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PREFACE

This book is an introduction to the design and analysis of parallel algorithms.
There is sufficient material for a one-semester course at the senior or first-
year graduate level, and for a follow-up graduate-level course covering more
advanced material. Our principal model for algorithmic design is the shared-
memory model; however, all of our algorithms are described at a high level
similar to that provided by a data-parallel programming environment. It is
assumed that the reader has some understanding of elementary discrete
mathematics, basic data structures, and algorithms, at the level covered in
typical undergraduate curricula in computer science and computer engineering.

The Need

Fundamental physical limitations on processing speeds will eventually force
high-performance computations to be targeted principally at the exploitation of
parallelism. Just as the fastest cycle times are approaching these fundamental
barriers, new generations of parallel machines are emerging. It is just a matter of
time until the transition affects the whole activity surrounding general-purpose
computing. We hope that this book will serve as a vehicle to prepare the
students in computer science and computer engineering for such a transition.
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The Model

A universally accepted model for designing and analyzing sequential algo-
rithms consists of a central processing unit with a random access memory
attached to it. The success of this model is primarily due to its simplicity and
to its ability to capture in a significant way the performance of sequential
algorithms on von Neumann-type computers. Unfortunately, parallel compu-
tation suffers from the lack of a commonly accepted model due to the additional
complexity introduced by the presence of a set of interconnected processors. In
particular, the performance of a parallel algorithm seems to depend on several
factors such as overall resource requirements, computational concurrency, pro-
cessor allocation and scheduling, communication, and synchronization.

Our former model for algorithmic design in this book is the shared-
memory model or, more precisely, the parallel random access machine
(PRAM). This formal model allows us to establish optimal results and to
relate parallel complexity to complexity measures defined on classical models
such as the circuit model and Turing machines. However, all our algorithms
are described at a higher level called the work-time presentation framework. In
this framework, an algorithm is described in terms of a sequence of time units,
where any number of concurrent primitive operations can take place during
each time unit. The performance of the parallel algorithm is measured in
terms of two parameters: work, which is defined to be the total number of
operations used by the algorithm, and parallel time, which is the number of
time units required to execute the algorithm. This framework provides a
simple machine-independent model for writing parallel algorithms. As a
matter of fact, it is closely related to data-parallel algorithms that have been
shown to be efficiently implementable on a wide variety of parallel machines
(SIMD or MIMD, shared memory or distributed memory). The data-parallel
programming model has been steadily gaining acceptance in the parallel
processing community.

The Use of this Book

There are a number of ways to organize the material of this book into a
one-semester course or a sequence of two one-semester courses. The first
three chapters (except the sections marked with stars) and Section 4.1 rep-
resent the core material that should be covered in a first course in parallel
algorithms. Chapters 5 through 10 are mostly independent of each other and
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can be covered in almost any order (however, a parallel approach is not
recommended!). One possible sequence for a basic course in parallel algo-
rithms consists of Chapters 1, 2, Sections 3.1-3.3,4.1-4.2,4.3.1,4.4,5.1-5.2,
5.5,6.1-6.2, and 8.1-8.3. Chapters 6 through 10 can be used as the basis for a
second, more advanced course in parallel algorithms.

A section marked with a star represents either optional material or
advanced material that can be skipped without loss of continuity. Each
chapter ends with a number of exercises, some of which are straightforward
applications of the ideas developed in the chapter, and others present nontrivial
extensions. Exercises judged to be on the difficult side are starred. More details
and extensions can be found in the references cited at the end of each chapter.

At the end of each chapter, I have cited references that are related to
the material covered in the chapter. My apologies to the many authors whose
work on parallel algorithms was not cited. I will consider any comments or
criticism in this regard and will make appropriate updates in future editions
of the book.

Comments or corrections can be communicated to the author through
the e-mail address: joseph@src.umd.edu
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Introduction

The purpose of this chapter is to introduce several parallel models and to
specify a suitable framework for presenting and analyzing paralle!l algo-
rithms. A commonly accepted model for designing and analyzing sequential
algorithms consists of a central processing unit with a random-access memory
attached toit. The typical instruction set for this model includes reading from
and writing into the memory, and basic logic and arithmetic operations. The
successful model is due to its simplicity and its ability to capture the perfor-
mance of sequential algorithms on von Neumann-type computers. Unfortu-
nately parallel computation sufférs from the lack of such a widely accepted
algorithmic model. There is no such model primarily because the perfor-
mance of parallel algorithms depends on a set of interrelated factors in a

complex fashlon n that is machine jependg,ﬁx These factors include cofnputa-
tional concurrency, processor allocation and scheduling, communication,
and synchronization.

In this chapter, we start with a general discussion of parallel processing
and related performance measures. We then introduce the models most
widely used in algorithm development and analysis. These models are based
on directed acyclic graphs, shared memory, and networks. Directed acyclic

graphs can be used to represent certain parallel computations in a natural
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way, and can provide a simple parallel model that does not include any
architecture-related features. The shared-memory model, where a number
of processors communicate through a common global memory, offers an
attractive framework for the development of algorithmic techniques for par-
allel computations. Unlike the two other models, the network model captures
communication by incorporating the topology of the interconnections into
the model itself. We show several parallel algorithms on these models, fol-
lowed by a brief comparison.

The shared memory model serves as our vehicle for designing and
analyzing parallel algorithms in this book and has been a fertile ground for
theoretical research into both the power and limitations of parallelism. We
shall describe a general framework for presenting and analyzing parallel
algorithms in this model.

1.1 Parallel Processing

The main purpose of parallel processing is to perform computations faster
than can be done with a smgle processor by using a number of processors
dotelittent y. ' “The pursuit ‘of this goal has had a tremendous influence on
almost all the activities related to computing. The need for faster solutions
and for solving larger-size problems arises in a wide variety of applications.
These include fluid dynamics, weather prediction, modeling and simulation
of large systems, information processing and extraction, image processing,
artificial intelligence, and automated manufacturing.

Three main factors have contributed to the current strong trend in favor
of parallel processing. First, the hardware cost has been falling steadily;
hence, it is now possible to build systems with many processors at a reason-
able cost. Second, the very large scale integration (VLSI) circuit technology
has advanced to the point where it is possible to design complex systems
requiring millions of transistors on a single chip. Third, the fastest cycle time
of a von Neumann-type processor seems to be approaching fundamental
physical limitations beyond which no improvement is possible; in addition, as
higher performance is squeezed out of a sequential processor, the associated
cost increases dramatically. All these factors have pushed researchers into
exploring parallelism and its potential use in important applications.

A parallel computer is simply a collection of processors, typically of the
same type, interconnected in a certain fashion to allow the coordination of their
activities and the exchange of data. The processors are assumed to be located
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within a small,;'distance of one another, and are primarily used to solve a given
problem jointly. Contrast such computers with distributed systems, where a
set of possibly many different types of processors are distributed over a large
geographic area, and where the primary goals fire to use the available distrib-
uted resources, and to collect information and transmit it over a network
connecting the various processors.

Parallel computers can be classified according to a variety of architec-
tural features‘and modes of operations. In particular, these criteria include
the type and the number of processors, the interconnections among the
processors and the corresponding communication schemes, the overall con-
trol and synchronization, and the input/output operations. These consider-
ations are outside the scope of this book. .

Qur main goal is to present algorithms that are suitable for implementation
on parallel computers. We emphasize techniques, paradigms, and methods,
rather than detaileq{algorithms for specific applications. An immediate ques-_
tion comes to mind: How should an algorithm be evaluated for its suitability;
for parallel processing? As in the case of sequential algorithms, there are‘
several important criteria, such as time performance, space utilization, and
programmability. The situation for parallel algorithms is more complicated
due to the presence of additional parameters, such as the number of proces-
sors, the capacities of the local memories, the communication scheme, and

the synchronization protocols. To get started, we introduce two general mea-

sures commonly used for evaluating the performance of a parallel algorithm.

Let P be a given computational problem and let n be its input size.
Denote the sequential complexity of P by T*(n). That is, there is a sequential
algorithm that solves P within this time bound, and, in addition, we can prove
that no sequentjal algorithm can solve P faster. Let A be a parallel algorithm
that solves Pin time T, (1) on a parallel computer withﬂpprocessors. Then, the
speedup achieved %yA is defined to be

Sp(n) = .

*(n)
Tp(n)~

Clearly, S,(n) measures the speedup factor obtained by algorithm A4
when p processors are available. Ideally, since S,(n) < p, we would like to
design algorithms that achieveISp(n) = p. In reality, there are several factors
that introduce inefficiencies. These include insufficient concurrency in the
computation, delaysamtroduced by communication, and overhead incurred in
synchronizing the activities of various processors and in controlling the system.

Note that T (n), the running time of the parallel algorithm 4 when the
number p of processors is equal to 1, is not necessarily the same as T%(n);
hence, the speedup is measured relative to the best possible sequential algorithm.
It is common practice to replace 7*(n) by the time bound of the best kriown
sequential algorithm whenever'the complexity of the problem is not known.
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Another performance measure of the parallel algorithm A4 is efficiency,
defined by ’ N
Ti(n
Ep(n) = 57

This measure provides an indication of the effective utilization of the p
processors relative to the given algorithm. A value of E,(n) approximately
equal to 1, for some p, indicates that algorithm A runs approximately p times
faster using p processors than it does with one processor. It follows that each
of the processors is doing “useful work” during each time step relative to the
total amount of work required by algorithm A.

There exists a limiting bound on the running time, denoted by T . (1),
beyond which the algorithm cannot run any faster, no matter what the num-
ber of processors. Hence, T,(n) = T (n), for any value of p, and thus the
efficiency E,(n) satisfies E,(n) < T1(n)/pT » (n). Therefore, the efficiency of
an algorithm degrades quickly as p grows beyond T'(n)/T » (n).

Our main goal in this book is to develop parallel algorithms that can
provably achieve the best possible speedup. Therefore, our model of parallel
computation must allow the mathematical derivation of an estimate on the
running time T, (n) and the establishment of lower bounds on the best pos-
sible speedup for a given problem. Before introducing several candidate
models, we outline the background knowledge that readers should have.

1.2 Background

Readers should have an understanding of elementary data structures and
basic techniques for designing and analyzing sequential algorithms. Such
material is usually covered at the undergraduate level in computer science
and computer engineering curricula. Our terminology and notation are stan-
dard; they are described in several of the references given at the end of this
chapter.

Algorithms are expressed in a high-level language in common use. Each
algorithm begins with a description of its input and its output, followed by a
statement (which consists of a sequence of one or more statements). We next
give a list of the statements most frequently used in our algorithms. We shall
augment this list later with constructs needed for expressing parallelism.

1. Assignment statement:
variable: = expression

The expression on the right is evaluated and assigned to the variable on
the left.
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2. Begin/end statement:

4.

S.

begin
statement
statement

statement
end

This block defines a sequence of statements that must be executed in
the order in which they appear.

Conditional statement:
if (condition) then statement [else statement]

The condition is evaluated, and the statement following then is exe-
cuted if the value of the condition is true. The else part is optional; it is
executed if the condition is false. In the case of nested conditional
statements, we use braces to indicate the if statement associated with
each else statement.

Loops: We use one of the following two formats:

for variable = initial value to final value do statement

while (condition) do statement

The interpretation of the for loop is as follows. If the initial value is less
than or equal to the final value, the statement following do is executed,
and the value of the variable is incremented by one. Otherwise, the
execution of the loop terminates. The same process is repeated with the
new value of the variable, until that value exceeds the final value, in
which case the execution of the loop terminates.

The while loop is similar, except that the condition is tested before each
execution of the statement. If the condition is true, the statement is
executed; otherwise, the execution of the loop terminates.

Exit statement:
exit
This statement causes the execution of the whole algorithm to terminate.

The bounds on the resources (for example, time and space) required by

a sequential algorithm are measured as a function of the input size, which
reflects the amoum,ofﬁata to be processed. We are primarily interested in
the worst-case“analysis of algorithms; hence(l given an input size n, each
resource bound represents the maximum amount of that resource required
by any instance of size n. These bounds are expressed asymptotically using
the following standard notation:

O

T(n) = O(f(n)) if there exist positive constants ¢ and ng such that T(n) <
cf(n), for alln = ny.
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0O T(n) = Q(f(n)) if there exist positive constants ¢ and n¢ such that T(n) =
cf(n), for alln = ny.

0 T(n) = O(f(n)) if T(n) = O(f(n)) and T(n) = Q(f(n)).

The running time of a sequential algorithm is estimated by the number
of basic operations required by the algorithm as a function of the input size.
This definition naturally leads to the questions of what constitutes a basic
operation, and whether the cost of an operation should be a function of the
word size of the data involved. These issues depend on the specific problem
at hand and the model of computation used. Briefly, we charge a unit of time
to the operations of reading from and writing into the memory, and to basic
arithmetic and logic operations (such as adding, subtracting, comparing, or
multiplying two numbers, and computing the bitwise logic OR or AND of two
words). The cost of an operation does not depend on the word size; hence, we
are using what is called the uniform cost criterion. A formal computational
model suitable for our purposes is the Random Access Machine (RAM),
which assumes the presence of a central processing unit with a random-access
memory attached to it, and some way to handle the input and the output
operations. A knowledge of this model beyond our informal description is not
necessary for understanding the material covered in this book. For more
details concerning the analysis of algorithms, refer to the bibliographic notes
at the end of this chapter.

Finally, all logarithms used in this book are to the base 2 unless other-
wise stated. A logarithm used in an asymptotic expression will always have a
minimum value of 1.

1.3 Parallel Models

The RAM model has been used successfully to predict the performance of
sequential algorithms. Modeling parallel computation is considerably more
challenging given the new dimension introduced by the presence of many
interconnected processors. We should state at the outset that we are prirya-
rily interested in algorithmic models that can be used as general frameworks for
describing and analyzing parallel algorithms. 1deally, we would like our model
to satisfy the following (conflicting) requirements:

I Simplicity: The model should be simple enough to allow us to describe
parallel algorithms easily, and to analyze mathematically important
performance measures such as speed, communication, and memory utili- _
zation. In addition, the model should not be tied to any particular class of
architectures, and hence $hould be as hardware- independent as possible.
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0 Implementability: The parallel algorithms developed for the model
should be easily implementable on parallel computers. In addition, the
analysis performed should capture in a significant way the actual per-
formance of these algorithms on parallel computers.

Thus far, no single algorithmic parallel model has proved to be accept-
able to most researchers in parallel processing. The literature contains an
abundant number of parallel algorithms for specific architectures and specific
parallel machines; such reports describe a great number of case studies, but
offer few unifying techniques and methods.

In Sections 1.3.1 through 1.3.3, we introduce three parallel models and
briefly discuss their relative merits. Other parallel models, such as parallel
comparison trees, sorting networks, and Boolean circuits, will be introduced
later in the book. We also state our choice of the parallel model used in this
book and provide justification for this choice.

1.3.1 DIRECTED ACYCLIC GRAPHS

Many computations can be represented by directed acyclic graphs (dags) in
a natural way. Each input is represented by a node that has no incoming arcs.
Each operation is represented by a node that has incoming arcs f from the
nodes representing the operands. The mdegree of each internal node is at
most two. A node whose outdegree is equal to zero represents an output. We
assume the unit cost criterion, where each node represents an operation that
takes one unit of time.

A directed acyclic graph with n input nodes represents a computation
that has no brancﬁﬁ@iﬁ'tructlons and that has an input of size n. Therefore,
an algorithm is represented by a family of dags {G ,}, where G, corresponds
to the algorithm with input size n.

This model is particularly suitable for analyzing numerical computa-
tions, since branching instructions are typically used to execute a sequence of
operations a certain number of times, dependent on the input size #. In this
case, we can unroll a branching instruction by duplicating the sequence of
operations to be repeated the appropriate number of times.

A dag specifies the operations performed by the algorithm, and implies
precedence constraints on the order in which these operations must be
performed. It is completely architecture-independent.

EXAMPLE L.1:

Consider the problem of computing the sum S of the n = 2* elements of an
array A. Two possible algorithms are represented by their dags in Fig. 1.1 for
n = 8. The algorithm in Fig. 1.1(a) computes the partial sums consecutively,
starting with 4(1) + A(2), followed by (4(1) + A(2)) + A(3),and soon. The
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algorithm in Fig. 1.1(b) proceeds in a complete binary tree fashion that begins
by computing the sums A(1) + A(2),A4(3) + A@4), ... ,A(n — 1) + A(n)at the
lowest level, and repeats the process at the next level w1th z elements and so
on until the sum is computed at the root. O

The dag model can be used to analyze the performance of a parallel
algorithm under the assumption that any processor can access the data com-
puted by any other processor, without incurring’additional cost. We can specify
a particular implementation of the algorithm by scheduling each node for
execution on a particular processor. More precisely, given p processors, we
have to associate with each internal node i of the dag a pair (j;, £;), wherej; < p
is the index of a processor and ¢; is a time unit (processor P;, executes the
operation specified by node i at time ¢;), such that the following two condi-
tions hold:

FIGURE 1.1

The dags of two possible algorithms for Example 1.1. (a) A dag for computing
the sum of eight elements. (b) An alternate dag for computing the sum of eight
elements based on a balanced binary tree scheme.
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1. If t; = t; for some i # k, then j; # ji. That is, each processor can
perform a single operation during each unit of time.

2. If (i, k) is an arc in the graph, then #; = t; + 1. That is, the operation
represented by node & should be scheduled after the operation repre-
sented by node i has been completed.

The time ¢; of an input node i is assumed to be 0, and no processor is
allocated to the node i. We call the sequence e {(ji, t: )| i € N} aschedul
the parallel execution of the dag by p processors, where N is the set of nodes
in the dag.

For any given schedule, the corresponding time for executing the algo-
rithm is given by max;¢n?;. The parallel complexity of the dag is defined by
Ty(n) = min{max;¢y?;}, Where the mlmmum is taken over all schedules that
use p processors. Clearly, the depth- %of the dag, which is the length of the
longest path between an input and an output mode, is a lower bound on
Tp(n), for any number p of processors.

EXAMPLE 1.2:

Consider the two sum algorithms presented in Example 1.1 for an arbitrary
number n of elements. It is clear that the best schedule of the algorithm
represented in Fig. 1.1(a) takes O(n) time, regardless Oof the number of
processors available, whereas'the best schedule of the dag of Fig. 1.1(b) takes
O(log n) time with 7 processors. In either case, the scheduling algorithm is
straightforward and proceeds bottom up, level by level, where all the nodes at
the same level have the same execution time. O

EXAMPLE 1.3: (Matrix Multiplication)

Let A and B be two n X n matrices. Consider the standard algorithm to
compute the product C = AB. Each C(i, j) is computed using the expression
C(i,j) = 2.1 A, DB(l,)). A dag to compute C(i,j) forn = 4 is shown in Fig.
1.2. Given n3 processors, the operations can be scheduled level by level, using
n processors to compute each entry of C; hence, the dag can be scheduled to
compute C in O(log n) time. a

1.3.2 THE SHARED-MEMORY MODEL

The next model is a natural extension of our basic sequential model; in the
new model, many processors have access to a single shared memory unit.
More precisely, the shared-memory model consists of a number of proces-
sors, each of which has its own local memory and can execute its own local
program, and all of which communicate by exchanging data through a shared



10 Chapter 1 Introduction

CG.j)

FIGURE 1.2
A dag for computing an entry C(/, j) of the matrix product C = AB for the case
of 4 x 4 matrices.

memory unit. Each processor is uniquely identified by an index, called a
processor number or processor id, which is available locally (and hence’can
be referred to in the processor’s program). Figure 1.3 shows a general view of
a shared-memory model with p processors. These processors are indexed 1,
2, ..., p. Shared memory is also referred to as global memory.

Shared Memory

P, P2 RN R] P

FIGURE 1.3
The shared-memory model.
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There are two basic modes of operation of a shared-memory model. In
the first mode, called synchroenous, all the processors operate synchronously
under the control of a common clock. A standard name for the synchronous"
shared-memory model is the parallel random-access machine (PRAM)
model. In the second mode, called asynchronous, each processor operates
under a separate clock. In the asynchronous mode of operation, it is the'
programmer’s responsibility to set appropriate synchronization points when- |
ever necessary. More precisely, if data need to be accessed by a processor, it
is the programmer’s responsibility to ensure that the correct values are ob-
tained, since the value of a shared variable is determined dynamically during
the execution of the programs of the different processors.

Since’each processor can execute its own local program, our shared-
memory model is a multiple instruction multiple data (MIMD) type. That is,
each processor may execute an instruction or operate on data different from
those executed or operated on by any other processor during any given time
unit. For a given algorithm, the size of data transferred between the shared
memory and the local memories of the different processors represents the
amount of communication required by the algorithm.

Before introducing the next example, we augment our algorithmic lan-
guage with the following two constructs:

global read(X, Y)

global write(U, V)

The effect of the global read instruction is to move the block of data X
stored in the shared memory into the local variable Y. Similarly, the effect of
the global write is to write the local data U into the shared variable V.

EXAMPLE 1.4: (Matrix Vector Multiplication on the Shared-Memory Model)

Let A be an n X n matrix, and let x be a vector of order n, both stored in the
shared memory. Assume that we have p < n processors such thatr = n/pis an

integer and that the mode of operation is asynchronous. Let A be partitioned
as follows:

A
A
Ap
where each block A; is of size r X n. The problem of computing the product
Y = Ax can be solved as follows. Each processor P; reads A; and x from the

shared memory, then performs the compytation z = A;x, and finally stores
the r components of z in the appropriate components of the shared variable y.
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In the algorithm that follows, we use A(I : u, s : t) to denote the submatrix
of A consisting of rows [,/ + 1, ... ,u and columns s, s + 1, ... ,¢. The same
notation can be used to indicate a subvector of a given vector. Each processor
executes the same algorithm.

ALGORITHM 1.1
(Matrix Vector Multiplication on the Shared-Memory Model)

Input: An n X n matrix A and a vector x of order n residing in the
shared memory. The initialized local variables are (1) the order n,
(2) the processor number i, and (3) the number p < n of processors
such that ¥ = n/p is an integer.
Output: The components (i — 1)r + 1, ... ,irof the vectory = Ax
stored in the shared variable y.
begin

1. global read(x, z)

2. global read(A(({ — 1)r + lir,1:n),B)

3. Computew = Bz.

4. global write(w, y((i — 1)r + 1:ir))
end

Notice that a concurrent read of the same shared variable x is required
by all the processors at step 1. However, no two processors attempt'to write
into the same location of the shared memory.

We can estimate the amount of computation and communication used
by the algorithm as follows. Step 3 is the only computation step that requires
O(n?/p) arithmetic operations. Steps 1 and 2 transfer O(n2/p) numbers from
the shared memory into each processor, and step 4 stores n/p numbers from
each local memory in the shared memory.

An important feature of Algorithm 1.1 is that the processors do not
need to synchronize their activities, given the way the matrix vector product
was partitioned. On the other hand, we can design a parallel algorithm based
on partitioning 4 and x into p blocks such that 4 = (41,4>, ... ,Ap) andx =
(x1,x2, ..., xp), where each A4; is of size n X r and each x; is of size r. The
product y = Ax is now given byy = A;x; + Ayxs + -+ + A,x,. Hence,
processor P; can compute 2; = A, x; after reading 4; and x; from the shared
memory, for 1 < i < p. At this point, however, no processor should begin the
computation of the sumz; + z» + -~ + z, before ensuring that all the
processors have completed their matrix vector products. Therefore, an ex-
plicit synchronization primitive must be placed in each processor’s program
after the computation of z; = A;x; to force all the processors to synchronize
before continuing the execution of their programs. 0
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In the remainder of this section, we concentrate on the PRAM model,
which is the synchronous shared-memory model.

Algorithms developed for the PRAM model have been of type single
instruction multiple data (SIMD). That is, all processors execute the same
program such that, during each time unit, all the active processors are exe-
cuting the same instruction, but with different data in general. However, as
the model stands, we can load different programs into the local memories of
the processors, as long as the processors can operate synchronously; hence,
different types of instructions can be executed within the unit time allocated
for a step.

EXAMPLE 1.5: (Sum on the PRAM)

Givenanarray4 ofn = 2K numbers, and a PRAM withn processors {P1, P>, ...,
P,}, we wish to compute the sum § = A(1) + A(2) + ... + A(n). Each
processor executes the same algorithm, given here for processor P;.

ALGORITHM 1.2
(Sum on the PRAM Model)

Input: An array A of order n = 2* stored in the shared memory of
a PRAM with n processors. The initialized local variables are n and
the processor number i.
Output: The sum of the entries of A stored in the shared location S.
The array A holds its initial value.
begin
1. global read(A(i), a)
2. global write(a, B(i))
3. forh = 1tologn do
if (i < n/2") then
begin
global read(B(2i — 1), x)
global read(B(2/), y)
Setzz=x +y
global write(z, B(i))
end
4. ifi = 1 then global write(z, S)
end

Figure 1.4 illustrates the algorithm for the case whenn = 8. During steps 1
and 2, a copy B of 4 is created and is stored in the shared memory. The
computation scheme (step 3) is based on a balanced binary tree whose leaves
correspond to the elements of 4. The processor responsible for performing
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an operation is indicated below the node representing the operation. Note
that Py, which is responsible for updating the value of B(1) and for writing the
sum into S, is always active during the execution of the algorithm, whereas
Ps, Pg, P7, and Py are active only during steps 1 and 2.

Using this example, we emphasize the following key assumptions about
the PRAM model.

0 Shared-memory: The arrays 4 and B are stored in the global memory
and can be accessed by any processor.

O Synchronous mode of operation: In each unit of time, each processor is
allowed to execute an instruction or to stay idle. Note that the condition of
the if statement in the loop defined in step 3 is satisfied by only some pro-
cessors. Each of the remaining processors stays idle during that time. 0O

There are several variations of the PRAM model based on the assump-
tions regarding the handling of the simultaneous access of several processors
to the same location of the global memory. The exclusive read exclusive write

FIGURE 1.4

Computation of the sum of eight elements on a PRAM with eight processors.
Each internal node represents a sum operation. The specific processor
executing the operation is indicated below each node.
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(EREW) PRAM does not allow any simultaneous access to a single memory
location. The concurrent read exclusive write (CREW) PRAM allows simul-
taneous access for a read instruction only. Access to a location for a read or
a write instruction is allowed in the concurrent read concurrent write
(CRCW) PRAM. The three principal varieties of CRCW PRAMs are differ-
entiated by how concurrent writes are handled. The common CRCW PRAM
allows concurrent writes only when all processors are attempting to write the
same value. The arbitrary CRCW PRAM allows an arbitrary processor to
succeed. The priority CRCW PRAM assumes that the indices of the proces-
sors are linearly ordered, and allows the one with the minimum index to
succeed. Other variations of the CRCW PRAM muodel exist. It turns out that
these three models (EREW, CREW, CRCW) do not differ substantially in
their computational powers, although the CREW is more powerful than the
EREW, and the CRCW is most powerful. We discuss their relative powers in
Chapter 10.

Remark 1.1: To simplify the presentation of PRAM algorithms, we omit the
details concerning the memory-access operations. An instruction of the form
Set A: = B + C, where A, B, and C are shared variables, should be inter-
preted as the following sequence of instructions.

global read(B, x)

global read(C, y)

Setzz=x +y

global write(z, A)

In the remainder of this book, no PRAM algorithm will contain explicit
memory-access instructions. O

EXAMPLE 1.6: (Matrix Multiplication on the PRAM)

Consider the problem of computing the product C of the twon X n matnces
A and B, where n = 2k, for some integer k. Suppose that we have n3 proces-
sors available on our PRAM, denoted by P; ; ;, where 1 < i, ] | < n.Processor
P; j ; computes the product A(i, [)B(/,j) in a single step. Then? for each pair (i, ),
the n processors P; ; ;, where 1 < [ < n, compute the sum X_,A(i, )B(l, ) as
described in Example 1.5.

The algorithm for processor P; j ; is stated next (recall Remark 1.1).

ALGORITHM 1.3
(Matrix Multiplication on the PRAM)

Input: Two n X n matrices A and B stored in the shared memory,
where n = 2k. The initialized local variables are n, and the triple of
indices (i, j, 1) identifying the processor.
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Output: The product C = AB stored in the shared memory.
begin
1. Compute C'(i,j,1) = A@E, DB, J)
2. forh = 1tologn do
if (! < n/2")thenset C'(i,j,1):= C'(i,j, 2 — 1) + C'(i,j, 2)
3. if (I = 1) thenset C@i,j):= C'(i,j, 1)
end

Notice that the previous algorithm requires concurrent read capability,
since different processors may have to access the same data while executing
step 1. For example, processors P;y ;, Pioy, ... , P, all require A(i, [) from
the shared memory during the execution of step 1. Hence, this algorithm runs
on the CREW PRAM model. As for the running time, the algorithm takes
O(log n) parallel steps. O

Remark 1.2: If we modify step 3 of Algorithm 1.3 by removing the if condition
(that is, replacing the whole statement by Set C(i, j): = C'(i, j, 1)), then the
corresponding algorithm requires a concurrent write of the same value ca-
pability. In fact, processors P; 1, P2, ..., P, all attempt to write the
value C'(i, j, 1) into location C(i, ). |

1.3.3 THE NETWORK MODEL

A network can be viewed as a graph G = (N, E), where each node i € N
represents a processor, and each edge (i, j) € E represents a two-way com-
munication link between processors i and j. Each processor is assumed to
have its own local memory, and no shared memory is available. As in the case
of the shared-memory model, the operation of a network may be either
synchronous or asynchronous.

In describing algorithms for the network model, we need additional
constructs for describing communication between the processors. We use the
following two constructs:

send(X, i)
receive(Y, j)

A processor P executing the send instruction sends a copy of X to
processor P;, then resumes the execution of the next instruction immediately.
A processor P executing the receive instruction suspends the execution of its
program until the data from processor P; are received. It then stores the data
in Y and resumes the execution of its program.
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The processors of an asynchronous network coordinate their activities
by exchanging messages, a scheme referred to as the message-passing model.
Note that, in this case, a pair of communicating processors do not necessarily
have to be adjacent; the process of delivering'each message from its source to
its destination is called routing?The study of routing algorithms is outside the
scope of this book; see the bibliographic notes at the end of this chapter for
references.

The network model incorporates the topology of the interconnection
between the processors into the model itself. There are several parameters
used to evaluate the topology of a network G. Briefly, these include the
diameter, which is the maximum distance between any pair of nodes, the
maximum degree of any node in G, and the node or edge connectivity of G.

We shall introduce the following representative topologies: the linear

have been studled extensnvely for thelr suntablhty for parallel processing; they
are not mentioned here. Several books describing them are given in the list of
references at the end of this chapter.

The Linear Processor Array and the Ring. The linear processor array
consists of p processors Py, Py, ... , P, connected in a linear array; that is,
processor P; is connected to P;_; and to P; 4 1, whenever they exist. Figure 1.5
shows a linear array with eight processors. The diameter of the linear array is
p — 1l;its maximum degtee is 2.

A ring fs a linear array of processors with an end-around connection;
that is, processors Py and P, are directly connected.

EXAMPLE 1.7: (Matrix Vector Product on a Ring)

Given an n X n matrix 4 and a vector x of order n, consider the problem of
computing the matrix vector producty = Ax on a ring of p processors, where
P = n. Assume that p divides n evenly, and let r = n/p. Let A and x be
partitioned into p blocks as follows: A = (4}, Ay, -+, Ap) and x = (xy,

X2, ..., Xp), where each A4; is of size n X r and each x; is of size r. We can
determine the producty = Ax by computingz; = A;x;,for1 < i < p,and then
accumulating the sumzy + 23 + -+ + zp.

Pr P P Py b Ps 1 Pe V1 P7 H Ps
FIGURE 1.5

A linear array of eight processors.
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Let processor P; of our network hold initially B = 4; andw = x; in its
local memory, for all 1 < i < p. Then each processor can compute locally the
product Bw, and we can accumulate the sum of these vectors by circulating
the partial sums through the ring clockwise. The output vector will be stored
in P. The algorithm to be executed by each processor is given next.

ALGORITHM 14
(Asynchronous Matrix Vector Product on a Ring)
Input: (1) The processor number i; (2) the number p of processors;
(3) the ith submatrix B = A(1:n, (i — L)r + 1:ir)of sizen X r,
where r = nip; (4) the ith subvectorw = x((i — 1)r + 1:ir) of size r.
Output: Processor P; computes the vectory = A1xy + -+ + Ajx;
and passes the result to the right. When the algorithm terminates, Py will
hold the product Ax.
begin

1. Compute the matrix vector product z = Bw.

2. ifi = 1thensety: =0

else receive(y, left)

3. Sety: =y +z

4. send(y, right)

5. ifi = 1 then receive(y, left)
end

Each processor P; begins by computing A4;x;; it stores the resulting
vector in the local variable z. At step 2, processor P initializes the vectory to
0, whereas tach of the other processors suspends the execution of its program
waiting to receive data from its left neighbor. Processor P setsy = 4;x; and
sends the result to the right neighbor in steps 3 and 4, respectively. At this
time, P, receives A1 x1 and resumes the execution of its program by comput-
ingA,x; + A,x; at step 3; it then sends the new vector to the right at step 4.
When the executions of all the programs terminate, P| holds the producty = Ax.

The computation performed by each processor consists of the two
operations in steps 1 and 3; hence, the algorithm’s computation time is
O(n?/p)—say Tcomp = a(n*/p), where ais some constant. On the other hand,
processor Py has to wait until the partial sumAyx; + --+ + A,x, has been
accumulated before it can execute step 5. Therefore, the total communica-
tion time T oy is proportional to the product p - comm(n), where comm(n)
is the time it takes to transmit # numbers between adjacent processors. This
value can be approximated by comm(n) = o + nt, where o is the startup time
for transmission, and T is the rate at which the message can be transferred.

The total execution time is given by T = Teomp + Teomm = a(n?p) +
p(c + n7). Clearly, a tradeoff exists between the computation time and the
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communication time. In particular, the sum is minimized when a (n?/p) =
p(o + nt),and hence p = nVa/(o + nr). O

The Mesh. The two-dimensional mesh is a two-dimensional version of the
linear array. It consists of p = m? processors arranged into anm X m grid
such that processor P; j is connected to processors P;+1 j and P+, when-
ever they exist. Figure 1.6 shows a 4 X 4 mesh.

The diameter of a (p = m?)-processor mesh is Vp, and the maximum
degree of any node is 4. This topology has several attractive features, such as
simplicity, regularity, and extensibility. In addition, it matches the computation
structures arising in many applications. However, since the mesh has diameter
2Vp — 2, almost any nontrivial computation requires Q(Vp) parallel steps.

EXAMPLE 1.8: (Systolic Matrix Multiplication on the Mesh)

The problem of computing the product C = ABon ann X n mesh, where 4,
B, and C aren X n matrices, can be solved in O(n) time. Figure 1.7 shows one
possible scheme, following the systolic paradigm, where the rows of 4 are fed
synchronously into the left side of the mesh in a skewed fashion, and the
columns of B are fed synchronously into the top boundary of the mesh in a
skewed fashion. When P;; receives the two inputs A(, /) and B(l, j), it
performs the operation C(i, j): = C(i,j) + A(®i,)B(l,j); it then sends A(i, [) to
its right neighbor and B(/, j) to the neighbor just below it.

Pia P12 P13 P14
Py Py2 Py3 Py
Py Py Py 3 P34
Py Py L L

FIGURE 1.6
A 4 X 4 mesh.
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B8(4,3)

B(4,3) B(3,4)

B4,2) B(3,3) B2,4

B(4,1) B(3,2) B(2,3) B(l1,4)
B(3,1) B(2,2) B(1,3) .

B2, 1) B(,2) . .
B(1, 1) . . .
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A4 A4 D) AGD) A4+ e > Py H P2 HPa s Paa

FIGURE 1.7

Matrix multiplication on the mesh using a systolic algorithm. Rows of A move
synchronously into the left side, while columns of B move synchronously at the
same rate into the top side. When A(j, /) and B(/, j) are available at processor
P; j, the operation C(i, j) = C(i, j) + Ali, )B(l, j) takes place, A(i, /) is sent to
Pij+1 (if it exists), and B(/, j) is sent to P; 44 ; (if it exists).

After O(n) steps, each processor P; ; will have the correct value of C(, ).
Hence, the algorithm achieves an optimal speedup for n2 processors relative to
the standard matrix-multiplication algorithm, which requires O(n®) operations.

Systolic algorithms operate in a fully synchronous fashion, where, at each
time unit, a processor receives data from some neighbors, then performs some
local computation, and finally sends data to some of its neighbors. O

You should not conclude from Example 1.8 that mesh algorithms are
typically synchronous. Many of the algorithms developed for the mesh have
been asynchronous.

The Hypercube. A hypercube consists of p = 24 processors interconnected
into a d-dimensional Boolean cube that can be defined as follows. Let the
binary representation of i be igy_1ig—2 -+ ig, where 0 < i < p — 1. Then
processor P; is connected to processors Pjo, where iU} = iz_q -+ i; --- o,
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and i,- =1-1i,for0 = j =d — 1. In other words, two processors are
connected if and only if their indices differ in only one bit position. Notice
that our processors are indexed fromQtop — 1.

The hypercube has a recursive structure. We can extend a d-
dimensional cube to a (d + 1)-dimensional cube by connecting correspond-
ing processors of two d-dimensional cubes. One cube has the most significant
address bit equal to 0; the other cube has the most significant address bit
equal to 1. Figure 1.8 shows a four-dimensional hypercube.

The diameter of a d-dimensional hypercube is d = log p, since the
distance between any two processors P; and P; is equal to the number of bit
positions in which i and j differ; hence, it is less than or equal to d, and the
distance between say Py and Py _ isd. Each node is of degree d = log p.

The hypercube is popular because of its regularity, its small diameter,
its many interesting graph-theoretic properties, and its ability to handle many
computations quickly and simply. '

We next develop synchronous hypercube algorithms for several simple
problems, including matrix multiplication.

EXAMPLE 1.9: (Sum on the Hypercube)

Each entry A(i) of an array A4 of size n is stored initially in the local memory
of processor P; of an (n = 24)-processor synchronous hypercube. The goal is

(1100
0110 1110 111

0100

0101 1100 1101

0010 1011
0or1 1010

0000 0001 1000 1001

FIGURE 1.8

A' four-dimensional hypercube, where the index of each processor is given in
binary. Two processors are connected if and only if their indices differ in
exactly one bit position.
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to compute thesum $ = > 'A(i), and tostore it in processor Py. Notice that
the indices of the array elements begin with 0.

The algorithm to compute § is straightforward. It consists of d itera-
tions. The first iteration computes sums of pairs of elements between proces-
sors whose indices differ in the most significant bit position. These sums are
stored in the (d — 1)-dimensional subcube whose most significant address bit
is equal to 0. The remaining iterations continue in a similar fashion.

In the algorithm that follows, the hypercube operates synchronously,
and i) denotes the index i whose / bit has been complemented. The instruc-
tion A(i): = A(i) + A(i") involves two substeps. In the first substep, P; copies
A(iDy from processor P;» along the link connecting P;«» and P;; in the second
substep, P; performs the addition A(i) + A(i("), storing the result in 4 ().

ALGORITHM 1.5
(Sum on the Hypercube)
Input: An array A of n = 29 elements such that A(i) is stored in the
local memory of processor P; of an n-processor synchronous hyper-
cube, where 0 < i < n — 1.
Output: The sum S = 3 A(i) stored in P.
Algorithm for Processor P;
begin
for/ =d — 1to0do
if (0 <i =<2 - 1)then
Set A(i): = A@) + AG@D)
end

Consider, for example, the case when n = 8. Then, during the first
iteration of the for loop, the sums A(0) = A(0) + A(4), A(1) = A(1) + A(5),
A(2) = A(2) + A(6),andA(3) = A(3) + A(7) are computed and stored in the
processors Py, Py, P, and P3, respectively. At the completion of the second
iteration, we obtain 4(0) = (4(0) + A(4)) + (A(2) + A(6)) and A(1) =
(A1) + A(5)) + (A(3) + A(T7)). The third iteration clearly sets.4(0) to the
sum S. Algorithm 1.5 terminates after d = logn parallel steps. Compare this
algorithm with the PRAM algorithm (Algorithm 1.2) that computes the sum
in O(log n) steps as well. |

EXAMPLE 1.10: (Broadcasting from One Processor on the Hypercube)

Consider the problem of broadcasting an item X held in the register D(0) of
Py to all the processors P; of a p-processor hypercube, where p = 24,

A simple strategy can be used to solve this problem. We proceed from
the lowest-order dimension to the highest dimension consecutively, in d
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iterations, as follows. During the first iteration, Py sends a copy of X to Py
using the link between Py and P1; during the second iteration, Pg and P, send
copies of X to P, and P, respectively, using the links between Pg and P and
between Py and P3, and so on. The algorithm is stated next.

ALGORITHM 1.6
(Broadcasting from One Processor on the Hypercube)
Input: Processor Py of a (p = 24)-processor synchronous hypercube
holds the data item X in its register D(0).
Output: X is broadcast to all the processors such that D(i) = X,
wherel =i <p — 1.
Algorithm for Processor P;
begin
for/ =0tod — 1do
if0 <i <2/ — 1then

Set D(iV): = D(i)

end

Again, as in Algorithm 1.5, the instruction Set D(i”): = D(i) involves
two substeps. In the first substep, a copy of D(i) is sent from processor P; to
processor P;o through the existing link between the two processors. In the
second substep, P;o receives the copy, and stores the copy in its D register.

Clearly, the broadcasting algorithm takes O(log p) parallel steps. O

The two hypercube algorithms presented belong to the class of normal
algorithms. The hypercube algorithms in this class use one dimension at each
time unit such that consecutive dimensions are used at consecutive time
units. Actually, the sum and broadcasting algorithms (Algorithms 1.5and 1.6)
belong to the more specialized class of fully normal algorithms, which are
normal algorithms with the additional constraint that all the d dimensions of
the hypercube are used in sequence (either increasing, as in the broadcasting
algorithm, or decreasing, as in the sum algorithm).

EXAMPLE 1.11: (Matrix Multiplication on the Hypercube)

We consider the problem of computing the product of two matrices C = AB
on a synchronous hypercube with p = n3 processors, where all matrices are
of ordern x n.

Letn = 29 and hence p = 239, We index the processors by the triples
(1,i,j) such that P, ; ; represents processor P,, where r = In? + in + j. In other
words, expanding the index r in binary, we obtain that the ¢ most significant
bits correspond to the index /, the next g most significant bits correspond to
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the index i, and finally the g least significant bits correspond to the indexj. In
particular, if we fix any pair of indices /, i, and j, and vary the remaining index
over all its possible values, we obtain a subcube of dimension g.

The input array A4 is stored in the subcube determined by the processors
Piio, where 0 < [,i < n — 1, such that A(j, /) is stored in processor P .
Similarly, the input array B is stored in the subcube formed by the processors
Py ; where processor Py ; holds the entry B(, j).

The goal is to compute C(i,j) = Sy-qA(i,)B(Lj), for0 < ij <n ~ 1.
The overall algorithm consists of three stages.

1. The input data are distributed such that processor Py ; ; will hold the two
entries A(i, /) and B(,j),for0 < Li,j < n — 1.

2. Processor Py ; ; computes the product C'(,i,j) = A, 1)B(l,j), forall 0 < i,
jl=sn-1

3. Foreach0 < i,j = n — 1, processors P;;j, where 0 </ < n - 1,
compute the sum C(i,j) = -0 C'(L, i, ]).

The implementation of the first stage consists of two substages. In the
first substage, we broadcast, for each i and /, A(i, [) from processor Py ;o to Py ;,
for0 < j < n — 1. Since the set of processors {P; j| 0 < j < n — 1}forms a
g-dimensional cube for each pairi and /, we can use the previous broadcasting
algorithm (Algorithm 1.6) to broadcast A(i, /) from P; ; o to all the processors
Py j- In the second substage, each element B(/, j) held in processor Py ; is
broadcast to processors Py ; j, forall0 < i < n — 1. At the end of the second
substage, processor P; ; ; will hold the two entries A(Z, /) and B(/, ). Using our
broadcasting algorithm (Algorithm 1.6), we can complete the first stage in 2g =
O(log n) parallel steps.

The second stage consists of performing one multiplication in each
processor P;; ;. Hence, this stage requires one parallel step. At the end of this
stage, processor P, ; ; holds C'(l, i, j).

The third stage consists of computing n2 sums C(i, j); the terms C'(1, i, j)
of each sum reside in a g-dimensional hypercube {P;; ;| 0 < < n — 1}. As
we have seen before (Algorithm 1.5), each such sum can be computed ing =
O(log n) parallel steps. Processor Py ; ; will hold the entry C(i, j) of the product.

Therefore, the product of twon X 1 matrices can be computed in O(logr)
time on an n3-processor hypercube. O

1.3.4 COMPARISON

1]
Although; for a given situation, each of the parallel models introduced could
be clearly advantageous, we believe that the shared memory model is most
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suited Tor the general presentation of parallel algorithms. Our choice for the
remainder of this book is the PRAM model, a choice justified by the discus-
sion that follows.

In spite of its simplicity, the dag model applies to a specialized class of
problems and suffers from several deficiencies. Unless the algorithm is fairly
regular, the dag could be quite complicated and very difficult to analyze. The
dag model presents only partial information about a parallel algorithm, since
a scheduling problem and a processor allocation problem will still have to be
resolved. In addition, it has no natural mechanisms to handle communication
among the processors or to handle memory allocations and memory accesses.

Although the network model seems to be considerably better suited to
resolving both computation and communication issues than is the dag model,
its comparison with the shared-memory model is more subtle” For our pur-
poses, the network model has two main drawbacks. First, it is significantly
more difficult to describe and analyze algorithms for the network model.
Second, the network model depends heavily on the particular topology under
consideration. Different topologies may require completely different algo-
rithms to solve the same problem, as we have already seen with the parallel
implementation of the standard matrix-multiplication algorithm. These ar-
guments clearly tip the balance in favor of the shared-memory model as a
more suitable algorithmic model.

The PRAM model, which is the synchronous version of the shared-
memory model, draws its power from the following facts:

O There exists a well-developed body of techniques and methods to handle
many different classes of computational problems on the PRAM model.

0 The PRAM model removes algorithmic details concerning synchroni-
zation and communication, and thereby allows the algorithm designer
to focus on the structural properties of the problem.

0 The PRAM model captures several important parameters of parallel
computations. A PRAM algorithm includes an explicit understanding
of the operations to be performed at each time unit, and explicit allo-
cation of processors to jobs at each time unit.

O The PRAM design paradigms have turned out to be robust. Many of the
network algorithms can be directly derived from PRAM algorithms. In
addition, recent research advances have shown that PRAM algorithms
can be mapped efficiently on several bounded-degree networks (see the
bibliographic notes at the end of this chapter).

O Itis possible to incorporate issues such as synchronization and commu-
nication into the shared-memory model; hence, PRAM algorithms can
be analyzed within this more general framework.

For the remainder of this book, we use the PRAM model as our formal
model to design and analyze parallel algorithms. Sections 1.4 through 1.6
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introduce a convenient framework for presenting and analyzing parallel al-
gorithms. This framework is closely related to what is commonly referred to
as data-parallel algorithms.

1.4 Performance of Parallel Algorithms

Given a parallel algorithm, we typically measure its performance in terms of
worst-tase analysis. Let O be a problem for which we have a PRAM algorithm
that runs in time 7(n) using P(n) processors, for an instance of size n. The
time-processor product C(n) = T(n)- P(n) represents the cost of the parallel
algorithm. The parallel algorithm can be converted into a sequential algo-
rithm that runs in O(C(n)) time. Simply, we have a single processor simulate
the P(n) processors in O(P(n)) time, for each of the T(n) parallel steps.

The previous argument can be generalized to any number p < P(n) of
processors as follows. For each of the T(n) parallel steps, we have the p
processors simulate the P(n) original processors in O(P(n)/p) substeps: in the
first substep, original processors numbered 1, 2, ... , p are simulated; in the
second substep, processors numbered p + 1,p + 2, ..., 2p are simulated;
and so on. This simulation takes a total of O(T(n)P(n)/p) time.

When the number p of processors is larger than P(n), we can clearly
achieve the running time of 7(n) by using P(n) processors only.

We have just explained why the following four ways of measuring the
performance of parallel algorithms are asymptotically equivalent:

0 P(n) processors and 7(n) time
0 C(n) = P(n)T(n) cost and T(n) time
O O(T(n)P(n)/p) time for any number p < P(n) processors

a 0( S0 T(n)) time for any number p of processors

In the context of the PRAM algorithm to compute the sum of n ele-
ments (Example 1.5), these four measures mean (1) n processors and O(log n)
time, (2) O(n log n) cost and O(log n) time, (3) 0(" log n ) time for any number

(n logn

p < n of processors, and (4) O + log n) tlme for any number p of

processors. For the PRAM algorlthm to perform matrix multiplication (Ex-
ample 1.6), the corresponding measures are (1) n? processors and O(log n)
time, (2) O(n? log n) cost and O(log n) time, (3) O(" lOg") time for any

(n log n

number p < n3 of processors, and (4) O + log n) time for any

number p of processors.
Before we introduce our notion of optimality, we describe the work-
time framework for presenting and analyzing parallel algorithms.
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1.5 The Work-Time Presentation Framework
of Parallel Algorithms

Often, parallel algorithms contain numerous details. Describing parallel al-
gorithms for the PRAM model helps us to simplify the details, because of the
relative strength of this model. The description paradigm we shall outline will
help us further.

The work-time (WT) paradigm provides informal guidelines for a two-
level top-down description of parallel algorithms. The upper level suppresses
specific details of the algorithm. The lower level follows a general scheduling
principle, and results in a full PRAM description.

Upper Level (Work-Time (WT) Presentation of Algorithms): Set the fol-
lowing intermediate goal for the design of a parallel algorithm. Describe the
algorithm in terms of a sequence of time units, where each time unit may include
any number of concurrent operations.

We define the work performed by a parallel algorithm to be the total
number of operations used. Before presenting our next example, we intro-
duce the following pardo statement:

for!/ < i < u pardo statement

The statement (which can be a sequence of statements) following the
pardo depends on the index i. The statements corresponding to all the values
of i between / and u are executed concurrently.

EXAMPLE 1.12:

Consider again the problem of computing the sum § of n = 2 numbers
stored in an array A. Algorithm 1.2, presented in Example 1.5, specifies the
program to be executed by each processor P;, where 1 < i < n. The WT
presentation of the same algorithm is given next.

ALGORITHM 1.7
(Sum)
Input: n = 2% numbers stored in an array A4.
Output: The sum S = X" A(i)
begin
1. for1 < i < n pardo
Set B(i): = A(i)
2. forh = 1tologn do
for 1 < i < n/2" pardo
Set B(i): = B(2i — 1) + B(2i)
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3. Set§: = B(1)
end

This version of the parallel algorithm contains no mention of how many
processors there are, or how the operations will be allocated to processors. It
is stated only in terms of time units, where each time unit may include any
number of concurrent operations. In particular, we have logn + 2 time units,
where n operations are performed within the first time unit (step 1); the jth
time unit (iteration & = j — 1 of step 2) includes n/2 ~! operations, for2 < j <
log n + 1; and only one operation takes place at the last time unit (step 3).
Therefore, the work performed by this algorithm is W(n) = n + 2,°g"(n/2/) +
1 = O(n). The running time is clearly 7(n) = O(logn). g

The main advantage with respect to a PRAM specification is that we do
not have to deal with processors. The presence of p processors would have
bounded the number of operations to at most p in each unit of time. Further-
more, it would have forced us to allocate each of the processors to execute a
specific sequence of operations.

Lower Level: Suppose that the WT presentation of algorithms results in a
parallel algorithm that runs in 7(#) time units while performing W(n) work
(that is, the algorithm requires a total of W(n) operations). Using the general
WT scheduling principle given next, we can almost always adapt this algo-
rithm to run on a p-processor PRAM in < LV—V,(,"—)J + T(n) parallel steps.

The WT Scheduling Principle: Let W;(n) be the number of operations
performed in timveV unit i, where 1 < i < T(n). Simulate each set of W;(n)
operationsin < r-;f—"‘l parallel steps by the p processors, foreach 1 < i < T(n)
(see Fig. 1.9). If the simulation is successful, the corresponding p-processor

PRAM algorithm takes < Y; FLV;("—H < Z,'( W;En)J + 1) gl )J + T(n)
parallel steps, as desired.

A remark concerning the adaptation of the WT scheduling principle is
in order. The success of this principle depends on two implementation issues:
the first is the calculation of W;(n) for each (usually trivial); the second is the
allocation of each processor to the appropriate tasks to be performed by that
processor. More precisely, for each parallel step, each processor P, must
know whether or not it is active; if it is active, P, must know the instruction it
has to execute and the corresponding operands.
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The WT scheduling principle. During each time unit /, the W;(n) operations are
scheduled as evenly as possible among the available p processors. For
example, during time units 1 and 2, each processor is scheduled to execute
the same number of operations; during time unit 3, the pth processor executes
one less operation than are executed by the remaining processors; and during
time unit 4, there are only k possible concurrent operations, which are distrib-
uted to the k smallest-indexed processors.

EXAMPLE 1.13:

We now address the implementation details of the WT scheduling principle
as related to the PRAM algorithm for computing the sum of n numbers
(Algorithm 1.7).

Assume that our PRAM hasp = 29 < n = 2* processors Py, P, ..., Pp,
andlet! = 7 = 2k=4.The input array 4 is divided into p subarrays such that
processor P; is responsible for processing the sth subarray A(I/(s — 1) + 1),
A(l(s — 1) + 2), ... ,A(Is). At each height & of the binary tree, the generation
of the B(i)s is divided in a similar way among the p processors. The number of
possible concurrent operations at level & is n/2" = 2k=h [f 2k=h = p = 29
(equivalently,k — h — g = 0, as in Algorithm 1.8, which follows), then these
operations are divided equally among the p processors (step 2.1 in Algorithm
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1.8). Otherwise (k — h ~ g < 0), the 2~/ lowest-indexed processors execute
these operations (step 2.2 in Algorithm 1.8).

The algorithm executed by the sth processor is given next. Figure 1.10
illustrates the corresponding allocation in the case of n = 8 and p = 4.

ALGORITHM 1.8
(Sum Algorithm for Processor Py)

Input: An array A of size n = 2K stored in the shared memory. The
initialized local variables are (1) the order n; (2) the number p of
processors, where p = 29 < n, and (3) the processor number s.
Output: The sum of the elements of A stored in the shared variable
S. The array A retains its original value.
begin

1. forj = 1tol(= %)do

Set B(I(s — 1) +j): =A((s — 1) +))
2. forh = 1tologn do

FIGURE 1.10

Processor allocation for computing the sum of eight elements on the PRAM.
The operation represented by a node is executed by the processor indicated
below the node.
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21 if(k = h — g = 0) then
forj = 2k~h=4(s — 1) + 1to 2" ~45 do
Set B(j): = B(2j - 1) + B(2)
2.2. else {if (s < 2k=") then
Set B(s): = B(2s — 1) + B(2s)}
3. if(s = 1) thenser S: = B(1)
end

The running time of Algorithm 1.8 can be estimated as follows. Step 1
takes 0(%) time, since each processor executes 7 operations. The Ath itera-
tion of step 2 takes 0(—"—) time, since a processor has to perform at most

p1 operations. Step 3 takes O(1) time. Hence, the running time T,(n) is

given by Tp(n) = O(— + Z},"g]’ri—w) 0( + log n), as predicted by the
WT scheduling principle. O

The prefix-sums algorithm (Algorithm 2.2), presented in the next chap-
ter, will also demonstrate an application of the WT scheduling principle in a
slightly more complicated situation. However, as we advance in this book, we
describe parallel algorithms for the WT presentation level only. Our justifi-
cation for omitting the lower-level details is that they usually do not require
any new ideas beyond the ones already presented. Typically, they are tedious,
cumbersome, programming-type details that would considerably complicate
the presentation of the algorithms.

Work Versus Cost: The notion of cost introduced in Section 1.4 and the
notion of work introduced in this section are closely related. Given a parallel
algorithm running in time T(n) and using a total of W(n) operations (WT
presentation level), this algorithm can be simulated on a p-processor PRAM

inTy(n) = (W(") + T(n)) time by the WT scheduling principle. The cor-
responding cost is thus C,(n) = Tp(n) - p = O(W(n) + T(n)p).

Wi It follows that the two notions coincide (asymptotically) for p =
O( Ty )» ) since we always have Cy(n) = W(n), for any p. Otherwise, the two

notions differ: W(n) measures the total number of operations used by the algo-
rithm and has nothing to do with the number of processors available, whereas
Cp(n) measures the cost of the algorithm relative to the number p of proces-
SOrs available.

Consider, for example, our PRAM algorithm for computing the sum of
n numbers (Algorithm 1.7). In this case, we have W(n) = O(n), T(n) = O(logn),
and Cp(n) = O(n + p log n). When n processors are available, at most
processors can be active durmg the time unit corresponding to the first level
of the binary tree, at most 2 2 brocessors can be active during the next time unit,
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and so on. Therefore, even though our parallel algorithm requires only a total
of O(n) operations, the algorithm cannot efficiently utilize the n processors to
do useful work.

1.6 The Optimality Notion

Given a computational problem (, let the sequential time complexity of Q be
T*(n). As mentioned in Section 1.1, this assumption means that there is an
algorithm to solve Q whose running time is O(T*(n)); it can be shown that this
time bound cannot be improved. A sequential algorithm whose running time
is O(T*(n)) is called time optimal.

For parallel algorithms, we define two types of optimality; the first is
weaker than the second.

A parallel algorithm to solve Q, given in the WT presentation level, will
be called optimal if the work W(n) required by the algorithm satisfies W(n) =
O(T*(n)). In other words, the total of number of operations used by the optimal
parallel algorithm is asymptotically the same as the sequential complexity of
the problem, regardless of the running time T(n) of the parallel algorithm.

We now relate our optimality notion to the speedup notion introduced
in Section 1.1. An optimal parallel algorithm whose running time is T(n) can

be simulated on ap-processor PRAM in time T, (n) = O( % + T(n)), using
the WT scheduling principle. Therefore, the speedup achieved by such an

algorithm is given by

T*(n) pT*(n)
Sy(n) = Q.( ) = .
p T*p(n) +T(n) (T*(n)+pT(n))
It follows that the algorithm achieves an optimal speedup (that s, Sp(n) =
O (p)) wheneverp = O(ET?(,%)) Therefore, the faster the parallel algorithm,

the larger the range of p for which the algorithm achieves an optimal speedup.

We have not yet factored the running time T(n) of the parallel algo-
rithm into our notion of optimality. An optimal parallel algorithm is work-
time (WT) optimal or optimal in the strong sense if it can be shown that T(n)
cannot be improved by any other optimal parallel algorithm. Therefore, the
running time of a WT optimal algorithm represents the ultimate speed that
can be achieved without sacrificing in the total number of operations.

EXAMPLE 1.14:

Consider the PRAM algorithm to compute the sum given in the WT frame-
work (Algorithm 1.7). We have already noticed that T(n) = O(log n) and
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W(n) = O(n). Since T*(n) = n, this algorithm is optimal. It achieves an
optimal speedup whenever the number p of processors satisfiesp = O( lo’én .
On the other hand, we shall see in Chapter 10 that any CREW PRAM will
require €)(log #) time to compute the sum, regardless of the number of proces-

sors available. Therefore, this algorithm is WT optimal for the CREW PRAM. O

1.7 *Communication Complexity

The communication complexity of a PRAM algorithm, defined as the worst-
case bound on the traffic berween the shared memory and any local memory of
a processor, is an important factor to consider in estimating the actual per-
formance of these algorithms. We shed light on this issue as it relates to our
parallel-algorithms framework.

Given a high-level description of a parallel algorithm A, a successful
adaptation of the WT scheduling principle for p processors will always yield
a parallel algorithm with the best possible computation time relative to the
running time of 4. However, the communication complexity of the corre-
sponding adaptation is not necessarily the best possible. We illustrate this
point by revisiting the matrix-multiplication problem (Example 1.6), which is
stated next in the WT presentation framework.

ALGORITHM 1.9
(Matrix Multiplication Revisited)
Input: Two n X n matrices A and B stored in the shared memory,
where n = 2k for some integer k.
Output: The product C = AB stored in the shared memory.
begin
1. for1 =< i,j, k < n pardo
Set C'(i,j, ): = A(i, DB, ))
2. forh = 1tologn do
for1 <i,j<n,1=<1[< n/2" pardo
Set C'(i,j,1): = C'(5,j, 2 — 1) + C'(i,j, 2)
3. for1 < i,j < n pardo
Set C(i,j): = C'(i,j, 1)
end

Algorithm 1.9 runs in O(log ) time using a total of O(n3) operations. By
the WT scheduling principle, the algorithm can be simulated by p processors
to run in O(n3/p + logn) time.
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Consider the adaptation of this algorithm to the case where there are n
processors available. In particular, the corresponding running time must be
O(n?). We examine the communication complexity of Algorithm 1.9 relative
to a particular processor allocation scheme.

A straightforward scheme proceeds by allocating the operations in-
cluded in each time unit to the available processors (as in the statement of the
WT scheduling principle). In particular, the n3 concurrent operations of step
1 can be allocated equally among the n processors as follows. Foreach 1 < i <
n, processor P; computes C'(i, j, 1) = A(i, NB((,j), where 1 < j,I < n; hence, P;
has to read the ith row of 4 and all of matrix B from the shared memory. A
traffic of O(n2) numbers is created between the shared memory and each of
the local memories of the processors.

The hth iteration of the loop at step 2 requires n3/2# concurrent oper-
ations, which can be allocated as follows. Processor P;’s task is to update the
values C'(i,j, /), forall 1 <j,! < n; hence, P; can read all the necessary values
C'(i,j, 1) for all indices 1 < j,! < n, and can then perform the operations
required on this set of values. Again, O(n?) entries get swapped between the
shared memory and the local memory of each processor.

Finally, step 3 can be implemented easily with O(n) communication,
since processor P; has to store the ith row of the product matrix in the shared
memory, for 1 <i < n.

Therefore, we have a processor allocation scheme that adapts the WT sched-
uling principle successfully and that has a communication requirement of Q(n?).

We now develop another parallel implementation of the standard
matrix-multiplication algorithm that will result in many fewer data elements
being transferred between the shared memory and each of the local memo-
ries of the n processors. In addition, the computatlon time remains the same.

Assume, without loss of generality, that a = Vn is an integer. Partition

matrixA into Vi X V7 blocks of submatrices, eachof sizen2® x n23, asfollows:

Ag Az o Alg

A A A
A = 2,1 2,2 2,0

Au,l Aa,?. A(x,a

We partition B and C in the same way. Notice that there are exactly n
pairs (A;, By ;) for alli,j, and [.

The new processor allocation follows a strategy different from the one
outlined in the WT scheduling principle. Each processor P reads a unique
pair (4;, B, ;) of blocks from A and B, respectively, and computes the
product D;;; = A; By, which is then stored in the shared memory. The
amount of communication needed is O(n*3), which accounts for the cost of
transferring a pair of blocks from the shared memory into each local memory
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and the cost of storing a new block from each local memory into the shared
memory. On the other hand, the amount of computation required for per-
forming D j A; By is O(nz) since each block is of size n%3 x n?-/3

Next, each block C; ; of the product matrix C is glven byC;; = Z, Dijb»
and there are n%3 such blocks. We can now allocate V7 processors to com-
pute each block C;; such that the computation proceeds in the fashion of a
balanced binary tree whose \/— leaves contain the blocks D; j ;, where 1 < [ <
\/‘ Each level of the tree requires the concurrent access of a set of blocks each
of size n23 x n%3. Hence, the execution of the operations represented by each
level of a tree requires O(n*3) communication. Therefore the total amount of
communication required for computing all the Cj’s is O(n*? log n), which is
substantially smaller than the O(n?) required by the previous processor alloca-
tion scheme.

Remark 1.3: We canreduce to O(n*?) the communication cost of the second
processor allocation scheme to implement the standard matrix-multiplication
algorithm by using the pipelining technique introduced in Chapter 2. O

In summary, a parallel algorithm given in the WT presentation level
requires a solution to a processor allocation problem that will uniquely de-
termine the computation and the communication requirements of the algo-
rithm. In almost all cases, the strategy outlined in the statement of the WT
scheduling principle results in an optimal allocation of the computation
among the available processors. However, the communication complexity of
the resulting implementation may not be optimal. An alternative parallel
algorithm may be required to achieve optimal communication complexity.

1.8 Summary

The design and analysis of parallel algorithms involve a complex set of inter-
related issues that is difficult to model appropriately. These issues include
computational concurrency, processor allocation and scheduling, communi-
cation, synchronization, and granularity (granularity is a measure of the
amount of computation that can be performed by the processors between
synchronization points). An attempt to capture most of the related parameters
makes the process of designing parallel algorithms a challenging task. We have
opted for simplicity and elegance, while attempting to shed light on some of
the important performance issues arising in the design of parallel algorithms.
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In this chapter, we introduced two major parallel-computation models:
the shared memory and the network. These models offer two orthogonal
approaches to parallel computation—shared-memory computation versus
distributed-memory computation. We argued in favor of the shared-memory
model due to its simplicity, uniformity, and elegance.

We described a high-level framework for presenting and analyzing
PRAM algorithms. We identified the two important parameters, time and
work. Time refers to the number of time units required by the algorithm,
where during each time unit a number of concurrent operations can take
place. Work refers to the total number of operations needed to execute the
algorithm. A scheduling principle translates such an algorithm into a paraliel
algorithm running on a PRAM with any number of processors.

Our notion of optimality concentrates on minimizing the total work
primarily and the running time secondarily. A more detailed analysis could also
incorporate the communication requirement.

The WT presentation framework is used almost exclusively in the re-
mainder of this book. It allows clear and succinct presentation of fairly
complicated parallel algorithms. It is also closely related to data-parallel
programming, which has been used for shared and distributed-memory com-
putations, as well as to SIMD and MIMD parallel computers.

Exercises

1.1. We have seen how to schedule the dag corresponding to the standard
algorithm for multiplying two n X n matrices in O(log n) time using
n3 processors. What is the optimal schedule for an arbitary number p
of processors, where 1 < p < n3?7 What is the corresponding parallel
complexity?

12. a. Consider the problem of computing X", where n = 2k for some
integer k. The repeated-squaring algorithm consists of computing
X2=XXxX,X*=X?x X% X8 = X* x X%, and so on. Draw the
dag corresponding to this algorithm. What is the optimal schedule
for p processors, where 1 = p < n?

b. Draw the dag and give the optimal schedule for the case when X is an
m X m matrix?

13. LetAbe ann X nlower triangular matrix such thata; # 0,forl <i <
n, and let b be an n-dimensional vector. The back-substitution method to
solve the linear system of equations Ax = b begins by determining x;
using the first equation (a@11x; = b1), then determining x, using the
second equation (a21x1 + ax2 = by), and so on.
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1.5.

1.6.

1.7.

1.8.

1.9.

1.10.
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Let G be the dag corresponding to the back-substitution algorithm.

a. Determine an optimal schedule of G for any number p < n of
processors. What is the corresponding speedup?

b. Determine an optimal schedule where p > n. What is the best
possible speedup achievable in this case?

Letp(x) = ax” + a1x"~1 + .- + a,_1x + a, be a given polynomial.
Horner’s algorithm to compute p(x) at a pointxg is based on rewriting the
expression for p(xo) as follows:
plxo) = (-~ ((apxo + ai)xo + a2)xo + -+ + ap—1)xo + an.
a. Draw the dag corresponding to Horner’s algorithm. What is the
optimal schedule for p processors, 1 < p < n?
b. Is it possible to develop a parallel algorithm whose complexity is
O(” + log n) for p processors?

a. The global memory of an EREW PRAM contains »n bits x; stored in
n consecutive locations. Given p processors, where p < n, develop
the algorithm that has to be executed by each processor to compute
the Boolean AND of the x;’s. Your algorithm must run in
O(" + log n) time.

b. Show how to perform the same computation in O( ) time on the
common CRCW PRAM.

Rewrite the PRAM algorithm to multiply two n X n matrices (Algo-
rithm 1.3) for the case when the processors are indexed from 1 to n3
(instead of the indexing (i, ], /), for 1 < i,j,1 < n).

Our PRAM algorithm to multiply two n X n matrices (Algorithm 1.3)
assumed the presence of n® processors. Assume that you have only p
processors, where 1 < p < n3. Develop the corresponding algorithm to
be executed by an arbitrary processor P,, where 1 < r < p. What is the
running time of your algorithm? What is the corresponding speedup
relative to the standard matrix-multiplication algorithm? Assume thatn =
2k andp = 24.

An item X is stored in a specified location of the global memory of an
EREW PRAM. Show how to broadcast X to all the local memories of
the p processors of the EREW PRAM in O(logp) time. Determine how
much time it takes to perform the same operation on the CREW PRAM.

Design a systolic algorithm to compute the matrix-vector product Ab,
where 4 is ann X n matrix and b is an n-dimensional vector, on a linear
array of n processors. Your algorithm must run in O(n) time.

Suppose two n X n matrices A and B are initially stored on a mesh of n?
processors such that P;; holds A(i, j) and B(j, {). Develop an asynchronous
algorithm to compute the product of the two matrices in O(n) time.
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1.11.

1.12.

1.13.

1.14.

1.15.

1.16.

1.17.

1.18.

1.19.
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Develop an algorithm to multiply twon X n matrices on a mesh with p2
processors, where 1 < p < n. You can assume that the two matrices are
initially stored in the mesh in any order you wish, as long as each
processor has the same number of entries. What is the corresponding
speedup? Assume that p divides n.

Assume that processor Pj; of an n X n mesh has an element X to be
broadcast to all the processors. Develop an asynchronous algorithm to
perform the broadcasting. What is the running time of your algorithm?

Given a sequence of numbers xy, x2, ... , X,, the prefix sums are the
partial sums s; = x1,5; = X; + X2, ..., Sy = Xi-X;. Show how to
compute the prefix sums on a mesh with n processors in O(Vn) time.
What is the corresponding speedup? Assume that Vi is an integer.

Assume that ann X nmatrix A is stored onann X n mesh of processors
such that processor P;; holds the entry A(i, j). Develop an O(n) time
algorithm to transpose the matrix such that processor P; will hold the
entry A(j, {). Compare your algorithm with that for computing the
transpose of a matrix on the PRAM model.

Show that any algorithm to compute the transpose of ann X n matrix

(see Exercise 1.14) on a p X p mesh requires ) (%3 + p) time, where
2 = p < n. The memory mappingofann X nmatrixA intoap X pmesh
can be defined as follows. Let p divide n evenly. Partition 4 intop X p
blocks {4}, each containing n?/p? elements. Processor P;j of the mesh
holds the block 4.

Let P; and P; be two processors of a d-dimensional hypercube. Show
that there exist d node-disjoint paths between P; and P; such that the
length of each path is at most H(i, j) + 2, where H(i, j) is the number of
bit positions on which i and j differ.

An embedding of a graph G = (V, E) into a d-dimensional hypercube

is a one-to-one mappingf from Vinto the nodes of the hypercube such that

(i,)) € E if and only if processors Py;) and Py ;) are adjacent in the cube.

a. Develop an embedding of a linear processor array with p = 2¢
processors into a d-dimensional hypercube.

b. Develop an embedding of a mesh into a hypercube.

Develop an O(n) time algorithm to compute the product of twon X n
matrices on the hypercube with n2 processors.

Consider the problem of multiplying two n X n matrices on a synchro-
nous hypercube withp = n3 processors, where n = 29. Assume that the
input arrays 4 and B are initially stored in processors Py, Py, ...,
P,2_ 1, where P, holds the entries 4(i,j) and B(i,j) such thatk = in + j, for
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0 < i,j = n — 1. Develop a parallel algorithm to compute the product
AB in O(log n) time.

Our hypercube algorithm to compute the sum of n numbers assumes the
availability of n processors. Design an algorithm where we have an
arbitrary number p of processors, 1 < p < n. What is the corresponding
speedup? Is it always optimal?

Given a sequence of n = 2¢ elements (xg, x1, ... , Xn—1) stored on a
d-dimensional hypercube such that x; is stored in P;, where 0 < | <
n — 1, develop an O(log n) time algorithm to determine the number of
x;’s that are smaller than a specified element initially stored in Py.

a. Develop an algorithm to compute the prefix sums of n elements, as
introduced in Exercise 1.13, on a hypercube with n = 2¢ processors.
Your algorithm should run in O(log? n) time (or faster).

b. Develop an algorithm where the number p of processors is smaller
than the number n of elements and each processor holds initially
» elements. What is the corresponding running time?

The p processors of a d-dimensional hypercube hold » items such that
each processor has at most M items. Develop an algorithm to redistrib-
ute the n items such that each processor has exactly ; items (assuming
that p divides n evenly). State the running time of your algorithm as a
function of p, M, and n.

The WT scheduling principle was discussed in the context of PRAM
algorithms. Prove that this principle will always work in the dag model.
Compare a parallel algorithm given in the WT presentation framework
toa dag with a given schedule. In particular, determine whether such an
algorithm can always be represented by a dag whose optimal schedule
meets the time steps of the algorithm.

a. Determine the communication complexity of the PRAM sum algo-
rithm (Algorithm 1.8) as a function of n and p. Is it possible to do better?

b. In general, suppose we are given a linear work, T(n)-time PRAM
algorithm to solve a problem P of size n. Show that a successful
adaptation of the scheduling principle results in an optimal commu-
nication complexity as long as p = O(n/T(n)).

Consider the problem of multiplying two n X n matrices on a PRAM

model where each processor has a local memory of size M < n. Compare

the communication complexities of the two parallel implementations of

the standard matrix-multiplication algorithm discussed in Section 1.7.

Generalize the processor allocation scheme described for the n X n
matrix multiplication problem on the PRAM whose communication
cost is O(n*?3 log n) to the case when there are p processors available, 1 <
p < n?. What is the resulting communication complexity?
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Bibliographic Notes

The three parallel models introduced in this chapter have received considerable
attention in the literature. Dags have been widely used to model algorithms especially
for numerical computations (an early reference is [6]). More advanced parallel algo-
rithms for this model and a discussion of related issues can be found in [5]. Some of the
early algorithms for shared-memory models have appeared in [4, 9, 10, 16, 17, 19, 24,
26]. Rigorous descriptions of shared-memory models were introduced laterin {11, 12].
The WT scheduling principle is derived from a theorem in [7]. In the literature, this
principle is commonly referred to as Brent’s theorem or Brent’s scheduling principle.
The relevance of this theorem to the design of PRAM algorithms was initially pointed
out in [28]. The mesh is perhaps one of the earliest parallel models studied in some
detail. Since then, many networks have been proposed for parallel processing. The
recent books [2, 21, 23] give more advanced parallel algorithms on various networks
and additional references. Recent work on the mapping of PRAM algorithms on
bounded-degree networks is described in [3, 13, 14, 20, 25]. Our presentation on the
communication complexity of the matrix-multiplication problem in the shared-
memory model is taken from (1]. Data-parallel algorithms are described in [15].

Parallel architectures have been described in several books (see, for example, [18,
29]). The necessary background material for this book can be found in many text-
books, including (8, 22, 27].
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Basic Techniques

The task of designing parallel algorithms presents challenges that are consider-
ably more difficult than those encountered in the sequential domain. The lack of
a well-defined methodology is compensated by a collection of techniques and
paradigms that have been found effective in handling a wide range of problems.
This chapter introduces these techniques as they apply to a selected set of
combinatorial problems, which are interesting on their own and often appear as
subproblems in numerous computations.

It is important to view the introduced techniques as general guidelines for
designing parallel algorithms, rather than as a manual of directly applicable
methods. The combinatorial problems discussed include the prefix sums (Sec-
tion 2.1), parallel prefix (Section 2.2), the convex hull (Section 2.3), merging
(Section 2.4), insertions into 2-3 trees (Section 2.5), computing the maximum
(Section 2.6), and coloring the vertices of a directed cycle (Section 2.7). Most
of these parallel algorithms are used frequently in the remainder of this book.

2.1 Balanced Trees

The PRAM algorithm to compute the sum of n elements presented in Section
1.3.2is based on a balanced binary tree whose leaves are the given n elements

43



44 Chapter 2 Basic Techniques

and whose internal nodes repres:'ent additions. This algorithm is an example
of the-general strategy of building a balanced binary tree on the input elements
and traversing the tree forward and backward to and from the root. An internal
node « usually holds information concerning the data stored at the leaves of
the subtree rooted at u. The success of such a strategy depends partly on the
existence of a fast method to determine the information stored in an internal
node from the information stored in its children. We use the computation of
the prefix sums of  elements to provide another illustration of this strategy.

2.1.1 AN OPTIMAL PREFIX-SUMS ALGORITHM

Consider a sequence of n elements {x1,x2, ... ,x,} drawn from a set S with a
binary associative operation, denoted by *. The prefix sums of this sequence
are the n partial sums (or products) defined by

Si=X1*Xxy* ... xx;,1 <i<n.

A trivial sequential algorithm computes s; from s; 1 with a single op-
eration by using the identitys; = s5;_1 *x;,for2 < i < n, and hence takes O(n)
time. Clearly, this algorithm is inherently sequential.

We can use a balanced binary tree to derive a fast parallel algorithm to
compute the prefix sums. Each internal node represents the application of
the operation * to its children during a forward traversal of the tree. Hence,
each node v holds the sum of the elements stored in the leaves of the subtree
rooted at v. During a backward traversal of the tree, the prefix sums of the
data stored in the nodes at a given height are computed.

We start by giving a recursive version described by the steps needed to
obtain the data stored in the nodes at height 1 and the steps needed to obtain
the prefix sums after the recursive call on the nodes at height 1 terminates.

ALGORITHM 2.1
(Prefix Sums)

Input: An array of n = 2K elements (x1,x2, ... , X,), where kis a
nonnegative integer.
Output: The prefix sums s;, for1 < i < n.
begin
1. ifn = 1 then {set s1: = x1; exit}
2. for 1 < i < n/2 pardo
Sety;: = x2i-1 %X
3. Recursively, compute the prefix sums of {y1,y2, ... ,¥Ynp2}, and
store them in z1, 22, ... , Znp.
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4. for 1 < i < n pardo

{i even Jsetsii = zip
i=1 rset sy = xy
iodd > 1 Dsetsit = z(i-1y2 *Xi}
end
EXAMPLE 2.1:

The prefix-sums algorithm on eight elements is illustrated in Fig. 2.1. The
time units referred to in what follows are those indicated in the figure. During
the first time unit, the four clementsy; = x1 *x3,y2 = x3 *x4,y3 = X5 *Xg,
and y4 = x7 * xg are computed. The second time unit corresponds to com-
putingyi = y1 *y2 andy} = y3 *y4 with a recursive call to handle these two
inputs. The elementy] = y{ *y4iscomputed during time unit 3. Hence, at the
fourth time unit, the prefix sum of this single input is generated. The reverse
process begins by generating, in time unit 5, the prefix sums z{ and z5 of
the two inputsyi andy) generated during the second time unit. Similarly,
during time unit 6, the prefix sums z1, z2, z3, and z4 of the four elements
Y1, Y2, 3, and y4 are generated. Finally, the prefix sums {s;} of the x;’s are
generated in time unit 7. a

Oninputs of size n = 2, the prefix-sums algorithm requires 2k + 1time
units such that, during the first k time units, the computation advances from
the leaves of a complete binary tree to the root, where the leaves hold x1,
X2, ..., Xp. During the last k£ time units, we transverse the tree in reverse
order and compute prefix sums by using the data generated during the first k
time units,

We note that the whole algorithm can be executed in place, and that we
introduced additional variables for clarity.

We are now ready to examine the following theorem, which is stated
within the WT presentation level.

Theorem 2.1: The Prefix-Sums Algorithm (Algorithm 2.1) computes the prefix
sums of n elements in time T(n) = O(log n), using a total of W(n) = O(n)
operations.

Proof: The correctness proof will be by induction on k, where the size of the
inputisn = 2,
The base case k = 0 is handled correctly by step 1 of the algorithm.
Assume that the algorithm works correctly for all sequences of lengthn =
2% where k > 0. We will prove that the algorithm computes the prefix sums of
any sequence of lengthn = 2k+1,
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5]

X X X3 X4 Xg X Xq Xg  Time
Unit

FIGURE 2.1

Prefix sums of eight elements. Each node represents a * operation on the data
stored in the tails of the incident arcs. During each time unit, the operations
that take place are indicated by the presence of nodes with incoming arrows.

By the induction hypothesis, the variables zy, z3, ... ,z,;2, computed at
step 3, hold the prefix sums of the sequence {yy,y2, ... ,ynp2}, Wherey; = x2i_1
*xg, for1 < i < n/2.In particular,z; = y; *y * --- *y; and hence z; = x1 *x;
® -+ %Xy 1 *Xy. That is, each z; is nothing but the prefix sum sy, for 1 < j
< n/2. Thus, if { is even—say, i = 2j—then we have that s; = z;; otherwise,
citheri = lori = 2j + 1,forsome 1 < j < (n/2) — 1. The case wheni = 1
is trivial. For the remaining case of i = 2j + 1, we haves; = sy, 1 = 53 * X2+
= z(;—1y2 *X;. Therefore, all these cases are handled appropriately in step 4
of the algorithm. It follows that the algorithm works correctly on all inputs.

As for the resources required, they can be estimated as follows. Step 1
takes O(1) sequential time. Steps 2 and 4 can be executed in O(1) parallel
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steps using O(n) operations. Therefore, the running time 7(n) and the work
W(n) required by the algorithm satisfy the following recurrences:

T(n) = T(%) +a
W(n) = W(2) + bn,

where a and b are constants. The solutions of these recurrences are T(n) =
O(log n) and W(n) = O(n). O

PRAM Model: Since steps 1, 2 and 4 of Algorithm 2.1 do not require con-
current read or concurrent write capability, this algorithm runs on the EREW
PRAM model. A lower bound of Q(log n) on the time it takes a CREW
PRAM to compute the Boolean OR of n variables (regardless of the number
of operations used) implies that the previous algorithm is WT optimal, or
optimal in the strong sense, on the EREW and CREW PRAM. This lower-
bound proof is presented in Chapter 10. ]

2.1.2 A NONRECURSIVE PREFIX-SUMS ALGORITHM

We present a nonrecursive version of the prefix algorithm, which will be used
in Section 2.1.3 to illustrate the details involved in adapting the WT sched-
uling principle.

LetA(i) = x;,where 1 <i < n.Let B(h,j) and C(h,j) be sets of auxiliary
variables, where 0 < h < logn and 1 < j < n/2". The array B will be used to
record the information in the binary tree nodes during a forward traversal,
whereas the array C will be used during the backward traversal of the tree.
Figure 2.2 illustrates the forward traversal, and Fig. 2.3 illustrates the back-
ward traversal, forn = 8.

ALGORITHM 2.2
(Nonrecursive Prefix Sums)
Input: An array A of size n = 2K, where k is a nonnegative integer.
Output: An array C such that C(0, j) is the jth prefix sum, for 1 <
j=<n.
begin
1. for1 < j < n pardo
Set B(0,j): = A())
2. forh = 1tologn do
for | < j < n/2" pardo
Set B(h,j): = B(h — 1,2 — 1)« B(h — 1,2))
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B3, 1)
B2, 1) B(2,2)
B(1, 1) B(1,2) B(1,3) B(1,4)

ARARYARYA

B(0,1) B(0,2) B(0,3) B(0,4) B(0,5 B@O,6) B@O,7) BO,38)

N N N N N

A(l) A2) A(3) A(4) A(5) A(6) AN A8)

FIGURE 2.2

The bottom-up (forward) traversal of the binary tree used in the nonrecursive
prefix sums algorithm. B(0, j) is initially set to A(), and each internal node
represents the operation *.

3. forh = logn to 0 do
for 1 < j < n/2" pardo
feven  : Set C(h,j): = Cln + 1
i=1 :SetC(h 1) = B(h 1)
jodd > 1: Set C(h, j): = Clh +1,15%) + B(h, j)}

N|\~
—~—

end

EXAMPLE 2.2:

Letn = 8 (see Figs. 2.2 and 2.3). We initially set B(0,j) = A(j),foralll <j <
8. The B(0, j)s correspond to the leaves of the binary tree. The variables B(1,j),
where 1 < j < 4, correspond to the internal nodes at height 1; the variables
B(2,j),where 1 < j < 2, correspond to the internal vertices at height 2. The
root of the binary tree is stored in B(3, 1). We then traverse this binary tree
backward. We start by setting C(3, 1) = B(3, 1). At the next step, we generate
C(2,1) = B(2,1)and C(2,2) = B(3, 1). Hence, C(2, 1) and C(2, 2) hold the
prefix sums corresponding to the inputs B(2, 1) and B(2, 2). Similarly, C(1, 1),
C(1,2),C(1,3),and C(1, 4) are the prefix sums of B(1, 1), B(1, 2), B(1, 3), and
B(1, 4). Therefore the C(0, j)s hold the prefix sums of the original inputs. O
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FIGURE 2.3

The elements of the array C as generated by the top-down (backward) tra-
versal of the binary tree corresponding to the nonrecursive prefix-sums
algorithm.

2.1.3 *ADAPTATION OF THE WT SCHEDULING PRINCIPLE

As indicated in Section 1.5, the adaptation of the WT scheduling principle
requires the determination of the number of operations at each parallel step
and a solution to the corresponding processor allocation problem.

Letn = 2k Thereare 2logn + 2 = 2k + 2 parallel steps in Algorithm
2.2. Let W11 be the number of operations performed at step 1, and let W; ,,
be the number of operations performed at step i in Algorithm 2.2 during the
mth iteration, i = 2,3. Then, W11 = n, Wy, =n/2" =2k""forl <sm <
k,and W3,, = 2™ for0 < m < k. The total number of operatxons is given by
W&”) W11+2mlW2m+2m0W3m—n+22m12m+

2Zm=02" =n + n(l — (1/n)) + 2n — 1 = O(n). The processor allocation

problem is addressed next.

Let our PRAM have p = 29 < n processors P1, P, ... ,Pp,andlet!/ =
n/p = 2k~4, The input array is divided into p subarrays such that processor Py
is responsible for processing the sth subarray A(I(s — 1) + 1), 4(I(s — 1) +
2), .-, A(ls). At each height h of the binary tree, during either a forward or
abackward traversal, the generation of the B(#, ) and C(h, -) values is divided
in a similar way among the p processors. This division is performed in a way
similar to the details we worked out for the parallel algorithm to compute the
sum of » numbers in Example 1.13.

In Algorithm 2.3, which follows, conditions 2.1 and 3.1 hold whenever
the number of operations at that particular iteration is greater than or equal
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top. These operations are then distributed equally among the p processors. In
the case where the number of operations is less than p (steps 2.2 and 3.2), we
assign one operation per processor starting from the lowest-indexed proces-
sor. Note that, for any given value of 4 in the loops defined in steps 2 and 3,
the possible number of concurrent operations is n/2# = 2k

The algorithm to be executed by the sth processor is given next. Figure
2.4 illustrates the corresponding processor allocation in the case ofn = 8 and

p=2

ALGORITHM 223
(Algorithm for Processor Py)
Input: An array A of size n = 2%, and an index s that satisfies 1 <
s < p = 29, where p < n is the number of processors.
Output: The prefix sums C(0,j) for (s = 1) + 1 < j < Zs.
begin
I forj=1to! = n/pdo
Set B(O,I(s — 1) +j):=A((s — 1) +))
2. forh = 1tok do
21 if(k — h - g = 0) then
forj = 2k=h=q(s — 1) + 1to 2k""~95do
Set B(h,j): = Bth — 1,2 — 1)*B(h — 1,2)
2.2 else {if (s < 2%~") then
Set B(h,s): = B(h — 1,25 — 1) * B(h ~ 1, 2s)}
3. forh = ktoOdo
3.1. if(k — h — g = 0) then
forj = 2k=47" (s — 1) + 1to 2k~ 9% 5 do

{jeven :Set C(h,j): = C(h + 1, ]5)
j=1  :SetC(h,1): = B(h,1)
jodd > 1:Set C(h,j): = Clh + 1,55%) % B(h, )]
3.2. else {if (s < 2¢~") then
[seven  :SerC(h,s): = Cln +1,%)
s=1 :SetC(h,1): = B(h,1)
sodd > 1:Set C(h,s): = Clh + 1,°5%) » B(h, s))]
end
EXAMPLE 2.3:

Letn = 8 and let p = 2. Consider the algorithm corresponding to processor
P,. At step 1, P; sets B(0, 5) = A(5), B(0, 6) = A(6), B(0, 7) = A(7), and
B(0, 8) = A(8) (see Figs. 2.2 and 2.4). During the execution of step 2 of
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FIGURE 2.4

Processor allocation for computing the prefix sums of eight elements with two
processors. The processor indicated at each node is responsible for comput-
ing the data generated at that node.

Algorithm 2.3, P, will be active for 4 = 1, 2 and idle for 4 = 3. Processor P,
generates B(1, 3), B(1, 4) and B(2, 2) during the loop defined by step 2.
Similarly, during the backward traversal of the binary tree, P, will be idle for
h = 3, and active for # = 2, 1, 0. Hence, P, generates the sums C(2, 2), C(1, 3),
C(1,4), C(0, 5), C(0, 6), C(0, 7), and C(0, 8) (see Fig. 2.3). a

2.1.4 REVIEW

The basic scheme to build a balanced binary tree on the inputs and to traverse
the binary tree to or from the root leads to efficient algorithms for many
simple problems. This scheme is one of the most elementary and the most
useful parallel techniques. We shall use this technique frequently in the rest of
this book. Broadcasting a value to all the processors, and compacting the
labeled elements of an array, are two simple examples that can be handled
efficiently by this scheme (see Exercises 1.8 and 2.3).

The scheme using the balanced binary tree can be generalized to arbi-
trary balanced trees, where the number of children of an internal node could
be nonconstant. As in the binary tree case, a fast algorithm is needed to
determine the data stored in an internal node from the data stored in that
node’s children. It turns out that such a strategy can be carried out success-
fully for a number of specialized combinatorial problems. Computing the
maximum of # elements is one such example discussed in Section 2.6.
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2.2 Pointer Jumping

Arooted-directed tree T is a directed graph with a special node r such that (1)
everyv € V — {r} has outdegree 1, and the outdegree of ris 0, and (2) for every
v € V' — {r}, there exists a directed path from v tor. The special node r is called
the root of T. It follows that a rooted directed tree is a directed graph whose
undirected version is a rooted tree such that each arc of T is directed from a
node to that node’s parent.

The pointer jumping technique allows the fast processing of data stored
in the form of a set of rooted-directed trees. This technique is best introduced
with an example.

2.2.1 FINDING THE ROOTS OF A FOREST

Let F be a forest consisting of a set of rooted directed trees. The forest F is
specified by an array P of length 7 such that P(i) = jif (i,j) is an arc in F’; that
is, j is the parent of i in a tree of F. For simplicity, if i is a root, we set P(i) =
i. The problem is to determine the root S(j) of the tree containing the node j, for
each j between 1 and n.

A simple sequential algorithm—say, one based on first identifying the
roots and reversing the links of the trees, followed by performing a depth-first
or breadth-first traversal of each tree from its root—solves this problem in
linear time. Our fast parallel algorithm follows a completely different strategy.

Initially, the successor S(i) of each node i is defined to be the node P(i).
The technique of pointer jumping (or path doubling) consists of updating the
successor of each node by that successor’s successor. As the technique is
applied repeatedly, the successor of a node is an ancestor that becomes closer
and closer to the root of the tree containing that node. As a matter of fact, the
distance between a node and its successor doubles unless the successor of the
successor node is a root. Hence, after & iterations, the distance between i and
S(i) as they appear in a directed tree of F is 2% unless S(i) is a root. The
detailed algorithm is given next.

ALGORITHM 2.4
(Pointer Jumping)
Input: A forest of rooted directed trees, each with a self-loop at its
root, such that each arc is specified by (i, P(i)), where 1 < i < n.
Output: For each vertex i, the root S(i) of the tree containing i.
begin

1. for1 < i < n pardo
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Set S$(i): = P(i)
while (5(!)) = S(S(i)) do
Set S(i): = S(S())
end

EXAMPLE 2.4:

An illustration of the pointer jumping algorithm is shown in Fig. 2.5. In this
case, the forest consists of two trees: one is rooted at vertex 8, and the other
is rooted at vertex 13. The arcs in the figure correspond to (i, P(i)),1 < i <
13. The first execution of the while loop causes vertices 1,2, 3,4, 5,9, 10, and
11 to change their successors, as indicated in Fig. 2.5(b). The second iteration
causes the two trees to become of depth 1. We now have S(i) = S(S(i)), for all
i; hence, the algorithm terminates. _ O

Let & be the maximum height of any tree in the forest. We can show the
correctness of the previous procedure by using an inductive proof on 4.

As for the time analysis, the distance (number of arcs in the initial trees)
between i and S(i) doubles after each iteration until S(S(i)) is the root of the
tree containing i. Hence, the number of iterations is O(log /). Each iteration
can be executed in O(1) parallel time with O(r) operations. Therefore, the
algorithm runs in O(log 4) time and uses a total of W(n) = O(n logh)
operations, which is clearly nonoptimal (unless / is a constant), since a
linear-time sequential algorithm exists.

Theorem 2.2: Given a forest of rooted directed trees, Algorithm 2.4 generates for
each vertex i the root of i’s tree. This algorithm runs in O(log h) time using a total
number of O(n log h) operations, where h is the maximum height of any tree in
the forest, and n is the total number of vertices in the forest. O

PRAM Model: Algorithm 2.4 requires concurrent-read capability because
different nodes could have the same S value. The first iteration of Example
2.4 requires, for instance, that we set §(3) = §(6), S(4) = S(6), and S(5) =
$(6); hence, the datum S(6) is used for the execution of three operations.
However, no concurrent-write capability is needed. Hence, Algorithm 2.4 is
a CREW PRAM algorithm. d

2.2.2 PARALLEL PREFIX

Let us assume next that each node i in the forest F contains a weight W(i). The
pointer jumping technique can be also used to compute, for each node i, the
sum of the weights stored in the nodes on the path from the node i to the root
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(b) (<)

FIGURE 2.5
lllustration of pointer jumping. (a) The initial forest; (b) the forest after the first
iteration; (c) the forest after the second iteration.

of i’s tree. This computation amounts to generating the prefix sums of several
sequences of elements such that each sequence is given by the order of the
nodes as they appear on each path.

The next algorithm provides the details.

ALGORITHM 2.5

(Parallel Prefix on Rooted Directed Trees)

Input: A forest of rooted directed trees, each with a self-loop at its
root such that (1) each arc is specified by (i, P(i)), (2) each vertex
i has a weight W(i), and (3) for each rootr, W(r) = 0.-
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Qutput: For each vertex i, W(i) is set equal to the sum of the weights
of vertices on the path from i to the root of its tree.
begin
1. for1 <i < n pardo
Set S(i): = P(i)
while (S(i)) = S(S(i)) do
Set W(i): = W(i) + W(S(>i))
Set S(i): = S(S(i))
end

EXAMPLE 2.5:

Let us go back to the example ()f/Flg 2.5. Suppose that, initially, W(i) = 1 for
alli = 8,13, and W(8) = W(13) = 0. During the first iteration of the loop, we
obtain W(1) = W(2) = W(3) = W(4) = W(5) = W(9) = W(10) = W(11) =
2. The other vertices retain their initial Wvalues. Now consider what happens
tovertices 1 and 9 during the second iteration. Their associated values change
as follows: W(1) = W(1) + W(6) = 3, and W(9) = W(9) + W(11) =

Similarly, we obtain that W(2) = W(10) = 3, and W(3) = W(4) = W(5) =
W(11) = 2, and W(6) = W(7) = W(12) = 1. Hence, each W(i) value
corresponds to the length of the path fromi to the root of its tree; that is, W(i)
is equal to the level of i, assuming the root is at level 0. 0

PRAM Model: As in Algorithm 2.4, Algorithm 2.5 runs on the CREW
PRAM. The bounds on the resources are also asymptotically the same as
those of Algorithm 2.4. |

Remark 2.1: An important special case is when each tree is just a path
represented by a linked list. The problem of computing prefix sums on linked
lists is called parallel prefix, and is considered in detail in Chapter 3. We note
here that Algorithm 2.5 provides a solution to the parallel prefix problem with n
nodes such that the running time is O(log n) and the total number of opera-
tions is O(n log n), since the maximum height 4 is equal to n in this case. O

2.2.3 REVIEW

The pointer jumping technique provides a simple and powerful method for
processing data stored in linked lists or directed rooted trees. In spite of the
fact that Algorithms 2.4 and 2.5 are nonoptimal, the pointer jumping tech-
nique is useful in general because it is simple and can effectively handle
subproblems arising in many computational tasks. These subproblems are
usually of a size small enough that the pointer jumping technique will allow
optimal overall processing. It is also possible to use the pointer jumping
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technique in combination with other techniques to achieve optimality. In the
next chapter, we present such an algorithm that solves the parallel prefix
problem on linked lists optimally. The pointer jumping technique will be used
heavily in Chapter 5.

2.3 Divide and Conquer

The basic divide-and-conquer strategy consists of three main steps. The first
step is to partition the input into several partitions of almost equal sizes. The
second step is to solve recursively the subproblem defined by each partition of the
input. Note that these subproblems can be solved concurrently in the parallel
framework. The third step is to combine or merge the solutions of the different
subproblems into a solution for the overall problem.

The success of such a strategy depends on whether or not we can
perform the first and third steps efficiently. This strategy has been shown to
be effective in the development of fast sequential algorithms. It also leads to
the most natural way of exploiting parallelism. We illustrate this technique on
the convex-hull problem.

2.3.1 THE CONVEX-HULL PROBLEM

GivenasetS = {p1,p2, ... ,pn} of n points in the plane, each represented by
its (x, y) coordinates, the planar convex hull of § is the smallest convex
polygon containing all the n points of S. A polygon Q is convex if, given any
two points p and g in Q, the line segment whose endpoints are p and q lies
entirely in Q. The convex-hull problem is to determine the ordered (say,
clockwise) list CH(S) of the points of S defining the boundary of the convex
hull of S.

EXAMPLE 2.6:

Consider the set S of points shown in Fig. 2.6. In this case, the convex hull of
S is given by CH(S) = (v1, V2, V3, V4, V5, Vs, V7, VB). O

The convex-hull problem is an important basic problem in computa-
tional geometry that arises in a variety of contexts. Chapter 6 is devoted to the
study of several basic problems in planar computational geometry.

A simple divide-and-conquer strategy can be used to solve the convex-
hull problem. This approach leads to an O(n log n) time sequential algorithm.
On the other hand, it is not difficult to show that sorting can be reduced to the
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V3

Vl V5

V7.

FIGURE 2.6
The convex hull of the set of points shown is the ordered list (vy, vo, v3, va, vs,
Ve, V7, V).

problem of solving the convex-hull problem (see Exercise 2.16); therefore the
sequential complexity of the convex-hull problem is T*(n) = @ (n log n).

Our parallel algorithm, based on the same divide-and-conquer strategy,
will use an optimal number of operations.

2.3.2 A PARALLEL ALGORITHM FOR THE
CONVEX-HULL PROBLEM

Let p and q be the points of § with the smallest and the largest x coordinates,
respectively. Clearly, p and g belong to CH(S) and partition CH(S) into an
upper hull UH(S) consisting of all points from p to g of CH(S) (clockwise),
and a lower hull LH(S) defined similarly from g to p. The upper and the lower
hulls of the set of points introduced in Example 2.6 are given by UH(S) =
(vl’ V2, V3, V4, V5) and LH(S) = (V5, Ve, V7, V8, V])'

For the remainder of this section, we concentrate on determining
UH(S). The problem of computing LH(S) can be solved in a similar fashion.
Before proceeding, we need the fact stated in the next remark.

Remark 2.2: Sorting n numbers can be done in O(log n) time on the EREW
PRAM using a total of O(n log n) operations. This important fact is established
in Chapter 4 for the CREW PRAM model. In a few instances, we use this fact
before Chapter 4. O
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Assume for simplicity that no two points have the same x or y coordi-
nates and that # is a power of 2.

We start by sorting the points p; by theirx coordinates. By Remark 2.2, this
preprocessing step can be performed in O(log n) time using O(n log n) oper-
ations. Letx(p1) < x(p2) < -+ < x(py), where x(p;) is the x coordinate of p;.

Let S = (p1,p2, ..., py) and S, = (p%H, ... » Pn)- Suppose that
UH(S,) and UH(S,) have been determined. The upper common tangent
between UH(S1) and UH(S) is the common tangent such that both UH(S1)
and UH(S,) are below it.

EXAMPLE 2.7:
Consider the two upper hulls UH(S) and UH(S,) in Fig. 2.7. In this case, the
segment (a, b) is the upper common tangent. g

Determining the upper common tangent between UH(S1) and UH(S3)
can be done in O(log n) sequential time by using a binary search method. We
shall not elaborate on this further since, in Chapter 6, we present in detail a
faster parallel algorithm. However, we assume for the remainder of this section
that we have an O(log n)-time sequential procedure to compute the upper
common tangent.

Let UH(Sl) = (qh ) ¢Is) and UH(SZ) = (qia ot ’qt’) be the upper
hulls of §; and §», respectively, given in a left-to-right order. Note that, in
particular,q; = p;andg; = p,. Suppose that the upper common tangent has

FIGURE 2.7

The line segment (a, b) is the upper common tangent of the upper hulls of Sy
and So.
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been determined and is given by (g;, /). Then, UH(S) is the array consisting
of the first i entries of UH(S1) and the last7 — j + 1 entries of UH(S?); that
is, UH(S) = (g1, --- ,49i»4/, --. ,q;)-Ifs and t are given, once the indicesi and
j are known, UH(S) and its size can be determined in O(1) parallel time using
a total of O(n) operations.

PRAM Model: The method just given to combine UH(S) and UH(SQ) into
UH(S) requires a concurrent-read capability. The requirement is due to the
fact that indices i and j deﬁnmg the upper common tangent are needed to
determine whether a point of UH(S) or UH(S) belongs to UH(S), and, if it
does, where it fits.

For example, in the time-pycessors framework, we can assign a processor
to determine an entry of UH($) as follows. Processor Py sets U H(S)(k): = qx
whenever k < i, and sets UH(S)(k): = qj4j_i—1Wheneveri <k <i+t—j+
1. In this case, a processor P, may have to access i, j, and t. Hence, a CREW
PRAM can be used to execute this step within the stated time bound. 0O

The overall algorithm is given next.

ALGORITHM 2.6
(Simple Upper Hull)

Input: A set S of n points in the plane, no two of which have the
same x or y coordinates such that x(p1) < x(p2) < -+ < x(pn),
where n is a power of 2.
Output: The upper hull of S.
begin
1. If n < 4, then use a brute-force method to determine UH(S),
and exit.
2. LetS1 = (p1,p2, " ,p%) and S, = (p2+15 .- , Pn)- Re-
cursively, compute UH(S) and UH(S) in parallel.
3. Find the upper common tangent between UH(S1) and UH(S?),
and deduce the upper hull of S.
end

Theorem 2.3: Algorithm 2.6 correctly computes the upper hull of n points in the
plane. This algorithm runs in O(log? n) time using a total of O(n log n) operations.

Proof: The correctness proof follows from a simple induction on 7, assuming
the correctness of the procedure to determine the upper common tangent.

Suppose that Algorithm 2.6 takes T(n) parallel steps using W(n) oper-
ations on an arbitrary instance of size n. We define each of T(n) and W(n) by
a recurrence relation as follows.
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Step 1 takes O(1) sequential time. Step 2 takes 7(n/2) time using 2W(n/2)
operations. As for step 3, determining the upper common tangent can be
done in O(log n) sequential time, as indicated previously, and the combina-
tion of UH(S1) and UH(S;) into UH(S) can be performed in O(1) parallel
time using a total of O(n) operations. Therefore, 7(n) and W(n) satisfy the
following recurrences:

T(n) = T(%) + alogn
W(n) < 2W(2) + bn,

where a and b are positive constants. The solutions of these recurrence
equations are given by T(n) = O(log? n) and W(n) = O(n logn), and the
theorem follows. O

Corollary 2.1: The convex hull of a set of n points can be determined in O(log? n)
time using a total of O(n log n) operations. Hence, Algorithm 2.6 is optimal.

PRAM Model: Algorithm 2.6 requires the CREW PRAM model, since our
implementation of the merging of UH(S;) and UH(S;) does. In Exercise 2.17,
the reader is asked to adapt this algorithm to run on the EREW PRAM model.[]

Remark 2.3: In the time-processors framework, the running time of Algo-
rithm 2.6 is O(”]“:# + logzn), where p is the number of processors. There-

fore, this algorithm achieves an optimal speedup for all values of p such that
p < nflogn. 4

2.3.3 REVIEW

The divide-and-conquer strategy constitutes a powerful, widely applicable
approach for developing eflicient parallel algorithms. However, a straight-
forward divide-and-conquer approach does not lead to optimal O(log n) time
algorithms, unless the merging can be performed efficiently. As a matter of
fact, we shall see in Chapter 6 how to find the upper common tangent in O(1)
parallel time using only a total of O(n) operations. This improvement implies
an optimal O(log n) time algorithm for the convex-hull problem. If the merg-
ing step of a divide-and-conquer algorithm proves difficult to speed up, the
following two methods provide alternatives.

The first method uses an n® divide-and-conquer (for some 0 < a < 1)
strategy by partitioning the input into n® approximately equal partitions, rather
than into a small number of partitions (as we did in the previous example). This
strategy can indeed be used to obtain a solution to the convex-hull problem in
O(log n) time using a total of O(n log n) operations (see Exercise 2.18).
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‘The second approach is to try to pipeline the operations required for
the merging steps. If successful, such a strategy may enable us to perform
merging in O(1) time using a linear number of operations. This pipelined or
cascading divide-and-conquer strategy is used to derive the optimal O(log n)
time merge-sort algorithm (Chapter 4), and to obtain the WT optimal algo-
rithms for several computational geometry problems (Chapter 6). A simple
use of the pipelining technique is discussed in Section 2.5.

2.4 Partitioning

The partitioning strategy consists of (1) breaking up the given problem into p
independent subproblems of almost equal sizes, and then (2) solving the p
subproblems concurrently, where p is the number of processors available. In its
simplest form, this strategy amounts to splitting the input into p nonoverlap-
ping pieces, and then solving the problems associated with the p pieces
concurrently. However, in most cases, we make an effort to break up the given
problem into a set of independent subproblems as illustrated by the problem
of merging two sorted sequences, which we address next.

Given a set S with a partial order relation < (that is, < is reflexive,
antisymmetric, and transitive), S is linearly ordered or totally ordered, if for
every paira, b € §, eithera < borb < a.

LetA = (ay,a,, ... ,a,)andB = (by,b,, ... ,b,) be two nondecreas-
ing sequences whose elements are drawn from a linearly ordered set S. We
consider, in this section, the problem of merging these two sequences into a
sorted sequence—say, C = (¢1,C2, ... ,C2)-

Simple linear-time sequential algorithms to solve the merging problem
are well known. Our goal here is to provide a parallel solution that is based on
partitioning A and B into many pairs of subsequences such that we can obtain
the sorted sequence by concurrently merging the resulting pairs of subsequences.

Compare this strategy with the divide-and-conquer strategy, where the
main work required typically lies in combining the solutions of the subprob-
lems involved, rather than in partitioning the input.

2.4.1 A SIMPLE MERGING ALGORITHM

We start with few definitions. Let X = (x1, x2, ... , %) be a sequence whose
elements are from the set S. Letx € S. The rank ofx in X, denoted by rank(x : X),
1s the number of elements of X that are less than or equal tox. Let Y = (y1,
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y2, ... ,¥s) be an arbitrary array of elements from S. Ranking Y in X is the
problem of determining the array rank(Y : X) = (ry,r2, ... ,rs), wherer; =
rank(y; : X).

EXAMPLE 2.8:

Let X = (25, —13,26,31,54,7)and Y = (13,27, —27). Then, rank(Y : X) =
(2,4,0). O

Without loss of generality, assume that all the elements appearing in
the two sorted sequences to be merged, A and B, are distinct (see Exercise
2.21). In particular, no element of 4 appears in B. .

The merging problem can be viewed as that of determining the rank of
each elementx from A4 or B in the set 4 U B. If rank(x : A U B) = i, then
¢; = x, where ¢; is the ith element of the desired sorted sequence. Since
rank(x:A U B) = rank(x:A) + rank(x : B), we can solve the merging problem
by determining the two integer arrays rank(A4 : B) and rank(B : A).

We now proceed to describe an algorithm to determine rank(B : A). The
same algorithm can be used to compute rank(A4 : B). Let b; be an arbitrary
element of B. Since A is sorted, we can find the rank of b; in 4 by using the
binary search method. This method consists of comparing b; with the middle
element of A. Based on the outcome of this comparison, the search can be
restricted to the upper or lower half of 4. The process is repeated until b; is
isolated between two successive entries of 4A—that is, a;;) < b; < aji)+1,
where rank(b; :A) = j(i). Note that we have used here the fact that the
elements of 4 and B are distinct. ‘

The binary search algorithm just sketched determines the rank of an
arbitrary element of B in A, and runs in O(log #) sequential time. We can
obviously apply this method concurrently to all the elements of B to obtain a
parallel algorithm for ranking B in 4 whose running time is O(log n), which
implies that we have an O(log n) time parallel algorithm for merging two
sequences, each of length n. However, the total number of operations used by
such an algorithm is O(n log ), which is nonoptimal, since linear-time se-
quential algorithms exist, as indicated at the beginning of this section.

2.4.2 AN OPTIMAL MERGING ALGORITHM

An optimal merging algorithm can be obtained as follows. Choose approxi-
mately n/ log n elements of each of A and B that partition 4 and B into blocks
of almost equal lengths. Apply the binary search method to rank each of the
chosen elements in the other sequence. This step reduces the problem into



merging pairs of subsequences, each of which has O(log n) elements. We can
then apply an optimal-time sequential algorithm to each pair of subsequences

2.4 Partitioning

to generate the sorted sequence.

For simplicity, we present the details of a slightly different algorithm.
We start with the following partitioning algorithm, which forms the main
component of the overall algorithm. In Algorithm 2.7 we do not assume that
the lengths of the two sequences are necessarily equal. Figure 2.8 illustrates

the pairs of subsequences obtained.

ALGORITHM 2.7
(Partition)
Input: Two arrays A =Aai, ... ,an) and B = (by, ... , by) in
increasing order, where Both log m and k(m) = m/log m are integers.
Output: k(m) pairs (A;, B;) of subsequences of A and B such that
(1) |Bi| =logm, (2) 2, |Ai| = n, and (3) each element of A; and
B; is larger than each element of Aj_y or Bi_y, forall1 < i <
k(m)—1.
begin
1. Set j(0): = 0,j(k(m)): = n
2. forl <i < k(m) — 1 pardo
2.1. Rankb;ogm in A using the binary search method, and
‘l,etj(i) = mnk(bi logm :A)
3. for0 < i < k(m) — 1 pardo
3.1. Set Bi: = (bitogm+1> --- »D(i+1)logm)
3.2 SetA;: = (aj(,)”, ey aj(,‘+1))
(A; is empty if j(i) = j(i + 1)

63

end
By B, B;
B= bl°“blogm blogm+1°**Pa0g m oo bitogm+1°°* P+ ylogm [
A= aypeeea; 1y 41 ° 952 eee @iy 1* i+ 1) ces
Ao A 4;
FIGURE 2.8

The. partitions generated by the partition algorithm (Algorithm 2.7). Each B; is
of size log m, and the A;’s could be of different sizes. The element j(j) is given

by j(i} = rank(b; logm - A).
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EXAMPLE 2.9:

Let4 = (4,6,7,10,12, 15, 18,20) and let B = (3,9, 16, 21). In this case,m = 4
and k(m) = 2. Since rank(9 : A) = 3, we obtain the following two pairs of
subsequences: (1)Ag = (4,6,7)and By = (3,9),and (2)A4; = (10,12, 15, 18,20)
and By = (16, 21). Each element of 4 and B, is larger than each element in
Ay or By; hence, we can merge 4 and B by merging separately the pairs (4, By)
and (Al, Bl). O

Lemma 2.1: Let C be the sorted sequence obtained by merging the two sorted
sequences A and B, of lengths n and m, respectively. Then, Algorithm 2.7
partitions A and B into pairs of subsequences (A;, B;) such that |B;| =
O(logm), 2, |A;| = n, and C=(Cy, Cy, - ), where C; is the sorted sequence
obtained by merging A; and B;. Moreover, this algorithm runs in O(log n) time
using a total of O(n+m) operations.

Proof: We first establish that each element in the subsequences 4; and B; is
larger than each element of A;_; or B;_y, for 1 < i < k(m) — 1. The two
smallest elements of 4; and B; are, respectively, aj;)+1 and b;jogm+1,
whereas the two largest elements of 4; 1 and B; - are, respectively, aj(;) and
b; log m- Since rank(b; logm:A) = j(i), we have that aji < b; togm < QjGi)+1-
This result implies that b;1ogm+1 > bilogm > ajiy, and ajiy+1 > bitogm-
Therefore, each of the elements of 4; and B; is larger than each of the elements
in A;_ or B;_1; hence, the correctness of the algorithm follows.

The timing analysis can be done as follows. Step 1 takes O(1) sequential
time. Step 2 takes O(log n) time, since the binary search method is applied to
all the elements in parallel. The total number of operations required to exe-
cute this step is O((log n) X (m/log m)) = O(m + n), since (rm logn/logm) <
" (mlog(n + m)/logm) < n + m,forn,m = 4. Step 3 takes O(1) parallel time
using a linear number of operations. Hence, the algorithm runs in O(log n)
time using a total of O(n + m) operations. O

After applying Algorithm 2.7 to our merging problem (of two se-
quences, each of length n), we end up with an independent set of merging
subproblems. This outcome is the essence of the partitioning strategy. Now,
we would like to handle each merging subproblem in O(log n) time, such that
the total number of operations used is proportional to the size of the sub-
problem. This running time can be achieved as follows.

Consider the merging subproblem corresponding to an arbitrary pair
(4;, B;)- Recall that |B;| = log n for all indices i. If |4;| = O(log n), we can
merge the pair (4;, B;) in O(log n) sequential time by using an optimal sequential
algorithm. Otherwise, we can apply Algorithm 2.7 to partition A4; into blocks
each of which is of size O(log n) (in this case, A; plays the role of B, and B; plays
the role of 4). This step will take O(log log n) time using O(|A;|) operations.
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" Therefore, we can make each of the subsequences to be of length
O(log n) without asymptotically increasing the bounds on the resources. Fi-
nally, an optimal sequential algorithm for merging can be applied to each pair
of subsequences to generate the desired sorted sequence. We therefore have
the following theorem.

Theorem 2.4: Let A and B be two sorted sequences, each of length n. Merging
A and B can be done in O(log n) time, using a total of O(n) operations. O

PRAM Model: The binary search method is applied to the array A to rank
several elements of B simultaneously in step 2 of Algorithm 2.7. Hence,
concurrent-read capability is required by this algorithm; however, no
concurrent-write capability is needed. The algorithm thus runs on the CREW
PRAM model. : a

2.4.3 REVIEW

We have presented a partitioning strategy to solve the merging problem
efficiently. In Chapter 4, we shall see how to use this strategy with a parallel-
search algorithm (as opposed to the binary search algorithm used before) to
obtain an optimal merging algorithm that runs in O(log logn) time. This
algorithm is one of the fast optimal algorithms that does not require
concurrent-write capability.

The partitioning strategy used in this section should be contrasted with
the divide-and-conquer strategy. Both strategies have the same goal of de-
composing the problem into a set of subproblems that can be solved in
parallel. The main work in the divide-and-conquer strategy usually lies in the
merging of the solutions of the subproblems, whereas the main work in the
partitioning strategy lies in carefully decomposing the problem so that the
solutions of the subproblems can be combined easily to generate the solution
of the overall problem.

2.5 Pipelining

A 2-3 tree is a rooted tree in which each internal node has two or three
children, and every path from the root to a leaf is of the same length. The
number of leaves in a 2-3 tree of height 4 is between 2" and 3" (see Exercise
2.27). Hence, if the number of leaves is n, the height of the tree is ® (log n).
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AsortedlistA of nitems, A = (ay,a, ... ,a,),wherea; <a; < --- <
a,, can be represented by a 2-3 tree 7, where the leaves hold the data items
in a left-to-right order. An internal node v will hold two data items, L[v] and
M]v], where L[v] and M[v] are, respectively, the largest items stored in the
first (leftmost) and the second subtrees of v. In addition, v holds a data item
R|[v] representing the largest item in the third (rightmost) subtree of v, when-
ever v has a third child. The item R[v] usually is not included in the definition
of a 2-3 tree. We shall make use of it in a parallel insertion procedure
introduced later in this section.

EXAMPLE 2.10:

LetAbe thelist4 = (1,2,3,4,5,6,7). A2-3 tree representing 4 is shown in
Fig. 2.9. We have used the notation i : j : k next to each internal node v to
indicate that L[v] = i, M[v] = j and R[v] = k, whenever a rightmost subtree
exists. Note that the 2-3 tree corresponding to A4 is not unique. a

2.5.1 BASIC OPERATIONS ON A 2-3 TREE

A 2-3 tree is a well-known data structure used to represent sets of elements
subject to the operations of search, insert, and delete. More precisely, a 2-3
tree represents a dynamically changing set of elements induced by processing
a sequence of instructions containing the operations of (1) searching for an
element, (2) inserting an element, and (3) deleting an element, where the
elements are drawn from a linearly ordered set. Notice that the set of ele-
ments represented by a 2-3 tree appear in sorted order, as discussed before,

2:5:7

FIGURE 2.9

An example of a 2-3 tree. The notation L[v] : M[v] : R[v] next to node v de-
notes respectively, the largest elements in the leftmost, the middie, and the
rightmost (if it exists) subtrees.



2.5 Pipelining 67

and that the insert and delete operations require that the structure of the 2-3
tree be preserved after the operations are executed. Each of the search,
insert, and delete operations can be performed in O(log n) time, where # is
the size of the current set of elements. We next give a brief overview of the
procedures related to the search and insert operations.

Let T be a 2-3 tree representing a list of n elements,a; < a; < -+ <
ay. Given an element b, the problem of searching for b can be defined as the
problem of finding the leafu of T such that the data item a; stored in u satisfies
a;, < b < ait+1.

This problem can be handled with a binary search method as follows.
Letr be the root of T. The search for b can be restricted to one of the subtrees
of r, depending on where b fits between the two data items L[r] and M]r].
More precisely, if b < L[r], the search continues in the leftmost subtree of r;
otherwise, if L[r] < b < M[r], the search continues in the second subtree. We
handle the remaining case of b > M|r] by restricting the search to the third
subtree. The search procedure terminates when a leaf is reached. This pro-
cess takes time proportional to the height of T.

We can insert an element b into the tree T by first applying the previous
search procedure to locate b. Let u be the leaf identified by this search
procedure. Node u contains an element @; such thata; < b < a;+1.Ifb = a;,
there is nothing to be done, since b is already in the tree. Otherwise, we create
a leaf u', which holds the data item b. We insert u' to the immediate right of
u with the same parent—say p—as u. If p has three children, we stop here.
Thus, let us assume that p has four children. We create a new node p’ and
allocate the children of p appropriately between p and p’ (see Fig. 2.10). We
can then insert the node p’ into T by using the same procedure. That is, p’ is
tentatively assigned the same parent as p, which is in turn examined for a

a_y a. b a ., a,_ | a b a

FIGURE 2.10

The process of inserting an item b into a 2-3 tree. A node containing b is
Created and assigned the same parent p as a; thereby generating the middie
tree. Since node p in the middle tree has four children, a new node p’ is
Created, and is assigned the same parent as p, as illustrated in the right-
most tree.
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possible violation of the restriction on the number of children. Finally, if the
root r has four children, we create a new root with two children, each of which
has the appropriate two children of r.

During the insertion procedure, the L, M, and R values can be adjusted
appropriately without asymptotically increasing the sequential time of the
procedure.

EXAMPLE 2.11:

Suppose we have to insert the data item S into the 2-3 tree T shown in Fig.
2.11(a). A leaf containing 5 is created with the node c as the parent (Fig.
2.11b). Since ¢ has four children, a node ¢’ is created whose children are the
leaves containing 5 and 6 (Fig. 2.11c). But now the root has four children.
Creating a new root with two children results in the 2-3 tree shown in Fig.
2.11(d). a

2.5.2 INSERTING A SEQUENCE OF ITEMS INTO A 2-3 TREE

Suppose that we are given a 2-3 tree T holding the n itemsa) <a; < -+ <
ap. We consider the problem of inserting a sequence of k items by < by < -+ <

1 2 3 4 6 7 8 9 1 2 3 4 5 6 7 8 9
(a) (b)

i1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
) (d)

(c

FIGURE 2.11

Steps for inserting data item 5 into a 2-3 tree. (a) A 2-3 tree. (b) and (c)
Intermediate trees generated during insertion of the element 5 into the tree.
(d) The final tree generated.
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bk into T, where k is assumed to be much smaller than n. If k is larger than n,
then it is more efficient to construct the corresponding 2-3 tree from scratch
(see Exercise 2.32).

Using the previous insertion procedure, we can insert the k elements,
one at a time, in O(k log n) sequential time. In what follows, we describe a
parallel algorithm that performs the insertion of the k elements in O(log n)
time usinig a total of O(k log n) operations. A key component of this algorithm
is the effective pipelining of several subsequences of insertions.

Briefly, the technique of pipelining is the process of breaking up a task
into a sequence of subtasks—say, t, ... , tm—such that, once t; is completed,
the sequence corresponding to a new task can begin and can proceed at the same
rate as the previous task. This process is similar to the operation of an assembly
line, where a subtask could bg4tie completion of a specific component of a
system, and several systems are assembled on line.

We start with a preprocessing step that simplifies the presentation of the
algorithm. We insert by and by into T using the sequential insertion algorithm.
This step ensures that each of the remaining b;’s fits between two consecutive
leaves of 7. This preprocessing takes O(log n) sequentlal time. Hence, we assume
for the remainder of this section that T has been preprocessed in this fashion.

Concurrently, we locate all the elements b; in T by applying the search
procedure on each b; separately. Hence, for each b; we obtain a leaf contain-
ing the itema; suchthata; < b; < a; +1. This search takes O(log n) parallel
steps, using a total of O(k log n) operations.

PRAM Model: Locating all the b;’sin T requires a concurrent-read capability
of the tree T; hence, this procedure runs on the CREW PRAM model. In
Exercise 2.28, the reader is asked to show how to achieve the same perfor-
mance on the EREW PRAM model. O

Let us call a chain the ordered set of elements among the b;’s that have
to fit between two consecutive leaves of T. In particular, let B; be the chain
that has to fit between a; and a;+1, and let |B;| = k;,wherel si=<n - 1
Clearly, X, k; = k — 2 (since by and by have been already inserted in 7). We
first consider the special case whenk; < 1,foralll <i<n — 1.

The procedure of inserting the k& elements consists of a bottom-up
processing of T similar to the sequential insertion procedure, except that
several nodes at the same level may be processed concurrently.

Initially, we create a leaf/; holding b;, and assign the appropriate parent
toit, foreach1 < i < n — 1. Some of the internal nodes at height 1 may now
have more than three children, but none will have more than six. For each
node v of more than three children, we create another node v' with the same
parent as v, and reassign the children of v appropriately between v and v'.
This step can be done concurrently for all the internal nodes at height 1 with



70 Chapter 2 Basic Techniques

more than three children. This process can be repeated until we reach the
root. The root is then handled just as in the sequential case.

Hence, inserting k elements into 7 can be performed in O(log n) time
using O(k log n) operations in the case whenk; < 1,for1 <i < n — 1. At this
point, the reader should verify that the data items stored in the nodes can be
updated appropriately as we proceed with the insertion procedure. We call
the algorithm just described the simple parallel insertion algorithm.

Consider the general case where the size k; of each B; is not necessarily
less than or equal to 1. We apply the simple parallel insertion algorithm to the
middle elements of the nonempty B,’s. The middle element of a nonempty
chain aj, a;+1, -+, ay is the element a,, where s = r(f + [)/27. Inserting
these elements takes O(log n) time and, in addition, reduces the size of each
chain by a factor of ¥2. We repeat this process on the newly formed chains.
Note that the new chains can be trivially deduced from the old chains. More
precisely, the chainay,a; 41, ... ,aycauses the creation of the two new chains
aj, ... ,a5-1,and as41, ... ,af, whenevers — 1 =2 lands + 1 < f, respec-
tively. After O(log k) iterations, all the k elements are inserted in 7. The
overall time is O(log k log n), since each iteration takes O(log n) time. How-
ever, we can obtain a faster algorithm by using the technique of pipelining.

Let us call each application of the simple parallel insertion procedure a
stage. Hence, the algorithm consists of < rlog k1 stages such that, during the
ith stage, a set of elements is inserted into the 2-3 tree 7, _ to obtain the 2-3
tree T;, where initially 79 = T. Each T;_ is processed bottom-up, level by
level. Hence, stage i can be viewed as a wave moving up 7; _ 1. Once the nodes
at a certain level are processed, the next wave can move up to process the
appropriate nodes at this level. Therefore, the different stages can be pipe-
lined one after the other, up the tree. The running time of this method is
reduced to O(log n + log k) = O(log n), using a total of O(k log n) operations.

PRAM Model: The parallelinsertion procedure does not in itself require any
simultaneous access to the same memory location. However, the method
used to locate the elements b; in T requires the CREW PRAM model. Hence,
the overall insertion procedure runs on the CREW PRAM. O

2.5.3 REVIEW

Pipelining is an important parallel technique that has been used extensively
in parallel processing. We shall encounter this technique in the development
of an optimal O(log n) merge-sort algorithm, presented in Chapter 4, and in
speeding up the divide-and-conquer algorithms for several problems in com-
putational geometry, presented in Chapter 5.
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2.6 Accelerated Cascading

Let X = {x,x3, ... ,x,} be a set of elements drawn from a linearly ordered
set S. The problem of computing the maximum element of X is to find an
element x; such thatx; = x;, forall 1 < < n.

This basic problem can be solved by a simple linear-time sequential
algorithm. On the PRAM, it offers an interesting case study for introducing
the strategy.of accelerated cascading.

In the remainder of this section, we assume that the x;’s are distinct.
Otherwise, we can replace x; by the pair (x;, i), for each i, and extend the
relation = as follows: (x;, i) > (x;,j) ifand only ifx; > x;, orx; = x;andi > j.

We can determine the maximum element by using a balanced binary
tree constructed on the n input elements, just as in the case of computing the
sum of n elements (Algorithm 1.7). The running time of the parallel algo-
rithm is O(log n), and the total number of operations used is O(n). This
parallel algorithm is optimal, since the work performed matches the sequen-
tial complexity of the problem.

We can obtain a faster algorithm by using a scheme based on a doubly
logarithmic-depth tree computation (as opposed to the balanced binary tree of
logarithmic depth). The main idea is to construct a balanced tree with the x;’s as
the leaves such that the number of children of a node u is equal to Vn,n,
where n,, is the number of leaves in the subtree rooted at u. Each internal
node will be used to hold the maximum element in its subtree. The
condition on the number of children forces the tree to be of doubly
logarithmic depth. The success of this strategy depends on the existence of
a constant-time algorithm to perform the operation represented by an
internal node —that is, a constant-time algorithm for computing the max-
imum of an arbitrary number of elements. Our next task is the develop-
ment of such an algorithm.

