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Preface

1. In these notes we present some introductory material on a particular class of
dynamical systems, called SEMIFLOWS. This class includes, but is not restricted to,
systems that are defined, or modelled, by certain types of differential equations of
evolution (DEEs in short). Our purpose is to introduce, in a relatively self-contained
manner, the basic results of the theory of dynamical systems that can be naturally
extended and applied to study the asymptotic behavior of the solutions of the DEEs
we consider. Equations of evolution include ordinary differential equations (ODEs
in short), partial differential equations of evolution (PDEE:s in short), and other types
of equations, such as, for instance, stochastic or difference equations. As such, they
provide natural examples of dynamical systems, since one of the independent vari-
ables (usually called “time”) plays a different role than the other variables (which
in some situations may be called “space” variables). Thus, in this context, the heat
and wave equations are considered as prototypical examples of PDEEs, while ellip-
tic equations such as Laplace’s equation are not considered as evolution equations,
because in these equations all the variables have the same role. Here, we make the
further distinction that “time” evolves continuously; thus, we do not consider stochas-
tic equations, nor, except for some introductory examples, discrete systems (where
“time” varies along a sequence).

2. One of the major goals of the theory of dynamical systems is the study of the
evolution of a system, with the purpose of predicting, as accurately as possible, the
behavior of the system as time becomes large. A quite general feature of the systems
we consider, which is shared with other systems, is a property called DISSIPATIV-
ITY. Loosely speaking, this property can be described by the fact that all solutions
of these systems eventually enter, and remain, in a bounded set, called ABSORB-
ING SET. Thus, the evolution of the solutions of the system can be studied in this
set; as a result, the long time behavior of the system can be described by means of
certain subsets of the absorbing set. Among these, we shall consider three types of
sets, called respectively ATTRACTORS, EXPONENTIAL ATTRACTORS, and INERTIAL
MANIFOLDS. (Exponential attractors are sometimes also known as INERTIAL SETS.)
We will present the fundamental properties of these sets, and then proceed to show
the existence of some of these sets for a number of dynamical systems, generated
by fairly well known physical models. In particular, we shall consider in full detail
two particular PDEEs of evolution: a semilinear version of the heat equation, and
a corresponding version of the dissipative wave equation. These examples allow us
to illustrate the most important features of the theory of semiflows, and to provide a
sort of “template” that can then be applied, in a more or less straightforward fashion,

xiii
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to the analysis of other models, with the help of the many specialized references that
exist in the literature.

3. Even a quick survey of much of the existing literature on dynamical systems,
both at the introductory and the specialized level, reveals that the notion of “dynami-
cal system” is used with many different meanings, according to the specific point of
view of the authors. At the opposite extreme, this notion may well be not defined
at all. In these notes, we do not attempt to give a general definition of dynamical
system; rather, we confine ourselves to a special class of systems, properly known as
CONTINUOUS, SEMI-DYNAMICAL SYSTEMS, or CONTINUOUS SEMIFLOWS. Here,
the term “continuous” is used to distinguish these systems from DISCRETE ones,
where only a sequence of successive time values are considered, and “semi-" refers
to the fact that time evolves, i.e. we only consider nonnegative values of the time
variable. For brevity, we shall refer to these systems as SEMIFLOWS (their precise
definition is given in section 2.2). In the introductory chapter 1, we consider more
general TWO-PARAMETER SEMIFLOWS or DYNAMICAL PROCESSES, which allows
us to include some nonautonomous difference or differential equations as generators
of dynamical systems. However, when our presentation can proceed in a more dis-
cursive way, and rigor is not an issue, we conform to the common use and adopt the
general term “dynamical system”.

4. Ingeneral, we say that an ODE defines a semiflow if the corresponding CAUCHY
PROBLEM is globally well posed, in the sense we define in section 1.2.1. We can
extend this definition to semiflows defined by PDEEs, by interpreting the PDEE
as an abstract ODE in a suitable Banach space X (see remark 3.2 in chapter 3).
This is a generalization of the usual interpretation of a system of ODEs as a sin-
gle differential equation in the Banach space X = R", or in more general finite di-
mensional vector spaces, and explains the qualification of the systems generated by
PDEEs as “infinite dimensional” ones, since in this case X is in general no longer
a finite dimensional space. Examples of PDEEs that can be put in such abstract
form are: the Navier-Stokes equations, the Kuramoto-Sivashinski equations, the
“original” Burger’s equation, the Chafee-Infante and Cahn-Hilliard reaction-diffusion
equations, the Korteweg-de Vries and the Maxwell equations (see chapter 6). Indeed,
many basic notions and results in the theory of the asymptotic behavior of infinite di-
mensional dissipative dynamical systems trace their origin in the study of the Navier-
Stokes equations of fluid dynamics, and have been inspired by a detailed analysis of
both the qualitative properties of their solutions, and their behavior with respect to
numerical computations.

5. Not surprisingly, much of the general terminology in the theory of dynamical
systems, as well as the general spirit of its qualitative results, borrows directly from
the qualitative theory of ODEs in R”. For example, we shall need to recall some
basic results on stability, equilibrium points, periodic orbits, ®m-limit sets, etc. On
the other hand, in an effort to keep these notes within a reasonable length, we shall
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be forced to not discuss many other important topics. In particular, we regretfully
do not include any result on bifurcation theory. Among the many excellent and
fairly complete references on the qualitative theory of ODEs, including ODEs as
dynamical systems, we refer for example to Hirsch and Smale, [HS93], Jordan and
Smith, [JS87], Perko, [Per91], Amann, [Ama90], and Verhulst, [Ver90]. A few other
references, specifically on dynamical systems, are listed in the bibliography. Since
so many articles and books are continually being published, it is almost impossible
to compile an exhaustive list of references; on the other hand, an internet search can
provide all necessary updated references on any particular topic.

6.  These notes have their origin in a series of graduate seminars we held at the
Universities of Dresden, Wisconsin-Milwaukee and Tsukuba. Most of the material
we cover is relatively well known, although some of the results we present, in par-
ticular on the existence of an exponential attractor and of an inertial manifold for
semilinear dissipative wave equations, even if not entirely new, do not seem to enjoy
the recognition we feel they deserve. In part, our intention in writing these notes is to
be of some help to “beginners” in the area of infinite dimensional dynamical systems;
that is, anyone who, having a solid background in the classical theory of ODEs and
some knowledge of functional analysis in Sobolev spaces, wishes to proceed to the
study of examples of semiflows arising from DEEs, but may need some ‘“smoothing
into” the subject, before turning to more general introductory texts, such as those of
Temam, [Tem88], the cycle of lectures by Oleinik, [Ole96], or, most recently, Sell-
You, [SY02], and Robinson, [Rob01]. We also hope that these notes may serve as a
ready reference to researchers in more applied fields, who feel the need for a clear
presentation of the background material and results that are necessary for the study
of the specific systems they are interested in. To this end, we have tried to “build
up” the material in as careful and gradual progression as possible, with the goal of
presenting the main topics (in particular, the construction of the exponential attractor
and the inertial manifold), with a larger degree of detail than generally found in most
sources in the literature. If successful, our effort should put the reader in a better
position to refer to more specific texts on global attractors, exponential attractors,
and inertial manifolds, such as, respectively, the books by Babin and Vishik, [BV92],
Eden, Foias, Nicolaenko and Temam, [EFNT94], and Constantin, Foias, Nicolaenko
and Temam, [CFNT&9].

7.  These notes are organized as follows. As an introduction to the main ideas
of the abstract theory of semiflows, in chapter 1 we present some well known and
well studied examples of finite dimensional dynamical systems, generated by such
celebrated ODEs as Duffing’s equations and Lorenz’ equations. In chapter 2 we
introduce the general definitions of SEMIFLOWS and their GLOBAL ATTRACTORS,
and we present two sufficient conditions that guarantee the existence of the attractor
under different assumption on the asymptotic properties of the semiflow. We also
describe an alternate construction of the attractor, based on the idea of a-contracting
maps. In chapter 3 we apply these results to show that the semiflows generated by
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two types of semilinear dissipative evolution PDEEs (one parabolic and the other
hyperbolic) admit a global attractor in a suitable space of weak solutions. In chap-
ter 4 we briefly develop the theory of EXPONENTIAL ATTRACTORS, and apply this
theory to the models of PDEEs considered in chapter 3. In chapter 5 we present
Hadamard’s GRAPH TRANSFORMATION METHOD for the construction of an INER-
TIAL MANIFOLD, and apply this method to a one-dimensional version of the PDEEs
considered in chapter 3. In chapter 6, we consider a number of other dynamical sys-
tems, generated by PDEEs that model various mathematical physics problems, and
briefly show how the methods developed in the previous chapters can be applied. In
chapter 7 we present a result, due to Mora and Sola-Morales, on the nonexistence
of inertial manifolds for the semiflow generated by a one-dimensional version of the
hyperbolic model of PDEE considered in chapter 3. Finally, in the Appendix we
collect, for the reader’s convenience, a list of various definitions and results from the
classical theory of ODEs and PDEs, functional and nonlinear analysis, semigroup
theory and Lebesgue-Sobolev spaces, that we use in these notes, and provide at least
one reference for each of the definitions and theorems we state.

Acknowledgements. Both authors have been partially supported by the Alexander
von Humboldt Stiftung. The second author also had partial support from the Japanese
Society for the Promotion of Sciences and the Institute of Mathematics of Fudan
University in Shanghai, and is grateful to his colleagues at the Institut fiir Analysis of
the TU Dresden for their warm hospitality. We are also greatly indebted to Professor
Songmu Zheng of Fudan University for very kind and stimulating discussion, and to
the anonymous referees of this book for various helpful suggestions and corrections.



Chapter 1

Dynamical Processes

In this chapter we introduce the definition of DYNAMICAL PROCESS, and the main
ideas of the theory of dynamical systems that we want to investigate. We illustrate
these ideas by examining some simple examples of dynamical processes generated
by finite systems of ODEs and by iterated maps.

1.1 Introduction

1. Roughly speaking, the theory of dynamical systems studies mathematical mod-
els of physical “systems” which evolve in time from a “state” which is known at
an initial moment; more specifically, how the evolution of a system depends, or is
influenced by, its initial state. The changing density of a population from a known
number of individuals (e.g., sharks in a regional sea; bacteria in an infected organism;
prey-predator models); the changing of weather patterns in a particular region; the
spreading of a rumor; the vapor trail in the wake of an airplane; the propagation of a
fire: all these would be examples of dynamical systems.

To study the evolution of a system, we assume that its state at each time ¢ can be
described generally by means of a function 7 — u(r), where the independent “time’
variable 7 is measured in a parameter set 7 C R, and the corresponding dependent
variable is in a set X, called STATE SPACE. We also assume that the state u(t) of the
system at any given time ¢ depends not only on the value of ¢, but also on its initial
configuration, i.e. on the value ug of the system at a previous time o, with ug and 7y
given or known. A natural goal of the theory is then to study the dependence of the
state u € X on the time ¢t € 7 and the INITIAL VALUES ug € X, ty € 7. In particular,
we can think of a dynamical system as a way of transforming an initial state uq into
a family of subsequent states u(r), parametrized by r € 7. We shall indeed assume
that there is a specified functional dependence of u € X from uy € X and ¢, 1y € 7,
described by a map

s

(¢,t0,u0) — u(t,to,up) . (1.1)

By specifying certain properties of this map, we come to a definition of a special
kind of dynamical systems.



2 1 Dynamical Processes

DEFINITION 1.1 Let X be an arbitrary set, and T be one of the sets N, 7, R>q
or R, where R>g := [0,400[. Set

T2:={(t,1)eTxT:t>1}.

A TWO-PARAMETER SEMIFLOW, or DYNAMICAL PROCESS in X is a family S =
(S(t,7)) 072 of maps S(t,7): X — X, which satisfies the following conditions:

VieT: S(t)=Ix (1.2)
(the identity in X ), and

Vi, €T S(t1,0)S(ta,t3) =S(t1,13) . (1.3)

The following are familiar examples of dynamical processes.

Example 1.2
Let ¥ =Rand 7 =R. Let f be a continuous functionon R, and § = (S(t, 7)) ; rye 72
be the family of maps S(¢,7): R — R defined by

S(t,T)x = (exp (/th(s)ds>)x, x€R. (1.4)

Then, S is a dynamical process in R. Indeed, verification of (1.2) and (1.3) is imme-
diate.

Example 1.3

Let X =R", and A be an n x n matrix. Then, the family 7 = (e/4),cr of the exponen-
tials of the matrices fA is a linear semigroup in X (see section A.3). Consequently,
the family S defined by

S(t,7):=e""PA (1,1) eR?,
is a dynamical process. I

Note that, in these examples, each map S(¢, ) is linear; as we shall see, this needs
not be the case in general.

According to definition 1.1, a dynamical process S on a set X" consists of a family
of transformations of & into itself, each defined by the map (1.1), that is,

X Sup— u(t,tug) =:S(t,T)ug € X. (1.5)

We are then mainly interested in the dependence of the map t — S(z,o)up on the “ini-
tial values” 7y and uq or, sometimes, on ug only, for fixed #9. Of course, this requires
X to have some kind of topological structure, and we shall remove the provisional
nature of definition 1.1, supplementing it by a number of continuity conditions on
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the maps S(¢,7) on X, and of the map (¢, ) — S(z, 7). In particular, as the examples
we cited above indicate, we are often interested in being able to describe, or deter-
mine, the evolution of a given system “in the future”. This question can be clearly
related to the asymptotic properties, as t — +oco (in 7)), of the map defined in (1.1).
Because of (1.5), we are then naturally led to relate the asymptotic behavior of the
function u to some suitable properties of the corresponding dynamical process S, de-
fined by (1.5). For example, a possible question would be to determine all the values
(up,t0) € X x T such that the limit

tliinmS(t,to)ug =: L(ugp) (1.6)
exists, for a fixed 7. As an illustration, if S is the dynamical process defined in (1.4),
the limit in (1.6) exists for all ug € R if f is bounded above by a negative constant.
Note that, since in this case L(ug) = 0 for all g € R, this limit is actually independent
of the initial value ug. Another, related question would be to study the properties of
the map ug — L(up) defined by (1.6).

2. Inthese notes, we assume that the state space X is at least a Banach space (on
R), and the underlying time parameter set 7 will be either N or Z, in which case we
call the system DISCRETE, or R>¢ or R, in which case we call the system CONTIN-
UOUS. In this chapter we propose to give a first idea of the nature of the questions,
related to the long time behavior of dynamical processes, that we want to investigate.
To do so, we consider some introductory examples of discrete dynamical processes,
generated by iterated maps, and of continuous dynamical processes, generated by
finite systems of ODEs. In these cases, the Banach space X has finite dimension,
and the corresponding dynamical process is also called FINITE DIMENSIONAL. In
chapter 3 we will instead consider INFINITE DIMENSIONAL dynamical processes,
generated by PDEs of evolution. In this case, the space X is infinite dimensional;
specifically, a space of functions of some “space” variables, defined on a domain of
R™.

One can find a large amount of examples of this type of systems in specialized
texts, such as Jordan-Smith, [JS87], Marsden-McCracken, [MM76], Guckenheimer-
Holmes, [GH83], Moon, [M0092], Alligood-Sauer-Yorke, [ASY96], and many oth-
ers. Among the most studied examples, we recall the models known as Duffing’s
equation, the logistic equation, the Lorenz system, and Hénon’s horseshoe map.
Most of these also illustrate another major goal of the theory of the dynamical sys-
tems, which, regretfully, we cannot pursue because of the introductory character of
these notes. Namely, all these systems depend on various numerical parameters, and
the influence of these parameters on the long time behavior of the system exhibits
some striking phenomena, and unexpected similarities among these systems. In par-
ticular, even if the parameters are allowed to vary in a continuous fashion, and even
if for a certain range of the parameters the evolution of the system seems to be quite
“regular”, for other parameter ranges a number of other, totally new qualitative phe-
nomena unexpectedly appear. Examples of such phenomena are BIFURCATIONS (see
e.g. Marsden-McCracken, [MM76]), FEIGENBAUM CASCADES (e.g. for the logistic
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map described in section 1.4.4; see e.g. Moon, [M0092], or Feigenbaum, [Fei78]),
and HORSESHOE MAPS (e.g. for Hénon’s map, whose iterations converge to a set of
so-called FRACTAL type; see Hénon-Pomeau, [HP76]).

1.2 Ordinary Differential Equations

1.  As a first example of dynamical processes, we consider continuous systems
generated by an evolution equation of the form

i=F(tu), (1.7)

where F: R x X — & is a continuous function on a Banach space X'. In this case, we
take 7 =R or 7 = R>¢. If X is finite dimensional, (1.7) is equivalent to a system
of ODEs in R”, where n is the dimension of X'. An example is the system of m
coupled pendulums on the same vertical plane: In this case, if 0y,..., 8, denote the
angles of each pendulum with respect to the vertical, then u = (0, 6, yeveyOm, Gm)
and X = R?™, We shall, however, be more interested in the case when the dimension
of X is infinite, and (1.7) represents a PDEE, interpreted as an abstract evolution
equation in X. An example is the semilinear heat equation

uy = Au+ f(u) (1.8)

in a domain Q C R", with appropriate boundary conditions. In this case, the space
X is a space of functions defined on (2; for example, we can consider the Lebesgue
space L?(Q), or the Sobolev space H}(22), or the Holder space C*%(Q). We can
then interpret PDEEs like (1.8) as abstract ODEs in X by means of the following
natural identification. If u is a solution of (1.8), we define a function 7 +— di(t) € X
by

(@(1)) (x) :==u(t,x), xXeQ;

that is, we consider for each  the image i(f) € X as a function of the space variable
x. It is common practice to identify u and i, introducing the notation

u(t, ) :==1u(t),

which we shall often adopt.

2. We assume that, in accord with the classical (Newtonian) theory, equation (1.7)
is deterministic, in the sense that the knowledge of the initial values (f,uo) (and, of
course, of F') uniquely determines a solution u, defined for all “future times”, of the
Cauchy problem corresponding to (1.7), that is

{ i = F(t,u), 19)

u(t()) = ugp.
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More precisely, we assume that under sufficient assumptions on the function F', there
is a unique function u € C([tp, +-00[; X'), which satisfies the Cauchy problem (1.9),
either in the classical sense (if e.g. u is also in C!([ty, +00[; X)), or in a generalized
sense (e.g. almost everywhere in ¢, or in distributional sense). This solution is typi-
cally determined at first only locally in time, that is, on a neighborhood Jtp — a, o+ B[
of #p, and then extended uniquely to a function, which is defined at least on the
unbounded interval Jtp — o, +o0][, and solves problem (1.9) on the whole interval
[f0,+00[. We usually denote this extended function again by u. Of course, in some
cases the local solution u could also be extended to the left of 1) — o¢; however, since
in the context of evolution problems we are mostly interested in what happens in “the
future”, we will generally not be too concerned about the possibility of extending u
to the left of 75. (We also note in passing that, when trying to do so, we sometimes
meet additional problems, such as the lack of backward uniqueness.) Thus, when in
the sequel we use the term “global solution”, we always refer to solutions that are
defined globally at least to the right of 1y, i.e. for all # > 1.

Clearly, the possibility of extending a local solution to a global one must in general
be proven for each specific problem. This can be done in different ways; a common
one is to show that any local solution satisfies a number of so-called A PRIORI ES-
TIMATES. These are bounds on the solution which are independent of the particular
time interval where the solution is defined, and therefore allow us to extend any local
solution uniquely to a global one, by means of a repeated application of the local
existence result.

3. Having thus established a unique solution u of the Cauchy problem (1.9) for all
choices of initial values (¢, ), we are then interested in the asymptotic behavior of
u(t) as t — +o00. More specifically, we would like to understand how this behavior is
determined (if at all) by the initial values g and #q (or, in some cases, by ug only). To
this end, it is convenient to introduce more proper notations. To emphasize that the
solution u depends not only on ¢, but also on the initial values (9, uo), we consider u
as a function defined on R x R x X, with values in X', and write u(z,fy, up) to indicate
the image of the point (¢, up) by u. Next, we realize that the solution of the Cauchy
problem (1.9) defines a family

S:=(8(t,00))110)c0» ©:={(t;s):t>s}, (1.10)

of operators S(z,7p): X — X, parametrized by the pair (¢,7p) in the half-plane ©.
Each operator S(t,1) is defined by

S(t,to)u() = u(t,l‘(),uo), uy € X. 1.1

This family S is called the family of SOLUTION OPERATORS associated to (or, de-
fined by) equation (1.7). Standard uniqueness theorems on solutions of the Cauchy
problem (1.9) can then be used to verify that S satisfies conditions (1.2) and (1.3) of
definition 1.1; hence, S is a dynamical process on X'. We say that S is GENERATED
by problem (1.9). We also say that the map ¢ — S(¢,y)uo defined in (1.11) is a MO-
TION of the dynamical process S, corresponding to the initial values (¢, uo), and the
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image of this motion is an ORBIT of the system (a more precise definition of motions
and orbits will be given in section 1.2.4).

Example 1.4
The Cauchy problem

y = f@)y, (1.12)
y(to) = Yo

generates the dynamical process S defined in (1.4). Indeed, (1.12) has the unique
solution

y(t) = S(t,t0)y0 .-

1.2.1 Well-Posedness

From now on, we shall consider the value of 7y in the Cauchy problem (1.9) as
fixed; in fact, unless otherwise specified, we shall always choose #y) = 0. We are then
interested in the question of the dependence of solutions of (1.9) on the other initial
value up. This question is naturally related to the WELL-POSEDNESS of the Cauchy
problem (1.9). This means that solutions of (1.7) should not only be uniquely deter-
mined by the choice of the initial value ug, but they should also depend continuously
on uy, in a specified topology.

Since we are interested in the long-time behavior of the solutions, a crucial distinc-
tion has to be made between the notion of well-posedness on arbitrary, but bounded,
time intervals [0,7], and that of well-posedness in the whole interval [0, +oo[. Ex-
plicitly, we explain the first of these notions in

DEFINITION 1.5 The Cauchy problem (1.9) is WELL POSED IN THE LARGE if
forall ug € X, and all T, € > 0, there exists § > 0 such that for all vo € X and all
t€[0,T],

luo—voll <8 = [lu(t)—v(r)| <e. (1.13)

where u and v are the unique solutions of (1.7) with u(0) = uy and v(0) = vy, and
|| - || denotes the norm of X.

We remark that, in the theory of finite dimensional dynamical systems, definition
1.5 is often referred to as “continuity with respect to time and initial conditions”.
Note that, in (1.13), § depends not only on the initial value ug, but, in general, also
on T. That is, we can define a function (€,7) — 6(€,T) (this function may often
be defined only implicitly). If § can be chosen independently of T, the solutions of
(1.7) depend continuously on the initial data on all of [0,+oo[; this corresponds to
the Lyapunov stability of the solutions of (1.7) (see definition A.6). In contrast, it
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is well known that well-posedness in the large is not sufficient to guarantee stability,
since the dependence of § on T may be “bad”, in the sense that

liminf §(e,T) =0.
T—+o0

To show this, it is sufficient to consider the following elementary example.

Example 1.6

Consider the Cauchy problems for the ODEs
u=—u, (1.14)
u=u, (1.15)

with initial data at t = 0. Both problems have globally defined unique solutions
for each choice of initial values, but only the first is globally well posed for > 0.
In fact, when checking (1.13) we can take 6 = € for (1.14), but for (1.15) we are
forced to take 8§ = ge~ T, so in this case § — 0 as T — +oo. We can interpret this
in another way, realizing that the effect of any error in the initial value for equation
(1.14) becomes negligible, up to arbitrary tolerance, if sufficient time is allowed to
pass; on the contrary, even if two solutions of equation (1.15) are initially very close,
after sufficient time they will be arbitrarily apart. Indeed, for (1.14), given any M and
€ > 0, even if initially |up — vo| > M, it will be |u(r) —v(z)| < € for all t > In(M/€),
while for (1.15), given again any M and € > 0, even if initially |up — vo| < &, it will
be |u(t) —v(t)] > M for all t > In(M/¢). For instance, if we approximate uy = 7 by
vo = 3.141, the initial error is less than 10~3, but for the corresponding solutions of
(1.15) we have |u(t) — v(t)| > 103 for all t > In(103 /(m — 3.141)) ~ 14.5087. This
phenomenon is illustrated in figures 1.1 and 1.2. In terms of Lyapunov stability, the

u

large difference

small difference

0l A ;
large ¢
Figure 1.1: Exponential stability for # = —u: A large difference in initial

values still results in a small difference of the solutions after sufficient time.
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u

large difference
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A

0 T larée t t

Figure 1.2: Exponential loss of information for ## = u: Even a small differ-
ence in initial values is drastically amplified after sufficient time.

point # = 0 in the phase space X = R, which corresponds to the solution u(t) =0
of both equations, is (uniformly) stable only for system (1.14), while system (1.15)
is highly unstable under arbitrarily small perturbations of the initial value uy = 0. In
fact, if in (1.15) up > 0, then as t — o0, u(t) — £oo (exponentially, of course),
even if |ug| < €. Loosely speaking, this means that all control on the solution is lost
if sufficient time is allowed to elapse.

1.2.2 Regular and Chaotic Systems

As we have mentioned, the theory of dynamical systems is largely concerned with
the behavior of the orbits ¢ — u(t) as t — 400, and, more specifically, with how such
behavior is influenced by the choice of the initial value ug. This explains the use of
notations like (1.19) below, which emphasize the dependence of the solution, at each
time ¢, on its initial value uq.

With a great degree of simplification, we distinguish between two kinds of situa-
tions, which we call REGULAR and CHAOTIC. This choice of terms is rather arbitrary,
and by no means universal; indeed, we find many different definitions of regularity
and chaos in the literature, and even among those definitions that are mathematically
rigorous, no one is universally accepted. Rather, different definitions are preferred
for different applications.

Roughly speaking, regular systems are those for which perturbations in the initial
values will influence the orbits only for a short period of time (called TRANSIENT).
After this time, different orbits would have the same qualitative behavior, and in
particular the same asymptotic behavior. This type of situation is usually described
by theorems like those on the asymptotic stability of a system, or the existence of
limit cycles. In some cases, the asymptotic behavior is even independent of the
initial values, in the sense that two orbits, even if starting from two points that are
arbitrarily apart, after sufficient time (i.e. the transient, whose length depends on how
far apart the initial values are) they will be and remain arbitrarily close to each other,
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and so exhibit the same qualitative asymptotic behavior.

Chaotic systems are instead those for which a sort of opposite situation holds. That
is, these systems are extremely sensitive to even small variations of the initial values,
in the sense that “close” initial conditions eventually move arbitrarily apart. The evo-
Iution of this type of system will be “regular” for a short time only (this is in general
a consequence of some result analogous to the well-posedness of ODEs on compact
time intervals). However, if observed for sufficiently long time periods, these sys-
tems not only do not exhibit any indication of convergence towards any sort of stable
or periodic configuration, but their evolution seems to be totally unpredictable. More
precisely, we give the following

DEFINITION 1.7 Let S = (S(t,10)) ;472 be a dynamical process on X. S is said
to DEPEND SENSITIVELY ON ITS INITIAL CONDITIONS if there is R > O such that

forallty € T, xo € X, and all 8 > 0, there are yo € X and t; € T, t| > to, such that
0< ||x0—y0|| <8 and ||S(l‘|,l‘0))€0—S(Z‘],to)y()H >R. (1.16)

We remark that the notion of sensitive dependence of a dynamical process on its
initial conditions is a natural generalization of that of uniform Lyapunov instability
for ODEs (see section A.1).

Example 1.8

Consider the dynamical processes S7 and S in R generated, respectively, by the ODEs
(1.14) and (1.15) of example 1.6. Then S is regular, while S, depends sensitively on
its initial conditions. In fact, given € and R such that 0 < € < R, any two solutions
x and y of (1.14) which initially differ by R will be such that |x(¢) —y(¢)| < € for all
t>ty):=In g. That is, #y is the transient after which these solutions will always differ
by at most €. In contrast, any two solutions x and y of (1.15) which differ initially by
€ will be such that |x(t) — y(¢)| > R for all t > 1y := lng (compare to (1.16)).

Example 1.8 shows that there are dynamical processes for which no matter how
close two initial values may be, if sufficient time is allowed to pass the correspond-
ing orbits will be arbitrarily apart. That is, the asymptotic behavior of these systems,
which is still completely and uniquely determined by their initial values (the systems
are deterministic), may be drastically different. To put this in another way, in this
type of system all relevant information carried by the initial data is rapidly lost, and,
consequently, it becomes impossible to maintain any reasonable control on the evo-
lution of the system. Examples of this kind of situation are the smoke of a cigarette,
the dynamics of large populations, of traffic patterns, economic cycles, etc. Probably,
the most familiar example is that of the various meteorological models for the evolu-
tion of weather, whose prediction is in general relatively accurate only in a short time
range (and the shorter the time interval, the better the prediction), but after sufficient
time all predictions lose any practical value.

In section 1.4 we shall see some other simple examples of systems that exhibit
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chaotic behavior, as described by their being sensitive to their initial conditions. Be-
fore proceeding, we mention another possible way of describing chaotic systems,
whereby “an orbit can begin roughly anywhere and end up roughly anywhere”. More
precisely, given any two open subsets I/ and V of X, there is xo € U such that the
corresponding orbit intersect V. For an exhaustive discussion of these, and other,
possible descriptions of the chaotic behavior of a dynamical system, we refer e.g. to
Robinson, [Rob99], and to Alligood, Sauer and Yorke, [ASY96].

Of course, the possibility of determining whether a given system is regular or
chaotic (we should rather say, whether the system may exhibit chaotic features or is
guaranteed not to) is of extreme importance in applications, for at least two reasons.
First, actual initial values depend on physical measurements, and are therefore never
“exact” (this is not just a problem of the “real world”: Even in a simple numerical ex-
ercise in ODEs, initial values like v/2 can only be introduced within approximations).
Second, because in practice we cannot afford to observe the evolution of a system
for very long time periods (deadlines have to be met, computer simulation time is
expensive ...). Moreover, even if we could, we are still bound to observations in
finite time intervals, and there is no guarantee that any such period of time, in which
we may see “irregular” behavior, is still not part of a very long transient, after which
the system may yet settle into a regular evolution.

In these notes, we are concerned with a sort of intermediate situation between
the two extremes described above. There are in fact examples of systems, whose
evolution may appear to be chaotic, and yet after sufficient time their solutions seem
to settle into a pattern that preserves a certain degree of order, which allows for
some control of the disturbances typical of a chaotic regime. This type of behavior
is usually better seen in the state space X, to which the solution curves (u(t));>0
belong. More precisely, these systems are characterized by the existence of some
subsets of X', to which the solution curves appear to converge (in the topology of
the phase space), as t — +oc0. These subsets are therefore called ATTRACTING SETS,
and can be thought of as a generalization of the sets, such as stationary points or
limit cycles, that are known to be attracting for regular systems of ODEs. Thus, for
example, if a bounded attractor exists, two solutions which started at close initial
values may still be quite apart at arbitrary later times (indication of chaos), but their
distance cannot be arbitrarily large, since they both converge to the same attractor. In
this sense the system is still controllable. Thus, even if we cannot decide whether a
given system is regular, it is clearly desirable that we be able to determine if it at least
possesses an attractor. Indeed, if this is the case, we would then know that, even if
the system may possibly evolve chaotically, it will nevertheless settle into some type
of controlled behavior. This is of course of fundamental importance in applications.

1.2.3 Dependence on Parameters

In many physical examples, the equation (1.7) which models the evolution of a
dynamical process may also depend on various numerical parameters, such as, for
instance, the dielectric and permeability constants in Maxwell’s equations, or the vis-
cosity coefficient in Navier-Stokes’ equations of fluid dynamics. In this case, equa-
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tion (1.7) takes the more general form
u=F(A,t,u), AEACR®, (1.17)

and the corresponding solution operator also depends on the parameters A. In ap-
plications, it is of course of great importance to have a good knowledge of how the
evolution of a system is influenced not only by (small) variations of the initial value
up, but also by (small) variations of these parameters. For example, if the arm of
a robot has the task of repeatedly moving an object from one position to another,
and its motion is governed by a differential equation like (1.17), we are interested in
the choice of parameters that make such motion as smooth as possible, and to avoid
those that may make it irregular or, worse, chaotic.

We will not present any theoretical results on the dependence of dynamical sys-
tems, in particular infinite dimensional ones, on numerical parameters, since this
topic is too extensive and specialized, and a large quantity of the available insights
and results are most often obtained by means of extensive and robust numerical sim-
ulation. Indeed, an experimental analysis of the equations modelling many physical
examples indicates that various kinds of bifurcation phenomena typically occur at
different, increasing values of A. We refer to Temam, [Tem88, ch. 1], for a very
general outline of various scenarios that are possible.

1.2.4 Autonomous Equations

1. Mostclassical results on the theory of the asymptotic behavior of dynamical sys-
tems involve systems generated by evolution equations (1.7) that are AUTONOMOUS.
These systems, which occur quite frequently in applications, correspond to the case
when the function F in (1.7) is independent of #, that is, when (1.7) has the form

i=F(u), (1.18)

with F: X — X continuous. For example, the heat equation (1.8) is autonomous. In
this case, we can always reduce ourselves, by a shift of the time coordinate, to a fixed
choice of 7. This means that the operators of S have the form

S(t,7) =St —1,t0) = S(t —1),

where now § = (§(t)),>, is a one-parameter family of operators, i.e. a SEMIFLOW,
on X. In particular, we choose 7y = 0 for simplicity. We use again the letter S to
denote this one-parameter family; that is, we write S = (S(¢)),>0, and (1.11) reads

S(t)up = u(t,0,up). (1.19)

In particular, conditions (1.2) and (1.3) of definition 1.1 are satisfied if S is a SEMI-
GROUP of (not necessarily linear) operators on X', i.e. if

S(0) = Iy (1.20)
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(the identity in &), and for all 7, s > 0,
S(t+s)=S)S(s) (1.21)

(fig. 1.3). Indeed, if S is the solution operator defined by the autonomous equation

S(tl)u
S(t1+t2)u

5] fH 1+t

Figure 1.3: The action of the semigroup.

(1.18), (1.20) holds by virtue of the initial condition
S(0)up =up forall ug € X.
To show (1.21), we note that for all £, s > 0,
S(t)S(s)up = v(t),

where v is the solution of the Cauchy problem

{ y = F(v),
v(0)

S(s)uo = u(s).
Thus, setting w(z) := v(t —s), we have

|
~

W(t) = v(t —s) = F(v(t —s)) = F(w(t))

and
w(s) =v(0) = u(s).

By the assumed uniqueness of solutions of the differential equation, we conclude
that w(z) = u(t) for all # > 0. In particular,

u(t+s)=w(t+s)=vt); (1.22)
and since u(t +s) = S(¢ + s)up and

v(t) = S()v(0) = S(#)S(s)uo,
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(1.22) means that (1.21) holds.
Clearly, this argument may fail if the differential system is not autonomous, since
then

v(t—s)=F({—sv(t—s)),

and in general
F(t—s,w) £F(t,w).

Example 1.9
The first order autonomous system

{? Y (1.23)
V= —u

generates the dynamical system S in R?, defined by

S)(xy) =AMy, rER,

where A(t) is the 2 x 2 matrix defined by

cost  sint
A ([) = . )
—sint cost

and T denotes transposition. Indeed, it is immediate to verify that for all (x,y) € R?,
the vector function t — U(t) := A(t)(x,y) " solves system (1.23) with initial values
U(0) = (x,y) . Furthermore, A(0) =1, and for all # and s € R,

Alt+s) = ( cos(t+s) sin(t+s)>

—sin(t+s) cos(t+s)

—sinfcoss —costsins  COStCcoss — sint sins

cost  sint Coss sins
—sint cost —sins coss
=A(r

COStcoss — sintsins sintcosercostsins)

Example 1.10
The solution operator defined by the ODE

u = cost
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is not a semigroup. Indeed, for arbitrary ¢ and s € R we have
u(t) = ug +sint,
S(t+8)up = ug +sin(t +s),
S(t)S(s)ug = ug +sins +sint.
On the other hand, the solution operator defined by the autonomous ODE
u=1-u
is indeed a semigroup. In fact, for arbitrary ¢ and s € R we have

u(t) = (up—1)e” " +1,

S(t+s)uo—(uo—l) ) 11,
S(1)S(s (S(S)uo—l) ‘+1

:((uo e 4+1—1)e " +1
(uofl) —st .

Except for some elementary introductory examples, in these lectures we shall only
consider autonomous systems. For an extensive account on the nonautonomous case,
see e.g. Haraux, [Har91].

2. When a system is autonomous, we call the corresponding family S of solution
operators a SEMIFLOW on X, and the space X is often called the PHASE SPACE of
the dynamical system. The map u: [0,4+o00[— X defined by

u(t) :=S(t)uo, t>0,
is called a MOTION, and the image of u in X, i.e. the subset (or curve)

Yo = Jult) c X,
>0

is called the ORBIT of the motion u, starting at uy. (When the system is not au-
tonomous, we would need to consider the product R x X as an extended phase
space.) Then, the asymptotic behavior of solutions of (1.18) is related to the evolu-
tion of the corresponding orbits, as subsets of X'. Indeed, the recourse to the notion
of orbits in the phase space (as opposed to that of solution of the differential equa-
tion) quite naturally allows us to introduce, together with the appropriate instruments
from analysis in metric spaces to determine limiting behaviors etc., a more geomet-
ric approach, in which we study and exploit the topological properties of the orbits,
seen in their own right as subsets of the phase space X'. The example of definition of
stability in the theory of ODE:s is a familiar one; another example in two dimensions
of space, i.e. for X = R2, is the Poincaré-Bendixon theorem (see e.g. theorem A.32),
which describes conditions under which the orbits of an autonomous system of two
ODEs converge, in a suitable sense, to a limit cycle.
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3. In conclusion, we have seen in what sense an autonomous differential equation
(1.18) generates a continuous semiflow S, by means of the solution operator defined
in (1.19). If F is sufficiently regular, S is also differentiable. It is worth to point
out that the converse is also true; that is, a differentiable semiflow S = (S(¢));>0 is
always generated by an autonomous ODE.

PROPOSITION 1.11
Let S be a semiflow defined on X, and assume that for all xy € X, the map
[0,400[3t+ S(t)xo € X

is differentiable att = 0. Let F : X — X be defined by

F(x): , XEX,

R

and, for xo € X andt > 0, set x(t) := S(t)xo. Then x is differentiable in [0, +oc|, and
satisfies the autonomous Cauchy problem

X =F(x),
{x(o) o (1.24)

PROOF Fix 1y > 0. For r > ty, we compute that

x(t) —x(to)  S(t)xo—S(to)xo St —to+19)x0 —S(to)xo

_ S(t—to)S(tto))tco—S(fo)xo . (1.25)
— 10

Let yo := S(fo)xo and 6 :=¢ —ty. Then from (1.25)

x(r) —x(to) _ S(8)yo—yo

t—1ty ?]

Since the map ¢ — S(¢)yy is differentiable at r = 0, we have that, as 6 — 0

W — %(S(B)yo) oo~ FU0) = F(S(io)x0) -

This proves that x is differentiable from the right, and
X, (1) = F(x(1)).
If instead 0 < ¢ < tp, we compute that

x_(to) = lim xt) = xlto) _ pyp, X(20 =) = xlto)
: —y 0 s—t to—s
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t J— J— J—
— i SGo=s)yo—yo _ . S(6)y0—o
s—>t6r fo—s 6—0t 0

= F(y0) = F(x(t0))-

This proves that x is differentiable also from the left, and

x_(t) =F(x(1)).

Hence, x is differentiable, and satisfies the equation of (1.24). The initial value of
(1.24) is obviously taken.

1.3 Attracting Sets

We have mentioned that in some cases, even if the evolution of a system appears
to be chaotic, a certain degree of order seems to be preserved, in the sense that the
orbits of the system appear to settle into a somewhat regular pattern, described by
the fact that they converge, or at least remain “close”, to some subset of X'. We can
often describe this situation in terms of subsets that are ATTRACTING, or at least
ABSORBING, in the following sense.

1. Absorbing Sets. In the theory of ODEzs, a first step in the study of the asymptotic
behavior of the solution of a given system is to recognize that these solutions are
bounded as t — +00. Analogously, given a dynamical system S on a Banach space
X, it may be possible, in some cases, to recognize the existence of a subset B C X
into which all orbits, or at least those starting from some subset ./ C X’ containing
B, enter and, after possibly leaving B a finite number of times, eventually remain in
B for ever. This set B is thus called an ABSORBING SET. If a bounded absorbing set
exists, this is taken as an expression of a specific property of the system, generically
called DISSIPATIVITY.

2. Attracting Sets. When an absorbing set exists, it is sometimes possible to also
recognize the existence of a smaller subset A C B, to which all orbits starting from
U converge as t — oo after having entered B; see fig. 1.4.

(The precise definition of convergence of an orbit to a set of X’ is given in sec-
tion 2.1 of chapter 2.) Such sets .A are generally called ATTRACTING SETS. We will
see that if a dynamical system admits an attractor, it necessarily has an absorbing
set as well. Attracting sets may have a quite complicated geometric or topological
structure (they may be self-similar sets, or FRACTALS), and the convergence of the
orbits to these sets may be quite slow. However, these sets often possess some im-
portant properties, that may allow for a better understanding of the evolution of the
system (in particular, if the system appears to be chaotic). For example, the set A
may be compact, and (often but not always) it may have a finite fractal dimension
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'A\

%

Figure 1.4: Absorbing and attracting sets. After entering the absorbing set
B for the last time at x, the orbit remains in B3, and then converges to A.

(the definition of which we recall in section 2.8 of chapter 2). The set .4 may also be
invariant, which means that

S()A=A  forallz>0. (1.26)

That is, if ug € A then u(t) = S(¢)ug € A for all t > 0 and, conversely, every uy € A
is on some orbit starting from some point in A.

3. Attractors. Bounded, positively invariant attracting sets are generally called
ATTRACTORS. Of particular importance are attractors that are finite dimensional, be-
cause the corresponding dynamics is also finite dimensional. Indeed, the invariance
of the attractor implies, by (1.26), that orbits which originate in the attractor remain
in the attractor for all future times; consequently, the evolution of a system on a fi-
nite dimensional attractor would essentially be governed by a finite system of ODEs.
In fact, a celebrated theorem of Maiié, [Maifi81], states that if a dynamical system
possesses a finite dimensional attractor, this attractor can be generated by (or, as it is
sometimes said, is “imbedded into”) a finite system of ODEs. This result allows us to
reduce, at least in principle, the study of the long time behavior of orbits which con-
verge to a finite dimensional attractor to that of the solutions of a finite dimensional
system of ODEs on .A.

This question, together with the description of the corresponding ODEs, is one
of the most challenging problems in the theory of dynamical systems. Moreover, in
most cases the reduction of the study of the evolution of the system on the attractor
cannot be pursued in practice, because of several difficulties, which partially moti-
vate the search for “friendlier” sets, such as the inertial manifolds discussed below.
For example, we have mentioned the generally nonsmooth geometrical or topologi-
cal structure of the attractor, which may cause the corresponding ODEs to only admit
generalized solutions. Another problem, of special importance in applications, is that
in many cases the available estimates on the dimension of the attractor, and therefore
on the dimension of the system of ODEs, are simply too large for computational
feasibility. For instance, in meteorology it is not uncommon to have estimates of the
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order of 10™, m > 20. Also, attractors are in most cases not sufficiently stable under
perturbations of the data, so that their numerical approximations, and the consequent
propagation of errors, may be quite difficult to control. For example, approximations
of attractors with respect to the Hausdorff distance (see section 2.1) are in general
only upper semicontinuous. Finally, the rate of convergence of the orbits to the at-
tractor may really be no better than polynomial, as the following example shows.

Example 1.12
Consider the semiflow S generated by the autonomous ODE

= f(u):=—u’. (1.27)

The attractor of S is the set .A = {0}, but the convergence of the orbits to A is at most
polynomial, as we see from the explicit solution of the Cauchy problem relative to
(1.27) with initial value u(0) = uy, that is,

4. Inertial Manifolds.  On the other hand, there are systems whose attractors do
not present this type of difficulties, since they are imbedded into a finite dimensional
Lipschitz manifold M of X, and the orbits converge to this manifold with a uniform
exponential rate. Such a set M is called an INERTIAL MANIFOLD of the system
(fig. 1.5). When an inertial manifold exists, the evolution of the semiflow on the

A/\J

e

Figure 1.5: Inertial Manifolds.

manifold is governed by a finite system of ODEs, called the INERTIAL FORM of the
semiflow. This finite system of ODEs will in general admit solutions with a certain
degree of smoothness, depending on the smoothness of the manifold. Since orbits
converge to the inertial manifold with a uniform exponential rate, we see that, in turn,
the dynamics on the manifold will be a good description of the long time behavior of
solutions of equation (1.7). Clearly, the possibility of imbedding the attractor into an
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inertial manifold provides an indirect way to obtain the above mentioned desired sys-
tem of ODEs. Moreover, the uniformity of the rate of convergence of the orbits to the
manifold makes these systems extremely stable under perturbations and numerical
approximations. Unfortunately, there are not many examples of systems which are
known to admit an inertial manifold; among these, we mention the semiflows gen-
erated by a number of reaction-diffusion equations of “parabolic” type, and by the
corresponding hyperbolic (small) perturbations of these equations. A typical model
is that of the so-called Chafee-Infante equations, which we present in chapter 5.

5. Exponential Attractors.  An intermediate situation occurs when a system ad-
mits a so-called EXPONENTIAL ATTRACTOR. These sets, which are also sometimes
called INERTIAL SETS in the literature, are somehow intermediate between attractors
and inertial manifolds, in the sense that while they do not necessarily have a smooth
structure, they can still be imbedded into a finite system of ODEs. In addition, these
sets retain at least three of the features of the inertial manifolds that attractors do not
necessarily have: the finite dimensionality, the exponential convergence of the orbits,
and a high degree of stability with respect to approximations (for example, continu-
ity with respect to the Hausdorff distance). This means that when an exponential
attractor exists, after an “exponentially short” transient the dynamics of the system
are essentially governed by a finite system of ODEs (the classical image is that of an
airplane, landing at a “fast” speed and then “slowly” taxiing to the arrival gate).

The following is a simple example of a regular system, whose solutions converge
exponentially to its attractor.

Example 1.13

Consider the function f: [0,1] — [0,1] defined by f(x) = (1+x)~!, and the cor-
responding discrete system (S"),cn defined by the iterated sequence (1.30). This
system has an attractor, which is the set A = {¢}, with £ := (v/5—1)/2. We now
show that A is also an exponential attractor; that is, there is ¢ > 0 such that, for all
initial values xp € [0, 1],

|S"xp — €] < e %", (1.28)
Indeed, setting
S"x0 = (%) =: Xnt1s

we see that this sequence converges to the positive solution of the equation x = f(x),
which is precisely ¢. Since ¢ = f(¢), we compute that

Xy — ¥

m . (1.29)

£—Xpt1 :f(f)_f(xn) =

Since 1 +/¢ > % and 1+ x, > 1 for each n, we deduce from (1.29) that

— < 2 —
=3
‘xn+1 £| |xn €| >
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from which we conclude that
o — £ < (5)"xo— €] < (3)".

This shows that (1.28) holds, with e.g. o = ln% > 0. We explicitly note that ¢ is
independent of the initial values: this ensures that the iterates $"xy converge to A
with a uniform rate.

Of course, not all dynamical systems will possess attractors, exponential attractors
or inertial manifolds. In the sequel, we shall try to present a theory, by now quite well
established, that provides a number of sufficient conditions on the system for at least
some of these sets to exist. In particular, since attractors will contain stationary and
periodic solutions of (1.17), this theory is really a natural extension of the classical
theory of stability for ODE:s.

1.4 Iterated Sequences

Not surprisingly, many of the ideas (and difficulties) in the theory of continuous
dynamical systems already surface in the context of discrete dynamical systems gen-
erated by ITERATED SEQUENCES. These are sequences (¢, ),en C X, of the form

Up1 = fun), (1.30)

where f is a map of X into itself. Thus, each sequence is completely determined
by its initial value ug, assigned separately. Iterated sequences generate a DISCRETE
dynamical system S := (S"),cn on X, defined by

SOZI, SnJrl:SOSn’

where $" is the n-th iterate of S, and o denotes the composition of maps in X. Thus,
T =N, and the orbits of S are the sequences (S"up),cn. We are interested in how
the behavior of each such sequence, as n — +o00, depends on its initial term uy.

In this section we present some well known examples of discrete systems in R”,
n < 3, each defined by a sequence like (1.30).

For future reference, we recall the following

DEFINITION 1.14 Let F: X — X be a map (not necessarily linear), and x € X.
1. x is a FIXED POINT of F if x = F(x).

2. A fixed point x of F is said to be STABLE if, given any neighborhood U of x there
is another neighborhood U C U of x such that for all x inU, the corresponding
recursive sequence (xp)ncn, starting at xo and defined by x,41 = F(x,), is
contained in U. Otherwise, x is said to be UNSTABLE.
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3. A fixed point x of F is said to be ATTRACTIVE if for all xq in a neighborhood
of x, the above defined recursive sequence (x;),cn converges 1o x.

4. A stable and attractive fixed-point is called ASYMPTOTICALLY STABLE.

5. A point x is said to be p-PERIODIC (p € N) if FP(x) = x.

Note that not all stable fixed points are attractive, as we see by taking F(x) = x.
For this map, each point x is a stable, but not attractive, fixed point. On the other
hand, we have the following

THEOREM 1.15
Let X =R, and xq be a fixed point of a C' function F. Then xq is asymptotically
stable if |F'(xo)| < 1, while if |F'(xo)| > 1, xo is unstable.

PROOF Without loss of generality, we can confine ourselves to symmetric neigh-
borhoods of xg.

1) Assume first that |F’(xo)| < 1. There exists then a number € € ||F’(xo)|, 1], and,
correspondingly, a number 6 > 0 such that if |x — xp| < 8, then

|F(x) — F(x0)| < &]x—xo]. (1.31)
Since € < 1 and F(xg) = xo, (1.31) implies that

|F(x) —x0| < |x—x0] < 0.
Consequently, we can repeat estimate (1.31), and obtain that for all n € N1,

|F"(x) —xo| < €"|x—xo|. (1.32)
From this, it follows that xo is asymptotically stable: Indeed, given any neighborhood
U :=]xo — p,xo+p[ of xo, let § €]0,p], and set U :=]xo — &,x0 + S[. Then, (1.32)
implies that if x € U, each iterate F"(x) is in U, because

[F'(x)— x| < €"x—xp| <6 <p.

Thus, xj is stable; clearly, (1.32) also implies that xy is also attractive.
2) Conversely, assume that |F’(xg)| > 1. Then, as before, givenany a €]1, |[F’ (xo)|[,
we can determine ¥ > 0 such that if |x — xo| < 7, then

|F(x) —x0| > alx —xo] . (1.33)

We wish to prove that there is p > 0 such that for all § €]0, p], there are X and 7 such
that

‘X—XO|§5 and |F”(X)—)C0‘Zﬁ.
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Arguing by contradiction, taking p = ¥, we can determine § € ]0,7] such that if
|x —xo| < &, then for all n € N,

|F"(x) —xo| < p=7. (1.34)
Now, (1.34) and (1.33) imply that for all n,
|F™(x) —xo| > a" "V |F(x) — xol; (1.35)
but since [x —xp| < & < ¥, (1.33) implies that, in fact,
|F" (x) —xo0| > a" [x —xo (1.36)
for all n. Choose then, for example, x = xo + %8. Then, (1.36) implies that
Y > [F"(x) —xo| > 18a". (1.37)

Since a > 1, letting n — +o0 in (1.37) we achieve the desired contradiction. I

X1

X3
X0 X2

Figure 1.6: The four possibilities: F'(xp) > 1, F'(x0) < —1,
0<F'(xg)<1,—1<F'(x0) <O.

We remark that when |F’(xo)| = 1, xo can be either attractive, or unstable. This is
easily seen by considering a function F' which changes concavity at xy. For example,
if F'(xp) = 1, and F changes from convex to concave at xo, then x is attractive, while
if F changes from concave to convex at xp, then xj is unstable.

1.4.1 Poincaré Maps

Given a continuous dynamical system, it is in many cases possible to construct a
discrete one, whose asymptotic behavior is essentially the same as that of the con-
tinuous system. One way to do so is to choose a sequence (#,)nen of equidistant
values #, — oo and, given a solution of the continuous autonomous system (1.18), to
consider the corresponding sequence (u;,),cn of points u, := u(t,) in the phase space
X. Clearly, each of these points lies on the orbit starting at ug. This choice defines a
map @: X — X, by

Unt1 = DP(uy). (1.38)
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Maps constructed in this way are called STROBOSCOPIC MAPS. For example, the
choice 1, = n+ 1 in (1.38) yields the sequence (u,),cn, defined by

SZ:S(l), un+1:S"u0 forn € N.

We can visualize a stroboscopic map by considering the graph of u in the product
space [0, +-o00[ x X'; that is, the set

graphu := {(t,u(t)): t > 0}. (1.39)

Then, the sequence in A’ defined by the stroboscopic map (1.38) is obtained by pro-
jecting on X’ the points (¢,,u(t,)).

In the case of finite dimensional systems, a remarkable construction is that of
the so-called POINCARE MAPS. These maps are constructed by fixing a hyperplane
X C R”, called a POINCARE SECTION, and considering on X the sequence of points
P, defined by the “first returns” of the (graph of the) solution on X, i.e. by the succes-
sive intersections of the semiorbit {u(¢): t > 0} with X (figs. 1.7 and 1.8). Indeed,

_—
~ _—
-
v
— - =
=
-
-
Xz

Figure 1.7: The Poincaré section.

Poincaré maps are sometimes also known as “first return” maps. More precisely, we
consider again the intersection of the graph (1.39) with R x X (both as subsets of
R x R"), and construct the sequence of points (u(f,)),eny C X, as ordered by the first
argument #,; that is, by the time of the n-th intersection of the orbit with the hyper-
plane X. Set u, := u(t,). The sequence (u,),cn can then be considered as a recursive
sequence on X, defined by a map

Up+1 = q)E(Mn) .
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1

limit cycle

Figure 1.8: In the plane, the Poincaré section is a line.

The map Py is called the POINCARE MAP associated to the semiflow defined by
(1.18). Poincaré maps can thus be used to study the asymptotic behavior of a contin-
uous semiflow, by reducing it to a discrete one. For example, if (1.7) has a periodic
solution with period 7', the Poincaré map with sampling synchronized with the pe-
riod, i.e. with #, = nT', will have a fixed point (fig. 1.9). Of course, for a given ODE,
or system of ODEs, even autonomous ones, it may not be clear how to find suitable
sampling sequences (,),cn, and extensive numerical experimentation may well be
required.

Finally, we mention that the notion of Poincaré maps can be generalized to infinite
dimensional continuous dynamical systems (see e.g. Marsden-McCracken, [MM76]).

1.4.2 Bernoulli’s Sequences

We start with an example that illustrates the phenomenon of the loss of information
from the initial data after sufficient time is allowed to pass.

The so-called BERNOULLI’S SEQUENCE is the recursive sequence x,+1 = f(x,)
generated by the function f: [0,1] — [0, 1] defined by

f(x) :=2x—[2x],

where |x| denotes the integer part of x (that is, the largest integer less than or equal
to x). Note that f is not continuous at x = % (fig. 1.10); however, f can be nicely
described as a so-called “circle-doubling” map, if we identify the endpoints of the
domain interval [0, 1] with each other. More precisely, if we define g: [0,1] — R? by

8(x) := (cos(27f (x)),sin(27f (x))) ,
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periodic orbit

Figure 1.9: Periodic and 2-periodic orbits produce fixed points in a Poincaré
section.

1
2

Figure 1.10: f(x) =2x— |2x]

then g is continuous also at x = % In fact, the point g(x) runs twice around the unit
circle, once as x € [0, [, and another as x € [1, 1.

It is easy to study the stability of Bernoulli’s sequences: x = 0 is the only stationary
point of f, and if xp = % or xo = 1, then x; =0, so x,, = 0 for all n > 1. Consider
then any other initial value x( different from O, % and 1, and let € > 0 be such that
Y0 := X0 + € is in the same half interval |0, 1[ or |3, 1[ which contains xo. Then

yi—x1 = f(xo+€)— f(xo) =2¢.

Next, if y; and x; are both still in the same half interval, we proceed to compute in
the same way that

yo—x2=f(y1)— f(x1) =2(y1 —x1) =4e.

Proceeding in this fashion, we see that y, — x,, = 2"¢, as long as y,_; and x,,_ are
in the same half interval. This computation shows that the distance between orbits
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grows exponentially; this has the consequence that at a certain point the orbits “must
separate”, no matter how close they were initially. In fact, we have that y, —x,, > %
as soon as n > log, i and after this point the difference y,+; — x,+1 is no longer
controllable.

One way to interpret this situation is that all information deriving from the knowl-
edge of xq is eventually lost. For example, if xo represents the “true” initial value in
an experiment, and xo & € is its actual measurement, after a number of steps equal
to log, ﬁ no meaningful control of the error between the true and the approximated
initial values is maintained. Figure 1.11 illustrates this phenomenon, by comparing
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Figure 1.11: Two Bernoulli sequences.

the evolution of the sequences corresponding to different approximations xy and yq
of %. After the first iteration, the points x| and y; are still close, but at the second
iteration, x; ~ 1, while y, = 0.

In fact, the evolution of Bernoulli’s sequence is chaotic, in the sense that it is
sensitive to its initial conditions (see definition 1.7). We actually show more than
(1.16); namely, we show that there is R > 0 such that for all 6 €]0,1[ and all xo,
Yo € [0, 1] such that |xo — yo| < 6, there is k € N such that |x; — yx| > R. To see this,
we proceed by contradiction. Thus, we assume that for all » > 0 there are 6, €10, 1]
and xo, yo € [0,1] such that |xg —yo| < &, and for all k € N,

e —yiel <. (1.40)

We fix r = %, and determine &y /4, Xo and yo accordingly. Our previous discussion im-
plies that there are infinitely many indices m € N such that x;, and y,, are in different
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half-intervals. In fact, if instead there were mq such that the sequences (x,,) m>m and
(ym)mzmO are in the same half-interval, then we would deduce that

% > |xm _Ym| = 2" |xmo _Ymol s

which is a contradiction as m — +oo. It follows that there is at least one pair of
subsequences (X, ) pen and (ym, ) pen such that for all p € N, either

Xmy, < % < Ymy, or Ymy, < % Sxm], . (1.41)

If e.g. the first of (1.41) holds, recalling that [x;,, — ym,| < % we easily see that
Xy = Ymps therefore, recalling(1.40), we deduce the contradiction

1 — — 1
4 2 “xmp"'l _ymp"'l‘ _'xmp+1 _ymp+1 =1-2 (ymp _xmp) 2 b

With a totally analogous computation, we find the same result if the second of (1.41)
holds. Hence, we conclude that Bernoulli’s sequence is sensitive to its initial condi-
tions.

The loss of information characteristic of Bernoulli’s sequence can be described
explicitly. Indeed, let xy be represented in the binary system by the series

OO(Xn
=) —, o, €10,1}.
X0 ,;zn n { }
Then
S o S o S o S O
=2 ton)= £ 5 | g e B e - E o
n=1 n=1 n=2 n=1

This means that f moves the digits of the fractional part of each number x, one
position to the left, and subtracts the unit that may so result. For example, if

x9=0.1101001 = 4 + 1 4 L 4 1.
then
x=(0+ +i+d)—1=0.101001.

Now, in any numerical approximation, the initial value xy is known only up to a
finite number of digits of its fractional part. If m is this number, after m iterations of
Bernoulli’s map we obtain x,,, = 0; that is, we reach the fixed point of the map. Thus,
all information from xg is lost in a finite number of steps.

1.4.3 Tent Maps

Another example of the phenomenon of the strong dependence of a system on its
initial data, which numerically translates into a drastic loss of significant information,
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is provided by the iterated sequence (1.30), corresponding to the family of functions
f1:[0,1] — [0,1] defined for A > 0 by

2Ax f0r0<x<%,
= - 1.42
) {2&(1—@ for L <x<1. (142

Each f), is an example of a so-called TENT MAP (fig. 1.12). Note that if A = %, the

A=1

Nl—

Figure 1.12: Tent maps for A = % and A = 1.

sequence is constant at least after its second term; otherwise, it is possible to show
(see e.g. Moon, [M0092]), that the evolution of the corresponding dynamical system
isregularif A < %, and chaotic (in the sense that it is sensitive to its initial conditions,
see definition 1.7) if A > % In particular, we show this for A = 1.

Example 1.16
Let S be the dynamical system in X = [0,1] defined by the function f; of (1.42),
which can be written as

filx)=1—]1-2x] =: f(x). (1.43)

Then, S is sensitive to its initial conditions.

To show this, given xg € [0, 1], we consider the corresponding recursive sequence
defined by x,+1 = f(x,) (i.e., the orbit of § starting at xp). As was the case for
Bernoulli’s sequences, there are infinitely many terms of these sequences that fall in
each of the subintervals L := [0, 1] and R := [}, 1]. In fact, for each k € N-, it is
possible to keep track of the half interval in which the term x; will fall, by means
of the following device, which is adapted from Alligood, Sauer and Yorke, [ASY96,
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ch. 1.8]. Given k choices Si,...,S; of the letters L or R, we define a subinterval
Sy...8of [0,1], by

X€S81...85 = x;€81 for j=0,....,k—1 (1.44)

(thus, S is either L or R). There are exactly 2% such subintervals, each having length
L. we can order these in a family Z := {Z},...,Z }. Note that

27,
U z,=10,1], (1.45)
1<j<2k
and that, if xg € S; ..., then
X1 E€8...8, x€83...5, ..., X—1 €5. (1.46)

The way the family 7 is actually ordered is of no importance here, except for the case
k =2, in which we have the ordering
[0,1]=LL ULRURRURL=[0,3]U[L,JJU[},2]U[3,1], (1.47)

which is easily verified. By way of illustration, we consider the case k = 3, where
the 8 subintervals are

(in accord with (1.45)). For instance, suppose that xo € LRL. Then, by definition
(1.44),

x0€L=[0,1], xteR=[1,1], »eL=[0,1], (1.48)

and this is in accord with (1.46). By (1.43), the first of (1.48) implies that x; = 2x.
The second of (1.48) implies then that % <xyp < %; i.e., xop € LR. Again by (1.43),
the second of (1.48) also implies that x, = 2 — 2x; = 2 — 4xyp; then, the third of (1.48)
finally implies that % <xp < %, as claimed.

We are now ready to show the sensitivity of the semiflow S to its initial conditions.
We claim that, given § €]0, 1[and xp € [0, 1], there are yo € [0, 1], with 0 < |xo —yo| <
8, and k € N+, such that

e —ye| > 4 (1.49)

(compare to (1.16)).

To show this, fix 6 €]0,1[ and xp € [0, 1]. Let k € N5 be such that Zik < 0. Then
the interval |xg — 8,x0 + 6[ N [0, 1] contains at least one subinterval Sy ... SgSk41Sk+2,
with xp € S1...5Sk+1Sk+2. Fix one of these subintervals, for which there are the
four possibilities

So...S,LL, So...StLR, So...SiRR, So...SRL.
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We choose then yq in the subinterval where xg is, but with the last letters L and R
reversed; that is, respectively, in

So...SkRR, So...SiRL, So...SpLL, So...SiLR.

Then, since both xp and yo are in the larger subinterval S;...S;, whose length is
zik < 0, we have that |xo — yo| < 8, and (1.49) holds. Indeed, suppose e.g. that

X0 €So...SkLL, yo € Sp...SkRR.
Then, by (1.46), x; € LL and y; € RR, which, recalling (1.47), means that

0<x<

IN

Alw

1
3 < <

FNE

Thus,
1 1 1
‘xk_Yk| =W —X%Z3—3=7%-

An analogous argument shows that the same inequality holds in each of the remaining
three possibilities. Thus, (1.49) follows, proving the sensitivity of the semiflow S
defined by (1.43) to its initial conditions. I

From these two examples, we could surmise that the chaotic behavior of a discrete
system may be a consequence of the fact that the functions that define the sequence
(1.30) are not regular (for Bernoulli’s sequences, f is not continuous; for the tent
maps, f is not differentiable). The next example shows that we can in fact have
chaotic behavior even with C* maps.

1.4.4 Logistic Maps

A regularized version of the tent maps is provided by the family of functions
f1: R — R defined by

fa(x) =Ax(1—x),
see fig. 1.13. When 0 < A < 4, each fj maps the interval [0, 1] into itself; the corre-

sponding iterated sequence (1.30) is called a LOGISTIC SEQUENCE. These sequences
are a normalized version of the sequence (x,),cN, defined by

2
Xn+1 = AXp — bxn 3

which describes a model of population growth; the coefficient a represents a constant
growth rate, and b measures an external inhibiting factor. In absence of the latter, i.e.
when b = 0, the terms of the sequence reduce to

_ n+l
Xpp1=d" X

In this case, the fixed point x = 0 is stable if |a| < 1, and unstable if |a| > 1. Ifa =1
we have a 1-periodic orbit, and if a = —1, a 2-periodic orbit.
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| || || |11
X1 X4 X2 X3
X8 X6 X5
X7

Figure 1.13: A sequence generated by the logistic map.

To find the stationary points of the logistic sequence, we consider the equation
f(x) =x (having dropped the index A for convenience), i.e.

x=Ax(1—x).

This equation has the two solutions x =0 and x =53 (=1 — % Since s, € [0,1]

if and only if A > 1, we conclude that if A < 1, x = 0 is the only stationary point.
Since s1 = 0, the same is true for A = 1. If xy = 1, then x,, = 0 for all n > 1. Since
f'(0) = A, recalling theorem 1.15 we see that the stationary point x = 0 is stable if
A <1, and unstable if A > 1; similarly, since f'(s3) =2—A4, s, is stable if | <A < 3,
unstable if A > 3. We also see directly that x = s; = 0 and x = s3 are stable also if,
respectively, A = 1 and A = 3.

As we know, stationary points of the sequence correspond to 1-periodic orbits. To
find 2-periodic orbits, we look for the stationary points of the second iterate of f, i.e.
for solutions of the equation

x= F(F() =t L) = (1 ) (A~ Ax+1),

(fig. 1.14). Of course, f2(0) = 0 and f?(s3) = sy, since a fixed point of f is also
a fixed point of any of its iterates. Other fixed points of f> are found by solving the
equivalent equation

X=fA) oo
We compute that
0(x) =A% (Ax* = (14+A)x+1+A7");
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Figure 1.14: 2-periodic orbits: x and x; are fixed points of f(f(x)).

since the discriminant of Q equals Ag := (4 +1)(A —3), for A > 3 there are two
more fixed points of f2; these produce two 2-periodic orbits for the sequence. For
),:3,AQ:0,S3:%,and

ox) = —9(3)62 —4x+ %) = —27(X—S3)2;

thus, there still is only one 1-periodic orbit. At this point, we should proceed with the
study of the stability of these fixed points, and then look for fixed points of further
iterates of f, and so on. However, the analytical complexity of these computations is
such that it is far more effective to resort to numerical experimentation and geometric
or topological arguments. As can be seen in Moon, [M0092], the numerical evidence
shows that, as A increases to 4, the corresponding orbits first exhibit period doubling,
then turn to chaotic behavior. In fact, proceeding as in example 1.16, we can easily
show that the logistic sequence corresponding to A = 4 (in which case the range of
fa is all of [0, 1]) is sensitive to its initial conditions.

1.5 Lorenz’ Equations

In this and the next section, we present two examples of continuous, finite di-
mensional dynamical systems, which admit an attractor for certain values of their
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parameters. This values are found by numerical experiment; the existence of the
attractor can be confirmed by the methods described in the next chapter.

1.5.1 The Differential System

We begin with the so-called (and quite famous) LORENZ’ EQUATIONS , which are
the system of the three autonomous differential equations

= —OXx+ Oy
Yy =rx—y—xz (1.50)
Z = —bz+xy,

with o, r and b > 0. This system was proposed by Lorenz in [Lor63] as an approx-
imation, with the three degrees of freedom o, r, and b, of the Boussinesq equations
modelling the convective motion of a stratified bidimensional fluid heated by convec-
tion from below, such as air over the earth’s surface. As such, it provides a model,
admittedly oversimplified, of an atmospheric phenomenon of interest in meteorology.
Our goal is to study the behavior of solutions to (1.50), in relation to the parameter
r (the Rayleigh’s number), keeping ¢ and b fixed. In the next chapter we shall show
that for all values of &, b and r, and for all initial values (xo,yp,z0) € X = R3, system
(1.50) has a unique global solution; that this system generates a semiflow S on R?;
that S admits a bounded absorbing set in R3: that, as a consequence, system (1.50)
has a compact attractor A.

For certain values of r, the structure of this attractor is relatively well understood.
Although most detailed information can be obtained by means of extensive numerical
experimentation, we present here some results that can be established by simple
analytical techniques. For a more extensive study of Lorenz’ equations, we refer
e.g. Sparrow, [Spa82], Marsden-McCracken, [MM76], and Guckenheimer-Holmes,
[GH&3].

1.5.2 Equilibrium Points

The stationary points of (1.50) are obtained by solving the system

—0(x—y) =0
rx—y—xz =10
—bz+xy = 0.

We obtain that if » < 1, the origin is the only equilibrium point, while if » > 1 there
are exactly three equilibrium points: The origin O = (0,0,0) and the two other points

Cy = (£\/b(r—1),£/b(r—1),r—1).

To study the stability of these three points, recalling theorem A.7 we linearize system
(1.50) at each point, and consider the sign of the real part of the eigenvalues of the
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Jacobian matrix
-0 o 0

Jx,y,2)=| r—z -1 —x
y x —b

at each equilibrium point. At the origin the characteristic polynomial is

—(o+41) c 0
det[J(O) — Al] = det r —(1+2) 0
0 0 —(b+2)
=—(b+M)(A*+(c+DA+o(1—7)).
:=P(1)
Thus, J(O) always has at least the real negative eigenvalue A; = —b. The discrimi-

nant Ap of the polynomial P equals
Ap= (0 —1)*+4or;

since Ap > 0, J(O) has in fact three real eigenvalues. If r < 1, all coefficients of
P are positive, so the eigenvalues are all negative, the unique equilibrium point O
is a stable node, and is in fact the attractor of the system (i.e., A = {0}). If r > 1,
one eigenvalue of J(O) is positive, so the origin is an unstable saddle, with a 2-
dimensional stable manifold M?*(0) attracted by O, and a one-dimensional unstable
manifold M"(O) repelled by it; see definition 2.22 in chapter 2. At the points Cy,
r > 1 and the characteristic polynomial is

—(o+2) c 0
det[J(Cy) — 1] = det 1 —(144)  F/br—1)
+/b(r—1) £b(r—1) —(b+A1)
= A+ (c+b+1)A2+b(c+r)A +2bo(r—1))
= —P(A).

Again, at least one eigenvalue A, is real. The other two eigenvalues A, and A3 are
either both real, or complex conjugate. If they are real, elementary calculus shows
that, since r > 1, both are negative; hence, C and C_ are stable nodes. If instead A,
and A3 are complex nonreal, to study the sign of their real part we set A, = § = u+iv
and A3 = { = u—iv, and proceed as follows. Writing the characteristic equation as

P(A)=(A—M)(A-{)(A-§) =0,
we obtain the equation

A2 — Qu+2)A%+(|C)* +2Au)A — 4| =0.



1.5 Lorenz’ Equations 35

We easily verify that, since v # 0, u = Re{ = 0 if and only if the product of the
coefficients of A2 and A equals the constant term. In terms of the original form of
P;(A), this translates into the condition

b(c+b+1)(c+r)=2bo(r—1). (1.51)
As an equation in r, if ¢ # b+ 1, (1.51) has the solution

_ o(o+b+3)
T e b1

It can then be shown (see e.g. Sparrow, [Spa82]) that Red < 0 if r < r,, while
Red > 0if r > r,. It follows that if 1 < r < r,, the stationary points C+ are both
stable, and every orbit converges to one of these points. Thus, there is an attractor .A,
consisting of the points C_, C, and the unstable manifold M"(O) connecting C_
to C;. More precisely, there is a value | €]1,r,[ such that:

1. If I < r < ry, all three eigenvalues of J(C4.) are real negative;

2. If r; <r < r,, there are two complex conjugate eigenvalues with negative real
part. In this range, M"(O) circles around C_ and C;;

3. If r > r,, the two complex conjugate eigenvalues have positive real part, so the
stationary points O, C and C_ are all unstable (fig. 1.15).

Figure 1.15: Behavior of the orbits near the equilibrium points (unstable
case).
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The numerical evidence confirms the existence of an attractor. Near C4., orbits arrive
along the stable manifolds M?*(C) (corresponding to the real negative eigenvalue
of J(C4)), and spiral out along the two-dimensional surface M"(Cy.). This behavior
was first observed by Lorenz, in whose original computations the parameter values
are 0 = 10, b = 8/3; corresponding to these values, r, = 470/19 ~ 24.74, and r| ~
24.06. Lorenz’ so-called BUTTERFLY ATTRACTOR is observed at r = 28 (fig. 1.16).

4 10
y
10
-20 10 .
10 10 X
20

Figure 1.16: The “butterfly” attractor.

1.6 Duffing’s Equation
1.6.1 The General Model

The second example we consider is that of the so-called DUFFING EQUATION,
which describes the motion of a vibrating spring subject to a nonlinear restoring term.
The corresponding ODE model is determined in accord to Hooke’s law. Taking into
account the dissipation effects due to friction (as measured by a numerical coefficient
k), and assuming the presence of a periodic forcing term, the evolution of this system
is governed by the nonlinear second order ODE

F+ki+x’ —x=Acoswr, (1.52)



1.6 Duffing’s Equation 37

where k, A and @ > 0. Equation (1.52) is equivalent to the first order system

X=y
1.53
{y = —ky+x—x>+Acost, (153)

which is of type (1.17), with u = (x,y) € X = R2. 1t is not difficult to verify
that (1.53) has, for each A € R and uy € R?, a unique global solution u(-,ug, ) €
Cl([0,+oc[;R?).

As was the case for the logistic equation, the asymptotic behavior of the solutions
of system (1.53) is sharply influenced by the values of the parameter A. When A =0,
system (1.53) is autonomous, and the asymptotic behavior of its solutions can be
studied with elementary techniques. In this case, (1.53) becomes

X=y
1.54
{yxx3ky. (159

The stationary points of this system are the origin O, and the points C1 := (£1,0).
To study the stability of these stationary points, we refer again to theorem A.7, and
consider the characteristic polynomial of the linearized system, i.e.

P(x,y; 1) :=det[J (x,y) — l] = p(u+k) 3 — 1.

At the origin, P(0,0; ) = u? +ku — 1, which has two real distinct roots with op-
posite sign; thus, (0,0) is a saddle point. At Cy, P(£1,0;u) = u? + ku +2. Thus,
if k> 2\/5, there are two real, distinct, negative eigenvalues, and (+1,0) are stable
nodes. If instead k < 2+/2, there are two complex conjugate eigenvalues. Since these
have negative real part, both C; and C_ are stable sinks (fig. 1.17). The unstable

~_

Ct
(N N7 7
_/

.

Figure 1.17: The origin is an unstable saddle point; C; and C_ are stable sinks.

manifolds of O converge to the fixed points C; correspondingly, solutions of (1.54)
with initial values on these manifolds converge to the stationary solutions (+1,0).
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When A # 0, the analogous of (1.54), i.e. system (1.53), is not autonomous, and
will not have stationary solutions. However, since the system has a periodic forc-
ing term, it may have periodic solutions, at least for some values of A. In this case,
we can carry out an analysis of the asymptotic behavior of the system by means of
Poincaré maps. Namely, for each integer m we consider the sequence (uy),cn, with
U, = u(2mnww " up,A). Each choice of m defines a stroboscopic map, and we
can try to find the fixed points (if any) of these maps, and determine their stability.
These fixed points would then correspond to periodic solutions of the system. For
example, figure 1.18 refers to the stroboscopic map defined by system (1.53), with

Figure 1.18: Attractor for Duffing’s equation.

A =0.5k=0.3and © = 1, corresponding to the case m = 1. Recall that this map
is obtained by recording the projections of the points (u(2n7,up,0.5)),en. This stro-
boscopic map shows evidence of the existence of an attractor. We mention explicitly
that the particular shape of this attractor depends on the choice of the sampling points
t; for example, the sequence (u(27(n+ 1)@~ up,0.5)),en defines a different stro-
boscopic map, and produces an attractor with a different geometrical shape. More
generally, numerical experiments show that for small values of A there are at first
periodic solutions with successive doublings of the period; then, at A = % the evo-
lution of the system appears to be chaotic. We refer to Jordan-Smith, [JS87], and
Guckenheimer-Holmes, [GH83], for a thorough examination of these cases.

1.6.2 A Linearized Model

To better illustrate the procedure we have outlined for the nonautonomous case, we
consider a simpler, linearized version of Duffing’s equation (1.52). More precisely,
we consider the equation

i¥4x—2x = —5(sint —cost),
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which we transform as usual into the system

X=y
1.55

{)’/ = 2x—y—5(sint — cost). (155)
As proposed, we consider the Poincaré sequence on the phase space X = R?

X =x(2n7), y,=y(2nm), (1.56)

and look for fixed points of this sequence. The initial value problem for (1.55) with
initial conditions x(0) = xo, y(0) = yo has the explicit solution

x = 3(2x0+yo0)e’ + 5 (x0 —yo +3)e™* +2sins —cost, (L57)
y = %(Zxo +yo)e' — %(xo —vyo+3)e % +2cost +sint (= x). '
Correspondingly, the sequence (1.56) becomes
X = 3(2x0+y0)e™ " + §(xo —yo+3)e T — 1, (158)
Yu = %(Zxo _|_y0)e2n7r_ %(xo—y0+3)e*4"”+2. '

Let P = (—1,2). We immediately see that P is a fixed point for the sequence (1.58)
if and only if the initial conditions (xo,yo) are such that
2x0+y0=0, x—yo+3=0,

i.e. if and only if (xg,yp) = P. Corresponding to this choice of initial values, we see
from (1.57) that (1.55) has the periodic solution

x =12sint —cost, y=2cost-+sint.

To determine the stability of this solution, we study the stability of P as fixed point
of the sequence (1.58). Setting

M (P)={(x,y): 2x+y =0},
MU (P)={(x,y): x—y+3=0}
(these are two straight lines, intersecting at P), we easily verify that M*(P) and

M (P) are the stable and unstable manifolds of P (see definition 2.22 of section
2.3.3 below). Indeed, from (1.58) we have that

(x0,y0) € M*(P) = (wn,yn) — (=1,2) asn— +o0,
while
(x0,y0) € M (P) = (xu,yn) = (—1,2) asn— —oo0.
Equivalently, if (xg,y0) € M*(P) UM"(P), then (xg,yo) belongs to a motion 7 —
(x(t),y(t))rer of (1.57), with
(x(1),y(1)) = (=1,2)

as t — +oo if (x9,y0) € M5(P), or as t — —oo if (xp,y9) € M"(P). If instead
(x0,¥0) ¢ M*(P)UM"(P), the sequence ((x,,Yn))nen Will not have a limit point, re-
gardless of how close (xg,y0) is to (—1,2). Thus, the fixed point (—1,2) is unstable.
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1.7 Summary

We conclude this chapter with a brief summary of the main ideas of this intro-
duction. We consider a DYNAMICAL SYSTEM, defined by an abstract autonomous
ODE

—u=F(u), ut) e X, (1.59)

where X is a Banach space and F € C(X;X). System (1.59) is FINITE DIMEN-
SIONAL if dim & < 4-o00. Since the dynamical system (1.59) is autonomous, if the
corresponding Cauchy problem is well posed in the large the differential equation
(1.59) defines a CONTINUOUS SEMIGROUP S, also called a SEMIFLOW. We are inter-
ested in determining how the asymptotic properties of this semiflow, i.e. its behavior
as t — 400, depend on the initial values we attach to (1.59). If the system contains
some numerical parameters, we are also interested in how these may influence the
asymptotic behavior of the system.

In many situations, it is possible to describe the long-time behavior of a dynamical
system by means of a bounded ATTRACTOR, to which all the orbits converge as t —
400, independently of where they originate. This attractor may be compact, and also
have finite dimension. We would like to have criteria that allow us to recognize the
existence of such an attractor, even if its structure may in general be quite complex,
and very little may be known of its geometric or differential properties (although for
many types of important physical examples there may be reasonable estimates on
its dimension). On the other hand, there are favorable examples where we can in
fact determine that the attractor is contained into a finite dimensional, exponentially
attracting manifold of X (the so-called INERTIAL MANIFOLD), or at least into a
compact, finite dimensional EXPONENTIAL ATTRACTOR. In these cases, since orbits
converge exponentially fast to these sets, after a relatively short transient time the
dynamics of the system are essentially governed by a finite system of ODEs. The
number of the equations in this system is in general determined by the dimension of
these sets. We would therefore like to identify some criteria that allow us to deduce
the existence of such sets and, possibly, meaningful estimates on their dimension.



Chapter 2

Attractors of Semiflows

In this chapter we introduce the definitions of the SEMIFLOW associated to a dissi-
pative autonomous dynamical system in a Banach space, and of the attractor of this
semiflow. We discuss some of the most relevant properties of semiflows and their
attractors. As we shall see, the ideas and results presented in this chapter are a natu-
ral generalization to the infinite dimensional case of many well known notions of the
qualitative theory of ODEs (where the dimension of the space is finite). Throughout
this chapter, X" is a Banach space, with norm || - || and induced distance d; however,
most of the results we establish also hold in general complete metric spaces.
In the sequel, we will adopt the following notation. If € CR and a € £, we set

Esqi={xe€:x>a}.
For example, we have already referred to the set
R = [0, +OO[ .

Analogous definitions hold for the sets £~4, <, and 4.

2.1 Distance and Semidistance

Since attractors are sets to which orbits converge, we need to recall the following
facts on the distance and semidistance of two subsets of a metric space X, with
distance d.

DEFINITION 2.1 Given two subsets A, BC X and x € X, we set

d(x,B) := biggd(x,b), 2.1

d(A,B) := supd(a,B) = sup inf d(a,b), (2.2)
acA ac AbEB

dist(A, B) := max{d(A,B),d(B,A)}. (2.3)

41
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We remark that the map
(A,B) — Jd(A,B)

is a SEMIDISTANCE; that is, d is not symmetric, and the equality d(A,5) =0
doesn’t necessarily imply that A = B (take e.g. A C B). Moreover, we can even
have d(A,B) = 0 with A D B. This is for example the case when B is open, and

A = B. However, we have

PROPOSITION 2.2
Let A and B be subsets of X, such that d(A,B) = 0. Then A C B. In particular; if
B is closed, A C B.

PROOF By (2.2), the condition d(.A, B) = 0 implies that

inf d(a,b) =0
beB

for all a € A. Thus, for each a € A we can find a sequence (bn)nen C B, such that
d(a,b,) — 0. This means that b, — a, so a € B.

From the last part of proposition 2.2, we immediately deduce

COROLLARY 2.3
The restriction of the map (A, B) — dist(A, B) to the family of closed subsets of X
is a metric.

PROOF We only have to show that dist(A, B) = 0 implies A = B for closed A,
B C X. Indeed, (2.3) implies that both d (A, B) = 0 and (B, .A) = 0. The conclusion
then follows from proposition 2.2. I

The distance defined in corollary 2.3 is known as the HAUSDORFF DISTANCE of
closed sets in X.

2.2 Discrete and Continuous Semiflows
2.2.1 Types of Semiflows

We start by defining various types of flows and semiflows, as follows.

DEFINITION 2.4 Let T be one of the sets R, R>o, N, or Z. A SEMIFLOW on X
is a family S := (S(t))ie of continuous (but not necessarily linear) maps in X, i.e.
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such that for allt € T,
S(t) e C(x,Xx), 2.4)
which satisfies the so-called SEMIGROUP conditions

S(0)=1, (2.5
S(t+t")=8@)S(t), (2.6)

forallt, t' € T, and the additional continuity condition
S()x € C(T; X) @7

forall x € X. Furthermore:

1. If T is either R or Z, the semiflow is called a FLOW.

2. If T is either R or R>, the flow (respectively, the semiflow) is called CONTIN-
Uous.

3. If T is either Z or N, the flow (respectively, the semiflow) is called DISCRETE.

Conditions (2.5) and (2.6) were already introduced in (1.20) and (1.21), and refer
to the semigroup or group properties of S. S becomes a semiflow if it satisfies the
additional requirements of the continuity of the maps

x— S(t)x and 1+ S(t)x,

respectively for all fixed + € 7 and all fixed x € X, as required in conditions (2.4)
and (2.7). Note that the continuity in #, that is (2.7), is trivially satisfied for discrete
flows and semiflows. Also, if S is a flow, S is in particular a GROUP of continuous
operators on X'.

Alternatively, S may be called:

1. A CONTINUOUS SEMI-DYNAMICAL SYSTEM if 7 = R>o;
2. A CONTINUOUS DYNAMICAL SYSTEM if 7 = R;
3. A DISCRETE SEMI-DYNAMICAL SYSTEM if 7 = N;

4. A DISCRETE DYNAMICAL SYSTEM if 7 = Z.

The term “continuous” therefore distinguishes these systems from “discrete” ones,
where the “time” set 7 is discrete, such as those considered in section 1.4. Likewise,
the prefix “semi-" refers to the fact that we only consider nonnegative values of the
time variable (continuous or discrete).

In particular, a discrete semiflow S can be identified with the continuous mapping
S: X — X, defined by § := S(1). In fact, S(n) = §", foralln € 7.
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If T is either R> or N, in definition 2.4 we do not require that S(r) be invertible
for any t € 7. However, if S(¢) is invertible for each ¢ € 7, we can extend S to the
parameter set

T_:={-t:1€T}, (2.8)
and therefore to a flow, by setting
S(—t) :=8(t)"!

for each ¢ € 7. This definition extends (2.6) in a natural way; more precisely, we
have

PROPOSITION 2.5

1. Let T be either Z or R, and S=(S(t))ier be aflow on X. Then forallt € T,
S(t) is invertible, and S(t)~! = S(—t).
(S

2. Let T be either N or R>, and S = (S(t))ie1 be a semiflow on X, such that
S(t) is invertible for each t € T. Define T_ as in (2.8), and set

T.:=TUT_.
Fort € T,, define

s ) S@) if reT,
S() = { S(-)~' ifreT..

Then the family § := (§(t));er, is a flow in X.

PROOF The first claim is immediate, since for allr € T
S(t)S(—1) =S(t—1)=8(0)=1.

To prove that S is a flow, it is sufficient to show the semigroup property (2.6). This is
immediate if both ¢, ' € 7. Assume then that# € 7 and ¢’ € 7_. We first show that
forallx e X,

(o}

(t)S(t)x =St +1)x. (2.9)

We must distinguish two cases, according to whether ¢’ +7 € 7 ornot. If ' +¢ € 7T,
(2.9) reads

S(—1")718(1)x = S(¢' +1)x, (2.10)

and this is established by applying the operator S(—¢') to both sides of (2.10), recalling
that this operator is injective. If instead ¢’ +¢ € 7_, (2.9) reads

S(—=1")718()x=8(—t' —1) " x. (2.11)
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Lety € X be such that S(—#' —t)y = x. Then, since —¢' € 7T,
S)S(—t' —t)y=8t)S(—t —t")y=S(—1t")y.
This means that y = S(—#')~'S(¢)x; thus, (2.11) holds. We now show that also
S()S(t)x = S(t +1')x (2.12)
forall x € X. Again, ift' 4+t € 7, (2.12) reads
S()S(—t") e =8(r+1)x. (2.13)
Let z € X be such that S(—#')z = x. Then, sincet € 7,
St+t)x=S(t+1)S(—t")z=S(t)z,
which means that (2.13) holds. If instead t +¢' € 7_, (2.12) reads
S(O)S(—1")'x=8(—r —1")"x, (2.14)

and this is established by applying the operator S(—z —¢’), which is injective, to both
sides of (2.14).

To conclude the proof of proposition 2.5, we must still consider the case when both
t,t' € 7_; that is, we must show that for all x € X,

S(—0)71S(—) e =8(—t =)l = S(—1")LS(—1) L. (2.15)

To prove the first of these identities, lety := S(—¢ —¢')~'x, and z := S(—¢)~'x. Then,
since both —¢ and —¢' € 7T,

x=8(—t)z=8(—t—1t")y=S8(—1)S(—t")y. (2.16)

Since S(—t) is injective, (2.16) implies that z = S(—t')y; thus, since S(—t’) is also
invertible,
y=8(—)"te=8(—t")"1S(~1)"x.

This means that the first of (2.15) holds. The second identity is proven in the same
way, exchanging the role of 7 and ¢’. I

In particular, if S is a semiflow generated by an evolution equation, the operators
S(—t), t >0, will be defined whenever the equation can be uniquely solved “in the
past”, i.e. for # < 0 as well. In particular, this requires that for each ¢ > 0 the operator
S(r) be bijective (see proposition 2.13 below).

In the sequel, we shall adopt the following

CONVENTION 2.6 The underlying time-parameter set for a semiflow or flow S is
always denoted by T, i.e., S = (S(t));e7. Moreover, in order to avoid unnecessary
complications in formulas and sentences, we agree that if S is a semiflow, then all



46 2 Attractors of Semiflows

time variables like t, T, 0, s run only in this time set T, or in the set T_ .= {—t € T }
if they are negative, or in the set T, == T U7T_ if they can be positive or negative.

For example, if 7 = N and (£;)se7 is a family of subsets of X, the intersection

Na

s>T

has to be understood as an abbreviation of

N 2.

5,TEN
§s>T

Similarly, when we write s < —¢ with # > 0, we understand that the inequality —s > ¢
holds in the set 7, where both ¢ and —s are. Finally, we recall that if 7 = R>, then
T_=Rcpand 7, =R.

2.2.2 Example: Lorenz’ Equations

As we have seen in chapter 1, if the Cauchy problem for an autonomous evolution
equation is well posed on R >, it generates a continuous semiflow S on X', defined by
the identification of the function 7 — u(t,ug) =: S(t)ug as the solution to the Cauchy

problem
= F(u)
u(0) = up.

