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Preface 

When Lotfi Zadeh introduced the notion of a "fuzzy set" in 1965, his pri­
mary objective was to set up a formal framework for the representation and 
management of vague and uncertain knowledge. More than 20 years passed 
until fuzzy systems became established in industrial applications to a larger 
extent. Today, they are routinely applied especially in the field of control 
engineering. As a result of their success to translate knowledge-based ap­
proaches into a formal model that is also easy to implement, a great variety 
of methods for the usage of fuzzy techniques has been developed during the 
last years in the area of data analysis. Besides the possibility to take into 
account uncertainties within data, fuzzy data analysis allows us to learn 
a transparent and knowledge-based representation of the information in­
herent in the data. Areas of application for fuzzy cluster analysis include 
exploratory data analysis for pre-structuring data, classification and ap­
proximation problems, and the recognition of geometrical shapes in image 
processing. 

When writing this book, our intention was to give a self-contained and 
methodical introduction to fuzzy cluster analysis with its areas of applica­
tion and to provide a systematic description of different fuzzy clustering 
techniques, from which the user can choose the methods appropriate for 
his problem. The book applies to computer scientists, engineers and math­
ematicians in industry, research and teaching, who are occupied with data 
analysis, pattern recognition or image processing, or who take into consid­
eration the application of fuzzy clustering methods in their area of work. 
Some basic knowledge in linear algebra is presupposed for the comprehen­
sion of the techniques and especially their derivation. Familiarity with fuzzy 
systems is not a requirement, because only in the chapter on rule generation 
with fuzzy clustering, more than the notion of a "fuzzy set" is necessary for 
understanding, and in addition, the basics of fuzzy systems are provided in 
that chapter. 

Although this title is presented as a text book we have not included 
exercises for students, since it would not make sense to carry out the al-

IX 



gorithms by hand. We think that applying the algorithms to example 
data sets is the appropriate way to get a better understanding of the tech­
niques. A software tool implementing most of the algorithms presented in 
chapters 1-5 and 7 together with the many example data sets discussed 
in this book are available as public domain software via the Internet at 
http://fuzzy.cs.uni-magdeburg.de/clusterbook/. 

The book is an extension of a translation of our German book on fuzzy 
cluster analysis published by Vieweg Verlag in 1997. Most parts of the 
translation were carried out by Mark-Andre Krogel. The book would prob­
ably have appeared years later without his valuable support. The material 
of the book is partly based on lectures on fuzzy systems, fuzzy data analysis 
and fuzzy control that we gave at the Technical University of Braunschweig, 
at the University "Otto von Guericke" Magdeburg, at the University "Jo­
hannes Kepler" Linz, and at Ostfriesland University of Applied Sciences in 
Emden. The book is also based on a project in the framework of a research 
contract with Praunhofer-Gesellschaft, on results from several industrial 
projects at Siemens Corporate Technology (Munich), and on joint work 
with Jim Bezdek at the University of West Florida. We thank Wilfried 
Euing and Hartmut Wolff for their advisory support during this project. 

We would also like to express our thanks for the great support to Juliet 
Booker, Rhoswen Cowell, Peter Mitchell from Wiley and Reinald Klocken-
busch from our German publisher Vieweg Verlag. 

Frank Hoeppner 
Frank Klawonn 
Rudolf Kruse 
Thomas Runkler 

http://fuzzy.cs.uni-magdeburg.de/clusterbook/


Introduction 

For a fraction of a second, the receptors are fed with half a million items of 
data. Without any measurable time delay, those data items are evaluated 
and analysed, and their essential contents are recognized. 

A glance at an image from TV or a newspaper, human beings are capable 
of this technically complex performance, which has not yet been achieved by 
any computer with comparable results. The bottleneck is no longer the op­
tical sensors or data transmission, but the analysis and extraction of essen­
tial information. A single glance is sufficient for humans to identify circles 
and straight lines in accumulations of points and to produce an assignment 
between objects and points in the picture. Those points cannot always be 
assigned unambiguously to picture objects, although that hardly impairs 
human recognition performance. However, it is a big problem to model this 
decision with the help of an algorithm. The demand for an automatic anal­
ysis is high, though. Be it for the development of an autopilot for vehicle 
control, for visual quality control or for cotnparisons of large amounts of 
image data. The problem with the development of such a procedure is that 
humans cannot verbally reproduce their own procedures for image recogni­
tion, because it happens unconsciously. Conversely, humans have consider­
able difficulties recognizing relations in multi-dimensional data records that 
cannot be graphically represented. Here, they are dependent on computer 
supported techniques for data analysis, for which it is irrelevant whether 
the data consists of two- or twelve-dimensional vectors. 

The introduction of fuzzy sets by L.A. Zadeh [104] in 1965 defined an 
object that allows the mathematical modelling of imprecise propositions. 
Since then this method has been employed in many areas to simulate how 
inferences are made by humans, or to manage uncertain information. This 
method can also be applied to data and image analysis. 

Cluster analysis deals with the discovery of structures or groupings 
within data. Since hardly ever any disturbance or noise can be completely 
eliminated, some inherent data uncertainty cannot be avoided. That is 
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2 INTRODUCTION 

why fuzzy cluster analysis dispenses with unambiguous mapping of the 
data to classes and clusters, and instead computes degrees of membership 
that specify to what extend data belong to clusters. 

The introductory chapter 1 relates fuzzy cluster analysis to the more 
general areas of cluster and data analysis, and provides the basic terminol­
ogy. Here we focus on objective function models whose aim is to assign 
the data to clusters so that a given objective function is optimized. The 
objective function assigns a quality or error to each cluster arrangement, 
based on the distance between the data and the typical representatives of 
the clusters. We show how the objective function models can be optimized 
using an alternating optimization algorithm. 

Chapter 2 is dedicated to fuzzy cluster analysis algorithms for the recog­
nition of point-like clusters of different size and shape, which play a central 
role in data analysis. 

The linear clustering techniques described in chapter 3 are suitable for 
the detection of clusters formed like straight lines, planes or hyperplanes, 
because of the suitable modification of the distance function that occurs 
in the objective functions. These techniques are appropriate for image 
processing, as well as for the construction of locally linear models of data 
with underlying functional interrelations. 

Chapter 4 introduces shell clustering techniques, that aim to recog­
nize geometrical contours such as borders of circles and ellipses by further 
modifications of the distance function. An extension of these techniques 
to non-smooth structures such as rectangles or other polygons is given in 
chapter 5. 

The cluster estimation models described in chapter 6 abandon the ob­
jective function model. This allows handling of complex or not explicitly 
accessible systems, and leads to a generalized model with user-defined mem­
bership functions and prototypes. 

Besides the assignment of data to classes, the determination of the num­
ber of clusters is a central problem in data analysis, which is also related 
to the more general problem of cluster validity. The aim of cluster valid­
ity is to evaluate whether clusters determined in an analysis are relevant 
or meaningful, or whether there might be no structure in the data that is 
covered by the clustering model. Chapter 7 provides an overview on cluster 
validity, and concentrates mainly on methods to determine the number of 
clusters, which are tailored to the different clustering algorithms. 

Clusters can be interpreted as if-then rules. The structure information 
discovered by fuzzy clustering can therefore be translated to human read­
able fuzzy rule bases. The necessary techniques for this rule extraction are 
presented in chapter 8. 
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Readers who are interested in watching the algorithms at work can download 
free software via the Internet from http://fuzzy.cs.uni-magdeburg.de/clusterbook/. 

http://fuzzy.cs.uni-
magdeburg.de/clusterbook/


Chapter 1 

Basic Concepts 

In everyday life, we often find statements like this: 

After a detailed analysis of the data available, we developed the 
opinion that the sales figures of our product could be increased 
by including the attribute fuzzy in the product's title. 

Data analysis is obviously a notion which is readily used in everyday 
language. Everybody can understand it - however, there are different inter­
pretations depending on the context. This is why these intuitive concepts 
like data, data analysis, cluster and partition have to be denned first. 

1.1 Analysis of data 
The concept of a datum is difficult to formalize. It originates from Latin 
and means "to be given". A datum is arbitrary information that makes 
an assertion about the state of a system, such as measurements, balances, 
degrees of popularity or On/Off states. We summarize the totality of all 
possible states, in which a system can be, under the concept state or data 
space. Any element of a data space describes a particular state of a system. 

The data that has to be analysed may come from the area of medical 
diagnosis in the form of a database about patients, they may describe states 
of an industrial production plant, they may be available as time series 
which specify the progression of share prices, they may be obtained from 
statistical investigations, they may reflect opinions of experts, or they may 
be available as images. 



Data analysis is always conducted to answer a particular question. That 
question implicitly determines the form of the answer: although it is depen­
dent on the respective state of the system, it will always be of a particular 
type. Similarly, we want to summarize the possible answers to a question in 
a set that we call result space. In order to really gain information from the 
analysis, we require the result space to allow at least two different results. 
Otherwise, the answer would already unambiguously be given without any 
analysis. 

In [5], data analysis is divided into four levels of increasing complex­
ity. The first level consists of a simple frequency analysis, a reliability or 
credibility evaluation after which data identified as outliers are marked or 
eliminated, if necessary. On the second level, pattern recognition takes 
place, by which the data is grouped, and the groups are further structured, 
etc. These two levels are assigned to the area of exploratory data analysis, 
which deals with the investigation of data without assuming a mathemat­
ical model chosen beforehand that would have to explain the occurrence 
of the data and their structures. Figure 1.1 shows a set of data where an 
exploratory data analysis should recognize the two groups or clusters and 
assign the data to the respective groups. 

Figure 1.1: Recognition of two clusters by exploratory data analysis 

On the third level of data analysis, the data are examined with respect 
to one or more mathematical models - for example in figure 1.1, whether 
the assumption is reasonable that the data are realizations of two two-



dimensional normally distributed random variables, and if so, what are the 
underlying parameters of the normal distributions. On the third level, a 
quantitative data analysis is usually performed, that means (functional) 
relations between the data should be recognized and specified if necessary, 
for instance by an approximation of the data using regression. In contrast, 
a purely qualitative investigation takes place on the second level, with the 
aim to group the data on the basis of a similarity concept. 

Drawing conclusions and evaluating them is carried out on the fourth 
level. Here, conclusions can be predictions of future or missing data or an 
assignment to certain structures, for example, which pixels belong to the 
legs of a chair. An evaluation of the conclusions contains a judgement about 
how reliably the assignments can be made, whether modelling assumptions 
are realistic at all, etc. If necessary, a model that was constructed on the 
third level has to be revised. 

The methods of fuzzy cluster analysis introduced in chapter 2 can es­
sentially be categorized in the second level of data analysis, while the gen­
eration of fuzzy rules in chapter 8 belongs to the third level, because the 
rules serve as a description of functional relations. Higher order clustering 
techniques can also be assigned to the third level. Shell clustering, for ex­
ample, not only aims at mapping of the data to geometrical contours such 
as circles, but is also used for a determination of parameters of geometrical 
contours, such as the circle's centre and radius. 

Fuzzy clustering is a part of fuzzy data analysis that comprises two very 
different areas: the analysis of fuzzy data and the analysis of usual (crisp) 
data with the help of fuzzy techniques. We restrict ourselves mainly to the 
analysis of crisp data in the form of real-valued vectors with the help of 
fuzzy clustering methods. The advantages offered by a fuzzy assignment of 
data to groups in comparison to a crisp one will be clarified later on. 

Even though measurements are usually afected by uncertainty, in most 
cases they provide concrete values so that fuzzy data are rarely obtained 
directly. An exception are public opinion polls that permit evaluations 
such as "very good" or "fairly bad" or, for instance, statements about 
time aspects such as "for quite a long time" or "for a rather short period of 
time". Statements like these correspond more to fuzzy sets than crisp values 
or intervals and should therefore be modelled with fuzzy sets. Methods to 
analyse fuzzy data like these are described in [6, 69, 73], among others. 
Another area, where fuzzy data are produced, is image processing. Grey 
values in grey scale pictures can be interpreted as degrees of membership 
to the colour black so that a grey scale picture represents a fuzzy set over 
the pixels. Even though we apply the fuzzy clustering techniques that are 
introduced in this book for image processing of black-and-white pictures 
only, these techniques can be extended to grey scale pictures by assigning 



each pixel its grey value (transformed into the unit interval) as a weight. In 
this sense, fuzzy clustering techniques especially for image processing can 
be considered as methods to analyse fuzzy data. 

1.2 Cluster analysis 
Since the focus lies on fuzzy cluster analysis methods in this book, we 
can give only a short survey on general issues of cluster analysis. A more 
thorough treatment of this topic can be found in monographs such as [3, 
16, 96]. 

The aim of a cluster analysis is to partition a given set of data or ob­
jects into clusters (subsets, groups, classes). This partition should have the 
following properties: 

• Homogeneity within the clusters, i.e. data that belong to the same 
cluster should be as similar as possible. 

• Heterogeneity between clusters, i.e. data that belong to different clus­
ters should be as different as possible. 

The concept of "similarity" has to be specified according to the data. 
Since the data are in most cases real-valued vectors, the Euclidean distance 
between data can be used as a measure of the dissimilarity. One should 
consider that the individual variables (components of the vector) can be 
of different relevance. In particular, the range of values should be suitably 
scaled in order to obtain reasonable distance values. Figures 1.2 and 1.3 
illustrate this issue with a very simple example. Figure 1.2 shows four data 
points that can obviously be divided into the two clusters {x1 ,x2} and 
{x3, x 4}. In figure 1.3, the same data points are presented using a different 
scale where the units on the x-axis are closer together while they are more 
distant on the y-axis. The effect would be even stronger if one would take 
kilo-units for the x-axis and milli-units for the y-axis. Two clusters can 
be recognized in figure 1.3, too. However, they combine the data point x1 
with x4 and x2 with x3, respectively. 

Further difficulties arise when not only real-valued variables occur but 
also integer-valued ones or even abstract classes (e.g. types of cars: convert­
ible, sedan, truck etc.). Of course, the Euclidean distance can be computed 
for integer values. However, the integer values in a variable can produce a 
cluster partition where a cluster is simply assigned to each occurring inte­
ger number. That can be meaningful or completely undesirable dependent 
on the data and the question to be investigated. Numbers can be assigned 
to abstract classes, and thus the Euclidean distance can be applied again. 



Figure 1.2: Four data points Figure 1.3: Change of scales 

However in this way additional assumptions are used, for example, that the 
abstract class, which is assigned the number one, is more similar to the 
second class than to the third. 

It would exceed the scope of this book to introduce the numerous meth­
ods of classical clustering in detail. Therefore, we present only the main 
(non-disjoint) families of conventional clustering techniques. 

• incomplete or heuristic cluster analysis techniques: These are geo­
metrical methods, representation or projection techniques. Multi­
dimensional data are analysed by dimension reduction such as a prin­
cipal component analysis (PCA), in order to obtain a graphical rep­
resentation in two or three dimensions. Clusters are determined sub­
sequently, e.g. by heuristic methods based on the visualization of the 
data. 

• deterministic crisp cluster analysis techniques: With these techniques, 
each datum will be assigned to exactly one cluster so that the cluster 
partition defines an ordinary partition of the data set. 

• overlapping crisp cluster analysis techniques: Here, each datum will 
be assigned to at least one cluster, or it may be simultaneously as­
signed to several clusters. 

• probabilistic cluster analysis techniques: For each datum, a proba­
bility distribution over the clusters is determined that specifies the 
probability with which a datum is assigned to a cluster. These tech-



niques are also called fuzzy clustering algorithms if the probabilities 
are interpreted as degrees of membership. 

• possibilistic cluster analysis techniques: These techniques are pure 
fuzzy clustering algorithms. Degrees of membership or possibility 
indicate to what extent a datum belongs to the clusters. Possibilistic 
cluster analysis drops the probabilistic constraint that the sum of 
memberships of each datum to all clusters is equal to one. 

Figure 1.4: A set of data that has to be clustered 

• hierarchical cluster analysis techniques: These techniques divide the 
data in several steps into more and more fine-grained classes, or they 
reversely combine small classes stepwise to more coarse-grained ones. 
Figure 1.5 shows a possible result of a hierarchical cluster analysis of 
the data set from figure 1.4. The small clusters on the lower levels 
are stepwise combined to the larger ones on the higher levels. The 
dashed line indicates the level in figure 1.5 that is associated with the 
cluster partition given in the picture. 

• objective function based cluster analysis techniques: While hierar­
chical cluster analysis techniques are in general defined procedurally, 
i.e. by rules that say when clusters should be combined or split, the 
basis for the objective function methods is an objective or evaluation 
function that assigns each possible cluster partition a quality or er­
ror value that has to be optimized. The ideal solution is the cluster 
partition that obtains the best evaluation. In this sense, there is an 
optimization problem to be solved when applying objective function 
methods for cluster analysis. 



Figure 1.5: Hierarchical cluster analysis 

• cluster estimation techniques: These techniques adopt the alternat­
ing optimization algorithm used by most objective function methods, 
but use heuristic equations to build partitions and estimate cluster 
parameters. Since the used cluster generation rules are chosen heuris-
tically, this approach can be useful when cluster models become too 
complex to minimize them analytically or the objective function lacks 
differentiability. 

The clustering techniques in chapters 2 - 5 belong to objective function 
methods. Cluster estimation techniques are described in chapter 6. The 
remaining part of this chapter is devoted to a general formal framework for 
fuzzy cluster analysis on the basis of objective functions. 

1.3 Objective function-based cluster analysis 
Before we consider fuzzy cluster analysis in more detail, we first clarify the 
concepts such as data space, result of a data analysis etc. that are important 
in the context of data and cluster analysis. 

In the introductory example at the beginning of this chapter, the data 
space D could be the totality of all possible advertising strategies together 
with the predicted sales figures and production costs per piece, for instance 
D := S x R x R, if S is the set of all possible advertising strategies. A 
triple {s,v,,ka) € D then assigns the production costs $ks per piece and a 



predicted sale of v8 pieces to the application of an advertising strategy s. 
We are interested in the advertising strategy that should be used and define 
the result space as R := {{s}\s € D}. The result of the data analysis is 
an assignment of the given sales figures/production costs X C D to the 
optimal advertising strategy s € S. The assignment can be written as a 
mapping f : X → {s} . (In this example, the pair (X, s) would also be a 
suitable representation of the analysis. In later examples, however, we will 
see the advantage of a functional definition.) 

Thus, the answer to a question generally corresponds to an assignment 
of concretely given data X C D to an (a priori unknown) answer K G R 
or to a mapping X → K. The result space is often infinitely large so that 
the number of possible assignments is infinite even with a static set of data 
X C D. Each element of the analysis space is potentially a solution for a 
certain problem. This leads us to 

Definition 1.1 (Analysis space) Let non-empty D be a set and R a set of 
sets with (|R| >= 2) or (exists r € R : |r| >= 2). We call D a data space and R a 
result space. Then, A{D,R) := {f | f : X → K, X is a subset of D, X is non-empty, K € R} 
is called an analysis space. A mapping f : X → K € A(D,R) represents 
the result of a data analysis by the mapping of a special, given set of data 
X (subset of D) to a possible result K € R. 

We need an evaluation criterion in order to distinguish the correct solu­
tion (s) from the numerous possible solutions. We do not want to compare 
the different elements of the analysis space directly using this criterion, but 
introduce a measure for each element. Then, this measure indirectly al­
lows a comparison of the solutions, among other things. We introduce the 
evaluation criterion in the form of an objective function: 

Definition 1.2 (Objective function) LetA(D,R) be an analysis space. 
Then, a mapping J : A(D, R) → R is called an objective function of the 
analysis space. 

The value J(f) is understood as an error or quality measure, and we 
aim at minimizing, respectively maximizing J. In general, we will use 
the objective function in order to compare different solutions for the same 
problem, i.e., with the same set of data. Of course, the objective function 
also allows an indirect comparison of two solutions for different sets of data. 
However, the semantics of such a comparison has to be clarified explicitly. 
We will not pursue this question further in this book. 

In our introductory example we were interested in a rise in profit. We 
can evaluate a given proposal of a solution for our problem by computing the 



expected profit. Presupposing the same sales price of $d for all advertising 
strategies, the following objective function is quite canonical: 

The specification of an objective function allows us to define the answer 
to a given question as the (global) maximum or minimum, zero passage or 
another property of the objective function. The question is thus formalized 
with the help of an objective function and a criterion K. The solution is 
defined by an element of the analysis space that fulfils K. 

In our advertisement example, K would be defined for an f : X → K by 

Thus, when K(f) is valid for an f € A(D,R), f will be evaluated by J in 
the same way as the best solution of the analysis space. Therefore, it is the 
desired solution. 

We still have to answer the question of how to gain the result of the 
analysis. Humans analyse data, for example, by merely looking at it. In 
many cases, this method is sufficient to answer simple questions. The com­
puter analysis is carried out by an algorithm that mostly presupposes a 
model or a structure within the data, which the program is looking for. 
Here, the considered result space, the data space, and the model always 
have to be examined to see whether they are well-suited for the problem. 
The result space may be too coarse-grained or too fine-grained with respect 
to the considered model, or the data space may contain too little informa­
tion to allow conclusions for the result space. Model design, adjustment 
and program development form a type of a structure analysis that is nec­
essary for the analysis of concrete data using a computer program. Once 
the structure analysis has been completed, i.e. the actual question has been 
formalized by a specification of the spaces, the objective function and the 
criterion, we can look for a solution for concrete data sets. We call this 
process data analysis. 



Definition 1.4 (Data analysis) Let A(D,R) be an analysis space, K : 
A(D,R) → B. Then, the process of a (possibly partial) determination of 
the analysis function A with respect to K is called data analysis. 

In our example, the data analysis consists of the determination of the 
element from X that provides the largest value for the objective function. 
Here, the process of the data analysis is well defined. Let us now investigate 
some further examples from the area of image processing. 

Example 1 We consider black-and-white pictures of 20 by 20 points, 
i.e. D := N<=20 x N<=20, where N<=t denotes the set of the natural 
numbers without the number zero that is smaller or equal to t. We 
represent a picture by the set X subset of D of the white pixels in the picture. 
We are interested in the brightness of the picture, measured on a scale 
from 0 to 1, i.e. R := { {b} | b is within [0,1]}. For example, a meaningful 
objective function would be: 

The analysis of a set of data X subset of D now consists of finding the bright­
ness b, {b} E so that J(f) = 0 with f ~ b. In that case, the solution 
is obvious because of the stated J , our analysis function is 

Example 2 Let D be the same as in the previous example. We are now 
interested in the position of a point p with the smallest distance to all 
other white points in the picture, i.e. R := { {p} | p € N<=20 x N<=20 }. 
As the requirement for the smallest distance, we define 

The point p, {p} € R, has the smallest distance to all other points x € X 
if and only if the objective function J reaches a (global) minimum for 
f =p. This can be directly transformed into the analysis function: 

With a program that investigates all the 400 possible positions for p, A 
could be implemented in a naive way. 



Example 3 Let D be the same as in the previous example. Each pixel 
represents an object. These objects have to be moved into two boxes at 
the positions p1 and p2, respectively. The question for the analysis is, 
which object should be moved to which box, where the distances should 
be as short as possible. 
As the result space we choose R := {{1,2}}. Then, an element of the 
analysis space is a mapping f : X →{1,2}. The objects that are 
mapped to 1 by f, shall be put into the first box, the other objects into 
the second. The objective function is of course the sum of all distances 
to be covered: 

Again, the minimum of the objective function has to be found. The 
sum of the distances can be minimized by minimizing the individual 
distances. So, if cx € {1,2} is the closer box for the object x € X, the 
analysis function results in: 

The previous example is of special interest. For the first time, the infor­
mation gained from the analysis was not related to the complete set of data 
but individually to each element of the data set. That was possible because 
the elements of the result space had multiple elements themselves. Thus, 
the result of the analysis is a partition of the data, a class or cluster par­
tition. (Here, the advantage of the functional definition becomes apparent 
as already mentioned on page 12.) 

Remark 1.6 (Cluster par t i t ion) f : X → K is a cluster partition if 
and only if f is exhaustive and |X|, |K| >= 2. 



The possibilities for the data analysis are of course not exhausted by 
simple result spaces like R = {{1,2}} from the previous example. 

Example 4 Let the data space D be the same as in the previous ex­
ample. Circles are to be found in the picture and the data are to be 
assigned to the circles. If we know that the picture contains c circles 
we can use {{1,2, ...,c}} as the result space. Thus, we obtain a cluster 
partition for the numbers 1 to c, each of which represents a circle. If 
we are interested in the exact shape of the circles, we can characterize 
them by a triple (x,y,r) € R3 , where x,y stand for the coordinates of 
the centre and |r| for the radius. If we set R := PC(R3), the analysis 
result is f : X → K, K € R, a cluster partition of the data to c circles. 
For a. z € X, f(z) = (x,y,r) is the assigned circle. 
If the number of circles is not known we can choose in the first case 
R := {{1}, {1,2}, {1,2,3}, ...} = { N < = k | k € N}, and in the second 
case R := {K | K is a subset of R3, K finite}. The result of the analysis f : X → 
K can be interpreted as previously, but now, additionally, the number 
of those circles that were recognized is provided by |K|. 

Moreover, as a modification of example 3 we could be interested in 
giving both boxes suitable positions so that the distances between the data 
points and the boxes become as short as possible. (For instance, this kind 
of analysis is carried out by the algorithm in section 2.1.) 



1.4 Fuzzy analysis of data 

A deterministic cluster partition as the result of a data analysis is equivalent 
to a hard partition of the data set. Although this formalization corresponds 
to what we had in mind in the previous examples, it turns out to be un­
suitable on closer inspection. Let us imagine that we are looking for two 
overlapping circles in the picture. Further, let us assume that there are 
pixels exactly at the intersection points of the two circles. Then, a cluster 
partition assigns these pixels to exactly one circle, forced by the charac­
teristics of a cluster partition. This is also the case for all other data that 
have the same distance from the two contours of the circles (figure 1.6). 
However, it can not be accepted that these pixels are assigned to one or 
the other circle. They equally belong to both circles. Here, we have one of 
these cases already mentioned, where the choice of the result space is not 
adequate for the considered question. The result space is too coarse-grained 
for a satisfying assignment of the data. 

A solution for this problem is provided by the introduction of gradual 
memberships to fuzzy sets [104]: 

Definition 1.7 (Fuzzy set) A fuzzy set of a set X is a mapping m : X → 
[0,1]. The set of all fuzzy sets of X is denoted by F(X) := {m | m : X → 
[0,1]}. 

For a fuzzy set mM , there is - besides the hard cases x € M and x not in M 
a smooth transition for the membership of x to M. A value close to 1 for 

mM(x) means a high degree of membership, a value close to 0 means a low 
degree of membership. Each conventional set M can be transformed into a 
fuzzy set mM by defining mM{X) = 1 <=> x € M and mM(X) = 0 <=> x not in M. 

Since we want to fuzzify the membership of the data to the clusters in 
our examples, it seems convenient to consider now g : X → F(K) instead 
of f : X → K as the result of the analysis. A corresponding interpretation 
for this new result of the analysis would be that g(x)(k) = 1, if x can unam­
biguously be assigned to the cluster k, and g(x)(k) = 0, if x does definitely 
not belong to the cluster k. A gradual membership such as g(x)(k) = | 
moans that the datum x is assigned to the cluster A; with the degree of one 
third. Statements about memberships to the other clusters are made by 
the values of g(x)(j) with k ^= j . Thus, it is possible to assign the datum 
x to the clusters i and j in equal shares, by setting g(x)(i) = 1/2 = g{x)(j) 
and g(x)(k) = 0 for all k € K\{i,j}. This leads to the following definitions 
of an analysis space and a cluster partition, generalized to fuzzy sets: 
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Definition 1.8 (Fuzzy analysis space) Let A(D,R) be an analysis 
space. Then, Afuzzy(D,R) := A(D, {F{K)|K € R}) defines a further anal­
ysis space, the fuzzy analysis space for A(D,R). The results of an analysis 
are then in the form f : X → F(K) for X is a subset of D and K € R. 

Definition 1.9 (Probabilistic cluster partition) Let Afuzzy(D,R) be 
an analysis space. Then, a mapping f : X → F(K) € Afuzzy(D,R) is 
called a probabilistic cluster partition if 

hold. We interpret f(x)(k) as the degree of membership of the datum x € X 
to the cluster k € K relative to all other clusters. 

Although this definition strongly differs from the definition of a cluster 
partition at first glance, the differences are rather small; they only soften 
the conditions (1.1) to (1.3). The requirement (1.2) for disjoint clusters has 
to be modified accordingly for gradual memberships. The condition (1.4) 
means that the sum of the memberships of each datum to the clusters is 1, 
which corresponds to a normalization of the memberships per datum. This 
means that each individual datum receives the same weight in comparison 
to all other data. This requirement is also related to condition (1.1) because 
both statements express that all data are (equally) included into the cluster 
partition. The condition (1.5) says that no cluster k can be empty, i.e. the 
membership f(x)(k) must not be zero for all x. This corresponds to the 
inequality Ai ^= 0 from (1.3). By analogy with the conclusion in remark 
1.6, it follows that no cluster can obtain all memberships (Ai ^= X in (1.3)). 

The name probabilistic cluster partition refers to an interpretation in 
the sense of probabilities. It suggests an interpretation like "f(x)(k) is 
the probability for the membership of x to a cluster k". However, this 
formulation is misleading. One can easily confuse the degree in which a 
datum x represents a cluster k with the probability of an assignment for a 
datum x to a cluster k. 

Figure 1.6 shows two circles with some pixels that are equidistant from 
both circles. The two data items close to the intersection points of the 
circles can be accepted as typical representatives of the circle lines. This 
does not apply to the other data with their increasing distances to the cir­
cles. Intuitively, the membership of the more distant points to the circles 
should be very low. Because of the normalization, however, the sum of the 
memberships has to be 1, so the individual memberships have to be approx­
imately 1/2. Being unaware of the normalization, the fairly high values for 



Figure 1.6: Data that have unam­
biguously to be assigned to one of 
the circles in a non-deterministic 
way when applying a hard parti­
tion. 

Figure 1.7: Growing degrees of 
membership to a cluster do not 
necessarily mean better represen­
tatives for the cluster. 

the membership could (without the clarifying figure) leave the impression 
that the data are rather typical for the circles after all. A similar case is 
shown in figure 1.7. This time, all data are very far away from both circles, 
but the distances of the data on the left-hand side and on the right-hand 
side from both circles are different. The datum in the middle will again 
receive memberships of around 1/2, while the outliers are assigned to the re­
spective closer circle by memberships clearly above 1/2. All data are (almost) 
equally untypical for the circles, but the memberships are very different. 
In order to avoid misinterpretations, a better reading of the memberships 
would be "If x has to be assigned to a cluster, then with the probability 
f(x)(k) to the cluster k". 

This semantics has emerged from the definition only, thus it is not at 
all cogent. Just as well, as a semantics could be forced (per definition) that 
would in fact allow us to conclude from high degrees of membership for a 
datum x to a cluster k that z is a typical representative for k. In this case 
we should drop the condition (1.4) which is responsible the normalization 
of the memberships. Then, the more distant data in the figures 1.6 and 1.7 
could receive lower degrees of membership than 1/2. 

Definition 1.10 (Possibilistic cluster par t i t ion) Let Afuzzy(D,R) be 
an analysis space. Then, a result of an analysis f : X → F(K) is called 
possibilistic cluster partition if 

holds. We interpret f(x)(k) as the degree of representativity or typicality 
of the datum x € X for the cluster k € K 



Possibilistic cluster partitions are useful especially in the analysis of 
images, because there are often disturbances that actually can not be as­
signed to one of the clusters. Mostly, those disturbances are responsible for 
non-satisfying analysis results of a probabilistic cluster analysis; we will see 
examples of that later. 

As far as the formal part of the definition is concerned, every proba­
bilistic cluster partition is also a possibilistic partition. However, since a 
probabilistic partition obtains a completely different meaning with the pos­
sibilistic interpretation, we have included the semantics of the partition in 
the definition. 

We have to emphasize that the type of fuzzification that we have carried 
out here is not at all the only possibility. In our approach, the analysis itself 
was fuzzified, meaning that the result of the analysis, i.e. the partition of 
the data, is fuzzy. Thus, this section is called fuzzy analysis of data. In 
a similar way, the data space could have been fuzzified; fuzzy image data 
would have been allowed in our example, for example, grey values. However, 
we will not pursue the topic of analysis of fuzzy data in this book, since we 
usually have to deal with data in the form of crisp measurements. 

1.5 Special objective functions 
Returning to the probabilistic cluster partitions, let us consider the follow­
ing 

Example 5 A picture is showing the contours of the tyres of a bicycle. 
For simplicity, we assume that the positions of the front axle and the 

We denote the 
set of subsets of the set M that have t elements by P t{M). As an anal­
ysis space, we use Afuzzy(D,R). Let the position of the axles be defined 
as p f r o n t w h e e l , p r e a r w h e e l € R2. Now, we have to provide an objective func­
tion. A large family of objective functions results from the following basic 
function (generalization of the least squared error): 

, similar 
to the previous examples. A pixel is set if its pair of coordinates is an 
element of X. We are interested in the radii of the wheels (besides the 
probabilistic cluster partition). 

For this example the following definitions might be suitable. 



Here, d(x, k) is a measure for the distance between the datum x and the 
cluster k. There is no occurrence of f(x) in this distance function. Thus, 
the distance does not depend on the memberships. We use square distances 
so that the objective function is non-negative. The exponent m € R>1 -
the so-called fuzzifier - represents a weight parameter. We denote the set 
of all real numbers greater than t by R > 1 . This way, the search for an 
objective function has been simplified, because the choice of a real-valued 
parameter m and a distance function d is certainly simpler than the choice 
of an arbitrary function J : A(D, R) → R. 

As a distance function, we choose in our example 

What is the effect of this objective function? Let us look at a pixel x € X 
that is located close to the front wheel. The distance function d(x, k) yields 
the value 0 if and only if x is on the wheel k. For d(x, (front wheel, rv)), we 
thus obtain a value near 0. For d(x, (rear wheel, r h)) , however, we obtain 
a greater value, since the distance to the rear wheel is clearly greater. Let 
f € Afuzzy(D, R) be a probabilistic cluster partition of X, where the data are 
assigned to the corresponding wheels. Then, f(x)(front wheel, rv) ≈ 1 and 
f(x)(rear wheel,rh) ≈ 0. Because of the product fm(x)(k) • d2(x,k), the 
sum is small in both cases, since in the first case the distance to the front 
wheel is small and in the second case the membership to the rear wheel 
is low. The intersection of the two wheels is impossible in our example, 
however, it would not falsify our calculation because the memberships to 
both wheels would be approximately 1/2 for the intersection points, while 
the distances would be small in both cases. 

Thus, the criterion for the objective function is also obvious: it has to 
be minimized at the solution. In practice, (1.7) is sufficient for the solution 
of many problems. Depending on the problem the distance measure has to 
be modified. 

Let us now take a closer look at the influence of the fuzzifier m. The 
greater m is the faster fm(x)(k) will become 0, e.g. with m = 6, relatively 
high memberships such as 0.8 are decreased to a factor of about 0.26. Thus, 
(local) minima and maxima will be less clearly developed or might even 
completely vanish. The greater m, the fuzzier the results will be. We can 
choose m depending on the estimation of how well the data can be divided 
into clusters. For instance, if the clusters are far away from each other, even 
a crisp partition is possible. In this case, we choose m close to 1. (If m 
gets close to 1, the memberships converge at 0 or 1, cf. [10].) If the clusters 
are hardly distinguishable, m should be chosen very large. (If m goes to 
infinity, the memberships become to 1/c where c is the number of clusters.) 



Of course, some experience is necessary for this decision. Moreover, a data 
set can contain clusters with different separabilities. A common choice of 
the fuzzifier is m = 2. 

In any case, the (global) minimum of the objective function with the 
constraint of a probabilistic cluster partition is the aim of the data anal­
ysis. However, this is often not as simple as in the first examples in this 
chapter. An exhaustive search is not feasible because of the large number 
of possibilities. Moreover, the objective function is multi-dimensional, so 
that the well-known one-dimensional techniques to search for minima can 
not be applied. Therefore, we will have to be satisfied with local minima 
from the start. 

How do we choose the memberships f(x)(k), x € X, k € K in order to 
obtain a minimum of the objective function with an a priori known cluster 
set K? The answer is given in the following theorem [10]. 

Theorem 1.11 Let Afuzzy(DiR) be an analysis space, X is a subset of D, C € R, J 
an evaluation function corresponding to (1.7), d the corresponding distance 
function and m € R > i . If the objective function has a minimum for all 
probabilistic cluster partitions X → F(K) at f : X → F(K) then 

If a set Ix contains more than one element, f(x)(k) for k € Ix is not 
uniquely determined. We will discuss this problem on page 24. 

Proof: A necessary criterion for a minimum is a zero passage in the first 
derivative. Because of the high dimensionality of the objective function, we 
will restrict ourselves here to zero passages of partial derivatives. 

Let f : X → F(K) be a probabilistic cluster partition, x € X, define 
u := f(x), uk := f{x)(k) for k € K. Let the objective function J be 
minimal for all probabilistic cluster partitions in f. Thus, the conditions 
(1.4) and (1.5) hold for f. We can minimize 

The validity of the 
constraint (1.4) can be expressed by introducing a Lagrange multiplier A 
also by a zero passage in the partial derivative with respect to A. Therefore, 



For all k € K, the partial derivatives 

must be zero. We use use the fact that the distance function is independent 
of the memberships. Let us first consider the case that the distances are 
non-zero. In this case, we derive from the previous equation for each k € K: 



A special case, that we have to consider separately, is d(x,j) = 0 for 
at least one j € K. In this case, the datum x is lying exactly in cluster j . 
Therefore, the set Ix := {k € K \ d(x, k) = 0} contains all clusters where 
the datum x suits exactly. Here, the minimization problem can be solved 
easily because Jx(l,u) = 0 and (1.4) hold if uk = 0 for all k not € Ix and 
SUMj€Iuj = l. ■ 

In the implementation of an algorithm to search for a probabilistic clus­
ter partition, where we of course do not start from a minimum but want 
to find it, we have to take care of condition (1.5). This condition must 
hold, because the mapping f : X → F(K) has to be a cluster partition. 
However, it does not lead to any greater problems when (1.5) does not hold. 
If there really exists a k € K with SUMx€X f(x)(k) = 0, we actually have a 
cluster partition into the cluster set K\{k}. We can remove all superfluous 
clusters, and obtain a correct cluster partition for which (1.5) hold. 

Under certain conditions, we can be sure that SUM x € X f (x ) (k ) = 0 can  
not occur. Prom the theorem we can see that condition (1.5) automatically 
holds, when there is at least one x € X is a subset of D with f(x)(k) ^= 0 for each 
k € K. The membership SUMk€K (d2(x,k)/d2(x,j)) is then a positive value for each 
k € K. If we require for the set of data that there always exists a datum 
that has a positive distance to all clusters, (1.5) is always fulfilled. 

If a single cluster is characterized by point (the centre of the cluster), 
a metric can be used as the distance function. Then the distance to a 
cluster can vanish for at most one datum, i.e. if there are more data than 
clusters, condition (1.5) always holds. For its validity, the prerequisite 
|X| > |K| is sufficient. On the other hand, if contours of circles describe 
the cluster shapes, there can potentially be infinitely many points that 
are located on the circle, i.e. they have the distance 0. Since a circle is 
uniquely determined by three points, perhaps the following condition could 
be formulated: "|X| > 3|K| and there exists an x € X with a positive 
distance to all circles for all possible partitions". However, a condition like 
that cannot be proved in practice. If it could be done, the question of 
the cluster partition could be answered easily. Therefore, in practice we 
proceed as mentioned above: if condition (1.5) does not hold, we remove a 
cluster and restart the analysis. 

Regarding the implementation, the theorem is not specific in the case 
|I x | > 1. In any case, the sum of memberships has to be 1. For the 
implementation, concrete values have to be provided for each uj with j € Ix. 

In the example with two overlapping circles, where data are located on 
the intersection points of the circles, a membership uj := 1/|Ix|, corresponds 
best to the chosen semantics. However, if we deal with point clusters (with 



a metric as distance function), \Ix\ > 1 means that several clusters are 
identical. In such a case, it is better to choose different membership degrees 
to the identical clusters such that the clusters get separated again in the 
next step. However, if the clusters remain indistinguishable, it is again 
basically a data analysis with a cluster set decreased by one element. 

The question from theorem 1.11 still has to answered for the case of 
a possibilistic cluster partition. Here, we can expect a simpler expression, 
since the constraint (1.4) can be dropped. However, we get a trivial solution 
without this constraint, viz. we simply choose f(x)(k) = 0 for f : X → 
F(K) and all x € X, k € K and obtain a global minimum of the objective 
function. Thus, we can not simply reuse the objective function (1.7). We 
define instead, following a proposal of Krishnapuram and Keller [62]: 

The first sum is taken directly from the objective function (1.7). The sec­
ond sum rewards high memberships, since memberships f(x)(k) close to 
1 make the expression (1 — f(x)(k))m become approximately 0. Here, it 
should be stressed again that now each membership f(x)(k) can be almost 
1 (possibilistic clustering, see the example with the intersection of two cir­
cles). Because the high memberships also imply a reliable assignment of 
the data to the clusters, we achieve the desired effect. Before we discuss 
the additional factors hk for k € K, let us formulate the following theorem: 

Theorem 1.12 Let Afuzzy(D,R) be an analysis space, X is a subset of D, K € R, J 
an objective function corresponding to (1.9), d the corresponding distance 
function and m € R > i . If the objective function reaches its minimum for 
all possibilistic cluster partitions X → F(K) at f : X → F(K) then 



Proof: Let uk,x := f(x)(k). Like in the previous theorem, we compute 

for each k € K. Here, the mean distance is chosen. In the literature [62], 
one can find further suggestions for the choice or estimation of hk. 

The objective function (1.7) with the probabilistic constraint definitely 
aims at partitioning the data set, at least in a fuzzy manner. The objective 
function (1.9) treats each cluster independently. Therefore, one cluster in 
the data set can be shared by two clusters in the possibilistic cluster par­
tition without affecting the value of the objective function. In this sense, 
the number c specifies the desired number of clusters in the probabilistic 



case, whereas it represents only an upper bound in the possibilistic case. 
This effect was also observed in [7] that possibilistic clustering can produce 
identical clusters and at the same time interpret other clusters contained 
in the data as noise. Krishnapuram and Keller [63] emphasize that proba­
bilistic clustering is primarily a partitioning algorithm, whereas possibilistic 
clustering is a rather mode-seeking technique, aimed at finding meaningful 
clusters. 

An alternative approach called noise clustering was proposed by Dave 
[25]. An early attempt to take noise into account was described by Ohashi 
[80] (see also [28]). The objective function (1.7) was modified to 

The objective function (1.11) is minimized when those data (outliers) that 
are far away from all clusters in K are assigned to the noise cluster knoise 
with a high membership degree. 

Independently of Ohashi, Davé [25] introduced the concept of noise 
clustering by a slightly modified version of the objective function (1.11) 
that has a very simple interpretation: 

The first term again coincides with the objective function for probabilistic 
clustering. The second term is intended to represent a noise cluster. 6 has 
to be chosen in advance and is supposed to be the distance of all data to a 
noise cluster. For this objective function we can even drop the probabilistic 
constraint, since it is already incorporated in the term for the noise cluster. 
The membership degree of a datum to the noise cluster is defined as one 
minus the sum of the membership degrees to all other clusters. If the 



distances of a datum x to all clusters are about 8 or even greater, then the 
minimization of (1.14) enforces that the values f(x)(k) have to be small 

When we optimize the membership degrees f(x)(k), the optimization 
of the (noise) objective function (1.14) without constraints is equivalent to 
optimizing the objective function (1.7) with the probabilistic constraint and 
c+1 clusters. The additional cluster corresponds to the noise cluster knoise 
for which d(x, knoise) = d is assumed. Therefore, we directly derive from 
theorem 1.11 a necessary condition for the minimization of the objective 
function (1.14) for noise clustering: 

In [26] noise clustering is shown to be a generalized combination of 
the probabilistic scheme in theorem 1.11, and the possibilistic scheme in 
theorem 1.12, by allowing individual distances of the data to the noise 
cluster instead of the fixed distance d for all data. 

1.6 A principal algorithm for a known 
number of clusters 

After the principal model of the data analysis is chosen, i.e. the analysis 
space, the objective function etc., it is desirable to use a computer for 
the analysis of the data. For the case, in which an objective function has 
one of the forms from the previous section, we now describe an algorithm 
that carries out the data analysis. The technique has its origin in the 
hard c-means algorithm (see for instance [30]), which provides a cluster 
partition corresponding to the definition 1.5. The first generalization to 
probabilistic cluster partitions came from Dunn [31]. With this algorithm, 



an objective function of the form (1.7) was used, where m = 2 was chosen. 
The generalization to arbitrary values m € R>1 stems from Bezdek [8]. All 
variants described in [8] are tailored for the recognition of spherical clouds of 
points in the data set. The more general investigations on the convergence 
properties of the fuzzy c-means algorithm [9, 14] are not restricted only to 
purely spherical clouds of points [10]. 

The algorithm presented here provides a probabilistic cluster partition 
of the given data. With regard to the implementation, the result of an 
analysis may be in an inconvenient form, because functional programming 
languages mainly allow functions as data types. We provide a procedural 
description here for reasons of efficiency. However, if X = {x1,x2, . . . , x n } 
and K = {k1,.k2, • • • , kc} are finite, an analysis result f : X → F(K) can be 
represented as a c x n - matrix U, where uij := f{xj)(ki). The algorithm is 
searching for an analysis result / € Afuzzy(D, R) that minimizes an objective 
function. This minimization is realized with an iteration procedure where 
in each step the matrix U and the cluster set K € R will be as optimal as 
possible and adjusted to each other (U and K completely characterize / ) . 
Bezdek, Hathaway and Pal [13] call this technique alternating optimization 
(AO). 

Algorithm 1 (probabilistic clustering algorithm) 

The search for the optimal set of clusters K(i) € PC(K) is naturally 
impendent on the distance function used in the objective function. It has 
to be adjusted individually to the respective data analysis for this reason 
and will not, be treated in more detail in this section. When introducing the 
special techniques in the chapters 2, 3, 4, and 5, the choice of the cluster 



set will be discussed in detail. The step towards the optimization of the 
memberships, however, is given by theorem 1.11 for all techniques in the 
same way. 

Unfortunately, no general result on the convergence for all techniques 
that are based on algorithm 1 is known at the moment. Bezdek has shown 
for his algorithm in [10] that either the iteration sequence itself or any 
convergent subsequence converges in a saddle point or a minimum - but 
not in a maximum - of the objective function. The proof is based on 
the convergence theorem of Zangwill which has also been used to prove the 
convergence of numerous classical iteration techniques. For other clustering 
techniques convergence proofs were also provided, but there are no proofs 
for most of the more recent shell clustering techniques from chapter 4. 
However, the promising results justify their application, too. 

Analogous to the probabilistic one, we define a possibilistic clustering 
algorithm. It seems natural to simply change the algorithm 1 so that the 
memberships are no longer computed according to theorem 1.11, but corre­
sponding to theorem 1.12. However, this does not lead to satisfying results 
in general. The algorithm shows the tendency to interpret data with a low 
membership in all clusters (because of memberships close to 0) as outliers 
instead of further adjusting the possibly non-optimal cluster set K to these 
data. Therefore, a probabilistic data analysis is carried out before. The 
result of the analysis is used as an initialization for the following steps, 
especially for the determination of the hk, k € K. The possibilistic data 
analysis is carried out now with these initial values. Finally, the hk, k € K 
are estimated once more and the algorithm is run again. 

The determination of the set of clusters K(i) is done here in each itera­
tion step in the same way as with algorithm 1. How the K(i) are actually 
computed is described in detail in the chapters where the corresponding 
clustering technique is introduced. 

The noise clustering algorithm is identical to the probabilistic 
algorithm 1, except that 

• the distance S to the noise cluster has to be chosen in addition to the 
values c,m, and e, and 

• the matrix U(i) has to be determined according to equation (1.15) 
instead of the formula in theorem 1.12. 

From a pragmatic point of view, it is in most cases easier to start the 
algorithms by initializing the prototypes K(i) instead of the membership 
matrix U(0) The termination criterion ||U(i-1) - U(i)|| <= e can also be 
modified to ||K(i-1) - K(i)|| < e, i.e. the algorithm terminates when the 



Algorithm 2 (possibilistic clustering algorithm) 

change in the prototypes K(i) is less than e instead of the change in the 
membership matrix U(i). 

It should be stressed here that algorithms 1 and 2 are only examples for 
algorithms optimizing the objective functions 1.7 and 1.9. Other algorithms 
for the optimization of these models are hybrid schemes (relaxation) [47], 
genetic algorithms [1, 54], reformulation [42], and artificial life [86]. The 
structure of the alternating optimization scheme as in algorithms 1 and 
2, however, is well established, and is also used in the cluster estimation 
algorithms described in chapter 6. 

1.7 What to do when the number of clusters 
is unknown 

A disadvantage of the algorithms described in the previous section is that 
the number c of clusters has to be known in advance. In many applications, 
this knowledge is not available. In this case, the results of the analysis with 
different numbers of clusters have to be compared with each other on the 
basis of another quality function, in order to find an optimal partition 
with respect to the new objective function. There are two very simple 



basic techniques. Let D be a data space and let each cluster be uniquely 
characterized by an element of the set K. We consider a data set X C D for 
which we want to determine an optimal cluster partition without knowing 
the number of clusters in advance. 

• The first possibility consists of the definition of a validity function 
which evaluates a complete cluster partition. An upper bound cmax 
of the number of clusters has to be estimated, and a cluster analy­
sis corresponding to algorithm 1 or 2 has to be carried out for each 
c € {2,3, . . . , c m a x } . For each partition, the validity function now pro­
vides a value such that the results of the analysis can be compared 
indirectly. Possible criteria for the optimal partition may be, for ex­
ample, a maximal or minimal quality measure. The objective function 
J according to (1.7) is only partly suited as a validity function since 
it is monotonously decreasing for an increasing c. The more clusters 
which are allowed, the smaller the objective function will be, until 
finally each datum is assigned a cluster of its own and J reaches the 
value 0. With monotonous criteria like this, the optimal partition 
can alternatively be determined by the point of maximum curvature 
of the validity function in dependence of the number of clusters. (Cf. 
section 7.1 on global validity measures.) 

• The second possibility consists of the definition of a validity function 
that evaluates individual clusters of a cluster partition. Again, an up­
per bound cm a x of the number of clusters has to be estimated and a 
cluster analysis has to be carried out for cmax . The resulting clusters 
of the analysis are now compared to each other on the basis of the 
validity function, similar clusters are joined to one cluster, very bad 
clusters are eliminated. By these operations, the number of clusters 
is reduced. Afterwards, an analysis according to algorithm 1 or 2 is 
carried out again with the remaining number of clusters. This proce­
dure is repeated until there is an analysis result containing no similar 
clusters and no bad clusters, with respect to the validity function. 
(Cf. section 7.2 on local measures of quality.) 

Both techniques assume that the results of the analysis are optimal for 
the respective number of clusters. However, if the cluster analysis provides 
just locally optimal partitions, only these will be evaluated by the validity 
function. Thus, an optimal cluster partition that is found in this way is 
possibly only locally optimal after all. 

In the literature, numerous proposals for validity measures can be found. 
However, they are almost exclusively related to probabilistic partitions. 
With a possibilistic clustering, bad partitions, which classify almost all data 



as outliers, will get a high validity value, because they correctly approximate 
the few remaining data. If the data contains much high noise so that a 
possibilistic cluster analysis has to be carried out, one should consider not 
only the quality of the clusters but also the proportion of the classified 
data in the set of data. This is especially difficult with quality measures 
for individual clusters according to the second method. Therefore, in this 
case it is recommendable to apply the first technique. 

The determination of the number of clusters c on the basis of validity 
measures like the ones mentioned above will be discussed in more detail in 
chapter 7. 



Chapter 2 

Classical Fuzzy Clustering 
Algorithms 

Based on the objective functions (1.7), (1.9), and (1.14) several fuzzy mod­
els with various distance measures and different prototypes were developed, 
to which the alternating optimization schemes described in the previous 
chapter can be applied. The corresponding algorithms are, on the one 
hand, classical techniques for the recognition of classical cumulus-like clus­
ters (solid clustering, chapter 2), and on the other hand, more recent tech­
niques for the recognition of straight lines (linear clustering, chapter 3), 
contours of circles, ellipses and parabolas (shell clustering 4) or contours 
with polygonal boundaries (chapter 5). All techniques are introduced with 
both their probabilistic versions corresponding to algorithm 1 and their 
possibilistic versions corresponding to algorithm 2. Of course, the noise 
clustering method is also applicable to these techniques, taking the changes 
mentioned on page 30 into account. Clustering algorithms which abandon 
the objective function and thus the alternating optimization scheme are 
presented in chapter 6. 

