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.PREFACE

This book is intended to provide the student with a clear and thorough
presentation of the theory and application of structural analysis as it
applies to trusses, beams, and frames. Emphasis is placed on developing
the student’s ability to both model and analyze a structure and to
provide realistic applications encountered in professional practice.

For many years now, engineers have been using computer programs
based on matrix methods to analyze structures. Although these methods
are most efficient for a structural analysis, it is the author’s opinion that
students taking a first course in this subject should also be well versed in
some of the more important classical methods of structual analysis. By
applying these methods it is possible to obtain a better understanding
of how loads are transmitted through a structure, and how the structure
will deform under load. These skills are also important for selecting
a model of the structure that provides an accurate description of its
behaviour. Finally the classical methods can be used to check computer
results, rather than simply relying on the generated output.

New to this Edition. Several important new features are included
in this edition.

Rewriting of Text Material. Concepts have been clarified and
further expanded.

New Material Added Throughout. Chapters have been
expanded with the addition of new material, including a discussion
of catenary cables and further clarification for drawing moment and
deflection diagrams for beams and frames.

New Problems. There are many new problems that have been added
to this edition, along with the addition of preliminary problems.

Chapter Rearrangement. The chapter on approximate analysis
has been placed later in the book, after the coverage of statically
indeterminate structures.

Structural Modeling. The importance of being able to model a
structure for use as input for a computer analysis is discussed throughout
the book, and more specifically in Chapter 17

ORGANIZATION AND APPROACH

The contents of each chapter are arranged into sections with specific topics
categorized by title headings. Discussions relevant to a particular theory
are succinct, yet thorough. In most cases, this is followed by a “procedure
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for analysis” guide, which provides the student with a summary of the
important concepts and a systematic approach for applying the theory.
The example problems are solved using this outlined method in order
to clarify its numerical application. Problems are given at the end of
each chapter, and are arranged to cover the material in sequential order.
Moreover, for any topic they are arranged in approximate order of
increasing difficulty.

HALLMARK ELEMENTS

e Photographs. Many photographs are used throughout the book to ex-
plain how the principles of structural analysis apply to real-world situations.

e Problems. Most of the problems in the book depict realistic situations
encountered in practice. It is hoped that this realism will both stimulate
the student’s interest in structural analysis and develop the skill to reduce
any such problem from its physical description to a model or symbolic
representation to which the appropriate theory can be applied. All
problems are in SI units. The intent has been to provide problems that
test the student’s ability to apply the theory, keeping in mind that more
complicated problems requiring tedious calculations can be relegated to
computer analysis.

e Answers to Selected Problems. The answers to all but every fourth
problem, indicated by an asterisk in the text, are listed in the back of
the book. Extra care has been taken in the presentation and solution
of the problems, and all the problem sets have been reviewed and
the solutions checked and rechecked to ensure both their clarity and
numerical accuracy.

e Example Problems. All the example problems are presented in a concise
manner and in a style that is easy to understand.

e lllustrations. Throughout the book, an increase in two-color art has
been added, including many photorealistic illustrations that provide a
three-dimensional view for better understanding.

e Triple Accuracy Checking. This edition has undergone rigorous
accuracy checking and proofing of pages. Besides the author’s review of
all the pages and problems, a recheck was provided by K. Norlin of the
Bittner Development Group, the Competentum team, specifically Pavel
Kolmakov and Daria Zamiusskaya, K.B. Yap, and J.H. Lee.

e Preliminary and Fundamental Problems. These problem sets are
selectively located at the end of many chapters. They offer students simple
applications of the concepts and, therefore, provide them with the chance
to develop their problem-solving skills before attempting to solve any of
the standard problems that follow. You might consider these problems as



extended examples since they all have solutions and answers that are given
in the back of the book. Additionally, the fundamental problems offer
students an excellent means of studying for exams, and they can be used at
a later time to prepare for various engineering exams.

CONTENTS

This book is divided into three parts. The first part covers the analysis
for statically determinate structures. Chapter 1 provides a discussion of
the various types of structural forms and loads. Chapter 2 discusses the
determination of forces at the supports and connections of statically
determinate beams and frames. The analysis of various types of statically
determinate trusses is given in Chapter 3, and shear and bending-moment
functions and diagrams for beams and frames are presented in Chapter 4.
In Chapter 5, the analysis of simple cable and arch systems is presented, and
in Chapter 6 influence lines for beams, girders, and trusses are discussed.

In the second part of the book, the analysis of statically indeterminate
structures is considered. Geometrical methods for calculating deflections
are discussed in Chapter 7 Energy methods for finding deflections
are covered in Chapter 8. Chapter 9 covers the analysis of statically
indeterminate structures using the force method of analysis, in addition
to a discussion of influence lines for beams. Then the displacement
methods consisting of the slope-deflection method in Chapter 10 and
moment distribution in Chapter 11 are discussed. Using these methods,
beams and frames having nonprismatic members are considered in
Chapter 12. Finally, Chapter 13 discusses several common techniques
that are used for an approximate analysis of a statically indeterminate
structure.

The third part of the book treats the matrix analysis of structures
using the stiffness method. Trusses are discussed in Chapter 14, beams
in Chapter 15, and frames in Chapter 16. Finally, Chapter 17 provides
some basic ideas as to how to model a structure, and for using available
computer software for performing a structural analysis. A review of
matrix algebra is given in Appendix A.

RESOURCES FOR INSTRUCTORS

e Mastering Engineering. This online Tutorial Homework program allows
you to integrate dynamic homework with automatic grading. Mastering
Engineering allows you to easily track the performance of your entire
class on an assignment-by-assignment basis, or the detailed work of an
individual student.

e Instructor’s Solutions Manual. An instructor’s solutions manual was
prepared by the author. The manual was also checked as part of the Triple
Accuracy Checking program. You can find the Solutions Manual on the
Instructor Resource Center website www.pearsonglobaleditions.com.
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e Presentation Resources. All art from the text is available in PowerPoint
slide and JPEG format. These files are available for download from the
Instructor Resource Center at www.pearsonglobaleditions.com. If you
are in need of a login and password for this site, please contact your local
Pearson representative.

e Video Solutions. Video solutions offer step-by-step solution walk-
throughs of representative homework problems from each chapter of
the text. Make efficient use of class time and office hours by showing
students the complete and concise problem solving approaches that they
can access anytime and view at their own pace. The videos are designed
to be a flexible resource to be used however each instructor and stu-
dent prefers. A valuable tutorial resource, the videos are also helpful
for student self-evaluation as students can pause the videos to check
their understanding and work alongside the video. Access the videos at
www.pearsonglobaleditions.com and follow the links for the Structural
Analysis text.

RESOURCES FOR STUDENTS

e Mastering Engineering. Tutorial homework problems emulate the
instructor’s office-hour environment.

e Companion Website. The companion website, located at www.
pearsonglobaleditions.com, includes opportunities for practice and re-
view including video solutions, which provide complete, step-by-step
solution walkthroughs of representative homework problems from each
chapter. The videos offer:

m Fully-worked Solutions—Showing every step of representative
homework problems, to help students make vital connections
between concepts.

m Self-paced Instruction—Students can navigate each problem
and select, play, rewind, fast-forward, stop, and jump-to-sections
within each problem’s solution.

m 24/7 Access—Help whenever students need it.
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Part B - Spring force at B

Using the method of superposition. determine the force Fup that the spring at B exerts on the bar. Assume that this force acts in the positive y direction.

Express your answer in kN to three significant figures.

.
m}mﬂ My Answers Give Up Review Part

Incorrect; Try Again

Review the equation used for the moment of inertia of the cross section.

www.MasteringEngineering.com
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Severe wind loadings caused by a hurricane have caused noticeable damage to
the windows of this high-rise building.




TYPES OF
STRUCTURES
AND LOADS

. CHAPTER OBJECTIVES

m To introduce the basic types of structures.

m To provide a brief explanation of the various types of loads that
must be considered for an appropriate analysis and design.

1.1 INTRODUCTION

In this book we will present many of the different ways engineers model
and then determine the loadings and deflections of various types of
structures. Important examples related to civil engineering include
buildings, bridges, and towers; and in other branches of engineering,
ship and aircraft frames, mechanical systems, and electrical supporting
structures are important.

Throughout this book, a structure refers to any system of connected
parts used to support a load. When designing a structure to serve a
specified function for public use, the engineer must account for its safety,
esthetics, and serviceability, while taking into consideration economic
and environmental constraints. For any project this often requires
several independent studies, using different structural forms, before a
final judgment can be made as to which form is most appropriate. This
design process is both creative and technical and requires a fundamental
knowledge of material properties and the laws of mechanics which
govern material response. Once a preliminary design of a structure is
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proposed, the structure must then be analyzed to ensure that it has its
required stiffness, strength, and stability. To do this, an idealization must
be made as to how all members are supported and connected together.
Then the loadings are determined from codes and local specifications.
Finally, the forces in the members and their displacements are found
using the theory of structural analysis, which is the subject matter of this
book.

1.2 CLASSIFICATION OF STRUCTURES

It is important for a structural engineer to recognize the various types of
elements composing a structure and to be able to classify structures as
to their form and function. We will introduce some of these aspects now
and discuss others throughout the book.

Structural Elements. Some of the more common elements from
which structures are composed are as follows.

Tie Rods. Structural members that are subjected to a tensile force
are often referred to as tie rods or bracing struts. These members are
rather slender, and are often chosen from rods, bars, angles, or channels,
Fig. 1-1.

@) S|
rod bar
angle channel

typical cross sections

tie rod

Tie rods are used for cross bracing to stiffen the roof of

a building to resist wind loads.

Fig. 1-1
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Beams. Beams are usually straight horizontal members used primarily
to carry vertical loads. Quite often they are classified according to the
way they are supported, as indicated in Fig. 1-2. In particular, when the
cross section varies the beam is referred to as a tapered or haunched
beam. Beam cross sections may also be “built up” by adding plates to
their top and bottom.

Beams are primarily designed to resist bending moment; however, if
they are short and carry large loads, the internal shear force may become
quite large and this force may govern their design. When the material
used for a beam is a metal such as steel or aluminum, the cross section
is most efficient when it is shaped as shown in Fig. 1-3. Here the forces
developed in the top and bottom flanges of the beam form the necessary
couple used to resist the applied moment M, whereas the web is effective
in resisting the applied shear V. This cross section is commonly referred
to as a wide flange, and it is normally formed as a single unit in a rolling
mill in lengths up to 23 m. When the beam is required to have a very long
span, and the loads applied are rather large, the cross section may take
the form of a plate girder. This member is fabricated by using a large
plate for the web and welding or bolting plates to its ends for flanges.
The girder is often transported to the field in segments, and the segments
are designed to be spliced or joined together at points where the girder
carries a small internal moment.

Concrete beams generally have rectangular cross sections, since it is
easy to construct this form directly on the job site. Because concrete is
rather weak in resisting tension, steel “reinforcing rods” are cast into the
beam within regions of the cross section subjected to tension. Precast
concrete beams or girders have a variety of different cross sections, and
so they are fabricated at a shop or yard and then transported to the job
site.

Beams made from timber may be sawn from a solid piece of wood or
laminated. Laminated beams, often called glulam beams, are constructed
from strips of wood, which are fastened together using high-strength
glues.

-l N |

simply supported beam fixed-supported beam

% =
Lol e et web

Shown are typical splice plate joints used to
connect the steel plate girders of a highway
bridge.

The prestressed concrete girders are simply
supported on the piers and are used for
this highway bridge.

R

wide-flange beam

— flange

| cantilevered beam
continuous beam

Fig. 1-2

flange

Fig. 1-3
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column beam column
Wide-flange members are often used for

columns. Here is an example of a beam Fig. 1-4
column.

Columns. Members that are generally vertical and resist axial
compressive loads are referred to as columns, Fig. 1-4. Tubes and wide-
flange cross sections are often used for metal columns, and circular and
square cross sections with reinforcing rods are used for those made of
concrete. Occasionally, columns are subjected to both an axial load and a
bending moment as shown in the figure. These members are referred to
as beam columns.

Types of Structures. A combination of structural elements is
referred to as a structural system. Each system is constructed of one or
more of four basic types of structures. Ranked in order of complexity of
their force analysis, they are as follows.

Trusses. When the span of a structure is required to be long and its depth
is not an important criterion for design, a truss may be selected. Trusses
consist of slender elements, usually arranged as a series of triangular
elements. Planar trusses are composed of members that lie in the same
plane and are frequently used for bridge and roof support, whereas space
trusses have members extending in three dimensions and are suitable for
derricks and towers.

A truss supports its load through the tension and compression of its
members, and as a result a truss uses less material than a solid beam to
support a given load, Fig. 1-5. In general it is economically feasible to
use a truss to cover spans ranging from 9 m to 122 m, although trusses
have been used on occasion for spans of greater lengths.
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An applied loading will cause bending of
this truss, which develops compression in
the top members and tension in the bottom
members.

Fig. 1-5

Cables and Arches. Two other forms of structures used to span long
distances are the cable and the arch. Cables are usually flexible and carry
their loads in tension, Fig. 1-6a. They are commonly used to support
bridges and building roofs. When used for these purposes, the cable has
an advantage over the beam and the truss, especially for spans that are
greater than 46 m. Because they are always in tension, cables will not
become unstable and suddenly collapse or buckle, as may happen with
beams or trusses. The use of cables, on the other hand, is limited only by
their sag, weight, and methods of anchorage.

The arch achieves its strength in compression, since it has a reverse
curvature to that of the cable. The arch must be rigid, however, in order
to maintain its shape. Arches are frequently used in bridge structures,
Fig. 1-6b, dome roofs, and for openings in masonry walls.

All-ll.._.__|-'._-.- .

Cables support their loads in tension. Arches support their loads in compression.

(a) (b)
Fig. 1-6
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Typical steel framework.

rigid f| pinned

Frame members are subjected to
internal axial, shear, and moment loadings.

Frames. Frames are often used in buildings and are composed of beams
and columns that are either pin or fixed connected, Fig. 1-7 Like trusses,
frames extend in two or three dimensions.

Surface Structures. A surface structure is made of a material having a
very small thickness compared to its other dimensions. Sometimes this
material is very flexible and can take the form of a tent or air-inflated
structure. In either case the material acts as a membrane that is subjected
to pure tension.

Surface structures may also be made of rigid material such as reinforced
concrete. As such they may be shaped as folded plates, cylinders, or
hyperbolic paraboloids, and in any of these forms, they are referred to as
thin plates or shells. In general, these types of structures are difficult to
analyze, due to the three-dimensional geometry of their surface. Such an
analysis is beyond the scope of this book and is instead covered in books
devoted entirely to this subject.

The roof of the “Georgia Dome” in
Atlanta, Georgia can be considered
as a thin membrane.

© Bob Krist/Documentary
Value/Corbis/Alamy



1.3 LOADS

Once the dimensional requirements for a structure have been defined,
it becomes necessary to determine the loads the structure must support.
Often, it is the anticipation of the various loads that will be imposed on
the structure that provides the basic type of structure that will be chosen
for design. For example, high-rise structures must endure large lateral
loadings caused by wind, and so shear walls and tubular frame systems
are selected, whereas buildings located in areas prone to earthquakes
must be designed having ductile frames and connections.

The actual design begins with those elements that are subjected to the
primary loads the structure is intended to carry, and proceeds in sequence
to the various supporting members until the foundation is reached. Thus,
a building floor slab would be designed first, followed by the supporting
beams, columns, and last, the foundation footings. In order to design a
structure, it is therefore necessary to first specify the loads that act on it.

The design loading for a structure is often specified in codes. In general,
the structural engineer works with two types of codes. General building
codes specify the requirements of governmental bodies or organizations
for minimum design loads, and design codes provide detailed technical
standards that are used to establish the requirements for the actual
structural design. Table 1.1 lists some of the important codes used in
practice. It should be realized, however, that codes provide only a general
guide for design. The ultimate responsibility for the design lies with the
structural engineer.

Since a structure is generally subjected to several types of loads, a brief
discussion of these loadings will now be presented to illustrate how one
must consider their effects in practice.

TABLE 1.1 Codes
General Building Codes

Minimum Design Loads for Buildings and Other Structures, ASCE/SEI 7-16,
American Society of Civil Engineers
International Building Code

Design Codes

Building Code Requirements for Reinforced Concrete, Am. Conc. Inst. (ACI)

Manual of Steel Construction, American Institute of Steel Construction
(AISC)

Standard Specifications for Highway Bridges, American Association of State
Highway and Transportation Officials (AASHTO)

National Design Specification for Wood Construction, American Forest and
Paper Association (AFPA)

Manual for Railway Engineering, American Railway Engineering and
Maintenance-of-Way Association (AREMA)
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Dead Loads. Dead loads consist of the weights of the various
structural members and the weights of any objects that are permanently
attached to the structure. Hence, for a building, the dead loads include
the weights of the columns, beams, and girders, the floor slab, roofing,
walls, windows, plumbing, electrical fixtures, and other miscellaneous
attachments.

In some cases, a structural dead load can be estimated satisfactorily
from simple formulas based on the weights and sizes of similar structures.
Also, through experience one can sometimes derive a “feeling” for
the magnitude of these loadings before doing any calculations to verify
a result.

TABLE 1.3 Minimum Design Dead Loads*

Walls kN/m?
102 mm clay brick 1.87
203 mm clay brick 3.78
305 mm clay brick 5.51
TABLE 1.2 Minimum Densities for Design Frame Partitions and Walls
Loads from Materials* Exterior stud walls with brick veneer 2.30
kN/ m’ Windows, glass, frame and sash 0.38
Aluminum 27 Wood studs 51 X 102 mm, unplastered 0.19
Concrete, cinder 170 Wooq studs 51 X 102 mm, plastered 0.57
Concrete, stone 22.6 o Sl
Clay, dry 9.9 Wooq studs 51 X 102 mm, plastered 0.96
Clay, damp 173 two sides
Sand and gravel, dry, loose 15.7 Floor Fill
Sand and gravel, wet 18.9 Cinder concrete, per mm 0.017
Masonry, lightweight concrete 16.5 Lightweight concrete, plain, per mm 0.015
Masonry, normal weight units 212 Stone concrete, per mm 0.023
Plywood 5.7 Ceilings
Steel, cold-drawn 713 Acoustical fiberboard 0.05
Wood, Douglas Fir 5.3 Plaster on tile or concrete 0.24
Wood, Southern Pine 5.8 Suspended metal lath and gypsum plaster 0.48
Wood, spruce 4.5 Asphalt shingles 0.10
*Minimum Densities for Design Loads from Materials. Reproduced Fiberboard, 13 mm 0.04
with permission from American Society of Civil Engineers Minimum
Design Loads for Buildings and Other Structures, ASCE/SEI 7-16. *Minimum Design Dead Loads. Reproduced with permission from American
Copies of this standard may be purchased from ASCE at www.asce. Society of Civil Engineers Minimum Design Loads for Buildings and Other

org/publications.

Structures, ASCE/SEI 7-16, American Society of Civil Engineers.
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If the materials and sizes of the various components of the structure
are known, then their weights can be found from tables that list their
densities. For example, the densities of typical materials used in
construction are listed in Table 1.2, and a portion of a table listing the
weights of typical building components is given in Table 1.3. Although
calculation of dead loads based on the use of tabulated data is rather
straightforward, realize that these loads will have to be estimated in
the initial phase of design. These estimates must include nonstructural
materials such as electrical and plumbing systems. Furthermore, even
if a building material is known, its unit weight as reported in codes may
vary from that given by manufacturers. Also, because some changes in
dead loading may occur during the lifetime of the building, estimates
of dead loading can be in error by 15% to 20% or more. Normally,
however, the dead load is not large compared to the design load for
simple structures such as a beam or a single-story frame; however, for
multistory buildings it is important to have an accurate accounting of
all the dead loads in order to properly design the columns, especially
for the lower floors.

EXAMPLE 1.1

The floor beam in Fig. 1-8 is used to support the 1.8 m width of a lightweight
plain concrete slab having a thickness of 100 mm. The slab serves as a
portion of the ceiling for the floor below, and therefore its bottom is coated
with plaster. Furthermore, a 3 m-high, 300-mm-thick lightweight concrete
block wall is directly over the top flange of the beam. Determine the
loading on the beam measured per meter of length of the beam.

SOLUTION

Using the data in Tables 1.2 and 1.3, we have
Concrete slab: [0.015 kN/(m?- mm) ] (100 mm)(1.8 m) = 2.70kN/m

Plaster ceiling: (024 kN/m?)(1.8m) = 0.43kN/m
Fig. 1-8 Block wall: (16.5kN/m*)(3m)(0.3m) = 14.85kN/m
Total load 17.98 kN /m

Ans.
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It is important to find the position of this moving load where it causes the largest
compression in this bridge pier.

Live Loads. Live loads can vary both in their magnitude and
location. They may be caused by the weights of objects temporarily
placed on a structure, by moving vehicles, or by natural forces. The
following are important examples of live loads that must be considered
when designing a structure.

Building Loads. The floors of buildings are assumed to be subjected to
uniform live loads, which depend on the purpose for which the building
is designed. A representative sample of such minimum live loadings,
taken from the ASCE 7-16 Standard, is shown in Table 1.4. The values
are determined from a history of loading various buildings, and they
include some protection against the possibility of overload, which can
occur during construction or from vibrations while the building is in
service. In addition to uniform distributed loads, some codes specify
minimum concentrated live loads, caused by hand carts, automobiles,
etc., which must also be applied to the floor system. For example, both
uniform and concentrated live loads must be considered in the design of
an automobile parking deck.
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TABLE 1.4 Minimum Live Loads*

Live Load Live Load
Occupancy or Use kN/m? Occupancy or Use kN/m?
Assembly areas and theaters Residential
Fixed seats 2.87 Dwellings (one- and two-family) 1.92
Movable seats 4.79 Hotels and multifamily houses
Garages (passenger cars only) 1.92 Private rooms and corridors 1.92
Office buildings Public rooms and corridors 4.79
Lobbies 4.79 Schools
Offices 2.40 Classrooms 1.92
Storage warehouse First-floor corridors 4.79
Light 6.00 Corridors above first floor 3.83
Heavy 11.97

*Minimum Live Loads. Reproduced with permission from American Society of Civil Engineers Minimum Design Loads for Buildings and Other Structures,
ASCE/SEI 7-16, American Society of Civil Engineers.

For buildings having very large floor areas, many codes will allow a
reduction in the uniform live load for the floor, since it is unlikely that
the prescribed live load will occur simultaneously throughout the entire
structure at any one time. For example, ASCE 7-16 allows a reduction of
live load on a member having an influence area (K ;A7) of 372 m’ or
more. This reduced live load is calculated using the following equation:

4.57
L=1Ly025+—¢++ 1-1
{0+ ) -
where
L = reduced design live load per square meter of floor area supported
by the member.

Ly = unreduced design live load per square meter of area supported
by the member (see Table 1.4).
K;; = live load element factor. For interior columns K;; = 4.
Ap = tributary area in square meters.*

The reduced live load defined by Eq. 1-1 is limited to not less than
50% of L for members supporting one floor, or not less than 40% of L
for members supporting more than one floor. No reduction is allowed
for loads exceeding 4.79 kN/m? on a member supporting one floor, or
for a passenger vehicle garage.

*Examples of tributary areas for beams and columns are given in Sec. 2.1.
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EXAMPLE 1.2

The office building shown in the photo has interior columns that are
spaced 6 m apart in two perpendicular directions. Determine the reduced
live load supported by a typical interior column located at ground level.
The column only supports the floor above it.

SOLUTION

As shown in Fig. 1-9, each interior column has a tributary area or
effective loaded area of A7 = (6 m)(6 m) = 36 m%. The live load is
taken from Table 1.4: Ly = 2.40 kN/ m’ < 4.79 kN / m?. Since K, ; = 4,
then 44, = 4(36 m?) =144 m?> > 37.2 m%. The live load can therefore
be reduced using Eq. 1-1. Thus,

4.57
V144

i, = 2.40(0.25 + > = 1.514kN/m?

The load reduction here is (1.514/2.40) 100% = 63.1% > 50%. O.K.
Therefore,

Fr = (1.514kN/m?) (36 m?) = 54.50kN = 545kN  Ans.



Highway Bridge Loads. The primary live loads on bridge spans are
those due to traffic, where the heaviest vehicle loading encountered
is that caused by trucks. Specifications for truck loadings on highway
bridges are reported in the LRFD Bridge Design Specifications of the
American Association of State and Highway Transportation Officials
(AASHTO). For two-axle trucks, these loads are designated with an H,
followed by the weight of the truck in tons and another number which
gives the year of the specifications in which the load was reported.
H-series truck weights vary from 10 to 20 tons. However, bridges located
on major highways, which carry a great deal of traffic, are designed
for two-axle trucks plus a one-axle semitrailer as in Fig. 1-10. These
are designated as HS loadings. In general, a truck loading selected for
design depends upon the type of bridge, its location, and the type of
traffic anticipated.

Railroad Bridge Loads. The loadings on railroad bridges, as in Fig. 1-11,
are tabulated in the Specifications for Steel Railway Bridges published
by the American Railway Engineering and Maintenance-of-Way
Association (AREMA). Since train loadings involve a complicated
series of concentrated forces, to simplify hand calculations, tables and
graphs are sometimes used in conjunction with influence lines, discussed
in Chapter 6, to obtain their position on the bridge and the critical load.

1.3 LoADs
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Fig. 1-11
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Impact Loads. Moving vehicles may bounce or sidesway as they move
over a bridge, and therefore they impart an impact to the deck. The
percentage increase of the live loads due to impact is called the impact
Jactor, 1. This factor is generally obtained from formulas developed from
experimental evidence. For example, for highway bridges the AASHTO
specifications require that

50

I = 32808L + 105 but not larger than 0.3

where L is the length of the span in meters that is subjected to the live load.

In some cases, provisions for impact loading on building frames
must also be taken into account. For example, the ASCE 7-16 Standard
requires the weight of elevator machinery to be increased by 100%, and
the loads on any hangers used to support floors and balconies to be
increased by 33%.

Wind Loads. When the speed of the wind is very high, it can cause
massive damage to a structure. The reason is that the pressure created by
the wind is approximately proportional to the square of the wind speed.
For example, in large hurricanes wind speeds can reach over 161 km /h,
and in an F5 tornado (Fujita scale) the wind speeds can be over 483 km /h.

To understand the effect of a horizontal wind blowing over and
around a building, consider the simple structure shown in Fig. 1-12.
Here the positive pressure (pushing) on the front of the building is
intensified, because the front will arrest the flow and redirect it over
the roof and along the sides. Because air flows faster around these
surfaces, by the Bernoulli effect, this higher velocity will cause a lower
pressure (suction). This is especially true at the corners and at the ridge
of the roof. Here the wind is redirected and the damage is the greatest.
Behind the building there is also a suction, which produces a wake
within the air stream.

The destruction due to the wind is increased if the building has
an opening, If the opening is at the front, then the pressure within
the building is increased, and this intensifies the external suction on the
back, side walls, and the leeward side of the roof. If the opening is on a
side wall, then the opposite effect occurs. Air will be sucked out of the
building, lowering its inside pressure, and intensifying the pressure acting
externally on the front of the building.
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Fig. 1-12

For a high-rise building, the wind loading can be quite complex, and
so these structures are often designed based on the behavior of a model
of the building, tested in a wind tunnel. When doing so, it is important to
consider the wind striking the structure from any and all directions.*

The effects of lateral loadings developed by wind, can cause racking, or
leaning of a building frame. To resist this effect, engineers often use cross
bracing, knee or diagonal bracing, or shear walls. Examples that show the
use of these members are indicated in the photos and in Fig. 17-9.

7%,

N

Shear walls

o

Cross bracing Knee bracing Diagonal bracing

*You may want to investigate the case of the initial design of Citigroup Center. Construction
of this skyscraper was completed in New York City in 1977 and only afterwards was it
realized that the quartering winds, that is, those directed at the corners of the building,
would produce enough force to actually collapse the building. Retrofits had to be made to
the connections to provide the necessary strength to stiffen the structure. See http:/failures.
wikispaces.com/Citicorp Center.
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The effect of wind on a structure depends upon the density and
velocity of the air, the angle of incidence of the wind, the shape and
stiffness of the structure, and the roughness of its surface. For design
purposes, wind loadings can be treated using either a static or a dynamic
approach.

For the static approach, the fluctuating pressure caused by a constantly
blowing wind is approximated by a mean velocity pressure that acts on
the structure. This pressure g is defined by the air’s kinetic energy per
unit volume, g = % pV?, where p is the density of the air and V is its
velocity. According to the ASCE 7-16 Standard, this equation is modified
to account for the structure’s height and the terrain in which it is located.
Also the importance of the structure is considered, as it relates to the
risk to human life or the public welfare if it is damaged or loses its
functionality. These modifications are represented by the following
equation.

© JJeff Greenberg 3 of 6/Alamy

Some high-rise buildings must be able to
Hurricane winds caused this damage to a condominium in resist hurricane winds having speeds of
Miami, Florida. over 200 km /h.



Here

V:

q, = 0.613K, K, K, K, V* (N/m?) (1-2)

the velocity in m/s of a 3-second gust of wind measured 10 m
above the ground. Specific values depend upon the “risk category”
of the structure obtained from a specified wind map. For example,
if the structure is an agricultural or storage building, then it is of
low risk to human life in the event of a failure. But if the structure
is a hospital, then it is of high risk since its failure would cause
substantial loss of human life.

the velocity pressure exposure coefficient, which is a function of
height and depends upon the ground terrain. Table 1.5 lists values
for a structure which is located in open terrain with scattered low-
lying obstructions.

= atopographic factor that accounts for wind speed increases due to

hills and escarpments. For flat ground K, = 1.0.

= a wind directionality factor that accounts for the direction of the

wind. It is used when the structure is subjected to combinations of
loads (see Sec. 1.4). For wind acting alone, we will take K; = 1.0.

K, = a ground elevation factor; for a conservative design use K, = 1.0.

TABLE 1.5 Velocity Pressure

Exposure Coefficient for Terrain
with Low-Lying Obstructions

z (m) K,
0-4.6 0.85
6.1 0.90
76 0.94
9.1 0.98
122 1.04

15.2 1.09
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Fig. 1-13

Design Wind Pressure for Enclosed Buildings. Once the
value for g, is obtained from Eq. 1-2, the design pressure can be determined
from a list of relevant equations listed in the ASCE 7-16 Standard. The
choice depends upon the flexibility and height of the structure, and
whether the design is for the main wind-force resisting system, or for the

building’s

components and cladding. For example, using a “directional

procedure” the wind-pressure on an enclosed building of any height is
determined using a two-termed equation resulting from both external and
internal building pressures, namely,

Here
q P

G:
C, =

(GCpi) =

p = qGC, — q;,(GCy) (1-3)

q., for the windward wall at height z above the ground (Eq. 1-2),
and g = g, for the leeward wall, side walls, and roof, where
Z = h, the mean height of the roof.

a wind-gust effect factor, which depends upon the exposure.
For example, for a rigid structure, G = 0.85.

awall or roof pressure coefficient determined from a table.
These tabular values for the walls and a roof pitch of
6 = 10° are given in Fig. 1-13. Note in the elevation view
that the pressure will vary with height on the windward side
of the building, whereas on the remaining sides and on the
roof the pressure is assumed to be constant. Negative values
indicate pressures acting away from the surface (suction).
the internal pressure coefficient, which depends upon the
type of openings in the building. For fully enclosed buildings
(GC,;) = *0.18. Here the signs indicate that either positive
or negative (suction) pressure can occur within the building.
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Fig. 1-13 (cont’d)

Application of Eq. 1-3 will involve calculations of wind pressures from
each side of the building, with due considerations for the possibility of
either positive or negative pressures acting on the building’s interior.*

For high-rise buildings or those having a shape or location that makes
them wind sensitive, it is recommended that a dynamic approach be used
to determine the wind loadings. The methodology for doing this is also
outlined in the ASCE 7-16 Standard. It requires wind-tunnel tests to
be performed on a scale model of the building and those surrounding
it, in order to simulate the natural environment. Using proper scaling
techniques, the pressure effects of the wind on the actual building can
then be determined from data taken from pressure transducers attached
to the model.

*As with using any code, application of the requirements of the ASCE 7-16 Standard
demands careful attention to details related to the use of formulas and graphs within the
code.The recent failure of a fabric-covered steel truss structure, used by the Dallas Cowboys
for football practice, was due to high winds. A review of the engineer’s calculations, as
recorded in Civil Engineering, April 2013, indicated a simple arithmetic error was made
in calculating the slope angle 6 of the roof (see Fig. 1-13). Also, the internal pressure
within the structure was not considered, along with other careless mistakes in modeling
the structure for analysis. All this led to an underdesigned structure, which failed at a wind
speed lower than the anticipated design speed. The importance of a careful, accurate, and
complete analysis cannot be overemphasized.
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EXAMPLE 1.3

The enclosed building shown in the photo and in
Fig. 1-14a is used for storage purposes, and is
located on open flat terrain where the wind speed
is V = 50 m/s. When the wind is directed as shown,
determine the design wind pressure acting on the
roof and sides of the building using the ASCE 7-16
Specifications.

SOLUTION

First the wind pressure will be determined using
Eq. 1-2. Also, for flat terrain, K, = 1.0. Since
only wind loading is being considered, we will use
K,; = 1.0, and K, = 1.0. Therefore,

q, = 0613K.K_ K, K, V?
= 0.613 K.(1.0)(1.0)(1.0)(50)*
= 15325K,

From Fig. 1-14a, h' = 22.5 tan 10° = 3.967 m so that the mean
or average height of the roof is &7 = 7.5 + 3.967/2 = 9.48 m.
Using the values of K, in Table 1.5, calculated values of the pressure
profile are listed in the table in Fig. 1-14b. For z = h = 9.48 m,
the value of K, was determined by linear interpolation, i.e.,
(1.04 — 0.98)/(12.2 — 9.1) = (1.04 — K,)/(12.2 — 9.48), and so
qn = 1532.5(0.987) = 1513 N/m?.

In order to apply Eq. 1-3 the gust factor is G = 0.85 (rigid
structure), and (GC,;) = *0.18. Thus,

P = qGC, — qi(GCy)
= q(0.85)C, — 1513(*0.18)
= 0.85qC, + 272.38 (1)
The pressure loadings are obtained from this equation using the

calculated values for g, listed in Fig. 1-14b in accordance with
the wind-pressure profile in Fig. 1-13.

z (m) K, ¢, (Nm)
0—4.6 0.85 1303
6.1 0.90 1379
76 0.94 1441
h =948 0.987 1513

(b)

(a)
Fig. 1-14
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Windward Wall. Here the pressure varies with height z since q,GC,
must be used. For all values of L/B, C,, = 0.8, so that from Eq. (1),

Po-as = 0.85(1303)(0.8) F 272.38 = 613N/m? or 1158 N/m
Pes = 0.85(1379)(0.8) F 272.38 = 666 N/m> or 1210N/m Ans
P76 = 0.85(1441)(0.8) F 272.38 = 707 N/m? or 1252N/m

Leeward Wall. Here L/B = 2(22.5)/45 = 1, so that C, = —0.5,
Fig. 1-13. Also, ¢ = g, and so from Eq. (1),

p = 0.85(1513)(—0.5) F 272.38 = —916 N/m?> or —371N/m Ans.
Side Walls. For all values of L/B,C, = —0.7. and therefore since
we must use ¢ = q;, in Eq. (1), we have

p = 0.85(1513)(—0.7) F 272.38 = —1173N/m? or —628 N/m? Ans.
Windward Roof. Here h/L = 9.48/2(22.5) = 0.211 < 0.25, so
that C, = —0.7 and g = g, Thus,

p = 0.85(1513)(=0.7) F 27238 = —1173N/m? or —628 N/m? Ans.

Leeward Roof. In this case C,, = —0.3; therefore with g = g, we get
p = 0.85(1513)(—0.3) F 272.38 = —658 N/m?> or —113N/m? Ans.

These two sets of loadings are shown on the elevation of the building,
representing either positive or negative (suction) pressure, Fig. 1-14c.
The main framing structure of the building must resist each of these
loadings as well as separate loadings calculated from wind blowing on
the front or rear of the building.

1173 N/m? 628 N/m?

658 N/m>

707 N/m2;: 1252 N/m?
666 N/m? ,1210 N/m?

916 N/m

113 N/m?

371 N/m?

613 N/m? 1158 N/m?

(©)
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Design Wind Pressure for Signs. If the structure represents a
sign, Fig. 1-15, the wind will produce a resultant force acting on the face
of the sign which is determined from

F= thCfAs (1—4)

Here

q, = the wind pressure evaluated at the height 4, measured from the
ground to the top of the sign.

G = the wind-gust effect factor defined previously.

Cy = aforce coefficient that depends upon the aspect ratio (width B of
the sign to height s of the sign) and the clearance ratio (sign height
s to the elevation A, measured from the ground to the top of the
sign). For cases of wind directed normal to the sign and through its

NB\ center, for B/s = 4, values are listed in Table 1.6.
‘ A, = the area of the face of the sign in m?.

f
1

h TABLE 1.6 Force Coefficients for
Above-Ground Solid Signs, Cs

Fig. 1-15

=0.16 1.85

Hurricane-force winds acting on the face of
this sign were strong enough to noticeably
bend the two supporting arms, causing the
material to yield. Proper design would have
prevented this.




Snow Loads. In some parts of the country, roof loading due to
snow can be quite severe, and therefore protection against possible
failure is of primary concern. Design loadings typically depend on the
building’s general shape and roof geometry, wind exposure, location,
its importance, and whether or not it is heated. Like wind, snow loads
in the ASCE 7-16 Standard are generally determined from a zone map
reporting 50-year recurrence intervals of an extreme snow depth. For
example, on the relatively flat elevation throughout the mid-section
of Illinois and Indiana, the ground snow loading is about 0.96 kN / m?.
However, for areas of Montana, specific case studies of ground snow
loadings are needed due to the variable elevations throughout the state.
Specifications for snow loads are covered in the ASCE 7-16 Standard,
although no single code can cover all the implications of this type
of loading.

If a roof is flat, defined as having a slope of less than 5%, then the
pressure loading on the roof can be obtained by modifying the ground
snow loading, p,, by the following empirical formula

pr= 0.7C.Clp, (1-5)

Here

C, = an exposure factor which depends upon the terrain. For example,
for a fully exposed roof in an unobstructed area, C, = 0.8, whereas
if the roof is sheltered and located in the center of a large city, then
C, =12

C, = athermal factor which refers to the average temperature within
the building. For unheated structures kept below freezing C, = 1.2,
whereas if the roof is supporting a normally heated structure, then
C, =1.0.

I, = the importance factor as it relates to occupancy. For example,
I, = 0.80 for agriculture and storage facilities, and /; = 1.20 for
schools and hospitals.

Imagebroker/SuperStock

© Hans Blossey/

Excessive snow and ice loadings acted
on this roof and caused its collapse.
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EXAMPLE 1.4

Fig. 1-16

lumped mass
of roof

Fig. 1-17

The unheated storage facility shown in Fig. 1-16 is located on flat
open terrain in southern Illinois, where the specified ground snow
load is 0.72 kN /m?. Determine the design snow load on the roof
which has a slope of 4%.

SOLUTION

Since the roof slope is <5%, we will use Eq. 1-5. Here, C, = 0.8
for open terrain, C, = 1.2, and I; = 0.8. Thus,

pr= 07CClp,
= 0.7(0.8)(1.2)(0.8)(0.72 kN /m?)
= 0.3871 kN /m?
= 0.387 kN /m? Ans.

Earthquake Loads. Earthquakes produce lateral loadings on a structure
through the structure’s interaction with the ground. The magnitude
of an earthquake load depends on the amount and type of ground
accelerations and the mass and stiffness of the structure. In order to
show how earthquake loads occur, consider the simple structural model
in Fig. 1-17 This model is intended to represent a single-story building,
where the block is the “lumped” mass of the roof, and the column has
a total stiffness representing all the building’s columns. During an
earthquake, the ground vibrates both horizontally and vertically. The
horizontal accelerations create shear forces in the column that put
the block in sequential motion with the ground. If the column is stiff and
the block has a small mass, the period of vibration of the block will be
short and the block will accelerate with the same motion as the ground
and undergo only slight relative displacements. For an actual structure
that is designed with large amounts of bracing and stiff connections, this
can be beneficial, since these small relative displacements will cause less
stress in the members. On the other hand, if the column in Fig. 1-17 is very
flexible and the block has a large mass, then earthquake-induced motion
will cause small accelerations of the block because of its high inertia, and
large relative displacements, which can result in severe damage.



Some codes require that specific attention be given to earthquake
design, especially in areas of the country where strong earthquakes
predominate. To find this out, one can check the seismic ground-
acceleration maps published in the ASCE 7-16 Standard. These maps
provide the peak ground accelerations caused by an earthquake along
with risk coefficients. Regions vary from low risk, such as parts of Texas,
to very high risk, such as along the west coast of California.

For high-rise structures, or, say, nuclear power plants, an earthquake
analysis can be quite elaborate. It requires attaining an acceleration
response spectrum, then using a computer to calculate the earthquake
loadings based on the theory of structural dynamics.

For small structures, a static analysis for earthquake design may
be satisfactory. This case approximates the dynamic loads by a set of
externally applied horizontal static forces. One such method for doing
this is reported in the ASCE 7-16 Standard. It is based upon finding a
seismic response coefficient, Cy, determined from the soil properties, the
ground accelerations, and the vibrational response of the structure, where

S
Cs _ DS
R/,

Here

Sps = the spectral response acceleration for short periods of vibration.

a response modification factor that depends upon the ductility of

the structure. Steel frame members which are highly ductile can

have a value as high as 8, whereas reinforced concrete frames can

have a value as low as 3.

1, = the importance factor that depends upon the use of the building.
For example, I, = 1 for agriculture and storage facilities, and
1, = 1.5 for hospitals and other essential facilities.

=
Il

For most structures, this coefficient is then multiplied by the structure’s
total dead load W to obtain the horizontal “base shear” in the structure.
With each new publication of the Standard, values of this coefficient
are updated as more accurate data about earthquake response become
available.

Hydrostatic and Soil Pressure. When structures are used to retain
water, soil, or granular materials, the pressure developed by these loadings
becomes an important criterion for their design. Examples of such types
of structures include tanks, dams, ships, bulkheads, and retaining walls.
Here the laws of hydrostatics and soil mechanics are applied to define
the intensity of the loadings on the structure.

1.3 LoaADs
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Other Natural Loads. Several other types of live loads may also have
to be considered in the design of a structure, depending on its location
or use. These include the effect of blast, temperature changes, and
differential settlement of the foundation.

1.4 STRUCTURAL DESIGN

Whenever a structure is designed, it is important to give consideration
to both material and load uncertainties. These uncertainties include a
possible variability in material properties, residual stress in materials,
intended measurements being different from fabricated sizes, loadings
due to vibration or impact, and material corrosion or decay.

ASD. Allowable-stress design (ASD) methods include both the
material and load uncertainties into a single factor of safety. The
many types of loads discussed previously can occur simultaneously on
a structure, but it is very unlikely that the maximum of all these loads
will occur at the same time. For example, both maximum wind and
earthquake loads will normally not act simultaneously on a structure. For
allowable-stress design the calculated elastic stress in the material must
not exceed the allowable stress for each of various load combinations.
Some typical load combinations as specified by the ASCE 7-16 Standard
include

e deadload
e deadload + live load
e (.6 (deadload) + 0.6 (wind load)

LRFD. Since uncertainty can be considered using probability theory,
there has been an increasing trend to separate material uncertainty
from load uncertainty. This method is called strength design or LRFD
(load and resistance factor design). For example, to account for the
uncertainty of loads, this method uses load factors applied to the loads
or combinations of loads. According to the ASCE 7-16 Standard, some of
the load factors and combinations that are not to be exceeded include

e 1.4 (deadload)

e 1.2 (deadload) + 1.6 (live load) + 0.5 (roof live load or snow load
or rain load)

e 12 (deadload) + 1.0 (wind load) + 1.0 (live load) + 0.5 (roof live
load or snow load or rain load)

e 0.9 (deadload) + 1.0 (wind load)

In all these cases, the combination of loads is thought to provide a
maximum, yet realistic loading on the structure.
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1-1. The floor of a classroom is made of 125-mm thick
lightweight plain concrete. If the floor is a slab having a
length of 8 m and width of 6 m, determine the resultant
force cause by the dead load and the live load.

1-2. The interior wall of a building is made from
51 X 102 mm wood studs, plastered on two sides. If the wall
is 4 m high, determine the load in kN/m of length of wall
that it exerts on the floor.

1-3. The second floor of a light manufacturing building is
constructed from a 150-mm-thick stone concrete slab with
an added 100-mm cinder concrete fill as shown. If the
suspended ceiling of the first floor consists of metal lath and
gypsum plaster, determine the dead load for design in
kilonewtons per square meter of floor area.

{— 100 mm cinder fill

N\

— c'eiling

Prob. 1-3

*1-4. The hollow core panel is made from plain stone
concrete. Determine the dead weight of the panel. The holes
each have a diameter of 100 mm.

— 150 mm concrete slab

1-5. The wall is 5 m high and consists of 51 X 102 mm
studs, plastered on one side. On the other side there is
102-mm clay brick. Determine the average load in kN /m of
length of wall that the wall exerts on the floor.

Prob. 1-5

1-6. The floor of a light storage warehouse is made of
150-mm-thick cinder concrete. If the floor is a slab having a
length of 4 m and width of 3 m, determine the resultant
force caused by the dead load and that caused by the live
load.

1-7. A building wall consists of 305-mm clay brick and
13-mm fiberboard on one side. If the wall is 4 m high,
determine the load in kilonewtons per meter that it exerts on
the floor.

#*1-8. The precast floor beam is made from concrete
having a specific weight of 23.6 kN /m?. If it is to be used for
a floor of an office building, calculate its dead and live
loadings per meter length of beam.

0.15m

=)
RENOS]
/a

ug

0.15m

Prob. 1-8
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1-9. The “New Jersey” barrier is commonly used during
highway construction. Determine its weight per meter of
length if it is made from plain stone concrete.

75°-1

R
300 mm 55°

150 mrﬁ\
\

“\ 600 mm___

Prob. 1-9

1-10. The floor of a light storage warehouse is made of
150-mm-thick lightweight plain concrete. If the floor is a
slab having a length of 7 m and width of 3 m, determine the
resultant force caused by the dead load and the live load.

1-11. The precast inverted T-beam has the cross section
shown. Determine its weight per meter of length if it is
made from reinforced stone concrete and twelve 20-mm-
diameter cold-formed steel reinforcing rods.

Prob. 1-11

*]1-12.  Wind blows on the side of the fully enclosed
hospital located on open flat terrain where V = 200 km/h.
Determine the external pressure acting on the leeward wall,
if the length and width of the building are 60 m and the
height is 9.1 m. Take K, = 1.0.

TYPES OF STRUCTURES AND LOADS

Prob. 1-12

1-13.  Wind blows on the side of a fully enclosed 9.1 m-high
hospital located on open flat terrain where V' = 200 km/h.
Determine the design wind pressure acting over the windward
wall of the building at the heights 4.6 m, 6.1 m, 76 m and 9.1 m.
The roof is flat. Take K, = 1.0.

Prob. 1-13

1-14. Determine the resultant force acting on the face
of the truss-supported sign if it is placed on open flat terrain
where V = 38 m/s. The sign has a width of 12 m and a height
of 3 m as indicated.

Prob. 1-14



1-15.  An urban hospital located in central Illinois has a
flat roof. Determine the snow load in kN /m? that is required
to design the roof.

#1-16. A four-story office building has interior columns
spaced 10 m apart in two perpendicular directions. If the
flat-roof live loading is estimated to be 2.50 kN/m?
determine the reduced live load supported by a typical
interior column located at ground level.

1-17. The office building has interior columns spaced 5 m
apart in perpendicular directions. Determine the reduced
live load supported by a typical interior column located on
the first floor under the offices.

Prob. 1-17

1-18. A two-story hotel has interior columns for the rooms
that are spaced 6 m apart in two perpendicular directions.
Determine the reduced live load supported by a typical
interior column on the first floor under the public rooms.

1-19. The barn has a roof with a slope of 40 mm/m. It is
located in an open field where the ground snow load is
1.50 kN/m?% Determine the snow load that is required to
design the roof of the stall.

PROBLEMS 47

Prob. 1-19

*1-20. The stall has a flat roof with a slope of 40 mm /m. It
is located in an open field where the ground snow load is
0.84 kN/m?. Determine the snow load that is required to
design the roof of the stall.

Prob. 1-20
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1-21. The school building has a flat roof. It is located in an
open area where the ground snow load is 0.68 kN/m?.
Determine the snow load that is required to design the roof.

Prob. 1-21

1-22. The light metal storage building is on open flat terrain
where V' = 180 km/h. If the side wall of the building is 4 m
high, what are the two values of the design wind pressure
acting on this wall when the wind blows on the back of the
building? The roof is essentially flat and the building is fully
enclosed. Take K, = 1.0.

Prob. 1-22

TYPES OF STRUCTURES AND LOADS

1-23. A hospital located in Chicago, Illinois, where the
ground snow load is 1.20 kN/ mz, has a flat roof. Determine
the design snow load on the roof of the hospital.

*1-24. Wind blows on the side of the fully enclosed
agriculture building located on open flat terrain where
V = 180 km/h. Determine the external pressure acting
over the windward wall, the leeward wall, and the side walls.
Also, what is the internal pressure in the building which acts
on the walls? Use linear interpolation to determine gy, Take
K, = 1.0.

1-25. Wind blows on the side of the fully enclosed
agriculture building located on open flat terrain where
V = 180 km/h. Determine the external pressure acting on
the roof. Also, what is the internal pressure in the building
which acts on the roof? Use linear interpolation to
determine g and C,, in Fig. 1-13. Take K, = 1.0.

Probs. 1-24/25
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The basic structural elements are:

Tie Rods—Slender members subjected to tension. Often
used for bracing.

Beams—Members designed to resist bending moment. They
are often fixed or pin supported and can be in the form of
a steel plate girder, reinforced concrete, or laminated wood.

Columns—Members that resist axial compressive force. If
the column also resists bending, it is called a beam column.

The types of structures considered in this book consist of
trusses made from slender pin-connected members forming
a series of triangles; cables and arches, which carry tensile
and compressive loads, respectively; and frames composed of
pin- or fixed-connected beams and columns.

tie rod

ﬁ

simply supported beam

—

| cantilevered beam

ve s
al Y
A\“?

column beam column

Loads are specified in codes such as the ASCE 7-16 Standard.
Dead loads are fixed and refer to the weights of members
and materials. Live loads are movable and consist of uniform
building floor loads, traffic and train loads on bridges, impact
loads due to vehicles and machines, wind loads, snow loads,
earthquake loads, and hydrostatic and soil pressure.




CHAPTER

e B 9 B TN

e P A Ta it

© SergeyIT/ShutterstockT

Oftentimes the elements of a structure, like the beams and girders of this
building frame, are connected together in a manner whereby the analysis can be
considered statically determinate.




ANALYSIS OF
STATICALLY

DETERMINATE
S CTURES

. CHAPTER OBJECTIVES

B To show how structures can be idealized and modeled for analysis.
m To define structural stability.

m To show how to analyze statically determinate, planar, pin-connected
structures.

2.1 IDEALIZED STRUCTURE

The exact internal loadings within a structure can never be determined,
because estimates always have to be made of the loadings, the points of
application, and the strength of the materials composing the structure. It is
important, therefore, that the structural engineer develop the ability to model
or idealize a structure so that he or she can perform a practical force analysis
of the members, and thereby obtain reasonably accurate, yet conservative
results. In this section we will develop the basic techniques necessary to do this.

Notice that the deck of this concrete bridge is
made so that one section can be considered roller
supported on the other section.

51
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Pin-connected steel members.

Support Connections. Structural members are joined together
in various ways depending on the intent of the designer. The three
types of joints most often specified are the pin connection, the roller
support, and the fixed joint. A pin-connected joint and a roller support
allow some freedom for slight rotation, whereas a fixed joint allows no
relative rotation between the connected members. Examples of these
joints, fashioned in metal and concrete, are shown in Figs. 2-1 and 2-2,
respectively. For most timber structures, the members are assumed to be
pin connected, since bolting or nailing them will not sufficiently restrain
them from rotating with respect to each other.

Idealized models used in structural analysis that represent pinned and
fixed supports, and pin-connected and fixed-connected joints, are shown
in Figs. 2-3a and 2-3b. In reality, however, all connections exhibit some
stiffness toward joint rotations, owing to friction and material behavior.
In this case a more appropriate model for a support or joint might be
that shown in Fig. 2-3c. If the torsional spring constant k = 0, the joint is
a pin, and if kK — o, the joint is fixed.

weld

ed||0®
od|lhe stiffeners g
=F-

typical “pin-supported” connection (metal) typical “fixed-supported” connection (metal)

(a) (b)

Fig. 2-1

M —

typical “roller-supported” connection (concrete) typical “fixed-supported” connection (concrete)

(a) (b)
Fig. 2-2
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= [ — [

pin support pin-connected joint fixed support fixed-connected joint
(a) (b)
k % k
torsional spring support torsional spring joint
(©)
Fig. 2-3

When selecting a particular model for each connection, the engineer must
be aware of how the assumptions will affect the actual performance of the
member and whether the assumptions are reasonable for the structural
design. For example, consider the beam shown in Fig. 2—4a, which is used
to support a concentrated load P. The angle connection at support A
is like that in Fig. 2-1a and can therefore be idealized as a typical pin
support. Furthermore, the support at B provides an approximate point of
smooth contact and so it can be idealized as a roller. The beam’s thickness
can be neglected since it is small in comparison to the beam’s length, and
therefore the idealized model of the beam is as shown in Fig.2—-4b.The analysis
of the loadings in this beam should give results that closely approximate the
loadings in the actual beam. To show this, consider for example that the beam
is made of steel with P = 35.6 kN and L = 6.1 m. Design of the beam using
standard code procedures* indicates that a W250 X 28 would be adequate
for supporting this load. Using one of the deflection methods of Chapter 8
or 9, the rotation at the “pin” support becomes 6 = 0.0103 rad = 0.590°.
From Fig. 2-4c, such a rotation only moves the top or bottom flange a
distance of A = 6r = (0.0103 rad)(130 mm) = 1.34 mm. This small
amount would certainly be accommodated by the connection fabricated as
shown in Fig. 2-1a, and therefore the pin serves as an appropriate model for

the support at A. 0.590°
‘71
P !
P
A l
—, :
‘ A —2 —_1.0.590°
L L | \ L ‘ L \
I 2 \ 2 L \ 5 \ a2 \
actual beam idealized beam
(a) (b)

Fig. 24

*Codes such as the Manual of Steel Construction, American Institute of Steel Construction.
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A typical rocker support used for a
bridge girder.

Rollers and associated bearing pads
are used to support the prestressed
concrete girders of a highway bridge.

Other types of connections most commonly encountered on coplanar
structures are given in Table 2.1. It is important to be able to recognize
the symbols for these connections and the kinds of reactions they exert
on their attached members. This can easily be done by noting how the
connection prevents any degree of freedom or displacement of the
member. In particular, any support will develop a force on the member
if it prevents translation of the member, and it will develop a moment if
it prevents rotation of the member. For example, a member in contact
with a smooth surface (3) is prevented from translating only in one
direction, that is, perpendicular or normal to the surface. Hence, the
surface exerts only a normal force F on the member in this direction.
The magnitude of this force represents one unknown. Furthermore, the
member is free to rotate on the surface, and so a moment cannot be
developed by the surface on the member. As another example, the fixed
support (7) prevents both translation and rotation of a member at the
point of connection. Therefore, this type of support exerts a force (or its
two components) and a moment on the member. Hence, there are three
unknowns at a fixed support.*

Concrete smooth or “roller” support.

The short link is used to connect the Steel pin support.
two girders of the highway bridge

and allow for thermal expansion of

the deck.

*The concentrated forces and moments shown in Table 2.1 actually represent the resultants
of a small distributed surface loading on the member. This representation is, of course, an
idealization; however, it is used here since the surface area over which this distributed load
acts is considerably smaller than the fotal surface area of the members.



TABLE 2.1

Type of Connection

Supports for Coplanar Structures
Idealized Symbol

Reaction

2.1 IDEALIZED STRUCTURE

Number of Unknowns

1) Wght cable
12N

weightless link

=)
|

3

One unknown. The reaction is a
force that acts in the direction
of the cable or link.

:
rollers

B
&=

rocker

One unknown. The reaction is a
force that acts perpendicular to
the surface at the point of contact.

This support is assumed to be able to
exert a force in either direction.

(©) :

smooth contacting surface

~|

One unknown. The reaction is a
force that acts perpendicular to
the surface at the point of contact.

)

smooth pin-connected collar

{

One unknown. The reaction is a
force that acts perpendicular to
the surface at the point of contact.

) :

smooth pin or hinge

|

R74
F,

Two unknowns. The reactions are
two force components.

(©)

slider

fixed-connected collar

A ENENA A K

e

Two unknowns. The reactions
are a force and a moment.

™

|

——

fixed support

F
Fx

451@5

Three unknowns. The reactions are
the moment and the two force
components.
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actual structure

(a)

idealized structure
(b)
Fig. 2-5

- —

Idealized Structure. Having stated the various ways in which the
connections and supports on a structure can be idealized, we are now
ready to discuss some of the ways to represent the various structural
systems by idealized models.

As a first example, consider the jib crane and trolley in Fig. 2-5a. For
the structural analysis we can neglect the thickness of the two main
members and will assume that the joint at B is fabricated to be rigid.
Furthermore, the support connection at A can be modeled as a fixed
support and the details of the trolley excluded. Thus, the members of the
idealized structure are represented by two connected lines, and the load
on the hook is represented by a single concentrated force F, Fig. 2-5b.
This idealized structure shown here as a line drawing can now be used to
determine the internal loading in each member.

Floor systems for buildings are composed of beams and girders.
In particular, a girder is the main load-carrying element of the floor,
whereas the smaller elements having a shorter span and connected to
the girders are called beams. For design, it is important to be able to
appropriately idealize a floor system so that we can determine, to a close
approximation, the forces acting in the members. Consider, for example,
the framing used to support a typical floor slab in a building, Fig. 2—6a.
Here the slab is supported by floor joists located at even intervals, and
these in turn are supported by the two side girders AB and CD. For
analysis it is reasonable to assume that the ends of the joists are pin
and/or roller connected to the girders and that the girders are pin and/or
roller connected to the columns. The top view of the structural framing
plan for this system is shown in Fig. 2-6b. It represents a structural
“graphic” where the “lines” representing the joists do not touch the
girders and the lines for the girders do not touch the columns. This
symbolizes pin- and/or roller-supported connections. If the framing plan
is intended to represent fixed-connected members, such as those that are
welded instead of simple bolted connections, then the lines for the beams

H H
idealized framing plan

(a) (b)
Fig. 2-6




or girders would touch the columns as in Fig. 2-7 Similarly, a fixed-
connected overhanging beam would be represented in top view by the
structural graphic shown in Fig. 2-8. If reinforced concrete construction
is used, the beams and girders are represented by double dashed lines.
These systems are generally all fixed connected and therefore the
members are drawn so that they touch the supports. For example, the
structural graphic for the cast-in-place reinforced concrete floor in Fig.
2-9a is shown in top view in Fig. 2-9b.

Structural graphics and idealizations for timber structures are similar
to those made of metal or concrete. For example, the floor system shown
in Fig. 2-10a represents beam-wall construction, whereby the roof deck
is supported by wood joists, which deliver the load to a masonry wall.
The joists can be assumed to be simply supported on the wall, so that the
idealized framing plan would be like that shown in Fig. 2-105b.

idealized framing plan
(a) (b)
Fig.2-9

idealized framing plan

(b)

Fig.2-10

2.1

IDEALIZED STRUCTURE

fixed-connected beam

idealized beam

Fig. 2-7

S

fixed-connected overhanging beam

idealized beam

Fig. 2-8
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Tributary Loadings. When flat surfaces such as walls, floors, or
roofs are supported by a structural frame, it is necessary to determine how
the load on these surfaces is transmitted to the various structural elements
used for their support. There are generally two ways in which this can be
done. The choice depends on the geometry of the structural system, the
material from which it is made, and the method of its construction.

One-Way System. A slab or deck that is supported such that it delivers
its load to the supporting members in one direction is often referred to as a
one-way slab. To illustrate the method of load transmission, consider the
framing system shown in Fig. 2-11a where the beams AB, CD, and EF rest
on the girders AE and BF. If a uniform load of 5 kN/m? is placed on the
slab, then the center beam CD is assumed to support the load acting on the
consists of concrete floor joists, which were tributary area ghown dark shadefi on the structural fral.nin.g pl?ln in Fig. 2-11b.
formed on site using metal pans. These joists Member CD is therefore subjected to a linear distribution of load of
are Slmp]y supported on the girders, which (5 kN/mz)(15 m) = 7.50 kN/m, shown on the idealized beam in Flg 2-11c.
in turn are simply supported on the columns.  Each reaction on this beam (11.25 kN) would then be applied to the center of
the girders AE and BF,shown idealized in Fig. 2-11d. Using this same concept,
note how the remaining portion of the slab loading is transmitted to the beams
AB and EF, and then to the ends of the girder as 5.625 kN.

The structural framework of this building

A B
f
0.75m
|
¥
0.75m
c o
0.75 m
|
t
0.75 m
!
E F
idealized framing plan
(a) (b)
c D 5.625 kN 11‘2i kN 5.625 kN
\ T A¢ gl E
3m I
11.25kN 11.25 kN ‘ ‘
L— 1.5m i 1.5m |
idealized beam idealized girder

() (d)
Fig. 2-11



An example of one-way slab construction of a steel frame
building having a poured concrete floor on a corrugated
metal deck. The load on the floor is considered to be
transmitted to the beams, not the girders.

For some floor systems the beams and girders are connected to the
columns at the same elevation, as in Fig. 2—12a. If this is the case, the slab
can in some cases also be considered a one-way slab. For example, if the
slab is reinforced concrete with reinforcement in only one direction, or
the concrete is poured on a corrugated metal deck, as in the above photo,
then one-way action of load transmission can be assumed. On the other
hand, if the slab is reinforced in two directions, then consideration must
be given to the possibility of the load being transmitted to the supporting
members from either one or two directions. For example, consider the
slab and framing plan in Fig. 2-12b. According to the American Concrete
Institute, ACI 318 code, with L, = L if the span ratio (L,/L,) > 2, the
slab will then behave as a one-way slab, since then the beams AB, CD, and
EF provide the greater capacity to carry “most” of the load.

Concrete slab is A ‘

59
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Floor beams are often coped, that is, the top
flange is cut back, so that the beam is at the
same level as the girder.

reinforced in

L, }B

two directions,
poured on plane
forms.

beam joist

girder

|_|

it

i
J1

Fig. 2-12

|
F

Idealized framing plan
for one-way slab action
requires L, /L > 2.

(b)
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| |
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idealized framing plan
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idealized framing plan D idealized beam
(b) (©)
Fig.2-13

Two-Way System. If 1 = (L,/L,) = 2, then the load is assumed to be
transferred to the supporting members in two directions. When this is the
case the slab is referred to as a two-way slab. To show how to treat this
case, consider the square reinforced concrete slab in Fig. 2-13a, which
is supported by four 3-m-long edge beams, AB, BD, DC, and CA. Here
L,/L; = 1. As the load on the slab intensifies, numerous experiments
have shown that 45° cracks form at the corners of the slab. As a result,
the tributary area is constructed using diagonal 45° lines as shown in
Fig. 2-13b. This produces the dark shaded tributary area for beam AB.
Hence if a uniform load of 5 kN /m? is applied to the slab, a peak intensity
of (5kN/m?)(1.5m) = 7.50 kN /m will be applied to the center of beam
AB, resulting in the triangular load distribution shown in Fig. 2-13c. For
other geometries that cause two-way action, a similar case occurs. For
example, if L,/L; = 1.5 it is then necessary to construct 45° lines that
intersect as shown in Fig. 2-14a. This produces the dark shaded tributary
area for beam AB. A 5 kN /m?loading placed on the slab will then produce
trapezoidal and triangular distributed loads on members AB and AC,
Figs. 2-14b and 2-14c, respectively.

7.50 kN/m 7.50 kN/m
Sy, ) C
Ll.S m—+1.5m—--1.5 mﬂ‘ ‘«1.5 m»LLS mﬂ‘
idealized beam idealized beam
(b) (c)

Fig. 2-14
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The ability to reduce an actual structure to an idealized form, as shown
by these examples, can only be gained by experience. To provide practice
at doing this, the example problems and the problems for solution
throughout this book are presented in somewhat realistic form, and the
associated problem statements aid in explaining how the connections
and supports can be modeled by those listed in Table 2.1. In engineering
practice, if it becomes doubtful as to how to model a structure or transfer
the loads to the members, it is best to consider several idealized structures
and loadings and then design the actual structure so that it can resist the
loadings for all the idealized models.

I EXAMPLE 2.1

The floor of a classroom is to be supported by the bar joists shown in -
the photo. Each joist is 4.5 m long and they are spaced 0.75 m apart. |
The floor itself is to be made from lightweight concrete that is 100 mm
thick. Neglect the weight of the joists and the corrugated metal deck, and
determine the load that acts along each joist.

SOLUTION

The dead load on the floor is due to the weight of the concrete
slab. From Table 1.3 for 100 mm of lightweight concrete it is
(100 mm)(0.015 kN /m? . mm) = 1.50kN/m’. From Table 14, the
live load for a classroom is 1.92 kN/m?. Thus the total floor load is
1.50 kN/m? + 1.92 kN/m? = 3.42 kN /m?. For the floor system, where
L, > L{,wehave L, = 45m and L; = 0.75m. Since L,/L; > 2 the
concrete slab is treated as a one-way slab. The tributary area for each joist
is shown in Fig. 2-15a. Therefore the uniform load along its length is

w = (3.42kN/m?)(0.75m) = 2.565kN/m

This loading and the end reactions on each joist are shown in Fig. 2-15b.

2.565 kN/m
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I EXAMPLE 2.2

The flat roof of the steel-frame building shown in the photo is intended
to support a total load of 2 kN /m? over its surface. Determine the roof
load within region ABCD that is transmitted to beams BC and DC. The
dimensions are shown in Fig. 2-16a.

’—74m
D

@
F T
T 45°  45°
2 m @
3m o || @
2 m
j 45° 45°
} i
A B
2 m 2m ‘

SOLUTION

In this case L, =7m and L; =4m (L, > L;). Since L,/L; =
1.75 < 2, we have two-way slab action. The tributary loading along
each edge beam is shown in Fig. 2-16a, where the lighter shaded
trapezoidal area @ of loading is transmitted to member BC. The peak
intensity of this loading is (2 kN/m?)(2 m) = 4 kN/m. As a result, the
distribution of the load along BC is as shown in Fig. 2-16b.

4kN/m 4kN/m
B! ICc D C
—2m—3m— 2] LWLW‘

(®) (©
Fig. 2-16
This process of tributary load transmission should also be calculated
for the area @ to the right of BC shown in Fig. 2-16a, and this load
should also be placed on BC. See the next example.

A triangular distributed loading ® acts on member DC, Fig. 2-16a. It
also has a maximum intensity of (2 kN/m?)(2 m) = 4 kN /m, Fig. 2-16c.
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IEXAMPLE 2.3 |

The concrete girders shown in the photo of the passenger car parking
garage span 10 m and are spaced 5 m on center. If the floor slab is 125 mm
thick and made of reinforced stone concrete, and the specified live load
is 2.50 kN /m?, determine the distributed load the floor system transmits
to each interior girder.

SOLUTION

Here L, = 10m and L; = 5m (L, > L;) so that L,/L; = 2. We
have a two-way slab action. From Table 1.2, for reinforced stone
concrete, the specific weight of the concrete is 22.6 kN /m?’. Thus the
design floor loading is

p = (22.6kN/m’)(0.125 m) + 2.50kN/m’> = 5325 kN/m?

A trapezoidal distributed loading is transmitted to each interior
girder AB from each of its two sides @ and @, Fig. 2—17a. The maximum
intensity of each of these distributed loadings is (5.325 kN /m?)(2.5 m) =
13.3125kN/m, so that on the girder this intensity becomes
2(13.3125 kN/m) = 26.625 kN/m, Fig. 2-17b. Note: For design, consid-
eration should also be given to the weight of the girder.

25m Sm [ 2.5m | ‘
— ‘
T 5 m
2.5lm @) ‘
A B
26.625 kN/m
A ’
| 10m | 25m sm 25m

(a) (b)
Fig. 2-17
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2.2 LOAD PATH

The various elements that make up a structure should be designed in
such a way that they transmit the primary load acting on the structure
to its foundation in the most efficient way possible. Hence, as a first
step in any design or analysis, it is very important to understand how
the loads are transmitted through the structure if damage or collapse is
to be avoided. This description is called a load path, and by visualizing
how the loads are transmitted the engineer can sometimes eliminate
unnecessary members, strengthen others, or identify where there may be
potential problems. Like a chain, which is “as strong as its weakest link,”
so a structure is only as strong as the weakest part along its load path.
To show how to construct a load path, let us consider a few examples.
In Fig. 2-18a, the load acting on the floor of the building is transmitted
from the slab to the floor joists, then to the spandrel and interior
girder, and finally to the columns and foundation footings. In a similar
manner, the loading on the deck of the suspension bridge in Fig. 2-18b is
transmitted to the hangers or suspenders, then to the cables, and finally
to the towers, piers, or anchors.

floor beam
or joist

spandrel or
edge girder

exterior
column l
l interior
. column
foundation
slab l
L spread
00 footing
strip
footing

(a)
Fig.2-18
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L pier — anchor

(b)

2.3 PRINCIPLE OF SUPERPOSITION

The principle of superposition forms the basis for much of the
theory of structural analysis. It may be stated as follows: The total
displacement or the internal loadings at a point in a structure subjected
to several external loadings can be determined by adding together the
displacements or internal loadings caused by each of the external loads
acting separately.

Two requirements must be imposed for the principle of superposition

to apply:

1. The material must behave in a linear elastic manner, so that
Hooke’s law is valid, and therefore the load will be proportional to
displacement.

2. The geometry of the structure must not undergo significant change
when the loads are applied, i.e., small displacement theory applies.
Large displacements will significantly change the position and
orientation of the loads, as in the case of a fishing pole used to
support a large fish.

Throughout this book, these two requirements will be satisfied. Here
only linear elastic material behavior occurs; and the displacements
produced by the loads will not significantly change the directions
of applied loadings nor the dimensions used to compute the moments of
forces.
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2.4 EQUATIONS OF EQUILIBRIUM

It may be recalled from statics that a structure or one of its members is in
equilibrium when it maintains a balance of force and moment. In general
this requires that the force and moment equations of equilibrium each be
satisfied along three independent axes so that

2F,=0 ZXF,=0 3XF, =0 (2-1)
M, =0 ZM,=0 3XM,=0

The principal load-carrying portions for most structures will lie in a single

plane, and since the loads are also within this plane, the requirements for

coplanar equilibrium are

3F, =0
SF, =0 (2-2)
EMO =0

Here XF, and X F, represent, respectively, the algebraic sums of the x
and y components of all the forces acting on the structure or one of its
members, and XM, represents the algebraic sum of the moments of
these force components about an axis perpendicular to the x—y plane
(the z axis) and passing through point O.

Whenever these equations are applied, it is most important to first draw
a free-body diagram of the structure or its members.

If the internal loadings at a specified point in a member are to be
determined, the method of sections must be used. This requires that a
“cut” or section be made perpendicular to the axis of the member at the
point where the internal loading is to be determined. A free-body diagram
of either segment of the “cut” member is isolated and the internal loads
are then determined from the above equations of equilibrium applied to
the segment. In general, the internal loadings acting at the section will
consist of a normal force N, shear force V, and bending moment M, as
shown in Fig. 2-19.

We will cover the principles of statics that are used to determine the
external reactions on structures in Sec. 2.6. Internal loadings in structural
members will be discussed in Chapter 4.

.

Internal loadings

Fig. 2-19
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2.5 DETERMINACY AND STABILITY

Before analyzing a structure, it is necessary to establish its determinacy
and stability.

Determinacy. The equilibrium equations provide both the
necessary and sufficient conditions for equilibrium. When all the forces
on a stable structure can be determined strictly from these equations,
the structure is referred to as statically determinate. Structures having
more unknown forces than available equilibrium equations are called
statically indeterminate. As a general rule, a structure can be identified as
being either statically determinate or statically indeterminate by drawing
free-body diagrams of all its members, or selective parts of its members,
and then comparing the total number of unknown reactive force and
moment components with the total number of available equilibrium
equations.* For a coplanar stable structure there are at most three
equilibrium equations for each part, so that if there is a total of n parts
and r force and moment reaction components, we have

r = 3n, statically determinate (2-3)

r > 3n, statically indeterminate

If a structure is statically indeterminate, the additional equations
needed to solve for the unknown reactions are obtained by relating the
applied loads and reactions to the displacement or slope at different points
on the structure. These equations, which are referred to as compatibility
equations, must be equal in number to the degree of indeterminacy
r — 3n of the structure. Compatibility equations involve the geometric
and physical properties of the structure and will be discussed further in
Chapter 10.

We will now consider some examples to show how to classify the
determinacy of a stable structure. The first example considers beams;
the second example, pin-connected structures; and in the third we will
discuss frame structures. Classification of trusses will be considered in
Chapter 3.

*Drawing the free-body diagrams is not strictly necessary, since a “mental count” of the
number of unknowns can also be made and compared with the number of equilibrium
equations.
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I EXAMPLE 2.4

Classify each of the beams shown in Figs. 2-20a through 2-20d as statically
determinate or statically indeterminate. If statically indeterminate, report
the number of degrees of indeterminacy. The beams are subjected to
external loadings that are assumed to be known and can act anywhere on
the beams.

SOLUTION

Compound beams, i.e., those in Figs. 2-20c and 2-20d, which are
composed of pin-connected members must be disassembled. In these
cases, the unknown reactive forces acting between each member must
be shown in equal but opposite pairs on their free-body diagrams.
Applying r = 3n or r > 3n, the resulting classifications are indicated.

—— <« ]
(a) ! f
r=3n=13=3(1) Statically determinate. Ans.
—= =8 4-%! 1
(b) \ T T
r=5n=15>3(1) Statically indeterminate to the second degree. Ans.

r =

‘ﬂg—'“i\_,

6,n =2,6 =312 Statically determinate. ns.

(d)

r=10,n = 3,10 > 3(3) Statically indeterminate to the first degree. Ans.

Fig. 2-20
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I EXAMPLE 2.5

Classify each of the pin-connected structures shown in Figs. 2-21a
through 2-21d as statically determinate or statically indeterminate. If
statically indeterminate, report the number of degrees of indeterminacy.
The structures are subjected to arbitrary external loadings that are
assumed to be known and can act anywhere on the structures.

SOLUTION

Classification of pin-connected structures is similar to that of beams.
Applying r = 3n or r > 3n to each of the free-body diagrams, the
resulting classifications are indicated.

S— _,izr_

r=7n=27>6
(a) Statically indeterminate to the first degree. Ans.

r=9n=39=9
(b) Statically determinate. Ans.

=10,n =2,10 > 6
Statically indeterminate to the fourth degree. A7s.

©
? ]# =9n=39=9 )
(d)

Statically determinate. Ans. = I ;

Fig. 2-21
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I EXAMPLE 2.6

B

r=9n=29>6
Statically indeterminate to the

Classify each of the frames shown in Figs. 2-22a through 2-22c¢
as statically determinate or statically indeterminate. If statically
indeterminate, report the number of degrees of indeterminacy. The
frames are subjected to external loadings that are assumed to be known
and can act anywhere on the frames.

SOLUTION

Unlike the beams and pin-connected structures of the previous
examples, frame structures often consist of members that are
connected together by rigid joints. Sometimes the members form
internal loops such as the loop ABCD shown in Fig. 2-22a. To classify
this structure, it is necessary to use the method of sections and “cut”
the loop apart. The free-body diagrams of the sectioned parts are
drawn and the frame can then be classified. A second example of this
is shown in Fig. 2-22b. Although the frame in Fig. 2-22¢ has no closed
loops, we can use this same method, using vertical sections, to classify
it. For this case we can also just draw its complete free-body diagram.
The resulting classifications are indicated in each figure.

third degree. Ans.
r=18n =318 > 9
(b) Statically indeterminate to the ninth degree. Ans.
.

(This frame has no closed

loops.)

()
Fig. 2-22

0"l

r=18,n = 4,18 > 12 r=9n=19>3
Statically indeterminate to the Statically indeterminate to the
sixth degree. Ans. sixth degree. Ans.
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Stability. To ensure the equilibrium of a structure or its members, P
it is not only necessary to satisfy the equations of equilibrium, but the

members must also be properly held or constrained by their supports

regardless of how the structure is loaded. Two situations may occur

where the conditions for proper constraint have not been met.

Partial Constraints. Instability can occur if a structure or one of its
members has fewer reactive forces than equations of equilibrium that must
be satisfied. The structure then becomes only partially constrained. For
example, consider the member shown in Fig. 2-23 with its corresponding t: A
free-body diagram, which has only two reactions. Here the equation

> F, = 0 will not be satisfied for the loading conditions, and therefore the

member will be unstable.

P
Improper Constraints. In some cases there may be as many unknown é

reaction forces as there are equations of equilibrium; however, instability
or movement of a structure or its members can develop because of
improper constraining by the supports. This can occur if all the support
reactions are concurrent at a point. An example of this is shown in Fig. 2-24.
From the free-body diagram of the beam it is seen that the summation of
moments about point O will not be equal to zero (Pd # 0); thus rotation
about point O will take place. n

Another way in which improper constraining leads to instability occurs \T/ M,

Fy

when the support reactions are all parallel. An example of this is shown
in Fig. 2-25. Here when the force P is applied, the summation of forces in

. . . . artial constraints
the horizontal direction will not equal zero. P

0 o Fig. 2-23
A EN
7N 7N
s N 7 N
/ | N s | N
4 I N 4 [ N
s N e N
s I N e ‘ N
7 | AN e | N
7/ | N 7/ | N
s N 4 AN
s | N s | N
s g ‘ h s g ‘ h
A 7 'B b C 7/ | h N
T 5 F !
— Fy Fc
d —d—
P P Fp
concurrent reactions
Fig. 2-24
pd " P '
p——e = | '
y 5 o1 f f

FA FB FC

parallel reactions

Fig. 2-25
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In general, then, a structure will be geometrically unstable—that is, it will
move slightly or collapse— if there are fewer reactive forces than equations
of equilibrium; or if there are enough reactions, instability will occur if the
lines of action of these forces intersect at a common point or are parallel to
one another. If the structure consists of several members or components,
local instability of one or several of its members can generally be
determined by noting the members that form a collapsible mechanism.
In other words, if the structure has » members or components with r
unknown reactions, then since three equilibrium equations are available
for each member or component, we have

r < 3n unstable

r = 3n  unstable if member reactions are
concurrent or parallel or some of the
components form a collapsible mechanism

(2-4)

The K-bracing on this frame provides
lateral stability from wind and vertical
support of the floor girders. The
framework has been sprayed with
concrete grout in order to insulate the
steel to keep it from losing its stiffness in
the event of a fire.
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I EXAMPLE 2.7

Classify each of the structures shown in Figs. 2-26a through 2-26d as
stable or unstable. The structures are subjected to arbitrary external
loads that are assumed to be known.

SOLUTION
4—
"
Fig. 2-26
The member is stable since the reactions are nonconcurrent and
nonparallel. It is also statically determinate. Ans.

(b)
The member is unstable since the three reactions are concurrent at B.

Ans.

Ay — = C ‘ \
© t 1 1

The beam is unstable since the three reactions are all parallel. ~ Ans.

The structure is unstable since r = 7, n = 3, so that r < 3n,7 < 9.
Also, this can be seen by inspection, since AB can move horizontally
without restraint. Ans.
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2.6 APPLICATION OF THE EQUATIONS
OF EQUILIBRIUM

Building frames and trusses are typical examples of where the members
are all pin connected at their joints. Provided a pin-connected coplanar
structure is properly constrained and contains no more supports or
members than are necessary to prevent collapse, the forces acting at the
joints and supports can be determined by applying the three equations
of equilibrium (XF, = 0,XF, = 0,XM, = 0) to each member. Once
these forces are obtained, the size of the members, connections,
and supports can then be determined on the basis of design code
specifications.

To illustrate the method of force analysis, consider the three-member
frame shown in Fig. 2-27a, which is subjected to loads P; and P,. The free-
body diagrams of each member are shown in Fig. 2-27b. In total there are
nine unknowns; however, nine equations of equilibrium can be written,
three for each member, so this structure is statically determinate. For the
actual solution it is also possible, and sometimes convenient, to consider
a portion of the frame or its entirety when applying some of these nine
equations. For example, a free-body diagram of the entire frame is shown
in Fig. 2-27¢. One could determine the three reactions A, A, and C, on
this “rigid” pin-connected system, then analyze any two of its members,
Fig. 2-27b, to obtain the other six unknowns. Furthermore, the answers
can be checked in part by applying the three equations of equilibrium to
the remaining “third” member. To summarize, this problem can be solved
by writing at most nine equilibrium equations using free-body diagrams
of any members and/or combinations of connected members. Any more
than nine equations written would not be unique from the original nine
and would only serve to check the results.

> >

s
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Consider now the two-member frame shown in Fig. 2-28a. Here
the free-body diagrams of the members reveal six unknowns,
Fig.2-28b;however,six equilibrium equations, three for each member,
can be written, so again the structure is statically determinate. As
in the previous case, a free-body diagram of the entire frame can
also be used for part of the analysis, Fig. 2-28¢. Hence, if desired, all
six unknowns can be determined by applying the three equilibrium
equations to the entire frame, Fig. 2-28¢, and also to either one of its
members.

Comparing these two examples, notice that if the structure remains
rigid (noncollapsible) when the supports are removed, Fig. 2-27¢, then
all three support reactions can be determined directly by applying
the three equilibrium equations to the entire structure. However, if
the structure appears to be nonrigid (collapsible) after removing the
supports, Fig. 2-28c, it must be dismembered and equilibrium of the
individual members must be considered in order to obtain enough
equations to determine all the support reactions.

Fig. 2-28
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- PROCEDURE FOR ANALYSIS

The following procedure provides a method for determining the
joint reactions for structures composed of pin-connected members.

Free-Body Diagrams

® Disassemble the structure and draw a free-body diagram of
each member. Also, it may be convenient to supplement a
member free-body diagram with a free-body diagram of the
entire structure. Some or all of the support reactions can then
be determined using this diagram.

® Recall that reactive forces common to two members act with
equal magnitudes but opposite directions on the respective free-
body diagrams of the members.

® All two-force members should be identified. These members,
regardless of their shape, have no external loads on them, and
therefore their free-body diagrams are represented with equal
but opposite collinear forces acting on their ends.

® In many cases it is possible to tell by inspection the proper
arrowhead sense of direction of an unknown force or couple
moment; however, if this seems difficult, the directional sense can
be assumed.

Equations of Equilibrium

® Count the total number of unknowns to make sure that an
equivalent number of equilibrium equations can be written for
solution. Except for two-force members, recall that in general
three equilibrium equations can be written for each member.

® Many times, the solution for the unknowns will be straightforward
if the moment equation XM, = 0 is applied about a point (O)
that lies at the intersection of the lines of action of as many
unknown forces as possible.

® When applying the force equations %F, = 0 and XF, = 0,
orient the x and y axes along lines that will provide the simplest
reduction of the forces into their x and y components.

® If the solution of the equilibrium equations yields a negative
magnitude for an unknown force or couple moment, it indicates
that its arrowhead sense of direction is opposite to that which
was assumed on the free-body diagram.
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How Important is the Free-Body Diagram? For any
structural analysis it is very important! Not only does it greatly reduce the
chance for errors, by accounting for all the forces and the geometry used
in the equilibrium equations, but it is also a source of communication to
other engineers, who may check or use your calculations.

To emphasize the importance of the free-body diagram, consider the
case of the collapse of the second and fourth story walkways that crossed
an open atrium in the Kansas City Hyatt Regency Hotel. This event
occurred in July 1981, when about 2000 people assembled in the atrium
for a dance contest. Some of the observers gathered on the walkways,
which suddenly collapsed, resulting in the death of 114 people, and more
than 200 injuries.

The main reason for the failure was the faulty design of the connections
used to support the walkways. The original design, shown in Fig. 2-29a,
called for single tie or hanger rods that were attached to the roof and
passed through holes in fabricated box beams, each made from two
channels welded together, Fig. 2-29¢. The connection of the rods to the
beams required a nut and washer. During construction, a dispute arose
between the contractor and the engineering firm over this design, since
it required unconventional fully threaded rods. As a result the design was
changed to end-threaded rods as shown in Fig. 2-29b.

To understand why failure occurred, study the free-body diagrams
of each design, along with the equilibrium analysis of the anticipated
180 kN loading shown in Figs. 2-29a and 2-29b. Notice that the altered
design requires the load supported by the top washer (180 kN) to be
twice that of the original design, 90 kN. Since this new design was not
properly analyzed, it resulted in the box beam splitting open at the weld
seam and the rod pulling the washer through, resulting in the collapse,
Fig. 2-29c¢.

Also, since the design of the box beam and tie rod assembly was
substandard, and did not meet code, the engineers at the firm were found
to have performed with gross negligence and unprofessional conduct.
Consequently, they lost their license and the firm went bankrupt. It
seems needless to say, but engineers are responsible for their design and
will be held accountable if anything goes wrong. So be neat and accurate
in your work, and draw your free-body diagrams!
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after failure

(©)

180 kN 180 kN
! ! 180 kKN 180 kN

7] T 180kN
90 kNJ J 90 kKN
180 kN
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washer is
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[ ] [
90 kN -4
90 kN 90 kN
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ki ki washer is k-4 k-4
original design 90 kN

(a)
Fig. 2-29

(b)

alternate design
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I EXAMPLE 2.8

Determine the reactions on the beam shown in Fig. 2-30a.

250kN 250 sin 60° kN
| 7™ f " B e aall ¥ 250 cos 60° kN 60 kN-m
i Al . AT : ) ; ‘)
‘ ‘ 3m 1 1.5 maT
3m —1.5m 2m A, B,
(a) (b)
Fig. 2-30
SOLUTION
Free-Body Diagram. As shown in Fig. 2-30b, the 250-kN force is
resolved into x and y components. Also, the 2-m dimension line is not
needed since a couple moment is a free vector and can therefore act
anywhere on the beam for the purpose of calculating the reactions.
Equations of Equilibrium. Applying Eqs. 2-2 in a sequence, using
previously calculated results, we have
X SF =0, A, —250cos60° =0 A, = 125kN Ans.
(+XM, = 0; —250sin 60°(3) + 250 cos 60°(0.3) + B,(4.5) — 60 =0 B, = 149.33kN = 149 kN Ans.
+13F, =0; —250sin60° + 149.33 + A, = 0 Ay = 672kN Ans.
I EXAMPLE 2.9
15 kN/m . . L
Determine the reactions on the beam in Fig. 2-31a.
A ——————————— Free-Body Diagram. As shown in Fig. 2-31b, the trapezoidal
12m ! distributed loading is segmented into a triangular and a uniform load.
The areas under the triangle and rectangle represent the resultant forces.
@ These forces act through the centroid of their corresponding areas.
110 kN/m)(12 m) = 60 kN
(5 kKN/m)(12 m) = Equations of Equilibrium.
T iokm™ -~ 60 kN
A ‘},,f"l,,,j::::::: ESF =0, A, =0 Ans.
AL \ 5kN/m{l
_QA +13F,=0; A, —60-60=0 A, =120kN Ans.
M,y 4m %‘
D (+3M, = 0; —60(4) — 60(6) + My =0 M, = 600kN-m  Ans.

Fig. 2-31
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I EXAMPLE 2.10

Determine the reactions on the beam in Fig. 2-32a. Assume A is a pin
and the support at B is a roller (smooth surface).

_— . e /

2m \"“ 0.9 m—
(a)
Fig. 2-32

SOLUTION

Free-Body Diagram. Asshown in Fig.2-32b, the support at B exerts
a normal force on the beam at its point of contact. The line of action of
this force is defined by the 3—4-5 triangle.

] :
7.52) =15.0kNq 5 /%3%\

Np
777777 - T 1
] |
|
A, — v
A im } 1.9m
A

Equations of Equilibrium. Resolving N into x and y components

and summing moments about A yields a direct solution for Ng. Using

this result, we can then obtain A, and A,,.

(+3M, =0; —150(1) + (})Np(1.2) + (2)Np(2.9) =0 Ans.
Np = 5.556 kN = 5.56 kN

S 3F, =0, A, — %(555) =0 A, = 444kKN  Ans

+13F,=0; A, — 150 + %(5.556) =0 A, =117kN Ans
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I EXAMPLE 2.11

The compound beam in Fig. 2-33a is fixed at A. Determine the reactions
at A, B, and C. Assume that the connection at B is a pin and C is a roller.

6 kN/m

(a)
Fig. 2-33

SOLUTION

Free-Body Diagrams. The free-body diagram of each segment is
shown in Fig. 2-33b.
6(3) = 18 kN

M, AB. B, 8kN-m
A, «— —> |

AyAFl.Sm*»Fl.Sm*» "B 2m *16‘

(®)

Equations of Equilibrium. There are six unknowns. Applying the six
equations of equilibrium, using previously calculated results, we have

Segment BC:

(+tEMc = 0; -8+ B,(2) =0 B, = 4.00 kN Ans.
+13F, = 0; —400+ C, =0 C, = 400 kN Ans.
LEFX = 0; B, =0 Ans.

Segment AB:

(+tEM, = 0; M, — 18(1.5) + 4.00(3) = 0

M, = 15.0kN-m Ans.
+13F, = 0; Ay, — 18 +4.00 =0 Ay, =140kN  Ans.

szxz(); A, —0=0 A, =0 Ans.
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I EXAMPLE 2.12

Determine the horizontal and vertical components of reaction at the pins
A, B,and C of the two-member frame shown in Fig. 2-34a.

"N T e
A @
P

(®)

Fig. 2-34
SOLUTION

Free-Body Diagrams. The free-body diagram of each member is shown
in Fig. 2-34b. Note that equal but opposite reactions must occur at B.

Equations of Equilibrium. Applying the six equations of equilibrium
in the following sequence allows a direct solution for each of the six

unknowns.

Member BC:

(+2Mc=0; —B,(2) +6(1) =0 B, = 3kN Ans.
Member AB:

(tXM, =0; —-82)—-32) +B(1.5)=0 B,=147kN Ans
LsF=0, A+ 2(8)-147=0 A, = 987kN Ans.
+13F, =0, A,— $(8)-3=0 A, = 940kN Ans.
Member BC:

BKSF =0, 147-C, =0 C, = 147kN Ans.
+13F, = 0; 3-6+C,=0 C, = 3kN Ans.
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I EXAMPLE 2.13

The side of the building in Fig. 2-35a is subjected to a wind loading
that creates a uniform normal pressure of 15 kPa on the windward side
and a suction pressure of 5 kPa on the leeward side. Determine the
horizontal and vertical components of reaction at the pin connections
A, B, and C of the supporting gable arch.

20 kN/m

Fig. 2-35

SOLUTION

Since the loading is evenly distributed, the central gable arch supports a
loading acting on the walls and roof of the dark-shaded tributary area. This
represents a uniform distributed load of (15 kN/m?)(4 m) = 60 kN/m
on the windward side and (5 kN/m?)(4 m) = 20kN/m on the leeward
side, Fig. 2-35b.

Free-Body Diagrams. Simplifying the distributed loadings, the
free-body diagrams of the entire frame and each of its two parts are
shown in Fig. 2-35c.
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B
254.6 kKN : 84.9 kN 2546 kN 51 Py oL

45° 45° 45°
BY
45m
180 kN \
— —3 60kN 180 KN —> :
1.5m
Ax : ) Cx AX : L
A 3m C A
Yi5m 1.5m Yi5m 15m
Ay Cy Ay
(c)

Equations of Equilibrium. Simultaneous solution of equations
is avoided by applying the equilibrium equations in the following
sequence using previously calculated results.*

Entire Frame:
(FXM, = 0; —(180 + 60)(1.5) — (254.6 + 84.9) cos 45°(4.5)
—(254.6 sin 45°)(1.5) + (84.9 sin 45°)(4.5) + Cy(6) =0

C, = 240.0kN A
+13F, = 0; —A, — 254.6 sin 45° + 849 sin 45° + 2400 = 0
A, = 120.0kN A
Member AB:
(+3Mp =0; —AL6) + 120.0(3) + 180(4.5) + 254.6(2.12) = 0
A, = 285.0 kN Ans.
5 SF, =0; —285.0 + 180 + 254.6 cos 45° — B, = 0
B, = 75.0kN Ans.
+1SF, = 0; —120.0 — 254.6 sin 45° + B, = 0
B, = 300.0 kN A
Member CB:
HSE =0, —C, + 60 + 849 cos 45° + 75.0 = 0
C, = 195.0kN Ans.

*The problem can also be solved by applying the six equations of equilibrium only
to the two members. If this is done, it is best to first sum moments about point A on
member AB, then point C on member CB. By doing this, one obtains two equations to
be solved simultaneously for B, and B,
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. FUNDAMENTAL PROBLEMS

F2-1. Determine the horizontal and vertical components
of reaction at the pins A, B, and C.

Prob. F2-1

F2-2. Determine the horizontal and vertical components
of reaction at the pins A, B, and C.

10 kN/m

Prob. F2-2

F2-3. Determine the horizontal and vertical components
of reaction at the pins 4, B, and C.

Prob. F2-3

F2-4. Determine the horizontal and vertical components
of reaction at the roller support A, and fixed support B.

8 kN/m

2 m

| 4m |
Prob. F2—4

F2-5. Determine the horizontal and vertical components
of reaction at pins A, B, and C of the two-member frame.

3kN

Prob. F2-5

F2-6. Determine the components of reaction at the roller
support A and pin support C. Joint B is fixed connected.

6 kN

’_72 m—f—2m——+

Prob. F2-6



F2-7. Determine the horizontal and vertical components
of reaction at the pins A, B, and D of the three-member
frame. The joint at C is fixed connected.

Prob. F2-7

F2-8. Determine the components of reaction at the fixed
support D and the pins A, B, and C of the three-member frame.
Neglect the thickness of the members.

Prob. F2-8

FUNDAMENTAL PROBLEMS 85

F2-9. Determine the components of reaction at the fixed
support D and the pins A, B, and C of the three-member
frame. Neglect the thickness of the members.

40 kN/m

10 kN/m

n 4m !

Prob. F2-9

F2-10. Determine the components of reaction at the fixed
support D and the pins A, B, and C of the three-member
frame. Neglect the thickness of the members.

Prob. F2-10
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. PROBLEMS

Sec. 2.1 2-6. The floor system used in a school classroom consists
of a 100-mm reinforced stone concrete slab. Sketch the

2-1. The steel framework is used to support the 100-mm  |oading that acts along the joist BF and side girder ABCDE.
reinforced stone concrete slab that carries a uniform live Seta = 3m,b = 9 m. Hint: See Tables 1.2 and 1.4.

loading of 5kN/m? Sketch the loading that acts along )
members BE and FED. Set a = 3m,b = 4m. Hint: See 2-7.  Solve Prob.2-6 witha = 3m, b = 4.5 mm.
Table 1.2.

#2-8. Solve Prob.2-6 witha = 2.5m,b = 6 m.

2-2. Solve Prob.2-1,witha = 2m,b = 6 m.

Probs. 2-1/2

Probs. 2-6/7/8

2-3. The frame is used to support the wood deck in a
residential dwelling where the live load is 1.92 kN /m?. Sketch
the loading that acts along members BG and ABCD. Set

b=d4ma=2m. 2-9. The steel framework is used to support the reinforced
stone concrete slab that is used for an office. The slab is
*2-4. Solve Prob.2-3if b = 4m,a = 4 m. 200 mm thick. Sketch the loading that acts along members
BE and FED. Take a = 2m, b = 5m. Hint: See Tables 1.2

2-5. Solve Prob.2-3ifb = 6 m,a = 4m. and 14.

2-10. Solve Prob.2-9 witha = 3m,b = 4 m.

Probs. 2-3/4/5

Probs. 2-9/10
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Sec. 2.2-2.5 #2-12. Classify each of the structures as statically
) ) determinate, statically indeterminate, or unstable. If
2-11. Classify each of the structures as statically indeterminate, specify the degree of indeterminacy.

determinate, statically indeterminate, or unstable. If
indeterminate, specify the degree of indeterminacy.

Lo ____.

(@)
(a)

LI

(b)

®) ﬁ

(©

[ ]

(©) (d)
Prob. 2-11 Prob. 2-12
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2-13. Classify each of the structures as statically 2-14. Classify each of the structures as statically determinate,
determinate, statically indeterminate, or unstable. If statically indeterminate, or unstable. If indeterminate, specify
indeterminate, specify the degree of indeterminacy. The the degree of indeterminacy.

supports or connections are to be assumed as stated.

pin fixed

rocker pin

(a)
()

== roller pin

fixed

flxe(L' :

© (e)
Prob. 2-13 Prob. 2-14



2-15. Classify each of the structures as statically
determinate, statically indeterminate, or unstable. If

indeterminate, specify the degree of indeterminacy.

(©)

Prob. 2-15

#2-16. Classify each of the structures as statically determinate,
statically indeterminate, or unstable. If indeterminate, specify
the degree of indeterminacy.

PROBLEMS 89

Prob. 2-16

2-17. Classify each of the structures as statically
determinate, statically indeterminate, or unstable. If
indeterminate, specify the degree of indeterminacy. The
supports or connections are to be assumed as stated.

pin fixed P
()
: )
fixed pin
(b)

| 25
roller ] roller pin

TToaiet RSy
SERE 588%s

(©)
Prob. 2-17

2-18. The mass of 700 kg is suspended from a trolley which
moves along the crane rail from d = 1.7 m to d =3.5 m. Determine
the force along the pin-connected knee strut BC (short link)
and the magnitude of force at pin A as a function of position d.
Plot these results of Fgc and F,4 (ordinate) versus d (abscissa).
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Sec. 2.6

2-22. Determine the reactions at the supports.

B 15m— A

Prob. 2-18

2-19. Determine the reactions on the beam.

20kN 20kN 20kN 20kN

t + 4 4 s

L, A

) |

4 B = \/600 1 8m 4m—-

L3 mﬂL3 m——3m——3m——3m—| 8kN Prob. 2-22
Prob. 2-19
#2-20. Determine the horizontal and vertical components
of reaction at the pins A and C. . L. .
2-23. Determine the tension in the cable and the horizonal

and vertical reactions at C.

12 kN/m

Prob. 2-20

2-21. Determine the horizontal and vertical components
of reaction at the supports A and C. Assume the members
are pin connected at A, B, and C.

3 kN/m

A

3m

il 2m 1m—

Prob. 2-23
Prob. 2-21



#2-24. Determine the reactions at the supports A
and B.The joints at C and D are fixed connected.

peressnnnl
4 A %L
| Prob. 2-24 |

2-25. Determine the reactions at the supports A and B of
the compound beam. There is a pin at C.

4 kN/m
°)
C B
‘F 6m 4.5m
Prob. 2-25

2-26. Determine the reactions at the supports A and B of
the compound beam. There is a pin at C.

18kN
4 kN/m |
°)
C B
} 6m 2m——2m—
Prob. 2-26

PROBLEMS 91

2-27. 'The bulkhead AD is subjected to both water and soil-
backfill pressures. Assuming AD is “pinned” to the ground at A,
determine the horizontal and vertical reactions there and also
the required tension in the ground anchor BC necessary for
equilibrium. The bulkhead has mass of 800 kg.

D
0.5 m
B } —
03 F
| 4
4m g
1H8kN/m 1 310kN/m
Prob. 2-27

#2-28. The compound beam is fixed supported at A and
supported by rockers at B and C. If there are hinges (pins) at
D and E, determine the reactions at the supports A, B,and C.

8 kN/m
« =)
O B |E O C
!2m‘ 6m ! 3m—
Prob. 2-28

2-29. Determine the reactions at the supports A and C of
the compound beam. Assume C is fixed, B is a pin, and A is
aroller.

20 kN

Prob. 2-29
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2-30. The compound beam is fixed at E and supported by
rockers at A and B. There are hinges (pins) at C and D.
Determine the reactions at the supports. The 4-kN load is
applied just to the right of the pin at D.

6 kN 4 kN
6 kN/m
B C D E
A((/a o\ o)

B
H3m—>L3m—-

Prob. 2-30

&) [S)
}‘Zm*LZm*‘*2 m—

2-31. Determine the horizontal and vertical components
of reaction at the supports A and C.

A

L —
|

Prob. 2-31

*2-32. Determine the reactions at the supports A and C of
the compound beam. Assume C is a roller, B is a pin, and A
is fixed.

12 kN/m

Prob. 2-32

2-33. Determine the horizontal and vertical components
of reaction at the supports A and C. Assume the members
are pin connected at A, B, and C.

6 kKN
3kN/m
\
-£0.3m
T
3m
,“ C -
| i 4m 2m—
Prob. 2-33
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2-34. Determine the reactions at the supports A and D. #2-36. Determine the horizontal and vertical force
Assume A is fixed B, C,and D are pins. components that the pin supports at C and D exert on
members AC and BD, respectively.

w
6 kN/m
3 kN/m
A Es!
— (@) (e C
s
2.25m
ksl
——|e (o D
B 4
4kN/m
Prob. 2-34 3m
Prob. 2-36

2-35. Determine the horizontal and vertical components

of reaction at the supports A and B.
2-37. Determine the horizontal and vertical components
of force that the pins A and B exert on the two-member

20 kN/m frame. Set F = 0.

A

m 8kN/m L5m 1m

(=)}

M 60°
B e )
rhdy 400 N/myefA—+-

| Sm

Prob. 2-35 Prob. 2-37
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2-38. Determine the horizontal and vertical components
of force that pins A and B exert on the two-member frame.
Set F'=500 N.

Im

A

Prob. 2-38

2-39. Determine the horizontal and vertical components
of reaction acting at the pins A and C.

) ‘ 3m 3m 1.5 m~+1.5m

Prob. 2-39

#2-40. Determine the horizontal and vertical reactions at
A and C of the two-member frame.

2kN/m
SR TRRE RN EARNNA!
A B
-\
3m | —\
)
-
C
R BN | ——
]: ‘ 12 kN/m
| 4m \
Prob. 2-40
2-41. Determine the horizontal and  vertical

components of reaction at the support A, B, and C.
Assume the frame is pin-connected at A, B, D, E and F,
and there is a fixed connected joint at C.

20 kN

12 kN

G

- 33
ey a®

e 9,
oA RPN

LR R SR
2 m‘*L 2m—q—2 m‘J—' 2 mﬂ‘

Prob. 2-41

2 v“?v. g

2-42. The bridge frame consists of three segments
which can be considered pinned at A, D, and E, rocker
supported at C and F, and roller supported at B.
Determine the horizontal and vertical components of
reaction at all these supports due to the loading shown.

60 kN/m 120 kN 40 kKN
AYYYVYY w£ l
T B
~—5m, l 4 m l Sm
6m
& C
2m 2m

Prob. 2-42



2-43. Determine the horizontal and vertical reactions at
the connections A and C of the gable frame. Assume that A,
B, and C are pin connections. The purlin loads such as D
and E are applied perpendicular to the center line of each
girder.
20kN 20kN
30 kN \ 30 kN

40 kN

PROJECT PROBLEM 95

*2-44. Determine the components of reaction at the
pinned supports A and C of the two-member frame. Neglect
the thickness of the members. Assume B is a pin.

oS S
~—3m 3m 3m 3m— 6m 6 m
Prob. 2-43 Prob. 2-44
I PROJECT PROBLEM
2-1P. The railroad trestle bridge shown in the photo is P P

supported by reinforced concrete bents. Assume the two
simply supported side girders, track bed, and two rails have
a weight of 7.5kN/m and the load imposed by a train is
100 kN /m. Each girder is 6 m long. Apply the load over the
entire bridge and determine the compressive force in the
columns of each bent. For the analysis assume all joints are
pin connected and neglect the weight of the bent. Are these
realistic assumptions?

¢
e

Ao
@5 60495
RIS

3

Prob. 2-1P
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. CHAPTER REVIEW

Supports—Structural members are often assumed to be pin connected if slight relative rotation can occur between them,

and fixed connected if no rotation is possible.

typical “fixed-supported” connection (metal)

typical “pin-supported” connection (metal)

Idealized Structures — By making assumptions about the supports and connections as being either roller supported, pinned,
or fixed, the members can then be represented as lines so that we can establish an idealized model that can be used for

P
I
&' +
L L | \ L ‘ L \
2 ! 2 ! ! 2 ! 3 !

idealized beam

analysis.

actual beam

The tributary loadings on slabs can be determined by first classifying the slab as a one-way or two-way slab. As a general
rule, if L, is the largest dimension, and L, /L; > 2, the slab will behave as a one-way slab. If L,/L; = 2, the slab will behave

}
4 T
Ly
a
2
-

as a two-way slab.

Two-way slab action

One-way slab action
requires L,/L = 2.

requires L,/L; > 2.
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Principle of Superposition—Either the loads or displacements can be added together provided the material is
linear elastic and only small displacements of the structure occur.

Equilibrium —Statically determinate structures can be analyzed by disassembling them and applying the equations of
equilibrium to each member. The analysis of a statically determinate structure requires first drawing the free-body diagrams
of all the members, and then applying the equations of equilibrium to each member.

SF. =0
SF, =0
EMOZO

The number of equations of equilibrium for all » members of a structure is 3n. If the structure has r reactions, then the
structure is statically determinate if

r=3n
and statically indeterminate if
r>3n

The additional number of equations required for the solution refers to the degree of indeterminacy.

Stability —If there are fewer reactions than equations of equilibrium, then the structure will be unstable because it is partially
constrained. Instability due to improper constraints can also occur if the lines of action of the reactions are concurrent at a
point or parallel to one another.

partial constraint concurrent reactions parallel reactions
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© Clarence Holmes Photography/Alamy Stock Photo

The forces in the members of this bridge can be analyzed using either the method
of joints or the method of sections.




ANALYSIS OF
STATICALLY
JETERMINATE
[RUSSES

. CHAPTER OBJECTIVES

m To show how to design a statically determinate truss using the
method of joints and the method of sections.

m To provide a method for finding the determinacy and stability of
a truss.

3.1 COMMON TYPES OF TRUSSES

A truss is a structure composed of slender members joined together at
their end points. The members commonly used in construction consist
of wooden struts, metal bars, angles, or channels. The joint connections
are usually formed by bolting or welding the ends of the members to a
common plate, called a gusset plate, as shown in Fig. 3-1, or by simply
passing a large bolt or pin through each of the members. Planar trusses
lie in a single plane and are often used to support roofs and bridges.

©
\VQ,'\/ \/‘\Q/

gusset plate

Fig. 3-1

This gusset plate is used to
connect eight members of the
truss supporting structure for
a water tank.

99
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7 > ridge purlins

— bracing

Although more decorative than structural, these
simple Pratt trusses are used for the entrance of
a building.

Fig. 3-2

Roof Trusses. Roof trusses are often used as part of an industrial
building frame, such as the one shown in Fig. 3-2. Here the roof load
is transmitted to the truss at the joints by means of a series of purlins.
Ordinarily, roof trusses are supported either by columns of wood, steel, or
reinforced concrete, or by masonry walls. This entire truss along with its
supporting columns is termed a bent.To keep it rigid, and thereby capable
of resisting horizontal wind forces, knee braces are sometimes used at the
supporting columns. The space between adjacent bents is called a bay.
Bays are economically spaced at about 4.6 m for spans around 18 m and
about 6.1 m for spans of 30 m. Bays are often tied together using diagonal
bracing in order to maintain rigidity of the building’s structure.

Trusses used to support roofs are selected on the basis of the span,
the slope, and the roof material. Some of the more common types of
trusses used are shown in Fig. 3-3. In particular, the scissors truss, Fig. 3-3a,
can be used for short spans that require overhead clearance. The Howe
and Pratt trusses, Figs. 3-3b and 3-3c, are used for roofs of moderate span,
about 18 m to 30 m. If larger spans are required to support the roof, the
fan truss or Fink truss may be used, Figs. 3-3d and 3-3e. These trusses
may be built with a cambered or curved bottom cord such as that shown
in Fig. 3-3f. If a flat roof or nearly flat roof is to be selected, then the Howe
or Pratt truss can be modified as in Figs. 3-5a and 3-5b. Sawtooth trusses,
Fig. 3-3h, are often used where column spacing is not objectionable and
uniform lighting is important. A textile mill would be an example. The
bowstring truss, Fig. 3-3i,is sometimes selected for garages and small airplane
hangars; and the arched truss, Fig. 3-3j, although relatively expensive, can be
used for high rises and long spans such as field houses, gymnasiums, and so on.
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Fig. 3-3
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Stringers, floor beams, and cross bracing
shown under a typical bridge.

© Ha_nk Shiffman/§hutterstock

Parker trusses are used to support this
bridge.

sway top cord
top bracing
lateral
bracing

portal
bracing
stringers

portal
end post

floor beam

Fig. 3-4

Bridge Trusses. The main structural elements of a typical bridge
truss are shown in Fig. 3-4. Here a load on the deck is first transmitted
to stringers, then to floor beams, and finally to the joints of the two
supporting side trusses. The top and bottom cords of these side trusses
are connected by top and bottom lateral bracing, which serves to resist
the lateral forces caused by wind and the uneven loading caused by
moving vehicles on the bridge. Additional stability is provided by the
portal and sway bracing. As in the case of many long-span trusses, a roller
is provided at one end of a bridge truss to allow for thermal expansion.

A few of the typical forms of bridge trusses currently used for
single spans are shown in Fig. 3-5. In particular, the Howe, Pratt, and
Warren trusses are normally used for spans up to 61 m in length. The
most common form is the Warren truss with verticals, Fig. 3-5c. For
larger spans, the height of the truss must increase to support the greater
moment developed in the center of the span as noted in Fig. 1-5. As
a result, a truss with a polygonal upper cord, such as the Parker truss,
Fig. 3-5d, is used for some savings in material. The Warren truss with
verticals can also be fabricated in this manner for spans up to 91 m. The
greatest economy of material is obtained if the diagonals have a slope
between 45° and 60° with the horizontal. If this rule is maintained, then
for spans greater than 91 m, the depth of the truss must increase and
consequently the panels must get longer. Instead, to keep the weight
of the truss within tolerable limits, subdivided trusses have been
developed so that the diagonals are braced. Typical examples include
the Baltimore and subdivided Warren trusses, Figs. 3-5e¢ and 3-5f.
Finally, the K-truss shown in Fig. 3-5g can also be used in place of a
subdivided truss, since it accomplishes the same purpose.






104 CHAPTER 3 ANALYSIS OF STATICALLY DETERMINATE TRUSSES

Assumptions for Design. To design both the members and
the connections of a truss, it is first necessary to determine the force
developed in each member when the truss is subjected to a given loading.
In this regard, two important assumptions will be made in order to
idealize the truss.

1. The members are joined together by smooth pins. In cases where
bolted or welded joint connections are used, this assumption is
generally satisfactory provided the center lines of the joining members
are concurrent at a point, as in Fig. 3-1. It should be realized, however,
that because the members are somewhat rigidly attached to their gusset
plates, some bending of the connected members will occur when the
truss is loaded. The bending stress developed in the members is called
secondary stress, whereas the stress in the members of the idealized
truss, having pin-connected joints, is called primary stress. When
secondary stress becomes important, the analysis can be performed
using a computer, as discussed in Chapter 14.

2. All loadings are applied at the joints. In most situations, such as
for bridge and roof trusses, this assumption is true. Frequently in
the force analysis, the weight of the members is neglected, since the
force supported by the members is large in comparison with their
weight. If the weight is to be included in the analysis, it is generally
satisfactory to apply it as a vertical force, half of its magnitude
applied at each end of the member.

Because of these two assumptions, each truss member acts as an
axial force member, and therefore the forces acting at the ends of
the member must be directed along the axis of the member. If the
force tends to elongate the member, it is a tensile force (T), Fig. 3-6a;
whereas if the force tends to shorten the member, it is a compressive
Jorce (C), Fig. 3-6b. In the actual design of a truss it is important
to state whether the force is tensile or compressive. Most often,
compression members must be made thicker than tension members,
because of the buckling or sudden instability that may occur in
compression members.

(a)

C—>C Se—— (C

(®)

Fig. 3-6
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3.2 CLASSIFICATION OF COPLANAR
TRUSSES

Before beginning the force analysis of a truss, it is sometimes important
to classify the truss as simple, compound, or complex, and then to be able
to specify its determinacy and stability.

Simple Truss. To prevent collapse, the framework of a truss must be
rigid. Obviously, the four-bar frame A BCD in Fig. 3-7 will collapse unless
a diagonal, such as AC, is added for support. The simplest framework that
is rigid or stable is a triangle. Consequently, a simple truss is constructed
by starting with a basic triangular element, such as ABC in Fig. 3-8, and
adding two members (AD and BD) connected at D to form an additional
element. As each additional element of two members is placed on the
truss, the number of joints is then increased by one. Fig. 3-7

D~

Fig. 3-8

An example of a simple truss is shown in Fig. 3-9, where the basic
“stable” triangular element is ABC, from which the remainder of the
joints, D, E, and F, are established in alphabetical sequence. For this
method of construction, however, it is important to realize that simple
trusses do not have to consist entirely of triangles. An example is shown in
Fig. 3-10, where starting with triangle ABC, bars CD and AD are added
to form joint D. Finally, bars BE and DFE are added to form joint E.

C
B Q)E

D

simple truss simple truss

Fig. 3-9 Fig. 3-10
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Compound Truss. A compound truss is formed by connecting
two or more simple trusses together. Quite often this type of truss is
used to support loads acting over a large span, since it is cheaper to
construct a somewhat lighter compound truss than to use a heavier
single simple truss.

There are three ways in which simple trusses are joined together to
form a compound truss. The trusses may be connected by a common
joint and bar. An example is given in Fig. 3-11a, where the shaded truss
ABC is connected to the shaded truss CDE in this manner. The trusses
may be joined by three bars, as in the case of the shaded truss ABC
that is connected to the larger truss DEF, Fig. 3-11b. And finally, the
trusses may be joined where bars of a large simple truss, called the main
truss, have been replaced by simple trusses, called secondary trusses. An
example is shown in Fig. 3-11¢, where dashed members of the main truss
ABCDE have been replaced by the secondary shaded trusses. If this
truss carried roof loads, the use of the secondary trusses might be more
economical, since the dashed members may be subjected to excessive
bending, whereas the secondary trusses can better transfer the load.

Complex Truss. A complex truss is one that cannot be classified as
being either simple or compound. The truss in Fig. 3-12 is an example.

simple
trusses

simple
trusses

() (b)

Complex truss

Fig. 3-12

secondary secondary
simple ¢ simple
truss / \ truss

main simple truss E

(©)
Various types of compound trusses

Fig. 3-11
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Determinacy. For any problem in truss analysis, it should be
realized that the total number of unknowns includes the forces in
b number of bars and the total number of external support reactions r.
Since the truss members are all straight axial force members lying
in the same plane, the force system acting at each joint is coplanar
and concurrent. Consequently, rotational or moment equilibrium is
automatically satisfied at the joint (or pin), and it is only necessary
to satisfy XF, =0 and 3F, =0 to ensure translational or force
equilibrium. Therefore, only two equations of equilibrium can be
written for each joint, and if there are j number of joints, the total
number of equations available for solution is 2j. By simply comparing
the total number of unknowns (b + r) with the total number of
available equilibrium equations, it is therefore possible to specify the
determinacy for either a simple, compound, or complex truss. We have

b + r = 2j statically determinate

3-1
b + r > 2j statically indeterminate -1

The degree of indeterminacy is specified by the difference (b + r) — 2j.

Stability. 1If b + r < 2j, a truss will be unstable, since there will
be an insufficient number of bars or reactions to constrain all the
joints when the truss is loaded. A truss can also be unstable if it is
statically determinate or statically indeterminate. In this case the
stability will have to be determined either by inspection or by a force
analysis.

External Stability. A structure (or truss) is externally unstable if all
of its reactions are concurrent or parallel. For example, if a horizontal
force is applied to the top cord of each of the two trusses in Fig. 3-13,
each truss will be externally unstable, since the support reactions have
lines of action that are either concurrent or parallel.

R
fo\

_:&’ Q |:g: - .
} t t t

unstable — concurrent reactions unstable — parallel reactions

Fig. 3-13



108 CHAPTER 3 ANALYSIS OF STATICALLY DETERMINATE TRUSSES

Fig. 3-14

Internal Stability. The internal stability of a truss can often be checked
by careful inspection of the arrangement of its members. For a stable truss,
each joint is held fixed so that it cannot move in a “rigid body” sense with
respect to the other joints. Notice that a simple truss will always be internally
stable, since by the nature of its construction it requires starting from a basic
triangular element and adding successive “rigid elements,” each containing
two additional members and a joint, Fig. 3-14.

If a truss is constructed so that it does not hold its joints in a fixed
position, it will be unstable. An obvious example of this is shown in
Fig. 3-15, where it can be seen that no restraint or fixity is provided
between joints C and F or B and E, and so the truss will collapse under
a vertical load.

C E G
Ap o\ [
B F m -
Yp
Fig. 3-15

To determine the internal stability of a compound truss, it is necessary
to identify the way in which the simple trusses are connected together.
For example, the compound truss in Fig. 3-16 is unstable since the inner
simple truss ABC is connected to the outer simple truss D EF using three
bars, AD, BE, and CF, which are concurrent at point O.Thus an external
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load can be applied to, say, joint A, and cause the truss ABC to rotate
slightly.

To summarize these results, if the truss has b bars, r external reactions,
and j joints, then if

b + r <2j unstable

b + r = 2j unstable if truss support reactions
are concurrent or parallel or if (3-2)
some of the members of the
truss form a collapsible mechanism

If a truss is identified as complex such as the one shown in Fig. 317,
then it may not be possible to tell by inspection if it is stable; however, the
instability of any form of truss, be it simple, compound, or complex, can
always be determined by using a computer to solve the 2j simultaneous
equations written for all the joints of the truss. If inconsistent results are
obtained, the truss will be unstable. Obviously, the use of an unstable
truss is to be avoided in practice.

Fig. 3-17
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IEXAMPLE 3.1 \

Classify each of the trusses in Fig. 3-18 as stable, unstable, statically
determinate, or statically indeterminate. The trusses are subjected to
arbitrary external loadings that are assumed to be known and can act
anywhere on the trusses.

SOLUTION

Fig. 3-18a. Externally stable, since the reactions are not concurrent
or parallel. Since b = 19,r = 3,j = 11,then b + r = 2j or 22 = 22.
Therefore, the truss is statically determinate. By inspection the truss is
internally stable.

Fig. 3-18b. Externally stable. Since b = 15, r = 4, j = 9, then
b + r > 2jor 19 > 18.The truss is statically indeterminate to the first
degree. By inspection the truss is internally stable.
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Fig. 3-18c. Externally stable. Since b =9, r=3, j=6,
then b + r = 2j or 12 = 12. The truss is statically determinate. By
inspection the truss is internally stable.

Fig. 3-18d. Externally stable. Since b = 12, r = 3, j = 8, then
b + r < 2jor15 < 16.The truss is internally unstable.
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3.3 THE METHOD OF JOINTS

If a truss is in equilibrium, then each of its joints must also be in
equilibrium. Hence, the method of joints consists of satisfying the
equilibrium conditions X F, = 0 and XF, = 0 for the forces exerted on
the pin at each joint of the truss.

When using the method of joints, it is necessary to first draw each
joint’s free-body diagram before applying the equilibrium equations.
As an example, consider joint B of the truss in Fig. 3-19a. From the
free-body diagram, Fig. 3-19b, the only unknowns are the magnitudes
of the forces in members BA and BC. As shown, Fg, is “pulling” on
the pin, which indicates that member BA is in ftension, whereas Fp¢ is
“pushing” on the pin, and consequently member BC is in compression.
These effects are clearly demonstrated by applying Newton’s third law, of
action-reaction, when drawing the free-body diagrams of the connected
members, Fig. 3-19c.

In all cases, the joint analysis should start at a joint having at least one
known force and at most two unknown forces, as in Fig. 3-19b. In this
way, application of X F, = 0 and 3 F, = 0 yields two algebraic equations
that can be solved for the two unknowns. When applying these equations,
the correct sense of an unknown member force can be determined using
one of two possible methods.

B
‘ 500N
45 g sc (compression)

Fp, (tension)

(b)

B

- » 500 N
1 Fea Fic
2m
tension compression
459

| JANNe

‘r 2m ! Fsc

¥y Fpa

(a) ()
Fig. 3-19



3.3 THE METHOD OF JOINTS 113

1. Always assume the unknown member forces acting on the joint’s
free-body diagram to be in tension, i.e., “pulling” on the pin. If this is
done, then numerical solution of the equilibrium equations will yield
positive scalars for members in tension and negative scalars for members
in compression. Once an unknown member force is found, use its correct
magnitude and sense (T or C) on subsequent joint free-body diagrams.

2. The correct sense of direction of an unknown member force can,
in many cases, be determined “by inspection.” For example, Fgc in
Fig. 3-19b must push on the pin (compression) since its horizontal
component, Fgc sin 45°, must balance the 500-N force (2 F, = 0).
Likewise, Fp,4 is a tensile force since it balances the upward vertical
component, Fgc cos 45° (2 F, = 0). In more complicated cases, the
sense of an unknown member force can be assumed; then, after
applying the equilibrium equations, the assumed sense shown on
the free-body diagram can be verified from the numerical results. A
positive answer indicates that the sense is correct, whereas a negative
answer indicates that the sense must be reversed. This is the method
we will use in the example problems that follow.

- PROCEDURE FOR ANALYSIS

The following procedure provides a means for analyzing a truss
using the method of joints.

® Draw the free-body diagram of a joint having at least one
known force and at most two unknown forces. (If this joint is
at one of the supports, it may first be necessary to calculate
the external reactions at the supports by drawing a free-body
diagram of the entire truss.)

® Use one of the two methods described above for establishing the
sense of an unknown force.

® The x and y axes should be oriented such that the forces on
the free-body diagram can be easily resolved into their x and y
components. Apply the two force equilibrium equations X F, = 0
and EFy = 0, solve for the two unknown member forces, and
verify their correct directional sense.

® Continue to analyze each of the other joints, where again it is
necessary to choose a joint having at most two unknowns and at
least one known force.

® Once the force in a member is found from the analysis of a joint
at one of its ends, the result can then be used to analyze the
forces acting on the joint at its other end. Remember, a member
in compression “pushes” on the joint and a member in tension
“pulls” on the joint.
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I EXAMPLE 3.2

Determine the force in each member of the roof truss shown in the
photo. The dimensions and loadings are shown in Fig. 3-20a. State
whether the members are in tension or compression. The reactions at
the supports are given.

2 kN

Fic
30°
A
T Fap
4 kN
(b)
y
\ 3kN N
30° -
Fer
\L@"
G |
8 kN
()
y
Fpr

3.00kN
30°ﬁ! 60°
6928kN B Fye
(d)

Fig. 3-20
SOLUTION

Only the forces in half the members have to be determined, since the
truss is symmetric with respect to both loading and geometry.

Joint A, Fig. 3-20b. We can start the analysis at joint A. Why? The
free-body diagram is shown in Fig. 3-20b.

+T2Fy = O, 4 — FAG sin 30° = 0 FAG = 8kN (C) Ans.
HSFE =0, Fap—8c0s30°=0  Fup = 6.928kN (T)

= 693kN (T) Ans
Joint G, Fig. 3-20c. Here we will tip the x, y axes to avoid
simultaneous solution of equations.

+N2F, =0; Fgpsin60° — 3cos30° =0

FGB = 3.00 kN (C) Ans.
+/3SF, =0; 8 —3 sin30° — 3.00 cos 60° — Fp = 0
FGF = 5.00 kN (C) Ans.

Joint B, Fig. 3-20d.
+13F, =0; Fgpsin60° — 3.00 sin30° = 0
Fyr = 1.73kN (T) Ans.
£sF =0, Fac+ 1.73cos60° + 3.00 cos 30° — 6.928 = 0
Fyc = 346 kN (T) Ans.
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Determine the force in each member of the scissors truss shown
in Fig. 3-21a. State whether the members are in tension or
compression. The reactions at the supports are given.

SOLUTION

The truss will be analyzed in the following sequence:

Joint E, Fig. 3-21b. Note that simultaneous solution of
equations is avoided by the x, y axes orientation.

+/73F, = 0; 764 cos 30° — Fppsin 15° = 0

Fep = 2557N (C) Ans.
+N\IF, = 0; 2557 cos 15° — Frp — 764 sin 30° = 0

Fgr = 2088 N (T) Ans.

Joint D, Fig. 3-21c.
+v'3F, = 0; —Fprpsin75° = 0
+\2Fy = 0; —Fpc + 2557 =0

FDF =0 Ans.
Fpe = 2557N (C) Ans.

Joint C, Fig. 3-21d.

HSF =0 Fp sin 45° — 2557 sin 45° = 0

Feg = 2557N (C) Ans.
+13F, = 0; —Fcp — 700 + 2(2557) cos 45° = 0

Fep = 2916 N (T) Ans.

Joint B, Fig. 3-21e.

+NIF, = 0; Fgrpsin75° — 800 = 0 Fgzr = 828N (C)  Ans.
+/3F, = 0; 2557 + 828 cos 75° — Fyy = 0
Fgs = 2771N (C) Ans.

Joint A, Fig. 3-21f.

