Parabola:

Area = A = %xy
v (Theareaisequal totwo-thirdsof arectanglewhich hasxfor its
1 baseandy for itsheight.)
X_..] ) Exarrple_: Letxintheillustration belS_oentimeters, andy, 9cen-
timeters. Find the area of the shaded portion of the parabola.
A =%xxy = %x15x9 = 10x 9 = 90 square centimeters
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Parabola:

| = length of arc = g[ %(l+g§)+ln(ﬁ+ /1+gp5ﬂ

When xissmall in proportiontoy, thefollowingisaclose
approximation:

AR e
Example: If x=2andy = 24 feet, what isthe approximatelength | of the parabolic curve?
(e HIE DIRE B Gl Gl

24[1+gx-l__gx——l—J:24><l.0046=24.11fea
3124 572073

Segment of Parabola:

AreaBFC = A = % areaof parallelogram BCDE

If FG isthe height of the segment, measured at right anglesto
BC, then:

Areaof segment BFC = %BC x FG

Example: Thelength of the chord BC = 19.5 inches. The distance between lines BC and DE, mea-
sured at right anglesto BC, is2.25 inches. Thisisthe height of the segment. Find the area.
Area = A = %BCx FG = %x 19.5x 2.25 = 29.25 square inches

Hyperbola:

— A= Xy_abx.y
AreaBCD = A > 2|n(a+b)

Example: Thehalf-axesaand b are 3and 2 inches, respectively.
Find theareashown shaded intheillustration for x=8andy =5.
Inserting the known valuesin theformula:

A=8x5_3x2, |n(§+§) = 20-3x In5.167
2 2 372

= 20—-3x 1.6423 = 20—-4.927 = 15.073 square inches

Area = A = nab = 3.1416ab
An approximate formulafor the perimeter is
Perimeter = P = 3.1416./2(a2 + b?)
A closer approximationis

—b)2
P = 31416 2(a2+b2)—%§L

Example: Thelarger or major axisis200 millimeters. The smaller or minor axisis 150 millimeters.
Find the areaand the approximate circumference. Here, then, a= 100, and b= 75.
A = 3.1416ab = 3.1416 x 100 x 75 = 23,562 square millimeters = 235.62 square centimeters
P = 3.1416./2(a% + b?) = 3.1416./2(1002 + 752) = 3.1416./2 x 15,625
3.1416./31,250 = 3.1416 x 176.78 = 555.37 millimeters = (55.537 centimeters)
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Formulas and Table for Regular Polygons.—The following formulas and table can be
used to calculate the area, length of side, and radii of the inscribed and circumscribed cir-
clesof regular polygons (equal sided).

A = NS?cota + 4 = NRZsinacosa. = Nr2tana

r = Rcosa = (Scota) +2 = J(Ax cotar) + N

R = S+(2sina) = r+coso. = /A= (Nsina.coso)
S = 2Rsina = 2rtana = 2./(Ax tana) + N

whereN = number of sides; S= length of side; R = radius of circumscribed circle;r =

radiusof inscribed circle; A = areaof polygon; and, o = 180° + N = one-half center angle
of oneside. Seealso Regular Polygon on page 65.

Area, Length of Side, and Inscribed and Circumscribed Radii of Regular Polygons

'\(‘)‘]?' A A A R R S S r r
Sides] & R2 r2 S r R r R S

3 | 04330 | 12990 | 51962 | 0.5774| 2.0000 | 1.7321 | 3.4641 | 0.5000 | 0.2887
1.0000 | 20000 | 4.0000 | 0.7071| 1.4142 | 1.4142 | 2.0000 | 0.7071 | 05000
1.7205 | 2.3776 | 3.6327 | 0.8507| 1.2361 | 1.1756 | 1.4531 | 0.8090 | 0.6882
25081 | 25981 | 3.4641 | 1.0000| 1.1547 | 1.0000 | 1.1547 | 0.8660 | 0.8660
36339 | 27364 | 33710 | 1.1524| 1.1099 | 0.8678 | 0.9631 | 0.9010 | 1.0383
48284 | 2.8284 | 33137 | 1.3066| 1.0824 | 0.7654 | 0.8284 | 0.9239 | 1.2071
6.1818 | 2.8925 | 32757 | 14619 | 1.0642 | 0.6840 | 0.7279 | 0.9397 | 1.3737
10 | 7.6942 | 29389 | 32492 | 1.6180| 1.0515 | 0.6180 | 0.6498 | 0.9511 | 15388
12 | 11196 | 3.0000 | 32154 | 1.9319| 1.0353 | 05176 | 0.5359 | 0.9659 | 1.8660
16 | 20109 | 3.0615 | 3.1826 | 25629 | 1.0196 | 0.3902 | 0.3978 | 0.9808 | 25137
20 31.569 3.0902 | 3.1677 | 3.1962| 1.0125 | 0.3129 | 0.3168 | 0.9877 | 3.1569
24 | 45575 | 31058 | 3.1597 | 3.8306| 1.0086 | 0.2611 | 0.2633 | 0.9914 | 3.7979
32 | 81225 | 31214 | 31517 | 5.1011| 1.0048 | 0.1960 | 0.1970 | 0.9952 | 50766
48 | 18308 | 3.1326 | 3.1461 | 7.6449| 10021 | 0.1308 | 0.1311 | 0.9979 | 7.6285
64 | 32569 | 31365 | 3.1441 | 10.190 | 1.0012 | 0.0981 | 0.0983 | 0.9988 | 10.178

© 00N OB

Example 1: A regular hexagon isinscribed in acircle of 6 inches diameter. Find the area
andtheradiusof aninscribed circle. HereR= 3. Fromthetable, areaA= 2.5981R2 = 2.5981
x 9 = 23.3829 square inches. Radius of inscribed circle, r = 0.866R = 0.866 x 3 = 2.598
inches.

Example 2: An octagon isinscribed in acircle of 200 millimeters diameter. ThusR=50.
Find the areaand radius of aninscribed circle. A= 2.8284R2 = 2.8284 x 2500 = 7071 mm?
=70.7 cm?. Radiusof inscribed circle, r = 0.9239R = 09239 x 50 = 46.195 mm.

Example 3: Thirty-two boltsareto be equally spaced on the periphery of abolt-circle, 16
inchesin diameter. Find the chordal distance between the bolts. Chordal distance equals
theside Sof apolygon with 32 sides. R=8. Hence, S=0.196R=0.196 x 8 = 1.568 inch.