As an example, we verify that Lorenz’ equations (1.50) define a semiflow on R>.

PROPOSITION 2.7
For all values of o, r and b (not necessarily positive), the system of Lorenz’ equations
(1.50) defines a continuous semiflow in X = R3.

PROOF 1. System (1.50) has at least a local solution, determined by standard
existence and uniqueness results (see e.g. theorem A.1). That is, for each ug :=
(x0,y0,20) € R? there exist T (ug) > 0 and a unique, maximally defined solution

u(-,up): [0,T (up)[— R?
of the Lorenz’ equations (1.50), with u(0,up) = up. This defines S(z) at least for
t €10,T (uo)[, by
S(t)uo := u(t,up) .
2. We now prove that each such local solution can be extended to a global one. We

achieve this, by establishing an A PRIORI ESTIMATE on each local solution u(-,up),
which shows that if T'(ug) < 400, then each function ¢ — u(t,up) is bounded in
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the interval [0, 7 (ug)[. This would allow us to continue the solution beyond T (i),
contradicting the fact that T'(up) is finite. Thus, the a priori estimate yields that
T (up) = +oo for all ug € R3. Setting
u(t,uo) = (x(t,u0),y(t,u0),2(t,u0))
dropping the arguments 7 and 1, and using the differential equations (1.50), we obtain
d
5'”‘2 = 2k + 2y + 222 = —20x° +2(r 4 6)xy — 2y* —2bz> = 2uMu’ , (2.17)

where T denotes transposition, |- | denotes the Euclidean norm in R?, and

-0 i(r+o0) 0
M:=| j(r+o) -1 0
0 0 —b

Let A be the largest eigenvalue of M, i.e.

A ::max{é (\/(G+r)2+(6—1)2—(6+1)> ,—b} .

Expressing u with respect to the basis of the eigenvectors of M, which are orthogonal,
and can therefore be chosen to be orthonormal, we obtain from (2.17) that

d
a‘u(t7u0)‘2 < 2A|u(tau0)|2 .

From this we conclude that for all # € [0, T (uo)],
lu(t,u0)| < |uole?’ < |uo| max{1,eAT )} (2.18)

This estimate shows that u(-,ug) is bounded in [0,7 (u)[, as claimed. As we have
discussed, from this it follows that the operators S(¢) are defined for all # > 0. The
semigroup properties of S now follow from the fact that system (1.50) is autonomous,
and condition (2.7) follows from the fact that the function ¢ — u(z, up) is continuously
differentiable. We also mention that later on (in proposition 2.65) we shall show that
if o and b are positive, we can obtain a better estimate than (2.18), that is, a bound
on |u(t,up)| independent of ¢. This estimate would clearly allow us to show global
existence at once.

3. We proceed then to prove the global well-posedness and the continuity of each
operator S(z). Infact, we show that for each ¢ > 0, S(¢) is locally Lipschitz continuous,
in the sense that for all # > 0 and all bounded subsets G C R, there exists L > 0 such
that for all ug, up € G,

|S(t)u0—S(l‘)ﬁ0| §L|u0—ﬁ0‘, (2.19)
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with L a continuous, increasing function of # and og := sup |g|. To show this, set
geg

(x(2),3(2),2(1)) == S()uo,  (¥(r),5(t),2(t)) := S(1)ito -
Then, the difference S(r)up — S(¢)iao =: (§(¢),n(¢), x(¢)) solves the system
§=on-o¢
n=ré—n—xz+izZ
X = —bx+xy—xy.

As before, dropping the argument ¢ and using Schwarz’ inequality, we obtain

d . . .
3 |S@uo— S(t)io|* =2EE +2n1 +2x %

=2(—0&+ (r+ o —2)En—n*+yEx —bx?)
<2(—0E2+ (r+0)En—n?—by?) —2zEn +2yx
<2(C+|S(r)uol) S(r)uo — S(1)dio |

s

where C := max{|c|,|r+ o|,|b|}. Thus, recalling (2.18),

d _ 2(C+ |uo)) - |S(t)ug — S(t)iio|? if A<O,
—|S(t)uo—S(t)u0|2 S ( I 0|)A|t () 0 () 0| . .
dr 2(C+ |uple) - |S(¢)up — S(¢)io| if A>0.
Thus, after integration we obtain that if A <0,
|S(1)uo — S(1)itg| < |uo — itg| - '€ 1Mol
= @1 (t, [uo|)
while, if A > 0,

|S(t)uo — S(¢)iio| < |uo — iio| exp (Ct+ |uo| A~ (e — 1)) .

= @a(t, luo)
This estimate shows that (2.19) holds, with

L:=max{@;(t,06),p:(t,06)} .

I

We remark that the solution operator associated to system (1.53), i.e. to Duffing’s
equation, is not a semiflow, but a so-called PROCESS, or TWO-PARAMETER SEMI-
FLOW. This is because the semigroup properties fail, due to the fact that the system is
not autonomous. Nevertheless, it is possible to establish analogous a priori estimates,
which would allow us to show that for all values of k, A and @ (not necessarily pos-
itive), the solutions to the Cauchy problem for Duffing’s equation, corresponding to
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arbitrary initial data, are globally and uniquely defined, and depend continuously on
the initial data. Moreover, Duffing’s equation defines a discrete semiflow in R?, by
means of the stroboscopic maps described in section 1.4.1.

We conclude this section by remarking that our whole discussion on the asymp-
totic behavior of the solutions to Lorenz’ and Duffing’s equations obviously requires
that these solution be globally defined. For Lorenz’ equations, we established this
fact by resorting to a continuation argument, which in turn was based on the possi-
bility of obtaining a global bound on any local solution of the equations (see (2.18)).
This procedure is fairly general, and estimates of this type are usually known as A
PRIORI estimates. In section 2.9.1 at the end of this chapter we present some well
known methods of obtaining a priori estimates.

2.3 Invariant Sets

In this section we introduce a number of sets, which are invariant with respect to
a semiflow or flow S = (S(¢)),;e7, with 7 as in definition 2.4. Such sets include the
orbits, the w-limit sets, and the stable and unstable manifolds of the semiflow. Since
the “time-set” 7 can be either continuous or discrete, the definitions and properties
we present hold for both continuous and discrete semiflows or flows.

In the sequel, we often adopt the following notation. If 3 C X and T € 7, we set

Br:=JS()B (2.20)

>T

(recall our convention 2.6).

DEFINITION 2.8 LetS = (S(t))ic1 be a semiflow on a Banach space X. A subset
Y C X is POSITIVELY INVARIANT (respectively, NEGATIVELY INVARIANT) for S if
forallt >0,
S()Y C Y (respectively, S(t)Y 2 V):
Y is INVARIANT if forallt € T,
NONER

We immediately have

PROPOSITION 2.9
Let S be a flow, and Y C X. Then ) is negatively invariant if and only if S(t)Y C Y
forallt <O0.

PROOF Assume first that ) is negatively invariant. Let y € ) and ¢ < 0, and set
0 = —r. Then 6 >0, so y € S(0)Y. Thus, there is x € Y such that y = S(0)x.
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Since S(t)y = S(¢)S(0)x = S(¢ + 0)x = S(0)x = x, we deduce that S(r)y € Y. Thus,
S(r)Y C ). Conversely, assume this holds, and lety € ), 6 > 0. Then,z = —6 <0,
sox:=S(t)y €Y. Then,y = (S(t))~'x = S(—t)x = S(8)x € S(8)). This shows that
Y is negatively invariant.

We know from ODE theory that simple examples of invariant sets are stationary
points and periodic orbits. If S is a flow, other examples are given by complete orbits,
and the stable and unstable manifolds of a stationary point.

2.3.1 Orbits

DEFINITION 2.10 Let S = (S(t));e1 be a semiflow on X, and x € X.
1. The FORWARD ORBIT originating (or starting) at x is the set

7e(x) = (LS} = [ S(0){x}

>0 >0

2. A BACKWARD ORBIT ending at x is the image im(u) of a functionu: T_ — X
such that u(0) = x, and for all t > 0 and s < —t,

u(t+s) = S(t)u(s). (2.21)
If the backward orbit ending at x is unique, we denote it by y_(x).

3. A COMPLETE ORBIT through x is the image im(u) of a function u: T, — X
such that u(0) = x, and (2.21) holds for all t > 0 and s € T,. If the complete
orbit through x is unique, we denote it by y(x).

REMARK 2.11 1. The forward orbit y(x) is the image im(u) of the function
u € C(71,X) defined by
ut):=S@)x, teTy,
where 7, := 7 N[0, +o0].
2. Let B =im(u), with u: 7_ — X satisfying (2.21), be a backward orbit ending

at x, and let y € . Then x belongs to the forward orbit v (), starting at y. Indeed,
there is 7 > 0 with y = u(—1). By (2.21) we have

x=u(0)=u(t—1)=8(t)u(—1) =S(1)y;

hence, x € y;(y). Moreover, (2.21) implies the continuity of u, since S(-)u(s) is
continuous for s € 7_.
3. An analogous statement holds for complete orbits. I

Now, we can rephrase the definition of invariance of a set by saying that a set ) is
positively invariant if every forward orbit starting from a point in ) is contained in
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Y, and that it is invariant if for every point y in ) there is a complete orbit through y
which is contained in ).

When there is no risk of confusion, it is common to refer to forward orbits simply
as orbits; we shall indeed often do so. Note that in definition 2.10, the uniqueness of
the backward orbit, or of the backward part of a complete orbit, is not implied.

The following example illustrates the possible lack of uniqueness of backward
orbits.

Example 2.12

Consider the semiflow on X’ = [0, 1] generated by the logistic map of section 1.4.4,
with A = 4, that is, by the function S: [0,1] — [0, 1] defined by S(x) = 4x(1 —x)
(whose range is all of [0,1]). We know that the point s4 = % is a fixed point of S;
hence, the singleton y; := {%} is, trivially, a complete orbit through s4. On the other
hand, we easily verify that the sequence y» := (x,),ez defined recursively by

Xn ::%, X_po1 = %(17\/17x_n) forne N

is such that xo = s4 and S(x,,) = x,,+1 for each n € Z. Hence, this sequence is another
complete orbit through s4. Obviously, % # 71; however, as expected, the forward
parts of these two orbits coincide. I

The following result shows that the bijectivity of a semiflow is a sufficient condi-
tion for the uniqueness of backward and complete orbits.

PROPOSITION 2.13
Assume that S is a semiflow on X, such that S(t) is invertible for all t € T. Then
backward and complete orbits through any x € X are unique, and

r-(x) =JSE) Hx}, y(x) =r-(0) Uy (x). (2.22)

>0

PROOF 1. Suppose B; and B3, are two backward orbits ending at x. They are then
the images of two functions uy, uy € C(7_; X); therefore, given z € B, thereis s € 7_
such that z = u;(s). Then, ¢t := —s € 7, and from (2.21)

S(t)z=S(t)ui(s) =ui(t+s) =u1(0) =x,
as well as
S()uz(s) =up(t+s) =up(0) = x.

Since S(¢) is invertible, z = u,(s); hence, z € 8. This shows that §; C ;. Changing
the role of B; and B, proves that §; = ;. Thus, there is a unique backward orbit
Y- (x) ending at x.

2. Next, let w: 7_ — X be defined by
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Thenw € C(7_,X), and w(0) = x. Moreover, forallz >0ands < —t, sincew(r+s) =
S(—t —s)~'x we have that

x=8(—t—s)w(t+s),
and therefore
S()x=8(—s)w(t+s).

But since also x = S(—s)w(s), we deduce that

as well. Thus, (2.21) holds for w, because of the invertibility of S(—s). It follows that
the image of w is a backward orbit ending at x; since we have proven that backward
orbits are unique, the first of (2.22) follows.

3. The uniqueness of complete orbits and the second of (2.22) are proven similarly.

2.3.2 Limit Sets

As we know from the theory of ODEs, a natural way to study the limit behavior of
orbits as t — Fo0 in the phase space &’ is to study the topological properties of limit
sets. Essentially, these are sets constructed from the union of forward or backward
orbits (when these are unique), starting either from single points (limit sets of a point),
or from (bounded) subsets of X'. To study these sets, for s > 0 we define the set )
as in (2.20), and

As:=Js@) 'y,

t>s
where for each r € 7 we have set
SH)T'Yi={xcX: S(t)xe Y} (2.23)

(that is, the preimage of ) under S(z)). Note that if S(¢) is invertible for all 7 € 7,
then, by the first of (2.22),

A C U r-()-
yey

Note, also, that if s > s,

Vs €Yy and A—S c Afs’ .

DEFINITION 2.14 Let S be a semiflow on X, and Y C X. The set

o) =NY=NUSe)Y

s>0 s>0t>s
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is called the @-LIMIT SET of ) (again, recall convention 2.6). The set

aY)=A=NUsSe)~'Y

s>0 s>0t>s

(recall (2.23)) is called the ot-LIMIT SET of Y (fig. 2.1).

a-limit set for points in annulus D
o-limit set for points in (D; UDs) \ {¢}

Figure 2.1: o- and w-sets.

Note that @- and a-limit sets are closed. If Y = {ug}, we simply write @(ug) to
denote the limit set of the point ug, and similarly for a(ug). We note explicitly that
if S is a discrete (semi)flow, then

oY) = Us"(), s:==s01).

n>0m>n

We now prove a result which we will often use in the sequel; namely, that each
point of an @-limit set can be approximated by points that are on forward orbits
starting in their defining sets ).

PROPOSITION 2.15
Let S be a semiflow on X, let Y C X, and z € X. Then z € ®()) if and only if there
exist sequences (Ym)men C Y and (tm)men C T, with t,, — +o00, such that

z= lim S(tm)ym-

m—oo

PROOF Assume first that z € ®())). Then z € Y for all s > 0; thus, there exist
sequences (z; )xen from each ), converging to z as k — +o0o. This means that for
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all € > 0 and all s > O there exists K¢ s € N such that for all k > K¢ ;, d(z,z}) < €.

Choosing s =m € Ny, € = % and k = K, = k.., we deduce that for all m € N+

there exists z, € Y, such that d(z,,,z) < % (take z, =z ). Then, z =limz,,. Now,
for each m € Ny,

Zn € Vm = U S(t)y

t>m

(recall convention 2.6). Thus, there are f,, > m and y,, € Y such that z,, = S(t,n)ym-
Consequently, S(¢, )y, converges to z, and t,, > m — +oo. Conversely, assume
there exist sequences (ym)men C YV and (t,)men C 7, such that #,, — 400 and z =
limS(#,,)ym. Then for all s > 0 there exists m such that #,, > s. Therefore,

S(tm)ym S S(tm)y C Vs,

and z € V,. This is true for all s > 0, so

z€ ﬂﬁ:w(y)

s>0
This ends the proof of proposition 2.15. I

For future reference, we note explicitly the following “discrete” version of propo-
sition 2.15.

PROPOSITION 2.16
Let S be a discrete semiflow on X, let Y C X, and z € X. Then z € o()) if and only
if there exist sequences (Ym)men C Y and (ny)men C T, with ny, — 400, such that

2= lim $"y,, (2.24)
m—o0
where, we recall, S := S(1).

A result analogous to proposition 2.15 holds for a-limit sets; that is, points in an
a-limit set can be approximated by points which have the property that the orbits
starting from these points all intersect ). More precisely,

PROPOSITION 2.17

Let S be a semiflow on X, Y C X, and z € X. Then z € a(Y) if and only if there
exist sequences (zn)nen C X and (ty)nen C T such that t, — +00, 7 = lim,_.o0 24
and y, := S(ty)zn € Y. In particular, if S is a flow then z € a(Y) if and only if
there exist sequences (yn)nen C Y and (tn)nen C 7T such that t, — +o00 and 7 =
limy,— oo S(—t4)yn-

PROOF Assume first thatz € a()). Thenz € A_; foralls € 7, with s > 0. Asin
the proof of proposition 2.15, this implies that for all n € N+ there is z, € A_, such
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that d(z,,z) < % Then, z = lim,,_, o, z,. Now, for each n € N,
meAL=JS()'Y.
™>n

Thus, y, := S(t,)z, € Y for some t,, > n. Conversely, assume that z = lim,,_. o, z, and
tn — 400, with y, = S(t,)z, € Y. Then for all s > 0 there exists n such that #,, > s.
Since

20 € S(tn) {yn} S S(tn) 'Y C A,
it follows that z = lim,,_, . 2, € A_;. This is true for all s > 0, and therefore

ze (A =a(d).

s>0
This ends the proof of proposition 2.17. I

Propositions 2.15 and 2.17 can be applied to the case when ) contains a single
point:

COROLLARY 2.18
Let S be a semiflow and x € X. Then

o(x) = ﬂ U{S(t)x} ={ze X: It, — +oo with S(z,,)x — z}.
s>0t>s

If S is a flow, then

a(x) = ﬂ U{S(t)*lx} ={z€ X: 31, — +oo with S(t,) ~'x — z}.

s>0t>s

Another consequence of propositions 2.15 and 2.17 is the following useful prop-
erty of @- and ¢-limit sets, whose proof is immediate:

COROLLARY 2.19
IfYCZCX, then ®()) Co(Z)and oY) C a(2).

2.3.3 Stability of Stationary Points

1. In analogy to the theory of ODEs (compare to definition A.6), we adopt the
following “natural” terminology.

DEFINITION 2.20 Let S = (S(t))ier be a semiflow on X. A point x € X is a
STATIONARY POINT for S if

S(t)x=x forallt€T.

A stationary point x of S is said to be:
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1. STABLE, if for any neighborhood U of x there is a neighborhood V C U of x
such that any motion starting in )V is defined and contained in U for all t > 0;

2. UNSTABLE, if it is not stable;

3. ASYMPTOTICALLY STABLE, if x is stable and there is a neighborhood V of x
such that any motion starting in ) converges to x, i.e. if for all xo € V,

lim S(t)xo =x

t—-+o00

(see fig. 2.2, and compare to definition 1.14). Finally, ifa flow S in R" is defined

Figure 2.2: Stability and Asymptotic stability.

by an autonomous ODE
uw="F(u), (2.25)
a stationary point of S is also called an EQUILIBRIUM POINT.

Thus, equilibrium points are solutions of the algebraic equation F(x) = 0. We
know from classical stability theory for ODEs (see theorem A.7) that, if F: R" — R"
is of class C!, and if all eigenvalues of the matrix A = F’(x) have nonzero real part,
then the stability of equilibrium points x of (2.25) is related to the sign of the real
part of the eigenvalues of A. Indeed, in this case the Hartman-Grobman theorem (see
theorem A.8) states that, in a neighborhood of x, the qualitative behavior of the flow
generated by (2.25) is the same as that of the flow § = (e"4);cr generated by the
linearized equation

u==Au.

This motivates the following
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DEFINITION 2.21 1. Let S be the flow in R" generated by the ODE (2.25). An
equilibrium point x is HYPERBOLIC if all the eigenvalues of the matrix A = F'(x)
have nonzero real part.

2. More generally, let X be a Banach space, and F: X — X be of class C'. A
fixed point x of F is HYPERBOLIC if the spectrum of the linear operator A = F'(x)
does not intersect the unit circle {|z| = 1} of C.

To see how these two notions of hyperbolicity of fixed points are related, consider
a matrix A and, for each fixed ¢ € R, the linear operator F = e in X = R". Then,
F'(x) = &' for all x € X, and the number A is an eigenvalue of e iff A = e*’, with
A an eigenvalue of A. Let A = a+ib. Then,

‘A| — e — e(%el)t.

Consequently, |A| # 1 iff Re A # 0.

In particular, by theorem A.7, hyperbolic equilibrium points x of (2.25) are either
unstable (if Re A > 0 for at least one eigenvalue A of F’(x)), or asymptotically stable
(if Re A < O for all eigenvalues A of F’(x)). We refer e.g. to Hirsch-Smale, [HS93],
for more details.

2. We now recall the definitions of stable and unstable manifolds of a stationary
point.

DEFINITION 2.22 Let S be a semiflow, and x € X be a stationary point for S.
The STABLE MANIFOLD and the UNSTABLE MANIFOLD of x are the sets M*(x) and
M"(x) defined, respectively, by

M(x):={zeX: tliglooS(t)z =x} (2.26)
and

M"(x) :={z€ X: S(t)"'zis defined for all > 0, and lim S(r)"'z=x}.

t—-+o0

In other words, M®(x) consists of the points of X which are origins of forward
orbits converging to x as t — +oo, while M"(x) consists of the points of X which
are end points of backward orbits, converging to x as t — —oo. The sets M*(x) and
M"(x) are nonempty, since x € M3(x) N M"(x) (since x is a fixed point, trivially
S(¢)~'x = x for all # > 0). Moreover, we have

PROPOSITION 2.23
Let x be a stationary point of a flow S. Then

Mix)={ze X: tiiglmS(t)z =x}. (2.27)
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If x is stable, M"(x) = {x}.

PROOF The first claim is immediate. As for the second, assume the contrary.
There is then z € M"(x), with z # x. Thus, € := 1 |x—z|| > 0. Let U = B(x, &), and
determine a neighborhood V = B(x, 8) of x, in accord with definition 2.20, such that
forall y € B(x,0) and all r > 0, S(¢)y € B(x,€). Since

x= lim $(6)z= lim S(—t)z= lim S()"'z,

60— —oc0 t—+o00 t—+o00

there is 7o > 0 such that S~'(t)z € B(x,8) for all t > ty. Lety:= S(t9)"'z. Then,
y € B(x,8), s0 S(ty)y € B(x,€). Since S(ty)y = z, we reach a contradiction.

The definitions of stability and instability of a stationary point, and of their stable
and unstable manifolds, come together in the following definition.

DEFINITION 2.24 Let 7y be a complete orbit of a flow S on X. Let x5, x, be two
distinct stationary points of S, respectively stable and unstable. 7y is a HETEROCLINIC
ORBIT joining x; to x, if

YC MO () M ().

This terminology is justified by (2.22), (2.26) and (2.27), which imply that for any
xev,

lim S(t)x=x,, lim S(t)x=ux.

t— —00 t—-+o00

For example, figure 2.3 shows the two heteroclinic orbits y; and y_ joining the

Y="v:Uy- = M"(0)
v c Mmoo nmc) /T4 e © MU(0)NM(Cy)

(N o
: N
Y- unshaded area
is M5(C2)
I~~~ separatrices

shaded area
18 MS (C+)

Figure 2.3: Heteroclinic Orbits for Duffing’s Equation
¥+ is the heteroclinic orbit joining O to Cy,
Y- is the heteroclinic orbit joining O to C_.
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unstable stationary point O of the flow generated by Duffing’s equations (1.54) to its
asymptotically stable stationary points C; and C_.

2.3.4 Invariance of Orbits and w-Limit Sets

As in the finite-dimensional case (i.e., for systems of ODEs), the stable and unsta-
ble manifolds of a stationary point are examples of invariant sets. More precisely:

PROPOSITION 2.25

Let S be a semiflow on X, and x a fixed point of S. The stable manifold M®(x) is
positively invariant. If S(t) is invertible for all t > O, the unstable manifold M"(x) is
negatively invariant.

PROOF 1. Assume first that z € S(¢) M?(x) for some ¢ > 0 in the time set 7. Then,
z=_S8(t)y for some y € M5(x). Since

lim S(0)y=ux,
9—1>r+noo()y o

it follows that also

lim S(0)z= lim S(0)S(t)y= lim S(0+t)y=x.
plim S(8)z= lim S$(8)S(r)y= lim S(6+1)y=x
This means that z € M3(x), and therefore that S(z) M®(x) C M*(x).

2. To show the negative invariance of M"(x), fixt > 0 and z € M"(x). Since S()
is invertible, y := S(¢) 'z is well defined in X. We claim that y € M"(x). Indeed,
recalling proposition 2.5,

li “ly= i 0)~'S(t)'z=li 0+1)z=x.
GJim S(O)7!y = lim S(6)7S()”'z = fim S(6+1)"'z=x
Consequently, z = S(¢)y € S(t)M"(x). In accord with definition 2.8, this means that
M"(x) is negatively invariant, as claimed.

Other examples of invariant sets are the complete orbits of a semiflow:

PROPOSITION 2.26
Let S be a semiflow on X, and x € X. Then any complete orbit y through x is invariant.
If in addition S is a flow, then for all x, y € X,

Y NYY) #0 = 1) =70). (2.28)

PROOF 1. Let y be a complete orbit, and z € . Then 7 is the image of a function
u: T, — X satisfying (2.21), and there exists s € 7, such that z = u(s). Hence, by
(2.21), forallt > 0

z=8SM)u(s—t) € S(r)y.
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This implies that y C S(z)7y for r > 0. Conversely, if z € S(¢)7, then z = S(t)u(s) for
some s € T,.. Then, again by (2.21), z=u(t+s) € ¥, and S(t)y C .

2. To prove (2.28), fix x and y € X. By the characterization of complete orbits
given by proposition 2.13, and recalling that S(t)~! = §(—¢),

Yx) = U{SO)x}, v) = J LSOy}

teT teT

Thus, if y(x) Ny(y) is nonempty, there are z € y(x) Ny(y), and t,, t, € 7 such that
z=S(t)x=S(t)y.

Hence,

x=S(ty —t)y € ¥(v)»
and, in the same way,

y=S8(tx—ty)x € y(x).
Let now a € y(x). Then, a = S(t,)x for some 1, € 7, and

a=S(ta+t,—t)y€Y(y).

This means that y(x) C y(y). We prove in the same way that y(y) C y(x); hence,
¥(x) = y(y). The converse of the statement is obvious.

We remark that (2.28) generalizes the familiar fact that two distinct orbits cannot
intersect, unless they coincide. For flows generated by ODEs, this is a consequence
of general uniqueness theorems.

Other sets that are invariant, at least under certain conditions on S, are the @-limit
sets. In fact, it is precisely this invariance property, together with an additional “reg-
ularity”” assumption on S, that will allow us to construct an attractor for the semiflow.

We start by showing the positive invariance of ®-limit sets.

PROPOSITION 2.27
Let S be a semiflow on X, and B C X. Then forallt > 0in T, o(S(t)B) = o(B),
and S(r)o(B) C o(B).

PROOF 1. Fixt>0in 7, and let z € @(S(¢)B). By proposition 2.15, there are
sequences (f;)nen € 7 and (z,)nen C S(¢)B, such that 1, — +o00, and S(1,)z, — z.
Foreachn € N, letx, € Bbe such that S(¢)x, = z,. Then, S(t,+1)x, — z,s0z € 0 (B).
This shows that @(S(¢)B) C o(B).

2. Conversely, if z € @(B) there are sequences (t,),eny € 7 and (x,),en € B, such
that 7, — +oo and S(z,)x, — z. Since 6, :=1, —t — +00, 6, > 0 for all large enough
n. Since S(t)x, € S(¢t)B and

S(6,)S(t)xn = S(tn)xn — 2,



2.3 Invariant Sets 61

by proposition 2.15 again we conclude that z € @(S(z)B). This shows that o (B) C
o(S(t)B).

3. The proof of the positive invariance of @(B) is similar. Given z € ®(B), let
(t2)nen and (x,)nen be as above. Since T, :=1, +t — +00,

S(t)x, = S(2)S(ty)x, — S(t)z;

therefore, S(r)z € o(x). I

The second statement of proposition 2.27 shows that @(B) is positively invariant.
We will soon present various sufficient conditions for @(B) to be invariant; these con-
ditions all require some degree of compactness of different subsets of @(/3). Before
proceeding, though, we need to explain what we mean when we say that two sets
attract each other, and to recall the definition of relatively compact and precompact
sets.

DEFINITION 2.28 Let S be a semiflow on X. Given two subsets A, B C X, we
say that A ATTRACTS B if

lim 9(S(t)B,A) =0, (2.29)

t—-+o00

where 0 is the semidistance in X, introduced in (2.2).

DEFINITION 2.29 A set C C X is said to be RELATIVELY COMPACT if its closure
C is compact. Also, C is said to be PRECOMPACT if it can be completed into a compact
set.

Thus, in a Banach space precompact sets are automatically compact.
We can then present the most restrictive condition for the invariance of ®-limit
sets:

THEOREM 2.30
Let S be a semiflow on X, and B C X be such that o(B) is compact, and attracts B.
Then @ (B) is invariant under S.

PROOF By proposition 2.27, we only need to show that @(B) C S(¢)w(B) for
all 1 > 0. Letx € o(B), and (t;)neny € 7, (xn)nen C B, such that f, — 400 and
S(t,)xn — x. Since the sequence (x,)qcn is attracted by w(5), and t, —t — 400,

1im_d(S(tn— 1), ©(B)) = 0.

Recalling (2.1), this means that, given any € > 0, there is mg € N such that for all
m > my, there is z,, € ®(B) with the property that

d(S(tm — 1) Xm,z2m) < €. (2.30)
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Since @(B) is compact, the sequence (z,)men contains a subsequence (2, )keN,
converging to some element z € @(B). Then, (2.30) implies that S(t,, —1)x,, — z
as k — oo. Since S(¢) is continuous,

Sty ) Xm, = S(@)S(tm, —1)xXm, — S(t)z;

but since S(t,, )xm, — x, we conclude that x = S(¢)z € S(t)w(B). This shows that
o(B) C S(r)w(B), as claimed. I

Theorem 2.30 can somewhat be relaxed, by assuming that @(/3) be only compact
“asymptotically”:

THEOREM 2.31

Let S be a semiflow on X. Assume there are a nonempty subset B C X and a number
T > 0 such that the set By (recall definition (2.20)) is relatively compact in X. Then
the set @(B) is nonempty, compact and invariant. If in addition B is connected by
arcs and T is either R or R>o, ®(B) is connected by arcs. Moreover, for all bounded

set G C B,
lim 9(S(r)G,w(B))=0. (2.31)

t—+oo

PROOF 1. Since B is nonempty, it contains an element x. The sequence (y)neN
defined by y, = S(n+ 7)x takes values in B, thus in the compact set B;. Hence,
there is a subsequence (yy,, )ren converging to a point y € B:. By proposition 2.15,
y € o(B), so o(B) is not empty.

2. We know from proposition 2.27 that @(B) is positively invariant; thus, to prove
its invariance it is sufficient to show that @(B) C S(¢)w(B) for all t > 0. Fix ¢t >0
and z € o(B), and let (zn)men C B, (tm)men C 7 be such that S(t,)zm — 2z, as
per proposition 2.15. Let 8, :=t, —t. Then 6,, > 7 for all sufficiently large m,
and S(6,,)zm € Br. Thus, there is a subsequence (S(6,,, )zm, )ken converging to an
element y € B;. By proposition 2.15, y € @(1); since S(¢) is continuous,

S(t)y= kETmS(tmk)zmk =z.
Thus, z € S(¢)@(B). This concludes the proof of the invariance of ®(B5).

3. The compactness of @(B) follows from the inclusions

o(B)=(\B;< (B C Bz,

s>0 s>T

the last set being compact.
4. If B is connected by arcs and if 7 is either R or R, then for all s > O the set B,
is connected by arcs. Indeed, if u, v € B;, there exist t,,,#, > s and x,y € BB such that

u = S(t,)x and v = S(t,)x. Without loss of generality let 7, < r,. By assumption there
is a continuous mapping p: [0,1] — B with p(0) = x and p(1) =y. The mapping
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T — S(ty + 7(t, —1,) p(7), T € [0,1], is continuous with values in Bs. Thus u and v
are connected in B by the continuous arc

{ze X:z=8(t, +t(t, —t,))p(t), T [0,1]}.

It follows that B, and therefore (1), is also connected.

5. Finally, to prove (2.31) we argue by contradiction. Thus, we assume there are:
a bounded set G C BB, a number & > 0, and sequences (#;)nen € 7, (gn)nen C G,
such that t, — +00, and for eachn € N,

d(S(tn)gn, ©(B)) > & . (2.32)
Since t, — +00, there exists a number N such that #,, > 7 for all n > N. Thus,
S(tn)gn € S(ta)G C S(ta)B C Bz .

Since B; is relatively compact, there is a subsequence (S(t,,)gn, Jken, converging
to a limit z € B;. By proposition 2.15, z € ®(B). From (2.32) we obtain then the
contradiction

0<g < d(S(tnk)gnk,(D(B)) = yeiaI)IEfB)d(S(t"")gnk’y) < d(S(tnk)gnkaZ) —0.

This concludes the proof of theorem 2.31. {0

The importance of theorem 2.31 resides in the fact that it describes a class of sets,
namely the sets @(B), B C X, which share some of the properties we have stated
to be characteristic of an attractor. Each of these sets is in fact nonempty, compact,
invariant, and attracts some orbits (at least, the orbits starting from bounded subsets
of B). Before proceeding, we mention that a similar result holds for o-limit sets. In
fact, using the characterization of these sets given by proposition 2.17, we can prove

THEOREM 2.32

Let S be a flow on X, and assume there is a nonempty subset Y C X such that
S(—1)Y # 0 for all t > 0. Assume further that there is a number T > 0 such that the
set

Usny

>

is relatively compact in X. Then the set a()) is nonempty, compact and invariant,

and for all bounded subset G C 15,

im_9(S(1)G, a(Y)) =0.

We omit the proof of this result.
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2.4 Attractors

In this section we present the definition and the main properties of the global at-
tractor of a semiflow S on X'. We only consider attractors that are compact, although
it is possible to consider noncompact attractors.

2.4.1 Attracting Sets

We start by recalling, from definition 2.28, that a subset A C X attracts another
subset B C X if (2.29) holds, i.e. if

. lifrn a(S(t)B,A)=0. (2.33)

For example, (2.31) shows that if the semiflow § is uniformly compact for large

t, the w-limit set of a bounded set B attracts all orbits originating in 3. Another,
fundamental example of attracting set is given by

THEOREM 2.33

Let S be a semiflow on X. Assume there is a nonempty subset B C X, which is
compact and positively invariant. Then, the ®-limit set A := o(B) is a compact,
invariant set, which attracts all bounded sets G C B (including B itself).

PROOF Since B is positively invariant and compact, for any 7 > 0

B:=sS)BC|JBCB=5.
1>t

t>7
Hence, B; is relatively compact in X, and we conclude by applying theorem 2.31. {0

We proceed now to define the attractor of a semiflow:

DEFINITION 2.34 A subset A C X is an ATTRACTOR for the semiflow S on X
if A is compact and invariant, and there is a neighborhood U of A in X such that
(2.33) holds for any bounded subset I3 C U. The largest neighborhood U of A such
that (2.33) holds is called the BASIN OF ATTRACTION of A (fig. 2.4).

In other words, A attracts all orbits starting sufficiently close to it. We remark
that (2.33) carries no information on the rate of convergence of the orbits to the
attractor. However, this rate is uniform for all orbits starting in the same set B;
i.e., the rate of convergence does not depend on the particular initial value ug, as
long as up € B. In chapter 4 we shall instead introduce another class of attracting
sets, namely the EXPONENTIAL ATTRACTORS. As their name implies, the rate of
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Figure 2.4: Basins of Attraction.

convergence of orbits to these sets is exponential; the same will be true for the other
class of attracting sets we introduce in chapter 5, that is, the INERTIAL MANIFOLDS.

When X is infinite dimensional, we may have to work in subspaces X — X with
a stronger topology (one possible reason being, as we have remarked above, to show
precompactness of one of the sets B; in X'). In this case, we give

DEFINITION 2.35 Let X| be a subspace of X, endowed with a stronger topology
generated by a distance dy in X\. Define a corresponding semidistance d as in (2.2).
A set A C X is an ATTRACTOR IN X for the semiflow S on X if A is an attractor of
Sin X, if it is invariant in Xy, and if there is a neighborhood U of A in X such that
for any subset B C U, bounded in X,

tiiinoo& (S(+)B,A)=0.

When a semiflow is defined by an evolution equation in X, verification of the
invariance of A in X requires that orbits originating in X; remain in X; for all
t > 0. For systems defined by PDEEs, this translates into a regularity property of the
differential equation (see the examples of chapter 3).

2.4.2 Global Attractors

In many situations, it is possible to show that a semiflow admits an attractor, to
which all orbits converge. This motivates the following

DEFINITION 2.36 Let S be a semiflow on X, and A C X an attractor for S.
A is called a MAXIMAL (or GLOBAL, or UNIVERSAL) ATTRACTOR if its basin of
attraction is all of X.

We now give some preliminary results that characterize global attractors, and give
some sort of justification to this terminology.
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PROPOSITION 2.37
Global attractors are unique.

PROOF Assume that .4, and A, are global attractors. Then they are both bounded
and invariant, and attract all bounded subsets of X'. In particular, they attract each
other; thus, from (2.33),

lim J(S(1)A1,A2) = lim 9(S(r)Az, A1) =0.
I—+00 I—+00

The invariance of .A; and A, implies then that d(A;,.4;) = d(Az,.41) =0. By (2.3)

of definition 2.1, then, dist(.A;,.A4;) = 0. Since both A; and A, are compact, by

corollary 2.3 it follows that A; = A,. I

Next, we show that global attractors are indeed maximal, with respect to set inclu-
sion, among compact invariant sets of X (thus, in particular, among attractors).

PROPOSITION 2.38
Let S be a semiflow on X. Let A, be a compact invariant set, and assume that
A1 C A; is a global attractor. Then A; = A,.

PROOF Since A; C Ay, d(Aj,Az) = 0. Since A, is invariant,
0<d(Ay,A1)=09(S(t)Az,A).
Since A, is bounded, it is attracted by A, so

. li_Igl d(S(r) Az, A1) =0.
This implies that d(.A3,.A;) = 0. Thus, dist(A;,.4>) = 0; by corollary 2.3, it follows
that A; = A». I

Finally, we give a characterization of the structure of a global attractor, which will
be of fundamental importance in chapter 3.

PROPOSITION 2.39
Let S be a semiflow S on X, and assume that S admits a global attractor A. Letx € X.

Then x € A if and only if there exists a complete orbit y(x) through x, contained in
A

PROOF Assume first that x € A. Since A is invariant, the forward orbit y; :=
{S(¢)x: t > 0} is contained in A. To extend this orbit to < 0, we first remark that,
since S(1).A = A, there exists y; € A such that S(1)y; = x. Likewise, there exists
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y2 € A such that S(1)y, = y1, and we can proceed inductively to construct a sequence
(¥n)nen C A, such that

yo=x, S(1)ynt1 =yu, n>0.

It is immediate to check that S(n)y, = x for all n > 0. We now define a function
u: T, — X by u(t) := S(t + n)yn, where n is any integer such that n > —¢. This
function is well defined, because if also p > —t, and for instance p > n, then

Yn = S(l)yn+] = S(Z)yn+2 == S(P_n)yp?

and therefore
St+n)y,=St+n)S(p—n)y, =St+p)y,.

The function u is obviously continuous, and #(0) = x. By the invariance of A, the
image Y := im(u) of u is included in A. If r > 0, taking n = 0 we deduce that
u(t) = S(t)yo = S(t)x, which means that y contains the forward orbit ¥, (x). To
conclude that 7 is in fact a complete orbit, we must verify the semigroup property
(2.21),i.e. that u(r +s) = S(¢t)u(s) forall+ > 0 and s € 7, s < —t. Given then ¢ > 0
and s < —f, choose an integer m > —s. Then m > —s —t as well, and

u(s+1)=S(s+t+m)ym =S#)S(s+m)y, =S)u(s).

Thus, v is a complete orbit through x, contained in .A. The converse statement of the
theorem is obvious.

2.4.3 Compactness

As theorem 2.33 shows, in order to use theorem 2.31 for the construction of an
attractor it is desirable to start from a compact subset of X, which is positively in-
variant. Our next goal is to show that we can choose, as one such set, the closure of
one of the sets B; introduced in theorem 2.31, for some 7 > 0. Thus, it is essential
to verify that these sets are relatively compact, as required in theorem 2.31.

To this end, if the system is finite dimensional it is sufficient to show that one
such set B; is bounded in R”. If instead the dimension of X is infinite, a sufficient
condition is to show that there exists one such set B; which is bounded in a subspace
Xy, compactly imbedded in X'. This strategy is relatively common, and is the one we
shall follow in chapter 3. With this in mind, we can easily determine a result, which
can be immediately applied to show the required relative compactness of some set
Bz, in the case the semiflow is generated either by a finite dimensional system, or by
an infinite dimensional system corresponding to evolution equations of “parabolic”

type.

DEFINITION 2.40 Let S be a semiflow on X. S is UNIFORMLY COMPACT FOR
LARGE ¢t if for any bounded set G C X there exists T > 0, depending on G, such that
the set Gr, defined as in (2.20), is relatively compact in X.
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The following result is then almost a restatement of theorem 2.31:

COROLLARY 2.41

Assume the semiflow S on X is uniformly compact for large t. For any nonempty
bounded set B C X, the set ®(B) is a nonempty, compact, invariant subset of X, such
that for all bounded subset G C B,

lim (S(1)G,»(B)) =0.

t—-+o00

2.5 Dissipativity

Corollary 2.41 states that if the semiflow S is uniformly compact for large ¢, then
o-limit sets of bounded sets are attracting. Another key ingredient for the existence
of a compact global attractor is the existence of an ABSORBING SET for the semiflow
S. We shall in fact see that this set provides the natural “starting point” for the actual
construction of the attractor of a semiflow.

DEFINITION 2.42 Let S be a semiflow on X. A subset B C X is said to be
ABSORBING, relative to a neighborhood U of B in X, if for all bounded sets G C U
there exists T > 0, depending on G, such that S(t)G C B forallt > T.

In other words, all orbits originating in G enter 3 and, after possibly leaving it for
a finite number of times, eventually remain in B forever.

DEFINITION 2.43 Let S be a semiflow on X. S is called DISSIPATIVE, if it admits
a nonempty, bounded absorbing set, relative to all of X.

This definition of dissipativity coincides with the definition of bounded dissipativ-
ity (see e.g. Hale, [Hal88], where the notion of dissipativity is specialized for the
attractors of points, bounded sets or compact sets). On the other hand, it may not
agree with some other notions of dissipativity more common in physics.

We now show that dissipativity is a natural property of semiflows that have a
regularizing effect in time.

PROPOSITION 2.44

Let S be a semiflow on X, uniformly compact for large t. Assume S has a nonempty,
bounded absorbing set B C X, relative to all X. Then, S admits a compact, positively
invariant absorbing set.
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PROOF Since 5 is bounded, by definition 2.40 there is 7' > 0 such that the set
Br, as defined in (2.20), is relatively compact. We proceed then to show that the
compact set By is positively invariant and absorbing, relative to X. Let G C X be
bounded. Since B is absorbing, there is 7> > 0 such that for all t > T», S(1)G C B.
Let Ty :=T + T5. For each t > Ty, decompose t = 0 +T5>. Thent —T, =6 > T, and
therefore

S(t)G=S(t—T)S(T»)G C S(t —T»)BC Br C Br.
This shows that By is absorbing. To show that Br is positively invariant, fix t > 0
and x € Br. There exists then a sequence (x;)xen C Br such x; — x. Since x; € Br,
for each k there is #; > T such that x; € S(#;)B; since t +#, > t, > T,

S(t)x € SE)St)B=S(t+1)B C Br.
Then, by the continuity of the operator S(t), S(¢)x = limS(¢)x; € Br. Thus, Br is

positively invariant.

As we have stated, absorbing sets are a natural “starting point” for the construction
of attractors. To justify this assertion, we show that the existence of an absorbing set
is a necessary condition for the existence of a global attractor (recall that, in accord
with definition 2.34, the attractors we consider are compact).

PROPOSITION 2.45

Let S be a semiflow on X, admitting a global attractor A. Then S also admits a
bounded, positively invariant absorbing set BB, such that A C B. In particular, S is
dissipative.

PROOF Since A is compact, the set

By := ] B(x,1) (2.34)
xeA

is bounded, and therefore attracted by A. Thus, there is 77 > 0 such that forall ¢ > T7,

a(S(t)BlvA) = Ssup d(x7A) < %
x€S(1)B;

Since A is compact, for each r > Tj and x € S(¢); there is y € A such that
d(x7-’4) = d(xay) < % .
Thus, x € B(y, 1) C B, and we conclude that S(r)B; C By ift > T. Define then

B, = U S(I)Bl , B:=BUB;. (2.35)

0<t<T

We claim that 5 is bounded, positively invariant, and absorbs all bounded sets of X.
The boundedness of B follows from that of B; and 3,, the latter being a consequence
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of the continuity of the map ¢ — S(¢) on the compact interval [0,7}]. To show that
B is positively invariant, fix f > 0 and z € S(¢)B. Then z = S(¢)x for some x € B. If
X € By, there are t; € [0,T;] and b € By such that x = S(1,)b; if x € By, we set 1, =0,
b = x. In either case,

2=SW)x=S(t+n)beS(t+n)B CB, CB,

with i = 1 or i = 2 according to whether # +17, > T} or not. Hence, S(¢)B C B.
To show that B is absorbing, consider any bounded set G C X. Repetition of the
argument at the beginning of this proof shows that there is 7 > 0 such that for all
t>T,S(t)G C By C B. Finally, from (2.34) and the second of (2.35) we conclude
that A C B; C B.

We conclude this section by pointing out that in definition 2.42, as well as in
definitions 2.40 and 2.47 (below), the reference to bounded sets G can be interpreted
in the spirit of our trying to control the effect of possible errors in the determination of
the initial data, as mentioned in chapter 1. Indeed, even if the “true” initial value ug of
an orbit may only be known within a certain approximation, all these approximations
will (hopefully!) lie in an explicitly identifiable bounded set of X. For example,
when we approximate the number 7 up to three exact decimal digits, we are in fact
considering numbers in the ball B(xr,1073) of R (i.e., in the interval |z — 1073, 7 +
1073)).

2.6 Absorbing Sets and Attractors

We now come to the most important part of this chapter, where we show that if the
semiflow S satisfies some compactness assumptions, the existence of an absorbing
set is also sufficient for the existence of an attractor.

2.6.1 Attractors of Compact Semiflows

Our first result concerns semiflows that have a regularizing effect in time. In the
same spirit of corollary 2.41, we claim

THEOREM 2.46

Assume that the semiflow S on X is uniformly compact for large t, and that it admits
a nonempty, bounded absorbing set B, relative to a neighborhood U of B in X. Then
the -limit set A := ®(B) is an attractor for S. More precisely, A is the global
attractor for S in U.

PROOF By the uniform compactness of S for large ¢, there is 7Tp > O such that the
set By, defined as in (2.20), is relatively compact in A". By corollary 2.41 we know
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that A = @(B) is nonempty, compact and invariant. We can now proceed along the
lines of the proof of theorem 2.31 (we cannot apply this theorem directly, because we
want to show that A attracts all the bounded subsets of I/, and not just the subsets of
B). Arguing by contradiction, assume that .A does not attract all bounded sets of /.
There is then a bounded set G C U for which d(S(7)G,.A) does not vanish as t — +o0.
Thus, there also are § > 0, and a sequence (#,),en, such that 7, — +oo and for all n,

A(S(t)G, A) = sup d(x,A)>8>0. (2.36)
x€S(ta)G

Since B is absorbing, there is 77 > 0 such that for all t > 71, S(#)G C B. Since
t, — 400, there also is ng such that for all n > ng, t, > Ty + T1. By (2.36), for all n
there is x, € S(#,)G such that d(x,,.A) > g Let b, € G be such that x,, = S(t,)b,, and
set z, := S(T1)b,. Then z, € S(T1)G C B. If n > ng, then 1, > Ty and t, — Ty > Tp;
therefore

Xn =S(ty)by, =Sty — T1)S(T1 )by, = S(ty — T )z
€S(ty—T1)BC | J S()B=Br,.

>T

Thus, the sequence (x,),en is precompact, and therefore admits a subsequence
(Xn )ken, With x, = S(t,, )by, , converging to an element ¥ € By,. Letting 7 :=
tn, — T, we deduce as before that, as k — +oo,

S(Tk)an = S(lnk — T])S(Tl)bnk = S(tnk)bnk = Xp, — X.
Consequently, since z,, € B, X € @(B) = A by proposition 2.15. On the other hand,

d(%,A) = Tim d(x,,A) > g,

k—

and we reach a contradiction. It follows that A attracts all bounded subsets of I/, as
claimed. Finally, to show that A is the maximal attractor in I/, assume that A4; O A
is also a compact attractor of the bounded sets of I/, as claimed. Since .4 is invariant
and B is absorbing, as above we can determine 77 > 0, depending on .4, such that
forallt > Ty, Ay = S(t).A; C B. Thus, by corollary 2.19,

w(A) CoB)=A.

Since A, is closed, its invariance also implies that

oA)=NUstHA4=NUJA =A.

s>0t>s s>0t>s

We conclude then that .4; = ®(A;) C A and, therefore, A; = A. I

In the next chapter we shall see how theorem 2.46 can be applied to establish the
existence of attractors for the semiflow generated by a semilinear heat equation. In
this case, this procedure is quite natural, since the requirement that the semiflow be
uniformly compact for large ¢ is a consequence of the smoothing effect of parabolic
operators.
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2.6.2 A Generalization

In contrast to the “parabolic” situation, the semiflow generated by semilinear dissi-
pative wave equations does not have a smoothing effect for large ¢; therefore, theorem
2.46 cannot be directly applied to these equations. In this case, we can resort to a
different type of result, in which the requirement that the semiflow be uniformly com-
pact for large ¢ can be relaxed, requiring that it be so only up to a uniformly decaying
perturbation. More precisely, we give

DEFINITION 2.47 Let S = (S())ieT be a family of continuous operators on X.
S is UNIFORMLY DECAYING TO 0 if for all bounded sets G C X,
lim supd(S(f)x,0) =0. (2.37)

t—>+oox€g

We consider then a semiflow S = (S(¢));e7 which admits a decomposition
S=814+8>, (2.38)

where S| and S, are families of continuous operators on X (i.e., they satisfy (2.7)),
but not necessarily semiflows, and S, S» are, respectively, uniformly compact for
large ¢ and uniformly decaying to 0. We first have

PROPOSITION 2.48

Assume the semiflow S admits a decomposition as in (2.38), where the families of
continuous operators S1 and S are, respectively, uniformly compact for large t and
uniformly decaying to 0. Thenfor any sequences (x,)nen boundedin X, and () nen C
7T, with t, — 400,

S(ty)x, converges <= S|(t,)x, converges and Sy (#,)x, — 0.

In either case, im S(t,)x, = lim.S; (¢,)xp.

PROOF Let (x;)en and (#,)nen be as stated. Since (x,)nen is bounded, and S,
decays to 0, in accord to (2.37)
lim supd(S,(t)x,,0) =0.
t——+o00 neN
Thus, given € > O there exists T > O such that forallz > T andalln € N, d(S()x,,0) <
€. Since t, — 400, there is ng such that ¢, > T for all n > ng. Thus, for these n,
d(S2(t1)x,,0) < €. This shows that S, (¢,)x, — 0. Then, S (t,)xn = S(t)xn — S2(t1) %y
converges. The rest of the proof follows immediately. I

The next result generalizes part of corollary 2.41 to the case when S is not itself uni-
formly compact for large 7, but is a uniformly vanishing perturbation of a uniformly
compact family of operators.
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PROPOSITION 2.49

Assume the semiflow S on X admits a decomposition as in proposition 2.48. Then for
any nonempty bounded set B C X, the set @ (B) is nonempty, compact and invariant,
and attracts B.

PROOF We start by showing that

o1 (B) == JSi1()B=w(B).

s>0t>s

Indeed, if x € @(B), by proposition 2.15 there are sequences (x,),eny C B and
(tn)nen C 7T, such that t, — 400 and S(#,)x, — x. By proposition 2.48, S| (t,)x, — x
as well, so x € @ (B). The converse is proven similarly, recalling that /3 is bounded.
Now, since S| is uniformly compact for large ¢, proceeding as in the proof of theorem
2.31 we deduce that o(B) = o;(B) is nonempty and compact, and attracts 5. The
invariance of ®(B) is then a consequence of theorem 2.30.

The importance of the next result is analogous to that of theorem 2.46, of which
it can be seen as an extension. As we shall see in the next chapter, this theorem will
in fact be applicable to certain types of dissipative evolution equations of hyperbolic
type, to which theorem 2.46 cannot be applied, due to the lack of a regularizing effect
of the corresponding solution operator.

THEOREM 2.50

Assume that the semiflow S on X admits a decomposition (2.38) as in proposition 2.48,
and that there is a nonempty, bounded absorbing set B, relative to a neighborhood
U of Bin X. Then the ®-limit set A := ®(B) is a compact attractor for S. More
precisely, A is the global attractor for S in U.

PROOF Since B is bounded, by proposition 2.49 its o-limit set @(B) = A is
nonempty, compact and invariant. The rest of the proof proceeds exactly as in that
of theorem 2.46, with the only difference that now only the sequence (S (¢,)b,)neN
can be said to be precompact. However, there still is a subsequence (S (ty, )by, )keN,
converging to some ¥ € X', and proposition 2.48 guarantees that, in fact, S(t,, )b,, — X
as well.

2.7 Attractors via o-Contractions

In this section we present an alternative procedure to show that the set @(B) is
a compact attractor, which does not require a decomposition like (2.38). Our pre-
sentation follows [EM93], where this method was used to show the existence of an
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attractor for the semiflow generated by a PDEE modelling the evolution of an exten-
sible beam.

2.7.1 Measuring Noncompactness

In the sequel, we denote by £ a complete metric space, with distance d. If M C &,
we denote by diam(M ) the diameter of M, that is,

diam(M) := sup{d(x,y): x,y € M}. (2.39)

DEFINITION 2.51 Let ACE. Ais TOTALLY BOUNDED if, given any € > 0, it is
possible to find a finite number of points {x,...,xx} in & such that

=

AcC | )B(xie).

i=1

This union is called a FINITE BALL-COVERING of A.

Compactness can be expressed in terms of total boundedness, since a subset of £
is compact if and only if it is complete and totally bounded. Thus, a closed subset
can fail to be compact only if it is not totally bounded. Since we want to consider
semiflows S which are not necessarily compact for large ¢, but do possess a bounded
absorbing set, we need to somehow control the failure of compactness due to the lack
of total boundedness. This can be done by means of the measures of compactness
introduced by Kuratowski in [Kur66, ch. 3].

Given a subset M C &, we denote by Z(M) the subset of R consisting of
all the positive numbers 3 such that M has a finite covering of sets, each having
diameter not exceeding . That is, B € Z(M) if and only if B > 0 and there are sets
Mi,...,M,, C X, such that diam(M;) < B for j=1,...,m, and

m
Mc | JM;.
Jj=1
We can then define the notion of a measure of compactness:

DEFINITION 2.52 Let 2¢ denote power set of € (that is, the set of its subsets). A
MEASURE OF COMPACTNESS on & is the map o: 26 — [0,+00)] defined by

+00 if A has no finite covering,

DA— =
£2A-ald) { infZ(A) otherwise.

The main properties of measures of compactness are summarized in
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PROPOSITION 2.53
Let o be a measure of compactness on E. Then

1. If AC & is bounded, a(A) < +o0;

2. If AC B, a(A) < a(B) (monotonicity);
3. If a(A) =0, then A is totally bounded;
4

L AfAI DA DDA, D - is adecreasing sequence of nonempty closed sets
such that 0t(A,) — 0 as n — 400, then the set

A::ﬂAn

n>1

is compact.

PROOF 1) and 2) are immediate consequences of definition 2.52; note that Z(A) 2
Z(B) if AC B. To show 3), let € > 0, and consider 8 € Z(.A)N]0, g[. There is then
a finite covering {Cy,...,C,} of A, with diam(C;) < 8. Choosing points x; € C;, we
see that the union of the balls B(x;, €) covers .A. Thus, A is totally bounded. Finally,
to prove 4), note that, from 2),

0< a(A) < a(Ay) — 0.

Thus, o(A) =0, so that, by 3), A is totally bounded. Since A is also complete,
because it is closed, A is compact.

We now introduce the notion of a-contraction, and the main result, which guaran-
tees that () is indeed a compact attractor for the semiflow S.

DEFINITION 2.54 Let BCE. A continuous map T: B — B is an o,-CONTRAC-
TION on B, if there exists a number q €0, 1] such that for every subset A C B,

(T (A)) < ga(A). (2.40)

We have then the following fundamental result:

THEOREM 2.55

Assume that B C & is closed and bounded, and that T : B — B is an o.-contraction
on B. Consider the semiflow generated by the iterations of T, i.e. S = (T"),cn. Then
o(B), if nonempty, is a compact, invariant set, which attracts B.

PROOF 1. Forn € N, set A, :=T"(B). Clearly, A, D A, for each n. We show
that, as a consequence,
o(B)= () A =: A.

n>0
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To see this, note first that, since for all n € N we obviously have

™®B) < |J 1(B).

m>n

we immediately deduce that

AcoB)=( U 1B).

n>0m>n

Conversely, let z € w(B). By proposition 2.16 (see (2.24)), there are sequences
(nj)jen and (z) jen € B, such that nj — oo and T"iz; — z as j — co. Now, for each
n € N there is j, € N such that n; > n for all j > j,. Hence, for j > jj,,

T"iz; € T"(B) C Ay, C Ay

Letting j — oo, it follows that z € A, for all n € N. Consequently, z € A, and
o(B) = A.

2. Since Bisbounded, by (1) of proposition 2.53 there is M > O such that ot (B) < M.
A repeated application of (2.40) yields then

a(A,) =a(T"(B)) < q"a(B) < ¢"M;

thus, o(A,) — 0. Since each A, is closed, part (4) of proposition 2.53 implies that
o(B) = A is compact.

3. To see that (B) attracts B, we show that

lim d(T"x,w(B)) =0,
n—oo
uniformly in x € B; that is, we claim that for all € > 0 there exists N such that for all
integer n > N and all x € B,
d(T"x,0(B)) < €.

Proceeding by contradiction, assume there is & > 0 such that for all integers j it is
possible to find another integer n; > j, and a point x; € B, such that

d(T" (xj),0(B)) > &. (2.41)

This process defines a bounded sequence §, := (T"/x;) jen C B. If we can show that
. contains a convergent subsequence, we reach the desired contradiction, because
by (2.41) the limit z of this subsequence would on the one hand be in @(B) (by
proposition 2.15), and on the other would satisfy d(z, @(B)) > &. To show that {,
does contain a convergent subsequence, let X be the subset of B consisting of all the
sequences of the form § = (7"x;) jen, withx; € B,mj € Nand m; — oo as j — oo.
Since a(§) < o(B) forall § € X,

0<ay:=supa(f)<+oo.
tex
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We claim that oty = 0. Otherwise, we could first choose a number 6 such that 0 < 6 <
(1—g) o, and then asequence {o € X suchthat o — 6 < ot({p). Let § = (T"x}) jen.
Since mj — oo, there is jo € N such that m; > 1 for all j > jo. Consider then the
sequence ;= (T™~'x;);>j,. Since {; can be written as §; = (T"y;)en, With
ng=mj, 1 — 1 — ooask — oo, and y; = xj, 1« € B, it follows that {1 € X; therefore,
(&) < of. Next, setting

o:=T& = (T™ix}) >, »

we see that the sequence T'{; coincides with the sequence {y, deprived of its first jg
terms. We now check that dropping this finite number of terms does not affect the
measure of a-compactness of §y. Indeed, from part (2) of proposition 2.53 we first

have B
a (o) < a(b).

To show the opposite inequality it is sufficient to show that
(&) CI(&).

Now, if B € 1(50) and Cy,...,C, is a finite covering of 50, such that diam(C;) < j3,
the addition to this covering of the jg balls B(Tx;, %B), 0 <i < jo, produces a finite
covering of §y with sets whose diameter does not exceed . Thus, 8 € Z(&), as
claimed.

In conclusion, we have the chain of inequalities

-0 <ab)=a)=aTs)<qa(f)<qu<a—0,

which yields a contradiction. This means that g = 0 and, therefore, a.({) = 0 for all
¢ € X. In particular, @(&,) = 0, which implies, by part (3) of proposition 2.53, that
L. is totally bounded. Hence, . is compact, and contains a convergent subsequence,
as claimed. Finally, the invariance of w(5) follows from theorem 2.30 (in its discrete
version). This concludes the proof of theorem 2.55.

We now proceed to extend theorem 2.55 from the discrete case to the continuous
one. The corresponding result will then provide the desired alternative to theorems
2.46 and 2.50.

THEOREM 2.56

Assume that S is a continuous semiflow on X, admitting a bounded, positively invari-
ant absorbing set BB, and that there exists t, > 0 such that the operator S, := S(t,.) is
an o-contraction on BB. Let

A= U $2(B) = 0.(B)

n>0m>n

be the w-limit set of B under the map S, and set

A= ) S()A..

0<1<t4
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Assume further that for all t € [0,t,), S(t) is Lipschitz continuous from B into B,
with Lipschitz constant L(¢), L: [0,t.] —]0,400[ being a bounded function. Then
A = ©(B), and this set is the global attractor of S in B.

PROOF 1. To show that A is compact, we note that the function F : [0,+o00[ x5 —
B defined by F(z,x) := S(¢)x is continuous on [0,7.] x A,. To see this, we set

L,:= sup L(1), (2.42)
0<t<t«

and fix (f9,x0) € [0,2.] x A,. Since the map 7 — S(¢)x is continuous for each x € X,
given 1 > 0 there is §; > 0 such that if |t —#o| < 8y,

d(S(t)x0,S(to)x0) < 37 (2.43)
note that §; depends on 1 and, possibly, on (#p,xp). Let
0 := min{d, %L;ln} ,

then, if (¢,x) is such that
(d(x,%0))* + [t — 1] < 82,

by (2.43) we have that

d(S(t)x,S(t0)x0) < d(S(2)x,S(1)x0) +d(S(1)x0,5(0)x0)
< L(1)d(x,x0) +d(S(2)x0,5(10)x0)
<L.&+3n<.

This shows the continuity of F. It is then immediate to verify that

A=A :=F([0,t.] x A\);

thus, A is compact, because F is continuous and [0,z.] x A, is compact.

2. We show that A attracts all bounded subsets of B. Let G C BB be bounded, and
fix t > t,. Given any x € S(¢)G and a, € A, let g € G be such that x = S(r)g, and
decompose ¢ = nt, + 6y, for suitable n € N and 6; € [0,,]. Let @ := S(6;)a.. Then,
a € A, and recalling (2.42) we can estimate

d(x,a) =d(S(6, +1—6,)g,5(6,)a.) < L.d(S(t — 6,)g,a.)
<L.d(S(nt.)g,a.) =L.d(Stg,a.).
From this, it follows that

inf d(x a) <d(x,a) < L.d(S%g,a.)
acA

and, since a, is arbitrary in A,,

inf d(x a) <L, inf d(S}g,a.). (2.44)
acA axEAx
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Since g € G C B, and B is positively invariant, S” ¢ € B. Thus, recalling the definition
(2.2) of semidistance, we can proceed from (2.44) with

inf d(x,a) < L, inf d(b,a,) =L, ("B, A,). 2.45
Jnf d(x,a) < pestianCAs (b,a.) (5.5, 4.) (245)

Since (2.45) is true for arbitrary x € S(¢)G, it follows that

sup inf d(x,a) =d(S(1)G, A) <L,d(S.B,A). (2.46)

x€S(1)g 4€A

Since A, attracts B under S,, (2.46) implies that A attracts G under S, as claimed.

3. We now show that A= @(B). Leta € A. There are then 6 € [0,#,] and a,. € A,
such that a = S(0)a,. Since A, = w.(B), by proposition 2.16 there are sequences
(m;)jen € Nand (z;) jeny € B, such that m; — oo and S.z; — a, as j — oo. Let
tj = 0 +mjt,. Then, t; — oo, and

a=5(0)a, = lim S(0+mjt.)z; = lim S(t;)z;.
j—oo Jj—oo
Thus, again by proposition 2.15, a € @(3). This proves that A C w(B). Conversely,
let z € w(B). Then, there are sequences (¢;)jen € 7 and (z;)jen € B, such that
tj — oo and S(tj)zj — z as j — oo. For each j € N, we can write t; = m;t, + 6;,
with m; € N, 6; € [0,t,], and mj — oo as j — oco. Since B is positively invariant,
S(0;)z; =:Zj € Bforall j. Hence,

z= lim S(t;)z; = lim S(m;t,)S(6,)z; = lim S.’%;.
J—00 J—0o0 j—oo
This means that z € @, (B) = A,. Since A, C A, it follows that ®(B) C .A. Thus,
A=w(B).
4. Since A is compact and attracts B, and o(B) = A, theorem 2.30 implies that A
is invariant. This ends the proof of theorem 2.56.

In conclusion, theorem 2.56 provides an alternative way to establish the existence
of an attractor for a continuous semiflow, if we can choose 7, so that the operator S(¢..)
is an o-contraction, and S(r) is a Lipschitz continuous map on X', for all # € [0,z,].
In applications, this is often achieved by means of the intermediate results described
next, which we will use for the dissipative evolution equations we consider in chapter
3.

2.7.2 A Route to a-Contractions

In the light of our previous remark, it is clearly of interest to be able to give some
sufficient conditions for a continuous map 7': B — B, defined on a closed, bounded
set B C X, to be an a-contraction. To this end, note first that this is obviously the case
if T is a strict contraction, and also if T is compact, because in this case (T (5)) =0,
and we can take arbitrary g € |0, 1[ in (2.40). This is exactly the situation we had in
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theorems 2.46 and 2.50. In fact, in both these cases we can choose T = S(.), with
t, > 0 arbitrary in theorem 2.46 (where T is compact), and, in theorem 2.50, ¢, so
large that S, (2, ) is a strict contraction.

We now show that a combination of these two effects still produces an @-contrac-
tion.

DEFINITION 2.57 A pseudometric 6 in X is PRECOMPACT with respect to the
topology induced by the metric d of X if every sequence which is bounded relatively
to the distance d has a Cauchy subsequence relative to 8.

PROPOSITION 2.58

Let 6 be a precompact pseudometric, and let B C X be bounded. Then B is totally
bounded with respect to 6. That is, for all € > 0 there is a finite covering of B,
consisting of 8-balls

Bs(xj,e):={ye X: d(x,y) <€}, i=1,....m.

PROOF We proceed by contradiction. If there were & > 0 such that there is
no finite covering of B by means of §-balls By = Bg(x1,&), ..., Bm = Bg(xm, &),
arguing inductively we could construct a sequence (x;);cN, contained in B3, and there-
fore bounded, such that x,,+ ¢ B,, for each m. In particular, this would imply that
O (Xm, Xm+1) > €. Consequently, (x,,)men could not be a Cauchy sequence relative
to 0. But this sequence must be a Cauchy sequence, since it is bounded and J is
precompact. D

We now show that if T fails to be contractive only because of a precompact pseu-
dometric, it is still an o-contraction.

PROPOSITION 2.59
Let B C X be bounded, § a precompact pseudometric in X, and T: B — B be a
continuous map. Suppose T satisfies the estimate

d(Tx,Ty) < qd(x,y) +0(x,y) (2.47)

forallx, y € Band some q €0, 1] independent of x andy. Then T is an &-contraction.

PROOF We will show that (2.40) holds, with g from (2.47). Let A C B, and
op = ot(A) (note that ar(A) < a(B) < 400, because B is bounded). By proposition
2.58, given € > 0 we can cover 3 with a finite number of §-balls By, ..., B, of radius
€. By the definition of o, we can also cover .A with a finite number of sets C;,
Jj=1,...,m, with diam(C;) < o + € for all j. Clearly,

TA)C | TBNC)).

i=1,...,
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Recalling (2.47), we can estimate the diameter of each set of this covering of T'(.A)
as follows. For x, y € B;NC; we compute that

d(Tx,Ty) < qd(x,y) +8(x,y) < g(an+ &) +& < qop+2€.
This means that
diam(T'(B;NC;)) < g0 +2¢ = qa(A) + 2¢.
Since € is arbitrary, we conclude that

a(T(A)) < supdiam(T (B;NC;)) < qa(A),
ij

from which (2.40) follows. I

2.8 Fractal Dimension

As we have mentioned in chapter 1, in many situations it is possible to show
that the attractor of a semiflow has finite dimension. Since in general attractors
have a highly irregular structure (they may well be fractal sets), it is often necessary
to consider their FRACTAL DIMENSION, whose definition we briefly recall in this
section.

Following [Fal85, Fal90, EFNT94], we introduce the following

DEFINITION 2.60 Let X be a separable Hilbert space, and K C X be a compact
subset. For 8 > 0, denote by Ng(K) the smallest number of sets of diameter at most
equal to & which can cover K. The FRACTAL DIMENSION of K is the number

dimp(K) := limsup InNs (K)

msup —— 5 (2.48)
—0 -

(We include the possibility that dimg(K) = 400 for some sets K.)

We recall that dimg(/C), as defined in (2.48), is also known as the UPPER BOX-
COUNTING dimension of K. There are corresponding definitions of lower box-
counting dimension and of box-counting dimensions of K, obtained by replacing,
in (2.48), limsup respectively by liminf and lim.

The fractal dimension of a set is always larger than or equal its Hausdorff dimen-
sion. Further properties of the fractal dimension are given in the following proposi-
tion.

PROPOSITION 2.61
Let dimp be defined as in (2.48).
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1. If Ky, Ky are two compact sets of X, then:
KiCck, = dimF(ICl) < dimF(/Cz) (2.49)
(i.e., the fractal dimension is monotonic). Moreover,

dimF(IC1 UK,) < max(dimF(ICl)7dimF(lC2)) , (2.50)
dimg (K0 x K7) < dimp(K;) +dimp(KCy) . (2.51)

2. If f: X — X is Lipschitz continuous, then for any compact set I C X,

dimg(f(K)) < dimp(K) . (2.52)

3. If M C RN is a smooth, N-dimensional compact manifold of RN, then

dimp(./\/l) =N.

PROOF 1. The monotonicity of dimg is immediate, since if IC; C K,, then any
covering of /5 is automatically a covering of K. In particular, N5(K;) < Ng(K2),
and (2.49) follows after division of this inequality by —Ind, which is positive if
0<d<l1.

2. To prove (2.50), fix 6§ €]0,1] and cover K| and K, with exactly Ng(K;) and
Ng(K,) balls of diameter 6. Then, the union of these coverings is a covering of
K1 UK, consisting of Ng(K1) -+ Ng(K;) balls of diameter 8. Since Ng(KC; UK»)
is the minimum number of balls of diameter at most J that are necessary to cover
KC1 UKy, it follows that, setting N := max (Ng(K1),Ns(K2)),

Ns(K1UK,) < Ng(K1)+Ns(Kr) < 2N5 .

Thus,
InNg (IC] @] K:z) < In2+ 1n]\75
—Iné - —Iné ~
from which (2.50) follows, letting § — 0.
3. To prove (2.51), fix § €]0, [, and cover Ky and K with exactly N5 (K1) and
Ng(K,) balls of diameter 6. Then, the product of these coverings is a covering of
K1 % Ky, consisting of Ng (K1) - Ng(K1) balls of diameter at most 28. It follows that

Nas (K1 x Ka) < N5(K1)-Ns(K2),

and, therefore,

InNos (K1 x K) _ InNs (K1) +1nNs (K)
“n(28) = “In(29)

Multiplying and dividing the right side of this inequality by —In 8, and letting § — 0,
we obtain (2.51).
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4. To prove (2.52), fix again 6 €]0,1[ and cover K with exactly Ng(K) balls of
diameter 8. Then f(K) can be covered by the images of these balls, which have
diameter at most L3. Hence, N;5(f(K)) < Ng(K) and, therefore,

) i InN;s5(F(K)) .. Iné InNs(K)
=1 —LSVA))
dimg (f()) = limsup = 175~ S Hmsup S T ine
T lnN5 (’C) T
Thus, (2.52) holds. I

2.9 A Priori Estimates

The discussion of Lorenz’ equations in section 2.2.2 highlighted the importance of
obtaining A PRIORI ESTIMATES on the solution of a system of differential equations.
These estimates provide uniform bounds on a local solution, which allow us to extend
this local solution to a global one. For this purpose, it is in general sufficient to
establish an estimate of the form

lu@®lx <o), €01, (2.53)

where u is a local solution of the system defined on a (maximal) interval [0, 7], and
¢: R — Ry is continuous and globally defined. For example, estimate (2.18) of
proposition 2.7 for the local solutions of Lorenz’ equations is of the form (2.53),
with @(t) = ||lug|| xe?’. However, estimates like (2.53) are in general not sufficient
to ensure the existence of an attractor. Indeed, if an attractor exists, proposition
2.45 implies that the system is dissipative, that is, the semiflow admits a bounded
absorbing set. In particular, the dissipativity of a system forces all solutions to be
bounded eventually (once the orbits enter the absorbing set). It follows that the
boundedness of solutions is a necessary condition for dissipativity. Therefore, as
a first step towards the existence of an attractor, it is desirable to improve estimate
(2.53), with a function ¢ which is bounded; that is, to obtain an estimate of the form

u(t)||x <M, (2.54)

where M > 0 is independent of r € R>¢. For example, in proposition 2.65 below, we
will see that if ¢ and b are positive, we can improve (2.18) into a uniform estimate
of the form (2.54).

In this section we present two results that are commonly used in order to obtain a
priori estimates, respectively of the form (2.53) and (2.54). These results are known,
respectively, as the GRONWALL’S INEQUALITY and the EXPONENTIAL INEQUAL-
ITY.
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2.9.1 Integral and Differential Inequalities

In this section we prove one version of the GRONWALL’S INEQUALITY, and a
COMPARISON THEOREM for linear differential inequalities.

PROPOSITION 2.62 (Gronwall’s inequality)
Let u, v and w be continuous functions defined on an interval [a,b] C R, with v
nonnegative and w continuously differentiable. If

ult) <w(t)+ /at u(s)v(s)ds (2.55)

forallt € [a,b], then also

u(t) <w(t) +'/: exp (/Ttv(s) ds) v(t)w(t)dr. (2.56)

If in addition w is nonnegative and increasing, then
t
u(t) < wl(r)exp (/ v(s) ds) . (2.57)
a

PROOF The proof of proposition 2.62 is immediate; we report it for completeness.
Let U(¢) denote the right side of (2.55). Then

U'(1) = w' (1) +u(t)v(t) < w' (1) +U)v(r). (2.58)

Let E(f,7) := exp( [+ v(s)ds). Since
%E(r,r) =—E(t,7)v(1),

after changing ¢ into 7 throughout we can rewrite (2.58) as

%(E(t,T)U(T)) <W(DE(L,7).

We integrate this inequality with respect to T € [a,#]. Using integration by parts and
the fact that E(#,¢) = 1, we obtain
it
U(t) < E(t,a)U(a) + / E(t, o) (1) dt
Ja

— E(t,a)w(a) + E(t,0)w(t) — E(t,a)w(a) — / t (%E(z, Dw(t)dt

— w(t)+ / "E(t, t)v(e)w(t) dr. (2.59)
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Since u(t) < U(t), (2.56) follows. If w is nonnegative and increasing, we can proceed
from (2.59) with

u(t) < wit) (1 —l—/atE(t,r)v(r) dr) = w(r) (1 —/:%E(t,r) dr)
=w(t) (1 —E(t,t) + E(t,a)) =w(t)E(t,a),
from which (2.57) follows. I

To state our next result, we denote by AC([a,b];R) the space of all absolutely con-
tinuous functions defined on a closed interval [a,b]. Recall that if u € AC([a,b];R),
then u is differentiable almost everywhere in [a, b] (see e.g. theorem A.4).

PROPOSITION 2.63 (Linear differential inequality)
Let u € AC([a,b];R), and o, B € L' (a,b;R). If for almost every t € [a,b),

u'(t) < aft)+ B(t)ult),

then for all t € [a,b]

u(t) < u(a)exp (/tﬁ(s) ds) +/t exp (/t[}(s) ds) a(t)dr. (2.60)
In particular, if oo and B are constant, and B # 0, then for t € [a,b]

u(t) < e~ Pu(a) + & (e(’*“”‘ - 1) . 2.61)

PROOF Setting E(t,7) := exp([; B(s) ds), we have

d

$(E(a,t)u(t)) =E(a,t)u’(t) — B(t)E(a,t)u(t) < E(a,t)o(t)

for almost every ¢ € [a,b]. Hence,
E(a.0)u(t) ~u(@) < [ "E(a, t)(7) dr.
a
from which, for all 7 € [a, b],
u(t) < E(t,a)u(a)+/'E(t,r)a(r) dr.
a

This is (2.60), from which (2.61) follows immediately. Note that if § = 0, the
corresponding trivial inequality (for constant o)

u(t) <u(a)+a(t—a)

follows from (2.61) by letting 8 — O for each fixed ¢. I
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2.9.2 Exponential Inequality

The bounds provided by proposition 2.62 and 2.63 clearly depend on the interval
[a,b]; in particular, on its endpoint b. A more favorable situation is when we can
establish a linear EXPONENTIAL INEQUALITY on the solution: in this case, we can
obtain a uniform bound independent of ¢.

PROPOSITION 2.64
Let X be a Banach space, S a semiflow on X, and ugy, k € X. Assume that the function
¢: [0,00[— R defined by

(1) := ||S(1)uo — x|

is absolutely continuous. Assume further that there exist positive numbers m, M such
that for almost all t > 0,

Q' (t)+mo(t) <M. (2.62)

Let p := M /m. Then the closed ball B(k,./p) is positively invariant, and for all
N > 0, each closed ball B(k,\/p + 1) is positively invariant and absorbing.

PROOF Proposition 2.63 with o (¢t) = M, B(r) = —m and a = 0 implies that, for
allt >0,

o) <ep(0)+p(1—e"™). (2.63)
In particular, if ¢(0) < p+n, n > 0, we deduce that fort > 0
p(t)<e™(p+n)+p(l—e™) <p+n;
that is, B(k,+/p + 1) is positively invariant. To show that when 7 > 0 this ball is
also absorbing, let G C X be bounded. There exists then R > /p + 7 such that
G CB(k,R). Letup € G. Then ¢(0) < R?, and (2.63) implies
(P<t) < e—tmRZ +P(1 _ e—tm)_

Thus, (1) < p +nforallt > T, with T =0if R> —p <1, and T > 0 defined by

_ 1. R-p
T = EIHT

otherwise. Thus, S(t)G C B(k,\/p + 1) fort > T, and we conclude that B(k, \/p + 1)
is absorbing.

By way of illustration, we apply this result to prove the existence of an absorbing
ball for Lorenz’ equations.
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PROPOSITION 2.65

For all positive values of o and b, the semiflow S defined by Lorenz’ equations (1.50)
admits a family of bounded, positively invariant absorbing balls in R3. Thus, if 6
and b are positive, Lorenz’ equations are dissipative.

PROOF We choose k := (0,0,7+c) € R3, and set ug := (xo,Y0,20). Since ¢,b >
0, we can estimate (dropping the argument 7)

d
a|S(r)uo — k2 =2(x—0)k+2(y—0)y+2(z—r—o0)z

=2x(—ox+o0y)+2y(rx—y—xz) +2(z—r—0)(xy — b2)
= —20x* —2y* —2bz(z—r—o0)
< —20x* —2y* —b(z—r—0)? +b(r+0)>.

Thus, setting m := min{2,20,b} and M := b(r + ¢)?, we obtain the differential
inequality

E|S(I)uo —K)? < —m|S(t)up— k| +M.
This means that the function ¢ — @(t) := |S(f)up — K| satisfies (2.62). Applying
proposition 2.64 we conclude that every ball B(k,R) in R?, with k¥ = (0,0, r+ o) and
R > /M /m, is absorbing and positively invariant for S.

In a similar way, it is possible to show that for all positive values of k the solution
operator defined by Duffing’s equations (1.53) admits a bounded, positively invariant
absorbing set in R2, even in the nonautonomous case A =# 0. We can establish this
by means of an analogous a priori estimate on the function

E(x,y) := 1122 +kxy+y* + Ix*

of the solution of (1.53). Note that E is positive definite, and its first three terms
are the square of an equivalent norm in R?, as we immediately see by Schwarz’
inequality.

We start by multiplying the second equation in (1.53) by 2y and kx, and adding the
resulting identities. Using also the identity

d
kxy) — ky2 ,

kxy) —kxy = E(

d

kxy = —
=
and resorting to weighted Cauchy-Schwarz inequalities of the form

Axy < T]yz—l—Cn)c2 <ny*+mxt+c,

we arrive at an exponential inequality of the type

d
EE()C’)))"'(XE(X,)?) SC’
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where C > 0 depends on |A|. Thus, by proposition 2.64 we deduce that for each A
there exists R > 0 (depending on |A|), such that the set

Cr:={(x,y) € R?: %k2x2+kxy+y2+ %x“ §R2}

is positively invariant and absorbing. Note that Cg is not a ball of R>.



Chapter 3

Attractors for Semilinear Evolution
Equations

In this chapter we apply the results described in chapter 2, in particular theorems 2.46
and 2.50, to show the existence of a global attractor for the semiflows generated by
two very simple dissipative evolution equations. These are, respectively, a semilinear
version of the heat equation, and of the dissipative wave equation. As such, they are
a model of, respectively, a parabolic and of a hyperbolic equation. In chapter 7 we
shall apply the same methods to other systems of PDEE:s arising from various models
in mathematical physics.

3.1 PDEEs as Dynamical Systems
3.1.1 The Model IBV Problems

Let 2 C R" be a bounded domain with smooth boundary dQ. We wish to investi-
gate the existence of global attractors, in suitable function spaces, for the semiflows
generated by the following two “model” initial-boundary value problems (IBVPs in
short) on the cylinder 2 x ]0, +o0[:

1) The IBVP for the semilinear heat equation
w—Au+g(u)=f 3.1
in Q x ]0,400[, together with the initial and boundary conditions
u(0,-) = u in {0} xQ, 3.2)

;=0 in ]0,400][x0RQ; (3.3)

2) The IBVP for the semilinear dissipative wave equation
euy+u —Au+gu)=f, >0, (3.4)
in Q2 x ]0,+o0[, together with the initial and boundary conditions

u(0,-)=up, wu(0,-)=uy in {0}xQ, (3.5)

89
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Uy =0 in ]0,4+o00[xdQ. (3.6)

CONVENTION 3.1 We refer to problem (3.1) + (3.2) + (3.3) as
problem (P),

and to problem (3.4) + (3.5) + (3.6) as
problem (Hg).

We can regard (3.4) as a perturbation of (3.1); or, alternatively, (3.1) as a “reduced
version” of (3.4), corresponding to the “limit case” € = 0. Indeed, problems (P)
and (H¢) can be studied together, in the framework of the so-called SINGULAR PER-
TURBATION theory (see e.g. Lions, [Lio73]). We shall not explore this issue in any
detail, however, except for a brief mention, in section 3.6, of a result on the UPPER
SEMICONTINUITY of the global attractors of these problems, as € — 0. On the other
hand, while it is true that the basic well-posedness results for problem (H¢) do hold
for arbitrary € > 0, we are able to establish most results on the existence of different
sorts of attracting sets only when ¢ is sufficiently small.

For specific choices of the nonlinearity g, equations (3.1) and (3.4) describe var-
ious models of interest in mathematical physics. In particular, (3.1) is a general
model for so-called REACTION-DIFFUSION equations, or CHAFEE-INFANTE equa-
tions; equations of this type were first studied by Chafee and Infante in [CI74]. Equa-
tion (3.4) is generally known as a GORDON TYPE equation; these include, in par-
ticular, the so-called SINE-GORDON and the KLEIN-GORDON equation of quantum
mechanics, corresponding respectively to g(u) = sinu and g(u) = u®> —u. For an
extensive review of results on both problems (P) and (H;), we refer e.g. to Sell-You,
[SYO02, scts. 5.1, 5.2].

Problems (P) and (Hg) are qualitatively very different. This is reflected mainly
in the fact that the “space” operator in equation (3.1), i.e. the Laplacian —A, gen-
erates an analytic semigroup, while, in contrast, when (3.4) is transformed into a
first order system in a suitable product phase space, the semigroup generated by the
corresponding “space” operator is only C° (see section A.3 for the relevant defini-
tions and properties of semigroups). A major consequence of this difference is that
the “parabolic” semigroup is compact for large #, while the “hyperbolic” one is not.
Thus, the semiflow generated by (3.1) is asymptotically compact, while the one gen-
erated by (3.4) is so only up to a uniformly decaying perturbation. The dissipative
effects that force this decay in problem (Hg) are caused by the term u;, and it will be
clear from our arguments that the results we establish for (3.4) do not carry over to
the nondissipative case, where the dissipation term u; is not present.

In both problems, we assume that f: R x £2 — R; that is, f is independent of u.
Later on, we will restrict ourselves to the autonomous case, i.e. when f: Q — R de-
pends only on the space variable x. For reasons of simplicity, we shall only consider
the simple (but nontrivial) model of the quantum mechanics equations, correspond-
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ing to the case when n < 3 and
g(u) :=k(® —u), k>0 (3.7)

(in this and the next chapter, we take k = 1). However, most of the results we describe
in this and the next chapters can be established, with quite similar methods, for more
general nonlinearities g, satisfying suitable growth restrictions. For example, for
problem (P) the existence of a global attractor can be established if g satisfies the
condition

—g(r)

lim sup <0 (3.8)

|r|—+o0

(see e.g. Sell-You, [SY02, sct. 5.1]), while for problem (H;) the existence of a global
attractor can be established if, in addition to (3.8), g and its antiderivative

G(u):= /O”g(v) dv
are such that for all r € R,
—C (P +1) < G(r) < Ca(rg(r)+1), 3.9)
and, if n > 2,
18" (n) < C3(1+1r?), (3.10)

where C1, (>, C3 are positive constants independent of r, 0 < p < ni—z if n > 3, and
p > 0is arbitrary if n = 2. For this result, we refer e.g. to Babin and Vishik, [BV92,
ch. 1.8], or Temam, [Tem88, ch. IV.3]).

In a sense we explain later, these assumptions on g (which are verified in particular
by our choice (3.7); take for example, C; =C, =11in(3.9) and C3 =3, p =21in (3.10),
for n = 3) are “not too strong”, and allow us to solve both problems (P) and (Hg) in
an appropriate weak sense, so that we can define corresponding solution operators in
a suitable Hilbert space X'. Moreover, theorem 2.46 can be applied to the solution
operator defined by (3.1), and we can deduce the existence of a global attractor for
the semiflow generated by the parabolic problem. In contrast, for the hyperbolic
problem (Hg) the cubic growth of g is critical, with respect to the space dimension
n = 3, in the sense that, in this case, the presence of a stronger growth (i.e. with
larger exponent) would not allow us to establish a suitable weak solution theory for
problem (Hg). On the other hand, when g is cubic we can proceed to show that, at
least if € is sufficiently small, theorem 2.50 can be applied to the solution operator
defined by (3.4), and deduce the existence of a global attractor also for the semiflow
generated by the hyperbolic problem (Hg). Still, the procedure we follow is typical,
and in fact almost the same for both problems; indeed, our choice of the nonlinearity
(3.7), with n < 3, is motivated only by the goal of providing an outline of the general
arguments, in one of the simplest nontrivial settings.
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Examples of “parabolic” equations that can be treated in the same way include
reaction-diffusion equations, the Cahn-Hilliard equations, the 2-dimensional Navier-
Stokes equations, the Chafee-Infante equations, etc. Furthermore, the same proce-
dure could be followed for quasilinear parabolic evolution equations of monotone

type
u —div¢(Vu) = f, (3.11)

with §: R" — R” strongly monotone, including the so called p-Laplacian operator

N

divg(Vu) =Y di(|dul" "),  p=>2.
=1

4

(This operator is a generalization of the usual Laplace operator in R”, to which it
reduces when p = 2.) In section 6.4 of chapter 6, we will prove the existence of a
global attractor for a quasilinear evolution equation of the type (3.11), which models
the quasi-stationary Maxwell’s equations in a ferromagnetic medium. Unfortunately,
we do not know if this result carries over to the hyperbolic perturbation of (3.11),
that is, to an hyperbolic dissipative quasilinear equation of the type

EM[[+Mt—diV€(vM) :f

On the other hand, we can treat far fewer models of “hyperbolic” equations.
Among these, the sine-Gordon equation, types of Klein-Gordon equations similar
to (3.4), and several types of Kirchoff, von Karman and Cahn-Hilliard equations,
including various models of beam and thin plate equations.

We shall present a number of these examples in chapter 6, with the goal of showing
that, for all these systems of PDEEs, we can follow a similar procedure, which allows
us to apply at least one of theorems 2.46, 2.50, or 2.56, and, consequently, deduce
the existence of a global attractor for the semiflows corresponding to each of these
systems.

3.1.2 Construction of the Attractors

The main steps of the procedure we want to describe, leading to the existence of a
global attractor for the semiflows generated by evolution equations like (3.1) or (3.4),
can be summarized by the following sequence of incremental results.

1. Solution of the problem. In this step, we transform the problem into an abstract
evolution equation in an Hilbert space X, consisting of functions of the space vari-
able. We give a precise definition of what we mean by a solution of the problem in
X’ in turn, this allows us to define a corresponding semiflow S on X, generated by
the differential equation.

Formally, in the parabolic case (3.1), S will be defined by

[0,00[ x Q 3 (t,x) — (S(t)up)(x) := u(t,x,up), (3.12)
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where the right side of (3.12) is the value at the point (¢,x) of the solution u of
problem (P). In the hyperbolic case (3.4), X is the product of two spaces, each again
a space of functions of the space variable, and the semiflow S on X will be formally
defined by

[0,00[ x £ > (t,x) — (S(2) (w0, u1)) (x) := (u(t,x,u0,u1),u, (2, x,u0,u1)), (3.13)

where u(-,-,up,u;) is the solution of problem (Hg), and u(-,-,up,u;) is its time
derivative. In general, the solution operator S will be a semiflow only when the
system is autonomous, i.e. when the source term f in the equations is independent
of . As we have indicated, the fact that S is actually a semiflow is a consequence
of the well-posedness in the large of the Cauchy problems (P) and (Hg) in the corre-
sponding spaces X. We carry out this part, first by obtaining local solutions of the
problem, and then by establishing a priori estimates which allow us to extend the
local solutions to global ones.

2. Absorbing sets.  In this step we show the existence of a bounded, positively
invariant absorbing set 3 for S in X. As we have seen in the finite dimensional
examples of chapter 2, this part can be carried out by refining the a priori estimates
established in Step 1. Following the ideas of proposition 2.65 on the absorbing set of
Lorenz’ equations, the most effective way to obtain an absorbing set is to establish a
linear differential inequality on the square of a norm of u, as in (2.62). In a certain
sense, the possibility of doing so is characteristic of dissipative systems; for example,
differential inequalities like (2.62) are generally not available for nondissipative wave
equations of the form
uy —Au=F(t,x,u).