2.6.1 A CONSTANT-TIME ALGORITHM
FOR COMPUTING THE MAXIMUM

Let A be an array holding p elements from our linearly ordered universe S.
The purpose of Algorithm 2.8 is to perform comparisons between all pairs of
elements from 4. The maximum element can be identified as the only ele-
ment that comes out a “winner” in all its comparisons.

In the algorithm that follows, the Boolean array B holds the outcomes of all
the comparisons, and the symbol A represents the Boolean AND operation.
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ALGORITHM 2.8
(Basic Maximum)
Input: An array A of p distinct elements.
Output: A Boolean array M such that M(i) = 1 if and only if A(i)
is the maximum element of A.
begin
1. for 1 < i,j < p pardo if (4(i) = A(j)) then set B(i,j): = 1
else ser B(i,j): = 0
2. forl < i < ppardo
Set M(i): = B(i, 1) A B(i,2) A\ --- N\ B(i, p)
end

When the algorithm terminates, M(i) = 1 if and only if A(i) is the
maximum element.

PRAM Model: Step 1 requires simultaneous read operations. Step 2 can be
implemented in O(1) time if we allow concurrent writes of the same value
(see Exercise 1.5). Hence, Algorithm 2.8 can be implemented on the common
CRCW PRAM in O(1) time using O(p?) operations. O

Lemma 2.2: The maximum of p elements can be computed on the common
CRCW PRAM in O(1) time using a total of O(p?) operations. O

2.6.2 A DOUBLY LOGARITHMIC-TIME ALGORITHM

Given a rooted tree, the level of a node u is the number of edges on the path
between u and the root of the tree. Hence, the level of the root is 0. We are
ready to introduce the doubly logarithmic-depth tree.

For clarity, assume that n = 2%, for some integer k. Define the doubly
logarithmic-depth tree with n leaves as follows. The root of the tree has 227!
(that is, Vn ) children, each of its children has 277 children, and, in general,
each node at the ith level has 22”'”' children, for 0 < i < k — 1. Each node
at level k will have two leaves as children.

EXAMPLE 2.12:

The doubly logarithmic-depth tree for the case whenn = 16 is shown in Fig.
2.12. The root has four children, and each of the other internal nodes has two
children. Each internal node corresponds to computing the maximum of that
node’s children. 0O
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O 00 0 0O GO VO OB VW ©

FIGURE 2.12
Doubly logarithmic-depth tree on 16 nodes.

A simple inductive argument on i shows that the number of nodes at the
ith level of the doubly logarithmic-depth tree is 2%-2" for0 < i < k. The
number of nodes at the kth level is 22°~' = »/2. In addition, the depth of this
treeisk + 1 = loglogn + 1.

The doubly logarithmic-depth tree can be used for computing the max-
imum of » elements. Each internal node holds the maximum of the elements
stored in its subtree. The algorithm proceeds level by level, bottom up,
starting with the nodes at height 1. Using Algorithm 2.8, the maxima required
at any given level can be computed in O(1) time.

It follows that the maximum can be computed in T(n) = O(log log n)
time, so the doubly logarithmic-depth tree algorithm is exponentially faster
than the previous O(log n) time algorithm (Algorithm 1.7).

We still need to estimate the total number of operations required by the
new method. The number of operations required by the tasks at the ith level is
O((2% """y 2) per node, for 0 < i < k, givinga total of O((2% 7' 7")2- 2%~ 27"y =
0(22k) = O(n) operations per level. Hence, the total number of operations
required by the overall computation is W(n) = O(n log log n), which makes
the algorithm nonoptimal.

2.6.3 MAKING THE FAST ALGORITHM OPTIMAL

In summary, we have introduced two algorithms for computing the maximum.
The first, based on the logarithmic-depth binary tree, is optimal and runs in
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logarithmic time, whereas the second algorithm is nonoptimal but runs in
doubly logarithmic time (“very fast”). In such a case, we can try to use a
strategy, called accelerated cascading, to combine the two algorithms into an
optimal and a very fast algorithm. We first describe the accelerated-cascading
strategy in general terms:

1. Startwith the optimal algorithm until the size of the problem is reduced
to a certain threshold value.

2. Then, shift to the fast but nonoptimal algorithm.

We now examine the adaptation of this strategy to the problem of
computing the maximum of n elements.

In phase 1, we apply the binary tree algorithm, starting from the leaves
and moving up to flog log log n1 levels. Since the number of candidates
reduces by a factor of 2 per level as we go up the binary tree, we know that
the maximum is among the n’ = O(n/log log n) elements generated at the end
of the binary tree algorithm. The total number of operations used so far is
O(n), and the corresponding time is O(log log log n).

During phase 2, we use the doubly logarithmic-depth tree based on the n’
generated elements during phase 1. This second phase requires O(loglogn') =
O(log log n) time and uses W(n) = O(n’ log logn’) = O(n) operations.
Therefore, the overall algorithm is optimal and runs in time O(log log n).

Theorem 2.5: Finding the maximum of n elements can be done optimally in
O(log log n) time on the common CRCW PRAM. a

PRAM Model: The basic maximum algorithm (Algorithm 2.8) requires a
concurrent write of the same value capability to run in constant time. Since
our analysis is based on this assumption, our optimal O(log log n) time
algorithm requires the common CRCW PRAM model. A matching lower
bound for the CRCW PRAM (regardless of whether it is common, arbitrary,
or priority) is derived in Chapter 4 in the case where O(n) processors are
available. Therefore, our O(log log n) time algorithm is WT optimal for the
CRCW PRAM model.

On the other hand, €2(log n) time is required on the CREW PRAM
regardless of the number of processors available (Chapter 10). Hence, the
balanced binary tree method yields a WT optimal EREW and CREW PRAM
algorithm for computing the maximum. O

Remark 2.4: An important special case of the accelerated-cascading tech-
nique is when the optimal algorithm used in phase 1 is an optimal sequential
algorithm. In fact, we can obtain an optimal O(log log n) time algorithm for
computing the maximum of n elements by using this special case.
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We partition the input into n/log log n blocks {B;}, each block contain-
ing approximately log log n elements. We then use the optimal sequential
algorithm to compute the maximum of each block, for all blocks concurrently.
We then proceed with the doubly logarithmic-depth tree to generate the
maximum within the claimed bounds. O

2.6.4 REVIEW.

In this section, two general techniques were used to obtain the fast optimal
algorithm to compute the maximum. The first consists of organizing the
computation in a doubly logarithmic-depth tree. The second is the acceler-
ated cascading of two algorithms, one optimal but relatively slow, the other
very fast but nonoptimal. These two techniques seem to be useful for deriving
very fast parallel optimal algorithms.

In an important special case, we (1) partition the input into nonover-
lapping pieces, (2) solve the subproblems associated with the pieces concur-
rently by using an optimal sequential algorithm, and (3) combine the solu-
tions of the subproblems by using a fast parallel algorithm.

2.7 Symmetry Breaking

Let G = (V, E) be a directed cycle; that is, the indegree and the outdegree of
each vertex is 1, and, for any two vertices u, v € V, there exists a directed path
fromu tov. Ak-coloring of G is amappingc: V' —{0, 1, --- ,k — 1}, such that
c(@) = c(j) if (i, j) € E. We are interested in the problem of determining a
3-coloring of G.

A straightforward algorithm consists of traversing the cycle from an
arbitrary vertex, while assigning alternate colors from {0, 1} to adjacent ver-
tices. A third color may be needed to terminate the cycle. This simple se-
quential algorithm is clearly optimal, but it does not seem to lead to a fast
parallel algorithm.

The main difficulty in solving our coloring problem fast using parallel-
ism lies in the apparent symmetry in the problem. Assigning a color to many
vertices in parallel implies that these vertices have been somehow distin-
guished from the remaining vertices. But all vertices look alike; hence, some
mechanism should be introduced to partition the vertices into classes such
that each class can be assigned the same color.
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This symmetric situation occurs in many other problems as well. In the
remainder of this section, we present an almost constant-time algorithm to
break this symmetry. Another technique for breaking symmetry using ran-
domization is presented in Chapter 9.

2.7.1 A BASIC COLORING ALGORITHM

We make the following assumption regarding the input representation of the
directed cycle G = (V, E): The arcs of G are specified by an array S of length
nsuch that (/) = jwhenever (i,j) € E,for 1 < i,j < n. Note that we can obtain
the predecessor relation immediately by setting P(S(i)) = i,for1 < i < n.

Suppose that an initial coloring ¢ of the vertices of G is given (we can
always start with c(i) = i for all {). Given the binary expansion of an integer
i—say,i =i,y - i - ijip—the kth least significant bit of i is biti;. We can
reduce the number of colors by using the following simple procedure that
takes advantage of the binary representation of the colors.

ALGORITHM 2.9
(Basic Coloring)
Input: A directed cycle whose arcs are specified by an array S of size
n and a coloring c of the vertices.
Output: Another coloring c' of the vertices of the cycle.
begin
for 1 < i < n pardo
1. Set k to the least significant bit position in which c(i) and
c(S())) disagree.
2. Setc'(i): = 2k + c(i)x
end

EXAMPLE 2.13:

Letc(i) = i be the initial coloring assigned to the vertices of the directed cycle
shown in Fig. 2.13. For each vertex, we list the value of k and its corresponding
new color in two separate columns. The number of colors is reduced from 15
to six in this case. a

Lemma 2.3: The output function ¢’ generated by Algorithm 2.9 is a valid
coloring whenever c is a valid coloring. The algorithm runs in T(n) = O(1) time
using W(n) = O(n) operations.
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L c k|c
1 0001 |t |2
3 0011 {2 |4
7 011y | 0 |t
14 31110 2 | S
2 0010 | 0 | O
15 1L | o 1
4 0100 {0 [ O
5 0101 | 0 |1
6 o110 | 1| 3
8 1000 [ 1 | 2
10 | 10101 01} 0
11 1011 | 0 | 1
12 1100 { 0| 0
9 1001 | 2 | 4
13 {1or})215

FIGURE 2.13

The basic coloring algorithm on a directed cycle, where each arc is repre-
sented by (i, S(/)). The column c represents the initial coloring c() = i, k is the
least significant bit position in which c(/) and c¢(S(/)) differ, and ¢'(}) = 2k +
c(/)x is the new coloring. The vertices {v} are listed in the order they appear on
the cycle.

Proof: Notice that, in the basic coloring procedure, the index k must always
exist, since c is a coloring. Suppose that ¢'(i) = ¢'(j) for some (i,j) € E. Then,
c'(i) = 2k + c(i)x and c'(j) = 2l + c(j);, where k and [ are determined as
stated in the basic coloring algorithm. Since ¢'(i) = ¢'(j), we must have k =
{. But then c(i)x = c(J)«, which contradicts the definition of k. Hence, ¢’ (i) #
¢'(j) whenever (i, j) € E.

The bounds on T(n) and W(n) are obvious under the assumption that
the least significant bit position in which two binary numbers differ can be
found in O(1) sequential time, whenever each of the two binary numbers is of
size O(log n) bits. We avoid giving a justification of this assumption here,
since it involves a discussion of the specific type of primitive operations
allowed on each processor. O

2.7.2 A SUPERFAST 3-COLORING ALGORITHM

We start by estimating the number of colors generated by Algorithm 2.9 as a
function of the number of initial colors.
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Lett > 3 be the number of bits used to represent each of the colors in
the initial coloring c. Then, each of the colors used by ¢’ can be represented
with rlog ©1 + 1bits. Hence, if the number of colors in ¢ is g, where g satisfies
2071 < g < 2¢, coloring ¢’ uses at most 2081 +1 = O(¢) = O(log q) colors.
Therefore, the number of colors decreases exponentially in general.

The basic coloring procedure can be applied repeatedly. Further re-
duction of the number of colors occurs as long as the number ¢ of bits used to
represent the colors satisfies ¢t > rlog#1 + 1—thatis, ¢ > 3. Applying the
basic coloring procedure to the case where t = 3 will result in a coloring with
at most six colors, since the new color of i is given by ¢'({) = 2k + c(i), and
hence0 = ¢'(i) = 5(as0 =< k < 2). We next estimate the number of iterations
needed to reach this stage.

Before presenting the analysis on the number of iterations, we intro-
duce the following notation. Let log®x be defined by log(Dx = logx, and
log@x = log (log~D x). For example, log®)x = log log , and log(®)x = log
loglog x. Let log* x = min{i | log®¥)x < 1}. The function log* x is an extremely
slowly growing function that is bounded by 5 for all x < 263536,

Starting with the initial coloring c(i) = i for 1 < i < n, the first
application of Algorithm 2.9 reduces the number of colors to O(log n) colors.
The second application reduces the number of colors to O(log logn) =
O(log®n). Therefore, the number of colors will be reduced to less than or
equal to six after O(log*n) iterations.

We can reduce the number of colors to three as follows. The additional
recoloring procedure consists of three iterations, each of which handles
vertices of a specific color. For each 3 < / < 5, we do the following. For each
vertex i with color /, we recolor vertex i with the smallest possible color from
{0, 1, 2} (that is, smallest color different from the colors of its predecessor and
its successor). Each iteration takes O(1) time, using O(n) operations. After
the last iteration, we obtain a 3-coloring within the same asymptotic bounds.

EXAMPLE 2.14:

Let us apply the recoloring procedure to the example in Fig. 2.13. The colors
of the vertices obtained after we apply Algorithm 2.9 are 0, 1,2, 3,4, 5. Vertex
6 is the only vertex of color 3. Since its neighbors, vertices S and 8, are colored
1 and 2, vertex 6 is recolored 0. Next, vertices 3 and 9 are recolored 0 and 1,
respectively. Finally, vertices 13 and 14 are recolored 0 and 2, respectively. [

Theorem 2.6: We can color the vertices of a directed cycle with three colors in
O(log* n) time, using O(n log* n) operations.

Proof: The procedure consists of O(log*n) iterations of the basic coloring
algorithm (Algorithm 2.9), followed by recoloring the vertices whose colors
are between colors 3 and 5.
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As we have seen before, the number of colors obtained after O(log*n)
iterations of Algorithm 2.9 is less than or equal to six. The recoloring proce-
dure ensures that vertices of colors 4, 5, and 6 are recolored from the set
{0, 1, 2}. The recoloring procedure works correctly because no adjacent
vertices are recolored at the same time.

Obtaining the stated bounds on the resources is straightforward. [0

PRAM Model: In Algorithm 2.9, simultaneous access to an entry ¢(i) can be
avoided by creating a copy of ¢ and accessing the copy for the color of the
successor. Therefore this algorithm runs on the EREW PRAM model. O

2.7.3 AN OPTIMAL 3-COLORING ALGORITHM

The previous 3-coloring algorithm in Section 2.7.2 breaks the symmetry in a
directed cycle extremely fast, but uses a nonlinear number of operations.
However, for all practical purposes, this algorithm takes less than six parallel
steps, each of which involves simple operations on each of the vertices.

If we insist on optimality, a more involved variation of the procedure
can be used. The remark that follows is needed for our optimal algorithm.

Remark 2.5: (Sorting Integers) Sorting n integers, each of which in the range
[0, O(log n)], can be done in O(log n) time using a linear number of opera-
tions. This sorting can be accomplished by using a combination of the well-
known radix-sorting algorithm and the prefix-sums algorithm. The reader is
asked to provide the details in Exercise 2.45. 0O

Our optimal algorithm consists of (1) coloring the vertices with O(log n)
colors using the basic coloring procedure, (2) sorting the vertices by their
colors (hence, all vertices with the same color appear consecutively), and (3)
applying a recoloring procedure successively on each set of vertices with the
same color. The details are given in the following algorithm.

ALGORITHM 2.10
(3-Coloring of a Cycle)
Input: 4 directed cycle of length n whose arcs are specified by an
array §.
Output: A 3-coloring of the vertices of the cycle.
begin

1. for1 < i < n pardo

Set C(i): = i
2. Apply Algorithm 2.9 once.
3. Sort the vertices by their colors.
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4. fori = 3to2 rlogn1 do
for all vertices v of color i pardo
Colorv with the smallest color from {0, 1, 2} that is different
from the colors of its two neighbors.
end

Theorem 2.7: We can color the vertices of a directed cycle with three colors in
O(log n) time, using a total of O(n) operations.

Proof: Note that, by Lemma 2.3 no two adjacent vertices will have the same
color after the execution of step 2. Hence, no two vertices of the same color
are adjacent. The recoloring performed at step 4 is therefore valid.

As for the time complexity, steps 1 and 2 take O(1) time, using O(n)
operations, and step 3 takes O(log ») time, using O(n) operations, in view of
Remark 2.5. After sorting the vertices by their colors, we can assume that all
the vertices with the same color are in consecutive memory locations, and that
we know the locations of the first and the last vertices of each color (see
Exercise 2.40). Let n; be the number of vertices of color i. Recoloring these
vertices takes O(1) parallel time, using O(n;) operations. Therefore step 4
takes O(log ») time, using a total of O( 2, n;) = O(n) operations. a

PRAM Model: Algorithm 2.10 does not need any simultaneous memory
access. Hence, it runs on the EREW PRAM model. O

2.7.4 REVIEW

A simple technique was presented in this section to perform a 3-coloring of
the vertices of a cycle. This technique seems to break the symmetry present in
some problems. Examples of the applications of this technique are given in
the exercises at the end of this chapter, as well as in later chapters. Another
technique for breaking symmetry uses randomization, a topic studied in
Chapter 9.

2.8 Summary

In this chapter, we provided a collection of general methods for designing
parallel algorithms. These methods are adapted for solving many of the
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problems encountered as we progress in this book. Our classification is some-
what arbitrary, in the sense that a given algorithm could sometimes be
grouped easily under two or more of these methods. For example, the
O(log n) time parallel algorithm for computing the sum of #» numbers also
could have been described as a divide-and-conquer algorithm.

The parallel algorithms developed for the specific combinatorial prob-
lems are commonly used as building blocks to solve more complex problems.
Table 2.1 gives a summary of the most important algorithms.

TABLE 2.1
ALGORITHMS INTRODUCED IN THIS CHAPTER.
PRAM
Algorithm Section Time Work Method Model
2.1 Prefix Sums 2.1.1 O(log n) o) Balanced EREW
binary tree
2.2 Nonrecursive 21.2 O(log n) o) Balanced EREW
Prefix Sums binary tree
2.4 Pointer Jumping 2.2.1 O(log h) O(nlog h) Pointer CREW
jumping
2.5 Parallel Prefix 222 O(log h) O(nlog h) Pointer CREW
(Rooted Trees) jumping
2.6 Upper Hull 232 O(log?2n)  O(nlogn) Divideand  CREW
conquer
2.7 Partition 242 O(log n) O(n + m) Partitioning  CREW
Merging 242 O(log n) O(n) Partitioning CREW
2.8 Basic Maximum 2.6.1 0(1) 0o(n?) All pairs Common
comparisons CRCW
Fast, Optimal 26.2 O(loglogn) O(n) Accelerated Common
Maximum and cascading CRCW
2.6.3
2.9 Basic Coloring 2.7.1 o(1) o(n) Symmetry EREW
breaking
Fast Coloring 272 O(log* n) O(n log* n) Symmetry EREW
breaking
2.10 3-Coloring of 273 O(log n) o(n) Symmetry EREW
a Cycle breaking and

integer sort
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Exercises

2.1

2.2.

23.

24.

2.5.

2.6.

Develop an optimal nonrecursive prefix-sums algorithm that is similar
to Algorithm 2.2 but that does not use the auxiliary variables B and
C. The input array A should hold the prefix sums when the algorithm
terminates.

Consider the following divide-and-conquer algorithm for computing
the prefix sums {s;} of asequencex;,x, ... ,x,, where n is a power of 2.
Compute the prefix sums of the two subsequences {x;, ... , x,2} and
Hm2)+1s - Xn}—SaY, 21, ..., Znp2 and Zm2)+1» -+ » Zn, reSpectively.
Then, sets; = z;,forl <i < n/2,ands; = z; + z,p,for(n/2) + 1 <
i <n.

Write a nonrecursive version of this algorithm in the WT presentation
framework. What are the time and the work required by the algorithm?
What is the PRAM model needed?

Suppose we are given a set of n elements stored in an array A together
with an array L such that L(f) € {1, 2, ..., k} represents the label of
element A(i), where k is a constant. Develop an optimal O(log n) time
EREW PRAM algorithm that stores all the elements of A with label 1
into the upper part of A while preserving their initial ordering, followed
by the elements labeled 2 with the same initial ordering, and so on.

LetA = (aj,ay, ... ,a,)be an array of elements, and letj; = 1 <
j2 < -+ <js = nbe asetof indices. Consider the problem of comput-
ing the array B = (by, by, ... ,b,) such thatb; = a;, forj;_ | <[ < j;
and 2 < i < s. For example, the array B correspondingto4 = (4,7, 9,
6,15)andj; =1 <j; =3 <j3 = 5SisgivenbyB = (9,9,9, 15, 15).
Develop an optimal algorithm whose running time is O(log n).

(Segmented Prefix Sums) We are given a sequence A = (41,42, ... ,4,)
of elements from a set S with an associative operation *, and a Boolean
array B of length n such thatb) = b, = 1. Foreachi; < ipsuchthatb; =
bi, = 1andb; = Oforalli; < < i;, we wish to compute the prefix sums
of the subarray (a; +1, ... , a;,) of A. Develop an O(log n) time algo-
rithm to compute all the corresponding prefix sums. Your algorithm
should use O(n) operations and should run on the EREW PRAM.

LetA = (ay,az, ... ,a,)be an array of elements drawn from a linearly
ordered set. The suffix-minima problem is to compute for each i, where
1 < i < n, the minimum element among{a;,d;+1, ... ,d,}. We can, in
a similar fashion, define the prefix minima. Develop an O(log n) time
algorithm to compute the prefix and the suffix minima of 4 using a total
of O(n) operations. Your algorithm should run on the EREW PRAM.
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Given an array A = (a1, ..., a,), where the elements come from a
linearly ordered set S, and given two elementsx,y € S, show how to store
all the elements a; from A that are between x and y in consecutive
memory locations. Your algorithm should run in O(log n) time using
O(n) operations. Specify the PRAM model used.

Letx be an indeterminate and let n be a positive integer. Consider the
problem of computing the polynomialsy; = x*, for 1 < i < n. Show how
to compute all the y;’s in O(log n) time using O(n) operations.

Given n independent jobs with processing times {¢1, #2, ... , ¢}, deter-
mine a schedule of each job on a set of m machines such that the finish
time is minimum. A job can be split to run on different machines. Your
algorithm should run in O(log ») time using a total of O(n) operations.

Consider a cycle C = (v1,v2, -+ ,v,) with an additional set £ of edges
between the vertices of C such that, for each vertex v;, there exists at
most one edge in E incident on v;. Consider the problem of determining
whether or not it is possible to draw all the edges in E inside the cycle C
without any two of them crossing. Develop an O(log n) time algorithm
to solve this problem. The total number of operations used must be
O(n). Your algorithm should run on the EREW PRAM model.

Develop an O(log n log m) time algorithm to compute A/, forall 1 < i <
m, where A is ann X n matrix. What is the amount of work required?

Let F be a forest of rooted directed trees specified by an array S of
length n such that S(¢) = j if and only if (7, /) is an arc in F. Show that any
algorithm to determine the root of the tree containing node i, for1 < i <
n, will take Q(log n) time on the EREW PRAM even if the maximum
height of any tree is very small.

Let A be a Boolean array of size n.

a, Develop an O(1) time CRCW PRAM algorithm to find the smallest
index k such that A(k) = 1. The total number of operations must be
O(n). Hint: Use a Vn divide-and-conquer strategy. Start by solving
the subproblems.

b. How fast can you solve this problem on the CREW PRAM? Your
algorithm must use O(n) operations.

Given an array A = (ay,d3, ... ,a,) whose elements are drawn from a
linearly ordered set, the left match of a;, where 1 < i < n, is the element
ay, if it exists, such that & is the maximum index satisfying 1 < k < iand
ay < a;. Similarly, we can define the right match of a;. The problem of
finding the right and left matches of all the elements in 4 is called the
problem of all nearest smaller values (ANSV).

Show how to solve the ANSV problem in O(1) time using O(n?) oper-
ations. Hint: Use Exercise 2.13.
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*Given a set of n open intervals (x;, y;) withx; < y;, where 1 < i < n,
consider the problem of packing these intervals on a minimum number
of horizontal lines such that no two intervals on the same horizontal line
overlap. Assume that the 2n points {x;, y;}’_; are sorted in non-
decreasing order, with ties broken according to the indexi. Develop an
O(log n) time algorithm to achieve this. What is the total number of
operations used? Hint: Adjust the sequence of the 2n points and, for
each y;, determine a closest x; > y;.

Show that the problem of finding the ordered list of vertices defining the
convex hull of n points in the plane requires {)(n log n) operations. Hint:
Consider the set of points (x;, xiz), wherel =i < n.

Show how to modify Algorithm 2.6 such that it runs on the EREW
PRAM model without asymptotically increasing the bounds on T(n)
and W(n).

* An optimal O(log n) time algorithm to solve the convex-hull problem
can be developed with the following divide-and-conquer strategy.

Let S be the set of points. Partition S into 1, 5, ... , Sy, each of size
approximately Vr, by sorting the points by their x coordinates. Compute
CH(S;) recursively, and then combine all the CH(S;) into a solution.

a. Let T, be the upper common tangent between CH(S;) and CH(S)).
Develop an algorithm that determines which points of CH(S;), if
any, belong to CH(S). Your algorithm should run in O(log n) time
using O(Vn log n) operations. Hint: Let L; be the tangent of smallest
slopein{T;1, Ti2, ..., Tii-1}, and let M; be the tangent of largest
slope in {T;;+1, Tii+2, --- » Tiva})-

b. Develop the recurrence equations for the running time 7(n) and the
total number of operations W(n) required by the overall algorithm.
Show that T(n) = O(log n) and W(n) = O(n log n).

We have already introduced, in Exercise 2.6, the problem of computing
the prefix and the suffix minima of an array 4 of n elements whose
elements are drawn from a linearly ordered set.

a. Use Exercise 2.14 to design an O(1) time algorithm for computing
the prefix and the suffix minima of 4, using a total of O(n?) operations.

b. *Use a Vn divide-and-conquer strategy to obtain an O(log log n)
time algorithm. The total number of operations used must be O(n).
Specify the PRAM model needed.

LetAbeann X nlower triangular matrix such thatn = 2%, Assume that

A is nonsingular. Let 4 be partitioned into blocks, each of size 5 X 7

2 b
as follows:
Ann 0
A Az
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a. Show that the inverse of 4 is given by the following:

-1
An 0
-1 -1 -1
—ApAnd, Ay

b. Develop a divide-and-conquer algorithm to compute 4 ~! in O(log2 n)
time. What is the total number of operations used? Assume that the
addition, multiplication, and division of two real numbers are prim-
itive operations on your PRAM.

Let A and B be two sorted sequences whose elements are not necessar-
ily distinct. Show how to use Algorithm 2.7 to merge 4 and B without
increasing the resources required.

Develop an algorithm using the partitioning strategy outlined in Section
2.4 to merge two sequences of lengths n and m, where n = m. What is the
running time of your algorithm? What is the total number of operations?

Sketch a solution to the processor allocation problem required to im-
plement Algorithm 2.7 on the CREW PRAM model.

Let A be an arbitrary array whose n elements are drawn from a linearly
ordered set S, and letx € S.

a. Show how to determine rank(x : A) in O(log n) time using O(n)
operations. Your algorithm should run on the EREW PRAM model.

b. Suppose A is sorted. How fast can you determine rank(x : A) with
o(n) operations? Specify the PRAM model used.

Let A and B be two sorted arrays, each of length n. Suppose that we are
given the integer array rank(A : B). Develop an optimal O(log n) time
algorithm to compute rank(B : A). Your algorithm should run on the
EREW PRAM model.

LetB = (b1,b, ... ,bx) be asequence of elements stored in the global

memory of an n-processor EREW PRAM.

a. Develop an algorithm to distribute a copy of B to each of the local
memories of the n processors in O(log n) time, assuming that k =
O(log n).

b. Generalize your algorithm to handle 7 such sequences that must be
distributed to all the processors.

Let Tbe a 2-3 tree of height h. Show that the number of vertices of T'is
between 2#*! — 1 and (3"*! — 1)/2, and that the number of leaves is
between 2% and 3%,

Let T be a 2-3 tree with n leaves. You wish to search for a given set of k
elements in T, where k < n. Show how to accomplish this search in
O(log n) time on the EREW PRAM model.

Show how to delete a given sorted sequence of k elements from a 2-3
tree with # leaves in O(log n) time, using a total of O(k log ») opera-
tions. Use the CREW PRAM model if you wish.
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Let A be an arbitrary array of size n, and let B be a nondecreasing array
of size n whose elements are drawn from {1, 2, ... , n}.

a. Develop an O(log n) time EREW PRAM algorithm to compute the
array C such that ¢; = ap, for 1 < i < n. You must use a linear
number of operations.

b. Suppose that each a; of 4 is replaced with a linear block of size
og n1.Show how to generate the correspondingn X rlog n1 array
C in O(log n) time optimally on the EREW PRAM.

Solve the processor allocation problem corresponding to the algorithm
given in Section 2.5 to insert a sequence of k elements in a 2-3 tree with
n leaves.

Develop an algorithm that, given a sorted array 4 of n elements, con-

structs a 2-3 tree T to represent A.

a. Specify T so as to make the correspondence between A and T one
to one.

b. Show how to build such a tree optimally on the CREW PRAM
model. What is the running time of your algorithm?

Let T be a 2-3 tree with n leaves holding the itemsa; < a; < ... < a,.
Suppose you wish to insert k elements, by < by < ... < bg. One
approach would be to build a new 2-3 tree with the correspondingn +
k leaves without using the given tree T at all. Develop such an algorithm
and state its running time and the total number of operations used.
Compare with the insertion algorithm described in Section 2.5.2.

Let Ty, Ty, -+, Ty be 2-3 trees such that, forany 0 < i <j < k, ifq; is
aleaf stored in T; and a; is a leaf stored in 7}, then a; < a;. Develop an
O(log n + log k) time algorithm to combine Ty, Ty, --- , Ty into a new

2-3 tree. Your algorithm should not use any simultaneous memory access.

Develop an algorithm similar to Algorithm 2.2 to compute the maxi-
mum of n elements using a doubly logarithmic-depth tree. Assume that
n = 2%, for some positive integer k.

Show how to compute the maximum of # elements in O(1) parallel time

using n!*¢ processors, where ¢ is an arbitrary positive constant. Which
PRAM model do you need?

Suppose that we have an algorithm A4 to solve a given problem P of size
n in O(log n) time on the PRAM using O(n log n) operations. On the
other hand, an algorithm B exists that reduces the size of P by a constant
fraction in O(log n/log log n) time using O(n) operations without alter-
ing the solution. Derive an O(log n) time algorithm to solve P using
O(n) operations.

You are given an array of colors 4 = (ay, az, ... ,a,) drawn from k
colors {c|, ¢z, ... , cx}, where k is a constant. You wish to compute k
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indices iy, i2, ... , ik, for each element a;, such that i; is the index of the
closest element to the left of a; whose color is ¢;. If no such element
exists, then seti; = 0. Show how to solve this problem in O(log n) time
using a total of O(n) operations on the EREW PRAM.

You are given a sorted arrayA = (aj,az, ... ,a,) such that each a; is

labeled /;, where [; € {1,2, ... ,m},m = O(logn).

a. Develop an O(log n) time CREW PRAM algorithm to determine,
for each 1 < i < m, the minimum element of 4 with label /;. Your
algorithm must use O(n) operations. Do not use any sorting algorithms.

b. What if m = O(log log n)? Which PRAM model do you need?

Develop a routine to get pointers to the first vertex and to the last vertex
of the same color after step 3 of Algorithm 2.9. Your procedure should
run in O(log n) time using a total of O(n) operations on the EREW
PRAM model. '

*LetT = (V,E)be arooted treewith V = {1,2, ... ,n}, specified by the
pairs (i,p(i)), 1 =i < n,wherep(i) is the parent of i. If r is the root, then
p(r) = 0.

a. Develop a CREW PRAM algorithm to color T with three colors in
O(log* n) using O(n log* n) operations. Can you derive an optimal
algorithm?

b. A pseudoforest is a directed graph in which each vertex has an out-
degree < 1. Generalize your tree-coloring algorithm from part (a) to
handle pseudo forests.

Given a pseudoforest (as defined in Exercise 2.41), you wish to assign to
each vertex v a label /(v) such that all the vertices in the same weakly
connected component (that is, a connected component in the undi-
rected version of the graph) get the same label. Develop an O(log n)
time algorithm to accomplish this task. What is the total number of
operations required by your algorithm?

Let T = (V, E) be a rooted tree specified by the pairs (7, p(i)), 1 =i <
n, where p(i) is the parent of i. Show that T can always be 2-colored.
Develop an O(logn) time CREW PRAM algorithm to find such a
coloring.

*Given a set of n integers, each colored with one color from {1,2, ...,
k},where k < log n, show how to obtain the prefix sums of the elements
of a given color i, in the order they appear, for all i. Your algorithm
should run in O(log n) time using a total of O(n) operations on the
EREW PRAM.

*Suppose we are given n integers in the range [0, log n — 1]. Develop an
O(log n) time EREW PRAM sorting algorithm that uses O(n) opera-
tions. Can you generalize your algorithm to the case when the range is
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[0,m],m = log n? What is the corresponding time? Hint: Use radix sort,
and start by computing the number of elements equal to i, for each i.
Use your answer to Exercise 2.44.

2.46. *Given an undirected graph G = (V, E) such that |V| = n and the
maximum degree of any vertex v is bounded by a constant §, show how
to color G with 8 + 1 colors in O(log* n) time using O(n log* n)
operations. Hint: Decompose the graph into O(8) pseudoforests. Color
each pseudoforest with three colors as in Exercise 2.41, and recolor G
appropriately.
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Lists and Trees

Lists and trees are basic data structures that are used frequently in many
processing tasks. Extensive literature exists on lists and trees, their proper-
ties, and their uses. This chapter addresses several basic problems in process-
ing lists and in computing tree functions.

One of the most elementary list-processing tasks is to rank the nodes
from either end of the list, a problem that we call the list-ranking problem. A
linear-time sequential algorithm can be easily developed to handle this prob-
lem, but the design of a fast and optimal parallel algorithm turns out to be
significantly more challenging. In Section 3.1, we present two parallel algo-
rithms to solve the list-ranking problem, each using a linear number of oper-
ations. The first is a simple algorithm that runs in O(log n log log n) time; the
second, whose analysis is considerably more involved, runs in O(log n) time.
Each algorithm uses an interesting combination of several techniques.

As for trees, we introduce two powerful techniques: the Euler tour
(Section 3.2) and tree contraction (Section 3.3). These techniques are then
used for the computation of tree functions, for arithmetic expression evalua-
tion, and for solving the lowest common ancestor problem.
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3.1 List Ranking

Consider a linked list L of n nodes whose order is specified by an array § such
that S(i) contains a pointer to the node following nodeionL,forl <i < n.
We assume that S({) = 0 when i is the end of the list. The data stored in the
nodes play no role in this section. The list-ranking problem is to determine
the distance of each node i from the end of the list.

The list-ranking problem is one of the most elementary problems in list
processing whose sequential complexity is trivially linear. It also arises in other
contexts, such as computing tree functions and solving graph-theoretic problems.

The pointer jumping technique (Algorithm 2.5) can be used to derive a
parallel algorithm for the list-ranking problem. The corresponding running
time is O(logn), and the corresponding total number of operations is
O(n log n). This algorithm is nonoptimal in view of the existence of a linear-
time sequential algorithm, )

The pointer jumping algorithm can be made optimal if we can somehow
reduce the size of the list to O(n/log n) nodes using a linear number of
operations. The standard strategy to achieve optimality (recall Remark 2.4)
would be (1) to partition the input list into approximately n/log n blocks {B;},
each containing O(log n) nodes; (2) to rank each node within its block (called the
preliminary rank) by using an optimal sequential algorithm; and (3) to combine
the preliminary ranks using an O(log n) time parallel algorithm. Unfortunately,
eachblock can have (1 (log ») sublists, in which case the size of the input list to the
O(log n) time parallel algorithm would not necessarily have been reduced to
O(n/log n) nodes. Therefore, we need an alternative method. The remainder
of this section covers two strategies to shrink the given list efficiently.

3.1.1 A SIMPLE OPTIMAL LIST-RANKING ALGORITHM

Given a linked list L with n nodes, we would like to compute an array R such
that R(i) is equal to the distance of node i from the end of L. Initially, we set
R(i) = 1 for all nodes i, except for the last node, whose R value is set to 0.

We start by stating the parallel algorithm based on the pointer jumping
technique. This algorithm is essentially the same as Algorithm 2.5, which was
given for rooted directed trees.

ALGORITHM 3.1
(List Ranking Using Pointer Jumping)
Input: A linked list of n nodes such that (1) the successor of each

node i is given by S(i), and (2) the S value of the last node on the
list is equal to 0.
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Output: Foreach 1 < i < n, the distance R(i) of node i from the end
of the list.
begin
1. for1 < i < npardo
if (S(©)) # 0) then set R(i): = 1
else set R(i): = 0
2. for1 < i < n pardo
Set Q(i): = S(i)
while (Q(i) # 0and Q(Q®)) = 0) do
Set R(i): = R(i) + R(Q(i))
Set Qi): = Q(Q())

end

Since this algorithm was examined before, we leave the proof of the
following lemma to Exercise 3.1.

Lemma 3.1: Given a linked list of n nodes, Algorithm 3.1 generates the rank
R(i) of each node i in O(log n) time using O(n log n) operations. Moreover, the
algorithm runs on the EREW PRAM. O

The overall strategy for solving the list-ranking problem optimally is
outlined next.

List-Ranking Strategy

1. Shrink the linked list L until only O(n/log n) nodes remain.

2. Apply the pointer jumping technique (Algorithm 3.1) on the short list of
the remaining nodes.

3. Restore the original list and rank all the nodes removed in step 1.

We have just examined how to implement step 2 of this strategy. Since
the number of elements is O(n/log n), Algorithm 3.1 takes O(logn) time
using O(n) operations. Step 3 consists of reversing the process of step 1, and
its details depend on the implementation of step 1. A possible scheme is
outlined later. The main difficulty lies in performing step 1 in O(log n) time
using a linear number of operations.

Independent Sets. The method for shrinking the list L consists of removing
a selected set of nodes from L and updating the intermediate R values of the
remaining nodes. The key to a fast parallel implementation lies in using an
independent set of nodes to be removed. A set I of nodes is independent if,
whenever i € 1, S(i) ¢ I. We can remove each node i € I by adjusting the
successor pointer of the predecessor of i. Since I is independent, this process
can be applied concurrently to all the nodes in I.



94 Chapter 3 Lists and Trees

The information concerning the removed nodes should be stored some-
where so that later the original list can be restored and the nodes in / can be
ranked properly. In the following procedure, we use the array U to store such
information. A separate array is needed because our list contraction procedure
(Algorithm 3.3) will compact the remaining elements into consecutive memory
locations. Without loss of generality, we assume that the predecessor array P
is available. Otherwise, it can be set up in O(1) time using O(n) operations.

ALGORITHM 3.2
(Removing Nodes of an Independent Set)

Input: (1) Arrays S and P of length n representing, respectively, the
successor and the predecessor relations of a linked list; (2) an
independent set I of nodes such that P(i), S(i) = 0; (3) a value R(i)
for each node i.
Output: The list obtained after removal of all the nodes in I with the
updated R values.
begin
1. Assign consecutive serial numbers N(i) to the elements of I,
where 1 < N(i) < |I| =n'.
2. for foralli € I pardo
Set UN(@)): = (i, S(i), R(i))
Set R(P(i))): = R(P(i)) + R(i)
Set S(P(i)): = S()
Set P(S(¥)): = P(i)
end

Lemma 3.2: Given a linked list L of size n and an independent set I, Algorithm
3.2 correctly removes the nodes of I and updates the R values in O(log n) time
using O(n) operations.

Proof: The correctness proof follows from the fact that no two nodes of / are
adjacent. As for the running time, step 1 takes O(logn) time using O(n)
operations by a prefix-sums computation on the nodes of L such that a weight
of 1 is assigned to each node in I, and a weight of 0 is assigned to each of the
remaining nodes. Step 2 can be executed in O(1) time, using O(n) operations. [J

Once the ranks of the nodes in the contracted list are determined, it is
easy to obtain the ranks of the deleted nodes and to restore the original list
using the information stored in the U array.

EXAMPLE 3.1:

Figure 3.1 illustrates the process of contracting a list for a given independent set.
The initial list and the initial R values (in brackets) are shown in Fig. 3.1(a).
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An independent set of nodes consists of {1, 5, 6}. Step 1 assigns to the nodes
{1, 5, 6} the serial numbers N(1) = 1, N(5) = 2, and N(6) = 3. Executing the
loop of step 2 for node 6, we obtain U(N(6)) = U(3) = (6,8,2),R(2) = 4,5(2)
= 8,and P(8) = 2. We proceed similarly for the nodes 5 and 1. The new links
and the new R values of the contracted list are shown in Fig. 3.1(b). Suppose
we now have the ranks of all the nodes on the short list considered with
the updated R values. Since U(3) = (6, 8, 2), we conclude that node 8 is
the initial successor of node 6, and thus R(6) = R(8) + 2 = 3. Moreover,
we can reinsert this node by setting P(6) = P(8) = 2, S(P(6)) = S(2) = 6,
P(8) = 6. O

Remark 3.1: Suppose we want to view Algorithm 3.2 as being executed by a
set of p processors, where p < |I|. Then, the n’ elements of 7 will be divided
almost evenly into p blocks, each of which will be handled separately by a
processor. Each processor can push on a private stack the information con-
cerning the nodes it removes. Restoring the list will be accomplished by
popping each such stack. O

Remark 3.2: If, after removal of the nodes of the independent set I, the re-
maining nodes do not have to be relocated, then step 1 of Algorithm 3.2 is
unnecessary; hence, the resulting algorithm runs in O(1) time, using O(n)
operations. O

Determination of an Independent Set. We can handle the problem of
finding an independent set by coloring the nodes of the list L. Recall that a

4 5 7 3 1 2 6 8 9
* — o po—— Bo PO Po o o>
* * *
(1] [3] (1] (1] [1] [2]) [2] (1] (0]
(a)
4 5 7 3 1 2 6 8 9
X X X
(4] (1] (2] (4] [ (0]
(b)
FIGURE 3.1

The process of contracting a list. (a) The initial list. The R values are given in
brackets below the nodes, and the selected nodes to be removed are labeled
with stars *. (b) The resulting list after contraction.
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k-coloring of L is a mapping from the set of nodes in L into {0, 1, ... ,k — 1}
such that no adjacent vertices are assigned the same color (Section 2.7). A
k-coloring of L can be used to determine an independent set of L as follows.
A node u is a local minimum (maximum) with respect to this coloring if the
color of u is smaller (larger) than the colors of its predecessor and its successor.

Lemma 3.3: Given a k-coloring of the nodes of a list L of size n, the set I of local
minima (or maxima) is an independent set of size Q) (n/k). The set I can be
identified in O(1) time, using a linear number of operations.

Proof: Let u and v be two local minima such that no other local minimum
exists between u and v. Clearly, nodes u and v cannot be adjacent. In addition,
the colors of the nodes between u and v form an increasing sequence followed
by a decreasing sequence. Hence the maximum number of nodes between u and
vis equal to 2k — 3. It follows that the set of local minima forms an indepen-
dent set of size }(n/k). Similar arguments hold for the set of local maxima.
As for the complexity bounds, we can determine whether a node is a
local minimum by comparing its color with the colors of its predecessor and
its successor. Therefore, the set / can be identified in O(1) time, using a linear
number of operations. O

We can obtain a large independent set by using the optimal algorithm to
3-color the vertices of a cycle given in Section 2.7 (Algorithm 2.10). Using
Lemma 3.3, we see that the corresponding independent set is of size greater
than or equal to cn, for some constant 0 < ¢ < 1 (more precisely, we can
choose ¢ = '5). Contracting this independent set reduces the size of the list
by a constant factor; hence, this process can be repeated a loglogn 7 times
to produce a list of size less than or equal to n/log n, for some o > 0.

Simple List-Ranking Algorithm. We are ready to give a description of
simple optimal list-ranking algorithm.

ALGORITHM 3.3
(Simple Optimal List Ranking)
Input: A linked list with n nodes such that the successor of each
node i is given by S(i).
Output: For each node i, the distance of i from the end of the list.
begin

1. Setng: = n,k: =0

2. while n; > n/logn do

2.1 Setk: =k + 1.
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2.2. Color the list with three colors, and identify the set
I of local minima.
2.3. Remove the nodes in I, and store the appropriate
information regarding the removed nodes (Algorithm 3.2).
2.4. Let ny, be the size of the remaining list. Compact the
list into consecutive memory locations.

3. Apply the pointer jumping technique (Algorithm 3.1) to the

resulting list.

4. Restore the original list and rank all the removed nodes by

reversing the process performed in step 2.

end

EXAMPLE 3.2:

Consider the list of eight nodes shown in Fig. 3.2(a), where the weight of each
node is shown in brackets under the node. During the first iteration of the
while loop, we identify the independent set I = {3, 4, 2, 5} derived from the
3-coloring shown in parentheses. Removing the nodes in I from the original
list results in the new list shown in Fig. 3.2(b) with the adjusted weights. Note
that the information concerning the removed nodes can be stored in triplets
as described before, with an additional time stamp indicating the iteration
number. For example, the information related to node 4 can be stored as
U(1, N(4)) = (4, 5(4), R(4)) = (4, 1, 1), where the first parameter (in this
case, 1) of U indicates the iteration number and the second (in this case, N(4))
indicates the serial number assigned to the node being removed.

During the second iteration, we obtain the list shown in Fig. 3.2(¢). Since
ny = 2, we go to step 3 and obtain R(6) = R(6) + R(7) = 7and R(7) = 3.

The restoration of the original list proceeds in two iterations. After the
first iteration (corresponding to the second iteration of the while loop), we
obtain the list shown in Fig. 3.2(d). It is clear that the second iteration will
fully restore the original list with the correct ranks assigned to all the nodes. O

Theorem 3.1: Algorithm 3.3 ranks a linked list L with n nodes in O(logn
log log n) time, using a linear number of operations.

Proof: The correctness proof depends on the validity of the contraction pro-
cess performed at step 2. Each iteration of the corresponding while loop
consists of (1) determining a 3-coloring of the current list, (2) identifying the
set I of local minima, (3) removing the nodes of 7, and (4) compacting the
remaining list. We have already developed algorithms to handle each of
substeps 2.1 through 2.4; hence, we can assume that each of these substeps is
carried out correctly. The whole iteration works correctly because / is an
independent set.



98 Chapter 3 Lists and Trees
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FIGURE 3.2

A linked list and its processing by Algorithm 3.3. (a) The initial list; the initial R
values are given in brackets, and a 3-coloring is shown in parentheses. (b),
(c) The lists obtained during the contraction process. (d) Restoration of the
nodes removed from the list in (c).

To estimate the resources, we begin by bounding the number of itera-
tions performed at step 2. Since the size of the independent set [ is = %,
where ny is the size of the list at the beginning of the (k 4+ 1)st iteration of the

. k
while loop, we have n; 4 < %nk, and hence n; < (%) n. Therefore, the

number of iterations required to reduce the size of the list below n/log n is
O(log log n). We now estimate the resources required to implement each
iteration of step 2.

The optimal 3-coloring algorithm runs in O(log ») time using a linear
number of operations (Theorem 2.7); hence, step 2.2 can be performed
within these bounds. We have already analyzed the resources required for
step 2.3 (Lemma 3.2). Step 2.4 requires labeling each of the nodes by 1 or 0
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and performing a prefix-sums computation; hence, it takes O(log n) time,
using a linear number of operations. Therefore, the (k + 1)st iteration of the
while loop can be performed in O(log n) time, using O(ny) operations.

We conclude that the total running time of step 2 is O(log » log log n). The

total number of operations performed by step 2 is O( 2, 71x) = 0( Ek(g)k n) =0(n).

We have already seen that step 3 can be executed in O(log n) time, using
O(n) operations. Step 4 is straightforward once we have stored the appropri-
ate information concerning the removed nodes in step 1. Therefore the
resulting algorithm is optimal and runs in O(log n log log n) time. O

PRAM Model: The main procedures used in Algorithm 3.3 (coloring, prefix
sums, Algorithm 3.1) do not require simultaneous memory access. It is easy to
check that the remaining operations can also be performed without concurrent
memory access. Therefore, Algorithm 3.3 runs on the EREW PRAM model. O

Remark 3.3: The list-ranking algorithm (Algorithm 3.3) can be applied to a
given list or to that list’s reverse (defined by the predecessor array); hence, the
elements can be ranked efficiently from either end of the list. As mentioned
in Section 2.2, the parallel prefix problem is similar to the prefix-sums prob-
lem, except that the elements a; appear in the nodes of a linked list. That is,
each node of the linked list contains a data element and a pointer to its
successor, and we want to compute all partial sums s;, where 1 < k£ < n and
sk is the sum of elements held in the nodes of ranks between 1 and & (the rank
here refers to the distance from the beginning of the list).

The parallel prefix problem can be solved by the list-ranking algorithm
if we initialize R(i) = a; and use the predecessor relation. Another method
would be to rank the elements of the list by using the list-ranking algorithm,
to store the elements in consecutive memory locations in their ranked order,
and then to apply the prefix-sums algorithm. In either case, the parallel prefix
can be performed within the same complexity bounds as those of the list-
ranking problem. [

It turns out that a new technique is required to perform the initial list
contraction optimally in O(log n) time. We devote the next section to this
technique. The reader may wish to skip Section 3.1.2, but should note that an
optimal O(log n) time list ranking algorithm will be assumed for the remain-
der of the chapter, including the exercises.

3.1.2 *AN OPTIMAL O(LOG n) TIME LIST-RANKING ALGORITHM

The weakness of simple optimal list-ranking algorithm (Algorithm 3.3) liesin
performing the costly operations of identifying a large independent set and of
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compacting the list during each iteration of the list-contraction process (step
2). We develop an alternative method to shrink the list of #n nodes to
O(n/log n) nodes without having to perform either operation. The key ideas
behind this method are given next. For clarity, we assume that log n is an
integer that divides n.

Overall Strategy. We divide the array S into n/log n subarrays {B;}, called
blocks, each containing log n items. Each block B; will be processed sequen-
tially but concurrently with all the other blocks. An index p(i) will be used to
point to a node in B;. We denote this node by N(p(i)). Initially, p(¥) =
(({ = Dlogn + 1,for 1 < i < n/log n; that is, p(i) points to the first node in
each block B;. As we proceed with our algorithm, however, the blocks will be
processed at different speeds; hence, we need the pointers p(i).

We consider the initial nodes N(p(i)) and label each N(p(i)) as active,
for 1 < i < n/log n; we label each of the remaining nodes as inactive. If the
active nodes form an independent set (that is, neither the successor node nor
the predecessor node of each N(p(i)) is active), then these nodes can be
removed from the list immediately (recall Algorithm 3.2 and Remark 3.2).
We can then advance each pointer p(i) to the next consecutive location of
block B;, that is, we set p(i) = p(i) + 1. In general, however, only a subset of
the active nodes, called the isolated nodes, will form an independent set,
whereas the rest of the active nodes will form sublists of the original list,

EXAMPLE 3.3:

A 16-node list and some of the pointers are shown in Fig. 3.3. In this case, we
have four blocks By, B3, B3, and By. Initially, the active nodes are 1, 5, 9, and
13; these are indicated by the four pointers, N(p(1)) = 1, N(p(2)) = 5, and
so on. The link information of the active nodes is indicated by the arcs. For
example, S(1) = 6,5(5) = 13,5(9) = 5,5(13) = 16. Hence, node 1 is the only
isolated node, since its predecessor node and its successor node are not
active; the remaining active nodes form the sublist 9 — 5 — 13. O

The contraction procedure consists of O(log n) stages, in which each
stage can be implemented in O(1) time, using O(n/log n) operations. Initially,
there is a pointer p(i) to the first node in B, such that N(p(i)) is labeled active.
All other nodes are labeled inactive. We now describe the first stage of our
procedure. All the remaining stages are identical; a description of one will be
given later.

First Stage. Each isolated active node N(p(i)) is removed from the list.
Each remaining active node is then part of a certain sublist. Note that such a
sublist may be of size Q(n/logn). We proceed to show how to break each
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FIGURE 3.3

A list as partitioned by the contraction algorithm. In this case, there are four
blocks such that initially p(/) points to the first element in B;. The arcs indicate
some of the link information of the given list.

sublist into short chains in O(1) time using a linear number of operations (in
the size of the remaining active nodes).

We apply the basic coloring procedure (Algorithm 2.9) given in Section
2.7 twice to each remaining active node, starting with the initial coloring c(i) =
i. Recall that this coloring procedure consists of determining the least signif-
icant bit position k in which ¢(i) and ¢(S(i)) disagree, and setting the new color
of i to be ¢'(i) = 2k + c(i)x. Therefore, the remaining active nodes are
colored properly with O(log log n) colors. Each node whose color is a local
minimum is labeled as a ruler, and each of the remaining active nodes is
labeled as a subject. Figure 3.4 illustrates what happens to each active node
during the first stage.

Thus, each of the nodes of a sublist is labeled either a ruler or a subject.
The rulers of a sublist partition it into chains; each chain consists of a ruler r
followed by the subjects between rand the next ruler (or the end of the sublist,
if the next ruler does not exist). Without loss of generality, we assume that the
leftmost node on a sublist (that is, an active node whose predecessor is not
active) is a ruler, because otherwise we make it into a ruler. The size of each
such chain is O(log log n).

We end the first stage by advancing the pointer of each subject and each
removed node, and labeling the corresponding new nodes as active.

General Stage. The input to a general stage consists of at most n/logn
pointers p(i), each p(i) pointing to an element in block B;. Each node N(p(i))



102 Chapter 3 Lists and Trees
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FIGURE 3.4
The state of each active node during the first stage of the list-contraction
algorithm. Each such node either is removed, or becomes a ruler or a subject.

is labeled either active or a ruler. If N(p(i)) is a ruler, then the next subject
(given by the original successor relation) is removed and is labeled removed.
The node N(p(i)) becomes an active node if the removed node was its last
subject. We now proceed just as in the first stage by removing active nodes
that are isolated and breaking each sublist of the remaining active nodes into
chains of length O(log log n). Figure 3.5 illustrates what happens to a ruler or
an active node during a general stage.

Finally, the pointers of the removed and the subject nodes are advanced,
and the corresponding new nodes are labeled active. :

List-Contraction Algorithm. The algorithm describing a general stage per-
formed by processor P; is given next, where 1 < i < n/log n. We do not give
our algorithm in the WT presentation level because it is just as easy to
describe it in terms of the sequence of operations to be performed by each
processor. Processor P; is responsible for processing block B;.
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The state of each active or ruler node during a general stage of the list-
contraction algorithm. A ruler can either stay a ruler or become an active node.
An active node either is removed, or becomes a ruler or a subject.
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ALGORITHM 34
(Contracting a List)

Input: A linked list with n nodes given by the successor array S,
which is partitioned into nflog n blocks {B;} such that (1) a pointer
p(i) to a node N(p(i)) in block B; is given; (2) each node N(p(i))
is labeled either active or a ruler; and (3) each of the remaining
nodes is labeled either inactive or a subject.

Output: A contracted list such that (1) a subject from each chain and
all isolated active nodes are removed; (2) each nonempty block B; has
a pointer p(i) such that N(p(i)) is labeled either active or a ruler.
A general stage: (Algorithm for Processor P;)

begin

L. If N(p(i)) is a ruler, remove the next subject. Label N(p(i))
active if this was the last subject in its chain.

2. If N(p(i)) is active and isolated, remove N(p(i)) and label
N(p()) as removed.

3. If N(p(i)) is active, then color N(p(i)) by applying the basic
coloring procedure (Algorithm 2.9) twice. Label N(p(i)) as a
ruler if its color is a local minimum. Otherwise, label N(p(i))
as a subject.

4. If N(p(i)) is labeled removed or a subject, then set p(i) =
p(i) + 1. If p(i) crosses the border of B, then exit. Otherwise,
label N(p(i)) as active.

end

Lemma 3.4: Algorithm 3.4 shrinks the input list by removing the isolated active
nodes and a subject from each chain, and creates new active nodes and possibly
new chains of length O(log log n) such that each nonempty block B; has a
pointer p(i) with N(p(i)) labeled either active or a ruler. The algorithm can be
implemented in O(1) time, using O(n/log n) operations. a

Complexity Bounds of the List-Contraction Algorithm. It remains to be
shown that, after O(logn) iterations, the number of remaining nodes is
O(n/log n). To demonstrate this fact, we need to discuss an additional technical
detail related to the process used in selecting the rulers and the subjects at each
stage. This detail is needed to carry out the analysis on the number of iterations.

Suppose we have a chain of length O(log log n) formed by the nodes
N(p(i1)), N(p(i2)), - -+ , N(p(ix)). Let a(i;) be the index of N(p(i;)) within its
block (starting from O for the first element up tolog #» — 1 for the last element
of the block). We would like the ruler of a chain to be the node with the largest
index, say a(i;) = max; <;<x{a(i;)}. This has to be accomplished in O(1) time
using a linear number of operations. We can take each local maximum with
respect to the indices a(i;)’s to be a ruler. The subjects associated with such
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a ruler are located between two local minima that trap the ruler (one of the
local minima may not exist). Figure 3.6 illustrates the possible structure of a
chain with respect to the indices af(i;)’s.

Since we can traverse the list backward (by using the predecessor array
P) instead of forward to remove the subjects, each stage can still be executed
in O(1) time, using a linear number of operations. In the analysis given next,
we assume that the index of the ruler of each chain is the maximum among
the indices of its subjects, and that each chain is of length less than or
equal to log log n.

We are now ready to show that after O(log n) stages, the number of the
remaining nodes is O(n/log n).

Lemma 3.5: After O(log n) stages of Algonthm 3.4, the number of remaining
nodes is O(n/log n).

Proof: Since the nodes of the different blocks are processed at different rates,
the analysis depends on an accounting scheme that assigns a weight to each
node depending on that node’s location within its block. Let g = 1/log log n.
Initially, each block has log n nodes. The ith node from the top of its block is
assigned a weight of (1 — g)¢, for 0 < i < log n. Therefore, as we move down
ablock, the weight of a node decreases and thus its contribution becomes less
important. The total weight of each block is Xo<;< g, (1 — g)' < 1/g, and
the total weight of all the items is less than n/q log n.

We will show that, after O(log n) stages, the weight of the elements
remaining in the list is at most (n/logn) (1 — ¢)!°¢”, which implies that
O(n/log n) elements remain, since the smallest weight is (1 — ¢)'%8”~

Ruler

—~—

New Chain

FIGURE 3.6

The structure of the sequence a(j) corresponding to a chain. An example of a
new chain and its ruler is illustrated.
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Claim: After each stage, the total weight of the elements that have not been
removed is reduced by at least a factor 1 — (g/4).

Proof of Claim: We distribute the total weight of the elements remaining in
the list among the blocks as follows. With each block B;, we associate not only
the elements remaining in B;, but also the subjects of N(p(i)), if N(p(i))
happens to be a ruler. The weight of a block is the sum of the weights of all the
elements associated with that block. Figure 3.7(a) illustrates the elements
associated with B; when N(p(i)) is an active node; Figure 3.7(b) covers the
case where N(p(i)) is a ruler. Notice that, during any stage, each remaining
node is associated with exactly one block.
Three separate cases can occur:

1. An active node is removed as an isolated node (step 2 of Algorithm 3.4).
Suppose this node is the ith node. The weight of its block has been
reduced from X< jogn(1 = g¥ 10 Xit i< 10ga(l — gY, which is less
than (1 — q)zisj<logn(1 - q)’ =(1- %)Zi5j< logn(1 - q)l

2. An active node is labeled as a subject (step 3 of Algorithm 3.4). Consider
the chain containing this node and all the associated blocks. The weight
of a node will be reduced by a factor of > when the node becomes a

FIGURE 3.7
The elements marked by x are associated with block B; when (a) N(p()) is
active and (b) when N(p()) is a ruler.



3.1 List Ranking 107

subject, and the remaining 2 will be accounted for when the subject is
removed. Suppose the weight of the ruler is (1 — )", and the weights
of the subjects in the chain are (1 — g)%, where 2 < j < k for some
k. As we have seen, we can assume i to be the largest index among
the i;’s. The total weight of all the blocks associated with this chain
isQ = 21 ' 2,,_1<|ogn (1 — g)". The selection of the subjects reduces
thewelght toQ - J 2 (1 — g). Notice that ¥, _/ 1., (1 = @)' <
(1 - q)b (the left hand side is a geometric serles) Hence, Q <

121 (=@ =23, (1 - q), smcetl isthe largest index. This latter
mequahty implies that qQ/4 < (1/2)2 ,(1 — q)¥, and therefore Q —
12 (-9 = (1= Do

3. The current node is a ruler and removes a subject (step 1 of Algorithm
3.4). Let the ruler be of weight (1 — g)*, and the subjects be of weights
(1 = g)2, ... ,(1 — g)*. Without loss of generality, assume the element
of heaviest weight—say, of weight (1 — g)"2—is removed. If the element
removed is not the heaviest, we can rearrange the weights so as to assign
the heaviest weight to the removed node. The total weight of the block
and the subjects of the ruler is given by @ = Z,l<,<,og,, 1-gq)'+
3 13 P k (1 — q)’. After we have removed the subject, the weight reduces

0Q — 1 (1 - g)2 Asbefore, T, - <o (1 — g) < (1/g)(1 — g)"; hence,
i< <iogn(l = @) < (Ug)(1 = q)" Moreover, (1/2) Z;<, i (1 = q)" <
% (1 — g)2since (1 — g)" is the heaviest element among the subjects.
Since the length & of each chain is less than or equal to loglog n = 1/g,
we obtain 13, _,(1 — g)» < (1/29) (1 — g)™. It follows that Q <
(3129)(1 — )™, which in turn implies that 0 — 1(1 - g) = (1 - ).

Since, at each stage, the total weight is reduced by a factor of at least
(1 — (g/4)), we see that after 5 log n stages, the total weight is reduced to
(n/qg logn)(1 — (gq/4))°'°8”. It can be shown that (n/g logn)(1 -
(g/4))3198" < (nflog n)(1 — g)'8”, for large enoughn (see Exercise 3.6). Thus,
the proof follows, since the smallest weight is (1 — g)'°8” 1, O

Theorem 3.2: The list-ranking problem on a list with n nodes can be solved in
O(log n) time, using a linear number of operations.

Proof: Each stage of the contraction algorithm (Algorithm 3.4) requires O(1)
time using O(n/log n) operations. After O(log n) iterations, the number of
nodes remaining in the list is O(n/log n). Thus, the whole contraction process
takes O(log n) time, using O(n) operations. We can now apply the pointer
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jumping technique to rank all the remaining elements in O(log n) time, using
O(n) operations. As we have seen before, the reverse process can be com-
pleted within these bounds. |

PRAM Model: Algorithm 3.4 does not require any concurrent memory ac-
cess. Hence, the optimal O(log n) time list-ranking algorithm runs on the
EREW PRAM model. O

Next, we introduce the Euler-tour technique that uses the optimal
O(log n) time list-ranking algorithm.

3.2 The Euler-Tour Technique

Let T = (V, E) be a given tree and let T" = (V, E’) be the directed graph
obtained from T when each edge (u, v) € E is replaced by two arcs (i, v) and
(v, u). Since the indegree of each vertex of 7" is equal to its outdegree, 7" is an
Eulerian graph; that is, it has a directed circuit that traverses each arc exactly
once. It turns out that an Euler circuit of 7" can be used for the optimal
parallel computation of many functions on 7. We start by examining how we
obtain such a circuit; we then use it to develop optimal parallel algorithms for
computing several tree functions.

3.2.1 EULER CIRCUITS

An Euler circuit of 7" = (V, E’) can be defined by specifying the successor
function s mapping each arce € E’ into the arcs(e) € E’ that follows e on the
circuit. There is a simple way to introduce a suitable successor function. For
each vertexv € Vof the tree T = (V, E), we fix a certain ordering on the set
of vertices adjacent to v—say, adj(v) = (ug, U1, ... , U4—-1), where d is the
degree of v. We define the successor of each arce = (u;,v) as follows: s((u;, v)) =
(v,u(,»ﬂ)modd), for0<i=<d-1.

EXAMPLE 3.4:

Atree T = (V, E) and an ordering of the vertices adjacent to each vertexv are
shown in Fig. 3.8(a) and (b). The successor function gives rise to the table
shown in Fig. 3.8(c). Consider, for instance, the vertex 5 whose adjacent
vertices are given by adj(5) = (8,4, 9). Such a list implies that s((8, 5)) = (5, 4),
5((4,5)) = (5,9),and s({9, 5)) = (5, 8) as indicated in the successor table. The
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reader should verify that the successor table does indeed specify an Euler
circuit of the directed graph 7" = (V, E’). Starting with the arc (9, 1), the
circuit defined by the successor function is shown in Fig. 3.8(d). O

v adj(v) Arc Successor
1 9 9, 1) (1,9
2 9 (9,2) (2,9
3 4 (4,3 (3,4)
4 5,3,7,6 (5,4 (4,3)
5 8,4,9 (3,4 4,7
6 4 (7,4) (4,6)
7 4 (6,4) (4,5)
8 5 (8,5 (5, 4)
9 5,2,1 (4,5 (5,9)
9,5 (5,8
(b) (4,6) (6,4)
4,7 (7,4
(5,8 (8,5
(5,9 9,2
2,9 9, 1)
(1,9) 9,5

(©)

9, 1) > (1,9>>5 (9,55 (5, 8)>(8,5)—(5,4)—
(4,3 (3, D> 4, 1> (7, 4)>(4,6)>(6,4)>
(4,5 (5,9>> (9,2)> 2,9)> (9, 1)

(d)

FIGURE 3.8

The Euler circuit of the tree for Example 3.4. (a) An input tree T = (V, E); (b) an
ordering of the vertices adjacent to each vertex; (c) the successor function defined
on the set of arcs; (d) the resulting Euler circuit, starting with the arc (9, 1).
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Lemma 3.6: Given a tree T = (V, E) and an ordering of the set of vertices
adjacent to each vertex v € V, the function s defined previously specifies an Euler
circuit in the directed graph T' = (V, E’), where E' is obtained by replacement
of each e € E by two arcs of opposite directions.

Proof: We have already observed that the directed graph 7" = (V, E') is
Eulerian. Given the successor function s, each arce € E’ is assigned a unique
successor and is the successor of a unique arc. It remains to be shown that s
defines one cycle and not a set of arc-disjoint cycles. The proof is by induction
on the number 7 of vertices.

The base case n = 2 is straightforward. Hence, let n > 2, and assume
that the induction hypothesis holds for any tree with less than n vertices.

Let T = (V, E) be a tree with n vertices, and let v € V' be a leaf. Denote
by u the vertex adjacent tov. It follows that adj(v) = (u), which implies that
s((u, v)) = (v, u). Suppose adj(u) = (..., v',v,v", ...), where v' and v"
could be the same (see Fig. 3.9). In this case we haves((v',u)) = {u, v) and
s(v,u)) = (u,v").

Remove v from V. Hence, adj(u) becomes the list ..., v',v", ...). For
the resulting new tree T, the successor of each of its arcs remains the same
as before, except for the arc (v', u), whose new successor is given by (u, v"). By
the induction hypothesis, the successor function s defines an Euler circuit on
T;. Replacing s((v', u)) = (u, vy by s((v', u)) = (u, v) and s({v, u)) = (u,v")
results in an Euler circuit for 77, and therefore the lemma follows. O

FIGURE 3.9
A leaf v in a tree T and the vertices adjacent to the vertex u.
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In summary, given a tree T = (V, E) and an ordering of the set of
vertices adjacent to each vertex v, an Euler circuit of the directed graph 7" =
(V, E") can be easily specified. We call the Euler circuit of 7" the Euler tour of 7.

We now turn into the algorithmic aspects of constructing an Euler tour
from the given tree T = (V, E). Notice that the degree of each vertexv € Vis
not necessarily bounded, and no assumption is made concerning whether or
not the tree is rooted.

A possible representation of T consists of the adjacency lists of the
vertices. More precisely, for each vertex v € V, the vertices adjacent to v are
given in a linked list—say, L[v] = (uo, u1, ... ,uq—)—in some order, where
d is the degree of v. In the directed graph 7" = (V, E"), L|v] can be viewed as
representing the outgoing arcs of v—that is, the arcs (v, ug), (v, uy), ...,
(v, ug—1). In other words, the node of the list L{v] containing u; uniquely
represents the arc (u;, v). Since v appears on the lists L[u;], the corresponding
nodes represent the arcs (v, u;) for 0 < i = d ~ 1. Therefore the adjacency
lists L[v]'s represent uniquely all the arcs in the directed graph 7" = (V, E’). In
addition, the linked list L [v] implies an ordering on the set of vertices adjacent to
v, for each v € V. Figure 3.10 shows a tree and the corresponding linked lists.

Consider the successor function s introduced previously, using the or-
dering implied by the adjacency lists. Then, s({u;, v)) = (v, t4(, + 1)moda)> Where
u; is the ith vertex on L[v], where 0 < i < d — 1.

Given the node containing vertex u;, we need two pieces of infor-
mation to determine the successor function: (1) the arc (u;, v), and (2) the suc-
CCSSOT Ui 4 1)modd Of u; on the list L{v] (which uniquely identifies the arc
(v, Ui + 1ymoad))- The successor information is immediately available except
whenu; is at the end of the list. We can handle the latter case by making each
adjacency list circular. To obtain arc (u;, v), we assume that the node holding
vertex u; in the list L[v] has an additional pointer to the node containing v in
L[u; ] (which uniquely represents the arc (u;, v}).

It follows that a node on each circular adjacency list consists of a vertex,
say u, and two pointers. One pointer can be used to deduce the vertex u’
following u on the adjacency list of some vertex v, and hence arc (v, u’). The
other pointer can be used to obtain the arc (u, v) of T".

EXAMPLE 3.5:

A tree T and its adjacency lists with the additional pointers are shown in Fig.
3.11. Consider an arbitrary vertex—say, vertex 5. Vertex 5 appears on the list
L[2]. The node containing vertex 5 has a pointer to a node containing vertex
2. Hence, we can use this pointer to deduce the arc (5, 2) of T'. We can also
use this node to conclude that vertex 6 comes after vertex 5 in the adjacency
list of vertex 2, and to deduce arc (2, 6). a

We are now ready for the following theorem.
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Y
[

(b)

FIGURE 3.10

A tree and the corresponding linked list. (a) A tree T. (b) The adjacency lists of
T, where each vertex v has a pointer to a linked list containing the vertices
adjacent to v.
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FIGURE 3.11

The tree and the adjacency lists for Example 3.5. (a) An input tree; (b) The

tree’s representation by the circular adjacency lists with the additional pointers.
Each node consists of a vertex and two pointers.
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Theorem 3.3: Given a tree T = (V, E) defined by the adjacency lists of its
vertices with the additional pointers as described previously, we can construct an
Euler circuit in T' in O(1) time using O(n) operations, where |V| = n.

Proof: Consider an arbitrary node of the adjacency lists. This node holds a
vertex—say u—and a pointer to its successor holding, say vertex «’', and
another pointer to a node holding a vertex v. Clearly, (u, v) is an arc such that
s({u, v)) = (v, u"). For each node, this operation can be carried out in O(1)
time, since the pointers in the node holding vertex u uniquely identify arcs
(u, v) and (v, u’). Therefore, the Euler circuit can be generated in O(1) time,
using a linear number of operations for the given input representation. [

PRAM Model: We canobtain the successor of each arc by examining each node
separately. Hence, the procedure to compute the Euler tour does not require
any simultaneous memory access. It follows that computing the Euler tour
can be performed on the EREW PRAM model within the stated bounds. [

Remark 3.4: From now on, whenever the Euler tour is used, the input tree is
assumed to be represented by the set of circular adjacency lists with the
additional pointers as we have described. O

3.2.2 TREE COMPUTATIONS

We now discuss several applications of the Euler-tour technique to comput-
ing tree functions.

Rooting aTree. The Eulertourofatree T = (V, E) can be used to process
Tand to compute several functions on T efficiently. We start with the problem
of rooting T at a vertex r; that is, for each vertex v # r, we determine the
parent p(v) of v when T is rooted at r.

As before, let T' = (V, E’) denote the directed graph obtained from T
by replacing each edge of E by two arcs of opposite directions. We find the
Euler tour of T by computing the successor function s. Let the adjacency list
of vertexr be given by L{r] = (ug,uy, .~. ,uy—1). Break the Euler tour at r by
setting s({uy—1,7)) = 0. We now have a directed Euler path in T’ that begins
at r, visits each arc exactly once, and ends at r.

Consider the ordered list EP of the arcs on the Euler path EP = (e; =
(r, ug), ea = s(ey), s(ea), ..., (ug—1, r)). The list EP can be viewed as the
process of traversing the tree T as follows. We begin by visiting the root 7,
followed by visiting the vertex ug adjacent to r. The same search process is
applied to the subtree rooted at ug. Once all the vertices in the subtree rooted
at ug are explored, we visit «|, and proceed as before. The reader should
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verify that the traversal induced by the Euler path EP is a depth-first search
of the tree T starting at vertex r. In particular, confirm that arc {(p(u), u)
appears on the list EP before arc (u, p(u)), when the tree T is rooted at r.

EXAMPLE 3.6:

Consider again the tree T = (V, E) shown in Fig. 3.11(a). Suppose we want
to root T at vertex 1. We break the corresponding Euler circuit by setting
5({4, 1)) = 0. Starting from the root 1, the Euler path consists of a depth-first
traversal of the vertices of the tree as follows: 1,2, 5,2,6,2,7,8,7,9,7,2, 1,
3,1, 4,1 (see Fig. 3.12). Notice, for example, that arc (2, 7) appears before arc
(7, 2) on the Euler path, and that 2 is the parent of 7. a

The algorithm can now be stated more formally.

ALGORITHM 3.5
(Rooting a Tree)

Input: (1) A tree T defined by the adjacency lists of its vertices, (2)
an Euler tour defined by the successor function s, and (3) a special
vertex r.
Output: For each vertexv # r, the parent p(v) of v in the tree rooted
atr.
begin
1. Identify the last vertex u appearing on the adjacency list of r.
Set s({u, r)) = 0.
2. Assign a weight of 1 to each arc (x, y), and apply parallel prefix
on the list of arcs defined by s.
3. Foreach arc {x,y), setx = p(y) whenever the prefix sum of (x,y)
is smaller than the prefix sum of (y, x).
end

Lemma 3.7: Given a tree T = (V, E) represented by the circular adjacency lists
with the additional pointers as described previously, and a special vertex r, we
can root the tree T by specifying the parent p(v) of each vertex v € V in O(log n)
time, using a linear number of operations, where |V| = n. O

Postorder Numbering. Another application of the Euler-tour technique is
the processing of the vertices of a tree in a certain order. Suppose, for example,
that we wish to determine the postorder traversal of the tree T rooted at r.
The postorder traversal of T consists of the postorder traversals of the
subtrees of  from left to right, followed by the root 7. For our rooted tree 7 =
(V, E), we define the left-to-right ordering of the children of a vertex as the
ordering implied by the Euler path EP. That is, the children of a vertex v are
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visited (each for the first time) from left to right on the Euler path EP. Notice that
the children of the root r appear in a left-to-right ordering in the adjacency list
L[r], but this ordering does not necessarily occur for the remaining vertices.

The goal is to determine the postorder number post(v) of each vertex
v—that is, v’s rank in a postorder traversal of T.

The Euler path EP can be used to determine the postorder traversal of
T as follows. The path EP visits each vertex v several times, the first time using
the arc (p(v), v) and the last time using the arc (v, p(v)) after visiting all the
descendants of v. Therefore, the ordered sublist of vertices obtained by
retention of only the last occurrence of each vertex defines precisely the
postorder traversal of the vertices of T. The postorder number of each vertex
is computed by the following algorithm.

ALGORITHM 3.6
(Postorder Numbering)

Input: (1) A rooted binary tree with root r, and (2) the corresponding
Euler path defined by the function s. ‘
Output: The postorder number post(v) of each vertex v.
begin
1. For each vertexv # r, assign the weights w((v, p(v))) = 1 and
w((p(v),v)) = 0.
2. Perform parallel prefix on the list of arcs defined by s.
3. Foreach vertexv = r, set post(v) equal to the prefix sum of (v,
p()). Forv = r, set post(r) = n, where n is the number of vertices
in the given tree.
end

EXAMPLE 3.7

Consider the tree of Fig. 3.12(a) (which is the same as the one shown in Fig.
3.11a) and its Euler tour. The weight and the prefix sum of each arc in the
corresponding Euler path are shown in Fig. 3.12(b). From the prefix sums, we
obtain the following: post(5) = 1, post(6) = 2, post(8) = 3, post(9) = 4,
post(T) = 5, post(2) = 6, post(3) = 7, post(4) = 8. We also have post(1) = 9.
The reader can verify that this numbering corresponds to a postorder tra-
versal of the given tree. O

Computing the Vertex Level. Another useful operation is to compute the
level level(v) of each vertex v, which is the distance (number of edges) be-
tweenv and the rootr. We again use the Euler path of T rooted atr. We assign
w({p(v),v)) = +1,andw({v,p(v))) = —1, and perform parallel prefix on the
list defining the Euler path. Then, we set level(v) to be equal to the prefix sum

of (p(v), v).
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(a)

Euler Path | Weight | Prefix Sums
(1,2) 0 0
{2,5) 0 0
(5,2) i 1
(2,6) 0 1
{6,2) 1 2
2,7 0 2
(7,8) 0 2
(8,7 i 3
(7,9 0 3
9,7 1 4
(7,2 1 5
2, 1) 1 6
(1,3 0 6
3, 1) 1 7
(1,4 0 7
4, 1) i 8

—~
(=
=

FIGURE 3.12

The tree and Euler tour for Example 3.7. (a) A tree rooted at vertex 1. (b) A
table showing the arcs in the order they appear on the Euler path, the weight
assigned to each arc, and the prefix sums needed for the postorder numbering
or for computing the size function. The prefix sum of arc {v, p(v)) is the post-
order number of vertex v, and size(v) is equal to the difference between the
prefix sums of (v, p(v)) and {p(v), v).
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Computing the Number of Descendants. The two previous tree functions,
along with two new ones, can be summarized in the following theorem.

Theorem 3.4: Let T be a tree with n vertices rooted at r given by the adjacency
lists as we have described. Each of the following computations can be done
optimally in O(log n) time on the EREW PRAM.

1. Computing the postorder number of each vertex

2. Computing the level of each vertex

3. Computing the preorder number of each vertex

4. Computing the number of descendants of each vertex

Proof: Claims 1 and 2 have already been established; claim 3 will be left to
Exercise 3.13. We now prove claim 4 by showing how to compute the number
of descendants of each vertex.

Letsize(v) be the number of vertices in the subtree rooted at v. Consider
the Euler path EP defined by the successor function s. We apply the parallel
prefix algorithm to the list EP using the weight w({p(v), v)) = 0 and w({v,
p(v))) = 1, for each vertex v # r. Then, size(v) is equal to the difference
between the prefix sums of (v, p(v)) and { p(v), v}, since all the arcs appearing
between (p(v), v) and (v, p(v) ) on the Euler path EP belong to the subtree
rooted atv (v # r). 0

EXAMPLE 3.8:

We wish to determine the size function on the tree rooted at vertex 1 shown
in Fig. 3.12. For each v = 1, arc (v, p(v)) is assigned a weight of 1, and each of
the remaining arcs is assigned a weight of 0. The prefix sum of each node on
the EP list is also shown. We can determine the size function by using these
prefix sums. For example, size(2) is equal to the difference between the prefix
sum of (2, 1) and the prefix sum of (1, 2), which is equal to 6. Similarly, we can
determine the size function for all the remaining vertices. 0

3.3 Tree Contraction

In Section 3.2, we presented the Euler-tour technique and a few of its appli-
cations in computing tree functions. Other applications are covered in Sec-
tion 3.4 and in Chapter 5. However, there are important tree problems that
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cannot be solved efficiently with this technique alone. Consider, for example,
the expression evaluation problem.

A given arithmetic expression is represented with a binary tree such that
a constant is associated with each leaf, and an arithmetic operator—say, +,
—, X, or +—is associated with each internal node. The goal is to compute
the value of the expression at the root. On some occasions, we will also be
interested in computing all the subexpressions defined at the internal nodes.
This type of problem can be handled efficiently by tree contraction.

Tree contraction is a systematic way of shrinking a tree into a single
vertex by successively applying the operation of merging a leaf with its parent
or merging a degree-2 vertex with its parent. The expression evaluation
problem provides a justification for such a process. A leaf u holds a constant
value, which can be incorporated into the data stored at the parent p(u).
Removing a vertex v of degree 2 amounts to postponing the evaluation of the
subexpression at v and incorporating its effect into the data stored at the
parent p(v). More details about the expression evaluation problem are pro-
vided in Section 3.3.1.

We next introduce an operation that captures this merging process.

3.3.1 THE RAKE OPERATION

Let T = (V, E) be a rooted binary tree, with root r such that, for each vertex
v, where v # r, p(v) represents the parent of v. For clarity, we assume that
each internal vertex has exactly two children.

We introduce the primitive operation, called rake, on T as follows.
Given a leaf u such that p(u) = r, the rake operation applied at u consists of
removingu and p(u) from T and connecting the sibling of u, denoted by sib(u),

o p(p(u))-

EXAMPLE 3.9:

Figure 3.13 shows what happens when the rake operation is applied to node 1 of
the tree of the left-hand side. This operation results in removing nodes 1 and 3,
and in making node 4 the parent of node 2, as shown in the right-hand tree. [

Our algorithm for tree contraction uses the rake operation as the prim-
itive operation to reduce a given input binary tree into a three-node tree
consisting of the root and two leaves. The main technical difficulty lies in
avoiding the concurrent rake of two leaves whose parents are adjacent. We
can avoid that difficulty by a careful application of the rake operation to
nonconsecutive leaves as they appear from left to right.
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VAN
VAWAN
/\

The process of raking a leaf applied to node 1 of the tree on the left-hand side.
Nodes 1 and 3 are removed, and node 4 is made the parent of node 2, and
the resulting tree is shown on the right-hand side.

AN
ave

For a given array A, A,q44 is the subarray of 4 consisting of the odd-
indexed elements of 4 (that is, ay, a3, as, - --). We define the subarray 4, en
in a similar fashion. It is easy to check that, once A and its length are given,
Aodg and Ay, and their lengths can be determined in O(1) time, using a
linear number of operations.

We are ready to present our tree contraction algorithm using the rake
operation.

ALGORITHM 3.7

(Tree Contraction)

Input: (1) A rooted binary tree T such that each vertex has exactly
two children, and (2) for each vertex v different from the root, the
parent p(v) and the sibling sib(v).
Output: T is contracted to a three-node binary tree.
begin
1. Label the leaves consecutively in order from left to right,
excluding the leftmost and the rightmost leaves, and store the
labeled leaves in an array A of size n.
2. for rlog (n + 1)1 iterations do
2.1 Apply the rake operation concurrently to all the elements
of Ayqq that are left children.
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2.2 Apply the rake operation concurrently to the rest of the
elements in A,gg.
2.3 Set A: = Agpen.

end

EXAMPLE 3.10:

Consider the tree T given in Fig. 3.14(a). In this case,4 = (1,2, 3,4,5,6,7),
Apaa = (1,3,5,7), and Aeven = (2, 4, 6). During the first iteration of the for
loop, the rake operation is applied to only vertex 3, as specified by step 2.1.
This step contracts the given tree to the one shown in Fig. 3.14(b). Step 2.2 of
the first iteration results in applying rake to vertices 1, 5, and 7, giving us the
tree shown in Fig. 3.14(c). At the end of the first iteration, we have 4 = (2, 4,
6). The second iteration of the loop rakes leaves 2 and 6 (step 2.2), resulting
in the tree shown in Fig. 3.14(d). Finally, the third iteration shrinks the tree
to the three-node tree shown in Fig. 3.14(e). O

Theorem 3.5: The tree-contraction algorithm (Algorithm 3.7) correctly con-
tracts the input binary tree into a three-node binary tree. This algorithm can be
implemented on the EREW PRAM in O(log n) time, using a linear number of
operations, where n is the number of vertices in the input tree.

Proof: Note that, whenever the rake operation is applied concurrently to
several leaves, the parents of any two such leaves are not adjacent, and hence
rake is applied correctly. At the end of each iteration of the main loop, the
number of leaves decreases from m to un/21, where m is the number of
leaves at the beginning of the iteration. Hence, after rlogn 1 iterations, all
the leaves disappear except the leftmost and rightmost leaves. Therefore, the
final tree consists of the root and these two leaves.

Step 1 can be implemented by using the Euler-tour technique. Note
that the leaves appear from left to right on the Euler path of T. The rake
operations are applied in parallel. Hence, steps 2.1 and 2.2 take O(1) time
during each iteration. Step 2.3 takes O(1) time as well. The number of
operations required by each iteration is O(|4|), where |A| is the current size
of the array 4. Since |4,n| < |4|/2, the total number of operations needed
for the completion of the loop is O(2;(n/2')) = O(n). Therefore, the overall
time is O(log n), and the total number of operations is O(n). O

Note that we do not really need to introduce the subarrays 4,4; and
Aeven in Algorithm 3.7, since the leaves can be stored consecutively in an
array, and at each iteration we know the exact positions of the leaves to be
removed.
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FIGURE 3.14

Tree contraction. (a) Initial tree; (b) tree after raking of node 3; (c) tree after
raking of nodes 1, 5, and 7; (d) tree after raking of nodes 2 and 6; (e) the final
tree obtained after raking of node 4.

3.3.2 EVALUATION OF ARITHMETIC EXPRESSIONS

We now show how to use the tree-contraction algorithm (Algorithm 3.7) for
the evaluation of arithmetic expressions. Suppose we are given a rooted
binary tree T = (V, E), such that each leaf w contains a constant c,,, and each
internal node u contains either the addition operator + or the multiplication
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operator X. We assume that each internal vertex has exactly two children. It
is simple to modify the algorithm given in this section for the case where some
vertices have single children. The expression evaluation problem is to deter-
mine the value of the expression at the root of T, denoted by val(T).

An intuitive approach for the parallel evaluation of an expression tree
is to evaluate each subexpression at an internal node v whose two children are
leaves, for all such nodes concurrently. Repeat the process until the value of
the root is determined. This approach works well whenever the tree is rea-
sonably well balanced, since many nodes are likely to be eliminated during
each stage. On the other hand, very few nodes may be removed during each
stage whenever the input tree is long and skinny. In the extreme case, when
we have a long chain with leaves attached to it, the previous process requires
a linear number of iterations and hence prov1des no improvement over the
sequential algorithm.

To remedy this situation, we relax the constraint that the value of each
node has to be fully determined before it can be eliminated. Instead, a node
having only a single child that is a leaf can be partially evaluated and then
removed. To accomplish this partial evaluation, we associate with each node
v € V alabel (ay, b,) representing the linear expressiona, X + b,, wherea,
and b, are constants, and X is an indeterminate that stands for the possibly
unknown value of the subexpression at node v.

During the process of evaluating the expression tree, some nodes are
removed and the labels (a,,, b,,) of remaining nodes are adjusted such that the
following invariant is maintained.

Invariant (I): Let u be an internal node of the current tree such that 4 holds
the operator- € {+, X }and has thetthildren v and w whose labels are (a,, b,)
and (ay, by,), respectively. Then, the value of the subexpression at u is given
by val(u) = (a,val(v) + b)) (ay,val(w) + by). O

Initially, we assign the label (1, 0) to each node v € V. The invariant (I)
holds trivially in this case. We use the tree-contraction algorithm (Algorithm
3.7) to reduce the given input tree T into a three-node tree 7" such thatval(T) =
val(T"). We augment the rake operation by adjusting the labels (a, b) so as to
maintain the invariant (I).

Letv be aleaf and let w be its sibling. When we apply the rake operation
to v, nodes v and u = p(v) are removed; hence, their contributions to the
subexpression computed at node p(u) have to be incorporated into the pair of
values (a, by, stored at w (see Fig. 3.15). Assume, without loss of generality,
that v is a left child and that u contains the operator , € {+, X}. The value
of node u is given by val(u) = (a,c, + b,) u(a,X + by), where X is the
unknown value of node w, assuming that the invariant (I) holds before the
rake operation. Hence, the contribution of va/(u) to the node p(u) is given by
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E = ayval(u) + b, = a,[(a,c, + by),(@awX + b,)} + by, which is a linear
expression in X (that is, the unknown value of the subexpression of w) after
simplification. Therefore, we can remove v and u, and adjust the pair (a, by )
as implied after simplifying the expression E. The invariant (I) is then clearly
maintained.

Our algorithm for evaluating arithmetic expressions consists of an ini-
tial assignment of the label (1, 0) to each node of the tree, and an application
of the tree-contraction algorithm (Algorithm 3.7) such that each rake oper-
ation is augmented as specified in the previous paragraph. Once the tree-
contraction algorithm terminates, we have a three-node tree T’ with a root r
holding an operator - and two leaves u and v containing the constants c,, and
¢y. Let (a,, b,) and (a,, b,) be the labels of u and v, respectively, in the tree
T'. Then, by the invariant (I) we have val(T) = val(r) = (a,c, + b,) (ayc, +
b,). We therefore have the following theorem.

Theorem 3.6: Given a binary tree T representing an arithmetic expression, the
tree-contraction algorithm (Algorithm 3.7) with the augmented rake operation
as we have specified can be used to compute val(T) in O(log n) time, using a
linear number of operations. O

EXAMPLE 3.11:

An expression tree with the initial labels (1, 0) is shown in Fig. 3.16(a). During
the first iteration of the for loop of the tree-contraction algorithm (Algorithm

p)

@, b',)

’
w?

’ —_—
a’', =ay/fa.c, + ba,,

b, =afa.c,+b)b, +b,

FIGURE 3.15

An example of the rake operation applied to node v as needed for evaluating
arithmetic expressions, assuming, in this case, that -, = x. Note that ay,
and by, are obtained after we have simplified the expression ay[{a,cy + b)) x
(@awX + bw)] + by.
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3.7), the node marked by * is raked, thereby generating the tree in Fig. 3.16(b).
Note that the label of the node holding — 5 changes from (1, 0) to (1, 2). Next,
the two starred nodes are raked, and the tree is reduced to the one shown in
Fig. 3.16(c). During the second iteration, one node is raked, resulting in the
tree shown in Fig. 3.16(d). Finally during the third iteration, a single node is
raked, and we end up with the three-node tree shown in Fig. 3.16(e). Consider
the new label (4, 14) of the node containing 4. This label is derived from the
expression 2[(2X + 10) + (= 5 + 2)] + 0 = 4X + 14. The value of the root
expression is given by (4 X 4 + 14) + (20 x 1 + 0) = 50. O

We can use the same algorithm to compute the values of all the subex-
pressions by adding a procedure to process the tree in the reverse order by
restoring the nodes removed at each iteration and updating the values of their
subexpressions. We leave the details to Exercise 3.18.

(L0 (1,0) (1,0)

(1,0 1,0 (1,0) (1,0)
(a) (b)

FIGURE 3.16
Expression evaluation by tree contraction for Example 3.11. (a) An initial
expression tree. (b) The tree obtained after raking of the starred node in (a).
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(2,10 (1.2)
(d)

(1L0)

(L5 (Lo e
(©)

(4. 14) (1.0)

(e)

FIGURE 3.16 (continued)
(©) The tree generated at the end of the first iteration of the tree-contraction
algorithm. (d, ) The trees obtained during the last two iterations.

3.3.3 COMPUTATION OF TREE FUNCTIONS

Let (U, *) be a commutative semigroup with an identity element e. Hence, U
is a set of elements with a binary operation *, such that  is associative and
commutative and x*¢ = exx = x, for all x € U. Suppose we are given an
arbitrary tree T = (V, E), such that each vertex v is labeled with an element
I(v) € U. We consider the problem of computing, for each vertex v, the
element L(v) € U that results from applying the operation * to all the ele-
ments in the subtree rooted at v.

EXAMPLE 3.12:

Let U be the set of nonnegative integers, and let * be the minimum operator.
Add the identity element + o to U. Then, L(v) is the minimum element in
the subtree rooted at v. O

We outline an O(log n) time optimal algorithm to solve this problem.
We start by making the tree T binary as follows. Each vertex v with more than
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two children is replaced by a balanced binary tree whose leaves are the
children of v. The following example shows how this replacement is done.

EXAMPLE 3.13:

In Fig. 3.17, each of the vertices 1, 2, and 4 has more than two children. Vertex
2 is replaced with a complete binary tree with two additional vertices 2’ and
2", and each of the vertices 1 and 4 requires the insertion of only one addi-
tional vertex. Note that, if we ignore the newly inserted vertices, the set of
descendants for each vertex remains the same (although the sibling relation-
ship among the descendants may change). O

Once T has been made binary, we associate with each new internal vertex
the label e (identity element). It is clear that, for each v € V, L(v) has not
changed after these modifications.

The problem is now reduced to evaluating all the subexpressions associ-
ated with all the vertices, where the only operation involved is *. This problem
is the same as the arithmetic evaluation problem, except that we have only
one operation (instead of two). Therefore, we can use the tree-contraction
algorithm with the rake operation modified appropriately to compute L(v) for
cach v € V. In particular, this result implies the following corollary.

FIGURE 3.17

Process for making an arbitrary tree binary. Each of the vertices 1, 2, and 4 is
replaced by a balanced binary tree built on its children.
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Corollary 3.1: Given an arbitrary tree T = (V, E) such that each node is labeled
with an element from a linearly ordered set, we can compute the minimum label
in the subtree rooted at v, for each vertexv € V, in O(log n) time, using a linear
number of operations. 0

3.4 Lowest Common Ancestors

The lowest common ancestor of two vertices u and v of a rooted tree is a node
w that is an ancestor to both u and v, and is farthest from the root. For a rooted
tree T = (V, E), the problem of finding the lowest common ancestor of an
arbitrary pair of vertices u and v, denoted by lca(u, v), arises in many situa-
tions. In most cases, the pairs (4, v) are determined dynamically during the
execution of an algorithm, and, moreover, the number of such pairs may vary
considerably. Therefore, we address the problem of preprocessing T such that
a query LCA(u, v) can be answered very quickly. In fact, we insist on answering
each query in O(1) sequential time. We refer to this problem as the lowest-
common-ancestors (LCA) problem. In this section, we develop an algorithm
to solve the LCA problem in O(log n) time, using a linear number of operations.

3.4.1 THE LOWEST-COMMON-ANCESTORS PROBLEM

There are two special cases for which the LCA problem can be solved imme-
diately. The first case is when the tree T is a simple path. Computing the
distance of each vertex from the root allows us to answer any LCA(u, v) query
in constant time by comparing the distances of ¥ and v from the root.

The second case is when T is a complete binary tree. Determining the
inorder number of each vertex is sufficient to guarantee the handling of each
query in constant time as follows. Identify the vertices of T with their inorder
numbers. The inorder traversal of a binary tree T with root r consists of the
inorder traversal of the left subtree of r, followed by r, followed by the inorder
traversal of the right subtree of r. Figure 3.18 shows a complete-tree whose
vertices are identified by their inorder numbers. Then, for any two vertices x
and y, LCA(x, y) can be found by the following method. Express x and y as
binary numbers and number the bit positions starting from left to right. Let
i be the first bit position from the left where x and y disagree; that is, the
leftmost i — 1 bitsz;z5 ... z;—1 of x and y are identical, and the ith bits are
different. Then, LCA(x, y) is equal to the number whose binary representa-
tionis givenbyzyz; ... z;-1 10 ... 0. The proof of this fact is left to Exercise
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3.28, and an example is given next. The fact that the LCA problem can be
solved for a complete binary tree with use of the inorder numbers will be
assumed for the remainder of this section.

EXAMPLE 3.14:

In Fig. 3.18, consider vertices 9 = (1001); and 13 = (1101),. Since 9 and 13
disagree on the second leftmost bit, we convert that bit to 1, and convert all
subsequent bits to the right of it to 0. Hence LCA(9, 13) = (1100); = 12. O

A basic strategy for solving the LCA problem exploits the facts stated in
the previous paragraphs by carefully mapping the input tree T into a
logarithmic-depth binary tree. References to such work are given at the end
of this chapter. Our approach is different and is based on the Euler-tour
technique and the range-minima problem (to be introduced shortly).

3.4.2 REDUCTION TO THE RANGE-MINIMA PROBLEM

We start by determining an Euler tour of T. This step assumes that the input
tree T is given in a form suitable for the efficient computation of the Euler
tour of 7, as stated in Section 3.2. We replace each arc (u, v) by the vertex v.
Then, we define the Euler array A4 to be the corresponding ordered vertices
with the root inserted at the very beginning. If | V| = n, the size of A ism =
2n — 1. From A, we derive array B by taking the level of each element of A as
defined in Section 3.2; array B is denoted by B = level(A).

FIGURE 3.18
A complete tree with its vertices identified with their inorder numbers.
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EXAMPLE 3.15:

Consider the tree given in Fig. 3.19. The corresponding Euler array A is also
shown in the same figure. The array B gives the level of each element of 4. (O

In addition to 4, we need the following information. With each vertexv,
we let level(v) be the level of v, and I(v) and r(v) be the indices of the leftmost
and rightmost appearances of v in A.

We have already seen, in Section 3.2.2, how to compute level(v) by
performing a parallel prefix operation on the list defining an Euler path of T
For v # r, where r is the root of T, I(v) and r(v) can be computed as follows.

Given the array A, the element a; = v is the leftmost appearance of v in
A if and only if level(a;_ 1) = level(v) — 1. Also, a; = v is the rightmost
appearance of vin A if and only if level(a; 1 1) = level(v) — 1. Therefore, I(v)
and r(v) can be determined in O(1) time, using a linear number of operations,
if 4 and the level of each element of 4 are given.

For the remainder of this section, we assume that level(v), I(v), and r(v)
are known for each vertexv. To answer an LCA query in O(1) sequential time,
we can restrict our processing to the array B = level(4) obtained from 4 by
replacing each vertex v by level(v). A justification is provided in the next lemma.

A=(1,2,3,2,454,6,4,7,42,1,81,9,1)
B=(0,1,2,1,2,3,2,3,2,3,2,1,0,1,0,1,0)

FIGURE 3.19

A tree, the array A of vertices as visited by the Euler tour, and the array B =
level(A).
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Lemma 3.8: Given a rooted tree T = (V, E), let A, level(v), I(v), and r(v), for
v €V, be as defined previously. Let u and v be two arbitrary distinct vertices of
T. Then, the following statements hold:

1. w is an ancestor of v if and only if l(u) < I(v) < r(u).
2. u and v are not related; that is, u is not a descendant of v and v is not a
descendant of u, if and only if either r(u) < I(v) or r(v) < I(u).

3. Ifr(u) < l(v), then LCA(u,v) is the vertex with the minimum level over the
interval [r(u), I(v)].

Proof: We shall prove Claims 1 and 3. Claim 2 can be shown in a similar
fashion.

Suppose that u is an ancestor of v. Recall that the Euler tour of T
corresponds to a depth-first traversal of T starting from the root. Hence, u is
visited before v, and, moreover, the subtree rooted at v is completely visited
before the last appearance of v. Hence, I(u) < I(v) < r(u). Conversely,
suppose that /(u) < I(v) < r(u), and thatu is not an ancestor of v. Since I(1) <
I(v), the subtree rooted at u is processed completely before the first visit to v.
But then r(u) < I(v), which contradicts the hypothesis. Therefore, u must be
an ancestor of v, which proves claim 1.

We now establish claim 3. Suppose that r(u) < /(v). We can easily check
that all the vertices whose levels appear in the interval [r(), I(v)] are either
the vertices appearing on the path between u and v (which also includes
LCA(u, v)), or their descendants. Therefore, the vertex of minimum level
must be the LCA of u and v. O

We need an efficient algorithm to preprocess the array B = level(4) so
that the following range-minimum query can be processed in O(1) sequential
time: Given any interval [k, j ], where 1 < k < j < n, find the minimum of
br, brs1s ..., b;}. This problem, defined for an arbitrary array of elements,
is called the range minima problem; we discuss it next.

3.4.3 THE RANGE-MINIMA PROBLEM

In the sequential context, the range-minima problem is known to be equiva-
lent to the LCA problem (see the bibliographic notes at the end of this
chapter). However, it seems that the range-minima problem can be handled
faster than the LCA problem on the PRAM model, unless the Euler tour and
the level of each vertex (that is, array B introduced in Section 3.4.1) are given
as part of the input to the LCA problem. We first present an optimal O(log n)
time algorithm for the range-minima problem. We then indicate how this
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algorithm can be made into an O(log log n) time algorithm, using an optimal
number of operations.

Basic Range-Minima Algorithm. For clarity, we start by describing a basic
preprocessing algorithm that runs in O(log n) time using O(n log n) operations.

Let B be the input array of size n = 2/. We wish to preprocess B such
that, given any two indicesi andj, where 1 < i < j < n, we can determine the
minimum element in the subarray {b;, b;+1, ... , b} in O(1) sequential time.
Intuitively, it seems that the minima of certain subarrays have to be computed
during the preprocessing phase. A natural way to proceed would be to build
a complete binary tree on the elements of B such that each internal node v of
T holds some information about the array determined by the leaves in the
subtree rooted at v. Let us try to determine the information that needs to be
stored in each node of T.

Given two indices i and j, we can determine the LCA v of the leaves of
T holding b; and b; in O(1) sequential time, since T is a complete binary tree.
If the leaves of the subtree rooted at v correspond exactly to the subarray

i, bis1, ..., bj } then it is sufficient to store the minimum element in the
node v. However, the subarray associated with v is typically of the form B, =
{br, ... ,biy ... ,bj, ... ,bs},wherer <i <j <. Inthis case, some additional

information is needed to answer the range-minimum query. Let v and w be,
respectively, the left and the right children of v. Then, the subarrays B, and

B,, associated with u and w partition B, into, say, B, = {b,, ... ,b;, ... , by}
andB,, = {bp+1, ... ,bj, ... ,bs}, forsomei < p <. The elementwe seekls the
minimum of the following two elements: the minimum of the suffix {b;, ... , bp}

of B, and the minimum of the prefix {b, 1, ... ,b;} of B,,. Therefore, for each
node v, it is sufficient to store the suffix minima and the prefix minima of the
subarray associated with v.

The prefix minima of B are the elements of the array (cq, ¢, ... ,¢p)
such that ¢; = min{by, ..., b;}, for 1 < i < n. Similarly, we can define the
suffix minima of B. Clearly, the prefix minima and the suffix minima of B can
be computed in O(log n) time, using a linear number of operations, by the
prefix-sums algorithm.

Our preprocessing algorithm constructs a complete binary tree whose
leaves are the elements of B such that each internal node v has associated with
it two arrays, P and S, representing, respectively, the prefix minima and the
suffix minima of the subarray defined by the leaves of the subtree rooted at v.

ALGORITHM 3.8
(Basic Range Minima)
Input: An array B of size n = 2!, where | is a positive integer.
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Output: 4 complete binary tree with auxiliary variables P(h, j) and
S(h,j),0 < h < logn, 1 <j < n/2", such that P(h, j) and S(h, j)
represent, respectively, the prefix and suffix minima of the subarray
defined by the leaves of the subtree rooted at (h, j).
begin
1. for1 < j < n pardo
Set P(0,j): = B(j)
Set S(0, j): = B())
2. forh = 1tologndo
for 1 < j < n/2" pardo
Merge P(h — 1,2j — 1) and P(h — 1, %)) into P(h,j)
Merge S(h — 1,2j — 1)and S(h — 1, 2j) into S(h, )
end

EXAMPLE 3.16:

Consider the array B = (5, 10, 3, 4, 7, 1, 8, 2). The corresponding complete
binary tree is shown in Fig. 3.20. The P and § subarrays corresponding to
nodes (2, 1), (2, 2), and (3, 1) are the following:

P2, 1) = (5,5,3,3) P(2,2) = (7,1,1,1)
S(2,1) = (4,3,3,3) $2,2) =(2,2,1,1)
PG, 1) =(5,5,3,3,3,1,1,1) S3,1) =(2,2,1,1,1,1,1,1)

We now explain how these arrays are obtained. We generate the array P(3,
1) by copying P(2, 1) into the first half of P(3, 1), and by copying P(2, 2) into
the second half. Then, each element a of the second half of P(3, 1) is replaced
by the minimum of a and the last element of P(2, 1)—that is, min{e, 3}, in this
case. The other P or § arrays are generated in the same fashion. a

Suppose that we are now given a range-minimum query over the inter-
val [i,j]. Letv = LCA(i,j) in the binary tree constructed previously. Since this
binary tree is complete, the node v can be found in O(1) sequential time. Let
u and w be the left and right children of v. Then min{a;, a;+1, ... , a;} is the
minimum of two elements: the suffix minimum corresponding to i in the S
array of u, and the prefix minimum corresponding to j in the P array of w.
Hence, a range-minimum query can be answered in constant time.

EXAMPLE 3.17:

Consider again the array of Fig. 3.20. Suppose thati = 2,andj = 5,and hence
B(2) = 10 and B(5) = 7. The LCA(2, 5) is the root (3, 1) whose children are
the nodes (2, 1) and (2, 2). Note that S(2,1) = (4,3,3,3)and P(2,2) = (7,1,
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FIGURE 3.20

Binary tree computation for the range-minima problem. Node (h, j) holds the
suffix minima and the prefix minima of the subarray associated with the leaves
of the subtree rooted at (h, j).

1, 1). Hence, the answer to the query is the minimum of the second element
of $(2, 1) and the first element of P(2, 2)—that is, min{3, 7} = 3. a

Lemma 3.9: Algorithm 3.8 processes the given input array B in O(log n) time,
using a total of O(n logn) operations. Each minimum-range query can be
answered in O(1) sequential time.

Proof: The only detail that needs to be justified is how to perform the merging
operations of the P and § arrays in O(1) time. Note that the size of each array
P(h,j)is equal to 2", 1 < h < logn. Merging P(h ~ 1,2 ~ 1) and P(h ~ 1, 2))
into P(h,j) consists of copying P(h — 1,2j — 1) into the first half of P(#, /) and
replacing each element a of P(h — 1, 2j) with the minimum of « and the last
element of P(h — 1,2/ — 1). Clearly, this merge can be done in O(1) parallel
time with O(2" = |P(h,j)|) operations. The process of merging S(h — 1,2 — 1)
and S(2 — 1, 2)) into S(h, ) can be performed in a similar way. Hence, each
level of the tree requires O(1) parallel time and O(2* x n/2*) = O(n)
operations. Therefore the total running time is O(log n), and the total num-
ber of operations is O(n log n). O

PRAM Model: The merging operation requires concurrent-read capability,
since the last element of P(h — 1,2/ — 1) has to be compared with each of the
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elementsin P(h — 1, 2j). A similar comment applies to the process of obtain-
ing the array S(h,j). Hence, Algorithm 3.8 runs on the CREW PRAM model.
However, we can make the algorithm suitable for the EREW PRAM as
follows. Each entry of P(h,j) and S(h,j) will contain the minimum ¢lement in
the subarray, in addition to the corresponding prefix and to the correspond-
ing suffix minimum. In this case, merging can be completed in O(1) time
without any concurrent read. Moreover, the minimum of the newly formed
array can be updated without any asymptotic increase in the complexity
bounds. The details are left to Exercise 3.29. a

Optimal Basic Range-Minima Algorithm. The basic range minima algo-
rithm (Algorithm 3.8) can be made optimal through use of the standard
technique (recall Remark 2.4) as follows:

1. Partition B into equal-sized blocks B;, each of size log n.

2. Preprocess each B; block separately for the range-minima problem using
an optimal sequential algorithm. Hence, a query whose two elements
belong to the same block B; can now be handled in O(1) sequential time.

3. For each B; block, compute the minimum element x;, and its prefix and
suffix minima.

4. Preprocess the array (x1,X2, ... ,Xniogn) as in Algorithm 3.8.

Clearly, this preprocessing algorithm takes O(log n) time, using a linear
number of operations.

We claim that this amount of processing is sufficient for answering an
arbitrary range-minimum query in constant time.

Suppose we are given a range-minimum query over the interval [i, j],
where 1 </ <j < n.Leti’ andj’ be the indices of the blocks containinga; and
a,, respectively. We consider three cases:

1. i" = j'. In this case, the range-minimum query is reduced to a query on
a single block B;-. The optimal sequential preprocessing algorithm of
step 2 guarantees an answer within O(1) time.

2. j' = i' + 1. The answer is the minimum of two elements: the suffix
minimum in block B;» corresponding to a;, and the prefix minimum in
block B;- corresponding to a;. The prefix minima and the suffix minima
of each block are computed in step 3. Hence, the query can be handled
in O(1) time in this case.

3. j' > i’ + 1.Inthis case, we use the binary tree on the minimum elements
x;’s constructed in step 4. We answer the query corresponding to the
interval [i" + 1,j’ — 1] using the binary tree, as in the previous nonop-
timal algorithm. The answer to the query is then the minimum of three
elements: the element obtained by using the binary tree, the suffix
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minimum corresponding to a; in By, and the prefix minimum corre-
sponding to 4; in B;. Hence, the query can be answered in constant
sequential time in this case as well.

Theorem 3.7: The range-minima problem on an array of size n can be solved
in O(log n) time using a total of O(n) operations. Therefore, the LCA problem
can also be solved within these bounds. This result guarantees the processing of
each query in O(1) sequential time. a

We can actually design a faster algorithm for the range-minima prob-
lem. Using an O(log log n) time algorithm to compute the prefix (or suffix)
minima of an array of size n (see Exercise 2.19), we build the binary tree of the
basic range-minima algorithm (Algorithm 3.8) in O(log log n) time using
O(n log n) operations. We can then use the accelerated-cascading strategy to
make this algorithm optimal. The details are left to Exercise 3.30.

PRAM Model: The preprocessing algorithm referred to in Theorem 3.16
runs on the EREW PRAM model after Algorithm 3.8 is modified as indi-
cated earlier. The O(log log n) time preprocessing algorithm requires the
common CRCW PRAM model. ]

3.5 Summary

In this chapter, we developed several powerful techniques to deal with basic
problems on lists and trees. These techniques include list ranking, the Euler
tour, and tree contraction. Optimal O(log n) time algorithms were then
described for computing tree functions, for evaluating arithmetic expres-
sions, and for solving the LCA problem. Table 3.1 provides a summary of
these results.

Exercises

3.1. Prove Lemma 3.1.

3.2. In Algorithm 3.2, we assumed that the independent set I does not
contain the first or the last node of the list. Rewrite Algorithm 3.2
without this restriction.
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TABLE 3.1
ALGORITHMS INTRODUCED IN THIS CHAPTER.
PRAM

Algorithm Section Time Work Model

3.1 List Ranking Using 3.11 Of(log n) O(n log n) EREW
Pointer Jumping

3.2 Removing Nodes of an  3.1.1 O(log n) o) EREW
Independent Set

3.3 Simple Optimal 3.1.1 Oflog n log log n) O(n) EREW
List Ranking

3.4 Contracting a List 3.1.2 oQ1) O(@) EREW
(A Single Stage)
List Rankiﬁg 3.1.2 O(log n) Oo(n) EREW
Constructing an 3.2.1 o) O(n) EREW
Euler Tour

3.5 Rooting a Tree 3.2.2 O(log n) O(n) EREW

3.6 Postorder Numbering 3.2.2 O(log n) O(n) EREW
Computing Vertex Level 3.2.2 O(log n) omn) EREW
Computing Number 322 O(log n) O(n) EREW
of Descendants

3.7 Tree Contraction 3.3.1 O(log n) O(n) EREW
Evaluation of Arithmetic 3.3.2 Oflog n) O(n) EREW
Expressions
Computation of 333 O(log n) on) EREW
Tree Functions

3.8 Basic Range Minima 343 O(log n) O(n log n) CREW
Range Minima 343 O(log n) O(n) CREW
LCA 3.4.2 and 3.4.3 O(log n) o(n) CREW

33

.

Rewrite Algorithm 3.2 for an arbitrary processor P; such that P; stores
the information concerning the removed nodes on a stack. Assume that
p, the number of processors, divides n evenly. Include a segment that
restores the original list and finds the ranks of the deleted nodes.

3.4. Suppose that we use the O(log* n) time 3-coloring algorithm (Theorem
2.9) to identify a large independent set needed in Algorithm 3.3. Can
you make the resulting list-ranking algorithm run in O(log n) time with
O(n log* n) operations? Justify your answer.
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Write the procedure to execute step 2.4 of Algorithm 3.3. Make sure
that the names of the nodes are adjusted properly.

Letg(n) = 1/log log n. Show that

I
ainll = RS < (- gy,

for any constantc = 5 and for large enough n. Does the inequality hold if we
choose g(n) = 1/log n? Hint; Use the fact that lim,—. (1 + (a/x))* = e®.

Suppose we are given an array S of size n representing the nodes of a set
of linked lists. Each node i has at most one successor whose index is S(i).
Show how to rank the nodes within each list optimally—that is, in
O(log n) time, using a linear number of operations.

Fill in the details required to perform step 4 of Algorithm 3.3. Write
down the loop to execute step 4.

Augment Algorithm 3.4 such that the list can be restored and all the
nodes ranked after the contracted list is processed. Show how to restore
the list in O(log n) time, using a linear number of operations.

You are given a set of linked lists, some of whose nodes are marked with
labels from a linearly ordered set. Let n be the total number of nodes.
Develop an O(log n) time EREW PRAM algorithm to find, for each
list, the node that is marked with the minimum label. Your algorithm
should use O(n) operations.

Suppose that a tree T is given by its adjacency lists without the addi-
tional pointers introduced in Section 3.2. Develop an algorithm to
determine the Euler tour. What are the corresponding bounds for the
running time and the total number of operations? Can you improve the
performance of your algorithm if the degree of each vertex is bounded
by a constant?

Let T be a tree represented by an array such that the children of each
internal node occupy consecutive locations of the array and each internal
node has the array indices to its first and last child in the array. Using this
input representation, show how to compute the Euler tour of T efficiently.

The preorder traversal of arooted tree T = (V, E) consists of a traversal

of the root r, followed by the preorder traversals of the subtrees of r

from left to right. Show how to obtain the preorder number of each

vertex v optimally in O(log n) time on the EREW PRAM model, where
= |V|.

Consider an arbitrary rooted tree T = (V, E) such that, for each vertex
v, you are given the next sibling of v, denoted by s(v), and the first child
of v, denoted by fc(v). (If no sibling exists, then s(v) = 0; if v is a leaf, then
fe(v) = 0))
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a. Develop an O(log n) time algorithm to identify, for each vertex v,
the parent p(v) of v. Your algorithm must use a linear number of
operations.

b. Develop an O(log n) time algorithm that stores the Ieaves in consec-
utive memory locations as they appear in 7T from left to right. Your
algorithm must use a linear number of operations.

Given a rooted binary tree T = (V, E), with root r, the inorder traversal
of T consists of the inorder traversal of the left subtree of r, followed by
r, followed by the inorder traversal of the right subtree. Develop an
O(log n) time algorithm to assign to each vertex of T its inorder number.
Your algorithm should use O(n) operations.

LetT = (V, E) be arooted directed tree such that V' = {1,2, ... ,n}and
E is represented by a set of adjacency lists that can support the Euler-
tour technique. You are given, for each vertex i, a weight w(i). Develop
an O(log n) time algorithm to compute W(i) = 2 w(j), where the sumis
over all vertices j on the path from i to the root of T. Your algorithm
must use a linear number of operations.

Hint: Use a modified version of the pointer jumping technique. Decom-
pose the vertices into bands such that each band contains the vertices
between levels i2X to (i + 1)2% — 1 for the kth iteration. Apply the
standard operations to a selected level in each band. After this process
is completed, reverse the procedure to compute the W values of the
remaining vertices.

*Let T = (V, E) be a binary tree with IV = {1, 2, ... , n}. We are given
two arrays P and / such that P(j) and /(j) denote, respectively, the
preorder and inorder numbers of vertex j. Develop an O(log n) time
parallel algorithm to determine the left and the right children of each
vertex, if they exist.

Provide an algorithm to determine the subexpressions corresponding to
all the vertices of a rooted binary tree representing an arithmetic ex-
pression over the operators {4+, X }. The algorithm described in Section
3.3.2 (Algorithm 3.7 properly modified) evaluates the expression at the
root. Modify this algorithm so that the tree could be processed in the
reverse order and all the subexpressions could then be cvaluated. Your
overall algorithm should run in O(log n) time, using a linear number of
operations.

Modify Algorithm 3.7 so that no auxiliary subarrays will be needed. The
resulting algorithm should still run in O(log n) time, using a linear
number of operations.

You are given a binary tree such that each vertex v contains an item i,
from a linearly ordered set and a pointer p(v) to its parent (if v is the
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root, then p(v) = 0). Develop an algorithm that, for each vertex v, will
compute the minimum item in the subtree rooted at v. Your algorithm
must run in O(log n) time, using O(n) operations.

LetS = {s1, ... ,sx} be afinite set, and let F = {f:S x § — S} be the set
of binary functions on S. Each such binary function is specified by ak x
k table Ty, where Ty (i, j) contains the element of § corresponding to
f(si, sj). Let T be a binary tree such that its leaves are labeled by ele-
ments from §, and each internal node u contains a function f,, € F.
Develop a parallel algorithm to perform the corresponding algebraic
computation on 7. State the running time and the total number of
operations. Note that a function f € F is not necessarily commutative or
associative.

*Let T = (V, E) be abinary tree. A subset V' of V'is called a vertex cover
if each edge of T has at least one endpoint in V'. Develop an O(log n)
time parallel algorithm to determine a minimum vertex cover. Your
algorithm should use a linear number of operations. Hint: An optimal
sequential algorithm processes the tree bottom-up, by selecting nodes
to be or not to be in the minimum cover. The algorithm selects the
leaves not to be in the minimum cover, then selects each node con-
nected to a leaf to be in the cover, and so on. Augment the rake operation
of the tree-contraction algorithm (Algorithm 3.7) to deduce a parallel
algorithm.

LetT = (V, E) be an arbitrary tree. Develop an O(log #) time algorithm
to determine a minimum vertex cover of 7 using the algorithm that you
developed to solve Exercise 3.22. Hint: Start by making 7 binary.

Let T = (V,E) be an arbitrary tree. A match of T is asubset M C E such
that no two edges of M share a vertex. Develop an O(log n) time algo-
rithm to compute a maximum matching of 7 using a linear number of
operations. Hint: Make T binary and use the algorithm that you devel-
oped in Exercise 3.22.

Let T = (V, E) be arooted tree with root r, and let size(v) be the number
of vertices in the subtree rooted at v. The centroid level of a vertex v is
given by clevel(v) = Tlogy (size(v)) 7.

a. Show that, for any given vertex v, all the vertices with the
same centroid level form a set of disjoint paths, one of which con-
tains v.

b. *Develop an optimal EREW PRAM algorithm to decompose T into
a set of disjoint paths, each of which is a maximal path with the
property that all its vertices have the same centroid level. Each
output path should be stored in a consecutive memory location in the
same order as in the path.
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Let T = (V, E) be an arbitrary tree with | V| = n. A vertexv is a centroid
of T if removing v generates subtrees each of size less than or equal to
n/2. Develop an optimal O(log n) EREW PRAM algorithm to find a
centroid of 7.

Let T = (V, E) be a rooted binary tree such that each vertex v has a
weight w,, associated with it. Let ¢ be a positive constant. Assume that
each internal vertex has exactly degree 2. Develop an optimal algorithm
to select a maximal set M of edges whose removal generates compo-
nents such that the total weight of each component is at least c.

Let T be a complete binary tree whose vertices are identified by their
inorder numbers. Letn = 2/ — 1 be the number of vertices, and let u be
an arbitrary vertex. Suppose that i is the bit position of the rightmost 1,
assuming that the positions are numbered starting from 0. (For exam-
ple, if u = 8 = 01000, theni = 3.) Show that all the descendants of u
have the same / — i leftmost bits. Moreover none of the descendants of
u has more than i consecutive rightmost 0 bits. Use these facts to
identify uniquely the LCA of any two nodes of T.

Show how to make Algorithm 3.8 an EREW algorithm without increas-
ing the running time or the total number of operations.

Using an O(log log n) time algorithm to compute the prefix (or suffix)
minima of an array of size n (see Exercise 2.19), develop an algorithm to
solve the range-minima problem in O(log log n) time. What is the total
number of operations used? Can you make your algorithm optimal?
Explain your answer. Specify the PRAM model you need.

*Given an array of length n containing a legal sequence of parentheses,
determine for each left parenthesis in the sequence its matching right
parenthesis. Your algorithm should run in O(log n) time using a total of
O(n) operations. Hint: Start by assigning a weight of +1 to each left
parenthesis and a weight of — 1 to each right parenthesis. Compute the
prefix sums.

Given a legal arithmetic expression stored in an array of length n,
develop an algorithm to find the corresponding binary tree representa-
tion. You may assume that the operators appearing in the expression
are restricted to {4+, —, x}. Use the parenthesis-matching algorithm
that you developed for Exercise 3.31. Your algorithm should run in
O(log n) time, using a total of O(n) operations.

Givenatree T = (V,E),such that || = n,youwishtoroot T at a vertex
r such that the corresponding rooted tree will be of minimum height.
Develop an O(log n) time algorithm to identify such a root. The total
number of operations used must be linear. Assume that the tree rep-
resentation is suitable for the Euler-tour computation.
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LetAbeanarrayA = (ay,a», ... ,a,)of distinct elements drawn from
alinearly ordered domain. A pair of elements (a;, a;') is a matching pair
ifi <i'anda; < a;. Youwishtoidentify a set M of matching pairs such
that the elements of 4 not in any matching pair in M form a strictly
decreasing sequence in the order they appear in 4.

a. Develop an O(n) sequential time algorithm to obtain such a set M.
b. Show how to obtain such a set in O(logn) parallel time on the
PRAM model. What is the total number of operations used?

Hint: Use a balanced binary tree on the a;’s.

*Tworooted trees T = (V,E)and T" = (V', E'") are isomorphic if there
exists an isomorphism f:}V — V' that maps the children of a vertex v into
the children of f{v). Develop a parallel algorithm to test whether two
rooted trees are isomorphic. Hint: A linear-time sequential algorithm
assigns labels to the vertices level by level using a bucket-sorting algo-
rithm to combine the labels of the children of each vertex. A possible
parallel version consists of identifying a centroid of each tree, making a
recursive call to each of the resulting subtrees, then combining the labels.

LetS = {S4,82, ..., S} be a family of sets whose elements are drawn
from a universal set U. The intersection graph Gs = (Vs, Eg) of § is such
that Vg = {vy, ... ,v,}, eachv; representing S;, and (v, v;) € E if and

only if §; N §; = 0. If S is a set of intervals on the real line, then G5 is
called an interval graph. Develop an algorithm to determine a minimum
coloring of an interval graph that runs in O(log n) time, where n is the
number of vertices. What is the total number of operations?

Let T = (V, E) be an arbitrary tree given by its adjacency lists with the
additional pointers to support the Euler-tour construction. Suppose
that |V| = n = 2X. Let preorder(v) be the preorder number of v. Define
g(v) to be the number that has the maximal number of rightmost 0 bits
in the closed interval [ preorder(v), preorder(v) + size(v) — 1).

a. Show thatg partitions 7 into paths such that each path consists of the
vertices with the same g value.

b. Let T" = (V', E") be the complete binary tree on n vertices. Identify
each vertex v’ with its inorder number. Show that g maps eachv € V
into g(v) € V" such that the descendants of v are mapped into de-
scendants of g(v) in 7".

c. *Show that, for each v € V, the number of the distinct g values of all
the ancestors of v is at most log n. Show how to record all these g
values using a single string of O(log n) bits.

d. *Using the facts given, deduce a solution to the LCA problem. The
corresponding preprocessing algorithm should run in O(log n) time,
using a total of O(n) operations. No concurrent-read or concurrent-
write capability is needed.
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Bibliographic Notes

The importance of the list-ranking problem seems to have been recognized first by
Wyllie [25]. This problem was later addressed by several researchers [23, 16, 24, 6, 8,
2]. The first optimal O(log n) time algorithm was discovered by Cole and Vishkin [8].
The algorithm described in Section 3.1.2 is from Anderson and Miller [2]. Another
simple O(log n) time optimal algorithm is described in [9] for the CRCW PRAM
model. This algorithm is based on an O(log n/log log n) time procedure for computing
the prefix sums of a sequence of n numbers, each of which can be represented by
O(log n) bits. A technique similar to the Euler-tour technique was used by Wyllie {25}
for tree traversals. Its use as a general technique was described by Tarjan and Vishkin
|21]. An early important contribution to the parallel evaluation of arithmetic expres-
sions was given by Brent [5]. The problem was later addressed in the context of the
PRAM model by several researchers [18, 12, 1, 15, 7]. Our presentation follows
Kosaraju and Delcher [15]. Extensions to more general arithmetic expressions have
been given in [22, 17]. The connection between-the LCA problem and the range-
minima problem was initially observed in the sequential context in [11]. This connec-
tion and the Euler-tour technique were exploited in [4] to obtain a fast and optimal
parallel algorithm. Another optimal parallel algorithm for the LCA problem has
appeared in [19].

The tree representation sketched in Exercise 3.14 is from {10]. A solution to Exercise
3.16 and several parallel algorithms related to forest and term matching can be found
in [14]. An optimal O(log log n) time algorithm to solve the problem described in
Exercise 3.17, and an optimal O(log log n) time algorithm for the parentheses-
matching problem (Exercise 3.31), are given in [3]. Solutions to Exercises 3.22 and
3.25 can be found in [7]. Exercise 3.21 is taken from [13]; Exercise 3.27 is taken from
[15]. Tree isomorphism (Exercise 3.35) and the general topological matching problem
were considered in [20] on a mesh-connected computer. The solution to Exercise 3.37
can be found in [19].
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Searching, Merging,
and Sorting

The task of processing a table consisting of records whose keys come from a
linearly ordered set arises in many practical situations. Examples of specific
processing tasks include searching for a key in the table and sorting the keys
of the table. Such tasks typically involve repeated applications of comparison
and data-movement operations. We assume that each key is an atomic unit
that cannot be manipulated as an integer or as a string of bits. This class of
problems has a rich mathematical theory that still attracts a substantial re-
search interest.