BSF, =0,  Fupcos30° — 2771 cos 45° — 566 = 0
Fap = 2916 N (T) Ans.
+T2Fy = 0; 502 — 2771 sin 45° + 2916 sin 30° = check

Since the reactions have been calculated, a further check of the
calculations can be made by analyzing the last joint F. Try it and find
out.
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) 764 N
(b) ¥
AN >F\DC
75° D
FDJ \
2 2557 N
(O]
|
¢7OO N
(6} 4 X
Fcp 2557 N
450 45°
Fer
(d) ¥,
AN 2557 N
800 N
}/%o
A
X
(e)
2771 N
FAF
A 45°
566 N <€—;
30°
502 N

()
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P L
= D
2
(a)
c

<

FEFR=0;Fcp=0
HIF,= 0; Fep=0
(b)

FA E

+1 3F, = 0; Fypsin6 = 0
F,5 =0 (since sin 6 # 0)

E3F,=0,~Fu:+0=0
FAE=O

(©)

Fig. 3-22

3.4 ZERO-FORCE MEMBERS

Truss analysis using the method of joints is greatly simplified if one is
able to first determine those members that support no loading. These
zero-force members may be necessary for the stability of the truss during
construction and to provide support if the applied loading is changed.
The zero-force members of a truss can generally be determined by
inspection of the joints, and they often occur in two cases.

Case 1. Consider the truss in Fig. 3-224. The two members at joint C are
connected together at a right angle and there is no external load on this
joint. The free-body diagram, Fig. 3-22b, indicates that the force in each
member must be zero in order to maintain equilibrium. Furthermore this
must be true regardless of the angle, say 6, between the members, as in
the case of joint A, Fig. 3-22c.

Case 2. Zero-force members also occur at joints having a geometry as
joint D in Fig. 3-23a. Here no external load acts on the joint, so that a
force summation in the y direction, Fig. 3-23b, which is perpendicular to
the two collinear members, requires that Fpr = 0. Using this result, FC
is also a zero-force member, as indicated by the force analysis of joint F,
Fig. 3-23c.

In summary, then, if only two non-collinear members form a truss
joint and no external load or support reaction is applied to the joint, the
members must be zero-force members, Case 1. Also, if three members
form a truss joint for which two of the members are collinear, the third
member is a zero-force member, provided no external force or support
reaction is applied to the joint, Case 2. Particular attention should be
directed to these conditions of joint geometry and loading, since the
analysis of a truss can be considerably simplified by first spotting the
zero-force members.

Fpc

F
D CF Fpp= 0
FDF FDE 0
X

/ \ fro F Frg

Y (©)

(®) +13F,=0; Fepsing + 0=0
+¢3F,=0; Fpp=0 Fcp = 0 (since sin 6 # 0)

Fig. 3-23
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I EXAMPLE 3.4

Find all the zero-force members of the truss shown in Fig. 3-24a. y

y
Frc
F
EF E 0 X
P
Fig. 3-24 ©
y
SOLUTION o
F

Looking for joints similar to those discussed in Figs. 3-22 and 3-23, 1
we have H

F
Joint D, Fig. 3-24b. i \
+T2Fy:0, FDCSin0:0 FDC:() Ans. () *
Hsp =0, Fpe+t0=0 Fpg=0 Ans.
Joint E, Fig. 3-24c.
Esp =0, Fer=0 Ans. Y
(Note that Fr- = P and a further analysis of joint C would yield a
force in member CF.) IFGA
Joint H, Fig. 3-24d. G, —>o— by

G Fgp

+/'2Fy = 0, FHB =0 Ans.

Joint G, Fig. 3-24e. The rocker support at G can only exert an x
component of force on the joint, i.e., G,. Hence,

+T2Fy = 0, FGA =0 Ans.
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3.5 THE METHOD OF SECTIONS

If the forces in only a few members of a truss are to be found, the method
of sections generally provides the most direct means of obtaining these
forces. The method of sections consists of passing an imaginary section
through the truss, thus cutting it into two parts. Provided the entire truss
is in equilibrium, each of the two parts must also be in equilibrium; and as
a result, the three equations of equilibrium may be applied to either one
of these two parts to determine the member forces at the “cut section.”

When the method of sections is used to determine the force in a
particular member, a decision must be made as to how to “cut” or
section the truss. Since only three independent equilibrium equations
(XF, = 0,3F, = 0,XM, = 0) can be applied to the isolated part of the
truss, try to select a section that, in general, passes through not more than
three members in which the forces are unknown. For example, consider
the truss in Fig. 3-25a. If the force in member GC is to be determined,
section aa will be appropriate. The free-body diagrams of the two parts
are shown in Figs. 3-25b and 3-25¢. Note that the line of action of each
force in a sectioned member is specified from the geometry of the truss,
since the force in a member passes along the axis of the member. Also, the
member forces acting on one part of the truss are equal but opposite to
those acting on the other part—Newton’s third law. As shown, members
assumed to be in tension (BC and GC) are subjected to a “pull,” whereas
the member in compression (GF) is subjected to a “push.”

D
Z‘m
5
2m |
D,
A
- 2m
e
FBCH 9) ) DX
45°/
Foc 2m
|
/// | \
G Forl «E
N
()

Fig. 3-25
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The three unknown member forces Fpc, Fge, and Fgr can be
obtained by applying the three equilibrium equations to the free-body
diagram in Fig. 3-25b. If, however, the free-body diagram in Fig. 3-25¢
is considered, the three support reactions D,, D, and E, will have to
be determined first. (This, of course, is done in the usual manner by
considering a free-body diagram of the entire truss.) When applying the
equilibrium equations, consider ways of writing the equations so as to
yield a direct solution for each of the unknowns, rather than having to
solve simultaneous equations. For example, summing moments about C
in Fig. 3-25b would yield a direct solution for Fgr since Fge and Fge
create zero moment about C. Likewise, Fgc can be obtained directly
by summing moments about G. Finally, F;¢ can be found directly from
a force summation in the vertical direction, since F;r and Fzc have no
vertical components.

As in the method of joints, there are two ways in which one can
determine the correct sense of an unknown member force.

1. Always assume that the unknown member forces at the section are in
tension, Le., “pulling” on the member. By doing this, the numerical
solution of the equilibrium equations will yield positive scalars for
members in tension and negative scalars for members in compression.

2. The correct sense of an unknown member force can in many cases
be determined “by inspection.” For example, Fgc must be a tensile
force as shown in Fig. 3-25b, since moment equilibrium about G
requires that Fgc create a moment opposite to that of the 1000-N
force. Also, F is tensile since its vertical component must balance
the 1000-N force. In more complicated cases, the sense of an
unknown member force may be assumed. If the solution yields a
negative scalar, it indicates that the force’s sense is opposite to that
shown on the free-body diagram. This is the method we will use in
the example problems which follow.

© Hank delespinasse Studios, Inc.
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- PROCEDURE FOR ANALYSIS

The following procedure provides a means for applying the method
of sections to determine the forces in the members of a truss.

Free-Body Diagram

® Make a decision as to how to “cut” or section the truss through
the members where forces are to be determined.

¢ Before isolating the appropriate section, it may first be necessary
to determine the truss’s external reactions, so that the three
equilibrium equations are used only to solve for member forces
at the section.

® Draw the free-body diagram of that part of the sectioned truss
which has the least number of forces on it.

® Use one of the two methods previously described for establishing
the sense of an unknown force.

Equations of Equilibrium

® Moments should be summed about a point that lies at the
intersection of the lines of action of two unknown forces, if the
location of this point is easily determined. In this way, the third
unknown force is determined directly from the equation.

® [f two of the unknown forces are parallel, forces may be summed
perpendicular to the direction of these unknowns to determine
directly the third unknown force.

An example of a Warren truss (with verticals). See page 103.
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I EXAMPLE 3.5

Determine the force in members GJ and CO of the roof truss shown in
the photo. The dimensions and loadings are shown in Fig. 3-26a. State
whether the members are in tension or compression. The reactions at the
supports are given.

1200 N

1200 N

3
<1200N
K a
: 600 N
J 30°
’ / I o
F G . H ,__L‘L *
\ \ !

™ ™

a

SOLUTION Fy 1200 N
Member GJ.

Free-Body Diagram. The force in member GJ can be obtained by
considering the section aa in Fig. 3-26a. The free-body diagram of the
right part of this section is shown in Fig. 3-26b.

Equations of Equilibrium. A direct solution for F; can be obtained

by applying 3>M; = 0. Why? For simplicity, slide Fg; to point G (b)
(principle of transmissibility), Fig. 3-26b. Thus,
(+3M; = 0; —Fgysin 30°(2) + 1200(1.155) = 0
Fgy = 1386 N (C Ans.
GI (©) ns Lissm. 120N Fop
Member CO. 600 N ‘Fco
Free-Body Diagram. The force in CO can be obtained by using A Ul - >
section bb in Fig. 3-26a. The free-body diagram of the left part of this A ¢ Fop
section is shown in Fig. 3-26¢. 2m
4637 N
Equations of Equilibrium. Moments will be summed about point A ©

in order to eliminate the unknowns Fyp and F¢p.

(+3SM, =0;  —1200(1.155) + Feo(2) = 0
FCO = 693 N (T) Ans.
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I EXAMPLE 3.6

Determine the force in members GF and GD of the truss shown in
Fig. 3-27a. State whether the members are in tension or compression.
The reactions at the supports are given.

a
e F
;7\\ 4.5m
% _\\
Es _Q\E—

2kN E,=7kN

Fig. 3-27

SOLUTION

Free-Body Diagram. Section aa in Fig. 3-27a will be considered.
Why? The free-body diagram of the right part of this section is shown
in Fig. 3-27b. The distance EO can be determined by proportional
triangles or realizing that member GF drops vertically4.5 — 3 = 1.5m
in 3 m, Fig. 3-27a. Hence to drop 4.5 m from G the distance from
C to O must be 9 m. Also, the angles that F;p and Fgr make with
the horizontal are tan~'(4.5/3) = 56.3° and tan '(4.5/9) = 26.6°,
respectively.

Equations of Equilibrium. The force in GF can be determined
directly by applying S Mp = 0. Why? For the calculation use the
principle of transmissibility and slide Fg to point O. Thus,
(+EMp = 0; —Fgrsin26.6°(6) + 7(3) = 0

Fer = 7.83kN (C) Ans.
The force in GD is determined directly by applying XM, = 0. For
simplicity use the principle of transmissibility and slide Fgp to D.
Hence,
&1+2M0 = O, _7(3) + 2(6) + FGD sin 5630(6) =0

Fep = 1.80kN (C) Ans.
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I EXAMPLE 3.7

Determine the force in members BC and MC of the K-truss shown in
Fig. 3-28a. State whether the members are in tension or compression.
The reactions at the supports are given.

A, = : y
A il
«45m*«45m*«45m» 4.5 m— L45rrr—\‘4.5m*T
Ay*145kN 6kN 75KkN O9kN G, =8kN
(a)
SOLUTION

Free-Body Diagram. Although section aa shown in Fig. 3-28a cuts
through four members, it is possible to solve for the force in member
BC using this section. The free-body diagram of the left part of the
truss is shown in Fig. 3-28b.

Equations of Equilibrium. Summing moments about point L
eliminates three of the unknowns, so that

(t2M; = 0; —14.5(4.5) + Fpc(6) = 0
Fgc = 10.9kN (T) Ans. (b)
Free-Body Diagrams. The force in MC can be obtained indirectly
by first obtaining the force in MB from vertical force equilibrium Y
of joint B, Fig. 3-28c, i.e., Fy;p = 6 kN (T). Then from the free-body |
diagram in Fig. 3-28b, Fyp
+12F, =0 145 -6+6 — Fy;, =0 Fy, —
Fyr = 14.5kN (T) Bl Fc
Using these results, the free-body diagram of joint M is shown in 6 KN
Fig. 3-28d. ©
C
Equations of Equilibrium.
3 3 "
+ =0 —— |Fyc — | == |Fux = 0
_)EFX 0; <\/ﬁ> MC (\/ﬁ) MK
2 2 145kNy = Fux
+13F, = 0; 145 -6~ ——=|Fuc— | ——= |Fux = 0 V13
T y (m) MC (\/B) MK T 3 4
FMK = 7.66 kN (C) FMC = 7.66 kN (T) Ans. M 3 %
Sometimes, as in this example, application of both the method of sections l 3 <
and the method of joints leads to the most direct solution to the problem. 6 kN Fyc
It is also possible to solve for the force in M C by using the result for (d)

Fpc. In this case, pass a vertical section through LK, MK, MC, and BC, )
Fig. 3-28a. Then isolate the left part and apply S My = 0. Fig. 3-28
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IEXAMPLE 3.8 \

3.6 COMPOUND TRUSSES

In Sec. 3.2 it was stated that compound trusses are formed by connecting
two or more simple trusses together either by bars or by joints.
Occasionally this type of truss is best analyzed by applying both the
method of joints and the method of sections. The following examples
illustrate the procedure.

Indicate how to analyze the compound truss shown in Fig. 3-29a. The
reactions at the supports are given.

SOLUTION

The truss is a compound truss since the simple trusses ACH and CEG
are connected by the pin at C and the bar HG.



Section aa in Fig. 3-29a cuts through bar HG and two other members
having unknown forces. A free-body diagram for the left part is shown
in Fig. 3-29b. The force in HG is determined as follows:

(FSMe=0;  —5(4) + 4(2) + Fyc(4 sin60°) = 0

We can now proceed to determine the force in each member of the
simple trusses using the method of joints. For example, the free-body
diagram of ACH is shown in Fig. 3-29c. The joints of this truss can be
analyzed in the following sequence:

Joint A: Determine the force in AB and Al
Joint H: Determine the force in HI and HJ.
Joint I: Determine the force in 1IJ and /B.
Joint B: Determine the force in BC and BJ.
Joint J: Determine the force in JC.

3.6 COMPOUND TRUSSES
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I EXAMPLE 3.9

Compound roof trusses are used in a garden center, as shown in the photo.
They have the dimensions and loading shown in Fig. 3-30a. Indicate how
to analyze this truss. The reactions at the supports are given.

1kN
1kN 1kN
1kN v
1kN vE
1kN 0 V
1 kN vE :
0.5 kN v U |
T

A, =6kN @)

Foy
FOV—
F‘EF

Im Im Im Im Im 1m
(b)
Fig. 3-30
SOLUTION

We can obtain the force in EF by using section aa in Fig. 3-30a. The
free-body diagram of the right part is shown in Fig. 3-30b. Hence,

(+3Mp = O; —1(1) - 1(2) - 1(3) — 1(4) — 1(5) — 0.5(6)
+ 6(6) — Fep(6 tan30°) = 0
Fgp = 520 kN (T) Ans.

By inspection notice that BT, EO, and HJ are zero-force members
since we require +T2Fy = 0 at joints B, E, and H, respectively. Also,
by applying +N\XF, = 0 (perpendicular to AO) at joints P, Q, S,and T,
we can directly determine the force in members PU, QU, SC, and
TC, respectively.
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I EXAMPLE 3.10

Indicate how to analyze the compound truss shown in Fig. 3-31a. The
reactions at the supports are given.

/\D N & 3 %, 4m
om A Aot o iy
_ A V" - \Qk / .
L B E =
& T<— 2m 2m 2m 2m 2 m—»T
Y \/
A, =10kN 10kN 10kN  F, = 10kN

(a)
Fig. 3-31
SOLUTION

The truss may be classified as a compound truss since the simple
trusses ABCD and FEHG are connected by three nonparallel or
nonconcurrent bars, namely, CE, BH, and DG.

Using section aa in Fig. 3-31a we can determine the force in each
connecting bar. The free-body diagram of the left part of this section is
shown in Fig. 3-31h. Hence,

(FEXMp =0; —10(2) — Fpg(2 sin45°) + Fcg cos 45°(4)
+ Fep sind5°(2) = 0 1)
+13F, =0; 10 — 10 — Fpy sin45° + Fcp sin45° = 0 (2)

g SF,=0; —Fpucosd5 + Fpg — Fcp cos45° =0 3)

From Eq. (2), Fpy = Fcg; then solving Egs. (1) and (3) simultaneously
yields

Analysis of each connected simple truss can now be performed
using the method of joints. For example, from Fig. 3-31c, this can be
done in the following sequence.

Joint A: Determine the force in AB and AD.
Joint D: Determine the force in DC and DB.
Joint C: Determine the force in CB.
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3.7 COMPLEX TRUSSES

The member forces in a complex truss can be determined using the method
of joints; however, the solution will require writing the two equilibrium
equations for each of the j joints of the truss and then solving the complete
set of 2j equations simultaneously.* This approach may be impractical for
hand calculations, and so a more direct method for analyzing a complex
truss, referred to as the method of substitute members, can be used.

- PROCEDURE FOR ANALYSIS

With reference to the truss in Fig. 3-32a, the following steps are
necessary to solve for the member forces using the substitute
member method.

S; forces s; forces

(b) (©)
Fig. 3-32

“This can be readily accomplished using a computer as will be shown in Chapter 17.



Reduction to Stable Simple Truss

Determine the reactions at the supports and begin by imagining how
to analyze the truss by the method of joints, i.e., progressing from
joint to joint and solving for each member force. If a joint is reached
where there are three unknowns, remove one of the members at the
joint and replace it by an imaginary member elsewhere in the truss.
By doing this, reconstruct the truss to be a stable simple truss.

For example, in Fig. 3-32a it is observed that each joint will have
three unknown member forces acting on it. Hence we will remove
member AD and replace it with the imaginary member EC,
Fig. 3-32b. This truss can now be analyzed by the method of joints
for the two types of loading that follow.

External Loading on Simple Truss

Load the simple truss with the actual loading P, then determine the
force S/ in each member i. In Fig. 3-32b, provided the reactions have
been determined, one could start at joint A to determine the forces
in AB and AF, then joint F to determine the forces in FE and FC,
then joint D to determine the forces in DE and DC (both of which
are zero), then joint E to determine the forces in EB and EC, and
finally joint B to determine the force in BC.

Remove External Loading from Simple Truss

Consider the simple truss without the external load P. Place equal
but opposite collinear unit loads on the truss at the two joints from
which the member was removed. If these forces develop a force s; in
the ith truss member, then by proportion an unknown force x in the
removed member would exert a force xs; in the ith member.

From Fig. 3-32¢ the equal but opposite unit loads will create no
reactions at A and C when the equations of equilibrium are applied
to the entire truss. The s; forces can be determined by analyzing the
joints in the same sequence as before, namely, joint A, then joints F
D, E, and finally B.

Superposition
If the effects of the above two loadings are combined, the force in
the ith member of the truss will be

S; = S; + xs; (1)

In particular, for the substituted member EC in Fig. 3-32b the

force Spc = S'gc + xsgc. Since member EC does not actually exist

on the original truss, we must choose x to have a magnitude such
that it yields zero force in EC. Hence,

Skc + xsgc =0 2)

or x = —Sgc/sgc. Once the value of x has been determined,

the force in the other members i of the truss in Fig. 3-32a can be
determined from Eq. (1).

3.7 COMPLEX TRUSSES
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I EXAMPLE 3.11

(b)

Determine the force in each member of the complex truss shown in
Fig. 3-33a. State whether the members are in tension or compression.

| 24m |

(a)
Fig. 3-33

SOLUTION

Reduction to Stable Simple Truss. By inspection, each joint has
three unknown member forces. A joint analysis can be performed
by hand if, for example, member CF is removed and member DB
substituted, Fig. 3-33b. The resulting truss is stable and will not
collapse.

External Loading on Simple Truss. As shown in Fig. 3-33b, the
support reactions on the truss have been determined. Using the
method of joints, we can first analyze joint C to find the forces in
members CB and CD; then joint F, where it is seen that FA and FE
are zero-force members since the pin at F is not connected to DB;
proceeding to joint E to determine the forces in members £B and ED;
then joint D to determine the forces in DA and D B; then finally joint B
to determine the force in BA. Considering tension as positive and
compression as negative, these S; forces are recorded in column 2 of
Table 1.



©

Remove External Loading from Simple Truss. The unit load
acting on the truss is shown in Fig. 3-33c. These equal but opposite
forces create no external reactions on the truss. The joint analysis
follows the same sequence as discussed previously, namely, joints
C, E E, D, and B. The results of the s; force analysis are recorded in
column 3 of Table 1.

Superposition. We require

SDB = SbB aF XSpp — 0
Substituting the data for Sjz and spp, Wwhere Spp is negative since the
force is compressive, we have

~10.0 + x(1.167) =0 x = 8.567

The values of xs; are recorded in column 4 of Table 1, and the actual
member forces S; = S} + xs; are listed in column 5.

Member Si S; XS; S;

CB 14.1 —0.707 —6.06 8.04 (T)
CD —14.1 —0.707 —6.06 20.2 (C)
FA 0 0.833 7.14 7.14 (T)
FE 0 0.833 7.14 7.14 (T)
EB 0 —0.712 —6.10 6.10 (C)
ED -17.5 —0.250 —-2.14 19.6 (C)
DA 21.4 —0.712 —6.10 15.3 (T)
DB -10.0 1.167 10.0 0

BA 10.0 —0.250 —2.14 7.86 (T)

CF 0 1 8.567 8.57 (T)

3.7 COMPLEX TRUSSES
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Fig. 3-34

The roof of this pavilion is supported using a
system of space trusses.

3.8 SPACE TRUSSES

A space truss consists of members joined together at their ends to form
a stable three-dimensional structure. In this case, the simplest element of
a stable space truss is a tetrahedron, formed by connecting six members
together with four joints as shown in Fig. 3-34. Any additional members
added to this basic element would be redundant in supporting the
force P. A simple space truss can be built from this basic tetrahedral
element by adding three additional members and another joint forming
multiconnected tetrahedrons.

Determinacy and Stability. Realizing that in three dimensions
there are three equations of equilibrium available for each joint
(XF, = 0,%F, = 0,2F, = 0), then for a space truss with j number of
joints, 3j equations are available. If the truss has b number of bars and
rnumber of reactions, then like the case of a planar truss (Egs.3-1 and 3-2),
we can write

b + r < 3j unstable truss
b + r = 3j statically determinate—check stability (3-3)

b + r > 3j statically indeterminate—check stability

The external stability of the space truss requires that the support
reactions keep the truss in force and moment equilibrium along and
about any and all axes. This can sometimes be checked by inspection,
although if the truss is unstable a solution of the equilibrium equations
will give inconsistent results. Internal stability can sometimes be
checked by careful inspection of the member arrangement. Provided
each joint is held fixed by its supports or connecting members, so that it
cannot move with respect to the other joints, the truss can be classified
as internally stable. Also, if we do a force analysis of the truss and
obtain inconsistent results, then the truss configuration will be unstable.

Assumptions for Design. The members of a space truss may be
treated as axial-force members provided the external loading is applied
at the joints and the joints consist of ball-and-socket connections. This
assumption is justified provided the joined members at a connection
intersect at a common point and the weight of the members can be
neglected. In cases where the weight of a member is to be included in the
analysis, it is generally satisfactory to apply it as a vertical force, half of its
magnitude applied to each end of the member.

For the force analysis the supports of a space truss are generally
modeled as a short link, roller joint, slotted roller joint, or a ball-and-
socket joint. Each of these supports and their reactive force components
are shown in Table 3.1.



3.8 SPACE TRUSSES

TABLE 3.1 Supports and Their Reactive Force Components

z z
1)
y F, > y
X X
short link
©))
z z
/ /— y / y
X X
F,
roller
3
) . .
y —_— )
F, A
X /
X F,
slotted roller constrained
in a cylinder
4)
z z

/! £

X

ball-and-socket
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Fig. 3-35

Because of their cost effectiveness, towers
such as these are often used to support
multiple electric transmission lines.

X, Y, z, Force Components. Since the analysis of a space truss
is three-dimensional, it will often be necessary to resolve the force F in
a member into components acting along the x, y, z axes. For example, in
Fig. 3-35 member AB has a length / and known projections x, y, z along
the coordinate axes. These projections can be related to the member’s

length by the equation
I=Vx*+y* + 2 (3-4)

Since the force F acts along the axis of the member, then the
components of F can be determined by proportion as follows:

F, = F(}‘) F, = F(i) F. = F(j) (3-5)

Notice that this requires
Fi + F} + F? (3-6)
Use of these equations will be illustrated in Example 3.12.

Zero-Force Members. Insome cases the joint analysis of a space
truss can be simplified if one is able to spot its zero-force members by
recognizing two common cases of joint geometry.

Case 1. If all but one of the members connected to a joint lie in the
same plane, and no external load acts on the joint, then the member not
lying in the plane of the other members must be subjected to zero force.
The proof of this statement is shown in Fig. 3-36, where members A,
B, C lie in the x—y plane. Since the z component of Fj must be zero to
satisfy 3 F, = 0, member D must be a zero-force member. Note that if
an external force acts on the joint and has a component acting along the
z axis, then by the same reasoning, member D will carry a load that can
be determined from % F, = 0.

Fig. 3-36



Case 2. If it has been determined that all but two of several members
connected at a joint support zero force, then the two remaining
members must also support zero force, provided they do not lie along the
same line. This situation is illustrated in Fig. 3-37 where it is known that A
and C are zero-force members. Since Fp, is collinear with the y axis, then
application of 3 F, = 0 or X F, = 0 requires the x or z component of Fg to
be zero. Consequently, Fz = 0.This being the case, F, = 0since X F), = 0.

Fig. 3-37

Particular attention should be directed to the foregoing two cases of
joint geometry and loading, since the analysis of a space truss can be
considerably simplified by first spotting any zero-force members.

- PROCEDURE FOR ANALYSIS

Either the method of sections or the method of joints can be used
to determine the forces developed in the members of a space truss.

Method of Sections

If only a few member forces are to be determined, the method of
sections may be used. When an imaginary section is passed through a
truss and the truss is separated into two parts, the force system acting on
either one of the parts must satisfy the six scalar equilibrium equations:
3F,=0,%F,=0,2F, =0, XM, =0, M, =0, 3M, = 0. By
proper choice of the section, and axes for summing forces and moments,
many of the unknown member forces in a space truss can be calculated
directly, using a single equilibrium equation. In this regard, recall that
the moment of a force about an axis is zero provided the force is parallel
to the axis or its line of action passes through a point on the axis.

Method of Joints

Generally, if the forces in all the members of the truss must be
determined, the method of joints is most suitable for the analysis. When
using the method of joints, it is necessary to solve the three scalar
equilibrium equations 2 F, = 0,%F, = 0,XF, = 0at each joint. Since
itis relatively easy to draw the free-body diagrams and apply the equations
of equilibrium, the method of joints is very consistent in its application.

3.8

SPACE TRUSSES
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I EXAMPLE 3.12

Determine the force in each member of the space truss shown in
Fig. 3-38a.The truss is supported by a ball-and-socket joint at A, a slotted
roller joint at B, and a cable at C.

4 kN
2
X
y
(b)
(a)
Fig. 3-38

SOLUTION

The truss is statically determinate since b + r = 3j or 9 + 6 = 3(5),

Fig. 3-38b.

Support Reactions. We can obtain the support reactions from the
free-body diagram of the entire truss, Fig. 3-38b, as follows:

SM, = 0; —4(2) + B,(4) =0 B, = 2kN
M, = 0; C, =0

SM, = 0; B,(4) — 4(4) = 0 B, = 4kN
SF, = 0; 2-A, =0 A, =2kN
SF, =0 A, —4=0 A, =4kN
SF, = 0; A, —4=0 A, = 4kN
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Joint B. 'We can begin the method of joints at B since there are three
unknown member forces at this joint, Fig. 3-38c. The components of
FpE can be determined by proportion to the length of member BE, as
indicated by Eqgs. 3-5. We have

SF, =0, —4+ Fgp(3) =0 Fgr = 6kN(T)  Ans.
SF,=0; 2-—Fge—6(32)=0 Fze =10 Ans.
SF, =0, Fga—6(3)=0 Fpys = 4kN(C) Ans.

Joint A.  Using the result for Fz, = 4 kN (C), the free-body diagram
of joint A is shown in Fig. 3-38d. Here we have

EFZZO, 4—4+FACSin 45° =0
Fpc=0 Ans.
3F, =0 —F <2>+4—0
y 5 AE \/5 T
Fur = 447kN (C) Ans. Foc
1 D
-0 _ =)= 0
SF, =0 2+ Fup + 4.47( \/§> N T~y
x/ Fpg
Fap =0 Ans. (e)
Joint D. From Fig. 3-38e, .
EFX = 0, FDE =0 Ans. ~_ 0 c
EFZ — 0, FDC =0 Ans. 0,
e Y
Joint C. By observation of the free-body diagram, Fig. 3-38f, ) 0 |0 Fex

FCE =0 Ans. (f)
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I EXAMPLE 3.13

(b)

Determine the zero-force members of the truss shown in Fig. 3-39a. The
supports exert components of reaction on the truss as shown. Note that
ABCD and GFEH both lie in horizontal planes.

Fig. 3-39

SOLUTION

To spot the zero-force members, we must compare the conditions of
joint geometry and loading to those of Figs. 3-36 and 3-37. Consider
joint F, Fig. 3-39b. Since members FC, FD, FE lie in the x'—y’ plane
and FG is not in this plane, FG is a zero-force member. (3F, = 0
must be satisfied.) In the same manner, from joint E, Fig. 3-39c,
FE is a zero-force member, since it does not lie in the y”"—z" plane.
(X F, = 0 must be satisfied.) Returning to joint F, Fig. 3-39b, it can
be seen that Frpp = Fpc = 0, since Frr = Frg = 0, and there are no
external forces acting on the joint.

The numerical force analysis of the joints can now proceed by
analyzing joint G (Fgr = 0) to determine the forces in GH, GB, GC.
Then analyze joint H to determine the forces in HE, HB, HA; joint E
to determine the forces in EA, ED; joint A to determine the forces
in AB, AD, and A_; joint B to determine the force in BC and B,, B;
joint D to determine the force in DC and D,, D; and finally, joint C to
determine Cy, Cy, C,.
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. FUNDAMENTAL PROBLEMS

F3-1. Determine the force in each member of the truss F3-4. Determine the force in each member of the truss
and state whether it is in tension or compression. and state whether it is in tension or compression.
C 40 kN

18 kN D C

Prob. F3-1

F3-2. Determine the force in each member of the truss
and state whether it is in tension or compression.

Prob. F3-4

F3-5. Determine the force in each member of the truss
and state whether it is in tension or compression.

6kN  Prob. F3-2

F3-3. Determine the force in each member of the truss
and state whether it is in tension or compression.

10kN
¢ —

Prob. F3-5

F3-6. Determine the force in each member of the truss
and state whether it is in tension or compression.

‘ 3m I Prob. F3-3 Prob. F3-6
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F3-7. Determine the force in members HG, BG, and BC
and state whether they are in tension or compression.
20 kN

20kN  20kN

Prob. F3-7

F3-8. Determine the force in members HG, HC, and BC
and state whether they are in tension or compression.

6 kN 6 kN 6 kN 6 kN 6 kN

F—12m F—12m—p—12m——12m—

Prob. F3-8

F3-9. Determine the force in members £D, BD, and BC
and state whether they are in tension or compression.

Prob. F3-9

F3-10. Determine the force in members GF, CF, and CD
and state whether they are in tension or compression.

6 kN

Prob. F3-10

F3-11. Determine the force in members FE, FC, and BC
and state whether they are in tension or compression.

4 kN

\S]

Prob. F3-11

F3-12. Determine the force in members GE CF, and CD
and state whether they are in tension or compression.

10 kN 10 kN 10 kN

Prob. F3-12
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. PROBLEMS

Sec. 3.1-3.2 3-2. Classify each of the following trusses as statically
determinate, statically indeterminate, or unstable. If
3-1. Classify each of the following trusses as statically indeterminate state its degree.

determinate, statically indeterminate, or unstable. If
indeterminate state its degree.

()
(2)
(®)
(b)
(0) (0)

Prob. 3-1 Prob. 3-2
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3-3. Classify each of the following trusses as statically *3-4. Classify each of the following trusses as statically
determinate, statically indeterminate, or unstable. If determinate, statically indeterminate, or unstable. If
indeterminate, state its degree. indeterminate, state its degree.

(a)

b

(b) )
(© (c)

Prob. 3-3 Prob. 34
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Sec. 3.3-3.4 3-7. Determine the force in each member of the roof truss.
State if the members are in tension or compression.

3-5. Determine the force in each member of the truss in

terms of the load P and state if the members are in tension

or compression.

Prob. 3-7

3-6. Determine the force in each member of the truss.
State if the members are in tension or compression.

#3-8. Determine the force in each member of the truss.
State if the members are in tension or compression.

20 kN

Prob. 3-6 Prob. 3-8
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3-9. Determine the force in each member of the truss.
State whether the members are in tension or compression.
Set P = 8kN.

3-10. If the maximum force that any member can support
is 8 kN in tension and 6 kN in compression, determine the
maximum force P that can be supported at joint D.

N ——"

60° B 60°

[ 4m | 4m

Probs. 3-9/10

3-11. Determine the force in each member of the truss
and state if the members are in tension or compression.

Prob. 3-11

*3-12. The members of the truss have a mass of 5 kg/m.
Lifting is done using a cable connected to joints £ and G.
Determine the largest member force and specify if it is in
tension or compression. Assume half the weight of each
member can be applied as a force acting at each joint.

Prob. 3-12

3-13. Determine the force in each member of the truss.
State if the members are in tension or compression. Assume
all members are pin connected.

g F
o> F
3m S
4 4 £k 2
A B C D
2m 2m 2m
‘ v v v
5kN 5kN 5kN

Prob. 3-13
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3-14. Determine the force in each member of the truss. 3-17. Specify the type of compound truss and determine
State if the members are in tension or compression. the force in each member. State if the members are in
tension or compression.

2 kN 2 kN
Y Y
6 kKN £ £ 6 kKN
3m 3m
Y \ 4
Ae B CY° > D
Prob. 3-14 e 4m——— 4 m——— 4 m——
Prob. 3-17
3-15. Determine the force in each member of the truss in
terms of the load P, and indicate whether the members are
in tension or compression.
#3-16.  If the maximum force that any member can support 3-18. Determine the force in each member of the truss.

is 4 kN in tension and 3 kN in compression, determine the
maximum force P that can be supported at point B. Take
d=1m.

Indicate if the members are in tension or compression.
Assume all members are pin connected.

d——-dp—tap d

Probs. 3-15/16 Prob. 3-18



146 CHAPTER 3 ANALYSIS OF STATICALLY DETERMINATE TRUSSES

Sec. 3.5-3.6 15m,5@3m
. . 1800 N 1800N 1800 N 1800 N
3-19. Determine the force in members GF, FC,and CD of 00N
the cantilgver truss. State if the membqs are in tension or K Y 1 7 YH Yo ,L
compression. Assume all members are pin connected. T D) ) J ] DF
% E
5m s D
5 C
5 B
A
Prob. 3-21

3-22. Determine the force in members BG, HG, and BC
of the truss and state if the members are in tension or

compression.

Prob. 3-19

#3-20. Determine the force in members JI, /D, and DE of
the truss. State if the members are in tension or compression.

Prob. 3-22
15kKN 15kN o 20 kN
5 KN 10 kN SKN 3-23. Determine the force in members EF, EP,and LK of
L * the Baltimore bridge truss and state if the members are in
Ay YL J'K \ 2 ")L ‘)H % tension or compression. Also, indicate all zero-force
3 s members.
B L s F ‘ 3@q1lm=3m
~|—"F |
D M L K
6@3m=18m / ! T
\ 2m
N, : N
Prob. 3-20 < } t
AN 2m
e o (G (G +
D
5 KN 3 kN
3-21. Determine the force in members CB, B/, and IJ of 8@2m=16m
the truss. State whether the members are in tension or
Prob. 3-23

compression.
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#3-24. Specify the type of compound truss. Trusses ACE
and BDF are connected by three bars CF, ED, and CD.
Determine the force in each member and state if the

members are in tension or compression.

K
}-75@2m=10m

Prob. 3-26

3-27. Determine the force in members HG, HC, HB, and
AB of the truss. State if the members are in tension or
compression. Assume all members are pin connected.

Im Im 1ma‘

Prob. 3-24
#3-28. Determine the force in members GF, GC, HC, and
BC of the truss. State if the members are in tension or

3-25. Determine the forces in members /H, AH, and BC
compression. Assume all members are pin connected.

of the truss. State if the members are in tension or

compression.
J 1 H G F
f 9
Sm \
J B C D
Y AF JE
ooy
10kN 8kN 10kN
<—5m 1 S5m ‘ 5m ‘ S5m—-~
Prob. 3-25 A
& 5 c D)

2m~>‘

2 m

2m

3-26. Determine the force in members BC, CI, DI, and HI ‘F 2m —|

of the truss and state if the members are in tension or
Probs. 3-27/28

compression.
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3-29. Determine the force in members GF, CF, and CD
of the roof truss and indicate if the members are in tension
or compression.

L= H G -
}‘—1m~>
2 m 2m

Prob. 3-29

3-30. Determine the force in members AC, AD, and HG.
State if the members are in tension or compression. Identify
all the zero-force members.

Prob. 3-30

3-31. The Howe truss is subjected to the loading shown.
Determine the force in members GF, CD, and GC, and
state if the members are in tension or compression.

*#3-32. The Howe truss is subjected to the loading shown.
Determine the force in members GH, BC, and BG of the
truss and state if the members are in tension or compression.

L—Zm | 2m I 2 m I

Probs. 3-31/32

3-33. Determine the force in members CB, BI, and 1J of
the truss used to support an outdoor sign. The design wind
pressure acting on the face of the sign creates the loading
shown on the joints. Indicate whether the members are in
tension or compression. Assume all members are pin
connected.

900N

1800 N

1800 N

15m,5@3m
1800 N

900 N

Prob. 3-33
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3-34. Determine the forces in all the members of the complex
truss. State if the members are in tension or compression. Hint:
Substitute member AB with one placed between C and E.

Prob. 3-34

3-35. Determine the force in each member and state if the
members are in tension or compression.

4 kN 4 kN
Im Im 1m—-
YE YD
R\ /¢ ‘F
Im
F 3 }oﬂ C‘if
2m
A NB L
Prob. 3-35
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*3-36. Show by analysis that the complex truss is unstable.
Hint: Substitute member EB with one placed between D
and B.

Prob. 3-36

3-37. Determine the forces in all the members of the
complex truss. State if the members are in tension or
compression. Hint: Substitute member AD with one placed
between E and C.

Prob. 3-37
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Sec. 3.8

3-38. Four identical trusses are connected by ball-and-
socket joints to produce the framework shown. If the
framework rests on the smooth supports at A, B, C, and D,
determine the force in each member of truss ABCD. State if
the members are in tension or compression.

Prob. 3-38

3-39. Determine the force in members FE and ED of the
space truss and state if the members are in tension or
compression. The truss is supported by a ball-and-socket
joint at C and short links at A and B.

#3-40. Determine the force in members GD, GE, GF, and
FD of the space truss and state if the members are in tension
or compression.

Probs. 3-39/40

3-41. Determine the force in each member of the space
truss and state if the members are in tension or compression.
Hint: The support reaction at £ acts along member £B. Why?

Y

Prob. 3-41

3-42. Determine the force in the members of the space
truss, and state whether they are in tension or compression.

Prob. 3-42



3-43. Determine the force in each member of the space truss
and state if the members are in tension or compression. The
truss is supported by ball-and socket joints at C, D, E, and G.
Note: Although this truss is indeterminate to the first degree, a
solution is possible due to symmetry of geometry and loading.

Prob. 3-43

. PROJECT PROBLEM

PROJECT PROBLEM 151

#3-44. Determine the force in members FA and BD of the
cantilevered space truss. Indicate if the members are in
tension or compression.

3-45. Determine the force in members £D, BA, and EA of
the cantilevered space truss. State if the members are in
tension or compression.

Probs. 3-44/45

3-1P. The Pratt roof trusses are uniformly spaced every
4.5 m. The deck, roofing material, and the purlins have an
average weight of 0.28 kN/m?. The building is located in
New York where the anticipated snow load is 1.0 kN/m?
and the anticipated ice load is 0.4 kN /m? These loadings
occur over the horizontal projected area of the roof.
Determine the force in each member due to dead load,
snow, and ice loads. Neglect the weight of the truss members
and assume A is pinned and E is a roller.

Z 1.8m
J
N
H a 1.8m
5 ) ) X |

‘B

k—24m

l—24m—t—24m—t—2.4 m—

Prob. 3-1P
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. CHAPTER REVIEW

Trusses are composed of slender members joined together at
their end points to form a series of triangles.

For analysis we assume the members are pin connected, and
the loads are applied at the joints. Thus, the members will
either be in tension or compression.

T = ( o—> T

C—>»€ Se—— C

Trusses can be classified in three ways:

Simple trusses are formed by starting with an initial triangular
element and connecting to it two other members and a joint
to form a second triangle, etc.

Compound trusses are formed by connecting together two or
more simple trusses using a common joint and/or additional
member.

Complex trusses are those that cannot be classified as either
simple or compound.

a4}

simple truss

simple
trusses

compound truss

simple
trusses

compound truss

complex truss

If the number of bars or members of a planar truss is b, and
there are r reactions and j joints, then if

b + r = 2j the truss will be statically determinate

b + r > 2j the truss will be statically indeterminate




CHAPTER REVIEW

153

The truss will be externally unstable if the reactions are
concurrent or parallel.

If the number of bars is b, reactions r, and joints j, then if
b + r < 2j the truss is unstable.

If b + r = 2jit may still be unstable, so it becomes necessary
to inspect the truss and look for bar arrangements that form
a parallel mechanism, without forming a triangular element.

unstable concurrent reactions

unstable parallel reactions

A X

unstable internally

Planar trusses can be analyzed by the method of joints. This
is done by selecting each joint in sequence, having at least
one known force and at most two unknowns. The free-body
diagram of each joint is constructed and two force equations
of equilibrium, X F, = 0, XF, = 0, are written and solved for
the unknown member forces.

The method of sections requires passing a section through the
truss and then drawing a free-body diagram of one of its sec-
tioned parts. The member forces cut by the section are then
found from the three equations of equilibrium. Normally a
single unknown can be found if one sums moments about a
point that eliminates the two other forces.

Compound and complex trusses can also be analyzed by the
method of joints and the method of sections. The “method of
substitute members” can be used to obtain the forces in the
members of a complex truss.
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The simply supported beams and girders of this building frame were designed to
resist the internal shear and moment acting throughout their lengths.
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. CHAPTER OBJECTIVES

m To show how to determine the internal loadings in a structural
member at specified and arbitrary points.

m To provide both an analytical and a graphical procedure for
constructing shear and moment diagrams for a member or frame.

4.1 INTERNAL LOADINGS AT A
SPECIFIED POINT

As discussed in Sec. 2.4, the internal load at a specified point in a
member can be determined by using the method of sections. In general,
this loading for a coplanar structure will consist of a normal force N,
shear force V, and bending moment M.* These three loadings actually
represent the resultants of the stress distribution acting over the member’s
cross-sectional area at the section. And, once they are known, the
magnitude of the stress can be determined. This can be used to design
the member.

*Three-dimensional frameworks can also be subjected to a torsional moment, which tends
to twist the member about its axis.

155
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Sign Convention. Before presenting a method for finding the
internal loadings, we will need to establish a sign convention to define
their “positive” and “negative” values.* Although the choice is arbitrary,
the sign convention to be adopted here has been widely accepted in
structural engineering practice, and is illustrated in Fig. 4-1a. On the
left-hand face of the sectioned member the normal force N acts to the
right, the internal shear force V acts downward, and the moment M
acts counterclockwise. In accordance with Newton’s third law, an equal
but opposite normal force, shear force, and bending moment act on the
right-hand face of the section. Perhaps an easy way to remember this
sign convention is to isolate a small segment of the member and note
that a positive normal force tends to elongate the segment, Fig. 4-1b;
a positive shear tends to rotate the segment clockwise, Fig. 4-1c; and a
positive bending moment tends to bend the segment concave upward, so
as to “hold water,” Fig. 4-1d.

(®)

R
4—

7 Az
\_43

(c) (d)
Fig. 4-1

*This will be convenient later, in Secs. 4.2 and 4.3, where we will express V and M as
functions of x and then plot these functions. Having a sign convention is similar to assigning
coordinate directions x positive to the right and y positive upward when plotting a function

y = flx).
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- PROCEDURE FOR ANALYSIS

The following procedure provides a means for applying the method
of sections to determine the three internal loadings at a specific
location in a member.

Support Reactions

® Before the member is “cut” or sectioned, it may be necessary
to determine the member’s support reactions so that the
equilibrium equations are used only to solve for the internal
loadings when the member is sectioned.

® If the member is part of a pin-connected structure, the pin
reactions can be determined using the methods of Sec. 2.6.

Free-Body Diagram

® Keep all distributed loadings, couple moments, and forces
acting on the member in their exact location, then pass an
imaginary section through the member, perpendicular to its
axis at the point where the internal loading is to be determined.

® After the section is made, draw a free-body diagram of the
segment that has the least number of loads on it. At the section
indicate the unknown resultants N, V, and M acting in their
positive directions (Fig. 4-1a).*

These hammerhead piers are tapered due
to the greater shear and moment they must

Equations of Equilibrium resist at their center.

® Moments should be summed at the section about an axis that
passes through the centroid of the member’s cross-sectional
area, in order to eliminate the unknowns N and V and thereby
obtain a direct solution for M.

® If the solution of the equilibrium equations yields a quantity
having a negative magnitude, the assumed directional sense of
the quantity is opposite to that shown on the free-body diagram.

*For a proper stress analysis, the normal force N should be acting through the centroid of
the cross section.
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I EXAMPLE 4.1

The building roof shown in the photo has a weight of 1.8 kN/m? and
is supported on 8-m-long simply supported beams that are spaced 1 m
apart. Each beam, shown in Fig. 4-2b transmits its loading to two girders,
located at the front and back of the building. Determine the internal
shear and moment in the front girder at point C, Fig. 4-2a. Neglect the
weight of the members.

36kN 72kN 72kN<———  ———72kN— 3.6kN

Im|ilm|ilm|ilm|Im|Im|Im|Ilm|Ilm|lm|lm|]lm
T

beam
‘ J(x k girder ‘ ‘
+ column
1.2m | 12m interior beam Tm

432 kN (a) 43.2 kN

Fig. 4-2
SOLUTION

Support Reactions. The roof loading is transmitted to each beam
as aone-wayslab (L,/L; = 8 m/1 m = 8 > 2). The tributary loading
on each interior beam is therefore (1.8kN/m?)(1 m) = 1.8 kN/m.
(The two edge beams support 0.9 kN /m.) From Fig. 4-2b, the reaction
of each interior beam on the girder is (1.8 KN /m)(8 m)/2 = 7.2 kN.

36kN 72kN ~72kN L
. . / .
&y&%«»OAm l l l l l l l l l l l
beam—|
] Mc 0.5m” | ‘r 7m ‘r
C l 3 girder — [ 0/5m
- i 1
72kN (b) 72kN
12m | 12m Free-Body Diagram. The free-body diagram of the girder is shown
432 kKN in Fig. 4-2a, where each column reaction is
(c) [2(3.6kN) + 11(7.2kN)]/2 = 43.2kN

The free-body diagram of the left girder segment is shown in Fig. 4-2c.
Here the internal loadings are assumed to act in their positive directions.

Equations of Equilibrium.
+13F, = 0; 432 — 3.6 —2(72) = Ve=0 Ve=252kN  Ans
(+FEMe=0; Mc+ 72(04) +72(1.4) + 3.624) — 432(1.2) =0 Mc = 302kN-m Ans.
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I EXAMPLE 4.2

Determine the internal shear and moment acting at a section passing
through point C in the beam shown in Fig. 4-3a.

45 kN/m —

|

(b)

Fig. 4-3

SOLUTION
Support Reactions. Replacing the distributed load by its resultant
force and calculating the reactions yields the results shown in Fig. 4-3b.

Free-Body Diagram. Segment AC will be considered since it
provides the simplest solution, Fig. 4-3c. The distributed load intensity
at C is found by proportion, that is,

we = (2m/6 m)(45kN/m) = 15kN/m

ISKN 15 §N/m
-1

Equations of Equilibrium.
+13F,=0; 45-15-Vc=0 Ve = 30kN Ans.
(+3Me = 0; —45(2) + 15(0.667) + Mc =0 M= 80kN-m Ans.

ZmK

This problem illustrates the importance of not simplifying the 45 kN 0.667 m
distributed loading until after the beam is sectioned. (©)
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I EXAMPLE 4.3

The 45-kN force in Fig. 4—4a is supported by the floor panel D E, which in
turn is simply supported at its ends by floor beams. These beams transmit
their loads to the simply supported girder AB. Determine the internal
shear and moment acting at point C in the girder.

45 kN
0.5m

’.\ﬁkl m—
\
A A

30 kN 15 kN

i 30 kN

30 kN 15 kN l

L L

C
| | | o—H—» Ne
A ‘ A Al

3m ~—1.5 m*»‘ 3m

>

6 m

18.75 kN 26.25kN
(b)

18.75 kN
(©)

SOLUTION

Support Reactions. Equilibrium of the floor panel, floor beams,
and girder is shown in Fig. 4-4b. It is advisable to check these results.

Free-Body Diagram. The free-body diagram of segment AC of the
girder is shown in Fig. 4-4c.

Equations of Equilibrium.
+13F, = 0; 1875 =30 = V=0 V= —1125kN Ans.
(+2Mc=0; —18.75(3.75) + 30(0.75) + Mc =0 Mc = 478kN-m Ans.
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4.2 SHEAR AND MOMENT
FUNCTIONS

The design of a beam requires a detailed knowledge of the variations of
the internal shear force V and moment M acting at each point along the
axis of the beam. The internal normal force is generally not considered
for two reasons: (1) in most cases the loads applied to a beam act
perpendicular to the beam’s axis and hence produce only an internal
shear force and bending moment, and (2) for design purposes the beam’s
resistance to shear, and particularly to bending, is more important than
its ability to resist normal force. An important exception occurs, however,
when beams are subjected to compressive axial forces, since the buckling
or instability that may occur has to be investigated.

These variations of V and M along the beam’s axis can be obtained by
using the method of sections discussed in Sec. 4.1. In this case, however, it
is necessary to section the beam at an arbitrary distance x from one end
and then apply the equations of equilibrium to the segment having the
length x. Doing this we can then obtain V and M as functions of x.

In general, these internal shear and moment functions will be
discontinuous, or their slope will be discontinuous, at points where
the distributed load changes, or where concentrated forces or couple
moments are applied. Because of this, shear and moment functions
must be determined for each region of the beam located between any
two discontinuities of loading. For example, coordinates xi, x,, and x3
will have to be used to describe the variation of V and M throughout
the length of the beam in Fig. 4-5a. These coordinates will be valid only
within regions from A to B for xy, from B to C for x;, and from C to D for
x3.Although each of these coordinates has the same origin, as noted here,
this does not have to be the case. Indeed, it may be easier to develop the
shear and moment functions using coordinates x1, X, x3 having origins at
A, B,and D as shown in Fig. 4-5b. Here x; and x, are positive to the right
and xj is positive to the left.

Fig. 4-5

Additional reinforcement, provided
by vertical plates called stiffeners,
is used over the pin and rocker
supports of these bridge girders.
Here the reactions will cause large
internal shear in the girders and
the stiffeners will prevent localized
buckling of the girder flanges
or web. Also, note the tipping of
the rocker support caused by the
thermal expansion of the bridge
deck.

(b)
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CHAPTER 4

INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

- PROCEDURE FOR ANALYSIS

The following procedure provides a method for determining the
variation of shear and moment in a beam as a function of position x.

Support Reactions

® Determine the support reactions on the beam and resolve all
the external forces into components acting perpendicular and
parallel to the beam’s axis.

Shear and Moment Functions

® Specify separate coordinates x and associated origins,
extending into regions of the beam between concentrated
forces and/or couple moments, or where there is a discontinuity
of distributed loading.

® Section the beam at each distance x, and draw the free-body
diagram, where V and M are shown acting in their positive
directions, in accordance with the sign convention given in
Fig. 4-1.

® Vis obtained from XF, = 0, and M is obtained by summing
moments about the point S located at the section, X Mg = 0.

® The results can be checked, in part, by noting that dM /dx = V
and dV/dx = w, where w is positive when it acts upward, away
from the beam. We will develop these relationships in Sec. 4.3.

The joists, beams, and girders used to support this floor can
be designed once the internal shear and moment are known
throughout their lengths.
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Determine the shear and moment in the beam shown in Fig. 4-6a as a

function of x.

10 kN/m

SOLUTION

Support Reactions.

15 kN. The results are shown in Fig. 4-6b.
15kN

(b)

Shear and Moment Functions.

For the purpose of calculating the support
reactions, the distributed load is replaced by its resultant force of

A free-body diagram of the

beam segment of length x is shown in Fig. 4-6c¢. Here the intensity
of the triangular load at the section is found by proportion; that
is, w/x = 10/3 or w = 10x/3. The resultant of the distributed
loading is found in the usual manner as shown in the figure, and

so we have
1/10x
+ f—t . —_— — — —_— f—
13F,=0; 15 2( g )x V=0
V =15 — 1.667x2
1/10
(+3Mg =0; 30 — 15x + [2(3X>xkf +M=0

M = —30 + 15x — 0.556x3

These results can be checked by noting that dM/dx = V and

dV/dx = w.

1),
2 (73
15kN = (e
Ans e T l i o
(1 1)
30 kN-m‘ —= *‘ ¥
Ans \ X |
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I EXAMPLE 4.5

Determine the shear and moment in the beam shown in Fig. 4-7a as a
function of x.

50 kN 0%
50 kN/m * 150kNT™§ "7 M
I X2XX22X222) *
i | ‘ ) 300kN-m__|¥1 |V
2m— 50 kN-m
Xy | X1
3m 1
(a) (©
50(2) = 100 kN 50 kN

100 kKN
f . 150 KNj~~—==" * semm—os

(f -}

300 kN-m 1m l 2m “50 kN-m 300kN-n!‘<;1 ma%x—xz — 1—»‘
s 2 d

(b) (d)
Fig. 4-7
SOLUTION

Support Reactions. The reactions at the fixed support are
V = 150kN and M = 300 kN - m, Fig. 4-7b.

Shear and Moment Functions. Since there is a discontinuity of
distributed load at x = 2 m, two regions of x must be considered in order
to describe the shear and moment functions for the entire beam. Here x; is
appropriate for the left 2 m and x, can be used for the remaining segment.

0 = x; < 2m. The loadings V and M must be shown in the positive
directions on the beam segment, Fig. 4-7c.

+T2Fy =0; 150 —50x; — V=0, V=150 — 50x; Ans.

X1
(XM = 0; 300 — 150x; + 50x1(2> +M=0

M = 150x; — 25x3 — 300 Ans.
2m < x, = 3m, Fig. 4-7d.
+12F,=0; 150-100—-V =0, V=50 Ans.
(FXMg =0, M + 100(x, — 1) + 300 — 150x, = 0
M = 50x, — 200 Ans.

These results can be partially checked by noting that when x, = 3 m,
then V = S0kN and M = —50kN -m. Also, note that dM/dx = V
and dV /dx = w for each case.
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I EXAMPLE 4.6

Determine the shear and moment in the beam shown in Fig. 4-8a as a
function of x.

30 kN/m

90 kN 90 kN
S
R Loy R 1420 kN/m
Fig. 4-8 e N A i
' \ 1110 kN/m
R
45m |
6 m
9m
I
SOLUTION 75 kN 105 kN
(b)

Support Reactions. To determine the support reactions, the
distributed load is divided into triangular and rectangular loadings,
and these loadings are then replaced by their resultant forces. These
reactions have been calculated and are shown on the beam’s free-
body diagram, Fig. 4-8b.

Shear and Moment Functions. The beam is sectioned at x, and
the free-body diagram of the left part is shown in Fig. 4-8c. As above,
the trapezoidal loading is replaced by rectangular and triangular
distributions. Here the intensity of the triangular load at the section is
found by proportion. The resultant force of each distributed loading and
its location are indicated. Applying the equilibrium equations, we have

+13F, =0; 75— 10x — B(zm(’g‘)x} —v=0

V=75-10x — 1.11x? Ans.

+3Mg=0;  —T75x + (10x)<’2‘) + B(ZO)@)XB +M=0

M = 75x — 5x* — 0.370x3 Ans.
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4.3 SHEAR AND MOMENT DIAGRAMS
FOR A BEAM

If the variations of V and M as functions of x obtained in Sec. 4.2 are
plotted, the graphs are termed the shear diagram and moment diagram,
respectively. In cases where a beam is subjected to several concentrated
forces, couple moments, and distributed loads, plotting V and M versus x
can become quite tedious since several functions must be plotted. In this
section a simpler method for constructing these diagrams is discussed. It
The many concentrated loadings acting  is based on differential relations that exist between the load, shear, and
on this reinforced-concrete beam create moment.

?h:?;;zgo.%ngtﬁgerégstg;??lllel(s)ﬁggrli Iig Tg derive these re}ations, .cogsider the bc.aarn AD in Fig. 4-9a, which is

moment diagrams must be drawn in  subjected to an arbitrary distributed loading w = w(x) and a series of

order to properly design the beam. concentrated forces and couple moments. In the following discussion, the
distributed load will be considered positive when the loading acts upward
as shown. We will consider the free-body diagram for a small segment
of the beam having a length Ax, Fig. 4-9b. The internal shear forces and
bending moments shown on the free-body diagram are assumed to act
in the positive direction according to the established sign convention,
Fig. 4-1. Note that both the shear force and moment acting on the right
face must be increased by a small, finite amount in order to keep the
segment in equilibrium. The distributed loading has been replaced
by a concentrated force w(Ax) that acts at a fractional distance e(Ax)
from the right end, where 0 < e < 1. (For example, if w is uniform or
constant, then w(Ax) will act at 1 Ax, so € = 1.) Applying the equations
of equilibrium, we have

+13F, =0; V+w(Ax) — (V+ AV) =0
AV = w(Ax)
(+t=My = 0; —VAx — M — w(Ax)e(Ax) + (M + AM) =0

AM = V(Ax) + we(Ax)?

w(Ax)

w =

I
I

W P, w=w) A |
| € (Ax)
I

-oym--t

\4
R N e L ST

C
‘ M, V + AV
x | A A
(a) (b)
Fig. 4-9
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Dividing by Ax and taking the limit as Ax — 0, these equations become

av_
x 4-1
Slope of} B {Intensity of (4-1)
shear diagram distributed load
M
— =V
dx
Slope of (2
.opeo } = {Shear
moment diagram

As noted, Eq. 4-1 states that the slope of the shear diagram at a point
(dV/dx) is equal to the intensity of the distributed load w at the point.
Likewise, Eq. 4-2 states that the slope of the moment diagram (dM/dx) is
equal to the intensity of the shear at the point.

Equations 4-1 and 4-2 can be “integrated” from one point to another
between concentrated forces or couple moments (such as from B to C in

Fig. 4-9a), in which case
AV = / wdx

Chanee in Area under (4-3)
g } = { distributed loading
shear .
diagram

and

AM = /de

Change in} B {Area under
moment

(4-4)

shear diagram

As noted, Eq. 4-3 states that the change in the shear between any two
points on a beam equals the area under the distributed loading diagram
between these points. Likewise, Eq. 4-4 states that the change in the
moment between the two points equals the area under the shear diagram
between these points. If the areas under the load and shear diagrams are
easy to calculate, Egs. 4-3 and 4-4 provide a method for determining
the numerical values of the shear and moment at various points along
a beam.
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Q" ey

V + AV
VFAx»\ VFAx»\ V + AV

(a) (b)
Fig. 4-10

From the derivation it should be noted that Egs. 4-1 and 4-3 cannot
be used at points where a concentrated force acts, since these equations
do not account for the sudden change in shear at these points. Similarly,
because of a discontinuity of moment Egs. 4-2 and 4-4 cannot be used
at points where a couple moment is applied. In order to account for
the sudden change in shear and moment that occurs at points where
a concentrated force or couple moment is applied, we must consider
the free-body diagrams of differential elements of the beam shown in
Figs. 4-10a and 4-10b. From Fig. 4-10a it is seen that force equilibrium
requires the change in shear to be

+13F, =0 AV =P (4-5)

Thus, when P acts upward on the beam, AV is positive, so that the shear
diagram shows a “jump” upward. Likewise, if P acts downward, the jump
(AV)is downward. From Fig. 4-10b, letting Ax — 0, moment equilibrium
requires the change in moment to be

(+AM, = 0; AM =M’ (4-6)

In this case, if an external couple moment M’ is applied clockwise, AM is
positive, so that the moment diagram jumps upward, and when M’ acts
counterclockwise, the jump (AM) must be downward.

Table 4.1 illustrates application of Egs. 4-1, 4-2, 4-5, and 4-6 to some
common loading cases assuming V' and M maintain positive values. The
slope at various points on each curve is indicated. None of these results
should be memorized; rather, each should be studied carefully so that
one becomes fully aware of how the shear and moment diagrams can be
constructed on the basis of knowing the variation of the slope from the
load and shear diagrams, respectively. It would be well worth the time
and effort to self-test your understanding of these concepts by covering
over the shear and moment diagram columns in the table and then trying
to reconstruct these diagrams on the basis of knowing the loading.
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TABLE 4.1 Relationship Between Loading, Shear, and Moment
av am
Loading Shear diagram, —— = w Moment diagram, —— = V
dx dx
P
Slope = 0 Slope = Vg
M, M, ———
Slope =0 Slope = V.
Vi Mg
Vr
V. Vr M,
Zeo slape Positive constant slopes
Slope =0
M, M M, —
(-:@:—) M, stope =
Slope = 0 My
—
Zero slope Zero slope
Slope = Vi
Wo
Slope = —w, - v
M; My . \\ ope = Vi
L Mg
V& My
Vi Vi Negative constant slope Positive decreasing slope
W2 Slope = —w; Slope = Vg
wy Slope = —w, Slope ;‘/—
M, My Vi Mpg
(1 |) o
v, v Negative increasing slope Positive decreasing slope
R
lope =V,
wy Slope = —w; Slope R
Slope = V.
W2 v, Slope = —w,
ML MR MR
Vi by

Negative decreasing slope

Positive decreasing slope
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- PROCEDURE FOR ANALYSIS

The following procedure provides a method for constructing the
shear and moment diagrams for a beam using Eqs. 4-1 through 4-6.

Support Reactions

¢ Determine the support reactions and resolve the forces acting
on the beam into components which are perpendicular and
parallel to the beam’s axis.

Shear Diagram

® Establish the V and x axes and plot the values of the shear at
the two ends of the beam.

® Since dV/dx = w, the slope of the shear diagram at any point is
equal to the intensity of the distributed loading at the point. (Note
that w is positive when it acts upward.) Begin by sketching the
slope at the end points.

¢ If a numerical value of the shear is to be determined at the point,
one can find this value either by using the method of sections
as discussed in Sec. 4.1, or by using Eq. 4-3, which states that
the change in the shear is equal to the area under the distributed
loading diagram.

® Since w(x) is integrated to obtain V(x),if w(x) is a curve of degree
n,then V(x) will be a curve of degree n + 1. For example, if w(x)
is uniform, V/(x) will be linear.

Moment Diagram

¢ Establish the M and x axes and plot the values of the moment
at the ends of the beam.

® Since dM/dx = V, the slope of the moment diagram at any
point is equal to the intensity of the shear at the point. Begin by
sketching the slope at the end points.

® At the point where the shear is zero, dM /dx = 0, and therefore
this will be a point of maximum or minimum moment.

¢ [f the numerical value of the moment is to be determined at a point,
one can find this value either by using the method of sections as
discussed in Sec. 4.1 or by using Eq. 44, which states that the change
in the moment is equal to the area under the shear diagram.

® Since V/(x) is integrated to obtain M(x),if V(x) is a curve of degree
n,then M(x) will be a curve of degree n + 1. For example,if V(x)
is linear, M(x) will be parabolic.




I EXAMPLE 4.7

A B C D E
(J ]
1.5m 1.5m | 1.5m 1.5m
 J \
4 kN 4 kN 4 kN
6 kN 6 kN
(a)
w=20
w=0 V slope = 0
V (kN) V'slope =0
4
2
\ E 45 11/ 6 @
\\ -2
—4
(b)

V negative constant
M slope negative constant

V positive constant

4.3 SHEAR AND MOMENT DIAGRAMS FOR A BEAM

Each of the two horizontal members of the powerline support frame is
subjected to the cable loadings shown in Fig. 4-11a. Draw the shear and
moment diagrams for these members.

SOLUTION

Support Reactions. Each pole exerts a force of 6 kN on each
member as shown on the free-body diagram.

Shear Diagram. The end points x = 0,V = —4kN and x = 6 m,
V = 4 kN are plotted first, Fig. 4-11b. As indicated, the shear between
each concentrated force is constant since w = dV /dx = 0.The shear
just to the right of point B (or C and D) can be determined by the
method of sections, Fig. 4-11d.

The shear diagram can also be established by “following the load” on
the free-body diagram. Beginning at A, the 4-kN load acts downward
so V4 = —4kN. No load acts between A and B, so the slope is zero
and the shear is constant. At B the 6-kN force acts upward, so the
shear jumps up 6 kN, from —4 kN to +2 kN. Again, the slope remains
constant until it reaches the 4-kN load, where the downward force of
4 kN drops the shear from 2 to —2, etc.

Moment Diagram. The momentatthe endpointsx = 0, M = Oand
x = 6m, M = 0 is plotted first, Fig. 4-11c. The slope of the moment
diagram within each 1.5-m-long region is constant because V'is constant.
Specific values of the moment, such as at C, can be determined by the
method of sections, Fig. 4-11d, or by finding the change in moment by
the area under the shear diagram. For example,since M4, = 0at A,then
atC,Mc = My + AMyc =0 + (—4) (1.5) + 2(1.5) = =3kN-m.

M (kN-m) M slope positive constant
1.5 3 4.5 6 l ) Mc
( Ve 15m A 15m
—3 A Ve
4 kN
% S 6 kN
(© (d)

Fig. 4-11

171




172 CHAPTER 4 INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

I EXAMPLE 4.8

]
f W
(b)

30 kN 60 kN

w negative increasing
V slope negative increasing

V (kN)
x (m)
%mw ar—

(©)
V positive decreasing
M slope positive decreasing

V negative increasing
M slope negative increasing

x (m)

30 kN Fg*

Draw the shear and moment diagrams for the beam in Fig. 4-12a.

I — — . 1
- m\'ifﬁ'
(a)
Fig. 4-12

SOLUTION

Support Reactions. The reactions have been calculated and are
shown on the free-body diagram of the beam, Fig. 4-12b.

Shear Diagram. The end points x = 0,V = +30kN and x = 9m,
V = —60kN are first plotted. The shear diagram, Fig. 4-12b, starts
with zero slope since w = 0 at x = 0, and ends with a slope of
w = —20kN/m.

The point of zero shear can be found by using the method of
sections from a beam segment of length x, Fig. 4-12e. We require
V = 0, so that

1
+13F, = 0; 30—2[20@)%:0 x=520m

Moment Diagram. For 0 < x < 5.20m, the shear is positive but
decreasing and so the slope of the moment diagram, Fig. 4-12¢, is also
positive and decreasing. At x = 5.20 m, the moment is maximum since
dM/dx =V = 0. For 520m < x < 9m, the shear and the slope of
the moment diagram are negative increasing as indicated.

The maximum value of the moment can be determined from the
free-body diagram in Fig. 4-12e. We have

(+3SMg = 0; —30(5.20) + Hzo(s'gzo)] (5.20) (5320> +M=0

M = 104 kN -m
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I EXAMPLE 4.9

Draw the shear and moment diagrams for the beam shown in Fig. 4-13.

The support reactions have been calculated.

15kN~m<

8 kN/m

|
|

1.5 m\
\

V (kN) o .
w negative increasing
V slope negative increasing

%1.5 4.5
| |

x (m)
Starts at
0
zero slope
Ends at
slope of —8
M (KN -
( m) V negative increasing
15 12 M slope negative increasing
Starts at
zero slope 2.64 A
‘ x (m)
1.5 (
Ends at
slope of —30
P N
(a)
Fig. 4-13
SOLUTION

The shear and moment diagrams are shown under the beam.

[IN
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6 kN/m

= -
9kNT 3N 3m T9kN

w negative increasing
V (kN) V slope negative increasing

x (m)

=
V negative increasing
M slope negative increasing

M (kN -m)
Ends at
Starts at gz
slope —_| / of -9
of +9 3 6 (m)
(b)
20 kN
30 kN- m< l
‘4—2 m
w negative constant
V (kN) V slope negative constant
5
2 radt
-20

Carefully notice how they were established, based on the reactions
and slope, where dV/dx = w and dM /dx = V. Calculated values

are found using the method of sections or finding the area under

the load or shear diagram.

V positive decreasing
M (kN-m) M slope positive decreasing

2 4 (m)

L L X m
30 (

Ends at
slope of +5
Starts at

slope of =20 —70

(©)
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I EXAMPLE 4.10

The beam shown in the photo is used to support a portion of the overhang
for the entranceway of the building. The idealized model for the beam
with the load acting on it is shown in Fig. 4-14a. Assume B is a roller and
Cis pinned. Draw the shear and moment diagrams for the beam.

SOLUTION

Support Reactions. The reactions are calculated in the usual manner.
The results are shown in Fig. 4-14b.

Shear Diagram. The shear at the ends of the beam is plotted
first, i.e., V4 =0 and V= —2.19kN, Fig. 4-14c. To find the

10 kN/m shear to the left of B use the method of sections for segment AB,

or calculate the area under the distributed loading diagram, i.e.,

T Bl AV = Vg — 0 = —10(0.75), V- = —7.50kN. The support reaction

A 1B C causes the shear to jump up —7.50 + 15.31 = 7.81 kN. The point
L e | 'm of zero shear can be determined from the slope —10 kN/m, or by

proportional triangles, 7.81/x = 2.19/(1 — x), x = 0.781 m. Notice
how the V diagram follows the negative slope, defined by the constant
negative distributed loading.

Moment Diagram. The moment at the end points is plotted
S o first, My = M = 0, Fig. 4-14d. The values of —2.81 and 0.239
on the moment diagram can be calculated by the method of

@ sections, or by finding the areas under the shear diagram. For

10 kN/m example, AM =M —0=1(~7.50)(0.75) = —2.81, My = —2.81 kN -m.
Show that the maximum positive moment is 0.239 kN - m. Notice how

| the M diagram is formed, by following the slope, defined by the V

A AB C diagram.
——0.75m 1m
15.31 kN 2.19 kN
(b)
V (kN) M (kN-m)
7.81
Ends at slope
of —2.19
0.75 0.239
\l x (m) 1 1 x (m)
~—0.781 m —2.19 e=el
< Starts at
St:lz)t; :t Slope zero slope
~7.50 ends —2.81
e at =10

© (d)

Fig. 4-14
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I EXAMPLE 4.11

Draw the shear and moment diagrams for the compound beam shown in
Fig. 4-15a. Assume the supports at A and C are rollers and B and E are
pin connections.

175

20 kN/m 30 kKN 30 kN/I'Il |
150kN~m(| Bl
A B C D E‘
—s5m— MM omi 3m t 34
80 kN 90 kN
(a) 100 kN 30kN o N
150kN~m( 0 =
] A \
25m  25m Im 2m I 3m | 3m Y
V (kN) 20 kN 80 kN 205 kN SkN
(b)
95 M (kN-m)
50 160
150}/\5 . o "
20N1 56 8 3 : : : : ‘ x (m)
— 1 T x (m) 1 14
=80 —60
—80 —300
—110 8 (d)
Fig. 4-15
SOLUTION

Support Reactions. Once the beam segments are disconnected
from the pin at B, the support reactions can be calculated as shown in
Fig. 4-15b.

Shear Diagram. As usual, we start by plotting the end shear at A and E,
Fig. 4-15¢. The shape of the V diagram is formed by following its slope,
defined by the loading. Try to establish the values of shear using the
appropriate areas under the load diagram (w curve) to find the change
in shear. The zero value for shear at x = 1 m can either be found by
proportional triangles, or by using the method of sections and statics.

Moment Diagram. The end moments M4 = 150kN-mand My = 0
are plotted first, Fig. 4-15d. Study the diagram and note how the various
curves are established using dM /dx = V. Verify the numerical values
for the peaks using statics or by calculating the appropriate areas under
the shear diagram to find the change in moment.
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4.4 SHEAR AND MOMENT DIAGRAMS
FOR A FRAME

The design of frames often requires drawing the shear and moment
diagrams for each of the members, and to do this we must first
determine the reactions at the supports. Then, using the method of
sections, we must find the axial force, shear force, and moment acting
at the ends of each member. Once all loadings are resolved into
components acting parallel and perpendicular to the member’s axis,
the shear and moment diagrams for each member can then be drawn
as described previously.

When drawing the moment diagram, one of two sign conventions is
used in practice. If the frame is made of reinforced concrete, designers
often draw the moment diagram positive on the tension side of the frame.
Since concrete has a low tensile strength, it will then be possible to tell
at a glance on which side of the frame the reinforcement steel must be
placed. In this book, however, we will use the opposite sign convention
and always draw the moment diagram positive on the compression side
of the member. This convention follows that used for beams discussed in
Sec. 4.1.

The following examples illustrate this procedure numerically.

The simply supported girder of this concrete building frame was designed by first
drawing its shear and moment diagrams.
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I EXAMPLE 4.12

Draw the moment diagram for the frame shown in Fig. 4-16a. Assume
the support at A is a roller and B is a pin.

25 kN
25 kN
45m ‘
Y
. 15 kN
—
1.5m
15 kN —+—>
SkN
1.8 m
R
s0kn  (®)
30 kN 25 kN
212:'55k1§\1'm o 25kNm | 45m |
c 15kN ” 15 kN
L5m 25kN o B
SkN
15 kNJ—> 15 kN l
22.5kN-m SkN
A 30 kN M (kN-m)
30 kN ©
4.‘5
Fig. 4-16 ()
=225
member CB
SOLUTION
. . x (m)
Support Reactions. The support reactions are shown on the
free-body diagram of the entire frame, Fig. 4-16b. Using these results, 33
the frame is then sectioned into two members, and the reactions at the 18
joint ends of the members are determined, Fig. 4-16¢. As a check of :
these results, the free-body diagram of joint C is also shown.
s M (kN-m)
Moment Diagram. In accordance with our positive sign convention, )
member AC

and using the techniques discussed in Sec. 4.3, the moment diagrams
for the frame members are shown in Fig. 4-16d. (d)
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I EXAMPLE 4.13

Draw the shear and moment diagrams for the frame shown in Fig. 4-17a.
Assume A is a pin, C is a roller, and B is a rigid joint.

80 kN

40 kKN/m

120 kKN ;

i o 1.5
A,=120kN 36.87 l m
L'f 6m — 2 m—

(b)
Fig. 4-17

C,=825kN

SOLUTION

Support Reactions. The free-body diagram of the frame is shown
in Fig. 4-17b. Here the distributed load, which represents wind
loading, has been replaced by its resultant, and the reactions have
been calculated. The frame is then sectioned at joint B and the internal
loadings at B are determined, Fig. 4-17c. As a check, equilibrium is
satisfied at joint B, which is also shown in the figure.

Shear and Moment Diagrams. The components of the distributed
load, (72kN)/(5m) = 144 kN/m and (96 kN)/(5m) = 19.2kN/m,
are shown on member AB, Fig. 4-17d. The associated shear and
moment diagrams are drawn for each member as shown in Figs. 4-17d
and 4-17e.
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170 kKN R

‘m< 170kN-

>§iT5> (( l'B m l |
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15 kNX B 5 SkN 25kN T

2 kN
170 kN-m 82.5 kN

‘\/1.5 kN

2kN
36.87°
96 k

L5kN
2kN (©)
80 kN
170 kN-m ( l I | ¢
‘ f
170 kN-m A
82.5kN
V (kN)
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=25 —\—‘

—82.5
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% (m) 170 165
M (kKN-m) ¢

w x (m)

(d) ©
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I EXAMPLE 4.14

1.5/2 kN/m

Draw the shear and moment diagrams for the frame shown in Fig. 4-18a.
Assume A is a pin, Cis a roller, and B is a rigid joint. Neglect the thickness
-1 of the members.

SOLUTION

S The distributed load acts over a length of (3m) V2 = 4.243 m. The
reactions on the frame are calculated and shown on its free-body
diagram, Fig. 4-18b. From this diagram the free-body diagrams
of each member are drawn, Fig. 4-18c. As a check of the results,
the equilibrium of joint B is also shown. The distributed loading
on BC has components along BC and perpendicular to its axis
of (1.5V2kN/m) cos 45° = (1.5V2kN/m) sin45° = 1.5kN/m as
shown. Using these results, the shear and moment diagrams are also
— shown in Fig. 4-18c.

1.5 kN/m

(152 KN/m)(4.243 m) = 9kN 4 2.25kN

9kN

x (m)
x (m)

-6.75

V (kN)
M (kN-m)

—225

(b) 9kN ©
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4.5 MOMENT DIAGRAMS
CONSTRUCTED BY THE METHOD
OF SUPERPOSITION

Since beams are subjected primarily to bending stress, it is important that
the moment diagram for a beam accompany the solution for its design. In
the later chapters of the book we will also use the geometric properties
of the moment diagram (its area and centroid) as a means of finding
the deflection and slope at a point in the beam. To do this, it is often
convenient to use separate moment diagrams for each of the loads on the
beam, rather than using the resultant diagram to calculate these geometric
quantities. This is especially true if the resultant moment diagram has a
complicated shape. The method of drawing the moment diagram in parts
is based on the principle of superposition.

Most loadings on cantilevered beams will be a combination of the
four loadings shown in Fig. 4-19. Construction of the associated moment
diagrams, also shown in this figure, has been discussed in Sec. 4.3.

¥ L E L }
M
M M,
X ‘ X
(b)
—PL
(a)
I WO
RRNRRRNRRY
] = }
M M
| X X
. Cubic curve
Parabolic curve
L2 W L?
2 6
(©) (d)

Fig. 4-19
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4KN/m SKN M (kN-m)

PR oo :
! AL { S
A |l | -10

Il —58
M (kN -m)

8kN-m |
+
+ M (kKN -m)
4 30 kN-m 2 4
( i ) | t— x(m)
A £
30kN-m 2m ~30
+ +
SkN M (kN -m)
kN
i 4 l 2 4
(A ' —t o
A | ~20
=
20kN-m 4m I
Superposition of loadings Superposition of moment diagrams

(a) (b)
Fig. 4-20

Based on these results, we will now show how to use the method of
superposition to represent the resultant moment diagram by a series of
separate moment diagrams for the cantilevered beam shown in Fig. 4-20a.
To do this, we will first replace the loads by a system of statically equivalent
loads. For example, the three cantilevered beams shown in Fig. 4-20a are
statically equivalent to the resultant beam, since the load at each point on
the resultant beam is equal to the superposition or addition of the loadings
on the three separate beams. Thus, if the moment diagrams for each separate
beam are drawn, Fig. 4-20b, the superposition of these diagrams will yield
the moment diagram for the resultant beam, shown at the top. For example,
from each of the separate moment diagrams, the moment at end A is
My = -8kN-m — 30kN'-m — 20kN-m = —58kN-m, as verified by
the top moment diagram. Obviously, the area and location of the centroid
for each part are easier to establish than finding these geometric properties
for the resultant diagram.
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In a similar manner, we can also simplify construction of the “resultant”
moment diagram for a simply supported beam by using a superposition
of simply supported beams. For example, the loading on the beam shown
at the top of Fig. 4-21a is equivalent to the beam loadings shown below
it. Consequently, the separate moment diagrams for each of these three
beams can be used rather than drawing the resultant moment diagram
shown at the top of Fig. 4-21b.

M (KN-m)
60.3
5kN/m
20 kN-m 40kN-m /\
(‘L _;._) 7 x (m)
~20 Resultant moment diagram
| 12m |
] —40
I M (kN -m)
90
5kN/m
i = X (m)
| 12m | .
+ M (kN-m)
20 kN-m
—L— 2. x (m)
| 12m | 2
+
M (kKN-m)
+ 40 kN-m
= = ) — "
} 12m } —40
Superposition of simply supported beams Superposition of associated moment diagrams
() (b)

Fig. 4-21
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Actually though, the superposition of moment diagrams can be
constructed as a series of simply supported or cantilevered beams,
regardless of how the original beam is supported, as long as the loadings
on the beams are equivalent. For example, consider the overhang beam in
Fig. 4-22a, which has the reactions shown. The same statically equivalent
loading, which produces an identical resultant force and couple moment,
can be placed either on the simply supported beam in Fig. 4-22b or on
the cantilevered beam in Fig. 4-22¢. The moment diagrams for each of
these beams can then be drawn as a superposition of parts as indicated,
and each produces the same resultant moment diagram.

2 kN/m 4kN
JL :
iy o '
A
v 4m 4m
4 kN
24 kN
(a)
M (kKN-m)
A 24kN
2 kN/m
4
= 1 ——x (m)
| 4m 4m } -3
Il M (kN -m) I
2 kN/m 16
] } [ X (m)
o 4
| gm |
+
+ M (kKN -m)
24 KN
T 4
] } 1 x (m)
‘ v - 8
} 4m i 4m }

(b)
Fig. 4-22
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2kN/m 4y MENm)
4
1 —F— x(m)
\ ‘ W 8
4m 4m |
-3
24 kN
Il Il
2 kN/m M TN'm)
- — x (m)
—64 8
8m
+ +
M (KN -m)
96
] | 1 x (m)
A ‘ 4
4m 4m |
24 kN
+ +
4kN M (kN-m)
1| 1 x (m)
‘ -32 8
8 m |

(c)

Fig. 4-22 (cont’d)
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I EXAMPLE 4.15

Draw the moment diagrams for the beam shown at the top of Fig. 4-23a
using the method of superposition. Consider the beam to be cantilevered
from the support at B.

SOLUTION

If the beam were supported as a cantilever from B, it would be
subjected to the statically equivalent loadings shown in Fig. 4-23a. The
superimposed three cantilevered beams are shown below it together
with their associated moment diagrams in Fig. 4-23b. (As an aid to their
construction, refer to Fig. 4-19.) The sum of these diagrams will yield the
resultant moment diagram for the beam, given at the top of Fig. 4-23b.

50 KN/m
90kNm
( _TTL A B
Ll.S m [ 4.5 m
57.5kN 55kN
50 KN/m
S0 N'm Am MAENm) 33.3
( ' B L —T——~ _x(m)
472 6
Ll.S m 45m %0
57.5kN 55 kN Il
Il M (kN-m) 6
90 kN-m x (m)
. —90
+
+ M (kN-m) % 258.75
| 1 —x (m)
. ‘ 15 6
4.5 m
57.5 kN +
+ 50 kN/m

[ T x (m)
1.5
| 45m N
—168.75

superposition of cantilevered beams superposition of associated moment diagrams
(a) (®)
Fig. 4-23
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I EXAMPLE 4.16

Draw the moment diagrams for the beam shown at the top of Fig. 4-24a
using the method of superposition. Consider the beam to be cantilevered
from the pin at A.

SOLUTION

The superimposed cantilevered beams are shown in Fig. 4-24a
together with their associated moment diagrams, Fig. 4-24b. The
resultant moment diagram is given at the top of Fig. 4-24b.
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15 33.3
: — ———x (m)

I
/ 472 6
~90

57.5kN 55 kN I
I M (kN-m)
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-+
+ M (kN-m)
50 kN/m 15
1125 kN w o
6
1B
337.5 kN-m [ 45m 7‘ —3375 +
+ M (kN-m)
:é’ ‘ x (m)
‘ 45m 15 6
55kN |
55 kN .. . .
. . superposition of associated moment diagrams
superposition of beams cantilevered from A
(a) (b)

Fig. 4-24
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. PRELIMINARY PROBLEMS

P4-1. Sketch the general shape of the shear and moment P4-2. Sketch the general shape of the shear and moment
diagrams for each beam. No calculations are necessary. diagrams for each beam. No calculations are necessary.

N A -

® (a)

(b) (b)

© ©

(d) (d)
Prob. P4-1 Prob. P4-2



P4-3. Sketch the general shape of the shear and moment
diagrams for each beam. No calculations are necessary.

(a)

(b)

(d)

Prob. P4-3
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P4-4. Sketch the general shape of the shear and moment
diagrams for each beam. No calculations are necessary.

! :

(a)

(®)

(d)
Prob. P4-4
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. FUNDAMENTAL PROBLEMS

F4-1. Determine the internal normal force, shear force, F4-4. Determine the internal normal force, shear force,
and bending moment acting at point C in the beam. and bending moment acting at point C in the beam.
30 kN/m
10 kKN l l A l l
Alp —
20 kN-m C '% B
‘k 0.5m 0.5 m— 1m ‘
f—— Prob. F4-4

A alls ¢ =2 B
LZ m‘-‘el m»‘el m»}‘f2 m—»‘
F4-5. Determine the internal normal force, shear force,

Prob. F4-1 and bending moment acting at point C in the beam.

5SkN/m

F4-2. Determine the internal normal force, shear force,
and bending moment acting at point C in the beam.

Fenarsnnvsneangy!
r—"—s

l 1.5m = 1.5m

Prob. FA-2 Prob. F4-5

F4-6. Determine the internal normal force, shear force,
and bending moment acting at point C in the beam.

F4-3. Determine the internal normal force, shear force,
and bending moment acting at point C in the beam.

16 kN
12 kN
9 kN/m
. HEEEREN
A C/" B

\

Al (. B Im—p—1m 1m— 2m ‘
<. et
~—1.5m—=—1.5m— 3m |

Prob. F4-3 Prob. F4-6



F4-7. Determine the internal shear and moment in the
beam as a function of x.

18 kN/m

Prob. F4-7

F4-8. Determine the internal shear and moment in the
beam as a function of x.

12 kN/m

Prob. F4-8

F4-9. Determine the internal shear and moment in the
beam as a function of x throughout the beam.

Prob. F4-9
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F4-10. Determine the internal shear and moment in the
beam as a function of x throughout the beam.

5kN/m

Y ¥V V.

. ﬁr Y VY
Al |
A
o
2m 2m

Prob. F4-10

F4-11. Determine the internal shear and moment in the
beam as a function of x throughout the beam.

15 kN
5 kN/m

LY YYVY VY

A |
-
2m 2m ‘

Prob. F4-11

F4-12. Determine the internal shear and moment in the
beam as a function of x throughout the beam.

45 kN
15 kN/m

ok

Prob. F4-12
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F4-13. Draw the shear and moment diagrams for the beam.
Indicate values at the supports and at the points where a
change in load occurs.

8 kN

} 2m | 2m |

Prob. F4-13

F4-14. Draw the shear and moment diagrams for the beam.
Indicate values at the supports and at the points where a
change in load occurs.

8 kN
6 kN
6 kN-m
B
! |
} 2m ‘ 2m—~‘
Prob. F4-14

F4-15. Draw the shear and moment diagrams for the
beam. Indicate values at the supports and at the points
where a change in load occurs.

20 kN/m
27 kN-m
Y YVYYVYVYVVYVYVVVYY
!
A
3m
Prob. F4-15

F4-16. Draw the shear and moment diagrams for the beam.
Indicate values at the supports and at the points where a
change in load occurs.

30 kN
30 kN/m
\
Plg
e N
oy — ‘
4 m 4m

Prob. F4-16
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F4-17. Draw the shear and moment diagrams for the beam.
Indicate values at the supports and at the points where a
change in load occurs.

2kN/m 2kN/m
Al
\ | :
‘ 45m . 45m |
Prob. F4-17

F4-18. Draw the shear and moment diagrams for the beam.
Indicate values at the supports and at the points where a
change in load occurs.

4 kN/m
e\
A allas, 9 B
Ll.S m ‘ 2 m ‘ 1.5 m—
Prob. F4-18

F4-19. Draw the shear and moment diagrams for the beam.
Indicate values at the supports and at the points where a
change in load occurs.

6 kN/m 6 kN/m
[ 6\
Aalla =2_ B
i 2 m } 2 m } 2 m ‘

Prob. F4-19
F4-20. Draw the shear and moment diagrams for the beam.
Indicate values at the supports and at the points where a

change in load occurs.

10 kN/m

2 m

Prob. F4-20



F4-21. Draw the moment diagrams for the frame. Assume
the frame is pin connected at B.

36 kN/m
NENRENREN
B == C
25m 3m 2m——
20 kN >
2.5m
Prob. F4-21

F4-22. Draw the moment diagrams for the frame. Assume
the frame is pin connected at A, B, and C and fixed
connected at £ and D.

30 kN
I 3m i 2m i Zmﬂ
%’ﬁ=2kl\vm
ET s C D
6m
el 4 "l

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Prob. F4-22
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F4-23. Draw the moment diagrams for the frame. Assume
the frame is pinned at C and the members are fixed
connected at B.

A
< 9 kN/m
i SN,
B
3m
Prob. F4-23

F4-24. Draw the moment diagrams for the frame. Assume
the frame is pin connected at A, B, and C.

3 C
6 kN/m B | ¢m
4m
A
3m—+
Prob. F4-24
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. PROBLEMS

Sec. 4.1 4-3. Determine the internal normal force, shear force, and

bending moment in the beam at points C and D. Point D is
4-1. Determine the internal shear, axial load, and bending located just to the right of the concentrated force and
moment at point C, which is just to the right of the roller at moment. Assume the support at B is a pin and A is a roller.

A, and point D, which is just to the left of the 8-kN
concentrated force.

15 kN

4kN 10 kN 8 kN gﬁ kN/m !
l l l A c D ) B

| ol € o ;“jB 30kN - m

Prob. 4-1 Prob. 4-3
4-2. Determine the internal normal force, shear force, and *4-4. Determine the internal shear, axial force, and
bending moment acting at point C, located just to the right bending moment in the beam at points C and D.
of the 12-kN force and 18 kN - m moment.
12 kN 18 kN 12 kN/m

3m 3m

I::L\l\ T —obB l‘l .C B=0. .D l
1 ~3 mJ

Prob. 4-2 Prob. 4-4
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4-5. Determine the internal normal force, shear force, 4-9. Determine the internal normal force, shear force, and

and moment at points £ and D of the compound beam. bending moment at point C. Point C is located just to the
left of the moment.

800 N

l 200N-m
N\ 12kN

4 D [OB . _@_C 12 kN/m
N [T e
| A\ )
A alla ¢ ‘/ P )
Prob. 4-5 LZm } 2m e om } Zm‘-‘
Prob. 4-9

4-6. Determine the internal normal force, shear force, and
moment at point C of the beam.

4-10. Determine the internal normal force, shear force,
and bending moment in the beam at points C and D. Point C

200 N/m is located just to the left of the roller support. Assume the
support at B is a roller and A is a pin.

18 kN/m

Prob. 4-6

4-7. Determine the internal normal force, shear force, and
bending moment at point D.Take w = 150 N/m.

#4-8. The beam AB will fail if the maximum internal
moment at D reaches 800 N-m or the normal force in Prob. 4-10
member BC becomes 1500 N. Determine the largest load w

it can support.

4-11. Determine the distance a between the supports in
terms of the beam’s length L so that the bending moment in
w the symmetric shaft is zero at the center. The intensity of the

distributed load at the center is w,.
Af °
D
- . m
[ o\ |
_alda I
4m ‘ ‘ ‘
\ a \
Probs. 4-7/8
L

Prob. 4-11
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Sec. 4.2

#4-12. Determine the shear and moment in the beam as a
function of x, where 2m < x < 4 m.

14 kN 14 kN

Prob. 4-12

4-13. Determine the shear and moment in the floor girder
as a function of x. Assume the support at A is a pin and B is
aroller.

2 m

Prob. 4-13

4-14. Determine the shear and moment in the tapared
beam as a function of x, where 0 = x < L/2.

[—

Nt~
Nt~

Prob. 4-14
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4-15. Determine the shear and moment in the beam as
functions of x.

Wo
a e 2w [
- —]
L L
2 2 !
Prob. 4-15

#4-16. Determine the shear and moment in the function
of x, where2m < x < 4m.

7kN

l 12 kN-m

s ] &
EmZm

4-17. Determine the shear and moment throughout the
beam as a function of x.

Probs. 4-16

600 N

’7x_>
4 m

Prob. 4-17

| 2m |



4-18. Determine the shear and moment throughout the
beam as a function of x.

15 kN/m

Y

— -

4m 2m ‘

Prob. 4-18

4-19. Determine the shear and moment in the beam as a
function of x and then draw the shear and moment diagrams
for the beam.

Prob. 4-19

#4-20. Determine the shear and moment throughout the
beam as a function of x.

4m 2 m

ARE € 2
12kN-m
c

Prob. 4-20
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4-21. Determine the shear and moment in the beam as
functions of x.

wo

4 e

\ L 1

Prob. 4-21

4-22. Draw the shear and moment diagrams for the beam
and determine the shear and moment as functions of x.

400 N/m
200 N/m
Al o\ B
o |
3m | 3m |
Prob. 4-22

4-23. Determine the shear and moment throughout the
beam as a function of x.

8 kN/m

/m ¥ ¥ ¥ ¥
Alp |
AR -

|
|

— |

‘ 3m ‘ 3m

Prob. 4-23
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Sec. 4.3

#4-24. The beam is subjected to the uniformly distributed
moment m (moment/length). Draw the shear and moment
diagrams for the beam.

m

AR AW _RY A 5
| L \
Prob. 4-24

4-25. Draw the shear and moment diagrams for the beam.

12 kN/m

Prob. 4-25

4-26. Draw the shear and moment diagrams for the beam.

Ako: @)_ .

| L | a

Prob. 4-26
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4-27. Draw the shear and moment diagrams for the beam.

10 kN
l 10 kN/m
A A A A A A A A A A A ;I
m A
! 1m ! 2m 1
Prob. 4-27

*4-28. Draw the shear and moment diagrams for the beam.

Af: = |C

e~

L

Prob. 4-28

4-29. Draw the shear and moment diagrams for the simply
supported beam. Indicate the maximum bending moment.

fos =

1 a b a l

Prob. 4-29

4-30. Draw the shear and moment diagrams for the beam.
There is a pin at C.

—

D)
C

IN[g}
NI

Prob. 4-30



4-31. Draw the shear and moment diagrams for the simply
supported beam. Indicate the point of maximum moment
and its value.

w
AP l
AR s
o
L |
Prob. 4-31
#4-32. Draw the shear and moment diagrams for the beam.
10 kN 10 kN
l 5 kN/m
I A\ |
A =l s O N
L:’J m —} 6m ;— 3m—
Prob. 4-32

4-33. 'The strip footing is subjected to the column loadings
shown. If the soil is assumed to exert a trapezoidal loading on
the base of the footing, determine the magnitudes of w; and
wy and draw the shear and moment diagrams for the footing.

120 kN
80 kN |

2m l 3m * 1 m—

Prob. 4-33

4-34. Draw the shear and moment diagrams for the
compound beam.

5kN/m

[« 2m 1m

Prob. 4-34

PROBLEMS 199

4-35. Draw the shear and moment diagrams for the beam.

6 kN

M/mi
B =]

| 3m “—1.5m ——L15 m—

Prob. 4-35

*4-36. Draw the shear and moment diagrams for the
compound beam. The segments are connected by a pin at B.

8 kN
5 kN/m
A 5 )
= B Cl
l 4m 1 mOL] m-—|
Prob. 4-36

4-37. The boards ABC and BCD are loosely bolted
together as shown. If the bolts exert only vertical reactions
on the boards, determine the reactions at the suppots and
draw the shear and moment diagrams for each board.

5kN/m 10kN
LA, e |,

l = =

san

! 3m | 2m | 1mﬂL1m

Prob. 4-37

4-38. Determine the shear and moment in the beam as a
function of x.

w 150 kN/m

Prob. 4-38
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Sec. 4.4

4-39. Draw the shear and moment diagrams for each
member of the frame. Assume A is fixed, the joint at B is a
pin, and support C is a roller.

6 kN/m

bibbyrbdd

Prob. 4-39

#4-40. Draw the shear and moment diagrams for each
member of the frame. Assume joint B is rigid and C is pin
connected.

12 kN

\
5

3m 2m

8 kN

Y

Y

10 kN

Prob. 4-40
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4-41. Draw the shear and moment diagrams for each
member of the frame. The joint at B is fixed connected.

Prob. 4-41

4-42. Draw the shear and moment diagrams for each of
the three members of the frame. Assume the frame is pin
connected at A, C,and D and there is a fixed joint at B.

50kN 40 kN
1.5 m—

TI.S m 2m
B C

15 kN/m

Prob. 4-42



4-43. Draw the shear and moment diagrams of the beam
CDE. Assume the support at A is a roller and B is a pin.
There are fixed-connected joints at D and E.

10 kKN 15 kN

6 kN l
cl D l LY 0.4kN/m

TI
I 1

Al | 7m

iz

F——6m ‘ 8m

Prob. 4-43

#4-44. Draw the shear and moment diagrams for each
member of the frame. Assume A is a pin, B and C are fixed-
connected joints, and D is a roller.

40 kN 40 kN

D
— =
20kN/m C

Prob. 4-44
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4-45. Draw the shear and moment diagrams for each member
of the frame.

6 kN/m

6 kN

\/

6 kN >

Prob. 4-45

4-46. Leg BC on the framework can be designed to extend
either outward as shown, or inward with the support C
positioned below the center 10-kN load. Draw the moment
diagrams for the frame in each case, to make a comparison
of the two designs.

10 kN 10 kN 10 kN

A B
leﬁleﬁleH

Prob. 4-46
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4-47. Draw the shear and moment diagrams for each 4-49. Draw the shear and moment diagrams for each
member of the frame. The joint at B is fixed connected. member of the frame. Assume the frame is pin connected at
A, B,and C.
15 kN 10 kKN
V’TZm#Zm#Zm»
A
Prob. 4-49
Prob. 4-47 4-50. Draw the shear and moment diagrams for each

member of the frame.

*4-48. Draw the shear and moment diagrams for each
member of the frame.

Prob. 4-50

4-51. Draw the moment diagrams for the beam using the
method of superposition. Consider the beam to be
cantilevered from the support at B.

}-—3 m—<2m-—-~2m-—-~—3 m#
12 kN

Prob. 4-48 -L 4 i\l

‘ 3m i 3m ‘ 3m |

Prob. 4-51



#4-52. Draw the moment diagrams for the beam using the
method of superposition. Consider the beam to be
cantilevered from the pin at A.

200 kN
40 kN/m
Y
Afe o\ |
Plas 7 !
| 8m l 4m—-m
Prob. 4-52

4-53. Draw the moment diagrams for the beam using the
method of superposition. Consider the beam to be
cantilevered from end C.

4kN/m 30 kN

‘ 8m ‘ 4m |

Prob. 4-53

4-54. Draw the moment diagrams for the beam using
the method of superposition. Consider the beam to be
cantilevered from the pin at A.

50 kN/m
X
AZ‘: . ) |B
FI2kN-m =
1 6m \ 6m l

Prob. 4-54
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Sec. 4.5

4-55. Draw the moment diagrams for the beam using the
method of superposition. Consider the beam to be
cantilevered from the pin support at A.

*4-56. Draw the moment diagrams for the beam using the
method of superposition. Consider the beam to be
cantilevered from the rocker at B.

40 kN/m 20 kN

150 kN-m

i C
I 8 m ;— 3m—>‘

Probs. 4-55/56

4-57. Draw the moment diagrams for the beam using the
method of superposition. Consider the beam to be
cantilevered from the pin support at C.

4-58. Draw the moment diagrams for the beam using the
method of superposition. Consider the beam to be
cantilevered from the roller at B.

4-59. Draw the moment diagrams for the beam using the
method of superposition. Consider the beam to be
cantilevered from end A.

8 kN/m

Yy Yy A Yy Yy

18KN -m ‘% B

2m i 4m ‘

Probs. 4-57/58/59
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. PROJECT PROBLEMS

INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

4-1P. The balcony located on the third floor of a motel is
shown in the photo. It is constructed using a 100-mm-thick
concrete (plain stone) slab which rests on the four simply
supported floor beams, two cantilevered side girders AB
and HG, and the front and rear girders. The idealized
framing plan with average dimensions is shown in the
adjacent figure. According to local code, the balcony live
load is 2 kN/m”. Draw the shear and moment diagrams for
the front girder BG and a side girder AB. Assume the front
girder is a channel that has a weight of 0.36 kN/m and the
side girders are wide flange sections that have a weight of
0.66 kN /m. Neglect the weight of the floor beams and front
railing. For this solution treat each of the five slabs as
two-way slabs.

‘A
1.8 m

L G
B C D E F
LI.Z m*Ll.Z m»Ll.Z m*Ll.Z m»Ll.Z mJ

Prob. P4-1

4-2P. 'The canopy shown in the photo provides shelter for
the entrance of a building. Consider all members to be simply
supported. The bar joists at C, D, E, F each have a weight of
0.6 kN and are 6 m long. The roof is 100 mm thick and is to be
plain lightweight concrete having a specific weight of
16 kN/m’. Live load caused by drifting snow is assumed to
be trapezoidal, with 3 kN/m? at the right (against the wall)
and 1 kN/m? at the left (overhang). Assume the concrete slab
is simply supported between the joists. Draw the shear and
moment diagrams for the side girder AB. Neglect its weight.

05m 05m 05m 05m 05m

Prob. P4-2
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. CHAPTER REVIEW

Structural members subjected to planar loads support M M
an internal normal force N, shear force V, and bending

moment M. To find these values at a specific point in a .:%’; ;‘H
member, the method of sections must be used. This requires v v

drawing a free-body diagram of a segment of the member,
and then applying the three equations of equilibrium.
Always show the three internal loadings on the section in
their positive directions.

Positive sign convention

The internal shear and moment can be expressed as P
a function of x along the member by establishing the w

origin at a fixed point (normally at the left end of l

the member) and then using the method of sections, L8 S
where the section is made a distance x from the origin. - o

For members subjected to several loads, different x o
coordinates must extend between the loads. X |

X —

Shear and moment diagrams for structural members can be drawn by plotting the shear and moment functions. They also
can be plotted using the two graphical relationships.

dv dM
ax a
Slope of Intensity of Slope of
. = o . = ¢ Shear
shear diagram distributed load moment diagram

Note that a point of zero shear locates the point of maximum moment since V = dM /dx = 0.

A force acting downward on the beam will cause the shear diagram to jump downwards, and a counterclockwise couple
moment will cause the moment diagram to jump downwards.

P
ML MR ML M’ MR
(] 'L =) (—(——)
1% M
L |
v, M, N

VR R

X X

Using the method of superposition, the moment diagrams for a member can be represented by a series of
simpler shapes. The shapes represent the moment diagram for each of the separate loadings. The resultant
moment diagram is then the algebraic addition of the separate diagrams.
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© Oleksiy Maksymenko Photography/Alamy

This is an example of a parabolic through-arch bridge, because the deck of the
bridge runs through the arch.
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. CHAPTER OBJECTIVES

m To determine the internal loadings in cables subjected to a
concentrated load, to a uniform distributed load, and due to
their weight.

m To show how to analyze a three-hinged arch and provide
some insight regarding the fundamental behavior of all arched
structures.

9.1 CABLES

Cables are often used in engineering structures for support and to
transmit loads from one member to another. When used to support
suspension roofs, bridges, and trolley wheels, cables form the main
load-carrying element in the structure. In the force analysis of such
systems, the weight of the cable itself may be neglected; however, when
cables are used as guys for radio antennas, electrical transmission lines,
and derricks, the cable weight may become important and must be
included in the structural analysis. Two cases will be considered in the
sections that follow: a cable subjected to concentrated loads and a cable
subjected to a distributed load. Provided these loadings are coplanar
with the cable, the requirements for equilibrium are formulated in an
identical manner.

207
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When deriving the necessary relations between the force in the cable
and its slope, we will make the assumption that the cable is perfectly
flexible and inextensible. Due to its flexibility, the cable will offer no
resistance to shear or bending and, therefore, the force acting in the cable
is always tangent to it at points along its length. Being inextensible, the
cable has a constant length both before and after the load is applied, and
so, once the load is applied, the geometry of the cable remains fixed, and
the cable or a segment of it can be treated as a rigid body.

9.2 CABLE SUBJECTED TO
CONCENTRATED LOADS

When a cable of negligible weight supports several concentrated loads,
the cable takes the form of several straight-line segments, each of which
is subjected to a constant tensile force. Consider, for example, the cable
shown in Fig. 5-1. Here 6 specifies the angle of the cable’s cord AB, and
L is the cable’s span. If the distances L1, L, and L3 and the loads P; and
P, are known, then the problem has nine unknowns consisting of the
tension in each of the three segments, the four components of reaction
at A and B, and the sags yc- and yp at the two points C and D. For the
solution we can write two equations of force equilibrium at each of points
A, B, C,and D. This results in a total of eight equations. To complete the
solution, it will be necessary to know something about the geometry of
the cable in order to obtain the necessary ninth equation. For example,
if the cable’s total length & is specified, then the Pythagorean theorem
can be used to relate & to each of the three segmental lengths, written
in terms of 0, y¢, yp, L1, L, and L3. Unfortunately, this type of problem
cannot be solved easily by hand. Another possibility, however, is to
specify one of the sags, either yc or yp, instead of the cable length. By
doing this, the equilibrium equations are then sufficient for obtaining
the unknown forces and the remaining sag. Once the sag at each point of
loading is obtained, & can then be determined by trigonometry.

When performing an equilibrium analysis for a problem of this type,
the forces in the cable can also be obtained by writing the equations of
equilibrium for the entire cable or any portion thereof. The following
example numerically illustrates these concepts.

The deck of this harp cable-stayed
bridge is supported by a series of
cables attached at various points
along the deck and pylons.
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I EXAMPLE 5.1

Determine the tension in each segment of the cable shown in Fig. 5-2a.
Also, what is the dimension /? L

T B
SOLUTION

2 m
. . . h
By inspection, there are four unknown external reactions (A, Ay, Dy,
and Dy) and three unknown cable tensions, one in each cable segment. ‘ : ;
These seven unknowns along with the sag 4 can be determined from B

the eight available equilibrium equations (2 F, = 0, 2 F, = 0) applied
to points A through D.

A more direct approach to the solution is to recognize that the slope
of cable CD is specified, and so a free-body diagram of the entire
cable is shown in Fig. 5-2b. We can obtain the tension in segment CD
as follows:

(+XM, = 0;

Tep(3/5) 2m) + Tep(4/5)(5.5m) — 3kN@2m) — SkN(4m) = 0
TCD = 6.79 kN Ans.

Now we can analyze the equilibrium of points C and B in sequence.
Point C (Fig. 5-2¢);

—3F, =0; 6.79kN (3/5) — Tgccosbpc =0

+13F, = 0; 6.79KN (4/5) — 8kN + Tjc sin fzc = 0 7 .
HBC == 32.30 TBC = 4.82 kN Ans. TBC s/l
Opc 3 ;
Point B (Fig. 5-2d); C
- 8 kN
—23F,=0; —Tgycosbpy + 4.82KkN cos32.3° =0 ©
+13F, =0; Tpasinbp, — 4.82kNsin32.3° — 3kN = 0 B
T
Oga = 53.8° Tps = 6.90kN Ans. A
Hence, from Fig. 5-2a, 0fo %
B 32.3°
h = (2m) tan 53.8° = 2.74m Ans. 3kN  4.82kN
Note: The force T4 can also be determined by finding A, and A, (@

Fig. 5-2b, then finding the resultant. Fig. 5-2
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9.3 CABLE SUBJECTED TO A
UNIFORM DISTRIBUTED LOAD

Cables provide a very effective means of supporting the dead weight of
J girders or bridge decks having very long spans. A suspension bridge is a
M typical example, in which the deck is suspended from the cable using a
series of close and equally spaced hangers or suspenders.

In order to analyze this problem, we will first determine the shape of
a cable subjected to a uniform horizontally distributed vertical load w,
Fig. 5-3a. Here the x, y axes have their origin located at the lowest point
on the cable, where the slope is zero. The free-body diagram of a small
segment of the cable having a length As is shown in Fig. 5-3b. Since the
tensile force in the cable changes continuously in both magnitude and
direction along the cable’s length, this change is denoted on the free-
body diagram by AT and A6. The distributed load is represented by its
resultant force wyAx, which acts at Ax/2 from point O. Applying the
equations of equilibrium yields

i>EFX =0; —Tcosf+ (T + AT) cos(6 + A9) =0
+13F, = 0; —Tsin® — wo(Ax) + (T + AT) sin(6 + A6) = 0

(+tEMp = 0; w(Ax)(Ax/2) — Tcos§ Ay + Tsinf Ax = 0

Dividing each of these equations by Ax and taking the limit as Ax — 0,
and hence Ay — 0, A — 0, and AT — 0, we obtain

d(Tcos0) 0 51
Y (5-1)
d(T sin 0)
. (5-2)
dy
e tan 6 (5-3)

Since the slope is zero at x = 0, then T" = Fp, the horizontal force at this
point. Integrating Eq. 5-1, we have

Tcos 0 = Fy (5-4)

Thus, the horizontal component of force at any point along the cable
remains constant.
Integrating Eq. 5-2, realizing that 7 sin # = 0 at x = 0, gives

Tsin 6 = wyx (5-5)
Dividing Eq. 5-5 by Eq. 54 eliminates 7. Then using Eq. 5-3, we can

obtain the slope at any point,

B dy WX
tan 0 = - Fy (5-6)
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Performing a second integration with y = 0 at x = 0 yields

_ Mo _
y 2FHx (5-7)

This is the equation of a parabola. The constant Fy; may be obtained by
using the boundary condition y = h at x = L. Thus,

F, = ML (5-8)
T on -
Finally, substituting into Eq. 5-7 yields
h
y = Ex (5-9)

From Eq.5-4, the maximum tension in the cable occurs when the absolute
value of 0 is maximum;i.e.,at x = L. Hence, from Eqs. 54 and 5-5,

Tmax =V F%J + (WOL)2 (5_10)
Or, using Eq. 5-8, we can express T, in terms of wy, i.e.,
Toax = WoL V1 + (L/2h)? (5-11)

From the results of this analysis, it follows that a cable will form a
parabolic shape, provided the dead load of the deck for a suspension
bridge or a suspended girder will be uniformly distributed over the
horizontal projected length of the cable. Hence, if the girder in Fig. 54a
is supported by a series of hangers, which are close and uniformly spaced,
the load in each hanger must be the same so as to ensure that the cable
has a parabolic shape.

Using this assumption, we can perform the structural analysis of the
girder or any other framework which is freely suspended from the cable.
In particular, if the girder is simply supported as well as supported by
the cable, the analysis will be statically indeterminate to the first degree,
Fig. 5-4b. However, if the girder has an internal pin at some intermediate
point along its length, Fig. 5-4c, then this provides a condition of zero
moment, and so a determinate structural analysis of the girder can be
performed.

© Bethlehem Steel Corporation

The Verrazano-Narrows
Bridge at the entrance
to New York Harbor has
a main span of 1.30 km.
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CHAPTER 5 CABLES AND ARCHES

I EXAMPLE 5.2

12m

The cable in Fig. 5-5a supports a girder that weighs 12 kN /m. Determine
the tension in the supporting cable at A, B, and C.

T x
<

o
=i

H
o
B
,/<~’

4
\
A

=

[ A
/les]
SN AN

S = sy’
4
g
AN
N, (d
S A\
-y e

‘<—30m—x’ } X

Fig. 5-5

SOLUTION

The origin of the coordinate axes is established at point B, the lowest
point on the cable, where the slope is zero, Fig. 5-5b. From Eq. 5-7, the
parabolic equation for the cable is:

12 kN /m 6
y = Wl = / x?=—x? (1)
2F, 2F, Fyy

Assuming point B is located x’ from C, we have

6
6=—x"
Fy
Fy = 1.0x"? ()

Also, for point A,
12 = o [—(30 — x")]?
Fy

6

12=——
1.0x"?

[-(30 — x")P?

x'2 4+ 60x" — 900 =0
x' = 1243 m
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Thus, from Egs. 2 and 1 (or Eq. 5-6) we have

Fy = 1.0(12.43)> = 154.4kN

dy 12
— = ——x = 0.07772 3
ax 15t T 00777 ®)
At point A,
x=—(30—1243) = -17.57m
dy
tanf, = — = 0.07772(—17.57) = —1.366
ax|y=—175
04 = —53.79°
Using Eq. 54,
F 154.4
T, = —2 = = 261 kN Ans.

cosfy  cos(—53.79°)

At point B,x = 0,

tan03 = a 0 = 0, 93 =0°
F 154.4
Ty = —2— = ~ = 154kN Ans.
cosfp  cosO
At point C,
x = 1243 m
dy
tan o = — = 0.07772(12.43) = 0.9660
dx | =1243
Oc = 44.0°
F 154.4
To=—2Z = = 215kN Ans.

cosfc cos 44.0°
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I EXAMPLE 5.3

The suspension bridge in Fig. 5-6a is constructed using the two stiffening
trusses that are pin connected at their ends C and supported by a pin at
A and a rocker at B. Determine the maximum tension in the cable /H.
The cable has a parabolic shape and the bridge is subjected to the single
load of 50 kN.

k- 4@3m=12m -~ 4@3m=12m —

(a)

Fig. 5-6

SOLUTION

According to Eq. 5-4 (T cos @ = Fp), the horizontal component Fyy
of cable tension must be constant throughout the cable. If we consider
the free-body diagram of the cable—truss system, Fig. 5-6b, then taking
moments about B, we have

(+3Mg =0; —L,(24m)— A,(24m) + S0kN(Om) = 0
I, + A, = 1875 kN
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If only half the suspended structure is considered, Fig. 5-6¢, then
summing moments about the pin at C, we have

(+2XMe =0; Fy(14m) — Fy(6m) — [,(12m) — A,(12m) = 0
I, + A, = 0.667Fy
From these two equations,

18.75 = 0.667Fy

Fy = 28.125kN

To obtain the maximum tension in the cable, we will use Eq. 5-11,
but first it is necessary to determine the value of an assumed uniform
distributed loading w( from Eq. 5-8:

2F,h 2(28.125kN)(8 m)
W = = a 2
L (12 m)

= 3.125kN/m

Thus, using Eq. 5-11, we have
Tmax = WoL'V1 + (L/2h)?

= 3.125(12m) V1 + (12m/2(8 m))>

= 46.9 kN Ans.
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Fig. 5-7

5.4 CABLE SUBJECTED TO ITS OWN
WEIGHT

When the weight of a cable becomes important in the force analysis, the
loading function along the cable will be a function of the arc length s
rather than the projected length x. To analyze this problem, we will
consider a generalized loading function w = w(s) acting along the cable,
as shown in Fig. 5-7a. The free-body diagram for a small segment As of
the cable is shown in Fig. 5-7b. Applying the equilibrium equations to
the force system on this diagram, one obtains relationships identical to
those given by Egs. 5-1 through 5-3, but with s replacing x in Egs. 5-1
and 5-2. Therefore, we can show that

Tcos6 = Fy

Tsinf = /w(s) ds (5-12)
dy 1
o FH /w(s) ds (5-13)

To perform a direct integration of Eq. 5-13, it is necessary to replace
dy/dx by ds/dx. Since

ds = Vdx* + dy?

o =
dx dx

then
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w(s)(As)

T+ AT

\

Therefore,

el AEAVECDI

Separating the variables and integrating we obtain

_ d -
< I o L

The two constants of integration, say C; and C,, are found using the
boundary conditions for the curve.

Electrical transmission towers must be
designed to support the weight of the
suspended power lines. The weight and
length of the cables can be determined since
they each form a catenary curve.
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I EXAMPLE 5.4

Determine the deflection curve, the length, and the maximum tension
in the uniform cable shown in Fig. 5-8. The cable has a weight per unit
length of wy = 5N/m.

SOLUTION

For reasons of symmetry, the origin of coordinates is located at the
center of the cable. The deflection curve is expressed as y = f(x). We
can determine it by first applying Eq. 5-14, where w(s) = wy,.

_ ds
el fus]T

Integrating the term under the integral sign in the denominator, we have
‘- / ds
[1 + (1/F)(wes + C1)*]'?

Substituting u = (1/Fy)(wes + Cy) so that du = (wy/Fpy) ds, a second
integration yields

F
x = 2 (sinh 'u + Cy)
Wo

or
F T
x = WZ{ sinh I{FH(WOS + Cl)} + C2} (1)
To evaluate the constants note that, from Eq. 5-13,
dy 1 dy 1
E:FH wods or E:FH(WOS—’_CI)

Since dy/dx = 0 ats = 0, then C; = 0. Thus,

dy _ wos
dx B FH
The constant C, may be evaluated by using the condition s = 0 at

x = 01in Eq. 1, in which case C, = 0. To obtain the deflection curve,
solve for s in Eq. 1, which yields

F
5 = Hsinh<;ox> 3)

Wo H

(@)

Now substitute into Eq. 2, in which case
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Hence,

F w
y = Hcosh<Fox> + Gy

Wo H
If the boundary condition y = 0 at x = 0 is applied, the constant
C; = —Fpy/wy, and therefore the deflection curve becomes
FH 40 ) :|
= — h{—x]|—1 4
v W {cos ( Fu X 4)

This equation defines the shape of a catenary curve. The constant Fy
is obtained by using the boundary condition that y = h at x = L/2,
in which case

- FH [ WoL ) :|
h = " _cosh <2FH 1 %)
Since wy = SN/m, 2 = 6 m, and L = 20 m, Egs. 4 and 5 become
_ Fy | SN/m ) }
y = SN/m _cosh( Fy X 1 (6)
Fy S0N
6m—5N/m[cosh< Fy > 1} (7)

Equation 7 can be solved for F by using a trial-and-error procedure.
The result is

Fy = 4594 N
and therefore the deflection curve, Eq. 6, becomes
y = 9.19[cosh (0.109x) — 1] m Ans.

Using Eq. 3, with x = 10 m, the half-length of the cable is
£ 459N | [5 N/m
= nh

2 459N

2 = 5N/m si (10m)} =121m

Hence,
F =242m Ans.

Since T = Fy/ cos 6, the maximum tension occurs when the absolute
value of 0 is maximum,i.e.,ats = £/2 = 12.1 m. Using Eq.2 yields

dy 5N/m(12.1 m)
— = tanf,, = ————— = 1.32
dx s=121m an a 459 N
0 max = 52.8°
And so,
F 459N
Ty = —2— = = 759N Ans.

COS 0 ax ~ cos 52.8°
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extrados
(or back)

springline

crown

[
centerline
rise

|

intrados
(or soffit)

haunch
\_ abutment

Fig. 5-9

fixed arch

(a)

L~

two-hinged arch

(®)

three-hinged arch
(©)

Fig. 5-10

9.9 ARCHES

Like cables, arches can be used to reduce the bending moments in
long-span structures. Essentially, an arch acts as an inverted cable, so it
receives its load mainly in compression although, because of its rigidity,
it must also resist some bending and shear depending upon how it is
loaded and shaped. If the arch has a parabolic shape and it is subjected
to a uniform horizontally distributed vertical load, then from the analysis
of cables it follows that only compressive forces will be resisted by the
arch. Under these conditions the arch shape is called a funicular arch
because no bending or shear forces occur within it.

A typical arch is shown in Fig. 5-9, which specifies some of the
nomenclature used to define its geometry. Depending upon the
application, several types of arches can be selected to support a loading.
A fixed arch, Fig. 5-10a, is often made of reinforced concrete. Although
it may require less material to construct than other types of arches, it
must have solid foundation abutments since it is indeterminate to the
third degree and, consequently, additional stresses can be introduced into
the arch due to relative settlement of its supports. A two-hinged arch,
Fig. 5-10b, is commonly made of metal or timber. It is indeterminate
to the first degree, and although it is not as rigid as a fixed arch, it is
somewhat insensitive to settlement. We could make this structure
statically determinate by replacing one of the hinges with a roller. Doing
so, however, would remove the capacity of the arch to resist bending
along its span, and as a result it would serve as a curved beam, and not as
an arch. A three-hinged arch, Fig. 5-10c, which is also made of metal or
timber, is statically determinate. Unlike statically indeterminate arches, a
three-hinged arch is not affected by settlement or temperature changes.
Finally, if two- and three-hinged arches are to be constructed without the
need for larger foundation abutments, and if clearance is not a problem,
then pin and roller supports can be connected with a tie rod, Fig. 5-10d.
This tied arch allows the structure to behave as a rigid unit, since the tie
rod carries the horizontal component of thrust at the supports. It is also
unaffected by relative settlement of the supports.

tied arch

(d)



9.6 THREE-HINGED ARCH

To provide some insight as to how arches transmit loads, we will now
consider the analysis of a three-hinged arch such as the one shown in
Fig. 5-11a. In this case, the third hinge is located at the crown and the
supports are located at different elevations. In order to determine the
reactions at the supports, the arch is disassembled and the free-body
diagram of each member is shown in Fig. 5-11b. Here there are six
unknowns for which six equations of equilibrium are available. One
method of solving this problem is to apply the moment equilibrium
equations about points A and B. Simultaneous solution will yield the
reactions C, and C,. The support reactions are then determined from the
force equations of equilibrium. Once obtained, the internal normal force,
shear, and moment loadings at any point along the arch can be found
using the method of sections. Here, of course, the section should be
taken perpendicular to the axis of the arch at the point considered. For
example, the free-body diagram for segment AD is shown in Fig. 5-11c.
Three-hinged arches can also take the form of two pin-connected
trusses, each of which would replace the arch ribs AC and CB in Fig. 5-11a.
The analysis of this form follows the same procedure outlined above.

Fig. 5-11
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This three-hinged truss arch is used to
support a pedestrian walkway. This bridge is
referred to as a “through-arch bridge.”

Np

(©
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IEXAMPLE 5.5 \

. T T The three-hinged open-spandrel deck arch bridge like the one shown in

- i

the photo has a parabolic shape. If this arch were to support a uniform
load and have the dimensions shown in Fig. 5-12a, show that the arch is
subjected only to axial compression at any intermediate point such as
point D. Assume the load is uniformly transmitted to the arch ribs.

8 kN/m

T 0m————10m—

(a)
Fig. 5-12

SOLUTION

The free-body diagrams of the entire arch and part BC are shown in
Fig. 5-12b and Fig. 5-12c¢. Applying the equations of equilibrium, we

have
320 kN

|
: \

54l

B
As o' < C
20 m 20 m
A}' Cy

(b)

Entire arch:
(+F2M, = 0; C,(40m) — 320kN(20m) = 0
C, = 160kN



Arch segment BC:

(+3SMg=0; —160kN(10m) + 160kN(20 m) — C,(10m) = 0

C, = 160kN

5 3F, = 0 B, = 160 kN

+13F, = 0 B, — 160kN + 160kN = 0
B, =0

A part of the arch in Fig. 5-12a taken from the section through point D,
x =10m, y = —10(10)2/(20)> = —2.5m, is shown in Fig. 5-12d.
The slope of the segment at D is

d —20
tan 6 = =

=—=3 = —0.5
dx (20)2 x=10m

0 = —26.6°
Applying the equations of equilibrium, Fig. 5-12d, we have
I 3F, =0; 160kN — Npcos26.6° — Vpsin 26.6° = 0
+1%F, =0; —80kN + Npsin26.6° — V|, cos 26.6° =

(+3SMp =0; Mp + 80kN(Sm) — 160kN(2.5m) = 0

Np = 1789kN Ans.
VD =0 Ans.
MD =0 Ans.

Note: If the arch had a different shape or if the load were
nonuniform, then the internal shear and moment would be
nonzero. Also, if a simply supported beam were used to support
the distributed loading, it would have to resist a maximum bending
moment of M = 1600 kN - m. By comparison, it is more efficient to
use the arch and support the load in direct compression (although
one must consider the possibility of buckling) rather than support
the load by a bending moment.

5.6 THREE-HINGED ARCH 223

80 kN
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I EXAMPLE 5.6

Thethree-hingedtiedarchissubjected totheloadingshownin Fig.5-13a.
Determine the force in members CH and CB. The dashed members
HG and GF of the truss are intended to carry no force. The support at
Eis a rocker and A is a pin.

(a) (b)
Fig. 5-13

SOLUTION

The support reactions can be obtained from a free-body diagram of
the entire arch, Fig. 5-13b.

(+3M, = 0; E,(12m) — 15kN(3m) — 20kN(6m) — 15kN(9m) = 0

E, = 25kN

5sF =0 A, =0

+13F, = 0; A, — 15KN — 20kN — 15kN + 25kN = 0
A, = 25kN

The force components acting at joint C can be determined by
considering the free-body diagram of the left part of the arch,
Fig. 5-13c. First, we determine the force Fy .

(+SMc=0; F,p(5m) — 25kN(6m) + 15kN(3m) = 0

Fup = 21.0kN



Then,
HSF =0, —C,+21.0kN=0, C,=21.0kN
+13F, =0; 25kN — 15kN — 20kN + C, =0, C, = 10kN

To obtain the forces in CH and CB, we can use the method of joints
as follows:

Joint G, Fig.5-13d,
+T2Fy =0; Fgc—20kN =0

Joint C, Fig.5-13e,

+ 3 3 )
F.=0; Fegl —=)—210kN — Foyl —=] =0
— 3 F, CB< 10) CH( 10
+13F, =0; F, <1>+F <1>—20kN+1OkN—0
yo 0 T\ V1o “H\ /10

Thus,
Fep = 26.9kN (C) Ans.
Fepp = 474 kN (T) Ans.