Example4: Sixteen bolts are to be equally spaced on the periphery of abolt-circle, 250
millimetersdiameter. Find thechordal distance between thebolts. Chordal distanceequals
theside Sof apolygonwith 16 sides. R=125. Thus, S=0.3902R = 0.3902 x 125=48.775
millimeters.
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Circular Segments.—The table that follows givesthe principle formulasfor dimensions
of circular segments. The dimensions are illustrated in the figures on pages 66 and 71.
When two of the dimensions found together in the first column are known, the other
dimensions are found by using the formulas in the corresponding row. For example, if
radiusr and chord c are known, solvefor angle a. using Equation (13), then use Equations
(14) and (15) to solve for h and |, respectively. In these formulas, the value of aisin
degrees between 0 and 180°.

Formulas for Circular Segments

Given Formulas
¢ = 2rsin¢ 1) | h= r(l—cosg) 2 |1 =1 3
a,r > (1) > 2 180 3
nca
__¢ __c | = —— (6)
@ | 1= Sene @M= 6 360sin
h r = .________h ™| c= _.._Zh ®) | = ﬂ:H—OL 9
o o o o
' 1-cos= tan= 180(1— —)
COS2 an 1 COS2
1801 3601 sinZ 18011~ cos)
| r=—— 10
« ra Dle=—o2 W h=—" %
na o
_ 1-c 2_.2 _ T ;o[ C
nc | a= acos[ ZRZJ (13) | = ,__ir_z_c. @ | I = 9_Orasm(z) (15)
nh | o=2a0s(1-0) (16) | ¢ = 2 /hr=h) an | ! = £racos(l—t‘) (18)
' r 90 r
Ll | a= 1801 19 | c= 2rs’n€—3—0—| (20) | h = r(l—cosgg-l) (21)
mr nR mr
_ 2h ¢+ 4n? _ _(c2+4h 2h
ch | a=dans @) = e @ | 1= n(%h— an (24
Given Formula To Find Given Formula To Find
@(l.: = % (25) @_er_] = o (26)
n ;oo n o
sinZ 1-cosz
| 2 h, | 2
© Solve Equation (25) for o by iteration?,| Solve Equation (26) for o by iterationd
then then
r = Equation (10) r = Equation (10)
h=Equation (5) c=Equation (11)

2Equations (25) and (26) can not be easily solved by ordinary means. To solve these equations, test
various values of o until the left side of the equation equalsthe right side. For example, if givenc=4
and| =5, theleft sideof Equation (25) equal s143.24, and by testing variousvaluesof a. it will befound
that theright side equal s 143.24 when o = 129.62°.

Anglea isindegrees, 0< a <180
Formulasfor Circular Segments contributed by Manfred Brueckner
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Segments of Circles for Radius = 1.—Formulas for segments of circles are given on
pages66 and 70. Whenthecentral angle o and radiusr areknown, thetableson thisand the
following page can be used to find the length of arc |, height of segment h, chord length c,
and segment areaA.

When angle o and radiusr arenot known, but segment

height h and chord length ¢ are known or can be mea- / \
sured, theratio h/c can beused to enter thetableand find W %\I

|

T

h
a, |, and A by linear interpolation. Radiusr isfound by ::
theformulaon page 66 or 70. Thevaueof | isthenmul-
tiplied by theradiusr and the area A by r2, the square of N _—
theradius. N\ %

Angle o can be found thus with an accuracy of about
0.001 degree; arclength | withan error of about 0.02 per cent; and areaAwith an error rang-
ing from about 0.02 per cent for the highest entry value of h/cto about 1 per cent for values
of h/c of about 0.050. For lower values of h/c, and where greater accuracy isrequired, area
A should be found by theformulaon page 66.

Segments of Circles for Radius =1 (English or metric units)