In this chapter, optimal algorithms for basic problems in searching,
merging, and sorting are presented. Several algorithmic techniques are ex-
plored, including parallel searching (Section 4.1), partitioning (Section 4.2),
Pipelined or cascading divide-and-conquer (Section 4.3), and bitonic sorting
(Section 4.4). These techniques are used to develop efficient parallel algo-
rithms for searching, merging, selection, and sorting. In addition, we intro-
duce for the first time in this book lower-bound proofs on the parallel com-
plexity of certain problems (Section 4.6). These proofs are especially tailored
for the class of comparison problems considered in this chapter.
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4.1 Searching

LetX = (xy,x2, ... ,x,) be n distinct elements drawn from a linearly ordered
set (S, <) such thatx; <x; < --- < x,. Given an elementy € §, we are
interested in solving the following search problem: identify the index i for
whichx; < y < x;41,wherexg = — o andx,+; = + «,and ~ « and + © are
two elements that are added to S and that satisfy — © < x < + o forallx € S.

The well-known binary search method solves this problem in O(log »)
optimal sequential time. This method consists of comparing y with the middle
element of X. Based on the outcome of this comparison, the search either is
terminated with a success or it can be restricted to the upper or the lower half
of X. The process is repeated until either an element x; is encountered such
that y = x; or the size of the subarray under consideration is equal to 1. .
Hence, in either case, the solution is determined.

A natural extension of the binary search method to parallel processing
is parallel searching, in which we compare y concurrently with several ele-
ments of X, say p elements of X, which split X intop + 1 segments of aimost
equal lengths. The outcomeZof this parallel comparison step is either to
identify an element x; that is equal to y, or to restrict the search to one of the
p + 1segments. We repeat this process until either an element x; is encoun-
tered such that y = x; or the number ¢ of elements in the subarray under
consideration is no more than p. In the former case, the solution is found; in
the latter case, the solution can be determined by t comparisons being made
in parallel. ,

In this section, we shall not use the WT framework to present and
analyze our parallel-search algorithm. Instead, the algorithm is couched
within the alternative time-processors framework. The parameter p that we
introduced can be viewed as the number of processors available on our
PRAM model.

The parallel-search algorithm for processor P; is given next, where 1 <
j = p. Processor P is responsible for various initializations and for taking
care of the boundary cases. The variable ¢; is used to indicate the outcome of
the comparison performed in a given step; the indices / and r are pointers to
the (left and right) boundaries of the current subarray under consideration.

ALGORITHM 4.1

(Parallel Search for Processor P;)

Input: (1) Anarray X = (x1,x3, ... ,xp)Suchthatx; <x; < ... <
X, (2) an element y; (3) the number p of processors, where p < n,
(4) the processor number j, where 1 < j < p.

Output: An index i such thatx; <y < x;41.
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begin
L if(j = 1) then do
1.1. Setl: =0;r:=n+ l;x9: = —0;x,,1: = +®
1.2. Setcp: = 0;¢cpey: = 1
2. while(r — [ > p) do
2.1. if (j = 1) then {set gqo: = [;qp+1: = 1}
2.2. Setqir =1+ L;_:IIJ
23 if(y = X,,) then {return(q;), exit}
else {set ¢ = 0ify > x4 and ¢j: = 1
ify <xq}
2.4. if(c; < cji1) then{setl: = g;;r: = gj 41}
25 if(j = land cy < cy) then {set : = qg;r: = q1}
3. if (j = r — [) then do .
3.1. Case statement:
y = x14j {return (I + j); exit}
y > xpyjiseteir =0
y < xp4jiseteir =1
3.2. if(cj-1 <cj)thenreturn (/ +j — 1)

end
EXAMPLE 4.1:
LetXbethearray X = (2,4,6, ... ,30)consisting of all even integers between
2 and 30, and lety = 19. Suppose that p = 2. After the execution of step 1,
Py willset! = 0,r = 16,c9 = 0,¢c3 = 1,x9g = — »©,andxjg = + . The while

loop runs for three iterations; the effect of each such iteration is shown in the
following table:

iteration | 1 2 3
qo 05 7
q1 5 6 8
q> 10 7 9
0 16 10 10
co 0 0 O
C1 0 0 0
Cc2 1 0 0
c3 1 1 1
/ S 79
r 10 10 10

During the execution of step 3.1, P setsc; = 1. Hence, at step 3.2, Py verifies
that ¢y < ¢; and returns the index 9. O
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We are ready for the following theorem.

Theorem 4.1: Given an array X = (x1,X2, ... , X)) withx] < x3 < ... <X,
and an element y, Algorithm 4.1 determines the index i such thatx; <y < xj11. The
log (n+1)

Tog (77 1) ), where p is the number of processors used.

parallel time required is O(

Proof: The correctness proof is simple and is left to the reader (see Exercise 4.2).
As for the number of steps, notice that, after the ith iteration of the
while loop, the size of the subarray to be searched is reduced froms; = r —

[tos;jt1 < v +1 +p= m + p, which is the maximum possible length of the

( p + 1)stsegment. Settingsg = n + 1, itis straightforward to check thats; <
+ p + 1satisfies this recurrence. Therefore, the number of iterations

p+ (p+1y
needed is 0(:—2:87—:11))), and each iteration takes O(1) time. Hence, the while

loop requires O(log (n + 1)/log (p + 1)) time. Since step 3 takes O(1) time,
the time bound stated in the theorem follows. ‘ O

PRAM Model: Algorithm 4.1 can be implemented on the CREW PRAM
with p processors. A concurrent-read capability is needed, since /,  and the
search key y need to be accessed by all the processors. Surprisingly, we can
show that (log n — log p) parallel steps are required on the EREW PRAM
model even if the search key is made available to all the processors (see
Section 10.3). Hence, no significant speedup can be achieved on the EREW.
PRAM model for any number p of processors such thatp < n¢, where c is any
constant satisfying 0 < ¢ < 1. a

Remark 4.1: According to our notion of optimality, a parallel-search algo-
rithm is optimal if its total number of operations is asymptotically equal to the
sequential complexity @(log n) of the search problem. Hence, Theorem 4.1
shows that optimality on the CREW PRAM is achieved only when p is
constant and hence T(n) = O(log n). However, we show in Section 4.6 that
the performance of Algorithm 4.1 cannot be improved. a

4.2 Merging

We have already considered the problem of merging two sorted sequences in
Section 2.4. Based on the partitioning strategy, an O(log n)-time parallel
algorithm was presented there. The corresponding total work is O(n); hence,
the algorithm is optimal.
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In this section, we refine the previous partitioning strategy to obtain an
optimal O(log log n) time algorithm that runs on the CREW PRAM. This
problem is one of the few known to have such a fast algorithm on the CREW
PRAM. Compare the merging problem with the simple problem of comput-
ing the maximum of n elements, which requires {(log #) parallel steps on the
CREW PRAM, regardiess of the number of the processors available. There-
fore, the existence of an optimal O(log log n) time merging algorithm that
runs on the CREW PRAM is perhaps surprising.

We start by recalling a few definitions presented in Section 2.4. The
rank of an element x in a given sequence X, denoted by rank(x : X), is the
number of elements of X that are less than or equal to x. If X is sorted, it is
useful to define the predecessor of an arbitrary elementx to be the elementx, of
X such that r = rank(x : X). Ranking a sequence Y = (y1,y2, ... ,¥m) in X
amounts to computing the integer array rank(Y:X) = (ry,r2, ... ,rm), where

ri = rank(y; : X).

4.2.1 RANKING A SHORT SEQUENCE IN A SORTED SEQUENCE

Let X be a sorted sequence with # distinct elements, and let Y be an arbitrary
sequence of size m such that m = O(n®), where s is a constant that satisfies
0 < s < 1.The parallel-search algorithm (Algorithm 4.1) can be used to rank
each element of Y in X separately. We set the number p of processors of this
algorithmtop = wn/mis = Q(n!~*). Then, each element of Y can be ranked
in X in O(log (n + 1)/log (p + 1)) = O(1) time. The total number of
operations used to rank each such element is O(n/m), since p = n/m1, and
the running time is O(1). We therefore have the following lemma.

Lemma 4.1: Let Y be an arbitrary sequence with m elements, and let X be a
sorted sequence with n distinct elements such that m = O(n*) for some constant
0 <'s < 1. Then, all the elements of Y can be ranked in X in O(1) time using
a total of O(n) operations. O

PRAM Model: The parallel-search algorithm (Algorithm 4.1) requires a
concurrent-read capability. Hence, the procedure referred to in Lemma 4.1
requires the CREW PRAM model. O

4.2.2 A FAST MERGING ALGORITHM

Consider the problem of determining rank(B : A) for sorted sequences A and
Boflengths n and m, respectively. Assume that all the elements of A and B are
distinct and hence that no element of A appears in B.
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As in Section 2.4, we use the partitioning strategy to merge the two
sequences 4 and B. We rank a set of Vi elements of B that partition B into
blocks of almost equal lengths in the sorted sequence 4. The computed ranks
of the chosen elements will induce a partition on A into blocks such that each
block of A has to fit between two of the chosen elements of B. Hence, the
overall problem is now reduced to ranking the elements of each block of B
(excluding already ranked elements) into a corresponding block of 4.

The algorithm is given next. Figure 4.1 illustrates the partitions intro-
duced in the algorithm.

ALGORITHM 4.2

(Ranking a Sorted Sequence in Another Sorted Sequence)

Input: Two armays A = (ay, ..., ay) and B = (by, ..., by,) in

increasing order. Assume that \Vm is an integer; otherwise, replace

Vm whenever it occurs by \Vm .

Output: The array rank(B : A).

begin
1. If m < 4 then rank the elements of B by applying the
parallel-search algorithm (Algorithm 4.1) with p = n, and exit.
2. Concurrently rank the elements b\, bavim, - .. ,bivm, ... b, in
A by using the parallel-search algorithm (Algorithm 4.1) withp =
Vn. Let rank(bim : A) = j(i), for 1 < i < Vm. Set j(0) = 0.
3. For0=<ic< \/n_z — 1 letB; = (biv/r_n-H» ,b(,’+])\/,_,,_1)
andlet A; = (aj(,‘)+1, cey aj(,'+1)); ifj(i) = J@i + 1), then set
rank(B; : A;) = (0, ..., 0), else recursively compute rank(B; : A;).
4. Let 1 < k < m be an arbitrary index that is not a multiple of
Vi, andleti = L) Then rank(by : A) = j(i) + rank(by : A;).

end

EXAMPLE 4.2:

Let4 = (- 5,0,3,4,17,18,24,28) and B = (1, 2, 15, 21). At the termination
of step 2, we obtainj(0) = 0,j(1) = 2andj(2) = 6, where 2and 6 are the ranks
of b, = 2 and by = 21, respectively. During the execution of step 3, we
introduce By = (1)and A4y = (- 5,0),B; = (15)andA4, = (3,'4, 17,18).In
this case, rank(1:A4y) = 2andrank(15:A4) = 2. Atstep 4, we adjust the ranks
of by = 1 and b3 = 15 as follows: rank(1: A) = j(0) + rank(1:Ay) = 2
and rank(15 : A) = j(1) + rank(15, A}) = 4. Therefore, we get the array
rank(B : A) = (2, 2, 4, 6). O

Lemma 4.2: Let A and B be two sorted sequences such that |A| = nand |B| =
m. Then, Algorithm 4.2 computes the array rank(B : A) in O(log log m) time
using O((n + m) log log m) operations.
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Proof: The correctness proof will be by induction on m.

The base case m = 3 corresponds to ranking a sequence (by, b, b3) in
A. Step 1 settles this case.

Suppose that the induction hypothesis holds for allm’ < m,wherem =
4. We establish the fact that all the elements in B; are strictly between a(;) and
aji+1y+1, foranyisuchthat0 < i < Vim — 1.

Any element p in B; satisfies b;y;; < p < bi1)ym. Since j(i) =
rank(bym : A) and j(i + 1) = rank(b+1)ym : A), we have a;;) < bjym and
b(i+ Hm < dji+1)+1, and thus ajiy <P < dji+1y+1- This result implies that
any element p of block B; fits somewhere in block A; and therefore rank(p : A) =
j(i) + rank(p : A;), since j(i) is the number of elements in A preceding A;.
Hence the correctness proof follows by induction.

We now establish the complexity bounds. Let T(n, m) be the parallel
time it takes to rank B in A, where |B| = m and |4| = n.

Step 2 invokes Vm calls to the parallel-search algorithm (Algorithm
4.1)withp = V. The running time is O(log (n + 1)/log (Va + 1)) = O(1),
and the total number of operations required is O(Vm.Va) = O(n + m)
(since 2Vm.Vn < n + m). Except for the recursive calls, steps 3 and 4
trivially take O(1) time, with O(n + m) operations.

Let |A;] = n;,for0 < i < Vm — 1. The recursive call corresponding
to the pair (B;, 4;) takes T(n;, Vm ) time. Hence, T(n, m) < max; T(n;, Vm) +
0(1),and T(n, 3) = O(1). A solution to this recurrence is given by T(n, m) =
O(log log m). Since the number of operations required for each set of recur-
sive calls is O(n + m), the total number of operations used by Algorithm 4.2
is thus O((n + m) log log m). O

PRAM Model: Algorithm 4.2 requires the CREW PRAM model because the
parallel-search algorithm requires that model. O

Remark 4.2: Algorithm 4.2 is given in the WT presentation framework. The
corresponding processor allocation problem is not straightforward. The
reader is asked to provide the details in Exercise 4.11. O

As indicated in Section 2.4, we can solve the problem of merging two
sorted sequences A and B by computing the two arrays rank(A : B) and
rank(B : A). Therefore, the following result follows immediately from
Lemma 4.3,

Corollary 4.1: Let A and B be two sorted sequences, each of length n. Merging
A and B can be done in O(log log n) time, using a total of O(n log log n)
operations. O
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4.2.3 AN OPTIMAL FAST MERGING ALGORITHM

The previous fast merging algorithm (Algorithm 4.2) is clearly nonoptimal.
As is usually the case, the fast nonoptimal algorithm is used to solve a suitably
chosen reduced-sized version generated by an optimal (and slow) algorithm.

Assume for the remainder of this section thatm = n. The details for the
more general case are left to Exercise 4.12.

We begin by partitioning A and B into blocks, each of size less than or
equalto floglogn1,sayA = (41,A,, ... )and B = (B, B, ... ). We then
letA’ = (p1,p2, --. ), where p; is the first element of block A; of A and B’ =
(q1,92, --. ), whereg; is the first element of block B; of B. As aresult, |4’ | =
O(nflog log n) and |B’| = O(n/log log n). Then, we rank the elements of A’
in B and the elements of B’ in 4. The merging problem is now reduced to
merging nonoverlapping pairs of subsequences; each subsequence is of
length O(log log n). The details are as follows:

1. MergeA’ = (p1,p2, ... )and B’ = (q1,43, ... ) using the fast nonop-
timal algorithm (Algorithm 4.2).

Explanation: Algorithm 4.2 can be used to perform the merging of A’
and B’ in O(log log n) time using a total of O(n) operations. At this
point, we have computed the two arrays rank(A' : B') and rank(B' : A").

2. Determine the two arrays rank(A' : B) and rank(B' : A).

Explanation: Letrank(p; : B') = r;; hence p; must fit somewhere in block
B, of B since q,, < p; < q,+1 (see Fig. 4.2). For each p;, we can
determine its exact location in B, by using a simple sequential algorithm
(or binary search algorithm). This algorithm takes O(log log n) sequen-
tial time per element. Since we have < Tn/loglog n 1such elements, the
array rank(A’ : B) can be determined in O(log log n) paraliel time, using
a total of O(n) operations. Similarly, we can obtain rank(B’ : A) in
O(log log n) time, using a total of O(n) operations.

3. For each, determine the ranks of the elements 4; — {p;} in B, and, for
each k, the ranks of the elements By — {g«} in A.

Explanation: We computed rank(A' : B) and rank(B' : A) by the end of
step 2. Let rank(p; : B) = j(i) and rank(qy : A) = j(k). Recall that p; is
the first element of block A4; and gy is the first element of block By,
where each A; and each By is of size less than or equal to rloglogn 1.

In step 3, we determine the ranks of the remaining elements in each A4;
and By.

Given the facts that rank(p; : B) = j(i) and that p; is the first element of
A;, all the elements of 4; must lie between b and bj + 1y + 1. Hence, if j() =
J(i + 1), each element of A; has rank j(i) in B.
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FIGURE 4.2

Step 2 of the optimal merging procedure. Since rank(p; : B') = r;, where B’ =
(g1, g2, ... ), we have that g, < p; < g, +1; hence, p; must fit somewhere in
block B;.

Suppose that j(i + 1) > j(@). In this case, all the elements bj;y 41, ...,
bj(i+1) fit between p; and p; ;. If the number of such elements (that is, the
j@ + 1) — j@i) elements by +1, ... ,bji+1)) isless than log log n, then we can
merge A; with the corresponding subarray of B in O(log log n) sequential
time. Otherwise, there exist elements of B'—say, g, gk +1, --- » §k+s—that
lie between by + 1 and bj + 1y (see Fig. 4.3). Since the ranks j(k),j(k + 1), ...,
jtk + s)of gk, qr+1, --- »qk+s are already known, our problem is reduced to
merging no more than s + 2 pairs of subsequences, each pair containing
O(log log n) elements (see Fig. 4.3). Note that the subsequences are com-
pletely disjoint. Hence, this merging can be done in O(log log n) time, using
alinear number of operations (in the total size of the subsequences involved).
This process can be performed concurrently for all blocks A4;.

In summary, the optimal merging algorithm consists of three main steps:

1. Partition 4 and B into blocks 4 = (4,43, ---)and B = (B}, By, -*)
such that each block is of size < rlog log n 1. Use the fast but nonop-
timal algorithm (Algorithm 4.2) to merge A’ = (p1,p2, ... Yand B’ =
(91,92, - - - ),wherep; andg; are the first elements of 4; and B; respectively.

2. Each p; can now be located in a block B, ; hence, its exact rank in B can
be determined easily, since |B, | < rloglogn 1. The ranks of all the p;’s in
B are determined concurrently. Similarly the ranks of the g;’s in A are
determined concurrently.

3. Since the exact ranks of the elements of A’ in B and the exact ranks of B’ in
A are known, the merging problem is reduced to a set of nonoverlapping
merging subproblems; each of the corresponding pairs of subsequences
involves O(log log n) elements. All the merging subproblems can now be
solved concurrently in O(log log n) time, using a linear number of operations.
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Therefore we have the following theorem.

Theorem 4.2: The problem of merging two sorted sequences each of length n
can be done in O(log log n) time, using a total of O(n) operations.

PRAM Model: A concurrent-read capability is required by the optimal fast
merging algorithm since, for example, it uses the fast nonoptimal merging
algorithm (Algorithm 4.2), which requires concurrent-read operations. How-
ever, no concurrent write was used, and therefore the optimal O(log log n)
time algorithm can be implemented on the CREW PRAM model. a

As we shall show in Section 4.6, Q(log log n) parallel steps are required
to merge two sorted sequences each of length n, even on any CRCW PRAM
model with n log® n processors, for any constant . Hence, the optimal time
fast merging algorithm cannot be improved as long as we insist on optimality;
that is, it is work-time (WT) optimal.

If we are provided with additional information, however, we may be
able to perform merging faster. We now discuss a case which pertains to the
O(log n) time sorting algorithm described in Section 4.3.2.

4.2.4 *MERGING WITH THE HELP OF A COVER

Let ¢ be a positive integer. A sorted sequence X will be called a c-cover of
another sorted sequence Y if Y has at most ¢ elements between each pair of
consecutive elementsin X » = (— ®, X, + ). More precisely, given any two
consecutive elements a and B of X «, then the set{y; | y; € Yanda < y; <
B} has at most ¢ elements.

EXAMPLE 4.3:

The sequence X = (— 1,15,21,23)isad-coverof Y = (— 10, =5, -2, —1,
4,5, 10, 12, 20, 22, 26, 31, 50). Consider, for example, the two consecutive
elements —1and 150f X = (— =, —1, 15,21, 23, + »). The total number
of elements of Y between —1 and 15 is 4. O

Lemma 4.3: Ler A and B be two sorted sequences of lengths n and m,
respectively, and let X be a c-cover of A and B for some constant c. If rank(X : A)
and rank(X : B) are known, then the problem of merging A and B can be solved
in O(1) time, using O(|X|) operations.

Proof: LetX = (x1, ... ,xs), rank(X:A) = (r1,r2, ... ,rs) and rank(X, B) =
(t1,t2, ... ,t5). Foreachi,1 <i<s + 1,let4; = (ar,_,+1, ... ,a,),and ,
B = (by,_,+1, ..., bs), whererg = tg = 0, and rs+1 = n, ts41 = m.
Figure 4.4 illustrates the partitions of A and B. Note that 4; or B; could be
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A merge of the two sorted sequences A and B with the cover X. The arrows
indicate rank information as follows: r; = rank(x; : A) and t; = rank(x; : B).
Since X is a c-cover, we have |A;], |Bj| =<

empty (ifr;—1 = r; ort;—1 = t;, respectively). We now show how to compute
rank(A : B). Computing rank(B : A) can be done in a similar fashion.
Suppose that A; # 0 and let a € A;. Then, rank(a : B) = t;—1 +
rank(a : B;),sinceb, | < x;-1 <a,_,+1 < a < a, <x; < by+1.Hence, the
problem reduces to determining rank(a : B;). But |B;| < ¢, since X is a c-cover of
B. Hence, a can be ranked in B; in O(1) sequential time. Therefore, the array
rank(A : B) can be found in O(1) time using a linear number of operations. (]

Remark 4.3: Suppose we know that X is a c-cover of B, and we are given
rank(A : X) and rank(X : B). Then, the technique used in the proof of Lemma
4.3 allows us to determine rank(A : B) in O(1) time, using O(|4| + |X|)
operations.

4.3 Sorting

The problem of sorting a sequence X is the process of rearranging the
elements of X such that they appear in nondecreasing or nonincreasing order.
The problem of sorting has been studied extensively in the literature because
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of its many important applications and because of its intrinsic theoretical
significance. Many solution strategies have been studied in some depth and
their actual performances reported.

In this section, we restrict ourselves to the modest goal of providing two
possible parallel implementations of the merge-sort strategy on the PRAM
model, each requiring O(n log n) operations and hence optimal. The first
implementation yields a simple parallel-sorting algorithm that runs in
O(log n log log n) time. The second is significantly more involved and de-
pends on an intricate pipelining scheme; however, it results in an O(log n)
time sorting algorithm.

An additional parallel-sorting algorithm, called bitonic sorting, is de-
scribed in Section 4.4. In Chapter 9 (Section 9.6), we describe and analyze a
randomized quicksort algorithm,

4.3.1 A SIMPLE OPTIMAL SORTING ALGORITHM

As its name indicates, the merge-sort strategy is based on a merging procedure
that is used to sort successively a number of larger and larger nonoverlapping
subsequences until the whole sequence is sorted. One possible way to imple-
ment this strategy, referred to as two-way merge sort, is to start by sorting
pairs of elements of the given sequence X, and then to sort every pair of
consecutive pairs, and so on, until X is sorted.

The two-way merge-sort algorithm can be also viewed as an application
of the divide-and-conquer strategy that consists of (1) dividing the input
sequence X into two subsequences, X and X5, of approximately the same
size; (2) sorting X and X, separately; and finally (3) merging the two sorted
sequences.

The sequence of operations required by the two-way merge-sort algo-
rithm can be represented by a binary tree .as follows. Let T be a balanced
binary tree with n leaves® The elements of X are distributed among the leaves,
one per leaf. The nodes at height 1 represent the lists we obtain by merging
the pairs of consecutive elements contained in the children nodes (leaves, in
this case). More generally, each internal node represents the subsequence we
obtain by merging the subsequences generated at the children nodes. Hence,
cach internal node represents the sorted list of the elements stored in its subtree.

Since we are interested in a parallel implementation of the merge-sort
algorithm, our problem can be rephrased as follows. For each node v of the
balanced binary tree T, compute the sorted list L[v] containing all the ele-
ments stored in the subtree rooted at v. Clearly, the root will contain the
sorted list.

This process can be achieved in a fashion similar to that used in Algo-
rithm 3.8 (the basic range-minima algorithm), which computes, for each node
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v of a balanced binary tree, the prefix minima and the suffix minima of the
elements contained in the subtree rooted at v. The only difference lies in
the merging procedure. For our sorting algorithm, we use the optimal
O(log log n) time merging procedure described in Section 4.2.

The formal algorithm is given next. The node (4, j) of a binary tree is the
jth node at height h ordered in a left to right fashion.

ALGORITHM 4.3
(Simple Merge Sort)

Input: An array X of order n, where n = 2! for some integer I.
Output: A balanced binary tree with n leaves such that, for each
0 < h < logn, L(h,j) contains the sorted subsequence consisting of
the elements stored in the subtree rooted at node (h, ), for | < j <
n/2". That is, node (h, j) contains the sorted list of the elements
X2hG - 1) + 1), X" = 1) + 2), ..., X(2").
begin
1. for1 <j < n pardo
Set L(0,): = X(j)
2. forh = 1tologn do
for 1 < j < n/2" pardo
Merge L(h — 1,2j — 1)and L(h — 1, 2j)into the sorted
list L(h,J)
end

EXAMPLE 4.4:

Consider the sequence X = (12, -5, —7,51, 6, 28, 3, —8). Fig. 4.5 shows the
binary tree with the initial contents of the leaves. During iteration 2 = 1, we
getL(1,1) = (= 5,12),L(1,2) = (= 7,51),L(1,3) = (6,28) and L(1,4) =
(= 8,3). The next iteration causes the following two lists to be created: L(2,1) =
(=7,-5,12,51) and L(2,2) = (— 8,3, 6, 28). Finally, the list at the root is
generated and is given by L(3,1) = (= 8, =7, =5, 3, 6, 12, 28, 51). a.

Theorem 4.3: For each node v of the balanced tree T, Algorithm 4.3 generates
the sorted list L[v] consisting of the elements stored in the subtree rooted at v.
The running time of the algorithm is O(log n log log n), and the total number
of operations used is O(n log n). Hence, this algorithm is optimal.

Proof: The correctness proof of Algorithm 4.3 is straightforward.

The number of iterations executed at step 2 is O(log n). Since the total
number of elements involved at each level is n, each iteration takes
O(log log n) time, using a total of O(n) operations if we use the optimal fast
merging algorithm presented in Section 4.2. Hence, the theorem follows. (J



160 Chapter 4 Searching, Merging, and Sorting

(-8,-7,-5,3,6,12,28,51)

(-7,-5,12,51) (-8,3,6,28)

(-5,12) X (-8, 3)

FIGURE 4.5
A merge-sort tree for eight elements. Each node contains the sorted list
containing the elements stored in its subtree.

Remark 4.4: The space used by Algorithm 4.3 can be made O(n) if we are
interested in only the final sorted list. Once iteration h is completed, the
nodes at height # — 1 will not be needed; hence, their space can be used to
store the nodes at height 4. a

Corollary 4.2: Sorting a sequence of n elements can be done optimally in
O(log n log log n) time.

PRAM Model: The only nontrivial operation used in Algorithm 4.3 is the
O(log log n) time merging procedure of Section 4.2. Hence, this algorithm
requires the CREW PRAM model. Had we used an EREW PRAM merging
procedure, the corresponding sorting algorithm would have been an EREW
PRAM algorithm. d

4.3.2 *AN OPTIMAL O(LOG n) TIME SORTING ALGORITHM

This section is devoted to the derivation of an O(log n) time optimal sorting
algorithm. Actually, we address a slightly more general problem; its solution
will provide us with an O(log n) time optimal sorting algorithm. In addition,
several applications will make use of the general version.

The general formulation is as follows. Let T be a binary tree such that
each leaf u contains an unsorted list A(u) drawn from a linearly ordered set.
We consider the problem of determining, for each internal node v, the sorted
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list L[v] that contains all the elements stored in the subtree rooted at v. Note
that the initial list A(u) of a leaf u could be empty.

EXAMPLE 4.5:

Consider the tree T shown in Fig. 4.6(a). The list that should be generated at
the indicated node is given by (=9, -7, —6, 2, 5). O

We start by making a couple of transformations. We replace each leaf
u with a balanced binary tree with |4(u)| leaves such that each element of
A(u) is stored in one of the leaves. The height of T has increased by
O(log(max, |A(u)|)), but each leaf of T now contains at most one element.
The second transformation is to force each internal node to have two
children. If this is not the case, a leaf containing no elements can be inserted.

EXAMPLE 4.6:

Applying the two transformations to the tree T given in Fig. 4.6(a), we obtain
the tree 7" shown in Fig. 4.6(b). O

Therefore, we assume for the remainder of this section that T'is a binary
tree such that at most one element is stored in a leaf node and every internal
node has exactly two children.

Pipelined Merge-Sort Algorithm. We introduced in Section 4.2 the notion
of a c-cover, and the integer array rank(A : B) corresponding to ranking a
sorted list A in a sorted list B. Before proceeding, we need to make the
following additional definition.

Given a sorted list L, the c-sample of L, denoted by sample. (L), is
the sorted sublist of L consisting of every cth element of L; that is, if L =
(1,13, ... ), then sample. (L) = (I, lo, .- )

EXAMPLE 4.7:

LetL = (4,7,8,9, 11, 15, 38). Then samples (L) is given by samples (L) =
(8, 15). O

The parallel merge-sort strategy presented earlier is based on a forward
traversal of the binary tree such that, for all vertices at a given height &, the
lists L[v] are completely determined before processing of the nodes at height
h + 1 begins.

The pipelined (or cascading) divide-and-conquer strategy consists of
determining L[v] over a number of stages such that, at stage s, L[v] is an
approximation of L[v] that will be improved at the next stage s + 1. At the
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(-9,-7,-6.2,5)

-7,-9,5) (2,-6)

(30,31) 29

(a)

(-9,-7,-6,2,5)

-7 -9 30 31
(b)

FIGURE 4.6

The tree for Examples 4.5 and 4.6. (a) An input tree for the general sorting
problem; the arrow points to a node with its expected sorted list. (b) The tree
T’ after application of the two transformations: we replace each leaf containing
a list by a balanced binary tree, and force each internal node to have exactly
two children.

same time, a sample of L;[v] is propagated upward to be used for obtaining
approximations of the lists to be generated at higher heights. The success of
this method is due to the intricate combination of pipelining and the efficient
merging of sample lists.
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We now describe the procedure for determining L [v] precisely; later,
we provide a correctness proof and an analysis of the resources required.

Let Ly[v] = @ if v is an internal node; otherwise, Ly[v] consists of the
item (if any) stored at the leaf v. Let the altitude of a node v be defined as
alt(v) = h(T) — level(v), where h(T) is the height’of T, and, as usual, level(v)
is the length of the path from the root to v. The list stored at an internal node
v will be updated over the stages s satisfying alt(v) < s < 3alt(v)

We say that v is active during stage s if alt(v) < s < 3alt(v). The
algorithm will update the list L[v] such that node v will be full —that is,
L[v] = L[v]—when s = 3alt(v). It is clear that, if this invariant can be
maintained, then, after 34(T) stages, the node at the root will be full, and all
the nodes will contain their sorted lists.

An additional notation is needed before a description of the algorithm
is given. Define Sample(L [ ]) for an arbitrary node x as follows.

sampteg (Lslx) if s < 3ali(x);
Sample(L[x]) = { sample; (Ls[x]) if s = 3alt(x) + 1;
sampley (Ls[x]) if s = 3alt(x) + 2.

Therefore, Sample(L ;[x]) is the sublist consisting of every fourth ele-
ment of L[x] until it becomes full; then Sample(L ;[x]) is every other element
in the following stage (that is, stage 3alt(x) + 1), and evegy element in stage
Jait(x) + 2.

We next give a description of a general stage of the pipelined merge-
sort algorithm that maintains the stated invariant. That is, for each node v,
L[v] will be full when s = 3alt(v).

ALGORITHM 4.4
(Pipelined Merge Sort)
Input: For each node v of a binary tree, a sorted list L ([v] such that
v is full whenever s = 3alt(v).
Output: For each node v, a sorted list L [v] such that v is full
whenever s = 3alt(v) — 1.
Algorithm for (s + 1) at stage:
begin
for all active nodes v pardo
1. Letu and w be the children of v. Set L 1 1[u] = Sample(L[u])
and L;[w] = Sample(L[w)).
2. Merge the two lists L+ \[u] and L; . |[w] into the sorted list

LS+ ] [V].
end
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EXAMPLE 4.8:

Let T be the binary tree shown in Fig. 4.7(a). The lists corresponding to a set
of selected stages are shown in the table of Fig. 4.7(b). Note that, initially, no
changes occur until stage s = 3. At the end of stage s = 3, all the nodes of
altitude 1 (nodes vs and ve, in this case) become full. Consider, for example,
node vs. Since alt(vs) = 1,vs is active during stage s = 3. In this case, L3[v(] =
sample1 (La[v1}) = (7), and similarly L3[v2] = (8). Hence, L3]vs] = (7, 8).
During this stage, we also obtain L3{v¢] = (1, 6).

The lists generated at several later stages are shown in the figure. Notice
that, at the end of stage s = 6, the nodes at altitude 2 become full; at the end
of stage s = 9, the nodes at altitude 3 become full. The root v;; is active for
all stagess, 5 = s < 15. However, L[v;1] remains empty until stage s = 13
since, at each of the previous stages, the lists of the children nodes vi9 and vy
contain less than four elements. At the end of stage s = 12, nodes vi9 and vy
become full and each contain at least four elements. Hence, at stage s = 13,
Li[v21] = (5, 15), which results from the merging of samples4(L[v9]) and
sample4(L[v2o]). At the end of stages = 15, L 15[v21] consists of the sorted list
of all the items stored in the tree. a

We are ready to show that Algorithm 4.4 works correctly.

Lemma 4.4: Let v be an arbitrary node of the binary tree T. Then, at the end
of stage s = 3alt(v) of Algorithm 4.4, v becomes full; that is, L[v] = L[v].

(@)

FIGURE 4.7
The tree for Example 4.8. (a) A binary tree.
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Proof: The proof is by induction on alt(v). The claim is obviously true for
all nodes satisfying alt(v) = 0, since they all are leaves satisfying initially
Lo[v] = L[v].

Letvbe a node withalt(v) = k > 0.If vis aleaf, then Lo[v] = L[v], and
there is nothing to prove. Assume that v is an internal node with children u
and w. Clearly, alt(u) = alt(w) = k — 1. By the induction hypothesis, u and
w will become full at stage s’ such thats’ = 3(k — 1). During stage s’ + 1,
Sample(Lg'[u]) and Sample(Ly[w]) will be merged to form Ly 4 [v]. But
Sample(Ly[u)) = samples (Ly[u]) = samples (L[u]), and similarly for w.
During stage s’ + 2, Sample(L 4+ 1[u]) will consist of every other element of
L[u]; during stage s’ + 3, Sample(Lg 1+2[u]) = L[u]. Similar arguments hold
for node w. Hence, at stage s’ + 3 = 3k = 3alt(v), Ly +3[v] = L[v], and the
lemma follows by induction. O

The following lemma states that the size of each list can grow at most by
roughly a factor of 2 after each stage. The proofis a simple induction ons and
is left to the reader in Exercise 4.22.

Lemma 4.5: Let v be an arbitrary node of T and let s = 1. Then, |Lg1[v]| <
2|Ls[v]| + 4. O

Remark 4.5: For a given stage s, the total number of elements stored in all the
active nodes of T'is given by ng = X, some |Ls[V]| = 2 3, <anyss |LsV]|-
Note that, if a node v is full, where alt(v) = 1s/31, none of its ancestors can
be full. Thus, X 4 = 4; |Ls[V]] = n, where n is the number of leaves in 7.

Consider the active nodes at the level just above the level of these full nodes.
There can be at most n/2 elements stored in these nodes, and at most n/4
elements stored at the level above them, and so on. Therefore, ny; = O(n). O

Implementation Detail and Analysis. The only essential details left are to
show how to perform step 2 of Algorithm 4.4 in O(1) time, using O(n;) =
O(n) operations.

We have already seen (Lemma 4.3) that the merging of two sorted lists
A and B can be done optimally in O(1) time if we are given a c-cover X for 4
and B and if rank(X : A) and rank(X : B) are also given as a part of the input.
Guided by this observation, we next show that, for each node v, the list Ls[v]is a
4-cover for L+ [u] and for L; 1 |[w], where u and w are the children of v. We
later show how the two arrays rank(Lg[v]: L; +1{u]) and rank(L[v]: Ls+1[w])
can be generated efficiently.

Covers for the Lists to be Merged. We start by establishing the fact that
Sample(Ls-1[v]) = L¢[v] is a 4-cover of Sample(L[v]) = Ls+1[v].
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Lemma 4.6: Let v be an arbitrary node of T and let s = 1. Then, L{[v]is a
4-cover of L4 [v].

Proof: We prove aslightly stronger result. Let [a, b] be an interval witha, b €
(— o, Lg[v], + ). We say that [a, b] intersects (— <, L[v], + ©)ink items
(or that there are k items in common) if the number of elementsx € (— =,
L¢[v], + ®) such that a < x < b is equal to k. We use induction on s to
establish the following claim.

Claim: If [a, b] intersects (— o, L{[v], + ©) in k = 2 items, then [a, b]
intersects L4 [v] in at most 2k items.

Proof of the Claim: The base case s = 1 is trivial, since no list has more than
one element, and hence both L[v] and L [v] are empty.

Assume that the induction hypothesis holds up tostage s — 1; that is, for
any stage t < s, we know that any interval [a’, b'] witha', b’ € (— =, L{[v],
+ o) intersects L, {[v] in at most 2k items, where / is the number of items
common between [a’, b'] and (— o, L;[v], + ©). We show that the claim
holds for stage s.

Let [a, b] be an interval witha, b € (— o, L{[v], + ) such that the
number of common items is k. Assume thats < 3alt(v). The case where s =
3alt(v) + 1 is straightforward, since L;_1[v] = L¢[v] = L[v]. Since s <
3alt(v), L[v] = sample4 (Ls-1[v]), and hence [a,b] intersects ( — o, L, _[v],
+ o) in 4k — 3 items.

Recall that we obtained L;_;[v] by merging L;_;[u] and L;_[w],
where u and w are the children of v. Hence, the items belonging to [a, b} and
L _[v] must have come from the set L;_;[u] U Ls_[w], where each list is
viewed as a set of elements. Let [a1,b;] be the smallest interval containing [a, b]
such thata,;,b, € (— ©,L;_;[u], + »). Similarly define [a,, b1] such that
az, by € (—o,L;_;[w], + ). Let p be the number of elements in common
between [ay, by] and (— o, L;_[u], + ). Similarly, define g to be the
number of items in common between [aj, by] and (— o, L;_;[w], + «).
Since we are assuming that all the elements are distinct, we obtain thatp + g <
4k — 1(= (4k — 3) + 2, since two additional elements from {a, by, az, b,}
are included).

By the induction hypothesis, [a, b1] intersects L{[u] in at most 2p
elements, and [a3, b,] intersects L ;[w] in at most 2q elements (see Fig. 4.8 for
a pictorial representation of the relationships among the different lists in-
volved). Now L[v] is just the list obtained after merging of L[u] and Lg[w].
Hence, [a, b] intersects Lg[v] in at most 2p + 2g < 8k — 2 elements. Since
L{1[v] = sample 4 (L[v]), we obtain that [a, b] intersects L; + 1[v] in at most
2k items, and the claim follows.
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<—> 4——q——>
;-1[“]—(' ... . e ) (s e . . .. .):L'S_I[w]

Induction \ / \ Induction
2p

L'ul=(+®+ o)=L w]
- 4——2(,~——>

FIGURE 4.8

llustration of the inductive proof of the fact that, if [a, b] intersects Lg[v] in k
elements, then [a, D] intersects Lg[v] in at most 2p + 2qg < 8k — 2 elements.
This result implies that [a, b] intersects Lg 4 1[v] in at most 2k items.

We now complete the proof of the lemma. Let a, b € (— «, L[v],
+ ), such that a and b are adjacent. Hence, [a, b] intersects (— =, L{[v],
+ ) in exactly two items. As shown in the claim, [a, b] intersects L 1[v] in
at most four elements; hence, L;[v] is a 4-cover of L; . ¢[v]. O

Corollary 4.3: For each internal node v of T, and for each stage s = alt(v),
Lg[v] is a 4-cover of L 1[u] and Lg,1|w), where u and w are the children of v.

Proof: Leta and b be two adjacent elements of (— «,L¢[v], + ). Recall that
we obtain Lg[v] by merging L;[u] and L{[w]. Let [a’, b'] be the smallest
interval containing a and b such thata’, b’ € (— o, Li[u], + «). Clearly, a

and b’ are adjacent in ( — o, L;[u], + ). Hence, by Lemma 4.6, there are at
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most four elements in L;,[u] between a’ and b’. This result implies that
there are at most four elementsin L, { [u] between a and b, which proves that
L[v]is a 4-cover for L4 1[u].

We can establish in a similar fashion that L[v] is a 4-cover of L, 1[w]. O

Efficient Merging of the Samples. The next lemma shows how to maintain
efficiently certain rank information, which will be used to perform the merg-
ing operations fast.

Lemma 4.7: Let s = 2 be a given stage number of Algorithm 4.4. Suppose that,
for every internal node v of T and its two children u and w, we are given the
following information:

1. rank(Ls[v]:Ls41[v])

2. rank(Lgu] : Li[w])

3. rank(Lg[w] : Lg[u])
Then, using O(|Ls41[u)| + |Ls+1[w]|) operations, we can compute the
following information in O(1) time:

1. rank(Lg1[v): Lsy2[v))

2. rank(Lg1[u] : Ly+1[w)])

3. rank(L{1[w]: Lo+ [u])

Proof: We first show how to obtain rank(L;+1[u]: L+ 1[w]) within the stated
bounds. Actually, the proof follows from Remark 4.3; for clarity, however, we
provide the proof here.

Consider the array rank(L[u]: L 1[u]), which is given as a part of the
input whenever « is an internal node. Since Lg[u] is a 4-cover of Lg [u], by
Lemma 4.6, the number of elements in L, | [u] between any two consecutive
elements of (— %, L;[u], + ®)is at most 4. Let §; be the segment of Lg +1[u]
consisting of all the elements between the ith and the (i + 1)st elements—say,
pandg—of L;[u]. Clearly, |S;| < 4. We also know the ranks of p and g in L{[w],
since the array rank(L[u] : L[w]) is given as a part of the input. Let us denote
rank(p : Ls[w]) by 51, and rank(q : L;[w]) by s2. Therefore, the elements of S;
are known to lie in the segment S/ of L;[w] determined by the indices s; and
§2 (see Fig. 4.9 for an illustration).

The problem of generating rank(L; ;. 1[u] : Ls[w]) reduces to determin-
ing the relative ranks of each element of S; in the corresponding block S;.
Since |S;| =< 4, however, we can use the parallel-search procedure (Algo-
rithm 4.1) to determine the ranks of all the elements of §; in §;. Such
computation takes O(1) time, using O(|S; |) operations. Since, fori = j, S; and
S} do not overlap, the array rank(L;1[u] : L;[w]) can be obtained in O(1)
time, using O(|L;+1[u]| + |Ls[w]|) operations.
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FIGURE 4.9

llustration of how to compute rank(Ls + 1[u] : Ls[w]). Note that Lg[u] is a
4-cover of Lg 4 1[u], and that the array rank(Ls[u] : Ls[w]) is given as part of the
input. The elements p and g are the ith and the (i + 1)st elements of Lg[u].

We can easily determine the array rank(L ;[u] : Li+1[w]) by using
rank(Li[w]:L{1[w]) and the fact that L{[w]is a 4-cover of L, {[w]. We can
obtain the array rank(L; 4 1[w] : Ls1[u]) in a similar fashion.

We now consider the problem of determining rank(L; +1[v] : L{+2[v]).
Recall that L, [v] is just a sample of L,[v], and that L[v] is obtained by
merging of L [u] and L[w].

Letp be any element of L{[u]. We know the rank of p in L[u], of course.
We also know the rank of p in L;[w], since we are given the array rank(L[u] :
Lg[w)). Since rank(p : Lg[v]) = rank(p : Li[u]) + rank(p : L;[w]), we know,
foreachp € L;[u], the latter’slocation in the array L ;[v]. Moreover, since the
array rank(Lg[u] : L;41[u]) is also given, we know rank(p : L; . 1[u]).

We can also obtain rank(p : Ly . [w]) as follows. Suppose that rank(p :
L{[w]) = ry. Then, p is between elements e and f at positionsry andr; + 1,
respectively, of Lg[w]. Since rank(L¢[w] : Ls+1[w]) is known, we can deter-
mine in O(1) sequential time the boundaries of the segment S, of L . 1 [w] of
all elements between e and f (see Fig. 4.10 for an illustration). Using the fact
that L{[w] is a 4-cover of L , 1 [w], we conclude that |S,| < 4. Therefore, we
can determine in O(1) sequential time rank(p : L [w]).

Since rank(p : L+ 1[v]) = rank(p : L, 1[u]) + rank(p : Lg+1[w]), the
rank of p in L, [v] can be determined in O(1) sequential time. However,
since L 2[v]is a sample of L, 1[v], we can obtain the rank of p in L >[v]in
O(1) sequential time.
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Determination of rank(p : L+ 2[v]) in three steps: (1) determine

rank(p : Lg+1[w]) using rank(p : Ls[w]), which identifies e and f, followed

by ranking p in Sp; (2) determine rank(p : Ls+1[v]); and (3) use the fact that
Lg4o[v] is a sample of L+ 1[v] to deduce rank(p : Ls.2[v]).

We can perform the same procedure for all the elements in L[w].
Therefore, we can determine rank(L[v]: L; +2[v]) in O(1) time, using a linear
number of operations. Once this value is determined, generating the array
rank(Lg 4 1[v] : L;+2[v]) can be done easily in O(1) time, using O(|L; +1[v]])
operations. )]

Corollary 4.4: Under the hypothesis of Lemma 4.7, we can determine rank(Lg|v] :
L{i\[u)) and rank(Lg(v] : L4 ([w]) in O(1) time using a linear number of
Operations.
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Proof: For eachp € Lg[u], we know rank(p : Li[w]) and rank(p : L;11[u])
from the given input (as listed in Lemma 4.7). Hence, we can trivially obtain
rank(p : Ls[v]) and rank(p : L 1[u]) for eachp € Lg[u].

On the other hand, for each ¢ € L;[w], we can deduce rank(q : L[v])
and rank(q : L 1[u]) in O(1) sequential time by using rank(L;[w] : Ls[u]),
rank(Lg[u] : Li+1[u]), and the fact that L{[u] is a 4-cover of L;+[u]. Hence,
we can determine in O(1) sequential time the rank of each element of L[v]
in L{1[u]- We can in a similar fashion determine rank(L[v] : Ls+1[w]). O

The algorithm to compute L; 1[v], for an arbitrary active node v with
children u and w, can be summarized as follows.

As a part of the input to stage s + 1, we are given the following rank
information: (1) rank(L[u) : Lii1[u}), (2) rank(Li[w] : L{+1[w]), (3)
rank(L[u] : Ls[w)), and (4) rank(L[w] : L;[u]). The main steps are these:

1. Compute rank(L,[v] : L;[u]) and rank(L,[v] : L; +1[w]) (Corollary 4.4).

2. Merge Lgi1[u] and L, 1[w] using L[v] as a 4-cover for both lists
(Lemma 4.3). The resulting list is L [v].

3. Update the necessary input information for stage s + 2 (Lemma 4.7).

Putting the Pieces Together. Combining all the facts shown in this section,
we obtain the following theorem.

Theorem 4.4: Let T be a given binary tree such that each leaf v contains a list
A(v). Let h(T) be the height of T, and let m = max, |A(v)|. Then, the pipelined
merge-sort algorithm (Algorithm 4.4) generates, for each node v of T, a sorted
list L[v] containing all the items stored in the subtree rooted at v. The overall
algorithm runs in O(h(T) + log m) time, using a total of O((n, + n>)(h(T) +
log m)) operations, where n is the number of nodes in T and n; is the total
number of items in T.

Proof: The tree T’ that we obtain from T by replacing each list A(v) with a
balanced binary tree with |A(v)| leaves is of height less than or equal to A(T) +
log m and has no more than n; + n; leaves.

The pipelined merge-sort algorithm applied to T" consists of at most
3(h(T) + log m) stages; each stage can be performed in O(1) time, using
O(n, + n3) operations (recall Remark 4.5, which states that the number of
elements in all the active nodes of any stage is asymptotically the same as the
number of leaves). Therefore, the running time is O(k(T) + log m), and the
number of operations is O((n; + n2)(h(T) + log m)). ]
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Corollary 4.5: Sorting n elements can be done in O(log n) time, using a total
of O(n log n) operations. O

PRAM Model: Concurrent read is used in the procedures outlined in
Lemma 4.7. Hence, Algorithm 4.4 runs on the CREW PRAM model. This
algorithm can be modified to run on the EREW PRAM, but the details
required are nontrivial. a

Remark 4.6: Itis easy to check that, after an arbitrary stage s of the pipelined
merge-sort algorithm, we can obtain rank(L[u} : L[v]), for a node v and a
child u, without any asymptotic increase in the resources used. Therefore, we
can assume that, at the end of the algorithm, the array rank(L[u] : L[v]) is
available. In addition, the lists generated at any sibling pair are cross-ranked.
These facts will be used in Chapter 6 to derive optimal algorithms for several
problems in computational geometry. O

4.4 Sorting Networks

The importance of sorting has stimulated a considerable amount of research
in the development of special-purpose hardware for sorting. The comparator-
network model for handling comparison problems is especially well suited for
hardware implementation and has a rich theory. In this section, we shall intro-
duce the classical bitonic sorting network, and outline several of its properties.

A comparator network is made up of comparators, where a comparator
is a module whose two inputs are x and y and whose two ordered outputs are
min{x,y} and max{x, y}. A possible representation of a comparator is shown in
Fig. 4.11(a). Note that the direction of the arrow used in this representation
is significant.

An example of a comparator network that sorts is shown in Fig. 4.11(b).
In this example, the input items are x1, x2, x3, x4, and the output items y1, y,,
¥3,y4 correspond to the sorted sequence.

The size of a comparator network is the number of comparators used in
the network; the depth is the length of the longest path from an input to an
output. The sorting network shown in Fig. 4.11(b) is of size 5 and depth 3.

Our main goal in this section is to design comparator networks that sort
in small depth and that have a small size. Given a comparator network that
sorts, we can easily derive a parallel algorithm whose running time is asymp-
totically the same as the depth of the network, and whose total number of
operations is asymptotically the same as the size of the network.
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A min {x, y} X A \ ¥

¥ max {x, y} X \ )\ ¥
x max {x, y} X3 [ Y3
y Y min {x, y} Xy Y4
(a) (b)
FIGURE 4.11

Comparator networks. (a) Single comparator. (b) A sorting network.

4.4.1 OBLIVIOUS ALGORITHMS

Closely related to the comparator network mode! is the class of oblivious
comparison algorithms.

Suppose that the input is given in an array 4 = (ag,ay, ... ,a,—1). The
control flow of an oblivious algorithm does not depend on the particular values
of the a;’s. Hence, assume that the input is stored in locations 1, 2, ... , n.
Each step of the algorithm consists of a set of comparisons between the pairs
of values stored in locations (i1,j1), (i2,2), --- » (ip,jp), where all the indices
are distinct. For each such pair, the minimum value is stored in the first
location and the maximum is stored in the second location (or vice versa) as
a result of the comparison. In particular, the locations considered at a given
step do not depend on the outcome of the previous comparisons made.

It is straightforward to map oblivious sorting algorithms directly onto
comparator networks.

4.4.2 BITONIC SEQUENCES

LetX = (xg,x1, -.. ,Xn—1) be a sequence of elements drawn from a linearly
ordered set. Assume that n = 2k, for some positive integer k. The sequence
X is called bitonic if, for some positive integer j < n, we have Xjmodn <
X(j+modn < " = Ximodn ANA X4 ymodn = *** = X(j+n— )modn, fOr some /.
That is, if we place the x;’s on a circle in the order they appear in X, the circle
can be partitioned into two portions such that the subsequence defined by
each portion is monotonic.
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EXAMPLE 4.9:

Consider the sequence of numbers X = (- 5, -9, — 10, - 5,2,7,35,37). This
sequence is bitonic, since —10 < - 5<2<7<35and37> -5> -9
(j = 2and ! = 6 in the previous definition). a

Unique Cross-Over Property of Bitonic Sequences. We now describe an
important property of bitonic sequences, starting with special bitonic sequences.

LetX = (xg,xy, ... ,Xxp—1)beasequencesuchthatxy <x; = ... <xz2_,
and xa = xa,) = ... = x,_1. This sequence can be represented by two
vertical arrows, as shown in Fig. 4.12. The downward arrow represents a
nondecreasing sequence, whereas the upward arrow represents a nonin-
creasing sequence. ‘

There exists a unique horizontal line H that cuts the region between the
two vertical arrows into two subregions, one labeled < and the other labeled
>, such that (1) an arbitrary pair of elements in the same subregion, one from
the left column and the other from the right column, satisfies the relation
indicated in its subregion; (2) every element in the left column of the subre-
gion < is less than or equal to every element in the left column of the
subregion > . Property (2) holds also for the right column, as indicated by the
inequalities. A horizontal line that induces two regions with these two prop-
erties is said to have the unique cross-over property.

n
.\’0 3
X
1 X +1
.
. S M
. .
. .
ta +1-1
“l—l
—_—_——— ), —— — H
Y o,
2

FIGURE 4.12

Representation of a bitonic sequence. The horizontal line H corresponds to a
cut with the unique cross-over property.
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To check these two properties, we observe the following. Suppose that
there exists an index i such thatx; > X%y where 0 < i < (n/2) — 1. Letibe
the smallest such index. Then, consider the horizontal cut between x; - and x;
(and alsobetweenx%+,-_1 andx%+,-). ForO<j<i-1,x<x Sxuii-1 <
Xn4i-2 < -+~ <xu,and hencex; is less than or equal to each element of the
right-hand side in the subregion <. Note also that x; is less than or equal to
each element of the left side in subregion > . Similarly, we can verify that, for
eachjinthe range 5 <j < 5 + i — 1,x; is greater than or equal tox for any
k,where 5 +i<k=<n -1

Notice that, when i = 0, the horizontal cut H is at the very top. If no
index i exists such that x; > xz, then the horizontal cut is at.the very bottom.

EXAMPLE 4.10:

Consider the bitonic sequence X = (21, 18, 14,10, —6, —4,0, 1, 2,19, 31, 30,
29,22, 21, 21). When X is viewed as a circular list, we have the following two
monotonic subsequences: (—6, —4,0, 1,2, 19,31) and (30, 29, 22, 21, 21, 21).
A representation of X is shown in Fig. 4.13. The sequence X consists of a
nonincreasing subsequence, followed by a nondecreasing subsequence, fol-
lowed by a nonincreasing subsequence. The dotted line shown in the figure
satisfies the unique cross-over property, as can be verified easily. a

We now show that the unique cross-over property holds in general.
Lemma 4.8: Any bitonic sequence satisfies the unique cross-over property.
Proof: Using the representation developed previously, we have to show that

there always exists a horizontal cut that splits the region into two subregions
< and >, satisfying the following two properties:

21 > 2
18 19
14 31
10 < 30
-6 29
-4 22
0 21

FIGURE 4.13
The horizontal cut for the given bitonic sequence.
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1. Given anyx; and x; in the same subregion, where x; comes from the left
side and x; comes from the right side, thenx; < x; if the subregion is <;
otherwise, x; > x;.

2. Given anyx; and x; in the same column c—say, x; in the subregion <

and x; in the subregion >—then x; < x; if ¢ is the left column;
otherwise, x; = x;.

LetX = (xg,x1, ... ,X,—1) be an arbitrary bitonic sequence. Without loss
of generality, we assume thatxg < x; < --- < xyjandxj,; 2 x40 2 - 2
xn -1, for some index /. Otherwise, we can make a circular shift to put the given
sequence in this form; the new sequence has a horizontal cut with the unique
cross-over property if and only if the original sequence has the same property.

Assume that [ = n/2; the other case can be dealt with similarly. The
representation of the corresponding sequence is shown in Fig. 4.14.

We start by drawing a horizontal line H temporarily just below the two
elementsx; andx; 2. Clearly, the region above H must be labeled <, sincexp <
x| < - Sxpp < -+ < x;. Wemove H down until either (1) we find an index
i such thatx; > X2y where) <i < % — 1, or (2) we determine that no such
index exists and hence we havexz _; <x,_;.Incase 1, we leave H just above
xjand x4 in case 2, H is at the very bottom, below xn_q andx, —;.

X, x%

. < )

. Xl
H-—t-—————--—-—-"-"——-
‘ A |
H———— -t ————-

.X‘ ‘% +1

. > :

xl‘—l .
2 ‘} X,

FIGURE 4.14
Construction of the horizontal cut of a bitonic sequence. The horizontal fine H

is moved down either to the very bottom or to just above x; and X2 such that
Xi > x4
2
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The reader can check that, in each case, H satisfies the desired unique
Cross-over property. O

Sorting of Bitonic Sequences. Given a bitonic sequence X = (xg,x), ..
Xy _1), we define the following two operators on X:

L(X) = (minfxo, x2}, min{xy, x2 11}, ..., minfes_y, x, - 1}),
R(X) = (max{xo,x%}, max{xl,x%ﬂ}, ,max{x%_l,x,,_l})

L

EXAMPLE 4.11:

LetX = (21,18,14,10, -6, —4,0,1, 2,19, 31, 30, 29, 22,21, 21) be the bitonic
sequence of Example 4.10. Then, it is easy to check that L(X) = (2, 18, 14, 10,
-6, —4,0, 1) and R(X) = (21,19, 31, 30, 29, 22, 21, 21). Note that each of
L(X) and R(X) consists of a segment in the subregion < and the complement
segment in the subregion > (see Fig. 4.13). d

Lemma 4.9: Let X be a bitonic sequence. Then, both L(X) and R(X) are
bitonic, and each element of L(X) is smaller than each element of R(X).

Proof: By the unique cross-over property, there exists a horizontal cut—say,
betweenx; andx; . | (and, of course, betweenx% +iandxz ;. )—thatinduces
the two subregions < and >. We shall assume that < is on the top.

Given the properties of the horizontal cut, it is clear that L(X) = (xo,
Xl oo s Xin X2 4it 1y oo s Xn—1) and R(X) = (x%,x%ﬂ, s XBLi Xid s e
x1_1). The fact that each element of L(X) is no greater than each element of
R(X) follows immediately from the unique cross-over property. Since each
of L(X) and R(X) is a subsequence of the bitonic sequence X, clearly L(X)
and R(X) are bitonic. O

Based on Lemma 4.9, we deduce the following sorting algorithm, which
can be viewed as an instance of the partitioning strategy.

ALGORITHM 4.5
(Bitonic Merge)
Input: A bitonic sequence X = (xg,X1, ... ,Xn_1)Such thatn = 2k
for some integer k.
Output: The sequence X in sorted order.
begin
1. for0 < i < 5 — 1pardo
Set l;: = min(x,-,x,-+%)
Setri: = max(x;, X;+1)
2. Apply the algorithm recursively to each of the sequences L(X) =
(o, Iy, - Slzoy) and R(X) = (ro, 7y, .. F3-1)-
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3. Output the sorted sequence L(X) followed by the sorted se-

quence R(X).
end

Bitonic Sorting Networks. Using Algorithm 4.5, we can construct the bi-
tonic sorting network B(n) to sort a bntomc sequence of length n = 2K, for
some integer k. o

If n = 2, then B(2) consists of just one comparator; otherwise, B(n)
consists of a column of 5 comparators, followed by the two sorting networks

B(%), as shown in Fig. 4.15. The purpose of the column of n/2 comparators is

to generate L(X) on the first n/2 horizontal lines and R(X) on the remaining
horizontal lines. We are ready for the following theorem.

Theorem 4.5: The bitonic sorting network B(n) correctly sorts a bitonic se-
quence of length n = 2K, where k is a positive integer. The depth of the network

. A I
is D(n) = logn, and the number of the comparators is C(n) = %.
X, Yy,
) 0 A 0
| ¥
[ I n .
: B(7) :
.\'% o A y% O
Xn Yo
2 2
Y n SmE——— A
—2- +1 . n . - 7 +1
: B(7) :
*n-1 e
FIGURE 4.15

Construction of the bitonic sorting network. The minima of the corresponding
pairs (that is, the set L(X) defined in the text) appear as inputs to the top
B(n/2), and the maxima of the pairs (that is, the set R(X)) appear as inputs to
the bottom B(n/2).
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Proof: Lemma 4.9 implies that the bitonic sorting network sorts correctly.
The depth D(n) and the size C(n) satisfy the following recurrences:

D(n) = 1+ D(3);

D) =1
Cn) = § + 2¢(3);
C2) =1
It is easy to verify that D(n) = logn and C(n) = "k’% satisfy these
recurrence relations. O

Note that the bitonic sorting network sorts bitonic sequences, and does
not necessarily sort arbitrary sequences. Hence, it is really more like a merging
network than a sorting network. But once we construct a merging network,
we can use it to build a sorting network by using the merge-sort method.

Given an arbitrary sequence X = (xg, X1, ... ,Xn—1), start by using %
B(2) networks in parallel on pairs of elements of X. Note that successive pairs
should be sorted in opposite orders, so that the combined sequence of two
consecutive pairs is bitonic. Next, sort each segment of four elements by using
% B(4) networks in parallel, and so on. The bitonic sorting network to sort an
arbitrary sequence of eight elements is shown in Fig. 4.16.

B(2) B (4) B (8)
—=

X0

x|

|
|
|
I
1
-

.\’2

X3

RV

XS

,’(6

FIGURE 4.16
An eight-element bitonic sorting network. The network consists of a column of
four B(2)’s, followed by two B(4)'s, followed by a single B(8).
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The depth of the bitonic sorting network to sort an arbitrary sequence
oflengthn = 2Kis1 + 2+ 3 + .- + logn = O(log? n), and the number of
comparators is given by 3+_/ 2C(2") = O(n log? n).

Therefore, we have the following theorem.

Theorem 4.6: We can construct a network to sort an arbitrary sequence of
length n in O(log?n) depth using O(n log?n) comparators. O

The construction of another important sorting network based on the
odd-even merge algorithm is outlined in Exercise 4.33.

The existence of faster and more economical (in hardware cost) net-
works is well established in the literature. The best known example is the AKS
sorting network that sorts in O(log n) depth and has O(n log n) size. The deri-
vation of this network is quite involved and is beyond the scope of this book.

4.5 Selection

Given a set of elements A = (ay,a2, ... ,a,) and an integer k, where 1 <
k < n, the selection problem is to determine an element a; of A such that
rank(a; : A) = k.

We have already examined the special cases k = 1 and & = n, corre-
sponding, respectively, to computing the minimum and the maximum elements
of A (Section 2.6). Another important special case is the determination of the
median, corresponding tok = r57. The selection problem is known to admit
alinear-time sequential algorithm based on the divide-and-conquer strategy.

Recall that the problem of computing the maximum (or the minimum)
clement can be solved optimally in O(log log ) time on the CRCW PRAM
and in O(log n) time on the EREW PRAM (Section 2.6). However, finding
the median (and hence solving the general selection problem) turns out to be
more difficult. We shall show in Chapter 10 that the problem of determining
the median requires )(log n/log log n) time on the CRCW PRAM, using any
polynomial number of processors.

In the remainder of this section, we shall present a parallel algorithm
for the general selection problem that runs in O(log n log log ») time, using a
linear number of operations. This algorithm can be viewed as the parallel
version of a known optimal sequential algorithm.

Our selection problem can be solved easily if we preprocess our set by
sorting its elements, and then output the kth element in the sorted list. If we use
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the pipelined merge-sort algorithm, this approach leads to a fast O(log n) time
algorithm; however, it uses a total of O(r log n) operations, which is nonoptimal.

To develop an optimal parallel algorithm, we use the accelerated-
cascading technique (Section 2.6). Hence an optimal algorithm that reduces
the size n of the input array to O(n/logn) is needed. Such an algorithm
followed by the pipelined merge-sort algorithm will yield the desired optimal
algorithm. The reader should note, in particular, the similarity between the
solution strategies of the list ranking (Section 3.1) and the selection problems.

The idea behind the size-reducing algorithm is simple. Suppose an
element a of A is identified with the property 4§ < rank(a:A) < 37”. Then, a
induces a partition of 4 into three subsets 41, A; and A3 consisting of the
elements smaller than, equal to, and larger thana, respectively. Lets; = |4;|, for
1 =i < 3. Note thatsy,s3 < 3[7", because § < rank(a:A) < %’.Based on the
relative sizes of 51, 7, 53, and k, we can now isolate the kth smallest element
in one of the subsets 41, A;, or A3. If the kth smallest element is in 4,, then
we are done; otherwise, the size of the corresponding array has been reduced
by at least a factor of 3/4.

Repeating this process O(log log n) times reduces the size of 4 to
O(n/log n). We can now use the pipelined merge-sort algorithm to identify
the desired element.

The only essential detail left is the description of the method used to
determine the elementa. We can determine it by using the median of the medians
rule as explained in steps 2.2 and 2.3 of the selection algorithm, given next.

ALGORITHM 4.6

(Selection)
Input: Anarray A = (ay,a, ... ,a,) and a positive integer k, where
1 = k = n, such that log n is an integer that divides n.
Output: An element a; of A such that rank(a; : A) = k.
begin
1. Setny: = n;s: = 0.
2. whilen; > nflogn do
21 Sets =5 + L.
2.2. Partition A into blocks B,’s, each consisting of
log n consecutive elements of A. Compute the median
m; of each block B,
2.3. Compute the median a of (my, ma, ... m lo;") by
using the pipelined merge-sort algorithm.
2.4. Determine the numbers sy, s», and s3 of the
elements smaller than, equal to, and larger than
a, respectively.
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2.5. Case statement:

sy <k < s + s2: Output a and exit.

k <5 : Compact those elements
of A smaller than a into
consecutive locations, and
set ng: = §1.

k>s; + s . Compact those elements
of A larger than a into
consecutive locations, set
ng: =syandk = k —
(sy + 82).

3. Sort the array consisting of the remaining ng elements. The kth
element is the desired output.
end

EXAMPLE 4.12:

LetA = (5, —30, — 10,7, 25, 16,31, —20,8,9, —3,5,13,17,21,19) and k =
4. The blocks B;’s are givenby B = (5, —30, —10,7), B, = (25, 16,31, —20),
B3 = (8,9, —3,5),and B4 = (13, 17, 21, 19). Hence, the medians are m; =
-10,m; = 16, m3 = 5,and my4 = 17. The median of the m;’s isa = 5. It
follows that sy = 4,57 = 2, and s3 = 10. Therefore, the desired element is in
Ay = (—30, =10, —20, —3),since k < s1. The kth smallest element can now be
obtained by sorting of the elements of A4;. This sort yields — 3 as the desired
element. O

Theorem 4.7: The selection algorithm (Algorithm 4.6} correctly computes the
kth smallest element of the input array A. This algorithm runs in O(logn
log log n) time, using a linear number of operations.

Proof: The correctness proof is straightforward and is left to the reader.

As for the running time, it can be estimated as follows. Consider an
arbitrary iteration s of the while loop (step 2). We can implement step 2.2 by
using the linear-time sequential algorithm for selection. Each block takes
O(log n) sequential time for a total number of O(n;) operations. Using the
pipelined merge-sort algorithm, step 2.3 takes O(log n) time, using a total of
0( 10"an x log n) = O(n;) operations.

Step 2.4 can be done as follows. Mark each element a; with 1, 2, or 3,
depending on whether a; < a, a; = a, or a; > a. Using the prefix-sums

Lalgorithm (Algorithm 2.1), we can then obtain s1, 57, and s3 easily. Hence,

Step 2.4 takes O(log n) time using a total of O(rn;) operations. Similarly, step
2.5 takes O(log n) time using a linear number of operations.
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Therefore, each iteration of the while loop takes O(log n) time, with
O(n;s) operations. The following claim implies that O(log log n) iterations are
sufficient to reduce the size of our list below n/log n.

Claim: The sizes of the lists in two consecutive iterations satisfy n,+ | < %.

Proof of Claim: Clearly, it is enough to show that % < rank(a : Ag) < 32’,

where A; is the array at the beginning of iteration s, and Ay = A. Since a is the
median of the m;’s, a is larger than one-half of the m;’s. But m; is larger than
(log n)/2 elements in B;, for each i. Therefore, a is greater than or equal to

ng log n

2logn X =

other side of the inequality.

Therefore, step 2 takes O(log n log log ) time, using a total of O(Zn;) =
O(n) operations. Step 3 takes O(log n) time, using O(n) operations. Hence,
the complexity bounds of the algorithm follow. 0O

n . . . .
= 7 elements of A;. We can show, in a similar fashion, the

PRAM Model: The two nontrivial operations used in Algorithm 4.6 are the
pipelined merge sort and the prefix sums. Both of these operations can be
done within the stated resources on the EREW PRAM model. Recall, how-
ever, that our description of the pipelined merge-sort algorithm (Algorithm
4.4) was for the CREW PRAM model only. O

4.6 *Lower Bounds for Comparison Problems

Lower bounds play an important role in the theory of algorithms. They give
an indication on the smallest amount of resources that have to be expanded
to solve a given problem. For example, alower bound T(r) = f(n)) on the time
it takes to solve a given problem P of size n implies that any algorithm to solve
P will require f(n) steps, regardless of how clever the algorithm is or what
methods it uses. The fact that an algorithm has to examine each item of the
input at least once to solve any but the most specialized problems implies that
T(n) = Q(n) for the problem’s sequential computation. The corresponding
trivial lower bound on the PRAM model is Q(n/p), where p is the number of
processors available. Establishing stronger lower bounds for parallel compu-
tations is usually much more difficult.

A known methodology for simplifying the development of nontrivial
lower bounds is to impose a structure on the type of algorithms allowed. In
most cases, the resulting classes of algorithms seem to include the only



4.6 *Lower Bounds for Comparison Problems 185

reasonable candidate algorithms for the problems under consideration. For
example, in sequential computations, the binary decision-tree model has
been used to derive lower bounds for comparison problems, and the straight-
line model (Section 1.3.1) has been used to derive lower bounds for algebraic
computations. In each case, the class of algorithms considered seems to be
natural and seems to capture the essential algorithmic features needed to
solve the corresponding problems. B

In this section, we introduce.the parallel comparison-tree model, which
seems to be well suited for studying comparison problems within the parallel
framework. We then use this model to derive lower bounds on the number
of parallel steps required to handle searching, computing the maximum,
and merging.

4.6.1 PARALLEL COMPARISON TREES

Let A be an array of elements drawn from a linearly ordered set. The outcome
of a comparison between two elements a; and a; of A could be one of the
following: (1) a; < aj, (2) a; = aj, or (3) a; > a;. We are interested in
comparison algorithms where, at each step of the algorithm, many compari-
sons can be made in parallel. The outcome of these comparisons will deter-
mine the set of comparisons to be made during the next step. We do not
charge any cost to the process of obtaining any information that can be
deduced from the outcome of the comparisons. A powerful model for such
algorithms is the parallel comparison tree.

A parallel comparison tree of degree p is a 37-ary tree in which each
internal node v represents a set of p comparisons performed between p pairs
of elements (not necessarily distinct), and each of the branches out of v
corresponds to one of the 3P possible outcomes of the comparisons. The
parameter p, also called the degree of parallelism, can depend in an arbitrary
fashion on n. Each leaf of the tree represents a solution to the problem under
consideration. The number of parallel steps is defined to be the height of the
parallel comparison tree.

EXAMPLE 4.13:

LetX = {xy,x3,x3,%4,%s,%6,%7,Xx3} be a set of elements drawn from a linearly
ordered set. A parallel comparison tree of degree p = 2 to identify the
maximum element of X is illustrated in Fig. 4.17. The notation x; : x; indicates
a comparison between x; and x;. The number of possible outcomes of the
comparisons performed at the root node is nine. Only the leftmost path
leading to either xg or x4 being the maximum is shown. ]
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FIGURE 4.17

The leftmost path of a parallel comparison tree of degree 2 to compute the
maximum of eight elements. Each internal node could have up to nine children
corresponding to the nine possible outcomes of the two comparisons per-
formed at the node.

The parallel comparison-tree model is a very powerful model for study-
ing the parallel complexity of comparison problems. Note that, in this model,
there are no restrictions on the selection of the comparisons made during any
given step. Hence, no costs are charged to moving data around or to obtaining
any information derived from the outcomes of the previous comparisons. For
our purposes, a more reasonable model would be the comparison PRAM
model introduced next.

The Comparison PRAM. The comparison PRAM model is a PRAM that
allows only the operations of comparing elements and moving elements in the
memory. No element can be viewed as a string of bits, and no arithmetic
operations on the elements are allowed. Hence, a typical step of the comparison
PRAM involves a set of comparisons made by some or all the available proces-
sors, followed by a set of data movements. Note that all the algorithms presented
in this chapter satisfy the restrictions of the comparison PRAM model.
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Itis clear that each step of the comparison PRAM with p processors can
be trivially simulated by a single step of a parallel comparison tree with
degree p. Therefore, a lower bound for the parallel comparison-tree model
will immediately hold for the comparison PRAM.

In the remainder of this section, we shall concentrate on establishing
lower bounds on the parallel comparison-tree model.

Adversary Argument. Our lower-bound proofs use the following tech-
nique, called adversary argument. Given a parallel comparison tree 7, the
computation will follow a path from the root to a leaf such that the path
depends on the particular input. The basic idea is to specify the input incre-
mentally, as the algorithm progresses down the tree, such that the algorithm
is forced to take a long path. In particular, for our class of problems, we do the
following. After each parallel comparison step, an adversary will consistently
specify the input such that the algorithm is forced to solve a large-sized
instance—say, ] —of the original problem,; that is, we know nothing about the
solution of /, and the desired solution of the original problem requires a
solution of /. Solving the recurrence relation relating the sizes of the instances
of two successive steps will produce the lower bound.

4.6.2 LOWER BOUNDS FOR SEARCHING

We start with the search problem considered in Section 4.1.

Theorem 4.8: Given a sorted table X of n elements and an element y, the
problem of searching fory in X requires Q(Eg%’—f;%) parallel steps on the parallel
comparison-tree model, where p is the degree of parallelism satisfying p < n.

Proof: Since the table X is sorted, we can assume that each of the p compar-
isons carried out at a step involves y and an element of X. We establish the
lower bound by using an adversary argument.

Letx;,x;,, ... ) Xi, be the elements of X used in the first parallel com-
parison step. Note that these elements do not need to be distinct. The x;’s
partition X into at most p + 1 intervals, each interval containing consecutive
elements of X, excluding the x;’s. One of these intervals—say, X;—must
contains; = (n — p)/(p + 1) elements of X. Since no comparisons have been
made between any element of X; and y, the adversary chooses y to lie in X;.
Hence, we now have an arbitrary search problem on the table X of size s;.

This process can be continued such that the sizes s; and s;,; of the
tables X; and X; . 1, obtained after stepsi andi + 1, respectively, are related by
si+1 = (s; — p)/(p + 1).Setting the initial conditionsy = n, it is easy to verify
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that the solution of this recurrence satisfies s; = —(ﬁ — 1. Hence, the
number ¢ of parallel steps required satisfies (pi T 1 = 1, which implies that

t= Q(]_ogk()i—il))‘ O

Corollary 4.6: Searching a sorted table of n elements requires Q(Q%T))
parallel steps on the comparison CRCW PRAM with p processors.

4.6.3 LOWER BOUNDS FOR COMPUTING THE MAXIMUM

We now consider the problem of computing the maximum of n elements
stored in an array X = (xy,%2, ... ,Xp).

We have already seen, in Section 2.6, that a doubly logarithmic-depth
tree can be used to compute the maximum in O(log logn) time on the
common CRCW PRAM model, using a linear number of operations. We can
rephrase this result as an O(log log ) time algorithm using n/log log n pro-
cessors on the common CRCW PRAM model. We now show that the parallel
time cannot be improved, even if we use n processors.

To establish our lower bound, we need the following theorem from
extremal graph theory. For a given graph G = (V, E), U € Vis an independent
set if no two vertices of U are joined with an edge.

Theorem 4.9 (Turan): Let G = (V, E) be an arbitrary graph with n vertices and
m edges. Then, G has an independent set of size at least n/(2m + n). 0

Theorem 4.9 is actually a corollary to a classical result by Turan. Theo-
rem 4.9 has a relatively simple proof, which is left to Exercise 4.29. ~

We are now ready to establish the lower bound on computing the
maximum.

Theorem 4.10: Computing the maximum of n elements in the comparison-tree
model requires Q(log log n) parallel steps, whenever the degree of parallelism is
p=<n *

Proof: We prove by induction that, at the end of the (i + 1)st parallel step, an
adversary can specify the input such that the maximum will lie in aset C; 4 ; of
size ¢; +1, with the following two properties:

1. No two elements of C;;, have been compared before.
2

Cl
. > —
2. C,+1 = 7 ¢’
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We start with the case i = 0, assuming ¢y = n. Hence, we consider the first
parallel comparison step. This step involves p comparisons between pairs of
clements from X. These comparisons can be represented by a graph G = (V, E)
as follows. The set V consists of n vertices such that v; represents element x;
of X, where 1 < i < n. The set E consists of all edges (v;, v;) such that one
of the p = n comparisons is between x; and x;. It follows that G has n vertices
and at most p edges. By Theorem 4.9, G has an independent set—say, C; =
{Viys Vigs -+ » viy—such thatt = n?/(2p + n).

An adversary can choose the elements x;’s such that each x; is larger
than any of its adjacent vertices. This choice is clearly possible since C; is an
independent set. It is obvious that C; satisfies the conditions of the induction
hypothesis. .

We can use exactly the same argument for an arbitrary stepi + 1 by
examining the possible effects of the p comparisons on C;.

Using the preceding recurrence, it is clear thatc¢; ;) = c,.2 /3n. Solving
this recurrence, with the initial condition ¢y = n, we obtain that ¢; = n/(3%~1).
The algorithm terminates when ¢; < 1. Hence, the number of parallel steps
is Q(log log n). O

Corollary 4.7: Computing the maximum of n elements requires ()(log log n)
time on the comparison PRAM with n processors. |

The Q(log log n) time lower bound obviously holds for the selection
problem. In fact, this bound is achievable on the parallel comparison-tree
model. Exercise 4.28 outlines an O(log log? n) selection algorithm on this
model. However, as we mentioned earlier (and as we shall show in Chapter
10), the selection problem requires }(log n/log log #) time on the comparison
CRCW PRAM, even with a polynomial number of processors. Therefore, the
parallel-comparison tree model is strictly more powerful than is the comparison
PRAM model.

4.6.4 LOWER BOUNDS FOR THE MERGING PROBLEM

The merging problem of two sorted sequences each of length n is considered
next. Recall that the O(log log n) time algorithm developed in Section 4.2 was
based on a partitioning strategy that divided the original problem into Vn
subproblems, each of which could then be solved independently. We shall use
an adversary argument to show that, after each parallel step of a parallel
Comparison tree that solves the merging problem, the input can be specified
such that Q(Vn) independent subproblems, each of size ((Vn), have to be
solved. This result will imply that Q(log log n) time is needed to solve the
merging problem.
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To simplify the proof, we introduce the (k, s) merging problem. For 1 <
i < k,we are given k pairs of sequences (4;, B;) such that (1) each sequence
A; and B; is of length s and is sorted in nondecreasing order, and (2) each
element of A; U B; is smaller than every element of 4;,1 U Bj+1,forl <i <
k — 1. The goal is to determine the sorted sequences C; obtained by merging
the pairs (4;, B;), for1 < i < k.

The crux of the lower-bound proof is given in the next lemma.

Lemma 4.10: Suppose we are given a parzallel comparison tree of degree p to
solve the (k, s) merging problem, where ’% = p = 2ks. After the first parallel
step, an adversary can specify the input such that an arbitrary (k', s') merging

problem will still have to be solved, where k' = %\/pg and s' = %\/%

Proof: Let c = p/ks. Partition each of 4; and B; into 2V 2cs blocks {4; ;} and
{B;;}, where 1 < j < 2V2cs. Note that 2V2sc < s,sincec < s/8asp < (ks?)/8.

For each 1 < i < k, consider the Boolean array M; of size 2V2es x
2V2cs defined as follows: M;(u, v) = 1 if and only if at least one of the p
comparisons made during the first parallel step is between an element inA4; , and
an element in B;,.

Each M; has 4V2cs — 1 diagonals, including the main diagonal defined by
M;(u,u),where 1 < u < 2V2cs. Number these diagonals in an arbitrary way, and
let d;; be the number of 0 entries in the jth diagonal of M;. Since only p compar-
isons were made during the first parallel step, the total number of 0 entries in all
the M;’s is at least 8kcs — p = 7p. This observation implies that

k 4V2es—1

z Z d,'j = 7p.

=1 j=1
Interchanging the order of the summations, we obtain

WV2s—17 k
Z (zd,}) = 7p.
j=1 Yi=1

TTxus, there existsj’ such that the corresponding inner term (Zfz 1d,jv)
is no smaller than the average. Therefore,

k
) 7_17_1\/1;’:
;d’l’247s_4 >

Now consider the j'th diagonal of M;. Let the 0 entries correspond to
the indices (/1,m1), (I2, m2), ... , (la,, ma,) such thatly <l < ... < laj
and m; < my < ... < mg,. Clearly, this ordering is possible, since the
entries lie off the j'th diagonal of M;. Consider the pairs (4, ;, B; m,), for
1 < j < d;. An adversary can specify each pair (4;, B;) such that each
element of A;; U B, is smaller than every elementofA4;; U B; p,,,-
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Therefore, these new pairs form a new merging problem consisting of at

leastk’ = %\/‘% subproblems, each of sizes’ = 2W = \/7 hence, the
lemma follows. O

We are now ready to prove the lower bound on the (k, s) merging
problem.

Theorem 4.11: Let T(k, s, p) be the number of parallel steps used by any parallel
comparison tree with degree p to solve the (k, s) merging problem, where 2ks <

p < X Then, T(k, s, p) = Qflog logs - log log(£)).

Proof: Using Lemma 4.10, it is clear that the following recurrence holds:

T(k,s,p) = 1 + T(%\/‘;?;,%\/%,p).

We claim the following, which will establish the lower bound:

log( )
log (2] ]

To verify this claim, we will use induction on k ands. Hence, we can assume that

7(1\/P_k s\[ k. p) > 1 1 87\/7

4Y 22V 2pf) 4 16p
? log 7 ks

Note that log i\/% = %log%(assuming, without loss of generality, thats =

2 and hence % 4). We also have that log 3 16 p < 3log fs—. It follows that

»
log [3\/2
T(k,s,p) = 1 + llogo‘g(Jﬂ

T(k,s,p) = ylog (1)

4 lg(16p)
=1+ %log%ll ggs
=1+ zltlog(lz) +glo glt)ggi
ks
_%log%.
log

The last inequality holds because 1 + (1/4) log(1/12) > 0. Therefore, Equa-
tion 4.1 holds.
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Since, by assumption, 2s < % < %, the preceding inequality implies that
Tk, s, p) = Q(log logs — log log% , and the proof of the theorem is
complete. O

Setting k = 1 ands = n, we obtain the following corollary.

Corollary 4.8: The merging problem of two sorted sequences, each of length n,
requires (Y(log logn) time on the comparison CRCW PRAM whenever the
number p of processors satisfies p = O(n log" n), for any positive constant r. ]

4.6.5 LOWER BOUNDS FOR SORTING

As for the sorting problem, it is well known that ()(n log n) comparisons are
required to sort n numbers on the binary decision-tree model. Hence,
Q(log n) time is required on any comparison PRAM, whenever the number p
of processors is < n. The case when p > n is more interesting, and is
addressed in Exercises 4.23, 4.26, and 4.27. The bibliographic notes provide
related references for the interested reader.

4.7 Summary

In this chapter, we developed efficient parallel strategies to handle several
fundamental comparison problems. These strategies include parallel search-
ing, partitioning, and pipelined divide-and-conquer. We showed that the
performance of the resulting parallel algorithms for searching, computing the
maximum, and merging cannot be improved even on the strong parallel
comparison-tree model. This chapter also provided a brief introduction to the
class of sorting networks by presenting the bitonic sorting algorithm and the
construction of bitonic sorting networks. The important odd-even sorting net-
work and permutation networks are sketched in Exercises 4.33, 4.37, and 4.38.
A summary of the main results is given in Tables 4.1 and 4.2. Table 4.1
lists the performance of the algorithms described, and Table 4.2 lists the
lower bounds established on the parallel comparison-tree model (hence,
lower bounds that hold on the comparison CRCW PRAM model). The
parameter p appearing in the tables is the number of processors.
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TABLE 4.1
ALGORITHMS INTRODUCED IN THIS CHAPTER.
PRAM
Algorithm Section Time* Model
! n+
41 Parallel Search 4.1 o(@e-1) CREW

4.2 Ranking a Sorted Sequence in  4.2.2 o(ﬂt"’)‘glﬂ + loglogm) CREW
Another Sorted Sequence

Optimal Merging 423 O(% + log log n) CREW
4.3 Simple Merge Sort 431 O(" pg + log n log log n) CREW
4.4 Pipelined Merge Sort 432 O("";g " 4 logn) CREW
4.5 Bitonic Merge 4.4 o(" ";g " 4+ logn) EREW
4.6 Selection 45 0(& + log 7 log log n) EREW

*p: number of processors.

TABLE 4.2

LOWER BOUNDS ESTABLISHED ON THE PARALLEL-COMPARISON
TREE MODEL.

Problem Lower Bound Number of Processors
Searching Q(Hgk’g—:”) p<n
Maximum Q2 + log log n) p<n
Merging (2 + log log n) p < nlogkn
Any constant k

Exercises

4.1. Let X be an arbitrary sequence of elements from a linearly ordered
set S, and let y € S. Suppose that we want to determine all the
occurrences, if any, of y in X. Develop an O(logn) time EREW
PRAM algorithm to solve this problem, using a linear number of
operations.

4.2. Prove that the parallel-search algorithm (Algorithm 4.1) is correct.

4.3. Will Algorithm 4.1 work correctly on the CREW PRAM model if the
sorted elements of X are not necessarily distinct? Which occurrence of
y, if any, will be identified?
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4.5.

4.6.

4.7.

4.8.

4.9.

4.10.

4.11.
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Let X be a sorted sequence of n distinct elements, and let y be an
arbitrary element. Show that, given any nondecreasing function ¢(n),
where 1 < #(n) < log n, we can perform the search fory in X in O(t(n))

L
time, using a total of O(t(n) - n"") operations.

Show how to solve the search problem corresponding to a sorted table
of n entries in O(log n — log p) steps on the EREW PRAM model with
p processors, provided that the search key can be accessed concurrently
by all the processors.

Given a monotonic binary sequence X = (x, x3, ... , X,) (that is, X
consists of a subsequence of zeros followed by a subsequence of ones),
develop an EREW PRAM algorithm to determine the number of zeros
assuming there are p processors available, where 1 < p < V.

LetB = (by, bz', ... ,by) be asorted table of distinct elements, and let
A = (ay, a, ... ,ax)be an arbitrary sequence of elements such thatk =
O(log n). Develop an algorithm to solve the search problem of each q; in
the table B in O(log n) time using k processors on the EREW PRAM.

Let X be a sorted sct of n keys, and let y be an arbitrary element.
Develop a procedure to search fory in X that runs in O(log n/log log n)
time on the comparison EREW PRAM model, assuming that local
computations can be performed at no cost. Note that accessing the
search key y by p processors on the EREW PRAM requires ()(log p)
steps. Hint: Generalize the binary search tree to a multiway-search tree
such that each node at level i contains i + 1 keys. Each such node is
associated with a single processor.

We are interested in solving the search problem corresponding to a
sorted table of size n on the EREW PRAM with the following addi-
tional assumptions. An arbitrary number of keys can be encoded and
then stored in a single location. Once such an encoding is stored in a
location, a single processor can access it in 1 unit of time. Assume, as in
Exercise 4.8, that local operations can be performed for free.

Show that the search problem can be solved in O(Vlog n) steps in this
model. Hint: Use a multiway-search tree. Store the encoding of the
tuple of keys at each node in one memory location.

The procedure referred to in Lemma 4.1 to rank a short sequence in a
sorted sequence requires that the elements of X be distinct. Assume
that the elements are not necessarily distinct. Can you still obtain the
same performance? Explain your answer.

Algorithm 4.2 was presented in the WT presentation framework. Show
how to handle the corresponding processor allocation problem to im-
plement this algorithm on a CREW PRAM with n + m processors.
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Hint: Store the j(i)’s in a separate array. The pair (B;, 4;) should be
handled by processors Pivm +jiy+1, "> Pi+1)Vm+ji+1)- Decompose

the n + m processors into groups, each with Vm processors. Let P;, be
the first processor in the /th group. The kth processor in group / can
determine whether or not P;, is assigned to the subproblem (Bj, Ax).

Consider the problem of merging two sequences A and B of lengths n
and m, respectively, where m < n. Assume that all the entries are
distinct. Develop a fast optimal parallel algorithm similar to the one
developed in Section 4.2.3.

Provide a solution to the processor allocation problem corresponding to
the algorithm for merging in the presence of a cover, outlined in Lemma
4.3, on the PRAM model with n + m processors. Which PRAM model
do you need?

Consider the problem of merging two softed listsof lengthsm and n, where

log m ), where
log £

p is the number of processors used, and p = n. Specify the comparison
PRAM model you use.

The ANSV problem was introduced in Exercise 2.14. For the sake of
completeness, we introduce it again.

m < n. Develop a merging algorithm that runs in time O

LetA = (ay,az, ... ,a,)be an array whose elements are drawn from a
linearly ordered set. The left match of a;, if it exists, is the nearest
element a ;) to the left of a; satisfying a;;, < a;. We can define the right
maich ay of a;, if it exists, in a similar fashion. The ANSV problem
corresponding to 4 is to determine ay;) and a,;) for each 1 < i < n,
whenever they exist.

Show how to reduce the merging of two sorted sequences of lengths n
andm to the ANSV problem corresponding to an array of lengthn + m.

Using a balanced binary tree, develop an O(log n) time algorithm to
solve the ANSV problem (see Exercise 4.15) of an array of length n.
What is the total number of operations used? Which PRAM model do
you need?

This exercise sketches a method to solve the ANSV problem (see Ex-
ercise 4.15), using a linear number of operations. Let A be an array of
length n.

a. LetI[j]={j + 1, ... ,r(j) — 1}, whenever r(j) exists, where 1 <j < n.
Show the following:
o If k € Ifj], then r(k), I(k) € I[j] U {j, r(j)}
o If k ¢ Ij], then r(k), I(k) ¢ I[j].
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b. LetI'[j] = {I(j) + 1, ... ,j — 1}, whenever I(j) exists. Prove that I'[j]
satisfies properties similar to those satisfied by I[j].

c. Partition A into n/log n blocks, say A1, A3, ... , and let m(i) be the
index of the minimum element in 4;. Prove that, if the right match of
anm() belongstoA;,i" # i + 1, then there exists a unique k,i < k <
i, such that the left match of a,,) is in A; and the right match of
Am(k) isin A,".

d. *Based on the properties shown in parts a, b, and c, develop an
O(log n) time algorithm to solve the ANSV problem such that the
total number of operations used is O(r). Your algorithm should run
onthe CREW PRAM model. Hint: Reduce ANSYV to a set of disjoint
merging problems.

e. *Develop an optimal O(log log n) time algorithm to solve the ANSV
problem. Your algorithm should run on the common CRCW PRAM
model.

Suppose that, for a binarytree T = (V, E), where V = {1, 2, ... ,n}, we

are given two arrays:

1. P = (p1,p2, --. , Pn) containing the numbering of the nodes in a
preorder traversal

2. I = (iy,iy, ... ,in) containing the numbering of the nodes in inorder
traversal

Develop an O(log logr) time algorithm that generates, for each
node i, i’s left child and i’s right child, whenever they exist. Your
algorithm should use O(r) operations. Hint: You can assume the
existence of an O(log log n) time ANSV algorithm that uses a linear
number of operations (see Exercise 4.17).

The parentheses-matching problem was introduced in Exercise 3.31.
Using the optimal O(log log n) time ANSV algorithm (see Exercise
4.17), show how to solve the parentheses-matching problem in O(log
log n) time, using a total of O(n) operations.

An important sorting strategy, quicksort, consists of (1) picking an
element x from the sequence X to be sorted, (2) partitioning X into the
two subsequences X; = {y €E X |y <x}andX, = {y E X |y = x},and
(3) recursively sorting Xy and X.

a. Develop a nonrecursive version of quicksort, assuming that the ele-
ment x is chosen to be the last element in the array under consider-
ation. Assuming that there are p processors available, where p < n,
what is the running time of your algorithm?

b. Suppose that we use the parallel-selection algorithm presented in
the text to identify x as the median of X. What is the running time of
the corresponding sorting algorithm on the PRAM model? Is the
algorithm optimal? Specify your PRAM model.
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Rewrite Algorithm 4.3 such that only O(n) space is used.
Establish the correctness of Lemma 4.5.

*Suppose we are interested in sorting a sequence of n elements on the
CRCW PRAM with p processors, where 27 < p < n2, Show how to
modify the pipelined merTe-sort algorithm to obtain such an algorithm

log n

that runs in O time. Hint: Let r = £. Make the binary

log log %

merge-sort tree into an r-ary merge tree, and redefine Sample(L[v]) to
be every r2th item, or rth item, or every item.

Establish the correctness of Algorithm 4.5.

Develop a parallel comparison-tree algorithm to merge two sorted
sequences of lengthsn andm in O((log logn — log log r)) parallel steps,
where the degree of parallelism is .rVami,r = 2and n < m. Hint:

Consider the elements i F\/;'I inX and i F\/;"I nY,i=12,....

Using the fact that there exists a sorting network of n elements with
depth O(log n) and size O(n log n), show that sorting # elements can be

. logn .
done in O parallel steps on the parallel comparison-tree
log ( 1+2 )
model of degree p = n. Hint: Shrink eacht = %log (1 + %) steps into
a single step on the parallel comparison-tree model.

Let c(k, n) be the minimum total number of comparisons required to sort

any n elements in k parallel steps on the parallel comparison-tree model.

a. Showthatc(k,n) = c(k,n —x) + n — x + c(k — 1,x), for some 0
< x < n. Hint: Consider the graph G = (V, E), where |V| = n, and
E represents the comparisons made during the first parallel step. Let
S be a maximal independent set. nl+h

b. *Using the recursion in part a, show that c(k, n) > k( pane n).

c. Compare the result of part b with the upper bound established in
Exercise 4.26.

Youwish to find the kth smallest element of an arrayA = (ay,4a2, ... ,am)
on the parallel comparison-tree model with degree n. An element q; of 4
will be called a lower approximation to the kth smallest element if

k — rz:—,m rank(a;: A) < k.

Similarly, a,, is an upper approximation if

k + ,;‘:_"Zn = rank(a, : A) = k.

A possible strategy to handle the selection problem is to identify a lower
and an upper approximation that can be used to restrict the subset of
possible candidates. Repeat this process until the desired element is
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identified. We define a stage to be the process of identifying the approx-

imations and shrinking the set accordingly.

a. Show that O(log log n) stages are sufficient to identify the kth small-
est element.

b. *Develop an O(log log n) step algorithm to identify a lower and an
upper approximation. Hint: Divide the current set S into blocks, each

of 2 elements, where r = I'\/%W , for some constantc > 0. Lets be
the number of blocks. Sort each block and form the set T consisting
of the (r)thitems, fori = 1,2, ... ,r.

*Prove Turan’s theorem (Theorem 4.9). Hint: Construct an indepen-
dent set ] as follows. Let v; be a vertex of minimum degree. Put vy in/
and remove v and all the vertices adjacent to it. Repeat the process on
the remaining graph.

Consider the bitonic sorting network developed in Section 4.4 to sort
bitonic sequences. As in the text, assume that the length n of the input
is a power of 2—say, n = 2*. This network can be viewed as a set of n
parallel horizontal lines, numbered 0, 1, --- ,n — 1, such that each stage
consists of a set of 5 comparators connecting pairs of the horizontal lines.

Show that the comparisons made during stage i are between lines whose
indices differ in the ith most significant bit, where 1 < i < k.

Show that an n-input comparator network is a sorting network if and
only if it sorts correctly all sequences of zeros and ones. This fact is
usually referred to as the zero-one principle.

Use the zero-one principle, stated in Exercise 4.31, to show that the
bitonic sorting network sorts bitonic sequences correctly.

Let A = (ay, a3, ...,a,) and B = (by, by, ..., by,) be two sorted
sequences such that » is a power of 2. The odd-even merge algorithm
consists of recursively merging the two “odd” sequences, (a1, a3, ... ,
ay-1) and (by, by, ..., by—1), into (c1, c3, ... , €4), and merging the
two “even” sequences, (a2, dg, ... ,dy) and (b2, ba, ... , by), into (¢,
¢, ..., ¢y). Then, the sorted sequence is given by (c1, min{ci, ca},
max{cy,c,}, min{cs, c3}, max{c3, 3}, ... ,min{c;, —1,c,}, max{c, —1,cn},Cn)-
a. Using the zero-one principle, show that the odd-even merge algo-
rithm works correctly.
b. Derive a sorting network based on the odd-even merge algorithm.
State its depth and its size.

Consider a bitonic sequence X of length n = 2%, k a positive integer.
Assume without loss of generality that all the elements of X are distinct.

a. Show that the horizontal cut with the unique cross-over property can
be determined in at most k comparisons.
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b. Deduce that L(X) and R(X) can be determined in at most k
comparisons.

c. Show that the results of the comparisons made by the bitonic sorting
network are uniquely determined by the results of 2n — k& — 2
comparisons.

4.35*a. Use Exercise 4.34 to develop an O(log n) time EREW PRAM algo-

4.36.

437.

4.38.

rithm to sort a bitonic sequence. The total number of operations
must be linear. Hint: Each stage of the bitonic sorting algorithm may
now take log n steps (instead of a single parallel step). Examine the
possibility of pipelining these stages.

b. Deduce an EREW PRAM sorting algorithm that runs in O(log? n)
time, using O(n log n) operations.

This exercise suggests a simple optimal O(log n) time EREW PRAM
algorithm for merging two sorted sequences A and B, each of length n.

We start by noting that the bitonic sorting network provides an EREW
PRAM merging algorithm that runs in O(log n) time, but also uses O(n
log n) operations. To make this algorithm optimal, we start by parti-
tioning 4 and B into 15> blocks of almost equal lengths. We define the
subarrays A’ and B’ as in the optimal merging algorithm presented in
the text. We merge 4’ and B’ by using the bitonic sorting algorithm.
Now we have to rank each element of A’ in 4 (and each element of B’
in B). For this ranking, several elements of 4’ may need to access the
same block of B.

Resolve the memory conflicts by using the pipelining technique. De-
duce an optimal O(log n) time merging algorithm that runs on the
EREW PRAM.

A switching network is a network made up of switches, where a switch
swaps its two inputs if it is on, and passes its two inputs through if it is off.
The size and the depth of a switching network can be defined as in the
case of comparator networks. A switching network, with n inputs x1,

X2, ... ,xpandnoutputsyi,yz, ... ,¥n, is called a permutation network,
if for every permutation w € S,,, the switches can be set such that x(1),
Xu(2), - -+ »X=(n) appear on the output lines in this order.

a. Assuming thatn = 2%, show that the network defined recursively in
Fig. 4.18 is a permutation network. This network is called Waks-
man’s permutation network.

b. Determine the size and the depth of this network.

The following general construction of permutation networks was de-
veloped by Clos [10], and the resulting networks are called Clos net-
works. Let n = mk. Suppose that we know how to construct permuta-
tion networks on m and k inputs, denoted by CL(m) and CL(k),
respectively.
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FIGURE 4.18

Waksman'’s permutation network. The switches can be set such that any
permutation of the x;'s can appear on the output lines.

a. Show that the three-stage network shown in Fig. 4.19 is a permuta-
tion network on n inputs. Hint: Use induction on m and Hall’s
theorem on distinct representatives.

b. Consider the case where m = 2. Apply the construction recursively
to the middle network, assuming that n is a power of 2. The corre-
sponding network is called a Benes network [6]. What are the size
and the depth of the corresponding permutation networks?
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A general construction of a Clos network corresponding to n = mk using the
building blocks CL({m) and CL (k), which are permutation networks on m and k
inputs, respectively.
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Graphs

Graphs can be used to represent relationships occurring in many real-world
situations, such as communication systems, electrical networks, transporta-
tion systems, and schedulmg systems; moreover, they can be used as a tool to
structure such relationships, as in the development of efficient data struc-
tures. Processing graphs efficiently has been a research focus of algorithms
designers. Algorithmic graph theory is a rich area that contains many beau-
tiful results. In this chapter, we introduce efficient parallel algorithms to
handle a few representative graph problems. Research in parallel graph
algorithms is currently being pursued vigorously, and significant improve-
ments over the algorithms presented here are likely to be made in the near
future. However, our emphasis will be on developing a few basic techniques
that have general applicability in handling graph problems.

We begin in Section 5.1 by presenting two efficient parallel algorithms
to identify the connected components of a graph. The resource requirements
for solving this problem will determine the complexities of most of the algo-
rithms covered in this chapter. One of our connected-components algorithms
is then extended to handle the problem of the minimum spanning tree (Sec-
tion 5.2). Another connectivity problem, that of identifying the blocks of a
graph, is reduced to the connected-components problem in Section 5.3. In
addition to these connectivity problems, we present a search method based

203
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on the ear decomposition of a graph (Section 5.4), and parallel algorithms for
two important problems in directed graphs—namely, transitive closure and
all pairs shortest paths (Section 5.5).

5.1 Connected Components

Let G = (V, E) be an undirected graph with |V| = n and |E| = m. Two
vertices u and v are connected if u = v or there exists a path P = (u = xy,
X2, ... ,Xx = v),such that (x;,x;41) € E,where 1 <i < k — 1. This relation
is an equivalence relation on V, and hence partitions V' into equivalence
classes {Vj}; _ ;. The subgraphs G; = (V}, Ej), where E; = {(x,y) EE | x,y €
V;}, are called the connected components of G.

EXAMPLE 5.1:

Consider the graph shown in Fig. 5.1. This graph has three connected com-
ponents, each of which is shown separately. O

One of the most basic problems in graph theory is to determine the
connected components of a graph. A simple sequential algorithm—say, one
based on depth-first search—runs optimaily in O(n + m) time. The depth-
first search of a graph G = (V, E) is a systematic method of visiting all the

FIGURE 5.1

A graph whose three connected components are each enclosed within a
dashed closed curve.
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vertices of G starting with a vertex v € J/ and using edges from G. A sketch
of this search method is given next.

Let k denote the label of a connected component. Initially, we setk =
1. The search procedure applied to vertex v begins by visiting v and labeling
it with the value of k. We then pick an unlabeled vertex w adjacent to v, and
apply the search procedure to w. Once the search procedure at w terminates,
we backtrack to v and apply the search procedure to an unlabeled vertex
adjacent to v. If no such vertex exists, the search procedure at v terminates.
We then increment the connected-component label by settingk = k + 1, and
pick an arbitrary unlabeled vertex v’ € V. The search procedure is now
applied to v'. The algorithm terminates when all the vertices have been
labeled. The vertices belonging to the same connected component receive
the same label.

Developing an efficient parallel algorithm turns out to be a more chal-
lenging problem. In this section, we present two parallel algorithms that solve
the connected-components problem. The first algorithm is more appropriate
whenever the graph is given by its adjacency matrix; the second is superior if
the input is given as a set of edges and the number m of edges satisfiesm =
o(n?*/log n), where n is the number of vertices in the graph.

5.1.1 OVERALL STRATEGY

We begin with a few definitions. A pseudoforest is a directed graph in which
each vertex has an outdegree less than or equal to 1 (also introduced in
Exercise 2.42). Notice that an arbitrary function D : V — V defines a pseudoforest
(V, F), where F = {{v, D(v)) | v € V}, but the converse is not necessarily true.

EXAMPLE 5.2:

Figure 5.2(a) shows an example of a function and its corresponding
pseudoforest. The pseudoforest shown in Fig. 5.2(b) does not correspond
to a function. O

We have already introduced rooted directed trees (which we call simply
trees, if the rest is clear from context) in Section 2.2. In particular, if each vertex
is directly connected to the root r, then the corresponding directed tree is called
a rooted star. A rooted directed tree and a rooted star are shown in Fig. 5.3.

A pseudoforest determined by a function consists of a set of rooted
directed trees, each with an extra arc from the root to one of the latter’s
descendants. When there is no ambiguity, we shall refer to these structures as
directed trees or rooted stars. Notice that a directed tree defined by a function
does not have a unique root, since any vertex on the unique cycle determined
by the function can be used as a root.
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12 13
10 11
7 8 9
1 2 3 4 5 6
D(1)=7,D(2)=7,D(3)=D4)=D(5)=8, D©9)="?

D(7)=10,D(8)=10,D(10)=12,D(12) =17,
D(6)=9,D®=11,D(11)=13,D(13)=11

(a) (b)

FIGURE 5.2

Two examples of a pseudoforest. (a) A pseudoforest that corresponds to the
specified D function, and (b) a pseudoforest that does not correspond to a
function defined on its set of vertices.

The connected-components algorithms generate an output vector D of
~ length n such that D(u) is equal to a representative of the connected compo-
nent containing u. For example, the smallest vertex of a connected compo-
nent is a possible choice for a representative of that component. Once the D
function is generated, we can answer queries of the form, “Are u and v in the
same connected component?” in O(1) sequential time. We can also generate
from D efficiently the list of the vertices of each connected component (see
Exercise 5.2).

A general strategy to identify the connected components of a graph
consists of an iterative procedure, where, at the beginning of each iteration,
the available vertices are partitioned into groups such that all the vertices in
a group belong to the same connected component. During each iteration,
some groups with adjacent vertices are merged into larger groups. The algo-
rithm terminates when no additional groups can be merged. Each group is
typically represented by a rooted directed tree, with the root being the rep-
resentative of that group. The two algorithms differ in the types of directed
trees allowed at the end of each iteration, and in which groups are chosen to
be merged.
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(a) . (b)

FIGURE 5.3
Two examples of directed trees. (a) A rooted directed tree, and (b) a rooted star.

We begin with the connected-components algorithm that is suitable for
handling dense graphs.

5.1.2 AN OPTIMAL ALGORITHM FOR DENSE GRAPHS

Let A be the n X n adjacency matrix of an undirected graph G = (V, E),
where V' ={1,2, ... ,n}. Hence, A(i,j) = 1if and onlyif (i,j) € E. Define the
following function C on V: C(v) = min{u | A(u,v) = 1}, and, ifv is an isolated
vertex, then C(v) = v. That is, C(v) is the smallest vertex adjacent tov, whenever
v is not an isolated vertex; otherwise, C(v) is equal to the vertex v itself.

Lemma 5.1: Let G = (V, E) be an undirected graph, and let C be the function
defined previously. Then, C defines a pseudoforest ¥ that partitions V into V1,
Vi, ..., Vi, where each V; is the set of vertices in a directed tree T; of %.
Moreover, the following claims hold:

1. All the vertices in each V; belong to the same connected component.

2. Each cycle in F either is a self-loop or contains exactly two arcs.

3. The cycle of each tree T; in F contains the smallest vertex in T;.

Proof: We start by proving claim 1. If V; consists of a single vertex, the claim
is vacuously true. Hence, we assume that |V;| = 2, and let u and v be two
distinct vertices of V;. Then, (¥, C(u)) and (v, C(v)) belong to the directed tree
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T,. But each arc in T, corresponds to an edge in G. Hence, there must exist a
path connecting u and v in G.

We now establish claims 2 and 3. Note that 7; is a self-loop consisting of the
arc (v, v} if and only if v is an isolated vertex of G. Suppose that 7 is not a
self-loop, and let r be the minimum vertex in 7;. Letu = C(r). Since (u, r) is
an edge of the given graph, C(u4) must be equal to r. But T; has exactly one
loop, and hence this loop consists of the two arcs (u, ry and (r, u). Clearly, this
loop contains the smallest vertex r in 7;. O

The root of a tree T; is defined to be the smallest vertex in T;.

Our algorithm begins by computing the C function defined on the set V.
Aswe have shown in Lemma 5.1, the vertices belonging to the same directed
tree of the pseudoforest & induced by C are in the same connected compo-
nent. Hence, we can “‘shrink” each set V; into a single vertex, called a super-
vertex, and repeat the procedure on the supervertex graph defined by the set
of supervertices {V;} such that (J;, ;) is an edge if and only if there existv €
Vi and w € V; with the property that (v, w) € E. The algorithm terminates
when each supervertex becomes isolated.

We must elaborate on two important issues. First, we must clarify what
we mean by “shrinking” a set V; of vertices, and how we obtain the new graph
of supervertices. Second, we must specify how to assign, for each vertexv €
V, a value D(v) that identifies the vertex’s connected component. These two
issues are addressed next.

To shrink the set V; of vertices of a directed tree T;, we (1) identify a
special vertex r; of V/; and designate it as a representative, and (2) label each
vertex of V; that r; is its representative. Since 7; is a directed tree, we can
apply the pointer jumping technique (Section 2.2) rlog n;7 using the function
C,wheren; = |V;|. Foreachv € V;, the new value C(v) is equal to one of the
two vertices in the loop of T;. Taking the minimum of C(v) and C(C(v)) sets
C(v) to the root of its tree, and the modified C function defines now a set of
rooted stars. The root r; of T; will be chosen as the representative of the set
Vi, and will be referred to as the supervertex r;.

Let r; and r; be the two supervertices representing the trees T; and T},
respectively. Then, r; and r; are adjacent in the supervertex graph if and only
if there existv € V; andw € V such that (v, w) € E. We can insert an edge
(ri,r;) as follows. For each (x,y) € E, we set (C(x), C(y)) to be an edge in the
supervertex graph. Notice that a concurrent write of the same value is re-
quired to implement this last step.

The second issue of determining, for each vertex v, a value D(v) that
identifies the connected component containing v can be handled as follows.
When the algorithm terminates, each supervertex r is isolated; hence, we set
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D(r) = r. These supervertices were the roots of a number of directed trees
formed in the previous iteration. We now proceed in the reverse order, by
expanding each root r into its tree of the previous iteration, and assigning the
value D(r) to all the vertices in that tree. We continue expanding each super-
vertex until the original graph has been recovered. Since the root of each
directed tree is the smallest vertex in that tree, the assigned D value of each
vertex v is the minimum vertex in the connected component containing v.
We next present the corresponding overall algorithm.

ALGORITHM 5.1
(Connected Components for Dense Graphs)

Input: The n X n adjacency matrix A of an undirected graph.
Output: An array D of size n such that D(i) is equal to the smallest
vertex in the connected component of .
begin
1. SetAy. = A,nyg: =n, k: = 0.
2. whilen; > 0do
2.1 Setk: =k + 1.
2.2. Set C(v): = Min{u | Ax-1(u,v) = Lu # v}
if none then v.
2.3. Shrink each tree of the pseudoforest defined by C to
a rooted star. The root of each star containing more than
one vertex defines a new supervertex.
2.4. Set ny to be equal to the number of the new
supervertices, and set Ay to be the ny X ny adjacency
matrix of the the new supervertex graph.
3. For each vertex v, determine D(v) as follows. If, at the end of
step 2, C(v) = v, then set D(v) = v; otherwise, reverse the process
performed at step 2 by expanding each supervertex r (of the
supervertices formed during an iteration) into the set V, of vertices of
its directed tree, and making the assignment D(v) = D(r) for each
vev,.
end

Remark 5.1: During the kth iteration of Algorithm 5.1, we can assign to the
new supervertices {r;}7« ; serial numbers from {1, 2, ..., nx} by using the
prefix-sums algorithm (Section 2.1); the numbers are then used in determin-
ing the adjacency matrix A,. The information regarding the serial numbers
should be recorded somewhere so that, during the execution of step 3, each
vertex can be assigned the correct D value. Step 3 expands the supervertices
in reverse order to that in which they were merged in step 2. This process is
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similar to that used in the contraction procedure for the optimal list-
ranking algorithm (Section 3.1). The reader is asked to provide the details
in Exercise 5.3. O

EXAMPLE 5.3:

Consider the graph shown in Fig. 5.4(a). During the first iteration of the loop,
the C function defined at step 2.2 is given by C(1) = 5, C(5) = 1,C(4) = 2,
C(2) =3,C(3) =2,C(6) = 3,C(7) = 6,C(8) = 9,and C(9) = 8. Hence, the
corresponding pseudoforest has three directed trees, as shown in Fig. 5.4(b).
Step 2.3 causes each of these rooted trees to become a rooted star, as shown
in Fig. 5.4(c). Assign to the roots 1, 2, and 8 the serial numbers s(1) = 1,5(2) =
2, and s(8) = 3. The adjacency matrix A4 is given by

010
Ar=(1 0 0
000

During the second iteration, the function Cyields C(1) = 2, C(2) = 1, and
C(3) = 3; hence, we have one nontrivial star rooted at 1. In this case,n; = 1,
and the nontrivial star is changed into a self-loop during the third iteration;
hence, n3 = 0. Therefore, the algorithm terminates with two stars.

We conclude that there are two connected components: one whose
representative is vertex 1, the other whose representative is vertex 8 (which
was assigned the serial number of 3 during the first iteration). Hence, at step
3,D(1) = 1and D(8) = 8. We now expand the supervertices in the reverse
order. Vertex 2 belongs to the star with root 1 obtained at the second itera-
tion. Hence, D(2) = D(1) = 1. The remaining vertices belonged to stars
during the first iteration. Hence, we obtain D(5) = D(1) = 1,D(3) = D(4) =
D(6) = D(7) = D(2) = 1,and D(9) = D(8) = 8. 0O

Lemma 5.2: Let ny be the number of nontrivial stars at the end of the kth
iteration of step 2 in Algorithm 5.1. Then, ny < ny-1/2 forallk = 1.

Proof: At the end of the kth iteration, some of the ny —; stars determined by
the (k ~ 1)st iteration will become self-loops (and hence trivial)—say, ni -1
such stars—and each of the remaining ng - ; — nj —1 stars will be contained in
one of the ny nontrivial stars. Thus, ny < (ng-; — nj—1)/2, since each
nontrivial star contains at least two vertices. Therefore, ny < ng—1/2. 0

We now establish the following theorem.
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FIGURE 5.4

Results of Algorithm 5.1 used on a graph, as explained in Example 5.3. (a) An
input graph to the connected components for dense-graphs algorithm. (b) The
Pseudoforest generated by the C function that assigns to each vertex v the
smallest vertex adjacent to v. (c) The shrinking of the directed trees. (d) The
pseudoforest obtained during the second iteration, where the supervertices 1,
2, and 3 stand for the three rooted stars in (c) whose roots are vertices 1, 2,
and 8 respectively.
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Theorem 5.1: Given the n X n adjacency matrix of an undirected graph G,
Algorithm 5.1 determines the connected components of G in O(log? n) time,
using a total of O(n?) operations.

Proof: Let n be the number of vertices in the input graph G. We prove by
induction on n that, at the end of the algorithm, D(v) will be equal to the
smallest vertex in the connected component containing v.

The base case n = 1 corresponds to a single vertex v in G. The first
iteration will make v into a supervertex, since C(v) = v. There are no non-
trivial stars in this case; hence, we go immediately to step 3, where we obtain
that D(v) = v.

Suppose thatn > 1. Letv be an arbitrary vertex of G. If v is an isolated
vertex, then it is easy to see that v will be a supervertex by itself until the
termination of the algorithm. Hence, there is nothing to prove in this case.

Assume that v is not an isolated vertex of G. During the first iteration,
v will belong to a rooted star (step 2.3) whose root r is the smallest vertex in
the star. Ifv = r, then v will be one of the supervertices in the new supervertex
graph—say, G'. By the induction hypothesis, D(v) will be assigned the small-
est vertex in its connected component in G'. The proof follows when we
observe that each of the supervertices is the smallest vertex of its star. The
remaining case is whenv # r; then, D(v) will be set equal to D(r) at step 3, and
the proof follows as before.

We now present the analysis of the resources required by the algorithm.

Consider the kth iteration of the while loop of step 2. Determmatlon of
C (step 2.2) can be performed easily in O(log ng_1) time, using O(nk )
operations, since it involves the computation of ny _ ; minima, each involving
a row containing ny_; elements. We can shrink each tree definedbyCtoa
star (step 2.3) by using the pointer jumping technique (see Section 2.2 and
Exercise 2.41). If we apply the pointer jumping technique for rlogng 1
iterations, each vertex will be pointing to one of the two vertices making up
the loop of its tree. Taking the minimum of these two vertices will transform
each tree into a rooted star with a self-loop at the root. Hence, step 2.3 takes
O(log ng—1) time, using O(ng -1 log ng— 1) operations. Determining the num-
ber n; of the nontrivial supervertices is a prefix-sums operation that can be
performed in O(log ny) time, using O(n;) operations. The adjacency matrix
Ay can be determined as follows. For each Ay -1 (4, v) = 1, set Ag(r(u), r(v)) =
1, where r(x) is the serial number of C (x) (Wthh is the root of the star
containingx). This step takes O(1) time, using O(n2 1) operations, if we allow
concurrent write of the same value instructions.

It follows that each iteration of the while loop takes O(log ng - 1) time,
using a total of O(n,%_ 1) operations.

The number of iterations is O(log n), since ng < ni—1/2 (by Lemma5.2)
and ng = n. The total number of operations required for the completion of
the while loop is 2,0(n?) = 3,0(n2/2%) = O(n?).
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Step 3 depends on how the information concerning the rooted stars and
their serial numbers has been recorded. It is not difficult to confirm that this
step can be performed within the bounds stated for step 2 (the details are left
to Exercise 5.3). O

Notice that Algorithm 5.1 is optimal whenever the adjacency matrix is
given as input or if |[E| = ©(n?).

PRAM Model: Steps 1, 2.1, and 2.2 of Algorithm 5.1 do not require any
simultaneous memory access. Step 2.3 requires concurrent-read capability,
and our method for constructing A in step 2.4 requires concurrent write of
the same value. Step 3 can be implemented without any simultaneous mem-
ory access. Hence, Algorithm 5.1 can be implemented on the common
CRCW PRAM model within the stated bounds. Adaptation of this algorithm
to the CREW PRAM model is left to Exercise 5.1. d

Remark 5.2: Step 2.2 selects, for each v, the smallest vertex adjacent to v.
Actually, the algorithm will work correctly if an arbitrary adjacent vertex is
selected. The shrinking at step 2.3 can still be done efficiently. The reader is
asked to provide the details of such an algorithm and its corresponding
complexity bounds in Exercise 5.5. O

5.1.3 AN EFFICIENT ALGORITHM FOR SPARSE GRAPHS

Each iteration of Algorithm 5.1 requires O(log n) time, essentially because
we insist on forming rooted stars at the end of each iteration. In addition, the
definition of the function C is unecessarily restrictive. The next algorithm will
relax these two restrictions such that each iteration can be executed in O(1) time.

As in the previous connected-components algorithm (Algorithm 5.1),
we manipulate a forest of directed trees such that the vertices in each tree
belong to the same connected component. In this case, each directed tree is
constructed with a self-loop at its root. During each iteration, we examine
cach edge (u, v) of the input graph, and, under certain conditions, we com-
bine the two trees containing u and v if they are distinct. At the same time, we
shorten the heights of the trees by applying the pointer jumping technique to
each vertex in a directed tree.

Let D be the function on V defining a pseudoforest that arises at the
beginning of an iteration. Initially, we set D(v) = v, for eachv € V. There are
two basic operations performed on the pseudoforest during each iteration,
which we define as follows:

O Grafting: Let T; and T; be two distinct trees in the pseudoforest defined
by D. Given the root r; of T; and a vertex v of T}, the operation D(r;) =
v is called grafting T, onto T; (see Fig. 5.5).
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FIGURE 5.5
The operation of grafting tree T; onto vertex v of 7. The two directed trees on
the left side are combined to form a single rooted tree shown on the right side.

O Pointer jumping: Given a vertex v in a tree T, the pointer jumping
operation applied to v is to set D(v) = D(D(v)) (see Fig. 5.6).

We now elaborate on the applications of these two operations during
each iteration of our new connected-components algorithm.

Let T; and T be two directed trees of our pseudoforest at the beginning
of an iteration. Suppose that there exists an edge (u,v) € E such thatu € T;
andv € T;. We clearly should try to merge the two trees T; and T}, since their
vertices belong to the same connected component. To accomplish such a
merging step in O(1) time, we require that either u or v be a root or directly
connected to a root of its tree. A vertexx satisfies the latter condition if and
only if D(x) = D(D(x)); hence, such a condition can be verified in O(1) time.
However, a problem arises if both u and v satisfy this condition—that is, if
D(u) = D(D(u)) and D(v) = D(D(v))—which will result in an attempt to
graft T; onto T; and T; onto T; simultaneously. To avoid such a difficulty, we
insist on grafting a tree onto a smaller vertex of another tree. That is, given an
edge (u, v) € E, we check whether D(u) = D(D(u)) and D(v) < D(u), and,
if they are, we graft T; onto T;—that is, we set D(D(u)) = D(v).

Grafting a tree into a smaller vertex of another tree may in itself create
a difficulty of a different type. Consider the case when the tree T} is a rooted
star such that all of its vertices are smaller than any of their adjacent vertices
(Fig. 5.7). In this case, T; may not be merged with any other tree until (1) one
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FIGURE 5.6
The pointer jumping operation applied to each vertex of the directed tree on
the left side. The resulting directed tree is shown on the right side.

of the adjacent vertices becomes directly connected to the root of its tree or
becomes the root, and (2) that tree does not get grafted onto a tree different
from T; (see Fig. 5.7). To avoid this problem, we require that, after the initial
grafting process has been completed, an attempt be made to graft a star with root
r; onto the vertex v, whenever there exists an edge connecting the star 7; and v.

The pointer jumping operation is applied to each vertex v. Hence, the
height of the directed tree containing v reduces by at least a factor of 2/3
whenever the tree is not a rooted star.

We are ready to present the algorithm. The input consists of a set of
edges (i,/) given in an arbitrary order. An edge (i, ) will appear twice, as (i, )
and as (j, {). In addition, for each vertex i, we introduce a dummy vertex i’
connected toi. We initialize the function D with D(i) = D(i") = i, for alli. The
reason for introducing the dummy vertices i’ is to avoid the possibility of
trying to graft two stars onto each other during the first iteration of the
algorithm. Hence, we are starting with 7 stars.

The algorithm is based on an iterative procedure specified as follows.

ALGORITHM 5.2

(Connected Components for Sparse Graphs)

Input: (1) A set of edges (i, j) given in an arbitrary order, and (2) a
pseudoforest defined by a function D such that all the vertices in
each tree belong to the same connected component.
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FIGURE 5.7

The main problem of grafting a tree onto a smaller vertex. The vertices of star
T; are smaller than all of the adjacent vertices in 7;. The directed tree T; has
also smaller adjacent vertices in the trees Ty, ..., Ty, such that there are no
edges between any two Tj's. During an |terat|on T, may get grafted onto any
of Ty,, ..., Ty, and T Hence, T; can get grafted consecutively to Ty, ..., T,
and flnally toT;.

Output: The pseudoforest obtained after (1) grafting trees onto
smaller vertices of other trees, (2) grafting rooted stars onto other
trees if possible, and (3) performing the pointer jumping operation
on each vertex.
Description of a general iteration
begin
1. Perform a grafting operation of trees onto smaller vertices of
other trees as follows:
for all (i,j) € E pardo
if (D(¥) = D(D(i)) and D(j) < D(i)) then set D(D(i)): = D(j)
2. Graft rooted stars onto other trees if possible, as follows:
for all (i,j) € E pardo
if (i belongs to a star and D(j) = D(i)) then set D(D(i)): =
D())
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3. If all the vertices are in rooted stars, then exit Otherwise,
perform the pointer jumping operation on each vertex as follows:
for all i pardo
Set D(i): = D(D())
end

Remark 5.3: Each of steps 1 and 2 in Algorithm 5.2 may attempt to graft a
single tree onto several other trees. In this case, we assume that one of them
succeeds, and we do not care which one. The arbitrary CRCW PRAM is
suitable for implementing such a policy. O

Remark 5.4: To test whether a vertex i belongs to a star, we can do the
following:
for all vertices i pardo
Set star(i): = true
if D(i) # D(D(i)) then
Set star(i), star(D(i)), star(D(D(i))): = false
Set star(i): = star(D(i))

At the termination of this procedure, star(i) = true if and only if i belongs to
a star. This procedure can be implemented in O(1) time, using a linear
number of operations. |

EXAMPLE 5.4

Let G be the graph given in Fig. 5.8(a). Initially, D({) = i and each vertexisin
a rooted star, as shown in Fig. 5.8(b). At step 1 of the first iteration, several
grafting operations of the same tree are attempted. For example, the tree
rooted at 6 could be grafted onto the vertex 1 (because of edge (6, 1)) or onto
vertex 5 (because of edge (6, 5)). We assume, in this case, that vertex 6 is
grafted onto vertex 1. Fig. 5.8(c) shows the results of the various grafting
operations performed at step 1 during the first iteration. Step 2 grafts the star
rooted at vertex 4 onto the tree rooted at vertex 2, as shown in Fig. 5.8(d). Step
3 reduces the height of each tree, as shown in Fig. 5.8(¢). After step 1 of the
second iteration has been executed, we obtain the pseudoforest of Fig. 5.8(f).
Step 2 has no effect during the second iteration. At the end of the second
iteration, the vertices of each connected component belong to the same
directed tree. The next two iterations reduce the two trees into rooted stars, and
the algorithm terminates. O

Remark 5.5: If step 2 of Algorithm 5.2 is omitted, then it may take Q(n)
iterations for the algorithm to terminate. Providing such an example is left to
Exercise 5.8. a
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(a)

10

11

(b)

FIGURE 5.8

lilustration of the connected-components algorithm for sparse graphs (Algo-
rithm 5.2). (a) The initial graph. (b) The rooted stars prior to the first general

iteration.

Theorem 5.2: When Algorithm 5.2 terminates, all the vertices in the same
connected component of a root r are directly connected to r. All the trees become
rooted stars after O(log n) iterations, each iteration requiring O(1) time. The
total number of operations required by the algorithm is O((m + n) logn).

Proof: We shall prove claims 1 and 2, which establish the correctness of

Algorithm 5.2.
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FIGURE 5.8 (continued)

(c) The directed trees generated by the grafting operations during the first
iteration. (d) The result of grafting the star rooted at vertex 4 onto the tree
rooted at vertex 2. Figure 5.8 continues on page 220.

Claim1: At the end of each iteration, the pseudoforest defined by D consists
of directed trees with self-loops at their roots such that all vertices in a tree
belong to the same connected component.

Claim2: In Algorithm 5.2, let r be the root of a star after step 2 of some
iteration. All the vertices v in the connected component of r satisty D(v) = r,
that is, they belong to the star rooted at r.



220 Chapter 5 Graphs
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FIGURE 5.8 (continued)
(e) The directed trees generated at the end of the first iteration. (f) The directed
trees after step 1 of the second iteration.
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Proof of Claiml: The proof is by induction on the iteration number k. The
base case k = 0 follows immediately, since each vertex is in a rooted star.
Assume that the induction hypothesis holds for the kth iteration. Dur-
ing the (k + 1)st iteration, a grafting operation performed at step 1 or step 2
will combine two trees whose vertices belong to the same connected compo-
nent. The effect of step 3 is to shorten the heights of the directed trees that are
not stars. In each case, the root of each resulting tree will keep its self-loop.
Therefore, the induction hypothesis holds for all values of k£, and Claim1 follows.