=
A it

2l
Aégﬁmuﬁ
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20 kN

F 0
S e

Fse
(d)
20 kN
Fey
93 21.0 kN
FCB 3 f TC
10 kN

(e)

Note: Tied arches are sometimes
used for bridges, as in the case of
this through-arch bridge. Here the
deck is supported by suspender bars
that transmit their load to the arch.
The deck is fixed to the arch, and so
it is in tension. This design avoids
the need to provide external thrust
support at the ends of the arch.
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CABLES AND ARCHES

I EXAMPLE 5.7

y
——3m *»% 3m *»‘
C g f *
SN Yp
N |
D N
X 4.5 m
N
N
N
N
\Y
\
E N Lo
Y=o
\
\
(b)
Fig. 5-14

The three-hinged trussed arch shown in Fig. 5-14a supports the symmetric
loading. Determine the required height £, of the joints B and D, so that
the arch takes a funicular shape. Member HG is intended to carry no
force.

SOLUTION

For a symmetric loading, the funicular shape for the arch must be
parabolic as indicated by the dashed line (Fig. 5-14b). Here we must
find the equation that fits this shape. With the x, y axes having an origin
at C, the equation is of the form y = —cx?. To obtain the constant c,
we require

—(4.5m) = —¢(6 m)?
¢ = 0.125/m
Therefore,
yp = —(0.125/m)(3m)?> = —1.125m
so that from Fig. 5-14a,
hy =45m — 1.125m = 3.375m Ans.

Using this value, if the method of joints is now applied to the truss, the
results will show that the top cord and diagonal members will all be
zero-force members, and the symmetric loading will be supported only
by the bottom cord members AB, BC, CD, and DE of the truss.
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PROBLEMS 227

Sec. 5.1-5.2

5-1. The cable supports the three loads shown. Determine

the sags yg and yp of points B and D. Take P; = 4 kN,
P2 = 25 kN

04m~gx— E
A ’ f ;
B 1.4m D
B D
C
P, 1)
Py
i 2m l 1.5m i
12m 1.2m
Prob. 5-1

5-2. Determine the forces P; and P, needed to hold the
cable in the position shown, i.e., so segment BC remains
horizontal.

A EXT
D 2m

3m

B C o

8 kN
"Pl \ P,
~—4m Sm 4m 15m
Prob. 5-2

5-3. Determine the force P needed to hold the cable in
the position shown, i.e., so segment BC remains horizontal.
Also, compute the sag yg and the maximum tension in the
cable.

TA
VB

Prob. 5-3

*5-4. Determine the tension in each segment of the cable
and the distance yp.

Prob. 5-4




228 CHAPTER 5 CABLES AND ARCHES

5-5. Cable ABCD supports the 120-kg uniform beam.
Determine the maximum tension in this cable and the sag
of point B.

LA, -
l 1m 2 m
0.5m 0.5m0.5m
Prob. 5-5

5-6. The cable supports the loading shown. Determine the
distance y and the tension in cable BC. Set P = 3 kN.

5-7. The cable supports the loading shown. Determine the
magnitude of the vertical force P so that y = 4 m.

’-—Zm 4m 1mi

Probs. 5-6/7

Sec. 5.3

#5-8. The cable will break when the maximum tension
reaches Tp.x = 12 kN. Determine the uniform distributed
load w required to develop this maximum tension.

‘ 15m

Prob. 5-8

5-9. The cable is subjected to a uniform loading of
w = 8kN/m. Determine the maximum and minimum
tension in the cable.

! Jm q]
TR



5-10. The cable is subject to the uniform loading.

Determine the equation y = f(x) which defines the cable
shape AB and the maximum tension in the cable.

y
i 25m 25m i
A ;j' BT
10m

|

T

X

1
Phi

4 kN/m

]
REERRY

Prob. 5-10

5-11. The cable supports the uniform load of
wy = 10 kN/m. Determine the tension in the cable at each
support A and B.

Prob. 5-11

#5-12. The cable will fail when the maximum tension
reaches Tp,.x = 1500 kN. Determine the maximum uniform
distributed load w that can be supported by the cable.

5-13. The cable is subjected to a uniform loading of
w = 20kN/m. Determine the maximum and minimum
tension in the cable.

‘ 120 m |

20 m

w

Probs. 5-12/13
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5-14. The cable shown is subjected to the uniform load w,.
Determine the ratio between the rise # and the span L that
will result in using the minimum amount of material for the
cable.

Prob. 5-14

5-15. The cable AB is subjected to a uniform loading of
200 N/m. If weight of the cable is neglected and the slope
angles at points A and B are 30° and 60°, respectively,
determine the curve that defines the cable shape and the
maximum tension developed in the cable.

A 30°

200 N/m

} 15m }

Prob. 5-15
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#5-16. The beams AB and BC are supported by the cable
that has a parabolic shape. Determine the tension in the
cable at points D and E.

5-17. The beams AB and BC are supported by the cable
that has a parabolic shape. Draw the shear and moment
diagrams for members AB and BC.

2m2ml2m

Probs. 5-16/17

5-18. Determine the maximum and minimum tension in
the parabolic cable and the force in each of the hangers. The
girder is subjected to the uniform load and is pin connected
at B.

5-19. Draw the shear and moment diagrams for the pin
connected girders AB and BC. The cable has a parabolic
shape.

B

16 m ‘

Probs. 5-18/19

#5-20. The trusses are pin connected and suspended from
the parabolic cable. Determine the maximum force in the
cable when the structure is subjected to the loading shown.
The support at A is a pin and C is a rocker.

/Eﬂ‘;

Vi

i
3.5
1.5m ok b
e / / \
1A C
g F G H B 3
F—4@3m=12m——4@3m=12m—
Prob. 5-20
Sec. 5.4

5-21. The cable has a weight of 60 N/m and is supported
at points A and B that are 200 m apart and at the same
elevation. If it has a length of 240 m, determine the sag .

Prob. 5-21



5-22. The cable has a weight of 80 N/m. If it can span
L = 100 m and has a sag of 4 = 5 m, determine the length
of the cable. The ends A and B of the cable are supported at
the same elevation.

Prob. 5-22

5-23. Show that the deflection curve of the cable discussed
in Example 5.4 reduces to Eq. 5-9 when the hyperbolic
cosine function is expanded in terms of a series and only the
first two terms are retained. (The answer indicates that the
catenary may be replaced by a parabola in the analysis of
problems in which the sag is small. In this case, the cable
weight is assumed to be uniformly distributed along the
horizontal.)

*5-24. The cable stretches between two points A and B
which are L = 60 m apart and at the same elevation. The
line sags # = 2m and the cable has a weight of 6 N/m.
Determine the length of the cable and the maximum tension
in the cable.

Probs. 5-23/24
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5-25. The cable has a weight of 30 N/m. If it can span
L = 25m and has a sag of # = 3 m, determine the length
of the cable. The ends of the cable are supported from the
same elevation.

Prob. 5-25

5-26. The power transmission cable weighs 150 N/m. If
the resultant horizontal force on tower BD is required to be
zero, determine the sag 4 of cable BC.

Prob. 5-26
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5-27. The power transmission cable weighs 150 N/m. If
h = 2.5 m, determine the resultant horizontal and vertical
forces the cables exert on tower BD.

Prob. 5-27

#5-28. The cable of length &£ = 20m is suspended
between two points A and B a distance of 6 m apart. If the
minimum tension in the cable is 900 N, determine the total
weight of the cable and the maximum tension developed in
the cable.

Prob. 5-28

5-29. The 10kg/m cable is suspended between the
supports A and B. If the cable can sustain a maximum
tension of 1.5 kN and the maximum sag is 3 m, determine
the maximum distance L between the supports.

3m

Prob. 5-29

5-30. The cable has a mass of 0.5kg/m and is 25 m long.
Determine the vertical and horizontal components of force
it exerts on the top of the tower.

D

X5

XX

OO

o
8

Prob. 5-30
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Sec. 5.5-5.6 5-34. The three-hinged spandrel arch is subjected to the
uniform load of 20 kN/m. Determine the internal moment
5-31. The tied three-hinged arch is subjected to the in the arch at point D.

loading shown. Determine the components of reaction at
A and C and the tension in the cable.

I | 2m 2m | 1 m—
0.5m Prob. 5-34
Prob. 5-31
#5-32. The bridge is constructed as a three-hinged trussed 5-35. The three-hinged spandrel arch is subjected to the
arch. Determine the horizontal and vertical components of loading shown. Determine the internal moment in the arch

reaction at the hinges (pins) at A, B, and C. The dashed at point D.
member DFE is intended to carry no force.

5-33. Determine the design heights £y, h,, and h; of the
bottom cord of the truss so the three-hinged trussed arch
responds as a funicular arch. S KN 8 kN

6 kKN 6 kKN
4 kKN 4 kN 3 kN 3 kN
2m|2m|2m 2m|2m|2m

Y Y Y Y

[P

/

0 kToo kN 100 kN 200 kN 200 kN

D4mE{ b

“fom12m 2m 2m 12m 12m 12m 2m>"

Probs. 5-32/33 Prob. 5-35
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#5-36. The arch structure is subjected to the loading
shown. Determine the horizontal and vertical components
of reaction at A and C, and the force in member AC.

30 kN

p“m M s m

Prob. 5-36

5-37. Determine the resultant forces at the pins A, B,
and C of the three-hinged arched roof truss.

Prob. 5-37

5-38. The tied three-hinged truss arch is subjected to the
loading shown. Determine the components of reaction at A
and C, and the tension in the tie rod.

80 kN

Prob. 5-38

5-39. The laminated-wood three-hinged arch is subjected
to the loading shown. Determine the horizontal and vertical
components of reaction at the pins A, B, and C.

Prob. 5-39
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Cables support their loads in tension if we consider them
perfectly flexible.

If the cable is subjected to concentrated loads then the force
acting in each cable segment is determined by applying the
equations of equilibrium to the free-body diagram of groups
of segments of the cable or to the joints where the forces are
applied.

If external distributed loads or the weight of the cable are to
be considered, then the shape of the cable must be determined
by first analyzing the forces on a differential segment of the
cable and then integrating this result. The two constants, say
Cy and C,, resulting from the integration are determined
by applying the boundary conditions for the cable.

Arches are designed primarily to carry a compressive force.
A parabolic shape is required to support a uniform loading
distributed over its horizontal projection.

Three-hinged arches are statically determinate and can be
analyzed by separating the two members and applying the
equations of equilibrium to each member.

three-hinged arch
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© Asbé3/Fotolia

The train produces a moving load that must be considered using influence lines
when designing the girders of this bridge.




NFLUENCE LINE
— STATICALLY
JETERMINATE
S CTURES

. CHAPTER OBJECTIVES

B To show how to draw the influence line for a statically determinate
structure, and provide specific applications to floor girders and
bridge trusses.

B To determine the maximum live shear and live moment in a beam
or bridge girder that supports several concentrated loads.

6.1 INFLUENCE LINES

In the previous chapters we developed techniques for finding the
internal loadings in structural members due to dead or fixed loads.
It was shown that the shear and moment diagrams represent the most
descriptive methods for displaying the variation of these loads in a
member. If a structure is subjected to a live or moving load, however,
the variation of the shear and bending moment in the member is best
described using the influence line. An influence line represents the
variation of either the reaction, shear, or moment, at a specific point in
a member as a concentrated force moves along the member. Once this
line is constructed, one can tell at a glance where the moving load should
be placed on the structure so that it creates the greatest influence at the
specified point. Furthermore, the magnitude of the associated reaction,
shear, or moment at the point can then be calculated from the ordinates
of the influence-line diagram. It is for these reasons that influence lines
play an important part in the design of bridges, industrial crane rails,
conveyors, and other structures where loads move across their span.
237
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CHAPTER 6

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

Although the procedure for constructing an influence line is rather
basic, one should clearly be aware of the difference between constructing
an influence line and constructing a shear or moment diagram. Influence
lines represent the effect of a moving load only at a specified point on a
member, whereas shear and moment diagrams represent the effect of
fixed loads at all points along the axis of the member.

- PROCEDURE FOR ANALYSIS

Either of the following two procedures can be used to construct the
influence line at a specific point P in a member for any function
(reaction, shear, or moment). For both of these procedures we will
choose the moving force to have a dimensionless magnitude of unity.*

Tabulate Values

® Place a unit load at various locations, x, along the member,
and at each location use statics to determine the value of the
function (reaction, shear, or moment) at the specified point.

¢ If the influence line for a vertical force reaction at the support of
a beam is to be constructed, consider the reaction to be positive
when it acts upward on the beam.

® If a shear or moment influence line is to be drawn for a point,
take the shear or moment at the point as positive according to
the same sign convention used for drawing shear and moment
diagrams. (See Fig. 4-1.)

® All statically determinate beams will have influence lines that
consist of straight line segments.

>

® To avoid errors, first construct a table, listing the “unit load at x’
versus the corresponding value of the function calculated at
the specific point; that is, “reaction R,” “shear V,” or “moment
M.” Once the load has been placed at various points along the
span, the tabulated values can be plotted and the influence-line
segments constructed.

Influence-Line Equations

¢ The influence line can also be constructed by placing the
unit load at a variable position x on the member and then
calculating the value of R, V,or M at the point as a function of x.
In this manner, the equations of the various line segments
composing the influence line can be determined and plotted.

*The reason for this choice will be explained in Sec. 6.2.
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I EXAMPLE 6.1

Construct the influence line for the vertical reaction at A of the Aa
beam in Fig. 6-1a. L _—— EB

SOLUTION L om— |

Tabulate Values. A unit load is placed on the beam at

each selected point x, and the corresponding value of A, is @)
calculated by summing moments about B. Examples when
x = 2.5m and x = 5m are shown in Figs. 6-1b and 6-1c. The results Fig. 6-1

for A, are entered in the table, Fig. 6-1d. A plot of these values yields
the influence line for the reaction at A, Fig. 6—1e. This line or diagram
gives the reaction at A as the unit load moves from one position to the
next along the beam.

x=25m
ll
) o )
Ay 10 m IBy Ayl 10 m B,
+

C+3Mp=0;-A,(10) +1(75) =0 C+3Mp=0;-4,(10)+1(5) =0
A, =075 A, =05

(b) (c)

influence line for Ay

(d) (e)

Influence-Line Equation. Rather than placing the unit load at
specific points on the beam and plotting the values of A, for each
point, we can place the unit load a variable distance x from A,
Fig. 6-1f.The reaction A, as a function of x can be determined from

+3Mp =0; —A,10) + (10 — x)(1) = 0

1

- O

O
Ay 10 m IBV

A, =1-i5x

This is the equation of the influence line, plotted in Fig. 6-1e. (®
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I EXAMPLE 6.2

Construct the influence line for the vertical reaction at B of the beam in

Fig. 6-2a.
.

WFI

(a)
Fig. 6-2

SOLUTION

Tabulate Values. Using statics, verify that the values for the reaction
B, listed in the table, Fig. 6-2b, are correct for each position x of the
unit load. A plot of the values yields the influence line in Fig. 6-2c.

influence line for B,

(b) ©

Influence-Line Equation. We must determine the reaction B,
when the unit load is placed a distance x from A, Fig. 6-2d. Applying the

moment equation about A,

(FXM, = 0; By(5) —1(x) =0
B, = %x

y

This equation is plotted in Fig. 6-2c.
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I EXAMPLE 6.3

Construct the influence line for the shear at point C of the beam in —_—
Fig. 6-3a. - ‘C e 4

s B
SOLUTION L“m\
10m—

Tabulate Values. At each selected position x of the unit load, the

method of sections is used to calculate the value of V. In particular, @
the unit load must be placed just to the left (x = 2.57) and just to Fig. 6-3
the right (x = 2.57) of point C since the shear is discontinuous at C,
Figs. 6-3b and 6-3c. A plot of the values in Fig. 6-3d yields the influence
line for the shear at C, Fig. 6-3e. Here the diagram gives the shear at C
as the unit load moves from one position to the next along the beam.

0.75 0.25 0.75 0.25

Ve Ve

M(T+ | M(T T| Ve

€+ TSF, =0V = —o.st C HSF, =0V =075
0.25 0.25
(b) (©) = ~ N
Influence-Line Equations. Here two equations have to be h\l—o.zg
determined, since there are two segments for the influence line due to Ve=—15*
the discontinuity of shear at C. First we determine A,, Fig. 6-3f. Using influence line for V.
the result, we then obtain the internal shear at C for each region, ©
Fig. 6-3g. The equations are plotted in Fig. 6-3e.

1 1 1
X —]
— o e
‘ | |) Ly '
C
10m T V
2.5 m~| 2.5 m—~ €
‘VCOSx<2.5m 1VC 25m<x=10m T
B _
A, v Ay=1—257 Ay=1-qg5% B,
(+3ZMp=0; —A,(10) +1(10 —x) =0 . :
A =1-L, TH+IF, =0, 1 =52 —1- V=0 THSF, =0 1= 355 = V=0
y 10 : :
(f) VC:_EX Vc=l—ﬁx

(2)
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I EXAMPLE 6.4

1 Construct the influence line for the shear at point C of the beam
] in Fig. 6-4a.
0 C SOLUTION

_’M Tabulate Values. Using statics and the method of sections,

B — verify that the values of the shear V at point C in Fig. 6-4b
L correspond to each position x of the unit load on the beam. A
4m— 4m—s 4m—
(a)

b

plot of the values in Fig. 6-4b yields the influence line in Fig. 6—4c.

Fig. 64 Ve

N
3 0.5

0 0 —0. =
4= -05 __ 1
4+ 05 Vem—%x
8 0
2 —05 influence line for V-

(b) (c)

Influence-Line Equations. From Fig. 6-4d, verify that
Ve = —%x 0=x<4m

Ve=1-1ix 4m<x=12m

These equations are plotted in Fig. 6—4c.

=h5 e

4m4vc 4m—>‘vc Ve
0=x<4m 1 4m<x=12m

1
=1-35x Ay =1-—x B,

4,

(d)
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I EXAMPLE 6.5

Construct the influence line for the moment at point C of the beam in
Fig. 6-5a.

SOLUTION tA—IE C j "
Tabulate Values. At each selected position of the unit load, the ti ‘ B

moment M is calculated using the method of sections. An example
is shown in Fig. 6-5b for x = 2.5 m. A plot of the tabulated values

in Fig. 6-5¢ yields the influence line for the moment at C, Fig. 6-5d. (a)
This diagram gives the moment at C as the unit load moves from one
position to the next along the beam. Fig. 6-5
1
P.s m

0.75 T
T‘ (+SMc=0; —Mc+025(5) =0 0 10
M= 125 25 |125
v Sm— 5 |25
75 | 125

0.25 10 10 influence line for M
(b) () (d)

Influence-Line Equations. The two line segments for the influence
line can be determined using M- = 0 along with the method of
sections shown in Fig. 6-5e. These equations when plotted yield the
influence line shown in Fig. 6-5d.

(+3Me=0; Mc+15-x)— (1 —£x)5=0 (+3Mc=0; Mc— (1-24x)5=0

Mc=3% 0=x<5m Mc=5-% Sm<x=10m

(e)
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I EXAMPLE 6.6

Construct the influence line for the moment at point C of the beam in

Fig. 6-6a.
x%
— = ——
B
N mﬂL“m"Léth
(a)

Fig. 66

SOLUTION

Tabulate Values. Using statics and the method of sections, verify
that the values of the moment M, at point C in Fig. 6-6b correspond
to each position x of the unit load. A plot of these values yields the
influence line in Fig. 6-6¢.

Mc

© &~ O =
N o
N
|
S}
=

12 =2 influence line for M
(b) (©)
Influence-Line Equations. From Fig. 6-6d verify that
M = %x 0=x<4m
Mc=4-3x 4m<x=12m
These equations are plotted in Fig. 6-6c.
1

1

5 '—x*() —
. ) ) (1=
4m4vc 4m4vc Ve
0=x<4m dm<x=12m
A=1--1y A—=1-L B,
y S §= g X

(d)
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6.2 INFLUENCE LINES FOR BEAMS

Once the influence line for a function (reaction, shear, or moment) has
been constructed, it will then be possible to position the live loads on the
beam so that they produce the maximum value of the function. Two types
of loadings will now be considered.

Concentrated Force. Since the numerical values of a function for
an influence line are determined using a dimensionless unit load, then for
any concentrated force F acting on the beam at any position x, the value
of the function can be found by multiplying the ordinate of the influence
line at the position x by the magnitude of F. For example, consider the
influence line for the reaction at A in Fig. 6-7 If the moving unit load is
at x = 1L, the reaction at A is A, = 1, and so if the moving force F N
is at this same point, the reaction is A, = (%) (F) N. Of course, this same
value for A, can also be determined by statics. Obviously, the maximum
influence caused by F occurs when it is placed on the beam at the same
location as the peak of the influence line, which in this case is at x = 0,
where the reaction would be A, = (1)(F) N.

Uniform Load. Now consider a portion of a beam subjected to a
uniform load wy, Fig. 6-8. As shown, each dx segment of this load creates
a concentrated force of dF = wydx on the beam. If dF is located at x,
where the beam’s influence-line ordinate for some function (reaction,
shear, moment) is y, then the value of the function is (dF )(y) = (wodx)y.
The effect of all the concentrated forces dF is determined by integrating
over the entire length of the beam, that is, f woydx = wy f ydx. Since
f ydx is equivalent to the area under the influence line, then, in general,
the value of a function (reaction, shear, or moment) caused by a uniform
distributed load is simply the area under the influence line for the function
multiplied by the intensity of the uniform load. For example, in the case
of the beam shown in Fig. 6-9, subjected to the moving distributed
load wy, the reaction A, can be determined from the influence line as
A, = (area)(wy) = [%(1)(L)] wy = s woL. This value can, of course,
also be determined from statics by considering the beam to be fully
loaded with wy and then calculating A,

AlR
_.-_Z! —= | 7

influence line for A,

Fig. 6-9
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F
x%L%
-

A

hS

D=

1 L
7L

influence line for A,

o
o b—ar
: | —ax

) X

influence line for function

Fig. 6-8
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I EXAMPLE 6.7

-

M0m—

(a)
Fig. 6-10

Determine the maximum positive shear that can be developed at point C
in the beam shown in Fig. 6-10a due to a concentrated moving load of
4 kN and a uniform moving load of 2 kN /m.

Ve
0.75

5 25 O

—0.25

influence line for V-

(®)
SOLUTION

The influence line for the shear at C has been established in
Example 6.3 and is shown in Fig. 6-105b.

Concentrated Force. The maximum positive shear at C will occur
when the 4-kN force is located at x = 2.5 m, since this is the positive
peak of the influence line. The ordinate of this peak is +0.75; so that

Ve = 0.75(4kN) = 3kN
Uniform Load. The uniform moving load creates the maximum
positive influence for V- when the load acts on the beam between
x = 2.5"m and x = 10 m, since within this region the influence line
has a positive area. Using this area, the magnitude of V is
Ve = [3(10m — 2.5m)(0.75) ]2 kN/m = 5.625 kN

Total Maximum Shear at C.

(Vo) max = 3kN + 5.625 kN = 8.625 kN Ans.

Notice that once the positions of the loads have been established using
the influence line, Fig. 6-10c, this value of (V) .x can also be determined
using statics and the method of sections. Show that this is the case.

4kN
2 kN/m

s

4 \ A

A - B

c

[ 10 m

(©)
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I EXAMPLE 6.8

The frame structure shown in Fig. 6-11a is used to support a hoist for
transferring loads for storage at points underneath it. It is anticipated
that the load on the dolly is 3 kN and the beam CB has a mass of
24kg/m. Assume the dolly has negligible size and can travel the entire
length of the beam. Also, assume A is a roller and B is a pin. Determine
the maximum vertical support reactions at A and B and the maximum
moment in the beam at D.

3kN

(a)

SOLUTION

Maximum Reaction at A. We first draw the influence line for A,,
Fig. 6-11b. Specifically, when a unit load is at A the reaction at A is 1
as shown. Also, the ordinate at C is 1.33. Here the maximum value for
A, occurs when the dolly is at C. Since the dead load (beam weight)
must be placed over the entire length of the beam, we have,

(A,)max = 3000(1.33) + 24(9.81)[5(4)(1.33) ]

= 4.63 kN Ans.

Maximum Reaction at B. The influence line takes the shape shown
in Fig. 6-11c.The values at C and B are determined by statics. Here the
dolly must be at B, and as before, the dead load acts over the entire
length of the beam. Thus,

(By)max = 3000(1) + 24(9.81)[3(3)(1)] + 24(9.81)[5(1)(—0.333) |
= 3.31 kN Ans.

Maximum Moment at D. The influence line has the shape shown
in Fig. 6-11d. The values at C and D are determined from statics. Here,

(Mp) max = 3000(0.75) + 24(9.81) [ 3 (1)(=0.5) | +24(9.81)[3(3)(0.75) ]
= 246 kN-m Ans.
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X

im]

influence line for A,

(b)
By 1
1m /\
L ] -
0333 | S !
influence line for B,
(c)
Mp
0.75
1 ma‘/\
| X
-05 - 15m—b—15m—

influence line for My,

(d)
Fig. 6-11
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AT

(a)

()

Tl deflected shape

p—

(®)

Design of this bridge girder is based on
influence lines that must be constructed for
this train loading.

6.3 QUALITATIVE INFLUENCE LINES

In 1886, Heinrich Miiller-Breslau developed a technique for constructing
the shape of an influence line without the need for calculation. Referred
to as the Miiller-Breslau principle, it states that the influence line for a
loading (reaction, shear, or moment) is to the same scale as the deflected
shape of the beam when the beam is acted upon by the loading. In order to
draw this deflected shape, the capacity of the beam to resist the applied
loading must be removed so the beam can deflect when the loading is
applied. For example, consider the beam in Fig. 6—12a. If the shape of the
influence line for the vertical reaction at A is to be determined, the pin
is first replaced by a roller guide as shown in Fig. 6-12b. A roller guide
is necessary since the beam must still resist a horizontal force at A but
no vertical force. When the positive (upward) force A, (loading) is then
applied at A, the beam deflects to the dashed position,* which represents
the general shape of the influence line for A, Fig. 6-12c. (Numerical values
for this specific case have been calculated in Example 6.1.)

If the shape of the influence line for the shear (loading) at C is to be
determined, Fig. 6-13a, the connection at C is symbolized by a roller
guide as shown in Fig. 6-13b. This device will resist a moment and axial
force but no shear. Applying a positive shear force V. to the beam at
C and allowing the beam to deflect to the dashed position, we find
the influence-line shape as shown in Fig. 6-13c. Finally, if the shape of
the influence line for the moment (loading) at C, Fig. 6-14a, is to be
determined, an internal hinge or pin is placed at C, since this connection
resists axial and shear forces but cannot resist a moment, Fig. 6-14b.
Applying positive moments M. to the beam, the beam then deflects to
the dashed position, which is the shape of the influence line, Fig. 6-14c.

influence line for A
()
Fig. 6-12

y

*Throughout the discussion all deflected positions are drawn to an exaggerated scale to
illustrate the concept.
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(a)

--"~ _deflected shape

-

- H o

MC MC S~

(b)

influence line for V-
(©)
Fig. 6-13

The proof of the Miiller-Breslau principle can be established using
the principle of virtual work. Recall that work is the product of either a
displacement and force in the direction of the displacement or a rotation
and moment in the direction of the rotation. If a rigid body (beam) is in
equilibrium, the sum of all the forces and moments on it must be equal
to zero. Consequently, if the body is given an imaginary or virtual
displacement, the work done by all these forces and couple moments
must also be equal to zero. Consider, for example, the simply supported
beam shown in Fig. 6-15a, which is subjected to a unit load placed at an
arbitrary point x along its length. If the roller at A is removed and the
beam is given a virtual (or imaginary) displacement 8y at A, Fig. 6-15b,
then only the support reaction A, and the unit load do virtual work. (The
support at B does not move and therefore the force at B does no work.)
Specifically, A, does positive work, A, 8y, and the unit load does negative
work, —18y’. Since the beam is in equilibrium and therefore does not
actually move, the virtual work must sum to zero, i.e.,

A,y —18y' =0
Then
oy’
ey
Since 8y is constant and 8y’ depends upon its location x on the beam,
then the value of A, is proportional to the ordinate or height 8y’ of the

deflected (dashed) shape of the beam. This proves the Miiller-Breslau
principle for reactions.

A

influence line for M,

(©)

Fig. 6-14
ll
A 5
} |
X
(a)
T 1
iy -jy
A =1
A, x |
(b)
Fig. 6-15
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(c)
Fig. 6-15 (cont’d)

In the same manner, if the beam is sectioned at C, and the beam
undergoes a virtual displacement 8y at this point, Fig. 6-15¢, then only
the internal shear at C and the unit load at the arbitrary position x do
work. Thus, the virtual work equation is

Vedy — 168y =0
Then

!

VC:

oy
and again since V¢ is proportional to 8y’, the shape of the influence line
for the shear at C has been established.

(d)
Fig. 6-15 (cont’d)

Lastly, assume a hinge or pin is introduced into the beam at point C,
Fig. 6-15d. If a virtual rotation 8¢ is introduced at the pin, virtual work
will be done only by the internal moment and the unit load. So

Mcddp — 18y’ =0

and therefore,

!

_ oy
-5

which indicates that the deflected beam has the same shape as the
influence line for the internal moment at point C.

Once the influence-line shape has been established, the ordinates at the
peaks can be determined by using the basic method discussed in Sec. 6.1.
Also, by simply knowing the general shape of the influence line, it is possible
to locate the live load on the beam and then determine the maximum value
of the function by using statics. Example 6.12 illustrates this technique.

Mc
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I EXAMPLE 6.9

For each beam in Figs. 6-16a through 6-16c, sketch the influence line for
the vertical reaction at A.

SOLUTION

The support is replaced by a roller guide at A since it will resist A,
but not A,. The force A, is then applied.

Ay
AT =
£\ N = o .
e — B = = |
deflected shape A influence line for Ay
y
(a)
Fig. 6-16

A double-roller guide must be used at A in this case, since this type of
support will resist both a moment M, at the support and axial load
A, but will not resist A,

______________________ AY
| | x
A
Sl otz dinre influence line for A,
(b)
Again, a roller guide is placed at A and the force A, is applied.
. A

e J_t_”'&“n == ‘ <
A ™

Y

deflected shape influence line for A,

(©)
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I EXAMPLE 6.10

For each beam in Figs. 6-17a through 6-17c, sketch the influence line for
the shear at B.

SOLUTION

The roller guide is introduced at B and the positive shear Vjis applied.
Notice that the right segment of the beam will not deflect since the
roller at A actually constrains the beam from moving vertically, either
up or down. [See support (2) in Table 2.1.]

Vg

P |

Vy deflected shape influence line for Vp

(a)
Fig. 6-17
Again, the roller guide is placed at B, the positive shear is applied, and

the deflected shape and corresponding influence line are shown. Note
that the left segment of the beam does not deflect, due to the fixed

support.

Vi

{}L ___________ . Vp
! i

P 5 ] # | N
B B !
v deflected shape influence line for Vg

B

(b)

Placing the roller guide at B and applying the positive shear at B
yields the deflected shape and corresponding influence line.

deflected shape  Vj influence line for Vg

(0)
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I EXAMPLE 6.11

For each beam in Figs. 6-18a through 6-18c, sketch the influence line for
the moment at B.

SOLUTION

A hinge is introduced at B and positive moments My are applied. The
deflected shape and corresponding influence line are shown.

M B M B M B
¥ |
— o o x
—L Y i ==
B B T~ | influence line for MB\]
deflected shape
(a)
Fig. 6-18

With the hinge and positive moment at B the deflected shape and
influence line are shown. The left segment of the beam is constrained
from moving due to the fixed wall at A.

A Mg Mg Mpg
A »
— - = = J— | .
b B e = | . . \J
deflected shape = influence line for Mg

(b)

Placing a hinge at B and applying positive moments Mp to the beam
yields the deflected shape and influence line.

A My
/’f Vg |
e e 3 2 (:E! | B
£ Mg Mg
deflected shape e influence line for Mp

(©)
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I EXAMPLE 6.12

Determine the maximum positive moment that can be developed at
point D in the beam shown in Fig. 6-19a due to a concentrated moving
load of 16 kN, a uniform moving load of 3 kN /m, and a beam weight of
2 kN /m.

Fig. 6-19

SOLUTION

A hinge is placed at D and positive moments M, are applied to the
beam. The deflected shape and corresponding influence line are shown
in Fig. 6-19b. Here the concentrated moving load of 4 kN creates a
maximum positive moment at D when it is placed at D, i.e., the positive
peak of the influence line. Also, the uniform moving load of 3 kN/m
must extend from C to E in order to cover the region where the area
of the influence line is positive. Finally, the uniform dead weight of
2 kN /m acts over the entire length of the beam. The loading is shown
on the beam in Fig. 6-19¢. Knowing the position of the loads, we can
now determine the maximum moment at D using statics. In Fig. 6-19d
the reactions on BE have been calculated. Sectioning the beam at D
and using segment DE, Fig. 6—19¢, we have

(tXMp =0, —Mp—202)+ 19(4) =0

Mp = 36 kN -m Ans.

’\V 6 10
influence line for M,

(b)
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16 kN
5 kN/m

D
| ©
‘ 2m ‘ 2m ‘ 2m 4m
()
16 kKN 30 kN 16 kKN 20 kKN
4kKN 1Tt Tt T T T TS

12m ?4 6m ﬂ Mi T? . EJE

D
A,=2kN B,=2kN B,=2kN C,=33kN g, =k VDL—Zm—N—Zm
E,=19kN

(d)

This problem can also be worked by using numerical values for
the influence line as in Sec. 6.1. Actually, by inspection of Fig. 6-195b,
only the peak value 4 at D must be determined. This requires placing
a unit load on the beam at D in Fig. 6-19a and then solving for the
internal moment in the beam at D. The calculations are shown
in Fig. 6-19f. Thus Mp = h = 1.333. By proportional triangles,
h'/(4 —2) = 1.333/(6 — 4) or k" = 1.333. Hence, with the loading on
the beam as in Fig. 6-19¢, using the areas and positive peak value of the
influence line, Fig. 6-19b, we have

Mp = 5[;(10 — 4)(1.333)} + 16(1.333) — 2[;(4)(1.333)]

= 36kN-m Ans.

1
0 0 0 J
— f_. ﬁ
EZma l——Zm | 2m 7‘ 4m |
0 0 0

0.667 0333
M,, = 1.333

&F -
Vp+ = —0.333] 4m |

®
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CHAPTER 6

floor beam <

girder

column

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

6.4 INFLUENCE LINES FOR FLOOR
GIRDERS

Occasionally, floor systems are constructed as shown in Fig. 6-20a. Here
the floor loads are transmitted from the slab to the floor beams, then
to the side girders, and finally to the supporting columns. An idealized
model of this system is shown in front view, Fig. 6-20b. Here the slab is
assumed to be a one-way slab and is segmented into simply supported
spans resting on the floor beams. Also, the girder is simply supported on
the columns. Since the girders are main load-carrying members in this
system, it is sometimes necessary to construct their shear and moment
influence lines. This is especially true for industrial buildings subjected
to heavy moving concentrated loads. For this system, the moving unit
load on the floor slab is transferred to the girder only at points where it
is in contact with the floor beams, i.e., points A, B, C, and D.These points
are called panel points, and the region between these points is called a
panel, such as BC in Fig. 6-20b.

L1
Pl

FC "*S%
Cl A 4 P MP

(c) (d)
Fig. 6-20
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The influence line for the shear or moment at a specified point P in
the girder can be determined using the same procedure as in Sec. 6.1;
i.e., place the unit load at various points x on the floor slab and always
calculate the function (shear or moment) at the point P in the girder,
Fig. 6-20b. Plotting these values versus x yields the influence line for
the function at P. Note that the internal moment in a girder panel
will depend upon where point P is chosen, since the magnitude of
M, depends upon this point’s location from the end of the girder. For
example, if the unit load acts on the floor slab as shown in Fig. 6-20c,
one first finds the reactions Fz and F. on the slab, then calculates the
support reactions F; and F, on the girder. The internal moment at P
is then determined by the method of sections, Fig. 6-20d. This gives
Mp = Fid — Fg(d — s). Using a similar analysis, the internal shear Vp
can be determined. In this case, however, Vp will be constant throughout
the panel BC (Vp = F; — Fpg) and so it does not depend upon the exact
location d of P within the panel. For this reason, influence lines for
shear in floor girders are specified for panels in the girder and not
specific points along the girder. The shear is then referred to as panel
shear. It should also be noted that since the girder is affected only by
the loadings transmitted by the floor beams, the unit load is generally
placed at each floor-beam location to establish the necessary data used
to draw the influence line.

© Juice Images/Alamy

The design of the floor system of this warehouse building
must account for critical locations of storage materials on
the floor. Influence lines must be used for this purpose.
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I EXAMPLE 6.13

Draw the influence line for the shear in panel CD of the floor girder in

Fig.6-21a.
=*+4 B c D E
A %ﬁ
o —] |
Lﬁ3m }~ 3m ‘ 3m ‘ 3n144
(a)
Fig. 6-21
SOLUTION
2 8 - Tabulate Values. The unit load is placed at each floor beam location
9 _0:333 and the shear in panel CD is calculated. A table of the results is shown
121 0 in Fig. 6-21b. The details for the calculations when x = O and x = 6 m
(b) are given in Figs. 6-21c and 6-21d, respectively. In each of these cases

the reactions of the floor beams on the girder are calculated first,
followed by a determination of the girder support reaction at F (G,
is not needed), and finally, a part of the girder is considered and the
internal panel shear Vp is calculated. As an exercise, verify the values

R for Vep when x = 3m, 9 m,and 12 m.
% 1 atx=6m
s EB {
A=1  BLo0 BﬁT fc
i ij B,=0 Cy=1
T i
l3m-C 9m Ve ' i %2M6=0;Fy=0.333
y T
G, M GF?} m } 6m |
SMg = 0: F, = 0.333 ( 1 G, F,
Vo M ( 1 SF, = 0; Vep=—0333
F,=0333 v
CD
SF,=0; Vep= 0333 F,=0333

(d)
Influence Line. When the tabular values are plotted and the points
connected with straight line segments, the resulting influence line
for V¢p is as shown in Fig. 6-21e.

©

VCD

0.333

—0.333

influence line for Vp

(©)
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I EXAMPLE 6.14

Draw the influence line for the moment at point F for the floor girder in
Fig. 6-22a.

o, ,

(a)
Fig. 6-22

SOLUTION

Tabulate Values. The unit load is placed at x = 0 and each panel
point thereafter. The corresponding values for My are calculated
and shown in the table, Fig. 6-22b. Details of the calculations for
x = 2 m are shown in Fig. 6-22c. As in the previous example, it is first
necessary to determine the reactions of the floor beams on the girder,
followed by a determination of the girder support reaction G, (H, is
not needed), and finally segment GF of the girder is considered and
the internal moment My is calculated. As an exercise, determine the
other values of My listed in Fig. 6-22b.

Influence Line. A plot of the tabular values yields the influence line
for M, Fig. 6-22d.

1 atx =2m

Az ‘ TBsm,=0,B,=05
2m'2m
Ay B, =05

@* My
|
LF ! . ' 2571
8m 7‘ 6 m% %‘2%2 /

|
Hy GY
My =0; G, = 00714

s 0.857
3M; = 0; My = 0.029] T: 0429
F X
vcp%mn% 0 2 4 8 10 12 16

G, =0.0714 influence line for My
(©) (d)
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The members of this truss bridge were
designed using influence lines in accordance
with the AASHTO specifications.

6.5 INFLUENCE LINES FOR TRUSSES

Trusses are often used as primary load-carrying structures for bridges.
Hence, for design it is important to be able to construct the influence
lines for each of its members. As shown in Fig. 6-23, the loading on the
bridge deck is transmitted to stringers, which in turn transmit it to floor
beams, and then to the joints along the bottom cord of the truss. Since the
truss members are affected only by the joint loading, we can therefore
obtain the ordinate values of the influence line for a truss member by
loading each joint along the deck with a unit load and then using the
method of joints or the method of sections to calculate the force in
the member. The data can be arranged in tabular form, listing “unit load
at joint” versus “force in member.” As a convention, if the member force
is tensile it is considered a positive value; if it is compressive it is negative.
The influence line for the member is constructed by plotting the data and
drawing straight lines between the points.
The following examples illustrate the method of construction.

Fig. 6-23
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I EXAMPLE 6.15

Draw the influence line for the force in member GB of the bridge truss
shown in Fig. 6-24a.

Fpe —o1—1
i

SF, =0; 025 — Fgpsin 45° =0
FGB =0.354

0.25

(b)

SOLUTION

Tabulate Values. Here each successive joint at the bottom cord is
loaded with a unit load and the force in member GB is calculated
using the method of sections. For example, placing the unit load
at x = 6m (joint B), the support reaction at E is calculated first,
Fig. 6-24a, then passing a section through HG, GB, BC and isolating
the right segment, the force in GB is determined, Fig. 6-24b. In the
same manner, determine the other values listed in the table, Fig. 6-24c.

Influence Line. Plotting the tabular data and connecting the
points yields the influence line for member GB, Fig. 6-24d. Since
the influence line extends over the entire span of the truss,member GB
is referred to as a primary member. In other words, GB is subjected
to a force regardless of where the bridge deck (roadway) is loaded,
except, of course, at x = 8 m. The point of zero force, x = 8 m, is
determined by similar triangles between x = 6 m and x = 12 m, that s,
(0.354 + 0.707) /(12 — 6) = 0.354/x'x" = 2m,sox = 6 + 2 = 8m.

Fep
0.354
8 12 18 24

6 \
=0.707

influence line for Fgp

(d)

—0.354
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I EXAMPLE 6.16

Draw the influence line for the force in member CG of the bridge truss
shown in Fig. 6-25a.

FCG

Fep Fep

()
Fig. 6-25

SOLUTION

Tabulate Values. A table of unit-load position at the joints of the
bottom cord versus the force in member CG is shown in Fig. 6-25b.
These values are easily obtained by isolating joint C, Fig. 6-25¢c. Here it
is seen that CG is a zero-force member unless the unit load is applied
at joint C, in which case F-g = 1 (T).

Influence Line. Plotting the tabular data and connecting the points
yields the influence line for member CG as shown in Fig. 6-25d.
Notice that when the unit load is at x = 9m, the force in member
CG is F¢g = 0.5. This situation requires the unit load to be placed on
the bridge deck between the joints. The transference of this load from
the deck to the truss is shown in Fig. 6-25e. From this one can see that
indeed Fo = 0.5 by again analyzing the equilibrium of joint C, Fig. 6-25f.
Since the influence line for CG does not extend over the entire span of
the truss, Fig. 6-25d, member CG is referred to as a secondary member.

Feg 1

1

/\ % deck f
L X

loadin,
6 12 18 24 0.5 %18 0.5
influence line for Frg
(d) FCG =0.5
:o\ ) gog C
¢ i Fep Fep
0.5 0.5
x=9m—
0.5

truss loading

(e) (f)
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I EXAMPLE 6.17\

In order to determine the maximum force in each member of the Warren
truss, shown in the photo, we must first draw the influence lines for each
of its members. If we consider a similar truss as shown in Fig. 6-26a,
determine the largest force that can be developed in member AB due to
amoving force of 100 kN and a moving distributed load of 12kN/m. The
loading is applied at the top cord.

A _ g 4 _.:_'- & &

T»4mﬂL 4ka4m *L“m
0.75 25
(a)

I
0

SOLUTION

Tabulate Values. A table of unit-load position x at the joints along
the top cord versus the force in member AB is shown in Fig. 6-26b.
The method of sections can be used for the calculations. For example,
when the unit load is at joint F (x = 4 m), Fig. 6-26a, the reaction C,
is determined first (C, = 0.25). Then the truss is sectioned through
AB, EF, and BF, and the right segment is isolated, Fig. 6-26¢. One
obtains F, 3 by summing moments about point F, to eliminate Fzy and
Fgr. In a similar manner determine the other values in Fig. 6-26b.

Influence Line. A plot of the tabular values yields the influence
line, Fig. 6-26d. By inspection, AB is a primary member.

Concentrated Live Force. The largest force in member AB occurs
when the moving force of 100 kN is placed at x = 4 m. Thus,

F, 5 = (1.00)(100) = 100 kN
Distributed Live Load. The uniform live load must be placed over

the entire deck or top cord of the truss to create the largest tensile force
in AB. Thus,

Fup = [3 (16)(1.00) |12 = 96 kN
Total Maximum Force.

(Fag) max = 100kN + 96 kN = 196 kN Ans.
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0
4
8 | 0.667
12 | 0.333
16 | 0
(b)
Fig. 6-26
‘ 12m
[Fir
I &
Fir'N 3m
I
Fip <« @ i
1 A
0.25
( +3M;=0; -F43(3) +025(12) =0
F,5=1.00(T)
(©)
Fap
|/1\
X
4 16
influence line for F 5
(d)
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As the train passes over this girder bridge
the engine and its cars will exert vertical
reactions on the girder. These along with the
dead load of the bridge must be considered
for design.

6.6 MAXIMUM INFLUENCE AT
A POINT DUE TO A SERIES
OF CONCENTRATED LOADS

Once the influence line for a reaction, shear, or moment has been
established for a point in a structure, the maximum effect caused by
a moving concentrated force is determined by multiplying the peak
ordinate of the influence line by the magnitude of the force. In some cases,
however, several concentrated forces may move along the structure. An
example would be the wheel loadings of a truck or train such as shown
in Fig. 6-27 In order to determine the maximum effect in this case, either
a trial-and-error procedure can be used or a method that is based on the
change in the reaction, shear, or moment that takes place as the load is
moved. Each of these methods will now be explained.

Shear. Consider the simply supported beam with the associated
influence line for the shear at point C in Fig. 6-28a.The maximum positive
shear at point C is to be determined when a series of concentrated
(wheel) loads moves from right to left over the beam. The critical loading
will occur when one of the loads is placed just to the right of point C,
which is coincident with the positive peak of the influence line (0.75). By
trial and error each of three possible cases can therefore be investigated,
Fig. 6-28b. We have

Case 1: (Vo) = 4.5(0.75) + 18(0.625) + 18(0.5) = 23.63kN
Case2:  (Vo), = 4.5(—0.125) + 18(0.75) + 18(0.625) = 24.19 kN
Case3:  (Vo); = 4.5(0) + 18(—0.125) + 18(0.75) = 11.25kN

Case 2, with the 4.5 kN force located 1.5% m from the left support, yields
the largest value for V- and therefore represents the critical loading.
Actually, investigation of Case 3 is unnecessary, since by inspection such
an arrangement of loads would yield a value of (V)5 that would be less
than (Vc)z.

Fig. 6-27
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45kN 18kN 18kN N
: 5 | X

N3 12

—0.25

influence line for V¢

(@)

_
C -
sntd] ’
1.5ml15m Case 1

Ve 0.75
0625

3 45 ¢ 12 )

—0.25

45kN 18 kN 18 kN \

FL—L—»‘

1.5ml1.5m1.5m
Ve 075 0,625

‘SH\X

=7 43 Ca
—0.125

—0.25

Case 2

4.5 kN 18 kN 18 kN \

Case 3
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When many moving concentrated loads act on the span, as in the case
of the train shown in Fig. 6-27 the trial-and-error calculations can be
tedious. Instead, the critical position of the loads can be determined in
a more direct manner by finding the change in shear, AV, which occurs
when the loads move from Case 1 to Case 2, then from Case 2 to Case 3,
etc. As long as each computed AV is positive, the new position will yield a
larger shear in the beam at C than the previous position. Each movement
is investigated until a negative change in shear is calculated. When this
occurs, the previous position of the loads will give the critical value.

To illustrate this method numerically consider again the beam, loading,
and influence line for V¢, shown in Fig. 6-28a. Since the slope is

0.25
s = 0.75/(12 = 3) = == = 008333

and the jump at C has a magnitude of
075 + 025 =1

then when the loads of Case 1 move 1.5 m to Case 2, Fig. 6-28b, the
4.5-kN load jumps down (—1) and all the loads move up the slope of the
influence line. This causes a change of shear of

AVi_, = 45(—1) + [4.5 + 18 + 18](0.08333)(1.5) = +0.563 kN

Since this result is positive, Case 2 will yield a larger value for V. than
Case 1. [Compare the answers for (V¢); and (V ), previously calculated,
where indeed (V(), = (V) + 0.563.] Investigating AV,_;, which
occurs when Case 2 moves to Case 3, Fig. 6-28b, we must account for the
downward (negative) jump of the 18-kN load and the 1.5-m horizontal
movement of all the loads up the slope of the influence line. We have

AV, 5 = 18(—1) + (4.5 + 18 + 18)(0.08333)(1.5) = —12.94 kN

Since AV, _; is negative, Case 2 is the position of the critical loading, as
determined previously.
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ve 075

45KN 18kN 18 kN N
: 5 | X

[—13 12

—0.25

o | | 1.5ml.5m
‘ 3m— 9m \ influence line for V¢
(a)
4.5kN 18 kN 18 kN \
/°\ _ 4
i 0
P L B
M S s Case 1
Ve 0.75
0.625 05
3 45 6 2" )
—-0.25
4.5kN 18 kN 18 kN \
i -
1.5m1.5 m‘l.Sm Case 2
Ve 075 625
| s
=3 43 iz " )
~0.125 )
4.5kN 18 kN 18 kN \
1.5m1.5 m‘ Case 3
Ve 0.75
3

(b)
Fig. 6-28 (repeated)
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Moment. We can also use the foregoing methods to determine the
critical position of a series of moving concentrated forces so that they
create the largest internal moment at a specific point in a structure. Of
course, it is first necessary to draw the influence line for the moment at
the point.

As an example, consider the beam, loading, and influence line for the
moment at point C in Fig. 6-29a. If each of the three concentrated forces
is placed on the beam, coincident with the peak of the influence line,
we will obtain the greatest influence from each force. The three cases
of loading are shown in Fig. 6-29b. When the loads of Case 1 are moved
1.2 m to the left to Case 2, it is observed that the 9-kN load decreases
AM, _,, since the slope (2.25/3) is downward, Fig. 6-29a. Likewise, the
18-kN and 13.5-kN forces cause an increase of AM;_,, since the slope
[2.25/(12 — 3)] is upward. We have

2.25

AM, -, = —9<3>(1-2) + (18 + 13.5)< 225

12 -3

>(1.2) = 135kN'm
Since AM, _, is positive, we must further investigate moving the loads

1.8 m from Case 2 to Case 3.

2.25
12 -3

AM, 5= —(9 + 18)<2'325>(1.8) + 13.5( )(1.8) = —3038kN-m

Here the change is negative, so the greatest moment at C will occur
when the beam is loaded as shown in Case 2, Fig. 6-29b. The maximum
moment at C, Fig. 6-29c, is therefore

(M¢) max = 9(1.35) + 18(2.25) + 13.5(1.8) = 77.0kN-m

The following examples further illustrate this method.

The girders of this bridge must resist the
maximum moment caused by the weight of
this jet plane as it passes over the bridge.
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9kN 18 kN 13.5 kN

influence line for M

(a)

9kN 18 kN 13.5kN

Case 1

9 kN 18 kN 13.5 kN

9kN 18 kN 13.5kN

(b)

1.80

1.8 3 4.8 12

(c)
Fig. 6-29
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I EXAMPLE 6.18

Determine the maximum positive shear created at point B in the beam
shown in Fig. 6-30a due to the wheel loads of the moving truck.

405kN  67SkN  ASKN

Fig. 6-30
SOLUTION
The influence line for the shear at B is shown in Fig. 6-305b.
Vi
0.5‘
X
3 6
=05

influence line for Vi
(b)

0.9-m Movement of 18-kN Load. Imagine that the 18-kN load
acts just to the right of point B so that we obtain its maximum positive
influence. Since the beam segment BC is 3 m long, the 45-kN load is not as
yet on the beam. When the truck then moves 0.9 m to the left, placing the
40.5-kN load at the peak of 0.5, then the 18-kN load jumps downward on
the influence line 1 unit and the 18-kN, 40.5-kN, and 675-kN loads create
a positive increase in AV, since the slope is upward to the left. Although
the 45-kN load also moves forward 0.9 m, it is still not on the beam. Thus,

0.5
AVy = 18(— 1)+(18+405+675)< )09—+09kN

1.8-m Movement of 40.5-kN Load. When the truck now moves
1.8 m to the left, so that the 67.5-kN load is at 0.5, then we have

AVp

40.5(~1) + (18 + 40.5 + 67. 5)( >(1 8) + 45( >(1 2)

= +6.3kN
Note in the calculation that the 45-kN load only moves 1.2 m on the beam.
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1.8-m Movement of 67.5-kN Load. Finally, if the truck moves 1.8 m
to the left, placing the 45-kN load at the 0.5 peak, then the 18-kN load
moves only 0.3 m until it is off the beam, and likewise the 40.5-kN load
moves only 1.2 m until it is off the beam. Hence,

0.5 0.5
AVp = 67.5(-1) + 18<3>(0.3) + 40.5<3)(1.2)
0.5
+ (67.5 + 45) 3 (1.8) = —24.8kN
Since AV is now negative, the correct position of the loads occurs

when the 675-kN load is just to the right of point B, Fig. 6-30c.
Consequently,

(VB) max = 18(=0.05) + 40.5(—0.2) + 67.5(0.5) + 45(0.2)
= 33.8k Ans.
In practice one also has to consider motion of the truck from left

to right and then choose the maximum value between these two
situations.

40.5 kN 67.5 kN 45 kN
18 kN

Vs 05
NZ\
03 12 B
Py 3 48 6
T 02
0.5
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I EXAMPLE 6.19

8 kN 8 kN

4 kN 3 kN 4 kN 3 kN
é 3m Zmé é 3m éZmé
N

Determine the maximum positive moment created at point B in the
beam shown in Fig. 6-31a due to the wheel loads of a crane.

= F
S T
*Zm»LBmH«Zm» F2m» 3mﬁ»F2m

(2)

Mp

1.20
0.4
5 7
X

I ~

-0.8
influence line for Mg
(b)
Fig. 6-31
SOLUTION

The influence line for the moment at B is shown in Fig. 6-31b.

2-m Movement of 3-kN Load. If the 3-kN load is assumed to act
at B and then moves 2 m to the right so that the 8-kN load is at B,
Fig. 6-31b, the change in moment is

AMy = —3(120>(2) + 8(12 >(2) = 720kN-m

Why is the 4-kN load not included in the calculations?

3-m Movement of 8-kN Load. If the crane then moves 3 m to the
right, so that the 4-kN load is at B, then the change in moment is

3(1 20>(3) ~ 8(1 20)(3) . 4<1 2())(2)

= —840kN-m

AM,

Here the 4-kN load was initially 1 m off the beam, and therefore moves
only 2 m on the beam.

Since there is a sign change in AMp, the correct position of the loads
for maximum positive moment at B occurs when the 8-kN force is
at B, Fig. 6-31b. Therefore,

(M) max = 8(1.20) + 3(0.4) = 10.8kN -m Ans.
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I EXAMPLE 6.20

Determine the maximum compressive force developed in member BG
of the side truss in Fig. 6-32a due to the right side wheel loads of the car
and trailer. Assume the loads are applied directly to the truss and move
only to the right.

T X
3 V
0625} — — ———

influence line for Fpg;

(a) (®)

Fig. 6-32
SOLUTION

The influence line for the force in member BG is shown in Fig. 6-32b.
Here a trial-and-error approach for the solution will be used. Since we
want the greatest negative (compressive) force in BG, we begin as follows:

1.5-kN Load at Point C. In this case

1.5kN(—0.625) + 4kN(0) + 2kN<O'§’1n25)(1 m)

Fge

—0.729 kN

4-kN Load at Point C. By inspection this would seem a more
reasonable case than the previous one.

—0.625
6m

4KN(-0.625) + 1.5 kN( )(4 m) + 2 kN(0.3125)

FBG

—2.50 kN

2-kN Load at Point C. In this case all loads will create a compressive

force in BG.
—0.625 —0.625
= —0.625) + + 1.
Fge = 2kN(—-0.625) 4kN< om >(3 m) 15kN< om )(1 m)
= —2.66 kN Ans.

Since this final case results in the largest answer, the critical loading
occurs when the 2-kN load is at C.
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6.7 ABSOLUTE MAXIMUM SHEAR
AND MOMENT

In Sec. 6.6 we developed the methods for calculating the maximum shear
and moment at a specified point in a beam due to a series of concentrated
moving loads. A more general problem involves the determination of
both the location of the point in the beam and the position of the loading
on the beam so that one can obtain the absolute maximum shear and
moment caused by the loads. If the beam is cantilevered or simply
supported, this problem can be readily solved.

Shear. For a cantilevered beam the absolute maximum shear will occur
at a point located just next to the fixed support. The maximum shear is
Fig. 6-33 found by the method of sections, with the loads positioned anywhere on
the span, Fig. 6-33.

For simply supported beams the absolute maximum shear will occur
just next to one of the supports. For example, if the loads are equivalent,
they are positioned so that the first one in sequence is placed close to the
support, as in Fig. 6-34.

Vabs
max

Moment. The absolute maximum moment for a cantilevered beam
occurs at the same point where absolute maximum shear occurs, although
in this case the concentrated loads should be positioned at the far end of
the beam, as in Fig. 6-35.

For a simply supported beam the critical position of the loads and the
associated absolute maximum moment cannot, in general, be determined
by inspection. We can, however, determine the position analytically.
For example, consider a beam subjected to the moving forces F;, F,, F;
shown in Fig. 6-36a. Let’s assume the maximum moment occurs under

Mo, F,. The position of the loads F;, F,, F; on the beam will be specified by

e the distance x, measured from F, to the beam’s centerline as shown. To

Fig. 6-35 determine a specific value of x, we first obtain the resultant force of the
system, Fp, and its distance X' measured from F,, Fig. 6-36a. Once X' is

oy
! F,
‘ A ’ gﬁ M,
| r 1)
L 5 -0,
B, A,

Fig. 6-36
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obtained, moments are summed about B, which yields the beam’s left
reaction, A, that is,

EMB =0: Ay = i(FR)|:§ - (x, - x)j|

If the beam is sectioned just to the left of F,, the resulting free-body
diagram of the left segment is shown in Fig. 6-36b. The moment M,
under F, is therefore

L
EM = 0, M2 = Ay<2 - x) - Fldl

Lok - @ - 0|(L-x) - pa

Frl  Fgx'  Frx?  Frxx'
- - + — Fd
4 2 L L B

For maximum M, we require

dM2 N _2FRX n FRX’
d« L L

or

X =

SHRat

Hence, we may conclude that the absolute maximum moment in a simply
supported beam occurs under one of the concentrated forces, such that this
force is positioned on the beam so that it and the resultant force of the system
are equidistant from the beam’s centerline. Since there is a series of loads on
the span (for example, F;, F,, F; in Fig. 6-36a), this principle will have to be
applied to each load in the series and the corresponding maximum moment
calculated for each case. By comparison, the largest moment is the absolute
maximum. As a general rule, though, the absolute maximum moment often
occurs under the largest force lying nearest the resultant force of the system.

Envelope of Maximum Influence-Line Values. Rules or
formulations for determining the absolute maximum shear or moment are
difficult to establish for beams supported in ways other than the cantilever
or simply supported beam discussed here. An elementary way to proceed
to solve this problem, however, requires constructing influence lines for
the shear or moment at selected points along the entire length of the beam
and then calculating the maximum shear or moment in the beam for each
point using the methods of Sec. 6.6. These values when plotted yield an
“envelope of maximums,” from which both the absolute maximum value
of shear or moment and its location can be found. Obviously, a computer
solution for this problem is desirable for complicated situations, since the
work can be rather tedious if carried out by hand calculations.

The absolute maximum moment in this
girder bridge is the result of the moving
concentrated loads caused by the wheels
of these train cars. The cars must be in the
critical position, and the location of the point
in the girder where the absolute maximum
moment occurs must be identified.
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I EXAMPLE 6.21

Determine the absolute maximum moment in the simply supported
bridge deck shown in Fig. 6-37a.

Fr=18kN

SOLUTION

The magnitude and position of the resultant force of the system are
determined first, Fig. 6-37a. We have

+|Fg = SF Fr=8+6+4=18kN
[+Mg, = Mg 18% = 6(3) + 4(4.5)
X=2m

Let us first assume the absolute maximum moment occurs under the
6-kN load. The load and the resultant force are positioned equidistant
from the beam’s centerline, Fig. 6-37b. Using the resultant force to
calculate A,, Fig. 6-37b, we have

(+SMp=0; —A,9) +18(5) =0 A, = 10kN

Now using the left section of the beam, Fig. 6-37c¢, to determine the
moment under the 6-kN load, we have

IFR=18kN
g (+3Mg=0; —10(5) + 8(3) + Mg =0
1
siN 6k g Mg = 26.0kN-m
AR
A[ ]B 8 kN 6 kKN
1] I S
Ayl 2m | 2m | %‘I.Sm‘ B, ig ]l)
0.5
" <2 m»‘%?amﬂ‘ Vs
(b) (c)

Fig. 6-37
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There is a possibility that the absolute maximum moment may
occur under the 8-kN load, since 8 kN > 6 kN and Fy is between
both 8 kN and 6 kN. To investigate this case, the 8 kN load and Fy are
positioned equidistant from the beam’s centerline, Fig. 6-37d. Show
that A, = 7 kN as indicated in Fig. 6-37¢ and that under the 8 kN load,

Mg = 245kN-m
By comparison, the absolute maximum moment is
Mg = 26.0 kN - m Ans.

which occurs under the 6-kN load, when the loads are positioned on
the beam as shown in Fig. 6-37b.

WFr =18 kN
1
¢,
8kN| | 6kN 4kN

LT
e

Im
Ay B,

4.5m

(@)

8 kN

~—
N—*

~— 3.5m —

A,=TkN

(e)
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I EXAMPLE 6.22

The truck has a mass of 2 Mg and a center of gravity at G as shown in
Fig. 6-38a. Determine the absolute maximum moment developed in the
simply supported bridge deck due to the truck’s weight. The bridge has a
length of 10 m.

SOLUTION

As noted in Fig. 6-38a, the weight of the truck,2(10°) kg (9.81 m/s?) =
19.62kN, and the wheel reactions have been calculated by statics.
Since the largest reaction occurs at the front wheel, we will select this
wheel along with the resultant force and position them equidistant
from the centerline of the bridge, Fig. 6-38b. Using the resultant force
rather than the wheel loads, the vertical reaction at B is then

+IM, = 0; B,(10) — 19.62(4.5) = 0
B, = 8.829kN

19.62 kN

The maximum moment occurs under the front wheel. Using the right
section of the bridge deck, Fig. 6-38¢c, we have

(tXMg = 0; 8.829(4.5) — Mg =0
Mg = 39.7kN -m Ans.
(a)
¢

19.62 kN

I | |13.08kN
6.54 kN i
0.5m
l 0.5 mf',)al,f
¥

A B
P .
Sm Sm

Ay By
(b)
13.08 kN
(|
Vs
g 45m |
8.829 kN
(c)
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. FUNDAMENTAL PROBLEMS

F6-1. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear at C,
and the moment at C.

_ N
C

Prob. F6-1

F6-2. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear at D,
and the moment at B.

AR -D e

Prob. F6-2

F6-3. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear at D,
and the moment at D.

B D C

Prob. F6-3

F6-4. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear at B,
and the moment at B.

A C
B

Prob. F6—4

F6-5. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear at C,
and the moment at C.

D L == E

A ¢ B

Prob. F6-5

F6-6. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear just
to the left of the roller support at E, and the moment at A.

E

Prob. F6—6

F6-7. The beam supports a distributed live load of 1.5 KN /m
and single concentrated load of 8 KN. The dead load is 2 kN /m.
Determine (a) the maximum positive moment at C, (b) the
maximum positive shear at C.

A s
I

1 2m 2m ¢ 1 2m l

Prob. F6-7

F6-8. The beam supports a distributed live load of 2 kN/m
and single concentrated load of 6 kN. The dead load is
4kN/m.Determine (a) the maximum vertical positive reaction
at C, (b) the maximum negative moment at A.

Prob. F6-8
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. PROBLEMS

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

Sec. 6.1-6.3

6-1. Draw the influence lines for (a) the vertical reaction
at B, (b) the shear at C, and (c) the moment at C. Solve this
problem using the basic method of Sec. 6.1.

6-2. Solve Prob. 6-1 using Miiller-Breslau’s principle.

A= S———B
|

| 4m |

2m44

Probs. 6-1/2

6-3. Draw the influence lines for (a) the moment at C,
(b) the vertical reaction at A, and (c) the shear at C. Assume
A is a fixed support. Solve this problem using the basic
method of Sec. 6.1.

*6-4. Solve Prob. 6-3 using the Miiller-Breslau principle.

Probs. 6-3/4

6-5. Draw the influence lines for the shear at C. Assume A
is a roller support and B is a pin. Solve this problem using
the basic method of Sec. 6-1.

6-6. Solve Prob. 6-5 using Miiller-Breslau’s principle.

Probs. 6-5/6

6-7. Draw the influence lines for (a) the moment at C, (b)
the shear just to the right of the support at B, and (c) the
vertical reaction at B. Solve this problem using the basic
method of Sec. 6.1. Assume A is a pin and B is a roller.

*6-8. Solve Prob. 6-7 using the Miiller-Breslau principle.

1m klm‘ 3m ‘ Im

Probs. 6-7/8

6-9. Draw the influence lines for (a) the vertical reaction
at A, (b) the shear at C, and (c) the moment at C. Solve this
problem using the basic method of Sec. 6.1.

6-10. Solve Prob. 6-9 using the Miiller-Breslau principle.

[ [Ia\ D 8

l 6m 1 6m 1 6m l

Probs. 6-9/10

6-11. Draw the influence lines for (a) the moment at B,
(b) the shear at B,and (c) the vertical reaction at A. Solve this
problem using the basic method of Sec. 6.1. Hint: The support
at Cresists only a horizontal force and a bending moment.

*6-12. Solve Prob.6-11 using the Miiller-Breslau principle.

-~ 2m ‘ 2 m | 2m

Probs. 6-11/12



6-13. Draw the influence line for (a) the moment at A.
(b) the shear at C, and (c) the vertical reaction at B. Solve
this problem using the basic method of Sec. 6-1.

#6-14. Solve Prob. 6-13. Using the Miiller-Breslau principle.

LN

A &, === p
4m-—= 4m-—~—4m

Probs. 6-13/14

6-15. Draw the influence lines for (a) the vertical reaction
at C, (b) the moment at B, and (c) the vertical reaction at D.
Assume the supports at A, B, and C are rollers. Solve this
problem using the basic method of Sec. 6.1.

*6-16. Solve Prob. 6-15 using Miiller-Breslau’s principle.

AT EE T5 L2
|
3m

Sm |

[
F ¢
|

Probs. 6-15/16

<2 m-—| —3m—~2m

6-17. The beam is subjected to a uniform dead load of
1.2 kN/m and a single live load of 40 kN. Determine (a)
the maximum moment created by these loads at C, and
(b) the maximum positive shear at C. Assume A is a pin,
and B is a roller.

} 6m } 6m |
&o) S
A T B
40 kN

Prob. 6-17
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6-18. The beam supports a uniform dead load of 500 N>m
and single live concentrated force of 3000 N. Determine (a)
the maximum positive moment that can be developed at
point C, and (b) the maximum positive shear that can be
developed at point C. Assume the support at A is a pin and
Bis aroller.

10 m ‘ 10 m

Prob. 6-18

6-19. The beam supports a uniform dead load of 0.8 kN/m
and a single live concentrated force of 20 kN. Determine (a)
the maximum negative moment that can be developed at A.
and (b) the maximum positive shear that can be developed
at point B.

20 kN

Prob. 6-19

*6-20. The beam supports a uniform dead load of 500 N/m
and a single live concentrated force of 3000 N. Determine
(a) the maximum live moment that can be developed at C,
and (b) the maximum live positive shear that can be
developed at C. Assume the support at A is a roller and B is
a pin.

| .
A )

& g5
188]

‘

Sm 15m }

Prob. 6-20
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6-21. The beam supports a uniform dead load of 6 kN/m,
a live load of 20 kN/m, and a single live concentrated force
of 40 kN. Determine (a) the maximum positive moment at C,
and (b) the maximum positive shear just to the right of the
support at A. Assume A is a roller and B is a pin.

Prob. 6-21

6-22. The compound beam is subjected to a uniform dead
load of 0.8 kN/m and a single concentrated live load of 4 kN.
Determine (a) the maximum moment created by these
loads at C, and (b) the maximum shear at B. Assume A is a
roller, B is a pin, and C is fixed.

‘ 10 m i 5m

Prob. 6-22

6-23. The beam is subjected to a uniform live load of
1.2 kN/m, a dead load of 0.5 kN/m, and a single live load of
40 kN. Determine (a) the maximum positive moment created
by these loads at E, and (b) the maximum positive shear at E.
Assume A and C are rollers, and B is a short link.

Al
L—4m i 4 m 1 4m i

Prob. 6-23

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

*6-24. The compound beam is subjected to a uniform
dead load of 1.5 kN/m and a single live load of 10 kN.
Determine (a) the maximum negative moment created by
these loads at A, and (b) the maximum positive shear at B.
Assume A is a fixed support, B is a pin, and C is a roller.

-

3 B

-~ 5m 10m |
Prob. 6-24

6-25. The beam supports a uniform dead load of 10 kN/m
and a single live concentrated force of 25 kN. Determine
(a) the maximum negative moment at E, and (b) the
maximum positive shear at E. Assume the support at D is a
pin, A and C are rollers, and B is a pin.

Prob. 6-25

Sec. 6.4

6-26. A uniform live load of 1.8 kN/m and a single
concentrated live force of 4 kN are placed on the top beams.
Determine (a) the maximum live shear in panel CB of the
girder and (b) the maximum moment in the girder at C.

| |

B C D E F
FlmJ»lmqglma

Prob. 6-26

— 1 m—




6-27. Draw the influence lines for (a) the shear in
panel BC of the girder, and (b) the moment at D.

Prob. 6-27

*#6-28. Draw the influence lines for (a) the moment at D
in the girder, and (b) the shear in panel BC.

C T T T ]

Prob. 6-28

6-29. Draw the influence line for the moment at B in the
girder. Determine the maximum positive live moment in
the girder at B if a single concentrated live force of 50 kN
moves across the top beams. Assume the supports for these
beams can exert both upward and downward forces on the
beams.

Prob. 6-29
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6-30. Draw the influence line for (a) the shear in panel
BC of the girder, and (b) the moment at C. Assume the
support at B is a pin and D is a roller.

J

[

L
LN
Cl

5m S5m ‘ Sm S5m

Prob. 6-30

6-31. A uniform live load of 50 kN/m and a single
concentrated live force of 200 kN are placed on the floor
beams. If the beams also support a uniform dead load
of 75 kN/m, determine (a) the maximum negative shear in
panel CD of the girder and (b) the maximum positive
moment in the girder at F.

Prob. 6-31

*6-32. A uniform live load of 20 kN/m and a single
concentrated live force of 30 kN are placed on the floor
beams. If the beams also support a uniform dead load of
4 kN/m, determine (a) the maximum positive shear in
panel CD of the girder and (b) the maximum negative
moment in the girder at C. Assume the support at B is a
roller and E is a pin.

Prob. 6-32
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6-33. A uniform live load of 1.75 kN/m and a single
concentrated live force of 8 kN are placed on the floor
beams. If the beams also support a uniform dead load of
250 N/m, determine (a) the maximum negative shear in
panel BC of the girder and (b) the maximum positive
moment at B.

i 3m 1.5m 1.5 m—]
[ 1
C 1T D
= =]
A E c
Prob. 6-33

6-34. Draw the influence line for the moment at F in the
girder. Determine the maximum positive live moment in
the girder at F if a single concentrated live force of 8 kN
moves across the top floor beams. Assume the supports for
all members can only exert either upward or downward
forces on the members.

’_72 m 2m 2m 4m
3 TR C 1o o | 8

?S ] - - é

b

Prob. 6-34

6-35. A uniform live load of 3 kN/m and a single
concentrated live force of 9 kN are placed on the top beams.
If the beams also support a uniform dead load of 0.75 kN/m,
determine (a) the maximum negative shear in
panel BC of the girder and (b) the maximum positive
moment in the girder at B. Assume Cis a roller and A is a pin.

L

4m ‘ 2m

Prob. 6-35
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*6-36. A uniform live load of 16 kN/m and a single
concentrated live force of 34 kN are placed on the top beams.
If the beams also support a uniform dead load of 3 kN/m,
determine (a) the maximum positive shear in panel BC of
the girder and (b) the maximum positive moment in the
girder at C. Assume B is a roller and D is a pin.

AT 1T

4m*>L4m

Prob. 6-36

6-37. Determine the maximum positive live shear in
panel CD due to a uniform live load of 20 kN/m acting on
the top beams.

Prob. 6-37

Sec. 6.5

6-38. Draw the influence line for the force in (a) member
CJ, and (b) member DJ.

6-39. Draw the influence line for the force in member CD.

6-40. Draw the influence line for the force in member K/J.

P4m4&4m#4ma¥4ma#4ma#4m

Probs. 6-38/39/40



6-41. Draw the influence line for the force in (a) member
EH, and (b) member JE.

6-42. Draw the influence line for the force in member AL.

6-43. Draw the influence line for the force in member J1.

F

—4 mJ

D

o
‘«4 m—+<4 m—-=4 m-—-+4 m-

l—4 m—|

Probs. 6—41/42/43

*6-44. Draw the influence line for the force in (a) member
KJ and (b) member DK.

6-45. Draw the influence line for the force in (a) member
HI, (b) member FI, and (c) member EF.

Probs. 6-44/45

6-46. Draw the influence line for the force in member K/J.

6-47. Draw the influence line for the force in member JE.

Probs. 6-46/47
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*6-48. Draw the influence line for the force in (a) member
EF and (b) member CE.

6-49. Draw the influence line for the force in member BF.

6-50. Draw the influence line for the force in member BC.

B C
‘F3mﬁ> 3m—+—3m—~—3m— 3mﬁ>k3m4‘

Probs. 6-48/49/50

6-51. Draw the influence line for the force in member HI,
then determine the maximum live force (tension or
compression) that can be developed in this member due to
a uniform live load of 3 kN/m that acts on the bridge deck
along the bottom cord of the truss.

*6-52. Draw the influence line for the force in member
DE, then determine the maximum live force (tension or
compression) that can be developed in this member due to
a uniform live load of 3 kN/m that acts on the bridge deck
along the bottom cord of the truss.

6-53. Draw the influence line for the force in member
HG, then determine the maximum live force (tension or
compression) that can be developed in this member due to
a uniform live load of 3 kN/m that acts on the bridge deck
along the bottom cord of the truss.

L3 m»L3 mJ»3 m»LS m—=3 m»LZx mJ

Probs. 6-51/52/53
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6-54. Draw the influence line for the force in member K/,
then compute the maximum live force (tension or
compression) that can be developed in this member due to
a uniform live load of 3 kN/m which is transmitted to the
truss along the bottom cord.

6-55. Draw the influence line for the force in member CJ,
then compute the maximum live force (tension or
compression) that can be developed in this member due to
a uniform live load of 3 kN/m which is transmitted to the
truss along the bottom cord.

#06-56. Draw the influence line for the force in member
CD, then compute the maximum live force (tension or
compression) that can be developed in this member due to
a uniform live load of 3 kN/m which is transmitted to the

truss along the bottom cord.

Probs. 6-54/55/56

6-57. Draw the influence line for the force in
member CD, and then determine the maximum force
(tension or compression) that can be developed in this
member due to a uniform live load of 24 kN/m which acts
along the bottom cord of the truss.

Sec. 6.6

#6-58. Draw the influence line for the force in
member DG, and then determine the maximum force
(tension or compression) that can be developed in this
member due to a uniform live load of 24 kN/m which is
transmitted to the truss along the bottom cord.

Sm—q

~—3m i 3m i 3m ‘

Probs. 6-57/58
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6-59. Draw the influence line for the force in member CO
of the Pratt truss, then determine the maximum live force
(tension or compression) that can be developed in this
member due to a uniform live load of 8 kN/m which is
transmitted to the truss along the bottom cord.

#*6—60. Draw the influence line for the force in member
DE of the Pratt truss, then determine the maximum live
force (tension or compression) that can be developed in this
member due to a uniform live load of 8 kN/m which is
transmitted to the truss along the bottom cord.

L—S@S m % B

Probs. 6—59/60

6-61. Draw the influence line for the force in member DO
of the Pratt truss, then determine the maximum live force
(tension or compression) that can be developed in this
member due to a uniform live load of 8 kN/m which is
transmitted to the truss along the bottom cord.

B C D E F
\——8@2.5m%

Prob. 6-61

6-62. Determine the maximum live moment at point C on
the single girder caused by the moving dolly that has a mass
of 2 Mg and a mass center at G. Assume A is a roller.

R .-
HA \C
Sm } S5m ‘
Prob. 6-62



6-63. Determine the maximum positive moment at the
splice C on the side girder caused by the moving load which
travels along the center of the bridge.

8 kN

Prob. 663

*6-64. The truck and trailer exerts the wheel reactions
shown on the deck of the girder bridge. Determine the
largest moment it exerts in the splice at C. Assume the truck
travels left to right along the center of the deck, and
therefore transfers half of the load shown to each of the
two side girders. Assume the splice is a fixed connection
and, like the girder, can support both shear and moment.

Prob. 6—64

6-65. The cart has a mass of 2 Mg and center of mass at G.
Determine the maximum live moment created in the side
girder at C as it crosses the bridge. Assume the cart travels
along the center of the deck, so that half the load shown is
transferred to each of the two side girders.

G

A

B
{ ] -\C = |
0.75m 1 m Lii 2m 2m<!f'u

0.5 m

Prob. 6-65
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6-66. Determine the distance a of the overhang of the
beam in order that the moving loads produce the same
maximum moment at the supports as in the center of the
span. Assume A is a pin and B is a roller.

L | ~ —
2 m—| Eee Feen
e
PEEpARES g
8m
Prob. 6-66

6-67. Determine the maximum live moment at C caused
by the moving loads.

*6-68. Determine the maximum live shear at C caused by
the moving loads.

Probs. 6-67/68
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6-69. Determine the maximum moment at C caused by
the moving load.

Prob. 6-69

Sec. 6.7

6-70. Draw the influence line for the force in member CD
of the bridge truss. Determine the maximum live force
(tension or compression) that can be developed in the
member due to a 15-kN truck having the wheel loads shown.
Assume the truck can travel in either direction along the
center of the deck, so that half the load shown is transferred
to each of the two side trusses. Also assume the members
are pin connected at the gusset plates.

Prob. 6-70

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

6-71. Determine the absolute maximum moment in the
beam due to the loading shown.

Prob. 6-71

#6-72. Determine the absolute maximum shear in the
beam due to the loading shown.

30 kN
15 kN 10iv 20 kN

T

2m 1mlm ‘ 10m

Prob. 6-72

6-73. The trolley rolls at C and D along the bottom and top
flanges of beam AB. Determine the absolute maximum
moment developed in the beam if the load supported by the
trolley is 10 kN. Assume the support at A is a pin and at B a
roller.

Prob. 6-73



6-74. The truck has a mass of 4 Mg and mass center at Gy,
and the trailer has a mass of 1 Mg and mass center at Gj.
Determine the absolute maximum live moment developed
in the bridge.

Prob. 6-74

6-75. Determine the absolute maximum moment in the
beam due to the loading shown.

Prob. 6-75

*#6-76. The truck has a weight of 60 kN and mass center at
G. Determine the absolute maximum live moment
developed in the bridge.

o

4
\

7.5m |

Prob. 6-76
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6-77. Determine the absolute maximum shear in the
bridge girder due to the loading shown.

6-78. Determine the absolute maximum moment in the
bridge girder due to the loading shown.

10 kN

SkN

Probs. 6-77/78

6-79. Determine the absolute maximum live moment in
the girder bridge due to the loading shown. The load is
applied directly to the girder.

Prob. 6-79

*6-80. Determine the absolute maximum live moment in
the girder bridge due to the loading shown. The load is
applied directly to the girder.

15 kN
10 kN
| T s
2.5m B CE3) D
I | 7.5m T If
3.75m 3.75 m
Prob. 6-80
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6-81. Determine the absolute maximum live shear and
absolute maximum live moment in the jib beam AB due
to the crane loading. The end constraints require
01m = x =39m.

bN
~e=
>}

_
)
~
Z

Nl

Prob. 6-81

6-82. Determine the absolute maximum moment in the
beam due to the loading shown.

Prob. 6-82

6-83. The maximum wheel loadings for the wheels of a
crane that is used in an industrial building are given. The
crane travels along the runway girders that are simply
supported on columns. Determine (a) the absolute
maximum shear in intermediate girder AB, and (b) the
absolute maximum moment in the girder.

12 kN

Prob. 6-83

*6-84. Determine the absolute maximum live moment in
the girder bridge due to the loading shown. The load is
applied directly to the girder.

30 kN
18 kN

F4m

Prob. 6-84
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6-1P. The chain hoist on the wall crane can be placed
anywhere along the boom (0.1 m < x < 3.4 m) and has a
rated capacity of 28 kN. Use an impact factor of 0.3 and
determine the absolute maximum bending moment in the
boom and the maximum force developed in the tie rod BC.
The boom is pinned to the wall column at its left end A.
Neglect the size of the trolley at D.

6-2P. A simply supported pedestrian bridge is to be
constructed in a city park and two designs have been
proposed as shown in case a and case b. The truss members
are to be made from timber. The deck consists of 1.5-m-long
planks that have a mass of 20 kg/m?. A local code states the
live load on the deck is required to be 5 kPa with an impact
factor of 0.2. Consider the deck to be simply supported on
stringers. Floor beams then transmit the load to the bottom
joints of the truss. (See Fig. 6-23.) In each case find the
member subjected to the largest tension and largest
compression load and suggest why you would choose one
design over the other. Neglect the weights of the truss
members.

= B C D %
‘«1.25 m»Ll.zs m»Ll.ZS mjfl.zs m»‘

case a

case b

Prob. P6-2
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. CHAPTER REVIEW

An influence line indicates the value of a reaction, shear, or moment at a specific point on a member as a unit load moves

over the member.
Once the influence line for a reaction, shear, or moment (function) is constructed, then it will be possible to locate the live

load on the member to produce the maximum positive or negative value of the function.
A concentrated live force is applied at the positive (negative) peaks of the influence line. The value of the function is then

equal to the product of the influence line ordinate and the magnitude of the force.

hS

t
i
D= =
=

A uniform distributed load extends over a positive (negative) region of the influence line. The value of the function is then
equal to the product of the area under the influence line for the region and the magnitude of the uniform load.

A}'
wo
1
W B
_Ail_ X
A L
B A, = 5 (1)(L)(wo)

A,

The general shape of the influence line can be established using the Miiller-Breslau principle, which states that the influence
line for a reaction, shear, or moment is to the same scale as the deflected shape of the member when it is acted upon by the

reaction, shear, or moment.

(%)

deflected shape _--~

_ o I
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Influence lines for floor girders and trusses can be established by placing the unit load at each panel point or joint, and
calculating the value of the required reaction, shear, or moment.

When a series of concentrated loads passes over the member, then the various positions of the load on the member have
to be considered to determine the largest shear or moment in the member. In general, place the loadings so that each
contributes its maximum influence, as determined by multiplying each load by the ordinate of the influence line. This process
of finding the actual position can be done using a trial-and-error procedure, or by finding the change in either the shear or
moment when the loads are moved from one position to another. Each movement is investigated until a negative change in
the shear or moment occurs. Once this happens the previous position will define the critical loading.

Absolute maximum shear in a cantilever or simply
supported beam will occur at a support, when one of the
loads is placed next to the support.

Absolute maximum moment in a cantilevered beam occurs
when a series of concentrated loads is placed at the farthest
point away from the fixed support.

Mabs

max

To determine the absolute maximum moment in a simply
supported beam, the resultant of the force system is first
determined. Then it, along with one of the concentrated L
forces in the system, is positioned so that these two forces /L - %T %*‘:’ /l)
are equidistant from the centerline of the beam. The . &7 Y i\
maximum moment then occurs under the selected force. —
Each force in the system is selected in this manner, and by ) %xt‘ﬂ
comparison the largest for all these cases is the absolute
maximum moment.

1
F, F, : F;

N[~
Sl
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The deflection of the overhanging segments of this bridge deck must be carefully
monitored while it is under construction.




. CHAPTER OBJECTIVE

m To show how to determine the slope and deflection of a beam
using the method of double integration and two geometrical
methods, namely, the moment-area theorems and the conjugate-
beam method.

7.1 DEFLECTION DIAGRAMS AND THE
ELASTIC CURVE

Deflections of structures can occur from various sources, such as loads,
temperature, fabrication errors, or settlement. For good design, however,
deflections must be limited in order to provide integrity and stability
of the structure, and prevent cracking of attached brittle materials such
as concrete, plaster, or glass. Furthermore, a structure must not vibrate
or deflect severely. Besides being able to calculate deflections for these
purposes, we must also be able to calculate deflections at specified points
in a structure in order to analyze statically indeterminate structures.

In this book, the deflections to be considered apply only to structures
having a linear elastic material response, and as a result, a structure
subjected to a load will return to its original undeformed position after
the load is removed.

295
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TABLE 7.1
1

%
A=0
roller or rocker

¥ LT
G
A=0

0=0
fixed support

4) >
0

fixed-connected joint

0,
0,

pin-connected joint

®)

Deflection Diagrams. Before the slope or displacement of any
point on a beam or frame is determined, it is often helpful to sketch the
deflected shape of the structure when it is loaded. This deflection diagram
represents the elastic curve or centerline deflection of the members. For
most problems the elastic curve can be sketched without much difficulty.
When doing so, however, it is necessary to account for the restrictions at
the supports and connections. In a general sense, supports that resist a
force, such as a pin, restrict displacement; and those that resist moment,
such as a fixed wall, restrict rotation. As shown in Table 71, a roller, pin,
and fixed support prevent displacement, and furthermore a fixed support
prevents rotation. Also, the deflection of frame members that are fixed
connected (4) causes the joint to rotate the connected members by the
same amount §. On the other hand, if a pin connection is used at the joint,
the members will each have a different slope or rotation at the pin, since
the pin cannot support a moment (5).

The two-member frames support both the dead load of the roof and a live snow
loading. Each frame can be considered pinned at the wall, fixed at the ground, and
having a fixed-connected joint.
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Beams. If the elastic curve seems difficult to establish, it is suggested
that the moment diagram for the beam or frame be drawn first. By our
sign convention for moments established in Chapter 4, a positive moment
tends to bend a beam or horizontal member concave upward, Fig. 7-1.
Likewise, a negative moment tends to bend the beam or member concave
downward, Fig. 7-2. Therefore, if the shape of the moment diagram is
known, it will be easy to construct the elastic curve and vice versa. For
example, consider the beam in Fig. 7-3 with its associated moment
diagram. Due to the pin-and-roller support, the displacement at A and D
must be zero. Within the region of negative moment, the elastic curve is
concave downward; and within the region of positive moment, the elastic
curve is concave upward. In particular, there must be an inflection point
at the point where the curve changes from concave down to concave up,
since this is a point of zero moment. Using these same principles, note
how the elastic curve for the beam in Fig. 7-4 was drawn based on its
moment diagram. In particular, realize that the positive moment reaction
from the wall keeps the initial slope of the beam horizontal.

beam

S

moment diagram

A/H\( inflection point
L -M \é;/é.;

deflection curve  + 7

Fig. 7-3

+M®+M

positive moment,
concave upward

Fig. 7-1

-\ E=)-u

negative moment,
concave downward

Fig. 72

beam

inflection point

moment diagram

-M

ﬂ\
o I

deflection curve

Fig. 7-4
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The deflected shapes for some beams are shown as dashed lines in
Fig. 7-5. Notice how each is established. For example, in Fig. 7-5a, the
roller at A prevents displacement but allows rotation, whereas the fixed
wall at B prevents both. In Fig. 7-5b, the couple moment will bend segment
ABC,but CD must be straight because no internal moment acts within it.
In Figs. 7-5¢ and 7-5d, the pin (internal hinge) at B allows free rotation,
and so the slope of the deflection curve will suddenly change at this point
from 6, to 6,, while the beam is constrained by its supports. Finally, in
Fig. 7-5e, span BC will deflect concave upwards due to the load. Since
the beam is continuous, the end spans will deflect concave downwards.

Fig. 7-5
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Being able to draw the deflection curve for a beam also helps engineers
in locating the steel needed to reinforce a concrete beam. Since concrete
is rather weak in tension, regions of a concrete structural member where
tensile stresses are developed are reinforced with steel bars, called
reinforcing rods. These rods prevent or control any cracking that may
occur within these regions. For example, notice how each of the beams in
Fig. 7-6 deflects under load. The tensile stress in the concrete caused by
the bending is reduced when the reinforcing steel is placed in the beams
as shown.

reinforcing
steel cracks

simply supported beam

overhang beam

Fig. 7-6
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Frames. Examples of the deflected shape of frames are shown in
Fig. 7-7 In Figs. 7-7a and 7-7b, when the load P pushes the top joints
to the right, it will cause clockwise rotation of each column. As a result,
these joints must both rotate clockwise. Since the 90° angle between the
connected members must be maintained, the top beam will deform so that
its curvature is reversed from concave up on the left to concave down on
the right. As a result this will produce a point of inflection within the beam.

In Fig. 7-7c, the vertical loading on this symmetric frame will bend
beam CD concave upwards, causing clockwise rotation of joint C and
counterclockwise rotation of joint D. Since the 90° angle at the joints
must be maintained, the columns bend as shown. This causes spans BC
and DE to be concave downwards, resulting in counterclockwise rotation
at B and clockwise rotation at E. The columns therefore bend as shown.
Finally, in Fig. 7-7d, the two loads push joints B and C to the right. The
joints at B, E,and D maintain the 90° angle between the members. Joint B
must rotate clockwise, which causes E to rotate clockwise. However, no
90° restriction on the relative rotation between the members at C is
possible since the joint is a pin. Consequently, member CD does not have
a reverse curvature.



7.2 ELASTIC-BEAM THEORY

In this section we will develop two important differential equations that
relate the internal moment in a beam to the displacement and slope
of its elastic curve. These equations form the basis for the deflection
methods presented in this chapter, and for this reason the assumptions
and limitations used in their development should be fully understood.

To derive these relationships, we will limit the analysis to the most
common case of an initially straight beam that is elastically deformed
by loads applied perpendicular to the beam’s x axis and lying in the x—v
plane of symmetry for the cross-sectional area, Fig. 7-8a. Due to the
loading, the deformation of the beam is caused by both the internal shear
force and bending moment. If the beam has a length that is much greater
than its depth, the greatest deformation will be caused by bending, and
therefore we will direct our attention to its effects. Deflections caused by
shear will be discussed later in the chapter.

When the internal moment M deforms the element of the beam, each
cross section remains plane and the angle between them becomes dé,
Fig.7-8b.The arc dx that represents a portion of the elastic curve intersects
the centroidal axis for each cross section. The radius of curvature for
this arc is defined as the distance p (rho), which is measured from the
center of curvature O' to dx. Any arc on the element other than dx is
subjected to a normal strain. For example, the strain in arc ds, located
at a position y from the centroidal axis, is € = (ds' — ds)/ds. However,
ds = dx = pdfandds’ = (p — y) df, and so

(p—y)do — pdb or 1
é: —
pde p y

If the material is homogeneous and behaves in a linear elastic manner,
then Hooke’s law applies, € = o/E. Also, the flexure formula from
mechanics of materials applies, 0 = —My/I. Combining these two
equations and substituting into the above equation, we get

(7-1)

°
SIS

Here
p = the radius of curvature at a specific point on the elastic curve (1/p
is referred to as the curvature)
M = the internal moment in the beam at the point where p is to be
determined
E = the material’s modulus of elasticity
I = the beam’s moment of inertia calculated about the horizontal
centroidal axis
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P
w l
A = E B
dx—| |
| : 0
(a)
OI
do
Pl \p
. L ds M — ds M
d.
}\) -dx L *
before after
deformation deformation
(b)
Fig. 7-8
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The product EI in this equation is referred to as the flexural rigidity,
and it is always a positive quantity. Since dx = p df, then from Eq. 7-1,

M
= — _2
do El dx (7-2)

If we can express the curvature (1/p) in terms of x and v, we can then
determine the elastic curve for the beam. In most calculus books it is
shown that this curvature relationship is

1 d*v/dx*

P [1+ (dv/dx)*]¥?

and so,

M d*v/dx?
El [1 + (dv/dx)*]?? ()

This equation represents a nonlinear second-order differential equation.
Its solution, v = wv(x), gives the exact shape of the elastic curve—
assuming, of course, that elastic deflections occur only due to bending. In
order to facilitate the solution of a greater number of problems, Eq. 7-3
will be modified by making an important simplification. Since the slope
of the elastic curve for most structures is very small, we will use small
deflection theory and assume dv/dx = 0. Consequently its square will
be negligible compared to unity and therefore the equation reduces to

@y _ M

d?  EI (74

Tabulated Results. In the next section we will show how to apply
Eq. 74 to find the slope of a beam and the equation of its elastic curve.
The results from such an analysis for some common beam loadings
often encountered in structural analysis are given in the table on the
inside front cover. Also listed are the slope and displacement at critical
points on the beam. Obviously, no single table can account for the many
different cases of loading and geometry that are encountered in practice.
When a table is not available or is incomplete, the displacement or slope
of a specific point on a beam or frame can be determined by using the
following method or one of the other methods discussed in this and the
next chapter.
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7.3 THE DOUBLE INTEGRATION
METHOD

Once M is expressed as a function of position x, then successive
integrations of Eq. 7-4 will yield the beam’s slope,6 = tan 6 = dv/dx =
f (M/EI)dx (Eq. 7-2), and the equation of the elastic curve,
v =o(x) = f ( f (M/ET)dx) dx, respectively. For each integration it
is necessary to introduce a “constant of integration” and then solve for
the constants to obtain a unique solution for a particular problem. Recall
from Sec. 4.2 that if the loading on a beam is discontinuous—that is, it
consists of a series of several distributed and concentrated loads—then
several functions M = M(x) must be written for the internal moment,
each valid within the region between the discontinuities. For example,
consider the beam shown in Fig. 7-9. The internal moment in regions
AB, BC,and CD must be written in terms of the xy, x,, and x; coordinates.
Once these functions are integrated through the application of Eq. 7-4
and the constants of integration determined, the functions will give the
slope and deflection (elastic curve) for each region of the beam for which
they are valid. With these functions we can then determine the slope and
deflection at any point along the beam.

Sign Convention. When applying Eq. 74, it is important to use
the proper sign for M as established by the sign convention that was
used in the derivation of this equation, Fig. 7-10a. Furthermore, positive
deflection, v, is upward, and as a result, the positive slope 6 will be
measured counterclockwise from the x axis. The reason for this is shown in
Fig. 7-10b. Here, positive increases dx and dv in x and v create an increase
d that is counterclockwise. Also, since the slope 6 will be very small, its
value in radians can be determined directly from § =tan 6§ = dv/dx.

Boundary and Continuity Conditions. The constants of
integration are determined by evaluating the functions for slope or
displacement at a particular point on the beam where the value of the
function is known. These values are called boundary conditions. For
example, if the beam is supported by a roller or pin, then it is required
that the displacement be zero at these points. Also, at a fixed support the
slope and displacement are both zero.

If a single x coordinate cannot be used to express the equation for the
beam’s slope or the elastic curve, then continuity conditions must be
used to evaluate some of the integration constants. Consider the beam in
Fig. 7-11. Here the x; and x, coordinates are valid only within the regions
AB and BC, respectively. Once the functions § = 6(x) and v = v(x) for
the slope and deflection are obtained, they must give the same values
for the slope and deflection at point B, x; = x, = a, so that the elastic
curve is physically continuous. Expressed mathematically, this requires
01(a) = 0(a) and v;(a) = va(a).

DI
DI

<
—

9!

Fig. 7-9

()

v o’
+p .
o elastic curve
ds +do
+dv "
X
A +dx
(b)
Fig. 7-10
V1,0




304 CHAPTER 7 DEFLECTIONS

- PROCEDURE FOR ANALYSIS

The following procedure provides a method for determining the slope
and deflection of a beam using the method of double integration. It
should be realized that this method is suitable only for elastic deflections
for which the beam’s slope is very small. Furthermore, the method
considers only deflections due to bending. Additional deflection due to
shear generally represents only a few percent of the bending deflection,
and so it is usually neglected in engineering practice.

Elastic Curve

® Draw an exaggerated view of the beam’s elastic curve. Recall
that zero slope and zero displacement occur at a fixed support,
and zero displacement occurs at pin and roller supports.

¢ Establish the x and v coordinate axes with their origin at the left
side of the beam.

¢ [fseveral discontinuous loads are present, establish x coordinates
that are valid for each region of the beam between the
discontinuities.

Moment Function

® For each region in which there is an x coordinate, express the
internal moment M as a function of x.

® Always assume that M acts in the positive direction when
applying the equation of moment equilibrium to determine
M = M(x).

Slope and Elastic Curve

* Integrate EI d*v/dx*> = M(x) twice, which then produces the
equation for the slope and the deflection or elastic curve. The
two constants of integration are determined using the boundary
conditions for the supports and the continuity conditions
that apply to the slope and displacement at points where two
functions meet.

® Once the integration constants are determined and substituted
back into the slope and deflection equations, the slope and
displacement at specific points on the elastic curve can then be
determined.

® Positive values for slope are counterclockwise and positive
displacement is upward.
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I EXAMPLE 7.1

Each simply supported floor joist shown in the photo is subjected
to a uniform design loading of 4 kN/m, Fig. 7-12a. Determine the
maximum deflection of the joist. £/ is constant.

4 kN/m
Y
A ___m
A A
—x
10 m
20 kN 20 kN

(a)

Elastic Curve. Due to symmetry, the joist’s maximum deflection will
occur at its center. Only a single x coordinate is needed to determine
the internal moment.

Moment Function. From the free-body diagram, Fig. 7-12b, we have

M = 20x — 4x<;> — 20x — 212

Slope and Elastic Curve. Applying Eq. 74 and integrating twice gives

d2
EIZY = 20x — 2x?
dx
dv 5 3
EI' = 106 — 066675 + Cy (1)

EIv = 3.333x — 0.1667x* + Cix + C,

Here v = 0 at x = 0 so that C, = 0, and v = 0 at x = 10, so that
C, = —166.7. The equation of the elastic curve is therefore
Elv = 3.333x — 0.1667x* — 166.7x (2)

At x = 5m, dv/dx = 0, which can be checked with Eq. (1). The
maximum deflection is therefore

L3
_S21kN-m’ o

_ L 3 _ 4_ _
Omas = 57 [3333(5)° = 0.1667(5)* — 166.7(5)] o
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I EXAMPLE 7.2

The cantilevered beam shown in Fig. 7-13a is subjected to a couple
moment My at its end. Determine the equation of the elastic curve. EI
is constant.

(b)
Fig. 7-13

SOLUTION

Elastic Curve. The load tends to deflect the beam as shown in
Fig. 7-13a. By inspection, the internal moment can be represented
throughout the beam using a single x coordinate.

Moment Function. From the free-body diagram, with M acting in
the positive direction, Fig. 7-13b, we have

M = MO
Slope and Elastic Curve. Applying Eq. 7-4 and integrating twice
yields
d*v
El— =M 1
dx2 0 ( )
dv
Ela = Mox + C1 (2)
Moxz

Elv =

aF Clx A Cz (3)
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Using the boundary conditions dv/dx =0 at x =0 and v =0
at x = 0, then C; = 0 and C, = 0. Substituting these results into
Egs. (2) and (3) with 6 = dv/dx, we get

H_M()X
- EI

. M0X2
- 2EI

Ans.

Maximum slope and displacement occur at A (x = L), for which

g_MOL
AT EI

4)

_ MyL?
B =

®)

The positive result for 6,4 indicates counterclockwise rotation and the
positive result for v, indicates that v, is upward. This agrees with the
results sketched in Fig. 7-13a.

In order to obtain some idea as to the actual magnitude of the slope
and displacement at the end A, consider the beam in Fig. 7-13a to have
a length of 3 m, support a couple moment of 20 kN - m, and be made
of steel having Ey = 200 GPa. If this beam were designed without a
factor of safety by assuming the allowable normal stress is equal to the
yield stress oyow = 250 MPa, then a W150 X 14 would be found to
be adequate (I = 6.84(10 %) m*). From Egs. (4) and (5) we get

[20(10%) N - m](3 m)
0, = = = 0.0439 rad
[200(10%) N/m?][6.84(107®) m*)

B [20(10%) N - m](3 m)?
 2[200(10°) N /m?|[6.84(107%) m*)

Vy = 0.06579 m = 65.8 mm

Since 64 = 0.00192rad’> << 1, this justifies the use of Eq. 7-4,
rather than applying the more exact Eq. 7-3, for determining the
deflection of the beam. Also, since this numerical application is for
a cantilevered beam, we have obtained larger values for maximum 6
and v than would have been obtained if the beam were supported
using pins or rollers.




308 CHAPTER 7 DEFLECTIONS

I EXAMPLE 7.3

The beam in Fig. 7-14a is subjected to a load P at its end. Determine
the displacement at C. EI is constant.

(b)
Fig. 7-14
SOLUTION

Elastic Curve. The beam deflects into the shape shown in Fig. 7-14a.
Due to the loading, two x coordinates must be considered.

Moment Functions. Using the free-body diagrams shown in
Fig. 7-14b, we have

P
Mlz_le 05x1$2a
P 3P
M2 = _EXZ a4 7(X2 - 2(1)
= Px, — 3Pa 2a = xy = 3a

Slope and Elastic Curve. Applying Eq.7-4,

d? P
For x, Eld—”1 = —Tn
xl
d’Ul P
EI—=-=x}+C 1
dx, 4 X1 1 (1)

P
EI’Ul = _Ex% aF C1x1 aF C2 (2)



7.3 THE DOUBLE INTEGRATION METHOD

dz’l)z
For x,, ET = Px, — 3Pa
dx3
d'1)2 P
El—dx2 = Ex% — 3Pax, + C; 3)
P, 3 2
EI'I)2 = ng - EP(JXZ =F C3X2 ar C4 (4)

The four constants of integration are determined using three
boundary conditions, namely, v; = 0 at x; = 0, v; = 0 at x; = 2a,
and v, = 0 at x, = 24, and one continuity equation. Here the
continuity of slope at the roller requires dv,/dx; = dv,/dx, at
X1 = x, = 2a. (Note that continuity of displacement at B has been
indirectly considered in the boundary conditions, since v; = v, = 0
at x; = x, = 2a.) Applying these four conditions yields

vy = 0atx; = 0 0=0+0+GC,

2
v, = O0atx; = 2a; 0= - E(Za)3 + C1(2a) + G,

P 3
v, = 0atx, = 2a; 0= g(Za)3 = EPa(Za)2 + C3(2a) + Cy4

dU](Z(l) _ d'l)z(za)‘
dxl B de ’

P P
- Z(za)2 +C = 5(2(1)2 — 3Pa(2a) + Cs

Solving, we obtain

e
3

10

C =0 C3= ?Paz C, = —2Pa’®

Substituting C; and Cy4 into Eq. (4) gives

o= P s 3Pa 5 10Pa2x _2prd’
2 2 2FEIT? 3EI ? EI

The displacement at C is determined by setting x, = 3a. We get

_Pa
El

Ve = Ans.
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o
~

X H——de

(b)
Fig. 7-15

7.4 MOMENT-AREA THEOREMS

The initial ideas for the two moment-area theorems were developed
by Otto Mohr and later stated formally by Charles E. Greene. These
theorems provide a semigraphical technique for determining the slope
and deflection at a specific point on a beam when it is subjected to
bending. The method is particularly advantageous when used to solve
deflection problems involving beams subjected to a series of concentrated
loadings or having segments with different moments of inertia.

To develop the theorems, reference is made to the beam in Fig. 7-15a.
If we draw the moment diagram for the beam and then divide it by the
flexural rigidity, E1, the “M/EI diagram” shown in Fig. 7-15b results. By
Eq.7-2,

This change df in the slope of the tangents on either side of the
element dx is equal to the darker shaded area under the M/EI diagram,
Fig. 7-15b. Integrating from point A on the elastic curve to point B,
Fig. 7-15¢, we have

B

M
Op/a = / —dx (7-5)
B/A | El

This result forms the basis for the first moment-area theorem.

Theorem 1: The change in slope between any two points on the
elastic curve equals the area under the M / EI diagram between these
two points.

The notation 6p,4 is referred to as the angle of the tangent at B
measured in radians with respect to the tangent at A, Fig. 7-15¢. From the
proof it should be evident that this angle is measured counterclockwise
from tangent A to tangent B if the area of the M /EI diagram is positive,
see Figs. 7-15b and 7-15¢. Conversely, if this area is negative, or below the
x axis, the angle 03,4 is measured clockwise from tangent A to tangent B.

0p/a
tan B tan A

elastic curve

(©
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The second moment-area theoremis based on the relative deviation of
tangents to the elastic curve. Shown in Fig. 7-15d is a greatly exaggerated
view of the vertical deviation dt of the tangents on each side of the
differential element dx. This deviation is measured along a vertical line
passing through point A. Since the slope of the elastic curve and its
deflection are assumed to be very small, it is satisfactory to approximate
the length of each tangent line by x and the arc ds’ by dt. Using the
circular-arcformulas = 6r,where ris of length x,we can write dt = x d6.
Using Eq. 7-2, d0 = (M/EI) dx, the vertical deviation of the tangent
at A with respect to the tangent at B can be found by integration, in
which case

B
M
thp = —d 7-6
A/B /A X El X (7-6)
Recall from statics that the centroid of an area is determined from
X [dA = [xdA.Since [ M/EI dx represents an area under the M/EI
diagram, we can also write

B
_ M
ta/p = X/A El dx (7-7)

Here X is the distance from the vertical axis through A to the centroid of
the area under the M/EI diagram between A and B, Fig. 7-15e.
The second moment-area theorem can now be stated as follows:

Theorem 2: The vertical deviation of the tangent at a point (A) on
the elastic curve with respect to the tangent extended from another
point (B) equals the “moment” of the area under the M / EI diagram
between the two points (A and B). This moment is calculated about
point A (the point on the elastic curve), where the deviation 7 p is
to be determined.

Provided the moment of a positive M/EI area from A to B is
determined, as in Fig. 7-15¢, it indicates that the tangent at point A is above
the tangent extended from point B, Fig. 7-15f. Similarly, negative M /EI
areas indicate that the tangent at A is below the tangent extended from B.
In general t4/p will not be equal to 7,4, which is shown in Fig. 7-15f.
Specifically, the moment of the area under the M/EI diagram between A
and B is determined about point A to find 74/, and it is determined about
point B to find 75/4.

It is important to realize that the moment-area theorems can only be
used to determine the angles or deviations between two tangents on the
beam’s elastic curve. In general, they do not give a direct solution for the
slope or displacement at a point on the beam. These unknowns must first
be related to the angles or vertical deviations of tangents at points on the
elastic curve. To do this the tangents at the supports are usually drawn
since these points do not undergo displacement and/or have zero slope.
Specific cases for establishing these geometric relationships are given in
the example problems.

tan B

elastic curve

(d)

tan B

elastic curve

()
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- PROCEDURE FOR ANALYSIS

The following procedure provides a method that may be used to
determine the displacement and slope at a point on the elastic
curve of a beam using the moment-area theorems.

M/EIl Diagram

® Determine the support reactions and draw the beam’s M/EI
diagram.

¢ If the loading consists of a series of concentrated forces, couple
moments, and distributed loads, it may be simpler to calculate
the required M/EI areas and their moments by drawing the
M/EI diagram in parts, using the method of superposition as
discussed in Sec. 4.5.

Elastic Curve

® Draw an exaggerated view of the beam’s elastic curve.

® The displacement and slope to be determined should be
indicated on the curve. Since the moment-area theorems
apply only between two tangents, attention should be given
as to which tangents should be constructed so that the angles
or deviations between them will lead to the solution of the
problem. To do this, the tangents at the points of unknown slope
and displacement and those at the supports should be considered,
since the beam usually has zero displacement and/or zero slope
at the supports.

Moment-Area Theorems

¢ Apply Theorem 1 to determine the angle between two
tangents, and Theorem 2 to determine vertical deviations
between these tangents.

® After applying either Theorem 1 or Theorem 2, the algebraic
sign of the answer can be verified from the angle or deviation
as indicated on the elastic curve.
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I EXAMPLE 7.4

Determine the slope at points B and C of the beam shown in Fig. 7-16a.

Take E = 200 GPa and 7 = 71.1(10°) mm™. 30 kN
A

SOLUTION e —— =3

M/EI Diagram. This diagram is shown in Fig. 7-16b. It is easier to [1% A

solve the problem in terms of EI and substitute the numerical data as 3m

a last step.

(a)

Elastic Curve. The 30-kN load causes the beam to deflect as shown
in Fig. 7-16¢. Here the tangent at A (the support) is always horizontal.
The tangents at B and C are also indicated. We are required to find 0y
and 6. By the construction, the angle between tan A and tan B, that M
is, 0,4, is equivalent to 6. El

0p = 0p/a

Also,

Oc = Oc/a

El b
Moment-Area Theorem. Applying Theorem 1, 6,4 is equal to the &

area under the M/EI diagram between points A and B; that is,

45kN-m 1/90kN-m  45kN-m
93 = HB/A = _<El>(15 1’1'1) - 2( El - El )(15 m)

tan A

101.25 kN - m? ‘fr‘j’L‘ e
- EI |
Substituting numerical data for £ and /, we have
101.25(10*) N - m?
[200(10%) N/m?][71.1(10°) (10~ '2)m*]
= —0.00712 rad Ans. Fig. 7-16
The negative sign indicates that the angle is measured clockwise from
the tangent at A, Fig. 7-16c.
In a similar manner, the area under the M/EI diagram between
points A and C equals 6/4. We have
. . 2
0 = Oy = ;(_ 90kEl\; m>(3m) _ 135kEI\II m
Substituting numerical values for EI, we have
B 135(10%) N - m?
 [200(10%) N/m?][71.1(10°)(107'2) m*]
= —0.00949 rad Ans.

GB=_

bc
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IEXAMPLE 7.5

A B

Determine the displacement at points B and C of the beam shown
in Fig. 7-17a. Values for the moment of inertia of each segment are
indicated in the figure. Take £ = 200 GPa.

| B C._ 500N-m

e ——————
N Lip=38(10°)mm* 1, = 4(10°) mm2

2m i

(a)

M
Elgc 500

250 o

Elpe Be

. : P
A “—1 m—B ¢
2m ‘ Im
(b)
’ ctan C
J‘A %XC = lc/a
‘ Ap=tp/a tan A
()
Fig. 7-17

SOLUTION

M/EI Diagram. The moment diagram for the beam is a rectangle.
Here we will construct the M/ EI diagram relative to Igc, realizing that
I g = 2Ipc. Fig. 7-17b. Numerical data for Elgc will be substituted as
a last step.

Elastic Curve. The couple moment at C causes the beam to deflect
as shown in Fig. 7-17¢. The tangents at A (the support), B, and C are
indicated. We are required to find Az and A.. These displacements can
be related directly to the deviations between the tangents, so that from the
construction A is equal to the deviation of tan B relative to tan A; that is,

Ap = tp/a
Also,

Ac = I¢/a
Moment-Area Theorem. Applying Theorem 2, #5/, is equal to the
moment of the area under the M/EIgc diagram between A and B

calculated about point B, since this is the point where the vertical
deviation is to be determined. Hence, from Fig. 7-17b,

250N -m 500N - m’
Ap=tga=|—F75—"@2 1 =—
B B/A { Elpe ( m)]( m) Elgc
Substituting the numerical data yields
500N - m?
Ap = o 2 6V (1012 i
[200(10”) N/m?] [4(10°)(107*) m"]

= 0.625(10 %) m = 0.625 mm Ans.

Likewise, for fc/4 we must calculate the moment of the entire
M /EI g¢ diagram from A to C about point C. We have

Ag = topm = {ngzanm)}(Zm) + [5022;‘“(1 m)](O.S )
1250N-m* 1250 N - m’
~ Elge  [200(10%) N/m?] [4(105)(107'2) m*]
= 1.5625 (10 *)m = 1.56 mm Ans.

Since both answers are positive, they indicate that points B and C lie
above the tangent at A.
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I EXAMPLE 7.6

Determine the slope at point C of the beam in Fig. 7-18a. E = 200 GPa,
I = 6(10°) mm*.

M
El 00
EI
30 .
2 M
C o —T0yc wnD horizontal
A ‘C ‘D B " tan C
‘kSm 3 m—f 6m l ©
(b) Fig. 7-18
SOLUTION

M/EI Diagram. Fig. 7-18b.

Elastic Curve. Since the loading is applied symmetrically to the
beam, the elastic curve is symmetric as shown in Fig. 7-18c. We are
required to find 6. This can easily be done, realizing that the tangent
at D is horizontal, and therefore, by the construction, the angle 0p /¢
between tan C and tan D is equal to O¢; that s,

bc = Op,c

Moment-Area Theorem. Using Theorem 1, 6p,¢ is equal to the
shaded area under the M/EI diagram between points C and D. We
have

30kN-m\ | 1 60kN-m 30kN-m
=) S 6m)

9C:0D/C:3m< Bl BT EI

 135kN-m?
EI

Thus,

135 kN - m*
6c = c 352 m6 —o = 0.1125rad Ans.
[200(10°) kN/m"] [6(10°)(10~ %) m”]
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I EXAMPLE 7.7
Determine the slope at point C of the beam in Fig.7-19a. E = 200 GPa,

UL I = 360(10°) mm".
SOLUTION
M/EI Diagram. Fig. 7-19b.

Elastic Curve. The elastic curve is shown in Fig. 7-19¢. We are required
(a) to find 6. To do this, establish tangents at A, B (the supports), and C and

note that 6¢/, is the angle between the tangents at A and C. Also, the

M angle ¢ in Fig. 7-19¢ can be found using ¢ = t5,4/L 4. This equation is
EI valid since 7p 4 is actually very small, so that 75,4 can be approximated by
ET the length of a circular arc defined by a radius of L,z = 8 m and sweep

% of ¢. (Recall that s = 6r.) From the geometry of Fig. 7-19¢, we have

i
8

* Oc=¢ — Oc/a = —0c/a 1)

—2m— 4m 2m— . . .
Moment-Area Theorems. Using Theorem 1, 6,4 is equivalent to

(b) the area under the M/EI diagram between points A and C; that is,

1 20 kN -m 20 kN - m?
HC/Azz(Zm)< El )= EI

Applying Theorem 2, 15,4 is equivalent to the moment of the area
under the M/EI diagram between B and A about point B, since this
is the point where the vertical deviation is to be determined. We have

B e {2m +;(6m)][ (6m )<60kN m)}

+§(2m){ om )(60kN )}

_ 800KN-m’
(c) tan A = 7E 7
Fig. 7-19

Substituting these results into Eq. 1, we have

_ 800kN-m’ 20kN-m* _ 80kN-m’
€7 (8m)EI EI EI

so that
80(10°) N -m
[200(10%) N /m?][360(10°)(10™'2) m?]
= 0.00111 rad Ans.

OC:
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I EXAMPLE 7.8

Determine the displacement at point C of the beam shown in
Fig. 7-20a. Take E = 200 GPa, I = 4(10°) mm*. M

5 kN-m(L; .

SOLUTION
M/EI Diagram. Fig. 7-20b.

Elastic Curve. Here we are required to find A, Fig. 7-20c. Realize |

that this is not the maximum displacement of the beam, since the (e om om | B
loading and hence the elastic curve are not symmetric. Also indicated in =~ — Ac
Fig. 7-20c are the tangents at A, B (the supports), and C. If 74/ is tan C Sille
determined, then A’ can be found from proportional triangles, that is, 5 lc/p
A"/3 = typ/6 or A" = t,,/2. From the construction in Fig. 7-20c, we
have
ta/B tan B
€= T/ — le/ (1) &
Fig. 7-20

Moment-Area Theorem. We will apply Theorem 2 to determine
t4/p and t¢p. Here 1,5 is the moment of the M /EI diagram between
A and B about point A,

1 3
= |3 6m || S ey ZEE) | - VKR
and f¢/p is the moment of the M / EI diagram between C and B about C.
7 3

o) = E 3 m)}[; 3 m)<2.5 kEl\IIm> _375 1;1;1 m

Substituting these results into Eq. (1) yields
1 <3OkN~m3> _ 375kN-m’ _ 11.25kN-m’
) EI EI EI

Working in units of newtons and meters, we have

B 11.25(10°) N - m?®

 [200(10%) N/m?][4(10°)(10"2)m*

= 0.01406 m = 14.1 mm Ans.

Ac
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I EXAMPLE 7.9

Determine the displacement at point C of the beam shown in
Fig. 7-21a. E = 200 GPa, I = 250(10°) mm*.

SOLUTION

M/EI Diagram. As shown in Fig. 7-21b, this diagram consists of a
triangular and a parabolic segment.

12 kN

(a) Elastic Curve. The loading causes the beam to deform as shown in
Fig. 7-21c. We are required to find A.. By constructing tangents at
A, B (the supports),and C,itisseenthat Ac = t¢/4 — A’. However, A’
can be related to 75/4 by proportional triangles, thatis, A’ /8 = 15/, /4
El or A" = 2tg,4. Hence

Ac = tcja — 2tp/a (1)

4m i 4m | Moment-Area Theorem. We will apply Theorem 2 to determine

‘ tc/a and tg, 4. Using the table on the inside back cover for the parabolic
segment and considering the moment of the M /EI diagram between

_48 A and C about point C, we have

= f1om [am( -]
e e 222)
T Biaa }A, o _ 704kN-m’

e B EI
A
‘ The moment of the M/ EI diagram between A and B about point B gives

tan A

3
© tan C s = |::15(4m)M;(4m)<_ 481{El\;°m>} _ _1281(EI\II'IH
Fig. 7-21 Why are these terms negative? Substituting the results into Eq. (1)
yields
Ap = — 704kN-m’ 2(_ 128kN-m3>
EI EI
__ 448KkN- m’
El
Thus,
—448 (10*) N-m®
Ac =

[200(109) N /mz} {250(106)(1012) m4]
= —0.00896 m = —8.96 mm Ans.
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I EXAMPLE 7.10

Determine the slope at the roller B of the double overhang beam
shown in Fig. 7-22a. Take E = 200 GPa, I = 18(10°) mm?®. 30 kN-m

SOLUTION W

M/EI Diagram. The M/EI diagram can be simplified by drawing L 5 m‘*’T‘*Zm ‘*T~2m ‘
it in parts as discussed in Sec. 4.5. Here we will consider the M/EI o
diagrams for the three loadings each acting on a cantilever beam fixed LA

at D, Fig. 7-22b. (The 10-kN load is not considered since it produces (a)

no moment about D.)

10 kN

Elastic Curve. If tangents are drawn at B and C, Fig. 7-22c, the M
slope B can be determined by finding /¢, and for small angles, E

~

t
o O g 6,

” " m T

Moment Area Theorem. To determine ¢¢/p we apply Theorem 2 by EI
finding the moment of the M/EI diagram between BC about point C. +

This only involves the shaded area under two of the diagrams in 20
Fig. 7-22b. Thus,

= mfem( 280 () Lom(mm)] |

_ 5333 kN - m® +
EI M
Substituting into Eq. (1), El 10
EI
5333 (10°) N - m® _—1 .
(2 m)[200(10%) N/m*] [ 18(106)(10~ %) m*] ‘ ! o

= 0.00741 rad Ans.
(b)
0p g
0 Ic/B
/&L al
tan C
tan B L 2m

(c)
Fig. 7-22
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7.5 CONJUGATE-BEAM METHOD
The conjugate-beam method was formulated by H. Miiller-Breslau.
Essentially, it requires the same amount of calculation as the moment-area
theorems to determine a beam’s slope or deflection; however, this method
relies only on the principles of statics, and hence its application will be
more familiar.
The basis for the method comes from the similarity of Eq. 4-1
(dV/dx = w) and Eq. 4-2 (dM/dx = V) to Eq. 7-2 and Eq. 7-4. To
show this, we can write these equations as follows:
dv d’M
dx dx?
o _ M v _ M
dx EI dx*  EI
Or after integrating,
VZ/wdx M = {/wdx}dx
! 0 0 !
M M
Je)e | [ () e
w Here the shear V compares with the slope 6, the moment M compares

with the displacement v, and the external load w compares with the

AP dB  beam’s moment diagram divided by the flexural rigidity EI, that is, the
| | “M/EI diagram.” To make use of this comparison we will now consider

r L \ a beam having the same length as the “real beam,” but referred to here
real beam as the “conjugate beam,” Fig. 7-23. The conjugate beam is “loaded” with

the M/EI diagram so it compares to the load w on the real beam. From
M the above comparisons, we can therefore state two theorems that relate

El to the conjugate beam, namely,
m Theorem 1: The slope 0 at a point in the real beam is numerically
i

equal to the shear V at the corresponding point in the conjugate
beam.

Theorem 2: The displacement v of a point in the real beam is
numerically equal to the moment M at the corresponding point in
the conjugate beam.

conjugate beam
Fig. 7-23

Conjugate-Beam Supports. When drawing the conjugate
beam it is important that the shear and moment at the supports
correspond to the slope and displacement of the real beam at its
supports, a consequence of Theorems 1 and 2. For example, as shown
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in Table 7.2, a pin or roller support at the end of the real beam provides
zero displacement, but the beam has a nonzero slope. Consequently,
from Theorems 1 and 2, the conjugate beam must be supported by a
pin or roller, since this support has zero moment but has a shear or end
reaction. When the real beam is fixed supported (3), both the slope and
displacement at the support are zero. Here the conjugate beam must
have a free end, since at this end there is zero shear and zero moment.
Corresponding real and conjugate-beam supports for other cases are
listed in the table. And from this, examples of real and conjugate beams
are shown in Fig. 7-24.

TABLE 7.2
Real Beam Conjugate Beam
e 0 o ——— 4 L=
A=0 . M=0 .
pin pin
@) 0 ] v B
A=0 M=0
roller roller
3 6=0 )ZQ V=0
| I—
A=0 M=0
fixed free
(4) 0 | E— |4 —
A free M fixed
) 0 e e v
T——
A=0 internal pin M=0 hinge
® 0 v
D G—
A=0 internal roller M=0 hinge
o0 e .
A i M
hinge internal roller
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ZL )
b:— |
!fT L
real beam conjugate beam
Fig. 7-24

- PROCEDURE FOR ANALYSIS

The following procedure provides a method that may be used to
determine the displacement and slope at a point on the elastic
curve of a beam using the conjugate-beam method.

Conjugate Beam

® Draw the conjugate beam for the real beam. This beam has the
same length as the real beam and has corresponding supports
as listed in Table 72.

® In general, if the real support allows a slope, the conjugate
support must develop a shear; and if the real support allows a
displacement, the conjugate support must develop a moment.

® The conjugate beam is loaded with the real beam’s M/EI
diagram. This loading is assumed to be distributed over the
conjugate beam and is directed upward when M /EI is positive
and downward when M/EI is negative. In other words, the
loading always acts away from the beam.

Equilibrium

® Using the equations of equilibrium, determine the reactions at
the conjugate beam'’s supports.

® Section the conjugate beam at the point where the slope 6 and
displacement A of the real beam are to be determined. At the
section show the unknown shear V' and moment M’ acting in
their positive sense.

® Determine the shear and moment using the equations of
equilibrium. These values equal # and A, respectively, for
the real beam. In particular, if they are positive, the slope is
counterclockwise and the displacement is upward.




7.5 CONJUGATE-BEAM METHOD 323

I EXAMPLE 7.11

Determine the slope and displacement at point B of the steel beam shown
in Fig. 7-25a. The reactions are given. E = 200 GPa, I = 102(10°) mm®.

30 kN ‘( 3m ‘F 1 mﬁl
30kN 4 l " B,
(| c— l Tiag |

90 kN'm 3m l . ma‘ o
EI .
real beam conjugate beam
(a) (b)
Fig. 7-25

SOLUTION

Conjugate Beam. Using Table 7.2, the conjugate beam is shown in
Fig. 7-25b. The M/ EI diagram is negative, so the distributed load acts
downward.

Equilibrium. Since 0z and A g are to be determined, we must calculate
Vg and My in the conjugate beam, Fig. 7-25c¢.

i_lm i_ 3m i o
135 kN - m? i ]
+13F, = 0; - —Vp =0 -
1= Y ’ EI B i /////, Vle)
135kN - m? l
b = Ve =~ 135
EI i
—135(10*) N - m? reaz:tl)ons
= G
[200(10%) N/m?] [102(10%)(107"%) m"]
= —0.00662 rad Ans.
135kN - m?
(+t3ZMp = 0; Tm(?)m) + Mg =0 ‘
A I
Ay = AOSKN - ¥
o EI B —10s
B —405(10°) N - m® (d)
[200(10%) N/m?] [102(10°)(10712)m*]
= —0.01985m = —19.9 mm Ans.

The negative signs indicate that the slope of the beam is measured
clockwise and the displacement is downward, Fig. 7-25d.
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I EXAMPLE 7.12

CHAPTER 7

NS

Determine the maximum deflection of the steel beam shown in
Fig. 7-26a. The reactions are given. E = 200 GPa, I = 60(10°) mm?®,

18
EI
8 kN N
—t A’ rd B’
A i g
|| 9m 1 3m— ‘ 9m 3 ma‘
2 kN 6 kN
real beam conjugate beam
(a) (b)
Fig. 7-26 SOLUTION

5 63
EI EI
external reactions
()

18 L) - 2x
EI\9 EI

internal reactions

(d)

Conjugate Beam. Using Table 72, the conjugate beam loaded with
the M/EI diagram is shown in Fig. 7-26b. Since the M /EI diagram is
positive, the distributed load acts upward.