As we have already seen in the previous chapter, when we introduced 
basic generic fuzzy clustering algorithms, an iteration procedure is the basis 
for our algorithms. Since the exact number of steps to reach convergence is 
not known a priori, these algorithms are not always well suited for real time 
applications. Some algorithms that perform particularly extensive compu­
tations even seem to be extremely unsuitable for that purpose. However, 
the decision to apply such a technique strongly depends on the respective 
experimental setting and it should be considered in any case. In the case of 
target tracking, for instance, initializing each iteration procedure with the 



clustering result of the previous one would speed up convergence signifi­
cantly. In that case, the previous position of a cluster is a good approxima­
tion of the following position so that a faster convergence can be expected. 
Since the number of iteration steps of all iteration procedures strongly de­
pends on their initialization, good results can possibly be achieved in this 
way, even if another iteration with a random initialization would not have 
been able to meet the real time constraints. 

For problems that do not have to be solved in real time, the application 
of the methods introduced in the following can definitely be recommended. 
They are advantageous because of their robustness and their low usage of 
storage capacities compared to other techniques, such as Hough transfor­
mations [44, 45]. 

Before we dive into the details of the individual techniques, we have 
to make a brief remark concerning the evaluation of cluster partitions. 
For two-dimensional data sets, the intuitive, and usually commonly agreed 
judgement of the data is the inspection by eye and this often sets the stan­
dard for the quality of a cluster partition. For higher dimensional data, 
where even humans cannot recognize an unambiguous cluster partition, 
one is content with some numerical characteristic data that evaluates the 
quality of a partition in a strictly mathematical manner. In image or pat­
tern recognition, there is usually no doubt about the correct partition; 
anyone would divide the circles, straight lines or rectangles at hand in the 
same way. Unfortunately, there is no objective mathematical measure for 
the partition made that way, such that a program could evaluate its own 
partitions according to human points of view. Therefore, we speak of the 
intuitive partition when we refer to the partition as it would be made by 
humans. Without giving a concrete definition of a good or bad partition, 
however, these notions remain imprecise and sometimes misleading. If they 
appear despite these facts, without any further explanation, they refer to 
that intuitive partition that cannot easily be formalized, but the reader can 
easily comprehend it for each figure. 

The techniques introduced in this section deal exclusively with the par­
tition of data into full or solid clusters (clouds of points, cumulus-like clus­
ters, solid clustering). At the same time, these algorithms represent the 
beginnings of fuzzy clustering with the methods introduced in the previous 
chapter. Although we restrict our examples to two-dimensional data sets 
for illustration purposes, we have to emphasize that the algorithms are also 
well suited for higher dimensional data. 

Especially in image processing, we will often need the basic following 
algorithms for the initialization of more complicated algorithms. 



2.1 The fuzzy c-means algorithm 
The development of the fuzzy c-means algorithm (FCM) [31, 8] was the 
birth of all clustering techniques corresponding to algorithm 1. The first 
version by Duda and Hart [30] performed a hard cluster partition cor­
responding to definition 1.5 (hard c-means or hard ISODATA algorithm). 
In order to treat data belonging to several clusters to the same extent in 
an appropriate manner, Dunn [31] introduced a fuzzy version of this al­
gorithm. It was generalized once more - producing the final version - by 
Bezdek [8] and his introduction of the fuzzifier m. The resulting fuzzy 
c-means algorithm recognizes spherical clouds of points in a p-dimensional 
space. The clusters are assumed to be of approximately the same size. 
Each cluster is represented by its centre. This representation of a cluster is 
also called a prototype, since it is often regarded as a representative of all 
data assigned to the cluster. As a measure for the distance, the Euclidean 
distance between a datum and a prototype is used. 

For implementation of the technique corresponding to algorithm 1 or 
2, the choice of the optimal cluster centre points for given memberships of 
the data to the clusters has to be provided. This happens corresponding 
to theorem 2.1 in the form of a generalized mean value computation, from 
which the algorithm has also got its name, fuzzy c-means. The letter c in 
the name of the algorithm stands for the number of clusters, for example, 
with four clusters, it is the fuzzy 4-means. This way of speaking is not 
strictly kept up, mostly the c remains untouched. It is only supposed to 
clarify that the algorithm is intended for a fixed number of clusters, i.e. it 
does not determine that number. The question of determining the number 
of clusters is discussed in detail in chapter 7. 



In principle, when we choose m = 1, the fuzzy c-means algorithm is 
a generalization of its historical predecessor, the hard c-means algorithm, 
where the prototypes are computed by the same formula: the memberships 
are assigned only the "hard" values 0 or 1, though. A datum is assigned 
to the cluster with the smallest distance. However, m = 1 is not allowed 
for the fuzzy c-means algorithm, since it would lead to a division by zero 
in (2.1). 



In image processing, the FCM algorithm can not be applied to 
the recognition of shapes but for the determination of positions. In 
computer-controlled planning of routes in warehouses, vehicles are some­
times equipped with signal lamps on the four corners of the vehicle. A 
camera on the ceiling of the warehouse captures the whole hall. With the 
help of an image processing software, the signals of the lamps are then 
filtered out. Using the FCM algorithm, a determination of the positions 
of the lamps could be carried out, whose coordinates are provided by the 
prototypes. With a possibilistic version, this procedure would be quite 
insensitive to noise data in the data sets. 

Figure 2.1: FCM analysis Figure 2.2: P-FCM analysis 

Figure 2.1 shows an example data set in R2 and the result of the fuzzy 
c-means with randomly initialized prototypes. The cluster partition is indi­
cated by the shading. For each point in the picture plane, the membership 
to the closest prototype was used for the intensity. Here, high member­
ships get a dark colour, low memberships a light grey colour. Member­
ships smaller than 1/2 are not represented for reasons of better clarity. The 
data themselves are marked with small black or white crosses in order to 
clearly distinguish them from the respective background. The clusters' cen­
tre points are indicated by small squares. 

Note the quite slowly decreasing memberships on those sides where no 
neighbouring clusters are. In these directions, the memberships are not 
restricted by the small distances to a different cluster but by the growing 
distance to all clusters. For possibilistic memberships, this effect does not 
occur since only the distance to a cluster itself influences the membership to 
this cluster. The result of a possibilistic clustering is shown in figure 2.2. In 
comparison to figure 2.1, the lower two prototypes moved closer together, 
which reflects the intuitive cluster centres a little better. The somewhat 



Figure 2.3: FCM analysis Figure 2.4: P-FCM analysis 

greater distance of the prototypes in the probabilistic case, where one is 
below the other, follows from the tendency of the prototypes to repel each 
other. All data assigned to a prototype draw it in their direction with a force 
proportional to the membership and the distance measure. If forces from 
one direction are hardly effective, for instance, because a different cluster 
is located there and the memberships of these data are therefore low, the 
prototype automatically follows the forces from the other direction. For a 
possibilistic clustering, the relationships between different clusters are not 
important, so that the effect mentioned above does not occur here. Instead, 
another phenomenon can be observed: if one deals with a set of data for 
which the cluster centres are not very distinct because clear point accu­
mulations are missing, this has hardly any effect on the probabilistic fuzzy 
c-means as shown in figure 2.3. The balance of the forces leads to a very 
similar partition. However, this is completely different for the possibilis­
tic partition 2.4. Closely located point accumulations automatically have 
a high membership because of their small distance, even if they already 
belong to a different cluster. The forces are no longer determined by two 
(sometimes) opposite factors but by the distance measure only. If there is 
not enough data for each cluster which produces a high force because of 
its small distance (and thus its high membership), and can in this way fix 
the cluster, it wanders apparently randomly in each iteration step to the 
position where most of the data are located within the hk environment. In 
these cases, the results of the algorithm can be called useless. In some cases, 
two, three or even all of the prototypes melt together in one accumulation 
of points, and the majority of data remains unclassified. For the possibilis-



tic fuzzy c-means, the clusters (that have still to be divided) should have 
distinct centres of gravity in order to prevent results as in figure 2.4. The 
noise clustering approach is a good alternative in such cases. 

Figure 2.5: FCM analysis 

The fuzzy c-means algorithm reaches its limits for clusters of different 
shapes, sizes and densities. Figure 2.5 shows a case like that: a large cloud 
of points is approximately located in the middle of the image, flanked by 
two smaller ones at the edges. In comparison to the intuitive partition, the 
prototypes have wandered a certain distance away; the prototypes of the 
small clusters are almost outside the affiliated clouds of points. The outer 
data of the large cloud of points are close enough to the small clusters in 
order to become under their influence. They are assigned to two clusters to 
about the same extent, and they pull the prototypes of the smaller clusters 
a certain distance towards them. From the perspective of the minimization 
(ask, that result was expected; the intuitive idea in image recognition, how­
ever, includes the size of the shapes, and implicitly evaluates the distances 
within a large cloud of points as less strong than those within a small cloud 
of points. 

Figure 2.6: FCM analysis 



Another case - different shapes, but the same size of clusters - is shown 
in figure 2.6. Here, a strong deviation from spherical clusters is sufficient 
to deceive the FCM algorithm; it is not necessary that each cluster has a 
different shape. If we had the intuitive partition in the upper and lower 
ellipses available as an initialization, the fuzzy c-means would perhaps keep 
that initialization as the final result. The points of the upper ellipse would 
be closer to the upper prototype than to the lower one and vice versa. The 
points that are located at a long distance to the left and to the right from 
the prototypes would neutralize their effects. This way, an equilibrium 
could be produced, although it will be very unstable. However, as soon as 
the two prototypes deviate a little from each other in the vertical axis, all 
points to the left of the ellipses' centres are closer to one of the prototypes 
and all points to the right are closer to the other prototype. Thus, one 
prototype is forced to minimize the distance to the left data, while the 
other prototype minimizes the right-hand side. 

With regard to the objective function that has to be minimized, how­
ever, the actual result is better than the intuitive partition. While the 
intuitive partition resulted in maximal distances from the horizontal radii 
of the ellipses, they are now shrunk to the smaller vertical radii. A gen­
eral statement such as "The fuzzy c-means produces in this case a bad 
partition." is highly doubtful, because the minimization task at hand was 
well solved - it was only our model specification for the analysis that was 
inadequate. 

This corresponds to a deformation of the unit circle to an ellipse with a 
double diameter in the x-direction and half a diameter in the y-direction. 
Thus, if there is a priori knowledge about the data, even elliptic clusters can 
be recognized by the fuzzy c-means algorithm, provided all clusters have 
the same shape. 



One of FCM's advantages is its simplicity leading to low computation time. 
In practice, a few iteration steps already provide good approximations to 
the final solution so that five FCM steps may serve as an initialization for 
further techniques. 

2.2 The Gustafson-Kessel algorithm 
By replacing the Euclidean distance by another metric induced by a posi­
tive definite, symmetric matrix in the fuzzy c-means algorithm, ellipsoidal 
clusters could also be recognized, instead of only spherical ones. However, 
the fuzzy c-means algorithm is not suited for an automatic adaptation for 
each individual cluster. An algorithm designed for this task was proposed 
by Gustafson and Kessel (GK) [41]. 



because the considerations there were independent of the norm. 
Taking the derivative of J with respect to the matrix Ai, we go beyond 

the restriction to symmetric, positive definite matrices with determinant 

can calculate the partial derivatives with respect to all matrix elements. 
(The set of the invertible matrices is itself open as the inverse image of the 

holds. Taking the determinant of this equation leads to 

If we replace the Lagrange multiplier in equation (2.5) by this expression, 
we obtain equation (2.3): 



It remains to be shown that Ai also satisfies the constraint of a positive 
definite and symmetric matrix, that we had neglected in the beginning. In 
order to do that, we have to assume that there are p linearly independent 

Figure 2.7: GK analysis 

is not relevant for the result, because the matrices are scaled to the unit 
determinant. The importance of these fuzzy covariance matrices will be 
clarified in the context of remark 2.3 from section 2.3. 

The target applications of the Gustafson-Kessel algorithm are similar 
to those of the fuzzy c-means algorithm. Because of the adaptation of 
the distance function to the clusters, the results for non-spherical clusters 
correspond better to the intuitive partitions. 

The data sets from figures 2.1, 2.2, 2.3, and 2.4 are clustered by 
the Gustafson-Kessel algorithm with results similar to those of the fuzzy 
c-means algorithm. For the Gustafson-Kessel algorithm, the clusters have 
the shapes of ellipses that fit the data a little bit better than the spherical 
shapes resulting from the fuzzy c-means algorithm. The problem of point 
accumulations in the cluster centre still remains in the case of possibilistic 
clustering with GK. 



Figure 2.8: GK analysis 

Let us now consider the example data sets that caused problems for the 
fuzzy c-means algorithm. The two long-stretched ellipses from figure 2.6 
are clustered by the Gustafson-Kessel algorithm as expected, in accordance 
with the intuition, as shown in figure 2.7. However, this data set is not a 
real challenge for the algorithm; both clusters have the same elliptical shape 
of an ellipse after all, such that the fuzzy c-means algorithm would have 
been sufficient, provided that we would have used an adequate modified 
metric induced by a symmetric and positive definite matrix. Before we 
consider example data with different cluster shapes, we take a look at the 
second data set which caused problems for the fuzzy c-means algorithm. 
Figure 2.8 shows two small clusters flanking a large cluster in the middle (cf. 
figure 2.5). Here, the Gustafson-Kessel algorithm recognized three elliptic 
clusters, which did not result in a better approximation of the intuitive 
partition, though. On the contrary, the prototypes of the small clusters 
were influenced even more by the edge data of the large cluster, so that 
these cluster centres are moved even further away from their intuitively 
correct position. It is only the prototype of the large cluster that came 
closer to the intuitive position. 

Figure 2.9 shows the memberships of a probabilistic Gustafson-Kessel 
cluster partition of four ellipses arranged in a square. The data are deliber­
ately noisy in the area of the lower right corner. These noise data pull the 
prototype out of the ellipse located nearby, and deform the cluster shape to 
a certain degree. The other ellipses are well recognized. Figure 2.10 shows 
the same data set after a possibilistic analysis. Noise data were widely rec­
ognized as such, and the cluster on the bottom right was focused exactly to 
the affiliated ellipse. On the other hand, the cluster on the bottom left also 
classified some of the left edge points as noise data after this cluster had 



Figure 2.9: GK analysis Figure 2.10: P-GK analysis 

wandered a little to the right-hand side. Similar changes can be noticed for 
the upper clusters, although they are not that strong. On the whole, the 
partition corresponds quite well to the intuition. 

Figure 2.11 shows the same data set once more. This time the grey 
values indicate to which cluster a datum would be assigned, based on the 
maximum membership of the datum. In this way it becomes obvious that 
some of the noise points on the extreme right-hand side were unexpectedly 
assigned to the bottom left cluster. Since these points in figure 2.9 are 
already in the area with increasing membership values on the very right-
hand side, we can conclude that the membership degree is greater than 
1/2. Because of the rather high distance to their prototype, they are the 
reason for the lower left cluster to be positioned a little more to the right 
than intuitively expected, as in figure 2.9. The high membership of the 
extreme right noise data to the left cluster, which must seem rather odd, 



can be explained by the norm that is introduced in the Gustafson-Kessel 
algorithm. The matrices Ai stretch the distances along the ellipses' axes to a 
different extent. For the ellipse on the bottom left, the horizontal distances 
are shrunk so that far distant points with respect to the Euclidean norm 
now come very close. The opposite is the case for the ellipse on the bottom 
right. In the horizontal axis, the distances become greater than with the 
Euclidean norm. For this reason, all data to the right of the bottom right 
ellipse, beginning from a certain distance, will be assigned to the bottom 
left ellipse. Noise data that are located there can have a surprising effect, 
because they affect an ellipse that was seemingly not involved. We will 
observe similar unwanted consequences of many other algorithms that result 
from deviations from the Euclidean distance. However, the effect is much 
less obvious when the noise data are distributed over the whole image and 
do not occur so intensively in one spot. 

Figure 2.12: GK analysis Figure 2.13: P-GK analysis 

Two further example data sets for the Gustafson-Kessel algorithm are 
shown in figures 2.12 and 2.13. They represent a straight line, a spherical 
and an elliptic cluster. For the probabilistic (figure 2.12) as well as the 
possibilistic cluster partition (figure 2.13), the algorithm provides results 
that exactly meet the wanted and intuitive partition. The good detection 
of the straight line by an extremely long-stretched ellipse is remarkable (cf. 
also chapter 3). 

If the data can be possibilistically clustered as in the previous example, 
the extension factors h of the clusters can be used to actually recognize 
the shapes from the image. Position and orientation can be obtained from 
the cluster centre and the matrix. The positive definite, symmetric matrix 
defines a rotation and a stretching. A rough estimation of the size of the 
cluster can then be obtained from the extension factor h. A photo of a 
stick, a large elliptic and a spherical board - represented by a data set as in 
figure 2.13 - then could be recognized by the Gustafson-Kessel algorithm. 
However, the shapes would be equally as densely covered with data after a 



conventional image post-processing of the picture. As already mentioned, 
an accumulation of data in the area of the centre is desirable for a stable ex­
ecution of the possibilistic algorithms. So the quality of the result obtained 
with this technique strongly depends on the available data. 

In comparison to the fuzzy c-means algorithm the computational costs 
of the Gustafson-Kessel algorithm are much higher. In each iteration step 

afterwards. Furthermore, c determinants are computed. This results in 
a distinctly longer computing time, especially for higher dimensional data 
sets. In any case, it may be useful to initialize the cluster centres of the GK 
prototypes with the resulting prototypes of a fuzzy c-means run in order to 
reach faster convergence and reduce the number of iteration steps. 

2.3 The Gath-Geva algorithm 
The algorithm by Gath and Geva (GG) [37] is an extension of the 
Gustafson-Kessel algorithm that also takes the size and density of the clus­
ters into account. Gath and Geva interpret the data as realizations of 
p-dimensional, normally distributed random variables. If we consider for a 

for the covariance matrix. The similarity of these results with the computa­
tion instructions for the Gustafson-Kessel algorithm suggests a generaliza-
tion of the results from probability theory to the case of fuzzy memberships 
of the data to the normal distributions. 

Gath and Geva assume that the normal distribution Ni with expected 
value vi and covariance matrix Ai is chosen for generating a datum with a 
priori probability Pi. The unnormalized a posteriori probability (likelihood) 
for a datum xj to be generated by the normal distribution Ni is thus 



The distance function for the Gath-Geva algorithm is chosen to be indirectly 
proportional to this (unnormalized) a posteriori probability. Therefore, we 
use the reciprocal value of this formula and neglect the constant factor 

In contrast to the fuzzy c-means and the Gustafson-Kessel algorithm, 
the Gath-Geva algorithm is not based on an objective function, but is a 
fuzzification of statistical estimators. We obtain the following iteration 
instructions for the Gath-Geva algorithm. 

The generalization of the statistical estimators for the expected value 
and the covariance matrix directly leads to the computation instructions 
for the cluster centres vi and the fuzzy covariance matrices Ai. Pi esti­
mates the a priori probability for the membership of an arbitrary datum 
to the normal distribution Ni corresponding to the principle "number of 
data in cluster i divided by the total number of data". The normalized 
a posteriori probability specifies the probability that a given datum was 
generated by the ith normal distribution. The distance function d2(xj, ki) 
is chosen indirectly proportional to the (unnormalized) a posteriori prob­
ability (likelihood), since a small distance means a high probability and a 
large distance means a low probability for the membership. 



If we were to apply for the Gath-Geva algorithm the same technique 
as for the fuzzy c-means and the Gustafson-Kessel algorithms, i.e. consider 
the derivatives of the function J (1.7) in order to obtain equations for the 
prototypes, the resulting system of equations could not be solved analyt­
ically. In this sense, the Gath-Geva algorithm is a good heuristics on the 
basis of an analogy with probability theory. 

Figure 2.14: GG analysis 

The Gath-Geva algorithm clusters all examples mentioned in the sec­
tions on the fuzzy c-means and Gustafson-Kessel algorithms very well in 
the sense of the respective intuitive partition. Even the data from figure 
2.8 are clustered as desired - a result that could not be obtained by apply­
ing the fuzzy c-means or the Gustafson-Kessel algorithms. The Gath-Geva 
algorithm recognizes the middle cluster with its low data density and large 
extension, and the cluster is well separated from the two satellite clusters as 
shown in figure 2.14. The memberships present a somewhat strange picture, 
because of the occurrence of the exponential function within the distance 
function, all distances are more or less divided into the two ranges, close and 
remote. From a certain distance on, the distances increase so much because 
of the exponential function, that there are hardly any values other than 0 
and 1 for the memberships near the clusters. In the areas of transitions 
from one cluster to another, the memberships change very rapidly from 0 
to 1, and vice versa. This change is indicated in the figure by the bright 
circles. Thus, the memberships induce a very strict separation of the three 
clusters, approximately in the same way humans would assign the data to 
the clusters. (The grey levels chosen are a little lighter in figures 2.14 and 
2.15 in comparison to the previous examples. The large grey areas have the 
maximum intensity in the original representation.) 



Figure 2.15: GG analysis 

Similarly good results are shown in figure 2.15. This data set was already 
analysed with the fuzzy c-means algorithm in figures 2.1 and 2.2. Here also, 
the partition of the data is almost hard. While there were clearly more data 
whose maximal membership was below | in the partition obtained from the 
fuzzy c-means algorithm, their number was considerably decreased with the 
algorithm by Gath and Geva. The clusters' shapes did not change much, 
but the partition is distinctly more concrete because of the memberships. 
Even with very strongly varying cluster shapes and sizes as in figure 2.16, 
the algorithm yields very good results. The picture only shows the different 
regions that are covered by the clusters when data are assigned to a cluster 
based on their maximum membership degree. The cluster centres, too, are 
exactly in the centre of the respective cluster; they did not wander because 
of the assignment of a few edge points, as before. 

However, it has to be noted that the clustering algorithms become more 
sensible to local minima with increasing complexity. It is more likely for 
the Gath-Geva algorithm to converge in a local minimum than it is for the 
Gustafson-Kessel algorithm; and the fuzzy c-means algorithm is usually lit­
tle affected by local minima. For different initializations of the prototypes, 
the partitions of the Gath-Geva algorithm can be very different. A GK 
initialization was necessary in addition to an FCM initialization for some 
of the figures (e.g. 2.16), however, an additional GK initialization caused 
a worse analysis result for other figures (e.g. 2.15). For the correct par­
tition by the Gath-Geva algorithm, the prototypes have to be initialized 
near the final prototypes. The initialization chosen should be dependent 
on whether the fuzzy c-means or the Gustafson-Kessel algorithm better 
meets the desired positions of the prototypes. Unfortunately, this decision 
cannot always be made without any a priori knowledge. 



Figure 2.16: Regions covered by the clusters 

Furthermore, a possibilistic clustering should not be performed with 
the Gath-Geva algorithm. Since the algorithm independently adjusts the 
size of the clusters, the cut-off of the noise data leads to smaller clus­
ters with each iteration step so that the cluster size converges towards 0. 
This is no surprise because we assumed a probabilistic interpretation of the 
memberships in remark 2.3. However, the Gath-Geva prototypes can be 
transformed into Gustafson-Kessel prototypes after the probabilistic GG 
run. Here, the information about the size of the clusters has to be made 
available to the Gustafson-Kessel algorithm by a constant factor applied 
to the cluster norm induced by the corresponding matrix A{. Now the 
possibilistic Gustafson-Kessel algorithm could again determine the clusters 
shape, but not the cluster sizes. In this way, the a priori probability and the 
extension factors r\ do not influence each other any more. The degeneration 
of the clusters is thus avoided. A better alternative is the application of 
noise clustering in the framework of the Gath-Geva algorithm, since noise 
clustering maintains a probabilistic interpretation. 

For the implementation of the Gath-Geva algorithm, one should be 
aware of the fact that there can easily occur floating-point overflows be­
cause of the exponential function. Even with relatively small Euclidean 
distances, the Gath-Geva distances become very large. When calculating 
the memberships, large distances lead to very small values. Therefore, it is 
perfectly acceptable to use a modified exponential function that provides 
constant or only linearly increasing values when the arguments face an over-
flow. The resulting imprecision for higher memberships is scarcely of any 
importance because of the very small values. 



2.4 Simplified versions of the Gustafson-
Kessel and Gath-Geva algorithms 

The Gustafson-Kessel and Gath-Geva algorithms extend the fuzzy c-
means algorithm by the computation of a covariance matrix for each 
cluster. By means of these covariance matrices, clusters with the 
shape of ellipses or ellipsoids can be recognized, while the fuzzy c-
means algorithm is tailored for circular and spherical clusters, re­
spectively. The covariance matrix encodes a transformed norm 
that transfers the unit circle or the unit sphere to an ellipse or 
an ellipsoid, respectively. This means that each covariance matrix 
encodes a scaling of the axes as well as a rotation. If the covariance 
matrix is a diagonal matrix, only the axes are scaled and no rotation is 
performed, so that the unit sphere is transformed to an axes-parallel hyper-
ellipsoid. 

In the following, we present modifications of the Gustafson-Kessel 
and Gath-Geva algorithms that permit diagonal matrices only, instead 
of arbitrary positive definite and symmetric matrices [56, 58]. Even 
though these versions are less flexible than the original algorithms, they 
are still more flexible than the fuzzy c-means algorithm, they avoid 
the inversion of matrices and the computation of determinants, and 
they are better suited for the generation of fuzzy rules, as we will see in 
chapter 8. 

First we look at the axes-parallel version of the Gustafson-Kessel algo­
rithm (AGK). Analogous to theorem 2.2, the determination of the proto­
types of the axes-parallel version of the Gustafson-Kessel algorithm results 
from 



Proof: For the cluster centre vector Vi, we obtain again (2.6) from the­
orem 2.1, because the considerations were independent of the norm there. 

The requirement, that the determinant of the diagonal matrix A{ has 
to be 1, is equivalent to 

(2.8) 

In order to minimize the objective function, we introduce Lagrange multi­
pliers for this constraint so that we obtain the new objective function 



Making use of this result in (2.8), we obtain 

and - together with the previous equation - we finally have (2.7). ■ 

For modification of the Gath-Geva algorithm, we assume again that the 
data are realizations of p-dimensional normal distributions. However, we 
furthermore assume that each of these normal distributions is induced by p 
independent, one-dimensional normal distributions, i.e. the covariance ma­
trix is a diagonal matrix with the variances of the one-dimensional normal 
distributions as diagonal elements. We again denote the a priori probability 
that a datum is generated by the ith normal distribution by Pi. Let aL be 
the a th element of the diagonal of the ith covariance matrix Ai. Thus, 

is the probability density function of the ith normal distribution. 
As was already the case for the original Gath-Geva algorithm, the prob­

abilistic parameters are estimated with statistical methods. For the a priori 
probabilities pi and the expected values vi, we obtain the same formulae 
for the modified version. We introduce a fuzzification of the a posteriori 

(2.10) 



However, only those data have to be considered that actually belong to the 
i-th cluster. Hence, we modify (2.10) and obtain 

(2.11) 

This formula is known in statistical mixture models [19]. Obviously, this 
formula becomes 

In order to minimize (2.12), (2.13) has to be zero so that we obtain 

1 Since the logarithm is a monotonously increasing function, it does not matter 
whether the maximum of a (positive) function is determined or the maximum of its 
logarithm. 



The (axes-parallel) version of the Gath-Geva algorithm that is restricted 
to diagonal matrices is thus 

The versions of the Gustafson-Kessel and the Gath-Geva algorithms 
that are restricted to diagonal matrices require neither the computation 
of a determinant nor the inversion of a matrix, so that they need much 
less computation time, but lose a certain amount of flexibility. Application 
areas of these algorithms are presented in the chapter on rule generation 
with fuzzy clustering. 

2.5 Computational effort 
All algorithms mentioned above were implemented in the programming 
language C. In order to be able to compare the algorithms, a time index r 
was given. This index was formed from the quotient of the computation 

time t that was needed (in seconds, but used without dimensions) and the 



product of the number of data n, the number of clusters c, and the steps 
of the iteration i: t = t/(c·n·i). The time indices for different analyses of the 
same algorithm are not constant. For ten seconds of computing time with 
10,000 data items and 10 clusters we obtained a lower time index than 
with 1000 data and 100 clusters (same number of iteration steps). The 
more complicated computations (e.g. matrix inversion) are necessary once 
per cluster in each iteration step so that the total effort for 100 clusters 
is of course greater than for 10 clusters. The number of clusters does not 
vary very much in the examples so that the different analysis results in 
comparable values. Each given time index is a mean of all indices that 
were represented in the respective section. The program that was used was 
not optimized with respect to the execution speed so that the index might 
be decreased by a more efficient implementation. However, all algorithms 
are optimized (or not optimized) to almost the same extent, so that the 
indices should reflect the computational needs of the various algorithms. 
The expense for the initialization is not included in the time index. 

Figures 2.1 - 2.16 contained data sets with 170 up to 455 points. In 
most cases, it took the FCM algorithm only a few iterations (< 30), and so 
it remained below one second of computation time. The possibilistic FCM 
algorithm sometimes needs significantly more iterations; three passes are 
necessary after all (a probabilistic one and two possibilistic ones), and the 
h values have to be calculated twice, once after the probabilistic pass and 
once after the first possibilistic pass. 

The GK algorithm needed about 30 steps for the examples, the GG 
algorithm between 15 and 75 depending on the initialization. The time 
index was tFCM = 7.02 • 10 - 5 for FCM, tGK = 1.50 • 10 - 4 for GK, and 
tGG — 1-78 • 10 - 4 for GG. The expensive operations such as exponential 
functions and matrix inversions, show their effects here in comparison to 
the simple FCM algorithm. 

The precision for termination of 1/1000 that was used in this chapter is 
relatively high. (Note that this termination criterion was applied to the 
change of membership degrees and not prototypes.) By decreasing the 
precision, some computation time can be saved, because less iteration steps 
are needed until convergence. A distinct loss in the quality of the analysis 
results for a termination precision of 1/100 has not been observed. 



Chapter 3 

Linear and Ellipsoidal 
Prototypes 

In this chapter, we introduce fuzzy clustering techniques for recognizing lin­
ear dependencies between the data. In contrast to conventional regression 
analysis, however, several clusters can represent more complex piecewise 
linear relations which can, for instance, be used to construct a fuzzy rule 
base for function approximation (cf. chapter 8). 

In order to illustrate how these algorithms work, we consider two-
dimensional examples from image processing. Contiguous areas in images 
can be reduced to their border lines by so-called contour operators well 
known in image recognition. Our intention is the recognition (resp. ap­
proximation) of these border lines using fuzzy clustering. 

3.1 The fuzzy c-varieties algorithm 
The fuzzy c-varieties algorithm by by H.H. Bock [17] and J.C. Bezdek [10, 
11] was developed for the recognition of lines, planes or hyper-planes. Each 
cluster represents an r-dimensional variety, r € {0, ...,p—1}, where p is the 
dimension of the data space. Each cluster ki, representing a hyperplane, is 
characterized by a point vi and the orthogonal unit vectors e i , 1 ,e i , 2 , ...,e i ,r-
A cluster is an affine subspace 



For r = 1, the variety is a straight line; for r = 2, it is a plane; and for 
r = p — 1, it is a hyperplane. In the case r = 0, the algorithm is reduced 
to the recognition of point-shaped clusters and degenerates to the fuzzy 
c-means. ("Point-shaped" refers to the set of points that have the distance 
0 to the cluster.) Here, r is the same for all clusters. The algorithm does 
not determine r for each cluster individually. The corresponding distance 
measure is 

This is the (quadratic) Euclidean distance between a vector x and the r-
dimensional variety. For r = 0, the sum disappears such that the FCV 
distance function is identical to the FCM distance function in this case. 
Given the membership functions, the clusters are obtained according to 
theorem 3.3. Before we can prove this theorem, we need two short remarks. 

Remark 3.1 (Invariance w.r.t. an orthonormal basis) For each or-
thonormal basis 

Remark 3.2 (Meaning of the maximum eigenvalue) Let 



Since the sum of the a2
i is 1, none of the factors a2

i can be greater than 1. 
The linear combination of the eigenvalues with the factors a2

i is greatest, 
when we choose ai = 1 where i is the index of the greatest eigenvalue. 

Hence, x = ei. ■ 

Theorem 3.3 (Prototypes of FCV) Let 

If J is minimized with respect to all probabilistic cluster partitions X → 

holds where the eigenvectors are enumerated in such a way that the corre­
sponding eigenvalues form a decreasing sequence. 



Since this equation holds for all x, the left expression of the last equation 
must be identical to 0. However, that expression is a linear combination 
of p — r — 1 orthonormal basis vectors so that they can only form a trivial 
zero sum. Hence, it follows for each l € {r+l, r+2, ..., p} 



where yl denotes the l-th coordinate of a vector y. The coordinates r + 1 , r + 
2, ...,p are thus given. Since the first r basis vectors determine our variety 
(up to a translation), we can assume arbitrary coordinates for them, because 
we always remain within the variety, i.e. we do not change the distance 
between the datum and the variety. Hence, we choose those coordinates 
analogously to (3.1). Thus, v can be written as 

We still have to determine the direction vectors that induce the variety. 
Without loss of generality we assume that,the zero vector is the position 
vector for the variety. Since the direction vectors appear in the objective 
function only in non-positive expressions, the objective function is smallest 

the greatest eigenvalues. ■ 

Figures 3.1 and 3.2 illustrate how the fuzzy c-varieties algorithm can 
recognize lines. The three intersecting lines were recognized, as well as the 
four boundaries of the twisted rectangle. In both figures, however, the areas 
of high memberships exceed beyond the line segments. In image processing, 
one is interested not so much in straight lines but rather in straight line 
segments as boundaries of objects. However, a one-dimensional variety, a 
straight line, always extends to infinity. In figures 3.1 and 3.2, there are no 
data in the further course of the straight line so that the infinite expansion 



Figure 3.1: FCV analysis Figure 3.2: FCV analysis 

of the clusters does not lead to any undesired side effects. However, this is 
completely different in figure 3.3. 

Each pair of the four straight line segments in this example lies on a 
straight line. Since each cluster expands to infinity, the algorithm recognizes 
each pair of straight line segments correctly as one straight line. For an 
optimum partition in the sense of a minimization of the objective function, 
two clusters suffice for FCV. The optimum partition in the sense of image 
processing, however, aims at straight line segments, i.e. a partition into four 
clusters. Four clusters are too many for FCV here. The memberships to 
the additional clusters are therefore very small. Only at the intersections 
between the original clusters do they have higher memberships. In the 
extreme case, only two data (one on each intersection point) are assigned 
to the superfluous clusters this way. These few high memberships stabilize 
the cluster in that (arbitrary) orientation, since no further data effect the 
orientation of the clusters. 

In the previous example, the initialization of the prototypes clearly in­
fluenced the clustering result. By default, we initialized the positions of 
the prototypes as equidistant points along the x-axis. With this initializa­
tion the algorithm recognized four nearly parallel, vertical lines (figure 3.3). 
The initialization is close to a local minimum. Hence, a fuzzy c-means was 
run as an initialization for five steps. This already moves the prototypes 
close to their intuitively correct position. Nevertheless, the collinear line 
segments are merged together again because of the infinite expansion of the 
straight line clusters. 



Figure 3.3: FCV analysis 

A higher number of clusters increases the number of local minima (figure 
.'1.4). If the data are distributed over a few clusters in the course of the 
algorithm, all remaining data can be covered by the remaining clusters 
because of their infinite extension, even when they are very far away. 

In figure 3.4, the long edges of the lower rectangle, with their high 
numbers of pixels, cause a fast orientation of all clusters in that direction. 
A majority of the data is now covered by only two clusters. The remaining 
clusters cover all the rest of the data because of their relatively high number 
and parallel orientation. Even if this result is (locally) optimal in the sense 
of the objective function, it is useless for image recognition. For image 
processing, the algorithm for the recognition of straight line segments is 
only partly useful. 

A possible solution for this problem was suggested by Bezdek [10], and 
it, is based on a change in the distance function. In order to consider also 
the extension of the data within the affine subspace, the Euclidean distance 
between the data and the position vector v of the prototype (v,e) is added 
in a certain proportion to the distance function in theorem 3.3: 

When choosing the prototypes corresponding to theorem 3.3, the re-
sulting fuzzy c-elliptotypes algorithm does a better job in the sense of the 
recognition of straight line segments. Because of the factor a, a deformation 
of the clusters from spherical (a = 0) to linear (a = 1) can be achieved. 



Figure 3.4: FCV analysis 

For the shapes between the extremes, Bezdek created the notion el-
liptotype. With a = 0.9, some of the FCV problem cases can already be 
clustered successfully. The a value has yet to be chosen once for all clusters. 
(See also section 3.2.) 

Figure 3.5: i = 0 Figure 3.6: i = 10 

A further problem arises for the fuzzy c-varieties algorithm when a possi-
bilistic cluster partition is determined. Along a straight line, the distances 
to the data vectors are very low, and the memberships in these straight 
lines are very high. Because of the normalization of the memberships for 
probabilistic clustering, the memberships of these data in the other clusters 



Figure 3.7: i = 20 Figure 3.8: i = 40 

become very low. This effect no longer occurs with possibilistic clustering. 
In the first step of possiblistic clustering, the two clusters of the shorter 
straight line segments from figure 3.5 already move a little bit in the direc­
tion of the rectangle's centre. The reason is that the points of the longer 
lines near the short edges now get a higher membership in the clusters of 
the short edges. The comparatively much lower distance to the clusters 
of the longer edges is not taken into account when the memberships are 
assigned. This way, all the clusters move in the direction of the rectangle's 
centre. Here, the shorter edges can make further moves since the clusters 
across the longer edges are kept in their position by fewer data. Figure 3.6 
shows the state after ten steps. Because of the irregular distribution of the 
data on the rectangle's borders, it may happen that a straight line is not 
shifted parallel to the original straight line. This tendency can already be 
observed for the upper cluster after only 20 iteration steps, as shown in 
figure 3.7. After 40 iteration steps (cf. figure 3.8), the final result can be 
easily predicted: both clusters of the shorter rectangle's lines move away 
fast and turn to the orientation of the longer lines. The (formerly) upper 
cluster already coincides with the right cluster; the cluster partition is un­
satisfactory. Again in such cases noise clustering outperforms possibilistic 
clustering, since membership normalization prevents well detected clusters 
from influencing themselves. 



3.2 The adaptive fuzzy clustering algorithm 
(fuzzy c-elliptotypes) 

In order to be able to recognize straight line segments instead of straight 
lines, the adaptive fuzzy clustering algorithm was developed. By consid­
ering the distance between points in the line segments and the elliptotype 
"centre" v, disjoint line segments are assigned to different clusters. The 
modified distance function of the fuzzy c-varieties is used, as already men­
tioned in the previous section. With the denotations from theorem 3.3, we 
define 

The prototypes ki are determined in the same way as in theorem 3.3. 
This heuristic improvement works well for the two-dimensional case 

only. The eigenvalues provide information about the expansion of the fuzzy 
scatter matrix into the direction of the eigenvectors. For a linear cluster, 
one of the expansions is equal to 0, so that a becomes equal to one. In this 
case, the cluster behaves as it does with the fuzzy c-varieties algorithm. 
If we do not deal with an ideal straight line, the proportion between the 
shorter and the longer expansion defines the value a. The more similar the 
eigenvalues are, the more spherical is the cluster. In this case, a gets close 
to zero. The cluster thus behaves as it does with the fuzzy c-means. 

For straight lines in the three-dimensional space this approach does not 
work any longer. If the data vectors are located exactly in a plane, the 



Figure 3.9: AFC analysis Figure 3.10: AFC analysis 

expansion vertical to this plane is 0. Thus, one eigenvalue will be 0. Hence, 
a becomes 1, and the algorithm searches for ideal straight lines, although 
the cluster may have a circular expansion within the plane. 

Figure 3.11: AFC analysis 

Since image processing deals with points in R2, Davé's approach is 
suitable for such applications. For instance, the cuboid in figure 3.9 is 
correctly recognized by the adaptive fuzzy clustering algorithm. Also, for 
the data set from figure 3.4 with two intersecting rectangles, complicating 
the correct separation of the data, the result corresponds to the intuitive 
partition, as shown in figure 3.10. 



Figure 3.12: AFC analysis Figure 3.13: AFC analysis 

However, the algorithm does not completely solve the problem indicated 
in figure 3.3. Figures 3.11, 3.12 and 3.13 show similar data sets. Here, 
only the latter two figures were correctly recognized, while for the first 
figure we see the problems known from the fuzzy c-varieties algorithm: the 
straight line segments (bottom left and top right) are interpreted as one 
cluster. (Notice the small square near the middle between the two clusters 
which marks the position vector of the cluster. If the corresponding cluster 
would approximate only one of the straight line segments, the vector would 
be near the centre of the respective straight line segment.) The adaptive 
fuzzy clustering algorithm tries to adapt the expansion of linear clusters by 
choosing individual parameters a for each cluster. 

The data set from figure 3.12 shows a larger scattering of the data along 
the straight line. Thus a is decreased and the algorithm searches for shorter, 
elliptic clusters. The scattering directly influences the a values, and thus 
the cluster partition. 

Also, by pulling the clusters apart, as can be seen in figure 3.13, the orig­
inally bad partition of the data set from figure 3.11 can be improved. The 
a factors control the influence of the Euclidean distance between the data 
and the centre of the variety, so that different partitions can be achieved by 
moving the clusters within the variety. With usual a values close to 1, the 
distances between clusters must be distinctly greater than the distances of 
the data vectors to the straight line in order to influence the separation of 
the clusters. 

In figure 3.11, the cluster distances for the determined a values are too 
low to cause a separation of the clusters; they are sufficient in figure 3.13. 



Especially for the data sets just considered, good results can be obtained 
with an initialization by fuzzy c-means, because for these data sets, there is 
already an almost correct partition of the data after FCM. For intersecting 
lines, however, a fuzzy c-means initialization does not help; the problems 
described above are likely to occur again in a different form. 

Figure 3.14: AFC analysis Figure 3.15: P-AFC analysis 

All the previous examples tried to recognize lines or line segments, but 
the algorithm is also able to recognize elliptic or circular clusters. A data 
set with four low noise line segments and a point cloud is shown in figure 
3.14. The algorithm recognizes the shapes well. Possibilistic clustering is 
also feasible with the adaptive fuzzy clustering algorithm, as shown in figure 
3.15. With the FCV algorithm the influence of the bordering rectangle's 
edges caused a degeneration of the partition (cf. figure 3.5). By additionally 
considering the Euclidean distance from the position vector, these edges 
obtain larger distance values which prevents the degeneration. 

If the point cloud of the previous example is shifted down along the left 
edge of the rectangle, it gets into the influence of the lower linear cluster. 
Since the memberships of the lower cluster are very high even beyond the 
line segment, this modification moves the linear cluster to the point cloud. 
This effect cannot be compensated for even by possibilistic clustering. The 
expansion of the clusters is not infinite with the adaptive fuzzy clustering 
algorithm, but it is still very large for clusters induced by data on straight 
lines. In this way, the problems known from the fuzzy c-varieties might 
still occur. Intuitively, the memberships should decrease noticeably faster 
at the end of the straight line segment than it is the case, even with the 
adaptive fuzzy clustering algorithm. 



Prom the perspective of the implementation, hardly anything changes 
compared to the fuzzy c-varieties algorithm, since the eigenvalues have to 
be computed to update the prototypes anyway. The additional time for 
determinating the values for a can almost be neglected. 

3.3 The Gustafson-Kessel algorithm and the 
Gath-Geva algorithm 

The Gustafson-Kessel and the Gath-Geva algorithms were already intro­
duced in sections 2.2 and 2.3. The example data of the corresponding 
sections contain lines, too, which were recognized well by the algorithms. 
Therefore, these algorithms shall be tested once again in this section with 
respect to the recognition of lines, in order to compare them to the fuzzy 
c-varieties or adaptive fuzzy clustering algorithm. All examples in this sec­
tion were exclusively clustered by the Gustafson-Kessel algorithm. Similar 
results were obtained by the Gath-Geva algorithm; for a comparison of the 
algorithms, see section 2.3. 

Figure 3.16: GK 
analysis 

Figure 3.17: GK analysis 

As shown in figures 3.16 and 3.17, the Gustafson-Kessel algorithm is also 
able to partition those data correctly which cause problems for the fuzzy c-
varieties algorithm. Because of the high effort for the determination of the 
eigenvalues and eigenvectors, the Gustafson-Kessel algorithm is even faster 
than the adaptive fuzzy clustering algorithm. (Figure 3.17 was correctly 
clustered by the AFC too, without showing the result here.) 

For the data set from figure 3.14, the Gustafson-Kessel algorithm also 
provides a good result. Comparing the possibilistic runs (figures 3.15 and 
3.19), a different behaviour of the two algorithms can be clearly recog­
nized. The Gustafson-Kessel clusters seem to be narrower and the areas 



Figure 3.18: GK analysis Figure 3.19: P-GK analysis 

with higher memberships are thinner. The point cloud is very differently 
clustered by the two algorithms. With the Gustafson-Kessel algorithm, the 
extremely stretched ellipses for the straight line clusters deform the distance 
vertical to the straight line so strongly that even relatively close points ob­
tain only low memberships. These are then assigned to the elliptical shaped 
cluster. With the adaptive fuzzy clustering algorithm this effect does not 
occur. There, these points are correctly assigned to the linear cluster. 

For the three data sets from figures 3.11, 3.12 and 3.13, the Gustafson-
Kessel algorithm proved to be superior. With four clusters to be recognized, 
the resulting partition corresponded to the intuitive expectation each time. 
The variation of the scattering or distance had no negative influence on the 
partition. Instead, for c = 2 the analysis results were worse than they were 
with the adaptive fuzzy clustering algorithm; the left and right clusters, 
respectively, were merged. 

The Gustafson-Kessel (and the Gath-Geva) algorithm does not require 
additional modifications to detect lines. For some examples, the classical 
algorithms seem to be even superior for the recognition of straight line 
segments. 

3.4 Computational effort 
The data sets in this section contained between 50 and 200 data. With the 
simple FCV examples, the algorithm needed only a few (« 10) steps, in 
the difficult case 3.4 it took 87. The analyses by the AFC algorithm were 
computed within 20 to 50 steps, the GK algorithm required an average of 
50 steps and a maximum of 184 steps for the example shown in figure 3.17. 



The comparison of the time indices for the three linear clustering tech­
niques shows only small differences - at least in the two-dimensional case: 
tFCV = 1-46 • 10 - 4 , tAFC = 1.48 • 1 0 - 4 and tGK = 1.47 • 10 - 4 . The in­
version of a 2 x 2-matrix took as long as the search for the eigenvalues 
and eigenvectors of the matrix. However, this may be different for higher 
dimensions. 



Chapter 4 

Shell Prototypes 

While there are many different application areas for the solid clustering 
techniques from chapter 2, and the linear clustering techniques from chapter 
3, we discuss the rather special shell clustering techniques in this chapter. 
Instead of elliptic clusters, we are now looking for object boundaries, shells 
or edges. Of course, there might be applications where measured data are 
on the shell of an hyper-ellipsoid whose parameters can be determined with 
these techniques. However, the main application field of these techniques 
lies in image processing, mainly because of their computational infeasibility 
in higher dimensions. 

Before those techniques can be applied to real images, though prepro­
cessing is necessary. Up to now, we have always assumed crisp data sets that 
contain the coordinates of all the dark pixels, in the case of image recogni­
tion. If we want to determine the parameters of a circle-shaped plate in a 
picture, we have to preprocess the image data so that the contours of the 
plate remain in the data set. A great variety of so-called contour operators 
was developed in image recognition. A contour operator determines the 
pixels' new intensities from the changes in brightness. If we are in the mid­
dle of a homogeneous area of one colour, there are no changes in brightness; 
the pixel will get a low intensity. We recognize an edge of an object by the 
different brightness values to the left and to the right of an edge; depend­
ing on the contrast, we obtain a high intensity for the pixels this way. We 
now include all points in the data set for the fuzzy cluster analysis which 
have a certain minimum intensity after the contour processing. In this way, 
information about the unambiguity of the mapped edges is lost, of course, 
because we can not distinguish the intensities of the data after the appli­
cation of a threshold any longer. On the other hand, pixels in a real image 
usually have different brightness values; instead, there are even certain vari-



ations in brightness in homogeneous areas, too, because of object structures 
or reflections. The contour operator correspondingly produces small fluc­
tuations in the intensity for almost all pixels. If we want to use all these 
data as grey values in the analysis, our data set will consist of several hun­
dred thousand data which can not be handled any more by the introduced 
methods in a feasible way. The application of a thresholding technique to 
reduce the data to a few thousand pixels can be recommended. We should 
not necessarily ignore the information about the intensity, though, i.e. the 
quality of the represented contour. If the intensity is available as a weight 

for the derivations of the prototypes leading to an easy analysis of grey 
value. 

4.1 The fuzzy c-shells algorithm 
The first algorithm for the recognition of circle contours (fuzzy c-shells, 
FCS) was introduced by Davé [23]. Each cluster is characterized by its 
centre v and radius r. The (Euclidean) distance of a datum a: to a circle 



partial derivative of J with respect to ri and the directional derivative of 

Taking the derivative with respect to ri we obtain 

■ 



Unfortunately, theorem 4.1 does not provide an explicit solution for the 
determination of the prototypes. The equations (4.1) and (4.2) form a non­
linear, coupled, ( p+ l)-dimensional system of equations for p+ 1 variables. 
It can be solved, for instance, by the iterative Newton algorithm. The 
result of the previous FCS step can be used as the initialization for the 
following Newton iteration. For the first iteration step of the fuzzy c-shells 
algorithm, the centres Vi can be initialized by the fuzzy c-means algorithm, 
and the radii for i G IN<C by 

This expression determines the mean distance of the centre point to the 
associated data. 

The three circles in figure 4.1 are recognized very well by the proba­
bilistic algorithm, despite of 30 noise data items. Also, the data of the five 
interlaced circles from figure 4.2 are clearly separated. By the way, for this 
figure a different kind of representation was chosen. The usual representa­
tion of the memberships as in figure 4.1 is getting extremely confusing with 
the increasing number of clusters. In figure 4.2, the probabilistic partition 
was represented possibilistically by simply choosing all extension factors as 
constanst. We will use that kind of representation for better clarity in all 
of the following chapters. 

Even if the data do not form a complete circle, the fuzzy c-shells al­
gorithm recognizes the circle segments well, as in the lower left cluster in 
figure 4.3. For the upper left cluster, the circle has certainly small distances 
to the associated data, but it does not fit into the intuitive partition. The 
reason is that the circle's segment is very small. The cluster had a com­
pletely different position in the beginning, but there always remain some 

Figure 4.1: FCS analysis Figure 4.2: FCS analysis 



data at the intersection points with the other circles that keep their high 
memberships. Since it is easy to fit a circle to the remaining data of the old 
cluster shape and the data of the short circle segment so that all data are 
approximated at the same time, we obtain an undesired cluster as in figure 
4.3. There is a similar phenomenon for the linear clustering algorithms that 
show the tendency to group collinear data - regardless of their Euclidean 
distance - in one cluster. Shell clustering does not necessarily require data 
which are close together. Theoretically, any three arbitrary point accumu­
lations can be minimized by a single circle-shaped cluster. In this way, the 
number of partitions corresponding to local minima increases considerably. 

Figure 4.3: FCS analysis Figure 4.4: FCS analysis 

With the data from figure 4.4, the algorithm got stuck in a local min­
imum. Parts of different circles were united to one cluster. The tendency 
to converge in a local minimum is distinctly greater for mutually enclosing 
circles than for the relatively small overlaps in the previous examples. If 
one circle lies within another circle, it will hardly leave it in the course of 
the iteration, since all outside points have a smaller distance to the enclos­
ing circle. The same problem occurs, when two initially separated circles 
are supposed to enclose each other afterwards. Whether the final clustering 
result meets the intuition depends strongly on the initialization. 

As already mentioned in chapter 1, high values for the fuzzifier m cause 
the objective function to be smoother so that the influence of local minima 
is reduced or they even disappear completely. Therefore, m > 2 should 
yield better results. For instance, an FCS run with m = 8.0 after a fuzzy 
c-means initialization with m = 10.0 does in fact recognize all circles cor­
rectly. (However, an enlarged fuzzifier does not lead to a better partition 



for all examples.) In the literature [72], it is proposed to initialize circle 
algorithms for enclosing circles, in such a way that the circles' centre points 
are scattered around the centre point of all data. This is exactly what we 
achieved by choosing a high fuzzifier for FCM. 

The fuzzy c-shells algorithm is computationally expensive because of the 
Newton iteration within the clustering iteration. In the implementation of 
the algorithm that was used here, a modified Newton procedure accord­
ing to [32] was applied. This iteration in the iteration mainly influences 
the computing time because the single steps of the Newton procedure are 
computationally intensive themselves - for example, the inverted Jacobian 
matrix has to be computed in (almost) every step. Therefore, it is rec­
ommended to optimize each cluster by a Newton iteration of its own with 
p + 1 equations, instead of solving the system of c • (p + 1) equations in a 
single iteration. In the case of image recognition, the computations with a 
dimension of p + 1 = 3 remain acceptable. 