3. Compactness of the semiflow. In this step we establish suitable regularizing
properties of the semiflow S. In the parabolic case, this step usually exploits the
smoothing effect of parabolic operators, which allows us to deduce directly that S is
uniformly compact in X for large ¢. In the hyperbolic case, we show instead that, at
least if € is sufficiently small, S admits a decomposition S = S| +.5, as in proposition
2.48, with S; uniformly compact for large ¢ and S, uniformly decaying to 0. This
will indeed be possible for equation (3.4); however, there are other types of equations,
such as the beam equation, the von Kdrman equation, or the perturbed nonviscous
Cahn-Hilliard equation, for which we do not know how to implement this step. In
this case, we would resort to the method of ¢-contractions, presented in section 2.7.

4. Conclusion. We apply theorems 2.46 or 2.50 (or theorem 2.56 for a-contrac-
tions), to deduce the existence of a global attractor A for S in X'. This attractor gives a
description of the long-time behavior of the solutions of the equations, independently
of their initial values.

Of course, these steps can be supplemented by others, concerning further prop-
erties of these attractors, such as their regularity, finite dimensionality, geometrical,
topological or differential structure, etc. For instance, regularity is often established
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by proving that A is contained in a subspace X} — X. If the injection X} — X is
compact, compactness of A in X’ can also be obtained by showing that .4 is bounded
in X. As an illustration, in section 3.5 we shall show a regularity result of this type
for problem (Hg).

REMARK 3.2 In sections 3.3 and 3.4 we shall present a direct implementation of
step 1, for both problems (P) and (H¢). Thatis, we shall give a constructive procedure,
based on an approximation technique, which yields the solutions to both problems,
and allows us to generate the corresponding semiflows. An alternative approach,
which is more in analogy to the classical methods of ODEs, is provided by the theory
of SEMIGROUPS (see section A.3). In this setting, we transform the problem into an
abstract evolution equation of the form

U+AU =F(U), (3.14)

in an Hilbert space X', consisting of functions of the space variable. In fact, problem
(P) is already in the form (3.14), while for problem (Hg), X is a product space, and
A is a formal matrix, acting on the vector U := (u, u,)T, in accord with (3.13). When
both problems are transformed into the form (3.14), the linear operator A is densely
defined, with domain
dom(A):={uecX: Auec X},

and generates at least a C’-SEMIGROUP (e~"4),>o on X'. This allows us to transform
(3.14) into an integral equation, and, in analogy to the classical procedure in ODEs,
consider the corresponding solutions of the initial value problem. In particular, we
have the following

DEFINITION 3.3 LetUy € X, and T > 0. A function U € C([0,T];X) is a MILD
SOLUTION of equation (3.14), with initial value U (0) = Uy, if U satisfies the integral
equation

1
U(t):e_’AUo—F/ e "OAF(WU(0))de, 0<r<T. (3.15)
0

Note that (3.15) is a straightforward generalization of the familiar Duhamel’s for-
mula for the solution of the system of ODEs

u+Au=F(u),

in which A is a constant matrix in R

The following result (see theorem A.52, whose statement we repeat here for con-
venience) shows that the initial value problem for (3.14) is well posed in the class of
mild solutions.

THEOREM 3.4
Assume that F: X — X is globally Lipschitz continuous. Then for all Uy € X, the
initial value problem for (3.14), with initial value U(0) = Uy, has a unique mild
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solution u. Moreover, for all T > 0 the map
X>Uy—UeC(0,T];X)

is Lipschitz continuous.

In particular, theorem 3.4 implies that the evolution equation (3.14) generates a
continuous semiflow S on &X'. We shall refer to this approach again in section 5.6.1
of chapter 5, when we construct inertial manifolds for general evolution equations of
the form (3.14).

For a comprehensive introduction to semigroup theory, we refer e.g. Pazy, [Paz83],
or Engel and Nagel, [ENOO]; we report the basic results we need in section A.3.

3.2 Functional Framework

In this section we introduce the functional space framework in which we study
problems (P) and (H,). We also recall some well known facts on the Laplace operator
A, associated to homogeneous Dirichlet boundary conditions. Throughout the rest of
this chapter, we assume that 2 is a bounded domain of R”, with a smooth (i.e. at
least Lipschitz) boundary 0.

3.2.1 Function Spaces

We consider the following spaces and adopt the following notations:
1. ‘H :=12(Q), with norm || - || and scalar product (- ,-).

2. V:=H}(Q), withnorm ||u||y, = || Vu||; this is justified by Poincarés inequality
N >0VueV:  Valul < | Vul (3.16)
(see (A.73)). The corresponding scalar product in V is then
(u,v)y :=(Vu, Vv).

3. V':=H !(Q), with norm || - ||». V' is the topological dual of V. We denote
the duality pairing between V' and V by (-,+)1/, -

4. D:=H?*(Q)NH}(L). Since the Poincaré type inequality

V[ Vul| < ||Aul| (3.17)
holds for all u € D, we can, and will, choose in D the norm ||u||p := ||Aul|. To

prove (3.17), note that if u € D, then
[Vu||* = (—Au,u) < || Aul|||u|
so (3.17) follows by (3.16).



96

3 Attractors for Semilinear Evolution Equations

5. L: 'H — H is the unbounded operator formally defined by Lu = —Au, with

domain
dom(L)=D.
A is the usual Laplace operator, formally defined by
92
A= —
Los

Note that, in choosing D as the domain of L, we are automatically impos-
ing homogeneous Dirichlet boundary conditions on d£2, in the weak sense of
H)(Q).

0

. For1 < p <+o00, ||, denotes the norm in L”(£), and ¢ € [1,+00] denotes the

conjugate index of p,ie. qg:=1if p=+00,q:=+occif p=1,and g:= %
otherwise.

. If X is a function space on Q and f: [0,7] — X, we implicitly define a func-

tion on [0,7] x 2, with value f(¢)(x) for (z,x) € [0,T] x 2. We denote this
function again by f; that is, we set

ft,x) = f(t)(x), (1,x) €[0,T] x Q.

Similarly, given a function g: [0,7] x 2 — R, we define a function from [0, 7]
into X, with value g(¢,-) att € [0,T]. We denote this function again by g; that
is, we set

8()(x):=glt,x),  (6,x)€[0,T]x Q.
Likewise, we denote by Af () (respectively, Vf(z)) the function with value
Af(t,x) (respectively, V f(t,x)) at x € Q.

. Finally, for T > 0 we set

W(T) :={f e L2(0,T;V): f, e L}(0,T;V")},
and recall that

W(T) — C([0,T]; H). (3.18)

Imbedding (3.18) is part of the following result, whose proof can be found e.g. in
Tanabe, [Tan79] (Lemma 5.5.1):

PROPOSITION 3.5
Let V and 'H be separable Hilbert spaces, with V — H continuously and densely. If

u € W(T), u can be modified on a set of measure 0, in such a way thatu € C([0,T|; H).

If also v € W(T), the function t — (u(t),v(t))s is absolutely continuous on [0,T],
and satisfies the identity

%(u(t)w(t)m = (ur (1), v(0)) sy + (1) (1))
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in D'(]0,T() and, in fact, for almost every t € [0,T). In particular, taking v = u we
deduce that for almost all t € [0,T),

& 0l =200 1Oy

3.2.2 Orthogonal Bases
As we recall in theorem A.76, the eigenvalue problem for L
—Awj = Awj (3.19)
w j| 90 — 0

admits an unbounded sequence of positive eigenvalues (4;) jen. This sequence can
be ordered so that

O<l]§12§~--§)uj§~--, A,j—>—|-OO. (3.20)

For each j € N, the corresponding eigenvector w; is in C>(Q)NC(£2), and the
sequence (w;)jen is a complete orthogonal system in L?(£2). This means that each
u € L?(2) has a uniquely determined Fourier series expansion with respect to the
w;’s; more precisely,

u=

™

Il
-

(u,wjwi, (3.21)
J
with the series (3.21) converging in L?(£). Since rescaled eigenvectors are still

eigenvectors, we can assume that the (w;) e are in fact an orthonormal system, i.e.
that ||w;|| = 1 for all j € N. Then, Parseval’s formula holds: for all u € H,

Jull> = Y (w,wi) 2 lwill* = Y (u,w))? . (3.22)

= =

The particular choice (3.19) of eigenvectors assures the orthogonality (but, of course,
not the orthonormality) of the sequence (w;);cn also in V. In fact, for arbitrary j
and k we compute that

(Vwj, Vwe) = (=Awj, wi) = Aj(wj,wi) ; (3.23)
thus, if j # k,
(Vwj, V) =0
while if j = k
(Vwj, Vwj) = [IVw; 1> = ;] wjll* = 2;. (3.24)

As a consequence, in analogy to (3.22) we have that for all u € V,

[Vul|> = Y (u,w;)? |V w||* = ZA u,wj)?. (3.25)
j=1
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3.2.3 Finite Dimensional Subspaces

We will construct solutions to problems (P) and (H) as limits of sequences of
approximating solutions, in the framework of a suitable Galerkin scheme. In the im-
plementation of this type of scheme, the starting step is the projection of the problem
into a sequence of finite dimensional subspaces of V), on each of which the PDEE is
reduced to a finite system of ODEs. We will recall this procedure when we consider
problem (P). This step requires the choice of a so-called TOTAL BASIS of V. As we
recall in definition A.10, this is a countable set of linearly independent vectors w;,
such that

(closure in V), where for m € N,
Vi :=span{wy, ..., wp }. (3.26)

Total bases of V exist, because V is separable. Among these, a particularly con-
venient one is the sequence of eigenvectors (w;) en of L, defined in (3.19). Re-
ferring then to the series expansion (3.21), for each N € N we define a projection
Py:V — Vy by setting Py := 0 and, if N > 1, by

o0

(u,wjyw;j if u= Z(u,wj>w/-. (3.27)
=1

PN(M) =

=

J

We also set
On:=1—Py;

that is, Qn(u) is the tail of the series (3.21). Both Py and Qy are clearly orthogonal
projections in H; because of (3.23), they are also orthogonal in V. It is also worth
recalling that the family (Py),>1 is monotone; that is, if n < m, then P, < P,,. This
inequality is to be understood in the operator sense, that is, that

(Pux,x) < (Ppx,x)

for all x € X. To see this, it is sufficient to note that, because of the orthogonality of
the sequence (w;) jen, from (3.21) and (3.27) we have

(x wj)2 = (Ppx,x).

Ms

n
(Pux,x) wa] <
j=1 1

J

The following result, which generalizes Poincaré’s inequality (3.16), will be used
in chapters 4 and 5:

PROPOSITION 3.6
ForallN e Nandu eV,

IV (On ()| > Ay l|On ()%, (3.28)
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IV (Px ()| < An || Px ()| - (3.29)
PROOF Letu= of (u, wj)wj, asin (3.21). Then (3.28) follows from (3.22), (3.25)
Jj=0
and (3.20), since
IVON)IIP =Y Aiuw)* > v Y, (ww)? = Ay || Qn(u)]*.
J=N+1 Jj=N+1

This proves (3.28); the proof of (3.29) is similar. Note that (3.16) corresponds to
(3.28) with N = 0.

3.3 The Parabolic Problem

In this section we illustrate how to implement the steps we have listed in sec-
tion 3.1.2 for the model parabolic IBVP (3.1). We choose X :=H = L*(Q), and
set

Wo(T) :={f e W(T): f(T,) =0};

note that Wy (T') is well defined, because by proposition 3.5 the trace f(7,-) makes
sense at least in X'. We need the following generalization of proposition 3.5:

PROPOSITION 3.7
Let YV and 'H be as in proposition 3.5, and assume that

ueL2(0,T;V)NLP(J0,T[x Q) =,

3.30
u €L20,T; V') +L9(]0,T[x Q) =: Z, (:30)

Jor some p €]1,+o00|, with g = %. Then u can be modified on a set of measure 0 so

that u € C([0,T];H). Moreover, the function t — ||lu(t)||3, is absolutely continuous
on [0,T), and if u, = g1 + g2, with g1 € L*(0,T;V") and g, € L9(]0, T x Q) (which
is the meaning of the second of (3.30)), then for almost all t € [0,T],

%IIM(I) I3 =2 (g1(2), () )y + 22 (1) (1) )21 (3.31)

PROOF We briefly sketch the proof of proposition 3.7 for the sake of completeness.
We recall that Z =)', via the duality

T T
(g1+g2,“)3xy3:/0 (g1(2),u(t)) oy dt+/0 (82(1),u(t))r dt;
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note that the product gou belongs to L!(]0,T[ xQ). If u € C'([0,T];H), from the
identity
d
3 O3 =20 (), ue))2 = 2 (1(1) + 2(0), (1)) yr
=2(81(1), u(1))yr o +2(82(8), u(t)) 2 (3.32)
we deduce that for0 <s <t <T

o) = B2 [ 61(8),(6))y1, 00 +2 [ {e2(0). (@),
(3.33)

Choosing s so that

=1 [ Ia0)]Fd0,
we deduce from (3.33) that
<7 [ 101 d0+2 [ s (@)l u(6) 0
+2 [ 5200 u()]p 00

From this, we obtain that
lullcqo,rim) < %HMH?}(O,T;H) + 2w 2 flully -
We can then easily conclude that
{ued:u €)'} —C(0,T);H)

by a density argument. Likewise, (3.31) follows from (3.32), noting that its right side
isin L'(0,7).

3.3.1 Step 1: The Solution Operator

We now prove a global existence and well-posedness result for problem (P), which
allows us to define the associated solution operator. If the equation is autonomous,
i.e. if f only depends on x, this solution operator is in fact a continuous semiflow.

DEFINITION 3.8 LetT >0, up € H, f € L>(0,T;V"). A function u is a WEAK
SOLUTION of problem (P), with g(u) = u® — u, on the interval [0,T] if

u € C([0,T);H)NL2(0,T;V)NL*(J0,T[ x ),
and for all @ € Wo(T)NL*(]0,T[x 2),

T T
| (=000 + (V. T0) 5 1 —10,9)) dr = [ (7,010, 1+ (10,0(0)).
(3.34)
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Note that the left side of (3.34) makes sense: in fact, by theoremA.58, the product
ud @ is integrable if u € L*(]0, T x Q) and ¢ € L*(]0,T[ x Q).
Weak solvability of problem (P) is then assured by

THEOREM 3.9

Forall T >0, up € Hand f € LZ(O,T;V'), there exists a unique weak solution u
of problem (P). This solution depends continuously on the initial value uy, and the
Sunction t — ||u(t)|| is absolutely continuous on [0,T). If in addition uy € V and
feL(0,T;H), then

ue C([0,T];V)NL*0,T:H*(Q)), u € L>(0,T;H), (3.35)

and the function t — ||lu(t)||y is absolutely continuous on [0,T)].

PROOF 1. We first remark that if problem (P) does admit a weak solution u as
claimed, then (3.34) implies that the identity

w=f4u—u+Au (3.36)
holds at least in D’(0,7;)’). Thus, reading (3.36) as
w = (f+u+Au)—u’ =g —gr € L2(0,T; V) +L*3(]0,T[x Q),

by proposition 3.7 we deduce that u € C([0, T];H), and that the function ¢ — ||u(2)||»
is absolutely continuous. Finally, if # enjoys the additional regularity described in
(3.35), then proposition 3.7, applied to each partial derivative dyu, 1 < k < n, with
p = g =2, implies that the function 7 — ||u(¢)||y, is also absolutely continuous.

2. A proof of the existence and regularity part of theorem 3.9 can be given by
means of a standard Galerkin approximation method, as e.g. in Lions, [Lio69], or
Temam, [Tem88, sct. III.1.1]. We sketch the details of the proof of the existence
claim for completeness.

We refer to the finite dimensional subspaces V), of V introduced in section 3.2.3
and, for each m € N, project problem (P) on V,,. That is, we look for a function
(¢,x) — u™(t,x) (here, u™ does not mean u to the power m), with u™(¢,-) € V,, for
t € [0,T], determined as the solution of the system of m ODEs

{ () =M 0) 4 (@)~ ) = ) =0,
j=1,....m,
supplemented by the initial conditions

u™(0) = ug := Pp(uo) € V. (3.38)

Thus, ™ should have the form

u"(t,x) = i Yi(t)wilx), (3.39)
=1
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and (3.37) is a system of ODEs for the scalar components 7, ..., %, of u™ ((3.39)
means that we solve the projected PDE by separation of variables).

The Cauchy problem (3.37)+(3.38) can be solved by means of Carathéodory’s
theorem A.5, which provides a local solution

u™ € AC([0,1,]); Vin)

of (3.37), defined on some interval [0,1,,] C [0, 7] (that is, each y; € AC([0,1,])). We
then extend each 4™ to all of [0,7], by means of the a priori estimates that follow.
Before presenting these estimates, we introduce two conventions, that we follow not
only here, but almost always in the remainder of these notes.

CONVENTION 3.10 In writing estimates, we often omit, for convenience, one of
the variables t and x, or both. This means that, for example, if u: [0,T] — L*(Q),
we write ||u|| instead of ||u(t,-)]|.

CONVENTION 3.11 Unless otherwise specified, we denote by C a generic con-
stant, which may be different from line to line of the same estimate, or even within
the same line. This means that, for example, we identify quantities like C, C?, €€, etc.
On the other hand, when a constant depends on a parameter in a crucial way (e.g., if
the constant is unbounded as the parameter vanishes), we shall always indicate this
dependence explicitly.

We proceed then to multiply each equation (3.37) by ¥;(¢). Summing all the
resulting identities for j = 1,...,m, we obtain

d m m m n m m m
S|+ 20V 4 20 = 24+ < f 1R+ [ 2
We integrate this inequality on [0,], 0 < ¢ < t,,:
t t
)P+ [ IV (@)IFde-+2 [ Jun(e)lide
0 0
T t
<P+ [ 17(0) B do+2 [ [l (@)Pd0. (.40

Recalling that the sequence (ugl)meN is bounded in H (because it converges to up),
by Gronwall’s inequality (proposition 2.62) we derive from (3.40) the estimate

2 m
||”mHL°°(O,tm;H) + ||”m||L2(0,zm;v) + ||”m||L4(}o,tm[ x ) < Mye™, (3.41)
where

T
M = sup [P+ [ 17(8)] do
m>1 0

is finite. Since
Miem < Myel =M,
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we obtain from (3.41) an estimate independent of both #,, and m (however, M depends
on T, as is typical of a priori estimates obtained by means of Gronwall’s inequality).
The fact that M is independent of 7,, allows us to extend ™ to all of [0, 7], by a usual
continuation argument (see theorem A.2). The fact that M is independent of m means
that the sequence (u™),,cn is bounded in each of the spaces

L>(0,T;H), L*(0,T;V), L*]0,T[x Q). (3.42)

Hence, by theorem A. 16, there is a subsequence of (u™),,cn, which we still denote by
(u™)men, converging weakly to a limit # in each of the spaces of (3.42). Moreover,

since the sequence ((#")?)cn is bounded in L43(]0,T[ x ), there is a further

subsequence, which we again keep denoting by (#"),,cn, such that («™)* converges

to a limit y weakly in L*/3(]0,T[ x ). Fixing j in (3.37) and letting m — o0, we
deduce that u and x solve the equation

w—Au+y—u=f.

Thus, to complete the proof of the existence part of theorem 3.9 it is sufficient to show
that y = u>. To this end, we fist show that

u" —u in L*(0,T:H) strongly. (3.43)

To obtain this, we recall from theorem A.74 that the Sobolev imbedding H' (Q) —
L*() holds, since n < 3. In turn, this implies that

L4(0,7;V) — L*(]0,T[ x 2)
and, therefore, that the dual imbedding
L4310, T[ x Q) — L¥3(0,T;V")

holds. From this it follows that the sequence ((u™)3),,cn is also bounded in the space
L4/3 (0,T;V"). In fact, we have that

16 laro.ran < CNM lissgorix ) = I Ragor o -

and this last sequence is bounded, since (#),,c is bounded in L*(]0, 7| x Q).
Now, (3.37) implies that

U = P f +u" — (u™)? + Au",

and, therefore, that also the sequence (i"),,cn is bounded in L*/3(0,7;)"). From
theorem A.82, we have that the injection

{ueL?(0,T;V): u, e LY3(0,T;V")} — L*(0,T:H)
is compact; hence, (3.43) follows. As a consequence of (3.43), (u’")3 — u’ in

L!(]0,T[ x Q) strongly. This follows from the estimate

1™ =l gorr< @) < W™ +u"u+ [l 20,7 < o) ll4” = ulli2 0.7 x 0)
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and from the fact that the sequence ((#™)?),cn is bounded in L?(]0, T x ), since

1™ ll2gorix @) = 1" 0.7 x ) -

Therefore, for all y € L*°(]0,T[ x ),

m.—// txdxdt—>// (0 Pyl dedr.  (3.44)

On the other hand, since evidently y € L*(]0,7[ x 2), and («™)? — x weakly in the
dual space L*/3(]0,T[ x Q),

T
zm—>/0 /Qx(t,x) w(t,x) drdr (3.45)

From (3.44) and (3.45) we deduce that for each y € L*>°(]0,T[ x Q),

// (t,%))” w(t,x)dxdt = //xtxu/(tx)dxdt

Since L>°(]0,T[ x Q) is isomorphic to the dual of L'(]0,T[ x ), by the Hahn-
Banach theorem (see theorem A.13), we conclude that ¥ = u® in L'(]0,T[ x Q).
This completes the proof of the existence part of theorem 3.9.

3. To show the well-posedness of problem (P), we consider the difference z =u—v
of two solutions of (3.1), which solves the equation

7 =z+Az— (> —v%). (3.46)

Since
2+ Az e LX0,T;V), v eL¥3(10,T[x Q),

by proposition 3.7 we obtain

d
d—tHsz =2(z+Az,2) = 2> — v} u—v)

almost everywhere in¢. Since 2(u® —v?

for almost all ,

,u—v) > 0 (by monotonicity), we obtain that,

d
3 IO <2012 17 =2 V2l < 2llz(0)]. (3.47)
Applying the comparison theorem (proposition 2.63), we deduce from (3.47) that
2(0)]? < [|=(0) [,
that is,

[[u(®) =v(e)]| < [Ju(0) =v(0)] " (3.48)
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Thus, uniqueness and well-posedness in the large follow. I

We can now define the solution operator generated by problem (P). Indeed,
since T is arbitrary in theorem 3.9, we have that if f € L120C(07 +o0;V’), then
u € C([0,4+o00[;H); thus, theorem 3.9 defines a unique global solution of problem
(P). If f is independent of ¢, i.e. if f(t) = f € V', theorem 3.9 defines, by means
of (3.12), a continuous semiflow S on X = H. This is the semiflow generated by
problem (P). In particular, note that inequality (3.48) shows that each operator S(¢),
t > 0, is Lipschitz continuous in X.

Finally, we would like to mention a possible modification of the setting of prob-
lem (P), motivated by the fact that in order to proceed with the construction of the
attractor for the semiflow S so defined, we shall need to assume that f(¢) = f € H (as
opposed to V'). Thus, in theorem 3.9 we could assume that f € L2(07 T;H); as we
now show, this would allow us to simplify the choice of the space of test functions
Wo(T) into

Wo(T) :={f € L*(0,T;V): f, € L*(0,T;H), f(T,-) =0}. (3.49)
In fact, in this case we have the imbeddings
Wo(T) — C([0,T];H"/?(Q)), H'/?(Q)—L3(Q),

the second of~ which holds because n < 3 (see theorems A.81 and A.74). Thus, we
deduce that Wy(T) — C([0,T];L?(£2)). By means of the interpolation inequality

pls < Cloli 0},

(see theorem A.61), we deduce that Wo(T) — L*(]0,T[ x Q) as well. Consequently,
if @ € Wy(T), the product u> ¢ is again in L' (]0, T x ), and equation (3.34) makes
sense.

3.3.2 Step 2: Absorbing Sets

In this step we prove the existence of a bounded absorbing set 3 for S in X, by
establishing suitable a priori estimates on u in X’ (recall that X = H = L?(Q)).

PROPOSITION 3.12
Assume f € Cy([0,+00[; X). There exist positive constants my and Ay, such that for
allug € X andt > 0,

e < (ol = 3 ) 240 4 2t (3.50)

1

Consequently, there exists R > 0 such that the ball B(O,R) in X is absorbing and
positively invariant for S.
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PROOF Formally multiplying equation (3.1) by 2u (as in the proof of uniqueness
in theorem 3.9, this can be justified by means of proposition 3.5), we obtain, dropping
the argument ¢ for convenience:

d
5||“H2+2||W||2+2|M|3 =2(f +u,u) < Ci + | fI* + luli, (3.5D

where C| is a constant depending only on 2. Recalling Poincaré’s inequality (3.16),
we deduce from (3.51)

d
3 ul? 22 Jul® <+ sup |L£() | =2 (3.52)
t >0

Inequality (3.52) is a linear differential inequality, like (2.62); since the function ¢ —
||u(2)||? is absolutely continuous, estimate (3.50) follows from (3.52), via proposition
2.64. We deduce then that for any R > 1/m; /(2A1), the ball B(0, R) in X is absorbing
and positively invariant for S. In particular, we find that

S(t)up € B(O,R)
for all t > Ty, with To = 0 if |jug|| < R or, if ||uo|| > R,

L ol 2
7— L

2 m
20 R —ﬁ

This concludes the proof of proposition 3.12; we mention that in chapter 4, section
4.3.1, we shall show the existence of a positively invariant ball B}, bounded and
absorbing in V.

3.3.3 Step 3: Compactness of the Solution Operator

We now establish the uniform compactness of the solution operator § for large z,
by means of further a priori estimates on the solution of (3.1). These estimates show
that u(r) € V if ¢ is sufficiently large. We assume again that f € C,(]0,+o00[; X).
In the sequel, we denote by C, Cy, C,, ... any generic positive constant, possibly
depending on f or €2, but not on u (recall convention 3.11). We formally multiply
(3.1)in X by —(e’ —1)Au(t) and obtain

(e = 1)(Vuu (1), Vu(t)) + (&' = 1) [|Au(r) |* = (& = 1) (1 (1), Au(r))
=—(e" = 1){f(t) +u(t),Au(t)). (3.53)

This procedure is formal, because we do not know that Au(t) € L?(Q); in fact, this
is even more than what we are trying to establish. To proceed rigorously, we should
establish the estimates that follow for the Galerkin approximations of u, and then
realize that the final estimate we obtain can be carried over to u itself. Proceeding
from (3.53), we obtain

% (& = DI Vu()[I?) +2(e" = Dl Au()|* +6(e" — 1){w* (1) Vur), Vu(r))
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= &[|Vu() > = 2(e" = 1)(F(1) +u(r), Au(1))
= [ Vu(@)|* = (¢ = 1)(2f(t) 4+ 3u(t), Au(t))
< [IVu(@)[P +Cae = 1) (IF @I + [u(@)]*) + (" = 1) | Au(o)[|.

From this, estimating ||u(¢)]|| by (3.50), we obtain

(= DIVaIP) + &~ DA
<[ V()P +Cafe’ = 1) (m + o]+ 5 ) (3.54)

Integration of (3.51) yields, in particular, that
2 [ IVuls) P ds < o+t
thus, from (3.54) we obtain (neglecting a positive term at its left side)
(" — D)||Vu(d)|> < G (ml + Huou2+5"7'1) — Cie'.

From this we deduce that, if e.g. t > In2,

C3 e!

IVu)? < 525 <265,

This proves the asserted uniform compactness of the solution operator S for large 7.
For future reference, we remark that if ug € V, the same estimates (in fact, simpler,
because we do not need the factor e’ — 1) would yield the regularity result

u € Cy([0,+00[; V) NL2(0, +o0; H*(Q))

for the solution of problem (P).

3.3.4 Step 4: Conclusion

If problem (P) is autonomous, we can now deduce the existence of the global
attractor for S, as a consequence of theorem 2.46. In conclusion, we have:

THEOREM 3.13
Let ug, f € LZ(.Q). The initial boundary value problem (P) defines a semiflow S in
X =L2(Q), which admits a global attractor in X. This attractor is the set

A:=w(B)= ﬂ US(I)B
s>0t>s
(closure in X), where B is the absorbing ball B(0,R) determined in proposition 3.12.
Much more information is available on the properties of the global attractor A of

the semiflow S generated by problem (P) obtained in theorem 3.13. Among these,
we mention the following.
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1. Structure of the Attractor. In addition to all stationary solutions of problem
(P), that is, the solutions of the nonlinear elliptic boundary value problem

_ 3_ .,
{ Au+uw —u = f, (3.55)

ub.Q = O’

A also contains the unstable manifolds (in X’) of all these stationary solutions (see
e.g. Babin-Vishik, [BV92, ch. 3]).

2. Attractors via a-contractions. The existence of A can also be established by
means of theorems 2.56 and 2.55. Indeed, as we have already remarked, since § is
compact for large 7, the operator T = S(¢,) is an o-contraction if 7, is large enough.

3. Regularity of the Attractor. The regularizing effect of the heat operator would
allow us to show that A is in fact contained and bounded in VN Hz(.Q); thus, A is
compact not only in X, but also in V. For a proof of this result on the regularity of
the attractor, see e.g. Temam, [Tem88, ch. 3], or Babin-Vishik, [BV92, sct. 3.3].

4. Finite dimensionality of the Attractor. The fractal dimension dimp(.A) of A
is finite. While this can be proven directly (see e.g. Temam, [Tem88, sct. V1.2]), we
give an alternative proof of this result in (4.87) of section 4.5.6 in the next chapter,
where we prove the existence of an exponential attractor £ for S. The finite dimen-
sionality of A is in fact a consequence of that of £, and of the fact that A C &, which
implies that dimg(A) < dimg(E).

3.3.5 Backward Uniqueness

The heat equation cannot be solved backward in time directly. Indeed, even in
the autonomous case (i.e., with f independent of ¢), the usual change of variable
v(t,x) := u(—t,x), t <0, transforms the heat equation (3.1) into the equation

vi+Av= f+g(v),

in which +A is a negative operator in L>(). Consequently, problem (P) actually
defines a semiflow only. Nevertheless, we can extend S to a flow, by means of propo-
sition 2.5. This requires that each operator S(¢), r > 0, be invertible; in turn, this re-
quires the semiflow generated by the heat equation to satisfy a BACKWARD UNIQUE-
NESS property, in the sense of the following

DEFINITION 3.14 The semiflow S satisfies the BACKWARD UNIQUENESS PROP-
ERTY if wheneverx, y € X andt > 0 are such that S(t)x = S(t)y, then x = y.

To this end, we first need the following property of the nonlinear term of the
equation:
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PROPOSITION 3.15
The function u — u? is locally Lipschitz continuous from V into 'H.

PROOF First we note that u> € H if u € V. In fact,
o ePar= [ e = julf < € ul.
Q Q
where the constant C > 0 is determined by the imbedding H}(Q) — L%(Q). In the
same way, we also see that, if « and v € V, the products u?, uv and v? are in L3(Q).

Thus, if u and v are in a ball of V of radius R, by Minkowski’s inequality (see theorem
A.57) we obtain

[u? =32 :/ |t —v)?|u® + uv +v?|? dx
Q

1/3
g(/ uv|6dx> </ u2+uv+v2|3dx>
Q Q

= |u—vlglu® +uv+v*[3 < C llu =l (el + IVI13)

< C(R) [lu—vI3 -

2/3

This shows the asserted local Lipschitz continuity. I

We shall use proposition 3.15 also in the next section, for the proof of the unique-
ness of solutions to problem (Hg).
We can now prove the asserted backward uniqueness result:

PROPOSITION 3.16
Let T > 0, and assume that problem (P) has two solutions u, v, with
u,v € C([0,T;V)NL2(0,T;HX(R)), u;,v, € L2(0,T;H),
and u(T,-) =v(T,-). Then, u=von [0,T].
PROOF We follow Temam, [Tem88, ch. 3.6]. Consider the difference z = u — v,
which solves equation (3.46). Arguing by contradiction, assume that thereiszy € [0, T[

such that z(#9,-) # 0. Then, by continuity, there is a largest interval [to,#;] C [0,7]
such that

2t,) #£0 iftg<t<n, z(h,)=0.

Let M := max; <;<, [|z(t,-)||. On the interval [f,;[, the function

t—1n
Iz

(@)
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is well defined, nonnegative and differentiable. Using equation (3.46), we compute
that (omitting the variables; recall convention 3.10)

d. M d 2<z ) 1 3,
—In— = —(=3In|z|*) = =—m(gz— (W —v’)+Az)
dr - llz)| - dr 2 lzlf? (4|5
Vvz|? 1
- 14 |”Zﬁ! +W< =3 7). (3.56)

Since u, v € C([0,T]; V), by proposition 3.15 we can estimate
(u? =v*,2) <C||Ve| |l (3.57)

with C depending on « and v. Setting

[Vz(r,) |
Al) =100 (3.58)
=", P
we deduce from (3.56) and (3.57) that
d M 12 ~ 12
NIl )II < —1+A@) +CAN) 2 < 1 +2A(r). (3.59)
Integrating (3.59) in [to,?], fo < ¢ < t;, we obtain
M M t
0<In <In +1lc(t—1)+2 [ A(s)ds=: (r). (3.60)
RN <" T TaCE 02, (

We shall show that ¢ remains bounded as r — ¢, ; as a consequence, (3.60) yields the
desired contradiction, since ||z(z,-)|| = Oast — 1.

To prove that ¢ is bounded, it is sufficient to show that A satisfies the differential
inequality

dA
— <CA 3.61
ar (3.61)

for almost all 7 € [fy, [, with C > 0 independent of ¢. Indeed, (3.61) implies that
A1) < A(tg)eCl=)

so that .
A(s)ds < A(to) & (eqﬁ*’o) - 1) .

fo

To show (3.61), we first observe that (omitting again the variables, as in convention
3.10)

(—Az—Az,z) = (—Az—Az,Az) =0 (3.62)



3.4 The Hyperbolic Problem 111

(recall that A is independent of x). Next, recalling (3.46), we compute that

1 dA 1
DT W ((VZ, Vzr>||Z||2 - ||VZ||2<1721>)
1
= W ((—Az,z) = A (z,21))

1
=W<—AZ—AZ,Z (=) +Az).

By (3.62) and (3.57), we can proceed with

1 dA 1
24 ||z\|2< Ao Az At Az (i =)
:W(7||AZ+AZ||2+<AZ+AZ,M37V3>)
1
< W(_%”AZ_FAZHZ_F%”MS—V3H2)
1
—C||Vz|]?
< g IVl

from which (3.61) follows. This concludes the proof of the backward uniqueness for
solutions of (3.1).

3.4 The Hyperbolic Problem

In this section we consider the hyperbolic IBVP (H¢). As mentioned in (3.13),
the underlying space for the semiflow S generated by (3.4) is now the product space
X :=V x H, and each orbit is the image of a pair (u(-,uo,u1),u (-,uo,u1)). We also
establish regularity results in the subspace & :=D x V.

We will consider in X various norms, having different weights depending on the
parameter €. All these norms will be equivalent to the graph norm in X =V x H,
defined by

Gt = Nl + ellvilz, = I Vul® +e[lv]2, (3.63)

which is itself weighted with respect to €. For this norm we have a result analogous
to proposition 3.5:

PROPOSITION 3.17
LetV and H be as above, and € > 0. Assume that the function u € L*(0,T;V) is such
that u,; € L*(0,T;V") and €uy; — Au € L*(0,T;H). Then the function

R(t) = elluy (0)]* + [ V(1) |
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is absolutely continuous on [0,T], and the identity

d

3 (ellu ()P + IV(0)]?) = 2w 0) ~ Aule) (1) (3.64)
holds in D’ (0,T) and, in fact, for almost all t € [0,T].

A proof of this result when € = 1 can be found in Temam, [Tem88, lem. 11.4.1];
the case of variable € follows in the same way. Note that the absolute continuity
of R follows from (3.64), and the fact that both R and the function ¢ — 2(gu (r) —
Au(t),u;(t)) are in L' (0, 7).

3.4.1 Step 1: The Solution Operator

In this section we prove a global existence and well posedness result for problem
(Hg), which allows us to define the associated solution operator for any € > 0. If
the equation is autonomous, i.e. if f only depends on x, this solution operator is in
fact a continuous semiflow. For simplicity, we consider in detail only the case when
O<e<l.

DEFINITION 3.18 LetT >0, up eV, uy € H, f € LZ(O,T;H). A function u
is a WEAK SOLUTION of problem (He), with g(u) = u® — u, on the interval [0,T] if
u € C([0,T);V)NC([0,T]; H), u(0,-) = uo, and for all ¢ € Wy(T) (the space defined
in (3.49)),

/OT (—&ur, @) + (ur, @) + (Vu, Vo) + (u® —u, 9)) dt
= [0 e, 000)). (365

Note that the left side of (3.65) makes sense, since u> € L?(0,T;H) if u belongs
to C([0,T]; V). In fact, we now have

T T T T
| R < [ ugar < [ ar < lulo ) [ R
We consider in X an e-weighted norm whose square is defined by

Eo(u,v) := &|[v||* + & (u,v) + S |Jul* + | Vu*. (3.66)

This is indeed an equivalent norm, since by Schwarz’ inequality

3 @v)|% < Eou,v) < al|(u,v)]% (3.67)
where

a::max{%,fll—l-l}, (3.68)
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with A; as in (3.16). In analogy to proposition 3.17, we have

PROPOSITION 3.19

Let V and 'H be as above, and 0 < & < 1. Assume that the function u € L*>(0,T; V)
is such that u, € L*(0,T;V"), and €uy — Au € L*(0,T;H). Then the function t
Eo(u(t),u(r)) is absolutely continuous on [0, T, and satisfies the identity

 Eolult), (1)) = (et (1) — Au(r), 204(0) + u(0))

dr
-+l (1) |2 + e (0, (2)) = | Vu(0) |
inD'(0,T) and, in fact, almost everywhere in [0, T].

We have then the following result:

THEOREM 3.20

For all € €10,1], f € L*(0,T:H), ug € V and uy € H, there exists a unique weak
solution u of problem (Hg). u depends continuously on the initial data uy, u, and
the function t — Eo(u(t),u(t)) is absolutely continuous on [0,T]. If in addition
£, €L2(0,T;H), ug € D and uy €V, then

ue C([0,T);D)NCY([0,T];V)NC*([0,T]: H),

and the function
£ ([ Auw(O) 1+ lue (0) 1 + || €uae ()2

is absolutely continuous on [0, T].

PROOF A proof of the existence and regularity part can again be given by means of
a standard Galerkin approximation method, as in Lions, [Lio69], or Temam, [Tem88,
ch.IV]. Since the procedure is similar to the one we followed for the parabolic problem
(P), we do not repeat the details. In particular, the absolute continuity of the map
t— Eo(u(t),u(t)) is a consequence of proposition 3.19.

It is worth noting explicitly that in order to obtain uniform estimates on the norm
Ey, the standard practice of multiplying the equation of (3.4) by 2u, in L?(Q) is
supplemented by a second multiplication of the equation by Au, where A is chosen
conveniently. In our case, we choose either A =1 or A = é, according to the type
of estimate that we need to establish. Moreover, we shall make constant use of the
Sobolev imbeddings and interpolation inequalities reported in theorems A.74 and
A.61.

To prove the uniqueness of the solutions of (3.4), and the continuity of each operator
S(t), we consider two solutions of (3.4), whose difference z satisfies the equation

em+zu—Ar=g0v)—gu), (3.69)
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in the distributional sense of definition (3.18). Since the function u — u> is monotone,

by propositions 3.19 and 3.15 we obtain (dropping the argument # and using different
constants C)

d
3 Fo(aa) ==2=8)llul’ = IVz]* — (g(u) — 8(v), 22 +2)

< 2lg () — W)l llzell + Ilz* < CIV2l + llze 1 + (1 +C)l 2]
< C(IValP? +Iz]%) < CiEo(z,2).

where the constants C and C; depend on u and v. Applying proposition 2.63, we
obtain

Eo(2(1),z (1)) < Eo(2(0),2(0))e", (3.70)
which implies the uniqueness and well-posedness in the large of solutions of (3.4). I

Since T is arbitrary in theorem 3.20, we obtain that if f € L2 (0, +o00;H), then

loc
u € C([0,400[;V)NC ([0, +00[;H).

Thus, theorem 3.20 defines a unique global solution of problem (Hg). If f is indepen-
dent of ¢, theorem 3.20 shows that problem (H¢) generates a continuous semiflow
S on the space X =V x H, defined by (3.13). In particular, each operator S(¢) is
Lipschitz continuous, since from (3.70) we deduce that, for each fixed r > 0,

E()(S(l‘)(u(),ul) —S(Z‘)(VQ,Vl)) < Eo((uo,ul) — (V07V1))CCII . (3.71)

We also remark that the change of variable ¢t — —¢ transforms the equation of (3.4)
into

Euy —u —Au+g(u) = f,

with f(¢,x) := f(—t,x). It is then easy to see that theorem 3.20 still holds, provided
that f is defined in [—T,0]. Thus, if f € C,(R;H), the solution of (3.4) is defined
for all time. If in particular f(¢) = f € H is independent of time, S is a flow. This
is in sharp contrast to the parabolic problem, where S was only a semiflow. In fact,
each operator S(7) is an isomorphism of X into itself, and also of X} into itself. (This
last assertion can be proved by means of further a priori estimates on the solution of
(3.4); see e.g. Temam, [Tem88, ch. IV], for details.)

3.4.2 Step 2: Absorbing Sets

As in section 3.3.2, we now proceed to establish time-independent a priori esti-
mates on the solution u of (3.4). In order to take care of the nonlinear term >, for
(u,v) € X we introduce the function

No(u,v) := Eo(u,v) + % [ul§ = €[[v]|* + &(u,v) + Llul|* + || Vul >+ Luli. (3.72)
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Because of (3.67), Ny is positive definite. We claim:

PROPOSITION 3.21
Assume f € Cp([0,+00[;H). There exists Ry > 0 such that the set

By :={(u,v) € X: No(u,v) < R(Z)}

is bounded, absorbing and positively invariant for the solution operator S in X =
V x H. (Note that By is not a ball of X.)

PROOF Multiplying the equation of (3.4) in H by 2u, + u (this is justified by
proposition 3.19), we obtain (dropping the argument )

d 2 2 2 4
&(EHMIH + &up,u) + 3 Jull> + [ Vul|* + 5 |ulZ)

+ =) luel* + | Vul|* + |ual§ = (f + 10, 20, +u). (3.73)
Setting F := sup,~ || £(¢)[|*, we estimate
(f 2u 4 u) <AF + Ll P+ F + 3 llul® < Co 4l | + 5 lul3:
(o, 200y +10) < g lul| + e 1>+ lul|* < Co - g Ll + 5 a1

Thus, from (3.73) and (3.67) we obtain that

d
g ol )+ 3 (la] |+ [Vl + Jul}) < G

Recalling then (3.67), and that € < 1 < o, we deduce the linear differential inequality

d
aNo(mut) + ﬁNo(u,ut) <C.

Since the function 7 — Np(u(t),u,(t)) is absolutely continuous, by proposition 2.64
we deduce that for all ¢+ > 0,

No(u(t),us (1)) < (No(uo,u1) — 2aC)e™">* +20C. (3.74)

This implies not only the boundedness of the function ¢ — (u(¢),u(t)) on [0, +o0],
but also that, if R% > 2aC, each corresponding set By is as claimed. In particular, if
No(ug,u1) > 2aC, we have that

No(u(t),u (1)) € By
for all t > Tp, where Ty = 0 if No(uo,u;) < R(z), and

N —-2aC
Ty = 201 MOl 1) — 20C
R;—2aC
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otherwise. This ends the proof of proposition 3.21. I

To conclude, we mention that in section 4.4.1 of chapter 4 we will show that if € is
sufficiently small, S also admits a positively invariant set 31, bounded and absorbing
in &X}. On the other hand, if € > 1 we can still establish the existence of an absorbing
set for S, with the same proof; however, instead of (3.66), we have to consider a
differently weighted norm, whose square is defined by

(10, v) = €[1V]1> A+ (a,v) + 5 ] + [V

(otherwise, E is not necessarily positive definite), and the a priori estimates of propo-
sition 3.21 are obtained by multiplying the equation of (3.4) by 2u, and éu

3.4.3 Step 3: Compactness of the Solution Operator

Since in the hyperbolic case the solution operator S does not enjoy any smoothing
property for ¢ > 0 (on the contrary, S is an isomorphism in X’), we proceed instead
to establish a decomposition of S like in proposition 2.48, under the condition that
€ be sufficiently small. That is, we construct families S; and S,, with S1 uniformly
compact for large ¢, S; uniformly decaying to 0, and S = S| +S5. This construction is
presented in Babin-Vishik, [BV92, sct. I1.6], for the case when € = 1 and g is a more
general nonlinearity, satisfying conditions (3.9) and (3.10). Here, the smallness of €
allows us to considerably simplify their proofs.

The family S» = (S2(¢));>0 of operators on X’ =V x 'H is defined as follows. Given
(uo,u1) € X and t >0, So(¢)(uo,u1) is the pair of functions in X defined by

Q3 x> (S2(t) (uo,ur)) (x) := (v(t,x,u0,ur),vi (1, %, 10, 1)),
where v(+,-,ug,u;) is the solution of the IBVP

Svl,+vlfAv+v3 =0
v(0,)) =uo, v(0,")=u (3.75)
Vng = 0

Given this function v, we define a second function w(-, -, ug, ) as the solution of the
IBVP

Ewy +w—Aw = f+v —g(v+w)
w(0,-) =0, w;(0,-)=0 (3.76)
W|<9.Q =0.

Since w depends on v, which in turn depends on (ug,u; ), problem (3.76) defines a
family S1 = (S1(¢))s>0 of operators on X', by

Q3 x— (S1(t)(mo,ur))(x) := (w(t,x,up,uy ), w; (t,x,uo,uy)),
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for (up,u;) € X and (r,x) € [0,400[ x 2. If v and w solve problems (3.75) and
(3.76), we deduce that the function u := w+ v solves problem (H¢). Hence, the
decomposition S = S + 5> does hold. We proceed then to show that the operators S;
and S, so defined on X satisfy the requirements of the decomposition (2.38). Note
that S5 is a semiflow, but S is not, because problem (3.76) is not autonomous.

We now prove the uniform decay of S, on bounded sets of X'.

PROPOSITION 3.22
Let (ug,u1) € V X 'H. Problem (3.75) has, for all € €]0,1], a unique solution
v € C([0,+00[; V) NC ([0, +00[; H).
If o is defined as in (3.68), v satisfies the estimate
No(v(t), v (1)) < No(ug,uy)e ™"/ (3.77)
PROOF Only (3.77) needs to be proven. The procedure is identical to the one we

followed to obtain (3.74). Multiplying the equation in (3.75) by 2v; and v, and adding
the resulting identities, we now obtain

d
M)+ 2=No(v,v1) <0,

from which (3.77) follows. I

The uniform compactness of S; for large ¢, at least when € is sufficiently small, is
a consequence of the second part of the following proposition.

PROPOSITION 3.23

Let (ug,u1) € V x H, and let v be the function provided by proposition 3.22. Problem
(3.76) has, for all € €)0,1], a unique solution w € C([0,+00[; V) NC! ([0, 4+o00[; H).
If in addition f; € Cy([0,+00[; H), there exists & €0, 1] such that for all € €]0, &)
and allt > 0,

w(t) e H/4(Q), wi(t) e H/*(Q). (3.78)
Moreover, there is M > 0, independent of w and €, such that for all t > 0,

€||Wf(t)||]2_[1/4(_Q) + ||W(t)||12{5/4<_Q) < M2 . (379)

PROOF Only (3.78) and (3.79) need to be proved. In the estimates that follow, in
accord with our convention 3.11, we denote by C, Cj, ..., various generic positive
constants which are independent of 7 and of the right side of (3.79). In particular, we
recall that the norms defined by Eq(v,v;) and Eo(w,w;) are bounded with respect to
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t, because of propositions 3.21 and 3.22. More precisely, consider the absorbing set
By for S whose existence is assured by proposition 3.21. Recalling (3.74) and (3.77),
and of course that w = u — v, by (3.67) we deduce that there exists C, depending on
the norm (3.63) of (up,u;) in X, such that for all z > 0

Eo(v(2),vi(£)) +Eo(w(t),w,(t)) < C?. (3.80)

Note that, because of (3.67), and € < 1, C; can be chosen independent of €.

We now show that w, solution of (3.76), is in fact more regular than v, namely that
(3.78) holds for each r > 0. This is essentially due to the fact that the initial values in
(3.76) are (evidently!) more regular than (ug,u;), and that the highest order term v*
does not appear in the equation of (3.76). To achieve this, we establish an additional
estimate on a higher norm for w, which we define by resorting to the fractional powers
of the operator L introduced in (5) of section 3.2.1. More precisely, recalling that L
is self-adjoint and positive, we can define its fractional powers on H by means of its
spectral basis (see section 3.2, as well as section A.5.5). In particular, we have the
imbeddings

dom(L/%) — H/*(Q) — L'¥(-1(Q), (3.81)

the first of which follows from theorem A.78, and the second, which is valid for
0 <i < 6 (recall that n < 3), from theorem A.69. We consider thenin X1 =D xV a
norm which has a different weight with respect to €: more precisely, for (u,v) € X}
we define

Ee(u,v) := €| L8] 4+ (LV/Bv, LY3u) + L ||LY3u)? + || L7/Bul?.

Note that Ee is indeed the square of an equivalent norm in H/4(Q) x H'/4(Q). In
fact, from (A.30) and (A.71) we immediately obtain that

ML Bul? < ||LBu)?; (3.82)
consequently, we easily deduce that, for all (u,v) € X},
L (el + 1775 ) < Eeu,y) < & (LS + IL5u)?) . (3.83)
where « is as in (3.68).
Our goal is to show that the function z — E¢ (w(z),w;(t)) is bounded, uniformly in

t and €. To this end, we multiply the equation in (3.76) by 2LY/*w, + éLl/ 4. Setting

D :=f+vV —glv+w), (3.84)

we obtain (omitting the variable )

d
3 Belwown) + LY By, |12+ LIL 8w = (@, 2L 4w, + LLV4w) (3.85)
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We rewrite (3.85) as

d
o (Belmw) =24, 14w )+ LS 4 L3/ — & (@,L )

= —2(®, L *w) + (L = L) (@, L *w) =t A (3.86)

To estimate A, we show that there exist positive constants C, and C3, depending on
f and Cj of (3.80), but not on €, such that

2D, LY 4w) < G, (3.87)
2(y, LY 4wy < 305+ L || 8w |2+ LILY 8w, |2 (3.88)

Indeed, since
D=f-3w—"3m?—wtvtw, (3.89)

at first we have that
2,11 4w) < C(IFI+ V2w -+ 47|+ v+ wi) |2 4w
< C(If N+ Wlelwls + vlslwle + [wlg + v +wiD[Vw]. (3.90)
From this, (3.87) follows, recalling (3.80). Next, we compute from (3.89) that
@ = f; — (6vw+3w? — 1)y, — (3v? + 6vw + 3w? — Dw, . (3.91)
Therefore, setting Fj := max,>o || f;(¢)||, we can estimate
2(;, L *w) < 2R |ILY*w]| +C ([v|s|whiz + W[g + 1) [vel2|L 4 w4
+C (Iv[g + Mslwls +wlg +1) hwrliaysLwls. (3.92)
‘We now resort to the interpolation inequality
s < Clwlg s

(see theorem A.61), as well as to the imbedding inequalities (3.81) withi =3,i=ys
and i = 1, which yield

L4 ]a < CILY A s ) < CILY W qomzavs) < CIL ]
Whha < Clwllsreia) < CILYw),
|Wt|12/5 < C||WIHH|/4(Q) < CHLI/SWIH .
Thus, recalling also (3.82), we can proceed from (3.92) with
2F,
2@, L) < (3 Clill +Cllwall) 155w

+C (VI VWil [ve 2B
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+C(IVVI[+ IV VW] LY Sw (2w | (3.93)
=:'R.
Recalling (3.80), we can estimate
R < C[L3/8w]| 4 C L LB w2 €5 e
<3C°+ @ I w]P + C I Wl + g IL w4 3C% L w7 (3.94)
At this point, we define
g = min{ﬁ, 1}.
Then, if € < g (this is our smallness assumption on &), we deduce from (3.94) that
R< %C3 + 2]fs||L5/8w||2 + %||L1/8w,||2 ;
inserting this into (3.93), we obtain (3.88), with C3 = %C2 (independent of ¢€).
Inserting (3.87) and (3.88) into (3.86), we obtain

d
o (Belmm) =200, L4 ) - LS P 1255w~ (2, L) <

recalling (3.83) we deduce the linear differential inequality

d
= (Eg(w, W) —z<qb,L1/4w>) +i (Eg(w, W) —2<¢>,L1/4w>) <Cp. (3.95)

Because of the initial conditions of (3.76), by proposition 2.63 we obtain that for all
t >0,
Ee (w(t),w (1)) —2(@ (1), L' *w(1)) < 2aCy ;

therefore, by (3.87),
Ee(w(t),w (1)) <20Cs +C;.

Recalling (3.83) and (3.67) we conclude that, for all # > 0,
e|L 8w, () 1P + |12 8w (1) ||> < 2(20Cy 4+ Cy) =: Cs,
with Cs independent of ¢ and €. This means that the orbit
{w(0),wi(1)): 1 0} = {8,(1) (wo,u1): 1 > 0}
lies in a bounded set of
dom(L¥/%) x dom(L'/%) = H)/*(Q) x H'/*(Q) ;
thus, (3.78) and (3.79) follow, and the proof of proposition 3.23 is complete. I

Since H/4(Q) x H'/4(Q) is compactly imbedded in X', we conclude that the
family S| is uniformly compact for large ¢.
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3.4.4 Step 4: Conclusion

If problem (Hg) is autonomous, we can now deduce the existence of the global
attractor for S, as a consequence of theorem 2.50. In conclusion, we have:

THEOREM 3.24

Let up € Hy(Q), and uy, f € L>(Q). If € is sufficiently small, the initial boundary
value problem (Hg) defines a semiflow S in X = H}(Q) x L*(Q). S admits a global
attractor in X, given by the set

A=A = o(By) = N JS®)Bo,

s>0t>s

where By is the absorbing set described in proposition 3.21.

As in the parabolic case, the global attractor A% so obtained contains, in addition to
all stationary solutions of problem (Hg), that is, the solutions of the elliptic problem
(3.55), also the unstable manifolds (in X’) of all these stationary solutions (see e.g.
Babin-Vishik, [BV92, sct. I11.3]). The existence of A® can also be established by
means of a-contractions, and .A¢ is contained and bounded in the “more regular’
space X1 =D x V. We show these two results in the next sections. Finally, the
fractal dimension of A€ is finite.

s

3.4.5 Attractors via o-Contractions

In this section we show how to establish the existence of the global attractor, again
if € is sufficiently small, by means of theorem 2.56 (note that @(Bp) is not empty,
since it contains the stationary solutions of (3.4)).

By proposition 3.21 the semiflow S admits a bounded, positively invariant absorb-
ing set 3y. Recalling proposition 2.59, to apply theorem 2.56 it is sufficient to find
an appropriate pseudometric 6 on X, and a number ¢, > 0, such that condition (2.47)
holds, with T = S(.). This is the goal of our next argument, for which the positive
invariance of B is essential.

For fixed T > 0 we define in X x X the function

T 1/2
o7 ((u,v), (@,v)) := </0 ||P1(S(f)(M7V))—Pl(S(t)(W))2dt> . (3.96)

where Pj is the projection from V x H onto V. We explicitly remark that, although
Py (S(t)(u,v)) and P, (S(¢)(&,v)) are in V, in (3.96) we consider the norm of their
difference in ‘H. We claim:

PROPOSITION 3.25
For each T > 0, &7 is a pseudometric on X, precompact on By with respect to the
norm of X defined by Ey.
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PROOF The finiteness of 87 follows from the invariance of By, since if (u,v) € By,
then so is the whole arc {S(#)(u,v): 0 <t < T}. In particular, this means that the
set {u(¢): 0 <t < T} is bounded in V, and therefore in . The other conditions of
a pseudometric are immediately verified. To see that &7 is precompact on By, we
need to show that, given any sequence ((¢#",V")),en C By (thus, bounded), there is a
subsequence, still denoted ((u",v")),cn, Which converges relative to 87. Because of
(3.96), this amounts to show that the subsequence (u"),cn converges in L?(0, T;H).
Thus, let ((u",v"))nen C Bo. Since By is positively invariant, the corresponding orbits
{S(#)(@",v"): t > 0} remain in By. Since By is bounded, (3.67) implies that, setting

w (1) == P (S@)(u" V")),
there is M > 0, independent of €, such that forallr > 0andn € N,
[W" (1) 1> + |y (1)[|> < M>. (3.97)

We now recall from theorem A.82 that, since the injection of V into H is compact,
the injection of
WI(T) :={u e L*(0,T;V): u, e L}(0,T;H)}

into ~L2(07 T;H) is also compact. Hence, since (3.97) implies that (1"),,c is bounded
in W(T), there is a subsequence of (u"),cy which converges in L?(0,T;H), as
desired.

Our final step is to estimate the difference of two solutions of (3.4) in a sharper
way than (3.70), so as to be able to apply proposition 2.59. To this end, letting
Uo := (up,u;) and Ug := (i, ity ), we claim:

PROPOSITION 3.26
There are & €0, 1] and K > 0, such that for all € < &y and Uy, Uy € By, t > 0,

E¢(S(1)Uo — S(1)Uo) < e™"/**E¢(Uy — Up) + LK?(8,(Uo, Up))?, (3.98)
with & defined in (3.96), and o in (3.68).
PROOF Let S(1)Uy =: (u(t),u;(t)) and S(t)Uo =: (i(t),i(¢)). Since Uy and Uy

are in By, which is positively invariant, S(¢)Up and S(¢)Ug remain in By for all £ > 0.
Since By is also bounded, there is M > 0, independent of &, such that for all # > 0,

IVu(e) ||+ || Va@)|| <M. (3.99)
Let z(z) := u(t) — i(t). Multiplying (3.69) by 2z, + éz, we obtain (omitting, as usual,
the variable ¢)

S Ee(elt), () + 2 )P + L0 P
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= (gla(n)) —g(u() 22 (1) + L)) . (3.100)

Since g is Lipschitz continuous from V into H on bounded sets of V (this is a conse-
quence of proposition 3.15), we deduce from (3.99) that there is K > 0, independent
of ¢t and €, such that

2l1g(it(r)) — g(u(®)) | |z ()| < 2K[IV2(@)l| 2 ()| < 2K V2(0)]]* + 3|2 (1)
tlg@(®) = gu@)Iz0)ll < KV 20| < gV + gK2 (|0
Consequently, we obtain from (3.100)

d
dr

2

[l

Ee(2(1),2 (1) + 1 (0)|1” + & V2(0)|?
< (267 + ) V2P + 3]l (017 + K210

Setting then & := we deduce that if € < g,

_1
8K2’
d

S Ee(e(0), (1) + Y1) P+ VI < R0 (3.101)

We easily verify that
2 2
Ee(z,%) < a (|l + HIVal?) 5

hence, we obtain from (3.101) the linear differential inequality

d

3 Be(2(0,20(0) + 5 Be (2(1),21(1)) < gK[|=(0)]*

By proposition 2.63, we deduce that
1
Ee(2(1),2(1)) < e "% Eg(2(0),2/(0)) + éKz/o e 1=0)/2%||7(0)| > do,
from which (3.98) follows. I

We can finally conclude the proof of the existence of a global attractor, by
means of theorem 2.56 and proposition 2.59. In fact, choosing ¢, > 0 such that
g:=e /2% < 1 from (3.98) we see that the operator T = $(z,) and the pseudomet-
ric &, satisfy condition (2.47) of proposition 2.59. Hence, T is an o-contraction.
The fact that @(By) is the desired attractor for S follows then from theorem 2.56.

3.5 Regularity

In this section, we prove a result concerning the regularity of the global attractor
of the hyperbolic problem (Hg), assuming again that the parameter € is sufficiently
small.
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THEOREM 3.27

Let &) be as in proposition 3.23. For € €)0,¢&), let A® be the global attractor of
problem (Hg), given by theorem 3.24. There is € €10, €] such that if € < g1, A% is
contained in a bounded set of Xy. This set is independent of €.

PROOF We follow an idea presented in Grasselli-Pata, [GP02]; for an alternative
proof, see e.g. Temam, [Tem88, sct. IV.6]. We proceed in three steps. At first we
show, with methods similar to those of section 3.4.3, that the attractor A€ is contained
in the subspace X /4 := H5/4(Q) x H'/4(£), and bounded with respect to the norm
defined by

1, , = LR+ LB ul? s () € X

Then, we improve the estimates of solutions in X7 /4, and show that if € is sufficiently
small, a technique analogous to that of section 3.4.3 allows us to conclude that, in
fact, A% C X, and is bounded with respect to the norm whose square is defined by

Ei(u,v) :=Eo(Vu,Vv), (u,v) €.
Finally, we establish the bound
[V ur ||* + || Auo > < M?, (3.102)

where M > 0 is independent of € and (up,u;) € A%.

1. Let (ug,u;) € A%. Since A® = w(B), by proposition 2.15 there are sequences
((@n, W) Inen C Band (1) ey €10, +00] such that S(t,) (@, W) — (g, 1) in X and
t, — 400 as n — 0o. Decompose

S(ty) = S1(ty) + Sa(t,)

as in section 3.4.3. Since B is bounded in X', (3.77) implies that there is R > 0,
independent of &, such that for all n € N,

No(S2(t) (9, W) < Re /2%, (3.103)

with Ny defined in (3.72). Since the function f is independent of ¢, (3.79) holds, so
the sequence

(Sl (tn>(90na Wn))nEN

isbounded in X} /4. Since X /4 is compactly imbedded into X, there is a subsequence,
which we still denote by (S (%) (@, W) )nen, converging to some element (i, i)
weakly in X} /4, and strongly in X'. Because of (3.103), S(t,) (@n, W) — (o, 1) in X';
hence, (uo,u1) = (itg, 1) € X} 4. Since (ug,u1) was arbitrary in A®, we conclude that
A8 C X /4- Moreover, since we can now say that S (1) (@n, W) — (uo,u;) weakly
in &) /4>

o, 1)l < Timin€ 1Sy (1) (o, ) v, (3.104)
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and this shows that A¢ is bounded in X} /4
2. Set now, as in section 3.4.3,

(u(t),ur(t)) := S(t)(uo,u1)
(v(2),ve(2)) := Sa(t)(uo,u1),
(w(t),we (1)) := S1(t) (uo, ur)

In the first part of this proof we have shown that (u,u;) € Cp(R;X)/4). Since
(uo,u1) € X4, we can deduce, as in the proof of proposition 3.23, that (v,v,) €
Cp([0,400[: X /4). Indeed, replacing the function @ of (3.84) by —v’, the same
estimates that in that proof led to the exponential inequality (3.95) now lead to the
inequality

d
&(E&'(W Vi) — 2<V37L1/4V>) + i(Ee(V’ Vi) — 2<V3aL1/4V>) <Cq4.

From this, we obtain that for all > 0,
3 1/4 _n/3 p1/4
Ec(v(t),v: (1)) <2(v°(2), L/ *v(t)) + max{E¢ (uo,u1) — 2{up, L' “up),2aCs} .

Recalling that (uo,u) is in a bounded set of X /4, we easily conclude that (v,v;) €
Cp ([0, +00[; X /4) as claimed. It follows then that also

(w,wr) = (u—v,ur —v;) € Cp([0, +00[; Xy 4) -

3. We can now bootstrap the argument of the first part of this proof. We first show
that if € is sufficiently small, then, as a consequence of the fact that (up,u;) is in a
bounded set of X; /4, (w,w;) € Cp([0,+00[;X1). To this end, we (formally) multiply
the equation of (3.76) in H by —2Aw; — Aw: dropping as usual the argument ¢, we
obtain

d
$(8HVW,”2 +&(Vw, Vwe) + 1| Vw2 + [|Aw||? +2(D, Aw))
+ ([ Vw2 + [|Aw]* + <<PAW>

=20+ (3 -1) ¢,Aw>, (3.105)

with @ as in (3.84) and By := 2(1 + - ) To estimate the right side of (3.105), we
first note that, as in (3.90), recalling (3 80)

(D,Aw) < C||Aw|| < C+ & Aw|?. (3.106)
Next, recalling (3.91) (with f; =0),

2(D;, Aw) < C(Iv)12Wloo + [W]i2|Wloo + 1)[ve]12/5]|AW]]
+C(VITy + V12 lwliz + [wlia + Dwels [ Aw]]. (3.107)
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Recalling (3.81) and theorem A.61, we have the imbeddings
H5/4(.Q) AN LIZ(Q) , H1/4(.Q) SN L12/5 (.Q)
as well as the interpolation inequalities

1/2
Wloo < ClIA2W|[ 2 |w]¢/ +Clwls,
Iwils < ClISwe ]|V [wi |/ +C [[wi|

By ellipticity (see theorem A.77), we can further estimate

1/2 1/2 1/2 1/2 1/2
[Wloo < Cllwllyst ) Iwle > +Chwlg> < C(lawl]/2 + [lw]'72)lwlg > +Clwlg .

Thus, recalling that both (v,v,), (w,w;) € Cy([0,+00[; X} /4), we obtain from (3.107)
that, for 6 and n > 0,

2(®y, Aw) < C(1+ 8| Aw])||Aw]| + C||Vwi ||| Aw]|
< C+ 8| Aw[> + 1| Vwi|[* +nlAw]]?, (3.108)

where C denotes various constants, depending on &, 1 and, of course, on the uniform
bounds on (v,v,) and (w,w;) in X} 4, but not on €. Choosing & and 7 sufficiently
small, we obtain from (3.106) and (3.108), inserted into (3.105), that

%(s||Vw,||2+e<Vw7 V) + L[ Vwl2 + [ Awl? +2(d, Aw))
+ 3 Vwil*+ 3l Aw]* + §-(@,Aw) < C. (3.109)
As in (3.83), we easily verify that if € < min{g, %} =:¢g,
P =g Vwe |2 +&(Vw, V) + L[ Vw[* + [|[Aw||> + 2(P, Aw)
< Br (SI9wil+ lAwlP+ 3 (@,8m) )
hence, (3.109) yields the exponential inequality
PP <C.

From this, we obtain that for all ¢ > 0,

e[V (1) + £(Vw(t), Vo () + L[ Vw(0) |2 + | Aw(r) 2
<2(@(r), Aw(r)) +CPy < 2D ()| + L |Aw() |2 +CBi

Since the function ¢ — ||®(-,¢)]| is uniformly bounded in ¢, by Schwarz’ inequality
we conclude that there is M; > 0 such that for all > 0 and € < gy,

l|Vw (-,0)|]> + | Aw(-,0)||> < M7 . (3.110)
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This shows that (w,w;) € Cy([0,+00[; X1 ) as claimed.

4. We now conclude as in the first part of this proof. Given arbitrary (ug,u;) € A%,
we construct sequences ((@y, ¥,))nen C B and (,),en as before. Estimate (3.110)
implies that a subsequence of (S1(®,, W) )nen converges to a limit (i, i1 ) weakly in
X1, and strongly in X'. Again, (3.103) allows us to conclude that (1o, u;) = (ito, 1) €
X). Finally, as in (3.104), we deduce from (3.110) that (ug, ) is in a bounded set of
X). Since (up,u;) is arbitrary in A%, this implies that .4¢ is bounded in X7.

5. We now proceed to show that, in fact, A% can be bounded in X; indepen-
dently of €. Let (up,u;) € A%. By proposition 2.39, (up,u;) lies on a complete
orbit (u(t),u;(t)),cr, contained in .A%; without loss of generality, we can assume that
(up,u1) = (#(0),u,(0)). Since all the constants appearing in the proof of the bound-
edness of A¢ in X} /4 and &7, including in particular the constant R of (3.103), the
boundedness implied by (3.104), and M; of (3.110), depend only on the norm of u in
Cp(R;V), we deduce that the estimate

el|Vur|* + | Auo|* < G (3.111)
holds uniformly with respect to € and (up,u;) € A. This provides part of (3.102);
to remove the dependence of the term with u#; on €, we now prove that there exists a
positive constant C3, independent of €, such that for all t € R and € €]0, &],

&lluy (0)]1> + || Vs (1)]|* < Cs. (3.112)

To this end, we first note that, since A€ is invariant, from (3.111) we deduce that for
allt € R,

e[ Vi (1) |2+ [ Au(0) | < Gy (3.113)
As a preliminary step, we establish the estimate
[|us (0)]| < C, (3.114)

where, here and in the sequel, we denote by C a generic positive constant, independent
of € €]0,¢&] and r € R. Multiplying equation (3.4) by 2u, we obtain, by (3.113),

d
& Ll + u|* < 1F+ At u— |
<C (I + aulP + P+ V) <C. - (3.115)

Integrating (3.115) on an arbitrary interval [ty,¢] C R, and recalling (3.113) again, we
obtain

||ut(t)||2 <C (ée—(t—to)/e + 1) ,

from which we deduce (3.114) by letting fg — —oco.
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We now differentiate equation (3.4) with respect to ¢, and multiply the resulting
equation by 2uy; + u;, to obtain

d
o (Elln P+ e m) + 3+ Vi) + 2= ) [ |* + [ V|
= —((3u* — Dy, 2uy +u;) =: Ry . (3.116)

Combining the imbedding and elliptic estimates from theorems A.74 and A.77, and
recalling (3.80) and (3.114), we can estimate the right side of (3.116) by

Ry <2136 — Vo lJue]) (e + [l |1
<C (14 [[ull3) (14 llug|l) < 3luee|*+C. (3.117)

We now denote by P (1, u,) the term under differentiation in (3.116), and note that,
as in (3.67),

Dy (urure) > L (&> + || Vaae ) - (3.118)

Replacing (3.117) into (3.116), and recalling (3.114), we obtain, as usual, the in-
equality

d
&‘I’l (ot ugr) + é‘pl(utaun) <C.

Integrating this inequality on an arbitrary interval [fy,?] C R, we obtain

Dy (14 (1), 11t (1)) < =710/ %Dy (1, (10), 1yt (10)) + QC . (3.119)
From (3.4) for t =ty we have

eu (10) = f(t0) +u(to) — (u(to))* + Auto) — us (10) ;
therefore, because of (3.113) and (3.114),

Dy (4 (10), e (t0)) < 1C.
Replacing this into (3.119) we obtain then that
@y (us (1), up (1)) sc(ge*v*m/u 1). (3.120)

Letting o — —o0, and recalling (3.118), we can finally deduce (3.112) from (3.120).
6. We can now conclude the proof of theorem 3.27: indeed, (3.102) follows from
(3.111), and (3.112) with t = 0.

REMARK 3.28 Following the proof of theorem 3.27, we realize that the require-
ment that € be small is essential only in order to show that the boundedness of A*
in X is uniform with respect to €. In fact, it is possible to show that each attractor
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AE is bounded in X}. To this end, it is sufficient to modify the estimates we have
established, multiplying the equation e.g. by 2u, + %u, or by 2u; + Au, with A suffi-
ciently small. Indeed, both Temam, [Tem88], and Grasselli-Pata, [GP02], prove the
boundedness of A€ in X for € = 1.

On the other hand, if € is small, we can actually prove much more than mere
boundedness in X:

THEOREM 3.29

In the same conditions of theorem 3.27, if € < €| each attractor A® is compact in X).

PROOF Let (¢, W, )nen be a sequence in Af. Since A? is bounded in X}, there
is a subsequence, still denoted by (@, Wy, )nen, converging to a pair (@, Y. ), weakly
in A and strongly in X'. We must show that

(@n, W) — (@, W)  strongly in X .

1. By proposition 2.39, for each n € N there is a complete orbit (u"(¢),u (¢))rcr
passing through (@,, y,,), and completely contained in .4%; without loss of generality,
we can assume that

("(0), 4 (0)) = (¢n, ¥) - (3.121)

From (3.112) and (3.113) we deduce that, for all 7 > 0, the functions ", u; and
u'l, are, respectively, in a bounded set of L>(—7,T;H?(R)), L?(—T,T;H'(2)), and
L?(—T,T;L%(Q)) (this set depends on €, but here we consider € as a fixed parameter).
Hence, by theorem A.16, for each € there are a function u and a subsequence, still
denoted by (u"),en, such that

W' —u in L2(=T,T;H*(Q)) weakly, (3.122)
u'—u; in L}(—T,T;H'(RQ)) weakly, (3.123)
wh —u; in L*(—=T,T;L*(Q)) weakly. (3.124)

We recall from theorem A.82 that for each j € N, the injections

{ue (-1, T:H"(Q)): uy € L*(-T.T:H(Q))} — L*(-T,T:H/(Q))
(3.125)

are compact. Taking j =1, (3.125), (3.122) and (3.123) imply that
W' —u in L?>(-=T,T;H'(Q)) strongly. (3.126)
Likewise, taking j = 0 in (3.125), (3.123) and (3.124) imply that

W' —u, in L*(—=T,T:L*(R)) strongly. (3.127)
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‘We now show that we can deduce, from (3.126), that
"} - in L2(=T,T;L*(Q)) strongly. (3.128)

In fact, we can estimate
T T
[y =wPa< [ st it e (3129
-T -T

since u” is bounded in L>°(—T,T;H?(£)), and this space is continuously imbedded
into L>°(Q x| —T,T|), (3.128) follows from (3.129).

2. Recall now the definition (3.18) of weak solution of (3.4): in particular, u"
solves (3.65). Then, by (3.126), (3.127) and (3.128), letting n — +oo we deduce that
u is also a solution of (3.65). We now show that

(u(t),u (1)) = Se()(Ps, W), tER. (3.130)
To this end, we recall from theorem A.81 that the space
{ue L>(~T,T;H*(Q)): u, e L*(~T,T;L*(Q))}
is continuously injected in C([—T,T];H'(R)), with

n —
a0 = (o)

<Cllu" —ull|%

1/2
1 —rran(a 14— A ey 10 =l iz
Hence, (3.122) and (3.127) imply that
W' —u in C([-T,T];H'(R)) strongly. (3.131)

From theorem A.81, we also have the trace estimate

max [l (1)~ (1)) (3.132)
1/4 n 3/4 p
<C ||”n - uHLé(fT,T;H' Q) Hutt - utt”Lé(,T’T;]_;(Q)) + Hul - uHLz(fT,T;Lz(_Q)) :

Hence, by (3.131), we conclude that also
u' —u, in C([-T,T];L*(R)) strongly. (3.133)

From (3.131) and (3.133) we deduce that u(0) = ¢, and u,(0) = y,; hence, (3.130)
follows, by the uniqueness of solutions to (H¢) with the same initial values.
3. Consider now the difference 7" := u" — u, which solves the equation

e+ — A" ="~ (") — ). (3.134)
Multiplying (3.134) in L?(Q) by —A(2z" + "), we obtain

d
3 BV, V) + (2~ &)V |? +[1a2"* = ((u")? —u’ = 2", —2A(z +2"))
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=2(V((u") —u® =2"),VZ) — (u")? —u® =", A") =t Ry, (3.135)
where Ej is as in (3.66). We can estimate the right side of (3.135) by
Ry < 2+ M)V (") =i =)+ 5V |1* + 5l1a"
thus, recalling (3.67), we obtain from (3.135) that

d
3 Fo(VZ",va) + LE(VZ V) < @+ 1) |V(W")? —u® =2)|*.  (3.136)

We now write
v((un)3 _u3 _Zn) — v(((un)2+unu+u2 _ 1)Zn) ,

and recall that, since n < 3, HZ(Q) is an algebra (see theorem A.69). Hence, (1")? +
u"u+u? is in a bounded set of H?(Q), and we easily see that

V(") =i =2 <C||VZ,

for suitable constant C depending only on .A%. Thus, we further obtain from (3.136)
that

d
3 Bo(VZ", V) + LEN(VZ2, V) <C2+ M)V (3.137)

From (3.131) we deduce that for all 7 > 0 and all > 0 there is ny € N such that for
alln>npandt € [-T,T],

aC2+A)|VZ'(0)|> <n.
Thus, integrating (3.137) in [—T, T}, for n > ng, we obtain that
Eo(V2"(1), V(1) <e "% Eg(VZ"(=T),VZ (-T))+1
<Cie /%4, (3.138)

with C; again depending only on A%, because (z",z}') is in a bounded set of X;. Given
then 1 > 0, we can therefore predetermine 7 > 0 so large that Cre /e < n; with
this choice of T, we determine ng as above, and (3.138) implies that for all n > ng
andr € [-T,T],

Eo(VZ'(1), V(1)) <2n. (3.139)
Recalling (3.67), and choosing ¢ = 0 in (3.139), we deduce that
u"(0) — u(0) inH*(Q), u!(0)— u,(0) inH(Q).
Since (4"(0),u'(0)) = (@n,¥,) and (u(0),u,(0)) = (¢s, y.), we conclude that

(@n, W) converges strongly in X} to (@, W, ), as desired. This concludes the proof
of theorem 3.29.
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3.6 Upper Semicontinuity of the Global Attractors

1. The hyperbolic problem (H) can be seen as a perturbation, for small € > 0, of
the reduced parabolic problem (P). In this context, a natural question is that of the
convergence of the solutions of (H¢), which we now rename u® to emphasize their
dependence on &, to the solution u of (P). Another, related question is whether the
corresponding global attractors A® and A, obtained in theorems 3.24 and 3.13, can
be compared, and in what sense.

In this section, we briefly consider some aspects of the latter question, proving
the so-called UPPER SEMICONTINUITY of the global attractors as € — 0. As a by-
product, we also obtain some results on the convergence u® — u, limited to motions
contained in the attractors A% and A.

We note that, in general, the convergence uf — u can be expected to be singular in
time, because of the loss of the initial condition on u,; we refer to Lions, [Lio73], for
an extensive presentation of results on singular perturbation problems of this type. In
contrast, we shall see that if we restrict our attention to motions in the attractors, it is
possible to transform the singular convergence problem into a regular convergence
one. On the other hand, the question of the convergence of the global attractors
Af to A as € — 0 is also complicated by the obvious fact that A¢ is in the product
space H}(2) x L?(Q), while A is contained in H}(£2) only. One way to solve this
difficulty is to consider the projections P;.A€ of A¢ into H' (), and to show that

lim @ (PA%, A) =0,
e—0

where 0 is the semidistance in H' () defined in (2.2) (see e.g. the survey article
[EM95]). Another possibility, which is the one we present here, is to construct a
“natural” imbedding of A into a set A” C X = H}(Q) x L?>(2), and then show that
lim (A%, A%) =0,
e—0
where 0 is now the semidistance in X.

In this section, we loosely follow the presentation of Hale, [Hal88, sct. 4.10];
for more results on this type of question, and related ones, such as for instance the
LOWER SEMICONTINUITY of the attractors, we refer to Hale-Raugel, [HR88, HR90],
or to Grasselli-Pata, [GP02].

2.  We recall the definition of upper and lower semicontinuity of a family of sets.

DEFINITION 3.30 Let X be a complete metric space, A C R, and (C*)jcp a
family of subsets of X. Let Ay € A. Then:

1. (C")AGA is UPPER SEMICONTINUOUS at Ay if

lim 9(C*,c%) =0, (3.140)
A—Ay
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2. (C*)pcp is LOWER SEMICONTINUOUS at A if

lim 9(C%,c*) =0.
A—2o

3. (C*)pea is CONTINUOUS at Ag if it is upper and lower semicontinuous at Ay.

3. We proceed then to prove the upper semicontinuity of the attractors A as € — 0.
Let A be the attractor of the semiflow S generated by the parabolic problem (P). As
we remarked after theorem 3.13, A is bounded in HZ(Q); hence, we can introduce
the set

A= {(uv)eX:uc A, v=f+u—u’+Au}, (3.141)

which we consider as a “natural” imbedding of A in X.
We have then the following result:

THEOREM 3.31
Let €1 be as in theorem 3.27 and, for 0 < € < g, let A be the global attractor of the
semiflow S generated by the hyperbolic problem (H). Let A° be as in (3.141). The

family (A®)o<e<e, is upper semicontinuous at € = 0, with respect to the topology of
X.

PROOF Recalling (3.140), we must show that

sup inf (|V(u—a)|2+v—v]?)"* =0 (3.142)
(u,v)e A (7)€ A0

as € — 0. We reason by contradiction. Assuming (3.142) did not hold, we could find
no > 0, and sequences (&,)nen CJ0, &1], ((@n, Wn) )nen € A, such that &, — 0, and
foralln e N,

inf (| (@ —@)|* + |y —7]1) = ng - (3.143)

(,7)€.A0

By (3.102), we have the uniform estimate
Wl T+ [l @all3 < M2,

with M independent of n; thus, there is a subsequence, still denoted by ((@,,, W) )nen»
converging to a limit (., y, ) weakly in X and, by compactness, strongly in X. We
now claim that (@., y.) € AV if true, this would contradict (3.143).

We now proceed in analogy to the proof of theorem 3.29. By proposition 2.39, for
each n € N there is a complete orbit

(" (t),u (t))rer = (Se, (1) (Pn, ¥n))rer (3.144)
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contained in A% and passing through (¢,,y,). In particular, we can assume that
(3.121) holds, for " defined as in (3.144). From (3.112) and (3.113) we have the
uniform estimates

Enllugy (117 + 1 (17 + [l ()3 < M3, (3.145)

with M, independent of ¢ and &,. From this it follows that, for all 7 > 0, the func-
tions u®, uf" and \/Quf,” are, respectively, in a bounded set of L>°(—T, T;Hz(Q)),
L>®(—T,T;H'(Q)) and L>°(—T,T;L?(£)). Consequently, there is a function u, and
a subsequence, still denoted (&, ),en, such that
ub —u  inL2(=T,T;H?*(Q)) weakly *,
u —u,  inL}(—T,T;H'(Q)) weakly *,
gut —0  inL2(=T,T;L*(2)) weakly * .
Proceeding exactly as in theorem 3.29, we show that u is a weak solution of the
parabolic problem (P) on R. By the analogous of (3.131), ¢, = #"(0) — u(0) in

H!(Q); hence, u(0) = ¢,, and, therefore, u(0) € H>(). Moreover, since u is a
complete orbit of S through ¢, by proposition 2.39 ¢, € A. By (3.145),

1€tz (0) || = /& [|v/Entty (0) || < V& M2
hence, €,u’.(0) — 0 in L?(Q). Consequently,

1] (0) = f+u™(0) — (u"(0))* + Au" (0) — £,u};(0)
=f+@.— <P3 +A@, — gn“;lz(o)
— 4 0. — ¢+ Ao, (3.146)

in L2(Q) weakly. Since u/'(0) = y,, from (3.146) we deduce that
Ve =f+0.— 0] +Ap,. (3.147)

Since @, € A, (3.147) implies that (¢,, v, ) € A°, as claimed. Having thus reached
a contradiction with (3.143), the proof of theorem 3.31 is complete. Note that, com-
paring (3.146) with (3.147), we have that

u" (0) — u;(0).

This means that, as mentioned above, the convergence u® — u is not singular atz = 0.



Chapter 4

Exponential Attractors

In this chapter we give the definition of EXPONENTIAL ATTRACTOR for a semiflow
S defined on a Hilbert space X', and describe an explicit construction of the exponen-
tial attractor when the semiflow satisfies a geometric property, called the DISCRETE
SQUEEZING PROPERTY. As an application, we show that the continuous semiflows
defined by the initial-boundary value problems (P) and (H) (the latter at least for
small &) satisfy the discrete squeezing property. Therefore, these systems admit an
exponential attractor.

4.1 Introduction

1. In the following, X’ is, as usual, a Banach space on R, with norm || - ||.

DEFINITION 4.1 Let G be an arbitrary subset of X, and T be one of the sets R,
R>o0, N or Z. A subset £ C G is an EXPONENTIAL ATTRACTOR for the semiflow
S=(S(t))er inG, if € is a compact, positively invariant set which has finite fractal
dimension and attracts each bounded set B C G exponentially. The last requirement
means that there are positive numbers ¢ and k, depending on B, such that for all
t € T>o,

A(S(H)B,E) < ce ™, (4.1)

where 0 is the semidistance in X introduced in definition 2.1.

2. A large class of dynamical systems is known to admit an exponential attractor;
for example, the semiflows generated by the 2-dimensional Navier-Stokes equations
with periodic boundary conditions, the Kuramoto-Sivashinski equations, the Chafee-
Infante and the Cahn-Hilliard equations (in any space dimension), and the “original”
Burger’s equation all admit an exponential attractor; we will see some examples in
chapter 6. In contrast, much fewer systems are known to have an inertial manifold;
for example, even for the 2-dimensional Navier-Stokes equations the existence of an
inertial manifold is open.

135
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3. Exponential attractors share with attractors the property of being attracting sets,
but they do not have to be invariant. However, in contrast to (2.33), which carried
no information on the rate of convergence of the orbits to the attractor, (4.1) gives
an explicit information on the rate of convergence of the orbits to the exponential
attractor. The fact that this rate is exponential makes exponential attractors much
more robust than global attractors for numerical analysis. Consequently, exponential
attractors are generally more suitable for the qualitative study of the long-time behav-
ior of a semiflow. For example, it is proven in Eden, Foias, Nicolaenko and Temam,
[EFNT94, ch. 4], that, in the framework of Galerkin approximations schemes, ap-
proximate and exact exponential attractors are continuous with respect to the Haus-
dorff distance of definition 2.1.

4. When the global attractor .4 and an exponential attractor £ exist, then 4 is con-
tained in £. Indeed, since A is bounded, it is attracted by £. Recalling (2.33), this
means that

) 1ir+n a(S(t)A,E)=0. 4.2)
Since A is invariant, (4.2) implies that d(.A,£) = 0. Thus, since £ is compact, propo-

sition 2.2 implies that
ACE.

5. One of the assumptions under which we will prove the existence of an expo-
nential attractor is that the semiflow § admits a compact, positively invariant ab-
sorbing set B. In this case, S also admits the global attractor A = @(B). Then,
as we have seen, A C &£ and, therefore, A has finite fractal dimension, with
dimp(A) < dimg(€) by (2.49). Thus, A can be imbedded in RY and it can be proven
that N > 2dimg(.A) + 1. Moreover, there exists a N-dimensional system of ODEs

X=F(x) (4.3)

(with F not necessarily continuous) such that this imbedding of A is the global attrac-
tor (respectively, this imbedding of £ is the exponential attractor) of the generalized
semiflow (“generalized” because F' may not be continuous) generated by (4.3) (see
[EFNT94, thms. 10.2, 10.3]). We refer to [EFNT94] for more details.

6. Exponential attractors can in fact be seen, in some sense, as intermediate ob-
jects between attractors and inertial manifolds, which we study in detail in chapter
5. Essentially, inertial manifolds are positively invariant submanifolds of X', which
also attract orbits exponentially. The basic difference between inertial manifolds and
exponential attractors is that exponential attractors need not have a smooth structure,
and inertial manifolds need not be compact. Because exponential attractors are not re-
quired to have a smooth structure, we can establish existence results for exponential
attractors under conditions on the semiflow that are much less restrictive than those
required for the existence of an inertial manifold. In fact, as shown in [EFNT94], not
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only there are semiflows, generated by PDEEs, for which the existence of an expo-
nential attractor is known, while that of an inertial manifold is not, but there actually
are semiflows that admit an exponential attractor, and not an inertial manifold. In-
deed, in chapter 7 we present an example due to Mora and Sola-Morales, [MSM87],
of a semiflow generated by an IBVP for a hyperbolic equation like (3.4), which does
not admit any C! inertial manifold. Of course, there are much simpler examples
of two-dimensional ODEs which do not have an inertial manifold; for example, the
system
r=x, y=2y,

whose orbits admit two unstable manifolds, but no inertial manifold.

4.2 The Discrete Squeezing Property

In this section we give the definition of the DISCRETE SQUEEZING PROPERTY,
which is the main ingredient for the construction of an exponential attractor. The
discrete squeezing property for the semiflow S generated by an evolution equation of
the form

ur+Au= f(u) 4.4)

is usually defined by means of orthogonal projections in X'. Roughly speaking, the
discrete squeezing property translates a dichotomy principle, whereby either the sys-
tem is exponentially contracting on a fixed compact set B C X, or the evolution of
the difference of two solutions originating in 13, when expressed as a Fourier series
with respect to the eigenvectors of the operator A in (4.4), can be controlled by a finite
number of terms of the series. In other words, in this series the tail can be dominated
by its complementary finite sum. In more suggestive terms, this is often expressed
by saying that if the system is not already exponentially contracting from the outset,
then the higher modes of the difference of any two solutions can be dominated by
the lower modes.

4.2.1 Orthogonal Projections

As usual, we denote by || - ||, (-, -) and I, respectively the norm, the scalar product
and the identity in X'.

Recall that a PROJECTION in X is a linear map P: X — X such that P> = P.
Suppose there exists a closed subspace W C X such that X’ can be decomposed into
the direct sum of W and its orthogonal complement W, i.e.

X=Waow.
Then, every x € X can be expressed in a unique way as a sum

x=w+z, weWw, zeWt, 4.5)
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with (w,z) = 0 (by orthogonality). Consequently,
(1 = flwll? + 1|z (4.6)
We define then the ORTHOGONAL PROJECTION P: X — W by
Px)=w, 4.7

with w as in (4.5). This makes sense because w is unique. P is indeed a projection,
since for all x € X,
P2(x) = P(w) =w=P(x);

that is, P2 = P. Note that P is linear, and (4.6) can be written as
Ix[l* = 1PCY 1+ 17 = PY @)1 (4.8)
From (4.8) we deduce that orthogonal projections are Lipschitz continuous: indeed,
1P(x) = PO)I* = [P(x=y)II* = e = y[I> = |1 = P)x = )|I* < [lx =y,

and analogously for I — P. In fact, orthogonal projections are contractions, albeit not
strict ones.