Equilibrium. The external reactions on the conjugate beam are
determined first and are indicated on the free-body diagram in
Fig. 7-26¢c. Maximum deflection of the real beam occurs at the point
where the slope of the beam is zero. This corresponds to the same
point in the conjugate beam where the shear is zero. Assuming this
point is located within the region 0 = x = 9m from A’, we can draw
the free-body diagram shown in Fig. 7-26d. Here the peak of the
distributed loading was determined from proportional triangles, that is,

w/x = (18/EI)/9. We require V' = 0 so that
45  1(2x
—+ = () _— — — =
13F, = 0; I 2<E1>x 0

x=67lm (0=x=9m)OK

Using this value for x, the maximum deflection of the real beam
corresponds to the moment M'. Hence,

45 1 2(6.71)) ]1
+t2M =0, —(6.71) — |5 T (671) + M’ =
FEM = 0; - (6.71) [2< z 0713 67) + M =0
) 201.2kN - m?
Amax =M = - El

—201.2(10°) N - m®
[200(10%) N/m?][60(10°) mm*(1 m*/(10°)* mm®*)]

—0.0168 m = —16.8 mm

The negative sign indicates that this displacement is downward.

Ans.
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I EXAMPLE 7.13

The girder in Fig. 7-27a is made from a uniform beam and reinforced 30kN 40kN 30kN
at its center with cover plates where its moment of inertia is larger. l

The 4-m end segments have a moment of inertia of / = 270(10°) mm®, =

and the center portion has a moment of inertia of I’ = 540(10°) mm®*. s I - I =0
Determine the displacement at the center C. Take E = 200 GPa. The I@(los_) mm* 540(10%) mm* 270(10%“24[

reactions are given. 4m—2 m»}z m—d4m
SOLUTION SOkN T JUk

Conjugate Beam. The moment diagram for the beam is determined )
first, Fig. 7-27b. Since I' = 21, for simplicity, we can express the load on (a
the conjugate beam in terms of the constant £/, as shown in Fig. 7-27c. Fig. 7-27

Equilibrium. The reactions on the conjugate beam can be calculated
by the symmetry of the loading or using the equations of equilibrium.
The results are shown in Fig. 7-27d. Since the displacement at C is to
be determined, we must calculate the internal moment at C’. Using the
method of sections, segment A'C’ is isolated and the resultants of the
distributed loads and their locations are determined, Fig. 7-27e. Thus,

620 400 200 20
+3Me =0, —(6) — —(3.33) — = (1) — = (0.67) + M¢ =
(+IMe =0, (6) = 7 (3:33) = (1) = 7 (067) + M = 0

2173 kN -m’ M (kN-m)
El 200 _240 200

Substituting the numerical data for E/ and converting meter to
millimeters, we have

MC' =

2173(10) N - m® 4 6 8 izt
Ac=Mc = - 9 2 Sy Ans
[200(10°) N/m?][270(10°)(10"")m”] moment diagram
= —0.0402 m = —40.2 mm ()
The negative sign indicates that the displacement is downward.
200 200 400 400 % ALY

EI EI EI
100 120100,

A I~ 4 4,20
EL EL Ef T Y S 1 A7 1RE!
e i EI | > P L_Cy )MC,
A i B A B A
T -1 0.667 m

¢ _— L]2.667 m‘ 3333 m ‘ 3.333m ‘2.667 m 620 — —1m
* \ \ \ | EI 3.333 m~|
~—4m 2 m~=2 nr 4m 6 an
620 620
EI EI

conjugate beam external reactions internal reactions

(©) (d) (e)
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I EXAMPLE 7.14

Determine the displacement of the pin at B and the slope of each
beam segment connected to the pin for the compound beam

shown in Fig. 7-28a. The reactions at the supports are given.
E = 200 GPa, I = 18(10°) mm?*.

40 kN
27.5 kN l w A0 KN
Q T E—— V50 kN-m | ; \v 50 KN-m
70kN-m A ‘1 ‘B E ‘A ~&_— ==
3m m‘ 4m | (08)r t . B\ (651
real beam elastic curve
(a) (b)
Fig. 7-28
SOLUTION
Conjugate Beam. The elastic curve for the beam is shown in Fig. 7-28b
in order to identify the unknown displacement A z and the slopes (63);.
and (6p)g to the left and right of the pin. Using Table 72, the conjugate
beam is shown in Fig. 7-28¢. For simplicity in calculation, the M/EI
diagram has been drawn in parts using the principle of superposition
as described in Sec. 4.5. Here the beam is cantilevered from the left
support, A. The moment diagrams for the 40-kN load, the reactive force
y = 12.5kN, and the 50 kN - m loading are given. Notice that negative
regions of the M/ EI loading develop a downward distributed load, and
the positive region has a distributed load that acts upward.
400
100 o~ 181l
EI T =<
i | T LS8 M g 67
j714/ 2 C' : B’ T~
_30 B’ T 1
18] 1
4‘7 Y v y !
- ' N e Y400 4m \
i LK El 1667
| 1m v’ 3m EI
F——3m 180
conjugate beam ‘EI

external reactions

(d)

(©)
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181.67 ° 2m Y
~EI 200 1.667

EI EI

(e) ()

Equilibrium. The external reactions at B’ and C' are calculated
first and the results are indicated in Fig. 7-28d. In order to determine
(6p)r, the conjugate beam is sectioned just to the right of B" and the
shear force (Vp/)g is computed, Fig. 7-28e. Thus,
100 200 1.667

H3F =0 Vet 7~ %7~ g7 =0

)

O)r = (Vp)r = —101'67EkIN =

_ 101.67(10*) N - m?
 [200(10°) N /m?] [18(10%)(102)m?]

= 0.0282 rad Ans.
The internal moment at B’ yields the displacement of the pin. Thus,
100 200 1.667
+3IMp =0, —Mp +——(1. -—2)-— @ =0
(FIMp =0 My + 0 (1333) = 2 (2) = ~o (4)
27333 kN -m’
Ap=Mp = ——
B B El

273.33(10°) N - m?
[200(10%) N /m?][18(10°)(10~?)m*]
= —0.0759m = —75.9 mm Ans.

The slope (03); can be found from a section of beam just to the left
of B’, Fig. 7-28f. Thus,

181.67 100 200 1.667
+ = 0; )+ +— - -—=0
126, =0 (Ve EI EI EI EI

80 kN - m*
0p) = (Vp)L = TR
80(10°) N - m?
[200(10%) N/m?] [18(10%)(10~"?)m’]

= —0.0222 rad Ans.
The negative sign indicates that (05); is measured clockwise as shown
in Fig. 7-28b.
Obviously, Ay = My for this segmentis the same as previously calculated,
since the moment arms are only slightly different in Figs. 7-28e and 7-28f.
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. PRELIMINARY PROBLEMS

P7-1. Draw the deflected shape of each beam. P7-3. Draw the moment diagram and the deflection
diagram for each beam. No calculations are necessary.

l

(a)

(®)

()
Prob. P7-1

P7-2. Draw the deflected shape of each beam.

ﬁ Prob. P7-3

P7-4. Draw the deflected shape of each frame.

(a)

(b)

(©

(d)
(a)

(b)

(a) I
(C)
(©

(d) (b)
Prob. P7-2 Prob. P7-4
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P7-5. Draw the deflected shape of each frame. P7-7. Draw the deflected shape of each frame.

(@)

o

(®)

Prob. P7-5
P7-6. Draw the deflected shape of each frame.

N

(a)

(®)

o

(®)

&)

(©) ©

Prob. P7-6 Prob. P7-7
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. FUNDAMENTAL PROBLEMS

F7-1. Determine the equation of the elastic curve for the F7-4. Determine the equation of the elastic curve for the
beam using the x coordinate that is valid for 0 = x < L/2 beam using the x coordinate that is valid for 0 = x =< L/2
and L/2 < x = L. Elis constant. and L/2 < x = L. El is constant.

Prob. F7-4

Prob. F7-1

F7-5. Determine the equation of the elastic curve for the
beam using the x coordinate that is valid for0 = x = L. EI

F7-2. Determine the equation of the elastic curve for the .
1s constant.

beam using the x coordinate that is valid for 0 = x < L. EI
is constant.

X

=
| I | Prob. F7-5

Prob. F7-2

F7-6. Determine the equation of the elastic curve for the
beam using the x coordinate that is valid for0 = x = L. EI

F7-3. Determine the equation of the elastic curve for the Is constant.

beam using the x coordinate that is valid for 0 = x = L. EI
is constant.

= \ =

Prob. F7-3 Prob. F7-6



F7-7. Use the moment-area theorems and determine the
slope at A and deflection at A. ET is constant.

F7-8. Solve Prob. F7-7 using the conjugate-beam method.

3m }

Probs. F7-7/8

F7-9. Use the moment-area theorems and determine the
slope at B and deflection at B. EI is constant.

F7-10. Solve Prob. F7-9 using the conjugate-beam method.

} 4m

Probs. F7-9/10

F7-11. Use the moment-area theorems and determine the
slope at A and displacement at C. EI is constant.

F7-12. Solve Prob. F7-11 using the conjugate-beam method.

SkN-m

A .

2 s

} 1.5m ‘ 1.5m |

Probs. F7-11/12
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F7-13. Use the moment-area theorems and determine the
slope at A and displacement at C. EI is constant.

F7-14. Solve Prob. F7-13 using the conjugate-beam method.

Probs. F7-13/14

F7-15. Use the moment-area theorems and determine the
slope at A and displacement at C. E/ is constant.

F7-16. Solve Prob. F7-15 using the conjugate-beam method.

4 kN 4 kN

B! o

C |

4 m | 4 m |

Probs. F7-15/16

F7-17. Use the moment-area theorems and determine the
slope at B and displacement at B. EI is constant.

F7-18. Solve Prob. F7-17 using the conjugate-beam method.

©
—
z

m ‘

2 m I 2 m |

Probs. F7-17/18
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. PROBLEMS

DEFLECTIONS

Sec. 7.1-7.3

7-1. Determine the maximum deflection of the beam and
the slope at A. Use the method of double integration. EI is
constant.

My M,
.4 A{
AL\“ = = B
\‘ ‘/
| a \ a \ a |
Prob. 7-1

7-2. Determine the equations of the elastic curve using
the xq and x, coordinates. £/ is constant.

X }

Prob. 7-2

7-3. Determine the equations of the elastic curve using
the coordinates x; and x; and specify the slope at C and
displacement at B. EI is constant.

#7-4. Determine the equations of the elastic curve using
the coordinates x; and x3 and specify the slope at B and
deflection at C. EI is constant.

Xy

X3 |

Probs. 7-3/4

7-5. Determine the equations of the elastic curve for the
beam using the x; and x; coordinates. Specify the slope at A
and the maximum deflection. £/ is constant.

7_)514,‘

R%)
L

Prob. 7-5

7-6. Determine the elastic curve for the cantilevered
beam, which is subjected to the couple moment M. Also
compute the maximum slope and maximum deflection of
the beam. ET is constant.

| B
A m> M,
=

\ L

Prob. 7-6

7-7. Determine the equation of the elastic curve using the
coordinate x, and specify the slope at point A and the
deflection at point C. EI is constant.

Prob. 7-7



#7-8. Determine the elastic curve for the simply supported
beam, which is subjected to the couple moments M Also,
compute the maximum slope and the maximum deflection
of the beam. E1 is constant.

MO Ma

ﬂ‘ ‘ﬂ

) ‘

L |

Prob. 7-8

7-9. Determine the equations of the elastic curve for the
beam using the x; and x, coordinates. Specify the beam’s
maximum deflection. E7 is constant.

Sec. 7.4-7.5

7-10. Determine the slope at D and the displacement at
the end A of the beam. E/ is constant. Use the moment-area
theorems.

7-11. Solve Prob. 7-18 using the conjugate-beam method.

Probs. 7-10/11
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*#7-12. Determine the slope at the end C of the beam. Use
the conjugate-beam method. E = 200 GPa, I = 70(10°) mm*
Assume B is a roller and A is a pin.

8 kN

Iy
Sm m 5

Prob. 7-12

2kN/m
m

7-13. Determine the slope at B and the maximum
displacement of the beam. Use the moment-area theorems.
Take E = 200 GPa, I = 550(10°) mm*.

7-14. Solve Prob. 7-13 using the conjugate-beam method.

30 kN
90 kKN-m
ﬁm
[ B )) ¢
l 1.5m 1.5m

Probs. 7-13/14

7-15. Determine the slope at B and the maximum
displacement of the beam. Use the moment-area theorems.
Take E = 200 GPa, I = 550(10°) mm*.

*7-16. Solve Prob.7-15 using the conjugate-beam method.

30 kN
| 1]
(A B‘ ‘C
;- 211'1 | 111'1 |

Probs. 7-15/16

7-17.  Use the moment-area theorems and determine the
displacement at C and the slope of the beam at A, B, and
C. El is constant. i

A B S8 kN-m
1)
ol o, =0 C‘

‘F 6m ‘F 3m |

Prob. 7-17
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7-18. The beam is subjected to the load P as shown. Use
the moment-area theorems and determine the magnitude
of force F that must be applied at the end of the overhang C
so that the displacement at C is zero. EI is constant.

7-19. The beam is subjected to the load P as shown. If
F = P, determine the displacement at D. Use the moment-
area theorems. EI is constant.

Probs. 7-18/19

7-20. Determine the slope at B and the displacement
at C. EI is constant. Use the conjugate-beam method.

P
P P
2 2
\=V
A Z;: o |B
C
L a ‘ a a ‘ a 4"
Prob. 7-20

7-21. Use the moment-area theorems and determine the
slope at A and displacement at C. EI is constant.

7-22. Solve Prob. 7-21 using the conjugate-beam method.

6 kN
hl.s mﬂ
e T . B
c ‘
\ 3m }

Probs. 7-21/22

7-23. Determine the displacement at C and the slope at B.
El is constant. Use the moment-area theorems.

*7-24. Solve Prob.7-23 using the conjugate-beam method.

w w

bbbl dil
e

a .l a |
‘ a 5 > a

Probs. 7-23/24

7-25. Determine the value of a so that the slope at A is
equal to zero. El is constant. Use the moment-area theorems.

7-26. Solve Prob. 7-25 using the conjugate-beam method.

7-27. Determine the value of a so that the displacement at
C is equal to zero. EI is constant. Use the moment-area
theorems.

*#7-28. Solve Prob.7-27 using the conjugate-beam method.

~

S
2
>}
|t~
D~

Probs. 7-25/26/27/28

7-29. Use the conjugate-beam method and determine the
displacement at D and the slope at C. Assume A is a fixed
support and C is a roller. EI is constant.

Prob. 7-29



7-30. Determine the slope and the displacement at the
end C of the beam. E = 200 GPa, I = 70(10°) mm*. Use the
moment-area theorems.

7-31. Solve Prob. 7-30 using the conjugate-beem method.

8 kN
14 kN

Ato: ‘l
B="=
L3m ! 3m I

Probs. 7-30/31

#7-32. Use the moment-arca theorems and determine the
slope at C and the deflection at B. EI is constant.

C
3m*>‘

P
M():PLI l
AN
g L
C
—l
Prob. 7-32

7-33. Use the conjugate-beam method and determine the
slope at C and the displacement at B. EI is constant.

w

Prob. 7-33

7-34. At what distance a should the bearing supports at A
and B be placed so that the deflection at the center of the
shaft is equal to the deflection at its ends? Use the moment-
area theorems. The bearings exert only vertical reactions on
the shaft. E7 is constant.

P P

Prob. 7-34
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7-35. Determine the slope just to the left and just to the
right of the pin at B. Also, determine the displacement at
D. Assume the beam is fixed supported at A, and C is a
roller. EI is constant. Use the conjugate-beam method.

[ )™

B = C D

Prob. 7-35

#7-36. Determine the maximum displacement of the
beam and the slope at A. EI is constant. Use the moment-
area theorems.

7-37. Solve Prob. 7-36 using the conjugate-beam method.

30kN-m
A( e 4
- 6m '

Probs. 7-36/37

7-38. Determine the slope to the left and right of B and
the displacement at D. EI is constant. Use the moment-
area theorems.

60 kKN-m

| —
e e )
1 ‘B _I._C ‘D
‘ 3m ‘ 3m ‘F 3m |
Prob. 7-38
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. CHAPTER REVIEW

The deflection of a member (or structure) can always
be established provided the moment diagram is known,
because positive moment will tend to bend the member
concave upwards, and negative moment will tend to bend
the member concave downwards. Likewise, the general
shape of the moment diagram can be determined if the
deflection curve is known.

beam

minﬂection point
_A._ \/é._

deflection curve

POy
o

moment diagram

M

Deflection of a beam due to bending can be determined V1, Uy
by using double integration of the equation

P M
dx* EI

Here the internal moment M must be expressed as a
function of the x coordinates that extend across the
beam. The constants of integration are obtained from the
boundary conditions, such as zero deflection at a pin or
roller support and zero deflection and slope at a fixed
support. If several x coordinates are necessary, then the
continuity of slope and deflection must be considered,
where at x; = x, = a,6,(a) = 6,(a) and v(a) = v,(a).
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If the moment diagram has a simple shape, the moment-area theorems or the conjugate-beam method can be used to
determine the deflection and slope at a point on the beam.

The moment-area theorems consider the angle and vertical deviation between the tangents at two points A and B on
the elastic curve. The change in slope is found from the area under the M/EI diagram between the two points, and the
deviation is determined from the moment of the M/EI diagram area about the point where the deviation occurs.

=0 _

0p/a
tan B tan A

0p/4 = Area of M/EI diagram

=l

ta/p = X(Area of M/EI diagram)

The conjugate-beam method is very direct and requires application of the principles of statics. Quite simply, one
establishes the conjugate beam using Table 72, then considers the loading as the M/EI diagram. The slope (deflection)
at a point on the real beam is then equal to the shear (moment) at the same point on the conjugate beam.

Jisisanaanananspuanananiiiiiey
iy -1 AL b
- x . x

real beam conjugate beam
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The deflection of the ends of this arch as it is being constructed can be
determined using energy methods.




DEFLECTIONS
USING EN
METHODS

(5
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. CHAPTER OBJECTIVE

B To show how to use the method of virtual work and Castigliano’s
theorem to determine the displacement at joints on trusses, and
the slope and displacement at points on beams and frames.

8.1 EXTERNAL WORK AND STRAIN
ENERGY

The semigraphical methods presented in the previous chapter are very
effective for finding the displacement and slope at a point in beams
subjected to rather simple loadings. For more complicated loadings
or for structures such as trusses and frames, it is suggested that energy
methods be used for the calculations. Most energy methods are based
on the conservation of energy, which states that the work U, done by
all the external forces acting on a structure is transformed into internal
work or strain energy U;, which occurs when the structure deforms. If
the material’s elastic limit is not exceeded, this internal elastic strain
energy will return the structure to its undeformed state when the
loads are removed. The conservation of energy principle can be stated

mathematically as
ea)

Before developing any of the energy methods based on this principle,
however, we will first determine the external work and strain energy
caused by a force and a moment.

339



340 CHAPTER 8 DEFLECTIONS USING ENERGY METHODS

External Work—Force. When aforce Fundergoes a displacement
dx in the same direction as the force, the work done is dU, = F dx. If the
total displacement is x, the work becomes

U, = / Fdx (8-2)
0

Consider now the effect caused by an axial force applied to the
end of a bar as shown in Fig. 8-1a. As the magnitude of F is gradually
increased from zero to some limiting value F = P, the final elongation
of the bar becomes A. If the material has a linear elastic response, then
F = (P/A)x. Substituting into the above equation and integrating from
0to A, we get

U, =1PA (8-3)

which represents the shaded triangular area in Fig. 8-1a.

Another way to look at this is to state that as a force is gradually
applied to the bar, and its magnitude builds linearly from zero to some
value P, the work done is equal to the average force magnitude (P/2)
times the displacement (A).

A

(a)

Fig. 8-1
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Suppose now that P is already applied to the bar and that another
force F' is then applied, so the bar deflects further by an amount A’,
Fig. 8-1b. The work done by P (not F') when the bar undergoes the
further deflection A’ is then

U, = PA’ (8-4)

Here the work represents the shaded rectangular area in Fig. 8-1b. In
this case P does not change its magnitude since A’ is caused only by F'.
Therefore, in this case the work is simply the force magnitude P times the
displacement A’.

In summary, then, when a force P is applied to the bar, followed
by application of the force F’, the total work done by both forces is
represented by the triangular area ACE in Fig. 8~1b. The triangular area
ABG represents the work of P that is caused by its displacement A,
the triangular area BCD represents the work of F' since this force
causes a displacement A’, and lastly, the shaded rectangular area BDEG
represents the additional work of P when it is displaced A’.

External Work—Moment. The work of a moment is defined by
the product of the magnitude of the moment M and the angle d6 through
which it rotates, that is,dU, = M d#, Fig. 8-2. If the total angle of rotation
is 6 radians, the work becomes

0
U, = / M do (8-5)
0

As in the case of a force, if the moment is applied gradually to a
structure having linear elastic response from zero to M, the work is then

U, = 1Mo (8-6)
However, if the moment is already applied to the structure and other

loadings further rotate the structure by an amount 6, then M rotates 6,
and the work is

U, = Mo’ (8-7)

do

Fig. 8-2

F' +P

e
YF
___________________ c
B
——————————— D
G E N
I
(b)
Fig. 8-1



342

CHAPTER 8 DEFLECTIONS USING ENERGY METHODS

Strain Energy—Axial Force. When a force is applied gradually
to the bar in Fig. 8-3, and increased from zero to N, then it will strain the
material such that the external work done will be converted into internal
strain energy that is stored in the bar so that from Eq. 8-1 and Eq. 8-3,
we have

%NA = U;

Provided the material is linear elastic, Hooke’s law is valid, o = Ee,
and if the bar has a constant cross-sectional area A and length L, the
normal stress is ¢ = N/A and the final strainis e = A /L. Consequently,
N/A = E(A/L), and the final deflection is

=—= (8-8)

Substituting this into the above equation, the strain energy in the bar is
therefore

N2L
2AE

U= (8-9)

Strain Energy—Bending. Now consider the beam shown in
Fig. 8-4a, which is distorted by the applied loading P and w. These loads
create an internal moment M in the beam at a section located a distance
x from the left support. The resulting rotation of the differential element
dx, Fig. 8-4b, can be found from Eq. 7-2, that is, d0 = (M/EI) dx.
Consequently, the internal strain energy, or work stored in the element, is
determined from Eq. 8-6. Hence,

M? dx
2FE1

The strain energy for the beam is determined by integrating this result
over the beam’s entire length L. The result is

dU; = (8-10)

L ax
o 2EI

OISy

%QP% |

U, = (8-11)

(a)
Fig. 84
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8.2 PRINCIPLE OF WORK
AND ENERGY

Now that the work and strain energy for a force and a moment have
been formulated, we will illustrate how the conservation of energy can
be applied to determine the displacement at a point on a structure. To do
this, consider finding the displacement A at the point where the force P
is applied to the cantilever beam in Fig. 8-5. From Eq. 8-3, the external
work is U, = 1 PA. To obtain the resulting strain energy, we must first
determine the internal moment as a function of position x in the beam
and then apply Eq. 8-11. In this case M = —Px, so that

U — "MPax  [P(=Px)dx 1P
), 2EI o 2EI 6 EI

Equating the external work to internal strain energy and solving for the
unknown displacement A, we have

Ue:Ui
1 273
L 1PL
2 6 EI
3

L_rr
3EI

Although the solution here is quite direct, application of this method
is limited to only a few select problems. It will be noted that only one
load may be applied to the structure, since if more than one load were
applied, there would be an unknown displacement under each load.
Unfortunately only the one conservation of energy equation is available
for the solution. Furthermore, only the displacement under the force can
be obtained, since the external work depends upon both the force and
its corresponding displacement. One way to circumvent these limitations
is to use the method of virtual work or Castigliano’s theorem, both of
which are based upon the work and energy principle and are explained
in the following sections.
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Apply virtual load P" =1
(2)

Apply real loads Py, P, P3
(b)
Fig. 8-6

8.3 PRINCIPLE OF VIRTUAL WORK

The principle of virtual work was developed by John Bernoulli in 1717
and is sometimes referred to as the unit-load method. It provides a means
of obtaining the displacement and slope at a specific point on a structure,
be it a beam, frame, or truss.

Recall that if we take a deformable structure of any shape or
size and apply a series of external loads P to it, it will cause internal
loads u at points throughout the structure. It is necessary that the
external and internal loads be related by the equations of equilibrium.
As a consequence of these loadings, external displacements A will
occur at the P loads and internal displacements 6 will occur at each
point of internal load u. In general, these displacements do not have
to be elastic, however, the external and internal displacements must
be related by the compatibility of the displacements. In other words,
if the external displacements are known, then the corresponding
internal displacements will be uniquely defined. In general, then, the
conservation of energy for this case becomes

S PA = Sud
Work of Work of (8-12)
External Loads Internal Loads

Based on this concept, the principle of virtual work will now be
developed. To do this, we will consider the structure (or body) to be
of arbitrary shape as shown in Fig. 8-6b.* Suppose we want to find the
displacement A of point A on the body caused by the “real loads” Py, P,
and Pj3. Since no external load acts on the body at A and in the direction
of A, the displacement A can be determined by first placing on the body
a “virtual” force P’ such that it acts in the same direction as A, Fig. 8-6a.
For convenience, which will be apparent later, we will choose P’ to have
a “unit” magnitude, that is, P’ = 1. The term “virtual” is used to describe
the load, since it is imaginary and does not actually exist as part of the
real loading. This unit load (P') does, however, create an internal virtual
load u in a representative element or fiber of the body, as shown in
Fig. 8-6a. Here it is required that P’ and u be related by the equations of
equilibrium.

*This arbitrary shape will later represent a specific truss, beam, or frame.
T Although these loads will cause virtual displacements, we will not be concerned with their
magnitudes.
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Once the virtual loading is applied, then the body is subjected to the real
loads Py, P,, and P3, Fig. 8-6b. Point A will be displaced an amount A,
and this will cause the element to deform an amount 6L. As a result, the
external virtual force P’ and internal virtual load u “ride along” by A and
oL, respectively, and therefore perform external virtual work of 1+ A on
the body and internal virtual work of u+6L on the element. Realizing
that the external virtual work is equal to the internal virtual work done
on all the elements of the body, we can write the virtual-work equation as

virtual loadings

| |
1-A =3u-8L (8-13)
| | real displacements

where

P’ = 1 = external virtual unit load acting in the direction of A
u = internal virtual load acting on the element in the direction of 6L
A = external displacement caused by the real loads

6L = internal deformation of the element caused by the real loads

By choosing P’ = 1, it can be seen that the solution for A follows directly,
since (1)A = SudL.

In a similar manner, if the rotational displacement or slope of the
tangent at a point on a structure is to be determined, a virtual couple
moment M’ having a “unit” magnitude is applied at the point. As a
consequence, this couple moment causes a virtual load ug4 in one of the
elements of the body. Assuming that the real loads deform the element an
amount 8L, the rotation 6 can be found from the virtual-work equation

| | virtual loadings
10 = Su,-SL (8-14)
I

| real displacements

where
M' =1 = external virtual unit couple moment acting in the direction of 0
u, = internal virtual load acting on an element in the direction of 6L

0 = external rotational displacement or slope in radians caused by

the real loads

0L = internal deformation of the element caused by the real loads

This method for applying the principle of virtual work is often referred
to as the method of virtual forces, since a virtual force is applied resulting
in the calculation of a real displacement. The equation of virtual work
in this case represents a compatibility requirement for the structure.
Although not important here, realize that we can also apply the principle
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\©

G
15
1

Apply virtual unit load to B
(a)

STt

Apply real loads Py, P,
(b)

Fig. 8-7

of virtual work as a method of virtual displacements. In this case virtual
displacement is imposed on the structure while the structure is subjected
to real loadings. This method can be used to determine a force on or in
a structure,* so that the equation of virtual work is then expressed as an
equilibrium requirement.

8.4 METHOD OF VIRTUAL WORK:
TRUSSES

We can use the method of virtual work to determine the displacement
of a truss joint when the truss is subjected to an external loading,
temperature change, or fabrication errors. Each of these situations will
now be discussed.

External Loading. For the purpose of explanation let us consider
finding the vertical displacement A of joint B of the truss in Fig. 87b. Here
a typical element of the truss would be one of its members having a length
L. If the applied loadings Py and P, cause a linear elastic material response,
then this element or member deforms an amount .. = NL/AE, where N
is the normal or axial force in the member, caused by the loads. Applying
Eq. 8-13, the virtual-work equation for the truss is therefore

nNL
1-A = E AE (8-15)

where
1 = external virtual unit load acting on the truss joint in the stated
direction of A, Fig. 87a

n = internal virtual force in a truss member caused by the external
virtual unit load

A = external joint displacement caused by the real loads on the truss,
Fig. 8-7b
= internal normal force in a truss member caused by the real loads

= length of a member

S

= cross-sectional area of a member

E = modulus of elasticity of a member

The formulation of this equation follows naturally from the
development in Sec. 8.3. Here the external virtual unit load creates
internal virtual forces n in each of the truss members. The real loads then
cause the truss joint to be displaced A in the same direction as the virtual
unit load, and each member is displaced NL/AE in the same direction
as its respective n force. Consequently, the external virtual work 1-A
equals the internal virtual work or the internal (virtual) strain energy
stored in all the truss members, that is, >XnNL /AE.

*It was used in this manner in Sec. 6.3 with reference to the Miiller-Breslau principle.
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Temperature. In some cases, truss members may change their
length due to temperature. If « is the coefficient of thermal expansion for
a member and 67 is the change in its temperature, the change in length
of amemberis 8L = a 6T L. Hence, we can determine the displacement
of a selected truss joint due to this temperature change from Eq. 8-13,
written as

1-A = SnadTL (8-16)

where

1 = external virtual unit load acting on the truss joint in the stated
direction of A

n = internal virtual force in a truss member caused by the external
virtual unit load

= external joint displacement caused by the temperature change
a = coefficient of thermal expansion of member
6T = change in temperature of member
L = length of member

Fabrication Errors and Camber. Occasionally, errors in
fabricating the lengths of the members of a truss may occur. Also, in
some cases truss members must be made slightly longer or shorter
in order to give the truss a camber. Camber is often built into a
bridge truss so that the bottom cord will curve upward by an amount
equivalent to the downward deflection of the cord when subjected to
the bridge’s full dead weight. If a truss member is shorter or longer
than intended, the displacement of a truss joint from its expected
position can be determined from direct application of Eq. 8-13,
written as

1-A =3ndL (8-17)

where

1 = external virtual unit load acting on the truss joint in the stated
direction of A

n = internal virtual force in a truss member caused by the external
virtual unit load

A = external joint displacement caused by fabrication errors

8L = difference in length of the member from its intended size as
caused by fabrication errors

A combination of the right sides of Eqs. 8-15 through 8-17 will be
necessary if external loads act on the truss and some of the members
undergo a thermal change and/or have been fabricated with the wrong
dimensions.
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- PROCEDURE FOR ANALYSIS

The following procedure may be used to determine a specific
displacement of any joint on a truss using the method of virtual work.

Virtual Forces n

® Place the unit load on the truss at the joint where the desired
displacement is to be determined. The load should be in the
same direction as the displacement, e.g., horizontal or vertical.

¢ With the unit load so placed, and all the real loads removed from
the truss, use the method of joints or the method of sections and
calculate the mn force in each truss member. Assume that tensile
forces are positive and compressive forces are negative.

Real Forces N

¢ Use the method of sections or the method of joints to determine
the N force in each member. These forces are caused only by
the real loads acting on the truss. Again, assume tensile forces
are positive and compressive forces are negative.

Virtual-Work Equation

® Apply the equation of virtual work, to determine the desired
displacement. It is important to retain the algebraic sign for
each of the corresponding n and N forces when substituting
these terms into the equation.

® If the resultant sum %nNL/AE is positive, the displacement A is
in the same direction as the unit load. If a negative value results,
A is opposite to the unit load.

® When applying 1-A = 3na 8TL, realize that if any of the
members undergoes an increase in temperature, 61 will be
positive, whereas a decrease in temperature results in a negative
value for 67.

® When applying 1 - A = 3n 6L, consider the increase in length 8L
of a member due to fabrication errors as positive, and a decrease
in length as negative.

¢ Attention should be paid to the units of each numerical quantity.
In particular, the virtual unit load can either be assigned no units,
or have any arbitrary unit (N, kN, etc.). Since the n forces will
have these same units, the units will cancel from both sides of the
virtual-work equation.
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I EXAMPLE 8.1

Determine the vertical displacement of joint C of the steel truss shown in
Fig. 8-8a. The cross-sectional area of each member is A = 300 mm? and

E =200 GPa.
U \
20 kN 20 kN
(a)
SOLUTION
Virtual Forces n. Only a vertical 1-kN load is placed at joint C, and

the virtual force in each member is calculated using the method of
joints. The results are shown in Fig. 8-8b. Positive numbers indicate
tensile forces and negative numbers indicate compressive forces.

l 0.667 kKN T

N . 3 G
Real Forces N. The real forces in the members are calculated using T 0333kN  0.667 kKN

the method of joints. The results are shown in Fig. 8-8c. 0.333 kKN . 0,667 kN
Virtual-Work Equation. Arranging the data in tabular form, we have i eEs o
Member n (kN) N (kN) L (m) nNL (kN2 - m) (®)

AB 0.333 20 3 20

BC 0.667 20 3 40

CD 0.667 20 3 40

DE —0.943 —28.28 4.243 113.2

FE —0.333 —20 3 20

EB —0.471 0 4.243 0

BF 0.333 20 3 20

AF —0.471 —28.28 4.243 56.6

20 kN 20 kN 20 kN
CE 1 20 3 60
20 kN 20 kN 20 kN 20 kN
3 = 369.7
NL 269.7 KN real forces N
n . -m
Thus, 1kN:-Ap, = =
= 24 AE ©
369.7 kN - m Fig. 8-8
AC =
v AE

Substituting the numerical values for A and E, we have
369.7(10°) N-m
[300(10~%)m?][200(10%) N/m?]
= 0.00616 m = 6.16 mm Ans.

Ac,
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I EXAMPLE 8.2

1 kN

0.667 kKN

The cross-sectional area of each member of the truss shown in
Fig. 8- 9ais A = 400 mm’ and E = 200 GPa. (a) Determine the vertical
displacement of joint C if a 4-kN force is applied to the truss at C.
(b) If no loads act on the truss, what would be the vertical displacement
of joint C if member AB were 5 mm too short?

C
T - » 4 kN
3m
|4 Q
5 o B
) it
F4m —r——4m —

(a)
Fig. 8-9

SOLUTION
Part (a)

Virtual Forces n. Since the vertical displacement of joint C is to
be determined, a virtual force of 1 kN is applied at C in the vertical
direction. The unit of this force is the same as that of the real loading.
The support reactions at A and B are calculated and the virtual force
in each member is determined by the method of joints as shown on
the free-body diagrams of joints A and B, Fig. 8-9b.

0.833 kN 0.833 kN
33 INS
4 4
A 0.667 kN 0.667 kN B
0.5 kN virtual forces n 0.5 kN
(b)

Real Forces N. The joint analysis of A and B when the real load of
4 kN is applied to the truss is given in Fig. 89c.
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Ce 4kN
6‘& > 25kN 25kN
v 4y, A3 3N
A A 4 4
4kN , B 4kN <€ » 2 kN 2kN B
2kN T l
\j 1.5 kN real forces N 1.5 kN
15kN 1L5kN : -
(c)
Virtual-Work Equation. Arranging the data in tabular form, we
have
Member n (kN) N (kN) L (m) n NL (kN2 - m)

AB 0.667 2 8 10.67

AC —0.833 2.5 5 —10.41

CB —0.833 -2.5 5 10.41

3 = 10.67
Thus,
nNL  10.67kN?-m
1kN-Ar = =
6= X AE AE
A — 1067kN-m
Co AE

Substituting the values A = 400 mm? = 400(10~°) m?, E = 200 GPa =
200(10%) N/m?, gives

LA = 10.67(10°) N - m
“ " [400(10~%) m?] [200(10%) N /m?]
0.000133 m = 0.133 mm Ans.

Part(b). Here we mustapply Eq.8-17 Since the vertical displacement
of Cis to be determined, we can use the results of Fig. 8-9b. Only
member AB undergoes a change in length, namely, L = —0.005 m.

Thus,
1-A =3néL
1kN-A¢ = (0.667 kN)(—0.005 m)
Ac¢, = —0.00333 m = —3.33 mm Ans.

The negative sign indicates joint C is displaced upward, opposite
to the 1-kN vertical load. If the 4-kN load and fabrication
error are both accounted for, then the resultant displacement is
Ac, = 0.133 — 3.33 = —3.20 mm (upward).
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Determine the vertical displacement of joint C of the steel truss shown in
Fig. 8-10a. Due to radiant heating from the wall, member AD is subjected
to an increase in temperature of 8T = +60°C. Take o = 12(10%)/°C
and £ = 200 GPa. The cross-sectional area of each member is indicated
in the figure.

1 kN 1kN 400 kN
3m — .
i 300 kN 0.75 kN <« 600 kN <— s—>300 kN
D 1200 mm? ) 0.75 kN LD
s
1200 mm? f; g
7§ 1200 mm? L kN A 400 kN 7 400 kN
/s i~ S
f’\?‘ o~ /
y
N A 0.75 KNe—e. 00N == 0
I A 2 . 0
1200 mm 400 kKN
400 kN
real forces N
(a) virtual forces n
(c)
Fig. 8-10 (b)
SOLUTION

Virtual Forces n. A vertical 1-kN load is applied to the truss at joint
C, and the forces in the members are calculated, Fig. 8-10b.

Real Forces N. Since the n forces in members AB and BC are zero,
the N forces in these members do not have to be calculated. Why? For
completeness, though, the entire real-force analysis is shown in Fig. 8-10c.

Virtual-Work Equation. Both loads and temperature affect the
deformation; therefore, Egs. 8-15 and 8-16 are combined. Working in
units of KN and meters, we have

nNL
2 AE
(0.75)(600)(3)
1200(107°) [200(10°) |
(—1.25)(—500)(5)
2400(107°)[ 200(10°) |
Ac = 0.02168 m = 21.7 mm

1kN-A¢, = + Sna ATL

(1)(400)(4)
1200(107°)[200(10°) |

+ (D[12(107°)](60)(4)

Ans.
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In 1879 Alberto Castigliano, an Italian railroad engineer, published a
book in which he outlined a method for determining the deflection
or slope at a point in a structure, be it a truss, beam, or frame. This
method, which is referred to as Castigliano’s second theorem, or the
method of least work, applies only to structures that have constant
temperature, unyielding supports, and linear elastic material response.
If the displacement at a point is to be determined, the theorem states
that it is equal to the first partial derivative of the strain energy in the
structure with respect to a force acting at the point and in the direction
of displacement. In a similar manner, the slope at a point in a structure
is equal to the first partial derivative of the strain energy in the structure
with respect to a couple moment acting at the point and in the direction
of rotation.

This theorem considers a body (structure) of arbitrary shape which is
subjected to a series of n forces Py, P,, ..., P,. Since the external work
done by these loads is equal to the internal strain energy stored in the
body, the conservation of energy requires

Ui:Ue

The external work is a function of the external loads (U, = X f P dx),
so that

UizUL’:f(PlaPZ""’Pn)

Now, if any one of the forces, say P;, is increased by a differential amount
dP;, the internal work is also increased such that the new strain energy
becomes

aU,
Ui + dUl - Ui + dPl (8—18)
aP,

This value, however, should not depend on the sequence in which the n
forces are applied to the body. For example, if we apply dP; to the body
first, then this will cause the body to be displaced a differential amount
dA; in the direction of dP,. By Eq. 8-3 (U, = 1 PA), the increment of
strain energy would then be § dP; dA,. This is a second-order differential
and may be neglected. Application of the loads Py, P,,..., P, causes dP;
to move further through the displacement A;, so that now the strain
energy becomes

U, + dU, = U, + dP,A, (8-19)

Here U; is the internal strain energy in the body, caused by the loads P,
P,,..., P,,and dU; = dP;A,;is the additional strain energy caused by dP;.
(Eq.84,U, = PA")

To summarize then, Eq. 818 represents the strain energy in the body
determined by first applying the loads Py, Ps,..., P, then dP;, and Eq. 8-19

8.5 CASTIGLIANO'S THEOREM
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represents the strain energy determined by first applying dP; and then the
loads Py, P,,..., P,. Since these two equations must be equal, we require

AU
oP;

which proves the theorem;i.e., the displacement A; in the direction of P; is
equal to the first partial derivative of the strain energy with respect to P;.*

It should be noted that Eq. 8-20 is a statement regarding the structure’s
compatibility, since it is a condition related to displacement. Also, the
above derivation requires that only conservative forces be considered for
the analysis. These forces can be applied in any order, and they do work
that is independent of the path and therefore create no energy loss. Since
forces causing a linear elastic response are conservative, the theorem
is restricted to linear elastic behavior of the material. This limitation is
unlike the method of virtual force discussed in Sec. 8.3, which applies to
both linear elastic and inelastic behavior.

A,

(8-20)

8.6 CASTIGLIANO’S THEOREM
FOR TRUSSES

The strain energy for a member of a truss is given by Eq. 8-9,
U; = N’L/2AE. If we substitute this equation into Eq. 820 and omit
the subscript i, we get

Ao N’L
9P “2AE

For application it is generally easier to perform the differentiation
prior to summation. Also, L, A, and E are normally constant for a given
member, and therefore we may write

aN) L (8.21)

A= EN<ap AE

where

A = external joint displacement of the truss

P = external force applied to the truss joint in the direction of A

N = internal force in a member caused by both the force P and the
loads on the truss

L = length of a member

A = cross-sectional area of a member

E = modulus of elasticity of a member

*Castigliano’s first theorem is similar to his second theorem; however, it relates the load P;

to the partial derivative of the strain energy with respect to the corresponding displacement,

that is, P; = aU;/dA;. The proof is similar to that given above and, like the method of virtual

displacement, Castigliano’s first theorem applies to both linear elastic and inelastic material

behavior. This theorem is another way of expressing the equilibrium requirements for a
structure, and since it has very limited use in structural analysis, it will not be discussed further.
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In order to determine the partial derivative in this equation, it will be
necessary to treat P as a variable (not a specific numerical quantity), and
furthermore, each member force N must be expressed as a function of P.

Notice that Eq. 8-21 is similar to that used for the method of virtual
work, Eq. 8-15 (1-A = %nNL/AE), except n is replaced by aN/dP.
These terms will of course be the same, since n or IN/JP is simply the
change of the internal member force with respect to the load P, or the
change in member force per unit load.

- PROCEDURE FOR ANALYSIS

The following procedure provides a method that can be used to
determine the displacement of any joint of a truss using Castigliano’s
theorem.

External Force P

® Place a force P on the truss at the joint where the desired
displacement is to be determined. This force is assumed to have
a variable magnitude in order to obtain the change dN/dP. Be
sure P is directed along the line of action of the displacement.

Internal Forces N

® Determine the force N in each member caused by both the
real (numerical) loads and the variable force P. Assume tensile
forces are positive and compressive forces are negative.

® Calculate the partial derivative dN /9P for each member of the
truss.

® After Nand dN/9P have been determined, assign P its numerical
value if it has replaced a real force on the truss. Otherwise, set P
equal to zero.

Castigliano’s Theorem

® Apply Castigliano’s theorem to determine the desired
displacement A. It is important to retain the algebraic signs for
corresponding values of N and dN /9P when substituting these
terms into the equation.

e If the resultant sum XN(dN/dP)L/AE is positive, A is in the
same direction as P. If a negative value results, A is opposite to P.
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I EXAMPLE 8.4

€
#—>»4kN

3m

L4

(a)

P

|
176“ 4 kN
3m
4kN A;L B
—4 m—>}-—4 m—
0.5P — 1.5kN 0.5P + 1.5 kN

(b)

Nyc=0.833P — 25kN

A3
4 KN-—2 A4
Nap= 0.667P + 2 kN
0.5P — 1.5kN

Npc=0.833P + 2.5 kN

NS
I\ B

Nap = 0.667P + 2kN T

0.5P + 1.5kN
(©)

Fig. 8-11

Determine the vertical displacement of joint C of the truss shown in
Fig. 8-11a. The cross-sectional area of each member is A = 400 mm?
and £ = 200 GPa.

SOLUTION

External Force P. A vertical force P is applied to the truss at joint C,
since this is where the vertical displacement is to be determined,
Fig. 8-11b.

Internal Forces N. The reactions at the truss supports at A and B
are shown in Fig. 8-11b. Using the method of joints, the N forces in
each member are determined, Fig. 8-11c.* For convenience, these
results along with the partial derivatives N /9P are listed in tabular
form. Setting P = 0 since this load does not actually exist as a real
load on the truss, we have

Member N N N(P = 0) L N(ﬂ )L
P P
AB 0.667P + 2 0.667 2 8 10.67
AC —(0.833P — 2.5) —0.833 2.5 5 —10.42
BC —(0.833P + 2.5) —0.833 =25 5 10.42

Y = 10.67kN-m
Castigliano’s Theorem. Applying Eq. 8-21,

B N\ L 10.67kN-m
Ac, = EN(aP/AE - AE

Substituting A =400 mm? = 400(10~ %) m? E =200 GPa =200(10°)
N/m?, we have

10.67(10°) N -m
Ac = 5 5 5 =0.000133 m=0.133m  Ans.
" [400(10~%) m?][(200(10%) N /m?)]

This solution should be compared with the virtual-work method of
Example 8.2.

*It may be more convenient to analyze the truss with just the 4-kN load on it, then
analyze the truss with the P load on it. The results can then be added together to give
the N forces.
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I EXAMPLE 8.5

Determine the horizontal displacement of joint D of the truss shown in
Fig. 8-12a. Take E = 200 GPa. The cross-sectional area of each member
is indicated in the figure.

b > P
: d ')5? =)
(=R o
im @Q@ ; qOO A\ 3
o - ’?/;]9 ~
7A}9 v 800 mr;_ i_’ mm = l —60 —60 l
| 4m . 4m 45+0.75P 90 + 0.75P 45
A
45 kN
(a) (b)
Fig. 8-12
SOLUTION
External Force P. Since the horizontal displacement of D is to be
determined, a horizontal variable force P is applied to joint D, Fig. 8-12b.
Internal Forces N. Using the method of joints, the force N in each
member is calculated, Fig. 8-12b.* Again, when applying Eq. 8-21,
we set P = 0 since this force does not actually exist on the truss.
Arranging the data in tabular form, we have
oN _ N
Member N 9P N(P = 0) L N<§ >L
AB —60 0 —60 4 0
BC —60 0 —60 4 0
CD 75 0 75 5 0
DA 70 + 1.25P 1.25 75 5 468.75
BD —(90 + 0.75P)  —0.75 —90 3 202.50
Castigliano’s Theorem. Applying Eq. 8-21,
IN\ L 468.75(10°) N-m 202.50(10*) N-m
ADh:EN()=O+O+O+ —6 2( ) 9 7 T 6 2( ) 9 2
P ) AE [400(10~%)m? ] [200(10°) N/m? |~ [600(10~%)m? | [ 200(10°) N /m? |
= 0.007547 m = 7.55 mm Ans.

*As in the preceding example, it may be preferable to perform a separate analysis of the
truss loaded with 45 kN and loaded with P and then superimpose the results.
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I EXAMPLE 8.6

Determine the vertical displacement of joint C of the truss shown in
Fig. 8-13a. Assume that A = 300 mm? and E = 200 GPa.

0 4
T0.333P + 13.33l 0.667P + 6.67 | 0.667P + 6.67
 J
0.333P +13.33 kN 20 kN P 0.667P + 6.67 kN
(b)
Fig. 8-13
SOLUTION

External Force P. The 20-kN force at C is replaced with a variable
force P at joint C, Fig. 8-13b.

Internal Forces N. The method of joints is used to determine the
force N in each member of the truss. The results are summarized in
Fig. 8-13b. The required data can then be arranged in tabulated form,
setting P = 20 kN.
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N
Member N P P :I\éo kN) L N(% )L
AB 0.333P + 13.33 0.333 20 3 20
BC 0.667P + 6.67 0.667 20 3 40
CD 0.667P + 6.67 0.667 20 3 20
DE —(0.943P + 9.43)  —0.943 —28.28 4.243 113.2
EF —(0.333P + 13.33) —0.333 -20 3 20
FA —(0.471P + 18.86) —0.471 —28.28 4.243 56.6
BF 0.333P + 13.33 0.333 20 3 20
BE —0.471P + 9.43 —0.471 0 4.243 0
CE P 1 20 3 60

2 = 369.7kN-m

Castigliano’s Theorem. Substituting the data into Eq. 8-21,

B N\ L 369.7kN-m
Ac, = EN(&P/AE B AE

Converting the units of member length to milimeters and substituting
the numerical value for AE, we have

_ [369.7(10%) N - m](1000 mm /m)
~ [300(107%) m?][200(10%) N /m?)

c, = 6.16 mm  Ans.

The similarity between this solution and that of the virtual-work
method, Example 8.1, should be noted.
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=

i
|

-

r Apply virtual unit load to point A
(a)

w
A

\\‘II_——'—_——-—%”

e
do
v

x—V

R Apply real load w
(b)
Fig. 8-14

x
B e T A
—

|

Apply virtual unit couple moment to point A

Apply real load w

Fig. 8-15

8.7 METHOD OF VIRTUAL WORK:
BEAMS AND FRAMES

The method of virtual work can also be applied to deflection problems
involving beams and frames. Since strains due to bending are the primary
cause of beam or frame deflections, we will discuss their effects first.
Deflections due to shear, axial and torsional loadings, and temperature
will be considered in Sec. 8.8.

The principle of virtual work, or more exactly, the method of virtual
force, may be formulated for beam and frame deflections by considering
the beam shown in Fig. 8-14b. Here the displacement A of point A is
to be determined. To find it, a virtual unit load acting in the direction
of A is placed on the beam at A, and the internal virtual moment m is
determined by the method of sections at an arbitrary location x from
the left support, Fig. 8-14a. When the real loads act on the beam,
Fig. 8-14b, point A is displaced A. Provided these loads cause linear
elastic material response, then from Eq. 7-2, the element dx deforms or
rotates d0 = (M/EI) dx.* Here M is the internal moment at x caused
by the real loads. Consequently, the external virtual work done by the
unit load is 1 - A, and the internal virtual work done by the moment m is
mdo = m(M/EI') dx. Summing the effects on all the elements dx along
the beam requires an integration, and therefore Eq. 8-13 becomes

IL,
mM
1-A = /(; de (8—22)

where
1 = external virtual unit load acting on the beam or frame in the
direction of A
m = internal virtual moment in the beam or frame, expressed as a
function of x and caused by the external virtual unit load
A = external displacement of the point caused by the real loads acting
on the beam or frame
= internal moment in the beam or frame, expressed as a function of
x and caused by the real loads
E = modulus of elasticity of the material
I = moment of inertia of the cross-sectional area, calculated about the
neutral axis
In a similar manner, if the tangent rotation or slope angle 6 at a point A on
the beam’s elastic curve is to be determined, Fig. 8-15, a unit couple moment
is first applied at the point, and the corresponding internal moments 1,
have to be determined. Since the work of the unit couple is 1 + 6, then

L
mgM

1-6 =
o EI

dx (8-23)

*Recall that if the material is strained beyond its elastic limit, the principle of virtual work
can still be applied, although in this case a nonlinear or plastic analysis must be used.
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s

2 | f X4

A p——
SR
X

Apply virtual unit load
(a)

ﬁ
o | [
9}
Sl
)

[
X

2 | I X4

Apply real loads
(®)

Fig. 8-16

When applying these equations, realize that the definite integrals on
the right side actually represent the amount of virtual strain energy that
is stored in the beam. If concentrated forces or couple moments act on
the beam or the distributed load is discontinuous, a single integration
cannot be performed across the beam’s entire length. Instead, separate
x coordinates will have to be chosen within regions that have no
discontinuity of loading. Also, it is not necessary that each x have the
same origin; however, the x selected for determining the moment M in a
particular region must be the same x as that selected for determining the
virtual moment m or m, within the same region. For example, consider
the beam shown in Fig. 8-16. In order to determine the displacement
of D, four regions of the beam must be considered, and therefore four
integrals having the form f (mM/EI) dx must be evaluated. We can use
X to determine the strain energy in region AB, x, for region BC, x3 for
region ED, and x4 for region DC. In any case, each x coordinate should
be selected so that both M and m (or my) can be easily formulated.

Integration Using Tables. When the structure is subjected
to a relatively simple loading, and yet the solution for a displacement
requires several integrations, a tabular method may be used to perform
these integrations. To do so the moment diagrams for each member are
drawn first for both the real and virtual loadings. By matching these
diagrams for m and M with those given in the table on the inside front
cover, the integral f mM dx can be determined from the appropriate
formula. Examples 8.8 and 8.10 illustrate the application of this method.
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- PROCEDURE FOR ANALYSIS

The following procedure may be used to determine the
displacement and/or the slope at a point on the elastic curve of a
beam or frame using the method of virtual work.

Virtual Moments m or mj

® Place a unit load on the beam or frame at the point and in the
direction of the desired displacement.

® If the slope is to be determined, place a unit couple moment at
the point.

® Establish appropriate x coordinates that are valid within regions
of the beam or frame where there is no discontinuity of real or
virtual load.

® With the virtual load in place, and all the real loads removed from
the beam or frame, calculate the internal moment m or my, as a
function of each x coordinate.

® Assume m or my acts in the conventional positive direction for
moment. See Fig. 4-1.

Real Moments M

® Using the same x coordinates as those established for m or m,,
determine the internal moments M caused only by the real
loads.

¢ Since m or m, was assumed to act in the conventional positive
direction, it is important that positive M acts in this same
direction. This is necessary since positive or negative internal
work depends upon the directional sense of load (defined by
+m or = my) and displacement (defined by + M dx/EI).

Virtual-Work Equation

® Apply the equation of virtual work to determine the desired
displacement A or rotation 6. It is important to retain the algebraic
sign of each integral calculated within its specified region.

¢ If the algebraic sum of all the integrals for the entire beam or
frame is positive, A or 6 is in the same direction as the virtual unit
load or virtual unit couple moment, respectively. If a negative
value results, the direction of A or 6 is opposite to that of the unit
load or unit couple moment.
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I EXAMPLE 8.7

Determine the displacement of point B of the steel beam shown in
Fig. 8-17a.Take E = 200 GPa, I = 71.1(10°) mm*.

12 kN/m

oo

3m |

(2)

SOLUTION

The vertical displacement of point B is obtained by placing a
virtual unit load of 1 kN at B, Fig. 8~17b. By inspection there are no
discontinuities of loading on the beam for both the real and virtual
loads. Thus, a single x coordinate can be used to determine the
virtual strain energy. This coordinate will be selected with its origin at
B, since then the reactions at A do not have to be determined in order
to find the internal moments m and M.

Virtual Moment m. Using the method of sections, the internal
virtual moment m is shown in Fig. 8-175b.

Real Moment M. Using the same x coordinate, the internal moment M
is shown in Fig. 8-17c.

Virtual-Work Equation. The vertical displacement of B is thus

L 3 2
mM (—1x)(—6x7) dx
1kN-Ap = | —dx= | ————"—
B /0 El /0 El
(L TaNio e = 121.5kN? - m’ . 121.5 kN - m’
B El P BT EI
or
121.5(10°) N - m?
AB =

[200(10%) N /m?][71.1(10%) mm*](10~'? m*/mm*)

= 0.008544 m = 8.54 mm Ans.

e

i

.Af

1 kN
i \
g!  a _a
d A

X
3m
1 kN
\
m= —1lx (T

—

. v \
virtual load

(b)

12 kN/m

RNy

Vi

|
. —

L

ol A

B

X

=o21( |

real load

Fig. 8-17
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I EXAMPLE 8.8

Determine the slope 6 at point B of the steel beam shown in Fig. 8-18a.
Take E = 200 GPa, I = 60(10%) mm*.

3kN
l B C§
A ™ _
1 2m 2m
(a)
Fig. 8-18
SOLUTION

The slope at B is determined by placing a virtual unit couple moment
of 1 kN -m at B, Fig. 8~18b. Here two x coordinates must be selected
in order to determine the total virtual strain energy in the beam.
Coordinate x; accounts for the strain energy within segment AB and
coordinate x, accounts for that in segment BC.

Virtual Moments my. The internal virtual moments m, within each
of these segments are shown in Fig. 8-18b.

1kN-m 2
7B C o’
mﬁ o 1
A I gr | Jl )\m"l_:o‘
o vy
] - S
1kN-m
/B
| - DS
V-
‘r 2m ! # 1 ’
virtual load

(b)
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3 kN 3 kN
|
B Clo
8.
A ra — 1 ) pi=—m
‘ o ‘ = ‘ K; ‘ o ‘ Vi real load
3 kN
l
B
| - 1)
1 2m \ 2 1V2
(0)
Real Moments M. Using the same coordinates x; and x,, the
internal moments M are shown in Fig. 8~18c.
Virtual-Work Equation. The slope at B is thus
LmOM
1kN-m) -0 = d
( m) - 0 . EI X
_ /2(0)(—3)61) dx /2(1)[—3(2 + x)] dx,
0 EI 0 EI
—18kN - m’
Op = ———— 1
= M
mg (KN -m)

B —18(10°) N - m?
~200(10%) N/m2[ 60(10%) mm* | (10~ m*/mm?)

= —0.00150 rad Ans.

x (m)

The negative sign indicates 6p is opposite to the direction of the virtual (d)
couple moment shown in Fig. 8-18b.

Alternative Solution. We can also evaluate the integrals f meM dx

graphically, using the table given on the inside front cover of the book. To

do so it is first necessary to draw the moment diagrams for the beams in

Figs. 8-18b and 8-18c. These are shown in Figs.8-18d and 8-18e,respectively. M (kN-m)
Since there is no moment m, for 0 = x < 2 m, we use only the shaded
rectangular and trapezoidal areas to evaluate the integral. Finding these
shapes in the appropriate row and column of the table, we have

P x (m)
/ moyM dx = %ma(Ml + My)Lpe = %(1)(_6 - 12)(2) N
2

= —18kN?-m’ -12

This is the same value as that determined in Eq. 1. ©



366 CHAPTER 8 DEFLECTIONS USING ENERGY METHODS

I EXAMPLE 8.9

Determine the displacement at D of the steel beam in Fig. 8-19a. Take
E = 200 GPa,] = 84.8 mm*.

30 kN
120 kN-m L
(i ——
1 3m i 3m l 3m ‘
(2)
Fig. 8-19

SOLUTION

The beam is subjected to a virtual unit load at D as shown in Fig. 8-19b.
By inspection, three coordinates, such as xq, x,, and x3, must be used
to cover all the regions of the beam where no discontinuities in either
real or virtual load occur.

Virtual Moments m. The internal virtual moments m are shown in
Fig. 8-19bh.
1 kN

virtual loads

(b)
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120 kN-m l

o e

5 kN 35 kN

Vi

m=9 (J==
—

120 kN-m
pa= { |1 () om0
V2 Lﬁxz X34" Vs
35kN 5kN
real loads

(©)

Real Moments M. After calculating the reactions on the beam,
Fig. 8-19c¢, the same x coordinates as those used for m are used to find
the internal moments M.

Virtual-Work Equation. Applying the equation of virtual work
using the data in Figs. 8-19b and 8-19c¢, we have

LmM
1-Ap= | —
D o El dx

3(_1)61)(0) dX1 3(0.5)62 - 3)(35.)('2) de
1kN-Ap = +
b A EI /0 EI

. /3(—0.5x3)(120 — 5x3) dxs
0 EI

0 315 2475 562.5kN - m’
Ap = — - _

EI EI  EI EI
or
—562.5kN - m?
Ap = 6 2 VT =1
[200(106) kKN /m?][84.8(10°)(10™12)m*]
= —0.03317m = —332mm Ans.

The negative sign indicates the displacement is upward, opposite
to the downward unit load, Fig. 8-19b. Also, notice that 71y did not
actually have to be calculated since M; = 0.
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I EXAMPLE 8.10

Determine the horizontal displacement of point C on the frame shown in
Fig. 8-20a.Take E = 200 GPaand I = 235(10°) mm* for both members.

e —
= | =y
= .
—
—>
—>
60 kN/m [
LJ 3m
- >
] —
—>
X
1 me

(a)

Fig. 8-20
SOLUTION
For convenience, the coordinates x; and x, in Fig. 8~20a will be used.

Virtual Moments m. A horizontal unit load is applied at C, and
the support reactions and internal virtual moments are shown in

Fig. 8-20b.
.
m 1kN
“*ngf
1.25 kN
— —>1 kN
2.4 m
1.25 kN
nm
T
i mad|
X1
1 kN 1 kN 4—1
1.25 kN 1.25 kN

virtual loadings

(®)
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2= 1125)62
Nz«H(:
v, ‘R%%
112.5 kN
} 2.4m |
- 1
112.5 kN

M, = 180x; — 30x2

L 180 KN—te>
| ElVl T
0T

7' Sm
60x 5| Xy ‘
|

180 kN <— L 180 kN < =L

|

—_

!

112.5 kN 112.5 kN
real loadings

(©

Real Moments M. In a similar manner the support reactions and 3 kN'm

real moments are shown in Fig. 8-20c. 3KN‘m \

Virtual-Work Equation. Using the data in Figs. 8-20b and 8-20c, 24m
we have

LM /3(1x1)(180x1 — 30x})dx, . /24(1.25x2)(112.5x2)dx2
0 0

1-A = _— =]
= ) TEr ™ EI EI 3m

A, - 10125 648  1660.5kN-m’ 1)
G EI EI EI

1660.5 (10°)N - @
[200(10%) N/m? ] [235 (10°) (107'2)m* ]
= 0.0353m = 35.3 mm Ans.

Ac,

270 kN-m

Alternative Solution. If desired, the integrals f mM dx can also be 270 kN-m \
evaluated graphically using the table on the inside front cover. The i
moment diagrams for the frame in Figs. 8-20b and 8-20c are shown
in Figs. 8-20d and 8-20e, respectively. Thus, using the formulas for
similar shapes in the table yields

3m
/ mM dx = 3(3)(270)(3) + 1(3)(270)(2.4)

= 1012.5 + 648 = 1660.5 kN - m’

(e)
This is the same as that calculated in Eq. 1.



370 CHAPTER 8 DEFLECTIONS USING ENERGY METHODS

I EXAMPLE 8.11

Determine the rotation at point C of the frame shown in Fig. 821a. Take
E = 200 GPa,I = 15(10°) mm*.

>-\1 kN-m

SkN X1

NV
1 1kN-m
V1<
my = —1
n
1kN-m

A\
=
X2
&
Fig. 8-21
virtual load
SkN
~ (b)
o SKN SOLUTION
< The coordinates x; and x, shown in Fig. 8-21a will be used.
x/ 30° Virtual Moments m,. A unit couple moment is applied at C and
Vi the internal virtual moments my, are shown in Fig. 8-21b.
M= =25
N, Real Moments M. In a similar manner, the real moments M are
7.5kN-m s shown in Fig. 8-21c.
D M—
LN Virtual-Work Equation. Using the data in Figs. 8-21b and 8-21c,
we have
75KN m A 75kNm 160 = meM / (=D(=2 le) da / (1)(7 5) dx,
0
0. — 11.25 N 15 _ 2625 kN - m?
My=15] €~ EI " EI EI
or
3 2
real load 26.25(10°) N+ m

© bc = 200(10°) N/m?[ 15(10°) mm* ] (10~ m* /mm®)

= 0.00875 rad Ans.



8.8 VIRTUAL STRAIN ENERGY CAUSED BY AXIAL LOAD, SHEAR, TORSION, AND TEMPERATURE 371

8.8 VIRTUAL STRAIN ENERGY
CAUSED BY AXIAL LOAD, SHEAR,
TORSION, AND TEMPERATURE

Although deflections of beams and frames are caused primarily by
bending strain energy, in some structures the additional strain energy
of axial load, shear, torsion, and perhaps temperature may become
important. Each of these effects will now be considered.

Axial Load. Frame members can be subjected to axial loads, and the
virtual strain energy caused by these loadings has been established in
Sec. 8.4. For members having a constant cross-sectional area, we have

nNL
AE

U, = (8-24)
where

n = internal virtual axial load caused by the external virtual unit load
N = internal axial force in the member caused by the real loads

E = modulus of elasticity for the material

A = cross-sectional area of the member

L = member’s length

Shear. 1In order to determine the virtual strain energy in a beam due to
shear, we will consider the beam element dx shown in Fig. 8-22.The shearing
distortion dy of the element as caused by the real loads is dy = vy dx.If the
shearing strain vy is caused by linear elastic material response, then Hooke’s
law applies,y = 7/G.Therefore,dy = (7/G) dx. We can express the shear
stressas T = K(V/A),where K is a form factor that depends upon the shape
ofthe beam’s cross-sectional area A.Hence,we can writedy = K(V/GA) dx.
The internal virtual work done by a virtual shear force v, acting on the
element while it is deformed dy, is therefore dU; = v dy = v(KV/GA) dx.
For the entire beam, the virtual strain energy is determined by integration.

L (0%
U, = K| — |d 825
: /0 (2 ) ax (8-25)
where

v = internal virtual shear in the member, expressed as a function of x
and caused by the external virtual unit load

V' = internal shear in the member, expressed as a function of x and
caused by the real loads

A = cross-sectional area of the member

K = form factor for the cross-sectional area:

K = 1.2 for a rectangular cross section
K = 10/9 for a circular cross section

K = 1 for wide-flange and I-beams, where A is the area of the web
G = shear modulus of elasticity for the material

Fig. 8-22
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Torsion. Often three-dimensional frameworks are subjected to
torsional loadings. If the member has a circular cross-sectional area,
no warping or distortion out of the plane of its cross section will occur
when it is loaded. As a result, the virtual strain energy in the member
can easily be derived. To do so consider an element dx of the member
that is subjected to an applied torque T, Fig. 8-23. This torque causes
a shear strain of y which can be related to df by the blue arc, that is,
cdf = ydx or df = (y/c) dx. Provided linear elastic material response
occurs, then y = 7/G, where 7 = Tc/J. Thus, the angle of twist
d6 = (1/Gc)dx = (T/GJ) dx. If a virtual unit load is applied to the
structure that causes an internal virtual torque t in the member, then
after applying the real loads, the virtual strain energy in the member of
length dx will be dU, = tdf = tT dx/GJ. Integrating over the length L
of the member yields

_(TL

U="rr (8-26)

where
t = internal virtual torque caused by the external virtual unit load
T = internal torque in the member caused by the real loads
G = shear modulus of elasticity for the material
J = polar moment of inertia for the cross section,J = et /2, where ¢
is the radius of the cross-sectional area
L = member’s length

The virtual strain energy due to torsion for members having noncircular
cross-sectional areas is determined using a more rigorous analysis than
that presented here.

Temperature. In Sec. 8.4 we considered the effect of a uniform
temperature change 8T on a truss member and indicated that the
member will elongate or shorten by an amount 6L = a 67TL. In some
cases, however, a structural member can be subjected to a temperature
difference across its depth, as in the case of the beam shown in Fig. 8-24a.
If this occurs, it is still possible to determine the displacement of points
along the elastic curve of the beam by using the principle of virtual
work. To do so we must first find the amount of rotation of a differential
element dx of the beam as caused by the thermal gradient that acts over
the beam’s cross section. For the sake of discussion we will choose the
most common case of a beam having a neutral axis located at the mid-
depth (c) of the beam. If we plot the temperature profile, Fig. 8-24b,
it will be noted that the mean temperature is 7,, = (7| + T3)/2.
If T; > T,, the temperature difference at the top of the element causes
strain elongation, while that at the bottom causes strain contraction. In
both cases the difference in temperature is 67,, = T, — T,, = T,, — T>.
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Since the thermal change of length at the top and bottomis éx = « 67,, dx,
Fig. 8-24c, then the rotation of the element is

a 8T, dx
c

do =

If we apply a virtual unit load at a point on the beam where a
displacement is to be determined, or apply a virtual unit couple moment
at a point where a rotational displacement of the tangent is to be
determined, then this loading will create a virtual moment m in the beam
at the point where the element dx is located. When the temperature
gradient is imposed, the virtual strain energy in the beam becomes

L
ma 6T, dx
Utemp = / — (8_27)
0 c
where
m = internal virtual moment in the beam expressed as a function of x

and caused by the external virtual unit load or unit couple moment
a = coefficient of thermal expansion
oT,, = temperature difference between the mean temperature and the
temperature at the top or bottom of the beam
¢ = mid-depth of the beam

General Comments. Unless otherwise stated, this book will
consider only beam and frame deflections due to bending. In general,
though, beam and frame members may be subjected to several of the
other loadings discussed in this section; however, as previously mentioned,
the additional deflections caused by shear and axial force alter the
deflection of beams by only a few percent and are therefore generally
ignored for even “small” two- or three-member frame analysis of one-
story height. If these and the other effects of torsion and temperature are
to be considered for the analysis, then one simply adds their virtual strain
energy as defined by Egs. 824 through 8-27 to the equation of virtual
work defined by Eq. 8-22 or Eq. 8-23.

T,

temperature profile

(®)

rotation
[P

3
I
/|

(©)
Fig. 8-24
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I EXAMPLE 8.12

Determine the horizontal displacement of point C on the frame shown
in Fig. 8-25a. Take E = 200 GPa, G = 80 GPa, I = 235(10°) mm®*,
and A = 50(10°) mm? for both members. The cross-sectional area is
rectangular. Include the internal strain energy due to axial load and shear.

Br\zfn_l_ —Jc

e =T

— “* *2

60 kN/m [

—x—]
L

A

(@)

Fig. 8-25
SOLUTION

Here we must apply a horizontal unit load at C. The necessary free-
body diagrams for the virtual and real loadings are shown in Figs. 8-25b

and 8-25c¢.
Mz = 1125)62 V2 = —1125
X2

2 LN 1125 kN
“*ngt ‘ "
125 kN ] 2 i
— —>1 kN i T
| 24m ? i
I - : 112.5kN
1
i

3m M, = 180x; — 3x,> \\ 180 kKN=—+e>
1 L [=180-60y
T 2 b |15m
x1 60x1TE-‘> ji i ‘
1kN 1kN «-i 180 kN<—=%| 180 1<N<'—I i
1.25kN 1.25kN 112.5kN 112.5 kN

virtual loadings real loadings

(b) (©)
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Bending. The virtual strain energy due to bending has been
determined in Example 8.10. There it was shown that

U — /LmM dx  1660.5kN?-m® 1660.5 kN? - m®
7 ), EI EI [200(10%) kKN/m? | [235(10°)(107'2) m* ]
= 0.0353kN-m

Axial load. From the data in Figs. 8-25b and 8-25¢, we have

nNL
ey

1.25kN(112.5kN) (3 m) . 1 kN(0) (2.4 m)
[50(10%)(107°) m? | [ 80(10%) kN/m?] [ 50(10*)(107%) m?] [ 80(10°) kN /m?

0.00105 kN - m

Shear. Applying Eq. 825 with K = 1.2 for rectangular cross
sections, and using the shear functions shown in Figs. 8~25b and 8-25c,
we have

i
vV
U, = K| —)d
’ /O (GA)X

3 /31.2(1)(180 — 60x)dx; /2'41.2(—1.25)(—112.5) dx,
—Jo GA 0 GA

29 kN2 -
= 729 KN+ m — 0.00182 kN +m

[80(10%) kN/m? | [ 50(10%)(10~¢)m? ]

Applying the equation of virtual work,

1kN-A¢, = 0.0353kN-m + 0.000105 kN -m + 0.000182 kN - m
A¢, = 0.03559 m = 35.59 mm Ans.

Including the effects of shear and axial load contributed only a 0.6%
increase in the answer to that determined only from bending.
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I EXAMPLE 8.13

The beam shown in Fig. 8-26a is used in a building subjected to two
different thermal environments. If the temperature at the top surface
of the beam is 25°C and at the bottom surface it is 70°C, determine the
vertical displacement of the beam at its midpoint due to the temperature
gradient. Take @ = 11.7(10 %) /°C.

1IN
‘ 1.5m 1.5m i
Y
\ J
— ot
1 1
2N 3N
l ) m=%x
L
1
EN

virtual load

(b)

Fig. 8-26

SOLUTION

Since the displacement at the center of the beam is to be determined,
a virtual unit load is placed there and the internal virtual moment in
the beam is calculated, Fig. 8-26b.

The mean temperature at the center of the beam is
(25°C + 70°C)/2 = 47.5°C, so that for application of Eq. 8-27,
8T, = 47.5°C — 25°C = 22.5°C. Also, ¢ = 250 mm/2 = 125 mm =
0.125 m. Applying the principle of virtual work, we have

e 6T,,dx
IN-A¢ = —
0 c

™3 x)[11.7(107%) /°C](22.5°C)
=2 /0 0.125m dx

A¢, = 2.369(10 %) m = 2.37 mm Ans.

The result indicates a very negligible deflection.
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8.9 CASTIGLIANO’S THEOREM
FOR BEAMS AND FRAMES
The internal bending strain energy for a beam or frame is given by

Eq.8-11(U; = f M? dx /2EI).1f we substitute this equation into Eq.8-20
(A; = aU;/aP;) and omit the subscript i, we get

d Em2 ax

A=— [ —
oP J, 2EI

Rather than squaring the expression for internal moment M, integrating,
and then taking the partial derivative, it is generally easier to differentiate
prior to integration. Provided E and [ are constant, we have

_ /0 LM(‘Z]‘; )Z’; (8-28)

where

A = external displacement of the point caused by the real loads acting
on the beam or frame

P = external force applied to the beam or frame in the direction of A

M = internal moment in the beam or frame, expressed as a function of
x and caused by both the force P and the real loads on the beam

E = modulus of elasticity of beam material

I = moment of inertia of cross-sectional area calculated about the

neutral axis

If the slope 6 at a point is to be determined, we must find the partial
derivative of the internal moment M with respect to an external couple
moment M' acting at the point, i.e.,

I,
oM '\ dx
- [ (5% (529)
0

The above two equations are similar to those used for the method of
virtual work, Eqs. 8-22 and 8-23, except dM /dP and oM /oM’ replace m
and my, respectively. If a more complete accountability of strain energy
in the structure is desired, the strain energy due to shear, axial force, and
torsion must be included. In particular, the derivations for shear and
torsion follow the same development as Eqs. 8-25 and 8-26. Their strain
energies and their derivatives are
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Ly, L

Vidx oU, vV [V
U =K s—k | L (%)
s /0 2AG 9P /OAG(6P> x

U "r2dx oy, /L T (aT)d

= _ = N - X

"), 2IG 9P o JG\oP

These effects, however, will not be included in the analysis of the
problems in this book since beam and frame deflections are caused
mainly by bending strain energy. Larger frames, or those with unusual

geometry, can be analyzed by computer, where these additional effects
can readily be incorporated into the analysis.

- PROCEDURE FOR ANALYSIS

The following procedure provides a method that may be used to
determine the deflection and/or slope at a point on a beam or frame
using Castigliano’s theorem.

External Force P or Couple Moment M’

® Place a force P on the beam or frame at the point and in the
direction of the desired displacement.

® If the slope is to be determined, place a couple moment M" at
the point.

® It is assumed that both P and M’ have a variable magnitude in
order to obtain the changes dM /P or dM /oM.

Internal Moments M

® Establish appropriate x coordinates that are valid within
regions of the beam or frame where there is no discontinuity of
force, distributed load, or couple moment.

® Calculate the internal moment M as a function of P or M’ for
each x coordinate. Also, calculate the partial derivative dM /dP or
dM /aM' for each coordinate x.

e After M and dM /9P or M /dM' have been determined, assign P
or M' its numerical value if it has replaced a real force or couple
moment. Otherwise, set P or M’ equal to zero.

Castigliano’s Theorem

® Apply Eq.8-28 or 8-29 to determine the desired displacement A
or slope 6. When doing so it is important to retain the algebraic
signs for corresponding values of M and dM /9P or oM /oM.

¢ If the resultant sum of all the definite integrals is positive, A or
is in the same direction as P or M.
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I EXAMPLE 8.14

Determine the displacement of point B of the beam shown in Fig. 827a.
Take E = 200 GPa, = 71.1(10%) mm?*,

12 kN/m

REERERRERARRNY!

1

3m

(a)

SOLUTION

External Force P. A vertical force P is placed on the beam at B as
shown in Fig. 8-27b.

Internal Moments M. A single x coordinate is needed for the
solution, since there are no discontinuities of loading between A and B.
Using the method of sections, Fig. 8-27¢, we have

(+3M =0 M - (12x)()2€> —Px=0 (©)
Fig. 8-27
M = —6x> — Px %Z—x
P
Setting P = 0, its actual value, yields
oM
M = —6x> E = %

Castigliano’s Theorem. Applying Eq. 8-28,

A _/LM<aM>dx_/3(—6x2)(—x)dx_121.51<N-m3
B ), "\epP/JEI |, EI EI

or

121.5(10°) N - m?
[200(10%) N/m? | [ 71.1(10°) mm*] (107'2 m* /mm®*)

AB=

0.008544 m = 8.54 mm Ans.

The similarity between this solution and that of the virtual-work
method, Example 8.7 should be noted.
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I EXAMPLE 8.15

Determine the slope at point B of the beam shown in Fig. 8-28a. Take
E = 200 GPa, I = 60(10°) mm?*.

S SOLUTION
) B Ci  External Couple Moment M’. Since the slope at point B is to be
‘——-———‘————- determined, an external couple M’ is placed on the beam at this point,
w 2m w 2m Fig. 8-28b.
(@) Internal Moments M. Two coordinates, x; and x,, must be used

to determine the internal moments within the beam since there is a
discontinuity, M', at B. As shown in Fig. 8-28b, x| ranges from A to B
and x, ranges from B to C. From Fig. 8-28¢, we have

3KN For x;:

l M % (XM = 0; M; +3x;, =0
AE (."B CQQE: M, = —3x

}*xlq ) P&# L;f oM, =0

' oM’
® For x,:
(XM = 0; M, — M +32+x) =0
N M, =M — 32 + x,)

. oMy _
1)1 oM’

—x—v, Castigliano’s Theorem. Setting M’ = 0, its actual value, and
applying Eq. 8-29,

3KN Lo oM \dx

' 0, = M =

gy s
| rm— % v, B /2(—3x1)(0) dx, /2—3(2 +x,)(1)dx,  —18kN-m?

o EI o EI EI
© or
Flg. 8-28 _18(103) N- m2
HB =

[200(10%) N/m? | [ 60(10%) mm* ] (10~*2 m* /mm®*)
= —0.00150 rad Ans.

The negative sign indicates that 65 is opposite to the direction of the
couple moment M'. Note the similarity between this solution and that
of Example 8.8.
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I EXAMPLE 8.16

Determine the vertical displacement of point C of the beam shown in
Fig. 8-29a. Take E = 200 GPa, I = 150(10°) mm?*.

SOLUTION

External Force P. A vertical force P is applied at point C, Fig. 8-29b.
Later this force will be set equal to a fixed value of 20 kN.

Internal Moments M. In this case two x coordinates are needed for 20 kKN

the integration, Fig. 8-29b, since the load is discontinuous at C. From g kN/m

Fig. 8-29¢, we have 1 1 1 1 1 1 1 1 1

For x. | — ;
BY;

L+EM = 0, —(24 + OSP)Xl + 8x1<21> + Ml =0 l 4m 4m 1

M, = (24 + 0.5P)x; — 4x3
oM,

9P = O.le
P
For x,: 8 kN/m
(+3M = 0; ~M, + (8 + 0.5P)x, = 0 LT
M, = (8 + 0.5P)x
2= ( )x2 ] P&J
M, _ 0.5 8 +0.5P
op = 05 24+ 0.5P :
(b)
Castigliano’s Theorem. Setting P = 20kN, its actual value, and
applying Eq. 8-28,
L X
I M\ dx Bo 1
¢ /0 (aP)EI .--r}--qr
4GBaxy — 43)(05%)) d 4(18x,)(0.5x,) d Mg
_ / (34x; xEl)I( 5xp) dxy n / ( xz)(E-Ixz) X2 %xla v, v, sz
0 0 24+ 05P 8 +05P
_ 2347kN-m’ L 192 kN-m®  426.7kN-m’ (©
El EI El Fig. 8-29
or
426.7N-m’
AC = m

[200(10%) N/m?] [ 150(10°) mm* | (10~ "2 m*/mm®*)

0.0142m = 14.2 mm Ans.
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I EXAMPLE 8.17

30 kN/m

(a)

(b)

X, cos 60° + 1 m

(c)
Fig. 8-30

Determine the slope at point C of the two-member frame shown in
Fig.8-30a.ThesupportatAisfixed Take E = 200 GPa, I = 145(10°) mm?®,

SOLUTION

External Couple Moment M’. A variable moment M’ is applied to
the frame at point C, since the slope at this point is to be determined,
Fig. 8-30b. Later this moment will be set equal to zero.

Internal Moments M. Due to the discontinuity of internal loading
at B, two coordinates, x; and x,, are chosen, Fig. 8-30b. Using the
method of sections, Fig. 8-30c, we have

For x;:
X1

(tEM = 0; -M;, — 30x1(2> -M =0

M, = —(15x5] + M")

oM, _1

oM’
For x,:
(+t3SM = 0; —M, — 60(x, cos60° + 1) — M' =0

M, = —60(x, cos60° + 1) — M’

M,

= —1
oM’

Castigliano’s Theorem. Setting M’ = 0 and applying Eq. 8-29,

IL,
oM \ dx
bc= | M a2
¢ /0 (aM’)EI

(=15 (1) dxy . 3—60(x, cos 60° + 1)(—1) dx,
; 0 El 0

ET

40 kN - m? N 315kN-m?>  355kN - m?
EI EI EI

, 355(10°) N - m? 00122 rad P
= = . ra ns.
€ [200(10%) N/m?] [ 145(10°)(102)m* ]
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. FUNDAMENTAL PROBLEMS

F8-1. Determine the vertical displacement of joint B.
AE is constant. Use the principle of virtual work.

F8-2. Solve Prob. F8-1 using Castigliano’s theorem.
600 N

Probs. F8-1/2

F8-3. Determine the horizontal displacement of joint A.
AEFE is constant. Use the principle of virtual work.

F8-4. Solve Prob. F8-3 using Castigliano’s theorem.

7kN¢

Probs. F8-3/4

F8-5. Determine the horizontal displacement of joint D.
AEFE is constant. Use the principle of virtual work.

F8-6. Solve Prob. F8-5 using Castigliano’s theorem.
6 kN

D oo C

» 6 kN

Probs. F8-5/6

F8-7. Determine the vertical displacement of joint D. AE
is constant. Use the principle of virtual work.

F8-8. Solve Prob. F8-7 using Castigliano’s theorem.

50 kN
Probs. F8-7/8

F8-9. Determine the vertical displacement of joint B.
AE is constant. Use the principle of virtual work.

F8-10. Solve Prob. F8-9 using Castigliano’s theorem.

Probs. F8-9/10

F8-11. Determine the vertical displacement of joint C.
AE is constant. Use the principle of virtual work.

F8-12. Solve Prob. F8-11 using Castigliano’s theorem.
H G F

Probs. F8-11/12
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F8-13. Determine the slope and displacement at point A. F8-19. Determine the slope at A and displacement at
El is constant. Use the principle of virtual work. point C. EI is constant. Use the principle of virtual work.

F8-14. Solve Prob. F8-13 using Castigliano’s theorem. F8-20. Solve Prob. F8-19 using Castigliano’s theorem.

30 kN 8 kN/m

\ 3m |
Probs. F8-19/20

Probs. F8-13/14

F8-21. Determine the slope and displacement at point C.
F8-15. Determine the slope and displacement at point A. El'is constant. Use the principle of virtual work.

Elis constant. Use the principle of virtual work. F8-22. Solve Prob. F8-21 using Castigliano’s theorem.

F8-16. Solve Prob. F8-15 using Castigliano’s theorem.

12 kN
4kN-m
< A B A e B
| | c
\ 3m \ ‘ 2m | 2m |
Probs. F8-15/16 Probs. F8-21/22
F8-17. Determine the slope and displacement at point B. F8-23. Determine the displacement at point C. EI is
ET is constant. Use the principle of virtual work. constant. Use the principle of virtual work.
F8-18.  Solve Prob. F8-17 using Castigliano’s theorem. F8-24. Solve Prob. F8-23 using Castigliano’s theorem.

18 kN/m

l 3m |

Probs. F8-17/18 Probs. F8-23/24
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Sec. 8.1-8.6

8-1. Use the method of virtual work and determine the
vertical displacement of joint B of the truss. Each steel
member has a cross-sectional area of 300 mm?2. E =200 GPa.

8-2. Solve Prob. 8-1 using Castigliano’s theorem.

Probs. 8-1/2

8-3. Determine the vertical displacement of joint C.
Assume the members are pin connected at their end points.
Take A = 200 mm? and E = 200 GPa for each member.
Use the method of virtual work.

*8-4. Solve Prob. 8-3 using Castigliano’s theorem.

Probs. 8-3/4

8-5. Determine the vertical displacement of point A.
Assume the members are pin connected at their ends. Take
A = 100 mm? and E = 200 GPa for each member. Use the
method of virtual work.

8-6. Solve Prob. 8-5 using Castigliano’s theorem.

20 kN 40 kN 20 kN

Probs. 8-5/6

8-7. Use the method of virtual work and determine the
vertical displacement of joint H. Each steel member has a
cross-sectional area of 3(10°) mm?. Take E = 200 GPa.

*8-8. Solve Prob. 8-7 using Castigliano’s theorem.

\4* 4m 4m 4m 4m —»\ l
60 kN 80 kN 60 kN
Probs. 8-7/8
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8-9. Use the method of virtual work and determine the
vertical displacement of point A. Each steel member has a
cross-sectional area of 400 mm?. E =200 GPa.

8-10. Solve Prob. 8-9 using Castigliano’s theorem.

30 kN

Probs. 8-9/10

8-11. Determine the vertical displacement of joint C if
members AB and BC experience a temperature increase of
8T = 50°C. Take o = 12(107%)/°C.

*8-12. Determine the vertical displacement of joint C if
member CD is fabricated 10 mm too long.

Probs. 8-11/12

8-13. Determine the vertical displacement of joint B. For
eachmember A = 400 mm?, E = 200 GPa. Use the method
of virtual work.

8-14. Solve Prob. 8-13 using Castigliano’s theorem.

8-15. Determine the vertical displacement of joint E. For
each member A = 400 mm?, E = 200 GPa. Use the
method of virtual work.

*8-16. Solve Prob. 8-15 using Castigliano’s theorem.

B

45 kN
‘ 2m | 2m }

Probs. 8-13/14/15/16

8-17. Determine the horizontal displacement of joint A
of the truss. Each member has a cross-sectional area of
A = 300 mm?% E = 200 GPa. Use the method of virtual
work.

8-18. Solve Prob. 8-17 using Castigliano’s theorem.

Probs. 8-17/18



Sec. 8.7-8.9

8-19. Determine the slope at A. EI is constant.

#8-20. Solve Prob. 8-19 using Castigliano’s theorem.

=

Probs. 8-19/20

8-21. Determine the slope and displacement at the end C
of the beam E =200 GPa, I =70(10%) mm*. Use the method
of virtual work.

8-22. Solve Prob. 8-21 using Castigliano’s theorem.

8 kN
l 4 kN
A!a:
.
LE}m ‘ 3m !

Probs. 8-21/22

3m ‘
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8-23. Determine the slope and displacement at point B.
Assume the support at A is a pin and C is a roller. Take
E = 200 GPa, I = 150(10°) mm®. Use the method of virtual
work.

*8-24. Solve Prob. 8-23 using Castigliano’s theorem.

8-25. Determine the slope and displacement at point B.
Assume the support at A is a pin and C'is a roller. Account for
the additional strain energy due to shear if the cross section
is a wide flange. Take E = 200 GPa, I = 150(10%) mm®,
G = 75 GPa, and assume AC has a cross-sectional web area
of A = 2.50(10%) mmZ. Use the method of virtual work.

16 kN/m

} 2m i 4m

Probs. 8-23/24/25

8-26. Use the method of virtual work and determine the
displacement at point B. The moment of inertia of the center
portion DG of the shaft is 2I, whereas the end segments AD
and GC have a moment of inertia /. The modulus of elasticity
for the material is E.

Prob. 8-26
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8-27. Determine the displacement of point C and the slope
at point B. EI is constant. Use the principle of virtual work.

*8-28. Solve Prob. 8-27 using Castigliano’s theorem.

Probs. 8-27/28

8-29. Determine the displacement and slope at point C of
the cantilever beam. The moment of inertia of each segment
is indicated in the figure. Take E = 200 GPa. Use the
principle of virtual work.

8-30. Solve Prob. 8-29 using Castigliano’s theorem.

. 12 kN/m
| / 8 kN/m

Yy YYYVYYVYYY

C
Ip = 600 (10°) mm* B| Ipc =150 (10°) mm*

2m Im

Probs. 8-29/30

8-31. Use the method of virtual work and determine the
displacement at C of the steel beam. E = 200 GPa, [ =
70(10%) mm?*.

#8-32. Use the method of virtual work and determine the
slope at A of the steel beam. E = 200 GPa, I = 70(10°) mm*.

8-33. Solve Prob. 8-32 using Castigliano’s theorem.

2 kN/m
‘D A B . C
A 9 _ B
} 10 m } 5m

Probs. 8-31/32/33

8-34. Determine the slope and displacement at point C.
Use the principle of virtual work. ET is constant.

8-35. Solve Prob. 8-34 using Castigliano’s theorem.

LT
‘] +

Probs. 8-34/35

*8-36. Determine the vertical displacement at C. Take E =
200 GPa. The moment of inertia of each segment is shown
in the figure. Use the method of virtual work.

8-37. Solve Prob. 8-36 using Castigliano’s theorem.

50kN - m
C '\
Iy = 100(10%) mm* \
I = 400(10°) mm* /

45° o2 m
h B \/
\

Probs. 8-36/37

90,

bN

8-38. Determine the displacement at point D. Use the
principle of virtual work. ET is constant.

8-39. Determine the displacement at point D. Use
Castigliano’s theorem. E1 is constant.

6IN 30 kN/m
bl
th b 2m : 3m ‘

Probs. 8-38/39



#8-40. Determine the displacement at point D. Use the
principle of virtual work. EI is constant.

“*3m ‘ 4m ‘

Prob. 8-40

8-41. Beam AB has a square cross section of 100 mm by
100 mm. Bar CD has a diameter of 10 mm. If both members
are made of steel, determine the vertical displacement of
point B due to the loading of 10 kN. Use the method of
virtual work. £ =200 GPa.

8-42. Beam AB has a square cross section of 100 mm by
100 mm. Bar CD has a diameter of 10 mm. If both members
are made of steel, determine the slope at A due to the
loading of 10 kN. Use Castigliano’s theorem. E =200 GPa.

10 kN

| 3m

Probs. 8-41/42
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8-43. Bar ABC has a rectangular cross section of 300 mm
by 100 mm. Attached rod DB has a diameter of 20 mm.
Determine the vertical displacement of point C due to the
loading. Consider only the effect of bending in ABC and
axial force in DB. E = 200 GPa.

*8-44. Bar ABC has a rectangular cross section of 300 mm
by 100 mm. Attached rod DB has a diameter of 20 mm.
Determine the slope at A due to the loading. Consider only
the effect of bending in ABC and axial force in DB.
E = 200 GPa.

44@j>

Probs. 8-43/44

8-45. The top of the beam is subjected to a temperature of
T, 200°C, while the temperature of its bottom is 7, 30°C. If
a = 12(107%)/°C, determine the vertical displacement of
its end C due to the temperature gradient. The beam has a

depth of 350 mm.
*:ESSO mm I
C

AE‘?: A\
O B

4m ‘ 4m ‘

Prob. 8-45
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8-46. The L-shaped frame is made from two segments,
each of length L and flexural stiffness EI. If it is subjected to
the uniform distributed load, determine the horizontal
displacement of the end C. Use the method of virtual work.

8-47. The L-shaped frame is made from two segments,
each of length L and flexural stiffness EI. If it is subjected to
the uniform distributed load, determine the vertical
displacement of point B. Use the method of virtual work.

*8-48. Solve Prob. 8-47 using Castigliano’s theorem.

C

B | L

Probs. 8-46/47/48

8-49. Determine the vertical displacement of point C.
El is constant. Use the method of virtual work.

8-50. Solve Prob. 8-49 using Castigliano’s theorem.

80 kN-m

20 kN B
S

A

3m |

Probs. 8-49/50

8-51 Determine the slope at A and the vertical
displacement at B. Use the method of virtual work.

*8-52  Solve Prob. 8-51 using Castigliano’s theorem.

\ 4 m

Probs. 8-51/52

8-53. Determine the horizontal displacement at A. Take
E = 200 GPa. The moment of inertia of each segment of
the frame is indicated in the figure. Assume D is a pin
support. Use the method of virtual work.

8-54. Solve Prob. 8-53 using Castigliano’s theorem.

60 kN/m

5

Igc = 300(10%) mm*

I = 200(10°) mm*

Icp = 200(10°) mm*

6m ‘

Probs. 8-53/54



8-55. Determine the horizontal displacement at C. EI is
constant. Use the method of virtual work.

8-56. Solve Prob. 8-55 using Castigliano’s theorem.

6 kN/m

» 12 kN

C
2m !

Probs. 8-55/56

8-57. Determine the vertical displacement at A. Take E =
200 GPa, I = 90(10°) mm* for each member. Use the method
of virtual work

8-58. Solve Prob. 8-57 using Castigliano’s theorem.

i 4m |

10kN - mQA B‘Tg/‘ﬂ _

¥

Probs. 8-57/58
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8-59. Determine the slope at A and the vertical displacement
at B. Use the method of virtual work. E7 is constant.

*8-60. Solve Prob. 8-59 using Castigliano’s theorem.

F—3m —
Probs. 8-59/60

8-61. The bent rod has an £ = 200 GPa, G = 75 GPa,
and a radius of 30 mm. Use Castigliano’s theorem and
determine the vertical deflection at C. Include the effects of
bending, shear, and torsional strain energy.

2kN

Prob. 8-61
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. CHAPTER REVIEW

All energy methods are based on the conservation of energy principle, which states that the work done by all external
forces acting on the structure, U,, is transformed into internal work or strain energy, U;, developed in the members when
the structure deforms.

A force (moment) does work U when it undergoes a displacement (rotation) in the direction of the force (moment).

The principle of virtual work is based upon the work done by a “virtual” or imaginary unit force. If the deflection
(rotation) at a point on the structure is to be obtained, a unit virtual force (couple moment) is applied to the structure at
the point. This causes internal virtual loadings in the structure. The virtual work is then developed when the real loads are
placed on the structure, causing it to deform.

Truss displacements are found using

nNL
1A=37F

If the displacement is caused by temperature, or fabrication errors, then

1°A=Ena6TL‘ 1-A =3nsL
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For beams and frames, the displacement (rotation) is defined from

L L

mM meM
1-A = ——d 1-6 = d
/0 T ’ /0 el

Castigliano’s second theorem, called the method of least work, can be used to determine the deflections in structures that
respond in a linear elastic manner. It states that the displacement (rotation) at a point on a structure is equal to the first
partial derivative of the strain energy in the structure with respect to a force P (couple moment M") acting at the point
and in the direction of the displacement (rotation). For a truss,

ON\ L

A= EN(a—P)E

For beams and frames,

IL, I,
oM \ dx oM \dx
A= / M(ﬁ)ﬁ b= / M(w)ﬁ
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The fixed-connected joints of this concrete framework make this a statically
indeterminate structure.
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. CHAPTER OBJECTIVES

m To show how to apply the force or flexibility method to analyze
statically indeterminate trusses, beams, and frames.

m To present a method for drawing the influence line for a statically
indeterminate beam or frame.

9.1 STATICALLY INDETERMINATE
STRUCTURES

Recall from Sec. 2.5 that a structure of any type is classified as statically
indeterminate when the number of unknowns exceeds the number of
available equilibrium equations needed to determine these unknowns.
Many structures designed today are statically indeterminate. This is
particularly true for reinforced concrete buildings, since the columns and
beams are poured as continuous members through the joints and over
supports. In this section we will discuss the merits of using indeterminate
structures, and we will describe two fundamental ways in which they may
be analyzed.

395
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CHAPTER 9

ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY THE FORCE METHOD

Advantages and Disadvantages. Although the analysis of a
statically indeterminate structure is more involved than that of a statically
determinate one, there are usually several very important reasons for
choosing this type of structure for design. Most important, for a given
loading the maximum stress and deflection of an indeterminate structure
are generally smaller than those of its statically determinate counterpart.
For example, the statically indeterminate, fixed-supported beam in
Fig. 9-1a will be subjected to a maximum moment of M,, = PL/8,
whereas the same beam, when simply supported, Fig. 9-1b, will be
subjected to twice the moment, that is, M, = PL/4. As a result,
the fixed-supported beam has one fourth the deflection and one half the
stress at its center of the one that is simply supported.

Another important reason for selecting a statically indeterminate
structure is because it has a tendency to redistribute its load to its
redundant supports in cases where faulty design or overloading occurs. In
these cases, the structure maintains its stability and collapse is prevented.
This is particularly important when sudden lateral loads, such as wind or
earthquake, are imposed on the structure. To illustrate, consider again the
fixed-end beam in Fig. 9-1a. As P is increased, the beam’s material at
the walls and at the center of the beam begins to yield and forms localized
“plastic hinges,” which causes the beam to deflect as if it were hinged or
pin connected at these points. Although the deflection becomes large,
the walls will develop horizontal force and moment reactions that will
hold the beam and thus prevent it from totally collapsing. In the case
of the simply supported beam, Fig. 9-1b, an excessive load P will cause
the “plastic hinge” to form only at the center of the beam, and due to
the large vertical deflection, the supports will not develop the horizontal
force and moment reactions that are necessary to prevent total collapse.

Although a statically indeterminate structure can support a loading
with thinner members and with increased stability compared to a
statically determinate one, there are cases when these advantages may
instead become disadvantages. The cost savings in material must be
compared with the added cost necessary to fabricate the structure and
construct its supports and joints. Also, because statically indeterminate
structures have redundant support reactions, one has to be very careful to
prevent relative displacement of the supports, or changes in length caused
by fabrication errors or temperature, since these effects will introduce
internal stress in the structure. For example, if the wall at one end of the
fixed-end beam in Fig. 9-1a were to settle, stress would be developed in
the beam because of this “forced” deformation (settlement). On the other
hand, if the beam were simply supported or statically determinate, Fig.
9-1b, then any settlement of its end would not cause the beam to deform,
and therefore no stress would be developed.

To emphasize the above points, it is worth mentioning a case where
engineers have designed a structure that has the advantages of being
statically indeterminate, yet the analysis of it is reduced to one that is
statically determinate. It is a trussed cantilever bridge, such as the one shown
in the photo. It consists of two cantilevered sections AB and CD, and a
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center suspended span BC that was floated out and lifted in place. This span
was pinned at B and suspended from C by a primary vertical member CE.
If the bridge were constructed as three simple beams resting on supports
at A, B, C, and D, as shown in Fig. 924, then the uniform distributed
loading on each beam would produce a maximum moment of 0.125 wL?
in the beam. If instead a continuous beam were used, Fig. 9-2b, then a
statically indeterminate analysis would produce a moment diagram that
has a maximum moment in the beam of 0.10 wL?. Although this is a 20%
reduction in the maximum moment, unfortunately any slight settlement of
one of the bridge piers would introduce larger reactions at the supports,
and also larger moments in the beam. To circumvent this problem, pins
can be used on the span at the points E and F, where the moment is
zero, Fig. 9-2c. The beam then becomes statically determinate and yet
continuity of the span is maintained. In this case any settlement of a
support would not affect the reactions. The cantilevered bridge span
described above works on the same principle. Here one end of the
center span, BC in the photo, is supported by a pin and the other end
by a vertical member in order to allow free horizontal movement, to
accommodate the traction force (friction) of vehicles on the deck, and its
thermal expansion and contraction.

w w w
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Methods  of  Analysis. When analyzing any statically
indeterminate structure, it is necessary to satisfy the equilibrium,
compatibility, and force-displacement requirements for the structure.
Equilibrium is satisfied when the reactive forces hold the structure at rest,
and compatibility is satisfied when the various segments of the structure
fit together without intentional breaks or overlaps. The force-displacement
requirements depend upon the way the structure’s material responds to
loads. In this book we have assumed this to be a linear elastic response.

In general there are two different ways to satisfy these three
requirements. They are the force or flexibility method and the
displacement or stiffness method.

Force Method. The force method was originally developed by James
Clerk Maxwell in 1864, and then later refined by Otto Mohr and Heinrich
Miiller-Breslau. This method was one of the first available for the analysis
of statically indeterminate structures. Since compatibility forms the basis
for this method, it has sometimes been referred to as the compatibility
method or the method of consistent displacements. 1t consists of first
writing equations that satisfy the compatibility and force-displacement
requirements for the structure in order to determine the redundant forces.
Then once these forces have been determined, the remaining reactive
forces on the structure are determined by satisfying the equilibrium
requirements. The fundamental principles involved in applying this method
are straightforward, and they will be discussed in this chapter.

Displacement Method. The displacement method of analysis
is based on first writing force-displacement relations for the members
and then satisfying the equilibrium requirements for the structure.
In this case the unknowns in the equations are displacements. Once
the displacements are obtained, the forces are determined from the
compatibility and force-displacement equations. We will study some
of the classical techniques used to apply the displacement method in
Chapters 10 and 11. Also, since almost all present day structural analysis
software is based on this method, we will present a matrix formulation of
the displacement method in Chapters 14, 15, and 16.

Each of these two methods of analysis, which are outlined in Fig. 9-3, has
particular advantages and disadvantages, depending upon the geometry
of the structure and its degree of indeterminacy, and we will discuss the
usefulness of each method after each has been presented.

Equations used Coefficients of
Unknowns .
for solution the unknowns
C tibilit Flexibilit
Force Method Forces Ompatibrity eXIbIty

and force-displacement | coefficients

Equilibrium Stiffness

Displacement Method | Displacements . ..
. . and force-displacement | coefficients

Fig. 9-3
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9.2 FORCE METHOD OF ANALYSIS:
GENERAL PROCEDURE

Perhaps the best way to illustrate the principles involved in the force
method of analysis is to consider the beam shown in Fig. 9—4a. If its
free-body diagram were drawn, there would be four unknown support
reactions; and since three equilibrium equations are available for
solution, the beam is indeterminate to the first degree. Consequently,
one additional equation is necessary for solution. To obtain this
equation, we will use the principle of superposition and consider the
compatibility of displacement at one of the supports. This is done by
choosing one of the support reactions as “redundant” and temporarily
removing its effect on the beam so that the beam then becomes
statically determinate and stable. This beam is referred to as the primary
structure. Here we will remove the restraining action of the rocker at
B, and as a result, the load P will cause B to be displaced downward
by an amount A, Fig. 9-4b. By superposition, however, the reaction B,,
when applied to the beam, causes it to be displaced A’z upward, Fig. 9—4c.
Assuming positive displacements act upward, then from Figs. 9-4a
through 9-4¢ we can write the necessary compatibility equation at the
rocker as

+1 0=—Ag+ Af

To express this equation in terms of B, we will use a flexibility
coefficient, fg, which by the notation refers to the deflection at B, caused
by a unit load at B. Since the material behaves in a linear elastic manner,
the force By, instead of the unit load, will cause a proportionate increase
in fgpg. In other words,

Ap = Byfpp

Here fgp is a measure of the deflection per unit force, and so its unit is
m/N. The compatibility equation now becomes

0= _AB + BnyB

(a)
Il

#

primary structure

—+

_A'p=B,fpp

—————— = ﬂ
redundant B, applied B

(©
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P Using the methods of Chapter 7 or 8, or the deflection table on the inside

A _L front cover, the appropriate load-displacement relations for the deflection
~\\__5 _________ =5 A, Fig. 9-4b, and the flexibility coefficient fgp, Fig. 9-4d, can be obtained
actual beam and the solution for B, determined, that is, B, = Ag/fgp. Once B, is

(a) obtained, the three reactions at the wall A can then be found from the

equations of equilibrium.
Il When using this method, the choice of the redundant is arbitrary.
For example, the moment at A, Fig. 9-5a, can be determined directly by

B removing the capacity of the beam to support a moment at A, that is, by
___________ -TA’B replacing the fixed support by a pin. As shown in Fig. 9-5b, the rotation
primary structure at A caused by the load P is 6,, and the rotation at A caused by the

redundant M4 at A is 64, Fig. 9-5¢. If we denote an angular flexibility
coefficient a4 4 as the angular displacement at A caused by a unit couple
moment applied to A, Fig. 9-5d, then

A _,ABf ny’BI OA_MAaAA
----- i . .
B Here a4, measures the angular displacement per unit couple moment,

redundant B, applied @ and therefore it has a unit of rad/N - m. The compatibility equation for
rotation at A is therefore

(©
) (7+) 0=104 + Mpapg
4 T g Y In this case, M4, = —0,/a 44, a negative value, which simply means that
ﬂ B M4 acts in the opposite direction to the unit couple moment.

Fig. 9-4 (repeated)

":”:

P
A J_
—
actual beam

(a)

0
A primary structure
(b) redundant M, applied

(©

Fig. 9-5
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Pl P2

| s | _

C
I P =
actual beam

(a)

401

P] P2 By Cy
A l B l l C B lc
T 1 = D + A > T 1 D + A = e T
I R — x&j._ ~~~~~~~ A 1\__——1._ A== ~,-—,d—_——7
B ¢ A'pp=B,fgz A'cp=B,fcp A'pe=Cyfpc Acc=Cyfec
primary structure redundant B, applied redundant C, applied
(b) (c) (d)
Fig. 9-6

A third example that illustrates application of the force method is
given in Fig. 9-6a. This beam is indeterminate to the second degree
and therefore two compatibility equations will be necessary for the
solution. We will choose the vertical forces at the roller supports, B and
C, as redundants. The resultant statically determinate beam deflects as
shown in Fig. 9-6b when the redundants are removed. Each redundant
force, which is assumed to act downward, deflects this beam as shown
in Figs. 9-6¢ and 9-6d, respectively. Here the flexibility coefficients fgp
and fcp* are found from a unit load acting at B, Fig. 9-6e; and f¢¢ and
fBc are found from a unit load acting at C, Fig. 9-6f. By superposition,
the compatibility equations for the deflection at B and C become

(+1) 0= Ap + B,fsg + C,fpc (0-1)

(+1) 0= Ac+ Byfeg + Cyfec

Once all the deflections, or load-displacement relations, are established
using the methods of Chapters 7 or 8, these equations can then be solved
simultaneously for the two unknown forces B, and C,,.

Having illustrated the application of the force method by example,
we will now discuss its application in general terms, and then we will
use it to solve one-or-two-degree statically indeterminate problems
involving beams, frames, and trusses. Structures having a higher degree
of indeterminacy can be solved by this method using a matrix method on
a computer; however, it has some limitations, which will be discussed in
Chapter 14.

*fpp is the deflection at B caused by a unit load at B; f¢p the deflection at C caused by a
unit load at B.

A==
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- PROCEDURE FOR ANALYSIS

The following procedure provides a general method for determining
the reactions of statically indeterminate structures using the force
or flexibility method of analysis.

Principle of Superposition

Determine the number of degrees n to which the structure is
indeterminate. Then specify the » unknown redundant forces or
moments that must be removed from the structure in order to
make it statically determinate and stable. Using the principle of
superposition, draw the statically indeterminate structure and show
it equal to a series of corresponding statically determinate structures.
The primary statically determinate structure supports the same
external loads as the indeterminate structure, and each of the other
structures added to the primary structure shows the structure loaded
with a separate redundant force or moment. Also, sketch the elastic
curve on each structure and indicate symbolically the displacement
or rotation at the point of each redundant force or moment.

Compatibility Equations

Write a compatibility equation for the displacement or rotation
at each point where there is a redundant force or moment. These
equations should be expressed in terms of the unknown redundants
and their corresponding flexibility coefficients.

Determine all the deflections and flexibility coefficients using the
table on the inside front cover or by the methods of Chapter 7 or 8.*
Substitute these results into the compatibility equations and solve
for the unknown redundants. If a numerical value for a redundant is
negative, it indicates the redundant acts opposite to its corresponding
unit force or unit couple moment.

Equilibrium Equations

Draw a free-body diagram of the structure. Since the redundant
forces and/or moments have been calculated, the remaining unknown
reactions can be determined from the equations of equilibrium.

Once all the support reactions have been obtained, the shear
and moment diagrams can then be drawn, and the deflection at any
point on the structure can be determined using the same methods
outlined previously for statically determinate structures.

*It is suggested that if the M/EI diagram for a beam consists of simple segments, the
moment-area theorems or the conjugate-beam method be used. Beams with complicated
M /EI diagrams, that is, those with many curved segments (parabolic, cubic, etc.), can be
readily analyzed using the method of virtual work or by Castigliano’s second theorem.
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9.3 MAXWELLS THEOREM OF
RECIPROCAL DISPLACEMENTS

When Maxwell developed the force method of analysis, he also
published a theorem that relates the flexibility coefficients of any two
points on an elastic structure—be it a truss, a beam, or a frame. This
theorem is referred to as the theorem of reciprocal displacements and
may be stated as follows: The displacement of a point B on a structure
due to a unit load acting at point A is equal to the displacement of point
A when the unit load is acting at point B, that is, fga = fap-

Proof of this theorem is easily demonstrated using the principle of
virtual work. For example, consider the beam in Fig. 9-7a. When a real
unit load acts at A, assume that the internal moments in the beam are
represented by m 4. To determine the flexibility coefficient at B, that is,
fpa, a virtual unit load is placed at B, Fig. 9-7b, and the internal moments
mp are calculated. Then applying Eq. 8-22 yields

mpm 4

E dx

fBa =

Likewise, if the flexibility coefficient f4 5 is to be determined when a real
unit load acts at B, Fig. 9-7b, then mp represents the internal moments in
the beam due to a real unit load. Furthermore, m 4 represents the internal
moments due to a virtual unit load at A, Fig. 9-7a. Hence,

mamp

El dx

fap =

Both integrals obviously give the same result, which proves the theorem.
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(a) app

(®)
Fig. 9-8

The theorem also applies for reciprocal rotations, and may be stated as
follows: The rotation at point B on a structure due to a unit couple moment
acting at point A, Fig. 9-8a, is equal to the rotation at point A when the unit
couple moment is acting at point B. Finally, using a unit force and unit
couple moment, applied at separate points on the structure, we may also
state: The rotation in radians at point B on a structure due to a unit load
acting at point A is equal to the displacement at point A when a unit couple
moment is acting at point B.

As a consequence of this theorem, some work can be saved when
applying the force method to problems that are statically indeterminate
to the second degree or higher. For example, only one of the two flexibility
coefficients fgc or fcp has to be calculated in Egs. 9-1, since fzc = fep-

9.4 FORCE METHOD OF ANALYSIS:
BEAMS

The force method applied to beams was outlined in Sec. 9.2. Using the
procedure for analysis also given in Sec. 9.2, we will present several
examples that illustrate the application of this technique.

These bridge girders are statically
indeterminate, since they are
continuous over their piers.
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I EXAMPLE 9.1

Determine the reaction at the roller support B of the beam shown in
Fig. 9-9a. EI is constant.

50 kN 50 kN
A C
- l = — ALA 88 = Byfpp

-8 IAB f
P 6 m —»P 6 m ==,
actual beam primary structure redundant B, applied
(a) (b)
Fig. 9-9
SOLUTION

Principle of Superposition. By inspection, the beam is statically
indeterminate to the first degree. The redundant will be taken as By, in
order to determine this force directly. The application of the principle
of superposition is shown in Fig. 9-9b. Notice that removal of the
redundant requires that the roller support, or the constraining action
of the beam in the direction of By, be removed. Here we have assumed
that B, acts upward on the beam.

Compatibility Equation. Taking positive displacement as upward,
Fig. 9-9b, we have

(+h 0= —Ap + B,fps (1)

The terms A and fpp are easily obtained using the table on the inside
front cover. Since Az = Ac + 6-(6 m), we have

PP L (L)

B 3Er 2EI .
(S0kN)(6m)* (50 kN)(6 m)* 9000 kN - m? 344 kN i
= + (6m) == | |
3EI 2EI EI ( | |
pPL? 1(12m)’  576m’ 2m b gm - m —
fap = _ — 1 15.6 kN
3EI 3EI El
Substituting these results into Eq. (1) yields ©
9000 576
+M 0= & + By<EI> B, = 15.6 kN Ans. M (kN-m) 038
If this reaction is placed on the free-body diagram of the beam, ‘ - A\
the reactions at A can be obtained from the three equations of - — x (m)
o 5 6 12
equilibrium, Fig. 9-9c.
Having determined all the reactions, the moment diagram can be b
constructed as shown in Fig. 9-94. (@)
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I EXAMPLE 9.2

Draw the shear and moment diagrams for the beam shown in Fig. 9-10a.
The support at B settles 40 mm. Take E = 200 GPa, I = 500(10°) mm®.

100 kN

actual beam

(@)

100 kN B

— 13
S +

A,;B.= BnyB

primary structure redundant B, applied

(b)
Fig. 9-10

SOLUTION

Principle of Superposition. By inspection,the beamisindeterminate
to the first degree. The center support B will be chosen as the redundant,
so that the roller at B is removed, Fig. 9-10b. Here B, is assumed to act
downward on the beam.

Compatibility Equation. With reference to point B in Fig. 9-10b,
using units of inches, we require
(+) 0.04m = Ag + B,fpp (1)

We will use the table on the inside front cover. To find Ap using the
equation for the deflection curve requires 0 < x < a. Since x = 8 m,
thena = 12mand b = 16 m — 12 m = 4 m. Thus,

100(4)(8
Ap = 6%, (L2 - b —x%) = 6(1(6));:1) [(16)2 — (4> = (8)?]

_ 5866.7kN-m’
EI

_PL*  1(16)°  8533kN-m’
" 48EI  48EI EI

fBB
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Substituting these values into Eq. (1), we get
(0.04 m) [200(10%) N /m?] [ 500(10°)(10~*2) m* |

5866.7(10°) N-m® + B,(85.33(10°) N-m?)

B

, = —21.83(10°) N = —21.88 kN

The negative sign indicates that B, acts upward on the beam.

Equilibrium Equations. From the free-body diagram shown in
Fig. 9-10c we have

+FIM, = 0; —100(4) + 21.88(8) + C,(16) = 0
C, = 14.06 kN

+13F, = 0, A, — 100 + 21.88 + 14.06 = 0
A, = 64.06 kN

Using these results, the shear and moment diagrams are shown in
Fig. 9-10d.

100 kN

AR €
4
~4m —~~—4m—~f—8m —

A, = 64.06 kN 21.88 kN C, = 14.06 kN

(©
V (kN)
64.06
—35.94 —14.06
M (kN-m)
256.3
112.5

x (m)

(d)

407
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I EXAMPLE 9.3

Draw the shear and moment diagrams for the beam shown in Fig. 9-11a.
El s constant. Neglect the effects of axial load.

SOLUTION

Principle of Superposition. Since axial load is neglected, the beam
is indeterminate to the second degree. The two end moments at A and
B will be considered as the redundants. The beam’s capacity to resist
these moments is removed by placing a pin at A and a rocker at B.The
principle of superposition applied to the beam is shown in Fig. 9-11b.

Compatibility Equations. Reference to points A and B, Fig. 9-11b,
requires

(r+) 0=064 + Mpays + Mpayp (1)

(\+) 0=06p + Myapy + Mpagg 2
| 30kN/m

’ p—
0'aa= My 0'pa = Maagy

redundant moment M, applied

(A
9’AB=MBaAB GBBfMBaBB

redundant moment My applied

(b)

Fig. 9-11
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The required slopes and angular flexibility coefficients can be determined
using the table on the inside front cover. We have

_3wL®  3(30)(6)° 1519

~ 128EI  128EI EI
_IwL?  7(30)(6)°  118.1

04

BT 384p1 T 384E1 EI
_ML_16) _ 2
Y44 T 3E1 T 3EI  EI
_ML_16) _ 2
“BB = 3p1  3EI  El
ML _1(6) 1

“AB T CEI  G6EI  EI

Here ap, = a4p, a consequence of Maxwell’s theorem of reciprocal
displacements.
Substituting the data into Egs. (1) and (2) yields

151.9 2 1
EI MA(EI) MB<E1>

118.1 1 2
0 EI MA(EI) MB<E1>

Canceling EI and solving these equations simultaneously, we obtain

M, = —619kN-m My = —281kN-m

0

Using these results, the end shears are calculated and the shear and
moment diagrams plotted, Fig. 9-11c.

V (kN)
3 6 x(m)
TN 16.9 kN AR - o
PNIRERRER R X
( T \T ) 212
61.9 kN-m |4 ‘ B‘ 28.1 kN‘m 109/_\433 .
e ! 2 x (m

—61.9 (©)
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I EXAMPLE 9.4

Determine the reactions at the supports for the beam shown in
Fig. 9-12a. EI is constant.

SOLUTION

Principle of Superposition. By inspection, the beam is indeterminate
to the first degree. Here, for the sake of illustration, we will choose the
internal moment at support B as the redundant. Consequently, the beam
is cut open and end pins or an internal hinge is placed at B in order to
release only the capacity of the beam to resist moment at this point,
Fig. 9-12b. The internal moment at B is applied to the beam in Fig. 9-12c.

Compatibility Equations. From Fig. 9-12 we require the relative
rotation of one end of one beam with respect to the end of the other
beam to be zero, that is,

(7+) 0p + Mpapp =0
where

0p = 05 + 03
and

— ! n
agp = app T app

actual beam

(@)

’ "
Mpo'pg Mpa'pp

redundant Mp applied
(b) ©

primary structure
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The slopes and angular flexibility coefficients can be determined
from the table on the inside front cover, that is,

_ wLl?  2(36)°  3.888kN-m’

8 = 54kl = 24E1 EI
o — PL>  25(3)*  1.406kN-m?
B 16EI ~— 16EI EI

. ML _136) 12m

“BB = 3p1 ~ 3El El
, _ML _1G) 1m

“BB = 3p]~ 3EI EI

Thus,

3.888kN-m?  1.406 kN - m? 12m 1m
+ + Mgl ——+ —=)=0
EI EI EI EI

My = —2.406kN-m

The negative sign indicates Mg acts in the opposite direction to that
shown in Fig. 9—12c¢. Using this result, the reactions at the supports are
calculated and shown in Fig. 9-12d. The shear and moment diagrams
are shown in Fig. 9-12e.

25kN
2kN/m

I lfS%kN&“ 2’306“&“1

427kN 427kN1 205kN 2.05kN |

2.93 kN 630 KN 0.45 kN
B A D c
(d)
V (kN) M (kN-m)

2.93 508 2.15
\ 0.67
36
_ 5166 - I A
146 : ~0.45 : \/ > 6o

—241

—4.27
(©
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9.5 FORCE METHOD OF ANALYSIS:
FRAMES

The force method can also be applied for solving problems involving
statically indeterminate frames that have a single story and unusual
geometry, such as gabled frames. Problems involving multistory frames,
or those with a high degree of indeterminacy, are best solved using the
slope-deflection, moment-distribution, or by computer using the stiffness
method discussed in later chapters.

The following examples illustrate the application of the force method
using the procedure for analysis outlined in Sec. 9.2.

I EXAMPLE 9.5

The saddle bent shown in the photo is used to support the bridge
deck. Assuming its top is subjected to the loading shown in Fig. 9-13a,
determine the horizontal support reaction at A. EI is constant.

40 kN/m

actual frame

(a)

primary structure redundant force A, applied

(b)
Fig. 9-13

SOLUTION

Principle of Superposition. By inspection the frame is statically
indeterminate to the first degree. To obtain a direct solution for A, we will
choose this reaction to be the redundant. Consequently, the pin at A is
replaced by a rocker, since a rocker will not constrain A in the horizontal
direction. The principle of superposition applied to the idealized model of
the frame is shown in Fig. 9-13b. Notice how the frame deflects in each case.
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Compatibility Equation. Reference to point A in Fig. 9-13b
requires

(5) 0= A4 + A fan (1)

The terms A 4 and f4 4 Will be determined using the method of virtual
work. Here we will use three x coordinates. These and the internal
moments are shown in Figs. 9-13¢ and 9-13d. Note that it is important
that each x coordinate be the same for both the real and virtual loadings.
Also, the positive directions for M and m must be the same.

For A, we require application of the real load, Fig. 9-13c, and a
virtual unit load at A, Fig. 9-13d. Thus,

LMmd 3 /5(0)(1x1)dx1 . /20(400x2—20x22)(—5)dx2
o EI 7T ), EI . El

2(0)(1x3) dxs
" /0 EI

AA=

133.33(10%) oo 133.33(10%)
EI EI

For f44 we require application of a real unit load and a virtual unit
load acting at A, Fig. 9-13d. Thus,

me >(1xy)%dx, (=5)%dx;, > (1x3)%dx;
faa = d — T +
0 o EI o EI o EI

583.33

/511
Substituting the results into Eq. (1) and solving yields

133.33(10%) (583.33)
0 = —_-— + o\
EI EI

A, = 229kN Ans.

40 kN/m

400 kN (d)
()
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I EXAMPLE 9.6

actual frame

redundant M,
applied

(b)

Determine the moment at the fixed support A for the frame shown in
Fig. 9-14a. The support at B is a rocker. £/ is constant.

SOLUTION

Principle of Superposition. The frame is indeterminate to the
first degree. A direct solution for M4 can be obtained by choosing
this as the redundant. Thus the capacity of the frame to support
a moment at A is removed and therefore a pin is used at A for
support. The principle of superposition applied to the frame is
shown in Fig. 9-14b.

Compatibility Equation. Reference to point A in Fig. 9-14b requires
(7+) 0 =04+ Maaaa 1)

As in the preceding example, 60,4 and ay4 Will be calculated using
the method of virtual work. The frame’s x coordinates and internal
moments are shown in Figs. 9-14¢ and 9-14d.
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For 64 we require application of the real load, Fig. 9-14c, and a
virtual unit couple moment at A, Fig. 9-14d. Thus,

L
Mmy dx
ba = E/0 EI

a /4(1.167x1)(1 — 0.1667x,) dx
0

El

. 25(11.87x, — 4x,2) (0.1333x,) dx,
0 EI

_ 5.1852 N 3.0324 _ 8.2178
EI EI ET

For a4 4 we require application of a real unit couple moment and a
virtual unit couple moment acting at A, Fig. 9-14d. Thus,

IL,
myiy
= d.
A A E/O EI X

/4(1 — 01667x,)*dx; 23(0.1333x,)” dx,
0 EI 0 EI

1.9259 N 0.09259  2.0185
EI EI EI

Substituting these results into Eq. (1) and solving yields

8.2176 2.0185
0="=" +MA< o ) M, = —407kN-m  Ans.

The negative sign indicates M4 acts in the opposite direction to that
shown in Fig. 9-14b.

12 kN

0.100 kN

CARN
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9.6 FORCE METHOD
OF ANALYSIS: TRUSSES

The force method can also be used to analyze a truss that is statically
indeterminate to the first or second degree. The following examples
illustrate application of this method using the procedure for analysis
outlined in Sec. 9.2.

I EXAMPLE 9.7

Determine the force in member AC of the truss shown in Fig. 9-15a.
AE is the same for all the members.

SOLUTION

Principle of Superposition. Byinspection the trussisindeterminate
to the first degree.* Since the force in member AC is to be determined,

Q‘\\ member AC will be chosen as the redundant. This requires “cutting”

< N this member so that it cannot sustain a force, thereby making the

Aps truss statically determinate and stable. The principle of superposition
} ' . } applied to the truss is shown in Fig. 9-15b.

(@) Compatibility Equation. With reference to member AC in Fig. 9-15b,

we require the relative displacement A 4, which occurs at the ends of

Fig. 9-15 the cut member AC due to the 2-kN load, plus the relative displacement

Facfac ac caused by the redundant force acting alone, to be equal to
zero, that is,

0= Auc + Facfacac (1)

D& 5 ¢
E
+ AC
Facfac ac
Alpe
actual truss primary structure redundant F 4 applied

(®)

*Applying Eq.3-1,b + r > 2jor6 + 3 > 2(4),9 > 8,9 — 8 = 1Ist degree.
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Here the flexibility coefficient f4¢ 4¢ represents the relative displace-
ment of the cut ends of member AC caused by a “real” unit load acting
at the cut ends of member AC.This term, f4c 4¢c, and A 4¢ will be found
using the method of virtual work. The force analysis, using the method
of joints, is summarized in Figs. 9-15¢ and 9-154.

For A 4 we require application of the real load of 2 kN, Fig. 9-15c,
and a virtual unit force acting at the cut ends of member AC, Fig. 9-15d.

Thus, +1.5
Ay = EIZVEL 2 kN
15kN 15kN
_ 2[(—0.8)(2)(4)] N (=0.6)(0)(3) N (—0.6)(1.5)(3) (©)
AE AE AE
L OE296) |, OOE) N

AE AE

_ B
AE
For f4c 4c we require application of real unit forces and virtual unit _((()l'f

forces acting on the cut ends of member AC, Fig. 9-15d. Thus,

n’L
facac = ZE

-] ).

17.28
AE

Substituting the data into Eq. (1) and solving yields

28  17.28
= - 4+ —
0 AE T ag fac
Fyic = 1.62kN (T) Ans.

Since the numerical result is positive, AC is subjected to tension as
assumed, Fig. 9-15b. Using this result, the forces in the other members
can be found by equilibrium, using the method of joints.



418 CHAPTER 9 ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY THE FORCE METHOD

I EXAMPLE 9.8

Determine the force in each member of the truss shown in Fig. 9-16a if
the turnbuckle on member AC'is used to shorten the member by 12.5 mm.
Each bar has a cross-sectional area of 125 mm?, and E = 200 GPa.