Bezdek and Hathaway showed [12] that it is not necessary to solve the 
equation system in each step exactly. This way, the time needed for each 
Newton iteration is decreased, but the number of fuzzy c-shells iterations 
is possibly increased. In the implementation we applied here, the precision 
for termination was chosen dependent on the progress of the fuzzy c-shells 
iteration. It is pointless to compute the cluster parameters very precisely 
as long as the memberships still vary to a large extent. If they become 
more stable, though, we are closer to the final clustering result, and the 
partition of the clusters should be carried out as exactly as possible. When 
S is the maximal alteration of memberships compared to the last (fuzzy 
c-shells) iteration step and e is the (fuzzy c-shells) precision to be achieved, 
then the Newton iteration was carried out until the precision max{e, —} 
was reached. A significant increase in the number of fuzzy c-shells iteration 
steps could not be observed here. For the application of this algorithm, it 
has to be taken into account that at ieast one iteration step is carried out 
with the Newton algorithm, even if the initial value in the norm is already 
below the termination criterion. If this step is skipped, the prototypes 
remain unchanged, and thus the memberships too, if the current (Newton) 
termination precision is greater than the previously reached precision. Since 
there is no alteration of the memberships, the program then consequently 
stops because it is deemed to have reached the termination precision e, 
although the resulting partition is not minimum at all. 

Furthermore, it should be taken into account for the implementation 
that the n singularities of equation (4.1) do not lead to a irregular termi­
nation of the program. Of course, it may happen that a datum is exactly 
located on a circle's centre, and that leads to a division by zero. This da­
tum, which is responsible for the error, is certainly not an especially typical 



datum of the circle on whose centre it is lying. If we set a value close to the 
machine precision for the distance instead of 0 in that case, we avoid an 
error without distorting the overall result of the fuzzy c-shells within the 
computation precision. 

4.2 The fuzzy c-spherical shells algorithm 
The largest drawback of the fuzzy c-shells algorithm is its high computa­
tional complexity because of the implicit equations for the prototypes in 
theorem 4.1. Using a different distance measure, the so-called algebraic 
distance, prototypes can be given explicitly [83, 67]. Thus, the necessary 
computing time is significantly reduced. 

Theorem 4.2 (Prototypes of FCSS) Let p 6 IN, D :- IRP, X = 
{x1,x2,...,xn} C D, C := W x IR>0, c € IN, R := VC{C), J corre­
sponding to (1.7) with m € H>i and 

If J is minimized with respect to all probabilistic cluster partitions X —>■ 
F(K) with K = {ki,k2,...,kc} € R and given memberships f{xj)(ki) = 
Uij with hi — (vi,ri) by f : X -» F(K), then 



Proof: The probabilistic cluster partition f : X -* F(K) shall min­
imize the objective function J. The algebraic distance d2(x, (v,r)) = 
(\\x — v\\2 — r 2 ) 2 can be written as GP(X, (v,r)) = qT Mq + sTq + b where 
q = {-2v1,-2v2,...,-2vp,vTv - r2), M - yyT, y = (xi ,x2 , -,xp, 1), 
s = 2(arTx)y and 6 = (xTx)2 . All unknown variables are exclusively con­
tained in q. If we interpret J as a function of qi instead of (v*, r*), we derive 
from the minimality of J at / that ^ - 6 = 0 must hold for all i G 1N<C. 
Thus, we have for all f G H p + 1 : 

Since the last expression disappears for all f 6 IRP+1, it follows that 

The matrix Hi is invertible, if the data set X contains (p + 1) linearly 
independent data. Knowing q, we can directly compute the centre and 
radius as stated in the theorem. ■ 

(Mj symmetric) 



Thus, there are two algorithms for the recognition of circles, which differ 
in their distance function. For the fuzzy c-spherical shells algorithm, the 
square of the distance is used. In this way, data inside and outside a circle, 
which have the same Euclidean distance from the circle line, will be assigned 
different distances. Considering a circle with radius | and centre at (0,0), 
the datum (1,0) 6 1R2 has the distance (1 - \)2 - ^ = 0.5625, and the 
datum (0,0) e IR2 has the distance (0 - \)2 - ± = 0.0625. The fuzzy 
c-spherical shells thus react to the noise data outside the circle more than 
to the data inside the circle. However, this also means that data which 
should be almost exactly on the cluster shell, but are within the cluster 
circle due to distant noise data, can hardly correct the circle's parameters. 
The distance function of the fuzzy c-shells algorithm, on the other hand, 
rates such data equally independent of their position. 

However, the results of the two algorithms are often similar with regard 
to their performance in recognition. With one exception, the same par­
titions were achieved for the data sets of section 4.1. The exception was 
the data set from figure 4.3, where the upper left cluster was recognized 
according to intuition. Here, the changed norm had a positive effect. 

Figure 4.5: FCSS analysis Figure 4.6: FCSS analysis 

Because of the explicit equations for the prototypes, the fuzzy 
c-spherical shells algorithm provides the clustering result faster than the 
fuzzy c-shells algorithm. However, this gain in time does not mean that 
more complicated data sets can be correctly partitioned in the same time 
now. As with linear clusters, for larger number of clusters there is the risk 
of a partition that simply covers almost the whole image area, but which 
does not correspond to the intuitive partition. Such a case is shown in 



figure 4.5, where the fuzzy c-spherical shells algorithm was initialized by 
only five fuzzy c-means steps. Fifteen further FCM steps result in a dis­
tinctly better partition by FCSS already, as shown in figure 4.6. The only 
disturbing factor is the coverage of the upper left semicircle by two circle 
clusters, because there is now one cluster missing in the area of the three 
small circles on the above right. Here, the higher number of FCM steps 
has its disadvantages, too. The semicircle was divided into two clusters by 
the fuzzy c-means because of its big radius, however, the associated data 
describes the same circle. Instead of an approximation of the semicircle 
by one cluster, the semicircle and parts of the three small circles above 
are now covered by two clusters. Thus, even the number of FCM iteration 
steps for the initialization has a great influence on the clustering result. 
A possibilistic run causes (in both cases) hardly any changes. The high 
memberships for the data near the intersection points of the circle cluster 
prevent great changes. Also, an increase of the fuzzifier can hardly achieve 
anything, presumably because the extent of the local minima is very strong 
according to the non-linear algebraic distance function. 

Man and Gath proposed a further algorithm for detecting circles, the 
fuzzy c-rings algorithm (FCR) [72]. Although they consider the Euclidean 
distance function of the FCS, they do not derive the FCR prototypes in 
the way that is usual for the family of fuzzy clustering techniques intro­
duced. For the computation of the prototypes, the old prototypes (from 
the previous iteration step) are included. (For example, the new radius is 
computed by solving equation (4.2) with respect to T^, where the old centre 
is assumed for v<.) Thus, the new prototype is not adopted to the data in 
the optimal way but just improved. The general convergence considerations 
by Bezdek cannot be applied to this algorithm any more. It could at best 
be argued that computations should not to be carried out until the exact 
minimum is reached when the Newton algorithm is applied, in order to ob­
tain convergence. However, there is already an algorithm, which is easy to 
compute, available for the recognition of circles, viz. the FCSS algorithm, 
and therefore we do not discuss FCR here in detail. For the recognition 
of ellipses, though, we will return to this subject once again when dealing 
with the FCE algorithm (cf. section 4.5). 

4.3 The adaptive fuzzy c-shells algorithm 
The recognition of circles alone is not satisfactory, because the projection 
of circles in three-dimensional space to a (picture) plane already leads to 
elliptic shapes. Dave" and Bashwan [27] therefore developed an algorithm 
for the recognition of ellipses. 
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The contour of an ellipse is given by its centre point v and a positive 
definite, symmetric matrix A as the solution of the equation 

(x — v)TA(x — v) = l. 

Consequently, we choose as a distance function 

d2(x, (v, A)) = U(x - v)TA(x - v ) - l \ . 

The matrix A contains both the lengths of the axes and the orientation of 
the ellipse. 

Theorem 4.3 (Prototypes of AFCS) Let p G IN, D := IRP, X = 
{ x i , x 2 , . . . , x „ } C D, C :=IRP x {A G JRpxp | A positive definite}, c G IN, 
R := VC(C), J corresponding to (1.7) with m € H>i and 

d2 : D x C -> H , (x, (v, A)) H- (yf(x - v)TA(x - v) - 1 J . 

// J is minimized with respect to all probabilistic cluster partitions X —y 
F(K) with K = {&i,^2,. . . ,kc} € R and given memberships f(xj)(ki) = 
U{j with k{ = (v{,Ai) by f : X -> F{K), then 

n 

n 
0 = ^2uUdi,j(xJ ~ vi)(xJ ~ vi)T (4-5) 

and 
, ._ V(XJ - Vi)TAijxj -Vjj-l 

y/(Xj - Vi)TAi(Xj - V<) 

holds. 

Proof: The probabilistic cluster partition f \ X -¥ F(K) shall minimize 
t ho objective function J. Thus, the directional derivatives have to be zero 
At the minimum. For i G IN<C and ki = (UJ,AJ) we obtain for all £ G IRP: 
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n 

~ ~ J2 Ui!j di>3 (iX3 - viVM + ZTMxj ~ Vi)) 

n 

3=1 

= -2tT[it<idi>'Ai(xJ-Vin • 

The last expression must vanish for all f € 1RP, therefore 
■A-i(%21j=iv%jdi,j(xj — Vi)) = 0. Since Ai is positive definite and hence 
regular, A{X = 0 <& x = 0, i.e. (4.4) follows. 

For the derivative with respect to the matrix Ai, the restriction to pos­
itive definite matrices causes problems. Therefore, we assume that a mini­
mum of the objective function in the space of the positive definite matrices 
is also a minimum in the space of all matrices. (This condition is not at 
all necessarily valid. However, considering the expression dij, we see that 
each matrix has at least to behave like a positive definite one for the con­
crete given data, in order to be able to provide real values for the square 
root.) Then, we can take all directional derivatives, and we obtain for all 
A 6 M p x p : 

0 = # ' 

= £ UZ diJQj:(XJ ~ Vi)TMXj - Vi) 

n 

~ ] C UZ diJ (X3 ~ Vi)TA(X3 ~ Vi) ■ 
3=1 

Thus, VJ(A) = 2 J L i UZ diAxi - vi)(xi - vi)T = 0, i.e. equation (4.5) is 
also valid. ■ 
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As it was already the case with the fuzzy c-shells algorithm, theorem 
4.3 provides no explicit formulae for the prototypes. In their paper, Dave 
and Bashwan do not directly mention the algorithms with which the so­
lutions of equations (4.4) and (4.5) should be computed. They only refer 
to a software package for the minimization, which also includes much more 
complex optimization procedures than the Newton algorithm. The solution 
of these equations causes a bigger problem for this algorithm than for the 
fuzzy c-shells algorithm, because the prototypes consist of a vector and a 
positive definite matrix, i.e. more parameters than the fuzzy c-shells pro­
totypes. The application of a conventional Newton algorithm soon yields 
non-positive definite matrices, so that already after two iteration steps we 
are no longer dealing with ellipitical shapes. A naive implementation, where 
all matrix elements are individually optimized, does not even necessarily 
lead to symmetric matrices in each iteration step (and thus especially not 
to positive definite matrices). The search for a symmetric matrix can be 
quite simply achieved by optimizing only the upper or lower triangle matrix 
and choosing the other elements by symmetry considerations. Non-negative 
diagonal elements can be obtained quite easily, too, when the elements of 
the triangle matrix are always used as squares. This way, the search space 
for the Newton algorithm is restricted, but it is still a proper superset of 
the space of positive definite matrices. 

In order to be able to still obtain results with the Newton algorithm, 
another representation of the matrices was chosen in our implementation. 
A matrix is positive definite if and only if all eigenvalues are positive. For 
the two-dimensional case of image recognition, the unit eigenvectors of a 
matrix A G IR2x2 can be represented by a single real value. The two 
eigenvectors are perpendicular, therefore it is sufficient to consider just one 
parameter, the angle (p G H, determining the normalized eigenvectors in 
the form e\ = (cos(</?),sin{<p))T G 1R2 and e2 = (—sin(yj),cos(</?))T G H 2 . 
For Ai,A2 G 1R\{0}, let -h and A be the associated positive eigen-
values of the normalized eigenvectors. Thus we can describe any (two-
dimensional) positive definite symmetric matrix A on the basis of the pa­
rameters (y>, Ai,A2) G IR x (Et\{0})2 in the form 

1 T 1 T 
A = ^ e i e i + ^ e 2 e 2 • 

Since the Newton algorithm allows arbitrary real values for each parameter, 
< ontradiciting the requirement of positive eigenvalues, we use the squares 
of the A-values. Because eigenvalues of a positive definite matrix are always 
non-zero, we also took the reciprocal of the A-values. In this way, we ensure 
that the Newton algorithm must yield positive definite matrices. 
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However, even in this modified form the Newton algorithm is not ideal 
for this problem. If we try to recognize circles now, an alteration of the 
parameter cp causes no change in the equations, because a circle is invariant 
with respect to rotations. But this results in zero-column in the Jacobian 
matrix in the Newton algorithm. Thus, the Jacobian matrix can not be 
inverted, and the procedure terminates. With other iteration procedures, 
for instance the Levenberg-Marquardt algorithm [74, 95], results which are 
clearly better can be achieved here, because singular Jacobian matrices do 
not lead to a termination. On the other hand, these procedures have a 
much higher computational complexity than the comparatively primitive 
Newton algorithm. 

Figure 4.7: AFCS analysis 

The clustering results here were computed in the way described above 
using the Newton algorithm. For an application in practice, the usage of a 
more efficient procedure for the numerical solution of equation systems is 
recommended in order to further increase the performance of the algorithm. 

Figure 4.8: AFCS analysis Figure 4.9: AFCS analysis 

When there are no ideal circles in the data setj the adaptive fuzzy c-
shells algorithm can yield good results as shown in figure 4.7, when it is 
started with a good initialization. Also the data set in figure 4.8 with in­
complete contours of ellipses was well recognized. For both figures, the 
fuzzy c-means algorithm was applied to obtain the initialization, already 
producing a rather good partition almost separating the ellipses. In ad­
dition, the radii - slightly changed to avoid circles - were estimated by 
equation (4.3) and used as the length for the axes of the ellipses. A good 
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initialization is very important because otherwise the Newton algorithm 
does not even converge in the first step of the clustering. 

The increasing number of local minima with an increasing number of 
clusters, and the fact that contours as cluster shapes also increase the num­
ber of local minima, affect the adaptive fuzzy c-shells algorithm, too. Fig­
ure 4.9 shows a result where the algorithm converged in a local minimum. 
Since the elliptic clusters are more flexible than circles, it can easily hap­
pen that a cluster covers contour segments of different ellipses in the data 
set. To make it even worse, other clusters are also affected by such a 'de­
ceptive' cluster. A good initialization is consequently very important to 
obtain a partition corresponding to the intuition. However, in figure 4.9 
the clustering result remains the same independent of an FCM or a com­
bined FCM/FCS initialization. Even the circle clusters partition the data 
in almost the same way as it is done by AFCS. (Note that the ellipse on 
the above right is not a circle, otherwise a better result could have been 
expected from the circle recognition.) If we use the fuzzy c-means for the 
initialization, the radii of the ellipses are estimated, but they approximate 
only the near data in this way. This leads in our case to the partition corre­
sponding to a local minimum. It appears to be very difficult to satisfy the 
demand for a good initialization with the available algorithms. For long-
stretched ellipses, better results can be expected, from the algorithms by 
Gustafson-Kessel or Gath and Geva than they could be obtained with the 
fuzzy c-means or the fuzzy c-(spherical) shells algorithm. For this purpose, 
not only the position vectors but also the orientations and radii of the rec­
ognized clusters should be determined via the eigenvalues and eigenvectors 
of the norm matrices. A much better approximation of the final clustering 
result can be expected from such an initialization. 

Figure 4.10: AFCS analysis Figure 4.11: P-AFCS analysis 

If the ellipses are better separated, it is easier for the adaptive fuzzy 
c-shells algorithm to find the correct partition. The ellipses from figure 
4.10 are the same as in figure 4.9, just shifted apart a little. The AFCS 
algorithm recognizes - without the noise data from figure 4.10 - this data 
set correctly (not shown). However, the algorithm reacts very sensitively 
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to noise. The large ellipse that has the least Euclidean distance to the 
noise data is hardly influenced. The cluster that approximates the smallest 
ellipse tries to cover parts of the noise data instead. This behaviour results 
from the non-Euclidean distance function of AFCS. For the same Euclidean 
distance to the data, the distance function produces lower values for larger 
ellipses than for smaller ones. In addition, the distance in the direction of 
the axes of the ellipses is shrunk or stretched differently depending on the 
shape of the ellipse. Furthermore, the data inside the ellipse always have a 
distance less than one. All these factors lead to the fact that the smallest 
cluster, whose main axis of the ellipse points towards the noise data, tries 
to cover these additional data. With a larger number of noise data this 
tendency leads to an undesirable alignment of almost all clusters so that 
the partition becomes useless. A possibilistic run is unable to improve the 
result. In our last example, it transforms the clustering result from figure 
4.10 into the partition in figure 4.11. Because of the long axis of the prob-
Jematic cluster from figure 4.10, the distance to the almost circular shaped 
cluster (above right) is further shrunk in comparison to the Euclidean dis­
tance. Compared to the noise data, the data of the circular shaped cluster 
have a high weight because of their large number. The original data of 
the problematic cluster, on the other hand, get a rather low weight only, 
because of their position inside the cluster. These forces cause the prob­
lematic cluster not to withdraw to the intuitive contour as desired, but on 
the contrary to expand further. The minimization of the objective function 
has a completely different meaning in the AFCS distance function than we 
would intuitively expect with the Euclidean distances. 

4.4 The fuzzy c-ellipsoidal shells algorithm 
Another technique for the detection of ellipse-shaped clusters was devel­
oped by Frigui and Krishnapuram [35]. Their aim was to get closer to 
the Euclidean distance to the contour of an ellipse by a modification of 
the distance function, in order to obtain clustering results corresponding 
to intuition. (For a discussion of applying FCES to the three-dimensional 
case, cf. [36].) In figure 4.12, the contour of the cluster is indicated by a 
circle whose centre is marked as v. The Euclidean distance of a datum x to 
the cluster contour is the length of the shortest path between them. The 
desired distance of the datum x from the contour of the circle corresponds 
to the distance between z and x, if z is defined by the intersection point 
of the cluster contour and the straight line through x and v. If we use an 
ellipse instead of the circle, ||z - x| | does not correspond exactly to the 
Euclidean distance any more, because the straight line between x and v in-
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tersects the cluster contour and is not necessarily perpendicular, and thus 
the connection of the contour and the datum is not the shortest path any 
longer. However, the expression \\z — x|| represents a good approximation. 

0 i Q i 1 — a 

Figure 4.12: Distance measure of the FCES algorithm 

Since all three points are on a straight line, there is an a G [0,1] such 
that (z-v) = a(x—v). Since z is on the ellipse, we have (z—v)T A(z—v) = 1, 
and thus a2(a; - v)T A(x - v) = 1. Furthermore, we obtain x — z — x — 
z + v — v = (x — v) — (z — v) = (x — v) — a(x — v) — (1 — a)(x — v) or 

l |z -*l l 2 = (l-a)2\\x-v\\2. Thus, choosing a = yj(X_V)T1
A(XJ^ we finally 

derive 

lk-*l l 2 = 1 - - 7 - * F lk-^ l l 2 

V yj{x-v)TA{x - V) I 

(j{x - v)TA(x - v) - lV 

(x-v)TA(x-v) ,|:C V" 2 , 

This expression defines the distance function for the fuzzy c-ellipsoidal shells 
algorithm. 

Theorem 4.4 (Prototypes of FCES) Let p e IN, D := Etp, X = 
{xi,x2 , • ■ • ,Xn] C D, C := 1RP x {A G lRpXp | A positive definite}, c G IN, 
/? := VC{C), J corresponding to (1.7) with m G IR>i and 

U(x-vVA(x-v)-l)2\\x-v\\2 

d2 : D x C -> H , (x, (u, A)) H- -̂  
(x — v)T A(x — v) 

If J is minimized with respect to all probabilistic cluster partitions X 
l'\K) with K — {k\,k2,. ■. ,kc) G R and given memberships f(xj)(ki) 
u , j with ki = (vi, Ai) by f : X -> F{K), then 
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n ^<j(VEL3 
* . j 

• [Hz, - ^ | | 2 Ai + ( v ^ i J ~ *) <*U7] (*i - vi) (4-6) 

0 = X>%(«J -«,)(*, ~^)T ("X^")2 (V57- l) . (4-7) 

/io/ds where J denotes the identity matrix ofJRpxp and 

dij := (XJ - V i ) T ^ i ( x j - Vi) 

for all j £ IN<n and i € IN<C. 

Proof: The probabilistic cluster partition / : X —> F(K) shall minimize 
the objective function J. Let fcj := ( \ / 5 i j — l ) \\%j — Vi\\2 and p^j := ^ 7 

for all j G 1N<„ and i e 1N<C. Thus J = E^=iEUiuu ki 9i,j- The 
minimality of J implies that the directional derivatives must vanish. Hence, 
we have for all i e IN<C and £ € H p : 

dfitj 

dvi dvi (y/dij - l ) (XJ - Vi)TI (XJ - v^ 

= _ 2 ( V ^ _ 1 ) 2 ^ T i 4 . ( a . i _ v . } ( _ V i ) T 7 ( _ ^ 

( v ^ 7 - l ) 2 2 £ T / ( x i - V i ) 

dvi dvi dij 

= jr2tTMxj~Vi). 

^ - 1 

v^7 + 

< i 

0 = dj_ 
dvi 

dfi,3 „ ,d9Uf 
i + dvi Ji'j 
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= *zTY,«z 
J=l 

Ai(xj -Vi)\\xj -Vi\f 

o \ o 
^ki - 1 (Vdij -1) \ 7 (XJ - Vj) (y/dij-1) 

di,j y/dij 4, 

i= i 
Ai(xj -Vi)\\xj -Vi\\2 

+1 (XJ - Vi) ( y/di~j - l j dij . 

Since the last expression must be zero for all £ G H p , we obtain 

. ^ ^ ( v ^ - 1 ) 0 = E a,-. ||xj - Vi||2Ai + (\A*ij ~ ! j dijl] (XJ - vi). 

This corresponds to equation (4.6). If we take the directional derivatives 
in IRpxp, we have for all A G ]Rpxp: 

dAi 

d9i, j _ 

dAi 

= \\xj-v 

d 1 

^ 
d^j 

(xj — Vi)T A(XJ — Vi) 

dAi dAi ditj 

(XJ - Vi)A(xj - Vi) 

0 - J^-^urn (df^a..+ d£hLf.)i 

E ..m foj ~ ViVA(Xj ~ Vi) 
i ) J d-"t,J 

|gj - V<H2 ( y / ^ J — 1) 

^•-viHMv^u-1)" 
* j 

In the same way as in the proof of theorem 4.3, we obtain equation (4.7). 

file:////xj-v
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As was the case for the adaptive fuzzy c-shells algorithm, theorem 4.4 pro­
vides no explicit equations for the prototypes. Again, a numerical iteration 
scheme is needed for the solution of the system of equations. For the same 
reasons as in section 4.3, convergence cannot be guaranteed in all cases 
using a simple Newton algorithm, because the Newton iteration terminates 
when the Jacobian matrix is singular. Such singularities can easily occur 
when the minimum (or saddle point) has already been reached in a com­
ponent. 

Figure 4.13: Distance function Figure 4.14: Distance function 
FCES without a Euclidean factor AFCS 

With respect to complexity, FCES gives no improvement compared to 
AFCS. But the the modified distance function has certain advantages. Dif­
ferent distances are produced by the AFCS distance function for long-
stretched ellipses as well as for ellipses of a different size. The fuzzy c-
ellipsoidal shells algorithm does not suffer from these drawbacks. 

(Vxr Ax — l ) 2 

Figure 4.13 shows a graph of ^ — X T ^ X > * e ' ^ e FCES distance func­
tion without the factor of the Euclidean norm. The intersection with a plane 
at the height 0 gives the contour of the ellipse. Inside the ellipse, the func­
tion increases towards infinity, outside it converges tov/ards 1. There, the 
multiplication with the Euclidean norm produces approximately Euclidean 
distances. That means a great improvement compared to the distance 
function of the AFCS algorithm, which is shown in figure 4.14. Within the 
small area illustrated, the distance function already produces values above 
30, clearly more than the square of the Euclidean distance from the centre 
point of the ellipse (32 -I- 32 = 18), and even higher values for the distance 
to the contour of the ellipse. Scaled like this, the ellipse itself cannot be 
seen any longer, because the distance function is always one in the centre 
of the ellipse. 

Figure 4.15 shows the distance functions of AFCS and FCES, and the 
function of figure 4.13, from top to bottom. The differences between the 
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Figure 4.15: Distance function of the AFCS and FCES, as well as the FCES 
factor from figure 4.13 

AFCS and FCES distance functions are considerable. The actual Euclidean 
distance from the contour of the ellipse is quite close to the FCES distance 
function. 

Figure 4.16: AFCS analysis Figure 4.17: FCES analysis 

Figures 4.16 and 4.17 show a data set where the changed distance func-
I ion led to a better partition. The data near the intersection of the two 
• •llipses are completely assigned to the upper ellipse by AFCS. This ellipse 
minimizes the distances by taking its course between the actual contours of 
i he ellipses. However, the memberships of these data are quite high for the 
cluster of the lower ellipse, too, because they can have a maximum distance 
of 1. But the distances are not large enough to draw the cluster into the 
correct form. The FCES algorithm solves this problem and the ellipses are 
nrognized correctly. That the result of FCES was not just a lucky strike, 
can be shown by the fact that even an FCES run initialized with the good 
AFCS partition leads again to figure 4.17. The modified distance function 
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has a positive influence on the analysis result in this example. (Vice versa, 
the AFCS algorithm remains at the result of FCES with an initialization 
with the FCES algorithm. This clustering result is hence at least a local 
minimum for the AFCS distance function, too.) 

Figure 4.18: FCES analysis Figure 4.19: P-FCES analysis 

However, it is not true that FCES always meets the intuitive partition 
better. The data set in figure 4.18 was correctly partitioned by AFCS, 
as shown in figure 4.8. In the FCES run, the cluster in the middle obvi­
ously converged faster and covered some data from the cluster on the right. 
The algorithm converges into a local minimum. If probabilistic FCES is 
released from the competition among the clusters and carries out a possi­
bilistic clustering, the wrongly partitioned data are assigned to the cluster 
on the right. The analysis result from figure 4.19 thus corresponds better 
to intuition. (The correction by possibilistic clustering does not work with 
AFCS and the data from figure 4.16, though. Possiblistic clustering does 
not principally achieve a partition which better corresponds to intuition.) 

For long-stretched ellipses, the membership degrees are not uniform 
along the contour of the ellipse (cf. 4.18, for instance). This effect is caused 
by the distance function. This shows again that we do not have an exact 
Euclidean distance yet. This fact may seem a little puzzling in the graph­
ical representation, but it does not influence the results of the analysis 
noticeably. 

There is also a drawback in the distance function of the fuzzy 
c-ellipsoidal shells algorithm, though. In equation (4.7), there is a divi­
sion by d? •. With positive definite matrices A with very large elements, 
the dlj grow strongly. When searching for roots of (4.7), the Newton al­
gorithm thus sometimes tends to matrices that become larger and larger, 
leading to an imaginary solution in infinity. As a matter of fact, the clus­
ter degenerates here to a very small ellipse that has no meaning for image 
recognition. 
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4.5 The fuzzy c-ellipses algorithm 
The algorithms for the detection of ellipses discussed so far require numer­
ical solutions of the equations for the prototypes. With the fuzzy c-ellipses 
(FCE) [38], Gath and Hoory introduced an algorithm for the recognition of 
ellipses that uses a nearly Euclidean distance function and contains explicit 
equations for the prototypes. However, the prototypes do not minimize 
the objective function with respect to the given memberships. If at all, 
a small value is obtained for the objective function, but not necessarily 
a (local) minimum. The prerequisites for the convergence of the fuzzy 
clustering techniques, which were formulated in a relatively general man­
ner by Bezdek, are thus not fulfilled. The FCE algorithm deviates from 
other algorithms distinctly in that point. However, the high computational 
complexity of AFCS and FCES motivate the consideration of the FCE algo­
rithm. Moreover, we already mentioned that for the Newton algorithm also, 
it was not necessary to compute the exact solution (minimum) in order to 
obtain good results [12]. (This also confirms the subjective impression that 
the FCE algorithm needs more iteration steps than a comparable AFCS or 
FCES run.) 

An ellipse prototype of FCE is characterized by two focal points v°, vl, 
and a radius r. The distance between a datum x and an ellipse is defined 
by | ||x — v°|| + \\x — v11| — r |. The distance function defined this way is not 
only close to the Euclidean distance measure, but it is also rather simply 
structured compared to the FCES distance. Instead of the centre form used 
before, the focal point form is used here, as it is applied in Kepler's Laws, 
for instance. 

Remark 4.5 (Prototypes of FCE) 
Let D := JR2, X = { x i , x 2 , . . . , x „ } C D, C := H 2 x IR2 x 1R, c G IN, 
U, := VC{C), J corresponding to (1.7) with m € H>i and 

d2 : D x C -> 1R, (x, (v°,v\r)) H-> ( ||x - v°\\ + \\x - v^] - r )2 . 

// J is minimized by f : X -> F(K) with respect to all probabilistic cluster 
partitions X -> F(K) with K = {&i, fo,..., kc} € E and given member­
ships f(xj)(ki) = Uij with hi = (Vi,v},ri) and I € {0,1}, then 

0 = - 2 X > £ ( | | x , -v9\\ + | | a : j - i ; J | | - r i ) , (4.8) 

0 = -2j>™. ( ^ - ^ ( H ^ - t ^ ' l l - r ^ fill 
(4.9) 

holds. 
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Equations (4.8) and (4.9) are directly obtained by the partial derivatives 
with respect to the radius and the vector components. Since equations (4.8) 
and (4.9) are not explicit, they require a numerical solution. However, in 
the FCE algorithm the updated radius Vi is computed by transforming (4.8) 
with respect to r* and inserting the old focal points: 

Then equation (4.9) is transformed into 

ZU <i (»* + (iNi - «n i - r < ) p ^ ) 
1 ) . — 1 — 

2->j=l Ui,j 

and evaluated with the just computed r* and the old focal points. This 
heuristic method can of course also be applied to other shell clustering al­
gorithms like FCS or AFCS, for which no explicit equations for the proto­
types exist. And indeed, as already mentioned, the fuzzy c-rings algorithm 
by Man and Gath [72] uses the equations in the same manner. However, 
convergence has not been proved for this technique. 

To compute the new prototypes, we have to initialize the FCE proto­
types, because they are already needed in the first iteration step. Initializing 
just the memberships, for which we could use FCM, is not sufficient. Gath 
and Hoory therefore use the following initialization: After ten FCM steps, 
the fuzzy covariance matrix 

is calculated where vi is the FCM centre of cluster i. The eigenvectors e° 
and e\ and the corresponding eigenvalues A? and \\ are derived from S{. 
Each eigenvalue corresponds to the square of the length of an ellipse axis. 
Let us assign the eigenvalue and eigenvector of the main axis the index 
0. (The main axis has the largest eigenvalue.) Then, the focal points are 

v° = Vi + fi ■ ej and v\ = Vi - fi • e° where / , = V r~ «. The radius r* 
is initialized with >/^> t n e length of the ellipse's main axis. For the data 
set from figure 4.7, the initialization procedure is already sufficient for the 
recognition of the five ellipses. For separated ellipses, the procedure of the 
FCE algorithm seems to be sufficient in each case. (If it is known that 
the ellipse clusters are interlaced, Gath and Hoory recommend to scatter c 
circle clusters with different radii around the centre of gravity of all data 
and use this as an initialization instead of FCM.) 



4.6. THE FUZZY C-QUADRIC SHELLS ALGORITHM 101 

Figure 4.20: FCE analysis Figure 4.21: P-FCE analysis 

But even for examples that could not be clustered correctly by the AFCS 
and the FCES algorithms, the FCE algorithm does not perform any worse 
as is shown in figures 4.20 and 4.21. The ellipses' segments do not meet the 
original ellipses exactly but are better than with the two other algorithms. 
The data set from 4.9 is clustered by FCE in the same (wrong) way as it was 
for the case with AFCS before (figure 4.21). The similarity of the results is 
nevertheless remarkable considering the enormously simplified computation 
scheme. In addition, the distortion caused by noise seems to be reduced 
for FCE compared to AFCS. Because of the distance, the outlier cluster is 
fixed by two data on the large contour and not distorted by the noise data 
farther to the right. 

4.6 The fuzzy c-quadric shells algorithm 
The disadvantage of the shell clustering algorithms so far for the recogni­
tion of elliptic contours is caused by the numerical solution of a non-linear 
system of equations, or the heuristic method for computing the prototypes. 
The fuzzy c-quadric shells algorithm does not need such procedures, since 
explicit equations for the prototypes can be provided. Moreover, the fuzzy 
c-quadric shells algorithm [64, 65, 66] is in principle able to recognize - be­
sides contours of circles and ellipses - hyperbolas, parabolas or linear clus­
ters. The prototypes are second degree polynomials whose roots (cluster 
shapes) are quadrics. In the two-dimensional case of image recognition, the 
distance of a datum (xi, X2) from the prototype o = (01,02, . . . , a&) 6 JR.6 

follows directly from the quadratic polynomial 

a\x\ + a-2,x2 + 03X1X2 + 04X1 + 05X2 + a$ 

which is a measure for the distance to the root and thus to the cluster 
contour. (The quadratic polynomial is written in matrix form in theorem 
4.6.) In the case of IR2, the quadrics are just the conic sections. 



102 CHAPTER 4. SHELL PROTOTYPES 

The minimization of the distance function has the undesired trivial solu­
tion a = 0. This can be prevented by additional constraints. Krishnapuram, 
Prigui and Nasraoui [64, 65, 66] suggest | |(ai,02,a3)| |2 = 1. Although this 
constraint excludes linear clusters in the two-dimensional case, it is often 
used because it yields closed prototype update equations. The algorithm 
approximates straight lines by hyperbolas or parabolas. 

Theorem 4.6 (Prototypes of FCQS) Let p € IN, D := 1RP, X = 
{xux2,...,xn} C D, r := sis±ll> C := H r + P + 1 , c € IN, R := VC(C), 
J corresponding to (1.7) with m € IR>i, 

(ai,a,2,... ,ar+p+i) ■-> 

and 

$ : C -» lRpxp 

a\ o°P+l 2°P+2 
1 1 
o^p+1 02 2°2p 
2ap+2 2 a 2 P ° 3 

\ 2 f l2p-l 2 a3P~3 2 ° 4 P - 6 

o«2p-l 1 
oa3P-3 
2 04p-6 

^ O r 

2f lr 

d2 :D xC -+ IR, 

(re,a) H* ( x T $ ( a ) x + x T ( a r + i , a r + 2 , . . . , a r + p ) T + a r + p + i ) . 

/ / J is minimized under the constraint \\pi\\ = 1 by f : X —> F(i(r) withpi = 
(** , i ) *«,3f» . ,**j» , - i ^ i , - i ^ a , - . . ,^ f ) and 9t = (fc<>r+i,A;<,r+2,...,A:i,fH-i) 
uni/i respect to all probabilistic cluster partitions X —> .F(.ftT) ioii/i If = 
{fci, A;2,..., &c} € JEJ and ^iuen memberships f(xj)(k{) = Ujj , Men 

where 

Pi is eigenvector of Ri -T?S{
 1T i with 

a minimal eigenvalue 

Qi = -S^TiPi , 

J '=I i= i j= i 

(4.10) 

(4.11) 

and for all j € lN<n 
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Hj = fjfj i Jj = sjsj > ■*/ = 5jrj 

r j = l^ j . iJ^j^ ' •••>a'j,p' v2a?jtiacj,2, v2xj)ia;j)3,..., V2xjtiXjtP, 

y/2xji2Xji3iy/2xjt2Xji4,..., Vzrc^p-ix^p) 
sj = (^i.i)^i^j •••xj,pi !]• 

Proof: The probabilistic cluster partition f : X -* F(K) shall minimize 
the objective function J under the constraint ||pi|| = 1. Similar to the fuzzy 
c-spherical shells algorithm, the distance function can be rewritten in the 

/ R f?\ 
form d?(xj,ki) = kjMjki, where Mj := I ~3 £ ) *° r a ^ 3 e IN<n. If 

the constraint is taken into account by Lagrange multipliers, the objective 
function thus becomes J = ]£?=i Y%=i u i j kj Mjki — \ (||pi|| — 1). The 
minimality of J implies that the directional derivatives of J with respect 
to k must be zero. Therefore, we have for all £ € lR r + p + 1 with Mi := 

dki 

= ^-(kjMiki-XidlpiW-l)) 

= -2ZTMiki-2\i(tu£2,-.-,Zr)TPi 

= -2^T(Miki-\i(^ ^y 

Since the last expression must be zero f o r a l l £ e l R r + p + 1 , we obtain 

Miki = *i(Po) (4-12) 

(S? )C) - * ( * ) 
( RiPi + TJqi \ ( P i \ 
V TiPi + SiQi J { \ 0 J 

(RiPi + TTqi\ ( XiPi \ 

V qi ) v -sr'TiPi J 
( A,Pi \ 

I -S-lTtPi J ■ 

<£> 

<£> 

(Ri-T^S-'Tjpi 
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The lower part of the last equation is identical to (4.11). The upper part 
has r solutions, viz. the eigenvectors and the corresponding eigenvalues of 
the matrix Ri - T?S^Ti for pi and A*. From the minimality of J at / 
follows from the derivation to A* that the constraint ||pi|| = 1 is valid. Thus 
with equation (4.12), we have for the objective function: 

j=l i = l ^ ' j=l i = l j=l t = l 

From the possible eigenvalue/eigenvector combinations, we choose the one 
with the smallest eigenvalue with the corresponding normalized eigenvector 
so that (4.10) is also proved. ■ 

Figure 4.22: FCQS analysis Figure 4.23: FCQS analysis 

Krishnapuram, Frigui and Nasraoui [66] recommend initializing the 
fuzzy c-quadric shells algorithm by ten fuzzy c-means steps with m = 3, 
ten Gustafson-Kessel steps with m = 3 and five fuzzy c-shells steps with 
m = 2. Two clustering results of FCQS are shown in figures 4.22 and 4.23. 
In both cases, the initialization provides a very good approximation for 
the final cluster partition. Correspondingly, the results of the algorithm 
are very good. The two intersecting lines in figure 4.22 are clustered by 
a single quadric (a hyperbola). If we search for three clusters, the shown 
clusters will be obtained again, and the new cluster will be a parabola that 
does not provide any additional information. 

Figure 4.24 shows an ellipse, a circle, a straight line, and a parabola, 
that were also recognized well by the fuzzy c-quadric shells algorithm. If the 
goal was a just correct assignment of the data to clusters, the result would 
be very good. A similar result is shown in figure 4.25. In both figures, 
the shapes of straight lines and parabolas are represented by hyperbolas 
so that a post-processing of the clustering results is necessary. Hyperbolas 
are quite unusual patterns in image recognition so a plausibility check can 
be performed automatically when shapes like these occur. Krishnapuram 
[66] provides table A.3 (cf. appendix) which allows us to estimate cluster 
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Figure 4.24: FCQS analysis Figure 4.25: FCQS analysis 

shapes from the FCQS result. He assumes that hyperbolas, parabolas or 
extremely long-stretched ellipses correspond to segments of straight lines 
in the picture. Since the fuzzy c-quadric shells algorithm can not recognize 
straight lines directly by definition, he suggests an algorithm for subsequent 
detections of lines. 

Figure 4.26: FCQS analysis Figure 4.27: FCQS analysis 

All test patterns used so far were artificially generated. Data from a real 
picture which were preprocessed by contour operators can have a somewhat 
different structure. A straight-forward procedure for generating artificial 
ellipses data is to insert pixels near the contour at equidistant angles. This 
means that the pixel density along the main axis is higher than along the 
shorter axis. This irregularity can also be observed in some other work 
[27]. In some papers about the fuzzy c-quadric shells algorithm, the point 
density is higher at the shorter axis. Figure 4.26 shows a data set like that. 
Figure 4.27 shows the same ellipses with additional data near the short 
axes of the ellipses. This small change drastically influences the analysis 
result. In figure 4.26, many data accumulate on a relatively short segment 
of the ellipse. These regions with a high data density can be minimized 
locally by the objective function. The whole data set can be covered by 
long-stretched ellipses or hyperbolas, where only the regions with a high 
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data density are matched by the contours of the clusters. The result is 
useless for image recognition. In figure 4.27, the contours of the ellipses 
are clearly better recognized, they are only distorted by the surrounding 
noise data, especially by those outside the contour. The fuzzy c-quadric 
shells algorithm thus reacts very sensitively to the distribution of the data 
along the contour. This has to be considered for preprocessing the image. 
However, we can usually assume an equidistant distribution of the data 
along the ellipse contours. 

In some older publications on shell clustering algorithms, the figures 
only show which data are grouped in a cluster. However, especially with 
the fuzzy c-quadric shells algorithm, it is much more crucial for image recog­
nition whether the cluster parameters have been recognized correctly. For 
example, figure 4.27 shows that the correct determination of these param­
eters does not necessarily follow from a correct partition of the data. 

L 
Figure 4.28: FCQS analysis 

Possibilistic clustering can also be applied to the fuzzy c-quadric shells 
algorithm, however, the desired effect is only achieved if the clusters do not 
deviate too much from the intuitive partition. Because of the multitude of 
possible cluster shapes, FCQS sometimes determines a very bizarre shape 
half-covering the actual cluster as well as noise data - as in figure 4.28 
where the clusters' shape was mainly influenced by (only) two outliers (left 
on top and right on bottom). In this case, possibilistic clustering does not 
improve the result. 

Unfortunately, the distance function of the FCQS algorithm is highly 
non-linear, like the AFCS distance function. For the same Euclidean dis­
tance, the FCQS distance function produces greater values for smaller 
quadrics than for larger ones, and inside a quadric smaller distances than 
outside. Since the intuitive partition results from considering the Euclidean 
distance, a reason for the unsatisfactory results might be the distance func­
tion. 



4.7. THE MODIFIED FCQS ALGORITHM 107 

4.7 The modified fuzzy c-quadric shells 
algorithm 

Because of the inadequacies of the FCQS distance function, Krishnapuram 
et al. suggest a modification like that of the AFCS algorithm. Once again, 
z denotes the point that results from the intersection of the quadric and 
the straight line between the datum x and the centre of the quadric (cf. 
figure 4.12). In particular, the distance of the point z from the quadric is 
zero. Hence, in the two-dimensional case, we have for k G H 6 : 

r * + ,T» + c-0 with A=( £ * * . ) , t = ( £ ) , „ = *,. 

In order to simplify the computation of z, we first rotate the quadric by an 
angle a such that its axes are parallel to the coordinate axes, i.e. A becomes 
a diagonal matrix. The distance between the points x and z (which are both 
rotated as well) is not changed by the rotation. Thus, let 

R = 

A = 

cos(a) sin(a) 
- sin(ai) cos(a:) 

( ai °3 )=RTAR, \ a3 a2 J 

b = (a
a
4\=RTb and 

c = as = c. 
From the requirement of a diagonal matrix, it follows together with the 

trigonometric addition theorems: 

0 = o3 

& 3 / 2 / \ • 2/ = cos(a)sin(a:)(fci - k2) + —(cos (a) - sin (a)) 

<=> (hi - k2) sin(2a) = - ^ 2cos(2a) 

sin(2a) — £3 
cos(2a) k\ — k2 

<£> a = - a tan 
2 V ^ i - ^ 

We denote the likewise rotated points z and x by z — RT z and x = RTx. 
The distance between z and x can be written as the minimum distance 
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\\x — z\\2 under the constraint zTAz + zTb + c = 0. Using a Lagrange 
multiplier A, we obtain for all £ G IR2: 

0 = ^:^{x-z)T{x~z)-\(zTAz + zTb + c^ 

= -2£T(x -z)- 2\(rAz - Xfb 

= f T \-2x -Xb + 2{z - Ai i ) ] . 

Since the last expression must be zero for all £ € H 2 , it further follows that 

2x + Xb = 2(1 - XA)z 

& z = i ( / - A i ) - 1 ( 2 x + A6). 

Since A is a diagonal matrix, (/ + XA) can be easily inverted so that we 
have the following result for z: 

~f — ( ^ ° 4 "*" 2^x ^Q5 + 2x2 "\ 
Z ' V 2 ( l - A o i ) ' 2 ( l - A o 2 ) / ' 

If we insert this expression for z into the constraint, we obtain a fourth 
degree polynomial in the Lagrange multiplier A whose roots can be com­
puted in a closed form: 

C4A4 + C3A3 + C2A2 + CiA + Co = 0. 

The coefficients are: 

CA = aia2(4aia2a6 — 0202 — 01O5), 
C3 = 2a\a2{a\ + a2) 4- 2(0^05 + a\a\) - 8aia2a6(ai + a2), 
C2 — 4ai 02(02X1 + a\x\) — a\a\ — a2a\ 

+4a2a4(«2^i — «4) + 4aia5(aiX2 — 05) + 4a6(af + a2 + 4aia2), 
Ci = -8a ia 2 (x 2 4- x\) + 2(a\ + a\) 

= —8(0204^1 4- 01O5X2) — 8ae(oi 4- 02), 

Co = 4(aix2 + a2x2 + a4Xi + a5x2 + a6) . 

For each of the up to four real solutions At, i € 1N<4, we obtain a solution 
for z~i. The minimization problem is then reduced to d = min{||x — Zi||2 | i € 
IN<4}. 

The minimization of the objective function with this modified distance 
function requires numerical procedures. In order to avoid this additional 
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Figure 4.29: FCQS analysis Figure 4.30: MFCQS analysis 

computational burden, we compute the prototypes according to theorem 
4.6 despite the changed distance function, and hope that the minimum of 
the FCQS will also lead to a minimum of the modified objective function. 
Because of the large differences between the objective functions, this can be 
valid only in the case when all data are quite near to the quadric, because 
then the differences between the distance function are quite small. The 
combination of the modified distance with the determination of the proto­
types corresponding to theorem 4.6 results in the modified fuzzy c-quadric 
shells algorithm [66]. (However, some large data sets caused convergence 
problems with the MFCQS.) 

Figure 4.31: MFCQS analysis Figure 4.32: MFCQS analysis 

The differences between FCQS and MFCQS results are usually small. 
Not all wrong partitions of FCQS are now corrected by MFCQS. Never-
theless, there are numerous examples where moderate FCQS partitions can 
not compare to the good MFCQS partitions. Such an example is shown 
in figures 4.29 and 4.30. The FCQS mixes data from two ellipses and thus 
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recognizes just one cluster correctly. The MFCQS, on the other hand, rec­
ognizes all three ellipses. The small cross with high memberships in the 
middle of the long-stretched ellipse shows that the distance function is only 
an approximation of the Euclidean distance - with Euclidean distance those 
pixel near the centre would have obtained low membership. (The two circle 
clusters have high memberships in their centres, as well; however, these can 
not be recognized very well in the figure, because these areas are on the 
respective contour of the other circle.) Strong deviations from results with 
Euclidean distance occur in the example shown in figure 4.32, especially 
at the two parabolas. These have a narrow region of high memberships, 
clearly outside the contour, as an elongation of the main axis, which does 
not happen with the FCQS. In some cases, areas like these can be responsi­
ble for a wrong partition made by MFCQS. The modified distance function 
provides Euclidean distances along the main axes of the quadric, but larger 
values remote from them. This way, the regions of higher memberships 
arise in the middle of the cluster. 

The contours in figure 4.30 are thicker than in figure 4.29, because 
the value JQ was assumed for the extension factors r] in the possibilistic 
representation of both figures, and thus the contours get thinner because of 
the faster increasing distance with FCQS. In addition, the contour thickness 
of a FCQS cluster varies, whereas the thickness remains constant with 
MFCQS. 

For figures 4.31 and 4.32, the same initialization and cluster parameters 
were chosen. The data sets only differ in the rotation angle of a single 
ellipse, however, MFCQS leads to completely different partitions. Phenom­
ena like this occur for both FCQS and MFCQS, and it is difficult to predict 
if a data set will be partitioned well. If the initialization of the algorithms 
is not close enough to the intuitive partition, the quadric shells algorithms 
often get stuck in local minima because of the manifold cluster shapes. In 
such cases, even the modified distance function is no guarantee for a better 
result of the analysis. It can not compensate for the bad initialization. 

Figure 4.33 shows a data set clustered by FCQS with m = 4. The 
contours were well recognized except the inner circle. The inner circle is 
hardly covered and the data vectors inside cannot shift the contour to the 
desired shape. If the MFCQS algorithm is applied to the result of FCQS, 
the modified distances and the resulting memberships cause the data of the 
inner circle to draw on the contour of the ellipse with a greater force. The 
result of the analysis is shown in figure 4.34; all clusters have been recog­
nized correctly. If MFCQS is not initialized with the result of FCQS but 
with the initialization used for FCQS before, MFCQS does not recognize 
the intuitive partition. A substantial difference in these two cases is that in 
the first example there was a cluster with small distances for both FCQS 
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Figure 4.33: FCQS analysis Figure 4.34: MFCQS analysis 

and MFCQS, because the prototypes already approximated the data well. 
FCQS could be cheated with the resulting memberships, and provided the 
better partition. The influence of the modification is locally limited in this 
case and leads to the desired result. If there is not a good approximation, 
the distinctly different MFCQS distances are accordingly reflected in all 
memberships. In this case, FCQS less likely recognizes the correct con­
tours with the modified memberships. MFCQS works well for fine tuning 
of FCQS partitions, but it often breaks down when the initialization is too 
far away from the correct partition. Then, the regions of high memberships 
close to the main axes of the MFCQS clusters further complicate the cor­
rect recognition, because they support the covering of the whole area. This 
can lead to a result like that in figure 4.35. 

Figure 4.35: MFCQS analysis Figure 4.36: P-MFCQS analysis 
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Figure 4.37: P-MFCQS analysis 

There is also a possibilistic version of MFCQS. However, a balanced 
proportion of noise data to noise-free data is necessary. MFCQS minimizes 
the objective function for the data set in figure 4.37 by spending a part of 
a hyperbola for noise data only. The perfection with which the objective 
function is minimized here is remarkable; unfortunately this solution does 
not fit the ellipses. However, two extreme outliers are not the usual case, 
normally noise is scattered uniformly across the data set as in figure 4.36. 
Here, the 240 point data set contains 50 uniformly distributed noise data. 
The algorithm recognizes the ellipses well. However, possibilistic clustering 
becomes problematic when noise data occur in certain formations like point 
clouds. Then, the clusters adjust to the noise data again, similar to figure 
4.37. 

The modified distance causes a dramatic increase of the run time. With 
a data set of n data, that have to be partitioned into c clusters, n-ci fourth 
degree equations have to be solved for i iteration steps. For 300 data, 5 
clusters, and 100 iteration steps, this means 150,000 (!) equations after all. 

For the implementation, the function atan2 should be used for the deter­
mination of the modified distance, since the simple function a t an produces 
imprecise results for values ki — fo close to zero because of the division by 
small values. Furthermore, the case of a scaled identity matrix has to be 
considered, especially when both k$ and k\ — &2 are zero. If ks — 0, we 
can choose a = 0 because we already deal with a diagonal matrix then. 
Floating point arithmetics should be used with double precision for the 
modified fuzzy c-quadric shells algorithm to avoid imprecisions in the com­
putations in any case. If the computed distances are permanently distorted 
by round-off errors, convergence is impossible. 

For higher dimensions, the modified distance leads to higher degree 
polynomials for which no explicit solution exists. In this case, a numerical 
technique is required again. 
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4.8 Computational effort 
It should be pointed out once again that the algorithms were not opti­
mized with respect to execution speed. We have the following time in­
dices for FCS, AFCS, and FCES: TFCS = 6.58 • 10~4, TAFCS = 2.24 • 10~3, 
TFCES — 4.36 • 10 - 3 . As we can see from the numbers, finding a solu­
tion numerically is quite expensive. The large difference between FCS and 
AFCS/FCES reflects the dimension of the equation systems that have to be 
solved. Essentially, shorter execution times cannot be expected from other 
iteration procedures for the solution of the equation systems, since these 
algorithms are mostly computationally even more complicated. (With the 
Levenberg-Marquardt algorithm, in each iteration step a further iteration 
is performed leading to three recursive iteration procedures.) 

Algorithms which determine the prototypes directly are much faster: 
TFCSS = 1.0310-4 , TFCE = 2.40-10-4, TFCQS = 1.58-KT4. MFCQS is much 
slower compared with FCQS, because many fourth degree polynomials have 
to be solved: TMFCQS = 1.12 • 10~3. 

The data sets contained between 62 and 315 data, and needed (apart 
from few exceptions) usually much less than 100 iteration steps. The ini­
tialization procedures are described in the text. Several algorithms for the 
recognition of ellipses are compared in [36]. 



