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Preface
This book is an outgrowth of my research in the broad field of fracture mechanics over a period of

twenty years, the past fifteen years of which I have spent focusing on a subbranch of the disci-

pline—that is, fracture mechanics of concrete. My late decision to focus on this field of study

was motivated by two factors, namely, a surging demand for crack analysis in structural concrete

and a keen personal interest in the subject. Compared with other mature engineering disciplines,

fracture mechanics of concrete is still a developing field that is wonderfully rich in scope and

diversity and full of challenging issues to be studied.

In recent years a wide range of models and applications have been proposed for crack analysis,

and an impressive array of useful information has been accumulated. As a result, the theoretical

basis of the discipline has been strengthened; a number of fundamental issues solved; and the

range of applications widened. As the subject is approaching its early stage of maturity, it is

imperative for students to learn the fundamental theoretical advances that have been made, and

engineers need to familiarize themselves with newly developed numerical solution techniques.

I have written this book to summarize the recent theoretical advances in the computational

fracture mechanics of concrete, especially regarding the discrete approach to multiple-crack anal-

ysis and mixed-mode fracture. The extension of the Fictitious Crack Model (FCM) to address

these problems has greatly expanded the range of crack analysis in structural concrete. The book

begins with a brief introduction to the fundamental theories of linear elastic fracture mechanics

and nonlinear fracture mechanics of concrete. Then, after addressing the issue of stress singularity

in numerical modeling and introducing some basic modeling techniques, the Extended Fictitious

Crack Model (EFCM) for multiple-crack analysis is explained with numerical application exam-

ples. This theoretical model is then used to study two important issues in fracture mechanics:

(1) crack interaction and localization and (2) failure modes and maximum loads. The EFCM is

subsequently reformulated to include the shear transfer mechanism on crack surfaces and the

method is used to study experimental problems. Following these theoretical developments, an

application example in tunnel engineering is discussed, which shows how the EFCM can be built

into a pseudoshell model for crack analysis of tunnel linings that takes the earth–tunnel interaction

into account. Because the book is written both for students and practicing engineers, an effort has

been made to present a balanced mixture of theory, experiment, and application.

The companion website for the book contains the source code of two computer programs devel-

oped by the author’s team, with which the numerical solutions of numerous sample problems

discussed can be verified. The purpose of publishing these programs is threefold. First, students

can use them to resolve some of the sample problems as exercises to gain a more in-depth under-

standing of the subject. Second, practicing engineers can use them to solve real engineering

problems as this book fully demonstrates. Third, research scientists can use or modify them for

specific research purposes. Although great effort has been made to verify the programs, the user

must be solely responsible for their performance in practice.
xiii
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CHAPTER
Introduction
 1
1.1 AIMS OF THE BOOK
As research scientists and practicing engineers working in the field of structural engineering and

whose responsibilities are almost exclusively confined to analyzing cracked concrete structures

for the safety evaluation and renovation design of today’s aging infrastructure, we have been

studying cracks in various concrete structures through crack analysis for more than a decade.

The structures that we have frequently encountered for crack diagnosis include tunnels, dams,

bridges, sewage pipes, and so forth, and we need to clarify the various mechanisms by which

cracks occur and evaluate the damaging effects that these cracks inflict on these structures. Crack

analysis is indispensable in answering these questions, and it is a fascinating field of study in

structural concrete. The peculiar nonlinearity that occurs in the fracture process zone (FPZ) ahead

of an open crack makes the theory distinctly different from the whole range of problems in clas-

sical continuum mechanics. In addition, the frequent encounter of multiple cracks and mixed-

mode fracture in real situation problems that require creative approaches highlights the challeng-

ing feature of our work, which compels one to advance fracture mechanics of concrete further and

to expand its applications wider.

Let us be specific. In Photo 1.1 a large longitudinal crack is shown in the right portion of the

arch of an aging highway tunnel. Field surveys showed that the crack-mouth-opening displace-

ment (CMOD) had reached a maximum width of 7 mm, and circumstantial evidence also sug-

gested the existence of another crack in the left portion of the arch from the outer surface of

the tunnel lining. Field investigations found that a narrow fault (50 cm in thickness) composed

of class D rock mass ran through the tunnel cross section from upper right to lower left direction.

A loosening zone with a depth of more than 3 m composed mainly of class CL rock mass was

found along the fault. A schematic illustration of the situation is shown in Figure 1.1. Our task

may be simple to express, but it is difficult to solve—that is, to determine, through crack analysis,

the pressure loads exerted on the tunnel lining by the loosening zone. This information could pro-

vide the much needed design load for remedial works to be carried out on the tunnel linings to

stabilize the crack and ensure the safety of the tunnel.

Now we have a crack analysis problem with two discrete cracks, stemming from an actual

engineering situation. Let us specify our solution strategy. First, crack analysis will be carried

out using a pseudoshell model to determine the cross-sectional deformation of the tunnel lining

1
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CMOD = 7 mm 

PHOTO 1.1 A highway tunnel with a large longitudinal crack in the right arch area.

2 CHAPTER 1 Introduction
as the CMOD of the inner lining crack reaches 7 mm under the earth pressures. Next, assuming

a simple elastic loosening zone model and that the ground deformation of the loosening zone

is equivalent to the cross-sectional deformation of the tunnel lining at the crack, then the depth

of the loosening zone can be determined through iterative computations. Once the size of the

loosening zone is known, the pressure loads acting on the tunnel lining can be calculated from

its gravity loads. The flow chart for this numerical computation is shown in Figure 1.2.

Before starting this numerical analysis, we must choose a numerical method for modeling

cracks. In fracture mechanics of concrete, there are two generally accepted computational theories

used in the finite element method (FEM) analysis to represent cracking in structural concrete: the

smeared crack approach (Rashid, 1968) and the discrete crack approach (Ngo and Scordelis,

1967; Nilson, 1967; Nilson, 1968; Hillerborg et al., 1976). The smeared crack approach treats

the cracked solid as a continuum and represents cracks by changing the constitutive relations of

the finite elements. The wisdom of this approach lies in its full exploitation of the fundamental

concepts of the FEM, which can be summarized as (1) subdivide a problem into elements,

(2) analyze this problem through these elements, and (3) reassemble these elements into the whole

to obtain the solution to the original problem.

In some sense, the smeared crack approach may be considered as a straightforward way to

express cracks with the FEM, because the stress-strain relations of the elements can be easily

altered to reflect the effects of cracking, which is a very convenient feature not only for static

crack analysis but also for dynamic crack analysis, such as simulations of dynamic crack propa-

gation during earthquakes. A different modeling concept is adopted in the discrete crack

approach, in which a crack is treated as a geometric entity and the FPZ forms a part of the bound-

ary condition, including the geometric shapes and cohesive forces acting on the crack surface.

From a macroscopic-material point of view, this is the most accurate physical model to study

cracks because the approach reflects most closely the physical reality of the cracked concrete.
www.EngineeringEbooksPdf.com
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IGURE 1.1 Schematic cross section of a highway tunnel with large, open cracks based on the results of detailed field investigations.
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Calculate the lining deformation
based on crack analysis

Calculate the ground deformation
of the loosening zone

Evaluate the pressure loads

Check if Δ1 = Δ2
No
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Set the crack paths

Perform crack analysis

Calculate the lining deformation
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Perform linear elastic analysis

Calculate the ground
deformation Δ2 

FIGURE 1.2 Evaluation of the pressure loads based on a crack analysis of the tunnel lining.

4 CHAPTER 1 Introduction
It seems that these two modeling concepts emerged naturally in the 1960s through the great

efforts of engineers attempting to analyze concrete structures using the FEM, following the advent

of computers in the 1940s and the subsequent rapid development of the FEM in the 1950s. Due to

its continuum assumption for cracked concrete materials, the smeared crack approach is compu-

tationally much more convenient than the discrete crack approach.

The method has been widely accepted in practice as one of the most effective means for crack

analysis in concrete structures to predict general structural behaviors. However, the limitations of

this approach are just as obvious as its merits. In principle, the approach can only predict cracking

behavior approximately, and the continuum assumption makes it impossible to obtain any specific

information related to the crack-opening displacement (COD) of any individual crack. Therefore,

the smeared crack approach is unfit for our present task. On the other hand, the modeling concept

of the discrete crack approach makes it possible to analyze cracking behavior in a concrete structure

as physically accurately as possible, including the crack path and the CMOD. For this reason, the dis-

crete crack approach, which is the focus of this book, will be chosen to solve our present problem.

Over the years, various other analytical concepts and modeling techniques have also been pro-

posed for specific research purposes, such as the microplane theory by Bazant and Ozbolt (1990),

the particle model by Bazant et al. (1990), and the lattice model by van Mier (1997), to name but a

few, reflecting the complex and diverse mechanisms of various fracture phenomena in concrete

structures. In practice, applications of these models are limited due to the various unique material
www.EngineeringEbooksPdf.com



1.1 Aims of the Book 5
assumptions they adopt. It is unrealistic to cover such diverse topics for crack analysis in this book,

and references for some of these works can be found in the ACI 446 report (1997).

Next, the specific features of a numerical model based on the discrete crack approach should

be discussed. Earlier attempts in simulating crack propagation in concrete did not include the ten-

sion-softening phenomenon in the FPZ, and both of those terms (i.e., the tension-softening and the

FPZ) were unknown concepts then. These two ideas were first proposed by Hillerborg, Modeer

and Petersson in 1976 as both the physical realities in cracked concrete and important constitutive

details of a numerical model for studying crack formation and crack growth in concrete, based on

the experimental evidence of tension tests. As is now known, the FPZ and the tension-softening

relation have become the fundamental concepts of fracture mechanics of concrete. In some

respects, the fictitious crack model (FCM) proposed in their pioneering work may be considered

as an application of two important mathematical models for crack tip modeling, proposed by

Barenblatt (1959, 1962) for brittle fracture and by Dugdale (1960) for plastic yielding in steel,

respectively. Figure 1.3 illustrates the terminology and concepts associated with the FCM.
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FIGURE 1.3 The fictitious crack model: (a) a crack in concrete, (b) a fictious crack, and (c) tension-softening

relation (Hillerborg et al., 1976).
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6 CHAPTER 1 Introduction
This model assumes that the FPZ is long and infinitesimally narrow, which “in reality corresponds

to a microcracked zone with some remaining ligaments for stress transfer” (Hillerborg et al.,

1976). The FCM is now widely accepted as one of the simplest and most accurate nonlinear

discrete fracture mechanics models applicable to fracture of concrete structures.

Carrying out a crack analysis using the FCM is not a simple task. At any given load level, a

solution is sought not only for the stress and strain fields but also for the geometric shapes and

cohesive forces of the fictitious crack, which itself forms a part of the boundary condition. In gen-

eral, this constitutes a nonlinear problem with unknown boundaries. Quoting from the important

work by Barenblatt (1962):

In the theory of cracks one must determine from the condition of equilibrium not only the dis-

tribution of stresses and strains but also the boundary of the region, in which the solution of

the equilibrium equations is constructed. . . . Likewise, the basic problem in the theory of equi-

librium cracks is the determination of the surfaces of cracks when a given load is applied.

For certain types of problems with unknown boundaries, closed-form solutions may exist.

The Dugdale model presents a closed-form solution for the extent of plastic yielding under exter-

nal load. The original problem of yielding at the end of a slit in a sheet was simplified as an infi-

nite plate under uniform tension in the direction perpendicular to an internal cut of total length 2a.
Yielding occurs over the unknown length r measured from the end of the cut, as shown in

Figure 1.4. With the known constant stress distribution along the plastic zone, a solution is

obtained by imposing the finite stress requirement at the end of the crack (x ¼ a þ r):

r ¼ a sec
ps
2sys

� �
� 1

� �
(1.1)

where s is the tensile stress at infinity, and sys is the yield stress. For crack problems defined by

the FCM with a nonlinear tension-softening relation along the FPZ, analytical solutions are

unavailable. Such problems must be solved numerically.
y

x

a

s

sys

s

r a r

FIGURE 1.4 The Dugdale model.
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1.1 Aims of the Book 7
In their pioneering work, Hillerborg and his coworkers not only established the basic concepts

of the FPZ and the tension-softening relation but also specified a numerical analysis procedure for

predicting crack propagation in a plain concrete beam with a single crack. To explain their solu-

tion strategy, the original problem is shown in Figure 1.5, which was a simple beam subjected to

pure bending moment M. In their study, only one crack was allowed to propagate from the mid-

span, so only one-half of the beam needs to be analyzed due to symmetry. Let us assume that the

moment M ¼ M0 produces s31 ¼ ft, where s31 is the normal tensile stress at node 31, and ft is the
tensile strength of concrete. This indicates that M0 is the crack initiation moment. As a result, the
(a)

(b)

(c)

HM M

43
42
41
40
39
38
37
36
35
34
33

M

0
0

Crack depth

Node point

M0

M1

M2

Mmax

31 32 33 34

F32
F31

32
31

FIGURE 1.5 Hillerborg’s original problem with FCM: (a) beam in pure bending, (b) finite element mesh of the

beam, and (c) moment-crack depth curve (after Hillerborg et al., 1976).
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8 CHAPTER 1 Introduction
hinge support at node 31 is removed, and a cohesive force F31, determined from the normal stress

versus COD curve—that is, the tension-softening relation—is applied against the crack opening at

the same node, as shown in Figure 1.5b. At this point, the previous boundary condition has been

changed partially to accommodate the crack propagation. Then, the next step of the analysis is

carried out with the crack tip now at node 32, and the beam is subjected to a new load region of

the moment force M and the cohesive force F31. After the moment M1, which leads to s32 ¼ ft at
node 32, is determined, the hinge support at node 32 is removed and another cohesive force, F32,

is introduced. With increasing M, the values of F31 and F32 may change due to the increase of the

COD at each node. Proceeding with similar calculations by changing the moment and the cohesive

forces, the crack propagation in the beam can be predicted. The relation between the applied moment

and the crack length is shown in Figure 1.5c.

Based on the preceding discussion, the computational procedure can be summarized as follows:

1. Prescribe a new crack path, which forms a part of the new geometric boundary condition.

2. Apply the cohesive forces on the crack surface, which are determined based on the

tension-softening relation and become a part of the load region.

3. Carry out the stress analysis with the new boundary condition as defined in steps 1 and 2.

4. Repeat the first three steps until structural failure.

In the step-by-step numerical analysis, the direction of the next-step crack propagation is deter-

mined based on the results of stress analysis at the present load step. The crack propagates in

the direction normal to the maximum principal tensile stress at the tip of the crack.

For a prescribed incremental crack growth, the distribution of the cohesive stresses at the fic-

titious crack can be determined based on a method that is now known as the influence function

approach. Influence coefficients are used in the superposition of FEM solutions to establish the

governing equations for crack propagation. Details of the influence function method will be dis-

cussed later in the book. Once all of the unknown boundary conditions are clarified, the original

problem is reduced to an ordinary boundary value problem, and its stress solution can be obtained

easily. Based on the newly obtained stresses, the next incremental extension of the crack is pre-

scribed, and a new round of computation proceeds.

As an illustrative example, the computational procedure of the FCM is applied to numerically

obtain the relations between the extent of plastic yielding and the applied load in Eq. (1.1). Due to

symmetry, only one-quarter of the problem in Figure 1.4 is analyzed. As shown in Figure 1.6a, the

plastic zone (crack path) is set along the cut, and yielding (crack propagation) takes place when

the tensile stress at the tip of the cut reaches the yield stress sys. One may assume s(0) as the yield
initiation load leading to sy

(1) ¼ sys, where sy
(1) is the normal tensile stress at node 1. Conse-

quently, a yield force F1 is applied at node 1, which tends to close the crack, as shown in

Figure 1.6. The yield force F1 is determined based on sys and the area apportioned to node 1.

With the tip of the plastic zone moving to node 2, the next step of the analysis is carried out under

a new load region of s and F1. After the determination of s(1), which produces sy
(2) ¼ sys at

node 2, another yield force, F2, is introduced at node 2. It is noted that the values of F1 and F2

remain constant as the COD at each node increases with increasing load. Repeating similar calcu-

lations by changing the applied load and adding a yield force at the tip of the enlarging plastic

zone, the relation between the applied tensile stress and the size of the plastic zone can be

obtained, as shown in Figure 1.6b.
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FIGURE 1.6 Numerical analysis of Dugdale’s tensile tests on steel panels: (a) FE model for Dugdale’s tensile

tests of steel panels and (b) relation between load and plastic zone length.
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10 CHAPTER 1 Introduction
In establishing the FCM, Hillerborg et al. made these two important assertions:

1. The FCM could be applied to multiple-crack problems.

2. The FCM could be applied to mode-II and mode-III shear-type fracture.

It became clear later that neither of these assertions could be achieved by a straightforward exten-

sion of the FCM. First, a multiple-crack problem is very different from a single-crack problem in

several respects. In a multiple-crack situation, every crack has three possibilities of reaction when

subjected to external loads, including crack propagation, crack arrest, and crack closure. This

leads to multiple modes of crack propagation that have to be considered in a numerical analysis.

On the other hand, when only a single crack is involved, such as in Hillerborg’s beam problem

or in Dugdale’s plate problem, the mode of reaction for the crack is clear according to the Griffith

energy theory (1921, 1924), which states that a crack will propagate if the energy released upon

its growth is sufficient to provide all the energy that is required for its propagation. While this sin-

gle mode of crack propagation greatly simplifies the software logistics for solving a single-crack

problem, new solution strategies have to be found for selecting the true cracking behavior from

among the many possibilities when multiple cracks are encountered. Second, to extend the

FCM to pure mode-II or mode-III fracture seems unrealistic, since the existence of shear-type

fracture in reality is questionable (Bazant and Gambarova, 1980).

It is widely known that most of the practical fracture problems are of a mixed-mode nature,

including both the opening mode and the shear modes. To combine mode II or mode III with

mode I to form a mixed-mode crack based on the FCM, a shear-lag phenomenon in which shear

transfer is delayed in the initial stage of crack propagation must be taken into account because the

slip (causing frictional forces as shear) on the crack surface can occur only after some finite open-

ing has already been achieved (Bazant and Gambarova, 1980). Facing these challenges, the aims

of this book are threefold: to extend the FCM to multiple-crack problems, to extend the FCM to

mixed-mode fracture, and to apply these newly developed computational theories to solve several

important theoretical and engineering problems.

Finally, let us proceed with our analysis of the cracked tunnel-lining problem. From a structural

point of view, a tunnel lining containing through-thickness cracks, as shown in Photo 1.1 (cracks of

this scale in a tunnel lining usually penetrate the whole depth of the wall), can hardly be considered

as structurally stable without the interactive support by the surrounding rock mass. In the present

study, this interaction is simply replaced by a pseudoshell, which supports the tunnel lining by rig-

idly connecting to it. (Details of the pseudoshell model will be discussed in Chapter 8.)

Figure 1.7 presents the FE mesh of the tunnel lining and a pseudoshell with an elastic modulus

equivalent to that of steel. As seen, two small notches were introduced into the tunnel lining at the

locations of the cracks: one from the inside of the lining in the right arch and one from the outside

of the lining in the left arch. In the vicinity of the outer notch, the connections of the tunnel lining

and the pseudoshell were removed to allow a crack to extend from there. To simulate the pressure

loads due to the loosening zone, a dummy load was applied to the pseudoshell, as shown in

Figure 1.7. A numerical analysis was carried out by gradually increasing the dummy load to prop-

agate the cracks until the CMOD of the inner crack reached 7 mm. The results of the crack anal-

ysis are shown in Figure 1.8. As seen, the two cracks were indeed through-thickness cracks. The

cross-sectional deformation of the tunnel lining at the inner crack was obtained as 28.3 mm when

the CMOD reached 7 mm.
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12 CHAPTER 1 Introduction
Next, to estimate the earth pressures, a loosening zone model was assumed with an unknown

depth h, as shown in Figure 1.9a. Under the gravity load a loosening zone deforms. Figure 1.9b

presents the FE mesh of the assumed loosening zone. Based on linear elastic analysis, it was

found that a loosening zone with a depth of 9 m—nearly equivalent to the tunnel diameter—

was required to cause the ground deformation equivalent to the cross-sectional deformation

obtained by the crack analysis. The obtained size of the loosening zone was in good agreement

with the results of detailed field investigations. A loosening zone with a depth of 9 m exerted a

pressure load of 210 kN/m2 on the tunnel, as shown in Figure 1.9c. Assuming a safety factor of 2,

a design load of 450 kN/m2 was recommended for remedial work on this tunnel.
1.2 MULTIPLE-CRACK PROBLEMS
In practice, it is rare, if ever, to encounter a crack problem in which only a single crack is involved.

Many engineering problems with multiple cracks are simplified as single-crack problems mainly

because of the lack of effective means to solve the original problem and sometimes due to the desire

for a quick and simple solution based on the safe design consideration. In general, single-crack pro-

blems are confined to laboratory test conditions, and these tests are often conducted on plain concrete

beams to obtain fracture parameters such as the mode-I fracture energy GF, to verify new computa-

tional theories or to study certain fracture behavior under specific load conditions, and so on.

The Griffith energy theory (1921, 1924) is the basis for understanding fracture phenomena, as it

effectually interprets crack propagation as an inevitable process of energy transfer between the

strain energy of an elastic body in the equilibrium states and the fracture energy required for
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1.2 Multiple-Crack Problems 13
creating a new crack surface so as to achieve a state of minimum potential energy for the body at a

given load level. To propagate a crack, the load level has to be raised to deform the body until the

strain energy stored in the body is sufficient to supply the required fracture energy as the tip stress of

the crack reaches a critical stress criterion (such as the maximum principal stress criterion).

Griffith established his energy theory while studying glass, and he therefore assumed that for

brittle materials, the fracture energy was composed of the surface energy that was required for

creating new crack surfaces. It is now known that for concrete, an FPZ exists at the tip of an open

crack, which is a transient zone between the open crack and the undamaged continuous material

outside the FPZ (see Figure 1.3a and b). In the FCM the inelastic material behavior of the FPZ is

simplified as and represented by a normal stress versus COD curve—that is, the tension-softening

relation (see Figure 1.3c). During crack propagation, the resistance of the cohesive stresses of the

fictitious crack against crack opening has to be overcome, and the energy consumed in this pro-

cess is the fracture energy required for creating a new crack surface.

The Griffith theory explains why crack propagation is inevitable when an elastic body is subjected

to an increasing tension load. For a single-crack problem this means that the crack must be an active

crack. Hence, in a numerical analysis using the FCM, the future crack path that will form a part of the

new boundary condition for the next-step crack analysis can be determined without any ambiguity. In

a multiple-crack situation, every crack possesses three possibilities of motion—including crack prop-

agation, crack arrest, and crack closure—and combinations of these modes among all the cracks

involved will lead to a great number of possibilities for the next-step crack path prediction.

Consider a two-crack problem as an example. Figure 1.10 shows an infinite plate of unit thick-

ness with two arbitrarily positioned interacting cracks, with the lengths of the cracks A1 and A2,

respectively. The plate is stressed to allow crack propagation. Figure 1.10a illustrates all of the

five possible crack patterns or cracking modes, such as the single-crack propagation modes in

Cases 1 and 2, the simultaneous-crack propagation pattern in Case 3, and the crack propagation

accompanied by crack closure scenarios in Cases 4 and 5. Since material damage due to fracture

is irreversible, the closure of a crack here simply means the closing of the crack surfaces under

local compressive stresses, without reversing the damaged material properties. The load-displace-

ment relations are given in Figure 1.10b for the fixed-end condition. Before the crack growth, the

elastic energy contained in the plate is represented by the area OAB. After the crack extension,

the load will drop to C under the fixed-end condition, and the stiffness of the plate will decrease

to the line OC. The new elastic energy content is given by the area OCB.

According to the Griffith energy theory, the elastic energy release represented by the area OAC

is consumed as the fracture energy to create a new crack surface DA1 or DA2, or both. Although the

Griffith theory ensures that crack propagation will take place in one of the five possible cracking

modes shown in Figure 1.10a, it cannot specify which one. As a result, the softened stiffness repre-

sented by line OC in Figure 1.10b can be caused by any one of them, whereas, according to Bare-

nblatt (1962), “cracks, whose surface also constitutes a part of the body boundary, can expand a

good deal even with a small increase of the load to which the body is subjected.”

Since with each cracking mode a new boundary value problem forms, it is obvious that the crack

analysis of a multiple-crack problemmust involve multiple solutions. As will be explained in Chap-

ter 4, a final solution can be obtained by eliminating unrealistic cracking behaviors that would lead to

only invalid solutions and by identifying the true cracking mode from the other feasible cracking

modes based on a minimum load criterion (Shi et al., 2001). These solution concepts are the basis

of the extended fictitious crack model (EFCM) that will be discussed in Chapter 4.
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14 CHAPTER 1 Introduction
One might think the solution procedures just described are unnecessary, since all the informa-

tion on crack propagation seems to be contained in the strain and stress fields or, more precisely,

in the tip stresses of the existing cracks or notches obtained by linear elastic analysis. Based on

this conjecture, the tip stress at each existing crack or notch is checked, and if the tensile strength

of concrete is reached at a certain point, a crack is deemed to propagate from there. This solution

concept is questionable for solving multiple-crack problems.
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1.2 Multiple-Crack Problems 15
To begin with, the whole theory of linear elasticity is built on the small deformation assump-

tion, which permits the boundary conditions at the surface of the unstrained body to be satisfied

because any deformation occurring to the original geometric shapes is stipulated as small and neg-

ligible. However, crack extension will cause distinct changes to the present boundary condition

(not only the change of the geometric shapes of the body due to the newly created crack surfaces

but also the change of the force boundary condition because cohesive forces appear on these

newly created crack surfaces), and these changes will have to be taken into account to form

new boundary conditions under which a new stress state is to be calculated.

Obviously, the true solution to the problem is among the solutions obtained with the boundary

conditions derived from relevant cracking modes. Due to the small deformation assumption in the

linear elastic theory, the present strain-and-stress fields do not contain sufficient information on

the next-step cracking behaviors for multiple cracks, which must be supplemented from the crack-

ing mode analysis as discussed in the two-crack problem of Figure 1.10. It should be noted that in

multiple-crack problems that involve little crack interaction, it is indeed possible to identify an

active crack by just checking the tip stresses at the existing cracks or notches. This is almost

self-evident, however, because in these situations there exists effectively only one stress concen-

tration point from which a crack will extend when sufficient load is applied.

To illustrate this point, Figure 1.11 schematically shows three situations corresponding to a

single-crack case and two multiple-crack cases—one with little crack interaction and one with
(a)

(c)

(b)

FIGURE 1.11 Propagating cracks and nonpropagating cracks: (a) single-crack problem, (b) multiple-crack

problem with little crack interaction, and (c) multiple-crack problem with lots of crack interaction.
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16 CHAPTER 1 Introduction
strong crack interaction. As with most multiple-crack problems, crack interactions are the source

of some crucial fracture mechanisms for causing a variety of cracking behaviors, which can only

be predicted accurately in a numerical analysis when adequate cracking modes are taken into con-

sideration, as just discussed.

Among the many approximate methods that have been proposed for analyzing multiple-crack

problems in concrete structures, discrete modeling methods using interface elements have been

actively explored by the research community (Ingraffea et al., 1984; Ingraffea and Saouma,

1984; Ingraffea and Gerstle, 1985; Rots and Schellekens, 1990; Gerstle and Xie, 1992; Reich

et al., 1993; Cervenka, 1994; Shah et al., 1995; Xie and Gerstle, 1995; ACI 446 report, 1997).

This approach may resemble the FCM in some respects, but there are fundamental theoretical dif-

ferences between the two that are sometimes overlooked.

In this approach, the FPZ is often modeled by using zero-thickness interface elements that

are formulated with the normal and shear stresses and relative displacements across the inter-

faces as constitutive variables. Separation of the interfaces is stipulated by imposing a constitu-

tive relation between the cohesive tractions connecting the interfaces and the displacement

discontinuities across the interfaces. The obtained numerical results show discrete crack config-

urations similar to those obtained by the FCM. As with the smeared crack approach, however,

the judgment for crack propagation is based on the current stress state. The applications of the

interface elements are wide, ranging from single-crack problems to multiple-crack problems,

from static crack propagation to dynamic crack propagation. Nevertheless, one must keep in

mind the limitations of this approach in solving multiple-crack problems. Due to its incomplete

judgment on crack propagation, which may well exclude some valid cracking modes from

the solution, accurate predictions for complicated cracking behaviors may sometimes be

unachievable.
1.3 MIXED-MODE CRACK PROBLEMS
In making their assertions that the FCM may also be applied to mode-II and model-III shear-type

fracture, Hillerborg and his coworkers (1976) apparently envisioned certain types of shear transfer

rules similar to the tensile stress versus COD relations that they had proposed for the mode-I

crack, as shown in Figure 1.12. These relations, leaving their specific details aside, present

well-accepted concepts on various material damage phenomena such as yielding for metals in

Figure 1.12a, and decrease of the tensile strength of concrete due to cracking in Figure 1.12c.

This reflects the fact that a mode-I crack is a relatively clear type of fracture, probably

because its macroscopic damaging effect on the strength of the material is consistent with our

atomic view of fracture regarding the forced separation of two atoms that are bounded together

by atomic attractions. On the contrary, the shear-type fracture of both mode II and mode III is

complex, and the independent existence of these modes to mode I in structural concrete is even

questionable. Since most of the practical fracture problems are of a mixed-mode nature, involv-

ing mode I and mode II, the research community has long focused on mixed-mode fracture.

To clarify the shear transfer mechanism due to aggregate interlocking at crack surfaces in

structural concrete, pioneering experimental investigations were carried out by a great number

of researchers in the 1960s and the 1970s. Based on the experimental results obtained by Paulay
www.EngineeringEbooksPdf.com



(a)

ft

w1 w1 w1

ft ft

s s s

w
(b)

w
(c)

w

FIGURE 1.12 Examples of the tension-softening relation proposed by Hillerborg et al. (after Hillerborg et al., 1976).

1.3 Mixed-Mode Crack Problems 17
and Loeber (1974), Bazant and Gambarova (1980) conducted a thorough theoretical analysis on

the stress and displacement discontinuity relations on rough cracks and published a landmark

paper in 1980 that presented insights and guidelines for numerical modeling of mixed-mode frac-

ture. In that paper they said the following:

Thus, the first displacement on the rough crack must be normal, and the slip can occur only

after some finite opening has already been achieved. This condition must be carefully followed

in numerical calculations. . . . Continuous cracks in concrete must propagate in such a direction

that the displacement field near the crack tip be purely of Mode I (opening) type (i.e., the Mode

II field cannot exist).

These principles have proven fundamental for understanding the nature of the phenomenon as

well as for numerical modeling of the shear transfer mechanism.

Given specific tension-softening and shear transfer laws, a numerical formulation of a mixed-

mode fracture in the FCM poses no particular conceptual difficulties as compared with the

mode-I formulation (Shi, 2004). For crack propagation, the maximum principal stress criterion is

used because the mode-I condition is dominant at the tip of a mixed-mode crack, based on the pre-

ceding analysis by Bazant and Gambarova. As the tip stress reaches the tensile strength of concrete,

a mixed-mode crack propagates. It should be noted that the inclusion of shear transfer in a

numerical formulation might significantly affect cracking behavior. Within the limited studies con-

ducted by the author’s team, it seems that shear transfer on crack surfaces has its greatest influence

on the postpeak structural response and the crack path but not very much on the peak load. In gen-

eral, the postpeak load-deformation curve becomes less brittle as compared with the response curve

under the mode-I condition, reflecting the increased energy consumption in mixed-mode fracture.

Similarly, due to the existence of frictional forces on the crack surfaces, the curvature in a

mixed-mode crack path is generally more restrained or gentler than the corresponding mode-I

crack path when the shear transfer mechanism is eliminated from the crack surface. These distinc-

tive features associated with a mixed-mode crack highlight the significance of the inclusion of

shear transfer in crack analysis in order to accurately predict the cracking behaviors when a
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18 CHAPTER 1 Introduction
mixed-mode fracture problem is encountered. Furthermore, a mixed-mode formulation reveals

new potentialities for advanced material characterization. Quantities that have been difficult to

obtain or even unmeasurable in the past, such as the shear strength of concrete and the mode-II

fracture energy, may now be quantified within the framework of a mixed-mode fracture model

by combined testing and numerical simulation. These topics will be elaborated on in Chapter 7.
1.4 CRACK INTERACTION AND LOCALIZATION
Crack interactions among multiple cracks can have a strong influence on the local stress field and

crack driving force for a given crack, eventually leading to damage localization by the forced clo-

sure of some cracks or the coalescence of others. Many studies have examined the interaction

effects of multiple cracks in the fracturing process of concrete (Bazant and Wahab, 1980; Ingraffea

et al., 1984; Barpi and Valente, 1998; Bazant and Planas, 1998; Carpinteri and Monetto, 1999). In

the continuum damage models, these effects are reflected through continuum smearing of micro-

cracks in the stress-and-strain fields, which leads to a nonlocal continuum in which the stress at a

point depends also on the strains in the neighborhood of that point. This approach provides an effec-

tive means for investigating the gross effect of crack interaction on the general cracking behavior.

On the other hand, individual cracking behaviors have to be captured by using discrete mod-

eling methods that allow the interaction of multiple cracks to be studied most straightforwardly.

Using the EFCM, an explicit mathematical expression for crack interaction can be deduced based

on the classification of the stress components of the crack driving force at each crack (Shi et al.,

2004). Known as the coefficient of crack interaction, this physical term enables the interaction

effect to be quantified for each individual crack and various cracking behaviors and fracture

mechanisms to be clarified based on this quantified information.

General questions related to crack interaction may be summarized as follows:

1. In the process of crack propagation, why are some cracks active, while others are not?

2. Why is crack/damage localization inevitable?

3. Why does crack localization begin early in some cases and late in others?

4. Under what circumstances do cracks coalesce?

5. Is there any effective means for identifying the potential critical cracks from a group

of cracks in concrete structures?

Many other questions can be added to this list. Topics related to crack interaction and localization

will be discussed in Chapter 5.
1.5 FAILURE MODE AND THE MAXIMUM LOAD
In a numerical study of the load-carrying capacity of notched concrete beams, a strong dependence

of the maximum load on the failure mode was reported (Shi and Suzuki, 2004). The loading con-

ditions and notch arrangements of the simple beams in the original study are illustrated in

Figure 1.13. As shown, among the three notches introduced into the beam notches, A and B were

kept at a constant size of 10 mm, while notch C was assigned various sizes to study the relations
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FIGURE 1.13 Numerical models (dimensions in mm) of eccentric loading tests (after Shi and Suzuki, 2004).

1.5 Failure Mode and the Maximum Load 19
between the maximum loads and failure modes under eccentric loading. The obtained relations are

shown in Figure 1.14, which contains two curves. When the eccentric load was applied at notch C, a

monotonically decreasing relation between the peak load and the size of notch C was obtained, and

the dominating crack for beam failure was shown to invariably develop from notch C.

On the other hand, when the eccentric load was applied at notch A, the obtained maximum load

seemed to be unaffected by the enlargement of notch C until it reached a critical value, beyond which

the peak load decreased quickly as the size of notch C increased. It was shown that two failure modes

were involved in the latter case. Before reaching the threshold value of notch C, the dominating crack

for the beam failure originated from notch A; beyond that point it developed from notch C. As clearly

revealed by this study, the change of cracking behavior and failure mode may result in a significant

reduction of the load-carrying capacity of the simple beam. This fact may have significant implica-

tions in clarifying the fatigue mechanisms of certain engineering materials.
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20 CHAPTER 1 Introduction
In studies of metal fatigue, it has long been known that the fatigue strength of a test specimen

is not affected by introducing artificial micro holes into the specimen unless the size of these arti-

ficial defects exceeds a critical value, beyond which fatigue strength decreases significantly (Mur-

akami, 1993). In general, initial defects exist in all structural members; only the degree of

imperfection varies. Under cyclic loading, the material weakening process of a structural member

inevitably involves multiple cracking originated from some of these spatially distributed initial

imperfections. As a threshold value in terms of, for example, a critical crack length or a critical

crack density (such as the maximum number of cracks in a certain location) is approached, unex-

pected cracking behaviors may abruptly emerge and replace the previous ones, causing a sudden

degradation in material strength. Obviously, this process can repeat itself until the remaining

material strength can no longer sustain the level of stress produced by the design load, leading

to abrupt structural failure. This important topic will be explored in Chapter 6.
1.6 OUTLINE OF THIS BOOK
This book focuses on the latest developments in computational theories on multiple-crack analysis

and mixed-mode fracture in structural concrete and the application of these theories to solve

important engineering problems. Chapters 1 to 3 introduce the fundamental theories of fracture

mechanics. Chapter 1 is a general introduction, Chapter 2 covers the fundamentals of linear elastic

fracture mechanics and nonlinear fracture mechanics of concrete, and Chapter 3 examines the fic-

titious crack model and related issues in its numerical implementation.

Chapters 4 to 7 present computational theories on multiple cracks and mixed-mode fracture. Chap-

ter 4 introduces the computational theory for analyzing multiple discrete cracks of the mode-I type

(EFCM), which is then applied to study two important issues in fracture mechanics: crack interaction

and localization (Chapter 5) and failure modes and maximum loads (Chapter 6). Chapter 7 discusses

the issue of mixed-mode fracture. The FCM and the EFCM are reformulated to include the shear trans-

fer mechanism on crack surfaces, and the methods are used to study experimental problems.

Chapter 8 focuses on applications in solving real engineering problems, presenting a pseudo-

shell model that is developed from the EFCM for crack analysis of tunnel linings. This model is

used to calculate the pressure loads acting on various aging waterway tunnels of hydraulic power

plants, based on crack analysis. Chapters 9 and 10 present two crack-analysis computer programs

for multiple-crack analysis and mixed-mode crack analysis, respectively, including program

explanations and illustrative examples.
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CHAPTER

Linear Elastic and Nonlinear
Fracture Mechanics 2

The theory of the fracture mechanics of concrete, which is a branch of nonlinear fracture mechan-

ics (NLFM) with its governing law for crack propagation drawn from the inelastic material behav-

ior exhibited in an extensive fracture process zone (FPZ) ahead of an open crack, is largely

developed from the theory of linear elastic fracture mechanics (LEFM). This chapter introduces

fundamental concepts from both LEFM and NLFM of concrete that are essential to understanding

the subsequent development of the computational theories on multiple-crack analysis. In briefing

the basic theories of LEFM, the following textbooks are referenced: Elementary Engineering
Fracture Mechanics (Broek, 1986), Fundamentals of Fracture Theories (Fan, 2003), and Fracture
Mechanics—Fundamentals and Applications (Anderson, 2005).
2.1 ELASTIC CRACK-TIP FIELDS
This section introduces the elastic theories of the crack-tip stress fields.

2.1.1 Equations of Elasticity and Airy Stress Function

The equations of elasticity and the Airy stress function are derived first in the Cartesian coordi-

nates and then in the polar coordinates.

Cartesian Coordinates
Figure 2.1 illustrates stress components at an arbitrary point (x, y, z) in a deformed body in a Car-

tesian coordinate system, which are defined as sx, sy, sz, txy, txz, and tyz. The corresponding strain

components are ex, ey, ez, gxy, gxz, and gyz. For planar problems with the assumption of small dis-

placements, the strain-displacement equations are given by

ex ¼ @ux
@x

; ey ¼ @uy
@y

; gxy ¼
@ux
@y

þ @uy
@x

(2.1)

where ux and uy are the displacement components in the x and y directions, respectively. To

ensure the existence of a unique solution for the displacements, the strain components must satisfy
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the following compatibility equation, which is readily derived from the preceding three equations

by suitable differentiation of the strains and interchange of the order of differentiation, as

@2ex
@y2

þ @2ey
@x2

¼ @2gxy
@x@y

(2.2)

Assuming the absence of body forces from the problem, the equilibrium equations in the x and
y directions are obtained, respectively, as

@sx
@x

þ @txy
@y

¼ 0;
@sy
@y

þ @txy
@x

¼ 0 (2.3)

Note that when body forces are present, a solution can first be obtained in the absence of body

forces and then modified by superimposing the body forces.

The stress-strain relations for an elastic, isotropic material under the plane stress condition

are obtained as

sx ¼ E

1� n2
ex þ ney
� �

; sy ¼ E

1� n2
ey þ nex
� �

; txy ¼ E

2 1þ nð Þ gxy (2.4a)

sz ¼ txz ¼ tyz ¼ 0; ez ¼ �n
1� n

ex þ ey
� �

(2.4b)

where E and n are the modulus of elasticity and Poisson’s ratio, respectively.

The stress-strain relations under the plane strain condition are given by

sx ¼ E

1þ nð Þ 1� 2nð Þ 1� nð Þex þ ney
� �

; sy ¼ E

1þ nð Þ 1� 2nð Þ 1� nð Þey þ nex
� �

; txy ¼ E

2 1þ nð Þ gxy (2.5a)

sz ¼ n sx þ sy
� �

; ez ¼ 0; txz ¼ tyz ¼ 0 (2.5b)
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2.1 Elastic Crack-Tip Fields 25
A plane elastic problem is defined completely by a set of eight equations: the three strain-dis-

placement equations (Eqs. 2.1), the two equilibrium equations (Eqs. 2.3), and the three stress-

strain relations for either plane stress (Eqs. 2.4a) or plane strain (Eqs. 2.5a). In principle, these

eight partial differential equations in eight unknowns (i.e., the three stress components, the three

strain components, and the two displacements) could be solved to analytically determine stress-

and-strain distributions for any specific boundary-value problem. In reality, however, it is difficult

to solve directly these governing equations for a given problem, and the introduction of the fol-

lowing Airy stress function greatly simplifies solutions of planar problems. Assume the stress

components can be represented by the Airy stress function, U(x, y), such that

sx ¼ @2U

@y2
; sy ¼ @2U

@x2
; txy ¼ � @2U

@x@y
(2.6)

Substituting these definitions into Eqs. (2.3), it is immediately known that the equilibrium

equations are automatically satisfied. Transforming the compatibility condition of Eq. (2.2) in

terms of the Airy stress functions of Eqs. (2.6) with the help of the stress-strain relations (for

either plane stress or plane strain), it is found that the Airy stress function must satisfy the follow-

ing biharmonic equation in the form of

@4U

@x4
þ 2

@4U

@x2@y2
þ @4U

@y4
¼ 0 (2.7a)

or

@2

@x2
þ @2

@y2

� �
� @2

@x2
þ @2

@y2

� �
U ¼ 0 (2.7b)

where the term in parentheses is the harmonic operator ▽2. Therefore, for the two-dimensional

problem of elasticity under either the plane stress or plane strain condition, the single governing

equation in terms of the Airy stress function becomes

▽2▽2U ¼ 0 or ▽4U ¼ 0 (2.7c)

As such, the Airy stress function approach integrates all eight of the previous equations

into one biharmonic equation, and the solution of a planar problem starts with finding a suitable

function U(x, y) that satisfies Eqs. (2.7), subject to the given boundary conditions. Once U is

determined, the stresses can be computed from Eqs. (2.6) by differentiation.

Polar Coordinates
Figure 2.2 presents a two-dimensional differential element in equilibrium (assuming unit thick-

ness in the z-direction). Following the conventions in a polar coordinate system, stress, strain

and displacement components at any point (r, y) in a deformed body are defined as sr, sy, try,
er, ey, gry, ur, and uy. The strain-displacement equations are obtained as

er ¼ @ur
@r

; ey ¼ ur
r
þ 1

r

@uy
@y

; gry ¼
1

r

@ur
@y

þ @uy
@r

� uy
r

(2.8)

The compatibility equation in polar form is derived from Eqs. (2.8) and is given by
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FIGURE 2.2 Stress components on a differential element of unit depth in polar coordinates.
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@2ey
@r2

þ 1

r2
@2er
@y2

þ 2

r

@ey
@r

� 1

r

@er
@r

¼ 1

r

@2gry
@r@y

þ 1

r2
@gry
@y

(2.9)

Referring to Figure 2.2 and neglecting body forces, the equilibrium equations in the radial and

the tangential directions are obtained as

@sr
@r

þ 1

r

@try
@y

þ sr � sy
r

¼ 0 (2.10a)

1

r

@sy
@y

þ @try
@r

þ 2try
r

¼ 0 (2.10b)

Since the polar coordinate system is orthogonal, the stress-strain relations can be obtained by

substituting r and y for x and y in Eqs. (2.4a) and Eqs. (2.5a). Thus, the stress-strain relations are

given by

sr ¼ E

1� n2
er þ neyð Þ; sy ¼ E

1� n2
ey þ nerð Þ; try ¼ E

2 1þ nð Þ gry (2.11a)

sz ¼ trz ¼ tyz ¼ 0; ez ¼ �n
1� n

er þ eyð Þ (2.11b)

for plane stress, and

sr ¼ E

1þ nð Þ 1� 2nð Þ 1� nð Þer þ ney½ �; sy ¼ E

1þ nð Þ 1� 2nð Þ 1� nð Þey þ ner½ �; try ¼ E

2 1þ nð Þ gry (2.12a)

sz ¼ n sr þ syð Þ; ez ¼ 0; trz ¼ tyz ¼ 0 (2.12b)

for plane strain.

The governing equations in two dimensions have been developed in the polar forms, with a set

of eight equations obtained to determine the eight polar unknowns. Next, the Airy stress function,

U(r, y), is introduced, assuming that
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sr ¼ 1

r

@U

@r
þ 1

r2
@2U

@y2
; sy ¼ @2U

@r2
; try ¼ � @

@r

1

r

@U

@y

� �
(2.13)

It can be verified that with this choice of stress function, the equilibrium equations in polar

form, Eqs. (2.10), are satisfied identically. Substituting the stress-strain relations (for either plane

stress or plane strain) and the Airy stress functions of Eqs. (2.13) into the compatibility condition

of Eq. (2.9), the following Airy biharmonic equation is obtained:

@2

@r2
þ 1

r

@

@r
þ 1

r2
@2

@y2

� �
� @2

@r2
þ 1

r

@

@r
þ 1

r2
@2

@y2

� �
U ¼ 0 (2.14a)

Notice that the term in parentheses is the harmonic operator in polar form. Therefore,

▽2▽2U ¼ 0 or ▽4U ¼ 0 (2.14b)

2.1.2 The Williams Solution of Elastic Stress Fields at the Crack Tip

Figure 2.3 illustrates the well-known Williams approach (Williams, 1952, 1957) to an edge-crack

problem, whose solution revealed the universal nature of the r�1/2 singularity for elastic crack

problems and played an important role in the early development of LEFM. Williams first solved

the wedge problem with an arbitrary apex angle of 2a, as shown in Figure 2.3a and later extended

the solution to the case of a sharp crack by letting a ¼ �p, as shown in Figure 2.3b.

Instead of adopting a closed-form function, Williams assumed an Airy stress function in polar

coordinates in the form of the near-tip asymptotic series expansion, as

U r; yð Þ ¼
X
n

rnþ1Fn yð Þ (2.15)
x

a=p

a= −p

q x

r

y

y

0
a
a

(a) (b)

FIGURE 2.3 Williams approach to edge-crack problems: (a) a wedge of apex angle 2a with traction-free

flanks and (b) special case of a sharp crack with a ¼ �p.
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Based on Eqs. (2.13), the stresses in polar coordinates are obtained as

sr ¼
X
n

rn�1 nþ 1ð ÞFn yð Þ þ F
00
n yð Þ

h i
; sy ¼

X
n

rn�1 n nþ 1ð ÞFn yð Þ½ �; try ¼
X
n

rn�1 �nF
0
n yð Þ

h i
(2.16)

Substituting the assumed Airy stress function of Eq. (2.15) into the Airy bi-harmonic equation,

Eqs. (2.14), and requiring that Fn(y) be independent of the coordinate, r, leads to

d4Fn yð Þ
dy4

þ nþ 1ð Þ2 þ n� 1ð Þ2
h i d2Fn yð Þ

dy2
þ nþ 1ð Þ2 n� 1ð Þ2
h i

Fn yð Þ ¼ 0 (2.17a)

or in compact form as

d2

dy2
þ nþ 1ð Þ2

� 	
� d2

dy2
þ n� 1ð Þ2

� 	
Fn yð Þ ¼ 0 (2.17b)

Judging from Eqs. (2.17), Fn(y) is assumed to take the following form:

Fn yð Þ ¼ An sin nþ 1ð Þyþ Bn cos nþ 1ð Þyþ Cn sin n� 1ð Þyþ Dn cos n� 1ð Þy (2.18)

where the values of n, the constants of An, Bn, Cn, and Dn, are to be determined. The stress-free

condition on the crack surfaces requires that sy(p) ¼ sy(–p) ¼ try(p) ¼ try(–p) ¼ 0, which

implies the following boundary conditions:

Fn pð Þ ¼ Fn �pð Þ ¼ 0;F
0
n pð Þ ¼ F

0
n �pð Þ ¼ 0 (2.19)

Substituting Eq. (2.18) into Eqs. (2.19) leads to a system of simultaneous equations for the

unknown constants. To obtain meaningful solutions from the resulting homogeneous equations,

the determinants of the coefficient matrices must be equal to zero. This requires that

sin 2np ¼ 0 where n ¼ 0;� 1

2
;�1;� 3

2
;�2; . . . (2.20)

The values of n need to be further examined to eliminate invalid solutions. The strain energy

accumulated in an element of unit thickness is known as

dW / s2ijrdrdy / r2n�2rdrdy (2.21a)

Let W represent the total strain energy of a finite body encircled by the radius R. Therefore,

W /
ðR
0

r2n�1dr (2.21b)

The finiteness of the total strain energy W is guaranteed only when n satisfies the following

condition:

2n� 1 > �1 (2.21c)

Eq. (2.21c) defines the validity range of n as

n ¼ 1

2
; 1;

3

2
; 2; . . . (2.21d)
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Based on Eq. (2.18), Eqs. (2.19) and Eq. (2.21d), it is found that the four constants of An, Bn,

Cn, and Dn are interconnected through the following relations:

Bn ¼ � n� 2

nþ 2
Dn and An ¼ �Cn for n ¼ 1; 3; 5; . . . (2.22a)

Bn ¼ �Dn and An ¼ � n� 2

nþ 2
Cn for n ¼ 2; 4; 6; . . . (2.22b)

From these relations and the valid values of n, the general solution for the Airy stress function

is obtained as the series

U r; yð Þ ¼
X

n¼1;3;...

r

1þ
n

2
�
Dn

�
cos

n� 2

2
y� n� 2

nþ 2
cos

nþ 2

2
y
�
þ Cn

�
sin

n� 2

2
y� sin

nþ 2

2
y
�	

þ
X

n¼2;4;...

r

1þ
n

2
�
Dn

�
cos

n� 2

2
y� cos

nþ 2

2
y
�
þ Cn

�
sin

n� 2

2
y� n� 2

nþ 2
sin

nþ 2

2
y
�	 (2.23)

Williams split the obtained Airy stress function into its even and odd parts with respect to the

crack plane (y ¼ 0), and he derived the dominant terms of the crack-tip stress fields as

sr ¼ 1

4
ffiffi
r

p
�
5 cos

y
2
� cos

3y
2

�
Dn; sy ¼ 1

4
ffiffi
r

p
�
3 cos

y
2
þ cos

3y
2

�
Dn;

try ¼ 1

4
ffiffi
r

p
�
sin

y
2
þ sin

3y
2

�
Dn

(2.24)

for symmetric loading (opening mode), and

sr ¼ 1

4
ffiffi
r

p
�
� 5 sin

y
2
þ 3 sin

3y
2

�
Cn; sy ¼ 1

4
ffiffi
r

p
�
� 3 sin

y
2
� 3 sin

3y
2

�
Cn

try ¼ 1

4
ffiffi
r

p
�
cos

y
2
þ 3 cos

3y
2

�
Cn

(2.25)

for antisymmetric loading (in plane shear). It should be noted that the preceding equations are

derived without assuming any specific configuration for the problem, and therefore the inverse-

square-root singularity exhibited by the crack-tip stresses reveals a universal property for cracks

in isotropic elastic materials. Obviously, the constants Dn and Cn depend on the loading condition

as well as the specific configuration of the problem, including the size of the crack.

It is known that under symmetric loading, such as pure bending or pure tension, an opening-

mode crack (Mode I) develops, and under antisymmetric loading, such as in-plane shear, a

shear-mode crack (Mode II) propagates. When a crack is subjected to both symmetric and anti-

symmetric loading as in most practical cases (as the Williams solution indicates), the resulting

near-tip stress fields are given by the superposition of the stresses from Eqs. (2.24) and (2.25),

and the crack is called a mixed-mode crack (Mode I þ Mode II).
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2.1.3 The Complex Stress Function Approach to Elastic Stress Fields
at the Crack Tip

In this section, the complex stress function approach is introduced, and the method is used to

obtain the elastic stress fields at the crack tip.

The Complex Stress Function for Plane Elastic Problems
The use of complex variables in solving plane elastic problems has a solid theoretical foundation.