EFY
5| C

—Fac

~Facfacac

B

actual truss primary structure redundant F,. applied

(a) (b)
Fig. 9-16
SOLUTION

Principle of Superposition. This truss has the same geometry as
that in Example 9.7 Since AC has been shortened, we will choose it
as the redundant, Fig. 9-16b.

Compatibility Equation. Since no external loads act on the primary
structure (truss), there will be no relative displacement between the
ends of the sectioned member caused by load; that is, A - = 0. The
flexibility coefficient f4¢ 4c has been determined in Example 9.7 so

frore = 1728
ACAC — AE

Since AC is shortened, the compatibility equation for the bar is therefore

17.28
0.0125m =0+ ——F
m AE | AC
| 14.5kN (C) - Realizing that f4c 4¢ is a measure of displacement per unit force, we have
D[ER =8 C
- —
O o 17.28
= = 0.0125m = 0 + - . = Fac
g &, ||Z [125(107°) m? | [ 200(10°) kN /m? |
o o
S \%& ZIE Thus,
= = B
A 5 -7\ Fac = 18.08 kN = 18.1 kN (T) Ans.

14.5kN (C)

Since no external forces act on the truss, then the external reactions

(c) are zero. Therefore, applying Fsc and analyzing the truss by the
method of joints yields the results shown in Fig. 9-16c.
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9.7 COMPOSITE STRUCTURES

Composite structures are composed of some members subjected only
to axial force, while other members are subjected to bending. If the
structure is statically indeterminate, the force method can be used for its
analysis. The following example illustrates the procedure.

I EXAMPLE 9.9

The simply supported queen-post trussed beam shown in the photo is
to be designed to support a uniform load of 2 kN/m. The dimensions
of the structure are shown in Fig. 9-17a. Determine the force developed
in member CE. Neglect the thickness of the beam and assume the truss
members are pin connected to the beam. Also, neglect the effect of axial
compression and shear in the beam. The cross-sectional area of each strut
is 400 mm?, and for the beam 7 = 20(10°) mm*. Take £ = 200 GPa.

2 kN/m 2 kN/m

/
by bbb dibvidbbiied IEREETR IR IR INEY

actual structure
(a) +
Fig. 9-17

SOLUTION

Principle of Superposition. If the force in one of the truss Fegfc ce
members is known, then the force in all the other members, as well
as the moment in the beam, can be determined by statics. Hence, the
structure is indeterminate to the first degree. For solution, the force (b)
in member CE is chosen as the redundant. This member is therefore

sectioned to eliminate its capacity to sustain a force. The principle of

superposition applied to the structure is shown in Fig. 9-17b.

redundant F applied

Compatibility Equation. With reference to the relative displacement
of the cut ends of member CE, Fig. 9-17b, we require

0= Acg + Feefcece (1)
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2 kN/m The method of virtual work will be used to find Acr and fcg cg. The
TUVITUUITTEITLET LT necessary force analysis is shown in Figs. 9-17¢ and 9-17d.

For A we require application of the real loads, Fig. 9-17¢c, and a
virtual unit load applied to the cut ends of member CE, Fig. 9-174.
Here we will use symmetry of both loading and geometry, and only
consider the bending strain energy in the beam and, of course, the
axial strain energy in the truss members.

Evim nNL 2(6x; — x12)(—0.5x1)dx,

ACE: ——dx +
o EI 2y El

Y(6x, — x(~Ddx, [ (1.118)(0)(V5)
> /2 2 ; 2( )

AE
2X2
—0.5)(0)(1 1(0)2
. 5 o EBI00) , (0P
. | . AE AE
} ) a=en =]
fo 1 _ 2B
6 kN Y EI EI
© —29.33(10%)

= 200009 @0y109) 200 Hm

For fcr crp we require application of a real unit load and a virtual
unit load at the cut ends of member CE, Fig. 9-17d.

Lmzdx n’L 2(=0.5x,)%dx, 3(—1)%dx,
feece = =2 Y t2 |
AE o EI ,  EI

2((1-11?;(%)) o SO, (W)

T 1333 2 550 05 2
e e e
| El EI AE AE AE
?ﬁ) mi = ~05 _333(10) 809000
s 200(10%)(20)(107°) ~ 400(107°) (200(10%))
‘ = 0.9345(107%) m /kN
) Substituting this data into Eq. (1), we have

B~ fos v [ Z05% 40562 -2) 0 = —7.333(103) m + Fcx(0.9345(107%) m/kN)
1.118 = =

C) Fep = 7185kN Ans.
Fig. 9-17 (cont’d)
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A structural analysis of any highly indeterminate structure, or for that
matter, even a statically determinate structure, can be simplified provided
the designer or analyst can recognize those structures that are symmetric
and support either symmetric or antisymmetric loadings. In a general
sense, a structure can be classified as being symmetric provided half of it
develops the same internal loadings and deflections as its mirror image
reflected about its central axis. Normally symmetry requires the material
composition, geometry, supports, and loading to be the same on each side
of the structure. However, this does not always have to be the case. For
example, for horizontal stability a pin is required to support the truss
and beam in Figs. 9-18a and 9-18b. Here the horizontal reaction at the
pin is zero, and so both of these structures will deflect and produce
the same internal loading as their reflected counterpart. Thus, they can
both be classified as symmetric. Realize that this would not be the case
for the frame, Fig. 9-18c, if the fixed support at A was replaced by a pin,
since then the deflected shape and internal loadings would not be the
same on its left and right sides.

9.8 SYMMETRIC STRUCTURES

axis of symmetry

(a)

(®)

4 i

‘ axis of symmetry

(c)
Fig. 9-18

axis of symmetry
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Sometimes a symmetric structure supports an antisymmetric loading,
that is, the loading on its reflected side has the opposite direction, such
as shown by the two examples in Fig. 9-19. Provided the structure is
symmetric and its loading is either symmetric or antisymmetric, then a
structural analysis will only have to be performed on half the members
of the structure since the same (symmetric) or opposite (antisymmetric)
results will be produced on the other half.

In cases where a structure is symmetric and its applied loading is
unsymmetrical, then it is possible to transform this loading into symmetric
and antisymmetric components. To do this, the loading is first divided
in half; then it is reflected to the other side of the structure, so that both
symmetric and antisymmetric components are produced. For example, the
loading on the beam in Fig. 9-20a is divided by two and reflected about
the beam’s axis of symmetry. From this, the symmetric and antisymmetric
loading components are produced as shown in Fig. 9-20b. When added
together as shown, these components produce the original loading on the
beam. A separate and simpler structural analysis can now be performed
using the symmetric and antisymmetric loading components, and the
results superimposed to obtain the actual behavior of the structure.

S kN 2 kN/m
Vo
—
Il
(a)
P 4kN 4kN
l 1kN/m

r—

antisymmetric loading

Fig. 9-19

symmetric loading

+
4kN 1kN/m
l Y l Y VY Y %
LE Y S S -
1 vt
1 kN/m 4kN

antisymmetric loading

(b)
Fig. 9-20
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9.9 INFLUENCE LINES FOR

STATICALLY INDETERMINATE
BEAMS

In Sec. 6.3 we discussed the use of the Miiller-Breslau principle for
drawing the influence line for the reaction, shear, and moment at a
point in a statically determinate beam. In this section we will extend this
method and apply it to statically indeterminate beams.

Recall that, for a beam, the Miiller-Breslau principle states that the
influence line for a function (reaction, shear, or moment) is to the same
scale as the deflected shape of the beam when the beam is acted upon by
the function. To draw the deflected shape properly, the capacity of the
beam to resist the function must be removed so the beam can deflect
when the function is applied. In Chapter 6 it was shown that for statically
determinate beams, the deflected shapes (or the influence lines) will be
a series of straight line segments. For statically indeterminate beams,
curves will result. The Miiller-Breslau principle will now be discussed for
each function.

Reaction at A. If we use the basic method to determine the influence
line for the reaction at A in Fig. 9-21a, then we must place a unitload on the
beam at successive points, and at each point determine the reaction at A.
A plot of these results yields the influence line. For example, when the
load is at point D, Fig. 9-21a, the reaction A, then represents the ordinate
of the influence line at D. It can be determined by the force method,
as shown in Figs. 9-21a through 9-21c. The compatibility equation for
point A is thus 0 = fyp + A,fas, and so A, = —fup/fas. However,
by Maxwell’s theorem of reciprocal displacements, fip = —fpa,
Fig. 9-21d, and so we can also calculate A, (or the ordinate of the
influence line at D) using the equation

A, = <fAlA>fDA

By comparison, the Miiller-Breslau principle requires removal of
the support at A and application of a vertical unit load. The resulting
deflection curve, Fig. 9-21d, is to some scale the shape of the influence
line for A,. From the above equation, however, it is seen that this scale
factoris 1/f44.

INFLUENCE LINES FOR STATICALLY INDETERMINATE BEAMS

423

1
By
e — —= =AC
actual beam
(a)
I
1
fap] T-===~-__ B ¥
L = =aC
A D
primary structure
(®)
+
Ay fan
M : ¢
P T R =N
A, redundant A applied
(©)
Jaa
%f ———__ _B D C
A = =
1 Jpa
(d)
Fig. 9-21
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Shear at E. If the influence line for the shear at point E of the beam
in Fig. 9-22a is to be determined, then by the Miiller-Breslau principle
the beam is sectioned at this point and a sliding device is inserted at E,
Fig. 9-22b. This device will transmit a moment and normal force but no
shear. When the beam deflects due to positive unit shear loads acting
at E, the slope on each side of the device remains the same, and the
deflection curve represents to some scale the influence line for the shear
at E, Fig. 9-22¢. Had the basic method for establishing the influence line
for the shear at E been applied, it would then be necessary to apply a unit
load at each point D and calculate the internal shear at E, Fig. 9-22a. This
value, Vg, would represent the ordinate of the influence line at D. Using
the force method and Maxwell’s theorem of reciprocal displacements, as
in the previous case, it can be shown that

Vi = <fElE>f DE

This again establishes the validity of the Miiller-Breslau principle,
namely, a positive unit shear load applied to the beam at E, Fig. 9-22¢,
will cause the beam to deflect into the shape of the influence line for the
shear at E. Here the scale factor is (1/fzg)-

—




9.9 INFLUENCE LINES FOR STATICALLY INDETERMINATE BEAMS

Moment at E. The influence line for the moment at E in Fig. 9-23a
can be determined by placing a pin or hinge at E, since this connection
transmits normal and shear forces but cannot resist a moment, Fig. 9-23b.
Applying a positive unit couple moment, the beam then deflects to the
dashed position in Fig. 9-23c, which shows to some scale the influence
line, again a consequence of the Miiller-Breslau principle. Using the
force method and Maxwell’s reciprocal theorem, we can show that

Mg = (alEE)fDE

and so the scale factor is (1/agg).

(a)
1 1
B e ="'
(b)

425
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- PROCEDURE FOR ANALYSIS

The following procedure provides a method for establishing the
influence line for the reaction, shear, or moment at a point on a
beam using the Miiller-Breslau technique.

Qualitative Influence Line

At the point on the beam for which the influence line for a function
(reaction, shear, moment) is to be determined, place a connection
that will remove the capacity of the beam to support the function.
If the function is a vertical reaction, use a vertical roller guide; if the
function is shear, use a sliding device; or if the function is moment,
use a pin or hinge. Now put a unit load at the connection in the
“positive direction” of the function, and sketch the deflection curve
for the beam. This curve represents to some scale the shape of the
influence line for the beam.

Quantitative Influence Line

If numerical values of the influence line are to be determined, then
calculate the displacement of successive points along the beam when
the beam is subjected to the unit load placed at the connection
as mentioned above. Divide each value of displacement by the
displacement determined at the point where the unit load acts. By
applying this scale factor, the resulting values will be the ordinates
of the influence line.

Influence lines for the continuous girder
of this trestle were constructed in order
to properly design the girder.
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9.10 QUALITATIVE INFLUENCE LINES
FOR FRAMES

The Miiller-Breslau principle provides a quick method and is of great
value for establishing the general shape of the influence line for building
frames. Once the influence-line shape is known, one can immediately
specify the location of the live loads so as to create the greatest influence
of the function (reaction, shear, or moment) in the frame. For example,
the shape of the influence line for the positive moment at the center I of
girder FG of the frame in Fig. 9-24a is shown by the dashed lines. Thus,
uniform loads would be placed only on girders AB, CD, and FG in order
to create the largest positive moment at /. With the frame loaded in this
manner, Fig. 9-24b, a statically indeterminate analysis of the frame could
then be performed to determine the critical moment at /.

(b)

Fig. 9-24
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I EXAMPLE 9.10

Draw the influence line for the vertical reaction at A for the beam in
Fig. 9-25a. EI is constant. Plot numerical values every 2 m.

6m— TN
(a)
SOLUTION

The capacity of the beam to resist the reaction A, is removed. This is
done using a vertical roller device shown in Fig. 9-25b. Applying a vertical
unit load at A yields the shape of the influence line shown in Fig. 9-25c¢.

In order to determine ordinates of the influence line we will use the
conjugate-beam method. The reactions at A and B on the “real beam,”
when subjected to the unit load at A, are shown in Fig. 9-25b. The
corresponding conjugate beam is shown in Fig. 9-25d. Notice that the
support at A’ remains the same as that for A in Fig. 9-25b. This is because
a vertical roller device on the conjugate beam supports a moment but no
shear, corresponding to a displacement but no slope at A on the real
beam, Fig. 9-25¢. The reactions at the supports of the conjugate beam
have been calculated and are shown in Fig. 9-25d. The displacements of
points on the real beam, Fig. 9-25b, will now be calculated by finding the
internal moment in the conjugate beam at B, D, C’, and A"

1 kN

(b)

qualitative influence line
for reaction at A

conjugate beam
(d)

Fig. 9-25
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For B’ since no moment exists on the conjugate beam at B’
Fig. 9-25d, then

AB = MB' =0
For D; Fig. 9-25e:
18 1/ 2 2 34.67
SMp = 0; Ap =Mp = () - 2< 1>(2)<3> =z
For C; Fig. 9-25f:
18 1/ 4 4 61.33
SMc = 0; Ac=Me =57 (4) - 2( I>(4)<3> =&
For A, Fig. 9-25d:
72
Ay =My = —
A A= gy

Since a vertical 1-kN load acting at A on the beam in Fig. 9-25a
will cause a vertical reaction at A of 1 kN, the displacement at A,
A, = 72/EI, should correspond to a numerical value of 1 for the
influence-line ordinate at A. Thus, dividing the other calculated
displacements by this scale factor, we obtain

0.852
0.481

SRR R

A plot of these values produces the influence line shown in Fig. 9-25g.

4,

1 0.852 0.481

‘ ﬁ\ .
2 4 6

quantitative influence line
for reaction at A

(2)

L
ey

18

2 16

EI EI

(e)

Mg | 4m \
Ve 1 D: |
18
EI
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I EXAMPLE 9.11

A

1 kN

Draw the influence line for the shear at D for the beam in Fig. 9-26a.
El is constant. Plot numerical values every 3 m.

A_ _ B E
3 m—»L3 m_,LS m—.‘

Fig. 9-26

D

SOLUTION

The capacity of the beam to resist shear at D is removed. This is done
using the roller device shown in Fig. 9-26b. Applying a positive unit
shear at D produces the shape of the influence line shown in Fig. 9-26¢.

The support reactions at A, B, and C on the “real beam” when
subjected to the unit shear at D are shown in Fig. 9-26b. The
corresponding conjugate beam is shown in Fig. 9-26d. Here an external
couple moment My, must be applied at D’ in order to cause a different
internal moment within the beam just to the left and just to the right
of D’. These internal moments correspond to the displacements just
to the left and just to the right of D on the real beam, Fig. 9-26¢. The
reactions at the supports A’, B’, C' and the external moment M on
the conjugate beam have been calculated and are shown in Fig. 9-26e.
As an exercise verify the calculations.

1 kN
3kN-m A3kN-'m
Ay 17 B E
1 1| /o\ ° NI
e
3 m 3 m—;«— 3m-— 3m —»T
y
1 kN 2 kN 1 kN
qualitative influence line
real beam for shear at D
18 18
EI _ - EI

conjugate beam
(@)

(©)
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The internal moment just to the left of D', Fig. 9-26f, is

45 855
2D - (3) N7

Just to the right of D', Fig. 9-26g, we have

EMD'L = 0, ADL = MD'L =

4.5 144 58.5
EMD'R - 0’ ADR - MD'R - EI( ) (3) EI
From Fig. 9-26e,
AAzMAfZO AB=MBr=O AC=MC'=0

For point E’, Fig. 9-26h, we have

4.5 155
Mg = 0; Ap=Mp = E(l) (3) Bl

The ordinates of the influence line are obtained by dividing each of
the above values by the scale factor My, = 144/EI. We have

X Vb

0
Dy, —0.594
Dpg 0.406
B 0
E —0.0938
C 0

A plot of these values produces the influence line shown in Fig. 9-26i.

Vb
0.406
9 12
0 3 3 ] X
—0.0938
—0.594

quantitative influence line
for shear at D

@

431




432 CHAPTER 9 ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY THE FORCE METHOD

I EXAMPLE 9.12

Draw the influence line for the moment at D for the beam in Fig. 9-27a.
El is constant. Plot numerical values every 3 m.

A B E

b e

(a)

m ‘

Fig. 9-27

SOLUTION

A hinge is inserted at D in order to remove the capacity of the beam
to resist moment at this point, Fig. 9-27b. Applying positive unit
couple moments at D yields the influence line shown in Fig. 9-27c.
The reactions at A, B, and C on the “real beam” when subjected to the
unit couple moments at D are shown in Fig. 9-27b. The corresponding
conjugate beam and its reactions are shown in Fig. 9-27d. It is
suggested that the reactions be verified in both cases.
From Fig. 9-27d, we have

AA:MAfZO AB:MBfZO AC:MCfZO

1kN-m 1 kN-m
%

B
A Dol 3 . C
A D _.é*: E A
3 m—»P m—f—3 m—»L3 m
y
0.333 kN 0.667 kKN 0.333 kN
real beam
(b)
2
EI
o ]
1 kN~mji7( 1kN-m i
DR~ AP 5 Dl : EC'
P e o a5
______ 3m 3m l 3m ‘ 3 m
\
5 16 2
qualitative influence line for moment at D EI EI EI

(© (d)
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15
1 1 EI

?’“DM &
Fobr e

2
El
() ()

For point D', Fig. 9-27e:

1.5 195
EMD' = 0, AD = MDf = 7(1) (3)
El
For point E’, Fig. 9-27f:
4.5
Mg = 0; Ap=M 71_73__7
SMp =0, Ag W)= 23 =5

The angular displacement app, at D of the “real beam” in Fig. 9-27c is
defined by the reaction at D’ on the conjugate beam. This scale factor,
D', = 16/EIl, is divided into the above values to give the ordinates of
the influence line, that is,

(@ W B> I W N R
o

A plot of these values produces the influence line shown in Fig. 9-27g.

1.219
9 12
0

—0.281

quantitative influence line
for moment at D

(2)

433
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. FUNDAMENTAL PROBLEMS

F9-1. Determine the reactions at the fixed support at A
and the roller at B. ET is constant.

Prob. F9-1

F9-2. Determine the reactions at the fixed support at A
and the roller at B. EI is constant.

Wo

L |
Prob. F9-2
F9-3. Determine the reactions at the fixed support at A

and the roller at B. Support B settles 5 mm. Take
E = 200 GPa and I = 300(10°) mm®*.

10 kN/m
B
| A e
1 6m
Prob. F9-3

F9-4. Determine the reactions at the pin at A and the
rollers at B and C. EI is constant.

M,
(r——
Wiiry = ; ¢
A
L \ L |
Prob. F9-4

F9-5. Determine the reactions at the pin A and the rollers
at B and C on the beam. EI is constant.

50 kN

A C
‘ B ==

‘4—2m ‘ 2m l 4 m |

Prob. F9-5

F9-6. Determine the reactions at the pin at A and the
rollers at B and C on the beam. Support B settles 5 mm. Take
E = 200 GPa, I = 300(10%) mm*.

10 kN/m

B=2=

- 6 m l 6m |

Prob. F9-6
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Sec. 9.1-9.4

9-1. Determine the reactions at the supports, then draw
the moment diagram. E is constant.

&
\

I L

Prob. 9-1

9-2. Determine the reactions at the supports, then draw
the shear and moment diagrams. Assume A and C are rollers
and B is pinned. EI is constant.

A B 5

[ 4m | 4m |

Prob. 9-2

9-3. Determine the reactions at the supports, then draw
the moment diagram. The moment of inertia for each
segment is shown in the figure. Assume A and C are rollers
and B is a pin. Take £ = 200 GPa.

40 kN
20kN  20kN

P i

| |
él_ Ip = 120(10° mm* LB Ipc = 90(10°) mm*] €

3m—~3 maFf& m-—=—+4 m—>‘<—4 m—»‘
Prob. 9-3
#9-4, Determine the value of a so that the maximum

positive moment has the same magnitude as the maximum
negative moment. E is constant.

P .
gd
a | 0.
5‘:@':.‘
S
“
_IJ_D_I_ Bhos-
S
|
| L B
Prob. 9-4

9-5. Determine the reactions at the supports, then draw
the moment diagram. Assume the support at B is a roller. £/
is constant.

Prob. 9-5
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9-6. Determine the reactions on the beam. The wall at A
moves upward 30 mm. Assume the support at A is a pin and
B and C are rollers. Take £ =200 GPa, [ = 90(1()6) mm*.

80 kN

_Ic P

10m 1 S m—

A Iz
|
\

| 10 m

Prob. 9-6

9-7. Determine the support reactions. Assume B is a pin
and A and C are rollers. EI is constant.

4 kN/m

G

15m 20 m }

Prob. 9-7

#9-8. Determine the force in the spring. Assume the
support at A is fixed. The beam has a width of 5 mm and
E = 200 GPa.

Prob. 9-8

9-9. Determine the moment reactions at the supports A
and B, then draw the moment diagram. ET is constant.

M, M,
N -
A . ) { . B
P4 N
| L N L N L |
[ 3 [ 3 [ 3 |
Prob. 9-9

9-10. Determine the reactions at the supports, then draw
the moment diagram. Assume B and C are rollers and A is
pinned. The support at B settles downward 30 mm. Take
E = 200 GPa, I = 150(10°) mm*.

Prob. 9-10
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9-11. Determine the reactions at the fixed supports, A and Sec. 9.5

B. EI is constant.
9-13. Determine the reactions at the supports. Assume A

is a fixed and the joint at B is fixed connected. £/ is constant.

4 kN/m

Prob. 9-11 ‘

| 8m

Prob. 9-13

9-14. Determine the reactions at the supports, then draw
the moment diagram for each member. E/ is constant.

#9-12. The compound beam segments meet in the center
using a smooth contact (roller). Determine the reactions at
the fixed supports A and B when the load P is applied. EI is
constant. 6m \

18 kN/m

Prob. 9-12 Prob. 9-14
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9-15. Determine the reactions at the supports. Assume A 9-17. Determine the reactions at the supports, then draw
is fixed connected. E is constant. the moment diagram for each member. E is constant.
q 8 kN/m
&
ué 8 kKN/m
"”fzz'l 9m 3m B <
9m —r
|
—20 kN -
Iye = 625 (10°) mm* 6m ~
3m
C
Prob. 9-15 Prob. 9-17

#9-16. Determine the reactions at the supports. Assume A
and C are pins and the joint at B is fixed connected. EI is

constant. 9-18. Determine the reactions at the supports, then draw

the moment diagrams for each member. E1 is constant.

6 kN/m

12 kN/m

B 12kN/m

Prob. 9-18

Prob. 9-16
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9-19. Determine the reactions at the supports, then 9-21. Determine the reactions at the fixed support A and
draw the moment diagrams for each member. Assume A rocker C. The moment of inertia of each segment is listed in
and B are pins and the joint at C is fixed connected. EI is the figure. Take £ = 200 GPa.

constant.

Ly = 1250 (10°) mm*

9m

IBC =625 (106) l'Ill'l'l4

Prob. 9-19

Prob. 9-21

#9-20. Determine the reactions at the supports. Assume A
and D are pins. E] is constant.

9-22. Determine the reactions at the supports. Assume A
and D are pins. EI is constant.

30 kN/m

Prob. 9-20

Prob. 9-22
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9-23. Determine the reactions at the supports, then draw Sec. 9.6
the moment diagrams for each member. Assume A and B ) ) )
are pins and the joint at C is fixed connected. EI is constant. 9-25.  Determine the force in bar BD. AE is constant.

SkN

Prob. 9-25
Prob. 9-23

9-26. Determine the force in member BD. AFE is constant.

9-27. Determine the force in member AD. AE is constant.
#9-24. Two boards each having the same E/ and length L
are crossed perpendicular to each other as shown. Determine
the vertical reactions at the supports. Assume the boards just
touch each other before the load P is applied.

1.5m

Prob. 9-24 Probs. 9-26/27
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#0-28. Determine the force in member DF of the truss. 9-31. Determine the force in each member. AE is
AE is constant. constant.

D
) 6 kN —_
2m
F
ER s 3m
3m
LA!.
‘ 4m 4m 1 3m
Prob. 9-28
9-29. Determine the force in each member of the truss. Prob. 9-31

AE is constant.

9-32. Determine the force in member EC of the truss. AE
is constant.

Prob. 9-29 3m

9-30. Determine the force in member BE. AE is constant. ——

\
06)
o

| 4m

Prob. 9-30 Prob. 9-32
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9-33. Determine the force in member HG of the truss. AE
is constant.

H ‘G F B
4 m
Ay ‘ E,
# ‘B ‘C D 0O
LSm ~—3m ~—3m 3m—
\
10 kN

Prob. 9-33

Sec. 9.7

9-34. The cantilevered beam AB is additionally supported
using two tie rods. Determine the force in each of these rods.
Neglect axial compression and shear in the beam. For the
beam, I, = 200(106) mm?, and for each tie rod, A = 100
mm?. Take E = 200 GPa.

\j
80 kN

Prob. 9-34

9-35. Determine the reactions at the supports, then draw
the moment diagram. Each spring is originally unstretched
and has a stiffness k = 12 EI/L>. EI is constant.

Prob. 9-35

*9-36. Determine the reactions at the fixed support D. EI
is constant for both beams.

30 kN

Prob. 9-36

9-37. The two cantilever beams are in contact using the roller
support C. Determine the reactions at the fixed supports A
and B when the load of 50 kN is applied. E is constant.

50 kN

| 3m \
Prob. 9-37

9-38. The king-post trussed beam supports a concentrated
force of 200 kN at its center. Determine the force in each of
the three struts. The struts each have a cross-sectional area
of 1.25(107%) m%. Assume they are pin connected at their
end points. Neglect both the depth of the beam and the
effect of axial compression in the beam. Take E = 200 GPa
for both the beam and struts. Also, I, = 150(107%) m*.

9-39. Determine the maximum moment in the beam in
Prob. 9-38.

200 kN

i 3m 3m i

C

Probs. 9-38/39



*9-40. The beam is fixed at A and supported at its other
end by a tie rod BC. Determine the reactions at A, and the
force in the tie rod. Take E = 200 GPa, I = 55(10°) mm*
for the beam, and A = 600 mm? for the bar. Assume the
rod is 5-m long, and neglect the thickness of the beam and
its deformation due to axial force.

.
i

S50 kN

Prob. 9-40

9-41. The beam AB has a moment of inertia of
I = 180(10~®) m* and rests on the smooth supports at its
ends. A 20-mm.-diameter rod CD is welded to the center of
the beam and to the fixed support at D. If the temperature
of the rod is decreased by 80°C, determine the force
developed in the rod. The beam and rod are both made of
steel for which E = 200 GPa and o = 12(107°)/°C.

25m | 2.5m

125 m

Prob. 9-41

PROBLEMS 443

9-42. The structural assembly supports the loading
shown. Draw the moment diagrams for each of the beams.
Take 7 = 100(10°) mm* for the beams and A = 200 mm?
for the tie rod. All members are made of steel for which
E = 200 GPa.

6m 2m—

[TITLITITT
o o

Sec. 9.9-9.10

9-43. Draw the influence line for the shear at C. Plot
numerical values every 1.5 m. Assume A is fixed and the
support at B is a roller. EI is constant.

o8]
=
58]
=

Prob. 9-43
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#9-44. Sketch the influence line for the moment at D using 9-46. Draw the influence line for the moment at A. Plot
the Miiller-Breslau principle. Determine the maximum numerical values at the peaks. Assume A is fixed and the
positive moment at D due to a uniform live load of 5 kN/m. support at B is a roller. EI is constant.

El is constant. Assume A is a pin and B and C are rollers. . . . .
9-47. Draw the influence line for the vertical reaction

at B. Plot numerical values at the peaks. Assume A is fixed
and the support at B is a roller. £/ is constant.

‘ 10 m ! Sm SmJ

Prob. 9-44
Probs. 9-46/47

*9-48. Sketch the influence line for (a) the vertical
reaction at C, (b) the moment at B, and (c) the shear at E.In
each case, indicate on a sketch of the beam where a uniform
distributed live load should be placed so as to cause a
maximum positive value of these functions. Assume the
beam is fixed at F. EI is constant.

9-45. Draw the influence line for the reaction at C. Plot
numerical values at the peaks. Assume A is a pin and B
and C are rollers. EI is constant.

Prob. 9-45 Prob. 9-48
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9-49. Sketch the influence line for (a) the vertical reaction #9-52. Use the Miiller-Breslau principle to sketch the
at C, (b) the moment at B, and (c) the shear at E. In each general shape of the influence line for the moment at A and
case, indicate on a sketch of the beam where a uniform the shear at B.

distributed live load should be placed so as to cause a
maximum positive value of these functions. Assume the
beam is fixed at F. EI is constant.

A
} 4m }Zm‘Zm}Zm‘Zm B
Prob. 9-49
9-50. Use the Miiller-Breslau principle to sketch the E
general shape of the influence line for the moment at A and T s e
the shear at B. S
Prob. 9-52
A B
9-53. Use the Miiller-Breslau principle to sketch the
general shape of the influence line for the shear at A and
the moment at B.
Prob. 9-50 ‘A

9-51. Use the Miiller-Breslau principle to sketch the
general shape of the influence line for the moment at A.

Prob. 9-53

Prob. 9-51
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. CHAPTER REVIEW

The analysis of a statically indeterminate structure requires satisfying equilibrium, compatibility, and the force-displacement
relationships for the structure. A force method of analysis consists of writing equations that satisfy compatibility and
the force-displacement requirements, which then gives a direct solution for the redundant reactions. Once obtained, the
remaining reactions are found from the equilibrium equations.

actual beam

(@)

+\|/0 = AB - BnyB

Simplification of the force method is possible, using
Maxwell’s theorem of reciprocal displacements, which
states that the displacement of a point B on a structure
due to a unit load acting at point A, fz,, is equal to the
displacement of point A when the load acts at B, f4 .

IBa = faB
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The analysis of a statically indeterminate structure can
be simplified if the structure has symmetry of material,
geometry, and loading about its central axis. In particular,
symmetric structures having an asymmetric loading can
be replaced with a superposition of a symmetric and
antisymmetric load.

8 kN 2 kN/m

4kN 4kN
1kN/m

symmetric loading

+

4kN 1kN/m

y
T

1 kN/m 4kN

antisymmetric loading

Influence lines for statically indeterminate structures will
consist of curved lines. They can be sketched using the
Miiller-Breslau principle, which states that the influence
line shape for either the reaction, shear, or moment is
to the same scale as the deflected shape of the structure
when it is acted upon by the reaction, shear, or moment,
respectively. By using Maxwell’s theorem of reciprocal
deflections, it is easier to obtain specific values of the
ordinates of an influence line.

influence line shape for moment at A
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The members of this concrete building frame are all fixed connected, and so the
frame is statically indeterminate.




DISPLACEMENT
METHOD —
ANALYSIS: SLOPE-
)EFLECTION
—FQUATIONS

. CHAPTER OBJECTIVE

m To show how to apply the slope-deflection equations to analyze
statically indeterminate beams and frames.

10.1 DISPLACEMENT METHOD
OF ANALYSIS: GENERAL
PROCEDURES

All statically indeterminate structures must satisfy equilibrium,
load-displacement, and compatibility of displacements requirements
in order to ensure their safety. In the previous chapter we used
the force method of analysis to satisfy these requirements. In this
chapter we will use a displacement method. This method requires
writing the unknown displacements in terms of the loads using the
load-displacement relationships, and then solving the equilibrium
equation for these displacements. Once these are determined, the
unknown loads are determined from the compatibility equations.

449
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Every displacement method follows this general procedure. In this
chapter, the procedure will be generalized to produce the slope-
deflection equations. In Chapter 11, the moment-distribution method
will be developed, and in Chapters 14, 15, and 16, we will illustrate how
to apply this method using matrix analysis, making it suitable for use on
a computer.

Degrees of Freedom. When a structure is loaded, specified
points on it, called nodes, will undergo unknown displacements. These
displacements are referred to as the degrees of freedom for the structure,
and in the displacement method of analysis it is important to specify
these degrees of freedom since they become the unknowns when the
method is applied. The number of these unknowns is referred to as the
degree in which the structure is kinematically indeterminate.
Nodes on a structure are usually located at joints, supports, at the
ends of a member, or where the members have a sudden change in cross
p section. In three dimensions, each node on a frame or beam can have at
most three linear displacements and three rotational displacements; and
l % in two dimensions, each node can have at most two linear displacements

and one rotational displacement. Some nodal displacements may be
04 restricted by the supports, or due to assumptions based on the behavior of
the structure. For example, if the structure is a beam and only deformation
due to bending is considered, then there can be no linear displacement
along the axis of the beam since this displacement is caused only by axial-

P
0, force deformation.
ApE ATTIEN e i ¢ To clarify these concepts we will consider some examples, beginning
= B=S=- TTSL_ A with the beam in Fig. 10-1a. Here any load P applied to the beam will
Pt cause node A only to rotate (neglecting axial deformation), while node B

Lo is completely restricted from moving. Hence the beam has only
one unknown degree of freedom, 64, and is therefore kinematically
indeterminate to the first degree. The beam in Fig. 10-1b has nodes at A,
B,and C,and so has four degrees of freedom, designated by the unknown
rotational displacements 60,4, 6, O and the vertical displacement A. It
e C /’ is kinematically indeterminate to the fourth degree. Finally, consider
f the frame in Fig. 10-1c. Again, if we neglect axial deformation of the
members, the load P will cause nodes B and C to rotate, and these nodes
will be displaced horizontally by an equal amount. The frame therefore
has three degrees of freedom, g, 0., Ag, and thus it is kinematically
indeterminate to the third degree.

In summary, specifying the kinematic indeterminacy or the number of

II unconstrained degrees of freedom for the structure is a necessary first

D step when applying a displacement method of analysis. It identifies the

(c) number of unknowns in the problem, based on the assumptions made

) regarding the deformation behavior of the structure. Once these nodal

Fig. 10-1 displacements are determined, then the deformation of the structural

members will be completely specified, and the loadings within the
members can be obtained.
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10.2 SLOPE-DEFLECTION EQUATIONS

As indicated previously, the method of consistent displacements studied
in Chapter 9 is called a force method of analysis, because it requires
writing equations that relate the unknown forces or moments in a
structure. Unfortunately, its use is limited to structures which are not
highly indeterminate. This is because much work is required to set up
the compatibility equations, and furthermore each equation written
involves all the unknowns, making it difficult to solve the resulting set
of equations unless a computer is available. By comparison, the slope-
deflection method is not as involved. As we shall see, it requires less work
both to write the necessary equations for the solution of a problem and
to solve these equations for the unknown displacements and associated
internal loads. Also, the method can be easily programmed on a
computer and used to analyze a wide range of indeterminate structures.

The slope-deflection method is so named since it relates the unknown
slopes and deflections to the applied load on a structure. The method
was originally developed by Heinrich Manderla and Otto Mohr for the
purpose of studying secondary stresses in trusses. Then later, in 1915,
G. A. Maney developed a refined version of this technique and applied
it to the analysis of indeterminate beams and framed structures.

General Case. In order to develop the general form of the
slope-deflection equations, we will consider the typical span AB of
a continuous beam as shown in Fig. 10-2, which is subjected to the
arbitrary loading and has a constant EI. We wish to relate the beam’s
internal end moments M,z and Mp, in terms of its three degrees of
freedom,namely,its angular displacements 6,4 and 65 at the supports,and
a linear displacement A, which could be caused by a relative settlement
between the supports. Since we will be developing a “formula,”
moments and angular displacements will be considered positive when
they act clockwise on the span, as shown in Fig. 10-2. Also, the linear
displacement A is considered positive since this displacement causes
the cord of the span and the span’s cord angle i to rotate clockwise.

We will formulate the slope-deflection equations using the principle of
superposition by considering separately the moments developed at each
support due to each of the displacements, 6,4, 5, and A, and then adding
to this the moment due to the loads.

MAB

deflection
curve

EI is constant
positive sign convention

Fig. 10-2
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M,
(Y < /04 = T iB )
real beam V=60, conjugate beam =
@ (b)

Fig. 10-3

Angular Displacementat A, 64. Considernode A of the member
shown in Fig. 10-3a to rotate 6, while its far-end node B is held fixed. To
determine the moment M 45 needed to cause this rotation, we will use
the conjugate-beam method. The conjugate beam is shown in Fig. 10-3b,
where the end shear at A’ acts downward on the beam, since 0, is
clockwise.* Since the deflection of the “real beam” in Fig. 10-3a is zero
at A and B, then the corresponding sum of the moments at each end A’
and B’ of the conjugate beam must also be zero. This requires

=0 L Mag\, |L |1 Mpa), 2L _
LHEMa = 0; [2( EI )LL [2( EI >L} 3 0

1 MBA> }L {1<MAB) ]ZL
+3Mp = 0; ~ R LI=+0,L =
LHEMp = 0; [2( e )F s o\ s 3 0 0

from which we obtain the following load-displacement relationships.

4E1

Myp=—04 (10-1)
IL
2E1

Mgy = I 04 (10-2)

Angular Displacement at B, 0. In asimilar manner, if end B
of the beam rotates to its final position 6z, while end A is held fixed,
Fig. 10-4, we can relate the rotation 65 to the applied moment Mz, and
the reaction moment M 45 at the wall. The results are

4ET

Mgy = —6p (10-3)
L
2E1

Myp = 7 0p (10-4)

*The moment diagrams shown on the conjugate beam were determined by the method of
superposition for a simply supported beam, as explained in Sec. 4.5.
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Relative Linear Displacement, A. If the far node B of the
member is displaced relative to A, so that the cord of the member rotates
clockwise (positive displacement) and yet both ends do not rotate,
then equal but opposite moment and shear reactions are developed
in the member, Fig. 10-5a. As before, the moment M can be related to
the displacement A using the conjugate-beam method. Since the real
beam is fixed at both ends, then the conjugate beam is free at both ends,
Fig. 10-5b. However, due to the displacement of the real beam at B, the
moment at the end B’ of the conjugate beam must have a magnitude of
A as indicated.* Summing moments about B’, we have

My =0, [ZEI(L)< )} [ZEI(L)( )} a0

—6EI

Myp = My = M = 12

A (10-5)

By our sign convention, this induced moment is negative since for
equilibrium it acts counterclockwise on the member.

L
M
real beam El conjugate beam
(a) (®)

*Ibid.
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(i

PL
4E1

.

i = f)M ! I ’

L
2

L |
2 \

real beam conjugate beam

(a) (b)
Fig. 10-6

Fixed-End Moments. 1In the previous cases we have considered
relationships between the displacements 604,605, A and the necessary
moments M 45 and Mp, acting at nodes A and B. However, the loads
acting over the span of the beam will also produce moments M 45 and
Mp, at the nodes. For this case both A and B are held fixed, and the
moments at the supports are then referred to as fixed-end moments
(FEMs). For example, consider the fixed-supported member shown in
Fig. 10-6a, which is subjected to a concentrated load P at its center. The
conjugate beam for this case is shown in Fig. 10-6b. Since we require the
slope at each end to be zero on the real beam, then the end shears must
be zero on the conjugate beam.

ana 2] AN -

PL
M 8
According to our sign convention, this moment is negative at node A
(counterclockwise) and positive at node B (clockwise). For convenience
in solving problems, fixed-end moments have been calculated for other
loadings and are tabulated on the inside back cover. Assuming these
FEMs have been determined for a specific problem (Fig. 10-7), we have

Myp = (FEM)yp Mgs = (FEM)gy (10-6)
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Slope-Deflection Equation. If the end moments due to each
displacement (Eqs. 10-1 through 10-5) and the loading (Eq. 10-6) are
added together, the resultant moments at the ends can be written as

M, = 2E<£)[20A + 6 — 3(2)} + (FEM) 3
(10-7)

v =25 Doty 00 5(2)] v

Since these two equations are similar, the result can be expressed as a
single equation. Referring to one end of the span as the near end (N)
and the other end as the far end (F), and letting the member or span
stiffness be represented as k = I/L, and the span’s cord rotation as
¥ (psi) = A/L, we can write

For Internal Span or End Span with Far End Fixed

where
My = internal moment in the near end of the span; this moment is
positive clockwise when acting on the span.
E, k = modulus of elasticity of material and span stiffness
k=1/L.

On, 0 = near- and far-end slopes or angular displacements of the
span at the supports; the angles are measured in radians and
are positive clockwise.

y = span rotation of its cord due to a linear displacement, that
is,y = A/L; this angle is measured in radians and is
positive clockwise.

(FEM)y = fixed-end moment at the near-end support; the moment
is positive clockwise when acting on the span; refer to
the table on the inside back cover for various loading
conditions.

From the derivation Eq. 10-8 is both a compatibility and
load-displacement relationship found by considering only the effects
of bending and neglecting axial and shear deformations. It is referred
to as the general slope-deflection equation. When used for the
solution of problems, this equation is applied twice for each member
span (AB); that is, application is from A to B and from B to A for span
AB in Fig. 10-2.

This pedestrian bridge has a reinforced
concrete deck. Since it extends over all
its supports, and it is freely supported
at its ends, then it is indeterminate to
the second degree. The slope-deflection
equations provide a convenient method
for finding the internal moments in
each span.
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Pin-Supported End Span. Occasionally an end span of a beam
or frame is supported by a pin or roller at its far end, Fig. 10-8a. When
this occurs, the moment at the roller or pin must be zero; and provided
the angular displacement 6z(=6p) at this support does not have to be
determined, we can modify the general slope-deflection equation so that
it has to be applied only once to the span rather than twice. To do this we
will apply Eq. 10-8 or Egs. 10-7 to each end of the beam in Fig. 10-8. This
results in the following two equations:

(10-9)
0 =2Ek(20r + 0y — 3¢y) + 0
Here the (FEM)fis equal to zero since the far end is roller supported,
Fig. 10-8b. Furthermore, the (FEM)y can be obtained, for example,
using the table in the right-hand column on the inside back cover.
Multiplying the first equation by 2 and subtracting the second equation
from it eliminates the unknown 6 and yields

MN = 3Ek(0N - l!f) + (FEM)N (10—10)

Only for End Span with Far End Pinned or Roller Supported

To summarize application of these two slope-deflection equations,
consider the continuous beam shown in Fig. 10-9, which has four
degrees of freedom. Here Eq. 10-8 can be applied twice to each of
the three spans, i.e., from A to B, Bto A, Bto C,Cto B, C to D, and
D to C. These equations would involve the four unknown rotations,
04, 05, 0c, 0p. However, since the end moments at A and D are zero, it
is not necessary to determine 64 and 6p. A shorter solution occurs if
we apply Eq. 10-10 from B to A and C to D and then apply Eq. 10-8
from B to C and C to B. These four equations will involve only the
unknown rotations 6z and 6.. Once the rotations are obtained, the
internal moments at B and C can be found from the equilibrium
equations applied at these supports.

P, w P, P
i
— & ——— .

6498 \\é$ _____ 0
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10.3 ANALYSIS OF BEAMS
- PROCEDURE FOR ANALYSIS

Degrees of Freedom

Label all the supports and joints (nodes) in order to identify
the spans of the beam or frame between the nodes. By drawing
the deflected shape of the structure, it will be possible to identify the
number of degrees of freedom. Here each node can possibly have
an angular displacement and a linear displacement. Compatibility
at the nodes is maintained provided the members that are fixed
connected to a node undergo the same displacements as the node.
If these displacements are unknown, and in general they will be,
then for convenience assume they act in the positive direction so as
to cause clockwise rotation of a member or joint, Fig. 10-2.

Slope-Deflection Equations

The slope-deflection equations relate the unknown internal
moments at the nodes to the displacements of the nodes for any
span of the structure. If a load exists on the span, calculate the FEMs
using the table given on the inside back cover. Also, if a node has a
linear displacement, A, calculate 4 = A/L for the adjacent spans.
Apply Eq. 10-8 to each end of the span, thereby generating two
slope-deflection equations for each span. However, if a span at the
end of a continuous beam or frame is pin supported, apply Eq. 10-10
only to the restrained end, thereby generating one slope-deflection
equation for this span.

Equilibrium Equations

Write an equilibrium equation for each unknown degree of freedom
for the structure. Each of these equations should be expressed
in terms of the unknown internal moments as specified by the
slope-deflection equations. For both beams and frames, write the
moment equation of equilibrium at each support, and for frames also
write joint moment equations of equilibrium. If the frame sidesways
or deflects horizontally, column shears should be related to the
moments at the ends of the column. This is discussed in Sec. 10.5.

Substitute the slope-deflection equations into the equilibrium
equations and solve for the unknown joint displacements. These results
are then substituted into the slope-deflection equations to determine
the internal moments at the ends of each member. If any of the results
are negative, they indicate counterclockwise rotation; whereas positive
moments and displacements create clockwise rotation.
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EXAMPLE 10.1

Draw the shear and moment diagrams for the beam shown in Fig. 10-10a.
Elis constant.

6 kN/m
A B/m
== = — MAB( 4
8m % 6 m
(a) (b)
Fig. 10-10
SOLUTION

Slope-Deflection Equations. Spans AB and BC must be considered
in this problem. Since the far ends are fixed, Eq. 10-8 applies. Using the
formulas for the FEMs tabulated for the triangular loading given on
the inside back cover, we have

_ o owL? 6(6)2 B

(FEM)pe = —— = ——— = ~72kN'm
wL?  6(6)*

(FEM)cp = 0 - 20 10.8 kN - m

Here (FEM) g is negative since it acts counterclockwise on the beam at B.
The elastic curve for the beam is shown in Fig. 10-10b. As indicated,
there are four unknown moments and an unknown slope at B. Since
the supports do not settle, 45 = e = 0.
For span AB, considering A to be the near end and B to be the far
end, we have

My = 2E< )(29N + 0p — 3¢) + (FEM)y

Bl

Mg = 2E<I>[2(O) + 6 — 3(0)] + 0 = 2

—0p (1)

Now, considering B to be the near end and A to be the far end,

Mg, = 2E(é>[203 +0—3(0)] +0= %93 )

In a similar manner, for span BC,

MBC—2E< )[293+0—3(0)]—72—23EI03 72 (3)

Mcg = 2E< )[2(0) + 05 — 3(0)] + 10.8 = gl 05 + 10.8 (4)
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Equilibrium Equations. These four equations contain five Vs,  Mpe
unknowns. The necessary fifth equation comes from the condition QT:]l3
of moment equilibrium at support B. The free-body diagram of a T
segment of the beam at B is shown in Fig. 10-10c. Here Mg, and Mg M4 B Vs,
act in the positive direction to be consistent with the slope-deflection !
equations.* The beam shears contribute negligible moment about B (©
since the segment is of differential length. Thus,
&‘i‘EMB:O, MBA +MBC:0 (5)
To solve, substitute Egs. (2) and (3) into Eq. (5), which yields
0. = 6.17
5 EI
Substituting this value into Egs. (1)—(4) yields
MAB = 1.54kN-m
MBA = 3.09kN-m
MBC = —3.09kN-m
MCB = 12.86 kKN - m
The negative value for Mpc indicates that this moment acts
counterclockwise on the beam, not clockwise as shown in Fig. 10-105b.
Using these results, the shears at the end spans are determined from the
equilibrium equations, Fig. 10-10d. The free-body diagram of the entire
beam and the shear and moment diagrams are shown in Fig. 10-10e.
B, =0.579kN 6 kN/m
124 kN m e 1.54KkN-m 13.63 kN
(ll | T) (t[ 1 1Ig6kN
_ ‘ 0.579 kN : ‘m
4, = 057K | _— | SRR e 495kN
437
0579 8“10.96 14 (m)
6 kN/m
B, =43TkN C, = 13.63kN
(st ™ e g N
1.54
3.09kN-m L6m4’ 12.86 kN-m 267 S/H)D LES)
-3.09
(d)
*Clockwise on the beam segment, but—by the principle of action, equal but opposite —12.86

reaction—counterclockwise on the support.

(e)
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EXAMPLE 10.2

60 kN Draw the shear and moment diagrams for the beam shown in Fig. 10-11a.

' * 11 ﬁolk? lml * Ty i ET is constant.
e .._C

A -7 B ‘ . SOLUTION

Im

\ 6m om_| Slope-Deflection Equations. Spans AB and BC must be considered
‘ in this problem. Equation 10-8 applies to span AB. We can use

@ Eq. 10-10 for span BC since the end C is a roller. Using the formulas
Fig. 10-11 for the FEMs tabulated on the inside back cover, we have

wl? 1 5
TRET) (40)(6)" = —120kN -m

wl? 1 >
TRERT) (40)(6°) = 120kN -m

3PL 3(60)(2)
FEM)gc = — = =
( )BC 16 16
Note that (FEM),p and (FEM)pc are negative since they act
counterclockwise on the beam at A and B, respectively. Also, since
the supports do not settle, 45 = ¥pc = 0. Applying Eq. 10-8 for
span AB, realizing that 6, = 0, we have

(FEM) 45 =

(FEM)p4 =

—225kN-m

My = 2E<£>(20N + 0 — 3¢) + (FEM)y

Myg = 2E<é>[2(0) + 05 — 3(0)] — 120

M,y = 0.3333EI95 — 120 (1)
Mg, = 2E<é>[203 + 0 — 3(0)] + 120

My, = 0.667EI95 + 120 )

Applying Eq. 10-10 with B as the near end and C as the far end, we
have

My = 3E(£>(0N — ) + (FEM)y
Mpye = 1.5EI95 — 22.5 3)

Remember that Eq. 10-10 is not applied from C (near end) to B
(far end).



Equilibrium Equations. These three equations contain four
unknowns. The necessary fourth equation comes from the condition
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of moment equilibrium at the support B. The free-body diagram is Vs, M
shown in Fig. 10-11b. We have “ B ”
L+2MB=O, MBA+MBC=O (4) M3, ]I VBR
To solve, substitute Egs. (2) and (3) into Eq. (4), which yields (by)
yo_ 45
PRI
Since 03 is negative (counterclockwise) the elastic curve for the
beam has been correctly drawn in Fig. 10-11a. Substituting 6z into
Egs. (1)-(3), we get
MAB = —135kN-'m
MBA = 90kN-m
MBC = —90KkN-m
Using these results, the shear reactions at the ends of the beam
spans have been determined in Fig. 10-11c. The shear and moment
diagrams are shown in Fig. 10-11d.
- Vg, = 112.5kN 60 kN
V4=1275kN--~-—---- t —————— ! Vi, = 7S kN I
|
(M ‘T) (1 ‘cy — 15KN

13SkN-m—3m———3m —90kN-m  90kN-m ﬁﬁ‘

©

V (kN)
127.5
75
\ _I 15
x (m)
3.1%\6 7 8
—112.5
M (kN-m)
68.2
‘ 6 7 8
T T
3.1875 =
-90
—135

(d)
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EXAMPLE 10.3

Determine the internal moments at the supports of the beam shown in
Fig. 10-12a. The roller support at C is pushed downward 30 mm by the
force P.Take E = 200 GPa, I = 120(10°) mm*.

D

h 6m —4m —
| e —¥cp |
W

30 m .
4 T—

+tpc  C ~¥ep

(b)
Fig. 10-12

SOLUTION

Slope-Deflection Equations. Three spans must be considered in
this problem. Equation 10-8 applies since the end supports A and D
are fixed. Only span AB has FEMs.

w1 ,
(FEM);p = —- =~ (18)(8)* = ~96kN-m
(FEM)g, = LY L 18)(8)2 = 96kN-
R - m

As shown in Fig. 10-12b, the displacement (or settlement) of the
support C causes {pc to be positive, since the cord for span BC
rotates clockwise, and ¢ to be negative, since the cord for span CD
rotates counterclockwise. Hence,

0.03 m 0.03 m
‘JfBC = 67111 = 0.005 rad lpCD = - 4m

Also, expressing the units for the stiffness in meters, we have

= —0.0075 rad

120(10%)(10712)

120(10°)(1072

kg = % = 15109 m® kg = = = 20(107%) m?
120(10%)(10712

kep = % = 30(10"%) m’

Noting that 64 = 0p = 0 since A and D are fixed supports, and
applying the slope-deflection Eq. 10-8 twice to each span, we have



For span AB:

M ,p = 2[200(10%) | [15(107%) ] [2(0) + 65 — 3(0) | — 96

M, = 600005 — 96 (1)

Mg, = 2[200(10%) | [15(107%) ] [265 + 0 — 3(0)] + 96

Mg, = 1200005 + 96 2)
For span BC:

Mg = 2[200(10°% ][20(107%) ] [ 205 + 6 — 3(0.005) | + 0O

Mpge = 1600005 + 80006 — 120 (3)

Mcp = 2[200(10°% ][20(107%) ] [20¢ + 65 — 3(0.005) | + O

Mcg = 160000 + 800005 — 120 (4)
For span CD:
Mcp = 2[200(10%) ] [30(107°) | [26¢ + 0 — 3(—0.0075)] + 0
Mcp = 240000¢ + 270 (5)
Mpe = 2[200(10%) ] [30(107°) | [2(0) + 8¢ — 3(—0.0075) | + 0
Mpc = 120000¢ + 270 (6)

Equilibrium Equations. These six equations contain eight unknowns.
Writing the moment equilibrium equations for the supports at B
and C, Fig. 10-12¢, we have
(+3Mp = 0; Mgy + Mpc =0 (7
L+EMC - 0, MCB ar MCD =0 (8)
To solve, substitute Egs. (2) and (3) into Eq. (7), and Egs. (4) and (5)
into Eq. (8). This yields

28 00065 + 80006, = 24

800005 + 400000 = —150
Thus,

0z = 0.002045 rad 6c = —0.004159 rad

The negative value for 6. indicates counterclockwise rotation of the
tangent at C, Fig. 10-12c. Substituting these values into Egs. (1)—(6) yields

Myp = —83.7kN-m Ans.
Mg, = 121 kN -m Ans.
Mpc = —121 kN +m Ans.
Mcp = —170kN -m Ans.
Mcp = 170kN -m Ans.
Mpe = 220kN - m Ans.

Apply these end moments to spans BC and CD and show that
Ve, = 4845KN, Ve, = =97.57kN and the force on the roller C is
P = 146.02kN.
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VBL

MBC

VCL

(tea]) (4

M3y

Vs,

©

Mcp

be

=
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Mcp
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EXAMPLE 10.4

Determine the moments at A and B for the beam shown in Fig. 10-13a.
The support at B is displaced (settles) 80 mm. Take E = 200 GPa,

I =510"°%m"
8 kN
Z |
_mc
A % .
4m\_,'_\3 -
(a)
Fig. 10-13
SOLUTION

Slope-Deflection Equations. Only span AB must be considered
in this problem since the moment Mp- due to the overhang can
be calculated from statics. Since there is no loading on span AB, the
FEMs are zero. As shown in Fig. 10-13b, the downward displacement
(settlement) of B causes the cord for span AB to rotate clockwise. Thus,

+ihap
B 0.08
*Vpa lpAB = (pBA = Tnfn = 0.02 rad
(b) Applying the slope-deflection equation, Eq. 10-8, to span AB with
0,4 = 0,we have
1
My = 2E<L>(29N + 0 — 3¢) + (FEM)y
0 ,.[5(107%) m*
M, p = 2(200(10°) N/m”) ~am [2(0) + 65 — 3(0.02)] + 0 (1)
0 ,.[5(107°) m*
Mg, = 2(200(10°) N/m”?) ~am [265 + 0 — 3(0.02)] + 0 (2)
Equilibrium Equations. The free-body diagram of the beam segment
at support B is shown in Fig. 10-13¢c. Moment equilibrium requires
Vs,  8000N (+FXMp = 0; Mgy — 8000N(3m) =0
Mg, (T =a l )8000 N(3m) Substituting Eq. (2) into this equation yields
1(10%05 — 30(10%) = 24(10%)
B, 0 = 0.054 rad
(©) Thus, from Egs. (1) and (2),
MAB = —3.00kN -m Ans.
MBA = 24.0kN-m Ans.

Mpge = —24.0kN -m Ans.
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10.4 ANALYSIS OF FRAMES:
NO SIDESWAY

A frame will not sidesway, or be displaced to the left or right, provided
it is properly restrained. Examples are shown in Fig. 10-14. Also, no
sidesway will occur in an unrestrained frame provided it is symmetric
with respect to both loading and geometry, as shown in Fig. 10-15. For
both cases the term ¢ in the slope-deflection equations is equal to zero,
since bending does not cause the joints to have a linear displacement.
The following examples illustrate application of the slope-deflection
equations using the procedure for analysis outlined in Sec. 10.3 for these

types of frames.

Fig. 10-14

; 14]:‘”’ —
s
IF

R

Fig. 10-15
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EXAMPLE

10.5

24 kN/m

(a)

Fig. 10-16

Determine the moments at each joint of the frame shown in Fig. 10-16a.
El is constant.

SOLUTION

Slope-Deflection Equations. Three spans must be considered in
this problem: AB, BC, and CD. Since the spans are fixed supported at
A and D, Eq. 10-8 applies.

From the table on the inside back cover, the FEMs for BC are

_ SwL? _ 5(24)(8)° _
(FEM)gc = T e —80kN - m
SwL? 5(24)(8)2 B
(FEM)¢p = o og  — SOKN-m

Notethat, = 0p = Oand 453 = Ypc = Ycp = 0,since no sidesway
will occur.
Applying Eq. 10-8, we have

My = 2Ek(20y + 0p — 3¢) + (FEM)y

Mg 2E< )[2(0) + 05 — 3(0)] +

My p = 0.1667E10 1)
Mg, = 2E< )[203 +0-30)]+0

Mgy, = 0.333El0y @)
Mpc = 2E< )[203 + 0c — 3(0)] — 80

Mpc = 0.5EI95 + 0.25EI6. — 80 )
Mcp = 2E< )[20C + 65 — 3(0)] + 80

Mcg = 0.5EI0c + 0.25EI6; + 80 (4)
Mcp = 2E< )[2oc 0 —3(0)] + 0

Mcp = 0.333EI0 (5)
Mpc 2E< )[2(0) + 6¢c — 3(0)] +

Mpc = 0.1667E10¢ (6)
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Equilibrium Equations. These six equations contain eight unknowns.
The remaining two equilibrium equations come from moment
equilibrium at joints B and C, Fig. 10-16b. We have

Mpa + Mpc =0 (7)
Mcp + Mcp =0 (8)
To solve, substitute Egs. (2) and (3) into Eq. (7) and Egs. (4) and (5)
into Eq. (8). We get
0.833E16g + 0.25EI6- = 80
0.833EI6- + 0.25EI65 = —80

Solving simultaneously yields

137.1
% = =0c="Fr

These rotations distort the frame as shown in Fig. 10-16a. Substituting
into Egs. (1)-(6), we get

Mup = 22.9kN -m Ans.
Mp,y = 45.7kN-m Ans.
Mpc = —45.7kN-m Ans.
Mcp = 45 7kN-m Ans.
Mcp = —45.7kN-m Ans.
Mpec = —229kN-m Ans.

Using these results, the reactions at the ends of each member can
be determined from the equations of equilibrium, and the moment
diagram for the frame can be drawn, Fig. 10-16¢.

82.3kN-m

—45.7kN-m / —45.7kN-m \ —45.7kN-m

229kN-m 229kN-m
(©)

M3, Mcp
(b)
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EXAMPLE 10.6

Determine the internal moments at each joint of the frame shown in
Fig. 10-17a. The moment of inertia for each member is given in the
figure. Take E = 200 GPa.

40 kN

B ]

— =

TT300(10) mmt CYf -~ - - =t

/
2.5m ‘—>‘<\2.5 mJ/_.(

00(10%) mm* i | §150(10°) mm*

e
@S]

(a)

Fig. 10-17

SOLUTION

Slope-Deflection Equations. Four spans must be considered in this
problem. Equation 10-8 applies to spans AB and BC, and Eq. 10-10

will be applied to CD and CE, because the ends at D and E are pinned.
The member stiffnesses are

100(10°)(10~) _ 150(10°)(107%)

Fam = —— = 20(10°%) m® e — - = 30(10"%) m’
oo = 2ODOD _ 10w ke = 22DWD _ 51076
The FEMs due to the loadings are
FEM)se = 5 = B osinm
(FEM)cp = % = %(5) = 25kN-m
(FEM)p = ng o 5024)2 = —100kN*m

Applying Eqgs. 10-8 and 10-10 to the frame and noting that 6, = 0,
Yap = ¥pc = Yep = Yer = 0 since no sidesway occurs, we have

My = 2Ek(20y + 6p — 3¢) + (FEM)y
Mg = 2[200(10°) ] (20)(107%)[2(0) + 65 — 3(0)] + 0
M, = 80000, 1)
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Mg, = 2[200(10°) ] (20)(107%)[265 + 0 — 3(0)] + 0

Mg, = 16 0006 (2

Mg = 2[200(10°% | (60)(107°)[265 + 6. — 3(0)] — 25

Mpe = 4800005 + 24 0000 — 25 (3)

Mg = 2[200(10% | (60)(107°)[26¢ + 65 — 3(0)] + 25

Mcp = 2400005 + 48 0000¢ + 25 4)
My = 3Ek(6y — ) + (FEM)y

M¢p = 3[200(10°) ] (30)(107%)[c — 0] + 0 (5)

MCD =18 0000C

Mg = 3[200(10°% ] (50)(107)[6c — 0] — 100

My = 300000 — 100 (6)
Equations of Equilibrium. These six equations contain eight

unknowns. Two moment equilibrium equations can be written for
joints B and C, Fig. 10-17b. We have

Mgy + Mpc =0 (7)
Mcgp + Mcp + Mcg =0 (®)

In order to solve, substitute Egs. (2) and (3) into Eq. (7), and
Egs. (4)—(6) into Eq. (8). This gives

64 00005 + 24 00060, = 25
24 0000 + 96 0006 = 75
Solving these equations simultaneously yields
0 = 0.1078(10 %) rad 6. = 0.7543(10 ) rad

These rotations, being clockwise, tend to distort the frame as shown in
Fig. 10-17a. Substituting these values into Egs. (1)—(6) and solving, we get

M,z = 0.862 kN -m Ans.
Mg, = 1.72kN-m Ans.
Mge = —1.72kN-m Ans.
Mcy = 63.8kN-m Ans.
Mcp = 13.6kN-m Ans.

Mcp = —T774KkN-m Ans.

Mpc
B
Mz,
Mcg
«ﬁ ¢
Mcp
Mcp
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10.5 ANALYSIS OF FRAMES: SIDESWAY

A frame will sidesway, or be displaced to the side, when it or the loading
3 acting on it is nonsymmetric. To illustrate this effect, consider the frame
“. shown in Fig. 10-18. Here the loading P causes unequal moments Mp¢
,J and Mg at the joints B and C, respectively. Mg tends to displace

! joint B to the right, whereas Mg tends to displace joint C to the left.
i Since M will be larger than Mg, the net result is a sidesway A of both
/ joints B and C to the right, as shown. Due to this deflection we must
/ therefore consider the column rotation ¢ (since ¥ = A /L) as unknown
/ in the slope-deflection equations. As a result an extra equilibrium
] equation must be included for the solution.
In the previous sections it was shown that unknown angular
e displacements 0 were related by joint moment equilibrium equations. In a
R similar manner, unknown joint linear displacements A (or span rotations i)
are related by force equilibrium equations. The unknowns in these
equations, however, must only involve the internal moments acting at the
ends of the columns, since the slope-deflection equations involve these
moments. The following examples will illustrate how this is done.

Fig. 10-18

EXAMPLE 10.7

B %A—»‘ % Aﬂ‘ Determine the moments at each joint of the frame shown in Fig. 10-19a.
200 kN T P C El is constant.

! / SOLUTION

/ Slope-Deflection Equations. Since the ends A and D are fixed,
A / 6m  Eq. 10-8 applies for all three spans of the frame. Sidesway occurs
- since both the applied loading and the geometry of the frame are
nonsymmetric. Since the load is applied directly to joint B, no FEMs
act at the members. As shown in Fig. 10-19a, both joints B and C
are assumed to be displaced an equal amount A. Consequently,
Yap = A/12 and pc = A/18. Both terms are positive, since the
@) cords of members AB and CD rotate clockwise. Relating s 45 to ¥ pc,
we have 45 = (18/12)¢pc. Applying Eq. 10-8 to the frame gives

Fig. 10-19

Sm

M, = 2E(i>[2(0) + 05 — 3(2 t/ch)] +0 = EI0.5605 — 225¢pc) (1)
I 6

Mpc = 2E<é> [265 + 60 — 3(0)] + 0 = EI(0.805 + 0.46) (3)
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Mcg = 2E<;)[26)C + 05 — 3(0)] + 0 = EI(0.80. + 0.46p) (4)

1

Mpe = 2E<é>[2(0) +0c—3pc] + 0= EN0.3330- — 1.0Ypo)  (6) Mc

200kN B
—

Equations of Equilibrium. These six equations contain nine
unknowns. Two moment equilibrium equations for joints B and C,

Fig. 10-19b, can be written, namely, Mg,
Mgy + Mpc =0 (7)
Mcg + Mcp =0 ®)

Since a horizontal displacement A occurs, we will consider summing
forces on the entire frame in the x direction. This yields

5H3F, = 0; 200-V,4=Vp =0
The horizontal reactions or column shears V4 and V[ can be related

to the internal moments by considering the free-body diagram of each M.

column separately, Fig. 10-19¢. We have &
Myp + M

Mg = 0; Vy=-— y 4m
Mpc + Mcp

SMe = 0; Vp=— - ¢ V4

Thus, M,

Myp + M Mpec + M
200 + AAB y Ba  Mpc : o _ )

To solve, substitute Egs. (2) and (3) into Eq. (7), Egs. (4) and (5) into
Eq. (8),and Egs. (1), (2), (5), and (6) into Eq. (9). This yields
1.805 + 0.40c — 2.25¢pc = 0
0403 + 14670C - I;DDC =0
800

1.565 + 0.6670- — 5.833¢pc = — e

Solving simultaneously, we have
Elog = 243778  Eloc = 75.66  Elypc = 208.48
Finally, using these results and solving Egs. (1)-(6) yields

Myup = —347kN-m Ans.
Mgy = —225kN-m Ans.
Mpc = 225 kN -m Ans.
Mcp = 158 kN -m Ans.
Mcp = —158 kN -m Ans.

MDC = —183kN-'m Ans.

(b)

MCB

Mcp

T Mo
—>

6 m
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EXAMPLE 10.8

Determine the moments at each joint of the frame shown in Fig. 10-20a
The supports at A and D are fixed and joint C is assumed pin connected.

k‘?’ m\,’
EI is constant for each member.

SOLUTION
We will apply Eq. 10-8 to member

Slope-Deflection Equations.
AB since it is fixed connected at A. Equation 10-10 can be applied

from B to C and from D to C, since the pin at C supports zero moment

As shown by the deflection diagram, Fig. 10-20b, there is an unknown
displacement A of the frame and unknown rotation 6 at joint B.*
Due to A, the cords of members AB and CD rotate clockwise,

¢ = Y p = ¥pc = A/4. Realizing that 0, = 0p = 0 and that there
are no FEMs for the members, we have

My = 2E<1>(20N + 0p — 3¢) + (FEM)y

10 kN
-—>

ey

Fig. 10-20 I
Myp = 2E| — 1 [2(0) + 6 — 3] + O
1
fAH‘ ’»AH\ Mgy = 2E 1 (20 + 0 —3¢) + 0 2)
S U =y ;
,” Op /’ Ocp I
§ ! Mpc = 3E| = J(0g — 0) + 0 3)
I‘ l//AB 'I ll’DC 3
/ / 1
; ! Mpc = 3E<4>(0 —¢)+0 “4)
' N l D Equilibrium Equations. Moment equilibrium of joint B, Fig. 10-20c,
requires
b) Mpa + Mpc =0 (5)
If forces are summed for the entire frame in the horizontal direction
we have
oxn B e + 3F, = 0; 10-V,=Vp=0 (6)
As shown on the free-body diagram of each column, Fig. 10-20d, we have
Myp + Mpa
Mg, IMp = 0; Va=~— - 4
M
© SMe = 0; Vp = — fc

*The angular displacements 6.5 and 0cp at joint C (pin) are not included in the analysis

since Eq. 10-10 is to be used.



Thus, from Eq. (6),

10.5 ANALYsIS OF FRAMES: SIDESWAY

10 +

Substituting the slope-deflection equations into Egs. (5) and (7) and

4

Myp + Mpy N Mpe _

=0 ™

simplifying yields
0p = élp
By
EI(3 15
+ —| —_— —_—— =
04 (30, 5,) <o
so that
240 320
oB = — = —
21E1 21EI
Substituting these values into Egs. (1)—(4), we have
MAB = —17.1 kN'm, MBA = —114kN-m Ans.
MBC =114 kN'm, MDC = —114kN-m Ans.

Using these results, the end reactions on each member can be
determined from the equations of equilibrium, Fig. 10-20e. The
moment diagram for the frame is shown in Fig. 10-20f.

3.81 kN

3.81 kN 3.81 kN

2.86 kN
T S I

11.4kN-m

11.4kN-m
3.81 kN

3.81 kN
11.4kN-m i
7.14 KN—

7.14 kN

7.14 kN
17.1kN-m

3.81 kN

11.4kN-m

3.81 kN
—1> 2.86 kN

2.86 kN
11.4 kN-m

3.81 kN

(e)

M3y 1
Vg

VA - VD -
M,z Mpc

(d)
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EXAMPLE 10.9
A+ 4, A+ A,
0KN F\‘ —
e |
C / - . B
[
sm | II
Aq Aq
B / Ll
80 kKN e fE\/

(a)

Fig 10-21

CHAPTER 10 DISPLACEMENT METHOD OF ANALYSIS: SLOPE-DEFLECTION EQUATIONS

Explain how the moments in each joint of the two-story frame shown in
Fig. 10-21a are determined. E/ is constant.

SOLUTION

Slope-Deflection Equations.

Since the supports at A and F are

fixed, Eq. 10-8 applies for all six spans of the frame. No FEMs have
to be calculated, since the applied loading acts at the joints. Here
the loading displaces joints B and E an amount A, and C and D an
amount A; + A,. As a result, members AB and FE undergo rotations

of y; = A{/5 and BC and ED undergo rotations of ¢, = A,/5.
Applying Eq. 10-8 to the members of the frame yields

1
ALM-—2E<5)2m;+()—3¢ﬂ-+O
1
MBC 2E<5) 293 A BC - 3¢2] S 0
1
MCB - 2E<5) 29C A HB - 3¢2] S 0
1
1
Mpe = 2E<7)2@)+90—-3@n-+0
1
Aﬁm-—2E<7)2@;+9E—-%0ﬂ-+0
1
1
1
1
1
A@W-2E<5)2@;+()—3¢ﬂ-+0
These 12 equations contain 18 unknowns.

ey

)

©)

4)

®)

(6)

™)

®)

©)

(10)

(11)

(12)
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M
)MCD ( DC
C F ﬁD
~—F ~— Mpg
Mcp

M;c Mgp
> y 2
B [%)MBE MEB('%] E
~—F EF

Mg,

Equilibrium Equations. Moment equilibrium of joints B, C, D,

and FE, Fig. 10-21b, requires

Mgy + Mg + Mpc = 0 (13)
Mcg + Mcp =0 (14)
Mpc + Mpg =0 (15)
Mgp + Mgp + Mpp = 0 (16)

As in the preceding examples, the shear at the base of all the columns
for any story must balance the applied horizontal loads, Fig. 10-21c.
This yields

L3F =0 40 — Ve — Viep = 0
Mpe + Mcg  Mgp + M
40 + BC CB + ED DE =0 (17)
5 5
L SF =0; 40 + 80 — Vypg — Vg = 0
Mug + Mgy Mup+ M
120 + AB 5 BA EF 5 FE =0 (18)

Solution requires substituting Egs. (1)—(12) into Egs. (13)—(18), which
yields six equations having six unknowns, i1, ¢, 0, 6¢, 0p, and 0.
These equations can then be solved simultaneously. The results are
resubstituted into Egs. (1)—(12), which gives the moments at the joints.

40 kN

Van ¢‘ Ve $

(©
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I EXAMPLE 10.10

Determine the moments at each joint of the frame shown in Fig. 10-22a.
El is constant for each member.

30 kN/m kcAS *‘
C ) ¢
Y
//
, As 60°
J oA
,I o 6m Ay A2
T 3 ©
"
I
I
| /D
q D sy
L (b)
Fig. 10-22
(@) SOLUTION

Slope-Deflection Equations. Equation 10-8 applies to each of the
three spans. The FEMs are

wlL? 30(4)?
FEM)pc = = = —40kN-
( )BC 12 12 0 m
wL?  30(4)
FEM === = 40 kN -
( )cB 12 12 0 m

The sloping member AB causes the frame to sidesway to the right
as shown in Fig. 10-22a. As a result, joints B and C are subjected to
both rotational and linear displacements. The linear displacements
are shown in Fig. 10-22b, where B moves A; to B’ and C moves A;
to C'. These displacements cause the members’ cords to rotate ¢, i3
(clockwise) and —is, (counterclockwise).* Hence,

A 4, As
1 = 3 hy = 4 Y3 = 6
The three displacements can be related as shown in Fig. 10-22c¢, taken
from Fig. 10-22b. For example, A, = 0.5A; and A; = 0.866A. Thus,
from the above equations we have

Py = —0375¢; 3 = 04330y,
Using these results, the slope-deflection equations for the frame are

*The arc displacements BB’ and CC’ can be considered as straight lines, since ¢/, and
i3 are actually very small.
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[2(0) + 65 — 3y4] + O (1)
My, = 2E( = )[265 + 0 — 3¢5,] + O 2)

[205 + 0c — 3(—0.3754,)] — 40 )

=
aQ
I
=
NN N N

~N OIN RN RN WVIN WIS

D N e U

Mcg = 2E( = )[26¢ + 65 — 3(=0.375¢))] + 40 4)
Mep = 2E( = )[26¢ + 0 — 3(0.43304,)] + 0 )
Mpe = 25(6>[2(0) + 0. — 3(0.43300,)] + 0 (6)

These six equations contain nine unknowns.

Equations of Equilibrium. Moment equilibrium at joints B and C
yields

Mgy + Mpc =0 (7)
Mcp + Mcp =0 (®)

The necessary third equilibrium equation can be obtained by summing
moments about point O for the entire frame, Fig. 10-22d, since this
eliminates the unknown normal forces N, and Nj. We have

[+XMp = 0;

Mug + M Mpe + M
Mag + Mpe — (“3“)(11) - <DC6CD>(12.9282) ~120(2) = 0

—2.6667TM 45 + 3.666TM g4 + 1.1547M e+ 2.1547TM oy + 240 =0 (9)

Substituting Egs. (2) and (3) into Eq. (7), Eqgs. (4) and (5) into Eq. (8),

6.9282 m

and Egs. (1), (2), (5), and (6) into Eq. (9) yields o
40
23333605 + 0.50c — 1.4375¢; = —
El
40
0.505 + 1.66676¢ + 0.12949¢; = ~El
¢ v 6m
240 “ 3
6.666705 + 1.821460 — 14.0997¢, = EI Ny
Solving these equations simultaneously, we get
Elog = 46.7108 EIf- = —40.6437 Ely, = 33.8574 Mpe + Mep

Substituting these values into Egs. (1)—(6) gives
Myg=—366kN-m Mpc = 543kN-m Mcp = —41.8kN-m Ans
My, = —543kN-m Mgz = 41.8kN-m Mpe = —282kN-m Ans. @)
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. PROBLEMS

Sec. 10.1-10.3

10-1. Determine the internal moments at A and B, then
draw the moment diagram. Assume B and C are rollers. EI is
constant.

10 kN/m

6m

Prob. 10-1

10-2. Determine the moments at A, B, and C, then draw
the moment diagram for the beam. Assume the supports at
A and C are fixed. EI is constant.

15 kN 20 kN

-

444444

8Sm F—4m—

Prob. 10-2

10-3. Determine the moments at A and B, then draw the
moment diagram for the beam. E/ is constant.

\MO
|
B e C v
L | L |
Prob. 10-3

*10-4. Determine the moments at the supports A and C,
then draw the moment diagram. Assume joint B is a roller.
El is constant.

l 15 kN/m

Prob. 10-4

10-5. The continuous beam supports the three concentrated
loads. Determine the maximum moment in the beam and
then draw the moment diagram. E/ is constant.

Ll

s =L

LT T

L L | L | L | L _%‘

T2 2 T2 T2
Prob. 10-5

10-6. Determine the moments at A, B, C,and D, then draw
the moment diagram for the beam. Assume the supports at
A and D are fixed and B and C are rollers. E is constant.

Prob. 10-6
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10-10. Determine the moment at B, then draw the
moment diagram for the beam. Assume the supports at A
and C are pins and B is a roller. EI is constant.

10-7. Determine the moments at the supports, then draw
the moment diagram. Assume B is a roller and A and C are

fixed. EI is constant.

40 kN
15kN 15kN 15kN - 20 kN
25 kN/m l |
I I AN
CEP - R ¢ Ts
6m -2 m~-2 m=+2 m~-2 m ‘
Prob. 10-7
Prob. 10-10
#*10-8. Determine the moments acting at A and B. Assume ) )
A is fixed supported, B is a roller, and C is a pin. EI is 10-11. Determine the internal mom(f,nts at the supports A,
constant. B, and C, then draw the moment diagram. Assume A is
pinned, and B and C are rollers. EI is constant.
20kN/m g N
30 kN/m

L L

4m 8 m 8 m 4 m—

Prob. 10-8

Prob. 10-11

10-9. Determine the internal moment in the beam at B,
#10-12. Determine the moments at B and C, then draw

then draw the moment diagram. Assume A and B are
rockers and C'is a pin. the moment diagram. Assume A, B, and C are rollers and D
is pinned. £/ is constant.
12 kN/m ,
8 kN/m :“,; 4 kN/m
L0, %
v )
B :
AL 1,5 =6000 (10% mm* B B 7, = 8000 (10°) mm* d}y [A Bl cl j
\ 5m 6m } l——lZm e 12m ! 12m
Prob. 10-12

Prob. 10-9
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10-13. When the 15 kN/m load is applied to the three-
member frame the support at D settles 10 mm. Determine
the moment acting at each of the fixed support A, C,and D.
The members are pin connected at B. E = 200 GPa, and
I=800(10° mm*,

Prob. 10-13

10-14. Determine the moment that each member exerts
on the joint at B, then draw the moment diagram for each
member of the frame. Assume the support at A is fixed and
Cis a pin. EI is constant.

30 kN

Prob. 10-14

10-15. The frame at the rear of the truck is made by welding
pipe segments together. If the applied load is 3000 N,
determine the moments at the fixed joints B, C, D, and E.
Assume the supports at A and F are pinned. EI is constant.

0.75 m 0.5 m|0.5 m 0.75 m ‘
T C D
Im
B E
\ 3000 N \
2m (N \
A F
Prob. 10-15

#10-16. Determine the moment at B, then draw the
moment diagram for each member of the frame. Assume
the support at A is fixed and C is pinned. EI is constant.

2 kN/m

Prob. 10-16



10-17. Determine the moments at the ends of each
member of the frame. The supports at A and C and joint B
are fixed connected. EI is constant.

Prob. 10-17

Sec. 104

10-18. The frame is made from pipe that is fixed
connected. If it supports the loading shown, determine the
moments developed at each of the joints and supports. EI is
constant.

18 kN 18 kN

4m—

l 4m 4m

Prob. 10-18

PROBLEMS 481

10-19. Determine the moment at B, then draw the
moment diagram for each member of the frame. Assume
the supports at A and C are fixed and B is a fixed joint. E/ is
constant.

10 kN/m

Prob. 10-19

#*10-20. Determine the moments at B and D, then draw
the moment diagram. Assume A and C are pinned and B
and D are fixed connected. EI is constant.

Prob. 10-20




482 CHAPTER 10 DISPLACEMENT METHOD OF ANALYSIS: SLOPE-DEFLECTION EQUATIONS

Sec. 10.5

10-21. The wood frame is subjected to the load of 6 kN.
Determine the moments at the fixed joints A, B, and D.The
joint at C is pinned. EI is constant.

— = 6 kN

— e

_;_'77B C
4m
A

4 ;’q’;},a’
| 4m |
Prob. 10-21

10-22. Determine the moments at each joint and fixed
support, then draw the moment diagram. E/ is constant.

8 kN

Prob. 10-22

10-23. Wind loads are transmitted to the frame at joint E.
If A, B, E, D, and F are all pin connected and C is fixed
connected, determine the moments at joint C and draw the
moment diagram for the girder BCE. EI is constant.

Prob. 10-23

*10-24. Determine the moments acting at the supports A
and D of the battered-column frame. £/ is constant.

25 kN/m

By C

15 kN

6m —

F 6m 8m

Prob. 10-24
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. PROJECT PROBLEM

10-1P. The roof is supported by joists that rest on two each joist has a weight of 2.5 kN. According to code the roof
girders. Each joist can be considered simply supported, and will be subjected to a snow loading of 1.2 kN/m?. The joists
the front girder can be considered attached to the three have a length of 8 m. Draw the shear and moment diagrams
columns by a pin at A and rollers at B and C. Assume the for the girder. Assume the supporting columns are rigid.

roof will be made from 75 mm-thick cinder concrete, and

‘1m‘1m‘1m‘1m‘1m‘1m‘1m

\1m\
N Y A Y
HA EB EC

Prob. 10-1P

. CHAPTER REVIEW

The unknown displacements of a structure are referred to as the degrees of freedom for the structure. They consist of either
joint displacements or rotations.

The slope-deflection equations relate the unknown moments at each joint of a structural member to the unknown rotations
that occur there. The following equation is applied twice to each member or span, considering each side as the “near” end
and its counterpart as the far end.

For Internal Span or End Span with Far End Fixed

This equation is only applied once, where the “far” end is at the pin or roller support.

My = 3Ek(0y — ) + (FEM)y

Only for End Span with Far End Pinned or Roller Supported

Once the slope-deflection equations are written, they are substituted into the equations of moment equilibrium at each
joint and then solved for the unknown displacements. If the structure (frame) has sidesway, then an unknown horizontal
displacement at each floor level will occur, and the unknown column shears must be related to the moments at the joints,
using both the force and moment equilibrium equations. Once the unknown displacements are obtained, the unknown
reactions are found from the load-displacement equations.
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Here is an example of a statically indeterminate steel building frame. A portion of
the frame can be modeled and then analyzed by the moment-distribution method.




DISPLACEMENT
METHOD OF
ANALYSIS: MOM

DISTRIBUTIOIN

. CHAPTER OBJECTIVE

—NT

m To show how to apply the moment-distribution method to solve
problems involving beams and frames.

11.1 GENERAL PRINCIPLES
AND DEFINITIONS

The method of analyzing beams and frames using moment distribution
was developed by Hardy Cross, in 1930. At the time this method was first
published it attracted immediate attention, and it has been recognized as
one of the most notable early advances in structural analysis during the
twentieth century.

As will be explained in detail later, moment distribution is a method of
successive approximations that may be carried out to any desired degree
of accuracy. Essentially, the method begins by assuming each joint of a
structure is fixed. Then, by unlocking and locking each joint in succession,
the internal moments at the joints are “distributed” and balanced until
the joints have rotated to their final or nearly final positions. It will be
shown that this repetitive process of calculation is rather easy to learn
to apply. Before explaining the techniques of moment distribution,
however, certain definitions and concepts must be introduced.

485
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P 800 N
. . M, l My,
AB A e B
.
( A B \ \
M BA ‘ Sm ‘ Sm ‘
Fig. 11-1 Fig. 11-2

Sign Convention. We will establish the same sign convention as
that established for the slope-deflection equations: Clockwise moments
that act on the member are considered positive, whereas counterclockwise
moments are negative, Fig. 11-1.

Fixed-End Moments (FEMs). The moments at the “walls” or
fixed joints of a loaded member are called fixed-end moments. These
moments can be determined from the table given on the inside back
cover. For example, the beam loaded as shown in Fig. 11-2 has fixed-end
moments of FEM = PL/8 = 800(10)/8 = 1000 N - m. Noting the action
of these moments on the beam and applying our sign convention, it is
seen that M 45 = —1000 N-m and Mg, = +1000 N - m.

Member Stiffness Factor. Consider the beam in Fig. 11-3, which
is pinned at one end and fixed at the other. Application of the moment M
causes the end A to rotate through an angle 6. In Chapter 10 we related
M to 04 using the conjugate-beam method. This resulted in Eq. 10-1,
that is, M = (4EI/L) 64. The term in parentheses is referred to as the
stiffness factor K at A and can be defined as the amount of moment M
required to rotate the end A of the beam 6, = 1 rad. Thus,

 _ AEI
L (11-1)
Far end fixed
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Joint Stiffness Factor. If several members are fixed connected
to a joint and each of their far ends is fixed, then by the principle of
superposition, the total stiffness factor at the joint is the sum of the
member stiffness factors at the joint, that is, Ky = %K. For example,
consider joint A of the frame in Fig. 11-4a. The numerical value of
each member stiffness factor is determined from Eq. 11-1 and listed
in the figure. Using these values, the total stiffness factor of joint A is
Ky = XK = 4000 + 5000 + 1000 = 10 000. This value represents the
moment needed to rotate the joint through an angle of 1 rad.

Distribution Factor (DF). If a moment M is applied to joint A in
Fig. 11-4b, the three connecting members will each supply a portion of the
resisting moment necessary to satisfy moment equilibrium at the joint. That
fraction of the total resisting moment supplied by a member is called the
distribution factor (DF).To obtain its value,imagine the moment M causes
the joint to rotate an amount 6, then all three members rotate by this same
amount. For example, if M = 2000 N - m, Fig. 11-4b, it causes A to rotate
0,4. Using the stiffness factor of K4 g, for member AB, then the moment
contributed by this member is M 4,5 = K ,50,4. Since equilibrium requires
M = MAB + MAC + MAD = KABGA + KACHA + KADGA - 0A EK, then
the distribution factor for member AB is

Mup _ Kapba
M 04 2K
Canceling the common term 6y, it is seen that the distribution factor for

the member is equal to the stiffness factor of the member divided by the
joint stiffness factor; that is, in general,

DFAB =

K

DF = <
3K

(11-2)

Therefore, the distribution factors for members AB, AC, and AD at
joint A in Fig. 11-4a are
DF,5 = 4000/10 000 = 0.4
DF4¢ = 5000/10 000 = 0.5
DF,p = 1000/10 000 = 0.1

If M = 2000 N -m acts at joint A, Fig. 11-4b, the equilibrium moments
exerted by the members on the joint, Fig. 11-4¢, become

M, = 0.4(2000) = 800N - m

M40 = 0.5(2000) = 1000 N - m

M ,p = 0.1(2000) = 200 N - m

Kap=1000 4 Kaz= 4000
D Kac= 5000 B

(b)

M =2000 N-m

200 N-m 800 N-m

~—
1000 N-m

()
Fig. 11-4
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The statically indeterminate loading in bridge girders
that are continuous over their piers can be determined
using the method of moment distribution.

Member Relative-Stiffness Factor. Quite often a continuous
beam or a frame will be made from the same material so its modulus
of elasticity E will be the same for all the members. If this is the case,
the common factor 4E in Eq. 11-1 will cancel from the numerator
and denominator of Eq. 11-2 when the distribution factor for a joint
is determined. Hence, it is easier just to determine the member’s
relative-stiffness factor

1
Ke=7 (11-3)
Far end fixed

and use this for the computations of the DF.

Carry-Over Factor. Consider again the beam in Fig. 11-3.
It was shown in Chapter 10 that M = (4EI/L)60, (Eq. 10-1) and
M' = (2EI/L) 6,4 (Eq.10-2).Solving for 6, and equating these equations,
we get M' = 1 M.The carry-over factor represents the fraction of M that
is “carried over” from the pin to the wall. Hence, in this case of a beam
with the far end fixed, the carry-over factor is +3. The plus sign indicates

that both moments act in the same direction.

M
(o

Fig. 11-3 (repeated)
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11.2 MOMENT DISTRIBUTION
FOR BEAMS

Moment distribution is based on the principle of successively locking
and unlocking the joints of a structure in order to allow the moments
at the joints to be distributed and balanced. The best way to explain the
method is by examples.

Consider the beam with a constant modulus of elasticity £ and having
the dimensions and loading shown in Fig. 11-5a. Before we begin, we
must first determine the distribution factors at the two ends of each span.
Using Eq. 11-1, K = 4EI/ L, the stiffness factors on either side of B are

4E(120)(10° 4E(240)(10°

Kpy = % = 4E(40) (10°) mm*/m  Kpc % = 4E(60)(10°) mm*/m

Thus, using Eq. 11-2, DF = K/3XK, for the ends connected to joint B,

we have 6000 N/m

o aw . AT

BA T 4E(40) + 4E(60) ‘IAB = 120(106) mm ‘ Iy = 240(10°) mm?* |
BC T 4E(40) + 4E(60) (a)

At the locked joints A and C, the distribution factor depends on the Fig. 11-5

member stiffness factor and the “stiffness factor” of the joint. Since in
theory it would take a moment of infinite magnitude to rotate a fixed joint
one radian, the stiffness factor is infinite, and so for joints A and C we have

DF.., — _YEGO)
AB T oo + 4E(40)

DF . — AE(60)
B o + 4E(60)

Note that the above results could also have been obtained if the relative-
stiffness factor Kz = I/L (Eq. 11-3) had been used for the calculations.
Furthermore, as long as a consistent set of units is used for the stiffness
factor, the DF will always be dimensionless, and at a joint, except where
it is located at a fixed wall, the sum of the DFs will always equal 1.
Having calculated the DFs, we will now determine the FEMs. Only
span BC is loaded, and using the table on the inside back cover for a
uniform load, we have
wL? 6000(4)?

FEM)pc = — = - = —8000N -

( )BC 12 12 m
wL?  6000(4)°

2 12

= 8000 N -m

(FEM)CB
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6000 N/m

bl

i

e

8000 N-m

8000 N-m

joint B held fixed

(b)

8000 N-m

B

8000 N-m

C

correction moment applied to joint B

11

(©)

(C))

8000 N-m

1600 N-m<— 3200 N-m 4800 N-m—2400 N-m
moment at B distributed

Joint A B C
Member| AB BA BC CB
DF 0 0.4 0.6 0
FEM —8000 | 8000
Dist.CO| 1600=—3200 | 4800 2400
M 1600 | 3200 |—3200 |10 400

(e)

DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

We begin by assuming joint B is fixed or locked. The fixed-end
moment (8000 N -m) at B then holds span BC in this fixed or locked
position as shown in Fig. 11-5b. This, of course, does not represent
the actual equilibrium situation at B, since the moments on each
side of this joint must be equal but opposite. To correct this, we will
apply an equal, but opposite moment of 8000 N-m to the joint and
allow the joint to rotate freely, Fig. 11-5c. As a result, portions of this
moment are then distributed in spans BC and BA in accordance
with the DFs (or stiffness) of these spans at the joint. Specifically,
the moment in BA is 0.4(8000) = 3200 N - m and the moment in BC is
0.6(8000) = 4800 N - m. Finally, due to the released rotation at B, these
moments must be “carried over” since moments at B create reactions
at the other ends. Using the carry-over factor of +3, the results are
shown in Fig. 11-5d.

This example indicates the basic steps necessary when distributing
moments at a joint: Determine the unbalanced moment acting at the
initially “locked” joint (8000 N - m), unlock the joint and apply an equal
but opposite unbalanced moment to correct the equilibrium, distribute
the moment among the connecting spans (3200 N - m and 4800 N - m),
and carry the moment in each span over to its other end (1600 N - m
and 2400 N - m). These steps are usually presented in tabular form as
indicated in Fig. 11-5e. Here the notation Dist. CO indicates a line
where moments are distributed, then carried over. In this particular
case only one cycle of moment distribution is necessary, since the wall
supports at A and C “absorb” the moments and no further joints have to
be balanced or unlocked to satisfy joint equilibrium. Once distributed
in this manner, the moments at each joint are summed, yielding the
final results shown on the bottom line of the table. Notice that joint B
is now in equilibrium. Since Mp is negative, this moment is applied to
span BC in a counterclockwise sense as shown on its free-body diagram
in Fig. 11-5f. With the end moments known, the end shears have been
calculated from the equations of equilibrium applied to each span.

Consider now the same beam, except the support at C is a rocker,
Fig. 11-6a. In this case only one member is at joint C, so the distribution
factor for member CB at joint C is

_ _ 6000 N/m B
1600 N- Vi, =1600N v, = 10200 N Ve=13800N
R ’ ERRERREEYY

(f=—t) (1 P

Va=1600NF——3m ——| ' "3200Nm | 4m | 10400 N-m

®

Fig 11-5 (cont’d)
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The other distribution factors are the same as before. They are listed
on line 1 of the table in Fig. 11-6b. Initially, we will assume joints B
and C are locked, and so the FEMs are also the same as before. We
begin by unlocking joint C and placing an equilibrating moment
of —8000 N-m at the joint. The entire moment is “distributed” in
member CB, since (1)(—8000) N-m = —8000N-m. The arrow on
line 3 indicates that 1 (—8000)N-m = —4000N-m is carried over
to joint B since joint C has been allowed to rotate freely. Joint C
is now relocked. Since the total moment at C is balanced, a line is
placed under the —8000 N-m moment. We will now consider the
unbalanced —12 000 N - m moment at joint B. Here for equilibrium, a
+12 000 N - m moment is applied to B and this joint is unlocked such
that portions of the moment are distributed into BA and BC, that is,
(0.4)(12 000) = 4800 N -m and (0.6)(12 000) = 7200 N - m as shown on
line 4. Also note that +3 of these moments must be carried over to the
fixed wall A and locked roller C since joint B has rotated. Joint B is
now relocked. Again joint C is unlocked and the unbalanced moment
at the roller is distributed as was done previously. The results are
on line 5. Successively locking and unlocking joints B and C will
essentially diminish the size of the moment to be balanced until it
becomes negligible compared with the original moments, line 14.
Each of the steps on lines 3 through 14 are repetitive and should be
thoroughly understood. Summing the moments, the final results are
shown on line 15, where it is seen that the final moments now satisfy
joint equilibrium.

Joint A B C

Member AB BA BC CB
DF 0 0.4 0.6 1 1
FEM ~8000 8000 | 2
6000 N/m —4000 ~- —8000 | 3
Bl Ll l l 1 c 2400 -+ 4800 7200 +— 3600 | 4
—— B ~1800 ~- 3600 | 5
IAB— 120(106) mm4‘ Ipc = 240(10°) mm* ‘ 360 - 720 1080 + 540 | 6
T 4m | _270 -~ _540 7
54 -+ 108 162 — 81 8
(a) —405-- -81 |9
. 8.1+ 16.2 243 -~ 122 10
Fig. 11-6 6.1 -122| 11
1.2 -+ 2.4 3.6 — 1.8/ 12
—0.9« —-1.8/ 13
04 0.5 14
SM 2823.3 5647.0 | —5647.0 0 15

(b)
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Rather than applying the moment-distribution process successively
to each joint, as illustrated here, it is also possible to apply it to all joints
at the same time. This scheme is shown in the table in Fig. 11-6¢. In this
case, we start by fixing all the joints and then balancing and distributing
the fixed-end moments at both joints B and C, line 3. Unlocking
joints B and C simultaneously (joint A is always fixed), the moments are
then carried over to the other end of each span, line 4. Again the joints
are relocked, and the moments are balanced and distributed, line 5.
Unlocking the joints once again allows the moments to be carried over,
as shown in line 6. Continuing, we obtain the final results, as before,
listed on line 24. Although by comparison this method gives a slower
convergence to the answer than does the previous method, in many
cases it will be more efficient to apply, and for this reason we will use it
in the examples that follow. Finally, using the results in either Fig. 11-6b
or Fig. 11-6¢, the free-body diagrams of each beam span are drawn as
shown in Fig. 11-6d.

Joint A B o
Member AB BA BC CB

DF 0 04 0.6 11

FEM 8000 | 8000 |2

Dist. 3200 4300 | -8000 | 3 28233 N-m Vi, = 28234 N
O 4000 | 2400 | 4 ( ‘ ‘T )
Dist. | 1600 | 1600 2400 |-2400 | 5 \ im \

co 1200 | 1200 |6 V, = 28234 N | S647.0N'm
Dist. | 800 480 720 |-1200 |7

CO ~600 360 | 8

Dist. | 240 240 360 | 360 |9 V= 13412N  g000Njm Ve = 10588N
CO ~180 180 | 10

Dist. | 120 7 108 | —180 | 11 ( T RIRRRRARR! T
CO =90 54 12 | Am |
Dist. 36 36 54 | -5 |13 5647.0 N-m ‘
CO % 27 | 14 @

Dist. 18 10.8 162 | —27 |15

O 135 81| 16

Dist. 54 54 81, 81|17

CO ~40 405 18

Dist. 27 1.62 243 —405 19

[§0) 202° 122/ 20

Dist. 0.81 0.80 122 —122 21

Co —061 061 22

Dist. 040 | 024 037| —061| 23

SM | 2823 | 5647 | —5647 0 | 24

©

Fig. 11-6 (cont’d)
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Although several steps were involved in obtaining the final results
here, the work required is rather methodical since it requires application
of a series of arithmetical steps, rather than solving a set of equations
as in the slope-deflection method. It should be noted, however, that the
fundamental process of moment distribution follows the same procedure
as any displacement method. Here the compatibility of rotation at
the joint and the equilibrium requirements are satisfied directly, using
a “moment balance” that incorporates the load-deflection relations
(stiffness factors). Further simplification for using moment distribution
is possible, and this will be discussed in the next section.

- PROCEDURE FOR ANALYSIS

The following procedure provides a general method for determining
the end moments on beam spans using moment distribution.

Distribution Factors and Fixed-End Moments

The joints on the beam should be identified and the stiffness factors
for each span should be calculated. Using these values the distribution
factor for each joint is determined from DF = K/3 K. Remember that
DF = 0 for a fixed end and DF = 1 for an end pin or roller support.

The fixed-end moments for each loaded span are determined
using the table given on the inside back cover. Positive FEMs act
clockwise on the span and negative FEMs act counterclockwise. For
convenience, these values can be recorded in tabular form, similar
to that shown in Fig. 11-6c.

Moment-Distribution Process

Assume that all joints are initially locked. Then:

1. Determine the moment that is needed to put each joint in
equilibrium.

2. Release or “unlock” the joints and distribute the counterbalancing
moments into the members at each joint.

3. Carry these moments over to the other end of the member by
multiplying each moment by the carry-over factor +3.

By repeating this cycle of locking and unlocking the joints, it will
be found that the moment corrections will diminish since the beam
tends to achieve its final deflected shape. When a small enough value
for the corrections is obtained, the process should be stopped. Each
column of FEMs, distributed moments, and carry-over moments
should then be added. If this is done correctly, moment equilibrium
at the joints will be achieved.

493




494 CHAPTER 11 DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

EXAMPLE 11.1

(FEM)gc =

(FEM)cp =

Determine the internal moments at each support of the beam shown in
Fig. 11-7a. EI is constant.

250 kN
20 kN/m
4 ST e ¥ o
_ .
Rae Rae ‘
[ 12m 1 12m l4m i i
(a)
Fig. 11-7

SOLUTION

The distribution factors at each joint must be calculated first. The
stiffness factors for the members are*

KAB:ﬂ KBCZﬂ KCD:ﬂ
12 12 8
Therefore,
DF,; = DFpc =0  DFg, = DFpc = 4EI/12 =05
4EI/12 + 4EI/12
DFcp = B2 DF¢p = AEI/8 =06
AEI/12 + 4EI/8 AEI/12 + 4EI/8
The fixed-end moments are
2 _ 2 2 2
Wé = 2(;(212) = —240kN-m (FEM)cp = % - 20(1122) = 240kN-m
P 8L = _2580(8) — —250kN-m (FEM)p¢ = % = 25(;(8) — 250kN-m

Starting with the FEMs, line 4, Fig. 11-7b, the moments at joints B
and C are distributed simultaneously, line 5. These moments are then
carried over simultaneously to the respective ends of each span, line 6.
The resulting moments are again simultaneously distributed and carried
over, lines 7 and 8. The process is continued until the resulting moments
are diminished an appropriate amount, line 13. The resulting moments are
found by summation, line 14.

Placing these moments on each span and applying the equations
of equilibrium yields the end shears, Fig. 11-7¢. The bending-moment
diagram for the entire beam is shown in Fig. 11-74.

*Here we have used the stiffness factor 4E1/L; however, the relative-stiffness factor
I/L could also have been used.
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Joint A B C D 1

Member|, AB BA BC CB CD DC 2

DF 0 0.5 0.5 0.4 0.6 0 3

FEM —240 240 —250 250 4

Dist. 120 120 4 6 5

CO 60 2 60 3 6

Dist. -1 -1 —24 —36 7

CO -0.5 -12 -0.5 —18 8

Dist. 6 6 0.2 0.3 9
CO 3 0.1 3 0.2 |10
Dist. -0.05 -0.05 -1.2 -1.8 11
CcO -0.02 -0.6 -0.02 —-09 |12
Dist. 0.3 0.3 0.01 0.01 13
M 62.5 1252 | —1252 | 281.5 | —281.5| 2343 |14

(b)
20kN/m 250 kN
. 15.6 kKN
62.5 klg in U B ) 107.0(kNi l l 1 1 l l l l 1330 kN 130.9(kN dm ¥ 4 I][1119.1) kN
| 1 i 1 ==
Yo 12m 1252 kN-m B 12m C 281.5kN-m C D iNm
(©
M (kN -m) 242.1
160.9
62.5
\4.0 12 ‘ 24 ‘ 32
‘ 17.3 ‘ 28 2 {al)
—125.2
—2343
—281.5

(d)
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EXAMPLE 11.2

Determine the internal moment at each support of the beam shown in
Fig. 11-8a. The moment of inertia of each span is indicated.

2000 N 1500 N/m

Y YN

Al
Ly =200(10%) mm* &

f

— Ipe= L
300(10%) mm* | 240(10%) mm4‘
4 m ; 3m |

(a)
Fig. 11-8

2 m

SOLUTION

In this problem a moment does not get distributed in the overhanging
span AB, and so the distribution factor DFz, = 0. The stiffness of
span BC is based on 4EI/L since the rocker is not at the far end of
the beam. The stiffness factors, distribution factors, and fixed-end
moments are calculated as follows:

4E(300)(10°) 4E(240)(10%)

Kype=—— "= 300(10%E K¢p = —— = 320(10%E

DFBczl_DFBAzl_Ozl
300E

DF = ————— = 0484
B 300E + 320E
320E
DF)=-——"— = 0516
D 300E + 320E
320E
DFpe == + 320E

Due to the overhang,
(FEM)4 = 2000 N(2m) = 4000 N - m
wL? 1500(4)° B

(FEM)pc = = = = —2000Nm
_wL? 15004)°
(FEM)cg = =~ =~ = 2000Nm

These values are listed on the fourth line of the table, Fig. 11-8b.
The overhanging span requires the internal moment to the left of B
to be +4000 N - m, Fig. 11-8¢. As shown on the fifth line of the table,
—2000 N - m is added to BC in order to balance the moment at joint B.
The distribution and carry-over operations proceed in the usual
manner as indicated.
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Joint B C D
Member BA BC CB CD DC
DF 0 1 0484 0.516 0
FEM 4000 | —2000 | 2000
Dist. —2000 .,—968 | —1032
Co —484 “*1000 -516
Dist. 484 484 516
CcoO 242 M 242 258
Dist. —242 -1171 | —124.
Co —58.6 " —121 —62.4
Dist. 586, 586 62.
(¢l0) 203 % 293 312
Dist. —293), —142 —15.1 2000 N
CcO -7.1°" —14.6 7.6
Dist. 71 71 7 y 2000N
CcoO 3. 35 3.8
Dist. _35] -17 1. F—2m —
Cco —08" -18 0.9 ©
Dist. 0.8 0.9 0.9
CcoO 0.4 0.4 0.4
Dist. —04], —02 —0.
CcoO —01]* -02 —0.1
Dist. 0.1 0.1 0.1
M 4000 | —4000 5871 | —587.1| —293.6
(b)

Since the internal moments are known, the moment diagram for the
beam can be constructed as shown in Fig. 11-8d.

2000 N 1500 N/m
y 200N,  38532N | l l l l l l l l 21468 N 293.6N 293.6 N'm
==1) 1) (e}
2 3
m 4000 N'm 4m 587.1 N'm M 036N
M (N-m)
949.1
2 6 293.6
T : ‘ x (m)
457
-587.1
4000

(d)