Chapter 5 

Polygonal Object 
Boundaries 

Before we take a closer look at the ideas leading to fuzzy clustering algo­
rithms for detecting rectangles, and later on more general polygons [43], 
we briefly review the previously described algorithms. All the fuzzy clus­
tering techniques discussed in chapters 2, 3, and 4 are based on the same 
underlying principal of algorithm 1. Nevertheless, their ability to detect 
the type of clusters they are designed for, is not always comparable. These 
differences appear between algorithms of the same class as well as of algo­
rithms of different classes (solid, linear and shell clustering). The reasons 
for this are first, the increasing number of degrees of freedom within each 
class, but also the more complicated cluster shapes of the higher classes. 
The number of local minima of the objective function, and therefore also 
the probability to converge in an undesired local minimum is increasing 
with the complexity of the cluster shapes. The problems caused by this 
tendency are more serious for very flexible cluster shapes. Two effects can 
be observed: 

• The influence of the initialization increases within the same class of 
clustering algorithms. The simple fuzzy c-means algorithm is more 
or less independent of the initialization and almost always converges 
with the same result, whereas the more complicated Gath-Geva al­
gorithm often tends to converge in a result not too far away from 
the initial prototypes. Therefore, varying the initialization usually 
leads to different results. A similar relation can be observed between 
the fuzzy c-shells and the fuzzy c-quadric shells algorithm. The best 
results are often obtained for a sequence of algorithms where each 

i n 
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more complicated algorithm is initialized with the clustering result 
computed by its simpler predecessor algorithm which allows a lit­
tle less freedom in comparison to its successor. The sequence fuzzy 
c-means, Gustafson-Kessel algorithm, and Gath-Geva algorithm is al­
most ideal, since, one after the other, position, shape, and size of the 
clusters are incorporated in the corresponding algorithm. For shell 
clustering a useful sequence is fuzzy c-shells, fuzzy c-ellipses, and the 
modified fuzzy c-quadric shells algorithm. 

• For the higher classes of clustering algorithms, small spatial distances 
of the data (among themselves) become less important for the assign­
ment of the data to the same cluster. Although the fuzzy c-means 
and the Gath-Geva algorithm are based on completely different dis­
tance measures, the (Euclidean) distance of a datum to the cluster 
centre still has a strong influence on the assignment of the datum 
to the cluster. The distance measures on which these algorithms 
are based always increase with the Euclidean distance, possibly with 
different speeds for varying directions. For the fuzzy c-varieties algo­
rithm there is one (or more direction) for which the algebraic distance 
between datum and cluster centre does not increase at all with the 
Euclidean distance. And for shell clustering algorithms the algebraic 
distance (starting at the cluster centre) usually first decreases until 
we reach the cluster contour and then increases again. In this way, 
data that are not closely connected can be gathered within one clus­
ter. An example is illustrated in figure 4.4, where one circle shell is 
only covered partly by data in two different regions. The additional 
condition that the contour of a circle or ellipse should be marked com­
pletely by data vectors is hard to formalize. The partition of figure 
4.4 contradicts intuition, because the proximity of neighbouring data 
vectors is desired. However, this cannot be seen from the distance 
function. Without this constraint we are able to detect ellipses which 
are only partly covered by data, as in figure 4.8. But the cluster­
ing result does not tell us whether we obtained the computed ellipses 
from small segments or full ellipses (cf. also section 7.2.3). Requiring 
that the data are closely connected, the corresponding cluster shape 
would no longer be ellipses, but segments of ellipses. Thus a result as 
in figure 4.37 would not be admissible. On the other hand, without 
this constraint, for some data sets, shell clustering algorithms tend to 
cover the data by large shells without detecting all intuitively visible 
ellipses. 

In particular, cluster shapes that extend to infinity like lines, parabo­
las, or hyperbolas tend to grab data near their contour that do ac-



5.1. DETECTION OF RECTANGLES 117 

tually not belong to the cluster. Unfortunately, these incorrectly as­
signed data with their high membership degree sometimes prevent the 
cluster from adapting to the optimal parameters. In such cases, lim­
iting the cluster to regions where data have a small spatial distance 
could be helpful. 
Sometimes, this problem can be overcome using the heuristically mod­
ified distance measure, as already known from the fuzzy c-elliptotypes 
algorithm. In the case of shell clusters k, a cluster centre z may be 
introduced, to which the Euclidean distance is incorporated into the 
new distance measure: 

dm0dified(x, k) = Ot\\z - x\\ + (1 - a)dsheU dis tance^, k) . 

The centre may be updated using the shell clustering memberships 
and the prototype update of the fuzzy c-means algorithm. Switching 
to this modified distance function after converging, some misclassifi-
cations can be corrected. The value of a might be chosen to be about 
10~4. 

The capabilities of a clustering algorithm do not only depend on the 
cluster shape, but also very much on the underlying distance function. 
For algorithms that allow for a great variety of cluster shapes, an almost 
Euclidean distance function is very important for good performance in the 
sense of detecting clusters correctly and - especially for shell clustering -
to get improved results by a small increase of the fuzzifier. Larger fuzzifiers 
tend to smoothen the distance function so that undesired local minima 
that are not too extreme can be avoided by this technique. However, many 
examples make us believe that for highly non-Euclidean distance functions, 
the smoothing effect is not strong enough to help in significantly avoiding 
local minima. In fact, for a non-Euclidean distance function the global 
optimum might be totally different from the intuitive partition, and this 
is especially true when we have to deal with some outliers or noise. This 
again emphasizes the importance of the Euclidean distance function that is 
mainly responsible for the cluster partition from the human point of view. 

5.1 Detection of rectangles 
In the following we examine whether the basic clustering algorithm is suit­
able for detecting clusters in the form of rectangular shells. In principle, 
linear clustering algorithms are capable of finding rectangles as some of the 
figures in section 3 demonstrate. For n rectangles in an image, at most 
4 • n clusters in the form of lines are needed. However, for a higher number 
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of clusters undesired results that just cover the data by a large number 
of parallel lines may occur (see figure 3.4). In addition, the linear clus­
ters influence each other according to their infinite extension. Finally, for 
detecting rectangles it is not sufficient to have just a number of lines, but 
another algorithm is needed to find groups of four lines that form rectangles. 

Figure 5.1: AFC analysis Figure 5.2: AFC analysis 

For this task it is necessary to know the direction of the lines, as well as 
their end-points. Although the lines marking the two rectangles in figures 
5.1 and 5.2 are identical, the edges of the corresponding rectangles are 
not. The cluster parameters determining the centres of the linear clusters 
can help to find the rectangular groups. However, these centres are not 
necessarily the mid-points of the edges, when the data are inhomogeneously 
spread on the edge. A preselection of potential rectangular groups can be 
obtained in this way, but the cluster centres are not suitable for an optimal 
adaptation of the rectangles to the data, since the orthogonality is ignored. 
Thus an algorithm that is especially tailored for rectangles may be better 
than just detecting lines first and finding rectangular group in a second 
step. For the development of such an algorithm for rectangular clusters we 
should take into account the considerations on the cluster shape and the 
distance function we discussed at the beginning of this chapter. Of course, 
an explicit computation scheme for the prototypes given the membership 
degrees is desirable in order to design a reasonably fast algorithm. After the 
design of such an algorithm, we have to develop suitable validity measures to 
be able to determine the number of clusters (rectangles) in a given image. 
We will not discuss the problem here, since these validity measures can 
be defined analogously to those described in chapter 7. In particular, in 
opposition to general quadrics, the distance vector and the distance of a 
datum to a given line or rectangle can be computed easily (see also section 
5.2). Thus the global validity measures from section 7.1.2 can be directly 
applied. Refraining from taking the mean over all clusters, we can even 
derive local validity measures for rectangles from the global ones. Therefore, 
we restrict ourselves in the following to the shell clustering algorithms for 
rectangles, without discussing the validity measures here. 



5.1. DETECTION OF RECTANGLES 119 

The cluster form rectangle is given, but we are still free to choose a 
suitable representation. A rectangular contour cannot be defined in an 
analytical form as easily as circles or quadrics. Therefore, it might be 
reasonable to accept a compromise that either tolerates deviations from 
the exact cluster shapes for the sake of a faster algorithm or accepts high 
computational efforts. With these considerations in mind, we take a closer 
look at the possibilities and restrictions for designing a clustering algorithm 
for rectangles. 

Figure 5.3: p = 2 Figure 5.4: p = 8 

We restrict ourselves to the case of a two-dimensional data space D := 
IR2. We have to define a distance function yielding the value zero on a 
rectangle. For the moment we do not consider a rotation of the rectangle. 
A square can be approximated on the basis of a p-norm || • | |p : IRn —> 
IR>o> (xi,X2,.. .,xn) •-> ^/]Cr=i \xi\p- For p = 2 we obtain the Euclidean 
norm. Using dp : B 2 x IR -► IR, (x,v) (-)• (||x - v\\p - l ) 2 with p = 2 we 
obtained a circle with radius 1 for the fuzzy c-shells algorithm. Increasing 
the value of p the circle for p = 2 changes more and more to a square, as can 
be seen in figures 5.3 and 5.4 showing the function dp for p — 2 and p = 8. 
Looking at these figures, one can imagine the continuous transformation of 
the circle to a square while increasing p from 2 to oo. Replacing the constant 
value 1 by an edge length A: € IR in the function dp, squares of different 
sizes can be described. For rectangles whose edge lengths are not identical, 
as in the case of squares, we need two parameters, scaling the distances in 
the directions of the coordinate axes. Describing an axes-parallel rectangle 
by the parameters (t>o.ui,ro,ri) G IR4 with its centre {v0,vi) and the half 
edge lengths ro and n , the following remark provides a suitable distance 
function. 
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Remark 5.1 (Prototypes for rectangles using p-norms) Letp G IN, 
D := IR2, X = {x1,x2,...,xn} C D, C := IR4, c G IN, R := PC(C), J 
corresponding to (1.7) iui£/i m € H>i and 

d2 :DxC -> IR>0, 

((xo,Zi), (tto,«i,r0 ,ri)) H* ŝ x« v« 

/ / J is minimized with respect to all probabilistic cluster partitions 
X -> F(i(r) un'tfi X = {fci,fc2,.. •, A;c} G i? and given membership de­
grees f(xj)(ki) = Uij by f : X —> F(K), then we have for ki = 
(v<,o,Vi,i>r«,o,r<,i), qf G { p , p - l } , a n d s € {0,1}: 

p 

«*«« 4 j = (£L7=^)" + (aiirrLl)'-
Proof: The probabilistic cluster partition / : X -> F ( K ) shall minimize 

the objective function J . Then all partial derivatives of J have to be zero. 
With ki = ( ^ 0 , ^ , 1 , ^ 0 , ^ 1 ) £ K and s G {0,1} we obtain: 

0 = 
dJ 

dv 

<& 0 & *J ft? v n,. ; 
0 = 

db 
drit, 

There is no analytical solution for this system of non-linear equations for 
larger values of p, since (xjto — fi.o) and (xj,i — u^i) appear to the power 
of p and (p — 1). Thus we can again obtain an approximate solution by 
applying a numerical algorithm. 

The scaling factors ro and r\ for taking different edge lengths of the 
rectangle into account cause a deviation from the Euclidean distance, since 
data points with the same Euclidean distance to the rectangle may yield 



different values for d. The edge lengths of the rectangle are proportional to 
ro and r\ so that the distances along the axes are more shortened for larger 
than for smaller rectangles. Different edge lengths also lead to different 
scalings of the distance function in the x- and y-direction. The distance 
within a rectangle will never exceed the value 1, regardless of the size of the 
rectangle. Thus we are very far away from a Euclidean distance measure, 
and have to cope with similar problems as in the case of the AFCS and the 
FCQS algorithms. 

Figure 5.5: p-norm analysis Figure 5.6: p-norm analysis 

In this simple form the algorithm does not yield satisfactory results. 
Figures 5.5 and 5.6 show a data set containing two rectangles; figure 5.5 
illustrates the initialization, figure 5.6 the result after one iteration step. 
The left initialization cluster already approximates the larger rectangle af­
ter one iteration step quite well. The other cluster has to minimize the 
distances to the data of the smaller rectangle and the right part of the 
larger rectangle. The Newton iteration tries to find an optimum by a gra­
dient descent technique. When the centre of the remaining cluster is shifted 
to the right, then the horizontal edge length has to be shortened also in 
order to minimize the distances to data at the right side. However, this 
shortening enforces an enlargement of the distances along this axis so that 
even the same location of the right edge would lead to larger distances. 
The Newton iteration will therefore not carry out these changes, since it 
would have to pass a local maximum. Moving the right centre point in 
the opposite direction as desired and stretching the right edge at the same 
time, the distances are shortened for the same reason. In each iteration 
step the Newton iteration stretches the horizontal edge even more, until 
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the distance of the data on the right edge is almost zero and the Newton 
iteration seems to converge. In the following steps the Newton iteration 
converges again and again towards this local minimum. Finally the clus­
tering algorithm terminates with the undesired result in figure 5.6, since 
for a very large edge length, the membership degrees remain more or less 
stable. We can also see that for a large edge length the approximation of 
the rectangle on the basis of a p-norm is no longer acceptable. 

Summarizing these considerations we can say: 

• A numerical solution of the system of non-linear equations may result 
in the convergence in a local minimum with an almost infinite edge 
length. A constraint for the edge lengths avoiding such problems is 
almost impossible without restricting the possible rectangular shapes. 

• In contrast to circular clusters, a single segment is not sufficient for 
determining the cluster parameters. In principle, three data points 
are already enough to find a circle approximating them. If the data 
points of at least one edge are completely missing in a rectangle, 
there are infinitely many possible solutions. The intuitive solution 
- the smallest rectangle fitting to the corresponding data - is even 
counteracted by the distance function in remark 5.1. 

• For larger rectangles and smaller values of p, the corners of the rect­
angles are not well approximated by the clusters (see also page 132). 

• The convergence to solutions with (almost) infinite edge lengths is 
not caused by the algorithm itself, but by the procedure to solve 
the system of non-linear equations. The solution determined by the 
Newton iteration is actually not a proper solution, since only arbitrary 
small values, but not the value zero are assumed. 

The last observation shows that the algorithm becomes useless only in 
connection with a numerical procedure like the Newton iteration. With 
a better initialization, even the Newton iteration is able to find a better 
cluster partition. Indeed, choosing 

V i = K o , V < , l ) = -F^n ~ ~ , 
2-tf=l Ui,j 

(r<,o,r<,i) - w m  
Lj=l Ui,3 

as the initial values for the ith cluster, i € IN<C, in figure 5.5 leads to the 
desired clusters. In this case, the centre of each rectangle is computed as 
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the centre of gravity of the data in the corresponding rectangle before the 
Newton iteration is started. The above initializations of the edge lengths 
ignore to which edge a datum actually belongs. Nevertheless, these values 
provide a good heuristic initialization for the Newton iteration. 

Figure 5.7: p-norm analysis 

Despite the success of the algorithm after the heuristic initialization of 
the Newton iteration, the algorithm still remains a very rough approach. 
The contour induced by the distance function only approximates rectan­
gles. For simple images this might be sufficient, but in general problems 
as in figure 5.7 appear, where the bad approximation of the data on the 
horizontal edges, especially in the corners, prevents the algorithm from de­
tecting the rectangles correctly. This bad approximation leads to smaller 
membership degrees so that other rectangles tend to cover these data as 
well. For instance, the lower left cluster approximates one corner of the 
large rectangle on the right instead of concentrating on its correct edge. 
Even the sparsely covered data on this edge do not force the cluster into 
the right shape due to the distance function that is bounded by one in the 
interior of the rectangle (independently of the size of the rectangle). 

In some cases, when the Newton iteration computes long edges and these 
values are reset to much smaller ones by the heuristic Newton initialization, 
the algorithm does not converge at all. 

As mentioned before, in the special case of squares the scaling of the 
axes in the distance function can be avoided by defining dp : H 2 x 1R2 -> 
JR, (ar,v) »-> (\\x — v\\p — r ) 2 . Then the distance of a datum to the square 
centre is independent of the direction. The parameter r determines the 
length of the square's edges in the same way as it determines the radius of 
a circle in the case of FCS. Here, an infinite edge length does not.lead to a 



124 CHAPTER 5. POLYGONAL OBJECT BOUNDARIES 

supposed zero passage, and the Newton iteration can be initialized by the 
last iterations result. The procedure is therefore applicable to the detection 
of axes-parallel squares. 

Introducing an additional parameter for a rotation, the algorithm could 
be generalized to arbitrary rectangles. We would have to replace the expres­
sions (x^o — Vt,o) and (a^i — v»,i) by {xjto — i^o) cos(a) - {x^\ — v<,i) sin(a) 
and (XJ,O — Vi,o)sin(a) + (x^i — v<,i)cos(a), respectively. Since the axes-
parallel version of the algorithm is already not very successful, we do not 
consider this generalization here. 

For a more precise description of the contour of a rectangle, we need 
a different distance function. We would like to avoid a scaling of the axes 
and would prefer to incorporate varying edge lengths by subtraction, as in 
the case of the square, instead of by division. Since we have two pairs of 
parallel edges in a rectangle, we have to introduce the subtraction for both 
axes separately. Figure 5.8 shows the graph of the function 

IR2-+1R, (Xyy)^((x2-l)(y2-l))\ 

The factors (x2 — 1) and (y2 — 1) become zero for x,y € {—1,1}. Thus 
the set of points where the function assumes the values zero are two pairs 
of parallel lines that meet in the corners of a square. However, these lines 
continue to infinity and do not end in the corners of the square, so that we 
will encounter the same problems as in the case of linear clustering and line 
segments. 

R e m a r k 5.2 (Prototypes for rectangles using four lines) Let D := 
H 2 , X = {xux2,...,xn} C D, C := IR4, c G IN, R := VC{C), J corre­
sponding to (1.7) with m G H>i and 

d2 :1R2 xC- ) - lR>o , ( (x 0 ,z i ) , (vo,ui , r0 , r i )) •-> I Y[{xa-vs)2 - rs J . 

If J is minimized with respect to to all probabilistic cluster partitions 
X —y F(K) with K = {&i,&2>- • • >&c} € R and given membership de­
grees f(xj)(ri) — uij by f : X -» F(K), then we have for ki = 
{vi,o,Viti,rito,riti): 

n 
0 = 53««5((*i,o ~ v»,o)2 - riy0) ((xj,i - viyi)2 - r u ) 2 (xji0 - vifi) 

n 
0 = E U 3 ( ^ ' 0 ~ Vi<°)2" ri-°)2 (to.1 ~Vi^2 ~ ri-j) to.i " u»-°) 
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n 
0 = 2 " ^ ( ( ^ , 0 - Vi,0)2 - ri<0) ((xjA - vitl)2 - r M ) 2 

3=1 
n 

0 = HL,UZJ((XJ>O ~ vhof ~ rt,o)2 ((xjti - vitl)2 - r i t i ) . 
3=1 

Proof: The equations are obtained directly by requiring that the partial 
derivatives of the objective function have to be zero. ■ 

Figure 5.8: Distance function for ap- Figure 5.9: Clustering result 
proximation of rectangles by four lines 

One disadvantage of this distance function is that the clusters are es­
sentially not rectangles but four lines. In this way the data in figure 5.9 
are covered quite well by the clusters, although the rectangles do not corre­
spond to the expected result (for a better view of the data set, see also figure 
5.11). This algorithm just combines sets of four lines to a rectangle without 
improving much in comparison to a linear clustering algorithm, except that 
orthogonality of the edges is guaranteed. The considerations and exam­
ples in the chapter on linear clustering show that it is important for the 
distance function (and the membership degrees) to increase (respectively 
decrease) outside the cluster contour. If we wanted to further elaborate 
this approach, we would have to incorporate the Euclidean distance to the 
centre of the rectangle in the same way as for the fuzzy c-elliptotypes or the 
adaptive fuzzy clustering algorithm , in order to avoid clusters extending 
to infinity. 

The extension of the lines further than the considered rectangle is caused 
by the multiplication of the expressions ((xj,o — vi,o)2 — r»,o) a n d ((xj,i — 
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Vi,i)2 — ?*t,i)• Figure 5.10 shows the graph of the function 

IR2-+IR, (x,y)^(x
2-l)2 + (y2-l)2. 

The corners of the rectangle have the minimum distance for this distance 
function, along the edges the distance is a little bit higher but lower than 
outside the rectangle contour. 

Remark 5.3 (Prototypes for rectangles using four points) Let 
D := IR2, X = {xl,x2,...,xn} C D, C := H 4 , c G IN, R := VC(C), 
J corresponding to (1.7) with m € M>i and 

l 

d2 : B 2 x C - > I R > o , ((x0,xi), (vo,t>i,r0,ri)) M- ]JT((ar. ~ v*) 2 ~ r * ) 2 -

/ / J is minimized with respect to all probabilistic cluster partitions X -> 
F(K) with K — {fci,fc2>- • • >&<:} € i? and </n;en membership degrees 
f{xj)(ki) = Uij by f : X -> F(K), then we have for ki = (v<,oiV<,i,r<,o,n,i) 
and s G {0,1}; 

(5.1) 

= g ^ ^ £ g M + u ? (52) 
<-5i,0 

Proof: Let the probabilistic cluster partition / : X -> .F(JK") minimize 
the objective function J . Again, the partial derivatives have to be zero. 
With ki — (i>i,o,Ui,i»r*>o>ri,i) G K and s € {0,1} we have: 

= 0 = -453t4jJ((a? i t , - v i )S)2 - r i )S)(xj,a - «<,.), (5.3) 
a v -

< I J = 0 = - ^ < i ( ( x i ( . - t ; M ) 2 - r i , , ) . 

From the latter equation we can derive the formula (5.2) for the parameter 
r. Rearranging equation (5.3), we obtain, together with (5.2): 

n 
0 = E <J lxh - 2v^H» + vl» - r«-')(x;.« - "<.•)] 
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= £ u& Hsi-1 + !) + v?,.(*i.» ~ **,• + 2*;,« - "F^ 
£1 L 5i.° 
, „ / o 2 , _. ^ffi,! 5^2 . 3 5^2] 

= t,?,(2SM - 5 i i 0 ^ ) + w,,,(-354la + 2 5 M | i + f ^ ) 
<Jt,0 '-'i.O >->i,0 

+5i,3 — S^i •^J-

/ o c . ^ i 5j,2 
= V i ) S ( - 2 ^ i | 2 + - ^ ) + Oi,3 — Oi,l « — • 

From this equation we can derive the formula (5.1) for the parameter Vi>8. 
Taking this formula for Vit8 into account, we can finally compute r^a on the 
basis of (5.2). ■ 

Figure 5.10: Distance function for ap- Figure 5.11: Clustering result 
proximation of rectangles by four points 

Changing the distance function from a product to a sum, we are able 
to provide an explicit solution for the prototypes. In the same way that 
the cluster shape in the product resembles four lines, we obtain for the sum 
four point-like clusters as can be seen in figure 5.11. (The small squares 
indicate the centres of the rectangles that are induced by a collection of four 
regions of high membership degrees. The points on the right side from top 
to bottom are alternatingly assigned to two different clusters.) The corners 
of the clusters do not fit completely to the corners of the rectangles, but 
behave in the same manner as fuzzy c-means clusters. The distance is 
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minimized when the cluster corners are placed a little bit inside the corners 
of the rectangles. Therefore, the correct rectangle parameters cannot be 
computed with this algorithm. Moreover, edges of some rectangles may 
be covered insufficiently. As already mentioned, the distance function on 
the edges is increasing in the direction to the edge centres. So data points 
near the edge centres may have small membership degrees and can attract 
corners of other clusters, resulting in a counter-intuitive clustering result. 
Another disadvantage of this approach is that the distance function is not 
tailored for closely connected data on the contour, but prefers the four 
corners. However, four point-like clusters can be fitted to shapes other 
than rectangles as well. 

So far, the proposed rectangle algorithms do not yield completely satis­
factory results, because the cluster form induced by the distance function 
is not an exact rectangle, but only an approximation of it. We can expect 
better results from the algorithms 

• if the rounded corners for the p-norm are compensated by higher 
values for p. As the limit p - > o o w e obtain the maximum norm. (See 
also page 132.) 

• if the lines are bounded by the rectangles. 

• if instead of four point-like clusters four corner clusters describe the 
four corners of the rectangle. 

These improvements require the use of absolute values, respectively the 
minimum or maximum function, that can be expressed in terms of abso­
lute values. Figure 5.12 shows the graph of the function dmax : H 2 ->• 
H , (x,y) y-> (max(|x|, \y\) — l ) 2 . The expression max(\x\, \y\) is obtained 
as the limit for p -> oo in the formula for the p-norm of (x, y). Figure 5.13 
illustrates the graph of the function dmin : H 2 —> H, {x,y) »-> min2(x,y), 
which can be taken as a distance function to detect corners. The edges of 
the corners extend to infinity as the linear clusters in the fuzzy c-varieties al­
gorithm. The function dedge ' HI2 -> H , (x,y) i-* min2(a;,y) + max(|a;|, \y\) 
takes also the distance to the corner in the direction of the edges into ac­
count, but less than in other directions, since we want to detect a corner 
consisting of two edges and not a single point. The graph of this function 
is shown in figure 5.14. 

Unfortunately, the appearance of the maximum or minimum function 
in the distance function causes new problems. Writing these functions in 
the form max(x,y) = X+V+\X-V\ a n d min(x,j/) = J+y~lx~vl> w e need the 
absolute value which is not differentiable in zero. We have avoided this 
problem until now by taking the square. But when we take the square of the 
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Figure 5.12: dmax Figure 5.13: dmin Figure 5.14: dedge 

maximum or minimum function, the absolute value will not be eliminated. 
The derivative of the objective function cannot be computed everywhere. 
The derivative of the function | / (* ) | , / : IR -» H, is / ' (x) sign (/(a:)) for 
all x E 1R\{0}. If / is the distance function, then it is not differentiable 
right on the cluster contour. For the fuzzy c-shells algorithm the Euclidean 
norm appears non-squared so that the same problems appear as for the 
absolute value function. However, the problematic values are not on the 
cluster contour, but further away. (In the resulting equation a division by 
||x — v|| appears so that the critical case occurs only if a datum is in the 
centre of the corresponding circle. But such a datum is not typical for 
the circle contour and does not influence the computation of the correct 
circle parameters based on the relevant data points, as long as we avoid the 
division by zero.) 

Even more importantly is that the absolute value still appears in the 
derivative. The fuzzy c-shells algorithm needs a numerical procedure to 
solve a system of non-linear equations to-compute the prototypes. An 
explicit solution for the prototypes cannot usually be found, when proto­
type parameters appear within absolute values, so that the equations can 
not be solved with respect to these parameters. A computational efficient 
algorithm for determining the prototypes needs explicit solutions for the 
parameters. Obviously, the price for the exact rectangular cluster shape on 
the basis of the maximum or minimum function in the distance function is 
a non-analytical solution for the prototype parameters. A modification of 
the distance function in remark 5.3 to 

d : H 2 x IR4 -> IR>o, ((x0,xi), (v0,Vi,r0,ri)) ^ max ((x8 -v8)2 -rB)2 

«€{0,1} 

leads, for the derivative of the objective function, to 
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i= l k 

-4((xi)S - u*)2 - r,)(x,-t, - v8) if j € S 
0 if j £ S 

- 4 5Z((^- ,* - v s)2 - r,)(sj> - v8) 
jes 

) 

for s € {0,1}, 5 = 1 - s and 5 := {j G 1N<„ | ((xjt9 - v8)2 - r8)2 > 
( ( ^ , s - v 5 ) 2 - r « ) 2 } . 

This partial derivative is similar to the partial derivative (5.3). The 
only difference lies in the terms of the sums. In (5.3) there is one term 
for each datum, now only the data in the set S have to be considered. In 
remark 5.3 this equation was necessary for determining an explicit formula 
for v8. Without having v8 we are unable to determine the set S and do not 
know which terms appear in the sum. However, approximating the proto­
types on the basis of a Newton iteration, we are able to design a clustering 
algorithm for rectangles, since the objective function has to be evaluated 
for certain instances only. In this case, the set S as well as the parame­
ters for the rectangles are known. When we are satisfied with an iterative 
numerical procedure to determine the prototypes, cluster algorithms for 
detecting rectangles can be designed in the way described above. Regard­
ing the distance function, the following theorem describes a very promising 
approach. 

Theorem 5.4 (Prototypes for rectangles using the max-norm) 
Let D := H 2 , X = {xux2,. . . , £ „ } C D, C := H 2 x H 2 x ]R, c € IN, 
R := VC{C), J corresponding to (1.7) with m € IR>i and 

d2 : IR2 x C -* JR>o, 

(s,(t,,r,Y>)) H> n » « { | ( * - « ) T ( ^ + I )
) ) | - r . | . € { 0 , l } } . 

If J is minimized with respect to all probabilistic cluster partitions X -> 
F(K) with K = {fci, &2,. • • >&c} € R for given membership degrees 
f(xj)(ki) = Uij by f : X ->• F{K), then we have for ki = (v,r,<p), n8 = 

( £ { £ ? ) ) (where s G {°»W and X° = tf e w<» I (*i ~ v)Tno ~ro> 
(Xj - v)Tm - n } , Xi = TN<n\X0: 

— = 0=*0 = ] T u^j{\{xj-v)Tn8\~r8)sign((xj-v)Tn8)y 
jex. 

^L = 0=*0 = £tift(|(« i-u)Tii . |-r f) l 
8 jex. 
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for s € {0,1}, and 

d(p 

0 = J I ui!i(Kxi ~ v)Tno\ ~ ro) sign((a;i - v)Tn0)(xj - v)Tm 

+ Yl UU ~ (Kxi ~ v)Tni\ ~ ri) siga((xj - v^n^Xj - v)Tn0. 
jexi 

Proof: The equations follow directly from the partial derivatives. ■ 

Figure 5.15: Maximum norm analysis Figure 5.16: Maximum norm 
t analysis 

On the basis of a reasonable initialization (ten fuzzy c-means steps and 
ten fuzzy c-shells steps) this algorithm provides the desired results for the 
data sets in figures 5.5 and 5.11. One reason for the good results is the 
distance function, that computes the Euclidean distance from the cluster 
contour. The absolute value of the scalar product within the maximum 
computes the distance of datum Xj to the cluster centre v along the axes of 
a coordinate system that is rotated by the angle ip. Half of the length of the 
edge is subtracted from this distance, and what remains is the Euclidean 
distance to the edge. 

Using the same initialization scheme as above, the algorithm also man­
ages the rotated rectangles in figure 5.15. Nevertheless, the general prob­
lems mentioned in the chapter on shell clustering algorithms also apply 
to rectangular shapes, i.e. a large number of clusters or barely separated 
clusters lead to undesired results like in figure 5.16. 
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Although this algorithm yields quite good results in comparison to the 
previously mentioned algorithms for rectangles, the drawback is the neces­
sity to compute the prototypes on a numerical basis. 

An exact description of rectangular shapes is not only possible with the 
maximum norm, but also with the p-norm with p = 1. In contrast to the 
maximum norm, the unit circle with respect to the p-norm with p = 1 is 
not an axes-parallel square, but a square rotated by 45 degrees, standing 
on one of its corners. The necessity of a numerical computation of the 
prototypes remains, the principal problems caused by the absolute value 
cannot be overcome. Instead of a direct computation of the prototypes 
for this special distance function other strategies to optimize the objective 
function like genetic algorithms can also be considered, however without 
great success as reported in [13]. A direct solution for determining the 
prototypes is usually faster and yields better results. The large number of 
local minima of the objective functions in shell clustering seems to cause 
problems for genetic algorithms. 

5.2 The fuzzy c-rectangular shells algorithm 
The fuzzy c-rectangular shells algorithm uses a distance measure, that re­
flects the Euclidean distance to the nearest rectangles edge. The contour 
of a rectangle can be assembled by four lines, each described by a normal 
equation (x — p)Tn = 0, in which p € M2 is a point of the considered line 
and n € IR2 the normal vector of the line. If n is a unit normal vector, the 
expression \(x—p)Tn\ yields the Euclidean distance of a point x to the line. 
Initially, we have to formalize the four boundary lines of a rectangle. 

As shown in figure 5.17, we denote the centre of the rectangle by v € H 2 

and the edge lengths by 2ro and 2r*i, r = (ro,ri) e IR2. Furthermore, <p is 
the angle between the positive ar-axis and the positive r0-axis of the rectan­
gle. We enumerate the lines (that will become the edges of the rectangle) 
counter-clockwise, beginning with zero at the right line (</? = 0 assumed). 
The points and normal vectors of the lines are numbered in the same way. 
For the unit normal vectors n8, s € IN<4, we require (v — pa)Tns > 0. In 
this way, all normal vectors are directed towards the centre of the rectangle. 
This means: 

_ / _ c o s ( v ? + f n 
n°-\ -sh%>+f) J ' ° r 

/ -cos(ip) \ ( sin(v>) \ 
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Figure 5.17: FCRS parameters 

The points p8 can be placed anywhere on the corresponding lines. But after 
fixing the normal vectors, the obvious way to define pa would be 

ps =v ~ra mod 2™s for all s e 1N<4. 

Since the normal vectors point towards the centre v, (x — pa)Tna yields 
a positive value only if the vector x lies on the side of the line near the 
rectangle centre. We will call this value the directed distance. Since na is 
normalized, we can rewrite the directed distance as 

(x - ps)Tn8 = (x-(v-rs mod 2ni))Tna = (x - v)Tna + ra mod 2njna 

= (x - v) na + ra mod 2 

for s G IN<4- Evaluating the minimum of all directed distances, we get a 
positive/zero/negative value, if x lies inside/on/outside the rectangle. The 
graph of the minimum looks like a pyramid, shown by figure 5.18. The 
absolute value of the minimum is the Euclidean distance between x and 
the nearest edge of the rectangle (figure 5.19). Therefore, we define the 
Fuzzy c-Rectangular Shell distance measure as 

d2 :1R2 xC -> H , 

(x,(v,r,ip)) •-> ( m i n { ( x - v ) T n 8 + r , mod 2 |s e IN<4}) , (5.4) 

where C := HI2 x HI2 x 1R. Taking the absolute value explicitly is not 
necessary, as the squared distance measure is used by the algorithm. 
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■K".y) »bi(d<x,y)) 

Figure 5.18: Figure 5.19: 

Note that the lines are clipped (to true edges) by the min-function, so 
they have no infinite expansion as in the FCV algorithm. But the use of 
the minimum function prevents the prototype parameters from being deter­
mined explicitly. We cannot solve for the parameters that are used inside 
the minimum function. The schematic procedure (differentiate and solve for 
the parameters) that was used for all the other clustering algorithms fails 
if we want to calculate the parameters directly and avoid iterative Newton­
like methods. What can we do to keep the additional computational costs 
small? A human probably would simplify the problem by dividing the data 
into four clusters: one cluster for each edge. The optimization of four lines 
seems to be easier than the ad hoc calculation of the whole rectangle. At 
first glance, this is the same problem as it can be solved by line detection 
algorithms. But there are some differences: 

• Two membership degrees are assigned to each data vector: one for the 
rectangle and one for the particular edges of every rectangle. (This 
could be realized by using a modified distance measure for the line 
detection algorithm, that takes into account the membership degree 
to the rectangle as a scaling factor.) 

• There are several relationships between the edges of a rectangle. Two 
edges must be parallel, meeting the other pair at a right angle. The 
optimization has to reflect these constraints. 

• To simplify the problem effectively, a human would prefer a clear 
partition of the data vectors into four clusters for each rectangle. 
Uncertainties near the vertices are quite unproblematic. Those data 
vectors lie on both adjacent lines. 

All these observations are justified by the right-angled shape of a rect­
angle and suggest the use of a second possibly hard - partition for the 
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edges. There is a fundamental difference between other (fuzzy) shell clus­
tering algorithms and rectangular shell clustering. In the case of rectangles 
it seems to be insufficient to identify only the cluster (rectangle) to which a 
datum should be assigned with a certain membership degree. In a second 
step one has to associate one of the four edges of the identified rectangle 
with the datum. The first (fuzzy) partition can be obtained in the same 
way as it is done in all the other algorithms. The second (possibly hard) 
partition is produced by the minimum function itself: we associate the data 
vector with the line that is responsible for the minimum value. By gener­
ating the second partition in this way, we actually rewrite the minimum 
function in another form. Using the Kronecker symbol S (Sij = 1 if i — j , 
Sitj = 0 otherwise) we define for every s € 1N<4: 

minj : IR4 -* {0,1}, (00,01,02,03) M- <5a,m (5.5) 
with am = min{ao,01,02,03}. 

For example min5(7,8,4,6) = 1 and minj(7,8,4,6) = 0 for a € {0,1,3}, 
because the minimum of ao, 01, 02 and 03 is 02. We must bear in 
mind, however, that only one of the four minimum functions has to re­
turn the value 1, even if multiple a\ are minimal. In this case we have 
to choose (randomly) one s € {j € 1N<4 | Oj = min{ao,01,02,03}}. 
For example, mino(4,4,8,9) = 1 = mini (4,4,8,9) is not allowed. The 
kind of minimum functions we have in mind must satisfy the equa­
tion 1 = £ s=om i ng (00,01,02,03) . In this way, min{o0,ai,O2,o3} = 
IZi=o a * m m i l ( a o, 01,02,03) holds. We interpret min£(ao,01,02,03) as the 
degree of minimality of a8 referring to 00, 01, 02 and 03. Let As(x,A;) be 
the (directed) distance of a point x to the prototype k and 

Ui,j,8 := mmi((At{xj,ki))tw<4). (5.6) 

Then Ui,j,s denotes the membership degree of data vector Xj to edge s of 
cluster fcj. And WjjeiN<n,seiN* is a partition that assigns data vectors to 
rectangle edges. With these terms we rewrite the distance (5.4) between a 
data vector Xj and a rectangle prototype k{ = (v, r, y?) as: 

dh ~ ( 5Z 6*.i.*(xi ~ v)Tn» + r» mod 2 1 

3 

= I Z " ^ ' ' ((XJ " V)Tn» + r» mod 2) • (5.7) 
«=0 

(This follows from the fact, that products of u ^ , , with different s evaluate 
to zero and since u}j t = Ui,j,, G {0,1}.) 
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Theorem 5.5 (FCRS prototypes) 
Let D := JR2, X = {xi,x2, ...,xn} CD, C :- TR2 x 1R2 x IR be the set 
of possible (parameterized) rectangles (as defined previously), m G H > i , 

A8 : D x C - > I R > o , (x, {v,r,<p)) H* ((X - v)Tn3 +rs mod 2) , 

for all s e 1N<4 and 

3 

d2 : £ > x C - » I R > o , (x,fc)^^min s((A f(rr,A;))teiN»<4)A2(x,fc), 
8=0 

with n8 = ( - cos((p + ^ ) , - sin(v> + ^ ) ) T 

/ / J «s minimized by f : X -t F(K) with respect to all probabilistic 
cluster partitions X -> F(K) with K = {k\, k2,... ,kc} G R and given 
memberships f(xj)(k{) = Uij, so with ki = (v,r,</?), v = /io«o +Ati^i> 
UijjS = minj( (A t(xj , fci))t€iN^4 ) and r = ( r 0 , r i ) : 

M« = Si,«+2 ns+2 + SitS ns (5.8) 
fs = 5'tia-)-2 n s +2 - 5»)S n* (5.9) 
ip = atan2(no) (5.10) 

no is the normalized eigenvector of A{ associated with the 
smallest eigenvalue (5-11) 

n 
Ai = ^2u^j(aijtoalJi0+T(aij>1)T(aitjtl)T) 

Z Z-tf=l Ui,j U*,J,8 

ai,j,s = \ui,j,a ~ Uij>3+2)Xj — 2Uitjt9Oitg + 2llijj8-\-2&i,s+2 

T : H 2 ^ ] R 2 , {x,y)^(-y,x) 

for allsG {0,1}. 

Proof: For the objective function J := XljLi Z)i=i " I j ^ f a j j ^t) t o n a v e 

a minimum it is necessary that the partial derivatives are zero. The use 
of the hard minimum functions min£ allows us to simplify the distance 
function as in (5.5). With ki = (v,r,(p) and n , = -nt+2 the differentiation 
of J with respect to the (half) edge lengths r, leads for s £ {0,1} to: 



5.2. THE FUZZY C-RECTANGULAR SHELLS ALGORITHM 137 

dJ 
dr - = ° =*" ^<,3(ui,3A{Xj-v)Tns+rs) + 

3 3=1 

Ui,j,8+2((xj - v)Tns+2 + ra)j = 0 
n 

** 5 3 u£i (("»»i.« ~ fi<«i.H-a)(*i - f )Tn s + 

(ui j i 8 + UiJ)S+2)r8J = 0. (5.12) 

For the derivative of the centre v we get for all £ € H 2 by applying na = 
—na+2 twice: 

— - 0 
n 3 

=* 5Z uSi 5 3 fi*.i.*((xi ~ v)T n« + r* mod 2)ZTns = 0 

n 1 

** 5 3 uti 5 3 ((fi<.i.» + ^.i . '+a)^ -v)Tna + 
3=1 s=0 

(uii:7)S - Ui>j>a+2)rs)ZTn8 - 0. 

Especially for £ = no and £ = ni one of the terms becomes zero, because 
of nj n8 = 1 and n ^ l , na = 0 for s € {0,1}. This leads to 

n 

5 3 UU ((fi*.i,» + "*,i,»+2)(»i ~ v)Tnfl + 

(«i)jiS - Ui,j,8+2)raJ == 0 (5.13) 

for s e {0,1}. Choose s G {0,1}. The resulting equations (5.12) and 
(5.13) only differ in the sign of some Uijt8 terms. From the addition and 
subtraction of (5.12) and (5.13) 

n 

5 3 UU ("*.i.«(xi " v)Tfl« + UiJ,8r8) = 0, 

5 3 UZ (fi«.i.M-a(*J _ v)T n» - «t.j,»+2r.) = 0 
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can be obtained. Another simplification can be achieved by denoting v as 
a linear combination of no and n\, for example v = IXQUQ + ^ i n i - Then the 
product vTn8 equals \i8. By rearranging both equations for fj,s, we get: 

_ 2^j= l ui,jUi,j,sxj ns 

Zsj=l Ui,jUi,j,9 

V-8 — T-^« m - r*' 

Using our notation in the theorem we obtain \i8 — Sit8n8 + Siia+2na by 
adding these two equations, yielding (5.8) as the result. By subtraction 
we get (5.9) analogously. Now we can replace rs and v in our objective 
function, where only the angle <p remains unknown: 

n 3 
Yl UZ iL, **jA(XJ - V ) T n s + r8 mod 2)2 

j=l s=0 
n 1 

= Zl UZ 5 Z ((Ui,3,8 ~ UijiS+2){xJn8 - fa) 

\ 2 

Hui,j,s+Uijt8+2)r8) 
n 1 

= 22 U^3 X / (("«»*• ~" ***Ji«+a)(*i "~ ^«,s+2 — •%,»)"« 

+ («i,j,» + WtJ,s+2)(<S't,Jj+2 - Siia)n8J 

~ Yl UZ X} (((^*.i.fl ~ iii,hs+2)Xj 

■2uiyj>8Siy8 + 2ui)j)fl+2 Si>s+2 )n8 J 

j = l a =0 

j=l 8=0 

n 1 

j = l 8=0 

For further simplification we use the following relationship between n0 and 
n i : Vx € H 2 : xTn\ = r(x)Tn0. We continue: 
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= S w S ( ( n ^ a ^ ' . o ) ( a U , o n o ) 

+ («0 r K i , l ) ) ( r ( a i , i , l ) T n o ) ) 

= " J I S W S (ai>JfiaZj,o + r K j \ i ) r ( ° W , i ) T ) I no 

= rcj^lino. 

But this expression is minimal when no is the eigenvector of matrix ylj with 
the smallest eigenvalue. Prom no we obtain (p by applying the atan-function 
(5.10). ■ 

Unfortunately the use of the crisp degrees of minimality leads to a con­
vergence problem. Figure 5.20 shows the top and left edge of a rectangle. 
On the left hand side of the diagonal, all data vectors are assigned to the 
left edge, on the right hand side to the top edge. In this example a data 
vector lies exactly on this diagonal, that means it has the same distance 
to both of the edges. Because of the hard degrees of minimality, we have 
to decide to which edge this vector should be assigned. If we choose the 
top line, figure 5.21 shows a possible parameter configuration for the next 
iteration step. Now the data vector lies on the left-hand side of the diagonal 
and in the next step it will be assigned to the left edge, leading to figure 
5.22. It is evident that this vector causes two alternating states. That 
prevents the algorithm from converging. (Depending on the data set this 
problem actually occurs in practice.) While the fuzzy partition matrix U 
is still subject to greater changes in the first iteration steps, the described 
problem does not have strong effects. The more the algorithm reaches its 
final result, the more the probability for such an alternation increases. 

As the introduction of the fuzzy partition matrix helped the hard 
c-means algorithm to avoid local minima, fuzzy minimum functions should 
avoid the convergence problem of the fuzzy c-rectangular shells algorithm. 
We substitute the hard minimum functions by fuzzy ones min* : IR4 -> 
[0,1], which still satisfy 1 = X^ = 0 min s (ao ,a i , 02,03) for all a G H 4 . We 
need this constraint, because every data vector has to keep the same weight 
in our objective function. (Otherwise the objective function could be mini­
mized by setting all degrees of minimality to zero.) There are many possible 
fuzzifications, all influencing the result of FCRS in a different way. If we 
compare the fuzzy partition matrix U and the degrees of minimality we 
recognize similarities, suggesting to us a first fuzzification: Assuming CLQ 
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• m » 

Figure 5.20: Data vec­
tor x lies on the diag­
onal 

Figure 5.21: Data vec­
tor x is assigned to the 
top edge 

Figure 5.22: Data vec­
tor x is assigned to the 
left edge 

is the minimum of ao, a i , 02 and 03, we can interpret dj := a* — 00 as 
the distance of a» from the minimum ao, i G IN<4. Adding a positive 
e G E to every distance d», we can calculate degrees of minimality by 

mins = (X)i=o (d'+gp ) » which is a n analogous calculation as the one 
used for the partition matrix U. We define 

mins : 1RP -» [0,1], a >-» EC fc -m+e)2 (5.14) 
-m+5)2 

where m = mm{a,j\j G IN<p} 

for s G 1N<4. If e approaches zero, the fuzzy minimum functions converge 
towards the hard functions, if e approaches infinity, the fuzzy minimum 
functions converge towards £, where n is the dimension of the domain of 
the fuzzy minimum function. Figure 5.23 shows f(ao,ai,e) = mino(ao,ai) 
for different values of e. 

1 r - - 1 ■ - i - " 
l(O.x.O.I) 

ira.x.i) — 
to,x.si — -

f(0.x,10) 
- - . . " ■ ■ • - \ 

N A \ 

- \V~-_ ■ 

1 1 1 V - ' """ ■*■ 

Figure 5.23: Influence of the parameter e on the fuzzification 

By choosing the minimum functions as too fuzzy, we take into account 
too many data vectors of the neighbouring edges for estimating the actual 

file:///V~-_
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edge and the estimated edges lie inside (not on) the rectangle. On the other 
hand, if the range in which the degrees of minimality float from one edge 
to another is too small, we cannot avoid an alternating sequence as shown 
in figures 5.20 to 5.22. We have to choose e depending on the density of 
the data vectors. Denoting the average distance between two neighbouring 
data vectors by 6, a fuzzification involving an area of 5 to 26 should work 
fine for most cases. (At least it does in our examples.) 

In computer aided image recognition the data vectors often lie on a fixed 
grid. Then 8 need not be evaluated by a complex expression like 

n 
(5.15) 

but is given by the image resolution. 
In general, we assume that the rectangle's edge lengths are large com­

pared to the distance between neighbouring data vectors. If x is a data 
vector lying on one of the rectangle's edges, with a distance d to the near­
est adjacent edge, then we approximate the degree of membership u of x 
belonging to the corresponding edge by 

1 

+ Id+i? 1 + (3+iP 

y/u{\ - u) + (1 - u) 
2u-l 

In this approximation we ignored two distances because they were small 
compared to the remaining terms. Furthermore, only u > \ makes sense, 
as u denotes the membership degree to the edge on which x is located. 

If we want a clear classification of the data vector at a distance of d = 28 
with u = 0.95, then equation (5.23) suggests e « ^ . In this way, we can 
choose, depending on the image resolution, an adequate fuzzification of our 
minimum functions. 

Figure 5.24: FCRS partition (P) Figure 5.25: FCRS partition (P) 
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For the following examples, ten iterations of FCM followed by ten iter­
ations of FCSS provided the FCRS initialization. (We use FCSS instead 
of FCS, AFCS or FCES only because of computational costs. FCQS sup­
ports some cluster shapes such as hyperbolas that are difficult to convert 
into rectangular shapes.) All algorithms used a fuzzifier value of 2. Half 
of the radii determined by the FCSS algorithm were used for the half edge 
lengths of the FCRS algorithm, because the detected circles were almost 
always too large. Like all other shell clustering algorithms FCRS is highly 
dependent on the initialization. The detection of longitudinal rectangles 
for example cannot be supported by the FCSS algorithm, instead of the 
FCSS iterations the number of FCM iterations could be increased or the 
GK algorithm could be used. 

Figures 5.24 and 5.25 show data sets with rotated and overlapping rect­
angles of different sizes. Although there is some noise in figure 5.24 the 
rectangles have been recognized, which can be improved by a possibilistic 
run. Excessive noise in the data sets causes a lot of local minima, and 
similar to most of the shell clustering algorithms possibilistic FCRS then 
fails to detect the image structure. Figure 5.25 seems to present the FCRS 
algorithm with another problem. Following the stepwise development of 
this partition it gives the impression that the data vectors inside the rect­
angle should have higher influence on the resulting cluster: It looks like all 
clusters try to reduce the distance to the data vectors outside the cluster, 
but intuitively they should better take the data vectors inside into account. 
However, this is not aided by the fuzzy minimum functions, which we can 
see with a closer look at the lower left cluster in figure 5.25. The horizontal 
extent of this cluster is too large, the right edge is approximated by another 
cluster. 

Figure 5.26: Membership to right Figure 5.27: Membership to right 
edge, using fuzzy minimum func- edge, using fuzzy minimum func­
tion (5.14) tion (5.16) 
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Figure 5.26 shows a similar rectangle and the membership degree to the 
right edge. In a distance roughly half the size of the length of the smaller 
edge, the high membership degrees terminate abruptly. In figure 5.25 the 
data vectors lie outside the range of influence of the right edge. A final 
modification of the minimum functions should amend this problem: 

mins : IRP —> [0, 11, O H : ,. ,, ; ? , , ,2 (5.16) 
s l » J> Y^p—1 ( m + e x p ( a , - m j - l + c ) * v ' 

2si=0 (|mj+exp(oi—m)-l+ff)2 

where m = min{aj\j G lN<p}. 

Compared to variation (5.14), we translate the distances by the absolute 
value of the minimum and reweight the distance using the exponential func­
tion. If the minimum is near zero, this modification is similar to (5.14). 
Therefore we choose e in the same way as before. These changes lead to 
fuzzier minimality degrees for non-zero minimum values, i.e. for data vec­
tors far away from the contour. 

Figure 5.27 shows the degrees of minimality achieved by the new func­
tions. Along the edges of the rectangle there are still high memberships, 
whereas they are much more fuzzy in the distance. Even inside the rectan­
gle there is a smoother crossing and the sphere of influence has grown. This 
is useful in our case, because we do not want to clearly assign data vectors 
inside the rectangle to the edges while we do not know its final orientation. 
Using this fuzzification, the FCRS algorithm detects all rectangles in figure 
5.25 correctly (a good initialization presumed). For the following examples, 
we will keep this last modification of the fuzzy minimum functions. 

Figure 5.28: FCRS partition (P) Figure 5.29: FCRS partition (P) 
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The danger of converging in a local minimum with an algorithm to 
detect rectangles is greater than with an algorithm to detect spheres or 
ellipses. A circle can be denned unambiguously by three points. But if a 
depicted rectangle consists only of some of its edges, there are many possible 
rectangles that approximate the remaining data vectors. Furthermore, if 
some edges are parallel they could easily be exchanged between different 
rectangle-clusters, which leads to a strong local minimum. This situation 
can often be observed, if the angles of rotation differ about 90 degrees. 

Figure 5.30: FCRS partition (P) Figure 5.31: FCRS partition (P) 

Figure 5.28 shows an example. Although the data vectors are approx­
imated quite well, the rectangle parameters are not correct. In this case, 
the FCSS iteration steps are responsible for the wrong partition. The de­
tected circles assign data vectors that are far away from each other to the 
same clusters. If we leave out the FCSS initialization, the FCRS algo­
rithm detects the clusters much better. Despite the fact that the dataset 
in figure 5.29 looks much more complicated, the FCRS algorithm discovers 
all rectangles after ten FCM and ten FCS iterations. The fact that edges 
of different rectangles never lie parallel to each other makes the detection 
easier. We want to bear in mind that strong local minima with parallel 
edges are not a particular problem for the FCRS algorithm, but are for 
any algorithm detecting rectangular shapes. (A conventional line detection 
algorithm would lump together several edges in figure 5.28. Since there 
are many collinear edges, there are fewer lines than edges. The superfluous 
lines would be fixed randomly by some (noisy) data vectors. We had to 
ignore some detected lines and to split others to find the correct partition.) 

Because of the Euclidean distance provided by the FCRS distance func­
tion, the results can sometimes be improved by increasing the fuzzifier. 
Although FCRS does not detect the rectangles in figure 5.30 with a fuzzi­
fier m = 2.0 because of the parallel edges, it does detect them with an 
increased fuzzifier m = 4.0 in figure 5.31. Of course, the Euclidean dis-



5.3. THE FUZZY C-2-RECTANGULAR SHELLS ALGORITHM 145 

tance measure cannot guarantee an improvement of the clustering result at 
a higher fuzzifier, especially if the objective function contains strong local 
minima, like in figure 5.28. 

For implementational remarks on FCRS, see page 153. 