The following formulation is based on the work of Muskhelishvili (1953). A complex function

f(z) is defined by

f zð Þ ¼ P x; yð Þ þ iQ x; yð Þ (2.26)

where z ¼ x þ iy; P(x, y) is the real part of f(z)—that is, P(x, y) ¼ Ref (z); and Q(x, y) is the imag-

inary part of f (z)—that is, Q(x, y) ¼ Imf(z). The function f (z) is analytic if,

@P

@x
¼ @Q

@y
;
@P

@y
¼ � @Q

@x
(2.27)

These equations are called the Cauchy-Riemann conditions and are derivable based on the

assumption that f (z) is single-valued and possesses a unique derivative at every point in a given

domain. Based on Eqs. (2.27), it is immediately verifiable that the real and imaginary parts of

any analytical function are harmonic functions—that is,

▽2P ¼ @2

@x2
þ @2

@y2

� �
P ¼ 0;▽2Q ¼ @2

@x2
þ @2

@y2

� �
Q ¼ 0 (2.28)

Using the complex variable z and its conjugate, z ¼ x� iy an Airy stress function U(x, y) can
be expressed in terms of complex variables, U x; yð Þ ¼ U z; zð Þ. Based on the following facts,

@z

@x
¼ 1;

@z

@y
¼ i;

@z

@x
¼ 1;

@z

@y
¼ �i (2.29)

it can be derived that

@2U

@x2
¼ @

@z
þ @

@z

� �2

U;
@2U

@y2
¼ � @

@z
� @

@z

� �2

U;▽2U ¼ @2U

@x2
þ @2U

@y2
¼ 4

@2U

@z@z
(2.30)

This leads to

▽2▽2U ¼ 16
@4U

@z2@z2
¼ 0; i:e:;

@4U

@z2@z2
¼ 0 (2.31)

Integrating Eq. (2.31) with respect to z and z twice, respectively, leads to

U ¼ f1 zð Þ þ zf2 zð Þ þ f3 zð Þ þ zf4 zð Þ (2.32)

where f1, f2, f3, and f4 are arbitrary complex functions. Since U is a real function, f1 and f3, and f2
and f4 must be conjugate pairs having the following relations:

f3 zð Þ ¼ f1 zð Þ; f4 zð Þ ¼ f2 zð Þ (2.33)
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Eq. (2.32) is then rewritten as

U ¼ f1 zð Þ þ zf2 zð Þ þ f1 zð Þ þ z f2 zð Þ (2.34)

By introducing the transformation of

f1 zð Þ ¼ 1

2
w zð Þ; f2 zð Þ ¼ 1

2
f zð Þ (2.35)

the Airy stress function U is expressed in terms of two analytic functions of f and w, as

U ¼ 1

2
zf zð Þ þ zf zð Þ þ w zð Þ þ w zð Þ
h i

(2.36)

or in its equivalent form of

U ¼ Re zf zð Þ þ w zð Þ½ � (2.37)

Substituting Eq. (2.36) into Eqs. (2.6), the stresses are derived as

sx þ sy ¼ 2 f0 zð Þ þ f0 zð Þ
h i

(2.38a)

sy � sx þ 2itxy ¼ 2 zf00 zð Þ þ w00 zð Þ½ � ¼ 2 zf00 zð Þ þ c0 zð Þ½ � (2.38b)

where a function with a prime represents its derivative with respect to z and c zð Þ ¼ w0 zð Þ is assumed.

The stress components can be obtained by separating the real and imaginary parts of Eqs. (2.38).

The displacement components are derived from the stress-strain relations of Eqs. (2.4) and (2.5), as

E

1þ n
ux þ iuy
� � ¼ 3� n

1þ n
f zð Þ � zf0 zð Þ � c zð Þ (2.39)

for plane stress, and

E

1þ n
ux þ iuy
� � ¼ 3� 4nð Þf zð Þ � zf0 zð Þ � c zð Þ (2.40)

for plane strain.

The Central Crack Problem
A crack in an infinite plate under tension is illustrated in Figure 2.4. The following complex func-

tions, f and c, are obtained through the conformal transformation of the solutions of an equiva-

lent problem concerning a unit circle in an auxiliary plane, as

f zð Þ ¼ s
4

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2

p
� z

� �
;c zð Þ ¼ s

2
z� a2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p

� �
(2.41)

It can be verified that f and c satisfy Eqs. (2.27), as well as the boundary conditions. The

stress components are obtained by substituting Eqs. (2.41) into Eqs. (2.38) as

sx þ sy ¼ s 2Re
zffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z2 � a2
p � 1

� �
; sy � sx þ 2itxy ¼ s

2ia2yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2ð Þ3

q þ 1

0
B@

1
CA (2.42)
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FIGURE 2.4 An infinite plate with a central crack subjected to tension.
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To obtain the near-tip stress fields, the following transformations between Cartesian coordi-

nates and polar coordinates, as shown in Figure 2.4, are introduced for convenience:

x ¼ aþ r cosy; y ¼ r siny; z ¼ aþ r cosyþ ir siny (2.43)

Substituting Eqs. (2.43) into Eqs. (2.42) and omitting higher order terms of r lead to

sx þ sy ¼ s
ffiffiffiffiffi
2a

r

s
cos

y
2

sy � sx þ 2itxy ¼ s
ffiffiffiffiffi
2a

r

s
sin

y
2
cos

y
2

sin
3y
2
þ i cos

3y
2

0
@

1
A

(2.44)

After separating the real and imaginary parts from Eqs. (2.44), the near-tip stress fields for a

central crack subjected to tension forces are obtained as

sx ¼ s
ffiffiffi
a

p
ffiffiffiffiffi
2r

p cos
y
2

�
1� sin

y
2
sin

3y
2

�
; sy ¼ s

ffiffiffi
a

p
ffiffiffiffiffi
2r

p cos
y
2

�
1þ sin

y
2
sin

3y
2

�

txy ¼ s
ffiffiffi
a

p
ffiffiffiffiffi
2r

p sin
y
2
cos

y
2
cos

3y
2

(2.45)

Similarly, for a crack in an infinite plate subjected to shear, as shown in Figure 2.5, the

near-tip stress fields are given by
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FIGURE 2.5 An infinite plate with a central crack subjected to shear.
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sx ¼ �t
ffiffiffi
a

p
ffiffiffiffiffi
2r

p sin
y
2

�
2þ cos

y
2
cos

3y
2

�
; sy ¼ t

ffiffiffi
a

p
ffiffiffiffiffi
2r

p sin
y
2
cos

y
2
cos

3y
2

txy ¼ t
ffiffiffi
a

p
ffiffiffiffiffi
2r

p cos
y
2

�
1� sin

y
2
sin

3y
2

� (2.46)

It should be noted that the crack-tip stresses defined by Eqs. (2.45) and (2.46) in Cartesian coor-

dinates are equivalent to those defined by Eqs. (2.24) and (2.25) in polar coordinates, even though

the Williams edge-crack problem and the present central-crack problem with an internal crack in an

elastic body represent two different types of fracture problems with distinct geometric differences.

Consequently, it is concluded that, under the assumption of elasticity, the crack-tip stresses have an

invariant form of distribution with an inverse-square-root singularity at the tip of the crack.

As clearly suggested by the Williams general solution, for each specific problem of interest, the

remaining task is to determine the unknown constant in Eqs. (2.24) or Eqs. (2.25) so as to satisfy

the given load and boundary conditions. This single constant defines the amplitude of the stresses

in the vicinity of the crack tip, with which the crack-tip stress fields are uniquely determined.

The significance of this constant in characterizing the crack-tip fields in an elastic body was first

recognized by Irwin (1957), who called it the stress intensity factor, K, which has become an impor-

tant fracture mechanics parameter and a fundamental concept in the theory of LEFM.
2.2 STRESS INTENSITY FACTOR AND K-CONTROLLED CRACK-TIP FIELDS
A crack may be subjected to three different types of loading that cause displacements of the

crack surfaces, as Figure 2.6 illustrates. Mode I loading, where the load is applied normal to

the crack plane, tends to open the crack. Mode II loading refers to in-plane shear and causes
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FIGURE 2.6 Three independent modes of deformation at the crack tip.
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the two crack surfaces to slide against each other. Mode III loading, where out-of-plane shear

is applied, tends to tear the two crack surfaces apart. This last mode of deformation, called out-

of-plane shear mode, does not occur in the plane elastic problem. The stress intensity factors

for the three types of loading are denoted as KI, KII, and KIII, respectively. The crack-tip stresses

for each mode of loading can now be rewritten in terms of the corresponding stress intensity

factor, as

Mode I

sx ¼ KIffiffiffiffiffiffiffiffi
2pr

p cos
y
2

�
1� sin

y
2
sin

3y
2

�

sy ¼ KIffiffiffiffiffiffiffiffi
2pr

p cos
y
2

�
1þ sin

y
2
sin

3y
2

�

txy ¼ KIffiffiffiffiffiffiffiffi
2pr

p sin
y
2
cos

y
2
cos

3y
2

(2.47)

Mode II

sx ¼ � KIIffiffiffiffiffiffiffiffi
2pr

p sin
y
2

�
2þ cos

y
2
cos

3y
2

�

sy ¼ KIIffiffiffiffiffiffiffiffi
2pr

p sin
y
2
cos

y
2
cos

3y
2

txy ¼ KIIffiffiffiffiffiffiffiffi
2pr

p cos
y
2

�
1� sin

y
2
sin

3y
2

�
(2.48)

where txz ¼ tyz ¼ 0 for plane stress and plane strain; and sz ¼ 0 for plane stress and sz ¼ n(sx þ sy)
for plane strain.
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Mode III

txz ¼ � KIIIffiffiffiffiffiffiffiffi
2pr

p sin
y
2

tyz ¼ KIIIffiffiffiffiffiffiffiffi
2pr

p cos
y
2

(2.49)

where sx ¼ sy ¼ sz ¼ txy ¼ 0.

Similarly, the crack-tip displacement fields are obtained as

Mode I

ux ¼ KI

2G

ffiffiffiffiffiffi
r

2p

s
cos

y
2

�
k� 1þ 2sin2

y
2

�

uy ¼ KI

2G

ffiffiffiffiffiffi
r

2p

s
sin

y
2

�
kþ 1� 2cos2

y
2

� (2.50)

Mode II

ux ¼ KII

2G

ffiffiffiffiffiffi
r

2p

s
sin

y
2

�
kþ 1þ 2cos2

y
2

�

uy ¼ �KII

2G

ffiffiffiffiffiffi
r

2p

s
cos

y
2

�
k� 1� 2sin2

y
2

� (2.51)

Mode III

uz ¼ 2KIII

G

ffiffiffiffiffiffi
r

2p

r
sin

y
2

(2.52)

where G is the shear modulus; k ¼ 3� 4n for plane strain, and k ¼ 3� nð Þ= 1þ nð Þ for plane

stress; and E ¼ 2(1 þ n)G.
By comparing Eqs. (2.47) and (2.48) with Eqs. (2.45) and (2.46), which are the exact solutions

for an infinite plate with a central crack as r ! 0, the stress intensity factors for this particular

problem are found to be

KI ¼ s
ffiffiffiffiffiffi
pa

p
; KII ¼ t

ffiffiffiffiffiffi
pa

p
(2.53)

As seen, the stress intensity factor is a function of the applied load and the size of the crack;

when a finite body is involved, it is also a function of the geometric configuration of the problem.

Obviously, the proportionality of K to the applied load reflects the linear nature of the theory of

elasticity. In general, the stress intensity factors can be defined as

KI ¼ lim
r!0

ffiffiffiffiffiffiffiffi
2pr

p
sy r; y ¼ 0ð Þ KII ¼ lim

r!0

ffiffiffiffiffiffiffiffi
2pr

p
txy r; y ¼ 0ð Þ

KIII ¼ lim
r!0

ffiffiffiffiffiffiffiffi
2pr

p
tyz r; y ¼ 0ð Þ (2.54)

According to Eqs. (2.54), the stress intensity factor stipulates the magnitude of the stress singular-

ity at the crack tip. The larger the applied load and the size of the crack are (resulting in a largerK), the
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36 CHAPTER 2 Linear Elastic and Nonlinear Fracture Mechanics
greater the rate of stress increase in the singularity-dominated zone becomes, provided that the crack

remains stationary. As seen in Eqs. (2.47) to (2.52), the stress intensity factor completely defines the

crack-tip fields (or the stress redistribution due to the occurrence of the crack); if K is known, it is

possible to solve for all the components of stress, strain, and displacement as functions of r and y.
As a function of the applied load and the size of the crack as well as the geometry of the prob-

lem, the stress intensity factor represents both the strength of the crack-tip singularity and the

mode of deformation, and therefore it is regarded as an important fracture mechanics parameter

in LEFM that provides a link between the crack-contained local material behavior and the global

structural response. Based on the principle of linear superposition, the crack-tip stress fields of a

mixed-mode crack can be written as

sij r; yð Þ ¼ 1ffiffiffiffiffiffiffiffi
2pr

p KIf
I
ij yð Þ þ KIIf

II
ij yð Þ þ KIIIf

III
ij yð Þ

n o
(2.55)

where the functions of fij
I(y), fij

II(y), and fij
III(y) are defined by Eqs. (2.47) to (2.49).

Although theK-controlled crack-tip fields (r<< a) have been obtained using the theory of elastic-
ity, these solutions do not reflect the physical reality of the material deformation at the tip of a crack in

engineering materials because no real material can sustain infinite stresses, as the inverse-square-root

singularity in the stress solutions predicts. It is known that the singularity in the elastic solutions is the

result of twomathematical simplifications: the assumption that the configuration of a real crack (whose

crack-tip radius is finite) is a sharp crack (whose crack-tip radius is zero) and the assumption that the

inelasticmaterial behavior at the crack tip is elastic. To remove the crack-tip singularity, it is necessary

to take into account inelastic material behavior, such as plasticity in metals and fracture process zone

(FPZ) in concrete, by introducing the inelastic-zone concept to the crack tip. Despite the inaccuracy in

describing the actual material behavior in the close vicinity of the crack tip, the elastic solutions of

Eqs. (2.47) to (2.52) are of great importance in LEFM. The singularity-based solution of the stress

distribution at the tip of a sharp crack in a linear elastic material reveals the nature of fracture in its

ultimate form—that is, causing unbounded stresses at the crack tip.

With the help of these elastic solutions, Irwin (1957) envisioned the physical significance of

the constants contained in these solutions and coined the term stress intensity factor to character-

ize the singularity at the crack tip, which has turned out to be one of the most important concepts

in fracture mechanics. Furthermore, these elastic solutions may still be valid outside the inelastic

zone at the crack tip if the size of the zone is sufficiently small as compared to the length dimen-

sions of the cracked structure. Needless to say, these solutions also provide an effective means for

calculating the stress intensity factors, as suggested by Eqs. (2.54).

Outside the K-controlled crack-tip fields, the general solutions for stress or displacement com-

ponents include higher-order terms of r. For example, the solution of stress for any type of loading

(K) is given by

sij r; yð Þ ¼ Kffiffiffiffiffiffiffiffi
2pr

p fij yð Þ þ
X1
m¼0

Amr
m
2h

mð Þ
ij yð Þ (2.56)

where Am is the amplitude for the mth term and h
mð Þ
ij is a dimensionless function of y. Note that the

higher-order terms depend on the geometry of the problem. As r!0, the leading term approaches

infinity, while the other terms remain finite or approach zero.
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Analytical and numerical methods for calculating stress intensity factors have been exten-

sively discussed in many textbooks of fracture mechanics, and handbooks on K of different geo-

metries and loading conditions are also available. This book focuses on the derivation and

physical interpretation of the stress intensity factors and the K-controlled crack-tip fields

because of their theoretical importance for the subsequent development of nonlinear fracture

mechanics of concrete; for detailed coverage on stress intensity factors, refer to the textbooks

cited previously.
2.3 THE ENERGY PRINCIPLES
With the crack-tip fields now being completely defined in terms of the stress intensity factor, an

energy description of the fracture process needs to be explained using Griffith’s fracture theory

(1921, 1924), whose innovative concept of introducing fracture energy into the study of cracked

materials laid a solid foundation for the later development of fracture mechanics. It will be shown

that the fracture energy required for creating a unit surface of an open crack—that is, the energy

release rate—has a close relationship with the stress intensity factor.

2.3.1 The Griffith Fracture Theory

Griffith derived his fracture criterion by considering the problem shown in Figure 2.4, where an

infinite plate of unit thickness that contains a crack of length 2a is subjected to uniform tensile

stress s. He first obtained the decrease of strain energy in the plate due to the introduction of

the crack based on the stress analysis of Inglis (1913), as

Ua ¼ � pa2s2

E
plane stressð Þ (2.57a)

Ua ¼ � 1� n2

E
pa2s2 plane strainð Þ (2.57b)

where E is the modulus of elasticity, and n is Poisson’s ratio. Griffith then introduced “the funda-

mental conception of the new theory”—that is, the surface energy, which is the fracture energy

required to form the open crack—as

Us ¼ 4ags (2.58)

where gs is the surface energy per unit area. Notice that in Eq. (2.58) the crack surface is 4a
because a crack has two surfaces. According to the Griffith energy criterion, crack growth is a

natural course of energy transfer between the strain energy of an elastic body and the fracture

energy required for creating a new crack surface. This requires the following condition to be

satisfied:

d

dA
Ua þ Usð Þ ¼ 1

2

d

da
Ua þ Usð Þ ¼ 0 (2.59)
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Therefore, the critical load for crack propagation is obtained as

sc ¼
ffiffiffiffiffiffiffiffiffiffi
2Egs
pa

r
(2.60a)

in the case of plane stress, and

sc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Egs
1� n2ð Þpa

s
(2.60b)

in the case of plane strain. Equation (2.60) is referred to as the Griffith fracture criterion, which is

valid for ideally brittle materials.

2.3.2 The Energy Release Rate G

The Griffith energy concept is of a global character: For a crack to propagate, the energy stored in

the system must be sufficient to overcome the fracture energy of the material. Based on the Grif-

fith fracture theory, Irwin generalized the concept by defining an energy release rate G, which is a

measure of the energy available for a unit extension of the crack and represents “the force tending

to cause crack extension” (Irwin, 1957).

Figure 2.7 shows a cracked plate under a given load P, which causes the crack to extend by an

amount of dA. Since the load is fixed at P, the system is under load control. Obviously, the frac-

ture energy dissipated in propagating the crack originates from the work done by the external

force PdD and the released elastic strain energy –dU in the system—that is,

G ¼ P
dD
dA

� dU

dA
(2.61)
dA

P
Δ

FIGURE 2.7 Cracked plate under a load P.
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The strain energy of the elastic system is given by

U ¼
ðD
0

PdD ¼ PD
2

¼ CP2

2
(2.62)

where the relation D ¼ CP is employed; C is the compliance of the system, which is the inverse of

the plate stiffness. Notice that

d

dA
¼ @

@A
þ dP

dA

@

@P
(2.63)

After substituting Eq. (2.62) and D ¼ CP into Eq. (2.61), the preceding derivative operations

are carried out and the energy release rate is derived as

G ¼ P2

2

@C

@A
(2.64)

It can be proved that Eq. (2.64) can be obtained under the condition of displacement control as

well. Theoretically, if the derivative of the compliance of a test specimen with respect to the crack

length can be derived experimentally or numerically by an FE solution, then the energy release

rate can be calculated from Eq. (2.64).

2.3.3 Relationship between K and G

Two fracture parameters have been introduced so far: the stress intensity factor K and the energy

release rate G. While the first parameter uniquely defines the near-tip stress and displacement

fields, the second one represents the crack driving force to open that crack. Obviously, a relation-

ship exists between the two. The following deduction is based on Irwin’s crack closure analysis

(1957). Figure 2.8 shows an infinite plate of unit thickness with fixed ends that contains a crack
y

x

y

r

Δ a

sy

a

x = r − Δa + a  

FIGURE 2.8 Crack closure analysis.
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40 CHAPTER 2 Linear Elastic and Nonlinear Fracture Mechanics
of size a. Since the problem is a mode-I fracture, the terms K and G are denoted as KI and GI,

respectively. Suppose that compressive forces are applied to the crack edge over an infinitesimal

distance Da to close the crack. Since the work required to close the crack is equal to the fracture

energy needed to extend the crack, the energy release rate can be calculated from

GI ¼ lim
Da!0

DW
Da

¼ lim
Da!0

2

Da

ðDa
0

1

2
syuydr (2.65)

where DW is the required work, and uy is the displacement in the y direction. Notice that the factor
2 arises because the crack has two surfaces and that the incremental work at r is calculated based

on the fact that the stresses increase from zero.

For the infinite plate under tension, the value of uy is given as

uy ¼ 2s
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
¼ 2KI

E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

pa

r
(2.66)

Substituting x ¼ r – Da þ a into Eq. (2.66) and neglecting second-order terms lead to

uy ¼ 2KI

E
ffiffiffi
p

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Da� 2r þ 2rDa

a
� r2

a

r
ffi 2KI

E
ffiffiffi
p

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 Da� rð Þ

p
(2.67)

The closing force is given by

sy ¼ KIffiffiffiffiffiffiffiffi
2pr

p (2.68)

By using Eqs. (2.67) and (2.68), Eq. (2.65) becomes

GI ¼ lim
Da!0

2K2
I

EpDa

ðDa
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Da� r

r

r
dr (2.69)

which leads to

GI ¼ K2
I

E
plane stressð Þ (2.70a)

and to

GI ¼ 1� n2
� �K2

I

E
plane strainð Þ (2.70b)

The obtained relation between G and K clearly reveals that the stress intensity factor has an

energy basis. Similarly, it can be shown that for mode II:

GII ¼ K2
II

E
plane stressð Þ (2.71a)

GII ¼ 1� n2
� �K2

II

E
plane strainð Þ (2.71b)
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and for mode III:

GIII ¼ 1

1� n
K2
III

E
plane stressð Þ (2.72a)

GIII ¼ 1þ nð ÞK
2
III

E
plane strainð Þ (2.72b)

The total energy release rate in combined crack modes can be obtained by superposition:

G ¼ GI þ GII þ GIII ¼ 1

E
K2
I þ K2

II þ
1

1� n
K2
III

� �
plane stressð Þ (2.73a)

G ¼ GI þ GII þ GIII ¼ 1� n2

E
K2
I þ K2

II þ
1

1� n
K2
III

� �
plane strainð Þ (2.73b)

Since the K-controlled near-tip fields are uniquely defined for linear elastic materials, it can be

proved that Eqs. (2.70) to (2.72) are valid for all geometries of specimens and types of cracks.

In fact, G may even be considered as a physical parameter defined at the tip of a crack using

the near-tip stress and displacement fields, as shown in Eq. (2.65). Hence, its relations with K
must be invariant, as the near-tip fields are uniquely established, regardless of any specific

changes that may occur to the problem. For plates of finite size, the influence of the geometric

shape of the problem is reflected in the stress intensity factor K. Therefore, it is possible to obtain

G for a problem of finite size by using the relationships between G and K.

2.3.4 The Criterion for Crack Propagation

Since the stress at the tip of a crack in a K-controlled stress field is unbounded, a criterion for

crack propagation cannot be stipulated in terms of the tip stress but must be described by using

either of the two fracture parameters introduced so far—the energy release rate or the stress

intensity factor—which are equivalent based on Eqs. (2.70) to (2.72). For ideally brittle materials,

the Griffith criterion in Eq. (2.60a) can be rewritten in terms of the critical energy release rate,

GIc, as

sc ¼
ffiffiffiffiffiffiffiffiffiffi
EGIc

pa

r
(2.74)

where

GIc ¼ dUs

dA
¼ 2gs (2.75)

Substituting Eq. (2.70a) into Eq. (2.74), the critical load is then given in terms of the critical

stress intensity factor, KIc, as

sc ¼ KIcffiffiffiffiffiffi
pa

p (2.76)
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or

KI ¼ KIc (2.77)

Equation (2.76) states that a crack propagates whenever KI is equal to the threshold value, KIc,

which is a measure of fracture toughness and is regarded as a material fracture property based on

LEFM. In principle, the criterion for mode-II or mode-III shear-type fracture can also be

expressed as

KII ¼ KIIc (2.78)

KIII ¼ KIIIc (2.79)

For real engineering materials, stresses cannot increase unboundedly, and yielding takes place

in metallic materials to form a plastic zone ahead of an open crack. Therefore, the K-controlled
stress states in Eqs. (2.47) to (2.52) do not describe the stress distribution inside the plastic zone.

This raises a serious question: Is the K-criterion still a valid criterion for crack growth? It turns out

that if the plastic zone is sufficiently small as compared to all of the length dimensions in the

structure and test specimen, the stress intensity factor is still a valid fracture parameter that can

uniquely characterize the condition for crack propagation, even if fracture actually nucleates

inside the plastic zone.

This smallness requirement on the plastic zone restricts its existence well within the singu-

larity-controlled region where Eqs. (2.47) to (2.52) are valid except for the plastic zone, as

shown in Figure 2.9. Obviously, in a K-controlled stress field, it is always possible to associate

the condition for crack propagation with a threshold value of K, whether the crack originates

from the plastic zone or from the singularity-dominated region, implying the validity of

Eqs. (2.77) to (2.79). If the plastic zone is not small compared with the characteristic length

of the problem (such as the crack size), a singularity-dominated region where the stress varies

as 1=
ffiffi
r

p
no longer exists.

Consequently, the stress intensity factor loses its physical significance as a fracture para-

meter, and the stresses outside the plastic zone are described by Eq. (2.56) in which higher-

order terms become significant. This implies that LEFM is no longer valid, and the problem

has to be analyzed based on NLFM. The plastic zone theory will be discussed in the following

section.
2.4 PLASTIC ZONE THEORIES AT CRACK TIP
For metallic materials, yielding takes place as the near-tip elastic stresses reach the yield strength

of the material, leading to the formation of a plastic zone in front of the crack. For small-scale

yielding, the size of the plastic zone can be estimated by two methods: the Irwin stress-correction

approach and the Dugdale-Barenblatt cohesive zone models. While the former is based on simple

corrections of the linear elastic solutions, the latter are nonlinear fracture mechanics models

that focus on the fracture mechanism inside the plastic zone and can be extended to study fracture

phenomena in other engineering materials that involve intense crack-tip inelasticity, such as

concrete.
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Singularity-controlled
region

Plastic zone

sij (r,q) =
KI

Singularity-controlled region

fijI(q)
2pr

FIGURE 2.9 Schematic illustration of K-controlled near-tip stresses with the presence of a plastic zone.
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2.4.1 The Irwin Plastic Zone Corrections

Figure 2.10a illustrates the near-tip stress distribution sy (r, y) in the plane y ¼ 0, where sy(r) ¼
KI=

ffiffiffiffiffiffiffiffi
2pr

p
(refer to Eq. (2.47)). For plane stress, the size of the plastic zone can be simply

estimated by enforcing the yield strength sys on the principal stress sy(r) such that sy(r) ¼ sys.
Solving the equation for r leads to a first-order estimate:
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(sy)q= 0

sys

r
rp = 2rp

r

(sy)q= 0

sys

rp*

A

(sy)q= 0

sys

r

rp

a δa

aeff

A

B

l

φ =  CTOD 

φ

FIGURE 2.10 Irwin’s plastic zone correction: (a) first-order estimate of size of plastic zone, (b) second-order

estimate of size of plastic zone, and (c) elastic–plastic stress distribution at the crack tip.

44 CHAPTER 2 Linear Elastic and Nonlinear Fracture Mechanics
r�p ¼ K2
I

2ps2ys
¼ s2a

2s2ys
(2.80)

It is noted that in the preceding derivation, redistribution of the stresses in the shaded area A
above the yield strength is ignored. As a result, Eq. (2.80) is an underestimate of the plastic zone

size. In reality, when yielding takes place, stresses must redistribute to satisfy the force equilib-

rium condition, resulting in a plastic zone larger than the size defined by Eq. (2.80). Irwin

(1958, 1960) proposed a method to estimate this increase by defining an effective crack whose

length is slightly longer than the actual crack, as illustrated in Figure 2.10b. As shown, the small

increase of crack size is denoted by da, and the effective crack is defined as aeff ¼ a þ da. Notice
that the incremental crack da carries the yield stress sys over its entire length, and the total load

carried is represented by the shaded area B. Based on the first-order estimate, the size of the plas-

tic zone ahead of the effective crack is

l ¼ s2 aþ dað Þ
2s2ys

ffi r�p (2.81)

The remaining task is to find a value for da so that the unaccounted load of A is completely

redistributed into B—that is, A ¼ B. This requirement can be expressed as

daþ lð Þ � sys ¼
ðl
0

s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ da
2r

r
dr (2.82)

Solving Eq. (2.82) for da by using Eq. (2.81) and neglecting da as compared to a, it turns
out that
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da ¼ r�p or rp ¼ daþ l ¼ 2r�p ¼ K2
I

ps2ys
(2.83)

Thus, the size of the plastic zone, rp, based on the second-order estimation is twice as large as

the first-order estimation, rp*. For an ideal elastic-plastic material the resulting stress distribution

at the crack tip is illustrated in Figure 2.10c. Based on the Irwin plastic zone correction, rp*, the
effective stress intensity factor is obtained as

KIð Þeff ¼ s
ffiffiffiffiffiffiffiffiffiffi
paeff

p ¼ s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p aþ r�p
� �r

¼ s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pa 1þ s2

2s2ys

 !vuut (2.84)

In plane strain, the plastic zone is formed under the triaxial stress condition, and the Irwin

plastic zone correction becomes

r�p ¼ K2
I

6ps2ys
(2.85)

which is smaller than its counterpart in plane stress by a factor of 3.

Based on the effective crack concept, a useful expression for the crack-tip-opening displace-

ment (CTOD), denoted as f in Figure 2.10b, is derived. Notice that for plane stress, the crack-

opening displacement (COD) in the central crack problem of Figure 2.4 is given by

COD ¼ 2uy ¼ 4s
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � x2

p
(2.86)

For an ideally elastic situation, the CTOD is zero at x ¼ a. Using the concept of the Irwin

effective crack, however, f is obtained as

f ¼ 4s
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ r�p
� �2

� a2

r
¼ 4K2

I

pEsys
(2.87)

The usefulness of this expression will be demonstrated in Chapter 3 when we examine the valid-

ity of a numerical solution obtained from a singularity-contained stress field in an elastic body.

2.4.2 Cohesive Zone Models by Dugdale and Barenblatt

Based on insightful analyses of the inelastic material behavior at the crack tip, Dugdale (1960)

and Barenblatt (1959, 1962) proposed separately the concept of a cohesive zone model for

studying plasticity at the crack tip. As shown in Figure 2.11, they also considered an effective

crack of length 2a þ 2r; along the plastic zone r cohesive forces representing the material

resistance to fracture are applied as external forces to close the crack so that the stress singular-

ity disappears.

In Dugdale’s model the closure stress is the yield strength sys; in Barenblatt’s model it repre-

sents the molecular force of cohesion and varies along the plastic zone. These models take non-

linear material behavior at the crack tip into account, and by introducing the cohesive forces

directly to the crack surface, a fracture problem is thus defined with all the forces involved,

including the transitory stress state at the crack tip where fracture originates. In the following, a
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FIGURE 2.11 Dugdale and Barenblatt cohesive zone models: (a) Dugdale cohesive model, and

(b) Barenblatt cohesive model.
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relation between the applied load and the size of plastic zone is obtained by using the Dugdale

model, which offers a closed-form solution due to the uniform distribution of closure stresses.

For the tip stresses of the effective crack to be bounded, the stress singularity must disappear

under the combined actions of far-field tension and closure stresses at the crack edge, as shown in

Figure 2.11a. Based on the principle of superposition, the stress intensity factor can be obtained

by adding the stress intensities obtained separately from the two load components. For a central

crack under remote tension, the stress intensity factor is given by

K
1ð Þ
I ¼ s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p aþ rð Þ

p
(2.88)

Figure 2.12 illustrates a pair of normal forces applied at an arbitrary location of a crack (crack

length ¼ 2a), and the resulting stress intensity factors at the two crack tips are given by
KI það Þ ¼ Pffiffiffiffiffiffi
pa

p
ffiffiffiffiffiffiffiffiffiffiffi
aþ x

a� x

r
(2.89a)

KI �að Þ ¼ Pffiffiffiffiffiffi
pa

p
ffiffiffiffiffiffiffiffiffiffiffi
a� x

aþ x

r
(2.89b)

y

x

2a

Px

P

FIGURE 2.12 Wedge forces applied to open the crack.
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Using these relations, the stress intensity factor due to the closure stresses is obtained by add-

ing the contribution from both sides:

K
2ð Þ
I ¼ � sysffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p aþ rð Þp
ðaþr

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ rþ x

aþ r� x

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ r� x

aþ rþ x

s8<
:

9=
;dx

¼ �2sys

ffiffiffiffiffiffiffiffiffiffiffi
aþ r
p

s
arccos

a

aþ r

0
@

1
A

(2.90)

Notice that the negative sign in Eq. (2.90) is due to the fact that the yield stress tends to close the

crack. The superposition of the two stress intensity factors must satisfy the following condition:

KI ¼ K
1ð Þ
I þ K

2ð Þ
I ¼ 0 (2.91)

Therefore,

a

aþ r
¼ cos

ps
2sys

� �
or r ¼ a sec

ps
2sys

� �
� 1

� 	
(2.92)

Equation (2.92) predicts large-scale yielding if the far-field stress approaches the yield

strength. On the other hand, if the applied load is far below the yield stress, yielding is then con-

fined to only a small area at the crack tip. Neglecting the higher-order terms in the series expan-

sion of Eq. (2.92), the size of plastic zone is obtained as

r ¼ p2s2a
8s2ys

¼ pK2
I

8s2ys
(2.93)

where KI ¼ s
ffiffiffiffiffiffi
pa

p
. It is interesting to compare Dugdale’s estimation of the plastic zone size r

with Irwin’s second-order estimation rp as defined in Eq. (2.83):

rp
r
¼ 8

p2
¼ 0:81 (2.94)

As seen, the relative difference between the two is less than 20 percent for small-scale yield-

ing. Since the two estimates are obtained with quite different theoretical bases, this result is

remarkable indeed. Because the Irwin approach is based purely on the force equilibrium in a

near-tip elastic stress field, this reasonable agreement with the Dugdale approach, which is a non-

linear fracture mechanics model, confirms the earlier statement that for small-scale yielding, near-

tip solutions of LEFM are still valid except for the plastic zone.
2.5 FRACTURE PROCESS ZONE AND TENSION-SOFTENING
PHENOMENON IN CONCRETE

Concrete is a heterogeneous material that consists of aggregates and cement pastes bonded

together at the interface, and the material is inherently weak in tension due to the limited bonding

strength and various preexisting microcracks and flaws that form during hardening of the matrix.

The tensile strength of concrete approximately ranges from 8 to 15 percent of its compressive

strength. Under external loading, a tension zone forms near the crack tip, in which complicated
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microfailure mechanisms take place. These fracture processes include microcracking, crack

deflection, crack branching, crack coalescence, and debonding of the aggregate from the matrix,

which are examples of inelastic toughening mechanisms that coexist with a crack when it propa-

gates. In concrete, the inelastic zone at the crack tip is extensively developed and therefore, in

principle, LEFM cannot be used to study the fracture of concrete.

Figure 2.13 schematically illustrates the formation of an inelastic zone in concrete, which is

known as a fracture process zone (FPZ) that can be roughly divided into a bridging zone and a

microcracking zone, along with two idealizations of the FPZ. It is known that bridging is a result

of the weak interface between the aggregates and the cement pastes, and it is an important tough-

ening mechanism in concrete. Within the damage zone the effective modulus of elasticity is

reduced from that of the undamaged material E to E*, if the process zone is modeled as a region

of strain softening as shown in Figure 2.13b.
(a) 

Open crack FPZ 

 

E* < E

(b) 

(c) 

ao lp

a 

Bridging Microcracking 

Wc

ft

sn = f(W)

W

FIGURE 2.13 Concept of FPZ and tension-softening in concrete: (a) FPZ in front of an open crack,

(b) reduced effective modulus of elasticity inside FPZ, and (c) tension-softening inside FPZ.
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Inspired by the concept of the Dugdale and Barenblatt cohesive zone models, Hillerborg et al.

(1976) envisioned a fictitious crack in place of the physical FPZ and subjected it to closure trac-

tions, as shown in Figure 2.13c. As is illustrated in the figure, the closure stress associated with

the bridging grains and microcracks is a maximum ft at the tip of the FPZ and decreases to zero

at the continuous crack tip where the COD reaches its critical value Wc, beyond which an open

crack forms. Known as the tension-softening phenomenon, the relation between the closure stress

and the COD with which the fracture energy of concrete is completely defined describes the local

material behavior inside the FPZ when fracture takes place in concrete.

Figure 2.14 presents a numerically obtained load-deformation relation of a laboratory size,

notched plain concrete beam under bending, and the growth of an FPZ at the notch tip based

on the fictitious crack model by Hillerborg et al. The correspondence between the various points

of the figure is meant to convey a clear picture on the FPZ and how it develops in the process of

beam failure. As the figure shows, in the prepeak region the tip stress at the notch reaches the ten-

sile strength of concrete at point A, signaling the initiation of an FPZ. Upon reaching the peak

load at point B, the FPZ has grown to a length of 50 mm, and the tensile stress at the notch tip

decreases to 0.55 ft. The tip stress of the notch drops to zero at point C in the postpeak region,

as the FPZ stretches to its full length of 150 mm, reaching approximately three-fourths of the

beam height. Beyond point C, a completely open crack appears ahead of the notch and continues

to extend until the beam breaks into two at point D. The dashed line drawn across the load-

deformation curve divides the structural response into two regions.

As seen, the prepeak nonlinearity and the tension-softening in the pre- and the early postpeak

regions (somewhere above point C) are mainly the work of microcracking. The remaining struc-

tural response before final failure at point D is the result of the fracture processes that involve

mainly aggregate interlock and other frictional effects.

As clearly shown in Figure 2.14, with the presence of such a large FPZ at the notch tip, the

fracture of concrete cannot be described by a single material parameter, such as KIc or GIc, as

in the case of brittle materials. The fracture behavior and structural response of the beam can only

be described when the FPZ and the tension-softening characteristics are taken into account based

on the principles of NLFM of concrete, which will be discussed following.
2.6 FRACTURE ENERGY GF AND TENSION-SOFTENING
LAW IN CONCRETE

As just discussed, fracture of concrete initiates in the FPZ ahead of an open crack through com-

plicated microfailure processes, and the fracture energy is consumed in overcoming the resistance

of various toughening mechanisms to form an open crack at the end of the FPZ. The amount of

fracture energy required to break a unit area of concrete is generally regarded as a material prop-

erty (although it varies slightly with size) that determines the fracture behavior of the material

through the fundamental relationship between the cohesive stress and the COD in the FPZ, which

is known as the tension-softening law of concrete.

Just like the constitutive relationship of a continuous material that stipulates the fundamental

material behavior (whether it is elastic or inelastic), the tension-softening law with the fracture

energy as its defining characteristic is the constitutive relationship for the material in the FPZ that
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FIGURE 2.14 Typical load-deformation relation of a notched beam under bending and development of the

FPZ in front of the notch (dimensions in mm).
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describes the transitional material behavior from the continuous state to the discontinuous state—

in other words, how the tensile stress decreases with the increasing discontinuity in the FPZ. In

the following, the fracture energy is discussed through the numerical example of Figure 2.14

and the standard RILEM (1985) test method for its measurement. Tension-softening relations

are then introduced through experimental and numerical studies.
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2.6.1 Fracture Energy GF
In the load-displacement relations shown in Figure 2.14, the area enclosed by the response curve

and the horizontal axis represents the work done by the external load to fracture the beam. Sup-

pose that the crack growth is stable and the work done by the external load is spent solely in crack

propagation. Based on the Griffith energy criterion, crack growth in an elastic body in the equi-

librium state is a natural process of energy transfer between the strain energy of the body and

the fracture energy required for creating a new crack surface so that a state of minimum potential

energy is achieved for the system at a given load level. In the present case, the work is consumed

in breaking the unnotched part of the beam cross-section—the ligament ahead of the notch.

Denoting the work of the external load by WF and the ligament area by Alig, the energy needed

to create a crack of unit area, GF, is obtained as

GF ¼ WF

Alig
(2.95)

In fracture mechanics of concrete, GF represents the mode-I fracture energy, which is often

simplified as fracture energy.

As mentioned before, at point C of the response curve in Figure 2.14, the FPZ has grown to its

full length with the COD of the fictitious crack at the end of the FPZ reaching its critical value Wc,

with which the tensile stress decreases to zero and an open crack appears. Along this FPZ a full rela-

tionship between the cohesive stress and the COD is obtained and plotted in Figure 2.15, which is

known as the tension-softening relation of concrete. Obviously, this relationship can also be
0

0.5

1.0

1.5

2.0

2.5

ft

3.0

0.00 0.05 0.10 0.15 Wc 0.20

COD (mm)

T
en

si
le

 s
tr

es
s 

(N
/m

m
2 )

FIGURE 2.15 Relations between the tensile stress and the COD along the FPZ at point C of the response

curve in Figure 2.14.
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obtained from the stress-COD relations at the notch tip, where an open crack has just been created

by fracturing the intact material there. Notice that the area enclosed by this tension-softening curve

with the horizontal axis in Figure 2.15 is exactly the fracture energy defined by Eq. (2.95)—that is,

GF ¼
ðWc

0

sn Wð ÞdW (2.96)

In 1985, the RILEM Technical Committee 50-FMC (Fracture Mechanics of Concrete) pro-

posed a test method for determining the fracture energy GF of mortar and concrete by means of

stable three-point bend tests on notched beams (RILEM, 1985), as shown in Figure 2.16a. The

size of the beam depends on the maximum size of aggregate, da, according to Table 2.1. As seen
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FIGURE 2.16 Determination of fracture energy GF based on the RILEM method: (a) notched beam under

three-point bending, and (b) load-deformation relations.
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Table 2.1 Recommended Sizes of Beams for Measuring GF

da (mm) Depth, H (mm) Width, B (mm) Length, L (mm) Span, Ls (mm)

1.0�16 100 � 5 100 � 5 840 � 10 800 � 5

16.1�32 200 � 5 100 � 5 1190 � 10 1130 � 5

32.1�48 300 � 5 150 � 5 1450 � 10 1385 � 5

48.1�64 400 � 5 200 � 5 1640 � 10 1600 � 5

da: Maximum size of aggregate

Source: RILEM (1985).
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from the table, the depth of the beam is at least six times the aggregate size, and the span-to-depth

ratio can vary between 4 and 8. To ensure that the work performed by the external load will be

spent entirely in fracturing the beam at the notch, a notch size as large as half the beam depth

is used. With such a large notch at the midspan, the maximum bending moment can be expected

to be kept reasonably low to ensure that all deformations outside the fracture zone are purely

elastic due to the low stresses there.

To ensure stable crack propagation during the test, the testing machine must be stiff enough or

furnished with a closed-loop servo control. Recommendations with regard to the stiffness of the

machine are given in RILEM (1985). Notice that a test is regarded as stable if the load and the

deformation change slowly during the whole test, without any sudden jumps. To ensure pure bend-

ing, the supports and loading arrangements should be arranged in such a manner that the forces act-

ing on the beam are statically determined, as shown in Figure 2.16a. During the test, the vertical

displacement at midspan is measured and continuously plotted along with the gradually applied

load P until complete fracture of the specimen. As shown in Figure 2.16b, the area under the

load-deformation curve, W0, represents the work done by the external load to fracture the beam.

Besides this major work of fracture, there are other types of loads that also perform work of fracture

that is secondary but may not be negligible. These include the self-weight of the specimen and the

loading equipment carried by it. Therefore, the fracture energy should be calculated as

GF ¼ WF

Alig
¼ W0 þ mgd0

H � a0ð ÞB (2.97)

where WF is the total work done by all the loads involved, mg is the weighted sum of the loads

that perform the secondary work, and d0 is the displacement at failure.

From a fracture mechanics point of view, the RILEM method is conceptually clear, simple,

and accurate as a test method for measuring the fracture energy of mortar and concrete. From

an experimental point of view, the fracture test on a three-point bend beam is both practical

and reliable. For these reasons the principles embodied in the RILEM method still serve as

the guidelines for designing test methods for the measurement of this fracture-related material

constant for various structural concrete.
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2.6.2 Tension-Softening Law

As shown in Figure 2.15, the tension-softening relation of concrete possesses two distinctive

features: the steep descending slope caused by the rapid loss of tensile strength in the initial

stage of softening and a long tail with the increasing crack-opening displacement, illustrating

the persistent stress-transferring capability of aggregate interlocking in the FPZ. Due to the dis-

placement discontinuity in the FPZ and local inhomogeneities of the concrete material, estab-

lishing the exact relations between the decreasing tensile stress and the increasing COD

through experiments (e.g., the uniaxial tension test) is a demanding task that requires both

rigorous testing methods and sophisticated skill and experience in carrying out the tests and pro-

cessing test data to derive these relations. Through the great efforts of many researchers, the

concept of the tension-softening law of concrete has been firmly established as the basis for

fracture mechanics of concrete, and the general shape of this constitutive relation has been

obtained using deformation-controlled uniaxial tension tests as well as other creative methods,

such as the inverse modeling method.

Uniaxial Tension Tests
Because the experimental investigation carried out by a group of scientists in the Stevin Labora-

tory of the Delft University of Technology in the 1980s is widely recognized as one of the most

rigorous approaches on this subject, their test results are briefly introduced here. For details of

these experimental studies, refer to Cornelissen et al. (1986) and Hordijk (1991). The schematic

test setup for the deformation-controlled uniaxial tension test is shown in Figure 2.17, along with

one type of measuring device and the arrangement on the test specimen. As seen, a narrow pris-

matic test specimen of size 60 � 50 � 150 mm3 was glued to the loading platens, and two saw

cuts were introduced into the specimen to reduce the middle cross-sectional area to 50 � 50 mm2.

To minimize the nonuniform crack openings at the notched cross section, a guiding system was

designed and connected to the top loading platen to prevent it from rotating to make sure that the

top and the bottom loading platens remained parallel throughout the test.

To prevent any frictional force of this guiding system from entering the load reading, the load

cell was moved from above the guiding system to beneath the bottom loading platen as shown in

Figure 2.17a, knowing that even a small frictional force (estimated to be only 3 percent of the ten-

sile strength of concrete in these tests) could significantly influence the tail shape of the softening

curve. The closed-loop servo-hydraulic loading machine was controlled at a deformation rate of

0.08 mm/s corresponding to a measuring length of 50 mm. Deformation of double-edge notched

specimens was measured using the average signal of the deformations at the four corners of the

specimen recorded by four linear variable differential transducers (LVDT). For the deformation

control, the signals for the LVDTs were averaged, and the average signal was compared with

the signal from a specially designed ramp generator to eliminate noise.

It is known that during a tension test the FPZ does not establish itself instantaneously right

across the specimen as the initial microcracking activity is dispersed; the deformation of the spec-

imen only becomes localized in an FPZ after the maximum load has been reached. Since the crack

opening cannot be measured directly, it must be derived from the total deformation d that is found

for the applied measuring length by deducting the elastic deformation de and any prepeak inelastic

deformation dine, according to the procedure shown in Figure 2.18.
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FIGURE 2.17 Schematic representation of a tensile specimen glued in the testing equipment and one type of

measuring device applied (dimensions in mm): (a) uniaxial tension and (b) measuring devices (after

Hordijk, 1991).
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Figure 2.19 presents the experimental results obtained from a series of tests (details of the test-

ing equipment and specimen dimensions were slightly different from those shown in Figure 2.17)

on normal-weight concrete (g ¼ 2370 kg/m3, fc ¼ 47 MPa, E ¼ 39 GPa, and ft ¼ 3.2 MPa), where

the data points of individual experiments represent the relation between the normalized stress, s/
ft, and the COD, W. A regression analysis on these test data was carried out, and the optimum

relation (standard deviation ¼ 0.052) was given by

s
ft
¼ 1þ c1

W

Wc

� �3
" #

exp �c2
W

Wc

� �
� W

Wc
1þ c31
� �

exp �c2ð Þ (2.98)

The best-fit curve was obtained for c1 ¼ 3, c2 ¼ 6.93, and Wc ¼ 160 mm, and the

corresponding fracture energy was found to be GF ¼ 0.1 N/mm based on Eq. (2.96), resulting

in a relation of Wc ¼ 5.14 GF/ft.
Hordijk (1991) made the following two comments concerning the tail portion of the curve.

1. Only data points up to an arbitrarily chosen crack opening of 120 mm, where the transferable

stress was already diminished to about 10 percent of ft, were used in the numerical regression

analysis. If more data points for larger crack openings were taken into account, this would give

too much weight to that part of the curve in the regression analysis, which would result in a

less acceptable fit for the smaller crack openings.

2. The function (Eq. 2.98) was chosen in such a way that there is an intersection point Wc (critical

crack opening) with the horizontal axis (s/ft¼ 0), which corresponds to the real material behavior

where the crack surfaces are completely separated at a certain crack opening. Although there is

a correlation between Wc obtained from the regression analysis and the real maximum crack

openingWo, this does not mean that the value as found previously (Wc¼ 160 mm) coincides with

the real value for Wo. In Eq. (2.98), Wc is more or less used as a fitting parameter.
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Considering the fact that the bulk portion of fracture energy is consumed in the range of

the data employed for the regression analysis, these comments are deemed relevant because the

fracture energy spent in the region of small CODs has a much stronger influence on fracturing

behavior than it does in the region of large CODs, as will be clearly shown through numerical

studies in the later chapters of the book.

Next, a comparison study was carried out based on the results of a number of experimental

studies using uniaxial tension tests (with one exception) as reported in the literature, focusing

on whether the obtained tension-softening relations in Figure 2.19 are of a representative nature.

The sources of the literature are listed in Table 2.2. In Figure 2.20a the stress is normalized by the

tensile strength ft, and the experimental results are compared with the obtained scatter band in

Figure 2.19. As shown, most of the curves fit in this scatter band. It was found that the few curves

that fell out of the envelope belonged to particular types of concrete mixes, such as those with

rather low compressive strength (curve 3), limestone aggregates (curve 6), or lightweight concrete

(curve 8). Notice that in these types of concrete (lightweight or limestone concrete) the fracture

mechanism is different from the ordinary type of concrete—for example, cracks running through

the aggregates rather than the aggregates being pulled out of the cement paste. The close correla-

tions of the curves in Figure 2.20a for those with normal concrete suggest that with ft and the

shape function of Eq. (2.98), a rather good approximation of the tension-softening curve for an

ordinary type of concrete can be obtained.

To improve the description of the tension-softening relation, the fracture energy should

be employed explicitly as another parameter. In Figure 2.20b the nondimensionalized tension-

softening curves are presented, with the COD being normalized by its critical value Wc, which

is defined as Wc ¼ 5.14GF/ft based on the best-fitting curve of Eq. (2.98). The fracture energy

for the tests listed in Table 2.2 was calculated according to the approximations as defined in

the inset of Figure 2.20b. As can be seen, after normalizing the COD, all the curves fit into a nar-

row band, including those representing deviating concrete mixes. Since these tests were carried

out by different research groups independently, using different concrete mixes, specimen dimen-

sions, testing equipment, and even different testing methods, the close agreement of these test

results clearly shows that if ft and GF are known, the tension-softening relation can be reasonably

approximated by Eq. (2.98) in which c1 ¼ 3, c2 ¼ 6.93, and Wc ¼ 5.14GF/ft.

Inverse Modeling Method
Because of the difficulty in carrying out a stable uniaxial tension test as just described, Roelfstra

and Wittmann (1986) proposed an inverse modeling method for determining the tension-softening

relation using the fictitious crack approach and data fitting. In this method a conventional

fracture test (such as a bending test) is simulated numerically by assuming and modifying a

bilinear tension-softening relation that contains four parameters, as shown in Figure 2.21,

through iterative computations to reduce the differences between the experimental and numeri-

cal results. They found that the best-fitting response curve (such as a load-deflection curve)

could be obtained when a good approximation to the actual tension-softening characteristics

was reached. The original formulation has been modified by other researchers to improve the

convergence of solutions, and the revised formulation by Nomura et al. (1990) is outlined

following.
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Table 2.2 Information About Deformation-Controlled Uniaxial Tensile Tests for Which s-W Relations Are Compared

No Reference Dimensionsa (mm3)
l meas

(mm)
fc
(MPa)

ft,spl
(MPa) w/c da (mm)

ageb

(days)

1 Petersson (1981) 50 � 30 � 20 40 — — 0.50 8 28

2 Notter (1982) 500 � 125 � 50 100 44 — 0.50 16 28

3 Gylltoft (1983) 85 � 30 � 30 67 28 2.8 — — —

4 Reinhardt and Cornelissen (1984) 300 � f 120 25 45 2.9 0.50 16 32

5 Eligehausen and Sawade (1985) 600 � f 100 100 35 3.0 0.76 16 150

6 Gopalaratnam and Shah (1985)c 305 � 60 � 19 85 44 — 0.45 10 28

7 Körmeling (1986) 100 � f 74 100 44 3.5 0.50 8 —

8 Hordijk et al. (1987)d 150 � 50 � 50 35 50 3.4 0.59 8 150

9 Guo and Zhang (1987) 210 � 70 � 70 155 31 2.4 0.60 — 33

10 Scheidler (1987) 450 � 300 � 150 450 — — 0.70 16 28

11 Wolinski et al. (1987) 150 � 50 � 50 35 47 3.1 0.50 8 32

12 Rokugo et al. (1989)e — — 58 — 0.52 15 —

aLength � width � depth or length � diameter for the critical cross-sectional area
bMean age in case of a range
cCrushed limestone for the bigger aggregates
dLightweight concrete with sintered expanded clay 4�8 mm
eTube tension test

Source: After Hordijk (1991).
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FIGURE 2.20 Comparisons of tension-softening relations obtained by different research groups: (a) s/ft – W

relations, and (b) s/ft – W/Wc relations (after Hordijk, 1991).
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Let FE(i) represent the experimentally obtained load-deformation curve recorded in a time

sequence (i ¼ 1, 2, . . ., r) at a given location. The numerically calculated load-deformation curve at

the same spot is denoted asFM(i; {x}), which is obtained by assuming a bilinear softening relation with

the four parameters {x}¼ {ft, s1,W1,W2}. By minimizing the following sum of the square differences

of the two curves, the parameters for an optimum softening relation can be determined:
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S xf gð Þ ¼
Xr
i¼1

FE ið Þ � FM i; xf gð Þ½ �2 ! min (2.99)

Let {x(k)} and {Dx(k)} represent, respectively, the kth estimation of the softening parameters

and the corresponding incremental modification. The next estimation is then given by {x(kþ1)}

¼ {x(k)} þ {Dx(k)}. The incremental modification {Dx(k)} is estimated from the following iterative

equation:

fDy kð Þg ffi ½J kð Þ�fDx kð Þg (2.100a)

where

DyðkÞi ¼ FEðiÞ � FM

�
i; fxðkÞg

�
(2.100b)

J
kð Þ
ij ¼ @FM i; xf gð Þ

@xj

� 	
xj¼x

kð Þ
j

(2.100c)

The flow chart for calculating the parameters of an optimum softening relation is illustrated in

Figure 2.22. For details of the solution procedure, refer to Nomura et al. (1990).

Hordijk compared the experimental results presented in Figure 2.20 with the optimum bilinear

relations obtained by Wittmann et al. (1988) for a number of concrete mixes and loading rates, in

which the stress at the break-point was fixed at ft/4, and he found good agreement between them.