4000 N-m
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_4El 1
M= I 0 2 M >
r ]
— — 3
i r—
unlocked
.. locked
joint ..
joint
Fig. 11-9
M
(a L p
A E——
S ——
end
real beam pin
(a)
1M
~~~~~~~~ f 2 (E) @
- —

conjugate beam

(b)
Fig. 11-10

DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

11.3 STIFFNESS-FACTOR
MODIFICATIONS

In the previous examples of moment distribution we have considered
each beam span to be constrained by a fixed support (locked joint) at
its far end when distributing and carrying over the moments. For this
reason we have calculated the stiffness factors, distribution factors, and
the carry-over factors based on the case shown in Fig. 11-9. Here, of
course, the stiffness factor is K = 4EI/L (Eq. 11-1), and the carry-over
factor is +3.

In some cases it is possible to modify the stiffness factor of a span and
thereby simplify the process of moment distribution. Three cases where
this frequently occurs will now be considered.

Member Pin Supported at Far End. Many beams are
supported at their ends by a pin (or roller) as in Fig. 11-10a. We can
determine the stiffness factor at joint A of this beam by applying a
moment M at the joint and relating it to the angle 0. To do this we must
find the shear in the conjugate beam at A’, Fig. 11-10b. We have

1/ M 2
+ =0 , -~ — — =
(+3Mg = 0; V(L) 2<EI>L<3L) 0
ML
Y = 0= 3pr
or
3EI
M="=-0
L

Thus, the stiffness factor for this beam is

_3EI

K
ILi

(11-4)

Far end pinned
or roller supported

Also, note that the carry-over factor is zero since the pin at B does
not support a moment. By comparison, then, if the far end were fixed
supported, the stiffness factor K = 4EI/L would have to be modified by%
to model the case of having the far end pin supported. If this modification
is considered, the moment-distribution process is simplified since the end
pin does not have to be locked—unlocked successively when distributing
the moments. Also, since the end span is pinned, the fixed-end moments
for the span are calculated using the formulas in the right column of the
table on the inside back cover. Examples 11.3 and 11.4 illustrate how to
apply these simplifications.
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internal
P moments

real beam — L

(a)

conjugate beam
(b)
Fig. 11-11

Symmetric Beam and Loading. If a beam is symmetric with
respect to both its loading and geometry, the bending-moment diagram
for the beam will also be symmetric. As a result, a modification of the
stiffness factor for the center span can be made, so that moments in the
beam only have to be distributed through a joint lying on either half
of the beam. To develop the appropriate stiffness-factor modification,
consider the beam shown in Fig. 11-11a. Due to the symmetry, the
internal moments at B and C are equal. Assuming this value to be M, the
conjugate beam for span BC is shown in Fig. 11-11b. The slope 0 at each
end is therefore

M L
+3Mp = 0; —Ve(l)+ — )| =) =0
(+2M¢ : p(L) + 7 ( )(2>

ML
Ve =0=7p
or

2EI

M="""9
L

The stiffness factor for the center span is therefore

2EI
K== 11-5
o (11-5)
Symmetric beam
and loading

By comparison, the center span’s stiffness factor will be one half that
usually determined using K = 4EI/L.
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. 1
internal 3 L
moments 1 (M) (L) M
2 \EI/\2 EI
\ S
% paa—
| -7 C/
1 - 5
=7 1 (M\(L
real beam El 2 (E) (7)
(a) conjugate beam
(b)
Fig. 11-12

Symmetric Beam with Antisymmetric Loading. If a
symmetric beam is subjected to antisymmetric loading, the resulting
moment diagram will be antisymmetric. As in the previous case, we can
modify the stiffness factor of the center span so that only one half of
the beam has to be considered for the moment-distribution analysis.
Consider the beam in Fig. 11-12a. Due to the antisymmetric loading, the
internal moment at B is equal but opposite to that at C. Assuming this
value to be M, the conjugate beam for its center span BC is shown in
Fig. 11-12b. The slope 6 at each end is then

rane=a o - YO - HENE)-

ML
V,: = —
5 =0=¢m
or
6EI
M=-"—"-0

L

The stiffness factor for the center span is, therefore,

_6EI

K
/L

(11-6)

Symmetric beam with
antisymmetric loading

Here the stiffness factor is one and a half times as large as that determined
using K = 4EI/L.
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EXAMPLE 11.3

Determine the internal moments at the supports for the beam shown in
Fig. 11-13a. El is constant.

100 kN/m

‘ 3m 4 m 3m ‘

(a)
Fig. 11-13
SOLUTION

By inspection, the beam and loading are symmetrical. Thus, we will
apply K = 2EI/L to calculate the stiffness factor of the center
span BC and therefore use only the left half of the beam for the
analysis. The analysis can be shortened even further by using
K = 3EI/L for calculating the stiffness factor of segment AB since
the far end A is pinned. Furthermore, the distribution of moment at
A can be skipped by using the FEM for a triangular loading on a span
with one end fixed and the other pinned. Thus,

3EI
Kup = 3 (using Eq. 11-4)
2EI Joint A B
Kpe = — (using Eq. 11-5) om
4 Member | AB BA BC
3EI/3
2 DF 1 0.667 | 0333
DFas 3EI/3
FEM 60  |-1333
DFg, = % = 0.667 Dist. 48.9 24.4
3EI/3 + 2EI/4
2EI/4 M 0 |1089 |-108.9
DFpec = =7 = 0333
BC ™ 3E1/3 + 2FEI/4
(b)
~ wl?  100(3)°
(FEM)p,4 = 5 - 15 60 kN - m
wl? 100(4)?
FEM)pc = — = —1333kN-
(FEM)sc 12 12 m

These data are listed in the table in Fig. 11-13b. Calculating the stiffness
factors as shown above considerably reduces the analysis,since only joint B
must be balanced and carry-overs to joints A and C are not necessary.
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EXAMPLE 11.4

Determine the internal moments at the supports of the beam shown in
Fig. 11-14a. The moment of inertia of the two spans is shown in the figure.

6000 N/m

Y V¥

120(10°) mm* 240(10°) mm*
3m ~ 4m

(a)
Fig. 11-14

SOLUTION

Since the beam is roller supported at its far end C, the stiffness factor
of span BC will be calculated using the basis of K = 3E[/L. We have

4EI _ 4E(120)(10°)

Kap = 7 - 3 - 160(10%)E
Kpe = % = 3E(242)(106) = 180(10%)E
Thus,
DFp, = ﬁ = 0.4706
DE= % = 0.5294
DF¢5 = % = 1l

Further simplification is possible by using the right-hand column of
the table on the inside back cover for a uniformly loaded span having
one side fixed, the other pinned. We have

L? —6000(4)*
(FEM)Bcz—W8 = - 8() = —12000N-m
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The data is entered into the table in Fig. 11-14b and the moment
distribution is carried out. By comparison with Fig. 11-6b, this method
considerably simplifies the distribution.

Joint A B C
Member AB BA BC CB
DF 0 04706 | 0.5294 1
FEM ~12.000
Dist. 56472 | 6352.8
Co 2823.6 "
SM | 28236 | 56472 | —56472 0

(b)

Using the results, the beam’s end shears and moment diagram are
shown in Fig. 11-14c.

13412N 6000 N/m
2823 N 2823 N 10588 N
DL (=) 5647N.m(T LIy
2824 N-m L T o=
16235 N
M (N-m) 9343
2824}\ /\
\3/ 52% * (m)
‘ —5647

©
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11.4 MOMENT DISTRIBUTION FOR
FRAMES: NO SIDESWAY

Application of the moment-distribution method for frames having no
sidesway follows the same procedure as that given for beams. To minimize
the chance for errors, it is suggested that the analysis be arranged in a
tabular form, as in the previous examples. Also, the distribution of
moments can be shortened if the stiffness factor of a span can be modified
as indicated in the previous section.

EXAMPLE 11.5

Determine the internal moments at the joints of the frame shown in
Fig. 11-15a. There is a pin at £ and D and a fixed support at A. EI
is constant.

45 kN/m

60 kN —

(a)

Joint A B C D E
Member| AB BA | BC | CB CD | CE | DC EC
DF 0 ]0.545 10.455/0.330 | 0.298 |0.372| 1 1

FEM —-135| 135
Dist. 73.6 | 61.4|-44.6 | —40.2 |-50.2
CO | 36.8 -22.37 30.7
Dist. 12.2 | 10.1/-10.1 | —-9.1 |-11.5
CcO 6.1 =51 5.1
Dist. 2.8 230 -1.7 | -1.5| -1.9
CcO 1.4 -0.8 1.2
Dist. 0.4 04) -04 | -04| -04
CO 0.2 -0.2°]° 0.2
Dist. 0.1 0.1] -0.1 0.0/ —-0.1
SM | 445 | 89.1 |-89.1| 115 |-51.2|-64.1

(b)
Fig. 11-15
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SOLUTION

By inspection, the pin at E will prevent the frame from sidesway. The
stiffness factors of CD and CE can be calculated using K = 3E[/L
since the far ends D and E are pinned. Thus,

4E] 4E] 3EI 3EI
KABzT KBczT KCD=T KCE=T
DFAB = 0
4EI/5
DFga = 70777 = 0.545

4EI/5 + 4EI/6
DFye = 1 — 0.545 = 0.455
4EI/6
D¥es = 151/6 + 3E1/5 + 3E1/4 ~ 220
3EI/5

DFcp = = 0.298
€D 4EI/6 + 3EI/5 + 3EI/4

DFcr =1 — 0330 — 0.298 = 0.372
DFDC =1 DFEC =1

_ —wL2 . —45(6)2 .
. wl? . 45(6)2 .
(FEM)gp = =~ = — = I35kN-m

The data are shown in the table in Fig. 11-15b. Here the distribution
of moments successively goes between joints B and C. The final
moments are shown on the last line.

Using these results, the moment diagram for the frame is constructed
in Fig. 11-15¢.

101 kN-m

/ 51.2kN-
89.1 kN-m 89.1 kN-m p4.1 kN-m

115 kN-m

445 kN-
©
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(a)

11.5 MOMENT DISTRIBUTION FOR
FRAMES: SIDESWAY

It has been shown in Sec. 10.5 that frames that are nonsymmetrical or
subjected to nonsymmetrical loadings have a tendency to sidesway. An
example of one such case is shown in Fig. 11-16a. Here the applied loading
P will create unequal moments at joints B and C such that the frame will
sidesway an amount A to the right. To determine this deflection and the
internal moments at the joints using moment distribution, we will use
the principle of superposition. The frame is first considered held from
sidesway by applying an artificial joint support at C, Fig. 11-16b. Using
moment distribution and statics the restraining force R is determined.
The equal, but opposite, restraining force is then applied to the frame,
Fig. 11-16¢, so that the moments in the frame can be calculated.
One method for doing this is to assume a numerical value for one of
the internal moments, say Mj,. Using moment distribution and statics,
the deflection A’ and external force R’ corresponding to this assumed
value of M 3,4 are calculated. Since the force R’ develops moments in the
frame that are proportional to those developed by R, then the moment
at B developed by R will be Mg, = Mp,(R/R'). Finally, addition of
the joint moments for both cases, Figs. 11-16b and 11-16¢, will yield the
actual moments in the frame, Fig. 11-16a.

Multistory Frames. Quite often, multistory frameworks may
have several independent joint displacements, and consequently the
moment-distribution analysis using the above techniques will involve
more calculation. Consider, for example, the two-story frame shown in
Fig. 11-17a. This structure can have two independent joint displacements,
since the sidesway A of the first story is independent of any displacement

P
C
B C; R B R
- +
A D A D
artificial joint applied artificial joint removed
(no sidesway) (sidesway)
(®) (©

Fig. 11-16
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A, of the second story. Unfortunately, these displacements are not known
initially, so the analysis must proceed on the basis of superposition, in the
same manner as discussed previously. In this case, two restraining forces Ry
and R, are applied, Fig. 11-17bh, and the fixed-end moments are determined
and distributed. Using the equations of equilibrium, the numerical values
of R; and R, are then determined. Next, the restraint at the ceiling of the
first story is removed and the ceiling is given a displacement A’, Fig. 11-17c.
This displacement causes fixed-end moments (FEMs) in the frame, which
can be assigned specific numerical values. By distributing these moments
and using the equations of equilibrium, the associated numerical values
of R’} and R/, can be determined. In a similar manner, the ceiling of the
second story is then given a displacement A”, Fig. 11-17d. Assuming
numerical values for the fixed-end moments, the moment-distribution
and equilibrium analysis will yield specific values of R", and R",. Since the
last two steps associated with Figs. 11-17¢ and 11-17d depend on assumed
values of the FEMs, correction factors C’' and C” must be applied to the
distributed moments. With reference to the restraining forces in Fig. 11-17¢
and 11-17d, we require equal but opposite application of R; and R, to the
frame, such that

Ry = —C'Ry + C'R}
R, = +C'R} — C'R}

Simultaneous solution of these equations yields the values of C’ and C".
These correction factors are then multiplied by the internal joint
moments found from the moment distribution in Figs. 11-17¢c and 11-17d.
The resultant moments are then found by adding these corrected
moments to those obtained for the frame in Fig. 11-17b.

Other types of frames having independent joint displacements can be
analyzed using this same procedure; however, it must be admitted that
the foregoing method does require quite a bit of numerical calculation.
Although some techniques have been developed to shorten the calculations,
it is best to solve these types of problems on a computer, preferably using a
matrix analysis. The techniques for doing this will be discussed in Chapter 16.

P;

507

This statically indeterminate concrete building
frame can be subjected to sidesway due to
wind and earthquake loadings.

i
R
|

\
——> R|
1

(a) (b) (©
Fig. 11-17

(d)
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EXAMPLE 11.6

Determine the moments at each joint of the frame shown in Fig. 11-18a.
16 kN EI is constant.

Im 4 m SOLUTION

First we consider the frame held from sidesway as shown in Fig. 11-18b.
We have

5m sm 16(4)*(1)
(FEM)pc = — oF —~1024kN-m

16(1)°(4)
OF

Il The stiffness factor of each span is calculated using 4EI/ L or the relative-

stiffness factor /L. The DFs and the moment distribution are shown in

the table, Fig. 11-18d. Using these results, the equations of equilibrium are

c applied to the free-body diagrams of the columns in order to determine

~ A', and D', Fig. 11-18e. From the free-body diagram of the entire frame
(not shown) the joint restraint R in Fig. 11-18b has a magnitude of

2F, =0 R = 173kN — 0.81 kN = 0.92kN

@ (FEM) 5 = = 256kN-m

16 kN

An equal but opposite value of R = 0.92 kN must now be applied

to the frame at C and the internal moments at the joints must be
calculated, Fig. 11-18c. The easiest way to do this is to assume these
(b) fixed-end moments have a certain value and then find R’, Fig. 11-18f.
+ The moments are then found by proportion.
C To begin, R’ causes the frame to deflect A" as shown in Fig. 11-18f. Here
the joints at B and C are temporarily restrained from rotating, and as a
result the fixed-end moments at the ends of the columns are determined
from the formula for deflection found on the inside back cover, that is,

Joint A B C D
Member AB | BA | BC | ¢B | 0 | bC | ¥ !
(c) DF 0 0.5 0.5 0.5 0.5 0 —a ~
FEM 21024 | 256 578 kN-m H 272kNm

Fig. 11-18 Dist. 512 | 512,-1.28|-128

CcO 2.56 -0.64 2.56 -0.64
Dist. 0.32 032, -1.28 | -1.28

Cco | 0.16 ~0.64°]* 0.16 ~0.64
Dist. 032 | 032 -0.08| —0.08 .

CO 0.16 -0.04 0.16 -0.04 \/, \""
Dist. 0.02 0.02 | -0.08 | —0.08 TA;: 1.73 kN TD;: 0.81 kN

M 2.88 578 | =578 | 2.72 | -2.72 | -1.32
(d) ©
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Joint A B C D
Member| AB BA BC CB CD DC
DF 0 0.5 0.5 0.5 0.5 0
FEM |-100 |-100 -100 -100
Dist. 50 50 50 50
CO 25 25 25 25
Dist. ~12.5 | -125 | -12.5 -12.5
CcO -6.25 -6.25 71 =6.25 -6.25
100 kN-m 100 kN-m Dist. 3.125| 3.125, 3.125| 3.125
® CO 1.56 1.56 1.56 1.56
Dist. -0.78 |-0.78 | —0.78 | —0.78
CO -0.39 -0.39 71>0.39 -0.39
S Dist. 0.195 0.195| 0.195| 0.195
M = e SM | -80.00| —60.00| 60.00 | 60.00 | —60.00 |—80.00

Since both B and C happen to be displaced the same amount A’, ®

and AB and DC have the same E, I, and L,the FEM in AB will be the
same as that in DC. As shown in Fig. 11-18f, we will arbitrarily assume
this fixed-end moment to be

(FEM)AB == (FEM)BA == (FEM)CD == (FEM)DC == _100 kN -m

A negative signisnecessary since the moment must act counterclockwise
on the column for deflection A’ to the right. The value of R’ associated
with this —100 kN - m moment can now be determined. The moment

distribution of the FEMs is shown in Fig. 11-18g. From equilibrium, 60 kN-m 60 kN-m
Sm 5m
3F, =0; R'" =28 + 28 = 56.0 kN

) oe
N~

the horizontal reactions at A and D are calculated, Fig. 11-18A. Thus,
for the entire frame we require

Hence, R’ = 56.0kN creates the moments tabulated in Fig. 11-18g. 80kN-m 80 kN-m
: . ~—~ 7
Corresponding moments caused by R = 0.92 kN can now be determined -— -—
) . . ; A,=28kN D, =28kN

by proportion. The resultant moment in the frame, Fig. 11-18a, is therefore T T
equal to the sum of those calculated for the frame in Fig. 11-18b plus the
proportionate amount of those for the frame in Fig. 11-18c. We have (h)

Myp = 2.88 + 25 (—80) = 1.57kN-m Ans.

Mgy = 578 + 22 (—60) = 479kN-m Ans.

Mpe = —5.78 + 2 (60) = —4.79kN -m Ans.

Mcp = 2.72 + £2(60) = 3.71kN-m Ans.

Mcp = =272 + 22 (—60) = —3.71kN-m Ans.

Mpc = —132 + 3% (—-80) = —2.63kN-m Ans.
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EXAMPLE

11.7

W

B
| =
—

8 kN/m

!

1

Lu (010001
_av

Ie = 750(10°) mm* ‘

1250(10°) mm*

DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

Determine the moments at each joint of the frame shown in Fig. 11-19a.
The moment of inertia of each member is indicated in the figure.

I 8 7.5m
f——6m
Dot
(a)

SOLUTION
The frame is first held from sidesway as shown in Fig. 11-19b. The
internal moments are calculated at the joints as indicated in Fig. 11-19d.
Here the stiffness factor of CD was determined using 3E//L since
there is a pin at D. Calculation of the horizontal reactions at A and D
is shown in Fig. 11-19e. Thus, for the entire frame,
3F, = 0; R =5.784 — 2 = 3.78 kN

Joint A B C D

Member, AB BA BC CB CD DC 19.35kN-m i 15.00 kN-m

DF | 0 | 0615|038 | 05 | 05 | 1 = N

FEM 24 24

Dist. 1477 | 923 -12 |-12

CO | 738 -6 4.62

Dist. 3.69 | 231,231 | -231 7om

CO | 185 -1.157" 1.15

Dist. 0.710/ 0.444,-0.58 | -0.58 Y9 kN'm

CO | 0.355 -0.29° 0.222 =

Dist. 0.18 | 0.1 /-0.11 | -0.11 5784 KN f Dy =2kN

M | 9.59 | 19.35 |-19.35| 15.00 | -15.00[ O

(d)

(e)
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Joint A B C D
Member, AB BA BC CB CD DC

DF 0 0.615 | 0.385| 0.5 0.5 1

FEM |—100 | —100 —27.78

Dist. 61.5| 38.5 [13.89 | 13.89

CO | 30.75 6.94°19.25

Dist. —4.27|—-2.67 -9.625/—9.625

CO |—-2.14 —4.81"-1.34

Dist. 296 1.85] 0.67 | 0.67

CO 1.48 0.337 0.92

Dist. —0.20/—-0.13 —0.46 |—0.46

XM |—69.91—40.01| 40.01 | 23.31 |—23.31 0

The opposite force is now applied to the frame as shown in Fig. 11-19¢. (2
As in the previous example, we will instead consider a force R’ acting

on the frame, Fig. 11-19f. Here the joints B and C are displaced by

the same amount A’. From the table on the inside back cover, the
fixed-end moments for BA are

6EIA  6E(1000)(10°)A

(FEM) 45 = (FEM)BA = = 12 - (5)2

And for CD,

3EIA  3E(1250)(10°)A

L? (7.5) |
Assuming the FEM for AB is —100 kN - m as shown in Fig. 11-19f, the 40.01 kN- mr\ #2331kN'm
corresponding FEM at C, causing the same A’, is found by comparison, i.e.,

(FEM)cp = —

L (F100)(5)? (FEM)(7.5)?
6E(1000)(10°) 3E(1250)(10°) Josor i
(FEM)¢p = —27.78 k *m A, = 2198KN =
=3.11kN

Moment distribution for these FEMs is tabulated in Fig. 11-19g.
The calculation of the horizontal reactions at A and D is shown in
Fig. 11-19A. For the entire frame, ®
SF, =0 R’ = 2198 + 3.11 = 25.09 kN
The resultant moments in the frame are therefore

Myg = 9.59 + (25)(—69.91) = —0.942 kN - m Ans.

Mgy = 19.35 + (£5)(-40.01) = 133kN-m Ans.

Mge = —19.35 + (525)(40.01) = —133kN-m Ans.

Mcp = 15.00 + (323)(23.31) = 18.5kN *m Ans.

Mcp = —15.00 + (£)(-2331) = —185kN'm  Ans.
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DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

EXAMPLE 11.8
Determine the moments at each joint of the frame shown in Fig. 11-20a.
El is constant.
16 kN
B A C
40 kN —»X’—g—" ]
2 = +
A e
}ESm% 25m|25m, 3m%‘
(a) (b) (c)
Fig. 11-20
SOLUTION
First sidesway is prevented by the restraining force R, Fig. 11-20b. The
FEM:s for member BC are
16(5) 16(5)
(FEM)BC = = T = —10kN-m (FEM)CB = T = 10kN-m
Since spans AB and DC are pinned at their ends, the stiffness factor is
3EI/L.The moment distribution is shown in Fig. 11-20d.
Using these results, the horizontal reactions at A and D must be
determined. This is done using an equilibrium analysis of each member,
Fig. 11-20e. Summing moments about points B and C on each leg, we have
(+EMp = 0; 597 + A, (4) —8(3) =0 A, = 749kN
(+EMc = 0; 597 — D,(4) + 83) =0 D, = 7.49kN
Thus, for the entire frame,
>F, =0 R =749 — 749 + 40 = 40kN
Joint | A B C D
Member| AB | BA | BC | CB | CD | DC
DF 1 | 0429 | 0571 | 0.571 | 0429 | 1
FEM -10 10
Dist. 429 | 571 —5.71| —4.29
Cco -2.86"] 2.86
Dist. 123 | 1.63) —1.63| —1.23
CO -0.827 0.82
Dist. 035 | 047 —047| —035
CO —024" 024
Dist. 0.0 | 0.13 | —0.13| —0.10
SM 0 | 597 | -597| 597 | -597| 0
(@)

(©)
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The opposite force R is now applied to the frame as shown in
Fig. 11-20c. In order to determine the internal moments developed
by R, we will instead first consider the force R’ acting on the frame,
Fig. 11-20f. Here the dashed lines extend to the final positions B’ and
C' of points B and C,respectively. Due to symmetry BB’ = CC' = A'.
The vertical distance between B’ and C’ is 1.2A’, as shown on the
displacement diagram, Fig. 11-20g. ®

These relative displacements of each end of a span will create
fixed-end moments in the spans, where (FEM)g, = (FEM)cp =
—3EIN /(5)%, (FEM)gc = (FEM)cp = 6EI(1.24")/(5).

Here the moments are negative for BA and CD since clockwise
rotation of the span causes a counterclockwise FEM.

Ifwearbitrarilyassignavalueof (FEM) g, = (FEM)cp = —100 kN - m,
then equating A’ in the above formulas yields (FEM)gc =
(FEM)p = 240 kN - m. These moments are applied to the frame and
distributed, Fig. 11-20A. Using these results, the equilibrium analysis
for each member is shown in Fig. 11-20i. For each leg, we have

(+SMp = 0; —AL4) + 58.72(3) + 14680 = 0 A/, = 80.74kN
(+SMc=0; —D'(4) + 58.72(3) + 14680 = 0 D', = 80.74kN

Thus, for the entire frame,
SF. = 0; R’ = 80.74 + 80.74 = 161.48 kN
The resultant moments in the frame are therefore

Mgy =597 + (1) (—146.80) = —304kN-m  Auns.

Mge = =597 + (7555 ) (146.80) = 30.4kN-m Ans.
Mcg = 597 + (o35 ) (146.80) = 423kN-m Ans.
Mcp = =597 + (15%s ) (—146.80) = —423kN-m  Ans.
Joint | A B C D
Membei AB | BA | BC | CB | CD | DC
58.72kN DF | 1 |0429|0571] 0571]0429 | 1
: rl\ : FEM S100 240 1240 F100
9 R Ve 4680 kN-m Dist. —60.06-79.94.-79.94 |-60.06
: o 30.97530.97
$ T ¢ ‘ Dist. 1715 2282, 2282 | 1745
o 114177 1141
146.80kN'm 1146.80 kN'm 4m Dist. ~4.89| ~6:52| 652 | ~4.89
58.72 kN 58.72 kN l [€0) -3261-326
). VoY Dist. 140/ 186) 186| 140
< : o 093 0.93
im Dist. ~0.40] ~0.53 | ~033 | ~0.40
TN 5872 kN SM | 0 11468014680 146.80 | 14680 0

® (h)
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. PROBLEMS

CHAPTER 11

DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

Sec. 11.1-11.3

11-1. Determine the moments at A, B, and C, then draw
the moment diagram. E is constant.

18 kN

Prob. 11-1

11-2. Determine the moments at A, B, and C. Assume the
support at Bis a roller and A and C are fixed. EI is constant.

Prob. 11-2

11-3. Determine the moments at A and B, then draw the
moment diagram. Assume the support at B is a roller, Cis a
pin, and A is fixed.

12 kN/m

Prob. 11-3

*11-4. The bar is pin supported at points A, B, C,and D. If
the normal force in the bar can be neglected, determine the
vertical reaction at each pin. ET is constant.

16 kN

A ‘B C [ D
‘e4map4m - 8m H—4m—t—4m—
16 kN

Prob. 11-4

11-5. Determine the moments at A, B, and C, then draw
the moment diagram. Assume the support at B is a roller and
A and C are fixed. EI is constant.

Prob. 11-5



11-6. Determine the moments at B and C, then draw the
moment diagram for the beam. Assume C is a fixed support.
El is constant.

Prob. 11-6

11-7. Determine the moments at the supports. EI is
constant. Assume B is a roller and A and C are fixed.

15kN 15kN 15kN
25 kN

AR E R
e P

Prob. 11-7

#11-8. Determine the moments at B and C, then draw the
moment diagram for the beam. The supports at A, B, C, and
D are pins. Assume the horizontal reactions are zero. EI is
constant.

12 kN/m

ﬂ‘wc 3
£
ol

4m

Prob. 11-8

PROBLEMS 515

11-9. Determine the moments at B and C, then draw the
moment diagram for the beam. Assume the supports at B
and C are rollers and A and D are pins. EI is constant.

12 kN/m

Prob. 11-9

11-10. Determine the reactions at the supports and then
draw the moment diagram. Assume A is fixed. £/ is constant.

2.5kN
20 kN/m
G D
4m } 3m ——
Prob. 11-10

11-11. Determine the internal moment in the beam at B,
then draw the moment diagram. Assume C is a pin. EI is
constant.

12 kN/m
8 kN/m
=
AE & B C
1 5m 1 6 m |
Prob. 11-11
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11-14. Determine the moment at B, then draw the
moment diagram for each member of the frame. Support A

is pinned. £/ is constant.

#11-12. Determine the moments at B and C, then draw
the moment diagram for the beam. Assume the supports at
B and C are rollers and A is a pin. EI is constant.

6 kN/m

RERRERER

800 kN/m

Prob. 11-12

6 m 2.5 m—

Prob. 11-14

Sec. 114

11-13. Determine the moments at B, then draw the
moment diagram for each member of the frame. Assume
the support at A is a roller and C is fixed. EI is constant.

11-15. Determine the moments at the fixed support A
and joint D and then draw the moment diagram for the

frame. Assume B is pinned.

12 kN
l B
, 36 kN/m
4m 2 m—| n‘". i i i
e
= C
7] A
6 m b
4m 4m
4 m
s
Prob. 11-15

Prob. 11-13



#11-16. Determine the internal moments acting at each
joint. Assume A, D, and E are pinned and B and C are fixed
joints. The moment of inertia of each member is listed in the
figure. E = 200 GPa.

6 m

Igp = 300(107%) m*
Icp = 500(107%) m*

Prob. 11-16

11-17. Determine the reactions at A and D. Assume the
supports at A and D are fixed and B and C are fixed
connected. EI is constant.

72 kN/m

NENRENRENNEN

‘ 8m

Prob. 11-17

PROBLEMS 517

11-18. Determine the moments at B and C, then draw the
moment diagram for each member of the frame. Assume
the supports at A, E, and D are fixed. EI is constant.

40 kN

2m 2 m

sehs

@

2"

2
=
i

Prob. 11-18

11-19. The frame is made from pipe that is fixed connected.
If it supports the loading shown, determine the moments
developed at each of the joints. E7 is constant.

18 kN 18 kN

‘ 4m 4 m 4m

Prob. 11-19
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#11-20. Determine the moments at A, C, and D, then draw
the moment diagram for each member of the frame. Support
A and joints C and D are fixed connected. E1 is constant.

6 kN/m

Prob. 11-20
Sec. 11.5

11-21. Determine the moments at joints B and C, then
draw the moment diagram for each member of the frame.
The supports at A and D are pinned. EI is constant.

16 kN

«2.5m Sm

Prob. 11-21

11-22. Determine the moments at D and C, then draw the
moment diagram for each member of the frame. Assume
the supports at A and B are pins. EI is constant.

16 kN

eS8 9Sgsan 9w 9Sssan % 4 SSgea
SRS st de ot sala de oda sal

Prob. 11-22

DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

11-23. Determine the moments acting at the fixed
supports A and D of the battered-column frame. EI is
constant.

25 kN/m

Prob. 11-23

#*11-24. Determine the moments acting at the ends of
each member of the frame. EI is the constant.

24 kN/m

‘ 6 m“ A |

Prob. 11-24



11-25. Determine the moments at the ends of each
member of the frame. The members are fixed connected at
the supports and joints. E/ is the same for each member.

CHAPTER REVIEW 519

11-26. Determine the moments acting at the ends of each
member. Assume the supports at A and D are fixed. The
moment of inertia of each member is indicated in the figure.

E = 200 GPa.

36 kN/m

60 kN

Ipc = 600(107%) m*

Icp = 300(107%) m* Sm
45 kN = 75

: —6y 4
Iy = 400(10 ) m

G oe I

Prob. 11-25 Prob. 11-26

. CHAPTER REVIEW

Moment distribution is a method of successive approximations that can be carried out to any desired degree of accuracy.
It initially requires locking all the joints of the structure. The equilibrium moment at each joint is then determined, the
joints are unlocked and this moment is distributed onto each connecting member, and half its value is carried over
to the other side of the span. This cycle of locking and unlocking the joints is repeated until the carry-over moments
become acceptably small. The process then stops and the moment at each joint is the sum of the moments from each
cycle of locking and unlocking.

The process of moment distribution is conveniently done in tabular form. Before starting, the fixed-end moment for each
span must be calculated using the table on the inside back cover of the book. The distribution factors are found by dividing
a member’s stiffness factor by the total stiffness factor of the joint. For members having a far end fixed, use K = 4EI/L;
for a far-end pinned or roller-supported member, K = 3EI/L; for a symmetric span and loading, K = 2EI/L; and for an
antisymmetric loading, K = 6EI/L. Remember that the distribution factor for a fixed end is DF = 0, and for a pin or
roller-supported end, DF = 1.
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The portal frame of this bridge must resist the lateral loads caused by traffic and
wind. Because this frame is statically indeterminate, an approximate analysis can

be made of the loadings to design the members, before a more exact structural
analysis is considered.




APP XIMAT
ANALYSIS —
STATICALLY

INDETERMINAT
STRUCTURES

. CHAPTER OBJECTIVE

m To show how to obtain the approximate forces in a statically
indeterminate truss, and in frames subjected to both vertical and
lateral loads.

12.1 USE OF APPROXIMATE
METHODS

As we have seen in the previous three chapters, when a model is used
to represent any statically indeterminate structure, the analysis of it
must satisfy both the conditions of equilibrium and compatibility of
displacement at the joints. The compatibility conditions for a statically
indeterminate structure can be related to the loads provided we know
the material’s modulus of elasticity and the size and shape of the
members. Since we do not initially know these properties, a statically
indeterminate analysis cannot be performed. Therefore a simpler model
of the structure must be developed so that it is statically determinate.
Once this model is specified, the analysis of it is called an approximate
analysis. By performing an approximate analysis, a preliminary design
or size of the members can be determined, and when this is done the
more exact indeterminate analysis can then be performed and the design
refined. An approximate analysis also provides insight as to a structure’s
behavior under load and is beneficial for checking a more exact analysis.

521
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CHAPTER 12 APPROXIMATE ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES

N

R
F,
lV: Rl

12.2 TRUSSES

A common type of truss often used for lateral bracing of a building
or for preventing sidesway of a bridge is shown in Fig. 12-1a.* When
used for this purpose, this truss is not considered a primary element
for the support of the structure, and as a result it is often analyzed
by approximate methods. Notice that for this truss, if a diagonal is
removed from each of the three panels, it will render the truss statically
determinate. Hence, the truss is statically indeterminate to the third
degree. (Using Eq. 3-1, b + r > 2j, or 16 + 3 > 2(8).) As a result,
we must make three assumptions regarding the bar forces in order to
reduce the truss to one that is statically determinate. These assumptions
will be made with regard to the cross-diagonals, realizing that when one
diagonal in a panel is in tension the corresponding cross-diagonal will be
in compression. This is evident from Fig. 12-1b, where the “panel shear” V
is carried by the vertical component of tensile force in member a and the
vertical component of compressive force in member b. Two methods of
analysis are generally acceptable.

Method 1: If the diagonals are intentionally designed to be long
and slender, it is reasonable to assume that they cannot
support a compressive force; otherwise, they may
easily buckle. Hence the panel shear is assumed to be
completely resisted by the tension diagonal, whereas
the compression diagonal is assumed to be a zero-force
member.

Method 2: If the diagonal members are intended to be constructed
from large rolled sections such as angles or channels,
they may be equally capable of supporting a tensile
and compressive force. Therefore, we will assume that
the tension and compression diagonals each carry half
the panel shear.

Both of these methods of approximate analysis are illustrated numerically
in the following examples.

An approximate method can be used to determine the forces in
the cross bracing in each panel of this bascule railroad bridge.
Here the cross members are thin and so we can assume they carry
no compressive force.

* See Fig. 3—4.



EXAMPLE 12.1

Determine (approximately) the forces in the members of the truss shown
in Fig. 12-2a. The diagonals are to be designed to support both tensile and
compressive forces. The support reactions are given.

Fig. 12-2

SOLUTION

By inspection the truss is statically indeterminate to the second degree.
The two assumptions require the tensile and compressive diagonals
each to carry half the panel shear. For a vertical section through the left
panel, Fig. 12-2b, Fry = F4r = F,and so

+13F,=0; 10-2(3)F=0 F=2833kN Ans.
Therefore
Frp = 833 kN (T) Ans.
F,r = 833kN (C) Ans.

(+3M, =0; —833(2)(3) + Fre(3) =0 Fpp = 6.67kN (C) Ans.
(F3Mp=0; —833(3)(3) + Fup(3) =0 Fup = 6.67TkN (T) Ans.
From joint A, Fig. 12-2c,

+13F, =0, —Fur—833(2) +10=0 F,r=5kN(C)

Forces in the members on the other side of the truss are determined
by symmetry. To determine the force in EB we will consider joint E,
Fig. 12-2d.

+13F, = 0;

Ans.

2[833(2)] — Feg =10

FEB = 10 kN (T) Ans.

12.2  TRUSSES

lV= 10 kN

Awo 43

10 kN

(b)

Far  ga3kn

3

4
A—>6.67 kKN

T

10kN
(©

6.67 KN——»—— 6,67 KN
5 3 3 5

7
Fo; 833kN

(d)

4
8.33 kN

523
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EXAMPLE

12.2

40kN
(©)

Cross bracing is used to provide lateral support for this bridge deck due
to the wind and unbalanced traffic loads. Determine (approximately) the
forces in the members of this truss. Assume the diagonals are slender and
therefore will not support a compressive force. The loads and support
reactions are given in Fig. 12-3a.

20 kN 20 kN 20 kN
10 kN 10 kN

1 _ H G ‘ F

Fig. 12-3
SOLUTION

By inspection the truss is statically indeterminate to the fourth degree.
Because the diagonals are assumed to be slender, the four assumptions
to be used require that each compression diagonal sustain zero force.
From a vertical section through the left panel, Fig. 12-3b, we have

F, =0 Ans.
+13F, = 0; 40 — 10 — Fyjpcos45° = 0
Fjp = 424 kN (T) Ans.
(+3M, = 0; —42.45in 45°(5) + Fy(5) = 0
F;; = 30kN (C) Ans.
(+2M; = 0; —Fap(5) =0
Fap=0 Ans.

From joint A, Fig. 12-3c,
F;4, = 40kN (C) Ans.
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20 kKN
10 kN
Sm
J \
—— oo SIS K_FIH
’ N T V =10kN
75
> Fic
Sm
3 oRfX 45°
B O Fy

A vertical section of the truss through members IH, IC, BH, and BC
is shown in Fig. 12-3d. The panel shearis V = 40 — 10 — 20 = 10 kN.
We require

Fpy =0 Ans.
+13F, = 0 40 — 10 — 20 — Fjccos 45° =
Fie = 141 kN (T) Ans.

(+SMg=0; —40(5) + 10(5) — 14.1 sin 45°(5) + Fy(5) = 0

F;; = 40kN (C) Ans.
(t2M; = 0; —40(5) + 10(5) + Fgc(5) = 0
Fge = 30kN (C) Ans.
From joint B, Fig. 12-3e, 42.4kN FB’4 0
+13F, =0; 4245045 — Fg =0 0% £ 30k
Fp; = 30kN (C) Ans. ©
The forces in the other members can be determined by symmetry, .
except Fgyy. From joint C, Fig. 12-3f, we have 141N L 141kN
+T2Fy =0 2(14.1sin45°) — Fey = 0 30kNM30 kN

Fey = 20kN (C) Ans. t
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12.3 VERTICAL LOADS ON BUILDING
FRAMES

Building frames often consist of girders that are rigidly connected to
columns so that the entire structure is better able to resist the effects of
lateral forces due to wind and earthquake. An example of such a rigid
framework, often called a building bent, is shown in Fig. 12—4.

In practice, a structural engineer can use several techniques for
performing an approximate analysis of a building bent. Each is based
upon knowing how the structure will deform under load. One technique
would be to consider only the members within a localized region of the
structure. This is possible provided the deflections of the members within
the region cause little disturbance to the members outside the region. Most
often, however, the deflection curve of the entire structure is considered.
From this, the approximate location of points of inflection, that is, the points
where the member reverses its curvature, can be specified. These points can
be considered as pins since there is zero moment within the member at a
point of inflection. We will use this idea in this section to analyze the forces
on building frames due to vertical loads, and with it,in Secs. 12.5 and 12.6 an
approximate analysis for frames subjected to lateral loads will be presented.
Since the frame can be subjected to both of these loadings simultaneously,
then provided the material remains linear elastic, the resultant loading
within the member is determined by superposition.

Assumptions for Approximate Analysis. Consider a typical
girder located within a building bent and subjected to a uniform vertical
load, as shown in Fig. 12-5a. The column supports at A and B will each
exert three reactions on the girder, and therefore the girder will be
statically indeterminate to the third degree (6 reactions —3 equations
of equilibrium). To make the girder statically determinate, an approximate
analysis will therefore require three assumptions. If the columns are
extremely stiff, no rotation at A and B will occur, and the deflection
curve for the girder will look like that shown in Fig. 12-5b. Using one of

typical building frame

Fig. 12-4
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TTin LI
girder 4_,C\ _________ /j

A B 0.21L points of zero (217,

‘ ‘ moment
L L

(a) fixed supported
(b)

point of point of
zero Y Y Y YV Y zero

AFS B
moment! N —— = g moment

0.1, assumed points of zero 1 /|
' moment '
L
approximate case
(©) (d)
Fig. 12-5

simply supported

the methods presented in Chapters 9 through 11, an exact analysis
reveals that for this case of rigid supports, inflection points or points of
zero moment occur at 0.21L from each support. If, however, the column
connections at A and B are very flexible, then like a simply supported
beam, zero moment will occur at the supports, Fig. 12-5c¢. In reality,
however, the columns will provide some flexibility at the supports, and
therefore we will assume that zero moment occurs at the average point
between the two extremes, i.e., at (0.21L + 0)/2 = 0.1L from each
support, Fig. 12-5d. Furthermore, an exact analysis of frames supporting
vertical loads indicates that the axial forces in the girder are negligible.

In summary then, each girder of length L may be modeled by a simply
supported span of length 0.8L resting on two cantilevered ends, each
having a length of 0.1L, Fig. 12-5e. The following three assumptions are
incorporated in this model:

1. There is zero moment in the girder, 0.1L from the left support.

2. There is zero moment in the girder, 0.1L from the right support. i l l l lw l l l %

3. The girder does not support an axial force.

By using statics and mechanics of materials, the internal loadings in the '
girders and a preliminary size of their cross sections can now be obtained. 101t O1L[-—
Be aware, however, that this method has this limited application. For
example, it cannot be extended to give the force and moment reactions at 0.8L
the supports on the frame. The intent here is simply to approximate the model

loadings within the girders. (e)
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EXAMPLE 12.3

Determine (approximately) the moment at the joints E and C caused by
members EF and CD of the building bent in Fig. 12-6a.

16 kN/m 64 kN
RRRRRE - —
> A o Al
4m ?
32kN 32kN
16 kN/m
T 8kN 32kN 32kN_8kN
G| 18kN-m (! ") 18 kN-m
i 4m | ”T l—05m  05m—
0.5m 0.5m 40 kN 40 kN
A B ©
| sm |
(a) (b)
Fig. 12-6
SOLUTION

For an approximate analysis the frame is modeled as shown in
Fig. 12-6b. Here each cantilevered span supporting the center portion
of the girder has a length of 0.1L = 0.1(5) = 0.5 m. Equilibrium
requires the end reactions for the center portion of the girder to
be 32 kN, Fig. 12-6¢. The cantilevered spans are then subjected to a
reaction moment at C and £ of

M = 8(0.25) + 32(0.5) = 18 kN -m Ans.

Using the results, the approximate moment diagram for one of the
girders is shown in Fig. 12-6d.

M (kN-m)

‘ 32
/\ 5
i ’A).s 4.5\ * (m)

(d)
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12.4 PORTAL FRAMES AND TRUSSES

Frames. Portal frames are frequently used over the entrance of a
bridge* and as a main stiffening element for a building frame in order
to transfer horizontal or lateral forces applied at the top of the frame to
the foundation. On bridges, these frames resist the forces caused by wind,
earthquake, and unbalanced traffic loading on the bridge deck. Portals
can be pin supported, fixed supported, or supported by partial fixity. The
approximate analysis of each case will now be discussed for a simple

three-member portal.
Pin Supported. A typical pin-supported portal frame is shown in
Fig. 12-7a. Since four unknowns exist at the supports but only three
equilibrium equations are available for solution, this structure is
statically indeterminate to the first degree. Consequently, only one
assumption must be made to reduce the frame to one that is statically
determinate.
The elastic deflection of the portal is shown in Fig. 12-7b. This diagram
indicates that a point of inflection, that is, where the bending moment
changes from positive to negative, is located approximately at the girder’s
midpoint. Since the moment in the girder is zero at this point, we can
assume a hinge exists there, and with this assumption we can proceed to
determine the reactions at the supports using statics, Fig. 12-7c. Here it
is found that the horizontal reactions (shear) at the base of each column
are equal and the other reactions are those indicated in the figure.
Using these results, the moment diagram for this frame is indicated in

Fig. 12-7d.

l
—i— rp L
P ;ﬁ—z 2—%
Ph Ph

Sl

\
(STl
~|T —r

/
P (©)
*See Fig. 3-4.
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Fixed Supported. Portals with two fixed supports, Fig. 12-8a, are statically
indeterminate to the third degree since there is a total of six unknowns at
the supports. If the columns have equal lengths and cross-sectional areas, the
frame will deflect as shown in Fig. 12-8b. For this case we will assume points
of inflection occur at the midpoints of all three members, and therefore
hinges are placed at these points. The reactions and moment diagrams for
each member can therefore be determined by dismembering the frame at
the hinges and applying the equations of equilibrium to each of the four
parts. The reactions are shown in Fig. 12-8c. Note that, as in the case of the
pin-connected portal, the horizontal reactions (shear) at the base of each
column are equal. The moment diagram for this frame is shown in Fig. 12-8d.

‘.;[\;4:.‘.

Fig. 12-9

N
™

4>|"§
|
o

o i

2

=
l

4>|;_U

moment

diagram
(d)
(©)

Fig. 12-8

Partial Fixity. Since it is both difficult and costly to construct a fixed
support for a portal frame, it is conservative and somewhat realistic to
assume a slight rotation occurs at the supports, Fig. 12-9. As a result,
the points of inflection on the columns lie somewhere between the
case of having a pin-supported portal, Fig. 12-7b, where the “inflection
points” are at the supports (base of columns), and a fixed-supported
portal, Fig. 12-8b, where the inflection points are assumed to be at the
center of the columns. To make this frame statically determinate, many
engineers arbitrarily define the location of inflection points at 4/3 from
the supports, and therefore place hinges at these points, and also at the

center of the girder, Fig. 12-9.
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diagonal

roof bracing

portal or transverse
bent

bay

Fig. 12-10

Trusses. When aportalis used to span large distances, a truss may be used
in place of the horizontal girder. Such a structure is used on large bridges
and as transverse bents for large auditoriums and industrial buildings. An
example of a typical industrial building along with the terminology of its
members is shown in Fig. 12-10a. If we consider the approximate analysis
of one of its portal frames, Fig. 12-10b, then the truss is assumed to be pin
connected at its points of attachment to the columns. Furthermore, the truss
is assumed not to distort, but rather to keep the columns vertical within
the region of attachment when the portal is subjected to the sidesway A,
Fig. 12-10c. With this model, we can analyze trussed portals using the same
assumptions as those used for simple portal frames. For pin-supported
columns, assume the horizontal reactions (shear) are equal, as in Fig. 12-7c.
For fixed-supported columns loaded at their top, assume the horizontal
reactions are equal and an inflection point (or hinge) occurs on each column,
measured midway between the base of the column and the lowest point of
truss member connection to the column. See Fig. 12-8¢ and Fig. 12-10c.

The following example illustrates how to determine the forces in the
members of a trussed portal using the approximate method of analysis
described above.
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EXAMPLE 12.4

Determine (approximately) the forces acting in the members of the
Warren portal shown in Fig. 12-11a.

40 kN -
—_—
-2 m K :
- 8 55m
N\
J K v
V=20kN<? V=20kN<T
N N
N N
T V =20kN V =20kN T
35m 35m
- ; L A 1 7‘
L\ V =20kN M V =20kN M
Bi—— ]
N N
(a) (b)
Fig. 12-11
SOLUTION

The truss portion BCFG acts as a rigid unit. Since the supports are fixed,
a point of inflection (hinge) is assumed to exist 7m/2 = 3.5 m above
A and [, and equal horizontal reactions or shear act at the base of the
columns,ie., S F, = 0;V = 40 kN /2 = 20 kN. With these assumptions,
we can separate the structure at the hinges J and K, Fig. 12-11b, and
determine the reactions on the columns as follows:

Lower Half of Column

(+SM,=0; M—3520)=0 M=70kN-m

Upper Portion of Column

(+SM; =0; —40(55) + N8) =0 N =27.5kN
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Using the method of sections, Fig. 12-11¢, we can now proceed to
obtain the forces in members CD, BD, and BH.

+13F, =0; —275+ Fppsind5° =0  Fpp = 38.9kN (T) Ans.
(+3Mp = 0; —20(3.5) — 40(2) + Fcp(2) =0 Fep =75kN (C) Ans.

(+3SMp = 0; Fgp(2) — 20(5.5) +27.5(2) = 0 Fpy = 27.5kN (T) Ans.

In a similar manner, show that one obtains the results on the free-body
diagram of column FGK in Fig. 12-11d. Using these results, we can now
find the force in each of the other truss members of the portal using the
method of joints.

Joint D, Fig. 12-11e
+1 EFy = 0; Fpysin45°—389sin45° =0 Fpy =389kN (C) Ans

ESF, = 0; 75— 2(38.9 cos 45°) — Fpr = 0 Fpp =20kN (C)  Ans.
Joint H, Fig. 12-11f

+13F, = 0; Fypsin45° —389sin45° = 0 Fyp = 389KkN (T) Ans.

These results are summarized in Fig. 12-11g.

40kN C75kN(C) D 20kN (C) E 35kN(T) F
— 5 5 S £l 3 )

% S
RNFHo Q
S
S o D0

275kN(T) H  275kN(C)

75kN_, | For
45°\, /DN(45°
BIKN  Fpy
()

_[ 20 kN 20 kKN_
\km A 70 kN~m\T4
275KkN M

(2)

Tqu
Fep

40 kNT>D
2m Fgp
|| 45° 3
|| B BH
3.5m

27.5 kN
(c)
‘F 2m
35 kN
E < X F ]
38.9kN 2m
45 |
27.5kN G|
35m
=5 ILL
20 kN
27.5kN

(d)

y
38.9 kN Fug

45° 45°

—X
275kN H 27.5kN

®
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12.5 LATERAL LOADS ON BUILDING
FRAMES: PORTAL METHOD

In Sec. 12.4 we discussed the action of lateral loads on portal frames and
found that for a frame fixed supported at its base, points of inflection
occur at approximately the center of each girder and column and the
columns carry equal shear loads, Fig. 12-8. A building bent deflects
in the same way as a portal frame, Fig. 12-12a, and therefore it will
be appropriate to assume inflection points occur at the center of the
columns and girders. If we consider each bent to be composed of a series
of portals, Fig. 12-12b, then as a further assumption, the interior columns
will represent the effect of two portal columns and will therefore carry
twice the shear V as the two exterior columns.

o = inflection point

(a)

(b)
Fig. 12-12
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In summary, the portal method for analyzing fixed-supported building
frames requires the following assumptions:

1. A hinge is placed at the center of each girder, since this is assumed to
be a point of zero moment.

2. A hinge is placed at the center of each column, since this is assumed
to be a point of zero moment.

3. Atagiven floor level the shear at the interior column hinges is twice
that at the exterior column hinges, since the frame is considered to
be a superposition of portals.

These assumptions provide an adequate reduction of the frame to one
that is statically determinate yet stable under loading.

By comparison with the more exact statically indeterminate analysis,
the portal method is most suitable for buildings having low elevation and
uniform framing. The reason for this has to do with the structure’s action
under load. If we consider the frame as acting like a short cantilevered
beam that is fixed to the ground, then the assumption regarding shear
(item 3 above) becomes more important than making an assumption
about the way the frame will bend.*

The portal method of analysis can be used to (approximately) perform a lateral-load
analysis of this single-story frame.

*Recall from mechanics of materials that shear resistance becomes more important in the
design of short beams, whereas bending is more important if the beam is long.
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EXAMPLE 12.5

Determine (approximately) the reactions at the base of the columns of
the frame shown in Fig. 12-13a. Use the portal method of analysis.

]

(a)

(b)
Fig. 12-13

SOLUTION

Applying the first two assumptions of the portal method, we place
hinges at the centers of the girders and columns of the frame, Fig. 12-13a.
A section through the column hinges at 7, J, K, L yields the free-body
diagram shown in Fig. 12-13b. Here the third assumption regarding the
column shears applies. We require

H3F =0, 6-6V=0 V=1kN

Using this result, we can now proceed to dismember the frame at the
hinges and determine their reactions. As a general rule, always start this
analysis at the corner or where two members form a joint and where the
horizontal load is applied. Hence, the free-body diagram of segment /BM
is shown in Fig. 12-13c. The three reaction components at the hinges /,,
M,, and M, are determined by applying XM,, = 0, XF, = 0, %F, = 0
respectively. The adjacent segment MJN is analyzed next, Fig. 12-13d,
followed by segment NKO, Fig. 12-13e¢, and finally segment OGL,
Fig. 12-13f. Using these results, the free-body diagrams for the lower halves
of the columns with their support reactions are shown in Fig. 12-13g.
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If the free-body diagrams of segments BD, DF, FG of the girder are
drawn, show that the moment diagram for the girder looks like that

shown in Fig. 12-134.

M

I,=0.75kN

<«— M, =5kN

M, =0.75kN

SkN

N, = 0.75kN

N,=3kN

0.75 kN

(d)
(©)
0,=0.75kN
N 2m 2m O G
0,=1kN 1 kN
2m
0.75 kN 15m
1 kN L
L,=0.75kN
© (®)
0.75 kN
0.75 kN
J K L
1kN 2kN 2kN 1 kN
1.5m 1.5m 1.5m 1.5 m
A.=1kN C,=2kN E.=2KkN
-— -—
M, =15kN-m ~—~ ~—r \f"'MH = 1.5kN'm
A, =075kN H, = 075kN
(8
M (kN-m)
' 15 15
‘ X (m
4 6 8 10 12 (m)
1.5 -15 1.5

(h)

H,=1kN
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EXAMPLE 12.6

Determine (approximately) the reactions at the base of the columns of
the frame shown in Fig. 12-14a. Use the portal method of analysis.

G R H ) 1
20 kN—»r ] r N
. P - i
30 KN ——> r I
D M | E N F

i 6m
- - —
(a)
20 kN> 20 KN——>
25m
4 5m
v 2V T v T
o, P, Q, 30 KN——>
3m

2V’ \ 4

t
,L

(b)

Fig. 12-14

SOLUTION

First hinges are placed at the centers of the girders and columns of
the frame, Fig. 12-14a. A section through the hinges at O, P, Q and
J, K, L yields the free-body diagrams shown in Fig. 12-14b. The column
shears are:

X 3F =0 204V =0 V =5kN

+ SF, = 0; 20 +30 — 4V’ =0 V' = 12.5kN
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Using these results, we can now proceed to analyze each part
of the frame. The analysis starts with the corner segment OGR,
Fig. 12-14c. The three unknowns O, R,, and R, have been calculated
using the equations of equilibrium. With these results segment OJM
is analyzed next, Fig. 12-14d; then segment JA, Fig. 12-14e; RPS,
Fig. 12-14f; PMKN, Fig. 12-14g; and KB, Fig. 12-14h. Complete this
example and analyze segments S/Q, then QONL, and finally LC, and
show that C, = 12.5kN, C, = 15.625kN, and M = 37.5kN-m.
Also, use the results and show that the moment diagram for DMENF
is given in Fig. 12-14i.

3.125kN

R,=3.125kN
G )

S, =3.125kN
S, = SkN

R,=15kN 15kN

0, =3.125kN

© =0

3.125kN

M,=125kN W= ST

30 kKN —> M, =225kN 22.5kN N,=75kN

12.5kN
J, =15.625 kN K,=0

(d) (&)

15.625 kN

12.5 kN 25 kN

A,=125kN B B,=25kN
M, =37.5kN-m Mpg="75kN-m
A, =15.625kN

(©) M (kN-m)

50 50

-50 -5
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12.6 LATERAL LOADS ON BUILDING
FRAMES: CANTILEVER METHOD

The cantilever method is based on the same action as a long cantilevered
beam subjected to a transverse load. Recall from mechanics of materials
that such a loading causes a bending stress in the beam that varies linearly
from the beam’s neutral axis, Fig. 12-15a. In a similar manner, the lateral
loads on a tall frame tend to tip the frame over, or cause a rotation of
the frame about a “neutral axis” lying in a horizontal plane that passes
through the center of the columns between each floor. To counteract this
tipping, the axial forces (or stress) in the columns will be tensile on one
side of the neutral axis and compressive on the other side, Fig. 12-15b.
Like the cantilevered beam, it therefore seems reasonable to assume
this axial stress has a linear variation from the centroid of the column
areas or neutral axis. The cantilever method is therefore appropriate if
the frame is tall and slender, and it can be used when the columns have
different cross-sectional areas.

P >
>
>
A A
beam building frame
(@) (b)

Fig. 12-15
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In summary, using the cantilever method, the following assumptions
apply to a fixed-supported frame.

1. A hinge is placed at the center of each girder, since this is assumed to
be a point of zero moment.

2. A hinge is placed at the center of each column, since this is assumed
to be a point of zero moment.

3. The axial stress in a column is proportional to its distance from the
centroid of the cross-sectional areas of the columns at a given floor
level. Since stress equals force per area, then in the special case of the
columns having equal cross-sectional areas, the force in a column is
also proportional to its distance from the centroid of the column areas.

These three assumptions reduce the frame to one that is both stable and
statically determinate, as noted in the following examples.

The building framework has rigid connections. A lateral-load analysis can be performed
(approximately) by using the cantilever method of analysis.
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EXAMPLE 12.7

Determine (approximately) the reactions at the base of the columns of
the frame shown in Fig. 12-16a. The columns are assumed to have equal
cross-sectional areas. Use the cantilever method of analysis.

K
- R

’»fz 3m 2m 3m 3m
I . I Hy //’/ s Ky
Ry | F ! 6m ! Hy/
(a) (b) (c)
Fig. 12-16
SOLUTION

First hinges are placed at the midpoints of the columns and girders,
Fig. 12-16a. The centroid of the columns’ cross-sectional areas A can
be determined by inspection, Fig. 12-16b, or analytically as follows:

S¥A  0(A) +6(A)
SA A+A

X = 3m

The axial stress in each column is proportional to its distance from this
point. Since here the columns have the same cross-sectional area,
then the force in each column is also proportional to its distance from
the centroid. Hence, a section through the hinges H and K at the top
story yields the free-body diagram shown in Fig. 12-16¢. Note that the
column to the left of the centroid must be subjected to tension and
the one on the right is subjected to compression. This is necessary in
order to counteract the tipping caused by the 30-kN force. Summing
moments about the neutral axis, we have

(+tEM = 0; —302) +3H, +3K,=0
The unknowns can be related by proportional triangles, Fig. 12-16c,
that is,
H K
y y
? = ? or Hy = Ky
Thus,
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In a similar manner, using a section of the frame through the hinges 30 kN —> >
at G and L, Fig. 12-16d, we have
(tEM = 0; —30(6) — 15(2) + 3G, + 3L, =0 4m X X
Since G,/3 = L,/3 or G, = L, then
G, =L, =35kN ISKN = -
Each part of the frame can now be analyzed using the above results.

As in Examples 12.5 and 12.6, we begin at the upper corner where G«
the applied loading occurs, i.e., segment HCI, Fig. 12-16e. Applying

the three equations of equilibrium, 2M; = 0,2F, = 0,XF, = 0,
yields the results for H,, I, and I,, respectively. Using these results,
segment /DK is analyzed next, Fig. 12-16f; followed by HJG, @
Fig. 12-16g; then KJL, Fig. 12-16Ah; and finally the bottom portions

of the columns, Fig. 12-16i and Fig. 12-16j. The moment diagrams for

each girder are shown in Fig. 12-16k.

1,=10kN

1SKN 1 3m M (kN-m)
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S0kN I T=15kN
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(e) (®)
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EXAMPLE 12.8
Show how to determine (approximately) the reactions at the base of
the columns of the frame shown in Fig. 12-17a. The columns have the
cross-sectional areas shown in Fig. 12-17b. Use the cantilever method of
analysis.
36 kN ; - K
6250 mm? 5000 mm? {3750 mm? .
A L t ; 0 S 6250 mm’> 5000 mm’ 3750 mm’ 6250 mm’
45 kN ol .
_*_’ 6250 mm? 2 13750 mm? I I I I
SmE F G H 6250 mm? | | |
l ‘ 6m \ S5m — 8m \
| P B C D |
| | \ x
(a) (b)
Fig. 12-17
SOLUTION
First, hinges are assumed to exist at the centers of the girders and
columns of the frame, Fig. 12-17a. The centroid of the columns’ cross-
———————————————— sectional areas is determined from Fig. 12-17b as follows:
N ¥A  0(6250) + 6(5000) + 11(3750) + 19(6250
~go| 5= XA _ UGB + 6(500) + UGT0) + 1(6230) _ g5

2.0588 m

L 8.9412 m ———-10.0588 m‘J

©

2.9412 m

SA 6250 + 5000 + 3750 + 6250
First we will consider the section through hinges at L, M, N, and O.

36 KN=——>
Z'm
L, N, 0,
M, =02632L, N, =01382L,
‘—" < < S S & S
L, 29412m [2.0588m Oy = LI25L, E, YA G =
F,=4278kN| G, =2246kN
89412 m ——~——10.0588 m—— - ‘ S
(d) E,=1626kN 209412 m | 2.0588m  Hy = 1829kN
‘4— 8.9412m——~——10.0588 m ——

()
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Here the columns have different cross-sectional areas, so we must
consider the axial stress in each column to be proportional to its dis-
tance from the neutral axis, located at x = 8.9412 m.

We can relate the column stresses by proportional triangles,
Fig. 12-17¢. Expressing the relations in terms of the force in each
column, since ¢ = P/A, we have

_29412m M, 29412 < Ly
M= 89412m 7Y 5000 mm?  8.9412 \ 6250 mm?

2.0588 m N, 2.0588 < /Ly, )
_ . — N, = 0.1382L
N 89412m 7Y 3750 mm?  8.9412 \ 6250 mm? y y
10.0588 m 0, 10.0588 ( L, >
— . = 0, = 1.125L
90 7 89412m "V 250 mm? 89412 \6250 mm2/) ” y

Now that each force is related to L, the free-body diagram of the top
portion of the frame is shown in Fig. 12-174.

Note that the columns to the left of the centroid are subjected to
tension and those on the right are subjected to compression. Why?
Summing moments about the neutral axis, we have

(+SM = 0; —(36 kN)(2 m) + L,(8.9412m) + (0.2632L,)(2.9412 m)

+ (0.1382L,)(2.0588 m) + (1.125L,)(10.0588 m) = 0

Solving,

L, =3378kN M, = 0.8889kN N, = 0.4667kN O, = 3.80kN

Using this same method, show that one obtains the results in Fig. 12-17¢
for the columns at E, F, G, and H.

We can now proceed to analyze each part of the frame. As in the
previous examples, we begin with the upper corner segment LP,
Fig. 12-17f. Using the calculated results, segment L E/ is analyzed next,
Fig. 12-17g, followed by segment EA, Fig. 12-17h. One can continue
to analyze the other segments in sequence, i.e., POM, then MJFI, then
FB, and so on.

) M, = 0.2632L,

P, =3.378 kN

36 kN
P, =30.93 kN

L, = 5067 kN
3378 kN

®

3.378 kN

5.067 kN
I,=12.88kN

fl_
I, = 38.67kN

E, =1140kN

3m

16.26 kKN
(2)

16.26 kN,
E 11.40 kKN
2.5m
A, =114kN
M, =285kN'm
A,=163kN

(h)
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. PROBLEMS

Sec. 12.1-12.2 12-5. Determine (approximately) the force in each member
of the truss. Assume the cross diagonals can support both
12-1. Determine (approximately) the force in each member tensile and compressive forces.

of the truss. Assume the diagonals can support either a tensile
or compressive force.

12-2. Determine (approximately) the force in each
member of the truss. Assume the diagonals cannot support
a compressive force.

Probs. 12-1/2
Prob. 12-5

12-3. Determine (approximately) the force in each member
of the truss. Assume the diagonals can support either a tensile

or a compressive force. 12-6. Determine (approximately) the force in each member

#12-4. Solve Prob. 12-3 assuming that the diagonals of the trl.JSS. Assume the cross diagonals cannot support a
cannot support a compressive force. compressive force.

Probs. 12-3/4 Prob. 12-6



12-7. Determine (approximately) the force in each member
of the truss. Assume the diagonals can support either a tensile
or compressive force.

1.5 m—

E D
8 kN ——>(C G

10 kN—

Prob. 12-7

*]12-8. Determine (approximately) the force in each
member of the truss. Assume the diagonals cannot support a
compressive force.

1.5m

E D
8 kKN ——>(C ©

10 kN—

Prob. 12-8

PROBLEMS 547

Sec. 12.3

12-9. Determine (approximately) the force in each member
of the truss. Assume the diagonals can support either a tensile
or a compressive force.

12-10. Determine (approximately) the force in each
member of the truss. Assume the diagonals cannot support
a compressive force.

SkN 10 kN SkN

I
£ e i
@)

B C == E
LSm 1 3m——3m 1 3m—

Probs. 12-9/10

55

12-11. Determine (approximately) the force in each
member of the truss. Assume the diagonals can support
either a tensile or a compressive force.

*12-12. Solve Prob. 12-11 assuming that the diagonals
cannot support a compressive force.

Probs. 12-11/12
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12-13. Determine (approximately) the internal moments
at joints £ and C caused by members EF and CD,
respectively.

18 kN/m
I,
3m 32 kN/m
| |

[ ——
Prob. 12-13
Sec. 12.4

1”2 12-14. Determine (approximately) the internal moments

at joints A and B.

3kN/m
H E T
G F
4m
A C Dl
‘H3m ! 4m ! 3m—»‘

Prob. 12-14

12-15. Determine (approximately) the internal moments
at joints A and B.

12 kN/m

Prob. 12-15

#12-16. Determine (approximately) the internal moments
at joint F from FG and just below joint £ on the column.

10 kN/m

F H

G

20 kN/m

D E

A B C
1 10 m 1 6m !
Prob. 12-16
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12-19. Determine (approximately) the internal moment

12-17. Draw the approximate moment diagrams for each
atjoints C and D. Assume the supports at A and B are fixed.

of the five girders.

20 kN/m

Prob. 12-17

Prob. 12-19

#12-20. Determine (approximately) the internal moment
and shear at the ends of each member of the portal frame.
Assume the supports at A and D are partially fixed, such
that an inflection point is located at 4/3 from the bottom of
each column.

12-18. Determine (approximately) the internal moments
at joint H from HG and at joint J from JI and JK.

5kN/m

/
FEENERRERERRRRREREY

5kN/m 5kN/m
IR Vil |

G F

A B c _Iip

ACECH T EeW S RO P Eo AR BT R At

Liﬁ’m } 4m } 4m |

Prob. 12-18 Prob. 12-20
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12-21. Draw (approximately) the moment diagram for
column ACE of the portal. Assume all the members of the
truss to be pin connected at their ends. The columns are
fixed at A and B. Also determine the force in the truss
members, EG, CG, and CD.

}‘—4 m—»"—4 m—»‘

G 3

S kN —>

5

10 KN—>
C

Prob. 12-21

12-22. Draw (approximately) the moment diagram for
column ACE of the portal. Assume that all points of
connection are pins. Also determine the force in the truss
members EG, CG,and CD.

}_74 m%’-f4 m—>‘

G 3m

10 kKN=—>
C

12m

Prob. 12-22

12-23. Draw (approximately) the moment diagram for
column ACE of the portal. Assume all truss members and
the columns to be pin connected at their ends. Also
determine the force in members EG, CG, and EF.

*12-24. Solve Prob. 12-23 if the supports at A and B are
fixed instead of pinned.

SkN

Probs. 12-23/24

12-25. Determine (approximately) the force in each truss
member of the portal frame. Assume all members of the
truss to be pin connected at their ends.

12-26. Solve Prob. 12-25 if the supports at A and B are
fixed instead of pinned.

18 kN

Probs. 12-25/26



12-27. Determine (approximately) the force in members
CE, GE, and GH of the portal frame. Draw the moment
diagram for column ACG. Assume all members of the truss
are pin connected at their ends and the supports at A and B
are pins.

*12-28. Solve Prob. 12-27 if the supports at A and B are
fixed instead of pinned.

e
35kN

7m

_ el A el B4

‘ 6m 6m ‘

Probs. 12-27/28

12-29. Determine (approximately) the force in each truss
member of the portal frame. Also find the reactions at the
fixed column supports A and B. Assume all members of the
truss to be pin connected at their ends.

‘1m 1m‘1mL1m‘

|
Gl | ‘g 1T 11
10kNGL -
‘ . 1¢m
8 kN D ENJ| 1m
— -
Cc F
6m
A B

L 4m

Prob. 12-29
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12-30. Draw (approximately) the moment diagram for
column AJI of the portal. Assume all truss members and the
columns to be pin connected at their ends. Also determine
the force in members HG, HL, and KL.

12-31. Solve Prob. 12-30 if the supports at A and B are
fixed instead of pinned.

‘ 6@1.5m=9m ‘
H G
2kN r—TE L D
' 15m
'
4 kN i
4m

4 2 A

T TR O S ey s PRSI AR R
g R A L A TP O AL

Probs. 12-30/31

*12-32. Determine (approximately) the force in members
GH, GJ,and JK of the portal frame. Also find the reactions
at the fixed column supports A and B. Assume all members
of the truss to be pin connected at their ends.

12-33. Solve Prob. 12-32 if the supports at A and B are pin
connected instead of fixed.

B

L4 m 4m 4 m—r—4 m—

Probs. 12-32/33
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Sec. 12.5-12.6

12-34. Use the portal method of analysis and draw the
moment diagram for column AFE.

12-35. Solve Prob. 12-34 using the cantilever method of
analysis. All the columns have the same cross-sectional area.

E H

15 kKN — p
4@ I

30 kKN— il ¢
L

_fq WF&IB_

Probs. 12-34/35

#12-36. Draw the moment diagram for girder I/KL of the
building frame. Use the portal method of analysis. Each
column has the cross-sectional area indicated.

I I I I

Area 24 (107%)m? 16 (107%) m? 16 (107%) m> 24 (107%) m?

Prob. 12-36

12-37. Draw the moment diagram for girder IJKL of the
building frame. Use the cantilever method of analysis. Each
column has the cross-sectional area indicated.

10 kN

}‘—4m } Sm }
I I I I

Area 24 (107%)m? 16 (10%) m? 16 (1073) m?> 24 (107%) m?

4m*>‘

Prob. 12-37

12-38. Use the portal method of analysis and draw the
moment diagram for girder FED.

100kN F E D
—_>

10 m

F—ém—»‘%6m7;

Prob. 12-38



12-39. Use the portal method and determine
(approximately) the normal force, shear force, and moment
at A.

#12-40. Solve Prob. 12-39 using the cantilever method.
Each column has the cross-sectional area indicated.

<«— 60 kN

G H I
6m
o «— 120 kKN

D E F
9m

: ____1IB
10 m ‘F 10 m ——
== ] ]

7.50 (10 mm? 500 (10°) mm?> 625 (10%) mm?

Probs. 12-39/40

12-41. Usethe portalmethod and determine (approximately)
the reactions at A, B, C, and D of the frame.

12-42. Draw (approximately) the moment diagram for
the girder EFGH. Use the portal method.

36kN F F G H

10 m

|

“me } 12 m l

Probs. 12-41/42
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12-43. Usethe portal method and determine (approximately)
the reactions at supports A, B, C,and D.

12-44. Use the cantilever method and determine
(approximately) the reactions at supports A, B, C, and D.
All columns have the same cross-sectional area.

1 J

9kN

Probs. 12-43/44

12-45. Draw (approximately) the moment diagram for
girder PORST and column AFKP of the building frame.
Use the portal method.

kN P 0 R S T
T
il

24 kKN

q ‘r
F 4m
24 KN —p> %
4m
| Efl 1

FGm”F6m9}‘* SmH}‘* 8m“‘

Prob. 12-45

12-46. Draw (approximately) the moment diagram for
girder PORST and column AFKP of the building frame. All
columns have the same cross-sectional area. Use the
cantilever method.

12 kN P 0 R S T
T
i

24 KN s

T
F 4m
24 KN =—pp| 4
A
4m
‘ £ 1

F6mAF6mA}‘* SmHF Sm*“

Prob. 12-46
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. CHAPTER REVIEW

An approximate structural analysis is used to reduce a
statically indeterminate structure to one that is statically
determinate. By doing so a preliminary design of the
members can be made, and once complete, the more exact
indeterminate analysis can then be performed and the
design refined.

Trusses having cross-diagonal bracing within their panels
can be analyzed by assuming the tension diagonal supports
the panel shear and the compression diagonal is a zero-force
member. This is reasonable if the members are long and
slender. For larger cross sections, it is reasonable to assume
each diagonal carries one-half the panel shear.

The analysis of a vertical uniform load acting on a girder
of length L of a fixed-connected building frame can be
approximated by assuming that the girder does not support
an axial load, and there are inflection points (hinges)
located 0.1L from the supports.

0.8L
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Portal frames having fixed supports are approximately analyzed by assuming there are hinges at the midpoint of each
column height, measured to the bottom of the truss bracing. Also, for these, and pin-supported frames, each column is
assumed to support half the shear load on the frame.

For fixed-connected building frames subjected to lateral loads, we can assume there are hinges at the centers of the columns
and girders. If the frame has a low elevation, shear resistance is important and so we can use the portal method, where the
interior columns at any floor level carry twice the shear as that of the exterior columns. For tall slender frames, the cantilever
method can be used, where the axial stress in a column is proportional to its distance from the centroid of the cross-sectional
area of all the columns at a given floor level.

A% 2V A%
Portal method

e

o = inflection point Cantilever method

N
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The use of variable-moment-of-inertia girders has reduced considerably the
deadweight loading of each of these spans.




=—AMS AND

NONPRISMATIC
MEMBERS

. CHAPTER OBJECTIVE

m To show how to analyze beams and frames that have nonprismatic
sections.

—RAMES HAVING

13.1 INTRODUCTION

Often, to save material, girders used for long spans on bridges and
buildings are designed to be nonprismatic, that is, to have a variable
moment of inertia. The most common forms of structural members that
are nonprismatic have haunches that are either stepped, tapered, or
parabolic, Fig. 13-1. The deflection and slope of these members can be
determined using the principle of virtual work or Castigliano’s theorem as
discussed in Chapter 8. Both of these methods require the evaluation of
an integral, and if it cannot be determined in closed form, then Simpson’s
rule or some other numerical technique will have to be used to carry out
the integration. Currently, though, structural analysis computer programs
are used to analyze nonprismatic members. This is done by dividing the
members into short prismatic segments or elements, and then treating
each of these elements as a separate beam, Fig. 13-2. The techniques
for doing this will be explained further in Chapters 15 and 17 If small
problems are to be analyzed, then perhaps hand calculations can be
justified, or they can be used to partially check the accuracy of computer
results. In the following sections we will show how this can be done by
using the moment-distribution method and slope-deflection equations.

i stepped haunches |
i tapered haunches :

parabolic haunches

Fig. 13-1

557
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haunched beam computer model

Fig. 13-2

13.2 LOADING PROPERTIES OF
NONPRISMATIC MEMBERS

If the slope-deflection equations or moment distribution are used to
determine the reactions on a statically indeterminate nonprismatic member,
then we must first calculate the following quantities for the member.

Fixed-End Moments (FEM). The end moment reactions on
the member when it supports its intended load and is assumed fixed
supported, Fig. 13-3a.

Stiffness Factor (K). The magnitude of moment that must be
applied to the end of the member such that the end rotates through an
angle of 6 = 1 rad. Here the moment is applied at the pin support, while
the other end is assumed fixed, Fig. 13-3b.

Carry-Over Factor (COF). The numerical fraction (C) of the moment
that is “carried over” from the pin-supported end to the wall, Fig. 13-3c.
o Once obtained, the computations for the stiffness and carry-over
The f ttapered C‘:ntfete, gamm‘f’rgfadh_pfr 'S factors can be checked, in part, by noting an important relationship that
Els‘ied o ef) support the girders of TS MEAWAY o xists between them. To show it, consider the beam in Fig. 13-4 subjected

to the loads and deflections shown. Application of Maxwell’s Theorem*
requires that the work done by the loads in Fig. 13—4a acting through
the displacements in Fig. 13-4b be equal to the work of the loads in Fig.
13-4b acting through the displacements in Fig. 13—4a, that is,

P
. Uap = Upa
(rEM, B )eEwn Ka(0) + CapKa(l) = CuaKi(D) + Kn(0)
CapKa = CpaKp (13-1)
fixed-end moments Hence, once determined, the stiffness and carry-over factors must satisfy
0 (1 rad) @) this equation.

stiffness factor carry-over factor

(b) ()
Fig. 13-3

*See Sec. 9.3.



13.2 LOADING PROPERTIES OF NONPRISMATIC MEMBERS 559

0p (1 rad)

Fig. 13-4

Values for the FEM, K, and COF can be obtained using, for example,
the conjugate-beam method or an energy method; however, considerable
labor is often involved in the process. As a result, graphs and tables have
been made available to determine this data for common shapes used in
structural design. One such source is the Handbook of Frame Constants,
published by the Portland Cement Association.* A portion of these
tables, taken from this publication, is listed here as Tables 13.1 and 13.2.
A more complete tabular form of the data is given in the PCA handbook
along with the relevant derivations of formulas used.

The nomenclature is defined as follows:

a,, ag = ratio of the length of haunch at ends A and B to the length
of span

b = ratio of the distance from the concentrated load to end A
to the length of span

Cup, Cpyq = carry-over factors of member AB at ends A and B,
respectively

hy, hg = depth of member at ends A and B, respectively
hc = depth of member at minimum section
I = moment of inertia of section at minimum depth
kap, kpa = stiffness factor at ends A and B, respectively
L = length of member

M 45, M, = fixed-end moment at ends A and B, respectively, specified
in tables for uniform load w or concentrated force P

ryq, rg = ratios for rectangular cross-sectional areas, where
ra = (ha — h¢)/he,rg = (hg — he)/he

As noted, the fixed-end moments and carry-over factors are found from
the tables. The absolute stiffness factor can be determined using the
tabulated stiffness factors and found from

© Lisa S. Engelbrecht/Danita Delimont/Alamy

kigEI kgaEl
A~ Ali < B — BAL < (13—2)

o o . Timber frames having a variable
Application of the use of the tables is illustrated in Example 13.1. moment of inertia are often used

in the construction of churches.

*Handbook of Frame Constants. Portland Cement Association, Chicago, Illinois.
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13.2 LOADING PROPERTIES OF NONPRISMATIC MEMBERS
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562 CHAPTER 13 BEAMS AND FRAMES HAVING NONPRISMATIC MEMBERS

13.3 MOMENT DISTRIBUTION
FOR STRUCTURES HAVING
NONPRISMATIC MEMBERS

Once the fixed-end moments and stiffness and carry-over factors for the
nonprismatic members of a structure have been determined, application
of the moment-distribution method follows the same procedure as
outlined in Chapter 11. As in the case of prismatic members, we can
shorten the distribution of moments if a member stiffness factor is
modified to account for conditions of end-span pin support and structure
symmetry or antisymmetry.

Beam Pin Supported at Far End. Consider the beam in
Fig. 13-5a, which is pinned at its far end B.The absolute stiffness factor K
is the moment applied at A such that it rotates the beam at A,0, = 1 rad.
It can be determined as follows. First assume that B is temporarily fixed
and a moment K, is applied at A, Fig. 13-5b. The moment induced at
B is C45K,, where C,p is the carry-over factor from A to B. Second,
since B is not to be fixed, application of the opposite moment C,zK 4
to the beam, Fig. 13-5¢, will induce a moment Cz,C45K,4 at end A. By
superposition, the result of these two applications of moment yields
the beam loaded as shown in Fig. 13-5a. Hence it can be seen that the
absolute stiffness factor of the beam at A is

K) = Ka(1 — C45Cpa) (13-3)

Here K, is the absolute stiffness factor of the beam, assuming it to be
fixed at the far end B. For example, in the case of a prismatic beam,
K, =4EI/L and Cyp = Cpy = % Substituting into Eq. 13-3 yields
K'y = 3EI/L, the same as Eq. 11-4.

04 (1rad)

KA =

(@)

0,4 (1 rad) 6,4}3 rad)

CpaCapK
KA(V BaCap A( 3CABKA

(b) (c)
Fig. 13-5
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Symmetric Beam and Loading. Here we must determine the
moment K needed to rotate end A, 6, = +1 rad, while 5 = —1 rad,
Fig. 13-6a. In this case we first assume that end B is fixed and apply the
moment K, at A, Fig. 13-6b. Next we apply a negative moment Kp to
end B assuming that end A is fixed. This results in a moment of Cp,Kp at
end A as shown in Fig. 13-6¢. Superposition of these two applications of
moment at A yields the results of Fig. 13-6a. We require

Ky = K4 — CpaKp

Using Eq. 13-1 (Cp4Kp = C43K4), we can also write

Ky = K4(1 — Cyp) (13-4)

In the case of a prismatic beam, K4, = 4EI/L and Cyp = %, so that
Ky = 2EI/L, which is the same as Eq. 11-5.

0, (1 rad) 05 (—1rad)

K (A . K, =
(a)

0,4 (1 rad) 0p (—1rad)

)CABKA + CBAKBQ

(®)

Fig. 13-6
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04 (1rad) 0p (1 rad)

0,4 (1 rad) 0p (1 rad)

(b) (c)
Fig. 13-7

Symmetric Beam with Antisymmetric Loading. In the case
of a symmetric beam with antisymmetric loading, we must determine K
such that equal unit rotations occur at the ends of the beam, Fig. 13-7a.
To do this, we first fix end B and apply the moment K, at A, Fig. 13-7b.
Likewise, application of Kg at end B while end A is fixed is shown in
Fig. 13-7c¢. Superposition of both cases yields the results of Fig. 13-7a.
Hence,

W= Ky + CpaKp

or, using Eq. 13-1 (Cg4Kp = C45K,), the absolute stiffness becomes

KL4 = KA(1 + CAB) (13—5)

Substituting the data for a prismatic member, Ky = 4EI/L and Cyp = %,
yields K'y = 6EI/L,which is the same as Eq. 11-6.

BA:%

(a)
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Relative Joint Translation of Beam. Fixed-end moments are
developed in a nonprismatic member if it has a relative joint translation
A between its ends A and B, Fig. 13-8a. In order to determine these
moments, we proceed as follows. First consider the ends A and B to
be pin connected and freely allow end B of the beam to be displaced a
distance A such that the end rotations are 0, = 65 = A/L, Fig. 13-8b.
Second, assume that B is fixed and apply amomentof My = —K4(A/L)
to end A such that it rotates the end 0, = —A/L, Fig. 13-8¢. Third,
assume that A is fixed and apply a moment M’ = —Kp(A/L) toend B
such that it rotates the end g = —A /L, Fig. 13-84. Since the total sum
of these three operations yields the condition shown in Fig. 13-8a, we
have at A

A A
FEM),p = —K,— — CpaKp—
( )AB AL BA BL

Applying Eq. 13-1 (CpaKp = Cy5K,) yields

(FEM)5 = —K2 (1 + Cap) (13-6)

A similar expression can be written for end B. Recall that for a prismatic
member K, = 4EI/L and C,z =} so that (FEM),z = —6EIA/L?,
which is the same as Eq. 10-5.

If end B is pinned rather than fixed, Fig. 13-9, the fixed-end moment
at A can be determined in a manner similar to that described above. The
result is

A
(FEM) 45 = _KAZ (1 — C45Cpa) (13-7)

Here it is seen that for a prismatic member this equation gives
(FEM) 5 = —3EIA/L? which is the same as that listed on the inside
back cover.

Once the fixed-end moments and stiffness and carry-over factors have
been determined, and the stiffness factor modified according to the
equations given above, the moment-distribution method is the same as
that discussed in Chapter 11.

6/1: LA
A
N B ‘>

Fig. 13-8

(FEM) 45 TA

! L |

(d)
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EXAMPLE 13.1

Determine the internal moments at the supports of the beam shown in
Fig. 13-10a. The beam has a thickness of 0.3 m and E is constant. The
haunches are parabolic.

e ! .

2m o = 4P =
| P I 1 4 1.5Lm

@

Fig. 13-10

SOLUTION

Since the haunches are parabolic, we will use Table 13.2 to obtain the
moment-distribution properties of the beam.

Span AB
15 _
75"
Entering Table 13.2 with these ratios, we find
Cap = Cpy = 0.619
kap = kpy = 6.41

ap = 0.2 rq = Ip

Using Egs. 13-2,

kEI.  641E(i;)(0.3)(0.6)°
L 7.5

Since A is pinned, we will modify the stiffness factor for BA using
Eq. 13-3. We have

K'gs = Kga(1 — C45Cpa) = 4.615(1073)E[1 — 0.619(0.619)] = 2.847(103)E
Uniform load, Table 13.2,
(FEM) 45 = —(0.0956)(30)(7.5)> = —161.33 kN -m
(FEM)g, = 161.33kN-m

= 4.615(103)E

Kup = Kpy =
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Span BC

= 0.5 rp

1.5
% =6c ="

_15-06
€T 06
From Table 13.2 we find
Cpc = 0.781 Ccp = 0.664
kpc = 1312 kcg = 1547

Thus, from Egs. 13-2,

_ kEI; _ 13.12E(3)(03)(0.6)°

BC — L -

= 23.616(10%)E

kEI. 1547E(4;

(0.3)(0.6)*

W |~ W |~

= 27.846(10)E

Concentrated load,

09 _
3
(FEM)gc = —0.1891(135)(3) = —76.59 kN +m
(FEM)p = 0.0759(135)(3) = 30.74 kN - m

b= 0.3

Moment Distribution. Using the foregoing values for the stiffness
factors, the distribution factors are calculated and entered in the table,
Fig. 13-10b. The moment distribution follows the same procedure
outlined in Chapter 11. The results in kN - m are shown on the last line

of the table.

Joint A B C

Member AB BA BC CB

K 4.615(10 )E | 2.847(10 *)E | 23.616(10 *)E | 27.846(10 *)E

DF 1 0.107 0.893 0
COF 0.619 0.619 0.781 0.664
FEM —161.33 161.33 —76.59 30.74
Dist. 161.33 —9.07 —75.67
cO 99.86 —59.10
Dist. —10.69 —89.18
CO —69.95
M 0 241.43 —241.43 —98.01

(b)
Fig. 13-10
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13.4 SLOPE-DEFLECTION EQUATIONS
FOR NONPRISMATIC MEMBERS

In this section we will generalize the form of the slope-deflection
equations so that they apply to nonprismatic members. To do this, we
will use the results of the previous section and proceed to formulate the
equations in the same manner discussed in Chapter 10, that is, considering
the effects caused by the loads, relative joint displacement, and each joint
rotation separately, and then superimposing the results.

Loads. Loads are specified by the fixed-end moments (FEM) 4 and
(FEM)p4 acting at the ends A and B of the span. Positive moments act
clockwise.

Relative Joint Translation. When a relative displacement A
between the joints occurs, the induced moments are determined from
Eq.13-6. At end A this moment is —[K4A/L] (1 + C4p) and at end B it
is =[KgA /L] (1 + Cgy).

Rotation at A. Ifend A rotates 6 4, the required moment in the span at
A is K404. Also, this induces a moment of C4zK 40, = Cp,Kpb, at end B.

Rotation at B. 1If end B rotates 65, a moment of Kz must act at
end B, and the moment induced at end A is Cz4Kglg = C,p5K 40p.

The total end moments caused by these effects yield the generalized
slope-deflection equations, which can therefore be written as

Myp = Ky

A

04 + Caplp — z(l + CAB)} + (FEM) 43
A

Mgy = Kp| 0 + Cpaby — z(l + Cpa) | + (FEM)py

Since these two equations are similar, we can express them as a single
equation. Referring to one end of the span as the near end (V) and the
other end as the far end (F), and representing the member rotation as
¢ = A/L,we have

My = Ky(0y + Ch0r — ¢(1 + Cy)) + (FEM)y | (13-8)

For internal span or end span with far end fixed
Here
My = internal moment at the near end of the span; this moment is
positive clockwise when acting on the span.

K, = absolute stiffness factor of the near end determined from
tables or by calculation.
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Oy, 0 = near- and far-end slopes of the span at the supports; the
angles are measured in radians and are positive clockwise.

¥ = cord rotation of the span due to A, thatis,iy = A/L;
this angle is measured in radians and is positive
clockwise.

(FEM)y = fixed-end moment at the near-end support; the moment
18 positive clockwise when acting on the span and is
obtained from tables or by calculations.

Application of Eq. 13-8 follows the same procedure outlined in
Chapter 10 and therefore will not be discussed here.

Light-weight metal buildings are often designed using
frame members having variable moments of inertia.

A continuous, reinforced-concrete highway bridge.

569
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. PROBLEMS

BEAMS AND FRAMES HAVING NONPRISMATIC MEMBERS

13-1. Determine the moments at A, B, and C by the
moment-distribution method. Assume the supports at A
and C are fixed and a roller support at B is on a rigid base.
The girder has a thickness of 1 m. Use Table 13.1. E is
constant. The haunches are tapered.

13-2.  Solve Prob.13-1 using the slope-deflection equations.

128 kN/m
AL
<\L.5my 5m1m‘ i 1m5m |

Probs. 13-1/2

13-3. Use the moment-distribution method to determine
the moment at each joint of the symmetric bridge frame.
Supports at F and E are fixed and B and C are fixed
connected. Use Table 13-2. The modulus of elasticity is
constant and the members are each 0.25 m thick. The
haunches are parabolic.

#13-4.  Solve Prob. 13-3 using the slope-deflection equations.

0.5m 1m
| |

64 kN/m

Probs. 13-3/4

13-5. Use the moment-distribution method to determine
the moment at each joint of the frame. Assume that E is
constant and the members have a thickness of 0.25 m. The
supports at A and D are pinned and the joints at B and C
are fixed connected. Use Table 13.1.

13-6. Solve Prob. 13-5 using the slope-deflection equations.

24kN 24 kN
~—225m 3m 225m
0.625m v ¥
1B T | I o
- :—:;/‘—j7 ; =oo l 0.625m
s m4 025m L 1smH|
| |
| |
—~il-025m —l=5m
5 |
m | |
|
|
|
|
|
|
|
|
I |
|
“—lglA Dl

Probs. 13-5/6

13-7. Use the moment-distribution method to determine
the moment at each joint of the frame. The supports at A
and C are pinned and the joints at B and D are fixed
connected. Assume that FE is constant and the members
have a thickness of 0.25 m. The haunches are tapered, so use
Table 13.1.

*13-8.  Solve Prob. 13-7 using the slope-deflection equations.

8 kN/m

0.625 m

Probs. 13-7/8



13-9.  Apply the moment-distribution method to determine
the moment at each joint of the parabolic haunched frame.
Supports A and B are fixed. Use Table 13.2. The members
are each 0.25 m thick. E is constant.

13-10.  Solve Prob. 13-9 using the slope-deflection equations.

ﬂ 125m
!

10m

Probs. 13-9/10

. CHAPTER REVIEW

CHAPTER REVIEW 571

13-11. Use the moment-distribution method to determine
the moment at each joint of the frame. E is constant and the
members have a thickness of 0.5 m. The supports at A and
D are fixed. Use Table 13-1.

*13-12.  Solve Prob. 13-11 using the slope-deflection equations.

Probs. 13-11/12

material.

Association.

Nonprismatic members having a variable moment of inertia are often used on long-span bridges and building frames to save

A structural analysis of nonprismatic members can be performed using either the slope-deflection equations or
moment distribution. If this is done, it then becomes necessary to obtain the fixed-end moments, stiffness factors, and
carry-over factors for the member. One way to obtain these values is to use the conjugate-beam method, although the work
is somewhat tedious. It is also possible to obtain these values from tabulated data, such as published by the Portland Cement

If the moment-distribution method is used, then the process can be simplified if the stiffness factors of some of the
members are modified for cases of an end-span pin support, or for structure symmetry or antisymmetry.
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The space-truss analysis of electrical transmission towers can be performed using
the stiffness method.




[RUSS ANALY SIS
USING THE
STIFFNESS
METHOD

. CHAPTER OBJECTIVE

m To show how to apply the stiffness method to determine the
displacements and reactions at the joints of a truss.

14.1 FUNDAMENTALS OF THE
STIFFNESS METHOD

There are essentially two ways in which structures can be analyzed
using matrix methods. The stiffness method, to be used in this and the
following chapters, is a displacement method. A force method, called
the flexibility method, as outlined in Sec. 9.2, can also be used; however,
this method will not be presented here. There are several reasons for
this. Most important, the stiffness method can be used to analyze both
statically determinate and statically indeterminate structures, whereas
the flexibility method requires a different procedure for each of these
two cases. Also, it is generally easier to formulate the necessary matrices
for computer operations using the stiffness method; and once this is
done, the calculations can be performed efficiently.
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574 CHAPTER 14 TRUSS ANALYSIS USING THE STIFFNESS METHOD

Application of the stiffness method requires subdividing the structure
into a series of discrete finite elements, and then identifying their end
points as nodes. For truss analysis, the finite elements are represented
by each of the members of the truss, and the nodes represent the joints.
The force-displacement relationships for each element are determined
and then these are related to one another using the force equilibrium
equations written at the nodes. These relationships, for the entire
structure, are then grouped together into what is called the structure
stiffness matrix K. Once it is established, the unknown displacements
of the nodes can then be determined for any given loading on the truss.
When these displacements are known, the external and internal forces
in the truss can be calculated using the force-displacement relations for
each member.

Before we develop a formal procedure for applying the stiffness
method, it is first necessary to establish some preliminary definitions and
concepts.

Member and Node Identification. One of the first steps when
applying the stiffness method is to identify the elements or members
of the truss and their nodes. We will specify each member by a number
enclosed within a square, and use a number enclosed within a circle to
identify the nodes. Also, the “near” and “far” ends of the member must
be identified. This will be done using an arrow written along the member,
with the head of the arrow directed toward the far end. Examples of
member, node, and “direction” identification for a truss are shown in
Fig. 14-1a. These assignments have all been done arbitrarily.*

Global and Member Coordinates. Since loads and
displacements are vector quantities, it is necessary to establish a
coordinate system in order to specify their sense of direction. Here
we will use two different types of coordinate systems. A single global
or structure coordinate system, x, y, will be used to specify the sense of
each of the external force and displacement components at the nodes,
Fig. 14-1a. A local or member coordinate system will be used for each
member to specify the sense of direction of its displacements and internal
loadings. This system will be identified using x', y' axes with the origin
at the “near” node and the x' axis extending toward the “far” node. An
example for truss member 4 is shown in Fig. 14-1b.

*For large trusses, matrix manipulations using K are actually more efficient using selective
numbering of the members in a wave pattern, that is, starting from the top cord to the
bottom cord, then the bottom cord to the top cord, etc.
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Kinematic Indeterminacy. The unconstrained displacements
for a truss joint represent the primary unknowns of any displacement
method, and therefore these must be identified. As a general rule, there
are two degrees of freedom, or two displacements, for each joint (node).
For application, each degree of freedom will be specified on the truss
using a code number, shown at the joint or node, and referenced to its
positive global coordinate direction using an associated arrow. For
example, the truss in Fig. 14-1a has eight degrees of freedom, which have
been identified by the “code numbers” 1 through 8 as shown. The truss
is kinematically indeterminate to the fifth degree because of these eight
possible displacements: 1 through 5 represent unknown or unconstrained
degrees of freedom, and 6 through 8 represent constrained degrees of
Jreedom. Due to the pin and roller, these displacements are zero. For
later application, the lowest code numbers will always be used to identify
the unknown displacements (unconstrained degrees of freedom) and the
highest code numbers will be used to identify the known displacements
(constrained degrees of freedom). The reason for choosing this method
of identification has to do with the convenience of later partitioning
the structure stiffness matrix so that the unknown displacements can be
found in the most direct manner.

o9

<3
<
(o)}

Joo

(a)

© Bethlehem Steel Corporation

The structural framework of this aircraft
hangar is constructed entirely of trusses, in
order to significantly reduce the weight of
the structure. (Courtesy of Bethlehem Steel
Corporation).

(b) y
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’

qnN

near end displacement dy

(a)

far end displacement dy

(b)

near and far end displacements dy and dp

(©)
Fig. 14-2

14.2 MEMBER STIFFNESS MATRIX

In this section we will establish the stiffness matrix for a single truss member
using local x', y" coordinates, oriented as shown in Fig. 14-2. The terms in
this matrix represent the load-displacement relations for the member.

Since the loads on a truss member only act along the member, then
the displacements of the nodes are only along the x’ axis. To obtain the
load-displacement relations we will apply two independent displacements
to the member. When a positive displacement dy occurs on the near end
of the member, while the far end is held pinned (fixed), Fig. 1424, the
forces developed at the ends of the member are

,:7d ’:_7d
qn L N qF L N

Here q'r is negative since for equilibrium it must act in the negative x’
direction. Likewise, a positive displacement d. at the far end, keeping the
near end pinned (fixed), Fig. 14-2b, results in member forces of

Y AE Y AE
gy = ———dp qr = T

By superposition, Fig. 14-2c¢, the resultant forces caused by both
displacements are

dp

AE AE
ay = dv = - dr (14-1)
AE AE
qr = — szv + po (14-2)

These load-displacement equations may be written in matrix form* as

PR I

or
q=k'd (14-3)
where
, _AE| 1 -1
k' = 7 [_1 J (14-4)

member stiffness matrix — local coordinates

This matrix, k', is called the member stiffness matrix, and it has the same
form for each member of the truss. The four elements that comprise it
are called member stiffness influence coefficients, k';. Physically, k';

*A review of matrix algebra is given in Appendix A.
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represents the force at joint i when a unit displacement is imposed at joint j.
For example,if i = j = 1, then ki, is the force at the near joint when the
far joint is held fixed, and the near joint undergoes a displacement of
dy = 1,1e,

Likewise, the force at the far joint is determined from i = 2,j = 1 so that
AE

qr = kn = =
These two terms represent the first column of the member stiffness
matrix. In the same manner, the second column of this matrix represents
the forces in the member when the far end of the member undergoes a
unit displacement and the near end is fixed.

14.3 DISPLACEMENT AND FORCE
TRANSFORMATION MATRICES

Since a truss is composed of many members (elements), we must
now develop a method for transforming the member forces q and
displacements d defined in local coordinates, Fig. 14-2, to global
coordinates. To do this we will define the direction of each member
using the smallest angles between the positive x, y global axes and the
positive x' local axis. These angles are 6, and 6, as shown in Fig. 14-3.The
cosines of these angles will be used in the matrix analysis that follows,
where A, = cos0,,A, = cos 6. Numerical values for A, and A, can
easily be generated by a computer once the x, y coordinates of the near
end N and far end F of the member have been specified. For example,
consider member NF of the truss shown in Fig. 14—4. Here the coordinates
of N and F are (xy, yy) and (xg, yr), respectively.* Therefore,

Xp — X Xp — X
A, = cosf, = F_N_ F2 N 5 (14-5)
Lye V(g = xy? + 0r = yv)
A, = cosey:yF_YN— YF — YN (14-6)

Lye N (xr — xn? + 0 — yn)?

The algebraic signs in these “generalized” equations will automatically
account for members that are oriented in other quadrants of the x—y plane.

*The origin of the global axes can be located at any convenient point. Usually, however,
it is located where the x, y coordinates of all the truss nodes will be positive, as shown in
Fig. 14-4.
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near end displacement Dy,

(@)

far end displacement Dy,

(d)

Fig. 14-5

Displacement Transformation Matrix. In global coordinates
each end of the member can have two degrees of freedom or independent
displacements; namely, joint N has Dy, and Dy, Figs. 14-5a and 14-5b,
and joint F has D, and Dpy, Figs. 14-5¢ and 14-5d. When the far end
is held pinned (fixed) and the near end is given a global displacement
Dy, Fig. 14-5a, the corresponding displacement (deformation) along
the member is Dy cos 0,. Likewise, a displacement Dy, will cause the
member to be displaced Dy, cos 6, along the x' axis, Fig. 14-5b. The
effect of both global displacements causes the local displacement

dy = Dy cos 0, + Dy cos 6,

In a similar manner, positive displacements D, and Dp, successively
applied at the far end F, while the near end is held pinned (fixed),
Figs. 14-5¢ and 14-5d, will cause the local displacement

drp = D cos 6, + Dp, cos 0,
Since A, = cos 0, and A, = cos 6, we have

dN = DNX)\x + DNyAy

dF = DFxAx + DFyAy

which can be written in matrix form as

DNx
dy Ac Ay O 0} Dy
= 14-7
[dF] |:0 0 )\x /\y DFx ( )
Dp,
or
145)
where
Ay A 0 O
T=|"* 4 14-9
58 e 149

From the above derivation, T transforms the four global x, y
displacements D into the two local x’ displacements d. Hence, T is
referred to as the displacement transformation matrix.
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Force Transformation Matrix. Consider now application of the
force gy to the near end of the member, with the far end held pinned
(fixed), Fig. 14-6a. Here the global force components of gy at N are

QNx = gn COs Gx QNy = (N COS Gy

Likewise, if gy is applied to the member, Fig. 14-6b, the global force

components at [ are
QNx
QFx = gFCOS ex QFy = {qFCOS Oy
qn
Since A, = cos 0, A, = cos 0,, these equations become near end

(a)
QNx = CINAx QNy = CINAy

QFx = CIF/\x QFy = CIFAy

which can be written in matrix form as

QNx /\x 0
QNy /\y 0 |:QN:|
= 14-10
QFx O Ax qr ( )
Opy 0 A
or
far end
(b)
Q =Tlq (14-11)
Fig. 14-6
where
A, O
A 0
' =" 14-12
0 A ( )
0 A

y

In this case this force transformation matrix T transforms the two local
(x") forces q acting at the ends of the member into the four global (x, y)
force components Q. Notice that T7 is the transpose of the displacement
transformation matrix, Eq. 14-9.
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14.4 MEMBER GLOBAL STIFFNESS
MATRIX

We will now combine the results of the preceding sections and thereby
determine the stiffness matrix for a member in terms of its global force
components Q and its global displacements D. To do this, we substitute
Eq. 14-8 (d = TD) into Eq. 14-3 (q = k'd) so that the member’s forces
q are then expressed in terms of the global displacements D, namely,

q = k'TD (14-13)
Substituting this equation into Eq. 14-11 (Q = T’q) yields the final
result,
Q = T'’K'TD
or
Q = kD (14-14)
where
k = T'K'T (14-15)

The matrix k is the member stiffness matrix in global coordinates. Since
T7, T, and k' are known, we have

Ao 0

Ko | M OAE[l —1“)\)‘ Ay, 000
0 A L [-1 1JL0 0 A A
0 A

y

Performing the matrix operations yields

N, N, F, F,
Y MA, A A,
_AE| Ay, B -, A
I I W W ¢ A,
“MA, A AN, A

k (14-16)

Samz 2

member stiffness matrix — global coordinates
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The location of each elementin this4 X 4 symmetric matrixis referenced
with each global degree of freedom associated with the near end N,
followed by the far end F. This is indicated by the code number notation
along the rows and columns, that is, Ny, N, F,, F,. Here k represents the
force-displacement relations for the member when the components of
force and displacement at the ends of the member are in the global or x, y
directions. As a result, each column of the matrix represents the four force
components developed at the ends of the member when one degree of
freedom at an end undergoes a unit displacement while the other degrees
of freedom are restrained. For example, a unit displacement Dy, = 1
will create the four force components on the member shown in the first
column of the matrix.

14.5 TRUSS STIFFNESS MATRIX

Once all the member stiffness matrices are formed in global coordinates,
it then becomes necessary to assemble them in the proper order so
that the structure stiffness matrix K for the truss can be found. This
process of combining the member stiffness matrices depends on careful
identification of the row and column of each element in the member
stiffness matrices as noted by the four code numbers N, N,, F,, F,
in Eq. 14-16. For all the truss members the structure stiffness matrix
will then have an order that will be equal to the highest code number
assigned to the truss, since this represents the total number of degrees
of freedom for the truss. To form the structure stiffness matrix, K, it
is therefore necessary to take each member’s elements in k and place
them in the same row and column designation in K. If some elements
are assigned to the same location, then they must be added together
algebraically. This is because each element of the k matrix represents
the resistance of the member to a unit displacement at its end, and
so, adding the resistances of two or more connected members in the
x or y direction determines the fotal resistance of each joint to a unit
displacement in that direction.

This method of assembling the member stiffness matrices to form the
structure stiffness matrix will now be demonstrated by two numerical
examples. Although this process is somewhat tedious when done by
hand, it is rather easy to program on a computer.
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EXAMPLE 14.1

Determine the structure stiffness matrix for the two-member truss
shown in Fig. 14-7a. AE is constant.

7
i 4 m
@. 3 @\ ‘lii @
L 3m—=
(a)
Fig. 14-7
SOLUTION

By inspection, joint (2) will have two unknown displacement components,
whereas joints (1) and (3) are constrained from displacement.
Consequently, the displacements at joint (2) are code numbered first,
followed by those at joints (3) and (1), Fig. 14-7b. The origin of the global
coordinate system is at joint (2). The members are identified and arrows
are written along the two members to identify the near and far ends of
each member. The direction cosines and the stiffness matrix for each
member can now be determined.

Member 1. Since (2) is the near end and (3) is the far end, then by
Egs. 14-5 and 14-6, we have

3-0 0-0

Ay 3 1 Iy = 3 = 0
Using Eq. 14-16, dividing each element by L = 3 m, we have
1 2 3 4
0333 0 -0333 0|1
ki, =AE| O 0 0 0|2
-0333 0 0333 0|3
0 0 0 04

The calculations can be checked in part by noting that k; is symmetric. The
rows and columns in k; are identified by the x, y code numbers at the near
end, followed by those at the far end, that is, 1, 2, 3, 4, Fig. 14-7b. This is
done in order to identify the elements for later assembly into the K matrix.
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Member 2. Since (2)is the near end and (1) is the far end, we have

3—-0 4 -0
A, =——=06 A, =——=08
* 5 Y 5
Thus Eq. 14-16 with L. = 5 m becomes
1 2 5 6

0.072 0.096 —0.072 —0.096 |1

k, = AE 0.096 0.128 —0.096 —0.128 |2

—0.072 —0.096 0.072 0.096 | 5

—-0.096 —0.128 0.096 0.128 | 6

Here the rows and columns are identified as 1, 2, 5, 6, since these
numbers represent, respectively, the x, y code numbers at the near and
far ends of the member.

Structure Stiffness Matrix. This matrix has an order of 6 X 6 since
there are six designated degrees of freedom for the truss, Fig. 14-7b.
Corresponding elements of the member stiffness matrices are now
added algebraically to form the structure stiffness matrix. The assembly
process is easier to see if the missing numerical columns and rows in ky
and k; are filled with zeros to form two 6 X 6 matrices. Then

K:kl +k2
1 2 3 4 5 6 1 2 3 4 5 6
0333 0 —-0333 0 0 0] 1 [ 0072 009 0 0 -0.072 —0.09 |1
0 0 0 0 0 0 2 009 0128 0 0 —0.09 —0.128 |2
K= AE | ~0333 0 0333 0 0 0 3 4] O 0 0 0 0 0 3
0 0 0 0 0 0 4 0 0 0 0 0 0 4
0 0 0 0 0 0 5 —0.072 —0.09 0 0 0072 009 |5
0 0 0 0 0 0] 6 | —0.096 —0.128 0 0 0.09% 0128 |6
0.405  0.096 —0333 0 —0.072 —0.096 |
0.09%  0.128 0 0 —0.09% —0.128
-0333 0 0333 0 0 0
K = AE
0 0 0 0 0 0
-0.072 —-0.09 0 0 0072  0.09
| —0.096 —0.128 0 0 009% 0128

If a computer is used for this operation, generally one starts with K
having all zero elements; then as the member global stiffness matrices
are generated, they are placed directly into their respective element
positions in the K matrix, rather than developing the member stiffness
matrices, storing them, then assembling them.
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EXAMPLE 14.2

Determine the structure stiffness matrix for the truss shown in Fig. 14-8a.
AE is constant.

SOLUTION

Although the truss is statically indeterminate to the first degree, this
will present no difficulty for obtaining the structure stiffness matrix.
Each joint and member are arbitrarily identified numerically, and the
near and far ends are indicated by the arrows along the members.
As shown in Fig. 14-8b, the unconstrained displacements are code
numbered first. There are eight code numbers for the truss, and so
K will be an 8 X 8 matrix. In order to keep all the joint coordinates
positive, the origin of the global coordinates is chosen at joint (1).
Equations 14-5, 14-6, and 14-16 will now be applied to each member.

Member 1. Here L = 2 m, so that

2—-0 0—-0
)\x—iz = /\y—i2 =0
1 2 6 5
@ 05 0 —-05 01
kK —Ag| 0 0 0 02
5 -05 0 05 016
0 0 0 0|5
Member 2. Here L = 2V/2 m, so that
/\_2—0_@ A_2—0_ﬂ
To2V2 2 N AV5) 2
1 2 8

0.1768  0.1768 —0.1768 —0.1768
_ 0.1768  0.1768 —0.1768 —0.1768
k, = AE
—-0.1768 —0.1768  0.1768  0.1768
—0.1768 —0.1768  0.1768  0.1768

(OB B O

Member 3. Here L = 2 m, so that

0—-20 2-0
b = = = =
( ) Ax 2 0 ’\y 2
Fig. 14-8 1 2 3 4
0 0 0 0 |1
ky = AE 0 05 0 -0512
0 0 0 0 |3
0 =05 0 0.5 |4
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Member 4. Here L = 2 m, so that

2—-0 2—-2
M="om=1 4= =0
3 4 7 8
05 0 —-05 0|3
K —AE| 0 O 0 0|4
—05 0 05 0 |7
0 0 0 0|8
Member 5. Here L = 2V2 m, so that
L-2-0_v2 _0-2_ V2
o2V2 2 Y 2V2 2
3 4 6 5

01768 —0.1768 —0.1768  0.1768

k. — AE| 01768 0.1768 01768 —0.1768
~0.1768 01768  0.1768 —0.1768

01768 —0.1768 —0.1768  0.1768

L N B~ W

Member 6. Here L = 2 m, so that

2-2 2—-0
A= =0 A==t
6 5 7 8
0 0 0 0 |6
k= AE[0 05 0 —05|5
0 0 0 0 |7
0 —-05 0 0.5 |8

Structure Stiffness Matrix. The foregoing six matrices can now
be assembled into the 8 X 8 K matrix by algebraically adding their
corresponding elements. For example, since (kj1); = AE(0.5),
(k11), = AE(0.1768),  (k11); = (ki1)s = (k11)s = (ki1)s = 0, then,
Ki1=AE(0.5 + 0.1768) = AE(0.6768), and so on. The final result is thus,

1 2 3 4 5 6 7 8
[ 06768  0.1768 0 0 0 -0.5 —0.1768 —0.1768 | 1
0.1768  0.6768 0 —0.5 0 0 —0.1768 —0.1768 | 2
0 0 0.6768 —0.1768  0.1768 —0.1768  —0.5 0 |3
= A 0 -05  —0.1768  0.6768 —0.1768  0.1768 0 0 |4 Ans
0 0 0.1768 —0.1768  0.6768 —0.1768 0 -05 |5
—0)5 0 —0.1768  0.1768 —0.1768  0.6768 0 0 |6
—0.1768 —0.1768  —0.5 0 0 0 0.6768  0.1768 | 7
| —0.1768 —0.1768 0 0 0.5 0 0.1768  0.6768 | 8
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14.6 APPLICATION OF THE STIFFNESS
METHOD FOR TRUSS ANALYSIS

Once the structure stiffness matrix is formed, the global force components
Q acting on the truss can then be related to its global displacements D
using

Q = KD (14-17)

This equation is referred to as the structure stiffness equation. Since
we have always assigned the lowest code numbers to identify the
unconstrained degrees of freedom, this will allow us now to partition this
equation in the following form*:

{..QJ.«} _ [KHKH} [D} (14-18)

Here

Q, D, = known external loads and displacements; the loads here exist
on the truss as part of the problem, and the displacements are
generally specified as zero due to support constraints such as
pins or rollers.

Q,, D, = unknown loads and displacements; the loads here represent
the unknown support reactions, and the displacements occur at
joints where motion is unconstrained in a particular direction.

K = structure stiffness matrix, which is partitioned to be compatible
with the partitioning of Q and D.

Expanding Eq. 14-18 yields
Q = KD, + K;pDy (14-19)
Q, = Ky D, + KpDy (14-20)

Most often D, = 0 since the supports are not displaced. When this is the
case, Eq. 14-19 becomes

Qr = KD,
Solving for D, we have
D, = Kif Qi (14-21)

Here we can obtain a direct solution for all the unknown joint
displacements; then using Eq. 14-20 with D, = 0 the support reactions are

Q. = KyD, (14-22)
The member forces can be determined using Eq. 14-13, namely

q=kTD

*This partitioning scheme will become obvious in the numerical examples that follow.
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Expanding this equation yields

DNx
{qN} _ AE{ 1 —1“)\,5 Ay 0 0| Dy
qr L [—1 LILO 0 Ay A Dp
Dpy
Since gy = —qp for equilibrium, only one of these forces has to be found.

Here we will determine g, the one that exerts tension in the member,
Fig. 14-2c. Expanding the above equation, we have

DNx

AE Dy
ar="—["A —A A A) VW (14-23)

E L 3% y 5% y DFx

Dp,

If the calculated result g is negative, the member is then in compression.

- PROCEDURE FOR ANALYSIS

The following method provides a means for determining the unknown
displacements and support reactions for a truss using the stiffness method.

Notation

¢ Establish the x, y global coordinate system. The origin is
usually located at the joint for which the coordinates for all the
other joints are positive.

® Identify each joint and member numerically, and arbitrarily specify
the near and far ends of each member symbolically by directing an
arrow along the member with the head directed towards the far end.
® Specify the two code numbers at each joint, using the lowest
numbers to identify unconstrained degrees of freedom, followed by
the highest numbers to identify the constrained degrees of freedom.

® From the problem, establish Dj and Q.

Structure Stiffness Matrix
¢ For each member determine A, and A, and the member
stiffness matrix using Eq. 14-16.

® Assemble these matrices to form the structure stiffness matrix as
explained in Sec. 14.5. As a partial check of the calculations, the
member and structure stiffness matrices should be symmetric.

Displacements and Loads

¢ Partition the structure stiffness matrix as indicated by Eq. 14-18.

® Determine the unknown joint displacements D,, using Eq. 14-21,
the support reactions Q,, using Eq. 14-22, and each member
force qp using Eq. 14-23.

587
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EXAMPLE 14.3

Determine the support reactions and the force in each member of the

- two-member truss shown in Fig. 14-9a. AE is constant.
SOLUTION
Notation. The origin of the global coordinates x, y and the
4m numbering of the joints and members are shown in Fig. 14-9b. Also,

the near and far ends of each member are identified by arrows,
and code numbers are used at each joint. By inspection the known
external displacements are D; = Dy, = Ds = Dg = 0. Also, the

/ ol —— known external loads are Q; = 0, Q, = —2 kN. Hence,
3m 013
¥
014 01
2 kN D, = _
() c=lols {—2}
Fig. 14-9 CEE

Structure Stiffness Matrix. This matrix has been determined in
Example 14.1 using the same notation as in Fig. 14-9b.

Displacements and Loads. Writing Eq. 14-17 Q = KD, for the
truss, and partitioning the matrices, we have

0 [ 0405 009 i-0333 0 -0.072 —0.09 |[ D,
2 009% 0128 @0 0..7009% -0128 | D,
05 -0333 0 0333 0 0 0 0
= AE 1
0, 0 0 0 0 0 0 o | M
0s -0.072 —0.096 : 0 0 0072 00% || 0
| Os | -0.096 —0.128 : 0 0 009 0128 ] 0 |

From this equation we can now identify K;; and thereby determine
D,,. It is seen that the matrix multiplication, like Eq. 14-19, yields

[ 0} _ AE[OAOS 0.096“D1} N {O}
-2 0.096 0.128 || D, 0
Here it is easy to solve by a direct expansion,

0 = AE(0.405D; + 0.096D,)

—2 = AE(0.096D; + 0.128D,)
4505 ~19.003
= — D = —

AE 2 AE

D,
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By inspection of Fig. 14-9b, one would indeed expect the 2-kN load to
cause a rightward and downward displacement at joint (2), as indicated
by the positive and negative signs of these answers.

Using these results, the support reactions are now obtained from
Eq. (1), written in the form of Eq. 14-20 (or Eq. 14-22) as

y 6
(08 —0.333 0 0
(on _ AR 0 0 1[ 4.505} 0
0Os —0.072  —0.096 [AE | —19.003 0
Os —0.096 —0.128 0
Expanding and solving for the reactions,
05 = —0.333(4.505) = —1.5kN Ans.
0,=0 Ans.
Qs = —0.072(4.505) — 0.096(—19.003) = 1.5kN Ans.
Q¢ = —0.096(4.505) — 0.128(—19.003) = 2.0kN Ans.

The force in each member is found from Eq. 14-23. Using the data
for A, and A, in Example 14.1, we have (b)

Member 1. A, =1,A,=0,L =3m

L 450571