5.3 The fuzzy c-2-rectangular shells 
algorithm 

Figure 5.32: Definition of the FC2RS cluster 

In some applications the ability to detect more complex shapes might be 
useful. Taking a closer look at the parameter set of FCRS, the concept can 
be easily generalized to polygons other than rectangles. In the derivation of 
the FCRS algorithm, we made use of the fact that the edge's normal vectors 
vary in steps of 90 degrees from edge to edge. If we decrease this angle we 
could realize more complex shapes. Actually, every angle is possible, as 
long as it is a divisor of 360 degrees. In a special case an algorithm to 
detect triangular shapes might be useful, for which we would use an angle 
of 120 degrees. But we want to keep the ability of detecting rectangles, 
therefore, we must also reach 90, 180 and 270 degrees. The greatest angle 
less than 90 degrees satisfying these conditions is 45 degrees. 
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By using steps of 45 degrees we get eight edges realizing the cluster 
shape. Again, we denote the cluster centre by v, the angle of rotation by (f 
and now the four half edge lengths by ro to r$, as displayed in figure 5.32. 
(Now, a cluster is completely described by a triple (v, r, ip) G IR2 x 1R4 x M.) 
The boundary lines are defined by 

(x p8)Tna = 0 where n . = ( _ ^ g j j £ } 
cos{<p + f) 

) 
and pa = v — rs mod 4 ras 

for s G 1N<8. We can illustrate the possible cluster shapes by overlaying 
two rectangles with aligned centres. The shortest closed path along the 
rectangle's edges describes the contour of the cluster. In particular, if one 
of the rectangles is very large the resulting form matches the shape of the 
small rectangle. Figure 5.33 shows some examples for detectable FC2RS 
shapes, marked by the thick lines. The complex shapes are appropriate 
for circles or ellipses, therefore FC2RS might handle complicated scenes 
with rectangles and ellipses correctly. (The name of the algorithm FC2RS 
originates from the visualization of the cluster's shape with the help of two 
rectangles.) 

Figure 5.33: Cluster shapes of the FC2RS algorithm 

The distance function evaluates the minimum of the distance to all 
edges and yields its absolute value. To find an explicit expression for the 
prototypes we formalize the minimum function as in (5.5). 

Theorem 5.6 (FC2RS prototypes) 
Let D := IR2, X = {xx,x2,... ,xn} C D, C := IR2 x IR4 x IR, c € IN, 
R := Vc{C)f J corresponding to (1.7) with m G IR>i and 

As : D x C -^ E > 0 , (x, (v,r,p)) H> ((x - v)Tns + rs m o d 4) , 
7 

d2 : DxC->JR>o, {x, k) t-t ^ m i n 8 ( ( A t ( x , fc))t€iN*8 )A2(x,A;), 
«=o 

and ns = (-cos(y> + *f),-sin(<^ + *f))T for all s G IN<8. / / J is 
minimized by f : X -> F(K) w.r.t. all probabilistic cluster partitions 
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X -» F(K) with K — {fci,A;2,. •. ,kc} € R and given memberships 
f(xj)(ki) - uitj, so with ki = (v,r,ip), v - Xn0 + /in2, r = ( r 0 , r i , r 2 , r 3 ) , 
Uij,a = minj( (A t(xj , ki))t€N*<8): 

cp = atan2(no) 
A = / n o 
fi = mTno 

ra = rjn0 

where 

I = -((v^-Ria^i + a,i)0 + JR2a»,2)(aj,3 + "1,2) -

(V2R3ai>3 - a,it0 + #2ai,2)(au,i + ai,2)) 

m = -((v/2^iOi,i + Oj n + #2^,2)(aj,3 + at,o) -

(V2R3ait3 - Oi,0 + #201,2)(a,,! 4- aii0)) 
q = (a;t,i + a*,2)(at,3 + at,o) + (ai)3 + aiy2){ai,i + aii0) 
r 1 T T T i+m f 7 7 ~ -l + rh 
to = —14 = 1, t i = —15 = — 7 = - , (2 = —»6 = m , <3 = —(7 = — j = — 

no is the normalized eigenvector of A associated with the 
smallest eigenvalue 
n 7 

A = / rf tf itj / Ui,j,8\Rsxj ~ *8 ~^~ rs mod 4J(#s^j ~ *s T r$ mod 4/ 
j=l 5=0 

and for all s G IN<4 

-™s 2 _ / j = l U t , j \Ui>3>* ~~ w t . j , » + 4 ) a ; j Z ^ ' = l w i , jVW t»J .« — ui,j,s+4) -

»t,« — / 4
 ui,jKui,j,s + ui,j,8+4)xj ~ 

3=1 

Oti. 

Z-jj=lui,j\ui,j,s Uj,j,s+4) ^ - r m . _ . 

2 ^ = 1 " i , j \ . u » J , « ^ « t , j , s+4 > ; . j 

A m / . (£?=l<j(«M>-<J,-+4)) 
2 
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and for all s G IN<8 

/ cos(f) sin(^) \ 
H ' - \ -sin(*f) cos(*f) J 

holds. 

Proof: For the objective function J := ]T)?=i X)i=i u^i^{xi^i) t o n a v e 

a minimum it is necessary that the partial derivatives vanish. The use of the 
hard minimum functions (5.5) allows us to simplify the distance function 
in the same way as in (5.7). With ki = (v,r,(p) and n s = — ns+4 we get in 
analogy to theorem 5.5, for all s € IN<4 and £ € M2: 

— = 0 
dr3 
n 

^2UU {{Hi,* - Ui,jts+4)(xj - v)Tna + {ui,j,s + ui>j<8+4)ra) = 0 , 

— = 0 
dv 
n 3 

] L U U S (("<>.» + Uij,t+4)(xj - v)Tn8 + {ui>jt3 - Uij,s+4)ra) £Tn« = 0 . 
3=1 s=0 

From 4^- we obtain 
or, 

and substitute this term for r3 in | ^ . The notations a*,, and ai iS in the 
theorem lead us to 

3 

X I (a%sn* ~ (*i,sVTns) £Tn a = 0. 

For £ = n\ and £ = n3 in particular, we get the equations 

0 = -y=(aj0n0 - aii0vTn0) + {ajylni - ati^nx) + 

-MaJ2n2 -otit2vTn2), 

0 -^(a tT 0n 0 - ai)0vTn0) + -j=(aj2n2 - ai<2vTn2) + - 1 

(a i^3n3 ~ a t , 3 V T n 3 ) . 
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With A, n G 1R and v = Ano + /m2, we substitute vTno = A, vTni = ^ t £ , 
v T n 2 = /i and vTri3 = ~^Pl • We rearrange for A and fi\ 

n T , aJ,0n0 , al,2U* \ ai,l + ai,0 ai,l + ai,2 
0 = 0 | i l „ I + - 7 r + _ r - A — 3 " ^ 5 — . 
n T aM>no . ai^2n2 , , a<,3 + a»,o a»,3 + «t,2 0 = 0ii3n3--^r + - 7 r + A — - ^ " — 7 5 — 

Multiplying the first equation by a i , 3J^'-0 (resp. a<,3"^" ,a) and the second 
equation by a<|1"/^''° (resp. a j , 1"tp'2) and adding (resp. subtracting) both 
resulting equations we obtain 

fi = -((V2aJtlni + aj0n0 + aj2n2)(ai>3 + a i i 0) -
Q 

(V2aJy3n3 - aji0n0 + a^2n2)(ai )i + a i ) 0)), 

A = -((V2aJtlni + aj<0n0 + aj2n2)(aii3 + aij2) -

(V2aJ3n3 - aj0n0 + aj2n2)(ai}i + a i ) 2)) . 

The angle </? only appears in the normal vectors ns. To solve for (p we use 
yTns = (Rsy)Tno, which is shown easily with the help of the trigonometric 
addition theorems: 

(R8y)Tn0 

( y i c o s ( f ) + y 2 s i n ( f ) \ T 

- ^ - y i S i n ( f ) + y 2 c o s ( f ) ) n° 

= -yi(cos((^)cos(—) -sin(—)sin(ip)) 

-y 2 (s in(—) cos(<p) + sin(y>) cos(—)) 
S7T S7V 

= -yi cos(ip + —) - y2 sin(v? + —) 

= (yi,y2)Tn s . 

The multiplication of the matrix Rs by a vector x corresponds to a rotation 
of x by an angle of *p We substitute xTn« by (Rax)T so that only the 
normal vector no remains, and we can factor out the angle (p. In this way, 
we obtain A = ( n o and /1 = mTn0, where /" and TO are defined in the 
theorem. 
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To obtain a similar expression for the (half) edge lengths r s , we trans­
form v into the coordinate system {ns,ns+2 mod s}, assuming the coordi­
nate vector (As, /is)- In the case of s = 0 from v = Ano -I- /iri2 it follows that 
(A0,/xo) = (A, A*)- A rotation by 45 degrees leads to (Ai,/ii) = ( ^ f > ~^L)-> 
(A2,/i2) = (^ , -A) , (A3,/x3) = ( ^ p ' ^ p ) * e t c - Because n s and 
TI8+2 mod 8 are perpendicular (nJn8+2 mod 8 = 0) and the normalized vec­
tor length of na (njna = 1), we obtain vTng = (\8n8 + fian8+2 mod s)n8 = 
A« • 1 + /zs0 = As. Substituting A and /i by P n o and raTn0 in the defi­
nition of A8 and fia, we get linear combinations of UTIQ and raTno for As 

(A, = l8no as defined in the theorem). We also denote r8 in the form fan0. 
With all these equalities we can rewrite the objective function 

] L U S I ] C f i i » * ' ( f o ~ v)Tn" + T* mod 4^ I 
j = l \5=0 / 

I ? V 
~ 53U iJ ( /,Vjj,$(xJn» - i^»n* + Vsn*+2 mod 8)T"s + r8 m o d 4) I 

j=\ \»=0 / 

= 1 3 uti ( 1 3 <jA(RsXj)Tn0 - As + f 7 m o d 4n0) J 
j=l \s=0 / 

= 1 3 U S I 53 f i <. i .« ( ( (^ x i ) ~ '"• + f* mod 4)Tn0) J 
j=l \s=0 / 

/ n 7 

= "o I 1 3 " S 1 3 "«•■>•• 
\ 7 = 1 8=0 

\H8Xj ts + Va mod \){R,Xj ~l8 + 
•s mod 4) n 0 . 

Again, this expression is minimal when no is the eigenvector of matrix A 
with the smallest eigenvalue. From no we obtain ip by applying the atan-
function. ■ 

Because of the convergence problem, we use the same fuzzified minimum 
functions (5.16) of FCRS for the FC2RS algorithm. Ten steps of the FCM, 
FCSS and FCRS algorithm provided the initialization for the FC2RS al­
gorithm for the following examples. The FCRS edge lengths r0 and ri 
were used as the FC2RS edge lengths r0 and r2. The remaining edges ri 
and r3 were initialized by \ / r o + r ? • ^n t n i s waY t n e FC2RS cluster shape 
simulates exactly the FCRS rectangle. 
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Figure 5.34: FC2RS (P) 

The quite flexible clusters of the FC2RS algorithm are appropriate for 
the approximation of circles or ellipses (see figure 5.34). The exact determi­
nation of the parameters is not possible of course, but the algorithm gives 
good approximate values, which at least allow to distinguish circles from 
ellipses or rectangles. If the ellipses are well separated, like in figure 5.34, 
the FC2RS algorithms only needs a few iterations steps if it is initialized 
by some fuzzy c-means steps. 

Figure 5.35: FC2RS (P) Figure 5.36: FC2RS (P) 

If the data set contains elliptic and rectangular shapes simultaneously, 
the FC2RS algorithm yields better results than the special algorithms for 
the detection of ellipses (FCQS) or rectangles (FCRS). Figures 5.35 and 
5.36 show edges, circles and ellipses detected by the FC2RS algorithm. In 
this example, the detection of lines even includes their length. Of course, if 
there are parallel or collinear lines or lines that meet each other at angles of 
multiples of 45 degrees, several lines are lumped together into one FC2RS 
cluster. 

The cluster contour in figure 5.36 lies slightly inside (not on) the de­
picted shapes. This is an indication that the minimum function has been 
chosen too fuzzy. Too many data vectors of the neighbouring edges have 
been taken into account for estimating the actual edges. In this case, mak­
ing the minimum function less fuzzy (for example, by using d = 6 instead 
of d = 26 in (5.23)) improves the FC2RS result. 
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Figure 5.37: FC2RS (P) Figure 5.38: FC2RS (P) 

If the edges are parallel or rotated in steps of 45 degrees, some problems 
may arise with FC2RS, similar to the FCRS algorithm and an angle of 
90 degrees. Then, approximating edges of different shapes by one cluster 
is possible and leads to a strong local minimum. The data set of figure 
5.30 is a good example of such a data set, where FC2RS converges into a 
local minimum. If the shapes are well separated or have slightly different 
angles of rotation, the detection is much easier for the FC2RS algorithm, 
as figure 5.37 and 5.38 demonstrate. For the second figure, the GK and 
GG algorithms were used for initialization instead of FCSS and FCRS. 

Figure 5.39: FCRS partition (P) Figure 5.40: FC2RS (P) 

Even the detection of rectangles can be improved by FC2RS in some 
cases, for example if there are circles in the data set which can be better 
approximated by the FC2RS than the FCRS cluster shape. If the clusters 
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shape is not appropriate for the depicted patterns (as the rectangular shape 
for the lower left circle in figure 5.39), the detection of the remaining shapes 
is influenced. A better approximation like in figure 5.40 helps to avoid 
further misclassifications. 

Compared to the crisp minimum functions, the fuzzifications means 
much more computational costs. Using crisp functions, all but one of the 
summation terms over the edges evaluate to zero. With fuzzy functions 
all terms are positive, that means a computational factor of four (resp. 
eight) for FCRS (resp. FC2RS). The costs of partitioning c clusters can be 
compared with partitioning 4 ■ c (resp. 8 • c) line clusters with the AFC 
algorithm. Sometimes it might be adequate to use the hard minimum 
functions in the first iteration steps, switching to fuzzy minimum functions 
later. This saves much time but affects the estimated partition. 

At the beginning of the FC(2)RS iteration a bad initialization leads to 
somewhat chaotic changes in the angle of rotation cp. But the assignment 
of the data vector to the edges depends on the angle <p. So this effect makes 
the determination of the correct angle more difficult. Forcing the angle to 
stay within a range of [— f, \] (resp. [—f, §]) by adding and subtracting 
multitudes of \ (resp. \) seems to be the obvious thing to do. As long as 
the angle is evaluated randomly, this constraint prevents the data vectors 
from being assigned to completely different edges, in every iteration step. 
The performance of the algorithm is not affected, because the cluster's 
shape is invariant to rotation in steps of 90 degrees (resp. 45 degrees). 
Problems may arise if the angle of rotation equals ±.j (resp. ± f ) . We 
must avoid an alternating sequence of angles less than f and greater than 
— j . Therefore it is better to restrict the absolute change of the angle </? to 
I (resp. f ) . 

About convergence of the FC(2)RS algorithm 

The proofs of theorems 5.5 and 5.6 are based on the hard minimum 
functions ram^, as introduced by (5.5), whereas the final version of the 
FC(2)RS algorithm uses modified fuzzy minimum functions. In fact, there 
is no reason why the objective function should be minimized by using the 
same rules for protoype update. We had a similar situation with MFCQS, 
where we only modified the distance measure and hoped that minimization 
would still work (which in fact was not the case with all examples). Now, 
we want to show that the use of the different versions causes only slight 
changes in the objective function. Therefore, we believe that the algorithm 
presented works fine with fuzzy minimum functions. 

We denote the distance of a data vector x to all four edges of a rectangle 
k by do) d\ i di and rf3. Using the hard minimum functions, the distance 
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function of theorem 5.5 reduces to min{do, d\,d2,d3}. The following lemma 
gives an estimation of the error caused by the fuzzification. 

L e m m a 5.7 Let f : IR+ —» IR+ be a strictly increasing function with 
/ (0) = 0 and n G 1R+. Denote the four fuzzy minimum functions by 
mins : 1R4 -4 [0,1], (do,di,d2 ,d3) H» 

imn{do,di,d2,d^}. Then 
Z-^=0 ( / ( d i - m ) + r,)2 

T, with m = 

y ^ minfl(dp, di, d2, d3)d8 1 - m 
v a=0 

< 3 ^ 

Proof: We introduce the abbreviation D„ for (/(d8 — m) + T?)2 and 
s 6 IN<4. This implies 

2jmin J , (do,di,d2,d3)d s J — m 

do + Dfl, 
D 0 D 2

 + 
Da 
D 3 

+ 

di + ... — m P i 
D 0 

+ D i + D 2
 + 

D L 
D 3 

+ ... — m 

do 
1 + DaDiDa+DtiDt D 3 1 D n D , Z>2 1 + D1D2D3 

di 
1 , P 1 D 2 D 3 + D 0 D 1 D 3 + D 0 D 1 D 2 
1 "*" D0D2D3 

+ 

+ ... — m 

doD1p2pa + DodlD2Da+DoDld2Ds+DQDjDl<in _ rn 

< 

(a3-cto)DnP1^P2+(rfo-do)I)nDlD8+(<<1-dn)r)oJ) 
D0b1b2^-Do^>lD3 + OoD2j53+JD1 D 2 b3 

P0t(<«3-'<0)PlP2 + ( d 2 - d 0 ) P l D 3 + (t'l-';'0)O2P3l 
C1D2D3 

2 P 3 

< 
D0{ZD1D2Di) 

D!D2D3 

= ||3A>|| = 3(/(do - m) + TJ)2 = 3(/(d0 - d0) + n)2 

= 3r,2. 

For equation • we assume without loss of generality that do = 
min(do,di,d2,d3) = m. Inequality •* results from the fact that DQD\D2, 
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DQD\DZ and D0D2D3 > 0, inequality • • * from (da — do) < f{ds) < 
f(ds) + rj < D8 for all s G IN<4. (This Lemma can easily be generalized for 
the case of the FC2RS algorithm). ■ 

If we choose f(x) = x and 77 = e we get an estimation for the error of 
the objective function caused by choosing fuzzy instead of hard minimum 
functions (5.14). If the distance between neighbouring data vectors is equal 
to 1 and e is choosen by (5.23), the error is 3 ^ = 1.08, i.e. about image 
resolution. For the final modification (5.16) we use f(x) = exp(x). Be­
cause in the Lemma 77 is fixed, we consider all (do,di,d2,ds) G IR with 
the same minimum m. Then, modification (5.16) is equal to the case of 
77 = £ + m. In this way, we can see that the error of the fuzzy minimum 
function increases with m. As mentioned above, the greater the minimum 
(e.g. the distance of a data vector to the rectangle) is, the fuzzier the min­
imum function gets. But near the border of the rectangle the minimum m 
approaches zero. Therefore, we have the case f(x) = exp(x) and 77 = e and 
the Lemma gives the same error-estimation. These observations provide a 
plausible explanation, that we have to expect only slight differences in the 
objective function, if we use fuzzy instead of hard minimum functions. 

5.4 Computational effort 
The FC(2)RS algorithms have a time index of TFCRS = 4.7 • 10~4 resp. 
TFC2RS = 9.5 • 10 - 4 . As we expected, we have approximately twice the costs 
for FC2RS than for FCRS, because the cluster shape of FC2RS uses twice 
the number of lines. Compared to the AFC, FCV or GK algorithm, we 
do not have a factor of four for the time index (4r = 5.8 • 10 - 4 < TFCRS), 
because the cluster orientation has to be calculated only once for every four 
lines. 

The examples contain 200 to 300 data vectors, figures 5.35 and 5.36 
only 70. The number of iteration steps varied from 7 (for figure 5.34) to 
120, in some cases even much greater. 



Chapter 6 

Cluster Estimation 
Models 

In chapters 1 - 5 we have introduced various models for fuzzy clustering: 
the basic models fuzzy and possibilistic c-means, models with linear and 
ellipsoidal prototypes, and models which consider polygonal object bound­
aries. All these models basically involve the minimization of an objective 
function like 

n c 

JFCM(U, V;X) = J2J2 U% d* C6-1) 
k=i »=i 

with the data set X = {xi,... ,xn} £ IRP, the membership matrix 
U € M C [0, l ] c n , the parameters V of the c prototypes, the distance 
dik between Xk and the ith prototype, i = l , . . . , c , k = l , . . . , n , and the 
fuzziness parameter m £ ( l ,oo). 

In the previous chapters the models specified by the objective func­
tion (e.g. 6.1,) were minimized using alternating optimization (AO). It was 
proven by Bezdek [10] that the sequences {{U^\ V ^ ) , (f/(2), V<2>),...} 
generated by FCM-AO for fixed m > 1 always converge (or contain a subse­
quence that does) to local minima or saddle points of the objective function 
JFCM- In many practical examples alternating optimization found almost 
optimal results with respect to J after a feasible number of iterations. Sad­
dle points seem to be only a theoretical problem and local minima can often 
be avoided. 

There are, however, many other methods to minimize clustering models 
(objective functions), e.g. hybrid schemes (relaxation) [47], genetic algo­
rithms [1], reformulation [42], and artificial life methods [86]. Therefore, 
it is important to clearly distinguish between clustering models like FCM 

157 
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and the algorithms used to minimize the respective objective function like 
FCM-AO. 

In this chapter we consider the general architecture of the alternating 
optimization algorithm, but abandon the purpose of minimizing objective 
functions. By generalizing the optimization algorithm itself we obtain the 
alternating cluster estimation (ACE) [91], which has a much higher flexi­
bility than AO and leads in some cases to a considerable improvement of 
the clustering results. 

6.1 AO membership functions 
Alternating optimization was already introduced in chapter 1 as a basic 
clustering algorithm. Let us briefly recall how AO works: the prototypes 
are randomly initialized as V^°\ At each optimization step t the partition 
UW and the prototypes V ^ are updated. The algorithm terminates when 
the maximum number of iterations is reached, t = tm&x, or when successive 
approximations to the prototypes have stabilized, \\V^ — V^ - 1^| | e < ey, 
where ey G H + \ { 0 } and ||.||e is any appropriate norm. A similar algorithm 
AO' is obtained by exchanging U and V in AO. In AO' the partition LT(°) 
is randomly initialized and AO' terminates if \\U^ — C/^_1^||e < eu, £u G 
IR+ \{0}. Here we focus on AO because it requires less comparisons and 
storage than AO'. 

In the previous chapters we presented AO solutions of fuzzy and possi-
bilistic clustering models with different prototypes. The equations to up­
date the partitions U and the prototypes V were the first order necessary 
conditions for local extrema of the respective objective functions. To up­
date the memberships we obtained, e.g. for the fuzzy c-means model 

! / v ^ (\\xk - v < | U \ m _ 1 . , , 1 , c o v 
uik = 1 / 2 ^ I i u Zir) » * = l , . - , c , & = l , . . . , n , (6.2) 

j = 1 M r * vj\\A/ 

and for the possibilistic c-means model 

uik = = x i ' * = l , - - , c , fc=l,...,n. (6.3) 
i , f\\xh-Vi\\A\m-1 

M v* ) 
For both FCM and PCM we obtained the prototype update equation 

"i = * 4 1 » = l , . . . , c (6.4) 

fc=i 
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The memberships uik calculated by AO using (6.2) or (6.3), e.g., can 
be interpreted as discrete samples of continuous membership functions fa : 
R p -> [0,1] where 

fa(xk)=uik, » = l , . . . , c , k = l,...,n. (6.5) 

Appropriate membership functions fa can be formally obtained by replac­
ing xk with x in the partition update equations and choosing reasonable 
definitions for the membership values at the cluster centres. The resulting 
continuous membership function fa(x), i = 1,...,c, for FCM-AO (6.2), is 

fa{x) = < 
1 for x = Vi, 

(6.6) 

0 forx£V\{vi}, 
and for PCM-AO (6.3), T){ > 0 Vi, 

fa(x) = - -5—, i = l,...,c. (6.7) 
1 + (tezpU) T^T 

Figure 6.1 shows the memberships Uik obtained with FCM-AO (6.2) 
for X = {0 ,1 , . . . , 50} , c = 3, m = 2, *max = 100, \\V\\e = 
max<—it...,c;/=if..,,p{v\ }, and £y = 10 - 1 0 . The memberships «2fc decrease 
for V2 < x < vz (arrow A), and increase again for x > V3 (arrow B). The 
associated membership function /i2 (solid line in figure 6.1) is non-convex 
as a fuzzy set [104], i.e. there are non-convex a cuts /^"(a;) . Membership 
functions yn{x) from FCM-AO (6.6) are non-convex fuzzy sets. 

6.2 ACE membership functions 
In fuzzy rule based systems like fuzzy controllers [29] fuzzy sets are assigned 
linguistic labels like "low", "medium", and "high". The semantic meaning 
of these labels requires the membership functions to be convex or even 
monotonous. Also fuzzy numbers [48] like "about 100" are frequently used 
in fuzzy rule based systems. Fuzzy numbers are by definition convex fuzzy 
sots. Convexity of the fuzzy sets is an important requirement in these rule 
based systems. Since the FCM-AO membership functions are non-convex, 
we want to modify the AO algorithm. With the modified algorithm it 
should be possible to generate convex and other membership functions. 

In general, the continuous membership functions obtained from AO 
are restricted to the special shape determined by the update equation 
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Ui 

1*19,2 

U19.3 

V; X,9 V2 V3 

Figure 6.1: Memberships and membership functions from FCM-AO 

C/(')(vrt'""1), X , . . . ) , which is derived from the objective function for the 
model (figure 6.2 left). Designers of fuzzy rule based systems, however, use 
a wide variety of membership function shapes such as Gaussian, triangular, 
or trapezoidal, which are implemented in modern fuzzy design tools like 
SieFuzzy®. The modified clustering algorithm should therefore be able to 
generate arbitrary membership function shapes. 

To achieve this we abandon the objective function model and present 
a more general model which is defined by the architecture of the AO algo­
rithm and by user specified equations to update U and V (figure 6.2 right). 
The update equations chosen by the user do not necessarily reflect an op­
timization of a particular objective function. When the user selects update 
equations that do not correspond to an objective function model, clusters 
and cluster centres are estimated by alternatingly updating partitions and 
prototypes. Therefore, we call this generalized clustering algorithm alter­
nating cluster estimation (ACE). 

Some appropriate candidates for the user selectable membership func­
tions in the ACE model are shown in figure 6.3. In the practical implemen­
tation the user can select membership function families with the "toolbar" 
in the partition builder (figure 6.4). 

Notice that the conventional (objective function defined) clustering algo­
rithms can be represented as instances of the more general ACE model. For 
FCM-AO we select FCM membership functions (6.2) with the Euclidean 
norm and m = 2 in the partition builder. To obtain PCM-AO we change 
the selection in the partition builder to Cauchy membership functions (6.3) 
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model 
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algorithm 

initialize prototypes V^0) 

for t = l , . . . , t m ax 
*" calculate new partition "*" 

„ calculate new prototypes. 
VM{UW,X,...) 
if IIVW-V<«-1)II<<CV 
then stop 

user 

ACE 

Figure 6.2: Alternating optimization and alternating cluster estimation 

with the Euclidean norm, m = 2, and 

Z<k\\xk-Vi\f 
TJi = 

J f c = l » = 1 , ,C . (6.8) 
W-

fc=i 
ik 

The other selections from the toolbar in figure 6.4 lead to ACE algorithms 
which can not easily be associated with clustering algorithms specified by 
objective functions. In the following section we describe an example for the 
family of these "pure" ACE algorithms. 

6.3 Hyperconic clustering (dancing cones) 
For hyperconic clustering we use the ACE algorithm and select hyperconic 
membership functions defined as 

10 otherwise, 
(6.9) 

in the partition builder, where di(x) is the distance between the point x and 
the ith cluster. For clusters specified by the centre v< we use the Euclidean 
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^ 0 otherwise. 
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Figure 6.3: Some ACE membership functions and their equations 
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Figure 6.4: ACE membership function toolbar in the partition builder 

distance di(x) = \\x — Vi\\ here. For the choice of the hypercone radii r», 
i = 1 , . . . ,c , we consider the hyperbox H(X) spanned by A" (Fig. 6.5). If 
we denote the side lengths of H(X) as si, I = 1 , . . . ,p, a good choice for r» 
seems to be 

n == c + 1 
(6.10) 

In this case a row of c equal sized "kissing" hypercones exactly spans the 
diagonal through H(X). As ACE proceeds to alternate between estimates 
of V^\ t 6 INo, the membership functions (the cones) change only by the 
location of their centres (the current estimate of V). Thus, the cones are 
fixed in height and base radius, but "dance around" in IRP as V( e - 1) —► V^\ 
always being used to obtain U^> from V^~1^ by evaluation of (6.9) with 
(X, V ^ - 1 ) ) . We call this instance of ACE hyperconic clustering or dancing 
cones (DC). Notice the difference between the supports of DC, FCM-AO, 
and PCM-AO membership functions. With the global FCM-AO and PCM-
AO membership functions the cluster centres are also influenced by very 
distant data points. With the local DC membership functions each cluster 
centre Vi is only affected by the data points in the local hyperball around 
vt with the radius r». 

For a comparison we apply FCM-AO, PCM-AO, and DC (figure 6.6) to 
six simple clustering problems. For the first four we fill two distinct square 
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Figure 6.5: Choice of the cluster radius 
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Figure 6.6: Examples of section 6.3 
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areas a\ and 02 in [0, l ] 2 with n\ and n2 random points, respectively. We 
denote the respective point densities as d\ = n i / a i and d2 = 712/02 and 
obtain the data sets X\,..., X4 according to the following table: 

X ni n2 ai « 2 di 0*2 

Xi 100 100 ( « ; 
{K 400 400 *1 = *2 

x2 100 100 (i) ( » 225 900 Til = 722 

Xz 160 40 « ) ( « ! 640 160 CL\ = 0,2 

x4 160 40 (!)2 (1) 360 360 d\ = d2 

We use cluster centres randomly initialized as v\' € [0, l ] 2 , i = l , . . . , c , 
the parameters c = 2, 7;max = 100, | |F | | e = maxj-i,...,c;/=i,...,p{v\'}, and 
ey = 10_ 1°. The data sets and the cluster centres obtained by the three 
algorithms are shown in figure 6.7. FCM-AO and DC produce good cluster 
centres in all four experiments, while PCM-AO generates two equal cluster 
centres for X2, X3, and X4. PCM-AO seems to interpret the cluster with 
lower density or with less points as noise and does not recognize it as a 
cluster. Also notice that for Xt, DC produces a visually superior result to 
FCM-AO's estimate of the upper cluster centre. 

The last two experiments use noisy data sets (figure 6.8). X5 contains 
ni = 77,2 = 50 random points in two small areas 01 = a2 = (1/10)2 and 
100 additional points randomly distributed over [0, l ] 2 . PCM-AO and DC 
detect and represent the two classes correctly, while FCM-AO is distracted 
by the background noise. In XQ the original data set X\ was used, but 
one severe outlier XK = (30,30) was added to it, which is not visible in 
figure 6.8. The results of PCM-AO and DC are not affected by the outlier, 
while FCM-AO moves both centres towards the outlier, the upper centre 
not visible in [0, l ] 2 , as indicated by the arrow. 

In our experiments FCM-AO performed well, except for the data sets 
containing severe background noise or outliers (XS,XQ). PCM-AO handled 
noise and outliers well, but sometimes it did not recognize clusters with 
lower density or less points ( X 2 , . . . ,X i ) . The dancing cones algorithm 
in the ACE environment with hyperconic membership functions produced 
acceptable results in all six cases. 

6.4 Prototype defuzzification 
We obtained the ACE model with used defined membership functions by 
customizing the equations to update the partitions in the AO algorithm. 
Now we customize the equations to update the prototypes. In FCM-AO, 
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Figure 6.7: Clustering results for X\,...,X± in example 6.3 
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Figure 6.8: Clustering results for A5 and XQ in example 6.3 

PCM-AO, and also in the dancing cones algorithm the prototypes are up­
dated using (6.4) 

»« = *=* , i = h 

fc=i 

(6.11) 

Given a fuzzy set described by the memberships Uik of the data points Xk 
the prototype update equation computes a crisp centre point t>» which is 
significant with respect to the fuzzy set. The update equation therefore 
converts fuzzy information into crisp - it is a so-called defuzziGcation. In 
a different context, Filev and Yager [34] defined the basic defuzziGcation 
distribution (BADD) as 

E ulkxk 
dBADD(Ui,X,qf) — k=l , 7 6H+U0}, (6.12) 

which is equivalent to the FCM/PCM-AO prototype update equation (6.11) 
for 7 = m. Depending on the exponent 7 BADD has some interesting 
special cases: 
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• For 7 = 1 BADD becomes the centre of gravity (COG) defuzzification. 

dBADD(t/i,*,l) = dCOG(tfi,X). (6.13) 

• For an arbitrary set of nonzero memberships U{ = {un,... ,«*„}, 
Uik € (0,1], k — 1 , . . . , n, we have 

(6.14) 

lim{dBADD(̂ ,X,7)} = lim { 2 g ^ } = ± | > - ,, 

which is the mean of the data set X. 

• We assume u = max{riji,... ,«»„} > 0, denote u'ik = iiik/u, k = 
1 , . . . , n, and obtain, for 7 -> 00 

lim{dBADD(C/i,A-,7)}= Hm j ^ ' 1 " ' * * * } 

- Iim /SLiWi£fi\ _ £"S»='** 

= t ; u < h = u = dMOM(Ui,X), (6.15) 

which is known in the fuzzy literature as the mean of maxima (MOM) 
defuzzification. 

In the ACE model we allow the user to specify the parameter 7 € 
H + \ { 0 } for the prototype estimation, 

V{ = dBADD(*7t,X,7), (6-16) 

which includes the special cases COG (7 = 1) and the prototype equations 
for FCM-AO and PCM-AO (7 = m). Moreover, we can extend the proto­
type toolbar by other families of defuzzification methods (see the survey in 
[84]). Here are some promising candidates. 

• semi-linear defuzzification (SLIDE) 
If we denote £BADD(u i k ,7) = «7* a n d ^ B A D D ^ . T ) = {*BADD(uii,7)> 
• •-»*BADD(win>7)} as the BADD transformation of uik and £/*, re­
spectively, we can interpret BADD as the COG with transformed 
weights. 

<*BADDU/i,X)7) =dcOG(TBADD(£/i,7),*). (6.17) 
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Yager and Filev [102] approximated the BADD transformation by the 
semi-linear transformation 

a, (3 e [0,1], and obtained the semi-linear defuzzification (SLIDE) 

dsuDB(UitX,a,0) = dcoG(TsLiDE(Ui,a,P),X). (6.19) 

• modified semi-linear defuzzification (MSLIDE) 
Using a modification of the semi-linear transformation, Yager and 
Filev [102] defined the modified semi-linear defuzzification (MSLIDE) 
as 

dMSLIDE(Ui,X,p) = p.dMOM(Ui,X) + (l-P)-dGOG(Ui,X). (6.20) 

MSLIDE contains the special cases MOM and COG. 
The BADD and SLIDE transformations are monotonically increasing 
functions t : [0,1] -* [0,1] satisfying t(0) = 0 and t(l) - 1. Other 
transformations with these properties might also lead to interesting 
defuzzification methods. 

• centre of largest area (COG*) 
Pfluger et ah [82] consider [/*, the convex fuzzy subset of Ui with 
the largest cardinality ]£/k=i u*k, and define the centre of largest area 
(COG*) defuzzification as the centroid of U*. 

dCOG*(UuX)=dcoG(U;,X). (6.21) 

In a similar manner we define 

dBADn*(Ui,X,y) = dCOG(TBADD(f/;,7),^), (6.22) 
dsuDE* (Ui,X, a, 0) = dcoG{TsLiDE(U?,a,(3),X), (6.23) 
dMSLiDE*(Ui,X,p) sa dCoG (TMSLIDE(,U* , 0),X). (6.24) 

These and other candidates can be arranged in the ACE prototype toolbar, 
us shown in figure 6.9. 

In the following example we couple the FCM membership function (6.2) 
using the Euclidean norm ||x|| = yxTx and m = 2 in the partition builder 
with BADD formula (6.12) in the prototype builder, so that Vi = dsADD(Ui, 
A',7), i = 1 , . . . ,c, where 7 € d + \ { 0 } is the experimental variable (figure 
(i.10). For X C HI , we initialize the cluster centres as random vectors 
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Figure 6.10: ACE configuration for example 6.4 
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v\ € [0, l ] 2 , i = 1 , . . . ,c, and calculate c = 4 clusters by iterating ACE 
with *max = 100, ||V||, = max i=i , . . . ,c ; /=1 p{v\% and ev = lO"1 0 . 

We apply this clustering algorithm to the function approximation prob­
lem described by Narazaki and Ralescu in [77]. The function 

y~g(x) =0 .2 + 0.8(z + 0.7sin(27ra;)), ar € [0,1], (6.25) 

is used to generate the 21 equidistant samples 

X = {(0,(?(0)), (.05,^(.05)), ( .1 ,^ .1 ) ) , . . . , (l,g(l))}- (6.26) 

figure 6.11 shows the points {(xi,g(xi)),..., (x2i,g(x2i))} (small dots) and 
the cluster centres {(vi,g(v\)),..., (vc,g(vc)}) obtained for various values 
of 7 (big dots). 

For 7 = m = 2 the algorithm is FCM-AO and generates a set of cluster 
centres which we consider a good representation of the data set X. De­
creasing 7 towards zero moves the cluster centres towards the mean x of X. 
This observation corroborates the limit at (6.14). When 7 is continuously 
increased, the cluster centres Vi move closer to some of the data points 
Xk G X (see 7 = 8). As 7 -> 00 the BADD defuzzification becomes MOM 
(6.15). MOM simply determines the cluster centres v^, i = 1 , . . . ,c, as the 
data points xjk. which are the closest to the initial values v\ '. 

To avoid this trivial solution we can change the value of 7 after each 
estimation step by, e.g. *y(t) = 2 + t/10. During the first few steps this 
method is similar to FCM-AO and is very much like ascending FLVQ [15], 
because 7 « 2. For increasing values of t the algorithm seems to change 
from a global to a local view, because it moves the cluster centres towards 
the nearest data points. The resulting cluster centres approximate a set of 
data points which can be interpreted as a representative subset of X [70]. 

6.5 ACE for higher-order prototypes 
ACE can also be used for higher order prototypes like lines or elliptotypes. 
To obtain ACE for higher order prototypes we replace the membership up­
date equation with a user-defined membership function and the prototype 
update equation with a user-defined prototype function in the respective 
AO algorithm. If we do this with FCE-AO, we obtain ACE for elliptotypes 
(ACE-E or ACE2) [88]. 

In the following experiments we again consider the approximation of 
the function (6.25) described in the previous section. This time we want to 
K<merate a first order Takagi-Sugeno (TS) system [98] to approximate the 
function <7(x) at (6.25). TS systems are sets of c fuzzy rules of the form 
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Figure 6.11: Clustering results using different parameters 7 in example 6.4 

IF T (m^x), mt2(x),. . . , M,n(x)) THENy = £(£) 1 < t < C, 

where x and y are the input and output vectors, respectively, fiij (x) are 
the fuzzy sets partitioning the input space, T is a t-norm [94], and fi(x) 
are functions mapping the input space to the output space. If the func­
tions fi(x) are linear functions, we call the fuzzy system a first order TS 
system. For one-dimensional input and one-dimensional output (as in this 
experiment) each linear function can be written as 

fi(x) = mi(x - Xi) + yi (6.27) 

and can be interpreted as a line through the point (xi,yi) with the slope 
mi. In [87, 88] it was shown that smoothly matched approximations can 
only be achieved when the first order TS systems are unnormalized. The 
output of an unnormalized TS system is evaluated as 

(x) = ] r ^ i ( x ) - / i ( : r ) . (6.28) 
i = i 

With unnormalized first order TS systems, the best approximations were 
obtained in [87, 88] using piecewise quadratic membership functions 

Hi{x) = «iX2 + piX + 7i. (6.29) 
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The polynomial coefficients at{, Pi, and 7, are the solutions of the linear 
equation system representing the following conditions: 

1. The output curve y(x) exactly matches the RHS values y» and the 
slopes ra» at the rule centres x\ and #2» and 

2. the membership functions fJ>i(x) are equal to one at the rule centres 
Xi. 

After some conversions we obtain 

oci = [ - (xi -Xj) (rrij (yi-rriiXi) - m, (yj -rrijXj) j 

- 2 y j ( ( y i - m i x i ) - (yj-mjXj)) j 

/ f {xi-Xj)3\mi(yj-mjXj) - m^yi-miXi)] j , (6.30) 

Pi = \2(xi~Xj)xj(mj(yi-miXi)-mi{yj-mjXj)j 

+ 2yj(xi+xj)((yi-mjXi) - (yj-mjXj)) J 

/ [ {xi-Xjf (m^yj-rrijXj) - m^yi-miXiYj ] , (6.31) 

7i = ]^-{xi-Xj)x) \rnj(yi-miXi) - mi(yj-mjXj)J 

-2yjXiXj((yi-mjXi) - {yj-mjXjYj j 

/ [ ( x i - x j ) 3 ( m i ( y j - m i x i ) - mj{yi-miXi)j j , (6.32) 

where the index j refers to the rule with the membership function /ij(x) 
which is the closest neighbour of Hi(x). 

The parameters mi, Xi, and y* for the LHS membership functions fii(x) 
(6.29) with (6.30) - (6.32) and for the RHS functions ft(x) (6.27) can be 
computed from the parameters of elliptotypes determined by clustering. 
Elliptotypes (compare with chapter 3) are fuzzy sets whose a cuts are 
ellipsoids. Each elliptotype is specified by the point Vi and the directions 
<5fj, .;* = 1,...,<jf, 1 < q < p. The elliptotype "centre" Vi can be used 
as the RHS point (x,-,yt). In the two-dimensional case (p = 2) we have 
l<q<p = 2=>q = l, i.e. each elliptotype has only one direction vector 
6i. This direction vector can be used to compute the RHS slopes 

mi = 6\v)/6\*\ (6.33) 

where S\x' and S\v' are the components of <5» in x and y direction, respec­
tively. 
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To obtain the elliptotypes, i.e. the cluster centres Vi and directions Si, 
we use (A) the conventional FCE-AO algorithm and (B) an instance of 
ACE2. For the best model accuracy we could select quadratic membership 
functions from the ACE2 partition builder, but then we would have to 
compute the polynomial coefficients a<, . . . ,7{ using (6.30) - (6.32) in each 
update cycle. We avoid this computational load if we restrict ourselves 
to the simpler ACE2 instance with hyperconic membership functions as 
denned in (6.9), bearing in mind that this decreases the expected accuracy 
of our fuzzy model. 

For the hyperconic membership function at (6.9) we need the distance 
between the point x € IRP, and the ith elliptotype specified by Vi and Si, 
i — 1 , . . . , c. This distance can be computed as 

Wx-VilW-a.f^ttx-ViFASij)2, (6.34) 

where a G [0,1] is a geometry parameter specifying the ratio between the 
axes of the a cut ellipsoids. The ellipsoids become hyperballs for a = 0 and 
hypercylinders for a = 1. Notice that the hyperconic membership function 
at (6.9) with the elliptotype distance function di(x) at (6.34) defines a 
stretched hypercone for a > 0 and a hypercylinder for a = 1. For simplicity 
we will, however, stick to.the simple term hypercone here. 

In our ACE2 instance we update the prototypes in the same way as in 
FCE-AO. The elliptotype centres Vi are determined by BADD denazifica­
tion, 7 = m, and the elliptotype directions S{j are computed as the unit 
eigenvectors of the j largest eigenvalues of the within cluster fuzzy scatter 
matrices 

n 
Si = ] C u* (Xk ~ Vi^Xk ~ V i ) T ' * = *» • • • >c- (6-35) 

fc=i 
For both FCE-AO and ACE2 with hypercones we use the parameters 

i m a x = 100, m — 2, q = 1, \\X\\A = Vx*t and a = 0.999. We choose 
a high value of a to move the cluster centres close to the graph of the 
function. For ACE2 we select hyperconic membership functions, r, = 1/3, 
in the partition builder, and the BADD defuzzification, 7 = m = 2, in the 
prototype builder (figure 6.12). In order to get a better initialization for 
ACE2 we use FCM membership functions for the first 10 iterations. The 
data set X (6.26) with the 21 samples from g(x) is clustered with FCE-AO 
and hyperconic ACE2 with various numbers of clusters c. The results t>j 
and Si, i = 1 , . . . , c, are used to compute 

1. the coefficients ait &, 7* (6.30) - (6.32) of the quadratic LHS mem­
bership functions (6.29) and 

di(x) = 
\ 
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Figure 6.12: Clustering algorithms of section 6.5 

2. the points (#j,yi) and the slopes mi for the RHS functions fi(x) 
(6.27). 

The outputs of the resulting unnormalized first order TS systems with poly­
nomial membership functions are compared with the values of the original 
function g(x) (6.25). As a quantitative measure of approximation quality 
the resubstitution training error E\ on the input data and the recall error 
E2 on 101 equally spaced points in [0,1] are used. 

El = 1 0oxif!^M%, j^ioox JL § toM%, 
2 1 £ 0 9(*i) 101 ^ J ^ fo ) 

(6.36) 
Table 6.1 shows the errors obtained with the first order TS systems gener­
ated with FCE-AO and hyperconic ACE2: 

Table 6.1 Resubstitution and recall errors 

FCE-AO ACE2 

c Ex Ei Ex Z?2 
2 28.4% 28.7% 42.3% 34.7% 
4 11.9% 11.4% 5.01% 4.04% 
5 5.01% 4.98% 3.32% 2.85% 
11 3.85% 3.5% 3.63% 3.38% 

The first order TS systems generated by ACE2 yield a lower approxima­
tion error than those generated with FCE-AO in most cases (bold numbers). 
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The approximation with four rules is shown in figure 6.13. The fuzzy sys­
tem obtained with ACE2 (right view) leads to a visually more accurate 
approximation than the fuzzy system obtained with FCE-AO (left view). 

Figure 6.13: Function approximation with FCE-AO and ACE2, c = 4S 

When we use only two rules for the approximation with polynomial 
membership functions, FCE-AO yields lower error values E\ and Ei than 
ACE2 (table 6.1, first row). E\ and E2, however, take into account not 
only the interpolation, but also the extrapolation error, because they are 
computed for samples xi in the whole interval [0,1]. Figure 6.14 shows 
that the interpolation error of the fuzzy systems obtained with FCE-AO 
(shaded area in the left view) is much higher than the interpolation error 
with ACE2 (shaded area in the right view). Thus, considering only the 
interpolation error, hyperconic ACE2 also leads to the fuzzy system with 
the best approximation for two rules. 
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*- x 

Figure 6.14: Interpolation error for FCE-AO (left) and ACE2 (right), c = 2 

6.6 Acceleration of the Clustering Process 
ACE allows the choice of computationally inexpensive partition and proto­
type functions. For example, the computation of the memberships in the 
dancing cones model (6.9) is much faster than the computation of the FCM 
memberships (6.6). If we think about data mining applications [33], where 
Terabytes of data have to be processed, even the faster ACE instances 
might lead to inacceptable computation times. To accelerate the clustering 
process we present two different approaches: 

1. The data set can be partitioned into disjoint blocks or segments. Clus­
tering (or single steps of the clustering algorithm) can then be done 
using one of these blocks or segments instead of the whole data set. 
This leads to an acceleration that directly depends on the size of the 
blocks or segments. The error caused by this approximation is low 
if the blocks or segments are representative for the whole data set. 
This fast alternating cluster estimation (FACE) [92] is introduced in 
section 6.6.1. 
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2. In many applications the partition of the input space should be regular 
and uniform. This is often the case in the identification step of fuzzy 
control applications [29], where equidistant fuzzy sets like "very low", 
"low", "medium", "high", and "very high" are used. These fuzzy 
sets in the input space represent the input space components of the 
cluster centres. If these are defined a priori, only the output space 
components of the cluster centres have to be computed during run 
time. This of course leads to an acceleration of the clustering process. 
If the distances between data and clusters are measured in the input 
space only, this reguiar alternating cluster estimation (rACE) [90] 
can even be reduced to a single step algorithm, i.e. prototypes and 
partitions have to be computed only once. rACE is presented in more 
detail in section 6.6.2. 

6.6.1 Fast Alternating Cluster Estimation (FACE) 
To accelerate clustering we can use a selective approach. If the data possess 
a clear cluster structure, a good approximation of the data set can be 
obtained when, for example, only every second point is used. More generally 
we can use only every (n/l)th point, i.e. instead of the whole data set X = 
{ x i , . . . , xn) we consider only one of the blocks Yj, j = 1 , . . . , n/l, shown in 
figure 6.15. The processed data set is then reduced from n vectors to one 
block of size I. Since the run time of ACE depends linearly on the number of 
data, clustering with this block selection technique is (n/l — 1) x 100% faster 
than without. Instead of using a block Yj we could also reduce the data set 
by picking one segment Zj of consecutive data (figure 6.15, left), but this 
leads to worse results when the data set consists of points on a trajectory, 
as in industrial process data. In this case, each Zj covers only a part of the 
trajectory, while Yj contains samples from the whole data set. Figure 6.16 
(left) shows the two-dimensional projection of a data set from the system 
trajectory of a waste paper stock preparation [92]. The middle and right 
views show the projections of the segment Z\ = \x\,£2,0:3,... ,£100} and 
of the block Y\ = {#i,£87j£i73>-• ■ >£860i}> each containing 100 vectors, 
respectively. The block Y\ is a visually better representation for the data 
set X than the segment Z\. Therefore, we restrict our considerations here 
to blocks instead of segments or other subsets of X. 

We call the choice of a subset (e.g. a block) of X preselection, because 
it takes place as a preprocessing step before clustering. Preselection re­
duces the computation time, but it assumes a regular distribution of the 
data points, so single outliers (if selected) might cause considerable errors. 
Moreover, only a small subset of the original data affects the result at all; 
the rest of the data is totally ignored. 
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Figure 6.15: Partition of data sets into segments and blocks 

To overcome the disadvantages of preselection we combine the selection 
of blocks with the ACE clustering algorithm. Preselection chooses one fixed 
block from X and uses it to estimate U and V in up to tm&x repetitive cycles, 
i.e. in every cycle the same data block is used. Our combined algorithm 
uses different data blocks in different cycles during cluster estimation, so 
(almost) all data are considered at least once. This algorithm is shown in 
figure 6.17. Notice that (except in the first block) the cluster centres ob­
tained from the previous blocks are used as an initialization. The number 
fcmax of update steps for each data block can therefore be chosen consider­
ably lower than tm&x. In our application we even obtained good results with 
just one update of U and V per block (A;max = 1) and just one run through 
the data set (im8LX = 1). In this case each datum in X is considered exactly 
once, and we only need n/l updates over all. Generally, partitions U and 
prototypes V are updated imax • km&x • n/l times in contrast to tm a x times 
with ACE, so this algorithm is (tm&x/im&x/km&x • l/n — 1) x 100% faster 
than ACE. We therefore call this algorithm fast alternating cluster estima­
tion (FACE). FACE can guarantee that each datum is at least considered 



180 CHAPTER 6. CLUSTER ESTIMATION MODELS 
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Figure 6.16: Two-dimensional projection of the trajectory data set X (left, 
8639 vectors), of the segment Z\ (middle, 100 vectors), and of the block Y\ 
(right, 100 vectors) 

once (if FACE is used without preselection). We therefore call FACE a fair 
clustering method. If the FACE update equations for the partitions and 
the prototypes are chosen according to the fuzzy or possibilistic c-means 
models, we call this method fast fuzzy c-means alternating optimization 
(FFCM-AO) or fast possibilistic c-means alternating optimization (FPCM-
AO), respectively. 

initialize prototypes V^0', t=0 
fori = l , . . . , W x 

for j = l , . . . , n / / 
tor k = 1 , . . . , »m a x 

t = t + l 
calculate new partition 
tf(«>(V<*-D,yif...) 
calculate new prototypes 
F«)(t /«) , *}, . . . ) 

Figure 6.17: Fast alternating cluster estimation (FACE) 

Notice the difference between preselection and FACE shown in figure 
6.18. Preselection (left view) chooses only one fixed block from the data 

46 
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set, which is used for ACE clustering, while FACE (right view) iteratively 
picks individual blocks, which are considered in only one or a few ACE 
steps. If the data sets are still too large to be clustered by the FACE 
algorithm, FACE can be combined with preselection. First, a meaningful 
block is taken from the original data set (preselection) and then this block 
is clustered using FACE (which updates the clusters using sub-blocks then). 

data X data X 

preselection 

FACE 

block choice 

L - . _ . . . . . . . . 

block Yi 
. . . . . . - J 

(F)ACE clustering 

block choice 

J 
block Yi 

ACE step(s) 

prototypes V prototypes V 

Figure 6.18: Comparison: (F)ACE with preselection (left) and FACE clus­
tering (right) 

A modification of FFCM-AO starts with a small sample set W0 C X, 
which is repeatedly increased after a certain number of iterations, so that 
Wo C W\ C . . . C Wt C X. This method is called multistage random 
sampling fuzzy c-means clustering (mrFCM) [20, 21]. The same method was 
applied to the clustering of data sets from municipal energy systems [40]. 
There, it is referred to as enhanced fuzzy c-means clustering, EFCM. This 
method uses growing sample data sets Wt, which become relatively large 
after a number of iterations, so that mrFCM/EFCM becomes relatively slow 
towards the end of the algorithm. In contrast to that algorithm, FACE uses 
sample blocks that all have the same size, making FACE computationally 
more efficient than mrFCM/EFCM. 
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6.6.2 Regular Alternating Cluster Estimation (rACE) 

Fuzzy rule based systems can be used to approximate functions / : IRP —► 
JR9. These fuzzy systems often use unimodal (e.g. triangular) membership 
functions that are equidistantly distributed over the input space JRF. These 
systems are called regular fuzzy systems [93]. If the membership functions 
in the if-part of the rules are specified by the user in advance, we can use 
regular fuzzy clustering [93] to determine the consequent parts of the fuzzy 
rules from data. The centres of the user-defined membership functions 
are then interpreted as the input space components of the cluster centres 
V C IRP x IR9. The input space components v\ ' , . . . , v\ , i = 1 , . . . , c, 
of each cluster are left unchanged during clustering, and only the output 
space components v\ ',...,v\p , i = l , . . . , c , are modified using the 
conventional prototype functions and the output space components of the 
data. The prototype function for regular fuzzy c-means alternating op­
timization (rFCM-AO) and regular possibilistic c-means alternating opti­
mization (rPCM-AO), for example, is 

u i j ) = ^ H > t = l , . . . , c , j=p+l,...,p + q. (6.37) 

k=l 

ACE instances with arbitrary partition functions and prototype functions 
modifying only the output space components of the prototypes are called 
regular alternating cluster estimation (rACE) [90]. Notice the lower case 
"r" for "regular" to distinguish this method from relational alternating 
cluster estimation (RACE) [89]. rFCM-AO, rPCM-AO, and all other in­
stances of rACE use the algorithmic architecture of ACE, but modify only 
the output space components of the prototypes. rFCM-AO is specified in 
the ACE model using the prototype function (6.37) and the partition func­
tion (6.6). The partition function (6.6) computes the memberships using 
distances between data and prototypes in the input output product space. 
In each step of the rFCM-AO loop the output space components of the pro­
totypes are changed by the prototype function and the memberships have 
to be adapted accordingly. An interesting modification of this algorithm is 
achieved when the partition function uses only the input space components 
of data and prototypes: 

* / | i a . ( i , . . . ,p) _ ( I , - - ,P ) I . \ ^ r 
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where \\.\\A is an appropriate norm. When (6.38) is used as the partition 
function and (6.37) as the corresponding prototype function, the partition 
U can be fixed in advance, since the prototypes' input space components 
v( ,--,p)^ j _ i >c> a r e predefined and fixed by the user. Once having 
computed the memberships U using (6.38), the terminal values of the pro­
totypes can already be computed using the prototype function (6.37). Since 
(6.37) only affects the output space components of K, and (6.38) only uses 
the input space components of V, this clustering algorithm needs only one 
single ACE loop (tm&x = 1). This and similar regular ACE instances lead 
to a very fast determination of clusters from data. In the function approx­
imation problem described in [90] the computation time could be reduced 
by 89% from 125s for FCM-AO to 14s using a rACE method with (6.37) 
and pyramid membership functions. 