Finally, we recall that orthogonal projections allow us to define a special cone in
X, namely

Cpi={xeX: [U-=P)X)| < [PX)}. (4.9)
or, equivalently (this is an immediate consequence of (4.8))

Cp={xeX: ||| <V2|PX)|}. (4.10)

4.2.2 Squeezing Properties

To define the squeezing properties we want to introduce, we consider projections
(4.7) defined into a subspace YW C X which is finite dimensional. In this case, the
opening of the cone Cp is controlled by a projection of finite rank.

We start with the definition of squeezing property for a map:

DEFINITION 4.2 Amap S: X — X satisfies the SQUEEZING PROPERTY relative
to a subset B C X if there is a finite dimensional closed subspace Xy C X and a
corresponding orthogonal projection Py : X — Xy, such that the following condition
holds: There exists y €10, 3| such that for any u, v € B, either

[15(u) = SO < ¥llu =l (4.11)
or, otherwise, S(u) — S(v) € Cp,, Le.

17— Pn) (S(u) = SO < ([P (S () = SM))I[ - (4.12)
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This condition means that either S is contractive on the set 3, or that any difference
S(u) — S(v) is in the cone Cp,. Note that, because of (4.9) [or (4.10)], the condition
S(u) — S(v) ¢ Cp, can be expressed by either one of the conditions

[1Pn (S () =S| < (T = Pn)(S(u) = SOl (4.13)
1S (u) = SO > V2| Py(S(u) = )] (4.14)

Thus, the discrete squeezing property can also be expressed by the requirement that
if u, v € B are such that S(u) — S(v) € Cp,, i.e. if either (4.13) or (4.14) holds, then §
is contractive on B, i.e. (4.11) holds.

We can then extend the definition of squeezing property to a semiflow:

DEFINITION 4.3 Let B C X be bounded, and S = (S(t))icT a semiflow in X. S
satisfies the DISCRETE SQUEEZING PROPERTY relative to B if there is t, € T, with
tx >0, such that the map S, := S(t,.) satisfies the squeezing property of definition 4.2.

We will see that, in contrast to the case of inertial manifolds, the discrete squeezing
property, i.e. the “cone condition” (4.12), is a dichotomy at the specific time 7, only.
That is, this condition neither requires nor implies that the squeezing property of
definition 4.2 be satisfied by any of the other maps S(¢), either at the intermediate
times 0 <t < t,, or at all later times ¢t > ¢, (that is, the invariance of the cone (4.9)
for t > t,). This explains in part the qualification of “discrete” in definition 4.3.

4.2.3 Squeezing Properties and Exponential Attractors

The importance of the discrete squeezing property resides in the fact that it pro-
vides the main sufficient condition for the existence of an exponential attractor. The
basic result concerns discrete semiflows generated by iterated maps:

THEOREM 4.4

Assume the map S: X — X is Lipschitz continuous, and B C X is a nonempty, com-
pact, and positively invariant subset. Assume that S satisfies the squeezing property
of definition 4.2, relative to B. Then the discrete semiflow S := (S"),en admits an
exponential attractor € in B. Moreover, given any 6 €127, 1], the fractal dimension
of € (see (2.48)) can be estimated by

2V2L

1“(9%“)} “.15)

dimg(€) SNmax{l, o

where N is the rank of the projection appearing in definition 4.2, and L is the Lipschitz
constant of S on B.

We postpone the proof of theorem 4.4 to the end of this chapter. By means of
theorem 4.4, we can construct an exponential attractor for a general semiflow:
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THEOREM 4.5

Assume the continuous semiflow S = (S(t)),;er satisfies the discrete squeezing prop-
erty, relative to a nonempty, compact, positively invariant subset B C X. Let t, be
as in definition 4.3, set S, := S(t..), and let &, be the exponential attractor in X for
the semiflow generated by S.., as in theorem 4.4. Assume further that S satisfies the
following properties:

PS1) For all t € [0,t.], S(¢) is Lipschitz continuous from B into B, with Lipschitz
constant L(t), L: [0,t,] —1]0,400[ being a bounded function.

PS2) For all x € E,, the map S(-)x is Lipschitz continuous from [0,t.] into B, with
Lipschitz constant L' (x), L' : £, — 0, +00[ being also a bounded function.

Then, the set

&= U s@e. (4.16)

0<t<ty

is an exponential attractor for S in B. If in addition B is an absorbing set which
attracts all bounded sets of X, then £ is an exponential attractor in X. Moreover, the
fractal dimension of £ (see (2.48)) can be estimated by

2/ 2L (ts
In ({Lg;uw}

—In6

dimp(E) < 14N max{l, , 4.17)
where N is the rank of the projection appearing in definition 4.2, L(t.) is as in (PS1),
and 8 €12v,1].

From this theorem, which we prove in the next section, it follows that one of the
most direct ways to establish the existence of an exponential attractor for a given
semiflow S is to show the existence of a compact, positively invariant set 3, rela-
tive to which the system satisfies the discrete squeezing property. In most cases, 5
is a bounded absorbing set, whose existence is implied by the dissipativity of the
system. The compactness of B is usually proven by showing that B C X}, &) a com-
pactly imbedded subspace of X'. We will follow this procedure for both problems
(P) and (Hg); however, we mention that, as shown in Eden, Foias and Kalantarov,
[EFK98], the assumption of compactness of B is not actually needed, since in both
cases S is an a-contraction, as we saw in chapter 3. This possibility of relaxing the
requirement of compactness of B is of course extremely important for applications
to situations when, as for hyperbolic equations, the solution operator is not regulariz-
ing. At any rate, once a compact, positively invariant set 3 has been determined, we
proceed to conveniently choose a time 7, such that the map S(z,) satisfies the squeez-
ing property relative to 8. The evolution of the system on [0,z,] is then controlled
by continuity, since the system is well posed on compact intervals (this “explains”
(4.16)), while for ¢ > ¢, the system is essentially finite dimensional. Finally, we re-
mark that condition (PS1) was already assumed in theorem 2.56 (with &, replaced by
A.), and is usually a consequence of estimates that show that the Cauchy problem
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relative to the differential equation that generates the semiflow is well posed. On the
other hand, condition (PS2) is a consequence of the fact that, usually, the compact-
ness of B results from its being bounded in a subspace & compactly imbedded in X'.
In particular, since the solutions we consider are valued in B, this implies that these
solutions are differentiable in ¢, with derivative still valued in X’; therefore, they are
locally Lipschitz continuous in  as well.

4.2.4 Proof of Theorem 4.5

Recalling definition 4.1, we need to show that the set £ defined by (4.16) is com-
pact, positively invariant, satisfies (4.1), and has finite fractal dimension.

1. The compactness of £ is proven exactly as in part 1 of the proof of theorem 2.56.

2. To show that £ is positively invariant, we first note that for all # > 0,

SmeEC Y S0)E.. (4.18)

t<0<titt

Indeed, let x € £. There is then 7 € [0,2,] such that x € S(7)&,. Thus, S(t)x €
S(t+ 7)€, andif 6 =1+ 7, S(¢)x € S(0)E,, witht < 6 <t, +¢. This shows (4.18).
Fix now ¢t > 0, and consider first the case when 0 <t <t,. From (4.18) we obtain
that

smec U 5(9)5*=< U S(@)&)U( U S(9)8*>.

1<O<ty+t <0<ty 1 <O<ts+t

= 52 = 53

Obviously, & C £. As for &3, setting T = 6 —t,, we can write

&= J S(0)S(t.)Ex;

0<7<¢
and since &, is positively invariant with respect to S, = S(¢.),

&c | ste.ce.

0<t<r

Thus, S(1)€ C £ if 0 <t <t,. If instead ¢ > ., we can decompose ¢ = nt, + 0, for
some n € N and 0 € [0,,]. Then, S(¢)€ = S(nr..)S(0)E, and by the first part of this
argument, S(0)€ C £. Consequently, recalling (4.18),

SpECSmyES ) S(s)E..

Nty <S<nts +1sx
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Decomposing s = nt, + T, with 0 < 7 < 1,, and recalling that &, is positively invariant
with respect to S, = S(t.), we obtain

SmEC | S(m)Sm)e = |J S@siE.c ) SE=¢E.

0<7<t4 0<7<ts 0<1<t4
This completes the proof that £ is positively invariant.
3. We now show that £ attracts all bounded subsets of B exponentially. Since &,

is an exponential attractor for S in B3, there are two positive constants ¢; and kj,
depending on B, such that for all n € N

J(S"B,E,) < cre”him, (4.19)

Let then G C B be bounded, and fix ¢t > ¢,.

Given any x € S(¢)G, and z.. € &,, let g € G be such that x = S(¢)g, and decompose
t = nt, + 0, for suitable n € N, and 0 € [0,1,]. Let Z:= S(0)z.. Then, 7 € £, and
recalling (2.42), we can estimate

[x =zl = [[S()g —zll = IS(6)S(nt.)g = S(O)z|| < L ISTg — 24| (4.20)

In fact, recalling that B is positively invariant with respect to S7, and that G C B, we
have that S(nt.)g = S"g € §%(B) C B; moreover, also z, € £, C B. From (4.20), it
follows that

inf [lx —zfl < [le =2l < Lu [|Sig — 2] -

Since z, is arbitrary in 5*,

inf ||x —z|| < L. 1nf 157 g — z«]| - (4.21)
€€

Since S7g € B, recalling the definition of semidistance, we can proceed from (4.21)
with

inf ||[x—z|| <L. sup inf ||b—z| =L.d(SiB,E,). (4.22)
€€ bestB €€«

Since (4.22) is true for arbitrary x € S(¢)G, it follows that

sup inf|x—z|| =9 (S(#)G,E) < L.I(SiB,EL). (4.23)
xes(1)G €€

Recalling (4.19), we deduce from (4.23) that
3(S(1)G,E) < Lycre ™", (4.24)

Now, from ¢ = nt, + 6 < nt, +1,., we deduce the inequality —n < 1 —1/t,; hence we
deduce from (4.24) that

d(8(1)G.€) < L*cleZkle*klt/t* .

Thus, (4.1) holds, with ¢ = L.c1e*1 and k = ky /t..
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4. Finally, we prove estimate (4.17). To this end, note that £ is the image of [0, 7] x
&, under the map F defined in step 1 of the proof of theorem 2.56. Since F is easily
to seen to be Lipschitz continuous on [0,#,] X &, as a consequence of the assumptions
PS1) and PS2) on ), by (2.52) and (2.51) of proposition 2.61 we have

dimp(E) < dimp([0,1,] x &) < dimp(E,) + dimp([0,1.]).

Recalling (4.15), and that, by part 3 of proposition 2.61, the fractal dimension of an
interval is 1, we conclude that (4.17) holds. This ends the proof of theorem 4.5.

4.3 The Parabolic Problem

In this section and the next we proceed to show how theorem 4.5 can be applied to
deduce the existence of an exponential attractor for the semiflows defined by the IBV
problems (P) and (Hg). Recall that both these systems have a bounded, positively
invariant absorbing ball 3, as well as a compact attractor .4, as shown in chapter 3.

With the same notations of chapter 3, we consider the parabolic IBVP (P) in X =
L?(Q) = H. In section 3.3 we proved that (P) defines a semiflow S on X, which
admits a bounded, positively invariant absorbing set 5. We now proceed to show
that S admits an exponential attractor £ C 5. As outlined in the previous section, we
proceed in two steps, first showing that 3 contains a compact, positively invariant set
Bj, then showing that S satisfies the discrete squeezing property relative to Bj.

4.3.1 Step 1: Absorbing Sets in X

We first show that B contains an absorbing set bounded in X; =V = H}(2), and
therefore compact in X'. We claim:

PROPOSITION 4.6

Assume f € Cy ([0, +00[; X). The semiflow defined by the IBVP (P) admits a positively
invariant absorbing set By, bounded in X.

PROOF We must show that orbits originating in bounded sets of &’ enter, and
eventually remain, in a set 3] as stated. To this end, we establish further a priori
estimates on the solution of problem (P). Formally multiplying equation (3.1) in
X by —2Au (again, this procedure should be carried out at the level of Galerkin
approximations), we obtain (omitting as usual the variable t)

%HVqu+2|\Au|\2+6<u2Vu,Vu> =2(f +u,—Au).
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Neglecting the positive term 6(u>Vu, Vu) and integrating the last term by parts, we
further obtain

d
5IIWH2+2HAMII2 < 2[|1I1|Aul| + 2] Vul >
From this we deduce that
d
gllwllzﬂLllAull2 <|I£I? + 2 Vul>. (4.25)
We now recall estimate (3.51) of chapter 3, which we rewrite as
d
$IIMH2+2HWH2+ Julg < 171 +3]ull® < I£1* + Ca +[uli
Summing this to (4.25) we obtain
d
a(IIMII2 + [ Vul?) + [|Aul® <2| f* +Ca <K, (4.26)

where K :=2sup,~ || f(-,1)||* + Cq is independent of ¢ and uo. From (4.26) we can
deduce a linear differential inequality on the norm of u in X;. Indeed, from the
Poincaré inequalities (3.16) and (3.17) we have

Ap

z2> 2 2 ith B := .
[[Aul|= = B([lul”+[[Vul®)  with B T A

Inserting this into (4.26) we conclude that

d
3 Ul + I v7ul?) + Bl * + V) < K,

which is the desired linear differential inequality. We can then conclude the proof of
proposition 4.6 as in that of proposition 2.64.

4.3.2 Step 2: The Discrete Squeezing Property

We now assume that f is independent of ¢, i.e. f(-,#) = f € H, and proceed to
show that theorem 4.5 can be applied to the corresponding semiflow S generated by
3.1).

THEOREM 4.7

Let By as in proposition 4.6. The semiflow defined by the IBVP (P) satisfies the
discrete squeezing property relative to By. Consequently, the semiflow generated by
problem (P) admits an exponential attractor in X.

PROOF We consider the spaces Ay and the corresponding orthogonal projections
Py and Qp defined in (3.26) and (3.27) of section 3.2.3, and refer to the alternative
characterization of the discrete squeezing property “(4.13) = (4.11)”. In fact, we
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prove a bit more: namely, that, given any 7, > 0 and ¥ €0, %[, there exists an integer
N.., with the property that if ug, vo € B are such that S(z,. )ug — S(z.)vo ¢ Cy,, i.e. if

| Py, (St )uo — S(t)vo) || < |On, (S(t:)uo — S(t«)vo) | (4.27)
(that is, if (4.13) holds for the operator S(z)), then (4.11) must hold, i.e.
[S(2:)uo — S(t.)voll < ¥lluo — vol|- (4.28)

Therefore, S satisfies the discrete squeezing property, relative to B;.
To this end, following Eden, Foias, Nicolaenko and Temam, [EFNT94, ch. 3], we
study the evolution of the so-called “quotient norm”

Ao IO
(1)1
introduced in (3.58), where z(¢) := S(¢)up — S(¢)vo is the difference of the two solu-
tions of (3.1) with initial data up and vy. Our goal is to establish a series of inequalities
for A, from which we can deduce (4.28). At first we note that, since the projections
Py and Qy are orthogonal in both X and X7, if an inequality like (4.27) holds for
generic N € N and t > 0, then, by (3.28),

RGBT IO - oGO}
A= RGP lon ) = 2lenGopr = v 4

Next, we recall that A satisfies the differential inequality (3.61), i.e.

A <CA,
for almost all # > 0. Integrating this inequality for 0 < s < ¢ yields
As) > A(t)e =),

integrating a second time (with respect to s in the interval [0,7]) we obtain

/[A(s) ds > A(r) /I e ds = LA(1) (1 —e ). (4.30)
0 0

Our last step is an estimate of z in terms of the integral at the left side of (4.30).
Recalling (3.47), z satisfies, for almost all ¢ > 0, the inequality

d
Il +2Vel? = —2{g(w) - g(v),2) <22l (431)
Thus, recalling the definition of A, we obtain from (4.31)

L 0P 24 @01 <2001
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applying proposition 2.63 we obtain, for t > 0,

lz(2)||> < |]z(0)|* exp <2t2/0tA(s) ds> ) (4.32)

We are now ready to conclude. Replacing (4.30) into (4.32), we obtain that, if 7 > 0
is such that (4.29) holds, then

12()]* < [12(0) [ exp (20 = E A1 (1 =€) . (4.33)

Recalling that Ay — +00 as n — 400, given 7, > 0 and y €]0, %[ we choose N, so
large that

— A1 (1—e ) <2Iny—2t, (4.34)

(note that the right side of (4.34) is negative). With this choice of N,, (4.33) implies
that

[12C52) [ < ¥ll2(-, 0)]]

that is, (4.28) holds. As we have already remarked, conditions (PS1) and (PS2) of
theorem 4.5 hold, because problem (P) is well posed, and the corresponding semiflow
is differentiable. Thus, the proof of theorem 4.7 is complete.

REMARK4.8 Inestimate (4.31), we have made use of the fact that the nonlinearity
g(u) = u — u satisfies

(g(u) —g(v),u—v) = —[lu—v|.

More generally, the right side of (4.31) is estimated by 2L||z||?, where L is the Lipschitz

constant of g, and (4.33) becomes

(1) < 112(0) [P exp (2Lt = Jp s (1—e~):
note that C also depends on L. N, is then chosen so that
— w1 (1—e™) <2Iny-2Lt,.

In any case, the choice of 7, is independent of 3;. Actually, in the proof of theorem
4.7 we see that the set B; can be replaced by the set B. In fact, the compact set 5;
is needed only because it is required in theorem 4.5. In conclusion, the only relevant
property we have actually needed is the Lipschitz continuity of the nonlinearity g,
locally in V. It follows that the local Lipschitz continuity of g in V is a sufficient
condition for the existence of an exponential attractor for the semiflow generated by
a semilinear parabolic PDE of the form (3.1).
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4.4 The Hyperbolic Problem

We now turn to the hyperbolic IBV problem (Hg) in X := H}(2) x L>(2). In
section 3.4 we proved that (3.4) defines a semiflow S on X', which admits a bounded,
positively invariant absorbing set By. We now proceed to show that S admits an
exponential attractor £ C By. Exactly as in the previous section, we proceed in two
steps, first showing that 13y contains a compact, positively invariant set B, and then
that S satisfies the discrete squeezing property relative to 3;. As in chapter 3, we set
H:=L12(R),V:=H}(2), and choose in X the norm

2. 2 2
1) % = [[Vue]|” +-€][v]|

We also consider the subspaces D := H?(Q) NH}() and &} := D x V. Since we
can choose on D the norm ||u||p = ||Aul|, we consider in X the norm

G, v) 1, == llAull? + el Vv
This norm is equivalent to the norm defined by
Eqi(u,v) := €| V|| + (Vv, Vi) + 2 || Vul|* + || Au >

(We recall that to distinguish between pairs of functions (u,v) and their scalar product
in L?(Q), the latter is denoted by (u,v).)

4.4.1 Step 1: Absorbing Sets in X

We first show that, at least if € is sufficiently small, B contains an absorbing set
bounded in &', and therefore compact in X. We claim:

PROPOSITION 4.9

Assume f is independent of t, i.e. f(t) = f € H. Let Ay be as in (3.16), and €| :=
min{1, %l} For all € €)0,¢&], the semiflow defined by the IBVP (3.4) admits a
positively invariant absorbing set 131, bounded in X.

PROOF We must show that orbits originating in bounded sets of A’ enter, and
eventually remain, in a set 3] as stated. To this end, as in the parabolic case, we
establish further a priori estimates on the solution of (3.4). Multiplying (formally)
the equation of (3.4) in H by —2Au, — %Au, and adding the term % A {f,Au) to both
sides, we obtain

d
g (B (w10) +2(f, 80)) + | Vit |2 + g [ Al + 3 A (f, Au)

=20 —u,Aus) + (0 f + 1’ —u, L Au), (4.35)
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with p := €A — 1. Recalling proposition 3.21, we have a bound on | Vu(-,z)||

independent of t and €. Consequently, we can estimate the right side of (4.35) as
follows. At first, using the elliptic estimate

()2 0) < CCllAu(- )]+ [l 1))

(see theorem A.77), and denoting by C various different positive constants, depending
on the uniform bound on ||Vu(-,)||, but not on ¢ nor on €, we have

2(143 —u,Auy) = —2(Vu—3u2Vu,Vut> <C(||Vull + |u|§|Vu|6)HVu,H
< C(1+1Vul P lull2) [|Veee|| < CCL+ (| Au])) [ Ve |
< HIVu|* + &l Au|*+ L (4.36)

(recall that € < 1). Next, analogously:

Hof+u® —u,Auy < L(p £l + ulg + ul) [Aull < LI A1+ [ Vul]® + [|u]]) ]| Aul|
<clyjaul < i+ Lau)?.

1
€

Replacing this and (4.36) into (4.35) we obtain

(B ) +20F.20) + 5 (Vo L) + 11 (F. ) <

. @
" C. (437

1
€
Again, we check that, since € < %
2 2
Ei(u,v) < (1] + ¢ [ Aul?)

for (u,v) € X;. Consequently, from (4.37) we derive the exponential inequality

LB (1) + 20, M)+ 320 (B2 (1) 2, Au)) <

C.
dr

é
From this we deduce, by proposition 2.63, that for all # > 0

Ev(u(t), (1)) +2(f, Au(t)) < (E, (uo,1) +2(f, Aug) — £ ) RS
As usual, this implies that for all R > x g, the set

By :={(u,v) € X1: E1(u,v)+2(f,Au) <R}NB

is bounded, absorbing and positively invariant for S. This ends the proof of proposition
4.9.
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4.4.2 Step 2: The Discrete Squeezing Property

We now show that, again if € is sufficiently small, theorem 4.5 can be applied to
the semiflow S generated by (3.4).

THEOREM 4.10

Let By and €] be as in proposition4.9. There exists €, €10, €] suchthatif e €]0, &), the
semiflow defined by the IBVP (3.4) satisfies the discrete squeezing property, relative
to By. Consequently, the semiflow generated by problem (H;) admits an exponential
attractor in X.

PROOF We follow Eden, Milani and Nicolaenko, [EMN92]. Here too, we refer to
the alternative characterization of the discrete squeezing property “(4.13) = (4.11)”.
We consider the same spaces Xy and projections Py, Qy introduced in (3.26) and
(3.27), and define corresponding product projections on X =V x ‘H by

Pn: X — (By(V)xPy(H)), OQv=I—"Py
in the canonical way, i.e.
P (u,v) == (Py(u),Pv(v)), Qn(u,v) = (On(u), On(v)). (4.38)
We must find ¢, and N,. € N such that if (ug,u1), (vo,v1) € B are such that

S(t.)(uo,ur) = S(t.)(vo,v1) & Cw. »

ie. if
P, (S(2.) (o, ur) = S(2:) (vo,vi) )l < [|Qn. (S(t:) (o, 1) — S(t.) (vo,v1)) [ x
(4.39)
then (4.11) must hold for some y €0, %[ ie.
[[S(2.) (o, ur) = S(t.) (vo, vi) [l < VIl (w0, u1) — (vo, vi)l|x - (4.40)

In fact, we shall prove slightly more: namely, that for all £, > 0 and y €]0, 5[ there
exist & €10, €] such that for all € €10, &)], there exists N, € N such that (4.40) holds.
To this end, we define on X the function

M(u,v) = () + (| () 5 = €l + [ Vol + e, v)ae
and show that M is the square of an equivalent norm in Qy(X).
PROPOSITION 4.11

Assume € < 1, andlet N € N be suchthat Ay 1 > 1 (this is possible since Ay — +00).
Then for all (u,v) € On(X),

1) 13 < 2M(u,v) <3| (u9) 3 - (4.41)
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PROOF This result is a consequence of proposition 3.6 and Schwarz’ inequality.
Indeed, if (u,v) € Qn(X), by (3.28)

2 2 < 2 2
()20 < g llull® + 3€lvIP < gz IVul* + 3€]v]1.

0

We now estimate the difference of two solutions of (3.4), whose orbits are in .
If u and v are two such solutions, corresponding to initial values Uy := (uo,u;),
Vo := (vo,v1) € B1, we set z(¢) :=u(-,t) —v(-,t), and Z(t) := (z(t),z(t)). At first,
we recall estimate (3.71) of section 3.4.1, which provides a control of the growth of
Z on bounded time intervals. More precisely,

1Z(t) |2 < 1Z(0)]| v, (4.42)
for suitable ¢ > 0 independent of the solutions u and v. Next, we establish a linear

differential inequality on Z in Qy(X).

PROPOSITION 4.12
Let N € N be as in proposition 4.11, and @y = On(2), Py := (@n, (@n):) = On(2).
Then M(®y) satisfies, for almost all t > 0, the linear differential inequality

S M@ (0) + LM (@n(1)) < K1V, (4.43)

where K is independent of t and €.

PROOF The procedure is similar to the proof of proposition 3.21. Applying Oy to
the equation satisfied by z, i.e

€2y +2 —Az=g(v) —g(u),

and noting that Qy commutes with —A, we see that, abbreviating @y = @, ¢ satisfies
the equation

EQu+ @ —Ap = On(g(v) —g(u)) =:G. (4.44)

Multiplying (4.44) in H by 2¢, + é(p and splitting one of the terms in two, we obtain

d
GM(@)+ Q1>+ 5 (@, @) + 1 IVOI* = — (0, 0) +(G.20, + L) . (4.45)
—_—— — ——

=:H, =:H)

By Schwarz’ inequality and proposition 3.6, we estimate

Hy < gllol + gz ol < gllorl + g Avt I Vol



4.4  The Hyperbolic Problem 151

<ilel*+&l1Vel?, (4.46)

where we have used €Ay 1 > 1. To estimate H,, we recall that, by proposition 3.21,
u(-,¢) and v(-,1) remain in a bounded set of V for all # > 0, with bounds independent
of € if € is small. Thus, recalling proposition 3.15, we can estimate

1 1
e <21l (lo+ 1ol ) <2194l (lo+ 3 1ol
<GV + Lol + s ATh IVl @47

where C and C; depend on the uniform bounds on ||Vu(-,¢)|| and || Vv(-,7)||, but not
on ¢ nor on €. Inserting (4.46) and (4.47) into (4.45), we easily deduce (4.43).

We are now ready to conclude the proof of theorem 4.10. From (4.42) and (4.43)
we obtain

SM(@0) + LM (@) < K En(elt)) < K Ey(c(0))e"
Integrating, we deduce that
M(Dy (1)) < M(Py(0))e /% +2eK Eo(z(0))ec" . (4.48)
Thus, recalling (4.41),
1n ()13 < 3[| P (0)[[3 e~/ + 66K Eo(z(0))e"”
< 3Ep(z(0))(e™"/?¢ +-2eK ). (4.49)
Given then t, > 0 and y € ]0, 1|, we first choose & €]0, ;] so small that
3(671*/82 +26Ke™) < %yz ;
then, given € €]0, &), we choose N, so large that
ANor1 > 3 (4.50)
With these choices, (4.49) implies that
1y, (L% < 372 1Z(0)]% - (4.51)
Recalling that &y = Qn(Z), from (4.39) and (4.51) we deduce that
1Z() 1% < 21D, ()17 < PIIZ(0)]% -

that is, (4.40) holds. As a consequence of proposition 4.12, we can then conclude the
proof of theorem 4.10, by means of theorem 4.5. Indeed, as we have remarked for the
parabolic problem (P), assumptions (PS1) and (PS2) are satisfied, because problem
(He) is well posed in X', and the corresponding semiflow S is differentiable. Finally,
note that, by (4.50), in general N, — +o0 if € — 0.
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REMARK 4.13 1. As in the parabolic case (see remark 4.8), the proof of theorem
4.10 does not require the existence of the compact, positively invariant absorbing set
Bj. This is only required by theorem 4.5, and is the only reason we have introduced
proposition 4.9. However, this condition is not a necessary one, as shown in Eden,
Foias and Kalantarov, [EFK98].

2. Aswasthe case for the global attractors, a natural question is to know whether any
result on the upper or lower semicontinuity would hold for the exponential attractors of
problems (Hg) and (P), whose existence we have established in theorems 4.7 and 4.10.
In the case of the global attractors, we were able to answer this question in section
3.6. However, the proof of theorem 3.31 required in an essential way the invariance
of the attractors, at least for # > 0. Since we only know that the exponential attractors
are positively invariant for # > 0, this procedure cannot be applied. On the other hand,
the upper semicontinuity of the exponential attractors may follow from some recent
results of Fabrie, Galinski, Miranville and Zelik, [FGMZO03], and of Gatti, Grasselli,
Miranville and Pata, [GGMPO03].

4.5 Proof of Theorem 4.4

In this section we prove theorem 4.4, following in large part the procedure pre-
sented in chapter 2 of Eden, Foias, Nicolaenko and Temam, [EFNT94].

4.5.1 Outline

We refer to the second alternative characterization of the discrete squeezing prop-
erty “(4.14) = (4.11)”. More precisely, we assume that the map S: X — X is
Lipschitz continuous, that B is a nonempty, compact and positively invariant subset
of X, that X admits an N-dimensional subspace Xy, with corresponding orthogonal
projection Py: X — Xy, and, finally, that there is some ¥ € ]0, %[, with the property
that, if u, v € BB are such that

1S(2e) =S| = V2I|Py(S(u)) — P (S(v)

, (4.52)
then
[S() = SM)II < Yllu—vl. (4.53)

In the sequel, we omit the dependence on N for convenience, i.e. we write Py = P;
also, we write Px instead of P(x), etc.

We know from theorem 2.31 that A = (B) is the global attractor of S. We con-
struct £ as the union of .4 and a set generated by an iterative procedure, at each stage
of which we add to A a set of points which are “bad”, in the sense that the orbits
generating from these points do not converge exponentially to 4. Since exponential
convergence is a consequence of the strict contractivity of .S, these points must lie in
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a set where (4.53) doesn’t hold. Then, the squeezing property asserts that (4.52) must
hold for points in this set. Thus, at each stage, the fundamental step of each iteration
consists in adding these “noncontractive” points to the set " (), by covering it with
a minimal number of balls of decreasing size. The number of these balls is seen to
be not increasing with n, as a consequence of the squeezing property. This provides
a control, at each step, of the size of the enlarged set obtained by the covering of
S"(B). The inductive limit of this process produces a set, which is shown to be the
desired exponential attractor £.

In this construction, we make essential use of the facts that the global attractor A
is invariant, i.e. A = S(A), and the subset B is positively invariant, i.e. S(B) C 5.
We shall also see that the squeezing property implies the exponential convergence
to & of the orbits which start at all other points of X. In addition, the rate of con-
vergence of the orbits in this construction of the exponential attractor depends only
on y; more precisely, the constant k in (4.1) is only required to satisfy the bounds
0 <k < —1In(2y) (recall that y < %). Finally, we remark that this construction of the
exponential attractor is not the only possible one; for alternative constructions, see
e.g. chapter 7 of [EFNT94].

4.5.2 The Cone Property
Recalling definition (4.10) of the cone Cp defined by the orthogonal projection P,

we give
DEFINITION 4.14 Let C C X. C satisfies the CONE PROPERTY ifforall x, y € C,

e =yl < V2||Px—Py. (4.54)

For instance, any singleton C = {x} trivially satisfies the cone property. The fol-
lowing is a more interesting example, which will be the basis of the construction of
inertial manifolds in chapter 5.

Example 4.15
The graph of a Lipschitz continuous functionm: P(X) — (I — P)(X), with Lipschitz
constant L < 1, satisfies the cone property. That is, any set of the form

Cim)={xeX:x=E+m(§), EeP(X)}, (4.55)
with m satisfying the global Lipschitz condition
lm(G) —m(&)| <L[& —&|, O0<L<1,

satisfies the cone property. Indeed, if x =& +m(&) and y = 1 +m(n) € C(m), then,
recalling that the projections are orthogonal,

be= 17 = 1€ = nlP? +[lm(&) —=m(m)|> < (1 +L*) & —nl?
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<2[& —nl* =2[Px—Py|*;
i.e., (4.54) holds. I

Note also that the sets C(m) defined in (4.55) are MAXIMAL with respect to the
cone property (4.54), in the sense that if C’ is another set satisfying the cone property,
and C(m) C C’, then C(m) = C’. To show this, let x € C’, and set y := Px+ m(Px).
Theny € C(m) C C’, and Py = Px. Since C’ satisfies the cone property, (4.54) implies

Ix=y| < vV2||Px—Py|| =0. (4.56)

Hence, x =y € C(m), so that C’ C C(m). This motivates the following

DEFINITION 4.16 Let C C Z C X. C is MAXIMAL with respect to the cone
property (4.54) in Z if C satisfies the cone property and, whenever C C C' C Z and
C' satisfies the cone property, C' =C.

For example, given Z C X, each set C(m) N Z, with C(m) defined in (4.55), is
maximal with respect to the cone property in Z.

We next show that we can always construct subsets of any given nonempty set,
which are maximal with respect to the cone property in this set.

PROPOSITION 4.17
Let Z C X, with Z # (. Choose 7 € Z. Then the set

C:.= U{D C Z: z€ D, D has the cone property } (4.57)

is maximal with respect to the cone property in Z.

PROOF Obviously, the singleton {z} is in C C Z, since it trivially satisfies the
cone property. Let C’' 2 C be another subset of Z which satisfies the cone property.
Then z € C’ and, therefore, C’ is one of the sets in the union at the right side of (4.57).
Hence, C’ C C; therefore, C' =C.

Thus, without loss of generality, we can consider sets which are maximal with
respect to the cone property (4.54) in any given nonempty set Z.

PROPOSITION 4.18
Let C C Z C X be maximal with respect to the cone property in Z, and let x € X.
Then x € C if and only if there is y € C such that y — x € Cp.

PROOF Assume first that x € C. Taking y = x, the cone property (4.54) is trivially
satisfied. Conversely, assume there is y € C such that x and y satisfy (4.54). Then x
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and y belong to a larger set C C Z satisfying the cone property. Since C is maximal,
C =C; hence, x €C.

The following two results do not require C to be maximal, but only to satisfy the
cone property.

PROPOSITION 4.19
Let C C X satisfy the cone property. The orthogonal projection P is injective on C.

PROOF This is an immediate consequence of (4.56). I

PROPOSITION 4.20
Let C C X satisfy the cone property. Then, C has no interior.

PROOF Arguing by contradiction, assume the interior of C contains a point x.
There is then r > 0 such that B(x,r) C C. Let y € B(x,r) be such that y # x and
y # Py, and set
r y—~Py
i=x+ s
2 [ly— Pyl

(if x # Px, we can take y = x). Then z € B(x,r), since |z —x|| = 5. Thus, both x and
z are in C, so by the cone property (4.54),

r P P r|l P _P2
e~ ]l < V2|Pz — Px| = pr L LEOZPy) pr:ﬁ yy’
2 |ly—pyll 2
Recalling that P2 = P, this implies a contradiction. [

4.5.3 The Basic Covering Step

In this section we describe the basic step in the construction of the covering of
the global attractor A; this step, repeated inductively, will provide the basis for the
construction of an exponential attractor £, containing .A.

We adopt the following notations: For a € X and r > 0, B(a,r) is the closed ball
with center a and radius r. As in (2.39) of section 2.7.1, diam(C) denotes the diameter
of asubset C C X.

In the remaining part of this section, we fix a compact set L C X and, givena € K
and r > 0 we define the set

Z:=S(KnB(a,r)). (4.58)

Since S is continuous and K is compact, Z is also compact.
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PROPOSITION 4.21
Let C C Z be a set which is maximal with respect to the cone property (4.54). Then
C is compact in X.

PROOF Since C is a subset of the compact set Z, it is sufficient to show that C is
closed. Thus, let (x)nmen C C be such that x,, — x. Since C C Z and Z is compact,
x € Z. By proposition 4.18, for each m € N there is y,, € C such that x,, — y,, € Cp.
Since (Ym)men C Z, there is a subsequence (y,, ) converging to a limit y € Z as
k — +00. Since P is continuous, by (4.54)

b=yl = Jim [, =y || < V2, Tm [P, = Py || = V2I|Px— Pyl

This means that x —y € Cp. Thus, x and y belong to a larger set C C Z satisfying the
cone property. Since C is maximal with respect to the cone property, C = C; hence,
x € C, and C is closed.

Since C is compact and P is continuous, the set P(C) is also compact. Thus, given
any p > 0, P(C) can be covered by a finite number Ko(p) of balls B(Py;,p), j =
1,...,Ko(p),y; € C. Since Py; # Py (by proposition 4.19), we can obviously choose
these balls so that

[Py —Pyell >p  if j#k. (4.59)

We now show that this covering of P(C) can be lifted to a covering of C, and to
one of Z. We note explicitly that since C and Z are compact, they can obviously
be covered by a finite number of balls; however, we want to cover C and Z with a
specific covering, for which we have an explicit estimate on the radii of the covering
balls (see proposition 4.24 below).

PROPOSITION 4.22
Let C be as in proposition 4.21. Fix p >0, and let yy,...,yg,p) be as above. Then

Ko(p)

cc | B0y, V2p).
j=1

PROOF Lety e C. Since Py € P(C), there is j € {1,...,Ko(p)} such that Py €
B(Pyj,p). Since both y and y; € C, by (4.54)

ly =]l < V2|[Py - Pyjl| < V2p:
thus, y € B(y;, v2p). I

Next, we see that this same covering of C generates a covering of Z.
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PROPOSITION 4.23
Given y as in (4.53), r as in (4.58), and p > 0, set
p1:=2yr+V2p. (4.60)
Then
Ko(p)

j=1
PROOF Let z € Z. If z € C, proposition 4.22 applies, since v/2p < p;. If z ¢ C,
choose y € C. Then, by proposition 4.18, z—y ¢ Cp, i.e.
lz—yll > V2|[Pz—Py|. (4.61)

Since z, y € Z = S(KNB(a,r)), there are u and v € B(a,r) such that z = S(u) and
y==S(v). Then (4.61) implies (4.52) and, therefore, (4.53) holds. Then,

2=yl < ¥llu—v|| < ydiam(B(a,r)) < 2yr. (4.62)

Since y € C, by proposition 4.22 there is j € {1,...,Ko(p)} such thaty € B(y;,v2p).
Hence, (4.62) implies that

lz=yill < llz=yl + 1y =yl <2yr+vV2p = p1,
i.e.zEB(yj,pl). [l

We now proceed to give a first estimate on the number Ky(p) of the balls of radius
p, which cover Z.

PROPOSITION 4.24
Let v, r and p be as in proposition 4.23, and N be the rank of P = Py. Then,

2rL N
Ko(p) < <;+1> ,

where L denotes the Lipschitz constant of S.

PROOF Note first that if we cover P(C) with other balls, whose centers are exactly
at a distance p apart, and H is the number of these balls, then Ky(p) < H. In fact, by
(4.59) the distance between the centers of these other balls is less than that between
the centers Py; of the “original” balls, so there must be more of the “new” balls.
Consider then any such covering, i.e.

H

U B(Px,p) D P(C).
=1
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with centers Px;, € P(C) such that ||Px; — Px;|| = p. Then for all j # k
B(Px;,8)NB(Px,5) =10,

for otherwise if there were a z in one such intersection, we would deduce the contra-
diction
p = |Pxj — Pxi|| < [[Pxj —z|[ +|lz— Pxel| < p.

This disjoint family is also contained in the % p-neighborhood of P(C), i.e. the set

Cx

Vi=|JB(Px,5) C{yeP(X):dy,P(C)) < 5}=U. (4.63)

h=1

In fact, if x € V, there is j € {1,...,H} such that x € B(Px;, 5); hence,
d(x,P(C)) < |x—Px;| < §.
Recalling that C C Z, from (4.63) we have the estimate
diam(U) < diam(P(C)) +p < diam(P(Z))+p < diam(Z)+p (4.64)
(the last step because P, being orthogonal, is contractive). To estimate diam(Z), let
z1 and 72 € Z. Since Z = S(KNB(a,r)), there are by and by € KN B(a,r) such that
z; =8(bi), i = 1,2. Recalling that S is Lipschitz continuous with Lipschitz constant

L, we have
lz1 — 22|l < L[|by —baf| < 2rL.

Consequently, we deduce that
diam(Z) < L diam(B(a,r)) = 2rL.

Inserting this into (4.64) we deduce that diam(l{) < 2rL+ p, which means that I/ is
contained in a ball of radius rL + % Since P(X) is N-dimensional, we conclude that

vol(U) < wy (rL+2)", (4.65)

where @y denotes the volume of the unit ball of RY. Now, the family V is composed
of H balls, each of which has volume wy (%)N Hence, (4.63) and (4.65) imply that

vol(V) = Hoy (%)N <vol(U) < wy (rL+ %)N

From this we conclude that
N
H< (%@ 1) . (4.66)

Since Ko(p) < H, proposition 4.24 follows. I
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We now show that we can choose a particular value of p, which allows us to esti-
mate the number of the balls of the corresponding covering of C and Z independently
of r. Indeed, given 6 €127, 1], recalling definition (4.60) we can choose p such that
p1 = Or. More precisely, we choose

(6 —27)r

With this value of p, estimate (4.66) implies that

N
Ko(p) < (;ﬁ;ﬁl)

(4.67)

In conclusion, we can summarize the results of this section in the following

THEOREM 4.25
Let IC C X be a compact set. Given any a € K and r > 0, set

Z:=S(B(a,r)NK).

There exists a compact subset C C Z C S(K) such that C is maximal with respect to
the cone property (4.54). Moreover, for any 0 €)2v, 1] there is a covering of both C
and Z, consisting of balls of radius Or and center in C. This covering has the form

M
CCZc|JB(;0r). yjecC, (4.68)
j=1

and consists of M balls, where

N
M < Hy(6) = (;*@2@+ 1) (4.69)

PROOF The existence and compactness of the set C follow from propositions 4.17
and 4.59. Given then 6 €]27, 1], choosing p as in (4.67) we have from (4.60) that
p1 = Or. With this value of p, estimate (4.66) implies (4.69). Noting that the right
side of (4.69) is independent of both r and p, we conclude that there exists a covering
as claimed in (4.68). I

4.5.4 The First and Second Iterates

Let B C X be a compact, positively invariant set for the semiflow S, containing the
global attractor .A. By repeatedly iterating the construction described in the previous
section, we define successive coverings of the sets Sk (B), for integer k > 0, in a
way that allows us to keep a suitable control on the radii of the balls covering S¥(B).
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More precisely, we want the radius of each ball of the covering of S*(3) to be equal

to %R, where R > 0 and 6 €12y, 1] are fixed. (A specific choice of the radius R will

be determined later on, when we prove the estimate on the fractal dimension of £.)
The starting point is the covering of B itself. Since B is compact, we can cover it

by a finite number M of balls of radius 1; that is, there are points a,...,ay, in B
such that
My
B - U E(a,, 1) .

Jj=1

Obviously, then, for any R > 1,

My
B< | J(B(aj,R)NB). (4.70)
Jj=1
This is the covering step corresponding to k = 0; to emphasize this, we rewrite (4.70)

as

Mo
BC | (B(aj,,0°R)NS"(B)). (4.71)

Jo=1

We remark that, since B is compact, we could cover it by a single ball of a sufficiently
large radius R. We use the covering (4.70) instead, because in the estimate of the
fractal dimension of £ we will need to be able to take R as close to 1 as we want (see
step (8) of the proof of theorem 4.26 below).

For the next step, i.e. the covering of S(B), we first deduce from (4.71) that

U S(B(aj,,8°R)NS°(B)). (4.72)

Then, we use theorem 4.25, with » = R and K = S°(B) = B (which is compact), to
cover each set at the right side of (4.72). More precisely, setting

B\ .= 5(B(a),,6°R) N S°(B))

we can cover each set Bg), 1 < jo < My, with M j; balls, My j, < H;(6) (defined in
(4.69)), having radii OR and centers in a subset 5;;) of B;(l)), maximal with respect to
the cone property (4.54) (that is, Bj(»(l)) and 5;()1) are, respectively, the sets Z and C of

theorem 4.25). Explicitly, this means that there are points a, ;, € 51(.(:), 1< j1 <My,
such that
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From this and (4.71), it follows that

My My Mujy
SI(B) U C U UBalojw
Jo=1 Jo=1j1=1
My Mij,
c U U a/()/l’ ﬁS (B)) (4'73)
Jo=1j1=1

This describes the second step of our construction, corresponding to k = 1. In the

terminology of [EFNT94], the sets 5;()1), 1 < jo < My, make up the “first generation”
of the points to be added to the attractor .A.

4.5.5 The General Iterate

We now proceed inductively. In analogy to the previous construction, we set

eV ._p

J0sJ—1

and, for k > 0, define the compact set

BYY .= §(B(aj,. ., 6°R)NS*(B)), (4.74)

Jo---Jk

where the balls B(aj,..j, , 6*R) have centers

Ajo-ir € gj(o) Jk=1" (4.75)

and 5 (e k) is the compact set C, maximal with respect to the cone property (4.54)

in the set Z = B;? jz»’ corresponding, in theorem 4.25, to the choices r = 6*R and

K= Sk(B) (which, being the continuous image of a compact set, is compact). Thus,
forall k > 0,

(k+1) (k+1)
510 Jk - Bj0~~-jk > (4.76)

and both these sets are compact To proceed with the iteration, we apply again the-
orem 4.25 to cover the set B deﬁned in (4.74) by Myy1,j,..., balls with centers

Ajoy.jes) € %) and radii 9"“R with

Jo---Jk
M1, < H1(0) 4.77)
(defined in (4.69)); that is,
Myt 1o
Byic U Blaj,,.00'R). (4.78)

Jr+ =1
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We now show that this covering satisfies the inclusions

My M jo-ix—1 c l)
k+1) . __ + k+1
e=U U gl s, 479)
Jo=1 Ji=1
My Mk!o Jk—1 (1)
k+1 +1)
(B C U U B]o Jr
Jo=1
My Mk-jo-ujk,l Mi 1 jy...jy
cU U U (B, 0" RNS(B) . @80
Jo=1 Ji=1 Jer1=1

To show (4.79), let x € £k+1)
{1,..

. There are then indices jy € {1,...,Mp}, ..., jx €
- Micjo..jo_, } such that x € £\ Thus, by (4.76) and (4. 74,

x€ S(E(ajo._. i O°R)NSK(B)).
Consequently, there is y € B(aj,... j,, 0“R) NS*(1B) such that x = S(y); since y € S¥(B)
it follows that x € S¥*1(B).

To show (4.80), we proceed by induction on k. The step k = 0 is (4.73). Then, if
(4.80) holds with k replaced by k— 1, k > 1, by (4.74) we have

M M jo--jk—1
sHB)y=sssByycst YU U

(B(aj,.. ., 0" R) NS (B))
Ji=1

Jo=1
My kajo"'jk—l 7
cU- U S(B(ajo.__jk,ekR)ﬂSk(B))
=l e

0 Jk=1
My MkJ‘O“'jkfl
— U U B+
JoJk”
Jo=1 k=1

Thus, (4.80) follows by (4.78).

Finally, note that each set £**1), being a finite union of compact sets, is itself
compact.
4.5.6 Conclusion

We are almost at the end of the construction of the exponential attractor in B. We
recall that we do have a global attractor A in B, namely the set A = w(B5).
The sets £ constructed in (4.79) are defined in terms of sets C where the cone
property holds: this means that the semiflow S needs not be contracting on these sets
Hence, we add all these points to the attractor .4. More precisely, setting

= Ej EW)
k=1

(4.81)
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(closure in X), and
£ = AUEP),

we would like to recognize £ as a “good candidate” for the exponential attractor.
Indeed, note that &£ is closed, because so are A and £ () and that &1 C B, because
A C B and also £ (k) C B for all k € N. The latter claim is a consequence of (4.79)
and of the positive invariance of B, which implies that

W c sK(B) c B. (4.82)

Since B is compact, it follows that £ (00) and &, are also compact. However, £ needs
not be positively invariant. To overcome this last problem, we enlarge & by taking
all its images under the iterates of S. More precisely, setting

g = Js/(EP), £:=AUg, (4.83)
j=0
we finally claim

THEOREM 4.26
The set £ defined in (4.83) is an exponential attractor for the semiflow S = (8")nen,
relative to B.

PROOF Recalling definition 4.1, we must show that £ C J5; that £ is positively
invariant and compact; that £ attracts bounded subsets of B at an exponential rate;
and that & has finite fractal dimension. Note that, by construction, A C .

1. We show that £ C B. Indeed, A C B and, since

g cn (4.84)
(which follows from (4.82)), for all j € N
Si(E>N C§/(B)CB.

Therefore, G (00) C B as well.
2. In preparation for the next steps, for j > 0 we set

L0 = )5,
k=1
and define

£ = LW, &i=AuL®>).
j=0
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We prove then that £ = &, and proceed to show that &, satisfies the requirements of
the exponential attractor.

3. We show that £ = &,.

3a. To show that £ C &, let x € £. If x € A, there is nothing more to prove. If
x € G, there is j € N such that x € §/(£(>)); that is, x = S/ (y) for some y € £(>),
Let

(ym)mGN C U 5(k)
k=1

be a sequence converging to y. Then for all m there is k,, such that y,, € £%»). By
(4.79), yim € S5 (B), 50 y,, = Sk (b,,) for some b, € B. If the sequence (ky;)men is
unbounded, recalling the characterization of @-limit sets given in proposition 2.15,
we conclude that

y=limy,, € o(B)=A.

Consequently, since A is invariant,
x=8(y) €S (A)=ACE.

If instead (ki )men is definitely constant, i.e. if there are mg and k. € N such that
km = k. for all m > my, then the sequence (ym)m>m0 is all contained in the compact

set &K=, Thus, there is a subsequence (ym,),_eN, with m, > mg, converging to some
v €E (k) | This implies thaty =y, € £ (k*), and, therefore,

x=8(y)esiE®Nc crece,.

It follows that £ C &,.

3b. To show that & C &, let x € &. If x € A, there is nothing more to prove. If
x € L(>°), there are integers j and k such that x € §/(£W)), so x = §/(y) for some
ye &M But £V C £() 5o

xeS(EX)cg=ce.
4. We show that &, is positively invariant. Let x € &. If x € A, then
S(x)eS(A)=ACSE.
If x € £(°), as before there are integers j and k such that x € S/(£®)). Then
S(x) € 7 EW) C LUtD C £l C &,

and, therefore, S(&,) C &,. Note that it is precisely to ensure the positive invariance
of £ that we had to enlarge & into &;.

5. We show that &; is closed. Let (a;)men C &2 be a sequence such that a,, — a,
a € X. If there is a proper subsequence (a, )ren C A, then

a= lim a, € AC&.
—+o00



4.5 Proof of Theorem 4.4 165

Otherwise, at most a finite number of elements of (a,,),ecn are in .A. We reorder the
other elements into a sequence (V) meN C £%°), with ym — a. Since each y,, € L),
for all m there exist n,, and k,, such that

Ym = 8" (X)), Xm € glkn) C B, (4.85)

Suppose first that the sequence (), is unbounded. Then by the already recalled
characterization of A = @(B) given in proposition 2.15, (4.85) implies that
a= lim y,cwB)=ACé.
m—+o00
If instead the sequence (1) men is definitely constant, i.e. if there are mg and n, € N
such that for all m > myg, n,, = n., then for m > my

ym = 8" (xm) .

Since (x)men C B and B is compact, there is at least a subsequence (xy,;) jen con-
verging to some x € B. Since $"* is continuous, we have that for all j such that
mj 2 mg

Ym; = s (xmj) — 8" (x),

and this implies that @ = $"*(x). Consider now the subsequence (ky;)jen of the
sequence (k;; ) meN appearing in (4.85), and suppose first that this sequence is definitely
constant, i.e., that there are jy and k, € N such that for all j > jj, kmj = k. Then for
all j > jo,

(kmj) _ g(k*)

X, e

s

and since this set is compact,

x= lim xmAEE(k*).
Jj—+oo J

It follows that
a=58"(x)e s (Ex))yc L crlece.

The last possibility is that k, ; — oo as j — +oo. Then, as before,

xmj c g(kmj) g Skmj (B) g B’
and therefore, by proposition 2.15 again, x € ®(B) = A, and
a=8"(x)eS*(A)=ACé&.

This concludes the proof that &; is closed.

6. We show that &, is compact. Since B is compact and &; is closed, it is sufficient
to show that & C B. But this follows from steps 1 and 3, since we know that £ C B
and & = €.

7. We show the exponential convergence of bounded subsets of B to £&. More
precisely, setting

K:=—1n6 €]0,—1n(2y)]
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(recall that 2y < 1), we show that for any bounded subset G C B, the estimate
2(8"G,&) < Re ™ (4.86)

holds for all n € N (compare to (4.1)). To this end, we recall (4.80), which implies
that forallx € Gandn € N,

M() M”fjl'”jnfl
sS'estges' Bl U (Bajy.j,,0"R) NS (B)).
Jo=1 Jn=1

Thus, there are indices jj, ..., j, such that
S"(x) € E(ajo,..jn, GnR) .
Now, each center a,...;, is in &, because by (4.75) and (4.79),

cel = So(g(n)) C £©) C () C&.

o (n)
Qjg-ojn € Ejolnjyy &

Consequently,
d(8"(x),&) < ||S"(x) —ajy...;, || < 0"R,

and (4.86) follows. This concludes the proof of the exponential rate of convergence
to & of all orbits starting in G.

8. We show that £ has finite fractal dimension, satisfying estimate (4.15). To
this end, we use the first of part (3) of proposition 2.61, applied to the compact
sets A and G*° (the compactness of G follows from the fact that both sets .4 and
AUG™® =& = &, are compact).

8a. We first estimate the fractal dimension of the global attractor .A. We claim that

. InH,(6)
dimp(A) < et
where 0 € |27, 1[, and H;(6) is as in (4.69). The proof of (4.87) is based on the
observation that the same construction of the coverings of the sets S¥(3) described
in sections 4.5.4 and 4.5.5 can be carried out, in the same way, when the set B is
replaced by the attractor A itself, since A is also compact and positively invariant.
But since A is in fact invariant, (4.80) shows that for each positive integer k, the set
A = S¥(A) can be covered by M;, balls of radius 6*R, where

(4.87)

Mk = MOMLJ'(J”'Mk,jl, J (488)

Since N5 (.A) is the minimum number of balls of diameter at most equal to § that can
cover A, recalling (4.77) it follows from (4.88) that

Nygig(A) < My < Mo(H,(0))*. (4.89)
Given then 6 > 0, let k € N be such that

20 1R < § <26*R. (4.90)
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Then, since the function 0 — Ng(A) is decreasing, we obtain from (4.89) and (4.90)

that
lnNg(A) < lnN29k+1R(.A)

—Iné — —In(26*R)
Hence, recalling (4.90),

(k4+1)InH;(6) +1InM,
—In(2R) —kIn6

<

, , InNg(A) . (k+1)InH (0)+1InMy
d = limsup 92 < | ,
imp(A) = limsup == 5= < lim = 2R) — kino

from which (4.87) follows.
8b. As an intermediate step, we estimate the fractal dimension of £ (), We claim
that

dimp(£(°°)) < max {N, ln_bi;(g) } =10, (4.91)

where N is the rank of the projection P appearing in definition 4.2, 8 € |2y, 1[ and
H{(0) is as in (4.69). To prove (4.91), we consider the coverings of the iterates S*(53)
constructed in sections 4.5.5, with R specified as follows. Given 6 € ]0, 1], we first
choose n € N such that

20" < § < 20", (4.92)
and then R > 0 such that
20"1R=6. (4.93)

Note that both # and R depend on &, but (4.92) implies that, for all § € ]0,1],

1
1<R<§. (4.94)

We proceed then to construct the sets £ () as in section 4.5.5, with R as in (4.93).
Recalling the definition of £(°°) in (4.81), we split

gloo) — (U g(k)> U ( U g(k)> (4.95)
k=1

k=n+1

=:& =:&

(the first union &3 is automatically closed, being a finite union of compact sets);
therefore,

N (£0°°)) < N5 (3) +Ns(Ea). (4.96)
Recalling (4.79), the positive invariance of B implies that, if k > n+1,

e® C s5B) C s"N(B).
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Since S"*1(B) is compact, it follows that & C §"+!(B), so that, by part 2 of propo-
sition 2.61,

N5(E4) < N5(8""(B)). (4.97)

To estimate N5 (S"+!(B)), it is sufficient to recall (4.80), which implies that S"1(B)
can be covered by k7 balls of radii 0" R, with

K1 = MOM]/]O . .Mn+1vj0"'jﬂ .
Thus, as in (4.89), and recalling (4.93),
Ns(S"TH(B)) = Nygur1x(S"(B)) < Mo(H;(6))". (4.98)

We now turn to the estimate of Ng(&3). Recalling (4.79) and (4.80), we have

M, Mict 1oy
ec U U (Bl 8 RINS(B)), (4.99)
Jo=1 Jkpr=1
with @y, € SJ((]:HJ?( as per (4.75). We now project this covering of £**1 into

the N-dimensional space P(X'). Denoting by By (a, r) the closed balls of P(X) with
center a and radius r, we immediately verify that foralla € X, r >0and m € N,

P(B(a,r)NS™(B)) C By(Pa,r)NP(S"(B)) ; (4.100)
hence, we obtain from (4.99) that

My Miiijg,
Py c - U (EN(Pa,O...,k+1 L0 IR) N p(skH! (B))) . (4101)
Jjo=1 Jkw1=1
We further cover each intersection in the sets at the right side of (4.101) by v;;...;, |
smaller balls of radius % (these balls are truly smaller, because of (4.93), and k < n).
More precisely, there are points

éZfO”‘ijrl € EN(PajO.A.ij s 6k+1R) ﬂP(SkH (B)) s
with
o ‘ (k+1)
gejO"'-ikJrl - PyejO"'-ikJrl > yk_/o...ijrl S gJOJk ’ (4102)
such that
By(Pajy...j,.,, 0" 'Ry N P(SF1(B))
Vio kg1 -
c U (Br(&y 0, 558)nPE8). (4.103)
21'0“'J'k+1:

*

—:D;

Jo" k1
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The second of (4.102) holds, because the balls B(aj,...j, +176"“ ), which cover

,ff“,k (by (4.78)), have centers in 8 (as per (4.75)). In fact, these balls are
( )

a lifting of a covering of 5

k, we identify C = & (H,l.) an d Z B JISHJ ). Therefore, from (4.101),

, as seen in propos1t10n 4.23 (recall that, at each stage

My Myt jo--ix Vior ikt

e - U U o . (4.104)

: ) Jor ke
Jjo=1 Jkr=1 L=

Since dim(P(X)) = N, we can estimate the number v;;...;, | in terms of N and the

radii 6"*!R, as follows. Recall that, in general, if a ball By(a, p) is covered by

zxf >
v balls with centers by, ...,by € By(a,p) and smaller radius 77, from the inclusions

\%
- UEN(bbn) =U QEN(CHP"'"’?)
=1

we deduce that, in particular,
vol(By(a,p)) = anp™ < vol(U) = vayn™ < vol(By(a,p+1)) = an(p +1)"

Thus, we have the estimate

) )@ @ E )6
When applied to

(4.105) yields the estimate

Viojks1 < CNG(k?ﬂ)N >
with CN =2N/2_ Hence, recalling (4.104), P& ("+1)) can be covered by x  balls of

radius 2\f’ with, as in (4.89),

Kk:= MOMl.,jO . 'Mk+17.f0"'.ikvj0"'/k+1 < CNMo(Hl(G))k+19(k_n>N. (4.106)

We now show that the covering (4.104) of P(E ("H)) can be lifted to a covering of
£k jeself, by means of the cone property (4.54). More precisely, we show that, if
the points Yoy, ATE defined as in (4.102), then

Myt jo-ir Vi ikt

0
k+1 o n+1
glkt) | ... B(ye,,. ;. 0""'R). (4.107)

jk+l:1 éjO'”jk+1:
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In fact, let y € £+ By (4.79), there are indices jo -- - , jx such that y € E k+1

By (4.76) and (4.78), there is another index jj| such that y € B(ajoy_,
Indeed, by (4.99),

'!]k+17
y € B(ajy.jp.,, "' R)NSH(B).
By (4.100) and (4.103), there is one index £;;...;, | € {1,...,Vj;...j,, } such that

PyeBy (&, 558 NPISH (B)).

Recalling (4.102), and that the set 5 (e ) 1s maximal with respect to the cone property
(4.54), we have

[y =y, I <V2|Py—Pyy, ., II=V2IPy=&,

<\f 50 = 0" tIR.

Jo"Jk+1 Jo i+ I||

Thus, (4.107) follows. Recalling (4.106), we conclude that £ (k+1) can be covered by
K» i balls of diameter 20"t!R = §. Consequently, (4.106) implies that

Né(g(k+1)) < CNe(k—n)N(Hl(e))k+l )

This estimate holds for 0 < k < n— 1; hence, recalling (4.95),

i (k—1—n)N 9))k

M:

Ns(&3) <

k=1

| /\

n
N(1-+n) Z (6NH,(0))" . (4.108)

Putting (4.96) and (4.108) together with (4.97) and (4.97) and (4.98), we finally obtain
that

Ns(E£)) < cyo~N+m Z (0VHy (8))" + Mo(Hy (0))" . (4.109)

To estimate the right side of (4.109), suppose first that 8V H; (8) < 1. In this case,
we can proceed from (4.109) with

Ns(£0)) < @V Mo(Hy(0))" < 0N (Cy(n+ 1) +My) .

By (4.93),
o)
n+1
— 4.11
0 R (4.110)
thus,
n<n+1= In(6/2K)
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and N
2R In(8/2R)
(0)y <« [ 22 NG/
wa(ee) < (5) (v™20 1 y)
Therefore, since 6 < 1,
In(N5(£(>)))

<
—Ind -

N(In(2R) —Ind) 1 In(6/2R)
—Iné +—ln61n Cw In6 +Mo

=:hi(0). 4.111)
Recalling that, by (4.94), R is a bounded function of &, we conclude from (4.111)
that, if 6VH,(9) < 1,
dimg (%)) _1i?jgpm(jvf(li?)) < lim hy(8) =N. (4.112)
If instead OV H,(0) > 1, we proceed from (4.109) with
N5 () <cy0 N n(0NHy ()" + Mo(Hy (6))"™!
< O~ Vn(H(8))" +Mo(H (6))"""!
< Cyn(Hi(0))"™" +Mo(H, (6))"*!
= (H1(0))" ! (Cyn+My).
From this and (4.110) we obtain that

In(Ns(£(2))) _ (In8—In(2R)) In(H,(6)) L (CNln(S/ZR)ln9+MO>

e = (<nd&)(n6) | —ms "
=:h(9).
We can then conclude, as in (4.112), that
. . In(H(0))
(00)y « =7
dimp(£'>) < %lg%)hz(S) “ne - (4.113)

Thus, (4.91) follows from (4.112) and (4.113).
8c. Our last step is the estimate of the fractal dimension of G (>°) We claim that
also

dimp(G) < m, (4.114)
where 1 is as in (4.91). We prove (4.114) by showing that for all 1 > 1o,
dimg(G>)) < 7. 4.115)

As in part (8b), given § €]0,1[ and 6 €]2y,1[, we determine n € N and R €]1, 5|
such that (4.92) and (4.93) hold. Then, as in (4.95), recalling (4.83) we split

gloo) — (Og.i(g(oo))> U( U Sj(g(oo))> ,
=0

Jj=n+1

= 55 = 56
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so that

N5(G>)) < N5 (Es) +Ns(Ee). (4.116)
From (4.84) and the positive invariance of B we have that, if j > n+1,

§/(EP)) C §/(B) € 8" (B);
hence, & C " () and, therefore,

N5 (Es) < Ns(8"*(B)). (4.117)
We can estimate N5(S"+!(BB)) exactly as in (4.98), with the number M, replaced by
Mo := N> (£)),

i.e. by the minimum number of balls of radius 1 that are needed to cover the compact
set £(°). Thus, from (4.117),

N5 (Es) < N5(S"*'(B)) < Mo(H1(6))""". (4.118)

We now turn to the estimate of Ng(&s). To this end, given an index j € {0,...,n},
we first cover £(°°) by exactly Ngq—;(£(>)) balls of radius

3607/ =0"""IR.

Then, by repeated applications of theorem 4.25, with the choice, at each stage k,
0<k<j,of r=0""1"7*R and K = S¥(£(>)), we obtain that the set /(£(>))
can be covered by f3; balls of radius "R = % 6. For example, the step k = 0 is
as follows. Letting ro := 6"*!'=/R and vj := Ngq—;(£(>°)), the chosen covering of
£(>) yields the inclusion

with suitable centers ay,...,ag, € £(>°). Thus,

U S(E) NB(ayy, 1)), (4.119)

and theorem 4.25 implies that each set at the right side of (4.119) can in turn be covered
by v, balls of radius 8r9 = 8"+ ~/+1R. This ylelds the step for k = 1. Proceeding in
this way, we finally cover S/ (£(°°)) by vy, - =: f3; balls of radius 6/ry = 6"*!R.
As in (4.89), B, can be estimated by

Bj < Nsg—i (1)) (H1(8))/;
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since N5(S/(£(>°))) < B;, we eventually obtain that
N5(E5) < Y No(S/(€))) < Y Nsg-i(€))(H1(0)) (4.120)
j=0 j=0

Let now 1) be as in (4.91). We claim that for all i > 7o, there exists ¢y > 1 such
that forall e <1,

Ne(E)) < ey (1) 4.121)

— €

Indeed, by the very definition of the limes superior, i.e., the lowest upper bound,
(4.91) implies that for all 1 > ng there is an & > 0 such that for all € < g,

In(Ne (£62)))

<n: 4.122
—Ine = ( )

we can clearly restrict & to be in 0, 1[. Then: if € < &), (4.122) implies that

Ne(E0) < (D)7

€

if instead g < € <1,
n n
Ne(E09) < Ney (E09)) < (%) < (%) ()T =ien (H)7, (4.123)

with ¢y := 80—'1 depending (only) on 7] via &, as per (4.122). Since ¢y > 1, (4.122)
and (4.123) show that (4.121) holds.
Given then & and j as above, we specify € as

_lg-i§— g
£=5,0"70=¢,

and note that€; < 1 forall j € {0,...,n}, because of (4.93) and (4.94). Hence, (4.121)
implies that, for 0 < j <n,
i\
Npo-i(£C)) < Ney(€)) < e ()

Thus, we obtain from (4.120) that

n

Ns(Es) < en i (%)n (H(6)) =y (2)" Y (67H,(6)). (4.124)
=0 j=0

As in part (8b), we now distinguish two cases. Assume at first that 67 H;(6) < 1.
Then from (4.116), (4.118) and (4.124) we have

Ns(G™)) < en (2)T (n+1)+Mo(Hi(6))""" . (4.125)
We now recall that, from (4.93),

In(8/2R) _ n(2R/S)

1: =
nt no "o °
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thus, using the identity x™¥ = y!"* (x, y > 0), we obtain from (4.125) that

Wo(6 ) <en (3 ) ERD iy (o oy

o) —In6
_cn (2R\"I(2R/8) . (2R\°
= RN < 6) —me + My 5 , (4.126)
where
. In(H,(8))
©:= —lno
Since ® < g < 1, (4.126) implies that
2R\" [ ¢p In(2R) —In§  _
(0)y « [ 22 o
Ng(G'*)) < ( 5 ) (Rn “Ino +Mo> . 4.127)

From this, we obtain that
InNg(G(>)) _ N(In(2R) —In8) Lo (cnln(ZR) —Iné +Mo)

—Iné — —Iné —Iné RN —In6
=:h3(95).
We conclude then that if 6TH;(0) <1,
dimg(G(>)) < lim 3(8) = 7. (4.128)
If instead 67H;(0) > 1, from (4.116), (4.118) and (4.124) we have
(o0) ‘n 2R ! n n+1 Y n+1
Ns(G™) = g 5 ) (8THI(6))"" (n+1) +Mo(H1(6))
cn (2R\" m2R/) 1n(2R/8) n(2R/8)
< L | — n —1In6 —In6
< (3 oo ™5 REUR iy e o)

In(H,(6)) In(H} (6))
o 27R n 27R —tmg 1 In(2R/8) i 27R —~1n®
TRI\S 5 ~me " '\s

_ (2R © o In(2R) ~n§
=\ R —Ino °)

Since ® < n, this yields the same estimate as (4.127); hence, we conclude that
(4.128) holds also if 6" H;(6) > 1. Thus, (4.115) holds, and this concludes the proof
of (4.114).

8d. We can now conclude the proof of the estimate of the fractal dimension of
the exponential attractor £. In fact, recalling (4.83), (4.15) follows from (4.87) and
(4.114), using the first of part (3) of proposition 2.61.

With this, we have finally completed the proof of theorem 4.26: the set £ defined
in (4.83) is the desired exponential attractor of the semiflow S, relative to B.

Finally, since theorem 4.4 follows from theorem 4.26, theorem 4.4 is now also
completely proven.
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4.6 Concluding Remarks

We conclude this chapter by remarking that the construction of the exponential
attractor that we have described is not the only possible one. In fact, in Eden, Foias,
Nicolaenko and Temam, [EFNT94, ch. 7], an alternative construction of the exponen-
tial attractor is given, which is not based on the cone property. We refer to [EFNT94]
for all details; here, we limit ourselves to illustrate one of these alternative ways
to obtain an exponential attractor, by considering the following example, which is
adapted from [EFNT94, sct. 7.1].

Example 4.27
Let K := {x € RV : ||x|| < 1} be the closed unit ball of RY, and define amap S: K — K
by

X
S(x) i = ———.
1+ x|
Then, it is easily seen by induction that
X
S'(x) = ——,
() 1+ nl|x||

for all n € N and x € K. Thus, S has the attractor A = {0}, but the convergence of
S"(x) to A is only polynomial. In fact, note that for all x € K and n > 1,

1
Sn < -,
Is"Col < -

while for all x € £\ {0} and n > {LJ +1,

J2x]]
1" @) > .
— 2n

To construct an exponential attractor £, we proceed in the following way. We start
by choosing, as a compact absorbing set 3, any closed ball E(O,R), 0 <R <1. Thus,
we look for points in &C which attract other points exponentially, without necessarily
converging exponentially to 0. Given 6 € ]0, 1[, we consider the set

G:={z€eK:z=k0"x,xe K, k,meN, k6" <1}.

The set G is evidently compact. We claim that G attracts all subsets D C K exponen-
tially. Indeed, given any D C K and n € N, for each x € D we define & €0, +o00[ and

k € N by

1
h.fW, k:= |h]

(both & and k depend on x and n). Since k < h,

1
k0" <ho" = ——— <1,
14n||x]
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which implies that z := k6"x € G. Since also h < k+ 1, and ||x|| < 1,
IS™ (x) — z|| < ||S"(x) —hO"x|| + ||n0"x — kO"x|| =0+ (h— k)O"||x|| < 6".
Thus, for each x € D,

d(5"(x),9) Zgggd(s”(X),Z) <|[S"(x) =zl < 6.

Since this estimate is independent of x € D, and in fact of D, we conclude that for all
DCK,

2(8"(D),G) < "= ",
with & := —In 6. However, the set G is not yet an exponential attractor, since it needs
not be positively invariant. Thus we enlarge it into the set

&= G $"(G).
n=0

This set is now positively invariant, again compact, and attracts all subsets of /C
exponentially. The fractal dimension of £ is obviously finite (being at most equal to
N); hence, & is the desired exponential attractor.



Chapter 5

Inertial Manifolds

5.1 Introduction

1. Roughly speaking, INERTIAL MANIFOLDS are positively invariant, finite dimen-
sional, exponentially attracting Lipschitz manifolds. In this chapter we give the pre-
cise definition of this notion for a continuous semiflow S defined on a Banach space
X, and show how an inertial manifold can be constructed, when S satisfies some nat-
ural conditions on its geometrical structure. In this chapter, we study in detail inertial
manifolds which are graphs of maps m: X} — X, with & a finite dimensional sub-
space of X'. These manifolds have a degree of smoothness, inherited by the smooth-
ness of the map m (we shall in particular consider Lipschitz continuous maps), and
the geometrical structure of the semiflow S can be described quite naturally for mani-
folds of this type. In particular, we shall consider the CONE INVARIANCE PROPERTY,
and one of several versions of the STRONG SQUEEZING PROPERTY. We proceed then
to explore the applicability of these results to abstract evolution equations of the form

u+Au=F(u), (5.1

where A: X — X is a linear, unbounded operator which generates at least a C°-
SEMIGROUP in & (see section 5.6.1 below). We find that the squeezing property
holds if the eigenvalues in the point spectrum of A satisfy some restrictions on their
growth, relative to the nonlinearity F; in particular, if they satisfy one type of SPEC-
TRAL GAP CONDITION. For problems of the type considered in chapter 3, we will
be able to show that, when the space dimension is n = 1, this spectral gap condition
always holds for the parabolic problem (P), as well as for the hyperbolic problem
(He), if € is sufficiently small. For higher space dimensions, the situation depends
heavily on special features of the problem, such as the geometric properties of the do-
main Q. In particular, we will consider in detail a model of the CHAFEE-INFANTE
reaction-diffusion equations in one dimension of space, and its (small) hyperbolic
perturbation. In chapter 6 we present some other examples of semiflows which admit
an inertial manifold; mostly, these semiflows are generated by PDEEs of “parabolic”

type.
2.  The limitations on the possibility of extending this theory to general dissipa-

tive hyperbolic problems are highlighted by a remarkable result of Mora and Sola-
Morales ([MSMS87]), concerning a one-dimensional version of the dissipative wave

177
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equation (3.4). In short, they have shown that if € is sufficiently large, and the bound-
ary conditions for (3.4) are of Neumann type, the corresponding semiflow does not
admit any inertial manifold which is of class C! and locally invariant in the neigh-
borhood of one of the stationary solutions of the problem. Thus, for general € > 0
the existence of an inertial manifold in the hyperbolic case is open to question. We
present Mora and Sola-Morales result in chapter 7.

3. When the global attractor .4 and a closed inertial manifold M exist, then A C
M. This follows in a similar way as the inclusion of the global attractor A in an
exponential attractor £ (see section 4.1). On the other hand, if G C X is a bounded,
positively invariant absorbing set, theorems 2.33 and 2.46 imply that the semiflow S
admits a global attractor A C G, if either G is compact or if S is uniformly compact
for large ¢. In either case, if S admits both a compact, positively invariant absorbing
set G, and a closed inertial manifold M, then the set £ := M NG is also a compact set,
which is positively invariant (being the intersection of two positively invariant sets).
If M possesses a more specific type of attractivity property, called EXPONENTIAL
TRACKING PROPERTY, then & is exponentially attracting (see section 5.2.2). Thus,
in this case, £ is an exponential attractor, and A C £ C M.

4. As we have already mentioned, there are many more systems that admit an expo-
nential attractor than systems that are known to admit an inertial manifold. The main
reason for this difference is that all known inertial manifolds are closed, and there-
fore the existence of a compact absorbing set (which does hold for the systems we
have considered so far) also yields directly the existence of an exponential attractor.
Moreover, inertial manifolds are much more regular than exponential attractors.

There is also a “practical” reason for this difference; namely, that the available re-
sults on the existence of inertial manifolds require two conditions on the geometrical
structure of the semiflow, called here respectively the CONE INVARIANCE PROPERTY
and the DECAY PROPERTY. These are usually combined together, in the so-called
STRONG SQUEEZING PROPERTY. On the other hand, in order to establish the exis-
tence of an exponential attractor it is sufficient to assume that the semiflow S satisfies
the discrete squeezing property, which is a much weaker condition.

5. Roughly speaking, the cone invariance and decay properties describe a sort of
dichotomy principle, whereby either the difference of two motions can never leave
a certain cone (cone invariance property), or, if it does, the distance between the
motions decays exponentially (decay property). In contrast, the discrete squeezing
property only requires that either the difference of two motions is in a cone at a
specific time (as opposed to for all times), or, if not, the distance between the motions
decays exponentially (as in the decay property).

For semiflows generated by evolution equations of the general form (5.1), one of
the available ways to verify that the semiflow satisfies the cone invariance property is
to deduce this property from a condition on the point spectrum of A. This condition
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is called the SPECTRAL GAP CONDITION; we introduce it in section 5.6.2. Essen-
tially, this condition guarantees that the linear part of the equation (i.e., the term Au)
can “dominate”, in a sense to be made precise, the nonlinear part (i.e., the term f(u)).
In most situations of interest, the spectral gap condition is quite difficult if not im-
possible to verify, while the decay properties are relatively easy to verify. This is not
surprising, since the spectral gap condition requires a sufficiently large difference
between successive eigenvalues, whereas, for the decay property, one only needs a
sufficiently large eigenvalue.

6. As we have stated, we will construct inertial manifolds of the type
M={x+mx): x€ X}, (5.2)

where X = &X| @ &, is decomposed into a closed linear subspace A’ of finite di-
mension, and its algebraic complement &5, and where m: X; — A is a Lipschitz
continuous map. In contrast to exponential attractors, this type of inertial manifolds
allows us to imbed the global attractor .4 (and the exponential attractor £) in RV,
with N = dim X} = dim M.

Moreover, if A commutes with the continuous projector 7; from & onto X, the
asymptotic behavior of the solution of (4.4) is governed by the N-dimensional INER-
TIAL FORM SYSTEM

x=—Ax+m f(x+m(x)) (5.3)

in &). This is the so-called SLAVING PRINCIPLE. In contrast to (4.3), (5.3) is explic-
itly given and has a Lipschitz continuous right-hand side if f is Lipschitz continuous.

5.2 Definitions and Comparisons

In this section we give the definition of an inertial manifold, and compare various
ways that can be used to construct an inertial manifold.

5.2.1 Lipschitz Manifolds and Inertial Manifolds

In the literature on inertial manifolds, the notion of Lipschitz manifold is often
not defined precisely. In most applications, there are two types of manifolds M
which are called Lipschitz manifolds: In the first, the manifold M is the graph of a
Lipschitz continuous map m from a closed, linear subspace X of X into its algebraic
complement X, as in (5.2). In the second, M is the graph of a Lipschitz continuous
map m from a bounded subset M of &) into A>, where the set M can be closed.
In both cases, &) is typically finite dimensional; at least for the second case, we need
the notion of a Lipschitz manifold with boundary.
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We denote by
HY .= {(x1,...,xy) € RY: x; >0}

the (first) closed half-space of RV,

DEFINITION 5.1 A subset M C X is an N-DIMENSIONAL LIPSCHITZ SUBMAN-
IFOLD (WITH BOUNDARY) of X if it possesses the following two structural charac-
teristics:

1. There exists a countable collection of open sets V; C X, i € Z, such that if
U; :=V;NM, then M = UieIui'

2. There exist open sets W; C RN and invertible mappings ®;: W; — V,, with
D;(WinN HN ) =U;, such that O; and CIJfI are Lipschitz continuous.

The set
oM := ] &i(dH")
i€T

is called the BOUNDARY of M.

In particular, we have the so-called trivial Lipschitz submanifolds:

DEFINITION 5.2 A subset M C X is called an N-DIMENSIONAL TRIVIAL LIP-
SCHITZ SUBMANIFOLD (WITH BOUNDARY) of X if it possesses the following two
structural characteristics:

1. There exist a closed N-dimensional linear subspace X of X, and a subset M
of X1, such that M is an N-dimensional Lipschitz manifold (with boundary).

2. There is an invertible mapping ¢ : My — M such that ¢ and ¢~

continuous.

are Lipschitz

REMARK 5.3 1. A trivial N-dimensional Lipschitz submanifold (with boundary)
of X is indeed an N-dimensional Lipschitz submanifold of X'. To show this, in accord
with definition 5.2, let V; € X, W; C RN be open sets and let &;: W, NHY — U;,
Ui = V N M, be invertible mappings such that M; = J;c7U; and such that &;
and &, are Lipschitz continuous. Let V; := ¢(V;). Then the sets V; are open sets,
as pre-images of the open sets V;, and M = U,ezl/{ with If; := V; N M. Finally,
&; := ¢ o ®; maps W, NH" onto Uf; and &; and b ! are Lipschitz continuous.

2. If, in addition, M is closed, then M is also a closed set. This follows from
the fact that M is the pre-image of the closed set M under the continuous mapping
ol

3. We will consider only two particular cases: The first is the global one, in which
M = X). The second is when M is a bounded, closed subset of X, with Lipschitz
boundary.
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Example 5.4
1. The set
M= {(x,32) eR': max{fxl,|y[} < 1, z=xy}

is a two dimensional, trivial Lipschitz submanifold of R3, with boundary. The bound-
ary d M of M is the set

{(x,3.2) €R*: z=uxy, [x =1or|y|=1}.

2. The set
M:={(x,y2) € R3: max{|x|,|y],|z|} =1,z>0}

is a two dimensional, nontrivial Lipschitz submanifold of R3, with boundary given
by the set
{(xy2) €R?:2=0, x| =y =1}.

‘We can now introduce the definition of inertial manifold.

DEFINITION 5.5 Let T be one of the sets R or R>, and let S = (S(t))ie1 be a
continuous semiflow on X. A subset M C X is an INERTIAL MANIFOLD for S if M is
a finite dimensional Lipschitz submanifold (with boundary) of X, which is positively
invariant and exponentially attracting. The latter condition means that there is 1 > 0
with the property that for all x € X there is K > 0 such that for all t > 0,

d(S(tH)x, M) < Ke M. (5.4)

REMARKS.6 1. In the naive understanding of Lipschitz manifolds, the difference
between manifolds with or without boundary is not usually emphasized.

2. Currently, we are only able to construct trivial Lipschitz manifolds as graphs of
a Lipschitz mapping m from a (closed) subset M of a (closed) linear subspace X
of X into the algebraic complement X, of X7, as in (5.2).

3. Inertial manifolds which are trivial Lipschitz manifolds, in the sense of definition
5.2, can be assumed to be closed (at least after extending of m to the closure of its
domain.)

The notion of inertial manifolds for evolution equations goes back to at least Henry,
[Hen81], and Mora, [Mor87], and was also studied by Constantin, Foias, Nicoalen-
ko, Sell and Temam, [FST85, FNSTS85, CFNT86]; see also Temam, [Tem88]. In all
these works, the inertial manifolds were constructed as the intersection of a graph
of Lipschitz function over a closed, linear, N-dimensional subspace X; of X, with
a closed ball in X. Thus, these manifolds are compact, and possess a finite fractal
dimension (which is N). Together with the exponential convergence of the orbits de-
scribed in (5.4), this is a property shared with exponential attractors; as we discussed
in chapter 4, these properties imply that, when an inertial manifold exists, this set
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Figure 5.1: Inertial Manifold, Absorbing Set, and Global Attractor

provides an extremely effective way of describing the long-time behavior of the dy-
namical system, since the latter is asymptotically equivalent to a finite dimensional
system (that is, to a system of ODEs). One of the advantages of inertial manifolds
over exponential attractors resides in the fact that, when an inertial manifold exists,
this system of ODEs has smooth coefficients, inherited from the smoothness of M.
In many situations, it is convenient to strengthen the requirement that motions
converge exponentially to M, as in (5.4), and assume the following property:

DEFINITION 5.7 Let M C X be a finite-dimensional Lipschitz manifold, posi-
tively invariant with respect to S. M is said to have the EXPONENTIAL TRACKING
PROPERTY, if there is 11 > 0 such that for every x € X, there are x' € M and ¢ > 0
such that for all t > 0,

1S(t)x = S()x'|| 2 < ce™™ (5.5)

(note that S(t)x' € M for all t > 0, because M is positively invariant.) The motion
t — S(t)x" in (5.5) is called an ASYMPTOTIC PHASE of the motion t — S(t)x.

The exponential tracking property, which is also called EXISTENCE OF ASYMP-
TOTIC PHASES, or ASYMPTOTIC COMPLETENESS PROPERTY, was introduced, for
example, by Foias, Sell and Titi in [FST89], and by Robinson in [Rob96]. It obvi-
ously implies the exponential convergence of the motions to the manifold, because
if x € X and x’ € M are as in (5.5), then, since S(z)x' € M forall t > 0,

d(S(@)x M) = inf [ISO)x—ylx < |SOr=SWX ¢ See ™. (56)

ie., (5.4) holds. Of course, the exponential tracking property is much stronger
than the exponential convergence of the motions, since (5.5) means that any mo-
tion should converge exponentially to a motion which is completely in the manifold

M.
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In (5.5), the constant ¢ depends on x, both explicitly and via x’, which also depends
on x. In practice, it is often possible to show that even stronger versions of the ex-
ponential tracking property hold. For example, we can require exponential tracking
properties with inequalities of the form

1S(£)x — S(t)x|| 2 < Ky|Jx— x| 2™,
[S(t)x = S(1)x'|| x < Kad(x, M)e™"", (5.7)

with K and K5 independent of x € X and x’ € M. For example, (5.7) means that the
constant ¢ in (5.5) does not depend on the point x" € M, but only on the distance of
x to the manifold M. In other words, the motion ¢ — S(¢)x admits the motion 7 —
S(¢)x’ as an asymptotic phase, and the exponential decay of the difference between
these motions is estimated by the initial distance between x and the manifold M,
with constants K> and 7 independent of x. Finally, there is no loss in generality
in considering x € X' \ M only, because if x € M we can take x’ = x, and (5.7) is
trivially satisfied.

5.2.2 Imertial Manifolds and Exponential Attractors

In general, the existence of an inertial manifold does not imply, and is neither
implied by, the existence of an exponential attractor. Moreover, even when both these
sets exist, neither is in general contained in the other (although they both contain the
global attractor). However, we can construct an exponential attractor from an inertial
manifold, by intersecting the latter with a compact, positively invariant absorbing set.
More precisely:

PROPOSITION 5.8

Let S be a semiflow on X. Assume that S admits a compact, positively invariant
absorbing set G, and a closed, inertial manifold M. Assume further that the stronger
version (5.7) of the exponential tracking property holds. Then the set £ := M NG is
an exponential attractor for S in X.

PROOF Since M is closed and G is compact, £ is compact. Since both M and
G are positively invariant, £ is positively invariant too. Since & C M, by (2.49) of
proposition 2.61 we have dimp(€) < dimp(M), so £ has finite fractal dimension.
Thus, it only remains to prove that £ attracts all bounded sets of A’ exponentially, i.e.,
that for any bounded set B C X, there is Cg > 0, depending on B, such that for all
t >0,

I(S(t)B,E) < Cze ™. (5.8)

As an intermediate step, we show that (5.8) holds when B = G. To this end, we turn
to the modified exponential tracking property (5.7). Since the function x — d(x, M)
is continuous, its restriction to the compact set G is bounded; therefore, by (5.7), there
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is Kg > 0, depending on G, such that for all g € G, there is g’ € M with the property
that for allz > 0,

[S(t)g —S(t)g||x < Kge™"". (5.9)

Call G’ the subset of M consisting of all the elements g’ € M satisfying (5.9) for
some g € G. Then, G’ is bounded. In fact, from (5.9) for t = 0 we have

lg'llx <llg —gllx+llgllx < Kg +Sug||x|\x~
xe

Since G is absorbing, there is T} > 0, depending on G’, such that for all r > Ty,
S(1)G" € G. Since M is positively invariant, we deduce that if 1 > Tj,

SHG cGNM=E.
Hence, (5.9) implies that for all g € G and ¢ > Ty,
d(S(t)s.&) < |IS(t)g —S(1)g'l|x < Kge™™". (5.10)
Since the right side of (5.10) is independent of g, it follows that, if t > T7,
2(S(1)G,E) < Kge™ M. (5.11)
If instead 0 <t < T}, we estimate

d(S(1)G,€) < max I(S(1)G,E) =: 8 = §eMe M < §elie ", (5.12)

- 0<r<Ty
Thus, when B = G, (5.8) follows from (5.12) and (5.11), with
Cg := max{Kg,8e"} .

We now show (5.8) for a general bounded set B C X'. Since G is absorbing, there
is T > 0, depending on B, such that for all r > T», S(+)B C G. Let t > T, and write
t=T>+0, 0 >0. Then, since

S(t)B=S(0)S(T2)B C S(6)3G,
we have that when t > T,
A(S(t)B,E) < A(S(0)G,E) < Cge™ M0 = Cge™M1") = CgeMe™ . (5.13)
If instead 0 <t < T3, we proceed as in (5.12), i.e.

A(S()B,E) < 023&8(5(03,5) =: 8 < §eMe ™, (5.14)

Thus, (5.8) follows from (5.13) and (5.14), with
Cp :=e"max{Cg, 5} .

This concludes the proof of proposition 5.8. I
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5.2.3 Methods of Construction of the Inertial Manifold

1. Most available ways to construct an inertial manifold are based on generaliza-
tions of methods developed for the construction of unstable, center-unstable or cen-
ter manifolds for ODEs. For an extensive review, we refer e.g. to Luskin and Sell,
[LS89], or to Ninomiya, [Nin93]. Here, we briefly recall the so-called LYAPUNOV-
PERRON, the HADAMARD and the integral manifold methods.

The Lyapunov-Perron method was introduced by Lyapunov, [Lya47, Lya92] and
Perron, [Per28, Per29, Per30], to prove the existence of stable and unstable man-
ifolds of hyperbolic equilibrium points of systems of ODEs. In this method, the
ODEs are transformed into integral equations, and the invariant manifolds are con-
structed as fixed points of the corresponding integral operator. In [Hen81], Henry
gives a generalization of the Lyapunov-Perron method, which leads to a proof of the
existence of stable, unstable and center manifolds for semilinear parabolic evolution
equations. Further generalizations to the construction of inertial manifolds are pre-
sented e.g. in Foias, Sell and Temam, [FST88], Temam, [Tem88], Constantin, Foias,
Nicolaenko and Temam, [CENT86], Foias, Sell and Titi, [FST89], and Demengel
and Ghidaglia, [DG91]. Indeed, the Lyapunov-Perron method is arguably one of the
most commonly used for the construction of inertial manifolds.

Hadamard’s method, introduced in [HadO1] and also known as the GRAPH TRANS-
FORMATION METHOD, has been developed to show the existence of stable and un-
stable manifolds of fixed points of diffeomorphisms. Its nature is more geometrical
than the Lyapunov-Perron method, in that the stable and unstable manifolds (rela-
tive to hyperbolic fixed points) are constructed as graphs over the linearized stable
and unstable subspaces. An extension of Hadamard’s method to infinite dimensional
dynamical systems can be found e.g. in Bates and Jones, [BJ89].

The integral manifold method was introduced by Constantin, Foias, Nicoalenko
and Temam in [CFNT89]. In this construction, the inertial manifold is defined as the
closure of the set J,~S(¢)I", where I" is the C! boundary of a suitable closed subset
of a finite-dimensional, closed, linear subspace of X.