_Al[_l 0 ]L ~19.003 |2
T3 AE| 0 3
0 4
1
= 5[_4'505] = —1.5kN Ans.
Member 2. A, =06,A, =08, L =5m
: s s« 4505 |1
2L 06 08 06 08]—| 0|2
%= "5 : S DO USIYEl o 5
0 6
1
= S [-06(4.505) — 0.8(~19.003)] = 2.5kN Ans.

These answers can be verified by applying the equations of equilibrium
to joint (2).
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EXAMPLE 14.4

Determine the support reactions and the force in member 2 of the truss
shown in Fig. 14-10a. AE is constant.

SOLUTION

Notation. The joints and members are numbered and the origin of
the x, y axes is established at (1), Fig. 14-10b. Also, arrows are used
to reference the near and far ends of each member. Using the code
numbers, where the lowest numbers denote the unconstrained degrees
of freedom, Fig. 14-10b, we have

071

0716 012
D,=|0|7 Q.=| 2|3
08 —4 |4
0]5

Structure Stiffness Matrix. This matrix has been determined in
Example 14.2 using the same notation as in Fig. 14-105b.

Displacements and Loads. For this problem Q = KD is

Fig. 14-10
0] 0.6768  0.1768 0 0 0 : =05 —0.1768 —0.1768 |[ D, |
0 0.1768  0.6768 0 -0.5 0 C0 —-0.1768 —0.1768 || D,
2 0 0 0.6768 —0.1768  0.1768 : —0.1768 —0.5 0 D;
4| _ g 0 -0.5 —~0.1768  0.6768 —0.1768 0.1768 0 0 D, )
0 0 0 0.1768 —0.1768  0.6768 : —0.1768 0 -0.5 Ds
o g o T £ 5
0, —-0.1768 —0.1768 —0.5 0 0 L0 0.6768  0.1768 || 0
| Os | | —0.1768 —0.1768 0 0 -05 10 01768  0.6768 || 0 |

Multiplying so as to formulate the unknown displacement
equation 14-18, we get

0 0.6768 0.1768 0 0 0 D, 0
0 0.1768 0.6768 0 —0.5 0 D, 0
2| =AE|0 0 0.6768 —0.1768 01768 || D; | + | 0
—4 0 —0.5 —0.1768 0.6768 —0.1768 || D, 0
0 0 0 0.1768 —0.1768 0.6768 || Ds 0
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Expanding and solving the equations for the displacements, we obtain

D, 3.5859

D, —13.7279

D; | =—| -04142
AE

D, ~17.3137

Ds —4.4142

Developing Eq. 14-20 from Eq. (1) using these calculated results, we

have
3.5859
Os -0.5 0 —0.1768 0.1768 —0.1768 —13.7279 0
0O; | = AE| —0.1768 —-0.1768 —0.5 0 0 —1 —04142 | +| 0
Og —-0.1768 —0.1768 0 0 -0.5 —17.3137 0
—4.4142

Expanding and calculating the support reactions gives

Q¢ = —4.00kN Ans.
07 = 2.00kN Ans.
Qg = 4.00 kN Ans.

The negative sign for Q¢ indicates that the rocker support reaction
acts in the negative x direction. The force in member 2 is found from

Eq. 14-23, where from Example 14.2, A, = %, A = %, L=2V2m.
Thus,
3.5859
_ AE [_ﬁ _V2 V2 V2| 137279
PN A ) 2 2 2 |AE| o0
0

= 2.54 kN Ans.
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EXAMPLE 14.5 Determine the force in member 2 of the assembly in Fig. 14-11a if the
support at joint (1) settles downward 25 mm. Take AE = 8(10°) kN.
SOLUTION

Notation. For convenience the origin of the global coordinates in
Fig. 14-11b is established at joint (3), and as usual the lowest code
numbers are used to reference the unconstrained degrees of freedom.

Since joint (1) settles downward 0.025 m, then
I E
—0.025 | 4
0 5 01
D, = 0 6 Qy {0}
0 7
- 1‘ L 0 |8
Structure Stiffness Matrix. Using Eq. 14-16, we have
@) Member 1. A, = 0,A, = 1,L = 3m, so that
3 4 1 2
0 0 0 0 3
ki = AE| 0 0.333 0 —-0333 (4
0 0 0 0 1

0 —0.333 0 0333 ] 2

Member 2. A, = —0.8,A, = —0.6, L = 5m, so that
1 2 5 6

0.128  0.096 —0.128 —0.096

k, = AE 0.096  0.072 —0.096 —0.072

—0.128 —0.096 0.128  0.096

—-0.096 —0.072 0.096 0.072

(b) Member 3. A, =1,A, = 0,L = 4m, so that
7 8 1 2

025 0 —-025 0

k; = AE 0 0 0 0
—-025 0 025 0

0 0 0 0

Assembling these matrices, the structure stiffness matrix becomes

[©) WO, BN S T

N = 00

1 2 3 4 5 6 7 8

0.378 0.096 0 0 -0.128 —0.096 —025 0]1

0.096 0.405 0 -0.333 -0.09 -0.072 0 012

K = AE 0 0 0 0 0 0 0 013
0 —0333 0 0.333 0 0 0 04

-0.128 —0.096 0 0 0.128 0.096 0 015

—0.096 —0.072 0 0 0.096 0.072 0 016

—0.25 0 0 0 0 0 025 0|7

0 0 0 0 0 0 0 018
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Displacements and Loads. Here Q = KD yields

0 [ 0378  009%i0 0 —0.128 —0.096 —025

0 0.096 04050 —0333 —0.096 —0072 0
05 0 0 i0 0 0 0 0
Q| _ 4p| O -0333:0 0333 0 0 0
05 —0.128 —0096:i0 0 0.128  0.09% 0
0O —-0.096 —0072i0 0 009 0072 0
0, -0.25 0 {0 o0 0 0 0.25
| O | L0 0 {0 0 0 0 0

Developing the solution for the displacements, Eq. 14-19, we have

—0.128

0 0.378 0.096 || D4 0 0
= +
o) =42 (50 aioslon] * 4200 05 oo

0 0.096 0.405 ]| D, 0 -0.333

which yields

0 = AE[(0.378D; + 0.096D,) + 0]

0 = AE[(0.096D; + 0.405D,) + 0.00833]
Solving these equations simultaneously gives

D, = 0.00556 m
D, = —0.021875m

Although the support reactions do not have to be calculated, if needed
they can be found from the expansion defined by Eq. 14-20.

Member 2. Using Eq. 14-23 to determine the force in member 2,
we have A, = —0.8,A, = —0.6,L = Sm,AE = 8(10°) kN, so that

0.00556 |1
1 2 s 6
~8(10%) 08 06 —08 —og] ~“021875 |2
q> 5 . . —0. —0. 0 5
0 6
8(10%)
= =5 (000444 — 00131) = ~13.9kN Ans.

Using the same procedure, show that the force in member 1 is
q; = 8.34kN, and in member 3, g3 = 11.1 kN. The results are shown
on the free-body diagram of joint (2), Fig. 14-11c, which shows the joint
is in equilibrium.

—0.096
—0.072

S O o0 o o oo o

—0.25
0

—0.025
0 0
0

oS O O

111kN (2

13.9 kN
8.34 kN

(©)
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14.7 NODAL COORDINATES

On occasion a truss can be supported by a roller placed on an incline, and
when this occurs the constraint of zero deflection at the support (node)
cannot be directly defined using a single horizontal and vertical global
coordinate system. For example, consider the truss in Fig. 14-12a. The
condition of zero displacement at node (1) is defined only along the y”
axis, and because the roller can displace along the x” axis this node will
have displacement components along both global coordinate axes x, y. For
this reason we cannot include the zero displacement condition at this node
without making some modifications to the matrix analysis procedure.

To solve this problem, we will use a set of nodal coordinates x",y"
located at the inclined support. These axes are oriented such that the
reaction and support displacement are along each of these coordinate
axes, Fig. 14-12a. In order to establish the global stiffness equation for the
truss, it now becomes necessary to transform the force and displacement
for each of the connecting members at this support to the global x, y
coordinate system. For example, consider truss member 1 in Fig. 14-12b,
having a global coordinate system x, y at the near node V), and a nodal
coordinate system x”,y” at the far node (F). When global and nodal
displacements occur at both the near and far nodes, then they will have
components along the x’ axis as shown in Fig. 14-12c¢. The displacements
in the x’ direction along the ends of the member become

dy = Dy, c0s 0, + Dy, cos 0,

dp = Dpy €08 0,0 + Dy cos 6,

(a)
Fig. 14-12
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Here 6, and 6, are the smallest angles between the positive x”, y” axes y
and the x' axis, Fig. 14-12c. , "

> ) ) ) y Yy local
These equations can be written in matrix form as coordinates

DNx
[dN} _ {,\x Ay 0 0| Dy ot
dp 0 0 A ’\y” Dy coordinates
DFy” T X
Likewise, member forces at the near and far ends of the member, @ global coordinates
Fig. 14-12d, have global and nodal components of (b)

QNx = gn COS 0)( QNy = (N COS Gy

OQpy = qF €00y Qpy = qp 0s by

which can be expressed as

y y"
QNx Ay 0 D AG "
Fy" y\ xr
QNy — Ay 0 [CIN :|
Opy 0 A |lar b
" 0 Ao Dy "
ry Y ’ Dy, cos 6, Dy
These displacement and force transformation matrices are now used Dy, cos 6, | Ox B
to develop the member stiffness matrix for this situation. Applying | Dy, (global
Eq. 14-15, we have Dy cos 6, coordinates
k=TKT ©
A O
K| M 0 AE[ 1 —IH)\X A, 00
0 Ay | L -1 TJLO 0 Ay Ay
0 A

V!

Performing the matrix operations yields,

A2 AAy, = AAe A
_AE| A, PEIE W WRRES W W
L A AN AL Aprhys
“AAy —AAy AgAy AL

k (14-24)

member stiffness matrix — global and nodal coordinates

(d)

This stiffness matrix is then used for each member that is connected to
an inclined roller support at its far node, and the process of assembling
the matrices to form the structure stiffness matrix follows the standard
procedure. The following example problem illustrates its application.
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EXAMPLE 14.6
. Determine the support reactions for the truss shown in Fig. 14-13a.
@ N
SOLUTION
,,// Notation. Since the roller support at (2)is on an incline, we must use
/”/ nodal coordinates at this node. The joints and members are numbered
g and the global x, y axes are established at node (3), Fig. 14-13b. The

code numbers 3 and 4 are along the x”, y” axes in order to use the

©F i @5_/25" condition that D, = 0.

() Member Stiffness Matrices. The stiffness matrices for members 1
and 2 must be developed using Eq. 14-24 since these members have
code numbers in the direction of both the global and nodal axes. The

Yy 2 stiffness matrix for member 3 is determined in the usual manner using

Eq. 14-16.
Member 1. Fig. 14-13¢, A, = 1, A, = 0, A, = 0.707, A,y = —0.707

5 6 3 4
0.25 0 —017675 0176755
0 0 0 0 6
ki =AEl 017675 0 0125 -0.125 |3
0.17675 0 —0.125 0125 |4

Member 2. Fig.14-13d,A, = 0, A, =—1, A, = —0.707, A;» = —0.707

2 3 4

(d)
Fig. 14-13

Kk, = AE

Member 3.

k3:AE

1

0 0

0 0.3333
0 —0.2357
0 —0.2357

A = 08,1, = 0.6

5 6
0.128 0.096
0.096 0.072

—0.128 —0.096
=0.096 —0.072

0

—0.2357

0.1667
0.1667

1
—0.128
—0.096

0.128
0.096

—0.2357
0.1667
0.1667

B W N =

2
—0.096
—0.072

0.096
0.072

N = O D
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Structure Stiffness Matrix. Assembling these matrices to
determine the structure stiffness matrix, we have

30 ] [ 0128 009 0 P —0.128  —0.09 |[ D; |
0 0.09 04053 —02357 | —02357 —0.09%  —0.072 || D,

...... 0| _ 450 —0.2357 02917 0.0417  —017675 0 Dal
o) 0 —02357 00417 i 02917 017675 0 0

0s —0.128 —0.096 —0.17675 i 0.17675  0.378 0.096 || 0

L Qs | | —0.096 —0.072 0 foo 0.096 0.072 || 0 |

Carrying out the matrix multiplication of the upper partitioned
matrices, the three unknown displacements D are determined by
solving the resulting simultaneous equations, i.e.,

3525
YY)
1575
2 AE
-127.3
D =
3 AE

The unknown reactions Q are obtained from the multiplication of
the lower partitioned matrices in Eq. (1). Using the calculated
displacements, we have

0, = 0(352.5) — 0.2357(—157.5) + 0.0417(—127.3)

= 31.8kN Ans.
Qs = —0.128(352.5) — 0.096(—157.5) — 0.17675(—127.3)

= —7.5kN Ans.
Q¢ = —0.096(352.5) — 0.072(—157.5) + 0(—127.3)

—22.5kN Ans.
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14.8 TRUSSES HAVING THERMAL
CHANGES AND FABRICATION
ERRORS

If some of the members of the truss are subjected to an increase or
decrease in length due to thermal changes or fabrication errors, then it
is necessary to use the method of superposition to obtain the solution.
This requires three steps. First, the fixed-end forces necessary to prevent
movement of the nodes as caused by temperature or fabrication are
calculated. Second, the equal but opposite forces are placed on the truss
at the nodes, and the displacements of the nodes are calculated using
the matrix analysis. Finally, the actual forces in the members and the
reactions on the truss are determined by superposing these two results.
This procedure, of course, is only necessary if the truss is statically
indeterminate. If the truss is statically determinate, the displacements
at the nodes can be found by this method; however, the temperature
changes and fabrication errors will not affect the reactions and the
member forces since the truss is free to adjust to these changes of length.

Thermal Effects. If a truss member of length L is subjected to
a temperature increase A7, the member will undergo an increase in
length of AL = aATL, where «a is the coefficient of thermal expansion.
A compressive force g applied to the ends of the member will cause a
decrease in the member’s length of AL’ = gL /AE. If we equate these
two displacements, then gy = AEaAT. This force will hold the nodes of
the member fixed as shown in Fig. 14-14, and so we have

(qN)O = AEaAT
(qr)o = —AEaAT

Realize, of course, that if a temperature decrease occurs, then AT becomes
negative and these forces reverse direction to hold the member rigid.

We can transform these two forces into global coordinates using
Eq. 14-10, which yields

(QNx)O /\x 0 )‘x
x (QNy)O _ /\y 0 |: 1:| — Ay o
oo o\, [AEadT| || =AEasT) ¥ (14-25)
%F)O (QFy)O 0 /\y _)‘y

Fabrication Errors. If a truss member is made too long by an
amount AL before it is fitted into a truss, then the force gy needed to
keep the member at its design length L is g = AEAL/L, and so for the
member in Fig. 14-14, we have

(an)o = AEAL
4qn)o I

_AEAL
L

Fig. 14-14 (gr)o =
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Of course, if the member is originally too short, then AL becomes
negative and these forces will reverse.
In global coordinates, these forces are

(QNx)O /\x

(QN )0 _ AEAL A

(QFj)O L _/\)yc (14-26)
(Qr)o —Ay

Matrix Analysis. In the general case, with the truss subjected to
applied forces, temperature changes, and fabrication errors, the initial
force-displacement relationship for the truss then becomes

Q = KD + Q (14-27)

Here Q is a column matrix for the entire truss of the fixed-end forces
caused by the temperature changes and fabrication errors of the
members defined in Eqgs. 14-25 and 14-26. We can partition this equation
in the following form

- R - L@

Carrying out the multiplication, we obtain
Q; = KD, + KDy + (Qpo (14-28)
Q. = KoD, + KDy + (Qu)o (14-29)

The unknown displacements D,, are determined from the first equation
by subtracting K;,D; and (Qy), from both sides and then solving for D,,.
This yields

D, = Kii'(Qx — K;pDy — (Qy)o)

Once these displacements are obtained, the member forces are then
determined by superposition, i.e.,

q =KTD + q

If this equation is expanded to determine the force at the far end of the
member, we obtain

DNx
AE D
qr = —— [_/\x _Ay /\x )‘y] M + (QF)O (14_30)
L Dp,
Dy,

This result is similar to Eq. 14-23, except here we have the additional
term (qr)o which represents the initial fixed-end member force due to
temperature changes and/or fabrication errors as defined previously. If
the calculated result is negative, the member will be in compression.

The following two examples illustrate application of this procedure.
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EXAMPLE 14.7

Determine the force in members 1 and 2 of the pin-connected assembly
in Fig. 14-15 if member 2 was made 0.01 m too short before it was fitted
into place. Take AE = 8(10°) kN.

Fig. 14-15
SOLUTION
Since the member is short, then AL = —0.01 m, and therefore

applying Eq. 14-26 to member 2, with A, = —0.8,1, = —0.6, we have

(Q1)o -0.8 0.0016 | 1
(02 | _ AE(=0.01) | —06 | _ Ap| 00012 12
(Os)o 5 0.8 —0.0016 |5
(Q6)o 0.6 —0.0012 | 6

The structure stiffness matrix for this assembly has been established in
Example 14.5. Applying Eq. 14-27 we have

0 0378 009 :0 0 -0.128 —0.096 -025 0[] D, [ 0.0016 |

0 0096 0405 i 0 —0333 —0.09 -0072 0 0| D, 0.0012
o : : o : : : S B o

0, 0 —0333 i0 0333 0 0 0 0] 0 0

0s SAEl 0128 —0096 0 0 0128  0.09% 0 oll o | TAE| 00016 (1)
Os —0.096 —0072 {0 0 0.09% 0072 0 0] 0 —0.0012

0, -0.25 0 0 0 0 0 025 0| 0 0
L Os | . 0 0 0 0 0 0 0 0] 0 L0 ]
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Carrying out the multiplication to obtain the equations for the
unknown displacements yields

[o}ZAE[o.m 0.096}[31}+AE[0 0 —0.128 —0.096 —0.25 0]
2

+ AE [0.0016}
0 0.096  0.405 0 —-0333 -0.096 —0.072 0 0

0.0012

S O O O O O

which gives
0 = AE[0.378D + 0.096D,] + AE[0] + AE[0.0016]
0 = AE[0.096D; + 0.405D,] + AE[0] + AE[0.0012]
Solving these equations simultaneously,
D, = —0.003704 m
D, = —0.002084 m

Although not needed, the reactions Q, can be found from the
expansion of Eq. (1) following the format of Eq. 14-29.

In order to determine the force in members 1 and 2 we must apply
Eq. 14-30, in which case we have

Member 1. A, = 0,A, = 1,L = 3m, AE = 8(10°) kN, so that

0
8(10%) 0
= — +
7 3 10 1 01 h0s704 | T L
—0.002084
q1 = —5.56 kN Ans.

Member 2. A, = —0.8,A, = —0.6,L = 5m, AE = 8(10°) kN, so

that
—0.003704
8(10° —0.002084 8(10%) (—0.01
g, = ( )[0.8 06 —08 —0.6] _ 8a0) (=001
5 0 5
0

q» = 926 kN Ans.
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EXAMPLE 14.8

Member 2 of the truss shown in Fig. 14-16 is subjected to an increase
in temperature of 30°C. Determine the force developed in member 2.
Take o« = 12(107%)/°C, E =200GPa. Each member has a
cross-sectional area of A = 484 mm?.

Fig. 14-16

SOLUTION

Since there is a temperature increase, AT = +30°C. Applying

Eq. 14-25 to member 2, where A, = 72, Sy = %, we have

(Q1)o 2 0.254558(1073)
(@20 | _ i v 0.254558(107)
(0o = AE(12) (107°) (30) _¥z = AE —0254558(10°Y)
(Q8)o -2 —0.254558(10°%)

0 3 N =

The stiffness matrix for this truss has been developed in Example 14.2.
Therefore Eq. 14-27 becomes

0 [ 06768 01768 0 0 0 -0.5 —0.1768 —0.17687] [ D, [ 0.254558(1073) |1

0 01768 06768 0 -0.5 0 0 —-0.1768 —0.1768 | | D, 0.254558(107%) |2

0 0 0 0.6768 —0.1768  0.1768 i —0.1768 —0.5 0 D; 0 3

0 0 -0.5 —-0.1768  0.6768 —0.1768 i 0.1768 0 0 D, 0 4

o | TAE| 0 01768 —0.1768 06768 : —0.1768 0 —0.5 Dy | AE1 s @
b s - i s s S I — .

0, —-0.1768 —0.1768 —0.5 0 0 0 0.6768  0.1768 || 0 —0.254558(107%) |7
L Os | | —0.1768 —0.1768 0 0 -0.5 0 0.1768  0.6768 || 0 | | —0.254558(107%) |8
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Expanding to determine the equations of the unknown displacements,
and solving these equations simultaneously, yields

Dy, = —0.149117(10 %) m
D, = —0.869117(10 %) m
D; = —0.149117(10 %) m
D, = —0.720(10"%) m

Ds = —0.149117(10 %) m

Using Eq. 14-30 to determine the force in member 2, we have

—0.149117(1073)

484(107%) ] [200(10°) V2 V2 V2 V21| —0869117(1073 B B
0= : 23/[5 ] - 5 5 T GO [asa109)] [20010%) ] [12(10°) | 30)
0
= —10.21 kN = 102 kN (C) Ans.

The temperature increase of member 2 will not cause any external
reactions on the truss, since the truss is statically determinate. To show
this, consider the matrix expansion of Eq. (1) for determining these
reactions. Using the results for the displacements, we have

0s = AE{(—0.5)[—0.149117(1073)] + 0 + (—0.1768)[—0.149117(103)]
+ (0.1768)[0.720(103)] + (—0.1768)[—0.149117(10 3)]} + AE[0] = 0

Q; = AE{(—0.1768)[—0.149117(10 %)] + (—0.1768)[—0.869117(103)] + (—0.5)[—0.149117(103)]
+ 0+ 0} + AE[—0.254558(10 )] = 0

Qg = AE{(—0.1768)[—0.149117(103) + (—0.1768)[—0.869117(10"%)] + 0 + 0
+ (—0.5)[—0.149117(10 3]} + AE[—0.254558(10 )] = 0
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14.9 SPACE-TRUSS ANALYSIS

The analysis of both statically determinate and indeterminate space
trusses can be performed by using the same procedure discussed
previously. To account for the three-dimensional aspects of the problem,
however, additional elements must be included in the transformation
matrix T. To do this, consider the truss member shown in Fig. 14-17 By
inspection the direction cosines between the global and local coordinates
can be found using equations analogous to Egs. 14-5 and 14-6, that is,

6 Xp — XN
i A, = cos 6, = I
XFp — XN
= (14-31)
\/(xF —xn)’ + (r — yn)* + (zp — )’
YF — VN
. )\y = Cos Oy = T
N
N *F _ YE— YN
e 4
. Ve (xp = xn)” + (v — ¥ + (2F — 2n)
Fig. 14-17 A = cos 6, = E AN
L
= N (14-33)

\/(xF —xn)’ + (r — yn)* + (zp — 2v)°

As a result of the third dimension, the transformation matrix, Eq. 14-9,
becomes

S
A0

Lo | A0 AE[ 1 —1“)‘,( Ay A, 00 0}
0 A L L[-1 1o 0 0 A A A
0 A
L0 A
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Carrying out the matrix multiplication yields the symmetric matrix

N, N, N, F, F, F,
A2 Ay AL A AN AN N,
2 2
G| AN M, =AA =X =M (N,
k=" A A A2 =AA AN, —AZ [N, | (14-34)
-2 “AAy, AN A MA, A, | F,
2 2
MY TR W VD W W ¥ MA, | F,
L—AA A, =X AN AN AL F,

member stiffness matrix — global coordinates

Here the code numbers along the rows and columns reference the x, y, z
directions at the near end, N,, Ny, N, followed by those at the far end,
F..F,,F,.

For computer programming, it is generally more efficient to use
Eq. 14-34 than to carry out the matrix multiplication T'k'T for each
member. Computer storage space is saved if the structure stiffness matrix
K is first initialized with all zero elements; then as the elements of each
member stiffness matrix are generated, they are placed directly into their
respective positions in K. After the structure stiffness matrix has been
developed, the same procedure outlined in Sec. 14.6 can be followed
to determine the joint displacements, support reactions, and internal
member forces.

The roof of this building is supported by a series of space
trusses.
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. PROBLEMS

14-1. Determine the stiffness matrix K for the truss. Take
A = 0.0015 m? and E = 200 GPa for each member.

14-2. Determine the vertical deflection at joint (2) and the
force in member 4 of the truss. Take A = 0.0015 m? and
E = 200 GPa for each member.

Probs. 14-1/2

14-3. Determine the stiffness matrix K for the truss. AE is
constant.

#14-4. Determine the force in members 1 and 5 of the
truss. AE is constant.

Probs. 14-3/4

14-5. Determine the stiffness matrix K for the truss. AFE is
constant.

14-6. Determine the force in member 6. Take
A = 0.0015 m? and E = 200 GPa for each member.

14-7. Determine the force in member 1 if this member was
10 mm too long before it was fitted into the truss. For the
solution remove the 10-kN load. Take A = 0.0015 m®> and
E = 200 GPa for each member.

8 2
@ 2 ©)
— Gl 11
N
7|t o 3m
Pz
5 6 4
; = -— X 3
T
‘ 4 m
A
10 kN

Probs. 14-5/6/7

#14-8. Determine the stiffness matrix K for the truss. AE
is constant.

14-9. Determine the force in members 1 and 5. AE is
constant.

Probs. 14-8/9
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14-10. Determine the stiffness matrix K for the truss. AE #*14-12. Determine the stiffness matrix K for the truss.

is constant. Take A = 0.0015 m? and E = 200 GPa for each member.

14-11. Determine the vertical displacement of joint @ 14-13. Determine the vertical displacement at joint @

and the support reactions. AE is constant. and the force in member 5. Take A = 0.0015m’ and
E = 200 GPa.

Probs. 14-10/11 Probs. 14-12/13

. CHAPTER REVIEW

The stiffness method is the preferred method for analyzing structures using a computer. It first requires numbering the
structural elements and their nodes. The global coordinates for the entire structure are then established, and each member’s
local coordinate system is located so that its origin is at a selected near end, such that the positive x" axis extends towards
the far end.

Application of the method first requires that each member stiffness matrix k' be formulated in local coordinates. It relates
the loads at the ends of the member, q, to their displacements, d, where q = k'd. Then, using the transformation matrix T,
the local displacements d are related to the global displacements D, where d = TD. Also, the local forces q are transformed
into the global forces Q using the transformation matrix T, i.e., Q = TTq. When these matrices are combined, one obtains
the member’s stiffness matrix k in global coordinates, k = Tk’ T. Assembling all the member stiffness matrices yields the
stiffness matrix K for the entire structure.

The displacements and loads on the structure are then obtained by partitioning Q = KD, such that the unknown
displacements are obtained from D, = K;1Qy, provided the supports do not displace. Finally, the support reactions are
obtained from Q, = K, D,, and each member force is found from q = k'TD.
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The statically indeterminate loading in bridge girders that are continuous over their
piers can be determined using the stiffness method.
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. CHAPTER OBJECTIVE

m To show how to apply the stiffness method to determine the
displacements and reactions of points on a beam.

15.1 PRELIMINARY REMARKS

Before we show how the stiffness method applies to beams, we will
first discuss some preliminary concepts and definitions related to these
members.

Member and Node Identification. In order to apply the
stiffness method to beams, we must first determine how to subdivide the
beam into its component finite elements. In general, each element must be
free from load and have a prismatic cross section, and so the nodes of each
element are located at a support or at points where members are connected
together, where an external force is applied, where the cross-sectional area
suddenly changes, or where the vertical or rotational displacement is to be
determined. For example, consider the beam in Fig. 15-1a. Using the same
scheme as that for trusses, four nodes are specified numerically within a
circle, and the three elements are identified numerically within a square.
Finally, the “near” and “far” ends of each element are identified by the
arrows written alongside each element.
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Global and Member Coordinates. The global coordinate
system will be identified using x, y, z axes that generally have their origin
at a node and are positioned so that the nodes at other points on the
beam all have positive coordinates, Fig. 15-1a. The local or member
x',y', z' coordinates have their origin at the “near” end of each element,
and the positive x' axis is directed towards the “far” end. Figure 15-1b
shows these coordinates for element 2. In both cases we have used a
right-handed coordinate system, so that when the fingers of the right
hand are curled from the x (x") axis towards the y (y') axis, the thumb
points in the positive direction of the z (z') axis, which is directed out
of the page. Notice that for each beam element the x and x’ axes will
be collinear and the global and member coordinates will all be parallel.
Therefore, unlike the case for trusses, here we will not need to develop
transformation matrices between these coordinate systems.

Code Numbers. Once the elements and nodes have been identified,
and the global coordinate system has been established, the degrees of
freedom for the beam and its kinematic determinacy can be determined.
If we consider the effects of both bending and shear and neglect axial
deformation, then each node on a beam can have two degrees of freedom,
namely, a vertical displacement and a rotation. As in the case of trusses, these
linear and rotational displacements will be identified by code numbers. The
lowest code numbers will be used to identify the unknown displacements
(unconstrained degrees of freedom), and the highest numbers to identify
the known displacements (constrained degrees of freedom). Recall that
the reason for choosing this method of identification has to do with the
convenience of later partitioning the structure stiffness matrix, so that the
unknown displacements can be found in the most direct manner.

An example of code-number labeling is shown in Fig. 15-1a. Here
there are eight degrees of freedom, for which code numbers 1 through 4
represent the unknown displacements, and numbers 5 through 8 represent
the known displacements, which in this case are all zero. As another
example, the beam in Fig. 15-2a can be subdivided into three elements and
four nodes. Notice that the internal hinge at node 3 deflects the same for
both elements 2 and 3; however, the rotation at the end of each element
is different. For this reason three code numbers are used to show these
deflections. Here there are nine degrees of freedom, five of which are
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unknown, as shown in Fig. 15-2b, and four known; again they are all zero.
Finally, consider the slider mechanism used on the beam in Fig. 15-3a. Here
the deflection of the beam is shown in Fig. 15-3b, and so there are five
unknown deflection components labeled with the lowest code numbers.

15.2 BEAM-MEMBER STIFFNESS
MATRIX

We will now develop the stiffness matrix for a beam element or member
having a constant cross-sectional area and referenced from the local
x',y', z" coordinate system, Fig. 15—4. The origin of the coordinates is
placed at the “near” end N, and the positive x’ axis extends toward the
“far” end F.There are two reactions at each end of the element, consisting
of shear forces gy, and gp, and bending moments gy, and gr,. Notice
that these loadings all act in the positive coordinate directions, where
the moments gy,  and g, are positive counterclockwise,since by the right-
hand rule the moment vectors are then directed along the positive z" axis,
which is out of the page. Linear and angular displacements associated
with these loadings also follow this same positive sign convention. We will
now impose each of these displacements separately and then determine
the loadings acting on the member caused by each displacement.

’

y

Iy dny ary' dry qr; dr;

RS A D

positive sign convention

Fig. 15-4

y' Displacements. Whena positive displacement dy, isimposed on
the element, while other possible displacements are prevented, the
required shear forces and bending moments that have to occur are shown
in Fig. 15-5a.* Likewise, when df, is imposed, the necessary shear forces
and bending moments are shown in Fig. 15-5b.

near end far end
y' displacements

(a) (b)
Fig. 15-5

*See Sec. 10.2, Fig. 10-5, which shows how the moments were obtained using the conjugate-
beam method. The shear forces were then determined from equilibrium.
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near end

(2)

far end
z' rotations

(b)
Fig. 15-6

z' Rotations. In order to impose a positive rotation dy, while all
other displacements are prevented, the required shear forces and bending
moments are shown in Fig. 15-6a.* Likewise, when dp, is imposed, the
resultant loadings are shown in Fig. 15-6b.

If the above results in Figs. 15-5 and 15-6 are added, the resulting four
load-displacement relations for the member can then be expressed in
matrix form as

] [ 12EI 6EI  12EI  6EI'|[ J ]
dny' 13 12 IE 12 Ny’
6E1 4E1 6E1 2E]
4Nz 12 T 1z L dyy (15-1)
| _12E1 6Bl 12EI _6EIL ||
qry 13 12 IE 12 Fy'
6EI 2Bl _6EI  4EL||
_QFz'_ i 12 L 12 L |l Fz’_

member stiffness matrix — local and global coordinates
These equations can also be written in abbreviated form as
q=kd (15-2)

The symmetric matrix k in Eq. 15-1 is referred to as the member stiffness
matrix. The 16 influence coefficients k; that comprise it account for the load
on the member when the member undergoes a specified unit displacement.
For example, if dy,» = 1, Fig. 15-5a, while all other displacements are zero,
the member will be subjected only to the four loadings indicated in the
first column of the k matrix. In a similar manner, the other columns are the
member loadings for unit displacements identified by code numbers listed
above the columns.

*See Sec. 10.2, Egs. 10-1 and 10-2, which shows how the moments were obtained using the
conjugate-beam method. The shear forces were then obtained from equilibrium.
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15.3 BEAM-STRUCTURE STIFFNESS
MATRIX

Once all the member stiffness matrices have been found, we can then
assemble them into the structure stiffness matrix K. Since the rows and
columns of each k matrix (Eq. 15-1) are identified by the two code
numbers at the near end of the member (N,:, N_) followed by those at
the far end (F,, F), then, like a truss, when assembling the matrices,
each matrix element must be placed in the same location of the K matrix.
In this way, K will have an order that will be equal to the highest code
number assigned to the beam, since this represents the total number of
degrees of freedom.

15.4 APPLICATION OF THE STIFFNESS
METHOD FOR BEAM ANALYSIS

After the structure stiffness matrix is determined, the loads Q at the
nodes of the beam can then be related to the displacements D using the
structure stiffness equation

Q=KD

Partitioning the matrices into the known and unknown elements of load
and displacement, we have

which when expanded yields the two equations

Q = KD, + K;;Dy (15-3)

Q, = K; D, + KpDy (15-4)

The unknown displacements D, are determined from the first of
these equations. Then using these values, the support reactions Q,, are
calculated from the second equation.
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Intermediate Loadings. For application, it is important that all
the finite elements of the beam be free of loading along their length. This
is necessary since the stiffness matrix for each element was developed
for loadings applied only at its ends. Oftentimes, however, beams will
support a distributed loading, and this condition will require modification
in order to perform the matrix analysis.

To handle this case, we will use the principle of superposition in a
manner similar to that used for trusses discussed in Sec. 14.8. To show
its application, consider the beam in Fig. 15-7a, which is subjected to
the uniform distributed load w acting on member 2. First we will apply
its fixed-end moments and reactions to the nodes which will be used as
external loadings in the stiffness method, Fig. 15-7b.* These loadings will
give the correct displacements and internal reactions (shear and moment)
at the ends of members 1 and 3. However, to obtain the correct internal
reactions for member 2 we must add the reverse fixed-end loadings
back on this member. For example, if the matrix analysis produces
shear forces qyy', qr, and moments gy, qr, for member 2, Fig. 15-7¢,
then the loadings in Fig. 15-7d must be added to these loadings to
determine the final results, Fig. 15-7e.

In general, this superposition can be expressed as

q=kd + q (15-5)

where ¢, represents the reversed fixed-end loadings, Fig. 15-7d.
Application of this method is illustrated in Example 15.4.

*Fixed-end moments for other types of loadings are given in the table on the inside back
cover.
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- PROCEDURE FOR ANALYSIS

The following method provides a means of determining the
displacements, support reactions, and internal loadings for
the members or finite elements of a statically determinate or
statically indeterminate beam.

Notation

® Divide the beam into finite elements and arbitrarily identify
each element and its nodes. Use a number written in a circle
for a node and a number written in a square for each element.
Usually an element extends between points of support, points
of concentrated loads, and joints, or to points where internal
loadings or displacements are to be determined. Also, E and [
for the elements must be constants.

® Specify the near and far ends of each element symbolically by
directing an arrow along the element, with the head directed
toward the far end.

® At each node specify numerically the y and z code numbers. In all
cases use the lowest code numbers to identify all the unconstrained
degrees of freedom, followed by the remaining or highest numbers
to identify the degrees of freedom that are constrained.

® Establish the known displacements D and known external
loads Qy. Include any reversed fixed-end loadings (Fig. 15-7d) if
an element supports an intermediate load.

Structure Stiffness Matrix

® Apply Eq. 15-1 to determine the stiffness matrix for each
element expressed in global coordinates.

® After each member stiffness matrix is determined, and the rows
and columns are identified with the appropriate code numbers,
assemble the matrices to determine the structure stiffness
matrix K. As a partial check, the structure stiffness matrix
should be symmetric.

Displacements and Loads

® Partition the structure stiffness equation and carry out the
matrix multiplication in order to first determine the unknown
displacements D,,, and then the unknown support reactions Q,,.

® The internal shear and moment q at the ends of each element
can be determined from Eq. 15-2 or Eq. 15-5, accounting for any
intermediate fixed-end loadings.

615
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EXAMPLE 15.1

Determine the reactions at the supports of the beam shown in Fig. 15-8a.
El is constant.

SkN

|

(a)
Fig. 15-8

SOLUTION

Notation. The beam has two elements and three nodes, which are
identified in Fig. 15-8b. The code numbers 1 through 6 are indicated
such that the lowest numbers 1-4 identify the unconstrained degrees of

freedom.
The known load and displacement matrices are
011
=3 || 2 05
G=1 g3 D"_Mé
0|4
SkN
6 5 2&
3
4
T\ < !
@}miv

(b)

Member Stiffness Matrices. Each of the two member stiffness
matrices is determined from Eq. 15-1. Note carefully how the code
numbers for each column and row are established.

6 4 5 3 5 3 2 1
1.5 1.5 —15 1.5 1.5 1.5 —15 1.5
1.5 2 —1.5 1 1.5 2 -1.5 1
=15 =13 1.5 —15 =5 =i 1.5 -15
1.5 1 =13 2 1.5 1 -1.5 2

k, = EI k, = EI

[SSERV, RN e
— DN W W
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Displacements and Loads. We can now assemble these elements
into the structure stiffness matrix. For example, element
K1 =0+2=2Ks5 =15 + 1.5 = 3, etc. Thus,

Q = KD
1 2 3 4 5 6
0 ] 2 —15 1 0 : 15 0 |[D]
-5 -15 15 -15 0 {-15 0 D,
0 1 -15 1 10 15 || D;
= EI '

0 0 0 1 2 i-15 15| D,
05 B R I S S T TS o
L Qs 0 0 1.5 15:-15 15| 0 |

The matrices are partitioned as shown. Dividing by EI and carrying
out the multiplication for the first four rows, we have

0=2D1_1.5D2+D3+0

5
~— = ~15Dy + 15D, = 1.5D; + 0

0=D1_1.5D2+4D3+D4
0=0+0+ Ds + 2D,

Solving,
p, =33

Using these results, and multiplying the last two rows, gives

16.67 26.67 333
05 = 1.5EI<—EI> — 1.5EI<— ) L@ 1.5EI<>

= 10kN Ans.

6.67 .
Os=0+0+ 1.5EI<—EI> - 1.5EI<)

= —5kN Ans.

617
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EXAMPLE 15.2

Determine the reaction at the roller of the compound beam shown in
Fig. 15-9a. EI is constant.

B == M,
1 L ‘ L 1 SOLUTION

Notation. When the beam deflects, the internal pin will allow a single
deflection, however, the slope of each connected member will be different.
Also, a slope at the roller will occur. These four unknown degrees of
freedom are labeled with the code numbers 1,2, 3, and 4, Fig. 15-95b.

6 3 5
1 4
E| 7 [ o~ / [2] @-—Q M 0 |1 015
© - = -1 %1% p.=|ols
I . | =] o |3 e = -
Fig. 15-9
Member Stiffness Matrices. Applying Eq. 15-1 to each member,
in accordance with the code numbers shown in Fig. 15-9b, we have
6 7 3 1 3 2 5 4
2 6 12 6] 2 6 12 6]
2 oz|° o 2]
6 4 6 2 6 4 6 2
72 7 12 1|7 72 7 12 T |?
k. = EI IL L IL L K = EI L L L IL
! 2 6 12 6 : 2 6 12 6
T | - 7 2|
6 2 6 4 6 2 6 4,
. L2 L > L] L L? L » L |

Displacements and Loads. Applying the structure stiffness equation,
we have

Q = KD



1 2 3 4 5 6 7
] 4 6 : 6 21T
1 0 Z 0 —E O i E Z D1
4 6 2 1 6
2 0 0 z L2 z i—p 0 0 D2
6 6 24 6 ' 12 12 6
0 T i o 2||™
2 6 4 1 6
4 |-M, |=EI| 0 Z 2 IR 0 0 Dy
""""""""" 6 12 e T TN
5 | Os 0 7 T3 2o 0 0 0
6 12 ! 12 6
6 | O 2 0 5 0 i 0 5 2 0
2 6 i 6 4
T z 0 = 0 = T l%
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619

Dividing by EI and multiplying the first four rows to determine the
unknown displacements yields

4 6
0=—D;——D
L-t 27

4 6 2
0:7D2+PD3+Z

L
6 6 24 6
0= D+ Elet 3hs+ 3
-M, 2 6 4
=—Dy+ D3+ —
El L7* 27 L

D,

D,

D,

So that
M,L
Y
M,L
~ 6EI
M,L?
~ 3EI
2M,L
 3EI

Using these results, the reaction Qs is obtained from the multiplication
of the fifth row.

6El (_ ML )_ 12E1 <M0L2 )_ 6EI <_2MOL )
L2 6EI L3> \ 3EI L2 3EI
M,

= Ans.
L

This result can be easily checked by statics applied to member 2.

D4:

Qs =
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EXAMPLE 15.3

The beam in Fig. 15-10a is subjected to the two couple moments. If the
center support @ settles 1.5 mm, determine the reactions at the supports.
Assume the roller supports at © and ® can pull down or push up on the
beam. Take E = 200 GPaand I = 22(10~°) m*.

(a)
Fig. 15-10

SOLUTION

Notation. The beam has two elements and three unknown degrees of
freedom. These are labeled with the lowest code numbers, Fig. 15-10b.
Here the known load and displacement matrices are

471 0 4
Q.,=| 0|2 D,=]|-00015]5
43 0 6

(®)

Member Stiffness Matrices. The member stiffness matrices are
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6 3 5 2

15 15 -15 15]6
K=EI| 15 2 -15 1 |3
-15 -15 15 -15]5
5 1 -15 2 |2

5 2 4 1
15 15 —-15 155
K=E| 15 2 -15 1 |2
-15 -15 15 -15|4
5 1 -15 2 |1

Displacements and Loads. Assembling the structure stiffness
matrix and writing the stiffness equation for the structure yields

1 2 3 4 5 6
[ 4] 2 1 0 +-15 15 o |[ Dy ]
0 1 4 1 {-15 0 15 D,
T4l =E 0 12 0 =15 15| D5 .
0, -15 -15 0 { 15 -15 0 0
Os 15 0 -15:-15 3 -15]| —0.0015
L Os | 0 15 15 0 -15 15|/ 0 |

Dividing by EI and carrying out the multiplication of the first three
rows yields

4
—; = 2D; + Dy + 0 = 1.5(0) + 1.5(-0.0015) + 0

0 = 1D, + 4D, + 1D; — 1.5(0) + 0 + 1.5(0)

—7 = 0+ 1D, +2D3 + 0 = 1.5(=0.0015) + 0

Substituting EI = 200(10°)(22)(107°), and solving,

D, = 0.000670rad, D, =0, D; = 0.000670 rad

Using these results, the support reactions are therefore

0, = 200(10°)22(107°)[—1.5(0.000670) — 1.5(0) + 0 + 1.5(0) — 1.5(—0.0015) + 0] = —5.48 kN Ans.
05 = 200(10°)22(107°)[1.5(0.000670) + 0 — 1.5(—0.000670) — 1.5(0) + 3(—0.0015) — 1.5(0)] = 11.0kN Ans.

QO = 200(10°)22(107°)[0 + 1.5(0) + 1.5(—0.000670) + 0 — 1.5(—0.0015) + 1.5(0)] = 5.48 kN Ans.
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EXAMPLE 15.4

Determine the moment developed at support A of the beam shown in
Fig. 15-11a. Assume the roller supports can pull down or push up on
the beam. Take E = 200 GPa, I = 216(10°) mm*.

SOLUTION

Notation. Here the beam has two unconstrained degrees of

freedom, identified by the code numbers 1 and 2.
48 kN The matrix analysis requires that the external loading be applied at
the nodes, and therefore the distributed and concentrated loads are
replaced by their equivalent fixed-end moments, which are determined
from the table on the inside back cover. (Here wL?/12 = 96 kN - m and
PL/8 = 12 kN - m.) Note that no external loads are placed at node @ and
no external vertical forces are placed at nodes @ and ®), since the reactions
at code numbers 3 through 6 are to be unknowns in the load matrix.
Using superposition, the results of the matrix analysis for the loading
in Fig. 15-11b will later be modified by the fixed-end loads shown in
Fig. 15-11c. From Fig. 15-11b, the known displacement and load matrices are

013
04 1271

D: ==

k ols & {84}2
06

Member Stiffness Matrices. Each of the two member stiffness
matrices is determined from Eq. 15-1.

Member 1. ] ]
200(10°)][216(10™
25 _ [200(10°)]1216(10°)] _ o
L 6°
6EI  [200(10°)][216(107)]
96 kN-m— 12 kN-m= 84 kN-m 12 kKN-m 72 62 = 72000
beam to be analyzed by stiffness method ﬂ _ [200(106)][216(10_6)] — 28 800
(b) L 6 -
200(10°)][216(107°
2E1 _ [200(10°)][216(10°)] _ o
ey L 6
96}(N 32 kN/m % liN %4 KN 4 3 5 2
2400 7200 —2400 7200 | 4
2P [ s k; = 7200 28 800 —7200 14 400 | 3
A 96 kN'm 12kN-m —2400 —7200 2400 -7200 |5
beam subjected to actual load and 7200 14 400 —7200 28800 | 2
fixed-supported reactions
(c) Member 2.
6 -6
—— 121 _ [200(10°)][216(10°)] _ o
L’ 23
6EI  [200(10°)][216(107°
6EI _ [200(10°)]216(10°)] _

P2 22
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[216(107%)]

[o—)

4EI  4[200(10°)

o 5 = 86400
2EI _ 2[200(10%)][216(107°)] 43900
L 2
5 2 6 1
64800 64800 —64800 64800 | 5
k, = | 64800 86400 —64800 43200 |2
—64800 —64800 64800 —64800 |6
64800 43200 —64800 86400 | 1
Displacements and Loads. We require
Q = KD
1 2 3 4 5 6
[12] [ 86400 43200 : 0 0 64800 —64800 | [ D, |
-84~ (43200 115200 | 14400 7200 57600 —64800 || D,
0; | _ 0 14400 @ 28800 7200 —7200 0 0
R 0 7200 7200 7200 —2400 0 0
Os 64800 57600 (—7200  —2400 67200 —64800 || 0
| Qs | | 64800 —64800 : 0 0 —64800 64800 || 0 |

Solving in the usual manner,
12 = 86 400D, + 43 200D,
84 = 43200D; + 115220D,
D, = —0.2778(107) m
D, = 0.8333(1073) m
Thus,
0; = 0 + 14 400(0.8333)(1073) = 12kN-m

The actual moment at A must include the fixed-supported reaction of
+96 kN - m shown in Fig. 15-11c, along with the calculated result for
Q5. Thus,

Myp =12kN-m + 96kN-m = 108 KN -m " Ans.
This result compares with that determined in Example 10.2.
Although not required here, we can determine the internal moment

and shear at B by considering, for example, member 1, node 2,
Fig. 15-11b. The result requires expanding

q; = kid + (qo)y

4 3 5 2
qs 2400 7200  —2400 7200 0 96
g3 | _ | 7200 28800 —7200 14400 0 (1073) + 96
qs —2400 —7200 2400  —7200 0 96

Q> 7200 14400 —7200 28 800 0.8333 —96

623
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EXAMPLE 15.5

Determine the deflection at © and the reactions on the beam shown in
Fig. 15-12a. El is constant.

(A AN

Fig. 15-12
SOLUTION

Notation. The beam is divided into two elements and the nodes
and members are identified along with the directions from the near
to far ends, Fig. 15-12b. The unknown displacements are shown in
Fig. 15-12¢. In particular, notice that a rotational displacement Dy,
does not occur because of the roller constraint.

P

3 5
2 6
L\\ 43

oo / [ @

4
) —

1
(b)
Member Stiffness Matrices. Since EI is constant and the members
are of equal length, the member stiffness matrices are identical. Using

the code numbers to identify each column and row in accordance with
Eq. 15-1 and Fig. 15-12b, we have

3 4 1 2

15 15 -15 1513
kK, =EI 15 2 -15 1 |4
-15 —-15 15 -15]1
15 1 15 2 |2
1 2 5 6
15 15 -15 15]1
k, — EI 15 2 —15 1 |2
-15 -15 15 -15]5
15 1 -15 2 |6
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Displacements and Loads. Assembling the member stiffness
matrices into the structure stiffness matrix, and applying the structure
stiffness equation, we have

Q = KD
1 2 3 4 5 6

[ —P ] 3 0 -15:-15 -15 15]|[ D]
0 0 4 1501 -15 1 D,
O | gl ts 15 1515 0 0 |ID;
0, -15 1 15 2 0 0 0
0 15 -15 0 | 0 15 —151| o

L O 5 1 0 {0 -15 2 |Lo |

Solving for the displacements yields

P
—; = 3D1 + 0~ 1.5D;

0= —15D, + 1.5D, + 1.5D;

1.667P
D, = —
! EI
P
D, = —
2T EI
2.667P
D; = — £l Ans.

Note that the signs of the results match the directions of the displacements
shown in Fig. 15-12¢. Using these results, the reactions are therefore

1.667P P 2.667P
= -1. - + — ]+ 1 -
O, 15EI< El > 1EI<EI> 15EI< El )
— — (5P Ans.
1.667P P
= —1.5EI| - - 15EIl — ) +
0Os 15EI< El > 15EI<EI) 0
=P Ans.
1.667P P
= 1.5EI( - + — )+
(0] 15EI( El ) 1EI<EI> 0

—1.5P Ans.
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. PROBLEMS
15

15-1. Determine the moments at the supports @ and ®. EI *15-4. Determine the internal moment in the beam at @
is constant. Assume joint @ is a roller. and @. Assume @ and @ are rollers. £/ is constant.

. 25 lkN 15 KN/m N s 30 kN . ;
| S N R
) ) %
i Lo = o O e Za
3m | 3m } 4m ~——2.5m 1 25m—»k—25m—
Prob. 15-1 Prob. 15-4
15-2. Determine the moments at the supports. Assume @

is aroller. ET is constant. 15-5. Determine the reactions at the supports. EI is

constant.

(O8]
[\

25 kN/m

Prob. 15-2

Prob. 15-5

15-3. Determine the reactions at the supports. There is a

slider at @. EI is constant. 15-6. Determine the reactions at the supports. EI is a

constant.
1 3 A 12 kN/m ) T
b ERRNNNRNNRE 3
> 1 0 O L o
: 2 ., Sm 2.5m —
1 H L ; Prob. 15-6

Prob. 15-3



15-7. Determine the moments at @ and ®. EI is constant.
Assume @, ®, and @ are rollers and @ is pinned.

Prob. 15-7

*#15-8. Determine the reactions at the supports. Assume @
is a roller. EI is constant.

Prob. 15-8

PROBLEMS 627

15-9. Determine the internal moment in the beam at @
and @. EI is constant. Assume @ and @ are rollers.

p 10 kN/m
3 | 1 2
e~y N
1 2
o do B Ie
6 m 7‘ 3m }
Prob. 15-9

15-10. Determine the reactions at the supports. EI is
constant.

? T 12 kN 4
1 | L

Prob. 15-10

15-11. Determine the moments at @ and @ if the support
@ settles 30 mm. Assume @ is a roller and @ and @ are fixed.
EI = 3927 kN -m>.

44 kN/m

6
A 30 kN/m
o

Prob. 15-11
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© Joe Gough/Fotolia

The frame of this building is statically indeterminate. The force analysis can be
done using the stiffness method.




PLANE FRAME
ANALYSIS USINI
THE STIFFNESS
METHOD

G

. CHAPTER OBJECTIVE

m To show how to apply the stiffness method to determine the
displacements and reactions at points on a plane frame.

16.1 FRAME-MEMBER STIFFNESS
MATRIX

In this section we will develop the stiffness matrix for a prismatic frame
member referenced from the local x’, y’, z’ coordinate system, Fig. 16-1.
Here the member is subjected to axialloads gy, g, ,shearloads gy, gy ',

and bending moments gy, g, at its near and far ends, respectively. o d
Fz' GF7 x’

These loadings all act in the positive coordinate directions along with qry dpy —~
their associated displacements. As in the case of beams, the moments are dr
gn, and g, are positive counterclockwise, since by the right-hand rule y @

the moment vectors are then directed along the positive z" axis, which \

is out of the page. Ny’ Iy i

We have established each of the load-displacement relationships
caused by these loadings in the previous chapters. The axial load was
discussed in reference to Fig. 14-2, the shear load in reference to Fig. 15-5,
and the bending moment in reference to Fig. 15-6. By superposition, if Fig. 16-1

qnNx' dNX’ qnz’ sz'

629
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s B

This pedestrian bridge takes the form of a “Vendreel truss.” Strictly not a truss since the
diagonals are absent, it forms a statically indeterminate box framework, which can be
analyzed using the stiffness method.

these results are added together, then the resulting six load-displacement
relations for the member can be expressed in matrix form as

Ny N, N, Fy F, F.
- - [ AE AE i
qny' T 0 0 —T 0 0 de,
12E1 6EI 12E1 6EI
| | O oz ' T ||
6EI 4EI1 6EI 2EI
qnz' 0 LZ L 0 - LZ L sz' (16—1)
| AE AE
arx A 0 0 7 ¢ 0 Ay
12E1 6EI 12E1 6El
ary ¢ = = ° © ||
6Ll 2EI 6Ll 4ET
17 ‘ 12 L 0 iz L | L
Member Stiffness Matrix — Local Coordinates
or in abbreviated form as
q=Kk'd (16-2)

The member stiffness matrix k' consists of thirty-six influence coefficients
that physically represent the load on the member when the member
undergoes a specified unit displacement. Specifically, each column in the
matrix represents the member loadings for unit displacements identified
by the code number listed above the columns.
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16.2 DISPLACEMENT AND FORCE
TRANSFORMATION MATRICES

As in the case for trusses, we must be able to transform the internal
member loads q and deformations d from local x’, y’, z" coordinates to
global x, y, z coordinates. For this reason transformation matrices are
needed.

Displacement Transformation Matrix. Consider the frame
member shown in Fig. 16-2a. Here it is seen that a global coordinate
displacement Dy, creates local coordinate displacements

de/ = DNx COS 0x dNy

+ = =Dy, cos b,
Likewise, a global coordinate displacement D y,, Fig. 16-2b, creates local

coordinate displacements of
dny = Dyycos®,  dy, = Dyycos 6,

Finally, since the z' and z axes are coincident, that is, directed out of the
page, a rotation Dy, about z causes a corresponding rotation dy, about
z'.Thus,

sz’ = DNz

In a similar manner, if global displacements D, in the x direction, D,
in the y direction, and a rotation Dy, are imposed on the far end of the
member, the resulting transformation equations become

dp, = Dp,cos 6, dpy = —Dpy cos 6,
dpy = Dpycos 6, dpy = Dpy cos 0,

sz’ = DFz

Letting A, = cos 0, A, = cos 0, represent the direction cosines of the
member, we can write the superposition of displacements in matrix
form as

fdve | [ A A, 0 0 0 0] Dy, |
dyy - A 00 0 0 || Dyy
dys | _| 0 0 1 0 0 0 || Dn, (16-3)
dpy 0 0 0 A A, 0 Dg
dpy 0 0 0 —A, A, 0] Dp
L dpy | L0 0 0 0 0 1]| Dg, |
or
d =TD (16-4)

By inspection, T transforms the six global x, y, z displacements D into
the six local x', y’, z' displacements d. Hence T is referred to as the
displacement transformation matrix.

dyy = Dy, cos 0,

dyy = =Dy, cos 0,

dyy = Dy, cos 6,

near end displacement Dy,

(2)

dyy = Dy, cos 0,
near end displacement Dy,
(b)
Fig. 16-2
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y’

16 \
Ony = Gy €08 0,

i Ony = gy €08 0,

near end axial load gy,

(2)

)

QNy = 4Ny’ €OS ox

QNx = Tqny’ €08 0y

near end shear gy,

(b)
Fig. 16-3

Force Transformation Matrix. If we now apply each component
of load to the near end of the member, we can transform the load
components from local to global coordinates. Applying the axial load
qny», Fig. 16-3a, it can be seen that

QNx = {nyx' COS Ox QNy = Ny COS By

If the shear load gy, is applied, Fig. 16-3b, then its components are

QNx = TNy €OS oy QNy = dny’ COS O

Finally, the bending moment gy, is collinear with Qy,, and so we have

On: = gnz

In a similar manner, far end loads of qr., qp,, qp Will yield the
following respective components:

Opx = qpy €Os 0, Ory = qpc cos 0,
QFx = TqFy COS 0y QFy = {qFy COS N
OF: = qrz

These equations, assembled in matrix form with A, = cos 6, A, = cos 0,
yield

i QNx_ i Ay _/\y 0 0 0 O_ _QNX' ]
QNy )\y )\x 0 0 0 0 qu'
On; 0 0 1 0 0 0| gnz
= (16-5)
QFx 0 0 0 Ay _)\y 0 dFx’
pr 0 0 0 /\y )\x 0 qu'
L Qr] L O 0 0 0 0 1] Lgr ]
or
Q=T'q (16-6)

Here the force transformation matrix T' transforms the six member
loads expressed in local coordinates into the six loadings expressed in
global coordinates.
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16.3 FRAME-MEMBER GLOBAL
STIFFNESS MATRIX

The results of the previous sections will now be combined in order to
determine the stiffness matrix for a member that relates the global
loadings Q to the global displacements D.To do this, substitute Eq. 16-4
(d = TD) into Eq. 16-2 (q = k’d). We have

q = k'TD (16-7)

Substituting this result into Eq. 16-6 (Q = Tq) yields the final result,

Q = T’k'TD
or
Q =kD (16-8)
where
k = T'k'T (16-9)

Here k represents the global stiffness matrix for the member. We can
obtain its value in generalized form using Eqs. 16-5, 16-1, and 16-3 and
performing the matrix operations. This yields the final result,

]Vx Ny Nz Fx Fy Fz
AE 2 12EI 2 AE 12E1 6EI1 AE 2 12E1 2 AE 12EI 6EI ]
Y T ) TeEh T\t ey T\ T MY Ty N
AE 12EI AE 2 12E1 2 6EI AE 12EI AE 2 12EI 2 6EI
T M \hvt TN e S\t M T\h ) || Y
6EI 6EI 4EI 6EI 6EI 2EI
M e i s Tt T | ™
k =
AE 2 12EI 2 AE 12EI 6EI AE 2 12EI 2 AE  12EI 6EI
=[=nz + A === = —AZ + A = = = F,
L L3 y L L3 y L2 y L X L3 y L L3 y L2 y X
AE 12E1 AE 2 12E1 2 6EI AE 12E1 AE 2 12E1 2 6EI
B e T e ) B R N N 2 o S 7 T S I B [
6EI 6EI 2EI 6E1 6E1 4E1
L e M L Y T T ||~
Member Stiffness Matrix — Global Coordinates (16-10)

As expected, this 6 X 6 matrix is symmetric. Furthermore, the location of
each element in the matrix is defined by the code number at the near end,
Ny, Ny, N, followed by that of the far end, F,, F,, F,, which is listed at the top
of the columns and along the rows. Like the k' matrix, each column of the
k matrix represents the coordinate loads on the member at the nodes that
are necessary to resist a unit displacement in the direction defined by the
code number for the column in the matrix. For example, the first column of k
represents the global coordinate loadings at the near and far ends caused by a
unit displacement at the near end in the x direction, that is, D y;.
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16.4 APPLICATION OF THE STIFFNESS
METHOD FOR FRAME ANALYSIS

Once the member stiffness matrices are established, they may be
assembled into the structure stiffness matrix in the usual manner. By
writing the structure stiffness equation, Q = KD, the matrices can be
partitioned and the displacements at the unconstrained nodes can then be
determined, followed by the reactions and internal loadings at the nodes.
Distributed loads acting on a member, fabrication errors, temperature
changes, inclined supports, and internal supports are handled in the same
manner as was outlined for trusses and beams.

- PROCEDURE FOR ANALYSIS

The following method provides a means of finding the displacements,
support reactions, and internal loadings for members of statically
determinate and indeterminate plane frames.

Notation

® Divide the structure into finite elements and arbitrarily identify
each element and its nodes. Elements usually extend between
points of support, points of concentrated loads, corners or joints,
or to points where internal loadings or displacements are to be
determined.

¢ Establish the x, y, z global coordinate system. For convenience,
establish the origin at the node for which all the other nodes
have positive coordinates.

® At each node, specify numerically the three x, y, z coding
components. In all cases use the lowest code numbers to identify
all the unconstrained degrees of freedom, followed by the
remaining or highest code numbers to identify the constrained
degrees of freedom.

® From the problem, establish the known displacements D; and
known external loads Q.

Structure Stiffness Matrix

® Apply Eq. 16-10 to determine the stiffness matrix for each
element. The direction cosines A, and A, are determined from
the x, y coordinates at the ends of the element, as defined by
Egs. 14-5 and 14-6.

® After each member stiffness matrix is written, and the six rows
and columns are identified with the near-end and far-end code
numbers, merge the matrices to form the structure stiffness
matrix K. As a partial check, the structure stiffness matrix
should be symmetric.




16.4  APPLICATION OF THE STIFFNESS METHOD FOR FRAME ANALYSIS 635

Displacements and Loads

® Partition the stiffness matrix as indicated by Eq. 14-18.
Expansion leads to

Q, = KD, + K;;Dy
Q. = KD, + KyDy

The unknown displacements D,, are determined from the first
of these equations. Using these values, the support reactions Q,,
are calculated from the second equation. Finally, the internal
loadings q at the ends of the members can be found from Eq. 16-7,
namely

q = k'TD

If the result of any of the unknowns is a negative quantity, it
indicates that it acts in the negative coordinate direction.

EXAMPLE 16.1

Determine the loadings at the joints of the two-member frame shown in
Fig. 16-4a.Take I = 180(10°) mm*, A = 6000 mm?, and E = 200 GPa
for both members.

SOLUTION

Notation. The frame has two elements and three nodes, which are
identified as shown in Fig. 16-4b. The origin of the global coordinate
system is located at @. The code numbers at the nodes are specified
with the unconstrained degrees of freedom numbered first. From the
constraints at @ and @, and the applied loading, we have

20 |1
0|0 0|2
07
D, = Q=03

08
il 0 |4
05

Structure Stiffness Matrix. The following terms are common to
both element stiffness matrices:

AE _ 6(107)(200)(10°)
L 6

= 200(10%) kN/m

12EI  12(200)(10°)(180)(107°)
I 6

= 2(10°) kN/m

(@)
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6EI _ 6(200)(10°)(180)(107°)
- 62

= 6(10%) kN

4EL _ 4(200)(10°)(180)(10"°)
L 6

= 24(10°) kN-m

2EI _ 2(200)(10°)(180)(107°) — ) KN-m

L 6
Member 1.
6 -0 0-0
b A=—=1 A =——=0
(b) . 5 y g
Fig. 164 (repeated) Substituting the data into Eq. 16-10, we have
4 6 5 1 2 3
200 0 o0 —20 0 0 |4
0 2 6 0 -2 6 |6
kK = (10®)] © 6 24 0 —6 125
—200 O 0 200 0 0 |1
0 -2 -6 0 2 612
. 0 6 12 0 -6 24 ]3

The rows and columns of this 6 X 6 matrix are identified by the three
X, y, z code numbers, first at the near end and followed by the far end,
that is, 4, 6,5, then 1, 2, 3, respectively, Fig. 16-4b.

Member 2.

1 2 3 7 8 9
[ 2 0 6 -2 0 6
0 200 0 0 -200 0
k, = (10°)| © 0 24 -6 0 12
-2 0 -6 2 0 -6
0 -200 0 0 200 0
6 0 12 -6 0 24|

O 00 W N =

As usual, column and row identification is referenced by the three
code numbers in x, y, z sequence for the near and far ends, respectively,
thatis, 1,2, 3, then 7 8, 9, Fig. 16-4b.
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The structure stiffness matrix is determined by assembling k; and k.

The result, Q = KD, is

1 2
20 | [ o, 0
0 0 2,
0 6 -6
0 —200 0
0 0 -6
0, o
(o] -2 0
04 0 —200
L Q| L 6 0

Displacements and
displacements yields

20 202
0 0
0 | = (10%) 6
0 —200
0 0

Solving, we obtain

—6
0
—6

= (A0%) | e e S rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

7 8 9
=) o 6 |[b]
0 200 0 D,
-6 0 12 D,
0 0 0 D
o o o ||lps| @
0 o o |lo
2 0 -6 0
0 200 0 0
-6 o 24 |0

Expanding to determine the

0 || Dy 0
—6 || Dy 0
12| D3| +1]0
0 || Dy 0
24 || Ds 0
m
m
rad
m
rad

Using these results, the support reactions are determined from Eq. (1)

as follows:

1

Os 0

Q7 _ 3 =7
= (10

Og ( ) 0

Q9 6

oS O O O P

S O O O W

17.51(1073) 0 —7.50 kN
—37.47(1079) 0| | —20kN Ans.
—2.505(107%) Tlo|T| 750kN

17.51(1073) 0 75kN+m

1.243(107%)



638

CHAPTER 16 PLANE FRAME ANALYSIS USING THE STIFFNESS METHOD

(®)

The internal loadings at node @ can be determined by applying
Eq. 16-7 to member 1. Here k' is defined by Eq. 16-1 and T; by

Eq. 16-3. Thus,
4 6 5 1 2 3
200 0 0 -200 0 o0][1 00 0 0 0 17.51(107%) ] 4
0 2 6 0 -2 6/|0 1 0 0 0 0 0 6
q = kKT,D = (107) 0 6 24 0 =6 12/|0 0 1.0 0 0 1.243(107%) | 5
200 0 0 200 0 0//0 0 0 1 0 0 17.51(107%) | 1
0 -2 -6 0 2 —6||0 0 0 0 1 0| —3747(10"%) |2
0 6 12 0 -6 24|L0 0 0 0 0 1]]—2505(102) |3
Solving yields
q4 0
ds —7.50 kN
0
= Ans.
q 0
a 7.50 kN
L 95| | —45kN-m |

The above results are shown in Fig. 16-4c. The directions of these
vectors are in accordance with the positive directions defined in
Fig. 16-1. In a similar manner, we can determine q, and then draw the
free-body diagram of member 2, Fig. 16-4d.

7.50 kN
45 kN-m 20 kKN
@ Y

y!

‘ 7.50 kN
© -T—} 20N

l 45kN-m. 750kNT KN
7.50 kN .

X
(©) (d)

Fig. 164 (cont’d)
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EXAMPLE 16.2

Determine the loadings at the ends of each member of the frame shown in
Fig. 16-5a. Take I = 225(10°) mm*, A = 7500 mm?, and E = 200 GPa
for each member.

SOLUTION

Notation. To perform a matrix analysis, the distributed loading
acting on the horizontal member must be replaced by equivalent end
moments and shears calculated from statics and the table listed on the
inside back cover. (Note that no external force of 150 kN or moment
of 150 kN - m is placed at node @ since the reactions at code numbers
8 and 9 are to be unknowns in the load matrix.) Using superposition,
the results obtained for the frame in Fig. 16-5b will then be modified
for this member by the loads shown in Fig. 16-5c.

As shown in Fig. 16-5b, the nodes and members are numbered and
the origin of the global coordinate system is placed at node @. As
usual, the code numbers are specified with numbers assigned first to
the unconstrained degrees of freedom. Thus,

014
o 071
Dk = ol7 Qk = —150 |2
ols -150 | 3
109
Structure Stiffness Matrix
Member 1.
AE _ [7500(107%) ] [200(10°)] X
7= - = 200(10%) kN/m
12]200(10°) | | 225(107°
261 [ 200( )][3 (10)] _ 1280 KN/m
L (7.5)
6/200(10°) | [ 225(107°
ozt _ S(2000100)][2500°9)] _ o0
L (7.5)
4E1  4[200(10°) ][225(10°°) ] ;
—= .5 = 24(10°) kN +m
261 2[200(10°) J[225(107°) ] ;
I o = 12(10°) kN-m
szﬂzo.s A =206

639

X

(®)

+

50 kN/m
1506N%153m
L (50)(®) = 150 KN-mC™  150kN-m

(©)
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Applying Eq. 16-10,

4 5 6 1 2 3

L
W N = O B

12846 9539 —2.88 —12846 —9539 —2.88]
95.39 7282 384 —9539 7282 384
K = (10%)] —288 3.84 24 2.88 —3.84 12
! —12846 —9539  2.83 12846 9539  2.88
-9539 —72.82 384 9539 72.82 —3.84
| —2.88 3.84 12 2.88 —3.84 24
Member 2.
7500(107%) | [ 200(10°
A _ [0 i) 250(10%) kN/m
L 6
12[200(10°) | | 225(107°
121;:1: [ 200( )][3 (107°) ] _ et
L (6)
6/200(10°) || 225(107°
a1 _ 6[20000][25009)] _
L (6)
4[200(10°) | [ 225(107°
%z [20 )]6[ (107)] = 30(10°) kN-m

2EI _ 2[200(10°) ] [225(107°) | (69 o

L 6
12 -6 45 — 45
M= = 1 A= e T 0
Applying Eq. 16-10,
1 2 3 7 8 9
250 0 0 250 0 0 |1
0 25 15 0 -25 715 |2
-250 0 0 250 0 0 |7
0 -25 -75 0 25 -7518
0 75 15 0 -75 30 |9
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The structure stiffness matrix is assembled so that Q = KD. Thus,

1 2 3 4 5 6 7 8 9
0] [ 37846 9539 288 | —12846 —9536 288 —250 0 o |[b]
~150 9539 7532 366 | 9536 7282 384 0 -25 75 D,
~150 2.88 366 54 . —2.88 384 12 0 -75 15 D,
o TI12846 9539 —2.88 1 12846 9539  -288 o o 0o 0
0 | =(0% | -9539 728 384 9539 728 384 0 0 0 o (1)
O: 288 38 12 -288 384 24 0o 0 0 0
o, -250 0 0o 0 0 0 250 0 0 0
0 0 -25 -75 0 0 0 0 25 175 0
L o, 0 75 15 0 0 0 0 -75 30 Lo _

Displacements and Loads. Expanding todetermine the displacements,
and solving, we have

0 378.46 9539 288 |[ D, 0
—-150 | = (10%)| 9539 7532 3.66 || D, | + | O
-150 288  3.66 54 || D; 0

D, 0.716 mm

D, | = | —2.76 mm

D; —0.00261 rad

Using these results, the support reactions are determined from
Eq. (1) as follows:

0, [ —128.46 —9539 —2.88 ] 0 178.8 kN

Os —9539 -7282 384 |- 0 122.7kN

Qs | _ 288 —3.84 120 o 0] _| “I87kN-m

0, ~250 0 0 —0.00216(10%) 0 ~179.0 kKN

Oy 0 25 =175 0 26.5kN
LGy | L 0 75 15 | 0] [ —599kN-m |
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The internal loadings can be determined from Eq. 16-7 applied to
members 1 and 2. In the case of member 1, q = k{T{D, where k{ is
determined from Eq. 16-1, and T; from Eq. 16-3. Thus,

4 5 6 1 2 3
(g, 1] [ 200 0 0 —200 0 o0l][o0o8 060 0 o0 0 o 4
qs 0 128 48 0 —128 48| 06080 0 0 0l o 5
4 | 0 48 24 0 -48 12/l o0 01 0 0 0} o 6
@ | | —200 0 0 48 0 O0f 0 0 0 08 060]| 07161
@ 0 —128 —4.8 0 128 —481|| 0 0 0 —0.6 08 0] —276 |2
s | 0 48 12 0 —-48 24 0 0 0 0 0 1] —-261 |3

Here the code numbers indicate the rows and columns for the near
and far ends of the member, respectively, that is, 4, 5, 6, then 1, 2, 3,
v Fig. 16-5b. Thus,

9.15 kN 217 kN — —
e a4 216.6 kN
50 kKN-m _
y, @ qs 9.15 kN
qs —18.7kN-m A
- ns.
187 kN'm q —216.6kN
\ @® o 9.15 kN
217 kN 9.15 kN e | —50kN-m
(d)
These results are shown in Fig. 16-5d.

A similar analysis is performed for member 2. The results are shown
at the left in Fig. 16-5e. For this member we must superimpose the
loadings of Fig. 16-5c¢, so that the final results for member 2 are shown
to the right.

50 kN/m 50 kN/m
100 KN-m 27kN 150 kN 150 kN 123kN 177 kN
. l*H— - (T% ﬁ-@ 181
178 kN 178 kN
27 kKN 150 kN-m 150 kN-m 50 kN-m 210 kN-m

(e)
Fig. 16-5 (cont’d)
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PROBLEMS 643

16-1. Determine the structure stiffness matrix K for
the frame. Take E = 200 GPa, I = 300(10°) mm* A =
12.9 (10%) mm? for each member.

16-2. Determine the components of displacement at @. Take
E =200 GPa,=300(10°) mm*, A =12.9 (10°) mm? for each
member.

Probs. 16-1/2

16-3. Determine the structure stiffness matrix K for
the frame. Take E =200 GPa,l=200(10°) mm*, A =
5.16(10°) mm? for each member. All joints are fixed
connected.

68 kN-m

Prob. 16-3

*16-4. Determine the horizontal displacement of joint @.
Also compute the support reactions. Take E = 200 GPa,
[ =200(10°) mm*, A = 5.16(10°) mm> for each member.
All joints are fixed connected.

Prob. 16-4

16-5. Determine the structure stiffness matrix K for each
member of the frame. Take E =200 GPa, I =300(10°) mm®*,
A =19.35 (10*) mm? for each member.

16-6. Determine the internal loadings at the ends of
each member. Take E = 200 GPa, I = 300(10°) mm*,
A =19.35 (10%) mm? for each member.

36 kN

Probs. 16-5/6
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16-7. Determine the structure stiffness matrix K for the
frame. Assume ©® is pinned and @ is fixed. Take
E =200 MPa, I = 300(10°) mm*, A = 21(10%) mm’ for each
member.

*16-8. Determine the support reactions at @ and ®.
Take E = 200 MPa, I = 300(10°) mm*, A = 21(10°) mm?
for each member.

Probs. 16-7/8

16-9. Determine the structure stiffness matrix K for the
frame. Assume @ and @ are pins. Take E = 200 GPa,
1=250(10°) mm*, A = 6.45(10°) mm? for each member.

16-10. Determine the internal loadings at the ends of each
member. Assume @ and @ are pins. Take £ = 200 GPa,
1=250(10°) mm*, A =6.45(10°) mm? for each member.

,? 3kN/m f
L ENERRN RN RN
o O

Probs. 16-9/10

16-11. Determine the structure stiffness matrix K
for each member of the frame. Take E = 200 GPa,
I =300(10°) mm* A = 19.35 (10°) mm? for each member.
Joint @ is pin connected.

*16-12. Determine the support reactions at © and ®. Take
E =200 GPa, I = 300(10°) mm*, A = 19.35(10°) mm’ for
each member. Joint @ is pin connected.

22 kN

Probs. 16-11/12

16-13. Determine the structure stiffness matrix K for
the frame. Take E =200 GPa,l=250(10°) mm* A =
6.45(10%) mm? for each member. Assume joints @ and @ are
pinned; joint @ is fixed connected.

22 kN

Prob. 16-13
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16-14. Determine the structure stiffness matrix K for 16-17. Determine the structure stiffness matrix K for
the frame. Take E = 200 GPa, I = 125(10°) mm*, A = the frame. Take FE = 200GPa, I = 350(10°) mm®,
6.45(10%) mm? for each member. A = 20(10°) mm? for each member. Joints ® and ® are
. . pinned and joint @ is fixed connected.

16-15. Determine the support reactions at @ and ®.
Take E =200 GPa, I = 125(10°) mm* A = 6.45(10°) mm?

for each member. 5 20 kN

\ 3m 2m 2m—
Prob. 16-17
Probs. 16-14/15
#16-16. Determine the reactions at the support @ and
@' Joints ® and © are Em connecteil and ®6and a@ ar_e 16-18. Determine the support reactions at @ and ®. Take
fixed connected. Take £ =200 GPa,l = 300(10 ) mm”°, A= _ _ 5 4 . 3 2
9.68(10°) mm? for each member E =200 GPa, I = 350(10°) mm*, A = 20(10%) mm? for each
’ ’ member. Joints @ and @ are pinned and joint @ is fixed
connected.
2 5
@ =3 5,
F—1 —
2] 3 ) 20 kN
3m
6 kN/m
/ u 3
10)
T‘ 1o
Ol vagen
i 2m l I 3m 2m 2m—
Prob. 16-18

Prob. 16-16
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It is important to know how to properly model the elements of a structure before
doing a structural analysis using a computer program.




STRUCTURAL

NMODELING AND
COMPUTE
ANALYSIS

. CHAPTER OBJECTIVES

B To provide some additional ways in which engineers model a
structure so that a reliable structural analysis can be performed.
m To provide a description of how geometric, load, and material

data are assembled for use as input for one of many different
structural analysis computer programs currently available.

17.1 GENERAL STRUCTURAL
MODELING

In a general sense, a structural analysis using a computer is performed
in order to determine the internal loadings within a structure, and to
find the deflection of its components, when the structure is subjected to
a variety of different loadings. Before we can do an analysis, it is first
necessary to select a form for the structure, such as a truss or frame, and
then develop a model of this form that can be used for the analysis. The
model must account for the geometry of each of the members, the types
of connections, the loadings, and the material properties. The modeling
process must be such that reasonable yet conservative results are obtained.
This is especially true for structures that are occupied by large groups of
people, such as assembly halls, schools, and hospitals. Keep in mind that a
computer analysis may be accurate when calculating a numerical answer,
but the final results can lead to disastrous consequences if the wrong
model or input is involved.

647
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As noted in the previous chapters, there are many different types of
structural forms that may be used to support a loading. Choosing the
correct form to fulfill a specific function is both a science and an art.
Oftentimes, models for several different forms have to be considered,
and each analyzed to find the one that is economically feasible, and at the
same time provides both safety and reliability. A typical example would
be choosing a steel frame structure having light-gage metal walls and
roof, versus one built from masonry and wood. The behavior of each of
these structures is different under load, and the model for each depends
upon the way it is constructed. In some cases, however, the selection of
a structural form may be limited. For example, truss and girder bridges
are preferred for short spans, and suspension or cable-stayed bridges are
most efficient for longer spans.

Not only is it necessary to select a particular model for the form of
a structure, but the elements that make it up may not have a unique
pattern. For example, if a truss bridge is selected, then the form of
the truss, such as a Pratt or Warren truss, must also be determined, as
discussed in Sec. 3.1. Floor systems in buildings also vary in their details,
as noted in Sec. 2.1, and models for each must be clearly specified. Proper
selection for complex projects comes from experience, and normally
requires a team effort, working in close contact with the architects who
have conceived the project.

To ensure public safety, the building criteria for the design of some
structures requires the structure to remain stable after some of its
primary supporting members are removed. This requirement follows in
the aftermath of the tragic 1995 bombing of the Murrah Federal Building
in Oklahoma City. Investigators concluded that the majority of deaths
were the result, not of the blast, but of the progressive collapse of portions
of all the floors in the front of the structure. As a result, the design of
many federal buildings, and some high-rise commercial buildings, now
requires the structure to remain in a stable position when possible loss of
its primary members occurs. A complete structural analysis will therefore
require a careful investigation of the load paths for several different
cases of structural support, and a model of each case must be considered.

In the following sections we will review this modeling process as it
applies to basic structural elements, various supports and connections,
loadings, and materials. Once the model is constructed, and a structural
analysis performed, the computed results should be checked to be sure
they parallel our intuition about the structural behavior. If this does not
occur, then we may have to improve the modeling process, or justify the
calculations based on professional judgment.
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17.2 MODELING A STRUCTURE
AND ITS MEMBERS

The various types of structural members have been described in Sec. 1.2.
Here we will present a summary description of these members, and
illustrate how each can be modeled.

Tie Rods. Sometimes called bracing struts, these members are
intended to only support a tensile force. They have many applications in
structures, and an example, along with its support connection, is shown
in the photos in Fig. 17-1a. Because they are slender, the supports for
these members are always assumed to be pin connections. Consequently,

the model of this element is shown in Fig. 17-1b.

\ |
\

¥

l.(l..(_'J

(a)

(b)
Fig. 17-1
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Beams and Girders. Beams are normally prismatic members that
support loadings applied perpendicular to their length. A girder provides
support for beams that are connected to it, as in the case of a building
girder that supports a series of floor beams, Fig. 17-2a. One sometimes
has to be careful about selecting the proper support for these members.
If the support is a simple bolted connection, as in Fig. 17-2b, it should
be modeled as a pin. This is because codes generally restrict the elastic
deflection of a beam, and so the support rotation will generally be very
small. (See Fig. 2-4.) Also, choosing pin supports will lead to a more
conservative approach to the design of the member. To see this, consider
the moment diagrams for the simply supported, partially fixed, and
fixed-supported beams that carry the same uniform distributed loading,
Fig. 17-3. The internal moment is largest in the simply supported case,
and so this beam must have a higher strength and stiffness to resist the
loading compared to the other two cases.

w

Fig. 17-2 llllllllll
s = =1

M, = 0125 wL?

simply supported beam

w
L
M pox = 0.08 wL?
M =0.0417 wL?
partially fixed- / fixed-supported
01L supported beam 0.1L beam
(approx.) (approx.) 021L 021L
= —0.045 wL? Mypox = —0.0833 wL?

Fig. 17-3
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Beams can also have cross sections that are tapered or haunched,
Fig. 17-4a, or they can be built up by adding plates to their top and bottom,
Fig. 17-4b. Apart fromits supports,a model of the haunched beam to be used
for a computer analysis can be represented by a series of fixed-connected
prismatic segments, where “nodes” are placed at the joints of each segment.
Using good judgment, the number of segments selected for this division
should be reasonable. Here it would be conservative to select the smallest
end of each tapered segment to represent the thickness of each prismatic
segment, as shown in Fig. 17-4a. Treatment of beams in this manner
also applies to cases where an unusual distributed load is applied to the
beam. Computer software usually accommodates uniform, triangular,
and trapezoidal loadings. If a unique loading is not incorporated into the
computer program, then it can be approximated by a series of segmented
uniform distributed loadings, acting on joined segments of the beam. Here
a conservative approach would be to select the highest intensity of the
distributed loading within each segment, as shown in Fig. 17-5.

| ———————

| ——

built-up beam

(b)

'Q" |
=0
actual
loading
.‘ Y ¥ ¥
A |
I
model of
loading

Fig. 17-5
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\%1 HL L

pinned fixed

(a) (b) (©)

Fig. 17-6

Columns. As discussed in Sec. 1.2, a column should be designed to
carry a compressive load in direct bearing, that is, the load should pass
through the centroid of the cross section. As with beams, the end supports
should be modeled so that the results will provide a conservative approach
| to the design. For example, if a concentric load is applied to the column in
Fig. 17-6a, and its supports are modeled as a pin, Fig. 17-6b, then the cross
section of the column will have to be larger to prevent buckling, compared
to the same column modeled as having fixed supports, Fig. 17-6¢.*
As another example, if a corbel is attached to a column it will carry an
l: eccentric load, thereby creating a beam column, Fig. 17-7a. Here the
#ez > e

beam column

(a)

model of the column should be dimensioned so that the load is applied at
a conservative distance away from the bending axis of the column’s cross
section, thus ensuring further safety against buckling, Fig. 17-7b.

General Structure. 1In Sec. 1.3 we discussed the various dead and
live loads that must be considered when designing a structure. These are
all specified in codes, and as noted in Sec. 1.4, there is a trend to use
probability theory to account for the uncertainty of the loads by using
load factors and applying them in various combinations. Once obtained,
good engineering judgment is expected, so that the loading is applied
h to the model of the structure in a reasonably conservative manner. Not
only must the magnitude of the loads be determined, but their locations
on the model must also be specified. Generally the dimensions for the
(b) model are reported centerline to centerline for each of the members. In
case of uncertainty, always use larger dimensions, so that larger internal

Fig. 17-7 loadings are calculated, thereby producing a safe design.

*The sudden instability of a column, or buckling, is discussed in Mechanics of Materials,
10/e, R.C. Hibbeler, Pearson Education.
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By establishing the load path for a structure, one can then make
reasonable assumptions for load transference from one member to
another. See Sec. 2.2. For example, a roof that is supported by trusses
is often attached to purlins, but sometimes it is directly fixed to the
entire top cord of the truss, Fig. 17-8a. When this occurs, the resultant
of the distribution of load between the joints can generally be divided
equally and be considered as a point loading on each of the joints.
Fig. 17-8b.

As a second example, consider the effect of the wind on the front of a
metal building, modeled as shown in Fig. 17-9a. Cross bracing, using tie
rods between each bay, prevents the building from racking or leaning,
as shown by the dashed lines. To conservatively design these rods, we
will neglect the additional restraint provided by the purlins, and assume
the rods do not support a compressive force since their cross section is
small.* Instead, only the rods in tension provide the necessary resistance
against collapse. In other words, only the four rods shown on the model
in Fig. 17-9b are assumed to resist the wind loading. The other four rods
provide support if the wind loading acts on the opposite side.

actual structure

(a)

Fig. 17-9

*In Sec. 12.2 we have used this idea to reduce a statically indeterminate cross-braced truss
system to one that is statically determinate.

actual structure

(a)
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Materials. Apart from modeling the geometry of a structure and its
members, consideration should also be given to the material strength and
stiffness of the structure. Strength properties include choosing allowable
stresses that ensure the elastic limit or the ultimate stress is not exceeded,
and possibly a stress limit that prevents fatigue or fracture in the case of
cyclic loadings or temperature variations.

The material properties that are relevant for an elastic analysis
include the modulus of elasticity, the shear modulus, Poisson’s ratio, the
coefficient of thermal expansion, and the specific weight or the density of
the material. In particular, the stiffness of the structure is dependent upon
its modulus of elasticity E. For steel, this property remains fairly constant
from one specimen of steel to another, unless the steel undergoes drastic
changes in temperature. Care, however, must be given to the selection
of E for concrete and wood, because of the variability that can occur within
these materials. As time passes, all material properties can be affected by
atmospheric corrosion, as in the case of steel and concrete, and decay, in
the case of wood. As mentioned in Sec. 1.4, a resistance factor is often
used to account for this variability as it relates to the material’s strength
and stiffness properties.

17.3 GENERAL APPLICATION OF
A STRUCTURAL ANALYSIS
COMPUTER PROGRAM

Once the model of the structure is established and the load and material
properties are specified, then all this data should be tabulated for use
in an available computer program. The most popular structural analysis
programs currently available, such as STAAD, RISA, and SAP, are all
based on the stiffness method of matrix analysis, described in Chapters 14
through 16.* Although each of these programs has a slightly different
interface, they all require the engineer to input the data using a specified
format. The following is a description of a general way to do this, although
many programs will streamline this procedure, as we will discuss later.

*A more complete coverage of this method, including the effects of torsion in
three-dimensional frames, is given in books on matrix analysis.
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Preliminary Steps. Before using any program it is first necessary
to numerically identify the members and joints or nodes of the structure,
and establish both global and local coordinate systems in order to specify
the structure’s geometry and loading. To do this, make a sketch of the
structure and specify each member with a number enclosed within a
square, and use a number enclosed within a circle to identify the nodes.
In some programs, the “near” and “far” ends of the member must be
identified. This is done using an arrow written along the member, with
the head of the arrow directed toward the far end. Member, node, and
“direction” identification for a plane truss, beam, and plane frame are
shown in Figs. 17-10, 17-11, and 17-12. In Fig. 17-10 node @ is at the
“near end” of member 4 and node @ is at its “far end.” These assignments
can all be done arbitrarily. Notice, however, that the nodes on the truss
are always at the joints, since this is where the loads are assumed to be
applied and the displacements and member forces are to be determined.
For beams and frames, the nodes are at the supports, at a corner or joint, at
an internal pin, or at a point where the linear or rotational displacement
is to be determined, Figs. 17-11 and 17-12.

Since loads and displacements are vector quantities, it is necessary to
establish a coordinate system in order to specify their correct sense of
direction. Here we must use two types of coordinate systems.

y
300N
) 1 @ ©]
m (@] \;‘ ()l_x
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Fig. 17-11
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Fig. 17-12
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@)

’

y

Fig. 17-10 (repeated)

Global Coordinates. A single global or structure coordinate system,
using right-handed x, y, z axes, is used to specify the location of each node
relative to the origin, and to identify the sense of each of the external load
and displacement components at the nodes. It is convenient to locate the
origin at a node so that all the other nodes have positive coordinates.
(See Figs. 17-10 through 17-12.)

Local Coordinates. A local or member coordinate system is used to
specify the location and direction of external loadings acting on beam and
frame members and for any structure, to provide a means of interpreting
the computed results of internal loadings acting at the nodes of each
member. This system can be identified using right-handed x', y’, 7" axes
with the origin at the “near” node and the x’ axis extending along the
member toward the “far” node. Examples for truss member 4 and frame
member 3 are shown in Figs. 17-10 and 17-12, respectively.

Program Operation. When any computer program is executed,
a menu will appear which allows various selections for inputting the
data and getting the results. The following explains the items used for
input data. For any problem, be sure to use a consistent set of units for
numerical quantities.

General Structure Information. This item should generally be selected
first in order to assign a problem title and identify the type of structure to
be analyzed —truss, beam, or frame.

Node Data. Enter,in turn,each node number and its global coordinates.

Member Data. Enter, in turn, each member number, the near and far
node numbers, and the member properties, £ (modulus of elasticity),
A (cross-sectional area), and/or / (moment of inertia and/or the polar
moment of inertia or other suitable torsional constant required for
three-dimensional frames*). If these member properties are unknown
then provided the structure is statically determinate, these values can
be set equal to one. This can also be done if the structure is statically
indeterminate, provided there is no support settlement, and the members
all have the same cross section and are made from the same material. In
both these cases the computed results will then give the correct reactions
and internal forces, but not the correct displacements.

*Quite often a preset structural shape, e.g., a wide-flange or W shape, can be selected when
the program has a database of its geometric properties.
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Fig. 17-11 (repeated)

Support Data. Enter,in turn,each node located at a support, and specify
the called for global coordinate directions in which restraint occurs. For
example, since node ® of the frame in Fig. 17-12 is a fixed support, a
zero is entered for the x, y, and z (rotational) directions; however, if this
support settles downward 0.003 m, then the value entered for y would be
—0.003.

Load Data. Loads are specified either at nodes, or on members.
Enter the algebraic values of nodal loadings relative to the global
coordinates. For example, for the truss in Fig. 17-10 the loading at node
@ is in the y direction and has a value of —200. For beam and frame
members the loadings and their location are generally referenced
using the local coordinates. For example, the distributed loading on
member 2 of the frame in Fig. 17-12 is specified with an intensity
of —400 N/m starting 0.75 m from the near node @ and —400 N/m
ending 3 m from this node.

Results. Once all the data is entered, then the problem can be solved.
One obtains the external reactions on the structure and the displacements
and internal loadings at each node, along with a graphic of the deflected
structure. As a partial check of the results a statics check is often given
at each of the nodes. It is very important that you never blindly trust
the results obtained. Instead, it would be wise to perform an intuitive
structural analysis using one of the many classical methods discussed
in the text to further check the output. After all, the structural engineer
must take full responsibility for both the modeling and interpreting of
final results.
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Additional Remarks. All the above steps of structural layout,
establishing the global and local coordinate systems, and specifying the
load data, are sometimes automatically incorporated within the program.
For example, one can construct a scaled drawing of the structure on
the monitor, either by specifying the end point coordinates of each
member, or by mouse clicking the global coordinates of the member’s
end points. Once that is done, the program will automatically establish
the near and far ends of each member, along with its local coordinates.
Another approach, if allowed, would be to use a drafting program, such
as AutoCAD, to build the structure, and then input this graphic into the
structural analysis program.

The load data can also be entered onto this graphical interface. This
way the operator can visually check to be sure the load is applied to the
structure in the correct direction and location. Specifications for the load
can either be in local or global coordinates. For example, if the structure
is a gabled frame, a distributed wind loading would be applied normal
to the inclined roof member, and so local coordinates would be selected
when this loading is entered, Fig. 17-13a. Since gravity loads, such as
dead load, floor and roof live loads, and snow load, all act vertically
downward, they would be entered by selecting horizontal and vertical
global coordinates, Fig. 17-13b.

Many programs used for structural analysis and design also have a load
combination feature. The engineer simply specifies the type of loading,
such as a dead load, wind load, snow load, etc., and then the program
will calculate each of these loadings according to the equations and
requirements of the code, such as ASCE 7-16. Finally, the combinations
of the loadings, such as those described in Sec. 1.4, will then be applied to
the structure and used for the analysis.

y
¥
y’\ /
x/
wind loading weight
local coordinates global coordinates
(a) (b)

Fig. 17-13
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. COMPUTER PROBLEMS

*C17-1. Use acomputer program and determine the reactions *C17-4. Use a computer program to determine the
on the truss and the force in each member. AE is constant. reactions on the beam. Assume A is fixed. EI is constant.

60 kN/m

12 kN
*C17-5. Use a computer program to determine the
C17-1 reactions on the beam. Assume A and D are pins and B W/
#C17-2.  Use acomputer program and determine the reactions and C are rollers. EI is constant.
on the truss and the force in each member. AE is constant.
15 kKN 20 kN 45 kN/m

DS Pga
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C17-5

*C17-6. Use a computer program to determine the
reactions on the beam. Assume A is fixed. £/ is constant.

12 kN/m

C17-2
*C17-3. Use a computer program to determine the force
in member 14 of the truss. AE is constant.

C17-6

*C17-7. Use a computer program to determine the
reactions on the beam. Assume A and D are pins and B
and C are rollers. £ is constant.

15 kN/m
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#*C17-8. Use a computer program to determine the *C17-10. Use a computer program to determine the
reactions on the frame. AE and EI are constant. reactions on the frame. Assume A, B, and C are pins. AE
and EI are constant.

20 kN/m 15 kN/m

8 kN Y Y VY VY VY Y VY

*#C17-9. Use a computer program to determine the

reactions on the frame. Assume A, B, D, and F are pins. AE “C17-11. Use a computer program to determine the
and E7 are constant. reactions on the frame. AE and EI are constant.
12 kN/m
L]
B C
3m
D
¥ @ A
l >m \

C17-11
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. PROJECT PROBLEMS

17-1P. The photo shows a structural assembly designed to support medical equipment in an operating room of a hospital. It
is anticipated that this equipment weighs 4 kN. Each of the side beams has a cross-sectional area of 12(1()3) mm? and moment
of inertia of 115(10°) mm®. The ends of these beams are welded to the girders as shown. The assembly is bolted to the side
beams. Model one of the side beams, and justify any assumptions you have made. Perform a computer analysis and use the
results to draw the moment diagram of one of the side beams. As a partial check of the results, determine the maximum
moment in this beam using a classical method such as moment distribution, or use a deflection table. Neglect the weight of the
members, and take £ = 200 GPa.

0.3 m

N N

Prob. 17-1P
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17-2P. The concrete bridge pier, shown in the photo, supports a portion of a highway bridge. The centerline dimensions and
the anticipated loading on the cap or top beam are shown in the figure. This beam has the cross section shown. The columns
each have a diameter of 400 mm and are fixed-connected to the beam. Establish a structural model of the pier and justify any
assumptions you have made. Perform a computer analysis to determine the maximum moment in the beam. As a partial check
of the results, determine this moment using a classical method such as moment distribution, or use a deflection table. Neglect
the weight of the members and the effect of the steel reinforcement within the concrete. Take £ = 29.0 GPa.

1100 kN

0.75 800 kN [ 800 kN

rnif\ /79.75 m

300mmi ] [ A llf C |
i T
450 mm 1.5m| " |1.5m\
10° 10°

| | |

Prob. 17-2P

17-3P. 'The steel-trussed bent shown in the photo is used to support a portion of the pedestrian bridge. It is constructed using two
wide-flange columns, each having a cross-sectional area of 3.42(10°) mm? and a moment of inertia of 39.6(10°) mm*. A similar
member is used at the top to support the bridge loading, estimated to be 40 kN as shown in the figure. The ends of this member
are welded to the columns, and the bottom of the columns are welded to base plates which in turn are bolted into the concrete.
Each truss member has a cross-sectional area of 1.78(10%) mm?, and is bolted at its ends to gusset plates. These plates are welded
to the web of each column. Establish a structural model of the bent and justify any assumptions you have made. Using this model,
determine the forces in the truss members and find the axial force in the columns using a computer program for the structural
analysis. Neglect the weight of the members and use the centerline dimensions shown in the figure. Compare your results with
those obtained using the method of joints to calculate the force in some of the members. Take £ = 200 GPa.

20kN 20 kN

Prob. 17-3P
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17-4P. The load capacity of the historical Pratt truss shown in the photo is to be investigated when the load on the bottom
girder AB is 3 kN/m. A drawing of the bridge shows the centerline dimensions of the members. All the members are bolted to
gusset plates. The vertical and half-diagonal members each have a cross sectional area of 2.5(103) mm?, and each of the main
diagonal members and the top cord have a cross-sectional area of 4.6(10%) mm?. The side girder has a cross sectional area of
12(10% mm? and a moment of inertia of 113(10°) mm®*. Establish a structural model of the bridge truss and justify any
assumptions you have made. Perform a computer analysis to determine the force in each member of the truss. From the results,
draw the moment diagram for the side girder. Check your results by using the method of sections to determine the force in
some of the truss members. Neglect the weight of the members and take £ = 200 GPa.
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Prob. 17-4P

17-5P. The pavilion shown in the photo consists of an open roof supported by two trussed frames. Each of these frames
consists of members CD and DE that have a cross-sectional area of 8.08(10~%) m? and a moment of inertia of 45.8(10~%) m*.
All the other members have a cross-sectional area of 5.35(10%) m? and moment of inertia of 4.46(10~ %) m*. The joints are
fully welded, and the columns rest on base plates that are bolted onto a concrete foundation. The wind load acting on one side
of the roof and distributed to each frame is 1.20 kN/m. The centerline geometry of the structure is shown in the figure.
Establish a structural model of the frame and justify any assumptions you have made. Perform a computer analysis to
determine the force at each joint. Use the results and draw the moment diagram for the horizontal member AB. As a partial
check of the results, calculate the tensile force in this member assuming the frame system is pin connected and acts as a truss.
Neglect the weight of the members and take £ = 200 GPa.

Prob. 17-5P




APPENDIX

MATRIX ALGEBRA
A FOR STRUCTURAL
ANALYSIS

A.1 BASIC DEFINITIONS AND TYPES
OF MATRICES

With the accessibility of desktop computers, the use of matrix algebra for
the analysis of structures has become widespread. Matrix algebra provides
an appropriate tool for this analysis, since it is relatively easy to formulate
the solution in a concise form and then perform the actual manipulations
using a computer. It is for this reason that the structural engineer must
be somewhat familiar with the fundamental operations of this branch of
mathematics.

Matrix. A matrix is a rectangular arrangement of numbers having
m rows and n columns. The numbers, which are called elements, are
assembled within brackets. For example, the A matrix is written as:

ap  ap T ap
A= 92 - v @on
A1 Ay e Qn

Such a matrix is said to have an order of m X n (m by n). Notice that the
first subscript for an element in the matrix denotes its row position and
the second subscript denotes its column position. In general, then, a; is
the element located in the ith row and jth column.

Row Matrix. If the matrix consists only of elements in a single row,
it is called a row matrix. For example,a 1 X n row matrix is written as

A=la a - a]

Here only a single subscript is used to denote an element, since the row
subscript is always understood to be equal to 1, thatis,a; = a1, a, = apy,
664 and so on.



A.1T Basic DEFINITIONS AND TYPES OF MATRICES

Column Matrix. A matrix with elements placed in a single column
is called a column matrix. The m X 1 column matrix is

ay

A=|"

A

Here the subscript notation symbolizes a; = a1, a, = a,1, and so on.

Square Matrix. When the number of rows in a matrix equals the
number of columns, the matrix is referred to as a square matrix. An
n X n square matrix would be

ap adip o Ay
A=|P 2 v @on
Ay Ap e App

Diagonal Matrix. When all the elements of a square matrix are
zero except along the main diagonal, running down from left to right, the
matrix is called a diagonal matrix. For example,

ai 0 0
A=10 [25)) 0
0 0 ass

Unit or Identity Matrix. The unit or identity matrix is a diagonal
matrix with all the diagonal elements equal to unity. For example,

S = O
_ o O

Symmetric Matrix. A square matrix is symmetric provided
a; = aj;. For example,
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A.2 MATRIX OPERATIONS

Equality of Matrices. Matrices A and B are said to be equal if
they are of the same order and each of their corresponding elements are
equal, that is, a;; = b;;. For example, if

2 6 2 6
A‘[4 —3] B_L —3}
then A = B.

Addition and Subtraction of Matrices. Two matrices can be
added together or subtracted from one another if they are of the same
order. The result is obtained by adding or subtracting the corresponding
elements. For example, if

then

Multiplication by a Scalar. When a matrix is multiplied by a scalar,
each element of the matrix is multiplied by the scalar. For example, if

A=t O] k=

then

e[

=36 12

Matrix Multiplication. Two matrices A and B can be multiplied
together only if they are conformable. This condition is satisfied if the
number of columns in A equals the number of rows in B. For example, if

ann dp biy by bz
A=[ } B=[ ] Al
() I )) by by by ( )

then AB can be determined since A has two columns and B has two
rows. Notice, however, that BA is not possible. Why?



If matrix A having an order of (m X n) is multiplied by matrix B
having an order of (n X ¢q) it will yield a matrix C having an order of
(m X q),that is,

AB = C

(mxn)(nxq)  (mxq)

The elements of matrix C are found by multiplying the elements a;; of A
and b;; of B in the following manner:

Cij = kz:laikbkj (A-2)

The methodology of this formula can be explained by a few simple
examples. Consider

By inspection, the product C = AB is possible since the matrices are
conformable, that is, A has three columns and B has three rows. By
Eq. A-2, the multiplication will yield matrix C having two rows and one
column. The results are obtained as follows:

c11: Multiply the elements in the first row of A by corresponding elements
in the column of B and add the results; that is,

i1 — 1 = 2(2) + 4(6) + 3(7) =49

¢p1: Multiply the elements in the second row of A by corresponding
elements in the column of B and add the results; that is,

e = ¢ = —1(2) + 6(6) + 1(7) = 41

Thus

c-[2]

A.2  MATRIX OPERATIONS
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As a second example, consider

Here again the product C = AB can be found since A has two columns
and B has two rows. The resulting matrix C will have three rows and two
columns. The elements are obtained as follows:

e =52) +3(-3)=1 (first row of A times first column of B)

cp = 5(7) + 3(4) = 47 (first row of A times second column of B)
0 =42) +1(-3) =5 (second row of A times first column of B)
¢ =4(7) + 1(4) =32  (second row of A times second column of B)
31 = —2(2) + 8(—3) = —28 (third row of A times first column of B)
¢ = —2(7) + 8(4) = 18  (third row of A times second column of B)

Thus,
1 47
C = 5 32
—28 18

The following rules apply to matrix multiplication.

1. In general the product of two matrices is not commutative:
AB # BA (A-3)
2. The distributive law is valid:
A(B + C) = AB + AC (A-4)

3. The associative law is valid:

A(BC) = (AB)C (A-5)

Transposed Matrix. A matrix may be transposed by interchanging
its rows and columns. For example, if

apy i a3
A =|ay ay ap B=[b b, Dbj]

azy  dsp  dzz



Then
ap  day  as by
T _ T _
A =lay ap axp B’ = | b,
a3 dyz  azz bs

The following properties for transposed matrices hold:

(A +B)Y =A" + B (A-6)
(kA)T = kAT (A-7)
(AB)" = BTA? (A-8)

This last identity will be illustrated by example. If

6 2 4 3

a=lr el g

Then, by Eq. A-8,

(D P
1 =32 5)) 3 s5]l2 -3

q 28 28}>T 28 —2]

-2 -12]) |28 -12

{28 —2}__28 —2}
28 —12] |28 12

Matrix Partitioning. A matrix can be subdivided into submatrices
by partitioning. For example,

app | app a3 ay

A = : _ A Ap
= (g2 dn dp3 dy4 | = A A

: 21 22

aszy i dsp  4zz  d3y

Here the submatrices are
Ay = [ay]

_ | an _ |G a3 44
Ay = [ } Ay = {
asy azp  ds3  Azg

Ap =lan a3 ayl

A.2  MATRIX OPERATIONS
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The rules of matrix algebra apply to partitioned matrices provided the
partitioning is conformable. For example, corresponding submatrices
of A and B can be added or subtracted provided they have an equal
number of rows and columns. Likewise, matrix multiplication is possible
provided the respective number of columns and rows of both A and B
and their submatrices are equal. For instance, if

4 1 i-1 2 -1
A=|72 0:-5 B=10 8
6 31 8 7 4

then the product AB exists, since the number of columns of A equals
the number of rows of B (three). Likewise, the partitioned matrices are
conformable for multiplication since A is partitioned into two columns
and B is partitioned into two rows, that is,

AB — [An AlzﬂBn} _ [Aan + A12B21}
Ay AxnllBy AyBy + ApByy

Multiplication of the submatrices yields

4 112 -1 8 4
A“B“_{—z 0“0 8}_[—4 2}

So that
{ 8 4} [ -7 —4}
+ 1 0
AB — —4 2 -35 -20 _| _39 _13
[12 18] + [56 32] 68 50

A.3 DETERMINANTS

In the next section we will discuss how to invert a matrix. Since this
operation requires an evaluation of the determinant of the matrix, we
will now discuss some of the basic properties of determinants.

A determinant is a square array of numbers enclosed within vertical
bars. For example, an nth-order determinant, having n rows and n
columns, is

app a4y

1Al = Ay dp on (A-9)

ap1 App T App



Evaluation of this determinant leads to a single numerical value which
can be determined using Laplace’s expansion. This method makes use of
the determinant’s minors and cofactors. Specifically, each element a;; of a
determinant of nth order has a minor M;; which is a determinant of order
n — 1. The minor remains when the ith row and jth column in which the
a; element is contained is canceled out. If the minor is multiplied by
(—1)""/it s called the cofactor of a;; and is denoted as

G = (_1)HjMij (A-10)
For example, consider the third-order determinant
4y dpp 43

ayy  dpp a4y
azy  dasp  azz

The cofactors for the elements in the first row are

a a a a
_ 141|422 23 2 23
Cy = (-1
azp 433 azp 433
a a a a
_ 14+2(021 23| _ 21 23
Cp=(-1) = =
azy ds3 azy  dsz
a a a a
_ 143|421 2| _ (921 22
Ciz=(-1) =
az;  dz az;  dzp

Laplace’s expansion for a determinant of order n, Eq. A-9, states that
the numerical value represented by the determinant is equal to the sum
of the products of the elements of any row or column and their respective
cofactors, i.e.,

D=a,~1Cl~1+ai2C,-2+--- +a,-nCl- (i=1,2,...,0rn)
or (A-11)

D = (lljclj + (lszzj + -0+ ananj (] = 1, 2, .., 0r I’l)

Here the number D is defined in terms of n cofactors of order n — 1
each. These cofactors can each be reevaluated using the same formula,
whereby one must then evaluate n — 1 cofactors of order (n — 2), and
so on. The process of evaluation continues until the remaining cofactors
to be evaluated reduce to the second order, whereby the cofactors of the
elements are single elements of D. Consider, for example, the following
second-order determinant

35
-1 2
We can evaluate D along the top row of elements, which yields

D =3(-D)'(Q2) + 5(-1)'*2(-1) = 11

Or, for example, using the second column of elements, we have

D = 5(-1)'2(=1) + 2(-1)*"2(3) = 11

D-|

A.3 DETERMINANTS
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Rather than using Egs. A-11, it is perhaps easier to realize that
the evaluation of a second-order determinant can be performed by
multiplying the elements of the diagonal, from top left down to right, and
subtract from this the product of the elements from top right down to
left, i.e., follow the arrow,

D=‘;><§>’=3(2)—5(—1)=11

Consider next the third-order determinant

1 3 —1
ID| =] 4 2 6
-1 0 2

Using Eq. A-11, we can evaluate | D | using the elements either along the
top row or the first column, that is

e e R O ] R e e I
= 1(4 — 0) — 3(8 + 6) — 1(0 + 2) = —40

or

D = 1(-1)'*! 3 2’ + 4(—1)>*1 3 2’ + (—1)(~1)3*! ; _é‘

= 1(4 — 0) — 4(6 — 0) — 1(18 + 2) = —40

As an exercise try to evaluate | D | using the elements along the second row.

A.4 INVERSE OF A MATRIX

Consider the following set of three linear equations:

ay Xy T oapx; +oapxs = ¢
ay Xy + apx, + apx; = ¢

azi Xyt apx, + apx; = c;

which can be written in matrix form as

app app a3 || X C1
ay1 dyp yp || X2 | =& (A-12)
azy  dsz  asz X3 3

Ax = C (A-13)



One would think that a solution for x could be determined by dividing
C by A; however, division is not possible in matrix algebra. Instead, one
multiplies by the inverse of the matrix. The inverse of the matrix A is
another matrix of the same order and symbolically written as A™!. It has
the following property,

AAT=ATA =1

where I is an identity matrix. Multiplying both sides of Eq. A-13 by A™ 1,
we obtain

A lAx = A7IC
Since A 'Ax = Ix = x, we have
x=AC (A-14)

Provided A™! can be obtained, a solution for x is possible.

For hand calculation the method used to formulate A™! can be
developed using Cramer’s rule. The proof will not be given here; instead,
only the results are given.* This requires expressing the elements in the
matrices of Eq. A-14 as

x = A'C
X1 1 Ch Gy Gy C1
X | = W Co Cn G|l (A-15)
X3 Ciz Gy Cilc

Here |A| is an evaluation of the determinant of the coefficient matrix A,
which is determined using the Laplace expansion discussed in Sec. A.3.
The matrix containing the cofactors Cj; is called the adjoint matrix. By
comparison it can be seen that the inverse matrix A™ ! is obtained from A
by first replacing each element a;; by its cofactor Cy;, then transposing the
resulting matrix, yielding the adjoint matrix, and finally multiplying the
adjoint matrix by 1/|A|.

To illustrate how to obtain A™! numerically, we will consider the
solution of the following set of linear equations:

X1 — X + X3 = -1
—X1 + X + X3 = -1 (A—16)
X1 + ZXZ - 2)C3 = 5

where

1 -1 1
A=]|-1 1 1
1 2 =2

*See Kreyszig, E., Advanced Engineering Mathematics, John Wiley & Sons, Inc., New York.

A4

INVERSE OF A MATRIX
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The cofactor matrix for A is

1 1 |-1 1 -1 1
-2 1 =2 1
-1 1 1 1 -1
C=1-12 = 1 = 2
-1 B! 1 -1
1 —1 -1 1]

Evaluating the determinants and taking the transpose, the adjoint

matrix is
—4 0 -2
c'=|-1 -3 =2
-3 -3 0
Since
1 -1
A= -1 1 1| = -6
1 2 =2
The inverse of A is, therefore,
—4 0o -2
o1
A = s -1 -3 =2
-3 -3 0

Solution of Egs. A-16 is therefore the result of the following matrix

multiplication.
X1 1 —4 0 2| -1
| =g -1 -3 2| -1
X3 -3 -3 0 5

X1 =

—[(=H(=1) + 0(=1) + (-2)(5)] =1
= —L[(=D)(=1) + (=3)(-1) + (-2)(5)] = 1
—L[(=3)(=1) + (=3)(=1) + (0)(5)] = —1

X3 =

Obviously, the numerical calculations become tedious for larger sets of
equations, and so it is for this reason that computers are used in structural
analysis to determine the inverse of matrices.
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2 0 8 .
A-1. If A= {_1 } and B = [2 _1], determine
2A + Band 4A — B.
45 -3 -4 6 0 .
A-2. If A= {6 1 2} and B —[ 2 0 10], determine

A + Band A — 2B.

A-3. fA=[6 2 3]and B=[1 6 4], show that
(A+B)" = A"+ B

A4, IfA=[-4 -3],andB= B _i],determine AB.

A-5. fA=| 2|andB =1[2 -1 5], determine AB.

A-6. IfA = [ g] determine A + A

A-7. IfA = {_ ﬂ determine AA’.
4 1 3
A-8. IfA=|6 2 -1/, determine AA.
1 0 2
2 3 6
A-9. IfA = {_ ) 0} and B = 9 |, determine AB.
-1
1 4 3
A-10. IfA = { 1 2 3} and B = 2 |, determine AB.
-6
6 4 2 -1 3 =2
A-11. If A=|2 1 1| and B = 2 4 11,
0 -3 1 0 7 5
determine AB.
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4 5 1 -2 4 1
A-12. If A=|-1 1 2| and B=| 2 0 2
2 4 2 1 4 1

determine BA.

A-13. Show that the distributive law is valid,i.e., A(B + C) =

2 2
AB+AC,ifA:[3 4 8},3: —2,c=| 4|
2 6 2 ) i

A-14. Show that the associative law is valid, i.e., A(BC) =

2
3 -4 8
(AB)C,ifA:{ },B: -2|,C=1[2 4 -6].
2 6 2
4
) 2 4 4
A-15. Evaluate the determinants and |6 8 —1|.
2 5 3

A-16. IfA = [2 _i], determine A

2 8 6
A-17. fA=|2 3 1], determine A
0 -3 1
A-18. Solve the equations 2x; — 2x, + 2x3 = —2,

=2x1 + 2x, + 2x3 = =2, and 2x; + 4x, — 4x3 = 10, using
the matrix equation x = A'!C.

A-19. Solve the equations in Prob. A-18 using the Gauss
elimination method.

A-20. Solve the equations x; + 4x, + x3 = —1,
2x1 — xp + x3 = 2, and 4x; — 5x, + 3x3 = 4, using the
matrix equation x = A''C.

A-21. Solve the equations in Prob. A-20 using the Gauss
elimination method.
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Preliminary Problem Solutions

Chapter 4
P4-1.
v
]
M
()
14
]
M
(®)
v
M

(©

(d)

P4-2.

(a)

(b)

(©)

(d)
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P4-3.

PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

P4-4.

(a)

(a)

(b)

D P>

(©

(d)
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Chapter 7 M

P7-1.

P7-2.
(c)
M
} x
(d)
(©)
m o
(d)
P7-3.

(a)
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P7-6. l

—
[ ]

(b) @

m |

(©)

(b)

P7-1.

P7-5.

(®)

©
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Fundamental Problem Solutions

Chapter 2
F2-1. PinA
3(2) kN
Im 3m
Y |
A <9 )
| P
4
A, Fpc
LFEM, =0, Fpe(3)(4) = 3)(1) = 0
FBC = 250 kN
BIF, =0; 250(2) — A, =0
A, = 2.00kN Ans.
+13F, =0, A, +250(2) —32) =0
A, = 450kN Ans.
Pin B
B}’
B,
5J3
4
Fpc =250 kN
BH3F, =0;250(8) - B, =0
B, = 2.00 kN Ans.
+13F, =0, 250(2) - B, =0
B, = 1.50 kN Ans.
Pin C
Fpe=250kN
5J3
C, !
CY
H3F, =0; ¢, —250(%) =0
C, = 2.00kN Ans.
+13F, =0, C, —2.50(3) = 0
C, = 1.50kN Ans.
F2-2. (+3M, = 0; Fpc sin45°(4) — 10(4)(2) = 0
20
Fpe=———
Bc sin 45°
H3Mp = 0; 10(4)(2) — A,(4) =0
A, = 20.0kN Ans.

681

+ _ (20 o _
—3IF. =0; A, ( e 450)(cos 45°) =0
A, = 20.0kN Ans.
B, =C —< 20 >( 45°) = 20.0kN Ans.
= G= g cos = 20. ns.
B,=C, = ( 20 >(sin45°) = 20.0 kN Ans
’ 4 sin 45° ’ "
F2-3. (+XM,4 = 0; Fgc sin60°(4) — 102)(1) = 0
5
BE ™ sin60°
(t2Mp =0; 102)(3) — Ay4) =0
A, = 15.0kN Ans.
+ _ 5 N _ A4 —
DIF, =0 <sin 600)(cos 60°) =0
A, = 2.89kN Ans.
B, =C —( > )( 60°) = 2.89 kN Ans.
o . Sin 60° cos . ns.
B, =C —( > )(in60°)—500kN Ans
) Y Sin 60° S . ns.
F2-4. Member AC
(F3M-=0; 103) — Ns(4) =0 N, = 750kN Ans.
(+XM, =0; Cy(4) —10(1) =0 C,=250kN
Member BC
i>EFx =0, B, =0 Ans.
+T2Fy =0, B,—250—-8Q2)=0 B,=185kN Ans
(FXMp = 0; 2.50(2) +8(2)(1) — Mz=20
Mg =21.0kN-m Ans.

F2-5.

F2-6.

(+3M, = 0; Fpe(2)(2) + Fae(2)(1.5) —3(1) =0
Fpe = 1.25kN

HISF, =0; A, — 125(3) =0 A, = LOOKN Ans
+13F, =0, A, +125() -3=0

A, = 225kN Ans.

B, = C, = 1.25(2) = 1.00kN Ans.

B, = C, = 125(3) = 0.750kN Ans.
(+3SMc=0; 6(2) +2(2) — Ny(4) =0

N, = 4.00 kN Ans.
LSF =0, ¢,-2=0 C, =200kN Ans.

+13F, = 0; C,+ 400 —6=0 C, = 2.00kN Ans



F2-7. SKN SkN
Member AB

(tXM, =0; B(4) — B,(3) — 3(5)(25) =0
Member BCD

(+tEMp =0, 8(2) + 8(4) — B.(4) — By(6) =0

B, = 1025kN B, = 1.167kN = 1.17kN
Member AB
i)EFx =0
A, = 175kN
+13F, =0, A, — (3)5)(3) —1.167=0

A, = 10.167kN = 10.2kN

Member BCD

HSF, =0; 1025-D,=0 D, =1025kN
+13%F, =0, D,+1167-8-8=0

D, = 14.833kN = 14.8kN

—A, +3(5)(2) —1025=0

F2-8.

6 kN 6 kN

S
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Member AB
(FXM, = 0,
(+FXMp = 0;
Member BC
i>2Fx =0
(+2Mc = 0;
(+FXMp = 0;
Member AB
+13F, = 0;
Member CD
i>EFX =0
+13F, = 0;
(FXMp = 0;
F2-9.

Ans.

Ans.

Ans.

Ans.

Ans.

1.5m
10(3) kN J
1.5m
Jl
Ay

Member AB
(tZM, =0, B(3) —103)(1.5) =0 B, = 15.0kN Ans.
(+EMp =0, 10(3)(1.5) — A,(3) =0 A, = 15.0kN Ans.
Member BC
(t2Me =0; 40(4)(2) — By(4) =0 B, =80.0kN Ans
(+ZMp=0; C\(4) —40(4)2) =0 C, =80.0kN Ans
BSE =0, 150-C, =0 C, = 150kN Ans.
Member AB
+T2Fy =0, A, —80.0=0 A, =80.0kN Ans.

| 2m
| w
B,—F
By

B.(6) —4(3) =0 B, = 2.00kN Ans.
43) — A(6) =0 A, =200kN  Ans
200 - C,=0 C,=200kN Ans.

6(2) + 6(4) — B,(6) = 0 B, = 6.00 kN Ans

Cy(6) — 6(2) — 6(4) =0 C, = 6.00kN Ans.
Ay, —6.00=0 A, = 600kN Ans.
200-D,=0 D,=200kN Ans.
D, -600=0 D,=600kN Ans.

Mp —2.00(6) =0 My =120kN-m Ans.

40(4) kN

B

Yy
Bx
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Member CD
HSF =0, 150-D,=0 D, =150kN Ans.
+1SF, =0; D,~80.0=0 D,=800kN Ans.

(+SMp =0; My —1502) =0
F2-10.

Mp = 30.0kN-m Ans.

1.5 (6) kN

Ay

Member BC

(XM =0; C\(6) —8(2) —8(4) —6(6) =0

C, = 140kN Ans.
(tZMe = 0; 8(2) + 8(4) + 6(6) — By(6) =0

B, = 140kN Ans.
Member AB

(+tXM,=0; B, =0 Ans.
LSF =0, A, =0 Ans.
+13F,=0; A, —140=0 A, =140kN Ans.
Member BC

LSsF =0 ¢, =0 Ans.
Member CD

LSF, =0; D,—156)=0 D, =9.00kN Ans.
+1%F,=0;, D,-140=0 D,=140kN Ans.

+3SMp = 0; 15(6)3) — Mp =0 M =27.0kN-m Ans.

683

Chapter 3

F3-1. Joint C

40

FCB

Fea

BSF =0, 40— Fep(2) =0 Fep = 500kN(C)  Ans