He observed that these optimum relations with only limited differences from each other appear to

be a good approximation of the directly determined softening curve given by Eq. (2.98), as shown

in Figure 2.23, where the averaged bilinear relation is presented. As seen, both the initial slope

and the slope of the second part of the descending branch coincide very well, while the parameter

Wc is found to be coincidentally the same.

The success of the inverse modeling method just discussed highlights the relevance of adopt-

ing a bilinear relation to represent the real tension-softening characteristics of concrete, which,
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FIGURE 2.24 Proposed bilinear tension-softening models (a) by Petersson (1981) and (b) by Rokugo et al.

(1989).
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according to Cotterell and Mai (1996), “has the advantage of simplicity and has enough para-

meters to enable the load-deflection curve to be accurately predicted by numerical simulation.”

Figure 2.24 presents two types of bilinear relation that have been proposed for a wide range

of concrete. Petersson (1981) found that the parameters of W1 ¼ 0.8GF/ft, Wc ¼ 3.6GF/ft, and
s1 ¼ ft/3 could lead to a good fit to the tension-softening curve for a range of concrete.

Based on the optimum bilinear relations obtained by Wittmann et al. (1988; Figure 2.23),

Rokugo et al. (1989) modified the parameters slightly and suggested a bilinear relation with

W1 ¼ 0.75GF/ft, Wc ¼ 5GF/ft, and s1 ¼ ft/4. Realistic predictions of fracture processes and structural

responses in various concrete structures have been obtained by using these models. When these pro-

posed relations fail to represent the real tension-softening characteristics for a particular type of con-

crete, the inverse modeling method can be employed to obtain an optimum softening relation for

that particular material. With a bilinear softening relation, the mode-I fracture energy is given by

GF ¼ 1

2
ftW1 þ s1Wcð Þ (2.101)
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CHAPTER

The Fictitious Crack
Model and Its Numerical
Implementation

3

3.1 INTRODUCTION
The presence of the fracture process zone (FPZ) in front of an open crack poses an analytical chal-

lenge in the framework of continuum solid mechanics for the study of concrete fracture because

macroscopically this zone can be characterized neither as a continuous region nor as a discontin-

uous region. In fact, it is a partially damaged zone with some remaining stress-transferring capa-

bility through aggregate interlocking and various microcracking activities, and it functions like a

transition zone between the open crack of complete discontinuity and the intact material of com-

plete continuity beyond it. Since fracture of concrete originates in this zone, the analysis of cracks

in concrete starts with the issue of how to model the FPZ.

Two concepts for modeling the FPZ have gained popularity in the development of computational

theories for the fracture mechanics of concrete: the discrete-crack approach and the smeared-crack

approach. In the discrete-crack approach, the FPZ is modeled as a fictitious crack that is subjected to

external forces that are equivalent to the cohesive forces transferred through the FPZ to the surround-

ing elastic body. Because the forces exerted on the elastic zone by the fictitious crack remain

unchanged, as with the presence of the physical FPZ, this approach is an accurate mathematical

description of the problem. In the smeared-crack approach, a different modeling concept is

employed, in which the localized inelastic deformations in the FPZ are smeared over a band of a cer-

tain width in terms of stress-strain relations, and thus the FPZ is modeled in a continuous fashion. In

its finite element (FE) implementation, the material stiffness and strength of a cracked element are

reduced according to a strain-softening relation, which is tantamount to smearing a discrete crack

over an FE mesh or meshes to approximate the effect of material damage due to a single crack.

Clearly, this method is an approximate approach to crack analysis.

As stated in Chapter 1, this book focuses on the fictitious crack model (FCM) and its theoreti-

cal extension to multiple-crack and mixed-mode fracture problems. In this chapter, the fundamen-

tal concept of the FCM and its numerical solution are discussed. Since its theoretical formulation

is based on some important principles in linear elastic theory, these principles are reviewed. Also,

the issue of stress singularity underlying the FCM formulation is addressed. Finally, some effec-

tive modeling techniques are introduced, including the dual-nodes method for crack-path model-

ing, the path-shifting method for remeshing of curvilinear crack trajectories, and incremental

stress analysis.

65
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66 CHAPTER 3 The Fictitious Crack Model and Its Numerical Implementation
3.2 HILLERBORG AND COLLEAGUES’ FICTITIOUS CRACK MODEL
In this section the modeling concept of the FCM and its numerical formulation using the influence

function will be explained.

3.2.1 Modeling Concept

As we saw in Figure 2.13, the FCM proposed by Hillerborg, Modeer, and Petersson (1976) for

studying crack formation and crack growth in concrete brought two new concepts to the study

of concrete fracture: the physical presence of an FPZ (“microcracked zone” in their original

words) in front of an open crack due to strain localization and a constitutive law for crack propa-

gation stipulating the relations between the cohesive forces and the crack-opening displacement

(COD) inside the FPZ—in other words, the tension-softening relation. These are the fundamental

concepts of the FCM that have become the basis of fracture mechanics of concrete.

Hillerborg and his coworkers developed these concepts based on experimental evidence of

uniaxial tension tests on concrete bars that were performed by various researchers in the late

1960s (e.g., Hughes and Chapman, 1966; Evans and Marathe, 1968). These experimental studies

showed that crack formation in concrete is an evolutionary process of strain buildup in the pre-

peak region, and strain localization and formation of a visible crack in the postpeak region, as illu-

strated in Figure 3.1. Therefore, in their modeling of concrete fracture they imagined the zone of

strain localization as a fictitious crack that “corresponds to a microcracked zone with some

remaining ligaments for stress transfer.” They further suggested that this fictitious crack “may

be looked upon as a reality. Stresses may be present in a microcracked zone as long as the
ft

Wδ ineδe

Deformation, ΔL

St
re

ss
, σ

L + ΔL

Strain buildup

Strain localization

Visible crack

L + ΔL

FIGURE 3.1 The evolution of crack formation.
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3.2 Hillerborg and Colleagues’ Fictitious Crack Model 67
corresponding displacement is small.” As shown in Figure 3.1, for a bar of length L, the total

deformation in the postpeak region is given by

DL ¼ de þ dine þW (3.1)

where de is the elastic deformation, dine is the inelastic deformation, and W is the COD of the fic-

titious crack. For the crack to propagate, the stress at the crack tip was assumed to reach the ten-

sile strength of the material. They further assumed that the stress transferred through the fictitious

crack was a function of the COD:

s ¼ f ðWÞ (3.2)

where f (W) is a tension-softening curve unique to the material that must be determined from

experiments, as discussed in the preceding chapter. As W reaches a critical value, Wc, the trans-

ferred stress drops to zero and the fictitious crack becomes a stress-free open crack.

For simplicity, Hillerborg and his coworkers further assumed that the inelastic deformation in

the test specimen was negligible—that is, the behavior of the bulk material was linear elastic.

Based on this assumption, Eq. (3.1) can be rewritten as

DL ¼ de þW ¼ L
s
E
þW ¼ L

f ðWÞ
E

þW (3.3)

where E is the elastic modulus. Hence, if E and f(W) are given, the load-deformation curve of the ten-

sile bar is completely determined. As simple as Eq. (3.3) is, it underlines the general principles for

crack analysis in concrete. First, it illustrates the fundamental importance of the tension-softening

law: Without it, crack analysis in its strictest sense cannot be carried out. Second, it shows that after

cracking, the general deformation of the cracked body is composed of two parts: the deformation of

the elastic body and the crack-opening width of the crack. Third, the elastic body outside the cracking

zone is subjected to the stress transferred through the fictitious crack, and therefore its deformation is

also a function of the COD. As such, the essence of crack analysis is to determine the general defor-

mation of the body after the occurrence of cracks. If the total deformation of the cracked body is deter-

mined, strain-and-stress analyses can then be carried out without any particular difficulty.

It should be noted that although the assumption of linear elasticity for the bulk material makes the

problem easier to solve, it is not an essential requirement for crack analysis in concrete. As pointed out

by several researchers, the FCM can also be applied to more general situations including nonlinear

behavior of the bulk material and other cases (Elices and Planas, 1989; Planas et al., 1995). In general,

however, the following hypotheses are used when applying the FCM in crack analysis of concrete:

1. The bulk material behavior is isotropic linear elastic, and thus it is defined by elastic modulus

E, and Poisson’s ratio, n.

2. A crack initiates at a point when the maximum principal stress at that point reaches the tensile

strength ft, and the crack forms normal to the direction of the principal tensile stress.

3. As a crack forms and its crack opening increases, stress transfer takes place across the crack

surfaces until a critical COD is reached. For a pure mode-I opening, the stress transferred

between the surfaces of the crack is a function of the COD, as defined by Eq. (3.2).

It is obvious that Eqs. (3.1) and (3.3) are derived based on the known cracking behavior of a

tensile bar, which is idealized as the crack forms perpendicular to the bar axis and its crack width
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68 CHAPTER 3 The Fictitious Crack Model and Its Numerical Implementation
is uniform. In most crack analysis problems, however, this is not the case, because the growth of a

fictitious crack is a highly nonlinear process that usually requires numerical procedures to find the

solution. A numerical formulation of a fictitious crack based on Petersson’s influence function

method will be introduced in the next section, which provides a computational means for deter-

mining the cohesive stress and shape of a fictitious crack.
3.2.2 Numerical Formulation by Petersson’s Influence Function Method

In Petersson’s formulation (1981) of the fictitious crack problem, a system of equations is estab-

lished on the cracked cross section based on the principle of superposition in elasticity. By solving

these equations, the unknown boundary conditions on the fictitious crack, including the cohesive

stress and geometric shape of the crack, can be determined. Since the approach is similar to

boundary integral methods, with the main difference being that the kernel of the integral equation

is discretized a priori and determined by the finite element method (FEM), Bazant and Planas

(1998) called it the pseudo-boundary-integral method.

State of the Problem
Consider a notched specimen that is symmetric to the crack plane and subjected to symmetric

loading, as shown in Figure 3.2. Under the given load, a cohesive zone extends ahead of the notch
Cohesive zone
s = f(W)

W(x)

Notch
s = 0

Intact
ligament

W = 0

ln

lc

x

P

P

s (x)

FIGURE 3.2 Schematic illustration of fictitious crack growth in pure opening mode.
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FIGURE 3.3 Node layout for the influence function method; the cohesive forces shown are those exerted on

the lower half of the specimen.
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tip as indicated in the figure. Along the surface of the fictitious crack, the following conditions

must be satisfied:

sðxÞ ¼ 0 for x < ln (3.4)
sðxÞ ¼ f ½WðxÞ� for ln � x � lc (3.5)
WðxÞ ¼ 0 for x � lc (3.6)

where ln is the notch size, lc is the length of the fictitious crack, and x is the location of an arbi-

trary point along the crack.

Petersson’s formulation is based on a discretization of the problem, as illustrated in Figure 3.3.

As seen, the nodes that span the notch vary from 1 to nn, with nt ¼ nn þ 1 denoting the tip of the

notch (initial crack tip). The cohesive zone starts at nt (¼ nn þ 1) and ends at nc; the nodes beyond
nc represent the uncracked ligament. Let M represent the total number of nodes on the fictitious

crack; the node M þ 1 then denotes the tip of the crack. Equations (3.4)–(3.6) are now written

in terms of the nodal values as
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Fi ¼ 0 for i ¼ 1; . . .; nn (3.7)
Fi ¼ f ðWiÞ for i ¼ nt; . . .; nc (3.8)
Wi ¼ 0 for i � nc (3.9)

where Fi and Wi represent the nodal force and the COD at node i, respectively. Notice that a nodal
force is the product of the nodal stress and the surface area apportioned to that node.

Numerical Formulation
Figure 3.4 illustrates the solution strategy proposed by Petersson in 1981 for analyzing the growth

of a fictitious crack. As seen, the original problem in Figure 3.4a is treated as a composite loading

case and is discomposed into a set of simple linear elastic problems, each with a single load con-

dition. Based on the principle of superposition for linear elastic materials, the crack-opening

width at node i of the fictitious crack is obtained by summing up the corresponding CODs that

are linear functions of the external load and the closing forces at each node, as shown in

Figures 3.4b and c, respectively. This can be written as

Wi ¼ BKi �Pþ
XM
j¼1

AKij �Fj for i ¼ 1; . . .;M (3.10)

where BKi is the crack opening at node i produced by a unit external load and AKij is the crack

opening at node i produced by a pair of closing forces applied at node j. The coefficients of

BKi and AKij can be obtained by linear elastic FE computations. By virtue of the reciprocity

theorem, AKij is symmetric—that is, AKij ¼ AKji. In Eq. (3.10), Fj and Wi are unknowns, and their

solutions are subject to the conditions as specified in Eqs. (3.7) and (3.8). Obviously, with the fic-

titious crack now being described by 2M equations with 2M unknowns, a solution can be sought

for a given load P, since these equations are linearly independent.
P

P (a) (b) (c)

i
Wi

Fi

P

P

i M
BKiP AKijFj

Fj FjCIj

i Mj= + Σ
M

j = 1 1 1 M + 1

Ql CR P

M + 1

FIGURE 3.4 Decomposition of the fictitious crack problem: (a) as the superposition of a cracked structure

subjected to, (b) the external load P, and (c) a set of closing nodal forces Fj.
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If the external load P is regarded as an unknown in the preceding formulation, the critical

condition for crack propagation must be established at the crack tip by exploiting the linear

relations of the tip-nodal force with the external load and the cohesive forces of the crack (Ohtsu,

1990), as

Ql ¼ CR �Pþ
XM
i¼1

CIi �Fi (3.11)

where Ql is the critical nodal force (the tensile strength of concrete times the surface area appor-

tioned to the node at the crack tip), CR is the nodal force at the crack tip produced by a unit exter-

nal load, and CIi is the nodal force at the crack tip produced by a pair of unit closing forces

applied at the ith node of the crack. Again, the coefficients CR and CIi can be determined by

FE computations. With this additional equation the propagation of a fictitious crack can now be

calculated by solving 2M þ 1 equations for 2M þ 1 unknowns. Since the growth of the crack

is controlled by stipulating the critical stress state at the crack tip, this method is called the

crack-tip-controlled method, and the corresponding equations are called crack equations.

As seen from the preceding discussion, Petersson’s formulation relies on a large number of

predetermined influence coefficients with which the characteristic equations of the fictitious crack

are established based on the principle of superposition. In decomposing the original problem into

a set of simple elastic cases, however, a stress singularity is encountered at the crack tip when the

cracked body is subjected to an external load, as shown in Figure 3.4b. In general, the stress sin-

gularity at the crack tip would render the calculation of the tip force meaningless. In the case of

the fictitious crack model in concrete, however, it can be proved that this stress singularity can

reasonably be ignored because it is too weak to seriously affect the accuracy of the elastic solu-

tion. A detailed analysis on this problem will be presented following.
3.3 THE PRINCIPLE OF SUPERPOSITION
The principle of superposition in elasticity states that the solution of an elastic problem with a

complex loading system can be obtained by subdividing the original problem into a set of elastic

problems with simpler loading conditions and by summing up the solutions of these individual

problems in terms of stress, strain, and displacement. This principle can be verified as follows.

Suppose that a linear elastic body is subjected to single loads ~P1 and ~P2 , respectively, as illu-

strated in Figure 3.5a. By solving these two problems, the obtained stresses s1ij(x, y) and s2ij(x, y)
must satisfy the equilibrium conditions in Eq. (2.3). This ensures that the combined stresses

sij(x, y) ¼ s1ij(x, y) þ s2ij(x, y) automatically satisfy the equilibrium conditions. Similarly, the

obtained strains e1ij(x, y) and e2ij(x, y) must satisfy the compatibility condition in Eq. (2.2). Hence,

the combined strains eij(x, y) ¼ e1ij(x, y) þ e2ij(x, y) also satisfy the compatibility condition.

Apparently, the linear relationship between s1ij(x, y) and e1ij(x, y), and s2ij(x, y) and e2ij(x, y) also
exists between sij(x, y) and eij(x, y). Thus, it can be concluded that these combined stresses and

strains are the solutions of the problem in which the linear elastic body is subjected to the com-

bined loads of ~P1 and ~P2 , as shown in Figure 3.5b, provided that the boundary conditions of the

problem are satisfied.
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Notice that the principle of superposition applies to stress intensity factors, too. For example,

the stress intensity factor under the composite loads in Figure 3.5b can be obtained by summing

up the two stress intensity factors due to the single loads in Figure 3.5a—for example,

KI ¼ K
ð1Þ
I þ K

ð2Þ
I (3.12)

By virtue of this principle, stress intensity solutions for complex configurations can be obtained

from simpler cases for which the solutions are well established.
3.4 THE RECIPROCITY PRINCIPLE
In Figure 3.5a, let d01 and d02 represent the displacements of the points 1 and 2 in the directions of

the forces for the first condition of loading ~P1 , and d001 and d002 for the second condition of loading
~P2 . Based on the principle of superposition, the displacements in Figure 3.5b due to the simulta-

neous loading of ~P1 and ~P2 are given by d01 þ d001 and d02 þ d002. The total strain energy stored in the

body is

Uð1Þ ¼ 1

2
½ðd01 þ d001ÞP1 þ ðd02 þ d002ÞP2� (3.13)

For a specific order of loading, such as applying the load ~P2 first and then the load ~P1 , the total

strain energy becomes

Uð2Þ ¼ 1

2
d002P2 þ 1

2
d01P1 þ d02P2 (3.14)

For linear elastic materials the amount of strain energy does not depend on the order in which the

loads are applied. Equating the obtained strain energies leads to

d001P1 ¼ d02P2 (3.15)

For unit loads P1 ¼ P2 ¼ 1, the reciprocity principle is proved:

d001 ¼ d02 (3.16)
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Equation (3.16) states that the displacement at the point of the second loading in the load direc-

tion due to a unit load at the point of the first loading equals the displacement at the point of the

first loading in the load direction due to a unit load at the point of the second loading.
3.5 THE SINGULARITY ISSUE
The issue of stress singularity in evaluating the tip tensile force using the FE model in

Figure 3.4b, where a traction-free fictitious crack is subjected to tension loads, must be addressed

(Shi, 2004). Linear-elastic stress analysis of sharp cracks predicts infinite stresses at the crack tip.

In an FE computation this problem is rarely encountered because the tensile stress at the crack tip

is often obtained as the averaged stress from the surrounding continuum elements. However, is

the value thus obtained valid? As discussed in the preceding chapter, if the size of plastic zone

is extremely small and well within the singularity-controlled region, as shown in Figure 2.9, the

deviation of the stress field obtained by linear-elastic stress analysis in the vicinity of the crack

tip from the actual stress field can be ignored. This is considered to be the case in the crack anal-

ysis of concrete because the fictitious crack model assumes that the FPZ is long and infinitesi-

mally narrow (Gerstle and Xie, 1992). Consequently, the size of the plastic zone at the

fictitious crack tip, where imaginary yielding is assumed to take place at the tensile strength of

concrete, is extremely small. An evaluation is given following.

On the crack plane (y ¼ 0) in Figure 3.6, the first-order estimate for the size of plastic zone,

rp* and the COD at O, f, are obtained for mode-I fracture and plane-stress conditions [Eqs. (2.80)

and (2.87)], as

r�p ¼ 1

2p
KI

sys

� �2

(3.17)
KI

2pr

rp*

r

Fictitious crack
Plastic zone

O�

O

(syy)q = 0

sys
(= ft) 

f

FIGURE 3.6 Imaginary inelastic crack-tip behavior in concrete and estimate of the size of the plastic

zone (rp*).
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f ¼ 4K2
I

pEsys
(3.18)

By eliminating KI from the preceding equations and replacing the yield strength sys with the ten-

sile strength of concrete, ft, the size of plastic zone is obtained as

r�p ¼ 1

8

E

ft
f (3.19)

As seen, with E/ft being a material constant, rp* is proportional to f. Because the COD is

infinitesimally narrow near the tip of the fictitious crack (in numerical simulations the obtained

near-the-tip COD is generally less than Wc/100), an extremely small rp* can be expected. For

example, assuming Wc ¼ 0.1 mm and f ¼ Wc/100 ¼ 0.001 mm, and E/ft ¼ 6000 for ordinary

concrete, Eq. (3.19) leads to rp* ¼ 0.75 mm. If the stress redistribution in the shaded area in Fig-

ure 3.6 is taken into account, the second-order estimate in Eq. (2.83) becomes rp ¼ 2rp* ¼
1.5 mm. Compared with the typical dimension of concrete structural members and the size of

cracks, the value of several millimeters for the size of the plastic zone is indeed negligible.
3.6 CRACK PATH MODELING WITH DUAL NODES
In the discrete modeling approach, the crack surface constitutes a part of the geometric shape of

the problem. Therefore, during crack analysis the boundary condition of the FE model continu-

ously varies. In order to cope with this change of boundary condition efficiently, a path-modeling

method using the so-called dummy elements and dual nodes is presented following, with which a

fictitious crack can be easily introduced into the FE model along a preset crack path (Shi et al.,

2001).

As shown in Figure 3.7, in an FE model a presumed crack path is modeled by pairs of dual

nodes, which are individual nodes that share the same coordinates and are linked together rigidly

through inner connections of extremely large spring coefficients. These dual nodes are introduced

into an FE model through dummy elements, which are imaginary elements and are solely com-

posed of dual nodes. Obviously, a dummy element is not subjected to the stress analysis. Based

on this modeling technique, introducing a fictitious crack into a continuous body is as simple

as setting the spring coefficients to zero to sever the connections between dual nodes. In the FE

formulation, the local stiffness matrix of a dummy element, as illustrated in Figure 3.7, is

expressed as

½K�ðiÞdummy ¼
k
ðiÞ
11 k

ðiÞ
12 k

ðiÞ
13

k
ðiÞ
21 k

ðiÞ
22 k

ðiÞ
23

k
ðiÞ
31 k

ðiÞ
32 k

ðiÞ
33

2
6664

3
7775 ¼

k 0 �k

0 0 0

�k 0 k

2
6664

3
7775 (3.20)

with

k ¼ mn 0

0 mt

� �
(3.21)
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FIGURE 3.7 Crack-path modeling with dummy elements and dual nodes.
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where mn and mt are the normal and the tangential spring coefficients of inner connections. Notice

that these coefficients are given only two types of values: either infinity when modeling a contin-

uum or zero when simulating a crack.

By using this path-modeling technique, the size of the problem (i.e., the total numbers of

nodes and elements of the FE model) remains unchanged during numerical modeling of crack

propagation. This feature is extremely important because it simplifies the programming logic

for obtaining numerical solutions. This is especially so when dealing with multiple-crack pro-

blems and modeling curvilinear crack propagation that usually requires remeshing.
3.7 THE REMESHING SCHEME FOR AN ARBITRARY CRACK PATH
In general, cracks in concrete structures are curvilinear due to the existence of shear force on the

crack surface, and their exact locations are unknown prior to numerical analysis, so remeshing is

necessary for modeling discrete crack propagation. To minimize the computational burden, a simple

scheme was developed by Shi et al. (2003) for automatic remeshing of curvilinear crack trajectories

at each step of crack propagation, without altering the total numbers of nodes and meshes.

To simplify the rules for mesh reforming, the finite element meshes employed are confined to

triangular elements that are connected in a regular manner. As shown in Figures 3.8 through 3.10,

after obtaining a new stress field, the next-step crack extension is set in the direction normal to the

tip tensile force Q, and the presumed future crack path marked by a row of dual nodes ahead of

the crack is then shifted parallel by moving the nearest nodes of corresponding elements to the
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FIGURE 3.8 Remeshing scheme—(a) before and (b) after—for left-curving without interchanges of normal

and dual nodes (r � y/2).
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r

Crack

q Q

(b) 

Crack

Q

Dual node

Presumed future
crack path

Normal node

FIGURE 3.9 Remeshing scheme—(a) before and (b) after—for left-curving with interchanges of normal and

dual nodes (y/2 < r � y).
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new positions indicated in each case. Except for a few interchanges between the normal nodes and

the dual nodes in the two cases shown in Figures 3.9 and 3.10, no additional nodes and meshes

need to be generated in this process. Although Figures 3.8 through 3.10 illustrate only the cases

when the crack curves to the left, the same rules apply when the crack curves to the right.

As shown in Figure 3.11, in the equivalent cases of Figures 3.9 and 3.10, reconstructions of

the two meshes on the right side of the crack are required prior to constructing the new crack path.
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FIGURE 3.10 Remeshing scheme—(a) before and (b) after—for left-curving with interchanges of normal

and dual nodes (r > y).
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Crack
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Presumed future
crack path

Normal node

FIGURE 3.11 Remeshing scheme—(a) before and (b) after—for right-curving: changing element

compositions and forming new meshes.
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This simple scheme should be used with caution because it may result in ill-shaped elements. This

problem can be avoided by readjusting the shapes of the modified elements of poor aspect ratio

after remeshing, while keeping the newly revised future crack path unchanged. Apparently, some

additional computations are required to recalculate the stress and displacement fields before

moving on to the next step of the crack analysis.
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3.8 THE SOLUTION SCHEME FOR INCREMENTAL STRESS ANALYSIS
Due to variations of the geometric boundary condition in any two successive steps of numerical

computation, stress analysis in the discrete approach is most easily carried out in terms of the total

stress and strain. This type of stress analysis has limitations because it is incapable of taking into

account the dependence of inelastic behavior on loading history, especially when prominent plas-

tic deformation takes place in the compression area of a structure. To overcome this difficulty and

to make the FCM available for wider applications, a numerical technique based on the incremen-

tal procedure (Shi and Nakano, 1998; Shi et al., 2001) is introduced next.

As shown in Figure 3.12, for any given load P, the initial displacement of the structure is

estimated as

mþ1uð1Þ ¼ mþ1uð0Þ þ ðmu � muð0ÞÞ (3.22)

with

muð0Þ ¼ mK�1
0 � mP (3.23)
mþ1uð0Þ ¼ mþ1K�1
0 � mþ1P: (3.24)

Here, mþ1u(1) is the initial displacement at the load level mþ1P, mu is the converged solution at

the previous load level mP, and mu(0) and mþ1u(0) are the reference positions at the respective load
levels. Notice that the changing of the initial stiffnesses mK0 and

mþ1K0 is the result of the varia-

tion of boundary conditions as cracks propagate. Thus, the gradual weakening of the structural

stiffness due to cracking is monitored in the reference positions mu(0) and mþ1u(0).
m+1P

mu(0)

mK0

m+1K0

mum+1u(0) m+1u

mP

Predictor m+1u(1) 

Iteration

Displacement

L
oa

d

FIGURE 3.12 Numerical scheme for incremental stress analysis (after Shi et al. 2001; courtesy of ASCE).
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The incremental displacement

Du ¼ mþ1uð1Þ � mu ¼ mþ1uð0Þ � muð0Þ (3.25)

is then used during the first iteration to modify the predictor mþ1u(1), and the remaining iterations

follow the Newton-Raphson procedure to eliminate the residual forces until the solution con-

verges to mþ1u.
Therefore, during the whole process of iterative computations, the stress analysis is carried out

incrementally. The effectiveness of this numerical technique is based on the fact that in the itera-

tive solution of a numerical problem, the convergence of the numerical solution can eventually be

achieved through iterations, provided the predictor is reasonable.
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CHAPTER

Extended Fictitious Crack Model
for Multiple-Crack Analysis 4
4.1 INTRODUCTION
In many engineering applications involving an aging or partially damaged concrete structure, the

available information on structural integrity is often limited to the crack-opening widths of several

distinct cracks in the structure. Take as an example the concrete lining of an aging waterway tun-

nel, one of the major constituents of a hydraulic power facility. It is known that a frequent cause

of cracking in waterway tunnels is the formation of voids behind the concrete lining in the ceiling

area that causes structural deformation to progress under external compression, leading to the

propagation of several distinct longitudinal cracks in the arch areas and the sidewalls. Obviously,

for evaluating the structural safety of these aging waterway tunnels, crack-opening widths serve

as an important index.

Cracking in concrete dams is another case in point. Based on circumstantial evidence drawn

from documented reports of past incidents involving the excessive cracking of several concrete

dams (Ingraffea, 1990; Zhang and Karihaloo, 1992; Feng et al., 1996), structurally damaging

cracks in dams often start from surface cracks that are formed during construction. It is known

that surface cracks often appear in multiple numbers, and depending on the circumstances, their

number could vary from several cracks to several tens of them. Most of these surface cracks will

later be proved inactive and will not cause serious structural problems. Hence, the real challenge

for the crack analysis of concrete dams is to identify those that are potentially active and to pre-

dict their propagation paths under various possible loading conditions. Countermeasures can then

be taken at an early stage to stem their further growth. What compels a seemingly ordinary sur-

face crack to grow into a major structural crack is a complex problem involving crack interaction,

and obviously its solution requires a discrete crack approach.

Following the development of the fictitious crack model (FCM) by Hillerborg and his collea-

gues (Hillerborg et al., 1976) for analyzing the cracking behavior of a single crack, less progress

was made in extending the method to multiple-crack problems despite extensive research efforts.

The core issue here is the difficulty in determining the true cracking mode for the nonlinear crack

problem, which requires the most active crack or cracks to be identified among a group of poten-

tially active cracks during each load increment in numerical analysis.

The complexity of the problem solution also stems from its computational aspect. Apparently,

the numerical treatment of several varying crack surfaces requires a certain degree of flexibility
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and sophistication in the modeling techniques. With increasing demand for accuracy in the crack

analysis of concrete structures and the maturation of computational techniques, a numerical anal-

ysis theory that extends the FCM to multiple-crack analysis emerged in the study of cracking

behaviors in tunnel linings and concrete dams (Shi et al., 2001, 2003). The key point in its solu-

tion strategy is to formulate a multiple-crack problem based on various relevant cracking modes

and to identify the true cracking mode by applying energy principles to the problem. The final

solution is then obtained under the boundary condition that reflects the true cracking behavior.

In the following sections, the core issues in solving multiple-crack problems will be addressed, and

the solution strategywill be elucidated. The numerical formulation beginswith a single-crack problem,

and the crack equation that leads to the solution of the unknown boundary condition is established

using a crack-tip-controlled modeling method. Then the crack equations for a multiple-crack problem

are formulated with the crack interactions taken into account explicitly, and the validity of the numeri-

cal solutions is discussed. As illustrative examples, crack analysis will be carried out on three types of

structures or structural members: simple beams, tunnel linings, and concrete dams.

In the beam problem, the variables related to cracks include the number of initial notches, their

positions, their sizes, and their orientations. The obtained cracking behaviors are examined to

illustrate the effectiveness of this method in dealing with multiple discrete cracks. In the tun-

nel-lining problem, the failure process of a real-scale tunnel-lining specimen under compressive

loads is analyzed, and the fracture behaviors obtained are compared with the experimental obser-

vations. Finally, the fracture tests on scale models of a gravity dam by Carpinteri et al. (1992) are

studied, which initially contained a single notch of two sizes. By introducing multiple initial

notches into the FE models, numerical modeling is extended beyond the original single-crack

problem to allow multiple cracks to propagate, reproducing some typical cracking behaviors in

concrete dams.
4.2 CORE ISSUES AND SOLUTION STRATEGY
As stated earlier, the Griffith energy theory (1921, 1924) is the basis for understanding material

fracture. Based on this theory, an elastic body under tension loads experiences cracking if the

strain energy stored in the body is sufficient to supply the fracture energy required for creating

a new crack surface so as to achieve the state of minimum potential energy at a given load level.

When multiple cracks are involved, the propagation of cracks can take place in various cracking

modes. Figures 4.1 and 4.2 show two solid bodies containing, respectively, a single crack and two

arbitrary cracks. In the case of the single crack, there is no ambiguity concerning the next-step crack-

ing mode because under loading the crack has only one mode of reaction: to propagate. Therefore,

in numerical analysis the next-step crack path, which constitutes a part of the geometric boundary

condition of the problem, can be predetermined. On the other hand, each of the two cracks in

Figure 4.2a possesses three possible modes of motion as the loading increases: crack propagation,

crack arrest, and crack closure. Combinations of these modes between the two cracks could lead

to five potential cracking modes, and in each scenario at least one crack is active, as shown in

Figure 4.2b. Obviously, each of these cracking modes leads to a boundary value problem that should

be solved individually. Identification of the true cracking mode requires further analysis on the

validity of the obtained numerical solutions and a consideration of the energy principles.
www.EngineeringEbooksPdf.com



P

(a) 

P+ ΔP 

(b) 

Propagation

FIGURE 4.1 Cracking modes for single cracks: (a) before incremental loading and (b) after incremental

loading.

Crack B
Crack A

Propagation Propagation

Crack B
Crack A

(b)

Propagation
Closure

Crack BCrack A

Closure

Propagation

P + ΔP P + ΔP P + ΔP

(a)

Crack B
Crack A

P

Crack B
Crack A Crack B

Crack A

Propagation
Arrest Arrest

Propagation

P + ΔP P + ΔP
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As our vision on how to solve a multiple-crack problem using the FCM becomes clearer, so is

the difficulty that lies ahead. Since each crack has three potential modes of motion, combinations

of these modes among all the cracks concerned give rise to the possible crack propagation pat-

terns or cracking modes. For an arbitrary number of cracks, N, the number of cracking modes,

NCM, is readily obtained as

NCM ¼ 3n � 2n (4.1)

It should be noted that inactive cracking modes that contain only the modes of crack arrest and

crack closure are irrelevant and thus must be eliminated from Eq. (4.1). Even with only five

cracks, the NCM well exceeds 200, and with ten, it approaches 60,000. Obviously, a direct search

for the true cracking mode from all the possible cracking modes given by Eq. (4.1) is out of the

question. Such an approach is not analytic, being neither computationally feasible nor logistically

sound. In general, for any specific problems only some of these cracking modes could lead to geo-

metrically admissible strain fields and thus valid solutions. The relevance of a cracking mode to a

specific problem depends on the problem itself, including the structural geometry and loading

conditions, the locations of the cracks, as well as the crack interactions. The primary obstacle

in applying the FCM to solve multiple-crack problems is the difficulty of ascertaining the true

cracking mode from all of the possibilities given by Eq. (4.1), each time the load increases.

To overcome this difficulty, an effective solution scheme needs to be devised. This solution

strategy should be flexible enough to allow all of the relevant cracking modes to be considered

and at the same time be computationally feasible. In the extended fictitious crack model (EFCM)

as proposed by Shi et al. (2001), a solution strategy based on the single-active-crack modes (see

the first two modes in Figure 4.2b) is adopted. In solving the problem, each crack is individually

assumed to be an active crack, and the basic equations governing the growth of this single crack

are derived. The external load required for propagating this particular crack is calculated by solv-

ing crack equations. Among all the solutions obtained, the true active crack is then determined

based on a minimum load criterion that stipulates the propagation of an active crack at the mini-

mum load. Since this criterion effectively ensures that the body achieves the state of minimum

potential energy by transferring the body’s strain energy into fracture energy in the process of

propagating the true active crack, it is in essence equivalent to an energy criterion.

It should be noted that when an assumed cracking mode is irrelevant to the problem, invalid

solutions with geometrically inadmissible strain fields could be encountered. By resetting the tips

of certain restrained cracks based on the feedback from these erroneous solutions and recalculat-

ing the case, a variety of cracking modes may emerge, which include simultaneous crack propa-

gations of several cracks and crack growth accompanied by crack closure (see the last three

modes in Figure 4.2b). As the true cracking mode is found, the stress and displacement fields

can now be calculated under the relevant boundary condition, which includes the true crack paths

for every crack and the cohesive forces (obtained by solving the crack equations) acting on these

cracks, as well as the minimum external loads.

This solution strategy is justifiable because, among all the possible cracking modes of a given

crack, the single-active-crack mode requires the least amount of fracture energy for the crack to

propagate. Any other modes involving simultaneous propagations or closures of other cracks

inevitably require extra external energy to extend or close these cracks (as closure of a crack also

requires external energy). Hence, it is logical to start with the single-active-crack mode of each
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crack in a crack analysis. If such a mode is proved to be erroneous or unrealistic under the specific

boundary condition of a problem (implying strong crack interactions), it will eventually be

replaced by other modes as a result of readjusting the tip positions of certain cracks. The sin-

gle-active-crack mode approach is also consistent with the fact that in the initial stage of crack

propagation when all the cracks are small and the crack interactions are insignificant, the growth

of each crack is practically independent of all the others.

The validity of this analytical theory in accurately predicting cracking behavior in a multiple-

crack situation has been verified through the numerical analysis of a large number of cracked tun-

nel-lining problems that include both waterway tunnels and highway tunnels (some of these cases

will be discussed in Chapter 8). Experimental verifications with bending tests of plain concrete

beams that contain multiple initial notches have also been very successful in proving the accuracy

of numerical predictions on the failure modes of these notched beams, which will be discussed in

Chapter 5 and Chapter 6.
4.3 NUMERICAL FORMULATION OF A SINGLE-CRACK PROBLEM
We now examine the analytical concept of the crack-tip-controlled modeling of a single crack,

formulated and referred to as the crack equations by Ohtsu (1990). The method is chosen because

it offers an easy way for regulating cracking behavior, which will be very useful when modeling

multiple cracks. Figure 4.3 shows a single crack of the mode-I type, propagating in the direction

normal to the maximum principal tensile stress at the tip of the crack. The basic equations gov-

erning the next-step crack growth (by moving the present tip of the crack to the next node along

the future crack path) are obtained using the principle of superposition. Assuming the solid body

to be linear elastic, the overall equations are derived by linear combinations of individual solu-

tions that use the influence coefficients due to the external load (Figure 4.3a) and the cohesive

forces at the fictitious crack (Figure 4.3b), respectively. Notice that the external load and the

cohesive forces are unknowns and will be determined by solving the following crack equations.

As shown in Figure 4.3, the crack and its fictitious prolongation are represented by separating

pairs of dual nodes, a special kind of node consisting of two nodal points of the same coordinates

that are rigidly connected to each other before separation. In formulating crack equations, sub-

script l represents the limit value of a nodal force, and superscripts i and j denote the ith and jth nodes.
Let CR represent the reaction at the tip of the crack under a unit external load, and CIi denote the
tip force due to a pair of unit cohesive forces at the ith node of the fictitious crack. For the crack

to propagate, the tip tensile force must reach the tensile strength of concrete, given by

Ql ¼ CR �Pþ
XM

i¼1

CIiFi (4.2)

where Ql is the limit nodal force (the tensile strength of concrete times the surface area appor-

tioned to a nodal point); P is the external load; Fi represents the pair of cohesive forces at the

ith node; and M is the number of nodes inside the fictitious crack. Notice that Eq. (4.2) is the basic

equation for stable crack propagation.
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FIGURE 4.3 Concept of the crack-tip-controlled modeling of single cracks: (a) forces and displacements at

the crack due to unit external loads, (b) forces and displacements at the crack due to a pair of unit cohesive

forces, and (c) load condition for crack propagation.
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The crack-opening displacement (COD) at the ith node is given by

Wi ¼ BKi �Pþ
XM

j¼1

AKijFj (4.3)

where i ¼ 1, . . . , M. Here, BKi is the compliance at the ith node due to the external load P.
The influence coefficient AKij is the COD at the ith node due to a pair of unit cohesive

forces at the jth node (Figure 4.3b). By virtue of the reciprocity theorem, AKij ¼ AKji.
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The geometric shapes of the fictitious crack are determined by Eq. (4.3). Notice that CR, CIi, BKi,

and AKij are all obtained by linear elastic FE computations based on the FE models shown in

Figures 4.3a and b.

Along the fictitious crack, the cohesive forces Fi and the crack-opening displacements Wi must

obey the tension-softening law of concrete

Fi ¼ f ðWiÞ (4.4)

where i ¼ 1, . . ., M.

Equations (4.2) to (4.4) form the so-called crack equations, which are composed of the propa-

gation condition, the shape function, and the stress-COD relations of the fictitious crack. These

equations represent a mathematical formulation of the crack propagation in a single-crack prob-

lem. With the number of equations (2M þ 1) matching the number of unknowns (2M þ 1), the

problem can be uniquely solved to obtain the external load and the cohesive forces, since these

equations are linearly independent. Then the stress and displacement fields with the next-step

crack propagation can be calculated under the newly obtained boundary condition, as shown in

Figure 4.3c. This computational process will be continued until structural failure. As such, the

crack equations provide the theoretical basis for crack analysis, which is a continuing process

of finding the loading history and the equilibrium states for a propagating crack. The basic

solution procedure is illustrated in Figure 4.4.
Start

Move the crack tip to the next node.

Solve crack equations.

Perform stress analysis.

Repeat the preceding steps until
structural failure.

Modify crack path if necessary.

Set the new boundary condition.

FIGURE 4.4 Solution procedure for the crack-tip-controlled modeling of single cracks.
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4.4 NUMERICAL FORMULATION OF A MULTIPLE-CRACK PROBLEM
The fundamental difference between single-crack and multiple-crack problems is whether or

not the next-step cracking behavior is predictable. The mathematical formulation for single-crack

problems discussed in the previous section is based on the mode of crack propagation, which is

the only valid mode for a single crack under tension. When multiple cracks are involved, the

next-step cracking behavior cannot be uniquely determined. Therefore, crack equations for a mul-

tiple-crack problem should be established by considering multiple cracking modes. The following

formulations are based on the single-active-crack modes discussed previously.

Figure 4.5 illustrates two cracks of the mode-I type, crack A and crack B, where crack propa-

gation is set in the direction normal to the tensile force at the tip of each fictitious crack. In for-

mulating crack equations, subscripts a and b represent, respectively, crack A and crack B, and

l stands for the limit value of a nodal force. Superscripts i, j, and k denote the corresponding nodes

at designated cracks. For clarity, the cohesive forces and the CODs of the inactive crack are

marked by asterisks. To begin with, crack A is assumed to be the sole propagating crack, so

the tensile force at its tip must reach the nodal force limit Qla, given by

Qla ¼ CRa �Pa þ
XN

i¼1

CIiaa F
i
a þ

XM

j¼1

CIjab F
�j
b (4.5)

where N and M are the number of nodes inside each fictitious crack, respectively. Notice that the

tensile forces at the tip of crack A—CRa, CI
i
aa, and CI jab—are due to a unit external load, a pair of

unit cohesive forces at the ith node of crack A, and a pair of unit cohesive forces at the jth node of

crack B, respectively. The external load Pa is the required load for propagating crack A, while

crack B remains inactive. It should be noted that the tip force components due to the cohesive

forces of crack B in Eq. (4.5) represent exactly the effect of crack interaction on crack A.

The CODs along the two fictitious cracks are given by

Wi
a ¼ BKi

a �Pa þ
XN

k¼1

AKik
aaF

k
a þ

XM

j¼1

AKij
abF

�j
b (4.6)
W�j
b ¼ BKj

b �Pa þ
XN

i¼1

AKji
baF

i
a þ

XM

k¼1

AKjk
bbF

�k
b (4.7)

where i ¼ 1, . . ., N; j ¼ 1, . . ., M. Here, the compliances BKi
a at crack A and BKj

b at crack B are

due to the external load. The influence coefficients AKik
aa and AKij

ab are the CODs at the ith node of

crack A due to a pair of unit cohesive forces at the kth node of crack A and a pair of unit cohesive

forces at the jth node of crack B, respectively. Similarly, the influence coefficients AKji
ba and AKjk

bb

represent the CODs at the jth node of crack B due to a pair of unit cohesive forces at the ith node

of crack A and a pair of unit cohesive forces at the kth node of crack B, respectively. According to

the reciprocity theorem, AKik
aa ¼ AKki

aa, AK
jk
bb ¼ AKkj

bb, and AKij
ab ¼ AKji

ba.

Finally, imposing the tension-softening law of concrete along each fictitious crack leads to

Fi
a ¼ f ðWi

aÞ (4.8)

�j �j
Fb ¼ f ðWb Þ (4.9)
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FIGURE 4.5 Crack-tip-controlled modeling of multiple cracks: (a) forces and displacements at the cracks

due to unit external loads, (b) forces and displacements at the cracks due to a pair of unit cohesive forces

at crack A, (c) forces and displacements at the cracks due to a pair of unit cohesive forces at crack B,

(d) load condition for the growth of crack A, and (e) load condition for the growth of crack B.

4.4 Numerical Formulation of a Multiple-Crack Problem 89
where i ¼ 1, . . ., N; j ¼ 1, . . ., M. Equations (4.5) to (4.9) form the crack equations, stipulating the

conditions for crack A to propagate. With the number of equations (2N þ 2M þ 1) matching the

number of unknowns (2N þ 2M þ 1), the problem is solved uniquely to obtain the external load

Pa, the cohesive forces, and the CODs at the two cracks.

Alternatively, when crack B is assumed to be the only active crack, the crack equations are

derived as follows
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Qlb ¼ CRb �Pb þ
XN

i¼1

CIibaF
�i
a þ

XM

j¼1

CIjbbF
j
b (4.10)

N M
W�i
a ¼ BKi

a �Pb þ
X

k¼1

AKik
aaF

�k
a þ

X

j¼1

AKij
abF

j
b (4.11)

N M
Wj
b ¼ BKj

b �Pb þ
X

i¼1

AKji
baF

�i
a þ

X

k¼1

AKjk
bbF

k
b (4.12)

�i �i
Fa ¼ f ðWa Þ (4.13)

j j
Fb ¼ f ðWbÞ (4.14)

where the external load Pb is the required load for activating crack B, while crack A is assumed to

be inactive. Equations (4.10) to (4.14) form the crack equations that set the conditions for crack

B to propagate. Notice that the tip force components caused by the cohesive forces of crack A in

Eq. (4.10) represent explicitly the effect of crack interaction on crack B. Solving the crack equa-

tions, the external load Pb, the cohesive forces, and the CODs at the two cracks are obtained.

The equations from (4.5) to (4.14) form the two sets of crack equations required for modeling

two discrete cracks, which contain the propagation condition, the shape functions, and the stress-

COD relations. The influence coefficients employed in the crack equations are determined by lin-

ear elastic FE computations based on the FE models shown in Figures 4.5a–c. Upon solving the

two sets of crack equations, the true cracking mode is identified based on the minimum load

criterion, which predicts the onset of crack propagation at the minimum load—that is,

P ¼ minðPa;PbÞ (4.15)

After setting the true crack paths for the next-step crack propagation, the stress and displace-

ment fields are calculated under the condition of the obtained load and corresponding cohesive

forces, as shown in Figures 4.5d–e. This process can be repeated until structural failure. The

concept of the minimum load criterion for identifying the true cracking mode in crack analysis

is illustrated in Figure 4.6. Obviously, the preceding solution procedure can be readily extended
Structural deformation

Pb

P = Pa P = Pb P = Pb

Pb

Pa

Pa

Pa

Pb

L
oa

d 
(P

)

FIGURE 4.6 Concept of the minimum load criterion for crack analysis.
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4.4 Numerical Formulation of a Multiple-Crack Problem 91
to problems with an arbitrary number of cracks. The flowchart of the computational procedure

is shown in Figure 4.7. As seen, numerical results are checked to eliminate invalid solutions

upon solving the crack equations and obtaining the stress field. These invalid solutions are

encountered when an assumed cracking mode is irrelevant to the problem, and are manifested

either by the tip tensile stress exceeding the tensile strength at the tip of an assumed inactive

crack, or by the overlapping of the crack surfaces with negative CODs obtained at the restrained

crack. In a situation like this, the crack tip is readjusted by releasing or closing the tip nodes and

the problem is recalculated, as illustrated in Figure 4.7.

To close the tip of a crack, the two disconnected nodes next to the tip of the crack are recon-

nected, while the previous normal traction acting at these nodes is referred to as the transient
Check the validity of solutions.

Check the validity of solutions.

No

Yes

No

Go to next (i = i + 1).

Start

Activate the ith crack.

Contain any negative COD
(Wn < 0)? 

Solve crack equations.

Have all the cracks been activated?

Close the tip of
restrained crack (F1).

Determine the crack paths based on
P = Minimum (P1..., Pn).

Perform stress analysis.

Is the tip tensile stress sn < ft?

Repeat the preceding steps until
structural failure.

Yes

Yes

Release the tip stress
(F2).
Solve crack equations
again.

Close the tip.
Wn < 0

F1

Crack tip

sn � ft

Modify crack paths by remeshing if necessary.

Release the tip stress.
F2

No

FIGURE 4.7 Solution procedure for the crack-tip-controlled modeling of multiple cracks.
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92 CHAPTER 4 Extended Fictitious Crack Model for Multiple-Crack Analysis
material strength of the cracked material (based on the fact that the material damage due to cracking

is irreversible). By readjusting the crack-tip position, other cracking modes with geometrically

admissible strain fields may emerge, which include simultaneous propagations of several cracks

and crack growth accompanied by crack closure. The feedback from the obtained erroneous solu-

tions provides sufficient clues for modifying the cracking modes, and this mode-correcting function

is essential for the success of the proposed computational theory in numerical analysis of multiple

cracks.

In solving multiple-crack problems, the crack analysis for the next-step crack growths usually

leads to multiple solutions that correspond to different load levels. The minimum load criterion

stipulates that crack propagation begins at the lowest load level. This is the basis for identifying

the true cracking mode from among the many potential cracking modes as defined in Eq. (4.1).

Once the true cracking mode is found, a nonlinear crack problem with unknown boundary condi-

tions is then reduced to an ordinary boundary value problem with a clearly defined boundary

condition, which is solved by the established numerical procedure.

The theoretical basis for theminimum load criterion can be found in the Griffith energy principle,

which states that crack extension occurs when the energy available for crack growth is sufficient to

overcome the resistance of the material. Obviously, the Griffith energy principle is satisfied at the

minimum load for crack propagation. Hence, the minimum load criterion is equivalent to an energy

criterion for the growths of multiple cracks.
4.5 CRACK ANALYSIS OF A SIMPLE BEAM UNDER BENDING
This section presents crack analysis of a simple beam under bending with a fixed crack path that

requires no path modification and with a curvilinear crack path that demands path modification—

that is, remeshing.
4.5.1 Crack Analysis with a Fixed Crack Path

The first structural problem to be studied is the four-point bending tests of simple plain concrete

beams (Uchida et al., 1993). An unnotched test specimen and six FE models with small initial

notches are illustrated in Figure 4.8. The first two cases—Case 1-1 and Case 1-2—are half-mod-

els of the simple beam, having two initial notches each. As seen, notch A is at the midspan, and

notch B is below the loading point. While for Case 1-1, notches A and B are assumed to be the

same size of 10 mm, notch B in Case 1-2 is 20 mm, twice the size of the central notch. By adding

one more notch next to notch B, three half-model cases with three initial notches are assumed.

As shown, the three notches in Case 2-1 are the same size—10 mm—while notch B of Case

2-2 and notch C of Case 2-3 are 20 mm, twice the size of the others. The last case, Case 2-4, is a

full model of the simple beam, having three initial notches with arbitrary positions, inclinations,

and sizes. Notice that the size of a small initial notch here is assumed to be 10 mm, which is

one-twentieth of the beam height. For the geometric details of each case, refer to Figure 4.8.

In solving the crack equations, the bilinear tension-softening relation, as shown in Figure 4.9,

is assumed (Rokugo et al., 1989). The material properties of the test specimen are summarized in

Table 4.1, which include the elastic modulus E, the tensile strength ft, the compressive strength fc,
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Table 4.1 Material Properties of a Simple Beam

E (GPa) n ƒc (MPa) ƒt (MPa) GF (N/mm)

27.50 0.20 33.00 2.80 0.10

94 CHAPTER 4 Extended Fictitious Crack Model for Multiple-Crack Analysis
Poisson’s ratio n, and the fracture energy GF. Crack analysis will be carried out for the six numer-

ical cases by fixing the crack paths as straight.

Two Initial Notches
The numerical results are shown in Figure 4.10, which include the load-midspan displacement

relations, the load versus crack-mouth-opening displacement (CMOD) relations, and the crack
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FIGURE 4.10 The numerical results of Case 1-1 and Case 1-2 with two notches: (a) load-displacement

relation, (b) load-CMOD relation, and (c) crack propagation chart (after Shi et al., 2001; courtesy of ASCE).
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4.5 Crack Analysis of a Simple Beam under Bending 95
propagation charts of the two individual cracks (where the circled number represents the tip posi-

tion of that particular crack at the designated step of the crack-tip-controlled computation). With

the same small size assumed for the two notches in Case 1-1, an active crack grows from the mid-

span notch and becomes the dominant crack, penetrating the beam almost to the end before the

numerical solutions diverge at the nineteenth step.

As shown in the crack propagation chart, crack B propagates only a short distance into the

beam and eventually closes after the sixth step. In Case 1-2, with a size of 20 mm assumed for

notch B, the cracking behaviors are reversed: Crack B turns out to be the dominant crack, while

crack A quickly becomes inactive in the early stage of the numerical computations. The obtained

results clearly demonstrate how the locations and sizes of initial notches could strongly affect

cracking behavior. From a purely computational point of view, to extend the inactive cracks

beyond their present depths (by evoking other cracking modes) requires extra external energy—

that is, a larger external load.

In the end, this may lead to a superficially large load-carrying capacity of the simple beam.

Obviously, this scenario is unrealistic and potentially dangerous (as it may lead to an unsafe

design) and therefore must be eliminated by implementing the minimum load criterion for crack

extension. As clearly shown, the crack propagation can be traced until the very late stage in the

postpeak regions, with the CMOD of each active crack reaching roughly 0.2 mm for this simple

beam problem.

A comment on the obtained load-midspan displacement relations should be made. Compared with

the test results, the obtained curves in the postpeak regions are less brittle than the experimental curves.

This superficial stiffness in the structural response is caused by the adoption of the straight crack paths

and the employment of the half-models in the numerical analysis; both are known to result in stiffer

structural response. Further explanations will be given later.

Three Initial Notches
Numerical results are presented in Figure 4.11. For Cases 2-1, 2-2, and 2-3, the active cracks

are crack A, crack B, and crack A, respectively. Under the given conditions, no crack emerges

from notch C in the first two cases at all. A comparison between Case 2-1 and Case 1-1 reveals

that the cracking behaviors in the two cases are exactly the same, indicating that notch C has

no influence on crack A and crack B in Case 2-1. The same is true for Case 2-2 when compared

with Case 1-2. Enlarging notch C to 20 mm in Case 2-3, a small crack appears from that notch,

but it then becomes a nonpropagating crack and soon closes after the closure of crack B, as

crack A penetrates deeply into the beam. The appearance of crack C in Case 2-3 slightly affects

the growth of crack B due to the crack interaction, which becomes obvious when compared with

Case 2-1. For clarity, only the CMODs of the active cracks are shown in the load-CMOD

relations.