6, 0,
Deg. | h c Area A hc Deg. | h c Area A hic
1 0.01745 | 0.00004 | 0.01745 | 0.0000 | 0.00218 || 41 | 0.71558 | 0.06333 | 0.70041 | 0.0298 | 0.09041
2 0.03491 | 0.00015 | 0.03490 | 0.0000 | 0.00436 || 42 | 0.73304 | 0.06642 | 0.71674 | 0.0320 | 0.09267
3 0.05236 | 0.00034 | 0.05235 | 0.0000 | 0.00655 || 43 | 0.75049 | 0.06958 | 0.73300 | 0.0342 | 0.09493
4 0.06981 | 0.00061 | 0.06980 | 0.0000 | 0.00873 || 44 | 0.76794 | 0.07282 | 0.74921 | 0.0366 | 0.09719
5 0.08727 | 0.00095 | 0.08724 | 0.0001 | 0.01091 || 45 | 0.78540 | 0.07612 | 0.76537 | 0.0391 | 0.09946
6 0.10472 | 0.00137 | 0.10467 | 0.0001 | 0.01309 || 46 | 0.80285 | 0.07950 | 0.78146 | 0.0418 | 0.10173
7 0.12217 | 0.00187 | 0.12210 | 0.0002 | 0.01528 || 47 | 0.82030 | 0.08294 | 0.79750 | 0.0445 | 0.10400
8 0.13963 | 0.00244 | 0.13951 | 0.0002 | 0.01746 || 48 | 0.83776 | 0.08645 | 0.81347 | 0.0473 | 0.10628
9 0.15708 | 0.00308 | 0.15692 | 0.0003 | 0.01965 || 49 | 0.85521 | 0.09004 | 0.82939 | 0.0503 | 0.10856
10 0.17453 | 0.00381 | 0.17431 | 0.0004 | 0.02183 | 50 | 0.87266 | 0.09369 | 0.84524 | 0.0533 | 0.11085
11 0.19199 | 0.00460 | 0.19169 | 0.0006 | 0.02402 || 51 | 0.89012 | 0.09741 | 0.86102 | 0.0565 | 0.11314
12 0.20944 | 0.00548 | 0.20906 | 0.0008 | 0.02620 || 52 | 0.90757 | 0.10121 | 0.87674 | 0.0598 | 0.11543
13 0.22689 | 0.00643 | 0.22641 | 0.0010 | 0.02839 || 53 | 0.92502 | 0.10507 | 0.89240 | 0.0632 | 0.11773
14 0.24435 | 0.00745 | 0.24374 | 0.0012 | 0.03058 || 54 | 0.94248 | 0.10899 | 0.90798 | 0.0667 | 0.12004
15 0.26180 | 0.00856 | 0.26105 | 0.0015 | 0.03277 || 55 | 0.95993 | 0.11299 | 0.92350 | 0.0704 | 0.12235
16 0.27925 | 0.00973 | 0.27835 | 0.0018 | 0.03496 || 56 | 0.97738 | 0.11705 | 0.93894 | 0.0742 | 0.12466
17 0.29671 | 0.01098 | 0.29562 | 0.0022 | 0.03716 || 57 | 0.99484 | 0.12118 | 0.95432 | 0.0781 | 0.12698
18 0.31416 | 0.01231 | 0.31287 | 0.0026 | 0.03935 || 58 | 1.01229 | 0.12538 | 0.96962 | 0.0821 | 0.12931
19 033161 | 0.01371 | 0.33010 | 0.0030 | 0.04155 || 59 | 1.02974 | 0.12964 | 0.98485 | 0.0863 | 0.13164
20 0.34907 | 0.01519 | 0.34730 | 0.0035 | 0.04374 | 60 | 1.04720 | 0.13397 | 1.00000 | 0.0906 | 0.13397
21 0.36652 | 0.01675 | 0.36447 | 0.0041 | 0.04594 || 61 | 1.06465 | 0.13837 | 1.01508 | 0.0950 | 0.13632
22 0.38397 | 0.01837 | 0.38162 | 0.0047 | 0.04814 || 62 | 1.08210 | 0.14283 | 1.03008 | 0.0996 | 0.13866
23 0.40143 | 0.02008 | 0.39874 | 0.0053 | 0.05035 || 63 | 1.09956 | 0.14736 | 1.04500 | 0.1043 | 0.14101
24 0.41888 | 0.02185 | 0.41582 | 0.0061 | 0.05255 64 1.11701 | 0.15195 | 1.05984 | 0.1091 | 0.14337
25 0.43633 | 0.02370 | 0.43288 | 0.0069 | 0.05476 || 65 | 1.13446 | 0.15661 | 1.07460 | 0.1141 | 0.14574
26 045379 | 0.02563 | 0.44990 | 0.0077 | 0.05697 | 66 | 1.15192 | 0.16133 | 1.08928 | 0.1192 | 0.14811
27 047124 | 0.02763 | 0.46689 | 0.0086 | 0.05918 || 67 | 1.16937 | 0.16611 | 1.10387 | 0.1244 | 0.15048
28 0.48869 | 0.02970 | 0.48384 | 0.0096 | 0.06139 || 68 | 1.18682 | 0.17096 | 1.11839 | 0.1298 | 0.15287
29 050615 | 0.03185 | 0.50076 | 0.0107 | 0.06361 | 69 | 1.20428 | 0.17587 | 1.13281 | 0.1353 | 0.15525
30 0.52360 | 0.03407 | 051764 | 0.0118 | 0.06583 70 1.22173 | 0.18085 | 1.14715 | 0.1410 | 0.15765
31 054105 | 0.03637 | 0.53448 | 0.0130 | 0.06805 || 71 | 1.23918 | 0.18588 | 1.16141 | 0.1468 | 0.16005
32 0.55851 | 0.03874 | 0.55127 | 0.0143 | 0.07027 72 1.25664 | 0.19098 | 1.17557 | 0.1528 | 0.16246
33 057596 | 0.04118 | 0.56803 | 0.0157 | 0.07250 || 73 | 1.27409 | 0.19614 | 1.18965 | 0.1589 | 0.16488
34 059341 | 0.04370 | 0.58474 | 0.0171 | 0.07473 || 74 | 1.29154 | 0.20136 | 1.20363 | 0.1651 | 0.16730
35 0.61087 | 0.04628 | 0.60141 | 0.0186 | 0.07696 || 75 | 1.30900 | 0.20665 | 1.21752 | 0.1715 | 0.16973
36 0.62832 | 0.04894 | 0.61803 | 0.0203 | 0.07919 76 1.32645 | 0.21199 | 1.23132 | 0.1781 | 0.17216
37 0.64577 | 0.05168 | 0.63461 | 0.0220 | 0.08143 || 77 | 1.34390 | 0.21739 | 1.24503 | 0.1848 | 0.17461
38 0.66323 | 0.05448 | 0.65114 | 0.0238 | 0.08367 78 1.36136 | 0.22285 | 1.25864 | 0.1916 | 0.17706
39 0.68068 | 0.05736 | 0.66761 | 0.0257 | 0.08592 || 79 | 1.37881 | 0.22838 | 1.27216 | 0.1986 | 0.17952
40 0.69813 | 0.06031 | 0.68404 | 0.0277 | 0.08816 80 1.39626 | 0.23396 | 1.28558 | 0.2057 | 0.18199
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72 SEGMENTS OF CIRCLES
Segments of Circles for Radius =1 (English or metric units) (Continued)
0, 0,

Deg. | h c Area A hic Deg. | h c Area A hic
81| 141372 | 023959 | 1.29890 | 0.2130 | 0.18446 | 131 | 228638 | 058531 | 1.81992 | 0.7658 | 0.32161
82 | 143117 | 024529 | 131212 | 0.2205 | 0.18694 | 132 | 230383 | 059326 | 1.82709 | 0.7803 | 0.32470
83 | 1.44862 | 025104 | 1.32524 | 0.2280 | 0.18943 | 133 | 232129 | 0.60125 | 1.83412 | 0.7950 | 0.32781
84| 1.46608 | 0.25686 | 1.33826 | 0.2358 | 0.19193 | 134 | 233874 | 0.60927 | 1.84101 | 0.8097 | 0.33094
85| 148353 | 026272 | 1.35118 | 0.2437 | 0.19444 | 135 | 235619 | 0.61732 | 1.84776 | 0.8245 | 0.33409
86 | 150098 | 0.26865 | 1.36400 | 0.2517 | 0.19696 || 136 | 237365 | 0.62530 | 1.85437 | 0.8395 | 0.33725
87 | 151844 | 027463 | 1.37671 | 02599 | 0.19948 | 137 | 239110 | 0.63350 | 1.86084 | 0.8546 | 0.34044
88 | 153580 | 0.28066 | 1.38932 | 0.2682 | 0.20201 || 138 | 2.40855 | 0.64163 | 1.86716 | 0.8697 | 0.34364
89 | 155334 | 028675 | 1.40182 | 0.2767 | 0.20456 || 139 | 2.42601 | 0.64979 | 1.87334 | 0.8850 | 0.34686
90 | 157080 | 029289 | 141421 | 0.2854 | 0.20711 | 140 | 2.44346 | 0.65798 | 1.87939 | 0.9003 | 0.35010
91 | 158825 | 029909 | 1.42650 | 0.2942 | 0.20967 || 141 | 2.46091 | 0.66619 | 1.88528 | 0.9158 | 0.35337
92 | 160570 | 0.30534 | 1.43868 | 0.3032 | 0.21224 | 142 | 2.47837 | 0.67443 | 1.89104 | 0.9314 | 0.35665
93 | 162316 | 031165 | 1.45075 | 0.3123 | 0.21482 | 143 | 2.49582 | 0.68270 | 1.89665 | 0.9470 | 0.35995
94 | 164061 | 031800 | 146271 | 0.3215 | 0.21741 | 144 | 251327 | 069098 | 1.90211 | 0.9627 | 0.36327
95 | 165806 | 0.32441 | 1.47455 | 0.3309 | 0.22001 || 145 | 253073 | 0.69929 | 1.90743 | 0.9786 | 0.36662
9 | 167552 | 0.33087 | 1.48629 | 0.3405 | 0.22261 || 146 | 254818 | 0.70763 | 1.91261 | 0.9945 | 0.36998
97 | 169297 | 033738 | 1.49791 | 0.3502 | 0.22523 || 147 | 2.56563 | 0.71598 | 1.91764 | 1.0105 | 0.37337
98 | 171042 | 034394 | 150942 | 0.3601 | 0.22786 | 148 | 258309 | 0.72436 | 1.92252 | 1.0266 | 0.37678
99 | 172788 | 0.35055 | 152081 | 0.3701 | 0.23050 | 149 | 2.60054 | 0.73276 | 1.92726 | 1.0428 | 0.38021