2. In all these three methods, the inertial manifold M is constructed as the graph
of a Lipschitz continuous function m defined on a subset M of a finite dimensional,
closed, linear subspace X; of X. More precisely, we seek to establish a suitable
orthogonal decomposition

X=XDA,, (5.15)
where X is a finite dimensional subspace of X" and the orthogonal projections
T X — A, i=1,2

are continuous, and to construct an inertial manifold M for the semiflow S, having
the form

M = graph(m) :={E+m(&): & e M}, (5.16)
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where m: M| C X} — A, is a Lipschitz continuous function. At least if M| =
X1, M is a Lipschitz manifold; see figure 5.2. Indeed, let M| := X, and define

1 2

Figure 5.2: A global trivial Lipschitz manifold M = graphm

@: My — X by @(x) :=x+m(x), x € X]. Obviously, ¢ and ¢~ = 7 are Lipschitz
continuous.

If M| # X, in order for M to be a Lipschitz manifold we need M to be a N-
dimensional Lipschitz submanifold of the N-dimensional space &’. For example, if
M is aclosed ball in X7, if m: A} — A} is Lipschitz continuous, and if m := ﬁ1|M]
is the restriction of 71 onto M, then M is a Lipschitz manifold with boundary; see
figure 5.3. Indeed, the maps ¢: M; — M and ¢~': M — M defined by

%2

_ - ~

T \\4 X,

Figure 5.3: A trivial Lipschitz manifold M = (graphm) NC as intersection
of a global trivial Lipschitz manifold with a cylinder C

C

ox):=x+m(x), xeM, o ! ::7171|C,

where C := {x € X': mx € M,} is the cylinder in X with base M, are Lipschitz
continuous.

3. Here, we shall follow Hadamard’s method; that is, we obtain the function m as a
fixed point of a so-called GRAPH TRANSFORMATION MAP, defined on the subspace



5.2 Definitions and Comparisons 187
Gy of the Banach space
G :=Cp(X1; X2), (5.17)

consisting of all continuous and bounded functions from X into X,, which satisfy a
global Lipschitz condition of the form

[m(&) —mm)|x <L|E—nlx, &,ne, (5.18)

where A7 is as in (5.15) (we require the boundedness of the functions, in order to
make Gy a proper Banach space of continuous functions). That is, given L > 0 we
define

Gr={veg:|lv(e)—vn)lx <L|S—nllxforallg,n e i}, (519

and we consider the constant L as a parameter for the set Gy, in which we will even-
tually find the function m, whose graph will be the desired inertial manifold.

4. Asnoted above, M is closed, being the pre-image of the closed set X} under the
Lipschitz map ;. It follows that if the semiflow S admits a global attractor .4 and an
inertial manifold M of the form (5.16), then A C M.

On the other hand, inertial manifolds of the form (5.16) need not be compact, since
they are not necessarily bounded. To obtain inertial manifolds that are compact, it is
sufficient to intersect the inertial manifold (5.16) with a compact, positively invariant
absorbing set. More precisely:

PROPOSITION 5.9

Let S be a continuous semiflow on X, and assume that there is a Lipschitz continuous
Sfunction m as in (5.16), whose graph M is an inertial manifold for S. Assume that
M satisfies the exponential tracking property (5.7), and that S admits a compact,
positively invariant absorbing set B. If M := M N B is a nonempty set with Lipschitz
boundary, then M is a compact inertial manifold for S (and also an exponential
attractor).

PROOF Since M is closed, M C B, and B is compact, M is also compact. Ex-
actly as in the proof of proposition 5.8, we see that M is positively invariant and
exponentially attracting. To show that M has finite fractal dimension, we note that
M is the image of the compact set 7 (B) under the Lipschitz continuous map .
Hence, by proposition 2.61,

dlmF(M) < dimp(ﬂl (B)) < dimF(Xl) .

This completes the proof that M is an inertial manifold for S. Because of proposition
5.8, M is also an exponential attractor.
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For future reference, we recall here that, since the projections 7; are linear, their
continuity is equivalent to the boundedness conditions

17l 22,2y := sup ||mix]|x < +o00, i=12. (5.20)
[lx][ 2 <1

Actually, since m; + mp = Iy (the identity in &), it is sufficient to assume (5.20) for

i=1ori=2only.

5. Finally, we would like to comment on the significance of the exponential attract-
ing property (5.4), in relation to manifolds of the form (5.16). As we have stated
above, if S admits an inertial manifold M, then motions on M are essentially gov-
erned by a finite system of ODEs. These motions are such that S(¢)x € M for all
t > 0; if M has the form (5.16), this condition translates into the identity

mS(t)x = m(mS(t)x) .

When instead the motion does not take place on M, i.e. when S(¢)x ¢ M, we want
the difference

R(t)x := mS(t)x —m(m S(r)x),

which does no longer vanish, to become negligible as t — +o00. More specifically,
we require this difference to decay exponentially, i.e.

[R(1)x||x < Ce™™, (5.21)
for some positive C and 7, the latter independent of x. Now, since
mS(t)x+m(mS(t)x) € M, (5.22)
we have that, forall z =& +m(&) € M,

[R(1)x]| 2 < [|72S(£)x = m(E) || x + [[m(§) — m(m S(r)x)|| 2
< ||mS(f)x — mz|| 2 + L||1E — m1S(2)x]|
= [|m2(S(t)x —2) ||l v + Ll 71 (z = S(1)x)[|
<(A+L)[IS(1)x -z«

—~
~— ~—

(recall that L denotes the Lipschitz constant of m). Since z is arbitrary in M, it
follows that
IR(0)xl|x < (1+L)d(S(t)x, M).

Thus, (5.21) does hold if M is exponentially attracting, i.e. if (5.4) holds.
Incidentally, we also note that, conversely, (5.4) follows from (5.21). Indeed,
(5.22) also implies that

d(S(t)x, M) < [|S(t)x = (mS(1)x+m(mS(1)x)) || x
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= [I(8(1)x = mS(t)x) — m(m S(t)x) | x
= [|m2S(t)x —m(mS(1)x) || x
= [[R(®)x]|x -

In the same way, we see that, for example, the exponential tracking property (5.7)
implies the estimate

1 m28(1)x — m(mi S(1)x) || x < Cd(x, M)e™™", (5.23)

forallxe X andt > 0.

5.3 Geometric Assumptions on the Semiflow

In this section we introduce two geometric assumptions on the semiflow S, that
we first recognize as “natural” conditions that S should satisfy in order to admit an
inertial manifold of the form (5.16), and then show to be almost sufficient for the
construction of such type of an inertial manifold. These properties are the CONE IN-
VARIANCE PROPERTY and the STRONG SQUEEZING PROPERTY. To describe these
conditions, it is useful to keep in mind that our goal is the determination of a finite
dimensional subspace A of X, and of a function m € Gy, such that the graph of m is
an inertial manifold for S, as in (5.16).

5.3.1 The Cone Invariance Property

We first introduce the CONE INVARIANCE PROPERTY. Given L > 0, we denote by
Cy the cone

Co={xeX: ||mx||x <L||mx||x}. (5.24)

We immediately have

PROPOSITION 5.10
Let G and Gy, be as in, respectively, (5.17) and (5.19). Let m € G. Then m € Gy if and
only if for all x,y € graph(m), x —y € CJ.

PROOF The proof is immediate. Assume first that m € G;. Recalling (5.24), we
need to prove that if x,y € graph(m),

[m(y—=x)llx < Lijm(y—x)x (5.25)

But, by (5.16),x = & +m(&) and y = 1 +m(n) for some £ and ) € m X, with m(&)
and m(n) € mX. Consequently, m(y—x) =m(n) —m(§) and m(y —x) =1 —&,
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and (5.18) implies (5.25). Conversely, let m € G, and assume that for all x, y €
graph(m), y —x € C;. We show that m satisfies (5.18). Thus, given £ and € m X,
letx=&+m(&) andy=mn+m(n). Then x and y € graph(m), so y —x € C, and we
easily conclude as in the first part of the proof.

COROLLARY 5.11
Letm € G, and M := graph(m). If M is positively invariant, then for all x|, x, € M,
and allt >0, S(t)x; —S(t)xy € Cy.

PROOF Let x;, x; € M. Since M is positively invariant, S(¢)x; and S(¢)x, € M
for all > 0, and S(r)x; — S(t)x2 € Cr, by proposition 5.10.

From proposition 5.10 and corollary 5.11 we deduce that if the semiflow S did
have an inertial manifold M of the form (5.16), that is, if there were m € Gy such that
M = graph(m), then for all x; and x, € M, both x; —x; € C and S(#)x; —S(t)x2 € Cp.
for all # > O (the latter because of the positive invariance of M). We now note that
these two conditions can be formulated independently of the actual knowledge of
M (which, of course, is the very manifold we want to construct). It is therefore
natural to require this proposition as an a priori condition on the semiflow S. Thus,
we replace the assumption xj, x, € M (which we cannot state if M is still to be
found), with the assumption x; —x; € Cr (which we can state), and require that this
new assumption implies that the corresponding difference S(r)x; — S(¢)x2 be in Cp,
for all # > 0, as was the case in corollary 5.11. This motivates the following

DEFINITION 5.12  Let L > 0. The continuous semiflow S satisfies the CONE IN-
VARIANCE PROPERTY with parameter L if for all x1, x, € X, and all t > 0,

x1—x el — S(l)xl—S(t))QGCL. (5.26)

Once again, the cone invariance property means that if the difference x; — x» of
two points is in the cone Cr, then the difference S(¢)x; — S(¢)x2 of all successive
points on the corresponding orbits starting at x; and x, remains in the same cone Cr,
for all future times. That is, the cone Cy, is invariant with respect to the difference of
forward motions (see figure 5.4).

The following result is a direct consequence of the cone invariance property (5.26):

PROPOSITION 5.13

Assume the continuous semiflow S satisfies the cone invariance property with param-
eter L. Letxy, xy € X, and assume there exists T > 0 such that S(T )x; —S(T)x, & Cy.
Then S(t)x1 — S(t)x2 & Cr. also for all t € [0,T].

PROOF We proceed by contradiction. If there were ¢' € [0,7] such that S(¢')x; —
S(t")xy € Cy, then, setting t = T — ¢’ > 01in (5.26) with x; replaced by S(¢')x;, i = 1, 2,
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S(t)x1 +Cr

X2 S(l)x2

Figure 5.4: The Cone Invariance Property

we would obtain that S(¢)S(¢")x; — S(#)S(+')x2 € C. But S(¢)S(t') = S(T), so this
cannot hold.

5.3.2 Decay and Squeezing Properties

In this section we introduce the squeezing properties as another set of natural
conditions that the continuous semiflow S should satisfy in order to admit an inertial
manifold M of the form (5.16), which also satisfies the modified version (5.7) of
the exponential tracking property. To derive these additional conditions, we again
start by assuming that S does have an inertial manifold with the desired properties.
In addition, we assume that S satisfies the cone invariance property (5.26), and that
it admits a positively invariant manifold M = graph(m), with m € G;; C G, for
some L' < L (that is, the function m satisfies a stronger Lipschitz condition). This
additional assumption is not so restrictive, since in most applications it often happens
that the parameter L is determined as a solution of an inequality of the form F (L) > 0,
where F: ]0,00[— R is a continuous function. Therefore, since we can take L' < L
sufficiently close to L and still have F(L') > 0, in this case the semiflow does satisfy
a second cone invariance property, as stated. (An instance when such a second cone
invariance property is explicitly used can be found in Robinson, [Rob93, prop. 3].)

Under these conditions, we claim:

PROPOSITION 5.14
There is a constant ¢ > 0 such that for all x, yand z € X, if x—z & Cp buty—z € Cys,

Ix—zl|lx < calx—ylx- (5.27)

PROOF Since x —z & Cy, (5.24) implies that
Lz (x=2)llx < [1m2(x = 2)l|x ; (5.28)
on the other hand, since y — z € C;/, again (5.24) implies that

172 (y =22 < Ll (y—2)lx -
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Consequently, we estimate

Lim(y—2)llx <Llm(y—x)l[x +Llm(x—2)]x
<Ll (y—x)llx + 17 (x—2)[x
<Lmy=x)lx+lmx=y)lx+lmb-2)lx
<Lim(y—x)|x + 1w —y)llx+Lm> -2l

Since L > L', we obtain

(L=L) 7 (y—2)llx < Lllm(y—x)lx + 70— y)llx
<A+L)r=ylx-

Consequently,
[x—zllx < x—vllx+lly—zllx
< lx=yllx+lm0—2)lx+m@—2)
< lx=ylla+ 1 +L) [lm(y—2)]x
(I+L)(14L)
= ||X—yHX+?HX—Y||X’
and (5.27) follows. I

Let now x; € X'\ M, and assume there are x, € M and 7 > 0 such that
S(t)x;1 —S(t)xp ¢ Cp. (5.29)

Let w := m S(¢)x; + m(mS(t)x1). Then, w € M. Since also S(t)x; € M (because
M is positively invariant), by proposition 5.10 it follows that S(¢)x, —w € Cys. Thus,
by (5.29), we can choose x = S(¢)x;, y = w and z = S(¢)x, in proposition 5.14, and
deduce that

I1S()x1 — S(E)xal 2 < callS()x1 —wlx - (5.30)

Recalling now (5.23), which is a consequence of the exponential tracking property
(5.7), and that m; S(¢)x; = mw, we deduce from (5.30) that

[S()x1 = S(t)x2l|x < c2|S(t)x1 —wl[x = c2l|m2(S(t)x1 — w)||x
= 02||7E25(l)xl —m(mS(t)xl)HX
< Cd(xy, M)e™ M < c2Cllxy — x2|| 2™, (5.31)
where the last step follows because x, € M.
In conclusion, we deduce that if S admitted an inertial manifold M of the form

(5.16), with m € G;/, L' < L, then condition (5.29) would imply that there is K > 0,
independent of x1, x, and ¢, such that

||S(t)x1 —S(l))QHX < K||x1 —xQHXe_m . (5.32)
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At this point, we realize that conditions (5.29) and (5.32) can be formulated indepen-
dently of the requirement that x, x, € M. This motivates the following

DEFINITION 5.15 Letn, L >0, and Cy, as in (5.24). The semiflow S satisfies the
DECAY PROPERTY with parameters 1 and L if there is K > 0 with the property that
whenever x1, xp € X and t > 0 are such that (5.29) holds, then (5.32) also holds.

Thus, the decay property means that the difference of motions outside the cone
Cp decays exponentially. For future reference, we remark that, as an immediate
consequence of proposition 5.13, if (5.29) and (5.32) hold for a specific ¢ > 0, then
they both hold for all ¢ € [0,¢].

Finally, we combine the cone invariance and the decay properties into

DEFINITIONS5.16 Inthe same conditions of definition 5.15, the semiflow S satisfies
the STRONG SQUEEZING PROPERTY with parameters M and L if it satisfies the cone
invariance property with parameter L, and the decay property with parameters 1 and
L.

The strong squeezing property was first introduced for the Kuramoto-Sivashinski
equations in Foias, Nicolaenko, Sell and Temam, [FNST85, FNST88]. An abstract
version of this property was developed in Foias, Sell and Titi, [FST89]; other for-
mulations can be found e.g. in Temam, [Tem88], Constantin, Foias, Nicolaenko
and Temam, [CFNT89], Robinson, [Rob93], and Jones and Titi, [JT96]. The term
“strong” refers to the fact that, in contrast e.g. to the discrete squeezing property, we
require that a cone invariance property hold as well.

5.3.3 Consequences of the Decay Property

In this section we briefly report two immediate consequences of the decay property.
We first show that if a semiflow S admits an attractor, and satisfies the decay property,
the attractor is smooth, in the sense that it is imbedded into a Lipschitz manifold.

PROPOSITION 5.17

Assume the semiflow S satisfies the decay property with parameters L and 1M, and
admits a global attractor A. There exists then a function m € G such that A C

graph(m).

PROOF Let x; and x, € A. Since A is invariant, for each ¢ > 0 there are y; and
y2 € Asuchthatx; = S(t)y;, i = 1,2. If x; —x, ¢ Cp, the decay property (5.32) implies
that

1 =22l = [S(2)y1 = S(1)y2llx < Klly1 —y2flxe™™.
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Since A is bounded, we deduce that
[x1 —x2||x < Re™™,

for some R independent of ¢. Letting t — +o00, we conclude that x; = x,. Thus, we
can define a function m: m;. 4 — X by

m(mx):=mx, x€A.

Indeed, let y € A be such that m;y = mx. Then: if y —x ¢ C, we have shown
that y = x; if y —x € Cp, then my = mx so that, again, x =y. The function m so
defined is Lipschitz continuous, as a consequence of proposition 5.10. Indeed, if x,
y € graph(m), and x # y, then x — y € C;, by the first part of this proof. We can then
conclude by extending m to a bounded function, defined on all of &, and having the
same Lipschitz constant L.

Next, we report a technical result which will be used in the next section.

PROPOSITION 5.18

Assume S is a continuous semiflow on X, satisfying the strong squeezing property
with parameters L and 1. Assume that t| and t, are such that 0 < t; < t; and there
are xi, xo € Xy such that

E]S(tl)xl = E]S(IQ)XQ. (5.33)
There is then Cy > 0, independent of t1, ta, X1, X3, such that
(|72 (S(11 )21 = S(t2)x2) | v < Ci||m2 (1 — S(r2 —11)x2) | we™ M0 (5.34)

PROOF If S(l‘])xl —S(tz)xz € Cyr, (5.33) implies that 7T2(S(l‘] )X] —S(IQ)XQ) =0
thus, (5.34) holds trivially. Otherwise, we can write that

S(tl)xl —S(tz)xz = S(tl)xl —S(tl)S(tz —tl)X2 ¢ Cr,

and proposition 5.13 implies that also x; — S(t —#1)x2 ¢ Cp. By the decay property
(5.32), with t = #; and x; replaced by S(#, — #1)x2, we compute then

(|72 (S(11)x1 = S(02)x2) || 2 = [[S(1)x1 — S(22)%2 | 2
= [IS(t1)x1 = S(t1)S(t2 — t1)x2 || x < K||x1 — S(t2 —t1)x2 || w ™"
<K (Jlm (1 = S = 1)) | + 12 (1 = S(o2 = 11)2) ) €™

= K(% + l) |72 (x1 — S(t2 —t1)x2) ||Xe_ml ,

the last step as in (5.28), because x| — S(t, —11)x2 ¢ Cr. Thus, (5.34) follows. I
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5.4 Strong Squeezing Property and Inertial Manifolds

We are now in a position to show that if the semiflow S satisfies the strong squeez-
ing property, it admits an inertial manifold of the form (5.16), which we can con-
struct by Hadamard’s graph transformation method. In the sequel, we closely follow
Robinson, [Rob01].

5.4.1 Surjectivity and Uniform Boundedness

For our first result, we need

DEFINITION 5.19 Let S be a continuous semiflow on X; let Gi, be as in (5.19),
and @ C Gy. Let my and m) be as in (5.32). Then:

1. S satisfies the SURJECTIVITY PROPERTY with respect to @ if for all ¢ € @ and
t>0,

mS(¢) graph(@) = A& . (5.35)

2. S satisfies the UNIFORM BOUNDEDNESS PROPERTY with respect to @ if the
sets mpS(t) graph(@) are bounded in X, uniformly with respect to t > 0 and
e d

‘We have then:

PROPOSITION 5.20

Let S be a semiflow on X. Assume S satisfies the cone invariance property with
parameter L, and the surjectivity and uniform boundedness properties with respect
to some subset @ C Gr. Then for each ¢y € P and t > 0 there exists a uniquely
determined function @, € Gy such that

graph(¢;) = S(¢) graph(¢yp) . (5.36)
PROOF 1. Fix ¢y € @ and ¢ > 0. Since S satisfies the surjectivity property, (5.35)
implies that
m S(¢) graph(go) = & .
Thus, for each & € X there is x € S(¢) graph(¢p) such that
mx=¢&. (5.37)

We claim that x is uniquely determined by & (and, of course, by 7 and @p). Indeed,
suppose x" € S(¢) graph(¢p) is also such that mx’ = & as in (5.37). Letz and 7 €
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graph(@p) be such that x = S(r)z and x’ = S(¢)z’. Since @y € Gy, proposition 5.10
implies that z — 7' € Cp. Thus, the cone invariance property (5.26) implies that also
x—x"eCp,ie.

1m2(S(1)z = S(t) )| x < Lllmi (S(1)z = S(t)2) || x - (5.38)
But since
E]S(I)Z =X = & = 7l'1x/ = JI]S(Z‘)Z/,

(5.38) shows that mS(¢)z = mS(r)z’. Hence, S(¢)z = S(t)Z, i.e. x = x’ as claimed.
2. From part (1) it follows that we can unambiguously define a function k from
R0 x X1 x @ into S(r) graph(¢p), by

(l‘,§7(P0)l—>xZ: K(t7§>(p0)' (5.39)

We can then define a map ¢, : X} — A5 by

@(8) :=mx(1,6,00), GEXi,

That is, ¢ (&) = mpx, where x € X is the unique element in S(r) graph(@p) such that
mx = &. In other words,

EIK(I,é,(Po):g, ﬂzK(faga(PO):(Pr(§)~ (5.40)

Note that, by construction,

x=E&+¢ (&) € graph(¢r).

We proceed then to show (5.36). Indeed, let first z € graph(¢;). Then, z=1n+ ¢, (1),
for some 1 € X;. By (5.40), z = k(¢,M,¢p); thus, by (5.39), z € S(¢) graph(¢p).
Conversely, letz € S(¢) graph(¢yp), and set & := mz. Then, & uniquely determines x :=
k(t,&, @o) € S(¢) graph(¢g) = graph(¢;), with mx = &. Since z € S(¢) graph(¢y), and
& = 7z, the stated uniqueness implies that x = z. Thus, z=x € graph(¢;), and (5.36)
holds.

3. Finally, we show that ¢; € Gy, i.e. that ¢,: X} — A} is bounded and Lipschitz
continuous, with the same Lipschitz constant L of ¢y. To show that ¢, is bounded,
we must exhibit Ry > 0 such that

¢illg = sup [[@:(E)llx = sup ||mK(t, &, p0)llx < Ri. (5.41)
Eexy Eexy

Since S satisfies the uniform boundedness property with respect to @, there is R > 0
such that for allr > 0, ¢ € @, and y € S(¢) graph(¢),

| mayllx <R. (5.42)

But since @y € @ and x(7,&,¢p) € S(¢) graph(¢y), there is y € graph(¢gp) such that
k(t,&,90) = S(t)y. Hence, (5.41) follows from (5.42), with R; = R. To show that ¢;
is Lipschitz continuous, given &; and &, € X}, letx; = &+ ¢, (&), i =1,2. Thenx; €
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graph(¢,) = S(¢) graph(¢y ); thus, x; = S(¢)y; for some y; = 1; + @o(n;) € graph(¢p).
Since ¢y € Gr, y1 —y2 € Cr; hence, by the cone invariance property (5.26), x; —x, € Cp.
as well. Thus,

19:(81) — @ (&)l x = |72 (x1 —x2)[| 2 < Lf|71 (51 —x2) v = LI &1 — &2l x -
This shows that ¢; € Gy, and concludes the proof of proposition 5.20. I

As a consequence of proposition 5.20, if for t > 0 we set
M, := graph(¢,), (5.43)
then (5.36) implies that

M, =S(t)Mo. (5.44)

5.4.2 Construction of the Inertial Manifold

We can finally proceed to implement Hadamard’s construction of an inertial man-
ifold.

THEOREM 5.21

Let S be a continuous semiflow on X. Assume that S satisfies the strong squeezing
property with parameters L and 1, as well as the surjectivity and uniform boundedness
properties with respect to the set @ := {0} C Gr. Then S admits an inertial manifold
M C X, of the form (5.16). More precisely, there is m € Gy, such that M := graph(m)
is an inertial manifold for S. Moreover, for allx € X andt > 0,

d(S(t)x, M) < Cy (d(x, M) +2|ml|g,) e, (5.45)

where Cy is as in (5.34).

PROOF We shall use the graph transformation method, and proceed in three steps.
1. Let ¢y = 0. Then, obviously,

Mo = graph((po) =X, (5.46)

which is a trivial flat manifold. In accord to (5.44), we follow the evolution of this
flat manifold. Proposition 5.20 shows that each M; is again the graph of a function
¢ € Gr. Using the decay property and the uniform boundedness property, we will
show that, as t — +o0, the functions (¢;);>0 converge to a function m € G, whose
graph M is the desired inertial manifold for S.

2. Recalling (5.43) and (5.46), by proposition 5.20 we have that for all # > O there
is ¢y € Gy such that

M, = graph(¢@,) = S(¢) graph(¢o) = S(¢) X . (5.47)



198 5 Inertial Manifolds

Since S satisfies the uniform boundedness property with respect to @ = {0}, and
graph(@y) = X}, there is R > 0 such that (5.42) holds for all # > 0 and y € S(r)A}.
Given & € X and t > 0, let x = k(¢,&,0). Then, x € S(r) graph(@y) = S(¢) X}, and
mx = @(&). Thus, by (5.42),

[@llg = sup [[@:(8)]x = sup |mK(t,8,0)[|x <R. (5.48)
Eexy Eexy

Fix 1; and tp, with 0 <1 <tp,and & € X;. Fori=1,2, letx; := &+ ¢, (&) € M,,.
By (5.47), there are &, & € X such that x; = S(¢;)&;. Since

mS(h)& =mS(n)& =8,
(5.33) holds, and proposition 5.18 implies that, by (5.34),

Im2(S(1)&1 = S(2)&)lx < Cillm (&1 — S(—11)&) | xe™ ™. (5.49)
Now, since &; € X}, m&; = 0; since also
Str—11)& € S(ta—11) X1 = My, ,
it follows that
mS(ta—11)& = @, (M S(2 —11)&2) .

Moreover,
m(S(t1)81 — S(82)62) = M (x1 —x2) = @1, () — ¢, (S).-
Hence, we deduce from (5.49) and (5.48) that

19,(8) = @, (&)l < Cull @1, (mS(2 = 1) &) [ xe™ ™ < CiRe™M. (5.50)

Since § € X and 11, t, are arbitrary, this implies that (¢, ),>0 is a Cauchy set in Gr.:
in fact, given € > 0, by (5.50) we have that

o —@ollg, = sup [|¢:(E) —pa ()| <€

Eexy
for all t and 6 such that

min{s,0} > T := max{O,ln (%)} .

Since Gy, is a complete metric space, we conclude that, as t — +o0, (¢;),;>0 converges
to a function m € Gr. As aconsequence of (5.48), m is also bounded, with ||m||g, <R.

3. We proceed then to show that the set M := graph(m) is the desired inertial
manifold of S. Thus, we need to show that M is positively invariant, and exponentially
attracting.

3.1. The positive invariance of M is a consequence of the uniform convergence
¢ — m. Indeed, let x =& + m(€) € M. Fort >0, letx, := & + ¢,(§) € M,. Then,
ast — 400, x; — & +m(&) = x. Fix T > 0: then, by (5.44),

S(t)x € S(T)M, = S()S(t) Mo = S(T+1) Mo = My
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therefore,
S(T)xr = mS(T)x: + @ (M S(T)xy) - (5.51)

Since S(7) is continuous on X, S(7)x; — S(7)x as t — +00; on the other hand, the
right side of (5.51) converges to mS(7)x+m (7 S(7)x). It follows that

S(7)x = mS(t)x+m(mS(t)x) € graph(m) = M.

Since x € M and 7 > 0 are arbitrary, this means that M is positively invariant.

3.2. We now show that M is exponentially attracting, and (5.45) holds. Fix
x€X\M,andt > 0. Let § := mS(¢)x and, for 0 > 1, y:=E+ @g(&). Theny €
Mg =S(0)X], sothere is z € X} such that y = S(6)z. Since m1S(¢t)x = m1S(0)z= ¢,
by (5.34) of proposition 5.18 we have

172(S(t)x = S(6)2) |l x < Cil|ma(x = S(6 —1)z) | xe™ ™.

Let w:=S(6 —t)z. Thenw € Mg_,, sow = o+ @p_, (o) for some o € X]. Since
mS(0)z = my = @g(&), we can estimate

(S0, M) < [1S(0x— (& +m(E)) |l = | mS(0)x—m(&)]l
= lim | mS()x—@o(E)llx = lim_[|ma(S(x—S(0)2)]lx
<Cplim [|Im(x—S(8 —1)2)xe™™
=C 921}300 [m2x — @i () || xe™™
= Ct||[mx—m(a)|xe™™.
Given then arbitrary u = f§ +m() € M, we deduce that
d(S(t)x, M) < Ci([|mx —m(B) || x + [lm(B) —m(at) [ x)e™™

=Ci(lm(x—u)|x + [m(B) —m(c) || x)e™™
<Cilllx—ullx +2[mllg, ) e

Taking inf with respect to u € M, we conclude that
d(S(t)x, M) < Ci(d(x, M) +2[ml|g, )e™ ™",
which is (5.45). This concludes the proof of theorem 5.21. I

We remark that the inertial manifold M so constructed is not compact. This is
because M is the graph of a function m over X', which is not bounded. To obtain
a compact inertial manifold, we can apply proposition 5.9, and intersect M with a
compact, positively invariant absorbing set. On the other hand, since m is Lipschitz
continuous, proposition 2.61 implies that M has finite fractal dimension, with

dimg(M) = dim X} .
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We conclude this section with a property that characterizes the convergence of
the sets S(z) X to the inertial manifold M = graph(m) constructed in the previous
section.

PROPOSITION 5.22
Let (@;)r>0 be the family of functions in Gy, constructed in proposition 5.20 from the
initial function @y = 0, as in theorem 5.21. Let

m:= lim €gr.
t—-+o0 (Pr gL
Then the semiflow S satisfies the surjectivity property with respect to the set

D = ((pt)tZO U {m} >

and
) 1121 dist(graph(¢;), graph(m)) =0, (5.52)

where dist is the distance defined in (2.3).

PROOF 1. Recalling (5.35), we need to prove that for all 7, 8 > 0,
mS(¢) graph(@g) = Xy, 7 S(¢) graph(m) = X} . (5.53)

Obviously, 1 S(¢) graph(@g) C X and 7;5(¢) graph(m) C X). To prove the inverse
inclusions, fix £ € X and 7, 6 > 0. Let first y := & + ¢y, 9(&). Then, by (5.36) and
(5.46),

y € graph(@r1.9) = S(t+60) X1 = 5(1)S(0) X1 ;

thus, there is xg € S(0)X; such that y = S(f)xg. But then xy € graph(¢g), and
mS(¢)xg = &. This proves the first of (5.53). To prove the second, we proceed as
before. Then, since xg € graph(@p), there is & € X} such that xg = ot + @ (). Let
z:= o+ m(a). Since the convergence Qg — m as 6 — +oo is uniform, xg — z as
0 — +oo. Thus, since both 7; and S(¢) are continuous,

16 = mS()zllx = [|m (S(1)xe —S(1)z)[[x — O

as well. It follows that 7, S(¢)z = &; since z € M, this proves the second of (5.53).
2. To prove (5.52), recalling (2.3), (5.36) and (5.46) we need to show that, as
t — 400,

A(S()X 1, M) —0, I(M,S()X))—0. (5.54)
Given a; = ot + @ () € graph(¢@;) = S(¢) X}, let b := a+m(ct) € M. Then

0 <d(a;, M) < la: = bl|x = [ @ () =m(a)[|x — 0. (5.55)
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Moreover, since the convergence ¢ — m is uniform with respect to a € &7, (5.55)
implies that, in fact,

sup d(a;, M) =9(S(t)X1, M) —0.

a; €8(t) X,

This is the first of (5.54); the second is proven analogously. I

REMARK 5.23 The second of (5.53) implies that for each & € X and t > 0 we
can determine x € M such that

mSt)x=E&. (5.56)

The following result shows that this element x can be determined uniquely, if S
satisfies the backward uniqueness property (recall definition 3.14). An instance when
this property is satisfied is given in proposition 5.27 below.

PROPOSITION 5.24

In the same conditions of proposition 5.22, assume that S satisfies the backward
uniqueness property. Then the element x in (5.56) is uniquely determined by & (and
t).

PROOF Assume that y € M is also such that ;S(¢)y = &. Then, since m € G,
x—y € C. By the cone invariance property, also S(¢)x — S(t)y € Cr. But since
mS(t)x = & = mS(t)y, it follows that S(¢)x = S(t)y. The backward uniqueness
property implies then that x = y.

5.5 A Modification

In this section we present a second result, whereby the existence of an inertial
manifold of the form (5.16) follows from a modified version of the strong squeezing
property, related to a modification of the decay property. The main interest of this
result lies in an improved estimate of the exponential convergence of the orbits to
the manifold, which involves only the initial distance d(x, M) of the orbit to the
manifold.

5.5.1 The Modified Strong Squeezing Property

In analyzing the proof of theorem 5.21, we realize that the only point where the
decay property was used in an essential way was in the proof of proposition 5.18.
We further observe that its assumption (5.33) can be rewritten as

ﬂls(tl)LtZTClS(l‘l)V, (5.57)
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for u = x; and v = S(f, — 11 )x2. This is our starting point for the introduction of the
modified strong squeezing property. Again, we assume for the moment that S does
admit an inertial manifold M of the form (5.16), and proceed to deduce other natural
geometric properties of the semiflow.
We go back to the last step of (5.31), with the difference that we now use the
estimate
d(x;,M) < [lx1 —2f|x,

with z := mx; +m(mx;) € M. Together with (5.31), this yields
1S(2)x1 — S(t)x2|| x < CCyl|lxy — 2] xe™ ™. (5.58)

At this point, the right side of (5.58) still depends on the function m, which of course
is the very function we want to determine, via the choice of z. To remove this depen-
dency, we single out two properties of z that can be expressed without the explicit
knowledge of m; namely, that 71z = myx, and that x; — z € Cr. Of these, the first
follows from the definition of z, and the second would follow from proposition 5.10,
recalling that both z and x, € M (the latter as assumed before (5.29)). Thus, we are
led to introduce the set

y(xl,)Cz) = {MEXZ 7T1M=7I1X1,M—X2€CL}, (5.59)
to which z would belong. We further note that if we also require that

||S(t)x1 7S(l‘)X2HX < CC inf ||X1 7M||Xeint s (5.60)
ueY(xy,x2)

then (5.58) would follow from (5.60), since z € Y(x1,x3).
Finally, recalling (5.57), we further modify (5.60) by assuming that ;S(¢)x; =
7 S(¢)x2, so that the left side of (5.60) reduces to

[m2(S(1)x1 — S(t)x2) || x -

In conclusion, renaming ¢ = T, we have seen that if S admitted an inertial manifold
M of the form (5.16), with m € G;, then the conditions

7T1S(T)X1 :mS(T)xz, x,xpeX, T>0, (5.61)
would imply that there is K > 0 such that

|2 (S(T)x1 —S(T)x2) || x < K Eyinf >Hx1_”HXe_nT- (5.62)
u

X1,X2

Our last step is to require that (5.62) holds not only for + = 7', but also for all
t € [0,T]. That is, we give

DEFINITION 5.25 LetL, 1 >0, and Cr, be as in (5.24). The semiflow S satisfies
the MODIFIED DECAY PROPERTY with parameters L and m if there is K > 0 such
that whenever x1, xy € X and T > 0 are such that (5.61) holds, and

ﬂzS(T)xl 75 ﬁzS(T))CQ , (5.63)
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then for all t € [0,T),

12 (S(t)x1 — S(O)x)|x <K inf [ —ufve ™, (5.64)

MEy(xl,xz)
where the set ))(x1,x,) is defined as in (5.59).

Combining the cone invariance property with the modified decay property we fi-
nally arrive at

DEFINITION5.26 Inthe same conditions of definition 5.25, the semiflow S satisfies
the MODIFIED STRONG SQUEEZING PROPERTY with parameters L and 1) if it satisfies
the cone invariance property with parameter L and the modified decay property with
parameters L and 1.

5.5.2 Consequences of the Modified Strong Squeezing Property

In this section we present some immediate consequences of the modified strong
squeezing property. We assume that L, 1 and Cy are as in the previous definitions,
and that S satisfies the modified strong squeezing property with parameters L and 7.

PROPOSITION 5.27 (Backward Uniqueness)
Assume that x1, x, € X and T > 0 are such that (5.61) and (5.63) hold. Then for all
t€[0,T],

[1S(t)x1 = S(t)xa |2 <K (141) i(nf )||X1 —ullxe™M. (5.65)

ucyY(xy,x

In particular, if x| — x; € Cy, then x| = x3.

PROOF If (5.61) and (5.63) hold, it follows that for all # € [0, T, S(z)x; — S(¢)x2 ¢
Cr. Indeed, if there were 0 € [0, T| such that S(0)x; —S(0)x € Cr, the cone invariance
property would imply that S(7)x; — S(T)x, € Cp as well. But then (5.61) would
imply that mS(T)x; = mS(T)x,, contradicting (5.63). Now, since the condition
S(t)x; — S(¢)x2 ¢ Cp is equivalent to the inequality

|72 (S(£)x1 — S(2)x2) || 2 > L7 (S(#)x1 — S(#)x2) || x (5.66)
(5.65) follows from (5.66) and (5.64). In particular, if x; —x, € Cp,, thenx; € Y (x1,x2).
Hence, if x; —x; € Cp, the right-hand side of (5.65), and therefore also the difference

S(t)x; — S(t)xz, vanishes for all # € [0, 7] .

In particular, from proposition 5.24 we deduce that if S satisfies the strong squeez-
ing property, the element x € M defined by (5.56) is uniquely determined by & € X.
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PROPOSITION 5.28 (Contractivity)

Assume that @1, ¢ € Gy, and x| € graph(@,), xo € graph(@,), T > 0 are such that
(5.61) and (5.63) hold. There exists C > 0, independent of x1, xp, such that for all
t€[0,T],

[702(S()x1 = S(1)x2) || < Cll@1 (mix1) — P2 (m1x2) [ ™™ (5.67)

PROOF Lety:= mx; + @2(mx2). Then, since x, € graph(¢s),

m(y—x2) = ¢(mx2) — P2(mx2) = 0.

Hence, y —x; € Cy, (trivially), and since m;y = mjx, it follows that y € Y (x1,x2).
Since also
X|—y=Tx| — My = @ (mx1) — ¢2(mx2),

(5.67) follows from (5.64). I

PROPOSITION 5.29 (Asymptotic Phases)
Let m € Gy, and assume that x; € X, x, € graph(m) and T > 0 are such that (5.61)
and (5.63) hold. Then for allt € [0,T)],

|2 (S(t)x1 — S(t)x2) || 2 < Cl|m2x) —m(mixy) || ve™ ™. (5.68)

PROOF Lety:= mx; +m(mx;). Theny € graph(m), and y — x, € Cr, by proposi-
tion 5.10. Hence, y € Y(x1,x2). Since also x| —y = mx; — m(mx ), (5.68) follows
from (5.64). We can then conclude, recalling definition 5.7.

5.5.3 Construction of the Inertial Manifold, 2

We can now show that if the semiflow S satisfies the modified strong squeezing
property, it admits an inertial manifold of the form (5.16), which satisfies an expo-
nential estimate involving only the initial distance of the orbits to the manifold. We
claim:

THEOREM 5.30

Let S be a continuous semiflow on X, which satisfies the modified strong squeezing
property with parameters L and 1, as well as the surjectivity and uniform boundedness
properties with respect to the set @ = {0}. Then S admits an inertial manifold M C X
of the form (5.16). More precisely, there is m € Gy, such that the set M := graph(m)
is an inertial manifold for S, having the exponential tracking property (5.5). That is,
Sorall x € X\ M, there is 7 € M such that for all t > 0,

IS(£)x — S(2)z]| x < Co||T2x — m(mx) || xe™ ™, (5.69)

with Cy independent of x, z and t. Consequently, M is exponentially attracting.
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PROOF We start as in the proof of theorem 5.21. Keeping the same notations,
we see that we can proceed exactly in the same way up to the proof that M is
positively invariant, except that now we cannot use proposition 5.18 to obtain (5.49).
However, we can instead use proposition 5.28, with x| = &; € X = graph(¢y), and
X =S(tr—11)6 € S(ty —11) X1 = graph(¢y, _;, ); note that 7, S(r1)X1 = m S(t1 )% = &.
Thus, by (5.67) we obtain

[m2(x1 —x2) |2 < |m2(S(11)E1 — S(82)&2) || x
= |m(S(t1)&1 —S(t1)S( —11) &) ||
< Cillgo(m&r) — @,y (mS(t2 —11)&1) || e~

Since @o(m&1) = 0, (5.49) follows.
To show that M has the exponential tracking property, given x € X'\ M we consider
the set

Je:={t>0: (FzeM: mS(t)z=mS(t)x, mS(t)z # mS(t)x)}.

This set is not empty, since t =0 € J,. To see this, let z := mx + m(mx). Then
mz = mx, but Mz = m(7Mx) # Mx, since z € M but x ¢ M.

Consider first the case when sup J, =: 7 < +oc0. Then for all > 7 there is z € M
such that S(z)z = S(¢)x. Then, (5.69) is trivial if # > 7, while if # <7 itis a consequence
of the modified decay property. Indeed, in this case the left side of (5.69) reduces to
|2 (S(t)x — S(¢)z) || x, which we can estimate by (5.64). In particular, we can take
u = mx~+m(mx) whichis in Y(x, z), because both u and z € M. Hence, from (5.64),

[ (S(t)x = S(t)2) |2 < Kllx — ul| ve ™",

and (5.69) follows, because of the choice of u.
If instead sup J, = 400, we can find a sequence (#)xen such that #; — 400 mono-
tonically, and a corresponding sequence (zx)ren C M such that for all k € N,

ms(tk)zk = 7I15<l‘k)x and ﬂzS(l‘k)Zk 75 ﬂzS(tk)x.

Since m € Gy, we can apply proposition 5.29 and (5.66), to deduce that foreach k € N
and all ¢ € [0, 1],

L|jm (S(t)x = S(t)z) |2 < [|m2(S()x = S(t)zi) | 2 < Cllmox — m(mix) | x e
(5.70)

In particular, for r = O this implies that for all k € N
Imx = mzllx < G llmx—m(mx)|x =:p.

This means that each §; := 7,z is in the closed ball of X} of center ;x and radius
p. Since X has finite dimension, this ball is compact. Thus, there is a subsequence
of (#)rens, still denoted (#)ren, such that the corresponding subsequence (& )ren
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converges to a limit § € &7, with ||mx— || x < p. Letz:= { +m({). Then for each
k € N and all 7 € [0,7;], recalling (5.70) we can estimate

[S()x = S(t)zllx < [1S()x — S(t)zellx + 1S(1)ze — S(t)z]| 2
< (14 7) Im(S(t)x = S(O)zi)[lx + 1Sz = Szl x - (5.71)
< C (14 1) lmx —m(mxy) || ee™™ + ||S(1)z — S(t)z]| x -

Since m is continuous, and z, zx € M for all k € N, we have that z; — z. Since S(¢)
is continuous, it follows that also S(¢)zy — S(¢)z. Thus, there is ky € N (depending
on t), such that if k > ko,

I18(1)zx = S(1)zllx < C (14 7) [Im2x — m(mx;) | ve™ ™ (5.72)

Consequently, (5.69) follows from (5.71) and (5.72) (recall that z € M). From (5.6)
we know that the exponential tracking property implies that M is exponentially
attracting; thus, the proof of theorem 5.30 is complete.

We remark that the inertial manifold so constructed enjoys all the properties de-
scribed in section 5.4.2.

5.5.4 Comparison of the Squeezing Properties

We conclude this section with a comparison of the strong squeezing property and
the discrete squeezing property introduced in definition 4.3, in the context of expo-
nential attractors. We also compare the strong squeezing property with the modified
strong squeezing property.

At first, we note that if the semiflow S satisfies the strong squeezing property of
definition 5.16 with parameters 17 and L, and L < 1, then S also satisfies the dis-
crete squeezing property of definition 4.3, with B = X, Py = m;, Ay = X. Indeed,
comparing (4.9) with (5.24) we have Cp = Cp, = C; C ;. for all L €]0,1]. Given
v €10, %[, choose ¢, = T so large that Ke~” < y. Then, if u, v € X are such that
S(T)u—S(T)v ¢ Cy, and therefore also S(T)u—S(T)v ¢ C, for L < 1, (5.32) implies
that

IS(T)u—S(T)v]l2 < Ke™™ Ju—v]la < pllu— vl

This means that the operator S, = S(T') satisfies (4.11); hence, the discrete squeezing
property holds.

Next, to illustrate the relationship between the strong squeezing property and the
modified strong squeezing property, we return to the observation we made at the
beginning of section 5.3.2: namely, that we can often assume that the semiflow §
also satisfies a second cone invariance property. In this case, however, we assume
that this second cone invariance property involves a cone C;/, with parameter L' > L
(instead of L’ < L, as in proposition 5.14). In these conditions, we claim:
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PROPOSITION 5.31
Assume the continuous semiflow S satisfies the strong squeezing property with pa-
rameters L and 1. Suppose further that there exists L' > L such that S also satisfies
a second cone invariance property with parameter L'. Then S satisfies the modified
strong squeezing property, with parameters L and 1.
PROOF Letx;,x; € X,and T > 0 be such that

7'C1S(T)X] = ﬂ]S(T)Xz , ﬂzS(T)xl 75 ﬂzS(T))Q ,
as required in (5.61) and (5.63). Then, we have that both

S(T)x1 - S(T)XQ ¢ CL s S(T)X1 - S(T)XZ € CL’ 5

for, otherwise, definition (5.24) would imply that 7, S(T)x; = mS(T )x,. Proposition
5.13 implies then that

S(t)x1 = S(t)x2 € Cr, S(t)x1—S(t)x2 & Crv
for all ¢ € [0, T]. Consequently, forz € [0,T],

Lim (S()x = S(0)x2) || x < L[| (S(1)x1 = S(t)x) |
< |12 (S(t)x1 — S(£)x2) |2 - (5.73)

Let x3 € Y(x1,x2) (the set introduced in (5.59)). Then myx3 = mx; and x3 —x; € Cp,
and (5.24) implies that

702 (%2 — x3) [ v < L|71 (2 —x1) || x -
This, together with (5.73) for t = 0, implies

L'lm (1 —x2) | < | (x1 —x2) [l < [ (xr —x3) || + |72 (2 — x3) [
<l (1 —x3) || + L[ (x1 —x2) || - (5.74)

Hence,
|71 (x1 —x2) | < 7 | (31 —x3) || 2 (5.75)
and, replacing back into (5.74),
Ima(er —2)|x < P I =) v (5.76)
By the decay property (5.32), recalling (5.75) and (5.76),
I1S(6)x1 = S(O)x2 ]| 0 < K1 —xal|we™ < K(F + 1) 2061 = x2) e ™™

< KU | 7 () — x3) | e (5.77)
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Since mx3 = mx1, we also have
|mox1 — mix3 || = ||m2x1 4+ mx) — a3 — moxs||x = [Jx1 —x3]|x s

thus, from (5.77) we obtain

!
I1S()x1 = S(t)xa |l < KOy — s e

Taking inf of the right side of this inequality with respect to x3 € )(x,x2) we conclude

that (5.64) holds, with K replaced by K,(}fi/). Thus, the modified strong squeezing

property holds. I

In conclusion, the strong squeezing property, together with the availability of a
second cone invariance property with parameter L' > L, implies the modified strong
squeezing property. In this sense, the modified strong squeezing property is a weaker
assumption than the original strong squeezing property.

5.6 Inertial Manifolds for Evolution Equations

In this section we show how theorems 5.21 or 5.30 can be applied to construct an
inertial manifold for the semiflow S generated by an autonomous evolution equation
of the form (5.1) on a separable Hilbert space X with norm || - || x and scalar product

<’>

5.6.1 The Evolution Problem

We consider an evolution equation of the general form (5.1), that is, again,
u+Au=F(u), (5.78)
where the linear operator A is densely defined, with domain
dom(A):={ueX: Aue X},

and generates at least a CO-SEMIGROUP (e*tA)lZO on X (see section A.3).

In the next section we introduce a condition on the point spectrum of A, known as
a SPECTRAL GAP CONDITION. Together with the additional assumption that F' be
globally bounded, i.e. F € Cy(X, X), and globally Lipschitz continuous on X, this
condition will allow us to show that the semiflow S defined in X by problem (5.78)
verifies the cone invariance property defined in section 5.3.1. Other, less restrictive
assumptions on the point spectrum of A will assure that S also satisfies one of the
two versions of the decay properties described in section 5.4 and 5.5. Consequently,
theorem 5.21 (respectively, 5.30) will imply that if the operator A satisfies the spectral
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gap condition, relative to the nonlinearity F, the corresponding semiflow generated
by the evolution equation (5.78) admits an inertial manifold in X

Before proceeding, we remark that the conditions assumed on F, i.e. that F is glob-
ally bounded and globally Lipschitz continuous, are much stronger that those usually
satisfied by the nonlinearities present in applications. For example, in the parabolic
problem considered in sections 3.3, the nonlinearity F(u) = u — u® satisfies neither
condition on X (in fact, this particular function F is bounded, and Lipschitz continu-
ous, only from bounded subsets of the subspace V C X = H into X (see proposition
3.15)). To overcome these problems, we shall suitably modify the nonlinearity out-
side of a bounded absorbing set, so that the nonlinearity of the modified system does
satisfy the two desired conditions, and its long time dynamics coincides with that
of the original one. In this sense, we take full advantage of the observation that the
introduction of inertial manifolds is motivated by the desire to study the long time
behavior of a system. We explain this procedure in detail in section 5.8.3, in the
context of a problem concerning the Chafee-Infante equations.

5.6.2 The Spectral Gap Condition

1. Generally speaking, a spectral gap condition is a requirement on the point spec-
trum of A, whereby its eigenvalues should be spaced with sufficiently large gaps, so
as to allow the linear part of equation (5.78), i.e. the term Au, to dominate, in a sense
to be specified, the nonlinear one, i.e. the term F(u). The effect of this condition
is that the corresponding semiflow S satisfies the cone invariance property. Spectral
gap conditions of various type were originally introduced in the context of Navier-
Stokes equations in two dimensions of space. Here, we introduce a specific version
of the spectral gap condition, which is sufficient for the purpose of showing that the
semiflows generated by problems (P) and (H¢) admit an inertial manifold, at least if
the dimension of space is n = 1 and, in (3.4), if € is sufficiently small. For simplicity,
we shall refer to this particular version as “the” spectral gap condition.

Essentially, all versions of the spectral gap condition require that the point spec-
trum of the operator A can be divided into two parts

op(A) =01U0s, (5.79)
of which o7 is finite, and such that, if

Ay :=sup{Red: A €0},
Ay :=inf{Red: A € on},

the difference Ap — Aj (the “spectral gap”) is large enough, so as to satisfy an in-
equality of the form

Ay — A1 >C(A) +AY) (5.80)

for certain nonnegative numbers C and V related to the nonlinear term F of equation
(5.78). Inequality (5.80) is usually interpreted in the sense that the spectral gap
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should be so large as to allow the linear part of the equation to dominate the nonlinear
one.

To describe the particular version of the spectral gap condition we consider in
the sequel, we assume that A admits a countable set of eigenvalues (A;) jcn, with a
corresponding orthonormal system of eigenfunctions (w;) jen, spanning X’ (some or
all of the functions w; may be complex-valued), and that the eigenvalues are ordered
in such a way that

AZ_AI :SRe()WH —A.N) (5.81)

for some N € N. Under these conditions, we give

DEFINITION 5.32 Let A: X — X be as above, and assume that F € Cp(X, X)
satisfies the global Lipschitz condition

I1F(u)—F(v)llx < lrllu—v|x, (5.82)

for some Lp independent of u and v. The operator A satisfies the SPECTRAL GAP
CONDITION relative to F, if there is N € N such that

iRe().N+1 — AN) > 2F. (5.83)
That is, recalling (5.81), we assume that (5.80) holds, with v =0 and C = {F.
2. 'We now describe a condition under which the spectral gap condition (5.83) im-

plies that the semiflow generated by equation (5.78) satisfies the cone invariance
property. We fix N € N, as defined in (5.81), and set

X :=span{wy,...,wy}.

We denote by P; the corresponding projection of X onto X}, and by P, :=1— P its
complementary projection; note that A commutes with both P; and P,. We assume
that forallu € X,

Re (AP, Piu) < Re Ay | Prull . (5.84)
Re(APou, Pyu) > Re Ay 1 || Pout]|5 - (5.85)
Introducing then, for L > 0, the indefinite quadratic form Hy: X — R defined by
Hp(u) := ||Pu||% — L*||Pul3,  ueX, (5.86)
we claim:
PROPOSITION 5.33

Assume F € Cyo(X,X) satisfies (5.82), that the spectral gap condition (5.83) holds,
as well as conditions (5.84) and (5.85). There exist positive numbers Ly and L, with
L <1< Ly, such that for allty > 0, allt > 1y, xand x' € X, and L € [Ly,L;),

Hy(S(t)x—S(1)x') < HL(S(10)x — S(tg)x') e~ 2Fe v =Lr)li=to) (5.87)
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PROOF Letx,x' € X,t >0, and set

upn :=S(t)x—=S)x", Fa:=F(S(t)x)—F(S(t)x'). (5.88)

Then, recalling (5.84) and (5.85), and that, since the projections P; and P, are orthog-
onal, the identities

(Px,P1y) =0, (Px,Py) = (Px,y)
hold for all x, y € X', we can estimate (omitting as usual the reference to the variable
t):

L )
2 dt LA

= Re(Pyup, —Aup + Fp) — L> Re(Prup, —Aup + Fp)
—me(quA,AMA> —‘y—Lz 9‘{6<P1MA,AMA> +£R2<P2MA — LZPIMA7FA>

< —Re Ay ||Pauall i + L Re An || Prual|5 + Crl|uall x [|Paua — L Piual| x
< —ReAy1||Pauallk + L Re Ay || Prual|3 + 37 (|Jual% + | Prua — L*Prua %)
< —ReAyi1||Pouallk +L* Re Ay||Prual|3

+ 30 (|Pruall + | Pouall% + [ Pousl% +L* [ Prual %) -

From this, we deduce the estimate

d
aHL(uA) < —ZYHL(MA) , (589)

where 7 is any number satisfying the inequalities
ReAy+ 30p (P +L7%) <y < ReAy1 —Llr . (5.90)
For (5.90) to hold, it is necessary that
ReAy + 50p (L*+L %) < Re Ay — lp,
an inequality that we can write as
V(L) :=Re Ay —Redy — Lp (1+ 1 (L2 +L7%)) >0. (5.91)

The maximum value of y is attained when L = 1, and the spectral gap condition
(5.83) implies that y(1) > 0. Since ¥ is concave and (L) — —ooc as L — 0" and
L — 400, it follows that y has two positive zeros Ly, Ly, with L} < 1 < L, and, as
we immediately verify, L; L, = 1. Thus, (5.91) holds for all L € [Ly,L,]. From (5.89)
we deduce then that, with the choice v:= ReAy.1 — IF,

d

SHL(S(Ox=S()') < ~2(Re Asr — L HL(S(1)x = S(0))

Integrating this inequality on any interval [z, ], with 0 < 7o < ¢, we obtain (5.87). []
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5.6.3 The Strong Squeezing Properties

In this section we show how the squeezing properties follow from the spectral
gap condition (5.83). We first show that, as a consequence of proposition 5.33, the
spectral gap condition implies the cone invariance property.

PROPOSITION 5.34

In the same conditions of proposition 5.33, the semiflow S generated by the evolution
equation (5.78) satisfies the cone invariance property in X, with parameter L, for all
L € [Ly,Ly], where Ly and L, are the positive zeros of the function y defined in (5.91).

PROOF Letx;,x; € X,and L € [Ly,L,]. We have to show that if x; —x; € Cy, then
S(t)x; — S(t)xp € Cp, for all t > 0. But, recalling (5.24), the condition x; —x; € Cp,
is equivalent to Hy(x; —x2) < 0; hence, from (5.87) with 7o = 0 we deduce that
Hy (S(t)x; —S(f)x2) < 0. This means that S(¢)x; — S(¢)x € Cp..

We next show that if PRe Ay is sufficiently large, the decay properties hold.

PROPOSITION 5.35
In the same conditions of proposition 5.34, assume that N € N is such that

n:=Relyi1 —LlrV'1 +L2>0, (5.92)

with L € [Ly,Ly). Then S satisfies the decay property with parameters L and 1.

PROOF Let xj, x € X, and T > 0 be such that S(T)x; — S(T)x, ¢ Cr. We have
to show that there is K > 0 such that for all # € [0, T], (5.32) holds, with 1 defined by
(5.92) and m; = P, m = P>. By proposition 5.34, the semiflow § satisfies the cone
invariance property; hence, by proposition 5.13, S(¢)x; — S(f)x; ¢ Cr for allt € [0, T].
With the same definitions (5.88) of ux and Fj, we have then

L|Prus(t)l[ 2 < [|Poua(t)]|x -
Thus, as in the proof of proposition 5.33 (omitting again the reference to the variable
1),
d 2
a”PﬂtA”X =2Re(Poup, Fo — Aup)
< —2Re Ay || Poua % + 265 || Poua | [lua
< —2Re Ay | Poual i + 267 || Poua|x (1Pruea | + (| Prual 5)'
172
< —29‘{87LN+1||P2MA||EY +20F (1 +L 2) ||P2MA||%(
= —2n||Paup|% -
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From this, we conclude that for z € [0, T],
[P2(S(t)x1 = S(t)x2) | < e [|Pax1 —x2) | s

and (5.32) follows, with K = 1. I

PROPOSITION 5.36
In the same conditions of proposition 5.34, assume that L € [Ly, L[, and that N € N
is such that

m:= E)%ANH — 0l >0. (5.93)

Then S satisfies the modified decay property, with parameters L and 1.

PROOF To prove the modified decay property, recalling (5.64) we consider xi,
xp € X and T > 0, such that

PiS(T)x; = PiS(T)xz, (5.94)

and y € Y(x1,x2), i.e. such that Pyy = Pix; and y — x, € C;. We have to show that
there is K > 0, independent of x; and x;, such that for all 7 € [0, T],

1P2(S(1)x1 = S(0)xa) |20 < K[[Pa(ox1 =)l we™™ (5.95)

Setting ua(r) := S(¢)x1 — S(¢)x2 as in the proof of proposition 5.33, (5.94) implies
that for all L € [L;,L,],

Hy(ua(T)) = [|P2(ua(T)) % > 0.

We claim that this implies that Hz (ua(¢)) > Oforallt € [0,7] and L € [L;, L]. Indeed,
if otherwise Hy/(ua(t')) < 0 for some L’ € [L;, L] and ¢’ € [0, T], proposition 5.33
with 7 =T and fop = t' would yield a contradiction to the inequality 0 < H;/(ua(T)).
Thus, by proposition 5.33 with #y = 0 we obtain that

0 < Hy (up(r)) < e 2Fevir=tr) g (x) — xy) (5.96)
forallz € [0,T] and L € [L;,L,]. If now L € [L;,L;[, choosing A €]L,L[ we find
H (ua(1)) = ||Paua(0) |3 — A?|[Prua (1) 1%
= (1= A2L32) Boual0) 3+ AL; (1 Pous ()5 — L3P (0)]3)
= (1=A2152) |Poua ()3 + AL; *Hr, (ua(0))
> (1-A7132) [ Paua(0) |y -
From this, and (5.96) with L = A, it follows that

2
[Pyus (1)) < L%szze*(%dNH*"f)fHA (x1 —x2). (5.97)
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Since y —x; € Cy,

[P2(y —x2) [ < LIIP1(y—x2) ][ a5
thus, recalling that Pjy = Py x|, we deduce that for all » > 0

Hp (x1 —x2) = [|Pa(x1 —x2) [ 5 = A% || P (x1 —x2) |3
< (P2 (v =)l + [P (y = x2) | ¢) = A2[|P1 (x1 —x2) |3
< (IPa(x1 =)l +LIPL (2 = )| x)* = A% || P (x1 —x2) |13
< (T+r ) 1Paer =) [I7 + (14 1)L? = APy (x1 —x2) 3 -

Choosing r = A2L=2 — 1, we obtain

2
Hp (v —x2) < 585 [P =) 155
replacing this into (5.97), we deduce that, for z € [0,T],

13 2 2(Redy, L
1Pk < 2 g e =Py —y) 1%
This is (5.95), with

K =LA ((L3 =A%) (A2 —12)"1/2,

Since y € Y(x1,xp) is arbitrary, (5.64) follows, and the proof of proposition 5.36 is
complete.

From propositions 5.22, 5.35 and 5.36 we immediately derive

COROLLARY 5.37

Assume that N is such that the spectral gap condition (5.83) holds, and Re Ay > UF.
Then for any L € [Ly,L,[, the semiflow S satisfies the modified strong squeezing
property, with parameters L and 1 := ReAyy1 — Lp. If in addition Re Ay >
eV 1+ L2, with L € [Ly,Ly), the semiflow S satisfies the strong squeezing property,
with parameters L and 1 := Re Ay 1 —lp V1 +L72.

Propositions 5.35 and 5.36 illustrate our previous remark, at the end of section
5.5.4, that the modified strong squeezing property is weaker than the strong squeez-
ing property. Indeed, in proposition 5.36 we cannot take L = L, and the constant K
in (5.95) is such that K — 400 as L — L, . On the other hand, since L < L,, we can
in fact choose L' € |L,L,], and proposition 5.34 guarantees that the semiflow S does
satisfy the cone invariance property, with parameter L' > L as required in proposi-
tion 5.31. Moreover, in the modified strong squeezing property we can take smaller
parameters L than for the strong squeezing property, and since (5.92) implies (5.93),
the rate 1 of the exponential decay is larger.
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5.6.4 Uniform Boundedness and Surjectivity

We now proceed to show that the semiflow S generated by the evolution equation
(5.78) satisfies the uniform boundedness property with respect to bounded subsets
& C Gy, as well as the surjectivity property with respect to arbitrary subsets @ C G;.
Here, L > 0 is arbitrary, and 7, mp are, of course, the projections P; and P> of the
previous sections. As usual, we set A := PiX’ and &, := P, X'. Recalling that we
assume the nonlinearity F': X — X to be bounded, we also set

Fo == sup [|F (u)]|.
ueX

1. We start with the uniform boundedness of the semiflow.

PROPOSITION 5.38 (Uniform Boundedness)

Assume that there is N € N such that (5.85) holds. Let @ C G; be a bounded set of
Lipschitz continuous functions ¢ : X| — Xp. Then for all t > 0 and all ¢ € P, the
set P,S(t) graph(@) is bounded in X.

PROOF Given ¢ € @ and ug € graph(@), fix t > 0 and let u(t) := S(¢)up. Then u
solves (5.78) and, by (5.85), we can estimate

d
EHPZ“H%c =2Re An11(Pau, Pour) = 2Re An1(Pou, f (u) — Au)
< —2%Re Ay 1 ||Poul3 + 2F0 || Pout] x . (5.98)

From this differential inequality we easily derive that for all # > 0,

F
[Pou(t)||x < (|P2u0||x - > e Rehver 20 (5.99)

Fo
Re Ayl ReAyi1
Since ug € graph(¢), and & is a bounded set of functions,

[P2uol| 2 = [l (Pruo) [ x < R,

for some R; independent of ug and ¢. Thus, we deduce from (5.99) that

1Pu(t) ¢ < Ry + o
2U >~ K] )
v |Re Ay |

that is, ||P>S(¢)ug|| x can be bounded independently of ¢ > 0 and ¢ € &. This means
that § satisfies the uniform boundedness property.

We remark that (5.99) implies that for all # > 0,

Ky
PS(t < P, - -
IPsS(ooll e < max{ P, g 50— |
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2. We now prove two intermediate results, which we need in order to show the
surjectivity property.

PROPOSITION 5.39 (Backward Uniqueness)

Assume S satisfies the cone invariance property with parameter L € [Ly,L,). Assume
that (5.84) holds for some N € N, and let ug, vo € X and T > 0 be such that P S(T )up =
PiS(T)vo and Hy,(uy — vo) < 0. Then ug = v.

PROOF Let, as before,
ua(t) == S(t)uo — S(t)vo, Fa(t) :=F(S(t)uo) — F(S(t)vo).

The condition Hy (up — vp) < 0 implies that ug — vy € Cy; then, by the cone invariance
property, ua(t) € Cp forallt > 0, i.e.

1Poua(t) | x < LI|Pruea(t)]] x (5.100)

Recalling (5.84), we can therefore estimate (omitting as usual the argument )

d
a”P]MAH%( = 29{6),1\/<P1MA,FA —AMA>
> —2ReAy||Piual3 — 20r |[uall x || Pruall x

> —29{27LN||P] MA”%Y — 20\ 1 —|—L2||P] MA”%\{ .

Integrating this inequality on [¢,T], 0 <t < T, we find

Re Ay+L 1+L2 (T —t
1Prua(r) e < ePAHEVIERNT o

and since
PluA(T) =P (S(T)u() — S(T)V()) =0,

we conclude that Piua(t) = 0 for all r € [0,T]. Together with (5.100), this implies
that ua(r) = 0, i.e. that S(t)up = S(¢)vo in [0,T].

PROPOSITION 5.40 (Coercivity)
Under the same conditions of proposition 5.39, the semiflow S is COERCIVE, i.e. for
allxe X andt > 0,

|P1S(t)x||x — +o00 as [|Pix||x — +00. (5.101)

PROOF Proceeding as in (5.98), but considering P;u instead of P,u, we obtain the
estimate

d
EHPN‘H%{ > —2ReA||Prul% —2Fo||Prux
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from which we deduce that for all > 0,

Fo
P t > || P, e—%elNz - (1 _e—D‘ie?LNt .
P = 1Pyl i )

Keeping in mind that ¢ > 0 is kept fixed, this inequality implies (5.101). I

3. We can now show that S satisfies the surjectivity property, with respect to all of

gr.

PROPOSITION 5.41 (Surjectivity)
Assume S satisfies the cone invariance property with parameter L € [Ly,L,]. Then
forall € G andt > 0,

P S(¢)graph(p) =P X .

PROOF The inclusion P;S(¢) graph(¢@) C P;X is obvious. For the inverse inclu-
sion, fix ¢ € G and t > 0, and set

@ := P S(t) graph(@) C P X.
We define a function i: X] — X by

h(§):=nSO)(E+e(E)), fei. (5.102)

Since ¢, S(¢) and P, are continuous, & is also continuous. We now show that A
is also injective. Indeed, let {y and §; € X} be such that &({y) = h({;), and set
uo =G+ ¢(&), ur = & +@(&;). Then, up and u; € graph(¢). Since ¢ € Gy,

[1P2(uo —ur) |l = |9 (o) — @(E) [+ < L1 Go — Gilla = L[ Py (uo —ur) || a5

thus, recalling (5.86), Hy(up —u;) < 0. By (5.102), the condition (&) = h(&r)
means that P;S(¢)ug = P1S(¢)u;; hence, by proposition 5.39, uy = u;. Therefore,
$o = &1, which means that £ is injective.

We can then define the inverse function A~!: & — X|. We now show that A~ ! is
also continuous. Arguing by contradiction, assume that there is & € & such that A~ is
not continuous at £. We can then find a number & > 0, and a sequence (& )yeny C D,
such that & — & as k — oo, but for all k € N

1A (&) —h~ " (E)llx > &. (5.103)

Let §:=h""(&), Ge:=h""(&), 2 == G+ @(&), and z:= { + @({). Then & =
h(&k) = PiS(t)zk, and & = h({) = P1S(t)z. The coercivity property implies that the
sequence (& )ren is bounded in &): in fact, if otherwise ||§||x = ||Pizk|lx — +00
as k — 400, then by (5.101) also ||P1S(f)z||x = ||&k]|x — 400, contradicting the
fact that & — &. Since P X’ is finite dimensional, there is a subsequence (g, )men,
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converging to some limit { € P;X’. The continuity of / implies that 2(¢, ) — h({);
but since h({,) = &, we conclude that A({) = &, ie. that { =A=' (). Thus,
h=1(&,,) — h~' (&), contradicting (5.103). It follows that ~~! is continuous.

By proposition 5.40, A is coercive on Py X'; since this space is finite dimensional, /
is a sequentially continuous mapping. Then, by theorem A.44, / is a homeomorphism
from A& into itself. This concludes the proof of proposition 5.41.

4. In conclusion, we have seen that if operator A of the evolution equation (5.78)
satisfies the spectral gap condition (5.83), with N sufficiently large so that (5.93) or
the stronger inequality (5.92) holds, then the corresponding semiflow S admits an
inertial manifold M C X, of the form (5.16). Since we also know that S admits
a compact, positively invariant absorbing set, we conclude that S admits a compact
inertial manifold. We summarize this result in

THEOREM 5.42

Let A be a densely defined operator generating a C°-semigroup on a separable Hilbert
space X. Let F € Cyo(X,X) satisfy the Lipschitz condition (5.82). Assume A satisfies
the spectral gap condition (5.83), with N so large that

ReAni1 > Llr. (5.104)

Then the semiflow S generated by the autonomous evolution equation (5.78) admits
an inertial manifold M in X, such that dimg(M) = dim X].

PROOF By corollary 5.37, S satisfies at least the modified strong squeezing prop-
erty, with parameters L € [L,L] and n = Re Ay — £r. By propositions 5.38 and
5.41, S also satisfies the uniform boundedness and surjectivity properties, with respect
to any bounded subset @ C G;. The existence of an inertial manifold M follows then
from theorem 5.30. Since M is the graph of a Lipschitz continuous function over
A, its fractal dimension is the same as that of A (i.e., N).

REMARK 5.43 1. If the stronger condition ReAyy1 > £pv/1+L~2 holds, the
existence of M would also follow from theorem 5.21.

2. If the point spectrum of A is such that 2Re Ay > 0 for all N € N, then condition
(5.104) in theorem 5.42 is redundant, since it follows from the spectral gap condition
(5.83). Indeed, in this case we have that Re Ay 1 > ReAy + 20 > LF.

5.7 Applications

In this section we briefly describe how the spectral gap condition can be formu-
lated for parabolic and hyperbolic evolution problems of the type (P) and (H¢). In
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the next section, we shall see that the spectral gap condition is actually satisfied for
the specific situation when, in these problems, the space dimension is # = 1 and, for
problem (Hg), € is sufficiently small.

5.7.1 Semilinear Heat Equations

We consider a semilinear heat equation of the form
—Au= f(x)—g(u), (5.105)

in the space X := L?(). Asin (3.1), we subject u to homogeneous Dirichlet bound-
ary conditions, but we assume that f: X — X is globally bounded and globally Lip-
schitz continuous, with Lipschitz constant /. In this case, equation (5.105) is directly
in the form (5.78), with A = —A, dom(A) = H?(Q)NH}(Q), and F (u) := f — g(u).
By theorem A.79, A generates an analytic semigroup of operators in X'. Moreover, as
seen in section 3.2.2, A admits a complete system of eigenfunctions {w,} jen, corre-
sponding to all real eigenvalues 0 < A; < A < --- — +o00 (see theorem A.76). Then,
each u € X admits the uniquely determined Fourier series expansion (3.21), that is,

u=

™

Il
-

(u,wj)w; (5.106)
J

(the series converging in X’), and Parseval’s formula (3.22), i.e.

o0

lullze =Y (u,w))?, (5.107)
j=1

holds for all u € X'. Then,

dom(A) ={ue X: Z Aj{u,wj)w; convergesin X'} .
=1

. Then, (Au,u) is real and nonnegative, and, by (5.106),

) {
<. 1<u,wj)ij,§<u Wi )w > <Z u,wiA; wj,i(u,wk)wk>

k=1 k=1

™18

(Au,u) =

i Aju,w))?, (5.108)

Let u € dom(A
Jj=0

the last step being a consequence of the orthogonality of the eigenfunctions w;. As
in section 3.2.3, for N € Ny we set

X :=span{wi,...,wn},

and define the corresponding projection P;: X — X by (3.27). Setting as usual
P, :=1— P;, we see that (5.108) implies that A satisfies conditions (5.84) and (5.85).
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In fact, if v := Pju, then (v,w;) =0 for all j > N+ 1, so (5.108) and (5.107) imply
that

N N
(Av,v) = Z Ai(v,wj)? <A Z vw)? = An|v]% - (5.109)
J=1 J=1
Likewise, if w := Psu,
(Aw,w) = Z Liw,w ) > Ay [wl - (5.110)

Jj=N+1

It follows that proposition 5.33 can be applied, and the semiflow S generated by
equation (5.105) satisfies the cone invariance property, with parameter L, provided
that NV is so large that the spectral gap condition

Anat — Ay > 20 (5.111)

holds. As we observed in remark 5.43, condition (5.104) holds, since Ay > 0 for all
N € Nyy. In conclusion, if NV is so large that (5.111) holds, the semiflow S generated
by the parabolic PDE (5.105) admits an inertial manifold in X. In section 5.8, we
shall see that the spectral gap condition (5.111) can certainly be satisfied if the space
dimension is n = 1.

5.7.2 Semilinear Wave Equations

We consider a semilinear wave equation of the form
€uy +u —Au= f(x) —g(u), £>0. (5.112)

As in (3.4), we subject u to homogeneous Dirichlet boundary conditions, but, as in
(5.105), we assume g: L?>() — L?(Q) to be globally bounded and globally Lips-
chitz continuous, with Lipschitz constant ¢. Equation (5.112) is formally equivalent
to a first order system of the form (3.14), i.e.

U, +AU = F(U) (5.113)

for U = (u,v) € X :=H'(Q) x L>(2), where

o -1 _ 0
A:(_A é)’ F(U)_<f_g(u)>, (5.114)

and dom(A) = (H?(2)NH}(2)) x H!(R2) (we identify for convenience pairs (i, v)
of functions with the corresponding column vector (u,v)").

The operator A defined in (5.114) generates a C’-semigroup in X (see theorem
A.53). However, this semigroup is not analytic, and A is neither self-adjoint nor
positive. In particular, conditions (5.84) and (5.85) do not hold. Still, by theorem
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3.20 we know that (5.113) generates a semiflow S in X (for an alternative proof
directly concerning system (5.113), see e.g. Sell and You, [SYO02, sct. 5.2]).

Our goal is to show that, if € is sufficiently small, A satisfies the spectral gap
condition, and, consequently, S admits an inertial manifold in X'. To this end, we
will consider in X an equivalent norm, introduced by Mora in [Mor87].

In order to conform to Mora’s presentation, we introduce the time rescaling ¢ +—
\/€t; that is, we consider the new unknown

w(x,t) := u(x,/et),
which solves the equation
Wy + ﬁwt —Aw=f(x)—g(w).
Setting then o := ﬁ and renaming w, we finally consider the equation
uy + 20 — Au= f(x) —g(u).

This equation is formally equivalent to system (5.113), where now

0 -1
A-(_A 2a>' (5.115)

Moreover, we can now consider in X" the standard graph norm, i.e.
)% = IVl +[I*, () € X. (5.116)
To determine the spectrum of A, we observe that the eigenvalue equation
AU = uU, U= (uv)eX,

is equivalent to the system

—Au+2av =

|
=
=

{ vk (5.117)

Thus, u must satisfy the conditions
ucH)(RQ), —Au=(2au—u?)u.

It follows that 2ccp — p? must be an eigenvalue of —A, with respect to homogeneous
Dirichlet boundary conditions; that is, if (4;) jen denotes the sequence of these eigen-
values, we must have

ap—p?=41;, j>1. (5.118)

For each j > 1, this equation has the two complex solutions

uE =k /a2 -4 (5.119)
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thus, A does have a countable set of eigenvalues. Since min ;> lj = A1 >0, we see
that if € is so large that
2_ 1
o = de < )ul s

then no eigenvalue of A is real. Moreover, since in this case all eigenvalues have
the same real part @, it is clearly impossible to find any decomposition of the point
spectrum O (A), as in (5.79), such that the spectral gap condition (5.83) holds. Hence,
the existence of an inertial manifold for equation (5.112) is, in general, open. Indeed,
as we have mentioned, in chapter 7 we present an explicit non-existence result for
a similar problem, which holds precisely when ¢ is sufficiently large. On the other
hand, when € is small (i.e., when « is large), some eigenvalues of A will be real,
positive and distinct, so that it makes sense to investigate whether the spectral gap
condition may hold. In fact, we have the following result.

THEOREM 5.44
Let 0 be the Lipschitz constant of f. Assume there is m € N such that
A1 — A > 4L, (5.120)

and let N be the smallest integer such that (5.120) holds. Assume that & is so large
that

o> Ayl . (5.121)

There is then an equivalent norm in X, such that the operator A defined in (5.115)
satisfies the spectral gap condition relative to F. As a consequence, the semiflow S
generated by system (5.113) admits an inertial manifold in X, whose fractal dimension
does not exceed N.
PROOF 1. We set

No:={jeN: 4;<a’}, Ny:={jeN: ;> a’}.

Then, Ny is not empty, because Ay € Ny by (5.121). The eigenvalues ,u]i of A are
such that u5 € R if j € No, while " € C\Riif j € Ny; in the latter case,

Rep =a. (5.122)
We decompose the point spectrum of A as in (5.79), with
o1 = {Iifavliﬁ},

thus, Aj = iy = € —+/ o2 — Ay. To determine A,, observe first that if k£ € Ny, then
T R, and
U, € KK, an

w=a+ Vo2 =L >a— o= Ay =y (5.123)
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also, if k € Np and k > N+ 2, then u,~ € R, and

e =a—Va2 =4 >o—\o—= Ay =y, - (5.124)

Together with (5.123) and (5.122), (5.124) implies that Ay = {1y ;; consequently,

A=A =Va2—Ay— o2 —Ayi. (5.125)

Corresponding to the eigenvalues (5.119), A has eigenfunctions U ji, which are
complex-valued if j € Nj. By (5.117), these eigenfunctions have the form

Ui = (uj,—i;uj),  with —Auj=Aju;. (5.126)

As we immediately verify, the system (Uji) jeN is linearly independent and complete
in X’; that is,

span{Uji jeN}=X
(closure in X). Thus, for N € N-( we can set
Xy :i=span{U, ,...,Uy }. (5.127)
This subspace of X’ is finite dimensional, but is not orthogonal to the subspace

Xy = span{U; .. U U U U U (5.128)

spanned by the other eigenfunctions of A. To see this, it is sufficient to note that,
because of (5.126), for 1 < j <N

(U7 U ae = 1Vl (=, = ) = gl + ) [l
=21, #0,

having recalled (5.116), and that [|u;||* = 1, | Vu;|[* = A, (by (3.24)),and p; | = 4;.
2. To overcome this difficulty, we define a new norm in X, equivalent to the norm
(5.116), with the purpose of making X} and A, orthogonal with respect to this new
norm. Then, we will see that, as a consequence of (5.120) and (5.121), the operator A
satisfies the spectral gap condition relative to F', expressed in term of the new norm.
Adapting Mora’s presentation of [Mor87], we further decompose o, into the sets

oo = {U, .. Uy}, Oreo = (.U,i)ijH
and define corresponding subspaces of X’
X1 = span{Uﬁ,...,U;,r}, Xooo i = span{Ujj[7 J>N+1};
we also set

X = span{Uji: JSN}=X10X,.
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Let U = (u,v) € X. We immediately note that if U € X}, or U € A3, then, as a
consequence of (5.126),

) = —; (uyuj) if Ue X,
Rl VA + .
—W; (uyuj) if U € Xy,

for 1 < j < N. Onthe other hand, if U € x| or U € X, there is no special relations
between the Fourier coefficients of the components of U, and we have the standard
decompositions

N

U = Zl(<u,uj>uj,<v,uj>uj) if Ue Xy,
=

U= Y ((wuj)uj,(vujju;j) if Ue€ Xr.
Jj=N+1

To see this, lete.g. U € AX,. Then

o0

U=y &U+&u), (5.129)
J=N+1

for suitable sequences (éji) j>N+1 C C (note that the second component of Uji is

complex-valued, because /.L]-jE ¢ R if j € Nj). Recalling (5.126), (5.129) can be

written as
o0

U= Y (& +& )&y +& 1 uy);
J=N+1

thus, we deduce that the Fourier coefficients of u and v must satisfy the system

{<u,u,.> = & +E]

i (5.130)
(uj) = _(l'Lj ‘gj +I~L;_‘§;_)-

Since the determinant of the matrix

1 1
upoouf

equals uf - = 2y/a? —A;j # 0, system (5.130) uniquely determines each pair
(& fj»*), and vice versa.

Finally, we remark that, in analogy with (5.109) and (5.110), we have the implica-
tions

2, (5.131)
2 (5.132)

(uv) e Xy = ||Vul|* < Ay|ul
(,v) € Xose = || Vul* > Ayt |Ju

which follow from the Fourier series expansion of u in L2(Q).
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3. We now define a function @: X|; x X;; — R, by
@(U,V) = a*(u,3) — (Vu, V) + (Qu+v,05+7),

for U = (u,v) and V = (y,z) € X; the bar denotes complex conjugation. Because
of (5.131), and recalling that

Av < Ani1 <0€2:ﬁ,
we have that for all U € X,
@(U,U) = o?|Jul]* — || Vul|> + ||au+v|* > (> = Ay)]|Jul|* > 0. (5.133)

Thus, @ is positive definite, and therefore defines a scalar product on X71; we denote
by || - |li1 the corresponding norm. We also denote by || - ||200 the norm induced
in the orthogonal space A»., by the standard norm (5.116); an analogous notation
denotes the corresponding scalar product in A>.

We are now ready to redefine the scalar product and the norm in &’; to avoid
introducing more symbols than necessary, for the remainder of this section we agree
to keep the notations ( -,- )y and || - || x to denote these new scalar product and norm.

We fix R > 0 such that

062

R> , (5.134)
ANt
and define the new scalar product in X by
(U, V)x :=®(P11U,P11V)+R{(PyocU,PoscV ) 200 » (5.135)

where P;; and Pi, are the projections from X into, respectively, X]; and Ao,
defined by means of the Fourier series expansion of U € X’ (for instance, P, U is
defined by (5.129)). With some abuse of notation, we shall abbreviate (5.135) by

(U,V)x := ®(U,V)+R{U,V)200 . (5.136)

Itis then easy to see that, as a consequence of (5.131), (5.136) does define an equivalent
norm in X. We now show that the spaces X and X, defined in (5.127) and (5.128),
are now orthogonal with respect to this new norm.

PROPOSITION 5.45
Let X be endowed with the scalar product (5.136). Let j, k > 1. Then:
(UF U 2 = (U UF)x =0 if j#k; (5.137)
U5 =2(a? = 4)) if 1< j<N; (5.138)

200 | a+ /a2 —A if j>N+1, jeNy,
IIUfII%of{ ( wa) AENELEN.

20, if j>N+1, jeN,.
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In particular, X1 1. X1 and X1 1 Xpoo. Therefore, since Xo = Xp1 @ Xpoo,

X LA, (5.140)
PROOF All the identities in (5.137) are an immediate consequence of (5.126) and
the orthogonality of the system (u;);>1, both in L>(2) and H}(2). In particular,

this implies the orthogonality of X7 and X,. To see that X L A5, we still have
to show that, in addition to (5.137) for 1 < j, k <N, also

<U;,U].+>X=0, 1<j<N. (5.141)
To see this, recalling (5.133) and (5.126) we compute
(U7, U x=2(U;,U;)
= o [luj|> = [[Vul* + (o — ) uj, (00 — i )ag)
= 20 [Ju[|* = Ajlluej|1* — e + p ) > + w1 a1

By (5.118), u; +pu; =20, and u; " = Aj; hence, (5.141) follows.
Identity (5.138) is a consequence of (5.133), by which we have

+ 12 + + 2 2 2 + 2
JUF IR = @ (UF,UF) = @l = V) P+ (o — |

_ <a2—x,->||u,-2+\a/a2—zj

recalling that [|u;||? = 1. As for (5.139), acting likewise we find that

2
I .

10E1Boe = (A1) g 2.

If j € No, 4" = a+/a?—2; €R, and

A+ Ui P =2+ 07+ — A+ 2a /a2 — A; =20 (aiw/oﬂ—/lj) ,

while if j € Ny, u;” = a+i\/A;—a? € C\R, and
Aj+1uf P = A+ 0’ + A —o® =24;.
This concludes the proof of proposition 5.45. I
4. Having thus established the desired orthogonal decomposition (5.140), we call

P: X - X)and P, : X — AX) the corresponding orthogonal projections, and proceed
to show that A, P; and P, satisfy inequalities (5.84) and (5.85). We actually show that

YU € X): (AU, U)x = (U,AU)x < uy |U|% (5.142)
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VYU EXy: Re(AU,U)x =Re(U,AU)x > py 4 IU|% - (5.143)
In fact, these inequalities are immediate. To show (5.142), let U € &|. Then,
U= Z ’}// j j u u/>

thus,
N N
AU = Z VAU = Z Vil Uy
j=1 j=1

and, therefore, by (5.137)
N
(AU,U) x = ®(AU,U) Zy,uj Y nU;
k=1

= nyufllvﬂl%l = ®(U,AU) = (U,AU) x
i=1

This shows the first half of (5.142). The second half follows from the inequality
[.L; <y, 1< j<N,andrecalling that if U € X, again by (5.137)

N N N
1U[% = U5 = @ <Z v, Y, YkUk> =Y 21U I (5.144)
j=1 k=1 i=1
To show (5.143), let U € X,. Then,
N 0o
U=Y vU+ Y (§U;7 +&Uf) = U +Uso,
=1 j=N+1

with y; := (u,u;) € R and éi € C, asin (5.129). Again by (5.137),

(AU, U)x = <15(AU21,U21) (AU2o0, Uzoo ) 200

—ZVZM, U IR+ Y (% Pry 107 B + 1% P 107 1300
i=N+1

(U,AU) x = @(Uz1,AUz1) + (Uroo , AUzoo ) 200

=z

—ZVZM, U115 + Z (% P 107 e + 1 Pr U713 -
i=N+1

._.

Thus,
%e(AU,U)X = 9‘{8<U,AU>X
The second half of (5.143) follows then from (5.122), and from the obvious inequal-

ities

pi=oa+y/a?—2;>a—vor—2Ayy  ifjeNg,j<N,
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y;:a—\/az—/ljzoc—\/(xz—}w“ ifjeNg,j>N+1.

Indeed, these inequalities imply that

N 00
Re(AU,U)x > iy (LRI B+ Y, (0PI B+ 7 PO 1))
i=1 i=N+1

=My 1U%
the last identity being established as in (5.144).

5. Our last step is to estimate the Lipschitz constant of F in (5.113); recall that
F(U):=(0,f—g(u)). To this end, we first remark that the orthogonal projections
Pj; and P> introduced in (5.135) induce corresponding orthogonal projections pi1
and paoo in H) () and L?(Q), naturally defined as follows. If U = (u,v) € X and
Ul‘j = (u,'j,vij) = P,‘jU, ij=11orij =200, then

Diju = Uij, PpijV = Vij.

Thus, from (5.133) and (5.132) it follows that, for any U = (u,v) € X,
U3 = IPuU1% + Rl ProcU| 3

> (0 = ) | praull + RIIV paoou]|* + [ p2oovII?

> (o — Ayl priul|* + RAv i1 || pacot]* - (5.145)
From (5.134) we deduce that

RAys1 > 0 — Ay
hence, we obtain from (5.145) that
U1 = (o = Aw) (Pl + [lp2ocul|?) = (o = Aw)lu]]*. (5.146)

Given then U = (u,v) and V = (y,z) € X, we compute

IFEU) = F(WV) % = [P (FU) = F(V)) |3 + 1P (F(U) = F(V)) |1 %
= 11 (£ () = FODIP + 1l p2co (£ () = F (W)
= () = fO)P < 2 lu—v|?
62

U-vl,
aL/INH %

the last step following from (5.146). Thus,

s . (5.147)
o — AN
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6. We can now conclude the proof of theorem 5.44. From (5.125) and (5.147)
we deduce that the operator A defined by (5.115) satisfies the spectral gap condition
(5.83), relative to F, if there exists N € N such that Ay < a? and

20
\/062—)4\/ .

Multiplying by 1/ &2 — Ay, and then squaring, we see that (5.148) is equivalent to the
inequality

Va2 =y —var— Ay > (5.148)

(052 —lN)()LN+1 —A,N—4f) —|—4£2 >0,

which in turn is implied by (5.120) (with the lowest value m = N). As observed in
remark 5.43, condition (5.104) also holds, since SRe uy > 0 for all N € Nyg. Thus,
theorem 5.42 can be applied, and theorem 5.44 follows.

In conclusion, let N be the lowest possible value of the integers m such that con-
dition (5.120) holds. Then, if « is so large that (5.121) holds, then the semiflow S
generated by the semilinear damped wave equation (5.112) admits an inertial man-
ifold in X. In section 5.8.5 we shall see that conditions (5.120) and (5.121) can
certainly be satisfied if, again, the dimension of space is n = 1.

5.8 Semilinear Evolution Equations in One Space Dimension

In this section we show that, when the dimension of space is n = 1, theorem 5.42
can be applied to problems (P) and (Hg) (the latter, at least if € is sufficiently small).
As a consequence, in these cases we can deduce the existence of an inertial manifold
for the corresponding semiflows. In the parabolic problem, the estimates we obtain
will also allow us to slightly improve our results of section 3.3.1, concerning the
absorbing sets of the related semiflow.

5.8.1 The Parabolic Problem

We consider the Chafee-Infante reaction-diffusion equation (3.1) in one space di-
mension, i.e. the IBVP on ]0,+o00[ x |0, 7|

U — Uy + k(1 —u) = f(x)
u(0,x) = up(x) (5.149)
u(t,0) =u(t,m) =0,

where k > 0. From the results of chapter 3, we know that problem (5.149) generates
a semiflow S, both in X =L2(0,7) and in V = H} (0, ). We also know that S admits
a bounded, positively invariant absorbing set in both these spaces. In particular, since
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H}(0,7) < C([0,7]), S has a bounded absorbing set in L°°(0,7). S also admits a
compact attractor A C X, which is contained and bounded in V. When f = 0, the
structure of this attractor is known in large detail, at least when k is not the square of
an integer; indeed, the following results hold (see e.g. Jolly, [Jol89]).