A comparison between Case 2-1 and Case 2-3 shows similar cracking behaviors in the two

cases. This explains why the load-midspan displacement relations of the two cases are almost

identical. Finally, the full-model case, Case 2-4, is analyzed to demonstrate the flexibility of

the EFCM in dealing with arbitrary cracks. In this case, a main crack propagates from notch A

along an inclined crack path, and the obtained structural deformation is found to be very close

to the experimental curves in the postpeak regions. For details, refer to Figure 4.11.
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4.5 Crack Analysis of a Simple Beam under Bending 97
4.5.2 Crack Analysis with a Curvilinear Crack Path

The fracture process of the simple beam will be restudied to simulate curvilinear crack propaga-

tion, using the simple remeshing method introduced in Chapter 3 to modify the crack paths.

The unnotched test specimen and four numerical cases with small initial notches are illustrated

in Figure 4.12. Cases 3-1 and 3-2 are half-models, having three initial notches each. Whereas

for Case 3-1, notch B is placed under the loading point with a notch that is twice the size of

notches A and C, notch B of Case 3-2 is set 4 cm away from that position to the right and has

a notch size three times the others. The full-model cases—Cases 4-1 and 4-2—also contain three

initial notches each. As shown in Figure 4.12, notches A, B, and C in these two cases have exactly

the same random locations. The only difference is that the size of notch C in Case 4-2 is slightly

smaller than its counterpart in Case 4-1.

Figures 4.13 and 4.14 present the numerical results for the half-model cases and the full-model

cases, respectively, which include the load-displacement relations, the load-CMOD relations, and

the crack propagation charts. Although crack propagations in curvilinear crack paths are known to

involve tangential components of the cohesive forces on the crack surface, the crack analysis here

is based on the mode-I assumption. In other words, the shear force at the crack surface is ignored

(mixed-mode crack problems will be discussed in Chapter 7). As far as the load-displacement

relations are concerned, the agreement between the experiments and the numerical analyses is

deemed good enough to justify the validity of the following discussion on curvilinear crack

propagations.

For the half-model cases, if all of the three initial notches in Case 3-1 were assigned equal

sizes, crack A would then become the most active crack, propagating along the central line of

the beam as demonstrated in Case 2-1. That case is not the focus of the present study because

the crack path of the central crack is inherently vertical. To propagate a curvilinear crack, notch

B of Case 3-1 is assigned a slightly larger size, and consequently crack B becomes the dominant

crack, as shown in Figure 4.13. The curvilinear trajectory of crack B may seem a little puzzling,

as intuition would suggest that the crack propagates vertically toward the loading point. However,

with the existence of a compression field in the upper part of the beam, the crack does extend

along the curvilinear trajectory as the directions of principal tensile stresses at the crack tip grad-

ually deviate from the original horizontal orientation.

In contrast, the curvilinear trajectory of crack B in Case 3-2 is fully anticipated, since the prin-

cipal tensile stress departs from the horizontal orientation from the very beginning due to the

shear. It is interesting to note that, in this case, the crack tip curves toward the loading position.

In both cases, the growth of crack A is limited to only one or two nodal intervals, and no crack

emerges from notch C at all. The details on crack extension can be found in the propagation charts

in Figure 4.13. Due to the employment of half-models in these two cases, the load-midspan

displacement relations in the postpeak regions appear stiffer than the actual structural behavior.

As shown in Figure 4.14, in Case 4-1, crack A and crack C compete for simultaneous propa-

gation up to the peak load at the sixth step, reaching almost one-half of the beam depth. Crack C

becomes the dominant crack in the postpeak region, forcing the others to close eventually. Reduc-

ing the initial size of notch C by only one centimeter, however, crack A of Case 4-2 easily

becomes the most progressive crack, curbing the growth of crack B and crack C at an early stage.

As such, a small change in the sizes or positions of initial notches may completely alter the
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pattern of crack propagation. This makes the prediction of cracking behavior in a real structure

very difficult when multiple cracks are involved. Obviously, the crack interactions, which will

be the focus of study in Chapter 5, play an important role in causing these complicated cracking

behaviors. It should be pointed out that by modifying crack paths and employing full FE models,

the obtained structural deformation curves almost perfectly match the experimental curves in the

postpeak regions.
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As demonstrated through all the beam cases studied, although multiple cracks were involved

in the initial stage of crack propagation, only the dominant crack in each case became an open

crack, while the others stopped propagating and closed eventually before reaching the peak

load. This analytical conclusion agrees with the results of a large number of bending tests on

plain concrete beams, which have invariantly shown the beam failure to be the result of a single

fracture. This explains why the obtained structural response is stiffer when a half-FE-model is

employed, as just discussed. By using a half-model to study the beam fracture, the obtained sin-

gle open crack may imply the existence of two open cracks in the beam. In general, this failure

mode is unrealistic for plain concrete beams, and it is known that unrealistic cracking modes

can lead to superficially higher peak loads and stiffer structural responses, as indicated in

Figure 4.6.
4.6 CRACK ANALYSIS OF A FRACTURE TEST OF A REAL-SIZE
TUNNEL-LINING SPECIMEN

This section presents a fracture test of a real-size tunnel-lining specimen and the crack analysis of

the test using a half-FE-model and a full-FE-model.
4.6.1 Fracture Test on a Tunnel-Lining Specimen

The second structural problem involving multiple cracks is the fracture test of a real-size concrete

lining specimen of a waterway tunnel, as shown in Figure 4.15 (Abo et al., 2000). The test was

carried out to investigate the cracking behavior and fracture process of a tunnel lining with void

formation above the ceiling area and uniformly distributed loads applied to the sidewalls and to

study the remaining load-carrying capacity after the formation of cracks. As shown, the tunnel

was 2.5 m in diameter, with a wall thickness of 25 cm. The test was carried out under the load

control, and during the test structural deformations were recorded at the crown and the two side-

walls along with the strains, as illustrated in Figure 4.15.

Although no measurements of the CMODs were taken during the test, the crack propagation

patterns were carefully recorded, as shown in Figure 4.16, in which the load-displacement rela-

tions are also presented. As shown by the test results, five cracks propagated in the test specimen

before the collapse of the tunnel under compression. The most active crack occurred in the right

wall, which was followed by two progressive cracks in the bottom plate from outside. The

crack in the left wall and the crack in the ceiling area from outside were small and less active.

Upon reaching the peak load, the tunnel specimen failed in a brittle fashion, as indicated in the

load-displacement relations. It was reported that during the experiment a certain degree of eccen-

tric loading occurred, generating a higher pressure-load on the right wall. This is evident from the

load versus displacement relations separately measured on the left and right walls, as well as from

the unsymmetric crack propagation patterns recorded on the test specimen.

Based on these facts, the right portion of the bottom plate was believed to be under bending

during the experiment, and the corresponding vertical supports in effect did not function, as indi-

cated in Figure 4.16. In the following, the cracking processes of the tunnel specimen will be stud-

ied by employing two FE models: a half-model with three initial notches and a full-model with
www.EngineeringEbooksPdf.com



200

822

478

1250

250

CL

ΔT

48�
ΔRΔL

145 283 1030

R = 1250 

R = 2500 R
 = 2500

250
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five initial notches. These analyses will reveal the unique cracking behaviors frequently observed

in actual tunnels. The material properties of the test specimen are summarized in Table 4.2.

Notice that the bilinear tension-softening relation in Figure 4.9 is employed to solve the crack

equations.
4.6.2 Crack Analysis with a Half-FE-Model

A half-FE-model is employed to study cracking behaviors in the tunnel specimen, taking into

account the assumed symmetric conditions of the experiment, as shown in Figure 4.17. As seen,

three initial notches are introduced into the specimen: Notch A is in the ceiling from outside, notch

B is in the sidewall, and notch C is in the bottom plate from outside, next to the sidewall. The crack

paths are assumed to be perpendicular to the lining surface. The locations of the notches are roughly

determined from the observed crack propagation trajectories of the test results. The notch sizes are

assumed to be the same at 25 mm, which is one-tenth of the wall thickness.
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Table 4.2 Material Properties of a Tunnel Specimen

E (GPa) n ƒc (MPa) ƒt (MPa) GF (N/mm)

20.00 0.20 20.00 2.00 0.10
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Numerical results are presented in Figure 4.18, which include the load-displacement relations at

the ceiling and the sidewalls, the load-CMOD relations, and the crack propagation charts. Available

experimental results are also shown. Despite some discrepancies in the loading conditions between

the actual test and the numerical study, judging from the load-displacement relations it is still rea-

sonable to conclude that the present numerical model reproduces well the general structural

response of the tunnel specimen. Based on the crack propagation charts and the load-CMOD rela-

tions, crack B in the middle of the wall is found to be the most progressive crack. Crack C in the

bottom plate is also active, although its growth is temporarily interrupted from the fourth to the sixth

steps by the aggressive propagation of crack B. Compared with the active propagations of crack B

and crack C, the slow opening of crack A in the ceiling area is quite noticeable.

As the maximum load is reached at the fourth step of the computation, crack A stops propa-

gating, retreats, and remains inactive until structural failure. It should be pointed out that in the

present case there are two propagating cracks in the postpeak regions, contrasting to the single-

cracking mode in the postpeak regions of plain concrete beams. Obviously, this is due to the exis-

tence of multiple tension zones in tunnel structures. The maximum CMOD of crack B reaches 0.2

mm, and the maximum structural deformations at the ceiling and sidewalls are approximately

1 mm. The obtained cracking behaviors are clearly attributed to the existence of the void in the

ceiling area, which allows the tunnel specimen to deform in the vertical direction without any

restraint, thus facilitating the opening of the cracks in the sidewalls.

These numerical results highlight the importance of backfilling the voids in tunnels to stop the

further opening of the cracks in tunnel linings in real engineering situations. Taking into consider-

ation the actual eccentric load conditions in the test, the general cracking behaviors obtained from

the numerical analyses are considered to be in good agreement with the experimental observations.
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FIGURE 4.18 The results of a crack analysis by a half-FE-model: (a) load-displacement relation, (b) load-

CMOD relation, and (c) crack propagation chart (after Shi et al., 2001; courtesy of ASCE).
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4.6.3 Crack Analysis with a Full-FE-Model

Figure 4.19 presents a full-FE-model with five initial notches introduced into the tunnel specimen

based on the exact crack locations observed during the experiment, as shown in Figure 4.16. The

size of the initial notches is 25 mm, equal to one-tenth of the wall thickness. Since the ratio of the

actual eccentric loads that occurred during the test was unknown, the uniformly distributed loads

on the two sidewalls of the full-model are assumed to be equal, but the vertical supports under the

right portion of the bottom plate are removed to simulate the unsymmetric boundary conditions of

the test. Again, the crack paths are assumed to be normal to the lining surface. For the geometric

details and the boundary conditions of the FE model, refer to Figure 4.19.
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FIGURE 4.19 Full-FE-model of tunnel specimen.
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Figure 4.20 presents the numerical results of load-displacement relations, load-CMOD rela-

tions, and crack propagation charts, which clearly demonstrate the effects of the unsymmetric

boundary conditions (including the unsymmetric notch locations) on the structural response.

The load-displacement relations at the ceiling and the sidewalls are compared with the test results.

As seen, small differences are observed in the displacements of the sidewalls. The obtained dis-

placements at the right wall are slightly larger than the test results, though the displacements at

the left wall seem to be in reasonable agreement with the test measurements. From the crack prop-

agation charts and the load-CMOD relations, crack B is shown to be the dominant crack, and its

simultaneous propagation with crack E in the first four steps illustrates the vulnerability of the

sidewalls against cracking. The growth of crack C in the bottom plate is slow but steady. Crack

A and crack D are almost inactive, exhibiting exactly the same cracking behavior by moving only
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one step forward and then becoming totally nonpropagating. Upon reaching the peak load at the

fourth step, the active growth of crack E stops, and the crack becomes nonpropagating in the post-

peak regions.

On the other hand, although crack C is less active compared to crack E in the prepeak region,

it becomes a propagating crack again from the eighth step in the postpeak regions. The repropa-

gation of crack C is closely related to the opening of crack B in the sidewall, which is accompa-

nied by the large structural deformations of the tunnel specimen that in turn cause a large bending

moment to form under the pressure loads at the right portion of the bottom plate to propagate

crack C. In general, the numerically obtained cracking behaviors represent closely the crack prop-

agation patterns of the test, except for crack D. The recorded large crack at notch D is not repro-

duced by the numerical analysis, probably due to the inaccuracy in the assumed boundary

conditions for the actual situation.

Based on the preceding analyses of the two FE models, the obtained maximum CMOD at the

sidewall is found to be approximately 0.2 mm before the crack penetrates the wall thickness and

becomes a through crack. In real situations, it is not unusual to encounter aging waterway tunnels

of similar scales that possess large cracks whose CMODs reach several millimeters. Obviously,

the interactive support of the surrounding geological materials must be taken into account in crack

analysis in order to allow such large cracks to develop in tunnel linings. A hybrid structural model

is developed in Chapter 8 for this purpose, and combined with a loosening zone soil mechanics

model, external earth pressures acting on tunnel linings can be numerically calculated based on

the values of the actual CMODs.
4.7 CRACK ANALYSIS OF A SCALE-MODEL TEST OF A GRAVITY
DAM BY CARPINTERI AND COLLEAGUES

In this section a fracture test on a scale model on a gravity dam by Carpinteri and colleagues will

be presented, and the crack analysis of the test and of two additional cases will be discussed,

focusing on the crack behavior of a dam with a single crack and with multiple cracks.

4.7.1 Background

Although monolithic structures such as dams are designed and shaped to withstand mainly com-

pressive loads, most concrete dams present cracks in local tension zones that frequently become

the cause of concern. In view of the grave consequences of a dam failure on human lives and

the immense impact on society in general, accurate prediction of crack propagation and struc-

tural-stability assessment are of utmost necessity to ensure safe operation of the structures. In

the following, the EFCM will be applied to study cracking behavior in a model dam to illustrate

the effectiveness of the method in dealing with multiple cracks in dam structures.

Carpinteri et al. (1992) tested two 1:40 scale models of a concrete gravity dam subjected to

equivalent hydraulic loads. The testing setup is shown in Figure 4.21. Each specimen contains

a horizontal notch on the upstream face located at a quarter of the dam height, with a notch size

of one-tenth of the dam thickness (0.1W) for the first specimen and one-fifth (0.2W) for the sec-

ond one. Here, W represents the dam thickness at the location of a designated initial notch.
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FIGURE 4.21 Model test of concrete gravity dam (dimensions in mm) by Carpinteri et al. (1992).
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Following an unsuccessful experimental attempt to simulate the self-weight condition (Test 1), in

which an unstable failure occurred along the base of the model, the repaired specimen was then

fixed to the testing platform and loaded again until structural failure, without any self-weight sim-

ulation (Test 2). The fracture test of the second specimen was carried out under the same condi-

tions (Test 3).

Figure 4.22 illustrates three numerical models: Model I, Model II, and Model III. In the fol-

lowing, Test 2 and Test 3 are analyzed first using Model I, and the predicted propagations of

the single cracks are compared with the documented experimental and numerical analysis results

of Carpinteri et al. Next, Model II and Model III are used to study crack propagations in concrete

dams involving multiple cracks. Model II is of the same structure as Model I, but it contains two

more initial notches in the upper part of the dam. Model III is a variation of the original structure

of Model I and Model II, where the thickness of the dam is decreased in the upper part by

removing the original top thickness and increased in the lower part by adding an upstream batter.
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Table 4.3 Material Properties of a Dam Specimen

E (GPa) n g (kg/m3) ƒt (MPa) GF (N/mm)

35.70 0.10 2400 3.60 0.184
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With four initial notches assumed and a single load applied near the top, this model is designed to

increase the overall structural stability and thus allow more cracks to compete for steady growth,

including the base crack, as well as to illustrate the dependence of cracking behavior on structural

types. For the geometric details and loading conditions of each model, refer to Figure 4.22.

Although the uplift pressures are not considered in the following studies, they can be readily

introduced to the surfaces of open cracks and treated like body forces. In solving the crack equa-

tions, the bilinear tension-softening relation in Figure 4.9 is again employed. In line with the com-

mon two-dimensional approach to dam structures, the numerical analyses are carried out under

the plain strain conditions. The material properties of the test specimens and numerical models

are listed in Table 4.3, where the unit weight of concrete, g, is assumed to be 2400 kg/m3.
4.7.2 Model I: Single-Crack Propagation

The experimental results of Test 2 and Test 3, as well as the numerical results of the present study

and those of Carpinteri et al. are compared in Figure 4.23, which include the load-CMOD rela-

tions and crack propagation charts. As seen from the load-CMOD relations, both numerical ana-

lyses provide very close predictions of the ultimate resistance of the structure. For Test 2, the

unexpectedly large CMODs of the test results in the postpeak regions seem to be attributed to

the previous damage sustained by the notch of the first specimen during Test 1. For Test 3, a good

agreement between the test and numerical analyses is observed.

Although the predicted crack paths of the present study match reasonably well with the actual

crack paths during the steady crack growth, they diverge in the stage of unsteady crack propaga-

tion (marked distinctively by the kink in each obtained curve) shortly before structural failure. As

shown in Figure 4.23, while the present study predicts that the cracks finally penetrate the model

dams horizontally, the tests reveal that the actual paths curve toward the toes of the structures in

the downstream side.

A careful study of the crack trajectories in the two tests, especially in Test 3, suggests that a

transition of the loading conditions may have occurred before structural failure. Experimentally

speaking, it may be extremely difficult to sustain the loading conditions as specified in Figure 4.21

during unsteady crack propagation. As the upper structure becomes unstable and starts to topple,

the location of the resultant of the equivalent hydraulic loads may inevitably shift upward, thus

releasing the compressive forces from the lower part of the structure and altering the stress fields

to allow the cracks to curve downward. Without introducing such a change in the loading condi-

tions as described, the numerically computed curvilinear crack path will inevitably bend horizon-

tally because the new path leads to the minimum resistant moment of the remaining intact dam

structure, thus leaving behind a kink in the crack path. Due to the limited information concerning

their computational assumptions, further discussion of the numerical results of Carpinteri et al. on

crack propagation is omitted.
www.EngineeringEbooksPdf.com



0 0.5 1 1.5

L
oa

d 
F 

(k
N

)

CMOD (mm)

Model I-2 (Test 3)
(Notch size = 0.2W)

0

200

400

600

800

1000

0

200

400

600

800

1000

0 0 .5 1 1 .5

L
oa

d 
F 

(k
N

)

CMOD (mm)

(a)

(b)

Test 2
Model I-1
Carpinteri et al.

Test 3
Model I-2
Carpinteri et al.

Model I-1 (Test 2)
(Notch size = 0.1W)

Test 2 (Side A)
Test 2 (Side B)
Model I-1
Carpinteri et al.

Test 3 (Side A)

Carpinteri et al.

Test 3 (Side B)
Model I-2

FIGURE 4.23 Numerical results of Model I: (a) load-CMOD relation and (b) crack propagation chart (after

Shi et al., 2003; courtesy of ASCE).

112 CHAPTER 4 Extended Fictitious Crack Model for Multiple-Crack Analysis
It should be noted that due to the enormous self-weight of actual dams, the frictional forces on

the crack surface might have a significant influence on crack propagation. By including shear, a

mixed-mode fracture problem has to be solved, in which the inelastic material behavior of the

fracture process zone is governed not only by the tension-softening law but also by a shear-
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transfer law as well. As will be discussed in Chapter 7 on mixed-mode fracture, by introducing a

shear force to the crack surface, the computed crack path in Test 3 shifts upward and coincides

with the actual crack path during the stable crack propagation.
4.7.3 Model II: Multiple-Crack Propagation

During the preliminary studies on Model II, it was found that by setting an initial notch (of any

size) at the foundation in the upstream side, the base crack would inevitably become the dominant

crack, allowing no cracking from the other notches in the dam at all. To allow other cracks to

develop, the structure must be completely fixed at the bottom, assuming that no crack can propa-

gate from there.

The numerical results of Model II are presented in Figure 4.24. As shown, three cases are con-

sidered: In Case 1 all the three initial notches are assigned the same size of 0.1W, and in Cases

2 and 3, notch B is enlarged to 0.3W and 0.4W, respectively, in order to activate crack B. From

the numerical computations, crack C is found to be the only active crack in Case 1. This situation

remains basically unchanged in Case 2, although competition from crack B for simultaneous

propagation does occur briefly in the initial stage of crack growth. The transition of the cracking

behavior finally takes place when an unrealistically large notch size of 0.4W is assumed for notch

B in Case 3, and only then does crack B become the dominant crack. With its location further

above crack B, the activation of crack A certainly requires an even larger initial size: 0.7W.

Compared with the cracking behaviors of the simple beams and tunnel specimens discussed

previously, crack propagations in the present cases involve only limited crack interactions. In

view of the structural characteristics of Model II, it is much easier for cracks to propagate from

the lower sections of the structure than from the upper sections, because the dam thickness at

the lower sections is not large enough to counterbalance the increase of the bending moment

there. With a slender upper section and a sturdy lower part, more intense crack interactions can

be expected in Model III.
4.7.4 Model III: Multiple-Crack Propagation

The numerical results of Model III are summarized in Figure 4.25. Unlike Model II, an initial

notch is also introduced to the base of Model III, and in total four cases will be studied. While

all four initial notches in Case 1 are assigned the same size of 0.1W, notch A of Case 2 and notch

C of Case 3 are, respectively, enlarged to 0.2W, and notch D of Case 4 is given an even larger size

of 0.4W for the base crack to extend.

With the four cases as described, four different kinds of cracking behavior are observed. In

Case 1, crack B is the most critical crack, propagating horizontally while interacting with cracks

A and C. With a larger notch size of 0.2W, crack A of Case 2 becomes the dominant crack, and its

curvilinear trajectory turns sharply downward in the final stage of propagation. Although notch

C and notch D are unaffected by the growth of crack A, interactions between crack A and crack

B are evident: The sharp curving of crack A at the eighth step forces crack B to retreat (see Fig-

ure 4.25). In Case 3, a progressive crack grows out of notch C, curving upward while actively

interacting with the two upper cracks, crack A and crack B. Despite their close geometric loca-

tions, interactions between crack C and notch D are absent. With the added upstream batter,
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the structural stability is greatly enhanced at the foundation, and the base crack remains inactive

until notch D is enlarged to 0.4W. Again, it is interesting to note that in Case 4, although crack D

interacts quite actively with the two distant cracks, cracks A and B, the closest notch, notch C,

seems to be unaffected. Obviously, these complicated interacting behaviors of the multiple cracks

are closely related to the unique structural characteristics of Model III.

As clearly demonstrated through the numerical studies of Model II and Model III, with the

present approach there is no need to limit the number of cracks in FE models of concrete dams.

In general, the locations of initial defects or surface cracks in a dam should be determined through

field investigations. However, they can also be introduced to any local tension zones in a dam

based on a preliminary stress analysis or past experience. Unless these locations are indeed criti-

cal to crack propagation, no cracks will actually emerge from there.

As shown, the crack analysis using the EFCM provides an analytical tool that enables the ulti-

mate response of concrete dams to be investigated and the potentially damaging cracks to be iden-

tified and their propagation paths predicted. Safety assessment of concrete dams using such a

method serves as an additional check on the structural reliability of the dam designed by the tra-

ditional cantilever-beam theories. Furthermore, the information thus obtained can be used for

devising effective remedial measures against further cracking of the existing cracks and thus

reducing the potential risk of a dam failure.
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CHAPTER

Crack Interaction and
Localization 5
119
5.1 INTRODUCTION
Crack interaction is an important issue in the crack analysis of concrete. Because the local stress

field and the crack driving force for a given flaw can be significantly affected by the presence of

one or more neighboring cracks, clarifying the effect of crack interaction is the key to a clear

understanding of various cracking behaviors, including crack localization. In linear elastic frac-

ture mechanics (LEFM), it is known that depending on the relative orientation of the neighboring

cracks, the crack interaction can either magnify or diminish the stress intensity factor.

To illustrate the point, consider two infinite plates under tension with two identical collinear

cracks and two identical parallel cracks, respectively. Figure 5.1 presents the KI solutions of the col-

linear cracks at the two crack tips, A and B, as the spacing, s, varies. As clearly shown, as the two

cracks approach each other, the crack interaction magnifies the stress intensity factors at both crack

tips, and the crack tip closest to the neighboring crack experiences a greater magnification in KI. As

s ! 0, the KI solution at tip B increases asymptotically, while the solution at tip A approaches
ffiffiffi
2

p
because the two cracks coalesce into a single crack with twice the original length of each crack.

The magnifying effect on KI by the interaction of collinear cracks originates from the stress concen-

trations at the tips of each crack, which are tantamount to an increase in the applied load. The closer

the crack tip to the neighboring crack, the greater the magnifying effect on KI.

On the other hand, when the two cracks are parallel to each other, as illustrated in Figure 5.2,

the stress intensity factor decreases relative to the single-crack case. The diminishing effect on KI

by the interaction of parallel cracks can be understood by considering the mutual shielding that

results in a weaker stress field for each of the parallel cracks. These two cases highlight the com-

plex nature and varying effects of crack interactions that must have a profound influence on

various cracking behaviors, as will be revealed and discussed in the following sections.

Many studies have examined the interaction effects of multiple cracks in the fracturing process

of concrete (Bazant and Wahab, 1980; Ingraffea et al., 1984; Barpi and Valente, 1998; Carpinteri

and Monetto, 1999). In the discrete approach that allows the interaction of multiple cracks to be

studied most straightforwardly, an explicit mathematical formulation of the crack interaction is

possible (Shi et al., 2004). Such an approach enables crack interaction to be quantified and vari-

ous cracking behaviors (such as why some cracks are active, while others are not and why crack

localization begins early in some cases and is delayed in others) to be studied based on the nature
www.EngineeringEbooksPdf.com
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5.2 Coefficient of Interaction 121
and the intensity of the crack interactions involved. In order to derive the coefficient of interac-

tion, a numerical formulation of three discrete cracks is carried out in the following section, based

on the extended fictitious crack model (EFCM) developed in Chapter 4. Classifying the compo-

nents of the tip force as the principal tip force and the secondary tip force, with the latter contain-

ing exclusively the tip force components caused by the neighboring cracks and thus reflecting the

crack interaction, the coefficient of interaction is defined.

As revealed by the following studies, the nature and characteristics of crack interactions can

vary greatly among various structural types that possess either one or multiple tension zones when

deformed. Among a variety of studies on the fracture processes of concrete structures, concrete

beams are undoubtedly one of the most frequently analyzed structural members. In fact, the first

theoretical work on the fracture of concrete investigated the application of LEFM to concrete

beams under three- and four-point bending (Kaplan, 1961). Although a concrete beam is structur-

ally simple, a good understanding of its failure process, crack interaction, and localization may

well reveal some of the fundamental mechanisms in the fracture of concrete structures. For this

reason, two types of notched beams are studied, focusing on crack interaction and localization.

As the first group of the case study, the round-robin tests of unnotched plain concrete beams under

four-point bending (Uchida et al., 1993) are selected. Introducing three small initial notches into the FE

beammodels with four different combinations of the notch sizes, the failuremodes and the coefficients

of interaction are obtained, and the mechanism of crack localization is analyzed. As the second group

of the investigation, experimental and numerical studies on the fracture of plain concrete beams that

contain both small and large initial notches are presented. To reveal the complex nature of crack inter-

action, a crack problem in a deformed tunnel lining structure, where several tension zones coexist, is

chosen as the last group of the case study. Hence, one of the numerical models of the tunnel specimen

discussed in Chapter 4 is employed to calculate the coefficients of interaction, with which the cracking

behavior in the tunnel specimen is examined from a different perspective.

5.2 COEFFICIENT OF INTERACTION
In this section the crack equations for three arbitrary cracks are established first, which are used to

analyze the source of crack iteration and introduce the coefficient of interaction.

5.2.1 Crack Equations and the Source of Crack Interaction

Since the coefficient of interaction will be derived from crack equations, the numerical procedure

for solving three discrete cracks is outlined following. Figure 5.3 illustrates three cracks of the

mode-I type: crack A, crack B, and crack C. Notice that a crack propagates in the direction normal

to the tensile force at the tip of the fictitious crack. For clarity, the forces and crack-opening dis-

placements (CODs) of the inactive cracks are marked by asterisks. If crack A is assumed to be the

only propagating crack, the tensile force at its tip must reach the nodal force limit Qla, as shown in

Figure 5.3e,

Qla ¼ CRa �Pa þ
XN1
i¼1

CIiaaF
i
a þ

XN2
j¼1

CIjabF
�j
b þ

XN3
l¼1

CIlacF
�l
c (5.1)
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(f) crack B, and (g) crack C.

122 CHAPTER 5 Crack Interaction and Localization

www.EngineeringEbooksPdf.com



5.2 Coefficient of Interaction 123
where N1, N2, and N3 are the number of nodes inside the three fictitious cracks, respectively.

Here, CRa, CI
i
aa, CI

j
ab, and CIlac represent the tensile forces at the tip of crack A due to a unit

external load, a pair of unit cohesive forces at the ith node of crack A, the jth node of crack B,

and the lth node of crack C, respectively. These coefficients are determined by FE calculations

of the models in Figure 5.3a–d. Notice that Pa is the load required to propagate crack A, while

crack B and crack C remain inactive.

As seen, the first term on the right-hand side of Eq. (5.1) represents the tip tensile force caused

by the external loads, the second term represents the tip compressive force due to the cohesive

forces at crack A itself, and the remaining terms stand for the tip force components caused by

the cohesive forces of the neighboring cracks. The tip force component due to a neighboring crack

can be either tensile or compressive, depending on the relative location of that crack to crack A

and the deformation characteristics of the structural type involved.

The CODs along the three fictitious cracks are given by

Wi
a ¼ BKi

a �Pa þ
XN1
k¼1

AKik
aaF

k
a þ

XN2
j¼1

AKij
abF

�j
b þ

XN3
l¼1

AKil
acF

�l
c (5.2)

W�j
b ¼ BKj

b �Pa þ
XN1
i¼1

AKji
baF

i
a þ

XN2
k¼1

AKjk
bbF

�k
b þ

XN3
l¼1

AKjl
bcF

�l
c (5.3)

W�l
c ¼ BKl

c �Pa þ
XN1
i¼1

AKli
caF

i
a þ

XN2
j¼1

AKlj
cbF

�j
b þ

XN3
k¼1

AKlk
ccF

�k
c (5.4)

where i = 1, . . ., N1; j = 1, . . ., N2; and l = 1, . . ., N3. Here, BKa
i at crack A, BKj

b at crack B, and

BKc
l at crack C are the compliances at nodes i, j, and l, respectively, due to the external load. The

influence coefficients AKik
aa, AK

ij
ab, and AKil

ac are the displacements at the ith node of crack A due

to a pair of unit cohesive forces at the kth node of crack A, the jth node of crack B, and the lth
node of crack C, respectively.

Similarly, the influence coefficients AKji
ba, AK

jk
bb, and AKjl

bc represent the displacements at the jth
node of crack B, and AKli

ca, AK
lj
cb, and AKlk

cc are the displacements at the lth node of crack C, respec-

tively, due to a pair of unit cohesive forces at the corresponding locations. FE models to compute

these coefficients are given in Figures 5.3a–d. Based on Eqs. (5.2)–(5.4), the CODs, which represent

the change of geometric shapes due to crack propagation, are functions of the external loads, the

cohesive forces at the given crack, and the cohesive forces at the surrounding cracks.

Imposing the tension-softening law of concrete along each fictitious crack leads to

Fi
a ¼ f ðWi

aÞ (5.5)

F�j
b ¼ f ðW�j

b Þ (5.6)

F�l
c ¼ f ðW�l

c Þ (5.7)

Eqs. (5.1) through (5.7) form the crack equations for the case in which crack A is the sole propa-

gating crack. With the number of equations (2N1 þ 2N2 þ 2N3 þ 1) matching the number of

unknowns (2N1 þ 2N2 þ 2N3 þ 1), the problem can be solved uniquely.
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The crack equations for propagating crack B are obtained as

Qlb ¼ CRb �Pb þ
XN1
i¼1

CIibaF
�i
a þ

XN2
j¼1

CIjbbF
j
b þ

XN3
l¼1

CIlbcF
�l
c (5.8)

W�i
a ¼ BKi

a �Pb þ
XN1
k¼1

AKik
aaF

�k
a þ

XN2
j¼1

AKij
abF

j
b þ

XN3
l¼1

AKil
acF

�l
c (5.9)

Wj
b ¼ BKj

b �Pb þ
XN1
i¼1

AKji
baF

�i
a þ

XN2
k¼1

AKjk
bbF

k
b þ

XN3
l¼1

AKjl
bcF

�l
c (5.10)

W�l
c ¼ BKl

c �Pb þ
XN1
i¼1

AKli
caF

�i
a þ

XN2
j¼1

AKlj
cbF

j
b þ

XN3
k¼1

AKlk
ccF

�k
c (5.11)

F�i
a ¼ f ðW�i

a Þ (5.12)

Fj
b ¼ f ðWj

bÞ (5.13)

F�l
c ¼ f ðW�l

c Þ (5.14)

The crack equations for propagating crack C are given by

Qlc ¼ CRc �Pc þ
XN1
i¼1

CIicaF
�i
a þ

XN2
j¼1

CIjcbF
�j
b þ

XN3
l¼1

CIlccF
l
c (5.15)

W�i
a ¼ BKi

a �Pc þ
XN1
k¼1

AKik
aaF

�k
a þ

XN2
j¼1

AKij
abF

�j
b þ

XN3
l¼1

AKil
acF

l
c (5.16)

W�j
b ¼ BKj

b �Pc þ
XN1
i¼1

AKji
baF

�i
a þ

XN2
k¼1

AKjk
bbF

�k
b þ

XN3
l¼1

AKjl
bcF

l
c (5.17)

Wl
c ¼ BKl

c �Pc þ
XN1
i¼1

AKli
caF

�i
a þ

XN2
j¼1

AKlj
cbF

�j
b þ

XN3
k¼1

AKlk
ccF

k
c (5.18)

F�i
a ¼ f ðW�i

a Þ (5.19)

F�j
b ¼ f ðW�j

b Þ (5.20)

Fl
c ¼ f ðWl

cÞ (5.21)

By solving the three sets of crack equations, the true cracking mode and crack paths for the

next load increment are determined based on the minimum load criterion, and the stress and

displacement fields are calculated accordingly. This process is repeated until the divergence of

numerical solutions occurs at structural failure. Detailed descriptions on correcting invalid

solutions for relevant cracking modes can be found in Chapter 4.

The crack equations govern the change of the geometric shapes and the alteration of the stress

and displacement fields due to crack propagation and are directly related to three types of forces:
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the external loads, the cohesive forces at the given crack, and the cohesive forces at the neighbor-

ing cracks. Obviously, the so-called crack interaction refers specifically to any effect that has a

definite influence on the cracking behavior and is caused by the cohesive forces of the neighbor-

ing cracks. Thus, it seems relevant to derive a coefficient of interaction from the crack equations.

This coefficient may provide a quantitative measure of the crack interactions for a specific crack-

ing behavior at a given step of crack propagation. The coefficient of interaction will be derived in

the following section.

5.2.2 Coefficient of Interaction and Principal Tip
Force Coefficient

Because the tip force is caused by the external loads and the cohesive forces of all the cracks

involved, the interference effect between cracks may be measured by calculating the ratio of

the tip force components due to the neighboring cracks to the nodal force limit. Accordingly,

the nodal force components at the tip of an active crack (see Eqs. (5.1), (5.8), and (5.15)) are

divided into two parts: the principal tip force (PTF) Qa
I, Qb

I, and Qc
I given by

QI
a ¼ CRa �Pa þ

XN1
i¼1

CIiaaF
i
a (5.22)

QI
b ¼ CRb �Pb þ

XN2
j¼1

CIjbbF
j
b (5.23)

QI
c ¼ CRc �Pc þ

XN3
l¼1

CIlccF
l
c (5.24)

and the secondary tip force (STF) Qa
II, Qb

II, and Qc
II, given by

QII
a ¼

XN2
j¼1

CIjabF
�j
b þ

XN3
l¼1

CIlacF
�l
c (5.25)

QII
b ¼

XN1
i¼1

CIibaF
�i
a þ

XN3
l¼1

CIlbcF
�l
c (5.26)

QII
c ¼

XN1
i¼1

CIicaF
�i
a þ

XN2
j¼1

CIjcbF
�j
b (5.27)

where

Qla ¼ QI
a þ QII

a (5.28)

Qlb ¼ QI
b þ QII

b (5.29)

QIc ¼ QI
c þ QII

c (5.30)

As seen, the tip force components of the PTF result from the external loads and the cohesive

forces at the active crack itself, whose resultant is invariably a tensile force. On the other hand,
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the STF contains exclusively the tip force components caused by the cohesive forces at the

surrounding cracks and therefore represents the crack interactions. Depending on the specific con-

figuration of the problem and the relative locations of the neighboring cracks to the active crack,

the resultant of the STF components can either be a tensile force or a compressive force. Hence,

the interactions of the neighboring cracks may facilitate or hinder the propagation of the active

crack, depending on whether the STF is tensile or compressive (notice the similarities with the

magnifying and diminishing effects of the crack interaction on the stress intensity factors of the

collinear and parallel cracks in LEFM). To introduce the coefficient of interaction and the PTF

coefficient, the PTF and the STF are now divided by the critical tip force, and the resulting non-

dimensionalized coefficients ma
I, mb

I, and mc
I for the PTF, and ma

II, mb
II, and mc

II for the STF, are

presented as

mIa ¼
QI

a

Qla
(5.31)

mIb ¼
QI

b

Qlb
(5.32)

mIc ¼
QI

c

Qlc
(5.33)

mIIa ¼ QII
a

Qla
(5.34)

mIIb ¼ QII
b

Qlb
(5.35)

mIIc ¼ QII
c

Qlc
(5.36)

where

mIa þ mIIa ¼ 1 (5.37)

mIb þ mIIb ¼ 1 (5.38)

mIc þ mIIc ¼ 1 (5.39)

Here, ma
II, mb

II, and mc
II are termed the coefficients of interaction, and ma

I, mb
I, and mc

I are called

the PTF coefficients. Based on the previous analysis of the PTF and the STF, it is known that

while ma
I, mb

I, and mc
I are always positive, ma

II, mb
II, and mc

II can be either positive or negative.

Although the coefficient of interaction is derived from the tip force components alone, it reflects

all the physical characteristics that a neighboring crack possesses through the cohesive forces of

the crack. The coefficients of interaction will be employed in the following numerical studies on

the fracture of beams and tunnel linings. As will be demonstrated, with such a coefficient to mon-

itor and quantify crack interactions, cracking behavior can be analyzed and understood better in

view of the delicate interaction effects involved. Ultimately, this will help clarify the various

mechanisms of crack localization.
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5.3 CRACK INTERACTIONS IN NOTCHED CONCRETE BEAMS
UNDER FOUR-POINT BENDING

This section presents detailed analysis on crack interactions in notched concrete beams, assuming

beams with only small notches and beams with both small and large notches.

5.3.1 Beams with Small Notches

Crack interactions in beams with only small notches are discussed in the following sections.

Numerical Models and Material Properties
The four-point bending test of the unnotched plain concrete beam, which was analyzed in Chapter

4 as multiple-crack problems by introducing several initial notches into FE beam models, is illu-

strated in Figure 5.4 along with four FE models. As shown, the four cases of the simple beam,

Cases 1 through 4, contain three small initial notches. While the two side-notches A and C are
CL
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FIGURE 5.4 Fracture test (dimensions in mm) of an unnotched plain concrete beam and four numerical

models with small initial notches.
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symmetrically located with respect to the center of the beam, notch B is set slightly away from the

center to introduce imperfection to the problem. Their respective locations are kept the same in all

four cases. By varying the sizes of these initial notches, various cracking behaviors are obtained.

For comparison, the four cases are divided into two groups: the first group of Case 1 and Case

2, and the second group of Case 3 and Case 4. All geometric details are illustrated in Figure 5.4.

As seen, the crack increment is set to 10 mm, which is one-twentieth of the beam depth. Accord-

ing to the preliminary study on mesh-size sensitivity, as the mesh size was reduced from 10 mm

to 5 mm, the maximum load decreased slightly and the range of decrement was within 3 percent.

To solve the crack equations, the bilinear tension-softening relation, as shown in Figure 4.9, is

employed. The material properties of the test specimen are given in Table 4.1.

Results and Discussion
Figures 5.5 and 5.6 summarize the numerical results of the load-displacement relations, the load-

CMOD relations, the stress contours at the final computational steps, and the crack propagation

charts for the two groups of cases, respectively. To facilitate the discussion on crack interactions,

Figures 5.7 to 5.10 exhibit, for each of the four cases respectively, the required loads, the coeffi-

cients of interaction, and the components of the PTF at each computational step for each assumed

active crack. Notice that at each step of the computation, the true active crack is determined based

on the minimum load criterion, and stress analysis is carried out accordingly.

In the first two cases, notches A and C are given the same size of 20 mm, and notch B is

enlarged from 10 mm in Case 1 to 20 mm in Case 2. As shown in Figure 5.5, the maximum loads

predicted in the two cases are slightly lower than the experimental results, which is understand-

able because the fracture tests were performed on unnotched specimens. Obviously, the maximum

loads of the numerical models depend on the sizes of the initial notches. The peak load in Case 2

is decreased by approximately 10 percent compared with Case 1, due to the 10 mm increase in the

size of notch B.

While the stress contours clearly show the stress concentrations at the crack tips, the propaga-

tion charts illustrate the detailed process of crack propagation. In Case 1, all three cracks compete

for simultaneous propagation in the early stage of load increase. As the load approaches its maxi-

mum, cracks A and C stop growing at the fifth and sixth steps, respectively, leaving crack B as the

only active crack. The peak load is reached at the sixth step, and eventually the two side cracks

close as crack B penetrates deeper into the beam in the postpeak regions. In Case 2, due to a larger

initial size, crack B encounters less competition for simultaneous propagation than the two side

cracks. An early sign of crack localization is observed at crack B, when the propagations of cracks

A and C are temporarily interrupted at initial steps. Again, the maximum load is obtained at the

sixth step. Increasing the initial size of notch B further, the two side cracks will eventually lose

any chance to propagate, and the crack localization will take place from the very beginning of

the loading process.

Next, the fracturing processes just described are analyzed in terms of the crack interactions. As

shown in Figure 5.7 of Case 1, the required loads for propagating each single crack are almost

identical in the prepeak region. Under these circumstances, the subsequent stress analysis often

leads to situations in which the tensile forces at the tips of the restrained cracks exceed the tensile

strength of concrete. This explains the simultaneous propagation of all three cracks in the prepeak

region in Case 1, as a result of modifying the assumed single-active-crack modes. The obtained
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FIGURE 5.5 Numerical results on structural response and crack propagation in Case 1 and Case 2: (a) load-

displacement relation, (b) load-CMOD relation, (c) maximum principal stress contours (MPa), and (d) crack

propagation charts.
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coefficients of interaction at crack B, mb
II, reveal an active role of crack interactions by cracks A

and C in the pre- and postpeak regions. Since these coefficients are positive (except for an

extremely small negative value recorded at the second computational step), the interactions con-

tribute to increasing the tip tensile force and effectively facilitating the growth of crack B. The

coefficient mb
II attains its maximum with the last simultaneous propagation of cracks B and C

at the fifth step (refer to the propagation chart of Case 1 in Figure 5.5) and decreases afterward.

As crack B penetrates beyond half of the beam depth, mb
II becomes zero, and thus crack inter-

actions are no longer involved in the subsequent growth of crack B. With extensive cracking con-

centrated at notch B, the required load for propagating crack B is greatly reduced. In contrast, ma
II

and mc
II exhibit persistent crack interactions in the postpeak regions, and the required loads for

crack propagation in the nonlocalized cracking modes, Pa and Pc, are much greater than that in

Pb, obviously because a greater amount of the fracture energy is required in these situations than

to propagate a single localized crack, crack B. Due to the crack localization, the stress concentra-

tion at the tip of crack B gradually intensifies, which is evident from the two components of the

PTF that are in sharp contrast to those of the other modes.

Compared with Figure 5.7, the reductions in both the required loads Pb and the coefficients of

interaction ma
II, mb

II, and mc
II in Figure 5.8 of Case 2 are apparent. These smaller coefficients of

interaction reflect a more independent characteristic of the cracking behavior of the assumed

active crack in Case 2 than in Case 1. As a result of assuming a larger notch size, the crack local-

ization at crack B begins early, which is evidenced by the quickly diminishing values of mb
II in the

postpeak regions as compared to those of Case 1. For details of the numerical results, refer to

Figure 5.8.

We now address Case 3 and Case 4, focusing on the cracking behaviors. In these two cases,

notches A and B are assigned the same sizes of 30 mm and 10 mm, respectively. Notch C is

enlarged from 20 mm in Case 3 to 30 mm in Case 4. As shown in Figure 5.6, with a 10 mm dif-

ference in the size of notch C, the patterns of crack propagation and the stress distributions

completely reverse, even though the maximum loads are virtually unchanged in the two cases.

In Case 3, crack A is most active, suppressing the growth of both cracks B and C in the prepeak

region. In Case 4, however, cracks A and C propagate simultaneously up to the peak load at the

sixth step, reaching almost one-half of the beam depth with no sign of crack localization. The

localization of cracking occurs at the seventh step when crack C finally emerges as the dominant

crack, forcing the others to eventually close in the postpeak regions. The converse of the cracking

behaviors in these two cases raises interesting questions on the role of crack interaction in crack

localization.

The contrasting cracking behaviors just described are well mirrored in each of the three sets of

relations in Figures 5.9 and 5.10. For example, the progressiveness of crack A in Case 3 is

explained by the fact that Pa is the minimum required load from the very beginning of the loading

process, as shown in Figure 5.9. Also, the intense competition for simultaneous propagation

between cracks A and C in Case 4 is clearly attributable to the identical loads Pa and Pc in the

first seven steps, as shown in Figure 5.10. In both cases the coefficients of interaction ma
II and mc

II

are rather small. Nevertheless, the crack interaction in each case has played an important role in

the process of crack localization. In Case 3 the propagation of crack A clearly benefits from the

crack interactions in the prepeak region (ma
II > mc

II) that in turn accelerate the crack localization

in the postpeak regions, where ma
II diminishes faster than mc

II does. In Case 4, the simultaneous
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propagation of crack A with crack C is disrupted because the persistent interactions as represented

by ma
II in the postpeak regions have prevented crack A from becoming a major localizing crack.

The lack of activity in crack B in Cases 3 and 4 is well reflected in the large values of mb
II, which

are mainly due to the small size of notch B and the geometric proximity of notch B to the two side

notches. Again, the stress concentrations at crack A of Case 3 and crack C of Case 4 are observed

in the two components of the PTF in Figures 5.9 and 5.10.

5.3.2 Beams with Both Small and Large Notches

Crack interactions in beams with both small and large notches are discussed in the following.

Aim of the Test
Since the fracture of a plain concrete beam under bending is quasi-brittle, it is difficult to detect

crack propagations in the beam during a fracture test by visual inspection prior to the beam fail-

ure. Throughout the discussions of Cases 1 to 4, it has been demonstrated that the effect of crack

interaction can be clearly identified in various cracking behaviors, including crack localization.

To provide experimental evidence on the crack activities at multiple initial notches, four-point

bending tests on notched simple beams were carried out, and the crack-mouth-opening displace-

ment (CMOD) at each of the notches was carefully recorded. The test arrangement and the notch

arrangement are illustrated in Figure 5.11, along with two FE models. As shown, three small

notches of 10 mm were cut below the two loading points (notches A and C) and at the midspan

(notch B), and a large notch of 50 mm (notch D; one-fourth of the beam depth) was further intro-

duced into the beam in the middle of the distance between notch C and the nearest support. The

width of the cuts was 4 mm. The concrete composition is shown in Table 5.1, and the material

properties are listed in Table 5.2. Prior to the experiments, numerical analyses were performed

to predict cracking behavior, using the FE beam models of Cases 5 and 6 in Figure 5.11.

Numerical studies showed that by assuming notch D to be 40 mm in Case 5, the dominant

crack developed from the center. Upon increasing the size of notch D to 50 mm in Case 6, how-

ever, the most active crack originated from notch D. These two types of failure were both

observed during the fracture tests—that is, some of the specimens broke at the midspan, while

the rest failed at notch D. The variations of the test results are understandable in view of the inher-

ent material inhomogeneities of concrete, the unavoidable small fluctuations in notch processing

(as regarding the size and the position of a notch), and all the slight inaccuracies possibly encoun-

tered during the loading process. It is worth emphasizing that all of the notches’ active crack

openings were monitored.

Results and Discussion
The experimental results are divided into two groups based on the failure modes and are com-

pared with the numerical results of Case 5 in Figure 5.12 and Case 6 in Figure 5.13, respectively.

Based on the maximum values of the recorded CMODs at the peak load, the most active crack in

Figure 5.12 was crack B (0.041 mm), followed by crack D (0.018 mm), crack A (0.010 mm), and

crack C (0.007 mm). Similarly, the most active crack in Figure 5.13 was crack D (0.053 mm), fol-

lowed by crack B (0.023 mm), crack A (0.017 mm), and crack C (0.012 mm).
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FIGURE 5.11 Four-point bending test (dimensions in mm) of plain concrete beams with small and large

initial notches and two FE models.

Table 5.1 Concrete Composition of a Simple Beam with a Large Notch

Maximum
Size of
Coarse
Aggregate

(mm)

Slump

(cm) Air (%)

W/C Ratio

(%)

Sand-
Coarse
Aggregate

Ratio (%)

Unit Weight (kg/m3)

Unit
Weight
(g/m3)

Water W Cement C

Fine
Aggregate

S

Coarse
Aggregate

G

Admixture

AE

20 11.5 4.5 55.0 46.0 165 300 834 991 9.00

Table 5.2 Material Properties of a Simple Beam with a Large Notch

E (GPa) n ƒc (MPa) ƒt (MPa) GF (N/mm)

29.25 0.18 42.25 3.66 0.14
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FIGURE 5.12 Experimental and numerical results on (a) load-CMOD relation, (b) load-displacement relation,

and (c) crack propagation chart (Case 5).
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FIGURE 5.13 Experimental and numerical results on (a) load-CMOD relation, (b) load-displacement relation,

and (c) crack propagation chart (Case 6).
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Judging from the numerically obtained load-CMOD relations, it can be concluded that the

agreement between the tests and the analyses is very good in Figure 5.12 and fairly good in Fig-

ure 5.13, which justifies the calculation of the coefficients of interaction and the following discus-

sions on the cracking behavior and the crack localization with the help of these coefficients. It

should also be noticed from the crack propagation charts in Figures 5.12 and 5.13 that the general

cracking behaviors obtained numerically are in perfect agreement with the previous analyses of

the recorded load-CMOD relations.

As shown in the propagation charts of Figure 5.12 and the load-step relations of Figure 5.14,

with the size of notch D equal to 40 mm in Case 5, crack B is found to be the most active crack

based on the minimum load criterion. After the initial simultaneous propagations of all four cracks

at the second step (as the result of modifying the crack propagation patterns due to the stress con-

centrations at cracks A, C, and D), crack D becomes the only competing crack with crack B at the

third step. This may seem a little puzzling at first because the required load to activate crack D

alone is even greater than the load required to propagate crack A, as shown in Figure 5.14. When

taking the large size of notch D into consideration, however, clearly the stress concentration at crack

D due to the propagation of crack B must be greater than the stress concentration at crack A, thus

resulting in the simultaneous propagation of crack D (not crack A) at the third step. This exemplifies

the size of a large notch or crack as an influencing factor on the cracking behavior.

At the next step, the obtained Pa is only slightly larger than Pb. After modifying the crack propaga-

tion patterns based on the results of stress analysis, crack A is found to extend with crack B, while

cracks C and D remain inactive. Compared with the small coefficients of md
II in Figure 5.14 in the pre-

peak region (themaximum load at the fifth step), the coefficients of interaction mb
II exhibit active inter-

actions with the neighboring cracks, which facilitate the growth of crack B and thus the process of

crack localization. On the other hand, the persistent small crack interactions at crack D as represented

by md
II in the postpeak regions provide sufficient clues as to why crack D cannot become the failure

crack (of course due to the greater amount of fracture energy required to propagate several cracks in

the nonlocalized cracking mode). Enlarging notch D to 50 mm in Case 6, crack D becomes the domi-

nant crack after suppressing the simultaneous propagation of crack B at the peak load (Figure 5.13).

As shown in Figure 5.15 of Case 6, with little crack interactions involved in the propagation of

crack D, the small coefficients of md
II quickly vanish in the postpeak regions, indicating rapid

crack localization. As expected, mb
II becomes large and persistent long after the peak load. Based

on the obtained values of mII, it is observed that for beam problems with mixed-size notches, the

coefficients of interaction of a large notch or crack are generally much smaller than the coeffi-

cients of interaction of a small notch or crack, except for the case when a dominant crack origi-

nates from this small notch, such as crack B in Case 5, where md
II > mb

II in the postpeak regions.

5.4 CRACK INTERACTIONS IN TUNNEL LININGS
To examine how cracks would interact with one another in different types of structures, the frac-

ture test of the tunnel specimen discussed in Chapter 4 is reexamined to obtain the coefficients of

interaction, using the half-EF-model shown in Figure 4.17. With caving above the ceiling area

and uniform pressure loads applied to the sidewalls, the obtained cracking behaviors and the loca-

tions of the tension zone are shown in Figure 5.16, which presents numerical results on structural

response and crack propagation charts.
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FIGURE 5.14 (a) External loads, (b) coefficients of interaction, and (c) principal tip force components for

each assumed active crack (Case 5).
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As shown in the deformed tunnel specimen, three tension zones exist: the outside of the ceil-

ing area, the corner of the bottom plate, and the inside of the sidewall. Three cracks—A, B, and

C—propagate in these tension zones from the initial notches that are preset in the numerical

model with the same size of 25 mm, or one-tenth of the wall thickness. Unlike a beam under
www.EngineeringEbooksPdf.com
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FIGURE 5.15 (a) External loads, (b) coefficients of interaction, and (c) principal tip force components for

each assumed active crack (Case 6).
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bending where all of the cracks originate from the same tension side, crack interactions in the tun-

nel specimen exhibit characteristics that are typical to structures with several tension zones.