Proof of Claim2: Suppose that there exists a vertex v in the connected com-
ponent of r such that D(v) # r (the D value in the current iteration). The
existence of this vertex implies the existence of a vertex w such that D (w) #
r, and w is connected with an edge to the tree containing r. But then » would
have been grafted onto another tree at step 2. Therefore, all the vertices u in
the connected component of r satisfy D(u) = r.

To establish that the algorithm terminates after O(log n) iterations, we
show the following claim.

Claim3: Let K be a connected component of G and let |K| denote the
number of vertices in K. Let hy(K) be the sum of the heights of the trees
consisting of the vertices of K at the end of the kth iteration. If these trees do
not form a single rooted star, then hx(K) < (%)k|K |.

Proof of Claim3: The proof is by induction on k. The base case k = 0 holds
since we always have hx(K) < |K|.

Denote by 4(T) the height of a tree T. Since no tree is ever grafted onto
a leaf, grafting a tree T; onto another tree 7 yields a tree T whose height
satisfies #(T) < h(T;) + h(T;). Hence, after steps 1 and 2, h(K) does not
increase. Moreover, if these trees are not transformed into a single star, none
of them is a rooted star (because of step 2). By the pointer jumping operation
of step 3, hx(K) < (2)hy— 1(K). The proof follows by induction.

Using Claim3, it is clear that h(T) < 1 for each tree T after O(log n)
iterations. Each iteration requires O(m + n) operations, and hence the total
number of operations is O((m + n) log n). a

PRAM Model: Step 3 of Algorithm 5.2 requires concurrent-read capability
only. In each of steps 1 and 2, the algorithm may try to graft a given tree to
several trees. In this case, a concurrent write will take place, and we assume

that any one of them succeeds. Hence, our algorithm runs on the arbitrary
CRCW PRAM model. O



222  Chapter 5 Graphs

5.2 Minimum Spanning Trees

Let G = (V,E)be a connected, undirected graph with a weight functionw on the
set E of edges to the set of reals. A spanning tree is a subgraph T = (V, E7),
ET1 € E, of G such that T'is a tree. The weight w(T) of a spanning tree T is the
sum of the weights of its edges. A spanning tree with the smallest possible
weight is called a minimum spanning tree (MST) of G. Determining an MST of
a given weighted graph is an important problem that arises in many applications.

Assume without loss of generality that no two edges have the same
weight, Otherwise, we can assign, for each edge e, a new weight w'(e) con-
sisting of the pair (w(e), s(e)), where w(e) is the given edge weight, and s(e) is
its serial number. Given any two distinct edges e, and e;, we have thatw’(e;) #
w'(e2) because s(eq) = s(ez); in addition, w’'(e;) < w'(ez) if w(e;) < w(e),
orw(e;) = w(e;) ands(e;) < s(ez). The sum of the weights of several edges
is computed componentwise.

5.2.1 A STRATEGY FOR COMPUTING MINIMUM SPANNING TREES

The following observation leads to an efficient strategy for solving the MST
problem.

Lemma 5.3: Let G = (V, E) be a weighted connected graph. For each vertexu €
V, let C(u) € V be such that (u, C(u)) is the minimum-weight edge incident on
u. Then, the following two claims hold:

1. All the edges (u, C(u)) belong to the MST.

2. The function C defines a pseudoforest such that each directed tree has a cycle
containing exactly two arcs.

Proof: We start with the proof of Claim1. Let T be a minimum spanning tree.
Suppose that (4, C(u)) is not in T for some u € V. Let P = (u,xy, ... , Xg
C(u)) be the path in T connecting u to C(x). Replacing (x, x;) with (u, C(«))
yields another spanning tree 7" such that w(T") < w(T). This result contra-
dicts the fact that T is an MST; hence, (1, C(u)) must be in T.

As for Claim2, note that, if a directed tree 7" defined by C contains a
cycle of length greater than 2, the undirected version of 7" will contain a cycle.
This result is impossible since, by Claim]1, all these edges must belong to the
MST. Moreover, no self-loops can occur, since (u, C(«)) must be an edge of G
for each u. Therefore, each directed tree must have a cycle containing exactly
two arcs. 0
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The proof of Lemma 5.3 can be slightly generalized to obtain the
following lemma.

Lemma 5.4: Let V = U V; be an arbitrary partition of V with the corresponding
subgraphs G; = (V, E;), where 1 < i < t. For each i, let e; be the minimum-
weight edge connecting a vertex in V; to a vertex in V — V. Then, all the edges
e; belong to an MST of the graph G = (V, E). O

Note that, since all the edges have different weights, Lemma 5.4 implies
that the MST is unique.

There are three well-known greedy strategies to solve the MST prob-
lem, all of which can be derived from Lemmas 5.3 and 5.4. The first, which
leads to Prim’s algorithm, grows a tree successively by adding minimum-
weight edges to it, starting initially from a single vertex. The second strategy,
leading to Kruskal’s algorithm, processes the edges in order of their weights,
adding those that do not create cycles. The third strategy leads to Sellin’s
algorithm and is described in Section 5.2.2.

We note that there are faster sequential algorithms to solve the MST
problem on sparse graphs, but these algorithms are more involved than is any
of the three algorithms sketched here. The interested reader is referred to the
bibliographic notes at the end of this chapter.

5.2.2 SOLLIN’S ALGORITHM AND ITS PARALLEL IMPLEMENTATION

Sollin’s MST algorithm begins with the forest Fy = (V, 8) and grows trees on
subsets of V until there is a single tree containing all the vertices. During each
iteration, the minimum-weight edge incident on each tree is selected. The
new edges are added to the current forest—say, F;—to obtain a new forest,
F 1. This process is continued until there is only a single tree. It is clear that
the number of trees in Fy, 1 is at most one-half the number of trees in Fj.
Hence, Sollin’s algorithm requires O(log n) iterations.

Our parallel implementation of Sollin’s algorithm runs in O(log? n)
time, using a total of O(n?) operations. An alternative implementation
with running time O(log n) and a total of O(m log n) operations is left to
Exercise 5.13.

Let W be the weight matrix of the given connected graph G = (V, E).
Fori = j, W(i, ) is equal to the weight of the edge (i, j), if the latter exists;
otherwise, W(i,j) = «, where = is an identity element with respect to the
minimum operator. We also set W(i, i) = .

When the algorithm terminates, each edge belonging to the MST is
marked. We can then generate efficiently the list of the edges in MST.
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The strategy of connected-components algorithm for dense graphs (Al-
gorithm 5.1) is used to implement Sollin’s algorithm. The only essential
difference is the definition of the function C. In the next algorithm, C will be
used to select the edges in the MST.

ALGORITHM 5.3
(Minimum Spanning Tree)
Input: An n X n array W, representing a weighted connected graph
such that no two edges have the same weight.
Output: A label for each edge belonging to the MST.
begin
1. Set Wy: = W,ng: =n,k: =0
2. while (ny > 1) do
21 Setk: =k + 1
2.2. Set C(v): = u, where Wy _(v,u) =
min{Wy - 1(v,x) | x = v}. Mark (v, C(v)).
2.3. Shrink each directed tree of the pseudoforest de-
fined by C to a rooted star.
2.4. Set ny to be equal to the number of the rooted stars,
and set Wy, to be the ny X ny weight matrix of the graph
induced by viewing each star as a single vertex.
3. Restore each marked edge to its original name.
end

Remark 5.6: Note that if r is a root of a tree in the pseudoforest defined by C
at step 2.2, then the edge (r, C(r)) will get marked “twice.” The handling of
this problem depends on the exact form of the output desired. For example,
we can output the adjacency matrix of the MST, in which case (r, C(r)) and
(C(r), r) correspond to two different entries; we can then make the corre-
sponding matrix symmetric at the very end of the algorithm. This solution will
not increase the resource requirements of the algorithm. ]

EXAMPLE 5.5:

Consider the weighted graph G given in Fig. 5.9(a). The C function deter-
mined during the first iteration of the while loop is given by C(v;) = vg, C(v2) =
v3, C(v3) = v4,C(v4) = v3,C(vs) = v3,and C(vg) = v (Fig.5.9b). The edges
(1, 6), (2, 3), (3, 4), and (3, 5) are marked. Step 2.3 shrinks each of the two
trees defined by C into rooted stars, one with root v4, and the other with root
vy as shown in Fig. 5.9(c). Assign serial numbers 1 and 2 to vertices 4 and 1.
The matrix W is then given by

o 4
4 oo
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FIGURE 5.9

An illustration of the MST algorithm (Algorithm 5.3). (a) An input graph. (b) The
pseudoforest generated during the first iteration. (c) The stars obtained after
application of the pointer jumping technique to each directed tree. (d) The
pseudoforest obtained during the second iteration, where v; represents the set
{v2, v3, v4, vs} and v5 represents the set {v4, vg}, and the edge between v} and
V2 is edge (v3, v1), which is the minimum-weight edge connecting the two
corresponding sets of vertices. (€) The resulting MST.

Hence, during the second iteration we get C(1) = 2and C(2) = 1. This result
implies that n; = 1, and we thus go to step 3. Edge (1, 3) will then be
recovered as the marked edge during the second iteration. a

The correctness of Algorithm 5.3 follows from Lemmas 5.3 and 5.4, and
from the correctness proof of Algorithm 5.1. The complexity analysis is iden-
tical to that of Algorithm 5.1, except for step 2.4. We now outline the imple-
mentation details of this step.
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Let G, denote the graph defined by the matrix W,. After the execution
of step 2.3, the vertices in G — 1 are grouped into supervertices such thatiand
j are in the same supervertex if and only if C(i) = C(j). The purpose of step
2.4 is to obtain the ny X njy matrix Wy of the induced graph G from the
ng—1 X ng—q matrix Wy _; of graph G, _;.

Let ry and r; be the roots of two distinct rooted stars. For simplicity,
assume that r; and r, denote also the serial numbers of the corresponding
stars. Then, Wi(ry,r;) = min {Wy_1(,j) | C(f) = r; and C(j) = r}. We can
compute the weight matrix Wy in two stages.

O Stage 1: Compute the ny_1 X ny weight matrix W;_, defined by

Wi—1(i,r) = min{Wy_1(i,j) | C(j) = r}, whereiis avertexof Gx_; and
ris a vertex of G.
Explanation: We group the columns of the matrix Wy _; into ny groups
according to their supervertices, which we can accomplish by sorting
the vertices of G _ 1 according to their C values. We can now compute
the matrix W} _ by replacing each row of the modified Wy _, by ny
minima; each minimum is taken over a group.

The sorting step can be performed in O(log n, — 1) time, using a total of
O(ng-1 logng—1) operations (pipelined merge sort, Algorithm 4.4).
Each row of Wj_ requires O(log ng—1) time, using O(ng_1) opera-
tions. Therefore, stage 1 can be completed in O(log ng 1) time, using a
total of O(n,Z(_ 1) operations.

O Stage 2: Compute the ny X ng weight matrix such that Wi(rq, ry) =
min{Wk-l(i,j) | C@) = ryand C(j) = rz}, forl < ry,r < ng.
Explanation: The weight matrix W), can be generated from Wj_; in
exactly the same way that W} _, was generated from W _1, except that
we group the rows according to their supervertices, instead of grouping
the columns. Hence, this stage takes also O(log ny 1) time, using a total
of O(n? _,) operations.

We therefore have the following theorem.

Theorem 5.3: Given the n X n weight matrix of a connected, undirected graph
G = (V, E), an MST can be found in O(log? n) time, using a total of O(n?)
operations. Hence Algorithm 5.3 is optimal.

PRAM Model: Step 2.2 of Algorithm 5.3 does not require any simultaneous
memory access; steps 2.3 and 2.4 require concurrent-read capability. Hence,
our algorithm is of the CREW PRAM type. O

Remark 5.7: We can solve the problem of determining an arbitrary span-
ning tree of an undirected, connected graph in a similar fashion by adapting
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either of the connected-components algorithms presented in Section 5.1
(Algorithms 5.1 and 5.2). Therefore, a spanning tree of a connected graph
with n vertices and m edges can be found either (1) in O(log? n) time, using
O(n?) operations on the CREW PRAM, or (2) in O(log n) time, using
O((m + n)log n) operations on the arbitrary CRCW PRAM with G given as
a sequence of edges. O

5.3 Biconnected Components

LetG = (V,E)be a connected, undirected graph, such that || = nand |[E| =
m. Define a relation Ry, on E as follows. Given any two edges e and g, eR}, g if
andonlyife = gore andg are on acommon simple cycle. It is straightforward
to check that R, is an equivalence relation, and hence partitions E into
equivalence classes {E;}_,. Let V; = {v € V| vis the endpoint of some edge
in E;}. Then, the subgraphs G; = (V}, E;) are called the biconnected compo-
nents or blocks of G. Note that a vertex may appear in several blocks.

EXAMPLE 5.6:

Let G be the graph given in Fig. 5.10(a). Then, G has four blocks, as shown in
Fig. 5.10(b). Each block either is a single edge or consists of several edges such
that any pair of these edges lies on a common simple cycle. Note that vertex
v belongs to three blocks. a

It is well known that determining the blocks of G canbe done in O(n + m)
sequential time using depth-first search. Our parallel algorithm follows a
different strategy that is based on transforming the graph G into another
graph G' such that the blocks of G are the connected components of G'. The
starting point is an arbitrary spanning tree, rather than a depth-first search tree.

5.3.1 REDUCTION TO CONNECTED COMPONENTS

We begin by reviewing a few standard definitions from graph theory.

Let C; and C; be two cycles of the input graph G = (V, E). The
exclusive OR of C and C,, denoted by C; @ C,, is the set of edges in C; or
in Cy, but not in both. Let {C;}{_, be a set of cycles in G. The cycles Cy,
Cy, ..., C;sare called independent if there exists no cycle C; that is the exclusive
OR of a subset of the remaining cycles. A collection € of independent cycles is
called a cycle basis for G if and only if every cycle of G is the exclusive OR of
a subset of 6.
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(b)

FIGURE 5.10

The graph for Example 5.6. (a) The graph. (b) The graph’s blocks; each block
either is a single edge or consists of several edges, any two of which lie on a
common simple cycle.

It is not clear from these definitions whether every graph has a basis
cycle. Each one does, however, as we show next. Assume that G is connected;
otherwise, we can treat each of the connected components separately. A
-spanning tree T = (V, ET) of the graph G determines a cycle basis as follows.
Each edge ¢ € E — E7 creates a unique cycle C, when added to 7. The
collection{C, | e € E — E7}forms a cycle basis for G. Each such cycle C, will
be called a basis cycle relative to 7. Since we are assuming that G is con-
nected, the number of elements in the cycle basis is equal to |E| ~ |E| =
m-—n+ 1.
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EXAMPLE 5.7:

A graph G with a spanning tree in solid lines is shown in Fig. 5.11. Each of
the dashed lines represents a nontree edge that generates a basis cycle
relative to T. 0

Suppose we are given a spanning tree T of our undirected and con-
nected graph G = (V, E). Define a relation R, on the set E as follows: For any
pair (e, g) of edges, eR.g if and only if e and g belong to a common cycle
determined by a nontree edge. The reflexive transitive closure R} of R, consists
of all pairs of edges (e, g) for which either (1) e = g, or (2) there exist edges

f1:f2, ... fesuch thateRcf1, fiRcf2, ..., fi-1Rcfi, and fiR.g.
We are ready to establish the following lemma.

Lemma 5.5: Let T be an arbitrary spanning tree of a connected graph G = (V,E),
and let R, be the relation defined previously. Then, Ry, = R}, where Ry, is the
equivalence relation defining the blocks of G, and R} is the reflexive, transitive
closure of R..

FIGURE 5.11

The spanning tree of the given graph is shown in solid lines. Each of the
dashed lines creates a basis cycle. The collection of these cycles form a cycle
basis for the given graph.
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Proof: According to the definition of R., eR.g implies that e and g belong to
a common basis cycle relative to 7, and hence that R, C Rj. But since Ry is
an equivalence relation, this result implies that R C Rp.

Lete andg be two edges such thateR,g. Ife = g, then we are done, since
by definition R is reflexive. Otherwise, there exists a simple cycle C contain-
ing e and g. Let {C;} be the cycle basis determined by the spanning tree T.
Then,C = C;® ... ®C,,forsomeindicesiy,iz, ... ,i;. Given any two cycles
C; and Gy, there exist cycles Cy, C,, ... , Cq, such that C i, shares an edge
with Cy,, C,, shares an edge with C,,, and so on, until we reach C,,, which
shares an edge with C;,. If the cycles Cy’s do not exit, the exclusive OR
Ci, @ ... ®C; willnot be asingle cycle. Since the edges in each C; are clearly
in R, by transitivity, all the edges in C are in R}, and therefore eRZ g. 0O

Suppose we can somehow identify R.. Then, the blocks of G can be
determined as follows. Let G’ = (', E'), where V' is the set E of edges of G, and
(e,g) € E' if and only if eR.g. The connected components of G’ correspond
to the equivalence classes of R#, and hence uniquely identify the blocks of G.

EXAMPLE 5.8:

Consider again the graph G of Fig. 5.10; a spanning tree of G is shown in solid
lines in Fig. 5.12(a). The corresponding cycle basis consists of the three cycles
Ci = {e1,e3,e4},C2 = {e2,e4,es5}, and C3 = {e3, e9,e10}. The graph G’ of the
relation R, is shown in Fig. 5.12(b). For example, there is an edge connecting
e4 and e because both edges belong to C5, and there is no edge incident on
e OT eg because neither edge is contained in any of the cycles Cq, C2, and Cs.
The connected components of G’ are given by {e}, e2, €3, €4, es}, {es, €9, €10}, €6}
and {e7}, which define precisely the blocks of G. a

Unfortunately, R, may be too large for our purposes. Consider, for
example, the case when G is a simple cycle. Then, |R.| = O(n?), in spite of
the fact that m = n, in this case. We now define a subset of R, which will be
shown to induce the same connected components as does R..

The relation R, has been defined relative to a given spanning tree T of
the input graph G = (V, E). We wish to define a relation R on the set E such
that (1) R¢ C R, (2) |R:| = O(m),and (3) (R¢)* = R}. To define R, we find
it useful to number the vertices in V using a preorder traversal of the spanning
tree T rooted at an arbitrary vertex r. A preorder traversal of T consists of a
traversal of the root r, followed by the preorder traversals of the subtrees of
r from left to right (also introduced in Exercise 3.13). For the remainder of
this section, we identify each vertex v by its preorder number. We illustrate the
usefulness of the preorder numbering with the following simple lemma.



5.3 Biconnected Components 231

FIGURE 5.12

An illustration of the graph of the relation R defined by eRg if and only if e
and g belong to a cycle determined by a nontree edge. (a) A spanning tree T
shown in solid lines together with the remaining edges shown in dashed lines.
(b) The graph of the relation R obtained from T; two edges e; and e, are
connected if and only if they belong to a basis cycle relative to T. The con-
nected components of the graph shown in (b) are the blocks of the graph
shown in (a).

Lemma 5.6: Let T be a rooted tree in which each vertex has been identified with
its preorder number, and let size(v) denote the number of vertices in the subtree
rooted at v. Then, the following claims hold:

1. Given any two vertices u and v, if u < v, then v cannot be an ancestor of u.

2. Given any two vertices u and v such that v + size(v) < u, then u and v
are not related; that is, neither vertex is an ancestor of the other vertex.
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Proof: Claim1 follows from the fact that a vertex v is always visited before any
of its descendants in a preorder traversal of the tree.

As for claim2, u cannot be an ancestor of v, since v < u. Any descendant
w of v must be visited before the preorder traversal of the subtree rooted atv
has been completed. Therefore, w must satisfy v < w < v + size(v), which
implies that vertex u cannot be a descendant of v. 0

We are now ready to define the new relation R.. For each vertex u, we
denote the parent of u in the rooted spanning tree T by p(u). Given any two
edges e and g of E, eR/g if and only if one of the following conditions hold:

1. e = (u,p(u))andg = (u,v)in G — T, and v < u (Fig. 5.13a).

2. e = (u,p(u))andg = (v,p(v)), and (u,v)in G — Tsuchthatu andv are
not related (Fig. 5.13b).

3. e = (u,p(u) = v),v = 1,andg = (v,p(v)), and some nontree edge of G
joins a descendant of u to a nondescendant of v (Fig. 5.13¢).

EXAMPLE 5.9:

Consider again the graph G of Fig. 5.10(a). A possible rooted spanning tree
is shown in Fig. 5.14(a). We now show how to determine the relation R;. By
condition 1, we have that (e4,e1), (es,e2),and (e g, eg) are in R... By condition
2, we obtain that (es, e4) and (e4, e3) are in R,. Condition 3 implies that (eg, 1)
is in R¢. The graph corresponding to R,. is shown in Fig. 5.14(b). The con-
nected components of G’ correspond to the blocks of G. a

The following lemma provides a justification for our definition of R;.

Lemma 5.7: Let R. and R; be the relations defined previously with respect to
an arbitrary rooted spanning tree T of G. Then, R} = (R.)* and |R;| = O(m),
where m is the number of edges in G.

Proof: Anytwo edges e and g that satisfyeR ;g belong to a cycle determined by
a nontree edge. Hence, they are in R., which implies that R, C R, and thus
(R))* C Ry

We now prove the converse. Let e and g be two edges that satisfy eR. g.
Then, e and g lie on a common basis cycle relative to T—say, that defined by
the nontree edge (u, v). Let z be the lowest common ancestor of u and v. We
show that all the edges in the basis cycle are in (R )*, which will establish that
R C (RO



5.3 Biconnected Components 233

FIGURE 5.13

Pairs of edges defining the relation Rg. (@) (u, v) is a nontree edge such that

v < u; hence, the pair of edges (u, v) and (u, p(u)) belong to R¢. (b) (u, v) is a
nontree edge such that v and v are not related; hence, (u, p(u)) and (v, p(v))
belong to A¢.
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FIGURE 5.13 (continued)

(c) The dashed line represents a nontree edge connecting a descendant of
u to a nondescendant of v; hence, the pair of edges (u, p(u)) and (v, p(v))
are in Rg.

Assume without loss of generality that u < v. We consider two
separate cases.

1. z # u (see Fig. 5.15a): Hence, u and v are unrelated, and thus (u, p(u))
and (v, p(v)) are in R/ by condition 2. Using condition 1, we obtain that
(v,p(v)) and (v,u) are also in R;. By condition 3, we obtain that each pair
of successive edges on the path between z and u, and on the path
between z and v, is also in R/. By transitivity, we obtain that e(R()* g.

2. z = u (see Fig. 5.15b): We apply condition 3 several times to obtain that
e and g are in R(.

As for the size of R;, we bound the number of edges satisfying each of
conditions 1, 2, and 3. Each edge in G — T determines one pair of edges
satisfying condition 1. As for condition 2, an edge in G — T may determine at
most one pair of edges in R.. Given the restriction on the pairs defined in
condition 3, the total number of such pairs is no more than the number of
edges in T. Therefore, |R.| = O(m). a

Let G’ = (V', E') be the graph corresponding to R/.
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(@)

(b)

FIGURE 5.14

Determination of the relation R¢ for Example 5.9. (a) A spanning tree in solid
lines; the remaining edges are in dashed lines. (b) The graph corresponding to
the relation R¢. The connected components of R¢ correspond exactly to the
blocks of the original graph.

Corollary 5.1: Let Ry, and R/ be the two relations defined previously. Then,
(R&)* = Ry, hence, two edges of G are in a common block if and only if they
are in a common connected component of the graph G' defined by R.. O

5.3.2 THE BICONNECTED-COMPONENTS ALGORITHM

For each vertex v in the rooted spanning tree T of G, let p(v) be the parent of
v and let size(v) be the number of vertices in the subtree rooted atv. We have
already developed a parallel algorithm for computing this function in Section
3.2. We now introduce two new functions on the set V.
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p(v)
p(u)
u Vatkd
\\ //
~ e
~o —_— - ~
(a) (b)
FIGURE 5.15

lllustration of the proof that the pair (e, g) of tree edges satisfies the relation
(Rc)*. The vertex z is the lowest common ancestor of u and v, where (u, v) is
the nontree edge that induces the basis cycle containing e and g. (a) The case
when z = u, v. (b) The case when z = u.

For each v € V, let low(v) denote the smallest vertex that is either a
descendant of v or adjacent to a descendant of v by a nontree edge. Similarly,
high(v) denotes the largest vertex that is either a descendant of v or adjacent
to a descendant of v by a nontree edge. These two functions are useful in the
determination of the pairs of edges satisfying condition 3 of the definition of
R¢, as shown by the following lemma.

Lemma5.8: Lete = (u,p(u) =v),v # 1, andg = (v, p(v)) be two consecutive
tree edges of T. Then, e and g satisfy condition 3 of the definition of R| if and
only if low(u) < v or high(v) = v + size(v).

Proof: According to condition 3, e and g are in R/ if some edge of E joins a
descendant of u to a nondescendant of v.

Suppose that e and g satisfy condition 3, and let (x,y) be the edge joining
the descendant x of u to the nondescendant y of v. There are two cases,
depending on whethery < u ory > u. We start with the case wherey < u.
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Sincey is a nondescendant of v and (u, p(x) = v) is an edge of T, we must have
y < v. Butlow(u) < y, and hence low(u) < v. The second case is wherey >
u. Since y is a nondescendant of v and (u, v) is an edge of 7, we must have thaty
is visited after the preorder traversal of the subtree rooted at v has been com-
pleted. Therefore,y = v + size(v), which implies that high(u) = v + size(v).
We now prove the converse. Lete = (u,p(u) = v)andg = (v, p(v)) be
a pair of tree edges satisfying low(u) < v or high(v) = v + size(v). Suppose
that low(u) < v. Then, by the definition of low(u), there exists a descen-
dant x of u incident on a nontree edge (x, y) such thaty = low(u). Sincey =
low(u) < v, vertex y cannot be a descendant of v. Thus, (x, y) is an edge that
connects a descendant of u to a nondescendant of v, and therefore e and g
satisfy condition 3. The case where high(u) = v + size(v) can be treated in a
similar fashion. This concludes the proof of the lemma. O

We next develop a simple algorithm to compute the function low(v) for
eachv € V. The algorithm consists of two main steps. The first step assigns,
to each vertexv, a weight, which is the minimum of v and any vertex connected
to v by a nontree edge. The second step determines the minimum weight in
the subtree rooted at v, for each vertex v. The details are stated in the next
algorithm.

ALGORITHM 5.4
(Computing low(v))
Input: A rooted spanning tree T of a connected graph G represented
by a set of adjacency lists that support the Euler-tour technique.
Output: The value of low(v), for each vertex v.
begin
1. For each vertex v, compute w(v) = min{v} U {u | (v,u)isa
nontree edge}.
2. For each vertex v, low(v) = min{w(u) | u is in the subtree
rooted at v}.
end

Lemma 5.9: Algorithm 5.4 correctly computes low(v) for each vertex v € V.
The running time is O(log n), and the total number of operations is O(m), where
n is the number of vertices, and m is the number of edges.

Proof: The correctness proof follows from the definition of the low function.

The time analysis is done under the assumption that each vertex of the
input graph G contains a pointer to its adjacency list (the same as in the
algorithms using the Euler-tour technique). Given the fact that the edges of
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the spanning tree are marked, step 1 involves the computation of the mini-
mum of unmarked elements in each list. Clearly, this step can be performed
in O(log n) time, using a total of O(m) operations. As we have seen in Section
3.3.3, the tree-contraction algorithm (Algorithm 3.7) can handle step 2 in
O(log n) time, using O(n) operations. (]

The problem of computing, for allv € V, the value high(v) can be solved
in a similar fashion using the same resource bounds.
We are ready to present the overall biconnected-components algorithm.

ALGORITHM 5.5
(Biconnected Components)

Input: A connected, undirected graph G represented either by an
adjacency matrix or by a sequence of edges.
Output: An array B such that B(e) = B(g) if and only if e and g are
in the same biconnected component. Each entry of B is the serial
number of an edge of G.
begin
1. Determine a spanning tree T of G.
2. Root T at an arbitrary vertex, and identify each vertex with its
preorder number.
3. For each vertex v € V, compute size(v), low(v), and high(v).
4. Construct a list L of pairs of edges as follows.
4.1 For each edge e = (u,v)in G — T such that
v < u, put the pair (e,g) on L, where g = (u, p(u)).
4.2 For each edge (u,v) € G — T such thatv +
size(v) < u, put the pair (e, g) on L, where e = (v,
p(v))and g = (u, p(u)).
4.3 Foreach edgee = (u,p(u) = v),v # 1, add
(e, g) to L iflow(u) < vorhigh(u) = v + size(v),
where g = (v, p(v)).
5. Find the connected components of the graph determined by the
edges on L. These components are identified by an array B.
end

Theorem 5.4: Algorithm 5.5 correctly identifies the edges in each biconnected
component of the input graph. This algorithm can be implemented in O(log n)
time, using O((m + n) log n) operations on the arbitrary CRCW PRAM.

Proof: We start with the correctness proof. We need to elaborate only step 4.
We start by establishing the following claim.
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Claim: The pairs of edges put on the list L after the execution of step 4 are
precisely those pairs satisfying the relation R..

Proof: Any pair generated in step 4.1 satisfies condition 1, and any pair that
satisfies condition 1 is generated in step 4.1. Consider a pair of edges corre-
sponding to an edge (u, v) in G — T identified in step 4.2. As we have seen in
Lemma 5.6, the conditionv + size(v) < u implies that u and v are not related.
Therefore, condition 2 of the definition of R; applies to (v, p(v)) and (u, p(u)).
Conversely, every pair of edges satisfying condition 2 of the definition of R/
willbe putonL instep 4.2. Using Lemma 5.8, we obtain that the pairs of edges
identified in step 4.3 are exactly those pairs satisfying condition 3 of the
definition of R/, and the proof of the claim is complete.

From Lemma 5.7, it follows that the edges in each connected compo-
nent of the graph determined by L define a biconnected component of the
original graph.

As for the complexity bounds, we estimate the resources of each step
separately.

We can compute the spanning tree T of G (step 1) by using Algorithm
5.2, which runs in O(log n) time, using O((m + n) log n) operations on the
arbitrary CRCW PRAM.

As for step 2, the Euler-tour technique can be used (1) to root T, (2) to
compute the preorder number of each vertex, and (3) to compute size(v), for
each vertex v. As we have seen in Section 3.2, these functions can be com-
puted in O(log »n) time, using a linear number of operations, whenever T is
represented by the adjacency lists with some additional pointers. Obtaining
these adjacency lists from the marked edges of T can be done within the
resources required for determining 7 (the details are left to Exercise 5.15).

The problem of computing the functions high and low can be done in
O(log n) time, using O(m) operations, as shown in Lemma 5.9.

Each of steps 4.1, 4.2, 4.3 can be executed in O(1) time using O(m)
operations. Finally, we can handle step 5 by using the connected-components
algorithm for sparse graphs (Algorithm 5.2), covered in Section 5.1. There-
fore, the theorem follows. |

PRAM Model: Steps 2 and 3 of Algorithm 5.5 use the Euler-tour technique
and hence do not require any simultaneous memory access. Steps 1 and 5
require the arbitrary CRCW PRAM. Step 4 needs only concurrent-read
capability. O

Remark 5.8: We can modify Algorithm 5.5 slightly to obtaina CREW PRAM
algorithm for determining the biconnected components in O(log? n) time,
using O(n?) operations. The details are left to Exercise 5.17. O
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5.4 Ear Decomposition

Graph-traversal methods are useful mainly because they induce a decompo-
sition of the graph into a structured set of simple components. Depth-first
search and breadth-first search are two such methods that have been found to
be effective in handling many graph-theoretic problems. However, no effi-
cient parallel implementations of these two methods are known at this point.
To remedy the lack of such methods, we introduce the technique of ear
decomposition, which does have an efficient parallel implementation.

An ear decomposition is essentially an ordered partition of the set of
edges into simple paths (which include simple cycles). More formally, let G =
(V, E) be an undirected graph, with [V| = n and |E| = m. Let Pj be an
arbitrary simple cycle of G. An ear decomposition of G starting with Py is an
ordered partition of the set of edges E = Py U P; U ... Py, such that, for
each 1 <= i < k, P; is a simple path whose endpoints belong to Py U
Py U ... U P;_1,but none of whose internal vertices does. Each simple path
P; is called an ear. If, for eachi > 0, P; is not a cycle, the decomposition is
called an open ear decomposition.

EXAMPLE 5.10:

Consider the graph in Fig. 5.16. A possible ear decomposition is shown. All
the edges belonging to ear P; are labeled by the index . Note that the example
is not an open ear decomposition, since P; is a cycle. O

A characterization of the graphs with ear decompositions is given by the
following theorem, the proof of which is left to Exercise 5.26.

FIGURE 5.16
An ear decomposition of G consisting of four ears, such that the edges in ear
P; are all marked with the index /.
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Theorem 5.5: An undirected graph G = (V, E) has an ear decomposition if and
only if it is bridgeless (that is, there exists no edge whose removal disconnects the

graph). The graph G has an open ear decomposition if and only if it is
biconnected. O

Let G have an open ear decomposition £ = Po U P4 U ... U Py.
Hence, Py is a simple cycle, P; is a simple path whose two distinct endpoints
are on Py, P, is a simple path whose two distinct endpoints are on Py U Py,
and so on. It is clear that such a decomposition yields an independent set of
cycles. Actually, removing an arbitrary edge from each ear results in a span-
ning tree of G, as we can show by using an induction on the number of ears.
Therefore, the number of ears is equal to the number (m — n) + 1 of nontree
edges, and the ear decomposition yields a cycle basis for G. These facts hold
for any (not necessarily open) ear decomposition. .

On the other hand, we already know that a cycle basis can be generated
from an arbitrary spanning tree of G by the nontree edges. This observation
suggests the following method to obtain an ear decomposition.

We start by computing a rooted spanning tree T of G. We would like to
associate an ear P, with each nontree edgee. Let C, be the basis cycle induced
bye. In general, we cannot take P, = C,, since edges in C, may be shared by
several other basis cycles. Hence, we have to break up C, into paths, such that
each path belongs to a single ear. One way to accomplish this goal is to label
each nontree edge e = (u, v) as follows. Let level(e) be the level of the lowest
common ancestor of u and v; that is, lca(e) = lca(u, v). Then, label(e) is
defined to be the pair (level(e), s(e)), where s(e) is the serial number of e and
1 < s(e) = m. For each tree edge g, let label(g) be the smallest label of any
nontree edge whose cycle contains g.

EXAMPLE 5.11:

Let G be the graph shown in Fig. 5.17. The dark lines represent the tree
edges of a rooted spanning tree, and the dashed edges represent the nontree
edges. Starting with the nontree edges, we obtain that label(e3) = (1, 3),
label(eq) = (1,9), label(e10) = (0, 10), label(e11) = (0, 11). Using this informa-
tion, the labels of the tree edges are given by label(e1) = (0, 11), label(ez) =
(0, 10), label(es) = (1, 9), label(es) = (0, 11), label(es) = (1,9), label(e7) =
(0, 10), label(eg) = (0, 11), label(e12) = (1, 3), and label(e13) = (0,11). O

We are ready to justify the introduced labels.

Lemma 5.10: Let T be a rooted spanning tree of a graph G = (V, E), and, for
each edge g € E, let label(g) be the function defined previously. Given any
nontree edge e, let P, = {e} U {g € T | label(g) = label(e)}. Then P, is a simple
path (or cycle). Moreover, every tree edge belongs to exactly one such path.
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Ear decomposition for the graph of Example 5.11. (a) A graph G, where the
tree edges are shown in solid lines and the remaining edges shown in dashed
lines. (b) The labels of all the edges. (c) The decomposition determined by the
ear-decomposition algorithm. The edges in each ear are drawn using a
different type of lines. The cycle Pq consists of all the edges with the label

(0, 10), P4 corresponds to the label (0, 11), P, corresponds to the label (1, 3),
and P3 corresponds to the label (1, 9).
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Proof: Let the nontree edge be given by e = (i, v). Consider the path Qin T
from v to Ica(u,v), and letv # lca(u,v). Leth = (x, p(x)) be the first edge on
Q such that label(h) # label(e) (see Fig. 5.18). The inequality of label(e) and
label(h) implies the existence of a nontree edge (z, x) such that the label of
(z,x) is smaller than label(e). Hence none of the edges on Q between x and
lca(u, v) belongs to P. The argument is similar if we consider the path from u
to Ica(u, v). Hence, P, is a simple path.

Since the labels of the nontree edges are distinct, every tree edge
belongs to exactly one such path. O

EXAMPLE 5.12:

The labels of all the edges in Fig. 5.17 were determined in Example 5.11.
Grouping together all the edges with the same label, we obtain the following

lea(u, v)

N —— -

FIGURE 5.18

An illustration of the proof that all the edges with the same label as the nontree
edge e = (u, v) form a simple path. In this case, h = (x, p(x)) is the first edge

on the path from v to Ica(u, v) such that label(h) = label(e). All the edges from
x to Ica(u, v) have a label that is smaller than /abel(e).
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sets: Pg = {e10,€2,e7}, P1 = {e1,es5,es,e11,e13}, P2 = {e3,en},and P3 =
{es, €5, €9}. Note that we have ordered these sets by their labels. It is easy
to check that this sequence indeed defines an ear decomposition as shown in
Fig. 5.17(c). This example is not an open ear decomposition, since P3 is a
simple cycle. O

In summary, for each nontree edge e, we defined a set P, of edges, which
turned out to form a simple path such that every tree edge belonged to exactly
one such path. Therefore, the collection {P,} over the nontree edges e forms
a decomposition of E into simple (possibly closed) paths. The fact that they
can be ordered to yield an ear decomposition will be shown after the state-
ment of the algorithm.

ALGORITHM 5.6

(Ear Decomposition)
Input: A bridgeless, undirected graph G represented by a sequence
of edges.
Ouput: An ordered set of paths representing an ear decomposition of G.
begin
1. Find a spanning tree T of G.
2. Root T at an arbitrary vertex r, and compute level(v) and p(v),
foreach vertexv = r, where level(v) and p(v) are the level and the
parent of v, respectively.
3. Foreach nontree edge e = (u,v), compute Ica(e) = lca(u,v)and
level(e) = level(lca(e)). Set label(e): = (level(e), s(e)), where s(e)
is the serial number of e.
4. For each tree edge g, compute label(g).
5. For each nontree edge e, set P, = {¢} U {g € T | label(g) =

label(e)}. Sort the P,’s by label(e).
end

Theorem 5.6: Let G = (V, E) be a bridgeless graph. Algorithm 5.6 correctly
finds an ear decomposition of G. This algorithm can be implemented to run in
O(log n) time, using a total number of O((m + n) log n) operations.

Proof: We start with the correctness proof. Aswe saw in Lemma 5.10, each Pe
is a simple path. We must now show that each of the path’s endpoints belongs

to some P,', where label(e') < label(e), and that none of its internal vertices
belongs to such an ear.

Claim: Given any nontree edge e such that its label is not the minimum label
among the nontree edges, each of the endpoints of P, belongs to some P,
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satisfying label(e’) < label(e), and none of the internal vertices of P, belongs
to such an ear.

Proof of the Claim: Let e( be the nontree edge whose label is minimum;
hence, label(eg) = (0,s(ep)), where s(e) is the minimum over all edges e such
that Ica(e) is the root. Such an edge must exist, because otherwise the graph
G would have a bridge incident on the root. The ear P, corresponding to eq
is the basis cycle C,,.

Let e be an arbitrary nontree edge such that label(e) > label(eg). The
proof of Lemma 5.10 indicates that either P, is the basis cycle C, or each of
the endpoints belongs to some edge g such that label(g) < label(e). In the
latter case, g has a smaller label, and hence the proof follows. In the case when
P. = C., letvbelca(e). If v is the root, then we are done, since C, intersects
the ear C, at the root. Otherwise, consider the edge (v, p(v)), which must
belong to some Cy, for some nontree edge f; if it does not, then (v, p(v)) will
be a bridge, which is impossible. The level of lca(f) must be smaller than
level(v); hence, v belongs to an ear whose label is smaller than label(e).
Therefore, the claim follows.

We now estimate the complexity bounds of Algorithm 5.6.

Step 1 requires a spanning-tree algorithm, which can be derived from
the connected-components algorithm for sparse graphs (Algorithm 5.2). The
corresponding running time is O(log n), and the total number of operations is
O((n + m) log n). Step 2 can be done by the Euler-tour technique after the
input representation has been modified to support this technique (Section
3.2.1). Step 3 requires the LCA algorithm developed in Section 3.4, and can
be performed within the asymptotic bounds of step 1.

Step 4 can be done as follows. For each vertex v, let f(v) = min{label(v, u) |
(v,u)inG ~ T}. Letg = (x,y) € T, wherey = p(x). Then, label(g) is the
minimum w value in the subtree rooted at x. These two substeps can be
executed in O(log n) time, using O(m) operations, in a fashion similar to that
of computing low(v) (Lemma 5.9). Step 5 involves sorting the edges by their
labels. The pipelined merge-sort algorithm (Algorithm 4.4) can be used to
sort these edges in O(log n) time, using O((m + n) log n) operations. There-
fore, the theorem follows. a

PRAM Model: We can find a spanning tree with O(m log n) operations by
using Algorithm 5.2, which requires the arbitrary CRCW PRAM. Steps 2, 3,
4, and 5 of Algorithm 5.6 do not require any simultaneous memory access. If
Tis given as a part of the input, and the ears need not be sorted, the algorithm
runs in O(log n) time, using a total of O(m + n) operations and requiring no
simultaneous memory access. o

Applications of the ear-decomposition algorithm (Algorithm 5.6) are
given in Exercises 5.25 and 5.28.
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5.5 Directed Graphs

We have seen a number of techniques that can be used to solve many prob-
lems on undirected graphs efficiently. In contrast, there are almost no such
techniques for directed graphs. In this section, we introduce efficient tech-
niques to handle two basic problems on directed graphs: transitive closure and
all pairs shortest paths. These techniques can be used to handle many other
basic problems on directed graphs. Unfortunately, the corresponding algo-
rithms use an excessive number of operations compared to the best known
sequential algorithms, and it seems that novel techniques are needed to
handle basic directed-graph problems more efficiently.

Our two basic problems can be defined as follows. The transitive clo-
sure of a directed graph G = (V, A4) is the graph G* = (V, A4*), where A*
consists of all pairs (i, j) such that either i = j or there exists a directed path
fromitoj.

Given a weighted directed graph G = (V, A) with the weight function
w:A — R, where R is the field of real numbers, the all pairs shortest paths
problem is to compute, for every pairi andj of vertices, a “shortest” path from
i toj; that is, we compute a directed path from i to j, if it exists, such that the
total weight of its arcs is minimum over all such paths.

We represent a directed graph G = (V, A) with n verticesby ann X n
incidence matrix B such that (1) B(r,s) = 1if (r,s) € A, and (2) B(r,s) = 0
otherwise. If G is a weighted graph, then we can represent it by itsn X n
weight matrix W such that

0 r=s;
W(r,s) = { w((r,s)) r # sand (r,s) € A,
®© r#sand(r,s)¢A.

EXAMPLE 5.13:

A weighted directed graph G = (V, A) together with its incidence matrix B
and its weight matrix W are shown in Fig. 5.19(a). Fig. 5.19(b) shows the
transitive closure of G, and Fig. 5.19(c) shows the distance matrix D such that
D(i, ) is the weight of a shortest path from i to j. Consider, for example, the
case wherei = 1 andj = 3. There are two directed paths from vertex 1 to
vertex 3; the first consists of the arc (1, 3) and has a weight equal to 2, and the
second consists of the two arcs (1, 5) and (5, 3) and has a weight equal to — 1.
Hence, the latter path is the shortest path yielding D(1,3) = —1. ]

Since our directed graphs will be represented by matrices, the compu-
tation of a matrix product will be an important tool to solve our two main
problems. We start with a discussion of the matrix-multiplication problem.
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FIGURE 5.19

The graph for Example 5.13. (a) A weighted directed graph, its incidence
matrix B, and its weight matrix W. (b) The transitive closure of G. (c) The

distance matrix of the weights of the shortest paths between all pairs of
vertices.

5.5.1 MATRIX MULTIPLICATION

LetA = (a;) and B = (b;) be twom x nandn x p matrices, respectively.
Let C = AB be the product of 4 and B; that is, the (i, j) entry of C is defined
byc; = et ajbyj, where 1 < i < mand 1 < j < p. The obvious parallel
implementation consists of computing all the products a ikbj for alli, k,j, and
then using a balanced binary tree to compute each ¢;;. This approach yields an
O(log n) time algorithm, using a total of O(mnp) operations running on the
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CREW PRAM model. This algorithm was covered in detail in Section 1.3.2.
In general, we cannot decrease the total number of operations or make the
parallel algorithm faster without additional information about the entries of
the matrices. In what follows, we consider two special cases for which such an
improvement is possible.

Matrix Multiplication Over a Ring. A ring consists of a set S of elements
together with two binary operations + and - such that (1) + and - are
commutative and associative, (2) - is distributive over +, (3) each of + and-
has an identity element, and (4) each element e € § has an additive inverse.
A typical ring is the set of integers together with the usual addition and
multiplication operations. We can exploit the algebraic structure of a ring to
reduce the number of arithmetic operations required to multiply two matrices.

Suppose that the elements of the matrices A and B belong to a ring R.
Then it is possible to multiply A and B by using considerably fewer arithmetic
operations than the ®(mnp) operations required by the standard algorithm.
The discussion of such algorithms is beyond the scope of this book. We
mention here only that the best known bound for the case whenm =n =p
is O(n%37%) (see bibliographic notes for a reference). All the known fast
sequential algorithms have a structure that is similar to that of the standard
algorithm. More precisely, a general entry c; of the product C = A4B is
generated as a linear combination of bilinear multiplications, where each such
multiplication is of the form L(a;) X L'(by) and L, L’ are linear forms over
the ring R. The important point for us is that the fast matrix-multiplication
algorithms lead to O(log n) time parallel algorithms using the same total
number of operations.

We use M(n) to denote the number of operations used by the best
known sequential algorithm to compute the product of two n X n matrices.
Then, from our discussion, we can compute the product of twon X n matrices
in O(log n) time, using O(M(n)) operations on a CREW PRAM.

Boolean Matrix Multiplication. We now consider the case when the matri-
ces are Boolean, and hence matrix multiplication is defined over the Boolean
OR and AND operations. That is, the (i, j) entry of the product of 4 and B is
the Boolean OR of the n AND terms a;byj, where 1 < k < n. Each such
Boolean OR can be computed in O(1) steps, using a total of O(n) operations
on a common CRCW PRAM. Hence, Boolean matrix multiplication can be
done in O(1) time, using a total of O(mnp) operations.

It can also be shown that Boolean matrix multiplication can be embed-
ded in the ring of integers modulo (n + 1); hence, the matrix multiplication
bounds over a ring apply to Boolean matrix multiplication as well.
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Matrix Powers. Another important matrix computation related to matrix
multiplication is to compute 4%, where A isann X n matrix, and s is a positive
integer. The method of repeated squaring consists of iterating s times the
computation B = B2, where B = A initially. Hence, we obtain successively
B=A,B=A%B =A% ... ,andfinally B = A%,

The resource requirements of the repeated-squaring method depend
on the matrix-multiplication algorithm used to perform the squaring. In
particular, the repeated-squaring method leads to an O(s log ) time algo-
rithm, using O(sM(n)) operations, whenever the entries of A are over a ring.
In the case where A is Boolean, we can compute 42 in O(s) time, using O(sn?)
operations.

We summarize our discussions concerning matrix products and powers
in the following theorem. :

Theorem 5.7: Let A and B be two n X n matrices. Then, the following
statements hold.

1. If the entries of A and B belong to a ring R, then the product AB can be
computed in O(logn) time, using a total of O(M(n)) operations on the
CREW PRAM, where M(n) is the best known sequential bound for comput-
ing AB over R.

2. If A and B are Boolean matrices, then the product AB can be computed
within the same bounds as in case 1, or in O(1) time, using O(n3) operations
on the common CRCW PRAM.

3. The problem of computing A% can be solved in O(s log n) time, using a total
of O(sM(n)) operations, if the entries belong to a ring. If A is Boolean, we can
also compute A% in O(log n) time, using a total of O(sn>) operations on the
common CRCW PRAM. O

5.5.2 TRANSITIVE CLOSURE

Let G = (V,A4) be adirected graph represented by its incidence matrix B. Let
B* be the incidence matrix of the transitive closure of the graph G. Since the
entries of these incidence matrices are either 0 or 1, we can view them as
Boolean matrices. The following theorem reduces the computation of B* to
computing a power of a Boolean matrix.

Theorem 5.8: Let B be ann X n Boolean matrix representing the directed graph
G = (V, A). Then, the incidence matrix B* of the transitive closure of the graph
G is given by B* = (I + B)2™", where I is the n X n identity matrix.
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Proof: Denote the matrix (I + B)* by T®) = (1;®)). In particular, T") =
(t;(V) = I + B. We establish the following induction hypothesis, which will
essentially prove the theorem.

Induction Hypothesis: For each positive integer s, t(‘) = 1ifand only if there
exists a path from i to j of length less than or equal to s, for allpairs 1 < i,j < n.

Proof: The base case corresponding tos = 1 follows trivially, since 7)) = I +
B and hence t(l) = 1if and only if eitheri = jor (i, j) € A.
Assume that the induction hypothesis holds for all values less than or
equal tos, where s > 1. We next show that the same holds true fors + 1.
Assume that an arbitrary entry t(‘Jr Dof (I + B)S*!isequal to 1. Since
(I + B*' = (I + B*(I + B) = (1 + B)’TM), we have that 1§ =

> lt(s)t(l) 1, which implies that t(‘) = t(l) = 1 for some & such thatl sks
n.The equality £, t(l) = 1implies that eltherk = jor(k,j) € A. By the induction

hypothesis, the fact that l(s) 1implies that there exists a directed path from
i to k of length at most s. Combmmg these two observations, we obtain that a
path from i toj of length at mosts + 1 must exist.

Conversely, assume that a certain path P of length at mosts + 1 exists
fromi toj. We show that t(s *1) must be equal to 1. The claim follows trivially
ifi = j, since t(l) = 1. Assume thati = j, and let k be the last vertex on P just
before vertex j. Hence, P consists of a path P’ from i to k of length at most s
and the arc (k,j) € A. By the induction hypothesis, the existence of P’ implies
that£{) = 1; moreover, the fact that (k,j) € A implies that t(l) = 1. Therefore,

l(]s ) 2 Zi=1ti®t;(M) = 1, and the induction hypothesis follows.

Notice that a path from a vertexi to a vertexj exists if and only if there
exists such a path of length less than or equal to n — 1. Combining this
observation with the induction hypothesis implies that B* = (I + B)™, for
anym = n — 1; hence, the theorem follows. O

Corollary 5.2: The transitive closure of a directed graph with n vertices can be
computed in O(logn) time, using O(n3 logn) operations on the common
CRCW PRAM, or in O(log? n) time, using O(M(n) log n) operations on the
CREW PRAM, where M(n) is the best known sequential bound for mulnplymg
two n X n matrices over a ring.

5.5.3 ALL PAIRS SHORTEST PATHS

Let G = (V,A) be a weighted directed graph represented by its weight matrix
W. The graph G is assumed to have no cycles of negative weights. Our goal in
this section is to develop a fast parallel algorithm to compute the n X n
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distance matrix D such that D(i, j) is equal to the weight of a shortest path
from i toj if that path exists; otherwise, D(i,j) will be set equal to the value .

We can generalize the transitive-closure algorithm developed in
Section 5.5.2 to compute the matrix D by properly interpreting matrix
multiplication. To give the background for our algorithm, we start by describ-
ing a graph-theoretic interpretation.

Let D®) be ann X nmatrix such that D©)(i, ) is the minimum weight of
a directed path from i to j that contains at most s arcs, for s = 1. For
convenience, we introduce the matrix D) (i, j) as follows:

o~ _ |0 i=];
D( )(l’])'— 0°i¢j.

Next, we derive an expression for D¢ *1) in terms of D) and the weight
matrix W. A minimum-weight path from i toj containing at mosts + 1 arcs is
either of (1) length exactly s + 1 or (2) length less than or equal to s. In case
1, such a path consists of a subpath from i to some vertex k of length s and the
arc (k, j); hence, its weight is given by D©®)(i, k) + W(k, j) (see Fig. 5.20). In
case 2, the weight of the path is simply D®)(i, j). Therefore, we conclude that

DN, j) = min (DO, j), min {DOG, k) + Wik, j)}),
which is equivalent to
DE*N(, ) = min {DO) i, k) + Wik, )}, (.1)

since W(j,j) = 0 for all values of j.

Equation 5.1 is similar to the expression we encountered in defining a
general entry of the product of two matrices (Section 5.5.1). In fact, if we
replace the minimum and the sum operators by the sum and the multiplica-
tion operators, respectively, Eq. 5.1 becomes identical to the matrix-
multiplication expression for multiplying D) and W. Therefore, we have the
following lemma.

y °

FIGURE 5.20
A minimum-weight path from i to j containing s + 1 arcs consists of a
minimum-weight path from / to k containing s arcs and the arc (k, j).
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Lemma 5.11: Let G = (V, A) be a weighted directed graph given by its weight
matrix W. Given a positive integer s, let D©) be the n X n matrix such that, for
all pairs i and j, D©)(i, j) is equal to the minimum weight of a path from i to j
that at most contains s arcs. Then, DTV (j, j) = min; <4<, {DO(G, k) + Wk, )}
forall 1 < i,j < n, which can also be rewritten as D+1) = D) - W, where
matrix multiplication is carried over the two operations {min, +}. O

The multiplication of twon X n matrices, where the operations min and
+ have been substituted for + and X, respectively, can be carried out as in
the standard matrix-multiplication algorithm. This technique results in
O(log n) time parallel algorithm, using O(n>) operations.

Using Lemma 5.11, we have D() = D(® - W, which can be verified to be
equal to W. Hence, D©®) = W9, for all values of 5. Since we are assuming that
our graph does not have a negative weight cycle, there exist simple shortest
paths (if a shortest path crosses itself, the loop can be removed without its
weight being increased). Therefore, we need only to compute D~ 1); hence,
we have the following theorem.

Theorem 5.9: Let W be the n X n weight matrix of a directed graph G = (V, A).
The matrix D of the weights of all pairs of shortest paths is given by D =
(W)2™*", where matrix multiplication is defined over the operators {min, +}. 0O

Corollary 5.3: Given the n X n weight matrix of a directed graph, the matrix
D of the weights of all pairs of shortest paths can be computed in O(log? n) time,
using a total of O(n3 log n) operations. O

5.6 Summary

We have developed in this chapter parallel algorithms for solving a few
sample problems from graph theory. For undirected graphs, we have ex-
ploited the parallel techniques developed in earlier chapters for processing
trees, both directed and undirected, in combination with problem-specific
methods to obtain our efficient parallel algorithms. The parallel algorithms
described for transitive closure and shortest paths follow directly from well-
known sequential (and more general) algorithms.

Table 5.1 provides a summary of the asymptotic bounds of the main
algorithms covered in this chapter.
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TABLE 5.1
ALGORITHMS PRESENTED IN THIS CHAPTER.
PRAM
Algorithm Section Time Work* Model
5.1 Connected Components 51.2 O(log 2 n) O(n?) Common
for Dense Graphs CRCW
5.2 Connected Components 51.3 O(logn)  O((m + n)logn) Arbitrary
for Sparse Graphs CRCW
5.3 Minimum Spanning Tree 522 O(log2 n) O(n?) CREW
5.4 Computing the Low Function 5.3.2 O(logn) O(m) EREW
5.5 Biconnected Components 532 O(logn)  O((m + n)log n) Arbitrary
CRCW
5.6 Ear Decomposition 5.4 O(log n) O(()n + n) log n) Arbitrary
CRCW
Transitive Closure 55.2 O(logn)  O(nd log n) Common
CRCW
Transitive Closure 55.2 O(log2 n) O(M(n) log n) CREW
All Pairs Shortest Paths 55.3 O(log2 n) O(n3 log n) CREW

|

*n, number of vertices; m, number of edges; M(n), best known sequential bound for n x n
matrix multiplication

Exercises

S.1.

5.2,

5.3.

54.

The implementation of the connected components algorithm for
dense graphs (Algorithm 5.1) given in the text requires the common
CRCW PRAM model for constructing the adjacency matrix of the
supervertex graph at each iteration. Show how to implement this
algorithm on a CREW PRAM model without any asymptotic loss in
efficiency.

Suppose you are given an undirected graph G = (V, E) together with a
vector D such that D(u) = D(v) if and only if u and v are in the same
connected component. Develop an efficient parallel algorithm to de-
termine the number &k of connected components, and to generate a
separate list of the vertices in each connected component.

Fillin the details in the while loop of Algorithm 5.1 necessary to execute
step 3 properly. Write the details to implement step 3 of this algorithm.
Let D:{1,2,...,n} - {1, 2, ..., n} be a function that induces a

pseudoforest ¥. Develop an O(log n) time algorithm to compute, for
each 1 < i < n, the minimum element in the directed tree containing i.
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S.5.

5.6.

5.7.

5.8.

5.9.

5.10.

5.11.

Chapter 5 Graphs

Your algorithm should run on the CREW PRAM model. What is the
total number of operations used?

Suppose that step 2.2 of Algorithm 5.1 is modified so that C(v) is set
equal to any adjacent vertex, if there is one. Show that the modified
algorithm will work correctly. Establish the parallel time and the num-
ber of operations required by this algorithm.

A given undirected graph G = (V, E) is represented by its adjacency
lists such that |V| = n and |E| = m. Apply the same strategy as that
used in the connected-components algorithm for dense graphs (Algo-
rithm 5.1) to determine the connected components of G. The running
time of your algorithm must be O(log? n). What is the total number of
operations used, as a function of n and m?

Suppose we initialize the D function of the connected-components
algorithm for sparse graphs (Algorithm 5.2) to D(v) = v, for all vertices
v, without creating dummy vertices. Does the resulting algorithm work
correctly? Explain your answer.

Suppose that we omit step 2 of the connected-components algorithm
for sparse graphs (Algorithm 5.2). Provide an example for which this,
algorithm will require {}(n) iterations to terminate. What is the number
of iterations required to handle your example if step 2 is inserted back
into the algorithm? Suppose that we omit step 1 of Algorithm 5.2; does
Theorem 5.2 hold in this case? Justify your answer.

Let T be a directed tree corresponding to a function D on n elements.
Develop an O(1) time algorithm to check whether T is a rooted star.
Your algorithm must use a linear number of operations. Specify the
PRAM model used.

We have seen three different ways to represent a graph G = (V, E): the
adjacency matrix, a set of adjacency lists, and an unordered set of edges.
Develop an O(log n) time parallel algorithm to convert one represen-
tation into another, where |V/| = n. What is the total number of oper-
ations used in each case.

*An improved method for finding the connected components of a
sparse graph is the following. During an iteration, only a subset of the
edges is selected for the purpose of combining supervertices. Let n; be
the number of vertices in the nontrivial supervertex containing the
fewest number of vertices during the ith iteration. Let d = Vn;. For
each supervertex, select d edges connecting the supervertex to different
supervertices. If the number of such edges is less than d, select the
maximum possible such edges. Run Algorithm 5.2 O(log d) times, and
then shrink each rooted directed tree into a rooted star. Repeat until
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the number of vertices is less than n/log n and the number of edges is
less than O(m/log n).

Show how to implement this strategy to obtain a parallel algorithm that
runs in O(log n) time, using a total of O((m + n) log log n) operations,
where n is the number of vertices and m is the number of edges.
Prove Lemma 5.4.

Develop an algorithm to determine an MST of a connected weighted
graph with n vertices and m edges in O(log n) time, using O(m log n)
operations. Hint: Use the priority CRCW PRAM.

Given an undirected, connected graph G with n vertices, develop a
detailed O(log n) time algorithm to determine an arbitrary spanning
tree of G. The total number of operations used by your algorithm must
be O((n + m)log n), where m is the number of edges of G. Assume that
the input is given as a sequence of edges. Do not use the priority CRCW
PRAM for your algorithm.

Let T = (V,ET)be a spanning tree of an undirected connected graph G =
(V, E). Suppose that T is represented by a sequence of edges given in an
arbitrary order. Develop a parallel algorithm to determine the adja-
cency lists necessary to apply the Euler tour technique on 7. What are
the resources required by your algorithm?

An undirected graph G = (V, E) is bipartite if there exists partition of
V—say, V = V; U V—such that each edge has one endpoint in V; and
the other in V. Develop an O(log n) time algorithm to find such a
partition whenever it exists. Hint: Start by determining a spanning tree
of G.

Modify the biconnected-components algorithm (Algorithm 5.5) such
that it can be implemented on the CREW PRAM in O(log? n) time,
using O(n?) operations. Hint: Modify steps 4 and 5 such that the edges
determined in step 4.1 are not initially included in step 4.

A cut vertex v of a connected, undirected graph G = (V, E) is a vertex
whose removal leaves G disconnected.

a. Show that v is a cut vertex if and only if it belongs to more than one
block.

b. Develop an efficient parallel algorithm to determine all the cut
vertices of G.

Let G = (V, E) be a connected graph. Recall that a bridge is an edge e
whose removal leaves G disconnected. Develop a parallel algorithm to
determine all the bridges of G. The complexity bounds of your algo-
rithm should match those of either of the connected-components algo-
rithms (Algorithms 5.1 and 5.2). Hint: Start by determining a spanning
tree of G.
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S.21.

5.22.

5.23.

5.24.
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Let G = (V, E) be an undirected graph given by its adjacency lists. An
Euler partition is a partition of E into edge-disjoint paths (including
cycles) {P;} such that each vertex of odd degree is the endpoint of exactly
one path (with two distinct endpoints), and no vertex of even degree can
appear as the endpoint of such a path. Show how to obtain an Euler
partition in O(log n) time, using a linear number of operations. Hint:
Start by making the graph Eulerian.

Let G = (V,E)be a bipartite graph whose maximum degree A = 2/, for
some positive integer /.

a. Show how to divide G into two bipartite graphs G| and G, each of
maximum degree 5. Your algorithm should run in O(log n) time,
using O(|E| + |V]) operations. Hint: Determine an Euler partition,
as defined in Exercise 5.20.

b. A k-edge coloring of G is an assignment ¢ : E — {1, 2, ... , k} such
that c(e) = c(g) whenever e and g share a vertex. Use the algorithm
for part (a) to find a A-edge coloring of G. State the resource bounds
needed by your algorithm.

Let G = (V, E)be adirected graph such that the indegree of each vertex
is equal to the outdegree. Assume that, for each vertex v, the outgoing
and the incoming edges are given by two ordered lists.

a. Show how to obtain a partition of E into a set of edge-disjoint cycles
{C;} in O(log n) time, using a linear number of operations.

b. Let G' = (1, E') be the undirected graph defined as follows. V'
corresponds to the set of cycles obtained in (a) and (C;, C;) € E" if
there existe € C; andf € C; such that e and f are incoming edges to
the same vertex—say, v—and f comes after e in the list of incoming
arcs of v. Show that G’ is connected.

c. Aswap of two edgese = (u,w) and f = (v, w) in cycles C; and C; is-
an interchange of the edges’ successors on these cycles. Prove that,
for any given spanning tree 7" of G', if we execute the swaps corre-
sponding to the edges of T" in any order, all the cycles will be merged
into an Euler circuit.

d. Develop an efficient algorithm to find an Euler circuit in G.

A trail of a connected graph G is a sequence W = (e) = (vo,Vvi),e2 =

Vi, v2), - yek—1 = (Vk=2,Vk—1)s €x = (Vk—1, vx)) such that all the

edges are distinct. An Euler trail traverses every edge of G.

a. Show that G has an Euler trail if and only if it has at most two vertices
of odd degree.

b. Use your answers to Exercise 5.22 to develop an efficient parallel
algorithm to identify an Euler trail whenever it exists.

*The definition of a walk is similar to that of a trail (given in Exercise
5.23), except we relax the condition that all the edges in the sequence
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must be distinct. A tour is a closed walk such that every edge appears in
the walk.

The Chinese postman problem is the following. Given a connected

weighted graph G, determine a minimum-weight tour of G.

a. Suppose that G has no vertices of odd degree. Develop an O(log n)
time parallel algorithm to solve the Chinese postman problem. State
the total number of operations used.

b. Suppose that G has exactly two vertices of odd degree. Develop an
O(log? n) time algorithm to solve the Chinese postman problem.
Hint: Make use of the algorithm to determine the Euler tour of a
graph outlined in Exercise 5.22.

Given an undirected connected graph G = (V, E), the strong-

orientation problem is to assign a direction to each edge so that the

resulting directed graph is strongly connected; that is, for any given pair

u and v of vertices, there exist directed paths from « tov and from v to u.

a. Prove that, if G is bridgeless, then G has a strong orientation.

b. Use the ear-decomposition algorithm (Algorithm 5.6) to obtain an
efficient parallel algorithm for the strong-orientation problem.

Prove Theorem 5.5.

The ear-decomposition algorithm (Algorithm 5.6) generates each ear
as a set of edges. Develop a parallel algorithm to produce, for each ear,
the ordered sequence of edges representing a simple path. Your algo-
rithm should not asymptotically increase the resource bounds required
by Algorithm 5.6.

*Given a biconnected graph, you are asked to determine an open ear
decomposition. The algorithm (Algorithm 5.6) given in the text does
not necessarily generate an open ear decomposition, but it can be
refined to do so. Develop such an algorithm without increasing the
resource bounds. Hint: Refine the labeling procedure such that, for
each nontree edge (u, v) withx = Ica(u, v), the two edges incident on x
and part of the cycle induced by (1, v) do not have the same label as that
of (u,v).

A topological sort can be defined as follows. Given a directed acyclic
graph G = (V, E) with n vertices, assign labels / to V' from {1, 2, ... ,n}
such that /(u) < I(v) whenever (4, v) € E. Develop a parallel algorithm
to perform a topological sort on G. What are the corresponding re-
source bounds used by your algorithm?

Let G = (V, E) be an undirected connected graph with n vertices. Show
how to identify a breadth-first search tree of G in O(log? ) time. What
is the total number of operations used?

Let G = (V, E) be a directed graph with | V| = n. Let R be the relation
uRv if and only if either u = v, or, u is reachable from v and v is
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reachable from u. We say that a vertex x is reachable from a vertex y if
there is a directed path fromy to x.

a. Show that R is an equivalence relation on V. The induced equiva-

lence classes are called the strongly connected components of G.
b. Show how to identify the strongly connected components in O(log? n)

time, using a total of O(M(n) log n) operations, where M(n) is the

best known sequential bound for multiplying two n X n matrices.
Let G = (V, E) be a directed acyclic graph such that V = {uy, ui, us,
uj, ..., Uy, Uy}, and, whenever (x,y) € E, (x',y') € E (by convention,
(u!) = u;). Assign labels/ to all the vertices in V from {0, 1} such that
l(u;) # l(u}) and no arc (x,y) € E satisfies [(x) = 1and /(y) = 0. What
are the corresponding resource bounds of your algorithm?

Let F be a 2-CNF formula; thatis, F = C1 A C, A ... A Cp,;, where
each C; = u;; V ujp,u;1 and up are literals from n Boolean variables X =
{x1, ... ,xu}- The formula F is safisfiable if there exists a truth assignment 7 :
X — {0, 1} that satisfies F. We use 1’ to denote the complement of u.

Let G = (V, E) be a directed graph constructed from F as follows. The

vertexset Visgivenby V = {x, ... ,x,,xi, ... ,x;}, and, forevery C; = uj

V up, we insert two arcs (u/y, u;2) and {up, u;).

a. Show that, if F is satisfiable, then all the literals appearing in a strongly
connected component of G must be assigned the same truth value.

b. Develop a parallel algorithm to determine a truth assignment for F,
whenever F is satisfiable. Hint: Identify each strongly connected
component with a single supervertex, and use your answer to Exer-
cise 5.32.

*Let G = (V, E) be a directed acyclic graph such that, for every two
vertices u and v, there is at most one path from u to v. Develop an
O(log n) time CREW PRAM algorithm to compute the transitive clo-
sure of G, where |V| = n.

Let G = (V, A) be a weighted directed graph that is represented by its
weight matrix W. Assume that G has no negative weight cycles. Show
how to compute the distance matrix D representing the weights of all
pairs shortest paths in O(logn) time. What is the total number of
operations used?

Let G = (V, A) be a weighted graph such that the weight of each arc is

nonnegative. Let d,(j") be the weight of a shortest path from vertex i to

vertex j using vertices from {1, 2, ... ,k}.

a. Show that &) = min{a{f ~, ) + d{ "V}, forallk = 1.

b. Based on the relation established in part (a), develop an algorithm to
solve the all pairs shortest-paths problem in O(n3) sequential time.
The resulting algorithm is called the Floyd-Warshall algorithm.
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c. Discuss the parallel implementation of the Floyd-Warshall algo-
rithm on a CREW PRAM with p processors, where 1 < p < n.
Compare it to the algorithm presented in Section 5.5.3.

537. Let G = (V, E) be a directed graph. An ear decomposition of G can be
defined as in the case of undirected graphs, except the paths and the
cycles have to be directed. Suppose that G is strongly connected. Develop
an efficient parallel algorithm to determine an ear decomposition of G.

538. * GivenasetS = {1, 2, ... ,n}, an initial partition of S, B = {By, ...,
B}, and a function f: § — §, we want to find the equivalence classes
under the relation A :iAj if and only if f®) (i) and f®)(j) are in the same
partition for all k, where f®) is the function composition of f (k times).
Develop an efficient parallel algorithm to determine the equivalence
classes. This problem is called the coarsest-partitioning problem. Hint:
The graph of f defines a pseudoforest. Give a characterization of the
equivalence classes corresponding to each tree. Reduce each tree, and
try to relate trees.
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Planar Geometry

Computational geometry is the study of designing efficient algorithms to
handle computational problems dealing with collections of objects in Euclid-
ean space. This rich class of problems arises in many applications, such as
computer graphics, computer-aided design (CAD), robotics, pattern recog-
nition, and statistics. OQur goal in this chapter is to present efficient parallel
algorithms for a few selected geometric problems in the plane.

Three main techniques will dominate this chapter. The first is the
divide-and-conquer technique, which has already provided a powerful para-
digm for sequential computational gepmetry. The second technique is an
elegant data structure, called the plane-sweep tree, which can be used for the
parallel implementation of the plane-sweeping paradigm. The third tech-
nique is the pipelined divide-and-conquer used earlier in Chapter 4 to de-
velop the optimal O(log n) time sorting algorithm.

We start in Section 6.1 by refining the divide-and-conquer algorithm
presented in Chapter 2 for computing the convex hull of a set of points. The
resulting algorithm runs in O(log n) time using a total of O(n log n) opera-
tions. This algorithm is then used in Section 6.2 to determine the intersection
of a set of half-planes within the same asymptotic bounds. The plane-
sweeping method and the plane-sweep tree for a set of horizontal segments
are introduced in Section 6.3, and are applied to the problem of determining,
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for each endpoint of a given set of horizontal segments, the closest segment
directly below it. The next two sections are devoted to a visibility problem and
to the dominance-counting problem, both of which can be solved efficiently by
an extension of the pipelined divide-and-conquer strategy.

For computational-geometry algorithms, it is useful to expand the
power of the PRAM model. Since we will be dealing with real numbers
representing the coordinates of a point in the plane with respect to a coor-
dinate system, we will allow our PRAM model to perform a real arithmetic
operation (such as +, —, X, /) or a real comparison operation, at unit cost.
We will assume’that each real number can be stored in a single memory
location. Occasionally, we will allow additional primitive operations, such as
computing the square root of a positive real number.

6.1 The Convex-Hull Problem Revisited

We have already encountered the convex-hull problem in Section 2.3 in the
context of introducing the divide-and-conquer strategy. A simple algorithm
(Algorithm 2.6) was presented that computes the convex hull of a set of n
points in O(log? n) time using a total of O(n log n) operations. In this section,
we refine this algorithm such that the merge operation, required for combin-
ing the two solutions of the subproblems created by the divide-and-conquer
strategy, can be performed in O(1) time using a linear number of operations.
It turns out that the parallel-search algorithm presented in Section 4.1 will
play a crucial role in the development of such a merge procedure.

6.1.1 DEFINITIONS

We start by presenting several definitions, some of which we already intro-
duced in Section 2.3.

Letp, = (x1,yy)andp, = (x2,y,) be two points of the Euclidean plane.
The segment s = p; p, is defined to be the set of points g satisfyingg = ap; +
(1 — a)p,, for all a such that 0 < « < 1. That is, s consists of all the points
lying on the straight-line segment joining p; and p,, including p; and p,. We
call p, and p; the endpoints of s.

Given an arbitrary point p in the plane, we use the notation x(p) and
y(p) to denote the values of p’s x and y coordinates, respectively. Let L be a
line specified by the equationy = ax + b. A pointp = («, B) is below L (or L
is above p) if B < aa + b. We can, in a similar fashion, define p above L or L
below p.
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A polygonal chain is an ordered set of segments P = (s = pop1,5; =
P1P2, -+ sSn—1 = Pn—1Pn)- A polygonal chain is simple if each segment s;
intersects only 5,1 and s;+; and then only at the endpoints p; and p;. 1,
respectively, whenever s; _ or s; 4 exists. For the remainder of this chapter,
we shall assume that all polygonal chains are simple. If pg = p,, in a polygonal
chain P, then P defines two regions: the bounded region inside the chain,
which is called a polygon whose boundary is the polygonal chain P, and the
unbounded region that lies outside P.

A polygon Q is convex if, given any two pointsp and g in Q, the segment
s = p1p; liesentirely in 0. A tangent or a supporting line of a convex polygon Q
isaline L passing through a vertex of Q such that Q lies entirely on one side of L.

EXAMPLE 6.1:

Figure 6.1(a) shows a nonsimple polygonal chain. The polygon in Fig. 6.1(b)
is nonconvex, whereas the polygon in Fig. 6.1(c) is convex, and is shown with
a tangent L (dotted line). 0

LetS = (p1,p2, ... ,pn) be a set of n points in the plane. The convex
hull of § is the smallest convex polygon containing all the » points of S. The
convex-hull problem is to determine an ordered (say, clockwise) list CH(S) of
the points of S defining the boundary of the convex hull of S. Each point of
CH(S) is called an extreme point of S or a vertex of CH(S).

For simplicity, we assume that no two points of § have the same x or y
coordinate. Let p and g be the points of S with the smallest and the largest x
coordinate, respectively. Clearly, the points p and g belong to CH(S); they

(a) (b) ()

FIGURE 6.1

Polygonal chains and polygons. (a) A nonsimple polygonal chain. (b) A
nonconvex polygon. (c) A convex polygon and a tangent L.
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partition CH(S) into an upper hull UH(S), consisting of all points from p to
q of CH(S) (clockwise), and a lower hull LH(S), defined similarly from g to p.

EXAMPLE 6.2:

Consider the set S of points shown in Fig. 6.2. In this case, the convex hull is
given by CH(S) = (vy, v, v3, v4, Vs, Ve, v7, V8, V9, V10, V1), and the upper and
the lower hulls are UH(S) = (v1, v2, v3, v4, vs, v6) and LH(S) = (ve, v7, vs,
V9, V10, V1). O

6.1.2 A DIVIDE-AND-CONQUER STRATEGY

As we saw in Section 2.3, the convex-hull problem can be solved by a divide-
and-conquer strategy. Let S = (p1,p2, ... ,Pn), where n is assumed to be a
power of 2. We start by sorting the p;’s by their x coordinates. Assume for the
remainder of this section that the list of points defining S satisfies x(p;) <
x(p2) < ... <x(pn), wherex(p) is the x coordinate of p. The parallel algo-
rithm developed in Section 2.3 consists of recursively determining CH(S;)
and CH(S,),where S1 = (p1,p2, ... ,pnp2)and S2 = (P(n2)+ 1,P(n2)+25 -+ »
Pn)- Then, using the upper and the lower common tangents of CH(S;) and
CH(S»), CH(S1) and CH(S) are combined to obtain CH(S).

FIGURE 6.2

The convex hull of a set of points. The upper hull is given by (v4, v2, va, va4, Vs, Ve);
the lower hull is given by (ve, v7, vg, Vg, V10, V1)-
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The analysis presented in Section 2.3 assumed the existence of an
O(log n) time sequential algorithm to determine the upper or the lower
common tangent. We present next an O(1) time parallel algorithm to com-
pute the upper or lower common tangent of CH(S1) and CH(S>), using a
linear number of operations.

6.1.3 A CONSTANT-TIME ALGORITHM FOR COMPUTING
THE UPPER COMMON TANGENT

Let S = (p1, p2, --- , pn) be the given set of points such that x(p;) <
x(p2) < -+ < x(pn), and let Sy = (p1,p2, ..., pap) a0d §3 = (P + 1,
P(n2)+2, --- » Pn)- Recall that the upper common tangent between CH(S)
and CH(S>) is the common tangent such that CH(S1) and CH(S;) are below
it (see Fig. 6.3.) We can define the lower common tangent in a similar fashion.
In the remainder of this section, we develop a constant-time algorithm to
determine the upper common tangent. We can find the lower common tan-
gent by using a similar algorithm.

Let UH(S1) = (r1, ..., rs) and UH(S2) = (g1, ... , q:) be the upper
hulls of §; and S, respectively, given in a left-to-right order, where r;, q; €
{p1, ... ,pn}forl =i <sandl <j < t. To combine UH(S) and UH(S>),
we need to determine points u = r; and v = g; defining the upper common
tangent 7. Once we have determined them, the upper hull UH(S) is the array
consisting of the first i entries of UH(S) and the last ¢ — j + 1 entries of

FIGURE 6.3

The line (a, b), which is the upper common tangent of the upper hulls of Sy
and So.
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UH(S3). If s and t are given as part of the input, UH(S) (and its size) can then
be determined in O(1) time, using a total of O(n) operations from the indices
i andj defining u and v.

Let us first discuss the problem of determining the tangent between a
pointr; of UH(S1) and UH(S?); that is, we wish to find gj;) such that UH(S>)
is below the line determined by r; and g;;). The following observation will
make clear how we can accomplish this task by using the parallel-search
algorithm.

Lemma 6.1: Let r; be an arbitrary point of UH(S ). Then, given any point q,
of UH(S ), we can determine in O(1) sequential time whether q;;) is to the right
of q,, is equal to q,, or is to the left of q), where qj(;) is the point of UH(S ) such
that riqj; is the tangent to UH(S>).

Proof: Let L be the line determined by r; and gy, and let L’ (respectively L")
be the portion of L strictly to the left (respectively, right) of g; (see Fig. 6.4.)
Then, if L' is above the segment g;_ ;q; and L" is below the segment g, g;+ 1,
then g;(;) is to the right of g;. If g; = gj;), then g, and g, are below L.
Otherwise, gj(;) is to the left of ;.

Once r; and g, are given, we can determine each of the three conditions
in O(1) sequential time. Therefore, the lemma follows. a

FIGURE 6.4

Determination of the tangent from r; to UH(S2). In this case, L’ is above q/-1qi,
and L" is below g+ 1. Hence, the tangent from r; to UH(S») touches a point of
U H(S») that is to the right of q;.
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Corollary 6.1: Given the two upper hulls UH(S1), UH(S?), and a point r; of
UH(S1), the tangent r;qj(;y to UH(S?) can be determined in O(:g—g,i) time using
k processors, where t is the number of points defining UH(S;)and 1 < k < t.

Proof: The array UH(S3) = (q1, ... ,q.) is given in sorted order (clockwise)
from left to right. We can then use the parallel-search algorithm (Algorithm
4.1) to find g(;) as follows. We choose & points of UH(S;) that split UH(S?)
into k + 1 portions, each with approximately the same number of points.
Lemma 6.1 can be used to determine, in O(1) time, the portion containing
gj(i) using k processors. We repeat the process until g;(; is identified. The
analysis is identical to that of Algorithm 4.1. O

Another key observation is given in the next lemma.

Lemma 6.2: Let (u, v) be the upper common tangent of the two upper hulls
UH(S1) and UH(S,). Suppose that, for an arbitrary point r; of U H(S ), we are
given qj(;y such that the line segment r;qj; defines the tangent to UH(S?). Then,
in O(1) sequential time, we can determine whether u is to the left of, is equal to,
or is to the right of r;.

Proof: Note that, if r; gj(;) 1s tangent to UH(S), then u must be equal to r;,
since r;qj(;) is already tangent to UH(S;). Otherwise, u is to the left of r; if and
only if r;_1 is above r; gj(;) (see Fig. 6.5.) O

FIGURE 6.5

Determination of the location of the point u where the upper common tangent
touches UH(S,), given the tangent r,g;; to UH(S2). In the case shown in the
picture, ri_1 is above the tangent, and hence u must be to the left of r;.
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Lemmas 6.1 and 6.2 allow us to determine, for any given point r; of
UH(S,), whether the point u of the upper common tangent (1, v) appears to

the left of, to the right of, or equal tor; in 0(]1—2%) time using k processors. If
we take k to be approximately V, we obtain an O(1) time parallel algorithm
that determines, for any given point r;, whether u is equal to, is to the left of,
or is to the right of r;.

These observations lead to a parallel-search algorithm to isolate the
point u as follows. We choose Vs points of UH(S ), which divide UH(S) into
almost-equal portions. We can then isolate u within a single portion in O(1)
time using Vs Vt processors. Similarly, we can isolate v within a portion of
UH(S;) containing approximately V# points in O(1) time using Vs V¢ pro-
cessors. The complexity bounds can be stated as O(1) time, with a total of
O(Vs V1) = O(n) operations.

We now have at most Vs candidates for the point u and V7 candidates
for the point v. For each pair of candidates, we can check, in O(1) sequential
time, whether that pair constitutes the upper common tangent between
UH(S,) and UH(S ). Therefore, we can test all pairs concurrently; hence, we
can identify the unique upper common tangent in O(1) time, using O(n)
operations.

We are now ready to state the algorithm more formally.

ALGORITHM 6.1
(Upper Common Tangent)

Input: The upper hulls UH(S1) = (r1,r2, ... ,rs) and UH(S?) =
(1,92, --- »q:) in sorted order from left to right, where S, = (p1,
P2, -+ > Pnp2) and S2 = (P(n2)+15 P(n/2)+25 - -- » Pn) SUch that
x(p1) < x(p2) < -+ < x(pp). Assume that \'s and V't are integers.
Output: Points u and v such that the line determined by u and v is
the upper common tangent between UH(S1) and UH(S>).
begin
1. For each i such that 1 < i < Vs, find qj(ivs ) Such that ryjy
qj(ivs ) is the tangent to UH(S>).
2. Foreachisuchthat1 < i < Vs, determine whether u is to the
left of, is equal to, or is to the right of rys. If u = ry5, for some i,
then we are done. Otherwise, deduce the block A = (rpf5+1, --- >
T(1+1)Vs—1) containing u.
3. For each r; in block A, determime qj(;y such that riqj) is the
tangent to UH(S3), set u: = r; and v: = g if riqj;) is also
tangent to UH(S1).
end
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Theorem 6.1: Algorithm 6.1 correctly computes the upper common tangent of
the two upper hulls UH(S1) and UH(S,). This algorithm runs in O(1) time,
using a linear number of operations.

Proof: The correctness proof follows essentially from Lemmas 6.1 and 6.2
and the discussion presented just before the statement of the algorithm.

We estimate the running time assuming that there are s + ¢ processors
available. Step 1 can be executed in O'(i")—”il_s,ﬂingy\ﬁ‘processors for each i

(Lemma 6.1 and its corollary.) Since Vst < s + ¢, all the gjivs)’s can be
computed in O(1) time, using s + ¢ processors. Step 2 can be done in O(1)

time with O(Vs) processors. Similar arguments hold for step 3. Therefore,
the whole algorithm can be executed in O(1) time, using s + ¢ processors.
Hence, the corresponding total number of operations is O(s + ) = O(n). O

6.1.4 PUTTING THE PIECES TOGETHER

Combining the divide-and-conquer strategy with our fast parallel algorithm
to compute the upper or lower common tangent, we obtain the following
theorem.

Theorem 6.2: The convex hull of a set of n points in the plane can be computed
in O(log n) time, using a total of O(n log n) operations, Hence, Algorithm 6.1
is optimal.

Proof: LetS = (p1,p2, ... ,pn) be the given set of n points. We preprocess
S by sorting the points according to theirx coordinates. This preprocessing
step takes O(log n) time, using O(n log n) operations if we use the pipe-
lined merge-sort algorithm (Algorithm 4.4) Hence, assume that x(p;) <
x(p2) < - < x(pn).

We use a divide-and-conquer strategy to determine CH(S) as follows. If
n < 4, we identify CH(S) by using a brute-force method. Otherwise, we call
the algorithm recursively to compute CH(S) and CH(S3), where S; = (p1,
P2, ... sPnp2)and S2 = (P(u2)+1:P(n2)+2> --- »Pn)- We then merge CH(S;)
and CH(S;) by computing the upper and the lower common tangents of
CH(S1) and CH(S;) and deducing CH(S).

There are O(log n) iterations, each of which takes O(1) time, using a
linear number of operations. Hence, the completion of the divide-and-
conquer algorithm requires O(log n) time and a total of O(n log n) opera-
tions. Therefore, the overall algorithm can be executed within these bounds.
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Since the convex-hull problem can be reduced to sorting, the resulting algo-
rithm is optimal. a

PRAM Model: Concurrent-read capability is required by our sorting algo-
rithm and by the parallel-search algorithm. No concurrent-write capability is
needed. Hence, our algorithm runs on the CREW PRAM model. O

6.2 Intersections of Convex Sets

An important class of problems in computational geometry is the computa-
tion of the intersections of a collection of geometric objects. This class of
problems has many applications, such as pattern recognition, VLSI CAD
tools, linear programming, and computer graphics. In this section, we restrict
our discussion to the problem of determining the boundary of the intersec-
tion of half-planes. Other related problems—such as determining the inter-
section of two convex polygons, and finding a separating line between two
convex polygons, if it exists—are left as Exercises 6.12 and 6.19.

6.2.1 INTERSECTION OF HALF-PLANES

Consider a line L in the plane defined by the equationy = ax + b. The line
L divides the plane into two half-planes A * (L) and H ~ (L) such that H* (L)
(respectively, H ™ (L)) consists of all points (a, B) satisfying 8 = aa + b
(respectively, B < aa + b). More intuitively, H * (L) is the set of points on or
above L and H~ (L) is the set of points on or below L. It is clear that each of
H* (L) and H~ (L) defines a convex region.

Let{L;:y =a;x + b; | 1 <i < n}be asetofn lines, and let H(L;) be
one of the two half-planes determined by L;. The region defined by the
intersection of these half-planes is clearly convex, since the intersection of
two convex regions is also convex. However, the resulting region may or may
not be bounded, as shown by the following example.

EXAMPLE 6.3:

Consider the two examples shown in Fig. 6.6. The arrow indicates the desired
half-plane corresponding to each line. In part (a), the region is bounded; in
part (b), the corresponding region is unbounded. O
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(a) (b)

FIGURE 6.6
Intersections of a set of half-planes. (a) Bounded case. (b) Unbounded case.

Our goal is to specify the polygonal chain defining the boundary of
NH(L;). We next present an O(log n) time algorithm that relies on using the
convex-hull algorithm (Algorithm 6.1) developed in the previous section. The
total number of operations used is O(n log n), which is optimal since the
problem of sorting n numbers can be reduced to the problem of computing
the intersection of n half-planes, as you are asked to show in Exercise 6.11.

6.2.2 REDUCTION TO CONVEX HULL

The problem of determining N H(L;) is somewhat similar to determining the
convex hull of a set of points, except that here the convex region (which may
be unbounded) is defined by a set of lines, instead of by a set of points. Hence,
it is not completely surprising that we can reduce our problem to the convex-
hull problem by applying a transformation that maps a line into a point and a
point into a line, and that preserves the relative positions. We introduce such
a transformation next.

Let T be the transformation that maps a pointp = (a, b) into the line
T(p) defined byy = ax + b, and that maps the line {L : y = ax + b} into the
point T(L) = (—a,b).
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EXAMPLE 6.4

Consider the point p = (1, 5) and the line L :y = 2x + 4. Applying the
transformation 7, we obtain that T(p) is the line definedbyy = x + 5, and
T(L) is the point ( — 2, 4), as shown in Fig. 6.7. Note that T( —2, 4) is the line
L :y=—-2x+4, Wthh is different from the line L. In)

An important fact about the transformation 7 is stated in the next lemma.

Lemma 6.3: A point p is below a line L if and only if the line T(p) is below the
point T(L).

Proof: A pointp = (a,b)isbelow the line {L :y = cx + d}if andonly ifb <
ca + d, which is equivalent to —ca + b < d. The pointp = (a, b) is mapped
into the line T(p) defined byy = ax + b,and theline L :y = cx + d ismapped
into the point T(L) defined by ( — ¢, d). Hence, the condition —ca + b < d is
equivalent to the fact that T(p) is below T(L). Therefore, p is below L if and

only if T(p) is below T(L). O
Let{L;,L,, .. ,,,l}be the lines forwhnchH(L,,) =H*(L; ) wherel <
r < ny,and let {L“, j»» - » Lj,,} be the remaining lines—that is, H(L;,) =

H™(L;),forl <=s < ny.
Consider the region C* defined by N <,<,, H*(L;). The region C*
consists of all the_points above all the lines L;, for 1 < r < n,. But in the

transform domain, T(C *) = {T(p) | p € C*} consists of all the lines above

T(P)

Tll1l

FIGURE 6.7

The transformation T applied to the line L and the point P shown on the left
side. The line L is mapped into the point T(L) and the point P is mapped into
the line T(P), as shown on the right side.
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all the points T(L;), for 1 < r < n; (by Lemma 6.3.) Therefore, T(C*)
consists of all the lines above the upper hull determined by the points T(L;,),

where 1 < r < ny. The points on this upper hull uniquely define the lines
among the L;’s that determine the boundary of N1 <,<,, H*(L;).

A line segment of the upper hull joining two consecutive extreme points
corresponds to a point in C* that is shared by two lines bounding C+.
Therefore, the line segments of the upper hull define the extreme points of
C*, and both sets occur in the same relative order.

More formally, we have the following lemma.

Lemma 6.4: Let ¥ = {L;,L;, ... ,L;,}beagiven set of lines, and let C* =

N 1<rsn H*(L;). Then a line L, is on the boundary of C* if and only if
T(L;) is an extreme point of the upper hull UH(T(£)), where T(Z) is the set of
pomts {T(Ly), T(Ly,), ..., T(Li, )} A point p is an extreme point of C* if and
only if T(p) is a line jommg two consecutive extreme points of UH(T(Z)).

Moreover, the sequence of lines and points of C* corresponding to the sequence
of points and lines defining UH(T(£)) forms a polygonal chain that defines the
boundary of C*. O

EXAMPLE 6.5:

Consider the fivelinesL1:y = 2x + 4, Lo:y = =2x + 4,L3:y = —4x —
4, L4:y = 10x — 20,and L5 :y = 3. The extreme points of the boundary of
Ni<ics H(L;) are given by (—4, 12), (0, 4), and (3, 10). The boundary is
made up of segments from L3, L7, L1, and L4, in this order, as shown in Fig.
6.8(a). In the transform domain, we have T(L,) = (—=2,4), T(Ly) = (2, 4),
T(L3) = (4, —4),T(L4) = (—10, —20),and T(Ls) = (0, 3). The upper hull
of these points is defined by the extreme points ( — 10, —20), (-2, 4), (2, 4),
and (4, —4), as shown in Fig. 6.8(b). Notice that the clockwise ordering of the
extreme points of the upper hull is the same as the clockwise ordering of the
corresponding lines defining the boundary of N H* (L;). The equations of
the line segments joining successive points of the upper hullarey = 3x + 10,

= 4, and y = —4x +12. The points corresponding to these lines are
precisely the points (3, 10), (0, 4), and ( — 4, 12) defining the extreme points of
N 1<i<s H* (L;) with the same relative ordering. O

We now consider the problem of determining the region C ~ defined by
Ni1<s<n, H™(L},). As before, the region C ~ is uniquely specified by the lines
corresponding to the points defining the lower hull of the points T(L;,), where
1 = s < nj. The extreme points of C~ are uniquely defined by the line
segments of the lower hull.

In summary, the problem of determining the intersection of the set of
half-planes H(L ;) comes down to computing the polygonal chain defining the
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(4, 12)
(3, 10)
T L T (L)
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Ly 4.4
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FIGURE 6.8

The five lines for Example 6.5. (a) Intersections of a set of upper half-planes
determined by the lines Ly, Ly, L3, L4, and Ls. (b) The transformation T maps
the five lines in (a) into the five points shown in (b), as indicated by the
accompanying table; the ordered upper hull of these points uniquely define the
polygonal chain of the region formed in (a).

boundary of the intersection C* N C~, where C* is the region defined by
the intersection of the upper half-planes and C ~ is the region defined by the
intersection of the lower half-planes. Using the convex-hull algorithm (Algo-
rithm 6.1), we can generate the polygonal chains defining the boundaries of
CtandC~.

To compute C* N C~, we can merge the two sorted lists of the x
coordinates of the extreme points of C* and C~. Each consecutive pair
defines a vertical slab containing at most two boundary segments: one from
the boundary of C *, and the other from the boundary of C ~. Notice that the
boundaries of C+ and C ™ intersect in at most two points. Determination of
whether two segments within a slab intersect can be performed in O(1)
sequential time. Hence, the intersection of C* and C~ can be done within
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the complexity bounds of the convex-hull algorithm (see Exercise 6.12).
Therefore, we have shown the following theorem.

Theorem 6.3: Given a collection of n lines, each line defining a half-plane, it
is possible to specify the intersections of all these half-planes in O(log n) time,
using a total of O(n log n) operations. |

PRAM Model: Our algorithm can be implemented on the CREW PRAM
model, since the convex-hull algorithm requires only concurrent-read capa-

bility. The other operations required can be also implemented on the CREW
PRAM model. [

6.2.3 TWO-VARIABLE LINEAR PROGRAMMING

The algorithm for computing the intersection of half-planes can be used to
solve the two-variable linear-programming problem, which can be defined as
follows: _

Minimize cx + dy

Subjecttoa;x + b;y + ¢c; < 0,1 <i < n.

The n inequalities a;x + b;y + ¢; < 0, where 1 < i < n, are called the
constraints, and the function cx + dy is called the objective function. The
feasible region P is the set of points satisfying all the n constraints. Clearly, P
is the intersection of a set of half-planes; hence, P is convex.

Solving a two-variable linear program amounts to determining a point
(x0,y0) € Pthat minimizes the objective function. But the objective function
can be viewed as a family F of parallel lines defined by cx + dy = X\, where A
is a parameter belonging to the field % of reals. Since P is convex, it is not
difficult to verify that the objective function will be minimized at one of the
extreme points of P.

EXAMPLE 6.6:
Consider the following linear program:

Minimize —x +y

Subject to:
x+y—-5=<0
x+y-9<0

y—4

|

~ =
AN A
o oo
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The feasible region is the convex polygon shown in Fig. 6.9, which has five
extreme points. The family of lines corresponding to the objective function is
given by {L) : —x + y = A}. Figure 6.9 shows the three lines Ls, L4, L _3
corresponding to A = 5, 4, — 3, respectively. The optimal value of the objec-
tive function is equal to — 3, and this value is achieved by the supporting line
L _; passing through the extreme point (3, 0). Note that the other supporting
line L 4 passes through the vertex (0, 4) and achieves the maximum value of 4
for the objective function. 0O

In the two-variable case considered in this section, we can construct the
feasible region explicitly by using the algorithm to determine the intersection
of a set of half-planes. This algorithm takes O(log ) time, using a total of
O(n log n) operations, where » is the number of constraints. Determining a
solution to the linear program amounts’to finding the minimum of cx + dy for
all (x,y) ranging over the extreme points of the feasible region. Since there are
O(n) such points, this task takes O(log n) time, using O(n) operations. We
therefore have the following theorem.

FIGURE 6.9

The boundary of the feasible region of the two-variable linear program of
Example 6.6 (shown in dark lines). The three lines Ls, L4, and L _3 correspond
to the parameterized objective function —x + y = \, for the values of A = 5,
4, -3, respectively.
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Theorem 6.4: The two-variable linear program with n constraints can be
solved on the CREW PRAM in O(log n) time, using a total of O(n logn)
operations. O

Note that this algorithm for the two-variable linear-programming prob-
lem is not optimal. In fact, linear-time sequential algorithms exist for the
fixed-dimension linear-programming problem. An improvement over the
given algorithm is suggested in Exercise 6.21.

Remark 6.1: The explicit construction of the feasible region for higher-
dimensional linear programming is not computationally possible, since the
number of extreme points can grow exponentially with the number of vari-
ables. The well-known simplex method solves a linear program by moving
from one extreme point to another adjacent extreme point (ignoring degen-
eracy) until a local (also global, in this case) minimum is found, without
explicitly constructing the feasible region. [

6.3 Plane Sweeping

Plane sweep is an important paradigm in computational geometry that is
used to handle many problems in the plane. The main idea is fairly intuitive.
Given a set of geometric objects in the plane, imagine a vertical line sweeping
the plane from left to right. For each position of the sweep line, we can
deduce information relevant to the desired solution by examining the inter-
sections of the sweep line with the geometric objects. We need only to
position the sweep-line at certain locations, called critical points, where
possibly useful information can be extracted.

In this section, we consider an efficient parallel 1mplementat10n of the
plane-sweep method in the case when the basic geometric objects are hori-
zontal and vertical line segments. We note that the basic technique can be
extended to handle more general geometric objects, as will be pointed out later.

EXAMPLE 6.7:

Given a set of horizontal and vertical segments, consider the problem of
determining, for each vertical segment, the number of horizontal segments
intersecting it. We give a sketch of a sequential sweep-line method to solve
this problem.
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In this case, the critical points correspond to the endpoints of the
segments. We start by sorting all the critical points according to their x
coordinates. We then sweep the plane, starting from the endpoint with the
smallest x coordinate. To store the relevant information generated during
our plane sweep, we use a balanced binary tree that supports the operations
of “find,” “insert,” and “delete” in logarithmic time. Each leaf of the binary
tree corresponds to the y coordinate of a left endpoint of a horizontal seg-
ment that has been encountered but that has a right endpoint not yet pro-
cessed. Each internal node contains the number of descendants in the sub-
tree rooted at that node.

At each critical point, if the point is the left endpoint of a horizontal
segment, we insert its y coordinate into the binary tree. If it is the right
endpoint of a horizontal segment, then the corresponding y value is deleted
from the tree. If we encounter a vertical segment, then we search the binary
tree for the number of y values between the two y values of the segment’s
endpoints. Clearly, we can find the number of horizontal lines intersecting
each vertical line in this fashion. It follows that the handling of each endpoint
takes O(log n) sequential time, where n is the total number of segments.
Hence, this sequential algorithm runs in O(n log n) time. a

As can be seen from Example 6.7, it is not obvious how the plane-sweep
strategy can be implemented efficiently for parallel processing. We next
describe the plane-sweep tree, which will allow us to process all the sweep
lines at the critical points concurrently.

6.3.1 THE PLANE-SWEEP TREE

Let § = {s1, 52, ..., Sy} be a set of nonintersecting horizontal segments.
Assume that no two endpoints have the same x coordinate. We define the
plane-sweep tree of S as follows.

Letx; <x; < ... <x,bethexcoordinates of all the endpoints. These
2n points on the x axis form 2n + 1 intervals. Let T be a balanced binary tree
constructed on these 2n + 1 intervals. With each leaf u, associate the corre-
sponding interval, denoted by [a,,, b, ]. An internal node v corresponds to the
interval that is the union of the intervals associated with its descendants. We
need to store additional information at each node v.

Letv be an arbitrary node of T whose interval is given by [a,,b,]. Let [],
be the vertical strip [a,, b,] X (—® , +®). A segment 5; covers v if it spans
['1, but not [],, where z=p(v), the parent of v. Define H(v) and W(v) as follows:

H®) = {s; | s; covers v},

W) = [s,- | s; has at least one endpoint in n}
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Note that, if s; has an endpoint on the boundary of [], and extends
entirely outside [[,, then s; will not be included in W(v). We assume that the
segments in each of H(v) and W(v) are sorted by their ordinate values. We call
such a tree the plane-sweep tree of S.

EXAMPLE 6.8:

Consider the three segments sy, s, and s3 shown in Fig. 6.10(a). The x
coordinates of the endpoints of s; are denoted by x;; and x;; such thatx;; <
xi2. The corresponding sweep tree is shown in Fig. 6.10(b). The two lists H(v)
and W(v) are given next to each node v. O

Lemma 6.5: Let T be the plane-sweep tree of a set of n nonintersecting
horizontal segments, and let H(v) and W(v) be the lists stored at each node v.
Then, each of the sums X, |H(v)| and X,|W(v)| is of size O(n log n).

Proof: Each segment can cover at most two nodes at each level, given that a
segment that covers a node v cannot cover its parent. Hence, the sum of the
sizes of the lists at each level is O(n), and thus X, |H(v)| = O(n logn).
Since each segment has two endpoints, no segment can appear more
than twice in all the W(v)’s at any given level. Hence, X, |W(v)| = X, |H(v)| =
O(n log n), and the lemma follows. O

We now show how to construct H(v) and W(v) efficiently for each node
vin T.

We start by examining the lists W(v). Suppose that v is a leaf corre-
sponding to the interval [x;, x;+1]. In this case, W(v) consists of at most two
segments: one has an endpoint whose abscissa is equal tox;, and the other has
an endpoint whose abscissa is equal tox; + ;. Hence, computing W(v) for each
leaf v can be done in O(1) time using a linear number of operations.

Consider an arbitrary internal node v whose left and right children are
u and w, respectively. Any segment in W(v) must be either in W(u) or in W(w).
Conversely, a segment in W(u) or in W(w) must be in W(v). Hence, W(v) is the
sorted list that we obtain by merging W(u) and W(w) according to the ordi-
nate values of the segments. If we merge the lists bottom up, one level at a
time, the resulting algorithm will run in more time than the O(log n) time for
which we are aiming. However, our pipelined merge-sort algorithm (Algo-
rithm 4.4) computes the sorted lists generated in all the nodes of an arbitrary
binary tree. In our case, it leads to an algorithm that computes all the W(v)’s
in O(log n) time, using a total of O(n log n) operations.

The computation of H(v) will use the W arrays generated previously.
Let v be an arbitrary node, and let z be the parent of v. It is clear that every
segment in H(v) must appear in W(z). Our goal is to select the subset of edges
in W(z) that forms H(v).
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FIGURE 6.10

The sweep tree of the three segments for Example 6.8. (a) Three horizontal
segments s1, S2, and s3. (b) The plane-sweep tree constructed on the set of
seven intervals induced by the six endpoints of s4, S, and s3 when the latter
are sorted by their x values. Each node v represents an interval {a,, b,] on the
x axis and contains two lists H and W sorted by their y values. Consider, for
example, the node p(v3), the parent of v3; it corresponds to the interval [x21, x12].
Only s1 and s3 cover the corresponding vertical strip, and hence H = (s4, $2).
Each of the input segments has an endpoint in the vertical strip of p(vs), and
hence W = (s3, $1, S2).

We can test whether a segment of W(z) belongs to H(v), in O(1) se-
quential time, by comparing the x coordinates of its endpoints with [a,, by]
and[a,,, by ], where w is the sibling of v. We can then mark each such segment
that belongs to H(v).

It follows that, for each node v, we can mark all the elements of W(z)
that belong to H(v) in O(1) time, using a linear number of operations, where
z = p(v). Since X,|W(z)| = O(n logn), the total number of operations
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required is O(n log n). Note that H(r) = @, where r is the root of T. Each
internal node will then contain a marked copy for its left child, and a marked
copy for its right child. In addition, the marked elements in each W(z) appear
in order sorted by their y values. Using the prefix-sums algorithm (Algorithm
2.1), we can then compact each marked copy in parallel in O(log n) time,
using a total of O(n log n) operations, since X, 7| W(v)| = O(n logn) (see
Exercise 6.23). Therefore, we have the following theorem.

Theorem 6.5: Given a set S of n horizontal segments, we can construct the
plane-sweep tree of S in O(log n) time, using a total of O(n log n) operations. (O

PRAM Model: The plane-sweep algorithm requires concurrent-read capa-
bility, since our version of the pipelined merge sort has this requirement.
Moreover, marking the elements of W(z) that belong to H(v) in O(1) time
requires the concurrent access to the interval [a,, b,]. Hence, this algorithm
runs on the CREW PRAM model within the stated asymptotic bounds. 3

6.3.2 AN APPLICATION OF THE PLANE-SWEEP TREE

In this section, we consider an application of the plane-sweep tree. Other
applications are covered in the Exercises 6.27, 6.28, 6.29, and 6.30.

LetS = {s1,s2, ... ,s,} be a set of nonintersecting horizontal segments.
We wish to determine, for each endpoint p of a segment in S, the closest
segment directly below p, if such a segment exists. We show how to solve this
problem in O(log n) time, using a total of O(n log n) operations, by using the
plane-sweep tree. This algorithm can be used, for example, to generate the
escape line segments of a set of rectilinear obstacles in VLSI routing, as
defined in Exercise 6.30.

EXAMPLE 6.9:

Consider the horizontal segments shown in Fig. 6.11. For each endpoint p, a
dotted line is drawn from p to the closest segment directly below p, whenever
the latter exists. 0

As before, we are assuming that no two endpoints have the same x
coordinate. Let T be the plane-sweep tree associated with the set S. Recall
that the vertical strip [[, = [a,,b,] X (—, +®) is associated with node v,
which also holds the two sets W(v) and H(v) sorted by their y coordinates.

We augment each node v with the array rank(W(v) : H(v))—that is, the
array consisting of the ranks according to the y values of the segments of W(v) in
the sorted array H(v). We can obtain his information easily while constructing
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FIGURE 6.11
The closest segment directly below each endpoint. For each endpoint, a
dashed line indicates the corresponding segment.

H(v) (see Exercise 6.24). We can also generate it after T is constructed by
using an optimal merging algorithm (say, the one discussed in Section 2.4)
applied to all the nodes of T concurrently. Since X, 7| W(v)|, 2,e7|H(V)| =
O(n log n), we can do this task within the resource bounds required by the
algorithm to build 7.

We are now ready to describe the procedure to find for each endpoint
p of a segment s, the closest segment in § directly below p. We use the
notation y(s) to denote the y value of the horizontal segment s.

Lemma 6.6: Let v be the leaf of the plane-sweep tree T such that [], contains
p and s, spans [1,, where p is an endpoint of s,. Let P be the tree path from v
to the root. Then a segment s is directly below p if and only if s appears on a list
H(u), for some node u on P, and y(s) < y(sp).

Proof: Let s be an arbitrary segment that is directly below p. Then, s has to
span [],, since there are no endpoints in the interior of [], and no two
endpoints have the same x coordinate. It follows that, for some node u on P,
s spans [[, but s does not span [1,,,, where p(u) is the parent of u. Hence, §
appears on the list H(u). Clearly, we must have y(s) < y(sp).

Conversely, suppose that s appears on the list H(u), for some node u on
the path P, such that y(s) < y(s,). Then, the segment s has to span [[, which
must contain [],. Using the two facts that s spans [, and that y(s) <y(s,), we
conclude that s must be directly below p. O

Lemma 6.6 indicates that we can solve the problem of determining, for
an endpoint p, the closest segment directly below it by searching the lists H(u)
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for the segment with the largesty value less thany(s,, ), for all u on the path P.
Searching each such list can be done in O(log n) sequential time with the
binary search method. Since there are O(log n) such lists along the path P,
this approach leads to an O(log? n) sequential-time algorithm to identify the
desired segment for each endpoint. The resulting algorithm to handle all the
endpoints concurrently runs in O(log? n) time, using O(n log?n) operations.
We next improve this algorithm.

Since we have already generated the array rank(W(v) : H(v)), for each
node v, we can, in O(1) sequential time, locate the predecessor pred,(s;,) of
sp in H(u), for each u on P (recall that s, is in W(u) for each u on P). The
predecessor of s, in H(u) is precisely the segment s’ in H(u) with the largest
y value satisfying y(s") <y(s,). We then obtain the solution by computing the
minimum of the y values of the segments {pred, (s,)} .ep. This step clearly
takes O(log n) sequential time for each endpoint. Therefore, we have the
following theorem.

Theorem 6.6: Given a set of n nonintersecting horizontal segments, the problem
of determining, for each endpoint p, the closest segment directly below p can be
solved in O(log n) time, using a total of O(n log n) operations. a

PRAM Model: Construction of the plane-sweep tree requires the CREW
PRAM model, as we saw earlier. The additional processing clearly can be
handled on this model. Therefore, our algorithm runs on the CREW PRAM
model within the stated asymptotic bounds. O

The computation involved in determining the segment in H(v) directly
below a given point p, for all v such thatp € [],, is called the multilocation of
pin T. This type of computation arises in important problems, some of which
are mentioned in the Exercises 6.29 and 6.30.

Note that the plane-sweep tree for an arbitrary set of segments (not
necessarily horizontal) can be constructed in O(log n) time, using a total of
O(n log n) operations. Moreover, the multilocation of a point p can also be
done in O(log n) sequential time when the sweep tree is properly augmented.
The details required for these constructions are involved, although the tech-
niques used are essentially the same as those presented here.

6.4 Visibility Problems

Given a set F of forbidden curves and a point p in the plane, a point q is visible
from p if the line segment pg does not intersect any curve in F. If F consists of
line segments, the points visible from p form a (possibly unbounded) polygon,
called the visibility polygon of p.
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In this section, we consider the case when F is a set of nonintersecting
line segments, and show how to determine the visibility polygon of a point p
in O(log n) time, using a total of O(n log n) operations. To achieve this
solution, we will make critical use of the general pipelined divide-and-
conquer strategy introduced in Chapter 4. A review of this strategy is in order.

6.4.1 A QUICK REVIEW OF PIPELINED MERGE SORT

We presented in Section 4.3.2 the pipelined divide-and-conquer strategy as
applied to the following problem. Given a binary tree T such that each leaf u
contains a list L[u] drawn from a linearly ordered set, we wish to determine,
for each internal node v, the sorted list L{v] that contains all the elements
stored in the subtree rooted atv. The pipelined merge-sort algorithm handles
such a computation in O(h(T) + log m) iterations, each iteration requiring
O(1) time, where hA(T) is the height of T and m is the maximum number of
elements in any of the initial lists. During each iteration, the list L{v] stored
at node v is updated by a merging operation involving samples of the lists
stored in the children nodes. The important point for us here is that, when the
algorithm terminates, we can assume that we have the sorted list L[v] at each
node v and the rank information rank(L{u], L[v]), where u is a child of v. In
addition, the lists generated at each sibling pair of nodes are cross-ranked
(see Remark 4.6). Therefore, if u and w are the children of v, then the
predecessor of an element p of L{u] in the list L[w] can be determined in O(1)
sequential time. The predecessor of an element p of L[u] in L[w] is the largest
element of L{w] that is smaller than p.

6.4.2 THE LOWER ENVELOPE OF A SET OF SEGMENTS

LetS = {s1,s2, ... ,5,} be a set of nonintersecting segments, except possibly
at their endpoints. Let p be the point at negative infinity below all the seg-
ments. Essentially, the same algorithm can be used to handle the case when
p is an arbitrary finite point; the details are left to Exercise 6.32. The visibility
polygon can now be characterized by the lower envelope of the n segments
consisting of the pieces of segments from S that are visible from —o. The
lower envelope can be specified by a list (pg = —, p1,p2, ... ,ps), where
the p;’s are endpoints of segments with increasing x coordinates, together
with a corresponding array vis of visible segments such that, for each p;,
vis(p;) indicates the line segment visible in the interval (x(p;), x(pi+1)), where
0 < i < s, and x(p;) is the x coordinate of p;. We note thatx(—») = —o <
x(p;) for any p;, and vis(p;) = +o.
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EXAMPLE 6.10:

Consider the set of segments S = {5y, 52,53, 54, 55} shown in Fig. 6.12(a). The
lower envelope is defined by the list (=, p1, p2, p3, ps, ps, Ps, P9, P10), and
by the array of visible segments given by vis = (+,s1, +®,57,53, 54, +%,
ss, +). For example, in the interval (x(p3),x(ps)), the segment s is visible,
and hence vis(p3) = s,. On the other hand, there is no segment visible in the
interval (x(ps), x(p9)), and hence vis(pg) = +=. O

To compute the lower envelope, we will use a divide-and-conquer strat-
egy that is similar to the one used in the merge-sort algorithm (Algorithm
4.4). We start by computing the trivial lower envelope of each segment
separately. We then compute the lower envelopes of pairs of segments,
followed by computing the lower envelopes of pairs of pairs of segments. We
continue in this fashion until the lower envelope of all the segments has been
generated. We will describe our algorithm as the process of constructing a

Lower
Envelope

(b)

FIGURE 6.12

The lower envelope of a set of segments. (a) The initial set of segments.

(b) The corresponding lower envelope specified by the list of endpoints L =
(=, p1, P2, P3, Ps. Pe, Ps, Po, P1o) and the label list vis = (+o, §1, +0,
So, S3, S4, +®, S5, +). For example, the segment visible in the interval
(ps, pe) is S3.
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balanced binary tree whose leaves correspond to the initial segments such
that, when the algorithm terminates, each internal node will contain the
lower envelope of the segments in its subtree. The details are given next.

Let S = {s1,52, ... , S} be the given set of segments such that no two
segments intersect, except possibly at their endpoints. For clarity, assume
that thex coordinates of the endpoints are distinct. Our aim is to construct the
following binary tree based on the elements of S.

Let T be a balanced binary tree with n leaves. Leaf v; contains the list
L[vi] = (=»,pi1,pir), where p;; and p;, are the two endpoints of s; such that
x(pi1) < x(pi2), and where the corresponding lower envelope is given by
(+,s;, +»). We denote this fact by the labels: vis(—, v;) = 4o,
vis(pi1,vi) = s;,andvis(pj2,v;) = +.Note that L[v;] and the corresponding
vis array provide the correct lower envelope of the segment s;.

Let v be an internal node. Then, L[v] consists of pg = — followed by
all the endpoints stored in the subtree rooted at v, ordered by increasing x
coordinates. Also, for each such p;, we have vis(p;, v) = s;, indicating that
segment s;, is visible (with respect to the segments stored in the subtree
rooted at v) in the interval (x(p;), x(q;)), where g; is the endpoint that comes
after p; in L{v]. If p; is the last element in L{v], then vis(p;,v) = +«.Hence,
the root r will hold the list consisting of py = —o followed by all the 2n
endpoints sorted by their x coordinates, and the corresponding vis array.

We now discuss how to construct the binary tree 7. We can obtain the
list L[v] at each node v by merging the sublists at the children nodes according
to theirx coordinates. Hence, the pipelined merge-sort algorithm (Algorithm
4.4) can be used to compute the lists L{v], for all nodes v, in O(log n) time,
using a total of O(n log n) operations. The only detail left is to show how to
generate efficiently the labels defined by the array vis.

Let v be an arbitrary internal node whose children are the nodes u and
w. After the pipelined merge-sort algorithm (Algorithm 4.4) terminates, we
have the sorted lists L[v], L[u], and L[w] such that L[v] = L[u] U L[w}]. In
addition, the two lists L[«] and L[w] are cross-ranked, and are each ranked in .
L[v]. Suppose that we are given the two arrays vis(., u) and vis(., w). We show
that vis(., v) can be generated in O(1) time, using O(|L[v]|) operations.

Let p be an endpoint in L[v] that comes from L[u], and let p’ be the
element of L[u] that follows p. Then vis(p, u) is the visible segment in the
interval (x(p), x(p')) among the segments stored in the subtree rooted at u.
Since L[u] and L[w] are cross-ranked, we can find, in O(1) sequential time,
the predecessor of p in L[w], which will be denoted by pred,,(p) = q. Letq’ be
the successor of ¢ on the list L.[w]. We clearly have x(q) < x(p) < x(q)-
Moreover, vis(q, w) is the visible segment over the interval (x(g), x(¢")) among
the segments stored in the subtree rooted at w.

At node v, the successor of p in L[v] must be either p’ or g’, whichever
has the smaller x value. Hence, vis(p, v) must the visible segment in the
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interval I, = (x(p), min {x(p"),x(¢q’)}) among all the segments in the subtree
rooted at v. Over the interval I, there are two possible candidates—namely,
vis(p, u) or vis(q, w). Therefore, vis(p, v) is the lower segment at x(p) among
vis(p, u) and vis(q, w).

Similarly, given a point p of L[v] that comes from L[w], the visible
segment vis(p,v) is the lower segment atx(p) of vis(p, w) and vis(pred,,(p), u).

Therefore, we can compute, in O(1) sequential time, for an arbitrary
point p of L[v], the value vis(p, v). It follows that the list vis can be generated
at each node v from the lists vis(., u) and vis(., w) in O(1) time, using O(|L[v]])
operations.

In summary, all the labels of the lists vis can be generated bottom up,
level by level, in O(log n) time, using a total of O(n log n) operations.

There is one additional detail that we must address. For the root r of the
tree T, the length of L{r] and vis(.,r) is 2n + 1 corresponding to the 2n
endpoints of the n input segments and to the leftmost endpoint —. We can
compact each of these two lists in O(log n) time, using a total of O(n) oper-
ations, by using the prefix-sums algorithm (Algorithm 2.1). This step yields
the lower envelope of the set of input segments.

EXAMPLE 6.11:

Consider the set S = {s1, 52, 53, 54, §5, S6, 57, Sg} of segments shown in Fig.
6.13(a). The endpoints of segment s; are denoted by p;; and p;; such that
x(pi1) < x(pi2). Initially, each segment s; is stored at a leaf v; as follows:
L[vi] = (=, pi,pi2), and vis(.,v;) = (+®,s;, +®).

Let u be the parent of v and v,. We construct the list L[u] by merging
L[vq] and L[v;] according to the x coordinates, and hence L[u] = (-,
D11,P21,P12, p22)- The array vis(., u) can be determined as follows. First, we
setvis(— ,u) = +o (which is always true for any node u.) Now p|; comes
from v, and its predecessor in v, is —%. Hence, vis(p 11, u) is the lower of
vis(p11,v1) = sy and vis(—o,vy) = +; thatis, vis(p11,u) = s. Since the
predecessor of py; in L[v] is pi1, we have that vis(p21, u) is the lower of
vis(pa1,v2) = sz andvis(p11,v1) = s, whichis s; since atpa1, y(s2) < y(s1).
Hence, vis(p21, u) = s», and so on. We thus obtain vis(., u) = (+®, 51, §2,
52, +). Notice that s, appears consecutively twice: the first time corresponds
to the endpoint p;;, and the second time corresponds to the endpoint p1,.

We now illustrate the last merging step. Let the children of the root r be
the nodesa and b. Then, L{a] = (=, p11,p21,P12,P22: P31, P32, P41, P 42)5
vis(., @) = (+,51,52,82, +®,53, +%0,54, +), L[b] = (=, psy, ps2, Pe1,
P62,P11,P72,P81,P82), and vis(.,b) = (+ 0,55, + 0,54, +%,57, +%, 55, +0).
Now, we can check that L[r] = (=, p11, psi, pa1, P12, P52, Pé1s P22
P31,P62, P71, P32, P72, P81, P41, P82, pa2), and vis(., r) = (+,5,51,52,52,52,
52,56,53,53,53,57, +%,5g,54,54, +). Let us verify the value of vis(p2, r).
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FIGURE 6.13

Lower envelope of segments for Example 6.11. (a) A set of segments. (b) Part
of the tree in the lower-envelope computation. Each leaf v; represents the lower
envelope of segment s;, and each internal node v represents the lower envelope
of the segments stored in the subtree rooted at v. For example, the lists shown at
node a represent the lower envelope of the segments s+, Sp, S3, and s4.

The predecessor of py; in L{b] is pg1. Now vis(p22,a) = +, and vis(pe1, b) =
s¢, and hence vis(p22,r) = s¢. Compacting the lists generated at the root r, we

obtain the list of endpoints (=, p11,p21,P22,P31,P32, P72: P81, P41, P42), and
the vis array ( +, 51, 57, S¢, §3, 57, +®,5g, 54, +%). O

We therefore have the following theorem.
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Theorem 6.7: Given a set of n nonintersecting line segments, the pipelined
merge-sort algorithm (Algorithm 4.4) can be used to determine the lower
envelope of these segments in O(logn) time, using a total of O(n logn)
operations. O

PRAM Model: The lower envelope algorithm can be implemented on the
CREW PRAM model because our procedure to update the labels requires
only concurrent-read capability, as several elements of a list may have the
same predecessor in another list. O

6.5 Dominance Counting

Given two points p and g in the plane, p dominates g (or g is dominated by p)
if x(p) = x(q) and y(p) = y(q). The fact that a point p dominates another
point g is denoted by p > g. For a given set I of points, the pair (V, >)is a
partial order. That is, the relation > is reflexive, antisymmetric, and transitive.
This concept turns out to be useful, as the following two examples illustrate.

EXAMPLE 6.12:

Let R be a rectangle whose sides are parallel to the coordinate axes, and let
Q = {91,492, -.. , qi} be a set of points in the plane. We wish to find the
number » of points of Q contained in R.

Let the vertices of R be (p1, p2, p3, p4) ordered by traversing the
boundary of R counterclockwise, starting from the upper-right corner (as in
Fig. 6.14.) Letd(p;) = |{g; € Q | pi > q;}|; that is, d(p;) is the number of
points from Q dominated by p;. These points are contained in the quadrant
whose upper-right corner is p; and whose sides are parallel to the coordinate
axes. Then, it is simple to check thatn = d(p1) + d(p3) — d(p2) — d(p4).0

EXAMPLE 6.13:

Given a set Q of points in the plane, a point p of Q will be called a maximal
element if there exists nog € Q such thatg = p andg > p.

Consider the quadrant of Q formed by the two points of maximum.x and
y coordinates, respectively as shown in Fig. 6.15. In this quadrant, the set of
maxima (marked with crosses) forms an “approximation” to the correspond-
ing upper hull. Note that every point of the upper hull is a maximal element
in this quadrant. Similar comments hold for other quadrants, given an
appropriate assignment of + and — signs to each of the coordinates of the
points in Q. O
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1] Py

P3 Py

FIGURE 6.14

Determination of the number of points inside a rectangle. The number of points
contained in the rectangle is given by d(p1) + d(p3) — d(p2) — d(ps), where
d(p;) is the number of points dominated by p;.

6.5.1 THE DOMINANCE-COUNTING PROBLEM

In the remainder of this section, we consider the following dominance-
counting problem. Given two sets4 = {p1,p2, ... ,pmtandB = {g1,42, ...,
q:} of points in the plane, determine, for each ¢; in B, the number d(g;) of
points in 4 that are dominated by ¢;. We assume, for simplicity, that no two
points of A and B have the same x or y coordinate.

As in the previous section, we shall use the cascading divide-and-
conquer approach. The pipelined merge-sort algorithm (Algorithm 4.4) will
be executed on a balanced binary tree built on 4 U B. At the same time, a set
of labels will be generated such that the labels at the root will provide the
solution to the dominance-counting problem.

LetR = {r{,r2, ..., ry} be the points in 4 U B such that y(r;) <
y(r2) < --- <y(rn), where n = + m. The initial preprocessing required
to sort all the points according to their y values can be performed in
O(log n) time, using a total of O(n log n) operations. Let T be a balanced
binary tree with n leavesvy,vs, ... ,v, such that leafv; represents point r;, where
1 < i < n. Each leaf v; contains a list U[v;] = (—, r;).

Each internal node v of T will contain the list U[v] consisting of —
followed by all points stored in the subtree rooted at v sorted by their x
coordinates. These lists can be generated by using the pipelined merge-sort
algorithm (Algorithm 4.4) in O(log n) time, using O(n log n) operations.
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The quadrant for Example 6.13. The maxima of a set of points residing in the
indicated quadrant are marked with crosses.

We now attach two labels to each element in the list U[v] generated at
node v. For each point r; of U[v], we letd’(r;, v) be the number of elements of
A preceding r; in U[v]. That is, d'(r;,v) = [{r € U] N A | x(r) < x(r;)}|. In
addition, we let d(r;, v) be the number of points in U[v] N A that are domi-
nated by r;. We initialize the labels at each leaf v; as follows: d'(r;, vi) =
d'(—,v)) =d(ri,v;)) =d(—=,v;) = 0.

Therefore, each node v of the binary tree T contains a list U[v] of all the
points in its subtree sorted according to their x values, and two integer lists
d'(.,v) and d(.,v) of the same length.

EXAMPLE 6.14:

Consider the two sets of points 4 = {p,, p2,p3,patand B = {q1,92, 93,94}
shown in Fig. 6.16(a). The list R, sorted by the y values, is givenby R = {p1, p3,
92,41,p4,44,93, p2}; hence, Ulvi] = (==, py), Ulva] = (—%,p;3), Ulvs] =
(—=,q2),and so on. The complete tree is shown in Fig. 6.16(b), together with
the lists U[v],d’(., v), and d(., v) for each node v. The U and d lists generated
at the root provide a complete answer to the dominance-counting problem
relative to the sets 4 and B. O
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FIGURE 6.16

Two sets of points for Example 6.14. (a) The two input sets A = {p4, p2, P3, Pa}
(black dots) and B = {g1, 92, g3, qa} (crosses) for the dominance-counting
problem.

Letv be an internal node of T whose left and right children are u and w,
respectively. Suppose that the labels d’(., u), d(., u),d'(., w) and d(., w) have
already been computed. We show how to generate the arrays d'(., v) and
d(.,v) in O(1) timé, using O(|U [v]|) operations.

The leftmost point — of each list U[v] has the following labels:
d'(—,v) = d(—,v) = 0, forevery node v. Otherwise, the following lemma
relates the value of a label at the node v to the values computed at the children
nodes u and w.

Lemma 6.7: Let T be the balanced binary tree built on the set R = {ry,r2, ...,
rn}. For an arbitrary internal node v, let u and w be its left and right children,
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FIGURE 6.16 (continued)

(b) The binary tree corresponding to the inputs in (a). The leaves v; correspond
to all the points sorted according to their y values. The U list in each node v
consists of all the points in the subtree rooted at v that are sorted according to
their x values. The value d'(r;, v) of point r; at node v is equal to the number of
elements in U[v] N A that precede r;, and the value d{r;, v) is equal to the
number of points in U[v] N A that are dominated by r;.

respectively. Then, the labels of a point r; of the list U[v] satisfy the following
relations:

d'(ri,u) + d'(predy(ri), w) + xa(pred,(r;)) ifr; € Uly],
d'(ri,w) + d'(pred, (ri), u) + x4 (predy (r)) ifr; € Ulw];
d(ri, u) ifr; € Ulu,
d(ri,w) + d'(pred, (ri), u) + x4 (pred, (r;)) ifr; € Ulw];

d'(ri,v) = {

d(r,-, v) = l
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where x4(r) = 1ifr € A and x4(r) = 0 otherwise.