THEOREM 5.46
Assume that m*> < k < (m+1)%, m € N. Then, there are m pairs ((,0;“7 ®;) Jj=
0,...,m—1, of nontrivial equilibria for (5.149), having the following properties:

1. Each (pj+ and ¢, J= 0,...,m—1, is an hyperbolic equilibrium (in the sense
of definition 2.21), is connected to the origin (i.e., to the zero solution) by a
heteroclinic orbit (see definition 2.24), and has exactly j simple zeroes in |0, 7t|.

2. If0 < j<i<m—1, there also exist connecting heteroclinic orbits from (pfE to

(Pii .

3. The global attractor is the union of the unstable manifolds of these equilibria.

The result on the zeroes of the equilibria (pfE is shown in Chafee-Infante, [CI74].
A proof of the other results can be found e.g. in Henry, [Hen85], where additional
results on the dimension of the global attractor are also given. The existence of an
inertial manifold for problem (5.149) is also known: see e.g. Jolly, [Jol89], where an
inertial manifold of the form (5.16) is constructed, resorting to a local extension of
the unstable manifolds along suitable stable directions. Consequently, S also has an
exponential attractor £, which is obtained as the intersection of the inertial manifold
and a compact absorbing, positively invariant ball B (whose existence we mentioned
above).

In the sequel, we will assume that f = O for simplicity, and show how the inertial
manifold for S can be obtained as an application of theorem 5.42. Thus, we have
to show that the semiflow S satisfies the spectral gap condition (5.83), with respect
to the nonlinearity F(u) := k(u — u?). This requires that we overcome the problem
that, as we have already remarked, F is not Lipschitz continuous from X" into X', but
only from bounded sets of X} into &, as seen in proposition 3.15. (Actually, the
proof of that proposition shows that F is Lipschitz continuous from bounded sets
of L*°(0,x) into X.) We shall take care of this problem by suitably “adjusting” F
outside a fixed absorbing set 5 in L*°(0, 1), so as to make F globally bounded and
Lipschitz continuous. Since both the attractor and the inertial manifold are contained
in BB, and B is absorbing, this adjustment of ' will not affect the long-time dynamics
of the system.

5.8.2 Absorbing Sets

In this section we prove the existence of bounded, positively invariant absorbing
sets for S in the space L>°(0, ), without resorting to the imbedding of V into this
space. Rather, as in Eden, Foias, Nicolaenko and Temam, [EFNT94], we establish



5.8 Semilinear Evolution Equations in One Space Dimension 231

estimates on the norms [|u(-,7)[|;2r(gz)» 1 < p < oo, which allow us not only to
deduce the existence of this absorbing set, but also to obtain a specific control on the
Lipschitz constant ¢ of the nonlinearity F. We will use this new result to show that,
when we introduce the stated modification of F, the modified equation satisfies the
spectral gap condition (5.83).

In the sequel, we denote as usual by |- |, the norm in L”(0, ), for 1 < p < 400,
and, for a > 0, we set

By(a) :={uc H)(0,7): |u|, <a}.

We claim:

LEMMA 5.47

Forall a > 0,
m BQ 1/2”a
p>1

PROOF The inclusion
ﬂ Bz l/2pa
p>1

follows from the estimate
lulop < w2 |ul

As for the opposite inclusion, since
juloc = lim [ulap,  lim 7'/ =1, (5.150)
given arbitrary € > 0 there is pg > 1 such that for all p > po,
[uoo < |ul2p+e€, /g <a+e.
Consequently, for u € Ba,(x'/?a), p > po,
U] o < /a4 e <a+2e.

Letting € — 0, we deduce that |u|. < a, thatis, u € B (a). I

We proceed then to prove

PROPOSITION 5.48
Ifa> ml/2r 1< p < +00, Byp(a) is positively invariant with respect to S. The same
is true for B (a) ifa > 1.

PROOF Let u be a solution of (5.149) and, for 1 < r < o0, set

volt) = lu(t, )], -
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Our first step is an estimate of v, (t); for convenience, we sometimes omit the de-
pendence of the functions from some or all of their variables. For each p € [1,+00],
we compute

5q (30 2dt/ (e, )7 de = "/

- p/o W2 (k= 1) + )

T T T
:pk/ uz”dxfpk/ u2p+2dx+p/ u?P Ny dx
0 0 0
= pk(v2p)*? = pk(vap+2)**? + plu?? " u Ji=F
T
—pp=1) [ w2 dx.

Because of the boundary conditions u(z,0) = u(t, ) = 0, the terms within the square
brackets equal zero; hence, neglecting the last term, which is negative, we obtain the
inequality

d
dr

By Holder’s inequality,

i T p/(p+1)
(vap(t))*” :/0 (e, x) 27 dx < 7'/ </0 (e P2 dx)

=7/ (v 2(0)

((v2p)?P) < 2pk(vap)?P —2pk(vapin) 2. (5.151)

thus,
vapia(t) = 2P0y, (1)

and from (5.151) we obtain the estimate

d

" ((vap)??) < 2pk(vap)? —2pkm =17 (vy,) 2P F2. (5.152)

We can now show that the set 35, (a) is positively invariantif a > n'/2P Proceeding
by contradiction, assume that for some g € B>, (a) there is r; > 0 such that u(t;,-) =
S(t1)g ¢ Bap(a). From (5.152), written as

d

= ((2)) < 2pk(ray 7 (1=77 P (1)) .

we deduce that v, is decreasing on any interval where v;, (t) > 7!/2P . Since

vap(t1) = [u(tr,)|2p > a, v2p(0) = [u(0,-)|2p = Igl2p < a,

thereis aninterval [t; —r,t; +r] such that vy, (t) > afor [t —1;| < r,and v, (t; —r) = a.
But since a > rl/2p , this implies the contradiction

a<vy(t) <vyp(ti—r)=a.
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Hence, each set Bz,,(a), with a > zl/2p , 1s positively invariant as claimed. We can
then conclude. Since 7'/%7a > n'/? if a > 1, each set By, (n'/?Pa) is also invariant.
As a consequence of lemma 5.47, the set B, (a), being the intersection of positive
invariant sets, is positively invariant if a > 1.

Finally, we have the following result.

PROPOSITION 5.49
Ifa> 1, Boo(a) is absorbing with respect to S.

PROOF We rewrite (5.152) as

d ((vzp)ZP) < 2pk(v2p)2p — 2pk7r71/p ((vzp)zl’)

1+1/p
dr '

This is an inequality of the form
Y <oay—PBy’, (5.153)

with o =2pk, B = 2pk7r’1/”, and y = 1+% > 1. From (5.153) we deduce

1 d
-1y = =y -y _
Y =T Sw B.
d _
gV Tzl =B y);

thus, the function w := y! =7 satisfies the inequality
wta(y—Dw>B(y—1).
Consequently, for r > 0,
w(t) > w(0)e*! =1 4. B (1 —e““_wt) ;
from this, recalling that 1 —y < 0, we deduce that

1/(1-7)
(1) < (y(O)l’ye““*”’ +E(1- e““*”’)) ,

Since 1 —y= —%, a(l—7y) =—2k,and g = = Y/P, we conclude that

vap(t) < ((v2p(0))726—2kz Y (1 _e—Zkt))_l/z

= (e (@) )
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Thus, if u(0,-) = uo,

—-1/2
lu(t,)op < (7!’1/”4—6’2’“ (|u0|;p2 _”,1/,,» = by (1) (5.154)

We have to prove that if |up|. > a, there is T, > 0 such that |u(z, )| < a for all
t > T,. To obtain this, we first show that there is py > 1 such that for all p > pg and
t>0,

by (1) > m'/?P (5.155)
Indeed, it is immediate to see that, for each t > 0, ba,(¢) > 7'/?" if and only if
luol2p > m'/2P But by (5.150), recalling that a > 1 we deduce that there is py > 1

such that for all p > py,
luol2p > a > m'/?P;

hence, (5.155) holds. Consequently, by the first part of proposition 5.48, the set
Bop(bap(t)) is positively invariant. Now, (5.150) also implies that

—1/2
lim by (1) = (1+e*2’<f (luo) 2 — 1)) = boo(r),

pointwise in ¢. As in the second part of the proof of lemma 5.47, we can then show
that for all # > 0,

() Bap(b2p(t)) € Boo (boo (1)) - (5.156)
p=>1

Consequently, (5.156) and (5.154) imply that forall# > 0 and p > 1,
u(t,-) € Bap(b2p(1)) C Boo (boo(1)) 5
that is,
|u(t, )00 < boo(t). (5.157)

Since b (t) decreases monotonically to 1 ast — 400, and b (0) = |up|eo > a > 1,
there is T, > 0 such that b, (t) < a for all ¢ > T,,. Hence, from (5.157) we conclude
that |u(t,-)|ec < aif t > T,. This proves that B, (a) is absorbing if a > 1.

5.8.3 Adjusting the Nonlinearity

In this section we show how to modify the nonlinearity F(u) = k(u—u?) so as to
make it globally bounded and Lipschitz continuous from & into X. Before doing so,
we show that F is locally Lipschitz continuous, with respect to the L? norm, from
L>°(0, ) into X.

PROPOSITION 5.50
Leta> 0. Forallu, v € By(a),

1F (u) = F ()| < k(1+30%)[|u—v]] .
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PROOF The result is an immediate consequence of the estimate
T
IIF(M)*F(V)Hz:kz/ (=) = (¥ )P dx
0
/
:kz/ lu—v*[1 = (1 +uv+1?)|> dx
0
T
§k2(1+3a2)2/ lu—v|? dx. (5.158)
0

I

To modify F, we fix a > 1 and choose a function b € C;°(R), such that |b(r)| <
2a—1,|b'(r)] <1forall r € R, and

b(ry=r if |r<a. (5.159)

Then, we set F, (u) := k(b(u) — (b(u))?), and claim:

PROPOSITION 5.51

Leta > 1. Then F, is globally bounded and Lipschitz continuous from X into X, with
Lipschitz constant £y := k(14 3(2a—1)?).

PROOF The boundedness of F, in X = L?(0, 7t) follows from the boundedness of
b on R. Similarly (omitting the dependence of u and v on x), as in (5.158)

)~ P s
= [ bta) ~ )~ (ba))* — (b))
= [ bl = BRI — (60))? + b))+ (b(1)?) P s
<K (1+43(2a— 1)2)2/07r Ib(u) — b(v)|* dx
<K (1+3(2a— 1)2)2/07r lu— v dx,

having recalled that |b(r)| < 1 for all r € R. I

5.8.4 The Inertial Manifold

We are now in a position to apply theorem 5.42 to the modified equation

U — Uy = Fo(u). (5.160)
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To this end, we recall that the eigenvalues of the operator

d2
="z
in L%(0,x), with domain H?(0,7) NH}(0,7), are A, = n*, n € N-o, and the corre-
sponding eigenfunctions are the functions wy(x) = sin(nx). Thus, the spectral gap
condition (5.83) reads

(N+1)2=N?*=2N+1>20, =2k(1+3(2a—1)?), (5.161)

and it can obviously be satisfied for sufficiently large N. Moreover, e Ay = N?> >0
for all N, so that, as observed in remark 5.43, condition (5.104) also holds. It follows
that the semiflow S, generated by the modified equation (5.160) admits an inertial
manifold of the form

M, = graph(m,) N B (a),

where m, € G,. Since, by (5.159), F,(u) = F (u) if |u| < a, it follows that the restric-
tion of the semiflow S, to M, coincides with that of the “original” semiflow S on
M.,. Hence, M, is also the desired inertial manifold for S. To see this, let ug € X.
By the smoothing effect of the parabolic operator (see section 3.3.3), we have that
S(t)up € H'(0,7) — L>°(0,7) for all # > 0. Since the set Bo,(a) is absorbing for
Sas there is T, > 0 such that u,(¢,-) := S, (¢)up € Bo(a) for all # > T,. Then, since
|uq(2,x)] < a, (5.159) implies that u, solves the equation of (5.149). By the unique-
ness of solutions of this initial-boundary value problem (with initial values at t = T;),
it follows that S(¢) = S,(¢) on [T, +oo[. In particular, for t > T,

d(S(1)ug, Ma) = d(Sa(t)ug, Mg) < Cae™ ™.

Finally, we recall that the dimension of M, is N, as determined by (5.161); thus, N
depends on a, via ¢,. Since

infl, =40, =4k,

a>1

condition (5.161) yields the lower bound
No = |4k+ %] (5.162)

for the dimension of the inertial manifold, i.e., if N > Ny then theorem 5.42 yields the

existence of an N-dimensional inertial manifold for the modified equation (5.160).
In fact, it is possible to obtain a better lower bound, in the following way. For

r > 0 to be determined, we rewrite the differential equation in (5.149), with f =0, as

Uy — e + kru = k((1+r)u—u’).
We set F, (1) := k(b((1+r)u) — (b(u))?) and consider the modified equation

U — Uy +kru=F,(u). (5.163)
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Then, as in proposition 5.51, Fy, is again globally bounded and globally Lipschitz
continuous, but now the Lipschitz constant of F, is

Cor = kmax{1+r,|3a> —r—1|} = kl(a,r). (5.164)
To see this, we proceed as in the proof of proposition 5.51; in particular, it is sufficient
to estimate ||F,, (1) — F,-(v)|| when both |u|o < @, |v]|oo < a. Let h = u? +uv+v2.
Then, i(x) > 0 for all x € [0, x]. Moreover: if h(x) < 14,

[14+r—hx)|=14r—h(x) <1+r,
while if h(x) > 1+,
14+r—h@x)|=h(x)—1—r<3a*—1-r.
Consequently, for all x € [0, 7]
[14+r—h(x)| <{(a,r).

For u, v € B (a) we compute then that

/|Fa, Fur(v) dx = kz/ = vP|1 4 r—h| dx < (K€(a, r)) /|u—v\2

from which (5.164) follows. We turn then to the spectral gap condition for the oper-

ator
2

which appears in (5.163). Since the eigenvalues of A, are the numbers A; = 72+ kr,
Jj > 1, the spectral gap condition (5.161) now reads

ON+1>kl(a,r). (5.165)

As before, we wish to minimize the right side of (5.165). Letting a \, 1, we have
a first lower bound, given by k¢(1,r); in turn, this is minimized by r = 3 with
(1, %) = % Thus, from (5.165) we deduce the lower bound for the dimenswn of the
inertial manifold

i.e., if N > N; then theorem 5.42 yields the existence of an N-dimensional inertial
manifold for the modified equation (5.163). This bound is obviously lower than the
bound Ny obtained in (5.162).
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5.8.5 The Hyperbolic Perturbation

In this section we briefly consider the hyperbolic perturbation of problem (5.149),
i.e. the one-dimensional IBVP

Eltgy + 1ty — e+ k(1 —u) = f(x)
u(0,x) = up(x), u;(0,x) =u;(x) (5.166)
u(t,0) =u(t,7) =0.

Problem (5.166) is a version of (3.4), with, as in the parabolic case (5.149), n = 1.
Thus, we know that (5.166) generates a semiflow S, both in X = H}(07) x L?(0, )
and in

X = (H*(0,7) NH)(0, 7)) x Hy(0, 7).

We also know that S admits a bounded, positively invariant absorbing set in both
these spaces, as well as a global attractor A C X, which is contained and bounded
in &7; S also admits an exponential attractor £ C X. We now proceed to show that
theorem 5.44 can be applied to problem (5.166); therefore, S also admits an inertial
manifold in X. To this end, as in section 5.7.2 we first rescale the time variable
and then transform the equation into a first order system of the form (5.113), with A
given by (5.115), and F(U) = (0, f —k(u—u?)) if U = (u,v) € X. Thus, we need to
verify conditions (5.120) and (5.121), after overcoming the difficulty that F is neither
globally bounded nor globally Lipschitz continuous on X. To this end, we proceed
exactly as in section 5.8.3, by modifying F outside of a bounded, positively invariant
absorbing set B (which we know to exist). To do so, we note that the definition of
F only involves the first component u of U = (u,v); now, since the projection B of
B into H} (0, 7) is bounded, and H}(0, ) < L°°(0, ), it follows that 5 is contained
in a ball B (a) of L>°(0, 7). Let a be the radius of this ball and, as in section 5.8.3,
set £y :=k(14+3(2a—1)?), ga(u) := b(f +k(u—u?)), and F,(U) := (0,g4(u)), for
U= (uv) eX.
Recalling that Ay = N2, conditions (5.120) and (5.121) read, respectively,

2m41>4L,, o> (N+1)%.
The first of these is certainly satisfied for all m such that
m>|20,+%| =:N; (5.167)
thus, if & is so large that
a’> (N+1)?,
the semiflow S, generated by the modified equation
Euty + Uy — iy = g4 (1)

admits an inertial manifold M, C X. Since, by (5.159), F,(U) =F(U) if U = (u,v)
with |u| < a, it follows that the restriction of the semiflow S, to M, coincides with



5.8 Semilinear Evolution Equations in One Space Dimension 239

that of the “original” semiflow S on M,. Hence, M, is also the desired inertial
manifold for S. To see this, let Uy = (ug,vo) € X, and U, (t) = (ua(t),va(t)) :=
Sa(t)Up. Since B is absorbing, there is 7, > 0 such that u,(z,-) € B (a) for all
t > T,. Then, since |u,(z,x)| < a, (5.159) implies that u, solves the equation of
(5.166). By the uniqueness of solutions of this initial-boundary value problem (with
initial values at r = T,), it follows that S(¢) = S,(¢) on [T, +oc[. In particular, for
t > Ty,

d(S(t)Uo, Ma) = d(Sa(t)Up, My) < Cye™ ™.

Finally, we recall that the dimension of M, is Ny, as determined by (5.167). Thus,
Np depends on a, via £,, and we can obtain lower bounds of the dimension by mini-
mizing ¢,, with a > 1. Since ¢, is minimized by a = 1, with ¢; = 4k, (5.167) implies
the lower bound Ny = 8k for the dimension of the inertial manifold.

5.8.6 Concluding Remarks

1.  The results of this section 5.8 show that when the perturbation parameter &€
is small, the asymptotic properties of the semiflow generated by problems (5.166)
are qualitatively similar to those of the semiflow generated by the limit problem
when € = 0, i.e. by (5.149). It would in fact be interesting to further investigate
this question, for example in the framework of the upper and lower semicontinuity
of these inertial manifolds as € — 0, as we did in section 3.6 for the attractors. As
regards to this, a first difficulty is, of course, that, in general, the inertial manifolds
are, in contrast to the global attractors, only positively invariant, and not necessarily
invariant.

2. The construction of an inertial manifold for the Chafee-Infante equations with
the method described in section 5.6 requires the verification of the spectral gap con-
dition (5.83). In one dimension of space, this is a consequence of (5.161), which
guarantees that the eigenvalues of the Laplacian admit arbitrarily large gaps. When
n > 1, however, one only knows that, for general domains Q2 C R”, Ay = O(Nz/ )
as N — 400 (see e.g. Robinson, [Rob93, Rob96]); therefore, it is not known if the
point spectrum of the operator contains large gaps. For example, already in the two-
dimensional case the condition Ay = O(N) is clearly not enough to guarantee the
existence of large gaps. On the other hand, the situation may be better, if £2 has some
particular geometric properties. For instance, the spectral gap condition is satisfied
for rectangular domains (see Robinson, [Rob01, sct. 15.4.2]). Similarly, in [MPS88]
Mallet-Paret and Sell prove the strong squeezing property for parallelepipeds in R?,
using a technique of spatial averaging. This means that, in this case, one has some
type of degenerate spectral gap condition, which can be satisfied without large gaps.
Since the method of spatial averaging is a consequence of general properties of the
Laplace operator on a domain, the strong squeezing property also holds on some
nonrectangular domains in R.
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3. Once again, these difficulties in constructing inertial manifolds may explain the
interest in exploring, at least in some cases, the existence of other types of attracting
sets which, as in the case of the exponential attractor, retain most of the properties
of an inertial manifold; in particular, the finite dimensionality, and the exponential
convergence of the orbits.

4.  The notion of inertial manifold can be translated and extended to more gen-
eral classes of differential equations, such as nonautonomous differential equations
(see e.g. [GVI7, WF97, LL99]), retarded parabolic differential equations (see e.g.
[TY94, BAMCRO98]), or differential equations with random or stochastic perturba-
tions (see e.g. [Chu95, BF95, CL99, CS01, DLS03]). An extension to abstract nonau-
tonomous dynamical systems, which includes the systems generated by all the equa-
tions mentioned above, can be found in [KS02b, KS02a, KS03].



Chapter 6

Examples

In this chapter we present four examples of semiflows, generated by some specific
initial-boundary value problems from mathematical physics. These semiflows admit
a global attractor in a suitable phase space X’; except for one case, we are also able
to show that they also admit an exponential attractor, or even an inertial manifold, in
X. The models we consider are:

1. The hyperbolic perturbations of the viscous and nonviscous CAHN-HILLIARD
equations, whose corresponding semiflows admit a global attractor, an expo-
nential attractor and an inertial manifold;

2. EXTENSIBLE BEAM equation, whose corresponding semiflow admits a global
attractor, an exponential attractor and, for special types of forcing terms, an
inertial manifold; analogous results are valid for a model of the VON KARMAN
equation in one dimension of space;

3. The NAVIER-STOKES equations in two dimension of space, whose correspond-
ing semiflow admits a global attractor and an exponential attractor, but the
existence of an inertial manifold is open;

4. MAXWELL’S equations in a ferromagnetic medium, for which we can only
show the existence of a global attractor.

The PDEEs in the first two models are dissipative hyperbolic; the Navier-Stokes
equations are essentially parabolic, due to the presence of a viscosity term, while
the quasi-stationary Maxwell equations we consider are transformed into a system
of quasilinear parabolic equations. All these models can be treated with a suitable
application of the methods described in chapters 3, 4 and 5.

For other examples of semiflows generated by nonlinear PDEEs, we refer to the
books by Temam, [Tem83]; Sell-You, [SY02]; Eden, Foias, Nicolaenko and Temam,
[EFNT94], and Constantin, Foias, Nicolaenko and Temam, [CFNT&9].

6.1 Cahn-Hilliard Equations

In this section we consider the singular perturbations of two IBV problems, con-
cerning respectively the viscous and the nonviscous CAHN-HILLIARD equations, in
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one dimension of space. Resorting to the techniques presented in the previous chap-
ters, we will show that, at least when the perturbation parameter is sufficiently small,
the semiflows generated by these two problems admit global attractors, exponential
attractors and inertial manifolds in a suitable phase space. The material we present
is mostly taken from Zheng-Milani, [ZM03, ZMO5].

6.1.1 Introduction

1. The equations we consider have the unified form
ity + up + A(Au— 0 +u— Su;) =0, (6.1)

where € >0, § > 0, u = u(t,x), with7 > 0and x € Q :=]0,7[,and A := 9% /dx>.
We assume that u satisfies the homogeneous Dirichlet boundary conditions

u(t,0)=u(t,m) =0, Au(t,0)=Au(t,7)=0, 1>0. (6.2)

2. When € =0, (6.1) yields the classical viscous and nonviscous Cahn-Hilliard
equations, corresponding respectively to the cases & > 0 and § = 0; these equations
are parabolic, and are considered together with the initial condition u(0,x) = uo(x),
x €0, x[. This case has been extensively studied; in particular, we refer to Temam,
[Tem83, ch. I11.4.2], or Sell-You, [SYO02, ch. 5.5], and the references cited therein.
Other references can be found in Zheng-Milani, [ZMO03].

In summary, it is known that the Cahn-Hilliard equations generate a semiflow in
the space H := L?(0,7), and that these semiflows admit a compact global attractor
and an inertial manifold in H (for the viscous case, this was proven in Zheng-Milani,
[ZMO5]). Moreover, the global attractors are lower- and upper-semicontinuous as
6 — 0. We are not aware of any result on exponential attractors for either prob-
lem; nevertheless, since both semiflows admit a compact absorbing set (because they
admit a global attractor), as well as a closed inertial manifold, they also admit an
exponential attractor. As we mentioned in the introduction to chapter 5, this expo-
nential attractor is given by the intersection of the absorbing ball with the inertial
manifold.

3. When € > 0 (which is the case we present here), equation (6.1) is hyperbolic;
indeed, it is an example of a nonlinear beam equation with viscous damping, of the
type we consider in the next section 6.2. Thus, we impose the initial conditions
u(0,x) =up(x), u(0,x) =u(x) x€]0,m[. (6.3)
In the sequel, we shall refer to the IBV problem (6.1)+ (6.3)+(6.2) as
problem (CHgg),

with, for simplicity, € €1]0,1] and 8 € [0, 1].



6.1 Cahn-Hilliard Equations 243

4. To define the phase spaces in which we study problem (CH.g), we introduce the
following notations. We set H? := L?(0, 7r), with the usual notations (-,-) and || - ||
for the scalar product and norm. For integer m > 1, we set

H™ :=H"(0,7) "H}(0,7), HY :=HO,7), H ™:=(HY),

and denote by || - ||, the norm in H™, m € Z. Because of Poincaré’s inequality,
we can choose in ! the norm ||lu||; = ||Vul||. Finally, for 1 < p < +o00 we set
LP:=L1r(0,x), and denote by |- |, its norm.

The phase spaces we consider are then the following:

Xo=H ' xH", Xj:=H*xI[®, X:=YxH', X_1:=H'x), (64)

where V := {u € H': —Au € H'}. Note that HS < Y < H3 (the second inclusion
being a consequence of standard elliptic theory); thus, )’ < H 3. We will consider
in Xy and & two equivalent norms, which we define in (6.8) and (6.11), (6.12)
below.

5. We conclude this introductory part by mentioning some results that we will
need in the sequel.

At first, we recall (see section A.5.5) that —A is an unbounded operator in L?(0, 7r),
with domain H2. In particular, —A is an isomorphism between H" and H"2 meN:
we denote its inverse by (—A)~!'. We consider then the equation formally obtained
from (6.1) by taking (—A)~!, that is, the equation

e(—A) " luy 4+ (A up — Au4-u® —u+8u, = 0. (6.5)
For u and v € H~! we set
] = (0 (—8) ™ W)t (6.6)
then, [u,u] = ||u||> |, and, letting @ := (—A) 'wand y := (—=A) "1y,
v = (=Ay,0) = (Vy, Vo) < [[Vy| - [Vell = [yl - llellr = llul -1 V]|

Finally, we recall that, since N = 1, the continuous imbedding H' (0, ) < L(0, 7r)
holds; we reserve the letter K to denote a constant such that the inequalities

lall -1 < Kul| < K|Vl Julp < K]Jul|y = K[|Vl (6.7

hold for all u € H!, and 1 < p < +oo. Without loss of generality, we can assume
that K > 1.

6. We now introduce in &) an equivalent norm, whose square is defined by

Eo(u,v) = e[v]|2 +efu,v] + 3 Jull2y + [ Val>,  (uy) € X. (6.8)
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Since we assume that € < 1, Ej does define a norm: indeed, by (6.7) we immediately
derive that for all (u,v) € X,

5 (VI +11Vull?) < Eo(u,v) < a (gl + | Vul?) . (6.9)
with
o= max{3,K*+1}. (6.10)

Similarly, we immediately verify that we can consider in X; the equivalent norms
whose squares are defined by

Ey(u,v) == g||v||* + & (u,v) +%||u||2+ [|Aull?, (6.11)

if § >0, or, if § =0, by
Ere(u,v) = &|v||> + (u,v) + iHuHZ—i— (| Aul?. (6.12)

6.1.2 The Cahn-Hilliard Semiflows

In this section, we show that problem (CH,.s) generates a semiflow S, both in A}
and in X]. In some cases, the situation is slightly different in the viscous and the
nonviscous cases; for example, when 6 = 0 some results are valid only under some
limitation on the size of €. To reduce the length of our presentation, in these cases
we will only give a proof for the nonviscous problem, which is more difficult, and
refer to Zheng-Milani, [ZMO03, ZMO05], for the viscous one.

1. At first, we recall the following global existence, uniqueness and regularity re-
sult.

THEOREM 6.1

For all € €]0,1], 6 € [0,1] and (up,u;) € Xo, there exists a unique function u €
Cp([0,+00[; K1) NCL([0, +oc[; HY), which is a weak solution of problem (CH,g)
(i.e. with (6.5) satisfied in H, almost everywhere int). If in addition (ug,u;) € X},
then

u € Cy([0, +00[; H2) NCL ([0, +oo[; HY). (6.13)

PROOF Asusual, we limit ourselves to establish formal a priori estimates on weak
solutions of problem (CHgg).
At first, we consider the function @y: Ay — R defined by

Do(u,v) := Eo(u,v) + 5 |uls — |Jul* + 15]u|?, (6.14)

and note that @ is bounded from below. Indeed, by Minkowski’s inequality, for all
n > 0 there is C > 0 such that for all u € L*(0, ),

[l < Cy +nlulfs (6.15)
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hence, taking e.g. N = % and recalling (6.9),
®o(u,v) > Eo(u,v) —C1 /2 > —Cya. (6.16)

Let now M) :=Cy3, as defined in (6.15). We claim that for all ¢t > O,

Do (u(t), u (1)) < (Po(ug,ur) — oM )e™"/* + aM, (6.17)

where « is as in (6.10). To show this, we begin by multiplying equation (6.5) in H
by 2u, and u, and adding the resulting identities. Recalling (6.14), we obtain

d

o Dol ur) + 2—&)llul>y + [ Vul]* +ulf — ul® + 26w > =0.  (6.18)
From this, recalling that € < 1, we deduce that

d

a¢0(”vu1)+e|‘ut||2—1 + 1 Vul|* + |ul < flul*

From (6.14) and (6.9), since also § < 1,

Do (uur) < o (€llue |2y + | Vul|*) + 5lulz — 3 [|ul®; (6.19)

thus, from (6.18) and (6.19), recalling (6.15) and that ¢ > %, we obtain

d
By () + £ @ () + 5+ 3fuld < [l < Cog o+ Bl

From this, we conclude that

d
&d)o(uﬂ'tt) + é¢0<u7ut) S Ml s
and (6.17) follows by integration.

As a consequence of (6.17), we deduce the boundedness of the function ¢ —
(u(t),u;(¢)) in Xp. Indeed, we immediately deduce that there exists M, > 0 such
that for all t > 0,

Eo(u(t),u(t)) < Ma. (6.20)

Finally, the proof of the regularity result (6.13) follows from additional a priori esti-
mates, similar to those we establish in proposition 6.4 below.

2. Theorem 6.1 allows us to define the solution operator Se5 = (S¢s(¢));>0 associ-
ated to problem (CHgg), with € €]0,1] and & € [0,1]. We now show that S¢s is in
fact a semiflow.

PROPOSITION 6.2
Let g, 6 €]0,1], or, if 6 =0, € €]0, %] Then, for each t > 0, the operator Sggs is
Lipschitz continuous on Xj.
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PROOF We consider only the case § = 0. Let z := u — ii denote the difference of
two solutions of problem (CHgg). Then, z solves the equations

8Zn+Z¢+A(AZ (l/l — i )+Z) 0,
e(—A) 'z 4+ (A 'y — Azt (P — @) —z=0. (6.21)

Asusual, we multiply (6.21) in H by 2z; and z, and add the resulting identities. Setting
h:= u® + uii + ii?, we obtain

% (ellze N2y +efzr 2] + 32012y + V2l + (0 =, 2))
+2=e)alt )+ IVl + (1 = 2) = (hz,2) + (2,25 +2) . (6.22)
By (6.20), we can start the estimate of the first term of the right side of (6.22) by
2(uyz,2) < flue| -1 Juz? || < € (IVull 2136 +2luloo |2l [ V2) (6.23)
where C depends only on M; of (6.20). Resorting then to the Gagliardo-Nirenberg

inequality
l2lo < CIIV2l|" 22|/ +Cllz]

(see theorem A.70), we obtain from (6.23)
2Gunz,2) < € (2] el + V2Pl 2+ 1l?) < & 192 +Callel >
The other three terms of (A, z,z) can be treated in the same way, leading to the estimate
(hiz,2) < §IVz|* +Cllzl*. (6.24)
Next, we estimate
(.2 +2) < &l + 31Val® + 2l (6.25)
Calling ¥(z,z ) the differentiated term of the left side of (6.22), i.e.
¥(z,2) = ellal2y + el d + 3212+ V2]? + (0 = 2) (6.26)

by (6.24) and (6.25) we obtain from (6.22) that

d
3P+ G -o)lull2i + Vel + (0 — i, 2) < Cllel*. (6.27)

3

Assume now e.g. that € < % Then, s—€> 8 and since the function u — u

monotone, we deduce from (6.27) that

is

d
7P @)+ (a2 + IVl + (o = ,2)) <Ce|*. (6.28)
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It is now easy to verify that, since € < 1,
V(z,2) < a (el + Vel + (¥ =i, 2))

with & as in (6.10); consequently, we obtain from (6.28) that

CW(2,2) + e ¥(2,3) < Clel 6.29)
Integrating (6.29), we obtain that for all # > 0
W (2(t),2(r)) < ¥(2(0),2(0))e "/ +C/0t 2] *ds. (6.30)
From (6.26) and (6.9), we deduce that
V(z,2) > 4 (el > 1 + 1 V2l?) = 55 Eo(z,21) (6.31)

moreover, we also have that
0< (=i, z) = (hz,2) < (|ule + [uloolitloo +d1%,) |12I* < C3(|V2] 1%,

where C3 depends only on M, and K. Hence, recalling that the sum of the first three
terms of V¥ is positive definite, and that € < 1, we also have

W(e2) < (el + elard + B2 +(1+Co+R)IVEIR) < CuFa(ay2).
(6.32)

Finally, since ||u|*> < 4Eo(u,v) for all (u,v) € Xy, we deduce from (6.30), (6.31) and
(6.32) that z satisfies the estimate

Eo(z(1),2(1)) < MaEy(2(0),2(0))e /%% + Ma /OtEo(z,z,) ds, (6.33)

with M := max{2C4,8C}. Applying Gronwall’s inequality, we deduce from (6.33)
that, for all > 0,

Eo(z(1),z(t)) < M atEy(2(0),z/(0))eM® . (6.34)

Thus, each operator Sg(#) is Lipschitz continuous in Xj, as claimed. The proof in
the case 8 > 0 is similar (and actually simpler).

6.1.3 Absorbing Sets

1. The existence of a bounded, positively invariant absorbing set for the semiflow
Ses in Ay is an immediate consequence of estimate (6.17).

PROPOSITION 6.3
Let € €]0,1] and 6 € [0,1]. For any Ry > aM; + Cy, the ball

By = {(u,v) € Xp: E()(I/t,v) < R()}
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is absorbing for Sg5. Moreover, for any R > oM, the set
By = {(u,v) € X: Py(u,v) <R} (6.35)

is bounded, positively invariant and absorbing for S5 in Xp.

PROOF The first claim follows from (6.16) and (6.17). In particular, for all > 0,
Eo(u(t),u, (1)) < (Po(uo,u) — aMy)e™"* + aM, +C; . (6.36)

Assume now that (up,u;) is in a bounded set G C Xj. There exists then I" > 1 such
that Eo(ug,u;) < I'. Now, from (6.14) and (6.7), recalling also (6.10),

Dy (ug,u1) < Eo(ug,ur) + §luol <I'+1K*T* < al*;
thus, from (6.36) we deduce that for all r > 0,
Eo(u(t),u, () < ("> — My)e /% + aM; +C; .

From this it follows that if ot(I"> — M) < Ry — (oM +Cy ), then Eo(u(t),u;(t)) < R
for all ¢ > 0, while if ("> — M;) > Ry — (M) +C}), then Eo(u(t),u;(t)) < Ry for
allt > Tg, with
a(l'? - M)

n————

Ry — (OCM] + Cl)
This proves that the ball B is absorbing. The boundedness of the set 3y follows from
(6.16) and (6.17), and its positive invariance is a direct consequence of (6.17). In fact,
if ®y(up,u;) <R, then foralls >0

Tg = ol

o (u(t),u, (1)) < (R— aMy)e™"/* + aM; < (R—oM,)+aM; <R.

Finally, we prove that By is absorbing exactly in the same way as we did for By; we

find that @ (u(t),u,(t)) < R for all t > Tg, where now
0 if a?-M)<R—aM;,;
Tg:={ a(l'*—M
9 AUEEMY) e oMy > R—
R—aM,

This concludes the proof of proposition 6.3; we remark that the set 5 is not a ball of
Xo.

2. We now show that the semiflow S, also admits an absorbing set in 7.

PROPOSITION 6.4
For each § €10, 1], there exists Rys > 0, depending on & but not on &, such that for
all € €0, 1], the set

Bis:={u,v) e XiNB: E(u,v) <Rys},
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where E7 is defined in (6.11), is positively invariant, bounded and absorbing in X
for the semiflow Sg5. Analogously, if & = 0, there exist & € 0, %], with the property
that for all € €10, &), there is R\¢ such that the set

Bie := {(u,v) ceXinNB: Elg(u,v) < ng}, (6.37)

where E1¢ is defined in (6.12), is positively invariant, bounded and absorbing in X
for the semiflow S¢.

PROOF We only consider the case 6 = 0. We multiply equation (6.1) by 2u, and
éu in H. We obtain

d
— Ene () + || |* + L[| A = —

o (Ve —u), V) + 2(A’ — u),u;).

1
€

Denoting by G, a generic positive constant, depending on the uniform bound on « in
H!(0,7) < L>(0,7), we can estimate

~ LV —u), Vuy = - 1B — 1)Vu,Vu) < 1| Vu|? < LG, (6.38)
Since
A(u® — u) = div((3u* — 1)Vu) = 6uVu - Vu+ (3u® — 1)Au,
resorting to the Gagliardo-Nirenberg inequality
|Vuly < ClIA%u][ V4 Vul P/
and to the elliptic estimate
l[ull2 < CllAul| +Cllu]
(see theorems A.70 and A.77), we have
e V- Vul| < Juloo | Vulg < Co(1+ [Jul|2) < Co(1+]|Aul]).
13w = D)Aul| < (3Jul%, + 1) || Aul| < CoAul.
Consequently (for different Cy),
2(AW —u),ur) < Hlug||* +Co + Gy | Aulf*. (6.39)

Choose now & so small that 2eyCy, < 1. Then, if € < &, by (6.39) and (6.38) we
obtain from (6.38)

d
3 Bre(ww) + g6 (el + | Aul) < (14 2) G (6.40)

Since, as we easily verify,

Ene(,ur) < 5 (&llue|® + | Aul|?) + &lull?,
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we deduce from (6.40) that, if also € < L

d
aEIE(u,ul)—FiE]g(u,u,) <2G,+ E%HMHZ < E%Cb. (6.41)

Let Ce := ng. Integrating (6.41), we deduce that for all > 0,

Ere(u(t),u, (1)) < (Ere(uo,u1) — Ce)e ™3 +Ce .

Thus, it follows that if Rj¢ > C¢, the set Bye defined in (6.37) is positively invariant
and absorbing for Sgp. This concludes the proof of proposition 6.4 (when 6 = 0);
note that, in general, R, is unbounded as € — 0.

6.1.4 The Global Attractor

In this section we resort to theorem 2.56 of chapter 2 to show that the semiflow S
generated by problem (CH,gs) admits a global attractor 4.5 in Xy. More precisely,
we resort to the a-contraction method described in section 3.4.5, to show that the
-limit set @g5(By), where By is the absorbing set determined in proposition 6.3, is
the global attractor for S.5 in Ap. Note that this set is not empty, since it contains the
stationary solutions of problem (CH,g). Recalling proposition 2.59, to apply theorem
2.56 it is sufficient to find £, > 0 such that the operator Sg¢(z.) is an @-contraction in
X, up to a precompact pseudometric.

THEOREM 6.5
Lete, 6 €]0,1], o1, if 6 =0, £ €]0, %] The set Ags := w.5(By) is a global attractor
in Xy for the semiflow S5 generated by problem (CH,g).

PROOF ltis sufficient to note that, as a second consequence of estimate (6.33), we
can apply theorem 2.56 to the semiflow S.5. Indeed, if e.g. we choose . > 0 such
that g, := M oie ™" /60 <1 the operator Sgg (7, ) is a strict contraction in Xy, up to the
pseudometric Y, defined by

v (), (@,7)) = (aM I ||z<s>2ds) "

where, for (u,v), (i#,7) € Xp, z := u — i is the difference of the solutions to problem
(CHgs), corresponding to initial values (u,v) and (i, 7). This pseudometric is clearly
precompact, because of the compactness of the injection

{u e L2(0,t.;HY): u, € L2025 H 1)} — L2(0,2,;L%(0, 7)) .

Thus, by proposition 2.59, the map S¢ (. ) is an o-contraction. In turn, theorem 2.56
implies that the w-limit set of the set By defined in (6.35) is the global attractor for
the semiflow Sgs.
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REMARK 6.6 We can say a lot more on the dependence of the attractors 4.5 on
the parameters € and 0. In particular, we can show that Ag is uniformly bounded,
in X, with respect to both parameters € and 8. Moreover, if d > 0, the attractor
Ags is contained in a bounded set of X,, which is independent of €. The additional
regularity of the attractor when § > 0 is due to the presence of the term —Au,, which
has a regularizing effect on the solution. In contrast, the question of the validity of
the analogous result for 4¢g is open; in fact, we do not even know if the inclusion
Ago C A& holds. Finally, the attractors A5 are also upper-semicontinuous with
respect to both € and §. More precisely, let Ays C H> be the global attractor of the
semiflow S5 generated by the parabolic problem (CHys), and define the set

Aos = {(u,v) € Xo: ue Ags,v=—AI —A) " (u—u>+Au)}.

We interpret Aggs as the “natural” imbedding of Ays in Xy. Then, we have the
commutative diagram

A£5 —  Aeo
! Lo

Aos  — Ao

where the vertical arrows mean convergence as € — 0, and the horizontal arrows mean
convergence as 8 — 0, in the sense of the semidistance 0 of (2.2), in the topology of
AXj. For a proof of these results, based on techniques analogous of those we used in
sections 3.5 and 3.6, we refer to Zheng-Milani, [ZMO03].

6.1.5 The Exponential Attractor

In this section we show that the semiflow S5 also admits an exponential attractor
Ees in Xy, which contains the global attractor A,g.

THEOREM 6.7
In the same conditions of proposition 6.4, the semiflow S.5 generated by problem
(CH.s) admits an exponential attractor E.5 in Xj.

PROOF As before, we prove theorem 6.7 in detail only in the case 6 = 0. We
apply theorem 4.5 of chapter 4. To this end, we consider the absorbing sets By or
B¢ for Sgs in X}, determined in proposition 6.4. Since the injection X} — Ajp is
compact, these sets are compact in Xjy. We propose then to show that S, satisfies the

discrete squeezing property (see definition 4.3), relative to the set 51, where B = B 5
if § >0,and B; = By if 6 =0.

1. We proceed almost exactly as in the proof of theorem 4.10 of section 4.4.2, of
which we keep the same choices of N and Xy, and denote by || - ||o the norm induced
on Xy by Eyp. Thus, we show that, given any 7, > 0 and y €]0, %[, there exists an
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integer N, with the property that if ug, &g € B are such that S(z, )ug — S(t.)ito ¢ Cy,,
ie.if

1P, (S (22 )uo — S(22)ito) [lo < [|Qn. (S(t:)uo — S(2:)ito) [lo (6.42)
(that is, if (4.13) holds for the operator S(z.)), then (4.11) must hold, i.e.
[15(2.)uo — S(z.)idolo < Vl[uo —vollo - (6.43)
To this end, we define on A}y the function
Mo(u,v) i= e [VIZ, + )+ || Vul* + 3 Ju>

It is then easy to verify that, if €Ay > K%+ 1, with K as in (6.7), My is the square
of an equivalent norm in the subspace Oy (X') (the projection Qy being defined as in
(4.38)), with

5= Eo(u,v) < Mo(u,v) < 3Eo(u,v). (6.44)

2.  We now estimate the difference of solutions of (6.1), whose orbits are in ;.
If u and & are two such solutions, corresponding to initial values Uy := (uo,u;),
Uo := (fio, 111) € By, we set z(t) := u(-,t) —i(-,t), and Z(t) := (z(t),z(t)). At first,

we recall estimate (6.34), which provides a control of the growth of Z on bounded
time intervals. We can rewrite (6.34) as

Eo(2(1),z(t)) < CEo(2(0),2(0))e”

with C and c independent of u, i and . Next, we establish a linear differential
inequality on Z in QyXp, for N € N so large that €Ay, 1 > max{K> + 1,4}. More
precisely, we set ¢ := Qy(z), and claim that the function 7 — My(q(t),q,(t)) satisfies
the linear differential inequality

d
G Mo(@.41) + 5 Mo(q.41) < K5 | V(1) (6.45)

where, when 0 = 0, the constant Kj is independent of ¢, N and €, and, if 6 > 0,
K5 = %OH As stated above, we show (6.45) only for the case = 0. Applying Qn
to equation (6.21), and noting that O commutes with —A, we see that ¢ satisfies the
equation

e(~A)"gu+ (-0 "g—Ag=q— On(’ — ) =1 gy. (6.46)

Multiplying (6.46) in L?(0, ) by 2¢; and éq, adding the resulting identities, we obtain

d
o Mo(@.a0) +llael® 1 + laral + 3 Vel = Llev.2eq+q).  (647)
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Splitting the term = [qt,q] in two, we deduce from (6.47)

d
—Mo(q,q1) + g |21 + gl + LIVall® < Lgn,2eq: +q) — % [arq]. (6.48)

dt

Since € < 1, we have that

K?+1 2 2
— 3 lg1.q] < §lladl> * e IVall™ < 3llall> 1 + 2 I Vall” - (6.49)
Next, we estimate
H(en:2eqi+q) < CE|Vg—V (i’ =)l (ellgil| -1+ llql]) - (6.50)
Writing
V(i — i) = 3u*(Vu— Vi) + 3 — ii*) Vi,
we have

Vg =V (6 —&)| < [36® — 1o || Vall +3Ju+ oo | Villl|z]c < CII V][, (6.51)

where C depends on the uniform bounds on u and i in H!. Inserting (6.51) into
(6.50), and recalling that €Ay > 4, we obtain (for different constants C)

1
——IIV4l|
€v/ Av+1

1
SC”llVZHZwLiIquHZ_lJr27||Vf1||2 (6.52)

L{gn,2eq:+q) < C||Vz| (”%Hl +

2 2 2
< C||Val* + gllge |12y + 76Vl

From (6.52), (6.49) and (6.48) we deduce then that, for suitable C > 0,

d
o Mo(a.90)+ 3 (gl + g gl + LIVall?) < €|Vl

which yields (6.45) when & = 0.

3. We now recall (6.34), which provides an estimate on the difference of solutions
on bounded intervals. Setting 8 := M, (6.34) yields

SV < Eo(z(0),7 (1)) < BEo(2(0),2(0)eP",

for all r > 0. Replacing this into (6.45), then integrating, and recalling (6.44), we
obtain

Mo(q(t),q:()) < 3Eo(2(0),2:(0))e /3 + 6BeMy Eo(2(0),2(0))eP”  (6.53)
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(for 6 = 0). Given y €]0, %[, we first choose ¢, > 0 so large that 8¢ e +/3% < 1,
and then g; €]0, &) so small that 16af € CsePr- < 2. With these choices, we deduce

from (6.53), that, if € < g,
Mo(q(t.),q: (1)) < 757 Eo(2(0),/(0)).
Thus, if (6.42) holds, then, by (6.44),

EQ(Z(I*)7Z[(I*)) S ZEO(QN* (Z(t*)vzt(t*)))
< 4ocM0(q(t*),q;(*)) < }/ZE()(Z(O),Z;(O» :

This means that (6.43) holds, as desired. Consequently, we conclude that if 5 =0
and € < g1, the semiflow S¢q satisfies the discrete squeezing property. We can then
apply theorem 4.5, and conclude the proof of theorem 6.7 when 6 = 0. The proof
when & > 0 is similar (and actually simpler).

6.1.6 The Inertial Manifold

In this section we show that the semiflow S.5 also admits an inertial manifold
in Xy, constructed with the techniques of section 5.7.2 of chapter 5. That is, the
inertial manifold is the graph of a Lipschitz continuous function defined over a finite
dimensional subspace of Aj.

1. Asin section 5.7.2, we introduce the time rescaling ¢ — 1/€t, which transforms
equation (6.1) into

gt + 200 + A (Au—u® +u—2a8u) =0, (6.54)

1

with a := ENGE

Then, we transform equation (6.54) into the first order system
U +AU =F(U) (6.55)

for U = (u,v) € Ap, where

0 -1 0
A= <A2 2a(18A)> , F(U):= (g(u)> , (6.56)

with g(u) := A(u® — u). Note that, if § > 0,
dom(A) = {u e H}(0,7): u € H,up, € H*} x H',

while if § = 0, the second factor is to be replaced by H~!.

System (6.55) generates a semiflow in X', which we still denote by S.5: our goal is
to show that the semiflow generated by system (6.55) satisfies the strong squeezing
property. In turn, this will be a consequence of the fact that the operator A in (6.55)
satisfies the spectral gap condition (5.83) of definition 5.32, either with respect to the
standard graph norm in &y, defined in (6.57) below, or to an equivalent one.
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2. We consider in &j the usual graph norm, induced by the scalar product
(U,V)o:=(Vu,Vy)+[z,v], U=(u,v), V=(yz2) €, (6.57)

where the bar denotes complex conjugation. Note that the last term of (6.57), de-
fined in (6.6), makes sense, because z € H~!, and (—A)~!'v € H! since v € H~!.
Moreover, the operator A defined in (6.56) is monotone. Indeed, for U € dom(A),
(AU,U),, is real and nonnegative, since

(AU, U)o = —(Vn,Vit) + (7,(=A) " (A%u+2a(1 - 5A)v))
= —(Vv, Vi) 4 (V¥, Vi) +20|v]|2 | + 28 ||v||?
=20 (||[vl[> +8[IvI]°) -

To determine the eigenvalues of A, we observe that the eigenvalue equation
AU = uU , U= (uv) € Xy,
is equivalent to the system
—v=pu, Au420(1—8A)v=puv. (6.58)
Thus, u must solve the eigenvalue problem

Au+208uAu = (2au — u?)u,
u(0) =u(r) =0, (6.59)
Au(0) = Au(m) =0.

We easily see that (6.59) has, for each positive integer j, the pair of eigenvalues

=148 )£\ Ja2(1 48 22— j* € C:

thus, A does have a countable set of eigenvalues, with Re /J,fE > 0 for all j. Be-
cause of the first of (6.58), the corresponding eigenfunctions have the form Uji =

(uj, —[,Ljiu ), with u;(x) = \/% sin(jx). For future reference, we note that for all
j=>1
IVujll =7, Nujll-1=j"". (6.60)

3. A remarkable feature of system (6.55), with A and F defined in (6.56), is a
difference in the distribution of the eigenvalues ,u/i, and the consequent possibility
of satisfying the spectral gap condition, according to whether 6 > 0 or d = 0. Indeed,
if 6 = 0 the eigenvalues reduce to

ur=oatyo?—
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thus, if & < 1, i.e. if € is so large that 4¢ > 1, all the eigenvalues of A are complex,
nonreal, and have the same real part ¢. This situation is similar to the semilinear
dissipative wave equation considered in section 5.7.2; as in that example, in this
case it is impossible to find any decomposition of the eigenvalues of A such that
the spectral gap condition (5.83) holds, and the existence of an inertial manifold
for equation (6.55) cannot be guaranteed. On the other hand, when & > 1 some
eigenvalues of A will be real, positive and distinct, so that the spectral gap condition
may hold. In contrast, we will see that the spectral gap condition always holds if
d > 0, even if all eigenvalues uji are complex, nonreal.

4. 1In the remainder of this section, we will assume that the nonlinearity g: H' —
H~!in (6.56) is globally bounded and globally Lipschitz continuous, with Lipschitz
constant ¢. To construct the inertial manifold for the original semiflow S, g5, we would
then need to adjust the nonlinearity, in a way similar to section 5.8.3; for this techni-
cal part, we refer to Zheng-Milani, [ZMO5]. Under this assumption, in the viscous
case 0 > 0 we have

THEOREM 6.8
Let N1 € N be so large that if N > Ny, then:

1. Ifo<ad <1, ad(2N+1) > 2¢;

2. Ifad =1,2N > 20+\2a and
V20N?+a?—/2a(N+1)2+a>+V2a>—1.

3. If ad > 1, the inequalities

2%
_ 25852 =
(2N+1)(a6 Va2 1) 2+l (66D
‘\/R(N) ~ VRIN+ 1)+ (2N + 1) 0252 — 1' <1 (6.62)
hold, where
R(N) := (a?8> — 1)N* +2a*SN?> + o° . (6.63)

In each of these cases, the operator A satisfies the spectral gap condition (5.83) in
Xo, with respect to either the graph norm (6.57), or an equivalent one. Consequently,
the semiflow Sgg5 generated by (6.55) admits an inertial manifold in Xy, of the form
(5.16).

Similarly, in the nonviscous case 0 = 0 we have
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THEOREM 6.9
Let N € N be the smallest integer such that (N +1)* — N* > 4¢. Assume that a@ = ﬁ
is so large that
4¢%
2 4
o N+1 —_— .
> W+ g

There is then an equivalent norm in X such that the operator A defined in (6.56), with
0 =0, satisfies the spectral gap condition. Consequently, the semiflow S generated
by (6.55) admits an inertial manifold in Xy, of the form (5.16).

5. We will only prove theorem 6.8 in the case & > 1, which is the most difficult;
for all other cases, we refer to Zheng-Milani, [ZMO05].
Since ad > 1, all eigenvalues u]-i of A are real and positive, and we easily see that

both sequences (i; ) ;>1 and (uf) j>1 are increasing. We will proceed in four steps.

5.1. Setting y:= @b + v 0262 — 1, we easily check that, as j — +oo

a?d

—+40(j ). 6.64
———+0(7) (6.64)

uE =y +a+
Since y > 1, (6.64) implies that it is impossible to decompose the point spectrum of
A in such a way that the corresponding subspaces X and X, are orthogonal. Indeed,
for any such decomposition o7 U 0, there is at least one index j such that U ; € X
and U} € A; for this j, recalling (6.57) and (6.60), and noting that u; ;" = j*, we
compute that

(U707 ) = 9l + [ g, ) = Vg P+ a7 7 s =277

To overcome this difficulty, we will define a new scalar product in A}, equivalent
to (6.57), with respect to which the subspaces A} and &> will be orthogonal. To
this end, we note that the same asymptotic distribution (6.64) assures that, if the
eigenvalues u]i are listed in nondecreasing order, then for arbitrarily large N there

are consecutive eigenvalues [y and ;. More precisely,

PROPOSITION 6.10
Let the eigenvalues u]-i, Jj > 1, be arranged in nondecreasing order. For allm € N,

there is N > m such that [Ly and Wy, are consecutive.

PROOF For m > 1, let g, denote the number of indices n such that p,} < u, <
u; +1- We have to show that for all m € N there is N > m such that gy > 2. Assume
otherwise, i.e., that there is mg > 1 such that for all m > my, g, < 1. This means that
for each m > my there is at most one ;" €], 1, 1)+ Inturn, this defines a function
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m— n(m), m > my. For r > 0, let m, := mo+r and n, :== n(m,). Then, after possibly
a finite number of them, the eigenvalues are ordered as

“;:zro < Cbno“;;) +(1- QMO)“;L < /Jrz < Gmy My, + (1— qm, )“;:er
<< IJ;:;,. < Gm, My, + (1 _er)“zZH, < “z;r,H < (6.65)

Since the sequence ( u;) j>1 1s increasing, (6.65) implies that n, = ng +r, and, there-
fore, ,u,;) > ,u,;o o, forall r > 0. Now, from (6.64) we have that

20268
Vo2dl—1

as r — +o00. However, this is impossible, since y > 1. I

Lno+r)* > y(mo+r)*+ +0(r?)

5.2.  Given then N such that (1 and uy_ | are consecutive, we separate the eigen-
values of A as follows. Denoting by 6;,(A) the point spectrum of A, i.e. the sequence
of its eigenvalues (/,Lji) jeN.,» and by U the set of the corresponding sequence of

: +
eigenvectors (U;") jen.,, we set

h={jeN:p; <pf<py}, h={jeN:pu <py<u’}
o] = {uji: JeL}U{u;  jenh}, or:=0p(A)\or,
U ={U7: jel}u{U;: jen}, Uh=U\U, (6.66)
and consider the corresponding decomposition of
Xy :=spanld;, X, :=spanlt;. (6.67)

We explicitly note that, in this section, X; and X, denote the subspaces of Aj defined
in (6.67), and not those defined in (6.4) and (6.7). Our goal is to make these two
subspaces orthogonal, and to show that the spectral inequality (5.83) holds, with
Ay =y and Ay = [y, in accord with (6.66). We further decompose X := X @
X, with

Xc :=spanlde, Uc = {Uf: jen},
Xg :=spanllg, Ugr =Uh\Uc, (6.68)

and set Ay := X; ® X¢. Note that X and X are finite dimensional, that Uy € &7,
Uy, € AR, and that the reason why & is not orthogonal to &5 is that, while it is
orthogonal to X, & is not orthogonal to X¢.

We now introduce two functions @: Xy — R and ¥': A — R, defined by

®(U,V):=20(u,3) + (208 — 1)(Vu, V) + <(7A)*1/2Z, (—A)1/2u>

+ <(—A)_1/217, (—A)‘/2y> +z], (6.69)
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W(U,V) = ad(Va, V) + ( (~8) 12, (-a) u)
+((=8)7125,(=8) 2y ) + 2], (6.70)

with U = (u,v), V = (y,z) € Xy or, respectively, Xg. These functions are well
defined: Indeed, since u € H'(0,7) and z € H~1(0, 7), then both (—A)~'/?z and
(—=A)'/?u are in L?(0, ), and analogously for y and v. We now show that & and ¥
are positive definite. Let first U = (u,v) € X: then,
/2. 2
P(U,U) =20l + (2008 = 1)[ Va2 + 2 { (=8) /25, (=) ) + oI,
2
> 20ul]® + (208 — 1)[|Vul|> = 2|y ]| -1Vl | + |Iv]|Z,
2
> 20lul]® + (208 — 1)[|Vul® = V]2 = [|Vuel® + V12,
> 20aul* +2(ad — 1)|| Vul?. (6.71)
Since ad > 1, we conclude that &(U,U) > 0 for all U € Xy. Analogously, for
U € Xp:
W(U,U) = a8 Vul?+2{(~8) 27, (~8) ) + )2,
> (@8 —1)|[Vull® + [ Vull> = 2|[vl| 1| Val| + V]2, (6.72)
> (ad—1)||Vul?, (6.73)

from which we conclude that also ¥ (U,U) > 0 for all U € Xg. Thus, ¢ and ¥
define a scalar product, respectively on Xy and Xk, and we can define an equivalent
scalar product in Xj, by

(U, V) := ®(PyU,PyV) + ¥ (PRU, V), (6.74)

where Py and Py are, respectively, the projections of X’ onto X and Xk. For simplic-
ity, with a slight abuse of notation we shall write (6.74) simply as

(U, VY := DU, V)+¥(U,V). (6.75)

‘We proceed then to show that the subspaces &'} and X, defined in (6.67) are orthogo-
nal with respect to the scalar product (6.75). In fact, it is sufficient to show that &} is
orthogonal to X¢; in turn, this reduces to showing that (U i UJ+>> x=0ifU; € Ay

and Uj+ € Xc. Recalling (6.69) and (6.70), we immediately compute that
(U5 .U} = @y, U)
= 20t|[u;j||* + (@8 — D[ Vu[|* = (1] + p )l |
s gl (6.76)

Recalling (6.60), and noting that [.LJ-_/.L;r = j*and /.1j+ +u; =20(1+ 8j2), we con-
clude from (6.76) that (U;,U;")) =0, as claimed.
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5.3. Having thus established the desired orthogonal decomposition, we proceed to
show that A satisfies the spectral gap inequality (5.83), with respect to the equivalent
norm || - || in Xy defined by the scalar product (6.75). For this, we first need to
estimate the Lipschitz constant ¢r of F; recall that F (U) := (0, g(u)), and that we are
assuming that g is globally Lipschitz continuous. Let Pi: X — X1 and P,: X — &)
be the orthogonal projections corresponding to the decomposition Xy = X'} § X,. Py
and P, induce corresponding projections p; and p, in H' and H~! in a natural way.
Recalling (6.71), (6.73), it follows that, for U = (u,v) € Xb,

IUII* = @(PU,PU)+¥(PU, PU) > 20| pruf]” + (8 = 1) pau]|*
> (a8 —1) (|pwull® + [lp2ull?) = (8 — 1) ul*. (6.77)

Given then U = (u,i) and V = (v,¥) € X, we compute

12
FU)-F(V)|| = u)—g)ll-1 <l|Vu—- || < —|||U = V|,
IF@W)=FV)Il = llg(u) —gW)ll-1 < £ I < mlll l
the last step following form (6.77) (recall that we are assuming ad > 1). Thus,
I < L (6.78)
F=Vas—1° )

54. We are now ready to conclude. By (6.78), the spectral gap inequality is
satisfied if

_ _ 4
Hyi1—Hy > Vs -1 (6.79)
Recalling (6.63), we compute that
Iy — Mty =a8(2N+1)+/R(N)— /R(N+1). (6.80)

We shall prove below that

lim (\/R(N)—\/R(N+1)+(2N+1)\/oc262—1) ~0; 6.81)

N—+oco

assuming this for the moment, we can determine N; > 0 such that for all N > Ny,
(6.62) holds. Then, from (6.80) we deduce that if N > Ny,

Uyot —Hy = N+ 1)(ad — /0282 — 1)~ 1. (6.82)

This means that if (6.81) holds and N > N satisfies (6.61), the spectral gap inequality
(6.79) follows from (6.80) and (6.82). To prove (6.81), setting

208 N o?
(@282 —-1)N? (o262 —1)N*’

R](N) =1+
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we compute that

VR(N) —/R(N+1)+ (2N + 1)V o282 — 1
:\/a282—1((N+1)2(1— Rl(N+1)) —Nz(l—\/Rl(N))) (6.83)

We easily see that

. a’s
lim N2 (1 —\/RI(N)) = —m,

N—+o0

consequently, (6.83) yields (6.81). This concludes the proof of theorem 6.9 if ad >
1.

6.2 Beam and von Karman Equation

In this section we consider the generalized BEAM EQUATION
uy + uy + Au = </ |Vu|2dx—ﬁ> Au+f, (6.84)
Q

with € > 0 and B € R. Equation (6.84) describes the displacement of a solid beam,
filling a bounded domain Q C RN, subject to an external load force f. As in the
Cahn-Hilliard equations (6.1), the principal part of equation (6.84) is of the fourth
order in the space variables; thus, the equation can be regarded as semilinear. Note,
however, that the nonlinearity is nonlocal in character, due to the coefficient || Vu|
at the right side of (6.84).

In the sequel, we assume for simplicity that 0 < € < 1. Most of the material we
present is taken from Eden-Milani, [EM93]; for more information on general types
of beam equations, we refer to the references therein, and, in particular, to Ball,
[Bal73].

6.2.1 Functional Framework and Notations

We assume that Q has a Lipschitz continuous boundary 0, on which we impose
the so-called “hinged” boundary conditions

U,, =0, Au,, =0. (6.85)
Finally, we supplement (6.84) with the initial conditions

u(0,-)=up, u(0,")=uy, (6.86)

and refer to the initial-boundary value problem (6.84)+(6.85)+(6.86) as
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problem (BE).
We set H := L?(£), with the usual norm || - || and scalar product (-, ), and define
V:i=H*(Q)NH)(R), D:={ucH'(Q): u,AucH)(Q)}.

Then, V — H <— V' is a Gelfand triple, with compact injection V < H. We also
consider the product spaces

Xo::VXH, Xl Z:DXV,
on which we define the functions
Eo(u,v) := €|[v]|* + (u,v) + 5 ||ul|* + || Au]?,
@ (u,v) := Eo(u,v) + || Vul|* = B[ Vul|*.

By Schwarz’ inequality, we immediately see that Ey is the square of an equivalent
norm in Ay. Likewise, we define the following functions on the space X7:

Ei(u,v):= 8HAV||2—|—£<AM,AV> + %||Au||2—|— ||A2uH2,
1 (1,v) 1= En () + | V||V — BV AulP = 2(£(0, ), A%u).

Again, we easily check that, since we are assuming € €0, 1], E; is the square of an
equivalent norm in Xj.

6.2.2 The Beam Equation Semiflow

As for equation (6.9) of section 3.1, we will show that problem (BE) generates a
semiflow S, both in Ap and in X;. At first, we recall the following global existence,
uniqueness and regularity result.

THEOREM 6.11
Forall B € R, (ug,u;) € X and f € C([0,+o00[; H), there exists a unique
u € C([0,+00[; V) NC' ([0, +00[; H),

which is a weak solution of problem (BE) (i.e. with (6.84) satisfied in V', almost
everywhere int). If in addition (ug,uy) € X and f € C'([0,+00[; H), then

u € C([0,400[; D) NC ([0, +00[; V) NC([0, +o0[; H) .

PROOF  See e.g. Ball, [Bal73]. I

Theorem 6.11 allows us to define the solution operator S = (S());>0 in Xp, asso-
ciated to problem (BE). When f is independent of 7, S is a semigroup; to show that
S is also a semiflow, it is sufficient to prove the following
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PROPOSITION 6.12
For eacht > 0, S(1) is locally Lipschitz continuous in Xp.

PROOF Assume that u and iz are two solutions of (6.84), and let z := u — iz. Then,
z satisfies the equation

ez +2+ A%z — (| Vul* = B) Az= (| Vul* - | Va|?) Aa=: g. (6.87)

Multiplying this by 2z, and é z in 'H, and adding the resulting identities, we obtain

d
3 (Fomz) + IVullPIIV2]1?) + llz|? + £ 1A2)® + £ [Vl [ V2]
=2(Vu, Vi) [|Vz||* +2B(Vz, V) + BL|Vz||* + L(g, 26z, +2).  (6.88)
We now use integration by parts, to write
(Vu, Vi) = (—Bu,u) . ||Vz])*> = (=Az,2),

and note that
|Vu|? = || Vil|* = —(Au+ Ait,u — i) .

Consequently, we obtain from (6.88)

d
— (Eo(z,2) + I Vull?[[V2l?) + llz]1> + g | Azl + 2 | Vel 2 V2]

dt
<2\ Aull [lue | Azl llzll + 8] 1Azl [1z: )| + 1B & Azl =]
+ 2| Au+ Adl| | Al ||z]| (ellz | + 1z]]) - (6.89)

Since the map [0, +00[> 7 — (u(t,-),/€u(t,-)) € V is locally bounded, and analo-
gously for i, recalling that we are assuming that € < 1 we deduce from (6.89) that

d
5 (Bolz2)+ IVl Vzl1?) + |z 1> + LAzl + 1| Vul|* || V2] |*

< LAz + (3 +ce) |z]? +CLz|?, (6.90)

where C depends on ||, u and . Integrating (6.90) and applying Gronwall’s inequal-
ity (2.62), we can then easily conclude the proof of proposition 6.12.

6.2.3 Absorbing Sets

We now show the existence of absorbing sets for the semiflow S generated by
problem (BE).

1.  We first show that S admits a bounded, positively invariant absorbing set in Xjp.
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PROPOSITION 6.13
Assume that f € Cy([0,+00[; H). There exists Ry > 0, dependent on €, such that the
set

Bo = {(u,v) € Xo: Po(u,v) <R3} (6.91)

is bounded, positively invariant and absorbing for the solution operator S generated
by problem (BE) in Xy (that is, By absorbs all bounded sets of Xj).

PROOF To show that By is bounded, we see that, if (u,v) € By,
Eo(u,v) = @o(u,v) + B||Vu|* — | Vul|* < Do(u,v) + ;B> <R+ 1B>.  (6.92)

To show that By is positively invariant and absorbing, we establish an exponential
inequality on @y (u,u,). Multiplying equation (6.84) in H by 2u, and % u, and adding
the resulting identities, we obtain

d
3 Polwu) + e |* + L] Aul|> + L (|| Vul|* = B) | Vul* = L(f,2eu +u). (6.93)

Let A; denote the first eigenvalue of the operator (—A)?, relative to the boundary
conditions (6.85), so that
Aflull® < [|Aul.

Then, we can estimate the right side of (6.93) by
201 + 3l l® + 55z 117 + g 1A,

and, therefore, obtain from (6.93)

d
@) + Sl o+ el + L (1Val? = B) IValP < LG, (6.9
where the constant Cy depends on sup,~ || f(t)||. We now set
o :=max{3,2(A; '+ 1)}, (6.95)

and note that, since € < 1,
Py (u,ur) < 3€l|ue|* + (g + Dl Aul® + || Vael|* = B || Vel (6.96)
< o (gllue >+ 5 18wl + g [[Vull* = £BIIVul®) + B(E = 1) Vu>.
Consequently, we deduce from (6.94) that
S Buu) + L @) + L Vull* < 2+ 2B(1— )] |Vul?
< $Cr+ 2 B(1—ae) ] + 5 | V|

Thus, Py (u,u,) satisfies the exponential inequality

d
&Cbo(u,u,)—&- é@o(uﬂl[) <M := éCf—‘r ﬁ‘ﬁ(] — Ot£)|2,

so that we can conclude, as usual, the existence of a bounded, positively invariant
absorbing set for S in Ap. Note that M|, is unbounded as € — 0.
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2.  We now proceed to show that S also admits a bounded, positively invariant
absorbing set in X].

PROPOSITION 6.14
Assume that f € CL([0,+00[;H), and let By be the set defined in (6.91). There exists
Ry > 0, dependent on g, such that the set

By :={(u,v) € Xi: &1 (u,v) <RI} N By (6.97)

is bounded, positively invariant and absorbing for the solution operator S generated
by problem (BE) in X (that is, By absorbs all bounded sets of X ).

PROOF  To show that B is bounded, let (u,v) € B, and set Fy := sup,~q || f()]]-
If | Vul|> > B, we have that
2 2 2 11A2,12
Er(u,v) < Py (u,v) +2(f,A%u) <Ry +2[|f]7 + 5|47
Thus, since clearly ||A%u||? < Ey(u,v) for all (u,v) € X},
LEi(u,v) <R} +2F] . (6.98)
If instead ||Vu||? < B, then 8 > 0, and
Ey(u,v) < @y (u,v) + B[V A|* +2(f,4%). (6.99)

By the Gagliardo-Nirenberg inequalities (see theorem A.70), and elliptic estimates
similar to those of theorem A.77, we can estimate

IV Aul| < Cl| A>3Vl '/3 ; (6.100)
thus, we obtain from (6.99) that
Eqi(u,v) < R+ CBY|A%u|* +2||f|||A%u]| < R} +C*B° +4|1f1* + 5| A% .
Consequently,
SE (u,v) <R+ CB° +4Fy . (6.101)

Together with (6.98), (6.101) shows that B is bounded in A.

To show that Bj is positively invariant and absorbing, we establish an exponential
inequality on @ (u,u;). Multiplying equation (6.84) in H by 2A%u, and A%u, and
adding the resulting identities, we obtain

d
5 P () + (2= &)[|Au > + | 8% + (| Vul > = B) [ VAul® = (f, A%u)
= 2(Vu, Vi, )|V Aul| — 2{f,, A%u)
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= 2(Au,u ) (A*u, Au) — 2(f;, A’u)
<2 Aue]|? [l | A%ul| -+ 211 £ || A%
< 8 Au|* [l > + 8] £ 17 +  [1A%ul|*

Therefore, setting F := sup|| f;(¢)|| and, for (u,v) € X7,
>0

i (u,v) = |AVIP + A%+ ([ Vul]? — B) [V Au|® — (£, 8%)
and recalling that € < 1, we deduce that

d

3 P ) + W )+ 5[ A%]|? < 8FF + 8| Aul|* ]| (6.102)
We now easily verify that, with o defined in (6.95),

Dy (u,v) < Q¥ (u,v) + (1—a) (|| Vul* = B) || VAul[* + (o — 2)(f, A%u) .

Consequently, we obtain from (6.102) that
d
3 P10 ) + G P () + 3| A%]* < 8FF + 8| Au|* ]
+ 152 (IVull® = B) [V Aul* + 42 £1] 1A% (6.103)

Recalling that & > 1, we have then that, if ||Vu||> > S,

d
3 @) + Ly (u,u,) < 8FF + 8| Aul|*||u||* + Fy - (6.104)

If instead || Vu||> < B, resorting again to estimate (6.100) we proceed from (6.103)
with
d
3 P ) + 3 P () + 5[ A%
< 8FF + 8| Aull*|ur|* +CB3||A%ul|* + | £ || A%ul|
< 8FY + 8| Aul[*|]ur |* +C1 B> + 2| £ + 5 1 A%u*.

Together with (6.104), this shows that, in either case, there exists a constant K > 0,
depending on Fy, F} and f3, such that

%qbl (1) + LBy (u,ur) < K+ 8| Au|*]ue || (6.105)
In the sequel, we denote by M, ¢, r > 1, various positive constants, independent of
u (but unbounded as € — 0). Assume now that (ug,u;) is in a bounded set of X7.
Then, (ug,u;) is also in a bounded set of X}, and since By is absorbing, there is Ty > 0
such that @ (u(t),u;(t)) < R3 for all t > Ty (with Ty = 0 if (ug,u1) € By, since By is
positively invariant). We easily verify that, for each (u,v) € Ap,

|Au||* < Eo(u,v), |]v|]* < 2Eo(u,v); (6.106)
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hence, recalling (6.92), we deduce that
3
8| Aul|*[lug||* < 18 (R + §B)” =: M .

Inserting this into (6.105), we obtain the exponential inequality

d
aczbl(u,ut)Jrécbl(u,ut) <K+ Mo =: Mze, (6.107)
from which we can conclude that if R% > oMj,, the set By defined in (6.97) is
positively invariant and absorbing for S in X). Indeed, from (6.107) we obtain that,
fort > Ty,

@y (u(t),u (1)) < (D1 (w(Tp),us (Ty)) — aMze) e~ T0)/ % 4 s, .

Consequently, we deduce that (u(r),u;(t)) € B for all t > Ty, with T} > Ty defined
by the identity

(D1 (u(To),ur (To)) — aMze) e~ T1=10)/% 4 qpgz, = RZ

if @1 (u(Ty),u(To)) > R3, or Ty = Ty if instead @y (u(Tp),u;(Tp)) < R?. This con-
cludes the proof of proposition 6.14; note that R| depends on Ry, via M»e. I

6.2.4 The Global Attractor

In this section we resort to theorem 2.56 of chapter 2 to show that the semiflow
S generated by problem (BE) admits a global attractor 4 in Xy. More precisely,
we resort to the a-contraction method described in section 3.4.5, to show that 4 =
o(By), where By is the absorbing set determined in proposition 6.13. Note that
®(By) is not empty, since it contains the stationary solutions of problem (BE).

Recalling proposition 2.59, to apply theorem 2.56 it is sufficient to find an appro-
priate pseudometric & on Xp, and a number 7, > 0, such that condition (2.47) of
chapter 3 holds, with T = S(z).

For fixed 7 > 0 we define in Xy x A} the function

- 1/2
8c((u,v), (@,7)) := (/O ||P1(S(t)(u7V))—Pl(S(t)(W))Ilzdt> . (6.108)

where P is the projection from A} onto V. With exactly the same proof of proposi-
tion 3.25, we have that, for each T > 0, §; is a pseudometric on X, precompact on
By with respect to the norm of X; defined by Ej.

We proceed then to establish an estimate of the difference of two solutions of
problem (BE), that allows us to apply proposition 2.59.

PROPOSITION 6.15
There are positive constants %, i = 1,2,3, depending on €, B and Ry, but not on t,
such that for all Uy := (ug,u1), Ug := (itg, i) € By, and t > 0,

Eo(S(1)Uo — S(t)Uo) < 1e™%"/2Ey(Uy—Uo) + 13 <6t(U07UO))2 , (6.109)
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with & defined in (6.108).

PROOF We start from (6.89), which we rewrite as

 (Bo(z,2) + (Va2 — B) IV2IP) + >+ H1Acl + & (17l B) 9P
< 2/ Aul| [l || (| Azl [|zl] + g 1] Au+Adll [|Aa] [12] (€llz]| + llz]]) = p1. (6.110)
Recalling (6.106), and that Uy, U € By, we have that
Aul* <RG+ 3B, ellwl® <2 (RG+1B) -
Thus, the right side of (6.110) can be estimated by
1

NG
< Cellzll + g lAzl® + 1z 117

p1 <2v2—= (R5+5B) 1 Az]l 1zl + 2 (RG+ % B) llzll (ellz I+ l1z1))
Inserting this into (6.110), and setting
Z:=Eo(z,2) + (IVull* = B) [ Vz]?,
we obtain
dz
S (Bl + & 182l + L (196>~ B) V2)?) + g llacl < CLlIP . 6.11)
Acting as in (6.96), we easily see that

z < a (Yl + AP+ L (1Vul> ) IVlP) + LB (e — &) [ V2]

consequently, we obtain from (6.111) that (for different C)

dz 2 2 2 2 2
o a2+ gelazl? < CHEIP +ClVeP < Ol + g Azl (6.112)

From (6.112) we immediately obtain that, for all # > 0,
Z(r) < 2(0)e /% +-Cl /Ot llz(s)||* ds (6.113)
since we obviously have that, for suitable constant C, depending on Ry, and all # > 0,
Eo(z(1),2(1)) < Z(t) < CEo(2(t), 2 (1)),

we obtain from (6.113) that, for all 7 > 0,

Eo(z(t),2(t)) < CEy(2(0),2:(0))e™"/* + 1 /Ot llz(s)||* ds, (6.114)
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from which (6.109) follows. I

The existence of a global attractor for S follows now theorem 2.56 and proposition
2.59. Indeed, choosing ¢, > 0 such that g := e~ /20 < 1, from (6.109) we see that the
operator T = S(z,) and the pseudometric 6, satisfy condition (2.47) of proposition
2.59. Hence, T is an a-contraction, and the set A = @ () is the desired attractor
for S.

REMARK 6.16 If € is sufficiently small, it is possible to show, with techniques
analogous to those of section 3.5, that the attractor A is bounded in X;. For an
alternative proof, see Eden-Milani, [EM93].

6.2.5 The Exponential Attractor

In this section we show that the semiflow S also admits an exponential attractor £
in Xy, which contains the global attractor .A.

THEOREM 6.17
In the same conditions of proposition 6.14, with f; = 0, the semiflow S generated by
problem (BE) admits an exponential attractor £ in Xj.

PROOF We apply theorem 4.5 of chapter 4. To this end, we consider the absorbing
set By for S in &), determined in proposition 6.14; since the injection X} — Aj is
compact (because so is the injection V — H), B; is compact in Xy. We propose then
to show that § satisfies the discrete squeezing property (see definition 4.3), relative
to B;. We proceed almost exactly as in the proof of theorem 4.10 of section 4.4.2, of
which we keep the same choices of N and Xy, and denote by || - ||o the norm induced
on Xy by Ep. Thus, we show that, given any 7. > 0 and y €0, %[ there exists an
integer N,, with the property that if ug, itg € B; are such that S(z. )ug — S(t)itp ¢ Ch,
(i.e. if (6.42) holds for the operator S(¢.)), then (6.43) must hold. To this end, we
first note that, since ||z||> < 4€Eo(z,z), using Gronwall’s inequality we obtain from
(6.114) that

Eo(z(1),%(1)) < CEy(z(0),2,(0))e*" . (6.115)

Next, we apply the projection gy to the equation (6.87) satisfied by z, to obtain that
the function g := gyz satisfies the equation

equ+qi+A%q — (| Vul|* = B) Ag = —(Au+ Aii, z)Aqyii. (6.116)
For (g,p) € On(X), we define

M(q,p) = €[|pl* + (p.q) + 1Aql* + 55 (IVul® = B) [ V4l



270 6 Examples

Multiplying (6.116) in H by 2¢, and é g, and adding the resulting identities, we obtain

d
2 M(0,0) + 0>+ 3 0,00+ H1AgIP + & (I Vull> = B) [Vl

=2(—Au,ur)||Vql® +  {Au+ A, z) (Aqnit, 2€q; +)
—36(@:41) = 3¢ (IVul® = B) |Val* =: p2. (6.117)
We now proceed as in the proof of proposition 6.15: Recalling that Uy and Uy € By,
that € < 1, and that, in analogy to (3.28) of proposition 3.6,

1

lqll < gl (6.118)
V AN+l
we can estimate the right side of (6.117) by
2C0 2C0 _
pr < ——— [|Aq||* + ([ Al {|zI] llq: |
VvV EAN+1 V AN+l
Co 1 B 2

+ —— 1zl 1Agl| + —F— l1Aql| |4 || + ——7— Il Aq|

€v/AN+1 2e\/An+1 2e\/Ant1

2 (6.119)

Co 2 Co 2,1 2,1
< ——||A - 1 LA
< e 1801+ o = 1P+ 3l + 5ellag)
where the constant Cy depends on Ry and 3. Since Ay — 400 as N — 400, we can
choose N; € N so large that if N > Ny, 4Cy < €Ay+1. For such N, we obtain from
(6.117) and (6.119), together with (6.115), that

d 4Cy
—M(q,q/)+ M(q,q:) < Eo(2(0),2/(0)) e

dr = Antt
Integrating this inequality, we obtain that, for all > 0,

8eCo At
(148Ce)An+1
This estimate is the analogous of estimate (4.48) of section 4.4.2; it follows that, to
conclude the proof of (6.43), it is sufficient to choose 7, and N, so that the right side

of (6.120) is (arbitrarily) small. Thus, given any 17 > 0, we first choose ¢, so large
that M(g(0),¢,(0))e"*/?¢ <7, and then N, > Nj so large that

8eCy

With these choices, we obtain from (6.120) that

M(q(t),q: () <21m.

Proceeding then as in the proof of theorem 4.10, we can then deduce that the discrete
squeezing property holds, relative to the set ;. By theorem 4.5, this is sufficient to
conclude the proof of theorem 6.17.

M(q(t),q:(t)) < M(q(0),4:(0))e /% + (6.120)

e4Ct* <n.
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6.2.6 Inertial Manifold

In this last section, we show that if the source term f in (6.84) has the special form
f = pnf, for some N € N, where py = Iy — gy is the projection on H considered
in the last section, then the semiflow S admits a (trivial) inertial manifold. More
precisely, we have

THEOREM 6.18
Let N € N and f € 'H be such that f € py'H. There exists M > N such that the flat
manifold M := Py Xy is an inertial manifold for S.

PROOF Let u be a solution of problem (BE), corresponding to initial values Uy =
(up,u1) in a bounded set G of Xp, and set U (¢) := (u(z),u,(t)) = S(¢t)Uo. Fix M > N,
to be determined. Since

a(S(t)Up, M) < Eg(U(t) —PyU (1)),
setting g := gpyu it is sufficient to show that
Eo(U(t) = PuU (1)) = Eo(q(1),1(1)) < ke, (6.121)

for suitable positive constants kp, k, depending only on G. To this end, we see that,
since gy f = 0 because M > N, ¢ satisfies the equation

Eqnt +qr —|—A2q— (HVMHZ _B)Aq =0.

This equation is similar to (6.116); acting as in (6.117), we arrive at the estimate
d 2 2
7 M990+ 3:M(g,90) + 3llac|1* + 3¢ Adl

= 2(—Au, )| Vq|* = 55 (¢,4:) — 5z (IVull> = B) [Vl

1 1 1
§C0< + + )IIAqu2+éllqt2. (6.122)

Vel Mt e/ A

Taking M > N so large that

1 1 1 1
C + + <o,
0 (\/ 87LM+1 ele-!—l 8\/AM+1 ) 2e

we obtain from (6.122) that

d

This estimate yields the exponential decay of M(q,¢,); in turn, because of (6.118),
this yields the exponential decay of Ey(q, ¢ ). Thus, we can deduce that (6.121) holds,
and complete the proof of theorem 6.18.
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6.2.7 von Karman Equations

We conclude this section with the remark that we can proceed with almost exactly
the same techniques we have used for problem (BE), to study the long-time behavior
of weak solutions to the equation

Uy +/ Opu; + a;‘u—l— (1 - KHutz - G(ux,ux,» Uy + Ota;‘u, +pu, =0, (6.123)

in one-dimension of space (e.g., with 2 =]0,1[). This equation represents a one-
dimensional version of the so-called VON KARMAN equations for a thin plate; more
precisely, it describes the displacement of a thin elastic plate subject to an axial force
load and to the flow of a fluid along its surface. In (6.123), the positive parameters o,
o, 6 represent various damping parameters associated to the plate and the fluid; k is a
measure of the elastic properties of the plate, and p is the flow rate of the fluid flowing
along its surface. We refer to Guckenheimer-Holmes, [GHS83, sct. VIL.7.6], for a
detailed study of various IBV problems associated to (6.123), and for the consequent
definition of the associated semiflow. In Eden-Milani, [EM93], we briefly outline
the argument leading to the existence of a global and an exponential attractor for this
semiflow, in a phase space analogous to the space X\ considered for problem (BE).

6.3 Navier-Stokes Equations

In this section we consider the so-called NAVIER-STOKES equations in two dimen-
sions of space. These equations describe the motion of a two-dimensional viscous,
incompressible fluid in a bounded set 2 C R2. For more information on the Navier-
Stokes equations, also in three space dimensions, we refer e.g. to Lions, [Lio69,
sct. 1.6], Temam, [Tem83], Constantin-Foias, [CF88], and Sell-You, [SY02, ch. 6].

For j = 1,2, we set d; := d/dx;. Given two smooth vector fields @ = (a,a>) and

b = (by,b,), we define a third field (@- V)b by

(@-V)b:= (a191b) + ar02b1,a,01b> + ardhby) . (6.124)

6.3.1 The Equations and their Functional Framework

Denoting by # the velocity of the fluid, and by p its pressure, the Navier-Stokes
equations we consider have the form

po iy + (- V)id) — vA
v

=f-Vp, (6.125)
divii =0,

(6.126)

BN

where pg > 0 is the density of the fluid (which we assume to be constant; in the
sequel, we take pp = 1), v > 0 is its kinematic viscosity, and f is a measure of the
external forces applied to the fluid. v is proportional to the reciprocal of the Reynolds
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number; in many fluids, v is small. Equation (6.126) translates the requirement that
the fluid be incompressible. We supplement (6.125) and (6.126) with the initial and
boundary conditions

i(0,x) = ip(x), xeQ,
i(t,x) =0,  (t,x) € [0,400[xIQ. (6.127)

The homogeneous boundary condition in (6.127) means that we assume the fluid to
be at rest at the boundary of 2; other type of boundary conditions can be considered,
such as space-periodic ones, or so-called “nonpenetrating” boundary conditions, of
the form

—

n-i=0, nxcurli=0,

where 7 is the outward unit normal to the boundary d€2. We refer to the evolution
problem (6.125) + (6.126) + (6.127) as

problem (NS).

The function spaces in which we consider problem (NS) are suitable subspaces of
the spaces H(div, 2) and H(curl, Q) introduced in section A.7, to which we refer. In
particular, we adopt its convention A.83, whereby if X is a space of scalar functions
on 2, such as Lz(.Q), then, with abuse of notation, we write ¥ € X to mean that the
components of i are in X'. Thus, we rely on the context to know when the notation
X denotes a space of scalar valued or of vector valued functions (i.e. when X is
actually an abbreviation for the space X x X’). Also, when there is no danger of
confusion, we denote vectors simply by u, instead of . Finally, we denote as usual
the norm and scalar product in L*(2) by || - || and (-,-), and by |- |, the norm in
LP(Q),1 <p<+oo.

Setting then

V:={i e H)(Q): divii =0},
H :=H(div,Q) = {ii € L}(Q): divii =0},

theorem A.85 allows us to consider V < H <V’ as a Gelfand triple. Next, recalling
(6.124), we define a trilinear form b on V, by

b(u,v,w) := ((u-V)v,w) Z / ui(dv;)w;dx (6.128)

i,j=1

The following proposition describes the main properties of b that we need in the
sequel.

PROPOSITION 6.19
The trilinear form b defined in (6.128) is a continuous map from V xV xV to R
which satisfies the estimate

[b(u,v,w)| < |ul4|Vv|2|wla, (6.129)
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forallu, vandw € V. Moreover, for allu,v €V,

b(u,u,v) = —b(u,v,u). (6.130)
In particular,

b(u,v,v) =0, blu,u,u)=0. (6.131)

PROOF Estimate (6.129) follows from theorem A.58 (recall that, since N = 2,
V — H}(Q) — LP(Q) for all p € [2,+0o0[). To prove identity (6.130), we use the
integration by parts formula

/BQ(ﬁ-f)gds:/Q(divf)gdw/gfvgdx, (6.132)

where 7 is the outward unit normal to d£; the validity of this formula for functions
in V is justified in section A.7. Indeed, we easily compute that

b(u,u,v)+b(u,v,u) :/ i-V(id-v)dx;
Q

hence, by (6.132) we have that

b(u,u,v)+b(u,v,u)=—/ (divii) o) de+ | (7)) ds = 0,
Q Q0

keeping in mind that u € V. I

PROPOSITION 6.20
Let T >0, and u € L>(0,T;V)NL>®(0,T;H). Then, (u-V)u € L>(0,T;)V").

PROOF Letv < L?(0,T;V). By the Gagliardo-Nirenberg inequality
Juls < C|[Vu]| 2 lu] 2, (6.133)

which holds because u vanishes at dQ (see theorem A.70), recalling (6.130) and
(6.129), we can estimate

T T T
/ /|(u-V)u~v\dxdl=/ \b(u,u,v)mt:/ b v,u)| dt
0 Q 0 0
T 5 T
< [ wBIvviar<c [ ul ul [ 9v)d
< Cllullus 0,770 lullz0.r0) IV lL20.7:0) »

from which the conclusion follows. D
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6.3.2 The 2-Dimensional Navier-Stokes Semiflow

Global existence of weak solutions to problem (NS) is provided by the following
result, a proof of which can be found e.g. in Lions, [Li0o69, sct. 1.6] (see also Temam,
[Tem83]).