As discussed previously, under the pressure loads, crack B in the sidewall was found to be the

most active crack, followed by the growth of crack C in the bottom plate. The active propagation

of crack C occurred in two separate stages: in the prepeak region and in the postpeak regions as
www.EngineeringEbooksPdf.com



0.5

0.
5

1.
5

0.5

1.5

0.5

0.5
1.5 1.5

CL

Tension zone
Compression zone

(a)

(c) (d)

CL

Crack A

Crack B

Crack C

CL

(b)

CMOD (mm)

0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08

0.00 0.05 0.10 0.15 0.20 

Crack A
Crack B
Crack C

0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08

0.0 0.2 0.4 0.6 0.8 1.0
Displacement at walls (mm)

0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08

−0.3 0.0 0.3 0.6 0.9 

L
oa

d 
(M

Pa
)

L
oa

d 
(M

Pa
)

L
oa

d 
(M

Pa
)

Displacement at  ceiling (mm)

Analysis
Test

Analysis
Test (ΔR)
Test (ΔL)

FIGURE 5.16 Numerical results on structural response and crack propagation (half-FE-model of tunnel

specimen): (a) load-displacement relation, (b) load-CMOD relation, (c) maximum principal stress contours

(MPa), and (d) crack propagation chart.
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the crack became temporarily nonpropagating at around the peak load. Crack A in the ceiling area

was the least-active crack, whose slow growth stopped completely after reaching the peak load.

These cracking behaviors are the direct results of the deformation characteristics of the tunnel

specimen under the given load and boundary conditions.

As shown in Figure 5.17, although the minimum required load for propagating a crack at steps 1

to 3 is found in Pc, the subsequent crack analysis results in the propagation of not only crack C but

crack B as well. Taking into account the large structural deformation that takes place with each crack

increment (set at one-tenth the wall thickness), it is obvious that the simultaneous growth of crack

B with crack C is the result of correcting the single-active-crack mode because the tip force at

crack B must have surpassed the tensile strength of concrete. As the structural deformation is gradu-

ally accumulated in the sidewall after the first three steps of crack propagation, Pb becomes the
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minimum required load to propagate crack B from the fourth step forward, while the growth of crack

C is temporarily halted. As explained in the previous study of the full tunnel model in Chapter 4, the

regrowth of crack C in the postpeak regions is directly related to the large structural deformations of

the tunnel specimen due to the progressive opening of crack B in the sidewall, which cause a large

bending moment to form at the bottom plate to reactivate crack C.
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Perhaps the most interesting feature of the crack interaction in the tunnel specimen is repre-

sented by the negative coefficient of interaction, as shown in Figure 5.17. With several tension

zones coexisting in the tunnel lining, the cohesive forces at one crack induce a compressive tip

force component at another crack in a different tension zone that tends to close that crack. Appar-

ently, this is the effect of reversing or resisting the structural deformation by the cohesive forces

of a crack in any tension zones. Therefore, the crack interactions in these situations actually rep-

resent the resistance to the growth of a crack. This leads to an interesting phenomenon: The more

active a crack becomes, the stronger resistance it encounters. This conclusion is drawn from the

following facts in the mII diagram of Figure 5.17: |mb
II| > |mc

II| from the fifth step as crack B

becomes the sole leading crack, and |mc
II| > |ma

II| from the eighth step as crack C grows again

from the seventh step. Since crack A is the least active crack, relatively small coefficients of inter-

action |ma
II| are obtained.

Notice that as the coefficient of interaction becomes negative, the PTF coefficient mI must be

greater than one, according to Eqs. (5.37) to (5.39). For instance, with ma
II = –0.16, mb

II = –0.26,

and mc
II = –0.18 obtained at the fifth step, the PTF coefficients become ma

I = 1.16, mb
I = 1.26, and

mc
I = 1.18, respectively. The stress concentration at crack B gradually becomes evident as the

crack propagates in the postpeak regions, though with a much-reduced magnitude as compared

to the scale of the stress concentration observed at a propagating crack in the beam problems dis-

cussed in the previous section.

5.5 CHARACTERISTICS OF CRACK INTERACTIONS
WITH ONE AND MULTIPLE TENSION ZONES

The contrasting characteristics of the coefficients of interaction and the PTF coefficients of two

cracks with one and two tension zones are compared in Figure 5.18. In the case of one tension

zone, the two cracks interact directly through the same stress field as the cohesive forces of one

crack induce a tensile force at the tip of the other and thus facilitate its propagation (in essence,

due to the reduced structural stiffness and increased structural deformation), and vice versa.

Therefore, the coefficients of interaction involving the two cracks are positive, and the PTF

coefficients must be less than or equal to one, as shown in Figure 5.18a. On the other hand,

if the deformed structural member possesses two separate tension zones and each contains a sin-

gle crack, the two cracks interact not through the same tension field but through the general

structural deformation that leads to the formation of the two tension zones, as shown in

Figure 5.18b.

As the cohesive forces of one crack tend to close that crack and thus resist general structural

deformation, a compressive force is induced at the tip of the other crack, which is equivalent to

increasing the material resistance to fracture. Hence, the coefficients of interaction of the two

cracks become negative, and the magnitudes of these coefficients represent the amount of the

increased resistance encountered in propagating these cracks. Notice that this increment of resis-

tance is reflected in the PTF coefficients that are greater than one, as shown in Figure 5.18b. Con-

sequently, with multiple tension zones coexisting, the more active a crack becomes, the larger the

structural deformation it causes, which in turn activates more cracks in other tension zones and

thus results in more interaction or resistance to the propagation of that active crack. This explains

clearly why a propagating crack encounters more resistance than a less active crack does.
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If one of the tension zones contains several cracks, the cracks within that zone interact the

same way as cracks in a single-tension zone problem, and the associated coefficients of interac-

tion are positive. The coefficients of interaction involving cracks in other tension zones, however,

must be negative because these interactions are tantamount to the material resistance encountered

by a propagating crack, as just discussed.

As the PTF coefficient of a propagating crack represents the ratio of the tip force components

due to the external load and the cohesive forces of the crack to the critical tip force for crack prop-

agation, its inverse defines an influence factor that measures the magnifying or diminishing effect

of the crack interactions on the propagation of that crack. This leads to

b ¼ 1

mII
¼ 1

1� mI
(5.40)

Figure 5.19 shows the influence factors of Cases 1 to 6, in which the magnifying effect of the

crack interactions on each of the main cracks is clearly visible in most of the cases with the
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maximum in Case 1 at 1.29, and the minimum in Case 4 at 1.02. On the other hand, Figure 5.20

illustrates the influence factors of the tunnel problem, which exhibits the diminishing effect of the

crack interactions on crack B with the minimum of 0.70.
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6.1 INTRODUCTION
In the testing and analysis of various fatigue problems, the time-varying nature of cyclic loads on

structures induced by winds, waves, vehicles, and so on is often subjected to oversimplification with

loads of varying amplitudes but fixed loading positions. Experimental studies have shown that during

fatigue tests of reinforced concrete beams and plates, the use of a moving cyclic load in a simulation

of traffic loads may cause a reduction in the maximum load obtained under fixed-point monotonic or

cyclic load conditions (Okada et al., 1982; Kawaguchi et al., 1987). Though these experimental obser-

vations have shed some light on the effects of changing loading positions during cyclic loading on the

load-carrying capacity of a structure, the exact cause of the reduction is not well understood.

It is well known that fatigue mechanisms are complicated, and it has become increasingly

clear that the phenomenon is closely related to multiple-crack activities during cyclic loading.

This chapter begins with numerical studies on the load-carrying capacity of a notched concrete

beam subjected to various monotonic loads, focusing on the change of cracking behavior and

the maximum load as the load condition changes. It is confirmed that the cracking behavior

and the failure mode are very sensitive to the loading positions, which could alter significantly

the load-carrying capacity of a simple beam. Also, it is found that under a given load condition,

increasing the number of initial notches in a numerical model may not necessarily reduce the flex-

ural strength of the beam. Next, numerical studies using cyclic loads of varying loading position

are carried out, aiming at clarifying the effects of changing loading positions during cyclic load-

ing on cracking behavior and the load-carrying capacity of a notched beam.

The results of the preceding numerical analyses clearly demonstrate the close relationship

between the failure mode and the load-carrying capacity of a notched beam. But exactly how

the decrease of the load-carrying capacity of a structural member takes place during cyclic load-

ing amid various cracking activities remains to be clarified. In a series of numerical studies in

which the size of a specific notch was enlarged incrementally, the existence of a critical size at

which the fracture process changed abruptly was found, and a significant reduction of the maxi-

mum load was obtained with the new failure mode (Shi and Suzuki, 2004).

The loading conditions and notch arrangements of the simple beams in the original study are

illustrated in Figure 1.13. As shown, among the three notches introduced into the beam, A and B

were kept at a constant size of 10 mm, while notch C was assigned various sizes to study
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the relations between the maximum loads and the failure modes under eccentric loading. The obtained

relations are shown in Figure 1.14, which contains two curves. When the eccentric load was applied at

notch C, a monotonically decreasing relation between the peak load and the size of notch C was

obtained, and the dominating crack for beam failure was shown to invariably develop from notch C.

On the other hand, when the eccentric load was applied at notch A, the obtained maximum

load seemed to be unaffected by the enlargement of notch C until it reached a critical value,

beyond which the peak load decreased quickly as the size of notch C further increased. It was

shown that a sudden change in the failure mode took place in the latter case. Before reaching

the threshold value of notch C, the dominating crack for the beam failure originated from notch

A; beyond that point it propagated from notch C. This important failure mechanism involving

the sudden change of failure mode is the focus of study in this chapter.

To provide experimental evidence for the transition of the failure mode and the resulting

reduction of the load-carrying capacity, an experimental study will be introduced (Shi et al.,

2007). The tests focus on the maximum loads of notched concrete beams under four-point bend-

ing and the corresponding failure modes as the size of a control notch is gradually enlarged. Then

numerical analyses are carried out to reproduce the fracture processes and obtain the maximum

loads, which both compare well with the test results. These studies reconfirm the previous find-

ings that for a given loading condition, the failure mode and the maximum load seem to be insen-

sitive to the sizes of certain initial notches as long as they are less than a critical value. As the

notch size surpasses that threshold value, however, a drastic change in the failure mode takes

place, and the load-carrying capacity can drop significantly.

In studies of metal fatigue, it has long been known that the fatigue strength of a test specimen

is not affected by introducing artificial micro holes into the specimen unless the size of these arti-

ficial defects exceeds a critical value, beyond which a significant degradation in fatigue strength

takes place (Murakami, 1993). Related experimental studies will be briefly introduced, and the

similarities between the two phenomena will be compared. Finally, engineering implications of

the present study in clarifying the mechanisms of fatigue failure will be discussed.

6.2 NUMERICAL ANALYSIS OF NOTCHED BEAMS
UNDER VARIOUS LOAD CONDITIONS

By assuming a variety of load conditions, this section presents crack analysis of notched beams,

focusing on the maximum load and the failure mode.

6.2.1 Maximum Loads with Monotonic Loadings

This section presents crack analysis of notched beams under monotonic loadings.

Numerical Models
Figure 6.1 illustrates the round-robin fracture tests of unnotched plain concrete beams under four-

point bending (Uchida et al., 1993) and FE models of notched beams subjected to various load

conditions. As seen, initial notches are introduced in each numerical model in the three critical

locations for crack propagation under the test condition—that is, notch A and notch C under
www.EngineeringEbooksPdf.com



P/2

100 200

P/2 P/2

P/2

P/2

P

P/2

P/2

100 100 100 100200 200

10
A B C

30

Case 1-1

Case 2-1

Case 3-1

Case 3-4

10

10

10 10

30 30

50

10 10 50

A B C

A B C

A B C

P

Case 3-2

Case 2-2

10 10 50

1030 30

P

P

10
A B C

A B C

A B C

Case 1-2

30 10

P

Case 3-3

Case 2-3

10 10 50

1030 30

P

P

A B C

A B C

A B C

Case 1-3

10 30 10

200 200 200

20
0

100

P/2

Four-point bending test

FIGURE 6.1 Numerical models (dimensions in mm) of notched beams under various load conditions.
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the two loading points and notch B at the center of the beam. By changing the sizes of these initial

notches, three types of the notched beam model are chosen to calculate the load-carrying capacity

under each load.

In Cases 1-1 to 1-3, the two side-notches A and C are assumed to be small with the same size

of 10 mm, while the central notch B with the size of 30 mm is three times larger. In contrast, in

Cases 2-1 to 2-3, the side-notches are enlarged to 30 mm, and the central notch is kept at 10 mm.
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As shown, the three load conditions considered include four-point bending, three-point bending,

and a single load at the location above notch C. Apparently, whether the single load is applied

at C or at A does not affect the load-carrying capacity because the notch arrangement is symmet-

rical with respect to the center of the beam. In Cases 3-1 to 3-4, notches A and B are both 10 mm,

and notch C is assumed to be as large as 50 mm. Besides the three types of loadings just

described, a single load is applied at A in Case 3-4.

To solve the crack equations, the bilinear tension-softening relation as shown in Figure 4.9 is

employed. The material properties of the test specimen are summarized in Table 4.1.

Results and Discussion
Figures 6.2 to 6.4 summarize the numerical results, which include the load-displacement relations

and the crack propagation charts. The maximum loads obtained under the prescribed load condi-

tions are listed in Table 6.1 for each type of notched beam.

Cases 1-1 to 1-3 In view of the symmetrical feature of the loading conditions in Cases 1-1 and

1-2, the two problems are solved numerically using half-FE-models. With a single load at C in

Case 1-3 the problem is asymmetric and, therefore, is analyzed using a full-model. As shown

in Figure 6.2, with a larger central notch and two smaller side-notches, a single crack propagates

at the center under the four- and three-point bending in Cases 1-1 and 1-2. In Case 1-3, although

the fracture of the beam is also caused by a dominating central crack that is curvilinear with its tip

tilting toward the loading point, a small crack also appears at notch C. As shown in the crack

propagation charts, the peak load is reached at the sixth step in all the three cases, and the small

crack at notch C in Case 1-3 is forced to close after the eighth step as the main crack penetrates

beyond half of the beam depth.

As shown in Table 6.1, a significant difference between the peak loads in Cases 1-1 and 1-2 is

found, which amounts to a reduction rate of 25 percent in terms of the load-carrying capacity of

the simple beam as the loading is changed from the four-point bending to the three-point bending.

Obviously, the smaller peak load in Case 1-2 is caused by the larger moment at the center of the

beam generated under the three-point bending than under the four-point bending (as the former is

50 percent greater than the latter). Though the loading conditions in Cases 1-1 and 1-3 seem to be

quite different, the peak load of Case 1-3 is almost identical to that of Case 1-1, which is largely

due to the fact that the moments at the center of the beam from where the critical cracks propagate

are exactly the same in both cases.

Cases 2-1 to 2-3 For the same reasons as in the previous cases, Cases 2-1 and 2-2 are analyzed

using half-models, and the solution of Case 2-3 is based on a full-model, as shown in Figure 6.3.

As the two side-notches are enlarged to 30 mm and the central notch is kept as small as 10 mm,

the fracture of the beam does not initiate from the central notch but from the side-notches under

all three loading conditions. In Cases 2-1 and 2-2, two cracks develop from notches A and C and

propagate simultaneously until structural failure. Though a small crack does grow at notch B

under the three-point bending in Case 2-2, it is forced to close as soon as the peak load is reached

at the sixth step. In Case 2-3, notch C is the most critical location for crack propagation because

the moment at notch C is twice as large as notch A, and the beam is fractured by a single crack

there. As seen in the propagation charts, during that process a small crack also appears briefly at

notch A.
www.EngineeringEbooksPdf.com



0

10

20

30

40

50

60

0.5
Displacement at center (mm)

L
oa

d 
(k

N
)

Test
Case 1-1
Case 1-2
Case 1-3

(a)

(b)

Case 1-3

B CA , ,

P

B C B
C

Case 1-1 Case 1-2

P/2
P/2

CL CL

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

FIGURE 6.2 Numerical results of Cases 1-1 to 1-3: (a) load-displacement relation and (b) crack propagation

charts (parentheses around numbers indicate maximum load).

6.2 Numerical Analysis of Notched Beams under Various Load Conditions 153

www.EngineeringEbooksPdf.com



0

10

20

30

40

50

60

0 0.1 0.2 0.3 0.4 0.5

L
oa

d 
(k

N
)

Displacement at center (mm)
(a)

Test
Case 2-1
Case 2-2
Case 2-3

B C B C

Case 2-1 Case 2-2

CL CLP/2
P/2

Case 2-3

(b)

B C
A

P

FIGURE 6.3 Numerical results of Cases 2-1 to 2-3: (a) load-displacement relation and (b) crack propagation

charts (parentheses around numbers indicate maximum load).

154 CHAPTER 6 FailureModes andMaximum Loads of Notched Concrete Beams

www.EngineeringEbooksPdf.com



0

10

20

30

40

50

60

0 0.1 0.2 0.3 0.4 0.5

L
oa

d 
(k

N
)

Displacement at center (mm)

Test
Case 3-1
Case 3-2
Case 3-3
Case 3-4

(a)

(b)

Case 3-1

A B
C

(6)

(6)

(6)

A

B
C

Case 3-2

Case 3-4

A B
C

A B
C

Case 3-3

P/2 P/2 P

PP

(6)

FIGURE 6.4 Numerical results of Cases 3-1 to 3-4: (a) load-displacement relation and (b) crack propagation

charts (parentheses around numbers indicate maximum load).

6.2 Numerical Analysis of Notched Beams under Various Load Conditions 155

www.EngineeringEbooksPdf.com



Table 6.1 Maximum Loads Under Monotonic Loading (Cases 1 to 3)

Case
No.

Case 1 Case 2 Case 3

1-1 1-2 1-3 2-1 2-2 2-3 3-1 3-2 3-3 3-4

P(kN) 33.8 25.3 33.1 36.7 32.4 28.8 28.8 25.2 22.7 37.7

156 CHAPTER 6 FailureModes andMaximum Loads of Notched Concrete Beams
As shown in Table 6.1, the maximum and the minimum peak loads in this group are obtained

respectively in Cases 2-1 and 2-3, and the difference is equivalent to a reduction rate of 22 percent

as the loading changes from the four-point bending to a single load at C. The smaller peak load in

Case 2-3 is due to its localized cracking behavior. This is in view of the fact that in Case 2-3 the

fracture of the beam is caused by a single crack, whereas in Cases 2-1 and 2-2 it is directly linked

with two simultaneously propagating cracks.

Cases 3-1 to 3-4 As shown in Figure 6.4, all of the cases in this group are analyzed with full

models. As the size of notch C is increased to 50 mm while notches A and B remain as small

as 10 mm, the fracture of the beam invariably takes place at notch C in Cases 3-1 to 3-3. With

a single load applied directly above notch A in Case 3-4, however, the stress concentration at

notch A also becomes critical for crack propagation as two cracks propagate simultaneously from

notch A and notch C. Upon reaching the peak load at the sixth step, crack localization begins at

crack A as the crack becomes the only propagating crack in the postpeak regions, while crack C

temporarily becomes arrested at around the peak load. As seen in the propagation charts, a small

crack appears briefly at notch B from the fourth to the seventh steps, which is followed by the

eventual closure of crack C after the eighth step.

As expected, the maximum load is obtained in Case 3-4, which is the only case involving

multiple-crack propagations. As is evident from Table 6.1, the differences between the peak loads

are more remarkable than those of the previous cases, and so are the reduction rates. When com-

pared to the four-point bending, the reduction rate is 13 percent in Case 3-2 and 21 percent in

Case 3-3—similar to the ratios of the previous cases. When compared to Case 3-4, the gap widens,

and the reduction rate jumps to 24 percent in Case 3-1, 33 percent in Case 3-2, and 40 percent

in Case 3-3. As such, the load-carrying capacity of a notched beam may vary significantly

depending on the details of a given load condition such as the loading position because cracking

behavior is very sensitive to such details. It should be noted that the load-carrying capacity is a

measure of the strength of resistance to the material failure, which becomes evident only through

various fracturing processes.

6.2.2 Maximum Load Increase with Higher Density of Initial Notches

This section presents crack analysis of notched beams with higher density of initial notches.

Numerical Models
Figure 6.5 illustrates four numerical models that are derived from Cases 2-1 to 2-3 by increasing

the density of initial notches to study its effect on the maximum load. As seen, notch D and notch

E are introduced in between notches A and B and notches B and C with equal intervals,
www.EngineeringEbooksPdf.com
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respectively. As with notches A and C, the new notches are also assumed to be 30 mm. Besides

the three loading conditions studied in Cases 2-1 to 2-3, a single load is applied at E in Case 4-4.

For the geometric details, refer to Figure 6.5.

Results and Discussion
The results of crack analysis for Cases 4-1 to 4-4 are presented and discussed.

Cases 4-1 to 4-4 For the same reasons as in the previous cases, Cases 4-1 and 4-2 are analyzed using

half-models, and the solutions of Cases 4-3 and 4-4 are based on full-models, as shown in Figure 6.6.

As seen, with the increasing number of initial notches, the critical locations for crack propagation

under the four-point and the three-point bending shift to notches D and E, alleviating the stress concen-

trations at notches A and C. This is manifested by the less-aggressive crack propagations at notches A

and C that are confined only to the prepeak regions. In Cases 4-3 and 4-4 where a single load is applied
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Table 6.2 Maximum Loads Under Monotonic Loading (Case 4)

Case No.

Case 4

4-1 4-2 4-3 4-4

P(kN) 37.9 29.7 30.0 27.4

6.2 Numerical Analysis of Notched Beams under Various Load Conditions 159
eccentrically, the fracture of the beam is caused by a single crack propagating beneath the loading

point, while small cracks appear at some of the other notches in the prepeak regions.

As shown in Table 6.2, the maximum and the minimum peak loads are obtained respectively

in Cases 4-1 and 4-4, and the reduction rate in the latter case approaches 30 percent. It is interest-

ing to note that despite the apparent differences found in Cases 4-2 and 4-3 regarding the loading

conditions and cracking behaviors, the two peak loads are almost identical with a reduction of

more than 20 percent from Case 4-1. Comparing Cases 4-1 and 4-2 and Cases 4-3 and 4-4 based

on the similarities of the cracking behaviors, it seems that the smaller peak load in each of the two

cases is caused by the larger moment at the location of the critical crack or cracks generated under

the corresponding load conditions (since the moment at E in Case 4-2 is 25 percent greater than

that in Case 4-1, and the moment at E in Case 4-4 is 9 percent greater than that at C in Case 4-3).

A careful comparison of the peak loads between Cases 2-1 and 4-1, and Cases 2-3 and 4-3 in

Tables 6.1 and 6.2 reveals an interesting fact: Under a given loading condition, increasing the number

of initial notches may sometimes result in a larger peak load. In Case 4-1, the peak load is 3 percent

higher than in Case 2-1 and is 4 percent higher in Case 4-3 than in Case 2-3 as the notch density

increases. On the other hand, the peak load of Case 4-2 is reduced by 8 percent from that of Case 2-2

as a result of increasing the number of initial notches. It is obvious that the increase or decrease of the

peak loads in these cases is due to the variations of the cracking behavior and the fracture process as

the condition on initial notches varies, as shown in the crack propagation charts in Figures 6.3 and 6.6.

Regarding the strength increase in Cases 4-1 and 4-3, a similar phenomenon has been reported in

fatigue tests of concrete beams inwhich the flexural strength of a concrete beam after a limited number

of cyclic loadings was found to be greater than that obtained under only monotonic loading (CAJ,

1985). This seemingly paradoxical phenomenon can be explained by the fact that during the cyclic

loading, a certain degree ofmaterial damagemust have been inflicted upon the beam eithermicroscop-

ically or macroscopically, a situation comparable to the increasing density of initial notches in

Cases 4-1 and 4-3. Thus, when monotonic loading is subsequently imposed, a different cracking pro-

cess may emerge and lead to a strength increase, as observed in the present numerical cases.

6.2.3 Maximum Loads with Alternative Loadings

This section presents crack analysis of notched beams with alternative loadings.

Numerical Models
As has been demonstrated through numerical studies using monotonic loads, the load-carrying

capacity of a notched beam is very sensitive to the loading positions. In this section, the fractures

of the simple beams under four-point bending in Cases 2-1 and 4-1 are studied using cyclic loads

of varying loading position in Cases 5-1 to 5-3. As shown in Figure 6.7, a single load is applied
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FIGURE 6.7 Numerical models (dimensions in mm) of notched beams with alternative loadings.
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alternatively at A and C in Cases 5-1 and 5-2, and at D and E in Case 5-3, with the objective of

inflicting similar material damage to the beam as with the four-point bending but through differ-

ent cracking processes.

In the crack-tip-controlled numerical analysis, the peak load in each cycle of loading is

obtained by solving the crack equations for the external load required for propagating an active

crack to the next nodal point along the preset crack path. Stress analysis is then carried out at

these peak loads in terms of the total stress and strain. This is different from the incremental stress
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6.2 Numerical Analysis of Notched Beams under Various Load Conditions 161
analysis employed for monotonic loading because the stress fields obtained at any two consecu-

tive peak loads are considered to be independent as a result of changing loading positions. Fur-

thermore, the crack paths are prescribed as vertical to facilitate the convergence of numerical

solutions. Except for these two simplifications, crack analysis is carried out following the same

numerical procedures as with monotonic loads.

Results and Discussion
The results of crack analysis for Cases 5-1 to 5-3 are presented and discussed.

Cases 5-1 to 5-3 Figure 6.8 presents numerical results of Case 5-1, which include the peak loads

PA and PC of the cyclic loading at each step, the load-displacement relations, and the crack prop-

agation charts. As seen, the fracture of the beam is caused by two propagating cracks from

notches A and C, which closely resembles the structural damage sustained under the four-point

bending in Case 2-1, and the maximum load is reached at the tenth step. By shifting the loading

position between A and C during the cyclic loading, however, the maximum load drops to Pmax ¼
28.9 kN, causing a 21 percent reduction from Pmax ¼ 36.7 kN of Case 2-1. The cause of this

strength reduction lies in the differences between the two fracture processes.
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As clearly demonstrated in the propagation charts, the simple mode of the simultaneous pro-

pagations of the two cracks under the four-point bending in Figure 6.3 is replaced by a fracture

process that involves two localized cracking modes exchanging after each cycle of loading. As

the loading position varies, the crack under the acting load is activated and extends from its tip

by one mesh-size of 10 mm, while the other is closed due to the variations of the stress fields.

It should be pointed out that the propagation of an active crack from its very tip immediately after

its previous closure relies on the damage accumulation along the path of each crack. Similar to

Case 2-3, the localized cracking modes under the cyclic loading are considered to be the main

cause of the decrease in the maximum load.

The numerical results of Cases 5-2 and 5-3 are given in Figures 6.9 and 6.10, respectively. As

shown, the fracture of the beam is caused by two propagating cracks from notches A and C in

Case 5-2 and from D and E in Case 5-3. The structural damage in Case 5-3 is analogous to that

in Case 4-1. Compared to Pmax ¼ 37.9 kN in Case 4-1, the maximum load is decreased to Pmax ¼
29.9 kN in Case 5-2 at the eleventh step with a reduction of 21 percent, and to Pmax ¼ 27.5 kN in

Case 5-3 at the tenth step with a reduction as high as 27 percent. Obviously, the decrease of the

flexural strength in these cases is attributed to the localized cracking processes observed in the
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propagation charts of Figures 6.9 and 6.10. With its reduction approaching 30 percent, Case 5-3

highlights the possibility of a significant strength loss during cyclic loading as the number of ini-

tial notches increases.

As such, the load-carrying capacity of a notched beam depends very much on the kind and

concentration of initial notches as well as the resulting fracture processes. During cyclic loading,

the damage accumulation plays an important role in the crack propagation as in Cases 5-1 to 5-3,

and the reduction of the load-carrying capacity is actually the result of changing fracture pro-

cesses due to the activation of the critical failure mode or modes.

6.3 CRITICAL INITIAL NOTCH AND ITS INFLUENCE ON FAILURE
MODE AND THE MAXIMUM LOAD

This section presents crack analysis of notched beams with various notch sizes, focusing on the

critical initial notch and its influence on failure mode and the maximum load.
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Numerical Models
To provide a mechanism for the reduction of the load-carrying capacity during cyclic loading, two

sets of numerical cases are studied in this section, as shown in Figure 6.11. Obviously, these cases

are inspired by the study of Cases 3-3 and 3-4. As seen, Cases 6-1 and 6-2 are the extensions of

Cases 3-3 and 3-4 by assigning various sizes to notch C, and Cases 6-3 and 6-4 are the variations

of Cases 6-1 and 6-2 by enlarging the size of notches A and B to 20 mm.

Results and Discussion
The results of crack analysis for Cases 6-1 to 6-4 are presented and discussed.

Cases 6-1 and 6-2 Numerically obtained relations between the maximum load and the size of

notch C are presented in Figure 6.12. As the ratio of notch size to beam depth increases, the peak

load PC in Case 6-1 decreases monotonically. Clearly, with the load being applied directly above

notch C, there is no uncertainty left in regard to the failure mode, and the fracture of the beam

always occurs at notch C. As the load-carrying capacity is basically derived from the remaining

ligament length at notch C, it is obvious that the larger the notch is, the smaller the load-carrying

capacity will be. On the other hand, in Case 6-2, the peak load PA remains approximately at

37.5 kN and seems to be unaffected by the very existence of notch C until the size of the notch
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exceeds 50 mm. As notch C increases beyond 50 mm, PA decreases quickly at a faster rate than

that of PC in Case 6-1.

Numerical results show that a transition in the fracture process takes place at this stage. Up to

the size of 50 mm, the fracture of the beam occurs at notch A; beyond that critical point, the beam

fails at notch C. The direct involvement of two independent failure modes in the beam failure is the

source of the decrease of the load-carrying capacity in Case 6-2. Obviously, the obtained invariant

peak load in the region up to the size of 50 mm is due to the fact that the remaining ligament length

at notch A from which the load-carrying capacity is derived is constant. When the change of failure

mode takes place, however, an abrupt decrease of the peak load is inevitable because the load-car-

rying capacity is now dependent on the much smaller ligament length at notch C.

These numerical results indicate that for any given load condition, there may exist several

potential failure modes in a structural member, and each of them is associated with a different

fracture mechanism and thus may lead to a very different load-carrying capacity. The change

of failure mode may occur as a result of changing the initial condition, such as by varying the size

of notch C in the present study, or during cyclic loading (with varying loading position) as certain

cracks propagate to some critical lengths to trigger other failure modes. As a result, the load-car-

rying capacity of the structural member can be greatly reduced.

The reduction rates of PC to PA are calculated and presented in Figure 6.13. With an extremely

large notch of 150 mm at C (three-fourths of the beam depth), the ratio reaches approximately

50 percent. In other words, the flexural strength of the beam predicted by PA could be twice as

large as that of PC. It is noted that PA and PC should stand for the same peak load if the beam

is devoid of any initial defects.

Cases 6-3 and 6-4 In Case 6-4, upon increasing the size of notches A and B to 20 mm, the

invariant peak load PA is obtained approximately at 32.5 kN as notch C increases from 20 mm

to 60 mm, which amounts to a decrease of 13 percent from the level of 37.5 kN in Case 6-2.
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Again, two failure modes are involved: the notch A–type fracture or the notch C–type fracture.

Apparently, the threshold value dividing the two is 60 mm; beyond that point, the beam fails at

notch C. The corresponding results of Cases 6-3 and 6-4 are also shown in Figures 6.12 and

6.13, and the previous discussions on Cases 6-1 and 6-2 are basically valid for the present cases.

6.4 EXPERIMENTAL VERIFICATIONS ON RELATIONSHIPS BETWEEN
FAILURE MODES AND THE MAXIMUM LOADS

This section presents experimental and numerical studies on notched beams under four-point

bending, clarifying the relationship between failure modes and the maximum loads.

6.4.1 Four-Point Bending Tests

As is well known, the only sure means to verify a theory is through experiments. In this section,

the experimental evidence for the strong dependence of the load-carrying capacity of a structural

member on the failure mode is presented. The experimental investigation focuses on the maxi-

mum loads of notched concrete beams under four-point bending and the corresponding failure

modes. The four-point bending test and geometric details of the specimens are shown in Photo 6.1

and Figure 6.14, respectively. Three small notches of the same size of 10 mm were introduced

into plain concrete beams that were placed directly below the two loading points and at the mid-

span, respectively. Then a fourth notch was introduced into the same specimens, which varied in

size and served as a control notch for switching the failure mode to demonstrate the transition of

fracture processes in the beam at a critical notch size.

The mix proportions of concrete are summarized in Table 6.3, and the material properties of

the test specimens are given in Table 6.4. Table 6.5 shows the test cases and notch arrangements.
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Table 6.3 Composition of Concrete Used in Fracture Tests

Maximum
Size of
Coarse
Aggregate
(mm)

Slump
(cm)

Air
(%)

W/C
Ratio
(%)

Sand-Coarse
Aggregate
Ratio (%)

Unit Weight (kg/m3)

Water
W

Cement
C

Fine
Aggregate

S

Coarse
Aggregate

G

Admixture

AE1 AE2

15 12.5 4.8 60.0 50.0 170 283 898 926 250 ml/C
¼ 100kg

C �
0.0005

Note: AE1 ¼ Air-entraining and water-reducing agent

AE2 ¼ Air-entraining agent

PHOTO 6.1 Four-point bending test on relations of failure mode and the maximum load.
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Table 6.5 Test Cases and Notch Arrangements of Fracture Tests

Test Case

Notch Size (mm)

Number of SpecimensA B C D

1 10 10 10 0 3

2 10 10 10 30 3

3 10 10 10 50 3

4 10 10 10 70 3

5 10 10 10 100 3

Table 6.4 Material Properties of Concrete Used in Fracture Tests

Material
Property

Compressive
Strength (N/mm2)

Modulus of Elasticity
(kN/mm2)

Tensile Strength
(N/mm2)

Curing
Period

Individual
Specimen Average

Individual
Specimen Average

Individual
Specimen Average

7 days 23.68 23.21 24.43 23.83 2.68 2.42

22.66 24.06 2.15

23.30 22.99 2.44

28 days 35.91 36.80 25.72 26.06 3.06 2.82

39.22 27.16 2.41

35.27 25.30 2.98
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As seen, five cases were tested with the size of notch D changing from 0 to 100 mm, and for each

case three specimens were prepared.

The results of the tests are summarized in Table 6.6, which includes the maximum load and the

location of the failure cross section. Samples of the failed beams are shown in Photo 6.2. With only

three notches in Case 1, two specimens failed at notch B, and one broke at notch C, reflecting the influ-

ence of the inherent material variations on cracking behavior. By introducing an additional notch of

30 mm into the beam inCase 2, the three specimens all failed at notch B. The results suggest that notch

D replaced notches A and C as a critical stress concentration point for potentially active cracks to

emerge and to compete with cracks from notch B. In Case 3 one specimen broke at notch D, and

two others failed at notch B, indicating that at 50 mm, notch D may have approached its threshold

value for the failure mode to change. For Cases 4 and 5, all specimens failed at notch D, and their

maximum loads were much lower. As seen, notch D indeed served as a control notch for altering
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Table 6.6 Results of Fracture Tests

Test Case Specimen No.

Maximum Load (kN)

Location of FractureIndividual Specimen Average

1 1 50.0 48.8 Notch B

2 50.6 Notch C

3 45.7 Notch B

2 1 43.0 44.7 Notch B

2 46.8 Notch B

3 44.2 Notch B

3 1 44.7 43.1 Notch D

2 38.4 Notch B

3 46.2 Notch B

4 1 36.0 32.7 Notch D

2 32.2 Notch D

3 29.8 Notch D

5 1 22.2 21.6 Notch D

2 21.8 Notch D

3 20.8 Notch D
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failure modes, and the experimental results clearly demonstrate the strong relationship between the

load-carrying capacity of a structural member and the failure mode. Further discussions on these

results will be presented in the following section, based on numerical analyses.

6.4.2 Numerical Analyses

In the following, crack analysis of the mode-I type is carried out to obtain the failure mode and

the maximum load of the notched beam under the four-point bending. The FE mesh is illustrated in

Figure 6.15, where the size of notch D is assigned values from 0 to 150 mm, with an increment of

10 mm up to the size of 80 mm. The material properties for the numerical study are summarized

in Table 6.7.

The obtained analytical relations between the peak load and the ratio of notch size (notch D)

to beam depth are shown in Figure 6.16, and the crack propagation charts are illustrated in Fig-

ure 6.17. Based on the analyses, the load-carrying capacity of the notched beam under the four-

point bending remains approximately unchanged at 43.4 kN, as notch D increases from 0 mm

to 50 mm; beyond that point, the peak load decreases quickly, with a reduction rate of more than

10 percent for every 10 mm enlargement of notch D.

Also shown in Figure 6.16 are the test results that clearly confirm the numerical predictions on

the relations between the maximum load and the size of notch D, especially regarding the abrupt

decrease of the maximum load beyond the critical notch size of 50 mm and the reduction rate.
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Table 6.7 Material Properties for Numerical Studies of Fracture Tests

E (kN/mm2) n fc (N/mm
2) ft (N/mm

2) GF (N/mm)

26.1 0.2 36.8 2.8 0.1
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As shown in Case 1 of the test, in which notch D was not yet introduced into the beam, two of the

three tests recorded higher peak loads at the 50 kN level, which were 15 percent higher than the

numerical prediction and are deemed to be within the normal range of variations for fracture tests

of plain concrete beams.

As such, the numerical analysis predicts that the maximum load of the beam will not be

affected by introducing notch D into the beam as long as the size of the notch does not exceed

50 mm. As shown in Figures 6.17A and 6.17B, the failure mode switches from the midspan

fracture to the fracture at notch D, as the control notch reaches 50 mm or beyond. The obtained

threshold value of 50 mm for the change of failure mode is deemed to be in close agreement

with the experimental observations. Even though only one of the three test specimens failed

at notch D during the experiments, the very fact that the failure modes began to diversify at

the size of 50 mm indicates that a transitional point for transforming the fracture mechanism

was reached.

Based on this observation, it seems proper to define a critical notch as a transitional point at

which a new failure mode replaces the previous one while the maximum load basically remains

unchanged. In other words, in the threshold region, two failure modes coexist, and both can

lead to approximately the same maximum load. Obviously, the most important feature of the

beam with the change of failure mode beyond the threshold region is the significant reduction

in its load-carrying capacity, which is due to the decreasing ligament length at notch D. For

reference, the analytical and experimental relations between load and CMOD at notch D are

shown in Figure 6.18 for Cases 2 to 5. Notice that during the tests, data was recorded up to the

peak load only.

6.5 ENGINEERING IMPLICATIONS
As is clearly demonstrated by the present study, when multiple cracks are involved in the fracture

process of a structural member, the change of cracking behavior and the failure mode under cer-

tain circumstances may lead to a substantial reduction in the load-carrying capacity of that mem-

ber. This finding may have significant implications in clarifying the fatigue mechanisms of

certain engineering materials.

In studies of metal fatigue, it has long been known that the fatigue strength of a test speci-

men is not affected by introducing artificial micro holes into the specimen unless the size of

these artificial defects exceeds a critical value, beyond which a significant reduction in fatigue

strength takes place (Murakami, 1993). Figure 6.19 illustrates two types of carbon steel speci-

mens and the shape of 12 identical micro holes, which were introduced into these specimens at

three locations (A, B, and C) with the equal spacing of 5 mm. At each location, along the perim-

eter of a cylindrical specimen, four micro holes were drilled into the specimen at equal

intervals.

Details on the material properties of the test specimens and test procedures can be found else-

where (Murakami, 1993). Relations between the experimentally obtained fatigue limit (the stress

level below which a test specimen will never break no matter how many stress cycles are applied)

and the size of micro holes under rotating bending are shown in Figure 6.20. As seen, a critical

diameter for these micro holes exists for each type of material, which is approximately 70 mm
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for S10C steel and 35 mm for S45C steel. By introducing micro holes that are smaller than the

critical size into a specimen, no particular influence on fatigue strength can be observed, and

the fatigue limit for smooth specimens (without micro holes) is obtained; otherwise, a reduction

in the fatigue limit occurs. It is known that the critical sizes of 70 mm and 35 mm are closely

related to the fact that the maximum nonpropagating crack observed at the fatigue limit in

annealed, smooth specimens is approximately 100 mm for S10C steel and 50 mm for S45C steel

under rotating bending.

As is observed in Figures 6.16 and 6.20, a strong similarity exists in the strength-defect size

relations obtained from the two strength tests, although these tests were carried out on different

materials (concrete versus steel) and under different loading conditions (monotonic loading versus

cyclic loading). Because the ultimate strengths of concrete and steel are all governed by fracturing

processes that involve crack initiation and propagation (based on different material rules, of

course) no matter whether under monotonic or cyclic loading, the fundamental mechanisms for

strength degradation in the two situations may well be closely related.

Based on the circumstantial evidence shown in Figure 6.20, the degradation of fatigue strength

beyond the threshold region may indicate fundamental changes in the cracking behavior and the
www.EngineeringEbooksPdf.com
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failure mode in test specimens having larger micro holes, as is inferred from the study of the

strength degradation of notched concrete beams. More specifically, different fracture mechanisms

may have been involved in the fatigue tests just discussed: one that governs the fatigue strength of

the smooth test specimens and one that is activated only after introducing micro holes whose sizes

surpass the critical value. Perhaps it is the latter that causes the reduction in the fatigue strength of

the test specimens for S10C and S45C steels.

In general, initial flaws and defects exist in all engineering materials and thus in all structural

members; only the degree of imperfection varies. Under actual cyclic loading, not only the ampli-

tude but also the loading position may change. Eventually, the material weakening process of a
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structural member caused by repeated loading inevitably involves multiple cracking originated

from some of these spatially distributed initial imperfections, and diversified cracking behaviors

can be expected. As a threshold value in terms of a critical crack length or a critical crack den-

sity (such as the maximum number of cracks in a certain location) and so forth is approached,

new cracking behaviors may abruptly emerge and replace the previous ones, causing strength

degradation. Obviously, this process can repeat itself until the remaining material strength

can no longer sustain the level of stress produced by the design load, leading to abrupt structural

failure.

To illustrate the point, Figure 6.21 presents numerical and experimental results on the

maximum load of a notched beam by arbitrarily increasing the sizes of the initial notches to

obtain a multistage strength degradation curve. Based on this analysis, the degradation of

fatigue strength in fatigue tests of reinforced concrete beams and plates introduced in the

beginning of this chapter, in which a moving cyclic load was employed, can be readily

understood.
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CHAPTER

Mixed-Mode Fracture 7
7.1 INTRODUCTION
In establishing the fictitious crack model (FCM) for analyzing the mode-I type of cracks in

concrete, Hillerborg et al. (1976) had also indicated the possibility of applying the concept to

model other types of fracture, such as the shear fracture of the mode-II or mode-III type. Much

effort has since been made to extend the fictitious crack model to mixed-mode fracture because

most practical fracture problems in concrete are mixed-mode, involving modes I and II. In mod-

eling the shear transfer mechanism in the fracture process zone (FPZ), numerical studies in

this category often rely on interface elements: The stiffnesses of interface connections in the

normal and tangential directions are assumed to be functions of the crack surface deformation

(Bocca et al., 1991; Gerstle and Xie, 1992; Reich et al., 1993; Cervenka, 1994; Valente, 1995;

Shah et al., 1995; Xie and Gerstle, 1995; Cervenka et al., 1998; Cendon et al., 2000; Galvez

et al., 2002). However, this approach to introducing shear to the crack surface is inexplicit and

approximate. An accurate specification of tangential tractions based on a given shear transfer

law can hardly be achieved through regulating the stiffness of tangential connections that lack

clear physical meaning. Since the shear transfer law defines the mode-II fracture energy, the

lack of accuracy in implementing the law in numerical analysis could lead to erroneous results

and misleading conclusions on the role and influence of the mode-II fracture parameters.

Hence, a straightforward extension of the FCM is needed (Shi, 2004).

To clarify the shear transfer mechanism due to aggregate interlocking at crack surfaces in

structural concrete, pioneering experimental investigations were carried out by many researchers,

including Fenwick and Paulay (1968), Paulay and Loeber (1974), Fardis and Buyukozturk (1979),

Bazant and Gambarova (1980), Bazant and Tsubaki (1980), and Reinhardt and Walraven (1982).

Based on the obtained experimental evidence, Bazant and Gambarova conducted a thorough

theoretical analysis on the stress-displacement relations on rough cracks and published a landmark

paper in 1980 that offered insights and guidelines for numerical modeling of mixed-mode fracture

that have been proved fundamental for understanding the nature of the phenomenon. Though their

analysis was conducted on rough cracks in reinforced concrete, the same principles apply to

cracks in plain concrete as well.
179
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An outline of the analysis on the stress transfer mechanism at crack surfaces by Bazant and

Gambarova is given following. Let dn and dt represent the relative normal and tangential displa-

cements of the crack surfaces (dn ≧ 0). Here, dn is the crack opening displacement (COD), and

dt is the crack sliding displacement (CSD). The cohesive forces contain two components: the nor-

mal stress sn and the shear stress st, where subscripts n and t refer to the normal and tangential

directions at the crack surface, respectively. The two force components are assumed to be

functions of dn and dt, and are expressed as

sn ¼ fnðdn; dtÞ (7.1)
st ¼ ftðdn; dtÞ (7.2)

According to Bazant and Gambarova, “For dn ¼ 0, there is full continuity in the material—

that is, there is no crack. Thus, the states where dn ¼ 0 and dt 6¼ 0 cannot be obtained.” To

ensure the finiteness of the fracture energy consumed or released by the crack as the displace-

ment discontinuities increase from zero to dn and dt, the following work condition must be

satisfied:

ð ðdn dt
�1 < W ¼ snddn þ stddt < 1 (7.3)

0 0

Equation (7.3) restricts the admissible loading paths in the (dn, dt) plane as shown in Figure 7.1.

Near the origin dn ¼ dt ¼ 0, a smooth and continuous path may be approximated by

dt ¼ cda (7.4)n

where c and a are constants. Bazant and Gambarova obtained empirical stress-displacement rela-

tions for Eqs. (7.1) and (7.2) by optimizing the fits of the available test data obtained by Pauley

and Loeber (1974). Substituting these empirical relations and Eq. (7.4) into Eq. (7.3), they found

that the fracture energy is bounded only if a > 1. This leads to

ddt ¼ 0 for dn ¼ 0 (7.5)
ddn
dn 

Feasible 
domain 

ad t = cdn 

d t
0 

FIGURE 7.1 The feasible domain in the (dn, dt) plane for the normal and tangential stresses (after Bazant

and Gambarova, 1980; courtesy of ASCE).

www.EngineeringEbooksPdf.com



7.1 Introduction 181
Based on this important finding, Bazant and Gambarova said the following:

Thus, the first displacement on the rough crack must be normal, and the slip can occur only after

some finite opening has already been achieved. This condition must be carefully followed in

numerical calculations. . . .Continuous cracks in concrete must propagate in such a direction

that the displacement field near the crack tip be purely of mode-I (opening) type (i.e., the

mode-II field cannot exist).

Based on these analyses and a consideration of the actual existence of pure mode-I fracture

in laboratory tests, the feasible domains for the normal and tangential stresses are illustrated in

Figure 7.2 where d� denotes the critical COD for the onset of the CSD at crack surfaces. Possiblen

tension-softening and shear-transfer relations of Eqs. (7.1) and (7.2) in the (dn, dt) plane are

illustrated in Figure 7.3.

As shown, in general the normal and tangential components of the cohesive forces at the crack

surface are functions of the displacements dn and dt. It should be noted that in Figure 7.3b, there is

a delay in shear transfer in the initial stage of crack propagation. Obviously, this is associated with

the late occurrence of the CSD that causes shear through aggregate interlocking. The delayed

slip behind the crack tip can be understood by considering one fact: Since the CSD represents

the slip between two crack surfaces, physically this term cannot precede the creation of the

new crack surfaces by mode-I fracture at the crack tip. In this regard, mode-I fracture seems to

be the only type of fracture that could take place independently because the creation of the new

crack surfaces in the opening mode is not subject to such physical restrictions. For numerical

analysis of mixed-mode fracture, it is crucial to introduce a delayed shear-transfer mecha-

nism—in other words, to set a shear lag in a shear transfer law. As will be discussed later, in a

numerical computation, removing the shear lag from a shear transfer function leads to invalid

solutions.

In the following, modeling of the cohesive forces in the FPZ of a mixed-mode crack

is addressed first. This is followed by reformulations of the FCM and the extended fictitious

crack model (EFCM) for mixed-mode fracture, as well as a numerical formulation of the

mode-II fracture energy. To verify the approach, single-notched shear beam tests by Arrea and
Feasible domain Feasible domain 

Feasible path 

dnsn 

dn * dn * 

s t dn 

d td t 

(a) (b)

FIGURE 7.2 Feasible domains for sn and st in the (dn, dt) plane: (a) feasible domain for sn and (b) feasible

domain for st.
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sn s t 

d t d t 

dn * dn * 

dn (a) dn (b)

FIGURE 7.3 Concepts of tension-softening and shear-transfer relations in the (dn, dt) plane: (a) tension-
softening relations in the (dn, dt) plane and (b) shear-transfer relations in the (dn, dt) plane.
Ingraffea (1982) are studied with five types of shear-transfer function, which reflect the variations

of shear lag, shear strength, and the shape of the function. The obtained numerical results clearly

reflect some of the cracking behaviors that were observed in the tests and convincingly demon-

strate the validity of the FCM for modeling mixed-mode fracture of concrete. Based on these

results, three more shear transfer functions are chosen for further studies, focusing on the

mode-II fracture energy and its effect on the cracking behavior and the structural response. To

apply the mixed-mode FCM and EFCM to engineering problems, the fracture tests on scale mod-

els of a gravity dam (Carpinteri et al., 1992), studied previously as mode-I fracture in Chapter 4,

are remodeled as mixed-mode fracture, focusing on the influence of shear on the crack path

in dams.
7.2 MODELING OF COHESIVE FORCES IN THE FPZ
In general, the constitutive relations for the stress and displacement in the FPZ of a mixed-mode

crack are given by
� � � �� �
dsn
dst

¼ Dnn

Dtn

Dnt

Dtt

ddn
ddt

(7.6)

in which [D] is the instantaneous moduli matrix that describes the tension-softening and shear-

transfer relationships. It is known that the [D] matrix depends not only on the stress states but also

on the loading path in the (dn, dt) plane. Based on the results of their tests, Paulay and Loeber

(1974) observed that within certain ranges, the two displacement discontinuities have an
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�� �

� � � � � �

approximately linear relation. Since slip can occur only after some finite opening of the crack has

been achieved, the following relation is assumed:

dt ¼ a dn � d (7.7)n

Substituting Eq. (7.7) into Eq. (7.6) gives

dsn Dnn þ aDnt Dnn
0

¼ ddn ¼ ddn (7.8)
dst Dtn þ aDtt Dtn

0

where D0 þ aDnt, and D0 Dtt. According to Eq. (7.8), the tension-softening andnn ¼ Dnn tn ¼ Dtn þ a
shear-transfer laws can be defined by a single variable, dn.

Compared with the conceptually clear and theoretically well-established mode-I type of frac-

ture in concrete, a unified approach to the mixed-mode fracture still does not exist, reflecting the

complexity of the shear-transfer mechanism involved. Since there are no comprehensive mathe-

matical models of the phenomenon, a functional approach based on Eq. (7.8) is adopted. First,

it is assumed that the normal component of the cohesive forces is a unique function of the

displacement discontinuity normal to the crack surface, effectively imposing the tension-softening

law of concrete on the normal traction and the COD. As an example, the bilinear tension-

softening relation in Figure 7.4 can be used for D0 , which is defined by the tensile strengthnn

of concrete ft, the limit crack-opening displacement WI , and the mode-I fracture energy GFc

(Rokugo et al., 1989).

Second, for simplicity the tangential component of the cohesive forces, or shear, is also

defined as a function of the COD, as shown in Figure 7.5. To be employed for D0 , the assumedtn

bilinear and trilinear shear-COD relations possess the following characteristics. As the figure

shows, there is a delay in shear transfer at the initial stage of crack propagation. As shear transfer

begins at Ws1ð¼ dn
�Þ, the shear force builds up with increasing CODs and eventually attains its

maximum value fs at Ws2. Then, in the first two situations as shown in Figures 7.5a and b, it

decreases with further opening of the crack (passing the concave point at Ws3 in the case of the

trilinear relation) and vanishes at WII, marking the formation of an open crack. In another trilinearc
ft 

ft/4 

T
en

si
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 s
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s

Wc 
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FIGURE 7.4 Bilinear tension-softening relation of concrete (Rokugo et al., 1989).
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situation as shown in Figure 7.5c, the shear force does not decrease immediately after reaching

the shear strength but retains that strength until the COD exceeds Ws3. After that, it decreases

and vanishes at WII.c

This simple approach to shear transfer that is actually related with both the CSD and the COD

has its theoretical basis in Eq. (7.8). In general, the limit crack-opening displacements for tension

softening and shear transfer assume different values, WI and WII , because by definition shearc c

transfer can still take place after the disappearance of the normal stress from the crack surface

as the COD exceeds WI . It should be pointed out that, unlike the mode-I case in Figure 7.4, wherec

the enclosed area under the tension-softening curve represents the mode-I fracture energy GF,

the area under the shear-transfer curve in Figure 7.5 does not represent the mode-II fracture

energy GII
F, which can only be calculated through crack analysis based on the CSD. A numerical

formulation of the mode-II fracture energy will be presented later.
7.3 REFORMULATION OF FCM AND EFCM FOR MIXED-MODE
FRACTURE

In this section the FCM and the EFCM will be reformulated for mixed-mode fracture.
7.3.1 FCM for Mixed-Mode Fracture

Figure 7.6 shows a single crack of the mixed-mode type (I and II), propagating in the direction

normal to the maximum principal tensile stress at the tip of the crack. In formulating crack equa-

tions, subscripts n and t represent, respectively, the normal and tangential components of force

and displacement, and l stands for the limit value of a nodal force. Superscripts i and j denote
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FIGURE 7.6 Concept at the crack-tip-controlled modeling of a single mixed-mode crack: (a) forces and

displacements at the crack due to unit external loads; (b) forces and displacements at the crack due to a

pair of unit normal forces; (c) forces and displacements at the crack due to a pair of unit shear forces; and

(d) load condition for crack propagation.
the corresponding nodes at the crack. For the crack to propagate, the tensile force at the tip must

reach the nodal force limit Qnl (the tensile strength of concrete times the surface area apportioned

to a nodal point), as shown in Figure 7.6d:

M M

Qnl ¼ CRn �Pþ CIi þ CIi (7.9)
X X

Fi Fi
nn n nt t

i¼1 i¼1

where M is the number of nodes inside the fictitious crack. Here, CRn, CI
i , and CIi represent thenn nt

nodal forces at the tip of the crack due to a unit external load, a pair of unit normal forces, and a

pair of unit shear forces at the ith node of the crack, respectively. These coefficients are deter-

mined by linear-elastic FE computations based on the models from Figures 7.6a–c. Notice that

P is the external load required to propagate the crack to the next nodal point.