6.7 Comparison: AO and ACE 
ACE specifies a very general family of clustering algorithms. AO algorithms 
are special instances of ACE, whose membership and prototype functions 
are specified by the first order necessary conditions for extrema of given 
objective functions. The objective functions seem to lead to a considerable 
robustness concerning the parameters and the initialization of the cluster 
centres. For relatively simple objective functions like JFCM (6-1) AO al­
gorithms rapidly find solutions which are close to the global minima. If 
fuzzy rule based models with a specific membership function shape (trian­
gular, Gaussian) have to be generated, however, a transformation of the 
membership functions is necessary (see chapter 8). This transformation 
causes an approximation error which reduces the accuracy of the model. 
In particular, our experiments have shown that FCM-AO sometimes fails 
to find the appropriate cluster structures when the data set contains noise 
and outliers and that PCM-AO runs into problems when the clusters have 
different point numbers or densities. 

"Real" ACE (i.e. non-AO) algorithms are specified by user-defined mem­
bership and prototype functions. If the target membership functions are 
used in the clustering algorithm we can expect more accurate models than 
with AO algorithms specified by objective functions. Desirable member­
ship function properties like convexity or restriction to local environments 
can easily be incorporated into ACE. While FCM-AO and PCM-AO are 
quite sensitive to noise/outliers or different point numbers/densities, re­
spectively, we found that DC, an ACE instance specified by hyperconic 
membership functions, combines the advantages of both algorithms and 
loads to the beat results in all the examples considered here. However, DC 
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is sensitive to the initialization of the cluster centres, and therefore had 
to be initialized using some update cycles with FCM-AO. ACE is not re­
stricted to simple prototypes, but can also be used to detect more complex 
patterns like lines or elliptotypes. For the generation of accurate first order 
TS function approximators, hyperconic ACE for elliptotypes proved to be 
superior to the conventional FCE-AO algorithm. When computationally 
simple membership and prototype functions are used, ACE becomes a very 
fast and efficient clustering algorithm, making it well-suited for data mining 
applications dealing with huge data sets. ACE can be further accelerated 
using block selection (FACE) or regular clustering approaches (rACE). 

In general, the robust AO algorithms should be the first choice, when a 
quick solution has to be found (rapid prototyping). When more accurate 
models have to be generated, when the data sets contain noise and outliers, 
or when very large data sets have to be processed in a short time, however, 
the results can often be improved by non-AO instances of ACE. 



Chapter 7 

Cluster Validity 

Many clustering techniques were developed especially for the recognition of 
structures in data in higher dimensional spaces. When the data cannot be 
represented graphically, it is very difficult or sometimes almost impossible 
for the human observer to determine a partition of the data. But when 
there is no simple way to decide about a correct or incorrect partition, the 
following questions and problems have to be considered. 

• If all existing clustering algorithms are applied to a data set, one ob­
tains a multitude of different partitions. Which assignment is correct? 
(see the following example 6) 

• If the number of clusters is not known in advance, partitions can 
be determined for different numbers of clusters. Which partition (or 
number of clusters) is correct? (see example 7) 

• Most algorithms assume a certain structure to determine a partition, 
without testing if this structure really exists in the data. Does the 
result of a certain clustering technique justify its application? Is the 
structure really contained in the data set? (see example 8) 

The cluster validity problem is the general question whether the un­
derlying assumptions (cluster shapes, number of clusters, etc.) of a clus­
tering algorithm are satisfied at all for the considered data set. In order 
to solve this problem, several cluster quality (validity) measures have been 
proposed. It is impossible to answer all questions without any knowledge 
about the data. It has to be found out for each problem individually which 
cluster shape has to be searched for, what distinguishes good clusters from 
bad ones, arid whethrr there are data without any structure. 

K ' . 
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Figure 7.1: Intuitive partition Figure 7.2: HCM partition 

E x a m p l e 6 Figure 7.1 shows a data set with 29 data vectors and its 
intuitive partition into two clusters [31, 10]. (The hard partition is 
indicated by the empty and solid circles. All horizontally and vertically 
adjacent data have the distance 1.) Figure 7.2 shows the same data 
set, however, the left column of the larger cluster was assigned to the 
smaller one. For d < 5.5, the objective function of the HCM algorithm 
gives now a smaller value than for the partition from figure 7.1. The 
global minimum leads to an undesired partition in this case. The HCM 
algorithm tends to cluster splitting. (We have already seen in section 
2.1 that the partition of clusters of different sizes causes problems for 
HCM or FCM.) 
In order to find out whether an algorithm can be applied to certain kinds 
of clusters, we have to define test data with which the performance of 
the technique can be evaluated for characteristic cases. Dunn defines 
his notion of good clusters dependent on a distance function as follows 
[31]: A classification contains compact, well separated (CWS) clusters 
if and only if the distance between two data of the convex hull of a class 
is smaller than the distance between any two data of the convex hull of 
different classes. 
For the example from figure 7.1, a minimum distance can be computed 
where the two clusters begin to have the CWS property. Dunn intro­
duces a cluster quality measure that is greater than 1 if and only if 
the partitioned clusters fulfil the CWS condition. The partitions of the 
HCM which are deficient with respect to this quality measure finally 
led Dunn to the development of the fuzzified HCM or FCM [31]. Dunn 
showed with his investigations (without proof) that compact, well sepa­
rated clusters are significantly better recognized by the FCM. (Strictly 
speaking, the investigations on the quality of cluster partitions led to 
the development of the fuzzy c-means.) 

If a certain data structure and the corresponding clustering algorithm 
are chosen, we still have to decide how many clusters we expect in the data 
set. All algorithms presented so far can only be applied if the number of 
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clusters is known in advance. As already mentioned in section 1.7, cluster 
validity or quality measures can be used to solve this problem. 

Example 7 Continuing example 6, we now use the fuzzy c-means for 
the detection of compact, well separated clusters. In this special case, 
we are aware of the fact that we carried out a fuzzification because 
the fuzzified version of the algorithm provides better results, and not 
because our data sets cannot be partitioned in a crisp way. A measure for 
the quality of a partition can thus be the degree of fuzziness inherent in 
the result. In this case, we consider a partition with crisp memberships 
as the optimum. (We hope to have assured the geometrically optimal 
partition by the choice of the algorithm.) If we distribute too many 
or too few clusters over the data, several clusters have to share a real 
data cluster or one cluster has to cover several real data clusters. In 
both cases, this leads to more fuzzy membership degrees. Thus, we run 
the algorithm for different numbers of clusters, determine the degree of 
fuzziness of each result and choose the partition that is closest to a hard 
one. (The quality measure indicated here will be defined and considered 
in more detail in section 7.1.1.) 

Of course, these considerations are only applicable when there are mean­
ingful clusters in the data set. 

Example 8 What does a data set without structure look like? A suit­
able test data set according to Windham [100] consists of data that are 
uniformly distributed over the unit circle. The requirement for a circular 
shape results from the Euclidean norm that is used by the fuzzy c-means 
algorithm. This data set definitely contains no cluster structures. How­
ever, the prevailing majority of validity measures yields different values 
for this test data set when the parameters c and m of the fuzzy c-means 
algorithm are changed. This means that the validity measures prefer 
certain parameter combinations to others, although each partition into 
more than one cluster should be equally bad when there is no cluster 
structure. 
For this data set without structure the validity measure becomes worse 
and worse for an increasing number of clusters. It is not always clear, 
however, whether this behaviour reflects the structure or the weakness 
of the quality function itself. Windham proposes in [100] a computa­
tionally complex quality function UDF (uniform data function), which is 
independent of the parameters c and rn of the fuzzy c-means algorithm. 

The examples have shown that there are very different kinds of validity 
measures that are tailored to evaluate specific properties of clustering re­
sult. There is no complete theory providing answers to all the mentioned 
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questions. Therefore, most practical procedures are heuristic by nature - to 
keep the computational complexity feasible. All examples share a definition 
of an evaluation function as a validity measure, which has to be minimized 
or maximized when searching for a good or correct partition. The main ap­
plication of validity measures is the determination of the correct number of 
clusters, as indicated by example 7. Therefore, we examine the properties 
of various validity measures in the following section. 

7.1 Global validity measures 
Global validity measures are mappings g : A(D,R) -> 1R describing the 
quality of a complete cluster partition using a single real value. A sim­
ple example for such a validity measure is the objective function J (1.7) 
itself. When we determine the cluster parameters and the memberships, 
we always try to minimize this objective function. Even if we always find 
the optimal partition for each number for clusters, the distance between 
the data and the closest prototypes decreases with an increasing number 
of clusters. So the objective function J is decreasing, when c is increased. 
To determine the optimum number of clusters we cannot simply use the 
minimum or maximum of the objective function. An alternative way to 
find the optimum number of clusters uses the apex of the objective func­
tion (the point with the maximum curvature, called the elbow-criterion in 
[18]). However, this is a very weak criterion and other functions are used in 
applications. In the following we introduce a variety of validity measures, 
discuss their underlying ideas and compare them on the basis of some test 
examples. 

For the main application of global validity measures, the determination 
of the numbers of clusters, we apply algorithm 3. For this procedure, we 
assume that the chosen probabilistic algorithm finds the optimal partition 
for each c so that the optimal partition is also evaluated by the validity 
measure. This does not hold for any of the introduced algorithms. Con­
sequently, it cannot be guaranteed that the number of clusters determined 
by this algorithm is correct. (The requirement for a probabilistic clustering 
algorithm results from the validity measures that usually require properties 
of probabilistic partitions.) 

7.1.1 Solid clustering validity measures 
As we saw in example 7, it can be useful to make the partition as crisp as 
possible. In this case, Bezdek's partition coefficient is a suitable validity 
measure [10]: 
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Algorithm 3 (Cluster number determ./global validity measure) 
Given a data set X, a probabilistic clustering algorithm, and a global 
validity measure G. 

Choose the maximum number cmax of clusters. 
c := 1, copt '•== 1> initialize gopt with the worst quality value. 
FOR (cmax - 1) TIMES 

c:=c+l 
Run the probabilistic clustering alg. with the input (X, c). 
IF (qual. measure G{f) of the new partition f is better than g0pt) 

THENgopt:=G{f), copt :=c. 
ENDIF 

ENDFOR 
The optimum cluster number is copt and its quality value is gopt. 

Definition 7.1 (Partition coefficient PC) Let A(D,R) be an analysis 
space, X C D, and f : X -» K G Afuzzy(D,R) a probabilistic cluster 
partition. The partition coefficient PC of the partition f is defined by 

pnff\ _ £-sx€X J2k€K f (x)(k) 

For any probabilistic cluster partition / : X -> K, the inequality 
jk\ ^ PCU) < 1 hoWs because of f{x){k) G [0,1] and YlkeK f(x)(k) = l 

for x G X and k G K. In the case of a hard partition, we obtain the 
maximum value PC(f) = 1. If the partition contains no information, i.e. 
each datum is assigned to each cluster to the same degree, the minimum 
value is the result. If there is a choice between several partitions, the maxi­
mum partition coefficient yields the partition with the "most unambiguous" 
assignment. 

The next validity measure strongly resembles the partition coefficient, 
however, it is related on Shannon's information theory. The information 
on the cluster partition consists of the assignment of a datum x G X to a 
cluster k G K. The information about the classification is represented by 
the vector u = (f{x)(k))keK for a partition / : X —► K. Since we deal with 
a probabilistic cluster partition, we can interpret the membership u* as the 
probability that datum x belongs to cluster k. If we had the information 
that x definitely belongs to cluster k, then this information is the more 
valuable the .smaller the probability U* is. Shannon defined the information 
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contents of a single event fc, whose probability is Uk as Ik = — ln(wjk), and 
the mean information content of a source as the entropy H = ^2keK Ukh-

Definition 7.2 (partition entropy PE) Let A(D, R) be an analysis 
space, X C D, and f : X -> K € Afuzzy(D,R) a probabilistic cluster 
partition. The partition entropy PE of the partition f is defined by 

PF(f, S,6*E»gir/(*)(*) in(/(*)(*)) 
PEU) psfj • 

In the same way as for the partition coefficient, we can show that 0 < 
PE{f) < m ( l^1) holds for any probabilistic cluster partition / : X -> K. If 
/ is a crisp partition, we already have the maximum information. The en­
tropy, i.e. the mean information content of a source that tells us the correct 
partition, is 0. With a uniform distribution of the memberships, however, 
the entropy increases to its maximum. If we are looking for a good parti­
tion, we aim at a partition with a minimum entropy. Bezdek [10] proved 
the relation 0 < 1 — PC(f) < PE{f) for all probabilistic cluster partitions 
/ . Although this validity measure is based on Shannon's information the­
ory, it is basically a measure for the fuzziness of the cluster partition only, 
which is very similar to the partition coefficient. 

A combinatorial approach via random variables led Windham to another 
global validity measure. Windham found out that the use of all member­
ships in the validity measure unnecessarily increases the dependence on the 
cluster number c. This is the reason why the partition coefficient and the 
partition entropy tend to increase for larger values of c. He proved that the 
number of high memberships is drastically reduced with increasing c. His 
very theoretical approach [99, 10] led to a complex validity measure and 
only uses the maximum memberships of each datum: 

Definition 7.3 (proportion exponent PX) Let A(D,R) be an analysis 
space, X C D, and f : X -> K G Afuzzy(D,R) a probabilistic cluster 
partition with f(x)(k) ^ 1 for all x € X and k G K. The proportion 
exponent PX of the partition f is defined by 

PX(f) = - In f J] ( E (-X)i+1 Q C1 " '>*)C-1 

where c = \K\, \ix = maxf(x)(k) and [/A^1] is the largest integer number 

smaller or equal to —-. 

Notice that not even a single datum x e X must be assigned unam­
biguously to one cluster for the proportion exponent. Then we would have 
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\ix = 1 and [/i~x] = 1, so that the sum for this x would yield zero and thus 
the whole product would be zero. But then the logarithm is not defined. 
Although we aim at hard partitions, we must not actually reach them, as 
long as we use this validity measure. In order to be able to use the pro­
portion exponent at all in that paradoxical situation, we will use a higher 
fuzzifier m. (Remember that the closer m is to 1, the harder the resulting 
partition is.) 

Neglecting the logarithm, the complicated expression PX can be in­
terpreted as a measure for the number of partitions that classify all data 
vectors better than the considered partition. A better classification of an al­
ready unambiguously assigned datum is of course impossible. This explains 
why the proportion exponent does not admit crisp assignments. However, 
it also means that the validity measure PX already indicates an optimum 
partition, when just one single datum is assigned unambiguously. (On the 
other hand, the validity measures PC and PE indicate an optimum parti­
tion only if all data are assigned unambiguously.) The negative logarithm 
means that we are looking for a maximum value for the optimum partition. 

If we use a higher fuzzifier (e.g. ra = 4), crisp assignments are almost 
impossible in practice. Notice, however, that we multiply n numbers smaller 
than one, where n is the number of elements of the data set X. Thus we 
usually obtain values in the order of 10~200, and therefore have to use an 
implementation supporting large exponents. 

Let us once again come back to the notion of CWS clusters according 
to Dunn from example 6. In order to avoid complications because of the 
notion of the convex hull, we only consider CS clusters: A partition contains 
compact, separated (CS) clusters if and only if any two data from one 
class have a smaller distance than any two data from different classes. We 
require for CS clusters that their distance from each other is larger than 
their maximum diameters. 

Definition 7.4 (Separation index D\) Let A(D,R) be an analysis 
space, X c D , f : X - ± K € A(D,R) a hard cluster partition, 
Ak := f~1(k) for k € K, d : D x D -^ 1R+ a distance function. The 
separation index D\ of the partition f is defined by 

D\ (/) = min < min d(Ai,Aj) 
ieK J jeK\{i} J max diam(Ak) 

where diam(Ak) = max{d(xj,Xj) | Xj,Xj G Ak}, and the distance function 
d is extended to sets by d(Ai, Aj) = min{d(xj,Xj) | X{ € Ai, Xj G Aj) (for 
i,j,keK). 
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If the separation index of a given hard partition is greater than one, we 
thus deal with a partition in CS clusters. Larger values of the separation 
index indicate good partitions. In order to be able to use this validity 
measure for our algorithms, too, which do not provide a hard partition, the 
induced hard partition could be used for the determination of the separation 
index, partly neglecting information inherent in the fuzzy partition for the 
validity measure. 

For large data sets, the determination of the separation indices is com­
putationally very expensive because the number of operations for the de­
termination of the diameters and distances of the clusters quadratically 
depends on the number of data. 

In contrast to the validity measures presented before, the separation 
index takes the data themselves into account, not only the membership 
degrees. A compensatory validity measure could take both properties - the 
crispness of a partition and the geometrical structure of the clusters and 
data - into account. However, the separation index can only evaluate hard 
partitions and is therefore not suited as a compensatory validity measure. 
Xie and Beni [101] propose a compensatory validity measure that is based 
on the objective function J by determining the average number of data 
and the square of the minimum distances of the cluster centres. Here, of 
course, the existence of cluster centres is needed. The clustering algorithms 
introduced here provide cluster centres, but this is not necessarily the case 
with other clustering methods. 

Definit ion 7.5 (Separat ion S) Let A(D, R) be an analysis space, X C 
D, f : X -4 K G AfUZ!ly(D, R) a probabilistic cluster partition, and d a 
distance function. The separation S of the partition f is defined by 

q(f) = £*€*£*€«/2(*)W<*2(*,fc) 
KJ) \K\mm{cP(k,l)\k,leK,k^l}' 

When applying the fuzzy c-means algorithm with a fuzzifler m ^ 2, m 
can alternatively be inserted into the exponent for the membership. Xie and 
Beni proved the inequality S < j=p for the corresponding hard partition, 
establishing a relation to a partition into CS clusters according to Dunn. 
Compared to £>i, the validity measure S has the advantage of a much 
simpler computation and it takes the membership degrees into account so 
that a detour via a hard partition is unnecessary. 

If we have further requirements with respect to the clustering tech­
niques, e.g. the description of cluster shapes by covariance matrices (cf. 
sections 2.2 and 2.3), further individual validity measures can be defined. 
Gath and Geva propose three such measures together with their clustering 
algorithm in [37]. 
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Definition 7.6 (Fuzzy hypervolume FHV) Let A(D, R) be an analysis 
space, X C D, f : X -+ K £ Afuzzy(D, R) a probabilistic cluster partition 
by the algorithm of Gath and Geva. Using the notations of remark 2.3, we 
define the fuzzy hypervolume FHV of the partition f by 

c 
FHV(f) = £ VditfAO. 

t=i 

Definition 7.7 (Average partition density A P D ) Let A(D, R) be an 
analysis space, X C D, f : X -> K £ Afuzzy(D, R) a probabilistic cluster 
partition by the algorithm of Gath and Geva. Using the notations of remark 
2.3, we define the average partition density APD of the partition f by 

APD(f) = - Y - j j L = , 

where Si = 5D»€yi f(xj)(^i) an^ 

Yi = {j e IN<n | (Xj - Vi)TAT\xj - Vi) < 1}. 

Definition 7.8 (Partition density P D ) 
Let A(D,R) be an analysis space, X C D, and f : X -> K G Afuzzy(D,R) 
a probabilistic cluster partition by the algorithm of Gath and Geva. Using 
the notations of remark 2.3 and of the previous definition, we define the 
partition density PD of the partition f by ♦ 

PD(f) = z"*= 1 — . U) FHV(f) 

The sum of all cluster sizes is considered by the fuzzy hypervolume. 
Since all data vectors are covered by the clusters in any case, a minimum 
of this validity measure indicates small, compact clusters, which just en­
close the data. The partition density corresponds to the physical notion of 
density (number of data per volume), and it has to be maximized because 
the clusters should correspond to distinct point accumulations. The same 
is valid for the average partition density, which is determined as the mean 
value of the (physical) densities in the cluster centre. The number of data 
per cluster is considered by the terms Si for a cluster ki G K. For this 
purpose the memberships of the data are added up that have a distance 
from the cluster centre smaller than one with respect to the Ajl norm. 
These are the data vectors whose distance to the centre does not exceed 
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the average distance of the assigned data. Hence, we implicitly require that 
most data should be near the prototype (so that the sum contains many 
terms) and that these data should be unambiguous (in order to add high 
memberships). A good cluster partition in the sense of these three validity 
measures thus consists of well separated clusters with a minimum overall 
volume and an accumulation of data vectors within the cluster centres. 

The suitability of the validity measures introduced will be tested now 
by some examples. The procedure for the determination of the validity 
measures presented was partly different. PC, PE, and S can be determined 
after an FCM run with m = 2, however, PX is undefined in most cases. For 
FHV, APD, and PD, a GG run has to be performed, leading to almost 
hard partitions and almost constant validity measures PC and PE, and 
an undefined PX. For this reason, PC, PE, and SI = S were determined 
from an FCM run with m = 2, PX from an FCM run with m = 4, and 
FHV, APD, PD, and 52 = S from a GG run with m = 2. In addition, the 
tested data sets themselves are chosen so that the fuzzy c-means algorithm 
can find a suitable partition: we did not use different shapes and sizes of the 
clusters because we do not want to compare the abilities of the algorithms, 
but properties of the validity measures. 

Figure 7.3: Test pattern A Figure 7.4: Test pattern B 

The data set already known from figure 2.1 was used as a test pattern 
(figure 7.3). In addition, figures 7.4, 7.5, and 7.6 show three similar test 
data sets where the three clusters on the left-hand side get closer and closer 
to each other. Finally, they are so close in figure 7.6 that the fuzzy c-means 
algorithm with m = 2 and c = 4 does not divide the point cloud on the left-
hand side into three clusters, but covers the left and right sides of the test 
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Figure 7.5: Test pattern C Figure 7.6: Test pattern D 

data with two clusters each. An optimum quality value for c = 4 cannot be 
expected for such a case. For the algorithm of Gath and Geva, the partition 
of the data from figure 7.4 causes problems for c > 5, since the clusters were 
already very well and unambiguously separated with c = 4 and all following 
clusters cover only some single outlier data. Here, the cluster sizes become 
so small that there can be numerical overflows. If clusters are defined by 
an individual (extreme) outlier, we can obtain (almost) singular covariance 
matrices. If the algorithm terminates with such an error, we assume that a 
search for a greater c makes no sense. This is the case for c > 5, hence the 
quality values FHV, APD, PD, and 52 were continued with a constant 
value. 
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When we compare the validity measures, the partition coefficient PC 
(figure 7.7) and the partition entropy PE (figure 7.8) behave in a very 
similar manner, just as expected. If we assume the optimum cluster number 
to be c = 4 in all examples, both validity measures recognize the correct 
number only for the well separated data set from figure 7.4. The partition 
coefficient also has its global maximum for the data from figure 7.3 and 
c = 4. For the data set from figure 7.5, both validity measures at least 
still indicate a local extremum. However, they prefer the less ambiguous 
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Figure 7.9: PX (maximize) Figure 7.10: SI (minimize) 

partition into two clusters. The monotonicity with increasing c can be 
clearly observed for both validity measures. (When comparing the validity 
measures, the different evaluation criteria have to be taken into account -
the partition coefficient has to be maximized, while the partition entropy 
has to be minimized.) If a comparison of the two validity measures is made 
with respect to their behaviour for the data from figure 7.3, the partition 
coefficient seems to provide better results, since a partition into four clusters 
is intuitively preferred to a partition into two clusters. 

The proportion exponent PX (figure 7.9) does not suffer from the mono­
tonicity with increasing c, but indicates the correct cluster number for the 
data from figures 7.3 and 7.4 only. In the other two cases, the validity 
measure PX starts with rather low values, jumps to a local maximum for 
c = 4, and remains approximately at this higher lever whereby the global 
maximum is reached once for c = 6 and once again for c = 7 (with respect 
to c € 1N<7). Notice that the differences of the validity measures are low for 
c > 4, so partitions with c > 4 clusters are interpreted as good partitions, 
too, but with more clusters than necessary. In this sense, PX points to an 
optimum number c = 4 for these data sets as well. For the data from figure 
7.6, this validity measure takes advantage of the fact that it was determined 
with m = 4. Then, the fuzzy c-means algorithm divides the left point cloud 
into three clusters, which was not the case for m = 2. 

The separation S {SI for FCM in figure 7.10, S2 for GG in figure 7.11) 
clearly shows extreme values with c = 4 for data sets that are easy to 
cluster. For the data set from figure 7.5, the local minima for c = 4 are 
only a little greater than the global minima for c = 2. This validity measure 
only slightly prefers the partition into two clusters to the partition into four 
clusters. This behaviour is the same - though weakened - for S2 and the 
data from figure 7.6. If we ignore the results of 51 for the data from 7.6 
(FCM with m = 2 provided a bad partition for c = 4), the separation S 
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seems to be quite practical for the detection of the cluster number in the 
case of well-separated clusters. 
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Figure 7.13: APD (maximize) Figure 7.14: PD (maximize) 

Finally, let us consider the triple of validity measures by Gath and 
Geva. One validity measure for each test data set did not indicate an 
extreme value for the optimum number c = 4. For the data from figures 
7.3 and 7.6, respectively, the fuzzy hypervolume had the same value for 
c = 4 and c = 6, and for c = 2 and c = 4, respectively, with a precision 
of J^Q . Thus, two validity measures for each of the four test data sets had 
their (global) extremum for c = 4. (The GG algorithm was initialized with 
the result from FCM with m = 4 for the data from figure 7.6 in order 
to avoid the bad initial partition with m = 2.) As already mentioned, 
problems can occur when - after a good partition has been found - further 
clusters cover only a little noise data. These clusters have a very small 
volume and a high density. The high density can have a strong impact on 
the average value APD of the densities. Figure 7.13 shows the results for 
<• > 5 for the data from figure 7.5. This does not affect the overall partition 
(tansity PD, which has the global maximum for c = 4 for all three data 
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sets from figures 7.4, 7.5, and 7.6. For the data set from figure 7.3, the 
global maximum was just missed by the value for c = 6, although there can 
certainly be a dispute about the correct partition. From these three validity 
measures, PD is distinguished, but the best results can be obtained using 
all measures in combination (choose the number with which most validity 
measures indicate extreme values). 

It is obvious that the validity measures which also consider parameters 
of the cluster prototypes provide better results. There is no best valid­
ity measure as can be seen in figure 7.6: depending on the application, 
two unambiguous or four fuzzy clusters can be seen here. Depending on 
the desired results, a validity measure should be chosen for the respective 
application. 

If the algorithms by Gustafson-Kessel or Gath-Geva are used for the 
detection of straight line segments, the validity measures presented above 
can also be used for linear clustering algorithms. 

7.1.2 Shell clustering validity measures 
In principle, the considerations from the previous section also apply to shell 
clusters. Because of the cluster overlaps we do not obtain hard member­
ships near the intersection points, even with an optimum partition, but 
most of the data should be classified unambiguously. Because of the flex­
ible contours of the shell clusters, the data can be covered well without 
really recognizing one single cluster; an example for this problem is shown 
in figure 4.31. Hence, special validity measures are needed for shell clusters. 
The above considered validity measures yielded the best results, when we 
included as much information as possible about the cluster prototypes into 
the validity measure. However, the validity measures introduced so far can 
not be easily adopted here since the prototypes have different meanings. 
For the compact clusters of the algorithm by Gath and Geva, a good clus­
ter should have a volume as small as possible, hence the determinant of the 
fuzzy covariance matrix is minimized. For some shell clustering algorithms, 
there also occur positive definite matrices as parameters of the prototypes. 
However, these implicitly describe the orientation and radii of the recog­
nized ellipses. The decision as to whether it is a well or badly recognized 
ellipse should be independent of the ellipses' radii. A minimization of the 
determinant makes no sense here. 

Dave [24] defined the Gath-and-Geva validity measures hypervolume 
and partition density for the case of circle and ellipse clusters. Krishnapu-
ram, Frigui, and Nasraoui generalized these validity measures to arbitrary 
shell clusters [66]: the distance between the data and the cluster is essential 
for the quality of a cluster. While it can be easily determined for compact 
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clusters by the distance between the datum and the position vector of the 
prototype, the determination of the distance is more complicated for shell 
clusters. We need the closest point z on the cluster contour for an arbitrary 
point x. Their Euclidean distance is the distance between datum x and the 
shell cluster. In the special case of a circle cluster with centre v and radius 
r, we have z = v + rj&E%n' For other shapes, the determination of the 
point z can be very difficult and expensive. We approximately determined 
the distance ||a; — z\\ for the FCES algorithm (section 4.4) and the point z 
for the MFCQS algorithm (section 4.7). 

For a probabilistic cluster partition / : X -> K, we now define the 
vector Aij = Xj — Zij, for Xj E X and ki € K, where Zij denotes the 
point on the contour of the cluster ki that is closest to Xj. The vectors A i j 
represent the direction and size of the deviation of datum Xj from cluster ki. 
If the cluster is a point, they correspond to the vectors Xj — V{ that gave the 
dispersion of the datum around the cluster centre Vi for compact clusters 
and from which we formed the covariance matrices. Thus, we analogously 
define: 

Definition 7.9 (Fuzzy shell covariance matrix) Let A{D,R) be an 
analysis space, X C D, f : X -* K € Afuzzy(D,R) a probabilistic clus­
ter partition and A j j the distance vector for Xj € X — {xi,X2,. ■ • ,xn} 
and k{ € K = {k\, &2, • • •, kc} of the datum Xj from cluster ki. Then, 

' * E ; = 1 /"(*,)(*<) ( ' 
is called the fuzzy shell covariance matrix of cluster ki. 

This matrix is a measure for the dispersion of the data around the 
cluster contour. So the volume and density validity measures by Gath and 
Geva are now applicable also to shell clusters. (Instead of the covariance 
matrix from remark 2.3, we use the matrix (7.1) in the definitions 7.6 and 
7.7.) 

In addition, the distance ||Aj,j| | between a datum and a cluster contour 
can be interpreted as the thickness of the contour: 

Definition 7.10 (Shell thickness T) Let A(D,R) be an analysis space, 
XcD,f:X-+K€ Afuzzy(D, R) a probabilistic cluster partition and Aij-
be the distance vector for Xj € X and ki G K of datum Xj from cluster ki. 
We define Ts as the sum of the mean shell thicknesses Ts of the partition 

sU) h E;=i/m(^) .̂) 
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If the clusters k{ G K are circle clusters with centres V{ and radii r*, we 
define the mean circle thickness T by 

Tc(f) = , T*P 

where HA^H2 = (||x i - tii|| - r 4 ) a . 

For arbitrary shell clusters, Ts is a suitable validity measure, even if 
a fluctuation | |At,j | | = ^ with a shell diameter 1 has certainly more im­
portance than with a shell diameter 10. If information about the shell size 
is available, such as for circle clusters, this should be included like in the 
average circle thickness TQ. 

As mentioned in the beginning, the correctness of the cluster number 
determined by global validity measures essentially depends on the quality 
of the cluster partition. The considerations on shell clustering in section 
4 showed that even with a correct cluster number, only moderate results 
can be expected without a good initialization (cf. figures 3.4, 4.5, 4.26, 
and 5.16 as examples). If the partition with the correct cluster number 
is not clearly distinguished from the other partitions by its quality, we 
cannot expect the validity measures to clearly distinuguish the optimum 
number of clusters. The unsatisfying results of the global shell clustering 
validity measures motivated the development of alternative techniques that 
are introduced in the following section. 

7.2 Local validity measures 
The determination of the optimum cluster number using global validity 
measures is very expensive, since clustering has to be carried out for a 
variety of possible cluster numbers. Here, especially for shell clustering, 
it can be that just the analysis with the correct cluster number does not 
recognize one single cluster correctly. If the perfect partition cannot be 
recognized in a single run, we could at least filter the presumably correctly 
recognized clusters. Here, a validity measure is necessary that evaluates 
single clusters, a so-called local validity measure. Subsequently, we can 
investigate the badly recognized data separately. If we use the memberships 
for the detection of good clusters, we have to consider the case that several 
prototypes share one cluster. In a probabilistic cluster partition, none of 
the data vectors obtain memberships clearly greater than | such that a 
local validity measure would incorrectly conclude that there were two badly 
recognized clusters. (An example for a case like this is shown in figure 4.6; 
there, the upper left semi-circle is covered by two very similar clusters.) 
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While in the previous sections we tried to examine the space of possible 
cluster numbers by global validity measures completely, we now try to ap­
proach the correct partition more directly. The idea behind local validity 
measures is the following: by analysing the final partition of the previous 
run we provide improved initializations for the next run. We continue this 
procedure until finally the whole partition consists of good clusters only. 
When the final partition consists only of good clusters, we have found the 
optimum number of clusters, too. 

An algorithm whose strategy is very similar, although it has basically 
nothing to do with local validity measures, is the CCM algorithm for the 
detection of straight line segments described in the following and based on 
the algorithm by Gustafson and Kessel. We consider it here since it works 
well for the determination of the number of straight line segments and the 
subsequent algorithms have similar underlying ideas. 

7.2.1 The compatible cluster merging algorithm 
The compatible cluster merging algorithm (CCM) by Krishnapuram and 
Freg [61] identifies the number of straight lines in a two-dimensional data 
set (or planes in the three-dimensional case). As we have seen in section 3.3, 
the algorithms by Gustafson and Kessel or Gath and Geva detect straight 
lines as well as special algorithms for line recognition. Hence, the GK 
algorithm serves as a basis of the CCM algorithm. 

Just as with the technique for global validity measures, an upper limit 
Cmax of the cluster number has to be chosen. This limit must not be a 
good estimation for the actual cluster number but be clearly above it. On 
the other hand very large values for cmax increase the computing time of 
the algorithm considerably. The undesirable covering of collinear straight 
line segments by a single cluster is aimed to be avoided by the high cluster 
number since the data space is partitioned into smaller clusters by the high 
number cm&x. For the same reason, however, the opposite case can occur, 
where a single long straight line is covered by several clusters (example in 
figure 7.15). In cases like this, we will refer to them as compatible clusters 
and merge them into one cluster. Thus, a probabilistic Gustafson-Kessel 
run with cmax clusters is done first. The resulting clusters are compared 
to each other in order to find compatible clusters. This way, the num­
ber of clusters is reduced correspondingly. We form groups of compatible 
clusters, merge them and determine new Gustafson-Kessel prototypes for 
the merged groups. With the new, often clearly decreased cluster number 
and the merged clusters as an intitialization, we run the GK algorithm 
once more, form and merge compatible clusters, until finally all clusters are 
incompatible and no clusters can be merged any more. We consider the 
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cluster partition determined this way as the optimum partition. Here, the 
computing time decreases with each further GK run because the clusters 
get fewer and fewer, and we always have a very good initialization. In 
addition, GK runs are needed for very few cluster numbers compared to 
algorithm 3. This technique leads to a better result in a shorter time, as 
we will see later on. 

When do we call two clusters of the Gustafson-Kessel algorithm com­
patible? On the one hand, two compatible clusters should form the same 
hyperplane (i.e. lie on a straight line in H 2 ) , and on the other hand, they 
should be close to each other in relation to their size. 

Definition 7.11 (Compatibility relation on GK clusters) Let p G 
IN and C := W x {A e H p x p | det(A) = 1, A symmetric and positive 
definite }. For each ki — (vi,Ai) € C, let \ be the largest eigenvalue of 
the matrix A{ and e» the normalized eigenvector of Ai associated with the 
smallest eigenvalue. For each 7 = (71,72,73) € 1R a CCM compatibility 
relation = 7 C C x C is defined by 

Vfci,fc2 G C k\ = 7 &2 * e i e j | > 71 A (7.2) 
ei + e2 {vi - v2)T 

2 | | t / i - V 2 | | 
< 72 A (7.3) 

||«i - Va|| < 73 ( v ^ T +Vh). (7.4) 

Two clusters k\, fc2 G C form (approximately) the same hyperplane if 
the normal vectors of the two hyperplanes are parallel and each origin is 
in the other hyperplane. The normal vector of the hyperplane described 
by a cluster k\ corresponds to the eigenvector e\ from the definition. If e\ 
and e2 are parallel, their scalar product is one. When we choose 71 = 1, 
equation (7.2) requires the hyperplanes to be parallel. If the two normal 
vectors are (almost) parallel, \{e\ + e2) is approximately the mean normal 
vector of the two hyperplanes. When k\ and fc2 form the same hyperplane, 
the vector that leads from the origin of one plane to the origin of the other 
one must lie within the common hyperplane. This is the case when the 
difference vector is orthogonal to the normal, i.e. the scalar product of the 
two vectors is zero. If we choose 72 = 0, equation (7.3) corresponds to this 
requirement. If (7.2) and (7.3) are valid with 71 = 1 and 72 = 0, the GK 
clusters k\ and fc2 span the same hyperplane. 

We merge two clusters just in case there is no gap between them so 
that they are adjacent to each other. Therefore, let us consider the data as 
realizations of two uniformly distributed random variables Z\ and Z2. In 
the projection onto the common straight line, the cluster position vector 
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then represents the assumed mean. The variance a2 of the random variables 
Zj, i € {1,2} is the largest eigenvalue of the covariance matrix of the 
corresponding cluster. In general, the relation a2 = yj holds for uniform 
distributions over an interval with length L. The interval thus stretches 
j = \ /3 a in both directions from the assumed mean. If the distance of the 
assumed means of both random variables is less than the sum of both half 
interval lengths, the random variables or straight line segments overlap. In 
this case, we will consider the two clusters as belonging together and merge 
them. For 73 = v^ , that corresponds to condition (7.4). 

Because of the noise in the data along the straight lines or planes, the 
constants 71 to 73 should be weakened in order to be able to identify mer-
gable clusters at all. In [61] Krishnapuram and Freg suggest 71 = 0.95, 
72 =0.05, and 73 € [2,4]. 

Note that the relation just defined is not an equivalence relation. This 
is caused by the use of inequalities in the definition. If we distribute three 
linear clusters of the same size on one straight line equidistantly, adjacent 
clusters may be in a relation to each other (depending on 73); however, 
this does not apply to the two outer clusters. The relation = 7 is hence not 
always transitive. That means that there is not always an unambiguous 
factorization of the linear clusters with respect to that relation. However, 
this circumstance has no influence on the practical use of the heuristic CCM 
algorithm. For the implementation, it should be assured that all clusters of 
the same group are pairwise compatible. It is not sufficient that a cluster 
is in relation with one element of a group only, in order to be merged 
with this group. Which group combination of the remaining ones is finally 
chosen, however, does not play a crucial role for the final result of the CCM 
algorithm. 

Furthermore, a special case has to be considered for the implementation 
of condition (7.3): if the two eigenvectors are nearly identical except for 
their signs, they eliminate each other when they are added. Depending 
on the applied technique for the determination of the eigenvectors, two 
eigenvectors for two parallel straight lines can be different with respect 
to their signs only. Then conditions (7.3) and (7.2) hold because of the 
parallelity and the elimination, respectively. Also, condition (7.4) can now 
hold even when the clusters are not in the same hyperplane. This case has 
to be treated separately: if the sum of the eigenvectors in the Euclidean 
norm is significantly smaller than one, an elimination occurred and the 
vectors should be subtracted instead of being added. 

If the algorithm is applied to the data sets from chapter 3 with cmax = 12 
and 7 = (0.95,0.05,2.0), the results are mainly correct. However, some­
times two compatible clusters are not merged: when two clusters describe 
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Algorithm 4 (CCM algorithm) 
Given a data set X and a compatibility relation == on GK clusters. 

Choose the maximum number cmSLX of clusters. 

REPEAT 
Cold •= = C n e w 

Run the GK algorithm with (X, caew). 
Determine eigenvectors/eigenvalues of the covariance matrices. 
Form (transitive) groups of clusters with respect to the relation -
FOR (each group with more than one cluster) 

Merge all clusters of the group into one single cluster. 
Compute the position and orientation of the new cluster. 
Update the number of clusters in cnew. 

ENDFOR 
UNTIL (coid 

the same straight line segment and the prototypes are close together. This 
happens when the data are scattered along a straight line, but have a large 
variance. The actual straight line segment is not approximated by two 
short clusters in a row (figure 7.15) but two long parallel ones (figure 7.16). 
Here, the position vectors of two clusters k\ and &2 move closer together, 
and the difference vector of the positions Av = v\ — vi is (approximately) 
perpendicular to the direction vectors. For this reason, condition (7.3) pre­
vents a merging of the clusters. (Figures 7.15 and 7.16 show the extreme 
positions only; condition (7.3) does not hold for the intermediate positions 
either.) 

o o o I o o o 
o o o o o o 

Ai» 

. ' . v ! v . ' ' .*■*■' . '■' -W' ' "-— 

Figure 7.15: Collinear clusters Figure 7.16: Parallel clusters 

This problem is avoided by the following compatibility relation between 
GK clusters. Instead of the condition (7.3) ensuring the perpendicularity 
proposed by Gath and Geva, we directly measure the distance between the 
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prototypes in the direction of the mean normal. If this is smaller than a 
certain maximum distance, we assume compatible clusters. If the mean 
distance 5 from (5.15) is used as the maximum distance, only those paral­
lel clusters are merged that have a smaller distance than the data among 
themselves. 

Definition 7.12 (modified compatibility relation on GK clus­
ters) Let p € IN and C := Mp x {A 6 H p X p | det(^) = 1, 
A symmetric and positive definite}. For each ki = (vi,Ai) 6 C, let A» 
be the largest eigenvalue of matrix Ai and ei the normalized eigenvector of 
Ai associated with the smallest eigenvalue. For each 7 := (71,72,73) G IR 
a modified CCM compatibility relation = 7 C C x C is defined by 

Figure 7.17: Floppy disk box Figure 7.18: CCM analysis 

With the modified compatibility relation =(o.95,<s,2.o)> t n e correct clus­
ter number is obtained for the data sets from figures 3.1 and 3.9. This 
relation, however, is sensitive to additional noise data, because GK clusters 
approximate these with compact clusters. The compatibility relation can­
not handle this case: point clouds cannot be merged. Noise data are mostly 
approximated by numerous GK clusters by the CCM algorithm. Without 
noise clouds, the results of the modified CCM algorithm are mostly very 
good. 
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Figure 7.19: Matchbox Figure 7.20: CCM analysis 

Figures 7.17, 7.19, and 7.21 show grey value images from which the 
data sets in figures 7.18, 7.20, and 7.22 were generated by contrast intensi­
fication, a contour operator (Sobel) and threshold techniques. If there are 
unambiguous straight lines in the data sets, these are well recognized. In 
the areas of many small straight lines (middle view in figure 7.18) the more 
effective ellipsoidal shape is used instead of an approximation by GK clus­
ters in straight line shapes. In order to make this undesired classification 
more accurate, data that are partitioned by such ellipsoidal clusters can be 
extracted and partitioned once more in a separate GK run. Furthermore, 
in some cases the extension of the clusters into the direction of the straight 
line prevents the detection of other straight lines. For several straight lines 
that run parallel and closely together in particular, perpendicular straight 
lines are also covered (cf. figure 7.20). An improvement of the recognition 
performance can be achieved with methods from section 7.3 in this case. 

An example for a very good performance is shown in figures 7.21 and 
7.22. The CCM algorithm was started with cmax = 40, 28 clusters were 
recognized. Even smaller straight line segments were covered by single 
clusters in this example. The only weak point is the massive upper contour 
of the hole in the middle of the puncher's lever. Since the volume of the GK 
clusters is limited, the thick straight line could not be covered by a single 
GK cluster. The three single clusters do not follow the thick straight line 
now, but are nearly horizontal such that the compatibility relation does 
not initiate a merging, because of the large distance between the straight 
lines from each other. If point accumulations like this cannot be avoided, 
an algorithm for line thinning [60] should be applied in order to prevent 
this effect. 

Clusters that cover extremely thick contours as in figure 7.22 or many 
small straight line segments as in figure 7.18 can be recognized using eigen­
values of the GK covariance matrices. The relation of the large eigenvalue 
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Figure 7.21: Puncher Figure 7.22: CCM analysis 

to the small one is 1 for circular shaped clusters; the larger it is, the more 
the cluster is stretched. If the value falls below a minimum for this relation, 
it can be concluded that there is a compact cluster. 

7.2.2 The unsupervised FCSS algorithm 
The CCM algorithm did not evaluate the clusters; a local validity measure 
was unnecessary. If a data set contained only straight line segments, each 
GK cluster approximated (part of) a line segment. Shell clustering algo­
rithms (we start with considering circles) do not behave that nicely. There 
are many more minimum partitions than for clustering straight lines. Not 
every circle cluster represents a correctly recognized circle segment, but in­
stead might cover data vectors from different circles (cf. figures 4.4 or 4.5). 
Simply merging several circles does not give any advantage here, because 
the union contains not only the data of one but of several circles. 

With the unsupervised fuzzy c-spherical shells algorithm (UFCSS) by 
Krishnapuram, Nasraoui, and Frigui [67], further steps are therefore carried 
out in addition to merging clusters. After the FCSS algorithm is completed 
with a maximum cluster number cmax, groups of compatible clusters are 
first searched for and merged once again. Afterwards, especially good clus­
ters are identified using a local validity measure, and all data that represent 
these clusters are eliminated from the data set under consideration. Thus, 
the number of data and clusters for the following iterations are decreased, 
and it is simpler for the FCSS algorithm to find the correct position of the 
remaining clusters. Finally, those clusters covering only very few data vec-
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tors are deleted without substitution. This procedure is repeated until none 
of these operations can be applied any longer. Then, the good clusters, to­
gether with the removed data vectors, are considered again for fine-tuning, 
and the merging of compatible and the deletion of small clusters is iterated 
anew, until again no changes occur. When the algorithm is terminated, we 
have the (hopefully) optimum partition of the data set. 

As a local quality function we use the data density near the shell, a 
validity measure that resembles the mean partition density for GK clusters, 
without determining the mean over the clusters. Instead of the covariance 
matrices of the GK algorithm, we use shell covariance matrices according to 
(7.1), which determine the scattering of the data around the cluster contour. 
A shell covariance matrix A induces a norm as in the GK algorithm. This 
norm determines whether a certain data vector is more distant from the 
contour than the average of the data assigned to the cluster or not. For a 
test datum x with a distance vector A from the cluster contour, we have 
AT A~XA < 1, if x is closer to the contour than the average of the data 
vectors. The sum of the memberships of all data that fulfil this condition is 
a measure for the quality with which the data match the cluster contour or 
how well the contour approximates the data. If we again consider y/det(A) 
as the volume of the cluster contour, we obtain the shell density as a local 
validity measure: 

Definition 7.13 (Shell density SD) Let A(D,R) be an analysis space, 
X C D, f : X —> K G Afuzzy(D, R) a probabilistic cluster partition and Aij 
for Xj € X and ki € K the distance vector between datum Xj and cluster 
ki. We define the shell density SDi of cluster ki in the partition f by 

U ; y/M(Ai) 

where Si = {XJ G X \ AjjA^Aij < 1} and Ai is the fuzzy shell covariance 
matrix according to (7.1). (For circle clusters ki with centres Vi and radii 
ri} we have Au = (XJ - v{) - nfffrjj-jf ■) 

Since small clusters have a low shell volume, they lead to high shell 
densities. A good shell cluster k should therefore have not only a minimum 
density but also a minimum number of data. Clusters that are evaluated 
as good this way are temporarily ignored during the algorithm. The mem­
bership of a datum in a cluster is then computed from the distance to the 
cluster contour. We delete the cluster data and store them in a temporary 
data set. The data from the temporary data set will be considered again 
later. 
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We regard two circles as compatible, if their centres as well as their radii 
are almost equal. An FCSS compatibility relation thus results from: 

Definition 7.14 (Compatibility relation on FCSS clusters) Let p € 
IN and C := IRP x JR. For each k{ = (t>i,rj) € C, let V{ be the circle 
centre and r» the radius of cluster k{. For each 7 = (71,72) G 1R+ an FCSS 
compatibility relation =7G C x C is defined by 

Vfci,fc2 eC : k1=1k2 & \\vi - v2\\ < 71 A 
In. -r2\ <72-

If we denote the smallest distance among the data as S, we can use 
=(2(5,2(5) • For the UFCSS algorithm, a number of heuristic parameters have 
to be chosen that are necessary to distinguish good and small clusters. 
Often, these values depend on the data, so different parameter sets have 
to be chosen for bit graphics, artificial test patterns, and two- or three-
dimensional data, respectively. Consider a cluster ki € K of a partition 
/ : X -> K and a datum Xj £ X. 

• Cluster ki obtains the predicate "good" if 

The minimum density for good clusters SDmin depends on the kind 
of data sets and should be chosen according to manually identified 
good clusters. The limit njfT+j for the minimum data number was 
suggested by Krishnapuram in [67]. He assumes an approximately 
uniform distribution of the data over the clusters such that smaller 
clusters which were recognized correctly but have less than nk+j data 
points are not considered as good clusters. 

• Datum Xj obtains the predicate "belonging to cluster fcj" if 

l|Ai,y|| <noi. 

Here, n is a factor that is identical for all clusters, and Oi is a measure 
for the thickness of the cluster or the scattering of the data around 
the cluster. In [67], r\ = 3 and Oi — \J\x{Ai) were applied. (For the 
motivation of Oi, cf. also page 216.) 
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• Cluster ki obtains the predicate "small" if 

n 

£/(*i)(*0</W 

Again, Ntiay depends on the kind and the number of data. 

The following algorithm is slightly modified compared to the version in 
[67]. Only the general notions were used such that it can also be applied 
to other kinds of clusters and algorithms when the notions small cluster, 
good cluster etc. are specified. 

Algorithm 5 (Unsupervised FCSS algorithm)  
Given a data set X and a compatibility relation = on FCSS clusters. 

Choose the maximum number of clusters cmax. 
c := cmax, changes := false, FirstLoop := true 
FOR 2 TIMES 

changes := false 
REPEAT 

Run the FCSS algorithm with input (X, c). 
IF (3 clusters compatible with respect to =) THEN 

Form transitive groups of compatible clusters. 
Merge each group to one cluster, update c. 
changes := true 

ENDIF 
I IF (FirstLoop=true) AND (there exist good clusters) THEN 

Deactivate good clusters and affiliated data, 
update c, changes :— true. 

ENDIF 
IF (there exist small clusters) THEN 

Delete small clusters, changes := true, update c. 
ENDIF 

UNTIL (c < 2) OR (changes=false) 
FirstLoop := false 
Reactivate all deactivated data and clusters, update c. 