100 | 1.74533 | 035721 | 153209 | 0.3803 | 0.23315 || 150 | 2.61799 | 0.74118 | 1.93185 | 1.0590 | 0.38366

101 | 1.76278 | 0.36392 | 154325 | 0.3906 | 0.23582 || 151 | 2.63545 | 0.74962 | 1.93630 | 10753 | 0.38714

102 | 1.78024 | 0.37068 | 155429 | 0.4010 | 0.23849 || 152 | 265290 | 0.75808 | 1.94059 | 1.0917 | 0.39064

103 | 1.79769 | 0.37749 | 156522 | 0.4117 | 024117 || 153 | 2.67035 | 0.76655 | 1.94474 | 1.1082 | 0.39417

104 | 181514 | 038434 | 157602 | 0.4224 | 0.24387 || 154 | 2.68781 | 0.77505 | 1.94874 | 1.1247 | 0.39772

105 | 1.83260 | 0.39124 | 158671 | 0.4333 | 0.24657 || 155 | 2.70526 | 0.78356 | 1.95259 | 1.1413 | 0.40129

106 | 1.85005 | 0.39818 | 1.59727 | 0.4444 | 0.24929 || 156 | 2.72271 | 0.79209 | 1.95630 | 1.1580 | 0.40489

107 | 1.86750 | 0.40518 | 1.60771 | 0.4556 | 0.25202 || 157 | 2.74017 | 0.80063 | 1.95985 | 1.1747 | 0.40852

108 | 1.88496 | 0.41221 | 161803 | 0.4669 | 0.25476 || 158 | 2.75762 | 0.80919 | 1.96325 | 1.1915 | 0.41217

109 | 1.90241 | 041930 | 162823 | 04784 | 0.25752 || 159 | 2.77507 | 0.81776 | 1.96651 | 1.2084 | 0.41585

110 | 1.91986 | 0.42642 | 1.63830 | 04901 | 0.26028 | 160 | 2.79253 | 0.82635 | 1.96962 | 1.2253 | 0.41955

111 | 193732 | 043359 | 164825 | 0.5019 | 0.26306 || 161 | 2.80998 | 0.83495 | 1.97257 | 1.2422 | 0.42328

112 | 1.95477 | 044081 | 165808 | 0.5138 | 0.26585 || 162 | 2.82743 | 0.84357 | 197538 | 12502 | 0.42704

113 | 1.97222 | 044806 | 166777 | 0.5259 | 0.26866 || 163 | 2.84489 | 0.85219 | 1.97803 | 1.2763 | 0.43083

114 | 1.98968 | 045536 | 167734 | 05381 | 0.27148 || 164 | 2.86234 | 0.86083 | 1.98054 | 1.2934 | 0.43464

115 | 200713 | 046270 | 168678 | 0.5504 | 0.27431 || 165 | 2.87979 | 0.86947 | 1.98289 | 1.3105 | 0.43849

116 | 2.02458 | 047008 | 1.69610 | 0.5629 | 0.27715 || 166 | 2.89725 | 0.87813 | 1.98509 | 1.3277 | 0.44236

117 | 204204 | 047750 | 1.70528 | 0.5755 | 0.28001 || 167 | 2.91470 | 0.88680 | 1.98714 | 1.3449 | 0.44627

118 | 205949 | 048496 | 1.71433 | 0.5883 | 0.28289 || 168 | 2.93215 | 0.89547 | 1.98904 | 1.3621 | 0.45020

119 | 207694 | 049246 | 1.72326 | 0.6012 | 0.28577 || 169 | 2.94961 | 0.90415 | 1.99079 | 1.3794 | 0.45417

120 | 2.09440 | 050000 | 1.73205 | 0.6142 | 0.28868 || 170 | 2.96706 | 0.91284 | 1.99239 | 1.3967 | 0.45817

121 | 211185 | 050758 | 1.74071 | 0.6273 | 029159 || 171 | 2.98451 | 0.92154 | 1.99383 | 1.4140 | 0.46220

122 | 212930 | 051519 | 1.74924 | 0.6406 | 0.29452 || 172 | 3.00197 | 0.93024 | 1.99513 | 14314 | 0.46626

123 | 214675 | 052284 | 175763 | 0.6540 | 0.29747 || 173 | 301942 | 0.93895 | 1.99627 | 1.4488 | 0.47035

124 | 216421 | 053053 | 1.76590 | 0.6676 | 0.30043 || 174 | 3.03687 | 0.94766 | 1.99726 | 1.4662 | 0.47448

125 | 218166 | 0.53825 | 1.77402 | 0.6813 | 030341 || 175 | 3.05433 | 0.95638 | 1.99810 | 1.4836 | 0.47865

126 | 219911 | 054601 | 1.78201 | 0.6950 | 0.30640 || 176 | 3.07178 | 0.96510 | 1.99878 | 15010 | 0.48284

127 | 221657 | 055380 | 1.78987 | 0.7090 | 0.30941 || 177 | 3.08923 | 0.97382 | 1.99931 | 15184 | 0.48708

128 | 2.23402 | 056163 | 1.79759 | 0.7230 | 0.31243 || 178 | 3.10669 | 0.98255 | 1.99970 | 1.5359 | 0.49135

129 | 2.25147 | 056949 | 1.80517 | 0.7372 | 031548 || 179 | 3.12414 | 0.99127 | 1.99992 | 1.5533 | 0.49566

130 | 2.26893 | 057738 | 1.81262 | 0.7514 | 0.31854 || 180 | 3.14159 | 1.00000 | 2.00000 | 1.5708 | 0.50000
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Diameters of Circles and Sides of Squares of Equal Area

73

The table below will be found useful for determining the diameter of a
circle of an area equal to that of asquare, the side of which is known, or
for determining the side of a square which has an areaequal to that of a
circle, the area or diameter of which is known. For example, if the diam-
eter of acircleis 17%inches, it is found from the table that the side of a

S square of the same areais 15.51 inches.