Proof: We start by establishing the relation for the label d'(r;, v). Consider
the case where r; € Ulu]. Since U[v] results from merging Ufu] and U[w],
d'(r;,v) is equal to the number of r € (Uu] U Ulw]) N A such thatx(r) < x(r;).
The number of r € Ufu] N A with x(r) < x(r;) is precisely d'(r;, u). On the
other hand, the number of r € Ulw] N A with x(r) < x(r;) is precisely
d'(pred,(ri), w) + xa(pred,(r;)). Therefore, d'(r;, v) = d'(ri, u) +
d'(pred,,(r;),w) + xa(pred,(r;)). The case where r; € U[w] can be treated in
a similar fashion.

Consider now the label d(r;, v). If r; comes from U[u], then d(r;, v) must
be equal to d(r;, u), since no element from U[w] can be dominated by r;, as
each element of U[w] has a y value larger than those of all the elements of
Ulu]. On the other hand, if r; comes from U[w], then all the points in Ufu] that
have smaller x values are dominated by r;, since r; has already a larger y value.
Therefore, the relations corresponding to d(r;, v) follow. O

Lemma 6.7 implies that the labels d' and d can be updated at each level
in O(1) time, using O(n) operations. Since the root will contain the desired
information, we have the following theorem.

Theorem 6.8: GivenasetA = {p|,p2, ... ,pmyand asetB = {q1,q2, ... ,q1}
of points in the plane, the problem of determining, foreach 1 < i < I, the number
d(q;) of points in A that are dominated by q; can be solved in O(log n) time,
using a total of O(n log n) operations, where n = | + m. a

PRAM Model: Our algorithm consists of an application of the pipelined
merge-sort algorithm (Algorithm 4.4) to generate the lists U[v], followed by
computation of the label lists d’ and d bottom up, level by level. The compu-
tation of the d' and d labels as stated in Lemma 6.7 requires a concurrent-read
capability, since several points may have the same predecessor. Therefore, our
algorithm runs on the CREW PRAM model, within the stated resources. [

6.5.2 APPLICATIONS

We now consider several problems that can be handled efficiently using the
parallel algorithm to solve the dominance-counting problem.
The first problem is stated in the following theorem.

Theorem 6.9: Given a set A of m points in the plane, and a set R of | rectangles
whose sides are parallel to the coordinate axes, we can determine, for each
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rectangle R in R, the number of points of A that lie inside R, in O(log n) time,
using a total of O(n log n) operations, wheren = m + 1.

Proof: Let B be the set of points that are the vertices of all the rectangles in
R. We solve the dominance-counting problem with respect to the pair 4 and
B; that is, for each point g € B, we determine the number d(g) of points in A
dominated by g.

Let R be the rectangle (q1, g2, g3, g4) whose vertices are ordered
counterclockwise starting from the upper-right corner. As we saw in Example
6.12, the number of points of 4 contained in R is given by d(q,) + d(g3) —
d(q;) — d(q4). Hence, such a number can be computed in O(1) sequential
time for each rectangle, once all the d values have been determined. a

EXAMPLE 6.15:

For1 < i < 4, consider the set of rectangles R; = (g1, 42, 9i3,qi4) shown in
Fig. 6.17. The points in A are shown as black dots. Let us determine the

R
2
R
. |
[ ]
932 931 °
[ ]
o |©® °
° [ ]
[ ]
Ry
933 - 934
[ ° R4
° [ ]

FIGURE 6.17

Determination of the number of points within each rectangle. The vertices of
the rectangle R3 are given by (931, 932, 933, g34). The number of marked
points dominated by a corner gg; is denoted by d(qs;). For the rectangle R,
the number of points lying inside it is given by d(qa1) + d(gas) — d(ga2) —
d(gas) = 10 + 3 — 4 — 5 = 4. Hence, once the d values are generated, the
number of points lying inside each rectangle can be determined in O(1) time,
using a linear number of operations.
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number of points of 4 in R3. Since d(q31) = 10,d(q33) = 3,d(g32) = 4, and
d(q3s) = 5, we obtain d(g31) + d(q33) — d(q32) — d(q3s) = 4, which is
indeed the number of points of 4 contained in R3. We use a similar compu-
tation for the other rectangles. O

The other problem that can be solved by using the parallel algorithm for
dominance counting is stated in the next theorem.

Theorem 6.10: Given a set S of n horizontal and vertical segments in the plane,
the problem of determining, for each segment s, the number of segments in S that
intersect s can be computed in O(log n) time, using a total of O(n log n) operations.

Proof: Let Uy and Uy be, respectively, the sets of the left and the right
endpoints of all the horizontal segments. Given an arbitrary pointp, letd (p)
anddr(p) be, respectively, the numbers of points in Uy, and Ur dominated by
p. That is, d; (p) is the number of left endpoints of horizontal segments that
are dominated by p, and dz(p) is the number of right endpoints of horizontal
segments that are dominated by p. Then, d;(p) — dgr(p) is the number of
horizontal segments below p that cross the vertical line through p.

Let V be the set of the endpoints of the vertical segments. We start by
solving the dominance-counting problem with respect to the pair U ; and V,
and to the pair Uy and V. Hence, for each endpointp € V, we have the values
of d; (p) and dg(p). Consider now an arbitrary vertical segment s = pgq,
wherey(p) > y(q). Based on the observation made in the previous paragraph,
the value d . (p) — dr(p) is equal to the number of horizontal segments
crossing the vertical line below p, and similarly, d; () — dr(q) corresponds
to the horizontal segments crossing the vertical line below g. Therefore, the
number of horizontal segments crossing s is given by (d;(p) — dr(p)) —
(dL(q) — dr(q)).

Hence, we can find, for each vertical segment, the number of horizontal
segments that cross it, in O(1) sequential time, once all the values of d; and
d g have been computed. It follows that the problem of determining, for each
vertical segment, the number of horizontal segments that cross it can be
solved in O(log n) time, using O(n log n) operations.

In a similar fashion, we can find, for each horizontal segment, the
number of vertical segments that cross it; therefore, the proof of the theorem
follows. d

EXAMPLE 6.16:

Figure 6.18 shows two vertical segments pg and p’q’ and six horizontal seg-
mentss; = rjrip, where 1 =i < 6.Clearly, Uy ={ry |1 <i=<6},Ug =
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FIGURE 6.18

Intersections of a set of horizontal and vertical segments. Let d; (0) and dr(p)
be, respectively, the numbers of the left and the right endpoints of horizontal
segments dominated by p. Then, the number of horizontal segments crossing
the vertical segment pq is given by (d.(p) — dr(p)) — (dL(Q) — dr(q)).

{rio |1 =i =<6}and V = {p, q,p’, q'}. The solution of the dominance-
counting problem relative to Uy and Vgivesdp(p) = 3,dr(q) = 1,dp(p') =
5,andd;(q') = 2, and the solution to the other dominance-counting problem
producesdr(p) = 1,dr(q) = 1,dr(p’) = 1,anddr(q') = 1. Now (d.(p) —
dr(p)) — (dL(q9) — dr(q)) = 2, and precisely two horizontal segments cross
pq. Similarly, (d.(p") — dr(p')) — (dL(q") — dr(q")) = 3. O

6.6 Summary

In this chapter, we have touched on a few fundamental problems in planar
computational geometry. The divide-and-conquer strategy has been shown to
yield efficient parallel algorithms for all the problems considered. The effec-
tive pipelining of the merging operations created by the divide-and-conquer
strategy was critical in achieving the O(log n) time performance in all the
algorithms except the convex-hull algorithm. The pipelined divide-and-
conquer used in conjunction with the plane-sweep tree or augmented with
labeling functions provides a powerful parallel technique for computational
geometry. All the parallel algorithms described in this chapter run on the
CREW PRAM in O(log n) time, using O(n log n) operations.

Table 6.1 provides a summary of the algorithms described in this chapter.



300

Chapter 6 Planar Geometry

TABLE 6.1
ALGORITHMS INTRODUCED IN THIS CHAPTER.
PRAM
Problem Section  Time Work Model
Upper Common Tangent 6.1.3 o) o CREW
Convex Hull 6.1.4 O(ogn) O(nlogn) CREW
Intersections of Half-Planes 6.2.1 O(log n) O(n log n) CREW
and
6.2.2
Two-Variable Linear Programming 6.2.3 O(logn) O(nlogn) CREW
Construction of Plane-Sweep Tree 6.3.1 O(log n) O(n log n) CREW
Lower Envelope 6.4.2 O(log n) O(n log n) CREW
Dominance Counting 6.5.1 O(log n) O(n log n) CREW
Number of Points Inside a Rectangle  6.5.2 O(ogn) O(nlogn) CREW
Number of Horizontal Segments 6.5.2 O(logn) O(nlogn) CREW
Intersecting Each Vertical Segment

Exercises

6.1.

6.2.

6.3.

6.4.

6.5.

Show how to modify appropriately the algorithm for finding the
convex hull of a set of points (Algorithm 6.1), presented in Section 6.1,
in the case where some points may have the same x or y coordinate.

Show that Algorithm 6.1 can be modified to run in 0(%—') time,
where p is the number of processors available. What are the corre-
sponding running time and total number of operations whenp = Vn?
Does your answer indicate that we can specify the upper hullof $; U §»
using O(n) operations? Explain your response.

Given a set S of n points in the plane, develop a parallel algorithm to
compute the area of the convex hull of S. Your algorithm should run in
O(log n) time, using a total of O(n log n) operations.

Given a simple polygon P (not necessarily convex) with n vertices and a
point p in the plane, develop an O(log n) time algorithm to determine
whether or not p is internal to P. Your algorithm should use a linear
number of operations. Hint: Draw a horizontal line through p.

Let P be a convex polygon with n vertices given in a clockwise cyclic
ordering, and let Q be a set of m points external to P. You are to
determine the convex hull of the set of points P U Q.
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6.7.

6.8.

6.9.

6.10.

6.11.
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a. Prove that, if m = 1, then the convex hull can be determined in
O(log n) sequential time.

b. Develop an O(log m) time parallel algorithm for the general case.
What is the total number of operations used? Assume that the
convex hull of Q does not intersect P.

Given a convex polygon P with n vertices listed in a clockwise cyclic
ordering, develop an algorithm to find the diameter of P—that is, the
maximum distance between any two of P’s vertices. Your algorithm
should run in O(logn) time on the CREW PRAM, using a linear
number of operations. Hint: A pair of vertices that have parallel sup-
porting (tangent) lines is called antipodal. You need to consider only
the O(n) antipodal pairs. Consider the list 4 of edge angles and the list
B when the angles are rotated 180 degrees. Nelghbors in the merged list
correspond to antipodal pairs.

Given a set S of n points in the plane, consider the problem of deter-

mining a pair of points of S that are farthest apart.

a. Show that the diameter of the convex hull of § is equal to the
maximum distance between any two points of S.

b. Develop an O(log n) time algorithm to identify a pair of pointsin S,
the members of which are farthest apart. What is the total number of
operations used? What is the PRAM model you need? Hint: Use
your answer to Exercise 6.6.

LetL;:{x|aix + b; = 0} be a set of half-lines, where 1 < i < n.

a. Show how to determine their intersections in O(log log #) time, using
a linear number of operations. Which PRAM model do you need?

b. Show how to derive an optimal fast solution for the one-variable
linear-programming problem.

Let{l; | 1 <j < n}be asetof intervals on the line. Develop an O(log n)
time algorithm to determine whether or not any two intervals overlap.
Use a total of O(n log n) operations. Specify the PRAM model you need.

Consider a set of half-planes H(L;), where 1 < i < n, and let T be the
transformation that maps a point p = (a, b) into the line 7(p) defined
byy = ax + b,and aline L :y = ax + b into the point T(L) = (- a, b),
as in Section 6.2. Does the set T(N H(L;)) constitute the convex hull of

the points {T(L;)}? Is the set T(N H(L,)) necessarily convex? Explain
your answers.

Show that the problem of determining the polygonal chain defining the
boundary of the intersections of a set of half-planes requires Q(n log n)
operations. Hint: Suppose you wish to sort the n numbersqy,q2, ...,
gn.Define thenlinesL;:y = 2g;x q, ,where I </ < n. Consider
Mi<isn H+(Li)'
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6.12.

6.13.

6.14.

6.15.

6.16.

6.17.
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Given two convex polygons P and Q whose vertices are listed in a
clockwise cyclic ordering, develop an O(log n) time algorithm to specify
the convex region formed by the intersection of P and Q. Your algo-
rithm must use a linear number of operations. Hint: Draw a vertical line
through each vertex, and consider each slab formed by two successive
vertical lines.

Solve Exercise 6.5 for the case where ( is an arbitrary set of m points.
Use the algorithm developed in Exercise 6.12.

Let P = (p1,p2, ... ,pn) and Q = (41, q2, ... , gn) be two convex
polygons, and let dp (P, Q) be the minimum distance between a bound-
ary point of P and a boundary point of Q. Show that computing d, (P, Q)
is at least as difficult as computing the OR function of n variables. Hint:
Let P be aregular convexn-gonand lety = x; + x5 + --- + x, be the
OR function. With each x;, associate a vertex g; of Q such that g; is
slightly above the middle point of the ith segment of P if x; = 1;
otherwise, g; is slightly below the middle point.

Let P be a convex polygon whose n vertices are given in a counterclock-
wise cyclic ordering, and let g be a point external to P. Develop an
algorithm to determine the pointp in Psuch that the Euclidean distance

between p and g is minimum. Your algorithm should run in 0(:22;)
time on the CREW PRAM, using 1 < p < n processors.

Given a set S of n points and a point p ¢ S in the plane, define the
Voronoi polygon V(p) associated with p to be the locus of points in the
plane that are closer top than they are to any point in S. See Fig. 6.19 for
an example.

a. Show that V(p) is the intersection of n half-planes.
b. Deduce an O(log »n) time algorithm to identify the boundary of V( p).

LetP = (vg, ... ,v,—1) be a convex polygon whose vertices are given in
a counterclockwise cyclic ordering. The all-nearest-neighbors problem is
to find, for each vertexv;, a vertexvj(;), j({) = i, such that the Euclidean
distance betweenv; and vj; is minimal. The polygon P has the semicircle
property if (1) the two farthest vertices of P are the endpoints—say, v;
andv; ;;—of an edge of P, and (2) all the vertices of P lie inside a circle
with diameter d(v;, v; + 1), the distance between v; and v; 4 1.

a. Show that, if P has the semicircle property, thenj(f) =i — lori +
1 for any vertex v; of P.

b. Show how to decompose P into four convex subpolygons, each with
the semicircle property.

c. *Develop an O(log log n) time algorithm to solve the all-nearest-
neighbors problem for an arbitrary convex polygon P. Your algo-
rithm should use a linear number of operations. Hint: Use the opti-
mal O(log log n) time merging algorithm found in Section 4.2.3.
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FIGURE 6.19

The Voronoi polygon V(p) associated with the point p. The polygon consists of
all the points in the plane that are closer to p than they are to any of the
marked points.

6.18.

6.19.

Let S = {p1, p2, ..., pa} be a set of points such that x(p;) <
x(p2) < -+ < x(pn), where n is a power of 2. You wish to find two
points p; and p; such that the Euclidean distance d(p;, p;) is mini-
mum. Let §1 = {py1, ..., pz}, and S2 = {p341, ..., pa}, and let

d1(respectively 3,) be the minimum distance between any pair of points in

S1(respectively S2). Set & = min{dy, 82}.

a. Show that the number of points in S, that are within distance 3 of a
point p; € §; is at most 6.

b. Develop a parallel algorithm to determine the closest pairs, based on
a divide-and-conquer strategy. What is the running time of your
algorithm? Your algorithm should use O(n log n) operations.

Let §1 and §; be two sets of points in the plane. Consider the problem
of finding a line L separating S; and S, whenever possible; for example,
all the points of S appear below L, and all the points of S, above L.
Show how to solve this problem in O(log ) time, using a total of O(n
log n) operations, where n = |S1| + |S2|. Hint: You may want to
reformulate this problem as a linear program.
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6.22.

6.23.

6.24.
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Let f(x) = max,<;<, a;x + b;, for a given set of coefficients {a;, b;},

where 1 < i < n. Note that f(x) is continuous, is convex, and is made up

of pieces that are line segments. Consider the problem of computing a

point x( on the real line such that f(xg) is minimum.

a. Develop an O(log n) time algorithm to solve this problem. The total
number of operations should be O(n log n).

b. Can you develop a polylogarithmic-time algorithm that uses O(n)
operations? Explain your answer. Hint: Pair up lines and find their
intersections. Identify the median of the intersection abscissae, and
remove a constant fraction of the lines.

Use the algorithm of Exercise 6.20(b) to develop a polylogarithmic-time
algorithm for solving the two-variable linear-programming problem,
using O(n) operations.

LetF = {f1,f2, ... ,fn}be asetof continuous real functions defined on
aninterval I C @, the field of real numbers. Assume that, fori = j, the
functions f; and f; intersect in at most a constant number s of points on
I (you may want toview each f; as a polynomial of degree < s). The lower
envelope of % is the function g(x) = min{f;(x)}, forx € I. The function
g(x) defines a continuous curve in the plane made up of pieces f;,
fiys -+ +fi,, where each f; € F achieves the minimum over some inter-
val /;. If the intervals are sorted from left to right, the sequence of
functions forms an (#, s) Davenport-Schinzel sequence.

Let m(n, s) denote the maximum number of pieces. Then, it is known
that m(n, s) < c(s)n log* n. Moreover, m(%, s) < %m(n, 5). Using a
divide-and-conquer strategy, develop an algorithm to compute the
lower envelope of . Assume that each f; can be described in O(1) space
and can be computed in O(1) sequential time at any given point, and
that the output is an array E of size m, where E(k) = (i, xx), implying
that the envelope consists of the piece f;, over the interval [xj, X +1].
Your algorithm should run in O(log? n) time, using O(n log n) operations.

Suppose that you are given an array 4 of length n with some of its
elements marked, and you want to compute the prefix sums of each
subarray consisting of the elements of A between two consecutive
marked elements (the marked elements themselves are assigned arbi-
trarily to the subarrays). Show how to perform this task in O(log n) time,
using a total of O(n) operations.

Show how to construct the plane-sweep tree T of a set of » noninter-
secting horizontal segments such that the array rank(W(v) : H(v)) will be
available at each node v. Your algorithm should run in O(log n) time,
using O(n log n) operations. Do not use the optimal merging algorithm
found in Section 4.2.3.
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Let S = {sy, ... , s} be a set of nonintersecting horizontal segments.
Consider the problem of constructing the plane-sweep tree T of S with
the following additional list B(v) stored at each node v in sorted order
of the y values:

B(v) = {s,- | s; has both endpoints in n]

Moreover, if the children of v are u and w, then the arrays rank(H(v) :
B(w)), rank(H(v) : B(w)), rank(B(u) : H(v)), and rank(B(w) : H(v))
should also be computed. Show how to construct T with the additional
information in O(log n) time, using a total of O(n log n) operations.

Let S be a set of nonintersecting segments in the plane such that no two
endpoints have the same x coordinate. Consider the problem of con-
structing the plane-sweep tree T as introduced in Section 6.3. Note that,
in this case, the segments are not necessarily horizontal. For each node
v whose left and right children are u and w, respectively, define I(v) to
be the set of segments with one endpoint in [], and the other in [],
(sorted by the vertical boundary separating [], and [],,).

a. Develop an algorithm to construct I(v) for each node v starting from
the initial segments. Your algorithm should run in O(log n) time,
using O(n log n) operations.

b. *Develop an O(log n log log n) time algorithm to construct T (and
H(v), for each v). What is the total number of operations used?

*Let T be the plane-sweep tree of a set of nonintersecting segments. We
would like to augment each node v of T with a list A(v) (in addition to
H(v)) so that the multilocation of a point p can be done in O(log n)
sequential time. Show how to accomplish this goal. What are the re-
sources required by your algorithm? Hint: Try to propagate samples of
H(v) into the nodes of the subtree rooted at v.

Assume that you have the plane-sweep tree T of a set of nonintersecting
segments augmented as indicated in Exercise 6.27. Show how to com-
pute, for each endpoint p, the closest segment directly above p. Your
algorithm should run in O(log n) time, using a total of O(n log n)
operations.

Agraph G = (V, E) is planar if it can be embedded in the plane without
crossings. A planar graph can always be embedded in the plane such
that each embedded edge is a line segment. Such a planar embedding
determines what is called a planar subdivision. Figure 6.20 illustrates a
planar subdivision.

Given such a planar subdivision § with n edges, consider the problem of
building a data structure such that the problem of determining the face
of S containing an arbitrary point p can be solved in O(log n) sequential
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FIGURE 6.20
A planar subdivision.

6.30.

6.31.

6.32.

time. Show how to use the augmented plane-sweep tree introduced in
Exercise 6.27 to accomplish this task.

Let G be a grid of size m X m, and let R be a set of nonintersecting
rectangles whose sides lie on gridline segments. For each side s of a
rectangle in R, you wish to find the maximal line segment L(s) in G
parallel to s and at a unit distance of s such that L(s) does not intersect
any rectangle in R. Show how to determine all the segments L in
O(log n) time, using a total of O(n log n) operations, where n is the total
number of rectangles in R. Hint: Use the plane-sweep tree. Handle
carefully the sides that are within 1 unit distance of each other.

Let P be a simple polygon with n vertices. The kernel of P, denoted by
K(P), is the set of points g in P such that, for any point z on the boundary
of P, the segment zq lies entirely in P. Figure 6.21 shows a polygon with
its kernel marked by shading.

a. Show that K(P) is the intersection of n half-planes defined by the
edges of P.

b. Deduce an O(log n) time algorithm to compute K(P). What is the
total number of operations used?

LetS = {sq,s2, ... ,5,} be a set of nonintersecting segments, and let p
be an arbitrary point in the plane. Modify the algorithm described in
Section 6.4 to determine the visibility polygon of p. Your algorithm
should run in O(log n) time, using a total of O(n log 1) operations. Hint:
Start by sorting the endpoints radially around p.
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6.33. Let S be a set of n horizontal and vertical segments in the plane. Use the
plane-sweep tree to determine, for each vertical segment, the number
of horizontal segments intersecting it. What is the running time of your
algorithm? Compare the performance of your algorithm with the algo-
rithm referred to in Theorem 6.10.

Given a set of n points in the plane, develop an O(log n) time algorithm
to identify all the maximal points with respect to the dominance relation
> introduced in Section 6.5. What is the total number of operations
used? What is the PRAM model used?

6.35. LetS = {p1,p2, ... ,pn} be aset of points in R, where R is the field of
real numbers. Assume that no two points have the same x, or y, or z
coordinates. A point p; dominatesp; ifx(p;) > x(p;),y(pi) > y(p;),and
z(pi) > z(p;). A point p; isamaximum if it is not dominated by any other
point in S. Develop an O(log n) time algorithm to find the maxima of S.
Your algorithm should use O(n log n) operations. Hint: Use a pipelined
divide-and-conquer strategy.

FIGURE 6.21
A polygon and its kernel (shaded region).

6.34

.
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nique in sequential computational geometry, and has been used to solve numerous
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[1], and was later improved by Atallah et al. [4]. The plane-sweep tree has been used
to solve many problems, including the trapezoidal decomposition problem (Exercise
6.28), the planar point-location problem (Exercise 6.29), and the problem of detecting
whether any two segments of a given set of segments intersect. The pipelined divide-
and-conquer technique augmented with labeling functions was also introduced by
Atallah et al. [4], and was used to solve the visibility problem of Section 6.4 and the
dominance-counting problem of Section 6.5.

In this chapter, we have touched on only a few techniques for computational geom-
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hierarchies and randomization techniques will be discussed in Chapter 9. For addi-
tional reading about sequential techniques, the books {14, 18] are recommended.
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6.6) can be found in [1]. The fact that the problem of computing the minimum distance
between two convex polygons is at least as difficult as computing the OR function was
observed in [6]. Substantial work has been done on the computation of Voronoi
diagrams (Exercise 6.16), some of which is described in the books [14, 18]. The
solution sketched in Exercise 6.17 to solve the all-nearest-neighbors problem for a
convex polygon is taken from [21]. The parallel complexity of the problem of finding
the closest pair of points (Exercise 6.18) has been examined in [5, 10]. The solution to
Exercise 6.25 can be found in [8]. An optimal O(log #) time algorithm to compute the
kernel of a polygon described in Exercise 6.31 appeared in [10]. A solution to the
three-dimensional maxima problem given in Exercise 6.35 can be found in [4].
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Strings

Many important computational problems can be formulated as a search
for the occurrences of a given set of objects, called patterns, in a given
subject. Specific application areas where such problems arise include text
editing, computer vision, speech recognition, and molecular biology. In
this chapter, we deal with strings and their exact occurrences in other
strings. Powerful algorithmic tools, based on mathematical properties of
strings, are well known and can be used to handle efficiently many pro-
cessing tasks on strings.

Most of the algorithmic techniques for exact string matching seem to
revolve around the periodic properties of strings. Such properties are intro-
duced first, followed by the development of an optimal logarithmic-time
parallel string-matching algorithm. The main paradigm used consists of pat-
tern analysis, followed by text analysis. The output generated at the end of the
pattern-analysis phase is a table containing information related to the peri-
odic structure of the pattern. The text-analysis phase uses this table to iden-
tify all the occurrences of the pattern in the text. We also introduce a data
structure, called the suffix tree, that can be used to support many string
manipulations. An efficient parallel algorithm to set up such a data structure
is presented, as are several of its applications.
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7.1 Preliminary Facts About Strings

Let 2 be an alphabet consisting of a finite number of symbols. A string Y over
2 is a finite sequence of elements from =. The length of Y, denoted by |Y]|, is
the total number of elements in the sequence defining Y. If X and Y are
strings, the concatenation of X and Y'is the string XY; that is, it is the sequence
defining X followed by the sequence defining Y.

In describing our algorithms on strings, we assume that a string Y is
represented by an array such that Y(i) is the ith element of Y, where 1 < i < |Y].

Let Y be a string of length m. For any pair of indices / and j such that
1 <i =j < m,the subarray Y(i :j) defines a substring of Y. Hence, a substring
of Yis any contiguous block of characters in Y. A substring defined by Y(1 : i),
for some i such that 1 < i < m, is called a prefix of Y, whereas a substring of
the form Y(j : m), for some j such that 1 < j < m, is called a suffix of Y.

A string X occurs in Y at position i if X is equal to the substring of Y of
length | X| starting at location i. More formally, X(j) = Y(i +j — 1), for all
indices j such that 1 < j < |X|. We also say that X matches Y at position i.

EXAMPLE 7.1:

Let = = {a, b, c}, and let Y be the string Y = aabcabccaa. Then, X = abcis a
substring of Y that occurs at positions 2 and 5. The prefix Y(1 : 5) is the
substring aabca, and the suffix Y(5 : 10) is the substring abccaa. O

7.1.1 PERIODICITIES IN STRINGS

The periodic properties of strings provide the basis for certain algorithmic
tools for the efficient manipulation of strings. In this section, we introduce the
notion of the period of a string, and we study a few related properties.

Let Ybe a string of length m. A substring X of a string Y will be called a
period of Yif Y = X* X', where X ¥ is the string consisting of X concatenated
with itself k times, k being a positive integer, and X' is a prefix of X. Hence, Y
consists of several consecutive copies of X, followed by a prefix of X.. It is easy
to check that X is a period of Y if and only if Y'is a prefix of XY.

The definition of a period has the following important implication.
Suppose a copy of Y is placed above Y but is shifted i positions from the left
end of Y, for some i such that 1 < i < m — 1 (see Fig. 7.1). Then, if the
overlapping portions are identical, Y has a period consisting of the prefix Y(1 : ).
Inother words, if, for some i, the two substrings Y(i + 1:m)and Y(1:m — i) are
equal, then Y(1 : i) is a period of Y. Note that Y is always a period of itself.
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T

~

FIGURE 7.1
Two copies of the same string Y, shifted by / positions. The prefix Y(1 : /) is a
period if the overlapping portions are identical.

EXAMPLE 7.2:

Let Y = ababababa. Then, the prefix U = abab is a period of Y, since Y =
UZ2a. String Y also has the following periods: ab, ababab, abababab. O
The period of a string Y is the shortest period of Y. Let p be the length
(also called size) of the period of Y. We will also refer to p as the period of Y.
Hence, p is the smallest integer between 1 and m such that Y(i) = Y(i + p),
for all i satisfying 1l <i <m - p.
The string Y is called periodic if its period p satisfiesp < m/2.

EXAMPLE 7.3:

Consider the following two strings: Y = abcaabcab and Z = abcabcab. String
Y'is not periodic, since its shortest period is abcaabc; string Z is periodic, and
has the period p = 3. a

An important fact about the periods of a string is stated in the next lemma.
Before giving the lemma we review a simple version of Euclid’s algorithm for
computing the greatest common divisor 3 of two positive integers p and g.

Remark 7.1: To compute the greatest common divisor & of p and g, we set
o: = p = qifp = q. Otherwise, we assume without loss of generality thatp >
g. Then, it is easy to verify that § = gcd(p — g, q). Therefore, computing 3 is
now reduced to finding the greatest common divisor of the two integersp’ =
p —qgandgq' = q.Clearly,p’ + ¢' < p + g. Hence, the process can be
continued until the two remaining integers are equal. We then set d to their
common value. a

Lemma 7.1 (Periodicity Lemma): If a string Y has two periods of sizes p and
g, and |Y| = p + g, then Y has a period of size gcd(p, q), where gcd(p, q) is
the greatest common divisor of p and q.
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Proof of Lemma 7.1: 1fp = g, the proof follows trivially. Letp > gandlet |Y| = m.
Claim: Y has a period of sizep — q.

Proof of Claim: Since Y has a period of size p, we have that Y(i) = Y(i + p),
for1 =i <m — p.ThisfactimpliesY(i — q) = Y(i + p — gq),forg + 1 =
i =m — (p — q). But Yalso has a period of size g. Hence, Y({) = Y(i — q) =
Yi+p—-gq)forg+1<i<m~— (p— ¢q) Onthe other hand, Y(i) =
Y(i +p)=Y(i+p—gq)forl <i < q.Note that we have used here the fact
thatm = p + q. Hence, Y({) = Y(i +p — g),forl =i<m - (p — q),and
Y has a period of size p — g.

The rest of the proof follows from Euclid’s algorithm for computing the
ged of p and g (Remark 7.1). O

Corollary 7.1: Let p be the period of string Y of length m. If Y has any period
of size q such that ¢ < m — p, then q is a multiple of p. a

Remark 7.2: Corollary 7.1 applies if p + g < m. On the other hand, we
should emphasize that Y may have a period g greater than m — p that is not

a multiple of p. The string Y = aabcaabcaa of period p = 4 has also a period
of size 9. 0

The following lemma is crucial to the parallel string-matching algo-
rithm presented in the next section.

Lemma 7.2: Let Y be a string of length m whose period is p, and let Z be an
arbitrary string of length n = m. Then, the following two statements hold.

1. If Y occurs in Z at positions i and j, then |i — j| = p.

2. If Yoccurs in Z at positions i and i + d, whered < m — p, then d must
be a multiple of p. If 0 < d < 7, then Y must also occur at positions i +
kp, where k is an integer such that kp < d.

Proof: Suppose that Y occurs in Z at positions i and j—say,i < j =i + m.
Then, Y(1:j — i) is a period of Y. Hence,j — i = p, where p is the period of
Y. This result establishes this first statement of the lemma.

Concerning the second statement, note that, if Y occurs at positions
iandi + d, then Y(1:d) is a period of Y, and hence d must be a multiple
of p, sinced < m — p (by Corollary 7.1). If 1 < d < 7%, then clearly Y is
periodic and Y will appear in all positions i + kp such thatkp < d, where k is
an integer. 0
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Corollary 7.2: Let Y be a string whose period is p, and let Z be an arbitrary
string of length n. Then, Y can occur in Z at most n/p times. O

7.1.2 THE WITNESS ARRAY

We now introduce a function on strings that will play a fundamental role in
our parallel string-matching algorithm.

Let Y be a string of length m and period p. Let 7 (Y) = min (p, ra )
That is to say,  (Y) is equal to the period p if Y is periodic; otherwise, 7 ()
is equal to F%W . A witness function ¢,,; is defined as follows: (1) ¢ (1) =
0, and, (2) for i between 2 and 7 (Y), dui(i) = k, where k is some index for
which Y(k) = Y(i + k — 1). _

Intuitively, imagine that a copy of Y is placed on top of Y such that the
first and the ith positions are aligned. Then, the overlapping portions of the
two copies cannot be identical, because otherwise Y(1:i — 1) would be a
period of Y (recall thati < w (Y) < p, the period of Y). Hence, there exists at
least one position for which the corresponding symbols are different. The
index & is one such position.

A witness function will be represented by an array WITNESS(1 :r) in
the obvious way, where r = m(Y).

EXAMPLE 7.4:

Consider the two strings Y = abcaabcab and Z = abcabcab, introduced in
Example 7.3. The following are two possible WITNESS arrays corresponding
toYand Z:

Y : WITNESS = (0,3,2,2,5) ‘
Z : WITNESS = (0, 3, 2) 0

Given a string Z of length n = m, consider the problem of determining
all the positions where the string Y can occur in Z. The array WITNESS
corresponding to Y provides a powerful tool to disqualify many positions of Z
as possible candidates for a matching.

Leti andj be two arbitrary positions of Z such that |i — j| < 7 (Y). We
know, from Lemma 7.2, that Y cannot occur at positions i and j simulta-
neously. Let us place two copies of Y on top of Z, one starting at position i, the
other starting at positionj (see Fig. 7.2). Then, WITNESS(j — i + 1) provides
a position at which the two copies of Y differ. Hence, a simple test comparing the
symbols at these locations and the symbol at the corresponding location of Z will
eliminate at least one of the positions i and j for a possible occurrence of Yin Z.
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FIGURE 7.2

Elimination of one of the indices i or j as possible candidates for a matching

by using WITNESS( — i + 1) = k. Since Y(k) = Y(k + j — i), comparing

Z(G + k — 1) with Y(k) and Y(k + j — /) will eliminate at least one of the indices
i and j as possible locations where Y can occur in Z.

The algorithm is given more formally next.

ALGORITHM 7.1
(Duel(, j))
Input: (1) A string Z of length n; (2) a WITNESS array of another
string Y of length m < n; and (3) two indices i and j, where 1 <
i<j<sn-—msuchthatj — i <w(Y) = min(p, F%‘l)andpis
the period of Y.
Output: One of i or j; string Y cannot occur in Z at the eliminated
position.
begin

1. Setk: = WITNESS(j — i + 1)

2. ifZ(j + k — 1) = Y(k) then return(i)

else return(j)

end

EXAMPLE 7.5:

Let Y = abcabcab with the following WITNESS array: WITNESS = (0, 3, 2),
and let Z = abcaabcabaa. Consider the two positions i = 5 andj = 7 of Z.
Since WITNESS(7 — S + 1) = 2, the duel algorithm checks Y(2) = b against
Z(8) = a. Since Y(2) = Z(8), the indexi = 5 is returned. O

Lemma 7.3: Let Y and Z be two given strings, and let i < j be two distinct
indices of Z such that j — i < w (Y). Then, no matching of Y in Z can occur
at the position eliminated by duel(i, j). Moreover, this procedure takes O(1)
sequential time.
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Proof: Since2 <j — i + 1 < p, we have that WITNESS(j — i + 1) =k =
0. This fact implies that Y(k) = Y(k + j — i). Consider locationj + k —
1 of Z. We cannot simultaneously have the two equalities Z(j + k — 1) =
Y(kyand Z(j + k — 1) = Y(k + j — i) (see Fig. 7.2). Clearly, if Y(k) =
Z(j + k — 1), then Y cannot occur at location j in Z. Hence, index i is
returned. If Z(j + k — 1) = Y(k), thenj is returned, since Z(j + k — 1) =
Y(k + j — i), and hence Y cannot occur at location i of Z. In either case, no
matching occurs at the eliminated index. Note that the index returned does
not necessarily represent a matching at that location.

The duel algorithm can be implemented trivially in O(1) sequential
time; hence, the lemma follows. O

7.1.3 *THE PERIODS OF THE PREFIXES

In this section, we address the following string problem. Let Z and Y be strings
of lengths n and m, respectively, such thatn = m. Letibe an arbitrary position
of Z such that Y does not occur in Z at postioni,where l <i<n —m + 1.
Letj be the smallest index such that Y(j) # Z(i + j — 1). Such an index j
always exists because Y does not occur in Z at position i (see Fig. 7.3). Our
problem is to determine the closest next position (after i) that should be
considered for the possible occurrence of Yin Z.

At first thought, it may seem that the locationi + 1 is the next possible
candidate position. However, based on the information we have, it may be
possible to eliminate many of the consecutive positionsi + 1,i + 2, ... ,n —
m + 1 from consideration. We next justify this statement more rigorously.

Assume that the indexj is greater than 1. Then, we know that the two
substrings Y(1:j — 1)and Z(i :i + j — 2) are identical, sincej is the smallest
index such that Y(j) # S(@ + j — 1) (see Fig. 7.3). Hence, the substring
Y(1:j — 1) has occurred at location i in Z. By Lemma 7.2, the next possible
occurrence of Y(1:j — 1)in Z is at location i + D(j), where D(j) is the period
of Y(1:j — 1). It follows that Y cannot occur in Z at any of the locations
I+ 1,i + 2, ...,i + D(j) — 1. Therefore, the next possible location of Z
where Y can possibly occur isi + D(}j).

The case when j = 1 provides no useful information; hence, the next

candidate positionisi + 1, which can be expressed asi + D(j) as in the case
wherej > 1.

EXAMPLE 7.6:

Consider the strings Y = abcabcab and Z = abcaabcabaa. Let us try to match
Y atlocationi = 1 of Z. Location 5 is the first position of a mismatch; hence,
Jj = 5. The period of the prefix Y(1 : 4) = abca is equal to 3; thus, D(5) = 3.
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FIGURE 7.3

Determination of the next closest position where Y can possibly occur in Z.

The index j is the smallest index such that Y(j) = Z(i + j — 1); hence the two
substrings Y(1 : j — 1) (lower copy) and Z(/ : i + j — 2) are identical (hatched
portions). Let D(j) be the period of the substring Y(1 : j — 1). The next possible
location where Y(1 :j — 1) can occur is i + D(j); therefore, this location is the
next location that should be considered for a possible occurrence of Y in Z.

This result implies that the next possible occurrence of Y in Z is at location
i + D(j) = 4; hence, there is no need to consider positions 2 and 3 for a
possible match. O

The function D introduced previously plays a fundamental role in the
linear-time sequential algorithm for string matching described in Section 7.3.4.

7.2 String Matching

Given a text string and a pattern string, the string-matching problem is to find
all the occurrences of the pattern in the string. More precisely, let the textand
the pattern be represented by the arrays T(1 : n) and P(1 : m), respectively,
such that n = m. We wish to determine a Boolean array MATCH such that,
foreachl <i<n - m + 1,MATCH(i) = 1if and only if P(1 : m) occurs in
T at position i; that is, P(j) = T(i +j — 1),for1 < j < m.

String matching is a fundamental problem in text editing. There are two
classic O(n + m) sequential algorithms for string matching: the Knuth-
Morris-Pratt (KMP) algorithm, and the Boyre-Moore (BM) algorithm. A
simple version of the KMP algorithm will be briefly outlined in Section 7.3.4.
The reader can consult the references cited at the end of this chapter for
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more details concerning these two algorithms and several extensions. The
techniques used in these two algorithms do not lead to an efficient parallel
approach for string matching. In Sections 7.3 and 7.4, we develop different
techniques that will yield an O(log m) time parallel string-matching algo-
rithm using O(n + m) operations.

There is a well-known paradigm to handle various pattern-matching
problems. It consists of the following two main steps:

1. Pattern analysis: This step involves the processing of the pattern only.
Some information regarding the structure of the pattern is extracted,
and is stored in one or more tables.

2. Text analysis: This phase involves the processing of the text using the
pattern and the information generated during the pattern-analysis phase.

Our method for handling the string-matching problem will also follow
this paradigm. The pattern-analysis phase will consist of generating the array
WITNESS, as introduced in the previous section; the second phase will gen-
erate the output array MATCH efficiently, by using the array WITNESS. We
start by describing the latter phase.

7.3 Text Analysis

Our input to the text-analysis phase consists of the text array 7(1 : n), the
pattern array P(1 : m), and the WITNESS array of the pattern WITNESS(1:r),
where r = w(P) = min(p, r3 ) and p is the period of the pattern P. Recall
that WITNESS (i) = k implies that P(k) = P(i + k — 1),for2 < i < rand
! <=k <m — i+ 1. We shall describe the algorithm to find all the occur-
rences of the pattern P in the text 7.

The brute-force algorithm would try to match P(1 : m) against T(i : i +
m — 1) for each position i, where 1 < i < n — m + 1. Clearly, O(m)
operations are required for each such position, leading to an algorithm that
uses a total of O(nm) operations. This algorithm can be implemented in O(1)
time on the common CRCW PRAM, since the m comparisons required for
each position i can be done concurrently in one parallel step, and the value
MATCH(i) is nothing but the Boolean AND of the m outcomes.

In spite of its speed, the brute-force algorithm requires an excessive
number of operations compared with the linear number of operations used by
several of the known sequential algorithms. We develop an alternative strat-
egy that reduces the total number of operations to O(n).
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7.3.1 THE NONPERIODIC CASE

We start by considering the case when P is nonperiodic. The corresponding
WITNESS array is of size r%'l . In addition, we know from Lemma 7.2 that,
given any segment of the text T oflength < 7, P can occur at most once in that
segment. This observation suggests the following approach.

Decompose T into blocks T, each T; consisting of r%‘l consecutive
characters. Each such block can contain at most one position where a match-
ing can occur. Suppose that we have eliminated all but one possible match
point in each T;. Then, the brute-force algorithm can be applied to all the
possible match points concurrently in O(1) time, using a total of 0(-%’— X m) =
O(n) operations. We now proceed to show how to disqualify all the positions
but one, in each block T;.

Initially, all the positions of a block T; are potential candidates. Let j
and k be two arbitrary such positions. The function duel(j, k) introduced in
Algorithm 7.1 will eliminate one of the positions j and k in O(1) sequential
time using the array WITNESS. Therefore, the duel function can be used to
eliminate all but one position as follows. We construct a balanced binary tree
on the elements of T; such that the value stored at each leaf is the index of the
corresponding element, and the value stored at an internal node v is the value
returned when the duel function is applied to the values stored in the children
nodes. The index stored at the root is the only possible candidate for a
matching. This process takes O(log m) time, using O(m) operations.

Our text-analysis algorithm for the case when the pattern in nonperi-
odic is stated more formally next.

ALGORITHM 7.2
(Text Analysis, Nonperiodic Pattern)
Input: Three arrays T(1 : n), P(1 : m), and WITNESS (1 : 5"2-) corre-
sponding to a text, a pattern and a witness function of the pattern,
respectively. It is assumed that P is nonperiodic, and m is even.
Output: The array MATCH, indicating all the positions where the
pattern occurs in the text.
begin
1. Partition T into r%‘l blocks T;, each block containing no
more than 5 consecutive characters.
2. For each block T, eliminate all but one position as a possible
candidate for a matching by using a balanced binary tree, where
each internal node u contains the index returned by the function
duel(i, j), and i and j are the indices stored in the children of u.
3. For each candidate position, verify whether P occurs at that
position in T by using the brute-force algorithm.
end
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EXAMPLE 7.7:

Let T = babaababaaba and P = abaab. Clearly, Pis nonperiodic and 1 (P) =
r5/21 = 3. Suppose we are given the array WITNESS = (0, 1, 2). Algorithm
7.2 starts by decomposing T into four blocks, each block containing three
consecutive characters. Let Ty = bab, T, = aab, T3 = aba,and T4 = aba. All
these blocks are then handled concurrently. After the first round of duels, we
obtain duel(1, 2) = 2, duel(4,5) = 5, duel(7, 8) = 7 and duel(10, 11) = 10.
The outcomes of these duels are based on WITNESS(2) = 1. After the
second round of duels, we get duel(2,3) = 2,duel(5,6) = S,duel(7,9) = 7and
duel(10, 12) = 10. Note that the outcomes of duel(7, 9) and duel(10, 12) are
based on WITNESS(3) = 2 (a comparison between P(2) = b and the non-
existent character 7(13) is assumed to yield a true value to the inequality
P(2) # T(13)). Therefore we are left with the potential candidates 2, 5, 7 and
10—one per block. We can easily check that P occurs at locations 2 and 7. O

We now state the following lemma concerning Algorithm 7.2, whose
proof is left to Exercise 7.8.

Lemma 7.4: Algorithm 7.2 correctly identifies all the positions where the
nonperiodic pattern can occur in the text. It can be implemented to run in
O(log m) time, using O(n) operations. O

PRAM Model: Since the information stored in the WITNESS array will be
used for all the blocks T, a concurrent-read capability is required by Algo-

rithm 7.2. No concurrent write is used. Hence, Algorithm 7.2 runs on the
CREW PRAM model. a

Remark 7.3: We developed, in Section 2.6, an optimal O(log log ) time
algorithm to compute the maximum of n numbers. It turns out that the duel
function behaves like the maximum function, thereby allowing us to use the
strategy of Section 2.6 for designing an O(log log m) time optimal algorithm
to eliminate all but one candidate in each block of size m/2. However, the
resulting algorithm will require the common CRCW PRAM. The details are
left to Exercise 7.9. a

7.3.2 THE PERIODIC CASE

We now consider the case when the pattern is periodic—say, P(1: m) = uk v,
where v is a proper prefix of u (which could be empty) and |u| = p is the
period of P. Our WITNESS array is then of length p.
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Consider the prefix P(1: 2p — 1) as a new pattern whose occurrences in
T are to be found. We can easily adjust the array WITNESS so that it corre-
sponds to P(1: 2p — 1) by using the following lemma.

Lemma 7.5: Given a pattern P(1 : m) that has period p < m/2, the array
WITNESS(1 : p) can be assumed to satisfy WITNESS(j) < p, for any index j.

Proof: Letk = WITNESS(j). Define k' = k mod p, if k is not a multiple of p;
otherwise, define k" = p. Since P(1: m) is periodic of period p, P(k) = P(k') and
P(j+ k—1) =P + k' — 1). Hence, we can set WITNESS(j): = k' < p. O

Since P(1: 2p — 1) is nonperiodic, we can use Algorithm 7.2 to deter-
mine all the occurrences of P(1: 2p — 1) in the text T in O(log p) time using
O(n) operations. As a result, we know each positioni of T at which P(1:2p — 1)
occurs. Each such position i can be easily checked for an occurrence of u?v.
Now the problem of generating MATCH(i) comes down to checking whether
u?v occurs at positions i, i + p, ---,i + (k — 2)p, where k is the integer
defined before by P(1 : m) = ukv.

The text analysis for the case when the pattern is periodic is given next.

ALGORITHM 7.3
(Text Analysis, Periodic Case)

Input: Three arrays T(1 : n), P(1 : m), and WITNESS(1 : p)
representing respectively a text, a pattern, and a WITNESS array
corresponding to P(1 : 2p — 1). We also know that the pattern is
periodic and has period p.
Output: The array MATCH identifying all the positions in the text
where the pattern occurs.
begin
1. Use Algorithm 7.2 to determine the occurrences of the prefix
P(1:2p — 1)inT.
2. For each occurrence of P(1 : 2p — 1) in T—say, at position
i—find whether u® v occurs at i, whereu = P(1:p), v = P(kp +
1:m), and k = un/p]. If it does, set M(i): = 1. For all the other
positions i such that 1 < i < n, set M(i): = 0.
3. For each i such that 1 < i < p, let S; be the subarray of M
consisting of the bits (M(i), M(i + p), M(i + 2p), ... ). Foreach
position | of S; that contains a 1, set C(i,1): = 1if there are at least
k — 1 consecutive 1’s starting at this position. For all the remain-
ing positions | of S;, set C(i, l): = 0.
4. Foreachl <jsn—-—m+ Lletj=i+Ipwherel <i =<
pandl = 0. Then, set MATCH(j): = C(i,! + 1).
end
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EXAMPLE 7.8:

Let T = babababababaabab = (ba)%(ab)?, and let P = abababa = (ab)’a.
Hence, the pattern P has the period ab of length 2. Since P(1 : 3) = aba, step
1 of Algorithm 7.3 identifies the locations 2, 4, 6, 8, 10, and 13, where P(1: 3)
occurs in T. The only occurrences that can be extended to (ab)?a are in
locations 2, 4, 6, and 8. Hence, the array M is givenby M = (0, 1,0, 1, 0,
1,0,1,0,0,0,0,0,0,0,0). During the execution of step 3, we generate the
two subarrays §1 = (0,0,0,0,0,0,0,0)and 2 = (1,1,1,1,0,0,0,0). We
then look for the occurrence of two consecutive 1’s in each of §1 and S;.
We therefore obtain C(1,1) = 0, forallvaluesof 1 =/ < §,and C(2,1) =
C(2,2) = C(2,3) = 1,and C(2,]) = 0 for4 = [ < 8. Step 4 sets
MATCH(2): = C(2,1) = 1, MATCH(4): = C(2,2) = 1, MATCH(6): =
C(2, 3) = 1, and MATCH(i): = 0 otherwise. Therefore, P occurs in T at
positions 2, 4, and 6. ) ]

Lemma 7.6: Algorithm 7.3 determines all the occurrences of the periodic
pattern P(1 : m) in the text T(1 : n) in O(log m) time, using a total of O(n)
operations.

Proof: The correctness proof follows from the discussion before the state-
ment of the algorithm.

The complexity bounds can be estimated as follows. By Lemma 7.4, step
1 takes O(log m) time, using a total of O(n) operations. As for step 2, testing
whether the occurrence of P(1: 2p — 1) can be extended tou? v can be done
in O(log m) time, using O( p) operations, for each such position by the brute-
force algorithm. Since P(1 : 2p — 1) can occur at most O(%) positions in T
(Corollary 7.2), the total number of operations for step 2 is O(n).

Setting up the S; arrays required by step 3 can be done in O(1) time,
using a total of O(n) operations. To compute C(i, /), we do the following. We
partition each S; into buckets, each bucket containing k — 1 consecutive bits.
We compute the suffix sums of each maximal sequence of 1’s within each pair
of consecutive buckets. The boundary of such a maximal sequence of 1’s is
either a 0 or a boundary of the combined pair of consecutive buckets. We can
use the segmented prefix-sums algorithm (see Exercise 2.5) to compute the
suffix sums in O(log k) = O(log m) time, using a linear number of operations.
Then, C(i,!) = 1if and only if the suffix sum corresponding to position/in S;
is greater than or equal to k — 1. Hence, step 3 takes O(log m) time, using a
linear number of operations.

Step 4 is straightforward; it takes O(1) time, using O(n) operations.
Therefore, the running time of the whole algorithm is O(log m), and the total
number of operations is O(n). O
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PRAM Model: Step 1 of Algorithm 7.3 requires the CREW PRAM model.
The remaining steps can be executed on the CREW PRAM within the stated
bounds. Note that steps 2,3, and 4 can be implemented in O(1) time optimally on
the common CRCW PRAM. Such an implementation is left to Exercise 7.11. [J

7.3.3 COMBINING ALGORITHMS

Combining Algorithms 7.2 and 7.3 developed in Sections 7.3.1 and 7.3.2 we
obtain the following theorem concerning the parallel complexity of the string-
matching problem, given the WITNESS array of the pattern.

Theorem 7.1: Given a text T(1 : n), a pattern P(1 : m), and the WITNESS array
corresponding to P, we can determine all the occurrences of P in T in O(log m)
time, using a total of O(n) operations. Moreover, we can do so using the CREW
PRAM model. O

Section 7.3.4 is devoted to a brief presentation of a classical linear-time
sequential algorithm for string matching. The reader can skip that section
without loss of continuity.

7.3.4 *THE KNUTH-MORRIS-PRATT
STRING-MATCHING ALGORITHM

It is interesting to compare our parallel algorithm with the classic linear-time
algorithms for string matching. An outline of the KMP string matching algo-
rithm is given in this section. As in the case of the parallel algorithm, we
concentrate here on the text analysis.

Let T(1:n) and P(1 : m) be the given text and pattern. Assume that the
function D(1 : m + 1) introduced in Section 7.1.3 is generated during the
pattern-analysis phase. Recall that D(1) = 1, and D(j) is the period of the
prefix P(1:j — 1),for2 = j < m + 1. For convenience, we assume that the
pattern is extended by a special character—say, P(m + 1) = #—that cannot
appear in the text. Hence, P(m + 1) = T(i) forany 1 <i{ < n.

Imagine placing the pattern P over the text T and (while keeping T
fixed) sliding P to the right according to a certain rule to be described shortly.
We will use two pointers k andj to the current characters 7(k) and P(j) being
matched. The algorithm maintains the following invariant.

Invariant 7.1: Imagine Pis placed over T such that P(j) and T(k) are aligned.
Then, the characters P(1), P(2), - -- , P(j — 1) match the corresponding charac-
ters of the text. More formally, P(j)) = T(k —j + i),where1 <i<j -~ 1. 0O
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Initially, k = j = 1 and the invariant holds vacuously. Consider now
an arbitrary step of the algorithm. We compare P(j) and T(k). Two cases
might arise:

1. P(j) = T(k): We then move the two pointers forward by settingj: = j +
landk: = k + 1.Ifj = m + 1, then we know that a match has been
found, and we set MATCH(k — m): = 1. The invariant is clearly
maintained in this case.

2. P(j) = T(k): Nomatch is possible at the current position of the pattern.
Hence, we have to slide the pattern to the right. We have already seen,
in Section 7.1.3, that we obtain the next possible candidate position by
sliding the pattern D(j) places to the right. Hence, we cansetj: = j —
D(j). It is easy to verify that the invariant holds in this case as well.

In the algorithm given next, we use the failure function F defined by
F(j) =j — D(j),wherel <j <m + 1.

ALGORITHM 7.4
(KMP String Matching)

Input: Three arrays T(1 : n), P(1 : m + 1), and F(1 : m + 1)
representing a text, a pattem and the failure function corresponding
to P, respectively. P(m + 1) is a special character that cannot appear
in the text.
Output: The array MATCH indicating all the occurrences of P(1 : m)
in the text.
begin
L Setj. = 1,k: =1,
2. whilek ~j<n -~ mdo
T(k) = P(j):{Setk: =k + 1,j: =j + 1,
if j = m + 1thenset MATCH(k — m): = 1}
T(k) = P(j) : {Setj: = F(j);
if j =Othensetk: =k + 1,j: = 1}
end

EXAMPLE 7.9:

Let P = abab and T = babaababaa. The failure function corresponding to P
is given by F = (0, 1, 1, 2, 3). Initially, j = 1 and k = 1, and we have the
situation depicted in Fig. 7.4(a). Since T(1) = P(1), we setj: = F(1) = 0,
hence, we advance the text pointer (k = 2) and set the pattern pointer; to 1.
Both pointers are advanced for the next three iterations because the corre-
sponding characters match. At this point, we are in the situation depicted in
Fig. 7.4(b). Now, since P(4) = T(5),we setj: = F(4) = 2, which is illustrated
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in Fig. 7.4(c). Again P(2) = T(5); hence, the value is reset toj: = F(2) = 1.
Fig. 7.4(d) illustrates the current relative positions of the strings. The two
pointers are then advanced for the next four positions, resultinginj = 5 and
k = 9. Hence, MATCH(S) is set to 1. We next obtain j: = F(5) = 3, and we
continue withk = 9. a

J J
ab ab abahb
babaababaa babaababaa
k k

(a) (b)
J

a a b a b ab
b aba b abaa babaababaa

i

k

B — R T -

~

(d)

babaabab

>
e N N -— .
=

(e)

FIGURE 7.4

Several stages of the KMP algorithm. (a) The initial configuration. Since T(1) =
P(1), the text pointer is advanced; hence, k = 2, and the pattern pointer j is
set to 1. These pointers will be advanced in the next three iterations, since the
corresponding characters match. During the fourth iteration, we notice that
T(5) = P(4) as shown in (b); hence, the pattern is slid two positions to the
right, since the period of aba is 2, resulting in the configuration shown in (c).
The pattern is then slid one position to the right, since the corresponding
characters do not match, resulting in the configuration shown in (d) at the end
of the sixth iteration. The two pointers are then advanced four positions;
hence, a match will be reported. The pattern is then slid two positions to the
right, as indicated in the configuration ().
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Theorem 7.2: The KMP algorithm correctly identifies all the locations where the
pattern P occurs in the text T, in O(n) sequential time.

Proof: The correctness proof follows from the discussion prior to the state-
ment of the algorithm. As for the running time, notice that, during each
iteration of the while loop, either both pointers j and k are advanced one
position to the right, or the pattern is slid a number of positions to the right;
hence, the algorithm terminates after O(n) sequential steps. O

7.4 Pattern Analysis

The two string-matching algorithms presented in Section 7.3 made critical
use of precomputed information regarding the pattern. The problem of gen-
erating this information from the input pattern is referred to as pattern
analysis. Our main goal in this section is to present parallel algorithms for
computing the array WITNESS associated with a given pattern that was used
in the parallel string-matching algorithm. The computation of the failure
function needed for the KMP algorithm will be outlined in Section 7.4.3.

Recall that the array WITNESS was defined for the indices i satisfying
1 =i < r,wherer = min (p, 31 ) and p is the period of the pattern. During
our pattern analysis, we may compute the WITNESS values of some indices
outside this range, since the period of the pattern has not yet been deter-
mined. Clearly, WITNESS(i) = k = 0 implies that P(i + k — 1) # P(k);
hence, a nonzero WITNESS(i) provides a concrete example illustrating that
the prefix P(1 :i — 1) is not a period of the pattern.

A brute-force algorithm to compute the WITNESS array consists of (1)
trying to match P(1:m — i + 1) and P(i : m), for eachisuchthat2 < i <
r21, and (2) storing the index of a mismatch, whenever there is one, in
WITNESS(i). The algorithm to identify the smallest such index, whenever it
exists, can be implemented in O(1) time on the common CRCW PRAM, using
a total of O(m) operations for each index i, as explained by the next remark.

Remark 7.4: Given an index i, where 2 < i < r%‘l, we can determine
WITNESS(i) in O(1) time, using O(m) operations, on the common CRCW
PRAM as follows. For eachksuchthatl < k <=m — i + 1,setby: = 1if
P(k) = P(k + i — 1); otherwise, setby: = 0. We can find the smallest index
k such that by = 1 in O(1) time using O(m) operations, on the common
CRCW PRAM (see Exercise 2.13). Therefore, determining WITNESS (i)
can be done within these bounds. Note that this method ensures that
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WITNESS(i) = k = 0is the smallest k such that P(k) = P(k + i — 1). On the
CREW PRAM, this algorithm takes O(log m) time, using a linear number of
operations, for each index i. O

It follows that the brute-force algorithm can be used to determine the
WITNESS array of the pattern P(1 : m) in O(1) time, using a total of O(m?)
operations on the common CRCW PRAM. We describe in Sections 7.4.1 and
7.4.2 a different algorithm that runs in O(log m) time, using only O(m) oper-
ations. We start with a simple version of this algorithm.

7.4.1 A SIMPLE O(LOG m) TIME ALGORITHM
TO COMPUTE THE WITNESS ARRAY

Our initial task is to establish a key observation that is similar to the obser-
vation that gave rise to the notion of a duel, introduced in Section 7.1.2. It
essentially states that, once the subarray WITNESS(2 : t) is computed, for
some ¢t < min{p, m/2}, where p is the period of the pattern P, then we can
compute the WITNESS value of at least one of any pair of indices i and j
satisfying |j — i| < ¢. This fact is stated more precisely in the next lemma.

Lemma 7.7: Suppose that we are given WITNESS(2 : t) of the string P(1 : m),
for some t < min|p, %), where p is the period of P. Then, given any pair of
distinct indices i and j, such that t < i,j < T2 and |j — i| < t, we can
compute at least one of WITNESS(i) or WITNESS(j) in O(1) sequential time.

Proof: Without loss of generality, assume thatj > i. Letk = WITNESS(j —
i + 1). Note such an index k is available, since2 < j — i + 1 < ¢, and k must
be different from O since ¢ < p. Hence, P(k) = P(k + j — i). We distinguish
between the following two cases:

D Casel:k <m —j + 1. Thiscase isillustrated in Fig. 7.5(a). The character
P(k + j — 1) must be different from at least one of P(k) or P(k + j — i).If
P(k + j — 1) = P(k), then we can set WITNESS(j): = k. Similarly, if
Pk +j — 1) = P(k + j — i), then we can set WITNESS(i): = k +j — L.

O Case 2:k > m — j + 1. This case is illustrated in Fig. 7.5(b). Consider
the character P(k — i + 1). Sincek > m — j + 1,we have thatk — i +
1>m —j— i+ 2,whichimpliesthatk —i + 1 = 1,sincei,j < rm/21.
Clearly, P(k — i + 1) must be different from at least one of the two
characters P(k) or P(k + j — i). We set WITNESS(j): = k —i + 1
whenever P(k — i + 1) # P(k +j — i),and WITNESS(i): = k — i +
1 whenever P(k — i + 1) = P(k). O
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[
|
i | /| k+j-1] |p

FIGURE 7.5

Determination of WITNESS (i) or WITNESS(j) using WITNESS(j — i + 1) = k.
(@) The first case is where k < m — j + 1. Since P(k) = Ptk +j — i),
either (1) P(k) = P(k + j — 1), and hence we set WITNESS(j): = k, or

(@) Ptk + j — i) = Ptk + j — 1), and hence we set WITNESS(): = k + j — i.
(b) The second case is where k > m — j + 1. Since Ptk) = Ptk +j — i),
either (1) P(k — i + 1) = P(k), in which case we can set WITNESS()): = k — i +
1,0r(2) Pk — i + 1) = Pk + j — i), and hence WITNESS(j): = k — i + 1.

This process of deducing at least one of WITNESS(i) or WITNESS(j)
from WITNESS(j — i + 1) will be referred to as a duel between P(i) and P(j)
(or simply a duel between indices i and j). More precisely, the duel function
applied to the pair P(i) and P(j) in this section assigns a nonzero value to at
least one of WITNESS(i) or WITNESS(j) and returns the other index, if any,
whose WITNESS value is still 0. |

The following corollary will be used in establishing the correctness of
the optimal pattern-analysis algorithm presented in Section 7.4.2.

Corollary 7.3: Given any pair of distinct indices i and j, such thatt < i, j <
F21 and |j — i| < t, any computed WITNESS value after a duel between P(i))
and P(j) is no larger than WITNESS(|j — i| + 1) + |j — i|. O

We can use a simple strategy to compute the WITNESS array based on
the fact shown in Lemma 7.7. The main idea is to start by partitioning the
pattern P into blocks, each of size 2. We compute WITNESS(2) using the
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brute-force algorithm. A duel between the pair of elements in each of the
remaining blocks yields a WITNESS value to at least one element from each
block. We then consider blocks of size 4. The first block P(1 : 4) has at most
one element whose WITNESS value has not been determined. Each of the
remaining blocks contains at most two elements whose WITNESS values have
not yet been determined. Hence, we compute the WITNESS value of the
remaining element in the first block using the brute-force algorithm, and we
then apply duels between each pair of the surviving elements in each remain-
ing block. We can continue in this fashion until our WITNESS array has been
determined. The details are given next.

Assume thatm = 2*; the case when m is not a power of 2 can be solved
by a simple extension of the case treated here. Let the i-blocks of P be defined
to be the subarrays P(1:2¢), P(2* + 1:21*1) .. P20 + 1:(I + 1)2), for
I +1 = 2571~ (and hence (/ + 1)2 < m/2). The algorithm consists of at
most s — 1 iterations and maintains the following invariant.

Invariant 7.2: On entering the ith iteration, the first i-block has at most one
index j, where 2 < j < 2, such that WITNESS(j) = 0. Each of the
remaining i-blocks has at most two indices k and / such that WITNESS (k) =
WITNESS(l) = 0. d

Initially, we have i = 1, and each block contains two elements. We start by
computing WITNESS(2) using the brute-force algorithm. If WITNESS(2) =
0, the pattern is then periodic, with period 1, and the algorithm terminates.
Otherwise, the WITNESS value of at least one element of each of the remain-
ing 1-blocks can be computed using the duel strategy. This finishes the de-
scription of the first iteration. The algorithm proceeds to the second iteration.

Suppose the algorithm enters the ith iteration for i > 1. The first ith
block—that is, the block P(1 : 2)—has only one indexj such that WITNESS(j) =
0O andj # 1. We call such an indexj a candidate. We compute WITNESS(})
using the brute-force algorithm. Now, if WITNESS(j) = 0, then the pattern
is periodic, with period p = j — 1. We can stop here, because the array
WITNESS(1 : p) has been determined completely. Otherwise, we have that
WITNESS(t) = 0, for any 2 < t < 2!, Each of the remaining ith blocks
contains at most two candidates (that is, two indices k and [ such that
WITNESS(k) = WITNESS(l) = 0). We can then apply the duel procedure to
every such pair. Each i-block is then left with at most one candidate. We now
proceed to iteration i + 1.

The overall algorithm is described next.

ALGORITHM 7.5
(Simple Pattern Analysis)
Input: A pattern P(1 : m), where m = 25,
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Output: The array WITNESS(] : r), where r = min(p, 2°~ 1), and
p is the period of P.
begin
1. for1 < i < m/2 pardo
Set WITNESS(i): = 0
2. fori = 1tos — 1do
2.1. Letj # 1 be the candidate in the first i-block.
Compute WITNESS(j) using the brute force algo-
rithm.
2.2, if WITNESS(j) = O then exit
2.3. for all i-blocks B (except the first) pardo
Apply duel(k, s), where k and s are the
candidates in B.
end

Theorem 7.3: Algorithm 7.5 correctly generates the array WITNESS in
O(log m) time, using a total of O(m log m) operations.

Proof: 1t is easy to verify that Invariant 7.2 holds whenever the algorithm
enters the ith iteration. If the algorithm terminates after the (s — 1)st itera-
tion, then, using Invariant 7.2, the array WITNESS(2 : 25~ 1) has been deter-
mined. Otherwise, the algorithm terminates at a certain iteration i such that,
after application of the brute-force algorithm, WITNESS(j) remains equal to 0,
forsome 2 < j < 2/, and WITNESS(l) = Ofor!l = jand 2 < [ < 2!, This result
implies thatj — 1 is the period of P(1 : m), and the array WITNESS(1:j — 1)
is the desired output.

As for the complexity bounds, note that there are at most s — 1 itera-
tions of the for loop at step 2. We assume that, after a duel between the pair
of indices i and j, the surviving index, if any, is stored in a specific location
designated for the corresponding block. Hence, during the next iteration,
such a candidate can be accessed in O(1) sequential time. Step 2.1 takes O(1)
time, using O(m) operations. A duel applied to a pair of indices takes O(1)
sequential time. Hence, step 2.3 takes O(1) time, using O(%) operations.

Therefore, each iteration can be done in O(1) time, using O(m) operations.
Since there are O(log m) iterations, the claimed complexity bounds follow. O

EXAMPLE 7.10:

Consider the pattern P = abcabcab; hence,m = 8, in this case. The algorithm
has at most two iterations. During the first iteration, WITNESS(2) is deter-
mined to be equal to 1. We then perform a duel between P(3) and P(4). In this
case, we obtain that WITNESS(3) = 2. We now proceed to the second iteration.
The candidate in the first 2-block is P(4). Computing WITNESS(4), we obtain
that WITNESS(4) = 0. Hence, P has a period of size 3 and we stop here. (]
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PRAM Model: Step 2.1 requires a concurrent write of the same value, if it is
to be executed in O(1) time. Step 2.3 requires a concurrent read, since two
different i-blocks may need the same WITNESS value. However, this substep
does not require any concurrent-write instructions. Therefore, the common
CRCW PRAM is needed to achieve the stated complexity bounds. a

7.4.2 AN OPTIMAL O(LOG M) TIME ALGORITHM
FOR PATTERN ANALYSIS

The main source of inefficiency in Algorithm 7.5 lies in the process of com-
puting the value WITNESS(j) in step 2.1 using the brute-force algorithm.
During the ith iteration, the number of operations required by the remaining
stepsis O(LZ",-), and thus O(Em/2') = O(m) operations are sufficient to execute
these steps over all the iterations. We now describe a more refined method for
computing WITNESS(j), forj in the first i-block, possibly over several rounds
if necessary. This method will allow us to reduce the total number of opera-
tions to O(m).

Recall that, at the beginning of the ith iteration, j is the only index
satisfying 2 < j < 2! and WITNESS(j) = 0. Consider computing WITNESS(j)
by using the prefix P(1 : 2{+1) as the pattern (instead of P(1 : m)). Hence, we
wish to find an index k, where 1 < k < 2i*1 such that P(k) = P(j + k — 1)
if such an index exists. In this case, the number of operations used is O(2), as
opposed to the O(m) needed had we used the whole pattern P. If such a
scheme works, the correponding total number of operations is O(2;2) =
O(m) over all the iterations. Since this approach seems promising, we explore
it further.

Suppose that the resulting value of WITNESS(j) is different from zero;
that is, there exists a k such that 1 < k < 2i*1 and P(k) = P(j + k — 1).
Then, we have a correct WITNESS value for the indexj, and we can proceed
just as before.

Consider now the case when the value of WITNESS(j) remains 0. The
fact that WITNESS(j) = 0 for the pattern P(1: 2/ *1) implies thatp = j — 1
is the period of P(1 : 2{*1), since j is the smallest such index (as computed by
the method outlined in Remark 7.4). However, p may or may not be the
period of the whole pattern. If p turns out to be the period of P(1 : m), then
we can stop immediately, since WITNESS(1 : p) has already been deter-
mined. Otherwise, we have to proceed until at some point WITNESS(j) can
be determined.

The following lemma states facts concerning the case when p is a period
of some prefix of P, but is not a period of the whole pattern.

Lemma 7.8: Suppose that p is the period of the prefix P(1 : 2%), but is not a
period of P(1: 2%%1). Let w be the smallest index such that 1 = w < 2e+1 —p
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and P(w) # P(p + w). Assume that the values WITNESS(t) are available for
all 2 < t < p and that WITNESS(t) < r, for some r < 2% Given any index |
in the range p < | < 2% then the following statements hold:

I.Ifl # 1 mod pand ! < 2* — r, then we can set WITNESS(l): =
WITNESS(l"), where I' = I mod p such that2 < I' < p.

2. Ifl' = 1 modp, sayl = kp + 1, for some integer k = 2, then we can set
WITNESS(): = w — (k — 1)p.

Proof: We start by proving the first statement. Let p = WITNESS(!"). Then,
P(B) = P(I' + B — 1).Since! < 2% — r,we have that/ + B — 1 < 2%, and
thus P + B — 1) = P(I' + B — 1) because p is the period of P(1 : 2%).
Therefore, P(B) = P(I + B — 1) and the first statement follows.

We now consider the second statement. Since w is the smallest index
such that P(w) = P(p + w), p is the period of P(1 : p + w — 1). Hence,
P(w) = P(w — (k — 1)p), which implies that P(w — (k — 1)p) = P(p + w).
Butp + w =14 (w — (k — 1)p) — 1; therefore, we can set WITNESS(]): =
w— (k = Dp. O

Corollary 7.4: Assume the same hypothesis as in Lemma 7.8, where p, r <
2¢~1 Then, we can determine WITNESS(l) = O, for all indices | in the range
p <1 < 2°71 in O(1) parallel steps, using a total of O(2%) operations.

Proof: Note that, for/intherangep <[ < 2e-1 [satisfies the condition! <
2% — r. Therefore, WITNESS(]) is either equal to WITNESS(!'), where I’ =
Imodpand2 < I' < p, or WITNESS(l)isequaltow — (k — 1)p, where! =
kp + 1. Since p, w, and WITNESS(!') are assumed to be known, computing
each WITNESS(!) takes O(1) sequential time. O

Based on Lemma 7.8 and Corollary 7.4, we develop an O(log m) time
optimal algorithm to compute the WITNESS array. We follow the strategy of
the simple pattern-analysis algorithm, with the following modification. At the
beginning of the ith iteration, we attempt to determine WITNESS(j) = 0,
where j # 1 is the only candidate in the first block, by using prefixes of the
pattern rather than the pattern itself. Before delving into more details, let us
mention that the following invariant will be maintained:

Invariant 7.3: On entering the ith iteration, WITNESS(l) < 2*1, for all
indices /. d

We sstart the ith iteration by using the prefix P(1: 2/ ') to determine the
value of WITNESS(j). If the resulting value is nonzero, we are done with
iteration, and we proceed toiterationi + 1. Otherwise,p = j — 1is the period
of P(1: 2!+ 1), We test whether p is a period of P(1: 2/+2), P(1:2i+3) ...,
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P(1:2%), where a is the largest index such that p is a period of P(1: 2¢). If
o = log m, then p is the period of the whole pattern, and hence we are done,
since we have already computed WITNESS(1 : p). Otherwise—that is, a <
log m—we can use Lemma 7.11 and its corollary to obtain the WITNESS
values for all the desired indices [ such thatp < | < 2%~ assuming for now
thata = i + 2. Note that all the corresponding WITNESS values will then be
different from 0. That is, there will no longer exist an index j such that 2 <
j < 2%~ 1and WITNESS(j) = 0. We can then use duels to update the desired
WITNESS values in each of the remaining (a — 1)-blocks, except for possibly
one index per block. Clearly, (a — ¢) rounds of duels between pairs of indices
may be required, since each (a — 1)-block contains 2¢~/~! j-blocks, each
with at most two candidates. Once the rounds are completed we are ready to
begin iteration . We shall show later that, at this point, WITNESS(l) < 2*+!
for any index [, and hence Invariant 7.3 is maintained.

There is one case that we have ignored; namely,« = i + 1. Thatis,p =
j — lis the period of P(1:2/*1), but is not the period of P(1 : 2{+2), where j
is the candidate from the first i-block. This special case does not require any
new ideas beyond those already presented. The fact that p is not a period of
P(1 : 2i+2) yields a nonzero WITNESS value for the candidate in the first
i-block. We can then use duels to eliminate at least one of the two candidates
in each of the remaining i-blocks. We then proceed to iteration i + 1.

In summary, the ith iteration consists of the following steps:

1. Letj be the candidate in the first i-block. Determine WITNESS(j) by
using the prefix P(1 : 2¢*1). If the resulting values of WITNESS()) are
different from 0, proceed as in the simple pattern-analysis algorithm
(Algorithm 7.5), and go to iterationi + 1. Otherwise,p = j — 11is the
period of P(1:2{*1). Proceed to step 2.

2. Find the largest & = i + 1such thatp is a period of P(1:2%), but p is not
aperiod of P(1:2%*1). If a = log m, then p is the period of the pattern,
and we are done (exit). Otherwise, proceed to step 3.

3. Use Lemma 7.8 and its corollary to eliminate all the candidates in the
first (o — 1)-block. Apply (a — {) rounds of duels between pairs of candi-
dates in each of the remaining (o — 1)-blocks. Proceed to iteration a.

EXAMPLE 7.11:

Consider the pattern P = abcabcabcabcabcc = (abc)3c. During the first
iteration, we use the prefix P(1:4) = abca to deduce the value WITNESS(2) =
1, followed by duels between the pairs P(3) and P(4), P(5) and P(6), and P(7) '
and P(8). As a result of these duels, we get WITNESS = (0,1,2,0,2,1,0, 1).
The candidates for the second iteration are P(4) and P(7). During the second
iteration, the prefix P(1: 8) = abcabcab is used to update WITNESS(4). But
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P(1:8) is periodic, with period 3, and thus WITNESS(4) remains 0. We then
check to see whether P(1 : 3) = abc is a period of P(1 : 2#), which is the whole
pattern. In this case, we obtain WITNESS(4) = 13. Notice that this case
corresponds to the case when o = i + 1 in the preceding algorithm. Now the
first 2-block (that is, P(1 : 4)) contains no candidates, and the remaining 2-block
contains only one candidate. Therefore, we go to the third iteration. Since P(7)
is the only candidate left, we compute WITNESS(7) = 10 using the whole
pattern. Therefore, we obtain the WITNESS array (0,1,2,13,2,1,10,1). O

Theorem 7.4: Given a string P(1 : m) above, we can compute the corresponding
array WITNESS in O(log m) time, using a total of above O(m) above operations.

Proof: We start by establishing the correctness of the modified pattern-
analysis algorithm.

Claim: The two Invariants 7.2 and 7.3 hold whenever the algorithm enters
iteration i.

Proof of the Claim: The fact that Invariant 7.2 holds whenever the algorithm
enters iteration i is easy to verify. The proof regarding Invariant 7.3 is more
subtle. The fact that a duel applied to indices i and j results in a WITNESS
value no larger than WITNESS(|j — i| + 1) + |j — i| (Corollary 7.3) will be
used in the analysis given next.

Suppose that the algorithm enters iteration o immediately after itera-
tion i terminates. Clearly o = i + 1. We consider two cases:

O Case I: o = i + 2. Hence, P(1: 2*) is periodic. Let p be the period of
P(1:2%). Then WITNESS(p + 1) < 2**1 — p_since p is not a period
of P(1: 2¢+1). Moreover, for / in the first (a — 1)-block, the following
inequalities hold: (1) WITNESS(l) < 2i+1,if I # 1 mod p, and (2)
WITNESS(kp + 1) = WITNESS(p + 1) — (k — 1)p < 2*+1 — kp.
Clearly, Invariant 7.3 holds for the first (o — 1)-block when the algo-
rithm enters iteration a.

Now let u > v be any two candidates in any of the remaining (a — 1)-
blocks. Ifu — v + 1 = 1 mod p, the duel applied between P(1) and P(v)
will result in a WITNESS value no larger than WITNESS(u — v + 1) +
u—v=<2i+l g el <0+l 0fy —y + 1 = kp + 1, forsome k, then
the duel applied between P(u) and P(v) will result in a WITNESS value
no larger than WITNESS(kp + 1) + u —v < 2%*1 — kp + kp = 20+1,
Therefore, all computed WITNESS values are < 2%+! on entry into
iteration .
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O Case 2: « = i + 1. If P(1:2/+1) is not periodic, the proof is simple.
Hence, suppose that p < 2{ is the period of P(1 : 2/*1). As before,
WITNESS(p + 1) < 21*2 — p. Any other WITNESS value in the first
i-block is < 2i*1. Hence the first i-block satisfies Invariant 7.3 on entering
iterationi + 1. Consider any of the remainingi-block. Let P(u) and P(v) be
the candidates in that block. Any computed WITNESS value resulting
after a duel between P(u) and P(v)is < WITNESS(Jlu — v| + 1) + |u —
v[.1f [u —v| + 1 = p + 1, then we have the upper bound 2/+2? — p +
p = 2i*2. Otherwise, any WITNESS value is < 2/+1 + 20 < 2+2,

We shall now analyze the complexity bounds of the modified pattern-
analysis algorithm. The cost associated with an iteration i depends on the next
iteration «a to be entered by the algorithm.

Ifa =i + 1(and hence P(1:2/+1)is not periodic, or its period does not
extend to the prefix P(1 : 21*2)), the computation of the WITNESS value of
the candidate in the first i-block takes O(1) time, using O(2') operations.
Each of the remainingi-blocks requires O(1) sequential time. Since there are

%) such blocks, all the corresponding duels can be done concurrently in

O(1) time, using a total of 0(52"7) operations. The total cost of the ith iteration
is then O(Zi + %) operations and O(1) time.
Consider now the case when o > i + 1. The complexity bounds of the

following three main tasks determine the cost associated with iteration i in
this case:

1. The first task is determining that the period p of P(1 : 2{*1) extends to
P(1 : 2%), but not to P(1 : 2**+1). Note that we can check whether p
extends from P(1:2") to P(1: 2"+ 1) in O(1) time, using a total of O(2")
operations, using the brute-force algorithm. Hence, the whole process
can be done in O(a — i) time, using a total of O(3°3'27) = 0(29)
operations.

2. The second task is determining the WITNESS values of all the candi-
dates j, where 2 < j < 27!, There are O(2%~%) such candidates. By
Corollary 7.4, this task can be done in O(1) time, using a total of O(2* /)
operations.

3. The third task is reducing the number of candidates in each remaining
(a — 1)-block to at most one. Each such block has O(2%~1) candidates.
Hence, we can perform at most a — i rounds of duels, each of which can
be done in O(1) time. Hence, this step requires O(a — i) time, and uses
a total of O(5; x 2%71) = O(%) operations.

It follows from the preceding analysis that the algorithm takes O(a — i)

parallel steps, with a total of 0(52"7 + 20‘) operations, to move from iteration
i to iteration a.
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Therefore, the total running time of the algorithm is O(log m), and the
total number of operations used is O( 2 (% +2 )) = O(m). O

7.4.3 *COMPUTATION OF THE FAILURE FUNCTION

In this section, we outline how the pattern analysis necessary for the imple-
mentation of the KMP algorithm can be done efficiently.

Recall that the text analysis of the KMP algorithm required the avail-
ability of the failure function F defined as follows: F(1) = 0, and F(j) =] —
D()), forj > 1, where D(}j) is the period of the prefix P(1:j — 1). It turns out
that the KMP algorithm itself can be used to compute F, with the pattern
playing the dual role of a text and a pattern at the same time.

Let us start by noting that F(1) = Oand F(2) = 1, regardless of the given
string. Imagine that a copy of P(1 : m) is placed on top of P(1 : m), such that
P(1) and P(2) are aligned as shown in Fig. 7.6. We use j to point to a location
of the top copy, and k to point to a location of the bottom copy. Hence,j = 1
and k = 2, initially. We compare P(1) and P(2). If P(1) = P(2), we deduce
that the period of P(1: 2) is equal to 1, and hence F(3) = 2. We now move the
two pointers to the next locations; that is, we setj: = j + landk: = k + 1.
Again, if P(2) = P(3), we can set F(4): = 3, since the period of P(1 : 3) is still
equal to 1, and we can then advance the pointers to the next locations.

We can clearly continue this process until we encounter the case where
P(j) = P(k). This case implies that the period of P(1:k — 1) is no longer the
period of P(1 : k). Hence, we have to slide the top copy to the right by the
smallest possible number of places so that the overlapping portions of P(1: k)
and the top copy are identical. This problem is similar to the one we con-
fronted during the development of the KMP algorithm. The solution applies
to this case as well. That is, we obtain the next possible position by sliding the
top copy D(}j) positions to the right. Note that we will always have j < k, and
hence D(j) is known at this point. We then setj: = F(j) = j — D(j) and
continue as before ifj > 0 (see Fig. 7.6b). Ifj = 0, then the previous value of
Jwas 1 and P(1) = P(k). We conclude that F(k + 1) = 1, since the period of
P(1: k) is equal to k; we resume the whole process withk = k + 1andj = 1.

The algorithm for determining the failure function is given next.

ALGORITHM 7.6
(Computation of the Failure Function)
Input: a string P(1 : m).
Output: The failure function F(k), forall k such that1 < k < m + 1.
begin
1. Set F(1): = 0, F(2): = 1,k: = 2,j: = 1,
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FIGURE 7.6

Determination of the failure function. (a) Initial configuration for computing the
failure function. (b) A general step of the computation where the hatched
portions are identical. If P()) = P(k), then we advance the pointers j and k and
set F(k): = j. Otherwise, P(j) = P(k), and hence we slide the top copy to the
right so that F(j) and k are aligned, where F is the failure function.

2. whilek = m do
P(k) = P(j):{Setj: =j + Lk =k + 1;

Set F(k): = j}
P(k) = P(j) : {Setj: = F(j);
ifj = O then
Setk: =k + landj: = 1;
Set F(k): = 1}
end
EXAMPLE 7.12:

Consider the same pattern as in Example 7.11—that is, P = abcabcabcab-
cabce. Initially,j = 1and k = 2. Since P(1) = P(2), we obtainj = F(1) = 0,
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and thuswesetk = 3,j = 1, and F(3) = 1. During the second iteration of the
while loop, we get F(4) = 1,k = 4, andj = 1 since P(3) = P(1). For the
following iterations, P(k) will be equal to P(j), as long as k < 15, since abc is
the period of P(1: 15). We therefore obtain F(5) = 2, F(6) = 3, F(7) = 4,
F(8) =5,F(9) = 6,F(10) = 7,F(11) = 8, F(12) = 9, F(13) = 10, F(14) =
11, F(15) = 12 and F(16) = 13. We now enter the iteration with j = 13 and

= 16. Since P(13) = P(16), wesetj: = F(13) = 10and go to a new iteration.
We repeat this process, going through the j values of j = F(10) = 7, =
F(7) = 4,j = F(4) = 1, and finallyj = F(1) = 0.In this case, we setk = 17,
j = land F(17) = 1, and we exit the while loop. O

Theorem 7.5: Algorithm 7.6 correctly computes the failure function of the string
P(1 : m) in O(m) sequential time.

Proof: The time complexity of the algorithm follows immediately from the
observation that, during each iteration, either the top copy slides a number of
positions to the right or the two pointers are moved one position to the right.

The correctness follows when we establish the following invariant.
At the beginning of any iteration of the while loop, the overlapping
portions of P(1:j — 1) of the top copy and the bottom copy of the pattern
are identical; that is, P(t) = P(t + k — j),for 1 = ¢ = j — 1. The details are
left as Exercise 7.17. g

7.5 Suffix Trees

Many string manipulations can be couched within the following framework.
Given a text string X, preprocess X and set up appropriate data structures that
will allow the fast processing of queries about substrings of X. Some typical
queries are the following:

0 On-line string matching: Does a given string Y occur in X? Related
queries are (1) in case Y occurs in X, what is the starting position of the
first (or last or all) occurrence(s) of Y in X? and (2) what is the longest
prefix of Y which occurs in X? The complexity bounds of processing such
queries should depend on |Y| only.

0 Longest repeated substring: Find the longest substring that occurs in X
more than once.

O Substring identifiers: Given i, find the shortest substring u of X that
identifies position i of X; that is, u occurs in X at location  but u does not
occur anywhere else in X. Here, we assume that the last character of X
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does not appear anywhere else in X. In this case, the suffix X(i : n)
identifies position i of X but a short prefix may be sufficient.

O Longest common prefix: Given any two substrings u and v of X, find
their longest common prefix.

The suffix tree associated with the string X is a data structure that
supports all the processing tasks listed, in addition to many other important
string operations. Our goal in this section is to show how to set up such a data
structure efficiently; in the next section, we describe algorithms for answering
some of the queries on our list.

7.5.1 DIGITAL SEARCH TREES

Let us start by considering the digital search tree (or trie) T associated with
a set of distinct strings Y1, Y7, --- , Y, over the alphabet =. Assume that no Y;
is a prefix of some Y;, where j # i. The digital search tree T is a rooted tree
with m leaves such that

1. Eachedge of T'is labeled from the alphabet £, and is directed away from
the root.

2. No two edges emanating from the same vertex have the same label.

3. Each leaf u is uniquely identified with a string Y;, in the sense that the
concatenation of the labels on the path from the root to u is ;.

EXAMPLE 7.13:

Let 2 = {a, b, ¢} be the alphabet, and let the given strings be Y, = abaabc,
Y2 = baabc, Y3 = aabc, Y4 = abc,Ys = bc, and Y = c. The digital search
tree corresponding to these strings is shown in Fig. 7.7. Each leaf is associated
with a string Y;. Hence, we have a one-to-one correspondence between the
leaves and the distinct strings. O

We now return to our original problem—namely, setting up a data
structure for a given text string X of length n. We assume that the last
character of X is a delimiter #, which does not appear anywhere else in X.

Let T be the digital search tree associated with the n suffixes of X. Then,
clearly, T has exactly n leaves, each leaf is uniquely associated with a suffix of
X. Tree T captures the similarities and the differences between the suffixes of
X. The paths from the root to any two leaves share the portion corresponding
to the longest common prefix of the suffixes associated with the two leaves.
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FIGURE 7.7

A digital search tree corresponding to the strings Y; = abaabc, Yo = baabc,
Y3 = aabc, Y4 = abc, Ys = bc, and Yg = c¢. No two edges emanating from
the same vertex have the same label.

EXAMPLE 7.14:

Let X = ababbaaba # be the given string. The digital search tree T associated
with the suffixes of X is shown in Fig. 7.8(a). Consider the problem of deter-
mining whether or not the string Y = baba occurs in X. We search T top-
down, starting from the root r. We take the edge out of r with the label b,
followed by the edge labeled a, and then the edge labeled b. At this point,
there is no outgoing edge with the label a. Therefore, we have to stop here
and to report that Y does not occur in X. Notice that we have also discovered
that bab is the longest prefix of Y that occurs in X. O
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FIGURE 7.8
Digital search tree and associated suffix tree for Examples 7.14 and 7.15.
(@) The digital search tree associated with the string ababbaaba#.

7.5.2 SUFFIX TREES

The digital search tree T introduced above may seem to be our desired data
structure. However T can be very large. The tree corresponding to the string
X = a™b"#, for example, will require Q(n?) vertices, which is clearly unde-
sirable. No string of length n will require more than O(n?) vertices since the
length of the path from the root to an arbitrary leaf is O(n) and there are n leaves.

The suffix tree associated with X, denoted for the remainder of this
chapter by Ty, is a compact version of the digital search tree T. All internal
vertices of outdegree 1 are removed, and the label of an edge is now allowed
to be a substring of X. More formally, Ty is a digital search tree with n leaves
and no nodes of outdegree 1 such that

1. Each edge is labeled with a substring of X.
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2. No two edges emanating from a vertex are labeled with strings having a
(nonempty) common prefix.

3. Each leaf u is associated with exactly one suffix; that is, the concatena-
tion of the labels on the path from the root to u is equal to the suffix.

EXAMPLE 7.15:

Consider the digital search tree shown in Fig. 7.8(a), which corresponds to the
string X = ababbaaba#. The resulting suffix tree is shown in Fig. 7.8(b). O

Observe that the suffix tree Ty associated with a string X of length n has
at most 2n — 1 vertices, since the number of internal vertices is bounded by
the number of leaves (given that no internal vertex has outdegree 1).

We will denote by W(v) the concatenation of the labels of the path from
the root to node v. Clearly, W(v) is a substring of X. Given a substring U of X,
the locus of U is the node v of Ty such that U is a prefix of W(v), and W(p(v))
is a proper prefix of U, where p(v) is the parent of v.

FIGURE 7.8 (continued)
{b) The suffix tree of the string ababbaaba#.
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7.5.3 ENCODING OF SUBSTRINGS

The crucial property of the suffix tree is to disallow any pair of sibling edges
to be labeled by substrings with a common prefix. Our construction of the
suffix tree will proceed in log n stages, where this crucial property is progres-
sively enforced. An important tool used is the efficient encoding of the
substrings of X such that identical substrings will have the same encoding.

Given a substring U of X, a descriptor of U is a pair (i, | U|) such that the
substring of the same length as U starting at position i of X'is equal to U. Since
the substrings arising in our suffix-tree construction are of length 29, for 0 <
g < logn, we shall describe a procedure for assigning descriptors to all
substrings of X of length 29, for 0 < g < logn.

At this point, we have to take a closer look at the input alphabet ¥ and
the representation of its symbols. The only assumptions we have used in the
previous sections are that each character can be stored in a single memory
location, and that two characters can be compared in constant time.

" The size o of the alphabet X and the representation of the symbols in
will play an important role in setting up the suffix tree. A node v in the suffix
tree may have up to o outgoing edges, each of which could be labeled with a
different symbol ¢ € X. In a top-down traversal, we have to proceed from a
node v to a child u such that the label of the edge (v, ) begins with a given symbol
a. Hence, our data organization should support such a traversal efficiently.

To simplify our presentation, we will make the assumption that £ C
{1,2, ... ,n},where n is the length of our input string. This assumption can be
justified by the fact that we can always sort the symbols appearing in X, and
assign to each distinct symbol a unique integer between 1 and n. This pre-
processing step will not increase our asymptotic complexity bounds for con-
structing the suffix tree.

Given this assumption, we represent the children of a node v with an
array OUT, of length n such that OUT, (i) = u whenever u is the child of v, if
it exists, such that symbol i leads from v tou. Since the space required to store
OUT,, forallv € Ty, is @)(nz), we will not initialize these vectors. Hence, the
data found in OUT, (i) may be garbage, and their relevance should be verified.

Our first task is to assign descriptors to some substrings of X. We start
by appending X withn — 1 instances of the symbol #. This step ensures that
a substring of length 29, for 0 < g < log n, starting at position i, exists for any
i such that 1 < i < n. The new string will be denoted by X#.

In the algorithm given next, the array BB (Bulletin Board) is of size n X
(n + 1). Simultaneous write instructions of the form BB(k, [): = i1, BB(k,[): =
iz, -+, BB(k,I): = i, will result in one of i;’s being stored in location BB(k, /).
The choice of i; is arbitrary. Such a parallel step should be viewed as a way to
pass a unique identifier to all processors holding the same (k, /) pair as follows.
Processor P; with label (k, /) tries to write its index into location BB(k, /). Then,
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P; reads the content of location BB(k, ). Assuming the arbitrary CRCW
PRAM, all the processors holding the same (k, /) pair will read the same value.

ALGORITHM 7.7
(Descriptors of Substrings)

Input: A string X# such that | X| = n = 2k, and the last character
of X is the symbol #, which does not appear anywhere else in X.
Each X(i) is an integer between 1 and n.
Output: An array ID(i, q], where 1 <i < nand0 < g < logn, such
that ID[i, q] = j implies that (j, 29) is a descriptor of the substring
of length 24 starting at location i.
begin
1. for1 < i < n pardo
Set ID[i, 0]: = X(i)
2. forqg = 1tologn do
for1 < i < n pardo
2.1. Setky: = ID[i,q — 1],k: = ID[i + 297 1,q — 1]
2.2. Set BBlk1, k2]: = i
2.3. Set ID[i, q]: = BB[k\, k2]
end

Remark 7.5: In executing step 2.1 of Algorithm 7.7, the indexi + 29! may
be larger than n, in which case we assign the value n + 1 for the nonexistent
entry ID[i + 291,94 — 1]. O

EXAMPLE 7.16:

Let X = abbabba# be the input string. Represent the symbols a, b and # by
the integers 1, 2, and 3, respectively. Assume that, whenever there is a
simultaneous write instruction of the form BB[k, l]: = i, the smallest such i
gets stored in location (k, /) of BB. Then, Algorithm 7.7 generates the follow-
ing array:

111 1]
2222
2333
po |l 114
2255
236 6
1777
L3888__
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Consider, for example, the generation of the entry /D[4, 2]. During the second
iteration and fori = 4, we obtain k; = ID[4, 1] = 1 and k, = ID[6, 1] = 3.
Hence, at step 3.2, we try to set BB[1, 3] = 4. At the same time, we also
attempt to set BB[1, 3] = 1, fori = 1. By our convention, the net effect is to
set BB[1, 3] = 1, and thus ID[4, 2] is set to 1 after execution of step 3.3.
Clearly, the substring of length 4 starting at location 4 is abba, which is exactly
the substring of length 4 starting at location 1. O

Lemma 7.9: Algorithm 7.7 correctly computes the array ID such that IDV[i, q| is
a descriptor of the substring of X of length 29 starting at location i. The running
time of the algorithm is O(log n) and the total number of operations used is

O(n logn). a

PRAM Model: A concurrent-write capability of the arbitrary type was used
in step 2.2 of Algorithm 7.7 to assign a unique identifier for identical sub-
strings. Hence, Algorithm 7.7 runs on the arbitrary CRCW PRAM. O

Remark 7.6: Due to the introduction of the BB array, our algorithm uses
O(n?) space. However, no more than O(n log n) locations are ever accessed.
The total amount of space can be reduced to O(n! *€), forany0 < € < 1. The
proof is left to Exercise 7.24. a

7.5.4 CONSTRUCTION OF SUFFIX TREES

We are ready to describe the algorithm to construct the suffix tree Ty asso-
ciated with an input string X, which is assumed to be of length n = 2, for
some integer k.

For each node v of Ty, we keep an array OUT, representing the out-
going edges of v (in a way to be clarified shortly), a pointer to its parent p(v),
and a descriptor denoted by (s,, /,,) of the substring representing the label of
the edge (p(v), v). It follows that the label of the edge (p(v), v) is equal to the
substring of X of length [, starting at position s,.. The array OUT, is of length
n such that OUT, (j) = u whenever (v, u) is an outgoing edge of v andj is the
ID of the label of the edge (v, u). It follows that u is stored in a location of
OUT, that depends on the descriptor of the label of the edge (v, u). The fact
that no two sibling edges can have a common prefix ensures that no attempt
is made to store two elements into the same location.

An initial approximation to Ty is the tree T of height 1 consisting of a
root with n outgoing edges, each edge labeled with a different suffix. Hence,
leaf v;, corresponding to the ith suffix, contains the descriptor (o, n), and
OUT(a;) = v;, where ris the root and o; = ID[i, log n].
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The crucial property of allowing no sibling edges to have a common
prefix will in general be violated in To. We will successively refine Ty over
log n iterations such that the tree generated at the end of the ith iteration
satisfies the following condition(i):

1. 7; is a labeled tree with n leaves having no internal vertices with out-
degree equal to 1.

2. Each edge (u, v) of T; is labeled with some substring of X. A descriptor
of this substring is stored in node v. In addition, the leaves of T; are in
one-to-one correspondence with the suffixes of X.

3. Let v be an internal vertex of 7; with the outgoing edges (v, u1),
(v, u2), -+, (v, u;). All the prefixes of length % of the labels of these
edges are different. The u;’s are stored in OUT, as follows: OUT,(«o;) =
u; if a; is the ID of the prefix of the label of (v, u;) of length 7.

Clearly, T satisfies condition((). We shall describe a general proce-
dure that takes a tree T;_1 satisfying condition(i — 1) asinput, and generates
T; that will satisfy condition(i). The algorithm terminates when i = logn,
since Tiogp is clearly the suffix tree of X. A high-level description of the
procedure is given next. The implementation details will be discussed later.

ALGORITHM 7.8

(Refining T;_y into T;)

Input: A tree T; _1 satisfying condition(i — 1). Ifi = 1, T is the tree
of height 1 consisting of a root with n outgoing edges, each edge
labeled with a different suffix of a string X of length n.

Output: A tree T; satisfying condition(i). When i = log n, the tree
Tiog n is the suffix tree of X.

begin

for all internal vertices v of T;— parde

end

1. Letuy, uy, ..., u, be the children of v. Partition the u;’s
into equivalence classes C; such that the labels of the edges
incoming into the vertices of C; have the same prefix of length

5-2. For each equivalence class Cj such that |Cj| > 1, create a
new vertex v'. Make v' the parent of all the vertices in Cj, and
make v the parent of v'. Label (v', v) with the common prefix of
length =, and adjust the labels of the remaining edges, OUT,,
and set up OUT,,.

3. Suppose that v has a single equivalence class that resulted in
a new vertex v'. Remove v and make v' the child of the parent
p(v) of v. Adjust the label of (p(v), v') and OU Ty,
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EXAMPLE 7.17:

Consider the string X' = abbabba# given in Example 7.16. The initial tree T
is shown in Fig. 7.9(a). It consists of eight leaves; leaf v; contains the descrip-
tor (i, 8) representing the ith suffix. During the first iteration, the two vertices
v1 and v4 are grouped into one equivalence class because they both have the
common prefix abba of length 4 = 7. Each of the other leaves is in an
equivalence class by itself. A new vertexu is created, and is made the parent
of v and v4. The corresponding 7' is shown in Fig. 7.9(b). During the second
iteration, the equivalence classes are given by {v1}, {v4}, {v2, vs}, {v3, vé}, {v7},
and {vg}. Clearly, the labels of v; and vs have the common prefix bb, whereas
v3 and v have the common prefix ba. Hence, two new vertices uz and u3 are
created, and the resulting 7> is shown in Fig. 7.9(c). Finally, during the last
iteration, we obtain the equivalence classes {v1}, {va}, {u1, v7}, {v2, vs}, {u2, us},
{v3}, {v¢}, and {vg}. Therefore, three new vertices u4, us, and u¢ are created
resulting in the tree shown in Fig. 7.9(d). Note that the outdegree of u; is now
equal to 1, and hence u; should be removed. The resulting tree shown in Fig.
7.9(e) is the suffix tree of X. O

Lemma 7.10: Given that T;_ satisfies condition(i — 1), the tree T, generated
at the end of Algorithm 7.8 satisfies condition(i), assuming that the labels and
the OUT arrays are computed properly.

Proof: The only nontrivial part of the proof is to show that step 3 of Algorithm
7.8 does not apply simultaneously to a vertex v and to its parent p(v). Clearly,
p(v) cannot be a new vertex introduced in step 2. By condition(i — 1), p(v) had
more than one child. Since p(v) remains the parent of v after step 2, the label
of the edge (p(v), v) does not have a common prefix of length £ with any of
its sibling edges. Therefore, after the execution of step 2, p(v) is of outdegree
larger than 1; hence, step 3 cannot apply to p(v). O

Several important implementation details have to be explained before
we can determine the complexity bounds of Algorithm 7.8. Our goal is to
allow the implementation of this algorithm in O(1) time, with a total of O(n)
operations, which will allow the suffix tree to be constructed in O(log n) time,
using O(n log n) operations. We discuss the implementation of each step of
the algorithm separately.

Implementation of Step 1. The purpose of step 1 is to generate for each u;
an identifier ji4 to its equivalence class. Let (s;, /;) be the descriptor of u; (a
slight abuse of the notation introduced earlier). Hence, the label of the edge
(v, u;) is equal to the substring of X of length /; starting at locations;. Letq =
k — i (where n = 2k), and hence 29 = 2 Wesetjia: = ID[s;, q]. Recall that
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ID[s;, q] is a descriptor of the substring of length 24 starting at s;. Hence, all
vertices u; with a common prefix of length 29 will get the same ji4 value.
Clearly, this step can be implemented in O(1) time, using O(n) operations.

At this point, we recommend that you attempt to solve Exercise 7.27.
This exercise will help you to understand the implementation of step 2,
described next.

Implementation of Step 2. The purpose of step 2 is to create a new vertex
v', which will be the parent of all vertices belonging to the same equivalence
class Cj, for each j such that |C;| > 1. This task can be done as follows.

FIGURE 7.9

Generation of a suffix tree by Algorithm 7.8. (a) The initial tree To corresponding
to X = abbabba#. (b) Tree Ty generated during the first iteration. The unla-
beled edges retain their initial labeling.
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FIGURE 7.9 (continued)
(c) Intermediate tree T» generated during the second iteration. (d) The tree T3,
generated during the third iteration, has a vertex of outgoing degree 1.
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FIGURE 7.9 (continued)
(e) The suffix tree of X = abbabba# after eliminating the vertex of outgoing
degree 1.

We set OUT,(jia): = u;, for each u;, where jjq4 is as introduced in the
implementation of step 1. Now all vertices u;, say u;,, ... , u;,, with the same
Jjia value—say, a—will attempt to write into the same location of QUT,. Since
a concurrent write can be detected easily whenever it occurs, we can then set
p(u;,): = v',wherev'is a new vertex, for1 < m < f,andsetp(v'): = v. The
descriptor of v’ is clearly (, 29), whereas the descriptor of each u;,, is adjusted
to (s;, + 29,1; — 29) (that is, the suffix of the old label starting at location
si,, + 29). Now we set OUT,(a): = v', and OUT(j{ ) = u,,, where ji =
ID[s; + 29,q]; thatis,j; corresponds to the descriptor of the second portion

of the prefix of u;, of length 29+ ! (recall that 29 = %»and hence 24 1=,

No concurrent write occurs here, since no sibling edges are supposed to have
a common prefix of length 29+ 1, It is not difficult to verify that step 2 can be
implemented in O(1) time using O(n) operations.

Implementation of Step 3. The implementation of step 3 is straightfor-
ward. Let p(v) = w. We make w the parent of v’ and adjust OUT,, as follows.
Letj = ID[sy, q]; then, set OUT\,(j): = v'. The descriptor stored in v’ is given
by (sv,l, + 29), where (sv, 1,) is the descriptor stored in v. Again, this step can
be implemented in O(1) time, using a linear number of operations.
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Using the preceding observations, we obtain the following theorem.

Theorem 7.6: We can construct the suffix tree of a string of length n in O(log n)
time, using a total of O(n log n) operations. O

PRAM Model: A concurrent-write capability of the arbitrary type was clearly
exploited in the implementation of the suffix-tree construction. Hence, Al-
gorithm 7.8 runs on the arbitrary CRCW PRAM. O

Remark 7.7: The algorithm for constructing the suffix tree of a string was
given in the work-time presentation framework. The corresponding processor-
allocation problem is not straightforward. The details are left to Exercise 7.26.

7.6 Applications of Suffix Trees

In this section, several applications of suffix trees are sketched. The basic
framework is to preprocess a given string X so as to be able to answer queries
concerning substrings of X very quickly.

For simplicity, the last character of X is assumed to be #, a delimiter that does
not appear anywhere else. We begin with the on-line string-matching problem.

7.6.1 ON-LINE STRING MATCHING

Our problem is to preprocess the string X so that we can quickly answer
queries of the following form, “Does a string Y occur in X?”

Let |Y| = m. Clearly, each query involving Y requires (}(m) operations,
since Y is not available for preprocessing, and hence all the characters of Y
have to be examined. We aim to handle each such query in O(log m) time,
using O(m) operations, independent of the length of the string X. We shall
show next that this goal is indeed possible to attain using suffix trees.

Since X is available for preprocessing, we construct the suffix tree Tx
associated with X. During the process of constructing Ty we save the follow-
ing information:

1. All the log n arrays BB used in Algorithm 7.7

2. All the intermediate trees To, -, Tiogn, including the vectors OUT,
used to define the list corresponding to the children of v for each 7;

The preprocessing requires O(log n) time, using a total of O(n log n)
operations, where |X| = n.
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The processing of on-line string-matching queries begins by assigning
names to some substrings of Y that are consistent with the /D names used for
the substrings of X. We can do this assignment by using the same BB arrays
introduced in Algorithm 7.7.

Forq = 0,1, ..., Llog mJ, we assign names to all substrings of Y that
are of length 29 and that begin at positions /, where i = 1 mod (29) such that
i + 29 < m. We store the corresponding names in PID[i, q], which is the
analog of the array ID introduced for the string X. The total number of

substrings of ¥ involved in this process is O 3 8" %) = O(m).

This assignment results in the following important fact. The names of two
identical substrings of length 29, one from X# and the other from Y, are equal.

The described initial step of the query processing clearly can be done in
O(log m) time, using a total of O(/m) operations.

A sequential algorithm to process the on-line string-matching query
proceeds top-down, starting from the root of Ty. We follow the longest path
leading to a node v such that v is the locus of Y, if such a node exists. Recall
that the locus of Y'is the node v of Ty such that Y'is a prefix of W(v), where
W(v) is the string we obtain by concatenating the labels on the path from the
root tov, and W(p(v)) is a proper prefix of Y. Clearly, the answer to the query
is yes if v exists, and no otherwise. This top-down traversal seems difficult to
implement in parallel efficiently. We describe a different method that is
reminiscent of binary search.

Our goal is to identify a node v € Ty, if it exists, such that Y'is a prefix
of W(v), but W(p(v)) is a proper prefix of Y (that is, v is the locus of Yin Tx).
Clearly, Y occurs in X if and only if such a node v exists. To locate v € Ty, we
will determine O(log m) intermediate nodes in the trees T;’s that will lead to
v (if it exists). We begin by figuring out the first node to be explored.

Consider an arbitrary tree T;, for some 0 < i < log n. The length of the
label of each edge of T; is = Z. In addition, no sibling edges can have a
common prefix of length £,

Letip = logn — Llog mi. We know that the prefixes of the edge labels
of length 7;; = 21°%8™ must all be distinct in T;,. Hence, there exists at most
one child u of the root r of T;, such that Y(1 : 2°8™) is a prefix of the label of
(r,u). If no such node exists, then Y cannot appear in X. Otherwise, this node can
be identified by OUT,(j), where j = PID[1, Llog m.]. The nodeu € T;, will be
our first approximation to the desired node v € Tx. Node u and the remaining
suffix Y” of Y will be the input parameters for the next step. The details follow:

Q Step 1. Letip = logn — logmui, and letj = PID(1, Llogm.]. We
check the entry OUT,(j):

1. OUT,(j) is “empty.” Since OUT, has not been initialized, OUT,(j)
may contain some garbage data. We can check this condition in a
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straightforward manner using the prefix Y(1: 2 108 ) If OUT,(j) is
empty we conclude that the prefix Y(1 : 298" does not appear in
X. Therefore, the answer to the query is no.

. OUT,(j) = u. Let (sy,/,) be the descriptor of u. If [, > 281 (and

thus /, = 2dogmi+1) then Y appears in X if and only if Y is a prefix
of the substring of X of length /, starting at s,. In this case, the
occurrence of Y can be checked in a straightforward manner in O(1)
time, using O(m) operations. Otherwise, /, = 2% and hence
the label of the edge (r, u) is identical to the prefix Y(1 : 2tlogmu),
Node u and the remaining suffix Y’ of Y (beginning at position
2dogms 4 1) will be the input parameters of the next step. '

a Step 2. This step takes a node u € T;, and Y' as input and finds the

desired node v € Ty, if it exists, in at most (log m. iterations.

Iteration q (g = 1,2, ..., Llogmy). Letu € T; +4-1 and Y’ be the
input parameters to iteration q. The goal is to find whether Y’ follows an
occurrence of W(u). Consider the tree T;, 1 4. There are two possibilities:

1. The node u appears in Tj 4. There are two subcases that might

arise. The first is where |Y'| < 2'17“1 , in which case we do nothing

and proceed to the next iteration using the same input parameters.

The second subcase is where |Y'| = Suppose that Y’ starts
m+q

at position p of Y, and setj: = PID[p, iy + q]. We examine OUT ,(j)
and proceed as in step 1.

. The node u does not appear in T; +4. Thus, the labels of all the

outgoing edges of u in Tj)44-1 had the same prefix—say, z—of
length , which resulted in the creation of a new node u’ in

Tiy+q. The node u' and the parent p(u) of node u in T}, 4 - | appear
inT;)+q. Again two subcases might arise. The first subcase is where

Y| < 5 +q . The string Y occurs in X if and only if Y is a prefix of

z. Using the descriptor stored inu', we can check that Y is a prefix of
z with a straightforward algorithm in O(1) time, using O(m) opera-

tions. The second subcase occurs where |Y'| =

% + 7 . We can check

whether z is a prefix of Y’ by using the two arrays ID and PID. A
negative answer implies that Y cannot occur in X. Otherwise, we can
proceed to the next iteration, using the node u’ and the remaining
suffix of Y’ as the input parameters.

We summarize our results concerning the on-line string-matching

problem in the following theorem, whose proof follows from the preceding
discussion.
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Theorem 7.7: The on-line string-matching query can be processed in O(log m)
time, using O(m) operations, where the string Y is of length m. The preprocessing
algorithm of the text string X takes O(log n) time, using O(n log n) operations,
where n is the length of X. O

7.6.2 LONGEST REPEATED SUBSTRING

The problem is to find the longest substring of X that occurs more than once.

The preprocessing algorithm consists of building the suffix tree Ty
associated with X, and computing |W(v)| for each node v € Tx. The actual
computation of |W(v)|,v € Tx, can be performed with the pointer-jumping
technique (Section 2.2). This amount of preprocessing takes O(log n) time,
and uses O(n log n) operations.

The answer to the longest-repeated-substring query is an internal node
u such that | W(u)| = max,er,|W(v)|. Recall that the problem of computing
the maximum of » elements can be solved in O(log log #) time, using a linear
number of operations, on the common CRCW PRAM (Section 2.6). There-
fore, the processing of the longest repeated substring query can be performed
in O(log log n) time, using a linear number of operations.

7.6.3 SUBSTRING IDENTIFIERS

Our goal is to preprocess the string X such that we can answer the following
type of queries in constant time: “Given i, determine a substring identifier for
position / of X.”

We simply construct the suffix tree Ty during the preprocessing phase.

Given i, we can locate the leaf v of Ty associated with the suffix X(i : n)
in O(1) sequential time. The answer is the concatenation of W(p(v)) and the
first character in the label of (p(v), v).

The preprocessing algorithm can be implemented in O(log n) time,
using a total of O(n log n) operations, whereas a substring identifier query can
be answered in O(1) sequential time.

The processing for a query about the longest common prefix is left to
Exercise 7.29.

7.7 Summary

We have examined in this chapter strings and related basic computational
problems. We have shown how to exploit the periodicities of strings to design
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efficient parallel algorithms. Our solution to the string-matching problem
proceeded in two phases, consisting of a pattern-analysis phase and a text-
analysis phase. The duel function was used to disqualify many candidate
positions during the text-analysis phase, and to generate the WITNESS array
during the pattern-analysis phase. As a result, we were able to describe an
optimal logarithmic-time parallel algorithm for the string-matching problem.
The approach followed is quite different from the one used by the well-known
sequential algorithms for string matching.

We have also introduced the suffix tree of a string, which is a powerful
data structure that can be used for manipulating substrings of a given string.
The construction of the suffix tree of a string of iength # can be accomplished
in O(log n) time, using O(n log n) operations. Several string-processing tasks
using suffix trees were used to illustrate the usefulness of this data structure.

A summary of the algorithms described in this chapter are given in Table
7.1. Randomized algorithms for string matching will be described in Chapter 9.

TABLE 7.1
ALGORITHMS PRESENTED IN THIS CHAPTER.
Algorithm Section Time Work PRAM Model
7.1 duel(i, j) 7.1.2 o(1) o(1) EREW
7.2 Text Analysis, 7.3.1 O(log m) o) CREW
Nonperiodic Pattern
7.3 Text Analysis, 7.3.2 O(log m) O(n) CREW
Periodic Case
7.4 KMP String Matching 734 Oo(n) - Sequential
Algorithm
7.5 Simple Pattern Analysis  7.4.1 O(log m) O(m log m) Common CRCW
Optimal Pattern Analysis 7.4.2 O(log m) o(m) Common CRCW
7.6 Computation of the 743 O(m) - Sequential
Failure Function Algorithm

7.7 Descriptors of Substrings 7.5.3 O(log n) O(nlogn) Arbitrary CRCW

7.8 Refining T,y into T; 754 (0]4))] O(n) Arbitrary CRCW
Construction of a 754 Oflog n) O(n log n)  Arbitrary CRCW
Suffix Tree
On-Line String Matching 7.6.1 O(log m) O(m) Arbitrary CRCW
Longest Repeated 7.6.2 O(log log n) O(n) Common CRCW
Substring
Substring Identifier 7.6.3 o) o(1) EREW

m, length of pattern
n, length of text string
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Exercises

7.1.

7.2.

7.3.

74.

1.5.

7.6.

1.7.

7.8.

7.9.

Let X be the string X = abaababaabaab over the alphabet £ = {a, b}.
a. Determine all the periods of X.

b. Determine a WITNESS array for X.

c. For each prefix of X, determine its period.

a

. Let X(1 : m) be a string with period p. Can the substring X(1 : p) be
periodic?
b. Suppose that X = u* u', where |u| = p and |u’'| < p. Can the
substring uu' have a period < p?

Let X and Y be two arbitrary strings, and let p be the period of X.

Suppose that X occurs at positions i and j of Y, but X does not occur at

positions i + p orj + p. Show that |i —j| > |X| — p.

LetS(1:m)be astring,and let S(1:m") be a proper prefix of S. Suppose

that p is the period of S(1 : m"), but p is not a period of S(1 : m). Show

that any period g of S(1 : m) satisfiesq > m' — p.

Consider the Fibonacci strings defined over the alphabet = = {a, b}:

b1 =b,bd2 = a;and b, = by - 10,2, forn = 3. Forexample, b3 = ab,

b4 = aba, and &bs = abaab. Recall that the Fibonacci numbers are

defined byFn =F,-1+ F,-72,and Fy = F, = 1.

a. Showthatd,_2dn—| = ¢(dn-1dn-2), wherec(a) denotes changing
the two rightmost characters of the string o.. For example, c(dbs) = ababa.

b. Consider the string § = ¢, 2. Show that the period of S(1 :j) is
Fy,forF,;1 <j<Fpy2— 2. Whatistheperiodof S(1:F,4+2 — 1)?
Deduce the period of S.

The duel algorithm (Algorithm 7.1) is written such that it returns ex-
actly one of the input indices. However, it may be possible to eliminate
both input indices. Rewrite the algorithm to eliminate one or two
indices whenever possible.

Let X(1:m)be agivenstring, and let ¢ (i) = min{k | X(k) = X(i + k — 1)},

and¢ (i) = m — i + 1,if nosuch k exists, for 1 <i < m.

a. Show that the function D introduced at the end of Section 7.1 is given
by D(j) = min{i | &(i + 1) + i =j}.

b. Describe an O(log m) time algorithm to compute D(j), for1 < j < m,
given the function ¢. What is the total number of operations used?

Establish the correctness of Lemma 7.4 concerning the text-analysis
algorithm (Algorithm 7.2) in the case of a nonperiodic pattern.

Show that text-analysis algorithm for nonperiodic patterns (Algorithm
7.2) can be modified to run in O(log log m) time, using a linear number
of operations. Specify the PRAM model used.
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7.10.

7.11.

7.12.

7.13.

7.14.

7.15.

7.16.

7.17.

Chapter 7 Strings

a. LetMbeaBoolean array of size m. Given an integerk < m, consider
the problem of computing a Boolean array M’ of the same size such
that M'(i) = lifand only if M(i)) = M(i + 1) = --- = M(i + k) =
1. Carefully explain how to compute M'. Your algorithm must use
O(m) operations. The running time of your algorithm should be
O(log m) for the EREW PRAM model.

b. Develop an O(log k) time algorithm to compute M’ on the EREW
PRAM. Your algorithm must use O(n) operations.

Show that the algorithm to reduce the periodic to the nonperiodic case
(Algorithm 7.3) can be implemented in O(1) time on the common
CRCW PRAM, if we exclude step 1. ‘

Given a symbol ¢ from an alphabet Z, a sealing of ¢ by a multiplicative
factor k is the string cc ... ¢, repeated k times. We denote the resulting
string by c. The scaling by a factor of k of a string X is the string X(1)*
X(2)* ... X(n)*, where n is the length of X.

Develop an algorithm to identify all the positions in a text string 7(1 : n),
where a match of a pattern string P scaled to k occurs. Your algorithm
should run in O(log m) time, using a linear number of operations. Hint:
Represent a string by a set of symbols, where no two consecutive sym-
bols are identical, and by a corresponding set of integers.

Let X be a string of length m. Consider the problem of computing the

function & : {1, 2, ... , m} — {0, 1} such that 3 ({) = 1 if and only if

Xi:m)y=XQ1:m—-1i+1).

a. Specify all locations for which & (/) = 1.

b. Develop an optimal parallel algorithm to compute 8. Handle with
care the substring X(m — p : m), where p is the period of X. Do not
make any assumptions about the alphabet.

Let X and Y be two strings of length m over an alphabet . Let i be an
index such that X(i : m) = Y(1:m — i + 1). What is the smallestj > i,
if it exists, that satisfies X(j : m) = Y(1:m —j + 1)? Given suchan index
i, develop an optimal parallel algorithm to identify all the indicesj > i
satisfying X(j : m) = Y(1:m — j + 1) by using the results established
in Exercise 7.13.

Does the simple pattern-analysis algorithm (Algorithm 7.5) generate
the smallest & such that WITNESS(i) = k ifand only if P(k) = P(i + k —
1), whenever WITNESS(i) = 0? Explain your answer.

Modify the simple pattern-analysis algorithm (Algorithm 7.5) to handle
the case when the length of the pattern is not necessarily a power of 2.
Also, explain how to set up the information regarding the candidates in
each block so that they can be identified in O(1) sequential time.

Establish the correctness of the algorithm for the computation of the
failure function (Algorithm 7.6).
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7.18. The pattern-analysis algorithm described in Section 7.4.2 to generate
the array WITNESS of a pattern string of length m can be modified to
run in O(log log m) time.

a. Show how this modification can be achieved. Hint: At the ith stage,

consider blocks of size k; = m!1~2"". Compute < ﬁ witness values in
-

the first k;-block. Handle the remaining blocks in O(1) time using duels.
b. *Can you make your algorithm optimal? Explain your answer.

7.19. This exercise introduces the notion of a deterministic sample of a
patternstring P, which characterizes, in a certain sense, the occurrences
of P in a text.

Let P be nonperiodic of length m, assumed to be even. Imagine that 5

copies of P, denoted by Py, P>, ... ,P%, are placed on top of each other,

each shifted one position to the right from the copy directly below it

(see Fig. 7.10).

a. Show that there exist a copy P and a set of indices {s1, 52, ... , 51},
where ! < log m, such that, for any/ # s, there is a mismatch between
the copies P; and P in at least one of the locations sy, 52, ... ,s; of Ps.

Hint: Start by considering P1 and Pz. Clearly, WITNESS(%) =k =

0. Look at the column going through locations k of Pz and 3 + k —
1 of Py. At least one-half of the copies will disagree with one of the
two corresponding characters.

mls

[S)
NIS
3

FIGURE 7.10
A layout of the % copies of the pattern P for defining a deterministic sample.
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b. Develop an O(log? m) time algorithm to determine P, and the
corresponding indices. Your algorithm must be optimal. What is the
weakest PRAM model required?

The set of indices {s1, s2, ..., s;} will be called a deterministic
sample of P.
The notion of a deterministic sample of a nonperiodic pattern was
introduced in Exercise 7.19. Develop an O(1) time algorithm to find ali
the occurrences of P in a text T(1 : n) based on this notion. Your
algorithm should use O(n log m) operations.

a. *Refine the algorithm that you developed in Exercise 7.20 to obtain
an O(log m) time optimal algorithm for string matching based on the
notion of a deterministic sample.

b. *Can you make your algorithm run in O(log* m) time while preserv-
ing optimality?

This exercise requires some understanding of regular expressions and

their relationship to finite automata. Let a be a regular expression over

the alphabet Z. A classic result shows how to construct a nondetermin-
istic finite automaton M that accepts the language denoted by a such
that the number of states of M is no larger than 2|a|, where |a| is the

number—say, n—of symbols in o.

Develop a parallel algorithm to construct M in O(log n) time, using a
linear number of operations. Represent M by a directed graph whose
vertices are the states—say, 1, 2, ... , m—and whose arcs define state
transitions. Assume that « is given in an array of length n. Hint: Start by
finding the tree representation of « using Exercise 3.32.

Consider the following three edit operations on a string X: (1) deleting a
character a from X with cost D(a), (2) inserting a character a between
two consecutive locations of X at a cost I(a), and (3) substituting some
occurrence of a of X with an occurrence of b at a cost S(a, b).

The string-editing problem for input strings X and Y is to find a
minimum-cost sequence of edit operations that will transform X into Y.
Let C(i,j) be the minimum cost of transforming X(1 : ) into Y(1 : ), and
let |X| = nand |Y| = m.

a. Show that

C@i - 1,j — 1) + S(X(@0), Y())),
C(i,j) = min { C(i — 1,j) + D(X(i)),
C@,j — 1) + I(Y())),
foralll i <n,and1 <j = m.

b. The table C(n, m) can be represented by a graph G = (V, E) such
that each entry C(i, j) is represented by a vertex v; ; with three (or
fewer) incoming arcs fromv; -y ;—y, v;—1,; and vi j— 1, whenever they
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exist. Deduce an O(log?(nm)) time algorithm to compute the array
C. What is the total number of operations used?

¢. You can improve the efficiency of the algorithm from part (b) by
using a divide-and-conquer strategy to determine the desired short-
est path in G. Assuming n = m, develop such a paraliel algorithm
that uses O(n? log n) operations. Hint: Consider shortest paths from
a vertex vy ; to vertices v, ;. Establish that the order of the v, ;s
implies a similar order on the vertices of the paths determined by a
horizontal cut.

Show how to reduce the space used by Algorithm 7.7 from O(n?) to
O(n'*¢), for any fixed 0 < € < 1. The asymptotic complexity bounds
must stay the same. Hint: Express ky byitsrepresentation in the basen€,
assuming n¢ to be an integer, in 1 steps. Use a new BB array of size
n¢ X (n + 1).

Suppose you are given an algorithm A4 that computes a one-to-one
function F from a set of n numbers in the range [1, m] into the range
[1, 10n]. Such a function F is called a perfect hash function. The space
used by the algorithm A4 is O(n). Show that A4 can be used to reduce the
space of the suffix-tree construction to O(n).

a. Solve the processor allocation problem corresponding to Aigorithm
7.7, assuming that there are n processors available.

b. Solve the processor aliocation problem corresponding to Algorithm
7.8, assuming that, at the beginning of the ith iteration, a processor
is allocated to every edge of T,_, and that, when the algorithm
terminates, a processor must be allocated to every edge of T;.

Let T = (V, E) be a rooted tree such that each vertex v is labeled with

an integer /(v) € {1,2, ..., q}. The tree T is represented by an array F

such that F(v) is the parent of v, 1 < v < n,and F(v) = O in the case that

vis the root. Consider the problem of transforming T into another tree

T’ as follows. Let uy, us, ..., u, be the children of a vertex v. Let Cy,

C», ..., C,be the partition of the u;’s induced by the labelmg function

For each C;, create a new vertex w;, where 1 < i < t, and make w; the

parent to all vertices in C;. Make v the parent of all the w;’s. This process

is supposed to be performed on all the vertices of T to obtain 7.

a. Develop an O(log n) time CREW PRAM algorithm to transform T
into T'. What is the space needed by your algorithm?

b. Develop an O(1) time CRCW PRAM algorithm to accomplish the
same transformation. Carefully handle the creation of new vertices.
What is the space needed? Hint: Imagine a processor standing next
to each vertex of 7.

Let X be a string, and let Ty be the corresponding suffix tree. Each

vertex v contains a descriptor (s,, /) representing the label of the edge

directed toward v. You are asked to compute |W(v)|, for each vertex v,
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where W(v) is the substring obtained by concatenating the labels of the
edges on the path from the root tov. Develop an O(log n) time algorithm
to compute these values, where n is the number of vertices in Ty. What
is the total number of operations used? Which PRAM model is used?

a. Show that the suffix tree T of a string x can be used to answer a
longest-common-prefix query: Given two substrings u and v of x, find
their longest common prefix. What are the complexity bounds of
your algorithm, ignoring the bounds required for preprocessing?

b. Suppose that 1 and v are suffixes of x. How quickly can you process
the longest-common-prefix query?

c. Generalize your algorithms to the case where you are given a set of
strings and you wish to handle longest-common-prefix queries on
their substrings.

Modify the on-line string-matching algorithm described in Section 7.6.1
such that it finds all the occurrences of the pattern. What are the
corresponding complexity bounds of your algorithm?

Let X and Ybe two strings of length m over the alphabetZ = {1,2, ... ,m}.
Let S be the set of the m prefixes of X and the m suffixes of Y.

a. Develop an algorithm to compute the characteristic function x : § —
{1,2, ..., 2m} such that two strings are mapped into the same value
if and only if they are equal. Your algorithm should run in O(log m)
time. What is the total number of operations used?

b. Use the characteristic function to determine the bit vector 3(1: m) such
that 8(i) = lifandonlyif X(i:m) =Yl :m —-i+ 1),1 =i < m.
This problem is referred to as the suffix-prefix-matching problem.