In numerical analysis of mixed-mode fracture, the direction of the shear force must be care-

fully determined based on the crack surface deformation under the unit external load in
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Figure 7.6a. Pairs of frictional forces are then applied against the surface sliding, as illustrated in

Figure 7.6d. The COD and CSD at the ith node are obtained as

Wi
n ¼ BKi

n �Pþ
XM
j¼1

AKij
nnF

j
n þ

XM
j¼1

AKij
ntF

j
t (7.10)

M M
Wi
t ¼ BKi

t �Pþ
X
j¼1

AKij
tnF

j
n þ

X
j¼1

AKij
ttF

j
t (7.11)

where i ¼ 1, . . ., M. Here, BKi
n and BKi

t are respectively the normal and tangential components of

the compliance at the ith node due to the external load P. The influence coefficients AKij
nn and

AKij
nt are the CODs at the ith node, and AKij

tn and AKij
tt are the CSDs, respectively, due to a pair

of unit normal forces, and a pair of unit shear forces at the jth node of the crack. According to

the reciprocity theorem, AKij
nn ¼ AKji

nn, AKij
nt ¼ AKji

tn, and AKij
tt ¼ AKji

tt . FE models in

Figure 7.6a–c are used to compute these coefficients.

Along the fictitious crack, the normal traction and the COD are assumed to follow the tension-

softening law of concrete,

Fi
n ¼ fs Wi

n

� �
(7.12)

and the shear and the COD are assumed to follow a shear-transfer law,

Fi
t ¼ ft Wi

n

� �
(7.13)

where i ¼ 1, . . ., M. Equations (7.9)–(7.13) establish the crack equations for propagating a single

crack of the mixed-mode type, with the number of equations (4M þ 1) matching the number of

unknowns (4M þ 1). By solving the crack equations, the unknown external load and the cohesive

forces at the fictitious crack are determined, and the stress and displacement fields can be calcu-

lated under the revised boundary condition. The flowchart of the computational procedure is

shown in Figure 7.7.
7.3.2 EFCM for Mixed-Mode Fracture

In the EFCM as proposed by Shi et al. (2001) for mode-I fracture, the approach to multiple-

crack problems is to treat each crack individually as an active crack while restraining the

growth of others and to establish relevant crack equations in terms of the unknown external

loads, the CODs and the cohesive forces at the fictitious cracks. After solving the crack equa-

tions for each single-propagation scenario, a minimum load criterion is applied to identify the

true active crack from among all the cracks involved, and stress analysis is carried out under

the revised boundary condition. Apparently, this solution strategy applies to mixed-mode

fracture, too.

Figure 7.8 illustrates two cracks of the mixed-mode (I and II) type—cracks A and B—propa-

gating in the direction normal to the tensile force at the tip of the crack. In the following formula-

tions, subscripts n and t represent the normal and tangential components of force and

displacement, respectively, and l denotes the limit value of a nodal force. Superscripts a and b
represent, respectively, cracks A and B, and i, j, and k denote the corresponding nodes at
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Solve crack equations.

Perform stress analysis.

Repeat the preceding steps until structural
failure.

Modify crack path if necessary.

Set the new boundary condition.

Set the direction of shear force.

FIGURE 7.7 Solution procedure for the crack-tip-controlled modeling of a single mixed-mode crack.
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designated cracks. For clarity, the cohesive forces and displacement discontinuities (COD and

CSD) of the restrained cracks are marked by asterisks. When crack A is assumed to be active,

the tensile force at its tip must reach the nodal force limit Qa
nl (Figure 7.8f):

Qa
nl ¼ CRa

n �P að Þ þ
XN
i¼1

CIaainn F
ai
n þ

XN
i¼1

CIaaint F
ai
t þ

XM
j¼1

CIabjnn F
bj�
n þ

XM
j¼1

CIabjnt F
bj�
t (7.14)

where N and M are the number of nodes inside the two fictitious cracks, respectively. Here, CRa
n,

CIaainn , CI
abj
nn , CI

aai
nt , and CIabjnt represent the nodal forces at the tip of crack A due to a unit external

load, a pair of unit normal forces at the ith node of crack A and at the jth node of crack B, and a

pair of unit shear forces at the ith node of crack A and at the jth node of crack B, respectively.

These coefficients are obtained by linear-elastic FE calculations based on the models in

Figures 7.8a–e. Notice that P(a) is the external load required to propagate crack A, while crack

B remains inactive.

As stated earlier, the direction of the shear force at each crack must be determined from the

tangential component of the crack surface deformation under the unit external load, as shown

in Figure 7.8a. Pairs of shear forces are then applied against the surface sliding at each crack,

as shown in Figures 7.8f and g. The CODs and CSDs along the two fictitious cracks are given by

Wai
n ¼ BKai

n �P að Þ þ
XN
k¼1

AKaaik
nn Fak

n þ
XN
k¼1

AKaaik
nt Fak

t þ
XM
j¼1

AKabij
nn Fbj�

n þ
XM
j¼1

AKabij
nt Fbj�

t (7.15)
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FIGURE 7.8 Concept of the crack-tip-controlled modeling of mixed-mode cracks: (a) forces and

displacements at the cracks due to unit external loads; (b) forces and displacements at the cracks due to a

pair of unit normal forces at crack A; (c) forces and displacements at the cracks due to a pair of unit shear

forces at crack A; (d) forces and displacements at the cracks due to a pair of unit normal forces at crack B;

(e) forces and displacements at the cracks due to a pair of unit shear forces at crack B; (f) load condition for

the growth of crack A; and (g) load condition for the growth of crack B.
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Wai
t ¼ BKai

t �P að Þ þ
XN
k¼1

AKaaik
tn Fak

n þ
XN
k¼1

AKaaik
tt Fak

t þ
XM
j¼1

AKabij
tn Fbj�

n þ
XM
j¼1

AKabij
tt Fbj�

t (7.16)

N N M M
Wbj�
n ¼ BKbj

n �P að Þ þ
X
i¼1

AKbaji
nn Fai

n þ
X
i¼1

AKbaji
nt Fai

t þ
X
k¼1

AKbbjk
nn Fbk�

n þ
X
k¼1

AKbbjk
nt Fbk�

t (7.17)

N N M M
Wbj�
t ¼ BKbj

t �P að Þ þ
X
i¼1

AKbaji
tn Fai

n þ
X
i¼1

AKbaji
tt Fai

t þ
X
k¼1

AKbbjk
tn Fbk�

n þ
X
k¼1

AKbbjk
tt Fbk�

t (7.18)

where i ¼ 1, . . ., N and j ¼ 1, . . ., M. Here, BKai
n and BKai

t at crack A, and BKbj
n and BKbj

t at crack

B are the normal and tangential components of the compliances at nodes i and j, respectively, due
to the external load P(a).

The influence coefficients AKaaik
nn , AKabij

nn , AKaaik
nt , and AKabij

nt are the CODs at the ith node of

crack A due to a pair of unit normal forces at the kth node of crack A and at the jth node of crack

B, and a pair of unit shear forces at the kth node of crack A and at the jth node of crack B, respec-

tively. The influence coefficients AKaaik
tn , AKabij

tn , AKaaik
tt , and AKabij

tt are the CSDs at the ith node of

crack A due to a pair of unit normal forces at the kth node of crack A and at the jth node of crack

B, and a pair of unit shear forces at the kth node of crack A and at the jth node of crack B, respec-

tively. Similarly, the influence coefficients AKbaji
nn , AKbbjk

nn , AKbaji
nt , and AKbbjk

nt represent the CODs,

and AKbaji
tn , AKbbjk

tn , AKbaji
tt , and AKbbjk

tt stand for the CSDs both at the jth node of crack B, respec-

tively, due to pairs of unit normal and shear forces at the corresponding locations. Based on the

reciprocity theorem, AKaaik
nn ¼ AKaaki

nn , AKbbjk
nn ¼ AKbbkj

nn , AKabij
nn ¼ AKbaji

nn ; AKaaik
nt ¼ AKaaki

tn ,

AKbbjk
nt ¼ AKbbkj

tn , AKabij
nt ¼ AKbaji

tn ; and AKaaik
tt ¼ AKaaki

tt , AKbbjk
tt ¼ AKbbkj

tt , AKabij
tt ¼ AKbaji

tt .

FE models to compute these coefficients can be found in Figures 7.8a–e.

Imposing the tension-softening law on the normal traction and the COD at each fictitious

crack leads to

Fai
n ¼ fs Wai

n

� �
(7.19)

bj� bj�� �

Fn ¼ fs Wn (7.20)

Similarly, a shear-transfer law is imposed on the shear and the COD:

Fai
t ¼ ft Wai

n

� �
(7.21)

bj� � �

Ft ¼ ft Wbj�

n (7.22)

Equations (7.14)–(7.22) establish the crack equations for mixed-mode fracture, and their solu-

tions will specify the necessary conditions for crack A to propagate. With the number of equations

(4N þ 4M þ 1) matching the number of unknowns (4N þ 4M þ 1), the problem can be solved

uniquely, since these equations are linearly independent.

Alternatively, when crack B is assumed to be active (Figure 7.8g), the crack equations are

readily obtained as

Qb
nl ¼ CRb

n �P bð Þ þ
XN
i¼1

CIbainn F
ai�
n þ

XN
i¼1

CIbaint F
ai�
t þ

XM
j¼1

CIbbjnn F
bj
n þ

XM
j¼1

CIbbjnt F
bj
t (7.23)
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Wai�
n ¼ BKai

n �P bð Þ þ
XN
k¼1

AKaaik
nn Fak�

n þ
XN
k¼1

AKaaik
nt Fak�

t þ
XM
j¼1

AKabij
nn Fbj

n þ
XM
j¼1

AKabij
nt Fbj

t (7.24)

N N M M
Wai�
t ¼ BKai

t �P bð Þ þ
X
k¼1

AKaaik
tn Fak�

n þ
X
k¼1

AKaaik
tt Fak�

t þ
X
j¼1

AKabij
tn Fbj

n þ
X
j¼1

AKabij
tt Fbj

t (7.25)

N N M M
Wbj
n ¼ BKbj

n �P bð Þ þ
X
i¼1

AKbaji
nn Fai�

n þ
X
i¼1

AKbaji
nt Fai�

t þ
X
k¼1

AKbbjk
nn Fbk

n þ
X
k¼1

AKbbjk
nt Fbk

t (7.26)

N N M M
Wbj
t ¼ BKbj

t �P bð Þ þ
X
i¼1

AKbaji
tn Fai�

n þ
X
i¼1

AKbaji
tt Fai�

t þ
X
k¼1

AKbbjk
tn Fbk

n þ
X
k¼1

AKbbjk
tt Fbk

t (7.27)

ai� ai�� �

Fn ¼ fs Wn (7.28)

bj bj
� �
Fn ¼ fs Wn (7.29)

ai� ai�� �

Ft ¼ ft Wn (7.30)

bj � �

Ft ¼ ft Wbj

n (7.31)

where P(b) is the load required to propagate crack B, while crack A remains inactive.

By solving the two sets of crack equations—Eqs. (7.14) through (7.22) and Eqs. (7.23)–

(7.31)—the true active crack is identified based on the minimum load criterion, P ¼ minimum
(P(a), P(b)), and stress analysis is carried out after adjusting the crack paths and modifying

the force boundary condition accordingly. This process can be repeated until structural failure.

Following the same solution approach, the preceding crack equations can be easily extended to

include an arbitrary number of cracks. The flowchart of the computational procedure is shown

in Figure 7.9.

As discussed in Chapter 4, the obtained numerical results must be checked to eliminate invalid

solutions (due to irrelevant cracking modes assumed) upon solving the crack equations and

obtaining the stress field. For details on evaluating the solution and predicting the crack path,

refer to the previous discussion.
7.4 MODE-II FRACTURE ENERGY GII
F

Suppose that the failure of a structural member is caused by a single crack of the mixed-

mode type. Based on a step-by-step crack analysis, the total mode-II fracture energy is obtained

by summing up the individual work performed by the shear force over the sliding distance at each

node:

WII
total ¼

XN
i¼1

WII
i ¼

XN
i¼1

XMi

j¼1

Fi
tðTjÞ � ½ditðTjÞ � ditðTj�1Þ� (7.32)
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FIGURE 7.9 Solution procedure for the crack-tip-controlled modeling of mixed-mode cracks.
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where N is the total number of nodes along the crack trajectory. Mi represents the total evolution-

ary steps of the shear force at the ith node, and Tj is the jth evolutionary step. The mode-II frac-

ture energy GII
F is then obtained as

GII
F ¼ WII

total

Alig
(7.33)
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where Alig is the area of the ligament along the whole crack trajectory. Obviously, when multiple

mixed-mode cracks are involved, the total fracture energy in Eq. (7.32) must be summed for each

crack, and the fracture area Alig should include all the crack trajectories to calculate the mode-II

fracture energy GII
F .
7.5 NUMERICAL STUDIES OF ARREA AND INGRAFFEA’S
SINGLE-NOTCHED SHEAR BEAM

The single-notched shear beam test by Arrea and Ingraffea (1982) was truly a pioneering study of

mixed-mode fracture that stimulated a wide range of discussions and extensive studies on shear

fracture, shear strength, mode-II and mixed-mode fracture energy (Ingraffea and Panthaki,

1985; Watkins and Liu, 1985; Bazant and Pfeiffer, 1986; Davies et al., 1987; Davies, 1988; Barr

and Derradj, 1990; Ballatore et al., 1990; di Prisco, et al., 2000). The geometry and loading

arrangement of the selected test series can be found in the FE discretization of the beam speci-

men, as shown in Figure 7.10. In the experiment, the load was applied at point C of the steel beam

AB and was controlled by a feedback mechanism with the crack mouth sliding displacement

(CMSD) as a control parameter. As the notch is placed under nonsymmetric loading conditions,

the crack propagating from the notch will exhibit opening as well as sliding on its crack surfaces.

This unique fracture test has been studied numerically by many researchers using different

approaches (Arrea and Ingraffea, 1982; Rots and de Borst, 1987; Rots, 1991; Gerstle and Xie,

1992; Nooru-Mohamed, 1992; Saleh and Aliabadi, 1995; Xie and Gerstle, 1995; Cendon et al.,
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FIGURE 7.10 Finite element idealization (dimensions in mm) for single-notched shear beam tests by Arrea

and Ingraffea (1982).
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7.5 Numerical Studies of Arrea and Ingraffea’s Single-Notched Shear Beam 193
2000; Galvez et al., 2002; Ozbolt and Reinhardt, 2002). Due to limitations of the modeling meth-

ods employed, such as those of the interface element approach discussed previously, much

remains to be clarified.
7.5.1 Parametric Studies with Five Shear-COD Relations

In the following studies, the bilinear tension-softening relation in Figure 7.4 is applied to the

normal traction and the COD in the FPZ. Figure 7.11 illustrates five types of shear-COD relations

to be used for the mixed-mode fracture analysis: Cases 1 to 3 are bilinear types, and Cases 4 and

5 are trilinear types. In all of the cases, the limit crack opening displacements for mode-I and

mode-II stress transfer are assumed equal—that is, WII
c ¼ WI

c. As seen, two types of shear strength

are assumed.

For Cases 1, 3, 4, and 5, it is one-half of the tensile strength, fs ¼ ft/2, and for Case 2, it is one-

third, fs ¼ ft/3. For Cases 1, 2, 4, and 5, the shear transfer begins at Ws1 ¼ 0:1WI
c and reaches its

maximum at Ws2 ¼ 0:2WI
c, while the concave point of Case 4 and the decreasing point of Case 5

are set at Ws3 ¼ 0:3WI
c and Ws3 ¼ 0:4WI

c, respectively. For Case 3, a larger shear lag is assumed

with Ws1 ¼ 0:25WI
c, and the shear strength is reached at Ws2 ¼ 0:5WI

c. Obviously, each of the five

cases is chosen carefully to reveal how certain features in a shear-COD relation will affect the

cracking behavior as well as the structural response. The material properties employed for

the present study are shown in Table 7.1.
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Table 7.1 Material Properties of Single-Notched Shear Beam

E (GPa) n fc (MPa) ft (MPa) GF (N/mm)

24.80 0.18 45.50 3.50 0.14
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Figures 7.12 and 7.13 show the experimental envelope and the numerical predictions of the

load versus CMSD curves and of the crack trajectories, respectively. For comparison, the numeri-

cal results obtained under the mode-I condition are also illustrated. As seen from the load-CMSD

curves, the numerical analyses using the mode-I and mixed-mode conditions yield roughly the

same peak loads (with variations of less than 3 percent) that agree reasonably well with the exper-

imental results. The most obvious effect of the shear force on the global structural response

appears in the postpeak regions. With the bilinear shear-COD relation of Case 1, the global stiff-

ness increases greatly when compared with the observed structural response, and the material

becomes relatively ductile. Apparently, lowering the shear strength in Case 1 will reduce this

trend, as shown by the response curve of Case 2.

When the shear strength is reduced to zero, the mode-I condition is obtained, and the structural

response becomes much more brittle. Upon imposing a larger shear lag in Case 3, a practically

identical response curve of the mode-I condition is obtained up to a point beyond the peak load.

As shear transfer takes place in the postpeak region, the rapid decrease of the load is interrupted by

the local shear resistance at the crack surface, and the loading rebounds slightly as the structural
0
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FIGURE 7.12 Experimental envelopes and numerical predictions of the load-CMSD curves under mode-1

and mixed-mode conditions with five types of shear-COD relations.
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FIGURE 7.13 Experimental envelopes and numerical predictions of crack trajectories under mode-I and

mixed-mode conditions with five types of shear-COD relations.
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deformation progresses further before the final failure of the beam.With a trilinear shear-COD rela-

tion assumed in Case 4, where shear transfer takes place mainly in a narrow band of the COD, the

response curve in the postpeak region moves closer to the experimental envelope. On the other hand,

by introducing a trapezoidal type of transfer function in Case 5, the amount of shear transferred

through the crack surfaces increases substantially, resulting in a response curve that is more ductile

than that of Case 1.
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Next, numerical results on the crack paths are examined. Figure 7.13 shows that the crack tra-

jectories obtained with the mode-I condition and the mixed-mode conditions of Cases 1 and 5 are

two opposite extremes, clearly deviating from the experimental envelope as the crack penetrates

deeper into the beam. While the mode-I path suggests a splitting failure, by further increasing the

shear strength in Cases 1 and 5 and delaying the decreasing point in the latter case, a shear type

of fracture may be approached. As seen, the crack paths in Cases 2 and 4 fall into the band of

experimental scatter. The cracking behavior of Case 3 is unique and highlights the effect of shear.

As the decrease of the load in the absence of shear is temporarily halted by the rise of the shear

force at the crack surface as just described, the crack path diverges immediately from the mode-I

path and reenters the experimental envelope, as shown in Figure 7.13.

The preceding descriptions of the numerical results clearly demonstrate how a prescribed

shear force in a mixed-mode fracture may affect the structural response and the crack path. As

an additional check for the mixed-mode cases, the normalized normal and shear forces obtained

at each node in the FPZ are shown in Figure 7.14. Notice that in each case a superimposition

of the nodal forces obtained at all the crack-tip-controlled computational steps is presented, so

Figure 7.14 exhibits the rise and fall of the nodal forces as the crack tip moves forward. Further-

more, the following relations at each node are shown in Figures 7.15 through 7.19 for Cases 1 to 5,

respectively—that is, the relations of normal force versus COD, shear force versus COD,

CSD versus COD, and shear force versus CSD.

The first two relations mirror the tension-softening and the shear-transfer laws (notice that the

nodal force at the first node is small because the area apportioned to the initial node along a crack

path is only one-half of the area apportioned to the other nodes, if an equal spacing between nodes

is assumed). As shown in the CSD-COD relations, the CSD clearly lags behind the COD, causing

the delay in shear transfer; as sliding takes place, these relations become more or less linear,

hence justifying the linear approximation made in Eq. (7.7). Notice that the large CSDs at the first

two nodes reflect the accumulation of the sliding displacements at other nodes along the crack

trajectory.

Based on the obtained relations between the shear force and the CSD, the mode-II fracture

energy is calculated step by step in Table 7.2. As seen, the values of GII
F for Cases 1 to 5 are

respectively 0.021, 0.014, 0.015, 0.010, and 0.024 N/mm. As expected, the largest GII
F is obtained

in Case 5, which is 17 percent of the mode-I fracture energy, GF (¼ 0.14 N/mm). On the other

hand, the smallest GII
F is found in Case 4, which is merely 7 percent of GF. Even though the

mode-II fracture energy is small, the crack path with a mixed-mode condition is distinctively

different from the mode-I path, as just shown and discussed.

It should be pointed out that in general, deleting the shear lag from the shear-transfer function

in mixed-mode fracture would lead to a set of crack equations that have no valid solutions. In the

present problem, by solving such equations, negative CODs would be obtained near the crack tip,

suggesting that the single crack is closing under the external load, and thus the solution is invalid.

As expected, the negative CODs are caused by the shear forces at the nodes close to the crack tip,

due to the mixed-mode condition imposed on the displacement field near the crack tip. This

finding is based on the results of numerical analyses and confirms the insightful assertion by

Bazant and Gambarova (1980) that “continuous cracks in concrete must propagate in such a direc-

tion that the displacement field near the crack tip be purely of mode-I (opening) type (i.e., the

mode-II field cannot exist).”
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7.5.2 Parametric Studies on Mode-II Fracture Energy
with Three Shear-COD Relations

Although the obtained mode-II fracture energy GII
F varied significantly in Cases 1 to 5, the overall

effect of GII
F on the mixed-mode fracture was not discussed because other factors such as the shear

lag and the type of transfer function may also have an influence on the numerical results. By mod-

ifying Case 2, whose crack path is deemed to be representative of the actual crack trajectories,
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FIGURE 7.19 Relations of cohesive forces with COD and CSD, and relations of CSD and COD (Case 5).

200 CHAPTER 7 Mixed-Mode Fracture
three types of bilinear transfer function are derived and shown in Figure 7.20. With all of the other

variables fixed, WII
c is enlarged from the original value of WI

c in Case 2 to 1.2WI
c, 1.5W

I
c, and

2.0WI
c in Cases 6 to 8, respectively, so as to increase GII

F . Obviously, the following studies focus

specifically on the mode-II fracture energy and its effect on the mixed-mode fracture.

Figure 7.21 presents the obtained load-CMSD relations, and Figure 7.22 illustrates the crack

paths. The distributions of nodal forces along the crack surface are shown in Figure 7.23, which

clearly exhibits shear transfer after the disappearance of the normal forces from the crack surface

in Cases 6 to 8. This is in sharp contrast with Cases 1 to 5, in which the two force components

disappear simultaneously from the crack surface due to the assumption of WI
c ¼ WII

c , as can be

verified in Figure 7.14.

The relations between nodal force and surface displacement and the CSD versus COD rela-

tions are shown in Figures 7.24 to 7.26. Based on the shear-CSD relations, the mode-II fracture

energy is calculated for each case and shown in Table 7.2. As seen, the obtained GII
F for Cases

6, 7, and 8 is 0.016, 0.019, and 0.024 N/mm, respectively. When compared with Case 2, in which

GII
F ¼ 0:014 N=mm, the increase is respectively 14 percent, 36 percent, and 71 percent.

Considering the amount of the increase in GII
F , the load-CMSD relations and the crack paths in

Figures 7.21 and 7.22 are examined, in which the results of Case 2 are also illustrated. As shown,

the increase of GII
F in Cases 6 to 8 leads to response curves that show gentler decreasing tails and
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Table 7.2 Computation of Mode-II Fracture Energy Gll
F [Eqs. (7.32) and (7.33)]

Title WII
i

(N�mm)
WII

total

(N�mm) Alig ¼ A � B
GII
F

(N/mm)

Item

Case
WII

1 WII
2 WII

3 WII
4 WII

5 WII
6 WII

7 WII
8 WII

9 WII
10 WII

11 WII
12 WII

13 WII
14 S

14

i¼1
WII

i
A
(mm)

B
(mm)

A � B
(mm2)

WII
total

Alig

1 118.77 105.94 116.09 125.43 104.85 98.18 82.25 49.43 58.13 38.16 31.21 12.65 7.88 0.46 949.43 293.0 152.0 44536.0 0.021

2 108.59 83.68 70.24 74.03 62.56 58.06 38.96 45.51 21.07 17.20 9.69 5.77 8.16 0.00 603.51 284.7 152.0 43274.4 0.014

3 142.71 79.36 96.18 93.14 77.53 49.16 35.66 18.75 16.56 5.73 12.66 12.98 0.00 0.00 640.41 282.2 152.0 42894.4 0.015

4 61.13 58.00 58.25 57.44 48.93 41.44 30.03 33.59 13.75 14.65 7.92 5.38 11.81 0.00 442.31 282.5 152.0 42940.0 0.010

5 123.77 112.40 153.57 172.66 140.79 125.27 93.28 71.40 32.47 16.50 32.43 9.15 0.00 0.00 1083.68 296.8 152.0 45113.6 0.024

6 131.14 107.52 84.65 89.34 64.95 59.45 45.53 48.11 23.59 21.16 15.11 7.82 1.38 0.00 699.75 285.5 152.0 43396.0 0.016

7 174.67 141.57 102.20 98.46 74.56 73.06 48.60 47.32 30.05 22.39 10.92 5.56 13.83 0.47 843.64 288.2 152.0 43806.4 0.019

8 225.76 191.15 129.84 126.67 82.37 74.26 44.88 42.33 38.46 21.52 23.47 44.17 24.07 3.89 1072.85 290.4 152.0 44140.8 0.024

Note: A ¼ ligament length; B ¼ width of specimen
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crack paths that deviate slightly from the crack path of Case 2 only in the last stage of crack prop-

agation. Since the increase of GII
F in these cases can be mainly attributed to the shear resistance in

the region of large CODs (> WI
c), its effect on the mixed-mode fracture seems to be quite limited.

To gain a broader perspective on the issue, Case 1 and Case 2 are now compared also in terms of

the mode-II fracture energy.

According to Table 7.2, the increase of GII
F in Case 1 is 50 percent when compared to Case 2,

which is due to the higher shear strength assumed in Case 1. Even though this increase is less than
www.EngineeringEbooksPdf.com
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Node 1
Node 2
Node 3
Node 4
Node 5
Node 6
Node 7
Node 8
Node 9
Node 10
Node 11
Node 12
Node 13
Node 140 0.1 0.2 0.3 0.4

COD (mm)

0 0.1 0.2 0.3 0.4

COD (mm)

0 0.1 0.2 0.3 0.4

COD (mm)

−0.1 0 0.1 0.2 0.3 0.4

CSD (mm)

0

2,000

4,000

6,000

8,000

10,000

12,000

F
n 

(N
)

Fn-COD Ft-COD

Ft-CSD

−0.05

0

0.05

0.10

0.15

0.20

0.25

0.35

0.30

C
SD

 (
m

m
)

CSD-COD

F
t 

(N
)

0

1,000

500

2,000

1,500

2,500

3,000

3,500

4,000

4,500

F
t 

(N
)

0

1,000

500

2,000

1,500

2,500

3,000

3,500

4,000

4,500
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FIGURE 7.26 Relations of cohesive forces with COD and CSD, and relations of CSD and COD (Case 8).
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the increase of 71 percent in Case 8, as shown in Figures 7.12 and 7.13, the cracking behavior and

the structural response in Case 1 react strongly in the whole postpeak regions, which contrasts

sharply with the limited response of Case 8 just described. This fact shows that the mode-II frac-

ture energy spent in the region of small CODs (< WI
c) has a much stronger influence on mixed-

mode fracture than it does in the region of large CODs.
7.6 NUMERICAL STUDIES OF A SCALE-MODEL TEST OF A GRAVITY DAM
As clearly revealed by the preceding study on the fracture tests of single-notched shear beams,

introducing shear on the crack surface may have a profound influence on the subsequent crack

trajectory. In view of the sheer size and enormous gravity load of a dam structure, mixed-mode

fracture must be carefully studied in the crack analysis of concrete dams: Neglecting shear from

the crack surface may lead to an inaccurate prediction on crack path that may deviate from the

true path significantly. The fracture test on scale-models of a concrete gravity dam under equiva-

lent hydraulic loads by Carpinteri et al. (1992), which was discussed in Chapter 4 as mode-I frac-

ture, is thus chosen as a mixed-mode fracture problem to be studied. The geometry and the

loading arrangement of the test are shown in Figure 4.21.
www.EngineeringEbooksPdf.com



800

7.6 Numerical Studies of a Scale-Model Test of a Gravity Dam 207
To conduct the test, two 1:40 scale models of the dam were prepared, and for each specimen a

horizontal notch was introduced into the upstream face located at a quarter of the dam height.

With W representing the dam thickness at the height of a notch, the notch size varied from

0.1W in the first specimen to 0.2W in the second specimen. In total, three tests were carried

out. Test 1 was unsuccessful due to an unstable failure along the base of the model, while an

effort was made to simulate the self-weight condition. The repaired specimen was then fixed to

the test platform and loaded to failure as Test 2. Under the same test condition as in Test 2, a frac-

ture test was carried out on the second specimen as Test 3.

This well-known test was studied in Chapter 4 to analyze multiple cracking in dam structures

using three FE models. Model I was the FE idealization of the original test, with two sizes of

0.1W and 0.2W assigned to the single notch. In Model II, two more notches were added above

the single notch in Model I. In Model III, a different type of dam structure was assumed, which

contained four notches and was subjected to a single load applied near the top. For brevity, only

two of the three models are restudied in the following with mixed-mode conditions: Model I with

the notch size of 0.2W (corresponding to Test 3) and Model III with two types of notch size com-

binations, as shown in Figure 7.27. In numerical studies, the bilinear tension-softening relation of

Figure 7.4 is applied to the normal traction and the COD.

Two types of bilinear shear-COD relations are employed for the Model I analysis (Case 1: fs ¼
0.1ft, Ws1 ¼ 0:1WI

c, Ws2 ¼ 0:2WI
c, WII

c ¼ WI
c; Case 2: fs ¼ 0.2ft, Ws1 ¼ 0:1WI

c, Ws2 ¼ 0:2WI
c,

WII
c ¼ WI

c), and one type of bilinear shear-COD relation is assumed for the Model III analysis
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FIGURE 7.27 Two numerical models of gravity dams with initial notches: (a) Model I and (b) Model III.
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(fs ¼ 0.1ft, Ws1 ¼ 0:1WI
c, Ws2 ¼ 0:5WI

c, W
II
c ¼ WI

c), as shown in Figure 7.28. For the material

properties of the test specimen, refer to Table 4.3.

Because the influence of shear force on the maximum load was found to be small and negli-

gible in a preliminary study, the following discussion focuses on the crack path, which may be the

foremost concern for the crack analysis of concrete dams. Figure 7.29 shows the obtained crack

paths in Model I under the mode-I and the mixed-mode conditions, as well as the experimental

observations. As seen, during the steady crack growth, the mode-I path follows a trajectory with

a larger downturn angle (measured from the horizontal plane of the notch) than that of the

observed crack path. Under the mixed-mode condition of Case 1 in which only a small shear

strength fs ¼ 0.1ft is assumed, the crack propagates along the mode-I path initially; as shear trans-

fer takes place, it diverges to a new path that lies in between the mode-I and the actual crack tra-

jectories with a much smaller downturn angle. Increasing the shear strength in Case 2 to fs ¼ 0.2ft,
the crack propagates briefly along the mode-I path and then diverges to another path that merges

with the observed crack trajectories.

These cracking behaviors are easy to comprehend. Under the mode-I condition, the discrep-

ancy is caused by ignoring the frictional force or shear from the sliding surfaces of the crack,

which is tantamount to omitting a local moment that acts against the surface deformation allowed

under the mode-I condition. Here, the local moment is presumably formed by a pair of opposite

shear forces acting on the two crack surfaces at the distance of a COD. Under the actions of these

local moment forces in Cases 1 and 2, the crack paths eventually diverge from the mode-I path and

move upward. As shown in the same figure, in the later stage of the unsteady crack propagation,

totally different fracturing behaviors are predicted by the numerical analyses that do not agree
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FIGURE 7.29 Experimental results and numerical predictions of crack trajectories under mode-I and mixed-
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(Shi, 2004; courtesy of ASCE).
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with the experimental observations. This is believed to be caused by a transition of the loading

conditions that may have occurred during the experiments and is not reflected in the numerical

studies. For further details on this analysis, refer to section 4.7 of Chapter 4. The obtained normal

and shear forces on the crack surface at all the computational steps in Cases 1 and 2 are shown

in Figure 7.30.

Finally, the two cases in Model III that involve multiple cracking of the mixed-mode type

are discussed. As shown in Figure 7.31, while the initial notches are basically assigned the same

size of 0.1W, notch A of Case 1 and notch C of Case 2 are enlarged to 0.2W. Under the given

load condition, cracks A and C become, respectively, the most active crack in each case. The

curvilinear crack trajectories of these active cracks under the mode-I condition are also illu-

strated in Figure 7.31. Notice that the circled numbers along the crack path show the tip position

of that particular crack at the designated step of the crack-tip-controlled computation. By introdu-

cing a mixed-mode condition with fs ¼ 0.1ft, the obtained crack path in each case diverges

from the respective mode-I path in the later stage of crack propagation, clearly restraining the

sharp curving of the mode-I crack trajectory. The interactive growths of crack B in Case 1 and

cracks A and B in Case 2 are also illustrated; these cracks remain as the mode-I type because their

maximum CODs are less than Ws1 ¼ 0:1WI
c, the assumed critical COD for shear transfer to

take place. Figure 7.32 presents the evolution of nodal forces on the surface of the main crack

in each case.
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FIGURE 7.30 Evolution of normal and shear forces along the crack surface: Model I (Test 3): (a) Case 1 and

(b) Case 2.
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FIGURE 7.31 Numerical predictions of crack trajectories under mode-I and mixed-mode conditions:

Model III (a) Case 1 and (b) Case 2 after (Shi, 2004; courtesy of ASCE).
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CHAPTER

Applications: Pseudoshell Model
for Crack Analysis of Tunnel
Linings

8

8.1 INTRODUCTION
In analyzing the structural behaviors and assessing the structural safety of aging tunnels such as

railway tunnels, roadway tunnels, and waterway tunnels of hydraulic power facilities, available

analytical approaches can be classified primarily into two categories. One is to model the time-

dependent behavior of the surrounding geological materials with a simplified frame model for

the tunnel lining (Kitagawa and Inagaki, 1993; Jiang et al., 1993; Zhang, 1994; Tasaka et al.,

2000), in which hinges are introduced into the frame to model cracking in the lining concrete.

The other is to model the lining with simplified boundary conditions, mostly with spring supports

(Yin et al., 2001). In the latter approach, the smeared crack method is often used to model the

nonlinear material behavior due to the occurrence of cracks in the lining. As is often observed

during tunnel inspections, aging tunnels are often plagued with various kinds of cracking pro-

blems, such as those shown in Photo 8.1, where the crack-mouth-opening displacements

(CMODs) of the two longitudinal cracks that were located respectively at the spring line and in

the arch area reached several millimeters. In most of the cases, due to the lack of data measured

on the cross-sectional deformation, these crack patterns and CMODs serve as important indices

for evaluating the safety of these underground structures.

For the structural engineers in charge of the maintenance work of aging tunnels, it is desirable

that the pressure loads acting on the lining can be determined from the CMODs, because the risk

evaluations on these aging structures with clearly defined loading conditions will then become

more objective than the practices that rely heavily on personal judgment. Apparently, neither of

the preceding analytical approaches is readily available for this purpose, since cracks in these

methods are not treated discretely. By virtue of the extended fictitious crack model (EFCM), a

different approach has emerged that focuses on the cracking behavior and lining deformation.

As an application of the EFCM, a pseudoshell model for crack analysis of the tunnel lining will

be introduced in this chapter, which enables the CMODs of individual cracks to be calculated,

corresponding deformations of the lining to be obtained, and pressure loads to be determined

by a quasi loosening zone model.

From a structural point of view, a tunnel lining that contains through-thickness cracks

like those in Photo 8.1 (cracks of this scale usually penetrate the whole depth of the wall) can

hardly be considered as structurally stable without the interactive support from the surrounding

215
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PHOTO 8.1 Longitudinal cracks observed in an aging waterway tunnel.

216 CHAPTER 8 Pseudoshell Model for Crack Analysis of Tunnel Linings
rock mass. To greatly simplify the problem, this shielding effect from the surrounding geological

materials is replaced by a thin layer of pseudoshell, which is rigidly connected to the lining

and assumes material properties equivalent to those of steel, as shown in Figures 8.1 and 8.2.

As a result, the lining is stiffened.

This simplified approach is based on the beam theory that ensures the uniqueness of the solution

on deformation when the beam is subjected to the same ratio of load to flexural rigidity. Therefore,

by stiffening the lining in the pseudoshell model to increase its flexural rigidity, theoretically it is

still possible to obtain the true lining deformation under certain conditions. To achieve this, crack

analysis is indispensable. By applying relevant loads to the pseudoshell with the aim of reproducing

the observed cracking behavior as shown in Figure 8.1, crack analysis is carried out based on the

EFCM. When the tip of a crack reaches the pseudoshell, a plastic hinge is introduced into the shell,

allowing a rigid-body rotation to take place at the crack surfaces while the crack analysis is continued

using a crack-opening displacement (COD)-controlled algorithm. Hence, the cross-sectional defor-

mation of the tunnel can be obtained at any specified CMODs. Next, a quasi loosening zone model is

used to calculate the ground pressure. Based on the assumption that the ground deformation must

equal the cross-sectional deformation of the tunnel, the external loads can be obtained by adjusting

the extent of the loosening zone through iterative computations.
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In the following section, the beam theory, which forms the theoretical basis for the develop-

ment of the pseudoshell model, is reviewed. As will be explained, to facilitate crack analysis in

the pseudoshell model, the EFCM employs two modeling techniques. Before a crack penetrates

the lining, crack analysis is carried out by the crack-tip-controlled modeling method, which was

discussed in Chapter 4. As soon as the tip of a crack reaches the pseudoshell, a COD-controlled

algorithm is required for the crack analysis, so in the following the EFCM is reformulated specif-

ically for its application in the pseudoshell model. Parametric studies on the flexural rigidity of

the pseudoshell are performed to verify the uniqueness of solutions on the lining deformation.

To illustrate how the applied artificial load on the pseudoshell can affect the obtained cracking

behavior, four types of dummy loads are used in these studies.
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For further verification, a soil mechanics model is selected to analyze an aging waterway

tunnel, which sustained multiple cracking in its lining and underwent a major renovation work

more than 30 years after its construction. The same problem is then studied using the pseudoshell

model to reproduce the recorded cracking patterns and the CMODs at the time of the renovation

work. Comparisons between the two numerical results on the lining deformation at the time of

renovation are made, and the results are found quite satisfactory. Based on the obtained lining

deformation, the size of a quasi loosening zone, as well as the pressure loads, is calculated.

Following this comparison study, four more sites in two aging waterway tunnels are chosen for

further study, each representing a typical crack pattern frequently observed in various tunnels.

Numerical results of the crack analysis in each case are compared with the maintenance records

and discussed, and the pressure loads are calculated. Finally, a database is developed so that

the ground pressure can be determined directly from the CMOD.
8.2 PSEUDOSHELL MODEL
In this section the modeling concept and numerical formulation of the pseudoshell model are pre-

sented, and parametric studies on the uniqueness of solutions on tunnel deformations are discussed.
8.2.1 Modeling Concept

As shown in Figure 8.3, for a beam element of arbitrary cross section, the governing equation for

bending is derived as

d2

dx2
EI

d2n
dx2

� �
¼ qz (8.1)

where EI is the flexural rigidity, v is the displacement in the z-direction, and qz is the distributed

load acting perpendicularly to the beam axis. Assuming a constant flexural rigidity EI along the

beam axis, Eq. (8.1) becomes

EI
d4n
dx4

¼ qz
V
M+dM

N+dNN
M V+dV

dx

qx

qz

x

z

FIGURE 8.3 A beam element.
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or

d 4n
dx4

¼ qz
EI

(8.2)

Therefore, the beam deformation v becomes a function solely of the ratio of the external load qz
to the flexural rigidity EI. As long as this ratio is kept unchanged, the beam deformation is

uniquely defined—that is, it is unaffected by the proportional variations of the load and the flex-

ural rigidity of the beam. As shown following, this unique feature of the beam theory can be

exploited to greatly simplify crack analysis problems in tunnels in which the interaction between

the lining and the surrounding rock mass is too complex to be modeled realistically. Since the aim

of the analysis is to obtain the pressure loads from the CMODs, it seems that a two-step solution

can be used. Focusing on the bending action of the tunnel lining under the ground pressure, it is

hoped that the cross-sectional deformation of the tunnel can be calculated using a simpler struc-

tural model with which detailed crack analysis can be carried out using the EFCM. Assuming that

the tunnel deformation is thus obtained, the external loads can then be calculated using some

simplified models in soil mechanics, which will be discussed later.

As shown in Figure 8.1, the pseudoshell model is thus proposed, which consists of the lining

concrete and a thin layer of pseudoshell that assumes material properties equivalent to those of

steel, as shown in Figure 8.2. Despite the fact that the flexural rigidity of the lining increases after

rigidly connecting to an imaginary shell, the beam theory ensures the uniqueness of the solution

on deformation with the same ratio of load to flexural rigidity. This offers an alternative means to

calculate the true tunnel deformation using the pseudoshell model. As is illustrated in Figure 8.1,

artificial loads are applied to the pseudoshell to propagate cracks in the lining, which should

match the prescribed cracking behavior. Although the dummy loads represent the interactive

forces between the lining and the rock mass, the magnitudes of these loads have no direct bearing

on the actual loads. As a crack reaches the pseudoshell, yielding is enforced in a localized zone

in the shell next to the crack, resembling the formation of a plastic hinge to allow rigid-body

rotations at the crack surfaces.

With such a modeling concept, crack analysis can be carried out discretely, thus allowing any

prescribed cracking behaviors to be reproduced in detail and the lining deformation to be calcu-

lated at the designated CMODs. Obviously, the theoretical justification for the obtained lining

deformation lies in the assumption that the same ratio of load to flexural rigidity is obtained if

the actual cracking behavior in a tunnel can be reasonably reproduced through crack analysis

using the pseudoshell model. Of course, the validity of this assumption should be carefully

verified in the following numerical studies.
8.2.2 Numerical Formulation

Once a crack penetrates through the lining, the resistance against bending substantially vanishes,

and the crack propagation is replaced by a rigid-body rotation of the crack surfaces around the tip

of the crack. To cope with this change of cracking mode, a COD-controlled modeling method is

used to reformulate the EFCM. As the rotation of crack surfaces takes place, the ambiguity in

determining the most active crack among multiple cracks vanishes, and the rotating crack is auto-

matically treated as the leading crack. Figure 8.4 illustrates this situation with two cracks of the
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mode-I type, crack A and crack B, in which crack A has reached the pseudoshell, while crack B is

still propagating in the lining concrete. In crack analysis, the rotation of the crack surfaces at

crack A is achieved by monotonically increasing Wtip, which is the COD of the separated dual

nodes next to the tip of the crack, as

Wtip ¼ WN
a ¼ BKN

a �Pþ
XN
k¼1

AKNk
a Fk

a þ
XM
j¼1

AKNj
abF

j
b (8.3)

where BKN
a is the compliance at the Nth node of crack A due to the external load P. The influence

coefficients AKNk
a and AKNj

ab are the CODs at the Nth node of crack A due to a pair of unit cohesive

forces at the kth node of crack A and at the jth node of crack B, respectively.

Notice that Wtip in Eq. (8.3) is no longer an unknown but is a designated COD at the Nth
node of crack A. Obviously, there is no more need to distinguish between the restrained and

the active cracks in the present situation. The remaining CODs along the two fictitious cracks

are given by

Wi
a ¼ BKi

a �Pþ
XN
k¼1

AKik
a F

k
a þ

XM
j¼1

AKij
abF

j
b (8.4)
Wj
b ¼ BKj

b �Pþ
XN
i¼1

AKji
baF

i
a þ

XM
k¼1

AKjk
b F

k
b (8.5)

where i ¼ 1, 2, . . ., N � 1, and j ¼ 1, 2, . . ., M. Finally, imposing the tension-softening law on the

cohesive forces and the CODs leads to

Fi
a ¼ f ðWi

aÞ (8.6)

j j
Fb ¼ f ðWbÞ (8.7)
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where i ¼ 1, 2, . . ., N, and j ¼ 1, 2, . . ., M. The crack equations from (8.3) to (8.7) stipulate the

conditions for the rotation of the crack surfaces at the tip of crack A and the growth of crack B in

the lining. The problem can be uniquely solved because the number of equations (2N þ 2M),

matches the number of unknowns, also (2N þ 2M). As stated before, numerical results obtained

must be checked to eliminate invalid solutions, employing the steps described in Chapter 4. Obvi-

ously, the same procedure can be applied when crack B reaches the pseudoshell ahead of crack A,

and it can be readily generalized to include any number of cracks.

It should be emphasized that, once Wtip exceeds the limit crack-opening displacement Wc,

the leading crack then becomes a fully open crack; in other words, no more cohesive forces are

transmitted through the crack surfaces. Thus, Eq. (8.3) is reduced to

Wtip ¼ WN
a ¼ BKN

a �Pþ
XM
j¼1

AKNj
abF

j
b (8.8)

Notice that in actual computations involving several through-thickness cracks, the leading

crack upon which Wtip is imposed may not be fixed to a specific crack. In a situation where the

leading crack is found to be closing again because of the large opening of an adjacent crack,

the role should be switched to another rotating crack.

The outline of the solution procedure is shown in Figure 8.5, which is composed of two

separate analytical routines: the crack analysis routine and the stress analysis routine. For each

given Wtip, the crack equations are solved first to determine the unknown external loads and

the cohesive forces acting along each crack. After confirming the validities of the solutions, stress

analysis is carried out. Notice that as a crack becomes a through-thickness crack, a plastic hinge is

set in the pseudoshell. Following the stress analysis, the solution is checked again. The whole

procedure is repeated until the designated CMODs are reached. It should be pointed out that in

numerical analysis involving multiple cracks, there may be occasions when valid solutions do

not exist for certain Wtip. Here, this problem is dealt with by simply skipping that particular Wtip

and moving on to finding the solution for the next-larger Wtip.
8.2.3 Parametric Studies on Uniqueness of Solutions on Tunnel Deformation

The fracture test on the tunnel-lining specimen that was studied in Chapter 4 is chosen for para-

metric studies to verify the uniqueness of solutions on tunnel deformation, and its pseudoshell

model is shown in Figure 8.6. Due to the assumption that a void exists above the ceiling, the pseu-

doshell is disconnected from the lining in that zone. For tunnels with caving problems, the fre-

quently observed locations for crack propagation are illustrated on the half-model in Figure 8.6.

As seen, these include crack A at the crown, growing from the outside of the lining, crack B in

the arch area, and crack C at the spring line of the sidewall, growing from the inside of the lining.

The influence of the flexural rigidity of the stiffened lining on tunnel deformation is investigated by

assuming three types of shell thickness (t¼ 1/5H,
1/3H,

1/2H;H¼ lining thickness) with the samemod-

ulus of elasticity (E0) and three types ofmoduli (E0, 1/2E0, 1/4E0) with the same shell thickness (t¼ 1/3H).
To investigate how a load condition can affect cracking behavior in the pseudoshell model, four types

of dummy loads are considered: (I) distributed load along the shell; (II) two concentrated loads at B and

C; (III) a concentrated load at B; and (IV) a concentrated load at C. For details, refer to Figure 8.6.
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In solving the crack equations, the bilinear tension-softening relation in Figure 4.9 is

employed. Material properties of the lining specimen are summarized in Table 8.1, in which

the assumed modulus of elasticity E0 and Poisson’s ratio v0 for the pseudoshell are also listed.

Notice that the yield strength is not assumed because a plastic hinge is automatically enforced

in the pseudoshell as soon as the tip of a crack reaches the shell.

Figure 8.7 presents patterns of crack propagation obtained by using a pseudoshell of t ¼ 1/5H
under the four load conditions. As seen, with the distributed load (I) two cracks A and B are fully

open at the crown and the edge of the void. A third crack C also appears at the spring line, but it

closes early due to the active growth of crack B. The second (II) and third (III) types of loads

result in similar cracking behaviors, except that no crack propagates from the spring line. With

the fourth (IV) type of load, however, no crack extends from the edge of the void, and cracks

develop at the crown and the spring line. These results suggest that crack patterns obtained by

the pseudoshell model may not be very sensitive to the type of loads applied to the pseudoshell,

which makes it easier to select proper dummy loads to produce a desired crack pattern.
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Table 8.1 Material Properties of Lining Concrete and Pseudoshell in Parametric Studies

Lining Concrete Pseudoshell

E (GPa) n fc (MPa) ft (MPa) GF (N/mm) E 0 (GPa) n0

20.00 0.20 20.00 2.00 0.10 200.00 0.20
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Relations between the tunnel deformation and the CMOD at the crown (crack A) and the edge

of the void (crack B) are calculated under the distributed load conditions for the pseudoshells of

different thicknesses in Figure 8.8, and for the pseudoshells of different moduli of elasticity in

Figure 8.9. As clearly shown, these relations are uniquely defined and are unaffected by variations

of the flexural rigidity of the stiffened lining, whether it is by changing the shell thickness or by

changing its modulus of elasticity. This confirms the initial assumption of the pseudoshell model

that the lining deformation under a prescribed crack condition can be uniquely obtained.
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8.3 EVALUATION OF GROUND PRESSURE BASED ON THE QUASI
LOOSENING ZONE MODEL

Ground pressure acting on tunnel linings can be defined as the external loads induced when that

part of the ground in the vicinity of the tunnel endures large deformation due to tunneling as a

result of the release and redistribution of the stress fields during and after tunnel excavation.

Among the many theoretical approaches for estimating these pressure loads, which may involve

different mechanisms for their occurrence, methods based on Terzaghi’s theory on loosening

zones have been widely used (Terzaghi, 1959). Here, a loosening zone may be understood as

the region above the tunnel with clearly defined discontinuity from other areas after tunnel exca-

vation, and the gravity loads in the region exert the so-called loosening ground pressure directly

on the lining. It is known that the size and shape of the loosening zone vary according to the earth

cover, geological structure and soil strength, internal friction angle, f, and the shape and size of

the tunnel. Since there is no general theory on the details of loosening zones, geological surveys

and field measurements are often relied on for its estimation.

In the following, a simple model is defined for calculating the ground pressure, which assumes

a simple form to facilitate iterative computations required by the solution procedures as described.
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Named a quasi loosening zone model, it basically follows Terzaghi’s concept of calculating the

ground pressure from the depth of the loosening zone, even though other mechanisms might be

involved. As shown in Figure 8.10, the model is defined by three points. The first two points are

the locations where the two slip lines meet the horizontal line passing the crown (the slip surface

is inclined at an angle of 45 degrees plus f/2 to the bottom of the tunnel). The third point represents

the estimated depth of the loosening zone, usually based on field measurements. The three points

are then connected by smooth curves to introduce the arch action in the ground.

If the ground and the lining are assumed to be in contact with each other (excluding areas

where voids exist in between), the ground deformation must equal the cross-sectional deformation

of the tunnel. Because the lining deformation can be calculated independently by crack analysis

using the pseudoshell model, to determine the ground pressure, it is sufficient to modify the quasi

loosening zone through iterative computations until the differences between the ground deforma-

tion and the lining deformation at key points of comparison (usually at inner cracks) can be

ignored.

In numerical analysis, the quasi loosening zone is further simplified, as shown in Figure 8.11.

Considering the zone an elastic body, the ground deformation is calculated under the vertical

and lateral pressure loads. The task is to carefully adjust the depth of the loosening zone, the

coefficient of lateral pressure, k, and other material properties until the ground deformation con-

verges to the cross-sectional deformation of the tunnel. Solution procedures are illustrated in

Figure 8.12.
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8.4 NUMERICAL ANALYSIS OF AN AGING WATERWAY TUNNEL
(CASE A-1) COMPARED WITH A SOIL MECHANICS APPROACH

This section presents a comparison study on an aging waterway tunnel, which is analyzed first

by a soil mechanics approach and then by the pseudoshell model.
8.4.1 Background

Numerical analyses of an aging waterway tunnel of a hydraulic power facility (power plant A)

are carried out, and the numerical results are compared with those obtained previously using

the Adachi-Oka model, which is an established constitutive model in geotechnical engineering

(Adachi and Oka, 1992; Adachi et al., 1998). The model simulates the time-dependent behavior

of geological materials that show strain-softening characteristics.

Figure 8.13 shows a cross section of the tunnel that was constructed in the early 1960s and was

in service for over 30 years before major maintenance work was carried out. The tunnel passes

under massive layers of unaltered sedimentary rocks of approximately 400 meters in depth. In

its vicinity much more weakly consolidated sandstone and clay, which are extensively disturbed,

exist. Based on the results of boring tests and PS logging, the loosening zone, which was formed

during tunnel excavation, is estimated to reach a depth of 2 m. During excavation, a void was pre-

sumably formed above the ceiling area, and the records show that two longitudinal cracks nucle-

ated in the arch areas on the lining surface shortly after the completion of the tunnel.