Diam. of Sideof | Areaof Circle || Diam. of Side of Areaof Circle || Diam. of Side of Areaof Circle
Circle, D | Square, S or Square Circle, D | Sguare, S or Square Circle,D | Square, S or Square
Y 0.44 0.196 204 1817 330.06 0% 35.89 1288.25
1 0.89 0.785 21 18.61 346.36 41 36.34 1320.25
1Y 133 1767 21% 19.05 363.05 1%, 36.78 1352.65
2 177 3.142 22 19.50 380.13 42 37.22 1385.44
2% 222 4.909 22%, 19.94 397.61 42%, 37.66 1418.63
3 2.66 7.069 23 20.38 415.48 43 38.11 1452.20
3% 3.10 9.621 23% 20.83 433.74 43Y, 38.55 1486.17
4 354 12.566 24 2127 452.39 44 38.99 1520.53
4% 3.99 15.904 24%, 2171 471.44 44%, 39.44 1555.28
5 4.43 19.635 25 22.16 490.87 45 39.88 1590.43
5% 4.87 23.758 25% 22.60 510.71 45%, 40.32 1625.97
6 532 28.274 26 2304 53093 46 40.77 1661.90
6% 5.76 33.183 26% 2349 551.55 46%, 41.21 1698.23
7 6.20 38.485 27 2393 572.56 a7 41.65 1734.94
A 6.65 44.179 27% 2437 593.96 47% 42.10 1772.05
8 7.09 50.265 28 24.81 615.75 48 42.54 1809.56
8% 7.53 56.745 28% 25.26 637.94 48Y, 42.98 1847.45
9 7.98 63.617 29 25.70 660.52 49 4343 1885.74
9% 8.42 70.882 29%, 26.14 683.49 49%, 43.87 1924.42
10 8.86 78.540 30 26.59 706.86 50 44.31 1963.50
10% 9.31 86.590 30% 27.03 730.62 50% 44.75 2002.96
11 9.75 95.033 31 27.47 754.77 51 45.20 2042.82
11% 10.19 103.87 31% 27.92 779.31 51% 45.64 2083.07
12 10.63 113.10 32 28.36 804.25 52 46.08 212372
12% 11.08 12272 32% 28.80 82058 52% 4653 2164.75
13 1152 132.73 33 29.25 855.30 53 46.97 2206.18
13Y% 11.96 143.14 33% 29.69 881.41 53% 47.41 2248.01
14 12.41 153.94 3 30.13 907.92 54 47.86 2290.22
14% 12.85 165.13 34Y 30.57 934.82 54% 48.30 2332.83
15 1329 176.71 35 31.02 962.11 55 48.74 2375.83
15% 1374 188.69 35% 31.46 989.80 55% 49.19 2419.22
16 14.18 201.06 36 31.90 1017.88 56 49.63 2463.01
16% 14.62 213.82 36% 3235 1046.35 56% 50.07 2507.19
17 15.07 226.98 37 3279 1075.21 57 50.51 2551.76
17% 1551 240.53 37% 3323 1104.47 57% 50.96 2596.72
18 15.95 254.47 38 33.68 1134.11 58 51.40 2642.08
18% 16.40 268.80 38% 34.12 1164.16 58% 51.84 2687.83
19 16.84 28353 39 34.56 1194.59 59 52.29 2733.97
19% 17.28 298.65 39% 35.01 1225.42 59% 52.73 2780.51
20 17.72 314.16 40 35.45 1256.64 60 5317 2827.43
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Distance Across Corners of Squares and Hexagons.—The table below gives values of
dimensionsD and E described in thefigures and equationsthat follow.

_ b = 243 = 11547014
D d E 3
i E = dJ2 = 1.414214d

A desired valuenot given directly in thetable can be obtained directly from the equations
above, or by the simple addition of two or more values taken directly from the table. Fur-
ther values can be obtained by shifting the decimal point.

Example 1: Find D when d = 2 %ginches. From the table, 2 = 2.3094, and % = 0.3608.
Therefore, D = 2.3094 + 0.3608 = 2.6702 inches.

Example 2: Find E when d = 20.25 millimeters. From the table, 20 = 28.2843; 0.2 =
0.2828; and 0.05 = 0.0707 (obtained by shifting the decimal point one placeto theleft at d
=0.5). Thus, E = 28.2843 + 0.2828 + 0.0707 = 28.6378 millimeters.

Distance Across Corners of Squares and Hexagons (English and metric units)

d D E d D E D E d D E

%, | 00361 | 00442 || 09 | 10392 | 12728 369504 | 452548 || 67 | 77.3650 | 94.7523
¥s 0.0722 0.0884 % 1.0464 1.2816 38.1051 46.6691 68 78.5197 96.1666
3% 0.1083 0.1326 B 1.0825 1.3258 39.2598 48.0833 69 79.6744 97.5808
0.1 0.1155 0.1414 31/32 1.1186 1.3700 40.4145 49.4975 70 80.8291 98.9950
% 0.1443 0.1768 1.0 1.1547 1.4142 41.5692 50.9117 71 81.9838 100.409
Y% 0.1804 0.2210 2.0 2.3094 2.8284 37 42.7239 52.3259 72 83.1385 101.823
3/]6 0.2165 0.2652 3.0 3.4641 4.2426 38 43.8786 53.7401 73 84.2932 103.238
0.2 0.2309 0.2828 4.0 4.6188 5.6569 39 45,0333 55.1543 74 85.4479 104.652
T 0.2526 0.309%4 5.0 57735 7.0711 40 46.1880 56.5686 75 86.6026 106.066
% 0.2887 0.3536 6.0 6.9282 8.4853 41 47.3427 57.9828 76 87.7573 107.480
Y% 0.3248 0.3977 7.0 8.0829 9.8995 42 48.4974 59.3970 7 88.9120 108.894
0.3 0.3464 0.4243 8.0 9.2376 11.3137 49.6521 60.8112 78 90.0667 110.309
%ﬁ 0.3608 0.4419 9.0 10.3923 12.7279 50.8068 62.2254 79 91.2214 111.723
u, 0.3969 0.4861 10 11.5470 14.1421 51.9615 63.6396 80 92.3761 113.137
% 0.4330 0.5303 11 12.7017 15.5564 53.1162 65.0538 81 93.5308 114.551
04 | 04619 | 05657 || 12 | 138564 | 16.9706 542709 | 66.4681 || 82 | 94.6855 | 115.966
B 0.4691 0.5745 13 15.0111 18.3848 55.4256 67.8823 83 95.8402 117.380
% 0.5052 0.6187 14 16.1658 19.7990 49 56.5803 69.2965 84 96.9949 118.794
1%2 0.5413 0.6629 15 17.3205 21.2132 50 57.7351 70.7107 85 98.1496 120.208
05 | 05774 | 07071 || 16 | 184752 | 226274 | 51 | 58.8898 | 72.1249 || 86 | 99.3043 | 121.622
% 0.6134 0.7513 17 19.6299 24.0416 52 60.0445 73.5391 87 100.459 123.037
‘3/15 0.6495 0.7955 18 20.7846 25.4559 53 61.1992 74.9533 88 101.614 124.451
% 0.6856 0.8397 19 21.9393 26.8701 54 62.3539 76.3676 89 102.768 125.865
0.6 0.6928 0.8485 20 23.0940 28.2843 55 63.5086 77.7818 20 103.923 127.279
% 0.7217 0.8839 21 24.2487 29.6985 56 64.6633 79.1960 91 105.078 128.693
2V32 0.7578 0.9281 22 25.4034 31.1127 57 65.8180 80.6102 92 106.232 130.108
Ye 0.7939 0.9723 23 26.5581 32.5269 58 66.9727 82.0244 93 107.387 131.522
0.7 0.8083 0.9899 24 27.7128 33.9411 59 68.1274 83.4386 94 108.542 132.936
2 0.8299 1.0165 25 28.8675 35.3554 60 69.2821 84.8528 95 109.697 134.350
3 0.8660 1.0607 26 30.0222 36.7696 61 70.4368 86.2671 96 110.851 135.765
23/2 0.9021 1.1049 27 31.1769 38.1838 62 715915 87.6813 97 112.006 137.179
0.8 0.9238 1.1314 28 32.3316 39.5980 72.7462 89.0955 113.161 138.593
B 0.9382 1.1490 29 33.4863 41.0122 73.9009 90.5097 114.315 140.007
Z 0.9743 1.1932 30 34.6410 42.4264 65 75.0556 91.9239 || 100 | 115.470 141.421
7/5 1.0104 1.2374 31 35.7957 43.8406 66 76.2103 93.3381