Develop a linear time-sequential algorithm to solve the suffix-prefix-

matching problem introduced in Exercise 7.31, without any assumption

on the input alphabet. Hint: Use a strategy similar to that used in the

KMP string-matching algorithm (Algorithm 7.4).

Use the algorithm for the suffix-prefix-matching problem introduced in
Exercise 7.31 to solve the string-matching problem. The complexity
bounds of the resulting algorithm should be dominated by those of the
algorithm to solve the suffix-prefix-matching problem.

Let T(1 : n) and P(1 : m) be a text string and a pattern string, respec-
tively,m < n.Let § be a substring of T. The edit distance d(S, P) between
S and P is the minimum number of edit operations required to trans-
form § into P. Edit operations were introduced in Exercise 7.23.

Consider the problem of identifying all the substrings S of T such that
d(S, P) < k, where k is an input parameter. Each edit operation re-
quired represents a difference between S and P. This problem is called
string matching with k-differences.
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a. Let D be the (m + 1) x (n + 1) matrix such that D(i, [) is the
minimum number of differences between P(1 : i) and any substring
of T ending at location /. Show that

D(@i,l) = min{D(i — 1,) + 1,D(,I - 1) + 1,D(i — 1,1 — 1)},
where

Di-1,1-1) ifP@) = T(),

Di-11-1)= D@ — 1,1 = 1) + Lif PG) = T().

What is the sequential complexity of the resulting dynamic program-
ming algorithm? Develop a parallel version of this algorithm, and
state its complexity bounds.

b. The diagonal d of D consists of all entries D(i, /) such that/ — i = d.
Let L be the matrix such that L(d, e) is the largest row i such that
D(i,l) = eand D(i,!) is a diagonal d. (1) Suppose that L(d + 1,e — 1),
L(d - 1l,e — 1)and L(d,e — 1) are known. Show that L(d,e) = r +
J,wherer = max{L(d + l,e — 1) + 1,L(d — 1,e — 1),L(d,e — 1) + 1},
andj is the largest integer such that P(r + 1:r +j) = T(d + r +
1:d + r +j).(2) Deduce an O(nk + nlog n) time sequential algorithm
to compute L. Hint: Note that the index; defines the largest common
prefix of two suffixes. Use a suffix tree that supports LCA queries.

c¢. Deduce a parallel algorithm to solve the problem of string matching
with k-differences in O(k + log m) time. What is the total number of
operations used?

735. Let T(1 : n) be a text string, and let P;(1: m), 1 < i < k, be k patterns.
The problem of multipattern string matching is to determine, for each
position of the text, whether a pattern string occurs there. If a match
exists, the index of a matching pattern should be reported. Show that
the two-dimensional array-matching problem can be reduced to the
multipattern string-matching problem. What are the resulting complex-
ity bounds for the algorithm to solve the two-dimensional array-
matching problem?

Bibliographic Notes

Periodicities in strings were first studied in a purely mathematical context. The peri-
odicity lemma (Lemma 7.1) was described by [10, 19]. The two classical linear-time
string-matching algorithms of Knuth-Morris-Pratt (KMP) and Boyer-Moore have
appeared in [6, 16]. The Boyer-Moore algorithm compares the pattern and a corre-
sponding portion of the text in a right-to-left scan over the pattern (as oppposed to the
left-to-right scan of the KMP algorithm), and is on average sublinear. The first optimal
parallel string-matching algorithm was developed by Galil in [11] under the assump-
tion that the alphabet is of constant size. The notion of the WITNESS array was



364  Chapter 7 Strings

introduced by Vishkin in [23] and was used there to design the optimal O(log m) time
parallel string-matching algorithm for arbitrary alphabets. Efficient algorithms for
determining approximate string matching by allowing a number of mismatches or
differences have appeared in [12, 17, 18, 22]. See [13] for a survey of some of the
related results. Exercise 7.34 is taken from [18].

Efficient sequential algorithms for constructing suffix trees were introduced in [21,
25]. The corresponding time bound is O(n log o), where # is the length of the input
string and o is the size of the alphabet. The parallel algorithm presented in the text is
taken from [2]. Additional properties of strings and related algorithmic techniques
are covered in [3].

Fibonacci strings (Exercise 7.5) were studied in [16]. Some related properties and
references can be found there. An optimal O(log log m) time string-matching algo-
rithm (Exercises 7.9 and 7.18) was described in [7]. A matching lower bound has
appeared in [8]. Exercise 7.12 is taken from [9]. The notions of a deterministic sample
and of its application to string matching (Exercises 7.19, 7.20, and 7.21) were intro-
duced by Vishkin [24]. Exercise 7.22 is taken from [14], whereas the parallel complex-
ity of the string-editing problem described in Exercise 7.23 was considered in [1]. The
use of hashing to reduce the space requirement of several algorithms (as in Exercise
7.25) is described in [20]. Efficient parallel algorithms can be found there. The suffix-
prefix-matching problem (Exercises 7.31 and 7.33) was studied in [15]. The reduction
of the two-dimensional array-matching problem to the multipattern-string matching
problem (Exercise 7.35) was reported in [4, 5].
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Arithmetic Computations

Many numeric problems require an excessive number of arithmetic opera-
tions, a fact that provided an initial impetus for researchers to design and
build paralle] computers. In particular, computations involving matrices are
of utmost importance due to their many uses in solving a wide variety of
applied problems. In this chapter, we shall consider a number of polynomial
and matrix computations, and shall present fast parallel algorithms to handle
these computations. Unfortunately, some of the described algorithms use
considerably more operations than do the corresponding best-known se-
quential algorithms, but the underlying techniques are important in their own
right and can be used to solve many related problems.

We shall start by considering computations that can be expressed as
linear recurrences, such as polynomial evaluation and banded triangular linear
systems. Section 8.1 presents a logarithmic-time algorithm for solving first-
order linear recurrences using a linear number of operations. Fast parailel
algorithms for inverting triangular matrices and for solving banded triangular
linear systems are described in Section 8.2. An optimal parallel implemen-
tation of the fast Fourier transform (FFT) in logarithmic time is presented in
Section 8.3. Using the FFT algorithm, we develop fast parallel algorithms for
polynomial multiplication and convolution (Section 8.4), Toeplitz matrix com-
putations (Section 8.5), polynomial division (Section 8.6), and polynomial

367
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evaluation and interpolation (Section 8.7). The amount of work required by
each of these algorithms is asymptotically the same as that required by the
corresponding best-known sequential algorithms. Fast parallel algorithms
for general dense matrices are described in Section 8.8, followed in Section 8.9
by a presentation of specialized parallel algorithms for structured matrices and
their application to the problem of computing the greatest common divisor.

We shall assume the arithmetic PRAM model, which allows “scalar”
operations on elements drawn from an arbitrary ring or field as primitive
operations. This chapter does not take into consideration issues related to bit
operations or to finite-precision arithmetic.

8.1 Linear Recurrences

Many arithmetic computations can be expressed iteratively such that the
value y; generated at the end of the ith iteration is a linear combination of the
values y; 1, yi—2, -.. , Yi—m generated in the previous m iterations. Such
computations, defined by a linear recurrence of order m, possess a straight-
forward efficient sequential implementation. We focus our attention in this
section on the parallel implementation of first-order linear recurrences. We
begin with a few examples of linear recurrences.

8.1.1 EXAMPLES OF LINEAR RECURRENCES

The problems of evaluating a polynomial at a point, determining the LDU
factorization of a tridiagonal matrix, and solving banded triangular linear
systems give rise to linear recurrences as we show next.

Polynomial Evaluation. LetA = (ag, a1, ... ,a,)be an array representing
the coefficients of the polynomial p(x) = agx" + a;x" "1 + -+ +a,_1x +
an. We wish to compute p(x¢), where xg is a given point.

Horner’s algorithm is the classic method for computing p(xg) using n
multiplications and n additions. This method is based on rewriting the ex-
pression of p(xg) as follows:

pxo) = (- ((aoxo + ar)xo + az2xo + --- + an—1)xo + an.

Hence, we can obtain p(xg) by computing the innermost termy; = agxg + a1,
then the next innermost termy; = y1xo + a3, and so on, until we get p(xo) =
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Yn = yn-1¥0 + an. This method can be expressed by the following linear
recurrence:

yo = ao
Yi =Yi-1xo + ai,1 <i<n.

This recurrence is a first-order linear recurrence since y; depends on
onlyy;-1.

LDU Factorization of a Tridiagonal Matrix. Consider the n X n nonsingu-
lar tridiagonal matrix A given by
_bl Ci
ar b2 c2
ajs _b3 . Cc3

an-1 bp-1 cn-1

an by

We seek the LDU factorization of A—that is, the determination of a unit
lower triangular matrix L, a diagonal matrix D, and a unit upper triangular

matrix U such that A = LDU. It is simple to verify that the matrices L, D, and
U can be specified as follows:

1
I 1
L= I3 1
I, 1
_1’u1 —
1 Uuj
1 u
U= 3
1 up—
1
d;
d>

dn
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where
dy = b
dj = b]' - ajC];l/dj__],z Sj =n
[y =ajldi-y,2<j<=n

uj =Cj/dj,l sjs=n-1

Clearly, the values of the terms /; and u; can be deduced immediately
from the values of d;.

We let dj = wj/w;_, where wo = 1 and wy = b. Substituting d; =
wjwj—1andd;—y = wj_1/wj_2 inthe equationd; = b; — ajc;-/dj—, we get
wj = bjwj_{ — (ajcj-1)wj-2. Therefore, the sequence w; is given by the
following second-order linear recurrence:

wog = 1
wy = b
wi = bjwi—1 — (ajci-1)wj-2,2 <j < n.

It follows that the LDU factorization of the tridiagonal matrix A reduces

to solving a linear recurrence of order 2.

Banded Triangular Linear Systems. Let A be ann X n lower triangular
matrix such that all the nonzero entries of A lie on the main diagonal or on the
m — 1 diagonals below it, for some integer m < n. For example, the matrix A
has the following form whenm = 3:

p—

ai;p 0 0
azr ax 0 0 0
a1 axn a0
A=10 ap ay ay
0
L 0 apn-2 Q-1 an,n_‘

The solution to the linear system Ax = b can be expressed by the
following recurrence:

_ b
X1 = an
i—1 a b
Xj = Z —aX tgh2=<isn
J=i-m+1
We are assuming that all the entries whose indices fall outside the range
[1,2, ... ,n] are equal to 0. Therefore, the solution of the banded triangular

system Ax = b defines a linear recurrence of orderm — 1.
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8.1.2 FIRST-ORDER LINEAR RECURRENCES

We begin by developing a simple optimal parallel algorithm to compute all
the terms y; defined by the first-order linear recurrence:

y1 =b

(8.1)
yi =aiyi-1 + bi,2<i<n.

At first glance, the iterative nature of the computation defined by Eq.
8.1 seems to indicate a limited degree of parallelism. A moment’s reflection
reveals that the whole computation is similar to the prefix-sums computation
(Algorithm 2.1) studied in Section 2.1. In fact, if a; = 1 for all i, then the y;
expressions are the prefix sums of the elements by, by, ... , b,. Now we will
see how we can extend the prefix-sums algorithm to compute all the y; terms
defined by a first-order linear recurrence.

Letn = 2k and let the index i be even such that 2 < i < n. Then,y; =
ai(a,~_1yi_2 + bi—1) + b;,and hence y; = aja;-1yi—2 + aib;j—1 + b;. The
resulting equations for even indices define a first-order linear recurrence of
size n/2. More precisely, leta; = ayazi-1 and b/ = aby-1 + by, forl <
[ < %, and let z; = yy;. Then, the z; terms satisty the following recurrence:

z1 = b1
zi =alzi-1 + b{,2 <i < n/2.

We can now compute all the z; values recursively. Once these values are
obtained, we immediately have all the y; values, for even indices:. Ifi is an odd
index larger than 1, we can determine the y; value by using the definitiony; =
ajyi—1 + b;. The formal statement of this algorithm follows.

ALGORITHM 8.1
(First-Order Linear Recurrence)
Input: Two arrays B = (by,ba, ... ,by)and A = (a1 = 0,ay, ...,
a,) representing the first-order linear recurrence y, = by and y; =
aiyi-1 + b, (2 < i < n); nis assumed to be a power of 2.
Output: The values of all the y; terms.
begin
1. ifn = 1then {sety,: = b, exit}
2. for1 <i < 5 pardo
Setaj: = azay_
Setb{: = azbri—1 + by
3. Recursively, solve the first-order linear recurrence defined by
zy =bjandz; = ajz;_| + b}, where 2 < i < n/2.
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4. for1 < i < n pardo

ieven s Setyir = zip
i=1 :Setyi: = by
iodd > 1 s Setyir = aizi-1)2 + bi
end
EXAMPLE 8.1:

Letn = 8in the linear recurrence defined by Eq. 8.1. During the execution of
step 2 of Algorithm 8.1, we compute ai = aza; = 0,b1 = azb; + bp,a3 =
asas, by = asbs + by, a5 = aeas,bs = aghbs + bg,al = aga7,andbj = agb7 +
bg. The algorithm is then called recursively to compute z; = y2,22 = y4,23 =
ye and z4 = yg. Executing step 2 again, we obtain af = a%ai = 0,b] = abi +
b5, a% = asa} and b4 = aibs + bj. The algorithm is again called recursively.
Hence, we geta] = aa% = 0and b] = a%b| + b%. We now have the valueyg =
bi. You are encouraged to verify that b7 is indeed the correct value of yg. The
process is now reversed. The value ofy; is then computed, followed by the values
of y2 and ys. Finally, we determine the values of y1, y3, y5s and y7 by using the
definition of the linear recurrence. O

Theorem 8.1: Algorithm 8.1 correctly computes the values of all the variables
yi, where 1 < i < n. This algorithm can be implemented to run in O(log n) time,
using a total of O(n) arithmetic operations.

Proof: The correctness proof follows from the discussion preceding the state-
ment of the algorithm. As for the complexity bounds, they can be estimated as
follows.

Let T(n) and W(n) be the running time and the total number of oper-
ations required by Algorithm 8.1. Step 1 requires O(1) sequential time. Step
2 can be performed in O(1) time, using a total of O(n) operations; step 3 is a
recursive call that takes T(n/2) time and uses W(n/2) operations. Finally, step
4 can be executed in O(1) time, using a total of O(n) operations. Therefore,
T(n) and W(n) satisty the following recurrences:

T(n) = T(n/2) + O(1)
W(n) = W(n/2) + O(n).
Hence, T(n) = O(log n) and W(n) = O(n), as stated in the theorem. O

To account for polynomial evaluation (Section 8.1.1), we immediately
obtain the following corollary to Theorem 8.1.

Corollary 8.1: Using Homner’s algorithm (Section 8.1.1) to evaluate a polyno-
mial of degree n at a single point can be implemented to run in O(log n) time,
using a total of O(n) operations.
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PRAM Model: It is easy to check that no simultaneous memory access is
required to implement Algorithm 8.1 within the stated bounds. Therefore,
this algorithm runs on the arithmetic EREW PRAM. O

8.1.3 HIGHER-DIMENSIONAL LINEAR RECURRENCES

The scheme developed in Section 8.1.2 can be readily generalized to include
first-order higher-dimensional linear recurrences.

Let{b;| 1 < i < n}be a set of m-dimensional vectors, and let 4; be an
m X m matrix, where 2 < i < n. Consider the linear recurrence defined by

y1 =b1

8.2
yi =Ajyi-1 + b,2<i<n. ®2)

As before, we reduce the problem to solving a linear recurrence defined
onys, ¥4, ... yn by computing 4 = AyAz_1,and b; = Axyby 1 + by, for
1 < i =< n/2. The vector yy is then defined by y2; = Afy2;-1) + b/. Once the
vectors y2,y4, ... yn have been determined, we can compute y3,¥ys, ... Yn—1
directly from the definition of the linear recurrence, thatis,y3 = A3y, + b3,
ys = Asys + bs,and soon. In fact, the algorithm is identical to Algorithm 8.1,
except that it uses matrices and vectors instead of scalars.

Before analyzing the complexity bounds of this scheme, let us recall
from Section 5.5 that twom X m matrices can be multiplied in O(log m) time,
using O(M(m)) operations, where M(m) is the number of arithmetic opera-
tions required to compute the product of two m X m matrices sequentially.
The current best known bound is M(m) = O(m?370) over a ring.

Theorem 8.2: The first-order linear recurrence defined by Eq. 8.2, where the
matrices A; are each of dimension m X m, and the vectors y; and b; are each
of dimension m, can be computed in O(logn logm) time, using a total of
O(nM(m)) arithmetic operations, where M(m) is the best known sequential
bound for multiplying two m X m matrices.

Proof: The correctness proof follows by a simple induction on n.

Let T(n, m) and W(n, m) be the running time and the total number of
operations required by the scheme described before the statement of the
theorem. The algorithm consists of three main steps, each of which is ana-
lyzed separately.

O Step I: This step involves the computation of 4] = A4 1, and b} =
Azbyi—1 + by, for 1 < i < n/2. The matrices A/ can be computed in
O(log m) time, using a total of O(nM(m)) operations, since the matrices
involved are each of size m X m; the vectors b/ can be computed in
O(log m) time, using O(nm?) = O(nM(m)) operations.
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O Step 2: This step makes a recursive call to solve the linear recurrence
defined by y2; = A{yz;-1) + b/ which requires T(n/2, m) time, using a
total of W(n/2, m) operations.

a Step 3: This step computes y2i+1 = Axu+1y2 + ba+1, for each i such
that 1 <i < (n/2) — 1. Hence, this step can be performed in O(log m)
time, using O(nm?) = O(nM(m)) operations.

Therefore, T(n, m) and W(n, m) satisfy the following recurrences:

T(n,m) = T(n/2, m) + O(log m)
W(n,m) = W(n/2, m) + O(nM(m)).

Since the solutions of these recurrences are T(n, m) = O(log n log m) and
W(n, m) = O(nM(m)), the theorem follows. O

In many important cases, we can reduce the required number of oper-
ations, as will be shown in the next two examples.

EXAMPLE 8.2:

Suppose that all the matrices 4; of Eq. 8.2 are equal to 4 of size n X n (and
hence m = n). In this case,y; = A"~ 'by + A""2b; + -+ + Ab;—1 + b;, for
1 < i < n. During the first iteration, we compute A = A4, = A%, and
bi = Ay _1by_1 + by = Aby_y + by, for1 < i < n/2. Computation of the
b/ vectors can be expressed in the following matrix form (where n is assumed
to be a power of 2):

b1, b5, ... ,b%_] = A[b1,b3, ... ,bn—1] + [b2, b4, ..., by].

It follows that this iteration can be done in O(logn) time, using O(M(n))
operations.

We can obtain the complete solution (step 4 of Algorithm 8.1) by using
the same scheme sketched for computing the b/ vectors. Therefore, the
overall running time is O(log? ), and the total number of arithmetic opera-
tions is O(M(n) log n). a

EXAMPLE 8.3: (Krylov Matrix)

Let v be an arbitrary m-dimensional vector. Suppose that by = v,b; = 0 for
2 <i<n,and4; = Ain Eq.8.2. Clearly, in this case,y; = 4' " ly,for1 <i < n.
The matrix [v, Av, A%y, ---, A"~ 1v] is called the Krylov matrix defined by the
matrix A4, the vector v, and the integer n. This is a special case of the linear
recurrence introduced in Example 8.2. Using the same scheme, we obtain an
algorithm to compute the Krylov matrix in O(log n log m) time, using a total
of O(M(m) log n) operations, assumingn < m. The importance of the Krylov
matrix will be revealed in Section 8.8. a
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Having considered first-order linear recurrences, we turn now to par-
allel algorithms for higher-order linear recurrences. We start with triangular
linear systems.

8.2 Triangular Linear Systems

Solving a linear system of equations is one of the most fundamental problems
in numeric computations. The classic Gaussian elimination scheme to solve
an arbitrary linear system of equations reduces the given system to a trian-
gular form and then generates the solution by using the standard forward
substitution algorithm. Our goal here is to present a simple, fast parallel
algorithm for solving triangular linear systems. The general case will be
handled in Section 8.8.

Consider the linear system of equations Ax = b, where x and b are
n-dimensional vectors, and A is the following # X n unit lower triangular matrix:

1 0 0 0

a; 1 0 0
A=la3 a3p 1 0
ny @n2 ... Gnn-1 1

For a given arbitrary nonsingular lower triangular system, we can make
all the entries on the diagonal equal to 1 by dividing the ith equation by a;;,
whenevera;; # 1,for 1 <i < n. Hence, our assumption of a unit diagonal is
not a restriction.

The simplest method to evaluate x is perhaps to compute succes-
sivelyxy = b1,x2 = by —anxi,x3 =bs —asx; —axnxy, --,x;i =b; -

1~1

,=14iiXj, .... This scheme clearly requires O(n?) arithmetic operations.
Unfortunately, such a simple method does not seem to lead to a fast parallel
algorithm for computing all the x;’s. An alternative method exists that can be
implemented in O(log? n) time, but it requires O(M(n)) arithmetic operations.

8.2.1 A FAST PARALLEL MATRIX-INVERSION ALGORITHM

We shall use a simple divide-and-conquer strategy to invert the n X n unit
lower triangular matrix A. Once A~ ! is generated, determining x = A~ b
can be done in O(log n) time, using a total of O(n?) operations.
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Let A be partitioned into (n/2) X (n/2) blocks as follows:

o o)
A= N
Ay A3

where n is assumed to be a power of 2. Clearly, 4| and A3 are nonsingular,
lower triangular matrices. Using straightforward matrix multiplication, it is
easy to verify that 44 ~! = I,,, where I, is the n X n identity matrix and A 1

is given by
-1
Al = A ° 1.
—A7 a7t 47!

Therefore, we can obtain the inverse of 4 by recursively computing the
inverses of 41 and 43, and by performing two (n/2) X (n/2) matrix multipli-
cations to generate the term —A; 'A,4; !, This divide-and-conquer method
leads to the following theorem.

Theorem 8.3: An n X n triangular linear system of equations can be solved in
O(log? n) time, using O(M(n)) arithmetic operations.

Proof: The time bound of O(log? n) follows from the observation that the
algorithm runs for O(log n) iterations, each of which involves two matrix
multiplications of size < n/2. As for the total number of arithmetic opera-
tions, they can be estimated as follows.

Let W(n) be the number of arithmetic operations needed to invert an
n X nlower triangular matrix. Then, W(n) satisfies the following recurrence:

W(n) = 2W(n/2) + 2M(n/2).

We can check that W(n) < M(n) satisfies this recurrence, if we make the
reasonable assumption that M(n) satisfies the relation M(n) = 4M(n/2). O

PRAM Model: Matrix multiplication is the basic routine used to obtain our
desired solution. Hence, we need the arithmetic CREW PRAM model to
implement this algorithm within the stated bounds. O

Exercises 8.5 and 8.6 provide two other fast algorithms to invert lower
triangular matrices.

8.2.2 BANDED TRIANGULAR LINEAR SYSTEMS

One important special class of triangular systems arises in numerous appli-
cations. This class comprises the banded triangular linear systems, in which
the coefficient matrix 4 has a small number of subdiagonals (diagonals below
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the main diagonal) with nonzero entries. It turns out that a combination of
the scheme for solving first-order linear recurrences and the fast scheme for
solving triangular linear systems yields a fast and efficient parallel algorithm
for solving banded triangular linear systems.

A lower triangular matrix 4 is of bandwidth m if a; = 0 wheneveri —
j =z mori < j, and hence all the nonzero entries of A4 belong to the main
diagonal and to the m — 1 subdiagonals below it.

EXAMPLE 8.4:

Consider the case of a banded triangular system in whichn = 6 and m = 3.
Then, the matrix A has the form

[ay 0 0 0 0 o0
ay; an O 0 0 0
az; a3y a3 0 0 O
0 ag a3 asg 0 0
0 O as3 asq ass O
_0 0 0 ae4 Aes 066— O

Without loss of generality, we can assume that the elements {a;;} on the
main diagonal are all equal to 1. The solution to the system Ax = b can then
be expressed by the following recurrence:

x1 = by
i-1
X = Z —ajpxj +b,2=<i<n
j=i-m+1 3
All entries whose indices fall outside the range [1, 2, ..., n] are as-

sumed to be zeros. Hence a banded triangular linear system of bandwidth m
gives rise to an (m — 1)st-order linear recurrence.

We can use the fast method developed in Section 8.2.1 for solving
arbitrary triangular linear systems. The corresponding algorithm would be
highly inefficient, since the straightforward sequential algorithm implied by
the recurrence requires only O(mn) operations, which is linear in n when m
is a constant. An alternative method that depends both on the algorithm for
solving triangular systems and on the algorithm for the parallel evaluation of
first-order linear recurrences will be developed next.

Consider the banded triangular linear system Ax = b, where A isann X
n matrix of bandwidth m. Assume that m divides n and partition A intom x
mblocks 4; j, where 1 < i,j = n/m. The resulting matrix is block-bidiagonal
such that the blocks 4;; on the main diagonal are lower triangular and the
blocks 4; ;1 on the subdiagonal are upper triangular.
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EXAMPLE 8.5:

Letn = 9and m = 3. Then 4 is partitioned as follows:

an 0 oo o oo o o]
ay ap 0{0 O OO0 O O
ay ayp axf 0 0 O[O0 O O
0 ag agz|asyy O 0 0 0 0
A= 0 0 as3|lass ass O 0 0 0
0 0 0 |ags ags agg| 0 O 0
0 0 00 a5 aglan O 0
0 0 0|0 0 aglag asg 0
_0 0 0[O0 0 O {ag7 aog a9 | 0

We let D be the block diagonal matrix consisting of the submatrices 4,
A2, -+, Az 1 thatis,

An n

nmem

We let A* = D714, and let d = D~ !b. Notice that A* is block-
bidiagonal such that the main diagonal consists of n/m blocks of I,,;, and the
subdiagonal consists of blocks A};_; = A;; 'A,-,,-_l, for2 < i < n/m. The
computation of A* requires (n/m) — 1independent m X m lower triangular
matrix inversions for generating {4, l}"/"‘, and (n/m) — lindependent m X
m matrix multiplications for generating {A;; '4; i1}, Using our algonthm
for mvertlng lower triangular matrices, we can compute the blocks 4, ; L in
O(log? m) time, using a total of O((n/m)M(m)) operations, forall 1 < i <
n/m. The (n/m) — 1 matrix multiplications clearly can be computed within
these bounds. The computation of the vectord = D ~1b can also be computed
within these bounds.

It is clear that the solution of the linear system Ax = b is also given by
D~ !'4Ax = D~ 1p, thatis, A*x = d, where 4* has the form

Iy,
*
A2,1 Im
A;,Z .lm

*
nn
Az sy Inm
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We partition x and d into the m-dimensional subvectorsx = (x1,x2, ...,
Xpm)andd = (dy,d2, ... ,dy;m), respectively. The solution to the system A*x =
d can now be expressed by the following first-order linear recurrence:

x1 =d
x; = —Afixi- +d;, 2<i<nm

This recurrence is precisely the type of linear recurrence we considered in
Section 8.1.3. Using Theorem 8.2, all the vectors x;’s can be obtained in
O(log (n/m) log m) time, using a total of O((n/m)M(m)) operations. There-
fore, we have the following theorem.

Theorem 8.4: The solution of an n X n lower triangular linear system of
equations of bandwidth m can be determined in O(log n log m) time, using a
total of O((n/m)M(m)) arithmetic operations. ' O

Recall that M(m) < m?2376 over a ring, and hence the total number of
arithmetic operations required by the algorithm for solving banded triangular
linear systems is O(n.m'-37®) over a ring. This method thus compares favor-
ably with the O(nm) time sequential algorithm; in particular, it is optimal in
the case when m is a constant.

PRAM Model: The basic routines used in the algorithm described in this
section are those for inverting lower triangular matrices, and for solving an
m-dimensional first-order linear recurrence. These routines require matrix
multiplication and prefix-sums computations. Therefore, our algorithm runs
on the arithmetic CREW PRAM model within the stated bounds. a

8.3 The Discrete Fourier Transform

The discrete fourier transform (DFT) is an extremely important tool used
heavily in digital signal processing. It can also serve as a basic computational
tool to derive efficient algorithms for a diverse collection of problems. The
wide applicability of this transform stems primarily from the existence of
efficient and elegant schemes to compute the transform.

We begin our presentation by describing a Fast Fourier Transform
(FFT) algorithm, which can be implemented in O(log n) time, using a total of
O(n log n) operations, on the EREW PRAM. Several applications of the FFT
algorithm—such as polynomial multiplication, convolution, polynomial divi-
sion, and polynomial evaluation and interpolation—will be considered in
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Sections 8.4 through 8.7. The total amount of work performed by the result-
ing algorithms matches the corresponding time taken by the best known
sequential algorithms.

We begin by defining the discrete Fourier transform.

8.3.1 THE DISCRETE FOURIER TRANSFORM DEFINED
OVER THE COMPLEX FIELD

We let 6 be the field of complex numbers, and let n be an integer. Define the
complex number o = ¢i% = cos2E + i sinZE, where i = V—1. Clearly,
" =e?™ = 1,and 1, 0, w?, ..., 0"~ ! constitute all the (distinct) nth roots
of unity in the complex field 6. The complex number w is called a primitive nth
root of unity.

We let W, be the n X n matrix whose rows and columns are indexed 0,
1, ... ,n — 1suchthat W,(j, k) = o/, where 0 < j, k <n — 1. The DFT of
an n-dimensional vector x is defined as the vectory = W,x. Therefore, y; =
Sk, 0<j<n -1

EXAMPLE 8.6:
Letn = 4and hence w = e/ F = cosT + ising = i. The four distinct fourth
roots of unity are i, iZ = —1,i3 = —i,i* = 1. The matrix Wj is given by

1 1 1 1

1 i -1 —i

Wy =
1 -1 1 -1
1 -i -1 i

The DFT of a four-dimensional vectorx isy = Wyx, where the compo-
nents are

Yo = X9 +x1 +x2 +Xx3
Y1 =x0 +ixy —x2 — ix3
Ya=x9—x1 +x2—x3
Y3 =Xxg — ix; — x2 + ix3. O

Since the DFT of x can be viewed as a matrix-vector product, it can be
computed by using the standard algorithm for multiplying an arbitrary matrix
by a vector. Such an algorithm can be implemented in O(log n) time using
O(n?) arithmetic operations involving complex numbers. The FFT algorithm
presented next uses only O(n log n) arithmetic operations.
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8.3.2 THE FAST FOURIER TRANSFORM ALGORITHM

We shall use a divide-and-conquer strategy to compute the DFTy = Wx.
For the remainder of this section, we assume thatn is a power of 2.
Letj be an even index—say, j = 2/—such that0 </ < 5 — 1. Then,

according to the definition of the DFT, we have y; = yy = Ekzowz”‘xk,
and hence,

yu =x0 + 0dx; + 0¥ + ..+ wﬂ(z— ooy +xg + )
myx%_,_l + 0)4lx%+2 + ... + wﬂf‘lxn_l, .

where we have used the fact that 0 = (0")! = 1.1t follows thatyy = (xo +
xg) + 0¥ +xg00) + oW +xgan) ot 0231 (g -y + x-1).

Clearly, w? = ¢! (3), and hence w? is a primitive (n/2)th root of unity. It
follows that the vector z(1) = [vo,y2, ... ,¥n—2]T is the DFT of the vector
[eo + xz,01 + X340, .., x2o + xa1]T

If the indexj is odd—say,j = 2 + 1—we can show in a similar fashion that

y21+1= (xO + ().)%x%) + 0.)21(0.)x1 + (.0%+1x%+1) + ... +

(,021(%_ 1)(0.)%_ lx%_l +
We can simplify this expression by noting that w? = /™ = — 1, and thus

yas1 = (xo —x3) + 0¥ (X1 —x341) +
w¥.w? (x3 — x2 ) R (8.4)

0.)21(7—1).(07 l(x%_l —Xp-1)-

Therefore, the vector z(? = [yl, y3, ... »¥n—1]7 is the DFT of the vector
o —xg, 0 (1 —x241), ... , 03" (xa_1 — x,—1)]7. This fact is illustrated
plctorxally in Fig. 8.1.

We are now ready to state our algorithm more formally.

ALGORITHM 8.2
(Fast Fourier Transform)
Input: An n-dimensional vector x whose entries are complex num-
bers, and w = eizT“, where n is assumed to be a power of 2.
Output: The vector y that is the DFT of x.
begin

L ifn = 2then {Seryi: = x| + x2,y2: = x1 — X2, exit}
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XgH+X n
2
Xy
X+ x
1 n
2 +1
x|
. DFT (%)
* X F
X, 1 2
-
Xg=X ,
x, 2
2
wlr —x , I)
5+
X1+I :
2 . DFT (%)
. %—I *
° w (Xn _xn—l)
2-1
xn—l
FIGURE 8.1

An illustration of the FFT algorithm. The top DFT(%) block generates the
even-indexed entries, and the bottom DFT(%) block generates the odd-

indexed entries.

2. forOSls%

— 1 pardo

Setu;: =x; + X34
Setv): = wl(xl - x%+1)

3. Recursively, compute the DFT of the two vectors [ug, u1, ...
VE- 1}, and store the results in vectors 7)) =

uz_1land[vo, vy, ...

b

(2D, 2, ... ,z%(l_)1 Jand z® = [z, 29, ... ,zg_) | } respectively.

4. for) <j<n — 1pardo
- L=
j even: Set y;: = Z; )
j odd: Setyj: = z?)

end T
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Let us apply the FFT algorithm to compute the DFT of the vector [2,i,1 —

i,0,1,

and the coefficient matrix is given by

—1,0,0]. In this case, v = ¢iF = = cosy +isiny = (V2/2) + 1(\/_/2)

11 1 1 1 1 1 1]
1l o i o -1 -0 -i —-o
1 I -1 =i 1 i -1 =i
1 o —-i o -1 —o i )
1 -1 1 -1 1 -1 1 -1
1l o i -0 -1 o —i o
1 -i -1 i 1 - -1 i
1 -0 —-i -0 -1 o i ®
where 0’ = — % + i%. At step 2 of Algorithm 8.2, the following quantities

are computed:

u0=x0+x4=3 vo=Xx9 — x4 =1

Uy =x1 +x5 =20 vi=owx —x5)=0
u2=x2+x6=1—iv2=m2(x2—x6)=1+i
u3=X3+x7=0 V3=w3(X3—X7)=0.

The algorithm is now called recursively to compute the DFTs of the two
vectors determined by the components u; and v;. Let us concentrate on the
vector corresponding to the elements u;. Again, at step 2, we obtain

ug —uy =2 +1i
w?(uy —u3) =

up=ug +uy=4-1 vy

i

Ui

’

uy +u3 =0 Vi

Since the size of each of these vectors is 2, the next recursive calls return
[up + ui,up —ui) =[4 —i,4 —iland[v) + vi,v) —vi] = [2 +i,2 +1].
Hence, the DFT of the vector determined by the components u; is given by
[4-6,2+i,4—-0,2+1).

Similarly, we can go through the same process to determine the DFT of
the vector whose components are the elements v;. As a result, we obtain [2 +
i, —i,2 + i, —i]. Combining these two vectors as in step 4 of Algorithm 8.2,
wegety = [4 —i,2 +i,2 +i, —i,4 —i,2+i,2 + i, —i]. d

Figure 8.2 illustrates the FFT algorithm that results from unfolding the
recursion forn = 8.
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=
KX

FIGURE 8.2
The FFT algorithm for n = 8.

Theorem 8.5: The FFT Algorithm (Algorithm 8.2) computes the DFT of an
n-dimensional vector in O(log n) time, using a total of O(n log n) arithmetic
operations.

Proof: The correctness proof follows from Egs. 8.3 and 8.4. As for the com-
plexity bounds, it is easy to check that the running time 7(n) and the total
number W(n) of operations satisfy the following recurrences:

T(n) = T(n/2) + O(1)
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W(n) = 2W(n/2) + O(n),
and hence T(n) = O(log n) and W(n) = O(n log n). |

PRAM Model: The value of » can be distributed to all the processors, and we
can compute all the powers of w by using a prefix-sums algorithm. At each
paralle] step, we know precisely the powers of w that are needed. It follows
that the FFT algorithm can be implemented on the arithmetic EREW PRAM
within the stated bounds. O

It is easy to verify, b?/ using matrix multiplication, that the inverse of the
matrix W, is given by W, '(j, k) = 1w /%, for 0 < j,k < n — 1. We define the
inverse discrete Fourier transform (IDFT) as the vectory = W, L. The
complexity bounds of computing the IDFT are stated in the following theorem.

Theorem 8.6: Given an n-dimensional vector x, the IDFT of x can be computed
in O(log n) time, using O(n log n) operations on the EREW PRAM.

Proof: An FFT-type algorithm can be used to achieve the bounds stated in
the theorem. The proof is left to Exercise 8.8. O

8.3.3 *THE DISCRETE FOURIER TRANSFORM OVER A RING

The Fourier transform has been defined over the complex field. In some
applications, it is useful to extend this notion to an arbitrary commutative ring
(R, +,.).

An element w of a commutative ring R is a primitive nth root of unity
if w generates a multiplicative group of order n. That is, the elements w,
w2, ..., w"" ! " = 1 are all distinct. In this case, we can use the usual
matrix-vector formulation to define the DFT of an n-dimensional vector over
R. The FFT algorithm can then be applied just as in the case of the complex
numbers.

An important special case is when R is the ring Z,, of integers modulo
m, for some integer m. In this case, we can specify values of m for which
certain primitive roots of unity exist.

Let G,, be the set of the elements k € Z,, that are relatively prime to
m. It can be shown that (G,,.) is a cyclic group of order ¢ (m), where & (m)
is the number of integers less than m that are relatively prime to m. Hence,
every element a € G, satisfies the equation a®®) — 1 = 0 mod m. Any
generator o of G, is a primitive root of unity.
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Expanding these preliminary facts, we can show the following theorem.

Theorem 8.7: Given any o and n such that @ = 2P and n = 24 for some p and
q, the ring Z , has w as a primitive nth root of unity, wherem = o2 + 1. 0O

The interested reader can consult the bibliographic notes at the end of
this chapter for several references containing more detailed presentation of
the DFT over a ring.

EXAMPLE 8.8:

Let R = Zg, the ring of integers modulo 9. This ring consists of the elements
{0,1,2,3,4,5, 6,7, 8}. The multiplicative group G consists of {1,2,4,5,7, 8}.
These are all the elements relatively prime to 9. Among the six elements of G,
only 2 and 5 are primitive sixth roots of unity. For instance, = 2, 0? = 4, 0> =
8, w* = 7,0® =5, and ® = 1. On the other hand, for a = 4, we have a =
4,02 = 7,and a® = 1;thus,a = 4isnota primitive sixth root of unity. O

EXAMPLE 8.9:

Suppose we wish to perform an eight-dimensional DFT with = 2 as a
primitive eighth root of unity. Letm = 2* + 1 = 17, and consider the ring Z 7.
Then,w =2, w2 = 4,03 = 8,0 = 16,0 = 15,0° = 13,0’ = 9,and 8 = 1.
Hence, w = 2 is indeed a primitive eighth root of unity in Z 5, as stated in
Theorem 8.7. O

8.4 Polynomial Multiplication and Convolution

Consider the polynomial p(x) = Zz;éa K, where the coefficients a; are
elements from a ring that possesses an nth primitive root of unity (the reader
may wish to assume that the ay’s are complex numbers). So far, we have assumed
that such a polynomial is represented by the list of its coefficients (ag, a3, ...,
an—1). On the other hand, it is well known that p(x) is also uniquely deter-
mined by its values y; = p(x;) at any n distinct points xo, X1, ... ,Xn—1.

Polynomial evaluation at n distinct points can be viewed as the process
of converting the list of coefficients representation into the representation of
p(x) by its values at the n distinct points. The reverse process of generating the
list of coefficients from the set of values (x;,y;), where 0 < j < n — 1,is called
polynomial interpolation. We shall now relate the DFT computation to the
notion of polynomial evaluation and polynomial interpolation.
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8.4.1 POLYNOMIAL EVALUATION AND INTERPOLATION
AT ROOTS OF UNITY

Let y be the DFT of the vector a, where a = [ag, a1, ... , an-1]7 and the
elements a; represent the coefficients of the polynomial p(x) Theny;, =
k- “oax(w/)k, where 0 < j < n — 1. Hence, y; is the value of p(x) at the point
o/ for eachj. Therefore, the DFT of a can be viewed as the ordered list of the
values of the (n — 1)st-degree polynomial p(x) at the points 1, w, ?, ...,
"~ 1. Recall that, since w is a primitive nth root of unity, the points /, where
0 =j <n — 1, are all distinct.

On the other hand, y = W,a is equivalent to @ = W, 'y, and hence
computing the inverse DFT of the vector y corresponds to generating the list
of the coefficients of p(x)—that is, to polynomial interpolation—where the n
distinct evaluation points are the n roots of unity.

Evaluation of an (n — 1)st-degree polynomial at the distinct n roots of
unity and the corresponding polynomial interpolation can each be achieved
in O(log n) time, using a total of O(n log n) arithmetic operations.

Let us examine what are the implications of the relationship between
DFT computation and evaluation/interpolation for polynomial muitiplication.

8.4.2 POLYNOMIAL MULTIPLICATION USING
THE FFT ALGORITHM

The product of two polynomials p(x) = Si_garx* and g(x) = Jpoobixk is
the polynomial r(x) = p(x)g(x) = Su-q “cixk, such that ¢y = 2f=0ajbk i
where ay and b; 4 are assumed to be 0 if their indices fall outside the range
[0,1,...,n = 1]and [0, 1, ... ,m — 1], respectively.

EXAMPLE 8.10:

Letp(x) = ag + aixandq(x) = by + bix + byx% Thenr(x) = (ag + aix)(by +
bix + byx?) = aghg + (aph1 + a1bolx + (aphy + albl)xz +abx?. O

Suppose we are given the coefficients {a k}k oand {b}; ~o ~ 1 of the poly-
nomial p(x) and gq(x), respectively, and wish to generate the coeflicients

el g 2 of the resulting polynomial product.

The straightforward algorithm for computing each ¢, separately from
the definition ¢y = le;(,ajbk -j can be done in O(log (n + m)) parallel time,
using a total of ®@(nm) operations. A simple use of the FFT algorithm will
reduce the total number of operations to O((n + m) log (n + m)).
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We let [ be an integer that is a power of 2such thatn + m - 2 <[ <
2(n + m — 2). Weleta=[ag, ... ,a;-1]T and b = [by, ..., b;-1]7, where
aj =0forj>n—landby = 0fork >m — 1.

Our algorithm for computing the coefficients {cx} representing the
product of the two polynomials p(x) and g(x) consists of the following steps.

O Step 1: Computey = Wia andz = Wb using the FFT algorithm. Hence,
we now have the values of the polynomials p(x) and g(x) at the points 1,
w, 02, ...,/ ! where w is a primitive /th root of unity. More precisely,
yj = p(w/) andzj = g(w/), where0 < j </ - 1.

O Step 2: Compute the valuesu; = y;zj, forall0 < j </ — 1. Clearly, u;
= p(w/)q(w’) = r(w); hence, we have the values of the polynomial r(x)
at the [ distinct roots of unity.

O Step 3: Compute the inverse DFT of the vectoru = [ug,uy, ... ,u;-1]7.
The first n + m — 1 entries of the resulting vector are equal to the
coeflicients of the product polynomial r(x).

We therefore have the following theorem.

Theorem 8.8: The coefficients of the product of two polynomials of degrees
(n — 1) and (m — 1), respectively, can be computed in O(log (n + m)) time,
using a total of O((n + m) log (n + m)) arithmetic operations. O

PRAM Model: Since the FFT algorithm can be executed on the arithmetic
EREW PRAM, the polynomial multiplication algorithm described here runs
on the EREW PRAM within the stated bounds. a

8.4.3 CONVOLUTION USING THE FFT ALGORITHM

A notion closely related to polynomial multiplication is that of the convolu-
tion of two vectorsa and b, denotedbya ® b. Ifa = [aq, ... ,an-1]7 andb =
[bo, ... ,bm-1]T, thena ® b is defined to be the vectore = [co, ... ,Cm+n-1]T,
such that cx = E;;Oajbk_j,where aj = 0forj >n — 1,and b; = 0 for
j>m-1

EXAMPLE 8.11:

Ifn = 2andm = 3,thena = [ag,a1]7 and b = [bg, b1,b2]7. Thus, according
to our definition,a ® b = ¢ = [co, ¢1, ¢2, 3, c4]T, where cg = agbo, ¢1
= agby + a1bo,c2 = agby + a1by,c3 = a1bz,andcq = 0. O
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Except for the term ¢, 4+, —1 (Which is always equal to 0), the convolu-
tion of the two vectorsa and b is the same as the coeflicients of the product of
the two polynomials p(x) = ¥—gap andq(x) = 3%, b This equivalence
results in the following corollary to Theorem 8.8.

Corollary 8.2: The convolution of two vectors of dimensions n and m, respec-
tively, can be computed in O(log (n + m)) time, using a total of O((n + m)
log(n + m)) operations on the EREW PRAM. O

Closely related to polynomial multiplication and convolution is the
class of computations involving Toeplitz matrices. These computations are
discussed in the next section.

8.5 Toeplitz Matrices

An n X n matrix T is called a Toeplitz matrix if it satisfies the relation
T(k,]) = T(k — 1,] — 1),for2 < [,k < n. In other words, the entries on each
diagonal of T are all equal. Hence, such a matrix is determined by the 2n —
1 entries appearing in the first row and the first column. We will denote these
entries by tg, t1, ... , t2,-» such that

th-1 th-2 ... 2 h to
th th—-1 th-2 ... ty t
th+1 tn th—1 {n—Z 2
T= i T HE (8.5)
-3 twm-2 ... h-1 th-2
[tn-2 fom-3 ... In+1 In tn-1 |

We say that the vector ¢t = [to, t1, ... , t2,—2]7 defines the Toeplitz
matrix T.

EXAMPLE 8.12:
The 4 x 4 Toeplitz matrix defined by the vector [tg, t1, t2, t3, t4, t5, tg] is

3 12 11 1t
ty tz tr 4
ts tg ty (3
te ts ty 3
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Toeplitz matrices occur frequently in numerical computations arising in
signal processing. One of our goals in this section is the development of an
efficient algorithm for inverting triangular Toeplitz matrices, a problem that
will be shown to be equivalent to polynomial division.

We start by discussing the problem of multiplying a Toeplitz matrix by
a vector, a problem whose solution will be used in our triangular Toeplitz
matrix-inversion algorithm. '

8.5.1 THE PRODUCT OF A TOEPLITZ MATRIX AND A VECTOR

Leta = [ag, a1, ... ,an—1]7 be a given vector and letd = Ta, where T'is an
n % n Toeplitz matrix defined by the vector t = [tg, t1, ... ,t2,~2]T. We are
interested in developing an efficient parallel algorithm for computing d. The
standard algorithm for matrix-vector multiplication computes d in O(log n)
time, using a total of O(n?) operations. We shall see how to use the convo-
lution algorithm described in Section 8.4 to perform this computation using
only O(n log n) operations.

It is easy to verify that each entry d; of d is given by d; = Z,";OIa i +l—)—1
for0 = [ < n — 1. Consider the convolution ¢ of the two vectors @ and ¢. Then,
according to the definition of the convolution, we have ¢ = Zf: otk —;. Substi-

. +1-1 -1

tutingk = n + 1 — L, wegetcosi—1 = 220 Gn+l—j-1 = 2 —@ln+i-)—1,

sincea; = Oforj >n — 1.Thus,d; = cp41-1for0 <l <n- 1
Therefore, we can obtain the product Ta by computing a & ¢, and

settingd) = cp4-1 (0=l sn-1).

EXAMPLE 8.13:

Forn = 4, the components of the vectord = Ta and the entriescs, ¢4, ¢5, and
¢ of the convolution ¢ are given by

dy = ¢3 = t3ag + thay + hiaz + toas,
di = ¢4 = taag + t3a1 + tay + tas,
dy = ¢5 = tsag + tsay + tzap + bas,
d3 = cg = tgag + tsay + tqay + tias. O

Using Corollary 8.2, we obtain the following lemma.

Lemma 8.1: We can obtain the product of an n x n Toeplitz matrix T and a
vector a by computing ¢ = a X t and retaining the entries (Cn—1,Cn, ... , Con-2)
of vector ¢, where t is the vector defining T. Hence, the matrix product can be
obtained in O(log n) time, using a total of O(n log n) operations.
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PRAM Model: Since the convolution of two vectors is the only nontrivial
routine used, the EREW PRAM model is sufficient to support the algorithm
for Toeplitz matrix-vector multiplication within the stated bounds. O

The relationship between Toeplitz matrix-vector product and polyno-
mial multiplication is implicit in the preceding discussion. We can make this
relationship clearer as follows.

Lets(x) = S/-gtxtandp(x) = 37, 'paxt be two polynomials. Then, the
coeflicients of the product polynomial g(x) = t(x)p(x) are given by

7r—l
— - tr—2 -1 — —
Urim-2 Y S Pm-1
qr+m-1 t ; - - Pm-2
: =] 1 n R
ot t_2
L 90 ] oo | Lpo
1]

The coeflicient matrix is an (r + m — 1) X m Toeplitz matrix. In
particular, if we setr = 2n — 1 and m = n, and remove the top and bottom
(n — 1) rows, we get the general Toeplitz matrix introduced in Eq. 8.5. We
will later exploit this relationship to perform several important polynomial
computations.

EXAMPLE 8.14:

Consider the two polynomials t(x) = 3. t.x! ang p(x) = 37 pwxt. Then, the

coefficients of the product g(x) = t(x)p(x) = 2,_qx* are given by

el [ 0 0]
qs t3 14 0
qa [ 13 taf |p2
q3 | = |h 12 3] |p1
q2 o &1 2| [Po
q1 0 1
q0 0 0 1]
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Removing the top and the bottom two rows of the Toeplitz matrix, we obtain

q4 fy 13 l4| | P2
q3 | =0 f2 3| {p1
92 lo 11 2} | PO O

8.5.2 INVERSION OF TRIANGULAR TOEPLITZ MATRICES

We now consider a special class of Toeplitz matrices—namely, triangular
Toeplitz matrices. We develop an efficient parallel scheme for inverting such
matrices. Notice that a triangular Toeplitz matrix T'is uniquely determined by
its first column. We shall exploit this fact to obtain our efficient parallel
algorithm.

As we shall see in Section 8.6, inverting a triangular Toeplitz matrix is
equivalent to performing polynomial division, a fundamental problem in poly-
nomial computations. Again the FFT algorithm will play the crucial role of
providing an efficient algorithm.

We have already examined in Section 8.2.1, the problem of computing
the inverse of an arbitraryn X n triangular matrix. The described divide-and-
conquer algorithm runs in O(log? n) time, using a total of O(M(n)) arithmetic
operations. Recall that M(n) is the number of arithmetic operations required
for n x n matrix multiplication. A combination of the divide-and-conquer
approach and the FFT algorithm will allow us to invert n X n triangular
Toeplitz matrices in O(log? n) time, using a total of O(n log n) operations.

Let T be a lower triangular Toeplitz matrix partitioned into n/2 X n/2

blocks,
T
T, T

where n is assumed to be a power of 2. The two blocks on the diagonal are
identical, and the blocks T; and T, are Toeplitz matrices. As we saw in
Section 8.2.1, T~ ! is given by

-1
T_]=|: T; 0
-1 -1 -11]"
o P Y L

Since T—! is also a lower triangular Toeplitz matrix, T~ ! is uniquely
defined by its first column. Based on the preceding identity, we deduce the
following algorithm for computing the first column of T~ 1

O Step 1: Recursively compute the first column of 7 !
O Step 2: Compute the first column of — T 'T,T; .
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The computation of the first column of — T 1T2T‘1 is equivalent to

computing — T, szT e, where e = [1, 0 ]T We can achieve such a
computation successwely by computmg T le, Tz(T1 '), and - T'l(Tg(T le)).
Once the first column of T ! has been computed, we can use the algorithm
presented in Section 8.5.1 for multnplym; a Toeplitz matrix by a vector to
compute the first column of — sz T, " in O(log n) time, using a total of
O(n log n) arithmetic operations

Therefore, the running time 7(n) and the number of arithmetic oper-
ations W(n) used by our algorithm for inverting an n X n lower triangular
Toeplitz matrix satisfy the following recurrences:

T(n) = T(n/2) + O(logn)
W(n) = W(n/2) + O(nlogn).

It is simple to verify that the solutions to these recurrences are T(n) =
O(log? n) and W(n) = O(n logn). Hence, we have shown the following
theorem.

Theorem 8.9: We can invert an n X n triangular Toeplitz matrix in O(log? n)
time, using a total of O(n log n) arithmetic operations. O

PRAM Model: The algorithm for inverting a triangular Toeplitz matrix de-
scribed in this section can be viewed as a series of convolution computations.
Therefore, the algorithm runs on the arithmetic EREW PRAM model. O

8.5.3 *CIRCULANT MATRICES

Another important special class of Toeplitz matrices consists of the matrices

C defined by a vectora = [aq, a1, ..., an—1)7 such that
ap ai S
an-1 ay ar ... Gp-2
C=la,-2 ap- ay ... ap-3
az as Ap—1 ag

Such a matrix C is called a circulant matrix. We shall show that we can
compute the inverse of a circulant matrix very quickly by using the FFT
algorithm. The following fact is the basis of our algorithm; its proof is left to
Exercise 8.16.
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Theorem 8.10: Let C be an n X n circulant matrix defined by the vector a.
Then, W, \CW, = D, where D is a diagonal matrix such thatd = [d11,d2, ...,
dnn]? is the DFT of the vector a, and Wy, is the coefficient matrix for the DFT
of dimension n. In particular, the components of the DFT of a and the columns
of Wy, are, respectively, the eigenvalues and the eigenvectors of C. 0

Our circulant matrix-inversion algorithm will make use of an algorithm
for solving linear systems whose coeflicient matrices are circulant. We start by
discussing the latter problem.

Suppose we wish to solve the linear system Cx = b. Using Theorem 8.10,
we obtain that x = W,D~ IWn_ 1. Therefore, we can determine x by the
following algorithm:

O Step I: Compute b’ = W, !p, the inverse DFT of the vector b that defines
the right-hand side of the linear system.

O Step 2: Compute d = Wpya, the DFT of the vector a that defines the
circulant matrix C.

O Step 3: Compute b” = D ~1b’, where D is a diagonal matrix defined by
the vector d.

0 Step 4: Compute W,b", the DFT of the vector generated at step 3.

Itisclear thatsteps 1,2, and 4 can be done using the FFT algorithm; the
third step consists of a set of n independent multiplications (actually, divi-
sions). Therefore, the linear system Cx = b can be solved in O(log n) time,
using a total of O(n log n) operations.

To compute the inverse of a circulant matrix C, we observe that C ~ ! is
also a circulant matrix and hence is uniquely determined by its first column.
Therefore, solving the linear system Cx = e, where e = [1,0, ..., 0]7 is
sufficient to determine C ~!.

We therefore have shown the following theorem.

Theorem 8.11: Inversion of an n X n circulant matrix can be performed in
O(log n) time, using a total of O(n log n) operations. a

PRAM Model: As before, the arithmetic EREW PRAM model is sufficient,
since the only nontrivial routine used is the FFT algorithm. a

8.6 Polynomial Division

Consider the two polynomials s(x) = 3, o5,% and t(x) = Zj”':f)lt,xl. Then

there exist unique polynomials, the quotientg(x) and the remainder r(x), such
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that s(x) = t(x)g(x) + r(x), and deg(r(x)) < deg(t(x)), where deg(u(x)) de-
notes the degree of the polynomial u(x). Here, we are assuming that the
coeflicients come from a commutative ring that can support the FFT algo-
rithm, and that the coefficient ¢, | has a multiplicative inverse in the ring.
The reader may wish to assume that all the coefficients are complex numbers.

EXAMPLE 8.15:

Lets(x) =x” — 5x3 + x2 — landt(x) = x* + 2x3 — x2 — 2x. Then, the
quotient g(x) and the remainder r(x) are given by g(x) = x> — 2x2 + 5x — 10
and r(x) = 16x> + x> — 20x — 1. )

In this section, we shall examine an efficient algorithm for computing
the coefficients of the polynomials g(x) and r(x) given the coefficients of s(x)
and #(x). This problem is clearly a fundamental one that has been examined by
many researchers through the years. We shall provide a solution based on the
algorithm for inverting triangular Toeplitz matrices given in Section 8.5.2.

We start our description of the algorithm to compute g(x) and r(x) by
showing that we need to compute only one of the two polynomials g(x) and r(x).

Lemma 8.2: Let t(x) and s(x) be two polynomials of degreesn — 1 and m — 1,
respectively, where n > m. If the quotient q(x) is known, r(x) can be computed
in O(log n) time, using a total of O(n log n) operations. Conversely, if r(x) is
known, q(x) can be computed in O(log (n — m)) time, using a total of O(n +
(n — m)log (n — m)) operations.

Proof: Letg(x) be known. Clearly, degg(x) = n — m. We can multiply the two
polynomials t(x)g(x) in O(log n) time, using O(n log n) operations, using the
FFT-based algorithm. Computing the remainder r(x) = s(x) — t(x)g(x) can
then be done in O(1) steps, using O(n) operations. It follows that, once we
know the quotient g(x), the remainder r(x) can be computed in O(log n) time,
using a total of O(n log n) operations.

Suppose now that r(x) is known. Then, s(x) — r(x) can be computed in

O(1) steps, using a total of O(n) operations. We can determine the polyno-
mial g(x) = @&)’ﬂ by exploiting the connection between polynomial eval-

uation/interpolation and DFT. More precisely, we compute s(w!) — r(w!) and
f(w')for0 <1 < n —m + 1, where wisa primitive (1 — m + 1)st root of unity.
The FFT algorithm can be used to achieve this computation in O(log (n — m))
time, using a total of O((n — m) log (n — m)) operations. Hence, g(w') can
be computed within these bounds. The coefficients of g(x) can then be deter-
mined by the inverse FFT algorithm. Hence, once we know the remainder
r(x), the quotient g(x) can be computed in O(log (n — m)) time, using O(n +
(n — m) log (n — m)) operations. D
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We conclude from Lemma 8.2 that the division of two polynomials can
be reduced to computing either the quotient g(x) or the remainder r(x). We
concentrate on the computation of the quotient g(x).

Letqx) = 20" q,xl be the quotient of the two polynomials s(x) =
2 Os]xf and 1(x) = 37, 't;x/. Without loss of generality, we assume that
tm-15n—1 # 0. The product #(x)g(x) can be expressed as > _ 0akx where
ar = Zk o/ gk -

We letr(x) be the remainder of the d1v1sxon of s(x) by t(x) Given that deg
r(x) < m — 1, we conclude that 3j_ . _ s;xk = ¢, _,akx¥, and thus sy =
ag,form — 1 < k < n — 1. It follows that s = ijot,qk_,,whenm -1=<
k <n — 1. Usingthatt, = Oforj =2 mandg, = Oforj =2 n — m + 1, we obtain
the following identities:

Sn-1 = tm-19n-m

Sn=2 = tm-2qn-m * tm-19n-m-1

Sn=3 = tm-3qn-m Y tm-2qn-m-1 * tm-19n-m-2

Sh—4 tm—aq9n-m Y tm-3qn-m-1 * tm-2qn-m-2 + tm—19n-m-3

In matrix form, we have

Sn-1 tm-1 0 0 0 0 qn-m

Sn-2 tm-2 tm-1 0 0 0| |9n-m-1

Sn-3 | = |tm-3 tm-2 tm-1 0 0 qn-m-2
i Im-4 tm-3 Im-2 Im-1 0

Sm—1 . : . . 40

The matrix T relating the coeflicients of s(x) and g(x) isan (n — m + 1) X
(n — m + 1) lower triangular Toeplitz matrix. This relationship should come
as no surprise in view of the close connection between Toeplitz matrices and
polynomial multiplication.

EXAMPLE 8.16:

Lets(x) be of degree 8, and let #(x) be of degree 4. Then the coeficients of g(x)
are defined by the following linear system of equations:

57 t3 0 0 0 O qa

S6 t2 t3 0 0 O q3
ss| =|¢t1 t2 t3 0 O q2
S4 tg ty tp tz3 O q1
$3 0 tg t1 12 13 q0
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We see that the coeflicients of g(x) are given by the solution to a linear
system defined byan (n — m + 1) X (n — m + 1) lower triangular Toeplitz
matrix. Using Theorem 8.9, we immediately conclude the following theorem.

Theorem 8.12: The division of two polynomials of degrees n and m, respec-
tively, where n > m, can be done in O(log? (n — m) + log n) time, using a total
of O(n log n) operations. O

PRAM Model: The polynomial-division algorithm is deduced from the algo-
rithm for solving a triangular Toeplitz linear system of equations. Therefore,
we need only the arithmetic EREW PRAM model. O

8.7 Polynomial Evaluation and Interpolation

In this section, we consider the problem of evaluating a polynomial p(x) of
degree n — 1 at n distinct points, and the dual problem of interpolating a
polynomial at n distinct points. We have already come across these two
problems in the case where the n distinct points are roots of unity (Section 8.4).
This section deals with the general case of an arbitrary set of n distinct points.

8.7.1 POLYNOMIAL EVALUATION

Let p(x) = E,";Ola,xf be an (n — 1)st-degree polynomial given by its coeffi-
cients, and let {oy| 0 </ < n ~ 1} be a set of n distinct points. We wish to
compute p(ay)for0 s/ = n - 1.

One way of evaluating the polynomial p(x) at the given n distinct points
would be to compute all the p(ay)’s concurrently, using Horner’s algorithm
for each such evaluation. The total running time would be O(log n), and the
total number of arithmetic operations would be O(n?). However, the best
known sequential algorithm uses O(n log? n) arithmetic operations. Using
the FFT algorithm (Algorithm 8.2) and the polynomial-division algorithm
(Section 8.6), we will be able to provide a fast parallel implementation of the
sequential algorithm without increasing the total number of operations.

Letgq, = x — a;, where 0 = [ = n — 1. We shall view polynomial
evaluation at o as the computation of the remainder of the division of p(x) by
qi(x); that is, p(ay) = p(x) mod g;(x). It is not clear at first sight what this
alternate view has to offer. We now proceed to illustrate its usefulness.
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Let Q1 (x) = [T g1(x) and Q2(x) = [1774 q(x), where n is assumed to
be a power of 2. Q1 (x) and Q2(x) are polynomials, each of degree 5. Letp1(x) =
px) mod Q1(x) and p2(x) = p(x) mod Q2(x). Hence, p1(x) and p2(x) are the
remainders of the division of p(x) by Q1(x) and Q»(x), respectively. Thus, p(x) =
1(x)21(x) + p1(x) and p(x) = £2(x)Q2(x) + p2(x), for some polynomials ¢; (x)
and 12(x), and deg p1(x), deg p2(x) < 3. The crucial observation that allows
the development of an efficient algorithm is that p(a) = p1(oy), for0 < [ <
2 — 1,and that p(a) = p2(ay), for 5 </ < n — 1. That s, the first set of the
desned 5 values of p(x) consists of the values of the polynomial p;(x) of
degree § 5 at the points ag, a1, ... , ag_1, and the second set of the desired
5 values of p(x) consists of the values of p»(x) of degree 3 at the points aj,
0.%4.1, ooy 0p-1.

We can now apply the same process to each of p1(x) and py(x). The
overall procedure will be given next. The algorithm is described in terms of a
forward traversal of a balanced binary tree to compute all the necessary g,
products. These products are denoted by Qp ;(x), where the polynomial
Oh,(x) is generated at the jth node of helght h and the nodes are numbered

left to right. Once H, -0 ql(x) and H 1=4% q;(x) are computed, we traverse the
binary tree backward, reducing each polynomial at a given node modulo the

products stored at the children. The nodes are numbered by pairs of integers

(h,j),where 0 < h < logn,and 0 <j < (n/2") — 1 (see Fig. 8.3 for the case
whenn = 8).

ANANANAN

FIGURE 8.3
The binary tree used for polynomial evaluation.
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ALGORITHM 8.3

(Polynomial Evaluation)
Input: (1) A polynomial p(x) of degree n — 1 specified by its
coefficients, and (2) a set of n distinct points o, where0 < j < n — 1
and n = 2k for some integer k.
Output: The values p(c,), where 0 < j < n — 1.
begin
1. for0 <j < n — 1 pardo
Set Qo (x): =x — o
2. forh = 1tologn — 1do
for 0 <j < (n/2") — 1 pardo
Set Qp(x): = Qr-12() X Qr-12+1(x)
3. Set pio(x): = p(x)
4. forh = logn — 1to 0 do
for0 <j < (n/2") — 1 parde
Jjeven: Setpp,)(x): = pp+14(x) mod Qp,(x)
jodd: Setpp,;(x): = pp+1.5(x) mod Qp ;(x)
5. for0 <j < n — 1 pardo
Set ploy): = po,
end

EXAMPLE 8.17:

Letp(x) =x7 — 5x3 +x2 — l,andletag = 0,1 = 1,02 = —1,a3 = —2,
ag = 2,a5 = 3,06 = —3,and a7 = 5. Atstep 1 of Algorithm 8.3, we initialize
the following quantities: Qoo = x, Qo1 =x — 1,Qo2 =x + 1,003 =x +
2,Q04 =x—2,Q05 =x —3,Q06 =x + 3,and Qp7 = x — 5. During the
first iteration of the loop at step 2, we compute Q1 = x(x — 1) = x2 — x,
Qui=@+Dx+2)=x2+3x+2,012=(x-2x -3 =x*-5x+
6,and Q13 = (x + 3)(x — 5) = x? — 2x — 15. The second iteration generates
020 =x* + 2x3 —x2 = 2x,and Q21 =x* — Tx3 + x2 + 63x — 90. We then
set p3pg = p(x) at step 3. At step 4, we start by computing p2o = p(x) mod
Q20(x) = 16x3 + x2 — 20x — 1, and computingp,,; = p(x) mod Q21 (x). We
now concentrate on the subtree rooted at (2,0). Forh = 1,we getp1o = p2,0(x)
mod Q20(x) = —3x — 1,andp;1 = paomod @11(x) = 89 + 93. Finally, we
generate the polynomials at the leaves, poog = p1(x) mod Qoo(x) = —1,po1 =
p1ro@)mod Qo1(x) = —4,po2 = p1.1(x) mod Qg (x) = 4,andpg3 = p1,1(x) mod
Qo3(x) = —85. We perform a similar process for the children of 021(x). O

Theorem 8.13: Algorithm 8.3 correctly computes the values of the given poly-
nomial at the n distinct points. It can be implemented to run in O(log> n)
parallel time, using a total of O(n log? n) operations.
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Proof: The correctness proof follows from the discussion preceding the state-
ment of the theorem. The complexity bounds can be estimated as follows.

Step 1 takes O(1) time and uses O(n) operations. The loop at step 2
consists of O(log n) iterations such that the Ath iteration involves n/2# poly-
nomial multiplications, where each polynomial is of degree 2#~1. The mul-
tiplication of two polynomials, each of degree 2#~1, can be performed in
O(h) time, using O(h2") operations. Therefore, each iteration of the loop at
step 2 can be completed in O(log n) time, using O((n/2")h2") = O(n log n)
operations. It follows that step 2 can be executed in O(log? n) time, using a
total of O(n log? n) operations.

Step 3 takes O(1) time, using O(n) operations. Step 4 consists of logn
iterations such that each iteration requires n/2” polynomial divisions, each
division being between a polynomial of degree at most 2%+ ! and a polynomial
of degree 2", where A is the index appearing in the loop. Hence, each iteration
can be performed in O(log?h) = O(log? n) time, using a total of O((n/2")2h) =
O(n log n) operations. Therefore, step 4 takes O(log? ) time and uses a total
of O(n log? n) operations.

Finally, step 5 is straightforward and can be done in O(1) time, using
O(n) operations. Hence, the theorem follows. 0

PRAM Model: The scheme of Algorithm 8.3 is based on a forward and a
backward traversal of a balanced binary tree. The main routines used at each
node are those for polynomial multiplication (Section 8.4) and polynomial
division (Section 8.6). Therefore, Algorithm 8.3 runs on the EREW
PRAM model. = O

Remark 8.1: We mentioned, in Section 8.4, that the computation of the DFT
of a vector a is equivalent to polynomial evaluation at the n roots of unity,
where the list of coefficients of the polynomial is defined by a. We can use
Algorithm 8.3 as the basis for deriving a fast algorithm for computing the
DFT by exploiting the fact that the n distinct points o are the n distinct roots
of unity. The details are left to Exercise 8.20. 0

8.7.2 POLYNOMIAL INTERPOLATION

We now discuss the dual problem of determining the coefficients of the
polynom1a1 px) of degree n — 1 given by the set of the latter’s values {B;, =
p(a,)} 0, where the o,’s are distinct. The classical Lagrange interpolation
formula specifies p(x) as follows:

-1
- a)
p(x) B _._IL]__—] (8.6)
Z ]nl Ol:/(a] (![)
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It is easy to verify that p(x) takes on the appropriate values at the n
distinct points ag, a1, ... , oy —1. This formula looks computationally unattrac-
tive. We will rearrange the terms so as to make this formula much more useful.

As in the case of polynomial evaluatlon we define the linear polynomials
qi(x) =x — oy, andwelet Q(x) = [],- Oql(x) The derivative Q'(x) is a polynomial
of degree n — 1 that can be obtained easily from the polynomlal Q(x) when
given by the list of its coefficients. In addition, Q'(«;) = -, o=, {0y — a).

Therefore, we can obtain the denominators appearing in Eq. 8.6 by
evaluating the polynomial Q’(x) at the points o, where 0 < k < n — 1. We
can use Algorithm 8.3 to obtain these quantities. Hence, assume we have all
the valuesy, = Q'()),for0 <j <n - 1.

Weletc, = B,/y;, where 0 < j < n — 1. Then, Eq. 8.6 can be rewritten
as follows:

n-1
PE) = 00 2 7o )

Tcherefore the desired polynomial p(x) is the numerator of the sum
Z," 0T o It turns out that we can compute this sum easily by using a bal-
anced binary tree method, as in Algorithm 8.3. Usmg the same notation for

the nodes of the binary tree, let Qx-10(x) = [1}-, ql(x), and Qk-1,1(x) =
iz ,qz(x) where n = 2k,

We denote the numerators of the sums Z’ o 7= and X zx 5 by
DPk-1,0(x) and px —1,1(x), respectively. Clearly, th1s definition gives us

PO) _ pr-10() | pr-11(x)

0x)  Ok-10x)  QOk-11(x)
= Pr=1,0090k-1,100) TPk 1,1 () 0k - 10)

o)

It follows that p(x) = px—10x)Qk-1,1(x) + Pr-1,10)Qk-1,0(x). Pre-
cisely the same procedure can be used to compute the polynomials px - 1,0(x)
and pi —1,1(x). The detailed algorithm follows.

ALGORITHM 8.4
(Polynomial Interpolation)
Input: A set of pairs of numbers (o, B;), where 0 < j < n, the ;s
are distinct, and n = 2* for some integer k.
Output: The coefficients of the (n — 1)st-degree polynomial p(x)
such that p(oy) = By, forall0 < j <n — 1.
begin

1 for 0 <j<n-1 pardo

Set Qo,(x): =x — q
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2. forh = 1tologn do
for 0 < j < (n/2") — 1 pardo
Set Qpn;(x): = Qn-12(x) X Qr-12+1(x)
3. Compute Qk o), and use Algorithm 8.3 to compute vy, =
Qkolay), forallO <j=n-1
4 forO0<j=<n-1 pardo
Set po,(0): = Bil,
5. forh = 1tologn do
for 0 < j < (n/2") — 1 pardo
Set pn;(x): = pr-13(0)Qn-12+1(x) + pa-1+10)0k-1,2(x)
6. Set p(x): = pio(x).
end

EXAMPLE 8.18:

Suppose that we want to determine the coefficients of the polynomial defined
at the points (0, —1), (1, —4), (-1, 4), and (-2, —85). After step 1 is
completed, we obtain Qoo =x, Q01 =x — 1,Q02 =x + 1,and Qo3 = x +
2. The loop defined at step 2 runs twice. During the first iteration, the two
polynomials Q10 = x(x — 1) =x> —xand Q11 = (x + 1)(x + 2) =x2 +
3x + 2 are generated. The polynomial Qzp = x* + 2x3 — x2 — 2x is
generated at the second iteration. The derivative of Q¢ is given by Q30 =
4x3 + 6x2 — 2x — 2. The values of Q4 ¢ at the points 0, 1, — 1, and — 2 yield

Yo = —2,¥1 = 6,y2 = 2,and y3 = —6.In step 4, we compute the numbers
Po, l,po,l = —%,p02 = 2,andpg3 = 85 . The loop at step 5 runs for two
iterations the first of which produces p;, 0 = p0,0Qo,1 *+ p0,1Qo00 = "6'3,

andpi; = po2003 + po3Qoz2 = 97”109 . At the end of the second iteration,
we compute p(x) = p2o = p1,0Q1,1 +P1 1010 = 16x3 + x2 — 20x — 1. O

Theorem 8.14: Determining the coefficients of an (n — 1)st-degree polynomial
specified by its values at n distinct points can be achieved in O(log n) time,
using a total of O(n log? n) operations.

Proof: The proof of the following theorem is similar to that of Theorem 8.13.
The details are left to the reader. O

PRAM Model: Like the algorithm for polynomial evaluation (Algorithm
8.3), Algorithm 8.4 runs on the EREW PRAM model within the stated
bounds. O
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8.8 General Dense Matrices

So far in this chapter, we have encountered matrix problems involving either
triangular or other special matrices, such as Toeplitz and circulant matrices.
The algorithms described for inverting an n X n circulant matrix and ann x
n triangular Toeplitz matrix are efficient, since the total number of operations
used in each case is O(n log n). Our algorithm for inverting ann X n arbitrary
triangular matrix is disappointing in this regard, since it uses O(M(n)) oper-
ations, compared to O(n?) operations used by the standard forward-
substitution sequential algorithm. The algorithms to be described in this
section for handling general dense matrices achieve polylogarithmic running
time, but use considerably more operations than those required by the best
known sequential algorithms.

The methods to which we just referred, called direct methods, should
be contrasted with the class of iterative methods for which efficient parallel
implementations do exist. Iterative methods consist of improving successive
approximations until a close enough solution is found. On our arithmetic
PRAM model, iterative methods can generate only approximate solutions,
but we will insist that these solutions be very close to the exact sojutions in a
certain sense.

We shall start by describing fast direct methods for handling basic
dense-matrix computations, followed by a description of an efficient parallel
iterative algorithm for computing the inverse of a nonsingular matrix.

8.8.1 DIRECT METHODS

Let A be ann X n matrix whose entries come from an arbitrary field %, and
let A be an indeterminate. The characteristic polynomial of 4 is defined tobe
d(N\) = det (M — 4) = X]_qc, N, which is an nth-degree polynomial whose
roots are called the eigenvalues of A. In particular, this definition implies that
&(0) = co = det(—A), and hence det(4) = (—1)"cy.

The characteristic polynomial plays an important role in determining
canonical forms of 4 under the similarity transformation. For our purposes,
the importance of the characteristic polynomial is due partially to the follow-
ing well-known theorem from linear algebra.

Theorem 8.15 (Cayley-Hamilton): Let A be a matrix whose entries come from
an arbitrary field, and let &(\) = X,_,c,\* be its characteristic polynomial.
Then, b(A) = X._c,A' = 0. O
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EXAMPLE 8.19:
Let 4 be the 3 x 3 matrix

-12 0
3 2 1
0 0 -1

The matrix A — A is given by

A+l =2 0
-3 A=-2 -1,
0 0 N+1

whose determinant is (A\) = A3 — 9\ — 8. The Cayley-Hamilton theorem
(Theorem 8.13) states that 4> —94—8I = 0, as can be easily verified. In
addition, $(0) = -8, and thus det(4) = 8. 0

For the remainder of this section, we will assume that our field # has
characteristic 0; that is, given any elementa € %, the relationa +a + -+ +
a = 0 impliesa = 0.

The following lemma indicates the relevance of the Cayley-Hamilton
theorem (Theorem 8.13) to the problem of solving a linear system of equations.

Lemma 8.3: Given the characteristic polynomial db(\) of an n X n matrix A,
the linear system of equations defined by Ax = b can be solved in O(log?n) time,
using a total of O(M(n) log n) operations.

Proof: Let the characteristic function be given by &(A\) = X._.c,\'. By the
Cayley-Hamilton theorem, we have >, ,c,A* = —col. This equation implies
that, for an arbitrary vector x, we have 2, ;c,4'x = —cox. In particular, if x is
such thatAx = b, we getA'x = A'~1(4x) = 4'~1b,and thus 3,_,c,4' ~1b = cox.

Recall from Example 8.3 that the Krylov matrix associated withann X
n matrix A and an n-dimensional vector b is the matrix [b, 4b, A%, ...,
A"~ 1b]. We have seen that such a matrix can be computed in O(log? n) time,
using O(M(n) log n) operations (Example 8.3). Since the characteristic poly-
nomial is given, the coefficients c, are known, and hence X,_,c,4* b is just
alinear combination of the columns of the Krylov matrix. Ifcg = 0, we declare
the system to be singular; otherwise, we setx = — }OXL 1A'~ 1b. O

A partial converse of Lemma 8.3 exists (see Exercise 8.21).

Implicit in the proof of Lemma 8.3 is a method for computing A -1
whenever it exists, from the polynomial ¢(A). In fact, the Cayley-Hamilton
theorem implies (X,_,c,A'~1)4 = —col. The matrix A4 is invertible if and
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onlyif co = 0 (recall also that det(4) = (—1)"cg). And, in this case, 4 ! is
givenbyd ' = —23" c 41,

We have thus far shown that the coefficients of the characteristic poly-
nomial of a matrix 4 can be used to solve a linear system of equations whose
coefficient matrix is defined by 4, and can be used to invert 4 whenever 4 is
nonsingular. In addition, det (4) = (—1)"cq, where ¢y is the constant coef-
ficient of the characteristic polynomial. We now consider the problem of
developing a fast parallel algorithm for computing the characteristic polynomial.

Computation of the Characteristic Polynomial. We define the trace of a
matrix 4 to be tr(4) = X._,a,. The trace is simply the sum of the entries on
the diagonal of 4. Let sy = tr(4¥), for 1 < k < n — 1. The coefficients ¢, of
the characteristic polynomial of 4 and the terms s, are related by the follow-
ing system of equations:

1 0 o 0l [enot] [ s, ]
s1 2 0 : Cn-2 52
s2 8 3 : Cp-3 s3
53 s2 51 4 : = - e (88)
€1 Sp-1
| Sn—1 53 s2  s1on| | ¢o | | Sn |

The derivation of Eq. 8.8 is not as difficult as it may seem to be at first.
It follows from the well-known Newton’s identities relating the coefficients of
an arbitrary polynomial to the sums of powers of the roots of the polynomial.
A sketch of such a derivation is given in Exercises 8.26 and 8.27.

We have reduced the problem of computing the coefficients of &(A) to
that of solving a triangular linear system of equations defined by {sx | 1 <
k < n — 1), where the terms s are the traces of the matrices 4*s. The traces
can be computed trivially from the matrix powers 42, 43, , 4"~ 1, which
can be computed fast in parallel. Moreover, we have already designed, in
Section 8.2, a fast parallel algorithm to solve triangular systems. Therefore,
we propose an algorithm whose main steps are these:

O Step 1: Compute 42, 43, 4"~ 1.
O Step 2: Compute sx = tr(4%), where 1 < k < n.

O Step 3: Solve the triangular linear system of equations (Eq. 8.8) relating
the coeflicients of the characteristic polynomial to the terms si.

The following theorem gives the complexity of the algorithm for com-
puting the characteristic polynomial.
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Theorem 8.16: Given an n X n matrix A, the coefficients of the characteristic
polynomial of A can be determined in O(log? n) time, using a total of O(nM(n))
operations.

Proof: The complexity bounds of each step can be estimated as follows. Step
1 can be handled by a prefix-sums algorithm. Hence, it requires O(log n)
iterations, each of which involves a number of matrix multiplications. There-
fore, the total time to execute step 1is O(log? n). We clearly need ®(n) matrix
multiplications; hence, the total number of operations is O(nM(n)). Step 2
requires O(log n) time, using O(n?) operations; while step 3 can be done in
O(log? n) time, using O(M(n)) operations. Therefore, the running time of the
algorithm is O(log? n), and the total number of operations is O(nM(n)). O

Remark 8.2: The coefficient matrix of the linear system of equations defined
by Eq. 8.8 is almost a Toeplitz matrix. It is possible to solve this system in
O(log? n) time, using only O(n log n) operations. The details are left to
Exercise 8.30. a

The results of Theorem 8.16 can be extended to cover three basic matrix
computations.

Corollary 8.3: Let A be an n X n matrix. Each of the following problems can
be solved in O(log? n) time, using a total of O(nM(n)) operations:

1. Solve the linear system Ax = b, for any given vector b.
2. Invert A, whenever A is nonsingular.
3. Compute det(A4). 0

Computation of the LU and QR Factorizations. LetA be ann X n nonsin-
gular matrix. We wish to determine, whenever possible, a nonsingular lower
triangular matrix L and a nonsingular upper triangular matrix U such that
A = LU. This problem is referred to as the LU factorization of A.

Let n be a power of 2, and suppose that the LU factors of 4 exist. We
then partition 4, L and U into § X 7 blocks as follows:

Ay A _|Ln 0 Uy Up
Ay Ay Ly Ln 0 Unl

Thisidentity implies that4y; = L1 U 11,412 = L11U12,A21 = L12Un,and
Ay = L12U 12 + LU 2. Hence, an algorithm for computing the LU factors
consists of the following steps:

O Step 1: Compute A", if A1) is nonsingular; otherwise, declare that 4
does not have LU factors.
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O Step 2: Compute A;;'d12, AnA4;,', and 4214, '4 .

O Step 3: Recursively compute the LU factors of 41; (say, L;; and Uyy),
and the LU factors of 45, — A21A1‘11A12 (say, L3z and U3)).

O Step 4: Set Ly = (A21A1'11)L11 andUq;: = U“(AfllA]z).

Let us verify the correctness of the algorithm. Since L and U are sup-
posed to be nonsingular, L1; and Uy; must be nonsingular, and hence 41 also
is nonsingular. It is easy to check that 4 has an LU factorization if and only if
A and Ay — Aj Al"llAlz have LU factorizations.

The following theorem gives us the efficiency of our LU factorization
algorithm.

Theorem 8.17: Let A be an n X n nonsingular matrix that has an LU
factorization. Then L and U can be determined in O(log? n) time, using a total
of O(nM(n)) operations.

Proof: Let T(n) and W(n) be the required time and number of operations,
respectively. Then, T(n) and W(n) satisfy the following recurrence relations:

T(n) = T(n/2) + O(log? n)
W(n) = I(n/2) + 5M(n/2) + 2W(n/2) + O(n?),

where I(n) is the number of operations required by our earlier algorithm to
invert ann x n matrix in O(log? n) time. Clearly, T(n) = O(log? n) satisfies
the first relation.

As for the recurrence relation of W(n), we claim that W(n) < 4I(n),
under the reasonable assumption I(n) = 4I(n/2). Assume that this bound
holds for matrices of size (n/2) x (n/2). Then, W(n) < I(n/2) + SM(n/2) +
81(n/2) + O(n?) < 15I(n/2) < 4I(n). Therefore, the claimed complexity
bounds follow. g

Related to LU factorization is the problem of QR factorization. Given
ann X n nonsingular matrix A, we wish to find an orthogonal matrix Q (that
is, Q satisfies Q7 = I) such that 4 = QR, where R is a nonsingular upper
triangular matrix. It turns out that the QR factors can be computed from the
LU factors of 474 (see Exercise 8.29). This fact leads us to the following
theorem.

Theorem 8.18: Let A be an n X n nonsingular matrix. Then, the QR factors of
A can be computed in O(log3-n) time using a total of O(nM(n)) operations.(]

PRAM Model: Since our matrix-multiplication algorithm is a basic building
block, the CREW PRAM model can be used to achieve the stated bounds. (J
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8.8.2 ITERATIVE METHODS

Given that the arithmetic PRAM model performs various arithmetic opera-
tions exactly, the direct methods for handling matrix computations, described
earlier in this chapter, generate exact solutions. In this section, we turn to
iterative methods that will generate provably good approximations to our
desired matrix computations. In reality, only finite-precision arithmetic can
be used in matrix computations, resulting in round-off errors; hence, the
solutions produced by the direct methods are also approximations to the
exact solutions. However, such issues are outside the scope of this book.
[terative methods for matrix computations are widely used, especially for
large systems, because these methods tend to be simpler, to be more robust to
numerical errors, and to require less storage than direct methods. Here, we
shall describe an iterative scheme for computing the inverse of a matrix.

The Approximation Notion. Let 4 be an n X n nonsingular matrix. We
desire an efficient parallel method to compute a matrix B that can be viewed
as a very good approximation to 4 ~1. The first question that comes to mind
measure the closeness of the matrix B to 4 ~ 1. We shall examine the concept
briefly; this notion has been the subject of extensive studies in numerical
computations.

Letx = [x1,x2, .. ,x,]beann-dimensional vector with entrles over afield.
The Euclidean norm of the vector x is defined to be Il = (2, 1x2)7 This norm
is usually denoted by llxll,, but since it is the only norm we shall use, no confusion
will arise if we drop the subscript. The norm of a matrix 4 is defined by

4l = maxlxl/l .

The following lemma lists some simple properties of the matrix norm.
The first three properties reinforce the intuitive notion of a norm. Its proof is
simple; it is left to Exercise 8.25.

Lemma 8.4: Let A and B be two matrices of the same size. Then, the following
properties hold:

1. 4l = 0, and 14l = 0 if and only if A =

2. liedll = |c|.l4ll for any scalar c.

3. 4 + Bl < l4ll + lBl.

4. 4Bl < I4llIBI. a

Ann x n matrix B will be considered to be a good approximation to
A~ if the relative error B — 4 ~1ll/ll4 ~ Il is small. For our purposes, we will
require the strong condition lB — 41114 -1l < 4", where 0 < g < 1 and
¢ is a positive integer.
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An lteratlve Scheme for Matrix Inversion. An iterative method consists of

1. A procedure to compute an initial approximation to the desired solution;
2. An iterative improvement scheme; and
3. A stopping criterion.

Given the n X n nonsingular matrix 4, we let Bg be an n X n matrix
satisfying the condition I — Bodll = g < 1. We will later specify a simple way
to determine By.

We define the residual of B as r(Bg) = I — BoA. Given our choice of
By, we have lIr(By)ll = q. Our iterative improvement scheme consists of the
following computation:

set By: = (I + r(Bx-1))Bk-1.

Let us examine the closeness of B; to4 ~!. We start by bounding the
residual corresponding to By, which is givenby r(Bx) =1 — Byd =T —
Bi—1A — r(Bk-1)Bk-14 = r(Bx-1) = r(Bx-1)Bx-14 = [r(Bx- 1)]%. It fol-
lows that r(By) = [r(Bo)]. Therefore, ll(By)l < lI{Bo)I* = 4. On the other
hand, By — 4~ = ll(Bxd — DA~ 1 < Bk — LA~ < lir(By)lllla ~ 1,
and thus

1B, —a -1l
et 2k
T

If we setk = ¢ T'logn 1, we get our desired approximation to 4 ~

It remains for us to show how to determine the initial approximation By. It
turns out that the simple choice of By = a4”, where o = 1/tr(47A4), will satisfy
the condition ll(Bo)l = g < 1.

In summary, we have proved the following theorem.

Theorem 8.19: Let A be an n X n invertible matrix, and let By = oA”, where
o = 1r(ATA). Then, l(Bo)l = I — Bodll = q < 1, and the matrix By
generated by the iterative method By = (I + r(Byx-1))By -1 satisfies By —

A~ UM -1 < g%, Therefore, a good approximation to A= can be found in
0(log2 n) time, usmg a total of O(M(n) log n) operations.

Proof: The correctness proof follows from the discussions preceding the
statement of the theorem. The error bound implies that O(log n) iterations
are sufficient to guarantee an approximation satisfying our condition. Each
such iteration can be done in O(log n) time, using O(M(n)) operations. [J

PRAM Model: The basic computational step needed to implement the iter-
ative algorithm described is matrix multiplication. Hence, a CREW PRAM
model is needed to achieve the bounds stated in the theorem. O
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8.9 *Dense Structured Matrices

As we saw in Section 8.8, the direct methods require an excessive number of
operations to carry out basic matrix computations fast. We will now explore the
possibility of reducing the amount of work in the case where the dense matrices
possess certain regular structures, as do Toeplitz matrices, for example. Infor-
mally, we refer to such matrices as structured. These types of matrices are used in
many applications; hence, related computations are interesting in their own right.

8.9.1 EXAMPLES OF NON-TOEPLITZ STRUCTURED MATRICES

To get a feel for what we mean by structured matrices, we begin by examining
a couple of non-Toeplitz matrices, before continuing our examination of
Toeplitz matrices.

Anm X n Vandermonde matrix V' = (v,) corresponds to a vectorp =

[pos - »Pm—1],wherev, =p/,0<i<m~1land0 <j <n — I;thatis,
1 po P} py!
1 2 n—1
1 pm-1 P,z,,_x . P;:,—_ll

The matrix-vector product Va, wherea = [ay, ... ,a,—1], corresponds
to the evaluation of the polynomial Q(x) = 3/~ a.x' at the m points pg
D1, --. »Pm—1.Onthe other hand, solving the linear system of equations Va =
b (and m = n) corresponds to polynomial interpolation.

Another non-Toeplitz structured matrix is called the Sylvester or resultant
matrix S(p, q) of two polynomials p(x) and g(x). If p(x) = 2,_ux' and g(x) =
> v, then S(p,q) is the (m + n) X (m + n) matrix defined as follows:

Un Vm
Un-1 T . Vm—1
Un Vin
Up-1 Vim—1
S(p.q) =
u) Vi
uo . Vo
u) Vi
| uy Vo
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Thatis, S(p,q) = [Ty, T2], where Ty isan (n + m) X m Toeplitz matrix
whose first column is [up, up~1, ... , 4, 0, ., 0]7 and whose first row is
(4,0, ...,0],and T2 is an (n + m) X n Toeplitz matrix whose first column
is Vi, V=1, ..., v0, 0, ..., 0]7 and whose first row is [v,,, 0, ... , 0]. For
example, the Sylvester matrix corresponding to p(x) = ug + u1x + uyx? and
q(x) =vo + vix + vox? + vaxdis

u 0 0 vy O
uy uz 0 vy vy
Uop up uz vy va
0 wug up vy vy
0 0 Uup 0 Vo

The determinant of S(p, q) is called the resultant of the two polynomi-
als p(x) and g(x). An important application of the resultant is indicated in the
following well-known theorem of algebra.

Theorem 8.20: Let p(x) = 2_ux' and g(x) = 2. ,v.X' be two polynomials
over a field ¥ such that u, # 0and vy, = 0. Then, the resultant is equal to 0
if and only if p(x) and q(x) have a common factor of positive degree in F[x]. In
particular, the two polynomials have a common root (which may not be in %)
if and only if the resultant is equal to 0. O

Another application of the Sylvester matrix will occur in the algorithm
to compute the greatest common divisor, described in Section 8.9.3. The
greatest-common-divisor algorithm requires the solution of a linear system
whose coefficient matrix is a submatrix of the Sylvester matrix, which we call
a subresultant matrix.

In the meantime, we return to the problem of computing matrix inver-
sion iteratively; we apply the results to Toeplitz matrices in particular.

8.9.2 NEWTON'S ITERATION FOR MATRIX INVERSION

Our starting point will be to adapt the iterative algorithm for matrix inversion
that we discussed in Section 8.8.2. We shall replace the notion of a norm by
that of modular polynomial arithmetic.

Let A be an arbitrary n X n matrix and let A be an indeterminate. Since
(I = NA)YI+M+N2A42%- + Nkaky = T — \k*+14k+1 for any positive
integer k, we have that (I — XNA)(I + M+ - - + \k4K) = I'mod \**+!. That
is, (I = M)~ mod \k*+1 =1 + N -+ + N4k,

We now state the basic algorithm for computing (I — ) ~!. (Compare
this algorithm with the iterative scheme in Section 8.8.2 for computing the
inverse.)
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ALGORITHM 8.5
(Newton’s Iteration)

Input: An arbitrary n X n matrix A, where n + 1 is a power of 2.
Output: The matrix (I — M)~1 mod \"*1, where \ is an
indeterminate.
begin

1 SetXy:=LB:.=1- 2\

2. fori =1tolog(n + 1)do

SetX,: = (2I — X,-1B)X,-1

end

Lemma 8.5: The matrix X, generated during the ith iteration of Newton's
iteration (Algorithm 8.5) is given by X, = (I — M) ~! mod 2.

Proof: We prove by induction on i that the matrix X, generated at the ith
iteration of the for loop of step 2 satisfies X, = (I—\) ~! mod AZ. Since (I -
M) ImodA\? =1+ M- + \Z~14%-1 it is sufficient to prove that X, =
I+ M+ + N1 4%771

The base case is wherei = 1 and hence 41 = (2I — XoB)Xo = I + M,
and the induction hypothesis holds in this case.

Assume that the induction hypothesis holds for X,. We show that it also
holds for X, + 1.

The matrix X, ;1 is given by X,+1 = (A — X,(I — M))X,. By the
induction hypothesis, we have X, = I + M+ --- + A "1 42~ 1; hence, X,(I -
M) = I — N2A4%. It follows that X,+1 = (I + NA%)I + M+ -+ +
AZ-I42-1) = [ 4 M+ -+ + N2 =142 =1 hence, the lemma follows for
all values of i. a

We let ! = log (n + 1), assuming as before that n + 1is a power of 2.
Lemma 8.5 implies that X; = X,_(N'A’. Thus, the trace of the matrix X; is
given by tr(X;) = 2_ N tr(A"). Therefore, the traces of all the powers of the
matrix A can be deduced immediately from X;. Once we have tr(4'), where
1 <i < n,we can compute the coefficients of the characteristic polynomial of
A efficiently (see Remark 8.2 in Section 8.8).

Let us determine the computational requirements of Algorithm 8.5.
The algorithm consists of O(log n) iterations, and each iteration requires two
n X n matrix multiplications. However, these matrices are polynomial ma-
trices; hence, each multiplication of two entries of these matrices is between
two polynomials in \. It is easy to verify that Algorithm 8.5 does not really
represent a gain in efficiency over the previous algorithms of Section 8.8.
However, in the case of Toeplitz matrices, to which we next turn, we shall
indeed be able to exploit their special structure and to reduce the number of
operations substantially.
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8.9.3 NEWTON'’S ITERATION FOR TOEPLITZ MATRIX INVERSION

From our earlier discussion of Toeplitz matrices (Section 8.5), recall that the
entries on each diagonal of a Toeplitz matrix T are equal, and that the
matrix-vector product Tx can be reduced to a convolution of two vectors (and
hence to the product of two polynomials). In particular, the multiplication of
ann X n Toeplitz matrix T by an n-dimensional vector can be performed in
O(log n) time, using a total of O(n log n) operations (Lemma 8.1).

The key observation that will allow the development of a more efficient
algorithm derives from the following theorem.

Theorem 8.21: Let T~ be the inverse of an n X n Toeplitz matrix T, and let
u = [ug, .. ,u,,]Tana’v =[vy,. ., va]T be the two vectors representing the
first and the last columns, respectively, of T~1. Let L(u) denote the lower
triangular Toeplitz matrix whose first column is u, and let U(v) be the upper
triangular Toeplitz matrix whose first row is v. Then

w T~ = L@)U (vV) = LrO)U @®),
where v = [v,, vo_1, ..., vi]T, v® = [0, vy, .. , va-1]7, and u® =

[0,un, ... ,u2]". O

The proof of this theorem can be found in several of the references
given at the end of this chapter (see bibliographic notes).

EXAMPLE 8.20:
Letn = 3. Then
ug 0 0 vy vy v 0 0 0 0 us up
TV =|uy uy 0 0 vz va|l—=1Jvi 0 0|0 O wu3
us ur up| 10 0 w3 vy v O 0 0 0O

O

Let us now revisit the basic Newton iteration X;: = (2 ~ X,—1B) X,-1.
Since X, = (I -~ M) ~! mod \?, Theorem 8.21 implies that X, is uniquely
determined by its first and its last columns. Suppose the first columnu, -1 and
last column v,— of X, are given. Then, using the theorem, we can see that
the first column of u, of X; is given by

u = (2 — X,-1Bu,_1;
that is,
o= 2uy = ¢ [L@-1)U 62 = LeY,) UE? )]Bu, 1,

where c is equal to the inverse of the first entry of u,_ ;. Lemma 8.5 can be
used to show that the (1, 1) entry of X, has the form 1 + a1\ + ax\? + +
ax-1A\27', and hence its inverse ¢ will always exist.
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We conclude that we can obtain the columnu, fromu, — 1 and v, _ ; by applying
several matrix-vector products, where each matrix is a Toeplitz matrix. We
have already seen, in Section 8.5, that such a computation can be reduced to
polynomial multiplication (or convolution). Since the elements involved are
polynomials in A, such a matrix-vector product is now reduced to polynomial
multiplication where each polynomial has two variables.

Polynomial multiplication with several variables can be handled by
iterating the one-variable case. For the two-variable case, we obtain an algo-
rithm running in O(log n) time and using a total of O(n? log n) operations,
with the assumption that our field supports the FFT algorithm. The details
are left to Exercise 8.13.

Obviously, a similar procedure applies to the problem of computing v,.

This discussion suggests that each iteration of Algorithm 8.5 can be
done in O(log n) time, using a total of O(n? log n) operations, whenever the
input matrix is a Toeplitz matrix. Therefore, we have the following theorem.

Theorem 8.22: For an n X n Toeplitz matrix T, we can compute (I — \T) ™!
mod N *1 in O(log? n) time, using a total of O(n? log? n) operations. O

Corollary 8.4: If Tis an n X n Toeplitz matrix, then the quantities s, = tr(T"),
where 1 <1 < n — 1, can be computed in O(log? n) time, using O(n? log? n)
operations. (]

Corollary 8.5: The characteristic polynomial of an n X n Toeplitz matrix T can
be computed in O(log? n) time, using O(n* log? n) operations. Therefore,
computation of the determinant of a Toeplitz matrix can also be carried out
within these bounds.

Proof: As we have seen before, the coefficients of the characteristic polyno-
mial of T can be obtained from {s, = tr(T*)}; <, <, -1 in O(log? n) time, using
a total of O(n log n) operations (see Remark 8.2). a

Corollary 8.6: Solving a linear system of equations whose coefficient matrix is
ann x n Toeplitz matrix can be done in O(log? n) time, using a total of O(n®
log? n) operations.

Proof: By Corollary 8.5, we can compute the characteristic polynomial of the
coefficient matrix in O(log? n) time, using a total of O(n? log? n) operations.
We have already seen, in Lemma 8.3, how we can solve a linear system from
the coefficients of the characteristic polynomial. We can use the same method
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here, in combination with Theorem 8.22 and the fact that (I — A\T) ~! mod A" *!
is uniquely determined by its first and last columns, to solve the Toeplitz linear
system of equations in O(log? n), using a total of O(n? log? n) operations. []

These results for Toeplitz matrices apply to resultant matrices as well.
As a matter of fact, the same strategy can be used to handle the class of
Toeplitz-like matrices, which in particular contains resultant and subresult-
ant matrices. Hence, we shall assume in what follows that a solution of a
linear system whose coefficient matrix is a subresultant can be determined in
O(log? n) time, using O(n? log? n) operations.

8.9.4 DETERMINATION OF THE POLYNOMIAL GREATEST
COMMON DIVISOR

One application of the Sylvester matrix, introduced in Section 8.9.1 is com-
puting the greatest common divisor (ged) of two polynomials. The ged of the
two polynomials u(x) = D _qux' and v(x) = 2. vx' over a field F is a
polynomial 3(x) € %[x] such that the following two conditions are true: (1)
d(x) divides both u(x) and v(x), and (2) every divisor of u(x) and v(x) divides
3(x). In other words, the ged of #(x) and v(x) is a maximum-degree polynomial
that divides both u(x) and v(x). To make the gcd of u(x) and v(x) unique, we
can require that 3(x) be monic; that is, the coefficient of the highest degree
term of 3(x) is equal to 1.

EXAMPLE 8.21:

Letu(x) = x3 — 2x2 + 2x — land v(x) = x* — x> + 2x> — x + 1be two
polynomials over the field of real numbers. Then, u(x) = (x — 1)(x> —x + 1)
andv(x) = (x2 + 1)(x> — x + 1). Hence, 3(x) = x> — x + 1isthe ged of the
two polynomials u(x) and v(x). |

Extended Euclid’s Algorithm. We start by outlining Euclid’s algorithm for
computing the ged of the two polynomials u(x) = 3. ux' and v(x) = 2 v
Without loss of generality, we assume that m < n.

We set ug(x) = u(x) and u;(x) = v(x), and start by dividing uo(x) by
u1(x) to obtain

uo(x) = q1(u1(x) + ua(x),

where g (x) is the quotient and u,(x) is the remainder. Hence, deg(u2(x)) <
deg(u1(x)). Any divisor of ug(x) and u(x) is a divisor of 1 (x) and u>(x), and,
conversely, any divisor of u(x) and u2(x) is a divisor of ug(x) and u(x).
Therefore, ged(ug(x), u1(x)) = ged(ui(x), uz(x)).
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We now divide u(x) by uz(x); we obtain
ur(x) = q2(u2x) + u3(x),

where deg(us(x)) < deg(ua(x)). As before, ged(ux(x), us(x)) = ged(ui(x),
us(x)) = ged(u(x), v(x)), and hence the process can be continued until we have

ug—1(%) = qr(x)ur(x);

thatis, the remainder uy + 1 (x) is equal to 0. Since the degrees of the successive
remainders are strictly decreasing, we will reach this stage after at most m
iterations. We now conclude that 8(x) = ged(u(x), v(x)) = ux(x) since
ged(uk —1(x), uk(x)) = uk(x), and Euclid’s algorithm terminates.

The best-known sequential algorithm for computing the ged of two
polynomials is based on a divide-and-conquer implementation of Euclid’s
algorithm that requires O(n log? n) operations. Starting from Euclid’s algo-
rithm, we shall derive a different algorithm that is more suitable for parallel
processing.

Using the remainder sequence uy_1(x), ux—2(x), . ,uo(x) described
earlier, we can express the gcd ux(x) as follows: ux(x) = p(x)u(x) + g(x)v(x),
for some polynomials p(x) and g(x). In fact, the extended Euclidean scheme
computes the gcd as well as the two polynomials p(x) and g(x) as follows.

Let uo(x) = u(x), ui1(x) = v(x), vox) = 0,vi(x) = 1, wo(x) = 1, and
wi(x) = 0. Then, fori = 1, 2, , k, where uy 4 1(x) = 0, we compute the
following:

Ur1(x) = = qXu,(x) + w—1(x)
Vis1(X) = —qu(xvi(x) + vi-1(x)
Wip1(X) = —q(x)w,(x) + wi—1(x),

where deg u,,1(x) < deg u,(x). The computation of the {u,} sequence is
identical to the one described before. Our interest in the two sequences {v,}
and {w,} is due to the following identity, which can be easily shown by induc-
tion on i:

wi(ux) + v,(xwx) = u,(x).

Therefore, ged(u(x), v(x)) = urlx) = wr(x)ux) + vi(xv(x).

In summary, we have shown that the greatest common divisor 3(x) of
two polynomials u(x) and v(x) can be expressed as 8(x) = p(x)u(x) + g(x)v(x),
for some polynomials p(x) and g(x).

On the other hand, any polynomial s(x) of the form s(x) = o (x)u(x) +
B(x)v(x), for any two polynomials « (x) and B(x), is divisible by 8(x) since 8(x)
divides both u(x) and v(x). We conclude that 8(x) is the smallest-degree poly-
nomual that can be wnitten in the form 3(x) = p(x)u(x) + g(x)v(x), for some
polynomials p(x) and g(x). This fact can be expressed in more abstract terms
as follows.
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Remark 8.3: Let ¥F[x] be the ring of polynomials over the field %. Then, the
ideal generated by any two polynomials u(x) and v(x) in #{x] consists of all the
elements that are multiples of the greatest common divisor 8(x). O

A Fast Parallel Algorithm. Our parallel algorithm will identify the two
polynomials p(x) and g(x) defining 3(x) as follows.

Let the degree of 3(x) be k. Then, using the remainder sequence gen-
erated by the extended Euclidean scheme, it is easy to show by induction that
deg(p(x)) =m — k ~ 1and deg(q(x)) <sn-k~-1 (Exermse 8.38). Hence,
suppose that p(x) = Sro* 'px’ and g(x) = ¢ 'gux!, where the p,’s and
the ¢,’s are to be determined.

Aswe saw in Section 8.5.1, each polynomial product can be expressed as
a Toeplitz matrix-vector product. In particular, the coefficients of p(x)u(x)
are given by

_u" -
Upn-1  Up
Un—-1 Un Pm-k-1
uy H
oo “n ’ (8.9)
up Uy Up-1 P1
Po
ui
L “o |

where the coefficient matrix is Toeplitz of size (n + m — k) X (m — k). A
similar matrix-vector product holds for the polynomial multiplication

qxv(x).

Since the gecd of the two polynomials u(x) and v(x) satisfies 8(x) =
pulx) + q(x)v(x), its coefficients are given by the following product:

-—

Up Vm Pm~k—1
Up-1 Up Vm-1 Vm E
Un-1 Up Vm—-1 Vm
. . o
0
PO 810)
ug Up Vo Ym qn-k-1
ug Up-1 Vo Vm—1 ;
q1
up vo | L 90 |

where the coefficient matrix is of size (n + m — k) X (n + m — 2k).



418 Chapter 8 Arnthmetic Computations

The coefficient of ¥/ in the polynomial p(x)u(x) + g(x)v(x) must be 0 for
allj > k, and the coefficient of x* must be equal to 1 (which ensures that 3(x)
is monic of degree k). We therefore obtain the following linear system of

equations by removing the last k rows of the coefficient matrix in Eq. 8.10:

For example, forn = 4,m = Sand k = 1, we get

usg 0 0 0 vs 0 O] _pﬂ ”oj
uy ug 0 0 vq vs 0} |p2 0
uy uy ug 0 vy vyg vs P 0
Uy U2 U3 Ugq V2 V3 V4 pol| = 0].
upg U1 uz U3 vy vy v3 q? 0
0 ug uyp uz vy vy v2 q1 0
0 0 wug uy 0 vg v; q0 | 1

= | Pm-k-1
Uy Vm .
Up-1 Uy Vm-1 Vm
PoUp—1 Uy Vm-1 Vm
. . Pl
Po
. (8.11
qn—-k-1 @11
ug Uy Vin )
Uy Up-1 Vo Vm-1
q1
ug Uk Vg Vi
L - 1L 40

Note that the coefficient matrix of the system in Eq. 8.11 is of size (n + m —
2k) X (n + m — 2k), and is a submatrix of the Sylvester matrix associated
with the two polynomials u(x) and v(x). As we indicated near the beginning of
this section, such a matrix is referred to as a subresultant.

EXAMPLE 8.22:

Consider the two polynomials u(x) = x3 — 2x2 + 2x — land v(x) = x* — x> +
2x2 — x + 1 whose ged polynomial (of degree 2) was found in Example 8.21. Let
p(x) = po + pixand g(x) = qo. Then, p(x)u(x) + g(v(x) = (p1 + qo* +
(Po = 2p1 = qo}® + (=2po + 2p1 + 2q0%* + (2po — p1 — qo}x + qo — po-
Thus, we must have p1 + qo = po — 2p1 — qo = Oand —2pg + 2p1 + 2q0 =
1. In matrix form, this result would be

1 0 1 Pt 0
-2 1 —-1||psl=1]0
2 -2 2 ||q i
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Solving this linear system of equations, we obtain pg = p; = — % andgqy = %
Substituting these values into p(x)u(x) + q(x)v(x), we getx> — x + 1, which
is indeed the gcd of u(x) and v(x). O

Since the coefficient matrix of the linear system defined by Eq. 8.11
consists of two Toeplitz blocks, it can be shown that the techniques used
to handle Toeplitz computations can be extended to this case as well.
Hence, if the field & supports the FFT algorithm and is of characteristic
zero, the linear system defined by Eq. 8.11 can be solved in O(log? n) time,
using a total of O(n? log? n) operations (Corollary 8.6). Therefore, the
coefficients of 3(x) can be obtained in O(log? n) time, using a total of O(n?
log? n) operations.

The algorithm described here is not yet complete, since we do not know
the degree k of the ged of the two input polynomials. However, the following
fact will allow us to perform binary search to determine the degree k.

Lemma 8.6: Let S(u, v) be the Sylvester matrix of the two polynomials u(x) and
v(x) of degrees n and m, respectively, such that m < n. Given any integer t such that
0 <t <m,thent = deg(gcd(u(x), v(x))) if and only if the linear system (Eq. 8.11)
corresponding to S(u, v), where the last t rows are removed, has a solution.

We can obtain the proof of this lemma by multiplying the equation
d(x) = p(x)u(x) + g(x)v(x) by x' ~* and deducing its matrix counterpart. The
simple details are left to Exercise 8.38.

We have shown that we can use the binary search method to find the
desired k, and then can determine the corresponding solution. We thus have
the following theorem.

Theorem 8.23: The gcd of two polynomials of degrees n and m, respectively, can
be found in O(log3(n + m)) time, using a total of O((m + n)? log3(n + m))
operations. 0

PRAM Model: Itis easy to check that all the algorithms in this section can be
implemented on the CREW PRAM within the stated bounds. a

8.10 Summary

We considered, in this chapter, several fundamental operations on matrices
and polynomials. We were able to develop fast parallel algorithms for all the
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problems considered. In particular, the total number of operations used by
each of our algorithms for handling polynomial computations matches that of
the best known sequential algorithms, except for the gcd computation. As for
matrix computations, most of our algorithms require considerably more op-
erations than do the corresponding sequential algorithms. Tables 8.1 and 8.2
summarize the complexity bounds of the important algorithms covered in this
chapter. Table 8.1 covers matrix computations; Table 8.2 covers polynomial

computations.
TABLE 8.1
MATRIX COMPUTATIONS.
PRAM
Algorithm Section T(n) W(n) Model
8.1 First-Order Linear Recurrence 8.1.2 O(log n) O(n) EREW
Krylov Matrix 8.1.3 O(log? n) OM(m) log n) CREW
Triangular Linear Systems 8.2.1 O(log? n) oMm) CREW
Banded Triangular 8.2.2 O(log n log m) O(ﬂ"%@) CREW
Linear Systems
8.2 Fast Fourier Transform 8.3.2 O(log n) O(n log n) EREW
Toeplitz Matrix-Vector Product 8.5.1 Oflog n) Of(n log n) EREW
Triangular Toeplitz 8.5.2 O(log? n) O(n log n) EREW
Matrix Inversion
Circulant Matrix Inversion 853 O(log n) O(n log n) EREW
Characteristic Polynomial 8.8.1 O(log? n) Oo(nM(ny) CREW
Linear Systems 8.8.1 O(log? n) onM(n)) CREW
Matrix Inversion 8.8.1 Of(log? n) OnM(n)) CREW
Determinant 8.8.1 O(log?2 n) O(mM(n)) CREW
LU-Factorization 8.8.1 Of(log® n) O(nM(n)) CREW
QR-Factorization 8.8.1 O(log?® n) O(nM(ny) CREW
Interative Matrix Inversion 8.8.2 O(log? n) O(M(n) log n) CREW
Characteristic Polynomial 8.9.3 O(log? n) O(n?log2n) CREW
of a Toeplitz Matrix
Toeplitz Linear System 8.9.3 O(log? n) O(n? log2 n) CREW

M(n): best known bound for the number of arnthmetic operations required for n x n matnx muttiplication
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TABLE 8.2
POLYNOMIAL COMPUTATIONS.
PRAM
Algorithm Section T(n) W(n) Model
Horner’s Algorithm 8.1.1 O(log n) O(n) EREW
and
8.1.2
Polynomial Evaluation and 8.4.1 Of(log n) O(n log n) EREW
Interpolation at Roots of Unity
Polynomial Multiplication 8.4.2 O(log n) O(n log n) EREW
Polynomial Division 8.6 O(log2 n)  O(n log n) EREW
8.3 Polynomial Evaluation 8.7.1 O(log® n)  O(n log?2 n) EREW
at n Distinct Points
8.4  Polynomial Interpolation 8.7.2 O(og® n)  O(n log2 n) EREW
Greatest Common Divisor 89.4 O(log® n) O(n?log®n) CREW

Exercises

8.1. Develop a nonrecursive version of Algorithm 8.1 (first-order linear
recurrence). Outline a solution to the corresponding processor-
allocation problem.

8.2, Consider the matrix linear recurrence

YI = B
Y=AY,_ 1 +B,2<i=n,

where the matrices A, and B, are m X m.

a. Develop an O(log n log m) time algorithm to compute all the ¥,’s.
What is the total number of operations used? State the PRAM
model needed to achieve your complexity bounds.

b. Suppose that B, = I and 4, = A4, for 1 < i < n. What are the
corresponding complexity bounds? What if we want to compute
Y, only?
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8.3. Consider the linear system Ax = d, where 4 is an n X n tridiagonal
matrix given by

(b1 1 0 0 0]
a; by ¢ 0 0
0 a3 .b3 3 0
n-1 bp-1 cn-y
0 0 a, b,

suchthatb, # 0,1 <{ < n.

a. Express the solution of this system as a linear recurrence of order 2.

b. Develop an O(logr) time algorithm to determine x, using O(n)
operations.

84. Let A be ann X n tridiagonal matrix as defined in Exercise 8.3. Let d,
be the determinant of the principal submatrix defined by the first i rows
and: columns.

a. Show thatd, = b d,-1 — a,¢,-1d,-2,for2 <[ < n,wheredy = 1,
andd; = b;.
b. Lete, = ¢,d,~1, where 1 =i < n. Show that

d, _ b, —a d; -
el e 0O e—1 |
¢. Develop an O(log n) time algorithm to compute all the d,’s. Your

algorithm should use O(n) operations.
8.5. Let A be ann X n unit lower triangular matrix defined by

1 0 o0 0

ay 1 0 0

as azx 1 0

dnl an2 1

Define the matrix E;, 1 < { < n, as follows:
[1 o 0]

0 1
0 O 1
0 0 A +1, 1
0 0 an, O 1




8.6.

8.7.

8.8.

8.9.

8.10.

8.11.
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a. Show that4d = E\E, E,.

b. Specify the inverse of E,.

¢. Deduce an O(log? n) time algorithm to compute 4 ~!. What is the
total number of operations used?

LetAbeann X nunit lower triangular matrix, and let4 = I — L, where

L is strictly lower triangular.

a. Show that L” = 0.

b. Deduce that the solution of the linear system Ax = b is given byx =
(I+L+L*+ + L"~1)b. What are the complexity bounds of
the corresponding algorithm?

Rewrite the FFT algorithm (Algorithm 8.2) by removing the recursion.
Carefully describe the algorithm to be performed by processor P,,
where ) < i < p — landp < nisa power of 2. Show how the different
powers of w are computed.

Let W, be the n X n matrix defining the DFT over the complex field.

a. Show that the inverse of W,, is given by W (), k) = 1o~ for0 <
Jk<n-1

b. Develop an FFT-type algorithm to compute the inverse DFT de-

finedbyy = W, 'x. What are the complexity bounds of your algo-
rithm?

Let (R, +,.) be a commutative ring such that v is a primitive nth root of
unity. Show that the FFT algorithm works correctly over R.

The purpose of this exercise is to derive another FFT algorithm to
compute the DFT y = W,x, assuming that n is a power of 2.
a. Show that
1-1 11
Yk = wszle + wkz wkaxZIH, 1<k <n.
=0 j=0
b. Deduce an FFT algorithm to compute y. Your algorithm should run
in O(log n) time, using a total of O(n log n) operations.
¢. Draw the flowgraph of your algorithm forn = 8, and compare it with
Algorithm 8.2.
d. Interpret your algorithm in terms of evaluating a polynomial at the n
distinct roots of unity.

a. Show that the product of two n X n lower triangular Toeplitz ma-
trices is a lower triangular Toeplitz matrix.

b. Deduce an O(logn) time algorithm to multiply lower triangular
Toeplitz matrices. Your algorithm must use O(n log n) operations.

c. Is the product of two arbitrary Toeplitz matrices Toeplitz? How
quickly can you multiply such matrices, and what is the correspond-
ing total number of operations?
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Let pi1(x), ..., ps(x) be polynomials over a ring that can support the
FFT algorithm, with each polynomial of degree at most n. Develop an
O(log (sn)) time algorithm to compute the product of the p,’s. What is
the total number of operations used?

a. Letp(x),x2)and g(x1,x2) be two polynomials over the complex field
such that the degree of each polynomial inx; orinx; is < n. Use the
FFT algorithm to compute the product p(x1,x2)g(x1,x2) in O(log n)
time, using a total of O(n? log n) operations. Assume polynomlals p
and g are given m the following form: p(x;, x2) = Z, 0 p,(xz)xf1 and
qle,x2) = 272 (IJ(XZ)"J1

b. *Generalize your algorithm to the case when the number of vari-
ables is a parameter m.

Leta = [ag, ... ,an—1]and b = [bg, ... ,b,—] be two vectors over a
field that can support the FFT algorithm. The positive folded convolu-
tion lS a vector ¢ = [co, ..., cp—1] such that ¢, = X _eaxb;—k +
>0 ,Hakb,, +)—k>for0 < j < n — 1. Show how to compute the positive
folded convolution in O(log n) time, using a total of O(n log n) operations.

Letp1,pa, ... ,pnbenelements from a field # that can support the FFT
algorithm. The elementary symmetric functions of the p,’s are defined
as follows:
ay = sz
=1

oy = Ep,p,

<y

Il

g3

Z PP Pk

1<y <k

Op = pI1P2 ... Pn-

Develop an O(log? n) time algorithm to compute the elementary sym-

metric functions. What is the total number of operations used? Hint:

Relate the elementary symmetric functions to the coefficients of the

polynomial (x — p1)(x — p2)--- (x — pn).

Let Cbe ann X n circulant matrix defined by the vectora = [ag, ... ,

ay-1], and let p(x) = 3" axt.

a. Show that Cv = p(w) v, where v is the vector v = [1, 0, w?, ..,
" 17 and w is a primitive nth root of unity.

b. Extend the result of part (a) to show that the p(w/)’s,for0 <j <n —
1, are the eigenvalues of C. Determine the corresponding eigenvectors.

c. Using the facts shown in part (b), establish the correctness of The-
orem 8.10.
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Let H; = (hy) be the matrix defined by
1ifj =1+ 1;
hy={tifi=n,j=1
0 otherwise.

Letd; = Z,":_Ola,H;" !. Then, 4, is always a Toeplitz matrix such 4 is

upper triangular and 41 is circulant.

a. Show that H, = 3AH;A~!, where A is the diagonal matrix A =
diag{1,%,8%, ... ,8" "1}, and " = ¢.

b. Let B be a circulant matrix defined by the vector . Show that 4, =
ABA~landb = Aa.

¢. Lettr = 0anddet(4,) # 0. Develop an algorithm to solve the system
Ax = b in O(log n) time, using a total of O(n log n) operations.

Let f(x) be a function of a variable x. Newton’s iterative method to find

) sy

a zeror of f(x) consists of the iterative schemex,.; = x, — ek

where xg is an initial approximation to r.

Let p(x) = X,_gax* be a polynomial of degree n such thatag = 0. We

wish to compute the inverse polynomial g(x) = p_(xi mod x™, for some

integer m.

a. Apply Newton’s method to the equation f(y) = yl — p(x) to derive
the iterative schemey,+1 =y,(2 — ypX)).

b. Letyy = z. Show that - p(x) — Yyl = p_(lxi(p_(lxj
that y,(x) = g(x) mod x¥. Develop an O(log n log m) time algo-
rithm to compute g(x). What is the total number of operations
used?

c. Compare your algorithm with the polynomial division algorithm

presented in the text.

- y,)z, and deduce

Let p(x) be a polynomial of degree n, and let g,(x), for 1 < i < ¢, be aset
of polynomials such that n < X,_,deg(q,(x)) = d. Develop a parallel
algorithm to compute the polynomials p,(x) = p(x) mod g,(x), for 1 <
i < t. Use the same strategy as in Algorithm 8.3 (polynomial evalua-
tion). What are the complexity bounds of your algorithm?

Let o be a primitive nth root of unity, where n = 2%, Given an index j

whose binary representationisj = jx_y ... j1jo,where0 =j<n — 1,

letf(j) denote the integer whose binary representation is given by f(j) =

Jojr - Jk-1.

a. Show that ]_Ij[:fm—l(x — /)y = x2" — AT,

b. *Deduce an FFT algorithm based on the strategy of Algorithm 8.3
(polynomial evaluation) applied to the  roots of unity. Your algorithm
should run in O(log n) time, using a total of O(n log n) operations.
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Let A be an n X n matrix, and let v be an n-dimensional vector over a
field %. Suppose that the Krylov matrix associated with A and v is known
to be nonsingular. Show that computing the characteristic polynomial
of A can be reduced to solving ann X n linear system of equations.

Our algorithm to compute the characteristic polynomial of a matrix
(Section 8.8.1) was stated under the assumption that the underlying
field has characteristic 0. Why was this assumption used? Can you
provide an example of a matrix over a finite field where our algorithm
would fail? Explain your answer.

Let ¥ be a field of characteristic 0, and let 4 be ann X n matrix over %.
Given the characteristic polynomial of 4, show how to compute the rank
of A. Deduce an O(log? n) time algorithm to compute the rank of A.

Given the characteristic polynomial of 4, develop an O(log? n) time
algorithm to compute A ~!, whenever 4 is nonsingular. What is the total
number of operations used?

Prove Lemma 8.4.

Letd(A) = 2 oc,\! be the characteristic polynomial of ann x n matrix
Aoverafield & Let A}, Ny, ... , N, be the roots of (M) (in an extension
of ¥ if necessary). Show that Z" 1)\" tr(dk), forl <= k < n — 1.

Letp(x) = X._,a.x' be a polynomial of degree n over a field % such that
a, = 1,andlet Ay, N2, ..., N, be the roots of p(x). Define sy = ZL,)\:‘.
Prove Newton’s identities:
k=1
s + zan_,s, + kan-x =0,1 <k <n.

=1
Hint:p'(x) = mx" =1 + (n — l)a,,_lx" 2+ --- + ay,and, onthe other
hand, p (x) [H, = N = ZE ;\ Substitute the series
13 ol s for +- Compare the two expressions of p'(x).
Let i, Ao, .. )\,, be n elements from a field #. Develop an O(log n)
time algorithm tocompute sy = X,- 17‘1 ,for1 < k < n. Your algorithm
should use O(n log? n) operations.

Develop an O(log? n) time algorithm to compute the QR factorization
of a given n X n nonsingular matrix 4. Your algorithm should use
O(nM(n)) operations. Hint: Relate the QR factors of 4 to the LU factors
of AT A.

Let A be an n X n matrix whose characteristic polynomial is given by
d(N) = 2o\, and let s = tr(4K), 1 < k < n. Letg(z) =
21 1Cn—iZ'.

a. Show that £2 = — 3% ¢ 2~1 mod z*. Hint: Note that g(z) =
8(2) =17

[T_,(1 — z\;), where the \’s are the eigenvalues of A.
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b. Assume thatg,(z) = g(z) modz"*! and the s,’s are available. Show how
to compute gx(z) in O(log n) time. Hint: Express g2.(z) = g,(2)h,(2),
where h,(z) = E/ ,+1b)7 isto be determined, and show that &= 9

&G
hiz) = =373 ‘s,zJ-1 mod 22 +1,
c¢. Deduce an O(log? n) time algorithm to compute the ¢,’s from the

§,’s, using a total of O(n log n) operations.

Prove the Cayley-Hamilton theorem (Section 8.8.1). Hint: Start with
the identity (\] — A)Adj (M — 4) = det (M — A)I, where the adjoint
of a matrix Adj is introduced in Exercise 8.32.

Let R be an arbitrary commutative ring, and let 4 be an n X n matrix
whose entries come from R. The goal of this exercise (as well as that of
Exercise 8.33) is to develop a fast parallel algorithm to compute the
characteristic polynomial of 4. The algorithm presented in Section 8.8.1
requires division, and hence will not work correctly over an arbitrary
commutative ring.

Recall that the adjoint of 4, denoted by Adj(4), is an n X n matrix
whose (i,)) entry is equal to ( — 1)’ */ det(4,,), where 4, isthe (n — 1) x
(n — 1) matrix we obtain from A by deleting the jth row and the

ith column.
ajn u
A= s

whereu and v are vectors. Let p(\) = det(A ] — 4) = > Pn—\',and

letg(\) = det (\ — M) = 30 qn—1— I\

a. Show that p(A\) = (A — a1;) det(\] — M) + uAdj(\ — MyvT.

b. Show that Adj(M — M) = 3, _,(qoM* =2+ - + qx—2 HN\" .

¢. Develop an O(log? n) time algorithm to compute uM'v7 for0 < i <
n — 2. What is the total number of operations used?

d. Deduce an O(log? n) time algorithm to compute the characteristic
polynomial of 4 over R. The total number of operations used should
be O(nM(n)).

This exercise covers Chistov’s algorithm to compute the characteristic

polynomial without using division.

LetAbeann x n matrix, and let 4, be the i X i submatrix consisting of

the last i rows and columns of 4,1 < i < n.

a. Show that det(4) = 1/[T/_ (4, ")11, where all the 4,’s are assumed
to be nonsingular.

b. Deduce that det(I—\,) = /[T _,[(I-,) "' mod A'* 1.

Partition 4 as follows:
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¢. Develop an O(log? n) time algorithm to compute the characteristic
polynomial of 4 based on the identity established in part (b). Your
algorithm should use O(nM(n)) operations.

Show how to solve a linear system of equations whose coefficient matrix
is an n x n Toeplitz matrix in O(log? n) time, over an arbitrary field,
using a total of O(n3 log? n) operations. Hint: Use Chistov’s algorithm,
described in Exercise 8.33, and Newton’s iteration algorithm (Algo-
rithm 8.5).

Let A be ann X n matrix over a field ¥ of characteristic 0, and letv =

{1, A\, A2, ..., N~ 1}, where \ is an indeterminate.

a. Develop an O(log? n) time algorithm to compute the corresponding
Krylov matrix. What is the total number of operations used?

b. Show how to deduce s; = tr(4%) for all 1 < k < n — 1 from the
Krylov matrix computed in part (a).

¢. Deduce an O(log? n) time algorithm to compute the characteristic
polynomial of A. Compare your algorithm with the algorithm pre-
sented in Section 8.8.1.

d. What are the complexity bounds of your algorithm if the matrix 4 is
Toeplitz?

Let¥Vbe ann X n Vandermonde matrix ¥ = (v,)) corresponding to the
vectorp = [po, ... ,Pn-1]

a. Show that det(V) = [j<,<,<.(p: = p))-
b. Deduce an O(log n) time parallel algorithm to compute the deter-
minant. What is the total number of operations used?