Circumstantial evidence also points to the existence of another crack at the crown from the outer

surface of the ceiling. At the time of the maintenance work, the CMODs of the two surface cracks

had reached approximately 2 mm and 3 mm, respectively.
8.4.2 Numerical Analysis by Adachi-Oka Model

A detailed description of the Adachi-Oka model is beyond the scope of this book, so we present

only a simple outline of the constitutive model. The shear strength of soft rock and over-

consolidated clay consists of the strength due to cementation or bonding and the strength due

to friction. With the gradual increase of shear strain, the former diminishes, while the latter grows.

This process is manifested through strain softening. In Adachi-Oka’s elasto-viscoplastic model,

the stress history tensor is expressed by introducing a single exponential type of kernel function,

s�ij ¼
1

t

ðz
0

expð�ðz� z0Þ=tÞsijðz0Þdz0 (8.9)

where t is a material parameter that expresses the retardation of stress with respect to the time

measure.

The incremental time measure is defined as

dz ¼ gð_eijÞdt (8.10)

where g is an experimentally determined function of strain rate, and t is the time. Introducing a

yield function and a nonassociated flow rule, a constitutive equation is derived to describe the
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time-dependent stress-strain relation of geological materials. The constitutive model employs the

following material parameters: E of the modulus of elasticity; n of Poisson’s ratio; b and smb of
plastic potential parameters; G0 and Mf* of strain hardening-softening parameters; t of a stress-

history parameter; Mm of a parameter of overconsolidated boundary; and a and C of parameters

of time dependency. These parameters are determined from conventional triaxial tests.

The main purpose of the original study using the Adachi-Oka model was to investigate

the cross-sectional deformation of the tunnel lining and the time variation of earth pressure on

the lining. The numerical analyses were carried out in the plane strain condition, and the tunnel
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lining was modeled using beam elements. Figure 8.14 shows the finite element mesh, and

Table 8.2 lists the parameters of the elasto-viscoplastic model. Table 8.3 summarizes the main

parameters of the beam elements, where E is the modulus of elasticity, I is the moment of inertia,

A is the cross-sectional area of the lining, and My is the moment of crack initiation. Notice that as

the moment reaches My, a hinge is set to the beam at the location where the critical moment

occurs.

The obtained numerical results were examined and verified by geotechnical surveys and

in situ tests. Here, the time-dependent, cross-sectional deformation of the tunnel lining is shown

in Figure 8.15. According to the numerical analyses, approximately two months after the comple-

tion of the tunnel, initial cracks appeared in the arch area and at the crown simultaneously.

Approximately six years later, another crack occurred at the spring line. The final cross-sectional

deformation after 32 years in service was estimated as 16.1 mm at the crown, 7.6 mm in the arch

area, and 6.3 mm at the spring line.
Table 8.2 Material Parameters of Layer G3 in Elasto-Viscoplastic Modeling

E (MPa) n b (MPa) smb (MPa) G 0 Mf* t Mm a C

300.00 0.25 0.87 18.00 45.40 1.15 90000 1.25 0.959 0.565
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Table 8.3 Material Properties of the Beam Elements in Elasto-Viscoplastic Modeling

Item
Member E (GPa) A (cm2) I (cm4) My (kN�m)
Lining 26.60 1500 28125.00 7.50

Invert 26.60 3500 357291.67 40.83

Note: Unit thickness ¼ 1.0 m.
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FIGURE 8.15 Time-dependent history of cross-sectional deformation obtained by the elasto-viscoplastic

modeling of Case A-1.
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8.4.3 Numerical Analysis by the Pseudoshell Model

Figure 8.16 presents the FE model of the cross section of the tunnel, excluding the invert. As seen,

the void at the crown is not symmetric with respect to the central line but is inclining slightly

toward the right. The lining thickness varies gradually from 300 mm at the spring line to just

110 mm at the crown. Here, the thickness of the pseudoshell is assumed to be 30 mm, just one-

tenth of the lining thickness at the spring line. Notice that the lining is completely separated from

the pseudoshell in the range of the void. At the bottom of the wall, hinge and spring supports are

assumed in the vertical and horizontal directions, respectively. As illustrated, the numerical case

contains three initial notches at the actual crack locations. Judging from the crack condition, two

concentrated loads are applied to the pseudoshell, along the crack paths of the two surface cracks.

The material properties used in numerical studies are summarized in Table 8.4, and the bilinear

tension-softening relation in Figure 4.9 is employed to solve the crack equations.
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Table 8.4 Material Properties of Lining Concrete and Pseudoshell in Case Studies

Member Lining Concrete Pseudoshell

Item

Case E (GPa) n fc (MPa) ft (MPa) GF (N/mm) E 0 (GPa) n

A-1 26.6 0.20 39.0 2.0 0.1 200.0 0.2

B-1 23.0 0.17 13.0 1.3 0.1 200.0 0.2

B-2 23.0 0.16 47.8 1.8 0.1 200.0 0.2

B-3 23.0 0.16 38.0 1.4 0.1 200.0 0.2

C-1 15.0 0.20 10.0 1.0 0.1 200.0 0.2
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Also shown in Figure 8.16 are the results of crack analysis on crack propagation, with detailed

information showing the tip position of each crack at the given computational step. As seen, crack

A of the left arch is most active, progressing forward at every computational step, except for the

5th step when it becomes temporarily inactive as crack B becomes a one-step leading crack. As

crack A becomes a through-thickness crack at the 11th step, subsequent computations are then

carried out using the COD-controlled method. It is worth repeating that as a crack penetrates

through the lining, a plastic hinge is introduced to the pseudoshell to allow the crack to fully open.
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At the 18th step, the other two cracks penetrate through the lining simultaneously, and all the

three cracks are open at this stage. Finally at the 80th step, the designated CMOD of 3 mm for

crack A is reached, while the CMODs of crack B and crack C reach 2.4 mm and 2.3 mm, respec-

tively. Notice that the obtained CMOD of crack C represents well its on-site measurement of

approximately 2 mm.

Figure 8.17 presents the relations between the cross-sectional deformation and the CMOD.

As shown, the obtained vertical displacement at the crown is 15.5 mm, and the arch deformations

at A and C are 7.3 mm and 6.1 mm, respectively. Compared with the results obtained by the

Adachi-Oka model, which predict a deformation of 16.1 mm at the crown and 7.6 mm in the arch

area some 32 years after the completion of the tunnel, the agreement between the two approaches

is indeed remarkable. These results convincingly prove the validity of the previous assumption

that the lining deformation can be uniquely determined if the actual cracking behavior in a tunnel

can be reproduced through crack analysis using the pseudoshell model.

For reference, the relations between the dummy load and the CMOD are shown in Figure 8.18.

As seen, with all the cracks penetrating through the lining, the opening of crack surfaces is greatly

accelerated, while the dummy load experiences a temporary decrease of more than 10 percent

from its peak value due to the loss of the lining strength. The load increases again later, and

its relation with the CMOD is approximately linear in the region of large CMODs.

In building a powerful constitutive model to describe the gross behaviors of geological mate-

rials, it is inevitable to employ a large number of material parameters to capture every important

facet of the mechanisms that cause the overall behavior. Obviously, the accuracy of these material

models depends very much on the accuracy of these material parameters. Most of them can only

be determined through rigorous tests. The pseudoshell model, which is a unique structural model,

presents a different approach. Exploiting the uniqueness of the solution on deformation in the

beam theory, this approach focuses on the individual cracks in the lining, and the cross-sectional
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deformation of the tunnel is obtained as a result of crack analysis, without considering the

complicated details of geological materials that are of time-dependent nature.
8.4.4 Evaluation of Ground Pressure

Material properties of the rock mass in Case A-1 are shown in Table 8.5. To calculate the ground

pressure by using the quasi loosening zone model, solution procedures illustrated in Figure 8.12

are followed. Based on the obtained lining deformations at cracks A and C, the depth of the loos-

ening zone is adjusted first through iterative computations until a reasonable match is reached.

Then the coefficient of lateral pressure and the loading range are also modified so the ground

deformation in the sidewall sufficiently converges to the lining deformation there. Numerical

results are shown in Figure 8.19, and the depth of the loosening zone is found to be 4 m, twice

the initial estimation of 2 m. According to the analysis, the tunnel is under isotropic pressure loads

of 0.096 MPa. The obtained lining and ground deformations are shown in Figure 8.20.
Table 8.5 Material Properties of Rock Mass in Case Studies

Item
Case g (g/cm3) E (MPa) f (�) n

A-1 2.4 100 20 0.25

B-1 2.7 100 30 0.30

B-2 2.0 50 20 0.40

B-3 2.0 50 20 0.40

C-1 2.0 50 20 0.40
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8.5 CASE STUDIES OF TWO AGING WATERWAY TUNNELS
Four more sites in two aging waterway tunnels are selected for further investigation, each

representing a typical crack pattern frequently observed in tunnels with cracking problems:

1. An unsymmetric crack pattern, with cracks in the ceiling and sidewall (site B-1)

2. Two closely located cracks in sidewalls (site B-2)

3. A single crack in the ceiling (site B-3)

4. A symmetric crack pattern, with a single crack at each of the sidewalls (site C-1)
8.5.1 Power Plant B (Horseshoe Type): Site B-1

As shown in Figure 8.21, two longitudinal cracks were identified at site B-1, one in the ceiling area

and another at the spring line of the right wall. The crack width was 3.7 mm in the ceiling and

5.4 mm at the spring line. The tunnel was located 180 m below the ground surface. According to

the boring tests, the geological structure of the site was composed of claystone and sandstone alter-

nations, and a cracking zone in the rock mass was found in the vicinity of the tunnel. Field measure-

ments showed the depth of loosening zone to be 2 m, and a void was found behind the ceiling.

The FE model of Case B-1 is shown in Figure 8.22, which contains three crack paths. To

propagate two inner cracks at locations A and C, a third crack must be introduced in the arch

area, growing from the outside of the lining where a tension zone develops upon loading. Two

concentrated loads are applied to the pseudoshell at A and C as dummy loads to propagate these

cracks. Notice that the lining and shell are disconnected between A and C in numerical modeling.

Material properties are summarized in Table 8.4 for all the cases.

The results of numerical analysis on crack propagation are shown in Figure 8.23. As seen, crack

A is the leading crack, penetrating through the lining at the 10th step. Cracks B and C are less active

at the initial stage of crack growth, and the two become through-thickness cracks at the 13th step

simultaneously. The designated crack widths at A and C are obtained exactly at the 85th step by

the COD-controlled computations, and the actual cracking mode at site B-1 is thus reproduced.

Other results are shown in Figures 8.24 and 8.25, which present the relations of the cross-

sectional deformation and the CMOD and of the dummy load and the CMOD, respectively. As

shown in Figure 8.24, despite the large crack width attained at crack C in the sidewall, the

corresponding displacement of 2.5 mm at C is rather small compared with the displacements at

the other locations. The displacement of 23.3 mm at B is the largest, approximately twice the

displacement of 11.0 mm at A.

Table 8.5 presents the material properties of the surrounding rock mass for each case.

Numerical results of the ground pressure analysis are shown in Figure 8.26, where the vertical

pressure is 0.108 MPa, and the lateral pressure is 0.084 MPa from the right and 0.086 MPa from

the left. The depth of loosening zone is obtained as 4 m, twice the field estimation of 2 m. Notice

that the coefficient of lateral pressure on the left is slightly larger than that on the right, as a result

of fine adjustment in iterative computations for the ground deformation to converge to the cross-

sectional deformation of the lining in the region of contact. The obtained ground deformation is

compared with the lining deformation in Figure 8.27.
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FIGURE 8.21 Cross sections of aging waterway tunnels and geological conditions in case studies.
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8.5.2 Power Plant B (Horseshoe Type): Site B-2

As shown in Figure 8.21, two closely located cracks were found in the left wall, with the crack

widths reaching 4.5 mm and 3.0 mm, respectively, and the third one was identified in the arch

area on the right, with the CMOD reaching 5.5 mm. Based on the field investigation, the present

case was limited to a small section of the tunnel, and for most of the cracked sections only one

crack appeared in the same wall, along with a crack in the arch area on the right. According to
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the boring tests, the geological structure of the site was claystone and sandstone alternations. The

earth cover above the tunnel was 200 m. The estimated depth of loosening zone was 2 m by the

field tests, and behind the ceiling, a lump of colluvium was found with voids.

In a preliminary FE analysis, it was found that to propagate two closely positioned cracks in

the sidewall, the load type and loading position must be changed at some stages of the numerical

computation. Without doing so, the opening of one crack would force the other to close, and vice

versa. To simplify the situation, the most active crack at the spring line is considered, and the FE
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FIGURE 8.23 Results of crack analysis in case studies.
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model is as shown in Figure 8.22. As seen, in addition to the crack paths set for the two inner

cracks, another has to be introduced at the crown to propagate a crack from the outside. Two

dummy loads are applied on the pseudoshell at A and C, and the region of disconnection between

the lining and shell is from C to D.

The results of crack analysis are shown in Figure 8.23. As seen, crack A is the dominant crack

and penetrates through the lining at the 10th step. Cracks B and C are almost nonpropagating at

the initial stage, but they become active at the 14th step and penetrate through the lining at

the 20th step simultaneously. The designated crack width of 5.5 mm at C is obtained at the

155th step, and the corresponding CMOD at A is 3.8 mm, slightly smaller than the target value

of 4.5 mm. This discrepancy seems to be caused by the simplification of the actual cracking

behavior in the sidewall. As shown in Figure 8.24, the final displacement is 11.3 mm at A,
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23.0 mm at B, and 16.0 mm at C. For the relations between the dummy load and the CMOD,

refer to Figure 8.25.

Numerical results on the external loads are illustrated in Figure 8.26, and the obtained depth of

loosening zone is 8 m, far exceeding the field estimation of 2 m. Based on the analysis, the tunnel

is under an isotropic earth pressure of 0.16 MPa. The obtained cross-sectional deformations by the

two methods are compared in Figure 8.27.
8.5.3 Power Plant B (Horseshoe Type): Site B-3

At site B-3, a longitudinal crack was found in the ceiling, and its crack width reached 6 mm, as

shown in Figure 8.21. According to the records, this section was sandwiched by neighboring linings

that had longitudinal cracks in the arch areas. Based on the boring tests, the site was located in a
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fracture zone with black porphyrite, and the tunnel was surrounded by thick layers of colluvium.

The depth of the soil above the tunnel was 40 m, and no void was found behind the ceiling. The

maintenance records did not offer any information on the depth of loosening zone for this site.

The FE model is shown in Figure 8.22, where three crack paths are prescribed, one for the inner

crack in the ceiling and two for the outer cracks in the arch areas. The locations of the outer cracks

are assumed to be the same as those of the arch cracks in the neighboring linings. As seen, a dummy

load is applied to the shell at crack B, and the shell is disconnected from the lining around the two

outer cracks to allow their propagations. The results of crack analysis are shown in Figure 8.23.

As seen, crack B is the leading crack, and its crack width reaches 6.0 mm at the 26th step.

In numerical computations, to gain a large opening for crack B but with only limited openings

of cracks A and C, the horizontal support at the bottom of the wall on the left must be set free. To

do otherwise (i.e., to set free the horizontal support on the right) would lead to inappropriate

cracking behavior and large tensile stresses on the surface of the wall. The obtained displacement

is 0.7 mm at crack A, 14.0 mm at crack B, and 7.7 mm at crack C, as shown in Figure 8.24. The

relations between the dummy load and the CMOD are given in Figure 8.25. Figure 8.26 presents

the results of ground pressure analysis, which predict a vertical pressure of 0.08 MPa and a lateral

pressure of 0.068 MPa on the right and 0.04 MPa on the left, and the depth of the loosening zone

is obtained as 4 m. The resulting cross-sectional deformation is compared with the lining defor-

mation in Figure 8.27.
8.5.4 Power Plant C (Calash Type): Site C-1

As shown in Figure 8.21, at site C-1 a longitudinal crack appeared in each sidewall, and the crack

width was 2.0 mm on the left and 3.0 mm on the right. The geological structure of the site was mainly

of claystone and sandstone alternations, identified as lacustrine deposit. The earth cover above the

tunnel was 20 m, and no voids were found between the lining and the surrounding rock mass. Like

the previous case, no field tests were carried out to estimate the depth of the loosening zone.

Figure 8.22 presents a half-FE-model for crack analysis, simplifying the problem based on a

consideration of approximate symmetry. As seen, in addition to the crack path set in the sidewall,

another path is assumed at the crown. To propagate this crack from the outside, the lining is dis-

connected from the shell in the ceiling area. A single load is applied to the pseudoshell at crack B.

The results of crack analysis are shown in Figure 8.23. As expected, crack B in the sidewall is the

leading crack, which becomes a through-thickness crack at the 10th step, and its crack width

reaches the designated value of 3.0 mm at the 25th step. On the other hand, the propagation of

crack A at the crown is hindered by some nonpropagating steps before it penetrates through the

lining at the 13th step. The obtained lining deformations at cracks A and B are found to be the

same as 12.1 mm, as shown in Figure 8.24. The relations between the dummy load and the

CMOD are shown in Figure 8.25.

Figure 8.26 illustrates the obtained quasi loosening zone with a depth of 8 m, and the tunnel is

found to be under isotropic pressure loads of 0.16 MPa. The obtained ground deformation is com-

pared with the lining deformation in Figure 8.27. It should be pointed out that by assuming a smaller

loosening zone and a larger coefficient of lateral pressure, one more solution on the ground pressure

can be found in this case. In a situation like this, a solution is then determined based on the severity

of the possible load conditions, unless the less severe condition can be proved as proper.
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8.6 DEVELOPMENT OF DATABASE FOR EVALUATION OF GROUND
PRESSURE BASED ON THE CMOD

Through the case studies (sites A1, B1-B3 and C-1) just discussed, it has been demonstrated that for

tunnels with cracked linings, the pseudoshell model and the quasi loosening zone model can work

together to provide an effective means for calculating the ground pressure based on the CMOD. To

explore the potential of this approach, in the following a database is developed for selected aging

waterway tunnels to determine the external loads based on the CMOD. Such information is valuable

for developing an effective maintenance system for the safe operation of aging tunnels of any kind.

8.6.1 Selection of Influential Factors and Cases of Study

In this section influential factors for the development of the database are discussed, and cases for

study are selected.

Type of Tunnel and Structural Dimensions
Two types of waterway tunnel are considered: the horseshoe type and the calash type, both shown

in Figure 8.28. The structural dimensions of the two model tunnels are determined based on the

standard design for waterway tunnels with an inner diameter of 3 m.

Crack Pattern
Among the many actual crack patterns observed in aging waterway tunnels, three typical

crack patterns are chosen for each of the two model tunnels, as shown in Figure 8.29. These

cracking modes are symmetric with respect to the central line of the tunnel, and the locations
50
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FIGURE 8.28 Geometric dimensions (in mm) of two model tunnels for database development. (In some

countries themodel on the left is called the “Oval tunnel” and themodel on the right is the “Horseshoe tunnel.”)
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of cracks are the most frequently observed places that are prone to cracking in each type of struc-

ture. For the horseshoe type, these are the spring lines, the arch areas, and the crown, and for sim-

plicity the corresponding cracks are termed the SL crack, the arch crack, and the crown crack. For

the calash type, these are the two points at half of the tunnel height in the sidewalls, the shoulders

of the sidewalls, and the crown, and for simplicity the corresponding cracks are termed the wall

crack, the shoulder crack, and the crown crack. Notice that in Figure 8.29 the inner cracks are

denoted by the black dots, and the outer cracks are represented by the white dots.

Thickness of Lining
Since the thickness of the lining is an important structural geometry for tunnels, three types of

lining thickness are considered for database development: 20 cm, 30 cm, and 50 cm. These values

represent the majority of the lining thicknesses in aging waterway tunnels that were measured by

coring tests and recorded in numerous field investigations.

Classification of Geological Materials
The magnitude of ground pressure acting on the tunnel depends very much on the properties of

the geological materials that surround the tunnel. Based on the previous case studies, the rock
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mass is classified into three grades for database development, and for each class typical values of

the material properties are assumed in Table 8.6.

Depth of the Quasi Loosening Zone
According to the quasi loosening zone model, the pressure loads depend directly on the depth of

the quasi loosening zone. To obtain the relations between ground pressure and cross-sectional

deformation, various values for the depth of loosening zone are assumed in ground pressure anal-

ysis, and the range of change is from 1 m to 10 m.

Cases of Study
Based on the preceding classification of influential parameters that affect cracking behavior and

ground pressure, numerical cases for crack analysis are listed in Table 8.7. As shown, these cases

are the combinations of tunnel type, crack pattern, and thickness of the lining. The designated

crack widths for calculating the cross-sectional deformation of the tunnel are 1 mm, 3 mm, and

5 mm, respectively. The numerical cases for ground pressure analysis are presented in Table 8.8,
Table 8.6 Assumed Material Properties of Rock Mass for Database Development

Classification of Rocks g (g/cm3) E (MPa) n f (�)

CM 2.0 200 0.3 30

CM � CL 2.0 100 0.3 30

CL � D 2.0 50 0.4 30

Table 8.7 Cases for Crack Analysis of Tunnel Linings in Database Development

Case
No. Name Shape Type of Cracks

Lining
Thickness t (cm)

Target
CMOD (mm)

1 BC1-t20 Horseshoe

Type

Type j: SL crack 20 1, 3, 5

2 BC1-t30 30 1, 3, 5

3 BC1-t50 50 1, 3, 5

4 BC2-t20 Type k: Arch crack 20 1, 3, 5

5 BC2-t30 30 1, 3, 5

6 BC2-t50 50 1, 3, 5

7 BC3-t20 Type l: Crown crack 20 1, 3, 5

8 BC3-t30 30 1, 3, 5

9 BC3-t50 50 1, 3, 5
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Table 8.8 Cases for Ground Pressure Analysis in Database Development

Case No. Cross-Sectional Shape Depth of Loosening Zone (m) Classification of Rock Mass

1 Horseshoe Type 1 CL � D

2 2 CL � D

3 4 CL � D

4 6 CL � D

5 8 CL � D

6 10 CL � D

7 1 CM � CL

8 2 CM � CL

9 4 CM � CL

10 6 CM � CL

11 8 CM � CL

12 10 CM � CL

13 1 CM

14 2 CM

(Continued)

Table 8.7 Cases for Crack Analysis of Tunnel Linings in Database Development—cont’d

Case
No. Name Shape Type of Cracks

Lining
Thickness t (cm)

Target
CMOD (mm)

10 HC1-t20 Calash

Type

Type j: Wall crack 20 1, 3, 5

11 HC1-t30 30 1, 3, 5

12 HC1-t50 50 1, 3, 5

13 HC2-t20 Type k: Shoulder crack 20 1, 3, 5

14 HC2-t30 30 1, 3, 5

15 HC2-t50 50 1, 3, 5

16 HC3-t20 Type l: Crown crack 20 1, 3, 5

17 HC3-t30 30 1, 3, 5

18 HC3-t50 50 1, 3, 5

8.6 Development of Database for Evaluation of Ground Pressure 247
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Table 8.8 Cases for Ground Pressure Analysis in Database Development—cont’d

Case No. Cross-Sectional Shape Depth of Loosening Zone (m) Classification of Rock Mass

15 4 CM

16 6 CM

17 8 CM

18 10 CM

19 Calash Type 1 CL � D

20 2 CL � D

21 4 CL � D

22 6 CL � D

23 8 CL � D

24 10 CL � D

25 1 CM � CL

26 2 CM � CL

27 4 CM � CL

28 6 CM � CL

29 8 CM � CL

30 10 CM � CL

31 1 CM

32 2 CM

33 4 CM

34 6 CM

35 8 CM

36 10 CM

248 CHAPTER 8 Pseudoshell Model for Crack Analysis of Tunnel Linings
which are combinations of the cross-sectional shape of the tunnel, the depth of loosening zone,

and the classification of rocks.

Material properties of concrete and pseudoshell are assumed to be the same as those used in

the previous parametric studies of the pseudoshell model, as presented in Table 8.1. Notice that

the material properties of concrete are not treated parametrically because in a preliminary study

it was found that by changing these properties, the relations between cross-sectional deformation

and the CMOD remained basically unchanged, especially when the CMOD exceeded 0.1 mm. For

crack analysis the bilinear tension-softening relation in Figure 4.9 is assumed.
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8.6.2 Relations between Cross-Sectional Deformation and the CMOD

Figures 8.30 to 8.32 present the half-FE-models of the horseshoe type for Cases 1 to 9 as listed in

Table 8.7. As shown, to propagate each main crack from the inside of the tunnel, a dummy load

is applied on the pseudoshell along the crack path, and the region of disconnection between the

lining and shell is identified.

Similarly, the half-FE-models of the calash type for Cases 10 to 18 in Table 8.7 are shown in

Figures 8.33 to 8.35. Notice that in each case the wall thickness of the pseudoshell is one-fifth the

lining thickness.

Crack analysis is carried out on each of the FE models, and the obtained relations between the

cross-sectional deformation and the CMOD are summarized in Figure 8.36 based on the type of

crack, the thickness of the lining, and the type of tunnel. For the horseshoe type, the increase

of displacement at the spring line is the largest, which is followed by that at the crown. As seen,

the increase of displacement in the arch is much less. On the other hand, for the calash type the

increase of displacement at the crown is large and comparable to that in the wall. For details on

these relations, refer to Figure 8.36.

For further reference, examples of crack propagation in the deformed lining for each crack

pattern are shown in Figure 8.37 for the horseshoe type and in Figure 8.38 for the calash

type (thickness of lining ¼ 30 cm; CMOD ¼ 3 mm). Also, examples of the relations between dis-

placement and the thickness of the lining for each crack pattern are shown in Figure 8.39 for the

horseshoe type and in Figure 8.40 for the calash type (CMOD ¼ 3 mm).
Crack A Crack A

B kcarCB kcarC Crack B
P

Region of disconnection

Region of disconnection

Region of disconnection

200 40
300

500
100

60

Lining LiningLining

Pseudoshell Pseudoshell Pseudoshell

R
1 

= 
15

00

R
1 

= 
15

00

R2 = 3000

R2 = 3000

R
1 

= 
15

00

R2 = 3000

Crack A

P P

BC1-t20 05t-1CB03t-1CB
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FIGURE 8.36 Cross-sectional deformation versus CMOD relations for database development: (a) horseshoe

type and (b) calash type.
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FIGURE 8.37 Lining deformation for (a) SL crack, (b) arch crack, and (c) crown crack (horseshoe type;

lining thickness ¼ 30 cm; CMOD ¼ 3 mm).
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FIGURE 8.38 Lining deformation for (a) wall crack, (b) shoulder crack, and (c) crown crack (calash type;

lining thickness ¼ 30 cm; CMOD ¼ 3 mm).
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8.6.3 Relations between Pressure Load and Cross-Sectional Deformation

Figure 8.41 illustrates the FE models of quasi loosening zone for Cases 1 to 18 in Table 8.8 (the

horseshoe type), and Figure 8.42 presents those for Cases 19 to 36 in Table 8.8 (the calash type).

As shown, in each case the prescribed vertical and lateral pressure loads are applied to the model
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as the external loads, which are calculated from the depth of loosening zone and the unit weight of

rocks while assuming that the coefficient of lateral pressure equals 1.0. Linear elastic analysis is

then carried out to obtain the ground deformation under the given load. Based on these analyses,

the relations between pressure load and cross-sectional deformation at the three crack locations

are obtained for each class of rock and for each type of tunnel, as shown in Figure 8.43. As seen,

these relations are basically linear.
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FIGURE 8.43 Pressure load versus cross-sectional deformation relations for database development:

(a) horseshoe type and (b) calash type.

8.6 Development of Database for Evaluation of Ground Pressure 257
8.6.4 Two-Step Procedure for Determining External Loads by the CMOD
and Development of Database

So far, two relationships have been established: the relations between cross-sectional deformation

and the CMOD, and the relations between pressure load and cross-sectional deformation. Based

on these two relations, a two-step procedure for determining the external loads from the CMOD

now becomes available. As shown in Figure 8.44, this procedure requires the cross-sectional

deformation at a designated crack to be determined from the first relation based on the

CMOD of that crack. Then, based on the second relation, the external loads can be found by

the cross-sectional deformation at the designated crack.

As an example, suppose that a crack is identified at the crown of a model tunnel and its crack

width is 5 mm. Assume further that the tunnel is the horseshoe type, the thickness of lining is
www.EngineeringEbooksPdf.com
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30 cm, and the surrounding rock mass is classified as the CL-D grade. Based on the corresponding

relations in Figure 8.36, the cross-sectional deformation at the crown is then obtained as 8.3 mm.

Next, from the relations between load and displacement in Figure 8.43, the ground pressure is

found to be 0.086 N/mm2. The depth of the loosening zone is then obtained as 4.3 m by dividing

the pressure load by the unit weight of rocks. In this example, if the type of tunnel is changed

to the calash type while keeping all the other conditions unchanged, the displacement at the

crown then becomes 11.4 mm, the pressure load is 0.104 N/mm2, and the depth of loosening

zone is 5.2 m.

As another example, assume that two cracks exist symmetrically at the shoulders of a calash-

type tunnel and the crack widths are approximately 1 mm. Suppose that the thickness of lining is

20 cm, and the rock mass is identified as the CM grade. Then, based on the corresponding rela-

tions in Figures 8.36 and 8.43, the displacement at the shoulder is obtained as 2.7 mm, the ground

pressure is 0.092 N/mm2, and the depth of loosening zone is 4.6 m.

Based on this two-step procedure, a database is developed for the two types of the model tun-

nel, as shown in Table 8.9 for the horseshoe type and in Table 8.10 for the calash type. Clearly,

these tables provide a shortcut to finding out the external loads acting on an aging tunnel with

cracks. By applying the same principles in developing this database, various kinds of databases

can be built for different types of tunnels, which provides not only an effective means for moni-

toring the ground pressure for risk evaluations but also the design loads when tunnels with serious

crack problems have to be reinforced.
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Table 8.9 Database for Obtaining the Ground Pressure Based on the CMOD (Horseshoe Type)

Case No. Name Type of Crack

Thickness
of Lining CMOD Displacement

Classification
of Rock

Ground
Pressure

Depth of
Loosening
Zone

t (cm)
Wn

(mm) U (mm) E (N/mm2) Pv (N/mm
2) H (m)

1 BC1-t20

Type j: SL crack

20

1.0 4.0

50 (CL � D) 0.036 1.8

100 (CM � CL) 0.070 3.5

200 (CM) 0.126 6.3

3.0 11.8

50 (CL � D) 0.104 5.2

100 (CM � CL) 0.208 10.4

200 (CM) 0.378 18.9

5.0 19.6

50 (CL � D) 0.172 8.6

100 (CM � CL) 0.350 17.5

200 (CM) 0.632 31.6

2 BC1-t30 30

1.0 2.6

50 (CL � D) 0.024 1.2

100 (CM � CL) 0.046 2.3

200 (CM) 0.082 4.1

3.0 8.0

50 (CL � D) 0.070 3.5

100 (CM � CL) 0.140 7.0

200 (CM) 0.256 12.8

5.0 13.2

50 (CL � D) 0.116 5.8

100 (CM � CL) 0.234 11.7

200 (CM) 0.424 21.2

(Continued)2
5
9
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Table 8.9 Database for Obtaining the Ground Pressure Based on the CMOD (Horseshoe Type)—cont’d

Case No. Name Type of Crack

Thickness
of Lining CMOD Displacement

Classification
of Rock

Ground
Pressure

Depth of
Loosening
Zone

t (cm)
Wn

(mm) U (mm) E (N/mm2) Pv (N/mm
2) H (m)

3 BC1-t50 50

1.0 1.9

50 (CL � D) 0.018 0.9

100 (CM � CL) 0.034 1.7

200 (CM) 0.060 3.0

3.0 5.2

50 (CL � D) 0.046 2.3

100 (CM � CL) 0.090 4.5

200 (CM) 0.164 8.2

5.0 8.5

50 (CL � D) 0.074 3.7

100 (CM � CL) 0.150 7.5

200 (CM) 0.272 13.6

4 BC2-t20 20

1.0 1.4

50 (CL � D) 0.008 0.4

100 (CM � CL) 0.024 1.2

200 (CM) 0.046 2.3

3.0 3.9

50 (CL � D) 0.036 1.8

100 (CM � CL) 0.074 3.7

200 (CM) 0.132 6.6

5.0 5.6

50 (CL � D) 0.052 2.6

100 (CM � CL) 0.108 5.4

200 (CM) 0.190 9.5

2
6
0
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5 BC2-t30

Type k: Arch crack

30

1.0 1.0

50 (CL � D) 0.004 0.2

100 (CM � CL) 0.016 0.8

200 (CM) 0.032 1.6

3.0 2.3

50 (CL � D) 0.018 0.9

100 (CM � CL) 0.042 2.1

200 (CM) 0.078 3.9

5.0 3.5

50 (CL � D) 0.032 1.6

100 (CM � CL) 0.066 3.3

200 (CM) 0.118 5.9

6 BC2-t50 50

1.0 0.9

50 (CL � D) 0.004 0.2

100 (CM � CL) 0.014 0.7

200 (CM) 0.028 1.4

3.0 2.1

50 (CL � D) 0.016 0.8

100 (CM � CL) 0.038 1.9

200 (CM) 0.070 3.5

5.0 3.0

50 (CL � D) 0.026 1.3

100 (CM � CL) 0.056 2.8

200 (CM) 0.102 5.1

(Continued)

2
6
1
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Table 8.9 Database for Obtaining the Ground Pressure Based on the CMOD (Horseshoe Type)—cont’d

Case No. Name Type of Crack

Thickness
of Lining CMOD Displacement

Classification
of Rock

Ground
Pressure

Depth of
Loosening
Zone

t (cm)
Wn

(mm) U (mm) E (N/mm2) Pv (N/mm
2) H (m)

7 BC3-t20

Type l: Crown crack

20

1.0 2.8

50 (CL � D) 0.018 0.9

100 (CM � CL) 0.056 2.8

200 (CM) 0.100 5.0

3.0 8.1

50 (CL � D) 0.084 4.2

100 (CM � CL) 0.164 8.2

200 (CM) 0.284 14.2

5.0 12.7

50 (CL � D) 0.130 6.5

100 (CM � CL) 0.258 12.9

200 (CM) 0.444 22.2

8 BC3-t30 30

1.0 1.8

50 (CL � D) 0.002 0.1

100 (CM � CL) 0.030 1.5

200 (CM) 0.064 3.2

3.0 5.1

50 (CL � D) 0.050 2.5

100 (CM � CL) 0.106 5.3

200 (CM) 0.180 9.0

5.0 8.3

50 (CL � D) 0.086 4.3

100 (CM � CL) 0.168 8.4

200 (CM) 0.292 14.6

2
6
2
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9 BC3-t50 50

1.0 1.2

50 (CL � D) 0.001 0.1

100 (CM � CL) 0.012 0.6

200 (CM) 0.042 2.1

3.0 3.4

50 (CL � D) 0.028 1.4

100 (CM � CL) 0.070 3.5

200 (CM) 0.122 6.1

5.0 5.2

50 (CL � D) 0.052 2.6

100 (CM � CL) 0.108 5.4

200 (CM) 0.184 9.2

2
6
3
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Table 8.10 Database for Obtaining the Ground Pressure Based on the CMOD (Calash Type)

Case No. Name Type of Crack

Thickness
of Lining CMOD Displacement

Classification
of Rock

Ground
Pressure

Depth of
Loosening
Zone

t (cm)
Wn

(mm) U (mm) E (N/mm2) Pv (N/mm
2) H (m)

10 HC1-t20

Type j: Wall crack

20

1.0 3.9

50 (CL � D) 0.046 2.3

100 (CM � CL) 0.088 4.4

200 (CM) 0.162 8.1

3.0 11.7

50 (CL � D) 0.132 6.6

100 (CM � CL) 0.266 13.3

200 (CM) 0.488 24.4

5.0 19.4

50 (CL � D) 0.220 11.0

100 (CM � CL) 0.442 22.1

200 (CM) 0.810 40.5

11 HC1-t30 30

1.0 2.7

50 (CL � D) 0.034 1.7

100 (CM � CL) 0.062 3.1

200 (CM) 0.112 5.6

3.0 7.8

50 (CL � D) 0.088 4.4

100 (CM � CL) 0.178 8.9

200 (CM) 0.326 16.3

5.0 13.0

50 (CL � D) 0.148 7.4

100 (CM � CL) 0.296 14.8

200 (CM) 0.542 27.1

2
6
4

www.EngineeringEbooksPdf.com



12 HC1-t50 50

1.0 1.6

50 (CL � D) 0.022 1.1

100 (CM � CL) 0.040 2.0

200 (CM) 0.068 3.4

3.0 4.7

50 (CL � D) 0.056 2.8

100 (CM � CL) 0.106 5.3

200 (CM) 0.196 9.8

5.0 7.9

50 (CL � D) 0.090 4.5

100 (CM � CL) 0.180 9.0

200 (CM) 0.330 16.5

13 HC2-t20 20

1.0 2.7

50 (CL � D) 0.028 1.4

100 (CM � CL) 0.052 2.6

200 (CM) 0.092 4.6

3.0 7.9

50 (CL � D) 0.074 3.7

100 (CM � CL) 0.148 7.4

200 (CM) 0.272 13.6

5.0 13.0

50 (CL � D) 0.122 6.1

100 (CM � CL) 0.244 12.2

200 (CM) 0.448 22.4

(Continued)

2
6
5
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Table 8.10 Database for Obtaining the Ground Pressure Based on the CMOD (Calash Type)—cont’d

Case No. Name Type of Crack

Thickness
of Lining CMOD Displacement

Classification
of Rock

Ground
Pressure

Depth of
Loosening
Zone

t (cm)
Wn

(mm) U (mm) E (N/mm2) Pv (N/mm
2) H (m)

14 HC2-t30

Type k: Shoulder

crack

30

1.0 1.9

50 (CL � D) 0.020 1.0

100 (CM � CL) 0.038 1.9

200 (CM) 0.066 3.3

3.0 5.4

50 (CL � D) 0.052 2.6

100 (CM � CL) 0.102 5.1

200 (CM) 0.186 9.3

5.0 8.9

50 (CL � D) 0.084 4.2

100 (CM � CL) 0.166 8.3

200 (CM) 0.306 15.3

15 HC2-t50 50

1.0 1.2

50 (CL � D) 0.014 0.7

100 (CM � CL) 0.026 1.3

200 (CM) 0.044 2.2

3.0 3.3

50 (CL � D) 0.034 1.7

100 (CM � CL) 0.062 3.1

200 (CM) 0.114 5.7

5.0 5.4

50 (CL � D) 0.052 2.6

100 (CM � CL) 0.102 5.1

200 (CM) 0.186 9.3

2
6
6
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16 HC3-t20

Type l: Crown crack

20

1.0 4.2

50 (CL � D) 0.016 0.8

100 (CM � CL) 0.076 3.8

200 (CM) 0.134 6.7

3.0 11.1

50 (CL � D) 0.102 5.1

100 (CM � CL) 0.204 10.2

200 (CM) 0.352 17.6

5.0 18.7

50 (CL � D) 0.172 8.6

100 (CM � CL) 0.340 17.0

200 (CM) 0.594 29.7

17 HC3-t30 30

1.0 2.4

50 (CL � D) 0.005 0.2

100 (CM � CL) 0.030 1.5

200 (CM) 0.074 3.7

3.0 6.9

50 (CL � D) 0.058 2.9

100 (CM � CL) 0.126 6.3

200 (CM) 0.220 11.0

5.0 11.4

50 (CL � D) 0.104 5.2

100 (CM � CL) 0.208 10.4

200 (CM) 0.362 18.1

(Continued)

2
6
7
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Table 8.10 Database for Obtaining the Ground Pressure Based on the CMOD (Calash Type)—cont’d

Case No. Name Type of Crack

Thickness
of Lining CMOD Displacement

Classification
of Rock

Ground
Pressure

Depth of
Loosening
Zone

t (cm)
Wn

(mm) U (mm) E (N/mm2) Pv (N/mm
2) H (m)

18 HC3-t50 50

1.0 1.4

50 (CL � D) 0.003 0.1

100 (CM � CL) 0.018 0.9

200 (CM) 0.034 1.7

3.0 3.9

50 (CL � D) 0.008 0.4

100 (CM � CL) 0.068 3.4

200 (CM) 0.124 6.2

5.0 6.6

50 (CL � D) 0.056 2.8

100 (CM � CL) 0.122 6.1

200 (CM) 0.210 10.5

2
6
8
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CHAPTER

Computer Program for Mode-1
Type Crack Analysis in Concrete
Using EFCM (CAIC-M1.FOR)

9

9.1 OVERVIEW OF THE PROGRAM
This program performs the mode-I type crack analysis in structural concrete based on the

Extended Fictitious Crack Model (EFCM). The main features of this program are as follows:

Scope of analysis: Numerical analysis of concrete fracture involving an arbitrary number of

discrete cracks of the mode-I type

Numerical method: Two-dimensional finite element method

Type of finite element: Three nodes, triangular elements

Theory of crack analysis: Extended fictitious crack model

Precision of calculation: Double precision

Matrix solution method: Gaussian elimination

Theory of stress analysis: Modified incremental stress analysis method; refer to Chapter 3.

Crack path modeling: Duplicate nodes on element boundaries; refer to Chapter 3.

Crack path correction: Automatic path-shifting method; refer to Chapter 3.

Applicable load types: Constant loads such as self-weight, distributed loads, and concentrated

loads

Output: Crack propagation pattern, load, element stress, nodal displacement, and nodal force;

the universal format can be chosen for the output of element stress and nodal displacement.

Notice that this program was written to carry out crack analysis in concrete strictly following

the theory of the extended fictitious crack model; programming elegance was not a priority.

The documented subroutines are listed in Table 9.1.
9.2 STRUCTURE OF THE PROGRAM
The structure of the program is illustrated in four flowcharts in Figures 9.1 to 9.4. Each chart pre-

sents the computational procedure in one of the four blocks that constitute the program. Notice

that in these charts, the names of the subroutines used in the program are shown in boldface type.
271
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Table 9.1 Documented Subroutines

Name of
Subroutine Main Function

SETPAR Reading parameters on dimensions

MAINCN Performing core computations in the EFCM

INPUT Reading input data

GAUSSQ Setting integration constants

INITL Initializing variables (1)

ZERO Initializing variables (2)

TFORCE Determining the true crack propagation pattern

SETBND Setting crack boundary conditions

EFFECT Calculating influence coefficients and solving crack equations

TOPDWN Judging the validity of a solution of the crack equation and modifying crack boundary

conditions accordingly

STSTEP Storing crack propagation patterns and solutions of crack equations

SETLOD Setting the external load and cohesive force for the true crack propagation pattern

LOADPS ø Setting equivalent nodal loads for concentrated and distributed loads

NLOAD ø Setting equivalent nodal loads for constant loads

COEFF Setting unit cohesive force

STIFFP ø Evaluating element stiffness matrix

ASSEMB ø Superimposing nodal loads and stiffness matrices

GREDUC ø Gaussian elimination (forward elimination)

BAKSUB ø Gaussian elimination (backward substitution)

MISAM Stress analysis by the modified incremental stress analysis method

RESIDU ø Calculating equivalent nodal forces

CONVER Convergence judgment

FNTIP Calculating nodal force at the crack tip

WNCOD Calculating crack-opening displacement at the crack node

CRACK Solving crack equations

OVERCK Evaluating the tip stresses at subcracks

OUTPUT Output of numerical results (1)

272 CHAPTER 9 Computer Program for Mode-1 Type
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Table 9.1 Documented Subroutines—cont’d

Name of
Subroutine Main Function

UNVOUT Output of numerical results (2) (universal format)

CRKDR Determining path correction methods and modifying crack paths

RMESH1 Correcting the crack path (to left from the initial path)

RMESH2 Correcting the crack path (to right from the initial path)

MODFT Redefining the limit nodal force (after path correction)

BMATPS ø Evaluating B matrix (strain-displacement relationship)

MODPS Evaluating D matrix (stress-strain relationship)

DBE ø Formulating the product of matrices, DB

SFR2 Defining shape functions for triangular elements and their derivatives

JACOB2 ø Evaluating the Jacobian matrix

LINEAR ø Calculating stress and displacement through linear elastic analysis

MINVS Inverse matrix calculation

Note: The subroutines marked with an asterisk (*) were developed with reference to the program written by Owen and

Hinton (1980).

9.2 Structure of the Program 273
Figure 9.1 presents the main flowchart of the program, which is composed of input/output data

processing, crack pattern analysis, stress analysis, and crack path correction. The flowchart for the

crack pattern analysis block is shown in Figure 9.2, which is the core of the crack analysis based

on the EFCM. The functions of the block include searching for the solutions of various crack

equations and determining the true crack propagation pattern or cracking mode. After setting

the external loads and crack boundary conditions for the true crack pattern, the block transfers

the processing to the stress analysis block.

The flowchart for formulating and solving a crack equation is shown in Figure 9.3. This block

is located in TFORCE, and a crack equation is formulated by assuming a single-active cracking

mode. Figure 9.4 presents the flowchart for stress analysis. In consideration of a possible exten-

sion to elastoplastic analysis, a modified incremental stress analysis method (MISAM) is

employed. In the case of nonlinear stress analysis, modifications of the subroutine “RESIDU,”

shown in Figure 9.4, are required, which can be made with relative ease with reference to the pro-

gram written by Owen and Hinton (1980). This block is used to carry out stress analysis after the

determination of the true crack propagation pattern. In formulating a crack equation, it is also

used to calculate the influence coefficients with unit external load, unit cohesive force, and the

constant load. The subroutine MISAM, which is based on the method of the modified incremental

stress analysis, is not necessary for calculating influence coefficients.
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INPUT
Read input data.

INITL and ZERO
Initialize variables.

TFORCE
Find the true crack propagation pattern.

MISAM, RESIDU, etc.
Perform stress analysis.

OUTPUT and UNVOUT
Output results.

CRKDR and MODFT
Correct crack path.

FNTIP and OVERCK
Check on simultaneous propagations of

multiple cracks.

Has the crack penetrated
the entire thickness?

End

Simultaneous
propagation

Yes

No

Go to the next
crack propagation

loop
No strength violation
at crack tips

Details follow

FIGURE 9.1 Main flowchart of the program (MAINCN).
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SETBND
Set the crack tip.

STSTEP
Store solutions of the

crack equation.

SETLOD
Set external loads and

cohesive forces based on the
true cracking mode.

SETBND
Set crack tips for the true

cracking mode.

Have solutions been
calculated for all single-
active crack propagation

patterns?

Determine the true cracking
mode according to the

minimum load criterion.

Is the crack
propagation pattern

valid?

Correct crack
 boundary conditions

(to let all cracks propagate).

No

Yes

No

Yes

No

Yes

No
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Move on to the next crack
propagation loop.

Flow in the initial step

* In the case of simultaneous propagation
of multiple cracks, the crack equation is
solved again after correcting the crack
boundary conditions, and the final crack
propagation pattern is thus determined.

EFFECT
Calculate influence coefficients and

solve crack equations.

TOPDWN
Correct crack boundary

conditions for the closing cracks.

The initial analysis step?

TOPDWN
Does crack closure occur?

Details follow

Yes

FIGURE 9.2 Flowchart for determining the true crack propagation pattern (TFORCE).
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STIFFP
Define element stiffness matrix.

ASSEMB
Determine the overall

stiffness matrix and loads.

GREDUC, BAKSUB
Find solutions by

Gaussian elimination.

RESIDU
Perform stress analysis.

CONVER
Perform convergence check.

CRACK
Solve crack equations.

ZERO
Initialize variables.

Set load conditions

LOADPS
Set unit external load.

COEFF
Set unit cohesive force
between crack surfaces.

NLOAD
Set constant loads
(e.g., self-weight).

C
ha

ng
e 

lo
ad

 c
on

di
tio

n

St
re

ss
 a

na
ly

si
s 

ite
ra

tio
n 

lo
op

Yes

No

Yes

No
Have all the load conditions been

considered?

Calculate influence coefficients

FNTIP
Calculate nodal force at tip

of main crack.

WNCOD
Calculate crack opening at

each crack node.

FIGURE 9.3 Flowchart for calculating influence coefficients and solving crack equations (EFFECT).
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STIFFP
Define the element stiffness matrix.

ASSEMB
Determine the overall

stiffness matrix and loads.

GREDUC, BAKSUB
Find solutions by

Gaussian elimination.

RESIDU
Perform stress analysis.

CONVER
Perform convergence check.

MISAM
Calculate incremental displacement

by modified incremental stress
analysis method.

St
re

ss
 a

na
ly

si
s 

ite
ra

tio
n 

lo
op

Set crack boundary conditions.

Yes

No

Check for simultaneous
crack propagations.

FIGURE 9.4 Flowchart for stress analysis.
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9.3 MAIN RULES
Main rules and issues related to the programming are discussed in this section.

Configuration of Triangular Elements
The triangular elements used in the program must be connected in such a manner that a lower left

element and an upper right element adjoin each other relative to the crack propagation direction.

The configuration of nodes in this case is shown in Figure 9.5.

Crack Path Modeling
Two Modeling Methods: A crack path can be defined in two ways, depending on the type of crack

concerned (discriminated by means of the parameter IFCRK): defining a crack on a model

boundary and defining a crack at any location inside the model. In the case of the first way,

crack propagation is modeled by removing the displacement constraints at the boundary. If

a crack is defined in this manner, the crack path is then fixed, and no path correction is carried

out. In the case of the second way, it is necessary in advance to define duplicate nodes and

dummy elements that are formed by these nodes. As shown in Figure 9.6, the configuration

of dummy elements is the same as that of other triangular elements. Of the three nodes, how-

ever, nodes number 1 and number 3 are duplicate nodes interconnected by internal springs that

possess spring moduli of “1 equivalent” and zero and provide two types of connection: rigid

connection or free. Crack opening and closing are modeled through these internal springs. For

a dummy element, its stiffness matrix is evaluated and superposed on the overall stiffness

matrix, but stress analysis is not performed.

Crack Surface and Crack Nodes: The numbers assigned to a pair of duplicate nodes or dual nodes

on the crack surface are as follows. When the direction of crack propagation is represented by

a local y-axis, the node on the left-hand side is defined as the “i-tip,” and the node on the right-

hand side is defined as the “j-tip” (Figure 9.6). The nodes that constitute a crack surface are

called “crack nodes.”
Crack propagation direction

1
2

3 1
2

3

FIGURE 9.5 Configuration of triangular elements.
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i j

Dummy elementy

Dual node

Internal spring (mn, mt)x

Crack propagation direction Crack propagation direction Crack propagation direction

STEP 0
(Tip of
notch)

STEP 2
(Tip of
crack)

i j i j

STEP 1
(Tip of
crack)

FIGURE 9.6 Defining a crack surface.
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Nodal Force
To introduce the tension-softening relation of concrete, cohesive forces are applied directly on the

crack surface (fictitious crack). The limit nodal force (QF1) is calculated by multiplying the ten-

sile strength by the area of influence, which is the sum of one-half the length of the element on

each side of the node multiplied by the thickness of the member. In this program, the tip of a

notch is treated in a similar manner. To check the stress state at the tip of a crack or notch, the

nodal force is also used.

Main Crack and Subcrack
A main crack is the crack for which a crack equation is formulated based on the assumption of a

single-active crack propagation mode. The remaining cracks are assumed to be inactive in the

crack equation and are called “subcracks.”

Validity of Solutions
The solution of a crack equation is regarded as invalid if it is unrealistic, such as when the crack

opening width or the cohesive force at a subcrack node becomes negative. If such an invalid solu-

tion has been obtained, the crack propagation pattern is then modified to close the tip of the

corresponding subcrack, and the crack equation is resolved. The validity of solutions is judged

by TOPDWN in TFORCE.

A solution is also regarded as invalid when the obtained external load becomes negative or

when the opening displacement at any of the crack nodes of the main crack becomes negative.

In such cases, the corresponding crack pattern is regarded as unrealistic, and the external load

is deliberately set as infinity (1).
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280 CHAPTER 9 Computer Program for Mode-1 Type
Multiple-Crack Analysis
This program selects a true crack propagation pattern for N cracks from a total of N types of

single-active crack modes, according to the minimum load criterion. The single-cracking mode

is obtained by assuming each crack individually as an active crack with the others remaining

inactive, and a set of crack equations is formulated accordingly. In the solution-finding process,

the possibilities of simultaneous propagation and closure of subcracks are examined in MAINCN

and TFORCE. Related programming issues are described as follows.

Single-Active Crack Propagation: TFORCE performs stress analysis after determining a true

cracking mode. If the tip stress at subcracks has not reached the tensile strength, crack

propagation is due to a single-active crack.

Crack Closure: After EFFECT finds solutions to the crack equation, TOPDWN evaluates possible

crack closure at subcracks. Crack closure is judged to occur if the crack opening displacement

or the cohesive force at the crack node immediately preceding the tip of a subcrack assumes a

negative value or if the cohesive force at any of the nodes of a subcrack becomes negative. To

close that crack, the duplicate nodes next to the crack tip are reconnected, and the modified

crack equation is resolved. The irreversibility of material damage at the tip of a closing sub-

crack is maintained by setting the cohesive stress transmitted thus far as the transient tensile

strength, with which the limit nodal force is calculated.

After determining the true crack pattern, MISAM corrects the overall nodal displacement at the

closed crack nodes to the same value, and the displacement thus determined is used as the initial

predictor in the subsequent iterative stress analysis.

Crack Arrest: If a crack that began to propagate has stopped propagating at a subsequent step and

neither continues to propagate nor closes, then the crack boundary conditions are not updated,

assuming that the crack remains stationary.

Simultaneous Propagation of Multiple Cracks: TFORCE selects the true crack propagation pat-

tern from all of the valid patterns determined earlier, according to the minimum load criterion.

Based on the results of stress analysis, OVRCK checks the state of stress at the tips of all

subcracks. If the tensile strength is exceeded, TFORCE is called back to modify the crack

propagation pattern, assuming that multiple cracks propagate simultaneously.

In determining the simultaneous propagation of a subcrack, the following variable is defined in

OVRCK:

n Name of variable: AAA.
n Description: The ratio between the nodal force at the tip of a subcrack and the

limit nodal force.