88 e8Ye

98
99
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Volumes of Solids

Cube:
Diagonal of cubeface = d = s./2
P, i 5
T Diagonal of cube = D = ?—’g— =sJ3 = 1732s

Dg |5
pid —Vv=g

7_s+ Volume = V = §

s =3V

Example: Theside of acubeequals 9.5 centimeters. Find itsvolume.
Volume = V = s3 = 953 = 95x 95x 9.5 = 857.375 cubic centimeters

Example: Thevolume of acubeis 231 cubic centimeters. What isthe length of the side?
s = 3/V = 3/231 = 6.136 centimeters

Sguare Prism:
T Volume = V = abc
b _V _V _V
% T "Ta T

fe—— ¢ ——{

Example: Inasquareprism,a=6,b=5, c=4. Findthevolume.
V = axbxc = 6x5x4 = 120 cubicinches
Example: How high should abox bemadeto contain 25 cubicfeet, if itis4 feetlong and 2% feet wide?
Here,a=4,c=25,andV=25.Then,

oV o 25 75
b= depth = 0= Znzs - 10 - 20T

V=volume

A= areaof end surface

V=hxA

TheareaA of theend surfaceisfound by the formulasfor areas
of planefigures on the preceding pages. Height h must be mea-
sured perpendicular to the end surface.

Example: A prism, having for itsbase aregular hexagon with asidesof 7.5 centimeters, is 25 centi-
metershigh. Find thevolume.

Areaof hexagon = A = 2.508s2 = 2.598 x 56.25 = 146.14 square centimeters

Volume of prism = hx A = 25 x 146.14 = 3653.5 cubic centimeters

Pyramid:
Volume = V = %h x areaof base
If the baseisaregular polygonwith n sides, and s=length of
I side, r =radiusof inscribed circle, and R=radiusof circumscribed

circle, then:

l v = nsih - nsh oo 52
BASF AREA 6 6 4

Example: A pyramid, having aheight of 9 feet, hasabase formed by arectangle, the sides of which
are 2 and 3feet, respectively. Find thevolume.
Areaof base = 2x 3 = 6 squarefeet; h = 9 feet
Volume = V = %hx areaof base = % x9x 6 = 18 cubic feet
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Frustumof Pyramid:

ARFA OF TOP. 4 |

[/ Volume = V = 2(A1+A2+ AL x Ay)

—r

AREA OF BASE, A

Example: The pyramid inthe previousexampleiscut off 4% feet from the base, the upper part being
removed. Thesidesof therectangleforming thetop surfaceof thefrustumare, then, 1 and 1% feet long,
respectively. Find the volume of thefrustum.

Areaoftop = Ay = 1x1% = 1% . ft. Areaof base = A, = 2x3 = 6. ft.

V= 4;35(1A5+ 6+ /15x6) = 15(75+./0) = 15x 105 = 15.75 cubic feet

Wedge:

Volume = v = (2a*c)bh
6

Example: Let a=4inches, b=3inches, and c=5inches. The
height h=4.5inches. Find thevolume.

v = (2atcbh _ (2x4+5)x3x45 _ (8+5)x135
6 6 6

= 17-65—5 = 29.25 cubicinches
Cylinder:
Volume = V = 3.1416r2h = 0.7854d2h
Areaof cylindrical surface = S = 6.2832rh = 3.1416dh
Tota areaAof cylindrical surface and end surfaces:
— p—] d A = 6.2832r(r +h) = 3.1416d(%d + h)

Example: Thediameter of acylinder is2.5inches. Thelength or heightis20inches. Find thevolume
andtheareaof thecylindrical surface S

V = 0.7854d2h = 0.7854 x 2.52x 20 = 0.7854 x 6.25 x 20 = 98.17 cubic inches
S = 3.1416dh = 3.1416 x 2.5 x 20 = 157.08 square inches

Portion of Cylinder:

| —= Volume = V = 15708r2(h; +h,)
= 0.3927d2(hy +hy)

Cylindrical surfacearea = S = 3.1416r(h, + h,)

iy~ d = 1.5708d(h, + hy)

Example: A cylinder 125 millimetersin diameter iscut off at an angle, asshownintheillustration.
Dimension h; = 150, and h, = 100 mm. Find the volume and the area Sof the cylindrical surface.

V = 0.3927d2(h, + h,) = 0.3927 x 1252 x (150 + 100)

= 0.3927 x 15,625 x 250 = 1,533,984 cubic millimeters = 1534 cm3
S = 1.5708d(h, + h,) = 1.5708 x 125 x 250

= 49,087.5 square millimeters = 490.9 square centimeters
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Portion of Cylinder:

h

Vol =V = 3+ph ABC)——
olume (%a x area )rib

Cylindrical surfacearea = S = (ad + b x length of arcABC)r—%B

Use-+when baseareaislarger, and — when base areaislessthan
one-half thebasecircle.

[l ane]

Example: Find the volume of acylinder so cut off that line AC passes through the center of the base
circle—thatis, thebaseareaisahalf-circle. Thediameter of thecylinder = 5inches, and theheighth=
2inches.

Inthiscase, a=2.5;b=0; areaABC =0.5x 0.7854 x 52=9.82; r = 2.5.