THEOREM 6.21

LetT > 0. Forall f € 12(0,T;V') and uy € M, there exists a unique u € L*(0,T;V),
with u; € L2(0,T;V"), which is a weak solution of problem (NS), in the sense that
u(0,-) = uq (this makes sense because, by theorem A.80, u € C([0,T|;’H)), and for
allvey,

(+ (u-V)u—vAu—f,v)yrp =0, (6.134)
almost everywhere int € [0,T]. Ifin addition f € L*(0,T;H), f, € L?(0,T;V"), then

ueC([r,T;V)NL2 (1, T;HA(2)NV) (6.135)
Sforall T €)0,T[. Ifup €V, we can take T =0 in (6.135).

REMARK 6.22 In the weak formulation (6.134), the unknown p is not present.
This is because, by (6.132),

<vpa V>V’><V =0
for all v € V. On the other hand, once a weak solution u of problem (NS) has been
found, we can formally determine p in the following way (this procedure can be
justified rigorously by the results of section A.7). By proposition 6.20, we know that

wi=u+ (u-Vu—vAu—fe)
for almost all 7 € [0,T]. Let now y € C3°(2). Then, curl y € V, so that (6.134)
implies that
<CLII‘1\’V7 ll/>vl><v = <W, curl l[/>v/><v =0.

The arbitrariness of ¥ implies then that curlw = 0; thus, there is a scalar function p
such that w = —Vp, as desired.

Theorem 6.21 allows us to define the solution operator S = (S(¢));>0 in H, associ-
ated to problem (NS). When f is independent of ¢, S is a semigroup; to show that §
is also a semiflow, it is sufficient to prove the following

PROPOSITION 6.23
For eacht >0, S(t) is locally Lipschitz continuous in H.

PROOF Assume that 1 and i are two solutions of (6.134), and let z := u — iz. Then,
z satisfies the equations

(zt — VAZ,V)yr oy + b(u,z,v) + b(z,4,v) =0, (6.136)
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for all v € V. Take now v = z in (6.136) (which is legitimate), and integrate in [0, 7]:
recalling (6.131) and (6.133), we obtain

t t
S P+v [ 192 ar= 30 - [ bz as

t
<O +C [ IV o

t
< SO +C [ el 9] [V o

IN

t ot
SO+ v [ [VelPar+c [Pl ar

Consequently, we obtain that
it
(Ol IIZ(0)||2+C/0 Iz IVl dr

recalling that iz € L?(0,T’; ), the conclusion follows by Gronwall’s inequality (2.62).

We remark that the validity of theorem 6.21 and proposition 6.23 is strictly limited
to the two-dimensional case (N = 2). For example, as the proof of proposition 6.23
shows, if N = 3 the question of uniqueness of weak solutions is open.

6.3.3 Absorbing Sets and Attractor

We now show the existence of a bounded, positively invariant absorbing set for
S, first in H and then in V. As a consequence of the asymptotic smoothness of the
semiflow, we deduce that S also admits a global attractor in H.

PROPOSITION 6.24

Assume that f € L>°(0,400;V’). There exists a positively invariant, absorbing ball
B C H for the solution operator S generated by problem (NS) (that is, B absorbs
all bounded sets of H). If in addition f € L>°(0,4+00;H), S also admits a positively
invariant absorbing ball By in'V (that is, B| absorbs all bounded sets of V).

PROOF In the sequel, we set

F = sup”f(t)”%;/ , Fp:= sup||f(t)|\%1 .
>0 120

1. Multiplying equation (6.125) in H by 2u, and recalling the second of (6.131),
we obtain that

d
3 1P +2v I Vull® = 20, u)yrcy < CIFIRy + vVl (6.137)
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By Poincaré’s inequality (3.16), we deduce from (6.137) the exponential inequality
d
o el + Vi |lu]]* < CFy.

The existence of a positively invariant absorbing ball for S in H follows then by
proposition 2.64.

2. To prove the existence of an absorbing ball in )V, we formally multiply equation
(6.125) in 'H by —2Au. Since we do not know that —Au € H, this procedure is formal,
to fully justify it, we should consider, as usual, the Galerkin approximations of u,
constructed on subspaces of the eigenvalues of —A (with respect to the homogeneous
Dirichlet boundary conditions). We obtain that

% | Vu||® +2v||Au||® + 2b(u,u, —Au) = 2(f, —Au)
< C|IfI*+ Lv]Au). (6.138)
Recalling (6.130), and resorting to the Gagliardo-Nirenberg and elliptic estimates
Jula < ClAZu| el 74 < €| a4
(see theorems A.70 and A.77), we estimate
b(u,u,—Au) = b(u, Au,u) < Clul|Aul|
< Cllul? | Aul? < Clul|® + 5 vI|Aul.
Inserting this into (6.138), we obtain that

d
T |Vul|? + v||Au||> < CF, +C]Jul|®. (6.139)

Since the first part of this proof provides an estimate on ||u| independent of ¢ > 0,
recalling the second Poincaré inequality (3.17) we finally deduce from (6.139) the
exponential inequality

d
a||Vu||2+v/11|\wu2gchrcl. (6.140)

The existence of a positively invariant absorbing ball for S in ) follows then again by
proposition 2.64. This concludes the proof of proposition 6.24.

For future reference, we remark that from (6.139) we also deduce that, for all ¢,
s € [0,400], with s < £,

1
v/ 1 Aul? dt < ||Vu(s) | +C(t —s)

and, since (6.140) implies that the function s — ||Vu(s)|| is bounded, we conclude
that there is C > 0, independent of s and ¢, such that

1
v/ Au|?dr < C(1+1—s). (6.141)
j
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We can now deduce the existence of a global attractor for the semiflow S in H.

THEOREM 6.25
Let f(t,-) = f € H. The semiflow S generated by problem (NS) admits a compact,
global attractor A in 'H.

PROOF It is sufficient to apply theorem 2.46 of chapter 2. Indeed, the last claim
of theorem 6.21 implies that the semiflow § is uniformly compact for large ¢; hence,
the desired attractor is the set A = w(3), where B is the absorbing ball /5 constructed
in proposition 6.24.

6.3.4 The Exponential Attractor

In this section we show that the semiflow S also admits an exponential attractor £
in H, which contains the global attractor .A.

THEOREM 6.26
In the same conditions of theorem 6.25, the semiflow S generated by problem (NS)
admits an exponential attractor £ in H.

PROOF We apply theorem 4.5 of chapter 4. To this end, we consider the absorbing
ball B; for S in V, determined in proposition 6.24: since the injection V — H is
compact (because the map V € u — divu € H is continuous), B is compact in H.
We propose then to show that § satisfies the discrete squeezing property (see definition
4.3), relative to B;. We proceed almost exactly as in the proof of theorem 4.7 of section
4.3.2, of which we keep the same choices of N and Xy. In particular, we show that,
given any ¢, > 0 and 7 €]0, %[, there exists an integer N,, with the property that if g,
vy € By are such that S(z.)up — S(¢.)vo ¢ Ch,, i.e. if

[[Pn. (St )uo — S(t.)vo) || < [|Qw.. (S(t:)uo — S(2:)vo) | (6.142)
(that is, if (4.13) holds for the operator S(z.)), then (4.11) must hold, i.e.
(e )uto — (e )voll < Yo —vol| . (6.143)
Thus, we follow the evolution of the quotient norm A introduced in (3.58), i.e.

_ Iv=z01?
ROl

where z(t) := S(t)up — S(¢)vo is the difference of the two solutions of problem (NS),
with initial data up and vg. Acting as in the proof of (3.61), we arrive at the identity

A1)

1dA 1

53—W<—AZ—AZ,V(AZ+AZ)—(u-V)Z—(Z'VV)>. (6.144)
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Setting w := ﬁ, we deduce from (6.144) that

% — V|| AW A2 2V (Aw+ Aw, (- V) + (w- V)
<v (| (u-V)w|*+ |(w-V)ul?) =: V(R +R). (6.145)
We first have that
Ry < Clul2, [V (6.146)
thus, resorting to the Gagliardo-Nirenberg and elliptic inequalities
uloe < ClIA%u| 2 [ul]V* < ClAu]/2|u] V2

(see theorems A.70 and A.77), and recalling that u € B, so that its norm in V, and
therefore in H, is uniformly bounded in 7, we deduce from (6.146) that

Ry < Ci|Aul|A . (6.147)
Similarly, since ||w|| = 1 and v € By, recalling (6.133) we can estimate
Ro < CIw3IVv 3 < ClIwl ] 1Av] 9] < CllAv] VA (6.148)

Inserting (6.147) and (6.148) into (6.145), we obtain that (for different constants C)

dA
o < C||AV||2 +C(1 + ||Au|)A .

Integrating this inequality for 0 < s < ¢ yields
1 t
A1) gA(s)+c/ ||Av|\2d9+C/ (14 [|Aul))A (s) 6
N s

By Gronwall’s inequality, and recalling estimate (6.141), which also holds for v, we
have then

Al) < (A(s)—i—C/: Av||2d6> exp (C/St(l + ||Au||)d9)
< (A(s)+C(1+1—5))exp (c@-wﬂ%ﬁ))
< (A(s)+C(1+1 —s5))eClH+=9)
from which we obtain that
As) > e CUH=IA () —C(1+1—5).

Integrating this inequality with respect to s in the interval [0,7], we finally deduce the
estimate

/IA(s)dszclA(t)(l—e_C’)—C(l+t+%t2), (6.149)
0
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with C := (Cec)*l. Our next step is to recall (6.136) (with & replaced by v): Since
v € B, which is bounded in V, we easily obtain that, as in (4.32),

t
=0 < o) Pexp (€2 v [ Als)as).
where C, depends on the bound on || Vv|| provided by 55;. Consequently, setting
Q1) :==Cot +C (1 +1+417),
we deduce from (6.149) that
()2 < 11200) P exp (9(6) — CLA (1) (1 —e~)) (6.150)

Let now t, > 0 be such that (6.142) holds: then, as in (4.29), A(t.) > 1 Av41. Con-
sequently, (6.150) yields that

2t lI? < [12(0) 7 exp (@(t:) = CrAns1(1 —e~ ).
Given then y €]0, 1[, we can make
o(t.) —CAyi1(1—e ) <2Iny
by choosing N so large that
@) —2Iny < CAyii (1 —e™™).

Thus, (6.143) holds. The rest of the proof of theorem 6.26 proceeds then as that of
theorem 4.7.

We conclude this section with the remark that, in contrast to theorems 6.25 and
6.26, the existence of an inertial manifold for the semiflow generated by the Navier-
Stokes equations is an open question, even in two dimensions of space, and for dif-
ferent types of boundary conditions, such as periodic ones.

6.4 Maxwell’s Equations

In this section we consider a model for the quasi-stationary MAXWELL’S equa-
tions, which describe the evolution of the electromagnetic fields and inductions in
a ferromagnetic medium. This situation is characterized by a nonlinear dependence
between the magnetic field and induction, and by the fact that the displacement cur-
rents are negligible with respect to the eddy ones. The former feature gives rise to a
quasilinear system, while the latter allows us to consider a reduced problem, which
is of parabolic type. For more information on Maxwell’s equations, we refer e.g. to
Duvaut-Lions, [DL69, ch. 7].
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6.4.1 The Equations and their Functional Framework

1.  The complete system of Maxwell’s equations is the first order linear system,
essentially derived from the so-called AMPERE’S theorem and FARADAY’S LAW,

D;—curlH=G—-J, (6.151)
B, +curlE =0, (6.152)
divD=p, (6.153)
divB=0, (6.154)

where E and H denote, respectively, the electric and the magnetic fields, and D, B,
the corresponding inductions. The vector functions G and J in (6.151) represent,
respectively, an external source, and the so-called eddy currents, while the scalar
function p in (6.153) is a measure of the total electric charge. We refer to equations
(6.151), ..., (6.154) collectively as

system (ME).

This system is considered in a bounded domain  C R3, with a Lipschitz boundary
dQ. We supplement system (ME) with the initial conditions

B(0,-)=Dy, B(0,:)=By, (6.155)
and impose the boundary conditions
vxE=0, v-B=0, (6.156)

where Vv is the unit outward normal to dQ. The first of conditions (6.156) translates
the assumption that the boundary of Q be a so-called “perfect” conductor (i.e., an
ideal metal). As we remark below, the second boundary condition in (6.156) is in
general redundant, since it is a consequence of the first condition, and of equation
(6.152).

REMARK 6.27 The second Maxwell’s equation (6.152) implies that
divB; =0, v-B;=0

(for the latter, see e.g. proposition A.89). Thus, if we assume, as it is customary, that
the initial value By satisfies the conditions

divBy=0, v-By=0, (6.157)
both equation (6.154) and the second boundary condition in (6.156) are a consequence

of (6.152). I

System (ME) consists of eight conditions on twelve unknowns (the components
of D, E, B and H). To make (ME) a determined system, we assume the constituent
relations

D=¢E, He((B),
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where ¢ is, for simplicity, a positive constant (known as the dielectric constant, which
measures the effects of the displacement currents), and { is a monotone map, in gen-
eral multivalued because of the presence of hysteresis. Here, again for simplicity, we
consider an idealized model, in which the hysteresis phenomena are neglected; thus,
we assume that { is a monotone function. Finally, we assume that the eddy currents
are everywhere present, and caused entirely by the conductivity of the medium; that
is, that

J=0F,

where o is, for simplicity, a positive constant measuring conductivity. With these
assumptions, Maxwell’s equations (ME) can be written as

eE, —curl{(B)=G—oOE, (6.158)
B; +curlE =0,
divE =1p, (6.159)
divB=0, (6.160)
which we again refer to as
system (ME) .

Again, equation (6.160) is redundant if (6.157) holds. To make the system deter-
mined, we further assume that G and p satisfy the compatibility condition
P+ top =divG,

which is derived by taking the divergence of (6.158).

In ferromagnetic media, the effect of displacement currents is usually negligible
in comparison to those of the eddy currents; that is, € < ¢. It is then common, in
applications, to neglect the term €E; in equation (6.158), and to consider instead the
reduced equations

6E —curl{(B) =G, (6.161)
B +curlE =0. (6.162)

These equations are known as the QUASI-STATIONARY Maxwell’s equations; we
refer to them as

system (QS) .

We remark that, now, equation (6.159) loses sense, and the divergence of E is
determined by equation (6.161), that is

1
divE = p divG. (6.163)

The first initial condition on D in (6.155) is also lost; indeed, system (QS) must be
considered as a singular limit problem for the complete system (ME).
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2. We now transform the first order system (QS) into a formally parabolic evolu-
tion equation, by the introduction of suitable electromagnetic potentials. To describe
this process, assume that system (QS) has a solution (B, E), with B(t, ) € H)(div, Q)
and E(¢,-) € H(div, ) for almost all 7 > 0 (see section A.7 for the definition of these
and related spaces). By proposition A.91, we can then determine a vector function
A(t,-) € Ho(curl, Q) NHO(div, ), such that

curlA = B,
divA =0, (6.164)
vxA =0.

Then, equation (6.162) implies that A, + E € H’(curl, Q) N H(div, Q) for almost all
t; hence, by theorem A.93, there is ¢ € H(l)(Q), such that

A+E=-Vo. (6.165)

Recalling (6.163) and the second of the equations in (6.164), we see ¢ is determined
as the solution of the boundary value problem

—Ap = Ldive,

1

o

o =0 (6.166)
50

Replacing the expressions of B and E obtained in (6.164) and (6.165) into system
(QS), we finally obtain the IBV problem

oA, +curl{(curlA) = —-G—oVo=:F,
A(0,-) = Ao, (6.167)
VvxA =0,

where the initial value Ag is determined from By by means of the boundary value
problem (6.164), att = 0.

REMARK 6.28 The equation in problem (6.167) is quasilinear, and has the same
form as equation (3.11). As such, it does not immediately fit within the framework
of the semilinear equations we have considered in chapter 3; however, if the function
{ is monotone, problem (6.167) is of parabolic type, and a suitable weak solution
theory can be established, by means of classical results on evolution equations with
monotone operators (see e.g. Brezis, [Bre73]). In contrast, for the corresponding IBV
problem for the complete system of Maxwell’s equation (i.e. when € > 0), which is

EA[; + GA[ +Curl§(cur1A) = -G— SV(P[ - GV(p = F,

A(O,-) = Ap,
A(0,-) = A :=-V¢(0,))—Ep,
VXA =0,

an analogous weak solution theory is not yet available. This is the principal reason
why we consider only the reduced problem (QS).
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3. In the sequel, we take for simplicity ¢ = 1. In accord with (6.157), we assume
that By € Hg(div, ), and that the source term G satisfies

G € L*(0,+00;L2(2)) NL>(0,+00; L3 (R)), G; € L*(0,400;L*(Q)).
(6.168)

Then, Ag € Ho(curl, 2) NH(div, ), and the function ¢ defined in (6.166) is such
that ¢ and ¢, € L%(0,+o0; H}(£2)). Therefore, the source F in (6.167) has the same
regularity (6.168) as G. We set then

H:=H(divQ), V:=H(curl,2)NH"(div,Q).

By theorem A.85, we have that V — H — V' is a Gelfand triple. Moreover, by
Friedrichs’ inequality (A.80), we can choose in ) the norm

lully = | curlul].
In fact, since divu = 0 if u € V, we have that
lull < Ar||curlu||, (6.169)
for all u € V, with Ay independent of u. Finally, we also set
D:={ueV: curl{(curlu) € H(divQ)} . (6.170)

As we have stated above, we assume that § is a monotone function. More precisely,
we assume that {: R?® — R3 is a globally Lipschitz continuous function, and the
derivative of a convex function Z € C"!(R3,R). Without loss of generality, we can
choose Z so that Z(0) = 0. We also assume that the derivative {’(p), which is defined
for almost all p € R?, is a uniformly strictly positive matrix, that is

Jy>0vgeR’:  ({'(p)g.q)s =Y. (6.171)

with y independent of p. We have then the following estimates:

PROPOSITION 6.29

1. Let { satisfy the assumptions stated above, and L be the Lipschitz constant of
C. Then, for all u and v € 'H,

Yllul|* + ($(0),u) < (& (u),u) < Ll[ul|* + (£(0),u), (6.172)
(& (wyv,v) > 7lIv]*. (6.173)

In particular, forallu €'V,

}/||u||%; < (& (curlu),curlu) < L|\u||%; (6.174)
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2. Given Z as above, define a function N: L*(Q) — [0, +oo[ by

~ [ Z(uw))ax
Q
Then, for all u € Lz(.Q),
sYul® +(£(0),u) < N(u) < 3LIJul® +(£(0),u) . (6.175)
In particular, for allu €'V,
27”“”1) < N(curlu) < 1L||u||v (6.176)

PROOF 1. Since
(C(u),u) = (C(u) — £(0),u—0)+(£(0),u),

(6.172) is an immediate consequence of the Lipschitz continuity of { and of (6.171),
which also implies (6.173). Then, (6.174) follows from (6.172), since (£ (0), curlu) =
0, as follows by integration by parts.

2. Since { = Z’, and Z(0) = 0, recalling (6.172) we compute that, for u € L?(Q),

Nw) = [ (Z(u(0) ~2(0)) dx = //c: u(x) drdx
_/ (ru), ru) dr > y]jul? /rdr+/ L) .

This implies the first half of (6.175); the second half follows similarly. Finally, (6.176)
follows from (6.175).

REMARK 6.30 Under the stated assumptions on , it can be shown, by means of
elliptic regularity results similar to theorem A.77, that if D is the space defined in
(6.170), then D = H>(Q) N V.

6.4.2 The Quasi-Stationary Maxwell Semiflow

1.  The following theorem provides the global existence and regularity of weak
solutions to problem (6.167).

THEOREM 6.31

Let T >0. For all F € L2(O,T;V’) and Ay € H, there exists a unique A €
C([0,T); H)NL?(0,T; V), with A, € L2(0,T; V"), which is a weak solution of problem
(6.167), in the sense that A(0,-) = Ag (this makes sense because, by theorem A.80,
A €C([0,T];H)), and the equation in (6.167) is satisfied in V' for almost all t €]0,T].
If in addition F € L2(0,T;H), then

AcC([t,T;V)NL*(1,T;D), A €L*(1,T;H), (6.177)
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for all T €]0,T[. If Ao € V, we can take T =0 in (6.177). Furthermore, if F;, €
L2(0,T;V"), then

A € C([r, T H)NLA(1,T;V), AeC([1,T);D), (6.178)
with the choice T = 0 admissible if Ag € D (sothatA| := curl { (curlAg) + F(0,-) € H).
PROOF A proof of this theorem, based on the Galerkin method, can be given
following the same procedure of the proof of theorem 3.9 of chapter 3, where we
considered the semilinear parabolic problem. Here, we limit ourselves to establish
the necessary a priori estimates that we shall also need in the sequel for the existence

of the absorbing balls for the semiflow generated by (6.167). At first, multiplying the
equation in (6.167) in H by 2A we obtain

d
dr 4|17 +2(& (curlA), curl A) = 2(F,curlA)yr . ;
recalling (6.174), we obtain then that

d
3 AP+ 7IAIR < SIFIR + 371l (6.179)

from which, integrating in [0, 7], we obtain that A € L>(0,7;H)NL2(0,T;V).

Hence, A, € L2(0,7;)), so that A € C([0,T];’H). Next, we multiply the equation in
(6.167) in H by (e’ — 1)A,, obtaining

d
(' — D)JA*+ T ((e' = 1)N(curlA))
<L = D|FI*+ 3 —1)]|A|]* + (¢" — 1)N(curlA) + N(curlA).
Integrating this, and recalling (6.176), we obtain
t
/ ((e® = DlIA/IP) 40 + (& — )N (curlA)
0
t t
< [ (€ =DIFIP) a0 +L [ Al ae
0 0
it
+ / ((e" - l)N(curlA)) de. (6.180)
Jo

Recalling that A € L?(0,T; V), we can then deduce, by means of Gronwall’s inequal-
ity, that A € C([7,T];V) and A, € L*(t,T;H), T €]0,T[. Thus, A € L?(t,T;D), and
(6.177) holds. Note that if Ag € V), we do not need to multiply by the factor (e’ — 1),
so that we can take T = 0 in (6.180). In fact, for future reference we note that, in this
case, we have the estimate

t T
R+ iaw R <zlaolp+ [ 17| ae. (6.181)
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Finally, we differentiate the equation in (6.167) with respect to ¢, and multiply the
resulting equation in H by 2(e’ — 1)A,, obtaining

d
& ((e" = 1)|A|I*) +2(e" — 1)(¢’ (curl A) curl A,, curl A,)
=2(' — 1)(F.A) +¢'l|A].

From this, recalling (6.173), we obtain

d
3 (=DA% +2v(e = DIAR < (&' = DIAI?+ e =Dl

and, integrating,
r
(€ =Dl +2y [ (€= 1)JAd]f; de
T t
s/ (e’—l)||F,||2d9+/ (267 — 1)||A, |2 d6 . (6.182)
0 0
Recalling that A, € L?(0,T;H) if Ag € V, we conclude that (6.178) holds. I

2. If F € L*(0,+00;V"), theorem 6.31 shows that problem (6.167) generates a
solution operator S = (S(1));>0, with S(¢): H — H for allt > 0, and S(t): V — V
if F e L2(0, +00;H). We now show that, if F is independent of ¢, these solution
operators are actually semiflows, both in 7 and in V. To this end, it is sufficient to

estimate the difference a(t) := A(t) — A(t) = S(t)Ao — S(t)Ag, in H and V. At first,
we immediately have that

d _
o latl|? +2(¢ (curlA) — & (curlA), curlat) =0,
from which, recalling (6.173),
d 2 2
3 lel”+7llelly < 0. (6.183)

Integrating this inequality we deduce that S(¢) is Lipschitz continuous in H, for all
t>0.

We now prove that each operator S(z) is also continuous in V; that is, that for all
t>0,Ag €V, and n > 0, there is 6 > 0 such that

I5(t)A0 = S()Aolly = A1) =A@l <m if  [lAo—Aolly < 6.

Proceeding by contradiction, we assume that there are o > 0, Ap € V and 19 > 0
such that for all 6 > 0, there is Ag € V with

HAO —Zo”v <é but ||A(t0) —X(IQ)HV >Mo. (6.184)
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From (6.183) and (6.169) we deduce that

a3 < 2l au(t0) || ex(to) || < 2]l 0 (t0)[| [|¢(0) || < 2Ar || (10) ]| [|x(0)|y -
(6.185)

Consider now any Ag € V, with ||Ag —Ao|y < 1. From (6.182) (with F; = 0) and
(6.181) we deduce that

ol < 2= [ jaipae < 2L wiaglR+ ol #IP):
similarly,
A0 < 2L Lol + 1)+l FIP).
Therefore, we deduce that
o) < CED s gy olFR). 6ass)
Inserting this into (6.185) we obtain
(o) 13 < CollAo — Aol . (6.187)

where the constant Cy depends on fy and ||Ag||y, as per (6.186). Let then
6= min{%ngcal, 1},

and Ag € V be determined as in (6.184). Then, ||Ag — Ag||yy < 1; thus, (6.187) holds,
and this implies the contradiction

ng < lla(to)ll}, < Cod < ing .

This allows us to conclude that each solution operator S(z) is also continuous in V.
Hence, S is a semiflow in both H and V.

6.4.3 Absorbing Sets and Attractors

1. We now proceed to show the existence of bounded, positively invariant absorb-
ing sets for S, both in H and in V.

PROPOSITION 6.32

Assume that F is independent of t. If F € V', there exists a ball By C H, which is
positively invariant and absorbing for the semiflow S in 'H. If F € 'H, there exists a
ball By C V, which is positively invariant and absorbing for the semiflow S in V.

PROOF From (6.179) we first obtain, recalling (6.169), the exponential inequality

d 2 ) 2 1 2
—_— A —‘ri A < _— F /sy
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from which we deduce the existence of a bounded, positively invariant absorbing set
By for S in H in the usual way. In particular, for any bounded set G C H, there is
M > 0 such that for all Ag € G and all t > 0,

IS@®)Ao|| =: |A(D)|| <M. (6.188)

Next, we multiply the equation in (6.167) in H by A;, to obtain
d
AP+ 3 N(curlA) < 3 1F[+ 1A (6.189)

From (6.179) we also obtain, recalling (6.176)

2
EN(curlA) < L(IF (5 +2[Al A < SIIFIP+2]A1° + 3llAl* . (6.190)
Summing (6.189) and (6.190), and recalling (6.188), we obtain the exponential in-
equality

d
< V(eurlA) + N (curl4) < § (14 ) IFIP+2m% = by (6.191)

Because of (6.176), we can deduce from (6.191) the existence of a bounded, positively
invariant absorbing set 3; for Sin V.

2. Since the injections D — V — H are compact, (6.178) implies that S is asymp-
totically uniformly compact, both with respect to the topologies of V and H; hence,
theorem 2.46 implies that the semiflow S defined by problem (6.167) admits the sets
Ap = 0(Bp) and A; = o(B)) as global attractors, respectively in H and V.

REMARK 6.33 The importance of showing the existence of an attractor for S in
V), and not just in H, resides in the fact that we can then deduce the existence of an
attractor, in H, for the semiflow S defined by the original first order system (QS), that
is, recalling (6.164), by

S(¢)Bo = B(t,-) :=curlA(t,-) = curl(S(¢)Ao),

where By € 'H, and Ag € V is determined from By as the solution of problem (6.164).
As for E, note that, by (6.165), E(t,-) :== —A(t,-) — V@, with Vo € L?(Q) (recall
that in the autonomous case, the source term G is independent of ¢), and A, (¢,-) € H
for all # > 0, as stated in (6.178). Hence, E(t,-) remains in a bounded set of L?(£),
forall¢ > 0.

We conclude our presentation of the quasi-stationary Maxwell’s equations with the
remark that, since problem (6.167) is quasilinear, the techniques we have developed
in chapters 4 and 5 are not directly applicable. Hence, the existence of an exponential
attractor for S, even only in 7, not to mention that of an inertial manifold, is an open
problem.






Chapter 7

A Nonexistence Result for Inertial Manifolds

In this chapter we present a result, due to Mora and Sola-Morales, [MSM87], con-
cerning the nonexistence of inertial manifolds for the semiflow generated by a semi-
linear dissipative wave equation of the form (3.4).

7.1 The Initial-Boundary Value Problem

1. We consider again the hyperbolic perturbation, for € > 0, of the Chafee-Infante
equation of (5.149) in one space dimension, with f =0, i.e.

ity — e = k(u—1®) =: g(u), 7.1
with k > 0 and ¢t > 0, x €]0, w[. We supplement (7.1) with the initial conditions
u(0,x) =up(x), u(0,x)=ui(x), x€]0,x[, (7.2)

but, in contrast to problem (5.166), we impose homogeneous boundary conditions of
Neumann type, i.e.

ux(t,0) = uy(t,m) =0, t>0. (7.3)
We refer to the IBVP (7.1)+(7.2)+(7.3) as
problem (Hy) .

In section 5.8.5 of chapter 5 we have seen that if € is sufficiently small, the
semiflow generated by the corresponding IBVP with Dirichlet boundary conditions
admits an inertial manifold. In contrast, Mora and Sola-Morales have shown in
[MSMS87] that, if instead € is sufficiently large, the semiflow generated by problem
(Hy) cannot admit an inertial manifold of class C!, containing the global attractor of
this semiflow.

2. Inorder to conform to Mora and Sola-Morales’ presentation, we introduce again
the time rescaling ¢ — +/€t, which transforms (7.1) into the equation
1

ut,+2au,—uxx:k(u—u3), o= ﬁ (7.4)

291
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Exactly as in section 3.4, we can prove that problem (Hy) generates a flow in the
product space X := H'(0,7) x L?(0, 7). In fact, arguing as in section 3.4.1 we have
the following result.

THEOREM 7.1
Problem (Hy ) generates a continuous flow S = (S(t));cr on X, which admits a global
attractor A in X. Moreover, for each compact interval [a,b] C R, the map

X 3 Uy — S(-)Up € C([a,b]; X) (7.5)

is of class C? and bounded.

The proof of this theorem can be established along the same lines as that of the-
orem 3.20, with the exception of the C?> dependence of the orbits from their initial
values, expressed in (7.5). This part can be proven as in Henry, [Hen81, thm. 3.4.4],
even if the “space” operator A of the first order formulation of equation (7.4) is not
sectorial (see section A.3). Here, we limit ourselves to prove the following forward
uniqueness and continuous dependence result in X, which we will need in the sequel.

PROPOSITION 7.2
Problem (Hy) is well posed in X, on any compact interval [Ty, T] C R (see definition
1.5).

PROOF Without loss of generality, we can take Tp = 0. Let
Z:=C(R;H'(0,7))NCY(R;L?(0, 7)),

and assume that u, i € Z are two solutions of the initial boundary value problem
(7.4)+(7.3). Then, their difference z solves the equation

2 +207 — 20 = k(z— 1 + @), (7.6)

with homogeneous initial and boundary conditions. Multiplying (7.6) in L(0, ) by
2z;, we obtain, as in section 3.4.1:

d
o Uzl + lleell?) + 4arlla || = 2k((1 + (o + it + %))z, 20)
< 2k(1 4 [u? +uit+ o) |2l 1z (7.7
where || - || denotes, as usual, the norm in L?(0, 7). Since H'(0, ) — L>°(0, ), and

u, i € Z, given T > 0 there is Cy > 0, depending on u and i, such that
|u? + i+ %[ oo < C(||ul)? + ||1]|?) =:< Co.

Thus, integrating (7.7) in [0,7], 0 < r < T, we obtain

0(0) = a0, + sle, )P+ 200 [ (0.6
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2 2 2
<11 (0,1 + (0. )P+ €1 [ (6,1 a8, a89)

with C| depending on Cy and ¢. Estimating

12(8,-)1* < 21|20, ||2+2</ (7 df)

<2]2(0,)|2 +26 / lze (7, )2 de, (7.9)

we obtain from (7.8) that

ot
(1) < [120(0,)|* + [|2x(0,)|[* +2C1 |(0, ) |1 + %/0 6¢(6)do
By Gronwall’s inequality, we deduce then that

9(t) < (a1 (0,)|* + 122(0, )| +2C (0, ) [2)e /PO = (1) . (7.10)

Replacing this into (7.9), we have

22, )1 < 2012(0,) 1 + 5 @(7) -

Together with (7.10), this implies the conclusion of proposition 7.2. In particular,
solutions of problem (Hy) in X" are uniquely determined by their initial values.

7.2 Overview of the Argument

Mora and Sola-Morales’ nonexistence result is proven by contradiction; in its gen-
eral lines, it runs as follows. The second order equation (7.4) is transformed into the
first order system in X’

U+alU =AU +G(U), (7.11)

where A is the linear operator, unbounded on X', formally defined by

0 1
A= ) 7.12
<a2+8xx 0) (7.12)

and, for U = (u,i) € X, G(U) := (0,k(u —u?)) (compare to (5.114). We define
S = (S(¢));er to be the flow generated by (7.11) in X. This flow has, in the phase
space X, three stationary states P_1, Py and P;, which are the constant functions

P_i(x)=(-1,0), Py(x)=(0,0), Pi(x)=(1,0); (7.13)
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the stationary states Py and P are joined by a heteroclinic orbit ¥, which is the graph
of a C! function. By theorem 7.1, translated to the equivalent first order system
(7.11), the flow S admits a global attractor A in X’; thus, ¥ C A. In particular, denot-
ing by Fg the class of the finite dimensional manifolds, which are locally invariant
under the flow S, are of class C!, contain P;, and are differentiable at P;, then, for
any neighborhood V;, of P in X’ we have that yNV, € Fs.

Suppose now that S admitted a closed inertial manifold M C X. Then, y C A C
M; therefore, M NVy, € Fs. The central point of Mora and Sola-Morales’ argument
is to show that this cannot happen. They achieve this, by proving that the set Fg is at
most countable, and, therefore, it contains “too few” elements for M N Vp to be in
Fs, for a suitable choice of Vy, sufficiently small.

To show that Fjg is countable, Mora and Sola-Morales’ first prove that the same
is true for the analogous set Fg, corresponding to the linear flow R, obtained by lin-
earizing (7.11) at Py (see (A.5)). Then, they resort to an equivalence result, analogous
to the Hartman-Grobman theorem (see theorem A.8), to “transfer” the result back to
the original flow S.

Linearizing (7.11) at P, we obtain the system

Ui+aU =AU, (7.14)

where Ay is the unbounded linear operator in X, formally defined by

0 1
A= . 7.15
k <a2—2k+8xx 0) (7.15)

The linear system (7.14) generates a flow in X', which we denote by R = (R(t));cR.
Acting as in (5.117), we see that if o is so small, i.e. € is so large, that

a? < 2k, (7.16)

then A, admits a sequence of eigenvalues, which are all purely imaginary. In section
7.4 we show that, as a consequence, the set Fx consists of at most one countable fam-
ily; that is, Fg = (MRpm)men, each manifold Mpg,, being finite dimensional, locally
invariant under R, of class C!, containing P;, and differentiable at P;.

By a C! linearization equivalence result, shown in section 7.10, the same holds
in a neighborhood Vy; of P in X', for the original nonlinear problem (7.11). That
is, also the set Fg consists of at most one countable family Fs = (M,,)nen. As we
discussed above, from this it follows that, if S admitted a closed inertial manifold M,
then there must exist m € N such that M NV, = M, NVy.

Mora and Sola-Morales’ proceed then to show, by means of a perturbation argu-
ment, that this cannot happen. To describe this step of their argument, in section 7.6
we show that system (7.11) can be perturbed in such a way that the corresponding
flow Sy still admits P_y, Py and P; as stationary states, with Py and P joined by a
heteroclinic orbit yr, contained in the global attractor .4, of Sy. This perturbation
can be made so, that if V; is a sufficiently small neighborhood of Py in X, then the



7.3 The Linearized Problem 295

restriction of Sy to Vj; coincides with that of S. Thus, Af NV, = ANV, and, con-
sequently, Yy N Vy = yNVy € Fs. That is, ¥y must converge to P along one of the
countable manifolds M,, of the family Fs. In the final part of their argument, Mora
and Sola-Morales’ show then explicitly that this cannot happen; that is, ¥y does not
converge to Py along any of the manifolds M,,. From this contradiction, they can
then deduce that the flow generated by the original system (7.11) cannot admit an
inertial manifold.

7.3 The Linearized Problem

1. We consider the linearized problem (7.14) in X = H'(0,7) x L?>(0,7). The
domain of the operator A; defined by (7.15) is the space

YV:=H%(0,7)xH(0,7), (7.17)

where
HZ(0,7) := {u € H*(0,7): u,(0) = u,(7) = 0}.

System (7.14) is equivalent to the second order equation
Uy + 20 + Lu =0,
where L is the linear operator on L?(0, ), with domain H?(0, ), defined by
ur— Lyu = —up +2ku.
The eigenvalues of L, and the corresponding eigenfunctions, are
A =m?+2k, wy(x) = cos(mx), meN, (7.18)

and the sequence (W, )er forms an orthogonal system in both L?(0, ) and H' (0, 7).
This means that, if for m € N we set

Hu i=span{wp}, X :=HuXHp, (7.19)

then the orthogonal decompositions

L*(0,7) = P Hu. X =P Xn (7.20)

m=0 m=0

hold, the first being invariant with respect to L. Finally, we recall that, since the
domain of Ly, i.e. H%(0,7), is compactly imbedded into L?(0, ), the operator Ly
has compact resolvent (see theorem A.24).
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2. We now turn our attention to the operator A; defined by (7.15). Our goal is to
choose in the product space X a norm, with respect to which A; generates a group
of unitary operators (see section A.2). More precisely, we assume that (7.16) holds,
that is, o < 2k, set o := 2k — a2, and endow X’ with the equivalent scalar product
defined, for U = (u,ii) and V = (v,7) € X, by

U,V 2 1= (g, 5e) + o (1, ) + (i1, 7). (7.21)

In (7.21), (-, ) denotes, as usual, the scalar product in L2 (0,7), and the bar denotes
complex conjugation (recall that all the eigenfunctions of Ay are complex valued).
We claim:

PROPOSITION 7.3
Let Y be defined as in (7.17). For allU € ), Re({AU,U)x = 0. Consequently, the
operator 1Ay (where 1 is the imaginary unit) is self-adjoint.

PROOF 1. LetU = (u,ii) € Y. Recalling (7.21), we compute

(AU, U) x = iy, ity) + 0 {f, iT) + (— 0t + hyy, i)
= (i, i) — 1y, i) ) — 01 ((u, 1) — (i1, 1))
= ((tx, i) — (1, i) — 00 (@, @) — (1,@)).
Since Re(z —z) = 0 for all complex numbers z, we conclude that Re(A,U,U)x =0

as claimed.
2. Analogously, for U = (u,i) and V = (v,7) € Y, we compute

=

=

(AU, V) x = (idly, vy) + 0o (idd, V) + (((—0qu + yy), D)
= —{ll, ivy) — 00 (if,1v) + 0t (U, i0) + (uy, i0y) ,
(U,iAV) x = (uy,i0y) + o (u, i) + (i1,i(—oqv+viy))

i(=
= (i, I02) + Q1 (1,19) — 01 (11, 1v) — (i, v -

Consequently, (iA U,V)r = (U,iA{V) v, as claimed. I

3. By Stone’s theorem (see theorem A.50), A generates a Cy group Z = (Z(t));er
of unitary operators in X'. In particular, each Z(¢) is an isometry; that is, for all
Upe X andallt € R,

1Z(1)Uollx = [|Uol| x » (7.22)

where now || - || x denotes the norm in X" corresponding to the scalar product (7.21),
ie.

U1 = lleel® + o Jull* + 12|
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(recall that oy = 2k — &> > 0, by (7.16)). We claim then:

PROPOSITION 7.4
Forallt € R, R(t) = e~ %Z(r).

PROOF Since Z is generated by Ay, for all Uy € X the function — V(z) :=Z(1)Uy
solves the initial value problem

VI =AYV, V(0)=Us.
Then, the function 7 — U (¢) := e~V (¢) solves the initial value problem

U'=e (V' —aV)=e %AV —aV) =AU —al,
U(0)=V(0)=Up.

Thus, (7.14) holds and, therefore, U (¢) = R(t)Up. It follows that
R(t)Up=e" "V (t) =e"*Z(t)Uy:

since Uy is arbitrary in X, the conclusion follows. D

PROPOSITION 7.5
Lett € R and m € N. The restriction of Z(t) to the finite dimensional subspace X,
defined in (7.19) is the rotation matrix

Z0(0) = ( cos(Wpt) o, ! sin(a)mt)> ’

— @y sin(Oy,1) cos(@mt)

where

O = M2+ oy = \/m? +2k — 2.

PROOF Recalling (7.19) and (7.18), a generic element Uy € X, has the form
Up(x) = (occos(mx), Bcos(mx)), a,B €R.

Then, the components of the function ¢t — U(t) := Z(t)Up := (u(t),i(t)) solve the
initial value problem

u =i (x,0) = acos(mx)
= —0qu—+ty i(x,0) = Bcos(mx)

Equivalently, u solves the second order initial value problem

<

Uy — Uy + 00U =0
u(x,0) = acos(mx)
u;(x,0) = Bcos(mx).
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By separation of variables, we easily obtain that

u(x,t) = (acos(®yut) + @, ' Bsin(®yt))cos(mx), (7.23)
i(x,t) = (—0@y sin(@yt) + B cos(@yt)) cos(mx) . ’
Since this can be written as U (t) = Z,,(¢)Up, the conclusion follows. I
4. Setting now
1
Ay = (@, —iB), by =Gy, Cm:=10nay, dy:=—i0nby,
20,
we can write (7.23) in the complex form
u(x,t) = (ame'i“""’ +bme*.i‘°m’) cos(mx), (7.24)
i(x,t) = (cme' " +dye™'“n") cos(mx) .

Consequently, if Uy € X, by (7.24) and the second of (7.20) we have the series
expansions

u(x,t) = (ame' " + be= ") cos(mx),

27 0413
()

(7.25)

i(x,t) = ¥ (cpe®' 4 d,e” ") cos(mx) .
m=0
Since o, € R for each m € N, it follows from (7.25) and theorem A.98 that for all
Up € X the function
Rot—U(t)=Z(t)Upe X

is almost periodic in ¢. Thus, by Bochner’s theorem A.97, the set of translations
{U(-+1): 7 € R} is relatively compact in C,(R; X'), with respect to the sup norm.

7.4 Inertial Manifolds for the Linearized Problem

1.  We are now in a position to prove the basic result of this section, which will
allow us to show that the flow R = (R(¢));cr generated by the linearized problem
(7.14) has only at most countably many finite dimensional, locally invariant subman-
ifolds containing the origin, and differentiable there. We start with

DEFINITION 7.6 Let M be a global, trivial C' manifold in a Banach space X ;
that is, M is the graph of a function ¢ € C'(X1;X), with X; a finite dimensional
subspace of X (see definition 5.2). Let xo = ¢(&y) € M, & € X). Consider the affine
map Ly, : X1 — X, defined by

L (&) i=x0+9"(&)(E—&), &Ee.
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The image of Ly, is called the TANGENT SPACE to M at xo, and denoted Ty M, if

L 10E) ~ Ly (B

-0.
- & —&ollx

Example 7.7
The set
M :={(x,y) € R?: y = arctanx}

is a one dimensional, trivial Lipschitz submanifold of R?, whose tangent space at
Xo = i is the set

Ty M = {(€,n) € R*: 16£ — 171 + 17arctan § —4 = 0}.

We have then the following result.

PROPOSITION 7.8
Let M C X be a submanifold of X, such that 0 € M, M is differentiable at 0, and M

is invariant with respect to the flow R. Let TM denote the tangent space to M at 0.
Then M C TM.

PROOF 1. Let P: X — TM be the projection onto TM, and Q = Iy — P. Since
TM is tangent to M at 0,

1QUlx _

- (7.26)
uehe PO
Let Uy € M, and V() := R(t)Uy. By proposition 7.4 and (7.22),
IV(O)llx = e~ *(|1Z(t)Uollx = e™*||Uo|lx — 0
ast — 4o0. Since V(¢) € M for all t > 0, by (7.26)
im 1€YOllx _ 727)
i—too [PV(D)]lx
Let U(r) := Z(¢)Up. Again by proposition 7.4, (7.27) implies
Ut V(¢
IoU@lx _ oVl .

im im
=0 [[PU()[x — t=toe [IPV(D)]lx
Since P and Q are orthogonal, and Z(¢) is an isomorphism, we have that

lIou ®)II%

2 2 _ 2
0 < 16olP ~ PU@)IF = QU I = ors

S IPU)I1R
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_ vl loU ()%

< ”PU(I)HQ lw®% = 1PUOI 1Uo % -

Therefore, by (7.28),
Jim IPU()]lx = [Ullx,  lim QU2 =0
from which

dim QU(1)=0.  lim PU(1)=Up. (7.29)

Let (T)men C Rsp be such that 7,, — +00. As we have recalled at the end of the
previous section, the sequence (U(- + T,,))men i relatively compact, by Bochner’s
theorem; hence, we can extract a subsequence (U (- + Ty, ) ) ke, converging uniformly
toafunction W € C,(R; X). Since Pis continuous, we deduce that PU (1, ) — PW (0)
as k — oo. But then, the second of (7.29) implies that Uy = PW(0) € TM. Thus,
M CTM, as claimed.

As an immediate consequence, we have that if M is an invariant submanifold of
X, differentiable at 0, then M is in fact a closed, /inear subspace of X. Indeed, propo-
sition 7.8 implies that M C TM; on the other hand, M and T.M are homeomorphic,
via the mapping M > u — ¢'(0)¢~'u € TM, where ¢ is the map whose graph is
M, as per definition 5.2 (keep in mind that since ¢ is differentiable at 0, and ¢! is
Lipschitz continuous, ¢’(0) is invertible). Hence, M = TM, and the tangent space
TM is linear.

2. We now give a further characterization of the linear subspaces of X which are
invariant with respect to the flow R.

THEOREM 7.9
Assume F C X is a closed linear subspace, which is invariant with respect to R.
There exists a subset N; C N such that

F=P X, (7.30)

meN;

where X, is as in (7.19).

PROOF 1. Since R(t) =e~*Z(t) and F is linear, F is also invariant with respect
to Z. We now show that also the orthogonal complement F of F in X is invariant
with respect to Z. Indeed, given Uy € F, take any Vy € F. Since Z(t) is unitary for
all + € R, its adjoint satisfies
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therefore,
<Z(I)U0,V0>X = <Uo,Z(t)*V0>X = <U0,Z(—I)V0>X .
Since Z(—t)Vp € F because F is invariant, it follows that (Z(¢)Up, Vo) x = 0; hence,

Z(t)Up € F1, and F is invariant with respect to Z.
2. We next show that for each m € N,

FNX,#{0} <— X,CF, (7.31)
Ftnx,#{0} < x,crFt. (7.32)

Consider in fact (7.31). Since A&}, does not reduce to the origin, if X, C F then
obviously F N X, = A&, also does not reduce to {0}. Conversely, note that F N X},
is a subspace of both F and &j,, which is invariant with respect to Z. However,
proposition (7.5) implies that &}, does not contain any such proper subspace. Since
F N A, does not reduce to the origin, it must be F N &, = X,,, and thus &, C F.
This proves (7.31); the proof of (7.32) is analogous.
3. Set now, fort € R,
Z(t) = 3(Z(t) + Z(-1)).

We claim that forallm e N,r e Rand U € X,
U € X, <= Z(t)U = cos(w,t)U , (7.33)

where ®,, = \/m? -+ @y as in proposition 7.5. Indeed, if U € X;,, the identity at the
right side of (7.33) follows from (7.23). Conversely, suppose U € X satisfies the right
side of (7.33), but U ¢ X,,,. Then, recalling the second of (7.20), there must be r € N,
with r # m, such that (U,U,) x # 0 for some U, € X,, for otherwise, if (U,U,) =0
for all r # m,

(oo}
U=Y (U,U)xUr = (U,Up) xUpn € X
r=0

Since U # 0, U is either in F or in F. Since these subspaces are both invariant
with respect to Z, Z(t)U is in the same subspace where U is. Hence, from (7.33) we
obtain that

(Z(t)U,U,) x = cos(@pt)(U,U) x #0. (7.34)

It is now easy to check that each operator Z(¢) is also unitary; therefore, since the
map ¢ — Z(t) is symmetric,

(ZOU, Uy = (U, Z(0)"'U) 2 = (U, Z(=0)U) x = (U, Z()U,) . (7.35)

But from the part of (7.33) we have already proven, Z(t)U, = cos(w,t)U,, because
U, € X,. From (7.35) and (7.34) we have then that

cos(®t)(U,U,) x = cos(@,1)(U,U,) x ;

since (U,U,)x # 0, this implies that cos(w,t) = cos(w,t). Since t € R is arbitrary,
this forces w,, = @,; since this is not true, we conclude that U € X,,.
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4. We now show that for all m € N, either X, C F, or X,, C FL. Indeed, given
U € X,,\ {0}, we can uniquely decompose

U=Ur®UF, UrcF, UrcF*+.
Then, by (7.33), forallr € R
Z()U = cos(@yt)U = coS(@put)Ur + cos(@pt) Uz .

Since also
Z(OU =Z(t)Ur+Z(t)Uz ,

and Z(t)Ur € F, Z(t)Ux € F1, it follows that
Z(t)Ur = cos(wnt)Ur, Z(t)UF = cos(@mt)Usx . (7.36)

Since (7.33) is an equivalence, (7.36) implies that Ux and U J% are both in A},,. Hence,
Ur € FN Xy, and Ux € FL N X,,. Since at least one of Ur, Uz is not zero, the
conclusion follows from (7.31) and (7.32).

5. We are now ready to conclude the proof of theorem 7.9. Given F as above, set

Ny:={meN: X, CF}.
We claim that, then, (7.30) holds. Indeed, it is clear that

@ x.CF. (7.37)
meN|

To show the inverse inclusion, let U € F. Recalling the second of (7.20), we decom-
pose

U=Y oUn+ Y ouUn=U"+U".

meN| m$N1
By (7.37), U’ € F; consequently, U” =0, and U =U’' € @ X,. Thus, (7.30)
meN|
follows, and the proof of theorem 7.9 is complete. I

3. Asaconsequence of theorem 7.9, we deduce

THEOREM 7.10

If a® < 2k, the flow R = (R(t));cr generated by the linearized equation (7.14) admits
at most a countable family of closed, finite dimensional, invariant manifolds which
contain the stationary point 0 and are differentiable at this point.

PROOF By proposition 7.8, any such manifold M is a closed, linear subspace of
X. By theorem 7.9, M, being finite dimensional, is the direct sum of at most a finite
number of subspaces of &;,. Since the family of finite subsets of N is countable, the
conclusion follows.
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7.5 C' Linearization Equivalence

Theorem 7.10 characterizes a certain class of finite dimensional, invariant mani-
folds of the flow R generated by the linearized problem (7.14), namely those which
contain the stationary point U = 0, and are differentiable at this point. Our goal is
now to extend this result to the flow S generated by the original nonlinear problem
(7.11), of which (7.14) is the linearization at its stationary state P; = (1,0) (regarded
as a constant function in X’). We achieve this by generalizing to the infinite dimen-
sional case (i.e. to general Banach spaces) the Hartman-Grobman theorem A.8 on
the topological equivalence at the origin of the systems of ODEs

$= ). £=f(0n,

where f € C'(R";R") and f(0) = 0.
We start with the following C' linearization result.

THEOREM 7.11

Let X be a Banach space, and F: X — X be a map, not necessarily linear. Let
X0 € X be a fixed point of F, and assume that F is of class C' in a neighborhood U
of xo. Let L := F'(xg) (the Fréchet derivative of F at xy), and assume that L has a
bounded inverse. Assume further that

[F'(x) =Ll c(x,20) = O(|lx = x0[ &) asx—x0 (x€U), (7.38)
1L~ e, I 2 e 2y < 1- (7.39)

There exist then aneighborhood V C U of xo, with F (V) C V, and a C' diffeomorphism
P:V — (V) C X, such that P(xg) =0, D' (x0) = ILx,

@' (x)—Iy =O0(|x—x0llx) asx—xo(x€V),
and
PF=LP on).

Moreover, @ is unique, in the sense that if VW CU and ¥: W — X also satisfy the
same conditions as V and ®@, then ® =¥ on VN W.

We postpone the proof of this theorem to section 7.10.1, and proceed instead to
extend it to a general flow S on &, and its linearization R at a stationary point xy of
S.

THEOREM 7.12
Let (S(t));er be a flow on a Banach space X, such that for eacht € R, S(t) is a C*
diffeomorphism on a neighborhood U of a common fixed point xo (i.e., S(t)xo = xo
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forallt eR). Foreacht € R, let R(r) := (S(¢))’(x0) (the Fréchet derivative of S(t)
at xp). Assume there is T € R such that the operators F := S(t) and L := R(1)
satisfy conditions (7.38) and (7.39) of theorem 7.11. There exist then a neighborhood
V CU of xo, and a C" diffeomorphism ®&: V — ®(V) C X, such that ®(xy) = 0,
P (x0) = Ix,

19" (x) = Lx || c(x,x) = Ollx —x0[x)  asx—xo (x€V),
and the identity
dS(t) =R(t)P

holds for all t € R in a ball B(xo,r) C V. This ball can be chosen independently of t
if t is bounded from below.

We prove this theorem in section 7.10.2. We now show that this theorem can
be applied to the flows S and R generated, respectively, by problem (7.11) and its
linearization (7.14) at the stationary state P;.

Indeed, choosing any T > 0, we immediately check that F = S(7) and L = R(71)
do satisfy the assumptions of theorem 7.12. In fact, (7.38) holds because S(7) is of
class C2, as we know from theorem 7.1; as for (7.39), recall from proposition 7.4
that R(t) = e~ **Z(71), and that Z(7) is an isometry. Thus,

1Ll cte. ) = IR e = € “I2(0) Lo ) = €

1L ey = IR0l e = e NZ(=0) ) = €
It follows that
||L71||L(X,X) ||L||ZL(X’X) =e T <1

as required. We summarize this conclusion in

THEOREM 7.13

If a® < k, the flow S generated by problem (7.11) is, near its stationary state Py, C'-
equivalent to its linearization R, i.e. to the flow generated by the linearized problem
(7.14). Consequently, there is a neighborhood V of P| in X, with the property that
there is one at most countable family F of submanifolds of X, whose intersection with
V are closed, finite dimensional manifolds, each of which is invariant with respect to
S, contains the intersection ANV (where A is the global attractor of S in X ), and is
differentiable at P).

7.6 Perturbations of the Nonlinear Flow

1. In this section we perturb the flow S generated by the nonlinear problem (7.11)
in such a way that, on one hand, the long-time behavior of the perturbed flow is the
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same as that of S in a neighborhood of its stationary state P, and, on the other, near
Py the global attractor of the perturbed flow, which must coincide with the global
attractor A of S, is not contained in any of the at most countably many manifolds
containing P;. From this we deduce that S cannot admit an inertial manifold M,
because otherwise A4 C M and, near P;, M must be one of the at most countably
many manifolds containing P;.

2. Going back to the second order IBVP (Hy ), we realize that since the nonlinear-
ity g is independent of x, and the boundary conditions are of Neumann type, the flow
S admits a 2-dimensional invariant linear subspace in X, consisting of functions that
are independent of the space variable x. More precisely, let

L2(0,7) := {u € L*(0,7): u(x) = const.a.e. in |0, 7[}.

Then obviously L2(0,7) C H'(0,7), and X, := L2(0,7) x L2(0,7) C X. Note that
if P_i, Py and P; are as in (7.13), then P_;, Py and P, € X.. We claim:

PROPOSITION 7.14

X, is a 2-dimensional linear subspace of X, invariant with respect to S.

PROOF X, is obviously a linear subspace of X. Let (ug,u;) € A, and set

(u(r),a(t)) == S(t) (uo,u1) -

Then, u solves (Hy). On the other hand, since uy and u; are constant functions,
which we can identify with two numbers, we can consider the solution y of the
Cauchy problem

"1 o0y = 3
{ V' H2ay =k(y—y’) (7.40)

y(0)=uo, y'(0)=ui.

Set v(x,7) := y(¢t). Then, v solves (Hy) with the same initial data; therefore, by
uniqueness (proposition 7.2), v =wu and i = v;. But (v(-,7),v(-,1)) € X, forallr € R;
thus, (u(z),i(r)) := S(¢)(up,u1) € X;. This means that S(¢)X; C X, forallz € R.

Conversely, given (up,u;) € X; and 7 € R, let y be the solution of the Cauchy
problem (7.40), with the initial values replaced by

y(&) =uy, YY) =u.
Then (y(0),y'(0)) € X, and (uo,u;1) = S(7)(¥(0),y'(0)) € S()X,. This means that

X C S(f)X.. Thus, X, is invariant with respect to S. Finally, X; is obviously 2-
dimensional, since it is isomorphic to R2,
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3. Since the equation of (7.40) has exactly the same structure of Duffing’s equation
(1.52), with A = 0, we know from section 2.3.3 that there is a heteroclinic orbit
7Y joining the stationary states Py and Pj. As in figure 2.3, v has the shape shown in
figure 7.1; note that condition (7.16), i.e. a® < 2k, guarantees that P, is an hyperbolic,
asymptotically stable stationary state.

v //\\
v \
/ \
/ \ K 3
/ \//p(u)—ﬁ(u_u)
/ \
/ \
/ \
/ \
/ \ maxvy
/ i
! )" /y
I i
/ |
maxu
/ \
NN
P a u
P,
o 1

Figure 7.1: Heteroclinic orbit joining Py to P,

Since ¥ is an orbit of the flow generated by (7.40) (and of S), there are functions
t — () and 1 — y(t) such that

y={(0(0),y(®)): 1 €R}.
In particular, there is #y € R such that
¢'(t)>0, y()=9¢"(t)>0 (7.41)
for t < ty, while for ¢t > 1y,
¢(t) = (o) = 9o, (7.42)
with 0 < @p < 1. We fix then two numbers a and b, with
O<a<@<b<l, (7.43)
and introduce the set of functions

J(a,b):={f € C*([0,7] xR): f(x,u)=0 ifu<aoru>b}.
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This set is a Banach space with respect to the usual C? norm. For f € J(a,b), we
consider the “perturbed” IBVP

Uy + 2000 — e = (1) + f(x,u)
u(0,x) = up(x), u;(0,x) =u;(x) (7.44)
uy(t,0) = uy(¢,m) =0,

which we transform as usual into its first order formulation
U +aU=AU+GU)+F(xU), (7.45)
with A and G as in (7.11), and F(x,U) := (0, f(x,u)), U € X. This problem, which

is autonomous, generates a flow on X’; more precisely, as in theorem 7.1 we have

THEOREM 7.15

Foreach f € J(a,b), problem (7.45) generates a continuous flow Sy = (Sy(t));cr on
X, which admits a compact, global attractor Ay in X. Moreover, for each compact
interval [ty,t1] C R, the map

X x J(a,b) 3 (Uo, f) = Ss(-)Uo € C([to,11]; X) (7.46)

is of class C2.

7.7 Asymptotic Properties of the Perturbed Flow

1. Theorem 7.13 shows that there is a ball B(P;,r) in X’ on which the flow S is
C'-equivalent to its linearization R. If

N < 1o =: min{r,1 — b},
then
B(P,n)N(Ja,b[x{0})=0 inX; (7.47)

consequently, if f € J(a,b) and U = (u,ii) € B(P1,1n), f(x,u) =0 for all x € [0, 7].
This implies that the restrictions of the flows Sy and S to V;, := B(P;,n) coincide;
therefore, the asymptotic behavior of these restrictions are the same. In particular,
each Sy admits AN Vn as a global attractor in X, and, if S admitted an inertial
manifold M, MnN Vy is an inertial manifold (with boundary) for Sy. Moreover,
since Py is a stable stationary state of both S and Sy, there is " < 1 such that for all
1>0,

S(1)B(P1,n") = S¢(t)B(P1,n") CVy. (7.48)
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Since 1 < r, it follows that also the restriction of the flow Sy to Vy is Cl-equivalent
to the restriction of the linearized flow R to Vy. Hence, as in theorem 7.13, there
are only at most countably many submanifolds of X', whose intersection with V), are
closed, finite dimensional manifolds, which are invariant with respect to Sy, contain
the intersection ANV, and are differentiable at P;. Since Sy is independent of f on
V., this family is actually independent of f; in fact, it coincides with the family Fg
of manifolds of the flow S, described in theorem 7.13.

2. Our strategy is then the following. In proposition 7.17 below, we fix a choice of
N €10,Mp]. In turn, this choice of 1 will determine another parameter §. We show
then that if the perturbation f is “sufficiently small”, as measured by this parameter &,
then the corresponding flow Sy admits an heteroclinic orbit ¥y joining the stationary
states Py to P;. We know that 7y C A (since A is the attractor of Sy); thus, if §
admitted an inertial manifold M containing A, then, since M is also an inertial
manifold for Sy, Yy € M as well. Since yr converges to Py, it must enter Vy; hence,
Yy must converge to P; along one of the manifolds of Fs.

More precisely, if S admitted an inertial manifold M, then there must exist a
manifold M,, € Fs, such that yr NV, C M,,. We proceed then to show that there
is at least one f € J(a,b) such that this does not happen; i.e., that there is at least
one point on the corresponding set Yy N Vy, which is not on any one of the manifolds
of Fs. This produces a contradiction, which shows that the flow S cannot admit a
locally invariant inertial manifold M, containing the attractor .A.

3. We now show that when f is small, Sy admits an heteroclinic orbit y; joining
Py to P;. The choice of a in (7.43) uniquely determines a point U, = (a,d) € . For
fe€J(a,b)andt € R, we let

Up(t) :==SpU, =2 (up(t),iis(t)) (7.49)

(thus, i = auys + (uy);), and denote by yr C X the image of the curve ¢ +— Ug(z).
Finally, for p > 0, we denote by J, the ball of 7 (a,b) with center 0 and radius p (in
the C2 norm). We claim:

PROPOSITION 7.16
For all m €]0,n0], there is 8; €0,n] with the property that if § €10, 8,] and f € Js,
then Yy is an heteroclinic orbit for Sy, joining its stationary states Py and P.

PROOF Since f(-,u) =0 for u < a, and ¢ is increasing for t <1y (recall (7.42)), it
follows that S¢ (1)U, = S(t)U, for all t < t5. Consequently,

, lim Ug(r) = (0,0) =Py. (7.50)
Since P is an asymptotically stable stationary state of S, there is 7;; > 0 such that for
allt > Ty,

S()U, € B(P1,n/2). (7.51)
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By the continuity of the map (U, f) — S¢(-)Ux (see (7.46)), (7.51) implies that there
is ) > O such that if f € J5 and Ty <t < Ty + 61, Sy(t)Us € Vy. From (7.48) we
deduce then that Sy (1)U, = S(t)U, for all 1 > T;,. Thus,

lim Us(1)= lim S@t)U.=P.

t——+oo t——+o0

Together with (7.50), this implies that ¥y is an heteroclinic orbit for S¢, joining Py to
P

7.8 The Nonexistence Result

For n < mo, let 6 < 6 < n, Ty be as in the proof of proposition 7.16, and V;, as
in (7.47). Recall, from our previous discussion, that if $ admits an inertial manifold
M containing the global attractor A, then there is M,, € Fg such that V, N M =
B(P1,m)NM,,.

We now define a map ®: Js — B(P;,n) C X by

®(f) :=S;(Ty)U. . (7.52)
Then, ®(f) belongs to Vy, Ny €V, NA; hence,
D(f) € Vn N M, (7.53)

for some M,, € Fs.

Our goal is then to show that if § is sufficiently small, there are many functions
f € Js such that (7.53) does not hold, i.e. @(f) cannot belong to any of the at most
countably many finite dimensional manifolds M, of Fs, which contain P, and are
differentiable at P;.

To this end, we prepare

PROPOSITION 7.17

Form €]0,n0), let 8; €]0,n] be as in proposition 7.16, and determine Ty, so that (7.51)
holds. There exist numbers 1 and o, with 0 < 6 <1 < 1y, and, correspondingly,
a dense subset Ag of Jg, such that for all f € Ag, the range of ®'(f) is an infinite
dimensional subspace of X (recall that ®'(f) € L(Ts; X)).

We postpone the proof of this result to the next section. Proposition 7.17 deter-
mines our choice of 7; in turn, this choice determines the values of § (via §; of
proposition 7.16), and Ty, as well as the neighborhood Vy, of Py.

These choices allow us to finally arrive at Mora and Sola-Morales’ nonexistence
result:
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THEOREM 7.18

Let Fs be the at most countable family of closed, finite dimensional C' manifolds of S,
containing the stationary state Py, and differentiable at P. Let 8 be as in proposition
7.17, and ®(f) be as in (7.52). There is a dense subset X of Jg, with the property
that if f € X, there is no manifold M € Fg containing ®(f).

PROOF 1. Let Fs = (M) men be the family of manifolds for S, described in
theorem 7.13. For each m € N, define

In:={f€Ts: @(f) & Mn}.

We claim that each X, is nonempty, open, and dense in J5. As a consequence of
Baire’s category theorem A.19, the set

=) Zn

meN

would then also be dense in g, and the very definition of X,, would imply that X has
the desired properties.

2. If X, were empty, then ®(f) € M,, for all f € Js, so that the range of
@'(f) would be contained in the tangent space to M,, at ®(f). Since M,, is finite
dimensional, this tangent space is also finite dimensional; thus, if we take f € Ag, we
reach a contradiction with the conclusion of proposition 7.17. A similar argument
shows that X, is dense in [J5. For, otherwise, there would be a § € J5 and & > 0
such that ||g — g||7, > & for all g € X,,. But this would imply that if ¢ € J5 and
g — &ll75 < €0, then g ¢ X,,,. Taking in particular g € As (which is possible since A5
is dense in J§), we reach again a contradiction with proposition 7.17.

3. Finally, we show that X, is open, as a consequence of the continuity of the map
[+ Sy. Indeed, let f € X,,. Then, recalling (7.52), @(f) = Sz(T)U. ¢ M,,. Since
M, is closed, there is an open neighborhood W of @(f) in X' such that W C Vy,
and WNM,, = . Then, ®(f) € W for all f sufficiently close to f and, for these f,
&(f) ¢ M,,. Hence, f € X, and X,, is open. This concludes the proof of theorem
7.18, under the assumption that proposition 7.17 holds. I

7.9 Proof of Proposition 7.17

1. We first compute explicitly the Fréchet derivative @’(f) in £(J (a,b);X), for
f € J(a,b). Thus, let h € J(a,b). Recalling the definition (7.52) of ®(f), we
compute

@' (f)h = lim l(qb(f+ rh) — ®(f)) = lim ! (S im(Ty)Us — Sp(Ty)U) . (7.54)

r—0r r—0r
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Now, if us,,, and uy are as in (7.49), they are, respectively, the solutions of the
equations

Uy + 200 — e = g(u) + f (-, u) +rh(-,u),
Vie + 2000 — v = g(v) + f(+,)

with common initial values (u., i, ), and Neumann boundary conditions. Thus, writ-
ing ugi ., = uy +rw, we deduce that w satisfies the equation

r(wi 20w —wy) = glup+rw) — g(ug) + f(x,up +rw) — f(x,ur)
+rh(x,up+rw).

Dividing by r and letting r — 0, we obtain that w solves the linear, nonhomogeneous
IBVP

Wi 20w, —wye = &' (up)w+ f/ (x,ur) + h(x,uy)
w(0,x) =0, w;(0,x)=0 (7.55)
wy(2,0) = wy(t,m) =0.

Thus, recalling (7.54), we conclude that
P (f)h= (W(Ty,-),wi(Ty,-) + ow(Ty,-)) . (7.56)

2. We can now proceed to prove proposition 7.17. We set

A= |J J@W), (7.57)

a<a’ <b'<b

and, for 6 > 0,
As:=ANJTs.

We easily see that A is dense in 7 (a,b); as a consequence, Ag is dense in J5. We
now show that if 6 is sufficiently small, Ag satisfies the requirements of the propo-
sition. Thus, we have to show that if f € Ag, with § sufficiently small, the range
of @'(f) is an infinite dimensional subspace of X'. We will achieve this by con-
structing a sequence (A, ),cn of linearly independent functions in 7 (a,b), such that
the corresponding images @’ (f)hy,, defined as in (7.56), form a sequence of lin-
early independent functions in X'. To this end, we first adjust the parametrization
t—U(t) = (¢(r),y(t)) of the heteroclinic orbit ¥, so that

00)=a, y(0)=a. (7.58)

Then, (7.41) and (7.42) remain valid on an interval | — co,#y[, with 9 > 0, since
@ = ¢(to) > a. In fact, @ is strictly increasing on a larger interval | — oo, Ty [, where
Ty > fo is the first value of ¢ such that ¢(r) = 1. In particular, ¢ is increasing on
[0,Ty], where Ty, is as in the proof of proposition 7.16. Since y = ¢’, we also have
that @ is convex on | — 0o, 7y[. Next, we note that if f € Ag, then f € A, so by (7.57)
there are numbers ay, by, such thata < ay < by <b,and f € J(ay,by).
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3. Atthe end of this section, we shall prove

LEMMA 7.19

Let g be as in the beginning of section 7.7, and set my := min{ays,@o}. There are
N < No and, correspondingly, 8 < & (recall that &) depends on M), with the property
that for all f € Ag, there are numbers c¢ € |a,my] and ty €10,10] such that @(ts) > cy¢
and

V(t,x) €] —oo,tf] x [0,7]:  us(t,x) < @(t) <ay, (7.59)
V(t,x) € [ty,+o00[ X [0,7]:  up(t,x) >cy. (7.60)

Assuming this lemma to hold, we fix f € Ag, and proceed with the construction
of the desired sequence (h,,)men. In addition to the properties described above, we
further require that the IBV problems (7.55) corresponding to this sequence be as
“simple” as possible; ideally, we would like to be able to solve these problems by
simple separation of variables. To this end, we first determine the numbers ay, by,
cr and ¢y corresponding to f as per lemma 7.19, and remark that since f(x,u) = 0 if
u < ay, by the uniqueness of the solutions to problems (7.44) and (7.11) it follows
that

us(,x) = (1) (7.61)

for all # <ty and x € [0,x]. Thus, if we restrict our attention to the interval [0, 7],
and only consider functions supported in the interval [a,ay|, the equation in (7.55)
simplifies into

Wi+ 20w, —wye — &' (@(1))w = h(x, (1)) (7.62)

As we have stated, we would like to solve this equation by separation of variables.
Thus, it is natural to look for a sequence (w,,)nen of solutions of the form

Win(t,X) = Wy (2) cos(mx) . (7.63)
It turns out that we can indeed do so, if we assume each function 4,, to have the form
hm (x,u) = Xm (1) cos(mx) , (7.64)

with ,, of class C2, and supported in the interval [a,a ¢]. With these choices, a direct
replacement of (7.64) into (7.62) shows that for each m € N, the function Y, in
(7.63) should be determined as the solutions to the linear, nonhomogeneous Cauchy
problem on [0, 7]

{ W20 +m = (9(1))t = Xn(9(1)) (7.65)

p(0)=0, u'(0)=0.
Moreover, to ensure that the corresponding functions x — wy,(¢,x) are linearly inde-

pendent on [0, 7] for all ¢ > 0 (in particular, for r = Ty, as desired), we require that
there be at least one 7 € [0, ] such that p,,(7) # 0 for all m € N (recall (7.63)).
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4. It remains now to construct the functions (¥,)men- To this end, we first define,
for m € N, a function ¢ — &,,(¢) on [0, 1] as the solution of the homogeneous Cauchy
problem

{ " 2al +mP —g' (o) =0 (7.66)

) =0, &'(t)=0.

Then, recalling that, as we have previously remarked, the function ¢ — ¢(7) is invert-
ible on | — 00, 19|, and that t¢ < o, for m € N we set

Am(u) := (6" +20"C,, +2006' ) , (7.67)
1=~ (u)

where 6: R — R is a C? function such that 6(0) =0 for 7 < 0 and o(t) = 1 for
t > @~ '(cy). With these choices, each function y, is indeed supported in [a,c/],
because if u < a (respectively, if u > cy), thent = ¢~ (u) < ¢~1(a) =0 (respectively,
t =@ '(u) > ¢~ 1(cy)), and, therefore, o(t) = 0 (resp., o(t) = 1). In either case,
o'(t) =0"(t) =0, and x,(u) = 0. We can now verify that, for each m € N, the
function , (¢) := o (¢)§n(r) does solve the Cauchy problem (7.65), with y,, defined
by (7.67). Indeed, since 6(0) = ¢’(0) = 0, the initial conditions u,(0) = u,,(0) =0
are taken. Next, recalling (7.66), we compute that the left side of the equation in
(7.65) equals

0" (1)Gn(t) +20" (1) 5 (1) + 200" (1) G (1) . (7.68)

while its right side equals, by (7.67),
In(@(t)) = (6"Gn+20") + 200" L) ;
=9~ (e(1))
which is exactly (7.68). Finally, we note that
tm(1g) =0 (15)Cm(ty) = 1.

In fact, ¢(t7) > c; by lemma 7.19; therefore, t; > ¢~ !(cs), and o(t7) = 1.
5. In conclusion, proposition 7.17 is completely proven, as soon as we see that

lemma 7.19 holds. To prove this lemma, we first show that for each 11 €]0,70] and
f € A (the set defined in (7.57)), there is a constant Ky, > 0 such that for all t € [0, T,«,],

Lx)— o) <KpF(1—e™), 7.69
omax |up(t,x) = @) < Ky F(1—e™) (7.69)
where F := ||fllc2(jo,7)» and Ty is determined so that (7.51) holds. Note that K

depends on 7, at least via T;;. Because of the imbedding H! (0, 7) — C([0,7]), to
obtain (7.69) it is sufficient to estimate the norm of the difference z(z,-) := uy(t,-) —
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@(¢) in H' (0, ). To this end, we resort to (by now familiar) energy estimates on z,
which satisfies the IBVP

Ztt+2aZt_Zxx:g( f) g( )+f(x7uf)
2(0,x) =0, 7(0,x) =0 (7.70)
2(t,0) = z,(¢t,m) = 0.

Set
E() = ||zt ) 1P + 0t ),z (1, -)) + 0|28, )12 + [z, ) |1

Acting as in the proof of proposition 7.2, we easily obtain, after multiplication of
the equation of (7.70) in L?(0,7) by 2z, and oz, and addition of the two resulting
identities, that E satisfies on [0, 7] the estimate

—E(t) <2CF\E(t)+2CE(t), (7.71)
where C is independent of ¢, but C; depends on Ty, uy and ¢, via the quantities

s g (4 ) o) max 1901

From (7.71) we obtain

%@SCM#QW; (7.72)
since E(0) = 0, integration of (7.72) yields
E(t) < gF (e —1) < gFe?M(1—e~). (1.73)
By Sobolev’s imbedding and Schwarz’ inequalities, there is C3 > 0 such that
2t )l cogo,my < CG3VE®) 5 (7.74)

hence, (7.69) follows from (7.74) and (7.73), with Ky, := C1C; ' C3e©2™n.

6. Letnow 7 be as in (7.42). Without loss of generality, we can assume that Ty > fo.
Consider first the case 0 < < . Then, since ¢ is convex on [0, 7], for 0 < s <t <1
we have, recalling (7.58),

P(t) = 9(s) + ¢'(s)(t —5) = @(s) + @' (0)(t =) = p(s) +a(t —s).  (7.75)

Let now f € Ag, so that F < §. By (7.69), and (7.75) with s = %t we obtain that for
all x € [0, 7]

up(t,x) > @(t) —KnF (1 —e™") > @(t) — Ky 8t > @(%1) + Sdt — Ky 5t .
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If a > 2Ky 0, this implies that
up(t,x) > @(3t),  0<t<t.
Consider next the case that #p <t < T,. Keeping in mind that ¢ is still increasing on
[0, Ty], we choose =g and s = %to in (7.75), and obtain
up(t,x) > @(t) —KnF(1—e™") > @(to) — K8 > @(4t0) + sato — Kn & .

If also aty > 2Ky 6, this implies that

ur(t,x) > @(%t). (7.76)

Since
¢(310) < @(to) = o,
if n is sufficiently small (7.76) also holds for all t > Ty, because uys(x,t) € Vy. In

fact, it is sufficient that 1 < min{ng, 1 — @y }. In conclusion, we have established that
if

n <min{R,1—b,1— @y} (7.77)
and
5 < % min{1,10}, (7.78)
then
1 if 0<t<
wie> {060 rO<<.
?(51) if (9 <t.

Thus, to conclude the proof of lemma 7.19 it is sufficient to take

to if ar>q, 1
=0 ! = o(dty).
f {(P l(af) if afS(PO» f 2'f

Indeed, the inequality ¢y < #o holds trivially if ay > @, while if ar < @y, it follows
from

@(ty) = ay < 9o = (1)
and the invertibility of ¢ on | —00,#o]. The inequality c; < my follows from

p(to) =@o=my if @ <ay,

CfZ‘P(i’f)S(p(tf):{af:mf if  @y>ay.

Since 17 < 19, (7.59) follows from (7.61) and

(pt :(POS‘I lf (P()Sa"
uf(hx):(P(t)Sq’(tf):{af(O) ! if (p0>a;
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Finally, (7.60) follows from (7.76) and
ur(t,x) > (p(%to) > (p(%tf) =cy.

With this, the proof of lemma 7.19 is complete. Note that we first define 1) by (7.77),
and then & by (7.78); thus, & depends on 7, not only through &; of proposition 7.16,
but also via Ky, which depends on T5,.

In conclusion, proposition 7.17 and, consequently, Mora and Sola-Morales’ nonex-
istence theorem 7.18 are now completely proven.

7.10 The C! Linearization Equivalence Theorems

In this section we prove theorems 7.11 and 7.12.

7.10.1 Equivalence for a Single Operator

1. We start with the case of a single operator. For convenience, we reproduce the
statement of theorem 7.11, and abbreviate || - || :=|| - || x-

THEOREM 7.20

Let X be a Banach space, and F: X — X be a map, not necessarily linear. Let
xo € X be a fixed point of F, and assume that F is of class C' in a neighborhood U
of xo. Let L := F'(xg) (the Fréchet derivative of F at xy), and assume that L has a
bounded inverse. Assume further that

|F'(x) =Ll g(x:20) = O(lx = x0))  asx—xo (xeU), (7.79)
L™ o) 1Ll 2 ey < 1- (7.80)

There exist then aneighborhood V C U of xo, with F (V) C V, and a C! diffeomorphism
D:V — B(V) C X, such that P(xy) =0, D'(xo) = I,

1D (x) = Ix| c(a:) = O([x —x0l])  asx—xo (x€V), (7.81)
and
PF=LP on). (7.82)

Moreover, @ is unique, in the sense that if VW CU and ¥: W — X also satisfy the
same conditions as V and @, then & =¥ on VNIW.

PROOF 1. We first show that condition (7.80) implies that L is a strict contraction,
ie. that ||L|| z(x,x) < 1. Assuming otherwise, for x and y € X let u = L™'x and
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v=L""y. Then

lbe=ylla < L7 e 1Ll 2 I =yl 2 < ) x=yllx <flx=ylx,

L]l xx

which is a contradiction.

2.  We want to determine @ as the solution of the operator equation (7.82), which
we rewrite as

d=L""oF. (7.83)

Without loss of generality, we can assume that xo = 0; thus, F(0) = 0. Near 0 we
can then write F' = L+ G, and @ =1+ ¥, where [ is the identity in &, and (7.83)
becomes

[+ =L""I+¥)(L+G) =L " (L+G+¥(L+G))
=I+L7'G+L7 'Y (L+G),
that is,
Y=L "W(IL+G)+L 'G=K (¥)+L"'G=K(¥). (7.84)

In this equation, L and G are known, and we seek to determine the unknown ¥ as a
fixed point of the map K defined by (7.84). To this end, for § > 0 we denote by B
the ball of X’ of center 0 and radius 8, and introduce the space

H = {y € C'(B(0,8);X): y(0) =0, y'(0) =0, [y (x)||c = O(|lx}) (x—0)}.
'H is easily seen to be a Banach space with respect to the norm

v
X

Iyl = sup 1Y &e (7.85)
o<xi<s Il

We immediately have

PROPOSITION 7.21
Let G:=F — L. For all § > 0, the restrictions of G and L' G to B(0,8), which we
still denote by G and LG, are in H.

PROOF To show that G € H, note first that G(0) = F(0) — L(0) = 0, and G’ (0) =
F’(0) — L =0, because L = F’(xy) = F'(0). By (7.79), with xo = 0,
IG" () 2(es0) = 1F" () = L ;) = OCIx]])

as x — 0. Consequently, (L™'G)(0) = L~'(G(0)) =0, (L7'G)'(0) = L~1(G'(0)) =
0, and

ILGY (W)l caes) = IL7HG (@) (s
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<L e 16 () ey = O]
as x — 0. Thus, L~'G € H as well. I
As a consequence of proposition 7.21, the maps K; and K introduced in (7.84) are

well defined, because if § is sufficiently small, L+ G maps B(0, 8) into itself. In fact,
since G € H, ||G(x)|| = O(||x||) as x — 0; thus, if ||x|| < &,

1Lx+ G )| < Ll s lell +€llell® < Ol ey +€8) ) (7.86)

Since ||L||z(x.x) < 1, there is & > O such that [|L||z(x.x) +c0 < 1 for all § €
10, 80). Hence, (7.86) implies that (L+ G)(x) € B(0,8) if x € B(0,8) and & < &.
Consequently, the composition of functions ¥ € H with L+ G is defined.

3. We now show that if 0 is sufficiently small, K is a strict contraction of H into
itself.

PROPOSITION 7.22
Let 8 < &. Forall y € H, K\(y) € H. If also 8||L™"|| g x.x) < 1, then K is a strict
contraction on H.

PROOF 1. Since both y and G € H,

K1 (w)](0) = [L~'w(L+G)](0) =L~ (y(0)) = 0.

Next, we compute the Fréchet derivative of K; () at a generic point x € X. Using the
symbol o to denote the composition of linear operators, by the chain rule we compute
that

(K1 () (1) =L~ o ¥/ (Lx+ G(x)) o (L+ G (x)).. (7.87)

Thus,
(Ki1(¥))'(0) = L™ o y/(0) o (L+G'(0)) = 0.

As in the proof of proposition 7.21,
I+ G @l e < Ll ey + O < WLl vy erdos  (7.88)
since G is continuous and G(0) =0, Lx + G(x) — 0 as x — 0. Thus, since y € H,
we obtain from (7.86), (7.87) and (7.88)
1K1 (W) ()l < L7 s W (Lx+ G @) s I+ G (0| 2y
<L M pay 2|l Lx 4+ G@) | sy (Ll £ v:) + €180)
<L gy (1L o) + €)X (ILI ) + €1 80)

=:c3||x]|.
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This completes the proof that K; () € H. Since L~'G € H by proposition 7.21,
it follows that also K(y) € H.

2. To show that K is a contraction, let y;, y, € H. Then K(y;) — K(yr) =
Ki(y1) — K (y»), and, recalling (7.85),

K1 (w1) = Ki(v2)|ln = Sl;gﬁ (K1 (y1)) (x) = (K1 (v2))' () sy - (7.89)
x#()5

Let x € B(0,8). From (7.87) we have
(K1 (y1))'(x) = (K1(y2))" (x) =L~ o (9] (Lx +G(x)) = y3 (Lx+G(x)) ) o (L+ G (x));
thus, recalling (7.86) and (7.89), and that Lx + G(x) € B(0, ) if x € B(0,5),

L& () @) — (K (92)) 0l e

[l
[y (Lx+ G(x)) =y (Lx+ G(¥)) [ c(x:x)
1Lx+G()||

< HL71||L(X;X)

Lx+ G(x
MEE GO 4 6 ) e (7.90)

]

<L sy 1] = Whllee (L] qaese) + el (L] 2 avse) +ealll)

< 197 = Wl (1L ey 1L ey + (e enIE sy 1Ll s
et L7 e Ix)2)

< W] = Wl (L vy I 2 ey + e ) (7.91)

where
cr = (c+en) L™ giasa) (L]l £aex) +ccn IL7"|8 -

Because of (7.80), we can find &; €10, 8] such that
I e I sy + €081 = (4 I e | ) =9 < 1.

With this choice of 8, we conclude from (7.88) and (7.91) that if 6 < &y,

1K (w1) = Ki(v2)ll= < pllvi — v2ll% -

Thus, K is a strict contraction in H, as claimed. I

4. From proposition 7.22 it follows that equation (7.84) has a unique solution
¥ € 'H; setting @ = I+ ¥, we conclude that (7.83), and therefore (7.82), hold. Set
then V := B(0,§). Since ¥ € C!(B(0,8);X), by theorem A.45 we conclude that &
is a diffeomorphism between V and its image. Consequently, the proof of theorem
7.11 is complete.
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7.10.2 Equivalence for Groups of Operators

We can now apply theorem 7.11 to extend the C!-equivalence theorem to a group
of operators. For convenience, we reproduce the statement of theorem 7.12:

THEOREM 7.23

Let (S(t)),er be a flow on a Banach space X, such that for eacht € R, S(t) is a C*
diffeomorphism on a neighborhood U of a common fixed point xy (i.e., S(t)xp = xo
SJorallt € R). Foreacht € R, let R(t) := (S(t)) (x0) (the Fréchet derivative of S(t)
at xo). Assume there is T € R such that the operators F := S(t) and L := R(7) satisfy
conditions (7.38) and (7.39) of theorem 7.11. There exist then: a neighborhood
Y CU of xo, and a C! diffeomorphism ®: V — D(V) C X, such that D(xy) =0,
D' (x0) = Ix,

19" (x) = Lx [l ey = O(lx —x0]|x)  asx—xo (x€V), (7.92)
and the identity
DS(t) =R(1)P (7.93)

holds for all t € R in a ball B(xq,r) C V. This ball can be chosen independently of t
if t is bounded from below.

PROOF 1. By theorem 7.20, there are a neighborhood V' of xo and a C' diffeo-
morphism @: V — @ (V) such that @ (xp) =0, P’ (x9) = I and (7.81), (7.82) hold.
V and @ depend on 7, via the positions F = S(7) and L = R(1). Fixt € R, 1 # 1,
and set V, := S(—1)V, &, := R(—1)PS(r). We claim that &, satisfies, on V,, the same
conditions satisfied by @ on V. In fact: at first,

Dy (x9) = R(—1)PS(t)xg =0,

because S(7)xp = 0. Next, recalling that R(0) is a linear operator for each 6 € R, that
(S(#))'(x0) = R(¢), and that &'(xo) = I, we compute that

@; (x0) = R(—1) o ®'(S(t)x0) o (S())"(x0)
=R(—t)o®'(x9)oR(t) = R(—1)R(t) =1. (7.94)

2. To show that &, satisfies (7.92), we write again @ =1+ W, ¥ € H, as in the
proof of theorem 7.11. Then, from (7.94), for all z € V;:

D/ (z) —I=R(~1)o (I+¥'(S(t)z2)) o (S(t))(z) — 1
[R(—1)0(S(1)) () =11+ R(—1) 0¥’ (S(t)z) 0 (S(t))' (2)
(AL(2) +Aa(z). (7.95)

Since S(¢) € C2(X; X), we can estimate

1AL @) |20 = IR(=)((S(1))(2) = R(1)) ||
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< IR(=0)ll ;) 1(S(1))' () = (S(1))' (o)l £ 25
<c1(t)||z—xo]| - (7.96)

As for Ay, we note that since z € V; = S(—t)V, the point x := S(¢)z is in V; thus, by
(7.92), as in (7.96),

[A2(2) Ml 2(s20) = IR(=0) [l caes2) 1P )| sy 1 (S(0)) ()Ml 2 )

< c[R(=0)l| ) [Ix = xol| ([ = xo [l + R (2)) - (7.97)

By Taylor’s formula,
[lx = xoll = [1S(1)z = S(t)xo[| = R(t) (z—x0)[| + O(l|z—x01*) ;
thus, if ||z —xo|| < &, we obtain from (7.97)
142(2) | £(x320) = €l R(=0)ll 2 e;0) IR(0) | £ 0) + €2(2) 8)[|z = xo | < 3 (2) ||z —xo| -
Putting this and (7.96) back into (7.95), we deduce that
19/ () =1l (x) < ealt)l|lz— o, (7.98)

i.e. that (7.92) holds for &, in V; (recall that xo = S(—t)xp € V).
3. Finally, we show that (7.93) also holds for &,. In fact, we prove more, that is,
that forall t € R,

@&, = R(—1)®,5(1) = R(—7) P, S(7). (7.99)

Indeed, recalling that &, := R(—t)PS(r), L = R(7) and F = S(7), from (7.83) we
compute

R(—7)®,S(1) = R(—T)R(—1)PS(t)S(7)

=R(—1)R(—71)DS(7)S(r)

R(—1)PS(t) =P,

Thus, by uniqueness, &, = ® on VNV, and we can take this common operator as
the required ¥'; in particular, (7.93) follows from (7.99).

4. The dependence of c4 on ¢ in (7.98) shows that, in general, identity (7.93)
holds on a neighborhood of xy whose diameter may depend on ¢. To show that this
neighborhood can be determined independently of ¢ if ¢ is bounded from below, fix
to € R, and consider only ¢ > 7. It is then sufficient to show that the set

W= S(-1)V

121

is a neighborhood of xg. To this end, we split

W=WINW,:= ( m S(—t)V) N < ﬂ S(—t)V) ,

to<t<ty+T7T t>ty+7T
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and show separately that JV; and W, are neighborhoods of xg.
Assume for the moment that it is possible to find r > 0 such that for all 7 € [tg, 7o+ 7],

S(t)B(xp,r) C V. (7.100)

Then B(xo,r) C S(—#)V forallz € [ty, 79+ 7]; hence, W, D B(xo, r) and, therefore, W,
is a neighborhood of xy. As for W,, we first recall that, by construction, S(7)V C V.
Arguing by induction, it follows that S(mt)V C V for all integer m > 1. Given then
t>to+ 7T, wewritet =19+ 0 +mt, withm > 1 and 0 < 0 < 7, so that, by (7.100),

S(t)B(xg,r) = S(m7)S(tg + 0)B(xo,7) C S(mT)V C V.

Consequently, W, 2 B(xo, r), and W, is a neighborhood of xg.