ENDFOR 
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In practical examples good results were obtained when cmax was at least 
1.5 to 2.5 times the correct number of clusters. Moreover, the UFCSS 
algorithm needs a good initialization (e.g. by some FCM steps). 

Let us consider the performance of the UFCSS algorithm first for the 
data sets from section 4.1 and 4.2. The results were very good without 
exception; all clusters were recognized correctly. (The results of the UFCSS 
algorithm for an unknown cluster number are better than those of FCSS 
with a known cluster number.) For the data set from figure 4.1, however, 
four circle clusters instead of three are recognized as optimal, but this 
only reflects the additional noise data, which were approximated by the 
fourth circle cluster. Behaviour like this was expected from the probabilistic 
version of UFCSS. Even the more complicated data sets from figures 4.5 
and 4.6, respectively, are correctly recognized with cmax = 20. In this case 
an additional problem occurs for the very different data densities on the 
circle contours. An initialization with only 15 clusters led to just one FCM 
cluster for the three circles right on the top. On the other hand, the bold 
circles in the centre at the bottom and the two large circle segments were 
covered by many FCM clusters. These clusters, which are concentrated in 
a very narrow space, soon become similar FCSS clusters that are merged 
afterwards. In the area right on the top, clusters are thus missing for the 
correct determination of the cluster number. 

However, if the cluster number is chosen too high, we can also run into 
problems: if c clusters approximate the same circle with n data, each datum 
obtains a membership £ in each of the c clusters. If the threshold value for 
a small cluster iVtjny is larger than ** all clusters are deleted. No cluster 
remains for this circle. This extreme case will hardly occur, however, if the 
compatible clusters are merged before small clusters are deleted (and we 
remember to recalculate the memberships). 

Figure 7.23 shows a photograph of six washers from which a data set 
representing the edges of the depicted objects was extracted using image 
processing software. The result of the UFCSS algorithm for cm&x = 24 
is shown in figure 7.24. In two cases the algorithm detected intersecting 
clusters instead of concentric circles; a single cluster was found instead 
of two concentric circles twice; and one cluster is completely misplaced. 
The quality of the result strongly depends on the initialization, and thus 
also on the initial cluster number cmax as shown in figure 7.25, where we 
used cmax = 20. Although the FCM cluster providing the initialization 
for UFCSS cannot discover a whole circle correctly, every FCM cluster 
should at least detect a (single) circle segment. If the segments detected 
are long enough (e.g. consist of a certain amount of data vectors) the FCSS 
manages to approximate the corresponding circle in the first step. If such an 
initialization can be provided by the fuzzy c-means algorithm, the chances 
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Figure 7.23: Six washers Figure 7.24: UFCSS analysis, 
Cmax = 24, initialization using 
FCM 

Figure 7.25: UFCSS analysis, 
Cmax — 20, initialization using 
FCM 

Figure 7.26: UFCSS analysis, ini­
tialization using edge detection 

of a correct recognition of all circles are good. In the case of figure 7.23, 
however, the contours of two circles are quite close and adjacent. Each 
FCM cluster then covers not only one but at least two segments (of different 
circles). The subsequent FCSS run starts with the data of two circles as an 
initialization and is mostly not able to separate these data again. Supported 
by the non-Euclidean distance function, the minimization of the objective 
function leads in this case to clusters with rather small radii (relative to 
the original circles). If there are data inside the circle, the FCSS algorithm 
will use them as a stabilization of the cluster. Especially in the area in 
the middle on top of figure 7.25, the data are covered by several small and 
overlapping circles. 

This can be avoided by a modified initialization. For the example in 
figure 7.23 we used an edge detection algorithm which does not merge the 
data of two adjacent circle contours and enables UFCSS to produce the 
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result in figure 7.26. Even if the partition is not the optimum, it is clearly 
better than that obtained with an FCM initialization for cmax G {20,24,28}. 
The edge detection algorithm is not sensitive to different cluster numbers 
as start values, since it estimates them by itself. (A description of the 
algorithm used for the edge detection can be found in section 7.3.) 

Figure 7.27: Four washers Figure 7.28: UFCSS analysis, 

For good results it is important to distinguish between small and good 
clusters, leading to a simplification of the problem, i.e. a reduction of 
the number of clusters or data. Unfortunately, the validity measures and 
threshold values of the UFCSS algorithm are not very flexible. Figure 7.27 
shows another picture from which a test data set for the UFCSS algorithm 
was generated. The sizes of the circles vary far more here than in the pre­
vious example. Even if the inner circles of the two washers on the left are 
correctly recognized, they do not reach the membership sum iL4^ neces­
sary for good clusters. Furthermore, we know from section 4.2 that circles 
enclosed by other circles are recognized better with an increased fuzziner. 
However, the average membership decreases in this way, and the threshold 
value is then hardly reached even by large clusters. 

Figure 7.28 shows the result of a UFCSS analysis that was initialized by 
10 FCM steps (m = 4) and 10 FCSS steps (m = 2). Because of the FCM 
steps with a high fuzzifier, many FCM prototypes are moved to the circle 
centres and do not get close to the contours. These prototypes lead to a 
good approximation of the circle centres. In the course of the algorithm we 
first consider the nearest data points, thus m = 2 in the first FCSS steps. In 
the following steps, we need a more global view to separate circle contours, 
therefore m = 4 was chosen for the UFCSS algorithm. Compared to the 
fuzzifier the threshold value for the number of data had to be reduced to 
/IJflJiu—^TV ^ n e r e 8 l ^ t s cannot yet be considered as optimum because 
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small and good clusters are not recognized as good clusters (e.g. the small 
inner circle) and the rather large circle in the middle of the picture is not 
identified as a bad one. Dense contours always result in rather good shell 
densities, even if a cluster only touches the actual contours in several places. 
Another problem is caused by the fact that the circles are often not ideal in 
digitized pictures but tend to a more elliptic shape (camera angle, shadows 
in the picture). For the large circle, this has been compensated by two 
circle clusters. The distance between the centres prevents the clusters from 
being merged here. 

Figure 7.29: Four washers Figure 7.30: UFCSS analysis 

The technique for edge detection mentioned above, gives good results 
for the example in figure 7.28. The advanced initialization algorithm is 
necessary, especially when several large and small circle contours are over­
lapping, e.g. in figure 7.29. In this case, using an FCM initialization the 
FCSS algorithm covers all data vectors inside the large washer with many 
intersecting circles. Each cluster then possesses a contour segment of the 
large circle, which fixes its position. The local minimum, to which UFCSS 
converges, is destined by the initialization. An appropriate initialization 
by edge detection, on the other hand, leads to clearly better results from 
figure 7.30. 

This result can be further improved by a more sophisticated cluster 
merging technique. For merging two clusters, the UFCSS algorithm checks 
whether the clusters represent the same circle by comparing their radii 
and centres. They are merged, only if the clusters are nearly identical. 
However, two clusters can also describe the same circle contour, even when 
they have clearly different centres and radii. This is the case when each 
cluster (poorly) approximates just one part of the same circle. In this case, 
further improvements can be obtained (for example in situations like on top 



7.2. LOCAL VALIDITY MEASURES 215 

of figure 7.25). Thus, alternatively merging methods from the U(M)FCQS 
can be borrowed (cf. section 7.2.4). 

Finally, a third way to improve the partitions uses a simplification of 
the data sets as it is will be presented in section 7.3. However, this is no 
improvement of the UFCSS algorithm itself. 

7.2.3 The contour density criterion 
The local validity measures introduced so far are not satisfying from some 
points of view: dependent on the size and completeness of the contour, the 
values vary strongly, and thus further complicate the distinction between 
good and bad clusters. Since the predicate good can be applied to circles of 
different size as well as to full, half or quarter circles, reasonable threshold 
values which correctly separate all possible cases can often not be provided. 
The contour density criterion for shell clusters according to Krishnapuram, 
Frigui, and Nasraoui [66] compensates some of these weak points. 

This local validity measure evaluates the data density along the cluster 
contour. It thus depends on the cluster size, since a high number of data 
is compensated by a longer extent of larger clusters. It has its maximum 
of 1 for an ideally closed (and may be partial) shell contour, i.e. a semi­
circle also can have the maximum contour density 1. Hence, clear picture 
elements that have a densely marked contour but are partly hidden by 
other objects can be distinguished from poorly visible objects having only 
a sparsely marked contour. With the local validity measures so far, better 
values were often determined for sparse full circles than for dense quarter 
circles. 

For the determination of the contour density of a cluster ki we divide 
the number of data by the contour length. The number of data is computed 
as the sum of the memberships of all data vectors near enough to the shell 
contour: 

Si^^Uij, Yi = {jeJN<n | IIA ÎI < Aijmax}. 

Here, Ai<max gives the maximum distance of a datum belonging to the 
contour. In the possibilistic case, we use Aj ) m a x = y/rfi because at this 
distance the memberships are 0.5 (for m = 2). The determination of the 
contour length is clearly more difficult. The contour length of a full circle 
with radius r is 2irr, but the clusters often represent only a circle segment. 
If there is a closed and crisp contour, the length of a circle segment might be 
determined by tracking the data in the neighbourhood. But how long is the 
shell contour when the segment is only partially covered by data and the 
data only belong to a certain degree to the cluster? The validity measure 
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of the contour density uses the covariance matrix (not the shell covariance 
matrix) of the cluster data with respect to the expected mean of the data 
(not the centre point of the geometrical figure). Let us first consider an 
ideal circle with a closed contour (i.e. an infinite number of data points). 
In this case, the mean value of the data vectors is the same as the centre of 
the circle. The covariance matrix Ai is ( ** 1°2 ) • In the case of an ideal 
circle, we have tr(Ai) = r2. 

Let us now consider the more general case of a circular arc with the same 
origin and radius. In order to simplify the determination of the covariance 
matrix, we assume that the circular arc with the angle 7 is symmetrical to 
the x-axis, i.e. stretches from — ̂  to ^. If we regard the data as realizations 
of a two-dimensional random variable Z, the covariance matrix is 

A Cov{Z2} = E{{Z - E{Z})2} 

1 
1 r% 

= E{Z2} - E{Z}2 = - xxTd<p-mmT, 

where x = (rcos(</?),rsin(</?))T is a point on the contour. The expected 
mean TO = E{Z} is 

m= - x d(f = — , a = { 7 v z ' 
1J-1 r7 \ J * } r sm(ip)d<p J V 0 

Thus, we obtain 

r / 1 _ £ l B M _ £ * £ ( I ) 0 \ 
2 ^ 0 i + fi^aij-

If we again compute the trace of the covariance matrix, we obtain 

V / t r 0 4 ) = n / l 
4 s i n 2 m 

7 2 

In this case, the trace does not correspond exactly to the circle radius, as 
expected, but the difference is caused by the (square root) factor. Krishna-
puram calls this radius, which is scaled with respect to the opening angle, 
the effective radius reg of the cluster and uses 27rreff as an approximation 
for the arc length. In the case of a full circle with 7 = 27r, the equality 
reff = r holds because sin(7r) = 0. The effective arc length is equal to the 
real length then. For a circular arc with angle 7 and the contour length 
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Table 7.1: Compensation for partial contours 
Value / Kind of cluster Full 

circle 
Semi­
circle 

Quarter 
circle 

Straight 
line 

r 
Contour density g 

Compensation factor fp 

1.0 
1.0 
1.0 

0.77 
0.65 
1.54 

0.44 
0.57 
1.74 

0.00 
0.55 
1.81 

Ly, which can be interpreted as the number of data, we obtain the contour 
density 

Q=~^- = , 7 

27rre/r 2 n ^ _ i ^ i i 

The density depends on the length of the circular arc (7), but is independent 
of the cluster size (circle radius r) . In order to compensate the influence of 
the arc length, we have to further modify the quality values. The expression 
^ is suitable as a measure for the angle of the circle arc since it only 
depends on 7. From ^ = 1.0, we can conclude that there is a full circle, 
from ^ = 0.77 that there is a semi-circle and from ^ = 0.44 that there 

r r 
is a quarter circle. 

If the effective radius divided by the real radius suggests a half circle, we 
divide the density g by the maximum density of a half circle (cf. table 7.1) 
and thus also obtain the maximum value 1 for partial contours. For the 
contour density criterion Krishnapuram distinguishes the cases full, half, 
quarter circle and straight line. He interpolates the scaling factor between 
these fixed items linearly. A straight line is considered as a special case of 
a circle with an infinite radius ( ^ = 0). For a straight line segment, the 
trace of the covariance matrix is identical to the variance j ^ where L is the 
length of the straight line segment. For the contour density g = ■^~— we 
have ^ « 0.55. The final local validity measure is defined in the following 
way: 

Definition 7.15 (Contour density g) Let A(TR,2,R) be an analysis 
space, X C H 2 , m € 1R>1 a fuzzifier, f : X -> K G Afuzzy(IR2, R) a pos-
sibilistic cluster partition, mj = f(xj){ki) the degree of membership and 
Aij the distance vector from datum Xj G X = {xi,X2,. . . , x n } and c/tw-
ter k{ € K = {k\, k2,..., A;c}. As the (compensated) contour density £>j of 
cluster ki in the partition f, we use n, = ^ ^ (or g{ = ^ ^ • fpi^)), 
where 
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jeYi 

Teff = VHAi), 

Yi = { j € l N < „ | HAull < * < , „ „ } , 

Z^j=i ui,j 
S j = l Ui,3 X3 . 

IH = ^n and 
C 1.74 - 0.172(x - 0.44) for x € [0.00,0.44] 

fP : 1R -* H , x H+ J 1.54 - 0.594(x - 0.77) /or x G [0.44,0.77] 
( 1.0 - 2.34(x - 1.0) for x € [0.77,1.00]. 

Here, Ai)Tnax is the minimum distance from the contour of cluster ki, where 
the data are not considered to belong to the cluster. It is recommended to 
choose Ai )max = y/rjl. 

If circle shaped contours are separated (for example by overlapping pic­
ture elements) into more than one circular arc, the contours do not obtain 
the maximum contour density even if the parts are ideal contours. A clus­
ter, which approximates an arc, has high memberships in other arcs as well. 
The centre of gravity of the data is near the circle centre, and the effective 
radius is close to the actual radius. Hence, the correction factor for par­
tial contours fp will hardly cause any improvement of the contour density. 
When a contour is split into several parts there is no compensation by the 
validity measure, which might be interpreted as a weakness of the contour 
density. On the other hand, when the complete contour is subdivided into 
more and more segments, we deal with the transition to a sparsely marked 
contour - and in this case a decreasing measure is desirable. 

In digitized pictures we have quantization effects that can distort the 
thickness, leading to wrong values of the validity measure. The number of 
data points S» of a digitized ideal straight line k{ depends on its gradient. 
The validity measure assigns horizontal and vertical straight lines higher 
values than straight lines with other slopes. The straight line in figure 7.31 
(gradient 1) has the length L = y/2, the straight line in figure 7.32 (gradient 
y/3) has the length L = -j= (if the pixel grid has the edge length 1). Despite 
the different lengths, both straight lines have 14 pixels. Horizontal and 
vertical straight lines in the pixel grid have the highest contour density, 
since they have the shortest length and the number of data points (14) 
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remains constant. To be independent of the slope a correction factor fp is 
introduced (similar to the one used above to compensate partial contours). 
For straight line segments with the angle <p this factor is 

h max{| cos(<£>)|, | sin(</?)|} 
(7.6) 

■ — 
■ 

Figure 7.31: 
L « 1.41 

45° straight line, Figure 7.32: 
L w 1.15 

30° straight line, 

For all other kinds of clusters, we can imagine the contour as a com­
pound of straight line segments. In this case, we correct each single datum 
on the contour depending on the vector tangent to the contour. If (fij is 
the angle between the horizontal axis and the vector tangent to the contour 
of cluster ki at the position Xj, we replace the expression Si from definition 
7.15 by 

Si (7.7) 

When the cluster is a straight line, the tangent vector and the horizontal 
axis intersect at the same angle as the straight line itself; the multiplication 
of the contour density with the factor fp according to (7.6) is thus identical 
to the application of (7.7). 

Krishnapuram, Frigui and Nasraoui [66] also consider theoretically the 
contour densities for ellipses, planes, spheres and ellipsoids. For some exam­
ples with ellipses they obtain satisfactory results using the non-compensated 
contour density corresponding to definition 7.15, when the main axis is 
much longer than the shorter axis. For the proportional value of 2, the 
contour density is very similar to that of circles. For a proportional value 
of 5, a correction via compensation mapping fp is not necessary any more. 
(It would be unclear how both ellipse's radii could contribute to the com­
pensation anyway.) We have to choose a proportional value between 2 and 
5, from which on compensation is no longer necessary. To apply the pro­
portion threshold in practice we have to know the ellipse radii, of course. 
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Remark 7.16 (Ellipse's radii) If a two-dimensional, elliptic quadric is 
given by p\x2 + p$y2 -\~p\x + p$y +p& = 0, the ellipse's radii are 

2 2 

where c= jfc + jfc-Pe. 

Proof: We substitute x = x+£^ and y = y+^ (quadratic completion) 
2 2 

and have: p\x2 + p2y2 = ft + ft - pe- We get the ellipse's radii from 
the equation in normal form: If r\ and r<i are the ellipse's radii, we have 

\r) + ( f ) = !• The comparison of the coefficients leads to r\ = J-^ 
and T2 = yfk' " 

The simplified form of the quadric without the merged term P3xy, which 
is given in the remark, is obtained by rotating the ellipse as described in 
section 4.7. We can obtain values from the given formulae even if the 
quadric is not an ellipse. For the identification of the cluster types see A.3. 

To determine the threshold values for a classification (e.g. in good clus­
ters) we assume the maximum is one. In the practical application of the 
threshold values, it is necessary that the maximum can be reached. If sev­
eral probabilistic clusters share the same contours, the memberships along 
the contours never favour a single cluster unambiguously, and thus the con­
tour density will never have the value 1. The contour density criterion is 
therefore only suited for possibilistic cluster partitions. In addition, the 
contour thickness in a digitized picture should be exactly one pixel. With 
a double contour, the validity measure takes on values greater than 1. In 
this case the clusters may not be comparable and the threshold values may 
not be valid any more. A bad cluster, which crosses a thick contour often 
enough, can obtain a contour thickness close to 1. The results do not allow 
correct conclusions in this case. We cannot expect a useful analysis result. 
Instead, an algorithm for edge thinning [60] has to be applied. 

Because each datum is weighted with its membership (maximum 1), 
each datum corresponds to a contour segment with the length 1. Even if 
we do not have a double contour, the contour densities might be falsified 
again, when the distance between the data vectors on the contour differs 
significantly from 1. If this is not the case, we have to use an additional 
factor incorporating the (average) smallest distance between two data vec­
tors. This way, the data set is scaled to the l x l grid of a digitized picture, 
and therefore each datum corresponds to a contour segment of length 1. 

file://-/~p/x
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7.2.4 The unsupervised (M)FCQS algorithm 
In this section, the unsupervised FCSS algorithm is combined with the local 
validity measure of the contour density and the more general (M)FCQS 
algorithm. It is thus possible to recognize an unknown number of straight 
lines, circles and ellipses in a data set. Here, the basic principle of the 
UFCSS algorithm is not changed, but only the prototype-specific parts 
are adapted. Furthermore, the U(M)FCQS algorithm is different from the 
UFCSS algorithm because it uses possibilistic clustering. 

Assume a cluster partition / : X -* K, a datum x £ X and two clusters 
k, k' € K. 

• Cluster k obtains the predicate "small", if 

( £ /(*)(*) < NVL) V [ £ / ( * ) ( * ) < NL A Qk < QL) . 
\x€X J VxeX / 

A small cluster has either only very few data (membership sum 
smaller than NVL « ioo ) o r some more data but only a bad con­
tour density (membership sum smaller than NL W -faf and contour 
density smaller than QL « 0.15). In the second pass of the main 
loop of the U(M)FCQS algorithm, all clusters with membership sums 
smaller than NL are regarded as small. With these stronger condi­
tions for the first pass, we take into account that many clusters can 
better (i.e. with a lower shell thickness) approximate the data than 
few clusters. 

• Cluster k obtains the predicate "good", if 

{Qk > QVH) V (gk > QH A FHVk < FHVL). 

Again, there are two possibilities for good clusters: either the con­
tour density is very high (QVL W 0.85) or a somewhat lower density 
(QL « 0.7) is compensated by a very small fuzzy (shell) hypervolume 
(FHVL » 0.5). 

• Two clusters A; and &' are "compatible", if 

(T < TL) A (g> QH). 

Here, T and g are the shell thickness and the contour density of the 
cluster resulting from merging the clusters A: and A;'. For this purpose 
all data with (possibilistic) memberships greater than a (a « 0.25) 
in the clusters k or k' are determined and the possibilistic (M)FCQS 
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algorithm is applied to these data. This complicated procedure is 
necessary since simple compatibility criteria cannot be provided for 
arbitrary quadrics as for the case of straight lines and circles. At 
least for the FCQS circle clusters we might want to use the FCSS 
compatibility relation. However, even for a data set consisting of 
circles and straight lines only, the algorithm may also detect other 
cluster shapes so that the complicated compatibility relation of the 
U(M)FCQS algorithm cannot be avoided. 

As already mentioned, Krishnapuram, Frigui and Nasraoui transform 
hyperbolas, double straight lines and long-stretched ellipses directly 
into straight line clusters, before they start to merge all that clusters. 
The data belonging to the linear clusters are processed by the CCM 
algorithm with the straight line prototypes from the transformation. 
Straight line segments are thus merged with each other only, according 
to the CCM compatibility relation. They do not merge straight lines 
with other quadrics. 

• The datum x obtains the predicate "belonging to cluster &", if 

f(x)(k) > uH. 

For possibilistic algorithms, the memberships depend on the distance 
between the datum and the cluster only, so that a membership Uij 
greater than UH = 0.5 means the same as | |At,j | | < y/rji. For data 
sets from digitized pictures, however, values T) < 2 make no sense, 
since the minimum distance is 1 (for horizontally and vertically ad­
jacent pixels) and y/2 (for diagonal pixels), respectively, because of 
the digitization. If the values of r\ drop below 2, all data vectors 
that do not belong unambiguously to the contour are classified as 
noise data. Hence, it makes sense to set r)i = 2 in general for the 
second possibilistic run. For the contour density determination the 
memberships always have to be computed with rji = 2, too. (When 
applying the FCQS algorithm, the MFCQS distance function should 
be used for the contour density determination; the value r\i — 2 is 
chosen with respect to Euclidean distances. For the FCQS algorithm 
we should set r^ > 2, since the distance along the axes are different 
for an FCQS and MFCQS ellipse. Consequently, the accuracy of the 
computed ellipses varies (in terms of the Euclidean distance). This 
should be compensated by a higher value of 77,.) 

• Datum x is called a "noise datum", if 

V* € K : f(x)(k) < uL. 
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If a datum is not correctly approximated, i.e. the memberships are 
all very small (UL » 0.1), we assume a noise datum. Again, this 
threshold uses the fact of possibilistic memberships. With probabilis­
tic clustering even a non-noisy data vector could obtain memberships 
smaller than UL when this vector is approximated by many clusters. 

In the previous definitions we provided standard values for the thresh­
olds as used in [66]. For possibilistic algorithms it is easy to specify absolute 
values, because the memberships are not influenced by neighbouring clus­
ters. In this way we can also classify noise data. The classification of noise 
data is very important since the relative number of noise data in the data 
set is increased by the (mostly incomplete) deactivation of good clusters and 
the corresponding data. If noise cannot be removed, the remaining clusters 
will not be recognized because of the more and more massive disturbances. 

Compared to the UFCSS algorithm we have a different sequence for 
the elimination of small clusters. For the probabilistic memberships of 
UFCSS, the membership sum is small, even when several clusters share the 
same data. In order not to eliminate all clusters which approximate these 
data, small clusters are eliminated only after merging. For the possibilistic 
memberships of U(M)FCQS, this is no longer valid. If there really are 
several clusters sharing a contour, the membership sum of all clusters will 
be almost equal. The decision as to whether we deal with a small cluster 
can already be made in the beginning. By the elimination of small clusters, 
the number of clusters is decreased, which is good for the following merging 
operation. The merging operation of the U(M)FCQS algorithm is rather 
computationally complex, because the (M)FCQS algorithm has to be run 
for each pair of clusters. Since the number of the merged clusters that have 
to be tested depends on the cluster number quadratically, each missing 
cluster leads to a clear acceleration. 

The deletion of small clusters at the end of the inner loop cannot be 
adopted to the U(M)FCQS algorithm from UFCSS, since a majority of data 
of other clusters might disappear with the elimination of good clusters. We 
cannot conclude then that there is a small cluster, because the orientation 
towards these data possibly happened only during the possibilistic part 
of the algorithm, perhaps because the originally approximated contour is 
too thin or or not sufficiently large. However, without the influence of 
data assigned to the good clusters the other clusters could have found a 
completely different orientation. From a low possibilistic membership sum 
after the elimination of good clusters, we can therefore not conclude that 
these clusters are superfluous. 

For the three-dimensional case, Krishnapuram, Frigui and Nasraoui sug­
gest a further modification of the (M)FCQS and U(M)FCQS algorithms. 
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Algorithm 6 (Unsupervised (M)FCQS algorithm)  
Given a data set X and the maximum number cmax of clusters, c := 
cm a x , changes := false, FirstLoop := true 
FOR 2 TIMES 

changes := false 
REPEAT 

Run the algorithm with input (X, c). 
IF (there exist small clusters) THEN 

Delete small clusters, changes := true, update c. 
ENDIF 
IF (there exist compatible clusters) THEN 

Form groups of compatible clusters (cf. text). 
Merge each group into one cluster, 
changes := true, update c. 

ENDIF 
IF (FirstLoop=true) AND (there exist good clusters) THEN 

Deactivate good clusters and affiliated data, 
update c, changes := true. 

ENDIF 
IF (FirstLoop=true) AND (there exist noise data) THEN 

Deactivate all noise data, changes :~ true. 
ENDIF 

UNTIL (c < 2) OR (changes=false) 
FirstLoop := false 
Reactivate all deactivated data and clusters, update c. 

ENDFOR 

On the one hand, the computationally expensive solution of high-degree 
polynomials for the three-dimensional case is avoided by using the fuzzy 
c-plano quadric shells (FCPQS) algorithm [66]. The algorithm only uses 
approximated Euclidean distances, but memberships and prototypes are 
computed on the basis of the same distance function (for MFCQS, the 
Euclidean distance is only applied for the memberships, but not for the 
computation of the prototypes). Furthermore, the infinite extension of the 
clusters in the three-dimensional case gains even more influence. Therefore, 
data of other clusters are often eliminated together with a good cluster, be­
cause the surface contours are intersecting. This causes gaps in the contours 
of the remaining clusters, which makes the recognition more complicated. 
In [66], further modifications can be found, which take these difficulties 
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into account. Here, we do not want to discuss the details neither for the 
three-dimensional case nor of the FCPQS algorithm. 

In section 7.2.2 we used very strong conditions for the merging of two 
clusters. Only similar clusters were merged. So the number of clusters was 
reduced, but essentially the recognition performance was not influenced. 
With the U(M)FCQS algorithm, clusters can now be merged, which do not 
fulfil the strong conditions, as long as the union of the associated data re­
sults in a good cluster. This behaviour would have been desirable for the 
clusters in figure 7.25 (top middle view), too, because the large circle can 
possibly be recognized from several circles covering parts of the large circle 
contour. The basic idea of the (M)FCQS compatibility condition can also 
be adopted to the UFCSS algorithm, but here we do not choose the data 
for the merged cluster according to the memberships, but according to the 
distance from the circle contour. For U(M)FCQS the computationally ex­
pensive merging procedure is not that important, because the possibilistic 
memberships already help to avoid situations like those in figure 7.25. An­
other difference between the compatibility relations is that the (M)FCQS 
condition for compatible clusters only allows merging if a good cluster is 
produced; a unification of identical but bad clusters is not possible. Com­
pared to the UFCSS algorithm, the essential compatibility criterion is not 
similarity but quality. 

Figure 7.33: Three pairwise mer- Figure 7.34: Resulting merged 
gable clusters cluster 
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Different problems will occur during the application of the U(M)FCQS 
algorithm, depending on the kind of data sets. Sometimes we have to mod­
ify the algorithm to make the correct recognition possible. In the following 
we present some of these modifications. For example, we encountered an­
other special case for merging clusters: if transitive groups of clusters are 
formed again, it may happen that pairs of clusters can be merged well, but 
do not produce a good new cluster altogether. This problem is caused by 
the application of the possibilistic algorithm. Let us consider a circle with 
two ellipse segments on its opposite sides stemming from the same ellipse 
and touching the circle. The circle and ellipse's segments are approximated 
by one cluster each (cf. figure 7.33). If we merge the circle cluster with 
an ellipse cluster, we may only obtain the circle cluster because of the ma­
jority of the circle data (longer contour) - and the circle cluster obtains 
a good contour density (possibilistic memberships). If we merge the two 
ellipse segments, the ellipse may be correctly recognized as the resulting 
merged cluster. All merged clusters have good contour densities and are 
thus pairwise mergable. However, if we merge all three clusters, the result 
does not contain a clear substructure with sufficient data. By merging all 
three clusters we lose all three correctly recognized clusters (cf. figure 7.34). 
In the worst case, the merging operation (with the MFCQS algorithm) de­
termines a double straight line as the resulting cluster, which covers the 
ellipse segments by straight lines and the circle by (non-Euclidean) high 
memberships in the centre. In this case, we lose all the information about 
the clusters by merging. This example, which may seem to be somewhat 
artificial, shows that the compatibility relation does not give any informa­
tion about the mergability of more than two clusters, except when similar 
new clusters are produced each time. Hence, we do not allow groups with 
more than two clusters and modify the original U(M)FCQS algorithm such 
that only a unification of pairs of compatible clusters is permitted. Since 
there is no obvious choice of the cluster pairs to be merged, we may prefer 
those with highest contour densities. 

In practice, it can happen that merging two concentric circles yields 
only the larger circle: directly after merging, the cluster approximating 
the data of both circles is located in the middle between both contours; 
when applying possibilistic memberships, the contour moves to the larger 
circle (more data), and in the second possibilistic run, the cluster may 
be completely separated from the inner circle. (The FCQS algorithm is 
especially prone to this phenomenon, since its distance function gives lower 
values for data inside the contour, so that the objective function gives lower 
values when only the outer circle is considered as the resulting cluster.) 
We modify the UFCQS algorithm, so that formerly correctly recognized 
clusters do not vanish in the way described above: an additional condition 
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for the successful merging of two clusters is a non-empty intersection of both 
contours before merging. As a measure for the intersection of two clusters 
k and k', we can use k D k' := Ylxex m m { / ( x ) ( ^ ) ) / ( a : ) ( ^ ' ) } : K there is 
a datum x € X which belongs to both considered clusters f(x)(k) and 
f(x)(k') will be close to 1 (possibilistic memberships). Then, the minimum 
is also close to 1, and datum x contributes to the sum. If x belongs to one 
contour only, the membership to the other contour will be close to 0, and the 
datum only influences the sum weakly. As a sufficiently large intersection, 
we can demand, for example, A; PI A;' > 5. Here, the exact threshold value 
plays a rather inferior role; basically, only merging operations for completely 
disjunct contours should be avoided, where knk' is very small. Since this 
step can be computed faster than the merged cluster, the condition should 
be checked before the expensive merging operation. This way, the number 
of merged clusters that have to be computed is clearly reduced. If this 
simple condition is not sufficient, we can more generally require k D k' > 
NL • Q where Q denotes the contour density of the merged cluster. This is 
a pessimistic approach, because we require a larger intersection for good 
result clusters. (For the FCQS algorithm, the possibilistic memberships 
with the actually determined TJ values should be used for the computation 
of the intersection. The restriction rj = 2 holds for Euclidean distances 
only.) 

As already mentioned in section 4.7, only the distances, and not the 
prototypes, are computed using the Euclidean distances with the MFCQS 
algorithm. We hope that MFCQS still minimizes the objective function in 
each step. This was not the case for some of the data sets tested, from 
time to time there were sudden deteriorations in the objective function, es­
pecially for larger data sets. Even if this caused only slight changes in the 
orientation of the prototypes, it prevented the algorithm from converging, 
since the memberships also reflect the sudden changes. This phenomenon 
may be caused by the limited computational precision when determining 
the Euclidean distances, i.e. the solution of the fourth-degree polynomi­
als. However, it seems that the FCQS algorithm cannot always be cheated 
with memberships based on Euclidean distances, when the amount of data 
is increased, and may nevertheless converge. Sometimes, it takes a long 
time until the objective function reaches the level it had before the sudden 
change. Also, it may be that, after such a change, the algorithm converges 
to a local minimum of the objective function, which is higher than a for­
merly reached value. In our implementation, we therefore evaluated the 
objective function in each step and stored the present minimum. When 
a certain number of iteration steps did not yield an improvement of the 
present minimum, the iteration was interrupted and the present minimum 
was used as the analysis result. Although this modified interrupt condition 
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makes the MFCQS algorithm applicable, it is not satisfying. The FCQS 
or the FCPQS algorithm should be used instead. Deteriorations in the 
objective function do not occur there, and the algorithms converge more 
rapidly. (In [66], the FCPQS algorithm is applied.) Applying the FCQS 
algorithm becomes somewhat complicated, because for the computation of 
the validity measure, we have to switch to the almost Euclidean MFCQS 
distances, but using the FCQS instead MFCQS is distinctly faster. (One 
hundred MFCQS iteration steps with 15 clusters and 1500 data require the 
solution of 2.25 million fourth-degree equations.) In the second possibilistic 
run, however, when using the FCQS the n values chosen should be a little 
greater than 2. 

After the convergence of the FCQS iteration, the procedure for straight 
line recognition follows the original algorithm. Here, GK linear clusters are 
generated from long-stretched ellipses, double straight lines, hyperbolas and 
parabolas, and then the CCM algorithm is applied to these (cf. appendix 
A.4 for the recognition of FCQS straight line clusters). Only data with 
high memberships in the linear clusters are considered. In some cases, 
this procedure seems to be inappropriate. Often, complicated contours are 
covered by hyperbolas and double straight lines in just the start phase of 
the recognition. (This indicates a bad initialization.) This case also occurs 
when there are no straight lines in the data set. If we know that there 
are no straight lines in the data set, it does not make sense to run the 
FCQS line detection at all. However, the detection of a linear cluster can 
now be interpreted as a bad recognition performance. Figure 7.41 shows 
such a case. There are only ellipses and circles contained in the data set, 
however other cluster shapes are passing tangent to several circle contours. 
Large circles or ellipses can be well approximated at lower bendings by 
straight lines (or - even better - by hyperbolas or parabolas). If these 
clusters are evaluated as good clusters, the originally closed circle contour 
is segmented by the elimination of the data belonging to the linear clusters. 
This segmentation makes the recognition of large circles more complicated. 
(Moreover, in the original UFCQS algorithm, linear clusters and FCQS 
clusters are not merged, so that the segmentation is irreversible.) 

However, if we know that no linear clusters are contained in the data 
set, we can convert them into point-shaped or circle-shaped clusters instead 
and let them find their new orientation. Without resetting these clusters, 
the linear contours would change only slightly and remain in a quite stable 
local minimum. If there are only circles contained in the picture, the UFCSS 
algorithm could be used instead of the CCM algorithm. However, we can 
also imagine a simple unsupervised FCM algorithm: the FCM clusters are 
merged if their distance is smaller than -£. If we regard NL as the smallest 
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number of data for a cluster - since smaller clusters are eliminated - and 
imagine that these data form complete circles, we have 2irr fa NL- The 
circle has the diameter - A Two FCM clusters sharing this circle can 
be assumed to be closer than this diameter. This defines a simple FCM 
compatibility relation. Which procedure gives the best results depends on 
the kind of the data sets. For strongly interlaced circles the FCSS algorithm 
provides only poor results by merging the data of different clusters. The 
FCM modification initializes the clusters for the next FCQS run in a more 
neutral way simply according to their neighbourhood. 

Consider the example data set in figure 7.35. It demonstrates how the 
UFCQS algorithm works and which problems occur. Figure 7.36 shows the 
state of the UFCQS algorithm after some iterations of the inner loop. At 
that time, 17 clusters are still active. Figure 7.37 shows the data set after 
the elimination of small clusters, the merging (once) and extraction of good 
clusters (4 times). Notice the smaller ellipse cluster in figure 7.36 (bottom 
left), which was eliminated in figure 7.37 as a good cluster. The cluster 
approximated the inner circle in the lower left area, but it is reshaped to 
a flat ellipse by the other circle above. The right part of the circle data, 
which also belongs to the inner circle, is approximated by a different cluster. 
Although this cluster is not a complete circle, its (compensated) contour 
is high enough to be recognized as a good cluster. It would have been 
better if the cluster had remained in the data set and approximated the 
complete inner circle later, especially because the two other clusters have 
been merged there. Then, we could have hoped that the two other circles 
are separated into inner and outer circle again. The compensation of non-
closed contours can thus also lead to a kind of premature classification as 
a good cluster. 

Figure 7.35: Five rings Figure 7.36: The compensated 
contour density assigns a good den­
sity to non-closed contours, too 
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Figure 7.37: A cluster was too Figure 7.38: FCQS clusters 
early evaluated as good strongly respond to rest data 

After the next FCQS iteration (figure 7.38), the merged cluster approx­
imates the outer circle again. The remainders of the inner circle make sure 
that a smaller cluster, from the ring located above it, is strongly drawn 
downwards. This is an undesired effect, especially when the deformed clus­
ter approximated a circle correctly before merging. Then the bad classifi­
cation of the just deleted cluster also leads to the loss of another recognized 
contour. 

After that, the outer circle cluster is identified as a good cluster and 
eliminated. There then remain only parts of the inner circle. FCQS clusters 
are sensitive to these remainders. If several incomplete parts remain after 
the extraction, they lead to many double straight lines, hyperbola and 
parabola clusters. In figure 7.39, the two large and long-stretched ellipses 
approximate on the one hand the remaining data, and on the other hand, 
the two smaller contour pieces together with an already multiply covered 
contour. The numerous intersections points with other contours, which 
are also caused by the size of these clusters, prevent a classification as a 
small cluster. However, the ellipses are not flat enough to be interpreted 
as a linear cluster. They stay until they by chance (if at all) disappear 
via a merging operation. The final analysis result is shown in figure 7.40. 
The recognition performance is quite good, however some ellipse clusters 
covering the contours twice could not be recognized as redundant. 

The insufficient distance between data also had significant consequences 
for the data set from figure 7.41 (for the original picture, cf. figure 7.27). 
In the left part of the figure we have the remainders of a circle cluster 
which was recognized as good and deleted. These remaining points are 
approximated by numerous hyperbolas, parabolas and ellipses, although 
they are noise data. Each of these clusters covers some other data segments 
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Figure 7.39: Sometimes, special Figure 7.40: UFCQS analysis 
noise data clusters are developed 

so that no cluster is small. Neither clusters nor noise data can be eliminated, 
since the clusters approximate the data well. The recognition can only 
be improved with a new orientation of the linear clusters. Although no 
straight line segments are contained in the figure, the special treatment 
of the linear clusters is thus justified. It takes care of the noise structure 
and gives the UFCQS algorithm a chance to recognize the correct clusters. 
Figure 7.42 shows the result from figure 7.41 when the linear clusters were 
eliminated and the unsupervised FCM mentioned above was applied to the 
corresponding data. Now, the few noise data are not covered at all any 
more because their number is not large enough for an FCM cluster of their 
own and the FCM clusters are not as stretchable as FCQS clusters. Before 
the next P-FCQS iteration, the noise data are recognized and eliminated. 
The former linear clusters are newly initialized and obtain a second chance 
for contour recognition. 

Figure 7.41: Reaction of the P- Figure 7.42: Identification of noise 
FCQS iteration to noise data data and resetting of the linear 

clusters 
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We can draw the following conclusion: noise and rest data massively dis­
turb the recognition, and a new orientation with respect to badly covered 
data is necessary for pseudo-linear clusters. In order to avoid the gener­
ation of additional noise by incompletely removing cluster, the threshold 
values for the corresponding data can be decreased, so that more data near 
the clusters are deleted. Furthermore, a few MFCQS steps lead to a more 
precise adaptation to the data structure because of the Euclidean distance 
function. In addition, heuristic procedures for the elimination of unam­
biguous noise points can also be deployed. A new orientation of the linear 
clusters is necessary because of the tendency of the FCQS algorithm to 
cover whole areas of certain data sets by double straight lines, hyperbo­
las and parabolas. This is also the case for MFCQS clusters, which also 
create an extra region of high memberships between the straight lines of a 
double straight line cluster (cf. section 4.7). Thus, linear clusters are per­
fectly suited for difficult cases of minimizations with noise data as in figure 
7.41. Since the (M)FCQS algorithm can not escape the local minimum -
and furthermore, only approximates the noise data well - a new orientation 
of the linear clusters is necessary. For their new placement, data regions 
should be preferred that are badly covered by non-linear clusters. (These 
are not necessarily identical to those, which are approximated well by linear 
clusters.) 

Figure 7.43: UFCQS analysis with Figure 7.44: UFCQS analysis with 
FCM/FCSS initialization an initialization by edge detection 

For more complicated data sets, the combination of FCM and FCSS can 
not always provide a suitable initialization. The data from figure 7.43 can 
not be recognized this way. The interlaced ellipses can only be covered by 
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a network of circles. The UFCQS algorithm strictly sticks to initialization. 
However, if we use an algorithm for edge detection for the initialization, 
the FCQS algorithm finds the correct partition quickly (figure 7.44). For 
the UFCQS algorithm all available information about the data sets should 
be used for the initialization. Only in this way can results as in figures 7.45 
and 7.46 be achieved. 

Figure 7.45: Four washers Figure 7.46: UFCQS analysis 

7.3 Initialization by edge detection 
For shell clustering we generally recommend an initialization different from 
that for compact clusters. Data can be very close to each other without 
belonging to the same contour. In cases like this, the algorithms FCM, GK 
and GG often merge data of different contours into one cluster and make 
the recognition difficult. Instead, we might use other clustering algorithms 
(e.g. FCSS); but this does not solve the initialization problem. In the 
literature, we find many clustering examples with explicitly mentioned good 
initializations, but it is not explained how these can be obtained. Perhaps, 
no comment is given on the initialization in order not to distract the reader 
from the brilliant results of the algorithm itself. For practical applications, 
however, a good initialization is at least as important as a good recognition 
algorithm. This applies especially, if the initialization can be achieved by 
relatively simple methods and decreases the run time of the UFCSS or 
U(M)FCQS algorithm. In this section we therefore introduce the technique 
for edge detection, which was used for some of the examples in this chapter. 

We need information to specify a good initialization about the data to 
be partitioned. When we use the contour density as a validity measure, 
we implicitly assume very densely marked contours in our data (like in 
digitized pictures); otherwise, no cluster could obtain the predicate good. 
When data represent dense contours, the data set can easily be split into 



234 CHAPTER 7. CLUSTER VALIDITY 

Algorithm 7 (Edge detection) 
Given a data set X, an environment radius rT&nge and 7i , 72 € IR+. 

FOR ALL xeX 
Determine the environment of x: 

Ux := {y € X | ||a; - 2/|| < rraage} 

Determine the covariance matrix Cx '■= —*-
.„ {y—x)(y—x)T 

Determine the covariance matrix Cx '■= —*-

Let nx he the normalized eigenvector of Cx 
corresponding to the smallest eigenvalue 

ENDFOR 

FOR ALL xeX 
Determine the homogeneity attribute: 
hx •= AyGci, {(\nxnv\ > 7i) A (\(x - y)Tnx\ <72)) 

ENDFOR 

FOR ALL xeX 
IF hx = true THEN 

Generate a new group set G := {x} 
U '.— Ux, hx '.=■ false 
FOR ALL yeUn{zeX\hz= true} 

U := U U Uy, hy := false, G:=G\J {y} 
ENDFOR 

ENDIF 
IF \G\ < 10 THEN reject group G ENDIF 

ENDFOR 
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connected disjoint components using a neighbourhood relation. A pixel x, 
for example, could be in the neighbourhood of a pixel y, if it is one of the 
8 neighbour pixels of y (or if it is within another arbitrary maximum dis­
tance) . When we form the transitive hull of this neighbourhood relation in 
our special data set, we obtain the disjoint connected components. These 
components of the data set from figure 7.28, for example, consist of circles; 
the data set from figure 7.44 is separated into the larger outer circle and 
the intersecting ellipses. In general, we obtain components, which have a 
decreased complexity with respect to the number of both data and clusters. 
The UFCSS and U(M)FCQS algorithms can then be applied to the com­
ponents. Often, at least some of the simplified data sets are recognized at 
once. All components and recognized clusters are collected in the end, and 
the respective algorithm is applied again in the final step. Well-recognized 
components need not be included into that final run, if the recognized clus­
ters show a very high contour density and a low shell thickness. 

With the decomposition into connected components that hang together, 
the complexity of a data set is reduced but a correct edge detection is not 
necessarily achieved. Each component still has to be initialized before ap­
plying UFCSS or U(M)FCQS. However, if we decompose the data into such 
components, we can choose the following initialization: For each compo­
nent, we run some fuzzy c-means steps. After that, the data vector (pixel) 
nearest to the FCM prototype is determined and (crisply) assigned to the 
cluster. Now, all neighbours of this pixel are also assigned to the corre­
sponding cluster. The new assignment is repeated as long as all data are 
eventually distributed among the clusters. Since the data are connected, 
the algorithm terminates after a finite number of steps. The extracted 
contour is decomposed into parts of nearly the same size. The obtained 
partition can be used as an initialization for an analysis of the connected 
component, or it can be merged with the segments of all other components 
and serve as an initialization for the whole data set. Closely adjacent con­
tours, which are not connected in the sense of the neighbourhood relation 
defined before, remain separate from each other in the new initialization. 
This would, for example, not be the case for a conventional FCM initializa­
tion. The recognition of data sets as in figure 7.28 is improved this way. If 
contours are intersecting, we still have data from different contours inside 
the same connected component. 

For the examples in this chapter, we used further modifications, which 
are somewhat more flexible and general than the consideration of connected 
components. For each data vector (black pixel), we estimate the direction 
of the contour to which the pixel belongs. This is done by treating each 
data vector as a position vector of an FCV cluster. Using the data within a 
radius r range around the position vector, we determine the orientation of the 
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line so that the distance to the surrounding data is minimized. Therefore, 
we proceed as with the FCV algorithm, except that the position vector 
(cluster centre) is not computed, but each data vector acts as cluster cen­
tre, one after the other. Thus, for each data vector we obtain one direction 
vector. Let nx be the vector perpendicular to the direction vector of da­
tum x. Similar to the CCM algorithm, the small local linear clusters are 
compared, not to merge them but to build a chain. A datum x G X is 
said to be homogeneously in its rrange-environment, if for all data y € X 
with \\x - y\\ < rrange the condition ( |n^ny | > 71) A (\(y - x)Tnx\ < 72) 
holds. This condition almost precisely corresponds to the first two condi­
tions for compatible GK clusters according to the modified compatibility 
relation from definition 7.12. The missing third requirement considers the 
distance between the clusters, which can be dropped because the distances 
are limited to rr&nge anyway. In the sense of the modified CCM compatibil­
ity relation, a datum x which lies homogeneously in its environment is thus 
compatible with each local linear cluster in its environment. In contrast 
to the CCM algorithm, we do not merge clusters, but determine only the 
homogeneity attribute. Because the direction of the contour only changes 
slowly, all data of a circle or ellipse can lie homogeneously in their environ­
ment - without saying that all these local straight line segments have to be 
compatible with each other. If a datum x is near an intersection point of 
two contours, the data of the other contour get into the rrange environment, 
too, and the direction and normal vectors strongly deviate from the direc­
tion that was dominating before, as it can be seen in figure 7.47. Data close 
to intersection points are not homogeneous in their environment, connected 
areas of homogeneous data are separated by them. As the last step, these 
connected and homogeneous data are merged to groups. During the ini­
tialization of a shell clustering algorithm, each group is (crisply) assigned 
to a cluster. Each cluster obtains only data that are distributed almost 
uniformly along the contour of a single object (and possibly between two 
intersections with other objects). When the contour segments between the 
crossing points are long enough, the algorithm provides a very good in i ­
tialization. For instance, the contours of the ellipses from figure 7.44 were 
separated by the edge detection algorithm only at the crossing points; each 
contour segment between the crossing points became a cluster. With this 
initialization, the UFCQS algorithm recognized the clusters after the first 
iteration step; then its only task was to eliminate the remaining clusters. 
As a nice side effect, the number of groups of connected and homogeneous 
data gives a good estimation for cmax, if very small groups are not counted. 

For the choice of the threshold values we have to consider two contrary 
aspects. On the one hand, the threshold values have to be chosen as low as 
possible, in order not to accidentally connect the contours of two different 
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Figure 7.47: Local straight line pieces for edge detection 

clusters at their intersection points. On the other hand, we do not want 
the contours to be too short, which can be the case when the thresholds 
are too low and the data are scattered around the ideal contour. If all 
data are gained by the same method, the contours will always be scattered 
to a similar extent, so that the parameters rrange, 71, and 72 only have to 
be adjusted once. The choice of the size of the data environment rrange 
depends on the distance between the contours of different clusters. If the 
contours are closer to each other than rrange, we will not obtain a large 
group of connected data. Here, partitioning the data vectors into the above-
mentioned connected components makes sense, because the contours can 
be separated from each other then. 

In the examples of this chapter, the parameters (r range, 71,72) = 
(5<5,0.9,26) were used, where S is the (average) smallest distance between 
data pairs. For digitized pictures, 8 was not computed (e.g. according to 
5.15) but set close to 1. For the choice of the parameter rrange we should 
also consider the size of gaps in the contours. If the gaps in the digitized 
contours are longer than rrange, they cannot be assigned to the same edge 
during edge detection. A value of rrange = 5 already closes small gaps in 
the contour. 

As already mentioned, a strict choice of parameters leads to short con­
tour segments. For the FCSS algorithm, these short circular arcs are suffi­
cient to recognize the actual circle, while the FCQS algorithm approximates 
groups like these by linear clusters. For the UFCQS algorithm, only weak 
homogeneity conditions should be chosen, or it should be initialized by a 
few FCSS steps. It is also useful to improve the digitized pictures using 
standard image processing techniques. For example, isolated noise points 
can be deleted and contours can be thinned for the application of the con­
tour density criterion [60]. 



Chapter 8 

Rule Generation with 
Clustering 

This chapter shows how the membership matrices obtained from fuzzy clus­
tering algorithms can be extended to continuous membership functions. 
These membership functions can be used to describe fuzzy if-then rules. 
We distinguish the generation of fuzzy rules for classification systems and 
for function approximators. 

8.1 From membership matrices to 
membership functions 

The cluster algorithms described in the previous chapters determine proto­
type locations, prototype parameters, and a matrix of memberships. This 
matrix contains the memberships of the elements of the data set in each 
of the clusters. If the data set is representative for the system it comes 
from, we can assume that additional data cause only slight modifications 
of these clusters. If we can neglect these modifications, we might want 
to determine the memberships of these additional data without running 
through the whole cluster algorithm again. In general, we might want to 
determine the memberhips of all possible data (e.g. IRP). To achieve this we 
have to extend the discrete membership matrix to a continuous membership 
function. In this section we describe some approaches for this extension. 
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8.1.1 Interpolation 
Consider the data set 

x-{(i.?).(M).(M).(ff).(M).(J.J)}<=^ 
(8.1) 

shown in figure 8.1. After random initialization of the cluster centres we 
used the fuzzy c-means algorithm (Euclidean norm, m = 2, c = 2, 100 
steps) and obtained the cluster centres 

V « {(0.69598,0.30402), (0.30402,0.69598)} (8.2) 

and the membership matrix 

0.07826 0.28099 0.06198 0.93802 0.71901 0.92174 \ 
0.92174 0.71901 0.93802 0.06198 0.28099 0.07826 ) ' 

(8.3) 
If we assign each data point to the cluster in which it has the largest mem­
bership, we obtain the cluster partition shown in figure 8.1: Cluster 1 
contains the points x*, xsxx$, and the points xi, X2, £3 belong to cluster 
2. 

U 

(2) 

.cluster 2 

>x3 I 

•x2 / 

cluster 1-

x4 

»x5 

•xA 

T-^X (1) 

Figure 8.1: The data set X 

Figure 8.2 shows the cluster centres as solid circles and the memberships 
of the data to the second cluster as "telephone poles" parallel to the u axis. 
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We consider the tips of the discrete membership poles Uik, i = 1,2, k = 
1 , . . . ,6, as samples of continuous membership functions fa : H 2 -> [0,1], 
i = l ,2 . 

fa(xk)=uik, 1 = 1,2, * = ! , . . . , 6. (8.4) 

l2,3 

'x. 

'2,5 

ix5 
* x2 U2,4 

Lx4 •u2,6 

~xW 

Figure 8.2: Cluster centres Vi and memberships «2,A in the second cluster 
for the data set X 

One way to obtain these continuous functions is to connect the discrete 
memberships using linear interpolation, as shown in figure 8.3. The contin­
uous membership functions define the membership values of the test vectors 
x — ( iW,z( J ) ) G [0,1]2\X which are not in the training set. Notice that 
the interpolation only yields memberships of points inside the convex hull 
of the data set. 