2_ -2, 15625x08 = 833 cubicinches

25+0 3

V= (Z X 253+ 0x 9.82)
3

Hollow Cylinder:

Volume = V = 3.1416h(R2-r2) = 0.7854h(D2-d?)
¢ 3.1416ht(2R~-t) = 3.1416ht(D —t)
—————————— nb = 3.1416ht(2r +t) = 3.1416ht(d + 1)
________ @ = 3.1416ht(R+r) = 1.5708ht(D + d)
Example: A cylindrical shell, 28 centimetershigh, is 36 centi-

e—— i —— D metersin outside diameter, and 4 centimetersthick. Find itsvol-
ume.

V = 3.1416ht(D—t) = 3.1416 x 28x 4(36—4) = 3.1416 x 28x 4 x 32
= 11,259.5 cubic centimeters

Cone:

2]
Volume = V = ‘11:%6—’1‘ = 1.0472r2h = 0.2618d2h
5
Conical surfacearea = A = 3.1416rJr2+h2 = 3.1416rs
= 1.5708ds
h d s=Jr2+h? = dX2+h2

Example: Find the volume and areaof the conical surface of acone, the base of whichisacircleof 6
inchesdiameter, and the height of whichis4inches.

V = 0.2618d2h = 0.2618 x 62 x 4 = 0.2618 x 36 x 4 = 37.7 cubic inches
A = 3.1416r/r2+h2 = 31416 x 3x /32 + 42 = 9.4248 x /25
= 47.124 square inches

Frustumof Cone:

V = volume A = areaof conical surface
V = 1.0472h(R2 + Rr +12) = 0.2618h(D2 + Dd + d?)
A = 3.14165(R+r) = 1.5708s(D + d)
3 a=R-r  s= JaZ+h = JRonZem2
v Example: Find the volume of afrustum of acone of thefollow-
ing dimensions: D = 8 centimeters; d = 4 centimeters; h="5 centi-
meters.
V = 0.2618 x 5(82+ 8 x 4+ 42) = 0.2618 x 5(64 + 32 + 16)

= 0.2618 x 5 x 112 = 146.61 cubic centimeters

o
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Sohere:

3 3
Volume = v = 427 = Eg— = 4.1888r3 = 0.52360°

Surfacearea = A = 4nr2 = nd? = 12.5664r2 = 3.1416d?
r= #i’ = 0.60243/V
4n

Example: Find the volume and the surface of asphere 6.5 centimetersdiameter.
V = 0.5236d% = 0.5236 x 6.53 = 05236 x 6.5x 6.5x 6.5 = 143.79 cm3
A = 3.1416d2 = 3.1416 x 6.52 = 3.1416 x 6.5x 6.5 = 132.73 cm?
Example: Thevolume of asphereis 64 cubic centimeters. Finditsradius.
r = 0.62043/64 = 0.6204 x 4 = 2.4816 centimeters

Soherical Sector:
@ V= %‘ = 2.0044r2h = Volume
/) \
{ r—A A = 3.1416r(2h + %c)
\\ / = total area of conical and spherical surface
~__-" c = 2/h(2r=h)

Example: Find thevolumeof asector of asphere6inchesindiameter, theheight h of the sector being
1.5inch. Alsofind thelength of chord c. Herer =3and h=1.5.
V = 2.0944r2h = 2.0944 x 32x 1.5 = 2.0944 x 9x 1.5 = 28.27 cubic inches

¢ = 2/h(2r=h) = 2/15(2x3-15) = 2/6.75 = 2x 2598 = 5.196 inches

Spherical Segment:
V = volume A = areaof spherical surface
2
Z B V= 3.1416h2(r—2) = 3.1416h(°— +h—ﬂ
/b*———"'—’i\ 8 6
f— 2
L — A = 27rh = 6.2832rh = 3.1416(9- +h2j
—f 2 2
= c =24h(2r-h); r= %

le: A segment of asphere hasthefollowing dimensions: h =50 millimeters; ¢ = 125 millime-
ters. Find the volume V and the radius of the sphere of which the segment isapart.

2
V = 3.1416x 50 x (12?5 + %Zj = 157.08x (15’7625 + ZSTOOJ = 372,247 mm? = 372 cm®

_ 1252+4x50% _ 15,625+ 10,000 _ 25,625 _ i
r= 5750 = 700 =5, - 64 millimeters

Ellipsoid:

Volume = V = 4?“abc = 4.1888abc

Inan ellipsoid of revolution, or spheroid, wherec=b:
V = 4.1888ab?

Example: Find thevolume of aspheroidinwhicha=5, and
b=c=1.5inches.
V = 4.1888 x 5x 1.52 = 47.124 cubic inches
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Soherical Zone:

Cl——| 3 3
o~ Volume = V = oszssh( f, 22+h2)
[ N\
A=

e,

\ _ s c%—c%—tlhz)z
/ =7

2nrh = 6.2832rh = areaof spherica surface

Example: Inaspherical zone, let ¢, = 3; ¢, = 4; andh = 1.5inch. Find the volume.
3x3? L 3x 4 42 27,48 _ in3
(2,2l (Z+%+225) = 16493in

V = 05236 15x +157) = 05236 15 x

Spherical Wedge:

volume A = areaof spherical surface
center angle in degrees

9

3
e x 42’ = 0.01160r3
\ /

<
I

~ s A= 5%5*4“’2 = 0.0349ar2

Example: Find the areaof the spherical surface and the volume of awedge of asphere. The diameter
of the sphereis 100 millimeters, and the center angle a. is45 degrees.

V = 0.0116 x 45 x 503 = 0.0116 x 45 x 125,000 = 65,250 mm3 = 65.25 cm3
A = 0.0349 x 45 x 502 = 3926.25 square millimeters = 39.26 cm?

Hollow Sphere:
V = volume of material used
to make a hollow sphere
d D V= %‘(R3—r3) = 4.1883(R3—r3)

%(D3—d3) = 0.5236(D3—d3)

Example: Find thevolume of ahollow sphere, 8inchesin outside diameter, with athickness of mate-
ria of 1.5inch.

HereR=4;r=4-15=25.
V = 4.1888(43-2.5%) = 4.1888(64 —15.625) = 4.1888 x 48.375 = 202.63 cubic inches

Paraboloid:

Volume = V = %nr2h = 0.3927d2h
r
= A= 2nf [ 3
‘Ld Area = A 3p[( +pj p}

i inwhichp = g—h

Example: Fi nd thevolume of aparaboloid in which h =300 millimetersand d = 125 millimeters.
= 0.3927d%h = 0.3927 x 1252 x 300 = 1,840,781 mm3 = 1,840.8 cm3
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Paraboloidal Segment:

Volume = V = gh(R?+r2) = 1.5708h(R2 +r2)
= gh(Dz +d2) = 0.3927h(D2 + d?)