+13F, = 0; 50.0(3) — Fca = 0 Fey = 30.0kN(T) Ans.

Joint B

Fep = 50.0kN

BSF =0; 500(%) — Fga =0 Fgy = 40.0kN(T) Ans
+13F, = 0; Np—500(2) =0 Np=300kN

F3-2. Joint B
+13F, = 0; Fpcsind5® —6=0
Fze = 8.485kN (T) = 8.49 kN (T) Ans.
LSF =0, Fpy — 8485cos45° =
Fgs = 6.00kN (C) Ans.
Joint C
Fep
Feal  g485kN

LSF =0, 8485 cosd5° — Fep = 0

FCD = 600 kN (T) /\I'ZS.
+13F, = 0; Foy — 8485 sin45° = 0
FCA = 600 kN (C) /\I'ZS.
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F3-3. Joint C

LSF, =0, 10 — Fop cosd5° = 0

BsF =0, Feu(}) —180=0
+13F, = 0; 300(5) — Fep =0
Joint A

Ans.

Ans.

Ans.
Ans.

Ans.

Ans.

Fep = 14.14kN (T) = 14.1kN (T) Ans.

+13F, = 0; Fep— 14.145in45° = 0

Fcp = 10.0kN (C) Ans.

Joint D

1414k BSF =0, Fu5 —300(3) =0 Fup = 18.0kN(T) Ans
+13F, =0; N, —300() =0 N, =240kN
F3-5. Joint D
FDA FDB
Fpc

HASF, =0, 1414 — Fpy =0

Fp, = 14.14kN (T) = 14.1 kN (T) Ans.

N+2F, =0; Fpp=10 Ans. Fp,

Joint B BSF =0, Fpe=0
+13F, =0, Fpy=0
Joint C

i>2FX =0; Fpya=0 Ans.

+13F, =0, Ny—100=0 Ng=10.0kN

FCB

F3-4. Joint D

LSF, =0; 8cos60° — Frycos45° =0
18KN  |p  Fpe Fey = 5.657TkN (T) = 5.66 kN (T)
+13F, =0; Fcp — 5.657sin45° — 8sin 60°
F,, Fep = 10.93kN (C) = 10.9kN (C)
BSF, =0, Fpe—18=0 Fpe=180kN(T)  Aps J0ILB 1093 kN
+13F, =0, Fps=0 Ans.

Joint C

Np

i)EFx = O, FAB =0
+13F, = 0; Ny = 10.93kN

Ans.



PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F3-6. Entire truss
(+XM, =0; E,(8) — 600(2) — 800(4) — 600(6) =0
E, = 1000 N
Joint £
FEF
45°
Frp
1000 N
+T2Fy =0; 1000 — Fgp sin45° =0

Frp = 141421 N (C) = 1.41 kN (C)
BSF, = 0; 141421 cos45° — Fpp = 0
Fup = 1000N (T) = 1.00 kN (T)

Joint F

141421 N

LSF, =0 Fro — 141421 cos45° = 0
Fre = 1000N (C) = 1.00 kN (C)

+T2Fy =0; 141421sin45° — Frpp =0
Frp = 1000 N (T) = 1.00 kN (T)

Joint D

+T2Fy =0; 1000 — 600 — Fpgsin4d5° =0

Fpe = 565.69 N (C) = 566N (C)
LSF, = 0; 1000 + 565.69 cos 45° — Fpe = 0
Fpe = 1400 N (T) = 1.40kN (T)

Ans.

Ans.

Ans.

Ans.

Ans.

Ans.

685

Joint C

800 N

+13F, = 0; Fcg — 800 =0 Fcg = 800N (T) Ans.
Due to symmetry,

Fgc = Fpc = 1A0kKN (T) Fpg = Fpg = 566 N (C)
= 1.00kN (C)

= 1.00kN (T) Fay = Fgr = 1.41kN (C)

= 1.00kN (T)

FHG = FFG Ans.
Fup = Frp

FAB = FED Ans.

F3-7. For the entire truss

(+2Mg = 0; 20(L.5) + 20(3) + 20(4.5) — A(6) =0
A, = 30.0kN

LSF =0, A, =0

For the left segment

+T2Fy =0; 30.0—20 — Fggsind5° =0

Fc = 14.1kN (C)

(F2Mp = 0; Fpg(1.5) — 30.0(1.5) =0

Fug = 30.0kN (C)

(FIMg = 0; Fpe(1.5) +20(1.5) — 30.03) = 0
Fgc = 40.0kN (T)

Ans.

Ans.

Ans.

30.0 kN
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F3-8. For the entire truss
6(4.8) + 6(3.6) + 6(2.4) + 6(1.2) — A,(4.8) =0
A, = 15.0kN
LSF =0, A, =0
For the left segment
(FEMc =0, Fy(09) +6(1.2) + 6(2.4) — 15.024) = 0
(+tEXM;=0; Fpc(0.9) + 6(1.2) — 15.0(1.2) =0
Fgc = 12.0kN (T) Ans.
6 kN 6 kN
- 6 kN
y 1Y |
T g Vﬁ_ Fyr
FONS Fye
0.9 m |3 16.0 kN HG
J k}“a
| \\
i O ey — — 2 C
A 1 Fge ‘
~——12m 12m | Frc
15.0 kN
Joint H
LSF, =0; 160 — Fyo =0 Fyg = 16.0kN(C) Ans

F3-9. For the entire truss

(tXM, =0; Nc(4) —82) —6(2) =0 Nc=T7.00kN
Consider the right segment
+13F, =0; 7.00 — Fgpsin45° =0
Fgp = 9.899kN (T) = 9.90 kN (T) Ans.
(t2XMp = 0; 7.0012) — 6(2) — Fgp(2) =0
Frp = 1.00kN (C) Ans.
(t2Mp =0, 0— Fpc(2) =0 Fpc=20 Ans.
F&;Tsﬁﬁ_’ 6.00 kN
|
FBD/ 2m
S i
G- L.
BY —*— %

PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F3-10.
(tEM, = 0;

NE(8) = 6(8) — 6(6) — 6(4) — 6(2) = 0
Ng = 15.0kN

Consider the right segment

(FXMp =0

6(2) — Fer(3)(#) = 0 Fcp = 5.00kN (C)
(+EMc =0,

15.0(4) — 6(4) — 6(2)
Fgr = 10.0kN (C)
(+tEMEp=0; 15.02) — 6(2) —
Fep = 12.0kN (T)

For the entire truss

Ans.

~ For(3)(4) = 0

Ans.
Fep(1.5) =0

Ans.

For  sin
3

“R

2m 2m

15.0 kN
F3-11. For the entire truss
(tXM, =0; Np(6) —2(6) —4(3) =0 Np=4.00kN
Consider the right segment
+13F, =0; 400 -2 — Frcsind5° =0
Fre = 2.828 kN (C) = 2.83kN (C)
(+EMp=0; 4.003) —2(3) - Fpc(1.5) =0
Fgc = 4.00kN (T)
(FXMe = 0; 4.00(1.5) — 2(1.5) —
Frp = 2.00kN (C)

Ans.

Ans.
FFE(l'S) = O

Ans.
2 kN

1.5 m—

4kN



PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F3-12. For the entire truss

(+tZM, = 0; Ng(4) —10(1) — 10(2) — 10(3) = 0
Ng = 15.0kN

Consider the right segment

(tEMp=0; 15.0(1) — F¢p(0.75) =0

Fep = 20.0kN (T) Ans.
1

Fgr = 20.6kN (C) Ans.

(+3My = 0; Fep(3)(4) + 10(3) — 15.02) = 0

Fep=0 Ans.

10 kN

15.0 kN

Chapter 4

F4-1. (+3M, =0; B,(2)+20—10(4) =0
B, = 10.0kN
Segment CB

LSF =0, Ne=0 Ans.
+13F, =0, Vc+10-10=0

Ve=20 Ans.
(FXMe=0; —Mc+ 10(1) — 103) = 0

Mc= —20kN-m Ans.

F4-2. (+2M, =0; B,(3) — 4(1.5)(0.75)

- 8(1.5)(225) =0
B, = 10.5kN
Segment CB
i>2Fx =0, Nc=0 Ans.
+13F, =0; Vc+105-8(15) =0 Vc=150kN Ans.
(tXMe = 0; 10.5(1.5) — 8(1.5)(0.75) — M- =0

Mc = 6.75kN-m Ans.

687

F4-3. (+3Mj = 0: %(6)(6)(3) — A6) =0
A, = 9.00kN

LsF =0, A4, =0

Segment AC

LSF =0, Ne=0 Ans.
+13F, = 0; 9.00 — %(3)(1.5) —Ve=0

Ve =6.75kN Ans.

(FEXMc=0; Mc + %(3)(1.5)(0.5) - 9.00(1.5) =0
Mc=124kN'm Anes.
F44. (+3Mz=0;

30(1)(0.5) — %(30)(1)(0.333) - A(1)=0

A, = 10.0kN
53R, =0
Segment AC
HSF =0, Ne=0

+13F, = 0; 10.0 —30(0.5) = Vc =0

Ve = —5.00 kN

(ZMe=0; M+ 30(0.5)(0.25) — 10.0(0.5) = 0
Mc=125kN-m

A, =0

Ans.

Ans.

Ans.

F4-5. Reactions

(+3M, = 0; Fgsin45°(3) — 5(6)(3) = 0 Fz = 42.43kN
i>EF,C =0; 4243cos45° - A, =0 A,=300kN

+13F, =0; 4243sin45° —5(6) —A, =0 A, =0

Segment AC
HSF =0, No—300=0 Ng=300kN
+13F, =0; —5(1.5) - Vc=0 Vc=-750kN

(FEXMe=0; M+ 5(1.5)(0.75) = 0

Me = —5.625kN-m

Ans.
Ans.

Ans.
F4-6. Reactions

(F2M, =0; By(5) — 9(3)(3.5) — 12(2) — 16(1) = 0
B, = 269 kN

Segment CB

BSF =0, Ne=0

+T2Fy =0, Ve+269—-92) =0 Vo =-890kN

(F3SMc = 0; 269(2) — 92)(1) — Mc = 0
Mc = 358kN-m

Ans.
Ans.

Ans.
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F4-7. Left segment

+13F, =0; —6— %(gx)(x) -V=0

3
Vv={-32-6}kN Ans.
118 X
+ =0 + - — — |+ =
(+EXMp=0; M 2(3 x)(x)(S) 6x =0
M = {—x3 - 6x} kN-m Ans.

F4-8. Reaction

(+3Mp = 0; %(12)(6)(2) ~ A6) =0 A, =120kN

Left segment

1/12
+13F, = 0; 120 — —(

> Zx)(x) -V=0

V= {12.0 - xz} kN Ans.

+3SMy =0. M+ %(%x)(x)(g) — 1208 =0

M= {12.0x - %;;3} kN -m Ans.
F4-9.
(+3IM, = 0; B,@8) — 8(4)(6) =0 B, =240kN
(+IMp =0; 8(4)(2) — A,8) =0 A, =8.00kN

Reactions

0 = x < 4m left segment

+13F, =0; 800 -V =0 V={8 kN
(+t2ZMp =0, M —800x =0 M = {8x}kN-m
4m < x < 8m right segment

+13F, =0, V+240-88-x)=0

V = {40 — 8x} kN

Ans.
Ans.

Ans.

+3Mp = 0; 24.08 — x) — 8(8 — x)(s - x) -M=0

2
M = {—4x> + 40x — 64} kN-m Ans.
F4-10. 0 =x<2m
+13F, =0, V=0 Ans.
(+XMp =0, M+20=0 M= -20kN-'m Ans.

2m < x=4m

+13F, =0, -5(x—-2)-V=0

PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

V= {10 — Sx} kN Ans.

-2
(FXMp = 0; M+5(x—2)(xT)+15+20=0

M = {—%xz + 10x — 45}kN-m Ans.
F4-11.
+13F, =0, A, —52)-15=0 A, =250kN
(+tIMy =0; My —52)(1) - 154) =0

M, = 70.0kN-m

0 = x < 2 m left segment

+13F,=0; 250-5x-V=0

V= {25 - 5x} kN

Reactions

Ans.

+3My =0, M + Sx(g) +70.0 — 25.0x = 0

5
M= {— Exz + 25x — 70} kN -m Ans.

2m < x = 4 m right segment

+13F, =0, V-15=0 V =15kN
(FXMp =0, M —-154—-x)=0
M = {15x — 60 }kN-m

Auns.

Auns.

F4-12.
(t2M, =0; By(8) — 15(4)(2) —45(4) =0
B, = 375kN

(T2Mp = 0; 45(4) + 15(4)(6) — A, (8) =0
A, = 67.5kN

0 = x < 4 m left segment

+13F, =0, 675-15x -V =0

V = {67.5 — 15x}kN

Support reactions

Ans.
(+2ZMp =0, M+ 15x(%) —675x =0

M = {-7.50x* + 67.5x} kKN -m Ans.
4m < x = 8 mright segment

+13F, =0, V+375=0 V = {-375kN}
(+3My=0; 3758 -x) - M =0

M = {—37.5x + 300} kN -m

Auns.

Auns.



F4-13.
V (kN)
11
I
0 | x (m)
2
M (kN -m)
| 2 4
0 i +—x (m)
-6
—28
F4-14.
V (kN)
8.5
| 0.5
0 1 —x (m)
4 6 8
-6

F4-15.
V (kN)
x (m)
—60
M (kN-m)
27 \6 4 -
x (m

—63.0

PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F4-16.
V (kN)

105'\
35 4 8
0 | x (m)

—15.0|

—45.0
M (kN-m)
W
0 — —x (m)
35 4 8
F4-17.
V (kN)

M (kN -m)
6.75

689



690 PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F4-19.
V (kN)

0 ‘ ‘ —x (m)
4 6

M (kN -m)
2
0 : : +—x (m)
-12 -12
F4-20.
V (kN)

10.0’-\
2 4
0 r—x (m)

-10.0
M (kN-m)
13.3
0 f +—x (m)
2 4
F4-21.
x (m)
25 |i
M (kN-
(kN-m) -50.0
M (kN-m)
12.5

1.67 3
0 : ‘ +x (m)
0.833 W

=72.0

F4-22.
M (kKN -m)
90
3 5
0 : /l x (m)
7
-90
90
54
x (m)
F4-23.
M (kN-m)
M (kN-m)
27.7
26.5
26.5
: —x (m)
0.520

x (m)
F4-24
M (KN -m)

9.24

0 : x (m)
3.46
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Chapter 6 F6-4.
F6-1. Ay Ve
i i [ ]
A l x A ! —x
l\ C ‘ B C
A +—x A +—Xx
B C B
‘ N Mg
Mc
V\ : C
A } — X
A : —x ‘ \I
‘ c B
Fo6-5.
F6-2. A, Ve
Ay VD R }\
B e N
. ‘
‘ B —

My
‘ /\ £
D I I X

4
o
£

Vp A V-

‘ B ~ B \/ ‘
MD MA
B D c B /\
f f —Xx A t t —X
C
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F6-7.
Ve
05 \ o.ls\
0 +—x (m)
2\] 4 6
-0.5
Mc
1
) /\ ) (m)
/é 4 6
-1

(M) s ) = 80 + | 36 = 20 |19)

+ [%(2)(—1)}(2) + {%(6 - 2)(1)}(2)
= 13.0kN-m Ans

(V) mas () = 8(0.5) + B (2)(0.5)}(1.5) " B@ - 4)(0.5>}(1.5>
+ [%(2)(0.5)}(2) + [%(4 - 2)(—0.5)}(2) +

69090

= 6.50kN Ans.

[eun

PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

B (i = 60 + | L0 -390 @)

+ {%(9 - 3)(2)}(4) = 48kN Ans.
1
b) (Ma) max () = 6(=3) + {5(6 - 0)(*3)}(2)

+ [%(6 - o)(f3)}(4) + B(9 - 6)(3)}(4)

= —54kN-m Ans.
Chapter 7
L
F7-1. For0 = x; < 5
P
Ml = 5x1
dzvl P
El— = —x
dx? 27!
d’l)l P
I—=—xi+C 1
dx, 4 X1 1 )
P
EI’Ul = Exl + C1x1 + C2 (2)
For— <x, =1L
P P
M2=5(L—x2)=f—5x2
dv, PL P
El—— = —— —
a3 2 27
d’Uz PL P
EIT)Q = sz - sz + C3 (3)
PL P
Elv, = Tx% — Ex% + Cyxy + Cy 4)
vy =0 at x; =0. FromEq(2), C, =0
dv, L PL?
chl =0 at x = PR FromEq (1), C; = BETE
dv, L 3pPL?
chz =0 at x, = PR FromEq (3), C; = — 16

PL?
C4 =

v, =0 at x, = L. FromEq4), 8



F7-2.

F7-3.

F7-4.

PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

- PX1
"~ 48EI

vy (4x3 — 3L?) Ans.

(—4x3 + 12Lx3 — 9L%x, + L%) Ans.

oo P
2 48EI

M = Px — PL

2

d
EI°—> = Px— PL
dx

dv P
EIE = Exz — PLx + C,

P PL
Elv=gx3—7x2+ C1x+ C2

1

(@)

d
dijc) =0 at x =0. FromEq(1),

v=0 at x=0. FromEq(2),

C1:0
C2:0

_ P

= GEI Ans.

v (x* — 3Lx)

My
M:MO—TX

1
v=0 at x=0. FromEq(l), C, =0
M,L

v=0 at x= L. FromEq(l), C, = — 3

M()

= — Ans.
v GEIL ns

(—x* + 3Lx* — 2L%)

M

@)

F7-5.

693

L
Forz <x =1L

®)

— 4
5 )
vy =0 at x; =0. FromEq(2), C, =0
v, =0 at x, = L. FromEq(4),

M,L?

0=CL + Cy + (5)

dv _ dv

= F Eqgs (1
dv,  dn, rom Eqs (1)

L
at x1=x2=5.

ML

and (3), C; — C; = (6)

L
v =v, at X = xp, = bl From Eqgs (2) and (4),

M,L?
4
Solving Eqs (5), (6) and (7)
_ M,yL? 1MoL ML
Gy 6T GT oy
_ M,
YT 24EIL
_ M
 24EIL

ClL - C3L - 2C4 =

™)

Ans.

(—4x% + L2x1)

Ans.

v, (—4x3 + 12Lx3 — 11L%x, + 3L%)

L?

M=—%x2+wLx—wT
d*v W, wL?
= + -

Eldx2 > X wlx >

wL wlL?
B I R

w wL wL?
Elv = —ﬁxél + ?X3 — sz + Clx + Cz

ET

i (1)

_w
6

@

d
d—z:Oat x=0. FromEq(l) C =0

vp=0 at x=0. FromEq((2) C, =0
w

= ﬁ Ans.

v (—x* + 4Lx* — 6L%?)



694 PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS
F1-6. M = —2 3 F7-8.
6L 5
v _ w4 v, 3 Bm)——
dx? 6L My T
[
dv ) C
El/—=—"x"+C 1
o Lt G M)
Elv = il + Cx + C 2
v = 120Lx 1X 2 2)
18 kN-m
dv woL? 1 18kNm —_——
= = = = = —— EI
Ir 0Oat x = L. FromEq(), ¢ 2 5 ( )(3 m)
=0 at x=1L. FromEq(2), C,= wol 1 /18KkN
et ) +13F, = 0; v/;—z(iE m>(3 m) =0
(=x° + 5L% — 4L5) Ans. 27 kN - m2
= T0EIL g, = KN Ans.
EI
1 /18kN-'m 2
FIM, =0, —My—| = 3 <3 -0
F7-7. (FEMa =0 A {2( )( )}{3( m)}
4kN-m? 4kN -
A | My =A4A,= > = - > m’ ) Ans.
Q 7 EI EI
Ay % ‘
041~ F7-9.
tan A
tan B
M ~"%0p
EI F
7 Ap =tpa
| B/4 tan A
3
0 — x (m) M
EI 8kN-m
EI
18 kN-m
EI x (m)
1 18 kKN -m 27 kN - m?
04 = 10a/8] = ‘5<7)(3 )‘ g Ans 8kN ‘m 32 kN - m?
O = [0p/4] = (4m) = —E A Ans.
lSkN ‘m
Ag = |tass| = 5 ———— )@ m) §(3m) 8kN m
Ap = ltgjal = (4 m) 5(4111)
54 kN -m’ l A
= ns. .
EI _ mT Ans.

EI



F7-10.

(552)

—
o

)y

PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F7-12.

Vs
R o.sz‘ 7( - )(15 )
+12F, = 0; < i )(4 m) — Vi =0 Ve
2 e
32kN-m (T
0y = T P Ans. ‘4;1 5m
SkN-m SEARLE
L+2MB 0; Mb [(T)(4 )}(Zm) =0 2 EI\; m
64 kKN - m? 5
' SkN’
My = Ay = o Ans. +T2Fy =0 -V, - Tm =0
0 v SkN-m*>  SkN-m?
A A EI EI
F7-11. 1/25kN
(+3M¢ = 0; {2 (Tm)ﬂS )}(OSm)
M 2.5kN-m
" s (P Josm -
EI
/zsgm ) 2.8125kN-m* 2.81kN-m?
Ap = M = = l
| | EI EI
| 15 o
5kN-m 15kN - m’
= |3 (B em] | 2am | - B P,

1
2
= L) sm s

[ =osmrosn)

465N
EI u
A= Ly _1(15kN-m3) _ 75KN-m’ El 12kN‘m
284 EI El El
0 ltgral  15KN-m’/EI  5kN-m? - B
- - = ns.
) LAB om E ! ! Y X(Il’l)
3 3 0 3
A A 75KN-m’  4.6875KN-m
c le]an = =1 EI 0. — g 1 (12kN m)(3 | 18 kN - m?
2.81 kN -m® 2 EI El
== ! Ans.

EI

695

Ans.

[J—
c=

Ans.



696 PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

1 /12kN-m 1 18 kN -m’ F7-15.
tc/A:b( EI >(3m)M§(3m)} = E
. 18 kN - m? 54 kN -m’
A" =0Lsc = (7El )(Sm) -
) S4kN-m®> 18kN-m® 36kN-m’
Ac—A _[C/A_ EI - EI - E] lAIZA.
F7-14.
1 /12kN-m
7( El >(6m)
Ans.
8 kN - 37.33kN-m’
+ {(7111)(2111)](1 m) = 2
EI EI
24 kN - m? 96 kN -m?
A =0,L,c="—)dm)= ———
baLac ( EI )( m) EI
Anm Al — s = 96kN-m*  37.33kN-m’
¢ cra EI EI
18 kN - m?
=0, —Vj—-——1—= 58.7kN-m’
+T2Fy 0 Va EI 0 SRELIE S\ ) Ans.
EI
18kN-m> 18kN-m?
Vi=0, = EIm = EIm < Ans.
F7-16.
18 kN - m?
\+SMe=0; Mg+ (7m>(3m)
EI 8 kN-m 1 /8kN-m 48 kN-m?
( EI )(4m)+5( EI )(4m): EI
- F <712kN'm)(3m)](1 m) =0
2 EI

36kN-m’ 36 kN-m’ |
EI EI

Ans.

24 kN-m? 24 kN-m?
EI EI




PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS 697
1 (8kN-m 8kN-
5 @2m) (——)@2m) 1/ 18kN-m 2
2( EI ) ‘(k EI ) AB:‘tB/A|: 5 —T (2m) 2m+§(2m)
_ 60 kN -m’ l
¢ Ve -~ EI
D"
*14667 mel1 m+ FI-18.
* m
2
24 kN-m? — 3 (2m) | 2m \V,
EI ‘ ‘ " M
=)
24 kN - m?
IR =0 V- T =0
24 kN - m?
0, =V, = Tm ~ Ans.
24 kN - m? 1 (18kN-m
(+3Mc = 0; M'c+(T>(4m) > (5 em
1 /8kN-m 1 /18kN-m
- = =——)2m)|@667 + =0, —Vp—-(—pr =
{2( £l )( m)}( m) 13F, =0, —Vj 2( 7l )(Zm) 0
_ (8kN-m _ 18kN-m?  18kN-m?
( 7l )(Zm)(lm)f() 05 = i = £ < Ans.
58.7 kN -m®
Ae=Mr=——— Ans. 1 /18KkN-
c c Bl l S My = 0 M’B+{*(7m)(2m)}
2 EI
{%(Zm) + Zm} =0
F7-17. 3
60kN-m> 60kN-m’
| tan A M'p = Ap = El = El ! Ans.
| 05/
Ig/a
0, Chapter 8
tan B F8-1.
M
EI Member n (N) N (N) L (m) nNL (N2-m)
AB —1.667 —1000 5 8333.33
AC 1 600 3 1800.00
5 4 x (m) BC 1333 800 4 4266.67
>, 14 400
18 kN'm
EI ThllS,
NL  14400N?-m
1/ 18kN- 18 kN - m? IN-Ap = S22 =
Op = |93/A| = ‘5(_Tm)(2 m)‘ = TmWAnS. B, 2 AE AE
14 400 N -
B =7ml Ans.

v AE
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PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F8-2. F8-5.
Memb kN) N (kN L 2.
Member N oN N (P = 600N) L (m) N<ﬂ>L(N‘m) smber  n(kN) ) Ll nNL (kN”- m)
3P 5P AB 0 0 3 0
AB  —1.667P —1.667 —~1000 5 8333.33 AC 1414 8485 W 50.91
AC P 1 600 1800.00 aE il . 5 18.00
BC  1333P 1333 800 4 4266.67 D " e 3 0
S 14 400 o - 0 3 0
SNY L  14400N- g
Ap, = EN(f) === Ans. s
8P ) AE AE 2
TKN-A = 2nNL768.91kN ‘m
Du AE AE
F8-3. 68.9 kN -
Ap, = perxRrm o, Ans.
Member n (kN) NGkN)  L(m)  nNL(KN2-m) AE
AB 1 —4.041 2 —8.0829
AC 0 8.0829 2 0 FS-6.
BC 0 —8.0829 2 0 N N
cD 0 8.0829 1 0 Member N (kN) 5P N(P = 0)(kN) L (m) N<67P)L(kN -m)
2 AB 0 0 E 0
Thus, AC V2P +6) V2 6V2 3V2 50.91
NL 8.0829 kN?- BC —(P+6) -1 -6 3 18.00
1kN-A, = S = =
AE AE AD -6 0 -6 3 0
_ 80SkN-m _ 808kN-m S 0 2 0
AAh - AE = AE — Ans. > 68.91
SN\ L 68.9kN-m
> <8P>AE AE "
F8-4
SN N
Member N (kN) P N(P = 0)(kN) L (m) N(g)L(kN m) F8—7.
AB P —4041 1 —4.041 2 —8.083 Member n (kN) N (kN) L (m) nNL (kN2 - m)
AC 8.083 0 8.083 2 0 AB 0.375 18.75 3 21.09
BC ~8.083 0 ~8.083 2 0 BC 0.375 18.75 3 21.09
CD 8.083 0 8.083 1 0 AD —0.625 —-31.25 5 9766
S —8.083 CcD —0.625  —3125 5 9766
SN\ L 8.083 kN - 8.08 kN - BD 0 50 “ g
Ay =2N(7>7 - m_ B Ans
d SP)AE AE AE 32375
nNL  2375kN?-m
1kN-Ap = =
0, = X AE AE
237.5kN-
Ap = M ! Ans.

v A E



PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F8-8.
Member N (kN) % NP = 0)(kN) L (m) N(%)L(kN *m)
AB 2P+ 1875 0375 1875 3 21.09
BC 2P+ 1875 0375 1875 3 21.09
AD —(GP+3125) —0625 ~31.25 5 9766
cD —(P+3125) 0625 ~31.25 5 9766
BD 50 0 50 4 0
3, 237.5
Ap, = EN(%\’])ALE = 7237'11(EN.H} ! Ans.
F8-9.
Member n (kN) N (kN) L (m) nNL (kN? - m)
AB 0 -6 15 0
BC 0 —6 15 0
BD 1 0 2 0
CD 0 10 2.5 0
AD —1.25 -10 2.5 31.25
DE 0.75 12 15 13.5
3, 44.75
2. .
LKN-A, = E}Z\fé _ 44.75;;1 m, Ay = 44.711(;\1 m l
Ans.
F8-10.
N (kN) Z’;’ N(P = 0)(kN) L (m) N(?) L(kN - m)
AB —6 0 —6 15 0
BC -6 0 —6 15 0
BD P 1 0 2 0
CD 10 0 10 2.5 0
AD  —(125P +10) 125 -10 25 3125
DE 0.75P + 12 0.75 12 15 13.5
> 4475
Ap, = EN(%) L _ 4475kN-m ! Ans.

AE

AE

699
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PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F8-11.

Member n (kN) N (kN) L (m) nNL (kN2 - m)
AB 0.5 50 2 50.00
DE 0.5 50 2 50.00
BC 0.5 50 2 50.00
CD 0.5 50 2 50.00
AH —0.7071 =70.71 202 141.42
EF —0.7071 =70.71 22 141.42
BH 0 30 0
DF 0 30 0
CH 0.7071 28.28 22 56.57
CF 0.7071 28.28 22 56.57
CcG 0 0 0
GH =i =70 140.00
FG -1 =70 140.00

3 875.98
2., .
KN~ A, = EIZV; _ 875.951541;5N m’ Ac = 876};1; m ! Ans.
F8-12.

Member N (kN) % N(P = 40kN) L (m) N(%)L (kN m)
AB 0.5P + 30 0.5 50 2 50.00
DE 0.5P + 30 0.5 50 2 50.00
BC 0.5P + 30 0.5 50 2 50.00
CD 0.5P + 30 0.5 50 2 50.00
AH —(0.7071P + 42.43) —0.7071 —70.71 2V2 141.42
EF —(0.7071P + 42.43) —0.7071 =70.71 2V2 141.42
BH 30 0 30 2 0
DF 30 0 30 2 0
CH 0.7071P 0.7071 28.28 2V2 56.57
CF 0.7071P 0.7071 28.28 22 56.57
CcG 0 0 0 2 0
GH —(P + 30) -1 ~70 140.00
FG —(P + 30) -1 ~70 2 140.00

3, 875.98
Ac = ZN((S*N)L _ 875.98 kN +m
v 6P JAE AE
_ 876 kN -m l Ans.

G AE



PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F8-13. For the slope,

2 3m

moyM (—1)(—30x)
1kN-m- = dx = -~ 2~ = 7 d

m-0, /0 £l X /0 £l x
_ 135kN*-m’
EI
135 kN - m?
0A = SSEiIm P Ans.

For the displacement,

L 3m
M —x)(—=30 270 kN? - m®
1kN-AA”=/ de:/ (—x)( x)dx: 70 m
0 0

EI EI EI
270 kN - m?
Ay, = & El = l Ans.
oM
F8-14. For the slope, M = —30x — M’.Then,w = —1.
Set M’ = 0. Then, M = (—30x) kN - m.
L 3
0, :/ M( GM)LLX :/ "(=30x)(—1)dx
0 oM'JEI [, El
135 kN - m?
= T P Ans.
. oM
For the displacement, M = —Px. Then wp -

Set P = 30kN. Then M = (—30x) kN -m.

A o\ apr JEL T, EI EI

F8-15. For the slope,my = 1 kN-mand M = 4kN-m.

L 3m
meM 1)(4)d 2,3
1kN.m.9A:/ 0 dx:/ (D(#dx _ 12kN?-m
0 0

El El El
g — 12 kN - m? p
= ns.
A El
For the displacement,m = xkN-mand M = 4kN-m.
L 3m
M “Mx(4)dx 18 kN?-m’
1kN-AA:/m—dx:/ @dx _ =
o)y EI o EI EI
18 kN - m’
Ay = 7mT Ans.

El
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oM
For the sl M = M'.Then — = 1.
or the slope, en -+

Set M' = 4kN-m.Then M = 4kN-m.

L 3m
M 4(1)dx  12kN-m?
eA:/M(a )d—xf/ (Ddx _ T o Ans
0 0

F8-16.

oM’ JEI EI EI

oM
For the displacement, M = (Px + 4) kN -m. Then P

Set P = 0. Then M = 4kN-m.

L 3m
oM\ d "M4(x)dx  18kN-m’
Ay = / M(*)fx:/ ) = o 1 Ans.
v 0 JoP JEI 0 EI El

F8-17. For the slope,my = —1 kN -m and
M = (—x*) kN -m.

L 3my_ 3 2 3
meM =DH(E=x) 20.25 kN?-m
1kN-m-fg=[ ——dx= dx =
% /0 El /0 El El
20.25 kN - m?
B = B ~ Ans.
For the displacement, m = (—x) kN -m and
M = (—x*)kN-m.
L 3m 3
mM (—x)(—x")
1kN-Ag = [ —dx = ————d
B, /0 El /0 el “
_ 48.6kN?-m’
B EI
48.6 kN - m®
B, — 86EI = l Ans.

F8-18. For the slope, M = —(M' + x*) kN -m.Then
oM

- 1.
oM’

Set M’ = 0.Then M = (—x*) kKN -m.

e [t [
B ), T\em' JEL ), EI

_ 2025kN-m’ <
EI
For the displacement, M = —(Px + x*) kN +m.

Ans.

oM
Thena—P = —x.Set P = 0,then M = (—x*) kN -m.
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L 3m 3
_ SM\dx (—=x”)(—x)dx
Ap, = /0 M(5P>E1_ /0 EI

_ 48.6kN-m’ !
EI

F8-19. For the slope, my = (1 — 0.125x) KN - m and
M = (32x — 4x*) kKN -m.

LN-m- 6 /ngMd /Sm(l —0.125x)(32x — 4x?) .
‘m- = Ix = X
A7), EI 0 EI

~ 170.67kN?-m’

EI
171 kN - m?
W= % Ans.
EI
For the displacement, m = (0.5x) kN -m and
M = (32x — 4x})kN-m
4m 2
mM 0.5x(32x — 4x7)
1kN*Ag = [ ——dx =2 ——d.
Gy / el /0 EI *
_ 426.67 kN?-m®
EI
427 kN -m’
ACU = Tm l« AIZS.
F8-20. For theslope, M = M’ — 0.125M'x + 32x — 4x°.
oM
Then oM 1 — 0.125x.

Set M’ = 0,then M = (32x — 4x*>) kN -m.
L 8m 2
32x — 4x?)(1 — 0.125
m [y G002
0 0

aM')EI EI
170.67kN-m?> 171 kN-m?
= = ~ Ans.
EI EI
For the displacement, M = 0.5Px + 32x — 4x°.Then
oM 5
P 0.5x.Set P = 0,then M = (32x — 4x°) kKN - m.
oM\ d. 4m(32x — 4x?)(0.5x)dx
se.— [u(20)ee o [ )(0:57)
v oP JEI 0 EI
426.67kN-m*  427kN-m’
= = ! Ans.

El El

Ans.

PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F8-21. For the slope, (my); = 0, (my), = —1 kN -m,

M, = (—12x;) kN m,and M, = —12(x, + 2) kN -m.

LmgM 2mO(—12x;)
1kN-m-0. = dx = ————dx
0 0

EI EI
2m
D[ —12(x, + 2
+/ (=D[—12(x, )de
0 EI
72kN?-m?
1kKN m+0p = —
m=be EI
72 kN - m?
O0c = T? Ans.

For the displacement, m; = 0, m, = —x,, M; = (—12x;) kN - m,
and M, = —12(x, + 2) kN -m.

L 2m
M 0(—12x
1kN~AC=/m dx=/ o=tz
0 0

EI EI
2m(—xy) [ =12(x; + 2) ]
+ / dx
0 EI
80 kN?- m’
1kN-Ap = ——
CV EI
80 kN - m?
Ac, = B ! Ans.
F8-22. For the slope, M; = (—12x;) kN - m, and
Mz = _12(.X2 + 2) - M’.
Thus, 220 — 0 and M2 — 4 Set 7= 0, M, = —12(x, + 2
us,—p = 0and —m =—1.Se =0,M, = (xy +2).

L 2m
oM \ dx —12x,(0)
= _— = _ +
be /OM(aM’)EI /0 TR
/2[—12()62 +2)](-1)
dx
. El

72kN-m
= >

El Ans.

For the displacement, M; = (—12x;) kN -m and
M2 = —12(x2 + 2) - PXZ.

Thus, "M — ¢ and 222 _ SetP =0
us,aP—an aP—xz.e =0,

M, = —12(x, + 2) kN -m.



PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

Ac = / LM(W)d’“ / TER0O
©< J, "\or)EI ], EI

/Zm[—u(xz +2) (—xy) "
0

El

B 801<N-m?l
- EI

F8-23.
1
M; = 0.5x;, M, = 0.5x,, M, = (24xl - gx%) kN-m

1
and M, = <48x2 — 6x3 + gxz) kN -m.

1
6m(0.5x1)<24x1 - gﬁ)

LmM
1kN-Ap = | ——dx = dx; +
Cy /0 El T /0 EI 1
2 1 3
6m(0.5x,)| 48x, — 6x5 + P
d
/0 EI 2
_ 1620kN?-m*
EI
1620 kN - m®
C, = EI o l A’?S.
1 3
F8-24. M, = 0.5Px, + 24x, — PRit
_ 2 1 3
Mz = O.SP)CZ + 48)C2 - 6X2 + ng.
Th oy _ =05 oM, =05
en aP X1, T aP X).
1
SetP = 0,M; = | 24x; — gx] kN -m and
, 1
M2 = 48)(2 - 6X2 EXZ kN ‘m
(24 -1 3)(05 )
e LM(GM)dx_ 6m X1 6X1 DX .
= ), "\epr JEI ~ J, El Y
1
6m(48x2 - 6x3 + gx3>(0.5x2)
+ d
/0 El 2
1620 kN - m®
=2 ) Ans.

El
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Chapter 9
F9-1. Superposition
Px? 40(2%) 266.67 kN - m®
= ——BL —x)= 3(4) -2 ="
T ¥) = opr B® 2 EI l
Lpe? £ 2667Tm’ )
BB T T3EI  24EI  24EI EI
Ap = Ap + B,fpp
266.67 kN - m® 2.667 m?
+ =-————+B|——F——
+1o EI B y( EI )
B, = 100 kN Ans.
Equilibrium
LSF =0, A, =0 Ans.
+13F,=0; 100 -40—-A,=0 A, =60kN Ans.
(FIM, = 0; 100(2) — 40(4) — M, =0
M, = 40KN-m Ans.
F9-2. Superposition
Wo
M (= x)( 3) w0L4
= | —dx dx =
B /0 EI /0 EI = 30m
/ / LE=n(=x) X) _ L l
EI 3EI
Ap = Ap + BnyB
L3 WoL W()L
(+1) 30 EI y(SEI) Y70 10 "
Equilibrium
LSF =0, A, =0
1 wol 2woL
H1SF, = 00 Ay = Swl + 100 =0 A, = 5" Ans
W()L 1 L
+ =0; +—(@L) - | = =)=
M. = W0L2 Ans
A — 15 ns.
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F9-3. Superposition

. wL* 106" 1620 kN-m’
B 8EI ~ B8EI EI
1620(10%) N - m?

= 0.027 m!
[200(10%) N/m?] [ 300(10~°) m* ]
L? 6>  72m’
fap=-—=—-——= =
3EI  3EI  EI
72 m’

— -6
[200(109) N/m?] [300(10~°) m4] = 1.2(107°)m/N1

Ap = A + B,fss
(+1)5107 %) m = 0.027m + B,[—1.2(10°) m/N]

l

B, = 1833(10°) N = 18.33kN = 183kN Ans.
Equilibrium

i>EFX =0, A, =0 Ans.
+13%F,=0; A, +1833 —60 =0
A, = 41.67kN = 41.7kN Ans.
(+SM, =0; M, + 1833(6) — 60(3) = 0

M, = 70.0kN-m Ans.
F9-4. Superposition

Mox My(L) M,L?

Ag=— " (Lic—x) = [QL - L*| =~

8= SEIL . FA¢ T = eEiar) l@Ly -17) =75

_ Lic (LY 1
BB ™ 48EI ~— 48EI = 6EI
Ag = A + B,fps
M,L? ( L} ) 3M,

+1o= - +B|— ] B,="+ Ans.
+1 41~ \6EI) VT 2L "
Equilibrium

i>§:Fx =0, A, =0 Ans.

3M,
M,
C, = na Ans.
3M, M, 5M,

+T2Fy=0; Z—E—AYZO AY:I Ans.

PRELIMINARY AND FUNDAMENTAL PROBLEM SOLUTIONS

F9-5. Superposition
Pbx 50(2)(4)
A, = LZ _b2_2: 82_22_42
B = GEIL,. (FAc ¥) = ki@ ¢ )
_366.67 kN -m’ !
EI

fon = Lic 8 10667 m3T
BB ASEI ~ 48EI EI
Ap = Ap + B,fps

366.67 kN - m? 10.667 m®
+ = +
Sk EI B y( EI )
B, = 34.375kN = 34.4kN Ans.
Equilibrium
(HF3SM, = 0; 34.375(4) — 50(2) — Cy(8) = 0
C, = 4.6875kN = 4.69 kN Ans.
+13F, =0, A, + 34375 — 50 — 46875 = 0
A, = 20.3125kN = 20.3kN Ans.
LSF =0 A, =0 Ans.

SwL} 5(10)(12% 2700 kN - m?
F9-6. A,:WAC:()( ): m
384EI 384EI EI
2700(10°) N - m?
- . : ———7 = 0.045m]
[200(10%) N/m?][ 300(10~ ) m* |
fon = Lic 122 36m’
BB 48EI ~ 48EI  EI
36m’

= -6
[200(109) N/m?][300(10~°) m4] 0.6(10"°) m/NT

Ap = A + B,fps
(+1)5(1073) m = 0.045m + B,[-0.6(10"%) m/N

B, = 66.67(10°) N = 66.7 kN Ans.
Equilibrium

(FEM, =0;  C,(12) + 66.67(6) — 120(6) = 0

C, = 26.67kN = 26.7kN Ans.
+13F, =0; A, + 2667 + 66.67 — 120 = 0

Ay = 26.67kN = 26.7kN Ans.
i>2Fx =0 A, =0 Ans.



Answers to Selected Problems

Chapter 1
1-1. Fyeaqg = 9OkN;  Fje = 922kN; F = 182kN
1-2. w =384kN/m
1-3. DL = 5.63kN/m’
1-5. wp = 122kN/m
1-6. DL = 30.6kN
LL = 72.0kN
1-7. w = 222kN/m
1-9. w =515kN/m
1-10. F = 173kN
1-11. wp = 129kN/m
1-13. py_s = 760 N/m? or 1427 N/m?
Po1 = 824 N/m? or 1492 N/m?
P76 = 876 N/m? or 1543 N/m?
Po1 = 927 N/m? or 1595 N/m?
1-14. F = 41.4kN
1-15. p; = 0.968 kN/m’
1-17. LL = 1.70kN/m?
1-18. LL = 3.02kN/m’
1-19. P; = 0.806 kN/m’
1-21. p; = 0.457 kN/m’
1-22. p = —1010N/m? or 541 N/m?
1-23. p;= 121 kN/m’
1-25. External pressure on windward side of roof
p = —877N/m?
External pressure on leeward side of roof
p = —425N/m?
Internal pressure
p = F240N/m?
Chapter 2
1 . 15kN/m
2-1. Floorliveload 278 KN/m
B, = E, = 27225kN
) 7.50 kN/m
Floorliveload = 10.89 kKN/m
2-2. wpgp = 1452 kN/m
B, = E, = 4356 kN
2-3. Reaction atB: 5.76 kN1
Reaction atA: 2.88 kN1
2-5. Reaction atB: 15.36 kN1
Reaction atA: 7.68 kN1
2-6. wpgp = 12.5 kN/m
B, = 56.43kN
2-7. wgp = 12.54 kN/m
B, = 1881 kN

WABCDE — 6.27 kN/m

2-9.
2-10.

2-11.

2-13.

2-14.

2-15.

2-17.

2-18.

2-19.

2-21.

2-22.

2-23.
2-25.

2-26.

Live load for office: 14.24 kN /m
Live load for office: 21.36 kN /m
3.60 kN/m

Live load for office: m

(a) Unstable

(b) Stable and statically determinate

(c) Stable and statically determinate

(a) Unstable

(b) Stable and statically determinate

(c) Stable and statically indeterminate to the
second degree

(a) Unstable

(b) Stable and statically indeterminate to the
first degree

(c) Stable and statically determinate

(d) Stable and statically indeterminate to the
second degree

(e) Stable and statically indeterminate to the
first degree

(a) Unstable.

(b) Statically indeterminate to the sixth degree.
(c) Stable and statically determinate.

(d) Unstable since the lines of action of the reactive
force components are concurrent.

(a) Stable and statically indeterminate to first degree.
(b) Stable and statically determinate

(c) Stable and statically indeterminate to first

degree

Fge = 5722.5d

F, = \V(3433.5d)> + (4578d — 6867)
B, = 782kN

A, = 4kN

A, = 8T1kN

A, = 7.94kN

A, = 3.04kN

C, = 7.94kN

C, = 596 kN

B, = 642N; A, = 180 N;

A, = 192N

Fr = 158kN, C, = 105kN, C, = 7.9kN
A, = 400 kN

My = 63.0kN-m

B, = 17.0kN

B, =0

A, = 12kN, C, = 12kN, C, = 0
My| = 84kN-m, B, = 30kN
705
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ANSWERS TO SELECTED PROBLEMS

2-27. F =311kN; A, = 460 kN;
A, = 785kN
2-29. N, = 15.0kN
C,=0
C, = 27.5kN
Me = 350kN-m
2-30. Nz = 7.50kN
N, = 1.50 kN
E.=0
E, = 10.0kN
Mg = 30.0kN-m
2-31. A, = 12.0kN
A, = 16.0kN
C, = 12.0kN
C, = 16.0kN
2-33. A, =182 kN
A, = 436 kN
C, = 182kN
C, = 13.6 kN
2-35. A, =24.0kN
A, = 30.8kN
B, = 24.0kN
B, = 692kN
2-37. B, =B, =220N; A, = 300N;
Ay = 80 4N
2-39. Member AB: A, = 244kN; A, = 5.75kN;
Member BC: C, = 2.44kN; C = 7.25kN
2-41. Member AD: A, = 12kN; A, = 10kN;
Member BE: B, = 16 kN; B, = 0;
Member FC: C, = 12kN; C, = 6 kN;
M = 36kN-m
2-42. Ny = 66.7kN
D, = 533kN
D, =0
Nc = 542kN
A, =0
Ay, = 175kN
Nr = 183 kN
E. =0
E, = 90.0 kN
2-43. A, = 59.4kN
A, = 65.3kN
C, = 40.6 kN
C, = 107kN
2-1P. F = 334kN
It is not reasonable to assume the members are pin
connected, since such a framework is unstable
Chapter 3
3-1. (a) Statically indeterminate to third degree.

(b) Statically determinate.
(c) Unstable.

3-2.

3-3.

3-5.

3-6.

3-7.

3-9.

(a) Internally and externally stable. Statically
determinate.

(b) Internally and externally stable. Statically
indeterminate to the first degree.

(c) Internally unstable.

(a) Unstable.

(b) Statically indeterminate to the second degree.

(c) Statically indeterminate to the first degree.

Joint A:

FCD = FAD = 0.687P (T),

Fep = Fyp = 0.943P (C);

Fpa = 231 kN( )
Fre = 231kN (T)
Fayp = 224KkN (T)
Fpe = 224N (T)
Joint A:
Fay, = 742kN (C)
Fag = 525kN (T)
Joint B:
Fg. =0
Joint L:

Fix = 6.01kN (C)
Joint C:

Fex = 1.00kN (T)
Joint K:

Fy; = 4.59kN (C)
Joint D:

F;p = 4.00kN (T)
By symmentry:
Frg = 5.25kN (T)
FHF =0

Fy; = 6.01 kN (C)
Fip = 224kN (C)
Fy; = 4.59kN (C)

Fpc = 924kN (T); F o = = 4.62kN (C)
Fprp = 924 kN (C), = 924kN (T),



3-10.
3-11.

3-13.

3-14.

3-15.

3-17.

3-18.

P = 520kN

Joint D:

Fpr = 16.3kN (C);
Joint E:

Fry = 885kN (C);
Fre = 6.20kN (C);
Joint C:

Ferp = 877kN (T);
Joint B:

Fgy = 311kN (T);
Fgr = 620kN (C);

Joint F:

Fgr = 20kN (T); Fou = 15 kN (T);
Fap = 180KkN (C); F4p = 10.0kN (C);
Fpp = 417KN (C); Fpp = 7.50kN (T);

)
Fpr = 167kN (C)
Fgr = 125kN (T)
Fgr = 192kN (T)
Fpe = 11.2kN (C)
Fep = 19.5kN (C)
Fep=Fcp =0
Fap = 2.40P (C)
F,r = 2.00P (T)
Frr = 1.86P (T)
Fep = 0.333P (T)
Fpr = 0.373P (C)
Fgr = 10.0kN (C), Frc = 10.0kN (C),
Fpr = 10.0kN (T), Fep = 2.00kN (C),
Fep = 8.00kN (C)
F, = 4.00kN (T)
F,p = 5.00kN (C)
Fre = 0.500kN (C)
Fgr = 9.01kN (T)
Fge = 10.0kN (C)
Fep = 1125kN (C)

3-19.

3-21.
3-22.

3-23.

3-25.

3-26.

3-27.

3-29.

3-30.

3-31.

3-33.

3-34.

3-35.

3-37.

3-38.

3-39.

ANSWERS TO SELECTED PROBLEMS 707

For = 33.0kN (T), Fre = 6.71 kN (T),

Fep = 402kN (C)

Fey = 114KN (C), Fyy = 8.10kN (T), Fy = 0
Fyc = 8.00kN (T); Fyg = 10.1kN (C);

Fps = 1.80kN (T)
By inspection, BN, NC, DO, OC, HJ,JG and LE are
zero-force members.

Frrp=7875kN (T)

Frg = 925kN (C)

Fep = 1.94kN (T)

F;p = 10kN (C), Fgc = 18kN (T),
Fu = 894kN (C)

Fep = 240kN (C)
Fge = 120kN (T)
Fp; = 53.8kN (C)
Fu = 83.5kN (C)

Fyg = 0; F,p = 3.00kN (T);

Fyc = 541kN (T);

Fryg = 6.71kN (C)

Fgr = 17718 kN (T); Fcp = 2.23kN (C);
Fep=20

Fa6 = Fpr = 0,Fag = Fpp = 9kN (C),

Fup = Fpc = Fpr = Fcg = 849kN (T),

Fyc = Fgp = 6 kN (C), Fgg = Fcp = 12kN (C)
For = 125kN (C)

Fep = 6.67kN (T)

Fc =0

Fcp = 810kN (T)

F;; = 11.4kN (C)

Fp; = 3.82kN (T)

Fup = 390kN (C); Fge = 2.50kN (C);

Fep = 2.50kN (C);

Fpe = For = Fgu = Fey = Fyp = 0

Fup = 0, Fyp = 400kN (C); Frp = 8.94kN (T)
Frp = 11.3kN (C); Fge = 4.00kN (C);

Fcg = 894kN (T); Fgp = 0; Fcp = 11.3kN (C);
Frp = 16.0kN (C)

Fap = 6N (C)

F,5 = 580N (C)

Frg = 820N (T)

Fge = 580N (C)

Frr = 473N (C)

Ferp = 580N (T)

Fep = 1593N (C)

Frp = 1166 N (C)

Fp, = 1428 N (T)

F,p = 1.00KN (T), Fgc = 0, Fgp = 3.32kN (C),
Fep = 1.00kN (C)

Frg = 0,Fgp =0
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3-41. Joint A:
FAC = FAD = 1.50kN (C),
Joint B:
FBC = FBD = 370 kN (C),
Fgp = 480 kN (T)
342, Fp, = 4.08KkN (C)
Fge = 2.89kN (T)
FBA =0
Fac = 2.89kN (T)
3-45. FBC = FED = 3.50kN (T)
Fya = 4.00kN (T)
Fra = 4.00kN (T)
3-1P. Fy; = 302N (C); Fgr = 302kN (C);
FDC = FBC = 36.3kN (T),
Fpr = Fgy = 0; Fre = Fae = 15.1kN (C)
Chapter 4
41. No=0,
Ve = 10kN
MC =-8 kN'm,
ND = O,
VD = O,
Mp = 12kN-m
42. No=0
Ve = —1.00kN
M = 40.0kN-m
43. No=0
Ve = —5.00kN
M = 20.0kN-m
ND =0
Vp = —20.0kN
Mp = 40.0kN-m
4-5. NE =0
V,=-50N
Mg =-100N-m
Vp = 750N
Mp =—-130kN-m
47 Np=-80N
VD =0
Mp = 120kN-m
49. N.=0
VC =0
MC =0
410. No= 0

ANSWERS TO SELECTED PROBLEMS

Ve = —49.5kN

4-11.
4-13.

4-14.

4-15.

4-17.

4-18.

4-19.

4-21.

Mc= —450kN-m

ND =0

Vp = —9.00 kN

Mp = 450kN-m
L

73

For0 =x<1m,

V = 450 kN

M = {4.50x} kKN -m

Forlm < x < 3m,

V = 0.500 kN

M = {0.5x + 4}kN-m

For3m < x = 4m,

V = —=550kN

M = {=5.50x + 22} kN-m

V=P+w(L —x)

PL wx?  wlL?
= - — 4+ _ — -
M = Px > wlLx > >
For0 = x < L/2,
Wo
V= T(SL — 4x)
_ "o 2 2
M = ﬁ(—12x + 18Lx — 7L7)
ForL2 <x =1L,
v="0L - x)2
L
0 3
M=——(L — x)°
s (LX)
For 0 =x <4m,
V = {200} N

M = {200x} N-m

For 4m < x = 6m,

V = {-400N}

N = {400(6 — x)} N-m
For 0 =x <4m,

V = {40.0 — 15x%) kN

M = {40.0x — 7.50x*} kN -m
Fordm < x = 6m,

V = {-20.0} kN

M = {20.0(6 — x)} kN-m
For 0 =x<a

_MO
T L
M—M"
Fora<x=1L
V—M"
L
M*M" L
*L(x )
w.
V=—"2(L%—-3x2
6L( x”)
WoX s 2
= — (L% —
6L( x7)



4-22.

4-23.

4-25.

4-26.
4-27.

4-30.

4-31.

4-33.
4-35.

4-37.

4-38.
4-39.

For 0 = x <3m:V = 200N, M = {200x} N - m,

1
For3dim<x=6mV = {fﬂ

M= {—%f + 500x — 600}N-m
For 0 = x < 3m,

V ={-133x> + 14} kN

M = {—0.444x> + 14x} kKN-m
For3m < x = 6m,

V = {—8x + 26} kN

M = {—4x? + 26x — 12} kN-m
Vinax = 48kN

M = 96 kN -m
x=L"V=waM=—wa2
Vimax = —30.0 kN;

M, = —50.0kN-m
V=P+w(L —x)

2 YTy T

wa? 5
x=(al2L) 2L —a),V=0,M = @(ZL —a)
w; = 6.67kN/m, w, = 60kN/m, M = —15.7kN-m

Vi = £75kN
My = 13.7kN-m
A, = 132kN

D, = 11.8kN
14

= (—0.5x>+125) kN, M = (—0.125x* + 125x) kN - m

240 kN
6.00 kN
4m 15m
1.5m
—6.00 kN
Shear Diagram
L 4m
\
1.5m
~48.0kN'm 9-00 kN-m

Moment Diagram

3 X2+ 500} N,

4-51.
4-53.
4-57.
4-59.
4-1P.

ANSWERS TO SELECTED PROBLEMS

Viax = 83.0kN
M,.. = —180kN-m
9.00 kKN

\
15m 43—m+

6O0KN

1.5m

1.5m

12.0 kN

Shear Diagram

—9.00 kN - m

‘4</ |

1.5m 3m |

¥1-41-9.00kN - m

—18.0kN - m

—36.0kN -m
Moment Diagram

Outward: M., = 20.0kN-m
Inward: M., = 30.0kN-m
Vinax = —13.75kN

Mo = 23.6 kN -m

(Mmax)AB = 26.7kN-m;
(Mmax)BC =9024kN-m

Mypax = —24kN-m

M ax = —200kN-m

Myax = —34kN-m

My = —34kN-m

Front girder: M, = 18.6 kN-m
Side girder: M, = 46.8 kN-m

709
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Chapter 5 A, =0
5-1. yg =0867m; y, = 0.704m T'=275kN
52 P— 103KN. 5-39. B, = 208kN
P = 17.1kN B, = 3.125kN
53. yy=353m; P = 0.800kN; ﬁx = ’13'982 lg
Tmax: TDE = 8.17kN Cy ; 2 83 kN
55. Ty = 858N; yz = 1.67m Tz
56. Tye = 1.18kN Cy = 209kN
y = 575m
5-7. P =267kN
Chapter 6
59. Ty = 125kN
R 61 (@) r =681 1
5-10. y = 0.016x2 (b) x =4-Ve = =5 x=4"Ve =3
T. = 160 kN (€) x =2.Mc =3
511 Tj = 303kN 6-2. gf))) vt
T, =258kN A AR
513, Tpy = 1800KN () x = 2.Mc =5
Tmm = 2163 kN 6-3. (a) (MC)max =2
max (b) A4, =1
514. h= 0433 L o
5-15. y = (38.5x2 + 557x)(1073) m; o g ((LC);* o5
Tmax = 5.20kN : (b) (VC+)max :1_ ’
5-17. Vyux = +32.5kN © ( Bsm:f; 125
<18 fymax: 116%%11‘{11\\11'“1 6-9. (a) x = 6,4, = Lx = 12,4, = 05
18 Lin = (b) x =127,V = —05x = 12",V = 05
Tiax = 1789kN (©) x = 0,M¢ = —3,x = 12,M¢ = 3
D= 200 kN 611 (2) (Mp)pas = 2
5-19. Vmax = 100 kN (b) (VB) =1
Mipax = 100 kN -m © 4, 7
S21. h=585m 6-15. (a) 8,14), (b) (2,3), (¢) (2,0.4)
5-22. L =100.664 m 6-17.  (M)max = 141.6 KN, (V) oy = 20 kN
5-25. L =259m 6-18. (M) max = 40.0kN-m;
5-26. h=111m (V) max = 1.50 kN
5-27. (Fu)r = 234kN 6-19. (M,)max = —298kN-m
(F,)r = 942kN (VE)max = 26.4 kKN
5-29. L =168m 6-21.  (M()max(+) = 139 kN -m;
5-30. (F,)a = 165N (Va)mas(r) = 137.5kN
(Fn)a =7139N 6-22. (a) (My)max = —50kN-m
3. 4,=0 (6) (Vi) max = —8KkN
C, = 9.55kN 6-23.  (Mp)max(s) = 89.6 kKN - m;
A, = 155kN (VE)max(s) = 24.6 kKN
T = 432kN 6-25. (Mp)max() = —37.5kN-m
533. h =1575m (VE) max(r) = 275 kN
hy =27.0m 6-26. (a) 10.3kN, (b) —20.1kN-m
hy = 3375m 6-27. (a) (Vs)max = 0.6
5-34. Mp = 600kN-m (b) (Mp)max = 2.4
5-35. M, = 10.8kN-m 6-29. (Mp)max(+) = 150kN-m
537 Fy=677kN 6-31.  (Vep)max(-) = —335kN
F, = 108kN (Mr)max(+) = 895 kN -m
Fe=11.7kN 6-33. (VaOmax() = —821kN;
5-38. N = 67.5kN (Mp)max(+) = 12.3kN+m
A, = T25kN 6-34. (Mp)ma = 10.7kN-m



6-35.

6-37.

6-41.
6-43.
6-45.

6-49.
6-50.
6-53.
6-54.
6-55.

6-57.
6-58.
6-59.

6-61.

6-62.
6-63.
6-65.
6-66.
6-67.
6-69.
6-70.
6-71.
6-73.
6-74.
6-75.
6-717.
6-78.
6-79.
6-81.

6-82.
6-83.

(VBC)max(f) = —14.75kN
(MB)maX (+) = 26.0kN-m
(VCD)max(+) 47.5 kN
Atx = 16,F]] = —1.778
(a) (FHI)max = —0.625
(b) (FFl)max = —0.833

(C) (FEF)max =1
(FBF)max = —0.417
(FBC)max =075

27.0kN (C),0
(FKJ)max(C) = 27kN (C)
(FC/)maX(T) = 450kN (T)

(FCJ)max (c) = 10.1kN (C)
(FCD)maX = 108 kN (T)
(FDG)max 600kN(C)
(FCO)max (T) — = 5.71kN (
(FCO)max(C) = 35.7kN (C)
(FDO)max(C) = 7.25kN (C)
( (T)

(FDO)max T) — = 453kN
(M) = 44.1kN-m
(MC)max(+) = 20.0kN-m
736 kN-m

a=1.67Tm

(M) max(+) = 637.5kN-m
(MC)max(+) = 30.0kN-m
(FCD)max 9.00 kN (T)
M = 164 KN -m

MS = 21.0kN-m (Abs. Max.)
M, = 645kN-m

M = 882kN-m

V,b, = 13.75kN

Mdb, = 37.8kN-m

M =233kN-m

Ve = +12kN;

M = —46.8KkN-m

My = 348kN-m

Vi = 18.7 kN;
Mdbs =26.1kN-m

Chapter 7

7-1.

7-2.

7-3.

9 Mo(l . SM()QZ
AT Qppr Vmx T Ty

Pb
6pL @1~ (L7~ b
Pa
vy = m(?’X%L - x2
_wa

EI
waxq

12EI(

v —

(QL? + a*)x, + a’L)

2x2 — ax,)

7-5.

7-6.

7-1.

7-9.

7-10.

7-11.

7-13.

7-14.

7-15.

7-17.

7-18.

ANSWERS TO SELECTED PROBLEMS

__" 4 3 4
= (- + —
v, 24EI( x5 + 28a’x, — 41a”)
_ _41wa4
VB 24EI
0. — Pa(a — L)
AT 2FET
P + J—
v = 6Elbut[x1 3a(a — L)];
Pa
- L)+
v, = 6El[3x(x L) + a*];
o = 5o (4a® — 317
Vmax 24EI( )
0 = dv _ “ML
max dx =1L E] b
_ My
T 2EI”
M,L?
Vnmax — U‘x:L = - 2EI
6, = 2L <
A 24FEI
_ SwL*
ve = 384EI
2
Y11= 12EI + L)
= + 2 _ 3
vy = 24E[( 4X2 7L X2 3L )
_PL?
vmax SEI
_ 24kN-m?
b El
792kN - m
A, =
4 EI 3l
792kN - m
A, ="
A EI l
- 24kN - m’
b EI

65 = 0.00215rad S
Apax = Ac = 5.22mm |
0 = 0.00215rad ~%

Apax = Ac = 5.22mm |
0 = 0.545(103)rad <%
Apax = Ac = 127mm |

84
Ac =0
€ EI
8
A:E'ﬁ
16
EJ
0. =0
c 12

711
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Pa®
7-19. Ap = 12EIT 2
721, 6, = 11.8 kN -m
EI
18.6 kN - m’
Ap=——"
¢ EI l
18.6 kN - m?
7-22. Ap=—
¢ EI l
118 kN-m2<§
A EI
Twa’
7-23. 93 = OB/C = ﬁ
25wa*
Ac="4sEr
7-25. a = 0.153L
7-26. a = 0.153L
727, a=L
. a = 3
2PL?
7-29. 6c = S
PL?
Ap = —
b EI l
7-30. A = —3.86mm,f- = —0.00171rad
7-31. 6. = —0.00171rad
Ac = —3.86mm
3
wa
7-33. =g
3. 0c =
_ 41a* l
B 24FI
7-34. a = 0.152L
735 A _ TMyL? gy =MoL o\ Mol
=35, Ap =g ,(23)L = Ser 0 = g
60 kN - m
7-31. =
0 EI \
69.3kN-m
Apy = —————
max EI 2 J’
90 kN - m
7-38. =
38. (65)L £l
(O9)x = 30 kN - m’
BJR EI
630 kN - m?
An =
b EI l
Chapter 8
81 Az =11.3mm
8-2. Az =113mm
8-3. (A¢), = 29.7mm |
85 A, = 130mm]
8-6. A, = 130mm]
8-7. (Ap), = 943 mm
8-9. (A, = 623mml

ANSWERS TO SELECTED PROBLEMS

8-10.
8-11.
8-13.
8-14.
8-15.
8-17.
8-18.

8-19.

8-21.
8-22.

8-23.

8-25.

8-26.

8-27.

8-29.

8-30.

8-31.
8-33.

8-34.

8-35.

8-37.
8-38.

8-39.

8-41.
8-42.
8-43.
8-45.

8-46.

8-47.

8-49.

(Ay), = 6.227(10%)m = 6.23mm |
(Ac), = 9.60mm |
(Ap), = 3.38mm |
Ap, = 3.38mm!

Ap =295mm
(AA)h = 26.1 mm <
9, = wl?

4= 2aEr?

3.86 mm, 0.00171 rad
Ac- = 3.86mm

0 = 0.00171rad

65 = 0.00231rad %

Ap =7.82mm
0 = 0.00231rad~S
Ap = 816mm
65wa*
Ap = 48EI
_prL’? l
€ 48FEI
b — PL?
B 16EI

Oc = 0.378(103)rad <%
Ac = 0.811mm
6c = 0.378(10%) rad %
Ac = 0.811mm}

Ac = 409mm |
04 = 0.00298 rad
_ 467kN-m’
- 15 ?i }
2.5kN-m
AC = El l
_ 4.67kN-m’
< EI
1525 1<N-m3l
c EI
9.00 mm
_ 2935kN-m’ !
P 8EI
_ 2935kN-m’ l
P 8EI

Ag = 0.04354m = 43.5mm |
6, = 0.00529 rad

Ac = 179mm |
93.3 mm
_ SwlL?
S 8EI
_ wlL*
B 4EI .
1800 kKN - m
(Ag), = Ti



1800 kN - m®
8-50. (Ap), = Tl
16.7 kN - m? 18.1 kN-m’
8-51. 6, = £l Ap = £l
8—54. (AA)h = 72.0mm <«
300
8-55. (Ap), = i
8-57. 8.89 mm
8-58. 8.89 mm R
260 kN - m
8-59. == "V
4 EI
540 kN - m?
Ag), = ————
( B)v EI T
8-61. A, = 544mm
Chapter 9
M 3M M
9-1. Ay = Z, y = Z,MB = ?va =
9-2. B, =225kN
B, =0
N¢ = 18.75kN
N, = 3.75kN
9-3. B, = 542kN?
B, =0
C, = 125kN?
A, = 133kN1
3wl
9-5. B, = Tz
wlL
M, = —
A 8
SwL
A=
A, =0
9-7. B, = 35.6kN]
C, = 241kN|
A, = 268kNT
B, =0
M, M,
9-9. M, = 3 Ms=—3
9-10. Nz = 200 kN
A, =
N¢ = 80kN
A, = 80kN
9—11. MA = %’S
PL
My ="
B= g
P
A, =1

9-13.

9-14.

9-15.

9-17.

9-18.

9-19.

9-21.

9-22.

9-23.

9-25.
9-26.
9-27.
9-29.

9-30.

9-31.

9-33.
9-34.

ANSWERS TO SELECTED PROBLEMS

M, = 554kN-m

713

. = 240kN, A, = 33.0kN, M, = 45.0kN-m,

A, = 24kN

B, = 2.08 kN

A, = 2.08kN
Ny = 156 kN
C,=0

C, = 384 kN
M¢ = 144kN-m
C, = 37.0kN/
A, = 20kN

M, = 51.0kN-m
A, =350kN

A

C, = 39.0kN

C, = 1875kN;
A, = 12.0kN;
A, = 0750 kN;
M, = 525kN-m
A, = 314kN

B, = 48.6 kN

A, = 11.4kN

B, = 11.4kN

C, = 28 kN1

A, =2kN—
A, = 44kN1
M, = 78 kN-m
A, = 6.92kN
D, = 38.1kN
D, = 120kN

A, = 60.0kN
A, = 294kN
B, = 9.06 kN
A, = 140kN
B, = 3.96 kN

Fgp = 2.48KkN (C)
Fpr = 587kN (C)
Fep = 3.52kN (T)
Fgr = 3.62kN (C)
F,p = 3.74kN(T)
232 kN (C)

Fpg = 192KkN, Fep = 53.4kN
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3wl 10-14. My, = 40.8kN-m
935 Fy =0 Mpe = —408kN-m
g = WL 10-15. My, = —41.1N-m
Y 5 Mpp=411N-m
9-31. A, =0 Mpe = 411N-m
A, = 250kN My = —411N-m
M, =750kN-m Mep = 214N-m
B, =0 Mpg = —214N-m
B, = 25.0kN Mep = —214N-m
Mg =750kN-m Mpe = 214N -m
9-38. Fcp = 151kN (C) 10-17. M5 = —1.50N-m
FCA = FCB = 196 kN (T) M('B — 150 kN~m
9-39. M, = 73.8kN-m My, = 6.00kN-m
9—41. FCD = 130 kN (T) MBC — 300 kN'm
9-42. Fcp = 15.1kN (T) 10-18. M, = 20.6kN-m
9-43.  (V()max = 0.6875 My, — 411kN-m
945 (Cy)max = 1 Mge = —41.1kN-m
947 (By)max = 2.5 Mep = 411kN+-m
MCD = _411 kN'm
Chapter 10 Mpe = —20.6kN-m
10-1. M,z = 225k+-m, My, = 450kN-m, 10-19. My, = 9.47kN-m
Mpe = —450kN-m M,z = 473kN-m
10—2. MABZSkN‘m MBC: —947kN-1n
MBA=10kN'm M(B=265kN~m
MBC == 710 kN'm 10—21. MAB = _104 kN-m
MCBZZSkN‘m MBA=*626kN'm
_2 Mpe = 626kN-m
103 Mpc =5 My Mpc = —730kN-m
Ms = _% M, 10-22. M, = —19.4kN-m
2 MBA = —150kN'm
MBA:_iMO MBC=150kN'm
7 Mcg = 20.1kN-m
10-5. My = o PL Mcp = —20.1kN-m
10-6. M,z = 4.09kN-m Mpc = —369kN-m
Mg, = 818kN-m 10-23. Mcp = —384kN-m
Mpe = —818kN-m Mcp = —=57.6 kN -m
Mep = 818kN-m 10-1P. M) = 23.4kN-m
Mep = —818kN-m Mpax(-) = —25.1kN-m
MDC = 7409 kN'm
10-7. My p = —475kN-m Chapter 11

Mg, = 31.5kN-m
Mpe = —315kN-m
Mcg = 40.5kN-m M(kN - m) 9.25
10—9. MBA = 38.7 kN'm ‘

11-1.

MBC = —387kN-m 3
10-10. My, = 41.25kN-m
Mpye = —4125kN-m N7
10-11. M,z = —240kN-m -9
MBA = 120kN-m
MBC = —120kN-m
MCB = 240kN-m
10-13. M,z = —330kN-m; Mz = 400 kN - m; 11-2. M,z = —230kN-m
Mpg =0 My, = 187kN-m



11-3.

11-5.

11-6.

11-7.

11-9.

11-10.

11-11.
11-13.
11-14.
11-15.

11-17.

11-18.

11-19.

11-21.

My = —187kN-m
Mes = —122kN+-m
My = —30kN-m
MBA = 15kN-m
MBC = —15kN-m
MAB = —428kN-'m
Mg, = 223kN-m
Mp, = —223kN-m
My = 0384kN-m
MAB = 0kN-m
MBA = 24KkN-m
MBA = —24KkN-m
Meg = —6kN-m
Myg = —475kN-m
MBA = 31.5kN-'m
MBC = —31.5kN-'m
MCB = 40.5kN+m
MCB = 738kN-'m
Mep = —738kN-m
M, = 104kN-m)

L,=0
Ay—778kNl
B, = 51.1kN/
c = 392kN1

My, = 38.7KN-m. Mge = —387kN-m

Mp, = 761 kN-m
My = —149kN-m
MAD = —432kN-m
MDA = 57.6kN-m
MDB = 720kN-m
Mpe = —64.8KkN-m
MCD =0

MBD =0

A, = 87.8kN

A, = 288kN

M, = 146 kN -m
D, = 87.8kN

D, = 283kN

M, = 146 kN -m
MBC = —247KkN-m
MBA = 244kN-m
MBE = 0.310kN-m
Meg = 101kN-m
Mcp = —101kN-m
Mys = 20.6kN-m
MBA = 41.1kN-m
MBC = —41.1kN-m
MCB = 41.1kN-'m

Mcp = —41.1kN-m
Mpe = —20.6kN-m
MBA = 24.0kN-m

MBC = —240kN-m

ANSWERS TO SELECTED PROBLEMS

MCB = —240kN-m
MCD = 24.0kN-+m

11-22. M, = 3.60kN-m
Mpe = —3.60kN-m
Mcp = 3.60kN-m
MCB = —3.60kN-'m
11-23. M,z = 253kN-m
MDC = —56.7kN-m
11-25. M,z = —945kN-m
My, = —219kN-m
Mpe = 219kN-m
MCB = 116 kN-m
MCD = —116 kN-m
MDC = —118kN-m
11-26. M,z = 128kN-m
My, = 218kN-m
Mpe = —218kN-m
MCB = 175kN-m
MCD = —175kN-m
MDC = —557kN-m
Chapter 12
12-1. Fgy = 4.95kN (T)
Fys = 6.50kN (T)
Fay = 7.50kN (C)
Fgr = 0.707kN (T)
Fee = 0.707kN (C)
For = 9.50kN (C)
Fge = 9.50kN (T)
Fpe = 400kN (C)
Frp = 636 kN (C)
Fep = 636 kN (T)
Frp = 450kN (C)
Fep = 4.50kN (T)
Fep = 4.00kN (C)
Fpr = 850 kN (C)
122, Fo =0
Fen = 10.0kN (C)
FGC =0
Fgr = 1L41kN (T)
Fge = 9.00kN (T)
FFD =0

Fep = 12.7kN (T)
Frp = 9.00kN (C)

715
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12-3.

12-5.

12-6.

12-7.

12-9.

ANSWERS TO SELECTED PROBLEMS

FCD =0

Fgr = 208kN (T) Fuz = 20.8kN (C)
Fgp = 208KkN (T) Fep = 20.8kN (C)
Fye = 16.7kN (T)

Far = 425kN (C)

Fep = 52.5kN (C)

Fye = 50.0kN (T)

For = 50.0kN (C)

Fpr = 70.7kN (T)

Fac = 283 kN (C)

Fag = 20.0kN (T)

Fep = 20.0kN (C)

Fpr = Fcp =0

For = 80.0kN (C)

Fge = 20.0kN (T)

Fac = 283 kN (C)

Fag = 20.0kN (T)

Fep = 100kN (C)

FDE =0

Fep = 533 kN(C): Fpp = 5.33 KN(T);
Fgr = 15.0kN(C); F = 15.0 kKN(T);
Fge = 22.7kN(C); Fr = 22.7kN(T);
Fpp = 400 kN(C); For = 5.00 KN(C);
F,5 = 9.00 KN(T)

Fy = Fgr = 1.875kN (T);

Fyp = Fp = 3.125kN (C);

F[C = FGC = 3.125kN (T),

Fiy = Fep = 2.50kN (C)

12-10.

12-11.

12-13.

12-14.
12-15.

12-17.

12-18.

12-19.
12-21.

12-22,

12-23.

Fip = Fpg = SKN(C);
Fye = 5kN (C)

Fup = Fpg = 3.75kN (C)
Fgc = Fpc = 3.75kN (C)

Fiy=Fgr=0
Fig = Fug =0
Fig = Fpp = 0

Fa = Fgp = 625kN (T)
FIC = FGC = 625 kN (T)
Fpyy = Fyp = 0

Fja = Fgr = 5kN (C)
Fiz = Fpg = 10kN (C)

)
Fic = 5.89kN (C)
Fyc = 417kN (C)
Fge = 1.18kN (C)
For = 150kN (C)
Fpr = 825kN (C)

Frg = 0.833kN (C)

Mg = 2025 kN -m

Mc = 36.0kN-m

My = 1215kN-m, Mz = 0945 kN -m
M, = 346 kN-m

Mg = 151kN-m

(Mur) max = (Mjg)max = 109.35kN-m
(MGL)max = (MFK)max =729 kKN -m
(MLK)max = (MKL)max = 129.6 kN-m
My = 2.025 kN - m;

M;; = 2.025 kN -m;

M]K = 3.60kN-m

MD=2kN'm, MC=2kN'm

Feg = 21.9kN (T)

Fep = 5.00kN (C)

Fcg = 40.6 kN (T); Frg = 35.0kN (O);
= 40.6 kN (C)

27.5kN (T)

Fpr = 2.5kN (C)

=
Q
I



12-25.

12-26.

12-27.

12-29.

12-30.

12-31.

12-33.

12-37.
12-38.
12-39.

12-41.

Fon = 39.7kN (T)
Frg = 28.0kN (T)
FEH =0
Fey = 39.7kN (T)
FFI =0
Fep = 9.00kN (C)
Frg = 24.0kN (C)
Fg = 22.8 kN (C)
Frg = 140KkN (T)
FEH =0
Fo=0
Fp; = 22.8kN (C)
Fop = 247kN (C)

M, = Mgz =270kN-m, A, = B, = 9.00 kN,
A, = B, =185 kN, F¢p = 20.5kN (T),
Fop = 5.66 kN (C), Fgy = 19.5kN (C),
Fpu = 262 kN (T), Fpp = 8.00kN (C),

Fer = 31.8kN (C), Fy = 5.66 kN (C)

Fug = 4.02kN (C)

Fug = 2.52kN (C);

A, = B, = 200kN
, = 1875kN

B, = 18.75kN

Fey = 37.5kN (T)

Fen = 31.25kN (C)

M, = 440kN-m

My = 125kN-m

N, = —585kN

V. = 450kN

M, = 202.5kN-m)
A, = 6.00kN

M, = 30.0kN-m
A, = 750 kN

B, = 12.0kN

My = 60.0kN-m
B, = 2.50 kN

12-42.

12-43.

1245,

ANSWERS TO SELECTED PROBLEMS

C, = 120kN
M¢ = 60.0kN-m
C, = 250 kN

D, = 6.00kN

Mp =30.0kN-m
D, = 7.50kN

A, = 6.00kN

M, =30.0kN-m
A, = 7.50kN

B, = 120kN

My = 60.0kN-m
B, = 2.50kN

C, = 120kN

M¢ = 60.0kN-m
C, = 250 kN

D, = 6.00kN

Mp = 30.0kN-m
D, = 7.50kN
Mipax = 30.0kN-m
A, = 3.50kN <
M, = 7.00kN-m Y
A, = 520kN|

B, = 7.00 kN «
Mp = 140kN-m
B,=0

C, = 7T.00kN <
Mc = 140kN-m Y
C, =0

D, = 350 kN <
Mp = 7.00 kN - m
D, = 520kN

For PORST, M, = *3.00kN-m
For AFKP, M,,,, = +150kN-m

Chapter 13
MAB = *348kN'm,MBA = 301 kN -

13-1.

13-2.

13-3.

MBC = —301 kN -m; MCB =
—348 kN -m; My, = 301 kN -

Myp

348 kN -

Mpge = —301 kKN -m; My = 348 kKN -

m
m
m
m

717

| S | 0 |2.76 |5.49|6O4|7609|609| 7604| 75.49| ~2.76 | 0 |kN-m

13-5.

13-6.

13-7.

Mgs = 29.0kN-m;Mpe = —29.0kN-m
Meg = 29.0kN-m;Mcp = —29.0kN-m
Mg = 29.0kN-m;Mpe = —29.0kN-m
Meg = 29.0kN-m;Mcp = —29.0kN-m
MAB MBA MBD MDB MDC MCD
EM 0 283 | —28.3| 283 [ —283|0kN-m
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~75.1kN-m; Mpe = 369kN-m

13-9. M, = 37.5kN-m; Mg, = 751kN-m
Mcp =
13-10. Mcy = —751kN-m
Mye = 369 kN -m
My = 37.5kN-m
Me, = 751 kN-m
13-11. M, p = 1.75kN-m; Mz, = 3.51 kN-m

Mpc = =351 kN-m; Mg = 3.51 kN-m
Mcp = —351kN-m; Mpe = —1.75kN-m

0

0
0.0768

0

—0.0384
—0.0288
—0.0384

Chapter 14
14-1. C 015 0
0 0.075
0 0
0 -0.075
— 106
K=10" 075 0
0 0
-0.075 0
L0 0
14-2. D, = —0.540(10 %) m;
g4 = 10.0kN
14-3. [ 08536 03536
03536  0.3536
—-0.3536  —0.3536
—0.3536  —0.3536
K = AE
0 0
0 0
-0.5 0
0 0
14-5. 1134 288 0
288 1216 0
0 0 113.4
K — 0 -100 —28.8
-288 216 0
-384 -288 -75
-75 0 —-38.4
0 0 28.8
14-6. g = 729 kN(C)
14-7. ¢, = 625kN(C)
14-9. ¢, = 5.66kN (C)

qs = 400 kN (T)

0.0288

—0.3536
—0.3536
1.0606
0.3536
—0.3536
—0.3536
—0.3536

0.3536

0
—100
—28.8
121.6

0

0

28.8
—21.6

0 —0.075 0
-0.075 0 0
0 —0.0384 —0.0288
0.1182  —0.0288 —0.0216
—0.0288  0.1134  0.0288
—-0.0216  0.028  0.0216
0.0288 0 0
~0.0216 0 0
~0.3536 0 0
~0.3536 0 0
03536 —0.3536 —0.3536
1.0606 —03536 —0.3536
~0.3536  0.8536  0.3536
~0.3536 03536  0.3536
0.3536 0 0
~03536  —0.5 0
288 -384 -75 0
216 -288 0 0
0 ~75 -384 288
0 0 288 —21.6
121.6 288 0 —100
288 1134 0 0
0 0 1134 -288
-100 0  —288 1216 |

—0.075
0
—0.0384
—0.0288
0
0
0.1134
—0.0288

-0.5
0
—0.3536
0.3536
0
0
0.8536
—0.3536

(10 N/m

0
0
0.0288
~0.0216
0
0
—0.0288
0.0216 |

0

0
0.3536
~0.3536

-0.5

0
~0.3536
0.8536 |




14-10.
™ 0.40533 0.096  0.01697 —0.11879 —0.33333
0.096 0.128  0.02263 —0.15839 0
K = Ap| 001697 002263 0129 —0.153 0
—-0.11879 —0.15839 —0.153 0321 0
~0.33333 0 0 0 0.33333
0 0 0.17678 —0.17678 0
6.750(10%) 4.2426(10%) 29.3(10°%)
411 Dy = — T iy
0, = 3.18kN Qs = 225kN «
Qs = 750 N1
14-13. D, = —0.0004 m
D, = —0.0023314 m
D; = 0.0004 m
D, = —0.00096569 m
Ds = —0.0002 m
Dg = 0.000966 m |
(q5)F = —42.4kN
Chapter 15

15-1. M, = 185kN-m; M; = —204kN-m
15-2. Q, = M, = 9643kN-m = 96.4kN-m

0,=M; = o.zsn(%) = 16.1kN-m
2 2
153, 0, =~ 0, = wLio, = -
15-5. Qs = M}
Qs = Ml
0, =2M)
15-6. O; = 6kN|
0Os = 30 kN -m}
Qs = 33.0kN1

15-7. M, = M; = 442kN-m
15-9. M; = 225kN-m;

M, = 450kN-m
15-10. Q, = 4.125kN;

05 = 1575kN;
Q¢ = 4.125kN
15-11. Q; = —1574kN-m

—320kN-m

2
I
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0
0
0.17678
—0.17678
0
0.25
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Chapter 16
16-1.
" 860(10°%) 0 0 -860(10°)
0 26.7(10%)  40(10°) 0
0 40(10°)  80(10°) 0
—860(10%) 0 0 871.3(10%)
K= 0 —-26.7(10%) —40(10%) 0
0 40(10°)  40(10°) 22.5(10%)
0 0 0 —11.3(10%)
0 0 0 0
L0 0 0 22.5(10%)
16-2. D; = —16.9 (103 m
D, =271 (10%)m
D5 = 9.69 (1073) rad.
Dy, = —-169 (103 m
Ds = 41.9 (10°% m
D¢ = 7.67 (107) rad
16-3
[ 5235(10°) 0 15(10°)  —516(10°) 0
0 318(10%)  60(10%) 0 —60(10%)
15(10°) 60(10°)  120(10°) 0 —60(10°)
—516(10%) 0 0 523.5(10%) 0
0 —60(10°)  —60(10°) 0 318(10%)
K — 0 60(10%) 40(10%) 15(10°)  —60(10%)
| -75(10%) 0 -15(10%) 0 0
0 -258(10%) 0 0 0
15(10%) 0 20(10)* 0 0
0 0 0 -7.5(10%) 0
0 0 0 0 —258(10°)
L 0 0 0 15(10°%) 0
16-5.
[ 978.8(10°) 0 22.5(10%) 0
0 978.8(10°)  22.5(10°)  22.5(10%)
225(10%)  225(10°)  120(10°)  30(10°)
0 225(10°)  30(10°) 60(10%)
K=| 225(10%) 0 30(10%) 0
—-967.5(10%) 0 0 0
0 -11.3(10°) —22.5(10%) —22.5(10%)
-11.3(10%) 0 -22.5(10%) 0
L 0 —967.5(10°%) 0 0
16-6. O, = —18.0kN
Qs =0

Qy = 18.0kN

ANSWERS TO SELECTED PROBLEMS

0 0
—26.7(10%)  40(10°)
—40(10°)  40(10°)

0 22.5(10%)
671.7(10°)  —40(10°)
—40(10°)  140(10%)

0 —-22.5(10%)
—645(10°%) 0

0 30(10%)

0 -7.5(10%) 0
60(10%) 0 —258(
40(10%)  —15(10°) 0
15(10°%) 0 0

—60(10%) 0 0
120(10%) 0 0

0 7.5(10%) 0

0 0 258(1

0 -15(10%) 0

-15(10%) 0 0

0 0 0
20(10%) 0 0
22.5(10%)  —967.5(10%)

0 0
30(10°) 0
0 0
60(10°) 0
0 967.5(10°%)
0 0
-22.5(10%) 0
0 0

0 0
0 0
0 0
—11.3(10%) 0
0 —645(10%)
—-22.5(10%) 0
11.3(10%) 0
0 645(10°)
22.5(10%) 0
15(10%) 0
10%) 0 0
20(10%) 0
0 -7.5(10%)
0 0
0 —-15(10%)
-15(10%) 0
0%) 0 0
40(10%) 0
0 7.5(10%)
0 0
0 —-15(10%)
0 —-11.3(10%)
-11.3(10%) 0
-225(10%) —22.5(10°)
—-22.5(10%) 0
0 -22.5(10%)
0 0
11.3(10%) 0
0 11.3(10°)
0 0

0
0
0
22.5(10%)
0
30(103)
22.5(10°)
0

60(10°) |

|

5]

&

2o oo o
—
n
—

10%)

(== eol =]

oo}
9
=2
S
[=}
)
-
N
(=3
~

kN/m

kN/m

kN/m
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16-7.
[ 851250 0 22500 22500 —11250 0 —840000 0 0
0 1055760  —14400 0 0 —1050000 0 —5760 —14400
22500 —14400 108000 30000  —22500 0 0 14400 24000
22500 0 30000 60000  —22500 0 0 0 0
K =| —11250 0 —22500 —22500 11250 0 0 0 0 N/m
0 —1050000 0 0 0 1050000 0 0 0
—840000 0 0 0 0 0 840000 0 0
0 —5760 14400 0 0 0 0 5760 14400
L0 —14400 24000 0 0 0 0 14400 48000
16-9.
" 397.5(10°) 0 75(10°)  75(10%) 0 —75(10%) 0 -322.5(10%) 0
0 654.4(10°) -18.8(10°) 0 -18.8(10°) 0 -645(10%) 0 -9.4(10%)
75(10%)  —18.8(10°) 150(10°)  50(10°)  25(10°) —75(10°) 0 0 18.8(10%)
75(10%) 0 50(10°)  100(10°) 0 -75(10%) 0 0 0
K= 0 -18.8(10°)  25(10°) 0 50(10%) 0 0 0 18.8(10%) |kN/m
-75(10°) 0 -75(10%)  —75(10%) 0 75(10°) 0 0 0
0 —-645(10%) 0 0 0 0 645(10%) 0 0
-322.5(10%) 0 0 0 0 0 0 322.5(10%) 0
0 -9.4(10°)  18.8(10°) 0 18.8(10%) 0 0 0 9.4(10%) |
16-10. For member 1
gne = 1.93kN gre = —1.93kN
dny = 5.04kN qry = 6.96kN
gny =0 qry = —3.86kN-m
For member 2
dne = 6.96 kKN gpe = —6.96 kKN
dny = 1.93kN qry = —1.93kN
qn, = 3.86 kN qry =0
16-11.
[ 11.25(10%) 0 -225(10°)  —11.25(10%) 0 -22.5(10°) |
0 967.5(10%) 0 0 —-967.5(10%) 0
o —-22.5(10%) 0 60(10%) 22.5(10%) 0 30(10%) N
Pl —11.25(10%) 0 225(10°)  11.25(10%) 0 22.5(10%) /m
0 —967.5(10°) 0 0 967.5(10%) 0
| —22.5(10%) 0 30(10%) 22.5(10%) 0 60(10%)
[ 967.5(10%) 0 0 —-967.5(10°%) 0 0 ]
0 11.25(10°)  22.5(10%) 0 -11.25(10°)  22.5(10%)
0 22.5(10%) 60(10%) 0 —-22.5(10%) 30(10%)
k= -967.5(10%) 0 0 967.5(10%) 0 0 kN/m
0 -11.25(10°) —22.5(10%) 0 11.25(10°)  —22.5(10%)
L 0 22.5(10%) 30(10%) 0 —22.5(10%) 60(10%)
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16-13.
" 397.5(10°) 0 75(10°%) 75(10%) 0 -75(10%) 0 -322.5(10%) 0 7
0 654.38(10%) —18.75(10%) 0 -18.75(10%) 0 —-645(10%) 0 -9.38(10°)
75(10%)  —18.75(10°)  150(10°)  50(10%)  25(10°)  —75(10%) 0 0 18.75(10%)
75(10°%) 0 50(10°)  100(10%) 0 —-75(10%) 0 0 0
K= 0 -18.75(10°)  25(10%) 0 50(10%) 0 0 0 18.75(10°) |kN/m
-75(10°%) 0 -75(10°)  —-75(10%) 0 75(10°%) 0 0 0
0 —645(10°) 0 0 0 0 645(10%) 0 0
-322.5(10%) 0 0 0 0 0 0 322.5(10°%) 0
L 0 —-9.38(10%)  18.75(10°) 0 18.75(10°%) 0 0 0 9.38(10%) |
16-14.
[ 226.1(10°) 0 16.7(10°) 0 16.7(10°)  —215(10%) 0 -11.1(10%) 0o
0 431.4(10°)  42(10%)  4.2(10°) 0 0 —1.4(10°) 0 —430(10°)
16.7(10°)  42(10%)  50(10°)  83(10%) 16.7(10°) 0 -42(10%) -16.7(10°) 0
0 42(10%)  83(10°)  16.7(10%) 0 0 —4.2(10°) 0 0
K= 16.7(10%) 0 16.7(10%) 0 33.3(10°) 0 0 -16.7(10°) 0 kN/m
—215(10%) 0 0 0 0 215(10%) 0 0 0
0 -1.4(10°) —42(10°) —4.2(10°) 0 0 1.4(10%) 0 0
-11.1(10%) 0 -16.7(10%) 0 -16.7(10%) 0 0 11.1(10°%) 0
L0 -430(10%) 0 0 0 0 0 0 430(10%) |
16-15. Q3 =0
Qo = 90.0kN?
Q7 = 90.0kN?
16-17.
12923 380.77  13.44 0 1344  —2923 —380.77 —1000 0
380.77  527.544 1617 2625 —10.08 —380.77 —514.42 0 —13.125
13.44 16.17 126 35 28 —13.44  10.08 0 —26.25
0 26.25 35 70 0 0 0 0 —26.25
K = (10%| 1344  —10.08 28 0 56 —13.44  10.08 0 0
—2923 —380.77 —13.44 0 —13.44 2923 380.77 0 0
—380.77 —514.42  10.08 0 10.08  380.77 51442 0 0
—1000 0 0 0 0 0 0 1000 0
0 —13.125 —2625 —26.25 0 0 0 0 13.125

16-18. Qg = 8.50kN; Q; = 52.6 kN;
Og = 56.5kN; Qg = 3.43kN
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Absolute maximum shear and moment,
274-278,293
Acceleration response spectrum, 43
Adjoint matrix, 673
Allowable-stress design (ASD) methods, 44
American Association of State and
Highway Transportation Officials
(AASHTO), 25,31
American Concrete Institute (ACI), 25,59
American Forest and Paper Association
(AFPA), 25
American Institute of Steel Construction
(AISC),25
American Railroad Engineers Association
(AREMA), 25,31
American Society of Civil Engineers
(ASCE), 25
Angular displacements (a), 401,
451-452,611
Angular flexibility coefficient, 400
Antisymmetric loads, 422, 447,500, 564
Approximate analysis, 521-555
assumptions for, 522, 526-527, 529, 531,
534-535, 541
building frames, 526-528, 534-544,
554-555
cantilever method for, 540-545, 555
lateral loads, 534-545, 555
models used for, 521
portal frames, 529-533, 555
portal method for, 534-539, 555
trusses, 522-525, 529-533, 554
vertical loads, 526-528, 554
Arches, 23,49, 220-226, 235
compressive forces and, 220,
222-223,235
fixed, 220
funicular, 220
parabolic shape of, 220, 235
structural systems of, 25,49
three-hinged, 220-226, 235
tied, 220
two-hinged, 220
uniform distributed loads and,
220,226
Atmospheric corrosion, 654
Automatic model assembly for computer
analysis, 658
Axial force, 104, 340, 342,346,371, 629-630
deflection and, 340, 342, 346,371
external loading, 346
external work and, 340
frame displacements and, 629-630
strain energy and, 342
truss member displacement and,
104,346
virtual strain energy and, 371

Ball-and-socket connections, 132-133
Baltimore truss, 102-103
Bay, 100
Beam columns, 22, 49
Beams, 21,49, 52-53, 56-57,96, 161-175,
181-187,245-255,264-278,292-293,
295-337,342-343,360-382, 393,
403-426, 446447 450-464, 486-503,
558-569, 609-627,650-651
absolute maximum shear and moment
of, 274-278,293
angular displacements (u),
451-452,611
antisymmetric loadings of, 447,500, 564
axial loads on, 371
bending moment variations along
(functions), 161-165
bending moments, 245-247,268-269,
274-278,292-293, 611
cantilevered, 49, 182, 274-275
carry-over factor (COF), 488, 492,
558-560
Castigliano’s theorem for, 377-378, 393
code numbers for, 610-612
concentrated forces on, 245-247
concentrated series of loads on,
264-273,293
concrete, 21
conjugate-beam method for,
320-327,337
deflection diagrams for, 296299
deflections, 248-255,292,295-337,
342-343,360-382,393
displacement methods for, 450-464,
486-503
distributed loads along, 166-168
distribution factor (DF), 487, 489-490
double integration method for,
303-309, 336
elastic-beam theory for, 301-302
elastic curve for, 295-300, 303-309
energy methods for displacement of,
360-382,393
fixed-connected, 52-53, 57
fixed-end moments (FEM), 454-456,
486, 489-492, 558-560, 565,
568-569
fixed support, 296, 321
flanges, 21
force method for, 403-411
framing plans using, 56-57
free, 321
girders, 21, 56
global (structure) coordinate system
for, 610
haunched, 21
hinged, 321,425

idealized structure members, 52-53,
56-57,96

inflection point, 297

influence lines for, 245-255,264-278,
292293, 423-426,447

intermediate loadings on, 614

internal bending moment (M), 297,
301-304,310-311, 336,360-370

internal loadings, 161-175, 181-187

joint connections, 52-53, 296, 486-503

kinematic indeterminacy of, 450, 610

laminated, 21

linear displacements (A), 451,453,611

linear elastic response and, 360-361

live loads and, 245-247,264-273,
292-293

maximum influence at a point,
264-278,293

member (local) coordinate system
for, 610

member stiffness (k), 455

member stiffness factor (K), 486

member stiffness matrix (k), 611-612

modeling of, 650-651

moment-area theorems for,
310-319, 337

moment diagrams for, 166-175,
181-187

moment distribution for, 489-503,
562-567

moments at points, 268-269,
274-278, 425

Miiller-Breslau principle for, 248-255,
292, 423-426,447

node displacements, 450-454, 609

nonprismatic members, 558-569

overhang, 184

pin-supported, 296, 321, 425, 456,
498,562

Portland Cement Association data for,
559-560

principle of work and energy applied
to, 343

procedures for analysis of, 76, 170,
304,312,322,362,378,426,457,
493,615

reactions at points, 423-426

reinforcing rods in, 320

relationships between loading, shear,
and moment in, 168-169

relative joint translation of, 565, 568

roller guides for, 248-250

roller or rocker supported, 296, 321

rotational displacement of, 360-370,
377-382, 393, 568-569, 611

shear and moment diagrams for,
166-175
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Beams (continued)

shear force (V') and, 21,248-255,264-267,
274-278,320-321,371, 424,611

shear force variations along
(functions), 161-165

sign conventions for, 156, 176, 451,
486,611

simply supported, 49, 183, 274-275

sliding device in, 424

slope-deflection equations for,
450-464, 568-569

statically determinate, 245-255,264-273,

292-293,295-337,360-382, 393
statically equivalent loads, 184185
statically indeterminate, 403-411,

423-426, 446, 450464, 486-503
stiffness factor (K), 486-488, 498-503,

558-559
stiffness matrix (K) for, 611-612
stiffness method for, 609-626
strain energy in, 342
structural elements of, 22, 49
structure stiffness matrix (K), 613
superposition, method of for design of,

181-187
support connections, 52-53, 296,

320-321,562
symmetric, 499-500, 563-564
symmetric loadings of, 499, 563
tapered, 21
temperature effects on, 372-373
torsion effects on, 372
uniform loads on, 245-247
unit displacement, 612
virtual displacement, 249-250
virtual strain energy and, 371-376
virtual work, method of for, 360-370, 393
web, 21

Bending, 297-319, 336-337, 342, 529-535,
540. See also Deflection
approximate analysis, 529-535, 555
beams, 297-319, 336-337, 342
building frames, 535, 540
curvature (r), radius of, 301-302
deflection diagrams and, 287-293,

295-300
double integration method for,

303-309, 336
elastic-beam theory and, 301-302
elastic curve for, 295-309, 336
inflection point, 297, 300, 529-530
moment-area theorems for,

310-319,337
portal frames and trusses, 529-533
portal method for, 533-534, 555
strain energy and, 342

Bending moment (M), 155-165, 168-169,
205,237-242,248-255,268-269,
274-278,292-293,297,301-302,
320-327,337,611, 629-630. See also
Internal bending moments

absolute maximum, 274-278, 293
beams, 161-165, 248-255, 268-269,
274-278,292-293, 611

concentrated loads and, 268-269,
274-278,293
deflections and, 297, 301-302, 320-327, 337
determination of, 155-160, 205
elastic-beam theory, 301-302
elastic curve and, 297,301-302
frame-member stiffness matrix for,
629-630
functions, 161-165, 205
influence lines for, 237-244,248-255,292
internal loads and, 155-165, 205
maximum influence at a point,
268-269,274-278,293
method of sections for, 155-160, 205
Muller-Breslau principle for, 248-255
procedures for analysis of, 120, 162
relationships with loading and shear,
169-170
sign convention for, 156, 176,297,303
stiffness matrix and, 611, 629-630
structural members, 155-165, 205
variations along beams, 161-165
Bent (columns), 100
Boundary conditions for double integration
method, 303
Bowstring truss, 100-101
Bracing, 20, 102
Bridges, 31-32, 102-103, 260-261, 396-397.
See also Portal frames; Trusses
bracing, 102
cantilevered, 396-397
deck, 102
floor beams, 102
highway, 31
impact factor, 31
influence lines for, 260-263
joint loadings, 260263
live loads, 31-32, 260-263
load transmission in, 260
primary member, 261
railroad, 31
secondary member, 262
static determinacy of, 396-397
stringers, 102, 260
trusses, 102-103, 260-263
Building and design codes, 25
Building frames, 526-528, 534-544, 554-555.
See also Frames
approximate analysis of, 526-528,
534-544,554-555
cantilever method for,
530-533,555
exact analysis for, 527
lateral loads, 534-539, 555
portal method for, 534-539, 555
vertical loads, 526-528, 554
Building loads, 28-30, 32-39
design wind pressure for, 36-39
influence area, 29
minimum for occupancy, 28-29
racking, 33
reduction of for floors, 29-30
wind load effects, 32-39
By inspection process, 113,119

Cables, 23, 49, 55,207-219, 235
concentrated loads and, 208-209, 235
flexibility of, 208, 235
inextensible property, 208
parabolic shape of, 211
structural systems of, 25, 49, 207
support connections, 55
uniform distributed loads and,

210-215,235
weight of, 216-219, 235
Camber, 347
Cantilever method of analysis,
540-545, 555
Cantilevered beams, 49, 182,
274-275,293

Cantilevered bridge analysis, 396-397

Carry-over factor (COF), 488,493, 558-560

Castigliano’s theorem (second), 353-359,

377-382,393
beams, 377-382, 393
deflection analysis using, 353-359,

377-382,393

external work and, 353-354
force displacement (A) and, 353-359
frames, 377-382,393
linear elastic response and, 353-354
procedures for analysis using, 355, 378
strain energy and, 353-359
trusses, 354-359, 393

Catenary curve, 217,219

Center of curvature (0’), 301

Code numbers, 575, 581, 610-612

Collars, 55

Column matrix, 665

Columns, 22, 49, 256, 652
floor systems, 256
modeling of, 652
structural members as, 22, 49

Compatibility equations, 67-70, 72,

398-402, 446
degree of indeterminacy and, 67
determinacy from, 67-70
force method using, 398-412, 446
statically indeterminate analysis
requirements, 398
structural stability and, 72

Complex truss, 106, 109, 128-131, 152-153
classification as, 106, 152
method of substitute members for,

128-131,153
procedure for analysis of, 128-129
stability of, 109
superposition of loadings, 129
Composite structures, force analysis of,
419-420

Compound truss, 106, 108, 124-127,152
analysis of, 127
classification as, 106, 152
stability of, 108

Compression members, 22-23, 49

Compressive force (C), 104,112-113,

118-119, 220, 222-223, 235
arches, 220, 222-223, 235
trusses, 104, 112-113,118-119



Computer analysis, 647-663
automatic assembly, 658
building safety and, 647-648
data results, 657
global (structure) coordinates for,
656-658
load data input, 657-658
local (member) coordinates for,
656-658
member data input, 656
modeling considerations, 649-654
node data input, 656
node identification for, 655-656
preliminary steps, 655
program operation for, 656-657
programs for, 654
scaled drawing(s) for, 658
structural modeling for, 647-654
structure members and materials for,
649-654
support data input, 657
Concentrated force (F), 56,245-247
Concentrated loads, 28-29, 208-209, 235,
264-278,293
absolute maximum moment and shear
from, 274-278,293
beams, 264-273,293
cables, 208-209, 235
influence lines and, 264-273, 293
live building loads, 28-29
maximum at a point, 264-278
moment and, 268-269, 274-278, 293
series of, 264-267,293
shear and, 264-266,274-278,293
Concrete, 21,176,320
beams, 21, 320
frames, 176
reinforced, 176, 320
reinforcing rods, 320
Concurrent forces, 107-109
Conjugate-beam method, 320-327, 337
beam deflection analysis, 320-327, 337
equilibrium equations for, 320, 322-327
procedure for analysis using, 322
supports for, 320-321
theorems for, 320
zero displacement of, 321
Connections, see Joint connections; Support
connections
Conservation of energy principle, 339,
343-344,392
Constrained degrees of freedom, 575, 610
Constraints, structural stability and, 71, 97
Continuity conditions for double integration
method, 303
Coordinates, 574, 576-579, 594-597, 610,
655-658
beams, 610
computer analysis need for, 655-658
global (structure) system, 574, 577-581,
610, 656-658
member (local) system, 574, 576-577,
610, 656-658
model data input, 656658

nodal, 594-597
scaled drawing(s) with, 658
stiffness method use of, 574, 594-597
support reactions and, 594-597
transformation matrices and, 576-579
trusses, 574, 576-581, 594-597
Coplanar truss, 105-111, 152-153
complex, 106, 109, 152
compound, 106, 108, 152
determinacy of, 107, 152
simple, 105, 108, 152
stability of, 107-111, 153
Cord of a cable, 208
Cord rotation (c), 455
Couple moments, 345,360-361, 377-382
Cross-diagonal bracing, 522-525, 554
Curvature (r), radius of, 301-302
Curve reactions, influence lines and,
423-433

Data input, 656—658. See also Computer
analysis
Dead loads, 26-27, 49, 652
densities for, 26
design standards, 26-27, 49
load factors for modeling, 652
Deck, 102
Deflections, 248-255,292,295-337,339-393.
See also Displacements
axial force, 342
beams, 248-255, 292, 295-337,360-370,
377-382,393
bending, 297-319, 336-337, 342
Castigliano’s theorem (second) for,
353-359,377-382,393
conjugate-beam method for,
320-327,337
conservation of energy principle, 339,
343-344,393
curvature, 301-302
diagrams, 296-300, 337
double integration method for,
303-309, 336
elastic-beam theory for, 301-302
elastic curve for, 296-319, 336-337
energy methods for, 339-393
external work and, 339-341
flexural rigidity (M /EI),302
force displacement (A), 340-361,
377-382,392-393
frames, 300, 360-370, 377-382, 393
inflection point, 297,300
influence lines for, 248-255,292
internal bending moment (M) and,
301-309, 320-321, 366-367
linear elastic response and, 296, 342,
353-354,371-372
moment-area theorems for,
310-319,337
Miiller-Breslau principle for,
248-255,292
procedures for analysis of, 304,312,
322,348,355,362,378
radius of curvature, 301-302
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reinforcing rods for prevention of, 299
roller guides for, 248-250
rotational (displacement), 341-342,
345,372-373,392-393
shear force (V) and, 248-255,320-321
strain energy and, 339, 342, 343, 346,
353-354,371-373,392-393
supports and, 296, 320-321
trusses, 346-352, 354-359, 392-393
virtual, 248-255
virtual work, method of, 249-250,
344-352,360-370, 392-393
Degree of indeterminacy, 97,107
Degrees of freedom, 449, 457,483, 575, 610
beams, 449, 547,610
constrained, 575, 610
displacement method and, 449, 457,483
kinematic indeterminacy and,
449,575,610
node displacement and, 449, 547
stiffness method and, 575, 610
trusses, 575
unconstrained, 575,610
Design codes, 25
Determinacy, 67-70, 74-75, 97,107,132, 152,
395-407,450
cantilever bridge determination,
396-397
comparison of structures, 395-397
compatibility equations for, 67-70
degree of indeterminacy, 67, 107
degrees of freedom and, 450
equilibrium equations for, 67, 74-75,
107,132
free-body diagrams for, 67-70
kinematic indeterminacy, 450
structural determination of, 67-70, 97
trusses, 107,132, 152
Determinants of matrices, 670-672
Diagonal matrix, 665
Displacement method, 398, 449-483,
485-519, 558-569. See also Stiffness
method
beam analysis, 450-464, 486-503
carry-over factor (CO), 488,492,
558-560
degrees of freedom for, 450, 483
equilibrium equations for, 457-464
fixed-end moments (FEM), 454-456,
486, 489-493, 558-560, 568-569
force method compared to, 398
frame analysis, 465476, 504-513
moment distribution for, 485-519
nodes, 450
nonprismatic member analysis,
558-569
procedure for, 449-450
procedures for analysis using, 457,493
relative joint translation, 565, 568
sidesway effects and, 470-476, 506-511
slope-deflection equations for,
449-483
statically indeterminate structures, 398,
449-483, 485-519
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Displacement method (continued)

stiffness factor (K'), 486-489,498-503,
558-560, 562-569

symmetric beam analysis, 499-500,
563-564

Displacement transformation (T) matrix,

577-578, 631, 633

Displacements, 339-393, 396-404, 446,

449-464, 470-476, 506-511,
574-593, 610-614, 629-633. See also
Deflections; Rotation
angular (a or u), 400, 451-452,611
beams, 360-382,392-393, 449-464,
610-614
Castigliano’s theorem (second) for,
353-359,377-382,393
code numbers for, 575, 581, 610-611
compatibility equations for, 398401, 446
deflection per unit force, 399
degrees of freedom, 450, 457,575, 610
energy methods for deflections,
339-393
equilibrium equations for, 398, 402, 446
external work and, 340-341, 353-354
flexibility coefficients, 399-401,
403-404
force (A),340-369,377-382,392-393
force-displacement requirements, 498
force method for analysis of, 398-402
frames, 360-382, 392-393, 470476,
506-511
internal bending moment (magnitude),
341,360-361,377-382,392-393
joints, 353-359, 470-476, 506-511
linear (A), 451,453,611
load-displacement relationships,
399-401, 611-614, 629-630
matrices for, 577-579, 631-632
Maxwell’s theorem of reciprocal,
403-404, 498
methods of analysis for, 398, 449-450
moment distribution for, 506-511
nodal, 450-454, 610
plane-frame analysis, 629-630
rotational (u), 341-342, 345, 360-370,
372-373,392-393, 568-569, 612
sidesway, 470-476, 506-511
slope-deflection equations for, 449457,
470-476
statically determinate structures, 3549,
51-81
statically indeterminate structures,
379-393,395-404, 446, 449-464,
470-476, 506-511
stiffness factor (K), 486-489,
498-503, 519
stiffness matrix for, 574, 576-585,
611-613, 629-630
stiffness method for analysis of,
586593, 613-614
strain energy and, 342, 353-354,
371-376
trusses, 346-352, 354-359, 392-393,
574-593

unconstrained, 575,610

unit, 577,581, 612

unknowns for, 398

virtual work method for analysis of,
346-352,360-370,392-393,
403-404

Distributed loads, 166168, 210-215

beams, 166-168

cables, 210-215,235

uniform, 210-215

Distribution factor (DF), 487, 489-490, 493

Double integration method, 303-309, 336

beam deflection analysis, 303-309, 336

boundary conditions for, 303

continuity conditions for, 303

elastic curve for, 303-304

internal bending moments and,
303-304

procedures for analysis using, 304

sign convention for, 303

Earthquake loads, 42-43

Elastic-beam theory, 301-302

Elastic curve, 295-319, 336-337
center of curvature (0”),301

deflection diagram representation of,

297-300, 336
deflections and, 295-319, 336
double integration method for,
303-309, 336
elastic-beam theory and, 301-302
flexural rigidity (E7),302
inflection point, 297,300
internal moments and, 298, 301-302,
310-311,336-337
moment-area theorems for,
310-311,337
radius of curvature (r), 301-302
slope and, 296-297,303-304, 310-311
Elastic strain energy, 339. See also Strain
energy
Elements of a matrix, 664
End spans, pin-supported, 456
Energy methods, 339-393

rotational displacements (u), 341-342,
345,360, 372-373,392-393

strain energy and, 339, 342, 343, 346,
353-354,371-373,392-393

truss analysis, 346-352, 354-359,
392-393

virtual displacements,
method of, 346

virtual forces, method of, 345

virtual strain energy and, 371-376

virtual work, method of, 346-352,
360-370,392-393

virtual work, principle of, 344-346,
360, 392

work and energy, principle of, 343

Envelope for maximum influence line

values, 275

Equilibrium, 66-67,71-72, 74-83, 97,

107,132,320, 322-327,398, 402, 446,
490-492, 519

carry-over factor (CO) for, 492

compatibility equations and, 67, 72

conjugate beam method using, 320,
322-327

determinacy and, 67,74-75, 97,
107,132

displacement method using, 457-464

displacements and, 398, 402, 446

distribution factor (DF) for, 487,490

equations of, 66, 74-83, 97

fixed-end moments (FEM) and,
490-492

force analysis method equations, 74-76,
398,402,446

free-body diagrams and, 6670, 74-83

joints, 487,490-492, 519

moment distribution and, 487,
490-492, 519

procedure for analysis using, 76

reactions determined using, 76-83

requirements for, 66, 398

stability and, 71-72,97

statically determinate structures, 67,
74-83,97

beam analysis, 343, 360-370,
377-382,393

Castigliano’s theorem (second),
353-359,377-382,393

conservation of energy principle, 339,
343-344,392

displacements (deflections), 339-393

external work, 339-341, 343, 353

force displacements (A), 340-343,
344-352,353-361,377-382,
392-393

frame analysis, 360-370, 377-382, 393

internal bending (virtual) moment of,
360-370

linear elastic response and, 342,
353-354,371-372

moment displacements, 341-342, 345,
360-370,373,377-382,392-393

procedures for analysis using, 348, 355,
362,378

statically indeterminate analysis
requirements, 398
statically indeterminate structures, 67,
97,398,402, 446, 487,
490-492, 519
structural stability and, 71-72
trusses, 107,132
Exact analysis, 527
External loading, 346
External stability, 107,132, 153
External work, 339-342, 343, 353-354,392
Castigliano’s theorem and, 353-354
conservation of energy principle, 339,
343,392
deflection (rotational displacement)
and, 339-341, 343,392
force and, 340-341
moment of, 341
principle of work and energy, 343
strain energy and, 339, 342, 343,392



Fabrication errors, 347,392, 396, 598-603
Fan truss, 101

Finite elements, 574

Fink trusses, 100-101

Fixed arch, 220

Fixed-end moments (FEM), 454-456, 486,

489-493, 506-513, 558-561, 565,
568-569

beams, 454-456, 489-493, 558-561, 565,

568-569
equilibrium and, 490-492
frames, 506-513
haunch properties, 558-561

moment distribution and, 486, 489-493,

506-513, 568-569

nonprismatic members, 558-561, 565,

568-569
relative joint translation of
beams, 565
slope-deflection equations and,
454-456, 568-569
Fixed-support connections, 52-53, 55, 96,
296,321, 530, 555
conjugate beams, 321
deflection and, 296, 321
idealized structures, 52-53, 55,96
portal frames and trusses, 530, 555
zero displacement from, 321
Flanges, 21
Flexibility coefficients, 399-401, 403-404
angular, 400
force method of analysis using,
399-401, 403-404
linear elastic materials, 399-400
Maxwell’s theorem of reciprocal
displacements and, 403-404
Flexibility of cables, 208,235
Flexural rigidity (E7), 302
Floor beams, 102
Floors, 28-30, 56-61, 63, 96, 256-259, 293
beams, 56-57, 256
columns, 256
concentrated live loads for, 28-29
framing plans for, 56-57
girders, 56, 256-259, 293
idealized structures, 56-61, 63, 96
influence lines for, 256-259, 293
joists, 56
load transmission, 256

one-way (slab) system, 58-59, 96, 256

panel points, 256

panel shear, 257

reduction of live loads for, 29-30

span ratio, 59

tributary loadings, 58-59

two-way (slab) system, 60-61, 96

uniform live loads for, 28-29
Force, 20-21, 40, 54-56, 66, 104, 107-109,

112-123,134-135, 155-165, 205, 220,
222-223,235,237-245,292,340-361,

377-382,392-393, 611. See also
Loads
arches subjected to, 220, 222-223
axial, 104, 340, 342, 346

bending member stiffness method
and, 611

Castigliano’s theorem for, 354-359,
377-382,393

compressive (C), 104, 112-113,
118-119, 220, 222223

concentrated, 56, 245

concurrent, 107-109

displacements (A), 340-343, 344-352,
353-361,377-382,392-393

energy methods of analysis and,
340-361,377-382,392-393

equilibrium of, 66

external work (P) as, 340-341, 346

idealized structures, 56

influence lines for reactions, 237-245,292

by inspection, 113,119

internal loadings, 155-165, 205

line of action, 107,118

magnitude of, 112

method of joints for, 112-115, 135

method of sections for, 118-123, 135,
155-160, 205

normal (N), 54, 155-160, 205

principle of work and energy for, 343

procedures for analysis of, 113,121,
128-129,135

resultant force coefficients, 40

resultant (F) reactions, 54-55

rotational displacement (u) from,
341-342,377-382,392-393

shear (V), 21, 155-165, 205, 611

strain energy and, 342

structural member, 20-21, 54, 155-165,
205,611

support connections, 54-55

tensile (7),20,104,112-113,118-119

truss members, 104, 107-109, 112-123,
134-135

unknown, determination of, 54-55, 107,
112-115,118-119

virtual work and, 344-352, 360-370,
392-393

X, y, z components, 134

zero-force members, 116-117, 134-135

Force-displacement equations, statically

indeterminate analysis
requirements, 398

Force method, 74-76, 395-447

angular flexibility coefficient, 400

antisymmetric loads, 422, 447

beam analysis, 403-411, 423-426,
446-447

compatibility of displacements for,
398-402, 446

composite structures, 419-420

deflection per unit force, 399

displacement method compared to, 398

equilibrium equations for, 74-76, 398,
402,446

flexibility coefficients, 399-401,
403-404

force-displacement requirements, 398,
401-402, 446
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frame analysis, 412-415,427-433

free-body diagrams for, 74-76

influence lines, 423-433, 447

Maxwell’s theorem of reciprocal
displacements for, 403-404,
423-425, 446

procedure for, 399-402, 446

procedure for analysis using, 76, 402

statically determinate structures, 74-76

statically indeterminate structures,
403-447

superposition for, 399, 401-402

symmetric structures, 421-422, 447

truss analysis, 416418

unit load and, 399-401

Force transformation (Q) matrix, 577,579,

598-603, 613, 632-633

Frames, 24, 49, 156, 176-180, 296, 300,

360-382,393,412-415,427-433,
465-476,504-513, 526-545, 554-555.
See also Nonprismatic members;
Plane frames
approximate analysis of, 526-545,
554-555
axial loads on, 371
bending, 529-533, 535, 540
building, 526-528, 534-544, 554-555
cantilever method for, 540-545, 555
Castigliano’s theorem for, 377-382,393
deflection diagram for, 296, 300
deflections of, 300, 360-382, 393
displacement method for, 465-476,
504-513
fixed-end moments (FEM), 506-513
fixed supported, 530, 555
force method for, 412-415
inflection point, 300, 526-527,
529-530, 555
influence lines for, 427-433
internal bending moment of, 360-370,
377-382
internal loads in, 176-180
joint displacement, 470-476, 504-513
lateral loads on, 534-545, 555
linear elastic response and, 360-361
moment distribution for, 504-513
multistory, 506-507
pin supported, 529, 555
portal method for, 534-539, 555
portals, 529-533, 555
procedures for analysis of, 362, 378,
634-635
reinforced concrete, 176
restrained to prevent sidesway,
465-469, 504-505
rotational displacement (u) of,
360-370,393
shear and moment diagrams for,
176-180
shear force and, 371
sidesway of, 470476, 506-513
sign convention for internal loads,
156,176
slope-deflection equations for, 465-476
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Frames (continued)

statically determinate, 360-370, 393
statically indeterminate, 412415,
427-433,465-476,504-513

stiffness factor (K) for, 504-505
structural systems as, 24,49
supports and, 296

tables for integration of, 361
temperature effects on, 372-373
torsion effects on, 372

vertical loads on, 526-528, 554
virtual strain energy and, 371-376

support connections for, 52-55, 96 frames, 300, 360-370, 377-382,
tributary loadings of, 58-63, 96 392-393

Identity matrix, 665 M/EI diagrams, 310-311, 320, 337

Impact factor (loads), 32 moment-area theorems and,

Inextensible property of cables, 208 310-311,337

Inflection point, 297,300, 526527, shear force (V) and, 320-321

529-530, 555 sign convention for, 297

Influence area, 29 strain energy and, 342

Influence lines, 237-293, 423-433, 447 virtual work and, 360-370
absolute maximum shear and moment, Internal end moments, slope-deflection

virtual work, method of for,
360-370, 393
Framing plans, 5660
floor systems, 56-60
idealized structures, 56-60
line drawings for, 57
one-way (slab) system, 58-59, 96
span ratio, 59
tributary loadings, 58-60
two-way (slab) system, 60, 96
Free-body diagrams, 66, 74-83
equilibrium equations and, 66, 74-83
force analysis using, 74-76
importance of, 77
method of sections for, 66
procedure for analysis using, 76
statically determinate structures, 74-83
Funicular arch, 220

Girders, 21, 54, 56, 256-259, 293, 650-651
framing plans using, 56
idealized structure members, 54, 56
influence lines for, 256-259, 293
modeling of, 650-651
panel points, 256
panel shear, 257
panels, 256-258
structural loads and, 21
support connections, 54

Global (structure) coordinate system, 574,

577-581, 610, 656-658
Global stiffness matrix, 633
Gusset plate, 99

Handbook of Frame Constants,559

Haunched beams, 21

Haunches, 557-571. See also Nonprismatic
members

Highway bridge loads, 31. See also Bridges

Hinge connections, 55,321, 425

Howe trusses, 100-102

Hurricanes, effects of wind loads from, 32, 40

Hydrostatic pressure (loads), 43

Idealized structures, 51-63, 96
beams, 52-53, 56-57, 96
floor systems, 56-57
framing plans, 56-57
girders, 54, 56
joint connections for, 52-53
line drawings for, 52-57
models of, 52-53

274-278,293 equations for, 451-464
beams, 245-255,264-273,292-293, Internal loads, 66, 155-205
423-426,447 beams, 166-175, 181-187,205

bending moments (M) and, 237-244,
268-269,274-278,292-293

concentrated forces (F), 245-247,292

concentrated loads, 264-278, 293

connection devices used for, 424-425

construction of, 237-244,292

curve reactions and, 423-433

deflection and, 248-255,292, 423-433

envelope of maximum values, 275

floor girders, 256-259,293

force reactions and, 237-244,292, 423

force systems, 293

frames, 427-433

live or moving loads and, 237-244, 292

maximum at a point, 264-278

Maxwell’s theorem of reciprocal
displacements and, 423-425

moment (M) distribution and, 237-244,

274-278,292-293, 425

moments at a point, 268-269

Miiller-Breslau principle for, 248-255,
292,423-433, 447

procedures for analysis of, 238, 426

qualitative, 248-255, 292, 426-433

reactions at points, 423-426

series of concentrated loads and,
264-273,293

shear (V') and, 237-244,248-255, 257,
264-267,274-278,292-293, 424

statically determinate structures,
237-293

statically indeterminate structures,
423-433, 447

trusses, 260-263,293

uniform loads, 245-247,292

unit load for, 238, 245

Internal bending moments (M),295-311,

320-321, 336, 337,342, 360-370,
377-382,392-393
beams, 297,301-304, 310-311, 342,
360-370,377-382,392-393
Castigliano’s theorem and,
377-382,393
conjugate-beam method for, 320-321
deflection diagrams of, 297
deflections and, 295-337, 342, 360-370
double integration method and,
303-304,336
elastic-beam theory for, 301-302
elastic curve and, 297, 301-302,
310-311,336-337

bending moment (M), 155-165, 205

frames, 176-180

method of sections for, 66, 155-160, 205

moment diagrams for, 181-187 205

normal force (N) and, 155-160, 205

procedures for analysis of, 157, 162, 170

shear and moment diagrams for,
166-180, 205

shear and moment functions of,
161-165,175

shear force (V) and, 155-165, 205

sign convention for, 156, 168, 176,205

specific points, at, 155-160, 205

superposition, method of for,
181-187,205

Internal stability, 108-109, 132, 153
Inverse of a matrix, 672-674

Joint connections, 52-53, 99, 104, 132-133,

296, 485-519, 529-533, 555, 565, 568.
See also Method of Joints

approximate analysis for, 529-533, 555

beams, 296, 486-503, 565

carry-over factor (CO), 488, 492

deflection and, 296

distribution factor (DF), 487,
489-490, 493

equilibrium of, 489492

fixed, 52-53, 296, 530, 555

fixed-end moments (FEM), 486,
489-493, 565

frames, 529-533, 555

gusset plate, 99

idealized structures, 52-53

moment distribution method for,
485-519

nonprismatic members, 565, 568

pinned, 52-53, 104, 296, 529, 555

procedure for analysis of, 493

relative joint translation, 565, 568

statically determinate structures, 99,
104, 132-133,296

statically indeterminate structures,
485-519

trusses, 99, 104, 132-133

Joint displacement, 353-359, 470-476,

504-513
Castigliano’s theorem for, 353-359
displacement method for, 470-476
frames, 470-476, 504-513
multistory frames, 506-507



sidesway and, 470-476, 506-513
slope-deflection equations for, 470-476
statically determinate structures,
353-359
statically indeterminate structures,
470-476
Joint loadings, trusses, 104, 260-263, 293
Joint reactions, procedure for analysis of, 76
Joint stiffness factor, 487
Joists, 56

K-truss, 102-103
Kinematic indeterminacy, 450, 575, 610
Knee braces, 100

Laminated beams, 21
Laplace expansion, 671
Lateral loads, 534-545, 555
bending from, 535, 540
building frames, 534-545, 555
cantilever method, 540-545, 555
portal method, 534-539, 555
tipping from, 540
Line drawings, 56
Line of action, 107,118
Linear displacements (A), 451,453,611
Linear elastic response, 295, 342, 353-354,
371-372,399-400
Castigliano’s theorem and, 353-354
deflections and, 295, 342, 353-354,
371-372
flexibility coefficient for, 399-400
internal bending moment and, 342
shear effects and, 371
strain energy and, 342, 353-354,
371-372
torsion effects and, 372
Live loads, 28-44,49,237-293, 652-653
absolute maximum shear and moment
caused by, 274-278,293
beams, 245-255,264-278,292-293
bridges, 31-32
buildings, 28-30
concentrated, 29, 264-278,293
earthquake, 4243
floor girders, 256-259,293
frames, 427-433
impact factor, 32
influence area, 29
influence lines for, 237-293, 426433
load factors for modeling, 652
maximum at a point, 264-278,293
minimum, 28-29
procedure for analysis of, 238
reduction of, 29-30
series of concentrated, 264-273,293
snow, 41-42
structures and, 28-44, 49
trusses, 260-263,293
uniform, 28-30, 245-247
wind, 3240, 653
Load and resistance design factor
(LRFD), 44

Load-displacement relationships, 399-401,

576-577,611-614, 629-630

beams, 611-614

bending moments, 611

combined axial, bending, and shear,
629-630

force method for, 399-401

intermediate loadings, 614

member stiffness matrix and, 576-577,
611-613, 629-630

member stiffness method for, 613-614

plane frames, 629-630

rotation and, 612

shear forces, 611

trusses, 576-577

Load path, 64-65, 653
Loads, 25-44, 49, 58-65, 66, 96, 104, 155-205,

207-226,235,245-278,292-293,
346,399-401, 421-433, 447, 499-500,
521-555,558-561, 563-564, 568, 614,
652-653, 657-658. See also Force;
Influence lines
absolute maximum shear and moment
caused by, 274-278,293
antisymmetric, 422, 447,500, 564
arches, 220-226, 235
assumption analysis for, 521-555
axial, 104
beams, 161-175, 245-255,264-278,
292-293, 423-426, 447,499-500,
563-564, 568,614
bridges, 31-32
building and design codes for, 25
buildings, 28-30
cable structures, 207-219, 235
carry-over factor (CO) for, 558-561
concentrated, 208-209, 235,
264-278,293
data input for computer analysis,
657-658
dead, 26-27,49, 652
design pressure, 3642
distributed, 166-168, 210-215, 235
earthquake, 42-43
external, 346
fixed-end moments (FEM) for,
558-561
floor girders, 256-259, 293
force method and, 421-422, 447
frames, 427-433, 526-545, 554-555
haunches, 558-561
highway bridges, 31
hydrostatic, 43
idealized structures, 58-65, 96
impact, 32
influence lines and, 238, 245-278, 293,
423-433,447
intermediate, 614
internal, 66, 155-205
lateral, 534-545, 555
live, 28-44, 49, 245-247,256-278,
292-293, 652-653
load factors for modeling, 652
moment diagrams for, 181-187
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Muller-Breslau principle for, 248-255

natural, 32-44

nonprismatic members, 558-561,
563-564, 568

Portland Cement Association data for,
559-561

railroad bridges, 31

series of, 264-273,293

shear and moment diagrams for,
166-180

snow, 41-42

soil pressure, 43

statically equivalent, 184-185

stiffness factor (K) for, 499-500,
558-561

stiffness method and, 614

structural members, in, 155-205

structural modeling considerations,
652-653

structures and, 25-44, 49

symmetric, 421-422, 447 499, 563

tributary, 58-63, 96

truss joints, 104

trusses, 260-263, 293, 346, 522-525,
529-533,544

uniform, 28-30, 210-215, 220, 235,
245-247

unit, 238, 245,399-401, 423

vertical, 526-528, 554

virtual work and, 346

wind, 32-40, 653

Magnitude, 112
Material properties for structural

modeling, 654

Matrices, 573-574, 576-585, 598-603, 605,

611-614, 629-633, 664-676. See also
Stiffness matrix

addition and subtraction of, 666

adjoint, 673

algebra for structural analysis use of,
664-676

beams, 611-614

column, 665

determinants of, 670-672

diagonal, 665

displacement transformation (T),
577-578, 631,633

elements, 664

equality of, 666

force transformation (Q), 577,579,
598-603, 613, 632-633

identity, 665

inverse of, 672-674

member stiffness (k), 576-577, 580-581,
605, 611-612, 629-630, 633

multiplication of, 666-668

node identification for, 574

order of, 664

partitioning, 669-670

plane frames, 629-633

row, 664

scalars multiplication with, 666

square, 665
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Matrices (continued)
structural analysis use of, 613, 634-635
structure stiffness (K), 574, 581-585,
613, 634-635
symmetric, 605, 665
transformation, 577-579
transposed, 668-669
trusses, 574, 576-577
unit, 665
Maxwell’s theorem of reciprocal
displacements, 403—-404,
423-424, 446
M/EI diagrams, 310-311, 319
Member (local) coordinate system, 574, 611,
656,658
Member data input, 656-657
Member identification, see Nodes
Member-relative stiffness factor, 488
Member stiffness factor, 486
Member stiffness influence coefficients,
576-577
Member stiffness matrix, see Stiffness matrix
Method of joints, 112-115, 135, 153
equilibrium conditions for, 112
planar truss analysis, 112-115, 153
procedures for analysis using, 113,135
space truss analysis, 135
unknown force determination for,
112-113,153
Method of least work, see Castigliano’s
theorem
Method of sections, 66, 118-123, 135, 153,
155-160, 205
free-body diagrams for, 66
internal loads determined from, 66,
155-160, 205
planar truss analysis, 118-123, 153
procedures of analysis using, 120,
135,157
space truss analysis, 135
unknown force determination for,
118-119, 153
Method of substitute members, 128-129, 153
Method of virtual displacements, 346
Method of virtual forces, 345
Method of virtual work, see Virtual work
Modeling, see Structural modeling
Moment-area theorems, 310-319, 337
beam deflection analysis, 310-319, 337
first theorem, 310
M/EI diagrams, 310-311
procedures for analysis using, 312
second theorem, 311
Moment diagrams, 166-187,205
beams, 166-175, 181-187
cantilevered beams, 182
frames, 176-180
overhang beams, 184
procedure for construction of, 170
simply supported beams, 183
slope of, 167,169, 205
statically equivalent loads, 184185
superposition, method of for
construction of, 181-187, 205

Moment distribution, 485-519, 562-567
antisymmetric loading, 500, 564
beams, 486-503, 562-567
carry-over factor (CO), 488, 492
displacement method of analysis using,

485-519
distribution factor (DF), 487,489, 493
fixed-end moments (FEM), 486,
489-493,506-513, 565
frames, 504-513, 562-567
joint connections and, 485-519
nonprismatic members, 562-567
pin-supported beams, 498, 562
principles of, 485-488
procedure for analysis using, 493
relative joint translation, 565
sidesway effects on, 506-513
sign convention for, 486
statically indeterminate structures,
485-519
stiffness factor (K), 486487 498-503,
504-505, 562-567
symmetric beams, 499-500, 563-564
symmetric loading, 499, 563
Moments (M), 155-165, 168-169, 182-183,
205,237-244,268-269,274-278,
292-293,295-311, 336, 341-342,
345,360-370,377-382,392-393,
425, 451-464, 486, 489-493, 611-612,
629-630.See also Bending moment;
Fixed-end moments (FEM)
absolute maximum, 274-278,293
beam-member stiffness matrix,
611-612
beam points, 268-269, 425
bending, 155-165, 205, 237-244,
268-269,274-278,292-293, 611,
629-630
Castigliano’s theorem and, 377-382, 392
concentrated loads and, 268-269
couple, 345, 360-361, 377-382
deflection and, 295-311, 336, 341-342,
345,360-370,377-382,392-393
displacements and, 341-342, 344,
360-370,377-382,392-393
energy methods of analysis, 341-342,
344,360-370,373,377-382,392-393
external work and, 341,392
fixed-end (FEM), 454-456, 486,
489-493
frame-member stiffness matrix,
629-630
influence lines and, 237-244, 268-269,
274-278,292-293, 425
internal bending, 292-293,295-311,
336, 342,360-370,377-382,392-393
internal end, 451-464
internal loads as, 155-165, 205
maximum at a point, 268-269,
274-278,292
method of sections for, 155-160, 205
relationships with loading and shear,
168-169
resultant, 155, 182

sign convention for, 156, 168,297

slope-deflection equations, 451464

stiffness method and, 611, 629-630

strain energy and, 342

superposition and, 182-183

virtual work and, 345, 360-370, 393

work (magnitude), 341

Miiller-Breslau principle, 248-255,292,
423-433,447

deflection and, 248-255,292

hinge or pin displacement, 250, 425

influence lines and, 248-255,292,
423-433, 447

Maxwell’s theorem of reciprocal
displacements and, 423-425

procedure for analysis using, 426

qualitative influence lines and,
248-255,292,426-433

reactions at points from, 423-426

roller guide displacement, 248-250

sliding devices, 424

statically determinate beams,
248-255,292

statically indeterminate beams,
423-433, 447

virtual displacement and, 249-250

Multistory frame analysis, 506-507

Nodal coordinates, 594-597
Nodal loadings, 657
Nodes, 450-454, 457,574, 594-597, 609,
655-657
beams, 450-454, 457,609
computer analysis and, 655-656
coordinates for, 656-657
data input, 656
degrees of freedom and, 450, 457
displacement method of analysis and,
450-454, 457
global (structure) coordinate system
for, 656
identification of, 450, 574, 609, 655
local (member) coordinate system
for, 656
slope-deflection equations and,
450-454
stiffness method of analysis and, 574,
594-597
structure stiffness matrix use of, 574
support reactions and, 594-597
trusses, 574, 594-597
Nonprismatic members, 557-571
beams, 558-569
carry-over factor (COF), 558-561
deflections, equations for, 557
fixed-end moments (FEM), 558-561,
565, 568-569
haunches, 557-571
loading properties of, 558-561, 568
moment distribution for, 562-567
parabolic haunches, 557
pin-supported, 562
Portland Cement Association data for,
559-561



relative joint translation of, 565, 568
rotation of, 568-569

slope-deflection equations for, 568-569
stepped haunches, 557

stiffness factor (K), 558-561, 562-567
symmetric, 563-564

tapered haunches, 557

Normal force (N), 155-160, 205

One-way (slab) system, 61, 96,256
Overhang beams, 184

Panel points, 256

Panel shear, 257

Panels, 256-259

Parabolic haunches, 557, 566
Parabolic shapes, 211, 216, 235

Parker truss, 102-103

Partial fixity of portal frames, 530
Partitioning of a matrix, 669-670
Pin-supported connections, 52-53, 55,

104,296, 321, 425, 456, 498, 529,
555,562
beams, 52-53, 55,296, 321, 456, 498
conjugate beams, 321
deflection and, 296, 321
end spans, 456
idealized structures, 52-53, 55
influence lines and, 425
joints, 52-53, 104,296
moment distribution for, 498, 562
nonprismatic members, 562
portal frames, 529, 555
slope-deflection equation for, 456
stiffness factor (K) modifications
for, 498
truss joints, 104, 152

Planar trusses, 22, 99-104, 107-109, 112-123,

152-153
bridges, 102-103
design assumptions for, 104
determinacy of, 107,152
member composition, 22
method of joints for, 112-115, 153
method of sections for, 118-123, 153
procedures for analysis of, 113,120
roofs, 100-101
stability of, 107-109
zero-force members, 116-117

Plane frames, 629-645. See also Frames

axial force and, 629-630

bending moments and, 629-630

displacement transformation (T)
matrix for, 631, 633

force transformation (Q) matrix for,
632-633

global stiffness matrix (k) for, 633

load-displacement relationships,
629-630

member stiffness matrix (k) for,
629-630, 633

procedures for analysis of, 634-635

shear force and, 629-630

stiffness method for, 629-645

structure stiffness matrix (K) for,
634-635
Plate girder, 21. See also Girders
Portal frames, 529-533, 555
approximate analysis of, 529-533, 555
fixed supported, 530, 555
partial fixity, 530
pin supported, 529, 555
trusses used in, 531-533
Portal method of analysis, 534-539, 555
Pratt truss, 100-103
Pressure, 36-41, 43
design, 3640
enclosed buildings, 36-39
hydrostatic, 43
resultant force, 40
signs, 40
snow, 41
soil, 43
velocity, 35
wind, 35-40
Primary member, 261
Primary stress, 104
Primary structure, 399
Principle of work and energy, 343
Program operation for computer analysis,
656-657
Purlins, 100, 653

Qualitative influence lines, 248-255, 426. See
also Miiller-Breslau principle

Racking effects of wind, 33, 653
Radius of curvature, 301-302
Railroad bridge loads, 31. See also Bridges
Reciprocal displacements, 403-404
Reciprocal rotation, 404
Reinforced concrete frames, 176
Reinforcing rods, 299
Resultant force coefficients, 40
Resultant force reactions, 54-55, 155
Rocker supports, 54-55,296
Roller guides, 248-249
Roller supports, 52, 54-55, 132133,
296,498
Roofs, 32-33, 36,38-39,41, 57-58,
99-101
bay, 100
bent (columns), 100
framing plan, 57
idealized structure of, 51-62
purlins, 100
snow loads on, 41-42
tributary loadings, 58-62
trusses, 100-101
wind loads on, 32-33, 37
Rotation, 403-404, 540-545, 568-569
building frames, 540-545, 555
cantilever method for, 540-545, 555
fixed-end moments for, 568-569
inflection points and, 530
lateral loads and tipping from, 540
nonprismatic members, 568-569
portal frame supports, 530
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Rotational displacements (u), 54, 96,
341-342, 345, 360-370, 372-373,
377-382,392-393, 404,612

beams, 360-370, 377-382,392-393, 612

deflection and, 296, 341-342, 345, 360,
372-373,392-393

external work and, 341-342

force (A) and, 341-342,377-382,
392-393

frames, 360-370, 377-382, 392-393

Maxwell’s theorem of reciprocal
displacements, 404

member-stiffness matrix for, 612

moments (magnitude) and, 341, 345,
360-370,377-382,392-393

statically determinate structures,
341-342,345,372-383

strain energy and, 342, 372-373

support connection prevention of,
52,96

support reactions, 296

thermal gradient acting on beams,
372-373

virtual energy strain and, 372-373

virtual work and, 345, 360-370, 392-393

Row matrix, 664

Sag of a cable, 208
Sawtooth truss, 100-101
Scissors truss, 100-101
Secondary member, 262
Secondary stress, 104
Shear and moment diagrams, 166-180, 205
beams, 166-175
distributed loads and, 166-168
frames, 176-180
internal loadings and, 166-180
procedure for construction of, 170
relationships between loading,
moments, and shear, 168-169
sign convention for, 168, 176
slope of, 167,169, 205
Shear force (V), 21, 155-165, 168-169, 205,
237-244,248-255,257,264-267,
274-278,292-293,371, 424,611,
629-630
absolute maximum, 274-278, 293
beam deflections and, 248-255, 371
beam ends, 611
beam points, 264-267,274-278, 424
beams, variations along, 21, 161-165
concentrated series of loads and,
264-267
determination of, 155-160, 205
floor girders, 257
frame-member stiffness matrix,
620-627,629-630
frames, effects on, 371
functions, 161-165, 205
influence lines for, 237-244, 248-255,
257,264-267,292, 424
internal loads as, 155-165, 205
maximum influence at a point, 264-267,
272-278
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Shear force (V) (continued)
method of sections for, 155-160, 205
Muller-Breslau principle for, 248-255
panel, 257
procedures for analysis of, 157, 162
relationships with loading and
moments, 168-169
resultants, 155
sign convention for, 156, 168
stiffness method and, 611, 629-630
structural members, 155-165, 205
virtual strain energy caused by, 371
Shells, 24
Short link, 132-133
Sidesway, 470-476, 506-513
moment distribution for, 506-513
multistory frames, 506-507
restraining force for, 506-513
slope-deflection equations for, 470-476
Sign convention, 156, 168, 176, 260, 297,303,
451,453, 486,611
beam-member stiffness matrix, 611
bending moments, 156, 168,297,
303,611
deflection and, 297,303
double integration method, 303
influence lines, 260
internal bending moments, 297,303
internal loads, 156, 168, 176
moment distribution, 486
shear and moment diagrams, 168, 176
shear forces, 611
slope-deflection equations, 451, 453
Signs, design wind pressure for, 40
Simple truss, 105, 108, 152
Simply supported beam, 49, 183,274-275,293
Slabs, see Floors
Sliding devices, 55, 424
Slope-deflection equations, 449-483,
568-569
angular displacements (u), 451-452
beam analysis using, 450-464
cord rotation (c), 455
displacement method of analysis using,
449-483
fixed-end moments (FEM), 454-456,
568-569
frame analysis using, 465-476
general form of, 451-455
internal end moments for, 451-464
joint displacement and, 470-476
joint rotation and, 568-569
linear displacements (A), 451,453
member stiffness (k), 455
nonprismatic members, 568-569
pin-supported end spans, 466
procedure for analysis using, 467
relative joint translation, 568
sidesway and, 470-476
sign convention for, 451,453
Slope of deflection diagrams, 296-297,
303-304,310-311
Snow loads, 41-42
Soil pressure (loads), 43

Space truss, 22, 132-138, 604-605
design assumptions for, 132
determinacy of, 132
member composition, 22
member stiffness matrix (k) for,
604-605
procedure for analysis of, 135
stability of, 132
stiffness method for, 604-605
supports and connections for, 132-133
X, y, z force components of, 134
zero-force members in, 134-135
Span of a cable, 208
Span ratio, 59
Span stiffness (k), 455
Spring constant (k), 53
Square matrix, 665
Stability of structures, 71-73,97 107-111,
132,153
classification of, 71-73
compatibility equations for, 72
concurrent forces and, 107-109
equilibrium equations and, 71-73
external, 107,132, 153
improper constraints for, 71,97
by inspection, 73, 108
internal, 108-109, 132, 153
partial constraints for, 71,97
reactions and, 71-73,97
trusses, 107-111, 132, 153
Statically determinate structures, 51-97,
99-153,237-293,295-337,339-393
analysis of, 51-96
beams, 245-255,264-278,292-293,
295-337,360-382, 393
Castigliano’s theorem for, 353-359,
377-382,393
conjugate-beam method for,
320-327,337
deflections in, 295-337,339-393
determinacy of, 67-70, 97,107
double integration method for,
303-309, 336
energy methods of analysis, 339-393
equilibrium requirements for,
67,74-83,97
floors, 256-259, 293
force analysis method of, 74-76
frames, 300, 360-382, 393
idealized structures, 51-63, 96
influence lines for, 237-293
method of joints for, 112-115, 135, 143
method of sections for, 118-123, 135, 143
method of substitute members for,
128-131, 143
procedures for analysis of, 76, 120,
128-129, 135,238,304, 312,322, 348,
355,362,378
stability of, 71-73,97
trusses, 99-153, 260263, 293, 346-352,
354-359,392-393
virtual work and, 344-352, 360-370,
392-393
Statically equivalent loads, 184-185

Statically indeterminate structures, 67-70,

97,107, 395-447,449-483, 485-519,
521-555,557-571

advantages and disadvantages of,
396-397

approximate analysis of, 521-555

beams, 403-411, 423-426, 446447,
450-464, 486-503

building frames, 526-528, 534-544,
554-555

cantilever method of analysis,
540-545, 555

compatibility requirements for, 67, 398

composite structures, 419-420

determinacy of, 67-70, 97,107, 395

displacement (stiffness) method for,
398, 449-483, 485-519, 558-569

equilibrium requirements for, 67, 97,398

exact analysis, 527

force-displacement requirements
for, 398

force (compatibility) method for,
395-447

frames, 412-415, 427-433,465-476,
504-513

influence lines for, 423-433, 447

lateral loads, 534-545, 555

Maxwell’s theorem of reciprocal
displacements for, 403-404, 446

model uses, 521

moment distribution for, 485-519

nonprismatic members, 557-571

portal frames and trusses, 529-533, 555

portal method for, 534-539, 555

procedures for analysis of, 402,
426,457

sidesway effects on, 470-476, 506-513

slope-deflection equations for,
449-483

stiffness factor (K) for, 486488,
498-503, 558-567

symmetric structures, 421-422, 447

trusses, 107, 416-418, 522-525,
529-533, 554

vertical loads, 526-528, 554

Stepped haunches, 557
Stiffness factor (K), 486-489, 498-503,

504-505, 519, 558-567
beams, 486489, 498-503
displacement method and, 486-489,
498-505, 519
frames, 504-505
joint, 487
member, 486
member relative, 488
modifications of, 498-503
moment distribution and, 486489,
498-505, 519, 562-567
nonprismatic members, 558-567
pin-supported members, 498, 562
Portland Cement Association data for,
559-561
symmetric beams, 499-500, 563-564
total, 487



Stiffness matrix, 574, 576-577, 580-585,

604-605, 611-613, 629-630, 633,
634-635
angular displacements and, 611
beam member, 611-612
beam structure, 613
code numbers for, 611-612
frame-member, 629-630, 633
global, 633
linear displacements and, 611
member (k), 576-577, 580-581, 604-605,
611-612, 629-630, 633
member global, 580-581, 633
member stiffness influence coefficients,
576-577,612
plane frame structure, 634-635
rotational displacement and, 612
space trusses, 604—-605
structure (K), 574, 581-585, 613,
634-635
truss member, 580-581
truss structure, 581-585
use of for stiffness method, 574

Stiffness method, 573-607, 609-627, 629645

applications of, 586-593, 634—642

axial loads and, 629-630

beam analysis, 609-627

bending moments and, 611-612, 629-630

code numbers for, 575, 581, 610-612

degrees of freedom, 575

displacement transformation (T)
matrix, 577-578, 631, 633

displacements and, 586-593, 629-633

fabrication errors and, 598-603

force transformation (Q) matrix, 577,
579, 598-603, 632

global (structure) coordinate system
for, 574,577-579, 610

intermediate loadings and, 614

kinematic indeterminacy and, 575, 610

load-displacement relationships,
576-577,612-614, 629-630

matrix analysis for, 586-593, 599-605

member (local) coordinate system for,
574,610

member stiffness matrix (k) for, 576-577,
580-581, 611-612, 629-630, 633

nodal coordinates for, 594-597

node identification for, 574, 609

plane frame analysis, 629-645

procedures for analysis using, 587,615,
634-635

shear force and, 611, 629-630

space truss analysis, 604—-605

structural stiffness matrix (K) for, 574,
581-585, 613, 634-635

structure stiffness equation for,
586-587

support reactions and, 594-597

temperature change effects and,
598-599

truss analysis, 573-607

unit displacement, 577,581, 612

Strain energy, 339, 342, 343, 346, 353-354,
371-377,392-393
axial force of, 342
axial loads and, 371
Castigliano’s theorem and, 353-354
conservation of energy principle, 339,
343,392
deflection and, 339, 342, 343, 346,
353-354,371-373,392-393
elastic, 339
external work and, 339, 342, 343,392
internal bending moment of, 342
linear elastic response and, 342,
353-354
principle of work and energy, 343
shear and, 371
temperature changes and, 372-373
torsion and, 372
virtual, 371-376
Strength design, 44
Stresses in truss members, 104
Stringers, 102,260
Structural modeling, 52-53, 647-663
beams, 650-651
building safety and design from,
647-648
columns, 652
computer analysis using, 654—658
coordinates for, 655-658
data input, 656-658
general structure specifications,
652-653
girders, 650-651
idealized structures, 52-53
loading considerations, 652—653
material properties considerations, 654
members for, 649-652
scaled drawing(s) for, 658
support connections for, 52-55, 96
tie rods, 649
Structural system, 22-24,49
Structure, defined, 19
Structure stiffness matrix, see Stiffness
matrix
Structures, 19-49, 51-97,155-205, 207-235,
237-293,521-555
analysis of, 19-20, 51-97
approximate analysis of, 521-555
arches, 23,220-226, 235
beams, 21, 49, 52-53, 56-57,245-255
bracing struts, 20
building and design codes for, 25
cables for, 23,207-219, 235
classification of, 20-24
columns, 22, 49
compatibility equations for, 67
design of, 45
determinacy of, 67-70, 97
elements for, 20-22
equilibrium, equations of, 6667,
74-83,97
flanges, 21
floor systems, 5663, 256-259,293
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force analysis method, 74-76

frames, 24, 49, 56-57, 526-545, 554-555

free-body diagrams for, 66, 74-83

girders, 21, 54, 56, 256-259, 293

idealized, 51-63, 96

improper constraints for, 71,97

influence lines for, 237-293

internal loadings in members, 155-205

load path, 64-65

loads and, 25-44, 49

partial constraints for, 71, 97

procedures for analysis of, 76,238

slabs, 56, 58-61, 96

stability of, 71-73,97,107-111, 132, 153

statically determinate, 51-97 99-153,
237-293

statically indeterminate, 67-70, 97,
521-555

superposition, principle of, 65, 97

support connections for, 52-55, 96

surface, 24

systems, types of, 22-24

tie rods, 20, 49

tributary loadings, 58-63, 96

trusses, 22-23, 49, 99-153, 260-263, 293,
522-525,529-533,554

Struts, 20
Subdivided trusses, 102
Superposition, 65, 97,129, 181-187, 205, 399,

401-402, 530,555
beams design and, 181-187
complex truss analysis, 129
force method using, 399, 401-402
moment diagrams constructed by
method of, 181-187, 205
principle of, 65,97

Support connections, 52-55, 96, 104,

132-133,296,320-321, 423-425, 456,
498, 529-533, 555, 562, 594-597, 657

ball-and-socket, 132-133

beams, 52-53, 96, 296, 320-321,
423-425, 456,498, 562

cable, 55

collars, 55

conjugate-beam, 320-321

data input for computer analysis, 657

deflection and, 296, 320-321

end spans, 456

fixed, 52-55, 96, 296, 321

free, 321

girders, 54

hinge, 55, 321,425

idealized models, 52-55, 96

influence lines using, 423-425

joints, 52-53, 104, 132-133, 296,
529-533, 555

nodal coordinates for reactions,
594-597

nonprismatic members, 562

partial fixity, 530

pin, 52-53, 55, 96, 104, 296, 320, 425,
456,498,529, 555, 562

portal frames and trusses, 529-533, 555
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Support connections (continued)
rocker, 54-55, 296, 320
roller, 52, 54-55, 132-133,296, 320, 498
rotation and, 54, 96, 296
short link, 132-133
sliding devices, 55, 424
slope-deflection equation for, 456
slope and displacement determination
and, 296
space trusses, 132-133
spring constant (k) for, 53
stiffness factor (K) modifications for, 498
stiffness method for, 594-597
translation and, 54
trusses, 104, 132-133, 594-597
zero displacement from, 321
Surface structures, 24
Symmetric beams, 499-500, 563-564
antisymmetric loading of, 500, 564
moment distribution of, 499-500,
563-564
nonprismatic members, 563-564
stiffness-factor (K) modifications for,
499-500, 563-564
symmetric loading of, 499, 563
Symmetric matrix, 605, 665
Symmetric structures, force analysis of,
421-422,447

Tapered haunches (beams), 21,557
Temperature effects, 347, 372-373, 392,
598-599
deformation from, 347, 372-373,392
stiffness method for, 598-599
trusses, 347,392, 598-599
virtual strain energy and, 372-373
Tensile force (7),20,104,112-113,118-119
Tension members, 22-23, 49
Tetrahedron, 132. See also Space truss
Thin plates, 24
Three-hinged arch, 101, 220-226, 235
Tie rods, 20, 49, 649
Tied arch, 220
Tornadoes, effects of wind loads from, 32
Torsion effects on virtual strain energy, 372
Transformation matrices, 577-579. See also
Force transformation (Q) matrix
Translation, 54, 565, 568
joints, relative displacement and, 565, 568
nonprismatic members, 565, 568
support connection prevention of, 54
Transposed matrix, 668-669
Tributary loadings, 58-63, 96
floors, 58-61, 63
framing plans for, 58-60
one-way (slab) system, 58-59, 96
roofs, 58-62
trapezoidal, 63
triangular, 63
two-way (slab) system, 60-61, 96
Trusses, 22-23, 49, 99-153, 260-263, 293,
346-352,354-359,392-393, 416-418,
522-525,531-532, 534, 573-607

approximate analysis of, 522-525,
529-533,554

axial force members, 104, 346

bridge, 102-103,260-263, 522-525

camber of, 347

Castigliano’s theorem for, 354-359, 393

code numbers for, 575, 581

complex, 106, 128-131, 152

compound, 106, 124-127 142

compression members, 22-23, 49, 104

compressive (C) forces, 104, 112-113,
118-119

coordinate systems for, 574, 577-581,
594-597

coplanar, 105-111

cross-diagonal bracing, 522-525, 554

deflections of, 346-352, 354-359,
392-393

degrees of freedom, 575

design assumptions, 104, 132,152

determinacy of, 107 132, 152

displacement transformation (T)
matrix for, 577-578

energy methods of analysis, 346-352,
354-359,392-393

external loading and, 346

fabrication errors, 347,392, 396,
598-603

finite elements, 574

force displacements (A), 346-352,
354-359,393

force method of analysis, 416418

force transformation (Q) matrix for,
577,579, 598-603

frames for, 49

global (structure) coordinate system
for, 574, 580-581

gusset plate, 99

influence lines for, 260-261, 293

joint connections, 99

joint loadings, 100, 104, 260-263, 293

kinematic indeterminacy of, 575

matrix analysis of, 586-593, 599-605

member stiffness matrix (k) for,
576-577,604-605

method of joints for, 112-115, 135,153

method of sections for, 118-119, 135,153

method of substitute members for,
128-131,153

nodal coordinates, 594-597

node identification, 574

pin connections, 104, 152

planar, 22,99-104, 112-113,153

portal frames and, 531-533

procedures for analysis of, 113, 120,
128-129, 135, 348, 355, 587

roof, 100-102

sign convention for, 260

simple, 105, 152

space, 22, 132-138, 604-605

stability of, 107-111, 132, 153

statically determinate, 99-153, 260-263,
293, 346-352, 354-359, 392-393

statically indeterminate, 416-418,
522-525,529-533,554

stiffness method of analysis, 573-607

stresses in, 104

structural systems as, 22-23, 49

structure stiffness equation for, 586-587

structure stiffness matrix (K) for, 574,
581-585

subdivided, 102

supports and connections for, 104,
132-133

temperature effects on, 347, 598-599

tensile (7) forces, 104,112-113,
118-119

tension members, 22-23, 49

unit displacement, 577 581

unknown forces, determination of,
112-113,119

vertical loads, 522-525

virtual work method of analysis,
346-352,392

X, y, z force components of, 134

zero-force members, 116-117, 134-135

Two-hinged arch, 220
Two-way (slab) system, 60-61, 96

Unconstrained degrees of freedom, 575, 610
Uniform loads, 28-30,210-215, 220, 226, 235,
245-247
arches, 220,226
beams, 245-247
cables, 210-215,235
distributed, 210-215, 235
influence area, 29
influence lines and, 245-247
live building loads, 28-30, 245-247
parabolic shape from, 211
Unit displacement, 577,581, 612
Unit load, 238, 245, 399-401, 423
deflection per unit force, 399
force method using, 399-401
influence lines for reactions,
238,245,423
Unit matrix, 665
Unknown forces, 54-55,112-113,118-119
equilibrium equations for, 113,119
by inspection, 113,119
method of joints, 112-113
method of sections, 118-119
support reactions, 54-55

Velocity pressure, wind loads, 35
Vertical loads, 522-528, 552
building frames, 526-528, 552
truss cross-diagonal bracing, 522-525
Virtual displacement, 249-250, 346
Virtual forces, method of, 345
Virtual strain energy, 371-376
axial loads, 371
deformation effects from, 371-376
shear and, 371
temperature effects, 372-373
torsion and, 372



Virtual work, 249-250, 344-352, 360-370,
392-393, 403-404

beams, method of for, 360-370, 393

conservation of energy for, 344

couple moments of, 345

deflection and, 249-250, 346-352,
360-370,392-393

external, 345

force displacement (A), 346-352, 395

frames, method of for, 360-370, 393

influence lines and, 249-250

internal bending moments and,
360-370

Maxwell’s theorem of reciprocal
displacements using, 403-404

method of analysis, 346-352,360-370,393

Miiller-Breslau principle using,
249-250

principle of, 344-346, 360, 392

procedures for analysis using, 348, 362

rotational displacement, 344,
360-370, 393

tables for integration of, 361
trusses, method of for,
346-352,392

Warren trusses, 102-103

Web, 21

Weight, cables subjected to, 216-219, 235

Wide-flange beams, 21

Wind loads, 32-40, 653
buildings, effects on, 32-36
design wind pressure, 3640
dynamic approach for, 37
enclosed buildings, 36-39
hurricanes, 32, 40
modeling for, 653
pressure, 35-40
racking effects of, 33,653
resultant force coefficients, 40
signs, 40
static approach for, 34-35
tornadoes, 32
velocity pressure, 34
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Work, 339-341, 343-352, 360-361,
392-393

conservation of energy and, 339

deflection (rotational displacement)
and, 339-341, 343-352,360-361,
392-393

external, 339-341, 342, 343,353

force and, 340-341

internal bending moments and, 341,
360-370

magnitude, 340-341

principle of work and energy, 343

rotational displacement and, 341,
360-370,392-393

virtual, 344-352, 360-370,
392-393

X, y, z force components, 134
Zero displacement from supports, 321

Zero-force members, 116117,
134-135
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