Let A be the n X n symmetric tridiagonal matrix

by aa 0 0 ... 0 0 0]
ay by as 0 0 0 0
0 aj3 ‘b3 a4 0 0 0
0 an-1 bp-1 ay
0 . 0 an by

Let px(\) = det (M — Ay), where Ay is the k X k submatrix consisting

of the first k rows and the first k columns.

a. Show that pg(A) = (A — br)px-1(N) — aipk_g()\), where po(N) =
landpi(N\) = N — by.

b. Develop an O(log? n) time algorithm to compute all the p,(A)’s,
using O(n log n) operations.
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8.38. Given two polynomialsu(x) = 3/_sax' andv(x) = 2/ b, let r(x) be
the monic ged of u(x) and v(x). Let deg(r(x)) = k, and let p(x) and g(x)
be the unique polynomials satisfying r(x) = p(x)u(x) + q(x)v(x).

a. Show that we can assume deg(p(x)) < m — k — 1and deg(q(x)) <
n — k — 1. Hint: Consider the remainder sequence associated with
the polynomials u(x) and v(x).

b. Show that, for any k' > k, the corresponding resultant system asso-
ciated with the gcd computation has a solution (Lemma 8.6).

Let u(x) and v(x) be two polynomials of degrees n and m, respectively,

over an algebraically closed field . Develop a fast parallel algorithm to

determine whether or not u(x) and v(x) have a common zero. State the
total number of operations used.

8.40. Letu(x) be amonic polynomial of degree n over a field &. Then, u(x) can
be expressed uniquely in the form u(x) = pi(x)¢p2(x)¢2--- pi(x)%,
where the p,(x)’s are distinct, monic, irreducible polynomials over %.
Develop an O(log? n) time algorithm to test whether there exists an
index e, such that e, > 1. Your algorithm should use O(n? log? n)
operations.

8.39

Bibliographic Notes

Parallel algorithms for linear recurrences have been described by many researchers.
An early reference using a strategy similar to the one presented in the text is [27].
Further early developments were reported in [24, 34, 35]. Parallel algorithms for
polynomial evaluation were discovered independently of those for linear recurrences
(8, 38]. The divide-and-conquer algorithm for solving triangular linear systems is from
(8], whereas the two other algorithms mentioned in Exercises 8.5 and 8.6 are from [44]
and [25], respectively. Efficient algorithms for banded triangular systems were dis-
cussed in [12, 25). The fast Fourier transform algorithm was made popular by Cooley
and Tukey [15]; the basic algorithm was known earlier (see [16]). Its relevance to
convolution was pointed out in [48]. References [6] and [36] cover many FFT algo-
rithms for computing DFT and convolution. The algorithms for polynomial evalua-
tion and interpolation using the FFT algorithm were developed independently by
several researchers (see, for example (7, 18]). The equivalence between polynomial
division and the inversion of triangular Toeplitz matrices is explored in [S], together
with the correspondence between known algorithms for both problems. The first fast
parallel algorithms for computing the inverse of a matrix and its characteristic poly-
nomial were given by Csanky [17]. The basic algorithms had been developed much
earlier by Leverrier. More efficient implementations of these algorithms are reported
in [20, 43]. Berkowitz’s algorithm [2] for computing the characteristic polynomial
without using division, outlined in Exercise 8.32, is based on an algorithm of Samuel-
son [45]. The other algorithm requiring no division (Exercise 8.33) was developed by
Chistov [13]. Our LU decomposition algorithm is taken from Pan [39]. Iterative
algorithms in numerical computing.are used heavily and have a long history. The
matrix-inversion algorithm described in the text 1s a classical one (see, for example
[30]). The efficiency of its parallel implementation and other choices for the initial
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approximation were given by Pan and Reif [42]. There is a substantial literature on
structured matrices and Toeplitz matrices. Our description follows [41] For the proof
of Theorem 8.21 and related results, see [19, 22, 50]. The theory of resultants as it
relates to remainder sequences and gcd computations was reported in [11, 14]. For
some of the best known sequential algorithms, see [10]. For recent parallel algorithms,
see [29, 32]. Concerning remainder sequences and gcd computations, it has been
shown that these can be reduced to simple operations on Hankel and Toeplitz ma-
trices [4].

Basic facts about matrices as used in this chapter and many other properties and

algorithms can be found in [21, 23, 47]. The facts used from abstract algebra can be
found in [26, 31]. For additional related algebraic algorithms, see [9, 32, 33, 51, 52].

Exercise 8.4 is taken from [49). Exercise 8.17 is taken from [3]. The algorithm referred
to in Exercise 8.20 was initially described in [18]; see also [1]. Computing the rank of
a matrix (see Exercise 8.23) is an important problem, which is discussed in [28, 37].
Exercises 8.29 and 8.30 are taken from [39] and {40, 46], respectively.
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Randomized Algorithms

Thus far, in search of efficient methods to solve our selected problems, we
have explored the domain of deterministic algorithms. These algorithms are
required to generate exact solutions for all possible instances within time
bounds that depend on a worst-case analysis. In many situations, this goal
seems to impose an unnecessarily rigid framework that detracts from the
applicability of the algorithms. There are two alternative approaches that
have been studied in the literature to a limited extent. The first approach is
based on developing algorithms that work well for typical instances of the
problem; an average-case analysis is carried out under a certain assumption
on the probability distribution of the inputs. The difficulties with this ap-
proach lie in determining what constitutes a good distribution of the inputs,
and in carrying out the probabilistic analysis of the corresponding algorithm.

The other approach—the one we shall follow in this chapter—is to
introduce randomness into the algorithm by using a random-number gener-
ator. A classical example is to extract a random sample from the given input,
to analyze the sample, and to develop a solution for the given input by using
the analysis made on the sample. We may also allow the algorithm to generate
incorrect answers with a very small probability. We are interested in such
algorithms because, for many problems, they are considerably simpler or
faster than are the corresponding deterministic algorithms.

433
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Algorithms making use of random-number generators are called ran-
domized algorithms. The analysis of the asymptotic bounds of such algo-
rithms does not make any assumptions about the input. These algorithms may
behave differently when run several times on the same input. Their perfor-
mance will be probabilistically guaranteed for any input.

In this chapter, we shall develop randomized parallel algorithms for a
variety of problems, including point location in triangulated planar subdivi-
sions (Section 9.3), one- and two-dimensional string matching (Section 9.4),
verification of polynomial identities (Section 9.5), sorting (Section 9.6), and
maximum matching (Section 9.7). The analysis of our algorithms will draw on
several facts from probability theory, which we summarize in our first section.

9.1 Performance Measures of
Randomized Parallel Algorithms

Since a randomized algorithm makes random choices during its execution, we
measure its performance in probabilistic terms, such as by its expected run-
ning time or by the probability that it will terminate within a certain number
of steps. The analysis of such algorithms requires tools borrowed from prob-
ability theory and combinatorial mathematics. Section 9.1.1 gives a brief
introduction to basic facts from probability theory that will be used in this
chapter. In Section 9.1.2, we define the additional assumptions that have to
be introduced into our basic parallel model to support randomized algorithms,
and we discuss performance measures for randomized parallel algorithms.

9.1.1 PROBABILITY THEORY

We assume that you are familiar with basic facts from probability theory. The
purpose of this section is to provide a quick review of the facts you need to
follow the material covered in this chapter.

As we introduce the definitions and related facts, we shall apply them to
one of two setups: tossing coins and placing balls into bins. These situations
are introduced in the following two examples.

EXAMPLE 9.1: (Coin Tossing)

Consider the experiment of tossing a coin n times. The outcome of each coin
toss is either a head (H) or a tail (T). Hence, each outcome of the experiment
can be represented by a sequence of length »n of the symbols H and T. The set



91 Performance Measures of Randomized Parallel Algorthms 435

of all possible outcomes forms what is called a sample space S. Each of these
outcomes constitutes an elementary event. Hence, an elementary event can be
viewed as a particular sequence of length n of H and T. The event that exactly
two heads show up corresponds to the subset of the sample space consisting
of all the sequences containing exactly two H symbols. Hence, this event is a
subset of S consisting of (;) elementary events. O

EXAMPLE 9.2: (Balls and Bins)

Consider the experiment of randomly placing into n bins m balls labeled
1,2, ... ,m. An outcome of this experiment is an arrangement of the balls
into the bins, where a bin can hold any number of balls. The sample space
consists of all such arrangements, and each such arrangement constitutes an
elementary event. Each outcome can be viewed as assigning to each ball a bin
number between 1 and n. Hence, the size of the sample space isn™. The event
that the first two bins are empty corresponds to all the outcomes for which
each ball is assigned a bin number between 3 and n. Therefore, this event
contains (n — 2)" elementary events. O

In general, a sample space S consists of a set of elementary events that
represents the outcomes of an experiment. An event is simply a subset of S. A
sample space S is discrete if S is either finite or countably infinite. We shall
deal exclusively with discrete sample spaces in this chapter.

A probability measure on a discrete sample space S is a real-valued
function defined on the subsets of S such that the following axioms are
satisfied:

1. Forallevents A, 0 < Pr{d} < 1.

2. Pr{S} = 1.

3. Pr{4 U B} = Pr{A} + Pr{B}, for any two disjoint events (thatis,4 N B = @).
We call the value Pr{4} the probability of the event A.

EXAMPLE 9.3:

We continue our coin-tossing experiment (Example 9.1). Our sample space §
can be represented by the set {H, T}", where each experiment consists of a
sequence of n coin tosses. We define the following probability measure on S:
For each event 4, let Pr{A} = |4 |/2". It is easy to verify that all the axioms of
a probability measure are satisfied. Intuitively, we are assuming that the coin
is unbiased, and hence that the outcome of each coin toss is equally likely to
be a head or a tail. This assumption implies that each elementary event is
equally likely to occur, and hence that each has probability 1/2", since the size
of the sample space is 2”.
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Whenever all elementary events are equally likely, the resulting prob-
ability measure is referred to as the uniform probability distribution. |

Given any two events A and B from a sample space S such that Pr{B} >
0, the conditional probability of A given B is defined to be

Pria | By = TR 28
The two events A and B will be called independent if Pr{4 N B} = Pr{A}Pr{B},
and hence Pr{4 | B} = Pr{A} and Pr{B | A} = Pr{B}.

Another important property that we will often use is to bound the
probability of the union of a collection of events {4,} by their individual
probabilities. By the third axiom of a probability measure, we know that
Pr{U A} = 2 Pri4,} when the events {4,} are pairwise disjoint. In general,
however, we have the following inequality, sometimes referred to as Boole’s
inequality:

Pr{UA} < 3.Pria,). (9.1)

EXAMPLE 9.4

We return to the coin-tossing experiment (Examples 9.1 and 9.3). Suppose we
toss an unbiased coin three times. The sample space can be represented by
the set S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}. Consider the
following two events A and B; event A consists of all tosses resulting in at least
twotails,and hence A = {HTT, THT, TTH, TTT}; event B consists of all tosses
resulting in a tail during the first toss, and hence B = {THH, THT, TTH, TTT}.
What is the probability of 4 given B? That is, what is the probability of getting
at least two tails, given that the first toss resulted in a tail? Since 4 N B = {THT,
TTH, TTT}, we obtain that Pr{4 | B} = 3/4. Notice that Pr{A} = Pr{B} = 1/2.
On the other hand, since 4 U B = {HTT, THH, THT, TTH, TTT}, we
have Pr{A U B} = 5/8, whereas Pr{d} + Pr{B} = 1. ]

EXAMPLE 9.5:

We return to the experiment of randomly placing m balls inton bins (Example
9.2), where m is much larger than n—say,m = 2n Inn. As we saw in Example
9.2, there are n™ possible arrangements, each of which will be assumed to be
equally likely. We are interested in determining a bound on the probability
that two bins (or more) are empty.

Given two distinct integersi andj such that 1 < i,j < n,let E;, be the event
that bins i and j remain empty. Clearly, PH{E,} = (n — 2)"/n" = (1 - —)
Using Boole’s inequality (Eq. 9.1), we obtain

PUE} < (3)(1 - 2"

l?j
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Given that 1 + x < ¢*, this bound can be approximated by
P{UE,} < (;)e“% <n-2 O

1#)

Random Variables. A random variable X is a function from a sample space
S into the field of real numbers. Most of the random variables occurring in
randomized algorithms are integer-valued (for example, the number of steps
needed to execute a randomized algorithm).

Let the event X = x be the set of all elementary events for which X takes
on the value x. Then, the probability distribution of X is the function Pr{X =
x}. The distribution function of X is defined to be the function Pr{X < x}.

EXAMPLE 9.6:

The number X of heads occurring during the experiment of tossing a coin n
times is a random variable. Let us determine its probability distribution. The
number of outcomes with exactly x heads is

(2),

wherex is an integer between 0 and n. Assuming that the coin is unbiased, the
probability of x heads is

1
(1)
which defines the probability distribution of X. The distribution function of X
is given by

X

PriX < x} = z( )2,, a

The expected or mean value of a discrete random variable X is
E[X] = D xPriX = x},

where the sum Es over all possible values that can be assumed by X. In all the
cases encountered in this chapter, X is integer-valued and the preceding sum
is finite. We shall usually denote E[X] by the symbol p.x (and shall drop the X
when there is no possibility of confusion). For random variables X1, X2, ..
Xk, we have the following important linearity property of expectation:

E[ZX,] = ZE[X

The variance ch of the random variable X is defined to be E[(X — nx)?],
which can be shown to be equal to E[X?] — p,X The standard deviation oy is
the positive square root of 0/2\,

The following is an important fact concerning the deviation of a random
variable from its expectation.

M
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Theorem 9.1 (Chebyshev Bound): Given a random variable X with expecta-
tion w. and standard deviation o,

Pr|X - u| >ta} = L. O

2

In randomized algorithms, the Chebyshev bound is sometimes used to
estimate the probability that the number of steps that the algorithm takes is
significantly more than the expected value.

We next discuss a specific distribution that arises frequently in analyz-
ing randomized algorithms.

The Binomial Distribution. A Bernoulli trial is an experiment with only two
possible outcomes, one of which is called a success, and the other of which is
called a failure. We shall denote the probability of a success by p, and the
probability of a failure by ¢ (and hence p + g = 1).

The coin-tossing experiment is a Bernoulli trial where a head could be
considered a success and a tail considered a failure. In a randomized iterative
algorithm where, after each iteration, the input is supposed to shrink by a
factor of 1/2, each iteration could be viewed as a Bernoulli trial where the
outcome is successful if the size of the input decreases by a factor of 1/2;
otherwise the outcome would be considered a failure.

Let X denote the number of successes during n independent Bernoulli
trials that have a success probability of p and a failure probability ofg = 1 —
p- The random variable X can take on the values 0, 1, ... , n. Its probability
distribution is given by

PriX =k} = (ﬁ)p"q”“k,
which is called the binomial distribution, denoted by b(k;n, p).

EXAMPLE 9.7:

We return to the random placement of m balls into n bins. We seek the
probability that a specified bin contains exactly & balls, where 0 < k < m.
There are

(%)
k
ways of choosing the & balls for the specified bin. The remainingm — k balls

can be placed in any of the bins other than the specified bin. Hence, the
desired probability is given by

(12 = ()0 - 4

nm

which is a binomial distribution b(k; m, 1). O
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We now compute the expected value of the binomial variable X with the
probability distribution b(k; n, p). Rather than using the definition of E[X]
directly, we develop a simpler method that provides a useful general tool.

Let X, be a random variable such that X, = 1 if the ith Bernoulli trial
results in a success; otherwise, X; = 0. We start by computing the expected value
of X,. Using the definition, we get E[X,] = 0-Pr{X, = 0} + 1-PHX, = 1} = p.
Now the number X of successes among n independent Bernoulli trials is
exactly X/ X,. Hence, E[X] = E[2/_,X,] = 2" \E[X,] = np.

Frequently, we are interested in estimating the probability that a bino-
mial variable X is larger (or smaller) than a certain value m. The probability
that X is larger than m is given by

n

PriX = m} = (") pign .

Jj=m
The equation for the probability of X smaller than m is similar. The expres-
sion shown is referred to as the tail of the binomial distribution. The following
estimates, called Chernoff bounds, will be used extensively:

PrX < (1 — €)pn} < e €12 9.2)
PriX = (1 + e)pn} < e ~<pl3, 9.3)
where € is any positive constant between 0 and 1.

We now digress for a moment to state severa] important combina-
torial facts.

Combinatorial Facts. We state without proof several combinatorial facts
that will be used in the remainder of this chapter. Most of these facts can be
found in elementary books on combinatorics.

Binomial Theorem: Given any two numbersx andy and a positive integer

n, then
n

( +y)n = (" ey, ¥4

1=0
Stirling’s Formula: Given any positive integer n, then
n\n

n! = 2'n'n(—) . (9.5)

e

Bounds on Binomial Coefficients: Given any two positive integers n and k
such that k < n, then

() = () = (5 )
Poisson Approximation: For any a, we have

(1-¢&)=e« 97
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We next introduce the randomized PRAM model and related perfor-
mance measures.

9.1.2 RANDOMIZATION IN PARALLEL ALGORITHMS

To support randomized parallel algorithms, we must incorporate a few ad-
ditional features into our PRAM model. The main feature is to allow each
processor the ability to generate a random number in a certain range within
a single step. A random number in the integer range [1, 2, ... , M] is equally
likely to take on any integer value between 1 and M. We restrict the length of
the random number generated in a single step to be O(log n) bits, where n is
the Iength of the input. Hence, each such number can fit in a single memory
location and can be manipulated in O(1) sequential steps. We assume that, if
k processors generate random numbers during the same time step, then the
resultingk numbers are k independent random numbers within the chosen
range. A PRAM with these additional features will be called a random-
ized PRAM.

The complexity measures of a deterministic parallel algorithm, given in
the time-work framework, are expressed in terms of the time T(n) and of the
total number of operations W(n). We can take the expected values of T(n) and
W(n) on any input of size n as the corresponding complexity measures for
randomized parallel algorithms. A major weakness in dealing with expected
values is that the actual resources used may be far different from these values for
many cases. We would rather establish high-likelihood bounds, as defined next.

A randomized parallel algorithm A4 requires resource bound f(n) with
high probability if, for any input of size n, the amount of the resource used by
algorithm A4 is at most of{(n) with probability 1 — n~¢, for some positive
constants « and c. This definition implies that algorithm 4, when run on any
input of size n, is highly likely to use the amount O(f(n)) of that resource.

We distinguish between two classes of randomized algorithms: Las
Vegas and Monte Carlo. A randomized algorithm of the Las Vegas type will
always generate the correct answer. Its performance is measured in terms of
the expected amount of resources used or the probability that a certain
resource bound is exceeded. Las Vegas algorithms are tailored to work well
on random instances. A randomized algorithm of the Monte Carlo type is
allowed to make errors, but only with a “small” probability. Note that there
are more elaborate ways to define Monte Carlo algorithms, but the given
definition is sufficient for our purposes.

Both Las Vegas and Monte Carlo algorithms will be illustrated in this
chapter.

The next section presents a simple randomization technique for break-
ing symmetry as applied to the problem of the fractional independent set.
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9.2 The Problem of the Fractional Independent Set

Let G = (V, E) be a planar graph. That is, G can be drawn on the plane such
that each vertexv € V'is represented by a point p(v), each edge (u,v) € E'is
represented by a curve connecting the two points p(u) and p(v), and no two
curves that represent edges can intersect except possibly at an endpoint. In
this section, we consider the problem of identifying a large independent set of
G consisting exclusively of low-degree vertices. More precisely, our aim is to
determine a set X C I such that (1) the degree of each vertexv € X is less
than or equal to some constant d, (2) the set X is independent, that is, no two
vertices of X are connected by an edge, and (3) the size of X satisfies | X| = c|V|
for some positive constant c. We call X a fractional independent set of G.

We shall establish the existence of a fractional independent set in any
planar graph by an explicit construction. We need the following well-known
fact from graph theory.

Lemma9.1: Let G = (V, E) be a planar graph with at least three vertices. Then,
|E| < 3|V| — 6. a

Lemma 9.1 indicates that planar graphs are quite sparse. Hence, we
expect to find many vertices of low degree, since 2., deg(v) = 2|E| < 6|V] —
12. The following theorem gives a constructive proof of the fact that a frac-
tional independent set exists in any planar graph.

Theorem 9.2: For any given planar graph G = (V, E), we can construct a
fractional independent set X in linear sequential time.

Proof: Let V4 be the set of vertices of G of degree less than or equal to d,
where d is any integer such that d = 6. We start by showing that the size of Vy
is at least a constant fraction of | V|.

Let V3, be the subset of vertices each of degree larger than d; that is,
Vi =V = Vq. Then, 3, deg(v) = (d + 1)|Va|,and hence (d + 1)| V3| <
2. edeg(v) = 6|V| — 12, which implies that |V}, | < (6|V] — 12)/(d + 1).
This inequality in turn gives us |Vy| = |V| — |[Vi| = (d — 5)|V|/(d + 1).

We construct a fractional independent set X as follows. We select an
arbitrary vertexv € V4 to be in X, and remove all of its adjacent vertices that
are in V4. We then pick another vertex of Vy, put it in X, and remove all of its
adjacent vertices. We continue this process until all the elements of V4 are
exhausted. The number of vertices in X is at least [Vy|/(d + 1) =
(d - 5)|V|/(d + 1)2, which is a constant fraction of |}V/|, because d is a
constant greater than or equal to 6. O
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The scheme sketched in the proof of Theorem 9.2 for constructing a
fractional independent set picks its vertices in sequence, each selected vertex
depending on the vertices selected earlier. Hence, this scheme does not seem
to offer much hope for a significant amount of parallelism. In this section, we
develop an extremely simple alternate method that uses randomization. The
resulting algorithm determines, with high probability, a fractional indepen-
dent set in O(1) time, using O(n) operations.

For clarity, we start with the simple case where the graph G is a simple
directed cycle. We later address the general case of planar graphs.

9.2.1 DIRECTED CYCLES

Let G = (V, E) be a directed cycle whose arcs are represented by an array S
oflength |V| = nsuchthatS(i) = jifand onlyif (;,j)is an arc in E (see Section
2.7). We wish to compute an independent set X of G such that the size of X is
a constant fraction of |V].

The basic technique used is a randomized symmetry breaking that
consists of (1) assigning a label 1 or 0 with equal probability to each vertex
v € V, and (2) relabeling each vertex v whose label and the label of its
successor S(v) are both equal to 1.

We state the algorithm more formally next. We shall show that, with
high probability, the set of vertices labeled 1 is a fractional independent set of
the given directed cycle.

ALGORITHM 9.1
(Randomized Symmetry Breaking)
Input: A directed cycle G = (V, E) whose arcs are specified by an
array S of length n.
Output: The set of vertices X = {v € V| label(v) = 1}, which forms
a fractional independent set with high probability.
begin
for all v € 1 pardo
1. Assign label(v) = 1 or 0 randomly with equal probability.
2. if (label(v) = 1 and label(S(v)) = 1) then set label(v): = 0
end

Lemma 9.2: Let G = (V, E) be a directed cycle with n vertices. Algorithm 9.1
identifies an independent set X such that Pr{|X| < an} < e ~P", where a is any
constant 0 < a < 1/8and B = (1 — 8a)?/16. The algorithm runs in O(1) time,
using O(n) operations.
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Proof: A vertex v € Vis called selected if label(v) = 1 when the algorithm
terminates. Let X be the set of selected vertices. The set X consists precisely
of all the vertices v such that label(v) = 1 and label(S(v)) = 0 just after the
random assignment performed at step 1. Hence, the probability that a vertex
v € Visselected is equal to Pr{label(v) = 1 andlabel(S(v)) = 0} = 1/4, where the
labels referred to are those obtained immediately after the execution of step 1.

Consider the set 17 C V consisting of every other vertex along the cycle,
assuming without loss of generality that n is even. Hence, the distance be-
tween any two vertices of I/ is at least 2. Given any two verticesv and w in }”,
the event that v is selected is independent of the event that w is selected.
Hence, the cardinality of the set X is bounded below by a binomial variable,
where the success probability is 1/4 and there are n/2 Bernoulli trials. Using
the estimate of the binomial tail (Chernoff bounds),

Pr{X| = (1 — e)p} < e~ w2,

as given by Eq. 9.2, where p. = n/8, we obtain that Pr{|X| < an} < e P,
where B = (1 — 8a)%/16 forany 0 < a < 1/8.
The complexity bounds of the algorithm are obvious. (]

PRAM Model: Algorithm 9.1 can be implemented on the EREW PRAM
model, since step 1 does not require any concurrent memory access, and step
2 can be executed if we first create a duplicate copy of the labels generated
at step 1 and then access this copy whenever the label of the successor node
is needed. O

9.2.2 PLANAR GRAPHS

We now return to the more general case when the input graph G = (V, E) is
an arbitrary planar graph. We assume that the embedded graph G is repre-
sented by its edge lists such that, for each vertex v € V, the edge list of v
contains the edges incident on v arranged in the order as they appear coun-
terclockwise around v.

For the remainder of this section, we define a low-degree vertex to be a
vertex of degree less than or equal to 6. As can be deduced from the proof of
Theorem 9.2 (if we set d = 6), there are at least |V/|/7 such vertices.

To determine a fractional independent set of G, we follow the same
strategy as in the case of directed cycles. We randomly assign a label of 0 or
1 with equal probability to each low-degree vertex. The set of vertices whose
labels are each equal to 1 does not necessarily form an independent set. For
each edge (u, v) € E, we relabel vertices u and v whenever u and v were
assigned the label 1. The remaining vertices with label 1 constitute an inde-
pendent set whose size is a constant fraction of |}V/| with high probability.



444 Chapter 9 Randomized Algorithms

We next give the algorithm formally, followed by a correctness proof
and an analysis of the complexity bounds.

ALGORITHM 9.2
(Fractional Independent Set)

Input: A planar graph G = (V, E) represented by its edge lists. The
edges on the list of a vertex v are ordered counterclockwise as they
appear around the vertex v in a planar embedding of G.
Output: A labeled set of low-degree vertices forming a large inde-
pendent set with high probability.
begin
1. for each vertex v € V pardo
if (deg(v) =< 6) then set lowdeg(v): = 1
else set lowdeg(v): = 0
2. for each vertex v € V pardo
if (lowdeg(v) = 1) then Randomly assign label(v): = 0 or
1 with equal probability.
else set label(v): = 0
3. for each vertex v € V pardo
if (label(v) = 1) then
if (label(u) = 1 for some u on the list of v) then set
label(v): = 0
end

Theorem 9.3: Theset X = {v € V| label(v) = 1}generated when Algorithm 9.2
terminates is an independent set of low-degree vertices such that Pr{|X| < an} <
e =B for some positive constants o and B and where n is the number of vertices.
This algorithm can be implemented in O(1) time, using O(n) operations.

Proof: As we can deduce from the proof of Theorem 9.2 (by setting d = 6),
the number of vertices of degree less than or equal to 6 is at least n/7. Each
such vertex is assigned a label of 0 or 1 with probability 1/2. Hence the
probability of a low-degree vertex being included in the independent set X is
at least (1/2)7, since it will be included in X if its label is equal to 1 and the labels
of all of its adjacent vertices are equal to 0 just after the execution of step 2.

Let 17 be the subset of low-degree vertices such that the distance
between any two vertices in V' is at least 3. The size of V' satisfies |V'| =
(1/36)(n/7), since each vertex included in V' prevents the inclusion of all
vertices at distance 2 or less, and the number of such vertices in }” is at most
36.Hence, |V'| = cn, where ¢ is some positive constant (in this case,c = 1/252).

The event that a vertex v from V7 is included in X is independent of the
event that any other vertex from V”’ is included in X. Therefore, the cardinality
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of the set X is lower bounded by a binomial variable whose probability of
success is (1/2)7, and there are cn independent Bernoulli trials. Using Cher-
noff bounds as stated in Eq. 9.2, we obtain Pr{|X| < an} < e B, for some
constants a and (.

We now analyze the complexity bounds of the algorithm. In step 1, we
can count, for each list associated with a vertex v, the number of the edges up
to 6. If, during the counting process, the end of the list is encountered, we set
lowdeg(v): = 1; otherwise, we set lowdeg(v): = 0. Given our input represen-
tation, this step can be implemented in O(1) time, using a linear number of
operations. Step 2 trivially takes O(1) time, using O(n) operations. As for step
3, any vertex v with label(v) = 1 must be of degree less than or equal to 6.
Hence, its corresponding list is of length at most 6, which implies that each
such list can be processed in O(1) sequential time to check for the existence
of avertexu whose label is equal to 1. Therefore, step 3 also can be performed
in O(1) time, using a linear number of operations, and the proof of the
theorem is complete. O

PRAM Model: Steps 1 and 2 of Algorithm 9.2 require no simultaneous
memory access. Since many edges could share the same vertex, step 3 requires
concurrent-read capability. However, no concurrent write instructions are
used. Therefore, Algorithm 9.2 runs on the CREW PRAM model. O

Based on Algorithm 9.2, we next develop an elegant solution to an
important problem in computational geometry.

9.3 Point Location in Triangulated Planar Subdivisions

The randomized algorithm for determining a fractional independent set of a
planar graph (Algorithm 9.2) will be used in this section to solve the point-
location problem for triangulated planar subdivisions. Before giving a formal
definition of our problem, we note that, in general, the technique of random
sampling has been shown to be effective in solving computational-geometry
problems. This technique will be introduced in Section 9.6 for designing a
randomized sorting algorithm. Here, we illustrate the use of the randomized
symmetry-breaking technique to solve our special computational-geometry
problem.

We now introduce the problem addressed in this section. A planar
subdivision § is a straight-line embedding of a planar graph Gs = (Vs, E).
Hence, each edge (u, v) is represented by a line segment connecting the
points representing 4 and v, and no two such line segments intersect except
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possibly at an endpoint. Because of the close correspondence between a
planar subdivision and its associated graph, we shall refer to the points of § as
vertices and to the segments of § as edges.

The size of a subdivision S is the number of vertices in S. A triangulated
planar subdivision is a planar subdivision in which each region, including the
exterior region, is a triangle.

EXAMPLE 9.8:

The planar subdivision shown in Fig. 9.1(a) contains regions that are not
triangles, whereas all the regions defined by the planar subdivision of Fig.
9.1(b) are triangles. O

Given a triangulated planar subdivision S, the point-location problem is
to preprocess S and to set up appropriate data structures so that any query
point can be located quickly in one of the regions of S. More precisely, we wish
to identify the region containing a query point in O(log n) sequential time.

We shall describe a solution based on building a hierarchy of increas-
ingly coarse subdivisions, starting with the initial subdivision § and ending
with a subdivision containing only three vertices. The location of a query
point will proceed through the hierarchy consecutively, starting with the

(@) (b)

FIGURE 9.1
Planar subdivisions (a) A planar subdivision containing regions that are not
triangles, and (b) a tnangulated planar subdivision.
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coarsest subdivision (which contains three vertices) until the initial subdivi-
sion is reached.

In this section, we show how to construct a subdivision hierarchy in
O(log n) time, with high probability such that a query can be handled in
O(log n) sequential time. We start by introducing a formal notion of subdi-
vision hierarchy.

9.3.1 SUBDIVISION HIERARCHY

Let § be a triangulated subdivision with n vertices. A subdivision hierarchy is
a sequence S1, S, ..., Sx(n) of triangulated subdivisions satisfying the fol-
lowing conditions:

1. §; =8§.
2. |Sh(n) | = 3
3. Eachregion of S+ intersects at most d regions of S,, for some constantd.

We call A(n) the height of the subdivision hierarchy. A subdivision
hierarchy can be represented as a directed acyclic graph H = (U, 4) such
that each triangle T of a planar subdivision S, in the sequence is represented
by a vertex u with outgoing arcs into the vertices representing the triangles
of S, that intersect 7. It follows that, once we have a triangle T of a planar
subdivision in the sequence, we can find all the triangles that intersect T from
the previous subdivision, in O(1) sequential time.

Before we show how to construct a subdivision hierarchy associated
with S, we consider the processing of a query on this structure. Given a query
point p, we start by locating p in a region T of the subdivision Sy, containing
three vertices. This step can clearly be done in O(1) sequential time. Given T,
there are at most d triangles of S - 1 having nonempty intersection with 7.
Hence, we can search through these regions to isolate the region of Sp(n)-1
containing p. We continue in the same fashion until we reach the initial
subdivision §; = §. At this point, we can identify the triangle of S containing
p. Therefore, locating a point p in a triangulated planar subdivision can be
done in O(h(n)) sequential time, once a subdivision hierarchy of height h(n)
is determined.

We now turn to the problem of constructing a subdivision hierarchy.

9.3.2 CONSTRUCTION OF A SUBDIVISION HIERARCHY

A key assumption of a subdivision hi€rarchy is that a region of S, ;| intersects
at most a constant number d of the regions of §,. We now develop an algo-
rithm that refines S, into S, + 1 while maintaining this property ford = 6.
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Consider a subdivision S, and an internal vertexv of §; of degreet < 6.
If we remove v and the edges incident on v, we obtain a planar subdivision in
which all regions are triangles except a region R that used to contain v. The
boundary of R consists of a simple polygon containing ¢ segments, and hence
R can be retriangulated in O(1) sequential time using a brute-force algorithm.
Each of the resulting new triangles can intersect at most ¢ regions in
S;—namely, the regions that used to lie in R. This process can be applied
concurrently to all low-degree vertices, as long as they are not adjacent.
Hence, all low-degree vertices of an independent set X can be removed
concurrently such that each of the new triangles intersects at most six of the
triangles in S;.

The height of the hierarchy depends on the rate at which the number of
vertices is decreasing. The sizes of two consecutive subdivisions §; and S;
are related by |S; 11| = [Si| — |X|, where X is the independent set used to
generate S; 4 1 from §,. Hence, if the size of X is a constant fraction of |S; |, the
sizes of the subdivisions will decrease as a geometric series and thus the
height of the hierarchy will be logarithmic.

We have already seen how to construct an independent set of low-
degree vertices in O(1) time, using a linear number of operations (Algorithm
9.2). The size of such an independent set is a constant fraction of the size of
its subdivision with high probability (Theorem 9.3). Using such an indepen-
dent set, we obtain that |S;;1] =< c|S;| with high probability for some
constant ¢ > 0, indicating that the height of the hierarchy is logarithmic with
high probability.

We are now ready to state our algorithm for constructing a subdivision
hierarchy.

ALGORITHM 9.3
(Subdivision Hierarchy)

Input: A triangulated planar subdivision S represented by its edge
lists such that the edges on the list of a vertex v are arranged in a
counterclockwise ordering as they appear around v in S.
Output: A hierarchy of subdivisions of height O(log n) with high
probability.
begin
1 Seti: =1,851: =8
2. while (S, has more than three vertices) do
2.1. Determine a fractional independent set X of S, by
using Algorithm 9.2.
2.2. for each internal vertex v € X pardo
Remove v and its incident edges, and retriangulate
the resulting simple polygon. Determine, for
each new triangle, the old triangles it intersects.
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2.3. Seti: =i + 1, and let S, be the resulting triangu-
lated planar subdivision.
end

Theorem 9.4: Algorithm 9.3 constructs a subdivision hierarchy {S ,}f'(="1) associ-

ated with the triangulated subdivision S such that, with high probability,
SHIS:| = O(n) and h(n) = O(log n). The algorithm runs in O(log n) time
using O(n) operations, with high probability.

Proof: We start by establishing the correctness of the algorithm. By the
discussion preceding the statement of the algorithm, each region T of a
subdivision S;41 generated during the ith iteration of the while loop (step 2)
intersects at most six triangles of S,, since the degree of each vertex in X
(generated by Algorithm 9.2) is at most 6.

Let n; be the number of vertices in S, where 1 < i < h(n). We know,
from Theorem 9.3, that the size of the independent set X; generated by
Algorithm 9.2 satisfies Pr{|X;| < an,} < e ~P™, for some positive constants
a < landB. This bound implies that n;+ 1 < (1 — a)n; with high probability,
for any given index i, unless n; is very small. However, it is not clear that this
fact holds for all indices 1 < i < h(n) simultaneously. We now proceed to
prove that it essentially does hold.

Let k be the largest index such thatny = O(log n) andny = (3/B) logn,
where 8 is any positive constant. Clearly, such an index always exists. Consider
the event E for which there exists an index i between 1 and k such that the
independent set X; found during the ith iteration satisfies |X;| < an;. By
Boole’s inequality (Eq. 9.1), the probability of this event satisfies P{E} <
Di<i<kPr{|Xi| < an;} < ke =P, and the last inequality follows, since nx <
niforl <i < k.Butke P < ke ~®108" ginceny = (8/B) log n; hence, PH{E} <
n = for some positive constant ¢, and any positive constant 3. Therefore, we
have that |S;+1]| = (1 — «)|S;|, for ail i between 1 and k, with high proba-
bility. It follows that k¥ = O(log n) with high probability.

Since n; = O(log n), the height can increase by at most a logarithmic
factor (in n) after the kth iteration. Therefore, the height A(n) of the subdi-
vision hierarchy is O(log n) with high probability.

We now discuss the complexity bounds of the ith iteration of the while
loop. Step 2.1 requires O(1) time, using O(n;) operations. As for step 2.2, we
need to create a representation of the subdivision §; 4 1 generated during the
ith iteration from a representation of S;. This step involves removing and
inserting a number of edges from and into some edge lists of S;.

Recall that a triangulated planar subdivision is represented by a set of
edge lists such that the list corresponding to a vertex v consists of the edges
arranged in the counterclockwise ordering of the edges around v in §,. Hence,
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during the process of removing the edges in step 2.2, no two edges can appear
consecutively on a list because X is independent. It follows that each edge can
be removed in O(1) sequential time. Similarly, no two edges that have to be
inserted on alist (because of retriangulation) appear consecutively, and each
such edge can be inserted in O(1) sequential time. Thus, the lists can be
updated in O(1) time, using O(n,) operations.

The tasks involved in forming the section of the directed acyclic graph
connecting the triangles of S, + | to those of §, can be performed easily in O(1)
time, using O(n,) operations.

It follows that each iteration of the while loop can be implemented in
O(1) time, using O(n,) operations. Since n,+| < (1 — a)n, foralll <i <k
with high probability, it follows that >,,n, = O(n) and hence the total number
of operations is O(n) with high probability. |

PRAM Model: Algorithm 9.3 requires concurrent-read capability in the loop
defined at step 2. No concurrent write instructions are used. Hence, the
algorithm runs on the CREW PRAM model. 0

The next section introduces randomization techniques for handling the
string-matching problem, which we discussed in detail in Chapter 7.

9.4 Pattern Matching

We have developed, in Chapter 7, a deterministic parallel algorithm to iden-
tify all the positions where a pattern string can occur in a text string (Sections
7.3 and 7.4). The algorithm proceeded in two phases. The first phase con-
sisted of a pattern analysis, which generates a table related to the periodic
structure of the pattern. The resulting optimal algorithm (Section 7.4.2)
involves a number of complex details that make the algorithm unattractive for
practical use.

The second phase (text analysis) consists of using the table generated
during the pattern-analysis phase to determine all the positions where the
pattern occurs. An optimal logarithmic-time algorithm was derived to handle
the text analysis whenever the pattern is nonperiodic (Algorithm 7.2). This
algorithm was complemented by another algorithm that reduces the periodic
case to the nonperiodic case (Algorithm 7.3). As in the case of the pattern-
analysis algorithm, there are various intricate details that make the overall
text-analysis algorithm rather complex.

In this section, we address the string-matching problem and its two-
dimensional generalization using randomization techniques. We describe
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simple optimal logarithmic-time parallel algorithms that will succeed in iden-
tifying all the occurrences of the pattern, but that, with a very small proba-
bility, may report false occurrences.

The basic strategy used is similar to hashing. Briefly, hashing is a
method to set up a table whose elements come from a large universe U . The
table is determined dynamically during the processing of a task. The size of
the table is usually much smaller than the size of U. The method consists of an
easy-to-compute hash function that maps U into a small range of integers—
say, the range [1, 2, ... ,r]. During the processing of a task, the elementsu €
U that arise are mapped into the locations specified by 4(u). The hash func-
tion 4 is likely to distribute the elements evenly among the locations 1,2, ...,
r, if A and r are chosen appropriately.

To handle the string-matching problem where the pattern is of length
m, we map arbitrary strings of length m into integers of O(log m) bits, such
that two distinct strings are mapped into the same integer with a very small
probability. The value of the integer corresponding to a string X can be
viewed as a “fingerprint” of X that can be compared to the fingerprint of the
pattern. If the two fingerprints match, we report an occurrence of the pattern.
We show that the algorithm reports false occurrences with a very small
probability. Our analysis draws on two well-known facts from number theory.

For the remainder of this section, we assume that our strings are taken
over the alphabet £ = {0, 1}. The same techniques can be used to handle the
case when the size of the alphabet is fixed.

9.4.1 FINGERPRINT FUNCTIONS

As we mentioned, our basic strategy amounts to mapping strings into small
integers. Before defining our mapping, we describe the general framework
and the properties needed to obtain the optimal randomized string-matching
algorithms.

Let T be a text string of length #, and let P be a pattern string of length
m < n. Our goal is to identify all the locations of T where P occurs. Consider
the set B of all the substrings of T of length m. Notice that there aren — m +
1 such substrings, each starting at a locationisuchthatl <i<n —-m + 1.
Our problem can be reformulated as that of identifying the elements of B that
are identical to P. The main problem lies in the fact that the comparison of a
string from B and the pattern string P requires ®(m) operations, and hence
each such comparison is costly. We shall use the following alternative approach.

Let F = {fy}pes be a collection of functions such that f, maps a string
of length m into a domain D. Then, we require that the set F satisfies the
following three properties:
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Property 9.1: For any string X € B, f, (X) consists of O(log m) bits for each
pES. a

Property 9.2: The probability that a randomly chosen f, € ¥ maps two
unequal strings X and Y into the same element of D is very small. O

Property 9.3: Foreachp € S, f, (X) should be easily computable in parallel
for all the strings in B. 0

The implications of Properties 9.1, 9.2, and 9.3 for our pattern-
matching problems should be clear. Property 9.1 implies that f, (X) and f,(P)
can be compared in O(1) sequential time, since a pointer to a location in P
requires ©(log m) bits. We shall call f, (X) a fingerprint of the string X.
Property 9.2 states that, if the fingerprints of two strings X and Y are equal,
then X = Ywith high probability. The interpretation of Property 9.3 is related
to the parallel implementation of the algorithm that makes use of the set .
Since our deterministic parallel string-matching algorithm achieves O(log n)
time, using O(n) operations, we wish to compute the fingerprints of the
strings in B within the same complexity bounds (or faster).

We next identify a class & of functions that will satisfy Properties 9.1,
9.2, and 9.3.

A Class of Fingerprint Functions. We start by considering the following
function f from the set of strings over {0, 1} to the set of 2 X 2 matrices over
the ring of integers Z. This function will satisfy Property 9.2, but will not
satisfy Properties 9.1 or 9.3. We shall refine it later such that all the three
properties are satisfied.

Let f(0) and f(1) be defined as follows:

) = (1) and A1) =(}1).

For any two strings X and Y, f(XY) is defined to be the product of the
matrices f(X) and f(Y) over the ring Z. Hence, f is a homomorphism from the
set of strings into the set of 2 X 2 matrices over Z. That is, f preserves the
structures of the two domains by transforming a concatenation operation into
matrix product. It is this very property that will allow the efficient computa-
tion of f on the required set of substrings.

EXAMPLE 9.9:
Consider the string X = 1011. Then, f(X) = f(1)f(0)f(1)f(1), and hence
feo = GHGENGN6 = (33) D

We are ready to state the main properties of the function f that will be
needed later. The proof of the following lemma is left to Exercise 9.14.
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Lemma 9.3: The function f is one to one such that the determinant of f(X) is
equal to 1 for any string X. If X is of length m, then each entry of f(X) is an integer
no larger than F,  , where Fp, + 1 is the (m + 1)st Fibonnacci number (that is,
Fi=F,=L4LandFpns1 = Fpn + Fy—1). ]

Clearly, the functionfis not satisfactory for our purposes, since an entry

m

of f(X) could be as large as F, 11 = %, where ¢ is the golden ratio whose

valueis o = 1+2\/§ = 1.618 --- , and hence property [P1] is not satisfied. We

now show how to modify f such that a substantial compaction will result.

Let p be a prime in the range [1, 2, ... , M], where M is an integer to be
specified later, and let Z,, be the ring of integers modulo p. For each such p,
we define f, (X) to be f(X) modulo p; that is, f,(X) isa 2 X 2 matrix such that
its (i, j) entry is equal to the (i, j) entry of f(X) reduced modulo p.

EXAMPLE 9.10:

Consider the string X = (1011)* of length 16. It is straightforward to verify
that f(X) is given by

_ (206575
foo = (835
For the prime p = 7, we get

fre0 = (3). O

We define & to be the class of functions f,, where p is a prime in
[1,2, ..., M]. Clearly f, maps a string of length m into a set of four integers,
each of length O(logm) bits, whenever M is polynomial in m. Hence, f,
satisfies Property 9.1 whenever M is bounded by a polynomial in m. Before
addressing whether Property 9.2 is satisfied, we need to state two well-known
facts from number theory.

Two Facts from Number Theory. For any integer m, let w(m) be the
number of primes that are less than or equal to m. Then, we have the
following facts, whose proofs can be found in the references cited at the end
of this chapter (see bibliographic notes).

Lemma 9.4: For any integer m = 17, the following inequalities hold:

7= < w(m) < 1.25517% a

Inm Inm*

Lemma 9.5: Given an integer u < 2™, the number of distinct prime divisors of
u is smaller than w(m), where m = 29. O

We now have the necessary tools to establish the validity of Property 9.2
for the class # of functions just introduced.
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Probability of a False Match. Let X and Y be two strings, each of length m,
andletf, € ¥. A false match occurswhen X # Yandyetf, (X) = f, (Y). Note
that this property is relative to the particular fingerprint function f,.

Theorem 9.5: Let f, be a randomly chosen function from the set ¥ = {fp},
where p is a prime in the range {1, 2, ... , M]. Then, the probability of a false

. . r2.776m1 .
match between any two distinct strings of length m is < i%r(TZ)——)r provided

m = 11.

Proof: Denote
a b

0 = (@0) andfn=(pt).

Since f is one-to-one and X # Y, there exists at least one index i such that
a, # b;. Notice that, by Lemma 9.3, each of a; and b; is no larger than the
Fibonnacci number F,, +1 = &™*+1/VS, where & = (1+V5)/2.

On the other hand, f, (X) = f, (Y) implies that p divides the numbers
la, — b;|,foralla; # b;. Hence, the event f, (X) = f, (Y), for X = Y, implies
that the event p divides the number u = [1, ., |a; — b;|. Therefore, the
probability of a false match is bounded by the probability that p divides u.
However, by Lemma 9.3, u < Fi ., = 2418Fx*1 Using Lemma 9.5, the
number of distinct prime divisors of u is < (T4 log F,,+7). Since the
number of distinct primes in the range [1, 2, ... , M] is w(M), we obtain

m(r4log Fpyi1) _ m(r2.776m1)
) B () N

since log & = .694, and hence log Fy, +) = .694m. The condition m = 11
implies the condition r2.776m1 = 29. a

Pr{false match} <

Remark 9.1: We can strengthen the bound of Theorem 9.5 slightly by ob-
serving that the probability of a false match is bounded by the probability that
p divides |a; — b;|, for somej such thata; # b;. The latter probability is upper
bounded by w(rlog Fp, +17)/w(M) < w(r.694m1 )/w(M). O

Corollary 9.1: Ifthe range of the primes is [1,2, ... ,mX), the probability of a false

match between two strings of length m is < fr;ffyf, for any given constant k > 1.

Proof: We know from Lemma 9.4 that

(2776m) _  348m
w(r2.776m1) < 1.2551 e = vy

and

mk

k mk o _mh
m(m*) = |,:nmk ~ klom®

The result follows from these inequalities and Theorem 9.5. O



9.4 Pattern Matching 455

In our pattern-matching algorithms, we will be interested in bounding
the probability of a false match among many pairs of strings of the same
length. Precisely the same arguments will establish the following theorem and
its corollary.

Theorem 9.6: For a randomly chosen function f, € &, where p is a prime in

the range [1,2, ... , M}, the probability of a false match occurring among t pairs

of strings {(X;, Y)h <i<s, each of length m, is bounded by ﬂ%})‘m—ﬂl, provided

mt = 11. 4

Corollary 9.2: Let k be any positive integer constant, and let M = mt*. For this
choice of M, the probability of a false match among t pairs of strings, each of
length m, is bounded by O( L), 0

Aprimepinthe range[1,2, ... ,mtk]requires O(log m + log t) bits, for
fixed k. For ¢ pairs of such strings, pointers to specific locations of these strings
will require the same order of bits. Hence, we can assume that the fingerprints
of two such strings can be compared in O(1) sequential time. This value
should be contrasted with the fact that the comparison of the two strings will
require ®(m) operations.

We now address the validity of Property 9.3 relative to the class F of
fingerprint functions.

Computation of Fingerprints. The key property of the class & = {f,} of
fingerprint functions that makes the latter computationally attractive is that
each f, is a homomorphism, that is, f,(X1X2) = f,(X1)fp(X2), for any two
strings X1 and X,. We now provide an efficient parallel algorithm for
computing the fingerprints of all the substrings of the text string 7 defined
by T'(izi + m — 1),where 1 <i < n —m + 1andm isthe length of the pattern
string P.

For each 1 = i < n, let N; = f,(T(1:i)). Clearly, N; =
Fo(TM)fp(T(2)) - fp (T(i)). Since matrix multiplication is associative, this
computation is a prefix-sums computation. Each matrix is of size 2 x 2;
hence, the product of two such matrices can be found in O(1) sequential time.
Therefore, all the N;’s can be computed in O(log n) time, using a total of O(n)

operations.

Define

& 0) =f 0" = pll (1)),
and

(1) =f(1)~1 = (3 771).
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Then, the product R, = g,(T(i))g,(T( — 1)) --- gp(T(1)) is a prefix-sums
computation that can be done in O(log n) time, using O(n) operations, for
l=i=sn

Itis easy to check that f,(T(i:i + m — 1)) = R, 1N, +m-1. Hence, each
such matrix can be computed in O(1) sequential time, once all the R,’s and
N;’s have been computed. Therefore, all the fingerprints can be computed in
O(log n) time, using a total of O(n) operations.

We therefore have the following lemma.

Lemma 9.6: The fingerprints of all substrings of length m of a text string T of
length n = m can be computed in O(logn) time, using a total of O(n)
operations. |

9.4.2 STRING MATCHING

We shall use the fingerprint functions defined in Section 9.4.1 to develop a
randomized string-matching algorithm. Let 7(1:1) and P(1:m) be the text and
the pattern strings, respectively, over the alphabet £ = {0, 1}, where m < n.
Our goal is to identify all the locations of T'where a matching of P occurs. We
shall develop a randomized algorithm of the Monte Carlo type. Development
of a Las Vegas algorithm is left to Exercise 9.16.

We have already sketched the basic strategy of a randomized string-
matching algorithm of the Monte Carlo type. We compute the fingerprint of
the pattern P and of the substrings 7(ii + m — 1),wherel <i<n-m + L
We then declare an occurrence of P in the text T at position i whenever the
fingerprints of P and T(i:i + m — 1) are equal. The details are given next.

ALGORITHM 9.4
(Monte Carlo String Matching)

Input: Two arrays T(1:n) and P(1:m) representing the text and the
pattern strings, respectively, and an integer M.
Output: The array MATCH indicating all the positions where the
pattern occurs in the text.
begin
I. forl <i<n-m+ 1pardo
Set MATCH(i): = 0
2. Choose a random prime in the range [1, 2, ..., M], and
compute f,(P).
3 forl <i<n-—m+ 1pardo
SetL;: = f, (T(i:i + m — 1))
4 forl <i<n—m+ 1pardo
if (L, = fp (P)) then Set MATCH(i): = 1
end
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Theorem 9.7: Algorithm 9.4 reports all the occurrences of the pattern P in the
text T, and may report false occurrences. The probability that there exists some
i such that MATCH(i) = 1 and P does not occur in T at location i is O(n—lk), if

we take M = mn**1, where k is any constant greater than or equal to 1. This
algorithm can be implemented in O(log n) time, using a total of O(n) operations.

Proof: 1f the pattern P occurs at location i in the text T, then f,(P) =
fp(T(izi + m — 1)) for any prime p. Hence, each such occurrence will be
reported. The probability of reporting a false occurrence follows immediately
from Theorem 9.6 and Corollary 9.2. The complexity bounds are straightfor-
ward in view of Lemma 9.6. |

PRAM Model: Algorithm 9.4 can be implemented within the stated bounds
without any simultaneous memory access, since the only nontrivial opera-
tions required are prefix-sums computations and broadcasting of the values
of p andf, (P). Hence, Algorithm 9.4 can be implemented on the randomized
EREW PRAM. a

Its simplicity, and the fact that it requires no preprocessing of the
pattern, make Algorithm 9.4 attractive for practical use. In addition, if an
upper bound on the size of the text is known, the random prime p can be
generated in a preprocessing step.

EXAMPLE 9.11:

Let m = 28, and n = 212, Choose M = mn? = 232, Hence, each string of
length 256 is mapped into an integer requiring 32 bits. Using the bounds shown
previously, it is easy to verify that the probability of a false matchis < 279, O

We can decrease the error probability substantially by choosing several
random primes, instead of just one. The proof of the corresponding bound is
left to Exercise 9.17. On the other hand, we can eliminate any possibility of
errors by modifying the algorithm as indicated in Exercise 9.16.

We can now extend our techniques to solve a two-dimensional pattern-
matching problem.

9.4.3 TWO-DIMENSIONAL ARRAY MATCHING

Up to this point, we have restricted our discussions to strings. A more inter-
esting class of problems is concerned with finding all the occurrences of a
multidimensional pattern of arbitrary shape in a multidimensional array,
where the elements are drawn from a certain alphabet. Several of our techniques
can be extended to multidimensional matching problems. In this section, we
consider the two-dimensional case where the pattern is also an array.
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Let T(n, n) and P(m, m) be the text and the pattern arrays over the
alphabet £ = {0, 1}. The desired output is the array MATCH such that
MATCH(, j) = 1if and only if the pattern P occurs in T as a subarray whose
top-left corner is located at (i, ). More precisely, 7(i + r — 1,j +s — 1) =
P(r,s),wherel <r,s <mandl <i,j <n - m+ 1 (see Fig. 9.2 for an
illustration).

As before, we use the class of functions & = {f, | p a prime < M} to
compute the fingerprints of all the appropriate m x m subarrays of 7. Such
a subarray is viewed as a single string of length m? consisting of the first row
of the subarray followed by the second row, then the third row, and so on.

EXAMPLE 9.12:

Let the 4 x 4 pattern P be given by
1

o = O O

1
1
0
1

— - D
—_— O = e

Then, a fingerprint of P can be f7 (X), where X is the string
1011001111001011. It is straightforward to verify that the corresponding
fingerprint is given by

(12) O

FIGURE 9.2
Two-dimensional array matching. The pattern P occurs at location (i, j) if the
overlapping portions are identical.
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Let L, ; be the fingerprint of the subarray of T whose top-left corner is
located at position (i, j). There are (n — m + 1)2 such subarrays. As in
Algorithm 9.4, we can check, for all pairs (i,j) suchthat 1l <i,j <=n —m +
1, whether L;, = f, (P), for a randomly chosen prime p < M. We then set
MATCH(, j): = 1 whenever the equality holds. The probability of a false

2 2
match is < T2 (" m+ D7) , by Theorem 9.6. Taking M = m? nk*2 we
obtain that the error probablllty is 0( k), for any constantk > 0.

The complexity bounds of the resulting randomized algorithm remain
to be determined. The only details that need to be specified are those
concerning the computation of the required fingerprints, which is ad-
dressed next.

Computation of the Fingerprints. The fingerprints {L, ,} required for all
the subarrays of T of size m X m can be computed in two main steps, as follows:

O Step I: For each row i, where 1 < i < n, compute S, ;, the fingerprint
of the substring in row / of length m starting at location (i, j), for all
1 <j<n - m+ 1. For each row, this step requires O(log n) time,
using a total of O(n) operations (Lemma 9.6). Therefore, all the
matrices S; , can be computed in O(log 1) time, using a total of O(n?)
operations.

O Step 2: For each columnj, where 1 <j <n — m + 1, compute L, , =
SijSiv1j .- Sism-1j,foralll =i <n — m + 1. Again, this step
can be done with the algorithm referred to in Lemma 9.6. Therefore,
this step takes O(log n) time, using a total of O(n(n — m + 1))
operations.

Putting the Pieces Together. The following theorem provides a summary
regarding the randomized algorithm developed for the two-dimensional ar-
ray matching.

Theorem 9.8: The two-dimensional array-matching problem can be solved by
a randomized algorithm in O(log n) time, using a linear number of operations,
where the text array is of size n X n. The probability that the algorithm reports

a false matching can be bounded by O(;IIT), for any constant k. O

The algorithm described in this section can be extended to handle the
following two more general problems: (1) multidimensional array matching,
and (2) the case where patterns are of irregular shapes. These extensions will
be left as Exercises 9.18 and 9.19.

We consider next randomized algorithms for a class of algebraic problems.
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9.5 Verification of Polynomial Identities

Let p(xy, ..., x,) be a polynomial in the variables x;, x2, ..., x, over an
arbitrary field F. Then, p(x1, ... , x,) can always be expressed as a sum of

multinomials a;,;, .. ;X}X7 ... x;, where a; ;, . i, € F. The degree of

p(x1, ... ,xn),denoted by deg(p), is equal tomax{iy + i + ... + i,}, where
the maximum is over all multinomials of p(x1, ... ,x,) such thata; ;, . ; = 0.

EXAMPLE 9.13:

Let X be the following matrix
X1 X2 X3
X4 X5 Xg |,

X7 X8 X9

where the x;’s are indeterminates. Consider the polynomial p(x, ... ,x9) =
det(X) = xixsxg9 — XjxeXg — X2X4X9 + XoXeX7 + X3X4X¥g — X3Xs5X7.
Clearly, all the multinomials have the same degree 3, and hence the

degree of p(xy, ... ,x9)is 3. O

We consider, in this section, the problem of verifying whether a multi-
variate polynomial is identically zero. The straightforward method of expand-
ing the polynomial into the sum of its multinomials and checking whether all
the coefficients are equal to zero requires, in general, an excessive number of
operations. We explore a different approach based on evaluating the poly-
nomial at a point (which is an n-dimensional vector, where n is the number of
variables) chosen randomly over a finite set /. We show that, if the polynomial
is not identically zero, the value of the polynomial will be different from zero
with probability at least 1/2, whenever I is chosen large enough. The experiment
can be repeated to reduce the error probability below any small constant.

Before proceeding, we give two examples, one from graph theory and
the other from matrix computations, where the solution to each of the related
problems reduces to testing whether a certain polynomial is identically zero.

EXAMPLE 9.14: (Perfect Matching)

Let G = (V, E) be a graph whose vertex set Vis denoted by {1,2, ... ,n}. A
perfect matching in G is a set M of edges such that each vertex of G is incident
on exactly one edge of M. This problem will be discussed in detail in Section-
9.7. We mention here only that the graph G has a perfect matching if and only
if the determinant of a matrix dependent on |E| variables is not identically
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zero. Expanding the determinant of such a matrix will be an expensive compu-
tational process. However, if we substitute constant values for the variables, the
computation of the determinant over a field is substantially easier. O

EXAMPLE 9.15:

Let A be an n X n matrix over a field F. We are interested in finding out
whether or not the matrices I, A4, A2, --- , A"~ ! are linearly independent.
Note that, by the Cayley-Hamilton theorem (Theorem 8.15), the matrices
I,A,A?, --- , A" are always linearly dependent. The straightforward method
con51sts of computing the matrix powers 4°, for2 < i < n - 1, and then
determining whether there exist ag, a1, ... , a, -1 such that >~ Oa,A = (),
where not all the o;’s are zeros. Another computatlonally more efficient
method is the following.

Let x be an n-dimensional vector of indeterminates. Then, the matrices
1,A,A?, --- A"~ ! are linearly independent if and only if the Krylov matrix
[x Ax A% --- A"~ 1x] (see Example 8.3) is nonsingular over F. This charac-
terization is in turn equivalent to testing whether the determinant of the
Krylov matrix is identically zero. Hence, the problem reduces to testing
whether a polynomial in several variables is identically zero. O

We next introduce the basic technique more formally.

9.5.1 THE BASIC TECHNIQUE

We are ready to state and prove the main fact that will be the basis of our
randomized algorithm for testing whether a polynomial is identically zero.

Theorem 9.9: Let p(x1, ... ,xy,) be a polynomial in the variables x1,x2, ... ,Xn
over a field F such that p(x1, ... ,x,) is not identically zero. Let I be any finite
subset of F. Then, the number of elements in I" which are zeros of p(x1, ... ,Xn)

is at most |1|"~'deg(p).
Proof: The proof is by induction on n.

The base case is when n = 1. In this case, we have to show that the number
of zeros in  of a polynomial p(x) of a single variable is at most deg(p). But this is
awell-known fundamental result in algebra; hence, the theorem holds forn = 1.

Assume that the induction hypothesis holds for all polynomials with at
mostn — 1 variables. Let 3 be the degree of xy inp(xy, ..., x,). Clearly, we
have that p(xq, ..., x,) = xi’q(xg, ey Xp) + orlxy, x2, ..., xp), for some
polynomials ¢ and r. Let (ay, a2, ..., an) € I" be a zero of p(xy, ... , xn).
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Then, either q(ay, ... , a,) is equal to zero or it is different from zero. If
g(a, ... ,ay) = 0,then p(ay, ay, ... , o) might be equal to zero forall a; € [
(for example, in the case when r is identically zero). The total number of such
zeros is then at most |7|.(|1|”~2deg(q)), where the term between parenthe-
ses follows from the induction hypothesis.

On the other hand, if g(a2, ..., an) # 0, the corresponding total
number of such zeros of p is at most |I|"~13, since p is of degree d in x).
Therefore, the total number of zeros in [" is < [I|*~1(3 + deg(q)) < [I|"~!
deg(p). a

We now consider a simple polynomial, and determine the exact number
of its roots in an interval.

EXAMPLE 9.16:

Let Fbe an infinite field, and let / be a finite subset containing 0. Consider the
polynomial p(xi, ..., x,) = x1x3 - x,. The number r of the roots of
plx1, ... ,x,) is equal to the number of n-tuples over I each with at least one
0. Hence,r = [I|{" — (|I| — 1)". Since

(1] = 1y = (= 1) (M),
we get that
r= 3 (=) () = e O

The relevance of Theorem 9.9 in designing randomized algorithms for
the verification of polynomial identities is stated more clearly in the next
corollary.

Corollary 9.3: Let p(xy, ..., x4,) # 0 and I be as in Theorem 9.9. The

probability that a random tuple (ay, ..., oy) € I" is a zero of p(xq, ... , Xn)

ey 0

This corollary suggests the following randomized scheme for testing
whether a polynomial p(xy, ..., x,) is identically zero. We choose a finite
subset of the domain of p that is of size at least 2 deg(p). We then select a
random n-dimensional vector v over [. That is, each entry of v is chosen
uniformly and independently from /. We evaluate the polynomial at v, and
test whether the resulting value is equal to zero. If it is, we declare the
polynomial p to be identically zero. Otherwise, the polynomial is clearly not
identically zero. The error probability of such a scheme is at most 1/2. If the
same experiment is performed k times (either sequentially or in parallel), the
error probability reduces to at most 1/2%.

In Section 9.5.2, we use this technique for verifying matrix products.
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9.5.2 VERIFICATION OF MATRIX PRODUCTS

As a simple application, we consider the following verification problem.
Given three n X n matrices 4, B and C, determine whether AB = C.

The obvious deterministic algorithm computes the matrix product AB,
and then checks whether the corresponding entries are equal. Such a proce-
dure requires O(log n) time, using a total of O(M(n)) operations, where M(n)
is the best known bound on the number of arithmetic operations required for
n X nmatrix multiplication. Next, we develop a simple randomized algorithm
that can solve this problem in O(log n) time, using only O(n?) operations.

We start by establishing the following lemma.

Lemma 9.7: Let u be an n-dimensional vector over a field F such that u =
[0,0, ..., 0]7, and let v be an n-dimensional vector such that each entry of v
is chosen randomly from the set {0, 1}. Then, the probability that ,_u,v, = 0
is less than or equal to 1/2.

Proof: Let p(xy, x2, ... ,x,) be the polynomial defined by p(x1, ... ,x,) =
>r_,ux,, where thex,’s are indeterminates. Since u is not the zero vector, the
polynomial p is not identically zero. By Theorem 9.9, the number of zeros of
pover the set I = {0, 1}is at most |1|"~1 deg(p) = 2"~ 1. Since the vector v
is equally likely to be any of the vectors in ", the probability that v happens
to be one of the zeros of p is at most 2" ~1/2" = 1/2. O

We are ready to prove our result concerning matrix-product verification.

Theorem 9.10: Given three n X n matrices A, B, and C over an arbitrary field
F, the problem of verifying whether AB = C can be solved with a randomized
parallel algorithm that runs in O(log n) time, using O(n?) operations, such that
the probability of error is at most 1/2.

Proof: The algorithm consists of generating a random vector v whose entries
are from {0, 1}. We apply the test 4(Bv) 2 Cv. If the test fails, we declare that
AB = C. Otherwise, we say that 4B = C.

Itisclear that, ifAB = C, the algorithm will always generate the correct
answer. However, the algorithm may generate an incorrect answer whenever
AB = C. Therefore, let us estimate the probability of 4(Bv) = Cv in the case
where AB = C.

Since AB = C, there exists at least one index j, where 1 < j < n, such
that the jth rows of 4B and C are distinct. Let us denote such a row from 4B
by u = [uy, uz, ..., uy] and the corresponding row from C by w =
fwi, w2, ... ,wy,]. Hence we have thate = u — w is a nonzero vector. The
probability that A(Bv) = Cv is less than or equal to the probability that
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e-v = 0,where e -v is the inner product of the two vectors. By Lemma 9.7, the
probability of such an event is < 1/2. Therefore the probability that A(Bv) =
Cvwhen AB = C is at most 1/2.

The complexity bounds are obvious. g

We can make the error probability very small by repeating the experi-
ment several times.

Corollary 9.4: Given three n X n matrices A, B, and C, we can test whether
AB = C with a randomized parallel algorithm that runs in O(log n) time, using
O(nk) operations, such that the error probability is at most 1/2%, d

The technique described in this section turns out to be applicable to
a wide variety of problems. In Section 9.7, we make a crucial use of this
technique for solving the maximum matching problem. Exercises 9.20
through 9.24 will provide additional examples where this technique is
applicable.

The next section considers randomized sorting algorithms.

9.6 Sorting

In this section, we consider the problem of sorting n elements drawn from a
linearly ordered set. The sorting problem was considered in Chapter 4, where
we described three deterministic parallel sorting algorithms—namely, the
merge-sort algorithm (Algorithm 4.3), the pipelined merge-sort algorithm
(Algorithm 4.4), and the bitonic-sorting algorithm (Section 4.4). The merge-
sort algorithm (Algorithm 4.3) is a simple parallel implementation of the
divide-and-conquer strategy that uses the optimal O(log log n) time merging
algorithm. The corresponding complexity bounds are O(log n log log n) time
and O(n log n) operations. The implementation of this algorithm is rather
complex, due to the required merging operations. The pipelined merge-sort
algorithm (Algorithm 4.4) allows us to sort n elements in O(log n) time, using
O(n log n) operations on the CREW PRAM (which can also be extended to
the EREW PRAM). However, this algorithm is intricate, and the analysis of
its complexity bounds is involved. The bitonic-sorting algorithm, described in
Section 4.4, is the simplest algorithm to implement, but it runs in O(log? n)
time, using O(n log? n) operations.

We introduce in this section the random-sampling technique that can be
used to derive a simple optimal O(log n) time sorting algorithm.
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9.6.1 RANDOM SAMPLING

Random sampling is a very powerful randomization technique that can be
applied to a wide variety of problems. It can be used in the context of a
divide-and-conquer or partitioning approach as follows. Let I be the input to
our problem P. We choose a random sample S of I of a certain size. We
process the elements of S such as to induce a partitioning of our initial
problem into smaller-sized subproblems that can be solved in parallel. The
success of this scheme depends crucially on the likelihood that the induced
subproblems are of approximately equal sizes, and on the likelihood that the
sum of the sizes of the subproblems is of approximately the same order as the
size of the initial problem.

There are several ways to pick a sample of size » from a population of
size n. We describe here two simple methods. Other sampling techniques are
discussed in Exercises 9.32 and 9.33. Sampling without replacement can be
viewed as the process of selecting one element at a time, each element having
the same probability of being selected. Once an element is selected, it is
removed from the population. Sampling with replacement can be viewed as
the process of selecting one element at a time, except that the selected
element is not removed from the population; that is, the same element can be
selected several times, each time with the same probability as any other
element in the population. Sampling with replacement can also be viewed as
the process of rolling several dice; each hasn facesnumbered 1,2, ... ,n,and
each face is equally likely to show up.

For our parallel-algorithms setting, we shall adopt the sampling-with-
replacement strategy in this section, whenever a sample of size r needs to be
generated in O(1) time. Put another way, we can assume that we have r
processors, each of which has a random-number generator. During the sam-
pling step, each processor draws a random number from the set {1,2, ... ,n}.
Hence, we end up with a sample of size r, which may contain duplicate elements.
As we shall see in Section 9.6.2, the fact that several processors may pick the
same key will not affect the performance of the algorithm when n is large.

Another scheme that is suitable for parallel algorithms is to let each
processor pick an element with probability r/n. The expected size of the
sample is . Showing that this scheme could be used instead of the sampling-
with-replacement scheme is left as Exercise 9.32.

We are ready to outline the structure of a sorting scheme that uses the
random-sampling technique.

9.6.2 RANDOMIZED QUICKSORT

The quicksort algorithm is an important practical sorting algorithm whose
performance analysis is interesting. The basic algorithm can be viewed as an
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application of the paritioning strategy outlined in Section 2.4. The elements of
the input array are partitioned into a sequence of buckets {B,}, where each
element of bucket B, is smaller than any element in the next bucket B, 4,
(unless B, is the last bucket). Once the input is partitioned in this fashion, the
problem of sorting the given set of elements reduces to sorting the different
buckets separately, and thus the buckets can be sorted concurrently. The
main difficulty in carrying out this plan lies in developing an efficient scheme for
partitioning the input such that the buckets are of approximately equal sizes.

The schemes that we use in this section for partitioning the input
amount to rearranging the elements of the input array such that the elements
of the bucket B appear first, followed by the elements of By, and so on. Other
schemes, based on binary search trees, do not require the elements to be
rearranged after each partitioning step (see Exercises 9.25 and 9.26).

We shall start by describing a parallel version of a sequential random-
ized quicksort algorithm. We shall show that, with high probability, its run-
ning time is O(log? n) and its total number of operations is O(n log n). We

shall later apply a Va partitioning strategy to reduce the running time to
O(log n) with high probability.

Without loss of generality, we shall assume for the remainder of this
section that the elements to be sorted are distinct.

9.6.3 A PARALLEL RANDOMIZED QUICKSORT ALGORITHM

Let A be the array containing the » distinct elements to be sorted. We use a
two-way partitioning strategy in this section. Hence our main task is to rear-
range the elements of A into two subarrays B and B3, called buckets, such
that each element of B is smaller than any element of B, and |B,| = |B3].
We can identify a partitioning based on the following simple scheme.

We pick a random element S(4) from the input array 4; hence, each
element of 4 is equally likely to be selected. The sample key S(A4) is called a
splitter. We then compare §(A4) with every element of A, and mark the
smaller elements with 1 and the larger elements with 0. Now, we move the
smaller elements to the beginning of 4, and the larger elements to the end of
A, such that the element S(A) is sandwiched between the two subsets. The
same strategy can be applied to each bucket recursively until the size of each
bucket is sufficiently small—say, 30 or less. We can then sort each small
bucket by a simple sorting algorithm, such as selection sort.

We next describe the algorithm more formally.

ALGORITHM 9.5
(Randomized Quicksort)
Input: An array A containing the n elements to be sorted.
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Output: The array A in sorted order.
begin
1. if n < 30 then sort A using any sorting algorithm and exit.
2. Select a random element S(A) of A.
3. forl < i < n pardo
A(i) < S(A): set mark(i): = 1
A() > S(A): set mark(i): = 0
4. Compact the elements of A marked 1 at the beginning of A,
followed by S(A), which is followed by the elements marked 0. Set
k equal to the position of the element S(A).
5. Recursively sort the subarrays A(1:k — 1) and A(k + 1:n).
end

EXAMPLE 9.17:

For illustrative purposes, we assume that the recursion in Algorithm 9.5
bottoms out atn = 1 instead of n = 30. Consider the input array 4 = (4, 16,
-5,7,25, - 8,1, 3), shown in Fig. 9.3(a). During the first iteration, a sample
key is selected—say, A(4) = 7—as the splitter, which results in the creation
of two buckets, the first of size 5 and the second of size 2, as shown in Fig.
9.3(b). The second iteration of the algorithm causes two sample keys to be
selected from the two buckets, as indicated by the two arrows in the figure.
These keys induce the partitions shown in Fig. 9.3(c). The third iteration causes
one splitter to be selected, resulting in two buckets, each of size 1, as shown in
Fig. 9.3(d). The next recursive call causes the algorithm to terminate. O

The performance of Algorithm 9.5 depends on the number of recursive
steps needed. We refer to each recursive step as a partitioning step. The
number of partitioning steps depends on the rate at which the sizes of the
intermediate buckets are reduced. In one pessimistic scenario, we may have
very unbalanced partitions, causing the size of the largest bucket to decrease
by a constant number of elements after each iteration. This situation occurs,
for example, if the splitter in the largest bucket happens to be the second
smallest element during each iteration. Therefore, in the worst case, the
algorithm requires ®(n) iterations, yielding a running time of O(n logn)
(since each iteration can be performed in O(log n) time, as we show later),
and a total number of O(n?) operations. However we show next that, with
high probability, O(log n) iterations suffice to reduce the size of every bucket
to 30 or less.

Theorem 9.11: Algorithm 9.5 sorts a sequence of n elements in O(log?n) time,
using O(n log n) operations, with high probability.

Proof: We start by estimating the resources required for each iteration.
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FIGURE 9.3

Randomized quicksort for Example 9.17. (a) An input to the randomized
quicksort algorithm. The arrow points to the sample key selected during the
first iteration. (b) The partitions induced by the element 7, as indicated. During
the second iteration of the algorithm, two random keys are selected from the
two buckets. These keys are indicated by the two arrows. (c) The partitioning
induced by the two keys selected during the second iteration, and the corre-
sponding partitions. (d) The partitions induced by the only sample key selected
during the third iteration. (€) The sorted array generated during the fourth
iteration.

Steps 1 and 2 take O(1) sequential time. Step 3 requires O(1) parallel
time, using O(n) operations. Step 4 involves a prefix-sums computation, and
hence can be performed in O(log n) time, using O(n) operations. It follows
that each iteration of the algorithm can be completed in O(log n) time, using
alinear number of operations. It remains to establish a bound on the number
of iterations.

Our strategy will be as follows. For any specific element e, we show that
the sizes of any two consecutive buckets containing e decrease by a constant
factor with a certain probability (Claim1). We then show that, with probabil-
ity 1 — O(n ~7), the bucket containing e will be of size 30 or less after O(log n)
iterations (Claim2). Using Boole’s inequality (Eq. 9.1), we conclude that,
with probability 1 — O(n ~%), the bucket of every element is of size < 30 after
O(log n) iterations. We next show how to carry out this strategy.

Let e be an arbitrary element of our input array 4. Let nj be the size of
the bucket containinge at the end of the jth partitioning step, wherej = 1. We
set ng = n. Then, the following claim holds:
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Claiml: Pr{nj, = 7nj/8} < 1/4,for anyj = 0.

Proof of Claim1: An element a partitions the jth bucket into two buckets, one
of which is of size at least 7n;/8 if and only if rank(a:B,) < n;/8 or rank(a:B;) =
Tn;/8. The probability that a random element is among the smallest or largest
n;/8 elements of B; is =< 1/4; hence, Claim1 follows.

We fix the element e of 4, and we consider the sizes of the buckets
containing e during various partitioning steps. We call the jth partitioning
step successful if n; < 7nj_1/8.Since ng = n, the size of the bucket containing
e after k successful partitioning steps is smaller than (7/8)%n, and hence e can
participate in at most ¢ log(n/30) successful partitioning steps, where ¢ =
1/10g(8/7). For the remainder of this proof, all logarithms are to the base 8/7,
and hence the constant c is equal to 1.

Claim2: Among 20 log n partitioning steps, the probability that an element e
goes through 20 log n — log(n/30) unsuccessful partitioning steps is O(n ~7).

Proof: The random choices made at various partitioning steps are indepen-
dent; hence, the events consisting of the partitioning steps being successful
are independent. It follows that we can model these events as Bernoulli trials.
Let X be a random variable denoting the number of unsuccessful partitioning
steps among the 20 log n steps. Then, we have

PriX > 20 logn — log (n/30)} < Pr{X > 19 log n}

S L

. 1>191logn
Given that

k
() = (%)
(as stated in Eq. 9.6), we obtain that our probability is

< Z (70elogn)/( ),_ z (ée_l})ﬂ),

J>19logn j>19logn
5e10gn}j (Se j 7
< ( = == =
- z 19 logn Z 19)1 0(n )
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Therefore, Claim2 follows.

We have shown, so far, that, given an arbitrary element e of 4, the
probability that e goes through 20 log n — log (n/30) unsuccessful partitioning
steps is O(n ~7). By Boole’s inequality (Eq. 9.1), the probability that one or
more elements of A go through so many unsuccessful steps is at most Q(n x
n=7) = O(n~°); hence, with probability 1 — O(n ~9), the algorithm termi-
nates within 20 log » iterations, and the proof of the theorem follows. (1
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PRAM Model: The random element S(A4) generated at step 2 of Algorithm
9.5 can be reproduced in # distinct locations in O(log n) time, using O(n)
operations, without simultaneous memory access. Hence, steps 3 and 4 do not
require any concurrent memory accesses. Therefore, Algorithm 9.5 runs on
the randomized EREW PRAM model. a

9.6.4 AN O(LOG n) TIME RANDOMIZED SORTING ALGORITHM

The partitioning strategy adopted in Algorithm 9.5 causes each bucket B,
arising at a partitioning step to be divided into two smaller buckets induced by
sampling a key from B,. The bulk of the work performed at each iteration
involves the rearrangement of the elements of each bucket into two separate
smaller buckets. We accomplished this task by using the prefix-sums algo-
rithm for computing the new location of each element; hence, each partition-
ing step required logarithmic running time using a linear number of opera-
tions. Since, with high probability, the algorithm terminates in O(log n)
iterations, the total running time was O(log?n) with high probability.

In this section, we shall generalize the two-way partitioning strategy by
sampling Vn keys from each bucket instead of a single key. As before, the
sample keys are called splitters. Each bucket will be partitioned into at most
Vn + 1 smaller buckets, and the algorithm will recursively sort the smaller
buckets. The cost of each partitioning step remains logarithmic in the running
time, but the overall time will also be logarithmic, as illustrated by the fol-
lowing intuitive argument.

Since we sample Va keys from our input, we expect each resulting
bucket to be of approximately size V. At the ith iteration, we expect each
bucket to be of approximately size n'/?. All the buckets arising at any given
iteration can be processed concurrently. Therefore, the execution time of the
ith iteration is O(log n1?) = O((1/2") log n), which implies that the total
running time is given by O(2,(1/2")log n) = O(log n), as we have claimed.

Before presenting a rigorous analysis to support our intuitive argument,
we describe our algorithm more formally.

ALGORITHM 9.6
(Vn Sample Sort)
Input: An array A containing n elements to be sorted.
Output: The array A containing the elements in sorted order.
begin
1. If the number of elements to be sorted is < 30, then use any
sorting algorithm and exit. Otherwise go to step 2.
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2. Choose a set S of Vn random samples drawn independently
from the input A.
3. Sort the set S by comparing all pairs of elements of S and
storing the outcomes in a \'n X Vn table T. Then, compute the
rank of each element of S by using a prefix-sums algorithm on
each row of T.
4. Rearrange the elements of A into buckets {B,},\/jl+l such that
the elements of B, are those of A that are between the (i — 1)st
smallest and the ith smallest elements of the sample S. The Oth
smallest element of S is defined to be — » and the (Vn + 1)st
smallest element is defined to be + .
5. Recursively sort the elements in each bucket, for all buckets
concurrently.

end

Theorem 9.12: With high probability, Algorithm 9.6 terminates in O(logn)
time, using O(n log n) operations.

Proof: We assume that, when the size of a bucket is no larger than 16 (log n)4,
the bitonic-sorting algorithm (Section 4.4) is used to sort the elements in the
corresponding bucket. Hence, each such bucket will be sorted in O((log
log n)?) time, using O(log*n(log log n)?) operations. Since the sum of the
sizes of the buckets that are sorted by the bitonic-sorting algorithm is #, this
final processing adds O((log log n)?) to the running time and O(n(log log n)?)
to the total number of operations. We now concentrate on analyzing the
resources required to reduce the size of each bucket to 16(log n)* or less.

We start by establishing the complexity bounds required by each itera-
tion of the algorithm.

Claim1: Each iteration of Algorithm 9.6 can be executed in O(log n) time,
using O(n log n) operations on a bucket of size n.

Proof of Claim1: Step 1 takes O(1) sequential time. According to our assump-
tions, we can generate Vn independent random numbers from {1,2, ... , n}
in O(1) time, using O(Vn ) operations. Hence, step 2 can be performed within
these bounds. Constructing the table T required by step 3 can be done in O(1)
time, using O(n) operations. Applying the prefix-sums algorithm to each row
of T takes O(log n) time, using O(n) operations.

The implementation of step 4 is more subtle and can be achieved in two
stages. During the first stage, each element of 4 can be located between two
consecutive elements of the sorted sample S, using the binary search algo-
rithm. Hence, the bucket numbers of all the elements of A can be identified
in O(log n) time, using a total of O(n log n) operations.
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During the second stage, the elements of 4 are rearranged such that the
elements whose bucket numbers are each equal to 1 appear first, followed by
those whose bucket numbers are each equal to 2, and so on. This problem is
equivalent to one of integer sorting, where the n integers to be sorted belong
totherange[1,2, ..., Vn]. We can solve this problem by building a balanced
binary tree on the elements of 4 such that each node v of the tree contains a
set of linked lists, each linked list corresponds to the leaves with the same
bucket number stored in the subtree rooted at v. Hence, generating the lists
at each node consists of merging the lists of the same bucket number stored
at the children nodes. The details are left to Exercise 9.28.

We thus see that the problem of rearranging the elements can be
performed in O(log n) time, using O(n log n) operations, and the proof of
Claim1 is complete.

Our next goal is to estimate the sizes of the buckets arising at successive
partitioning steps of Algorithm 9.6.

Let e be an arbitrary element from our input. We let n; be the length of
the bucket containinge at the end of the jth partitioning step. Since we choose
a random sample of \/7, elements during the execution of the (j + 1)st step,
we expect nj 4 1 to be approximately \/n_, . We start by showing the following
bound on the relative sizes of the jth and the (j + 1)st buckets containinge.

Claim2: Pr{n;,1 = 8”,'3/4} < 2p—4n1

Proof of Claim2: Consider the subsets Bjj, Bjs, ... of the bucket B;, where
each Bj; contains 4n3* elements of B ; such that each element x of Bj; satisfies
4(i — Dn'* < rank(x:B;) < 4in}*. Then, Prin;+1 = 8n}*}is bounded by the
probability that there exists an index i such that none of the sampled keys
during the (j + 1)st partitioning step are in Bj;. For any fixed index i, the
probability that any particular sample key is not among the elements of Bj; is
precisely (nj — 4n; Mnj =1 - (4/n]-1/4). Since the keys are sampled indepen-
dently, the probability that none of the sampled keys are in Bj; is given by

174 = T
n;

(1- )VT < pmdn

using Eq. 9.7. Lete be in Bj;. We conclude that the probability that none of the

sampled keys are in Bj ;-1 or in Bj ;+1 is at most 2 ‘4"1”4, and therefore
Prinj 1 = 8n7"} < 2e 4",
This result concludes the proof of Claim2.
Given the element e, the (j + 1)st partitioning step will be called
successful ifnj+1 < 8n4, Hence, Claim?2 could be interpreted as stating that
the probability of an unsuccessful (j + 1)st partitioning step is at most



9.7 Maximum Matching 473

2e ", However, given our assumption thatn; = 16(log n)*, the probability
of an unsuccessful partitioning step is at most 2¢ ~4(16ogm)H™ <y =7,

Claim3: Given an arbitrary input element e, the probability that every par-
titioning step involving e is successful is at least 1 — O(n ~9).

Proof of Claim3: In Claim2, we established the fact that the probability of an
unsuccessful partitioning step is at most n ~7. Since the probability of the
union of a set of events is bounded by the sum of their probabilities (Boole’s
inequality), we conclude that the probability there exists one or more unsuc-
cessful partitioning steps is at most n ~©. Therefore, Claim3 follows.

Using Claim3, we know that, with high probability, every partitioning
step relative to an element e is successful. An argument similar to the one
used in the proof of Claim3 shows that every element goes through only success-
ful partitioning steps with high probability. Therefore, with high probability, the
total running time is given by O(Z, lognG#) = O(Z,(3/4y logn) =
O(log n), and, with high probability, the total number of operations is given
by O(Z;n log n®*) = O(n log n). The proof of the theorem follows. O

PRAM Model: Algorithm 9.6 requires the CREW PRAM model to run
within the stated bounds. In particular, step 2 may require several processors
to access the same entry of 4, and the process of identifying the bucket number
of each element 4 requires simultaneous access to the sorted sample S. O

Remark 9.2: We can replace the integer sorting required to implement step
4 of Algorithm 9.6 by allocating a separate block of memory for each bucket
followed by assigning a random location in the ith block for each element
whose bucket number is i. Unfortunately, such a scheme seems to require the
CRCW PRAM model. Related details are left to Exercise 9.30. d

9.7 Maximum Matching

A matching M in a graph G = (V, E) is a subset of edges such that no two
edges from M are incident on the same vertex. Hence, a matching can be
viewed as the process of pairing up vertices such that each pair is connected
by an edge and no two pairs intersect. The maximum-matching problem is to
determine a matching M of G such that G contains no other matching M’,
where |M'| > |M|. Of particular interest is the case where G has a perfect
matching—that is, a matching M such that every vertex of G is incident on an
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edge of M. It follows that a perfect matching consists of |V/|/2 edges and is
always maximum.

EXAMPLE 9.18:

Consider the two graphs shown in Fig. 9.4. The graphillustrated in Fig. 9.4(a)
has the indicated maximum matching; hence, it contains no perfect match-
ings. In contrast, the graph shown in Fig. 9.4(b) has a perfect matching, as
indicated. O

The computational complexity of the maximum-matching problem has
received a considerable amount of attention due to the problem’s rich area of
applications. In fact, many resource-allocation problems can be formulated
as a maximum-matching problem on a graph G that is bipartite. As a result,
efficient sequential matching algorithms are well known, especially for the
case when the graph is bipartite. A basic technique that allows the derivation
of polynomial-time sequential algorithms is the augmenting-path technique,
which will be introduced in Section 10.5 in the context of network flows.

In this section, we shall develop a simple randomized parallel algorithm
to compute a maximum matching in an arbitrary graph. The algorithm relies
on a generalization of an algebraic characterization of graphs containing a
perfect matching, which, in particular, reduces the problem of testing
whether a perfect matching exists to the problem of testing whether the
determinant of a matrix is identically zero. The randomized parallel algo-
rithms described in this section run in O(log?|V’|) time, using a polynomial
number of operations. Unfortunately, our algorithms use an excessive num-
ber of operations compared to those used by the best known sequential
algorithms (see bibliographic notes). However, we should mention that there
is no known deterministic parallel algorithm running in polylogarithmic time

oNoNoloSoRe
© o"e So\e

(a) (b)

FIGURE 9.4

Two graphs for Example 9.18 (a) A graph with a maximum matching, as
indicated by the dark edges. (b) A graph that has the perfect matching consist-
ing of the dark edges.
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and using a polynomial number of operations solving the maximum-matching
problem. In addition, the algebraic characterization related to graph match-
ings and the randomization techniques used by the algorithms described in
this section are interesting in their own right.

We begin by providing an algebraic characterization in terms of matrix
determinants for the existence of a perfect matching in a graph.

9.7.1 PERFECT MATCHINGS AND DETERMINANTS

The two notions of graph matching and matrix determinant seem to be
unrelated. Tutte discovered a relationship between the determinant of a
matrix associated with a graph G and the existence of a perfect matching in G.
The key to this relationship is the following definition of the Tutte matrix
associated with G.

Given a graph G = (V, E), let A be the n x n adjacency matrix of G,
where | V| = n. Hence, the entry A(i, j) is equal to 1 if and only if there exists
an edge in E connecting verticesi andj. Let {x,; | (i,j) € E andi < j} be a set
of indeterminates. The Tutte matrix T is the n X n matrix derived from the
adjacency matrix 4 by substituting x;; for each entry A(i,j) = 1 such thati <
J,and —x;; for each entry A(i,j) = 1such thati > j. That is, each nonzero (i,
j)-entry above the diagonal is replaced by x;;, and each nonzero (i, j)-entry
below the diagonal is replaced by ~xj. Notice that, whereas the adjacency
matrix A is symmetric, the Tutte matrix T is skew-symmetric.

EXAMPLE 9.19:

The Tutte matrices corresponding to the graphs shown in Fig. 9.4(a) and (b)
are the following:

B 0 0 x13 x4 0 Xlﬂ
0 0 0 x4 0 0
-X13 0 0 0 0 0
T, =
—x14 —x24 O 0 x45 O
0 0 0 —-x45 0 O
L_xl(’ 0 0 0 0 0_
0 x2 x3 x4 x5 O
-x2 0 0 X24  X25 X26
-x13 0 0 x3¢ 0 0
T, =
—x14 —x24 —x33 O 0 xs
—X15 —X25 0 0 0 o0
0 —X26 0 —x46 O 0_ O
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Before establishing a precise relationship between the Tutte matrix T
and the existence of a perfect matching in G = (V, E), let us digress for a
moment and examine the determinant of T more closely.

The Determinant of the Tutte Matrix. Let S, denote the group of all
permutations on n elements. Then, the determinant of the matrix T is a
multivariate polynomial of degree n that is defined by the following sum

det(T) = Zssgn(ﬂ)tlw(l)tzw(z) -+ tnm(n,

wES,

where sgn(w) = *1,depending on whether the permutation 1 is even or odd.
A permutation is even (odd) if it can be factored as a product of an even (odd)
number of transpositions, where a transposition is a cycle of length 2 (see the
next paragraph). We shall denote the product ¢1x(1)f2m(2) - - - tnm(n) by val(w).

Given anindexisuchthat! < i < n,the orbit of i under the permutation
1 consists of the elements i, w(i), w(w(i)) = w2(i), . . .. Clearly, there exists a
positive integer < n such that /(i) = i, and hence the orbit of i is precisely
the set of elements i, (i), w2(i), ... ,w ~1(i). The cycle of i is the ordered set
(i, w(@), w2(@), ... , w1(0)). It is easy to see that any permutation can be
expressed uniquely as a product of disjoint cycles.

Let w be a permutation such that val(w) # 0. Hence, t,5(,) # 0 for every
i; that is, (i, w(i)) € E for everyi,where 1 < i < n. The subgraph determined
by the edges (i, w(i)) is called the trail of w. The cycle of i given by (i, w(i),
w2(@i), ..., w'~1(i)) of  induces a cycle in the trail of 7 of length /. Notice
that, when/ = 2, the cycle of the trail consists of a single edge traversed twice.
Given that any permutation can be expressed uniquely as a product of disjoint
cycles, the trail of a permutation w consists of a set of disjoint cycles, each with
the same length as the corresponding cycle in the permutation .

EXAMPLE 9.20:

The Tutte matrix of the graph shown in Fig. 9.5 is given by
0 0 X13 X4
0 0 X23 X4
—x13 —x3 0 x3q
—x14 —x4 -—xu 0
The determinant of T is given by
det(T) = xf3x§4 + x%4x§3 — 2X13X24X14X23.

The termx%3x§4 corresponds to the permutation w(1) = 3, w(2) = 4, 7(3) =
1, and w(4) = 2, which can be expressed as the product (13)(24). The trail of
ar is thus the perfect matching {(1, 3), (2, 4)}.
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FIGURE 9.5
The Tutte matrix 7. The determinant of the Tutte matrix T of the graph shown is
given by det(T) = x$3x§4 + x$4x%3 — 2X13X24X14X23. The first two terms

correspond to the two perfect matchings My = {(1, 3), (2, 4)} and My =
{(1, 4), (2, 3)}, and the last term corresponds to the cycle of length 4 given
by {(1, 3), (3, 2), (2, 4), (4, 1)}.

On the other hand, the term —x13x24x14x23 (Which occurs twice in the
sum defining det(7)) corresponds to the permutationo (1) = 3,0 (2) = 4,0
(3) = 2,and o (4) = 1, which consists of the single even cycle (1324). The trail
of o is the subgraph whose edges are {(1, 3), (3, 2), (2, 4), (4, 1)}, which is a
cycle of length 4. a

Tutte’s Theorem. The following lemma will be used to establish Tutte’s
theorem relating the determinant of the Tutte matrix T to the existence of a
perfect matching in G.

Lemma 9.8: Let G = (V, E) be a graph on n vertices whose Tutte matrix is T.
Then, G has a perfect matching if and only if there exists a permutation  such
that val(w) # 0 and w does not have an odd cycle.

Proof: Suppose 7 is a permutation in S, such that val(w) # 0 and 1 does not
contain an odd cycle. The discussion preceding the lemma implies that the
trail of = consists of a number of disjoint cycles, each of which is of even
length. Hence, we can form a perfect matching M by including in M every
other edge of each cycle of length greater than 2 and the edge involved in each
cycle of length 2.

We now show the converse. Suppose that G has a perfect matching M.
Define the permutation «wp corresponding to M as follows: mwp(i) = j if and
onlyif (i,j) € M. Hence, wn consists of n/2 cycles, each of length 2. Moreover,

val(my) = (= D)1 yem xﬁ # (. Therefore, the lemma follows. O
1<y

Tutte’s theorem, which is the main resultof this section, is established next.
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Theorem 9.13 (Tutte): Let G = (V, E) be a graph and let T be its Tutte matrix.
Then, det(T) = 0 if and only if G has a perfect matching.

Proof: Let G have the perfect matching M, and let s be the correspond-

ing permutation, as defined in the proof of Lemma 9.8. Then, val(w) =

(- 1)"/2“(.,,)@4«‘5- Wesetx, = 1whenever (i,j) € M, andx, = 0otherwise.
1<y

Then, val(o) = 0 for any permutation o # 1, and hence the value of the
determinant is equal ta sgn(my)val(wp) = 1, which implies that det(T) is not
identically zero.

Suppose now that det(T) # 0. We show that G must have a perfect
matching.

Consider any permutation ¢ € S, such that val(¢) = 0 and o contains
an odd cycle. If we traverse the odd cycle in the reverse order and leave all the
other cycles intact, we obtain another permutation ¢’ such that val(¢’) =
—val(c) and sgn(o') = sgn(o). For example, the odd cycle ¢ = (123) can be
replaced by ¢’ = (321), and hence val(c) = t12t23t31 and val(c') = t3t21 113
= —val(c), because T is skew-symmetric. It follows that the permutations
that contain an odd cycle cancel out each other. Therefore, the fact that det(T)
is not identically zero implies the existence of a permutation wsuch that val(w) #
0 and 7 contains no odd cycles. By Lemma 9.8, G has a perfect matching. O

9.7.2 RANDOMIZED ALGORITHM FOR TESTING THE EXISTENCE
OF A PERFECT MATCHING

Tutte’s theorem (Theorem 9.13) reduces the problem of testing whether a
graph G = (V, E) has a perfect matching to that of testing whether det(T) is
identically zero, where T is the Tutte matrix. We developed, in Section 9.5, a
randomized scheme for testing polynomial identities. This scheme will be
adapted to solve our current problem as follows.

Let I be the set of integers {—n, —n + 1, ... ,n}. For each variablex,,
assign a value from I uniformly and independently. We compute the deter-
minant of the integer matrix obtained from the Tutte matrix by substituting
the values of the indeterminates. If the value of the determinant is nonzero,
we declare that G has a perfect matching; otherwise, we declare that G does
not have a perfect matching. The probability of error is < 1/2, and hence we can
make this error arbitrarily small by repeating the same process several times.

The complexity bounds of our randomized algorithm are dominated by
those for computing the determinant of an integer matrix. We state without
proof the following theorem, which will also be used later to determine a
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perfect matching, whenever one exists. The adjoint adj(4) of ann X n matrix
Aisann X n matrix whose (i, j) entry is equal to (—1)'*/ det(A4,,), where 4,
is the submatrix obtained from A by deleting the jth row and the ith column.

Theorem 9.14: Given an n X n integer matrix A such that each entry of A is
represented by a k-bit integer, then det(A) and adj(A) can be computed by a
randomized parallel algorithm in O(log?n) time, using a total of O(nM(n)k)
operations, where M(n) is the number of arithmetic operations used by the best
known sequential algorithm for multiplying two n X n matrices. O

Remark 9.3: The total number of operations referred to in Theorem 9.14 is
estimated in the Boolean model, since the sizes of the integers encountered
while computing the determinant of a matrix or its inverse can become quite
large. We also have ignored logarithmic factors in this count, since they can be
absorbed by the M(n) bound. Currently, the best known bound of M(n) is
M(n) = O(n?37°). a

In particular, we obtain the following corollary.

Corollary 9.5: Given a graph G = (V, E), we can test whether G has a perfect
matching by using a randomized parallel algorithm running in O(log?n) time
and using O(n3°) operations. O

9.7.3 DETERMINATION OF A MAXIMUM MATCHING

The randomized algorithm referred to in Corollary 9.5 does not find a perfect
matching in G if one exists. It merely indicates the existence or nonexistence
of a perfect matching. We shall expand some of the facts established in
Section 9.7.1 to derive a randomized algorithm for identifying the edges in a
petfect matching. We shall later show how to use this algorithm to determine
maximum matchings in general graphs.

In the remainder of this section, we assume that our input G = (V, E)
has a perfect matching. Our goal is to develop a randomized scheme for
identifying such a matching. The main stumbling block seems to be that G
may have many perfect matchings, which makes it difficult to coordinate the
concurrent processing of G to converge toward a single perfect matching. We
will avoid this difficulty by assigning random integer weights to the edges of G,
which will guarantee the uniqueness of a minimum-weight perfect matching
with probability at least 1/2. This technique is introduced next in a slightly
more general context.
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The Isolating Lemma. A set system consists of a pair (S, F), where S is a
finite set of elements, S = {e1, ez, ... , ey}, and F is a collection of subsets of
S; thatis, F = {S1, 82, ..., S}, where §; C Sforl <j <t

We assign an integer weight w; to each elemente; € S. The weightof a
subset S; € Fisdefinedbyw(S) = X, ¢ swi- Our goal is to assign the weights
such that we make the minimum-weight subset in F unique. A randomized
scheme is described in the next lemma.

Lemma 9.9: Let (S, F) be a set system such that each element of S is assigned
a random integer weight from the range [1, 2, ... ,2n], where n is the number of
elements in S. Then, the probability that the minimum-weight subset in F is
unique is at least 1/2.

Proof: We show that, with probability at least 1/2, each element of § is either
(1) in every minimum-weight subset in F, or (2) in no such subset. The
property that each element is either in every minimum-weight subset or in no
such subset would imply that the minimum-weight subset is unique.

We partition the subsets in F into two groups G| and G such that G
consists of all the subsets S; € F containing e;, and G consists of the
remaining subsets in F. Suppose that certain weights have been assigned to all
the elements of S except e;. Let 8; and 8, be the minimum weights of the
subsets in G1 and G, respectively, where the weight of a subset in G is the
sum of its elements’ weight with the exception of e;. If 8; = 8, then the
element e; will not be in any minimum-weight subset, regardless of the weight
assigned to e;.

Consider the more interesting case where 8; < §,. Then, e; belongs to
a minimum-weight subset if and only if w; + 8; < 8,; thatis,w; < 8§ — 3;.
In fact, e; belongs to every minimum-weight subset whenever w; < 8, — 31,
and e; does not belong to any minimum-weight subset whenever w; > 8 —
81. The only problem occurs when w; = &, — 8, since there exists a
minimum-weight subset that containse; and another that does not containe;.
We call e; ambiguous in the latter case.

Since w; is chosen uniformly and independently from the range
[1,2, ..., 2n], the value of w; is independent of 8, — &;. Thus, as long as w;
misses this particular value, e; will be unambiguous, which implies that

Prie, is ambiguous} < —21;

It follows that the probability that there exist one or more ambiguous ele-
ments in S is at most n X (1/2n) = 1/2. Hence, with probability at least 1/2,
each element is either in every minimum-weight subset in F or in no such
subset; hence, the minimum weight subset is unique. O
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Determination of a Perfect Matching. Let G = (V, E) be a graph that
contains a perfect matching. The pair (E, M), where M is the set of all perfect
matchings in G, forms a set system. We assign random integer weights to the
edges of G, chosen uniformly and independently from the range [1,2, ... ,2m],
where m = |E|. By the isolating lemma (Lemma 9.9), there exists a unique
minimum-weight perfect matching in G. We shall develop a parallel algo-
rithm to identify this particular perfect matching.

We start by providing a simple method for computing the weight of the
unique minimum-weight perfect matching. Let T be the Tutte matrix associ-
ated with the graph G. We substitute the integer 2*» for the indeterminate x;;,
where wj; is the weight assigned to the edge (i,/) € E. We denote the resulting
matrix by J.

Lemma 9.10: Let G = (V, E) be a weighted graph such that G has a unique
minimum-weight perfect matching—say, of weight W. Then, det(7) # 0, and
the highest power of 2 that divides det(T) is 22W, where T is the matrix we obtain
from the Tutte matrix by substituting 2*» for the indeterminate x;;, and where w;
is the weight of edge (i, j).

Proof: Let S, be the set of permutations on # elements such that no permu-
tation of S5, contains an odd cycle. As we remarked in the proof of Lemma 9.8,
the permutations containing odd cycles do not contribute to the value of
det(T), where T is the Tutte matrix of the graph G.

Let M be the unique minimum-weight perfect matching, and let s be
the corresponding permutation. Using the values of the entries of J, we
obtain that val(my) = (— 1)"222¥, Consider now any other permutation o
€ S;. If each cycle of o is of length 2, thenval(c) = (— 1)"/2 22%(M) where
M’ is the perfect matching associated with o, and where w(M") is its weight.
Since M is the unique minimum-weight perfect matching, we obtain that
w(M') > W; hence, val(o) is divisible by 22",

Suppose that o has cycles of even length greater than 2. Then, we can
deduce two perfect matchings M| and M, from o by choosing complementary
sets of edges from each cycle of length greater than 2. Hence, |val(o)| =
2w(M) +w(M) where each of w(M ) and w(M>) is larger than W. It follows that
val(o) is divisible by 22 as well.

It follows that each term of the sum defining det(7) is divisible by 22¥,
and that there is one term—namely, val(m)—that is precisely equal to 22V,
Therefore, 22¥ is the highest power of 2 that divides det(7). O

Lemma 9.10 enables us to determine the weight of the minimum-weight
perfect matching once the determinant of the integer matrix J has been
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computed. We now characterize all the edges that belong to the unique
minimum-weight perfect matching.

In what follows, we use the notation J; to indicate the submatrix of J
that we obtain by removing the ith row and the jth column from J.

Theorem 9.15: Let G = (V, E) be a weighted graph that has a unique
minimum-weight perfect matching of weight W. Then, the edge (i, j) belongs to
M if and only if 2% det(T)/22V is odd.

Proof: Consider the set of all permutations w € S, such that w(i) = j. Then,
the sum 27¢ , sgn()val(T) generates precisely the terms defining det(T ;)
such that each such term is multiplied by J(i, j) = 2"s. Therefore, the
following equation holds:

2% det(Tij) = sgn(mval(m). (9.8)

wES,
w()=;

Consider any permutation w containing an odd cycle such that w(i) = j.
Since n is even,  must contain at least two odd cycles. By reversing the order
of an odd cycle, we can derive another permutation 7' such that w'(i) = j,
val(w') = —val(w), and sgn(w') = sgn(m) (as in the proof of Theorem 9.13).
Hence, the permutations containing odd cycles cancel out each other in Eq.
9.8. Therefore, we can assume that our sum consists of permutations con-
taining only even cycles.

Suppose that edge (i, j) belongs to the minimum-weight perfect match-
ing M. Then, the corresponding permutation 1y satisfies wp(i) = j, and
hence it is included in the sum of Eq. 9.8. The value of any other term that
corresponds to a permutation containing no odd cycles is 2%, where a > 2W.
Therefore, 2% det(F;j) = 22W + 2 + ... + 2% forsomet,where a; > 2W
for each 1 < i < ¢. It follows that 2*v det(7 ;)/22% is odd.

Conversely, suppose that 2*» det(J;)/2%¥ is odd, and yet (i, ) is not in
the minimum-weight perfect matching. For any w € §,, such that w({) = j and
m does not contain an odd cycle, |val(w)| = 22#(M") or 2#(M) +w(M2) for some
perfect matchings M’, M, and M (as in the proof of Lemma 9.10). There-
fore, the sum defining Eq. 9.8 can be expressed as X,2%, where o; > 2W. This
fact implies that 2%y det(J;)/22% is even, which contradicts our hypothesis.
Therefore, (i, j) must be in the minimum-weight perfect matching. O

We are ready to describe our randomized algorithm for determining a
perfect matching.

ALGORITHM 9.7
(Perfect Matching) .

Input: A graph G = (V, E), such that G has a perfect matching.
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Output: A set M of edges such that M is a perfect matching with
probability = 1/2.
begin
1. Assign random integer weights w, to the edges (i, j) € E, such
that each weight is chosen uniformly and independently from
[1,2,...,2m]and m = |E]|.
2. Let T be the matrix derived from the Tutte matrix of G by
substituting 2*1 for each indeterminate x ;.
3. Compute det(9), and deduce the value W of the weight of the
minimum-weight perfect matching.
4. Compute the adjoint matrix adj(J), where the absolute value
of its (i, j)th entry is the determinant of 7,
5. foreach (i,j) € E pardo
if (2% det(,)/22% is odd) then include (i, j) in M.
end

The main computational steps of Algorithm 9.7 are those involving the
computations of det(J) and adj(¥). Theorem 9.14 provides the complexity
bounds for such computations. Therefore, we have the following theorem.

Theorem 9.16: Algorithm 9.7 determines a set M of edges such that the
probability that M is a perfect matching of the input graph G = (V, E) is at least
1/2. This algorithm can be implemented to run in O(log?n) time, using
O(n3>m) operations, where |V| = n and |E| = m. 0

Maximum Matching. Up to this point, we have focused on determining a
perfect matching whenever our input graph has one. We now show how to
reduce the problem of determining a maximum matching in an arbitrary
graph G = (V, E) to the problem of determining a perfect matching in
another graph derived from G.

Let a be the size of the maximum matching M of G. Then, G has 2«
vertices that are matched in M, and n — 2a vertices that are unmatched. We
addn — 2a new vertices such that each new vertex is connected to eachv €
V. Let us denote the new graph by G’ = (V', E'). Clearly, G’ has a perfect
matching containing M. Moreover, every perfect matching of G’ contains a
matching of G of size a. Hence, if we know «, we can use Algorithm 9.7 to
compute a maximum matching in G.

In general, we do not know the size of the maximum matching. We use
the following scheme. Let & be any integer suchthat1 < k < n — 2andk +
n is even. Then, we add k new vertices to G, and connect each of the new
vertices to all the vertices in the original graph G. We denote the resulting
graph by G. It is easy to check that the resulting graph G has a perfect
matchingif and onlyifk = n — 2o, where a is the size of a maximum matching
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in G. Therefore, we can solve the problem of determining the maximum
matching of G by performing a binary search on the minimum value of & for
which the graph G has a perfect matching. We then compute a perfect
matching to deduce a maximum matching in G.

Corollary 9.6: A maximum matching of a graph G with n vertices and m edges
can be determined by a randomized parallel algorithm in O(log> n) time, using
a total of O(n3->m) operations. O

Another scheme for reducing the maximum-matching problem to the
problem of computing a perfect matching is left to Exercise 9.36. We note
here only that this scheme leads to an O(log?n) time parallel randomized
algorithm for computing the maximum matching, compared to the O(log3n)
time bound obtained by the algorithm described here.

TABLE 9.1
ALGORITHMS DISCUSSED IN THIS CHAPTER.
PRAM
Algorithm Section T(n) W(n) Model
9.1 Randomized Symmetry Breaking 9.2.1 O(1) O(n) EREW
(Directed Cycles)
9.2  Fractional Independent Set 9.2.2 o(1) o(n) CREW
9.3  Subdivision Hierarchy 9.3.2 O(log n) O(n) CREW
9.4 Monte Carlo String Matching 9.4.2 O(log n) O(n) EREW
Two-dimensional Array Matching  9.4.3 O(log n) 0O(n?) EREW
Verification of Matrix Products 9.5.2 O(log n) O(n?) CREW
9.5 Randomized Quicksort 9.6.3 O(log2n) O(nlogn) EREW
9.6 Vn Sample Sort 9.6.4 O(ogn) Ofnlogn) CREW
Testing the Existence of a 9.7.2 O(log2n)  O(n3%) CREW
Perfect Matching
9.7 Perfect Matching 9.7.4 O(log2n) O(n®5m) CREW
Maximum Matching 9.7.4 O(log3n) O(n®5m)  CREW

m* number of edges
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9.8 Summary

We have seen a sample of simple parallel algorithms that use randomization.
We have touched on several general techniques that can be classified as
symmetry breaking, algebraic substitution, random sampling, and forcing
uniqueness. These algorithms offer attractive alternatives to the correspond-
ing deterministic algorithms. Many additional results are contained in the
references given at the end of this chapter.

Table 9.1 gives a summary of the complexity bounds of the algorithms
developed in this chapter.

Exercises

9.1. Let S be a sample space with a probability measure. Use the axioms

of a probability measure to show the following:

a. Given any two events 4 C B, then Pr{4} < Pr{B}.

b. Given any two events A and B, then Pr{d U B} = Pr{A} + Pr{B} —
Pr{4 N B}.

c. Given any collection of pairwise disjoint events {A,}f‘= » then
P{UA,} = 2 PriA,}.

d. Given an arbitrary collection of events {4,}, then Pr{U 4} <
2.Pr{A,}. This relation is called Boole’s inequality.

9.2. Let .S be a sample space that is partitioned into disjoint sets {4;}, and let
B be any event such that Pr{B} > 0.

a. Show that P{B} = X Pr{A,}Pr{B | A,}.
b. Show that
|
Prid. | B = Spiisiar
This equation is a formulation of Bayes’ theorem.

9.3. Consider the experiment of randomly distributing m balls into » bins.
Let E, be the event that bini remains empty; clearly, PH{E,} = (1 — 1ym,
Can we deduce that the probability of at least one of the bins remains
empty is equal to X,_ \PHE,} = n(l - %)m? Justify your answer.

94. Let X be arandom variable assuming only nonnegative values. Show the
following Markov inequality:

PrX = kpx} < .
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9.5.
9.6.

9.7.

9.8.

9.9.

9.10.

9.11.

9.12.

9.13.

9.14.
9.15,
9.16.

9.17.

9.18.
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Prove Theorem 9.1.

Given a sequence of independent Bernoulli trials, each with a success
probability p, show that the expected number of trials needed to obtain
a success is 1/p.

Let X be the number of successes in #n Bernoulli trials, each with a success
probability p. Show that the variance of X is given by crfY = np(l — p).

Consider the experiment of randomly distributing m balls into # bins.
What is the probability that a bin contains more than a single ball? Show
that the corresponding probability can be bounded by e ="~ /21 py
using the fact that 1 + x < ¢*.

Consider the experiment of randomly distributing m identical balls into
n bins, where m > n. What is the probability that every bin contains at
least one ball?

Suppose that m labeled balls are randomly placed into 2m bins. Show
that, with high probability, a constant fraction of the bins will contain a
single ball.

Let L be a linked list of n nodes specified by an array S such that S(i) is
a pointer to the successor of i. Recall from Section 3.1 that the list-
ranking problem for L is to determine the distance R(i) of each node i
from the end of the list. Using the randomized symmetry-breaking
technique, develop a list-ranking algorithm that runs in O(log n log
log n) time with high probability. What is the total number of opera-
tions used?

Rewrite Algorithm 9.2 so that it runs on the EREW PRAM within the
same complexity bounds stated in Theorem 9.3.

Let G = (V, E) be agraph such that each vertex of G is of degree at most
3. Develop a randomized parallel algorithm to color the vertices of G
using at most d + 1 colors. With high probability, your algorithm should
run in O(log n) time, using a linear number of operations.

Prove Lemma 9.3.
Prove Theorem 9.6 and Corollary 9.2.

Develop a Las Vegas string-matching algorithm that runs in O(log n)
time and uses O(n) operations with high probability, assuming that the
pattern is nonperiodic. Recall that a string P(1:m) is called nonperiodic
whenever its period is greater than m/2.

Suppose that a constant number ¢ > 1 of random primes are chosen at
step 2 of Algorithm 9.4. What is the corresponding error probability?

Generalize the randomized algorithm for the two-dimensional array
matching (Section 9.4.3) to d-dimensional array matching, where d is
constant.
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Consider the two-dimensional pattern-matching problem, where the
pattern is not necessarily rectangular (but the text is assumed to be a
square of size n X n). Develop parallel randomized algorithms to
handle these cases: (a) the pattern P is diamond-shaped, and (b) the
pattern P is L-shaped. What are the corresponding complexity bounds?
What is the error probability in each case?

Develop a deterministic parallel algorithm to determine whether the
set {A’},";O1 is linearly dependent, where 4 is ann X »n matrix. Compare
with the randomized algorithm suggested in Example 9.15.

Letp(x), g(x), and r(x) be three polynomials such that deg(p) = deg(q) =
n and deg(r) = 2n. Develop a randomized algorithm to test whether
p)q(x) = r(x). Your algorithm should run in O(log n) time, using a
total of O(n) operations.

LetAbe ann X nmatrix, and let ¢ 4(\) be its characteristic polynomial
(Section 8.8). The minimum polynomial of A is the minimum-degree
monic polynomial p(\) such that p(4) = 0. The discriminant of A is the
determinant of the resultant matrix corresponding to & 4(\) and ¢ (\)
(sce Section 8.9 for the definition of the resultant matrix).

a. Show that, if the discriminant of A is nonzero, then b 4(\) = p4(\).

b. Assume that all principal minors of A are nonsingular. Develop a
randomized algorithm to determine a diagonal matrix D such that
d4p(N) = pap(\). Your algorithm should run in O(log? n) time.

Let {a,},~ , be an infinite sequence of elements from a field F. We say
that this sequence is finitely generated if there existcg, ¢y, ..,c,inF,
not all of them zeros, such that

coa; + -+ +cpaj4n =0
forallj = 0. The polynomial ¢y + ¢N + ... + c,A" is called a gener-

ating polynomial for {a,}. The smallest-degree monic generating poly-
nomial is called the minimum polynomial of {a,}.

Suppose that {a,} is linearly generated, and let m be the degree of its

minimum polynomial. For each s = 0, let T; be the Toeplitz matrix

generated by the vector (ag, ay, ... ,a2-2) (see Section 8.5).

a. Show that det(7,,) = 0 and that det(7;) = 0 fors > m.

b. Deduce an efficient parallel algorithm to determine the minimum
generating polynomial of the sequence {a,}. Hint: Use the algorithm
referred to in Corolilary 8.6.

Let 4 be an n X n matrix over a field F, and let p4 be its minimum
polynomial. Given a finite subset S of F, choose two random vectors u
and v, and consider the sequence {u”A'}. Clearly, this sequence is
linearly generated (see Exercise 9.23).
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a. Show that the probability that the minimum generating polynomial
of the sequence {uTA'v} is equal to the minimum polynomial of A is

atleast 1 — Zd_Tté_(lPA)_

b. Deduce an efficient randomized parallel algorithm to compute the
minimum polynomial of 4.

c. Deduce an efficient randomized parallel algorithm to determine
whether det(4) = 0.

Let A be a set of n distinct elements drawn from a linearly ordered set.
We construct a random binary search tree T as follows. We select a
random element X of A and make it the root. Remove X from A. Next,
we select a random element from the remaining elements, and insert it
in the left or right subtree of the root, depending on whether the
element is smaller or larger than the root. We continue in this fashion
until all the elements of A are exhausted.

Show that, with high probability, the depth of the tree is O(log n).

Let the random-write CRCW PRAM be a CRCW PRAM such that,
whenever several processors attempt to write into a single location, a
randomly chosen processor will succeed. Develop a parallel version of
the randomized quicksort algorithm (Algorithm 9.5) using binary
search trees as follows. The first splitter constitutes the root, the smaller
elements are inserted in the left subtree, and the larger elements are
inserted in the right subtree. Show how to implement this strategy on a
random-write CRCW PRAM such that, with high probability, the al-
gorithm runs in O(log ), using O(n log n) operations.

You are given an array A of length » containing k marked elements.
Using the arbitrary CRCW PRAM, show how to select one of the
marked elements in O(1) time, with high probability. Each of the
marked elements should be equally likely to be selected, and the num-
ber of processors used should be n. Assume that k is known.

Develop a simple algorithm to sort n integers in the range [1, 2, ... , n]
in O(log n) time, using O(n log n) operations. Your algorithm must run
on the EREW PRAM. What is the space needed by your algorithm?

Develop an O(log n) time randomized algorithm to generate a random
permutation of (1, 2, ... , n) using a linear number of operations. You
can use a CRCW PRAM.

Let A be an array of size n such that each element is marked with a
bucket number in the range [1, 2, .. , m], where m divides n. The
number of elements belonging to each bucket is exactly n/m. Develop a
randomized parallel algorithm to rearrange the elements of 4 such that
the elements in the first bucket appear first, followed by the elements of
the second bucket, and so on. Your algorithm should run in O(log n)
time, using a linear number of operations, with high probability. Use the
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arbitrary CRCW PRAM with the following scheme. Assign a block B, of
size 2n/m to the elements in the ith bucket. Assign a random location in
B, to each element labeled i.

Consider the problem of computing the maximum of a set X of n
elements on a priority CRCW PRAM using the following basic scheme:
(1) draw asample S from X such that each element is included in § with
probability 1/(2n34); (2) use a random allocation scheme to store the
elements in an array A of length Vn; (3) compute the maximum m inA;
and (4) retain all the elements of X larger than m.

a. Show that the number of retained elements is no more than n3*
log n, with high probability.

b. Show how to implement the basic scheme in O(1) time, with high
probability.

c. Derive a randomized algorithm that computes the maximum in con-
stant time, with high probability.

Assume that in the sample sort algorithm (Algorithm 9.6), step 2 selects
each element to be in the sample with probability 1/Vn, independently of
the selection of any other element. Show that the resulting algorithm will
run in O(log n) time, using O(n log n) operations, with high probability.

Another method (see also Exercise 9.32) of choosing the sample at step
2 of the sample sort algorithm (Algorithm 9.6) is to partition the input
into Vn subarrays, and to select randomly an element from each sub-
array. Show that the resulting algorithm will run in O(log n) time, using
O(n log n) operations, with high probability.

An approximate median of a set A of n elements is an element whose
rank is a n, for some constant o such that 0 < « < 1. Develop an
O(log n) time randomized algorithm to compute an approximate me-
dian for 4 using a linear number of operations. Hint: Take a sample S of
A of size Vn, and find the median of .

Let X be a set of n elements drawn from a linearly ordered set. Pick s
elements of X uniformly and independently—say,y; <y, < -+ <ys.
Let rank(y,:X) = r,. Show that, for every a > 0, we have

Pr{|r, — iZ5| > ca\/igvlogn} <n-9
for some constant ¢ > 0.

Develop a randomized algorithm to compute the maximum matching of
a graph with n vertices and m edges, such that the running time is
O(log?n). Hint: Extend G to a complete graph. For each edge e, select
a weight w(e) uniformly and independently from the range [1, 2, ... ,n2].
Add n3 to the weight of each new edge. Show that the resulting graph
has a unique minimum-weight perfect matching with probability at
least 1/2.
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Bibliographic Notes

Randomized algorithms were formally introduced and popularized by Rabin [37].
Independently, Solovay and Strassen [49] published a randomized algorithm for
primality testing. The underlying techniques had been used in Monte Carlo simula-
tions for many years before. In addition, computational complexity had been injected
earlier by probabilistic notions [16, 19, 36]. Since then, many randomized algorithms
have appeared. Raghavan’s lecture notes [39] provide an excellent reference on
sequential randomized algorithms. Some of the early work on randomized parallel
algorithms was reported in [3, 33, 43, 55]. Concerning background material, the books
[7, 14] are good references on probability theory. The bounds on the tail of a binomial
distribution given in Egs. 9.2 and 9.3 follow from the general techniques of Chernoft
[4]. For the derivation of these bounds, see [1, 21, 39).

The subdivision-hierarchy approach to solve the point-location problem was pre-
sented by Kirkpatrick [27]. The randomized parallel algorithm was discovered inde-
pendently by Dadoun and Kirkpatrick [11] and by Reif and Sen [44]. Optimal deter-
ministic parallel algorithms appeared in [10, 50]. In general, the randomized sampling
technique is a powerful tool for solving computational geometry problems (see, for
example [8, 9, 42, 48]). Karp and Rabin introduced the randomized string-matching
algorithms based on the fingerprint functions [25]. The proofs of Lemmas 9.4 and 9.5
can be obtained from results appearing in [46]. The technique for verifying polynomial
identities was discussed by Schwartz [47]; the specific result concerning the verifica-
tion of matrix products had been obtained earlier by Frievalds [17].

The quicksort strategy was developed by Hoare [22]. Reischuk [45] generalized this
strategy to obtain an optimal O(log ) time randomized sorting algorithm, similar to
the one presented in the text. Our proof of Theorem 9.11 is taken directly from [39].
A considerable amount of work has been done on randomized parallel sorting algo-
rithms; for example, see [2, 5, 6, 20, 30, 41].

Edmonds [13] developed the fundamental techniques to solve efficiently the
maximum-matching problem sequentially. The current best known bound on the
sequential complexity of the maximum-matching problem is O(Vnm) as reported by
Micali and Vazirani in [32]. The work by Tutte concerning the relationship between
the perfect matching and the determinant of the Tutte matrix appeared in [51].
Lovasz [29] noted that Tutte’s theorem can be used to reduce the problem of testing
whether a graph has a perfect matching to that of testing whether the determinant of
an integer matrix is nonzero. The first randomized parallel algorithm for solving the
maximum-matching problem was given by Karp, Upfal, and Widgerson [26]. The
efficiency of this algorithm was later improved in [18]. Our presentation of the ran-
domized parallel algorithm for solving the perfect-matching problem (including the
isolating lemma) follows [34)]. Our reduction of the maximum-matching problem to
the perfect-matching problem is taken from [38]. The randomized parallel algorithms
for solving the maximum-matching problem can be made into Las Vegas algorithms,
as shown in [24]. More detailed coverage on the parallel complexity of the matching
probem appeared in [54]. The proof of Theorem 9.14 can be found in [35].

An important application of randomized algorithms has been in the area of packet
routing. Early work suggesting this approach was reported by Valiant, and Valiant and
Brebner in [52, 53].

A solution to Exercise 9.17 can be found in [25]. Frievalds [17] considers the problem
stated in Exercise 9.21. Solutions to Exercises 9.23 and 9.24, as well as efficient
randomized parallel algorithms for computing the determinant and for solving linear
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systems of equations, can be found in [23]. Random binary search trees (Exercise
9.25) have been studied in [12]. A detailed implementation of the algorithm sketched
in Exercise 9.26 appeared in [6]. A solution to Exercise 9.28 can be found in [28]. A
more general version of the problem discussed in Exercise 9.30 was addressed in [41].
A randomized scheme to handle the general selection problem (Exercise 9.31) was
initially proposed by Floyd and Rivest [15]. Randomized parallel algorithms for
selection appeared in [31, 45, 47]. The bound stated in Exercise 9.35 was established
in [40]. The hint given for Exercise 9.36 is taken from [34].
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*Limitations of PRAMs

In the previous chapters, we emphasized techniques and methods for design-
ing efficient parallel algorithms. Almost all problems considered turned out
to be highly parallelizable at an optimal or close to optimal cost. This chapter
deals with the limitations of the PRAMs and with the ability of PRAM:s to
achieve dramatic speedups for all the problems in the class P, the class of
problems solvable by polynomial-time sequential algorithms. There are three
main implications of the results to be presented. First, we shall see that there
is no significant difference in the relative powers of the different PRAM
models used in this book. Second, there is an inherent limitation on the
possible speed achievable for computing certain simple functions, even with
arelatively large number of processors. Third, many important problems that
can be solved with low-degree polynomial-time sequential algorithms are
unlikely to be solvable extremely quickly on a CRCW PRAM with a polyno-
mial number of processors.

We sshall start, in Secticn 10.1, by presenting simulation results between
the different PRAM models, followed by some lower-bound techniques for
the CREW PRAM (Section 10.2) and for the EREW PRAM (Section 10.3).
As a result, we show that the Boolean OR of n variables requires (}(log )
time on the CREW PRAM, regardless of the number of processors available
(Section 10.2). In addition, we show that the problem of searching a sorted
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listof n items requires {)(log n — log p) time on a p-processor EREW PRAM,
whereas it can be solved in 0(%) time on the CREW PRAM (Section 10.3).

Concerning lower bounds for the CRCW PRAMs, we take an indirect ap-
proach by first relating them to unbounded fan-in circuits (Section 10.4.1); we
then use lower bounds developed for these circuits to deduce lower bounds
for the CRCW PRAMSs (Section 10.4.2). We finally discuss, in Section 10.5,
elements of NC-theory as it relates to parallel computation, and we present a
collection of important problems that we are unlikely to solve quickly with a
polynomial number of processors.

10.1 Simulations Between PRAM Models

Difterent PRAM models have been used in the algorithms described in the
previous chapters. Since our main goal has been to provide the simplest
possible description of an algorithm, we have freely used any of the strong
CRCW PRAM models whenever necessary. In this section, we explore the
relationships among the different PRAM models. As a result, we shall see
that a p-processor priority PRAM, our strongest PRAM model, can be sim-
ulated by a p-processor EREW PRAM, our weakest PRAM model, with a
slowdown of O(log p) factor. Such a simulation cannot be improved, in gen-
eral; in Sections 10.2 and 10.3, we shall provide examples for which such a gap
must hold. The situation is more complicated when we investigate the relative
powers of the different CRCW PRAMs. We shall shed light on these rela-
tionships later in this section.