Example: Find thevolumeof asegment of aparaboloidinwhich
D =5inches, d= 3inches, and h=6inches.
V = 0.3927h(D2 + d?) = 0.3927 x 6 x (52 + 32)
= 0.3927 x 6 x 34 = 80.11 cubic inches

Torus:

Volume = V = 272Rr2 = 19.739Rr2
2
= %Ddz = 2.4674Dd?

Areaof surface = A = 4n2Rr = 39.478Rr
= n2Dd = 9.8696Dd

Example: Find the volumeand areaof surface of atorusinwhichd=1.5and D =5inches.
V = 24674 x5x 152 = 24674 x 5x 2.25 = 27.76 cubic inches
A = 9.8696 x 5x 1.5 = 74.022 square inches

Barrel:
V = approximate volume.
- T If thesidesarebent tothearc of acircle:
-1 2442 = 2.4 g2
i V= lznh(2D +d?) = 0.262h(2D? + d?)

If thesidesare bent to the arc of aparabola:
V = 0.209h(2D2 + Dd + %d?)

Example: Find the approximate contents of abarrel, theinside dimensions of which are D = 60 centi-
meters, d = 50 centimeters; h = 120 centimeters.

V = 0.262h(2D? + d?) = 0.262 x 120 x (2 x 602 + 502)
= 0.262 x 120 x (7200 + 2500) = 0.262 x 120 x 9700
= 304,968 cubic centimeters = 0.305 cubic meter

Ratio of Volumes:

T If d = base diameter and height of acone, aparaboloid and acyl-
d inder, and the diameter of asphere, then the volumes of these bod-
iesareto each other asfollows:
Cone: paraboloid: sphere:cylinder = %:%:%:1

—a—]

Example: Assume, asan example, that the diameter of the base of acone, paraboloid, and cylinder is
2inches, that the height is 2 inches, and that the diameter of asphereis 2 inches. Then the volumes,
writteninformulaform, areasfollows:

Cone Paraboloid Sphere Cylinder
3.1416 x 22x 2.3.1416 x (2p)2x 2.3.1416 x 23.3.1416 x 22x 2 _ 1, .1, ., .
= : 5 : & : 7 =YY%y
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Packing Circles in Circles and Rectangles

Diameter of Circle Enclosing a Given Number of Smaller Circles—Four of many
possiblecompact arrangementsof circleswithinacircleareshownat A, B, C,and D inFig.
1. To determine the diameter of the smallest enclosing circle for a particular number of
enclosed circles all of the same size, three factors that influence the size of the enclosing
circle should be considered. These are discussed in the paragraphs that follow, which are
based on the article “How Many Wires Can Be Packed into a Circular Conduit,” by
Jacques Dutka, Machinery, October 1956.

1) Arrangement of Center or Core Circles: Thefour most common arrangements of cen-
ter or core circles are shown cross-sectioned in Fig. 1. It may seem, offhand, that the*A”
pattern would require the smallest enclosing circle for agiven number of enclosed circles
but thisisnot alwaysthe case since the most compact arrangement will, in part, depend on
the number of circlesto beenclosed.

”..
.A AN
o0
SO0
000

Fig. 1. Arrangementsof CircleswithinaCircle

2) Diameter of Enclosing Circle When Outer Layer of Circles|s Complete: Successive,
complete“layers’ of circlesmay be placed around each of the central cores, Fig. 1, 0f 1, 2,
3, or 4circlesasthe case may be. The number of circles contained in arrangements of com-
plete“layers’ around acentral core of circles, aswell asthe diameter of the enclosing cir-
cle, may be obtained using thedatain Table 1. Thus, for example, the“A” patternin Fig. 1
shows, by actual count, atotal of 19 circles arranged in two complete “layers’ around a
central coreconsisting of onecircle; thisagreeswiththedatashownintheleft half of Table
1forn=2.

To determine the diameter of the enclosing circle, the datain theright half of Table 1 is
used. Thus, for n =2 and an “A” pattern, the diameter D is 5 times the diameter d of the
enclosedcircles.

3) Diameter of Enclosing Circle When Outer Layer of Circles|sNot Complete: In most
cases, it ispossibleto reducethe size of the enclosing circlefrom that required if the outer
layer were complete. Thus, for example, the “B” pattern in Fig. 1 shows that the central
core consisting of 2 circlesis surrounded by 1 complete layer of 8 circlesand 1 partial,
outer layer of 4 circles, so that the total number of circlesenclosedis 14. If the outer layer
were complete, then (from Table 1) the total number of enclosed circles would be 24 and
the diameter of the enclosing circle would be 6d; however, since the outer layer is com-
posed of only 4 circlesout of apossible 14 for acomplete second layer, asmaller diameter
of enclosing circle may be used. Table 2 shows that for atotal of 14 enclosed circles
arranged in a“B” pattern with the outer layer of circlesincomplete, the diameter for the
enclosing circleis4.606d.

Table 2 can be used to determine the smallest enclosing circle for agiven number of cir-
clesto be enclosed by direct comparison of the“A,” “B,” and “C” columns. For data out-
sidetherange of Table 2, usetheformulasin Dr. Dutkasarticle.
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Table 1. Number of Circles Contained in Complete Layers of Circles
and Diameter of Enclosing Circle (English or metric units)

Number of Circlesin Center Pattern
1 [ 2 [ s [ 4 [ 1 [ 2 [ 3 [ 4
Arrangement of Circlesin Center Pattern (see Fig. 1)
No. Com- AT g “c D AT g Ied D

plete Layers [ ‘ ‘ [ ‘ [

Over Core, n Number of Circles, N, Enclosed Diameter, D, of Enclosing Circle?
0 1 2 3 4 d 2d 2.155d 2.414d
1 7 10 12 14 3d 4d 4.055d 4.386d
2 19 24 27 30 5d 6d 6.033d 6.379d
3 37 44 48 52 7d 8d 8.024d 8.375d
4 61 70 75 80 9d 10d 10.018d 10.373d
5 91 102 108 114 11d 12d 12.015d 12.372d
n b b b b b b b b

aDiameter D isgivenintermsof d, the diameter of the enclosed circles.
bFor n complete layers over core, the number of enclosed circles N for the“A” center patternis 3n?
+3n+1;for“B,” 3n2+5n+2; for“C,” 3n2+6n+ 3; for“D,” 3n2+ 7n+4.The diameter D of the

enclosing circlefor “A” center patternis (2n+ 1)d; for “B,” (2n+ 2)d; for “C,” (1+2./n2+n+%)d
andfor“D,” (1+ /4n2+5644n+2)d .

Table 2. Factors for Determining Diameter, D, of Smallest Enclosing
Circle for Various Numbers, N, of Enclosed Circles (English or metric units)

Center Circle Pattern Center Circle Pattern Center Circle Pattern