Since a nodal force depends on the element length, it does not necessarily represent the exact

stress at the nodal point. To avoid oscillation of solutions between crack propagation and crack

closure, a strength tolerance of several percent is adopted in calculating the nodal force so the

simultaneous crack propagation only occurs when the nodal force at the tip of a subcrack surely

exceeds the limit nodal force. If, however, oscillation of solutions still occurs even with such a

strength tolerance, the program skips the present step and moves on to the next step of analysis,
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assuming that no valid crack propagation pattern can be found under the current conditions (for

details, see the next section).

Example

AAA ¼ –1.00 ! A simultaneous propagation occurs when the nodal force at the tip of a subcrack has

reached the tensile strength.

AAA ¼ –1.01 ! A simultaneous propagation occurs when the nodal force at the tip of a subcrack has

reached 1.01 times the tensile strength.

Validity of Crack Propagation Patterns: In principle, the validity of a crack propagation pattern is

judged by the cracking behaviors at subcracks in MAINCN and TFORCE. If a subcrack is

initially judged to propagate with the main crack, and upon solving the modified crack equa-

tion its crack opening displacement becomes negative, then the program moves on to the next

stage of analysis, assuming that no valid crack pattern exists at the present computational step.

When the program enters the next stage of computation, all the previous propagating cracks

are automatically advanced by one step; from there, a new round of crack analysis begins.

In other words, if a valid crack propagation pattern cannot be determined, the solution-finding

process simply skips that step and begins the next step of crack analysis.

Also, if the main crack is found to close or the external load becomes negative when solving

the crack equation for multiple crack propagation, the program takes similar measures as those

just described, judging that no valid crack propagation pattern can be found in the present step.

These are rare occasions, however, that occur with a considerable change of stress field, such

as when using the pseudoshell model discussed in Chapter 8.

True Crack Pattern: Of all the valid crack propagation patterns obtained by solving various crack

equations, one that has been selected according to the minimum load criterion is regarded tem-

porarily as the true crack pattern. If multiple cracks are found after stress analysis to propagate

simultaneously, this true crack pattern is modified accordingly. After resolving the crack equa-

tion and verifying the validity of the solutions, the final crack pattern is determined.

Main Flags
This section lists the main flags used in the program and their functions.

IR:

n The initial setting in MAINCN is IR ¼ 0. Based on the results of stress analysis, if the

nodal force at the tip of a subcrack exceeds the tensile strength in OVERCK, IR ¼ 999 is

passed to TFORCE.
n In TFORCE, of a total of NNCRK cracks, the IRth crack is defined as the main crack.
n In TFORCE, when a true solution has been determined, IR ¼ 999 is passed to SETBND.

NNMM:
n The number assigned to the main crack in the final crack propagation pattern.
n If no valid crack propagation pattern is obtained, NNMM ¼ 999 (TOPDWN).
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NSTOP: Flag of Solution Validity:
0: V

1: T

c

11:

22:

0: U

1: T

999

0: M

1: M

n

–1:

Table

NNCR

MMDP

MDP(

MOP(

NNCR

NCRA

NR(N

NINTS

MMST
alid solution

he crack opening displacement or the cohesive force at the node preceding the tip of a sub-

rack is negative

The cohesive force at any node of a subcrack is negative

The crack opening displacement or the cohesive force at the node preceding the tip of the

main crack is negative
IFLA2: Flag of Load Setting:
nit external load

he external load in the initial state of computation

he external load in the subsequent steps of computation
2: T

NOVER: This flag indicates whether the nodal force at the tip of a subcrack exceeds the strength.
: Exceeded

ot exceeded
0: N

NPARA: Flag of Path Correction:
inor correction (modifying the coordinates of nodes)

ajor correction—to the left of the initial path (modifying the coordinates of nodes, crack

ode configuration, element configuration, and nodal displacement)

Major correction—to the right of the initial path (modifying the coordinates of nodes, crack

node configuration, element configuration, and nodal displacement)
Key Variables Indicating the State of Crack Propagation
In searching for a true crack propagation pattern, a number of variables are used to store the node

numbers at and near the crack-tip to indicate the state of crack propagation. Main variables and

their numbering rules are shown in Table 9.2 and Figure 9.7.
9.2 Major Variables Related to Cracks

K Number of cracks

Maximum value of the total number of crack nodes at each crack, counted from

the tip of the notch

NNCRK) Number of crack nodes at each crack, counted from the tip of the notch

MMDPþ1,2,

K)

Node number counted from the node immediately preceding the notch tip

K(NNCRK) Indicating the tip of each crack [initial state: NCRAK(NNCRK)¼ 0]; used inMAINCN

NCRK) Indicating the tip of each crack [initial state: NR(NNCRK) ¼ 0]; used in TFORCE

Total number of internal springs

P(NINTS) Internal spring number
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MOP(1,2,ICRAK)

MOP(2,2,ICRAK)
NCRAK(ICRAK) = 0
NR(ICRAK) = 0
MMSTP(IINTS) = 1

MOP(3,2,ICRAK)
NCRAK(ICRAK) = 1
NR(ICRAK) = 1
MMSTP(IINTS) = 2

MOP(4,2,ICRAK)
NCRAK(ICRAK) = 2
NR(ICRAK) = 2
MMSTP(IINTS) = 3

j-tip

i-tip
Crack propagation direction

Notch Crack node (dual node)

x

y

Note: IINTS = 1    NINTS;
ICRAK = 1   NNCRK

FIGURE 9.7 Numbering rules for crack nodes.
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Formulation of Crack Equation
A crack equation is formulated and solved by EFFECT. By using the illustrative crack problem

shown in Figure 4.5, this section explains the formulation of the crack equation in matrix

forms.

Conditions of the problem (Figure 4.5):
Fracture mode: Mode I
(a)

(b) Number of cracks: 2 (crack A and crack B)

(c) State of crack propagation (number of crack nodes):
Crack A: crack node i ¼ 1, . . . , n [NR(A) ¼ n in TFORCE]

Crack B: crack node j ¼ 1, . . . , m [NR(B) ¼ m in TFORCE]
(d) Main crack: Crack A

Notice that physical quantities related to an inactive crack (crack B) are denoted with

asterisks.

In the crack equation, a tensile force (force that opens a crack) is defined as negative. The

crack equation is expressed in the matrix form as

½SD� ¼ ½SE� � ½SF� (9.1)

with

½SD�T ¼ BKNa Qa BKNb Qb �ðQla þ CRNaÞ½ � (9.2)
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½SE� ¼

En �AKaa 0 �AKab �BKa

Sa tEn 0 0 0

0 �AKba Em �AKbb �BKb

0 0 Sb tEm 0

0 CIaa 0 CIab CRa

2
66664

3
77775 (9.3)

T � �
½SF� ¼ Wa Fa W�
b F�

b Pa (9.4)

11 12 1n
2 3
AKaa ¼

AKaa AKaa � � AKaa

AK21
aa AK22

aa � � AK2n
aa� � � � �

� � � � �
AKn1

aa AKn2
aa � � AKnn

aa

66664
77775 (9.5)

Matrix of the crack-opening displacement at each node of crack A due to unit cohesive force at

the nodes of crack A (n � n)

AKab ¼

AK11
ab AK12

ab � � AK1m
ab

AK21
ab AK22

ab � � AK2m
ab� � � � �

� � � � �
AKn1

ab AKn2
ab � � AKnm

ab

2
66664

3
77775 (9.6)

Matrix of the crack-opening displacement at each node of crack A due to unit cohesive force at

the nodes of crack B (n � m) where subscripts a and b represent crack A and crack B, respec-

tively. The definitions of the matrices and variables are given in the following list.

[SD]—Vector of strength properties: In the absence of constant loads, this column vector reflects

the properties of the tension-softening model and the limit nodal force.
BK

Qa

Qla

En

Sa

AK

BK

CI

CR
T:
Na and BKNb: Vector of the crack opening displacement due to constant loads at each node

of crack A and crack B, respectively (column vectors of order n and order m)

and Qb: Vector of the Y-intercept in the tension-softening model at each node of crack A

and crack B, respectively (column vectors of order n and order m)
: The limit nodal force at the tip of crack A

Na: The nodal force component at the tip of crack A due to constant loads
CR
[SE]—Influence coefficient matrix:
and Em: Unit matrix (n�n) and unit matrix (m�m), respectively
and Sb: Matrix of the slope in the tension-softening model corresponding to the crack open-

ing displacement of Wa and Wb*, respectively [(n�n) and (m�m)]

ba and AKbb: Matrix of the crack opening displacement at each node of crack B due to

unit cohesive force at the nodes of crack A and crack B, respectively [(m�n) and (m�m)]

a and BKb: Vector of the crack opening displacement due to a unit external load at crack A

and crack B, respectively (column vectors of order n and order m)

aa and CIab: Vector of the nodal force at the tip of crack A due to unit cohesive force at the

nodes of crack A and crack B, respectively (row vectors of order n and order m)

a: Nodal force at the tip of crack A due to a unit external load (< 0)

Member thickness
www.EngineeringEbooksPdf.com



T
C
L

9.3 Main Rules 285
[SF]—Vector of unknowns:
Wa

Fa

Pa:

ip force norm
OD = (i-tip 
imit nodal fo

Propagation
coh

Crack p

FIGURE
and Wb*: Vector of the crack opening displacement at each node of crack A and crack B,

respectively (column vectors of order n and order m)
and Fb*: Vector of the cohesive force at each node of crack A and crack B, respectively

(column vectors of order n and order m)
External load required to propagate crack A
Signs in the Crack Equation
This program models the crack surface by using duplicate nodes, at which the influence coeffi-

cients of the crack equation are calculated. Duplicate nodes share the same coordinates, but

they are independent nodes that constitute different elements. In constructing a crack equation,

therefore, it is necessary to pay attention to the signs of the influence coefficients at the i-tip and

j-tip of the duplicate nodes and make appropriate decisions as to which influence coefficient

to use.

As shown in Eq. (9.1), in the crack equation CR assumes a negative value. Therefore, in for-

mulating the crack equation, it is necessary to focus on the tip of the dual nodes at which the

nodal force is negative, such as the case shown in Figure 9.8 for the given direction of crack prop-

agation. Computations of the influence coefficients in FNTIP and WNCOD follow this principle.

Based on the sign conventions adopted in the program, for a symmetric problem its right half is

modeled.
x

y

x

y

al to the crack path: FTIP at i-tip
displacement) − (j-tip displacement)
rce: −Qnl

Tip force normal to the crack path: FTIP at j-tip
COD = (j-tip displacement) − (i-tip displacement)
Limit nodal force: −Qnl

Definition of signs depending on the crack propagation direction

 direction with which the i-tip
esive force is negative

Propagation direction with which the j-tip
cohesive force is negative

Dual node
Crack propagation
direction

fx(i): Nodal force on i-tip side (horizontal direction)
fy(i): Nodal force on i-tip side (vertical direction)

fx(j): Nodal force on j-tip side (horizontal direction)

fy(j): Nodal force on j-tip side (vertical direction)

F(i): Cohesive force on i-tip side (normal to the
crack propagation direction)

F(j): Cohesive force on j-tip side (normal to the
crack propagation direction)

i-tip
j-tip

fx(i) > 0 fx(j) < 0

fy(j) > 0

fy(i) < 0
F(i) > 0

F(j) < 0

In the crack equation, the j-tip cohesive force
(< 0) is applied.

ropagation direction measured from the origin

Example of signs for the tip cohesive force with
respect to the crack propagation direction

9.8 Definition of signs in the crack equation.
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Dealing with Self-Weight and Other Constant Loads
Nodal forces at the crack tips and the crack opening displacements at crack nodes due to the self-

weight and other constant loads are treated as constants and are accounted for in the vector [SD]

of Eq. (9.1). Therefore, when calculating the influence coefficients under a unit external load or

unit cohesive force, the state of stress due to the self-weight and other constant loads is regarded

as the initial state.

Termination of Computation
This program terminates computations according to the following criteria:

n When the tip of any crack reaches the node next to the last node on the crack path that is

preset across the structural member, the program terminates the calculation, judging that a

complete fracture of the structural member has occurred.
n If the number of iterations in stress analysis exceeds 200, the program terminates the calcu-

lation, judging that the solution has diverged.

Crack Path Correction
Defining dummy paths for path correction: To prepare for path correction, it is necessary to

define dummy paths in the vicinity of the initially defined crack path in the input data. Fig-

ure 9.9 shows a case where six dummy paths have been designated for path correction. As

shown, with the given crack propagation direction, dummy paths must be defined from the

left-hand side of the initial path to the right-hand side. On each dummy path, node numbers
(a + 7) (g + 7)

(a + 6) (g + 6)

(a + 5) (g + 5)

(a + 4) (g + 4)

(a + 3) (g + 3)

(a + 2) (g + 2)

(a + 1) (g + 1)

Node number (a) (b) (c) (d) (e) (f) (g)

Initially defined crack path with dual nodes
and the direction of crack propagation

Dummy paths for path correction

a~g: Node number

Dual nodes

Ordinary nodes on dummy paths

i j

FIGURE 9.9 Designated paths for path correction and related numbering rules.
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in the propagation direction must be sequential. Notice that the node number of the i-tip on the

initial crack path (path d in Figure 9.9) should also be provided.

Methods of crack path correction (refer to Chapter 3): After carrying out stress analysis based

on the final crack propagation pattern obtained, crack path correction is carried out in

CRKDR, prior to the next step of crack analysis. Figure 9.10 illustrates the concept of path

modification, along with the definitions of related variables used in the program. Figure 9.11

presents the flowchart for path correction, which contains three correction methods depend-

ing on the reference angle f (¼j y � aj/2) and the angle g between a new path and the initial

path.

Input Data
Table 9.3 shows input data formats.
Main variables:
LNOD1: i-tip of the dual nodes at the present crack tip
LNOD2: i-tip of the next dual nodes on the previous path
LNOD4: i-tip or j-tip of the dual nodes at the crack tip of the next step propagation in the case

of a major path correction
ALPHA (α): angle of the initial path from the x-axis
BETA (β): angle of the crack tip resultant from the x-axis
GAMMA (γ): angle between a new path (perpendicular to the resultant) and the initial path
THETA (θ): angle of the line segment from LNOD1 to LNOD4 from the x-axis
PHI (φ): reference angle for selecting a modification method in path correction (= |θ − α|/2)

LNOD2

β
Fi (resultant force)

Fj (resultant force)

Previous path

α x-axis
 (global coordinate system)

γ

New propagation direction

LNOD1

LNOD4 (g  > f)

θ

Crack

Reference node for path correction

LNOD4 (g  < −f)

FIGURE 9.10 Schematic illustration of path correction and major variables.
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Calculate a new propagation direction.

RMESH1
 Update dual nodes
 Update element composition
 Update displacement data
accordingly

 Update nodal coordinates

Select modification method.

Change coordinates
of dual nodes

Update the limit nodal force.

 

g > f
−f < g < f

g < −f

RMESH2
Change the shape of
triangular element adjacent to
the crack tip
Follow the same procedures
in RMESH1

FIGURE 9.11 Flowchart for path correction in CRKDR (for path correction, see Figures 3.8–3.11).

Table 9.3 Input Data Formats

Number
of Lines Format Variable Description

1 A100 TITLE Title

1

I5 NT Total number of nodes

I5 NE Total number of elements

I5 NMATS Number of material types

I5 NNCRK Total number of cracks

I5 NINTS Number of internal springs with which the crack surface is

defined

I5 NNUP Number of dummy paths for path correction

I5 NTYPE Problem-type indicator (1: plane strain; 2: plane stress)

F10.2 THICK Member thickness (¼ 0 for plane strain)

F10.2 TOLER Convergence tolerance (%)

288 CHAPTER 9 Computer Program for Mode-1 Type
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Table 9.3 Input Data Formats—cont’d

Number
of Lines Format Variable Description

1 I5 MDP() Total number of nodes of each crack

1 I5 NANTS() Number of internal springs of each crack

1 I5 IFCRK() Crack surface-type indicator (0: dual nodes; 1: half-model

boundary in the y-axis; 2: half-model boundary in the x-

axis)

1 � NT

Free (up

to 7

columns)

INODE Node number

I1 INF() Horizontal restraint conditions (0: free; 1: fixed)

I1 INF() Vertical restraint conditions (0: free; 1: fixed)

F10.3 COORD(Û,1) X coordinate

F10.3 COORD(Û,2) Y coordinate

1 � NE

I7 N Element number

I7 MATNO() Material number (0: dummy element)

3I5 NKOM(Û,J) Node number of j th node in an element (j ¼ 1 to 3)

NMATS

E10.3 PROPS(Û,1) Modulus of elasticity

E10.3 PROPS(Û,2) Poisson’s ratio

E10.3 PROPS(Û,3) Unit weight

E10.3 PROPS(Û,4) Compressive strength

E10.3 FT() Tensile strength

E10.3 GF() Fracture energy

I5 NLINE() Tension-softening model indicator (0: bilinear, 1: linear)

� MDP

(NNCRK)

I7 MOP(Û,1,Û) Crack node number (i-tip) of each crack

I7 MOP(Û,2,Û) Crack node number (j-tip) of each crack

I10 MPMT() Material number related to crack node number (material

number can change along the crack path; if a single

material is used, the number is the same.)

(Continued)
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Table 9.3 Input Data Formats—cont’d

Number
of Lines Format Variable Description

MINTS

I5 IONTS Internal spring number

Not necessary if the crack

surface coincides with the

boundary as in half-model

problems

I5 NUMIN() Dummy element

number

I5 LNOIN(Û,1) Crack node to which

internal spring is

connected (i-tip)

I5 LNOIN(Û,2) Crack node to which

internal spring is

connected (j-tip)

I5 ISPID(Û,1) Spring connection

condition (in the

direction normal to the

crack surface)

I5 ISPID(Û,2) Spring connection

condition (in the

direction tangential to

the crack surface)

I5 MMSTP() Crack propagation step

number (99: notch)

NNUP
I5 NPUP1 Starting node number of a dummy path for path correction

I5 NUMB Number of nodes on a dummy path for path correction

1
E10.1 SPRNS(1) Internal spring coefficient (rigid connection)

E10.1 SPRNS(2) Internal spring coefficient (free surface)

1

I5 NFYT Number of nodes on which concentrated load acts as

external load

I5 NEDGE Number of element sides on which distributed load acts

as external load

NFYT

I5 NFY() Node number of a node acted upon by concentrated load

E10.3 POINT(Û,1) Unit load component in the horizontal direction

E10.3 POINT(Û,2) Unit load component in the vertical direction

2 �
NEDGE

I5 NEASS(Û) Element number of an element acted upon by distributed

load

I5 NOPRS(Û,1) Node constituting an element side acted upon by

distributed load (node i )

I5 NOPRS(Û,2) Node constituting an element side acted upon by

distributed load (node j )

290 CHAPTER 9 Computer Program for Mode-1 Type

www.EngineeringEbooksPdf.com



Table 9.3 Input Data Formats—cont’d

Number
of Lines Format Variable Description

E10.3 PUNIT(Û,1,1) Unit load at node i in the

direction normal to an

element side

Order for node numbering

E10.3 PUNIT(Û,1,2) Unit load at node i in the

direction tangential to an

element side

x
y i

j

E10.3 PUNIT(Û,2,1) Unit load at node j in

the direction normal to

an element side

E10.3 PUNIT(Û,2,2) Unit load at node j in the

direction tangential to an

element side

Positive directions of

distributed loads acting on

an element side

1

I5 NFOR2 Parameter of constant concentrated load (0: not

considered; 1: considered)

I5 NEDG2 Parameter of constant distributed load (0: not considered;

1: considered)

I5 IGRAV Parameter for self-weight (0: not considered; 1:

considered)

NFOR2

I5 NFRN() Node number of a node on which constant concentrated

load acts

E10.3 FRNX() X direction component of constant concentrated load

E10.3 FRNY() Y direction component of constant concentrated load

NEDG2

I5 NEAS2() Element number of an element on which constant

distributed load acts

I5 NOPR2(Û,1) Node constituting an element side on which constant

distributed load acts (node i )

I5 NOPR2(Û,2) Node constituting an element side on which constant

distributed load acts (node j )

E10.3 PRN2X(Û,1) Load at node i in the direction normal to an element side

E10.3 PRN2Y(Û,1) Load at node i in the direction tangential to an element

side

E10.3 PRN2X(Û,2) Load at node j in the direction normal to an element side

E10.3 PRN2Y(Û,2) Load at node j in the direction tangential to an element

side

1 E10.3 THETA Angle from the y-axis along which gravity acts

9.3 Main Rules 291
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292 CHAPTER 9 Computer Program for Mode-1 Type
9.4 PROGRAM LIST
The section that lists the program (CAIC-M1.FOR) with brief descriptions is available on this

book’s companion website.
9.5 SELECTED EXAMPLES ILLUSTRATING THE USAGE OF THE PROGRAM
Three sample problems are solved in this section to illustrate the usage of the program.
9.5.1 Crack Analysis of Notched Beam

The solution of a beam problem is presented.

Initial Conditions
A previously studied beam problem, Case 3-4 in Figure 6.1, was selected as the first example. For

details of the notched beam and the load condition, refer to Figure 6.1. The material properties

used in the analysis are shown in Table 4.1. The bilinear tension-softening model of Figure 4.9

was employed for the crack analysis.

FE Model
Figure 9.12 shows the FE model of the beam. In the numerical analysis the problem was solved

under the plane stress condition without taking the self-weight of the beam into consideration.

Input Data
Part of the input data used in the analysis is shown on this book’s companion website.

Numerical Results
Load-displacement relations: Figure 9.13 presents the obtained load-midspan displacement rela-

tions. Also shown are the results obtained with the plane strain condition. When the beam

was analyzed as a plane stress problem, no valid crack propagation pattern was obtained at

several postpeak steps, so the computation moved on to the next step of analysis by skipping

these no-solution steps.

Crack propagation patterns: Table 9.4 shows the crack propagation patterns obtained at all of the

computational steps with the plane stress condition.

Graphic presentation of numerical results: Figure 9.14 presents graphic illustrations of numerical

results at three load levels.

Example of output file: Part of the output file is shown on this book’s companion website.
9.5.2 Crack Analysis of Scale Model Dam

The solution of a dam problem is presented.
www.EngineeringEbooksPdf.com
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FIGURE 9.12 FE model (dimensions in mm) of notched beam: (a) with node number and (b) with element number. (Note: Refer to this book’s

companion website for an enlarged version of this figure.)
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FIGURE 9.13 Obtained load-displacement relations in beam problem.

Table 9.4 Specifications of Output Data on Crack Propagation in the Beam Problem (***.Id file)

Computation
Step

Load
(kN)

Crack Propagation Step

Crack Depth from the
Underside of the Beam

(mm)
Remarks on the
State of Each
Crack

Crack
A

Crack
B

Crack
C

Crack
A

Crack
B

Crack
C

1 16.49 0 0 0 10 10 50 Initial state (onset

of crack

propagation)

2 26.09 1 0 1 20 10 60 A&C: simultaneous

propagation

3 31.29 2 1 2 30 20 70 All cracks:

simultaneous

propagation

4 34.84 3 1 3 40 20 80 A&C: simultaneous

propagation;

B: stationary

5 36.63 4 1 4 50 20 90 "

6 37.37 5 1 4 60 20 90 A: propagation;

B&C: stationary

294 CHAPTER 9 Computer Program for Mode-1 Type
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Table 9.4 Specifications of Output Data on Crack Propagation in the Beam Problem

(***.Id file)—cont’d

Computation
Step

Load
(kN)

Crack Propagation Step

Crack Depth from the
Underside of the Beam

(mm)
Remarks on the
State of Each
Crack

Crack
A

Crack
B

Crack
C

Crack
A

Crack
B

Crack
C

7 36.88 6 0 4 70 10 90 A: propagation; B:

completely closed;

C: stationary

8 34.93 7 0 3 80 10 80 A: propagation;

C: closing

9 32.14 8 0 3 90 10 80 A: propagation;

C: stationary

10 29.79 9 0 2 100 10 70 A: propagation;

C: closing

11 27.80 10 0 2 110 10 70 A: propagation;

C: stationary

12 25.80 11 0 2 120 10 70 "

13 # Jump without

finding valid

propagation

patterns

14 21.94 13 0 1 140 10 60 A: propagation;

C: closing

15 19.80 14 0 1 150 10 60 A: propagation;

C: stationary

16 # Jump without

finding valid

propagation

patterns

17

18 9.77 17 0 0 180 10 50 A: propagation; C:

completely closed

19 6.26 18 0 0 190 10 50 A: propagation

(near penetration

and finish)

9.5 Selected Examples Illustrating the Usage of the Program 295
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Crack depth from the underside of the beam (A = 60 mm, B = 20 mm, C = 90 mm)
Load = 37.37 kN (maximum load)

Crack depth from the underside of the beam (A = 110 mm, B = 10 mm, C = 70 mm)
Load = 27.80 kN

Crack depth from the underside of the beam (A = 180 mm, B = 10 mm, C = 50 mm)
Load = 9.77 kN

2.67

1.25

1.00

0.75

0.50

0.25

0.00

−3.59
MPa

(Tension)

(Compression)

FIGURE 9.14 Graphic illustration of crack propagation, beam deformation, and stress distribution.

296 CHAPTER 9 Computer Program for Mode-1 Type
Initial Conditions
A previously studied fracture problem of the scale-model dam, Model II-3 in Figure 4.24, was

chosen as the second example. For details of the geometric dimensions, notch arrangements,

and load conditions, refer to Figures 4.21 and 4.24. Table 4.3 presents the material properties used

in the analysis. Notice that the self-weight of the dam was considered in the crack analysis.
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9.5 Selected Examples Illustrating the Usage of the Program 297
FE Model
Figure 9.15 shows the FE model of the dam specimen, with the bottom layers of high-tensile

strength to prevent cracking at the base. Crack analysis was carried out under the plane strain

condition.

Input Data
Part of the input data used in the analysis is shown on this book’s companion website.

Numerical Results
Crack propagation patterns: Table 9.5 summarizes the crack propagation patterns obtained at all

the computational steps.

Graphic presentation of numerical results: Figure 9.16 presents graphic illustrations of numerical

results at three load levels.
4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84

8 89 90 91 92 93 94 95 96 97 98 99 100 101 102 103 104 105

09 110 111 112 113 114 115 116 117 118 119 120 121 122 123 124 125 126

0 131 132 133 134 135 136 137 138 139 140 141 142 143 144 145 146 147

1 152 153 154 155 156 157 158 159 160 161 162 163 164 165 166 167 168

215 216 217 218 219 220 221 222 223 224 225 226 227 228 229 230 231

236 237 238 239 240 241 242 243 244 245 246 247 248 249 250 251 252

257 258 259 260 261 262 263 264 265 266 267 268 269 270 271 272 273

78 279 280 281 282 283 284 285 286 287 288 289 290 291 292 293 294

9 300 301 302 303 304 305 306 307 308 309 310 311 312 313 314 315

25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42
46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63

173 174 175 176 177 178 179 180 181 182 183 184 185 186 187 188 189
194 195 196 197 198 199 200 201 202 203 204 205 206 207 208 209 210

363 364 365 366 367 368 369 370 371 372 373 374 375 376 377 378

84 385 386 387 388 389 390 391 392 393 394 395 396 397 398 399

5 406 407 408 409 410 411 412 413 414 415 416 417 418 419 420

427 428 429 430 431 432 433 434 435 436 437 438 439 440 441

48449450451452453454455456457458459460461462

12513514515516517518519520521522523524525

3534535536537538539540541542543544545546

5556557558559560561562563564565566567

3 574 575 576 577 578 579

3 584 585 586

89 590

594

321 322 323 324 325 326 327 328 329 330 331 332 333 334 335 336
342 343 344 345 346 347 348 349 350 351 352 353 354 355 356 357

9470471472473474475476477478479480481482483
0491492493494495496497498499500501502503504

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41
42

43
44

45
46

47
48

49
50

51
52

53
54

55
56

57
58

59
60

61
62

63
64

65
66

67
68

69
70

71
72

73
74

75
76

77
78

79
80

81
82

83
84

85
86

87
88

89
90

91
92

93
94

95
96

97
98

99
100

101
102

103
104

105
106

107
108

109
110

111
112

113
114

115
116

117
118

119
120

121
122

123
124

125
126

127
128

129
130

131
132

133
134

135
136

137
138

139
140

141
142

143
144

145
146

147
148

149
150

151
152

153
154

155
156

157
158

159
160

161
162

163
164

165
166

167
168

169
170

171
172

173
174

175
176

177
178

179
180

181
182

183
184

185
186

187
188

189
190

191
192

193
194

195
196

197
198

199
200

201
202

203
204

205
206

207
208

209
210

211
212

213
214

215
216

217
218

219
220

221
222

223
224

225
226

227
228

229
230

231
232

233
234

235
236

237
238

239
240

241
242

243
244

245
246

247
248

249
250

251
252

253
254

255
256

257
258

259
260

261
262

263
264

265
266

267
268

269
270

271
272

273
274

275
276

277
278

279
280

944 946 948 950 952 954 956 958 960 962 964 966 968 970 972 974 976 978 980 982
945 947 949 951 953 955 957 959 961 963 965 967 969 971 973 975 977 979 981 983

281
282

283
284

285
286

287
288

289
290

291
292

293
294

295
296

297
298

299
300

301
302

303
304

305
306

307
308

309
310

311
312

313
314

315
316

317
318

319
320

321
322

323
324

325
326

327
328

329
330

331
332

333
334

335
336

337
338

339
340

341
342

343
344

345
346

347
348

349
350

351
352

353
354

355
356

357
358

359
360

361
362

363
364

365
366

367
368

369
370

371
372

373
374

375
376

377
378

379
380

381
382

383
384

385
386

387
388

389
390

391
392

393
394

395
396

397
398

399
400

401
402

403
404

405
406

407
408

409
410

411
412

413
414

415
416

417
418

419
420

421
422

423
424

425
426

427
428

429
430

431
432

433
434

435
436

437
438

439
440

441
442

443
444

445
446

447
448

449
450

451
452

453
454

455
456

457
458

459
460

461
462

463
464

465
466

467
468

469
470

471
472

473
474

475
476

477
478

479
480

481

482

483

484

485

486

487

488

489

490

491

492

493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

984 986 988 990 992 994 996 998 1000 1002 1004 1006 1008 1010 1012 1014 1016 1018 1020 1022
985 987 989 991 993 995 997 999 1001 1003 1005 1007 1009 1011 1013 1015 1017 1019 1021 1023

1024 1026 1028 1030 1032 1034 1036 1038 1040 1042 1044 1046 1048 1050 1052 1054 1056 1058 1060 1062
1025 1027 1029 1031 1033 1035 1037 1039 1041 1043 1045 1047 1049 1051 1053 1055 1057 1059 1061 1063

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

660

661

662

663

664

665

666

667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

710

711

712

713

714

715

716

717

718

719

720

721

722

723

724

725

726

727

728

729

730

731

732

733

734

735

736

737

738

739

740

741

742

743

744

745

746

747

748

749

750

751

752

753

754

755

756

757

758

759

760

761

762

763

764

765

766

767

768

769

770

771

772

773

774

775

776

777

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

793

794

795

796

797

798

799

800

801

802

803

804

805

806

807

808

809

810

811

812

813

814

815

816

817

818

819

820

821

822

823

824

825

826

827

828

829

830

831

832

833

834

835

836

837

838

839

840

841

842

843

844

845

846

847

848

849

850

851

852

853

854

855

856

857

858

859

860

861

862

863

864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

881

882
883

884

885
886

887

888
889

890

891

892

893
894

895

896

897

898
899

900

901

902

903

904

905

906
907

908

909

910
911

10641066106810701072107410761078108010821084108610881090109210941096109811001102
10651067106910711073107510771079108110831085108710891091109310951097109911011103

912

913

914

915

916917

918

919 920

921

922

923

924925

926

927928

929

930

931

932

933 934

935

936 937

938

939

940

941

942

943

15
0

5 
�

 1
08

.9
67

.8
6 

�
 9

3.
2

6 
�

 9
7.

7
3 

�
 8

9

3 � 82.7

4 
�

 1
00

20 � 36.75

20 � 57.18

20 � 78.1

20 � 100

Concrete with high
tensile strength

(a) (b)

Dual node
DE: Dummy element

DE

DE

DE

DE

Notch

FIGURE 9.15 FE model (dimensions in mm) of dam specimen with notches: (a) with node number and (b)

with element number. (Note: Refer to this book’s companion website for an enlarged version of this figure.)
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Table 9.5 Specifications of Output Data on Crack Propagation in the Dam Problem (***.ld file)

Computation
Step

Load
(kN)

Crack Propagation Step
Crack Depth from the

Upstream Surface (mm)
Remarks on the
State of Each
Crack

Crack
A

Crack
B

Crack
C

Crack
A

Crack
B

Crack
C

1 487.8 0 0 0 156 457 74 Initial state (onset

of crack

propagation)

2 676.8 0 1 0 156 515 74 B: propagation

3 685.9 0 2 0 156 572 74 "

4 654.9 0 3 0 156 629 74 "

5 623.9 0 4 0 156 686 74 "

6 538.7 0 5 0 156 743 74 "

7 518.8 0 6 0 156 801 74 "

8 431.0 0 7 0 156 858 74 "

9 340.8 0 8 0 156 915 74 "

10 262.4 0 9 0 156 972 74 "

11 196.2 0 10 0 156 1029 74 "

12 140.9 0 11 0 156 1086 74 B: propagation

(near penetration

and finish)

Load = 685.9 kN
(maximum load)

Load = 518.8 kN Load = 140.9 kN

6.18

3.00

2.50

2.00

1.50

1.00

0.50

0.00

−1.69
MPa

(Compression)

(Tension)

FIGURE 9.16 Graphic illustration of crack propagation, dam deformation, and stress distribution.
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9.5 Selected Examples Illustrating the Usage of the Program 299
9.5.3 Crack Analysis of Tunnel Lining

The solution of a tunnel problem is presented.

Initial Conditions
A previously studied tunnel lining problem, the half-model of the tunnel specimen in Figure 4.17,

was selected as the third example. For the geometric details, notch arrangements, and load condi-

tions, refer to Figures 4.15 and 4.17. The material properties used in numerical studies are shown

in Table 4.2.

FE Model
Figure 9.17 presents a half-FE-model for the tunnel specimen. Crack analysis was carried out

under the plane strain condition. In the analysis, crack paths were fixed, and the self-weight of
the specimen was not taken into account (to reflect the test condition).
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FIGURE 9.17 Half-FE-model (dimensions in mm) of tunnel specimen with notches: (a) with node number

and (b) with element number. (Note: Refer to this book’s companion website for an enlarged version of this

figure.)
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300 CHAPTER 9 Computer Program for Mode-1 Type
Notice that the strength tolerance parameter, AAA, was assumed to be 1.10 in the crack

analysis.

Input Data
Part of the input data used in the analysis is shown on this book’s companion website.

Numerical Results
Crack propagation patterns: Table 9.6 shows the crack propagation patterns obtained at all the

computational steps.
Graphic presentation of numerical results: Figure 9.18 presents graphic illustrations of numerical

results at three load levels.

Table 9.6 Specifications of Output Data on Crack Propagation in the Tunnel Problem (***.ld file)

Computation
Step

Load
(N/mm2)

Crack Propagation Step Crack Depth (mm)
Remarks on the
State of Each
Crack

Crack
A

Crack
B

Crack
C

Crack
A

Crack
B

Crack
C

1 0.0397 0 0 0 25 25 25 Initial state (onset

of crack

propagation)

2 0.0588 0 1 1 25 50 50 A: stationary;

B&C: propagation

3 0.0713 1 2 2 50 75 75 All cracks:

propagation

4 0.0726 1 3 3 50 100 100 A: stationary;

B&C: propagation

5 0.0680 1 4 3 50 125 100 A&C: stationary;

B: propagation

6 0.0642 1 5 3 50 150 100 "
7 0.0613 1 6 4 50 175 125 A: stationary;

B&C: propagation

8 0.0553 2 7 5 75 200 150 All cracks:

propagation (near

penetration and

finish)
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Load = 0.0713 MPa
(maximum load)

Load = 0.0642 MPa Load = 0.0553 MPa
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FIGURE 9.18 Graphic illustration of crack propagation, tunnel deformation, and stress distribution.
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CHAPTER

Computer Program for Mixed-
Mode Type Crack Analysis
in Concrete Using EFCM

10

(CAIC-M12.FOR)
10.1 OVERVIEW OF THE PROGRAM
This program, CAIC-M12.FOR, which has been developed by extending the program CAIC-M1.FOR

introduced in the preceding chapter, performs crack analysis of the mixed-mode type (mode I

þmode II) in structural concrete. Except for the fracture mode involved, the main features of the pro-

gram are basically the same as those of CAIC-M1.FOR. Table 10.1 lists the subroutines that have been

added in CAIC-M12.FOR for mixed-mode crack analysis.
10.2 STRUCTURE OF THE PROGRAM
Basically, the structure and flow of this program are the same as those of the mode-I crack anal-

ysis program, CAIC-M1.FOR, and the flowcharts of Figure 9.1 and Figure 9.2 shown in Chapter 9

are applicable to this program. Solving a mixed-mode crack problem, however, requires addi-

tional operations of setting pairs of unit cohesive forces in the direction tangential to the crack

surface, calculating sliding displacement and other coupled influence coefficients, and formulat-

ing the crack equation for mixed-mode fracture, as shown in Figure 10.1.
10.3 MAIN RULES
Main rules and issues related to the programming are discussed in this section.

Shear-Transfer Modeling
Figure 10.2 presents two types of shear-transfer model employed in the program—the bilinear

type and the trilinear type—and the variables used to define these models. The trilinear model

also enables quadrilateral and trapezoidal modeling, as shown in Figure 10.3. In this program,

after reaching the shear strength at SW1*Wc, the shear-transfer process is treated as irreversible,

similar to the tension-softening modeling.
303
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Table 10.1 Additional Subroutines for Mixed-Mode Crack Analysis

Name of Subroutine Main Function

COEFS Setting a unit cohesive force in the direction tangential to the crack surface

FSTIP Calculating nodal force in the direction tangential to the crack surface

304 CHAPTER 10 Program for Mixed-Mode Type Crack Analysis
Formulation of Crack Equation
Taking the problem of Figure 7.8 as an example, this section explains the formulation of the crack

equation for mixed-mode fracture in matrix form.

Conditions of the problem (Figure 7.8):

(a) Fracture mode: Mixed mode (mode I þ mode II)

(b) Number of cracks: 2 (crack A and crack B)

(c) State of crack propagation (number of crack nodes):
Crack A: crack node i ¼ 1 to N [NR(A) ¼ N in TFORCE]

Crack B: crack node j ¼ 1 to M [NR(B) ¼ M in TFORCE]
(d) Main crack: Crack A

Notice that physical quantities related to an inactive crack (crack B) are denoted with asterisks.

The crack equation is expressed in matrix form as

SD½ � ¼ SE½ � � SF½ � (10.1)

with

SD½ �T ¼ BKNa
n Qa

n BKNa
t Qa

t BKNb
n Qb

n BKNb
t Qb

t ;�ðQa
nl þ CRNa

nÞ
� �

(10.2)

aa aa ab ab a
2 3
SE½ � ¼

EN �AKnn 0 �AKnt 0 �AKnn 0 �AKnt �BKn

San T�EN 0 0 0 0 0 0 0

0 �AKaa
tn EN �AKaa

tt 0 �AKab
tn 0 �AKab

tt �BKa
t

Sat 0 0 T�EN 0 0 0 0 0

0 �AKba
nn 0 �AKba

nt EM �AKbb
nn 0 �AKbb

nt �BKb
n

0 0 0 0 Sbn T�EM 0 0 0

0 �AKba
tn 0 �AKba

tt 0 �AKbb
tn EM �AKbb

tt �BKb
t

0 0 0 0 Sbt 0 0 T�EM 0

0 CIaann 0 CIaant 0 CIabnn 0 CIabnt CRa
n

66666666666666664

77777777777777775

(10.3)

T a a a a b� b� b� b� a
� �
SF½ � ¼ Wn Fn Wt Ft Wn Fn Wt Ft P (10.4)

where superscripts a and b represent crack A and crack B, respectively; subscript n denotes a

physical quantity in the direction perpendicular to the crack surface, and subscript t stands for

a physical quantity in the direction tangential to the crack surface. The definitions of the matrices

and variables are given in the list that begins on page 306.
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STIFFP
Define element stiffness matrix.

ASSEMB
Determine overall stiffness

matrix and loads.

GREDUC, BAKSUB
Find solutions by

Gaussian elimination.

RESIDU
Perform stress analysis.

CONVER
Perform convergence check.

FNTIP
Calculate nodal force at tip

of main crack.

WNCOD
Calculate COD and CSD at

each crack node.

CRACK
Solve crack equations.

ZERO
Initialize variables.

Set load conditions

LOADPS
Set unit external load.

COEFF
Set unit cohesive force

normal to crack surface.

NLOAD
Set constant loads
(self-weight, etc.).

C
ha

ng
e 

lo
ad

 c
on

di
tio

n

St
re

ss
 a

na
ly

si
s 

ite
ra

tio
n 

lo
op

Yes

No

Yes

No

COEFS
Set unit cohesive force

tangential to crack
surface.

Calculate influence coefficients

Have all load conditions been
considered?

FIGURE 10.1 Flowchart for calculating influence coefficients and solving crack equations in mixed-mode

crack analysis (EFFECT).
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SS0
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SW0 SW1 SW2 SWC

Bilinear model
Trilinear model

Parameters for defining the
shear-transfer model:

NSHRM: 0 →  Bilinear model
1 →  Trilinear model

FIGURE 10.2 Definitions and variables used in shear-transfer modeling
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COD/Wc

SW0 SW1 SW2 SWC

COD/Wc

SW0 SW1 SW2 SWC

FIGURE 10.3 Examples of the trilinear type in shear-transfer modeling.
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[SD]—Vector of strength properties:

BKNa

n ;BKN
b
n : Column vectors of the order N and M representing the crack opening

displacement due to constant loads at each node of crack A and crack B, respectively

BKNa
t ;BKN

b
t : Column vectors of the order N and M representing the crack sliding

displacement due to constant loads at each node of crack A and crack B, respectively

Qa
n;Q

b
n: Column vectors of the order N and M representing the Y-intercept in the tension-

softening model at each node of crack A and crack B, respectively

Qa
t ;Q

b
t : Column vectors of the order N and M representing the Y-intercept in the shear-

transfer model at each node of crack A and crack B, respectively

Qa
nl: Limit nodal force at the tip of crack A

CRNa
n : Nodal force component at the tip of crack A due to constant loads
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10.3 Main Rules 307
[SE]—Influence coefficient matrix:

EN

San;

Sat ;
, EM: Unit matrices of the order (N, N) and (M, M) respectively

Sbn: Matrices of the order (N, N) and (M, M) representing the slope in the tension-

softening model corresponding to the crack opening displacement of Wa
n and Wb�

n ,

respectively

Sbt : Matrices of the order (N, N) and (M, M) representing the slope in the shear-transfer

model corresponding to the crack opening displacement of Wa
n and Wb�

n , respectively
Examples of influence coefficients in the mixed-mode formulation are shown in the following

equation.

AKab
nt ¼

AKab11
nt AKab12

nt � � AKab1M
nt

AKab21
nt AKab22

nt � � AKab2M
nt

� � � � �
� � � � �

AKabN1
nt AKabN2

nt � � AKabNM
nt

2
6666664

3
7777775

(10.5)

Matrix of the order (N, M) representing the crack opening displacement at each node of crack A

due to a unit shear force applied at the nodes of crack B

Table 10.2 lists all the influence coefficients that are defined in the crack equation for mixed-

mode crack analysis. These influence coefficients are stored by using the following variables in

the program:

AK N þM;N þMð Þ ¼ AKaa
nn AKab

nn

AKba
nn AKbb

nn

" #
(10.6)

" #

AKNT N þM;N þMð Þ ¼ AKaa

nt AKab
nt

AKba
nt AKbb

nt

(10.7)

" #

AKTN N þM;N þMð Þ ¼ AKaa

tn AKab
tn

AKba
tn AKbb

tn

(10.8)

" #

AKTT N þM;N þMð Þ ¼ AKaa

tt AKab
tt

AKba
tt AKbb

tt

(10.9)

BKa
n ;BK

b
n : Column vectors of the order N and M representing the crack opening displacement

under a unit external load at each node of crack A and crack B, respectively

BKa
t ;BK

b
t : Column vectors of the order N and M representing the crack sliding displacement

under a unit external load at each node of crack A and crack B, respectively

CIaann;CI
ab
nn : Row vectors of the order N and M representing the nodal force component at the

tip of crack A due to a unit normal force applied at the nodes of crack A and crack B,

respectively
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Table 10.2 Definition of Influence Coefficients in the Crack Equation for Mixed-Mode Crack Analysis

Influence
Coefficient

Physical
Meaning

Calculated
at

Direction of Unit
Cohesive Force Applied at

AKaaik
nn Resulting COD i-node of

crack A

Perpendicular to the crack

surface

k-node of crack A

AKabij
nn " " " j-node of crack B

AKbaji
nn " j-node of

crack B

" i-node of crack A

AKbbjk
nn " " " k-node of crack B

AKaaik
nt " i-node of

crack A

Tangential to the crack surface k-node of crack A

AKabij
nt " " " j-node of crack B

AKbaji
nt " j-node of

crack B

" i-node of crack A

AKbbjk
nt " " " k-node of crack B

AKaaik
tn Resulting CSD i-node of

crack A

Perpendicular to the crack

surface

k-node of crack A

AKabij
tn " " " j-node of crack B

AKbaji
tn " j-node of

crack B

" i-node of crack A

AKbbjk
tn " " " k-node of crack B

AKaaik
tt " i-node of

crack A

Tangential to the crack surface k-node of crack A

AKabij
tt " " " j-node of crack B

AKbaji
tt " j-node of

crack B

" i-node of crack A

AKbbjk
tt " " " k-node of crack B
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CIaant ;CI
ab
nt : Row vectors of the order N and M representing the nodal force component at the tip

of crack A due to a unit shear force applied at the nodes of crack A and crack B, respectively

CRa
n: Nodal force at the tip of crack A due to a unit external load (< 0)

T: Member thickness
[SF]—Vector of unknowns:

Wa

n
 ;W
b�
n : Column vectors of the order N and M representing the crack opening displacement at

each node of crack A and crack B, respectively
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Wa
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Fa
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Fa
t ;

Pa:

FIGURE

forces.
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;Wb�
t : Column vectors of the order N and M representing the crack sliding displacement at

each node of crack A and crack B, respectively

Fb�
n : Column vectors of the order N and M representing the cohesive force normal to the

crack surface at each node of crack A and crack B, respectively

Fb�
t : Column vectors of the order N and M representing the shear force at each node of

crack A and crack B, respectively

External load required to propagate crack A
Signs of Crack Sliding Displacement and Shear Force
In establishing the crack equation, the direction of shear force must be carefully determined,

based on the direction of crack surface sliding. To achieve consistency with the signs of the crack

sliding displacement calculated by WNCOD, the right-to-left sliding direction (when viewing the

crack surface from outside) as shown in Figure 10.4 is defined as positive.

The three steps for determining the direction of shear force on a crack surface are as follows.

1. As an influence coefficient due to a unit external load, the crack sliding displacement at the

first node of a crack (the notch tip) is obtained in EFFECT [the name of the variable in the

program: BKS(1, ICRAK); ICRAK: the crack of interest].
Direction of
surface sliding

y

x
Crack surface

F  : Cohesive force normal to crack surface
FS: Shear force

: Dual node (i-tip or j-tip)

F

FS

10.4 Basic rules for determining the directions of crack surface sliding and cohesive
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310 CHAPTER 10 Program for Mixed-Mode Type Crack Analysis
2. If BKS(1, ICRAK) � 0, shear forces should act in the direction shown in Figure 10.4.

If BKS(1, ICRAK) < 0, they should be applied in the opposite direction on the crack

surface.

3. When determining the shear-transfer characteristics in the matrices [SD] and [SE] of the crack

equation in CRACK, the first two rules are applied to the signs of Qt and St.
Input Data
Table 10.3 shows the additional input data formats that are required for this program in addition

to those shown in Table 9.3 for mode-I crack analysis. The only changes from Table 9.3 are

related to material properties: the shear strength and the shear-transfer model.
Table 10.3 Additional Input Data Formats (Only Changes from Table 9.3)

Number of Lines Format Variable Description

NMATS (number

of material types)

E10.3 PROPS

(*,1)

Modulus of elasticity

E10.3 PROPS

(*,2)

Poisson’s ratio

E10.3 PROPS

(*,3)

Unit weight

E10.3 PROPS

(*,4)

Compressive strength

E10.3 FT() Tensile strength

E10.3 GF() Fracture energy

I5 NLINE() Tension-softening model indicator (0: bilinear; 1: linear)

E10.3 SS0() Ratio of shear strength to tensile strength

I5 NSHRM Shear-transfer model indicator (0: bilinear; 1: trilinear)

NMATS (number

of material types)

E10.3 SS1() Parameter for defining the shear-transfer model [ratio to

SS0(); refer to Figure 10.2.]

E10.3 SW0()

Parameters for defining the shear-transfer model (ratio to

Wc; refer to Figure 10.2); For bilinear models, only SW0,

SW1 and SWC are required

E10.3 SW1()

E10.3 SW2()

E10.3 SWC()
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10.4 Subroutines with Major Changes 311
10.4 SUBROUTINES WITH MAJOR CHANGES
Subroutines with major changes in CAIC-M12.FOR are explained in this section.

10.4.1 Changes in CAIC-M12.FOR from CAIC-M1.FOR

Figure 10.5 lists the added or modified subroutines in CAIC-M12.FOR. In the following, the sub-

routines in the boldfaced boxes are briefly explained, which constitute the major changes from

CAIC-M1.FOR. The remaining subroutines are not described because they contain only minor

changes related to the newly added variables and can be easily understood. The newly added vari-

ables are summarized in Table 10.4.
Main block (MAINCN)

INPUT
Read input data.

INTIL
Initialize variables

concerned.

Crack pattern search
block (TFORCE)

Crack equation solution
block (EFFECT)

COEFS

WNCOD

CRACK

TOPDWN

STSTEP
Store crack propagation
patterns and solutions of

crack equation.

SETLOD

OUTPUT
Output results.

CRKDR
Modify limit nodal force

after path correction.

MODFT FSTIP

TFORCE
Pass flags for evaluating

the irreversibility of
material damage to shear

(NOVSS, NOVRS,
NOVST).

EFFECT

FIGURE 10.5 Subroutines added or modified in CAIC-M12.FOR.
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Table 10.4 New Key Variables in CAIC-M12.FOR

Variable Description

Related to material

properties

QFS(*,*) Nodal force equivalent to shear strength

FSMIN(*,*) Minimum value of the shear force transferred so far at

each crack node

SS() Shear strength

SS0()

See Figures 10.2 and 10.3

SS1()

SW0()

SW1()

SW2()

SWC()

NSHRM Parameter for defining the shear-transfer model (0:

bilinear; 1: trilinear)

Related to

crack

equation

Solution

FS(*,*) Shear force at each crack node in the true crack

propagation pattern

WS(*,*) Sliding displacement at each crack node in the true

crack propagation pattern

FSS(*,*) Shear force at each crack node in each crack

propagation pattern

WWS(*,*) Sliding displacement at each crack node in each crack

propagation pattern

Influence

coefficient

SUBER Sliding displacement at a crack node

BKS(*,*) Sliding displacement at each crack node due to a unit

external load

BKSN(*,*) Sliding displacement at each crack node due to a

constant load

CIS(*,*) Nodal force component at a crack tip due to a unit shear

force

AKTN(*,*) Sliding displacement at each crack node due to a unit

cohesive force in the direction perpendicular to the

crack surface

AKNT(*,*) Crack opening displacement at each crack node due to

a unit shear force

AKTT(*,*) Sliding displacement at each crack node due to a unit

shear force

Related to flags

NOVSS(*,*) Flag for judging whether or not the sliding displacement

at a crack node exceeds SW0(NMATS) (0: not

exceeded; 1: exceeded); If SW0(NMATS) is exceeded,

the irreversibility of material damage to shear is taken

into consideration

NOVRS(*,*)

NOVST(*,*)

312 CHAPTER 10 Program for Mixed-Mode Type Crack Analysis
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10.5 Selected Example Illustrating the Usage of the Program 313
10.4.2 Subroutines with Major Changes in the Crack Pattern Determination
Block (TFORCE)

For information about the code for the subroutines, please see this book’s companion website.
10.4.3 Subroutines with Major Changes in the Crack Equation Solution Block
(EFFECT)

For information about the code for the subroutines, please see this book’s companion website.
10.4.4 Subroutines with Major Changes in the Main Block (MAINCN)

For information about the code for the subroutines, please see this book’s companion website.
10.5 SELECTED EXAMPLE ILLUSTRATING THE USAGE OF THE PROGRAM
A sample problem is solved in this section to illustrate the usage of the program.

Initial Conditions
A previously studied mixed-mode fracture problem—the single-notched shear beam shown in Fig-

ure 7.10—was selected as an example to illustrate the usage of the program. The material properties

used in the analysis are shown in Table 7.1. For tension-softening the bilinear model of Figure 7.4

was used, and for shear transfer the bilinear model of Case 1 in Figure 7.11 was employed. The prob-

lem was solved under the plane stress condition, without taking the self-weight into consideration.

FE Model
Figures 10.6a and 10.6b show the FE model of the beam. As seen from the figures, the preset ini-

tial crack path with dual nodes has a steep turn at the notch tip, and the remaining path coincides

with a dummy path designated for path correction. To avoid changing the basic rules for path cor-

rection and to simplify programming, the first-step crack propagation was defined based on the

analytically predetermined direction of principal stress at the tip of the notch, and in MAINCN

before entering CRKDR for path correction the next dummy path was reassigned. Due to this

irregularity in presetting the crack path in the present problem, some modifications were made

in the program regarding the calculation of the limit nodal force at the notch tip and the calcula-

tion of cohesive forces. These changes are noted in the comments of the attached program.

Input Data
Part of the input data used in the analysis is shown on this book’s companion website.

Numerical Results
Figure 10.7 presents graphic illustrations of numerical results at three load levels. Tensile stresses

exceeding the tensile strength (3.57 N/mm2) were observed in the vicinity of the crack path. This

was believed to be caused by the discrepancy between the shear-transfer model used in the crack

analysis and the actual shear-transfer characteristics in the real material.
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