10.1.1 SIMULATION OF THE PRIORITY CRCW PRAM
ON THE EREW PRAM

Recall that the pipelined merge-sort algorithm (Algorithm 4.4) sorts » num-
bers in O(log n) time, using n processors. This algorithm can be adapted to
run on the EREW PRAM. The pipelined merge-sort algorithm will form the
basis of our first simulation result, given by the next theorem.

Theorem 10.1: A concurrent read or write instruction of a p-processor priority
CRCW PRAM can be implemented on a p-processor EREW PRAM to run in
O(log p) time.
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Proof: We start by considering a concurrent-read instruction and its imple-
mentation on the EREW PRAM.

Let Q1, 02, ... , Qp denote the processors of the priority CRCW such
that processor , has to read the content of location M, . We designate by Py,
P2, ..., Py, the p processors of the simulating EREW PRAM. Then, proces-
sor P, will try to simulate processor Q,, where 1 < i < p. Aset of locations M1,
M3, ..., M, of the global memory of the EREW PRAM is reserved for
special use.

On the EREW PRAM, P, sets up the pair (j,, i) and stores the pair in the
special location M,. This step is a legal one on the EREW PRAM; it takes
O(1) time. Using the pipelined merge-sort algorithm, we sort the pairs (j,, i),
where 1 < i < p, inlexicographically nondecreasing order. This process takes
O(log p) time. The pairs (j,, {) can now be viewed as organized in a number of
blocks such that the pairs in each block have the same first component (which
is the address of a global memory location). A representative of each block
whose second component is minimum can be chosen in O(1) time, since a
comparison of the pair with the previous pair (whenever it exists) suffices to
determine such a representative. Processors P,’s can then execute a concur-
rent read involving the locations indicated by the representative pairs on the
EREW PRAM in O(1) time. A segmented prefix-sums algorithm (see Exer-
cise 2.5) can then be used to distribute each piece of data to its appropriate
block in O(log p) time. Finally, each piece of data is stored in the special
location indicated by its second component, which can then be accessed by
the appropriate processor.

The handling of a concurrent write can be done in a similar fashion,
except that we use triplets including the address, processor index, and the
data to be written. |

Corollary 10.1: Given an algorithm that can be implemented to run in time T
on a p-processor priority CRCW PRAM, this algorithm can be implemented on
a p-processor EREW PRAM to run in O(T log p) time. O

Since any EREW algorithm will run unchanged on the CREW PRAM,
the simulation also implies that the CREW PRAM can simulate the priority
CRCW within the same bounds. We also have that the EREW PRAM can
simulate the CREW PRAM within these bounds. These two simulation
results cannot be improved in general.

Consider, for example, the problem of computing the Boolean OR
function of » variables on an n-processor PRAM. As we have seen, this
computation can be done in O(1) time on the common CRCW PRAM, and
hence obviously can be done in that time on the priority CRCW PRAM.
However, we shall prove, in Section 10.2, that ()(log ) time is required on the
CREW PRAM regardless of the number of processors. Later, in Section 10.3,
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we shall present a version of a search problem that can be solved in O(1) time
on the CREW PRAM; but that requires {)(log n) time on the EREW PRAM.

10.1.2 SIMULATION OF THE PRIORITY CRCW PRAM
ON THE COMMON CRCW PRAM

The relationship among the variants of the CRCW PRAM is more subtle. It
isclear that any algorithm designed for the common CRCW will run correctly
on the arbitrary CRCW, and any algorithm designed for the arbitrary CRCW
will run correctly on the priority CRCW. This fact suggests that the priority
CRCW is more powerful than the arbitrary CRCW, which in turn seems to be
more powerful than the common CRCW. If, however, we do not place any
restrictions on the number of processors or the amount of shared memory
available, then the three models are equivalent. More precisely, we shall
show that a concurrent-write step of a p-processor priority CRCW can be
simulated by O(1) steps on a O(p log p)-processor common CRCW, assuming
no bound is placed on the shared memory. Before presenting the proof, we
shed some light on the nature of the task involved.

Consider a concurrent-write step by a p-processor priority CRCW
PRAM. Let M, M3, ..., My be the global memory locations referred to in
such a step. Then, for each M;, the lowest-indexed processor wishing to write
into M; succeeds. A natural way to simulate such a step on another machine
is to resolve the conflicts arising at each memory location separately, using a
special reserved block of the shared memory. Each such problem can be
rephrased as follows.

LeftmostPrisoner. Given aset of p processors, each having the value “live”
or “dead” in its local memory, assign either alabel/; = 1or/; = Otoeach live
processor P; such that /; = 1 if and only if P; is the lowest-indexed (or
leftmost) live processor. No processor with the value dead can participate in
this computation. The size of the problem is defined to be p.

The leftmost prisoner problem seems to capture the essence of simu-
lating a concurrent-write step of the priority CRCW. Note that this problem
can be solved in O(1) time on the common CRCW if we allow all the p
processors to participate in the computation (see Exercise 2.13). Given our
intention of using the “dead” processors to solve conflicts arising at other
shared memory locations, no such processor can participate in this compu-
tation. However, this observation seems to indicate that a concurrent-write
instruction on the priority CRCW can be simulated in O(1) time on the
common CRCW if we are willing to increase the number of processors
available to the simulating machine. Such a fact is shown in the next lemma.



10.1 Simulations Between PRAM Models 499

Lemma 10.1: The leftmost-prisoner problem of size p can be solved in O(1)
time on the common CRCW PRAM if each live processor has Tlog p1 auxiliary
processors.

Proof: Let P;y, Pia, ..., Pij be the auxiliary processors associated with the
live processor P;, where h = rlogn1 — 1, and set P,y = P;. The goal of the
processors P, ;, where 0 < j < h, is to determine whether or not P; is leftmost
among the live processors. We will make this determination by interacting
with the auxiliary processors associated with other live processors. This in-
teraction will be carried out through a complete binary tree 7 whose leaves
are labeled by the indices of all the processors defining the leftmost-prisoner
problem.

Let v, o be the leaf associated with the live processor P, o (which is the
same as P,). To fix notation, let us define a node v, ; inductively as follows.
Node v, is the parent of v, g, and v, ; is the parent of v; ;1. The sibling of the
node v; ; will be denoted by sib(v, ;). Notice that, fori = i’ andj = j',v, ; and
vy, j may denote the same node of T. It is easy to check that the label /; of P;
should be set to 0 (that is, P; is not leftmost) if and only if v, o has an ancestor
node v;; such that v is a right child and the subtree associated with v; ;s
sibling contains a live processor.

The purpose of the auxiliary processor P; ; is to set a tag at v, ;—say,
T(vij) = 1—indicating that the subtree rooted at v, ; contains a live proces-
sor. A concurrent write of the same value may occur at several nodes of T, a
situation that is allowed in the common CRCW PRAM. It follows that/; = 0
if and only if there is a node v, ; such that v; ; is a right child and T(sib(v, j)) =
1. Processors P; j can check this condition in O(1) time, and therefore the
labels /;’s can be set appropriately for all the live processors in O(1) time. [J

Lemma 10.1 immediately leads to the following theorem.

Theorem 10.2: Any algorithm running on a p-processor priority CRCW PRAM
in time T can be simulated on a (p log p)-processor common CRCW PRAM in
O(T) time.

Proof: With each processor Q; of the priority CRCW PRAM associate
rlog p1 processors P; ; of the common CRCW PRAM, where 0 < j < rlog p1
— 1. For each shared memory location of the priority CRCW, allocate a block
of shared memory of size O(p). Then, we can solve simultaneously all the
leftmost-prisoner problems associated with the different memory locations
that are concurrently written into. Lemma 10.1 shows that this computation
can be done in O(1) time. O



500 Chapter 10 *Limitations of PRAMs

Although the common CRCW can simulate the priority CRCW with
only a constant slowdown factor, the simulation is not efficient since the
number of processors has to increase by a factor of log p. In addition, the
amount of shared memory has increased from, say, m global locations on the
priority CRCW, to ®(mp) on the common CRCW. It is possible to separate
the various CRCW PRAMs if we restrict the number of processors and the
amount of shared memory. Such restrictions will be considered in Exercises
10.6 through 10.8. Here, we shall present simulations in the case when the two
involved machines have the same number of processors, but we place no
restriction on the amount of shared memory used.

Simulation of the Priority CRCW on the Common CRCW Using the
Same Number of Processors. We first simulate the priority CRCW on the
common CRCW PRAM, where each has the same number p of processors.
Theorem 10.1 indicates an upper bound of O(log p). We improve this bound
in the next theorem.

Theorem 10.3: A concurrent-write instruction of a p-processor priority CRCW
PRAM can be simulated on a p-processor common CRCW PRAM in

log p ) .
O(——Ioglogp time.

Proof: To simplify the presentation, we shall view the operation of a CRCW
PRAM as the synchronous execution of steps such that each step consists of
three phases. In the first phase, each processor can perform a constant
amount of local computation. In the second phase, a processor may write into
a shared memory. In the third phase, a processor may read from the shared
memory. We prove by induction the following claim.

Claim: The leftmost prisoner of p = (¢t + 1)! processors can be solved in ¢

steps on the common CRCW with a shared memory of size m; = Z,’:; U T,‘)! <
t+ .

Proof of the Claim: We begin with the base case t = 1. The leftmost prisoner
of two processors P and P; can be solved in one step using a single shared
memory location M. During the write (second) phase of the single step, P;
writes 1 into M (if P, is live). During the read (third) phase, P, reads the
content of M. Processor P; gets assigned the label/; = 1 (leftmost) if and only
if P is live. Processor P gets assigned the label/; = 1 if and only if it is live
and it reads 0.

Assume that the induction hypothesis holds for p = ¢! processors. Let.A
be an algorithm solving the leftmost prisoner of p = ¢! processors int — 1
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steps, using m,_1 shared memory locations. We shall show that the induction
hypothesis holds for p = (¢ + 1)! processors.

Divide the (¢t + 1)! processors intot + 1 equal groups, where the ith
group consists of processors Py, - 1)+1 through Py, inclusive, and associate a
block of memory of size m, _ with each group. Sincem, = (¢t + D)m,—; + 1,
the extra remaining location—say, M—will be used for the interactions
among the different groups of processors.

Each group will perform ¢ — 1 steps of algorithm 4 using its own block
of memory. These steps, however, are scheduled such that they allow the
proper interaction among the different groups through location M. Each
group performs¢ steps such that¢ — 1 of these steps follow from algorithm A4.
During the ith step, the write and the read phases are special for the ith and
the (i + 1)st groups. The write phase consists of all live processors of the ith
group writing into location M; the read phase consists of all live processors of
the (i + 1)st group reading the content of M. Otherwise, the steps are
identical to those of algorithm 4. Hence, each group performs at most a read
phase and the next write phase through the global location M. It is clear that
by the end of the ith step, all live processors in the (i + 1)st group will know
whether there is a live processor of index lower than their indices; if there is,
then their labels are determined immediately. If there is no live processor of
lower index, algorithm 4 will guarantee the determination of the lowest-
indexed live processor within the group, which is the lowest-indexed live
processor, in this case.

Note thate = ¥,.,1, and hencee — 2 = 3., . This equality implies

thatm, < (e — 2)(¢ + 1)! < (¢t + 1)!, and the claim is established.
The theorem follows Claim and Stirling’s approximation, ¢! = f;\/2~rrt. O

10.1.3 SIMULATION OF THE PRIORITY CRCW PRAM
ON THE ARBITRARY CRCW PRAM

Our final simulation of the priority CRCW on the arbitrary CRCW, where
each has exactly p processors. Surprisingly, each step of the priority CRCW
requires at most O(log log p) steps on the arbitrary CRCW, as we show next.

Theorem 10.4: A concurrent-write instruction of a p-processor priority CRCW

PRAM can be simulated in O(log log p) time on a p-processor arbitrary
CRCW PRAM.

Proof: We show how to solve the leftmost-prisoner problem for p processors
on the arbitrary CRCW in O(log log p) time, from which the theorem follows.
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Assume, without loss of generality, that Vp is an integer. We partition
the p processors of the arbitrary CRCW into Vp groups G;,where0 = j <
Vp — 1, such that G, contains processors Pjyj + 1 through P, + 1), inclusive.
We reserve a specific shared-memory location for each group—say, M, for
group G,. For each group G, all the live processors attempt to write their
indices into location M;. In each group containing at least one live processor,
a processor will be selected as the winner. If there is a winner in group G,, we
assign to it the new index j, and we recursively solve the leftmost-prisoner
problem for Vp processors, where the winners are the live processors. Simul-
taneously, we solve the leftmost-prisoner problem induced within each group
except the live processor selected as winner, if any. At the end of these
computations, all the live processors in each group will know whether or not
the lowest-indexed live processor is among them, and, in addition, the lowest-
indexed live processor in each group will be easy to determine. This result is
clearly sufficient to solve the initial leftmost-prisoner problem of p proces-
sors. The running time of this procedure satisfies the recurrence relation
T(p) = T(Vp) + O(1), and therefore T(p) = O(log log p). a

We turn next to proving lower bounds for specific problems on the
CREW PRAM.

10.2 Lower Bounds for the CREW PRAM

Lower-bound arguments require a clean framework in which precise state-
ments about the progress of a computation can be made. For example, we
used the parallel comparison-tree model, in Chapter 4, to develop nontrivial
lower bounds on the parallel complexity of several comparison problems. An
adversary was capable of slowing down the progress of such computations by
forcing the solution to lie in a large unexplored subset of the input. In this
section, we introduce a strong version of the PRAM model, called the ideal
PRAM model; we then use it to develop optimal lower bounds for elementary
computations, such as computing the Boolean OR of n variables or comput-
ing the maximum of » elements.

10.2.1 THE IDEAL PRAM

An ideal PRAM consists of a number of processors Py, P2, - -+ P, with access
to a global (shared) memory unit of unbounded size. Each processor is iden-
tical to a RAM together with a private memory unit of unbounded size. A
computation consists of a number T of steps such that each step involves three
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phases. During the read phase, a processor may read the content of a cell of
the global memory. During the compute phase, a processor may perform any
amount of local computations (including reading or writing from or into its
local memory). During the write phase, a processor may write a value into a
global memory location.

The rules regarding concurrent reads or concurrent writes depend on
the particular version of the PRAM model used. Notice that an arbitrary
amount of local computations are allowed in each step, that no limits are
placed on the capacity of each location of the global or local memory, and that
no limits are placed on the sizes of the global and local memories. A lower
bound for the ideal PRAM reflects the limitations of the communication
scheme used by the PRAM, since an unbounded amount of computations can
be done at a single step. Obviously, lower bounds developed for the ideal
PRAM model hold for our standard PRAM model (the converse is not true,
however; see Exercise 10.15).

In this section, we shall establish the lower bound (log ) on the time
required to compute the Boolean OR of n variables on the ideal CREW
PRAM with any number of processors. This lower bound implies that almost
any nontrivial problem requires logarithmic time on the CREW PRAM. In
addition, it implies that the CREW PRAM is strictly weaker than the com-
mon CRCW PRAM, which can compute the Boolean OR function in O(1)
time, using n processors.

It may seem, at first glance, that logn steps are “obviously” necessary
to compute the Boolean OR of n variables on the CREW PRAM as implied
by the balanced binary tree on n elements. However, it is possible to compute
this function in < logyn steps by using the algorithm given in Exercise 10.14.
A close examination of the algorithm reveals the interesting fact that we can
communicate information by not writing into the global memory. Hence, a
formal setup is needed to establish the desired lower bound. We start with a
few definitions.

10.2.2 DEFINITIONS

Let f(x1, x2, ... , x,) be a Boolean function with n inputs. We shall use the
notation / = xyxz --- x,, to denote the input (xi, x2, ..., x,), and I(i) to
denote the input I whose ith component is complemented. An input [ is
critical for fif and only if (1) = f(I(i)),forall1 =i < n.

EXAMPLE 10.1:

Let f(x1,x2, ... , X)) = x1 + x2 + --- + x,, where + is the Boolean OR.
Then, I = 00 --- 0 is a critical input for f. 0
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Consider the computation of the Boolean function f(x1,x2, ... ,x,) on
the ideal PRAM. Assume that the input values of x, x2, ... , x, are stored
initially in locations M1, M2, ... , M, of the global memory, and that, at the
end of the computation, the value of the function f is to be stored in location
M. If fhas a critical input [, then, for any i, where 1 < i < n, the value of the
output is complemented when the value ofx, is complemented in the input /.
Intuitively, this property means that the computation has to run long enough
to allow the value of every x, to affect the content of location M; appropri-
ately. The exclusive-write assumption is crucial here since the effect of the
values of all the x,’s cannot be transmitted to M, quickly. A more formal
definition incorporating such a notion is given next.

An input index i affects a memory location M at time ¢ on some input /
if the content of M at time ¢ with the input / differs from the content of M at
time ¢ with the input I(i). In other words, the contents of M at time ¢ are
different on the two inputs I and I(i). Define the set L(M, ¢, I) as follows:

L(M,t,I) = {i | i affects M at time ¢ on input /}.

Similarly, we say that index { affects processor P at time ¢ with input / if
the state of P at time ¢ on input / is different from the state of P at time ¢ on
input I(i). The state of a processor P can be identified by the contents of all P’s
local registers and P’s private memory. After the read phase of a step, the
state of P may change. The new state will then determine the location written
into and the value written by P during the write phase. The set K(P, ¢, ) will
denote the set of those input indices that affect P at time ¢ with input /.

10.2.3 CHARACTERIZATION OF THE SETS K(P, t, /) AND L(M, t, I)

The next two lemmas shed light on the nature of the two sets K(P, ¢, I) and
L(M,t,1).

Lemma 10.2: Ifi € K(P,t,I), wheret > 1, then one of the following two cases
must hold:

1.i € KP,t - 1,1).

2. P reads a global memory location M on input I at time t, and i € L(M,
t - 1,1).

Proof: Leti € K(P,t,I). Thatis, the state of P on input / at time ¢ is different
from the state of P on input I(i) at time t. Assume thati ¢ K(P,t — 1,I). Hence,
the state of P at time ¢ — 1 is the same, regardless of whether the input s or
I(i). The only way for the state of P to become different at time ¢ is for P to read
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a global memory location M, and the contents of M are different on the inputs
Tand I(i). This fact implies thati € L(M,t — 1,I), where M is a global memory
location read by P on input / at time ¢. O

Lemma 10.3: Ifi € L(M, t,I), wheret > 1, then one of the following two cases
must hold:

1. A processor P writes into M at time t on input I, and i € K(P, t, I).

2. No processor writes into M at time t on input I, and eitheri € L(M,t — 1,
I) or a processor P writes into M at time t on input 1(i). O

The proof of Lemma 10.3 is simple, and will be left to Exercise 10.11.

10.2.4 THE KEY FACT

We are now ready to state the following lemma, which gives the key fact
needed to establish our lower bounds for the CREW PRAM.

Lemma 10.4: Let P be a processor of a CREW PRAM, and let M be a location
of the shared memory. Then, after t steps of an arbitrary computation, we have
|IL(M, 1, T)| < b, and |K(P,1,1)| < b, whereb = (5 + V21).

Proof: Let kg = 0,1y = 1, and let the sequences k, and /, be defined by
kiv1 = ki + 1,141 = 3k: + 41,. We prove by induction the following claim.

Claim: |K(P,1,1)| < k;and |L(M,1,1)| < I, forany = 0.

Proof of the Claim: We start with the base case ¢+ = 0. No index can affect P
before the first step, and hence |K(P, 0,7)| = 0. On the other hand, at most
one index can affect any memory location (if an input is stored in that loca-
tion), and hence |L(M, 0,1)| < 1.

Suppose that the induction hypothesis holds for K(P,¢,I) and L(M, t,I),
t = 0. We show that the claim holds for K(P,t + 1,1) and L(M,t + 1,1).

Lemma 10.2 implies that K(P,t + 1,1) € K(P,t,I) U L(M, t,I), where
M is the global memory location read by P on input [ at time ¢. Therefore, the
inductive claim for K(P, t + 1, I) follows.

To get the bound on L(M, ¢t + 1, I), we use Lemma 10.3. Hence, we
distinguish between the following two cases:

1. A processor P writes into location M on input [ at time ¢t + 1. Thus,
ILM,t + 1,D)| < |KP,t + ,D)| sk +1; <41
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2. No processor writes into M at time ¢ + 1. An indexi affects M att + 1
if and only if either i affects M at ¢ or a processor P writes into M at time
t + 1oninput I(i). In the latter case, we say that index i causes P to write
into location M at¢ + 1 with input /. Hence, L(M,t + 1,I) € L(M,t,1) U
Y(M,t + 1,I), where Y(M,t + 1,1) is the set of those indices that cause
some processor P to write into M at time ¢ + 1 with input /. Assume that
index u, causes processor Py, to write into M at time ¢ + 1 with input
I,where 1 < i < rfor some integer r. That is, P, writes into location
M at time ¢t + 1 on the input I(u,). We first note the following fact
(see Fig. 10.1).

Fact: For all pairs u,, u; such that P, = ij, eitheru, € K(ij,t + 1, 1(u;))
oru, € K(Py,,t + 1,1(,)).

The above fact is derived from the observation that if neither condition
holds, then on input /(u,)(y,), both P,, and P,, will write into location M at
time ¢ + 1, which is not allowed on the CREW PRAM model.

To finish the proof of the claim, we need to establish a bound on r, the
number of indices that can cause some processor to write into M at time ¢ +
1 with input 1. Construct the bipartite graph consisting of the sets of vertices,
U= {uy,uz, ...,usyand V = {(I(uy), Py,), I(u2), Pw,), ... , I(u;), Pw,)},
such that u, is connected to (/(«), P,) if and only if u, affects P,, at time¢ +
1 with input I(,). To get the desired bound on r, we derive a lower and an
upper bound on the total number e of edges in the bipartite graph.

u) (tw). P, )

) (), P, )

(Iw). P, )

u, ® U,). P, )

FIGURE 10.1
The bipartite graph for the proof of Lemma 10.4. u, is connected to (/(u), Pw) if
and only if u, affects Py, at time ¢ + 1 with input /(u)).
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For each vertex (/(u)), Py,), we have at most |K(Py,t + 1, I(1)))| <
k; +1 edges (by the construction of the bipartite graph). Thus, e < rk,, ;. The
lower bound on e can be obtained as follows. Let (u,, u;) be a pair such that
P, #P, (as outlined in the Fact). There are r choices of u,, and, for each u,,
there are at most IK(Pw,t + 1,1)| < k¢4 indices u; such that P, = P,
Hence, the total number of pairs (u,,u})such thatP,, = P, isat leastr(r — ks 1)
By using the above Fact, we obtaine = ir(r — k;+1). Combining this inequality
with e < rk;; 1, we obtain thatr < 3k, = 3k, + 4. But |L(M,t + 1,1)| <
|L(M,1,1)| +r < 3k, + 4l; = [+, and the proof of the claim follows.

We can now complete the proof of the lemma by establishing bounds on
k; and /;. We can verify that the recurrences defining k, and I/, have the
following solutions:

-y _ B

k=3~ va
where b = 5(5 + \/—) andb = %(5 — V21). Therefore, k, < b' and [, <
b, for the stated b value. O

10.2.5 LOWER BOUNDS FOR SPECIFIC PROBLEMS

We have just developed the necessary tools to establish our main lower-
bound theorem for this section.

Theorem 10.5: Let {0, 1}" — {0, 1} have a critical input. Then, Q(log n) steps
are required to compute f on a CREW PRAM with any number of processors.

Proof: According to our conventions, the output value should appear in
location M at the end of the computation. Hence, n indices must affect
location My; that is, |L(M, T, I)| = n. Using Lemma 10.4, we obtain that
bT = |L(M, T, I)| = n, and hence the theorem follows. O

Using the fact that the OR function has a critical input, we get the
following corollary.

Corollary 10.2: 4 CREW PPAM requires Q(logn) time to compute the
Boolean OR of n variables, regardless of the number of processors available. [

The proof of the following corollary involves simple reductions from the
problem of computing the Boolean OR of n inputs to each of the problems
listed. Its proof is left as an exercise.
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Corollary 10.3: Each of the following problems requires €)(log n) time on the
CREW PRAM with any number of processors.

1. Sorting a sequence x1,x2, ... ,xn, where x, € {0, 1}

2. Computing the sum x1 + x2 + --- + x,, where each x, € {0, 1}

3. Computing the maximum function on n inputs O

We next extend the techniques developed in this section to obtain an
interesting lower bound for the EREW PRAM.

10.3 Lower Bounds for the EREW PRAM

We have shown, in Section 10.2, that the problem of computing the Boolean
OR of n variables requires {)(log n) time on the CREW PRAM, regardless of
the number of processors available. This result implies that the weakest
CRCW PRAM s strictly more powerful than the CREW PRAM. In this
section, we will show that the CREW PRAM is strictly more powerful than the
EREW PRAM. The search problem considered in Chapter 4 will serve as a
vehicle for establishing this fact. The proof techniques used are similar to
those introduced in Section 10.2.

10.3.1 A SEARCH PROBLEM

Let X = (x;,x2, ... ,x,) be a sequence of n distinct elements drawn from a
linearly ordered set (S, <)suchthatx; <x; < --- <x,.Thesearch problem
is to determine, for a given elementy € S, the indexi for whichx, <y < x, 41,
where xg = — o andx,+] = + o are added to S. Earlier, we described a
simple CREW PRAM algorithm (Algorithm 4.1) to solve this problem in

O( 1125 é;:ll;), where p is the number of processors used. An EREW PRAM

algorithm achieving the bound O(logn — logp) time is straightforward,
assuming that the search key is made available to all the processors. We
decompose the input array into p blocks, each of size = 7. Each processor
performs a binary search on a block in O(Iog (f—,)) = O(logn — log p) time.
The successful processor will store the result in the appropriate location of
the global memory.

In this section, we shall show thatan EREW PRAM requires {}(logn —
log p) time, even if the search key y is initially made available to all the
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processors. This result implies that, for p = ©(n®), where « is any constant
such that 0 < a < 1, the search problem requires {}(log n) time on the
EREW PRAM, whereas it can be solved in O(1) time on the CREW PRAM
(Algorithm 4.1). We therefore conclude that the CREW PRAM is strictly
more powerful than the EREW PRAM.

Since the search key will be assumed to be known to all the p processors
of the EREW PRAM, our search problem can be reformulated as the fol-
lowing zero-counting problem. Given a monotonic binary sequence xi,
X2, ... ,Xn,determine the indexisuch thatx, = O andx,+; = 1. We interpret
x; = 0tomean avalue smaller than the search key, andx, = 1 to mean avalue
greater than the search key.

As before, we assume the ideal PRAM model, and further assume that
the input values of x1,x2, ... ,x, are stored initially in locations M, M>, ...,
M,,. At the end of the computation, we will indicate the output i by changing
the content of location M; of a set of n reserved output locations M/, where
1=<j=n

10.3.2 INDICES AFFECTING A PROCESSOR OR A LOCATION

Let I, denote the input consisting of i zeros followed by n — i ones. Index i
affects location M at step ¢ if the content of M at step ¢ on input /, is different
from the content of M at step ¢t on input /, _ ;. We define L(M, ¢) to be the set
{i | i affect M at step }.

Similarly, index i affects processor P at step ¢ if the state of P at stepf on
input /, is different from the state of P at step ¢ on input /, - 1. We define K(P, t)
to be the set {i | i affects P at step 1}.

The next two lemmas, which are similar to Lemmas 10.2 and 10.3 of
Section 10.2, characterize the indices that belong to L(M, t) and K(P, ¢).

Lemma 10.5: If i € K(P, t), where t > 1, then one of the following two cases
must hold:

l.i € K(P,t — 1).
2. Preads a certain location M on input I, at stept, andi € L(M, ¢t — 1).0

The proof of Lemma 10.5 is similar to the proof of Lemma 10.2.

Lemma 10.6: Ifi € L(M, t), where t > 1, then one of the following three cases
must hold:

LieLM,t-1).
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2. There is a processor P that writes into M at step t on input I,, and i € K(P, t).

3. There is a processor P that writes into M at step t on input I,_;, and i €
K(P,1).

Proof: Suppose thati & L(M,t — 1). Hence, the content of M atstep ¢t — 1
is the same, regardless of whether the input is I, or [,. It follows that the
content of M is modified during step ¢. The only way that the content of M can
be changed at step ¢ is for some processor P to write into M. Suppose that P
writes into M at step t on input /,. Then, we must have i € K(P, t), because
otherwise the state of P at step ¢ is the same for the two inputs /, and I, — 1, and
therefore the same value will be written into M. Similarly, a processor P’ may
write into location M at step ¢ on input I, 1, in which case i € K(P',t). O

10.3.3 THE MAIN LOWER BOUND

We are ready to prove our main lower bound.

Theorem 10.6: Given a monotonic binary sequence of length n, the problem of
counting the number of zeros requires }(logn — logp) time on the EREW
PRAM with p processors.

Proof: LetK(P,t) and L(M,¢)be as introduced in Section 10.3.2. The progress
of the computation will measured by the function c(f) = X,|K(P, t)| +
2ymax{0, |[L(M, )| — 1}.

Claim: c(t) < 6¢c(t — 1) + 3p.

Proof of the Claim: We first use Lemma 10.6 to establish an upper bound on
the sum X, |L(M,t)|. Let L'(M, ) = L(M,t) — L(M,t — 1)—that s, all the
indices in L(M, t) but not in L(M, ¢ — 1). Then, according to Lemma 10.6, for
eachindexi € L'(M, ), there is a processor P writing into M at time ¢ on input
I, (orinput I, 1), and i € K(P, ). Since a processor may write into a single
global location in a time step, each i € K(P, ) can contribute at most two
occurrences in L'(M, t) (one corresponding to writing on input /,, and the
other corresponding to writing on input I,—;). Hence, X, |L'(M, )| <
23 p|K(P,1)|, and thus

%:|L(M, f| < %]L(M,t -] + ZZ|K(P, 0|

We can assume inductively that L(M,t — 1) C L(M, ), because otherwise we
can replace L(M, t) with L(M,t) U L(M,t — 1). Clearly, an upper bound for
the resulting sum will also be an upper bound for the original sum. Hence, we
have that |L(M, t)| = |L(M,t — 1)|, which implies that
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> max{0, |[L(M,1)| — 1} < > max{0, |L(M, ¢ — 1)| — 1} +

M M

2> |K(P,1)] aon
P

We now use Lemma 10.5 to establish an upper bound on the sum
2r|K(P,t)|. LetK'(P,t) = K(P,t) — K(P,t — 1). According to Lemma 10.5,
foreach indexi € K'(P, t), there is a memory location M such that P reads M
oninput/, andi € L(M,t — 1). Since we are assuming the EREW PRAM
model, no global memory location can be accessed by more than a single
processor at any given time step. Hence, given M, each indexi € L(M,t — 1)
can contribute at most one index in K’'(P, t) for some processor P.

LetJ(i, ) be the set of global locations accessed at time t on input /,, and
letJ; = U,J(i,1). Clearly, 25| K'(P,1)| < 2pyes|L(M,t — 1)|. It follows that

SIK@P, 0] = DK@t - 1) + 3 (LMt~ 1)].

P P MeJ,
An upper bound on |J;| can be obtained as follows. Given a processor P, the
number of distinct locations accessed by P at time tis < |K(P,t — 1)| + 1,and
hence |J;| = Xp(|K(P,t — 1)| + 1) = X,|K(P,t — 1)| + p,wherepis the
total number of processors available. This observation implies that

glK(P,t)l < };lK(P,t -+ LM, - 1)

MeJ,

= §|K(P,r — 1|+ D (LMt = 1| - 1) + ]|

MeJ,

< 2D |K(P,t — 1)| + D max{0, |L(M,t — 1) — 1} + p.

Combining the last inequality with the inequality in Eq. 10.1, we obtain
> max{0, |L(M,1)| — 1} + 3D |K(P,1)| <
M P

D max{0, [L(M,t — 1)| — 1} + D |K(P,1)| + & |K(P,t — 1)| + 3p.
M P P

Therefore, ¢(t) < 6¢c(t — 1) + 3p, and the claim follows.

We can now complete the proof of the theorem by noting that ¢(T) = n,
where T is the total number of steps required. Given our assumption on the form
of the output, it is easy to verify that each of the reserved locations for the output
will be affected by at least two indices. On the other hand, the inequality c(t) <
6c(t — 1) + 3p, together with the initial condition ¢(0) = 0, implies that c(¢) <
(6'5;1) 3p. Therefore, we must have T = {}log n — log p). O

We next tackle the problem of proving lower bounds for computing
some specific simple functions on the CRCW PRAM model, our strongest
parallel model.
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10.4 Lower Bounds for the CRCW PRAM

In Sections 10.2 and 10.3, we showed optimal lower bounds on the parallel
complexity to solve a few simple problems on the ideal PRAM under the
CREW and the EREW assumptions. Lower bounds for the ideal PRAM
reflect the limitations on the communication assumptions, since an un-
bounded amount of computations is allowed at each step. Establishing sim-
ilar lower bounds for the CRCW PRAM appears to be substantially more
difficult. Let us start by noting that the techniques used in the previous
sections are not suitable for capturing the progress of a computation on the
CRCW PRAM model, since bounding the number of processors that can
“affect” a memory location at a given step is not possible under the
concurrent-write assumption. In fact, a common CRCW can compute any
Boolean function in O(1) time, as the following theorem shows.

Theorem 10.7: Let f:{0, 1}" — {0, 1} be an arbitrary Boolean function. Then, f
can be computed in O(1) ime on a common CRCW PRAM with < n2" processors.

Proof: We write fas a sum of mintermsf = Y, m,(x1,x2, ... ,X,), where each
m, is a product of n literals, a literal being a variable or that variable’s
complement. The number of minterms is at most 2. With each term m,, we
associate n processors P, for 1 < j < n. The goal of processors P, is to
compute the term m,, which is the Boolean AND of n literals. Since the AND
of n variables can be computed in O(1) time, using n processors, on the
common CRCW, n2" processors can compute all the m,’s simultaneously in
O(1) time. To compute f, we can compute the Boolean sum of the m,’s in O(1)
time, using the processors P}, for all i. Therefore, f can be computed in O(1)
time, using at most n2” processors on the common CRCW. O

Theorem 10.7 illustrates the fact that, with the concurrent-write capa-
bility, many processors can cooperate effectively to compute a function. In
addition, we have already encountered simple problems that can be solved in
0(1) time on a CRCW PRAM with a polynomial number of processors. In
particular, we know how to compute the maximum of n elements, and how to
solve the problem of all nearest smaller values (a generalization of the merg-
ing problem, see Exercise 2.14), in O(1) time, using n? processors. These
observations indicate that it would be interesting to identify simple compu-
tations that cannot be carried out even in constant time by a CRCW PRAM,
using a polynomial number of processors. There are such simple functions,
such as the parity function, but the known proofs are highly nontrivial and
require the introduction of techniques initially developed for circuit complexity.
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In this section, we shall actually prove a much stronger lower bound for
computing the parity function. Before embarking on our endeavor, we state
the result we seek.

Theorem 10.8: The problem of computing the parity function of n variables

requires Q( 7 Olgoﬁ) Z") time on the priority CRCW PRAM, using a polynomial
number of processors. a

We shall prove Theorem 10.8 under certain assumptions of the priority
CRCW PRAM. Our proof strategy will consist of two main steps. The first
step is to relate the CRCW PRAMEs to the class of circuits allowing un-
bounded fan-in (to be introduced in the next section) by providing efficient
simulations between the two models. The second step is to establish lower
bounds for unbounded fan-in circuits computing the parity function.

10.4.1 THE RELATIONSHIP BETWEEN CRCW PRAMS
AND UNBOUNDED FAN-IN CIRCUITS

A (Boolean) circuit is a directed acyclic graph such that each node of inde-
gree greater than 0 is labeled as any one of an AND gate, an OR gate, or a
NOT gate. The nodes of indegree 0 are called inputs and are labeled with a
variable, or with a constant 0 or 1. Certain nodes are also designated as output
nodes. The indegree and the outdegree of a node will be referred to as the
fan-in and the fan-out of that node, respectively. A circuit represents a set of
Boolean functions in a natural way.

The size of a circuit is the total number of edges in the circuit. The depth
of a circuit is the length of the longest path between an input node and an
output node.

EXAMPLE 10.2:

Let f(x1, x2, x3) = xixbx3 + xjx2x3 + xi1xix3 + x1xx3 be the parity
function on three variables. A circuit that computes f(x,x2,x3) is shown
in Fig. 10.2. O

Unbounded Fan-In Circuits. Of particular interest to us are the circuits
with unbounded fan-in—that is, circuits for which an AND gate or an OR
gate can have an arbitrary number of inputs. These circuits are also referred
to as bounded-depth circuits, since they tend to have very small depths. In
fact, we can trivially realize any Boolean function f by a circuit whose depth is
< 3 simply by using the disjunctive or the conjuctive normal form of f. The size
of the circuit is at most n2”, where n is the number of variables (compare with
Theorem 10.7).
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FIGURE 10.2
A circuit for the parity function of three variables.

A challenging task is to establish nontrivial lower bounds on the sizes of
circuits performing certain computations as a function of their depths. One
such result (to be shown later) is that the size of any constant-depth circuit
computing the parity of n variables must be exponential. Unbounded fan-in
circuits have provided an extremely useful tool to show important lower
bounds with applications in various areas of complexity theory. Our interest
in these circuits stems from their close relationship to CRCW PRAMs. Our
next task is to elaborate on this relationship so as to be able to translate lower
bounds from the circuit model into the CRCW PRAM model.

For the remainder of this section, we shall denote the Boolean opera-
tors AND and OR by the symbols A and V, respectively, whenever they
appear in a Boolean expression.
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Simulation of Circuits by CRCW PRAMs. We begin by describing a simple
simulation of circuits by CRCW PRAMs.

Theorem 10.9: Lez f:{0, 1}" — {0, 1} be a function of n inputs and m < n
outputs, and let C be a circuit that computes f. Suppose that C is of size S(n) and
depth D(n). Then, f can be computed by a common CRCW PRAM in O(D(n))
time, using S(n) + n processors.

Proof: We use DeMorgan’s law N1<i<k8i = (V1<i<kg) to replace each
AND gate with a set of NOT and OR gates. Hence, we can assume that our
circuit consists of OR and NOT gates only. The size and the depth of our
circuit have each increased by a factor of at most 3; hence, this change will not
affect our asymptotic bounds.

We number the nodes of C starting with the input nodes. We associate
a global memory location M; with node i. Initially, the jth input is stored in
location M,, where 1 < j < n. The CRCW PRAM will simulate C, level by
level, starting from the bottom level, such that the value generated at node i
will be computed and stored at the global location M; of the PRAM. More
precisely, we allocate a processor P;; with each edge from node i to node j.
Suppose that node j is at depth d. Then, using a local counter, P;; waits for cd
steps, where ¢ a constant large enough to allow the computations at lower
depth to be carried out by the CRCW PRAM. Then, if node j is an OR gate,
processor P writes 1 in location M, if location M; contains 1; otherwise, P;;
stays idle. If node j is a NOT gate, then P;; stores the complement of M, into
location M;.

Hence, each level of the circuit takes O(1) time to simulate on the
PRAM, and thus O(D) time is sufficient to reach the output nodes. In addi-
tion, m additional processors are assigned to the output nodes. After waiting
for cD steps, these processors move the output bits to the appropriate loca-
tions of the global memory. a

Remark 10.1: Given a family of circuits {C,} to compute a Boolean function
fon n inputs, it is important to be able to generate C,, efficiently for each n.
Otherwise, it would be possible to design a different circuit for each n (“non-
uniform” circuits). Let us first mention that nonuniform circuits can compute
nonrecursive functions. In the preceding simulation, nonuniform circuits will
generate different programs for different input sizes. All our PRAM algo-
rithms, however, have been described for an arbitrary value of n.

Therefore, we make an assumption that will guarantee a simple de-
scription of C, for each n. Typically, a notion of uniformity is introduced to
deal with this problem. We shall adopt the following definition.

A circuit is uniform if, for each n, the circuit C,, can be described by a
deterministic Turing machine in O(log n) space. We can give a specification
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of a circuit by listing all the gates, and the type and the inputs of each gate.
The space notion used here assumes that the input is stored in a read-only
memory, which is not counted as a part of the space used. The fact that only
O(log n) space is required to describe C,, indicates that C,, is indeed a simple
circuit. It also implies that C, can be generated in polynomial time. All our
circuits will be assumed to be uniform. O

Our goal, for the remainder of this section, is to establish a converse to
Theorem 10.9. More precisely, we would like to show how to simulate a
CRCW PRAM with P(n) processors and time bound T(n) by a circuit whose
size is polynomial in P(n) and T(n) and whose depth is O(T(n)). Such a
simulation is not possible unless we put restriction on the word size and the
instructions allowed in the CRCW PRAM. We shall next introduce into our
PRAMs a few assumptions that will make it possible to obtain the desired
simulation. These assumptions seem to be natural and not to be overly
restrictive.

The Restricted PRAM. For our restricted PRAMs, each program can have
instructions from the following list. The notation R; is used to indicate a local
memory register.

1. R;: = constant; the effect is to load local register R; with constant.
2. R;: = Rj; the effect is to load the content of R; into R;.
3. R;: = PID; the effect is to store processor ID into register R;.

4. R;: = Rj *= Ry; the effect is to add or subtract the contents of the
registers R; and Ry and store the result in R;.

5. Ri:= =Rj[l, g; the effect is to use the content of register R; as the
address of a read instruction from the local or global memory, depend-
ing on whether/ or g is used, respectively. The result is stored in register
R;.

6. *R;:= R/[l,g]; the effect is to write the content of R; into a local or global
memory location whose address is the content of register R;.

7. gotom if R;([ <, =])R;; the effect is to transfer control to the instruc-
tion labeled by m if the condition is satisfied.

8. halt; the effect is to force the processor to stop.

Without loss of generality, we assume that no nonpositive addresses
appear in a program.

An input of size n consists of n words, each requiring at most » bits. An
input of size n is initially stored in the first n global locations of the PRAM.
Each instruction takes one unit of time. The machine operates in time T(n) if
all processors halt within 7(n) steps on any input of size n.
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Circuits for Addition and Comparison. Our simulation will require that
the instructions executed at each time step be simulated by a constant-depth
and small-sized circuit. Leaving aside for now the problems of obtaining the
operands and storing the results, let us derive the circuits for performing
addition and comparison. The circuit for subtraction is similar to that for
addition. The circuits are described in the next two examples.

EXAMPLE 10.3: (Addition)

Consider the addition of two m-bit numbers4 =a,, ...aa;andB =b,, ...
byb;. The look-ahead carry algorithm consists of computing the carry generate
and the carry propagate bits given, respectively, by g; = a,b; andp, = a; ® b;,
for 1 < i < m. Then, the ith carry bit ¢; is given by ¢; = g +
215,5;—1Pipi—1 ... Dj+18j> and the ith sum bit s; is given bys; = pici-1.
Each ¢; can be realized by a constant-depth circuit of size O(m?), as illus-
trated in Fig. 10.3. Therefore, all the carry bits can be computed by a
constant-depth circuit of size O(m?). Generating the sum bits s; will not
increase the asymptotic bounds of the corresponding circuit. |

PPy ] 81 P, Py P3 82 P, 81

FIGURE 10.3

A constant-depth circuit to compute the ith carry bit resulting from adding two
m-bit numbers a and b. The carry generate g; and the carry propagate p; are
defined by g; = ajb; and p; = a; @ b;.
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EXAMPLE 10.4: (Comparison)

Given the two numbersA = a,, ... aza;andB = b, ... bob;, we would like
to design a constant-depth and polynomial-sized circuit that generates the
value 1 whenever 4 < B. Letx, = a,b, + a;b/—thatis, x, = 1if and only if
a, = b, for1 =i < m. Then, the output can be expressed by the Boolean
function amby + XmAm-1bm—-1 + XmXm-10m—2bm—2 + ... + XmXm—1 -
xyaibi. Clearly, such a Boolean function can be realized with a constant depth
circuit of size O(m?). Figure 10.4 illustrates the corresponding circuit. O

Simulation of a Restricted CRCW PRAM by a Circuit. Let us try now to
understand the problems involved in simulating a CRCW PRAM by a circuit.

FIGURE 10.4
A constant-depth circuit to test whether A < B, where A = a,; .  azay and
B = bm e b2b1.
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Let P(n) be the number of processors on our CRCW PRAM, rn being the
input size. Recall that, by our earlier assumptions, the input consists of n
words, each of length at most n bits, and that these words are initially stored
in the first # global locations of the PRAM. Let T(n) be the time bound of the
PRAM algorithm. Thus, every processor halts within 7(n) steps on any input
of size n.

Each processor of the PRAM will execute dynamically a sequence of
instructions, each such instruction belonging to the set of instructions spec-
ified before. Contrast this behavior with that of a circuit that possesses a static
structure realizing a fixed set of Boolean functions. To construct a simulating
circuit, we have to specify a set of Boolean functions that can realize the
input-output behavior of the PRAM algorithm.

A naive approach would be to derive the functions relating the input
and the output of the algorithm by considering all possible values of the n
input words. However, the size of the corresponding circuit may be exponen-
tial in n, which is not acceptable. What we shall do instead is to represent
efficiently all possible values that can arise at a time step ¢, and to describe the
Boolean functions relating these values as they change between steps ¢ and
t + 1. The circuit needed to realize such a transition will be of constant depth
and will be of polynomial (in P(n), T(n), and n) size.

Our starting point concerns the representation of all possible values
arising in an execution of the PRAM algorithm on an input of size n. These
values are any one of the input values, or constants and addresses appearing
in the programs of the processors, or values generated and stored by the
processors. We now claim that the maximum number of bits needed to
represent any of these values is given by L. = max (n, log P(n)) + T(n) + 1.
This claim follows from the fact that, initially, the length of any piece of data
in the memory or the program is at most max (n, log P(n)), and, after each
operation, the length increases by at most one bit. An extra bit is needed to
distinguish between positive and negative numbers.

For each processor O, we represent the local registers and their values
by the triples (a/(Q, &, t), vi(Q, k, t), wi (Q, k, 1)), where a/(Q, k, t) and v,(Q, k, t)
are L-bit words, and w)(Q, k, t) is a bit indicating a write operation. This triple
should be interpreted as follows. If w/(Q, k, t) = 1, the local register with
address a;(Q, k, t) of processor Q contains the value v/(Q, k, t) at time ¢. If
wi(0O, k, 1) = 0, the triple means nothing. A processor can write into at most
one local register at each time step; hence, we cantake 1 < k < T. Note that
these triples represent Booleau variables whose values are determined by the
inputs to the PRAM.

In a similar fashion, we can represent the global memory locations by
the triples (ag(k, t), vg(k, t), wg(k, t)). In this case, the value of k satisfies 1 <
k < n + P(n)T(n), since at most P(n) values can be written into the global
memory at each time step.
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We now discuss the transformation on the memory triples that has to
take place during the execution of step ¢ of the PRAM. Such transformation
depends on the instruction being executed; hence, the circuit corresponding
to step ¢ should contain subcircuits simulating the different types of PRAM
instructions that might arise. The particular instruction executed by proces-
sor Q at time ¢ will be represented by the Boolean variable IC(Q, J, t), where
1 = = s(Q) and s(Q) is the number of instructions of Q’s program. More
precisely, IC(Q,j,t) = 1if and only if Q executes the jth instruction at time ¢.
The remaining details will be provided in the proof of the following theorem.

Theorem 10.10: A restricted priority CRCW PRAM running in time T(n) and
using P(n) processors can be simulated by a circuit of depth O(T(n)) and of size
polynomial in P(n), n, and T(n).

Proof: All addresses of memory locations (local or global) and the values
stored in these locations will be represented by the triples as described just
before the statement of the theorem.

Letxy,x, ... ,x, be the input stored in the first n locations of the global
memory. Eachx, is padded out to L bits. At the start of the computation, we
set (ag(k, 0), vg(k, 0), wy(k, 0)) = (k, xk, 1), for all 1 < k < n. All other
memory triples are set to (0, 0, 0) for ¢ = 0. Moreover, we set IC(Q,j,0) = 0
forj # 1,and IC(Q, 1, 0) = 1. This assignment of the IC values implies that
the instruction counter of each processor is set to 1.

We will carry out the simulation by showing how to realize the changes
to the memory triples and IC bits after each step of the CRCW PRAM by a
circuit of constant depth and polynomial size. The inputs of each such step
are the memory triples (a,(Q, k, 1), vi{Q, k, t), wi(Q, k, t)) for 1 < k < T and
1 < PID(Q) < P(n), (ag(k,t),vg(k,t),wg(k,t)),for 1 < k < n + P(n)T(n)and
the IC bits IC(Q, j, t),for 1 =j < s(Q)and 1 < PID(Q) < P(n). The outputs
are the updated values as required by the execution of step ¢ of the PRAM
algorithm.

A high-level description of the circuit that simulates one step of a
processor is shown in Fig. 10.5. The main circuits required are those that
realize the following tasks: (1) compute operands, (2) execute operation, (3)
update IC values, (4) select result, and (5) update memory. We now consider
each task separately.

We fix a processor Q and a time step .

1. Compute operands: The outputs of this particular subcircuit are the
values of the operands needed to execute the next instruction. The value
of an operand is equal to the content of the local register referred to by
the instruction being executed by Q at time ¢. Let op((Q, j) be the L-bit
representation of the first operand in the jth instruction of the program



10.4 Lower Bounds for the CRCW PRAM 521
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FIGURE 10.5
A high-level description of the circuit that simulates a step of a single proces-
sor of the PRAM.

of processor Q. If the instruction has no operand, then set op(P,j) =
0. The value of the first operand can be expressed as
@) T

V VIC@Q. ), t) A EQ(ap1(Q,)), al(Q, k, ) A wi(Q, k, ) A vi(Q, k, ).

J=1k=1

The last Boolean product is computed bitwise over the bits of v;(Q, k, t).
EQ is a circuit that takes two L-bit words and generates 1 if and only if
the two words are equal. An EQ circuit of constant depth and size O(L)
can be easily constructed. The preceding expression can be realized by
a constant-depth circuit of size O(s(Q)T(n)L). The second operand, if
any, can be computed similarly.

2. Execute operation: The operation executed at a step is either an addi-
tion/subtraction, or a read from the local or the global memory, or a test
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based on comparing two numbers. We have already sketched how to
realize addition and comparison with constant-depth polynomial-sized
circuits. Subtraction is similar to addition. We describe here the circuit
needed to simulate a read from the global memory.

Recall that the values stored in the global memory are represented by
the triples (ag(k, 1), vg(k, 1), wg(k, t)), where 1 < k < n + P(n)T(n), in
the circuit. Hence, the subcircuit corresponding to a global read oper-
ation must identify the triple whose first component is the operand—
say, agp—computed in step 1, and must generate the corresponding
L-bitvalue stored in that triple. This operation can be accomplished by
the following Boolean expression:

n+PT

\ EQ(ao, aglk, 1)) A wglk, t) A ve(k, 1),
k=1

where, as before, EQ is the circuit that reports whether two L-bit words
are equal. Clearly, the circuit corresponding to a read from the global
memory is of constant depth and of O((n + P(n)T(n))L) size.

Update IC values: The IC value is incremented unless the current
instruction is a go to statement. Let G, be the set of indicesj such that
the jth instruction of the program of Q is a go to m if (cond,). Assume
that the (m — 1)st instruction is not a go to statement. The other case
can be dealt with similarly. Then,

IC(Q,m,t + 1) = IC(Q,m — 1,t) \/ (IC(Q, ], ) A cond,).

JEGm
Clearly, such a function can be realized with a constant-depth circuit of

size O(s(Q)).

Select result: As we have seen, there are several subcircuits constructed
to execute all the possible operations. The purpose of this stage is to
select appropriately the L-bit result, which will be denoted by res(Q, ¢).

The particular instruction executed by Q at time ¢ specifies the opera-
tion; hence, the index; for which IC(Q,j,t) = 1canbe used to select the
correct result. If the instruction loads a constant or the processor 1D,
the result is given trivially. Either way, the corresponding circuit is of
constant depth and of size O(s(Q)L).

Update memory: Once the appropriate result is selected, all memory
triples needed to simulate stept + 1 have to be generated. These triples
will be the same as the triples given at the beginning of step ¢ except for
those triples whose first component is the address of the location writ-
ten into at step ¢. Let o(Q, t) be the L-bit address of the result of the
instruction executed by Q at time ¢. Such a word can be deduced imme-
diately from the instruction executed at this step, unless it is an indirect
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write instruction. In the latter case, we use the same type of subcircuit
as the one used to compute the operands in step 1.

We almost have all the information needed to set the memory triples.
The only item missing is the determination of a local versus global
memory change.

Let y(Q, t) be a Boolean function such thaty (Q,¢) = 1if and only if Q
stores the result in the global memory (at time t). We define the function
NQ, f) for a local memory change in a similar fashion. Let C(Q) be the
set of those instruction numbers that are global memory write instruc-
tions. Then,

¥Q.0 = \V IC(Q,1,0.

JEC(Q)
The Boolean function corresponding to N(Q, t) is similar. Both func-
tions can be realized with constant-depth circuits of size O(s(Q)).

We are ready to specify the local memory triples needed for stept + 1.
First, we set a;(Q, k,t + 1) = a)(Q, k,t) and vi(Q, k,t + 1) = vi(Q, k, 1),
forall1 < k < t. As for the values w)(Q, k,t + 1), they can be set tow;(Q,
k, t), except for those triples whose first component is equal to a(Q, ), in
which case the value of w;(Q, &, t + 1) must be set to 0. We shall use
k =t + 1torecord the new values. That is, we set a/(Q,t + 1,t + 1) =
a(Q,0),vi(Q,t + 1,t + 1) = res(Q, t) and wi(Q,t + 1,¢ + 1) = NQ, ¢).
As for specifying the global memory triples, we have to adjust y(Q, ¢)
such that we force the priority-write assumption of the CRCW PRAM.
More precisely, y(Q, t) must be set to 0 if there is a lower indexed
processor trying to write into the same location. By enforcing the priority-
write assumption, we can derive the following Boolean function:

70.0=v00A[ NV  ¥5.0) AEQ@@.1,a(5.0))

{SIPID(S) < PID(Q)}
We can now incorporate the new values into the triple ag(n + tP +
PID(Q),t + 1) = a(Q, 1), vg(n + tP(n) + PID(Q),t + 1) = res(Q, t)
and wg(n + tP(n) + PID(Q),t + 1) = ¥(Q, t). It is easy to check that
the new memory triples can be implemented with a constant-depth
circuit of size O((n + P(n)T(n))LP(n)).

The preceding circuitry is replicated T(n) times; hence, the resulting
circuit will be of depth O(T) and of size polynomial in P(n), T(n) and n. The
output nodes of the circuit are specified from the global memory triples
representing the output of the CRCW PRAM. O

We now turn our attention to proving a lower bound on any circuit that
computes the parity function.
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10.4.2 LOWER BOUNDS FOR UNBOUNDED FAN-IN CIRCUITS

We start by stating an immediate corollary to Theorem 10.10, which will form
the basis for establishing lower bounds for the priority CRCW PRAM.

Corollary 10.4: Suppose we are given a function f such that f can be computed
in time T(n) on the restricted priority CRCW PRAM, using a polynonual number
of processors. Then, there exists a polynomial-sized circuit of depth O(T(n)) that
can compute f. O

This corollary can be used to deduce lower bounds for the priority
CRCW PRAM given lower bounds for circuits. Typically, it is less difficult to
establish lower bounds for circuits, since they have a static structure. How-
ever, we should not conclude that it is easy to obtain lower bounds for circuits.
The task is still quite challenging, and known lower bounds require intricate
techniques.

We next describe an algebraic approach to derive a lower bound for the
circuit computing the parity function.

Approximators. Let f(x, x2, ... ,x,) be a Boolean function to be realized
by an unbounded fan-in circuit. This circuit can be used to obtain a polyno-
mial p(x1, ... ,x,) of small degree such that p can be viewed as an approxi-
mation to the function f. More precisely, we define a 3-approximator to be a
polynomial p(x1, x2, ... ,x,) of degree & over the field Z3 = {1, 0, 1} such
that p takes on the value 0 or 1 on all the inputs from {0, 1}*. The error
introduced by an approximator is the number of input settings from {0, 1}" for
which the values of f and p differ.

An approximator py represents f if no error is introduced by py. That is,
Ppris a polynomial in the variablesxy,x2, ... ,x, with coefficients from { - 1, 0, 1}
such that p(x1,x2, ... ,x,) = flx1,x2, ... ,x,), forall (xi,x2, ... ,x,) € {0, 1}".
Note that the value of py at a particular point is computed over the field Z3.

EXAMPLE 10.5:

Consider the complement function f(x) = x'. Then, ps(x) = 1 — x repre-
sents f, since ps agrees with fon the inputsx = 0 andx = 1. More generally,

iff(x1, ... ,xn) = [g(x1, ... ,x»)] and p, represents g, thenps =1 — p,
represents f. O
EXAMPLE 10.6:

The Boolean AND function can be trivially represented by the polynomial
PAND = X1 ... Xx,. Inparticular, the mintermm(xy, .. ,x,) =x, ... XX} ...
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x;, where {i1, ... , i} and {ji, ... ,j;} are a partition of {1, 2, ... , n}, can be
represented by py, = x,, ... x, (1 — x;)) - (1 — x;,). O
EXAMPLE 10.7:

Consider the Boolean OR function f(x1, ... ,x,) = x; + --- + x,. Then,

using the representations of the complement and the Boolean product func-
tions, we can deduce the representationpy = 1 — (1 —x7) -+ (1 — x,) of f.

A d-approximator for fisgivenbyp = 1 — (1 — xy) --- (1 ~ x3). This
approximator disagrees with f on 27~® — 1 input settings (all input settings
Xy =x2 = - =x3 = 0andat leastonex, = 1,j > 3). O

Lemma 10.7: Let f(x, ..., x,) be any Boolean function. Then, f can be
represented by an nth-degree multilinear polynomial over the field Zy = {— 1,0, 1}.

Proof: Since f can always be written as the sum of minterms, we can use the
facts illustrated in Examples 10.6 and 10.7 to obtain a polynomial represen-
tation for f. We can make each term of p multilinear using the fact that x;" =
x;, forall 1 < i < n, on all inputs from {0, 1}". O

Derivation of an Approximator from a Circuit. We are ready to show that
a circuit of an arbitrary function f can be used to derive an approximator for
f. The degree and error of the approximator will depend on the size and the
depth of the circuit.

Lemma 10.8: Let C be an unbounded fan-in circuit of depth d realizing a
function f on n variables. Then, a (2l)?-approximator can be derived from C
such that the error introduced by the approximator is at most size(C)2" !, for
any integer | = 1.

Proof: We will assign inductively an approximator with each subcircuit of C
starting with the inputs and working upward level by level to the output gate.
Such an assignment will be carried out in such a way that each subcircuit of
height / will be assigned a (2/)"-approximator, which may introduce an
additional error of at most 2"~/

Let D be a subcircuit of C of height 4. Assume that we have already
assigned (2/)" ~!-approximators to all the subcircuits feeding directly into the
top gate of D. The function assigned to D will depend on the top gate.

Let us begin with the easy case, where the top gate is a NOT gate. Let
the circuit feeding into it be assigned the approximator g. Then, assign the
polynomial 1 — g to the subcircuit D. Clearly, 1 — gis a (2/)"-approximator,
which introduces no additional error.
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Assume that the top gate is an OR gate. We can reduce the case of an
AND gate to the OR case by using NOT gates.

Letf1,fa, ..., fx be the (2/)"~-approximators assigned to the subcir-
cuits feeding i tg the output OR gate of D. Consider a set of / polynomials
g = tZ]":,a,)fj over Z3, where oj € {0, 1} and 1 < i < /. Notice that the
values of the g,’s are always 0 or 1 for all inputs over Z3. Assign the approx-
imator fp = 1 — (1 — g1)(1 — g2) --- (1 — g;) to the subcircuit D. The
polynomial fp is clearly a (2/)-approximator, since the degree of fp is < (2/)"
and the output of fp is 0 or 1 for all inputs from {0, 1}". It remains to obtain
an estimate on the error introduced by fp.

Consider any input setting I for which the approximators f1, f2, ... , fk
generate the correct values. If the ouput of the top gate of D is 0, then we must
have f1(I) = fo(I) = --- = fi(I) = 0. This result implies that g,(/) =
g2(I) = --- = gi(I) = 0, regardless of the «,’s, and hence fp(I) = 0 and no
error is introduced in this case. Assume now that the output of the top gate of
D is 1. Then, there exists an index jo such that fj (/) = 1. Given any set of
values a;;, where j # jo, there exists a unique set of / values ayj, azj,, ... , ayj,
that will force each g; to be equal to 1—that is, will force fp = 0. Therefore,
if we pick all the o € {0, 1} at random and independently of one another, the
probability that f, = 0 on such an input is at most 2 ~/. This fact implies that
the expected number of input values for which fp = 0is at most 27 ~%. Hence,
there exists a set of values of the a;’s for which the corresponding (2/)"-
approximator introduces an error on at most 2"~/ input settings.

The proof of the lemma can be concluded as follows. Assign
1-approximators to the inputs of the circuit and perform the general assign-
ment described previously, level by level. The output will be assigned a
(2))4-approximator with at most size(C)2" ! error, since each approximator
of a subcircuit introduces at most 2"~/ error. 0

1
Setting/ = %nw, we obtain the following corollary.

Corollary 10.5: Any circuit C of depth d has a Vn-approximator, which
introduces an error on at most size(C)2" - S input settings. O

We now concentrate on the parity function.

Approximators for the Parity Function. Let w(xy,x2, ... ,x,) be the parity
function on n variables. Corollary 10.5 implies that any circuit of depth d
computing w can be used to deduce a Vi -approximator that differs from 7on
at most size(C)2"‘%" ¥, We show next that any Vn-approximator of m will

have to disagree with 1 on at least %2" input settings. This fact will be used
to deduce a lower bound on size(C) as a function of d.
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Lemma 10.9: Let a(xy, x2, ..., x,) be a Vn-approximator for the parity
function w(xq,x2, ... ,x,). Then, a and w have to disagree on at least —2" input
settings for sufﬁciently large n.

Proof: Recallthata(xy,x2, ... ,x,)isa polynomial over Z3 = {—1,0, 1} such
that @ maps {0, 1}" into {0, 1}. We make the change of variablesy; = x, + 1 for
eachi. Note that, forx; = 0, we havey; = 1;forx; = 1,we havey; = — 1. With
this change of variables, a(y1, y2, ... , y») maps {—1, 1}" into {—1, 1}. In
addition, the parity function w(y1,y2, ... ,¥»)is now a mapping from{ -1, 1}
into {1, 1}, which can be represented by the polynomial p(y1,y2, -.. ,¥n) =
yiyz2 ... Yn-

Let G C {—1, 1}" be the set of inputs on which a(yi, ..., y,) and
pr(y1, ... ,yn) agree. We will continue with the proof of the lemma after we
look at the following Claim and its Proof.

Claim: Let fbe any function from G into {—1, 0, 1}. Then, using the approx-
imator a(yy, ..., yn), f can be represented by a multilinear polynomial
pr(y1,y2, ... ,yn) whose degree is at most % + Vn.

Proof: We extend f arbitrarily to f : {~1, 1} — {1, 0, 1}. Let p; be a
polynomial representing f. Then py can be expressed as a sum of terms such
that each term is multilinear given thaty? = y for any variabley. Let ey yi, - ..
yi, be a term of p7 such that ¢ = 0. If s > 7, we will show how to replace this
term with another term of degree at most Vn + n — s, such that both terms
take on identical values on inputs from G. Let {j1,j2, ... ,ji} = {1, 2, ... ,n} —
{i1, i2, ..., is}. We replace cy;yi, ... yi with the equivalent expression
CY1y2 ... YnYjj, ---Vj, again using the fact thaty? = y. Butyiy; ... y, canbe
replaced with a, since a is an approximator of p, = y1 ... y,, and they both
agree on G. The degree of the new term is clearly Vin + n — 5. Making such
substitutions for all terms of degree greater than 7 will result in a polynomial
representing f of degree at most 7 + Vn. This result concludes the proof of
the claim.

We now continue with the proof of Lemma 10.9. We have shown that
each function f: G — {1, 0, 1} can be represented by a multilinear polyno-

mial of degree 4 + V. The number of such functions is 3/61. On the other
hand, the number of multilinear terms of degree < 7 + Vn is given by

3V
27 (M) = 9772 x 2 < B,

This lmphes that the number of all polynomials with these types of terms over
Z3is < 3%2" since each such polynomial is of the form X,B,m;, B; € Z3 and
m is a multilinear term. Therefore, 3/G < 352", which implies that |G| <

492” We conclude that the number of input settings for which @ and = have
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to disagree is at least 2" — ‘;—32" = %2". The proof of the lemma is now
complete. O

Lower Bounds on the Parity Function. We begin by deducing a lower
bound on the size of any circuit computing the parity function in depth d.

Theorem 10.11: Let C be any curcuit of depth d that computes the parity
function w(x,x2, ,xn). Then, the size of C must satisfy size(C) = 5]—02%"&,

Proof: The circuit C can be used to obtain a Va-approximator for = that
introduces at most size(C)2" ~ % error. On the other hand, by Lemma 10.9,
this error must be at least ¢ 1 552" Therefore size(C)2" ~ ¥ > 1 552", from which
the theorem follows. ]

Corollary 10.6: Any polynomial size circuit that computes the parity function

. !
on n variables must have depth at least Q( logo ﬁ;n )

Proof: Suppose that C is a circuit that computes the parity function such that

size(C) < n*, for some constant k. Then, n¥ < %2’1‘"*, from which the lower
bound on d follows. O

We are now ready to state our main lower bound on the priority CRCW
PRAM.

Corollary 10.7: A restricted priority CRCW PRAM computing the parity func-
tion of n variables with a polynomial number of processors requires at least

Q( : Og)i)"g n) time.

Proof: Suppose that we are given a CRCW PRAM algorithm that computes
the parity function of n variables in time 7(rn) using a polynomial number of
processors P(n). By Theorem 10.10, we can construct a circuit C that com-
putes the parity function such that the depth of C is O(T(n)) and the size of
C is polynomial in n (since P(n) is polynomial in n). Using Corollary 10.6, we

obtain that T(n) = Q( |olg0|go'g1n ) .

The lower bound on the time it takes to compute the parity function
holds even on the ideal priority CRCW. The corresponding proof, however,
is substantially more involved; refer to the bibliographic notes for references.

We can use our lower bound on computing the parity function to
deduce a lower bound on the majority function, as shown by the next lemma.
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Lemma 10.10: The majority function, defined by fpm(x1,x2, ... ,x,) = lifand
log n .
log log n ) time

on the restricted priority CRCW PRAM, using a polynomial number of processors.

only if the number of 1's among x1,x2, ... , X, is =75, requires ()

Proof: We shall use a reduction from the parity function to the majority
function. That is, we shall provide an efficient way to compute the parity
function by using an algorithm to compute the majority function.

Let/be any integer between 1 and n. The threshold function is defined
by thi(x1, x2, ..., x») = 1 if and only if there are at least / 1’s among
X1y ooy Xne

Letz = (Q0_---0 11---1) consisting of / consecutive (s followed by n — /

! n-1
consecutive 1’s. The majority function applied to the input (x, z) generates 1 if
and only if thy(xy, x2, ..., xn) = 1. Hence, for each index /, we can use an
algorithm for the majority function to compute th; (x1, x2, ... , x,). In par-
ticular, n parallel applications of the majority algorithm will generate th;(x1,
X2, ..., xy), foralll <1 < n.

Letej(x1,x2, ... ,Xn) = thi(x1,x2, ... ,x0) N\ (thj41(x1,X2, ... , X)),
for all odd indices 1 < I < n, assuming, without loss of generality, that n is
even. It is clear that, once all the threshold functions are generated, the
functions e;’s can be obtained in O(1) parallel steps, using n processors. In
particular, the parity function canbe expressedasm =e; Ves Ves V ... V
en-1. Therefore, we can compute the parity function, by using n applications
of the majority algorithm, plus O(1) steps, using n processors. It follows that,
with a polynomial number of processors, the running time of the correspond-
ing parity-function algorithm is bounded by the running time of the majority
algorithm, and thus the corollary follows. a

The parity function can be reduced to several other important prob-
lems. Some of these reductions are left to Exercises 10.20 and 10.21.

10.5 Introduction to P-Completeness

We have described throughout this book many techniques to design efficient
parallel algorithms for a large variety of problems. Our implicit goal has been
to develop PRAM algorithms that are very fast; that is, the algorithms run in
O(logk n) time for some small fixed constant k, and use a total number of
operations comparable to the time complexity of the best known sequential
algorithm. Recall from Section 1.5 that the performance of such algorithms
can be expressed in the time-processors framework as follows.
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Let T(n) and W(n) be, respectively, the running time and the total
number of operations of the parallel algorithm. With p processors, the par-
allel algorithm runs in O( @ + T(n)) time (by Brent’s scheduling principle).
Therefore, the parallel algorithm runs roughly p times faster than the best
known sequential algorithm, as long as p is not too large. Problems solvable by
this type of algorithms are clearly ideal for parallel processing.

We are not always so lucky. Other problems seem to exhibit different
degrees of “parallelizability” as a function of the associated cost.

10.5.1 WHEN IS A PROBLEM PARALLELIZABLE?

Unlike the problems discussed so far in this book, many other problems
appear to be much less amenable to parallel processing, even with the pres-
ence of a relatively large number of processors. An interesting avenue to take
would be to classify problems according to a certain well-defined notion of
parallelizability. Such a notion is complicated by the fact that we have to deal
with at least two parameters simultaneously—time and number of proces-
sors. Let us consider the following two extremes.

1. A problem can be defined to be parallelizable if it can be solved faster as
we increase the number of processors within a certain range—say, 1 < p
< a(n)—where a(n) is an increasing function of n. Optimality is
achieved if the parallel algorithm is ®@(p) times faster than the best
known sequential algorithm within the given range of p.

For the optimal algorithms described in this book, the range of p is given
byl <p < log"n , for some fixed constant k. This intuitive notion is
appealing as long as the range of p is large. However, when a(n) is small,

it becomes less clear why such a problem should be viewed as paral-
lelizable, since no gain can be achieved beyond p = a(n).

2. A problem can be defined to be parallelizable if it can be solved ex-
tremely fast with a reasonable number of processors. An algorithm will be
considered to be extremely fast if its running time is polylogarithmic —
that is, O(logk n) for some fixed constant k. We now have to define what
we mean by a reasonable number of processors. We can borrow our
definition from circuit complexity, where the circuit model itself can be
used as a model for parallel computation. In the circuit model, a rea-
sonable amount of hardware is used when the size of the circuit is
polynomial in the input length. Therefore, we can define a paralleliz-
able problem to be a problem that can be solved in polylogarithmic
time, using a polynomial number of processors. Clearly, this notion
captures the desire to obtain dramatic speedups at a certain cost.
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The complexity class NC, to be introduced more formally later, consists
of all the problems that can be solved by polylogarithmic-time algorithms on
a PRAM, using a polynomial number of processors. Given our earlier simu-
lation results (Section 10.1), the class NC remains invariant under our various
PRAM models. It follows that a problem not in NC cannot be solved ex-
tremely quickly with a polynomial number of processors.

As the following example shows, however, the fact that a problem
belongs to the class NC does not necessarily imply that some speedup is
possible, given a certain number of processors.

EXAMPLE 10.8:

We can solve the problem of identifying a breadth-first search tree of an
undirected graph G = (V, E) by using the shortest-paths algorithm described
in Section 5.5. Let |V| = n and |E| = m. Then, the corresponding parallel
algorithm runs in O(log? n) time, using O(M(n) log n) operations, where
M(n) is the sequential complexity of n X n matrix-multiplication. Therefore,
this problem is in NC. Let us now express the complexity bounds of the
parallel algorithm in the time-processors framework. If we use the standard
(and practical) matrix-multiplication algorithm, the parallel algorithm will

3
run in 0( %)g—" + logzn) time with p processors. The best known sequential
algorithm, which runs in O(m + n) time, is faster than the parallel algorithm
for all values of p satisfying p = o(n log n) even if the graph is dense. a

Example 10.8 suggests that we have to be careful in interpreting the fact
that a problem is in NC. Qur intention in this section is to provide strong
evidence that some of the important problems are not in NC, implying that no
dramatic speedups are possible with any polynomial number of processors.

We next introduce three of these problems.

10.5.2 ORDERED DEPTH-FIRST SEARCH

Let G = (V, E) be a directed graph represented by its adjacency lists; that is,
we have a list Adj(v) containing all the nodes u such that (v, u) € E, for each
vertex v. Given a starting vertex s, we perform a depth-first traversal of G by
visiting all the nodes of G, using the following procedure. Begin by visiting s.
Let v be an arbitrary vertex. When visiting v for the first time, we mark v as
visited. Next, we pick the first unvisited vertex u on the list Adj(v), if such a
vertex exists, and we then apply the search procedure at u. If no such vertex
exists the search procedure atv terminates, and the search resumes at the last
vertex visited before v. Each vertex v is assigned a number dfs(v) indicating its



532 Chapter 10 *Limitations of PRAMs

order in the depth-first search of G. Figure 10.6 shows a graph with the
corresponding numbering.

Depth-first search is an important technique for designing efficient
sequential algorithms on graphs. It can be implemented easily in linear time.
Later, we shall show that ordered depth-first search is probably outside the
class NC, and hence it is unlikely that ordered depth-first search can be solved
by a polylogarithmic-time algorithm, using a polynomial number of proces-
sors. However, optimality can be achieved when the number of processors
belongs to a certain range, as stated in Exercise 10.22.

10.5.3 MAXIMUM FLOW

A network is a directed graph N = (V, A) with two distinguished vertices, the
source s and the sink ¢, such that each arc e is labeled with a positive integer
c(e), called the capacity of e. A flow f in a network N is an integer-valued
function f defined on the set of arcs such that

1. 0 < f(e) = c(e), for all arcs e (capacity constraint).
2. 2. f(u,v) = Z.f(v,w), for every node v € V — {5, 1} (conservation

constraint).

This type of network can be used to model transportation problems in
which commodities are shipped from a source to a destination. The capacity
is then the maximum rate at which commodity can be transported. The first

Vertices | dfs Numbers
a 1
b 2
14 5
d 3
[4 4
f 6
g 7

(b)

FiGURE 10.6

Graph for ordered depth-first search. (a) A directed graph with the arcs
numbered according to their order of appearance on the adjacency lists. (b)
The depth-first search numbers of the vertices, with a as the starting vertex.
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constraint states that no commodity flow can exceed the capacity; the second
constraint states that the sum of the flow on all incoming arcs to an arbitrary
node v # s, t is equal to the sum of the flow on all outgoing arcs.

Letf*(v) = X, f(v,w)andf~(v) = X.f(u,v). The value of a flow fis
equal toval(f) = f*(s) — f~ (s). Because of the conservation constraint, the
value of the flow has to appear at the sink and hence val(f) = f~(t) = f* (?).
A flow is maximum if val(f) = val(f") for any other flow f' in N. Figure 10.7
shows an example of a network and a corresponding maximum flow.

The problem of network flows has been studied extensively in the past
40 years. We note here only that several efficient algorithms with running

(b)

FIGURE 10.7
Network and corresponding maximum flow. (a) A network with the edge
capacities. (b) A maximum flow of value 6.
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time O(n3) or faster are known (see bibliographic notes). As for the parallel
complexity of this problem, there are no known polylogarithmic-time algo-
rithms using a polynomial number of processors that solve the general
network-flow problem. Again, we shall provide strong evidence that no such
parallel algorithms exist.

10.5.4 LINEAR PROGRAMMING

We encountered the special version of linear programming with two variables
when we studied intersections of convex sets (Section 6.2). In general, we are
supposed to optimize a linear function subject to a set of linear constraints.
One possible formulation is given next:

Minimize >, cx,
Subject to
Ax <b

x,201<i<n

Linear programming is of fundamental importance in both theory and
practice. Polynomial-time algorithms have been discovered recently that
solve the general linear-programming problem. However, as in the previous
two examples, linear programming is likely to lie outside the class NC, and
hence dramatic speed-ups are unlikely if we use a polynomial number of
processors.

We are now ready to introduce more formally the class NC and its
randomized version RNC.

10.5.5 THE CLASSES NC AND RNC

Complexity classes are typically defined in terms of languages. A language L
is simply a subset of strings over the alphabet {0, 1}. An algorithm to recognize
alanguage L takes an arbitrary stringx € {0, 1}* and determines whether or
notx is in L. Clearly, the language-recognition problem is a decision problem
whose answer is either yes or no.

We would like to deal with language-recognition problems, since the
theory is simpler and the details omitted are superfluous to the theory. We
can easily associate decision problems with any computational problem. For
example, we can convert the maximum-flow problem into a decision problem
by asking whether the ith bit of the maximum flow value is 1 or 0. In general,
a computational problem is at least as difficult to solve as is any decision
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problem associated with it. Hence, evidence indicating that a decision prob-
lem is not parallelizable can be used to show that the computational problem
itself is not parallelizable.

The class NC is defined to be the set of all languages L such that, on all
inputs of length »n, L can be recognized by a PRAM algorithm running in
O(logkn) time, using a polynomial number of processors, where  is a con-
stant that does not depend on n. Similarly, the class RNC is the set of all
languages that can be recognized by a randomized PRAM algorithm in
polylogarithmic time using a polynomial number of processors. As we saw in
Chapter 9, there are two general types of randomized algorithms, Las Vegas
and Monte Carlo, each of which gives rises to its own randomized NC class.

All the problems discussed in the previous chapters belong to the class
NC, except for the maximum-matching problem, which was shown to be in
RNC. In what follows, we restrict our attention to the class NC. The notions
introduced for the class NC can also be adapted to the class RNC.

The Classes P and NC. Let P be the class of all languages that can be
recognized by a deterministic Turing machine within a polynomial number of
steps. The class P remains invariant under various models of sequential
computations, and, in particular, P can be defined as the class of all problems
that can be solved on a RAM in polynomial time. The class P is universally
accepted to represent the class of all the problems that can be solved effi-
ciently on a sequential processor.

There is an intriguing relationship between the classes P and NC. On
one hand, we can see that NC C P by converting NC-algorithms into sequen-
tial algorithms in the obvious way. A fundamental problem in complexity
theory is whether or not P C NC. The popular wisdom seems to suggest that
P & NC, and hence there are problems in P that cannot be solved quickly in
parallel with a polynomial number of processors. The class of P-complete
problems, to be introduced shortly, consists of the most likely candidates of P
that are not in NC. As in the case of NP-complete problems, the notion of
reducibility is of utmost importance.

The Reducibility Notion. Let L and L, be two languages. The language L
is NC-reducible to the language L, if there exists an NC-algorithm that
transforms an arbitrary input u for L into an inputu; for L, such thatu; €
Liifandonlyifu; € Lj.

Note that the notion of reducibility is not symmetric, and that an arbi-
trary instance of L is transformed into a potentially special instance of L. The
existence of the NC transformation implies an algorithm for recognizing | given
any algorithm for recognizing L. In particular, we have the following lemma.
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Lemma 10.11: Let L.{ and L be two languages such that L is NC-reducible
toL,. Then, L, € NC - L, € NC.

Proof: Since L is NC-reducible to L;, there exists an NC-algorithm A that
transforms an arbitrary input 4y for L into an input u; for L such thatu; €
L, if and only ifu; € L,. Let u; be an arbitrary input of L. To determine
whether u; € L1, we use the following procedure. Apply A tou, and let u;
be the resulting input for L;. Since L, € NC, apply the corresponding
NC-algorithm to determine whether u; € L;. We can now immediately
decide whether or notu; € L1, sinceu; € L if and only if uy € L;. The
resulting procedure is clearly in NC. 0.

Another important fact about NC-reducibility, the proof of which is left
to Exercise 10.26, is stated in the next lemma.

Lemma 10.12: If Ly is NC-reducible to L,, and L, is NC-reducible to L3, then
Ly is NC-reducible to Ls; that is, NC-reducibility is transitive. |

The Notion of P-Completeness. We now come to the central notion of
P-completeness. A language L is P-complete if (1) L € P, and (2) every
language in P is NC-reducible to L. From this definition, we can immediately
deduce the following fact.

Lemma 10.13: Let L. be a P-complete problem. If L. € NC, then NC = P. O

Lemma 10.13 can be rephrased as follows. If P # NC, as is widely
conjectured, then no P-complete problem belongs to NC. Therefore, a
P-complete problem represents a likely candidate of P that cannot be solved
very fast on the PRAM with a polynomial number of processors.

Up to this point, however, it is not clear whether P-complete problems
exist. Next, we introduce the circuit value problem, and show that it belongs
to the class of P-complete problems.

The Circuit Value Problem (CVP). The circuit value problem (CVP) is to
determine the value of the single output of a Boolean circuit consisting of
NOT gates and two-valued AND and OR gates, for a given set of inputs.
More precisely, our circuit C is specified by a sequence C = (81,82, --. ,8n)»
where each g; is either an inputorg, = g; V gk, 0org = g N gk, 0rg =-
g,andj, k <i.

We state the CVP as follows: Given a Boolean circuit C represented by
a sequence C = (g1, &2, ... , &n), and a specified set of inputs, determine
whether the value of the circuit is equal to 1.
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We will show next that CVP is P-complete. Since this is our first
P-complete problem, the proof has to show that an arbitrary language L. € P
is NC-reducible to CVP.

Theorem 10.12: CVP is P-complete.

Proof: Given the sequence C = (g1,82, ... ,8» ) and a set of input values, the
values computed at the gates g;’s can be determined consecutively, starting
with g1 and proceeding with g2, g3, ... , g,. Hence, the output value can be
determined in O(n) sequential time, which implies that CVP is in P.

We show next that, given an arbitrary L € P, L is NC-reducible to CVP.
That is, we provide an NC-algorithm that takes an arbitrary instance I, of the
language L and maps I into an instance Icyp of CVP such that I has a yes
answer if and only if Icpp has a value 1.

Since L € P, there exists a one-tape deterministic Turing machine M
that accepts L in polynomial time 7(n), whenever the input is of size n.
Without loss of generality, we can assume that the input bits appear in n
consecutive tape cells numbered 1 to n, and all other cells are initially blank.
The tape head is initially scanning cell 1 and, after T(n) steps, the output is
written intocell 1. Let Q = {q1, ... , g5} be the set of states of M such that q;
is the initial state, and let £ = {ay, ..., an} be the tape alphabet. The
state-transition function is givenby 3: Q X £ - Q x I x {L, R}. We shall
show how to construct a Boolean circuit C such that the value of Cis 1 if and
only if M accepts L (that is, cell 1 contains 1 at time T(n)).

The circuit C will be defined by the following Boolean functions:

1. H(i, ), such that H(i, ) = 1if and only if the head scans cell i at time ¢,
forl =i < T(n)yand0 <t < T(n).

2. C(i,j,t), such that C(i,j,t) = 1if and only if cell i contains character a;
attimet,forl <i < T(n),1 <j<sand0 <1t < T(n).

3. S(k, t), such that S(k, t) = 1 if and only if the state of M is g at time
t,1<k<sand0 <t < T(n).

The circuit will consist of 7(n) levels, such that level / contains the gates
computing the functions H(i, [), C(i, j, 1), and S(k, I), forall 1 =i < T(n),1 <
j=<mandl < k < 5. Hence, the number of gates at each level is O(T(n)),
since s and m depend on only the Turing machine M. We start by specifying
H(i, 0), C(i,j, 0) and S(k, 0), which define the inputs to our circuit. We then
show how to express H(i,t + 1), C(i,j, t + 1) and S(k,¢ + 1) in terms of
H(*,1t),C(*, *, tyand S(*, 1), using the specification of the Turing machine M.
These expressions will give us a proper description of our circuit in the
required format.
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For t = 0, the tape head is scanning cell 1, the input bits are stored in
cells 1 up ton, and M is in state g1. The Boolean functions H(i, 0), C(z,j, 0) and
S(k, 0) encode these facts and provide the inputs to our circuit C as follows:

1ifi = 1;

H(@i,0) = ’
@0) 0 otherwise.

. _ | 1if cell i contains initially a;;

€5, 0) = 0 otherwise.

1ifk = 1;

k,0) = :
S(k, 0) 0 otherwise.

We now specify each of H(i,t + 1), C(i,j,t + 1) and S(k, ¢t + 1) separately.

Let Ix = {(k.)) | 8(q. @)) = (*,* R)}and I = {(k,)) | 3(qx. a)) =
(*, *, L)}. That s, I'r consists of all pairs (g, a,) that cause M to move its head
right, and I consists of all pairs that cause M to move its head left. Now,
H(i,t + 1) can be defined as follows:

H(,t + 1) = Hi ~ 1,1) > CG - 1,j,0)S(k, 1)
(k.))EIR
+ HG + 1,0) > CG + 1,j,0)S(k, 1),
(k.)EIL
where + and X indicate Boolean sums, and juxtaposition indicates Boolean
product.

It is clear that H(i, t + 1) can be expressed by a sequence of AND and
OR gates of length O(|Q||Z| = sm), which is constant. Clearly, all H(i, t)’s
can be generated in O(1) time, using O(T2(n)) processors.

We next consider C(i, j, ¢ + 1). Recall that C(i,j,¢ + 1) represents the
fact that celli contains g, at time ¢ + 1. Hence, C(i,j, ¢t + 1) = 1if either cell
i contains a, and the tape head does not scan cell i at time ¢, or the tape head
writes @, in cell i at time ¢ + 1. Hence,

Clirjt + 1) = HG,0CG,j,1) + HG, 1) D, CG,j' 1)S(k, 1).
{ky") | 3(qu.a) ) =(*a;,%)}

As in the case of H(i,t + 1), the function C(i,j, ¢ + 1) can be expressed
by a constant-length sequence of AND and OR gates. And all the functions
C(i,j, t)’s can be generated in O(1) time, using O(T? (n)) processors.

We finally consider S(k, ¢ + 1). Let I = {(k'.j) | 8(qk',a)) = (qk, *, *)}.
Then, S(k, ¢ + 1) can be expressed as follows:

Skt + 1)y = > S(k',0) AHG, 1) A CG,j, 1)

1=<1<T(n),(k'.;)EL

Hence, the function S(k, ¢ + 1) can be expressed by a sequence of AND
and OR gates of length O(T(n)). Such a sequence can be generated in
O(log n) time, using O(T?%(n)) processors.



105 Introduction to P-Completeness 539

The value of the circuit will be given by C(1, *, T(n)). From the preced-
ing description, it is clear that the sequence defining the circuit C can be
generated by an NC-algorithm, since T(n) is a polynomial in n. The output of
C is 1 if and only if M recognizes L. Since L is an arbitrary language in P, it
follows that CVP is P-complete. O

As we shall see in Section 10.5.6, CVP and several of its variations
provide a powerful tool for establishing the P-completeness of many other
problems. We shall look quickly at several variations that are needed for
Section 10.5.6.

O Monotone circuit value problem (MCVP): Given a Boolean circuit
constructed of AND and OR gates only, and a specified set of inputs
and their complements, determine whether the value of the circuit is 1.

0O NOR circuit value problem (NOR-CVP): Given a Boolean circuit C =
(g1, ,gn)suchthatg, is either an inputequalto 1 org, = = (g, \V gx) for
some j, k < 1, determine whether the output of C is equal to 1.

O Fan-out-2 monotone circuit value problem (MCVP2): We are given a
monotone Boolean circuit C = (g1, .,gn)using AND and OR gates
only such that the fan-out of each internal gate is at most 2, the fan-out
of each input is at most 1, and g, is an output OR gate. We are also given
a specified set of inputs and their complements. We then wish to deter-
mine whether the value of the output is equal to 1.

Theorem 10.13: The problems MCVFE, NOR-CVP, and MCVP2 are all
P-complete.

Proof: We prove only that MCVP is P-complete. The simple proofs for NOR-
CVP and MCVP2 are left to Exercises 10.27 and 10.28.
Clearly, MCVP s in P. In our proof of Theorem 10.12, the only place we

used negation was in deriving the expression for C(i,j, ¢t + 1). Clearly, H(j, ) =
e fsT(,,)H(l, t), since the tape head has to scan a cell at time ¢. Otherwise,
#1

the proof holds as before, and therefore MCVP is P-complete. O

10.5.6 A SAMPLE OF P-COMPLETE PROBLEMS

Now that we have shown that CVP and several of its variations are
P-complete, the task of establishing the P-completeness of additional prob-
lems is made easier by the following fact.

Lemma 10.14: Let L be a language that is known to be P-complete. If L 1s
NC-reducible to another language L' € P, then L' is also P-complete. O
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We consider the problems of ordered depth-first search, maximum
flow, and linear programming discussed earlier. We associate with them the
following decision problems.

QO Ordered depth-first search (ordered DFS): Given a directed graph G =
(V, E) specified by fixed adjacency lists and three vertices s, u and v,
determine whether vertex u is visited before vertex v in the depth-first
traversal of G starting at s.

a Maximum flow (MAXFLOW): Given a network with integer-valued
capacities and two distinguished vertices, the source s and the sink ¢,
determine whether the value of the maximum flow is odd.

O Linear inequalities (LI): Given ann X m matrix, and an #n-dimensional
vector b, all entries being integers, determine whether there exists a
rational vector x such that Ax < b.

Our next goal is to show that ordered DFS, MAXFLOW, and LI are
P-complete.

Ordered Depth-First Search.

Theorem 10.14: Ordered DFS is P-complete.

Proof: We shall show an NC-reduction from the P-complete problem NOR-
CVP to ordered DFS. Since we already know that ordered DFS is in P, such
a reduction will establish the theorem.

Let C = (g1, 82, ... , gn) be an arbitrary instance of the NOR-CVP
problem. We shall construct a directed graph G with three special verticesss,
u, and v, such that the output of C is 1 if and only if dfs(u) < dfs(v) for an
ordered DFS of G starting at s.

The graph G consists of a chain of n components G; such that G; is
associated with node g; of the circuit C. A component G; will share some
vertices with other components. There will be two possible ways to traverse a
component G; in a depth-first traversal of G corresponding to whether the
value of g; is 1 or 0. In other words, the value of g; will uniquely determine the
manner in which G; is traversed, and, conversely, a traversal of G; will
uniquely determine the value of g;.

We start with the input nodes—that is, all the g;’s whose initial values
are equal to 1 (recall that all inputs are equal to 1 in an instance of NOR-
CVP). Letg; be suchanode, and let g, gj,, ... ,g;, be the nodes of C in which
gi appears as input. The component G; is shown in Fig. 10.8. The number next
to an edge indicates the edge’s rank in the adjacency list of the corresponding
vertex. No number is indicated whenever there is only one edge emanating from
a vertex. Note that, if i = 1, then the node labeled by exit(i — 1) does not exist.
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exit(i—1)

enter (i)

e o o o

<ijp>
exit (i) 1
t(i)

FIGURE 10.8
The component G;, corresponding to an input g;, such that g; appears as input
t0 9, Gjor -+ » Gjee

Suppose now that g; is not an input node. Then, we must have g; =
=(g; V gk), for some j, k < i. As before, letgj ,gj,, --. ,gj, be the nodes that
have g; as an input. The component G; associated with g; is shown in Fig. 10.9.
A number beside an arc denotes that arc’s order in the adjacency list of its
vertex. Since j1, ... ,jk are each larger than i, the components G1, ... , Gk
will appear later in the chain, such that G, contains the vertex (i, j;) for 1 <
I < k. In addition, the vertices (j, i) and (k, i) have already appeared in the
components G; and Gy. These facts are illustrated in Fig. 10.10. The overall
structure of G is shown in Fig. 10.11. Remember that the components G;’s
share vertices, a fact that is not illustrated in the latter figure.

Lets = enter(I). We are ready to prove the following claim.

Claim: An ordered depth-first traversal of G starting at s induces a number-
ing such that, for each 1 < i < n, dfs(s(i)) < dfs(¢(i)) if and only if the value
of node g; is equal to 1.

Proof of the Claim: We prove a slightly stronger result than the one claimed.
Since our proof will use induction, we give a precise statement of the induc-
tion hypothesis.
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exit (i—1)

<k, i> s()
*————

exit (i)

FIGURE 10.9
The component G; associated with an internal node g; of the circuit, such that
gi = =(9; V g« and g; appears as input to gj,, gj,, ... , j,-

Induction Hypothesis: If the value of node g; is equal to 1, then dfs(s(i)) <
dfs(t(i)) and, on enter(i) being visited, the path taken from s(i) to ¢(¢) must be
as shown in Fig. 10.12. If the value of node g; is equal to 0, then dfs(s(i)) >
dfs(1(i)) and, on enter(i) being visited, the path taken from ¢(i) to s(i) must be
as shown in Fig. 10.13.

The base case i = 1 corresponds to the input node g;. Clearly, the
depth-first traversal of G starting at s forces dfs(s(1)) < dfs(¢(1)) and the
appropriate path to be taken (since the value of g1 is 1). Hence, the induction
hypothesis holds for the base case.

Assume that the induction hypothesis holds for all indices less than i.
Letg; = -g(g; V g«) (if g is an input node, then the proof is simple). If the
value of g; is equal to 1, then we must have g; = gx = 0. By the induction
hypothesis, we have dfs(s(j)) > dfs(t(j)), and the path taken on enter(j) being
visited follows the pattern indicated in Fig. 10.13. In particular, vertex {j, i} is
not visited during this traversal. Similarly, vertex (k, i) is not visited during the
intial traversal of G. Therefore, on entering component G;, we must take the
path indicated in Fig. 10.12. Hence, the induction hypothesis holds for this case.
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exit(i—1)

enter (i)

exit (i)

FIGURE 10.10
The component G; and its relationship to other components. The node g; is
defined by g; = =(g; V g«), and g; appears as input in gj,, ... , gj,.

If the value of g; is equal to 0, then either g; = 1 or gk = 1. Suppose
g; = 1. By the induction hypothesis, the path taken during the traversal of G;
must follow the pattern indicated in Fig. 10.12. In particular, vertex (j, i) is
visited during the initial traversal of G;. Therefore, on visiting enter(i), we
must follow the path indicated in Fig. 10.13, and the induction hypothesis
holds in this case as well. This result establishes the claim.

Let u = s(n) and v = s(n). Using the claim, g, = 1 if and only if
dfs(u) < dfs(v), and the proof of the theorem is complete, since the construc-
tion can be carried out easily by an NC-algorithm. O

The Maximum Flow Problem. Our next P-completeness result concerns
the MAXFLOW problem. Before establishing this result, we need to introduce
a well-known characterization of maximum flow in terms of augmenting paths.

Let N = (V, A) be a network with s and ¢ as the source and the sink,
respectively. The capacity of an edge (1, v) will be denoted by c(u, v). Let fbe
a flow in N. We would like to determine whether it is possible to augment the
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enter (1)| &——®0 [5(1)

exit(l)| 94— |1(])

@<l
-}

enter 2)| &—»0 |5(2)

exit 2)| 94— |1(2)

enter (n)| &——»® |s5(n)

exit (n)| o4———@ | (n)

FIGURE 10.11

The structure of the overall graph G associated with a circuit C. Various
components may share vertices. An arc inside a box may represent a path
between enter(/) and s(i).

given flow f such that we preserve the capacity constraint on each arce € A4
and the conservation constraint at each node v € V' — {s, t}. Such an aug-
mentation is possible if we can find an augmenting path defined as follows.

An augmenting path with respect to a given flow fin a network N is an
undirected path Q from s to ¢ such that each pair of successive nodesi andj on
Q must satisfy one of the following conditions:

1. (i,j) € A and f(i,j) < c(i, ); such an edge is called a forward edge.
2. (j,i) € Aandf(j,i) > 0;inthis case, the edge (i, ) is called a backward
edge.

The existence of an augmenting path with respect to the given flow f
implies that more flow can be pushed from s to ¢t while the necessary con-
straints are preserved, as illustrated by the following example.
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<Jj,i> <k 1> )

- .—>.——>>_L
<ij>

./<i'j2>

.
.

>0< Ljg>
exit(i)®

t(i)

FIGURE 10.12
The path taken on visiting enter(j), whenever g; has the value 1.

EXAMPLE 10.9:

Figure 10.14(a) shows a network N, together with the edge capacities, and a
given flow f. The notation a/b means that the edge capacity is a and the value
of the flow is b. The network N has the augmenting path (s, 4, v, w, £) whose
edges are all forward, except for (v, u), which is a backward edge. Using this
augmenting path, we can increase the value of the flow by 1 as indicated in
Fig. 10.14(b). There is no augmenting path with respect to the new flow in N,
which implies that the flow is maximum. d

We state without proof the following fundamental theorem.

Theorem 10.15: A flow fin a network N = (V, A) is maximum if and only if
there is no augmenting path with respect to f. a

Theorem 10.15 can be used as the basis of a polynomial-time sequential
algorithm to compute the maximuni flow in an arbitrary network. Refer to the
bibliographic notes for the details.

We are now ready for our next theorem.

Theorem 10.16: MAXFLOW is P-complete.

Proof: We have already observed that MAXFLOW is in P. We now describe
an NC-reduction of MCVP2 to MAXFLOW.
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s(i)

enter (i)

exit(i)®

FIGURE 10.13
The path taken on visting enter()), whenever g; has the value 0.

Let a circuit C and a specified set of inputs be an instance of MCVP2.
We shall construct a network N = (I, 4) such that the maximum flow in N is
odd if and only if the output of C is equal to 1. In addition, N can be
constructed from C by an NC-algorithm.

To make the description of N simpler, we denote the sequence defining
CbyC = (gn, ... ,80), where go is the output OR gate. The structure of the
network N will be almost identical to that of the directed acyclic graph
representing the circuit C, except for two additional vertices s and ¢ and the
arcs incident on them.

More precisely, the set V' of vertices consists of {0, 1, ... , n} U {s, 1},
where s and ¢ are the two distinguished vertices representing the source and
the sink of N, respectively. Vertex i corresponds to node g; of C, for0 < i <
n. The set A of arcs is defined as follows:

1. For each input node g; of C, we have two arcs (s, i) and (i, s) with the
following capacities: c(i, s) = 2‘ and
2ifg = 1;

cls: 1) = 0 otherwise.

Figure 10.15(a) illustrates the arcs corresponding to the two inputs g;
and g;.
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(b)

FIGURE 10.14

Network and flows for Example 10.9. (@) A network with the edge capacities
and a given flow. The notation a/b next to an arc indicates that the capacity of
the arc is a, and the flow through the arc is b. (b) The flow after the augment-
ing path (s, u, v, w, t) is used.

2. For each AND gate—say, g, = gj /\ gx—we have three arcs (j, i), (k, i)
and (i, t). Their capacities are c(j, i) = 2, c(k, i) = 2k, and c(i, f) =
2 + 2k — d2i, where d is the fan-out (< 2) of gate g;. Figure 10.15(b)
illustrates the arcs corresponding to an AND gate.

3. For each OR gate, say g, = g; V gk, we have three arcs (j, i), (k, i) and
(i, s) whose capacities are c(j, i) = 2, c(k, i) = 2¥ and c(i,s) = 2 +
2k — d2i where d is the fan-out of g;. Fig. 10.15(¢) illustrates this case.
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ﬂ 20
2! 0

(a)

Y2k g2

(b)

8,
8 81
8,
; OO
U 42k g2t

(©

FIGURE 10.15
Arcs corresponding to (a) the input nodes g, and g, (b) an AND gate, and (c)
OR gate.

4. Finally, we have the arc (0,¢) € A4 such that ¢(0,¢) = 1.

An example of a circuit and its corresponding network are shown in
Figure 10.16.

Constructing the network N = (V, A) consists essentially of replacing
each gate g, of C by at most three arcs in N. Clearly, such a construction can
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FIGURE 10.16
A circuit and its corresponding network. (a) A Boolean circuit describing an
Instance of MCVP2. (b) The network corresponding to the circuit shown in (a).
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be carried out by an NC-algorithm. The rest of the proof will be completed by
establishment of the following claim.

Claim: The maximum flowin N = (V,4)is odd if and only if the output of the
circuit C is equal to 1.

Proof of the Claim: We shall introduce a function f on the arcs of NV; later we
show that f is a maximum flow in N. The function f is defined as follows:

1. For each input node g;, let f(s, i) = c(s, i). Recall that c(s, i) = 2 or 0,
depending on whetherg; = 1 or 0. As for the arc (i, 5), set (i, 5) = f(s, i) if
gi does not appear as the input of any gate; otherwise, set f(i, s) = 0.

2. For each arc (i,j) € A such thati,j ¢ {s, t}, set f(i,j) = 2" if the value of
gi is equal to 1; otherwise, set f(i,j) = 0.

3. For each AND gateg; = g A g, setf(i, t) = c(i, t) if g; is equal to 1;
otherwise, set f(i, t) = f(j, i) + f(k,i).

4. Foreach OR gateg; = g; V gk, setf(i,s) = f(j,i) + f(k,i) — d2'ifg; is
equal to 1; otherwise, set f{(i,s) = 0. As before, d denotes the fan-out of g;.

S. Finally, set f(0, ) = 1if go is equal to 1 and 0 otherwise.

The function f defines a flow in N. The capacity constraint is obviously
satisfied for each arc in N. It is simple to verify that the conservation con-
straints are satisfied as well (Fig. 10.17 illustrates the two cases of AND and
OR gates).

The flow fwill always define a maximum flow in N. Suppose that it does
not. Then, there exists an augmenting path Q in N relative to f. The path Q
must start with a backward edge, since all arcs (s, i) are saturated and must
end with a forward arc, since there are no arcs out of . Hence, we must have
three consecutive vertices j, i and k on O such that (j, i) is a backward edge
and (i, k) is a forward edge, as shown in Fig. 10.18.

We finish the proof by showing that such a configuration cannot possibly
exit. There are three possible cases:

L. g; is an input node. Hence, j = s, which implies that f(i, s) = 0, a
contradiction.

2. giis an AND gate. Notice that (i,j) and (i, k) are two arcs coming out of
vertex i, and j # t. Hence, g; is an input to g;. The fact that f(i, j) > 0
implies that f(i, k) = c(i, k), which is impossible.

3. g; is an OR gate. The flow f is either 0 on all arcs coming out of an OR
gate g;, or the arcs coming out of g; are all saturated, except possibly for
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FIGURE 10.17
Flows corresponding to the arcs associated (a) with an AND gate with both
inputs equal to 1, and (b) with an OR gate with one input equal to 1.

the arc (i, 5s) Since &k = s and f(i, k) < c(i, k), this fact implies that
f(i,J) = 0, which contradicts the fact that (i, j) is a backward edge.

Therefore, the augmenting path O cannot exist; hence, f defines a
maximum flow in N. The parity of val( f) depends on only f(0, t), since all other
arcs into ¢ are assigned flows of even parity. It follows that the ouput of the
circuit C is equal to 1 if and only if the maximum flow of C is odd; hence,
MAXFLOW is P-complete. O
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FIGURE 10.18
Three consecutive vertices as they appear in a possible augmenting path.

Linear Inequalities. We show now that the problem of determining the
feasibility of a set of linear inequalities (the problem LI introduced earlier) is
P-complete.

Theorem 10.17: LI is P-complete.

Proof: The fact that L1 is in P follows from our discussions in Section 10.5.4.
We now show an NC-reduction of CVP to LI.

Let C = (g1, ..., gn), together with a specified set of inputs, be an
instance of CVP. With each node g; of C, we associate a variable x; and a set
of inequalities as follows:

1. Ifg; is an input node, then form the equationx; = 1 if the value of g; is
1, and form x; = 0 otherwise.

2. Ifg; is an AND gateg; = g; /\ gk, then form the inequalities

-x =<0
x,-—ijO
Xi—xx <0

X, +xp —x = 1.

3. Ifg, isan OR gate g; = g; V gk, then form the inequalities

xi<1
x,-—xiSO

xp —x; <0

Xi — X — Xk = 0.

A set of inequalities corresponding to a node g; forces x; to be 0 or 1
whenever the inputs are O or 1. Addx, < 1and —x, < — 1 tothe preceding
inequalities, where g, is the output gate. The output of the circuit is 1 if and
only if x, = 1, and hence if and only if the corresponding linear system of
inequalities has a feasible solution. Since CVP is P-complete, it follows that
LI is P-complete. O
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10.6 Summary

We established, in this chapter, several inherent limitations on PRAM algo-
rithms. As a result, several specific functions were shown to require logarith-
mic or near logarithmic number of steps under fairly general assumptions. In
particular, we saw that the simple problem of computing the Boolean OR of
n bits requires ()(log n) time on the ideal CREW PRAM, regardless of the
number of processors available, whereas it can be solved in O(1) time, using
n processors, on the common CRCW PRAM. We also saw that, on the
EREW PRAM with a relatively large number of processors, the problem of
searching a sorted list cannot be handled significantly faster than it can be
handled on a single processor. In addition, using an algebraic technique for
deriving lower bounds on bounded-depth circuits, we showed that the parity
function on n bits requires {}(log n/log log n) time on the priority CRCW
PRAM, using any polynomial number of processors. Finally, we addressed
the issue of whether there exist extremely fast parallel algorithms at a rea-
sonable cost for solving several important problems, such as maximum flow,
linear programming, and depth-first search. The NC-theory was used to
provide a strong evidence on the negative side.

The topics covered in this chapter touch on a few elements of parallel
compexity theory. Our presentation has been substantially tilted toward the
PRAM model, in the same spirit as in the rest of the book. To put things in a
better perspective, we note that three fundamental notions are closely re-
lated: parallel time, sequential space, and circuit depth. The relationships
among these measures form the basis of a beautiful theory of parallel com-
plexity. The bibliographic notes contain pointers to several references that
discuss this theory in depth. Here, we will sketch a result from this theory.

We define the class NC¥ to be the set of functions computable by a
uniform family of circuits {C,} such that the size of C,, is polynomial in # and
its depth is O(logkn), for k = 1. Similarly, we define EREW*, CREW*, and
CRCW* to be the classes of functions computable by the EREW, CREW,
CRCW PRAMs, respectively, in O(logkn) time, using a polynomial number
of processors. Then, we have the following relationship among these classes:

NCk C EREW* C CREW* C CRCWk C NCk+1,

Hence, the class NC could have been defined by NC = U= 1NCk,
which does not involve the PRAM model at all. In fact, the class NC remains
invariant under a variety of parallel models; hence, its complexity is of fun-
damental importance. Determining the exact relationships among these
classes remains a major open research goal.
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Exercises

10.1. Describe in detail how a concurrent-write instruction of a p-

10.2.

10.3.

104.

10.5.

processor priority CRCW PRAM can be implemented on a p-
processor EREW PRAM in O(log p) time.

Our simulation of the priority CRCW PRAM on the EREW PRAM
has been expressed in the time-processors framework. Consider using
the time-work framework. Given a priority CRCW algorithm running
in O(T(n)) time and using a total of W(n) operations, what are the
corresponding time and total number of operations required by the
simulating EREW PRAM?

Given a set of positive integersxy, xz, ... ,x, stored in the first n cells
of the global memory of an arbitrary CRCW PRAM, the element-
distinctness problem is to determine whether there exist { = j such
that x, = x;. Show how to solve this problem in O(1) time, using n
processors. Hint: Exploit the fact that the x,’s are positive integers.

You are given a common CRCW PRAM with p log p processors such
that each of the global locations M1, M>, ... , M,, contains a pair (j,,
a,), for 1 < i < p. Write down the algorithm to be executed by each
processor P,, such that o, will be written into location j, in O(1) time.
If several j,’s are equal, the smallest indexed o, is written into location j,.

Each processor P, of a p-processor arbitrary CRCW PRAM has a
write instruction into a certain global memory location M, ,for1 <i <
p- Write down the algorithm to be executed by each P, to simulate a
concurrent write on the priority CRCW PRAM. Assume that the mem-
ory locations Mg, My, ... , M, are special and contain 0 initially.

Exercises 10.6 through 10.8 shed light on the relative powers of the CRCW
models as a function of the number m of shared memory locations when the
number of processors is held fixed at n. A particular model is denoted by its
name, followed by the number of shared memory locations in parentheses;
priority(1) and common(m) are examples.

10.6. The 1-color minimization problem is described as follows. Given a set

of n processors P, each having a color x, € {0, 1} in its local memory,
each processor P, is supposed to compute the value a, € {0, 1} such
thata, = 1if and only if P, is the lowest-indexed processor withx, =
1. We have already seen how to solve this problem in O(1) time on the
common CRCW, when no restrictions are placed on the size of the
shared memory. Generalize this algorithm (Exercise 2.13) to show

logn )

that the 1-color minimization problem can be solved in O(W

time on common(m).
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10.8.

10.9.

10.10.

10.11.
10.12.

10.13.
10.14.

10.15.

10.16.

Exercises 555

Use Exercise 10.6 to show that common(m) can simulate one step of
priority(m) in O(log n) steps.

*Use an adversary argument to show that the 1-color minimization
t log (n+1)—1

problem introduced in Exercise 10.6 requires at leas Tog M)

on arbitrary(m).

Show how to reduce the problem of simulating the priority CRCW
PRAM on the arbitrary CRCW PRAM to integer sorting in O(log n)
time using O(n) operations.

steps

Give an example of a Boolean function of n variables that does not
have a critical input and whose computation requires {)(log n) time on
the CREW PRAM with any number of processors.

Prove Lemma 10.3.

Where did we need the exclusive-write assumption in the proof of
Lemma 10.3?

Establish the correctness of Corollary 10.3.

The purpose of this exercise is to show that the Boolean OR function
of n variables can be computed by an z#-processor CREW PRAM in
<logye1sn + O(1) steps, which is less than logn.

Letthe input bitsx,, ... ,x, bestored inM(1), ... ,M(n) of the global

memory, and let n = Fary1, where F, is the ith Fibonacci number.

Recall that the Fibonacci numbers are defined by Fy = 0, F; = 1 and

Fm+2 = Fm+1 + Fpy,form = 0. Each processor P, uses two variables

y, and ¢, which are initially set to 0. The algorithm executed by P, is the

following:

ifi + Fy < nthensety,: =y, + M(i + Fy)

if(i > Fy+1andy, = 1) thenset M(i — Fy41): = 1

a. Show that, just before step t, we havey, = x, + x,41 + -+ +
Xi+Fy-1andM@) =x, + x,41 + - + X045, -1, forl i< n

b. Deduce that the algorithm uses at most logz 187 + O(1) steps.

Consider the computation of x”, where x is an input data stored in a

location of the global memory.

a. Show that x” can be computed in one step on the ideal PRAM
model.

b. Show that ()(log n) steps are required by the standard arithmetic
CREW PRAM. Assume that each step consists of a read instruc-
tion, or a write instruction, or an arithmetic operation from {+, —,
X, +}. Hint: Show that any function computed at the kth step is of
degree < 2.

Given a string w of lengthn and a set S C {1, ... n}, the notation w(S

indicates the string w with all the bits in S flipped. A Boolean function

fon n variables is sensitive tox, on w if f(w) = f(w®). The sensitivity



556

10.17.

10.18.

10.19.
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sw(f) of fonw is the number of indices i such that fis sensitive tox; on

w. Define the sensitivity s(f) of fto be s(f) = max,, {s,(/)}. Note that,

if f has a critical input then s(f) = n.

a. Give an example of a function f that does not have a critical input
but that satisfies s(f) = Q(n).

b. Show that the time required to compute an arbitrary Boolean
function fon the ideal CREW PRAM must satisfy T = Q(log s(f)).

Let f be a Boolean function of n variables, and let S C {1, ... , n}.
Given a stringw of n bits, fis sensitive to S on wif f(w) = f(w®)), where
w(S) is the same as w with the bits in S flipped. The block sensitivity of
w, denoted by bs.(f), is the largest ¢ such that there exist disjoint sets
81,82, ... ,S,suchthat, forall 1 <i < t,fissensitive to S; on w. The
block sensitivity of fis given by bs(f) = max,, bs,(f). Show that it takes
Q(log bs(f)) time to compute f on the ideal CREW PRAM. Hint:
Define a new function f'(y1, ..., y;) where ¢t = bs(f).

Lemma 10.6 applies to the Boolean OR function with J; replaced by
the critical input /, and /; - 1 replaced by I(i). Can you use this lemma
to conclude that |L(M, )| < |L(M,t — 1)| + 2|K(P,1)|, and hence
derive a simpler proof for Theorem 10.5? Explain your answer.

a. Show that almost all Boolean functions require unbounded fan-in
circuits of size )(2"/2). Hint: Determine an upper bound on the
number of circuits with s gates.

b. Deduce that restricted CRCW PRAMs with a polynomial number
of processors require exponential time to compute almost all Bool-
ean functions.

c. What are the resources required by the ideal CRCW PRAMs?

Given a set of n bits xy, ... , x,, show that the problem of computing
the binary representation of the sum x; + -+~ + x, requires

0 22-) time on the restricted CRCW PRAM with a polynomial

number of processors.

Given two n-bit binary numbers, show that the problem of computing

the binary representation of their product requires Q( g o:’ﬁ)z n\) stepson

the restricted priority CRCW PRAM, using a polynomial number of
processors.

Consider an instance of the monotone circuit-value problem C =
(81,82 .. ,8n), Where eachg;iseitherOor1,0rg; = g;, Agi, A -+ N\
8iwyOrg =g, V&,V Vg, foriy, ..., ijp < i. Letmbe the
total number of edges in the corresponding directed acyclic graph.
Develop a common CRCW algorithm to compute g, in O(% + n)
time, using p processors.
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10.23. Develop a PRAM algorithm to compute the DFS numbers of the
vertices of a directed graph G = (V, E) where the graph is given by its
adjacency lists as in ordered DFS. Your algorithm must run in
O(ﬂ + |V|) time, using p processors

5 , .

10.24. Given an NC-algorithm to solve the ordered DFS decision problem,

derive an NC-algorithm to solve the ordered DFS problem.

10.25. Develop an NC-reduction from CVP to MCVP.
10.26. Prove Lemma 10.12.

10.27. Prove that the (NOR-CVP) is P-complete.

10.28. Prove that the fan-out 2 (MCVP2) is P-complete.

1029. Given an arithmetic circuit defined by a sequence AC = {ay, ... ,a,)
such that eacha; = Oor1,0ra; = a; * axora; = a; X ay for some
j,k < i,we are interested in determining whether or not the value of
gn is equal to 1. Show that this problem is P-complete.

1030. The lexicographically first maximal-clique (LFMC) problem is stated
as follows: Given an undirected graph G = (V, E) with an ordering on
the vertices and a vertex v € V, is v in the LFMC clique of G? The
graph G shown in Figure 10.19 has {v;,v,,v3} as the LFMC. Show that
LFMC is P-complete. Hint: Use MCVP.

1031. Given a finite set X with a binary operation O, an initial subset ] C X,
and an element x € X, the generability problem is to determine
whetherx is in the closure (under the operation O) of I. Show that the
generability problem is P-complete.

10.32. Given a path system P = (X, R, S, T),where S C X, T C X,andR C
X X X x X, the PATH problem is to determine whether there exists an
admissible node in S. A node x is admissible if and only if x € T or there
existy,z € Xsuch that (x,y,z) € Rand bothy and z are admissible. Show
that the PATH problem is P-complete. Hint: Use a reduction from
generability.

oSOy O
ea@"‘m

A graph whose first lexicographically maximal clique consists of the vertices vy,
Va, and V3.



558 Chapter 10 *Limitations of PRAMs

1033. * The planar circuit value problem (PCVP) is described as follows:
Given a circuit C = (g1, ... ,gn) representing a planar circuit, deter-
mine whether the output is equal to 1. Show that PCVP is P-complete.
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For the proof, see the paper by Beame and Hastad [4].
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1-color minimization problem, 554
2-3 trees, 65-70
2CNF, 258

accelerated cascading, 71-75

adjoint matrix, 427, 479

adversary argument, 187

all nearest neighbors, 302

all nearest smaller values
(ANSV), 83, 195-196

all pairs shortest paths, 246, 250-252

altitude, 163

AND Boolean function, 37

see also OR Boolean function

antipodal, 301

approximate median, 489

approximator, 524-528

augmenting path, 474, 544

back substitution algorithm, 36-37
balanced trees, 43-51
basis cycle, 228
Bayes’ theorem, 485
Benes networks, 200
Bernoulli trial, 438
biconnected components, 227-239, 255
binary search tree, 466, 488
binary search, 62
binomial distribution, 438-439
binomial theorem, 439
bipartite graph, 255
bitonic sequence, 174-178
bitonic sort, 178-181
block sensitivity, 556
blocks of a graph, 227-239
Boole’s inequality, 436
Boolean circuit, 513

unbounded fan-in, 513-528
Boyer-Moore algorithm, 318, 363
breadth-first search, 257
bridge, 255
broadcasting,

on the hypercube, 22-23

on the PRAM, 37

c-cover of a sequence, 156

cascading divide-and-conquer, 161-173
Cayley-Hamilton theorem, 403-404, 427
centroid of a tree, 141

characteristic polynomial, 403, 426-427
Chebyshev bound, 438

Chernoff bounds, 439

Chinese postman problem, 257

Chistov’s algorithm, 427-428
circuit value problem, 536-539
circulant matrix, 393, 424-425
Clos network, 199-200
coarsest partitioning problem, 259
coin tossing, 434-435, 436, 437
coloring,

acycle, 75-80

a pseudoforest, 87
communication complexity, 33-35
compacting, 82
comparator network, 173
comparison tree model, 185
connected components, 204-221
convex hull, 56-60, 264-272
convolution, 388-389, 424
cost of a parallel algorithm, 26, 31-32
CRCW PRAM, 15
CRCW PRAM, arbitrary, 15
CRCW PRAM, common, 15
CRCW PRAM, priority, 15
CREW PRAM, 15
critical input for a Boolean function, 503
cut vertex, 255
cycle basis, 227

data parallel algorithms, 26
Davenport-Schinzel sequence, 304
depth-first search 115, 204-205,
531-532, 540-543

descriptor of a substring, 344-346
determinant, 405, 406

of a Tutte matrix, 476-478

of an integer matrix, 479
deterministic sample, 359-360
diameter, of a convex polygon, 301

of a hypercube, 21

of a linear array, 17

of a network, 17

of a two-dimensional mesh, 19
digital search tree, 340-342
directed cycle, 76, 442-443
discrete Fourier transform, 379-386
discrete Fourier transform, inverse, 385
distribution function, 437
divide-and-conquer, 56-61
dominance counting, 291-296

ear decomposition, 240-245
open, 240

edge coloring, 256

efficiency, 4
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element distinctness problem, 554
elementary event, 435

elementary symmetric functions, 424
embedding of graphs, 38

EREW PRAM, 15

Euclidean norm, 408

Euler array, 129

Euler circuits, 108, 256

Euler partition, 256

Euler tour, 108-118

exclusive OR of cycles, 227

expected value, 437

expression evaluation, 119, 122-125
extended Euclid’s algorithm, 415-416
extremal graph theory, 188

failure function, 325, 337-339

fan-out-2 monotone circuit value problem,
539

Fast Fourier Transform (FFT) algorithm,
381-385

feasible region corresponding to linear
inequalities, 277

Fibonacci numbers, 357

Fibonacci strings, 357

fingerprint functions, 451-456

finitely generated sequence, 487

Floyd-Warshall algorithm, 258-259

fractional independent set, 441-445

fully normal hypercube algorithms, 23

generability problem, 557
generating polynomial of a sequence, 487
greatest common divisor,

integers, 313

polynomials, 415-419

hash function, perfect, 361

hashing, 451

high function, 236

Horner’s algorithm, 37, 368-369, 372
hypercube, 20-24, 38-39

ideal PRAM, 502-503
incidence matrix,

directed graphs, 246

undirected graphs, 207
independent set,

in a graph, 188

linked list, 93-96

of cycles, 227

see also fractional independent set
inorder traversal, 128, 139, 196
intersection graph, 142
intersection of half-planes, 272-277
interval graph, 142
isolating lemma of a set system, 480
iterative methods for matrix inversion, 409

kernel of a polygon, 306
Knuth-Morris-Pratt algorithm, 318, 324-327

Kruskal’s algorithm, 223
Krylov matrix, 374

Lagrange interpolation formula, 400
Las Vegas algorithms, 440
LDU factorization, 369-370
leftmost prisoner problem, 498-499
level of a vertex in trees, 116
lexicographically first maximal clique, 557
line segment, 264
linear order, 61
linear processor array, 17-19
linear programming, 277-279, 540, 552
linear recurrences, 368-375
linear systems, 406
banded triangular, 370, 376-379
triangular, 375-376
linear inequalities, 540, 552
list contraction, 102-108
list ranking, 92-108
locus of a node in suffix trees, 343, 353
low function, 236
lower bounds,
CRCW PRAM, 512-529
CREW PRAM, 502-508
EREW PRAM, 508-511
majority function, 529
maximum, 188-189
merging, 189-192
parity function, 528
searching, 187-188
sorting, 192
unbounded fan-in circuits, 524-528
lower envelope, 286-291, 304
lowest common ancestor, 128-136, 142
LU factorization, 406-407

Markov inequality, 485
matching, in a graph, 474-484
in a tree, 140
perfect, 460
matrix inversion, 406, 409
matrix multiplication, 9, 15-16, 19-20, 23-24,
33-35, 247-249
Boolean, 248-249
matrix powers, 249
matrix vector multiplication, 11-12, 17-19
matrix, lower triangular, 84-85, 375-376
matrix, tridiagonal, 422
maximum flow, 532-534, 540, 543-551
maximum, 71-74
mean value, 437
median, 181
median, approximate, 489
mergesort, 158-160
merging, 61-65, 148-157
message passing, 17
MIMD, 11
minimum spanning trees, 222-227



monotone circuit value problem, 539

Monte Carlo algorithms, 440

multilocation of a point, 285

multiple instruction multiple data (MIMD),
11

NC class, 534-535
network flow, 532-534, 543-545
network model, 16-24
networks, Benes, 200

Clos, 199-200

comparator, 173
Newton’s identities, 426
Newton’s iteration, 411-412, 425
NOR circuit value problem, 539
normal hypercube algorithms, 23
number of descendants, 118

oblivious algorithm, 174
odd-even merge, 181, 198
optimal parallel algorithm, 32
OR Boolean function, 507
see also AND Boolean function
ordered depth-first search, 531-532, 540-543

P-completeness, 529-552

parallel complexity of a dag, 9

parallel computation thesis, 558

parallel prefix, 53-55, 99

parallel random access machine (PRAM),
11-16

parallel search of a sorted list, 146-148

pardo statement, 27

parentheses matching, 141, 196

parity function, 526-528

partitioning, 61-65

PATH problem, 557

pattern analysis, 319, 327-339

pattern matching, 450-459

perfect hash function, 361

period of a string, 312-315

periodicity lemma, 313

pipelined merge sort, 161-172

pipelining, 65-70, 161-172

planar circuit value problem, 558

planar graph, 305

planar subdivision, 305, 447

point location, 445-450
triangulated, 446

plane sweep tree, 280-283

plane sweeping, 279-285

pointer jumping, 52-56

polygon, 265

polygonal chain, 265

polynomial division, 394-397

polynomial evaluation, 368-369, 372, 386,
397-400

polynomial greatest common divisor,
415-419

polynomial identities, 460-464
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polynomial interpolation, 386, 400-402
polynomial multiplication, 386-388
postorder traversal, 115-116
PRAM, 11-16

arbitrary CRCW, 15

arithmetic, 368

common CRCW, 15

comparison, 186-187

CRCW, 15

CREW, 15

EREW, 15

ideal, 502-503

priority CRCW, 15

randomized, 440

restricted, 516
precedence graphs, 7-9
predecessor of an element in a sorted list,

151, 286

prefix minima, 83, 85, 133
prefix sums, 38, 44-51

segmented, 83
preorder traversal, 139, 143, 197, 232
Prim’s algorithm, 223
primitive root of unity, 385
probability distribution, 437
probability measure, 435
processor allocation, 28-31, 49-51
pseudoforest, 87, 205

QR factorization, 406, 407
quicksort, 196, 465-473

rake operation on a tree, 119

random access machine (RAM), 6

random sampling, 465

random variable, 437

randomized PRAM, 440

range minima problem, 131-136

receive statement, 16

reducibility, 535-536

reflexive transitive closure, 230

regular expressions, 360

remainder sequence, 416

repeated squaring algorithm, 36, 250

residual of an approximation to matrix
inverse, 409

restricted PRAM, 516

resultant matrix, 410

ring network, 17-19

ring, 248

RNC class, 534-535

rooting a tree, 114-115

routing, 17

ruler of a linked list, 101

running time of a sequential algorithm, 6

sample of a sorted sequence, 161
sample sort, 470-473

sample space, 435

schedule of a dag, 8-9
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selection, 181-184, 197-198
semicircle property, 302
send statement, 16
sensitvity of a Boolean function, 555-556
shared memory model, 9-16
shortest paths, 246, 250-252, 258-259
SIMD, 13
simulation,
between circuits and CRCWs, 515-523
prionty CRCW on arbitrary CRCW,
501-502
priority CRCW on common CRCW,
498-501
priornity CRCW on EREW, 496-498
single nstruction multiple data
(SIMD), 13
Sollin’s algorithm, 223-227
sorting, 157-173, 196-199
bitonic, 174-181
mtegers, 79
mergesort, 158-160
networks, 173-181
pipelined mergesort, 160-173
randomized, 464-473
sparse graphs, 213
speedup, 3
standard deviation, 437
Stirling’s formula, 439
string editing, 360-361
string matching with k
differences, 362-363
string matching, 318-339, 456-457
multipattern, 363
on-line, 352-355
string,
pertodic, 313
prefix, 312
suffix, 312
strong orientation, 257
strongly connected components, 257-258
subdivision hierarchy, 447-450
subject of a linked list, 101
substring identifier, 339, 355
suffix tree, 339-352
suffix-minima, 82, 84, 132
suffix-prefix string matching, 362
sum, hypercube, 22
PRAM, 13-14, 27-31
supervertex, 208
supporting line, 265
switching network, 199

Sylvester matrix, 410-411
symmetry breaking, 75-80
randomized, 442-443
systolic algorithms, 19-20

tail of binomial distribution, 439
tangent, 265
upper common, 267
text analys:s for string matching, 319-327
Toeplitz matrix, 389-393, 413-415
topological sorting, 259
total order, 61
tour, 258
trace of a matrix, 405
trail 1n a graph, 256
transitive closure, 246, 249-250
tree computations, 114-118, 126-128
tree contraction, 118-128
tree 1somorphism, 142
trees,
centroid, 141
morder traversal, 128, 139, 196
level, 116
number of descendants, 118
postorder traversal, 115-116
rooting, 114-115
trie, 340
Turan’s theorem, 188
Tutte matrix, 475
Tutte theorem, 477-478
two-dimensional array matching, 457-459

uniform probability distribution, 435-436
unique cross-over property, 175

Vandermonde matrix, 410, 428
varnance, 437

verification of matrix products, 463-464
vertex cover, 140

visibility polygon, 285-286

visible, 285

Waksman’s permutation network, 199
walk 1n a graph, 258

witness array, 315-317, 327-337
witness function, 315

work, 27, 31-32

work-time (WT) optimal, 32
work-time framework, 27-32

WT scheduling principle, 28

zero counting problem, 509
zero-one principle, 198
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