8.1.2 Projection and cylindrical extension 
Membership functions can often be assigned linguistic labels. This makes 
fuzzy systems transparent, i.e. easy to read and interpret by humans. In 
one-dimensional domains the labels "low", "medium", or "high" are fre­
quently used. It is often difficult to specify meaningful labels for member­
ship functions with higher dimensional domains. For example, how would 
you call the membership function in figure 8.3? Assigning labels is often 
easier in one-dimensional domains. We therefore project the memberships 
Uik from (8.3) to the x ^ and x^2) axis, respectively. Figure 8.4 shows these 
projections for the membership values in the second cluster. We apply lin­
ear interpolation (as described in the previous section) to the projected 
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Figure 8.3: Linear interpolation of memberships 

memberships and obtain the dotted membership functions. In our exam­
ple, the membership function over the domain x^ can be assigned the label 
"low" or "a^1) is low", and the membership function over x^ can be called 
"high" or uxW is high". 

The elements of our data set X m (8.1) are two-dimensional. The mem­
bership functions obtained by linear interpolation of the projected member­
ships are defined for one-dimensional arguments only. We can simply extend 
these functions to multi-dimensional arguments by considering only one of 
the argument components. This so-called cylindrical extension means that 
the projection of the multi-dimensional argument vector is used as the scalar 
argument of the membership function in the projection space. The mem­
bership function is extended to all other dimensions like a "profile". This 
profile specifies the membership of a two-dimensional vector x = (x^, x^) 
in the fuzzy sets "a^1) is low" and "x^ is high", respectively. 

With these labels we can interpret the original cluster as "x^ is low 
and xW is high", i.e. the conjunction (="and") of the cylindrical exten­
sions ("a^1) is low", "x^ is high"). In fuzzy set theory, the conjunction is 
realized using a t-norm, e.g. the minimum. The dotted three-dimensional 
object in figure 8.4 shows the minimum of the two profiles "x^ is low" and 
ux& is high." It is a continuous membership function which satisfies the 
interpolation condition (8.4). It is a linguistically interpretable alternative 
to the direct (high dimensional) linear interpolation shown in figure 8.3. 

The crisp set of elements with the membership greater than a is called 
a-cut. If we cut through the linear interpolated projection to the x^1^ axis 
in figure 8.4, we obtain non-convex a-cuts, e.g. for a w 0.8. We therefore 
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call this membership function non-convex as a fuzzy set, i.e. it contains non-
convex a-cuts. Also the linear interpolated projection to the x^ axis and 
the conjunction of the cylindrical extensions in figure 8.4 are non-convex as 
fuzzy sets. 

a) 

i / 
C*x<*> 

Figure 8.4: Projected and linear interpolated memberships and the con­
junction of their cylindrical extensions 

8.1.3 Convex completion 
In the previous section we presented a method to obtain continuous mem­
bership functions by (a) projection of the memberships to the coordinate 
axes, (b) linear interpolation of the projected memberships, (c) cylindri­
cal extension of the membership functions in the projection space, and (d) 
conjunction of the cylindrical extensions. The advantage of this method 
in comparison with the linear interpolation in the product space (figure 
8.3) is a higher transparency. The membership functions can be assigned 
linguistic labels and are therefore easier to interpret by humans. They are, 
however, non-convex as fuzzy sets as shown in figure 8.4. The resulting ir­
regular surface might not be desirable in many applications. Therefore we 
now try to approximate the non-convex fuzzy sets with convex membership 
functions. This approximation is called convex completion [97]: 
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We denote &, . . . , £* , £1 < • • • < £k, as the ordered projections of the 
vectors X\,..., a:* and un,..., i/** as the respective membership values. To 
obtain the convex completion we eliminate each point (&,!/«), t = 1 , . . . , k, 
for which two limit indices tt,tr = l , . . . , fc , t[ < t < tr, exist, so that 
va < mm{vitl,Uitr.}. After this convex completion we obtain continu­
ous convex membership functions by linear interpolation of the remaining 
points (ZtiVit). Figure 8.5 shows the result of convex completion for our 
example. If convex completion is involved, the interpolation condition (8.4) 
will generally not hold any more. 

i i 1 ^X(D 

Figure 8.5: The conjunction of the cylindrical extensions after convex com­
bination 

The methods for the generalization of membership matrices described 
so far are summarized in table 8.1. Concerning the processing steps the 
method from section 8.1.2 is an extension of section 8.1.1 and the method 
from section 8.1.3 extends both of them. Concerning the properties, how­
ever, none of them can be considered superior. The choice depends on the 
application and the demanded properties. 

8.1.4 Approximation 

An alternative approach to extend the discrete memberships to continuous 
membership functions uses parametric membership function prototypes. 
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Table 8.1: Methods to extract membership functions and their properties 

section 
figure 
processing steps: 

projection 
convex completion 
linear interpolation 
cylindrical extension 
conjunction 

properties: 
interpolation condition 
linguistically interpretable 
convexity 

8.1.1 8.1.2 8.1.3 
8.3 8.4 8.5 

X x 
X 

X X X 
X X 
X X 

X X 
X X 

X X 

By adapting the parameters of these prototypes, the membership function 
is fitted to the membership values. This adaptation can be done by mini­
mizing the (e.g. quadratic) approximation error. 

A straightforward method is the use of the membership function proto­
type used in the clustering algorithm itself. The fuzzy c-means alternating 
optimization, e.g. computes membership values as 

W i f c = l / > I T; fi— I , * = l , . . . , c , fc = l , . . . , n . (8.5) 
*-* v """, - V J \ \ A J i = i \Xh 

The discrete membership values obtained by FCM can therefore be inter­
polated using the respective continuous FCM membership function 

\\x 

\x — v. 
1 = 1, (8.6) 

Figure 8.6 shows the approximation of the memberships in the second clus­
ter from our example (8.3). Notice that in this special case the approxima­
tion is an interpolation. Since the u ^ are calculated using (8.5), they fit 
exactly to the surface (8.6). Figure 8.6 also shows that the FCM member­
ship function is not convex as a fuzzy set. 

A similar membership function can be obtained from the possibilistic 
c-means alternating optimization with the membership update equation 
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Figure 8.6: Interpolation with FCM membership function 

This can be generalized to the PCM membership function 

1 
Hi (x) = 

*+ (*#*) 
, t = l , . . . , c . 

The t\ or Cauchy distribution is defined as 

î bauchyC*) = o + - arctani, 

t 6 IR. The <i or Cauchy density function is 

1 1 
/Cauchy ( t ) - ^ " - t2 . 

(8.8) 

(8.9) 

(8.10) 

For m = 2, r/j = 1, Euclidean distance ||a;|| = \/xTx and p = 1, the PCM 
membership function (8.8) is 

Mi(#) = 7T • / c a u c h y f a ~ *>i). (8.11) 

We therefore call the PCM membership function a Cauchy function. A 
generalized Cauchy function is defined as 

Hi(x) = 
1 

1 + (Ux-viWy 
(8.12) 

with the shape parameter a € IR and the spread parameters G{ £ lR+ \{0}. 
The (generalized) Cauchy function, and in particular the PCM membership 
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function are convex as a fuzzy set. Other common convex prototypes are 
the Gaussian membership function 

Hi(x) 

and the extended hyperconic membership function 

(8.13) 

w W f l - ( f c a l ) * fcr|.-«,|| 
10 otherwise. 

< Oi (8.14) for ||z — v\ 
0 otherwise. 

Figures 8.7 and 8.8 show the approximation of the second cluster from 
(8.3) with a Gaussian function and a cone, respectively. Notice that the 
Gaussian membership function is always nonzero and the cone is restricted 
to a closed circle of radius a-i centred at v<i. 

Figure 8.7: Approximation with Gaussian function, o-i = 1/4, a = 2 

In the previous examples we approximated the discrete membership val­
ues with a continuous membership function in the product space. According 
to the methods in the sections 8.1.2 and 8.1.3, we can also approximate the 
memberships in the projection space. Figure 8.9 shows the approximation 
of the projected memberships from our example with triangles and the 
pyramid representing the conjunction of the cylindrical extensions. In the 
literature, also trapezoidals are often used as prototypes for this method 
instead of triangles [51]. 

8.1.5 Cluster estimation with ACE 
In the previous sections we used an objective function-based clustering al­
gorithm like FCM-AO to determine a membership matrix describing the 
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Figure 8.8: Approximation with cone, o^ = 1/4, a = 1 

cluster partition. The discrete memberships were then extended to a mem­
bership function by interpolation or approximation with membership func­
tion prototypes. If the desired membership function prototype is known 
in advance, it can already be directly implemented in the clustering algo­
rithm. In chapter 6 this method was called alternating cluster estimation 
(ACE). When the clusters are determined using ACE, the determination 
of continuous membership functions is very simple. We can just take the 
membership function prototypes with the selected parameters at the posi­
tions given by the cluster centres in V. In contrast to the approximation 
method described in the previous section, no curve fitting or additional 
optimization is necessary. 

The projection methods used with the other approaches to membership 
function extraction can also be applied to cluster estimation with ACE. In 
this case, we can use the projections of the membership function prototypes 
with the selected parameters at the positions given by the projected cluster 
centres in V. 

8.2 Rules for fuzzy classifiers 

The continuous membership functions obtained with the methods from the 
previous sections describe fuzzy clusters. In this chapter we show how 
these clusters can be associated with fuzzy classes, and how rules for fuzzy 
classifier systems can be built. 
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Figure 8.9: Approximation with conjunction of triangles, o<i — 1/4, a = 1 

8.2.1 Input space clustering 
In the previous section we discussed the aspect of lingustic interpretability 
and assigned labels (like "low" and "high") to clusters. This means that 
the elements of the clusters belong to classes which are characterized by the 
corresponding labels. In this sense clusters can be interpreted as classes. 
The clustering algorithms described in this book can therefore be used to 
build classifiers. Note that classical fuzzy clustering algorithms compute 
fuzzy sets that are closely related to the fuzzy sets used in fuzzy rule bases 
[68]. These fuzzy sets can be interpreted in terms of a reprentative value 
- similar to a cluster centre - and a scaling of the distance [50, 51]. The 
membership degree of datum to the corresponding fuzzy set decreases with 
increasing scaled distance to the reprentative value. This interpretation of 
fuzzy rules applies to classification, as well as to function approximation 
and control [52]. 

Let us first consider classifiers built by unsupervised learning: the labels 
are not contained in the data set, but can be assigned after clustering. Even 
if the labels are accessible in advance, it is often easier to apply unsuper­
vised techniques, if the (usually large) data set has to be labelled manually. 
Consider the example of a traffic jam detection system: an induction loop 
in the road is used as a metal detector which serves as a sensor for cars 
moving across or standing on it. Each passing car causes a pulse from the 
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sensor. The frequency / of the pulses is equal to the number of cars per 
minute and the pulse width is inversely proportional to v, the current speed 
of the car. After some prepocessing procedures we obtain a data set con­
taining the features car frequency / and speed v. For each feature vector we 
could manually provide the additional information, if there is a traffic jam 
or not, and apply supervised techniques. Unsupervised clustering, however, 
is much easier in this case. After unsupervised clustering we consider the 
cluster centres, and decide which of them is a typical traffic jam and which 
is not. Using this unsupervised approach only a few manual classifications 
are necessary. 

We have to distinguish between the training data set which is used for 
clustering and building the classifier, and the test data set which is after­
wards classified without influencing the clusters. Given a feature vector 
from the test data set, the classifier determines its memberships in all the 
classes. These memberships can be interpreted as degrees of compatibilities 
with the class prototypes. The output values of the classifier are A*i(/,v), 
i = 1 , . . . ,c, the memberships in each cluster. Each output can be inter­
preted as the result from a classifier rule. If in our example the prototype 
of the first cluster is interpreted as a traffic jam situation, we can write the 
cluster as a corresponding rule 

if //i (/, v) then "traffic jam". 

The classifier output /ii (/, v) is a direct result of this rule. Given a feature 
vector this classifier rule is used to determine a membership quantifying to 
which extent we have a traffic jam. Some applications use only the label 
of the class with the highest membership as the classifier output. We call 
this a defuzzified result. 

8.2.2 Cluster projection 
We have mentioned previously that it is often difficult to assign linguistic 
labels to membership functions with high dimensional domains. Projec­
tions offer a higher transparency and interpretability. Therefore we used 
membership functions in the projection space and reconstructed the high 
dimensional membership function of the clusters as the conjunction of the 
convex completions. We can also apply this technique for the generation 
of transparent classifier rules. If we denote the membership functions from 
our example in the projection space as n\ (/) and n\v'(v), i = l , . . . , c , 
respectively, we can write the traffic jam classifier rule as 

if A»i (/) and p} (v) then "traffic jam". 
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If we assign labels to the membership functions we finally obtain the read­
able rule 

Ri : "if car speed is low and car frequency is low then traffic jam". 

It should be stressed that this rule in general does not yield the same results 
as the original rule with multi-dimensional membership functions. It is 
an approximation like the projection techniques described in the previous 
sections. 

Potential of fuzzy classifiers 

For many classification problems a final unique assignment of an object 
under conideration to a class is required. For fuzzy classification systems as 
they are considered above, the unique assignment corresponds to a denazi­
fication process which simply chooses the class with the highest membership 
degree. One might ask the question what the advantages of fuzzy rules over 
crisp rules for classification problems are. 

First of all, in addition to the crisp classification the additional infor­
mation about the membership degrees to the classes is available. Looking 
at the differences between these membership degrees provides some hints 
as to whether the final decision for a single class for the considered object 
was unique or ambiguous. 

Another advantage is the greater flexibility of this classification calcu­
lus in comparison to a calculus based on crisp sets. In order to see in 
which sense fuzzy classification rules are more flexible let us consider crisp 
classification rules in the sense that the fuzzy sets fi^ are assumed to be 
characteristic functions of crisp sets, say intervals, (/x^ denotes the fuzzy 
set for the ith variable appearing in rule R.) Then it is obvious that in 
the two-dimensional case, each rule can be associated with the rectangle 
induced by the two intervals appearing as characteristic functions in the 
if-part of the rule. Therefore, a classifier based on crisp sets, carries out 
the classification by partitioning the data space in rectangular regions. 

A classification problem with two classes that are separated by a hyper-
plane, i.e. a line in the two-dimensional case, is called linearly separable. 
Obviously, a linearly separable classification problem can be solved only 
approximately by crisp classification rules by approximating the separating 
line by a step function (see figure 8.10). 

For fuzzy classification rules the situation is much better. In the two-
dimensional case, classification problems with two classes that are separated 
by a piecewise monotonous function can be solved exactly using fuzzy clas­
sification rules [55]. Before we can prove this result, we have to introduce 
the notation that we need to formalize the problem. 



252 CHAPTER 8. RULE GENERATION WITH CLUSTERING 

M2.3 

^2,2 

/*2,1 

Ml , l ^1 ,2 ^1 ,3 

Figure 8.10: Approximate solution of a linearly separable classification 
problem by crisp classification rules 

We consider fuzzy classification problems of the following form. There 
are p real variables x\,..., xp with underlying domains X\ = [en, &<], a* < 6j. 
There is a finite set C of classes and a partial mapping 

class : Xi x ... x Xp —)> C 

that assigns classes to some, but not necessarily to all vectors (x\,..., xp) 6 
Xi x ... x Xp. 

The aim is to find a fuzzy classifier that solves the classification problem. 
The fuzzy classifier is based on a finite set TZ of rules of the form R eTZ: 

R: If xi is irR' and . . . and xp is pr^' then class is CR. 

CR € C is one of the classes. The [ifi are assumed to be fuzzy sets on Xi, 
i.e. / i^ ' : X{ —y [0,1]. In order to keep the notation simple, we incorporate 
the fuzzy sets fig directly in the rules. In real systems one would replace 
them by suitable linguistic values like positive big, approximately zero, etc. 
and associate the linguistic value with the corresponding fuzzy set. 

We restrict ourselves to max-min rules here, i.e. we evaluate the con­
junction in the rules by the minimum and aggregate the results of the rules 
by the maximum. Therefore, we define 

fiR(xu...,xp) = min \fjf£(xi)} (8.15) 
»e{i , . . . ,p> ^ > 

class A 
^ 

class A 

class B 
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as the degree to which the premise of rule R is satisfied. 

iffi(xi,..., xp) - max {HR(XI , . . . , xp) | CR = C} (8.16) 

is the degree to which the vector ( x i , . . . , xp) is assigned to class C G C . 
The defuzzification - the final assignment of a unique class to a given vector 
( x i , . . . , xp) - is carried out by the mapping 

7£(xi , . . . ,x p ) 
if iffi(xit...,xp) > iffi(xi,...,Xp) 
for all D eC,D^C 

unknown # C otherwise. 

This means that we finally assign the class C to the vector ( x i , . . . , xp) if 
the fuzzy rules assign the highest degree to class C for vector ( x i , . . . , x p) . 
If there are two or more classes that are assigned the maximal degree by 
the rules, then we refrain from a classification and indicate it by the symbol 
unknown. Note that we use the same letter 71 for the rule base and the 
induced classification mapping. 

Finally, 

n-\C) = { ( x 1 , . . . , x p ) | 7 e ( x 1 , . . . , x p ) = C} 

denotes the set of vectors that are assigned to class C by the rules (after 
defuzzification). 

Lemma 8.1 Let f : [ai,&i] —> [02,^2] (o>i < h) be a monotonous func­
tion. Then there is a finite set 71 of classification rules to classes P and N 
such that 

K~l{P) = { ( x , y ) € [ o i , 6 i ] x [ o 2 , 6 a ] | / ( s ) > i / } , 
K~l(N) = {(x,y)e[aub1}x[a2,b2}\f{x)<y}. 

Proof. Let us abbreviate X = [oi,&i], Y = [02,62]- Define the fuzzy 
sets 

^ : X - > [ 0 , 1 ) , x ^ ^ i , 

,13:*—►[0,1] , z H + ^ f = 1 - M x ) , 

^ : F - > [ 0 , 1 ] , y - + £ E £ , 

« :̂y—►[o.i], y^fcE£ = l-Mv)-
The fuzzy sets are illustrated in figure 8.11. The rule base consists of the 
two rules 
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Figure 8.11: The fuzzy sets for the classification rules 

Ri: If x is /xi and y is V\ then class is N. 

R2: If a: is \LI and y is v2 then class is P. 

• Case 1. f(x) > y. 

- Case 1.1. ni(x) > vi{y). 
This implies ^(x) < ^2(2/)- Thus we have 

/*5? (*,v) = My) 
~ y ~a2 

62 — a.2 

< / (y) - «2 
62 — <*2 

- Case 1.2. ni{x) < u\{y). 
Thus we have /^(z) > ^2(2/) and 

Myv (X'I/) = A»l(y) 
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& 2 " • / (*) 
62 - a 2 

62--y 
62 — 0-2 

• Case 2. f(x) < y can be treated in the same way as case 1 by replacing 
< by >. 

• Case 3. f(x) = y. 
This means /xi(x) = u2(y) and //2(a) = vi(y), i-e. irN\x,y) = 

It is obvious that we can extend the result of this lemma to piecewise 
monotonous functions, simply by defining corresponding fuzzy sets on the 
intervals where the class separating function is monotonous (see figure 8.12) 
and defining corresponding rules for each of these intervals so that we have 
the following theorem. 

Theorem 8.2 Let f : [ai,&i] —> [fl2»M (a>i < h) be a piecewise 
monotonous function. Then there is a finite set TZ of classification rules 
to classes P and N such that 

Tl-l{P) = {{x,y) e [aubt] x [03,62] \f(x)> y], 
K-^N) = {(»,») € [ a i , 6 i ] x [02,62] I / ( * ) < » } • 

A direct consequence of lemma 8.1 and its proof is that we can solve 
two-dimensional linear separable classification problems with only two fuzzy 
classification rules incorporating simple triangular membership functions so 
that we are in a much better situation than in the case of crisp classification 
rules. 

Unfortunately, theorem 8.2 does not hold for higher dimensions - at 
least when we restrict ourselves to max-min rules [55]. Nevertheless, the 
two-dimensional case shows that a fuzzy classifier can solve a classification 
problem using a very simple and compact representation. 
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Figure 8.12: The fuzzy sets for the classification rules of a piecewise 
monotonous function 

Figure 8.13: Information loss from projection 
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Information loss from projection 

The classification rule derived from a fuzzy cluster represents an approx­
imation of the cluster, but not the exact cluster. The value 

/**(&>•• •,&) = min (/4a)(£a)| 
ae{l,...,p) l J 

to which the premise of the R{ is satisfied for a given datum (£1 , . . . , £p) 
and the membership degree of the datum to the corresponding cluster are 
not equal in general. One reason for this is that the projections of the 
clusters are usually only approximated by corresponding fuzzy sets. But 
even if we had the exact projections of a cluster, we lose information when 
we only consider the projections of a (fuzzy) set. The cluster shape of FCM 
clusters is spherical in the ideal case. But projecting an FCM cluster in 
order to obtain a classification rule means that we consider the smallest 
(hyper-)box that contains the corresponding (hyper-)sphere. In the case of 
the Gustafson-Kessel and the Gath-Geva algorithms the clusters are ellipses 
or ellipsoids in the ideal case. The projections of an ellipse do not allow 
us to reconstruct the ellipse, but only the smallest rectangle that contains 
the ellipse (figure 8.13). The loss of information can be kept small, when 
we restrict to axes-parallel ellipses or ellipsoids. When we are interested 
in constructing rules from fuzzy clusters, the simplified versions of the GK 
and GG algorithms in section 2.4 are a good compromise between flexibility 
and minimization of the loss of information. They are more flexible than 
FCM, but avoid the larger loss of information of GK and GG, since the loss 
of information is relatively small for axes-parallel ellipses. 

Axes-parallel clusters 

Figure 8.14 shows a set of rules that were generated from fuzzy clusters 
of the simplified version of the Gath-Geva algorithm. We used a a training 
data set with 150 data with four attributes. Each datum belongs to one 
of three classes. We allowed up to 5% misclassifications. The rules classify 
three data incorrectly and three more are not classified at all. This effect 
is caused by the approximation of the projection of the fuzzy clusters by 
trapezoidal fuzzy sets. Trapezoidal fuzzy sets have a bounded support so 
that we cannot avoid the fact that the projections are cut off at some point. 
Data beyond these cut off values can not be classified by the corresponding 
rule, although they might have a non-zero membership in the cluster. We 
can avoid this effect by using Gaussian or other types of convex member­
ship functions instead of trapezoidal functions for the approximation of the 
projections. 
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Figure 8.14: Classification rules induced by fuzzy clustering 
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Since we have to accept a certain loss of information, when we project 
fuzzy clusters, we could interpret the rules just as visualizations of the 
fuzzy clusters, but nevertheless use the memberships in the clusters for the 
classification. Or we can also optimize the fuzzy sets by other methods 
- for instance using neuro-fuzzy techniques as they are described in [79]. 
These methods lead to further improvements [78]. 

Grid clusters 

In [53] grid clustering was proposed in order to completely avoid the 
loss of information. Grid clustering is restricted to well-behaved triangular 
membership functions (in the sense that the membership degrees at each 
point add up to 1), and aims at finding fuzzy partitions for the single do­
mains on the basis of multi-dimensional data. For the grid clustering we 
assume that we are given a data set { x i , . . . , x n } C IRP. We are looking for 
fuzzy partitions on the single domains consisting of triangular membership 
functions with the restrictions that for each domain, at most two supports 
of different fuzzy sets have a non-empty intersection, and the sum of the 
membership degrees is one at any point of the domain. This means that we 
have to determine a suitable grid in the multi-dimensional space. We as­
sume that for each domain the number of triangular membership functions 
is predefined. We define the membership degree of a data point to a cluster 
represented by a grid point as the minimum of the membership degrees of 
the triangular membership functions whose tips are the projections of the 
grid point. The grid clustering algorithm introduced in [53] is not based 
on an objective function, but relies on a heuristic strategy for constructing 
the clusters. 

In order to improve this grid clustering algorithm, a suitable objective 
function that can be optimized by an evolutionary algorithm was proposed 
in [54]. 

The aim of this strategy is to place the prototypes on a suitable grid in 
the multi-dimensional space in order to get fuzzy partitions on the single 
domains consisting of triangular membership functions. For this reason 
our objective function should not depend on the order in which we analyse 
the single dimensions. The coordinates of the prototypes should only be 
influenced by those coordinates of the data that are relatively near (in this 
case near means a small Euclidean distance) to the prototype's coordinate. 
A simple way in single dimensions is to let the data between two prototypes 
only influence these two. On a grid there are a lot of prototypes with the 
same coordinates in a single dimension. In the objective function, each 
coordinate has to be taken into account only once. These considerations 



260 CHAPTER 8. RULE GENERATION WITH CLUSTERING 

led us to the following objective function: 

' - EE E (fr^r) 
r=lj=l X , € { l , . . . , n } : \ C j C j - 1 / 

4r_)
1<x.r<c<r) 

+ Ys ( (r) _ > ) ) J* 
cjl)

1<«lr<cjr) 

x5 r and x/ r are the r-th coordinate of the data x8 and xi, respec­
tively (s,£ e { 1 , . . . ,n}). We assume that we have in the r-th dimension 
(r e { l , . . . , p} ) fcr triangular fuzzy sets. Each triple c}_ i ,4 >4+i in~ 
duces a triangular membership function with the interval ( c j ^ , ^ ^ ) as 
the support and cj. as the point with the membership degree one. Thus 
the fractions in the sums (without the power m) provide the value one 
minus the membership degree to the triangular membership function with 
the tip at Cj of the data (or better: their r-th projection) that lie on the 
support of the membership function. Since we add up the values for all 
triangular fuzzy sets (and the sum of the membership degrees of a datum 
to neighbouring fuzzy sets yields one), we obtain the smallest considerable 
value of J , when all the memberships degree are 0.5 (as long as m > 1 is 
chosen) and the largest considerable value, when the membership degrees 
are either zero or one. We want the cy to be in the centre of data clusters, 
i.e. the membership degree is high (near one) for data in the cluster and 
low (near zero) for data in other clusters. Thus we aim at maximizing J . 
Note that J is a measure very similar to the partition coefficient. 

A special treatment is needed for the data on the left/right of the left­
most/rightmost prototype (the values q r ' and cj£;). In the beginning, we 
assume that the cf' are uniformly distributed, i.e. equidistant. We add in 
each dimension two additional prototypes c$ and cjj, + 1 , again equidistant 
to the left and right of Cj and cj£'. The values CQ and cj£'+1 are assumed 
to be fixed and must not be changed during the optimization process. Nev­
ertheless, we have to take these additional prototypes into account in the 
objective function so that the data at the edge of the universe have the 
same influence as the data in the middle. This means that the second sum 
in J actually goes from j = 0 to j = fcr + 1. For the construction of the 
prototypes we only need the grid coordinates in each dimension. 

Since the objective function of the grid clustering algorithm is not differ-
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entiable, we cannot apply an alternating optimization scheme. Therefore, 
the objective function of the grid clustering algorithm is directly optimized 
by an evolutionary algorithm [4, 75]. We cannot discuss the details of evo­
lutionary algorithms here. An overview on the application of evolutionary 
algorithms to fuzzy clustering in general is provided in [54]. 

8.2.3 Input output product space clustering 
In sections 8.2.1 and 8.2.2 we have restricted ourselves to unsupervised 
clustering, where the class labels are not available or not used in the training 
step. This unsupervised training scheme can also be used for supervised 
classification: Using the class labels the data set is divided into one set 
for each class, and these classes are then clustered separately. In this way 
multiple clusters are obtained for each class. All the clusters of each class 
can be translated into one disjunctive rule like 

if (jL2(f,v) or fJ>3(f,v) then "light traffic", 

where /i2(/> v) and ^3(/ , v) are the membership functions generated for the 
two clusters in the data set for the class label "light traffic". The member­
ship functions can be projected to the domain components and assigned 
linguistic labels as presented in section 8.2.2. We obtain the readable rule 

i?2 • "if car speed is medium and car frequency is high 
or car speed is high and car frequency is low 

then light traffic". 

The resulting classification system can be completely specified by the rules 
i?i, i?2, and the corresponding membership functions /JL\ ( / ) , /i2 (/)> 
»if\f), »[v\v), $\v), and $\v). 

8.3 Rules for function approximation 
In the last section we presented methods to build fuzzy classification sys­
tems from fuzzy clusters. In this section similar methods are derived for 
the generation of fuzzy function approximation systems. 

8.3.1 Input ouput product space clustering 
When dealing with classifiers we interpreted the data set X as a set of 
feature vectors. Now we want to consider the problem to approximate a 
function / from given samples X. In this case X becomes a set of pairs of 
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input vectors Xk and output vectors /(#*)• The data set X (8.1) that we 
used throughout this whole section can be considered for example as noisy 
samples of the function 

fix) = T"I' xGf°-1l' (8.17) 

whose graph is plotted as the dashed line in figure 8.15. If we apply the 

k 

1 H 

>x2 

. / 
•*5 

%x2 

>X4 

9X6 

-T-+X (1) 

Figure 8.15: The function / described by the noisy samples X 

same methods as in sections 8.1.1 (interpolation), 8.1.2 (projection and 
cylindrical extension), or 8.1.3 (convex completion), we obtain the clusters 
which were already shown in figures 8.3, 8.4, or 8.5, respectively. Although 
all of these methods can be used for function approximation we focus here -
as a representative example - on the cluster generation method with convex 
completion described in section 8.1.3. The classifier rule obtained there was 
written as 

"if x^ is low and x^ is high then class 2". 

The classes can be interpreted as parts of the graph of the function / . The 
corresponding function approximation rule for the second local enviroment 
on the graph (or class 2) can therefore be equivalently written as 

R3 : "if x (1) is low then x& [s high". 
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In this interpretation the class labels become "typical values" in local graph 
environments. 

Mamdani-Assilian systems 

How do we evaluate a function approximation rule like R3? Mamdani 
and Assilian [71] suggested the algorithm shown in figure 8.16. 

« W 

T-xW 

input: x M =0.6 
0 A / 
output: x(2> =0.5 

r-xW 

Figure 8.16: Mamdani-Assilian rule evaluation 

For each rule the firing or activation grade is calculated as the value of 
the membership function of the "if" part (left-hand side, LHS) for the given 
input x^lK The fuzzy result of each rule is the area under membership func-
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tions of the "then" part (right-hand side, RHS) which is cut at the height 
given by the firing grade (shaded areas). The fuzzy results are aggregated 
to a fuzzy result of the whole rule base by overlapping all the RHS areas 
(white arrows). The fuzzy output is converted into a crisp output x^ by a 
so-called defuzzification operation [84], which is often implemented as the 
centroid of the shaded area. For multi-dimensional inputs the membership 
functions can be projected to the single domains and connected with "and". 
In this case the firing value of each rule is calculated as the t-norm (e.g. 
minimum) of the memberships of each of its LHS components. 

Singleton sys tems 

The evaluation of Mamdani-Assilian systems can be simplified by de-
fuzzifying the RHS membership functions before the aggregation of the 
rule results. These defuzzified RHSs are crisp values, which can be rep­
resented in the fuzzy set context as vertical poles, so-called singletons. A 
singleton rule R* with the crisp RHS value y* is written as 

if /it(x) then x^ = y ,̂ 

where fJ-i(x) is the firing grade of rule R{ given the input x. The firing 
grade can be a single membership value or a (e.g. conjunctive) combination 
of several LHS membership values. 

If the rule results are aggregated by addition and defuzzified using the 
centroid method, the output x^ of a singleton system is 

xiP) = Zi»i(x)-yi ( 8 1 8 ) 
EiMt(z) 

If the singletons are the centroids of the RHS membership functions of a 
Mamdani-Assilian system with the same LHS structure, both systems yield 
the same input output behaviour. For maximum aggregation and centroid 
defuzzification the singleton system has a different transfer function, if the 
RHSs overlap. 

To obtain RHS singletons from the partition matrix, we have to perform 
projection, convex completion, linear interpolation, and defuzzification. A 
much easier approach simply takes the projections of the cluster centres 
to the output space as the RHS singletons. This simple method leads to 
different, though in our example more reasonable, results, as we will see 
later. 

Takagi-Sugeno sys tems 

Singleton systems are not only special cases of Mamdani-Assilian systems, 
but also special cases of Takagi-Sugeno systems [98]. Takagi and Sugeno 
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replaced the crisp values y» in singleton systems with functions fi of the 
input x and obtained rules like 

if iii{x) then x^ = /i(x), 

which are - for sum aggregation and centroid defuzzification - evaluated 
according to (8.18) as 

« « = £ « * ( * > ; * ( « > . (8.19) 

These Takagi-Sugeno systems approximate a function / in the local envi­
ronment fi>i(x) with the local approximator f%{x). 

The RHS functions /,(x) of Takagi-Sugeno systems can be obtained 
from clustering with higher order prototypes. Linear functions for first 
order Takagi-Sugeno systems can be obtained from the FCV [103], FCE 
[93, 85], or Gustafson-Kessel [39, 76, 2, 49] algorithm. The position and 
angle of each prototype are used to define the offset and the system matrix 
of the local linear functions /»(#) = A{ • x 4- &,. 

The input output characteristics of the previously described four system 
architectures for the approximation of the function / (8.17) are shown in 
figure 8.17: 

1. a Mamdani-Assilian system with minimum inference, maximum ag­
gregation, and centroid defuzzification, 

2. a singleton system, where the RHSs are the defuzzified RHS mem­
bership functions from the Mamdani-Assilian system (equivalent to 
a Mamdani-Assilian system with minimum inference, additive aggre­
gation, and centroid defuzzification), 

3. a singleton system, where the RHSs are the projections of the cluster 
centres to the output space, and 

4. a first order Takagi-Sugeno system obtained by fuzzy c-elliptotypes 
clustering with a = 0.9. 

In this example the best approximation was obtained with the singleton 
system with projected cluster centres (3). Due to the relatively high noise 
level the first order Takagi-Sugeno system (4) produced the worst approxi­
mation. 
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Figure 8.17: Function approximation with different fuzzy system models 

8.3.2 Input space clustering 
Fuzzy function approximators can also be generated with clustering in the 
input space only. The projection of X to the input space is then used 
as the data set, and membership functions are generated using the meth­
ods described in section 8.1. These membership functions represent the 
LHSs of Mamdani-Assilian systems, singleton systems, or Takagi-Sugeno 
systems. To determine the corresponding RHSs the whole data set has to 
be processed again. 

Mamdani -Ass i l i an sys tems 

The front diagram in figure 8.18 shows the vertical poles representing 
the memberships obtained from input space clustering. The arrows indi­
cate how these memberships are associated with the points of the original 
data set in the input output product space. The poles in the input out­
put space can be projected to the output space (horizontal arrows) and 
postprocessed using interpolation, convex completion, approximation, and 
label assignment. The resulting membership function (left diagram in fig­
ure 8.18) is appropriate as RHS for a Mamdani-Assilian system. The LHS 
and RHS in figures 8.18 and 8.5 are not much different. For our example 
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clustering in the input space yields almost the same result as clustering in 
the input output product space. 

Figure 8.18: Generation of RHS memberships by projection 

Singleton sys tems 

Using the methods described above we can use results from input space 
clustering to generate RHS membership functions for Mamdani-Sugeno sys­
tems. According to the methods for input output clustering we can also 
defuzzify these RHS membership functions (e.g. with the centre of gravity 
method) and obtain RHSs for singleton systems. In contrast to input out­
put clustering we do not have cluster centres in the input output product 
space here whose projections could be used directly as RHS singletons. 

Takagi-Sugeno sys tems 

To generate first order Takagi-Sugeno systems we have to determine the 
offsets and regression matrices for the linear RHS functions. To calculate 
the offsets 6j we consider the approximated functions fc at the cluster cen­
tres Vi. We assume that the fi{vi) are the defuzzified RHSs di which also 
served above as RHSs for singleton systems and obtain 

fi(vi) = AiVi + bi = di bi = d{- A{ -Vi. (8.20) 
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To determine the local system matrices Ai we suggest two methods: 

1. Define crisp clusters by assigning each data point to the cluster in 
which it has its largest membership. Then determine the system 
matrix by linear regression. 

2. For each cluster compute the within cluster fuzzy scatter matrix as 
described in chapter 3, and calculate the linear RHS coefficients from 
the matrix eigenvectors. 

Higher order Takagi-Sugeno systems can be generated using nonlinear re­
gression methods. 

8.3.3 Output space clustering 
Output space clustering yields no reasonable results for classification prob­
lems. For function appoximation, however, it can be applied according to 
input space clustering: The memberships in the output space are associ­
ated with the points in the input output product space and projected to 
the input space leading to LHS membership functions. The memberships 
in the output space themselves can be used to generate RHS membership 
functions for Mamdani-Assilian systems. These RHS membership functions 
can be defuzzified to obtain RHSs for singleton systems. Also the cluster 
centres in the output space can be used as singleton RHSs. This is in con­
trast to input space clustering. The singleton systems can be extended to 
first order Takagi-Sugeno systems by computing the offsets and local sys­
tem matrices with one of the two methods described above for input space 
clustering. Nonlinear regression can be used accordingly to generate higher 
order Takagi-Sugeno systems. 

8.4 Choice of the clustering domain 
For the generation of Mamdani-Assilian function approximation systems 
we obtained nearly the same results for input output clustering (figure 
8.5). and for input clustering (figure 8.18). In general the rule extraction 
methods always produce similar classifiers and function approximators for 
all three domains, input space, output space, and input output product 
space. 

For classification problems input output clustering is possible only for 
labelled data. If labels are available, it seems advantageous to use all in­
formation, and therefore use the whole input output product space. For 
labelled classification data clustering in the output space leads to no rea­
sonable results. All three domains can be used for function approximation. 
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Singleton systems with cluster centre projections as the RHS (which lead 
to good approximations) cannot be generated by input space clustering. 
Which domain is the best for clustering depends on the structure of the 
data, the properties of the application, and on the target system architec­
ture. It is still an open question [81]. At least one of the various methods 
described in this chapter, however, should lead to satisfactory solutions for 
most applications. 



Appendix 

A.l Notation 
Certain symbols, which have the same meaning in the whole text, are listed 
in this appendix. Also, the notations used are explained in table A.2, except 
for well-known standard notations. 

All figures of cluster partitions contain in their caption the name of 
the algorithm that produced the results. This does not apply to figures 
which show the same data set in different versions or states. Here, the 
applied algorithm is mentioned in the text, while the caption refers to the 
differences with respect to the partition in this case. The algorithms are 
written with the usual abbreviations, which are also listed in the index. 
The figures in chapters 2 and 3 always illustrate probabilistic memberships, 
unless there is a P— in front of the algorithm's name. For the sake of clarity, 
probabilistic partitions are presented by possiblistic memberships in chapter 
4 and the following chapters, even if there is no P— in the caption. There, 
P— indicates that the results were obtained by possibilistic clustering. For 
the possibilistic presentation of probabilistic clustering results, a constant 
value was chosen for all r\ values. For the differences between a probabilistic 
and a possibilistic partition, cf. chapter 1. 

A.2 Influence of scaling on the 
cluster partition 

Not all of the analysis results, which can be found with the algorithms 
introduced above, are independent from the scaling of the data set to be 
analysed. However, this is the case for the memberships. If a scaled dis­
tance function is used, the scaling factor cancels out for the memberships 
corresponding to theorem 1.11 because of the computation of relative dis­
tances. In the poHHibiliHtic case, the extension coefficients T; adapt to the 

•J71 
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Table A.2: Symbols and denotations 
(fli)iGlN<, abbreviation for an Z-tuple ( a i , 02 , . . . , 0/) 
= / = x denotes the constant function that maps all 

values to x 
IHIa, INI Euclidean norm of x 
\\*\\, p-norm of x 
A analysis function, definition 1.3, page 13 
A(D,R) analysis space, definition 1.1, page 12 
AfUZzy(D, R) fuzzy analysis space, definition 1.8, page 18 
J objective function, definition 1.2, page 12 
B the set of Boolean truth values {true, false} 
c number of clusters, c = \K\ 
&i,i Kronecker symbol, 6ij = 1 for i = j , otherwise Sij = 

0 
data space, definition 1.1, page 12 D 

Kronecker symbol, 6ij = 1 for i = j , otherwise Sij = 
0 
data space, definition 1.1, page 12 

R result space, definition 1.1, page 12 
K cluster set, subset of the result space R 
n number of data, n = \X\ 
IN natural numbers without zero 
IN<, subset of the natural numbers, 

1N<| = {1,2,3,...,/} 
IN* natural numbers including zero 
1N<I subset of the natural numbers, 

JN^ = {0,1,2, . . . ,0 
P dimension (mostly the dimension of the data space) 
V(A) power set of A, V(A) = {X\X C .4} 
Vm{A) set of subsets of A with m elements 
IR real numbers 
1R+, lR>o positive real numbers 
IR_, IR<o negative real numbers 
T AT is the transposed matrix of A 
ui,j membership of datum Xj £ X in cluster 

K G K 
X data set, subset of the data space D 
A*,i shortest distance vector from datum Xj to the con­

tour of cluster k{, page 199 
a parameter of the adaptive fuzzy clustering 

algorithm, page 70 
fl extension factor for possibilistic clusters, pages 26, 

48 
time index for the computational effort, page 58 T 

extension factor for possibilistic clusters, pages 26, 
48 
time index for the computational effort, page 58 
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respective scaling. When the formulae for the prototypes represent linear 
combinations of the data vectors (e.g. as in the fuzzy c-means algorithm), 
the analysis results are also invariant with respect to scaling. 

Figure A.l: FCSS analysis Figure A.2: FCSS analysis 

Algorithms that require a numerical iteration procedure to solve a sys­
tem of non-linear equations are usually not invariant with respect to scaling 
of the data. If the distance function (or part of it) occurs quadratically, 
different gradients in the derivation result from scaling, especially for dis­
tances clearly less than 1 compared larger distances. Consequently, the 
algorithm may converge to a another (local) minimum for scaled data. But 
also for the algorithms which explicitly compute their prototypes the in-
variance can not be guaranteed. The fuzzy c-spherical shells algorithm has 
a high-degree non-linear distance function, which is also reflected in the 
formalae for the prototypes. Figures A.l and A.2 show FCSS clustering 
results for differently scaled data sets. (The data sets were scaled to a uni­
form size for the figures.) Although the initialization of the prototypes was 
scaled accordingly, the results of the FCSS algorithm are different. In com­
parison to figure A.l (largest circle radius 2), the data for the partition in 
figure A.2 were magnified by a factor 100 (largest circle radius 200). While 
the algorithm only needs 17 steps for figure A.l, several hundred iteration 
steps are computed for the intuitive partition shown in figure A.2. 
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A.3 Overview on FCQS cluster shapes 
Each FCQS cluster is described by a quadric of the form p\x\ + pix\ + 
P3X1X2 +P4X1 +P5X2 +pe = 0 . Defining 

A = 

/ = 
J = 

K = 
E5 
2 

P6 

we obtain the quadric shapes from table A.3 (reference: [66], see also there 
for the three-dimensional case). 

A J A 
I 

K Cluster shape 
# 0 > 0 < 0 real ellipse 
7^0 > 0 > 0 complex ellipse 
7*0 < 0 hyperbola 
7*0 0 parabola 

0 < 0 two real, intersecting straight 
lines 

0 > 0 conjugated complex, intersecting 
straight lines 

0 0 < 0 two real, parallel straight lines 
0 0 > 0 conjugated complex, parallel 

straight lines 
0 0 0 coinciding straight lines 

Table A.3: Two-dimensional quadrics 

A.4 Transformation to straight lines 
At the end of the FCQS algorithm, hyperbolas, double straight lines of long-
stretched ellipses are transformed into linear clusters, since these shapes 
hardly occur in conventional applications but approximate straight line 
segments in practice. Considering the (rotated) quadric p\x\+p2x\ +P4X1 + 
P5X2 + pe = 0 without mixed term X\X2 (see section 4.7), Krishnapuram, 
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Prigui and Nasraoui describe in [66] the following transformation to straight 
lines C2X2 + c\X\ + Co = 0: 

A hyperbola approximates two straight lines that roughly describe the 
position of their asymptotes. In this case, the straight line equations have 
the parameters c2 = 1, Ci = ^ and Co = &yj~% + ^ or c2 = 1, ci = 

\/—EL and Co = ~2
£±'\/~^ "*" 2p"' respectively. These are also the straight 

line equations for the case of two intersecting straight lines. Two parallel 
straight lines are parallel to one of the two main axes after rotation. The 
parallels to the horizontal axis (i.e. p\ « P4 « 0) result from c2 = 1, C\ = 0 

and Co = PB VPs P 2 P 6 , the parallels to the vertical axis (i.e. p2 » Ps « 0) 

from c2 = 0, ci = 1 and Co = P4
 2 i~ P l P ° - Sometimes, a straight line 

is approximated by a long-stretched ellipse. We recognize a long-stretched 
ellipse by the quotient of the longer and the shorter ellipse's axes (cf. remark 
7.16) which is greater than a certain threshold C (w 10). Similar to the 
case of parallel straight lines, the ellipse was rotated in such a way that 
its axes are parallel to the main axes. We obtain the resulting straight 
lines analogously to the previous case. We can also cover the case of a flat 
hyperbola in a similar way: again, we recognize their degree of stretching 
computing the quotient of their half axes: If the cross axis is parallel to 
the horizontal axis, i.e. — (■&■ + £*- — p 6 ) < 0, it is a flat hyperbola when 
— p- > C2 holds, and in the other case —*?■ > C2. Once more, we receive 
the straight line equations analogously to the case of parallel straight lines. 
After the computation of the straight line parameters, the straight lines 
have to be rotated back into the original coordinate system. 
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Index 

absolute value, 128 
ACE, see cluster estimation 
adaptive fuzzy c-clustering, 125 
adaptive fuzzy c-shells, 86 
adaptive fuzzy clustering, 70 
AFC, see adaptive fuzzy cluster­

ing 
AFCS, see adaptive fuzzy c-shells 
AGG, see Gath-Geva 
AGK, see Gustafson-Kessel 
algorithm 

CCM, 204 
cluster number estimation, 

189 
edge detection, 234 
possibilistic clustering, 31 
probabilistic clustering, 29 
UFCQS, 224 
UFCSS, 210 

alternating cluster estimation, see 
cluster estimation 

alternating optimization, 29, 157 
analysis criterion, 13 
analysis function, 13 
analysis result, 13, 18 
analysis space, 12 

fuzzy, 18 
AO, see alternating optimization 
APD, see average partition den­

sity 
average partition density, 193 

CCM, see compatible cluster 

merging 
circle recognition 

fuzzy c-rings, 86 
circle recognition 

fuzzy c-shells, 78 
fuzzy c-spherical shells, 83 

cluster, 8 
cluster analysis 

deterministic, 9 
overlapping, 9 

cluster analysis 
heuristic, 9 
hierarchical, 10 
incomplete, 9 
objective function, 10 
possibilistic, 10 
probabilistic, 9 

cluster estimation, 11, 158 
cluster partition 

hard, 15 
possibilistic, 19 
probabilistic, 18 

cluster validity, 185 
compatibility 

GK cluster, 205 
compatibility relation 

CCM, 202 
FCM, 229 
FCSS cluster, 209 

compatible cluster merging, 201 
computing time, see time index 
contour density, 217 
convex completion, 243 
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covariance matrix 
fuzzy, 45 

covariance matrix, 45, 49 
CS property, 191, 192 
CWS property, 186, 191 
cylindrical extension, 241 

dancing cones, 161 
data analysis, 14 

explorative, 6 
qualitative, 7 
quantitative, 7 

data space, 5, 12 
DC, see dancing cones 
denazification, 165 
digitizing, 218 
distance function, 21 

EFCM, see enhanced fuzzy c-
means 

effective radius, 216 
eigenvalue 

maximum, 62 
ellipse recognition 

adaptive fuzzy c-shells, 86 
fuzzy c-ellipses, 99 
fuzzy c-ellipsoidal shells, 92 

ellipse's radii, 220 
elliptotype, 68 
enhanced fuzzy c-means, 181 
Euclidean distance, 85, 92, 98 

FACE, see fast alternating cluster 
estimation 

fast alternating cluster estima­
tion, 178 

fast fuzzy c-means, 180 
fast possibilistic c-means, 180 
FC2RS, see fuzzy c-2-rectangular 

shells 
FCE, see fuzzy c-ellipses 
FCES, see fuzzy c-ellipsoidal 

shells 

FCM, see fuzzy c-means 
FCQS, see fuzzy c-quadric shells 
FCR, see fuzzy c-rings 
FCRS, see fuzzy c-rectangular 

shells 
FCS, see fuzzy c-shells 
FCSS, see fuzzy c-spherical shells 
FCV, see fuzzy c-varieties 
FFCM, see fast fuzzy c-means 
FHV, see fuzzy hypervolume 
figure explanation, 80 
FPCM, see fast possibilistic c-

means 
fuzzifier, 21 
fuzzy covariance matrix, 50 
fuzzy c-2-rectangular shells, 145 
fuzzy c-ellipses, 99 
fuzzy c-ellipsoidal shells, 92 
fuzzy c-elliptotypes, 67, 70, 125 
fuzzy c-means, 37, 62, 70 
fuzzy c-quadric shells, 101 
fuzzy c-rectangular shells, 132 
fuzzy c-rings, 86, 100 
fuzzy c-shells, 78 
fuzzy c-spherical shells, 83 
fuzzy c-varieties, 61, 70 
fuzzy hypervolume, 193 
fuzzy scatter matrix, see fuzzy co-

variance matrix 
fuzzy set, 17 
fuzzy shell covariance matrix, 199 

Gath-Geva, 49, 74, 91 
axes-parallel version, 58 

GG, see Gath-Geva 
GK, see Gustafson-Kessel 
Gustafson-Kessel, 43, 74, 91 

axes-parallel version, 54 

hard c-means, 37, 38 
HCM, see hard c-means 
hyperconic clustering, 161 
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image conventions, 39 
image recognition, 77 
ISODATA, 37 

line recognition 
adaptive fuzzy clustering, 70 
fuzzy c-elliptotypes, 67 
fuzzy c-varieties, 61 
Gustafson-Kessel, 74 

line segment, 65, 70 
linear clustering, 61 
linear prototypes, 61 
local minimum, 52, 66, 81, 91, 98, 

99 

MA system, see Mamdani-
Assilian system 

Mamdani-Assilian system, 263 
matrix 

Jacobian, 90 
positive definite, 42, 43, 87, 

89,98 
singular, 90, 96 
trace, 209, 216 

maximum norm, 130 
membership function toolbar, 163 
merging, 226 
MFCQS, see modified fuzzy c-

quadric shells 
modified FCQS, 227 
modified fuzzy c-quadric shells, 

107 
mrFCM, see multistage random 

sampling fuzzy c-means 
multistage random sampling 

fuzzy c-means, 181 

Newton algorithm, 80, 89, 96 
noise clustering, 27 

objective function, 12, 20, 25 
orthonormal basis, 62 

partition builder, 163 
partition coefficient, 189 
partition density, 193 
partition entropy, 190 
partition function toolbar, 170 
PC, see partition coefficient 
PD, see partition density 
PE, see partition entropy 
proportion exponent, 190 
prototype 

adaptive fuzzy c-shells, 87 
adaptive fuzzy clustering, 70 
fuzzy c-rings, 86 
fuzzy c-2-rectangular shells, 

146 
fuzzy c-ellipses, 99 
fuzzy c-ellipsoidal shells, 93 
fuzzy c-means, 37 
fuzzy c-quadric shells, 102 
fuzzy c-rectangular shells, 

136 
fuzzy c-shells, 78 
fuzzy c-spherical shells, 83 
fuzzy c-varieties, 63 
Gath-Geva, 50 

axes-parallel, 58 
Gustafson-Kessel, 43 

axes-parallel, 54 
modified fuzzy c-quadric 

shells, 109 
prototype builder, 170 
PX, see proportion exponent 

quadric recognition 
fuzzy c-quadric shells, 101 
modified fuzzy c-quadric 

shells, 107 

rACE, see regular clustering 
radius estimation, 80, 100 
rectangle detection 
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fuzzy c-2-rectangular shells, 
145 

fuzzy c-rectangular shells, 
132 

maximum norm, 130 
regular clustering, 182 
regular fuzzy c-means, 182 
regular possibilistic c-means, 182 
result space, 6, 12 
rFCM, see regular fuzzy c-means 
rPCM, see regular possibilistic c-

means 

SD, see shell density 
separation, 192 
separation index, 191 
shell clustering, 77 
shell covariance matrix, 208 
shell density, 208 
shell thickness, 199 
singleton system, 264 
singularity, 82, 90, 96 
solid cluster analysis 

fuzzy c-means, 37 
Gath-Geva, 49 
Gustafson-Kessel, 43 

solid clustering, 36 

Takagi-Sugeno system, 171, 264 
time index, 58, 76, 113, 155 
toolbar 

membership functions, 163 
partition functions, 170 

trace, 209, 216 
TS system, see Takagi-Sugeno 

system 

UFCQS, see unsupervised FCQS 
UFCSS, see unsupervised FCSS 
unsupervised FCQS, 221 
unsupervised FCSS, 207 

UDF, 187 
validity measure 

average partition density, 
193 

contour density, 215, 217 
fuzzy hypervolume, 193 
global, 188 
local, 200 
partition coefficient, 189 
partition density, 193 
partition entropy, 190 
proportion exponent, 190 
separation, 192 
separation index, 191 
shell clustering, 198 
shell density, 208 
shell thickness, 199 
solid clustering, 188 

validity 