5. To conclude the proof of theorem 7.23 it is therefore sufficient to find » > 0 such
that (7.100) holds. To achieve this, let 7 > 0 be such that B(xo,n) C V. Since S(z) is
continuous and S(f)xo = xo for all € R, there is p () > 0 such that

S(t)B(x0,p(t)) C B(xo,M). (7.101)

Set
p(t) :=sup{p(¢): (7.101) holds}, (7.102)
r:=inf{p(t): 1o <t <ty+71}. (7.103)

We claim that r > 0. Assuming this, then for all 7 € [to, 7 + 7],
S(t)B(x0,r) € B(xo,m) €V,

and (7.100) holds. Clearly, r > 0 if p were a continuous function, because p is positive
over the compact interval [fy, %) + 7]. Otherwise, assume that r = 0. By (7.103), there
is aminimizing sequence (6, )uen, such that p(6,,) — 0. Since (8,)men C [to, 70+ 7],
there exists a subsequence, which we still denote by (6,,),cn, converging to some
0 € [to, 70 + 7]. Since the map (x,t) — S(t)x is continuous, and S(0)xy = xo, given 1
as above there is § > 0 such that

x=xol +lr =6 < = [[S(t)x—xoll <7. (7.104)

We can choose mg € N such that ||6,, — 6| < 1B and p(6,,) < 1B for all m > my.
By (7.102), there is y,; € S(6,,)B(xo, 38) such that

lym —x0l| = 7. (7.105)

Let x,, € B(xo, %ﬁ) be such that y,, = S(6,,)x,;,. Then, x = x,, and 1 = 6,, satisfy the
left side of (7.104). Consequently,

1S(0m)xm — x0|| = [|ym —x0l| <7,

contradicting (7.105). Thus, r > 0, and (7.100) follows. The proof of theorem 7.23
is now complete.



Appendix: Selected Results from Analysis

In this appendix we put together a number of definitions and results on various topics
in Analysis, that we have referred to in the previous chapters. We present these
results mostly without proof, but always with at least one reference, indicating where
a proof can be found. In these citations, a format like “sct. 1.2.3” refers to subsection
3 of section 2 of chapter 1.

A.1 Ordinary Differential Equations

In this section we report some well known results on the well-posedness and sta-
bility of classical and generalized solutions of ODEs in RY.

A.1.1 Classical Solutions

We consider the system of ODEs for a vector valued unknown function R 3 ¢ —
x(t) €RN

i=f(t.x), (A.D)

with f defined at least on the product I x I/, I C R an interval, and &/ C RY an open
domain. We also assign to (A.1) the initial condition

x(t9) = xo, (to,x0) €IXU. (A2)
Sufficient conditions for the local well-posedness of classical solutions to the ini-
tial value problem (IVP in short) (A.1)+(A.2) are well known:
THEOREM A.1
Let f € C(I xU;RYN). There exists a closed neighborhood
{(t,x) eIxU: |t—1] <o, [[x—x0|| < B} =:1Ip x Bo

of (to,x0), and a function x € C!(Ip; By), solution of the IVP (A.1)+(A.2).
If in addition f satisfies the t-uniform Lipschitz condition in x

3L> 0¥ (1.x), (1,9 €I x Uz ||f(t,x) — £ 9] < Llx—3].

323
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then the solution x is uniquely determined by the initial values (tp,x0). In fact,
X depends continuously on (fy,xp), in the sense that if t — x(t) and t — %(t) are
solutions of (A.1), corresponding to initial values (ty,x0) and (fo,%o), and defined on
neighborhoods Iy and Iy of to and ¥y respectively, then there exists C > 0, independent
of (to,x0) and (%, %), such that for all t € Iy N I,

[lx(2) = %(1) || < C (Jt0 — ol + [ x0 — Xol]) -

PROOF See e.g. Coddington-Levinson, [CL55, ch. 1]. I

By repeated applications of the local existence theorem A.1, local solutions can
be extended to a so-called MAXIMAL SOLUTION, that is, a solution of the IVP
(A.1)+(A.2) defined on a maximal interval I’ C I, with ro € I'. If I' = I, we say that
the IVP (A.1)+(A.2) can be solved GLOBALLY in /. As the following result shows,
extension of a local solution to a global one can be achieved if a time-independent
bound on the local solution is available. Such bounds are usually established by
means of so-called A PRIORI estimates on the local solutions.

THEOREM A.2
Assume there is M > 0 with the property that if I' C I is any interval containing fo,
and x € C1(I' RYN) is a solution of the IVP (A.1)+(A.2) on I, then

sup ||x(8)|| < M. (A3)
rel’

Then, the IVP (A.1) + (A.2) can be solved globally in I.

PROOF See e.g. Coddington-Levinson, [CL55, sct. 2.1]. I

The bound in estimate (A.3) is called a priori, because M has to be found inde-
pendently of any particular interval I’ on which a local solution is determined. As
we have seen in section 2.9 of chapter 2, a priori estimates can be established by
means of integral or differential inequalities, such as the Gronwall or the exponential
inequalities of propositions 2.62 and 2.64.

A.1.2 Generalized Solutions

More generally, we can consider GENERALIZED SOLUTIONS to the IVP (A.1)
+ (A.2), in the sense that we require the ODEs (A.1) to be satisfied only almost
everywhere in 7. In this context, it is natural to look for solutions of (A.1) that are
absolutely continuous.

DEFINITION A.3 Let I C R be an interval, and X = RN (or, more generally, a
reflexive Banach space). A function f: I — X is said to be ABSOLUTELY CONTIN-
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uous if for all € > 0 there is & > 0 such that for any finite choice of nonoverlapping
subintervals |a;,b;[C 1, i=1,...,r,

r

|a,-—b,-|§5 - ZHf(Cl,)_f(bz)”XSS

i=1

-

1

We denote by AC(I; X) the space of absolutely continuous functions from I into X.

Recalling then from sections A.4 and A.6 below the definitions of the Lebesgue
spaces L! () and L!(I; X'), we have the following

THEOREM A.4
Let I C R be an interval. A function f: I — X is absolutely continuous if and only if
f is differentiable almost everywhere in I, with f' € L1(I; X).

PROOF IfX =RV seece. g.Rudin, [Rud74, ch. 8]. For a generalization to functions
valued into a reflexive Banach space, see Komura, [Kom70].

We can then state a result, usually known as CARATHEODORY’s theorem, which
describes sufficient conditions for the existence of generalized solutions to the IVP
(A D)+(A.2).

THEOREM A.5

Assume that f(-,x) is measurable in I for each x € U, and that f(t,-) is continuous
on U for eacht € I. Assume further that there is a function @ € L'(I), such that for
almost allt € 1,

sup [[f(x,1)[| < @(z).
xeu

Then, there exists I' C I, containing to, and a function x € AC(I';U), which is a
generalized solution of the IVP (A.1) + (A.2)onI'.

PROOF See e.g. Coddington-Levinson, [CL55, sct. 2.1]. I

A.1.3 Stability for Autonomous Systems

We now restrict our attention to systems of ODEs that are AUTONOMOUS, i.e.
systems (A.1) in which f is independent of ¢; that is, of the form

= f(x). (A4)

We take fy = O in the initial condition (A.2), and assume that the IVP (A.4)+(A.2)
has a global solution on the right interval [0, 4o0c[. To emphasize the dependence of
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this solution on its initial value, we write it as x(+,xp). Finally, we call the image of
the map ¢ — x(t,xo) in R the ORBIT starting at xo.

DEFINITION A.6 A point x € RN is a STATIONARY POINT (07, an EQUILIBRIUM
POINT), for the autonomous system (A.4) if f(x) =0. A stationary point xo of S is
said to be:

1. STABLE, if for any neighborhood U of xq there is a neighborhood V C U of x
such that any solution t — x(t,x)) with x| € V is such that x(t,x) € U for all
t>0;

2. UNSTABLE, if it is not stable;

3. ASYMPTOTICALLY STABLE, if xq is stable and there is a neighborhoodV of x
such that any orbit starting in V) converges to xy, i.e. if for all x; € V,

lim x(t,x1) =x.

t——+00

This definition corresponds to the so-called stability in the sense of Lyapunov.
The following is a well known criterion for the stability of the stationary points of
autonomous systems.

THEOREM A.7

Assume that f € C', and let xy be a stationary point of the ODE (A.4). Consider the
matrix A := f’(xo), and assume that all the eigenvalues of A have nonzero real part.
Then:

1. If the real part of all the eigenvalues of A are negative, xo is asymptotically
stable;

2. If A has at least one eigenvalue with positive real part, xg is unstable.

PROOF See e.g. Coddington-Levinson, [CL55, sct. 13.1]. I

The proof of theorem A.7 is based on a result, known as the HARTMAN-GROB-
MAN EQUIVALENCE THEOREM, on the topological equivalence, near the stationary
point xp, of system (A.4) and its linearization at xy, i.e. the system

y=A(y—x0),  A:=f(x), (A.5)
of which xy is also a stationary point.
THEOREM A.8

Assume that f € C!, and that f(xo) = 0. Let A := f'(x), and assume that all the
eigenvalues of A have nonzero real part. There exist then two neighborhoods U and
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VY of xg in RV, and a homeomorphism ®: U — V, such that for all x| € U, there is a
neighborhood I of 0 in R, such that for all t € I,

D (x(t,x1)) = x0 +e4(P(x1) —x0).

That is, @ maps orbits of the “original” system (A.4), which are near xy, into orbits
of the linearized system (A.5), which also are near x.

PROOF See e.g. Perko, [Per91, sct. 2.8]. I

We remark that, in the proof of the Hartman-Grobman theorem, it is often assumed
that xp = 0. This is without loss of generality; for, otherwise, we can consider the
change of unknown u(t) := x(t) — xo. Then, u satisfies the ODE

= f(u+xp) =:g(u),

and the function 7 — u(r) = 0 is a solution of this ODE, since g(0) = f(xo) = 0;
finally, g’(0) = f'(x) = A.

In the scalar case, i.e. when N = 1, theorem A.7 just means that if xg is a stationary
point, then x is asymptotically stable if f’(xo) < 0, while it is unstable if f’(xo) > 0.
For example, consider the ODE

x=x(l—x). (A.6)

The stationary points are xo = 0 and x; = 1, with f/(0) =1 and f/(1) = —1. Thus,
Xo is unstable, while x| is asymptotically stable, as it is easy to see by direct analysis
of the ODE (A.6).

We conclude this section with the celebrated POINCARE-BENDIXON THEOREM,
which gives a complete description of the @-limits sets of the orbits of the au-
tonomous system (A.4) in the planar case N = 2.

THEOREM A.9

Let Q C R? be an open domain, and f € C'(Q;R?). Assume that the orbit v, =
(x(t))r>0 of a solution x of (A.4) is contained in a compact subset of Q, and that
its ®-limit set @(Yy) contains no stationary points. Then, either ¥y or ®(Yy) is a
periodic orbit (called LIMIT CYCLE).

PROOF See e.g. Coddington-Levinson, [CL55, ch. 16]. f

Roughly speaking, theorem A.9 states that either Y4 is already a periodic orbit (in
which case @(y;) = v4), or 74 converges to @(yy). Typically, y; “spirals” around

().
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A.2 Linear Spaces and their Duals

In this section, we assume as known the definitions of Banach and Hilbert spaces,
and that of linear maps between linear spaces. Unless otherwise stated, the linear
structure of all the spaces we consider refers to the scalar field R, and all Banach
spaces we consider are assumed to be separable. If X" is a Banach space, we denote
by || - || x the norm in X and, if in addition X’ is a Hilbert space, we denote by (-,-) x
the inner product in X'. Most of the material we report can be found in Dautray
and Lions, [DL88, ch. VI], or Kato, [Kat95, chs. 3 and 5], to which we refer for
additional details and for the proof of those results we occasionally state without
giving an explicit justification.

A.2.1 Orthonormal Bases in Hilbert spaces

DEFINITION A.10 Let X be a Hilbert space, and e := (em)meN a sequence in X.
1. eis an ORTHONORMAL SYSTEM in X if for each j, k € N,

ferre) 1 if j=k
ej,e = ] .
PERXTN 0 j £k

2. eis TOTAL in X, if the only x € X such that (x,ej)x =0 forall j € Nisx=0.
3. A total orthonormal system in X is called a TOTAL BASIS of X.

PROPOSITION A.11

The elements of an orthonormal system are linearly independent. The span of a
total system is dense in X, and every nontrivial Hilbert space contains a total basis
(e}) jen. Relative to this basis, every x € X admits the FOURIER SERIES EXPANSION

o0

x:2<x,ej>;(ej, (A7)
=0

with the series converging in X. Moreover, the following PARSEVAL IDENTITY holds:

o0
% = Y (el
Jj=0

PROOF See e.g. Dautray-Lions, [DLS88, sct. VI.1.6.3]. I
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A.2.2 Dual Spaces and the Hahn-Banach Theorem

1. Dual spaces.

DEFINITION A.12 The TOPOLOGICAL DUAL X’ of X is the set of all linear and
continuous functions from X into R. We denote by

X'xX3x)— @, x)rx €R

(or, when the space X is fixed and there is no danger of confusion, simply by (x',x))
the so-called DUALITY PAIRING between X and its dual. That is, (x',x) is the value
of the real number which is the image of x € X under the linear function x' € X'

The dual space X’ is itself a Banach space, with respect to the norm

sup | (x',x) v x| (A.8)

1|27 := sup
XEX xe
0 lIxll =1

(see e.g. Yosida, [Yos80, sct. IV.7]).
The following result, known as the HAHN-BANACH THEOREM, guarantees the
existence of nontrivial linear functionals.

THEOREM A.13
Let X be a normed linear space on R, Xy a subspace of X, and x{, € X;j. There exists
x' € X', such that for all x € Xy,

<x/7x>X/><X = <x63x>X6><X0

(i.e., x' is an extension of x;,), and ||x'|| x» = Hx6||X(§'

PROOF See e.g. Yosida, [Yos80, sct. IV.5]. I

2. Biduals. Since the dual X’ of a Banach space X is itself a Banach space, we can
in turn consider its dual (X”)’, which is called the BIDUAL space of X, and denoted
by X”. The so-called “CANONICAL” INJECTION j: X — X" is defined by

Xox—x"=jkx) L vy ex, (XX Y xorrgzer = (X X) prix . (A9)

The image j(X) of X into X" is a linear subspace, in general proper, of X"

DEFINITION A.14  Let X be a Banach space, and X" its bidual, defined by (A.9).
X is said to be REFLEXIVE if j(X) = X". In this case, j is an isomorphism.

Thus, if X is reflexive, it can be identified to its bidual X" by the canonical iso-
morphism j defined in (A.9).
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3. Weak and weak* convergence.

DEFINITION A.15 Let X be a normed linear space on R, and X' its topological
dual.

1. A sequence (Xy)men C X is said to CONVERGE WEAKLY fo x € X if for all
/ !
xeX,

(*' xm) — (X', x)  inR.
2. A sequence (x),)meny C X' is said to CONVERGE WEAKLY™* to x’ € X' if for all
xe X,
(x,,x) — (x',x) inR.
THEOREM A.16

Let X be a normed linear space on R, and X' its topological dual. Then:

1. Everyweakly convergent sequence in X (respectively, every weakly* convergent
sequence in X') is bounded.

2. Ifin addition X is reflexive, every bounded sequence in X (respectively, in X')
contains a weakly (respectively, a weakly*) convergent subsequence.

PROOF See e.g. Yosida, [Yos80, scts. V.1, V.2]. I

A.2.3 Linear Operators in Banach Spaces

In this section we review the definitions and most important results concerning var-
ious types of bounded and unbounded operators. In particular, we recall the spectral
theory of linear operators with compact inverse. Again, we assume that all spaces X,
Y, etc. we consider are at least separable Banach spaces.

1. Bounded, unbounded, and closed operators.

DEFINITIONA.17 Let X and ) be two Banach spaces, andA: X — ) be a linear
operator.

1. A is said to be BOUNDED, if there is a constant K such that for all x € X,
[Ax]|ly < K|jx|[x . (A.10)
Otherwise, A is said to be UNBOUNDED.

2. We denote the set of all linear, bounded operators A: X — Y by L(X,)).
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3.IfY=2X,and A: X — X is a linear operator, but not necessarily bounded,
the DOMAIN of A is the set

dom(A) :={xe X: Ax e X}.

4. Anunbounded operator A: X — Y is saidto be CLOSED if whenever (xm)men C
dom(A) is a sequence such that

Xpn—x inX and Ax, —y in)

as m — +00, then x € dom(A) and y = Ax.

It is clear from (A.10) that a bounded linear operator is continuous; moreover,
L(X,)) is itself a Banach space, endowed with the norm

[Ax||y
Al () := sup = sup [|Ax|ly. (A.11)
XEX HXHX XEX
0 el =t

Likewise, if A: X — X is closed, dom(A) is a Banach space, with respect to the
graph norm defined by

2 ) 2 2
[l gomay = llull % + llAull% , u € dom(A).

(For a proof, see e.g. Dautray-Lions, [DL88, ch. VIJ.)
In particular, recalling definition A.12, we have that X' = £(X,R), and (A.8) is
in accord with (A.11).

PROPOSITION A.18
Assume A € L(X,Y) is bijective. Then A=' € L(Y, X).

PROOF See e.g. Dautray-Lions, [DL88, sct. VI.1.2]. I

Finally, we recall that many results on linear operators are based on the following
result, known as BAIRE’S CATEGORY LEMMA:

THEOREM A.19
Let X be a complete metric space, and assume that (A, ) ,eN is a sequence of nonempty,
open subsets of X, each dense in X. Then, the set

A=A,
n=0

is also dense in X.

PROOF See e.g. Dautray-Lions, [DL8S, sct. VI.1]. I
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2. Isometries and unitary operators.

DEFINITION A.20 Let X and Y be Hilbert spaces, and A: X — Y be a linear
operator. A is said to be:

1. An ISOMETRY, ifforallx € X,

Axlly =[xl

2. A UNITARY OPERATOR if it is a surjective isometry.

Note that an isometry is obviously injective, and the inverse of a unitary operator
is unitary.
3. Resolvent, spectrum, eigenvalues and eigenvectors.

DEFINITIONA.21 Let X be an Hilbert space, andA: X — X be alinear operator,
not necessarily bounded. Let I denote the identity in X. Then:

1. The RESOLVENT SET of A is the set

p(A):={A €C: AI—A isbijective in X'}.

2. For A € p(A), the linear operator
RAA) =AM -A) X - X
is called the RESOLVENT of A.

3. The POINT SPECTRUM of A is the set

0p(A):={A €C: AI—-A isnotinjectivein X'}.

4. Each A € 0,(A) is called an EIGENVALUE of A, and each x € dom(A) \ {0}
such that
(AI—A)x=0

is called an EIGENVECTOR of A, corresponding to the eigenvalue A.

4. Compact operators.

DEFINITION A.22 Let X and Y be two Banach spaces. A bounded operator
A€ L(X,)) is said to be COMPACT, if the image (Axp,)meN of any sequence (Xmm)meN
bounded in X contains a subsequence (Axy, )ien, converging in ). We denote the
set of compact operators in L(X,)) by K(X, V).

It is easy to see that JC(X',)) is a closed subspace of L(X,)), with respect to

the topology of the uniform convergence of operators (i.e., with respect to the norm
(A.11)).
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Of particular importance are operators whose inverse are compact. More gener-
ally:

DEFINITION A.23 Let X be a Hilbert space, and A: X — X be a linear operator,
with nonempty resolvent set. A is said to have COMPACT RESOLVENT, if its resolvent
R(A, 1) is compact for all A € p(A).

THEOREM A.24

Let X be a Hilbert space, andA: X — X be alinear operator, with nonempty resolvent
set. Then, A has compact resolvent if and only if the injection j: dom(A) — X is
compact. Moreover, the existence of just one A € p(A) such that R(A,A) is compact
is sufficient to guarantee that A has compact resolvent.

PROOF See e.g. Engel-Nagel, [ENOO, sct. 2.4.d]. {0

A.2.4 Adjoint of a Bounded Operator

1. The notion of the ADJOINT of a bounded operator is a straightforward general-
ization of that of the transpose of a matrix in RY.

DEFINITION A.25 Let X and Y be Banach spaces, with duals X' and )’, and
let A € L(X,Y). The ADIOINT (or TRANSPOSE) of A is the operator A’: Y’ — X'
defined by

Voy sy =4y & vricx: (X X =0 AX)pry . (A12)

It is immediate to see that A’ € £()’,X"). Moreover, the adjoint of a compact
operator is compact (see e.g. Kato, [Kat95, sct. I11.4.2]).

2. If X and Y are Hilbert spaces, and A € L(X,)), we can identify X and ) with
their duals X’ and )”’, by means of Riesz’ representation theorem (see e.g. Yosida,
[Yos80, sct. I11.6]). Then, we can define a linear operator A*: ) — X, by the com-
position

A" :=p3loA opy, (A.13)

where px: X — X’ and py: Y — )’ are, respectively, the Riesz’ isomorphisms
identifying X and ) with their duals. The operator A* defined in (A.13) is also
called the ADJOINT of A. Clearly, A* € £(), X), and identity (A.12) reads

(Ayx)x = (1Ax)y, (A.14)
forallx € X and y € V. In fact, recalling that p is defined by the identity

<pr7y>X’xX:<xay>X’ x,yEX,
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and analogously for py, recalling (A.12) we have

(A*y,x)x = (P A'pyy,x) = (A'pyy,x) xrscre = (PYY, AX) yrcy = (1,AX)y .

Thus, when & is a Hilbert space, and ) = X, it makes sense to give the following

DEFINITION A.26 Let X be a Hilbert space, and A € L(X,X). The operator A
is said to be SELF-ADJOINT if its adjoint, defined in (A.13), is such that A* = A.

Recalling (A.14), a self-adjoint operator A € L(X, X)) satisfies the identity
Vx,yeX: (Ax,y)x = (x,A)x. (A.15)
THEOREM A.27

Let X and Y be Hilbert spaces, and A € L(X,Y) be a unitary operator. Then its
adjoint A* satisfies the equivalent identities

AA=Iy, AA* =1y, A '=A4A",

where Iy and Iy are, respectively, the identity operators in X and ).

PROOF  See e.g. Kato, [Kat95, sct. 5.2]. I

3.  More generally, let X be a reflexive Banach space, Y = X’ and A € L(X,X).
Then, the transpose operator A’ is in L(X” X'), and we can define an operator
A*: X — X', by the composition

A*=Ao], (A.16)

where j: X — X’ is the canonical injection of X into its bidual, defined in (A.9).
This operator is also called the ADJOINT of A; recalling (A.9), this terminology is
justified by the identities

(A x,y) e = (AT (), ) v = (%), AY) s xr = (Ay,X) 37 e s

for all x, y € X. Consequently, we can give

DEFINITION A.28 Let X be a reflexive Banach space, and A € L(X,X"). The
operator A is said to be SELF-ADJOINT if its adjoint, defined in (A.16), is such that
A* =A.

Recalling (A.14), a self-adjoint operator A € L(X,X”) satisfies the identity

<A-x7y>X’><X:<Ay7x>X’><X7 anyex'
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A.2.5 Adjoint of an Unbounded Operator

Let now & be a Hilbert space, and assume that A: X — X is a linear operator,
but not necessarily bounded. To define the adjoint A* of A, also as an unbounded
operator on X, we proceed as follows. First, we introduce the set

Xo={veX: (Gwe XVuecdom(A): (Au,v)x = (u,w)x)}, (A.17)
and note that if v € &), the map
dom(A) 3 ur (Au,v)x

is continuous on dom(A) with respect to the norm induced by X'. Indeed, this follows
from the estimate

[{Auv) x| = [, w) x| < [[wllellull e =: Collu] 2 -
If we assume that dom(A) is dense in X, the element w in (A.17) is uniquely deter-

mined by v. This justifies the following

DEFINITION A.29 Let X be a Hilbert space, and A a linear operator on X, with
domain dom(A) dense in X. Define Xy as in(A.17). The linear operatorA*: X — X,
with domain dom(A*) = Xy, defined by

Avi=w, veX,
is called the ADJOINT of A in X.

Note that, in general, A* is an unbounded operator if so is A.

DEFINITION A.30 Let X be a Hilbert space, and A a linear operator on X, with
domain dom(A) dense in X. A is said to be:
1) SYMMETRIC, if dom(A) C dom(A*), and for all u, v € dom(A),

(Au,v)x = (Av,u) v . (A.18)
(Note that the left side of (A.18) equals (u,A*v) x.)
2) SELF-ADJOINT if dom(A) = dom(A*), and (A.18) holds for all u, v € dom(A).

A.2.6 Gelfand Triples of Hilbert Spaces

1.  We consider two Hilbert spaces V and H, with ¥V — H densely and continu-
ously. In accord with (A.10), the continuity of the injection means that there is a
constant C such that for all u € V,

[lullre < Cllully . (A.19)
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2. Let’H' and )’ denote, respectively, the topological duals of H and V. The adjoint
J* of the injection j: V — H is then a natural injection of H’ into V', defined, for
K € 'H', by the identity

(W suyyrsey = (0, ju)ryren s uey.

It follows then that j* is injective, and the image j*(H’) is dense in V'. Hence,
‘H' can be identified to a dense subspace of V. Since H’ can also be identified to
‘H, by means of Riesz’ representation theorem, we finally arrive at the sequence of
continuous injections

Ve H=H — V.

In this case, we call the three spaces VV, H and V' a GELFAND TRIPLE. Finally, we
often assume that the injection V — H is not only continuous, but also compact, in
the sense of definition (A.23); this means that every sequence in V which is bounded
with respect to the norm of } must contain a subsequence, converging in H.

A.2.7 Linear Operators in Gelfand Triples

1. Letnow V — H <V’ be a Gelfand triple, and A € L(V,V"). Since V is dense
in H, we can consider A as an unbounded operator in H, with domain

dom(A) :={ueV: AucH}.
Then, the identity
(Au,v)yryy = (Au, vy (A.20)

holds for all u € dom(A) and v € V. This implies the following

PROPOSITION A.31

Let A be as described. Then, A is self-adjoint as an operator from'V into V' (i.e., in
the sense of definition A.28), if and only if A is self-adjoint as an operator in 'H (i.e.,
in the sense of definition A.30 ).

PROOF This is a consequence of (A.15) and (A.20), from which it follows that for
all u, v € dom(A),

<AM,V>H = <Auav>V’><V = <AV, u>V’><V = <AV7 M>H .

2. In the same conditions, we also have
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THEOREM A.32

Assume that A is a bijection from V into V'. Then A, as an operator in H, is invertible
on all of H, and its inverse A~" is linear and continuous (i.e., A~' € L(H,H)),
and self-adjoint. If in addition the injection V — H is compact, A~" is a compact
operator.

PROOF We recall that A~! is defined, as an operator in £(V’,V). Thus, for any
he™H < V', A 'his defined in V, hence in H. The linearity of A is clear; its
continuity follows from the estimate

1A~ Al < CillA™ Rlly < AT elimllv < CrIAT [ 2Callhlne.

where C; and C, are determined, respectively, by the continuity of the injections
V < H and H — V'’ (as in (A.19)). To show that A~! is self-adjoint, let u, v € H.
Then, recalling that A is self-adjoint,

<M,A_1V>H = <M)A_]V>V’><V = <AA_1M,A_1V>VI><V = <A*A_1V,A_1u>vl><v

= <AA_IV7A_]M>V’><V = <V7A_IM>V’><V = <V7A_IM>H .

Finally, let (u,),cn be a bounded sequence in H. For each n € N, let v, := A~ u,,.
Since the sequence (uy)qen is also bounded in V', the sequence (v, ),en is bounded
in V. Thus, if V < 'H compactly, there is a subsequence (v, )ren converging in H.
Since v, = Ailunk, this means that A~! is compact. I

3. We now come to the question of the solvability of an abstract equation of the
form

Au=f, (A21)
where A € L(V, V'), and f € V.

DEFINITION A.33 LetV be a Banach space. An operator A € L(V, V') is said to
be:

1. POSITIVE, if forallu €'V,

<Aua M>V’><V >0.

2. STRICTLY POSITIVE, if for all u € V\ {0},

(Au,u)yrcy > 0. (A.22)

3. COERCIVE, if there is a constant o such that for allu €'V,

(Au,u)yr gy > otflul3 . (A.23)
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Note that a coercive operator is strictly positive. Moreover, we have the following
result, known as the LAX-MILGRAM LEMMA!

THEOREM A.34

Let V be a Hilbert space, and A € L(V,V'). If A is self-adjoint and coercive, A is an
isomorphism between V and V'. Consequently, for all f € V' problem (A.21) has a
unique solution u € V.

PROOF See e.g. Dautray-Lions, [DLS88, sct. VI.3.2.5]. f
Note that the map
VXV (uv) — (Au,v)pryy

is bilinear and continuous. Thus, we can more generally consider a bilinear continu-
ous map a: ¥V xV — R, and the associated problem of finding, for given f € V', a
solution u € V of the problem

YveV: a(u,v)={fv)yxy. (A24)

This problem, which is called the VARIATIONAL FORMULATION of problem (A.21),
can be solved by means of the following version of the Lax-Milgram lemma.

THEOREM A.35
Let a be a bilinear continuous map onV XV as above, and assume that a is coercive,
in the sense that (compare to (A.23)) there is o« > O such that for allu €V,

a(u,u) > of|ul3, .

Then for all f € V', problem (A.24) is uniquely solvable in V.
PROOF See e.g. Dautray-Lions, [DL8S, sct. VIL.1]. I

A.2.8 Eigenvalues of Compact Operators

The following theorem describes the structure of the point spectrum of a compact
operator.

THEOREM A.36
Let X be a Hilbert space, and L € L(X , X) be a self-adjoint, strictly positive, compact
operator. Then:
1. The point spectrum 6,(L) of L is not empty; in fact, either ||L| z(x.x) € 0p(L)
or —||Ll| £(a;x) € Op(L)-

2. All eigenvalues of L are real and strictly positive, and have finite multiplicity.
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3. These eigenvalues can be ordered into a nonincreasing sequence (U )ren C
R<q, such that

lim py=0. (A.25)

k—+o0

4. Eigenvectors of L corresponding to distinct eigenvalues are orthogonal.

5. In fact, L admits a complete orthonormal system of eigenvectors.

PROOF A proof of part of this theorem can be found e.g. in Zeidler, [Zei95, sct. 4.2],
except for the fact that the eigenvalues of L are at most countable and strictly positive.
The countability of the eigenvalues is a consequence of the compactness of L; see
e.g. Kato, [Kat95, sct. 3.6.7]. The positivity of the eigenvalues is a consequence of
the strict positivity of L. Indeed, if u # 0 is an eigenvector of L corresponding to the
real eigenvalue U, from (A.22) we deduce that

0 < (Lu,u)x = (Qu,u)x = ”H”H%{

From theorem A.36 we immediately deduce

THEOREM A.37

Let YV — H — V' be a Gelfand triple of Hilbert spaces, with the injection V — H
compact. Let A € L(V,V') be a self-adjoint, strictly positive operator. Then, A
admits a sequence (Ag)ren of real, strictly positive eigenvalues, each having finite
multiplicity. The eigenvalues can be ordered into a nondecreasing sequence, such
that

lim Ay = +oco, (A.26)

k—+o0

and the corresponding eigenvectors form a complete orthonormal system in 'H.

PROOF By theorem A.32, A~ is, as an operator in H, linear, continuous, self-
adjoint and compact. A~ is also strictly positive, since sois A. Indeed, let u € H, and
setv:=A"'u € H. Since in fact v € V, and Av = u € H, it follows that v € dom(A).
Then,

(A u,u)qy = (v,Av) > 0.

By theorem A.36, A~ admits a system of eigenvectors (w ;) jen corresponding to
eigenvalues (i) jen €0, +oo[, with u; — 0 as j — +oco. From the identities

A_IWJ‘ZMJ'W/'7 jeN,
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1

o we deduce that
J

setting Aj :=
AW]'ZAJ'WJ', jeN; (A.27)

that is, each 4 ;j 18 an eigenvalue of A, relative to the same eigenvector w;. Clearly,
(A.26) follows from (A.25). The rest of the proof is immediate. I

We remark that if in addition A is coercive, we can endow V with the equivalent
inner product defined by

VxV> (M,V) = ((“vV))V = <AM7V>V’><V .
Indeed, (A.23) implies that for all u € V,
a3, < (Au,uhyrcy < Al llull5 -

With respect to this choice of inner product, the system of eigenvectors (w;) jen is
orthogonal also in V. Indeed, for each j, k € N we have

((Wjawk))v = <AWj7Wk>v'xv = lj<Wj7Wk>v’xv = lj<Wj7Wk>H~

A.2.9 Fractional Powers of Positive Operators.

In this section we define the fractional powers of strictly positive, self-adjoint,
compact operators in the context of a Gelfand triple V — H < V' of Hilbert spaces.
In this case, the existence of an orthonormal system of eigenvectors allows us to
define the fractional powers of the operator by means of Fourier series expansions,
generalizing (A.7).

Let A € £L(V,V’), and assume that all assumptions of theorem A.37 are satisfied.
In particular, the injection V — H is compact. Consider the orthonormal system of
eigenvectors (w;)jen of A, corresponding to the sequence of eigenvalues (4;) jen.
For s € R, we can define a linear, self-adjoint, unbounded operator A*: H — H, in
the following way. When s > 0, we assign as the domain of A the set

dom(A%) :={u e H: Y AP [(uwj)n|* < 400} (A.28)
j=0

this set is clearly a linear subspace of H. When s < 0, we define dom(A*) as the
completion of H with respect to the norm

- 1/2
u — (Z /'L]Z“|<u,wj>7.¢|2> . (A.29)
=0
For u € dom(A*), s € R, we define

Au:=Y Au,wj)nw;, (A.30)
j=0
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the series converging in H.

THEOREM A.38
In the above described assumptions, for each s € R the space dom(A*) is a Hilbert
space, with respect to the inner product defined by

(u7 V) = <M, V>S = Z ;szs<u7wj>71<va W])'H .
j=0
For each sy, s» € R, with s1 > s,
dom(A°') — dom(A*?) (A31)

densely, and with compact injection. The operator A*\ %2 is an isomorphism from
dom(A®) into dom(A%?). In particular, if s > 0, each space dom(A*) is dense in H;
dom(A~*) := (dom(A*))’ (that is, the topological dual of the domain of A*, defined in
(A.28)), and A—% = (A®)* (that is, A~* is the adjoint of A, as introduced in definition
A.29).

PROOF Most of the claims are immediate; see also Zeidler, [Zei95, sct. 5.8]. To
show the compactness of the injection (A.31), consider a sequence (i, )menN, bounded
in dom(A*1). Then, there is a subsequence (i, )ken, converging weakly to some
element u in dom(A°'). By replacing u,,, with w,, —u, we can assume that u = 0.
We have to show that u,,, — 0 in dom(A*2) strongly, that is (recalling the definition
(A.29) of the norm in dom(A*)), that for all 7 > 0 there is K > 0 such that for all
k>K,

Y A7 Gt wi)ne| <. (A.32)
=0

For jy € N5 to be determined, split

jo—1

< 252 g 252 2 < 252
le ’<umkij>7-{ = Z )‘j ’<Mmkawj>H’ + Z )yj |<Mmkij>7‘l
J=0 J=0 j=Jo

? >, (A33)

=:Sok =:Rox

Since the sequence (i, )en is bounded in dom(A*!), we can estimate

O 3 —2(s1—52) 42 2 (51 —50) 2 42 2
Roi = Z Aj (s1 sz)ljsl ‘(MmkaW/>H‘ < )Ljo (s1—52) Z ljsl ‘<’/‘mk»Wj>H‘
I=Jo J=Jo
—2(s1—52) 2 —2(s1—52)
<A T | Gomasn ) < MATT (A34)

for suitable constant M independent of k and j. Since A; — 400 as j — 400, it
follows from (A.34) that we can fix jo € N~ such that for all k € N,

Ror < %T] . (A.35)
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Since the subsequence (u,, )ren converges weakly to 0 in dom(A°®!), we have that for
each j=0,...,jo—1,

o0

2 2

<umk’wj>dom(A“1) = Z)ﬁ . <umkawi>7'l<wi’wj>7'l = 2'jSl <”mk7wj>7'l — 0
i=0

as k — +o0. Consequently, also

|<Mmk7wj>7‘l|2 - 09

so that we can determine K > O such that for all k > K,

2 n
’ S . 8§y
2j 02’]0

| (U, W) 2

Then, for k > K we have that

‘2 < 289 n . 1

<A; Jo=3M.
Jo 2]-0112052 2

Jo—1
2
Sok < )LjOSz Z ‘<umkywj>H
Jj=0

From this and (A.35), (A.33), we deduce that (A.32) holds. This completes the proof
of the compactness of the injection (A.31).

In particular, for s =0, s = % and s = 1, we have that
dom(A%) =H, dom(A'?)=V, dom(A')=dom(A), (A.36)

as sets and as Hilbert spaces. In particular, the first of (A.36) follows from (A.7).
REMARK A.39 A definition of fractional powers of positive operators can also be
given in the more general case of a self-adjoint linear operator A in a separable Hilbert

space H, with dense domain dom(A), under the assumption that A is COERCIVE in H,
i.e. such that (compare to definition A.33) there is & > 0 such that for all x € dom(A),

(Au,u)r > atllull -

We refer e.g. to Dautray-Lions, [DL90, sct. VIIL.6]. I

A.2.10 Interpolation Spaces

The theory of interpolation describes the construction, starting from two normed
spaces X and ), of a family of “intermediate” normed spaces Zy, parametrized by
6 € [0,1], so that

Zo:=XNY > Zg—Y=:2Z. (A.37)
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These spaces have, in particular, the property that for allx € XN ),
1-61,116
Xl 2o < Clixllx " 1I%5, (A38)

with C independent of x. The spaces Zg are called INTERPOLATION SPACES between
X NY and ), and are denoted by

inequality (A.38) is called the corresponding INTERPOLATION INEQUALITY.

For an overview of the general theory of the interpolation spaces, we refer e.g. to
Bergh-Lofstrom, [BL76]; here, we limit ourselves to follow Lions-Magenes, [LM72,
sct. 1.2], and recall one possible construction of interpolation spaces, starting from
two separable Hilbert spaces X and ). Since this construction rests heavily on the
notion of the fractional powers of a positive operator, we assume that X’ — )/ densely,
with continuous and compact injection; note, however, that, by remark A.39, the
assumption of compactness is not required.

Given X and ) as above, we consider X — ) < X’ as a Gelfand triple, and
define a linear, unbounded operator A: X — X’ as follows. First, we assign as its
domain the set of all # € X such that the linear map

Xove (uv)y €R (A.39)

is continuous on X with respect to the (weaker) topology induced by ). Thus, if
u € dom(A), (A.39) defines a linear operator A: X — X', by

(Au, vy yryx = (u,v) 1, veX. (A.40)

As in section A.2.7, we can then consider A as an unbounded linear operator in ),
with domain dom(A) dense in V. Moreover, (A.40) implies that A is self-adjoint and
strictly positive; in fact, for all u € dom(A),

(Au,u)y = (Au,u) 1 x = (u,u)x = |ul|% -

Consequently, for s > 0 we can define, as in section A.2.9, the fractional powers A*
of A, as linear, unbounded operators in ). In particular, the operator A := A2 s also
positive and self-adjoint; moreover, recalling (A.36), dom(A) = X and, by (A.40),
forall u,ve X,

(u,v)x = (Au,Avyy. (A41)
We define then, for 6 € [0, 1], the interpolation spaces
[X,V]g := dom(A'~9). (A.42)
These spaces are Banach spaces, with respect to the graph norm defined by
lell = llull3, + A3,
In particular, note that
[X,V]p=dom(A) =X, [X,)V]i=dom(ly)=), (A.43)
in accord with (A.37).
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A.2.11 Differential Calculus in Banach Spaces

In this section we recall some basic results concerning homeomorphisms and dif-
feomorphisms between Banach spaces.

DEFINITION A.40 Let X and Y be Banach spaces, andU C X be open. Consider
amap F: U — )Y, and let x € U. F is said to be (Fréchet) DIFFERENTIABLE at x, if
there exists an operator A € L(X,)) such that

po IF ) — () —Anlly

hex 17| 2

0.

It is easily seen that A is uniquely determined by x (see e.g. Ambrosetti-Prodi,
[AP93, sct. 1.1]); we call A the FRECHET derivative of F at x, and write A =: F'(x).
In particular, note that if F is linear and continuous (i.e., F € L(X,))), then F is
differentiable at each x € X, with F’(x) = F (this is because F (x+h) — F (x) = F (h)).

DEFINITION A.41 In the same conditions of definition A.40, assume that F is
differentiable at each x € U. The map

Usx— F'(x)e L(X,))

is called the DERIVATIVE of F. If F' is continuous, we say that F is CONTINUOUSLY
DIFFERENTIABLE in U, and write F € C'(U,)).

DEFINITION A.42 Let X and ) be normed linear spaces, andU C X,V C ).
A map F: U — V is called a HOMEOMORPHISM, if F is a continuous bijection,
and its inverse F~': V — U is also continuous. If in addition both X and Y are
Banach spaces and both F and F~" are continuously differentiable, F is called a
DIFFEOMORPHISM.

DEFINITION A.43 A mapping F: D CV — V in a normed, linear space V is
called NORM-COERCIVE if for any y > 0 there exists a closed, bounded set Dy, C D
such that ||Fy|| > v for all y € D\ Dy. (Compare e.g. with Rheinboldt, [Rhe69,
def. 3.6].)

THEOREM A.44

Let V be a normed linear space and G: D CV — V a sequential compact mapping
on the P(V)-path-connected' set D C V. Suppose further that F = I — G is a norm-
coercive local homeomorphism and that F(D) is open. Then G is a bijection, and
hence a homeomorphism, from D onto V.

'In [Rhe69], P (V) denotes the set of all continuous paths in V.
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PROOF  See c.g. [Rhe69, thm. 3.7] I

The following theorem describes a sufficient condition for a differentiable map to
be a local diffeomorphism.

THEOREM A.45

Let X and Y be Banach spaces, F € C'(X,Y), and x € X be such that F'(x) is
invertible (as a linear map from X into Y). Then F is locally invertible at x, with a
C! inverse. More precisely, there are neighborhoods U of x in X, and V of F(x) in Y,
such that F is a diffeomorphism from U into V. Moreover, for all y € V), the inverse

differentiation formula
—1

(FNY )= (F'(F'())
holds.

PROOF See e.g. Ambrosetti-Prodi, [AP93, sct. 2.1, thm. 1.2]. I

A.3 Semigroups of Linear Operators

In this section we report the most fundamental results on semigroup theory, as rel-
evant to their applications to semilinear evolution equations of the form (4.4). Most
of the material we present is taken from Pazy, [Paz83]. As before, we assume that
the spaces we consider are at least separable Banach spaces.

A.3.1 General Results

1. We start by introducing the definition of semigroups depending on a real param-
eter.

DEFINITION A.46 Let S = (S(t)):>0 be a family of linear, continuous operators
in X (ie, S(t) € L(X,X) forallt > 0).

1. S is said to be a SEMIGROUP if
S(0) =1y (A.44)
(the identity in X ), and for allt, 0 > 0,

S(t+6) = S(1)S(8) = S(8)S(1). (A.45)

2. A semigroup S is said to be CONTINUOUS if for each x € X, the map t — S(t)x
is continuous from [0, +oo[ to X. In this case, S is also called a C°-semigroup.
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Given a semigroup S on X, we can define a linear operator A on X, in general
unbounded, in the following way. First, we assign as its domain the subspace

S(t)x—
dom(A) :={xe X: lim w =8 (0)x existsin X'};

t—0t
then, we define A: dom(A) — X by
A:=8(0).

It is clear that A is a linear operator; A is called the INFINITESIMAL GENERATOR (or,
more simply, the GENERATOR) of the semigroup S.

The following fundamental result, known as the HILLE-YOSIDA THEOREM, re-
lates the properties of a C*-semigroup and its infinitesimal generator.

THEOREM A.47
Let A: X — X be a linear operator, not necessarily bounded. A is the infinitesimal
generator of a CO-semigroup S, if and only if its domain dom(A) is dense in X, A is
closed, the resolvent set p(A) (recall definition A.21) contains the interval [0, +00|,
and for all A > 0,

IR(A, )l <

>~ —

PROOF  See c.g. Pazy, [Paz83, sct. 1.3]. I

2. The definition of semigroup can be extended to families of linear continuous
operators on X, depending on a complex parameter, which necessarily varies in an
additive semigroup of the complex plane C. In particular, we will consider parame-
ters varying in an open sector

Y2:={zeC: ¢ <argz< @, ¢; <0< ¢}, (A.46)
containing the nonnegative real axis [0, +o00].
DEFINITION A.48 Let X be as in (A.46), and S = (S(2));cx be a family of linear,

continuous operators in X. § is said to be an ANALYTIC SEMIGROUP if the following
conditions are satisfied:

1. The map 7+ S(z) is analytic from X to L(X,X);

2. The semigroup properties (A.44) and (A.45) hold, i.e. if S(0) = Ix and for all
z§eX,

S(z+8) = S(2)S(E) = $(£)S(2);
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3. Foreach x € X, the map z — S(z)x is continuous from X to X.

The following result extends to analytic semigroups the characterization of C-
semigroups given by the Hille-Yosida theorem A.47.

THEOREM A.49
Let A: X — X be the infinitesimal generator of a semigroup S. Then, S is analytic
(that is, S can be extended to an analytic semigroup defined on a sector X as in (A.46))

if and only if there are positive constants C and A such that for all n € N~ and all
A >nA,

n+1 <
ARGy o< S

PROOF See e.g. Pazy, [Paz83, sct. 2.5]. I

3. Definition A.46 can be naturally extended to that of a GROUP S = (S(¢));cr of
linear, continuous operators on X', by requiring that all statements in the definition be
valid for all ¢, 0 € R. In particular, we have the following characterization of unitary
groups (see definition A.20) in Hilbert spaces, known as STONE’S THEOREM.

THEOREM A.50
Let X be a Hilbert space, and A: X — X be a linear operator, with domain dom(A)
densein X. Then, A is the generator of a unitary group S on X if and only if A* = —A.

PROOF See e.g. Engel-Nagel, [ENOO, sct. 2.3]. I

We recall that if X' is a linear space on C, with imaginary unit i, the condition
A* = —A is equivalent to the requirement that iA be self-adjoint (because i = —i).

A.3.2 Applications to PDEs

The theory of semigroups allows us to solve the initial value problem for evolution
equations of the form (3.14), i.e.

U +AU =F(U), (A47)

by interpreting them as abstract ODEs in a Banach space X'.

DEFINITION A.51 LetA: X — X be alinear operator, not necessarily bounded.
LetUye X, and T > 0.
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1. A function U € C(|0,T]; X) is a MILD SOLUTION of the initial value problem
for (A.47), with initial value U (0) = Uy, if U satisfies the integral equation

!
U(f):efrAUﬁ/ e ("OAF(U(0))dO, 0<I<T.
0

2. A function U € AC([0,T]; X) is a STRONG SOLUTION of the same IVP, if
equation (A.47) is satisfied for almost all t € [0,T]. (Recall that, by theorem
A.4, U is differentiable almost everywhere in [0,T).)

THEOREM A.52

Assume that A is the generator of a CO-semigroup on X, and that F: X — X is
globally Lipschitz continuous. Then for all Uy € X, the initial value problem for
(A.47), with initial value U (0) = Uy, has a unique mild solution U. Moreover, for all
T > 0 the map

X35Uy—U€eC([0,T]; X)

is Lipschitz continuous. If in addition Uy € dom(A), then U is a strong solution.

PROOF See e.g. Pazy, [Paz83, sct. 6.1]. I

Theorem A.52 can be applied directly to evolution equations of “parabolic” type,
such as the heat equation (3.1), where A = —A, which we know to generate an an-
alytic semigroup on L?(£) (see theorem A.79 below). This is not the case for the
wave equation (3.4), which has first to be converted into an equivalent first order sys-
tem of the form (3.14). Recalling (5.113) and (5.114), the operator A has then the

matrix form
0 _1
A= < 18 ) s (A.48)
—A 1

and X is the product space H)(2) x L>(€2). In this case, we resort instead to the
following result:

THEOREM A.53

Let € >0, and A be as in (A.48). Then, A generates a C°-semigroup on X = H(l)(.Q) X
L2(Q).

PROOF  See e.g. Pazy, [Paz83, sct. 7.2]. I
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A.4 Lebesgue Spaces

In this section we review the main properties of the Lebesgue spaces L?(2), 1 <
p < +o0o. Here,  denotes an arbitrary domain of RY; we allow Q = RY. We
consider in 2 the standard Lebesgue measure, and integration in £ is meant in the
Lebesgue sense. When we do not provide a reference for the proof of a result, such
proof can be found e.g. in Adams, [Ada78, ch. 2].

A.4.1 The Spaces L”(Q)

DEFINITION A.54 Letp € [1,+00)].
1. If p # 400, LP(Q) is the space of all equivalence classes, with respect to the
equivalence relation

f~g < meas{xe Q: f(x) #g(x)} =0,

of the measurable functions f : Q — R, such that
/ £ (0)]P dx < +o0.
Q

2. If p =400, L®°(Q) is the space of all equivalence classes of the measurable
functions f:  — R which are ESSENTIALLY BOUNDED; that is,

FeLl®@) &L IM>0: [f(x)| <M ae. inQ. (A.49)
As usual, with abuse of notation we identify an equivalence class with any one
of its representatives, which we still call a “function”.

; p
3. Finally, we define the space L,

locally bounded) functions by

(Q) of locally p-integrable (or; if p = o0,

fell (@) &L vk, K compact: f|, € LP(K)).

loc

Each L?(Q) is a linear space, which can be endowed with the norms

1/p
lul = (/ |u(x)|pdx> if 1< p< oo, (A.50)
Q
|u| oo 1= supess,c o |u(x)| :=inf{M > 0: (A.49) holds } . (A51)
We list the major properties of these spaces in the following theorem.
THEOREM A.55

Let 1 < p < 400, and consider in LP(Q) the norms defined in (A.50) and (A.51).
Then:



350 Appendix: Selected Results from Analysis

1. LP(Q) is a Banach space;

2. LZ(Q) is a Hilbert space, with respect to the scalar product

(8= [ f@e@ar or (1) [ fWeldr, (A5
depending respectively on whether the underlying scalar field is R, or C;

3. If1 < p < +o0, the space C°(R2) of the infinitely differentiable functions with
support compact in Q is dense in LP(Q);

4. If 1 < p < 400, LP(Q) is separable, while L (Q) is not;
5. If1 < p < +oo, LP(Q) is reflexive; neither L' (Q) nor L°(Q) are reflexive.

We can also give a definition of the spaces L”(I"), where I' is a sufficiently smooth
(N — 1)-dimensional submanifold of RY (see e.g. definition 5.1 of chapter 5). This
is done in a natural way, by means of charts of local coordinates, which are required
to have an image in L?(RV).

A.4.2 Inequalities
We denote by p, g etc. generic numbers in [1,4o0c], set é :=0, and call p and ¢
CONJUGATE INDICES if

1
—4-=1.
P oq

In particular, the pairs (p,q) = (2,2), (p,q) = (1,+00), and (p,q) = (+00,1) are
conjugate indices.

PROPOSITION A.56
Let p, q €]1,400] be conjugate indices. Then, YOUNG’S INEQUALITY

1 1
ab < —af + -b1 (A.53)
14 q

holds, for all a, b > 0. More generally, for all N > 0 there is Cyy > 0 such that
ab < na’ 4 Cyb?. (A.54)
In particular, for p = q = 2, (A.53) and (A.54) read

1 1 1
ab§§a2+§b2, abgna2+ﬁb2.

THEOREM A.57
Let p, q € [1,+00] be conjugate indices. Then for all u € LP(Q) and v € LI(Q), the
product uv € L'(Q), and HOLDERS’S INEQUALITY

|uv]y < ulp [v]g (A.55)
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holds. More generally, for all 1 > 0 there is Cy > 0 such that
]y < 0 full+Cylv]9 -
As a consequence, MINKOWSKI’S INEQUALITY holds, for u, v € LP(Q):
u+v]p < lulp+[v]p.
For functions in the Hilbert space L2(Q), Holder’s inequality (A.55) reads

(f.8) < Ifllgl2

and is usually known as SCHWARZ’ INEQUALITY.
Holder’s inequality (A.55) can be generalized to the product of any finite number
of functions.

THEOREM A.58
Let rand py,...,px € [1,400] be such that

Y —=-. (A.56)

Assume f; € LPi(Q), for 1 < j < k. Then the product fi--- fi is in L"(Q), and
satisfies the estimate

[fre fielr < U filpy - iy - (A.57)
PROOF The result can be easily proven by induction on k. I

A.4.3 Other Properties of the Spaces L”(Q)
1. The Dual of L7 (Q2).

THEOREM A.59

Let p € [1,400[, and q be its conjugate index. Then, the topological dual of L” ()
is isometrically isomorphic to the space LI(Q). Consequently, if p €|1,400[ and
(fin)men CLP(Q), then fi, — f weakly in LP(Q) if and only if for all g € L1(Q),

[ fn0g@ar - [ fgox.
JQ Q
Analogously, f,, — f weakly* in L>=(Q) if and only if for all g € L'(Q),

| fmwsas — [ g as.
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2. (LP(Q)) »>1 as a Family of Interpolation Spaces. If p < g <r, itis natural to
expect the space L9(L) to be an “intermediate” space between L’ () and L7 (Q).
This is indeed the case if Q has finite measure, in which case actually L"(Q2) —
L1(Q) — LP(Q).

PROPOSITION A.60
Let Q have finite measure |Q|. If 1 < p < g < 400, then LY(Q) — LP(Q), with
continuous imbedding. More precisely, for all u € L1(Q),

1 1
|’4|p <|Q|ra |"“q-

More generally, we can characterize the spaces LP(£2) as a family of interpolation
spaces (see section A.2.10).

THEOREM A.61

Let p, r € [1,400], with p <r. For 0 <A < 1, define q by
1 A 1-2
= . (A.58)
q Pp r

Then q € [p,r], withg=pifA=1landq=rif AL =0, and
L7(Q) = [L(Q)NL7(Q2),L7(Q)]x -

That is, if u € LP(Q)NL"(Q), then u € L4(R2), and satisfies the interpolation in-
equality

July < lulf ]} (A.59)
PROOF See Bergh-Lofstrom, [BL76, ch. 5]. Note that (A.59) is a consequence of

Hoélder’s inequality: indeed, letting oo = Aq and B = (1 — A)g, we easily verify that
(A.58) implies that a = £ and b = ﬁ are conjugate indices. I

A.5 Sobolev Spaces of Scalar Valued Functions

In this section we review the main properties of the Sobolev spaces H*(Q2), s € R.
Here, we assume that either Q = RY, or that Q is bounded. In the latter case, we
assume that its boundary dQ is sufficiently smooth; more precisely, that dQ is an
(N — 1)-dimensional submanifold of RV, of class C™, for suitable m > 0. As in
section A.4 we consider in Q2 the Lebesgue measure, and integration is meant in the
Lebesgue sense. Proof of the results for which we do not provide a reference can be
found e.g. in Adams, [Ada78, chs. 3-6], or in Lions-Magenes, [LM72, ch. 1].
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A.5.1 Distributions in Q

The linear space C3°(£2) of the infinitely differentiable functions with compact
support in £ can be endowed with a locally convex (but not metrizable) topology
(see e.g. Rudin, [Rud73, ch. 6]). The corresponding topological space is denoted by
D(€2), and called the space of TEST FUNCTIONS. The space of linear continuous
functionals on D(£2), called DISTRIBUTIONS, is denoted by D’(£2). We also denote
by (-, -)p(e) the duality product between D’(£2) and D(L2).

Given a := (a,...,ay) € NV, we call @ a MULTIINDEX, define its LENGTH as
|a|:=ay+---+ ay, and set

ol
a .
b= IxH .. g
1 N

Any function f € L?() defines a distribution F, by

(F.9)bia) = [ Fx)p(x)ds: (A.60)

to denote the dependence of F on f, we write F := Ty. The converse, however, is not
true in general; for example, for the so-called DIRAC & distribution, defined by

(9, ‘P>D(Q) = ¢(0),

there is no f € L2() such that § = T}. This fact motivates the following definition.

DEFINITION A.62 A distribution F is REGULAR, if there is f € L*(Q) such that
F=Ty.

The importance of distributions in the theory of PDEs resides in the fact that
any distribution F € D’(£) can be differentiated in distributional sense. That is,
given any multiindex o, we can define a new distribution D*F, called the DISTRI-
BUTIONAL DERIVATIVE of F of order ¢, by the identity

(D*F,@)p(o) = (=1)*NF,D*@)p), ¢ ED(Q). (A.61)

This deﬁnﬁon is natural, in the sense that if a distribution F is regular, i.e. F =Ty,
and f € C™(Q), then we can integrate the right side of (A.61) by parts, and deduce
that D*F = Tpa for all o with |a| < m.

A.5.2 The Spaces H"(Q),m e N

The spaces H"(Q), m € N, consist of subspaces of L?(£), whose functions pos-
sess weak derivatives of all orders up to m. More precisely, note that, given any
function f € Lz(.Q), the distribution 7y can be differentiated in distributional sense,
as in (A.61). Consequently, we can give
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DEFINITION A.63 Let f € L*(Q), and a € NN. We say that f has a WEAK
DERIVATIVE fo € L2(Q) if the distribution D*Ty is regular; that is, if there is fo €
L2(Q) such that D*Ty = Ty,. In this case, with abuse of notation we write that
DTy € L*(Q).

This definition A.63 makes sense, since it is easily seen that f is uniquely deter-
mined (up to a set of measure zero in £) by the distribution D*Ty. Recalling (A.61)
and (A.60), definition A.63 means that f, € L?>(£) is the weak derivative of order
of a function f € L2(Q) if for all ¢ € dom(Q),

| fawo@ar=(1) [ fx)(D%g)(x)dx. (A62)
Q Q

Note that (A.62) generalizes the classical integration by parts formula, which would
hold if f € C‘O“(.Q); indeed, in this case f, = D%f, and the vanishing of ¢ in a
neighborhood of dQ causes the absence of the boundary terms in (A.62).

DEFINITION A.64 Let m € N. We set
H"(Q):={uecl?(Q): VaecNV, |a|<m: DT, c L}(Q))}.

With abuse of notation, we set D*T,, =: D%*u.

Thus, if m > 1, functions in H"(Q) have weak derivatives of order up to m in
Lz(.Q). This notion of differentiability, however, obviously does not coincide with
the classical one. In particular, neither of the spaces H” () and C™ () is in general
contained in the other.

Each H"(Q) is a linear space, which can be endowed with the norm

i 1/2
[alln := < IDO‘M(X)IZdX> :
aEm/Q

In particular, H*(Q) = L?() (as a set and as a normed space).
We list the major properties of these spaces in the following theorem.

THEOREM A.65
Foreachm € N, H"(Q) is a separable Banach space, in which the subspace C*(Q)N
H™(Q) is dense. In fact, H"(Q) is a Hilbert space, with respect to the scalar product

(f,8)m = (D% f)(x)(D%g)(x) dx
g ‘a‘zg,m /Q g

(with modification analogous to the second of (A.52) if the underlying scalar field is
C).

REMARK A.66 In general, it is not true that C3° (£2) is dense in H*(£2); this does
hold, however, if m = 0, or if Q = RV. I
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A.5.3 The Spaces H*(Q), s € R>g

The spaces H*(£2), for general s € [0, +00], can be defined by interpolation. More
precisely, given s > 0, we choose m € N such that 0 < s < m, and set

H(Q) := [H™(2),L*(2)]; _y/m- (A.63)

The following result shows that this definition is consistent.

THEOREM A.67

The space H*(Q) defined in (A.63) is independent, up to norm equivalence, of the
choice of m > s. Moreover, H*(Q2) can be defined by interpolation between con-
secutive integers; that is, setting m := |s| (the integer part of s), again up to norm
equivalence we have that

H'(Q) := [H™"™(Q), H" ()] 15 (A.64)
PROOF See e.g. Lions-Magenes, [LM72, sct. 1.9]. I

REMARK A.68 When s € N, definition (A.64) is in accord with the definition
given in A.64. Indeed, if s € N, then m = s, so that, by (A.43),

H'(Q) = [H""1(Q),H"(Q)]; = H"(Q).

0

As a consequence of general results of interpolation theory, the spaces H*(Q)
inherit the same properties listed in theorem A.65. The following theorem gives
some additional properties of the spaces H*(£2).

THEOREM A.69
For s > 0, let H*(Q) be defined as in (A.63). Then:

1. H*(Q) as interpolation spaces. For s and s, such that 0 < s, < sy, and
0 € [0,1], we have

(@), H2 (2)]g = HO-0 0

2. Imbeddings of H*(2). The following imbeddings are continuous:

2.1, If2s <N, HY(Q) > LI(Q), for2 < g < ;2%
2.2. If2s=N, H'(Q) — L1(Q), for 2 < g < +o0.

2.3. If 2s > N, H'(Q) — Cy(Q2), where Cp(Q) := C(Q) if Q is bounded,
while Cy(RN) denotes the subspace of the functions in C(RN) which are
bounded.
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If in addition Q is bounded and s > 0, the imbedding H*(Q2) — H*"¢(Q) is
compact for all € €0, s].

3. H°(Q) as an algebra. If 2s > N, H*(Q) is an algebra; that is, if f and
g € H¥(Q), their pointwise product f - g (which makes sense, because f and g
are continuous, by part 2.2 above) is also in H*(Q).

PROOF In addition to Adams, [Ada78, chs. 3-6], or in Lions-Magenes, [LM72,
ch. 1]. For the imbeddings when s is not an integer, see also Triebel, [Tri95,
scts. 2.3, 2.6], or Peetre, [Pee66].

The imbeddings described in theorem A.69 are a consequence of the following
more general result, due to Gagliardo and Nirenberg.

THEOREM A.70 '
LetmeN, p, r € [1,+o00], andu € H"(Q)NL' (). Forinteger j <m, and 6 € [ 1]
(with the exception 0 # 1 if m— j— % € N), define g by

1 m 1

Then for any y € NN, with |y| = j, D'u € L4(Q), and satisfies the GAGLIARDO-
NIRENBERG inequality

IDullLa@y <€ Y, D% ullfs g llully &) + Cillullisa) (A.66)

|oc|=m

where s := max(2,r), and C > 0, C; > 0 are independent of u. The choice C; =0 is
admissible if @ = RN,

PROOF See e.g. Racke, [Rac92, ch. 4]. I

REMARK A.71 1. The choice j =0, 6 =1 in (A.65) yields the original Sobolev
imbedding H"(Q) — L4(Q), withg = 2m , described in part (2.1) of theorem A.69
for integer s = m. The choice of the lowest possible value 6 = é in (A.65) yields the
dimensionless version of estimate (A.66)

1—
ID7ullLai@) <C Y D%ull{2, lully o)+ Collsqe)

|ot|l=m

with |y| = j and g > 1 defined by
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2. Unless u satisfies some extra conditions, such as having vanishing “trace” at 92
(see section A.5.4 below), it is not in general possible to choose C; = 0 in (A.66) if
Q # RN, To see this, it is sufficient to consider the example u(t) =¢in 2 =]0,1[C R,
withm=2,j=1,0= % and r = g = 2: if (A.66) held with C; = 0, we would deduce
the contradiction u/(¢) = 0. I

We recall that when Q = R, the spaces H*(R") can be defined in an alternative
way, by means of the Fourier transform. The two definitions coincide, up to isomor-
phisms. In particular, we can then define, by means of charts of local coordinates,
the Sobolev spaces H*(I"), where I" is a (N — 1)-dimensional submanifold of RN of
class C", m > s.

A.5.4 The Spaces H{(2), s € R>¢, and H*(Q), s € R

We now assume that Q is bounded, and that its boundary is, as already stated,
a(N-— ll-dimensional submanifold of RY of class C™, m > 0. Given a function
f €C™(R), we can then define its TRACES at 92

d/f .
Yif1:m7 0<j<m, (A.67)

where v denotes the unit outward normal vector to dQ. If m > 1 and s €] % ,m|, we
can extend the definition of these traces to functions in H*(£2), by means of a density
argument.

THEOREM A.72 o
Let Q be as stated above, and 0 < s < m. The space C" () is dense in H*(Q).

THEOREM A.73
Let Q2 be as stated above, and assume thatm > s > % Let mg be the largest integer such
that 0 <mgy < s— % Then for 0 < j < my, the TRACE OPERATOR Y; defined in (A.67)

extends by continuity to a linear, continuous map from H*(Q) to H*=/=1/2(d Q). The
map

7: H(Q) — [OIHS-/—l/Z(aQ) (A.68)
Jj=0

is surjective, and has a continuous inverse.
PROOF See e.g. Lions - Magenes, [LM72, sct. 1.9]. I
In particular, functions in H' () have a trace in H'/2(9Q).

For s > 0 we define the subspace Hj (L) of H*(L2) as the closure of C5°(£2) in
H*(Q).
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Since the map ¥ defined in (A.68) is surjective, and vanishes on C§°(£2), it follows

that this space cannot be dense in H*(Q) if s > % Hence, in this case, H () is a
proper subspace of H*() (unless 2 = RV).

THEOREM A.74
The space C° () is dense in H* () if and only if s < % in which case, H)(Q) =
H'(Q). If s> 1,

H)(Q)={ueH(Q): y;(u)=0,1<j<s—1}.

Furthermore, if s — % ¢ N, and m € N is such that m > s,

HY(Q) = [HG (2),L*(2)]1 —/m- (A.69)

PROOF Seee.g. Lions-Magenes, [LM72, ch. 11]; in particular, (A.69) is contained
in their theorem 11.6, since H)(£2) = L?(2) by the first claim of theorem A.74.

Finally, for s < 0 we set
— i
H'(Q) := (H0 S(.Q))

(topological dual). Thus, in particular, H~! () is defined to be the dual of H}(Q2).
We conclude with the following interpolation theorem.

THEOREM A.75
Let s1, so > 0, with sp #m+ %, m € N. Then, for 6 € [0,1],

[ (@), H*2(Q)]g = HI-04-0%(0),

provided that (1—0)s; —0sy #n+ 3, n € N.
PROOF See e.g. Lions-Magenes, [LM72, sct. 1.12.4]. I

A.5.5 The Laplace Operator

In chapter 3, we have considered the standard example of the Gelfand triple con-
sisting of the Sobolev spaces

V:=H}|(Q) = H:=L*Q) — V =H'(Q),

with Q2 C R” a bounded domain. In particular, the boundedness of €2 implies that
the injection H(l) < L2(£) is compact (by part 2 of theorem A.69). In the sequel, we
denote as usual by || - ||,» the norm in H"(£2), and abbreviate || - [[o = - ||-
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1. The operator A := —A s clearly in £(V,V’); as such, A is self-adjoint and strictly
positive, as we see from the identities

<_AM>V>V’><V = <VM,VV>H - <_AVaM>V’><V >
(=Au,u)yr iy = (Vu, V) = || Vul|? . (A.70)
Moreover, by theorem A.32, A has compact inverse. Consequently, from theorem

A.37 we deduce

THEOREM A.76
The operator A = —A admits an unbounded sequence of positive eigenvalues (A;) jen.
This sequence can be ordered so that

0< <A<--<A<---,  Aj— +oo. (A71)

For each j € N, the corresponding eigenvector w; is in C>®(Q)NC(R), and the
sequence (w)) je is a complete orthogonal system in L*(Q).

2. We now show that and that we can choose in V = H}(2) the norm
lully = Vull, ueHH(Q). (A72)

Formally, this is a consequence of (A.27). Indeed, given u € V, if we consider its
Fourier series expansion (A.7), in terms of the total basis of the eigenvectors of —A,
recalling (A.71) and that these eigenvectors are orthonormal in L?(£2), we have that

Vul]> = (—Au,u) = <—A Z ow;, Z Ockwk> = <Z Ajow;, Z Ockwk>
j=0 k=0 j=0 k=0
=Y Liai >4 Y o =Aglul?.
= =0

That is, for all u € H(Q),
[Vu]|> > 2o]|ull® (A73)

which is known as POINCARE’S INEQUALITY.

It follows that —A is well defined and bijective from V into V’. This is a conse-
quence of Lax-Milgram’s theorem A.34, since A is self-adjoint, positive and coercive,
as we see from (A.70).

3. Asan operator in L?(Q), —A has domain
dom(A) = H*(Q)NH)(Q);

to see this, we need to recall the following elliptic regularity result.
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THEOREM A.77
Consider the elliptic boundary value problem

—Au=f in Q,
A74
{ u=0 on dQ. ( )

Let f € H™Y(Q), and u € H{(Q) be the corresponding unique solution of (A.74),
whose existence is assured by the Lax-Milgram theorem. If in addition f € 1>(Q2),
then u € Hz(_Q), and there is C > 0, independent of u, such that

llull2 < C([[Aul] +ull) -

PROOF See e.g. Gilbarg-Trudinger, [GT83, sct. 8.4]. I

In conclusion, theorems A.37 and A.38 are applicable, and we can thus define the
fractional powers (—A)?, for all s € R.

4. 'We now show that, if for s > 0 we set
A°(Q) := dom((—A)"/?), (A.75)

then

THEOREM A.78
For all s > 0, such that s — % ¢N, H5(Q) = Hj(Q).

PROOF Given s > 0, fix m € N, with m > s, and consider the operator
Ap = (—A)": H}(Q) - L*(Q),

as an unbounded operator with domain H>"(Q) NH'(L2). We do this in the same
way as in theorem A.77 (which in fact yields the case m = 1); that is, we consider the
elliptic boundary value problem

(=A)"u=f in Q,

o9/ (A.76)

Zh 0 ondQ, 0<j<m—1.

av/
Since A,, is an elliptic operator which is also uniformly strongly elliptic (see e.g.
Dautray-Lions, [DL88, sct. VIL.5]), given f € H™™(Q), by Lax-Milgram’s theorem
there is a unique u € H'(2), solution of (A.76). If in addition f € L?(Q), then
ueE Hz’"(.Q), as follows from theorem 5.3 of chapter 2, sct. 5.3, and remark 1.3
of chapter 2, sct. 1.4, of Lions-Magenes, [LM72] (see also Dautray-Lions, [DL88,
sct. VII.1.7]). Consequently, we can consider the operator

A=A = (—A)?
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as an operator that defines the interpolation spaces [H(22),L%(£2)]e, in accord with
(A.42). Recalling then (A.69), we have that

Hy(Q) = [H(2),L*(Q)]

m
2

= dom((~A)¥ ) = dom((—4)""%) = (),

1—s/m

as per definition (A.75). I

In particular, for m = 1 we are reduced to the case X = H(l)(.Q), Y= Lz(Q), with
Ay =—Aand
[X,V]e = dom((—A)1~9)/2)

Taking 6 = 0 yields then that
dom((~4)"/%) = X = H} ().
and (A.41) reduces to the identity
(u,v)x = (Vu,Vv),

which corresponds to the choice in H(l)(.Q) of the scalar product inducing the norm
(A.72). In this way, the operator (—A)l/ 2 can be formally related (but not identified)
with the operator V.

5. We conclude this section by mentioning the following result on the operator —A.

THEOREM A.79
Let Q be a bounded domain of RN. The operator — A generates an analytic semigroup
inL*(Q).

PROOF Thisis a consequence of a more general result, concerning strongly elliptic
operators (even with variable coefficients). See e.g. Pazy, [Paz83, sct. 7.2, thm. 2.7].

A.6 Sobolev Spaces of Vector Valued Functions
A.6.1 Lebesgue and Sobolev Spaces

In this section we introduce the Lebesgue and Sobolev spaces L?(a,b; X’) and
H"(a,b; X), where |a,b[ C R is an interval, and X is a separable Hilbert space.

For 1 < p < 400, we define L”(a, b; X') to be the space of the (equivalence classes
of) functions u: ]a,b[— X which are strongly measurable, and such that

b
[ o) e < oo A7)
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if 1 <p<—+o0,or
supess{|lu(t)||x: a <t <b} < +o0.

In (A.77), the integral is meant in the sense of Bochner (see e.g. Yosida, [Yos80,
sct. V.5)),
It can be shown that L (a,b; X') is a Banach space, with respect to the norms

b 1/p
= ([ lulfear) 1< p <o,
a

l|lul| oo := supess{||lu(t)||x: a<t<b}.

If p=2, L2 (a,b; X) is a Hilbert space, with respect to the scalar product

(U, V) = /j(u(r),v(t)}xdt.

We can introduce in L?(a, b; X') the notion of weak (i.e., distributional) derivatives
with respect to ¢, in a manner totally analogous to definition A.63. For k € N and
u € LP(a,b;X), we denote by ul¥) its strong derivative of order k. For m € N we
define then

H"(a,b;X) := {u € L?(a,b; X): u) € L2 (a,b;X), 0< j <m}.

This is a Hilbert space, with respect to the scalar product

m

UV =Y / b(u(j)(t),v(j)(t»xdt.

Jj=0

A.6.2 The Intermediate Derivatives Theorem

In the sequel, we consider two Hilbert spaces X and )/, with X <— )/, densely and
continuous. For integer m > 0, we set

W(a,b;X,Y) = {ucL?(a,b;X): u™ € L*(a,b;))};
when there is no possibility of confusion, we abbreviate W(a,b; X', Y) = W. Then,
recalling section A.2.10, we have the following result:
THEOREM A.80
Letu € W. Then, for 0 < j <m,
u) e L2(a,b; (X, V]j/m) -
Moreover, if 0 < j<m—1and 0; := % (j—!—%),

u) € C([a,b]:[X, Vo))
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The linear maps u— u') of W into L2 (a,b;[X, y]l/m), 0 < j < m(respectively, into
C([a,b];[X,Y)e;), 0 < j <m—1), are continuous. In particular, there are positive
constants Cy and C,, with C| independent of the length of ]a,b], such that for all
ueWand1 <j<m-—1,

1-06; (m) 0;
ma [ 0) 1, < Culll e 1 1 g gy + Calll ey

PROOF See e.g. Lions-Magenes, [LM72, scts. 1.2, 1.3]. I

As a consequence, recalling the definition (A.67) of H*(Q2), as well as theorem
A.75, we deduce from theorem A.80 the following imbeddings results.

THEOREM A.81
Letm>r> —1, and 0 < k < m. Assume that

uc{ue L2(a7b;Hm(.Q)): ult) e Lz(a,b;H’(.Q))}.

Letp::mfi'(m—r) -1,

2k
ul) e Lz(a,b;Hl’(Q))ﬂC([a,b];Hq(Q)).

Moreover, there exist positive constants C and Cy, with C independent of the length
of |a, b, such that

DOllg < Cullullys sy 1@ NGk

max ||M a.b:H"(Q L2(a,b;Hr (Q +C2H”||L2ame(Q))'

a<t<b
We conclude with the following compact imbedding result.
THEOREM A.82

Let X, Y and Z be reflexive Banach spaces, with X — Y — Z, the injection X — )
being compact. Let p,q €]1,+00[. Then the injection

{uelP(a,b;X): u' €LI(a,b;Z)} — LP(a,b;)),

which is continuous, is also compact.

PROOF  See e.g. Lions, [Lio69, sct. 1.5]. I

A.7 The Spaces H(div,2) and H(curl, Q)

In this section we consider certain subspaces of the space L?(), which are par-
ticularly suited to the mathematical study of various systems of PDEs which arise
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in fluid and electromagnetic dynamics. For a proof of the results we mention with-
out justification, we refer e.g. to Duvaut-Lions, [DL69, sct. 5.7], or to Foias-Temam,
[FT78].

A.7.1 Notations

We assume that € is a bounded open domain of RY, simply connected, and that its
boundary 9 is at least of Lipschitz class; we denote by V the outward unit normal
to Q. As usual, we denote by || - || and (-, -) the norm and scalar product in L?(£).
In addition, we adopt the following

CONVENTION A.83 Ifi= (u,...,uy):  — RN, N > 2, is a vector valued
function, and X is a space of scalar functions on 2, such as Lz(.Q) or C(Q), then,
with abuse of notation, we write ii € X to mean that all the components of i are in
X. In particular;, if the context is clear and there is no danger of confusion, we use
the same notation X to denote the space X" as well.

We consider the differential operators “div”’ and “curl”, formally defined as fol-
lows. Given i@ = (uy,...,uy): RY = RN for j=1,...,N we set d; = d/dx;, and

N
divii := Z djuj;
Jj=0

thus, x — (divi)(x) is a scalar function. Then, if N = 3 we define
curli := (82u3 — (93142, 83141 — 81143, 81142 — 82141) s

while if N = 2 we define
curli := duy — dhuy ;

thus, x — (curl#)(x) is a scalar function if N = 2, and a vector function if N = 3.

A.7.2 The Space H(div, Q)
1. Weset

H(div, Q) := {ii e L*(Q): divii € L}(Q)}.
This linear subspace of L?(£) is a Hilbert space with respect to the norm defined by
121G, = 1171 + || dival.

Clearly, H'(Q) — H(div, Q); in fact, we have

THEOREM A.84

The space C*°(Q) is dense in H(div, Q).
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As a consequence, the NORMAL COMPONENT trace operator i — V- can be

extended by continuity from a linear continuous map of C*°(Q) into C*(d€2), to
a linear continuous map, still denoted by # — V - i, of H(div, Q) into H~'/2(9Q).
More precisely, denoting by (-, -);/, the duality pairing between H 1/2(9Q) and
H'/2(9Q), the trace V - i is defined as follows. Given any y € H'/2(9Q), we choose
¥ € H!(Q) such that y(¥) = W (this is possible by the surjectivity of }p; see theo-
rem A.73). Then, we define

(V-1 ) ) = (divii, ¥) + (i@, V). (A.78)

Indeed, we easily see that the right side of (A.78) is independent of the choice of ¥
(as long as % (¥) = v, of course), and that, if & € H(div, Q), it is continuous in ¥
with respect to the H' norm. Since the dependence of ¥ on  is also continuous,
the right side of (A.78) depends continuously on y; hence, it defines an element of
H~!/2(9Q). This element is precisely the desired normal component of i. Note that
(A.78) generalizes the well known integration by parts formula

/ (V-id)vds = / (divﬁ)vds—i—/ i-Vvds,
00 Jo Q
which is valid for all # and v in the space C' (), which is dense in H(div, Q).

2. We can then introduce the following subspaces of H(div, ).
Ho(div, Q) := {ii € H(div,Q): V-ii =0},
H'(div, Q) := {ii € H(div,Q): divii = 0},
HY(div, Q) := Ho(div,2) NH’(div, Q).
THEOREM A.85

The space
Co%in (Q) := {ii € C°(R) : divii = 0}

is dense in Hg (div, Q). Moreover, setting
H,(Q):={iic H'(Q): V-ii = 0}, (A.79)
the FRIEDRICHS  INEQUALITY
ld]| < C (|| divi|| + || curli]]) (A.80)

holds for all ii € HY(Q), with C independent of ii.

A.7.3 The Space H(curl, Q)
1. Weset

H(curl, Q) := {#i € L*(Q): curlii € L*(Q)}.
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This linear subspace of L?(£2) is a Hilbert space with respect to the norm defined by
) 2urt == 11]1% + [} curl ]|

Clearly, H' () < H(curl,Q); in fact, we have

THEOREM A.86

The space C*°(Q) is dense in H(curl, Q).

As a consequence, the TANGENTIAL COMPONENT trace operator i — V X i can

be extended by continuity from a linear continuous map of C*°(Q) into C*°(9dQ), to
a linear continuous map, still denoted by & — V x ii, of H(curl, Q) into H='/2(9Q).
This is done exactly as for the definition of the normal component V - iZ; that is, we
define v x it € H1/2(9Q) by the identity

(VX i, W) = (curlii, ¥) — (i, curl'P), (A.81)

for ii € H(curl, ), w € H'/2(9Q), and ¥ € H! () such that ,(¥) = . Note that
(A.81) generalizes the well known integration by parts formula

/ Vxﬁ-ﬁds:/curlﬁxﬁds—/ﬁxcurlﬁds,
90 Q Q

which is valid for all iZ and ¥ in the space C' (), which is dense in H(curl, Q).

2. We can then introduce the following subspaces of H(curl, Q).
Ho(curl, Q) := {ii € H(curl, Q): v x i =0},

H(curl, Q) := {ii € H(curl, Q): curlii = 0},
HY (curl, Q) := Ho(curl, Q) NH(curl, Q).

THEOREM A.87
The space

C3oun () := {ii € C3°(Q): curlii = 0}

is dense in H)(curl, Q). Moreover; setting

ol

H\(Q):={ieH'(Q): v xi =0}, (A.82)

the Friedrichs’ inequality (A.80) also holds for all ii € HL(Q).
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A.7.4 Relations between H(div, Q) and H(curl, Q)

In this section we report some results on spaces that are constructed from both
H(div, Q) and H(curl, ). In particular, we present a well known decomposition
theorem of L2(£2).

THEOREM A.88
Let H,(Q) and HL(Q) be the spaces defined in (A.79) and (A.82). Then,

Hy (curl, Q) NH(div, 2) = H(Q),
H(curl, Q) NHy(div,Q) = HL(Q),

and the norm defined by
% = || curla® + || dival|?,

where X denotes either of the spaces H}, () or HL(Q), is equivalent to the H' norm
in X. Consequently, if i € X is such that divii = 0 and curlii = 0, then 1 = 0.

PROPOSITION A.89
For all @ € Hy(curl, ), curld € H)(div, Q).

PROOF  Since div(curl@) = 0, curl@ € H(div, ), so that its normal component
is defined, with V- curld € H~'/2(9Q). Given then arbitrary ¢ € H'/?(9Q), let
@ € H!(Q) be such that 1(P) = ¢. By density, we can without loss of generality
assume that @ € H?(Q), so that 1 (V®) € H'/2(9€). Then, recalling (A.78) and
(A.81),

(V-curld, @), ), = (curld, V@) = (Vv xa, 1(VP))/» = 0. (A.83)

0

PROPOSITION A.90
Forall y € H)(Q), Vy € H)(curl, Q).

PROOF  Since curl(Vy) =0, Vy € H(curl, Q), so that its tangential component
is defined, with V x Vy € H-'/2(9Q). Given then arbitrary ¢ € H'/?(9Q), let
@ c H2(Q) be such that yy(P) = @. Then, recalling (A.81) and (A.78),

<V X Vl/h (P>1/2 = —<Vl//, curl ¢> = (V -curl ¢, l[/)l/z =0. (A84)

I
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We now set
Vo := Hy(curl, Q) NH’(div, Q2),
and note that, by Friedrichs’ inequality (A.80), the norm defined by
il v, == || curli]|
is a norm in )y equivalent to the one induced by H' (Q).
PROPOSITION A.91
Forall f € HY(div, Q), there exists a unique i € Vy such that curlii = f.
PROOF Define a bilinear form a on Vy x V) by
a(u,v) := (curli,curlV) .
Then, a is bilinear and coercive on Vy; indeed, for all i € V),
a(u,u) = || curl@||* = ||3,
Let f € V; be defined by
<fv‘7>v(ngo = (f,curl¥), vVel,.
By the Lax-Milgram theorem A.35, there is a unique # € V), such that for all v € V),
(curlii,curl ¥) = (f, curl ¥) . (A.85)

‘We now show that w := curlii — f = 6, as desired. Indeed, we can compute curl w at
least in distributional sense; more precisely, since w € LZ(Q), recalling (A.61) and
(A.60) we have that, for all € D(Q),

(curlw, @)p = (w,curl @)p = (W, curl @) . (A.86)
Given ¢ € D(Q), let B € C=(2)NC%(Q) be defined as the solution to the elliptic
BVP
{ —AB = dive,
Bloo = 0.

Then, by proposition A.90, ¢ + V3 € Vy; therefore, by (A.85),
(w,curl @) = (w,curl(¢+ V) =0. (A.87)

Together with (A.86), (A.87) implies that curlw = 0in D’ (£2). But then, this also
means that curlw € L2(Q), so that w € H%(curl, ). Next, we note that divie =
div f =0, so that w € H%(div, Q) as well. In particular, the normal component V - %
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is defined in H*1/2(8.Q); since Vxii=0and V- f =0, recalling (A.83) we deduce
that vV -w = 0. In conclusion, we have that w € HL(Q), and curlw = 0, divie = 0. By
the last part of theorem A.88, we conclude that w = 6, as claimed. Finally, to prove
the uniqueness of i it is sufficient to note that if v € V) is also such that curl vV = f ,
then the difference 7 := ii — vV is such that

curlZz=0, divi=0, VvxZ=0.

Hence, arguing as we did above for w, we deduce that 7 = 0. I

REMARK A.92 We can also determine # by resorting to general results in the
classical theory of elliptic systems (see e.g. Agmon-Douglis-Nirenberg, [ADN64]).
Indeed, it is sufficient to note that i can be determined as the solution of the system

curlii4+Vp = f,
divii =0, (A.88)
Vxi = 0.

In fact, it turns out that this system is strongly elliptic, that its boundary conditions
are complementing, and that the source data { 1, 0} are orthogonal to the range of the
adjoint of the operator L := (curl+V,div) (which is L* = (curl -V, —div)). Hence,
(A.88) has a unique solution (i, p). However, Vp = 0, because p is also a solution
of the elliptic Neumann BVP

{ —Ap = —divf=0,

g—i‘j =V.-Vp=v-(f—curlit) =0
(the last step follows from (A.83)). Hence, curli = f I

In fact, the converse of proposition A.91 is also true.

THEOREM A.93

The following identities hold, as sets and as Hilbert spaces:
HY(div, Q) = {ii € L’(Q): (3d@ € H(curl, Q): & = curld)}, (A.89)
H)(curl, Q) = {ii € L*(Q): By e H}(Q): ii=—Vy)}. (A.90)

PROOF The inclusions D are a consequence of propositions A.89 and A.90. For
the reverse inclusion in (A.89), use proposition A.91, with f = ii. For the inclusion
C in (A.90), given il € Hg(curl, Q) define y as the solution of the elliptic Dirichlet
BVP

{ —Ay = divi,
Vo = 0.
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Since divii € H!(Q), by theorem A.77 we deduce that v is uniquely determined in
H)(Q). LetZ:=ii+ Vy. Then,

curl?z = curlii =0,
div? = divi+Ay =0,
VxZ=VxVy=0

(the last step following as in (A.84)). Hence, 7 = 0, by the last part of theorem A.88;
that is, i = —Vy, as desired.

We can then finally state the following orthogonality result.

THEOREM A.94
Let Q C R3 be a bounded, simply connected open domain, with a Lipschitz boundary
0Q. Then,

L2(Q) = H)(div, Q) @ H(curl, Q) .

In other words, for all i € L2(Q), there exist @ € Hp(curl,2) and y € H'(Q),
such that

d=curld—Vy. (A91)

The functions y and & of theorem A.93 are usually called the SCALAR and VECTOR
POTENTIALS of #; in general, they are not uniquely determined.

PROOF The inclusion DO is obvious. For the converse, we introduce the space
Vi :=H'(Q)|R

of the equivalence classes @ = [@] of functions in H' (), with respect to the equiv-
alence relation defined by

f~g Ll JeeR: f(x)—g(x) =c ae.
We denote such equivalence classes by capital letters like ¥, and any of their repre-

sentatives by a lower case letter like y. The space V) is a Hilbert space, with respect
to the norm

Pl =1Vyl, wve¥ (A.92)

(see e.g. Necas, [Ne£67, sct. 2.7.2]; note that the right side of (A.92) is independent of
the particular representative ¥ of ¥). Consider then the bilinear form on V; defined
by

a(@,¥):=(Vo,Vy), ¢cd, yeV.
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This form is continuous and coercive on V;; in particular,
a(®,®) = Vo|*=|®|3, .
) ¢ Vi

The map
b>5P— —(i,Vo), o@cP,

is linear continuous on Vy; therefore, by the Lax-Milgram theorem A.35, there is a
unique ¥ € V) such that for all ¢ € V),

a(W,®)=(Vy,Vo)=(i,Vo). (A.93)

Fix now any y € ¥ (thus, y € H'(Q)). Given any { € H}(2), we compute that,
because of (A.93),

(=div(Vy+i),O)y-1(q)xmyie) = (VY +i,VE) =0.

Consequently, Vy +ii € H(div, Q); therefore, its normal component is defined in
H~!/2(0Q). Givenany a € H'/?(9Q), let A € H' () be such that 15(A) = o. Then,
again by (A.93),

Consequently, Vy + il € Hg(diV,Q), so that, by (A.89) of theorem A.93, there is
d € Ho(curl, Q) such that Vy + i = curld, as desired in (A.91). I

A.8 Almost Periodic Functions

In this section we briefly recall some basic facts concerning almost periodic func-
tions, valued in a separable Banach space X. All the material in this section is taken
from Amerio-Prouse, [AP71].

DEFINITION A.95 A subset J C R is said to be RELATIVELY DENSE, if there is
€ > 0 such that any interval of R of length { contains at least one point of J.

DEFINITION A.96 Let f: R — X be continuous and, for T € R, define the trans-
lated functiont — f1(t) :== f(t + 7). The function f is said to be ALMOST PERIODIC
if for all € > 0 there is a relatively dense set T C R such that forall T € T,

sup||f(z+7) = f(1)llx <e.
teR

Each t € T is called an e-ALMOST PERIOD of f.



372 Appendix: Selected Results from Analysis

The following characterization of almost periodic functions is generally known as
BOCHNER’S THEOREM.

THEOREM A.97

The following conditions are equivalent:

1. The function f: R — X is almost periodic;

2. The set of the translations (fr)ccr is relatively compact in the space Cp(R),
endowed with the sup norm;

3. There exists a relatively dense sequence (Ty)meN such that the sequence of
translated functions (f (- + Tm))men is relatively compact in Cy(R).

PROOF See e.g. Amerio-Prouse, [AP71, ch. 1]. I

In particular, since for all x € X and A € R, the function 7 — eMxis periodic, we

deduce that all trigonometric polynomials of the form

N
Z ellklak ,
k=1

with A; € R and a; € X, are almost periodic. The following theorem characterizes
almost periodic functions as the sum of a uniformly convergent trigonometric series.

THEOREM A.98
A function f: R — RN is almost periodic if and only if there are sequences (ay)ren C
RN and (A4)ren C R such that for all t € R,

) = f Mg, .
k=1

PROOF See e.g. Amerio-Prouse,[AP71, ch. 2]. I
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